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Abstract 

Discrete-valued time series are common in practice, yet methods for their analysis 
have been developed only recently. The fact that the variables take values on a finite 
or countably infinite set renders the traditional representations of dependence either 
impossible or impractical. 

Several models for stationary processes with discrete marginal distributions have 
been proposed. The first part of this thesis is concerned with the INteger-valued 
AutoRegressive, INAR(p), process, both in the context of a single and of replicated 
time series. 

The principal characteristics of the INAR(p) processes are reviewed and explored in 
order to improve the analysis of this process by providing new and powerful estimation 
methods for the parameters. For instance, since the INAR(p) process is not linear, 
high-order statistics provide additional information for the process. Thus, two esti
mation methods based on third-order moments and cumulants are proposed. On the 
other hand, the Whittle estimation is justified by the mixing property satisfied by the 
INAR(p) process. Furthermore, an automatic criterion for order selection, based on 
the corrected version of the Akaike Information Criterion (AICC), is established in 
the INAR framework. The small sample properties of the criterion for order selection 
as well as of the estimators proposed are comprehensively analyzed using simulation. 

INAR processes are fitted to three data sets: two single time series concerning with 
medical applications and a set of two replicates of astronomical time series. It is found 
that the class of INAR models is suitable for the description of the data. 

Walsh-Fourier spectral analysis (WFA) is a procedure used to analyze time series, 
specially when sharp discontinuities and changes of level occur in the data. The 
procedure is similar to the well known Fourier analysis, that characterizes the periodic 
variation in a continuous signal. 
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Considering that during the surgical intervention a patient attains different levels of 
neuromuscular blockade, in the second part of the thesis the contribution of WFA 
to the design of an on-line adaptive control system for neuromuscular blockade is 
investigated. WFA provides a characterization of the neuromuscular blockade response 
induced by an initial bolus given at the beginning of anaesthesia, leading to robust 
controller parameter estimation suitable for use in a clinical environment. 
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Resumo 

Séries temporais de contagem, categóricas ou binárias são exemplos de séries temporais 
de valor discreto que aparecem frequentemente na prática. No entanto, uma vez 
que estas séries apresentam valores que pertencem a conjuntos finitos ou infinitos 
numeráveis, os métodos tradicionais utilizados na análise de séries temporais não são 
adequados. 

Vários modelos para processos estacionários com distribuição marginal discreta têm 
sido propostos. Um desses modelos, particularmente usado para séries de contagem, 
são os processos Auto-Regressivos de valor INteiro de ordem p, denotados por INAR(p). 

Na primeira parte desta tese, os processos INAR são estudados quer no contexto de 
uma única série temporal, quer de réplicas da mesma série temporal. As principais 
características destes modelos são apresentadas e exploradas de modo a obter métodos 
de estimação mais robustos. Por exemplo, as estatísticas de ordem superior fornecem 
informação adicional sobre os processos INAR porque estes são processos não lineares. 
Assim, são propostos dois métodos de estimação baseados em momentos e cumulantes 
de terceira ordem. Por outro lado, a utilização do critério de Whittle como método 
de estimação é justificada através da propriedade mixing dos processos INAR. Mais, 
o critério automático para selecção de ordem baseado na versão corrigida do Critério 
de Informação de Akaike (AICC) é estabelecido para processos INAR. Extensos es
tudos de simulação investigam e comparam o desempenho dos diferentes estimadores 
propostos, assim como do critério de selecção de ordem. 

Dados reais de contagem (duas séries temporais associadas a aplicações médicas e 
um conjunto de réplicas relacionadas com a astronomia) são analisados considerando 
a metodologia subjacente aos modelos INAR. Verifica-se que a classe dos modelos 
INAR é adequada para a descrição dos dados. 

Existem séries temporais que apresentam mudanças abruptas, formas descontínuas 
ou cujos valores pertencem a um conjunto finito discreto. Nestes casos, faz mais 
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sentido (estatístico) aplicar a análise espectral de Walsh-Fourier para caracterizar os 
dados através das funções de Walsh (ondas quadradas). É um procedimento análogo à 
análise de Fourier, que caracteriza a variação periódica de séries temporais contínuas. 

Considerando que durante uma intervenção cirúrgica um paciente passa por vários 
níveis de relaxamento muscular, na segunda parte desta tese investiga-se em que 
medida a análise de Walsh-Fourier pode contribuir para melhorar a construção de 
um sistema de controlo adaptativo, em tempo real, para o bloqueio neuromuscular. 
Verifica-se que a análise espectral de Walsh-Fourier caracteriza a resposta induzida por 
um bolus administrado no início da anestesia. Esta caracterização conduz à estimação 
robusta dos parâmetros do controlador e é adequada para uso em ambiente clínico. 
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Résumé 

Les séries chronologiques discret-évaluées sont communes dans la pratique, pourtant 
des méthodes pour leur analyse seulement récemment ont été développées. Les méth
odes traditionnelles utilisées dans les séries chronologiques ne sont pas ici adéquates 
parce que les variables prennent des valeurs sur un ensemble fini ou infini comptable. 

Plusieurs modèles pour des processus stationnaires avec des distributions marginales 
discrètes ont é té proposés. La première partie de cette thèse est concernée par le 
processus autorégressif à valeurs entières, INAR(p), dans le contexte d'une seule série 
chronologique ainsi comme des répliques de cette série. 

Les principales caractéristiques des processus INAR(p) sont passées en revue et ex
plorées afin d'obtenir des méthodes d'estimation plus robustes. Par exemple, puisque 
le processus INAR(p) n'est pas linéaire, les statistiques d'ordre élevé fournissent des 
informations additionnelles pour le processus. Ainsi, on propose deux méthodes 
d'estimation basées sur des moments et des cumulants de troisième ordre. D'autre 
part, l'utilisation du critère de Whittle comme method d'estimation est justifiée par 
la propriété de mélange (mixing) du processus INAR(p). 

En outre, un critère automatique pour le choix d'ordre, basé sur la version corrigée 
du Critère de l'Information d'Akaike (AICC), est établi dans le cadre INAR. Les 
propriétés du critère pour le choix d'ordre ainsi comme des différents estimateurs 
proposés sont largement analysées en utilisant la simulation. 

Des processus INAR sont adaptés à de vraies données : deux séries chronologiques con
cernant des applications médicales et un ensemble de répliques de séries chronologiques 
astronomiques. On vérifie que la classe des modèles INAR s'adéquat a la description 
des données. 

L'analyse spectrale de Walsh-Fourier (WFA) est un procédé employé pour analyser la 
série chronologique, particulièrement quand les données présentent des discontinuités 
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et des changements abruptes. Le procédé est semblable à celui bien connu de l'analyse 
de Fourier, qui caractérise la variation périodique d'un signal continu. 

Considérant que pendant l'intervention chirurgicale un patient atteint différents ni
veaux de blocus neuromusculaire, dans la deuxième partie de la thèse est étudié 
comment le WFA peut contribuer à la conception d'un système de commande adap
tative en ligne pour le blocus neuromusculaire. WFA fournit une caractérisation de 
la réponse induite par un premier bolus adminiastré au début de l'anesthésie, menant 
à l'estimation robuste des paramètres du contrôleur. Cette caractérisation est ainsi 
appropriée pour l'usage dans un environnement clinique. 
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Chapter 1 

Introduction 

Statistics are like a bikini. What 
they reveal is suggestive, but what 
they conceal is vital. 

AARON LEVENSTEIN 

Imagination is more important that 
knowledge. 

ALBERT EINSTEIN 

1.1 Summary and outline of the thesis 

In the last three decades, there has been a growing interest in modelling discrete-
valued time series models, i.e., series taking values on a finite or countably infinite set. 
Examples are categorical time series, binary processes, birth-death models and count
ing series, namely the number of accidents in a manufacturing plant each month, the 
number of busy lines in a telephone network noted every hour, electroencephalographic 
(EEG) sleep state of full-term infants by minutes and the number of fish caught in 
a particular sea area each weak, among others. Furthermore, there are continuous-
valued series in which the observations naturally fall in one of a small number of 
categories or levels and therefore can be discretized, for instance the series of length 
of eruptions of the Old Faithful geyser (Azzalini and Bowman, 1990) and the daily 
rainfall volumes (Phatarfod and Srikanthan, 1981). 

In some cases, the discrete values of the time series are large numbers and may be 
analyzed by using continuous-valued models. However, when the values of the time 
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22 1. INTRODUCTION 

series are small numbers, as in the case of some counting processes, the usual linear 
time series processes (AutoRegressive Moving Average - ARMA - processes) are of 
limited use for modelling purposes since the simple procedure of multiplying an integer-
valued random variable by a real constant leads to a non-integer random variable. 
A solution for this problem is to replace the multiplication by a random operation, 
called thinning operation (Steutel and Van Harn, 1979), which is the multiplication 
counterpart on the integer-valued context. 

Several models for count data, based on this random operation, have been proposed. In 
general, these models are obtained as discrete analogues of the usual linear time series 
models. In particular, the INteger-valued AutoRegressive (INAR) process mimics 
the structure and correlation of the well-known linear AR process. The INAR model 
provides an interesting class of discrete-valued processes which allows the specification 
of the dependence structure and the choice of marginal distributions among a wide 
class of discrete distributions. 

Moreover, time series methodology is becoming more widely used in many areas of 
application where the available data consists of repeated measures. A particular case 
are the replicated time series, where the emphasis is on the estimation of population 
characteristics rather than on the behaviour of the individual series. Examples oc
cur in experimental biology, environmental sciences and economy, with independent 
replicates of the same process appearing through the observation of a single series 
in a number of locals or the application of a treatment to a number of individuals. 
The problem of modelling replicated time series when the data are discrete-valued 
has not been considered. In this thesis, the INAR(p) process is extended to allow the 
modelling of independent repetitions of count time series. Thus, the Replicated INAR 
(i?INAR) process is proposed. 

The first part of this thesis is concerned with the INAR(p) and RlNAR(p) processes. 
The main properties and characteristics are reviewed and explored in order to improve 
the modelling procedures, namely estimation and order selection. Concerning param
eter estimation, methods using the third-order moments and cumulants, which satisfy 
a set of Yule-Walker type difference equations, are proposed. In addition, the use of 
the Whittle criterion is justified by the mixing property of these processes, which is 
established in this thesis. With respect to the order selection for INAR(p) processes, an 
automatic criterion based on the corrected version of the Akaike Information Criterion, 
the AICC, is established. 

In the statistical analysis of time series, Fourier spectral methods are used to analyze 
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the regularity or periodicity in data. The basis of the Fourier (frequency domain) 
analysis for time series is the fact that a stationary time series can be considered 
as a random superposition of sinusoids. However not all waveforms are sinusoidal. 
Therefore, when the time series is discrete, categorical or presents sharp discontinuities 
or changes of level, it is more appropriate to analyze and characterize the data by 
using the Walsh-Fourier spectral analysis, which is based on a complete, ordered and 
orthonormal set of rectangular waves, the Walsh functions. 

Considering that during a surgical intervention a patient attains different levels of 
neuromuscular blockade1, the second part of this thesis investigates how the Walsh-
Fourier analysis characterizes the patient's response to a bolus2. The individualized 
information gathered from the response induced by an initial bolus given at the begin
ning of anaesthesia is very important for the design of improved on-line autocalibrated 
automatic controller of muscle relaxation. 

The outline of this thesis is as follows. 

The remainder of this chapter introduces some relevant concepts and notation that 
will be useful throughout the thesis. 

The first part of the thesis encompasses the Chapters 2 to 6 and the second part, the 
Chapter 7. 

In Chapter 2, the INAR(p) process is defined and a review of the main properties 
so far obtained in the literature is carried out. It is established that the INAR(p) 
process belongs to a class of non-Gaussian mixing processes, fact that justifies the 
use of the Whittle criterion for estimation purposes. The high-order characterization 
of the process, in terms of second- and third-order moments and cumulants as well 
as fourth-order moments (which are obtained in this thesis), is given. It is found 
that the third-order moments and cumulants can be written, respectively, in a single 
Third-Order Recursion (TOR) equation, that is used for INAR parameter estimation. 

In Chapter 3 the asymptotic behaviour of the sample mean and the sample autocovari-
ance function of the INAR(p) process is obtained. This result is used to determine the 
asymptotic distribution of the Yule-Walker estimators for the INAR(p) parameters. 
Next, the use of the Whittle criterion in the INAR framework is justified and, then, 
the criterion is derived. The motivation is that the spectral density function of the 

1This is the technique of blocking nerve impulses so that muscles cannot contract. The resulting 
paralysis is often required for surgery. 

2 A bolus is a single dose of drug usually injected into a blood vessel over a short period of time. 
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INAR(p) model is easier to obtain than the exact likelihood. Further, since the 
INAR(p) process is not linear, two estimation methods based on third-order moments 
and cumulants are proposed. The first one is a Yule-Walker type method using the 
TOR equation. The second method employs the least squares strategy on third-order 
moments. The Conditional Least Squares (CLS) estimation method has been used 
for INAR parameter estimation and is also described in this chapter. In addition, for 
the case of Poisson INAR(l) models, the linear relation between the conditional mean 
and the conditional variance suggests the use of the Iterative Weighted CLS method. 
The chapter ends with a simulation study that comprehensively investigates the small 
sample properties of the estimators. Note that due to the stationarity condition of 
the process, sometimes non-admissible estimates for the parameters are obtain. Thus, 
the estimation methods consisting in minimizations are also performed considering 
constrained optimizations, namely CLS, Whittle (WHT) and Least Squares using 
High-Order Statistics (LS_HOS). It is found that, in general, YW and TOR estimators 
need large realizations (N > 1000) to give good results, in terms of sample bias, 
variance and mean square error. On the other hand, the unconstrained and constrained 
WHT and CLS, as well as the unconstrained LS_HOS provide the better results, in 
terms of the smallest values of sample bias, variance and mean square error. It is also 
verified that the proportion of non-admissible estimates of the unconstrained methods 
is less for LS_HOS, followed by WHT and CLS. 

Chapter 4 is concerned with order selection. Three well known automatic criteria used 
for AR order selection, namely Final Prediction Error (FPE), the Akaike Information 
Criterion (AIC) and a corrected version of AIC, AICC, are reviewed. The FPE and 
AICC are adapted to the INAR context. A special emphasis is given on the AICC 
criterion since its derivation is based on the Whittle criterion. It is verified, by simula
tion, that the penalty term of the AICC criterion for the INAR(p) process corresponds 
to the AR penalty term. Thus, the AICC criterion is established for the INAR(p) 
processes. The results of a simulation study that investigates the performance of the 
criterion are given. It is found that the frequency of correct order selection depends of 
several factors, such as the sample size, the estimation method used to calculate the 
criterion and the values of the process parameters that has generated the data. 

Chapter 5 is dedicated to MNAR(p) processes, used to model independent replicates 
of the same INAR(p) process. The estimation methods presented in Chapter 3 are 
extended to the fflNAR framework and the small sample properties of the estimators 
are comprehensively analyzed using simulation. It is found that the existence of 
replicates, even with a small sample size (N = 25 or N = 50), leads to more accurate 
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estimates. 

Chapter 6 describes the application of the techniques proposed in Chapters 3 to 5 to 
real data. Two time series related with medical applications and a set of two replicates 
of an astronomical time series are considered. 

In Chapter 7, the Walsh functions are defined, their properties are given and the 
WalshFourier spectral analysis (WFA) is described. Finally, WFA is used to analyze 
and characterize the neuromuscular blockade response induced by an initial bolus given 
at the beginning of anaesthesia. It is found that neuromuscular blockade levels at the 
average periods indicated by WFA are useful estimators for the parameters of the 
controller, providing additional information about the patient. The system provides 
strong robustness to inter and intraindividual variability of the patient's responses 
and adaptation to the individual requirements. 

Finally, Chapter 8 refers the main contributions of the thesis, some final remarks and 
topics that require further investigation. 

1.2 Relevant Background 

Basic concepts in Time Series Analysis 

A stochastic process is a family of random variables {Xt, t G T}, defined on a probabi

lity space (Í2, JF, P). When the parameter t represents time, {Xt} is said a time series. 
Thus, a time series is a collection of random variables indexed according to the order 
they are obtained in time. If T Ç E, then {Xt} is said to be a continuous parameter 
process while if T Ç Z, {Xt} is said to be a discrete parameter process. The functions 
{X.(UI),UJ G fi} on T are known as the realizations of the process {Xt}. 

The time series {Xt} is strictly stationary if, for any admissible tx,...,tn, and any k, 
the joint probability function of {Xh,..., Xtn} and {Xtl+k,..., Xtn+k} are identical, 
i.e., if 

FXtl,...,xtn (xu...,xn) = FXtl+k,...,xtn+k {xu...,xn), 

where F(-) denotes the distribution function of the set of random variables which 
appears as suffixes. On the other hand, the time series {Xt} is stationary up to order 
m if all the joint moments up to order m of {Xtl,. ■ -,Xtn} exist and are equal to the 
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corresponding joint moments up to order m of {Xh+k,..., Xtk+k}, thus 

E[Xtl^ . ..Xtn
mn] = E[Xh+k^ . ..Xtn+k^], 

for any k, and all positive integers m1,...,mn, satisfying ml + . . . + mn < m. In 
this thesis, by stationary process it is meant second-order stationary (unless indicated 
the contrary), i.e., processes with constant mean and variance, and such that the 
covariance between two point times t and s depends only on (s - t). 

The process {Xt} is a Gaussian time series if and only if the distribution functions of 
{Xt} are all multivariate normal. 

Let {Xt} be a stationary stochastic process such that Var[Xt] < oo. The autocovariance 
function, R(-), of {Xt} is defined by 

R(k) = Cov(XuXt+k) = E[(Xt - E[Xt])(Xt+k - E[Xt+k])],ke Z, 

and the autocorrelation function is 

rf*)-j$f.*ez. 
The autocovariance function satisfies the following properties (Priestley, 1981): 

1. R(0) = a2 > 0, 

2. \R(k)\ <R(0),keZ, 

3. if {Xt} is a real valued process, R(-) is even, that is R(k) = R(-k), k G Z, 

4. R(-) is positive semi-definite, that is, for all positive integers iV and all real 
Z\, ..., ZN, 

N N 

r=l s—l 

An autocorrelation function p(-) has all the properties of an autocovariance function, 
replacing the first one by p(0) = 1. 

In addition to the autocorrelation between Xt and Xt+k, is useful to investigate 
the correlation between Xt and Xt+k after their mutual linear dependency on the 
intervening variables Xt+1,.. .,Xt+k-i has been removed. This represents the partial 
autocorrelation function of the process. For a formal derivation, see Brockwell and 
Davis (1991). 
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If the autocovariance function of a time series {Xt} is absolutely summable, i.e., 
YlkL-ooR(k) < oo, then the spectral density function, /(•), of {Xt} can be expressed 
as the Fourier transform of R(-), that is 

1 oo 

/ ( ^ ) = ^ E ^ ) e - Î U , f e , - 7 r < ^ < 7 r . 
fe=—00 

Conversely, the autocovariance function of {Xt} can be written as the inverse Fourier 
transform of / , 

R(k) = f f{uj)eiukdu. 
J —7T 

A stochastic process {Xt} with a purely continuous spectrum can be represented as 
the following general linear process (Priestley, 1981) 

00 

Xt = ^2 9uSt-u, (1-1) 
u=—00 

where {et} is a a white noise process (zero-mean uncorrelated sequence of random 
variables) with Var[et] = a£

2 and {gu} is a given sequence of constants satisfying 
^2^L09u2 < oo- Moreover, if the process satisfies the Paley-Wiener condition 

/

oo 
log{f{u))du > -oo , (1.2) 

-oo 

then, the model has the "one-sided" general linear representation 
oo 

Xt = ^2juet-U, (1.3) 
u=0 

where {7„} is the sequence of Fourier coefficients of the transfer function of the process 
oo 

and in this case, the spectral density function of the process can be written as 

f(u>) = ^ | * M I 2 . 

In addition, the stochastic process {X t} is a /mear model if in the "one-sided" represen
tation (1.3), the {et} is a sequence of independent and identically distributed (i.i.d.) 
random variables with zero mean and Var[et] = a£

2. However, if Xt is a Gaussian 
process then, by (1.3), it follows that et is also Gaussian and, being uncorrelated, is 
also independent. Therefore, every Gaussian process is a linear process. 
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Moments and cumulants of stationary stochastic processes 

Let Xt be a ftthorder stationary stochastic process. Let M{9X, ...,9k) be the joint 
moment generating function3 of Xtl,Xt2,..., Xtk. Then, the ftthorder joint moment 
of Xt, Xt+Sl,..., Xt+Sk_1} is a function oik — 1 variables defined by 

Hx(si,..., sk-i) = E[XtXt+Sl ... Xi+SjS._1], 

with ixx = E[Xt], 

Now, let K(91, ...,9k) = log(M(91,..., 9k)) be the cumulant generating function. The 
ftthorder joint cumulant of Xt, Xt+Sl,..., Xt+Sk_1 is the coefficient of 9X92 . . . ^ in the 
Taylor series expansion of K(91, ...,9k), and it is, as well, a function of ft  1 variables 
only, that will be denoted by Cx{s\, ■ ■ ■, Sfci). 

For a stationary stochastic process, the moments have the following symmetry pro

perties (Nikias and Petropulu, 1993) 

Hx(m) = Lix(-m), m>0, (1.4a) 

Hx{m,n) = nx{n,m) = /xx(-n,m-n) = Lix(n - m,-m), m,n>0. (1.4b) 

Note that the cumulants have similar properties. Then, it follows that given values of 
the thirdorder moment sequence over the infinite wedge bounded by the straight lines 
m = 0 and m = n, m,n > 0, the thirdorder moment sequence in the entire plane 
may be reconstructed (Figure 1.1). 

A 

A— 
(' 

/ 

/ 
—^ 

Figure 1.1: Portion of the infinite wedge which completely determines the thirdorder 
moment sequence. 

3Let X = (Xi,..., Xn) be a random vector. The joint moment generating function of X is denned 
by 

^'(A1,...,xn)(*i,,*n) =E[exp(siXi + ... + snXn)], 

for S j . . . . . sn £ IL 
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Relations between joint moments and joint cumulants of stationary time series were 
derived by Leonov and Shiryaev (1959). For instance, they found that 

Cx = E[Xt] = fiX, 

Cx(k) = iix{k) - Vx2 = R(k), keZ, (1.5) 

Cx{k,m) = nx{k,m) - nx(vx(k) + Ltx(m) + /J,x(k - m))+2iix
3, k,meZ, (1.6) 

Cx(k, m, n) = Hx(k, m, n) - Ç>fix
A 

-l*x(l*x(m-k,n-k) + nx(m,n) + fix(k,m) + nx{k,n)) 

- Hx{k)nx{n -m)- iix{m)nx{n - k) - px{n)fix(m - k) 

+ 2fix
2(nx{k) + Vx{m) + nx(n) + fix{m-k) + (j,x{n - k) 

+ fJLx(n-m)), k,m,n£l, (1.7) 

where R(-) in (1.5) is the autocovariance function of the process Xt-

Note that for Gaussian processes, all the cumulants of order higher than two are zero. 
Thus, these high-order statistics may be regarded as measures of the departure of the 
process from Gaussianity. 

Basic ideas for Asymptotic 

The sequence {X„} of random ft-vectors with distribution functions {i<xn(-)} c o n" 
verge in distribution if there exists a random A;—vector X such that 

l imFx n(x) = F x (x) , (1.8) 
n—>oo 

for all x G C, where C is the set of continuity points of the distribution function FXn(-) 
of X. If (1.8) holds it is said that Xn converges in distribution to X, and is denoted 
by X n => X or X n = X. 

A sequence of random variable {Xn} is said to be asymptotically normal with "mean" 
fin and "standard deviation" <r„, denoted by 

Xn is AN(iJ,n,an
2), 

as in Brockwell and Davis (1991), if an > 0 for n sufficiently large and 

an-\Xn - fin) = Z, where Z ~ M(0,1). 

For the vectorial case, the sequence {Xn} of random ^-vectors is asymptotically 
normal with "mean vector" fin and "covariance matrix" S n , if 
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(i) E n has no zero diagonal elements for all n sufficiently large and 

(it) \TXn is AN(XT/jin, AT£nA) for every A G Rk such that ATSnA > 0 for all n 
sufficiently large. 



Chapter 2 

Integer-valued Autoregressive 
Processes 

I hear and I forget, 
I see and I remember, 
I do and I understand. 

CHINESE PROVERB 

Do not worry about your difficulties 
in Mathematics. I can assure you 
mine are still greater. 

ALBERT EINSTEIN 

The aim of this chapter is to provide an overview of the INAR(p) process and a litera
ture survey of the main properties. The process is characterized in terms of second-, 
third- and fourth-order moments and cumulants. The Third-Order Recursive (TOR) 
equations for moments and cumulants of INAR(p) process, that are used for estimation 
purposes in the next chapter, are established. In addition, it is demonstrated that the 
INAR(p) process belongs to the class of non-Gaussian mixing processes, fact that 
justifies the use of Whittle criterion for INAR parameter estimation. 

2.1 Introduction 

Recently, there has been a growing interest in studying non-negative integer-valued 
time series and, in particular, time series of counts. Some simple examples are the 

31 
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number of clients in an Internet server by hour, the daily number of seizures of epileptic 
patients, the yearly number of plants in a region, the daily number of traded stocks in 
a firm, the daily number of guest nights in a hotel, the yearly population of a certain 
specie, the monthly count of claimants for wage loss benefit and the monthly incidence 
of a disease. 

Regression models for time series count data have been proposed (Zeger, 1988, Zeger 
and Qaqish, 1988, Brãnnás and Johansson, 1994). These models are based on the 
concepts of generalized linear models but attempting to incorporate both trend and 
serial correlation adequately. 

On the other hand, there have been several attempts to propose processes that resem
ble the structure and properties of the usual linear ARMA models. A first approach 
was the Discrete AutoRegressive-Moving Average (DARMA) model (Jacobs and Lewis, 
1978a,6, 1983), which is obtained by a probabilistic mixture of a sequence of i.i.d. 
discrete random variables. For a survey of the discrete-valued models see MacDonald 
and Zucchini (1997). 

Later, some ARMA models for dependent sequences of Poisson counts and Marko-
vian processes with binomial and geometric marginal distributions were proposed by 
McKenzie (1985, 1986, 1988). One of these models, the first-order INteger-valued 
AutoRegressive, INAR(l), model, was also studied by Al-Osh and Alzaid (1987) and 
is based on the binomial thinning operation (Steutel and Van Harn, 1979). Du and Li 
(1991) and Latour (1998) extended and generalized these models to the p order. The 
thinning operation is defined and characterized in the next section. The definition and 
properties of INAR processes are given in Sections 2.3 to 2.6. 

2.2 The thinning operation 

Let X be a non-negative integer-valued random variable and a > 0. The thinning 
operation is defined by 

x 
a*X = ^Yj, (2.1) 

7=1 

where {Yj}, designated by counting series, is a sequence of i.i.d. non-negative integer-
valued random variables, independent of X, and such that E[Yj] = a,Var[Yj] = 
a2, E[Yj3] = 7 and E[F/] = «. 

This is a generalized version of the binomial thinning operation, proposed by Steutel 
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and Van Harn (1979), where the counting series is a sequence of i.i.d. Bernoulli random 
variables, such that 

P(Yj = l) = l-P(Yj = 0) = a. 

Then, given X, a * X has binomial distribution with parameters (X, a). 

This operation was studied by several authors (Gauthier and Latour, 1994, Silva and 
Oliveira, 2004, 2005). The properties of the thinning operation are presented in the 
next lemma. 

L E M M A 2 .1. Let Xi(i = 1,...,4) be non-negative integer-valued identically dis
tributed random variables, oti(i = 1,...,4) non-negative real constants and suppose 
that the counting series, Y^(j = 1 , . . . , Xi), of cti*Xi(i = 1 , . . . , 4), are mutually 
independent and identically distributed, independent of Xi and such that EfY ĵ] = 
Oi, Var[rjfi] = o-i2 and E[Yj/] = % E[Y3/] = «,. Then 

(i) 0 * Xx = 0, 

(a) l * X\ = Xi, 

(iii) ax * (a2 * X2) - (ot\a2) * X2, 

(iv) E[ai*Xi]=aiE[Xi], 
(v) E[(a1*X1)X2]=a1E[X1X2], 

(vi) E[(ai * X!)X2X3] = OiElXiXaXs], 

(vit) E[(oi * Xx)2] = ai2E[Xi2] + ^ E J X J , 

(uni) E[(oi * Xi)2X2] = a i
2E[Xi2X2] + ai2E[XiX2], 

(is) E[(oi * A"i)(a2 * X2)] = aia2E[XiX2], 

(a?) E[(ai * Xi)(o2 * ̂ 2)^3] = a1a2E[X1X2X3\, 
(xi) E[(ai * XO3] = ai3E[Xi3] + 3aia1

2E[X1
2] + (71 - 3 o W - a1

3)E[X1], 

(sit) E[(oi * X0 2 ( a 2 * X2)] = ai2a2E[Xi2X2] + cr1
2a2E[XiX2], 

( w ) E[(ai * Xi)(a2 * X2)(a3 * X3)] = aia2a3E[XiX2X3], 

(xiv) E[(ax * Xx)4] = <*i4E[Xi4] + 6<*i2<7i2E[Xi3] + (3a!4 - 12ax
2ax

2 + 4 a l 7 l -

4a1
4)E[X1

2] + («1 - 3a!4 + Ô ^ V 2 - 4c*i7i + 3c*i4)Epii], 

(xv) EKa^XifX^ = a1
3E[X1

3X2]+3a1a1
2E[X1

2X2]+(7 l-3a1a1
2-a1

3)E[X1X2] , 

(xvi) E[(a1*X1)2(a2*X2)2] = a1
2a2

2E[Xl
2X2

2)+al
2a2

2E[X1
2X2]+ol

2a2
2E[XlX2

2\+ 

a1
2a2

2E[X1X2], 

(xvii) E[(oi * X!)2X2X3] - ai2E[Xi2X2X3] + iri2E[XiX2Xs], 

(xviii) E[(ai *Xi)X2X3Xi] = a i E f X i ^ X s ^ ] , 
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(xix) E[(a1*X1)(a2*X2)
3} = ala2

zE{XlX2
z}^2>ala2a2

2E{XlX2
2]+al{l2-?,a2a2

2-

a2
3)E[X1X2], 

(xx) E[(o!i * Xi)(a2 * X2){a3 * X3)
2} = o ^ o ^ E p f ^ A V ] + a1a2a3

2E[X1X2X3], 
(xxi) E[(oi * ̂ i ) ( a 2 * AT2)(a3 * AT3)(a4 * Xt)] = aia2a30iAE[X1X2X3X^. 

Proof. See Appendix A. 

The thinning operation may also be defined in a multivariate context. Thus, let 
X = [ Xi •■■ Xp }T be a random vector and A a p x p matrix with entries ay-

satisfying 0 < an < 1, for i, j = 1, . . . ,p. Then, the vector thinning operation, A * X, 
is defined as a random vector whose ith component is given by (Franke and Subba Rao, 
1995) 

p 

[A * X]< = Y^ % *Xj,i = l,...,p, (2.2) 

where the counting series of all ay * Xj} i, j — 1, . . . ,p, are assumed independent. 

Note that the vector thinning operation satisfies properties analogues to the univariate 
operation. For an account of these properties see Franke and Subba Rao (1995), Latour 
(1997) and Oliveira (2000). 

2.3 INAR(l) processes 

The first-order INteger-valued AutoRegressive, INAR(l), process was introduced by 
McKenzie (1985, 1988) and Al-Osh and Alzaid (1987) for modelling and generating 
sequences of dependent counting processes. A discrete time non-negative integer-

valued stochastic process, {Xt}, is said to be an INAR(l) process if satisfies the 
following difference equation 

Xt = a * Xt_t + et, (2.3) 

where a > 0, * represents the thinning operation defined by (2.1) and {et} is a 
sequence of non-negative integer-valued i.i.d. random variables having mean (j,e and 
finite variance a2. 

When a binomial thinning operation is considered in (2.3), a realization of Xt has two 
random components: the survivors of the elements of the process at time t - 1, each 
with probability of survival a, denoted by a * Xt_h and elements which enter in the 
system in the interval ]t - l , i] , called the arrival elements, et. 
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The marginal distribution of the model (2.3) can be expressed in terms of the arrival 
process, {et}, as (Al-Osh and Alzaid, 1987) 

oo 

i=o 

Choice of the arrival process distribution 

Let GXt(s) and Ge(s) denote the probability generating function of the random vari
ables Xt and ex, respectively. Then, Alzaid and Al-Osh (1988) proved that 

í - i 

GxM = Gx0(l - a* + a*«) ]J Ge(l - oP + o?s), \s\ < 1. 
j=o 

Since E[ei] < oo, the lim^oo GXt(s) exists and is the probability generating function 
of some random variable X such that 

Gx{s)=Ge(s)Gx{l-a + as). 

Thus, the probability generating function of an INAR(l) process satisfies the definition 
of a discrete self-decomposable distribution1 (Steutel and Van Ham, 1979). Conse
quently, the marginal distribution of an INAR(l) process can be chosen from the 
class of discrete self-decomposable distributions. This class contains the Poisson and 
negative binomial distributions as special cases and the discrete stable distributions2 

as a sub-class. The Poisson distribution is the only member of the class of discrete 
stable distributions which has finite mean (Van Harn, 1985, Cor. 3.3.15). Therefore, 
it is suitable for the distribution of the arrival process, in which case the process 
is referred as Poisson INAR(l). In addition, if Xx has a Poisson distribution with 
parameter A/(l - a), and {et} is a sequence of i.i.d. Poisson random variables with 
parameter A, then Xt has a Poisson distribution with parameter A/(l - a). 

The Poisson distribution has a single parameter, which is equal to both, the mean 
and the variance. For practical applications, this may be a problem. It is said that 

1A distribution on N0 with probability generating function P is called discrete s elf-decompôs able 
if P(z) =P(l-a + az)Pa(z), for \z\ < 1, a e]0,1[, with Pa a probability generating function. Then, 
in terms of random variables can be written that X = a * X' + Xa, where * is the binomial thinning 
operation, a * X' and Xa are independent and X' is distributed as X. 

2A probability generating function P (with 0 < P(0) <1) is called (strictly) discrete stable with 
exponent 7 > 0 if it satisfies the following condition (Steutel and Van Harn, 1979) P(z) = P(l -
a ( l - z))P(l - (1 - a 7 ) 1 / 7 ( l - z)), for \z\ < 1, a 6]0,1[. 
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occurs overdispersion when the empirical variance exceeds the theoretically expected 
variance, while underdispersion occurs when the empirical variance is smaller than the 
theoretically expected one (Bránnás, 1994). Other distributions for the arrival process 
were considered in the literature, namely binomial, negative binomial, geometric 
or generalized Poisson (McKenzie, 1986, Alzaid and Al-Osh, 1993, Bránnás, 1994, 
Berglund and Bránnás, 1999). The negative binomial allows for overdispersion, while 
the generalized Poisson model allows for both under- and overdispersion. 

Likelihood function of the Poisson INAR(l) process 

For the Poisson INAR(l) process with binomial thinning operation, the conditional 
distribution of Xt given ÂVi, denoted by p(Xt\Xt-i), is the convolution of the bi
nomial distribution of the result of the thinning operation, a * Xt-\ and the Poisson 
distribution of the arrival process, et (Sprott, 1983, Al-Osh and Alzaid, 1987, Thyregod 
et al, 1999, Freeland and McCabe, 2004a). Thus, if® denotes convolution and 

/iW = ( x - _ 1 ) a î ( 1 " o) (*_lH> h® = f exP("A)' 

then 

oo 

p{xt\xt_x) = A ® f2 = J2fi(í)f2(xt - i) 

M* \{Xt)-i /y \ 
= exp(-A) V — [ i - 1 )aHl - a)^-^ 

where Mt = min{Xt_i, Xt}. Therefore, given a sample of N + 1 observations, X = 
{XQ, A I , . . . , XN}, the unconditional likelihood function of an INAR(l) process is given 
by 

L(X,a,A) = [ n
X o l

J 1 exp ^ j ^ { X ^ ) , 

and the conditional likelihood function of an INAR(l) process, given X0, is 

N 

L(X,a,\\X0) = Hp(Xt\Xt_1). 
í=i 
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2.4 INAR(p) processes 

A discrete time non-negative integer-valued stochastic process {Xt} is said to be an 
INAR(p) process if satisfies the following difference equation 

Xt = «l * Xt-i H \-ap* Xt-P + et, (2.5) 

where 

1. {et} is a sequence of i.i.d. non-negative integer-valued random variables, with 
E[et] = He, Var[et] = ae

2, E[et
s] = ye, and E[et

4] = Ke; 

2. all counting series, {Yjj}, of the thinning operations 

Xt-i 

ai*Xt_i = J2Yj,i, i = l,...,p, (2.6) 

are mutually independent, and independent of {et}, and such that E[Y^] = OJJ, 
VarK-i] = ai2,E[i},i8] = % and E[Y,-/] = m; 

3. a» > 0, i = 1 , . . . ,p — 1, and ap > 0. 

Note that it would be more appropriate to write the counting series in (2.6) as {l}j } 
to explicitly indicate that there is a sequence of such variables at each time t. It must 
be remarked that subsequent thinning operations are performed independently of each 
other. Thus, having this fact in mind, the first notation is preferred. 

This definition of the INAR(p) process was proposed independently by Du and Li 
(1991) (although considering binomial thinning operations instead of the generalized 
one) and by Gauthier and Latour (1994) and Latour (1998), and is different from that 
of Alzaid and Al-Osh (1990), which assumes that the conditional distribution of the 
vector («i * Xt, a2 * Xt,..., ap * Xt) given Xt = xt is multinomial with parameters 
(a1,a2,..-,ap,xt) and is independent of the past history of the process. The two 
different formulations imply different second-order structure for the processes: under 
the first approach, the INAR(p) has the same second-order structure as an AR(p) 
process whilst under Alzaid and Al-Osh (1990), has the same as an XRMA(p,p - 1) 
process. In this thesis, the first approach is adopted . 

An alternative representation of the INAR(p) process as a p-dimensional INAR(l) 
process was obtained by Franke and Subba Rao (1995). Accordingly, by using the 
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vector thinning operation given in (2.2), the INAR(p) process defined in (2.5) can be 
written as 

X t = A * X í _ 1 + W í , 
Xt = HX t , 

(2.7a) 

(2.7b) 

where 

A = 

ai a2 

1 0 
0 1 

0 0 

0 0 
0 0 

1 0 

(2.8) 

for Oj > 0, i = 1 , . . . ,p-l, and ap > 0, H = [1,0,. . . ,0], X t = [Xt,Xt^,... ,X t _ p + 1 ] T 

and Wj = [et, 0 , . . . , 0]T, for {et} a sequence of i.i.d. random variables, with E[et] = 
juc, Var[ei] = a\, E[et

3} = %, and E[ef] = «e < oo. 

Furthermore, it is found that the model (2.7a) can be expressed as 

X t = A * X t _ 1 + W t 

= A * ( A * X i _ 2 + W f _ 1 ) + W t 

= A2 * X t_2 + A * Wt_i + W ( 

fc-i 

where = stands for equal in distribution. Then, equations (2.7) can be written as 

(2.9a) 
j=o 

Xt = HX,, (2.9b) 

where H = [1,0, . . . ,0]. 

General properties 

The stationarity condition for the INAR(p) process is that the roots of the polynomial 

zp — a.\zv — . . . — ap-iz — av = 0 
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are inside the unit circle, that is, \z\ < 1 (Du and Li, 1991). However, Dion et al 
(1995) proved that this condition is equivalent to 

p 

j^a fc<l. 
fc=i 

Moreover, it can be said that the stationarity condition for the INAR(p) process is 
that the spectral radius3 of the matrix A, defined in (2.8), is less than one, that is, 
p(A) < 1. 

It was also proved that the INAR(p) process is ergodic (Du and Li, 1991). Other 
important properties, given in the literature, are expressed in the following theorems: 

THEOREM 2.1 (Dion et al. (1995), Corollary 1). Let {Xt} be a generalized 

INAR(p) process with Y X i a% < l and ° < E N = A < °°- Then {X*} admits an 

unique limiting stationary distribution and there exists a distribution on (Xp-i,..., X0) 
(the distribution of Z) such that {Xt}t>P-i is strictly stationary. Moreover, ELY] = 
A (1 - Y7i=i a i ) _ 1 — limí-*oo E[Xt], where X has the limiting distribution. 

THEOREM 2.2 (Franke and Subba Rao (1995), Lemma 3). Let 0 < ô  < l,i = 
l , . . . , p , and 0 < qP(0) = P(et = 0) < 1. Then, any solution {X t} of (2.7a) is an 
irreducible and aperiodic Markov chain4" in N0

P. 

Let R(-) be the autocovariance function of the INAR(p) process {Xt}. Then R(-) 
satisfies a set of Yule-Walker type of difference equations, which can be written, 
respectively, in scalar and vectorial form, through 

p 

R(0) = Vp + ^aiR{i) 
< p i=1 <=> RP a = 

R(k) = Y^aiR(i-k), 

where 

Rp = [R(j, k)] = [R{p + l-k,p + l-j)] = [R(j - k)] 
3p(A) - maxi<i<p{\Xi\}, where A<,i = 1 , . . . ,p, are the eigenvalues of A. 
4A Markov chain is a discrete-time stochastic process, such that the conditional probability 

distribution of future states of the process, given the present state, depends only upon the current 
state. Irreducible means that every state is accessible from every other state. Aperiodic means that 
there exists at least one state for which the transition from that state to itself is possible (for details 
see Ross (2003)). 

0 

0 

(2.10) 
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R(0) R(l) 
R(l) R(0) 

Rip) Rip-I) 

Rip) 
R(P -1) 

R(0) 

a = [  1 ax 

and Vp is defined by 

ar 

Vp = ae' 

(2.11) 

(2.12) 

(2.13) 
»=i 

where cre
2 = Var[et], ^ = E[Xt], and a? is the variance of the counting series, 

Yj,i U = 1> • • • > ^t<; « = 1, • • • ,p), of the zth thinning operation, a>i * Xt-%. 

In the frequency domain, Silva and Oliveira (2004, 2005) obtained expressions for the 
spectral density function, f(to), and for the bispectral density function, fiui,u2). In 
particular, f(cu) can be written by 

■iuik VP 

k——oo 
2 7 r

| i -ELi^- ■iuik |2> 7T < W < 7T, (2.14) 

where Vp is defined by (2.13). Note that /(•) is a purely continuous spectrum and, 
thus, the INAR(p) process has a general linear representation, as in (1.1). 

Vp represents the variance of the one-step-ahead prediction error for an INAR(p) 
process. To see this, consider a realization, {Xi,...,XN}, of an INAR(p) process, 
satisfying (2.5). Given the data, the one-step-ahead linear predictor of Ajv+i, denoted 
by XN+i, is obtained by minimizing the prediction mean square error, E[(XJV+I 

XN+i)2]. Thus, according to Du and Li (1991), the minimum variance predictor of 
XN+i is 

XN+i — E[XN+i\XN,X N-l; — « i XN + . . . + ap XN+i_p + jjLe. (2.15) 

Let 
UN+i — XN+i — XN+i (2.16) 

be the one-step-ahead prediction error. It follows that the predictor is unbiased, since 

v v 
E[C#ii] = Y. E ^ * xN+i-i] + E[et]  J2 E[oiXN+1-i]  E[fxe] = 0. 

The variance of the prediction error is given by 

VarfC/^] =Var[X,v+1  J W ] 
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=Var[ejv+i] + Var 22 ai * xN+i-i - 2_jaiX N+l-
»=1 i = l 

= < + E 

=oi + E 

2 J a< * XN+i_i - 22 aix 

. i= i 2 = 1 

2 J (a« * -Xtf+i-»)' 
i = l 

+ 2E 

JV+l-i 

p p 

+ E y~̂  (oîiXjv+i-i)' + 2E 

^2 ^2 (ai * ^+i-»)(o ! j * -^jv+i-j) 
t= l j = i + l 

P V 
^2 ^2 iaiXN+l-i){0ljXN+i-j) 
i= l j=i+l 

2J2aiE 
»=i 

p 

/ J ( a i * -^JV+l-j)^iV+l-
J = i 

p p 

=ae
2 + ^ Q?/tfx(0) + J2°?Vx + 2 ] T J ] ouajuxii ~ J) 

i—l i= l i= l j = i + l 
P V V 

+ Yl a.Vx(0) + 2 XI S tti(*jVx(i ~ j) 
i = l 

p p 

- 2 Í X a,Vx(0) + 2 S E «i%M* - i) 
\ i = l i= l ,7=1+1 

p 

i=l 
(2.17) 

The INAR(p) process satisfies the Kolmogorov formula (proved in Proposition C.3) 

1 '* 
Vp = 27rexp ( ^- / log/(w)dw (2.18) 

which relates the variance of the one-step-ahead prediction error with the spectral 
density function, /(•). As a consequence, the INAR(p) process also satisfies the Paley-
Wiener condition, given in (1.2), and therefore, the INAR(p) process has a "one
sided" linear representation, as in (1.3). However, the random variables, et, in the 
representation are only uncorrelated and not i.i.d., and therefore, the INAR(p) process 
is not a linear process. 

For the INAR(p) process, the residuals may be defined as 

r/v+i = xN+i — E[XN+I\XN,XN_I, ...]. 

Then, since E[XN+I\X^, XN-I, • • •] is the one-step-ahead linear predictor of XN+i, the 
residuals correspond to the one-step-ahead forecast error, U^'+1, given in (2.16). Note 
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that the residuals are uncorrelated and, therefore, can be used for diagnostic checking 
of a fitted INAR(p) process. 

From a second point of view, the INAR(p) process can be considered as the following 
standard AR(p) process (Latour, 1997, 1998) 

v 
Xt-nx = J2 aÁxt-i ~ Vx) + eu (2.19) 

where [ix — ~E[Xt], and{et}, t G Z is a white noise process, such that 

p 

Varfo] = tfe
2 + nx ^2 °i2 = Vp, 

where Vp is given in (2.13). 

Box-Jenkins modelling for INAR(p) processes 

Three phases compound the well known Box-Jenkins modelling procedure for linear 
models, namely model identification, estimation and diagnostic checking. Then, when 
a satisfactory model is found, predictors (forecasts) can be obtained. 

This methodology can also be applied to INAR(p) processes. For the model identifica

tion of INAR(p) processes, an automatic criterion for order selection is established in 
Chapter 4. The parameter estimation of the INAR(p) process is addressed in Chapter 
3, where several methods, in time and frequency domains, are proposed. 

A preliminary approach for the diagnostic checking consists in analyze the residuals, 
for instance by examining or testing their sample autocorrelation function. On the 
other hand, some general specification tests have been proposed to Poisson INAR(l) 
processes. For instance, Freeland and McCabe (2004a) considered an IM (information 
matrix) test which verifies if the parameters in the model are stochastic or not. In order 
to test the presence of serial correlation on an Poisson INAR(p) process, for p = 1, 2, 
Jung and Tremayne (2003) proposed three tests. The first one is a simple runs test. 
The second test is a modification of the score test proposed by Freeland (1998). The 
third, is based on a measure of goodnessoffit of simple branching processes. 

With respect to the prediction, the mstepahead minimum variance predictor, Xt+m, 
of Xt+m is given by (Du and Li, 1991) 

Xt+m = E[Xt+m\Xt, Xt-i, • ■ •] = ct\Xt+m_i + ... + apXt+m-p + \ie. 
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In particular, the case m = 1 is given in equation (2.15). However, this method 
provides non-integer forecasts and therefore is not suitable for practical purposes. 
The problem of coherent forecasts in the discrete integer-valued context has been 
addressed by several authors, specifically for the special case of Poisson INAR(l) 
processes, with binomial thinning operation. Freeland and McCabe (20046) suggested 
to minimize the expected absolute error, obtaining the median of the fc-step-ahead 
forecast distribution as the forecast. A different approach proposed by them consists 
in calculate the individual probability of each possible outcome of the series and select 
as forecasts the outcome (point mass forecasting) with largest probability On the 
other hand, Bayesian forecasting was proposed by Silva (2005). 

The INAR(p) forecast is still an open problem. However, this will not be a subject of 
this thesis. 

2.4.1 Mixing Property of the INAR(p) process 

There are processes that are not merely non-Gaussian but may be non-linear as well. 
Dzhaparidze and Yaglom (1983) introduced a class of stationary processes which they 
call non-Gaussian mixing processes. These authors said that a stochastic process 
{Xt} belongs to the class of non-Gaussian mixing processes if satisfies the following 
conditions 

(NGMP1) Xt is strictly stationary; 

(NGMP2) Xt has finite absolute moments of all orders, i.e. 

E[|X t | fc]<oo, teZ,keW, 

(NGMP3) Let Cx(si, • • •, Sfc-i) be the &th-order cumulant of the Xt process, then 

00 00 

] P . . . ^2 |Cjc(*i,---,**-i)| < oo, A; = 2,3, . . . 
S l = — OO Sfc_ l = — 0 0 

Note that (NGMP3) is a mixing condition on Xt that guarantees a fast decrease of 
the statistical dependence between Xt and Xt+S as s —y oo. 

The next theorem proves that the INAR(p) process satisfies (NGMP1) to (NGMP3), 
and therefore, belongs to this class of processes. 
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THEOREM 2.3. Let Xt be an INAR(p) process, defined by (2.5). Then Xt belongs to 
the class of non-Gaussian mixing processes. 

