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INDEX TRANSFORMS WITH THE SQUARE OF BESSEL FUNCTIONS

S. YAKUBOVICH

ABSTRACT. New index transforms, involving the square of Bessel fianst of the first kind as the kernel are
considered. Mapping properties such as the boundednessvantibility are investigated for these operators in
the Lebesgue spaces. Inversion theorems are proved. Ageaesiting application, a solution to the initial value
problem for the third order partial differential equatiamyolving the Laplacian, is obtained.

1. INTRODUCTION AND PRELIMINARY RESULTS

Let f(x), (1), xe Ry, T € R be complex -valued functions. The main goal of this paper istestigate
mapping properties of the following index transform involving the square of Bessel’s function of the
first kind in the kernel, namely,

(Ff)(r)_W\/iT)/omRe[Jfr(\/i)]f(x)dx, TER, (1.1)
@)= [ Re[J.%(ﬁ)]% XER,. (12)

wherei is the imaginary unit and Re denotes the real part of a compbdned function. Bessel's function
of the first kindJ, (z) [2], Vol. Il satisfies the differential equation

d? u
p =zt +(Z-v?u=0. (1.3)
It has the asymptotic behavior
2 I T 3

(2) =4/ cmos(z— Z(2v + 1)) [14+0(1/2)], z— oo, —5 <angz< o, (1.4)
J(2 =0(z"), z— 0. (1.5)

and the following series expansion

2/2)2k+v

k'I' k+vin Vel (16)

wherel (z) is Euler's gamma funct|0r2|, \ol. I. Using the reduction formula for the gamma functi@,
\ol. | we find for Rev > 0

IF(k+v+1)|=[F(v+1)A+V)2+V)...(k+ V)| > K| (v+1)|.
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Hence we derive from (1.6)

Cmvarg —  (|2/2)% R Cmvarge (12727 2 (12/2)%
(@) <e gk;,k!|r(k+v+1)|§eI ’ |I'(v+1)|kZO k)2

< e\z\—lmvargz (|Z|/2)Rev
- Fv+1[’
coming up to the following inequality for the Bessel functiof the first kind

2 Rev dz-Imvargz
< | = - . .
sl (5) Soagnzvec a7
Taking into account the value
. T
FA+iT)] =/ sinh(m)’
inequality (1.7) takes the form
Je(X)] < € S'”:T"T), x>0,7€R. (18)
In the meantime, appealing to relation (8.4.19.17)4h Mol. llI, we find the following Mellin-Barnes

integral representation for the kernel
T
@0 = Y Re[ (V)]

in (1.1), (1.2), namely,

1 e (s+in)M(s—iT)M(1/2—9)
271 Jy-ie r(sr(l—sr(1—s
wherey is taken from the intervgl0, 1/4). It guarantees the absolute convergence of the integ@jlgihce

appealing to the Stirling asymptotic formula for the gamifioaction [2], Vol. |

F(s+iT)(5—iT)(1/2—5) .
Fera_sras s ) e (110

Integral (1.9) can be involved to repres@nt(x) for all x > 0, T € R as the Fourier cosine transfori®] [
Indeed, we have
Lemmal. Let x> 0,7 € R. Then®d;(x) has the representation in terms of the Fourier cosine tramsf

Or(x) = — %T%( Om % L1 (2iv& cosh( 3 ) ) du (1.12)

whereL 1(2) is the modified Struve function of the index ¢2le Vol. 1.

®;(X) X" %ds x>0, (1.9

Proof. Integrating in (1.9) with respect tq we change the order of integration in the right-hand sidbef
obtained equality by virtue of the absolute convergenchefterated integral. As a result we obtain

1/ 1 pyHe(s+iT)M(s—iT)M(1/2—9)
X./o P N=55 | T Fora—sre—y
Hence, appealing to the reciprocal formulae via the Foudsme transform (cf. formula (1.104) if])

. _ _m_ ey
/o M(s+iT)I (s—iT)cogTy)dT = = costf(y/2)

x~%ds x>0, (1.12)

, Res>0, (1.13)
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. r(2s) [ cogqty)
M(s+in)l(s—it) = 7251 /0 cos(y,2) dy, (1.14)
we replace the gamma-prodiiofs+it) " (s—i1) in the integral (1.12) by its integral representation (.14
and change the order of integration via the absolute coemesy which can be justified using the Stirling
asymptotic formula for the gamma-function. Then, emplgyihe duplication formula for the gamma-
function [2], Vol. |, we derive

