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MAXIMAL HIGGS BUNDLES FOR ADJOINT FORMS VIA CAYLEY

CORRESPONDENCE

OSCAR GARCÍA-PRADA AND ANDRÉ OLIVEIRA

Abstract. For a fixed compact Riemann surface X , of genus at least 2, we count the
number of connected components of the moduli space of maximal Higgs bundles over X
for the hermitian groups PSp(2n,R), PSO∗(2n), PSO0(2, n) and E−14

6
. Hence the same

result follows for the number of connected components of the moduli space of maximal
representations of π1X in these groups. We use the Cayley correspondence proved in [3]
as our main tool.

1. Introduction

Given a real reductive Lie group G, the count of the connected components of the
moduli spaces M(G) of G-Higgs bundles over a compact Riemann surface X of genus
g > 2, has been a subject of intense study in the last two decades. The answers are
known for many families of classical Lie groups and some general results are also known
[17, 6, 13], but new phenomena is still being uncovered at the moment. In this paper
we compute the number of connected components of Mmax(G) when G is an adjoint
form of a classical, non-compact, connected and simple real Lie group of hermitian type
with finite centre (to which we will refer simply as hermitian group). Here Mmax(G)
means the subspace of M(G) of those G-Higgs bundles with maximal Toledo invariant,
which is a natural topological invariant τ ∈ Q of G-Higgs bundles, whenever G is a
hermitian group. Semistability of such Higgs bundles imposes a boundedness condition
on |τ | by rk(G/H)(2g − 2), where H ⊂ G is a maximal compact and rk(G/H) is the
rank of the corresponding symmetric space. Thus the moduli spaces M(G) are empty if
|τ | > rk(G/H)(2g − 2) (see [3]) and Mmax(G) corresponds to τ = rk(G/H)(2g − 2) (it
can also correspond to τ = − rk(G/H)(2g − 2), since the moduli spaces for symmetric
Toledo invariant are isomorphic).
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The case of G = PU(p, q) has been studied in [4, 5]. So the remaining ones are
G = PSp(2n,R), G = PSO∗(2n) and G = PSO0(2, n) and we deal with them in this
paper.

The paper builds mainly on the Cayley correspondence, proved in general in [3]. It
implies that if G is a classical Lie group of hermitian type of tube type or an associated
adjoint form, there is a real reductive Lie group G∗ such that the variety Mmax(G) is

isomorphic to the moduli space MK2

(G∗) of K2-twisted G∗-Higgs bundles over X . So
we use this result to transfer our study of connectedness of Mmax(G) to the study of

connectedness of MK2

(G∗). Then we take advantage of the long literature on this subject,

which helps to compute π0(MK2

(G∗)).

We follow this procedure in the cases ofG = PSp(2n,R) andG = PSO∗(2n), and use the
study carried out in [20] and [12], respectively. The situation is slightly different in these
two cases in the sense that for PSp(2n,R) the Cayley correspondence uncovers “hidden”
topological invariants of maximal PSp(2n,R)-Higgs bundles, while for PSO∗(2n), the
Cayley correspondence does not uncover any “hidden” topological invariant, since all of
them are already “visible” on theMmax(PSO

∗(2n)) side. The case of the group PSO0(2, n)
is even easier since, contrary to the other two cases, every maximal PSO0(2, n)-Higgs
bundle lifts to a maximal SO0(2, n)-Higgs bundle. So we use this information together
with the results of [6] to count the components of Mmax(PSO0(2, n)), without needing
to use the Cayley correspondence. But of course it still holds and, through it, our result
gives a new proof of the main result of [2], on the number of connected components of
M(SO0(1, m)) for m > 3 odd.

We prove then the following (see Theorems 3.15, 4.7 and 5.4):

Theorem 1.1. Let |π0(Mmax(G))| be the number of non-empty connected components of
Mmax(G).

If G = PSp(2n,R), then

• |π0(Mmax(G))| = 3 if n > 3 is odd.
• |π0(Mmax(G))| = 22g+1 + 2 if n > 4 is even.

If G = PSO∗(2n), then

• |π0(Mmax(G))| = 1 if n > 3 is odd.
• |π0(Mmax(G))| = 2 if n > 4 is even.

If G = PSO0(2, n), then |π0(Mmax(G))| = 2 if n > 4 is even.

The cases of PSp(2,R) and PSp(4,R) are special and known for a long time. First,
PSp(2,R) ∼= PSL(2,R), so Goldman [14] and Hitchin [16] proved that Mmax(PSp(2,R))
is connected (in fact they both proved that M(PSL(2,R)) is connected for any Toledo
invariant). Regarding PSp(4,R), we know that it is isomorphic to SO0(2, 3), hence it was
proved in [6] that Mmax(PSp(4,R)) has 2

2g+1+4g−5 non-empty connected components.
Our theorem completely settles the case of PSp(2n,R). The cases of PSp(2n,R) and
PSO∗(2n) for n odd also follow easily without using directly the Cayley correspondence
since there are no obstructions to lift to Sp(2n,R) and SO∗(2n). Indeed, the result for
PSp(2n,R) with n odd, was already known by Theorem 8 of [15]. Furthermore in loc.
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cit. it was proved that, for n > 4 even, Mmax(PSp(2n,R)) has at least 2
2g + 2 connected

components, and our theorem shows that indeed there are further 22g components. The
case of PSO∗(2n) with n = 1 is also special, since SO∗(2) is compact and isomorphic
to SO(2), so its adjoint is the trivial group. We also disregard the groups PSO∗(4) and
PSO0(2, 2) because they are not simple and the corresponding hermitian symmetric spaces
are not irreducible. Finally, the case of PSO0(2, n) for n odd is not included since in this
case PSO0(2, n) = SO0(2, n), so the result is known from [6].

As an application of the fact that Mmax(PSO0(2, 8)) has 2 non-empty connected com-
ponents, it follows immediately from the results of [3], that we can for the first time count
the number of maximal components of the moduli of Higgs bundles for a real exceptional
group, namely E−14

6 .

Theorem 1.2. The moduli space Mmax(E
−14
6 ) has 2 non-empty connected components.

It is important to note that everything we just said goes through to the moduli space
of reductive representations of π1X in G, due to the non-abelian Hodge correspondence
[16, 21, 22, 9, 8, 10].

2. General results

2.1. Higgs bundles for adjoint forms. Since several groups will come into play, we
provide the general definition of a G-Higgs bundle for any real reductive Lie group G,
which we assume admits a complexification GC. Let H ⊆ G be a maximal compact
subgroup and HC be its complexification. Let gC = hC ⊕ mC be the corresponding
Cartan decomposition of the complexification of the Lie algebra g of G. Then mC is a
representation ofHC through the representation ι : HC → GL(mC), induced by the adjoint
representation Ad : GC → GL(gC). This is sometimes called the isotropy representation.
Given an HC-principal bundle E over X , let E(mC) = E ×ι m

C be the associated vector
bundle.

Let L be a holomorphic line bundle over X , and let K be the canonical line bundle of
X .

Definition 2.1. An L-twisted G-Higgs bundle over X is a pair (E,ϕ) where E is a
holomorphic HC-principal bundle X and ϕ is a holomorphic section of E(mC) ⊗ L. The
section ϕ is called the Higgs field. If L ∼= K, we simply say that (E,ϕ) is a G-Higgs
bundle.

The general notion of (semi,poly)stability of L-twisted G-Higgs bundles deduced in
Definition 2.9 of [10] is necessary to consider the corresponding moduli spaces ML(G)
of polystable L-twisted G-Higgs bundles. We shall not need here the precise notion of
(semi,poly)stability, so we do not state it. It is however important to notice that if we
have an L-twisted G-Higgs bundle (E,ϕ), then the relevant subobjects to consider to
check its (semi,poly)stability arise from reductions of structure group of E to parabolic
subgroups P ⊂ HC and to antidominant characters χ : p → C of p, the Lie algebra of
P , which are compatible in a certain way with the Higgs field ϕ. We refer to [10] for the
details.
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Suppose G is a real, connected, reductive Lie group, with H as a maximal compact and
let Z(G) denote its centre. Let Ĝ be a normal subgroup of G such that Ĝ ⊂ Z(G) ∩H .

