
A NEW VERSION OF NECESSARY CONDITIONS FOR OPTIMAL
CONTROL PROBLEMS WITH DIFFERENTIAL ALGEBRAIC

EQUATIONS∗

IGOR KORNIENKO† , MATTHIAS GERDTS‡ , AND MDR DE PINHO§
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1. Introduction. Although the literature on optimal control problems is quite
vast, derivation of optimality conditions for problems involving differential and alge-
braic equations (DAE) have only recently deserved some attention (see, for example,
[5, 6, 7, 9, 16, 18]) and remains a challenging area. Nowadays adopting models of this
kind is routine in in areas like robotics, economics and process systems engineering.

Throughout this paper we focus on the following problem involving DAE’s:

(P )



Minimize l(x(a), x(b))
subject to

ẋ(t) = f(t, x(t), y(t), u(t)) a.e.
0 = g(t, x(t), y(t), u(t)) a.e.
u(t) ∈ U a.e.
(z(a), z(b)) ∈ E

where l : Rn×Rn → R, f : [a, b]×Rn×Rm×Rk → Rn, g : [a, b]×Rn×Rm×Rk →
Rm, U ⊂ Rk is compact and E ⊂ Rn ×Rn is a closed set. Typically the pair (x, y)
is the state divided into “slow” variable x and “fast” variables y which can respond
instantaneously to changes in control u; x has a derivative defined by the differential
equation while y does not.

Usually necessary optimality conditions for (P ) are derived following one of the
two approaches: y is treated as a control or y is seen as a component of the state
constraint. In the first case, the control is v = (y, u), with y unconstrained while
u takes values in a certain control set U . This amounts to consider (P ) as a mixed
constrained optimal control problem. In the second case, the state is considered to
be z = (x, y). For (P ) this leads to assemble both differential and algebraic equation
as a single equation of the form h(t, z, u, ż) = 0 where

h(t, z, u, ż) = Eż(t)−

[
f(t, z(t), u(t))

−b(t, z(t), u(t))

]
= 0(1.1)
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where E =

[
I 0

0 0

]
, with I begin the identity matrix. It turns out that (1.1) is a

special case of of a problem treated covered by Theorem 6.1 in [3].
In this paper we illustrate how nonsmooth developments reported in [3] for mixed

constrained problems can be applicable to (P ). We treat y as a control component.
For problems with the so called index one DAE’s, we get necessary conditions for
problems with DAE’s that, in some sense, improve and and extend existing results
as, for example, those in [9],[5] and [16]. Furthermore, we show that [3] is also of help
as far as maximum principles for some class of higher index problems.

Theorem 6.1 in [3] concerns DAE problems when y is viewed as a component of
the state. Although it would be of interest to compare the information provided by
this theorem to some literature (see, for example, [7], [18] and [14]), we do not dwell
on such subject in this work for simplicity of exposition.

Optimal control problems with DAE’s are frequently coupled with inequalities
mixed constraints and pure state constraints both in the form of equalities and in-
equalities see for example [6] or [7] (see also [8])). We do not treat such general
problems here. A simple inspection of our central tool of analysis, [3], will convince
the reader that we can handle mixed inequalities constraints but not pure state con-
straint. It is our believe that future extensions of Theorem 2.1 in [3] to cover problems
with pure state constraints may later come to help in this respect.

The interest of our findings does not dwell simply on the nonsmoothness of the
data. Noteworthy, when when some smoothness is imposed on b, our results are
directly comparable to many in the literature and, in some situations, hold under
weaker assumptions. Our approach can be extended without much ado to cover
situations where inequality mixed constraints of the form g(t, x, y, u) ≤ 0 are added
to DAE but we do not develop here.

2. Preliminaries. If g is a vector, g ∈ Rm, the inequality g ≤ 0 is interpreted
componentwise.

We will denote by B the closed unit ball centered at the origin regardless of the
dimension of the underlying space. Also | · | is the Euclidean norm or the induced
matrix norm on Rp×q.