1 X i [ 1/2)M(1/2— _s
i/o Pr(y)dy 271\/_ / cosTu) /y:m (?J(rl—/ sirgz/— 9 ? (xcosti(u/2)) “dsau

® cogTu) . u
N \/_/ cosHu/2) L (ZI\/;( COSh(E)) dy;
where the inner integral with respectdds calculated via Slater’s theorem and relation (7.14 2ir7 §4],

\ol. 11l. Hence after the differentiation with respecttave arrive at (1.11), completing the proof of Lemma
1.

O

Further, recalling the Mellin-Barnes representationYdfthe kernekb;(x), we will derive an ordinary
differential equation whose particular solutiorfiig(x). Precisely, it is given by
Lemma 2. For eacht € R the function

/i

0] — Y Re[J?
1(X) = cosH{r) e[37 (V¥)]
is a fundamental solution of the following third order diffatial equation with variable coefficients
d3o d O do, o
Nl 2, T T_
¢ T g +(r +x-7) % T —0x>0 (1.15)

Proof. The asymptotic behavior (1.10) of the integrand in (1.9) redabsolute and uniform convergence
of the integral allow to integrate (1.9) twice with resperkt Hence making use the reduction formula for
the gamma- function?], Vol. | we obtain

X o 1 yHe I (s+iT)M(s—iT)M(1/2—5) 5
/ d“/ PVV= ) T Fera—9re—y  * oS
Then, plainly, with the reduction formula for the gammadtion and simple changes of variables we get

(XE)Z[XZ/ du/ r(v dv} 1 [vHe 1 (s+it) (—nz (1/2-9) sy

(1.16)

dx 271 Jy-ies M(er(1—9r3-ys
% (X u 1 pyHer(l4s+in)M(l+s—in)rf(1/2—s)
_ﬁ/o du/o qJT(V)dVJFﬁ/Wim F(9r(1—s)r(3—s) xds
Atyte  [C(s+iT)M(s—iT)[(1/2—9)(1/2—5S) ;
/d”/ (v 2n1 Loy io T(S )I'(l—s)l'(l—s)(3—s)(2—s)(1—s)x1 ds

Hence after multiplication by?, we differentiate three times the obtained equality andi$ to find
qu)r

dx3[2<dx> {xZ/d”/q’ d"] - ‘\[ % (VX Pr(x)

do, @,
R (1.17)

— (1% +x)
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Meanwhile, the left-hand side of (1.17) can be simplifiedadeivs

£ 2 [& Loof o] - e[ Lo ovon]

d3 X u X 2 2d3¢r dZCDT ch'[
=98 [—4/o du'/0 ®(v)dv— 3x'/0 P (V)dv+ X qar} =Xga +3XW _7W'

Finally, combining with (1.17), we arrive at the equatiornl@), completing the proof of Lemma 2. [J

2. BOUNDEDNESS AND INVERSION PROPERTIES OF THE INDEX TRANSFOR(d.1)

In order to investigate the mapping properties of the indargform (1.1) we will use the Mellin trans-
form technique developed i8] Precisely, the Mellin transform is defined, for instanioel,, p(R4), 1 <
p < 2 (see details ing]) by the integral

(9= /0 " £ () Ldx, 2.1)

being convergent in mean with respect to the normj(v —ico,v + i), g= p/(p—1). Moreover, the
Parseval equality holds fdre Ly p(Ry), g€ L1y g(R4)

00 V+ico
/ F (g X = o (g (1 — 9)ds (2.2)
0 2711 V—ioo
The inverse Mellin transform is given accordingly
f ! VHmf* ~Sd 2.3
(0= [ f(9xds (23)
where the integral converges in mean with respect to the motm (R )
co 1/p
Il = (] 1F00Pw>ax) 24
0

In particular, lettingv = 1/p we get the usual spadg (R ). Further, denoting b(R, ) the space of
bounded continuous functions, we have

Theorem 1. The index transfornil.1) is well-defined as a bounded operator. E; (RJr;ezﬁdx) —
C(R) and the following norm inequality takes place