Proof. Condition (NGMP1) follows from Corollary 1 of Dion et al. (1995), given 
in Theorem 2.1. To prove condition (NGMP3), it is sufficient to show that an 
INAR(p) process is strongly mixing. By Lemma 3 of Franke and Subba Rao (1995) 
(given in Theorem 2.2), any solution of the difference equation satisfied by the p-

dimensional INAR(l) process is an irreducible and aperiodic Markov chain on N0
P. 

By Rosenblatt (1971, p. 207), a Markov chain is irreducible and aperiodic if and only 
if is strongly mixing. Then, the INAR(p) process is strongly mixing and therefore 
satisfies condition (NGMP3). Finally, since the absolute cumulants are summable by 
condition (NGMP3), all the cumulants of the process exist and are finite. Therefore, 
because the existence of the cumulants is equivalent to the existence of the moments 
(Rosenblatt, 1983), the moments of all orders of an INAR(p) process exist and are 
finite. Thus, the condition (NGMP2) is satisfied by the INAR(p) process. D 

2.5 HighOrder characterization of the INAR process 
in time domain 

As has already been remembered, an INAR(p) process is not linear. Then, the 
knowledge of the first and secondorder moments does not suffice to describe the 
dependence structure of the process. The thirdorder characterization, in terms of 
moments and cumulants, was given for Poisson INAR(l) process with binomial thin

ning operation by Silva and Oliveira (2004) and for the INAR(p) defined in (2.5) by 
Silva and Oliveira (2005). In order to complete the thirdorder characterization of 
these models, in this section the scalar form of the thirdorder moment and cumulant 
in lag (0, 0) are given. In addition, the fourthorder moments of the INAR(p) process, 
that will be used to define the covariance matrix of the YuleWalker estimates in 
Chapter (3), are exhibited. 

THEOREM 2.4. Let {Xt} be a stationary INAR{p) process, satisfying (2.5), 

Xt = «i * Xt-i + • ■ • + dp * Xt-p + et, 

where a, > 0, for i = 1, . . . ,p — 1, and ap > 0, {et} are i.i.d. non-negative integer-

valued random variables, with E[et] = //e, Varfe^ = ae
2, E[et

3} = 7e and E[et
4] = 

Ke and all the counting series,{Yj:i},j = 1 , . . . , Xt-i, of on * Xt-i,i = l,...,p, are 
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mutually independent, independent of {et} and such that E[Yjti\ = c^, Var[Y^j] = a2, 
E[y^j3] = 7J and E[Yj/] = Ki. Let Vp be the variance of the one-step-ahead prediction 
error, defined as in (2.13) by 

p 

Vp = ae
2 + ^ y ^ ( 7 j 2 . 

i = l 

Then 

vx =-,—^4—' (2-20) 
p 

Hx (0) = ^2 OtilXx (») + MeMx + V̂ ,, (2.21) 
t = l 

p 

Vx{k) =^2aiHx(k-i) +HeVx, k>0, (2.22) 

P P P p p 

Hx{0,0) = ̂ 2 ^2 5Z W 0 * A*̂ (* - J» * - k) + 3 ̂  5Z aiff«Vx(* - J) 
i = l j = l fc=l i = l i = l 

P P P 

+ 3yue ^ J ^ atajfix(i - j) + $Hx{?l + Me2) ̂  a; + 7e 

p p 

+ 3//X/JC Yl a? + /** H (7i - 3cW - a?), (2.23) 
t = l i = l 

P 

/ix(0, fc) = J2 < W ° > k-i) + Aie^(O), A; > 0, (2.24) 

P P p 

i*x(*» *0 = 5Z 5Z a iaJ Vx(k-i,k- j) + ^2 a?Vx{k - i) 
i=l j=l i = l 

+ 2nefix(k)-fix(^e2-o-e
2), k>0, (2.25) 

p 

/jlX(k,m) =^2ai/jlX(k,m-i)+nefix(k), m>k>0, (2.26) 
i = l 

p p 

A*x(0,0,0) = p 1 6 ^ ^ afafuxiO, * - i, * - j ) 

p p 

+ 4 J ] ^ afajiJixip, 0, t - j ) 
»=i j = i 

p p p 

+ 12^2Y1 XI ai2ajahVx(0,i-j,i-h) 
i=l j=l h=j+l 
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P v P P 

+ 2 4 X ! E X X ai<Xj<Xh<Xklix{i -j,i-h,i-k) 
i=\ j=i+l h=j+l k=h+l 

/ P P 

+ [ix(0, 0) 4//c J ] a*3 + 6 X a?Gi 2 

2=1 i = l 
p P p p 

+ 1 2 ^ X X Qi2<XjV>x{0, * - i) + 1 2 X I S rfviOCjUxiO, i - j) 
t=l J= l i= l j '=l 

p p 
6 E 1 ] (<XiW»x{0,Í - j ) + (XjWvxii -j,i- j)) 

p p p 
+ 8 ^ E E X aiajahVx(i - j,i- h) 

i=l j=l h=j+l 

P P P 

+ 1 2 X X X <Ti2ajOthnx{i -j,i- h) 
i=l j = l /i=7+l 

i^i Mi 
/ P P 

+ nx(0) f6(ae
2 + /ie

2) ^<*i 2 + 1 2 / i e ^ a ^ 2 

^ i= l t=l 
p \ 

+ X (3a,-4 - 12iri
2a;<

2 + 4ai7i - 4a/) J 
i=l ' 

p p p p 
+ 12((7e

2 + /ie
2) ^ ^ OLiOijUxii - j) + 12/Ze Yl X ffi2a3l*x{Í ~ j) 

i=l j=i+l i—1 j=l 
3& 

P P P P 

+ 6 E E <riW»x(i - J ) + 4 E E "fa - ZOLÍG? - "i8)/*^ (* - i) 
i= l j = i + l i=l j=l 

( p p p 

6(ae
2 + /ie2) J ] ai2 + 47e ̂  a< + 4^e ]T (7* - 3<W - ĉ 3) 

i= l i=l i=l 
+ j ^ («i - 3t7i4 + 6ffi2ai2 - Aa^i + 3a;4) J+KA, (2.27) 

p 

A*x(0,0,fc)= j ^ a i M O . O , *;-*)+JKdMO.O), * > 0, (2.28) 
i=l 
P p 

/j,x (0, k,k) =Y affix {0,k-i,k-i) + Y °i2Hx (0, k-i) 
i=l 1=1 

p p 
+ 2 X X ! aiCXjUxiO^-^k- j) + fxx(0)(ae

2 + jie
2) 
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+ 2lie
yÉ,aiiiX(0,k-i), k>0, (2.29) 

p 
//x(0,A;,m)=5^O!iAix(0,A;,m-i)+iUeAix(0,fc), m > A; > 0, (2.30) 

i= l 
p 

Hx(k, m, I) = ^aj/^xik, m,l-i) + fJ.e^x(k, m), I > m > k > 0, (2.31) 
i= l 
p P 

Hx(k,m,m) =^2&i2Vx(k,m - i,m - i) + J^oïVx(fc>m - i) 
i=i »=i 

p P 

+ 2 ^ ^2 aiVx(k,m - i) + fiX(k)(ae
2 + fie

2) 
i=l j=i+l 

p 
+ 2/jieY2ailJ'x(k,m-i), m>k>0, (2.32) 

i=l 
P p p 

Hx(fc, &, k) = ̂ 2 ai3^x{k-i,k-i,k-i) + 3^2Yl ®i2®jVx(k -i,k-i,k-j) 
i=l i=l j = l 

P P P 
+ 6 ^ ] P ^ aiajahfix(k -i,k-j,k-h) 

i=X j=i+l h=j+l 
p P P 

+ 3 Y^OiiOi2yix{k -i,k-i) + 3^2^2ai2ajVx(k -i,k- j) 
i=i i = i j '=i 

P P p 
+ 6/ie j ^ J ^ aiCtjUxik -i,k-j) + 3fie ^2 ai2Vx(k -i,k-i) 

i=l j-i+l i= l 
p P 

+ ] T (7i - 3 c W - otiZ)iix(k -i) + 3/ie Y^ <7i2l*x(k - i) 
i=l »=1 

+ 3(ae
2 + / . e

2 ) ^ ^ x ( A : - i ) + 7 e ^ fc > 0, (2.33) 
i= l 

P 
Hx(k,k,m)=Y^aiVx(k,k,m-i) + LieLix(k,k), m > k> 0. (2.34) 

i= l 

Proof. See Appendix A. 

THEOREM 2.5. lei {Xt} fee a stationary INAR(p) process satisfying the assumptions 
of Theorem 2.4. Then 

Cx = T - ^ , (2-35) 
1 - E L i °H 
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v 
Cx(0)=Vp + J2^Cx(i), (2.36) 

i = l 
p 

Cx(k)=^2aiCx{k-i), k>0, (2.37) 
V V V 

Cx(0, °) =53 m Z "«"i0* ***(• _ ^ * - fc) + 3 Yl 5 3 ajai2Vx(i - j) + 7e 
i = l j = l fc=l i~l j - \ 

V V V 

+ 3(/ie - //*) 2 ^ X "«"i/^C* - j) + 3/ux(iUe - Vx) 5 3 °? + 2^x 
2=1 j = l t = l 

P P 

- 6//e/iX
2 J ] Oj - 3/je(//e

2 + a2) + nx Y^ hi - 3 c W - a?), (2.38) 
i=l i=l 

p 

C x ( 0 , A ; ) = ^ a i C x ( 0 , A ; - z ) , A; > 0, (2.39) 

p p 

CX(A;,A;) = ^ ^ ^ a J C x ( / c - i , A ; - i ) + J ] c r i
2 C x ( / î - i ) , & > 0, (2.40) 

t=l j= l i=l 

p 

Cx(k,m) =y^jaiCx(k,m - i), m>k>0. (2.41) 
t = i 

Proo/. See Appendix A. 

As referred by Silva and Oliveira (2005), the third-order moments and cumulants of an 
INAR(p) process satisfy a set of Yule-Walker type equations similar to those satisfied 
by the bilinear process, confirming the non-linear structure of the INAR process. 

The next theorem proves that the third-order moments and cumulants of an INAR(p) 
process satisfy a single equation, called Third-Order Recursion equation, that will be 
used for parameter estimation in Chapter 3. 

THEOREM 2.6. Let {Xt} be a stationary INAR(p) process satisfying the assumptions 
of Theorem 24- Then the third-order moments of Xt, defined by (2.23) to (2.26), can 
be written in a single Third-Order Recursion (TOR) equation by 

Hx{-k, -m) =22ailJ'x('i - k,i - m) + fie^x(k - m) 
i=i 

í P 
+ <*(fc) 5 3 ai2^(i -m)+ nxae 
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+ 8(m) ( ^2ai2^x{i) +VxYl (7< - 3aiai2 - al) 
\ i = l i=l 

+2iixae
2Y2ai - ILXO? + 7e - A ^ e 2 + cré2) I , (2.42) 

i=l 

where 0 < k < m, and 

5(a) = ( 1 i / a = °' (2.43) 
I 0 otherwise, 

is the Kronecker delta function. In terms of third-order cumulants, the TOR equation 
corresponding to expressions (2.39) to (2.41), can be written as 

P v 
Cx(-k, -m) - J2 ^cx(i -k,i-m) = ô(k)^^2Cx(i - m), (2.44) 

t=i i= i 

where 0 < k < m, m ^ 0. 

Proof. The TOR equations can be derived by using the definition of the Kronecker 
delta function, the symmetric relations of second- and third-order moments and cu
mulants, given in (1.4), and manipulating algebraically the second- and third-order 
moments and cumulants expressions given by Theorems 2.4 and 2.5. Here, the cal
culations for k = 0, m ^ 0, in equation (2.42) are exemplified and the other ones are 
omitted since they are analogous. 

Thus, letting k — 0, m ^ 0, in equation (2.42), it is obtained 

v P 
IJ>x(0, -m) = ^2 BiPxih i-m) + netMx(-m) + ^ vfpxii - m) + /xxO"e

2. 
i= l i=l 

Now, since /j,x(0,-m) = (j,x(m,m) and jix{-m) = /J.x(m) = J2ï=i ̂ Vx{m - i) + 
fj-efjix, the last equation is equivalent to 

/jtx(m, m) = y ^ OiiUxi}, i ~ m) + Ve ( ^ a^x{rn - i) + ^ejix 
i= l \ i = l / 

p 
+ Y,rflJ<x(i-m) + LLXo-e

2. (2.45) 
i= l 

On the other hand, the third-order moment in lag (k,k), given by equation (2.25), 
can be rewritten as 

v I P \ v 
Hx{m,m) =^Tctil'%2(Xjtix(rn-i,m-j) J + J ^ a < V x ( " » - * ) 

i= i \ j = i / i=i 
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+ 2^e I J2 ai^x(m ~i) + He/lx I -VxHe2 + VX°2, (2.46) 

where, by using (2.26) and (1.4b), 

v / p \ p / 
^atil^ctjUxim - i,m - j) = ]P<*i[ l*x(m - i,m) -nx(m-i)fie 

p p 

= ^2aiVx(i,i-m)- fie^2ai/J>x{m - i). 
i=l i=l 

Then, it follows from (2.46) 

p p P 

fiX{m,m) = 22aiHx(i,i-m) - \ie J ^ a ^ x { m - i) +^2<Ti2fJ,x{™>- i) 
i = l »=1 1=1 

2 + 2/ie J ^ otiHx(rn - %) + \±e
2Hx + VxOe 

V P p 

= } )aifj,x(i,i -m) + (J.e^2ai/jLx(m-i) + yVj2{J>x(m - i) 
i=l i=l i=\ 

+ ií2iíX + HxCTe2, 

which is the same as (2.45). D 

2.6 Extensions of INAR processes and relations with 
other models 

Several extensions for INAR models have been proposed in the literature to provide 
a better description of the data set under study. For instance, for the first-order, 
Franke and Seligmann (1993) studied the switching INAR process, where the arrival 
process corresponds to two states represented by Poisson variables with different 
intensities, Bránnás (1995) considered the inclusion of explanatory variables, Bránnás 
(1994, 1995), Blundell et al. (2002) and Berglund and Bránnás (1999) studied panel 
data, Bránnás and Hellstrõm (2001) extended the dependence structure of the process 
and Bránnás et al. (2002) aggregated the INAR process, temporally as well as cross-
sectionally. 

The related INteger-valued Moving Average (INMA) model was proposed by Al-Osh 
and Alzaid (1988) and McKenzie (1988) and further studied by Bránnás and Hall 



2.6. E X T E N S I O N S O F I N A R P R O C E S S E S AND RELATIONS W I T H O T H E R MODELS? 51 

(2001), while the INteger-valued AutoRegressive-Moving Average (INARMA) model 
was introduced by McKenzie (1985, 1986) and Al-Osh and Alzaid (1991). 

On the other hand, the Poisson INAR(l) process is a M/M/oo queueing system5 

observed at regularly spaced interval of times (Steutel et al, 1983, McKenzie, 1988). 
The service time is geometric with parameter 1 - a and the arrival process is Poisson 
with mean A (Freeland and McCabe, 2004a). In addition, the INAR(l) process has a 
first-order Conditional Linear Autoregressive, CLAR(l), structure (Grunwald et al, 
2000). 

The multivariate case was treated separately by Franke and Seligmann (1993) and 
Latour (1997), who proposed the Multivariate INAR(p) process for p = 1 and p > 1, 
respectively. 

There is an important correspondence between the INAR(p) and the Multitype Branch
ing processes with immigration, BGWI(p)6, which allows both an intuitive interpre
tation of the INAR(p) process and the exchange of inference theory between the two 
classes of models. The next theorem establishes this relationship. 

THEOREM 2.7 (Dion et al. (1995), Proposition A). Given a generalized INAR(p) 
process {Xt} as defined by (2.5), the process {ZE}t<p_i defined by Zt(j) = Xt+i-j, 1 < 
j < p, is a BGWI(p) process with immigration random vectors {W t = (et, 0 , . . . , 0)} 
and matrix of offspring means A given by (2.8) 

Thus, for the interpretation of the INAR(p) process defined in (2.5) with binomial 
thinning operation, consider a population in which the reproductive span of the females 
is split into p non-overlapping periods and that a female will have a female offspring 

5An M/M/oo queueing system consists on an infinite server queue. In this case, the customers 
arrive at a service station in accordance with a Poisson process with rate A. Upon arrival, the 
customer is immediately served by one of an infinite number of possibles servers, and the service 
times are assumed to be independent with a common distribution. For details, see Papoulis and 
Pillai (2002, §16.3). 

6The multitype branching processes with immigration, {2,N} = {(-^JV(I), • • • ; ^jv(á))}, denoted by 
BGWI(d) in honour of Bienaymé, Galton and Watson, are Markov Chain defined recursively, for 
N > 0, by 

Zjv+1 - \ WN+1, ifz„ = o, 

where {W^r}, the immigration process, is a sequence of i.i.d. random vectors with values in Nd, 
and, for each i = 1, . . . ,d, {Y| j JV} is a sequence of i.i.d. random vectors, with values in N d , having 
a common offspring distribution, and independent of {WJV}- For further properties of branching 
processes with immigration, see Venkataraman (1982), Winnicki (1988), Mills and Seneta (1989) and 
Wei and Winnicki (1989). 
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during her ith. period of reproduction, with probability a*. Under Du and Li definition, 
a female from such a population can reproduce at most one female offspring per period. 
On the other hand, under Alzaid and Al-Osh definition, a female can reproduce at 
most one female offspring during her reproductive span. 



Chapter 3 

Estimation for INAR(p) processes 

The important thing in science is 
not so much to obtain new facts as 
to discover new ways of thinking 
about them. 

SIR WILLIAM BRAGG 

This chapter describes several estimation methods for the parameters of INAR(p) 
processes, investigates their asymptotic properties and their finite sample behaviour. 
Thus, the asymptotic distribution of the sample autocovariance function is derived in 
order to obtain the asymptotic distribution of the Yule-Walker estimators. In addition, 
the use of the Whittle criterion is justified by using the mixing property of the INAR 
process (proved in Chapter 2). Two new estimation methods, based on high-order 
statistics, are also proposed. One of them can be viewed as an extension of the Yule-
Walker estimation to third-order cumulants. The other uses least squares estimation 
on third-order moments. The Conditional Least Squares estimation methodology 
is also described, for comparison purposes. In particular, the Iterative Weighted 
Conditional Least Squares method for the estimation of the parameters of the Poisson 
INAR(l) process with binomial thinning operation is presented. Finally, the results of 
a Monte Carlo study, that investigates and compares the performance of the estimation 
methods, are given. 

53 
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3.1 Introduction 

The estimation problem of INAR parameters is complex. In fact, for INAR(p) pro
cesses, the conditional distribution of the Xt given Xt-i,..., Xt_p, is the convolution 
of the distribution of the arrival process, et, and that of the result of each thinning 
operation, a^X^, for i = 1 , . . . ,p, (Sprott, 1983, Al-Osh and Alzaid, 1987, Thyregod 
et ai, 1999). Thus, the conditional distribution of Xt in an INAR(p) process is the 
convolution of p distributions. However, the estimation issue has been addressed by 
several authors, both in the time and frequency domains and using the classical and 
the Bayesian approaches. 

In the time domain, the Yule-Walker estimation was proposed by Al-Osh and Alzaid 
(1987), for p = 1, and by Du and Li (1991) and Latour (1998) for p > 1. The 
Conditional Least Squares estimation, of Klimko and Nelson (1978), was considered by 
Al-Osh and Alzaid (1987), for p = 1, by Du and Li (1991) and Latour (1998) for p > 1, 
and by Latour (1997) for multivariate INAR(p). Furthermore for Poisson INAR(l) 
processes with binomial thinning operation, the Conditional Maximum Likelihood 
estimation was used for Al-Osh and Alzaid (1987), Franke and Seligmann (1993) 
and Bránnás (1994) and the Generalized Method of Moments, unconditional and 
conditional, was proposed by Bránnás (1994, 1995). Freeland (1998) used estimating 
functions1 (Godambe, 1960, Godambe and Heyde, 1987) to unify different estimation 
methods, namely, Conditional Least Squares, Generalized (weighted) Least Squares 
and Conditional Maximum Likelihood. 

In the frequency domain, the Whittle estimators were proposed by Silva and Oliveira 
(2004) for INAR(l) processes and by Silva and Oliveira (2005) for INAR(p), p > 1, but 
using an heuristic justification. The Taniguchi criterion was used to obtain estimators 
for INAR(p) processes by Oliveira (2000). In addition, for replicated Poisson INAR(l) 
processes with binomial thinning operation, Bayesian estimators were obtained by 
Silva et al. (2005 a). 

Throughout this chapter, it is assumed that is given a set of N observations, X = 
{Xi,..., XN}, from a stationary INAR(p) process, for a fixed and known order p. The 
parameter vector of the process is denoted by 0 = [ ax ... ap \ie ae

2 ]T and the 
corresponding estimator is 0 = [ ãx . . . âp fie â2

e } T . 

xAn estimating function, g(y,9), is a function of the data, y, as well of the parameter, 6. An 
estimator is obtained by equating the estimating function to zero and solving with respect to 6. 
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3.2 Asymptotic distribution of the Autocovariance 
Function for the INAR(p) processes 

From a second-order point of view, a stationary process is characterized by its mean, (A, 
and autocovariance function, R(-). Thus, their estimation from a set of observations is 
an important step in the preliminary description of a model for the data. In addition, 
the knowledge of the properties of the sample autocovariance function is required to 
obtain the asymptotic distribution of the parameter estimators, as in the case of the 
Yule-Walker estimation (see Section 3.3). 

Let {Xu ..., XN} be a set of N observations of an INAR(p) process, {Xt}, defined as 
in (2.5). A natural unbiased estimator for the mean of Xt is the sample mean 

N 

and an unbiased estimator for the autocovariance function is the sample autocovariance 
function 

N-k 
È(k) = jy E (** - *)(x^ -X),ke Z. 

i= l 

The asymptotic multivariate normality of the sample mean and the sample autoco
variance function is established in this section by extending the work of Brockwell and 
Davis (1991, Chap. 7) to the INAR process. It must be remarked that the dependence 
structure originated by the thinning operations carry out more complexity on the 
demonstration of the results. 

The asymptotic properties of the sample functions are obtained in a constructive 
manner. Thus, an auxiliary function 

1 -
R*(k) = ^J2(Xt-Vx)(Xt+k-Vx), A; G N0, (3.1) 

í = i 

is considered and its asymptotic properties are obtained as follows. The limiting 
covariance of R*(-) is evaluated in Proposition 3.1. Then, in Proposition 3.2, the 
asymptotic normally distribution of R*(-) is established for the MA(oo)-like vector 
representation of INAR(p) processes, given in (2.9). Finally, in Theorem 3.3, is proved 
that R(-) has the same asymptotic properties as the auxiliary function, R*(-). 
P R O P O S I T I O N 3.1. If{Xt} is an INAR(p) process, satisfying (2.5), then ifk,j <E N0, 

00 

(i) lim NVar(X)= V R(h), 
h=—oo 
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(it) lim NCov{X,R*{k)) = Y Cx(h,k + h), 
/i=—oo 

Hi) lim NCov(R*(k),R*{j)) = 
7V-foo 

= J2 R(h)R{h + j-k)+R(h + j)R{h-k) + CY(h,k,j + h), 
h=—oo 

where CY(-, -, •) is the fourth-order cumulant of the process Yt = Xt - fiX, given by 

CY{h,k,j + h) =fxx(h,k,j + h) + fix(fiX(h,j + h) + fix(k,j + h) + fiX{k - h,j)) 

+ &{vx{h) + nx(h) + nx(j +h) + fxx(k -h)+/xx(j-k + h) 

+ fiX(j)) - 3 /4 - R(k)R(j) - R(k)R(j -k + h) 

-R(j+h)R(k-h), (3.2) 

forh,j,k £ Z. 

Proof. The first equality, (i), follows from Theorem 7.1.1. of Brockwell and Davis 
(1991). For (it), note that 

E[XR*(k)] = E 
.. N N 

^H^2Xt^2(Xt- Hx)(Xt+k - fix) 
t = l s = l 

N N 
: jp È É EKX' - /**)(*• - Mx)(Xs+, - fxx) 

i = l s = l 

+ Mx(A"s - ^ X ^ + i t - A«x)] 
1 N N 

(AT-1) 

4 E i 
h = - ( J V - l ) 

(iV-1) 

7v Cx(h,k + h)+fiXR(k) 

< ^ E Cx(h,k + h) + fixR(k). 
h=-(N-l) 

In addition, E[X] = ^ and E[#*(fc)] = i?(fc). Then, if Cx{N, k + TV) -> 0 as TV -> oo, 
by the dominated convergence theorem is found that 

— (7V_1) / \h\\ 
Jim JVCov(X, £•(*)) = J m J ] 1 - U )Cx(h,k + h) + N^i2(fe) - i\^*J2(*) 

h=-(N-l) ^ ' 
oo 

= Y. Cx(h,k + h). 
h=—oo 
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Now, to prove (tit), consider the process Yt = Xt - (J,x, with zero mean and autoco

variance function given by RY(k) = E[ytyt+*] = E[(Xt - Hx)(Xt+k - Hx)] = R(k). 
Then, it is found that 

N N 

E[R*(k)R*(j)} = ± YU2E^Xt ~ Vx)(Xt+« " ^){Xa " t*x){X.+j - nx)] 
N N 

N2 

1 

í = l 8=1 

= ^-2jrjhmYt+kYsYs+j} 
i = l s=l 
N N 

= w È È (R(kW)+R(s - *)*(*  t + * -fc) N2 

i = l «=1 
+ R(s - t + j)R(s -t-k)+CY(s-t,k,j + s- t)) 

= R{k)R(j) + j - £ U-l§)(R(h)R(h + j-k) 

+ R{h + j)R{h -k) + CY(h, k, j + h)), 

where CY(-, -, '), given in (3.2), is the fourthorder joint cumulant of the Yt process, 
obtained by (1.7). Once again, by the dominated convergence theorem, 

lim NCov(R*(k),R*(j)) = 
oo 

J2 R(h)R(h + j-k) + R(h + j)R{h-k) + CY(h,k,j + h). O 

JV>oo 

h=-oo 

As a consequence of the proposition, for k - j , is found that 
oo 

lim NVai{R*(k)) = Y] R{hf + R{h + k)R(h -k) + CY(h,k,k + h). 
AT i.rs^\ ' ■ N—»oo 

h=—oo 

Let 
v [Vii]ixl [^12]lx(/i+l) 

|_ [^lixfd+i) [Vaa](fc+i)x(fc+i) . 

be an (h + 2) x (h + 2) matrix, for any nonnegative integer h, such that 

(3-3) 

Vn = lim NVax{X) 
]V>oo 

oo 

= Y,
 R

(
h
)>

 (3
-
4a) 

h——oo 

[Vialfc+i = lim NCov(X, R*(k)), k = 0 ,1 , . . . , h, 
iV>oo 
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= J2 Cx(h,k + h), (3.4b) 
h~—oo 

[ t f c W u = ^im NCov(R*(k),R*(j)), k, j = 0 , 1 , . . .,h, 
oo 

= ^2 R{h)R{h + j-k)+R(h + j)R(h-k) + CY(h,k,j + h), (3.4c) 
h=-

where CY(-, -, •) is defined in (3.2). 

P R O P O S I T I O N 3.2. / / {Xt} is an INAR(p) process with representation (2.9), given 
by 

00 

Xt = HX ( , 

^ e r e E^o l A , 7 l < °°> a n c í «/#(•) *5 i / i e autocovariance function of {Xt}, then for 
any non-negative integer h, 

X 
R*(0) 

R*(h) 

where VR is defined in (3.3). 

/ 

is AN 

fJ-x 
R(Q) 

R(h) 

\ 

^N^VR (3.5) 

Proof. The demonstration of this proposition is divided in two parts: 

(i) the result is proved for a truncated process {X*}, defined by 

3=0 
t : 

where m G N and H = [1,0, . . . , 0], 

(«) the result is then extended (m -> oo) to the process {Xt}, defined as in (2.9). 

(i) Considering the process Xf, let 
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= Hj2AJl»e 0 ••• 0]T 

J'=0 

= H ( ( I p - A m + 1 ) ( I p - A ) - 1 [ / / e 0 

(Ip-Am+1)[fix fix = « ( ( 

í= i 

i -

MX • ) • 

ol T ) 

where Ip is the p x p identity matrix. 

Consider now the zero mean process 

Y ; = xt* - Mra, 
Y: à H Y ! = x; - /xm, 

where / i m 

Note that 

A*K A*n 

t=i t=i 

Let U t be a sequence of (h + 2)-vectors defined by 

U* = 

2 i Xf — f^rn 

*?*? w - H>m)\Xf ~~ Mm) 
V* V* A w-" Mm)PQ+l ~~ Mm) 

. ( * ; -" Mm) (-X"t*+/i - Mm) 

Since {Ui} is a strictly stationary (m+h)-dependent sequence2, it can be shown 
by the Central Limit Theorem for strictly stationary m-dependent sequences 
(Brockwell and Davis, 1991, p. 213) and by the Cramer-Wold device (Brockwell 

2A strictly stationary sequence of random variables {Xt} is m-dependent (where m is a non-
negative integer) if for each t the two sets of random variables {Xj, j < t} and {Xj, j > t + m + 1} 
are independent (Brockwell and Davis, 1991) 
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and Davis, 1991, p. 204) that 

T 

KW 

X* 

Ry,m(0) 

RY,m(h) 

( l^ra 

is AN Rm(0) 

K . Rm{h) _ 

N~LV„ (3.6) 

/ 

where Rm(k) and V m are such that Rm(k) -» R(k) and V m -> VR, as m ->• oo. 

Note that, for u = [ -fj,m 0 • • • 0 ]T , 

í = l 

AT Z - f t = l J t ' A^m ' T ' [ r 
1 \ p N YA*T^* 
TV Z_/t=l 1t Jt 

= 
R*Y,m(0) 

= 
R*m(0) 

1 V ^ N TA*Y^* 
. N Z-/t=l Jt It+h . RY,m(h) _ KW 

Now, it is necessary to show that 

1 N 

~^2\T(Vt-u) is AN 
í=i 

AT 

fix 
R(0) 

V R(h) 

-1\T-, ^ " ' V V K A (3.7) 

/ 

for all vectors A G E / l + 2 such that ATVÃA > 0. For any such A, the sequence 
A (Uf - u) is (m + /i)—dependent and then 

4 lim Var f V AT(U t - u) ] = AT lim 

( 

N 
Var 

V 

T 

R*m(0) 

R*m(h) 

\ 

J 

A = ArVi?A > 0. 

Therefore, AT(Ui - u ) satisfies the hypotheses of the Central Limit Theorem for 
strictly stationary ra-dependent sequences. Application of this theorem gives 
the required result (3.7) and then, (i) is proved. 

(ii) The next step is to extend the result to the process {Xt} by letting m ->• oo. 
Thus, consider another truncated sequence 
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For 0 < k < h, it is defined 

N 

Xfm — T7 2_^i Xtmi 
t=l 

1 N 

R*m{k) = — >^ {Xtm - fim)(X(t+k)m ~ Mm)

i = l 

Then, by (3.6), it is known that 

Nl/2 

■A- tm Mm 

R*m(0) - Rm(0) 

R*m(h) - Rm(h) 

— " m i (3.8) 

where Rm(-) is the autocovariance function of Xtm, Zm ~ jV(0, Vm) and V m is 
defined like VR, in (3.3), with R(-) replaced by J?m() in (3.4). Now as m > oo, 

V m > V*. 

Hence 
Zm = Z where Z ~ AA(0, Vu). 

The proof can be completed by an application of Proposition 6.3.9 (Brockwell 
and Davis, 1991, p. 207208), provided it is shown that 

lim limsupP(\fN\Xtm - Mm  X + Hx\ > e) = 0, (3.9a) 

lim limsupP(\/ÏV|i4(A;)  Rm{k)  R*{k) + R(k)\ > e) = 0. (3.9b) 
m>oo JV>OO 

The probability (3.9a) is bounded by 

4iVVar(X im -X) = \ (iVVar(Xim) + iWar(X)  2iVCov(Xtm,X)) . 

Note that 

lim lim iVVar(Xim) = lim lim TVVar ( ±- V f H V AJ * W H ] j 
m>oo AT>oo ra>oo JV>co V iV f—' V ~ Z J J 

/ N / oo 
= lim ATVar — V H V A J * W t 

JVK» \ AT ^ \ 4-i 
\ i= l \ j=0 

= lim iVVar ( J V Xt ] 

ti 

file:///fN/Xtm
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= lira NVar(X). 
7VÍ00 V ' 

On the other hand, 

lira lira NCov(Xtm,X) = lira NCov(X,X) = lira NVax(X). 
m—>oo N-+00 

Therefore, 
lira lira 7VVar(XiTO  X) = 0. 

TO —>oo JV—foo 

Moreover, the probability (3.9b) is bounded by 

±(NVar(R*m(k)-R*(k))), 

and from the similar calculation in Proposition 3.1 and as previously, (3.9b) 
follows. 

Then, since fim > /iX and V m >• Vfí, as m >• oo, the conclusions of the 
proposition follow. rj 

Finally, it is proved that, under the conditions of the Proposition 3.2, the vectors 

[XN R*(0) ••• R*(h) ]T 

and 

[ XN R(0) ■ ■ ■ R(h) }T 

have the same asymptotic distribution. 

THEOREM 3.3. If {Xt} is an INAR(p) process with representation (2.9), 

oo 

3=0 

Xt = HX t , 

where YlJLol^l < °°> and if R{m) is the autocovariance function of {Xt}, then for 
any non-negative integer h, 

X I Hx 
R(0) 

is AN 
R(0) 

R{h) 
\ R(h) 

where VR is defined in (3.3). 

\ 

n~lVR (3.10) 
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Proof. Note that, for 0 < k < h, 

1 
s/N(R*(k)-R(h)) = -= Yl (Xt - nxHXtrt - fix) 

t=N-k+l 
N-k N-k 

+ 
N 
N-k 

-Vx Y^Xt- »x^2xt+k- (N -h)» 
t-i t=\ 

N-k 

+ xYXt + xYXt+k-(N-k)X 
t = i Í = I 

1 N 

rfi Yl (Xt - tix){Xt+k - Hx) 
t=N-k+l 

/ N - k N-k 

v i v \ t= l i= l 

'i - 1 ) e+«*>; 
The first term, ^= EÏjvfe+i G** ~ Hx)(Xt+k - fj,x), is op(l), since 

V5v 
E 

AT 

J ^ (Xí/iX)(A^í+fe//x) 
í=AT-fc+l 

The last term is also op(l), since 

< 4=lfci2(0) - ^ > 0. 
iV 

N{X-iiX)isOp(l), 

because y/N(X — nx) = Y, where Y ~ A/"(0, Vu). Note that, by the weak law of large 
numbers (Brockwell and Davis, 1991, p. 208), 

N-k 1 iVfc / , x 
0. 

t= i í= i 

This remark leads to the following result 

VN(R*{k)-R(k)) is op(l), 

as AT —>■ oo. Then the proposition follows from Proposition 3.2 and Proposition 6.3.3 
of Brockwell and Davis (1991, p. 205). D 

Note that this result is in agreement with the asymptotic distribution obtained by 
Park and Oh (1997) for the case of Poisson INAR(l) models with binomial thinning 
operation. 



64 3. ESTIMATION FOR INAR(p) PROCESSES 

Now, in order to obtain the asymptotic distribution of the YuleWalker estimators 
(that is given in the next section), is necessary to know the asymptotic properties of the 
sample covariance matrix. Then, consider the p x p Toeplitz3 sample autocovariance 
matrix of an INAR(p) process, 

R(0) R(l) R(2) 
R(l) R{0) R(l) 
R(2) R(l) R{0) R ■p—l 

R(p  1) R(p  2) R{p  3) 

R(p- - 1 ) 1 
R(P- -2) 
R(p- -3) 

R(0) _ 
JDC r>C r>C p C 
K0 K-L K2 ■■■ Kp_x 

that is, Rf is a p x 1 vector such that 
l,...,p. 

For each column, Rf, it is found that 

R c R(\i - j + 1\), for i = 0,... ,p - I, j = 

R c 

R(\i\) 
R(\i-l\) 

R(\t-P + 1\) 

is AN 

( 

\ 

R(\i\) 
R(\i-1\) 

R(\i-p + l\ 

\ 

N :VB R? 

where the element (j, k) of V^ç, a p x p Toeplitz matrix, is defined by 

[VÈc]jík= Cov(R(\i -J + l\),R(\i-k + 1|)). (3.11) 

Note that 
p-i 

i=0 

where M^ç is a p x p matrix with R^ in the i—th column and zeros anywhere, 

MÈc= t 
0 0 R? 0 0 

px(i—1) px(p~i) 

Therefore, it can be written that 

R ^ i s A A M R ^ l ^ V ^ c j . (3.12) 

3An n x n matrix A is Toeplitz if is symmetric abouts its antidiagonal, i.e., if a(i,j) = a(n + 1 
j,n + l-i) 
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In addition, consider the following vector 

r 
p 

R(l) R(2) R(p) 

Note that for the vector r„, it is found that 

rp is AN (rp,—[V22]ij) , i,j = 2, . . ,,p+ 1, 

where V22 is defined in (3.4c). 

Then, for the (p + 1) x p matrix 

Rr = 

R(0) fl(l) JR(2) • • i í ( p  l ) 
Á(l) A(o) Â(l) • • A(p2) 

R p _ i 
= 

Á(2) Ã(l) Ã(0) • • Â ( p - 3 ) 

L *P J 
Â(p  1) Â(p  2) Â ( p - 3 ) • • Â(0) 

Ã(l) Ã(2) Â(3) • • Â(p) 

the covariance matrix is given by 

V« r = Var(Rr) 
' P ' p 

53Cov(Â(|j-i|),Á(0) 1 < 3 < P " 
Li—1 J p x p 

P 
£ C o v ( Ã ( | i - i | ) , Á ( » ) ) , l < j < p 

T 
L i = l 

f>ar(Â(i)) 
■1 p x l 

L L t = l l x p Lí=i J l x l J 

(3.13) 

3.3 YuleWalker Estimation 

The first estimation method proposed for INAR parameters was the YuleWalker (YW) 
estimation (AlOsh and Alzaid, 1987, Du and Li, 1991), a method of moments, that 
consists in replacing the theoretical autocovariance function by the sample autocovari

ance function in the YuleWalker type equations of the secondorder cumulants of the 
model, given in (2.10). 

Thus, let R(k) = jj Et=i fât ~ X){Xt+k — X), k G Z, be the sample autocovariance 
function of X, where X = ̂  Et=i -%-u is the sample mean. The YuleWalker estimators 
of a i , . . . , ap, are obtained by solving the following system of linear equations in order 
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to the parameters, 

R p _ i â = rp <=> 

R(0) R(l) 
R(l) R(0) 

R(P -1) 
Rip - 2) 

R(p-1) Rip-2) ■■■ RiO) 

The estimators for jie and ae
2 are, respectively, 

ã\ \ Á(l) 1 
â2 

= 
R(2) 

. ®P . . R(P) . 

V 

Pe * i - E a,: 

and 

where 

v 
à

2
e = Vp-X"£àl 

(3.14) 

(3.15) 

(3.16) 
i=i 

Vp = RiO)-J2âiRii), 
i=l 

and of is an estimator of the variance of the counting series for the i-th. thinning 
operation, a, * Xt-i, i = 1, . . . ,p. The estimation of of depends on the distribution of 
the counting series, for instance, in the case of the binomial thinning operation (when 
the counting series are Bernoulli distributed), of = <5j(l — ó;), for i = 1, . . . ,p. 

The asymptotic distribution of the YuleWalker estimators of an INAR(p) process is 
given in the following theorem. 

THEOREM 3.4. Let Xt be an INAR(p) process, satisfying (2.5), and ôc the Yule-

Walker estimator of a, then 

Nl/2 (ã - a) is AN(0P, Vyv), 

where 0p is a p x 1 vector of zeros and 

Vyw — Rp_i ' — ( R p  i ) Tp I V Rr 
l\

T 

( R p  i ) 
-\T 

*"p Ap ( R p  i ) , 
(3.17) 

where lp is the p x p identity matrix, and VRT is given in (3.13). 

Proof. The Delta method4 is used to demonstrate the result. Thus, let <p be the 
4Suppose an estimator 6 for a parameter 9 is available and its limit law is known, but the quantity 

of interest is (f)(9) for some known function <j>. An simple and useful method to deduce the limit law 
of (f)(6) - (p(9) from that of 9 — 9 is the Delta method. The Delta method consists of using a Taylor 
expansion to approximate the random vector (f)(9) by the polynomial (f)(9) + (f)'(9)(9 — 9) +... in 6 - 9 
(van der Vaart, 1998). 
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function from V^ C Rpxp x W into Rp defined by 

tp(M,v) = M~1v, 

where M is a p x p matrix and v is a vector with p elements. Note that 

<p{Rp-i, rp) = RplxTp = ã. 

The matrix of partial derivatives of the function ip is given by 

¥>(M,v)  [J>-> >->] px(p+l) 
 M  ^ M  1 ) ^ M"1 

Then, 

* = ̂ w,) = *v - 1 
■1 _  ( R - ^

r
T - T 

p—1 /
 L

p
 x

p ) 

px(p+l) 

(3.18) 

where Ip is the p x p identity matrix. Using the Delta method on tp, differentiable 
function, it is found that 

D 

VN(à - a) is AN (0, * V f í r # r ) , 

for <£ defined in (3.18) and V ^ given in (3.13). Then, the theorem follows. 

This result generalizes the work of Park and Oh (1997), who derived the asymptotic 
distribution of the YuleWalker estimators for a Poisson INAR(l) process, with bino

mial thinning operation. 

3.4 Whittle Estimation 

This section describes a frequency domain estimation procedure based on the Whittle 
criterion. This approach was originally proposed by Whittle (1953, 1954) for Gaussian 
processes and further investigated by several authors (Walker, 1964, Hannan, 1973, 
Rice, 1979, Dzhaparidze and Yaglom, 1983). It has been used in many situations: Fox 
and Taqqu (1986) for longrange dependent processes, Chandler (1997) for rainfall 
models, Dahlhaus (2000) for locally stationary processes, Giraitis and Robinson (2001) 
and Mikosch and Straumann (2000) for ARCH and GARCH processes, respectively, 
and Sesay and Subba Rao (1992) for bilinear models, for instance. The main mo

tivation for the Whittle criterion is the fact that the spectral density function of a 
process may be easy to obtain whereas an exact likelihood may not. Thus, Whittle 
proposed to represent the likelihood of a (Gaussian) stochastic process via its spectral 
properties. 
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In Appendix B, an overview of the derivation and properties of the Whittle criterion 
for ARMA processes is given. In the remainder of this section, the justification of the 
use of this criterion for INAR processes is provided. 

Although the Whittle criterion is usually considered as an approximation of the 
Gaussian likelihood, for several classes of processes, namely for non-Gaussian mixing 
processes, the Whittle criterion may also be obtained as an approximation of the 
likelihood function of collections of sample Fourier coefficients (Dzhaparidze and Ya-
glom, 1983, Chandler, 1997). Thus, the use of the Whittle criterion in the parameter 
estimation of the INAR(p) process is justified by the fact that the INAR(p) model 
belong to the class of non-Gaussian mixing processes (see Theorem 2.3 in Section 
2.4.1). 

Now, for a non-Gaussian mixing process, and therefore for the INAR(p) process, the 
periodogram ordinates 

1 
IN{UJ) = 

2ITN 

N 
J2^te~iwt (3.19) 
í=i 

in the Fourier frequencies, u = LOJ = 2irj/N, (j — 1 , . . . , [A^/2]5), are asymptotically 
independent random variables, distributed as /(uj^xl/^ variâtes (see Brillinger, 2001, 
p. 126), where /(•) is the spectral density function of the process, which for the 
INAR(p) process is given by (2.14), 

t i N ! VP 1 °e2 + fix ELi °i2 / / 
f(tu) = ^ = ' ^, — 7T < CO < 11. 

27r|i-ELi^e"ia;fcl 27r |i-ELi^e—*f 
Then, the probability density of the complex variables IN(UÍJ), denoted by PT(IN(UJJ)), 

j = 1 , . . . , [(N — l)/2], is given, asymptotically, by 

[(N-l)/2] 

P ' = I l 7777XexP 
1 -IN(UJ, 
— exp——-f-

3=0 
[(JV-l)/2] 

( l o g ( / M ) + / i , ( ^ 
3=0 

The last equation, (3.20), is a discrete version of the Whittle criterion, up to a constant. 

log(P/)= }2 ( l o8(M-)) + ^ - J - (3-20) 

Alternatively, the Whittle criterion for the INAR(p) process can also be derived by 
considering the Gaussian log-likelihood function of a realization of the process, as can 
be seen in Appendix C. 

'[z] is the largest integer less than or equal to z, that is the integer part of z, for z G 
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Hence, as suggested by Whittle, given a realization X = {Xi,..., XN} of an INAR(p) 
process, 0 = [ ot\ . . . ap ae

2 ]T can be estimated by minimization of the Whittle 
criterion 

£(x)^£(iog/M + ̂ ) ) ^ . (3,D 
In this case, 

0 = min{L(X)} 

is called the Whittle estimator of 0. 

In the practice, the Whittle estimator of 0 is obtained by minimizing the following 
discrete version of L(X) (Sesay and Subba Rao, 1992) 

2W-Ig(log/W + £g). (3.22) 

where f(u>j) is the value of the spectral density function at the Fourier frequency, 
uij = 2irj/N, and IN(^J) is the periodogram ordinate in the same frequency. Note 
that an estimator for /ie can be obtained by (3.15), as in the Yule-Walker case. 

Dzhaparidze and Yaglom (1983) proved the consistency and asymptotic normality of 
Whittle estimators for non-Gaussian mixing processes, and then for INAR processes 
(see Appendix B). However, the asymptotic variance of (0 — 0) depends on the fourth-
order cumulant spectral density function, that is very difficult to obtain. The finite 
sample properties of the Whittle estimators will be investigated by the simulation 
study of the Section 3.7. 

3.5 Estimation based on High-Order Statistics 

In the recent past, the high-order statistics (HOS) have been widely applied in several 
fields, specially in problems where is conjectured a lack of Gaussianity and/or non-
linearity. By high-order statistics it is meant the moments and cumulants of order 
higher than two, in the time domain, and the corresponding multidimensional Fourier 
transform (polyspectrum), in the frequency domain. In this section, the time domain 
approach is considered. 

Since the INAR models are not linear, the high-order statistics can provide additional 
information that allows a better characterization of these processes. Two estimation 
methods for the parameters of an INAR model that use HOS are proposed. The first 
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method is based on the Yule-Walker type equations of the third-order cumulants of 
the process, called Third-Order Recursion (TOR) equations, in a similar approach to 
that of Raghuveer and Nikias (1985, 1986) for AR processes. The second method uses 
the Least Squares estimation method on third-order moments to minimize the errors 
between the observations and the fitted model, in the same way as that of Al-Smadi 
and Alshamali (2002) for AR processes. 

3.5.1 Third-Order Recursion Estimation 

The Third-Order Recursion (TOR) equations describe the third-order moments and 
cumulants of stationary stochastic processes. This term was introduced by Raghuveer 
and Nikias (1985, 1986), who established the TOR equations for AR models driven by 
non-Gaussian white noise and used to estimate the parameters. The TOR equations 
for the INAR(p) process are established in the Theorem 2.6. 

Consider, now, the TOR equation for an INAR(p) process, in terms of third-order 
cumulants, given by (2.44), 

v v 
Cx(—k, —TO) — 2_\aiCx{i — k,i — m) = ô(k) Y ^ o f C x ^ — rn), 0 < k < m,m ^ 0. 

i-l i=l 

For the case of k = m > 0, (2.44) has the following matrix representation 

C3,xtt = c3yX, (3.23) 

or equivalently 

Cx(0,0) 
CX(0,1) 

Cx(l,l) 
Cx(0,0) 

Cx{0,p-l) Cx(0,p-2) 

Cx{p- l,p- 1) 
Cx(p-2,p-2) 

Cx(0,0) 

a i Cx(0,l) 
Cx(0,2) 

Cx(0,p) 

-(I) '(1) V ( 2 ) '(2) . (B) Then, given a data set, {Xu ..., XN=BM} = {X\L),..., X$,Xy,..., X^\ ..., X\D\ 
. . . , XJM '}, of an INAR(p) process, the Third-Order Recursion equations can be used 
to obtain estimators of the coefficients by the following procedure: 

• divide the data in B records of M samples each, 
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• for each record obtains the biased thirdorder cumulant estimators at lags (k, k) 
and (0, k), 

1 M-k 
ò
x(K *) = ^ £ (*f - xw

W% ~ ^ T , * = o,... ,p - 1 
1 M-k 

^(o, k)=i x: (*f - *w
mj? f c - * w

) , *=i, • • • ,P, 
J'=l 

where Xj is the j  th observation (j = 1 , . . . , M) on the ith record and X % = 
M ^ i = i P 1S ^e s a m P ^ e mean of the ith record, i = 1 , . . . , B, 

• average Cx'-(k, k) and Cx'(0, k) over all records to obtain the overall thirdorder 
cumulant estimators 

1 B 

Cx(k,k) = -J2C$(k,k), k = 0,...,p-l, 
B 

Cx(0,k) = -J2C{Í\0,k), k = l,...,p, 
B 

i=i 

replace, in (3.23), the true thirdorder cumulants by the estimated, to get 

C3,xó: = c3)x, (3.24) 

or equivalently, 

Cx(0,0) Cx(l,l) • •• Cx(p-l,p-l) 
CX(0,1) Cx(0,0) • ■■ Cx(p-2,p-2) 

CX(0,P-1) Cx(0,p-2) Or (0,0) 

Cx(0,l) 
Cx{0,2) 

Cx(0,p) 

• solve the equation (3.24) for â . 