Then Ĝ ⊂ Z(HC) ⊂ HC. Consider the quotient group G/Ĝ. An L-twisted G-Higgs

bundle (Ẽ, ϕ̃) is mapped to a G/Ĝ-Higgs bundle by

(2.1) (Ẽ, ϕ̃) 7→ (E,ϕ)

where E is the HC/Ĝ-bundle associated to Ẽ via HC → HC/Ĝ and where ϕ = ϕ̃ (this

makes sense because Ẽ(mC) = E(mC), since Ĝ ⊂ Z(G) acts trivially in mC via the isotropy
representation).

Proposition 2.2. An L-twisted G-Higgs bundle is polystable if and only if the corre-
sponding L-twisted G/Ĝ-Higgs bundle under (2.1) is polystable.

Proof. The surjective map HC → HC/Ĝ gives a one-to-one correspondence between para-

bolic subgroups of HC and of HC/Ĝ, as P 7→ P/Ĝ (recall that Ĝ ⊂ Z(HC) hence Ĝ ⊂ P ).
Moreover, the reductions of an HC-bundle to a parabolic subgroup P are the same as the
ones from the associated HC/Ĝ-bundle to P/Ĝ. This says that the subobjects to consider
in both cases to check polystability are the same, hence the result follows. �

Hence we have a morphism

(2.2) ML(G) → ML(G/Ĝ)

between the moduli spaces which, generally, is neither injective nor surjective.

Remark 2.3. If G is semisimple, with finite centre, then all we just said applies by taking
Ĝ = Z(G) and for the adjoint form G/Z(G).

Notation 2.4. The moduli space of G-Higgs bundles on X will be denoted just by M(G).

2.2. Hermitian type groups, Toledo invariant and Milnor-Wood inequality. If
we consider only the moduli of those G-Higgs bundles with fixed topological type c,
denote the corresponding moduli space by Mc(G). When G is connected, the values of c
are indexed by π1(G). Of course we have a disjoint union M(G) =

⊔
c Mc(G). Note that

each Mc(G) is a union of connected components.

Suppose that G is a hermitian group. By this we mean a non-compact, real, connected,
simple, Lie group, with finite centre, of hermitian type. Let H be a maximal compact sub-
group. The hermitian type condition on G means, by definition, that G/H is a hermitian
symmetric space (of non-compact type) which admits a complex structure. The centre
of H is continuous thus π1(G) = π1(H) has a unique factor isomorphic to the integers Z.
So, for such G, the topological type of a G-Higgs bundle determines a unique integer d.

For hermitian groups, G-Higgs bundles have also a topological invariant given by a
rational number τ , called the Toledo invariant. It can be defined by considering a special
character — the Toledo character — of the complexification of the Lie algebra of H :
χT : hC → C. There is a non-zero integer q such that χq

T lifts to a character χ̃q
T : HC → C∗

and the Toledo invariant τ ∈ Q of a G-Higgs bundle is defined as the product of 1/q with
the degree of the line bundle associated to χ̃q

T . See [3] for details.
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Given a G-Higgs bundle (E,ϕ), its Toledo invariant τ(E,ϕ) ∈ Q and its integer invari-
ant d(E,ϕ) ∈ Z defined above, are rational multiples of each other, where the rational
number is independent of (E,ϕ). Hence τ and d are basically the same topological invari-
ant. There is a bound for τ , above which the moduli spaces are empty, since there are no
semistable G-Higgs bundles. Precisely, we have the following result from [3].

Theorem 2.5 ([3, Theorem 1.2]). Let (E,ϕ) be a semistable G-Higgs bundle. Then its
Toledo invariant τ(E,ϕ) verifies a Milnor-Wood type of inequality:

|τ(E,ϕ)| 6 rk(G/H)(2g − 2),

where rk(G/H) denotes the rank of the symmetric space G/H.

This bound for τ yields a corresponding bound for the integer d.

Remark 2.6. From the Cartan decomposition g = h⊕m, we see that m is the tangent space
to G/H at the point [H ]. The almost complex structure on mC yields an HC-invariant
decomposition mC = m+ ⊕ m− in ±

√
−1-eigenspaces. For a G-Higgs bundle (E,ϕ) over

X , the decomposition of mC yields the bundle decomposition E(mC) = E(m+)⊕ E(m−),
thus the Higgs field decomposes as ϕ = (β, γ) ∈ H0(E(m+)⊗K)⊕H0(E(m−)⊗K). In
fact, [3, Theorem 1.2] provides a more refined bound for τ , in terms of the ranks of the
sections β and γ. However, for our purposes, the one given above suffices.

Remark 2.7. The Milnor-Wood inequality for G/Z(G)-Higgs bundles is the same as for
G-Higgs bundles, since the associated symmetric spaces are the same.

LetMmax(G) denote the subspace ofM(G) consisting ofG-Higgs bundles with maximal
Toledo invariant (hence maximal |d|). It is a particularly interesting subspace in the sense
that special phenomenon occur on it. These phenomena differ depending on whether the
group is of tube type or not. Indeed, the hermitian type groups divide into two families:
tube type and non-tube type. The symmetric space G/H can be geometrically realised
as a bounded symmetric domain in m+, through the Harish-Chandra embedding. The
group G is said to be of tube type if the Shilov boundary of this bounded domain is a
symmetric space of compact type.

If G is not of tube type, then every polystable G-Higgs bundle with maximal Toledo
invariant is in fact not stable but strictly polystable, thus reduces to a certain subgroup
of G. This rigidity phenomenon imposes strong conditions on the geometric structure of
Mmax(G). See [6, Theorem 4.9] and [3, Theorem 1.4].

Our main interest in this paper is on hermitian groups of tube type. For these, there
is also a certain rigidity phenomenon on Mmax(G), known as the Cayley correspondence.
To briefly explain it, recall that for such G, the Shilov boundary of the embedding of
G/H in m+ is a symmetric space of compact type of the form H/H ′. This domain
is biholomorphic to a ‘tube’ over the symmetric cone G∗/H ′, where G∗/H ′ is the non-
compact dual symmetric space of H/H ′. Of course, H ′ is a maximal compact subgroup
of G∗ and the Cartan decomposition of g∗, the Lie algebra of G∗, is g∗ = h′⊕m. We refer
to G∗ as the Cayley partner of G.

With this notation, the Cayley correspondence states the following.
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Theorem 2.8 ([3, Theorem 1.3]). Suppose G is a hermitian group of tube type and assume
that it is either a classical or an adjoint group. Then there is an isomorphism of complex
algebraic varieties

Mmax(G)
∼=−→ MK2

(G∗).

Remark 2.9. The statement of Theorem 1.3 of [3] is more general, since it applies also
for exceptional groups. Furthermore, there is also a statement for other groups, namely
coverings of classical or exceptional groups, under a certain topological constraint. Since
we do not deal with those cases here, the above statement of the theorem is enough for
our purposes.

Remark 2.10. Note that in the statement of Theorem 2.8, when we write MK2

(G∗) we
are not fixing any topological invariant of K2-twisted G∗-Higgs bundles.

If we have a hermitian group of tube type, then the Cayley partner of its adjoint form
is the obvious one, as the next result shows.

Proposition 2.11. Let G be a hermitian group and G∗ be its Cayley partner. Then the
Cayley partner of G/Z(G) is G∗/Z(G).

Proof. The group G∗ is completely determined by m and by the group H ′ ⊂ H , which is
such that H ′C ⊂ HC is the stabiliser subgroup of a regular element in m+ (or m−). The
definition of regular element is given in Definition 2.7 and Proposition 2.9 of [3].

The maximal compact subgroup of G/Z(G) is H/Z(G). Moreover, Z(G) ⊂ HC acts
trivially on mC hence on m+, so Z(G) ⊂ H ′ ⊂ G∗ and also Z(G) ⊂ H ′C. Now, the sta-
biliser in HC/Z(G) of a regular element of m+ is exactly H ′C/Z(G). So the Cayley partner
of G/Z(G) is the group with maximal compact H ′/Z(G) and whose Cartan decomposition
is g∗ = h′ ⊕m, thus is G∗/Z(G). �

2.3. Hitchin function on K2-twisted G-Higgs bundles. Given any real reductive Lie
group G, and for a fixed topological type c, the standard method to identify and count
connected components of Mc(G) relies on the study of the Hitchin function f : Mc(G) →
R+, defined by

f(E,ϕ) = ‖ϕ‖2L2 =

∫

X

B(ϕ, τh(ϕ))ω.