[IFfllo@) = supl(FF)(T)] < VUL, (R, @max)- (25)
TE
Moreover, let the Mellin transforrf2.1) of f satisfy the condition
f*(s) . .
————— clg(l-v—icw,1- 2.6
F(S)F(l—s) € Q( V —loo, V+|°°)7 ( )
where
3 1 1 1
O<v<-——,1<p<2, —+-=1 2.7
1 2p 1P<2 57y (2.7)
Then

FO0 = oot [ Reie (3)] e 2 o (28)

~ coshrT
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where |,(2) is the modified Bessel function of the first kind,
1 [l-vitiw f*(S)
P0=5% e TS

and integral(2.9) converges with respect to the norm in b p(R) .

X 3ds (2.9

Proof. The proof of the norm inequality (2.5) is straightforwardrr (1.1) and inequality (1.8). The conti-
nuity of (F f)(t) follows from the absolute and uniform convergence of theesponding integral. In fact,
we derive

FO@I< o0 [ 13 (VR F Il

— cosh(mr) .
tanh(7tt)

<y BT [T 109] % dx< VAT e i

This proves (2.5). Nextt*(1—s) € Lg(v —io, v +ic) via condition (2.6). Indeed, we have

[ a-gras= [ rera- g @)oo

i 1-v—ie IF(s)r(1—s)|d
1—v+ico
<rvra- V)]q/lfv; |f*(s)|q% <o, (2.10)

Therefore, via Theorem 86 id]we see thaf € L1_, ,(R). Meanwhile, the asymptotic behavior (1.10) of
the integrand in (1.9) guarantees that it belongs to theedpg® — ico, v +io0) with v, satisfying condition
(2.7). Consequently, (1.9) and the Parseval identity (2&] to the following representation
1 vHe I (s+in)M(s—inlr(1/2—s) ., s

(Ff)(1)= 27 i For21-9 f*(1—s)x °ds (2.11)
Analogously to (2.10) we show thdt'(1—s)/I'(1—s) € Lq(v —io,v +ic) and hence (see (2.9))
L1—v p(R4). But from the asymptotic behavior of the modified Bessel fiomcof the first kind (seed], Vol.
1) we find

& ¥/2Re|li (’—2()} —0(1), x— 0,

e*x/2Re[|ir (’—2()} -0 (\%() X oo,

Therefore, the kernel of (2.8) belongsltoq(R) and integral converges absolutely. Moreover, Lemma 1
in [7], the Parseval identity (2.2) and (2.11) establish equélit8), completing the proof of Theorem 1.
O

The inversion formula for the transform (1.1) is given by
Theorem 2. Under conditions of Theorem 1 let also the Mellin transforh(sf be analytic in the strip

1 1 7 1
E—Z<Res_1—v<‘—1—z§,l<p<2
and
MO €lg(l—v—iw,1—v+io)NL1(l—Vv—icw,1—v+icn), V|< §—i (2.12)

r(sr(l—s 4 2p

Then, assuming that the index transfqirl) satisfies the integrability conditiqfr f)(7) € L1 (R; 7€™d1),
it has the following inversion formula for all x 0
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sinh(rtr) oe £=0

f) ZZﬁ%/Omrcoth(m) [Im [ (v¥)] _7_11 {Jir(\/;()w

v P ] Enmr, (213

wherelm denotes the imaginary part of a complex -valued functiontaedorresponding integral converges
absolutely.

Proof. Following the same scheme as if},[Th. 2, we verify conditions of the Lebedev expansion tle@or
for the index transform with the square of the Macdonald fiamcas the kernef2 (/x) [2], Vol. 1I, coming
up to the equality

1-v+ic * .
/ /l s TP )ds y= Z\F/ rsinh(2mr)K2 (VX) (F £)(1)dT, x> 0. (2.14)
Fulfilling the integration in the left-hand side of (2.14) ertw € (—3/4+1/(2p), 0), it becomes

1 1-v+ico f*(S) Xl—s

2 o
“ai o FErR 9" nz\/ﬁ/o 7 sinh(27T)K2 (vX) (F £)(1)d. (2.15)

1—V4ico  fx 1-s
T
- 2m x+y 1v—iw [(SF(2—9)

nzf/ﬁ /m (XT; " rsinh(2m)K2 () (F F)(1)dr.