The estimators for /_/e and ae
2 can be obtained by (3.15) and (3.16), as in YuleWalker 

estimation method. 

The small sample properties of the TOR estimators will be investigated by the simu

lation study of the Section 3.7. 
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Relat ionship be tween Third-Order Equat ions and Predic t ion 

The TOR equations for an AR model can be derived by defining a set of forward 
prediction squared errors, involving third-order moments, and then minimizing them 
with respect to the prediction coefficients (Gallego et al, 1994). Here, it is proved 
that this result is also satisfied by the INAR(p) processes. 

Let {Xt} be an INAR(p) process defined in (2.5), 

p 

Xt = y ^ Qik * Xt-k + et, 
fc=i 

and consider the estimated one-step-ahead linear predictor of the sample Xn 

v 
Xn = 2_j â-kXn-k + fíe, 

fc=l 

where a*, for k = 1 , . . . ,p, are the forward prediction coefficients and fte is an unbiased 
estimator of jie. Then, the forward linear predictor error is expressed as in (2.16) by 

jj{p) = Xn - Xn = Xn - } j akXn_k - lie 
fc=l 

Consider, now, the following forward squared prediction error defined, for m G N0, as 

Qm = E[(U^)2Xn.m] = E Xn — 2_^ Ô-kXn^k — Ae I Xn 
k=l 

To minimize this error with respect to the prediction coefficients and fie, the partial 
derivatives with respect to the parameters must be vanished, that is 

= 0, k = l,...,p, ^ — = 0. 
dak dfie 

Note that 

dQm 
dâk 

= E 2 I Xn — y ^ âiXn_i — fie J Xn_kXn-, 

p 

= 2 j fjtx{-k,-m) -"Y]âifjix(i - k,i - m) - fieHx(k - m) 
i-l 
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Then, it is obtained (for k,m > 0) 

v 
Vx{-K -m) - ^2 âifjLx(i ~ k,i-m) - fieVxik  ra) = 0. (3.25) 

»=i 

On the other hand, 

dQr 

dfle 
= E ■2 I Xn — J^, àiXn-i — p,e j Xn_ 

=  2 /ix(n») -^âiVxjm - i) - fre^x 

that is 

Vx{™) = ^2 àiíiX{m - i) + Ae/^x, 
»=i 

which is the expression of the secondorder moment of an INAR(p), given in (2.22), 
assuming that ôn — oti and fie — jie. 

In addition, for the partial implicit derivatives of Qm is found that 

dQ 
dâk 

dQrr, 
dfle 

M (p) 

dak 

m = E 

= -2E[U^Xn.m] = 0. 

= 2E[I#>XB_ *X„_m] = 0, (3.26) 

(3.27) 

Then, using (3.26) and (3.27), it can be found that the minimum point of Qm, m > 0, 
is such that 

Kyimjmin ■£' U® Í Xn - J2 àkXn.k  Ae j Xn-, 

V 

= E[UPXnXn_m]  ]T âiE[uPxn-iXn-m] - E[UPxn.mfce 
»=i 

= E[UPXnXn-m] 
v 

= E[XnXn_m] — y j âjE[Xn-iXnXn-m] — E[fieXnXn-m\ 
i=l 
V 

= A*x(0,  m )  ^2 âiVx(i, i-m) - p,efj,x(m). (3.28) 
i = l 
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Therefore, by using the TOR equations in term of moments, given in (2.42), and 
assuming â; = a», i = 1 , . . . ,p, it is found that 

p 

(Qm)min = fi-X^2 + ^ < 7 ? / / Y ( Í - m), m > 0. (3.29) 

Thus, the set of forward squared prediction errors Qm, for m > 0, correspond to a 
measure of the skewness of the forward linear prediction error Un • This fact is an 
extension of the second-order case in which the minimized error is a measure of the 
forward linear prediction error variance given by (2.13) 

v 
Vp = E[(Xn - Xn)2} = a2 + fixY/ o\. 

i=l 

Moreover, when m = 0, it is found that 

p 

(QoUn = E[UJP\Xn -Y,àkXn.k - fie)Xn] 
fe=l 

= nUn
p)Xl) -^TàiEp^X^Xn] - E[UJ*>XM 

= m^xi] 
p 

= E M - Y, àiï[Xn-iXl\ - E[fxeX2
n] 

i=l 
p 

= fix{0,0) -y^jfixjij) - AeMx(O). (3.30) 
i= l 

Consequently, by (2.42) and assuming, again, that âj = on, i = l,...,p, it can be 
written 

p p p 

(Qo)mm = fix^ili -'iotio'l - af) + 2 J^offix{i)+2fiX(Te
2^2ai+>ye-fie(fie

2+ae
2). 

i= l i=l i=l 

Hence, from (3.25), (3.28) and (3.30) and for fc,meN0, it follows that 

p 

fix(-k,-m) -^2aifiX{i-k,i - m) - fiefix{k - m) = S(k)(Qm)min. 
i=l 

Therefore, the TOR equations for INAR models can also be deduced by the minimiza
tion of the forward squared prediction error. 
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3.5.2 Least Squares Estimation using HighOrder Statistics 

In this section, an estimation method that uses the Least Squares estimation method 
to minimize the errors between the thirdorder moment of the observations and of the 
fitted model is proposed for the INAR processes, in a similar approach to that of Al

Smadi and Alshamali (2002) for the estimation of the parameters of a nonGaussian 
ARMA process with additive Gaussian noise. 

Thus, let {Xt} be an INAR(p) process, defined by (2.5). Consider the thirdorder mo

ments /j,x(0,k),k > 0, and /j,x(k,k),k > 0, defined in (2.24) and (2.25), respectively. 
Let 

M3,X = [ M X ( 0 , 1 ) ••• Hx(0,p)]T, (331) 

be a vector of thirdorder moments of the process and 

M3,x = 

Mx (0,0) 
/ix(0,l) 

/MU) 
Mx (0,0) 

fJLX(p-l,P- 1) 
/ijr(p2,p2) 

(3.32) 

(ix(0,p-l) fix{0,p-2) . . . Mx(0,0) 

a p x p nonsymmetric Toeplitz matrix of thirdorder moments. 

Note that using (3.31) and (3.32), //*(0, k), the thirdorder moment at lag (0, k), k > 0, 
can be expressed in a matrix form given by 

H3iX = M3)XQ + Hetix(0)lp, (3.33) 

where a = [ ct\ • ■• ap ]T is the vector of coefficients, //x(0) is given in (2.21) and 
lp is a p x 1 vector of ones. 

Consider that is fitted to the given data a model with thirdorder moments given by 
H0, where 

H = [M3,x Mx(0)lp], 

0 =[ ai ■■■ ap fle ] . 

The squared error between the thirdorder moments of the fitted model, HO, and the 
thirdorder moments given by the data, ti3X> is given by 

L*(0) = (tx,x-H0)T(^X-H6). (3.34) 
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Thus, the parameters of the process, 0 = [ OL\ . . . ap 

minimizing this squared error on third-order moments, i.e., 

0 = min{L*(0)}, 

/ie ]T, are estimated by 

and 0 is called the Least Squares estimator based on High-Order Statistics (LS_HOS). 

In practice, the estimator is calculated by minimizing the sample version of the error, 
i.e. 

0 = rnin{L*(0)} = rnin{(A3,x - H0)T(A3,x - H0)}, 

where 

A3,x — 

H = 

for 

-]T 
fix (0,1) ••• Ax-(0,p) 

Ax(o,o) Ax(i,i) 
Ax(o,i) Ax(o,o) 

Ax(0 ,p -1 ) Ax(0 ,p -2 ) 

JV-fc 

A X ( P - I , P - I ) Ax(o) 

ftx(p-2,p-2) Ax(0) 

Ax(o,o) Ax(o) 

AT-fc . iV .. JV-fc 1 JV-fc 

^(°) = ^ E X * 2 ' Ax(0,fc) = -X> t
2 X t + f c , Ax(̂ A:) = - J ] X i X m

2 . 
í= i í= i Í = I 

Note that an estimator for ae
2 can be obtained by (3.16), as in the Yule-Walker case. 

The finite sample properties of the LS_HOS estimators will be investigated by the 
simulation study of the Section 3.7. 

3.6 Conditional Least Squares Methods 

The Conditional Least Squares estimation method, proposed initially for Klimko and 
Nelson (1978), has been used for the estimation of the parameters of the INAR 
processes (Du and Li, 1991, Latour, 1998), and is presented in Section 3.6.1. For 
the special case of Poisson INAR(l) processes with binomial thinning operation, the 
Iterative Weighted Conditional Least Squares method is justified by the fact that the 
conditional variance of the process 

1/(0, ÀV0 = VarLYílÀVi] = a(l - a)Xt_x + A, (3.35) 
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is not constant over time. Furthermore, there is a linear relation between the condi

tional variance and the conditional mean 

g{9, Xt-x) = E[Xt\Xt^] = aXt-i + A. (3.36) 

Therefore, the IWCLS is a quasilikelihood estimation method, in the sense of Wed

derburn (1974). The IWCLS estimators are discussed in Section 3.6.2. 

3.6.1 Conditional Least Squares Estimation 

The Conditional Least Squares (CLS) estimation of Klimko and Nelson (1978) consists 
in minimize the sum of the squares distance of each observation, Xt, from its condi

tional expected value given the previous observations, E[X t |X t_i , . . . , X0}. AlOsh and 
Alzaid (1987) and, lately, Du and Li (1991) and Latour (1998) applied this estimation 
method to INAR models. Next, the method is presented and the asymptotic properties 
are given. 

Consider that the parameter vector is given by 0 = [ oi\ ■ • ■ ap /j,e ]T = [ 6\ • • • 
dp 0p+i ] . Let 

Ft = T{X1 ,...,Xt} (fffield generated b y * ! , . . . , X t ) , 
g(0,p+ 1) = E[Xp+i|Fp] = aiXp + h apXi + /j,e (conditional mean), 

N 
QN{9) = ^2 (Xt- g(®,t))2 (squared error). 

t=p+i 

The Conditional Least Squares estimator of 6 is such that 

QN{0) = mm{QN(6)} = min I ] T (Xt - aiX t_x  . . .  apXt-p - fie)
2 > ■ (3.37) 

U=P+I J 

Note that an estimator for ae
2 can be obtained by (3.16), as in the YuleWalker case. 

Applying the results of Klimko and Nelson (1978) to the INAR(p) processes Latour 
(1998) defined the following matrices to obtain the asymptotic distribution of 0, 

Í l*x(i-j) hi = 1> • • • > £ . 
Hx i=p+l or j = p + l , i ^ j , (3.38) 

1 i=j=p + lj 
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[W]ÍJ = ae
2[V]i,j + J2 °k2Hx{k -i,k-j). (3.39) 

fe=i 

T H E O R E M 3.5 (Latour (1998) , Propos i t ion 6.1). Let {X1,...,XN} be observa
tions of an INAR{p) process such that E [ef] < oo and E [(>; )3] < oo, for k = 1 , . . . ,p 
and k G N. Let 9 = [ a.\ • • • ap fie ]T and let 9 denote the Conditional Least 
Squares estimator of 9. Then 

N(9 - 9) ~ Af(Op+1, V ^ W V " 1 ) , 

where 0p + i is a (p + 1) x 1 vector of zeros and the entries of V and W are defined in 
(3.38) and (3.39), respectively. 

Furthermore, the Conditional Least Squares estimator of 9 is strongly consistent (Du 
and Li, 1991). 

3.6.2 I terat ive Weighted Conditional Least Squares Est ima
tion for the Poisson INAR( l ) process 

Let Xt be a Poisson INAR(l) process, with \xe = ae
2 — A, and binomial thinning 

operation. The IWCLS estimator of the parameter vector 9 = (a, A) is obtained by 
minimizing the sum of the squared error between each observation and its conditional 
mean, (Xt — g{9,Xt^.i))2, weighted by the inverse of the conditional variance, (3.35), 
treated as known, l/V{9,Xt-i). 

Thus, the IWCLS estimate of 9 minimizes 

t=2 a ( l — a.)Xt_i + A 

where â and A are consistent estimates, for instance, Conditional Least Squares 
estimates. 

Explicit expressions for the IWCLS estimates of a and A are given by 

2-^v{e,xt-i) ) \2^v(ê,xt-i) J '" L ^ X o J I 2^i 
Xt 

>V(0,Xt-i) 
âjwcLs = - ^ ; ' Kt~\ , '- ^ ; 7 Xt=2 2 -i (3-41) 

y .i i TxLl I - Y-**-1 

A^v{e,xt-X) \ \A^v(e,Xt-i) \A^v(9,Xt-i) 
,i=2 / \t=2 I \i=2 
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N N 

^IWCLS = jf ) (3.42) 
V_4  
L~iV{9,Xt-i) 
i=2 

where V(0,Xt-i) = âcLsO- ~ âcLs)Xt-i + ^CLS-

The structural relationship between the INAR(l) processes and the subcritical branch
ing processes (Dion et a/., 1995), suggests the use of the Weighted Conditional Least 
Squares method (Winnicki, 1988, Wei and Winnicki, 1989), where a different set of 
weights are considered, namely y/1 + Xt-\. However, the former approach proposed 
here is preferred since it can be proved that the associated estimating function $(0) = 
^jr, is an unbiased and regular estimating function. Therefore, OJWCLS is an optimal 
estimator within the class of linear estimating functions. 

Bránnás (1995) stated that for a stationary Poisson INAR(l) process, the consistency 
and asymptotic normality of the IWCLS estimator follow directly from the work of 
Godambe (1960) and Wooldridge (1994). Moreover, Freeland (1998) has obtained an 
approximate expression for the asymptotic variance of the IWCLS estimator, which is 
correct up to a constant. 

3.7 Monte Carlo Results 

The aim of the simulation study presented in this section is to examine the small 
sample properties of the different estimators previously described and compare their 
behaviours. 

Thus, 500 realizations of Poisson INAR(p) processes, with binomial thinning opera
tion, 

Xt = «i * Xt-i H h OÍV * Xt-p + et, 

where et ~ Vo(X), are generated, for p = 0 , . . . , 4. The sample size, N, and parameters 
values considered are: 

- N = 60,120,300,600 and 1200 observations, 

- A G {1.0,3.0}, 

- for p = 1, oi e {0.1,0.4,0.6,0.9}, 



80 3. ESTIMATION FOR INAR(p) PROCESSES 

- for p = 2, (en, a2) e {(0.1,0.6), (0.3,0.4), }* U {(0.1,0.1), (0.4,0.4)}, 

- for p = 3, (alt a2, a3) e {(0.1, 0.1,0.4)}*, U{(0.1, 0.1, 0.1), (0.3,0.3, 0.3)}, 

- for p = 4, (ai, a2, a3, a4) G {(0.1,0.1,0.1,0.4)}* U {(0.1, 0.1, 0.1, 0.1)}, 

where {•}* means the union of each n-tuples of the set with the n-tuples resulting of 
the permutations of their components, for instance {(a, b)}* = {(a, b), (b, a)}. 

For each realization, the following estimation methods are used to obtain 9 = [&i,..., 
âp,íle,â2

e}T: 

- Yule-Walker estimation (YW), 

- Conditional Least Squares estimation (CLS), 

- Constrained CLS estimation (CLS_C), 

- Whittle estimation (WHT), 

- Constrained WHT estimation (WHT_C), 

- Least Squares estimation using High-Order Statistics (LS_HOS), 

- Constrained LS_HOS estimation (LS_HOS_C), 

- Third-Order Recursion estimation, with 1 block (TOR_lB), 

- Third-Order Recursion estimation, with 2 blocks (TOR_2B), 

- Third-Order Recursion estimation, with 4 blocks (TOR_4B), 

- Third-Order Recursion estimation, with 6 blocks (TOR_6B). 

For p = 1, the Iterative Weighted Conditional Least Squares estimation (IWCLS) is 
also used. 

The YW estimates of a^, for i — 1 , . . . ,p, are obtained by solving the system (3.14) 
and fie and ò\ are found by using the equations (3.15) and (3.16), respectively. The 
CLS and CLS_C estimates of a,, for i — l , . . . , p , and \xe are calculated from the 
unconstrained and constrained minimization of (3.37), respectively, and o\ is obtained 
by (3.16). The WHT and WHT_C estimates of ah for i = l,...,p, and ae

2 are 
obtained from the unconstrained and constrained minimization of (3.22), respectively, 
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and fie is evaluated by using (3.15). For the TOR estimates, the sample is divided, 
respectively, in 1, 2, 4 or 6 blocks, the a;, for i = 1 , . . . ,p, are calculated as explained 
in Section 3.5.1 by solving the system given in (3.24) and fie and a2 are found by using 
the equations (3.15) and (3.16), respectively. Finally, the LS_HOS and LS_HOS_C 
estimates of ctj, for i = l , . . . , p , and fxe are evaluated from the unconstrained and 
constrained minimization of (3.34) and â2 is obtained by (3.16). The IWCLS of a 
and \ = ne are obtained from the normal equations (3.41) and (3.42). 

The unconstrained minimizations necessary in the methods CLS, WHT and LS_HOS 
are performed through the MATLAB function fminunc, which finds a minimum of a 
scalar unconstrained multivariable function by using the BFGS Quasi-Newton method 
with a mixed quadratic and cubic line search procedure (MathWorks, 2004). The 
constrained minimizations of the methods CLS_C and WHT_C are accomplished by 
the MATLAB function fmincon, which finds a minimum of a scalar constrained non
linear multivariable function by using a Sequential Quadratic Programming method 
(MathWorks, 2004). The constraints considered are Y^=iai < l , 0 < Q ! , < l , i = 
l , . . . , p , and ne > 0 for CLS_C or a2 > 0 for WHT_C. The initial values of 
the iterative methods (CLS, CLS_C, WHT, WHT_C and LS_HOS) are the YW 
estimates. 

For each case, the following sample statistical measures are evaluated 

- mean bias: BÍ^s"(ft) = £ £f = 1 (ê\j) - ft), 

- variance: Var(ft) = ^ £f = 1 (§® - ft)2, 

- mean square error: MSE(ft) = ^ £JLi (0^ - ft)2, 

skewness: Skew(ft) = j M ^ -- , J g t e L J ^ W 
(M2(9i))3/ 

-N iâU). 
kurtosis: Kurt (ft) = T # # ^ - 3 = fi=l(g' 6i) ,2 - 3, 

where ft- represents the parameters estimate, a i , . . . , âp, \xe or â2, in the j - th repeti
tion, for j = 1 , . . . , N = 500, and ft = -̂  $^,-=1 ft- is its sample mean. 

Further, to study the joint distribution of the parameters estimates, the sample 
multivariate measures of skewness and kurtosis are also calculated as follows. Let 
$ W , $< 2 \ . . . , | W be ç x 1 random vectors and let ¥ = [0j . = ^ £ ^ 1 $ j ) , t = 



82 3. ESTIMATION FOR INAR(p) PROCESSES 

1, . . . ,g, and S àE^i^-ÃXí?'-?*) ,i,k = l,...,q,be the sample qx 1 
iA; 

mean vector and the sample q x q covariance matrix, respectively. Then, the sample 
multivariate measure of skewness is defined as (Mardia, 1970) 

N N 3 

MVSkew = blq = -j- J2 S [(*(<) ~ * ) T s _ 1 ( * ° ' ) " *)] > 

and the sample multivariate measure of kurtosis is defined as (Mardia, 1970) 

i N 2 

MVKurt = b2q = — 5 ^ [($(i) - $)TS"1(l»(i) - *) . 
i = l 

Mardia (1970) proved that for normal multivariate populations, under the null hy
pothesis of big = 0, the statistic Nbiq/6 is asymptotically distributed as x2 with q(q + 
l)(q + 2)/6 degrees of freedom. Moreover, under the null hypothesis of multivariate 
normality, the statistic (b2q-q{q+2)(N-l)/(N+l))/y/8q(q + 2)/Nïs asymptotically 
normally distributed with mean 0 and variance 1. 

The values of these multivariate sample measures and the p-value associated to the 
respective hypothesis tests are evaluated through MATLAB function Mskekur of 
Trujillo-Ortiz and Hernandez-Walls (2003). 

The numerical results of the Monte Carlo study that best exemplify the principal 
observed characteristics of the estimators are given in Tables 3.1 to 3.7 and Figures 3.4 
to 3.6. The following conclusions can be drawn from the analysis of all the simulations. 

In general, the sample bias, variance, mean square error and univariate skewness (in 
absolute value) decrease as the sample size increases, indicating that the asymptotic 
distribution of the estimators is consistent and symmetric. Also, it can be noted that 
absolute sample biases are large for larger values of «j for i = 1 , . . . ,p, and for the 
same values of the coefficients, the sample variance of fie and o\ increases with \ie 

and ae
2. The sample variances are close to the corresponding mean square errors. It 

addition, the proportion of non-admissible estimates of the unconstrained methods is 
less for LS_HOS, followed by WHT and CLS, and decreases as N increases. 

The multivariate sample measures of skewness and kurtosis also decrease as N in
creases, although the latter measure decreases in a small proportion. However, the 
hypothesis of asymptotic symmetry in the joint distribution of the estimates is often 
rejected (with significance level of 0.05), specially when Â  < 1200 while the hypothesis 
of multivariate normality, evaluated by the sample multivariate kurtosis, is usually not 
rejected when N > 300 (with significance level of 0.05), except for the TOR estimates, 
where is usually rejected when N < 1200. 
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The WHT and WHT_C estimates present the smallest values for sample statistical 
measures, followed by CLS, CLS_C, IWCLS and LS_HOS estimates. However, in 
general, smallest sample biases do not correspond to smallest sample variances. TOR 
estimates present the largest values for all sample statistical measures. Nevertheless, 
it must be noted that, as the sample size increases, the sample statistical measures 
for TOR estimates decrease to the same magnitude of the other estimation methods 
measures. It is found that fixing the number of observations for block in the TOR 
method, the sample bias, variance, mean square error, univariate and multivariate 
measure of skewness decrease if the number of blocks increases. It is noted a perceptible 
improvement of the results for N > 300, or when M > 300 (M is the block size), for 
the TOR estimates. The skewness measures of the LS_HOS_C estimators indicate 
the existence of asymmetry in the marginal distribution, that is not observed in the 
unconstrained case. 

Note that the Poisson parameter, A, of the arrival process, {et}, is estimated separately 
as being //e and ae

2. The mean bias, variance, mean square error and univariate 
measures of skewness and kurtosis for a\ are larger than for fie. In general, each 
sample measure has the same order of magnitude for the two estimates, except for 
the TOR method, where the statistical measures calculated for o\ are huge, specially 
when N < 300. However, these measures decrease as N increases. To illustrate these 
facts, Table 3.1 exhibits the sample mean bias, sample variance, mean square error 
and univariate sample measures of skewness and kurtosis for the estimates of jie and 
ae

2, obtained in 500 realizations of the INAR(4) process: Xt = 0.1 * Xt-\ + 0.1 * 
Xt_2 + 0.4 * Xt_3 + 0.1 * Xt_4 + et, where et ~ Vo{2>). The results are presented for 
three sample sizes, N = 60,300 and 1200, and nine estimation methods: YW, CLS, 
CLS_C, WHT, WHT_C, LS_HOS, LS_HOS_C, TOR_lB and TOR_4B. Since 
the sample statistical measures are similar for the two estimates, hereinafter only the 
results concerning to fie are presented. 

Tables 3.7 to 3.7 present numerical results for three of the INAR(l) processes, with 
parameter values a = 0.1,0.6,0.9, and A = 1.0, and three different sample sizes: 
N = 60,300 and 1200. The sample mean bias, sample variance, mean square error, 
univariate and multivariate sample measures of skewness and kurtosis are exhibit for 
YW, CLS, CLS_C, IWCLS, WHT, WHT_C, LS_HOS, LS_HOS_C, TOR_lB and 
TOR_4B estimates. Figures 3.1 to 3.3 exhibit the boxplots of the sample bias for the 
estimates. The boxplots indicate that the marginal distributions of the estimators are, 
generally, symmetric. However, for small sample sizes there is evidence of departure 
from symmetry in the marginal distributions, specially for values of the parameters 
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near the non-stationary region. 

The results show that, in general, the sample mean bias of â is negative, indicating 
that a is underestimated, while //e is overestimated, since the sample mean bias of the 
parameter estimate is positive. The sample univariate measure of skewness is negative 
for â and positive for /2e. The multivariate sample measure of skewness is significant 
when N < 600 and specially for the TOR estimates, while the multivariate sample 
measure of kurtosis is significant only when N < 120, at a significance level of 5%. 
Note that in Table 3.7 the null hypothesis of asymptotic symmetry and normality of 
the joint distribution of the estimates is rejected almost always because the parameter 
value, a = 0.9 is close of the non-stationarity region of the INAR(l) process. For 
the other cases, in general, there is no reason to reject the hypothesis of asymptotic 
normality, evaluated by the kurtosis, of the joint distribution of the estimates, even 
for small sample size (for instance, see Table 3.7, for N = 60). 

Two models are chosen to illustrate the principal characteristics of the estimators 
observed for INAR(2) processes, with parameter values (ai, a2, A) = (0.1, 0.6,3.0) and 
(«1,0:2, A) = (0.4,0.3,3.0), respectively. Figures 3.4 and 3.5 present the boxplots of 
the sample bias for the parameter estimates obtained by YW, CLS, CLS_C, WHT, 
WHT_C, LS_HOS, LS_HOS_C, TOR_2B and TOR_6B, for two different sample 
sizes, N — 120 and 600. The sample statistical measures are exhibit in Tables 3.5 and 
3.6. 

It is clearly noted, in the figures, that the TOR estimates present the larger dispersion, 
although it decreases as N increases. Once again, the sample mean bias is negative for 
the coefficient estimates, à\ and ã%, and positive for fie. The sample univariate skew
ness of the estimates is mostly negative. The multivariate sample measure of kurtosis 
is not significative for N > 600, except for TOR estimates while the multivariate 
sample measure of skewness is significative even for large sample sizes (n = 600), 
considering a significance level of 5%. 

To exemplify the results obtained from the INAR(3) processes, Figure 3.6 shows the 
graphics of sample mean bias, as a function of the sample size, for the parameter 
estimates obtained in 500 realizations of the INAR(3) model Xt = 0.3 * Xt-\ + 0.3 * 
Xt-2 + 0.3 * Xt-z -I- et, where et ~ Vo(l). The estimation methods presented are YW, 
CLS, WHT, LS_HOS and TOR_2B. The respective sample statistical measures, for 
N = 120 and 1200 are exhibited in Table 3.7. 

The coefficient parameters, a,, i = 1, 2,3, are underestimated, since their sample mean 
bias is negative, in general. On the other hand, the parameter of the arrival process, 
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/j,e, is overestimated. Note that the sample mean bias for the TOR estimates is large 
for N < 120, but decreases almost to the same level of the other methods as N 
increases. Considering a significance level of 5%, the asymptotic symmetry of the 
joint distribution of the estimates is rejected, even for a large sample size, N = 1200. 
However, the multivariate sample measure of kurtosis is significative for a large sample 
size, for the same significance level. 

As a final conclusion of the results obtained in this simulation study, it can be said 
that the unconstrained and constrained WHT and CLS, as well as the unconstrained 
LS_HOS provide the better results, in terms of the smallest values of sample bias, 
variance and mean square error. It is also verified that the proportion of non-admissible 
estimates of the unconstrained methods is less for LS_HOS, followed by WHT and 
CLS. On the other hand, YW and TOR estimators need large realizations (N > 1000) 
to give good results. 

Finally, it must be noted that there exists a different approach to handle the non-
admissible estimates provided by some of the estimation methods. This approach 
consists in replacing the realization that supplies the non-admissible estimates by a 
new one. However, this technique is not recommended since in the analysis of real 
data (which are assumed as generated by an INAR process), it can not be replaced. 
Furthermore, the constrained estimation of the parameters is a good alternative and, 
as has been verified by this simulation study, this approach provides optimal results. 
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measure N Y W C L S CLS C W H T WHT C LS HOS LS HOS C TOR IB TOR 4B 
60 2.2122 2.0508 1.2325 1.9378 1.2197 2.2053 -2.2948 -3.6972 162.1029 

Bias(£e) 300 0.3883 0.3345 0.3198 0.3865 0.3864 0.3863 -1.0439 2.2708 1.6665 
1200 0.1121 0.1013 0.1012 0.1120 0.1119 0.1111 -0.3608 0.4953 0.6045 

60 1.6394 1.6019 0.6102 1.5191 0.6888 2.7546 -1.4890 2.01E+03 2.41E+05 
Bias(â^) 300 0.3144 0.2724 0.2517 0.3334 0.3298 0.3935 -0.8247 298.4360 580.2458 

1200 0.0881 0.0803 0.0801 0.0959 0.0978 0.1195 -0.2450 1.2800 1.8308 
60 5.8191 6.4837 2.8533 6.5961 4.1928 5.8029 1.4106 4.11E+04 1.12E+07 

Var(Ae) 300 0.6042 0.6213 0.5945 0.6026 0.6004 0.6043 2.6760 5.37E+02 1.06E+03 
1200 0.1312 0.1322 0.1322 0.1311 0.1307 0.1314 3.1292 3.5296 20.3770 

60 5.4488 5.9599 3.1384 7.4485 4.2638 10.6716 3.2764 4.08E+08 2.90E+13 
Var(âe

2) 300 0.8081 0.8086 0.7704 0.5849 0.5672 1.1023 2.3256 2.52E+07 1.19E+08 
1200 0.1781 0.1781 0.1780 0.1240 0.1235 0.2749 2.8115 5.7549 32.0148 

60 10.7013 10.6765 4.3667 10.3381 5.6721 10.6546 6.6737 4.10E+04 1.12E+07 
MSE(Ae) 300 0.7537 0.7320 0.6956 0.7507 0.7485 0.7524 3.7603 5.41E+02 1.06E+03 

1200 0.1435 0.1422 0.1422 0.1434 0.1430 0.1435 3.2531 3.7678 20.7016 
60 8.1254 8.5139 3.5045 9.7413 4.7298 18.2382 5.4870 4.11E+08 2.90E+13 

MSE(CTJ) 300 0.9053 0.8812 0.8322 0.6949 0.6749 1.2550 3.0010 2.52E+07 1.19E+08 
1200 0.1855 0.1841 0.1841 0.1330 0.1328 0.2886 2.8659 7.3818 35.3025 

60 1.6774 1.6224 0.5374 1.4473 0.6501 1.6713 2.1092 -15.0561 22.2820 
Skew(/ie ) 300 0.6878 0.6353 0.5412 0.6854 0.6839 0.6883 1.0101 8.2182 -17.5406 

1200 0.2148 0.2058 0.2059 0.2148 0.2163 0.2159 0.3892 2.7793 -15.3023 
60 1.0167 1.0634 0.0650 0.5801 -0.2418 2.1016 1.3164 14.9969 22.2935 

Skew(<xf) 300 0.0989 0.0731 0.0014 0.3634 0.2896 0.1947 0.9929 21.8376 22.1181 
1200 0.1427 0.1265 0.1274 0.1496 0.1539 0.1629 0.4869 3.7968 15.6631 

60 9.5780 8.9486 3.0581 8.3062 3.3076 9.5287 7.7919 283.4758 497.6606 
Kurt (£ e ) 300 3.5199 3.4452 3.1216 3.5073 3.5002 3.5194 3.7585 198.1590 360.5207 

1200 2.9994 2.9769 2.9751 2.9994 2.9993 2.9984 2.3532 21.1228 310.6800 
60 7.6943 7.6766 2.7066 5.3031 2.8186 13.5696 7.7790 253.5247 498.0015 

Kurt(<72) 300 3.2862 3.2462 3.1886 3.3539 3.1725 3.0047 4.3546 483.8778 492.6631 
1200 2.9227 2.9199 2.9190 2.9745 2.9801 2.8972 2.5283 30.9895 302.5086 

Table 3.1: Sample mean bias, sample variance, mean square error and univariate sample measures 
of skewness and kurtosis for the estimates obtained in 500 realizations of the INAR(4) process: 
Xt = 0.1 * Xt-i + 0.1 * Xt-2 + 0.4 * Xj_3 + 0.1 * Xt_4 + et, where et ~ Vo(3). 
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measure JV YW CLS CLS C IWCLS WHT WHT C LS HOS LS HOS C TOR IB TOR 4B 

Bias(â) 
60 
300 
1200 

-0.0352 -0.0341 -0.0102 -0.0177 -0.0173 0.0019 -0.0252 0.0055 -0.0505 -0.1169 
-0.0040 -0.0037 -0.0021 -0.0095 -0.0009 0.0007 -0.0038 0.0040 -0.0051 -0.0201 
0.0002 0.0003 0.0003 -0.0019 0.0006 0.0009 -0.0003 0.0047 0.0022 -0.0011 

Var(â) 
60 

300 
1200 

0.0149 0.0154 0.0088 0.0168 0.0162 0.0099 0.0125 0.0042 0.0629 0.0991 
0.0033 0.0034 0.0030 0.0032 0.0034 0.0031 0.0026 0.0018 0.0116 0.0114 
0.0009 0.0009 0.0009 0.0009 0.0009 0.0010 0.0007 0.0006 0.0033 0.0034 

MSE(d) 
60 
300 
1200 

0.0161 0.0165 0.0089 0.0171 0.0165 0.0099 0.0131 0.0042 0.0653 0.1126 
0.0033 0.0034 0.0030 0.0033 0.0034 0.0031 0.0027 0.0018 0.0116 0.0118 
0.0009 0.0009 0.0009 0.0009 0.0009 0.0010 0.0007 0.0006 0.0033 0.0033 

Skew(â) 
60 
300 
1200 

0.0545 0.0569 0.9063 -0.0653 -0.0124 0.8023 -0.0280 0.8154 -0.3898 0.0351 
-0.2614 -0.2548 0.0996 -0.1337 -0.2728 0.0784 -0.1511 0.0226 0.0140 0.0165 
-0.0340 -0.0319 -0.0319 0.0482 -0.0461 -0.0054 -0.0995 -0.1547 0.0792 0.0676 

Kurt(â) 
60 
300 
1200 

2.6170 2.6291 3.0415 3.1380 2.7122 2.8874 2.9232 3.5366 5.9954 11.0261 
3.2173 3.2149 2.4226 2.8097 3.3604 2.4980 2.5651 2.3495 2.9650 2.9527 
2.8706 2.8751 2.8749 3.4604 2.8832 2.8283 3.1941 2.8416 2.8368 2.8240 

Bias(/ie) 
60 
300 
1200 

0.0352 0.0349 0.0091 0.0088 0.0120 -0.0091 0.0185 -0.0502 0.0534 0.1258 
0.0098 0.0093 0.0076 0.0081 0.0073 0.0052 0.0084 -0.0108 0.0106 0.0274 
-0.0022 -0.0022 -0.0022 0.0030 -0.0027 -0.0026 -0.0024 -0.0154 -0.0044 -0.0007 

Var(/le) 
60 
300 
1200 

0.0349 0.0358 0.0282 0.0346 0.0602 0.0520 0.0323 0.0632 0.1024 0.1487 
0.0074 0.0074 0.0070 0.0068 0.0126 0.0114 0.0082 0.0197 0.0170 0.0168 
0.0018 0.0018 0.0018 0.0018 0.0027 0.0023 0.0021 0.0048 0.0047 0.0048 

MSE(A«) 
60 
300 
1200 

0.0361 0.0370 0.0282 0.0346 0.0602 0.0519 0.0326 0.0656 0.1050 0.1642 
0.0075 0.0075 0.0070 0.0068 0.0126 0.0114 0.0083 0.0197 0.0171 0.0175 
0.0018 0.0018 0.0018 0.0019 0.0027 0.0023 0.0021 0.0050 0.0047 0.0048 

Skew(/te) 
60 

300 
1200 

0.3282 0.2972 0.1767 0.4815 0.9392 0.9201 0.1027 0.2487 0.8742 0.1027 
0.3046 0.3160 0.1963 -0.0247 0.2911 0.2602 0.1857 0.1554 0.1761 0.1551 
0.2053 0.2084 0.2085 0.2121 0.0645 0.0621 0.1444 -0.0836 0.0713 0.0703 

Kurt(/ie) 
60 
300 
1200 

2.8727 2.8758 2.8751 3.2719 5.4275 5.4483 2.8815 3.1118 6.5195 8.0469 
2.8767 2.8965 2.5855 2.9304 4.0875 4.3959 2.6793 2.9414 2.8694 2.8705 
2.6965 2.6988 2.6989 3.1344 3.2314 3.1881 2.6283 3.1103 2.8481 2.8391 

MVSkew) 
(p-value) 

60 

300 

1200 

0.2354 0.2150 1.0018 0.3075 1.0130 1.5868 0.0269 0.7876 1.4354 1.1130 
(0.0005) (0.0012) (0.0000) (0.0000) (0.0000) (0.0000) (0.6868) (0.0000) (0.0000) (0.0000) 
0.2146 0.2103 0.1327 0.0292 0.2728 0.1673 0.0632 0.0496 0.1381 0.1123 

(0.0012) (0.0014) (0.0247) (0.6516) (0.0001) (0.0070) (0.2563) (0.3830) (0.0204) (0.0507) 
0.0440 0.0457 0.0458 0.1138 0.0219 0.0382 0.0805 0.0797 0.0528 0.0466 

(0.4473) (0.4267) (0.4258) (0.0482) (0.7638) (0.5229) (0.1483) (0.1520) (0.3491) (0.4171) 

MVKurt 
(p-value) 

60 

300 

1200 

7.6253 7.6502 7.8152 8.3503 10.2774 10.0799 7.6654 8.5014 12.6732 17.5533 
(0.2949) (0.3281) (0.6055) (0.3276) (0.0000) (0.0000) (0.3497) (0.1611) (0.0000) (0.0000) 
8.2590 8.2249 7.2224 7.8504 9.8311 9.2117 7.3846 7.2495 7.9955 7.9711 

(0.4692) (0.5296) (0.0298) (0.6759) (0.0000) (0.0007) (0.0854) (0.0359) (0.9900) (0.9357) 
7.5322 7.5456 7.5452 8.3185 7.9180 7.6841 7.8757 8.0317 7.5709 7.5744 

(0.1910) (0.2040) (0.2037) (0.3734) (0.8188) (0.3772) (0.7282) (0.9294) (0.2304) (0.2342) 

Table 3.2: Sample mean bias, sample variance, mean square error, univariate and multivariate sample 
measures of skewness and kurtosis with p-values (in brackets) for the estimates obtained in 500 realizations 
of the INAR(l) process: Xt = 0.1 * Xt-i + et, where et ~ Vo(l). 
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Figure 3.1: Boxplots of the sample bias for the estimates obtained in 500 realizations 
of the INAR(l) model: Xt = 0.1 * Xt_i + et, where et ~ Vo{l). 
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measure N Y W CLS CLS C IWCLS W H T W H T C LS H O S LS H O S C T O R IB T O R 4B 

Bias(â) 
60 
300 
1200 

-0.0617 -0.0526 -0.0526 -0.0555 -0.0277 -0.0338 -0.0667 -0.0887 -0.3379 -0.1764 
-0.0125 -0.0104 -0.0104 -0.0093 -0.0066 -0.0087 -0.0145 -0.0237 -0.0443 -0.0840 
-0.0045 -0.0040 -0.0040 -0.0016 -0.0029 -0.0089 -0.0049 -0.0098 -0.0131 -0.0231 

Var(â) 
60 
300 
1200 

0.0119 0.0122 0.0122 0.0143 0.0197 0.0144 0.0100 0.0091 25.1935 8.3931 
0.0023 0.0023 0.0023 0.0024 0.0024 0.0026 0.0018 0.0018 0.0258 0.0309 
0.0006 0.0006 0.0006 0.0006 0.0006 0.0011 0.0005 0.0005 0.0056 0.0057 

MSE(â) 
60 
300 
1200 

0.0157 0.0149 0.0149 0.0173 0.0204 0.0155 0.0145 0.0169 25.2572 8.4074 
0.0025 0.0024 0.0024 0.0025 0.0024 0.0027 0.0020 0.0024 0.0277 0.0379 
0.0006 0.0006 0.0006 0.0006 0.0007 0.0012 0.0005 0.0006 0.0058 0.0062 

Skew(ã) 
60 
300 
1200 

-0.3825 -0.4043 -0.4042 -0.4506 1.5470 -0.0608 -0.4406 -0.3463 -19.4207 11.6915 
-0.0717 -0.0699 -0.0699 -0.4489 -0.1122 -0.1328 -0.0188 -0.0090 -1.0039 -0.9030 
-0.2280 -0.2240 -0.2241 -0.2464 -0.2641 -0.5536 -0.1631 -0.2376 -0.3270 -0.2415 

Kurt(â) 
60 
300 
1200 

3.0273 3.0373 3.0372 3.1808 11.1645 3.8355 2.9079 3.0772 416.1410 187.0943 
2.8500 2.8242 2.8241 3.3225 2.8436 2.7429 2.6876 2.8646 6.1712 4.4990 
3.2466 3.2197 3.2199 3.0153 3.2355 3.1299 3.0146 3.2844 2.9453 2.8170 

Bias(/iÊ) 
60 
300 
1200 

0.1239 0.1014 0.1014 0.1136 0.0213 0.0167 0.1205 0.2316 0.7566 0.3152 
0.0273 0.0219 0.0219 0.0201 0.0046 0.0084 0.0264 0.0692 0.1077 0.2081 
0.0108 0.0094 0.0094 0.0027 0.0015 0.0136 0.0106 0.0325 0.0324 0.0573 

Var(/ie ) 
60 
300 
1200 

0.0777 0.0788 0.0788 0.0997 0.0588 0.0529 0.0806 0.1872 152.2090 70.8182 
0.0165 0.0166 0.0166 0.0163 0.0102 0.0102 0.0172 0.0370 0.1672 0.2031 
0.0044 0.0044 0.0044 0.0042 0.0028 0.0028 0.0046 0.0098 0.0359 0.0364 

MSE(£.) 
60 
300 
1200 

0.0929 0.0890 0.0890 0.1124 0.0591 0.0530 0.0949 0.2404 152.4770 70.7760 
0.0173 0.0171 0.0171 0.0167 0.0102 0.0102 0.0178 0.0417 0.1784 0.2460 
0.0045 0.0045 0.0045 0.0042 0.0028 0.0030 0.0047 0.0109 0.0368 0.0396 

Skew(/te) 
60 
300 
1200 

0.5029 0.5444 0.5442 0.7970 0.5800 0.2662 0.4800 0.8832 19.1834 -13.9363 
0.1224 0.1254 0.1253 0.3858 0.1932 0.1661 0.1245 0.6931 1.0355 0.9472 
-0.0143 -0.0139 -0.0139 0.2385 0.0683 0.0063 0.0113 0.6331 0.3799 0.2940 

Kurt(/ie) 
60 
300 
1200 

3.1511 3.2327 3.2324 4.0467 3.9004 2.5771 3.0958 3.7479 411.1518 250.1917 
2.6671 2.6671 2.6671 2.9957 2.9688 2.8944 2.6591 3.5334 5.8655 4.4967 
3.0913 3.0816 3.0818 3.1262 2.9588 3.0412 3.1283 3.7618 3.0215 2.8493 

MVSkew 
(p-value) 

60 

300 

1200 

0.8040 0.9741 0.9740 1.3557 5.4297 0.1213 0.4655 1.0024 407.9319 460.7204 
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0371) (0.0000) (0.0000) (0.0000) (0.0000) 
0.1352 0.1343 0.1343 0.3759 0.1153 0.0871 0.0710 0.6271 2.0563 1.7670 
(0.0226) (0.0233) (0.0234) (0.0000) (0.0456) (0.1195) (0.2007) (0.0000) (0.0000) (0.0000) 
0.0973 0.0941 0.0942 0.1555 0.1169 0.3280 0.0762 0.5283 0.4323 0.3551 
(0.0849) (0.0944) (0.0944) (0.0109) (0.0433) (0.0000) (0.1701) (0.0000) (0.0000) (0.0000) 

MVKurt 
(p-value) 

60 

300 

1200 

9.3029 9.4153 9.4149 9.5888 21.7049 8.6635 8.2277 9.2095 495.7375 593.6474 
(0.0003) (0.0001) (0.0001) (0.0000) (0.0000) (0.0637) (0.5246) (0.0007) (0.0000) (0.0000) 
8.0878 8.0494 8.0496 8.3212 7.7989 7.6510 7.2834 8.0305 12.8482 11.0552 
(0.8061) (0.8902) (0.8898) (0.3693) (0.5741) (0.3293) (0.0452) (0.9321) (0.0000) (0.0000) 
8.3423 8.3062 8.3064 7.5705 8.1779 8.3314 8.3452 9.0863 8.8115 8.5100 
(0.3387) (0.3921) (0.3918) (0.2300) (0.6190) (0.3542) (0.3346) (0.0024) (0.0233) (0.1540) 

Table 3.3: Sample mean bias, sample variance, mean square error, univariate and multivariate sample 
measures of skewness and kurtosis with p-values (in brackets) for the estimates obtained in 500 realizations 
of the INAR(l) process: Xt = 0.6 * Xt-i + et, where et ~ Vo(l). 
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Figure 3.2: Boxplots of the sample bias for th estimates obtained in 500 realizations 
of the INAR(l) model: Xt = 0.6 * Xt-\ + et, where et ~ Vo(l). 
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measure N YW CLS CLS C IWCLS WHT WHT C LS HOS LS HOS C TOR IB TOR 4B 

Bias(ã) 
60 
300 
1200 

-0.0909 -0.0733 -0.0734 -0.0672 -8.71E+12 -0.0375 -0.1072 -0.1011 -0.1012 -0.1006 
-0.0156 -0.0124 -0.0124 -0.0124 0.0091 -0.0080 -0.0182 -0.0136 0.5150 0.1840 
-0.0036 -0.0028 -0.0028 -0.0027 0.0008 -0.0033 -0.0041 0.0023 -0.0315 0.0737 

Var(â) 
60 
300 
1200 

0.0076 0.0080 0.0079 0.0059 3.79E+28 0.0113 0.0087 0.0083 9.3216 26.0534 
0.0009 0.0009 0.0009 0.0007 0.0047 0.0012 0.0008 0.0009 224.7500 20.4644 
0.0002 0.0002 0.0002 0.0002 0.0008 0.0002 0.0001 0.0002 0.3431 10.6476 

MSE(d) 
60 

300 
1200 

0.0158 0.0133 0.0133 0.0104 3.79E+28 0.0127 0.0202 0.0186 9.3132 26.0114 
0.0011 0.0010 0.0010 0.0009 0.0048 0.0013 0.0011 0.0011 224.5657 20.4574 
0.0002 0.0002 0.0002 0.0002 0.0008 0.0002 0.0002 0.0002 0.3434 10.6318 

Skew(â) 
60 

300 
1200 

-1.2641 -1.2315 -1.2692 -0.9301 -22.2935 -0.7780 -1.5199 -1.0707 -5.3021 8.4355 
-1.0238 -1.0080 -1.0082 -0.5920 2.2234 -0.7124 -1.1597 -0.7975 19.6484 21.3474 
-0.3069 -0.3126 -0.3125 -0.3709 5.1920 -0.2367 -0.2945 0.0205 -10.9406 18.2731 

Kurt(â) 
60 
300 
1200 

5.7579 5.9230 5.9291 4.0365 498.0020 4.0802 6.4298 4.6590 123.5589 107.6026 
5.4860 5.3786 5.3791 3.2473 8.8841 6.6326 5.8450 5.0185 433.1299 469.5977 
3.0286 3.0465 3.0468 3.7463 35.4331 2.5870 3.1368 3.0462 234.5429 379.6093 

Bias(/ie) 
60 

300 
1200 

0.9059 0.7292 0.7306 0.6846 1.31E+13 0.1393 0.9039 0.8366 0.7767 0.6881 
0.1503 0.1184 0.1184 0.1176 -0.0164 0.0337 0.1500 0.0919 -4.5529 -1.7351 
0.0361 0.0282 0.0282 0.0280 0.0104 0.0159 0.0360 -0.0425 0.3208 -0.7793 

Var(£e ) 
60 
300 
1200 

0.8215 0.8405 0.8360 0.7102 8.64E+28 0.1105 0.8202 0.8897 883.9220 2765.1578 
0.0884 0.0871 0.0871 0.0708 0.1168 0.0159 0.0885 0.1031 1.96E+04 1851.9870 
0.0166 0.0166 0.0166 0.0156 0.0029 0.0029 0.0166 0.0232 35.1784 1107.8179 

MSE(Ae) 
60 

300 
1200 

1.6405 1.3705 1.3682 1.1775 8.64E+28 0.1297 1.6357 1.5877 882.7575 2760.1009 
0.1108 0.1010 0.1010 0.0845 0.1169 0.0170 0.1108 0.1113 1.96E+04 1851.2937 
0.0179 0.0173 0.0173 0.0164 0.0030 0.0032 0.0179 0.0250 35.2109 1106.2096 

Skew(/ie) 
60 

300 
1200 

1.2313 1.2427 1.2629 1.0382 22.2935 1.8543 1.2278 1.1572 4.5396 -8.6039 
1.0737 1.0598 1.0599 0.5307 -5.3765 1.0758 1.0719 0.8680 -18.8140 -21.2824 
0.2489 0.2570 0.2570 0.3493 0.5028 0.3884 0.2490 -0.0022 11.1680 -18.5234 