Here ω is the volume form, B is a non-degenerate quadratic form on g, extending the
Killing form on the derived subalgebra, and τh : Ω1,0(X,E(mC)) → Ω0,1(X,E(mC)) is
the involution given by the combination of complex conjugation on complex 1-forms with
the compact conjugation on gC which determines its compact form. The map τh is given
fibrewise by the metric h solving the Hitchin equations, hence the metric which provides
the Hitchin-Kobayashi correspondence between polystable K2-twisted G-Higgs bundles
and solutions to the G-Hitchin equations. See [10] for details.

The essential feature of this function is that it is proper (and bounded below), since
from this property we know that the identification of connected components basically
reduces to the identification of connected components of the subvarieties of Mc(G) local
minima of f .
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Now, there are general K2-twisted G-Hitchin equations, for any line bundle and there is
an associated Hitchin-Kobayashi correspondence between polystable K2-twisted G-Higgs
bundles and solutions to theK2-twisted G-Hitchin equations, proved in [10]. Hence we can

define the Hitchin function f : MK2

c (G) → R+ by precisely the same formula. Moreover,
the Uhlenbeck weak compactness theorem still applies just as in [16, Proposition 7.1] to
prove the following.

Proposition 2.12. For any real reductive Lie group G and any topological type c, the
Hitchin function f : MK2

(G) → R+ is proper.

This proposition is in fact valid for any L-twisting and not just K2.

3. Higgs bundles for PSp(2n,R)

3.1. Definitions ant topological type. We start now with our first case of study. Higgs
bundles for PSp(2n,R). The real projective symplectic group PSp(2n,R) is the adjoint
form of the group Sp(2n,R) of automorphisms of R2n preserving a symplectic form:

PSp(2n,R) = Sp(2n,R)/{±I2n} = Sp(2n,R)/Z2.

It is a real semisimple, connected, Lie group. It is a split real form of PSp(2n,C) but
is also a group of hermitian type, like Sp(2n,R), because its maximal compact subgroup
U(n)/Z2 has a continuous centre U(1)/Z2, homeomorphic to the circle U(1).

Although our main interest is for now on PSp(2n,R)-Higgs bundles, we shall also need
the related notion of Sp(2n,R)-Higgs bundles. We now define these, following the general
Definition 2.1.

So an Sp(2n,R)-Higgs bundle over X is a pair (Ẽ, ϕ̃) where Ẽ is a holomorphic
GL(n,C)-principal bundle on X and ϕ̃ is a section of Ẽ(mC)⊗K. In this case, Ẽ(mC) is

the vector bundle associated to Ẽ and to the isotropy representation GL(n,C) → GL(mC),
with mC = S2V⊕ S2V∗ and V the standard GL(n,C)-representation in Cn.

A PSp(2n,R)-Higgs bundle overX is a pair (E,ϕ) where E is a holomorphic GL(n,C)/Z2-
principal bundle on X and ϕ = ϕ̃.

Remark 3.1. We can define an Sp(2n,R)-Higgs bundle over X in terms of vector bundles
as a triple (V, β, γ) where V is a holomorphic vector bundle onX , β is a section of S2V ⊗K
and γ a section of S2V ∗ ⊗ K. Comparing with (Ẽ, ϕ̃) of the above definition, V is the

vector bundle canonically associated to Ẽ and ϕ̃ = (β, γ). In contrast, in a PSp(2n,R)-
Higgs bundle (E,ϕ), the principal bundle E has structure group GL(n,C)/Z2, hence there
is no standard way to define Higgs bundles for PSp(2n,R) in terms of vector bundles.

An Sp(2n,R)-Higgs bundle is mapped to a PSp(2n,R)-Higgs bundle as in (2.1) .

3.2. Topological type of PSp(2n,R)-Higgs bundles. The adjoint group PSp(2n,R),
has U(n)/Z2 = U(n)/ ± In as a maximal compact subgroup. Its fundamental group fits
in the exact sequence

(3.1) 1 → π1U(n) → π1(U(n)/Z2) → Z2 → 0.
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The next result is basic and well-known, but since we did not find any proof in the
literature, we include it here.

Proposition 3.2. The fundamental group of U(n)/Z2 is

π1(U(n)/Z2) ∼=




Z× Z2 n even

Z n odd

More precisely, when n is even, (3.1) is the trivial extension

(3.2) 1 → Z → Z× Z2 → Z2 → 0,

whereas when n is odd, the inclusion π1U(n) →֒ π1(U(n)/Z2) is multiplication by 2,

(3.3) 1 → Z
×2−→ Z → Z2 → 0.

In any case, π1(U(n)) ∼= Z is a subgroup of index 2.

Proof. Consider the universal cover of U(n) (which of course is the same as the universal
cover of U(n)/Z2). As a manifold this is SU(n) × R but as a Lie group it is the semi-
direct product SU(n) ⋊ R corresponding to the R-action on SU(n) given by A · t =(
e−2πit 0

0 In−1

)
A
(
e2πit 0
0 In−1

)
; see [1] for details. The covering map is

p : SU(n)⋊ R → U(n), p(A, t) =
(
e2πit 0
0 In−1

)
A,

thus π1(U(n)/Z2) ∼= p−1(±In) is the abelian group generated by (In, 1) and (−In, 0)
when n is even, and by (X, 1/2), with X =

(
1 0
0 −In−1

)
, when n is odd. This proves that

π1(U(n)/Z2) ∼= Z× Z2 if n is even and π1(U(n)/Z2) ∼= Z if n is odd.

The proof of (3.2) and (3.3) follows because π1U(n) ∼= ker(p) is the cyclic group gener-
ated by (In, 1) independently of the parity of n. �

So PSp(2n,R)-Higgs bundles over X are topologically classified by

(3.4) (d, w) ∈ Z× Z2 if n even and d ∈ Z if n odd.

A PSp(2n,R)-Higgs bundle lifts to a Higgs bundle for its universal cover P̃Sp(2n,R)
precisely when its topological type is trivial. It is however more useful to understand the
lifting to the 2-cover Sp(2n,R), and the obstruction to the existence of such lifting, via
(2.1), can easily be read off from the topological invariants (3.4).

Proposition 3.3. Let (E,Φ) be a PSp(2n,R)-Higgs bundle.

• If n is even and the topological type of (E,ϕ) is given by (d(E), w(E)) ∈ Z×Z2,
then it lifts to an Sp(2n,R)-Higgs bundle if and only if w(E) = 0. Moreover, if
w(E) = 0 then any two lifts differ by a 2-torsion line bundle on X.

• If n is odd and the topological type of (E,ϕ) is given by d(E) ∈ Z, then it lifts to
an Sp(2n,R)-Higgs bundle if and only if d(E) is even. Moreover, if d(E) is even
then any two lifts differ by a 2-torsion line bundle on X.

Proof. Since the Higgs field is unchanged in (2.1), the only obstruction to lifting (E,Φ) is
the obstruction to lifting the GL(n,C)/Z2-bundle E to a GL(n,C)-principal bundle. Of
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course, U(n)/Z2 and U(n) are maximal compact subgroups of GL(n,C)/Z2 and GL(n,C)
respectively.

Let GL(n,O) and GL(n,O)/Z2 denote the sheaves of holomorphic functions in GL(n,C)
and GL(n,C)/Z2 on X , respectively. We can see E as an element of H1(X,GL(n,O)/Z2)
and want to lift it to an element of H1(X,GL(n,O)). Suppose n is even. Then the result
follows from the following commutative diagram, using (3.2):

H1(X,Z2) // H1(X,GL(n,O)) //

��

H1(X,GL(n,O)/Z2)
E 7→w(E)

//

E 7→(d(E),w(E))

��

Z2
// 0

0 // Z
d7→(d,0)

// Z× Z2
(d,w)7→w

// Z2
// 0

The case n odd is the same, but using (3.3). �

3.3. Maximal Toledo. From (2.2) we have a morphismM(Sp(2n,R)) → M(PSp(2n,R)),
and Proposition 3.3 says that Md(Sp(2n,R)) maps onto M(d,0)(PSp(2n,R)) when n is
even and onto M2d(PSp(2n,R)) when n is odd.

Proposition 3.4. Let (E,ϕ) be a polystable PSp(2n,R)-Higgs bundle.

• If n is even and the topological type of (E,ϕ) is (d(E), w(E)) ∈ Z× Z2, then

|d(E)| 6 n(g − 1).