Take any A ⊂ Rn. Then the Euclidean distance function with respect to A is
defined as

dA: Rk → R, y → dA(y) = inf {|y − x| : x ∈ A} .

Consider now a function h : [a, b] → Rp. We say that h ∈ W 1,1([a, b]; Rp) if
and only if it is absolutely continuous; in h ∈ L1([a, b]; Rp) iff h is integrable; and in
h ∈ L∞([a, b]; Rp) iff it is essentially bounded. The norm of L1([a, b]; Rp) is denoted
by ‖ · ‖1 and the norm of L∞([a, b]; Rp) is ‖ · ‖∞.

As it is clear from the introduction we shall make use of standard concepts from
nonsmooth analysis. The basic concepts of nonsmooth analysis are well known so we
refrain from stating them here. Instead we refer the reader to, for example, [1], [2],
[17], [15] and [12]. Next we introduce the notation of some nonsmooth concepts we
will use throughout this paper.

Let A ⊂ Rn to be a closed set with and consider x∗ ∈ A. The limiting normal
cone to A at x∗ (also known as Mordukhovich normal cone) is denoted by NL

A(x∗)
while the Clarke normal cone is NC

A (x∗).
Take a lower semicontinuous function f : Rk → R ∪ {+∞} and a point x∗ ∈ Rk

where f(x∗) < +∞. Then the limiting subdifferential of f at x∗ is denoted by ∂Lf(∗).
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Recall that when the function f is Lipschitz continuous near x, the convex hull of
the limiting subdifferential, co ∂Lf(x), coincides with the (Clarke) subdifferential,
denoted here by ∂Cf(x).

3. Index One: Nonsmooth Case. We now concentrate on (P ) and we explore
the consequences of some results in [3] when y is treated as a control.

For simplicity of the exposition and analysis we impose assumptions on the data
that are rather stronger than those in [3] but are still satisfied for a large class of real
problems.

First we enforce the following basic hypotheses: the function l is locally Lipschitz,
E is a closed set and (t, (x, y, u))→ f(t, (x, y, u)), g(t, (x, y, u)) are L× B (relative to
the σ-field generated by the product of Lebesgue measurable subsets in R and Borel
measurable subsets in Rn ×Rm ×Rk).

For (P ) we consider (x, y, u) to be a triple where both y and u are considered to
be essentially bounded functions1 and x, the state, an absolutely continuous function.
As usual, a process is called admissible when it satisfies all the constraints of the
problem. We say that an admissible process for (P ) is (x∗, y∗, u∗) is a W 1,1-local
minimum2 when it minimizes the cost

J(x, y, u) := l(x(a), x(b))

over all the admissible processes (x, y, u) such that

|x(t)− x∗(t)| ≤ ε,
∫ 1

0

|ẋ(t)− ẋ∗(t)| dt ≤ ε

for some ε > 0.

We now introdue some sets. Let

S(t) := {(x, y, u) : g(t, x, y, u) = 0, u ∈ U},

and

S∗ε (t) := {(x, y, u) ∈ S(t) : |x− x∗(t)| ≤ ε}.

Take a reference triple (x∗, y∗, u∗) and a parameter ε. Consider a function ψ :
[a, b]×Rn ×Rm ×Rk → RN . We say that ψ satisfies [L∗] if the following condition
holds:

[L∗ ] There exists a constant kψ such that, for almost every t ∈ [a, b], for every
(xi, yi, ui) with |xi − x∗(t)| ≤ ε, we have

|ψ(t, x1, y1, u1)− ψ(t, x2, y2, u2)| ≤ kψ[|x1 − x2|+ |y1 − y2|+ |u1 − u2|].

We shall impose L∗ on both f and g. As for the algebraic equation and set control
constraints we assume the following.