Kurt(/ie) 
60 
300 
1200 

4.9776 5.2185 5.2343 4.2962 498.0020 12.1732 4.9668 4.9884 118.8812 107.7743 
5.5678 5.5097 5.5101 3.0275 34.5346 5.9384 5.5643 4.9479 415.9793 467.8075 
2.8514 2.8885 2.8887 3.6203 3.3770 3.0741 2.8519 2.9079 238.8747 386.9864 

MVSkew 
(p-value) 

60 

300 

1200 

5.5614 6.1327 6.3220 3.2107 522.3507 4.0846 4.1923 3.1962 84.3498 87.8136 
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) 
1.8828 1.8293 1.8295 0.6836 36.4419 2.3407 1.5237 1.1342 927.7175 458.2470 

(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) 
0.3042 0.3142 0.3142 0.2114 28.0789 0.2302 0.3033 0.4963 166.9575 530.6863 

(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0007) (0.0000) (0.0000) (0.0000) (0.0000) 

MVKurt 
(p- value) 

60 

300 

1200 

18.5958 20.2761 20.3737 13.1829 514.7943 18.0045 16.1840 14.0774 253.5985 231.5003 
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) 
11.4857 11.2971 11.2970 8.6259 60.5033 15.9260 11.3856 10.5119 953.1834 537.3977 
(0.0000) (0.0000) (0.0000) (0.0802) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) 
8.8026 8.7600 8.7605 8.8007 41.0689 8.0266 8.6235 8.7066 355.2103 661.7953 

(0.0249) (0.0337) (0.0335) (0.0252) (0.0000) (0.9407) (0.0814) (0.0483) (0.0000) (0.0000) 

Table 3.4: Sample mean bias, sample variance, mean square error, univariate and multivariate sample 
measures of skewness and kurtosis with p-values (in brackets) for the estimates obtained in 500 realizations of 
the INAR(l) process: Xt - 0.9 * Xt-i + et, where et ~ Vo(l). 
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Figure 3.3: Boxplots of the sample bias for the estimates obtained in 500 realizations 
of the INAR(l) model: Xt = 0.9 * Xt-i + eu where et ~ Vo(l). 
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Figure 3.4: Boxplots of the sample bias for the estimates obtained in 500 realizations 
of the INAR(2) model: Xt = 0.1 * Xt-i + 0.6 * Xt-2 + et, where et ~ Vo(3). 
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measure N Y W CLS CLS C W H T W H T C LS H O S LS H O S C T O R 2B T O R 6B 
Bias(c*i ) 120 -0.0223 -0.0242 -0.0171 -0.0251 -0.0172 0.0189 0.0520 -0.6145 -0.6705 

600 -0.0054 -0.0057 -0.0056 -0.0093 -0.0095 0.0057 0.0155 -0.0448 0.6589 
Var(âi) 120 0.0060 0.0060 0.0042 0.0080 0.0047 0.0079 0.0111 174.0727 66.5674 

600 0.0012 0.0012 0.0011 0.0015 0.0015 0.0012 0.0053 2.0103 150.6747 
MSE(âi) 120 0.0065 0.0066 0.0045 0.0086 0.0050 0.0083 0.0138 174.1021 66.8838 

600 0.0012 0.0012 0.0012 0.0016 0.0015 0.0012 0.0055 2.0082 150.8075 
Skew(ài) 120 -0.3418 -0.3384 0.5880 -0.6547 0.5815 0.0017 0.2845 -19.1478 -12.7399 

600 0.0412 0.0547 0.1003 -0.3525 -0.1609 0.1198 0.2264 -12.3736 21.2013 
Kurt(âi) 120 4.0881 4.0742 2.7944 4.4450 2.5507 3.3252 2.2304 409.5905 194.6258 

600 3.4096 3.4003 3.2745 3.3923 2.8002 2.9029 2.4020 215.9344 462.3495 
Bias(â2) 120 -0.0444 -0.0336 -0.0322 -0.0348 -0.0345 -0.0937 -0.0607 0.3484 -0.4208 

600 -0.0078 -0.0057 -0.0057 -0.0074 -0.0067 -0.0198 -0.0102 -0.0900 -0.7810 
Var(Ô2) 120 0.0057 0.0058 0.0057 0.0072 0.0074 0.0076 0.0158 237.5104 52.0680 

600 0.0012 0.0012 0.0012 0.0015 0.0015 0.0013 0.0054 1.9664 128.8922 
MSE(d 2) 120 0.0077 0.0069 0.0067 0.0084 0.0086 0.0163 0.0195 237.1567 52.1409 

600 0.0012 0.0012 0.0012 0.0016 0.0015 0.0016 0.0055 1.9706 129.2444 
Skew(Ô2) 120 -0.2659 -0.2536 -0.2285 -0.2926 -0.3540 -0.2212 -0.5928 20.1267 -7.3128 

600 0.1452 0.1480 0.1474 0.1261 0.0993 -0.0486 -0.3394 8.7839 -20.3868 
Kurt(d2) 120 2.8509 2.9016 2.7766 2.9682 2.9808 2.6702 3.9840 438.1147 142.9954 

600 2.9154 2.9274 2.9278 2.9310 2.9179 3.0164 3.1010 149.3404 433.9801 
Bias(/2e) 120 0.6498 0.5581 0.4742 0.4288 0.3669 0.6488 -0.0850 2.7050 11.0683 

600 0.1299 0.1126 0.1120 0.1283 0.1279 0.1298 -0.0870 1.3355 1.1830 
Var(£e ) 120 1.0845 1.0924 0.8146 1.0071 0.6850 1.0823 3.9214 3775.3114 1.98E+04 

600 0.1991 0.1989 0.1975 0.1967 0.1951 0.1992 2.3161 254.4311 250.9385 
MSE(/i«) 120 1.5046 1.4017 1.0378 1.1890 0.8183 1.5011 3.9208 3775.0778 1.99E+04 

600 0.2156 0.2112 0.2097 0.2128 0.2111 0.2157 2.3190 255.7058 251.8361 
Skew(/ie ) 120 0.8738 0.8885 0.4379 0.9410 0.4837 0.8694 0.5764 -2.2096 12.6103 

600 0.4855 0.4999 0.4830 0.4829 0.4816 0.4843 0.1107 1.8489 -8.1182 
Kurt(/ie) 120 4.1552 4.2422 2.9991 4.3342 3.2825 4.1411 3.0291 62.6422 218.1376 

600 3.1277 3.1524 3.1109 3.1355 3.1204 3.1249 2.5379 166.4631 182.4256 
120 2.1921 2.2538 1.2820 2.0680 1.4253 1.6548 2.6790 531.7190 342.2888 

MVSkew (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) 
(p-value) 600 0.4773 0.5264 0.5213 0.5224 0.5036 0.6296 2.7641 349.5783 642.6422 

(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) 
120 19.3512 19.5137 15.6362 18.7189 15.5396 17.1119 17.2095 720.9432 600.9631 

MVKurt (0.0000) (0.0000) (0.1941) (0.0000) (0.2707) (0.0000) (0.0000) (0.0000) (0.0000) 
(p-value) 600 15.4239 15.4986 15.3515 15.2984 15.0045 15.0199 18.0818 713.7310 774.5554 

(0.3868) (0.3088) (0.4730) (0.5425) (0.9926) (0.9676) (0.0000) (0.0000) (0.0000) 

Table 3.5: Sample mean bias, sample variance, mean square error, univariate and multivariate 
sample measures of skewness and kurtosis with p-values (in brackets) for the estimates obtained in 
500 realizations of the INAR(2) process: Xt = 0.1 * Xt-i + 0.6 * Xt-2 + et, where et ~ Vo{2>). 
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Figure 3.5: Boxplots of the sample bias for the estimates obtained in 500 realizations 
of the INAR(2) model: Xt = 0.4 * Xt-\ + 0.3 * Xt_2 + eu where et ~ Vo(3). 
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measure N Y W C L S CLS C W H T WHT C LS HOS LS HOS C TOR 2B TOR 6B 
Bias(âi ) 120 

600 
-0.0219 
-0.0063 

-0.0230 
-0.0065 

-0.0230 
-0.0065 

-0.0144 
-0.0070 

-0.0161 
-0.0069 

0.0084 
0.0030 

-0.0059 
-0.0448 

0.4346 
-0.0056 

-0.1979 
-0.0251 

Var(âi ) 120 
600 

0.0084 
0.0016 

0.0085 
0.0016 

0.0085 
0.0016 

0.0097 
0.0020 

0.0098 
0.0020 

0.0086 
0.0016 

0.0224 
0.0152 

180.1076 
0.0789 

73.1751 
0.1139 

MSE(di) 120 
600 

0.0088 
0.0017 

0.0090 
0.0017 

0.0090 
0.0017 

0.0098 
0.0021 

0.0100 
0.0020 

0.0086 
0.0016 

0.0224 
0.0172 

179.9362 
0.0788 

73.0679 
0.1143 

Skew(âi ) 120 
600 

0.0275 
-0.0032 

-0.0403 
-0.0008 

-0.0403 
-0.0008 

-0.0159 
-0.0537 

-0.0690 
-0.0824 

0.2032 
0.1164 

-0.3057 
-0.5474 

16.1448 
-0.1238 

-6.7933 
1.3526 

Kurt (di ) 120 
600 

2.9762 
2.9273 

3.0706 
2.9299 

3.0707 
2.9300 

2.8597 
2.8208 

2.8021 
2.8558 

2.9771 
3.0574 

2.9670 
2.8121 

300.9913 
15.7438 

215.9598 
32.0162 

Bias(02) 120 
600 

-0.0302 
-0.0054 

-0.0226 
-0.0040 

-0.0225 
-0.0040 

-0.0284 
-0.0060 

-0.0293 
-0.0062 

-0.0719 
-0.0150 

-0.0864 
-0.0631 

-0.0234 
-0.0740 

0.1315 
-0.1149 

Var(â2) 120 
600 

0.0079 
0.0016 

0.0082 
0.0016 

0.0082 
0.0016 

0.0099 
0.0018 

0.0098 
0.0019 

0.0090 
0.0018 

0.0193 
0.0141 

308.2769 
0.0772 

47.0700 
0.1016 

MSE(á2) 120 
600 

0.0088 
0.0016 

0.0087 
0.0016 

0.0087 
0.0016 

0.0107 
0.0019 

0.0107 
0.0019 

0.0142 
0.0020 

0.0267 
0.0181 

307.6609 
0.0825 

46.9932 
0.1146 

Skew(â2) 120 
600 

-0.1472 
0.0356 

-0.1264 
0.0314 

-0.1264 
0.0315 

-0.1270 
-0.0567 

-0.1287 
-0.0646 

-0.1529 
-0.1304 

0.1805 
-0.4051 

7.3595 
0.1110 

8.0474 
-2.9490 

Kurt (â 2 ) 120 
600 

2.8787 
2.9447 

2.8733 
2.9433 

2.8733 
2.9431 

2.7553 
3.0711 

2.7368 
3.0007 

3.0011 
3.0068 

2.1251 
2.2122 

258.5727 
14.5398 

171.0574 
36.0051 

Bias(/ie) 120 
600 

0.5259 
0.1078 

0.4584 
0.0959 

0.4584 
0.0960 

0.3941 
0.1058 

0.4192 
0.1068 

0.5253 
0.1078 

0.8849 
1.2474 

-4.4445 
0.7854 

1.1175 
1.3920 

Var(jie) 120 
600 

0.8597 
0.1340 

0.8695 
0.1337 

0.8695 
0.1337 

0.7766 
0.1322 

0.8018 
0.1319 

0.8600 
0.1341 

7.8469 
7.5014 

3.96E+04 
6.8534 

3.02E+03 
12.2259 

MSE(Ae) 120 
600 

1.1346 
0.1453 

1.0779 
0.1426 

1.0779 
0.1426 

0.9303 
0.1431 

0.9759 
0.1430 

1.1342 
0.1455 

8.6143 
9.0424 

3.95E+04 
7.4565 

3.01E+03 
14.1392 

Skew(£e) 120 
600 

0.4944 
0.2317 

0.5275 
0.2289 

0.5275 
0.2289 

0.4792 
0.2270 

0.4858 
0.2294 

0.4942 
0.2309 

0.6429 
0.5890 

-21.3478 
-0.3156 

-1.4894 
5.3473 

Kurt(/le) 120 
600 

2.9857 
3.1169 

3.0170 
3.1230 

3.0169 
3.1229 

3.2095 
3.1144 

3.1623 
3.1158 

2.9867 
3.1166 

2.7322 
2.4527 

470.1295 
37.8927 

50.8205 
66.9069 

MVSkew 
(p-value) 

120 

600 

0.9053 
(0.0000) 
0.2950 

(0.0057) 

0.9447 
(0.0000) 
0.3059 

(0.0041) 

0.9448 
(0.0000) 
0.3059 

(0.0041) 

0.7985 
(0.0000) 
0.2294 

(0.0367) 

0.7450 
(0.0000) 
0.2408 

(0.0270) 

1.0573 
(0.0000) 
0.1405 

(0.2979) 

4.5690 
(0.0000) 
2.6159 

(0.0000) 

1020.3973 
(0.0000) 
4.2595 

(0.0000) 

210.7620 
(0.0000) 
62.3009 
(0.0000) 

MVKurt 
(p-value) 

120 

600 

15.8524 
(0.0819) 
15.3904 
(0.4255) 

16.0984 
(0.0250) 
15.3565 
(0.4668) 

16.0985 
(0.0249) 
15.3563 
(0.4670) 

16.1840 
(0.0157) 
15.1971 
(0.6875) 

16.2546 
(0.0104) 
15.1451 
(0.7672) 

15.8529 
(0.0817) 
14.3840 
(0.2086) 

20.9173 
(0.0000) 
18.2465 
(0.0000) 

1108.6788 
(0.0000) 
99.6891 
(0.0000) 

479.4869 
(0.0000) 
173.5363 
(0.0000) 

Table 3.6: Sample mean bias, sample variance, mean square error, univariate and multivariate 
sample measures of skewness and kurtosis with p-values (in brackets) for the estimates obtained in 
500 realizations of the INAR(2) process: Xt = 0.4 * Xt-i + 0.3 * Xt-2 + et, where et ~ Vo(S). 
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Figure 3.6: Sample mean bias, as function of the sample size, for the estimates obtained 
in 500 realizations of the INAR(3) model: Xt = 0.3*Xt_1 + 0.3*Xt„2 + 0-3*Xt-3 + et, 
where et ~ Vo(l). The estimation methods presented are: YW (*), CLS (A), WHT 
(o), LS_HOS (□) and TOR_2B (■). 
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measure N Y W CLS W H T LS H O S T O R 2B 
Bias(âi) 120 

1200 
-0.0031 -0.0237 0.0023 0.0615 -0.2149 
-0.0001 -0.0026 -0.0001 0.0132 0.0003 

Var(âi) 120 
1200 

0.0104 0.0101 0.0121 0.0109 9.4555 
0.0009 0.0009 0.0009 0.0015 0.0123 

MSE(âi) 120 
1200 

0.0104 0.0106 0.0121 0.0146 9.4828 
0.0009 0.0009 0.0009 0.0016 0.0123 

Skew(âi) 120 
1200 

0.2328 0.2784 0.1787 0.1606 -7.9855 
0.0000 -0.0109 -0.0051 0.2743 0.1029 

Kurt(âi) 120 
1200 

3.1977 3.4207 3.2599 3.0132 97.4416 
3.0091 3.0655 2.9961 2.9380 2.9854 

Bias(Ô2) 120 
1200 

-0.0401 -0.0319 -0.0377 -0.0564 -0.2599 
-0.0037 -0.0029 -0.0037 -0.0082 -0.0282 

Var(Ô2) 120 
1200 

0.0086 0.0088 0.0100 0.0115 8.9468 
0.0009 0.0009 0.0009 0.0012 0.0117 

MSE(â 2) 120 
1200 

0.0102 0.0098 0.0114 0.0146 8.9965 
0.0009 0.0009 0.0009 0.0013 0.0124 

Skew(Ô2) 120 
1200 

-0.2785 -0.2630 -0.2618 -0.1709 -6.6929 
-0.2588 -0.2497 -0.2576 -0.0435 -0.3762 

Kurt(â2) 120 
1200 

3.6105 3.5122 3.3591 3.6367 91.3890 
2.8970 2.8796 2.8767 2.8931 3.3071 

Bias(âs) 120 
1200 

-0.0463 -0.0227 -0.0427 -0.1031 0.0619 
-0.0042 -0.0017 -0.0042 -0.0136 -0.0128 

Var(Ô3) 120 
1200 

0.0084 0.0087 0.0094 0.0111 13.4484 
0.0009 0.0009 0.0009 0.0013 0.0102 

MSE(â 3) 120 
1200 

0.0105 0.0092 0.0112 0.0217 13.4253 
0.0009 0.0009 0.0009 0.0015 0.0103 

Skew(âa) 120 
1200 

-0.2754 -0.1992 -0.2751 -0.1709 4.8185 
-0.1266 -0.1186 -0.1287 -0.2017 -0.2229 

Kurt(Ô3) 120 
1200 

2.9267 2.7157 2.9409 3.4160 84.2047 
2.8947 2.8823 2.9281 3.5427 3.0182 

Bias(jie) 120 
1200 

0.8595 0.7495 0.7361 0.8558 4.9478 
0.0749 0.0667 0.0749 0.0745 0.3996 

Var(/ie ) 120 
1200 

0.7279 0.7742 0.7779 0.7340 4249.8058 
0.0312 0.0311 0.0312 0.0313 0.4094 

MSE(Ae) 120 
1200 

1.4653 1.3344 1.3182 1.4649 4265.7866 
0.0368 0.0355 0.0367 0.0368 0.5682 

Skew(/ie) 120 
1200 

1.3738 1.3390 1.2274 1.3384 18.5983 
0.2176 0.1978 0.2173 0.2216 1.8996 

Kurt (/te) 120 
1200 

5.8009 5.5975 5.8938 5.7644 396.6164 
2.9950 2.9292 2.9950 3.0037 8.8252 

MVSkew 
(p-value) 

120 

1200 

3.7967 4.2058 3.4904 6.0323 711.9543 
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) 
0.8042 0.7173 0.6652 0.9073 8.2893 
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) 

MVKurt 
(p-value) 

120 

1200 

29.8419 30.0714 30.9516 36.9955 961.7259 
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) 
24.7229 24.6321 24.2522 24.4499 37.8002 
(0.2434) (0.3077) (0.6840) (0.0000) (0.0000) 

Table 3.7: Sample mean bias, sample variance, mean square error, univariate and 
multivariate sample measures of skewness and kurtosis with p-values (in brackets) for the 
estimates obtained in 500 realizations of the INAR(3) process: Xt = 0.3*Xi_i +0 .3*X^2 + 
0.3 * Xt-3 + et, where et ~ Vo(l). 



Chapter 4 

Order selection for INAR processes 

An approximate answer to the right 
problem is worth a good deal more 
that an exact answer to an 
approximate problem. 

JOHN TUKEY 

This chapter describes some of the well known automatic criteria developed for uni
variate autoregressive order selection. The emphasis is on the underlying ideas rather 
than on the mathematical details. Then, the problem of INAR order selection is 
addressed. The solution found is based on the AICC criterion, a bias corrected 
version of the Akaike Information Criterion (AIC), that uses the Whittle criterion 
in its deduction. Finally, the results of a Monte Carlo study are presented to assess 
the small sample performance of the criterion. 

4.1 Introduction 

Most of the estimation methods proposed in the literature assume the prior knowledge 
of the model order. Therefore, an important step on statistical modelling is the choice 
of a model order that suitably describes the set of observations. Depending on the data 
type and size, the objective of the study and the experience of the analyst, the family 
of models to be considered is selected. Afterwards, it is necessary to choose, within 
the family, the order of the model that best fits the characteristics of the data. Many 
techniques have been developed for order selection of linear models, namely graphical 
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methods (Whittle, 1963, Box and Jenkins, 1970), hypothesis test procedures (Whittle, 
1951, 1952) and automatic criteria (see Bhansali, 1993, Choi, 1992, for a review). 

The automatic criteria are based on some underlying statistical principle, such as 
best prediction, information theory, maximum likelihood, Bayesian theory, transfer 
function and minimum description length, among others. The objective is to balance 
the risk due to the inconsistency of the parameters estimates when a lower order is 
selected and the risk due to the increase of the variance of these estimates when a 
higher order is selected. The balance is achieved by imposing a cost for increasing the 
number of parameters on the fitted model. 

Most automatic criteria proposed in the literature are built under the assumption of 
Gaussianity of the data and are defined by using the variance of the prediction error. 
For a zero-mean Gaussian model, the variance of the one-step-ahead prediction error 
corresponds both to the residual variance and to the noise (innovation) variance. Thus, 
if an estimate of one of these quantities is available, it can replace the other and the 
criteria value are well defined. However, if the family of models under consideration is 
non-linear, this is not the case. Thus, some care must be taken when a "black-box" is 
used to select the order of a model. In some cases, the subtraction of the sample mean 
to the observation values is enough to obtain a suitable order selection. However, this 
transformation of the data may not make sense, as in the case of count or binary data 
and processes with positive innovations. 

A simulation study to analyze the performance of some of the existing criteria when 
applied to realizations generated by Poisson INAR processes was carried out. The 
results were unsatisfactory since the criteria exhibited a strong overfitting tendency, 
frequently choosing the maximum order allowed. Thus, the approach used to solve 
the INAR order selection problem is to apply the underlying ideas of the usual criteria 
(described in the next section) to the INAR context. 

4.2 Autoregressive order selection 

Consider a discrete-time stationary AR(p) process 

Xt = aiXt-i + • • • + apXt_p + eu (4.1) 

where {et} is a sequence of uncorrected J\f(0,a£
2) random variables, and all the roots 

of the autoregressive polynomial are outside the unit circle, that is, A(z) = 1 — a.\z — 
• • • — apzp 7̂  0 for all z G C such that \z\ < 1. 
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A preliminary indicator of the autoregressive model order may be obtained using 
graphical methods (Priestley, 1981, pp. 370-372). One of these methods is the residual 
variance plot (Whittle, 1963), which consists in fitting a sequence of AR(&) models 
of increasing order and evaluating the residual variance, a\. A plot of ò\ against k 
indicates a guess for the model order as the value where a\ becomes flat, after the 
initial decreasing. Another graphical method, proposed by Box and Jenkins (1970), 
identifies the class of models by the shape of the sample autocorrelation, p(-), and 
selects the order of the model by plotting the sample partial autocorrelations, 0^ , 
against k and examining where these estimates lie outside the confidence limits of 
±2y/ÏJn (Quenouille, 1949). 

The pioneering work of Whittle (1951, 1952) on hypothesis testing can as well be 
used to select the order of an AR process. This approach consists in testing the 
null hypothesis that the realization is generated by an AR(k) against the alternative 
hypothesis that it is generated by an AR(A; +1) , for successive values of k until a non
significant result is obtained (Priestley, 1981). However, as observed by Akaike (1974), 
the problem of model fitting in the context of time series analysis is best viewed as a 
multiple decision procedure rather than as a hypothesis testing problem. 

A remarkable contribution to the problem of model selection is the development of au
tomatic criteria. Most of the criteria proposed in the literature consist in minimizing, 
with respect to the model order, a function of the given observations plus a penalty 
term for the introduction of additional parameters, which generally depends on the 
model order and sample size. Thus, according to automatic criteria, the parameters 
of a variety of competing models are estimated and the model chosen is the one with 
the smallest criterion value. 

There are two classes of selection criteria: asymptotically efficient (Shibata, 1976, 
Hurvich and Tsai, 1989) and consistent (Brockwell and Davis, 1991). In the first 
group, the criteria select the model which achieves the optimal rate of convergence of 
the mean square prediction error. In the second, the criteria asymptotically estimate 
the true model with probability one, provided that the model which generated the 
data belongs to the family of candidate models (with finite order). In this thesis the 
preference is given to asymptotically efficient criteria since a "true" model rarely exists, 
although some consistent criteria will be mentioned in the Appendix D. 

A starting point on automatic model selection is the Final Prediction Error, FPE, 
criterion proposed by Akaike (1969, 1970) as an estimator of the one-step-ahead 
prediction mean squared error for a realization of the process independent of the 



102 4. ORDER SELECTION FOR INAR PROCESSES 

one observed and used to estimate the parameters. Hence following Brockwell and 
Davis (1991, §9.3), consider two independent realizations, X = {Xi,..., XN} and 
Y = {Yi,... , l iv}, generated by the same Gaussian zeromean weakly stationary 
AR(p) process, satisfying (4.1). 

Let â = [ ã\ ■ ■ ■ âp ]T and â2 be the maximum likelihood estimators of the param

eters based on Y. The onestepahead linear predictor of XN+i is given by 

XN+I = &i XN + h âp Xpt+i-p. 

Then the mean squared prediction error is 

E[{XN+l - XN+l)
2} = a2 + E[(â  a)TRp{á - a)}, 

where 
[Rp}ij = E[XiXj], i,j - 1, . . . ,p, 

is the p x p covariance matrix of the AR(p) process and ex. — [ a\ ■ ■ ■ ap ]T is the 
coefficient vector. Using the asymptotically normally distribution of the maximum 
likelihood estimators, ^Jn{à. — a.) ~ A/"(0,oe

2Rp
_1), it follows that (N/a£

2)(â — 
a ) T Rp(â — a ) ~ %p I n addition, N â2/a£

2 ~ XN-P> ^OT l a r ë e N. 

Then, the prediction mean square error can be estimated by 

.2 (N + p F P E
^ = ^ H ^ J '

 (4
-
2) 

which defines the criterion proposed by Akaike (1969, 1970). The selected order is the 
value of p which minimizes the FPE criterion. 

A different approach to the problem of order selection is the Akaike Information 
Criterion, AIC, also proposed by Akaike (1973, 1974) as an approximately unbiased 
estimator of the expected KullbackLeibler information (Kullback and Leibler, 1951) 
of a fitted model relative to the true model. 

Formally, let X be a set of TV observations, generated by a model with distribution h 
and parameter vector 60. Suppose that g is the distribution of the model candidate 
to represent the data, with parameter vector 0. The Kullback-Leibler information 
between the two models is defined by 

I(h,g) = £°°h(e0\x) log ( ^ y ) ^x 

/

+oo 
h(90\X) \og(g(0\X))dX 

oo 

-oo 
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= Eo[log(M0o|X))] - Eo[log(<;(0|X))], (4.3) 

where E0 represent the expectation under the true model. 

Note that the first expectation in (4.3) has a constant value whatever is the form 
of the candidate distribution g(0\X), thus the Kullback-Leibler information can be 
approximated by the so called Kullback-Leibler discrepancy 

d(h,g)=Eo[-2\og(g(e\X))}. (4.4) 

Let 6 be the maximum likelihood estimator of the parameter vector obtained from 
the data. Then, the expected Kullback-Leibler discrepancy is given by 

A(h, g) = E0 [d(h, g)ie=ò\ = E0 [E 0 [-2 log{g($\X))]{0=à] . (4.5) 

Thus, let X be a set of N observations of a zero-mean Gaussian AR process with 
parameter vector 0O = ( a i , . . . , ap, of). Let 0X be the maximum likelihood estimator 
of the parameter vector obtained from X and let Y be an independent realization of 
the true process. Assuming that the process is Gaussian, the log-likelihood function 
associated with X is 

log(L(0;X)) =mX) = -jlog(27K7e
2) - l-log(detRp) - - ^ S x ( 0 ) , 

where Rp is the p x p covariance matrix of the AR(p) process and 

N 

Sx(0) = ^ ( X , - A >
i ) 2 / r j _ 1 

3=1 

is a weighted sum of squares of the one-step-ahead prediction error (see Brockwell and 
Davis, 1991, §8.7). 

As noted by Akaike (1973, 1974), -21og(L(0;X)) can be considered as a biased 
estimator of the Kullback-Leibler discrepancy, (4.4), and then it can be written that 

-2log(L(0;Y)) = -21og(L(0;X)) + ^ ( S Y ( 0 ) - S x (0)) . 

Then, since E[Sx(0X)] = E[SY(ÔY)], follows that 

E[SY(0x) - Sx(Ôx)] = E[SY(âx) - SY(ÔY)]. 
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By taking a Taylor series expansion of SY(0X) (see Brockwell and Davis, 1991, §8.11) 
and given that X and Y are mutually independent, it is found that 

E[SY(0x) - Sx(0x)] ~ <7*E[0x - 0o]TJ(6>o)E[0x - 0O] 
+ a e

2 E [ 0 Y - 0 o ] r J ( 0 o ) E [ 0 Y - 0 o ] 

= 2a2
£k, 

where J is the Fisher information matrix (which is the expectation of the matrix of 
second-order partial derivatives of SY(-) evaluated at the true value 0O) and k is the 
number of free parameters in the vector estimates, that is, k = p + 1 in the AR case 
with unknown noise variance. 

Therefore, an approximately unbiased estimate of the expected Kullback-Leibler dis
crepancy, (4.5), is the AIC criterion 

AIC(p) = Anog(â£
2) + 2(p + 1). (4.6) 

The selected order is the value of p which minimizes the AIC criterion. 

Notwithstanding, it has been found that AIC presents an overfitting behaviour. There
fore, a bias corrected version of AIC, denoted by AICC, was proposed by Sugiura 
(1978) and later investigated by Hurvich and Tsai (1989). This criterion can be written 
as the sum of the AIC and a nonstochastic term and in its deduction, Hurvich and Tsai 
(1989) used the Whittle criterion (Whittle, 1953, 1954) to approximate the likelihood 
through the spectral density function of the model. 

Thus, it is found that 

E[-21og(L(0))] « d(f,g) = iVlog(2^) + ^ f log^(w)) + ^j^dco, 

where d(-, •) is the Kullback-Leibler discrepancy, (4.4), and is used as an approximation 
to the Kullback-Leibler information, fg0(u)) is the spectral density of the true model 
with parameter vector 0O and gg(w) is the spectral density of the candidate model, 
with parameter vector 0. 

If it is assumed that the approximating family includes the true model and since the 
estimators of the coefficients obtained by Yule-Walker estimation are asymptotically 
normal, then by using the Kolmogorov formula, Hurvich and Tsai (1989) showed that 
the expectation of the Kullback-Leibler discrepancy between the spectral density, / , 
and a candidate spectrum estimator, / , is given by 

E[d(f,f)/N} = E[\oS(a2
s)}+E cr£

2 + (o. — ct)T Rp (â — OL) 
2 

n 
(4.7) 
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where o\ is an estimator of a£
2, à = [ 1 ã\ ■ ■ • âp ] is the YuleWalker estimator 

of the coefficient vector and Rp is the covariance matrix of the candidate model. 
Finally, using the asymptotically normal distribution of the YuleWalker estimators 
(Brockwell and Davis, 1991, §8.10), y/N{â - a ) ~ Af(0,<7e

2Rp1), and the fact that 
N â2/ae

2 ~ Xivp) f° r l a r ë e N, the expected KullbackLeibler discrepancy (4.7) can 
be written by 

E[d(/, f)/N] = E[log(â2)] + 1 _ 1 + ^ / i V . (4.8) 

Thus, the AICC criterion is given by 

AICC(p) = N log(âe
2) + N 1 ^ P ^ ) / N . (4.9) 

In the same way, the value of p that minimizes the criterion is chosen . 

These three criteria, FPE, AIC and AICC, are asymptotically efficient (Shibata, 1980, 
Hurvich and Tsai, 1989). For a list of other automatic criteria (asymptotically efficient 
and consistent) proposed in the literature, see Appendix D. 

4.3 INAR Order Selection 

After the description of the underlying ideas of some automatic criteria for autore

gressive order selection, they are applied to INAR(p) processes. 

For the FPE criterion, an estimator of the onestepahead prediction mean squared 
error for a realization of the INAR process independent of the one observed and used 
to estimate the parameters must be obtained. 

Thus, let {Yi,..., YN} be an observed realization of an INAR(p) process with unknown 
parameters a i , . . . , ap, fxe, ae

2 (p < N). Let {X\,..., XN} be an independent realiza

tion of the same process. If â i , . . . , âp and fie are estimators of the parameters based 
on {Yi, . . . , YN}, for instance obtained by the Conditional Least Squares method, then 
the estimated onestepahead predictor of XN+Í is given by 

XN+1 = ài XN -\ h âp XN+1-p + £te. (410) 
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Therefore, the mean squared error of onestepahead prediction can be written by 

E[pC/v+i — XN+i) ] =E[(XN+I — XN+i + XN+i — XN+i) ] 
=E[(XN+i - XN+i) ] + E[(XN+i — XN+i) ] 

+ 2E[(XN+1 - XN+1) (XN+1 - XN+1)\, (4.11) 

where XN+i is the onestepahead predictor of XN+i, given as in (2.15) 

XN+i = a\XN + ( apXN+i_p + fj,e. 

Note that in (4.11) 

v 
E[(XN+1 - XN+1)

2} = ae
2 + VxJ2 ai = VP> 

where Vp is the variance of the prediction error, (2.17). In addition, by using (4.10) 
and (2.15), it follows that 

E[(XTV+I — XN+i) (XN+1 — XN+x)] = 0. 

Therefore, if a = [ ax • • • ap ]T, ~X.N — [ XN ■ • ■ XN+i_p }T, and á is an esti

mate of a, then E[(Xjy+i — X^+i)2] is given by 

E[(XN+1 - XN+1)
2} = E[((â  CX)TXN + ( ^ " /ie))

2] 

= E[(â  a ) T X,v XN
T(à - ex)} + E[(Ae  He?] 

= E[(â  a)T E[XN XN
T\YN, ...](á- a)] + E[(/*e  Me)2] 

= E[(â  a ) T (Rp_! + fi2
xll

T)(ã - a)} + E[(/ie  /ie)
2], 

where Rp_i is the pxp covariance Toeplitz matrix of an INAR(p) process, (2.11), and 
1 is a p x 1 vector of ones, 1 = [1 ■ • • l ] r . Then 

E [ ( ^ + 1  X j V + 1 ) 2 ] = Vp + E [ ( â  a ) r ( R p _ 1 + ^ l l r ) ( â  a ) ] + E[ ( / i e  ^ ) 2 ] . (4.12) 

To proceed from here, it is necessary to calculate E[(à — a)T (Rp_i + / / ^ l l r ) ( â — a)}. 
However, the asymptotic distribution of the conditional least squares estimators given 
in Section 3.6.1 shows that the covariance matrix of the estimators is too complex to 
yield a satisfactory approximation for the penalty term as a function of N and p, even 
using the Delta method. 

The other approach considered is the KullbackLeibler discrepancy. The AIC criterion 
is based directly on the likelihood function, which is hard to manipulate for the 
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INAR(p) process. For this reason, an order selection criterion for INAR processes built 
on likelihood is difficult to obtain. On the other hand, the spectral density function 
is easily computed for the INAR(p) process and the use of the Whittle criterion was 
justified in Chapter 3. Therefore, since Hurvich and Tsai (1989) used the Whittle 
criterion in the deduction of the AICC criterion, the AICC is preferred to AIC for 
INAR models. 

Thus, following Hurvich and Tsai (1989), suppose that X = {Xi,... ,XN} is a 
realization of an non-negative integer-valued stationary stochastic process with au-
tocovariance function R(-) and spectral density function /(•). The approximating 
model considered is an INAR(p) process with parameter vector 0 = [âT,jle,âl}T 

fitted to the data by Conditional Least Squares method or some other asymptotically 
equivalent method, where â = [ — 1 â\ âp Y a n d Ae; à\ are the estimates of 
the parameters of the discrete distribution of the arrival process, {et}. Let g(-) be the 
spectral density of the candidate model. 

Appendix C shows that the Whittle approximation of the Gaussian log-likelihood 
function of X, £(X), for the INAR(p) processes is, up to a constant, 

IN(u)) £(X) ~ - ^ log(27r) - £ £ log(g(u)) + ̂  du, 

where 

IN(u) = 
2irN 

N 

E* te —iut 

í = l 

is the periodogram of X, as defined in (3.19). 

Then, the Kullback-Leibler discrepancy between the true and the approximated mod
els, defined in (4.4), is given by 

d(f,g)=E0[-2£(X)} 

= iVlog(27r) + ^ f logfoM) + Îfërdu, 

since IN is an unbiased estimator of / . 

Let f(u>) be an estimator of the spectrum for the candidate INAR(p) process. Then, 
the expected Kullback-Leibler discrepancy, defined in (4.5), is given by 

A(/,/) = EoM(/,/)] 

En jVlûg(27r) + — J log(/(u>)) +mdu 
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Now, as commonly assumed in the derivation of automatic criteria for AR models, 
it is supposed that the approximating family includes the true model, i.e., the true 
model is an INAR(p) process with coefficient vector a, satisfying a set of YuleWalker 
type equations given in (2.10) by 

Rp a = ■Vp 0 0 

where Rp is the covariance matrix of the process and Vp is the variance of the one

stepahead prediction error. 

Then, using the Kolmogorov formula, given in (2.18), and the properties of the Yule

Walker type equations, it is found that 

Eo d(f,f) HfJ) 
N N 

=Eo[log(27r)] + ^ E 0 \ log f{u)du 
.J —IT 

+
è

E
° 

=E0[log(27r)] +  ^ E 0 
Z7T 

2
^{h)_ 

+ E0 
r m 

J-, vp 

p 

1 - J ] â f c e
î w f c 

fc=i 

2 

dco 

=E0[log(t>)] + E0 
1 . r _ A 

— OL R K OL 

=E0[log %)] + Eo VP + (at — a R V 'A-a) 

n m 
m du 

The last expectation, 

Er 
Vp + (â — a ) T Up (à — a ) 

v; 
represents the penalty term of this criterion. 

(4.13) 

Once again, a direct calculation of (4.13), by using the asymptotic distribution of 
the Conditional Least Squares estimators for an INAR(p) process (Section 3.6.1), 
is not useful because the covariance matrix of the estimators is too complex and a 
satisfactory approximation for the penalty term as a function of, only, N and p can 
not be obtained. 
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An approximation of (4.13) through the Delta method, by using Taylor expansions of 
this expression, jointly with the asymptotically normal distribution of the Yule-Walker 
estimators, was also done. But, once again, the approximations obtained are useless, 
since the resultant expression not only depends on the order of the fitted model and 
the sample size but also on the parameters (ati, for i = 1 , . . . ,p, fie and ae

2). 

Finally, simulations were performed in order to have a notion of the order of magnitude 
of the penalty term, (4.13). Thus, 500 independent realizations of Poisson INAR(p) 
processes, p = 1,2,3, are generated for different sample sizes and values of the 
parameter. For each Poisson INAR model, the covariance matrix and the value of 
Vp are calculated by using the (theoretical) Yule-Walker equations, (2.10) (given the 
value of the coefficients, a, the equations provide the values of the autocovariance 
function) and by (2.13), respectively. For each realization, the estimates â and Vp 

were obtained through the Whittle estimation considering the stationarity constraint. 
Then, the penalty term (4.13) is approximated by PTjn a r , the mean value of (Vp + 
(ã - a)T Rp (ã - a))/Vp, over the 500 realizations, for each Poisson INAR model 
considered, i.e., 

PT 1 V Yl + (&W ~ " ) T R * ( & W - g) Í4 14) 
1 J"»" - *nnZ^ T>(fc) ' v*'L*> - mar 500 £ V?) 

where â^ and Vp^ are the Whittle estimates of a and Vp in the realization k, 
respectively, for k = 1 , . . . , 500. 

The values of PT i n a r are given in Table 4.1. Boldface type indicates the correspondent 
penalty term of the AICC criterion in the AR case for the respective sample size and 
model order, 

1+p/N PTar(N,p) = N l - ( p + 2)/AT 

Note that the simulated values of PT i n a r of each Poisson INAR process are practically 
equal to the PT a r . Therefore, the penalty term of the AICC criterion for INAR pro
cesses is well approximated by the corresponding penalty term for the usual criterion. 
Consequently, the automatic criteria obtained as an approximately unbiased estimator 
of the expected Kullback-Leibler discrepancy for INAR models is given by 

1 -I- v/N 
AICC(p) = N \og(Vp) + N1_{p*2)/N, (4.15) 

where Vp is an estimator for the variance of the one-step-ahead linear prediction error. 
The selected order is the value of p that minimizes the criterion. 
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p (aT,Mc) N=50 N=100 

1 
PTar(7V,l) 

(0.1,1) 
(0.3,1) 
(0.5,1) 
(0.7,1) 
(0.9,1) 
(0.1,3) 
(0.3,3) 
(0.5,3) 
(0.7,3) 
(0.9,3) 

54.2553 104.1237 
54.9224 104.3991 
56.6860 105.0639 
54.7583 103.8532 
54.8116 104.4700 
52.2538 99.0512 
53.2027 102.3831 
53.1778 102.4168 
53.5580 101.8560 
52.8717 101.0378 
50.9274 96.7313 

2 
PTor(JV,2) 
(0.1,0.4,1) 
(0.4,0.1,1) 
(0.4,0.4,1) 
(0.1,0.2,1) 
(0.2,0.1,1) 
(0.1,0.6,1) 
(0.6,0.1,1) 
(0.1,0.4,3) 
(0.4,0.1,3) 
(0.4,0.4,3) 
(0.1,0.2,3) 
(0.2,0.1,3) 
(0.1,0.6,3) 
(0.6,0.1,3) 

56.5217 106.2500 
56.0717 106.0691 
56.4605 108.1734 
59.3895 107.9924 
57.3110 108.1609 
58.5622 106.1929 
55.1293 104.8329 
55.1388 107.6737 
54.7546 105.3620 
56.1469 104.9463 
53.5964 103.6516 
55.0543 104.6689 
55.6659 104.8207 
53.2477 103.1326 
55.1881 102.8757 

3 
PTar(N,3) 
(0.1,0.2,0.3,1) 
(0.1,0.3,0.2,1) 
(0.2,0.1,0.3,1) 
(0.2,0.3,0.1,1) 
(0.3,0.1,0.2,1) 
(0.3,0.2,0.1,1) 
(0.1,0.1,0.1,1) 
(0.1,0.1,0.6,1) 
(0.1,0.6,0.1,1) 
(0.6,0.1,0.1,1) 
(0.1,0.2,0.3,3) 
(0.1,0.3,0.2,3) 
(0.2,0.1,0.3,3) 
(0.2,0.3,0.1,3) 
(0.3,0.1,0.2,3) 
(0.3,0.2,0.1,3) 
(0.1,0.1,0.1,3) 
(0.1,0.1,0.6,3) 
(0.1,0.6,0.1,3) 
(0.6,0.1,0.1,3) 

58.8889 108.4211 
59.1484 109.2582 
60.2600 110.1252 
60.1695 109.5004 
60.6171 108.7391 
59.6310 108.5736 
61.1203 107.7918 
59.2243 107.9450 
55.9648 106.3561 
57.5158 108.5203 
64.5443 105.7819 
56.4782 105.6901 
57.2549 106.8363 
56.1228 105.2631 
56.6670 104.7321 
57.1501 106.3106 
56.7230 105.9459 
55.7175 105.2731 
53.8547 101.0905 
54.7625 102.8138 
54.9214 105.5785 

Table 4.1: Simulated penalty term of 

N=150 N=200 N=500 N=1000 
154.0816 204.0609 504.0241 1004.0120 
154.9773 205.7215 505.5878 1005.6055 
154.1582 206.2824 505.6134 1003.1080 
154.2180 205.6807 502.9018 997.3794 
152.8599 202.6467 500.9332 992.7185 
149.0385 196.6047 489.9320 994.1022 
153.0414 204.4728 504.1787 1004.8097 
150.5794 199.6364 501.6414 1001.7151 
149.5510 197.0530 500.4650 998.1311 
148.0178 199.5705 502.3293 1003.2993 
145.7787 195.6816 485.4385 985.1293 
156.1644 206.1224 506.0484 1006.0241 
159.2075 208.8002 506.7078 1005.0381 
157.0944 208.8588 508.6506 1000.3762 
157.1175 206.9035 506.4162 995.0650 
156.8724 206.3502 505.6394 1009.0568 
157.7771 277.7834 506.7411 1003.0402 
154.7641 203.6525 504.2607 999.2624 
157.5055 203.9534 507.3201 1002.3718 
153.5074 204.0883 506.6630 999.9987 
153.4110 204.0574 502.2025 1000.0785 
153.2616 201.6757 501.8255 1000.2479 
154.2415 204.6331 502.6753 1003.3765 
154.6164 204.5219 502.9416 1002.2331 
152.9550 199.7092 500.3052 1000.8496 
153.0053 202.3042 499.2857 996.3919 
158.2759 208.2051 508.0808 1008.0402 
159.5950 207.6327 509.0974 1009.7956 
157.5233 209.6770 503.2068 1005.8448 
156.2894 210.9870 506.5110 1005.5823 
160.5276 210.0898 506.0062 1006.1246 
158.8342 206.5313 510.8477 1008.0623 
159.6770 208.4406 506.2906 1007.2320 
159.6351 209.1513 508.1681 1006.5315 
154.0847 207.3847 500.7778 1003.5822 
158.9968 206.0453 503.4512 1009.5474 
154.9759 209.8910 505.7123 1007.8527 
153.7194 203.6517 502.9785 1004.6606 
155.4351 205.8126 506.3924 1005.8755 
153.3939 205.7436 503.5234 1005.3801 
154.3806 205.0570 504.4550 1000.9347 
154.8358 204.5228 503.0114 1001.5847 
154.9569 204.2853 506.8587 1002.6905 
155.3117 205.8649 504.4590 1006.1579 
150.9765 200.7316 499.0250 999.1193 
151.7149 201.4385 504.7940 1002.1943 
153.3788 202.1959 504.2924 1008.3302 

criterion for the Poisson INAR(p) processes. 
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4.4 Monte Carlo Results 

The purpose of the simulation study presented in this section is to analyze the be
haviour of the established criterion. 

Thus, 100 realizations of Poisson INAR(p) processes (for p = 0 , . . . , 3), with binomial 
thinning operation, 

Xt = a-i * Xt-\ H h ap * Xt-P + et, 

where et ~ Vo(X), are generated. The parameter values and sample size considered 
are 

- A G {1,3}, 

- f o r p = l , ai €{0.1,0.5,0.9}, 

- for p = 2, («J, a2) G {(0.1,0.6), (0.6,0.1)}, 

- for p = 3, (ax, a2, a3) G {(0.1,0.1,0.6), (0.1,0.6,0.1), (0.6,0.1,0.1)}, 

- N = 120,200,400 and 1000. 

In addition to AICC, given in (4.15) and for comparison purposes, the following criteria 
are also considered in the study 

FPE(p) = Vp (l + | f ) , (4.16) 

AIC(p) =Nlog(Vp) + 2{p+l). (4.17) 

although a complete justification of these two criteria on INAR setting is not given. 

For each realization, candidates models are fitted to the generated data by the following 
estimation methods: 

- Yule-Walker estimation (YW), 

- Conditional Least Squares estimation (CLS), 

- Constrained CLS estimation (CLS_C), 

- Whittle estimation (WHT), 
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 Constrained Whittle estimation (WHT_C), 

 Least Squares estimation using HighOrder Statistics (LS_HOS), 

 ThirdOrder Recursion estimation, with 1 block (TOR_lb), 

 ThirdOrder Recursion estimation, with 2 blocks (TOR_2b), 

 ThirdOrder Recursion estimation, with 4 blocks (TOR_4b). 

Once the parameters are estimated, the estimates for Vp are obtained by six different 
manners. The first three expressions are the following 

p \i-IXi*i)' 

»=i 

= Var 
p 

Xt-y] àiXt-i -A 
t = l 

,t = p + l,...,N, 

where ô», for i = 1, . . . ,p, and A are the parameter estimates obtained by each esti

mation method when the order p is considered and R(-) is the sample autocovariance 
function of the observation set. The last three ways are the direct calculation from the 
estimation methods, that is, considering that the parameters of the INAR model are 
[ OL\ •■■ ap Vp], the Vp,j = 4,5,6, are obtained directly by the unconstrained 
and constrained Whittle estimation methods (WHT_Vp and WHT_C_Vp) and by 
the YuleWalker estimation method (YW_Vp), respectively. 

Afterwards, the criteria are evaluated for each generated model, sample size, estima

tion method and Vp—form and a candidate model is selected. The average of the 
values of the criteria, over the 100 realizations, is also computed. 

Two different validations for the order selection are considered. In the first one, the 
first half of each sample (N = 60,100, 200 and 500 observations) is used to compute 
the frequency of order selection for each criterion on the 100 repetitions, considering 
two different maximum model order cutoffs: 5 and 10. In the second validation, the 
model selected for the first half of the realizations is used to calculate onestepahead 
predictors of the remaining half data points in order to estimate the squared prediction 
error for each realization, as done by Akaike (1979). At the end, the average squared 
prediction error over the 100 realizations is calculated. 
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A first remark is that the results are different according to the V^-form and the 
estimation method used to evaluate the criteria. To illustrate this fact, Table 4.2 
presents the frequency of order selection in 100 realizations with 200 observations of 
the INAR(3) model, Xt = 0.6 * Xt-i + 0.1 * X t_2 + 0.1 * Xt^3 + et, where et ~ Vo(l), 
with a maximum cut-off 5, for the three criteria, Vp-forms and estimation methods. 
Boldface type indicates when the maximum frequency corresponds to the true order, 
p = 3, for each case. 

It is seen that the criteria calculated by using Vp
(1) present the highest frequency for 

an incorrect order. The same happens for the criteria computed through the VP\VP 

and Vp®1, although in these cases the frequencies are not so concentrated in the first 
order as for Vp

{x). The FPE criterion using Vp
{3) and the AICC criterion obtained 

from Vp
2) and Vp

(3) exhibit the highest frequency for the true order. Note that the 
criteria obtained by using the estimation methods based on high-order statistics select 
frequently an incorrect order. 