• If n is odd and the topological type of (E,ϕ) is d(E) ∈ Z, then

|d(E)| 6 n(2g − 2).

Proof. Suppose n is even. The Milnor-Wood inequality of Theorem 2.5 is independent
of the torsion part of π1G. So we can assume that w(E) = 0 and hence that (E,ϕ)

lifts to a polystable Sp(2n,R)-Higgs bundle (Ẽ, ϕ) such that d(Ẽ) = d(E). Denote the
Toledo invariant for Sp(2n,R) as τSp. By Theorem 2.5, |τSp(Ẽ, ϕ)| 6 n(2g − 2). As

d(Ẽ) = τSp(Ẽ, ϕ)/2 (cf. [3]), the result follows for n even. (Note that the Toledo invariant
of (E,ϕ) also verifies |τPSp(E,ϕ)| 6 n(2g − 2), by Remark 2.7, so this shows that, for n
even, d(E) = τPSp(E,ϕ)/2.)

Suppose now n is odd. If d(E) is even, (E,ϕ) lifts to a polystable Sp(2n,R)-Higgs

bundle (Ẽ, ϕ̃), but now with d(Ẽ) = d(E)/2. The same argument as above proves |d(E)| 6
n(2g − 2). This also shows that d(E) = τPSp(E,ϕ) for any value of d(E) (possibly
odd), since the there there is a constant rational number q such that d(E) = qτPSp(E,ϕ)
independent of (E,ϕ). So, since |τPSp(E,ϕ)| 6 n(2g − 2), we conclude that |d(E)| 6
n(2g − 2) also when d(E) is odd. �

From now on we shall consider the subspace Mmax(PSp(2n,R)) ⊂ M(PSp(2n,R)) with
maximal positive Toledo invariant, that is

Mmax(PSp(2n,R)) =
⊔

w∈Z2

M(n(g−1),w)(PSp(2n,R)) if n even,

Mmax(PSp(2n,R)) = Mn(2g−2)(PSp(2n,R)) if n odd.
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The count of components of Mmax(PSp(2n,R)) follows immediately whenever n is
odd, since we know from [11] that Mmax(Sp(2n,R)) has 3 × 22g non-empty connected
components. These are mapped toMmax(PSp(2n,R)) and Propositions 3.3 and 3.4 ensure
that the map Mmax(Sp(2n,R)) → Mmax(PSp(2n,R)) is a surjective fibration, with every
fibre having 22g elements. Hence the 3 × 22g connected components collapse onto the 3
components of Mmax(PSp(2n,R)). This is an alternative proof of Theorem 8 of [15] for
the case n > 3 odd.

The situation is different if n is even since Mmax(Sp(2n,R)) → Mmax(PSp(2n,R)) is
no longer surjective. Thus, we assume n > 4 is even until the end of Section 3.7. In order
to deal with this case, we use the Cayley correspondence. Since the Cayley partner for
Sp(2n,R) is GL(n,R), then by Theorem 2.8 and Proposition 2.11, we have the following.

Theorem 3.5. The moduli spaces Mmax(PSp(2n,R)) and MK2

(GL(n,R)/Z2) are iso-
morphic as complex algebraic varieties.

Thus we have a commutative diagram

(3.5) Mmax(Sp(2n,R))
∼=

//

��

MK2

(GL(n,R))

��

Mmax(PSp(2n,R))
∼=

// MK2

(GL(n,R)/Z2)

where the vertical maps are the morphisms given by (2.2).

Our goal of determining the connected components of Mmax(PSp(2n,R)) can then be

achieved by studying the connected components of MK2

(GL(n,R)/Z2). This is how we
shall proceed from now on. The reason why we prefer to work with the latter moduli space
is because it allows us to take advantage of the study done in [20] for PGL(n,R)-Higgs
bundles, which readily adapts to our setting.

3.4. K2-twisted Higgs bundles for GL(n,R)/Z2: definition and obstruction to

lifting to GL(n,R). Following the Definition 2.1, we have that, in vector bundle terms,
aK2-twisted GL(n,R)-Higgs bundle is defined as a triple (V,Q, ϕ), where (V,Q) is a rank n
holomorphic orthogonal vector bundle, and ϕ is a holomorphic K2-twisted endomorphism
ϕ : V → V ⊗K2, symmetric with respect to Q.

As in the case of PSp(2n,R), we cannot workout a direct definition of K2-twisted
GL(n,R)/Z2-Higgs bundles involving only vector bundles, since there are obstructions to
lifting them to GL(n,R), because n is even. So a K2-twisted GL(n,R)/Z2-Higgs bundle
over X is a pair (E,Φ) where E is a holomorphic PO(n,C)-principal bundle Φ is a
holomorphic section of E(mC) ⊗K2, where E(mC) is the vector bundle associated to E
and to the isotropy representation PO(n,C) → GL(mC), with mC = S2

QV and (V, Q)
being the standard representation of the orthogonal group O(n,C).

Again, aK2-twisted GL(n,R)-Higgs bundle maps canonically to aK2-twisted GL(n,R)/Z2-
Higgs bundle by (2.1) and this map preserves polystability. As before, we can detect the
obstruction to lifting a K2-twisted GL(n,R)/Z2-Higgs bundle to GL(n,R) from the topo-
logical invariants which we now recall.
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Recall that n > 4 is even. The topological classification of K2-twisted GL(n,R)/Z2-
Higgs bundles gets more complicated due to the non-connectedness of GL(n,R)/Z2. The
projective orthogonal group PO(n) is a maximal compact subgroup, thus we shall use
this group for the topological classification. Note that PO(n) is also a maximal compact
of PGL(n,R), which was considered in [20] and where all the details of the topological
classification can be checked. So the topological classification of (twisted) GL(n,R)/Z2(-
Higgs) bundles is the same as the one for (twisted) PGL(n,R)(-Higgs) bundles. We only
briefly sketch it here.

There is a first invariant

µ1 ∈ H1(X, π0PO(n)) ∼= (Z2)
2g

which is the obstruction to reducing the structure group to PSO(n).

Then it is important to notice that π0PO(n) ∼= Z2 acts non-trivially on

π1PO(n) =




Z2 × Z2 if n = 0 mod 4

Z4 if n = 2 mod 4.

Precisely, the universal cover of PO(n) is Pin(n). If p : Pin(n) → PO(n) is the projection,
then, as a set, π1PO(n) ∼= ker(p) = {0, 1, ωn,−ωn}, where ωn = e1 · · · en is the oriented
volume element of Pin(n) in the standard construction of this group via the Clifford
algebra Cl(n); cf. [18]. The action of π0PO(n) on π1PO(n) identifies −ωn with ωn and
fixes 0 and 1 so π1PO(n)/π0PO(n) ∼= {0, 1, ωn}. In [20] we defined another invariant

µ2 ∈




{0, 1, ωn} if µ1 = 0

{0, ωn} ∼= Z2 if µ1 6= 0.

The set {0, ωn} is the quotient of {0, 1, ωn} where 0 and 1 are identified by a further
action of Z2. It has the structure group of Z2. The fact that the value of the invariant µ2

depends on the value of µ1 is consequence of the non-trivial action of π0 in π1; see Section
3.2 of [20] or, more generally, [19, §2].
Hence we have the following proposition, which is a particular case of the general result

[19, Theorem 2.2, §2; Theorem 1.15, §3] and [20, Proposition 3.1, Theorem 3.1].

Proposition 3.6. Let n > 4 be even. Then K2-twisted GL(n,R)/Z2-Higgs bundles over
X are topologically classified by the invariants (µ1, µ2) ∈ A, where

A := ({0} × {0, 1, ωn}) ∪
((
(Z2)

2g \ {0}
)
× Z2

)
.

This gives a decomposition

(3.6) MK2

(GL(n,R)/Z2) =
⊔

(µ1,µ2)∈A

MK2

µ1,µ2
(GL(n,R)/Z2)

according to the 22g+1 + 1 topological types. Furthermore, Proposition 4.1 of [20] is also

valid for GL(n,R)/Z2, showing that the spaces MK2

µ1,µ2
(GL(n,R)/Z2) are non-empty for

any choice of invariants (µ1, µ2) ∈ A.