[A1 ] There exists constant M such that, for almost every t ∈ [a, b], all (x, y, u) ∈
S∗ε (t), all λ ∈ Rm, all ξ ∈ NL

U (u) we have

(α, β1, β2 − ξ) ∈ ∂Lx,y,u〈λ, g(t, x, y, u)〉 =⇒ |λ| ≤M |(β1, β2)|.(3.1)

1It is possible to work with measurable functions but the analysis is simpler if L∞ functions are
considered

2In [3] local minimum of radius R are considered. Taking R = +∞, this reduces to our case.
The W 1,1-local minimum is sometimes called the weak local minimum.
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A simple application of Theorem 7.1 in [3] yields the following result:

Theorem 3.1. (Nonsmooth Case) Let (x∗, y∗, u∗) be a W 1,1-local minimum
for problem (P ). If the basic assumptions are satisfied, f and g satisfy [L∗] and
[A1] holds, then there exist p ∈ W 1,1([a, b]; Rn) and a scalar λ0 ≥ 0 satisfying the
nontriviality condition:

||p||∞ + λ0 > 0,(3.2)

the Euler adjoint inclusion: for almost every t ∈ [0, 1]

(−ṗ(t), 0, 0) ∈ ∂Cx,y,u〈p(t),f(t, x∗(t), y∗(t), u∗(t))〉 −NC
S(t)(x

∗(t), y∗(t), u∗(t))(3.3)

the global Weierstrass condition: for almost every t ∈ [0, 1] and all (x∗(t), y, u) ∈ S(t)

〈p(t), f(t, x∗(t), y, u)〉 ≤ 〈p(t), f(t, x∗(t), y∗(t), u∗(t))〉,(3.4)

and the transversality condition:

(p(a),−p(b)) ∈ NL
E (x∗(a), x∗(b)) + λ0∂

Ll(x∗(a), x∗(b)).(3.5)

Theorem 3.1 is a nonsmooth version of the maximum principle for (P ) when y is
seen as a control. Although of interest in itself, its applicability may be problematic
because of the nature of (3.3); the set NC

S(t)(x
∗(t), y∗(t), u∗(t)) may be hard to handle.

Fortunately if some differentiability is assumed on function g, then this normal cone
can de dealt with in a simple way as we explain next.

4. Index one: Differential Case. Let us first assume that b satisfies [L∗] and
g is also strict differentiable at (x∗(t), y∗(t), u∗(t)) for almost every t. Then from non-
smooth calculus (see for example Proposition 4.1 in [3]), we know that, for any mea-
surable function χ : [a, b]→ Rn×Rm×Rk such that χ(t) ∈ NC

S(t)(x
∗(t), y∗(t), u∗(t))

almost everywhere, there exist measurable functions λ : [a, b] → Rm, ξ : [a, b] → Rk

such that ξ(t) ∈ NC
U (u∗(t)) and

χ(t) = gx,y,u(t, x∗(t), y∗(t), u∗(t))Tλ(t) + (0, 0, ξ(t)).(4.1)

Taking into account the sum rule of nonsmooth calculus we deduce from the above
that (3.3) in Theorem 4.1 is, for almost every t, of the form

(−ṗ(t), 0, ξ(t)) ∈ ∂Cx,y,u〈p(t), f(t, x∗(t), y∗(t), u∗(t))〉(4.2)

− gx,y,u(t, x∗(t), y∗(t), u∗(t))Tλ(t)

where ξ(t) ∈ NC
U (u∗(t)) almost everywhere.

Let us go a step further and replace [L∗] by the following assumption:
[CD ] The function (x, y, u) → g(t, x, y, u) is continuous differentiable for almost

every t ∈ [a, b].

Additionally let us consider the following assumption:
[I1 ] There exist constants c and mg such that for almost every t ∈ [a, b], all

(x, y, u) ∈ S∗ε (t) we have

det gy(t, x, y, u)gy(t, x, y, u)T > c, and |[gy(t, x, y, u)by(t, x, y, u)T ]−1| ≤ mg.
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We claim that [[I1]] implies [[A1]]. To show such implication take any λ ∈ Rm and
observe that

∂Lx,y,u〈λ, b(t, x, y, u)〉 = gx,y,u(t, x, y, u)Tλ.