However, it is important to remark that for this model, the largest coefficient value 
is o;i = 0.6, which induces the criteria to select the first order, as also happens with 
the usual criteria in the AR context. This is the reason why the frequencies of order 
selection are so low for all the cases, even when the higher frequency corresponds to 
the true order. If the sample size increases, the correct order is selected in the majority 
of cases. 

The analysis of the complete set of results obtained in the simulations performed, 
indicates that, in general, FPE is the criterion that presents lowest frequency of correct 
order selection. AICC and AIC have a better and similar performance (see Figure 4.1), 
although AICC is the best for the cases where the magnitude of the parameter values 
is different and the largest coefficient does not correspond to the "position" of the 
true order in the autoregressive polynomial. Figure 4.1 presents the average, over 
the 100 realizations, of the values of the criteria, more precisely exp(FPE), AIC and 
AICC, for the orders p = 0 , . . . , 10, evaluated by using Vp

{3) obtained by constrained 
Whittle estimation (WHT_C) in of 200 observations of the INAR(3) process Xt = 
0.6 * Xt-i + 0.1 * Xt-2 + 0.1 * Xt-3 + et, where et ~ Vo(l). Although the curves 
representing the average of AICC and AIC criteria have identical shape, the minimum 
of the average value is different: p = 3 for the former and p = 2 (an incorrect order) 
for the latter. Note that the figure represents the average of the exponential of FPE 
for scale reasons. 

The highest frequencies for a correct order selection are obtained when the criteria 
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vP-
form 

Estimation 
method 

F P E AIC AICC vP-
form 

Estimation 
method 0-1 2 3 4 5 0-1 2 3 4 5 0-1 2 3 4 5 

YW 94 0 2 3 1 96 0 2 2 0 94 0 2 3 1 
CLS 91 0 3 2 4 92 0 3 2 3 91 0 3 2 4 

CLS C 100 0 0 0 0 100 0 0 0 0 100 0 0 0 0 
WHT 94 0 3 3 0 94 0 3 3 0 94 0 3 3 0 

T4(1) WHT C 91 0 1 1 7 91 0 1 1 7 91 0 1 1 7 
LS HOS 30 3 13 21 33 31 5 14 20 30 33 5 16 16 30 
TOR lb 21 2 5 25 47 26 9 11 19 35 32 7 11 17 33 
TOR 2b 15 4 7 21 53 26 5 13 20 36 30 7 13 15 35 
T O R _ 4 b 16 5 7 23 49 23 11 11 23 32 28 9 9 21 33 

YW 21 30 26 15 8 32 32 25 9 2 21 32 26 13 8 
CLS 22 25 22 19 12 32 28 25 10 5 24 25 26 16 9 

CLS C 25 32 34 6 3 35 31 30 3 1 28 29 36 5 2 
WHT 14 28 17 13 28 18 29 16 12 25 14 29 17 12 28 

vi2) WHT C 16 28 17 14 25 20 29 16 13 22 18 26 17 14 25 
LS HOS 0 5 21 32 42 0 6 21 32 41 0 6 21 32 41 
TOR lb 19 17 22 18 24 20 21 20 17 22 18 18 22 17 25 
TOR 2b 20 15 21 22 22 28 15 22 23 12 24 12 24 24 16 
T O R _ 4 b 25 20 16 23 16 26 18 19 23 14 26 18 16 22 18 

YW 19 28 27 15 11 28 32 26 9 5 19 30 30 13 8 
CLS 19 28 31 15 7 27 31 27 10 5 19 30 31 14 6 

CLS C 22 32 36 6 4 32 32 29 4 3 22 33 35 6 4 
WHT 23 31 35 7 4 30 32 30 5 3 23 32 35 7 3 

Vp WHT C 25 31 36 4 4 36 30 28 4 2 27 32 34 4 3 
LS HOS 30 35 24 7 4 37 35 20 5 3 32 34 23 7 4 
TOR lb 61 24 12 2 1 63 24 10 2 1 61 24 12 2 1 
TOR 2b 57 27 14 1 1 60 24 15 0 1 57 27 14 1 1 
T O R _ 4 b 60 19 15 4 2 63 18 13 4 2 60 19 15 4 2 

vp WHT 24 36 30 9 1 29 38 30 3 0 24 39 29 8 0 
Vp W H T _ C 33 31 20 13 3 40 30 18 10 2 33 31 21 13 2 
Vp YW 21 30 26 15 8 32 32 25 9 2 21 32 26 13 8 

Table 4.2: Frequency of order selection in 100 realizations with 200 observations of the 
INAR(3) model: Xt = 0.6 * Xt-\ + 0.1 * X t_2 + 0.1 * Xt_3 + et, where et ~ Vo{l). 

use the Vp -form calculated with WHT_C parameter estimates. This form of 
Vp obtained by the estimation methods based on high-order statistics, specially for 
LS_HOS, also gives a high frequency of order selection for the true order. It is 
also important to refer that, in general, the criteria present good results when Vp is 

,(6) obtained directly by YW and WHT estimation methods, i.e., Vp ' and Vp rather than 
evaluated through the respective estimates. For the constrained Whittle estimation 
method, the results are similar in the two cases. 

Thus, hereinafter the only automatic criterion considered is AICC criteria calculated 
by using Vp ' obtained by constrained Whittle estimation, WHT_C, that is 

AICC(p) = AT log(Vl^) + N 1
/

+ P / / i V
/ , yFJ BV p ' l-(p + 2)/N, (4.18) 
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Figure 4.1: Average criteria values in 100 realizations of the INAR(3) process: Xt = 
0.6 *X t - i + 0.1 *X t-2 + 0.1 *X t_3 + et, where et ~ Vo(l), A = 200. Minimum average 
values are represented by o. 

where 

K(3) = Var Xt y^.àjXt A 
i= l 

,t = p+l,...,N, 

and ai, for i = 1 , . . . ,p, and A are WHT_C estimates of the parameters. 

Table 4.3 exhibits the frequency of orders selected by the criterion in 100 realizations 
of the following Poisson INAR(p) processes, 

• Model I: Xt = et,X = 1.0, A = 60, 

• Model ll:Xt = 0.1 * X t_i + et, A = 1.0, N = 500, 

• Model IILXt = 0.1 * Xt-X + et,X = 3.0, Â  = 500, 

• Model IV:X t = 0.5 * Xt-i + et,X = 1.0, N = 100, 

• Model IV:Xt = 0.5 * Xt-i + et, A = 1.0, A = 200, 

• Model V:Xt = 0.9 * X t - i + et, A = 1.0, N = 60, 

• Model V:Xt = 0.9 * X t_! + et, A = 1.0, A = 200, 

• Model VI: Xt = 0.1 * Xt-i + 0.6 * At_2 + et, A = 1.0, A = 60, 

• Model VII: Xt = 0.1 * Xt-x + 0.6 * A t_2 + et, A = 3.0, A = 60, 
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• Model VIII: Xt = 0.6 * Xt-i + 0.1 * Xt_2 + et,X = 1.0, N = 200, 

• Model VIII: Xt = 0.6 * Xt-i + 0.1 * Xt_2 + et, A = 1.0, N = 500, 

• Model IX: Xt = 0.1 * AVi + 0.1 * AV2 + 0.6 * Xt_3 + ef, A = 1.0, N = 60, 

• Model X: Xt = 0.1 * AVi + 0.6 * Xt_2 + 0.1 * X t_3 + et,X = 1.0,N = 500, 

• Model XI: Xt = 0.6 * Xt-i + 0.1 * Xt-2 + 0.1 * ÁV3 + eÍ5 A = 1.0, N = 500. 

Two different maximum order cut-offs are presented: ord_max=5 and ord_max=10. 
Boldface type indicates maximum frequency for each case. 

ord_max=5 ord max=10 
Model N P 0 = (ai,...,ap,\) 0 1 2 3 4 5 0 1 2 3 4 5 6-10 

I 60 0 (1.0) 90 3 4 1 0 2 87 3 4 1 0 2 3 
I I 
I I I 
IV 
IV 
V 
V 

500 
500 
100 
200 
60 

200 

1 
1 
1 
1 
1 
1 

(0.1, 1.0) 
(0.1, 3.0) 
(0.5, 1.0) 
(0.5, 1.0) 
(0.9, 1.0) 
(0.9, 1.0) 

34 50 7 6 2 1 
35 49 9 3 2 2 
0 75 13 7 5 0 
0 87 8 4 1 0 
0 86 7 3 3 1 
0 92 4 4 0 0 

34 50 6 5 2 0 3 
34 48 9 3 2 2 2 
0 75 13 7 4 0 1 
0 87 8 4 1 0 0 
0 86 7 3 3 1 0 
0 92 4 4 0 0 0 

V I 
V I I 

V I I I 
V I I I 

60 
60 

200 
500 

2 
2 
2 
2 

(0.1, 0.6, 1.0) 
(0.1, 0.6, 3.0) 
(0.6, 0.1, 1.0) 
(0.6, 0.1, 1.0) 

1 0 90 5 4 0 
3 0 88 8 0 1 
0 59 28 8 3 2 
0 25 58 10 4 3 

1 0 90 4 4 0 1 
3 0 88 8 0 1 0 
0 59 28 8 3 1 1 
0 25 57 10 4 2 2 

IX 
X 
X I 

60 
500 
500 

3 
3 
3 

(0.1, 0.1, 0.6, 1.0) 
(0.1, 0.6, 0.1, 1.0) 
(0.6, 0.1, 0.1, 1.0) 

1 0 0 88 8 3 
0 0 19 64 12 5 
0 0 13 69 14 4 

1 0 0 87 8 3 1 
0 0 19 63 12 4 2 
0 0 13 68 13 4 2 

Table 4.3: Frequency of order selection by AICC, defined by (4.18), in 100 realizations of 
Poisson INAR(p) processes. 

As a general remark, the frequency of correct order selection increases with the sample 
size, as can be seen for the models IV and V. In all cases, the value of the maximum 
cut-off has not influence in the order selected. It is also found that the value of the 
Poisson parameter, A, does not modify the frequency of order selection (models II-III 
and VI-VII). It can be observed that, in the cases where the higher frequency of order 
selection does not correspond to the true order, the criterion tends to choose a smaller 
order. 

Note that given a sequence of independent and identically distributed random variables 
of a Poisson distribution, which can be considered as an INAR(0) process, the criterion 
selects the true order, even for a small sample size (N — 60), as can be seen in model 
I: 90% for a maximum order 5 and 87% for a maximum order 10. 
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For the INAR(l) processes, in the models I I and III, the frequency of selection of the 
correct order is around 50%, even when a large sample size (N = 500) is considered. 
On the other hand, when a = 0.9, in model V, the frequency of order selection for 
the true order is highest, even for small sample size: 86% for N = 60. For the model 
IV, the criterion chooses the correct order most time. 

For the INAR(2) processes, the frequency of the correct order is 90% for the model 
VI and 88% for the model VII, even for a small sample (N = 60). It is due to the 
magnitude difference between the coefficients values, being the largest value associated 
with the second "position" in the autoregressive polynomial: a2 — 0.6. Note that for 
the model VIII , the value of the coefficients is the same that for model VI but in 
a different order. When N = 200, the highest frequency is for an incorrect order 
(59% for p = 1) and only incresing the sample dimension is obtained 58% and 57% of 
frequency to the correct order, respectively for a maximum order 5 and 10. 

Finally, for for INAR(3) processes, although the higher frequency is on the true order 
and for the models X and XI the sample size is large (N = 500), the values of the 
frequencies are low due to the difference of magnitude between the coefficients and 
the position of the large value. 

However, according to Akaike (1979), the frequency of correct order determination is 
not necessarily a good criterion for the goodness of a model fitting procedure and, so, 
the same author proposed the one-step-ahead prediction error variance as a measure of 
fit. Therefore, the second validation of the results of the Monte Carlo study consists 
in estimate the one-step-ahead prediction error variance. Accordingly, for all the 
realizations and for each combination of selection criteria, estimation methods and 
Vp-forms, the first half of the generated sample is used to make one-step-ahead 
predictions of the second half and, then, the mean square prediction error and its 
average, over the 100 realizations, are evaluated. 

Thus, let x[k) be the kth realization, p(k) the order selected in the kth realization, 
ôF^k\ i = 1 , . . . ,p(k), the corresponding estimates of the ith coefficient and Ap(fc) the 
estimate of the innovations mean for the selected model in the kth. realization. An 
estimator of the mean square prediction error for the kth. (k = 1,..., 100) realization 
is (Akaike, 1979) 

2 

(4.19) 
i = l 

1 N 

EQM(A0 = - ] T 
t = i 

P(k) 

where N is the number of observations used for prediction, i.e., N = 60,100,200 and 



118 4. ORDER SELECTION FOR INAR PROCESSES 

500. 

Model N P 9 = ( a i , . . . ,ap,\) EQM vP 
I 60 0 (1.0) 1.0271 1.0 
II 
I I I 
IV 
IV 
V 
V 

500 
500 
100 
200 
60 

200 

1 
1 
1 
1 
1 
1 

(0.1, 1.0) 
(0.1, 3.0) 
(0.5, 1.0) 
(0.5, 1.0) 
(0.9, 1.0) 
(0.9, 1.0) 

1.1066 
3.3755 
1.5073 
1.5033 
2.1624 
1.9066 

1.1 
3.3 
1.5 
1.5 
1.9 
1.9 

VI 
VII 
VI I I 
VI I I 

60 
60 

200 
500 

2 
2 
2 
2 

(0.1, 0.6, 1.0) 
(0.1, 0.6, 3.0) 
(0.6, 0.1, 1.0) 
(0.6, 0.1, 1.0) 

2.2533 
6.9563 
2.1152 
2.1335 

2.1 
6.3 
2.1 
2.1 

IX 
X 
XI 

60 
500 
500 

3 
3 
3 

(0.1, 0.1, 0.6, 1.0) 
(0.1, 0.6, 0.1, 1.0) 
(0.6, 0.1, 0.1, 1.0) 

3.4868 
3.1595 
3.1468 

3.1 
3.1 
3.1 

Table 4.4: Average of EQM estimates, given by (4.19), for the models given in Table 
4.3, for a maximum order 5. 

Table 4.4 exhibits the average value, over the 100 realizations, of the mean square 
prediction errors for the models used in the Table 4.3 for the AICC criterion when 
is considered a maximum order 5 (for a maximum 10 the values are similar since the 
maximum cut-off does not influence the order selection). The last column shows the 
true value of Vp which represents the prediction mean square error, see (2.17). It is 
noticiable that the average values of EQM are closely related with the true Vp. Note 
that, in general, the EQM decreases with the increases of sample size, see for instance 
models IV and V. 

As a final remark, the results of this simulation study indicate that the problem of 
INAR order selection can be solved by using the AICC criterion calculated by using 
the WHT_C estimates to calculate Vp^\ as given in (4.18). This criterion has the 
same properties that the usual AICC, for instance, the maximum order considered to 
select the order of the data has no influence, the frequency of correct order selection 
increases with the sample size and, finally, the values of the coefficients of the model 
that generate the data, as well as their "position" in the autoregressive polynomial, 
affect the order selected by the criterion, specially for a small sample size. 



Chapter 5 

Replicated INAR(p) processes 

The essence of mathematics is not to 
make simple things complicated, but 
to make complicated things simple. 

S. GUDDER 

The aim of this chapter is to define and characterize the replicated INAR process, 
denoted by the acronym i?INAR(p), consisting in independent replications of count 
time series each modelled by the same INAR(p) process. The estimation methods 
presented in Chapter 3 are extended to the RÏNAR(p) context, namely Yule-Walker 
estimation, Conditional Least Squares estimation, Third-Order Recursion equations, 
Least Squares estimation based on High-Order Statistics and Whittle estimation. 
For the case of Poisson MNAR(l) processes, with binomial thinning operation, the 
Iterative Weighted Conditional Least Squares estimation method is also generalized. 
Finally, the asymptotic properties of the estimators are studied and their small sample 
performance is compared in a simulation study. 

5.1 Introduction 

Usually in time series analysis the inference is based on a single, long (or not so) 
time series. However, time series methodology is becoming more widely used in many 
areas of application where the available data consists of replicated series {Xkj : k = 
1 , . . . , r; t = 1,.. .,Nk}, which consist of measurements, counts or categorical response 
taken from several subjects (experimental units) over time and where the principal 

119 



120 5. REPLICATED INAR(p) PROCESSES 

interest is on the population characteristics rather than on the behaviour of each 
series. Examples can be found in biomedical research, biology and social science. 

The analysis of replicated time series when the inferential focus is on the dependence of 
the mean response on time, experimental treatment or other explanatory variables is 
well documented in the literature and usually referred to as longitudinal data analysis 
(Diggle and al Wasel, 1997). However, statistical analysis of replicated time series when 
the mean response is constant (or not of interest) and the inferential focus is on the 
stochastic variation about the mean has received little attention. Azzalini (1981, 1984) 
analyzed the maximum likelihood estimation of the parameters of independent short 
realizations (replicates) of first- and second-order Gaussian autoregressive stationary 
time series. Degerine (1987) has estimated, by maximum likelihood method, the 
autocovariance matrix of independent replicates of a Gaussian stationary time series. 
In addition, Hjellvik and Tj0stheim (1999) and Hjellvik et al. (2004) proposed a 
method for modelling panel time series with both inter- and intra-individual corre
lation, where the estimation is carried out by a conditional likelihood argument and 
by nonparametric method, respectively. 

Independent replicates of the same process can appear when a single series is observed 
in various locals (the locals being sufficiently apart to be treated as independent) or 
when treatments are applied to a number of individuals (behaving independently of 
the others) and the response is observed every time unit for each individual. In these 
cases, the observations within time series of each subject are assumed correlated, being 
the different subjects independent. 

A special case of replicated count series is considered by Silva et al. (2005 a), who 
study the Poisson replicated INAR(l) process and propose several estimation methods 
using the classical and Bayesian approaches. In the remainder of this chapter, a 
generalization of these models is proposed by considering independent replications of 
the same INAR(p) processes (MNAR(p)). 

5.2 RINAR(p) processes 

Consider a replicated time series data set {Xktt : k = 1 , . . . , r; t = 1 , . . . , N}, where 
Xktt denotes the kth time series observed at * = 1, 2 , . . . , N. The RINAR(p) model for 
the replicated time series {Xktt} is defined as 

Xk)t = a i * Xktt-i + a2 * Xk,t-2 + • • • + ap * Xk,t_v + ektt, (5.1) 
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where 

1. ^ > 0, for i = 1, . . . ,p — 1, and ap > 0[, 

2. {e^} is a set of i.i.d. nonnegative integervalued random variables with Eje^t] = 
He, Var[eM] = ae

2, E[ek/] = 7e and E[efc/] = Ke, 

3. * is the thinning operation defined as in (2.1), 
Xk,t-i 

®i * Xfc,ti = ^2 Yj!l\ i = l,-..,p,k = l,...,r, 
j=o 

where all the counting series are mutually independent, independent of the 
arrival process, {ek,t}, and such that E \YJy] = on, Var \Y>f ] = a2, E \Y>f ] = 7*, 

andE[^ ) 4]=^

For the i?INAR(p) process thus defined, the autocorrelation function, the spectral 
density function and the thirdorder moments and cumulants are the same that of the 
INAR(p) process, given in (2.10), (2.14) and Section 2.5, respectively. The stationarity 
condition is also Ylï= I on <1. 

The set of observations, consisting in r independent replicates, with N observations, of 
the same INAR(p) process, for a fixed and known order p, is denoted by the following 
observations matrix 

■^1,1 ^1,2 • • • XitN 

T 
>-r,N Xl,iV X2,Ar Xr,7V 

^2 ,1 ^2,2 X-2,N 
(5.2) 

Xr,i Xr^2 • • ■ XT^ 

The parameter vector of the process is 0 — [ a\ . . . av jj,e ae
2 ]T and the corre

sponding estimator is 9 = [ ã\ . . . âp fie ò\ ]T , which will be estimated from the 
observations matrix (5.2). 

5.3 Estimation methods 

5.3.1 YuleWalker estimation methods 

Let Rk(j) = }f J2t=i (Xk,t  Xk)(Xktt+j  Xk),j e Z, be the sample autocovariance 
function of the kth replicate, Xfc,n, where Xk = 4 Ylt-i ̂ "fc>* *s ^n e s a m P l e mean, and 
let pk(j) = Rk(j)/Rk(0) be the corresponding sample autocorrelation function. 
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The extra information brought on by the replicates is incorporated by averaging, over 
the replicates, the sample functions, obtaining the sample mean autocovariance and 
autocorrelation functions 

R(J) \ E &œ = Wr E E (**.« - **)(**,*« - **)> ?œ = | | | 
k=i fe=i í=i 

For a i?INAR(p) process with r replicates, the Yule-Walker (method of moments) 
estimator is obtained by replacing the theoretical autocovariance function by the 
sample mean autocovariance function in the Yule-Walker type equations given in 
(2.10). Then, the Yule-Walker estimator of â 
system of linear equations 

Oi\ ap ] satisfies the following 

Rp_iâ = r <=> 

50) 
R(l) 

R(l) 
R(0) 

R(p-1) R(p-2) 

R(p - 1) 

Rip ~ 2) 

5(0) 

ai \ RM } 
&2 

— 
R{2) 

. ®P . . Rip). 

(5.3) 

The estimators for jie and ae
2 are, respectively, 

P 

Ae =Xr,N I 1 — 2^i 
i=l 
V 

on 

r? =Vr X r,N 
i-1 

(5.4) 

(5.5) 

where Xr>N — jj^ Ylk=i S t= i Xk,t1S the overall sample mean, Vp = R(0)—^2^=1 âiR{i), 
and ôf is an estimator of the variance of the counting series for the i-th thinning 
operation, ai*Xk!t~i,i = 1,... ,p. The estimation of of depends on the distribution of 
the counting series, for instance, in the case of the binomial thinning operation (when 
the counting series are Bernoulli distributed), of = a;(l — âj), for i = 1 , . . . ,p. 

According to Du and Li (1991), for the Poisson IN AR processes, Rk(j) and Pk(j) are 
strongly consistent. Therefore, i?(j) and ~p{j) and consequently â are also strongly 
consistent estimators. Moreover, by the results of Section 3.3, the Yule-Walker esti
mators for the MNAR process are asymptotically unbiased normally distributed, with 
respect to N, 

^Nr ( â - a ) 4 JV(0P, V. ywjj 

where 0P is a p x 1 vector of zeros and V ^ is given in (3.17). Thus, as expected, the 
replicated observations lead to a variance reduction of the estimators of order 1/r. 
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5.3.2 Whittle estimation 

The use of the Whittle criterion in the INAR framework is justified, in Section 2.4.1, by 
demonstrating that the INAR processes belong to the class of non-Gaussian mixing 
processes. With respect to i?INAR(p) processes, it suffices to invoke the proof for 
INAR(p) processes since the i?INAR are independent repetitions of INAR processes. 

Thus, let xfcijv be the kth replicate of the i?INAR(p) process. The Whittle criterion 
for Xfc,jv is given in (3.21) by 

EK,) = ££(.og/M + ^ M ) ^ 
where /(•) is the spectral density function of the process, (2.14), 

flu) = ^ = o, —71" < LO < TT, 
2 7 r | l - E L i ^ e - ^ | 2 27r | i -^ = l a f c e-^r " " 

and h,N(') is the periodogram of the kth. replicate, given in (3.19) by 

h,N(u) 
2TTN 

N 
-iùjt £** *e 

í = i 

In order to carried out the information contained in the replicates, the sample mean 
periodogram, proposed by Diggle and al Wasel (1997) and defined by 

1 r 

r 
k=l 

is used. Then, the Whittle Criterion for r replicated INAR(p) processes is given by 

£(x^) = í f £ ( l o g / M + 7 R ) ^ 
and, once again, the Whittle estimator of 0 = [ o^ . . . ap ae

2 ]T is the value that 
minimizes L, 

0 = min{L(X7.iiV)}. 
0 

In practice, the Whittle estimator of 0 is obtained by minimizing the following discrete 
version of the criterion 

1 r ^ / r l \ \ [N/2] / ft \ \ 

***> 4 ? ? {lo^+-iSr)=* ? (l0S/(Wj)+7(3) ■ (5'6) 
fc=l j = l 
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where f(uj) is the value of the spectral density function of the MNAR process at 
the Fourier frequency LOJ = 2TXj/N, for j = 1 , . . . , [n/2] and Ï(COJ) is the sample mean 
periodogram ordinate in the same frequency. An estimator for jie can be obtained by 
(5.4), as in the Yule-Walker case. 

As is referred previously, Dzhaparidze and Yaglom (1983) proved the consistency 
and asymptotic normality of Whittle estimators for non-Gaussian mixing processes. 
However, the asymptotic variance of (0 — 6) is very difficult to calculate since it 
depends on the fourth-order cumulant spectral density function of the process. 

5.3.3 Third-Order Recursion Equations 

The estimation method based on the Third-Order Recursion (TOR) equations pro
posed in Section 3.5.1 can be easily extended to the replicates framework by considering 
that each replicate is a block. 

Thus, let Xfc;jv be the fcth replicate of the i?INAR(p) process and let 

N—m 

22 C*M ~~ Xk)(Xk,t+m - Xkf, m = 0,... ,p - 1, 

N-m 

2_j (Xk,t — Xk) (Xk,t+m — Xk)i m = 1) • • • )P; 

be the biased third-order cumulant estimators at lags (m, m) and (0, m), respectively, 
where Xk = 4 X/t=i Xk,t is the sample mean of the k-th replicate, k = 1 , . . . , r. 

As in the case of Yule-Walker estimation method, the additional information supplied 
by the replicates is incorporated by averaging, over the replicates, the sample third-
order cumulants, obtaining the sample mean third-order cumulants: 

Cx{m,m) 

Cx(0,m) 

Then, the TOR estimator for the coefficients vector, a , of the MNAR(p) process is 

Cx (m,m) = 

C{x\0,m) = 

= ~ 5 Z ^ ^ m ' m ) ' rn = 0,...,p-l, 
fc=i 

= lÍ2òx(°>m)> rn = l,...,p. 
k=l 
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obtained by solving, in order to the coefficients, the following system of linear equations 

Cx(0,0) Cx(l,l) 
CX(0,1) cx(o,o) 

_Cx(0,p-l) Cx(0,p-2) 

Cx(p-l,p-l) 
Cx(p-2,p-2) 

ë * (0,0) 

ai 

an 

Cx(0,l) 
Cx(0,2) 

Cx(0,p) J 

■ (5-7) 

The estimators for /j,e and ae
2 can be obtained by (5.4) and (5.5), as in YuleWalker 

estimation method. 

The finite sample properties of the TOR estimators will be investigated by the simu

lation study of the Section 5.4. 

5.3.4 Least Squares estimation based on HighOrder Statistics 

Let xfeiAT be the kth replicate of the i?INAR(p) process and let 

.. N-m 

ji{x\m,m) = — ^2 Xk,tXk,t+m m = 0,...,p-l, 

ï^x (0»m) =  ^ Xk!t
2Xkjt+m, m = 1,...,p, 

í= i 
N-m 

t=\ 

be the biased thirdorder moment estimators at lags (m,m) and (0,m), respectively, 
for k = 1, . . . ,r. 

As previously, the further information added by the replicates is incorporated by 
averaging, over all the replicates, the sample moments, obtaining the sample mean 
third-order moments 

1 r 

JIx(m,m) = -^2fi{p(m,m), m = 0, . . . , p  l , 
r k=l 

1 T 

te(M) = - S A ( M ) , m=l,...,p. 

(5.8) 

(5.9) 
fc=i 

Then, as in the case of a single INAR(p) process, consider that is fitted to the set of 
replicates a model with thirdorder moments given by H6, where 

H = [M3,x M0)1P], 
9 = [ Oil ■■■ ap lle ] T , 
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where px{0) is the second-order moment of the process, given as in (2.21), lp is a 
p x l vector of ones and M3;x is a p x p non-symmetric Toeplitz matrix of third-order 
moments, defined by 

M 0 , 0 ) tixQ.,1) ••• iiX{p-l,p-l) 
/xx(0,l) (ix{0,0) ... nx{p-2,p-2) 

M 3,X 

fiX(0,p-l) Vx{0,p-2) . . . Mx(0,0) 

Let 
Ms,x = [ Mx(0,l) ••• fiX{0,p) }T 

be a vector of the third-order moments of the process. It can be seen that the squared 
error between the third-order moments of the fitted model, H0, and the third-order 
moments given by the data, / / 3 X , is given by 

The estimator of the parameters is obtained by minimizing this squared error on 
third-order moments. 

In practice, the Least Squares estimator, based on High-Order Statistics (LS_HOS), 
is calculated by minimizing the sample version of the error, i.e. 

0 = min{L*(0)} = min{(7x3;X - H6)1 (/Z3>x - KO)}, (5.10) 

with 

^3,X 

H = 

7^(0,1) ••• MO,P) 

Jtx(0,0) ^ ( M ) 
7^(0,1) JIX (0,0) 

T 

frr(0,p-l) -px(0,p-2) 

MX(0) = ; E A ? ( 0 ) : 

Pxip-hp-l) nx(0) 
7 ^ x ( p - 2 , p - 2 ) Px(Q) 

Jix(0,0) Ux(0) 

N 
2 

,t , 

where 

fc=i fc=i t= i 

is the sample mean second-order moment of the process in the lag 0, and Jix(m,m) 
and ~px(0,m) are given by (5.8) and (5.9), respectively. 

Note that an estimator for ae
2 can be obtained by (5.5), as in the Yule-Walker case. 

The small sample properties of the LS_HOS estimators will be investigated by the 
simulation study of the Section 5.4. 
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5.3.5 Conditional Least Squares estimation 

An extension of the Conditional Least Squares estimation, from Klimko and Nelson 
(1978), for the Poisson MNAR(l) process is proposed by Silva et al. (2003). In this 
section, this method is generalized for the .RINAR(p) process. 

Thus, let Xfc(jv be the kth replicate of the i?INAR(p) process and let Fk,t = ^{X^i, ■ ■ ■, 
Xk,t) be the aalgebra generated by {A fc)1,..., X ^ } . Then 

p 

g(Q, Fk,t-i) = E[Xk,t\Fk,t-i] = 2_j aiXk,t-i + [ie, 

is the conditional mean of Xk,t given F^t-i- The CLS estimator of the parameter 
vector 9 of the MNAR(p) process is obtained minimizing 

r N 

Q(fl) = E E {Xk,t-g{e,Fk,t^)f 
fc=lt=p+l 

r N / p \ 2 

= E E
 Xk

>*-E
aiX

^->-M ■ (
5
-

n
) 

fe=lt=p+l \ i-1 J 
Note that an estimator for ae

2 can be obtained, as in the YuleWalker case, by (5.5). 

It can easily be seen that the function g and its partial derivatives satisfy all the 
regularity conditions of Theorem 3.1 in Klimko and Nelson (1978), as in the case of 
single INAR(p) process. Therefore, the CLS estimators for the MNAR(p) processes 
are strongly consistent. Moreover, assuming that E[|efc,i|3] < oo, by Theorem 3.2 of 
Klimko and Nelson (1978), it follows that the CLS estimator for the i?INAR(p) process 
are asymptotically normally distributed such that 

VNÏ (ë-e^A-M (op+i, v^wv1), 
where 0p+i is a (p + 1) x 1 vector of zeros and the entries of V and W are defined in 
(3.38) and (3.39), respectively. Also in this case, the variances of the estimators are 
reduced by a factor of 1/r due to the presence of the replicates. 

5.3.6 Iterative Weighted Conditional Least Squares estimation 
for the Poisson i?INAR(l) process 

Let xfc>jv be the A;th replicate of a Poisson MNAR(l) process, with fie = ae
2 = A, and 

binomial thinning operation. Let Ffc)i = T{Xk,\, ■ ■ ■, Xkjt) be the cralgebra generated 
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by {Xkti,..., Xk,t}- It can be easily proved that the conditional mean and conditional 
variance of Xk,t given Fk:t-i are, respectively, 

g(0, Xk,t-i) — ^[Xk,t\Fk,t-i] = aXk,t-i + A, 
V^XjM- i ) = Var[Xfc>t|Ffc|t_1] = a( l - a)Xk^ + A. 

As will be expected, there is a linear relationship between the conditional mean and 
variance of the process. Thus, it is considered the Iterative Weighted Conditional 
Least Squares, IWCLS, which is a quasi-likelihood estimation method, in the sense of 
Wedderburn (1974). 

The IWCLS estimator of the parameter vector 0 is obtained minimizing the sum of the 
squared error between each observation and its conditional mean, (Xfc)t—#(0, Xkít_i))2, 
weighted by the inverse of the conditional variance treated as known, \/V{0,Xk,t~i)-

Thus, the IWCLS estimator of 0 = [a A] minimizes 

fc=i i=2
 a U - a)Xk,t-i + A 

where à and A are consistent estimators, for instance, Conditional Least Squares 
estimators. 

Therefore, by cancelling the partial derivative of Qw in order to the parameters, the 
IWCLS estimators of a and A are given by 

r N \ / r N \ / r N \ / r N 

Z_^Z-^w I 1 2.^12.^1 w I I Z_^2_^ w I I Z_^2_^ w 
Kk=lt=2 J \k=lt=2 J \fc=li=2 / \fc=li=2 

O-IWCLS - —; — : — ; : ; — 
r N \ / r N \ / r N 

w 
vfc=l i=2 / \fc=l i=2 / \fc=lt=2 
EE^ ) ( E E ^ ) - ( EE: 

(5.12) 
r N r N 

r N~~ 
\ k=lt=2 k=l i=2 / c 1 0 N , 
MWCLS ;—^ , {Ò.1Ó) 

fe=l i=2 

where W = V(9,Xk,t-i) = âCLs{l - âcLs)Xk,t-i + ÂCLS-

The consistency and asymptotic normality of the IWCLS estimators for one replicate of 
the Poisson INAR(l) process can be extended to the IWCLS estimator in the Poisson 
MNAR(l) model framework. 
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5.4 Monte Carlo Results 

The purpose of the simulation study presented in this section is twofold: to study and 
compare the small sample properties of the different estimators and to assess the effect 
of the replicates in the estimates. 

Thus, 500 realizations of Poisson MNAR(p) processes, with binomial thinning opera
tion, 

Xk,t = ai* Xk,t-i H \-otp* Xk)t-P + ektt, 

where ek>t ~ Vo(X), are generated, for p = 1,2,3, k = 1 , . . . , r, and t - 1 , . . . , N. The 
number of replicates, sample size and parameters values considered are: 

- r = 1,10 and 20 replicates, 

- N = 25, 50,100 and 200 observations, 

- A G {1.0,3.0}, 

- for p = 1, ai G {0.1,0.4,0.6, 0.9}, 

- for p = 2, (au a2) E {(0.1, 0.6), (0.3, 0.4), }* U {(0.1, 0.1), (0.4, 0.4)}, 

- for p = 3, (e*i, a2, a3) G {(0.1, 0.1,0.4)}* U {(0.1,0.1,0.1), (0.3,0.3,0.3)}, 

where {•}* means the union of each n-tuples of the set with the n-tuples resulting of 
the permutations of their components, for instance {(a, b)}* = {(a, b), (b, a)}. 

For each realization, the following estimation methods are used to obtain 6 = [â\,..., 
âp, X]T: 

- Yule-Walker estimation (YW), 

- Conditional Least Squares estimation (CLS), 

- Constrained CLS estimation (CLS_C), 

- Whittle estimation (WHT), 

- Constrained WHT estimation (WHT_C), 

- Least Squares estimation using High-Order Statistics (LS_HOS), 
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- Constrained LS_HOS estimation (LS_HOS_C), 

- Third-Order Recursion estimation (TOR). 

In addition, when p = 1, the Iterative Weighted Conditional Least Squares estimation 
(IWCLS) is used. 

The YW estimates of c^, for i = 1 , . . . ,p, are obtained by solving the system (5.3) and 
A is calculated by using the equation (5.4). The CLS and CLS_C estimates of o>i, for 
% — 1 , . . . , p, and A are calculated from the unconstrained and constrained minimization 
of (5.11), respectively. The WHT and WHT_C estimates of c^, for i — l,...,p, 
and A are obtained from the unconstrained and constrained minimization of (5.6), 
respectively. For the TOR estimates, the ai, for i = 1 , . . . ,p, are calculated by solving 
the system given in (5.7) and A is computed by using the equation (5.4). Finally, the 
LS_HOS and LS_HOS_C estimates of ctj, for i = 1 , . . . ,p, and A are evaluated from 
the unconstrained and constrained minimization of (5.10). Further, for the i?INAR(l) 
process, the Iterative Weighted Conditional Least Squares estimates (IWCLS) of a and 
A are obtained from the normal equations (5.12) and (5.13). The initial values of the 
iterative methods (CLS, CLS_C, WHT, WHT_C, LS_HOS and LS_HOS_C) are 
the YW estimates. The unconstrained and constrained minimizations are performed 
as indicated in Section 3.7. 

For each case, the following sample statistical measures are evaluated: mean bias, 
variance, mean square error and univariate and multivariate measures of skewness 
and kurtosis (for definition see Section 3.7). 

Numerical results are presented in Tables 5.1 to 5.4 and Figures 5.4 to 5.6, which 
illustrate well the following overall conclusions. 

Sample mean biases, variances, mean square errors and skewness (in absolute value) of 
the estimates decrease both with the sample size, N, and the number of replicates, r, in 
agreement with the asymptotic properties of the estimators: unbiasedness, consistency 
and symmetry. An important characteristic of fflNAR process is that for a fixed 
number of observations, even a small one as N = 25 or N = 50, if the number of 
replicates increases then the estimates become more accurate. 

Absolute sample biases are large for large values of a^ and A. In general, ãi(i = 1 , . . . ,p) 
present negative sample mean biases, indicating that a is underestimated. Conversely, 
the sample mean bias of A is generally positive. Thus, A is overestimated. Note that 
the sample variances are close to the corresponding mean square errors, indicating 
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small biases of the estimators. It is found that the sample univariate measure of 
skewness is generally positive for A, whilst there is no a predominant signal in this 
measure for âj (i = 1 , . . . ,p). 

The YW estimates often present the lowest sample variance and mean square error, but 
the sample mean biases are larger than some of the other estimates. When the number 
of observations for replicate is small (N < 50) the unconstrained and constrained WHT 
and LS_HOS estimators are the more precise, in terms of the statistical measures 
evaluated. 

In general, the hypothesis of multivariate normality, evaluated by the sample multivari
ate kurtosis, is not rejected, except for TOR estimates and Nr < 500. Conversely, the 
multivariate sample measure of skewness is significative even when the set of available 
observations is large (Nr > 1000), considering a significance level of 5%. 

Tables 5.1 to 5.3 present the numerical results obtained for three MNAR(l) processes 
with parameter values a = 0.1,0.6,0.9, and A = 1.0, for two replicates number, r = 
1,20, and sample sizes, N = 50,200. The sample mean bias, sample variance, mean 
square error, univariate and multivariate sample measures of skewness and kurtosis 
are exhibit for YW, CLS, CLS_C, IWCLS, WHT, WHT_C, LS_HOS, LS_HOS_C 
and TOR estimates. Figures 5.1 to 5.3 exhibit the the boxplots of the sample bias for 
the estimates. The boxplots indicate that the marginal distributions of the estimators 
are, generally, symmetric. However, for small sample sizes and few replicates there 
is evidence of departure from symmetry in the marginal distributions, specially for 
values of the parameters near the non-stationary region. 

The YW, LS_HOS and LS_HOS_C estimates for a exhibit, in general, negative 
sample biases, whilst for A shows positive sample biases, indicating that a is under
estimated and A is overestimated. It also can be seen that TOR estimates present 
higher sample mean bias, variance and mean square error, followed by the LS_HOS 
and LS_HOS_C estimates. The sample mean bias of IWCLS estimates is the lowest, 
specially if Nr > 1000. If a < 0.5 the LS_HOS_C estimates show the lowest sample 
variance for â, for the remainder values, IWCLS presents the lowest variance and 
mean square error for the a estimates. For A, the WHT_C estimates exhibit the 
small sample variance and mean square error. The hypothesis of asymptotic symmetry 
in the joint distribution of the estimates is often rejected (with significance level of 
0.05), specially for a values close to the non-stationary region, Nr < 500 and TOR 
estimates. On the other hand, the hypothesis of multivariate normality, evaluated by 
the sample multivariate kurtosis, is usually not rejected, except when a is close to the 
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non-stationary region and Nr < 250. 

For MNAR(2) processes, Figures 5.4 and 5.5 exhibit the boxplots of the sample 
bias for the parameter estimates of two models with parameter values («1,02, A) = 
(0.1,0.6,3.0) and (ai,0!2,A) = (0.4,0.3,3.0), respectively, for a fixed number of ob
servations, N — 50 and two different number of replicates, r — 10, 20. The estimates 
presented is obtained by YW, CLS, CLS_C, WHT, WHT_C, LS_HOS, LS_HOS_C, 
TOR_2B and TOR_6B. The sample statistical measures are exhibit in Tables 5.4 and 
5.4. 

Once again, the TOR estimates show the higher dispersion, although it decreases 
as the replicate number increases. The CLS_C estimates present the lowest sample 
mean biases, variances and mean square errors, followed by CLS and WHT_C. The 
boxplots indicate that the marginal distributions of the estimators are, generally, 
symmetric. Usually, at a significance level of 5%, the multivariate measure of skewness 
is significative, for all the methods and for Nr < 1000, and the multivariate measure 
of kurtosis is not significative, except for the TOR and LS_HOS_C estimates. 

To illustrate the results obtained for i?INAR(3) processes, Figure 5.6 shows the graph
ics of sample mean bias, as a function of the sample size, for the parameter estimates 
obtained in 500 realizations of the MNAR(3) model with parameters («i, a2, a3, A) = 
(0.3,0.3,0.3,1), for a fixed number of replicates, r = 10. The estimation methods 
presented are YW, CLS, WHT, LS_HOS and TOR. The numerical results of the 
sample statistical measures, for all the estimation methods presented, are exhibited in 
Table 5.4. 

It is verified that the mean sample bias decreases as N increases, except for the TOR 
estimates, which present an unusual behaviour. The constrained and unconstrained 
CLS estimates and the constrained WHT estimates exhibit the smallest sample mean 
biases, variances and mean square errors. 