The interpretation of the topological invariants as obstruction to lifting is the same as
in the case of PGL(n,R); see Proposition 3.2 of [20].
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Proposition 3.7. Let n > 4 be even. Then a K2-twisted GL(n,R)/Z2-Higgs bundle lifts
to a GL(n,R)-Higgs bundle if and only if either µ1 = 0 and µ2 ∈ {0, 1} or µ1 6= 0 and
µ2 = 0. Moreover, any two lifts differ by a 2-torsion line bundle.

We thus see that among the 22g+1 + 1 topological types of K2-twisted GL(n,R)/Z2-
Higgs bundles, there are 22g + 1 for which the Higgs bundles lift to GL(n,R) and 22g for
which such lift does not exist. In order to deal with the ones that do not lift, and since
we prefer to naturally work with vector bundles, we consider a group which is similar to
GL(n,R) but such that its maximal compact has a continuous centre.

3.5. K2-twisted Higgs bundles for EGL(n,R). Consider the “enhanced” general linear
group EGL(n,R), defined as

EGL(n,R) = GL(n,R)×Z2
U(1) = (GL(n,R)× U(1))/Z2,

where Z2 is the normal subgroup of GL(n,R)× U(1), generated by (−In,−1).

From Proposition 5.2 of [20], K2-twisted EGL(n,R)-Higgs bundles can be defined in
terms of vector bundles as quadruples (V, L,Q, ϕ) on X , where V is a rank n vector
bundle, L a line bundle, Q is a nowhere degenerate symmetric L-valued quadratic form
on V and ϕ ∈ H0(X,S2

QV ⊗K2), that is ϕ : V → V ⊗K2 is symmetric with respect to
Q.

This next result is basically proved in Propositions 5.1 and 5.3 of [20]. The proof in
loc. cit. is for PGL(n,R)-Higgs bundles, but the precise same arguments give the proof
in our case.

Proposition 3.8. Every K2-twisted GL(n,R)/Z2-Higgs bundle (E,Φ) lifts to a K2-
twisted EGL(n,R)-Higgs bundle (V, L,Q, ϕ). The parity of deg(L) is fixed in all the
lifts of (E,Φ). Moreover, it is possible to choose the lift to a K2-twisted EGL(n,R)-Higgs
bundle (V, L,Q, ϕ) such that either deg(L) = 0 or deg(L) = 1.

Note that a K2-twisted EGL(n,R)-Higgs bundle with L ∼= O is a K2-twisted GL(n,R)-
Higgs bundle.

Corollary 3.9. A K2-twisted GL(n,R)/Z2-Higgs bundle lifts to a K2-twisted GL(n,R)-
Higgs bundle if and only if it can be lifted to a K2-twisted EGL(n,R)-Higgs bundle
(V, L,Q, ϕ) with deg(L) even.

Proof. If a K2-twisted GL(n,R)/Z2-Higgs bundle lifts to a K2-twisted GL(n,R)-Higgs
bundle (V, L,Q, ϕ) with deg(L) odd, then it is clear by Proposition 3.8 that we can
never lift it to a K2-twisted GL(n,R)-Higgs bundle. Suppose now that it can be lifted
to (V, L,Q, ϕ) with deg(L) even. Again by the previous proposition we can assume that
deg(L) = 0. By taking a square root F of L−1, we get (V ⊗F, L⊗F 2, Q⊗IdF 2, ϕ⊗IdF ) ∼=
(V ⊗ F,O, Q⊗ IdF 2 , ϕ⊗ IdF ) which is again a lift and now a K2-twisted GL(n,R)-Higgs
bundle. �

The upshot of Proposition 3.8 is that we can work with K2-twisted EGL(n,R)-Higgs
bundles instead of K2-twisted GL(n,R)/Z2-Higgs bundles with the advantage that in the
former case the objects (V, L,Q, ϕ) involve holomorphic vector bundles. That is what we
will do from now on.
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From (2.2), there is a morphism

(3.7) MK2

(EGL(n,R)) → MK2

(GL(n,R)/Z2),

which is surjective by Proposition 3.8. For i = 0, 1, let

(3.8) MK2

i (EGL(n,R)) ⊂ MK2

(EGL(n,R))

be the subspace ofMK2

(EGL(n,R)) consisting of quadruples (V, L,Q, ϕ), where deg(L) =
i. Proposition 3.8 also tells us that we can write

(3.9) MK2

(GL(n,R)/Z2) = MK2

(GL(n,R)/Z2)0 ⊔MK2

(GL(n,R)/Z2)1

such that (3.7) restricts two surjective morphisms

(3.10) pi : MK2

i (EGL(n,R)) → MK2

(GL(n,R)/Z2)i, i = 0, 1.

3.6. Topological classification of K2-twisted EGL(n,R)-Higgs bundles. The en-
hanced orthogonal group EO(n) = O(n) ×Z2

U(1) is a maximal compact of EGL(n,R)
and also of its complexification EO(n,C) = O(n,C) ×Z2

C∗. So the topological classi-
fication of EGL(n,R)-Higgs bundles over X is the same as that of EO(n,C)-principal
bundles, which are just twisted orthogonal bundles (V, L,Q), that is EGL(n,R)-Higgs
bundles with vanishing Higgs field. For such objects, we have that the determinant of V
verifies (ΛnV )2 ∼= Ln.

Since EO(n,C) is a non-connected group (because n is even) there is an obvious first
topological invariant. Let ESO(n,C) = SO(n,C) ×Z2

C∗ be the identity component of
EO(n,C) and. Then

(3.11) 1 → ESO(n,C) → EO(n,C) → Z2 → 0.

Thus this first invariant of an EO(n,C)-principal bundle E is

µ1(E) ∈ H1(X,Z2) ∼= (Z2)
2g

given as the image of E under the map H1(X,EO(n,O)) → H1(X,Z2), induced from
(3.11). It is the obstruction to reducing the structure group of E to ESO(n,C). In terms
of the twisted orthogonal bundle (V, L,Q) corresponding to E, it is easy to see that

µ1(V, L,Q) = ΛnV L−n/2 ∈ H1(X,Z2) ∼= (Z2)
2g.

Thus µ1(V, L,Q) = 0 if and only if ΛnV ∼= Ln/2. Clearly this generalises the first Stiefel-
Whitney class w1 of orthogonal vector bundles, since if deg(L) is even, then µ1(V, L,Q) =
w1(V ⊗L−1/2, Q⊗ IdL−1). The value of w1 is independent of the choice of the square root
of L because n is even.

Now we pass to the definition of other topological invariant µ2 of a twisted orthogonal
bundle (V, L,Q). Again, since π0(EO(n,C)) acts non-trivially on π1(EO(n,C)), the value
of µ2(V, L,Q) depends on the value of µ1(V, L,Q). Let 2Z denote the set of even integers
and 2Z + 1 the odd ones. The topological invariant µ2(V, L,Q) of (V, L,Q) is given as
follows:
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• If µ1(V, L,Q) = 0, define

µ2(V, L,Q) :=




(w2(V ⊗ L−1/2), deg(L)) ∈ Z2 × 2Z, if deg(L) even

deg(L) ∈ 2Z+ 1, if deg(L) odd

where w2(V ⊗ L−1/2) is the second Stiefel-Whitney class of V ⊗ L−1/2.
• If µ1(V, L,Q) 6= 0, define

µ2(V, L,Q) := deg(L) ∈ Z.

On the first item, w2(V ⊗ L−1/2) does not depend on the choice of the square root of L
due to the vanishing of µ1(V, L,Q).

The following proposition is a consequence of the study made in [20].

Proposition 3.10. Let n > 4 be even. Then K2-twisted EGL(n,R)-Higgs bundles over
X are topologically classified by the invariants (µ1, µ2) ∈ B, where

B := {0} × ((Z2 × 2Z) ∪ (2Z+ 1)) ∪
(
(Z2)

2g \ {0}
)
× Z.

Let Mµ1,µ2
(EGL(n,R)) denote the subspace of the space of EGL(n,R)-Higgs bundles

in which the EGL(n,R)-Higgs bundles have invariants (µ1, µ2) ∈ B. Hence we have a
decomposition

MK2

(EGL(n,R)) =
⊔

(µ1,µ2)∈B

MK2

µ1,µ2
(EGL(n,R))

Recall the subspaces of MK2

(EGL(n,R)) defined in (3.8). Then they decompose ac-
cording to topological types as follows:
(3.12)

MK2

0 (EGL(n,R)) =
⊔

w2∈{0,1}

MK2

0,(w2,0)
(EGL(n,R)) ⊔

⊔

µ1∈(Z2)2g\{0}

MK2

µ1,0
(EGL(n,R))

and

(3.13) MK2

1 (EGL(n,R)) =
⊔

µ1∈(Z2)2g

MK2

µ1,1
(EGL(n,R)).