If (α, β1, β2 − ξ) ∈ ∂Lx,y,u〈λ, g(t, x, y, u)〉 and ξ ∈ NC
U (u), then we have

α = gx(t, x, y, u)Tλ,(4.3)

β1 = gy(t, x, y, u)Tλ,(4.4)

β2 = gu(t, x, y, u)Tλ+ ξ.(4.5)

From [I1] we duduce that

λ = [gy(t, x, y, u)gy(t, x, y, u)T ]−1β1

and

|λ| ≤ mg|β1| ≤ mg|(β1, β2)|.

This means that under our differentiable assumption [CD], [I1] implies [A1].

Recall that [I1] characterizes (P ) as a problem involving index 1 differential
algebraic equations.

It is easy to deduce the following:

Corollary 4.1. (Index 1 case) Let (x∗, y∗, u∗) be a W 1,1-local minimum
for problem (P ). If the basic assumptions are satisfied, f satisfies [L∗], g satisfies
[CD] and [I1], then there exist p ∈W 1,1([a, b]; Rn) and a scalar λ0 ≥ 0 satisfying the
nontriviality condition:

||p||∞ + λ0 > 0,

the Euler adjoint inclusion:

(−ṗ(t), 0, ξ(t)) ∈(4.6)

∂Cx,y,u〈p(t), f(t, x∗(t), y∗(t), u∗(t))〉 − gx,y,u(t, x∗(t), y∗(t), u∗(t))Tλ(t) a.e.,

the global Weierstrass condition: for almost every t ∈ [0, 1] and all (x∗(t), y, u) such
that u ∈ U and g(t, x∗(t), y, u) = 0

〈p(t), f(t, x∗(t), y, u)〉 ≤ 〈p(t), f(t, x∗(t), y∗(t), u∗(t))〉 a.e.,

and the transversality condition:

(p(a),−p(b)) ∈ NL
E (x∗(a), x∗(b)) + λ0∂

Ll(x∗(a), x∗(b)).

where ξ is a measurable function satisfying ξ(t) ∈ NC
U (u∗(t)) almost everywhere.

Important Note: It is also a simple matter to see that under the assumptions
of the above theorem there exists a constant kb such that

|λ(t)| ≤ mgkgLf |p(t)| a.e.
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Also, the above result covers situations where U = Rk. In such cases, the necessary
consitions hold with NC

U (u∗(t)) = {0}.
Remark: Corollary 4.1 provides a maximum principle for optimal control prob-

lems involving index 1 problems easily comparable with most of the literature. A
special feature of our findings is that there is no explicit reference to implicit func-
tions (see for example [18]). Moreover, although smoothness of g is assumed, a certain
degree of nonsmoothness is allowed.

Results in the same vein were obtained in [5] and but now no convexity is assumed
whereas in [5] is. Comparing Corollary 4.1 with [9] and [16] it is also clear that our
result covers more general problems.

5. Higher Index Problems. Before proceeding let us recall that we are unable
to deal with situations where the algebraic equation is reduced to g(t, x(t)) = 0, i.e.,
to equalities pure state constraints; such case is amply treated as a higher index case
problem in the literature (see for example [7]). However our approach can still cover
some classes of problems with index higher than 1. Indeed, for problems of index
higher than one satisfying [A1], Theorem 4.1 can still provide necessary conditions
for the smooth and nonsmooth case.

In what follows we analyse a particular case when U = Rk. When the control u
is unsconstrained there is no distinct treatment between y and u.

Let us keep assumption [CD] and focus on problems where

g(t, x, y, u) =

(
g1(t, x, y, u)
g2(t, x, u)

)
.