The interchange of the order of integration in both sidesheflatter equality is allowed due to Fubini's
theorem under imposed conditions. Thus, taking into accthewvalue of the elementary beta-integral and
the inverse Mellin transform (2.3), we end up with the ini@ngormula of the index transform (1.1), namely

Hence

f(x) = nz—f/I_T/(;mrsink(Zm)K(x,r)(Ff)(r)dr, x>0, (2.16)
where ,
KAy dy
K(xT) = /O T (2.17)

In the meantime integral (2.17), which is absent in theditiere, can be calculated in the following way.
Using relations (8.4.23.27) and (8.4.2.5) #,[Vol. Il and the Parseval equality (2.2), we write

(\/y) dy \/ﬁ /V+ioo ) ) ) XS
Ms+in)r(s—in)r<(sir(1—s)=—————d 2.18
/o Y2 A Ax Sy | CHIDNEIDEN A =S ma7s 5 ds (218)
where 0< y < 1. On the other hand, the Lebedev inequality for the Macdbfualction (cf. B], p. 99)
x—1/4
IKir(X)] < ——=, x,T>0 (2.19)

\/sinh(1tT)

and the estimate

/Omrsinh(ZnT) IK (%, 7)(F F)(1)] d < 2/O°°rcosr(2m) |(Ff)(r)|dr/0w }Exl+/4y(;2y < x>0
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under conditior(F f)(7) € L1(R; 7€™dt) permit us to write (2.16) in the form

2 d e 9 dy dr
(0= g fo o TSI (VF NS, (220)
where via the uniform convergence and (2.18)
@ KZ(yy)dy v : 2 x®
/o Ty_m/yfim M(s+inlr(s—in)r (s)r(l—s)mds
" i) (st &)l (s— &)l (1 X4 2.21
= Ho/y F(s+in)(s—it)F(s+ &)l (s— &)l ( —s)m s (2.21)

Hence the Slater theorem is applied, involving simple hefitd poles = +it —n, s= +&—n, n € Np.
Calculating the corresponding residues and then passitigetbmit whene — 0 with the use of relation
(7.15.1.3) in #], Vol. 111, we find the result

1 Yo . . xS
ﬁl";no - I'(s+|r)l'(s—|T)I'(s+£)l'(s—£)l'(1—s)mds
_ Im[\]z(\/)—()] ; erfir(\/)_()‘]fe ir(\/)_()—\]efir(\/)_()‘]s ir(\/)_()
=TV [ sint?(rT) +m, sin(7te) (+cosr(2nT) - cos(2n£)+) ]
Comym |[Im[BEWR] L o 0k in(VX) e 03kt (VX)
= sinl’?(n‘[) [ Sinh(rtr) T |:\]IT(\/)—()70£ 5:0+J7|T(\/)—() Je . o]‘| .

Therefore, combining with (2.20), (2.21), we arrive at thearsion formula (2.13), completing the proof of
Theorem 2.
O

3. THE INDEX TRANSFORM(1.2)

The boundedness and invertibility properties for the intlersform (1.2) will be examined below. We

begin with
Theorem 3. The ge L1(R). Then(Gg)(x) is bounded continuous dR, and it holds
Sug)I(Gg)(X)I < V191l ®)- (31)
x>
Moreover, if(Gg)(x) € Ly 1(Ry), 0< v < 1/2, then for ally> 0
1 pviie 201 _ S _ 2 (Y 9(T)
o | Ter1-s)(Gg 9y *ds = v /wey <ir (3) sosrm O (32)

Proof. First we observe from the familiar Poisson integral for thesgel functionZ], Vol. 1l that for all
x>0

NG
3N =
Therefore, ’ [ ”
Re[32 (vX)
“eostim) . = b (33)

and we find the estimate

(G| <V [ la)ldr = Vgl
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whichyields (3.1). Next, integrating both sides of (1.2)wiespect taxcand changing the order of integration
under conditiorg € L1(R), we get

/Gg ) dy= / /GJT 7)du dr.