The results of this simulation study indicates that the existence of replicates, even 
with a small sample size (TV = 25 or N = 50), leads to more accurate estimates. 
With respect to the properties of the estimation methods in the iilNAR context, the 
conclusion are the same as in Chapter 3. 
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YW 
i i i i i 

CLS +^ - DO- - *+ 
CLS_C +^-DD-- *+ 
IWCLS +^ - CO - «-+ 

WHT +- - GO- - *+ 
WHT_C -»- - GO- - *+ 

LSJHOS *- - DO- - H 

LS_HOS_C H-DO-- + 
TOR -+HH 1 1 1 1 * 

YW +-m-* 
CLS ^ L L V ^ 

CLS_C i- ffl- * 

IWCLS ^DLV + 
WHT -H-CLVH-

WHT_C ^ 0 0 - H -

LS_HOS -^£CM+ 
LS_HOS_C -w-LÏH+ 

TOR +*- - CD- - H-+ 
i i i i i 

-0.2 -0.1 0 0.1 
Bias(cc) 

+ -H C O w* 
+ H - ^ Q ,+ 
+ H - ^ Q ,+ 

+ ^ - ^ T ] '+ 
i CDO HH 

i D O I-H-H 

+ i C O HH-

-n CCI * 
H - - - - DCCD- - - : 

■#- -CD- - * 
+ - -CD- -H-+ 

-H- -Q] - -H- + 

■H- -CD- -H--H-

+ ■ - - □ 0 - - * 
+ ^ - D C - - ^ 

+- -CD- - * 
■H CD ■ * 

++- - on- - ' + 

H + 

N = 50 

N = 200 

0.2 -0.2 -0.1 0 0.1 
Bias(A,) 

0.2 

Figure 5.1: Boxplots of the sample bias for the estimates obtained in 500 realizations 
of the MNAR(l) model: Xkjt = 0.1 * Xkj-i + ek,t, where ek,t ~ ?Ml)> f° r a fixed 
number of replicates, r = 20. 
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measure r JV Y W CLS CLS C IWCLS W H T W H T C LS H O S LS H O S C T O R 

Bias(ã) 
1 50 

200 
-0.0202 -0.0310 -0.0031 -0.0362 -0.0083 0.0132 -0.0308 0.0070 -0.0462 
-0.0118 -0.0026 0.0009 -0.0027 0.0025 0.0054 -0.0134 -0.0065 -0.0047 Bias(ã) 

20 50 
200 

-0.0256 -0.0022 -0.0022 -0.0021 -0.0032 -0.0032 -0.0227 -0.0213 -0.0322 
-0.0060 -0.0013 -0.0013 -0.0012 -0.0013 -0.0013 -0.0052 -0.0049 -0.0096 

Var(â) 
1 50 

200 
0.0205 0.0198 0.0116 0.0311 0.0205 0.0134 0.0218 0.0111 0.1178 
0.0046 0.0058 0.0048 0.0058 0.0058 0.0050 0.0051 0.0041 0.0184 Var(â) 

20 50 
200 

0.0011 0.0011 0.0011 0.0011 0.0012 0.0012 0.0012 0.0011 0.0043 
0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0010 

MSE(â) 
1 50 

200 
0.0209 0.0207 0.0116 0.0324 0.0205 0.0136 0.0228 0.0111 0.1197 
0.0048 0.0058 0.0048 0.0058 0.0058 0.0050 0.0053 0.0042 0.0184 MSE(â) 

20 50 
200 

0.0018 0.0011 0.0011 0.0011 0.0012 0.0012 0.0018 0.0016 0.0053 
0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0011 

Skew(â) 
1 50 

200 
-0.1556 0.1700 0.9652 -4.5838 0.1606 0.8425 -0.0422 0.8946 -2.1724 
0.2253 -0.0090 0.3962 -0.0453 -0.0045 0.3727 0.3139 0.6306 0.0380 Skew(â) 

20 50 
200 

0.0219 0.0280 0.0280 0.0032 0.0452 0.0448 -0.0470 0.0425 0.0232 
-0.1146 0.1975 0.1975 0.1878 0.1672 0.1671 -0.0579 -0.0362 0.2083 

Kurt(â) 
1 50 

200 
2.9745 2.5807 3.0578 63.1172 2.6379 2.8784 2.9284 3.2657 35.9375 
3.2645 2.9392 2.5473 2.9148 2.9535 2.5401 3.3099 3.2128 2.8424 Kurt(â) 

20 50 
200 

2.8363 2.9102 2.9103 2.9433 2.9258 2.9240 2.8161 2.6993 3.1154 
2.9168 2.8876 2.8876 2.8647 2.8149 2.8147 3.1995 3.1561 3.2132 

Bias(/ie) 
1 50 

200 
0.0215 0.0318 0.0014 0.0378 0.0186 -0.0027 0.0173 -0.0770 0.0463 
0.0182 0.0011 -0.0028 0.0013 -0.0002 -0.0034 0.0176 -0.0002 0.0035 Bias(/ie) 

20 50 
200 

0.0239 -0.0016 -0.0016 -0.0017 -0.0019 -0.0018 0.0250 0.0215 0.0319 
0.0063 0.0003 0.0003 0.0002 0.0002 0.0002 0.0066 0.0056 0.0096 

Var(íle) 
1 50 

200 
0.0396 0.0442 0.0337 0.0611 0.0809 0.0723 0.0393 0.0286 0.1893 
0.0114 0.0118 0.0105 0.0118 0.0203 0.0192 0.0114 0.0102 0.0276 Var(íle) 

20 50 
200 

0.0022 0.0020 0.0020 0.0020 0.0035 0.0035 0.0022 0.0022 0.0061 
0.0006 0.0006 0.0006 0.0006 0.0010 0.0010 0.0006 0.0006 0.0014 

MSE(Ae) 
1 50 

200 
0.0399 0.0451 0.0337 0.0624 0.0811 0.0722 0.0395 0.0345 0.1911 
0.0117 0.0118 0.0105 0.0118 0.0202 0.0191 0.0117 0.0102 0.0276 MSE(Ae) 

20 50 
200 

0.0028 0.0020 0.0020 0.0020 0.0035 0.0035 0.0028 0.0027 0.0071 
0.0006 0.0006 0.0006 0.0006 0.0010 0.0010 0.0006 0.0006 0.0014 

Skew(Ae) 
1 50 

200 
0.4743 0.2856 0.0559 3.3878 0.5751 0.5504 0.4740 0.1313 3.7380 
0.2397 0.0900 -0.1715 0.1139 0.2533 0.1371 0.2345 0.0330 0.1137 Skew(Ae) 

20 50 
200 

0.0913 0.0701 0.0701 0.0720 0.2478 0.2472 0.0555 -0.0529 0.1451 
0.1084 0.0265 0.0265 0.0380 0.0102 0.0099 0.0813 0.0418 -0.1534 

Kurt(/Îe) 
1 50 

200 
3.6240 2.9338 2.8851 39.8020 3.4389 3.4201 3.6284 2.8352 53.8044 
3.0100 3.2191 2.7370 3.1774 3.1700 2.7643 3.0332 2.8396 2.9342 Kurt(/Îe) 

20 50 
200 

3.0909 2.7654 2.7654 2.8139 3.0168 3.0152 3.0637 2.9703 2.9025 
3.0694 3.2786 3.2786 3.2381 2.7152 2.7149 3.0549 3.0780 3.0710 

MVSkew 
(p-value) 

1 50 

200 

0.3429 0.3391 1.0640 23.7030 0.4393 1.1083 0.2889 1.1718 15.8991 
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0001) (0.0000) (0.0000) 
0.2302 0.0309 0.1719 0.0324 0.0894 0.2112 0.2750 0.5058 0.0977 
(0.0007) (0.6271) (0.0059) (0.6047) (0.1108) (0.0014) (0.0001) (0.0000) (0.0837) 

MVSkew 
(p-value) 

20 50 

200 

0.0236 0.0213 0.0213 0.0199 0.1047 0.1044 0.0355 0.0350 0.0875 
(0.7387) (0.7744) (0.7743) (0.7953) (0.0660) (0.0666) (0.5594) (0.5674) (0.1179) 
0.0547 0.0546 0.0546 0.0531 0.0341 0.0340 0.0955 0.1060 0.0680 
(0.3303) (0.3317) (0.3317) (0.3463) (0.5800) (0.5814) (0.0901) (0.0631) (0.2211) 

MVKurt 
(p-value) 

1 50 

200 

8.3681 8.2597 8.0061 72.6899 8.4177 8.5273 8.0958 7.9522 60.0779 
(0.3035) (0.4680) (0.9865) (0.0000) (0.2430) (0.1405) (0.7889) (0.8938) (0.0000) 
8.3112 8.0736 7.3641 8.0385 7.9810 7.2542 8.4748 8.5022 7.3792 
(0.3843) (0.8370) (0.0755) (0.9142) (0.9576) (0.0371) (0.1845) (0.1604) (0.0827) 

MVKurt 
(p-value) 

20 50 

200 

7.5645 7.4842 7.4842 7.5538 8.1490 8.1451 7.5843 7.5569 7.5481 
(0.2235) (0.1494) (0.1494) (0.2123) (0.6771) (0.6852) (0.2452) (0.2156) (0.2066) 
8.0133 8.0755 8.0755 7.9823 7.6235 7.6226 8.2903 8.3404 8.5963 
(0.9703) (0.8328) (0.8328) (0.9606) (0.2927) (0.2915) (0.4171) (0.3414) (0.0955) 

Table 5.1: Sample mean bias, sample variance, mean square error, univariate and 
multivariate sample measures of skewness and kurtosis with p-values (in brackets) for the 
estimates obtained in 500 realizations of the MNAR(l) process: Xkj = 0.1 * Xk,t-\ + £k,u 
where e M ~ Vo(l),r = 1,20, and iV = 50,200. 
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measure r N Y W CLS CLS C IWCLS W H T W H T C LS H O S LS H O S C T O R 

Bias(â) 
1 50 

200 
-0.0736 -0.0685 -0.0685 -0.0644 -0.0447 -0.0436 -0.0892 -0.0847 -0.4429 
-0.0207 -0.0163 -0.0163 -0.0143 -0.0113 -0.0113 -0.0251 -0.0247 -0.0888 Bias(â) 

20 50 
200 

-0.0480 -0.0026 -0.0026 -0.0025 -0.0127 -0.0127 -0.0472 -0.0487 -0.0828 
-0.0117 -0.0010 -0.0010 -0.0007 -0.0036 -0.0036 -0.0117 -0.0120 -0.0230 

Var(à) 
1 50 

200 
0.0160 0.0149 0.0149 0.0149 0.0159 0.0167 0.0172 0.0160 31.4726 
0.0034 0.0039 0.0039 0.0036 0.0040 0.0040 0.0037 0.0035 0.0708 Var(à) 

20 50 
200 

0.0008 0.0007 0.0007 0.0007 0.0009 0.0009 0.0009 0.0008 0.0083 
0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0016 

MSE(d) 
1 50 

200 
0.0214 0.0196 0.0196 0.0190 0.0179 0.0186 0.0251 0.0232 31.6058 
0.0039 0.0042 0.0042 0.0038 0.0041 0.0041 0.0044 0.0041 0.0785 MSE(d) 

20 50 
200 

0.0031 0.0008 0.0008 0.0007 0.0011 0.0011 0.0031 0.0032 0.0152 
0.0003 0.0002 0.0002 0.0002 0.0002 0.0002 0.0003 0.0003 0.0021 

Skew(â) 
1 50 

200 
-0.6148 -0.2169 -0.2169 -0.2830 -0.2935 -0.1028 -0.5414 -0.5589 -16.3273 
-0.2874 -0.2609 -0.2609 -0.3508 -0.2695 -0.2693 -0.2839 -0.2920 -3.2831 Skew(â) 

20 50 
200 

-0.0497 -0.0320 -0.0320 -0.0925 -0.2511 -0.2512 0.0426 0.0014 -0.3831 
-0.1425 -0.4544 -0.4544 -0.4500 -0.4590 -0.4566 -0.1235 -0.1464 -0.2793 

Kurt(â) 
1 50 

200 
3.7231 2.8184 2.8184 2.8918 2.8875 3.3686 3.4326 3.5673 318.4952 
2.9550 3.7350 3.7350 3.6216 3.7265 3.7293 2.9369 2.9505 25.8426 Kurt(â) 

20 50 
200 

2.9921 3.2090 3.2090 3.0229 3.3066 3.3056 3.0142 3.0151 3.3184 
3.0413 3.2231 3.2231 3.1621 3.3528 3.3522 3.0566 3.0347 3.0885 

Bias(£e) 
1 50 

200 
0.1716 0.1539 0.1539 0.1438 0.0291 0.0292 0.1676 0.1506 1.5566 
0.0484 0.0386 0.0386 0.0335 0.0102 0.0102 0.0473 0.0461 0.2206 Bias(£e) 

20 50 
200 

0.1158 0.0029 0.0029 0.0027 0.0285 0.0286 0.1159 0.1227 0.2041 
0.0301 0.0032 0.0032 0.0024 0.0090 0.0090 0.0301 0.0313 0.0579 

Var(/ie) 
1 50 

200 
0.1182 0.1058 0.1058 0.1052 0.0696 0.0696 0.1179 0.1112 476.6522 
0.0218 0.0265 0.0265 0.0242 0.0163 0.0163 0.0217 0.0207 0.4596 Var(/ie) 

20 50 
200 

0.0054 0.0050 0.0050 0.0045 0.0038 0.0038 0.0054 0.0057 0.0536 
0.0013 0.0012 0.0012 0.0012 0.0008 0.0008 0.0013 0.0012 0.0099 

MSE(£ e) 
1 50 

200 
0.1474 0.1292 0.1292 0.1257 0.0703 0.0703 0.1457 0.1337 478.1220 
0.0241 0.0279 0.0279 0.0253 0.0164 0.0164 0.0239 0.0227 0.5073 MSE(£ e) 

20 50 
200 

0.0188 0.0050 0.0050 0.0045 0.0046 0.0046 0.0189 0.0207 0.0952 
0.0022 0.0012 0.0012 0.0012 0.0009 0.0009 0.0022 0.0022 0.0132 

Skew(/ie) 
1 50 

200 
0.8300 0.4274 0.4274 0.4982 0.6488 0.6486 0.8386 0.8966 18.8912 
0.3778 0.2957 0.2957 0.3351 0.3574 0.3577 0.3805 0.3975 3.3679 Skew(/ie) 

20 50 
200 

0.2334 0.0628 0.0628 0.1353 0.2280 0.2276 0.2400 0.2727 0.4736 
0.1890 0.3088 0.3088 0.3694 0.1080 0.1092 0.1901 0.1934 0.2293 

Kurt(/2e) 
1 50 

200 
4.1052 3.2277 3.2277 3.2990 3.4749 3.4776 4.1260 4.3401 392.5994 
2.8072 3.4984 3.4984 3.3577 3.1013 3.1011 2.8121 2.8868 26.6119 Kurt(/2e) 

20 50 
200 

3.0800 2.8798 2.8798 2.7672 3.2429 3.2429 3.0651 2.8641 3.5722 
2.8374 3.2254 3.2254 3.1878 2.8258 2.8226 2.8368 2.8202 3.0575 

MVSkew 
(p-value) 

1 50 

200 

1.1048 0.6803 0.6803 0.7135 0.6162 0.4910 1.1095 1.1271 465.3964 
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) 
0.2191 0.1792 0.1792 0.2028 0.1976 0.1977 0.2434 0.2391 13.0407 
(0.0010) (0.0045) (0.0045) (0.0019) (0.0023) (0.0023) (0.0004) (0.0005) (0.0000) 

MVSkew 
(p-value) 

20 50 

200 

0.0841 0.0583 0.0583 0.0729 0.1612 0.1609 0.1086 0.1200 0.6446 
(0.1320) (0.2971) (0.2970) (0.1894) (0.0088) (0.0089) (0.0577) (0.0388) (0.0000) 
0.0397 0.2128 0.2128 0.2247 0.2203 0.2183 0.0396 0.0460 0.1953 
(0.5021) (0.0013) (0.0013) (0.0008) (0.0010) (0.0010) (0.5034) (0.4238) (0.0025) 

MVKurt 
(p-value) 

1 50 

200 

9.5855 8.3864 8.3864 8.4500 8.2009 8.6607 9.4849 9.6420 521.1195 
(0.0000) (0.2801) (0.2802) (0.2085) (0.5744) (0.0648) (0.0000) (0.0000) (0.0000) 
8.0292 8.9962 8.9962 8.8027 8.8057 8.8117 8.0943 8.1005 36.4251 
(0.9349) (0.0054) (0.0054) (0.0248) (0.0243) (0.0233) (0.7921) (0.7789) (0.0000) 

MVKurt 
(p-value) 

20 50 

200 

7.8453 8.3209 8.3208 8.1397 8.5053 8.5046 7.6019 7.4492 9.4105 
(0.6655) (0.3698) (0.3698) (0.6961) (0.1578) (0.1584) (0.2658) (0.1237) (0.0001) 
8.4368 8.0413 8.0413 7.9698 8.1734 8.1711 8.5837 8.5925 8.1022 
(0.2221) (0.9081) (0.9081) (0.9328) (0.6280) (0.6325) (0.1028) (0.0977) (0.7751) 

Table 5.2: Sample mean bias, sample variance, mean square error, univariate and 
multivariate sample measures of skewness and kurtosis with p-values (in brackets) for the 
estimates obtained in 500 realizations of the i?INAR(l) process: Xk,t — 0.6 * Xk,t-i + efc,t> 
where ek,t ~ Vo{l),r = 1,20, and N = 50,200. 
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Figure 5.2: Boxplots of the sample bias for the estimates obtained in 500 realizations 
of the jRINAR(l) model: Xk,t = 0.6 * Xk,t-i + £k,u where ek;t ~ Vo(l), for a fixed 
number of replicates, r = 20. 
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measure r N Y W CLS CLS C IWCLS W H T W H T C LS H O S LS H O S C T O R 

Bias(â) 
1 50 

200 
-0.1014 -0.0805 -0.0805 -0.0799 -0.0397 -0.0471 -0.1190 -0.1148 0.1269 
-0.0251 -0.0191 -0.0191 -0.0191 -0.0129 -0.0125 -0.0297 -0.0283 1.40E+11 Bias(â) 

20 50 
200 

-0.0692 -0.0046 -0.0046 -0.0044 -0.0157 -0.0093 -0.0784 -0.0767 -0.0359 
-0.0151 -0.0006 -0.0006 -0.0005 -0.0048 -0.0048 -0.0176 -0.0171 -0.0501 

Var(â) 
1 50 

200 
0.0084 0.0090 0.0090 0.0091 0.0150 0.0127 0.0087 0.0084 13.1663 
0.0013 0.0012 0.0012 0.0012 0.0015 0.0015 0.0013 0.0013 9.83E+24 Var(â) 

20 50 
200 

0.0003 0.0002 0.0002 0.0002 0.0014 0.0016 0.0003 0.0003 7.8942 
0.0001 0.0001 0.0001 0.0000 0.0001 0.0001 0.0001 0.0001 0.0115 

MSE(â) 
1 50 

200 
0.0186 0.0154 0.0154 0.0154 0.0166 0.0149 0.0228 0.0216 13.1560 
0.0019 0.0016 0.0016 0.0016 0.0017 0.0017 0.0022 0.0021 9.83E+24 MSE(â) 

20 50 
200 

0.0051 0.0003 0.0003 0.0002 0.0016 0.0017 0.0065 0.0062 7.8797 
0.0003 0.0001 0.0001 0.0000 0.0001 0.0001 0.0004 0.0004 0.0140 

Skew(à) 
1 50 

200 
-0.7980 -1.0708 -1.0712 -1.0699 -0.3516 -0.6591 -0.7549 -0.7066 11.4530 
-0.5616 -0.6711 -0.6711 -0.6996 -0.0101 -0.1834 -0.5563 -0.5111 22.2935 Skew(à) 

20 50 
200 

-0.1300 -0.1648 -0.1648 -0.1982 2.6240 1.2712 -0.1238 -0.1253 8.1943 
-0.1339 -0.1846 -0.1846 -0.1975 -0.0710 -0.0719 -0.0890 -0.0678 -7.6512 

Kurt (d) 
1 50 

200 
3.2052 4.6049 4.6051 4.5311 3.2480 3.5031 3.1336 3.1433 195.4001 
3.0762 3.5655 3.5654 3.6988 5.4747 4.1922 3.0716 3.0958 498.0020 Kurt (d) 

20 50 
200 

2.7470 2.8564 2.8564 2.9136 15.4373 4.8779 2.7154 2.7191 182.9574 
3.1408 3.1777 3.1777 3.1077 2.8865 2.8876 3.1086 3.1011 86.2711 

Bias(Ae) 
1 50 

200 
0.9825 0.7700 0.7700 0.7630 0.2130 0.2080 0.9808 0.9333 -0.8138 
0.2467 0.1829 0.1829 0.1833 0.0367 0.0364 0.2463 0.2298 -1.23E+12 Bias(Ae) 

20 50 
200 

0.6928 0.0459 0.0459 0.0442 0.1804 0.1807 0.6920 0.6713 0.3644 
0.1499 0.0056 0.0056 0.0049 0.0459 0.0459 0.1496 0.1433 0.4993 

Var(/ie) 
1 50 

200 
0.9195 0.9200 0.9198 0.9282 0.1591 0.1569 0.9196 0.8942 869.8261 
0.1314 0.1309 0.1309 0.1288 0.0186 0.0185 0.1313 0.1318 7.61E+26 Var(/ie) 

20 50 
200 

0.0347 0.0220 0.0220 0.0211 0.0072 0.0075 0.0347 0.0339 771.3548 
0.0063 0.0053 0.0053 0.0050 0.0011 0.0011 0.0063 0.0064 1.1198 

MSE(A«) 
1 50 

200 
1.8829 1.5110 1.5109 1.5084 0.2042 0.1999 1.8797 1.7634 868.7453 
0.1920 0.1641 0.1641 0.1621 0.0199 0.0198 0.1917 0.1843 7.61E+26 MSE(A«) 

20 50 
200 

0.5146 0.0241 0.0241 0.0230 0.0398 0.0402 0.5135 0.4845 769.9449 
0.0288 0.0053 0.0053 0.0050 0.0032 0.0032 0.0287 0.0269 1.3669 

Skew(Ae) 
1 50 

200 
1.1407 1.0431 1.0437 1.0343 1.2031 1.1750 1.1409 1.0905 -7.2088 
0.5753 0.8179 0.8179 0.8535 0.3794 0.3725 0.5755 0.5145 -22.2935 Skew(Ae) 

20 50 
200 

0.0688 0.1767 0.1767 0.2121 0.3969 0.3526 0.0689 0.0739 -8.1901 
0.1760 0.2070 0.2070 0.2073 0.1329 0.1329 0.1765 0.1548 7.5169 

Kurt(Ae) 
1 50 

200 
4.4548 4.4639 4.4641 4.4081 5.3828 5.3114 4.4550 4.3973 129.2308 
2.9795 3.9532 3.9532 4.1400 3.2637 3.2676 2.9799 2.9921 498.0020 Kurt(Ae) 

20 50 
200 

2.6257 2.9854 2.9854 2.9977 3.1363 3.0402 2.6252 2.6285 178.9049 
2.9538 3.1727 3.1727 3.1666 3.3683 3.3689 2.9542 2.9532 83.7924 

MVSkew 
(p-value) 

1 50 

200 

2.9524 2.6657 2.6671 2.6973 1.5619 1.8226 2.3980 2.2998 348.5035 
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) 
1.6509 1.4519 1.4519 1.5675 0.3744 0.2829 1.5460 1.4539 498.8600 
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0001) (0.0000) (0.0000) (0.0000) 

MVSkew 
(p-value) 

20 50 

200 

0.0271 0.1750 0.1750 0.1784 7.0051 1.8290 0.0385 0.0372 111.5960 
(0.6839) (0.0053) (0.0053) (0.0047) (0.0000) (0.0000) (0.5177) (0.5362) (0.0000) 
0.0954 0.2573 0.2573 0.2572 0.0263 0.0265 0.1244 0.1242 68.4889 
(0.0904) (0.0002) (0.0002) (0.0002) (0.6960) (0.6942) (0.0332) (0.0334) (0.0000) 

MVKurt 
(p-value) 

1 50 

200 

11.5349 11.8818 11.8823 11.8936 10.7272 10.6228 10.5664 10.4791 477.1843 
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) 
10.0492 10.2960 10.2960 10.6308 11.1276 9.1769 9.9819 9.7700 499.2424 
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0010) (0.0000) (0.0000) (0.0000) 

MVKurt 
(p-value) 

20 50 

200 

7.6684 7.6364 7.6364 7.6975 19.7274 9.8326 8.0349 8.0440 414.4123 
(0.3539) (0.3095) (0.3095) (0.3978) (0.0000) (0.0000) (0.9224) (0.9020) (0.0000) 
8.0719 8.5011 8.5011 8.4608 8.3686 8.3711 8.1016 8.0836 115.5628 
(0.8407) (0.1614) (0.1614) (0.1978) (0.3028) (0.2996) (0.7764) (0.8153) (0.0000) 

Table 5.3: Sample mean bias, sample variance, mean square error, univariate and 
multivariate sample measures of skewness and kurtosis with p-values (in brackets) for the 
estimates obtained in 500 realizations of the MNAR(l) process: Xktt — 0.9 * X^t-i + &k,ti 
where ek,t ~ Vo(l),r = 1,20, and N = 50,200. 
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Figure 5.3: Boxplots of the sample bias for the estimates obtained in 500 realizations 
of the MNAR(l) model: Xkjt = 0.9 * Xkj-i + efc,t, where ekjt ~ "P°0-)i f° r a fixed 
number of replicates, r = 20. 
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Figure 5.4: Boxplots of the sample bias for the estimates obtained in 500 realizations 
of the MNAR(2) model: Xk)t = 0 .1*X M _i+0 .6*X M _ 2 +e f c , t , where eu ~ Vo(3), N = 
50, r = 10,20. 
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measure N r YW CLS CLS_C WHT W H T _ C LS_HOS L S _ H O S _ C TOR 
Bias(âi) 50 10 

20 
-0.0367 -0.0007 -0.0007 0.0072 0.0070 0.0432 0.0505 1.0495 
-0.0352 -0.0026 -0.0026 0.0040 0.0026 0.0450 0.0530 -0.0345 

Var(â i ) 50 10 
20 

0.0018 0.0015 0.0015 0.0020 0.0020 0.0025 0.0088 529.9263 
0.0008 0.0007 0.0007 0.0009 0.0011 0.0011 0.0075 0.1183 

MSE(âi ) 50 10 
20 

0.0032 0.0015 0.0014 0.0020 0.0020 0.0043 0.0113 529.9679 
0.0020 0.0007 0.0007 0.0009 0.0011 0.0031 0.0103 0.1193 

Skew(âi) 50 10 
20 

-0.0229 0.0305 0.0466 -0.0973 -0.0671 0.0417 0.3254 21.9733 
-0.0298 -0.1723 -0.1723 -0.0446 -0.5352 0.0408 0.1366 -4.5388 

Kur t (â i ) 50 10 
20 

3.1984 2.7450 2.7017 2.7679 2.5831 3.1972 2.2157 488.4453 
2.8866 2.7914 2.7914 2.9457 3.9412 2.8024 2.2925 94.8633 

Bias(Ô2) 50 10 
20 

-0.0675 -0.0070 -0.0070 -0.0295 -0.0295 -0.1616 -0.1544 0.7382 
-0.0645 -0.0041 -0.0041 -0.0280 -0.0284 -0.1582 -0.1503 -0.1580 

Var(Ô2) 50 10 
20 

0.0014 0.0014 0.0014 0.0018 0.0018 0.0020 0.0102 370.6905 
0.0007 0.0007 0.0007 0.0009 0.0009 0.0010 0.0084 0.0986 

MSE(â 2) 50 10 
20 

0.0059 0.0015 0.0015 0.0026 0.0026 0.0281 0.0340 370.4941 
0.0049 0.0007 0.0007 0.0017 0.0017 0.0260 0.0309 0.1234 

Skew(Ô2) 50 10 
20 

0.0067 -0.1603 -0.1604 -0.1141 -0.1063 0.0621 -0.4172 21.6676 
-0.0493 0.1233 0.1233 0.0287 0.0241 -0.0751 -0.1985 -0.5460 

Kurt (02) 50 10 
20 

3.0788 3.0142 3.0142 2.8469 2.8427 2.9608 3.0266 478.6968 
3.0324 3.4344 3.4344 2.9951 2.9580 3.0632 2.7324 36.2267 

Bias(/ûe) 50 10 
20 

1.0386 0.0811 0.0808 0.2180 0.2211 1.0379 0.8879 -18.0296 
1.0007 0.0625 0.0625 0.2207 0.2368 1.0001 0.8248 1.9138 

Var(/ie ) 50 10 
20 

0.3008 0.2083 0.2075 0.2119 0.2155 0.3008 3.9783 1.79E+05 
0.1305 0.1099 0.1099 0.1040 0.1221 0.1305 3.5747 7.8497 

MSE(Ae) 50 10 
20 

1.3788 0.2145 0.2136 0.2590 0.2639 1.3775 4.7588 1.79E+05 
1.1316 0.1136 0.1136 0.1525 0.1779 1.1304 4.2479 11.4966 

Skew(/ie) 50 10 
20 

0.3062 0.4098 0.3935 0.0850 0.1188 0.3063 0.0466 -22.0367 
0.4067 0.2833 0.2833 -0.0310 0.2950 0.4068 0.0705 2.1683 

Kurt(Ae) 50 10 
20 

3.1675 3.2291 3.1618 2.8309 2.9464 3.1675 2.3347 489.9700 
3.6666 3.0503 3.0503 2.9277 3.4157 3.6671 2.2902 19.8620 

MVSkew 
(p-value) 

50 10 

20 

0.4390 0.6146 0.6056 0.4701 0.4047 0.3791 1.7026 1.01E+03 
(0.0001) (0.0000) (0.0000) (0.0000) (0.0002) (0.0004) (0.0000) (0.0000) 
0.4907 0.2433 0.2433 0.1350 0.5709 0.3911 1.3626 34.7456 

(0.0000) (0.0252) (0.0252) (0.3309) (0.0000) (0.0003) (0.0000) (0.0000) 

MVKurt 
(p-value) 

50 10 

20 

15.6151 15.9461 15.8700 14.5855 14.5133 15.3699 16.1912 1.15E+03 
(0.2093) (0.0535) (0.0757) (0.3975) (0.3205) (0.4502) (0.0150) (0.0000) 
16.1151 14.5958 14.5958 14.1314 15.5005 15.6704 16.4185 146.5039 
(0.0228) (0.4094) (0.4094) (0.0762) (0.3069) (0.1712) (0.0038) (0.0000) 

Table 5.4: Sample mean bias, sample variance, mean square error, univariate and multivariate 
sample measures of skewness and kurtosis with p-values (in brackets) for the estimates obtained 
in 500 realizations of the i?INAR(2) process: Xkj = 0.1 * Xfc;t_i + 0.6 * X/C;i_2 + e^t, where 
efc t ~ Vo(3),N = 50 and r = 10,20. 
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Figure 5.5: Boxplots of the sample bias for the estimates obtained in 500 realizations 
of the MNAR(2) model: Xk,t = 0.4*XjW_i+0.3*Xfclt2+e*,t, where e M ~ Vo(3),N = 
50, r = 10, 20. 
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measure N r Y W CLS CLS C W H T W H T C LS HOS LS HOS C T O R 
Bias(âi) 50 10 

20 
-0.0319 -0.0028 -0.0028 0.0017 0.0017 0.0337 0.0073 -0.1573 
-0.0290 -0.0049 -0.0049 -0.0010 -0.0010 0.0389 0.0095 -0.0692 

Var(ôi) 50 10 
20 

0.0020 0.0023 0.0023 0.0027 0.0027 0.0023 0.0158 1.6932 
0.0010 0.0010 0.0010 0.0011 0.0011 0.0012 0.0148 0.0434 

MSE(âi) 50 10 
20 

0.0031 0.0023 0.0023 0.0027 0.0027 0.0034 0.0158 1.7145 
0.0019 0.0010 0.0010 0.0011 0.0011 0.0027 0.0149 0.0481 

Skew(âi) 50 10 
20 

0.1251 0.0523 0.0523 -0.0231 -0.0228 0.1146 -0.0617 -11.8958 
0.1763 0.1364 0.1364 -0.0313 -0.0315 0.1263 -0.0193 0.0711 

Kurt(âi) 50 10 
20 

3.0820 2.9635 2.9635 3.0058 3.0059 3.0580 2.1324 180.3851 
3.0668 3.1791 3.1791 2.9600 2.9595 3.1527 1.9240 10.4893 

Bias(Ô2) 50 10 
20 

-0.0493 -0.0061 -0.0061 -0.0226 -0.0226 -0.1273 -0.1534 -0.1559 
-0.0502 -0.0012 -0.0012 -0.0167 -0.0167 -0.1294 -0.1589 -0.1127 

Var(Ô2) 50 10 
20 

0.0021 0.0018 0.0018 0.0021 0.0021 0.0024 0.0129 1.3580 
0.0010 0.0009 0.0009 0.0010 0.0010 0.0012 0.0135 0.0372 

MSE(â2) 50 10 
20 

0.0045 0.0019 0.0019 0.0026 0.0026 0.0186 0.0364 1.3796 
0.0035 0.0009 0.0009 0.0013 0.0013 0.0179 0.0387 0.0498 

Skew(Ô2) 50 10 
20 

-0.0501 -0.0676 -0.0676 -0.0284 -0.0267 0.0355 0.3749 9.8071 
-0.2201 -0.1098 -0.1098 0.0034 0.0040 -0.0572 0.3742 -1.9305 

Kurt(Ô2) 50 10 
20 

2.9081 2.8537 2.8537 2.9416 2.9408 2.7361 1.9429 192.2588 
3.3617 2.9362 2.9362 2.6957 2.6965 3.2107 1.8168 11.8874 

Bias(/te) 50 10 
20 

0.7997 0.0871 0.0871 0.2376 0.2376 0.7992 1.4144 3.1343 
0.7940 0.0617 0.0617 0.2413 0.2414 0.7935 1.4816 1.8272 

Var(Ae) 50 10 
20 

0.2694 0.1844 0.1844 0.1793 0.1796 0.2694 6.8553 117.7585 
0.1038 0.0840 0.0840 0.0839 0.0839 0.1038 7.2393 4.4334 

MSE(/ie) 50 10 
20 

0.9084 0.1916 0.1916 0.2354 0.2357 0.9076 8.8422 127.3469 
0.7339 0.0876 0.0876 0.1419 0.1420 0.7332 9.4200 7.7632 

Skew(/te ) 50 10 
20 

0.3391 0.4101 0.4101 0.2009 0.2028 0.3393 -0.1263 11.8742 
0.0984 0.2518 0.2518 0.2024 0.2030 0.0985 -0.1652 5.2022 

Kurt(/ie) 50 10 
20 

3.6167 3.3916 3.3916 3.2494 3.2487 3.6162 1.8898 185.7190 
2.7530 2.9501 2.9501 2.8311 2.8311 2.7527 1.7072 57.6266 

MVSkew 
(p-value) 

50 10 

20 

0.4877 0.4604 0.4604 0.5339 0.5407 0.5414 2.0250 437.6007 
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) 
0.2496 0.3077 0.3077 0.2096 0.2097 0.1364 1.4941 31.2401 
(0.0212) (0.0039) (0.0039) (0.0617) (0.0615) (0.3223) (0.0000) (0.0000) 

MVKurt 
(p-value) 

50 10 

20 

15.7269 14.8321 14.8321 15.7830 15.7858 16.0045 17.1140 590.0425 
(0.1379) (0.7318) (0.7317) (0.1100) (0.1087) (0.0403) (0.0000) (0.0000) 
15.4790 15.1305 15.1305 15.1240 15.1246 15.0976 14.5927 78.8823 
(0.3282) (0.7900) (0.7900) (0.8001) (0.7993) (0.8421) (0.4057) (0.0000) 

Table 5.5: Sample mean bias, sample variance, mean square error, univariate and multivariate 
sample measures of skewness and kurtosis with p-values (in brackets) for the estimates obtained 
in 500 realizations of the i?INAR(2) process: X^^ = 0.4 * Xkj-i + 0.3 * X^^-2 + ek,ti where 
e*,t ~ Vo{3),N = 50 and r = 10,20. 
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Figure 5.6: Sample mean bias, as function of the sample size, for the estimates obtained 
in 500 realizations of the MNAR(3) model: Xktt = 0.3 * Xk,t-i + 0.3 * Xu_2 + 0.3 * 
Xk,ts + &k,t, where ek,t ~ ^0(1) and r = 10. The estimation methods presented are: 
YW (*), CLS (A), WHT (o), LS_HOS (□) and TOR (•). 
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measure r N Y W CLS CLS C W H T W H T C LS HOS LS HOS C T O R 
Bias(di) 10 25 

200 
-0.0615 -0.0119 -0.0122 0.0776 0.0741 0.1715 0.2398 0.0263 
0.0047 -0.0014 -0.0014 0.0145 0.0145 0.0511 0.0183 0.0022 

Var(âi ) 10 25 
200 

0.0060 0.0050 0.0048 0.0095 0.0092 0.0061 0.0089 12.8795 
0.0005 0.0005 0.0005 0.0006 0.0006 0.0008 0.0047 0.0080 

MSE(âi) 10 25 
200 

0.0098 0.0052 0.0049 0.0155 0.0146 0.0355 0.0664 12.8544 
0.0005 0.0005 0.0005 0.0008 0.0008 0.0034 0.0051 0.0080 

Skew(âi) 10 25 
200 

-0.1211 -0.0466 -0.0446 -0.2907 -0.2978 0.1771 -0.2219 5.6995 
0.1016 0.2323 0.2323 0.2358 0.2351 0.2792 -0.9273 0.3617 

Kurt(âi) 10 25 
200 

2.6739 3.3098 3.0186 2.7854 2.8290 2.8364 3.0229 100.1782 
3.0973 2.7559 2.7560 3.0936 3.0949 3.1204 3.9271 3.7304 

Bias(Ô2) 10 25 
200 

-0.1163 -0.0073 -0.0073 -0.0211 -0.0229 -0.1556 -0.1116 -0.1827 
-0.0129 -0.0015 -0.0015 -0.0057 -0.0057 -0.0220 -0.0530 -0.0272 

Var(â2) 10 25 
200 

0.0036 0.0054 0.0051 0.0065 0.0064 0.0050 0.0072 18.2870 
0.0005 0.0005 0.0005 0.0005 0.0005 0.0007 0.0037 0.0067 

M S E ( Q 2 ) 10 25 
200 

0.0171 0.0055 0.0052 0.0070 0.0069 0.0292 0.0196 18.2838 
0.0007 0.0005 0.0005 0.0006 0.0006 0.0012 0.0065 0.0074 

Skew(Ô2) 10 25 
200 

-0.1509 -0.0577 0.0204 -0.1847 -0.1808 0.0823 -0.0278 0.4388 
-0.0505 0.0777 0.0777 0.0715 0.0713 -0.1603 -1.0362 -0.2536 

Kurt(Ô2) 10 25 
200 

2.8258 3.1386 2.8434 2.8779 2.8850 2.8675 2.5283 77.2726 
2.8900 2.8437 2.8437 2.7889 2.7892 3.1489 4.2669 3.5070 

Bias(âs) 10 25 
200 

-0.1409 -0.0061 -0.0055 -0.0823 -0.0830 -0.3206 -0.2490 0.1070 
-0.0235 -0.0016 -0.0016 -0.0160 -0.0160 -0.0602 -0.0931 -0.0414 

Var(Ô3) 10 25 
200 

0.0036 0.0049 0.0045 0.0055 0.0055 0.0046 0.0031 33.3932 
0.0005 0.0005 0.0005 0.0006 0.0006 0.0008 0.0044 0.0064 

M S E ( Q 3 ) 10 25 
200 

0.0234 0.0049 0.0045 0.0123 0.0123 0.1074 0.0651 33.3378 
0.0011 0.0005 0.0005 0.0008 0.0008 0.0045 0.0130 0.0081 

Skew(Ô3) 10 25 
200 

-0.1019 -0.4110 -0.2954 -0.3245 -0.3212 -0.0431 1.2030 -0.4895 
0.0070 -0.0051 -0.0051 -0.0353 -0.0351 -0.0712 -0.8817 -0.4312 

Kurt(Ô3) 10 25 
200 

2.8880 3.2443 2.9584 2.8729 2.8612 3.1336 4.0572 115.0038 
3.5510 2.6895 2.6896 2.6882 2.6881 3.1448 3.5586 3.2752 

Bias(/ie) 10 25 
200 

3.1672 0.2360 0.2325 0.2241 0.3006 3.1607 0.8433 0.9188 
0.3125 0.0418 0.0418 0.0964 0.0967 0.3110 1.6088 0.6595 

Var(/ie) 10 25 
200 

0.8686 0.2787 0.2806 1.7428 1.6189 0.8640 2.9719 3458.1375 
0.0325 0.0234 0.0234 0.0321 0.0321 0.0326 5.9301 0.3783 

MSE(/te) 10 25 
200 

10.8983 0.3339 0.3341 1.7895 1.7060 10.8524 3.6771 3452.0654 
0.1301 0.0251 0.0251 0.0413 0.0414 0.1293 8.5064 0.8125 

Skew(/ie ) 10 25 
200 

0.6122 0.9621 0.9561 0.6543 0.6548 0.6196 0.8296 -13.5166 
0.3116 0.1758 0.1758 0.2294 0.2297 0.3109 1.4404 1.7987 

Kurt(jûe) 10 25 
200 

3.4089 5.6709 5.6320 2.1737 2.2405 3.4276 2.8107 232.0895 
3.4475 2.6377 2.6377 3.0398 3.0409 3.4354 5.1055 8.4692 

MVSkew 
(p-value) 

10 25 

200 

1.3144 3.3652 3.2298 9.0935 8.8478 1.3036 5.3056 544.9634 
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) 
0.3771 0.5282 0.5282 0.5449 0.5454 0.6895 12.8707 4.9689 
(0.0467) (0.0013) (0.0013) (0.0009) (0.0008) (0.0000) (0.0000) (0.0000) 

MVKurt 
(p-value) 

10 25 

200 

25.0900 31.3385 30.5046 32.7919 32.5653 25.2006 28.1724 877.7447 
(0.0786) (0.0000) (0.0000) (0.0000) (0.0000) (0.0527) (0.0000) (0.0000) 
25.3968 23.5515 23.5516 23.6529 23.6544 25.6084 46.1786 32.1160 
(0.0242) (0.4692) (0.4693) (0.5754) (0.5771) (0.0094) (0.0000) (0.0000) 

Table 5.6: Sample mean bias, sample variance, mean square error, univariate and multivariate 
sample measures of skewness and kurtosis with p-values (in brackets) for the estimates obtained 
in 500 realizations of the i?INAR(3) process: Xktt = 0.3 * Xk^i + 0.3 * Xfc)i_2 + 0.3 * Xfc!Í_3 + efejí, 
where ekjt ~ Vo(l),r = 10 and N = 25, 200. 



Chapter 6 

Application to real data 

Examples are the school of mankind, 
and they will learn at no other. 

EDMUND BURKE 

In this chapter three data sets, two single and one replicated time series, are used to 
illustrate the methods and techniques developed on previous chapters. 

6.1 Poliomyelitis incidence in the United States 

Poliomyelitis, commonly called polio, is an acute and an infectious disease, caused by 
a virus, that brings about inflammation of certain nerve cells in the spinal cord. Polio 
was first described in 1789, but not fully recognized until 1840. In the 19th and early 
20th century, epidemics of polio were reported from several countries. The rate of polio 
infection dropped dramatically following the inactivated polio vaccine introduced in 
1955. The decline continued following the introduction of live oral polio vaccine in 
1961 (Source: Center for Disease Control and Prevention). 

In this section, the monthly number of (new) cases of polio reported by the U.S. 
Centers for Disease Control for the years 1970 to 1983 are considered and they are 
exhibited in Figure 6.1. Zeger (1988) analyzed the data by applying his parameter-
driven model. Here, an INAR process if fitted to the data. As remarked by Zeger 
(1988), the November 1972 count (Xt = 14) is an outlier, but is left in the analysis 
since it had a minor affect in the findings. 
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The sample autocorrelation and sample partial autocorrelation functions of the polio 
data are shown in figure 6.2. The analysis of these figures suggests a first-order model 
for the data. This order is confirmed by the calculation of the automatic criterion 
for order selection, AICC, established in section 4.3, for a maximum order 5, with 
minimum value 367.4597 when p = 1. Note that the monthly number of new polio cases 
at time t can be obtained by adding the number of cases generated (by contagious) 
from infected people at time t — 1 plus the immigration cases, i.e., infected people that 
arrived to U.S. between time t — 1 and t. 

370 1972 1974 1976 1978 1980 1982 1984 
year 

Figure 6.1: Monthly number of U.S. cases of poliomyelitis. 
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Figure 6.2: Sample autocorrelation and sample partial autocorrelation functions of 
the monthly number of U.S. cases of poliomyelitis. 

The estimates of the parameters (a, /ie, ae
2) are given in Table 6.1. For the polio 

data, it is not assumed the Poisson distribution for the arrival process since the mean 
of the monthly polio counts is 1.3333 and the variance is 3.4841. Thus, the IWCLS 
estimates are not presented. The constrained CLS and WHT estimates are the same 
as the unconstrained estimates. Note that all the estimates of a are admissible. 
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Method à fie àî 
YW 0.2948 0.9403 2.9041 
CLS 0.3063 0.9414 2.8862 

WHT 0.2799 0.9601 2.9279 
LS_HOS 0.2083 0.9277 3.0504 

LS_HOS_C 0.2344 0.7477 3.0040 
T0R_1B 0.1475 1.1367 3.1650 
TOR 2B 0.1431 1.1425 3.1737 

Table 6.1: Parameter estimates of the INAR(l) model fitted to the monthly number 
of U.S. cases of poliomyelitis. 

The estimates for a obtained from HOS based methods (TOR and LS_HOS) present 
smaller values than the corresponding YW, CLS and WHT estimates. Conversely, the 
HOS estimates for fie and ae

2 exhibit larger values than the remainder. 

The goodness-of-fit of the models is investigated by the residuals, defined by 

r ( M ) = X í _ â ( M ) X t _ i _ / i ( M ) ) 

where t — 2 , . . . , 168, and M represents the estimation method. The analysis of the 
sample autocorrelation and sample partial autocorrelation of the residuals, as well as 
the usual tests of randomness, do not reject the hypothesis of uncorrelated random 
variables for the residual series. The values of the statistic proposed by Ljung and 
Box (1978) and the corresponding p-values are given in Table 6.2 (see Brockwell and 
Davis, 1991, §9.4, for details). Thus, the INAR(l) process is a suitable model for the 
description of the U.S. incidence of polio. 

6.2 Epileptic seizures 

Epilepsy (often referred to as a seizure disorder) is a chronic neurological condition 
characterized by recurrent unprovoked seizures. It is commonly controlled with med
ication. Daily seizure counts are a prime tool in investigating the epileptic disease. 

Franke and Seligmann (1993) considered the seizure counts as time series of counts 
in order to make a detailed analysis of such data. Thus, these authors applied a 
variant of the INAR(l) process, the Switching INAR model, to the epileptic fit counts 
of several patients, of a total of 126 that were registered. Here, the first half of the 
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Method Ljung-Box p- value 
YW 9.3197 0.9789 
CLS 9.3167 0.9789 

WHT 9.4096 0.9777 
LS_HOS 11.239 0.9398 

LS_HOS_C 10.299 0.9624 
T0R_1B 14.609 0.7984 
T0R_2B 14.914 0.7813 

Table 6.2: Ljung-Box statistic and p-values for the residuals of the monthly number 
of U.S. cases of poliomyelitis. 

time series of one of these patients (the patient number 2) is considered. The data 
(Figure 6.3) consists of 121 daily epileptic seizure counts corresponding to the period 
before the patient had been submitted to medical treatment (Figure 22.3 of Franke 
and Seligmann (1993)). 

100 120 

Figure 6.3: Number of the daily epileptic seizure of a given patient (Figure 22.3 of 
Franke and Seligmann (1993)). 

The sample autocorrelation and sample partial autocorrelation functions are shown in 
Figure 6.4. By the analysis of these functions, Latour (1998) modelled this series as 
an INAR(14) process 

Xt = a6 * ÀV6 + a14 * Xt_14 + et, (6.1) 

with a6 = 0.28, au = 0.24, of = 0.75 and /ie = 0.29, obtained by conditional least 
squares estimation. A similar analysis was done by Oliveira (2000). 

The automatic criterion for INAR order selection, AICC, for a maximum cut-off 20, 
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Figure 6.4: Sample autocorrelation and sample partial autocorrelation of the number 
of daily epileptic seizures. 

has a minimum value 105.67 for p — 6, i.e., the AICC chooses an INAR(6) model. The 
constrained estimates of the parameters for the INAR(6) process fitted to the data 
are given in Table 6.3. 

Method « i 0-2 a3 
« 4 « 5 a6 Ve crt 

CLS_C 0.0062 0.0381 0.0057 0.0000 0.0107 0.3025 0.4459 0.5947 
WHT_C 0.0268 0.0612 0.0275 0.0000 0.0393 0.3172 0.3490 0.5261 

LS_HOS_C 0.0566 0.1223 0.0292 0.0000 0.0628 0.4056 0.0729 0.4180 

Table 6.3: Parameter estimates of the INAR(6) model for the epileptic seizure counts. 

Note that the AICC value for the INAR(14) model considered by Latour (1998) is 
153.18. Then the INAR(6) model would be preferred. The model that has smaller 
residual variance is the INAR(14) of Latour (1998). However, the LjungBox statistic 
of the both models do not reject the hypotheses of uncorrelateness for the residuals 
(with a p-value greater than .64). 

6.3 Sunspot Groups 

Sunspots are magnetic regions on the Sun that appear as dark group of spots on its 
surface with many shapes and forms. The spots change from day to day, even from 
hour to hour, and vary in size, from small dot (pores) to large spots groups covering a 
vast area of the solar surface, which after a time get smaller and disappear. The time 
from birth to death of a sunspot group varies from a few days to six months, with the 
median less than two weeks. 
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Sporadic nakedeye observations exist in Chinese dynastic history since 28 BC. Tele

scopic observations of sunspots have been made in Europe since 1610 AD. Modern 
systematic measurements of sunspots began in 1835. In order to quantify the results 
of the observations, Rudolf Wolf introduced, in 1848, the Relative Sunspot Numbers 
(now referred to as the International Sunspot Numbers) as a measure of sunspots 
activity. Recently, Hoyt and Schatten (1998) have introduced the Group Sunspot 
Number, that uses the number of sunspot groups observed, rather than groups and 
individual sunspots. 
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Figure 6.5: Sunspot groups and sample autocorrelation and partial autocorrelation 
functions. 

Here, the number of sunspot groups is considered. The data is available online at 
the National Geophysical Data Center (http://www.ngdc.noaa/gov/), in the section 

http://www.ngdc.noaa/gov/
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about Solar Sunspot Region. The data consists of the total number of sunspot 
groups per week, during two years (1990-1991) registered in two solar observatories: 
National Geophysical Data Center at Boulder (Colorado, USA) and Palehua Solar 
Observatory (Hawaii, USA). Figure 6.5 shows the two series with the corresponding 
sample autocorrelation functions and sample partial correlations functions. 

For the Palehua series, the analysis of the sample partial autocorrelation indicates a 
first-order model, fact that is corroborated by the application of the AICC given by 
(4.18), with a minimum value 403.32, obtained when p = 1, for a maximum order 
10. On the other hand, for the Boulder series, the partial autocorrelation indicates a 
model with order 1 or 3. In this case, the AICC gives a minimum value 383.2491 for 
p = 1 versus a value 404.8081 when p = 3. In addition, the variance of the residual 
(when the parameters of the model are estimated by constrained Whittle criterion) is 
17.6546 for the INAR(l) model and 17.9486 for the INAR(3) model. Therefore, the 
first-order model is preferred. 

Method â A 
YW 0.3328 10.8637 
CLS 0.3992 9.7947 

IWCLS 0.3839 10.0450 
WHT 0.3666 10.3133 

LS HOS 0.3451 10.8644 

Table 6.4: Parameter estimates of the Poisson MNAR(l) model for the total number 
of sunspot groups, per week (r = 2, N = 104). 

Thus, the next step is to fit a Poisson .RINAR(l) process to the set of two replicates. 
Note that the number of sunspot groups in a week can be considered as the number 
of sunspot groups existing in the previous week that have not disappeared, with 
probability a, plus the new spot groups that appear in the current week. The pa
rameters, (a, A), are estimated by the methods presented in the previous sections and 
are exhibited in Table 6.4. The TOR estimates are non-admissible and therefore, they 
are not presented. In addition, the estimates obtained by constrained minimizations 
(CLS, WHT and LS_HOS) are the same that those obtained without constraints. 

In order to verify the goodness-of-fit of the i?INAR(l) to the observations, the residuals 
are analyzed. The sample correlograms and sample partial correlograms for the 
residuals are estimated. The usual randomness tests for the residuals do not reject 
the hypothesis of uncorrelatedness. For instance, when the parameters are estimated 
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by WHT, the Ljung-Box statistic is Q = 22.6 (p-value = 0.31) for the Boulder series 
and Q = 10.04 (p-value = 0.97) for the Palehua series. Thus, the MNAR(l) process 
is a reasonable model for the description of the sunspot groups data. 



Chapter 7 

Walsh-Fourier spectral analysis 

The most exciting phase to hear in 
science, the one that really heralds 
new discoveries, is not 'Eureka!' but 
'That's funny ... '. 

ISAAC ASIMOV 

This chapter defines the Walsh functions and reviews their main properties. In 
addition, describes the Walsh-Fourier spectral analysis (WFA) of stochastic processes. 
An application of WFA to the characterization of the response induced by an initial 
bolus given in the beginning of anaesthesia is considered. The resulting information of 
the WFA analysis is used to improve the design of an on-line autocalibrated automatic 
control system for neuromuscular blockade. 

7.1 Introduction 

In statistical analysis, Fourier methods are used to analyze the periodic variation 
in the data. The basis of Fourier (frequency domain) analysis for time series is 
the spectral representation theorem (Priestley, 1981, §4.11), which states that any 
stationary process can be represented as (the limit of) the sum of sine and cosine 
waveforms. However, not all waveforms are sinusoidal and when the series present 
sharp discontinuities and changes of levels it is more appropriate to analyze the data 
using square waveforms. The Walsh functions, proposed by Walsh (1923), are an 
illustration of this kind of square waveforms which are similar in oscillation, as well as 

153 
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in many other properties, to the trigonometric functions. For a brief history of Walsh 
function see Staffer (1991, §2). 

The Walsh functions have been applied to several problems in engineering (Harmuth, 
1972), namely signal detection, image coding and transmission, logical circuitry and 
multiplexing (simultaneous transmission of a group of independent messages over a 
shared channel). 

Statistical applications based on the Walsh functions have been also investigated. Ott 
and Kronmal (1976) presented methods for prediction or classification of multivariate 
binary data based on a Walsh-Fourier expansion of the density. Stoffer et al. (1988) 
and Stoffer (1991) used analysis of categorical time series based on the Walsh-Fourier 
transform to assert the effect of maternal alcohol consumption on néo-natal EEG 
(electroencephalograph) sleep-state cycling. 

On the other hand, a method for the on-line autocalibration of a controller, based on 
statistical regression techniques using Walsh-Fourier analysis, has been considered by 
Silva et al. (2002), Mendonça et al. (2003) and Silva et al. (20056). In these papers, the 
control of neuromuscular blockade is used as a case study. The proposed method relies 
on the information about the patients dynamics, inferred from the response induced 
by the initial bolus dose given in the beginning of anaesthesia. In this chapter, the 
characterization of the bolus response based on Walsh-Fourier spectral analysis is 
described and a comparison of alternative descriptions is presented. 

7.2 Walsh functions 

7.2.1 Definition and Properties 

The Walsh functions form a complete, ordered and orthonormal set of rectangular 
waves taking the values ±1 (Beauchamp, 1975). 

The Walsh functions may be generated as the product of Rademacher functions1 in 
the so called Paley or dyadic order (Beauchamp, 1975, Morettin, 1981). The Walsh 
functions can be also considered as the rows (columns) of the Hadamard matrix2, in 

1The Rademacher functions are defined by R(n,t) = sgn(sin(2n7ri)), where sgn represents the 
sign of a number. 

2The Hadamard matrix is a square symmetric matrix containing only ±1 and such that its rows 
(columns) are orthogonal to one another. The Hadamard matrices can be obtained from the recursive 
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the natural or Hadamard order (Stoffer, 1987, 1991). However, in general, the Walsh 
or sequency order, which is comparable to the frequency order of the trigonometric 
functions (Beauchamp, 1975), is used. The sequencyordered Walsh functions are 
denoted by W(n,t), where t G [0,1[ and n e l The argument n is called sequency 
and represents the number of sign switches (zerocrossings) of the functions in the 
unit interval. Figure 7.1 shows the first eight discrete Walsh functions arranged in 
sequency order. 