Here g1(t, x, y, u) ∈ Rm1 , g2(t, x, y, u) ∈ Rm2 , m1 + m2 = m and m1,m2 ≥ 1. It
is easy to see that [I1] does not hold since gy is not of maximal rank. The optimal
control problem involving such function g is now of higher index.

It is a simple matter to see that [A1] may hold. For example [A1] is satisfied
when, for example, the lost of rank of gy is compensated by information on gu. In
such situations it is easy to obtain necessay conditions in the spirit of Corollary 4.1
(we refrain from do so here).

6. A Companion Result. It is clear from our findings that we treat (y, u)
as the control partioned into components where at most one of the components, u,
is subject to set control constraints. Clearly this approach is well known for those
familiar with optimal mixed state-control constrained problems (see for example, [10]).
However, in some literature such approach implies different hypotheses in the y and
the u components; this is the case with [5]). Theorem 3.2 in [3] is of help in this
regard.

To set our scenary we start by stating alternative assumptions to [L∗] and [A2].
Set

S(t, u) := {(x, y) : g(t, x, y, u) = 0}, S∗ε (t, u) := {(x, y) ∈ S(t, u) : |x− x∗(t)| ≤ ε}.

[L∗2 ] There exists a constant kψ such that, for almost every t ∈ [a, b], for every
u ∈ U , every (xi, yi) with |xi − x∗(t)| ≤ ε, we have

|ψ(t, x1, y1, u)− ψ(t, x2, y2, u)| ≤ kψ[|x1 − x2|+ |y1 − y2|].

[A2 ] There exists a constant M such that, for almost every t ∈ [a, b], every u ∈ U ,
λ ∈ RN , ξ ∈ NL

U(t)(u) and (x, y) ∈ S∗ε (t, u) we have

(α, β) ∈ ∂Lx,y〈λ, g(t, x, v, u)〉 =⇒ |λ| ≤M |β|.
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A noteworthy aspect of imposing [L∗2] on f and g is that we impose Lipchitz
continuity with respect to y but not even continuity is imposed with respect to u.

Assume the basic hypotheses, that [L∗2] is satisfied by both f and g, that [A2]
holds and that S(t, u) is closed. Then following the approach of the previous subsec-
tions we deduce a nonsmooth Theorem in the vein of Theorem 3.1.

For the differential case consider now
[CD2 ] The function (x, y)→ g(t, x, y) is continuous differentiable for almost every

t ∈ [a, b].
Take (α, β) ∈ NC

S(t,u)(x, y). If [CD2] holds, then there exists λ : [a, b]→ Rm such
that

(α, β) = gx,y(t, x, y, u)Tλ(t).

It is now a simple matter to see that the following holds.
Theorem 6.1. Let (x∗, y∗, u∗) be a W 1,1-local minimum for problem (P ). If the

basic assumptions are satisfied, f and g satisfy [L∗2], the set S(t, u) is closed and [A2]
and [CD2] hold, then there exist p ∈ W 1,1([a, b]; Rn) and a scalar λ0 ≥ 0 satisfying
(3.2) and (3.5) as well as the Euler adjoint inclusion:

(−ṗ(t), 0) ∈ ∂Cx,y〈p(t), f(t, x∗(t), y∗(t), u∗(t))〉 − gx,y(t, x∗(t), y∗(t), u∗(t))Tλ(t) a.e.,

and the global Weierstrass condition: for all u ∈ U and (x∗(t), y) ∈ S(t, u)

〈p(t), f(t, x∗(t), y(t), u)〉 ≤ 〈p(t), f(t, x∗(t), y∗(t), u∗(t))〉 a.e.,

Application of the previous result to index one case is now easy to obtain.

7. Conclusions. We exploit results in [3] so as to obtain necessary optimality
conditions for optimal control problems involving differential algebraic equations with
a special semi-explicit structure and under some smoothness assumptions. We mainly
focus on problems where the “fast” variable y is treated as a control. Although are
results are not as general as we would like, we hope that future work extending results
in [3] to cover problems with pure state constraints may be of help in the future.
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