Recall now also the decomposition (3.6) of MK2

(GL(n,R)/Z2). From Proposition 3.7,

MK2

(GL(n,R)/Z2)0 =
⊔

µ2∈{0,1}

MK2

0,µ2
(GL(n,R)/Z2)0 ⊔

⊔

µ1∈(Z2)2g\{0}

MK2

µ1,0
(GL(n,R)/Z2)0

and

MK2

(GL(n,R)/Z2)1 =
⊔

µ1∈(Z2)2g

MK2

µ1,ωn
(GL(n,R)/Z2)1.

Proposition 3.11. Let p0 and p1 be the morphisms defined in (3.10). The following hold:

• for each w2 ∈ Z2, p0 maps MK2

0,(w2,0)
(EGL(n,R)) onto MK2

0,µ2
(GL(n,R)/Z2)0, with

µ2 = w2.
• for each µ1 ∈ (Z2)

2g\{0}, p0 maps MK2

µ1,0
(EGL(n,R)) onto MK2

µ1,0
(GL(n,R)/Z2)0,

with µ1 = µ1.
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• for each µ1 ∈ (Z2)
2g, p1 maps MK2

µ1,1
(EGL(n,R)) onto MK2

µ1,ωn
(GL(n,R)/Z2)1,

with µ1 = µ1.

3.7. Connected components. For each topological type (µ1, µ2) ∈ B fixed, the calcu-
lation of the number of connected components of the moduli space M(µ1,µ2)(EGL(n,R))
has been carried out in [20]. There we used the standard method to study the topology of
the moduli spaces of Higgs bundles through the Hitchin function f , defined in subsection
2.3. By Proposition 2.12 we also have the “same” proper function on the K2-twisted
moduli space. Moreover, all the arguments made in [20], immediately go through the
K2-twisted case. See especially Theorems 8.1 and 8.2 and Propositions 8.4 and 8.5 of
[20]. Therefore we have the following result. Write z0 = (g − 1)n/2 (mod 2). Recall
decompositions (3.12) and (3.13).

Proposition 3.12. Let n > 4 be even.

(1) The moduli space MK2

0 (EGL(n,R)) has 22g + 2 connected components. More
precisely,

(1.1) if w2 6= z0, then MK2

0,(w2,0)
(EGL(n,R)) is non-empty and connected.

(1.2) MK2

0,(z0,0)
(EGL(n,R)) has 2 non-empty connected components, namely:

• 1 component where the Higgs bundles cannot be deformed to a K2-
twisted EO(n)-Higgs bundle.

• 1 component containing K2-twisted EO(n)-Higgs bundles with the given
invariants.

(1.3) MK2

µ1,0
(EGL(n,R)) is non-empty and connected for each µ1 ∈ (Z2)

2g \ {0}.
(2) The moduli space MK2

1 (EGL(n,R)) has 22g connected components. More pre-
cisely,

(2.1) MK2

µ
1
,1(EGL(n,R)) is non-empty and connected for each µ1 ∈ (Z2)

2g.

Recall now the decomposition (3.9) of MK2

(GL(n,R)/Z2) according to the lifting prop-
erty to K2-twisted GL(n,R)-Higgs bundles. From Propositions 3.12 and 3.11 and from

the fact that the 2 connected components of MK2

0,(z0,0)
(EGL(n,R)) are not collapsed by

the morphism p0 (cf. Theorem 10.1 of [20]), we conclude the following.

Proposition 3.13. Let n > 4 be even.

(1) The moduli space MK2

(GL(n,R)/Z2)0 has 22g + 2 connected components. More
precisely,

(1.1) if µ2 6= z0, then MK2

0,µ2
(GL(n,R)/Z2)0 is non-empty and connected;

(1.2) MK2

0,z0(GL(n,R)/Z2)0 has 2 non-empty connected components, namely:

• 1 component where the Higgs bundle cannot be deformed to a K2-
twisted PO(n)-Higgs bundle.

• 1 component containing K2-twisted PO(n)-Higgs bundles with the given
invariants.

(1.3) MK2

µ1,0(GL(n,R)/Z2)0 is non-empty and connected for each µ1 ∈ (Z2)
2g \{0}.

(2) The moduli space MK2

(GL(n,R)/Z2)1 has 22g connected components. More pre-

cisely, MK2

µ1,ωn
(GL(n,R)/Z2)1 is non-empty and connected for each µ1 ∈ (Z2)

2g.
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The connected component of MK2

0,z0
(GL(n,R)/Z2)0 where the Higgs bundles do not

deform to the maximal compact subgroup is the famous Hitchin component of the moduli
for the split form GL(n,R)/Z2; cf. [17].

The next result is now immediate, using the previous proposition and Corollary 3.9.

Corollary 3.14. Let n > 4 be even. The moduli space MK2

(GL(n,R)/Z2) has 2
2g+1 +2

non-empty connected components. Of these, 22g + 2 contain the polystable K2-twisted
GL(n,R)/Z2-Higgs bundles which lift to GL(n,R) and the remaining 22g contain the ones
that do not lift.

So we achieve our first goal.

Theorem 3.15. Let n > 4 be even. The moduli space Mmax(PSp(2n,R)) has 22g+1 + 2
non-empty connected components. Of these, 22g + 2 contain the polystable PSp(2n,R)-
Higgs bundles which lift to Sp(2n,R) and the remaining 22g contain the ones that do not
lift.

Proof. Immediate from the previous corollary, from Proposition 3.5 and from the fact
that a PSp(2n,R)-Higgs bundle lifts to an Sp(2n,R)-Higgs bundle if and only if the
corresponding K2-twisted GL(n,R)/Z2-Higgs bundle (under Theorem 3.5) lifts to K2-
twisted GL(n,R)/Z2-Higgs bundle, as one can check from (3.5). �

4. Higgs bundles for PSO∗(2n)

4.1. Definitions, obstructions and Cayley correspondence. In this section we per-
form a similar analysis to the one done for PSp(2n,R), but for the projective non-compact
dual of the orthogonal group. Recall that the non-compact dual of the special orthogo-
nal group SO∗(2n) can be defined by the group of special orthogonal transformations of
C2n leaving invariant a non-degenerate skew-hermitian form. Assume n > 1 (otherwise
SO∗(2) ∼= SO(2) is compact). Then its centre is ±I2n, hence by definition

PSO∗(2n) = SO∗(2n)/±I2n = SO∗(2n)/Z2.

Both groups are of hermitian type and they are of tube type if and only if n is even.
The group PSO∗(4) is not simple and the associated hermitian symmetric space is not
irreducible, so we do not consider it in this paper.

We will be sketchier here, leaving the details for the interested reader. The case of the
group SO∗(2n) has been studied in detail in [7].

A maximal compact subgroup of SO∗(2n) is the unitary group U(n), hence U(n)/Z2 is a
maximal compact of PSO∗(2n). The Cartan decomposition of the complexified Lie algebra
is so(2n,C) = gl(n,C) ⊕ mC, where mC = Λ2V ⊕ Λ2V∗ with V being the fundamental
representation of GL(n,C). So a PSO∗(2n)-Higgs bundle is a pair (E,ϕ) with E being a
GL(n,C)/Z2-principal bundle and the Higgs field Φ is a section of E(mC)⊗K. There is
no natural way to define PSO∗(2n)-Higgs bundles in terms of vector bundles.

Since the maximal compact subgroup of PSO∗(2n) is (conjugate to) U(n)/Z2, Propo-
sition 3.2 tells us that PSO∗(2n)-Higgs bundles are topologically classified by

(d, w) ∈ Z× Z2 if n even and d ∈ Z if n odd.
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Higgs bundles for SO∗(2n) can also be defined as above, by replacing GL(n,C)/Z2 by
GL(n,C). Then we can define an SO∗(2n)-Higgs bundle over X as a triple (V, β, γ) where
V is a holomorphic vector bundle on X , β is a section of Λ2V ⊗ K and γ a section of
Λ2V ∗ ⊗K. Their topological type is determined by the degree of V . An SO∗(2n)-Higgs
bundle is mapped to a PSO∗(2n)-Higgs bundle just has in (2.1), preserving polystability
by Proposition 2.2. The same argument as in Proposition 3.3 shows the following.