W(4. 

Figure 7.1: A set of Walsh functions arranged in sequency order. 

The discrete Walsh functions in sequency order, evaluated in N = 2P points, p 6 N , 
are defined as 

p - i 
W{n,t/N) = ] J (_l)»Prl(*r+ir + l)j 

r=0 

where n», U are either 0 or 1 and correspond to the coefficients of the binary represen

tation of n and t, nonnegative integervalued numbers, given by 

PI v-i 
n = (np_inp_2... nin0)2 = ] P n a 2 a , t = (tp-itp-2 ■ ■ ■ £1*0)2 = }Ja2

a. (7.1) 
a=0 a=0 

It can be shown that the discrete Walsh functions, W(n,t/N), with N = 2P, p G N, 
and ni, n2, i1} <2 = 0,1 ,2 , . . . , (JV — 1), satisfy the following properties (Beauchamp, 
1975): 

relationship 
H 2 = 

1 1 
1  1 

HJV = HJV/2 ® H2, 

where ® denotes the Kronecker product and N = 2p,p £ 
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(t) W(n1,t1/N) = W(t1,n1/N), 

iV ^ [ 1 if ni = 0 or ii = 0, 

(m) W(m, ii/iV)W(n2, ix/iV) = W{nx © n2, ij/iV), 

(iv) W{nu tJ^Wim, t2/N) = W{nu (ii © t2)/N), 

where © is the dyadic (Modulo-2) addition, defined by (Robinson, 1972) 
p-i 

n®t = ̂ 2\na-ta\2a, (7.2) 
a=0 

where na and ia are the coefficients of the binary expansion of n and t, given in (7.1). 
Note that 

1 0 1 = 0 0 0 = 0 and 1 © 0 = 0 © 1 = 1. 

Harmuth (1972) introduced an alternative notation to classify the Walsh function in 
terms of even and odd waveform symmetry: 

Cal(n,t) =W(2n,t), 

Sal(n,t) =W(2n -l,t), n = 1, 2 , . . . , N/2, 

which have close similarities with the cosine and sine functions, respectively. Thus, 
Harmuth (1972) define the term sequency (hereinafter represented by H-sequency) as 
one half the average number of zero crossings or sign changes that a function makes 
per unit time. This concept can be applied to aperiodic as well as periodic functions 
and the definition of H-sequency coincides with that of frequency when applied to 
sinusoidal functions. 

In order to compare the Fourier and Walsh harmonics, Figure 7.2 shows a plot of 
sinusoids superimposed on the Walsh functions. 

7.2.2 Walsh-Fourier Transforms 

Let XQ, ..., XN-i be a sample from a stationary time series {Xn, n € Z}, with E[Xt] = 
(j,, and let W(n, A) be the nth Walsh function in sequency order. The discrete Walsh-
Fourier transform (WFT) of the data is defined by 

N-l 

rfiV(A) = - = ^ X n W ( n , A ) , 0 < A < 1 . (7.3) 
* 71=0 
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Figure 7.2: Walsh functions (-) and sinusoids (••). 

Then, the inverse transform is such that 

J V - l 

Xn = ^2dN{X)W(n,X), 0 < A < 1 . 
n=0 

It can be seen that both the transform and the inverse transform are identical, except 
for a scaling factor 1/y/N, due to the symmetric property, (i), of the Walsh functions. 

Note that the discrete Fourier transform is invariant to the phase of the input signal 
so the same spectral decomposition can be obtained independently of the phase or 
circular time shift in the input signal. This is not the case for the discrete Walsh-
Fourier transform, that is invariant under dyadic time shift (Pichler, 1970). However, 
as remarked by Beauchamp (1975), the phase shift is unimportant in situations where 
a fixed reference can be taken for the signal to be analyzed, as when the start of the 
signal can be readily defined. 

If the length of the sample is a power of two, say N = 2p,p eN, then the transform 
(7.3) may be calculated for \N — m/N(m = 0 , . . . , N — 1) using a fast Walsh-Fourier 
transform (FWFT). If the sample length TV is not a power of two, dummy observations 
equal to the sample mean may be appended to the series in order to make the new 
sample length a power of two. Similarly, observations may be deleted to obtain a new 
sample length that is power of two. Provided that not too many observations are 
appended or deleted, the transform will not be noticeably different than that of the 
original data, although the sequencies will be slightly different (see Stoffer, 1991, for 
details). 

As with the usual Fourier analysis, if N = 2P and the mean, /j,, of the series is unknown, 
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the zero (m = 0) sequency is the only sequency of the form XN = m/N for which the 
transform of the mean centered series {Xn — //} cannot be evaluated since, by property 
(ii) in Section 7.2.1 

J V  l 
1 

V (iW(t, m/N) = Nfj, if m = 0, 
if m ^ 0. 

Thus, a meancentered transform (i.e., the transform of Xn — fj,, or Xn — X, where X 
is the sample mean) will be the uncentered transform except at the 0 sequency. 

In the same way, the CAL and SAL transforms of the given sample are defined by 
J V  l 

4(A) = -j= J2 XnCAL(n, A) and 4(A) 
J V  l 

n=0 
J2XnSAL(n,\), 
n=0 

where 0 < A < 1. 

7.2.3 Computation of the Fast WalshFourier Transform 

It was already said that the Walsh functions can be obtained as the rows (columns) 
of the Hadamard matrix, HN (N = 2p,p G N) in the so called natural or Hadamard 
order. To obtain the Walsh functions in the sequency order, the rows (columns) of HN 

can be reordered according to the number of sign changes. Let Hj^ be the sequency 
or Walshordered Hadamard matrix. An alternative method to obtain Hj^ from H^r 
uses "bitreversal Gray code3" to rearrange the rows (columns). The WalshHadamard 
matrix can be computed as 

H£ = IlHtf(i)B, 
i=i 

where 

Hjv(i) = 

0 
G, 

G s 

0 Gs 

s = 2l 

3Let n = (np_inp__2 • • • "1^0)2 Then the Gray code, n = {gp-\gv-2 ■ ■ -gigo), is such that gi = 
ni © n,+i,for 0 < i < p — 2, and gp-\ = bp-\, where © is the dyadic addition, defined in (7.2). The 
bitreversal representation of n is (noii i . . . np_2np_i)2
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with 

F = G s 
I. I, 

and Is being the s x s identity matrix. B is a matrix that bitreverses the order of 
the data, that is, in the row (column) i = (zî,_iii,_2 • • • Mo)2, for i = 0 , . . . , N  1, the 
element of the column (row) j — (i0ii ■ ■ •zp_2^i)2, corresponding to the bit reverse 
of i, is equal to 1 and the remainder elements are 0. 

Therefore, if X = [X0,X1,... ,X;v_i]T is the data vector, with N = 2p,p 6 N, then 
the fast discrete WalshFourier transform is computed as 

djv(Ajv) = 
N 

H 

7.3 WalshFourier spectral analysis 

Let X0, Xi,..., XN-I be a sample of length N = 2p,p e N, from a stationary time 
series {Xn, n G Z}, with absolutely summable autocovariance function R(-) and mean 
value E[Xn] = /i. It is assumed for now that the mean value of Xn is zero. 

There are two ways of developing Walsh spectral analysis of a time series (Morettin, 
1981, Stoffer, 1987): 

Walsh Spectral Analysis: is based on dyadic stationarity, i.e., on processes 
{Xn} for which the autocovariance function, cov(Xn,Xm), only depends of the 
dyadic distance between n and m, that is, of r = n © m, given at (7.2). In this 
case, the dyadic autocovariance function is defined by 

B(r) = E[XnXner], n,T£N, 

and then, the Walsh spectrum can be written as 
00 

/wr(A) = X > ( r ) W ( r , A ) , 0 < A < 1, 
T=0 

provided it is assumed that the dyadic autocovariance function is absolutely 
summable. 

Walsh-Fourier Spectral Analysis (WFA): is based on the usual secondorder 
stationarity. Then, if the autocovariance function, R(-), is absolutely summable, 
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it can be proved that the variance of the Walsh-Fourier transform of the data is 
given by (Kohn, 1980) 

N-l 

Var[d*(A)] = J]r(i)W(i,A); 
3=0 

where T(j) is the logical covariance function (absolutely summable) given by 

1 iV_1 
r œ = ]yX>Cj ©*"*)> 1<3<N, (7-4) 

fc=0 

for © being the dyadic sum defined at (7.2). 

Taking the limit (N -» oo) in (7.4), it is found the Va,r[dN(X)] ->• /(A), where 

oo 

/ ( A ) = ^ r ( r ) W ( r , A ) , 0 < A < 1, (7.5) 
r=0 

is the spectral density function (spectrum) of Walsh-Fourier (Robinson, 1972, 
Morettin, 1981, Staffer, 1987). 

The dyadic time has some theoretical appeal in the Walsh spectra domain (Robinson, 
1972, Morettin, 1981) but due to its unusual behaviour it is of little practical use. 
Therefore, hereinafter only the usual stationary processes are considered. 

An estimator of the spectral density is the Walsh periodogram of the data (which is 
the square of the Walsh-Fourier transform) 

Iw{\) 
N-l -I 2 

7J=j>„W(n,A,) 
n=0 

(7.6) 

where Xj is a sequency of the form Xj = j/N, 1 < j < N — 1. One can plot Iw(Xj) 
versus Xj to inspect for peaks. In the sequency domain, a peak indicates "a switch each 
Xj time points". 

To compare explicitly Fourier spectral analysis and Walsh-Fourier spectral analysis, it 
is necessary to use the H-sequency definition. Thus, the Walsh periodogram given in 
(7.6) is modified, to obtain the Walsh-Harmuth periodogram, by setting 

IH(XJ) = Iw((2j - 1)/N) + Iw(2j/N), (7.7) 

with j = 1,2,... , (N — 2)/2, where Xj is now the H-sequency. 
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Recall that the discrete Walsh function W(n, A) makes n zero crossings (or sign 
switches) per unit time, and thus its corresponding sequency value is n. The H-
sequency of that function is n/2 if n is even and (n + l ) /2 if n is odd. Then, 
the generalized period of oscillation (multiplicative inverse of the sequency) is the 
average separation, in time, between sign switches and the average period of oscillation 
(multiplicative inverse of the H-sequency) is defined as twice average separation, in 
time, between sign switches (Harmuth, 1972). 

Several asymptotic results about the Walsh-Fourier transform were proved. Kohn 
(1980) showed that if the binary representations of A^JV and A2,JV are finite (i.e., they 
are dyadically rational), |Ai^ - A2,AT| > 1/iV, and (AJ,JV © A -¥ 0), for j = 1,2, as 
N -¥ oo, then E[d|r(Ai)Ar)d^(A2,jv)] ->• 0, as N -» oo. In addition, under appropriate 
conditions (see Kohn, 1980, Morettin, 1974, Stoffer, 1985, 1987, 1990, for details) 
div(Aw) —> A/"(0, /(A)) as N —>• oo. Under the same conditions, if {A^JV, • • •, ^M,N} is 
a set of sequencies that are all chosen close to a sequency of interest, A, such that 
|Aj,jv - A^JVI > Í/N, for j ^ k and (XjyN © A -)• 0), for j = 1 , . . . , M, then as N -> oo 

^ 4 ( ^ , i v ) ^ / ( A ) X M -

Then, an estimate of /(A) having variance 2/2(A) is 

1 M 

— 2J4T(AJ,JV). 

7.4 Walsh-Fourier Spectral Analysis of the Neuro
muscular Blockade Response 

7.4.1 Introduction 

The development of automatic control systems for the continuous administration of 
drugs for the control of the neuromuscular blockade during a surgical procedure has 
been a subject of interest in the last decades. The non-depolarizing types of muscle 
relaxant act by blocking the neuromuscular transmission, thereby producing muscle 
paralysis. The extent of muscle paralysis (or muscle relaxation) is then measured from 
an evoked EMG obtained at the hand by electrical external stimulation. 

A variety of different approaches to the design of an automatic control system for the 
neuromuscular blockade has been proposed (Wait et al, 1987, Schilden and Olkkola, 



162 7. WALSH-FOURIER SPECTRAL ANALYSIS 

1991, Linkens, 1994). The design of these controllers is usually supported on a 
prototype for the nonlinear dynamical relationship between the muscle relaxant dose 
and the induced muscle paralysis. Such a prototype, which can be deduced from the 
available pharmacokinetic and pharmacodynamic data for the drug, merely describes 
the average characteristics of the response to the drug. However, in practice, a large 
variability of the individual responses to the infusion of the muscle relaxant is observed 
(Lago et al, 1998, Mendonça and Lago, 1998). This variability suggests the need for 
an individual tuning of the controller according to the characteristics of the patient 
(Lago et al, 1998, Mendonça and Lago, 1998). 

In order to accommodate the individual variability, methods for the on-line autocal-
ibration of the digital PID controller parameters for the administration of a muscle 
relaxant have been proposed (Mendonça and Lago, 1998, Lago et al., 1998, 2000). 
The parameters of the PID controller (namely the proportional gain, the derivative 
gain and the integral time constant) have been obtained from the L and R parameters 
deduced from the Ziegler-Nichols step response method (Franklin et al., 1994), applied 
to the pharmacokinetic/pharmacodynamic model for the muscle relaxant. 

To achieve a high level of muscle relaxation (neuromuscular blockade) in a short 
time (usually shorter than 5 minutes), an initial bolus of muscle relaxant must be 
administrated to the patient in the beginning of a surgery. It is found that the response 
of the patient to the bolus carries valuable information that should be accounted 
for in the design of an automatic control system for the neuromuscular blockade, 
thus resulting in an improved tuning of the controller to the patients individual 
dynamics and dosage requirements. Thus, the subsequent tuning of the controller 
to the dynamics of a patient undergoing surgery is performed by adjusting multiple 
linear regression models of L and i?_ 1 on explanatory (predictor) variables extracted 
from the observed bolus response. 

The explanatory variables used in this thesis are a set of neuromuscular blockade 
levels at the average periods indicated by the Walsh-Fourier spectral analysis (WFA). 
The description of the bolus response proposed here is compared with an alternative 
method based on the bolus response shape parameters, SP, already proposed in the 
literature (Mendonça and Lago, 1998, Lago et al., 1998, 2000). 
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7.4.2 Empirical Model for the Bolus Response 

Atracurium is one of the non-depolarizing types of muscle relaxants currently used in 
clinical practice. The dynamic response of the neuromuscular blockade for atracurium 
may be modelled by a Wiener4 structure (Lago et al, 1998, Mendonça and Lago, 
1998). 

The linear pharmacokinetic model, relating the drug infusion rate u(t) [jj,g kg'1 min"1}, 
to the plasma concentration cp(t) [^gml"1}, is described by the following linear system 
of state equations 

x\{t) = -AiXi(i) + a-iu(t), 
x2(t) = -X2x2{t) + a2u(t), 

where x(i),(i = 1,2) are state variables and â  [kgml'1] and Aj [min'1] (i = 1,2) 
are the pharmacokinetic patient-dependent parameters. A linear second-order model, 
described by the cascade of two first order systems, written as 

c(t) = -Xc(t) + Xcp(t), 

and 
ce(t) = —ce(t) + -c(t), 

T T 

is assumed to relate cp(t) with the concentration in the effect compartment, ce(t) 
[(xgml~1]. Here c(t) is an intermediate variate and À [min'1] and r [min] are patient-
dependent parameters. The inclusion of the extra delay associated to r allows a better 
replication of the clinical data (Lago et al, 1998). 

Therefore, the linear part of the resulting empirical model may be represented by the 
following transfer function from u to ce, 

Finally, the pharmacodynamic effect, that relates ce(t) to the induced pharmacody
namic response, r(t) [%}, may be modelled by the Hill equation 

r ( i ) . jgo&f (7.10) 
W Cso" + ce(t)<" 

4The Wiener models, consisting of a linear dynamic element followed in series by a static non-linear 
element, are considered to be ideal for representing a wide range of non-linear processes. 
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where the parameters C50 [fig ml'1] and /3 are also patient-dependent. The variable 
r(t), normalized between 0 and 100, measures the level of the neuromuscular blockade, 
0 corresponding to full paralysis and 100 to full muscular activity. 

The neuromuscular relaxation level is simulated assuming an uniform distribution for 
r and a multidimensional log-normal distribution for the remainder seven parameters 
(ai, a2, Ai, A2, A, C50, s). Also, for a better replication of the clinical environment, sim
ulated measurement log-normal noise is added to each of the generated models. Thus, 
a bank of 500 responses simulated the empirical model (equations (7.9) and (7.10)) 
using an uniform distribution for r on the interval [0, 3.5] minutes is generated. Figure 
7.3(b) illustrates 100 of the 500 responses simulated. As illustrated, the empirical 
model replicates well the characteristics of the patients responses in Figure 7.3(a). 

(a) (b) 

Figure 7.3: The responses induced by a bolus of 500 [ig kg'1 of atracurium on 85 
patients undergoing surgery-(a) and simulated responses (100 models) induced by a 
bolus of 500 fig kg'1 of atracurium with added measurement noise-(b). 

It is assumed that the response r(t) to the bolus of muscle relaxant given in the 
beginning of the anaesthesia is measured every St minutes on the interval [0, (m—l)St], 
where St = 20 seconds is a typical value (i.e., 3 measurements by minute). 

7.4.3 Bolus Response Shape Parameters 

Several methods to characterize the response induced by a bolus of muscle relaxant 
administered at t = 0 minutes have been proposed. One of these methods, proposed by 
Mendonça and Lago (1998) and Lago et al. (1998, 2000), is based on shape parameters 
(SP), that can be obtained on-line and are represented in the diagram on Figure 7.4. 
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T80, T50 and T10 are elapsed times between the bolus administration and the time 
the response r(t) becomes less than 80%, 50% and 10%, respectively. S is a slope 
parameter and P is a persistence parameter, since it describes the duration of the 
bolus effect on the patient. However, in a clinical situation the bolus response may 
not reach a sufficiently low level to allow the estimation of parameter P (Silva et a/., 
2005Ò). Thus, although the parameter P is used in this study with simulated data, it 
cannot be used in a real situation. 

r(t) \ 
100% 

80% 

lis 

10% \ \ 
R% 

T80 j Time (minutes) 

T50 
T10 P 

Figure 7.4: Shape parameters used to characterize the neuromuscular blockade 
response induced by a bolus of a muscle relaxant administered at t = 0 minutes. 

7.4.4 Bolus Response Walsh-Fourier Spectral Analysis 

Considering that during the surgical intervention a patient attains different levels of 
neuromuscular blockade, here is investigated how the Walsh-Fourier analysis can con
tribute to improve the controller. Accordingly, the Walsh-Harmuth periodogram of the 
induced neuromuscular blockade, r(t), is evaluated on data collected during surgery: 
34 clinical trials with neuromuscular blockade induced by a bolus of atracurium. In 
addition, the Walsh-Harmuth periodograms for the bank of 500 simulated responses, 
without and with added noise, are also evaluated. Several sample sizes of r(t) are 
considered, namely n = 32,64,128(n = 2p,p = 5,6, 7) samples, corresponding approx
imately to 10.3, 21.0 and 42.3 minutes. The results for the last case, n = 128, are 
more representative and will be presented for illustrative purposes. 

The periodograms obtained present peaks in the neighbourhood of the H-sequencies 
3/128, 7/128 and 15/128 which correspond to average periods of approximately 14, 
6 and 2.7 minutes, respectively. Recall that the peak at H-sequency 3/128 of the 
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Walsh-Harmuth periodogram would occur in the Walsh periodogram at the sequency 
of either 5/128 or 6/128 switches per minute which correspond to a generalized period 
between 7 to 8.5 minutes, approximately; the same happens for the H-sequencies 
7/128 and 15/128 and the correspondent sequencies 13/128 or 14/128 and 29/128 or 
30/128 with generalized period of 3 and 1.4 minutes. Figures 7.5 to 7.7 present the 
Walsh-Harmuth periodogram of four bolus responses from each set of data: real cases, 
simulated without added noise and simulated with added noise. 
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Figure 7.5: Walsh periodogram of four of the patients. 

To investigate the relationship between the relaxation level at the average periods 
given by the WFA and SP, the correlation coefficients are computed, for simulated 
models with and without added noise and for the set of real data available. Table 7.1 
presents the correlation coefficients between SP and the relaxation level at some of 
the average periods, which are highly significant (p-value < 0.001). For instance, the 
correlation between T50 and r(1.7) and r(3.0), in the simulated responses, and T50 
and r(3.0) and r(7.0), in the real cases, establish a clear relationship between these 
parameters and validate the use of T50 to characterize the individual dynamic model 
(Mendonça and Lago, 1998, Lago et ai, 1998, 2000). 
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Figure 7.6: Walsh periodogram of four of the simulated responses without added noise. 

real without noise with noise 
T80 T50 T10 T80 T50 T10 S P T80 T50 T10 S P 

r(1.3) 0.51 0.32 0.32 0.78 0.77 0.72 0.87 0.33 0.75 0.75 0.71 0.69 0.33 
r(1.7) 0.62 0.55 0.47 0.87 0.87 0.82 0.89 0.37 0.85 0.85 0.81 0.72 0.36 
r(3.0) 0.87 0.91 0.85 0.93 0.94 0.94 0.73 0.39 0.91 0.94 0.93 0.63 0.37 
r(7.0) 0.63 0.77 0.82 0.68 0.71 0.78 0.48 0.44 0.68 0.71 0.79 0.40 0.47 

r(14.0) 0.10 0.36 0.44 0.41 0.48 0.64 0.53 0.82 0.35 0.40 0.55 0.36 0.71 

Table 7.1: Correlation coefficients between SP and the relaxation level at WFA periods. 

7.4.5 Regression models for the controller parameters 

In this section, multiple linear regression models for each of the controller parameters, 
L and i?_1 , on the explanatory (or predictor) variables extracted from the observed 
bolus response are constructed as follows. Consider a set of N independent obser
vations (fa, ipn,..., ipip), i = 1,...,N where <jn represents the observed value of the 
controller parameter, either L or R"1, and the ipij represent the observed values of the 
explanatory or predictor variables. 

Let $ (JV x 1) represent the vector of the controller parameter variables, assumed 
uncorrelated. Let * be a N x (p+ 1) matrix of observed constants extracted from the 
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Figure 7.7: Walsh periodogram of four of the simulated responses with added noise. 

bolus response, 

* 

-011 
ifol 

1> Nl 

. . tplp 

. . 1pNp 

and let a denote a ( p + l ) x l vector of unknown parameters. Then, the controller 
parameters and the bolus response are related by the equation, 

$ = * OL + £, (7.11) 

where e is a vector of uncorrelated random variables, normally distributed with mean 
0 and variance a2. The observations on * and * are obtained from a set of N = 500 
simulated models for the neuromuscular blockade response, without and with added 
noise, as introduced in Section 7.4.2. The multiple linear regression models are then 
fitted by least-squares. The variables to be included in the model are chosen by a 
stepwise selection method (Draper and Smith, 1981) and the usual residual checks are 
performed for all the regression models. 

Here the explanatory or predictor variables considered are the shape parameters and 
the values of the bolus response at the Walsh-Fourier periods. 
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7.4.5.1 Regression on Shape Paramete r s 

In this section the shape parameters are used as explanatory variables for the controller 
parameters. Multiple linear regression models of L and ft-1, on T50, TIO, T80, S and 
P are computed and summarized in Tables 7.2 and 7.3 with the corresponding Mean 
Square Error (MSE) and ft2, the percentage of variation in the data explained by the 
model, for simulated data without added noise and with added noise, respectively. 

Without noise 
Model R2 MSE 

SP1 L = 1.199 + 1.171 T50 87 0.125 

SP2 L = -0 .184 + 1.303 T50 + 0.039 P 94 0.060 

SP3 L = 0.591 + 1.092 T50 + 0.007 S + 0.047 P 95 0.048 

SP4 L = 0.984 - 2.482 T80 + 4.729 T50 - 0.975 T10 90 0.098 

SP5 L = 0.402 - 0.717 T80 + 1.679 T50 + 0.007 S + 0.051 P 95 0.047 

SP6 R-1 = 135.529 + 37.033 T50 42 1168.358 

SP7 R-1 = 263.978 + 24.786 T50 - 3.582 P 70 610.963 

SP8 R-1 = 239.010 + 13.990 T50 + 0.721 S 49 1028.655 

SP9 R-1 = 271.716 + 485.487T80 - 579.857T50 + 128.376T10 + 0.741 S 61 790.814 

SP10 R-1 = 319.767 + 383.120 T80 - 392.637 T50 + 64.762 T10 + 0.316 S - 3.415 P 73 560.076 

Table 7.2: Multiple linear regression models on the shape parameters (simulated 
responses without added noise). 

With noise 
Model R? MSE 

SPln L = 1.218+ 1.163T50 87 0.127 
SP2 n L = -0 .131 + 1.291 T50 + 0.037 P 94 0.064 
SP3„ L - 0.124+ 1.223 T50 + 0.002 5 + 0.040 P 94 0.061 
SP4 n L = 1.130 + 1.920 T50 - 0.458 T10 89 0.105 
SP5„ L = 0.223 + 0.565 T80 + 0.454 T50 + 0.176 T10 + 0.004 S + 0.044 P 94 0.059 

SP6 n R-1 = 136.386 + 36.641 T50 42 1175.999 
SP7 n R-1 = 261.573 + 24.724T50 - 3.435 P 69 636.000 

SP8 n R-1 = 183.721 + 26.350 T50 + 0.325 S 45 1112.858 

SP9„ R-1 = 208.877 + 76.627T80 - 123.180 T50 + 52.049 T10 + 0.418 S 57 880.635 
SP10„ R-1 = 276.985 + 27.283 T80 + 0.103 S - 3.439 P 69 627.804 

Table 7.3: Multiple linear regression models on the shape parameters (simulated 
responses with added noise). 

The parameter T50 alone explains 87% of the variation of L and 42% of the variation of 
.ft-1, in the two situations (with and without added noise). These values are increased 
with the inclusion of the variables S and P, T10 and T80 as explanatory variables. 
Moreover, the results show that the models are insensitive to the presence of noise. 
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7.4.5.2 Regression on Walsh-Fourier Periods 

Tables 7.4 and 7.5 summarize the multiple linear regression models obtained when 
the explanatory variables are the relaxation levels at the WFA average periods for the 
simulated bolus responses without and with added noise, respectively. A model with a 
smaller mean square error is found when the parameter P is added as an explanatory 
variable. Table 7.5 shows that when the analysis is carried out considering data with 
added noise the conclusions are similar. 

Without noise 
Model fl2 MSE 

WF1 L - 1.448 + 0.008 r(0.7) + 0.010r(1.3) + 0.005 r(1.7) + 0.025 r(3.0) + 0.108 r(7.0) 
-0 .445 r(14.0) 93 0.065 

WF2 L = 0.179 + 0.008 r(0.7) + 0.010 r(1.3) + 0.006 r (1.7) + 0.025 r(3.0) + 0.082 r(7.0) 
+0.036 P 95 0.048 

WF3 L = 2.094+ 0.016r(1.3) + 0.027r(3.0) + 0.104r(7.0) - 0.445r(14.0) 93 0.067 
WF4 L = 0.816 + 0.014r(1.3) + 0.003r(l.7) + 0.026r(3.0) + 0.081 r(7.0) - 0.161 r(14.0) 

+0-036 P _ 95 0.049 
WF5 R-1 = 100.659 +0.573 r(0.7) + 0.429r(1.7) +0.288 r ( 3 . 0 ) - 1.417r(7.0) 

+30.568 r(14.0) 69 638.302 
WF6 R-1 = 180.072 + 0.593r(0.7) + 0.350 r(1.7) + 0.307r(3.0) + 13.138 r(14.0) 

-2.243 P 7 2 569.560 
WF7 Â " 1 = 153.535 + 0.504r(1.7) + 0.232r(3.0) - 1.277r(7.0) + 30.365r(14.0) 68 647.796 
WF8 R-1 = 233.641 + 0.425 r(1.7) + 0.261 r(3.0) + 13.354 r(14.0) - 2.212 P 72 579.985 

Table 7.4: Multiple linear regression models on the WFA average periods (simulated 
responses without added noise). 

With noise 
Model R2 MSE 

WF1„ L - 1.670 + 0.006 r(0.7) +0.010 r ( l . 3) + 0.004 r ( l . 7) +0.027 r(3.0) + 0.071 r(7.0) 
-0 .337 r(14.0) 91 0.094 

W F 2 n L = 0.310 + 0.005 r(0.7) + 0.011 r(1.3) + 0.006 r(1.7) + 0.025 r(3.0) + 0.079 r(7.0) 
-0.119 r(14.0) + 0.040 P 95 0.055 

WF3„ L = 2.127 + 0.015r(1.3) + 0.029r(3.0) + 0.067r(7.0)-0.335r(14.0) 90 0.096 
W F 4 n L = 0.689 + 0.013 r( l .3) + 0.004 r(1.7) + 0.026r(3.0) + 0.079 r(7.0) - 0.117r(14.0) 

+0.040 P 94 0.056 
W F 5 „ R - 1 = 153.924 + 0.503 r(l. 7) + 0.299r(3.0) + 25.173r(14.0) 62̂  767.205 
W F 6 „ R - 1 = 224.309 + 0.270 r(0.7) + 0.352 r(l. 7) + 0.371 r(3.0) + 10.064 r(14.0) 

-2.600 P 71 597.105 
W F 7 n A ' 1 =248.650 + 0.383 r(1.7) + 0.359 r(3.0) + 10.223 r(14.0) - 2.585 P 71 601.216 

Table 7.5: Multiple linear regression models on the WFA average periods (simulated 
responses with added noise). 
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7.4.6 Choosing the controller parameters estimators 

In this section the multiple linear regression models obtained so far are compared in 
terms of their predicting performance. Thus, a new set of 100 responses are simulated 
from the empirical model (equations (7.9) and (7.10)) and the values of the parameters 
L and R of a PID controller are obtained by the ZieglerNichols step response method 
as described in Section 7.4.1. For each of the simulated models, with and without 
added noise, the shape parameters T80, T50, T10, S and P are computed. Moreover, 
WFA is accomplished by calculating the WalshHarmuth periodograms. It is found 
that the peaks of the periodograms in this bank of 100 models correspond to the same 
Hsequencies that in the bank of 500. Then, estimates for the controller parameters, L 
and R~l, are obtained by using the linear models presented in Tables 7.2 to 7.5. The 
two approaches are compared through the prediction error, computed as the difference 
between the observed and the estimated or predicted values for L and R~l, errorL 

and errorR-i, respectively. 
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Figure 7.8: Boxplots of the errors, errorL and errorR-i obtained from 100 simulated 
neuromuscular blockade level models without added noise noise. 

Figures 7.8 and 7.9 represent the boxplots oierrorL and error#_i. Concerning param

eter L, the errors that present a higher dispersion are those obtained from the models 
with WFA regressors. Also L is, generally, underestimated by SP and overestimated by 
WFA. Similar conclusions follow for R~l. Observing the boxplots it is notorious that 
the inclusion of parameter P as a predictor variable in the multiple linear regression 
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Figure 7.9: Boxplots of the errors, errorL and errorR-i obtained from 100 simulated 
neuromuscular blockade level models with added noise noise. 

model produces errors with a smaller mean and smaller variance: models SP2, SP3, 
SP5, WF2, WF4 for the L and models SP7, SP10, WF6, WF8 for the parameter 
R'1 in the simulations without noise and models SP2n, SP3n, SP5n, WF2„, WF4n 

for the parameter L and SP7n, SP10n, WF6n, WF7n for R~l in the simulations with 
noise. However, this parameter is not suitable for practical implementation since in 
some cases the bolus response may not reach a sufficiently low level. Investigating the 
relationship between P and the WalshFourier periods, it is found that P is correlated 
with r(14.0): correlation coefficients of 0.82 and 0.71 for data without added noise 
and with added noise, respectively (p-values < 0.001). 

Since r(14.0) is easily observed, the effect of replacing P by r(14.0) in the multiple 
linear regression models is investigated. Analyzing Tables 7.6 and 7.7, models Ml and 
M2 and Mln and M2n, respectively, it is found that the fit of the models, measured 
by MSE and R2, does not decrease much. 

To assess the performance of the models in predicting L and Br1, boxplots for err or L 

and errorR-i are presented in Figures 7.10 and 7.11. The inclusion of r(14.0) as 
explanatory variable decreases the variability of the errors, leading to more accurate 
predictions. 

In a clinical environment a high level noise often contaminates the measurement 
of the muscle relaxation response, as illustrated in Figure 7.3. The robustness of 
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Without noise 
Model R2 MSE 

SP4 L = 0.984 - 2.482 T80 + 4.729 T50 - 0.975 T10 90 0.098 
SP5 L = 0.402 - 0 . 7 1 7 T80 + 1.679 T50 + 0.007 S + 0.051 P 95 0.047 
M l L = 1.594 + 0.205 T80 + 0.738 T10 + 0.003 S - 0 . 5 4 9 r(14.0) 94 0.060 

WF3 L = 2.094 + 0.016 r(1.3) + 0.027 r(3.0) + 0.104 r(7.0) - 0.445 r(H.O) 93 0.067 
WF4 Î = 0.816 + 0.014 r(1.3) + 0.003 r (1.7) + 0.026 r (3.0) + 0.081 r (7.0) 

-0 .161 r(14.0) + 0.036 P 95 0.049 

73 560.076 
71 594.060 
68 647.796 
72 579.985 

SP9 R-x = 271.716 + 485.487 T80 - 579.857 T50 + 128.376 T10 + 0.741 S 61 790.814 
SP10 R-1 = 319.767 + 383.120 T 8 0 - 3 9 2 . 6 3 7 T50 +64.762 T10 +0.316 5 

-3 .415 P 
M2 A'1 =234.145 +283.791 T 8 0 - 2 2 6 . 6 5 3 T50 +0.595 5 +40.496 r(14.0) 

WF7 A'1 = 153.535 + 0.504r(1.7) + 0.232r(3.0) - 1.277r(7.0) + 30.365 r(14.0) 
WF8 R-1 = 233.641 + 0.425 r(1.7) + 0.261 r(3.0) + 13.354 r(14.0) - 2.212 P 

Table 7.6: Multiple linear regression models with regressor P replaced by regressor 
r(14.0) (simulated responses without added noise). 

With noise 
Model R? MSE 
SP4 n L = 1.130 + 1.920 T50 - 0.458 T10 
SP5 n L = 0.223 + 0.565 T80 + 0.454 T50 + 0.176 T10 + 0.004 S + 0.044 P 
Ml» L = 1.210 + 1.273 T 5 0 - 0.253 r(14.0) 

WF3„ L = 2.127 + 0.015 r(1.3) + 0.029 r(3.0) + 0.067 r(7.0) - 0.335 r(14.0) 
W F 4 n L = 0.689 + 0.013 r(1.3) + 0.004 r(1.7) + 0.026 r(3.0) + 0.079 r(7.0) 

-0.117r(14.0) + 0.040 P 
SP9„ A'1 = 208.877 + 76.627 T80 - 123.180 T50 + 52.049 T10 + 0.418 S 
SPlOn Â - 1 = 276.985 + 27.283 T80 + 0.103 S - 3.439 P 
M2 n A'1 = 205.484 + 85.045 T80 - 80.426 T50 + 16.118 710 + 0.436 S + 21.472 r(14.0) 

W F 5 n R-1 = 153.924 + 0.503 r ( l . 7) +0.299 r(3.0) + 25.173 r(14.0) 
WF7„ R-1 =248.650 + 0.383r(1.7) + 0.359 r(3.0) + 10.223 r(14.0) - 2.585 P  

Table 7.7: Multiple linear regression models with regressor P replaced by regressor 
r(14.0) (simulated responses with added noise). 

the controller parameters prediction, in the presence of noise in the bolus response 
measurement, has been investigated in detail. All the predictors have been found to 
be very insensitive to the presence of noise, the periods of the WFA achieving the best 
results. Therefore, it can be concluded that the on-line prediction of the controller 
parameters from the patient bolus response is a robust technique suitable for use in a 
clinical environment. 

89 0.105 
94 0.059 
91 0.087 
90 0.096 

94 0.056 
57 880.635 
69 627.804 
64 738.834 
62 767.205 
71 601.216 
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Figure 7.10: Boxplots of the errors (100 models without noise). 

Figure 7.11: Boxplots of the errors (100 models with noise). 



Chapter 8 

Main Contributions and Future Work 

Know when to stop 
and you will meet with no danger. 

CH. XLIV LAO TZU 

The more you know, the less sure 
you are. 

VOLTAIRE 

In this final chapter, the main contributions of the thesis are summarized and some 
directions for further work are suggested. 

8.1 Main contributions 

The aim of this thesis is to provide some contributions to the analysis of discrete time 
series. The emphasis is given on a particular type of processes for count time series, 
namely the INteger-valued AutoRegressive (INAR) process. A literature survey of 
the existing procedures (for INAR and AR models) is given in order to provide a 
solid base for the construction of the new methodologies for INAR processes. Note 
that the INAR model needs a large sample size to obtain the same results as the 
usual AR models when a certain method (estimation or order selection), based on 
the same underlying idea, is applied to both models. On the other hand, the Walsh-
Fourier spectral analysis (WFA) is used to study physiological variables, supplying 
information that can be applied on the patient characterization. 

Thus, the main contributions of this thesis can be summarized as follows 

175 
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4» The mixing property of the INAR(p) process is established. As a consequence, 
the use of the Whittle criterion as estimation method is justified in the INAR 
context. 

4* The high-order characterization of the INAR(p) process, in terms of third- and 
fourth-order moments and third-order cumulants, is given in order to complete 
the previously high-order characterization already obtained in the literature. 

4* Several estimation methods for the parameters of INAR models, in the time and 
frequency domains, are proposed. The asymptotic properties of the estimators 
are studied and their small sample performance is compared in simulation stud
ies. In particular, the Least Squares estimation based on High-Order Statistics 
provides good results, in terms of sample bias, variance and mean square error, 
as well as the Whittle estimation and the Conditional Least Squares method. 

4» The proposed estimation methods (Yule-Walker, Conditional Least Squares, 
Whittle criterion, Third-Order Recursion equations and Least Squares estima
tion based on High-Order Statistics) do not assume the Poisson distribution for 
the arrival process, leading to more adaptive and flexible methods. 

4» The estimation methods proposed for INAR(p) processes are easily extended and 
generalized to the replicates context. The properties of the estimation methods 
for the MNAR(p) parameters are the same as in the case of a single realization. 
In addition, the existence of replicates, even with a small sample size, leads to 
more accurate estimates. 

4» The automatic criterion for order selection, based on the unbiased version of 
the Akaike Information Criterion, AICC, is established in the INAR framework. 
A simulation study is performed to investigate the behaviour of the criterion. 
It is found that several factors have influence in the selected order, namely the 
sample size, the parameters values and the estimation method used to calculate 
the criterion. 

4» Neuromuscular blockade levels at the average periods indicated by WFA have 
a high fitted power for the parameters of the controller, even in the presence 
of the high level noise that often contaminates the measurement of the muscle 
relaxation response. 

4* The WFA provides to the control system of the neuromuscular blockade strong 
robustness to inter and intra-individual variability of the patient's responses and 
adaptation to the individual requirements. 
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8.2 Future Work 

The work resulting from this thesis leaves some open topics. For instance, the sig
nificance of the parameters estimates must be tested. The extension to the INAR(p) 
context of the theory existing for branching processes is suggested. 

On the other hand, one of the main objective of the time series analysis is the 
prediction. For the INAR(p) models, this is an open issue and needs to be explored. 
Since the classical forecasting methods do not provide integer-valued predictions, the 
use of artificial neural networks is suggested. 

Finally, with respect to the WFA analysis of the bolus response, the results obtained 
so far indicate that WFA may be used to detect a time varying model. For this, the 
use of a moving window (of time) where the WFA analysis is performed in order to 
identify the system parameters is suggested. 



Appendix A 

Proofs of Chapter 2 

Proof of the Lemma 2.1 

Proof. Properties (i), (ii) and (Hi) follow from the definition of *. Properties (iv), (vii) 
and (ix) are given by Gauthier and Latour (1994). For the binomial thinning opera
tion, *, Oliveira (2000) has proved the properties (iv) to (xi). These and the rest of 
the properties are proved by using the definition of * and the conditional expectation. 
Here, the prove of property (xx) is exemplified. The demonstration of the remainder 
properties are omitted since they are similar to the following proof. 

E[(a1*X1)(a2*X2)(a3*X3)2} 
= E[E[(ai *X1)(a2 *X2)(a3 *X3)2\X1,X2,X3\] 

' xx \ ( x2 \ ( x3 x3 x3 

= E E i E n . En» En*3+EX>n,3 
vi=l , f c = l fc=l / l = l 

= E 

^ 1 > ^ 2 ) ^ 3 

Xi X2 X3 

J ] E E nYi,1Yj,2Yk!3
2\X1,X2, X») 

i = i j = i fc=i 
Xi X2 X3 X3 

+ E E E E E E[y<>1î >2n>3irM|Xi, x2) x8] 
_i=i j = i fc=i /»=i 

= aia2(a3
2 + a3

2)E[X1X2X3] + a^a^E^X^2 - X3)} 
= aia2a32E[XiX2Xs2] + aia2a^2E\XiX2X^\. U 
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Proof of the Theorem 2.4 

Proof. The mean of the process, (2.20), was given by several authors (see for instance 
Latour, 1998). The second- and third-order moments, (2.21), (2.22) and (2.24) to 
(2.26) were established by Silva and Oliveira (2005). For fix(0,0), attending to the 
definitions and the properties of the thinning operation, to the mutually independence 
of the counting series and to the properties of sums, it is found that 

M 0 , 0 ) = E 

= E 

Y ai * xt-i + et 

J=l 
p p 

J2 (on * Xt_if + 3 Y, J2 (<*i * Xt-i)2{a, * Xt-j) + 3 ^ (a< * Xt-i)2et 
t = i i=l 

p p 

+ 3 Y (ai * Xt-i)et
2 + 6 Y Y2 (ai* Xt-i)(ai * xt-j)et 

P P P 

+6 J2 X X (ai * Xt-ú(aí * Xt-jï (ah *Xt-^+e*3 

i=l j=i+l h=j+l 
/ p p p 

= fiX{0,0) Y ai + 3 ^(°) XI " ^ + ^x X I ( 7 í ~~ 3 o ; * c r í 2 ~ a * 3 ) 
i=l 

P P 
i=l i=l 

p p 

+ 3 X X ai2ajVx(0, * - i ) + E E a?otjHx{i - j) 
, »=i j=i i=\ j=l 

+ 3/xe y^ «i Vx (0) + //x X a*2 +3 /Ux (°* + ^e2) X a i 

V P 
t = l »=1 

J3 p p 

+ 6 ^ X X OiOLjUxii ~ j) + 6 X X X aiajahVx(i - j,i-h)+ je 
i=l j=i+l i=l j=i+l h=j+l 

I V P P 
= \Hx(0,0) X ai + 3 X X o^OjVxti -i,j - i) 

»=1 i = l 

+ 6 X X X aiajah^x(t -j,i-h))+3Í nx(0) X a ^ 2 

i=l j=i+l h=j+l J \ i=l 
P P \ / P P P 

+ X X o-i0?^x(i - j) +3/ie A*x(0) X a^2 + 2 X X o-iOLjiixii - j) 
=1 i = i 1=1 i=l i = i + l 

p 

+ 3£ix(cre
2 + /ie

2) Y2ai + ^e + ^e^X J j ^*2 + M* X ^7i ~ 3û!<i7 i 2 - t*3} 
<=1 i = l =1 
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P v v P P 

= 53 53 53 aiaJak A*x(* ~ j,i ~ k) + 3 53 53 aòai2^x{i - j) 
i=l j=l k—l i= l j=l 

P P P 

+ 3^e 53 53 aia3^x{i - j) + 3/ix(^e + Me*) 53 a* + V 
i= l j = l i= l 

p p 

+ 3/ixA*e 5 3 CT*2 + Vx 53 (T« ~ 3 Q ^ 2 _ aD-
i= l i= l 

The demonstration of (2.27) is analogous to the previous. The remaining expressions 
for the fourth-order moments, (2.28) to (2.34), follow from the definitions and the 
properties of the thinning operation. Here, the calculations for (2.29) are given and 
the other ones are omitted because they are obtained in an analogous way. Thus, for 
k > 0 , 

Hx(0,k,k)=E x2 53ai * Xt+k~i+et+k 

P p p 

E Xt
2 Í 53 (ai * Xt+k-if + 2 5 ] 5 ] (ai * **+.*_<) (ty * Xt+*-j) 

\2 = 1 1=1 J=î + 1 
P 

+ 2ei+fc 53 (ai * -̂ t+fc-i) + et+k2 

i = i 
p p 

5 ^ E[Xt
2(ai * X ^ ) 2 ] + 2 53 53 E[X*>* * *t+*-<)(aj * *̂+fc-

i= l j '= i+l i = l 

+ 2/ze J ] E ^ i û i * Xí+fc_,)] + E[XtV*2] 
i= l 

p p 

= 53û;i2//x(0,/i;-i, fc-i) + 53a i 2^x(0 ' f c _^ 
i=l issl 

p p p 

+ 2 5 3 5 3 îûîjAiJf (°» k-i,k-j) + 2ne 5 3 CKiMx (0, fc - i) 
i= l j=i+l 

+ Hx{0){ae
2 + fj,e2). 

i = l 

n 

Proof of the Theorem 2.5 

Proof. Expressions for the first- and second-order cumulants are given by several 
authors in the literature (see Du and Li, 1991, Latour, 1998). For the third-order 
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2 

cumulants, expressions (2.39) to (2.41) are proved in Silva and Oliveira (2005). For 
(2.38), by using the relationship between moments and cumulants, (1.6), it is found 
that 

Cx (0,0) = nx (0 ,0)- Ziixiix (0) + 2nx
z 

P P P p p 

= 5Z X X aiaJak Vx{i - j , i - k) + 3 ̂ 2 ^2 ajal
2nx{i - j) 

i=l j=l k=l i=l j=l 
p p p p 

+ 3//e 5Z X aiai^ (* ~ Î) + 3 ^ (ae + Me2) J]] «i + 7e + 3/ixMe X ] a< 
i = l j = l i = l i = l 

P I P P 
+ Mx X (7< - 3o;i0-i2 - a-) - 3/JLX I ^ ^ ctiCtjiixii ~ j) 

i=l \i=l j=l 
P P \ 

+ MX 5 ^ CTi2 + 2/ie/ix ^ «* + /"e2 + CTe2 +2//X3 

4=1 i = l / 
p p P p p 

= 2 J ^ J j otiOijati, nx{i ~ j , i ~ k) + 3 22 ]C Uj^Vx(* - j) + 2 ^ 3 

1=1 J = l fc=l i = l J = l 

p p / p 

+ 3(A*e - Mx) XI S V-i^i^X^ " j) + Te - 3//x(^2 + Me2) ( 1 - ^ °« 
i = l j = l \ i = l 

P P P 

+ 3fix(Ve ~ l*x) X ^ + ^X X (7i ~~ 3aj<7ï2 - a\) - SneUx2 Y2 ai 

i=l i = l 1=1 
p p p p p 

= X X X "^J0* ^ ( î - i ^ - ^ + ^ E ®j<Ti2Vx(i - j) + le 
i = l j = l fc=l i = l i = l 

p p P 

+ 3(/ie - Mx) X X aiajVx(i ~ j) + 3//x(Me - Mx) X °? + 2^x 
i = l j ' = l i = l 

P P 

- 6/j,enx2 X a * - 3 îe(yue
2 + <72) + Mx X (7i ~ S a ^ 2 - of). D 

i = l i = l 



Appendix B 

Whittle criterion for ARMA processes 

Suppose that {Xt} is a causal ARMA(p, q) process satisfying the difference equation 

Xt + aiXt-i + ... + apXt-p = et 4- /3iet_i + . . . + Pqet-q, 

where {et} is a sequence of i.i.d. random variables, with zero mean and variance a2, 
and the coefficients ai: i = 1 , . . . ,p, /3j,j = 1 , . . . , q, are such that all the roots of the 
polynomials hp(z) = l + a>iz + .. .+apzp and gq{z) = l+/?iz + .. . + /3qz9, lie outside the 
unit circle. It is assumed that the spectral density of {Xt}, f(co), is strictly positive 
and continuous (in to). Therefore, /(•) has an integrable logarithm and Xt is a linear 
model and can be represented by the "one-sided" linear representation, given in (1.3). 

The Gaussian log-likelihood function of the set of observations, X = (Xi,..., Xx)T, 
is given by (Brockwell and Davis, 1991, § 8.6 and 8.7) 

L(X) = - j log(27r) - i log(de tR*( / ) ) - i x T R A r ( / ) - 1 X , (B.l) 

where 

RJV( / ) = [R(j - k)}j,k 
.J —IT 

,j,k = l,...,N, (B.2) 
j,k 

is the N x N covariance Toeplitz matrix of the vector X, written through the spectral 
density. 

Using (1.3) and the Kolmogorov (Szegõ) formula (Brockwell and Davis, 1991, §5.8) 

a2 = 27T exp < —- / log/(a») du 
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Whittle (1953, 1954) obtained the following approximation of L(X) 

L(X) =  £ £ (log((27r)2/(a,)) + ^ ) du, (B.3) 

where IN(W) is the periodogram of the observations given by (3.19). 

The Whittle estimator of 0 = [ oi\ • • ■ o^ /?i • • • /5g a2 ], is obtained by mini

mizing the Whittle's criterion (B.3), that is 

0 = min{L(X)}. 