Hence, employing (1.12), we derive

1 T vitieo [0 s+|r —iT)I'(l/Z—s) s
X/O (Gg)(y) dy= 2m‘/, /V oty X dsdr
v-tieo s+|r M(s— (1/2—5) s
- lm/ (1 S)F(Z—s) x"drds, (34)
where the interchange of the order of mtegra‘uon is mogigdty the straightforward estimate
v-tieo (s+iT)F(s—iT)l(1/2—79) s
dr|d
[ Lo e s

o vie| TS (1/2-)
<xevw) [ g |77 HET2 S

andB(a,b) is Euler’s beta-functionZ], Vol. I. But under the conditior{Gg)(x) € Ly, 1(R; ) the Mellin
transform (2.1) of the left-hand side in (3.4) exists and aeeh

/OOOXS*Z/OX(GQ)(y) dydx= /Om(Gg)(y) /yooxsfzdxdy: (Glg)_*is)7 Res=v e (O, %)
Thus (3.4) and the reduction formula for the gamma-fundtigoly
r(s9r?(1—s)(Gg)*(s) =r(1/2—s) /m g(n)r(s+iT)M(s—it)dr.

Hence the inverse Mellin transform (2.3) and relation @&345) in [4], Vol. 1l will lead us to (3.2), com-
pleting the proof of Theorem 3. O

1
|d$<oo,0<v<§

The inversion formula for the index transform (1.2) is giv®n

Theorem 4. Let g(z/i) be an even analytic function in the strip-D{z€ C: |Rezl < a < 1/2}, g(0) =
g (0) = 0 and gz/i) is absolutely integrable over any vertical line in D. (Bg)(t) € L1((0,1);t~1dt) N
L1((1,00);dt), then for all xe R the inversion formula holds for the index transform (1.2)

- 5
9(x) = '/0 (Ga)(y) [%Jr 1T Xycoth(TIX) — ay [In;l[r\:lﬁ((n\g]
_i ) anfl)((\/y) . an+|x(\/y) ﬂ/
Ly s IR I @5)

Proof. Indeed, recalling (3.2), we multiply its both sides dy/?Kiy (y/2) y*—* for some positive € (0, 1)
and integrate with respect toover (0,). Hence changing the order of integration in the left-hade sif
the obtained equality due to the absolute convergence dtkttated integral, we appeal to relation (8.4.23.3)
in [4], Vol. 1ll to find

1 Ve (e—s+ix)l(e—s—ix) .
271 Ju—ioo (1/2+£_S) (9r*(1—s9)(Gg)*(s)ds

_ /0 ) o ( / cosm)n) drdy. (3.6)
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Meanwhile, the right-hand side of (3.6) can be treated irstrae manner as in the proof of Theorem 4
in [7]. In fact, the evenness @f a representation of the Macdonald function in terms of tbhelifred Bessel
function of the first kind(y) [2], Vol. Il and a simple substitution give the equality

'/(;°° Kix Y‘E / |r COS}’(TI)'lT)dey
=2 ./: Kix )yg e IZ (2) sm((zz/n)z) zdy (37)

On the other hand, according to our assumpg(eyi) is analytic in the vertical strip & Rez < a < 1/2,
g(0) = ¢’(0) = 0 and integrable in the strip. Hence, appealing to the inligufar the modified Bessel
function of the first kind (se€3], p. 93)

12(y)| < Iree(y) €"™4/2, 0 < Rez < a,
one can move the contour to the right in the latter integrgBiid). Then

2m"/(;°°Kix )yf 7.00'2(%) 9z/1) g, gy

sin(2mz)
—om [Tk (L) f: 2(3) sm((ZZ/n)Z) 2%

Now Rez > 0, and it is possible to pass to the limit under the integigth svthene — 0 and to change the
order of integration due to the absolute and uniform cormecg. Therefore the value of the integral (see

relation (2.16.28.3) in4], Vol. 11)
. dy 1
/0 le(y)lz()’) y T2

leads us to the equalities

‘Ifiinozm ooo o yg /.m sm 271)2)OIZ d
o [ 9(z/i) e At g(z/i) dz
B 27'!1' a—ico mdz— & <./C{+ioo +. a—ic ) m (38)

Hence conditions of the theorem allow to apply the Cauchynfda in the right-hand side of the latter
equality in (3.8). Thus

im2ni [k (%) v /'m @) g, gy 2TIN Lm0} (39)