Proposition 4.1. The PSO∗(2n)-Higgs bundles which lift to an SO∗(2n)-Higgs bundle
are precisely the ones of topological type (d, 0) if n is even, or d even if n is odd. Moreover,
in both cases any two lifts differ by a 2-torsion line bundle on X.

So there is a morphism M(SO∗(2n)) → M(PSO∗(2n)) between the corresponding
moduli spaces, such that Md̃(SO

∗(2n)) maps onto M(d̃,0)(PSO
∗(2n)) when n is even and

onto M2d̃(PSO
∗(2n)) when n is odd, where d̃ ∈ Z is a topological type of SO∗(2n)-Higgs

bundles.

If τPSO∗ denotes the Toledo invariant of a semistable PSO∗(2n)-Higgs bundle (E,Φ),
then Theorem 2.5 says that |τPSO∗(E,Φ)| 6 [n/2](2g − 2). The proof of the next result
follows the same lines as the one of Proposition 3.4.

Proposition 4.2. Let (E,Φ) be a semistable PSO∗(2n)-Higgs bundle.

• If n is even and the topological type of (E,Φ) is (d(E), w(E)) ∈ Z× Z2, then

|d(E)| 6 n(g − 1)/2.

• If n is odd and the topological type of (E,Φ) is d(E) ∈ Z, then

|d(E)| 6 (n− 1)(g − 1).

Consider the subspaceMmax(PSO
∗(2n)) ⊂ M(PSO∗(2n)) with maximal positive Toledo

invariant, that is

Mmax(PSO
∗(2n)) =

⊔

w∈Z2

M(n(g−1)/2,w)(PSO
∗(2n)) if n even,

Mmax(PSO
∗(2n)) = M(n−1)(g−1)(PSO

∗(2n)) if n odd.

The count of components of Mmax(PSO
∗(2n)) follows immediately in the case n is odd,

since we know from [7] that Mmax(SO
∗(2n)) is connected. Since the maximal Toledo is

even, Proposition 4.1 says that the map Mmax(SO
∗(2n)) → Mmax(PSO

∗(2n)) is surjec-
tive, hence Mmax(PSO

∗(2n)) is connected as well.

The situation is different whenever n is even sinceMmax(SO
∗(2n)) → Mmax(PSO

∗(2n))
is no longer surjective. Hence suppose n > 4 is even until the end of Section 4. Since
PSO∗(2n) and SO∗(2n) are of tube type for n even, the Cayley correspondence holds. The
Cayley partner for SO∗(2n) is U∗(n), the non-compact dual of the unitary group U(n).
Thus from Theorem 2.8 and Proposition 2.11 we have the following.

Theorem 4.3. The moduli spaces Mmax(PSO
∗(2n)) and MK2

(U∗(n)/Z2) are isomorphic
as complex algebraic varieties.
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We have a commutative diagram

(4.1) Mmax(SO
∗(2n))

∼=
//

��

MK2

(U∗(n))

��

Mmax(PSO
∗(2n))

∼=
// MK2

(U∗(n)/Z2).

where the vertical maps are the morphisms given by (2.2).

4.2. K2-twisted Higgs bundles for U∗(n)/Z2. Recall that n = 2m > 4 is even. The
group U∗(2m) admits the compact symplectic group Sp(2m) as a maximal compact.
Hence, a K2-twisted U∗(2m)/Z2-Higgs bundle is a pair (E,ϕ), with E a PSp(2m,C)-
principal bundle and Φ a section of E(mC), where mC = Λ2

ΩV and (V,Ω) the fundamental
representation of Sp(2m,C) in C2m. In the case of U∗(2m), the principal bundle has
structure group Sp(2m,C), hence K2-twisted U∗(2m)-Higgs are are triples (V,Ω, ϕ) with
(V,Ω) a rank 2m symplectic vector bundle and ϕ : V → V ⊗K2, skew-symmetric with
respect to Ω; cf. [12].

As before, not every K2-twisted U∗(2m)/Z2-Higgs bundle lifts to a K2-twisted U∗(2m)-
Higgs bundle and that is detected by the topological type, given by an element c ∈
π1(PSp(2m)) ∼= Z2. So a K2-twisted U∗(2m)/Z2-Higgs bundle lifts to a K2-twisted
U∗(2m)-Higgs bundle if and only if it is topologically is trivial; note that U∗(2m) is
the universal cover of U∗(2m)/Z2. So we are again lead to considering the group

EU∗(2m) = U∗(2m)×Z2
U(1).

The same argument as in Proposition 5.2 of [20], but replacing O(n,C) by Sp(2m,C) shows
that a K2-twisted EU∗(2m)-Higgs bundle may be defined as a quadruple (V, L,Ω, ϕ) on
X , where V is a rank n vector bundle, L a line bundle, Ω an L-valued symplectic form on
V and ϕ ∈ H0(X,Λ2

ΩV ⊗K2). Then we have the following analogue of Proposition 3.8.

Proposition 4.4. Every K2-twisted U∗(2m)/Z2-Higgs bundle (E,ϕ) lifts to a K2-twisted
EU∗(2m)-Higgs bundle (V, L,Ω, ϕ). The parity of deg(L) is fixed in all the lifts of (E,ϕ).
Moreover, it is possible to choose the lift to aK2-twisted EU∗(2m)-Higgs bundle (V, L,Ω, ϕ)
such that either deg(L) = 0 or deg(L) = 1.

Remark 4.5. Although we do not need this fact here, we have indeed as in Corollary 3.9
that a K2-twisted U∗(2m)/Z2-Higgs bundle lifts to a K2-twisted U∗(2m)-Higgs bundle
if and only if it can be lifted to a K2-twisted EU∗(2m)-Higgs bundle (V, L,Ω, ϕ) with
deg(L) even.

Hence, by (2.2), we have a surjective morphism

MK2

(EU∗(2m)) → MK2

(U∗(2m)/Z2).

If MK2

0 (EU∗(2m)) and (resp. MK2

1 (EU∗(2m))) denote the subspaces of MK2

(EU∗(2m))
where deg(L) = 0 (resp. deg(L) = 1), the preceding morphism restricts to two surjective
morphisms

(4.2) p1 : MK2

0 (EU∗(2m)) → MK2

0 (U∗(2m)/Z2)
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and

(4.3) p2 : MK2

1 (EU∗(2m)) → MK2

1 (U∗(2m)/Z2),

where MK2

i (U∗(2m)/Z2) is the subspace of MK2

(U∗(2m)/Z2) whose Higgs bundles have
topological type c = i ∈ Z2. Hence, we have a disjoint union

(4.4) MK2

(U∗(2m)/Z2) = MK2

0 (U∗(2m)/Z2) ⊔MK2

1 (U∗(2m)/Z2).

The fundamental group of ESp(2m) (hence of EU∗(2m)) is isomorphic to Z. So
EU∗(2m)-Higgs bundles (V, L,Ω, ϕ) are topologically determined by an integer which
is actually the degree of L. Notice that deg(V ) = m deg(L), thus the topological type of

the Higgs bundles in MK2

0 (EU∗(2m)) or in MK2

1 (EU∗(2m)) is fixed. Observe that this
is in contrast with the case of EGL(n,R), where we had the decompositions (3.12) and
(3.13).

4.3. Connected components. In [12], we proved that the moduli space of U∗(2m)-
Higgs bundles is connected. For that we used that the local minima of the Hitchin proper
functional f in M(U∗(2m)) are exactly the ones with vanishing Higgs field. Now, we also

have the Hitchin proper function on MK2

(EU∗(2m)), by Proposition 2.12 and the entire
argument in loc. cit. does not depend on the twisting by K or K2. On the other hand,
the same argument in [12] is also independent of the line bundle L where the symplectic
form Ω takes values. Precisely, if one recalls that the study of the smooth minima of f
involves the study of subspaces H1(C•

k) of weight k > 0 of the deformation space H1(C•)
of a K2-twisted EU∗(2m)-Higgs bundle (representing a smooth point in the moduli), then
one can see, as in the last paragraph of page 259 of [20], that the line bundle L only plays
a role when k = 0. So it does not play a role in the study of smooth local minima. So we
conclude that:

Theorem 4.6. The spaces MK2

0 (EU∗(2m)) and MK2

1 (EU∗(2m)) are both connected and
non-empty.