Even if the series is not Gaussian, Dzhaparidze and Yaglom (1983) and Chandler 
(1997) shown that the use of Whittle criterion is justified because it is the criterion one 
would arrive at if is considered an approximation of the likelihood functions of collec

tions of sample Fourier coefficients. Accordingly, let {Yy,..., YN} be a sequence of i.i.d. 
random variables and consider [IN(u)j)], for j = 1 , . . . , [(N—1)/2], the random vector of 
the periodogram ordinates at the Fourier frequencies, Uj = ^ff-, j = 0 , . . . , [(N —1)/2]. 
Kokoszka and Mikosch (2000) proved that the vector [ijv()] converges in distribution 
to a vector of i.i.d. standard exponential random variables, with expectation f(uj) 
and variance f(u)j)2. Then, instead of consider the probability density of the variables 
Yi,...,Y/v, denoted by pN(YN) = log(L(Yjv)), let be considered the probability 
density of the complex variables IN(UJ), denoted by pi(IN(uj)), j = 1 , . . . , [(N—1)/2]. 
Therefore, asymptotically 

n l -1N\UJ) 

—,—\ e xP . () f{Uj) f(ujj) 
l(N-l)/2] ( 

Lr = log(Pl)= J2 log(/(^)) 
A—n V 

IN{UJY 

fMJ 
Thus, the Li corresponds to the discrete version of the Whittle criterion. 

Murthy (1973) suggested another simple heuristic derivation of the approximate log

likelihood, (B.3), for a special case of ARMA processes, based on the convolution 
theorem of Fourier series theory. If 

Y I"* eiw(j-k) 
R*N = [R*(j-k)]j,k = 

then, clearly, 

(2TT)2 J _ /(a,) 
du ,j,k = l,...,N, 

j,k 

RN — R^ 
(2vr)2/K 
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is a covariance matrix for all N. The associated spectral density is ((27r)2/(a;)) 

If both R and R* are taken to be infinite dimensional matrices, then R 1 

(Shaman, 1975), that is, 
00 

£ R(j-s)R*(s-k) = 6(j-k), j,kez, 
s=—oo 

where 5(-) is the Kronecker delta function given in (2.43). 

R* 

(B.4) 

This follows because the leftside of (B.4) is the convolution of the two autocovariance 
sequences, R(k) and R*(k), for k <G Z. Equation (B.4) can be interpreted heuristically 
as follows: if KN = RN(f) is the Toeplitz matrix (B.2) and R^ = Riv(l/((27r)2/)), 
then RATR^T tends to the identity matrix as N —>■ oo. This implies that R^ « R J V  1 

when N is sufficiently large. 

Note that the quadratic form of X T R ^ X is given by 

N r iN{u) E. r 
m du). 

Thus, replacing on the rightside of the exact loglikelihood, (B.l), R J V  1 by the 
matrix R ^ and, as suggested by McLeod (1977), replacing det(Rjv(/)) by its limiting 
expression derived from the Szegõ theorem (Grenander and Szegõ, 1958) 

l im[detR i V(/)]1 / n = 2^ exp 
n—>oo 

is obtained the Whittle approximation, (B.3). 

1 
2^ log/(w)dw 

Several authors have developed asymptotic theory for the Whittle estimator when is 
assumed the mutually independence of the innovations in (1.3) (Walker, 1964, Hannan, 
1973, Dzhaparidze and Yaglom, 1983). In particular, if Xt is a Gaussian process with 
spectral density function /(•), satisfying some regular conditions (given in Dzhaparidze 
and Yaglom (1983, pp. 53, 54)) and if 0 is the Whittle estimator of 9, then (Sesay 
and Subba Rao, 1992), 

( P I ) 6 is a (weakly) consistent estimator of 0, 

(P2) as N > oo, 
yfN(e-0) AN(Q,[*{0)]~1), 

where 

*
( e ) =

s£ dO 
dlog f(u,0) 

de 

-\T 
du. 

(B.5) 

(B.6) 
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E[et\Ft-X] = 0, a.s., 

E[e2
t\Ft-i] = a2, a.s., 

E[ët\?t-i] = const, a.s., 

E[st] = < 00, 

Hannan (1973) pointed out that the requirement of the mutual independence of the 
variables et in (1.3), may be relaxed and replaced by the conditions 

(B.7a) 

(B.7b) 

(B.7c) 

(B.7d) 

where Tt-\ is the Borel field generated by the elements es, s < t — í. Condition (B.7a) 
asserts that the best predictor of Xt based on the past of the process is the best 
linear predictor. Conditions (B.7a)-(B.7c) mean that the variables et behave as if 
were mutually independent up to third moments. For the processes Xt defined by 
(1.3) with the et under conditions (B.7), Dzhaparidze and Yaglom (1983) shown that 
the Whittle estimator satisfies the previous properties (PI) and (P2), but with (B.5) 
replaced by 

y/N(è-ó)AN (o, [*{o)\-1 + K4[^(9)]-1d{e)d{e)T[^(e)}-1), 

where K± is the normalized fourth cumulant of et and 
1 

d(0) = del 
k!) aiogfr2) 

d6i 

For processes which are not merely non-Gaussian but also non-linear as well, Dzha
paridze and Yaglom (1983) introduced a class of stationary processes, called non-
Gaussian mixing processes (defined by the conditions (NGMP1)-(NGMP3) given 
previously in Section 2.4.1). Dzhaparidze and Yaglom (1983) shown that for non-
Gaussian mixing processes with spectral density f(u>), the Whittle estimator, 0, 
satisfies the property (PI) and the following property 

(P2') as TV -» oo, 

VN(9 -9)-> 7V(0, [^(O)}-1 + [*(0)]-1W(0)[*(0)]-1 , 

where *(#) is defined in (B.6), 

W(0) 
8^ ^{u>i,u)2) 

d\ogf{iv) 
dO 

5 log/M 
de duji du>2, 

and, denoting the fourth-order cumulant spectral density function of {Xt} by 
/4(wi,W2,w3), 

fA(Ui,-Ui,tx)2) *(Wi,W2) = 
fM/M 



Appendix C 

Alternative derivation of the Whittle 
Criterion for INAR processes 

The Whittle criterion is an approximation of the likelihood of a stochastic process 
represented through its spectral properties. Here it is obtained for the INAR(p) pro
cesses. Some preliminary results are needed to obtain the criterion. Thus, Lemma C.l 
establishes the approximation of the inverse of the covariance matrix of an INAR(p) 
process. Next, Lemma C.2 shows that the determinant of the covariance matrix of an 
INAR(p) process converges to the variance of the one-step-ahead prediction error, Vp, 
and Lemma C.3 establishes the Kolmogorov formula in the INAR context. Finally, in 
Proposition C.l, the Whittle criterion is obtained. 

L E M M A C . l . Let X = {Xi,... ,XN}T be a realization of an INAR(p) process, 
satisfying (2.5), and RJV the covariance Toeplitz matrix of the vector X, as defined 
in (2.11). Then, the inverse O/RJV can be approximated by HN, that is 

L(X) = - j log(27r) - ^log(detR^) - ^ X T R i y - 1 X , 

where 

R v̂ = [IV (J - *)];,* = ^ ^ / - r ^ - du ,j,k = l,...,N. (C.l) 
.(2TT)= y_, f(u) 

Note that R*(k) represents the autocovariance function of a process with spectral 
density given by [l/((27r)2/(a;))]. 

Proof. Consider R and R* as being infinite dimensional matrices. Then 
oo 

J2 R(j - s)R*(s -k) = S(j -k), j,ke Z, (C.2) 
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where S(-) is the Kronecker delta function, given in (2.43). This result follows because 
the leftside of (C.2) gives the convolution of two covariance sequences. The Fourier 
transform of this convolution is 2TT times the product of the corresponding spectral 
densities. Therefore the sum in (C.2) is the covariance function of uncorrelated random 
variables with variance 1. 

The element [RjvR^kfc, j , k = 1 , . . . , N, in row j and column k of the matrix [R^R^] 
is, by (C.2) 

AT 

Y^R(j-s)R*(s-k) 
s = l 

= S(j-k)- Y, R(3-s)R*(s-k)- ^ R(J-s)R*(s-k) 
s =  o o s=N+l 

oo j-N-1 

= o(j-k)-J2R(i)R*(j-k-i)- Y, R{ï)R*{l-k-i) 
i=j i=—oo 

—k 00 

= s(j-k)-Y,R(J-k-0^(0 E R(J~k-WO
i=—oo i=N+l—k 

Therefore, if {Xt} is an INAR(p) process, the columns (p + 1) , . . . , (N — p) of RJVRJV 

have elements 6(h — j) since, as noted by Bhansali (1980), R*(i) — 0 for \i\ > p. Then, 
it is shown that R^ approximates RJV^1 , when N is sufficiently large. D 

LEMMA C.2. Let X = {Xi,... ,X^}T be a realization of an INAR(p) process, 
satisfying the assumptions of Lemma C.l. Then 

det(Riv)  VP
N > 0 as N >■ oo, (C.3) 

forVp, the variance of the one-step-ahead prediction error, defined by (2.13), 

p 

Vp = cre
2 + fix^2<7i2, 

»=i 

where a2 =Var[et], fix =E[Xt], and a2 is the variance of the counting series, Yjj (j = 
1 , . . . , Xt-i; i = 1, . . . ,p) of the ith thinning operation, an * Xt~i-

Proof. Let X^+i be the onestepahead linear predictor, with minimum variance, as 
given in (2.15), XN+l = Y7i=\aiXN+i-i + He- Let U$+1 = XN+1  XN+1 be the 
onestepahead prediction error for an INAR(p) process. 
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As is referred in Section 2.4, Latour (1998) stated that if Xt is an INAR process, 
denned by (2.5), then Xt can be represented, up to secondorder, by the following AR 
process 

p 

Y^ ®k(Xt-k - Hx) + et = 0, 
fc=0 

where OJO = —1 and {et}, for t G Z, is a white noise processes with zero mean and 
variance Vp. Now, consider Yt = Xt — \xx. Then 

v 

fc=i 

is a zeromean AR process, with covariance function given by Ry{i — j) — E[YiYj] = 
R(i — j). Note that the best onestepahead linear predictor of YN is 

v 
YN = 2 J OÍÍYN-Í-

It is possible to apply the innovations algorithm (Brockwell and Davis, 1991, Propo

sition 5.2.2.) to the process Yt, since its secondorder moments are finite. Let 6itj (j = 
1 , . . . , i, i = 1,2,...), denote the coefficients obtained after applying the innovations 
algorithm to the process Yt, with 0i)O = l ,0y = 0 for j < 0, % — 0 , 1 , . . . , and let 
vN = E[(FJV+I — YN+I)2] be the mean squared error of prediction. 

Following Brockwell and Davis (1991, §8.5), the N x N lower triangular matrix C = 
[0i,i-j]i,j, (i,j = 0,...,N — l), and the N x N diagonal matrix D = diag[ VQ V\ • • ■ 
Vpt-x ]i a r e defined. Note that D is the covariance matrix of t§/+l = Yjv+i — YN+\. 

Let Yjv = [ Y1 ■•■ YN }T and let YN = [ Yx . . . YN ]T , with Yx = 0. The 
innovation representation of the predictor Yj,j = 1,...,N, can then be written in 
the form 

YN = (C — IJV)(YJV — YJV), 

where l?f is the N x N identity matrix, and therefore 

YJV = C(Yjv — YJV), 

which is equivalent to X — /J,X1N = C(X — Xjv), where 1N is a iV x 1 vector of ones. 

Thus, the covariance matrix of Yt — Xt — nx, given by Rp, is such that 

Rp — CDC , 
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and then 
N 

det(Rp) = det(D) = ] ] u /  ^ ° V / . D 
3=1 

L E M M A C.3. Let Xt an INAR(p) process, satisfying (2.5), with spectral density 
function, defined by (2.14), 

t\U) = ~ õ)
 — 7T < O; < 7T, 

2îr
ii-EiUi«fce-*-*r - -

where Vp is the variance of the one-step-ahead prediction error, defined by (2.13). 
Then, Xt satisfies the Kolmogorov formula 

Vp = 27rexp Í — / log f(u)du 

Proof. Let ^(z) = 1 — OL\Z — . . . — a ^ be a pth degree polynomial having all its roots 
outside of the unit circle, i.e. 

m{z) = l-JTajz3=]\{z-b]), 
3=1 3=1 

with \bj\ > 1. Then it can be rewritten 

*{z) = f[{l-cjz), (C.4) 
3=1 

where \CJ\ = \l/bj\ < 1, j = 1, . . . ,p. 

Recalling that 

0 0 fir 

log |1  «| =  Y^ zJ/h \z\ < 1, and / e"iwjdw = 0, 
3=1 J'

77 

then follow 

log |1  c e"ia,|2da; = / log (|1  c e~iuJ\ |1  c e_iw|) dw = 0. 
■7T • / — 7 T 
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Then, using these results and (C.4), it can be proved that 
- 2 \ 

/

7T /"ÏÏ 

log/(w)dw= / log | 
■IT J —% 

2TT 
i
~Yl

oí
j ^3 

3=1 

I duo 

n 
3=1

 y 

-CietuJj\ duo 

/

7T /»7T 

\og{Vp/2^)duo + / log 
■n J — n 

P r-n 
= 2TT log(Vp/27r) + Y1 log 11 — cóé 

3=1
 J

-
n 

= 2ir\og(Vp/2ir), 

where Vp is given in (2.13). Hence, from (C.5), it can be seen that 

Vp = 2vr exp ( — / log f(u)du J . 

IUJ doo 

(C.5) 

D 

PROPOSITION C.l. Let X = {Xi,..., XN}T be a realization of an INAR(p) process, 
satisfying (2.5), with 

R TV 
/

7T 

iu(k-j] f{uo)duo ,j,k = l,...,N 
j,k 

the N x N covariance Toeplitz matrix of the vector X, as defined in (2.11), /(•) the 
spectral density function of the process, given in (2.14), and J/v() the periodpgram of 
X, defined in (3.19). Then, an approximation of the Gaussian log-likelihood function 
o/X, given by 

L(X) =  y log(27r)  ilogtdetRiv)  ^ R ^ X , (C.6) 

is the Whittle criterion 

L(X) = -« .o g (2 , ) -££( lo g / M + ^ duo. 

Proof. Using the Lemma C.l, the quadratic form X T Rw XX, appearing in (C.6), can 
be replaced by 

IN(UJ) X T T>* "V N r 
/M 

duo, {C.l) 

In addition, using (C.3) and (C.7), the following approximation of the loglikelihood 
(C.6) is obtained 

duo. (C.8) 
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Finally, using the Kolmogorov formula, (2.18), to replace Vp in (C.8), the Gaussian 
log-likelihood function of X can be written by 

-"^>-££(*'<»>+7g) ^ MX): 

which is the Whittle criterion. D 



Appendix D 

List of some Automatic Criteria for 
Order Selection 

Some of the asymptotically efficient automatic criteria that have been proposed are: 

- Cp, proposed by Mallows (1973) for linear regression, which is an estimator of 
the expected sum of the squares of the prediction errors, 

„ . „ RhiS 
Cp{p) = ^Y--N + 2p. 

"e 

- CAT (Criterion of Autoregressive Transfer function), proposed by Parzen (1977), 
which is based on the transfer function of the AR model, 

K ' \ -l-N~l ifp = 0, 

where Vj = (1 - p/N)~l VJ/VQ, for j = 1,2,..., and Vj is the Yule-Walker 
estimator of the white noise variance of an AR(j) process. 

- FPEQ, which has been proposed by Bhansali and Downham (1977) as a gener
alization of FPE criterion, 

FPEQ(p) = âe
2 ( l + <*£), 

where a = 1,2,3,4. 

- WPC (Weak Parameter Criterion), proposed by Broersen (1985), is an estimator 
for the squared prediction error (computed from the same observations that are 
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used for the estimation of the parameters), 

RES(p) 
WPC(p) = = ntoU-Mv))' 

where RES is the residual variance and v(i, •) is the empirical variance of the ith. 
reflection coefficient (partial autocorrelation coefficient) and the dot indicates 
the estimation method considered (Yule-Walker, Burg or Least Squares). 

- FSIC (Finite Sample Information Criterion), proposed by Broersen and Wensink 
(1998) and Broersen (2000), is a finite sample approximation of the Kullback-
Leibler discrepancy, 

FSIC(p) = log(RES{p)) + f l ] + Ur'\ - h 

where RES and v(i, •) are defined as in WPC. 

On the other hand, some consistent criteria for order selection are: 

- BIC (Bayesian Information Criterion), proposed by Akaike (1978, 1979) as a 
Bayesian derivation of AIC criterion, 

/ )y~2 \ fsTN (X2— A/Vr2^ 
BIC(p) = (iV-p)log - — ^ - +iV(l+log(v^7r))+plog' ^ * = i ^ * ' ' -N — pJ \ p 

SIC (Schwarz Information Criterion), proposed by Schwarz (1978) as an asymp
totic approximation of a transformation of the Bayesian posterior probability of 
a candidate model, 

SICG?) = Anog(â£
2)+piog(A0. 

MDL (Minimum Description Length), proposed by Rissanen (1978), which is 
based on the Shortest Data Description Principle, 

MDL(p) = log(â£
2) + ( p + l ) 1 0 g ( ^ + 2 ) . 

HQ, proposed by Hannan and Quinn (1979), which is based on the law of the 
iterated logarithm for the partial autocorrelations, 

H Q » = log(â2) + ^log(log(iV)), c > 1. 
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- ICOMP (Information COMPlexity), proposed by Bozdogan (1990), which is 
based on the concept of complexity, 

ICOMP(p) = -21og(L(0)) +plog [ t r ( I p ) " 1 ) J - l o g ^ e t ^ * ) " 1 ) ) , 

where L(-) is the likelihood function, 0 is the maximum likelihood estimator 
of the parameter vector and 1(0)_1 is the estimator of the Fisher Information 
Matrix. 

- MEV (Minimum EigenValue) was proposed by Liang et al. (1993) and derived 
from the MDL criterion (for ARMA and ARX models). It is based on the 
minimum eigenvalue of a covariance matrix computed from the observed data, 

MEV(p) = Xmin(N^Ny, 

where Amjn is the minimum eigenvalue of the data covariance matrix. 

Extensions of many of these criteria for other linear models and some nonlinear models 
have been proposed in the literature: AIC, BIC and HQ for ARMA models (Hannan, 
1980, Choi, 1992), AICC for ARMA models (Hurvich et al, 1990), SIC and CAT for 
ARMA models (Choi, 1992), MDL for ARMA models (Hannan and Rissanen, 1982, 
Choi, 1992), AIC for State-Space models (Cavanaugh and Shumway, 1997), AIC, BIC, 
HQ and ICOMP for SETAR models (Kapetanios, 2001), AICC for SETAR models 
(Wong and Li, 1998), one-sided AIC for ARCH models (Hughes et al, 2004), MEV 
for two-dimensional AR models (Aksasse and Radouane, 1999) and a generalization of 
MEV criterion to Third-Order Cumulants (TOCs) for non-Gaussian ARX and ARMA 
models contaminated by Gaussian noise (Al-Smadi and Wilkes, 2002), to name but a 
few. 



References 

Akaike, H. (1969). Fitting autoregressive models for prediction. Annals of the Institute 
of Statistical Mathematics, 21, 243-247. 

Akaike, H. (1970). Statistical predictor identification. Annals of the Institute of 
Statistical Mathematics, 22, 203-217. 

Akaike, H. (1973). Information theory and an extension of the maximum likelihood 
principle. In: Second International Symposium on Information Theory (B.N. Petrov 
and F. Csaki, Eds.). Akademia Kiado. Budapest, pp. 267-281. 

Akaike, H. (1974). A new look at the statistical model identification. IEEE Transac
tions on Automatic Control, AC-19, 716-723. 

Akaike, H. (1978). A Bayesian analysis of the minimum AIC procedure. Annals of the 
Institute of Statistical Mathematics, 30A, 9-14. 

Akaike, H. (1979). A Bayesian extension of the minimum AIC procedure of autore
gressive model. Biometrika, 66, 237-242. 

Aksasse, B. and L. Radouane (1999). Two-dimensional autoregressive (2-D AR) model 
order estimation. IEEE Transactions on Signal Processing, 47, 2072-2077. 

Al-Osh, M.A. and A.A. Alzaid (1987). First-order integer-valued autoregressive 
(INAR(l)) process. Journal of Time Series Analysis, 8, 261-275. 

Al-Osh, M.A. and A.A. Alzaid (1988). Integer-valued moving average (INMA) process. 
Statistical Papers, 29, 281-300. 

Al-Osh, M.A. and A.A. Alzaid (1991). Binomial autoregressive moving average models. 
Communications in Statistics: Stochastic Models, 7, 261-282. 

Al-Smadi, A. and A. Alshamali (2002). Fitting ARMA models to linear non-gaussian 
processes using higher order statistics. Signal Processing, 82, 1789-1793. 

197 



198 REFERENCES 

Al-Smadi, A. and D.M. Wilkes (2002). Robust and accurate ARX and ARMA 
model order estimation of non-Gaussian processes. IEEE Transactions on Signal 
Processing, 50, 759-763. 

Alzaid, A.A. and M.A. Al-Osh (1988). First-order integer-valued autoregressive 
(INAR(l)) process: distributional and regression properties. Statistica Neerlandica, 
42, 53-61. 

Alzaid, A.A. and M.A. Al-Osh (1990). An integer-valued pth-order autoregressive 
structure (INAR(p)) process. Journal of Applied Probability, 27, 314-324. 

Alzaid, A.A. and M.A. Al-Osh (1993). Some autoregressive moving average processes 
with generalized Poisson marginal distributions. Annals of the Institute of Mathe
matical Statistics, 45, 223-232. 

Azzalini, A. (1981). Replicated observation of low order autoregressive time series. 
Journal of Time Series Analysis, 2, 63-70. 

Azzalini, A. (1984). Estimation and hypothesis testing for collections of autoregressive 
time series. Biometrika, 71, 85-90. 

Azzalini, A. and A.W. Bowman (1990). A look at some data on the Old Faithful 
Geyser . Journal of the Royal Statistical Society, Series C (Applied Statistics ) , 

39, 357-365. 

Beauchamp, K.G. (1975). Walsh Functions and their applications. Academic Press. 
London. 

Berglund, E. and K. Bránnás (1999). Plants' entry and exit in Swedish municipalities. 
Umeâ Economic Studies 497. Umeà University, Sweden. 

Bhansali, R.J. (1980). Autoregressive and window estimates of the inverse correlation 
function. Biometrika, 67, 551-566. 

Bhansali, R.J. (1993). Order selection for linear time series: a review. In: Developments 
in Time Series Analysis: in honour of Maurice B. Priestley (T. Subba Rao, Ed.). 
Chapman & Hall. London, pp. 50-66. 

Bhansali, R.J. and D.Y. Downham (1977). Some properties of the order of an autore
gressive model selected by a generalization of Akaike's EPF criterion. Biometrika, 
64, 547-551. 



REFERENCES 199 

Blundell, R.E., R. Griffith and F. Windmeijer (2002). Individual effects and dynamics 
in count data models. Journal of Econometrics, 108, 113-131. 

Box, G.E.P. and G.M. Jenkins (1970). Time Series Analysis: Forecasting and Control. 
Holden-Day. San Francisco. 

Bozdogan, H. (1990). On the information-based measure of covariance complexity and 
its application to the evaluation of multivariate linear models. Communications in 
Statistics: Theory and Methods, 19, 221-278. 

Brillinger, D.R. (2001). Time series: Data Analysis and Theory. SIAM. Philadelphia. 

Bránnás, K. (1994). Estimation and testing in integer-valued AR(1) models. Umeâ 
Economic Studies 335. Umeâ University, Sweden. 

Bránnás, K. (1995). Explanatory variables in the AR(1) count data model. Umeâ 
Economic Studies 381. Umeâ University, Sweden. 

Bránnás, K. and A. Hall (2001). Estimation in integer-valued moving average models. 
Applied Stochastic Models in Business and Industry, 17, 277-291. 

Bránnás, K. and J. Hellstrõm (2001). Generalizations to the integer-valued AR(1) 
model. Econometric Reviews, 20, 425-443. 

Bránnás, K. and P. Johansson (1994). Time series count data regression. Communi
cations in Statistics: Theory and Methods, 23, 2907-2925. 

Bránnás, K., J. Hellstrõm and J. Nordstrom (2002). A new approach to modelling 
and forecasting monthly guest nights in hotels. International Journal of Forecasting, 
18, 19-30. 

Brockwell, P.J. and R.A. Davis (1991). Time Series: Theory and Methods. 2nd ed.. 
Springer-Verlag. New York. 

Broersen, P.T.M. (1985). Selecting the order of autoregressive models from small 
samples. IEEE Transactions on Acoustics, Speech and Signal Processing, ASSP-
33, 874-879. 

Broersen, P.T.M. (2000). Finite sample criteria for autoregressive order selection. 
IEEE Transactions on Signal Processing, 48, 3550-3558. 

Broersen, P.T.M. and H.E. Wensink (1998). Autoregressive model order selection by 
a finite sample estimator for the Kullback-Leibler discrepancy. IEEE Transactions 
on Signal Processing, 46, 2058-2061. 



200 REFERENCES 

Cavanaugh, J.E. and R. Shumway (1997). A bootstrap variant of AIC for state-space 
model selection. Statistica Sinica, 7, 473-496. 

Chandler, R.E. (1997). A spectral method for estimating parameters in rainfall models. 
Bernoulli, 3, 301-322. 

Choi, B.S. (1992). ARMA Model Identification. Springer-Verlag. New York. 

Dahlhaus, R. (2000). A likelihood approximation for locally stationary processes. The 
Annals of Statistics, 28, 1762-1794. 

Degerine, S. (1987). Maximum likelihood estimation of autocovariance matrices from 
replicated short time series. Journal of Time Series Analysis, 8, 135-146. 

Diggle, RJ. and I. al Wasel (1997). Spectral analysis of replicated biomedical time 
series. Journal of the Royal Statistical Society, Series C (Applied Statistics ) , 46, 31-
71. 

Dion, J-P., G. Gauthier and A. Latour (1995). Branching processes with immigration 
and integer-valued time series. Serdica Mathematical Journal, 21, 123-136. 

Draper, N.R. and H. Smith (1981). Applied Regression Analysis. John Wiley. New 
York. 

Du, Jin-Guan and Yuan Li (1991). The integer-valued autoregressive (INAR(p)) 
model. Journal of Time Series Analysis, 12, 129-142. 

Dzhaparidze, K.O. and A.M. Yaglom (1983). Spectrum parameter estimation in 
time series analysis. In: Developments in Statistics (P.R. Krishnaiah, Ed.). Vol. 4. 
Academic Press. New York. pp. 1-96. 

Fox, R. and M.S. Taqqu (1986). Large sample properties of parameter estimates 
for strongly dependent stationary gaussian time series. The Annals of Statistics, 
14, 517-532. 

Franke, J. and T. Seligmann (1993). Conditional maximum likelihood estimates for 
INAR(l) processes and their application to modelling epileptic seizure counts. 
In: Developments in Time Series Analysis: in honour of Maurice B. Priestley 
(T. Subba Rao, Ed.). Chapman k Hall. London, pp. 310-330. 

Franke, J. and T. Subba Rao (1995). Multivariate first order integer valued autore-
gressions. Technical report. Math. Dep., UMIST, England. 



REFERENCES 201 

Franklin, C F . , J.D. Powell and A. Emami-Naeini (1994). Feedback control of dynamic 
systems. Addison-Wesley. Reading. 

Freeland, K. (1998). Statistical analysis of discrete time series with application to 
the analysis of workers' compensation claims data. PhD dissertation. University of 
British Columbia, Canada. 

Freeland, K. and B.P.M. McCabe (2004a). Analysis of low count time series data by 
Poisson autoregression. Journal of Time Series Analysis, 25, 701-722. 

Freeland, K. and B.P.M. McCabe (20046). Forecasting discrete valued low count time 
series. International Journal of Forecasting, 20, 427-434. 

Gallego, A., M.C. Carrión, D.P. Ruiz and A. Medouri (1994). The relationship between 
AR-modelling bispectral estimation and the theory of linear prediction. Signal 
Processing, 37, 381-388. 

Gauthier, G. and A. Latour (1994). Convergence forte des estimateurs des paramètres 
dt'un processus GENAR(p). Annales des Sciences Mathématiques du Québec, 18, 49-
71. 

Giraitis, L. and P.M. Robinson (2001). Whittle estimation of ARCH models. 
Econometric Theory, 17, 608-631. 

Godambe, V.P. (1960). An optimum property of regular maximum likelihood estima
tion. The Annals of Mathematical Statistics, 31, 1208-1212. 

Godambe, V.P. and C.C. Heyde (1987). Quasi-likelihood and optimal estimation. 
International Statistical Review, 55, 231-244. 

Grenander, U. and G. Szegõ (1958). Toeplitz forms and their applications. Univ. of 
California Press. Berkeley CA. 

Grunwald, G.K., R.J. Hyndman, L. Tedesco and R.L. Tweedie (2000). Non-Gaussian 
conditional linear AR(1) models. Australian and New Zealand Journal of Statistics, 
42, 479-495. 

Hannan, E.J. (1973). The asymptotic theory of linear time series models. Journal of 
Applied Probability, 10, 130-145. 

Hannan, E.J. (1980). The estimation of the order of an ARMA process. The Annals 
of Statistics, 8, 1071-1081. 



202 REFERENCES 

Hannan, E.J. and B.G. Quinn (1979). The determination of the order of an autore-
gression. Journal of Royal Statistical Society, Series B (Statistical Methodology) 
41, 190-195. 

Hannan, E.J. and J. Rissanen (1982). Recursive estimation of mixed autoregressive-
moving average order. Biometrika, 69, 81-94. 

Harmuth, H.F. (1972). Transmission of Information by Orthogonal Functions. 2nd ed.. 
Springer-Verlag. New York. 

Hjellvik, V. and D. Tj0stheim (1999). Modelling panels of intercorrelated autoregres-
sive time series. Biometrika, 86, 573-590. 

Hjellvik, V., R. Chen and D. Tjostheim (2004). Nonparametric estimation and testing 
in panels of intercorrelated time series. Journal of Time Series Analysis, 25, 831-
872. 

Hoyt, D.V. and K.H. Schatten (1998). Group sunspot numbers: a new solar activity 
reconstruction. Solar Physics, 181, 491-512. 

Hughes, A.W., M.L. King and K.K. Teng (2004). Selecting the order of an ARCH 
model. Economics Letters, 83, 269-275. 

Hurvich, C. and C.L. Tsai (1989). Regression and time series model selection in small 
samples. Biometrika, 76, 297-307. 

Hurvich, C , R. Shumway and C.L. Tsai (1990). Improved estimators of Kullback 
-Leibler information for autoregressive model selection in small samples. Biometrika, 
77, 709-719. 

Jacobs, P.A. and RA.W. Lewis (1978a). Discrete time series generated by mixtures. 
I: correlation and runs properties. Journal of the Royal Statistical Society, Series B 
(Statistical Methodology) 40, 94-105. 

Jacobs, P.A. and P.A.W. Lewis (19786). Discrete time series generated by mixtures II: 
asymptotic properties. Journal of the Royal Statistical Society, Series B (Statistical 
Methodology) 40, 222-228. 

Jacobs, P.A. and P.A.W. Lewis (1983). Stationary discrete autoregressive moving 
average time series generated by mixtures. Journal of Time Series Analysis, 4, 19-
36. 



REFERENCES 203 

Jung, R.C. and A.R. Tremayne (2003). Testing for serial dependence in time series 
models of counts. Journal of Time Series Analysis, 24, 65-84. 

Kapetanios, G. (2001). Model selection in threshold models. Journal of Time Series 
Analysis, 22, 733-754. 

Klimko, L. and P. Nelson (1978). On conditional least squares estimation for stochastic 
processes. The Annals of Statistic, 6, 629-642. 

Kohn, R. (1980). On the spectral decomposition of stationarity time series using Walsh 
functions. Advances in Applied Probability, 12, 183-199. 

Kokoszka, P. and T. Mikosch (2000). The periodogram at the Fourier frequencies. 
Stochastic Processes and their Applications, 86, 49-79. 

Kullback, S. and R.A. Leibler (1951). On information and sufficiency. The Annals of 
Mathematical Statistics, 22, 76-86. 

Lago, P., T. Mendonça and H. Azevedo (2000). Comparison of on-line autocalibration 
techniques of a controller of neuromuscular blockade. In: Proceedings of IFAC 
Modeling and Control in Biomedical Systems. Karlsburg-Greifswald, Germany, 
pp. 263-268. 

Lago, P., T. Mendonça and L. Gonçalves (1998). On-line autocalibration of a 
PID controller of neuromuscular blockade. In: Proceedings of the 1998 IEEE 
International Conference on Control Applications. Trieste, Italy, pp. 363-367. 

Latour, A. (1997). The multivariate GINAR(p) process. Advances in Applied Proba
bility, 29, 228-248. 

Latour, A. (1998). Existence and stochastic structure of a non-negative integer-valued 
autoregressive process. Journal of Time Series Analysis, 19, 439-455. 

Leonov, V.P and A.N. Shiryaev (1959). On a method of calculation of semi-invariants. 
Theory of Probability and its Applications, IV, 319-329. (translated by Brown, 
J.R.). 

Liang, G., D.M. Wilkes and J.A. Cadzow (1993). ARMA model order estimation 
based on the eigenvalues of the covariance matrix. IEEE Transactions on Signal 
Processing, 41, 3003-3009. 

Linkens, D.A. (1994). Intelligent Control in Biomedicine. Taylor and Francis. London. 



204 REFERENCES 

Ljung, G.M. and G.E.R Box (1978). On a measure of lack of fit in time series models. 
Biometrika, 65, 297-303. 

MacDonald, I.L. and W. Zucchini (1997). Hidden Markov and other models for 
discrete-valued time series. Chapman & Hall. London. 

Mallows, C.L. (1973). Some comments on Cp. Technometrics, 15, 661-675. 

Mardia, K. (1970). Measures of multivariate skewness and kurtosis with applications. 
Biometrika, 57, 519-530. 

MathWorks (2004). Optimization toolbox user's guide for MATLAB. Avail
able from http://www.mathworks.com/access/helpdesk/help/pdf_doc/optim/ 
optim_tb.pdf. 

McKenzie, E. (1985). Some simple models for discrete variate time series. Water 
Resources Bulletin, 21, 645-650. 

McKenzie, E. (1986). Autoregressive moving-average processes with negative-binomial 
and geometric marginal distributions. Advances in Applied Probability, 18, 679-705. 

McKenzie, E. (1988). Some ARMA models for dependent sequences of Poisson counts. 
Advances in Applied Probability, 20, 822-835. 

McLeod, A.I. (1977). Improved Box-Jenkins estimators. Biometrika, 64, 531-534. 

Mendonça, T. and P. Lago (1998). PID control strategies for the automatic control of 
neuromuscular blockade. Control Engineering Practice, 6, 1225-1231. 

Mendonça, T., M.E. Silva, I. Silva and H. Magalhães (2003). Relevant contributions 
to an adaptive control system for the neuromuscular blockade. In: Proceedings 
of the European Symposium on Intelligent Technologies, Hybrid Systems and their 
implementation on Smart Adaptive Systems, Eunite 2003. Finland, pp. 295-301. 

Mikosch, T. and D. Straumann (2000). Whittle estimation in a heavy-tailed 
GARCH(1,1) model. Stochastic Processes and their Applications, 100, 187-222. 

Mills, T.M. and E. Seneta (1989). Goodness-of-fit for a branching process with 
immigration using sample partial autocorrelations. Stochastic Processes and their 
Applications, 33, 151-161. 

Morettin, P.A. (1974). Limit theorems for stationary and dyadic-stationary processes. 
Bulletin of the Brazilian Mathematical Society, 5, 97-104. 

http://www.mathworks.com/access/helpdesk/help/pdf_doc/optim/


REFERENCES 205 

Morettin, RA. (1981). Walsh spectral analysis. SI AM Review, 23, 279-291. 

Murthy, D.N.P. (1973). Method of maximum likelihood for stationary time series 
models. IEEE Transactions on Automatic Control, AC-18, 397-398. 

Nikias, C.L. and A.P. Petropulu (1993). Higher-order spectral analysis, A non-linear 
signal processing framework. PTR Prentice Hall. New Jersey. 

Oliveira, V.L. (2000). Modelos Autoregressivos para Sucessões Cronológicas de 
Contagem: caracterização e modelação. PhD dissertation. Universidade do Porto. 

Ott, J. and R.A. Kronmal (1976). Some classification procedures for multivariate 
binary data using orthogonal functions. Journal of the American Statistical Associ
ation, 71, 391-399. 

Papoulis, A. and S.U. Pillai (2002). Probability, Random Variables and Stochastic 
Process. 4th ed.. McGraw-Hill. Boston. 

Park, Y. and C. W. Oh (1997). Some asymptotic properties in INAR(l) processes 
with Poisson marginals. Statistical Papers, 38, 287-302. 

Parzen, E. (1977). Multiple time series modeling: determining the order of approxi
mating autoregressive schemes. In: Multivariate Analysis IV (P. Krishnaiah, Ed.). 
North-Holland. Amsterdam, pp. 283-295. 

Phatarfod, R.M. and R. Srikanthan (1981). Discretization in stochastic reservoir 
theory with Markovian inflows. Journal of Hydrology, 52, 199-218. 

Pichler, F. (1970). Some aspects of a theory of correlation with respect to Walsh 
harmonic analysis. Technical Research Report R-70-11. University of Maryland. 

Priestley, M.B. (1981). Spectral Analysis and Time Series. Academic Press. London. 

Quenouille, M.H. (1949). Approximate tests of correlation in time series. Journal of 
the Royal Statistical Society, Series B (Statistical Methodology) 11, 68-84. 

Raghuveer, M.R. and C.L. Nikias (1985). Bispectrum estimation: a parametric 
approach. IEEE Transactions on Acoustics, Speech and Signal Processing, ASSP-
33,1213-1230. 

Raghuveer, M.R. and C.L. Nikias (1986). Bispectrum estimation via AR modeling. 
Signal Processing, 10, 35-48. 



206 REFERENCES 

Rice, J. (1979). On the estimation of the parameters of a power spectrum. Journal of 
Multivariate Analysis, 9, 378-392. 

Rissanen, J. (1978). Modelling by shortest data description. Automática, 14, 465-471. 

Robinson, G.S. (1972). Logical convolution and discrete Walsh and Fourier power 
spectra. IEEE Transactions on Audio and Electroacoustics, AU-20, 271-280. 

Rosenblatt, M. (1971). Markov process - Structure and asymptotic behavior. Springer-
Verlag. Berlin. 

Rosenblatt, M. (1983). Cumulants and cumulant spectra. In: Handbook of Statistics 
(D.R. Brillinger and P.R. Krishnaiah, Eds.). Vol. 3. Elsevier Science Publisher B.V.. 
North Holland, pp. 369-382. 

Ross, S.M. (2003). Introduction to Probability Models. 8th ed.. Academic Press. 
Amsterdam. 

Schilden, H. and K.T. Olkkola (1991). Use of a pharmacokinetic-dynamic model 
for the automatic feedback control of atracurium. European Journal of Clinical 
Pharmacology, 40, 293-296. 

Schwarz, G. (1978). Estimating the dimension of a model. The Annals of Statistics, 
6, 461-464. 

Sesay, S.A.O. and T. Subba Rao (1992). Frequency-domain estimation of bilinear time 
series models. Journal of Time Series Analysis, 13, 521-545. 

Shaman, P. (1975). An approximate inverse for the covariance matrix of moving 
average and autoregressive processes. The Annals of Statistics, 3, 532-538. 

Shibata, R. (1976). Selection of the order of an autoregressive model by Akaike's 
information criterion. Biometrika, 63, 117-126. 

Shibata, R. (1980). Asymptotically efficient selection of the order of the model for 
estimating parameters of a linear process. The Annals of Statistics, 8, 147-164. 

Silva, I., M.E. Silva, I. Pereira and N. Silva (2005a). Replicated INAR(l) processes. 
Methodology and computing in Applied Probability (under revision). 

Silva, M.E. and V.L. Oliveira (2004). Difference equations for the higher-order 
moments and cumulants of the INAR(l) model. Journal of Time Series Analysis, 
25, 317-333. 



REFERENCES 207 

Silva, M.E. and V.L. Oliveira (2005). Difference equations for the higher-order 
moments and cumulants of the INAR(p) model. Journal of Time Series Analysis, 
26, 17-36. 

Silva, M.E., T. Mendonça, I. Silva and H. Magalhães (2002). On-line controller 
autocalibration based on parameter predictors: a case study. In: Advances in 
Simulation, Systems Theory and Systems Engineering (N.E. Mastorakis, V.V. Kluev 
and D. Koruga, Eds.). WSEAS Press. Greece, pp. 261-266. 

Silva, M.E., T. Mendonça, I. Silva and H. Magalhães (2005o). Statistical analysis 
of neuromuscular blockade response: contributions to an automatic controller 
calibration. Computational Statistics & Data Analysis (in Press). 

Silva, N. (2005). Análise Bayesiana de séries temporais de valores inteiros com 
observações repetidas. PhD dissertation. Universidade de Aveiro, Portugal. 

Silva, N., I. Pereira and M.E. Silva (2003). Análise Bayesiana de repetições do processo 
INAR(l). In: Literacia e estatística (P. Brito, A. Figueiredo, F. Sousa, P. Teles and 
F. Rosado, Eds.). Edições SPE. Porto, Portugal, pp. 639-650. 

Sprott, D.A. (1983). Estimating the parameters of a convolution by maximum 
likelihood. Journal of the American Statistical Association, 78, 457-460. 

Steutel, F.W. and K. Van Harn (1979). Discrete analogues of self-decomposability and 
stability. The Annals of Probability, 7, 893-899. 

Steutel, F.W., W. Vervaat and S.J. Wolfe (1983). Integer valued branching processes 
with immigration. Advances in Applied Probability, 15, 713-725. 

Stoffer, D.S. (1985). Central limit theorems for finite Walsh-Fourier transforms of 
weakly stationary time series. Journal of Time Series Analysis, 6, 261-267. 

Stoffer, D.S. (1987). Walsh-Fourier analysis of discrete-valued time series. Journal of 
Time Series Analysis, 8, 449-467. 

Stoffer, D.S. (1990). Multivariate Walsh-Fourier analysis. Journal of Time Series 
Analysis, 11, 57-73. 

Stoffer, D.S. (1991). Walsh-Fourier analysis and its statistical applications. Journal of 
the American Statistical Association, 86, 461-479. 



208 REFERENCES 

Stoffer, D.S., M.S. Scher, G.A. Richardson, N.L. Day and RA. Coble (1988). A 
Walsh-Fourier analysis of the effects of moderate maternal alcohol consumption 
on neonatal sleep-state cycling. Journal of the American Statistical Association, 
83, 954-963. 

Sugiura, N. (1978). Further analysis of data by Akaike's information criterion and the 
finite corrections. Communications in Statistics: Theory and Methods, 7, 13-26. 

Thyregod, P., J. Carstensen, H. Madsen and K. Arnbjerg-Nielsen (1999). Integer val
ued autoregressive models for tipping bucket rainfall measurements. Environmetrics, 
10, 395-411. 

Trujillo-Ortiz, A. and R. Hernandez-Walls (2003). Mskekur: Mardia's multivariate 
skewness and kurtosis coefficients and its hypotheses testing. A MATLAB file. 
Available from MATLAB Central File Exchange, URL: http://www.mathworks. 
com/matlabcentral/fileexchange. 

van der Vaart, A.W. (1998). Asymptotic Statistics. Cambridge Series in Statistical and 
Probabilistic Mathematics. Cambridge University Press. Cambridge. 

Van Harn, K. (1985). Classifying infinitely divisible distributions by functional 
equations. Mathematisch Centrum. Amsterdam. 

Venkataraman, K.N. (1982). A time series approach to the study of the simple sub-
critical Galton-Watson process with immigration. Advances in Applied Probability, 
14, 1-20. 

Wait, C , V. Goat and C. Blogg (1987). Feedback control of neuromuscular blockade, 
a simple system for infusion of atracurium. Anaesthesia, 42, 1212-1217. 

Walker, A. M. (1964). Asymptotic properties of least squares estimates of parameters 
of the spectrum of a stationary non-deterministic series. Journal of the Australian 
Mathematical Society, 4, 363-384. 

Walsh, J.L. (1923). A closed set of orthogonal functions. American Journal of 
Mathematics, 45, 5-24. 

Wedderburn, R.W.M. (1974). Quasi-likelihood functions, generalized linear models, 
and the Gauss-Newton method. Biometrika, 61, 439-447. 

Wei, C.Z. and J. Winnicki (1989). Some asymptotic results for the branching process 
with immigration. Stochastic Processes and their Applications, 31, 261-282. 

http://www.mathworks


REFERENCES 209 

Whittle, P. (1951). Hypothesis Testing in Time Series Analysis. Almquist and Wiksell. 
Uppsala. 

Whittle, P. (1952). Tests of fit in time series. Biometrika, 39, 309-318. 

Whittle, P. (1953). Estimation and information in stationary time series. Arkiv for 
Matematik, 2, 423-434. 

Whittle, P. (1954). Some recent contributions to the theory of stationary processes 
(appendix 2). In: A study in the analysis of stationary time series (H. Wold, Ed.). 
Almquist and Wiksell. Stockholm, pp. 196-228. 

Whittle, P. (1963). Prediction and Regulation by Linear Least-square Methods. English 
Universities Press. London. 

Winnicki, J. (1988). Estimation theory for the branching process with immigration. 
Contemporary Mathematics, 80, 301-322. 

Wong, C.S. and W.K. Li (1998). A note on the corrected Akaike information criterion 
for threshold autoregressive models. Journal of Time Series Analysis, 19, 113-124. 

Wooldridge, J.M. (1994). Estimation and inference for dependent processes. In: 
Handbook of Econometrics (R.F. Engle and D.L. McFadden, Eds.). Elsevier Science 
B.V.. North-Holland, Amsterdam, pp. 2641-2738. 

Zeger, S.L. (1988). A regression model for time series of counts. Biometrika, 75, 621-
629. 

Zeger, S.L. and B. Qaqish (1988). Markov regression models for time series: a quasi-
likelihood approach. Biometrics, 44, 1019-1031. 


	DEDICATÓRIA
	Acknowledgments
	Abstract
	Resumo
	Résumé
	Contents
	List of Tables
	List of Figures
	Chapter 1 - Introduction
	1.1 Summary and outline of the thesis
	1.2 Relevant Background

	Chapter 2 - Integer-valued Autoregressive Processes
	2.1 Introduction
	2.2 The thinning operation
	2.3 INAR(1) processes
	2.4 INAR(p) processes
	2.4.1 Mixing Property of the INAR(p) process

	2.5 High-Order characterization of the INAR process in time domain
	2.6 Extensions of INAR processes and relations with other models

	Chapter 3 - Estimation for INAR(p) processes
	3.1 Introduction
	3.2 Asymptotic distribution of the Autocovariance Function for the INAR(p) processes
	3.3 Yule-Walker Estimation
	3.4 Whittle Estimation
	3.5 Estimation based on High-Order Statistics
	3.5.1 Third-Order Recursion Estimation
	3.5.2 Least Squares Estimation using High-Order Statistics

	3.6 Conditional Least Squares Methods
	3.6.1 Conditional Least Squares Estimation
	3.6.2 Iterative Weighted Conditional Least Squares Estimation for the Poisson INAR(1) process

	3.7 Monte Carlo Results

	Chapter 4 - Order selection for INAR processes
	4.1 Introduction
	4.2 Autoregressive order selection
	4.3 INAR Order Selection
	4.4 Monte Carlo Results

	Chapter 5 - Replicated INAR(p) processes
	5.1 Introduction
	5.2 RINAR(p) processes
	5.3 Estimation methods
	5.3.1 Yule-Walker estimation methods
	5.3.2 Whittle estimation
	5.3.3 Third-Order Recursion Equations
	5.3.4 Least Squares estimation based on High-Order Statistics
	5.3.5 Conditional Least Squares estimation
	5.3.6 Iterative Weighted Conditional Least Squares estimation for the Poisson RINAR(1) process

	5.4 Monte Carlo Results

	Chapter 6 - Application to real data
	6.1 Poliomyelitis incidence in the United States
	6.2 Epileptic seizures
	6.3 Sunspot Groups

	Chapter 7 - Walsh-Fourier spectral analysis
	7.1 Introduction
	7.2 Walsh functions
	7.2.1 Definition and Properties
	7.2.2 Walsh-Fourier Transforms
	7.2.3 Computation of the Fast Walsh-Fourier Transform

	7.3 Walsh-Fourier spectral analysis
	7.4 Walsh-Fourier Spectral Analysis of the Neuro-muscular Blockade Response
	7.4.1 Introduction
	7.4.2 Empirical Model for the Bolus Response
	7.4.3 Bolus Response Shape Parameters
	7.4.4 Bolus Response Walsh-Fourier Spectral Analysis
	7.4.5 Regression models for the controller parameters
	7.4.5.1 Regression on Shape Parameters
	7.4.5.2 Regression on Walsh-Fourier Periods

	7.4.6 Choosing the controller parameters estimators


	Chapter 8 - Main Contributions and Future Work
	8.1 Main contributions
	8.2 Future Work

	Appendix A - Proofs of Chapter 2
	Appendix B - Whittle criterion for ARMA processes
	Appendix C - Alternative derivation of the Whittle Criterion for INAR processes
	Appendix D - List of some Automatic Criteria for Order Selection
	References