-0 Jo sm 2nz) xsinh(27x)
Now, recalling the Parseval |dent|ty (2.2), the left-haittb<of (3.6) can be rewritten in the form
1 vter(e—s+ix)l(e—s—ix) 2 . 7/°° dy
o) TRy OT(1-9(GY (9ds= [ (GIWWelxy) T, (310
where

1 lvHer(s+e—1+iX)M(s+e—1—ix) 5 1
We(x,y) = 8 Flste 12 r2(sr(1—s)y'ds (3.12)

Meanwhile, relations (8.4.23.3), (8.4.11.3) #},[\Vol. Il and the Parseval equality (2.2) give the represen
tation (3.11) accordingly

%)= \/7—T/ / exp y)K'X(Zyu) Olttu(ilu
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Sk el )

ﬁ/ 1+t dt ’ Xp(_lt] B yzu) Kix (yzu) Uy, £>0,

where the interchange of the order of mtegration and diffgation under the integral sign are permitted

owing to the absolute and uniform convergence. Integrdiingarts in the latter integral with respecttto
and using relation (2.16.9.3) id]} Vol. I, we find

_rEe+ix)®  y* o dt * t  yu YUy e
We(x,y) = m - WT/O m '/0 exp(—a -5 ) Kix ( 2) du. (3.12)

Moreover, it is possible now to pass to the limit under thegnal sign in (3.12) wheg — 0 and then to
employ relation (2.16.9.1) ird], Vol. 1l. Hence, reminding (2.17), we obtain

VI 2 eKE(Bdt VT
W_ﬁ/o (1+1)? _xsindm)+2yK(y’X>' (3.13)

Inthe meantime, passing to the limitin (3.10) wreern: 0, we do it under the integral sign in its right-hand
side for eachx € R\ {0}, appealing to the dominated convergence theorem due totidition (Gg)(x) €
L1((0,1);x tdx) NL1((1,);dx) and the absolute and uniform convergence with respeetddo, 1]. In
fact, since from (3.12)

IF(e+ix)|? | y* [° dt 1 t  yu yuy du
eI < ety ey (g ) e(5) S

Tl wro f w5 ) () as

I (g +ix)[? © K2 (,/yt)dt
S Tler1/2) +ﬁ/o T2

-1 o0 0
yj/ﬁ/ (1j-tt / exp(—3) Ko (3) du
=0 +0(y 1),

O(X, y) = l[}no LIJE (Xa y) =

we have .
Loy Y <a [ Ieaml e [ Icamldy<e.

whereC;,C, > 0 are absolute constants. Hence, combining with (3.9) aid)2ve arrive at the inversion
formula (3.5). Theorem 4 is proved.
O

4. INITIAL VALUE PROBLEM

In this section we will apply the index transform (1.2) to @stigate the solvability of an initial value
problem for the following third order partial differentiafuation, involving the Laplacian

VX2 +y2-8

17} J du du u B 2
(XE( +yd_y+2) Aut 5 T2y [ 0x+yd_y] +2\/TTyZ =0, (xy) € R%\{0}, (4.1)
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whereA = ‘;7—)(22 + g—yzz is the Laplacian irR?. In fact, writing (4.1) in polar coordinatés, 8), we end up with
the equation

%u 1 d%u d°u 710u u
Lemma3. Letg(1) € L1 (R;€Ildr), B € (0,2m). Then the function
© e9Tg(1)dr

satisfies the partial differential equatigd.2) on the wedgér,0) : r > 0, 0 < 8 < 3, vanishing at infinity.

Proof. The proof is straightforward by substitution (4.3) intoQ¢and the use of (1.15). The necessary
differentiation with respect toand6 under the integral sign is allowed via the absolute and umifconver-
gence, which can be verified using inequality (3.3) and thegirability conditiong € L1 (R;eﬁ‘r‘dr) , Be
(0,2m) of the lemma. Finally, the condition(r,0) — O, r — o is due to the asymptotic formula (1.4) for
Bessel function at infinity. O

Finally we will formulate the initial value problem for edian (4.2) and give its solution.

Theorem 5. Let g(x) be given by formuld3.5) and its transform/Gg)(t) = G(t) satisfies conditions of
Theorem 4. Then(y 6), r >0, 0 < 6 < B by formula(4.3) will be a solution of the initial value problem
for the partial differential equatiori4.2) subject to the initial condition

u(r,0) = G(r).
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