Thus we have the count of the connected components of Mmax(PSO
∗(2n)), for n > 4

even.

Theorem 4.7. Let n > 4 be even. The moduli space Mmax(PSO
∗(2n)) has 2 non-empty

connected components. One of them is composed by the PSO∗(2n)-Higgs bundles which
lift to SO∗(2n)-Higgs bundles and the other one by the ones which do not lift.

Proof. It follows Theorem 4.3, from the decomposition (4.4), from the surjective mor-
phisms (4.2) and (4.3), from Theorem 4.6 and finally from (4.1). �

5. Higgs bundles for PSO0(2, n)

5.1. Definitions, obstructions and Cayley correspondence. Now we consider the
case of Higgs bundles for the identity component of the projective special orthogonal
group with signature (2, n), PSO0(2, n) = SO0(2, n)/Z(SO0(2, n)). The case of the group
SO0(2, n) has been considered in [6]. Both are hermitian groups of tube type, for any n.

The special orthogonal group SO(2, n) can be defined as the group of volume preserving
transformations of R2+n leaving invariant a non-degenerate symmetric bilinear form of
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signature (2, n). It has two connected components, and denote the one containing the
identity by SO0(2, n). If n is odd, the centre of SO0(2, n) is trivial so PSO0(2, n) =
SO0(2, n), while if n is even, it is ±I2+n. Thus, for n even,

PSO0(2, n) = SO0(2, n)/± I2+n = SO0(2, n)/Z2.

Similarly to the case of PSO∗(4), we will not consider the group PSO0(2, 2) since it is
not simple and the associated hermitian symmetric space is not irreducible. Besides, the
fundamental group of PSO0(2, 2) is different from the one of PSO0(2, n) when n > 2.
Hence we assume henceforth that n > 4 is even.

The group H = (SO(2) × SO(n))/Z2, with Z2 acting diagonally, is a maximal com-
pact subgroup of PSO0(2, n). The Cartan decomposition of the complexified Lie al-
gebra is so(2 + n,C) = C ⊕ so(n,C) ⊕ mC, where mC = Hom(W,L ⊕ L∗), with W

being the fundamental representation of SO(n,C) and L the fundamental representa-
tion of SO(2,C) ∼= C∗. So a PSO0(2, n)-Higgs bundle is a pair (E,ϕ) where E is an
(SO(2,C)× SO(n,C))/Z2-principal bundle and ϕ is a section of E(mC)⊗K.

The following result can be proved as in Proposition 3.2 by determining the kernel of
the universal cover R × Spin(n) → (SO(2) × SO(n))/Z2. Recall that we denote by ωn

the oriented volume element of Pin(n). It has order 2 or 4, depending on whether n is
multiple of 4 or not; cf. [18]. Since n > 4 is even, ωn lies in fact in Spin(n). Recall also
that, as a set, π1PSO(n) = {0, 1, ωn,−ωn} in the abelian notation (here 1 is an element
of order two).

Proposition 5.1. Let n > 4 be even. The fundamental group of (SO(2)× SO(n))/Z2 is

π1((SO(2)× SO(n))/Z2) ∼= 2Z× Z2 ∪ (2Z+ 1)× {±ωn} ∼= Z× Z2,

where in the second isomorphism Z×Z2 means the abelian group generated by (1, ωn) and
(0, 1). Moreover, the inclusion

Z× Z2
∼= π1(SO(2)× SO(n)) →֒ π1((SO(2)× SO(n))/Z2) ∼= Z× Z2

in the exact sequence 1 → Z× Z2 → Z× Z2 → Z2 → 0 is given by multiplication by 2 on
the first factor and by the identity on the second one.

Thus PSO0(2, n)-Higgs bundles over X are topologically classified by invariants

(d, µ) ∈ 2Z× Z2 ∪ (2Z+ 1)× {±ωn} ∼= Z× Z2.

Higgs bundles for the group SO0(2, n) over X are given by the data (L,W,QW , β, γ)
where L is a holomorphic line bundle, from which we consider the rank two bundle L⊕L−1

with the standard orthogonal structure, (W,QW ) is an special orthogonal vector bundle
of rank n, β is a section of Hom(W,L)⊗K and γ a section of Hom(W,L−1)⊗K. Their
topological type is determined by the degree of L and by the second Stiefel-Whitney class
w2 ∈ Z2 = {0, 1} of W .

An SO∗(2n)-Higgs bundle is mapped to a PSO∗(2n)-Higgs bundle, as shown in (2.1),
preserving polystability. An argument similar to Proposition 3.3, but using Proposition
5.1, shows the following.

Proposition 5.2. The PSO0(2, n)-Higgs bundles which lift to an SO0(2, n)-Higgs bundle
are precisely the ones of topological type (d, µ) with d an even integer and µ = 0, 1.
Moreover, any two lifts differ by a 2-torsion line bundle on X.
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So the morphism M(SO0(2, n)) → M(PSO0(2, n)) maps the space M(d̃,w2)
(SO0(2, n))

onto M(2d̃,w2)
(PSO0(2, n)).

Using the fact that the Toledo invariant of a semistable SO0(2, n)-Higgs bundle verifies
|τSO| 6 4g − 4 and that the corresponding degree is half of τSO, one proves the following
result, analogously to the previous cases of PSp(2n,R) and PSO∗(2n).

Proposition 5.3. Let (E,ϕ) be a semistable PSO0(2, n)-Higgs bundle, with n > 4 even.
Let its topological type be given by (d(E), µ(E)). Then

|d(E)| 6 4g − 4.

Consider the subspace Mmax(PSO0(2, n)) ⊂ M(PSO0(2, n)) with maximal positive
Toledo invariant, that is

Mmax(PSO0(2, n)) =
⊔

µ∈Z2

M(4g−4,µ)(PSO0(2, n)).

Proposition 5.2 tells us that the map Mmax(SO0(2, n)) → Mmax(PSO0(2, n)) is surjec-
tive, with M(2g−2,w2)(SO0(2, n)) mapping onto M(4g−4,w2)(PSO0(2, n)). Observe that this
is in contrast with the other two cases. This fact allows us to immediately calculate the
connected components of Mmax(PSO0(2, n)), in particular avoiding the use of the Cayley
correspondence. Indeed, we know from [6] that M(2g−2,w)(SO0(2, n)) has 22g connected
components, for each w2 ∈ Z2. Hence, from Proposition 5.2, we have the following.

Theorem 5.4. Let n > 4 be even. The moduli space Mmax(PSO0(2, n)) has 2 non-empty
connected components. All the PSO0(2, n)-Higgs bundles on them lift to SO0(2, n), but in

one of them they lift to the universal cover S̃O0(2, n) and in the other they do not.

Remark 5.5. Although we did not make use of it, the Calyey correspondence of course
still holds. Since the Cayley partner of SO0(2, n) is SO0(1, 1)× SO(1, n− 1), it turns out
from Proposition 2.11 that the Cayley partner of PSO0(2, n) is SO0(1, 1) × SO0(1, n −
1), whose corresponding K2-twisted moduli space is just the product of a vector space
with the moduli space of K2-twisted SO0(1, n − 1)-Higgs bundles. Hence, it follows
from Theorems 5.4 and 2.8 that the moduli space MK2

(SO0(1, n− 1)) has 2 non-empty
connected components, showing that this is also the case for M(SO0(1, n − 1)). This
provides a somehow different proof of this result, alternative to the one given in [2].

5.2. An application: Higgs bundles for E−14
6 . The exceptional group E−14

6 is of
hermitian type, but not of tube type. The rigidity phenomena of maximal E−14

6 -Higgs
bundles implies [3, Theorem 6.2] that there is a fibration

Mmax(E
−14
6 ) → Mmax(PSO0(2, 8)),

with fibre isomorphic to the Jacobian of X . Thus Theorem 5.4 immediately provides our
final result.

Theorem 5.6. The moduli space Mmax(E
−14
6 ) has 2 non-empty connected components.

This is the first case where the maximal connected components of moduli spaces of
Higgs bundles over X are determined for an exceptional real group.
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[12] O. Garćıa-Prada, A. Oliveira, Higgs bundles for the non-compact dual of the unitary group, Illinois

J. Math. 55 (2011), 1155–1181.
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