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Abstract

Time series of (small) counts are common in practice and appear in a wide variety

of fields. In the last three decades, several models that explicitly account for the

discreteness of the data have been proposed in the literature. Among them are

the INteger-valued AutoRegressive Moving Average, INARMA, models. These

models are constructed by replacing multiplication in the conventional ARMA

models by an appropriate random operator, the thinning operator. Literature on

multivariate time series of counts has been focused almost solely on autoregressive,

AR, type models. In fact, literature on multivariate moving average, MA, models

for time series of counts is almost non-existent. There are several reasons for this

seemingly lack of interest in models with MA component, one of which is the

intractability of writing down, in a compact manner, the conditional distribution

needed to permit likelihood-based procedures.

This thesis aims at giving a contribution to fill this gap by studying INteger-valued

Moving Average (INMA) models for bivariate time series of counts. In this context,

there are two sources of dependence that must be accounted for: the serial depen-

dence and the dependence between the two time series of the bivariate process. In

this work, a first approach induces serial correlation via univariate thinning ope-

rators, namely binomial thinning and negative binomial thinning operators, while

the cross-correlation is induced by bivariate innovation processes, with Poisson

and negative binomial-type I and type II (bivariate distributions). In a second

approach the bivariate binomial thinning operator is used to induce both sources

of dependence.

To be more specific, the first bivariate INMA model studied in this thesis, denoted

by BINMA(q1, q2), is based on the binomial thinning operator and assumes a spe-

cial dependence structure between these operators. Basic probabilistic and statis-

tical properties of this model are discussed. Two parametric cases are analysed,

one with the cross-correlation generated through a bivariate Poisson innovation

process and another with a bivariate negative binomial-type I innovation process.

It is proved that the joint distribution of this model is bivariate Poisson when the

innovation process is bivariate Poisson. Special attention is given to the first-order



bivariate INMA model. Furthermore, the bivariate INMA model proposed in the

literature by Quoreshi (2006), where the thinning operators are independent, is

reviewed and, for practical applications, the same two parametric cases for the

innovation process are studied. Once again it is proved that the joint distribu-

tion of this process is bivariate Poisson when the innovation process follows this

distribution.

In order to bring more flexibility to the models for practical applications, in this

work two more types of bivariate models based on two extensions of the binomial

thinning operator are proposed. In a first stage, an univariate INMA model of first

order, NB-INMA(1), based on the negative binomial thinning operator and with

negative binomial innovations. First- and second-order moments of this model are

obtained. Moreover, it is proved that this process has negative binomial marginal.

Therefore, in the univariate context, this model can be used when overdispersion

occurs. Then, the NB-INMA(1) model is extended to the bivariate case, the

BINMAII(1, 1) model, where the cross-correlation is generated through a bivariate

negative binomial-type II process. The properties of this model are studied in

detail. However, it is concluded that the joint distribution of the process it is not

a bivariate negative binomial-type II.

The last type of bivariate model presented in this thesis is the BINMA(1)-BVBII

model, based on the bivariate binomial thinning operator. The focus is on a

specific parametric case where the innovation process follows a bivariate Poisson

distribution. Probabilistic and statistical characterization of this model is given.

Although it is not possible to write the joint distribution in closed-form formula,

it is proved that the process has Poisson marginals.

It is well known that likelihood-based procedures are unfeasible in MA models.

Generalized Method of Moments (GMM) estimators are often available where a

likelihood analysis is extremely difficult or even impossible, since they are derived

directly from a set of moment conditions. Therefore in this work, parameter esti-

mation for the different bivariate INMA models studied in this thesis is achieved

by the GMM methodology based on first- and second-order moments of the pro-

cess. The small sample properties of the GMM estimators are examined through

a simulation study experiment. The models are fitted to some real data sets.

Keywords: Time Series of Counts, Bivariate Models, Moving Average, Estimation,

Generalized Method of Moments.



Resumo

Séries temporais de contagem são comuns na prática e surgem nas mais diversas

áreas de aplicação. Nas últimas três décadas, têm sido propostas várias classes de

modelos para descrever e caracterizar adequadamente estas séries, tendo em conta

o seu carácter discreto. Entre elas está a classe de modelos autorregressivos e de

médias móveis de valor inteiro não negativo, INARMA. Esta classe de modelos é

obtida através da substituição da multiplicação usual por um operador aleatório,

denominado thinning, nos modelos ARMA convencionais. Nas séries temporais de

contagem multivariadas o foco tem sido basicamente sobre modelos autorregres-

sivos, AR. Na verdade, trabalhos sobre modelos multivariados de médias móveis

(MA) são praticamente inexistentes. Existem diversas razões para esta falta de

interesse em modelos com componente MA, entre as quais o facto de não ser pos-

sível explicitar a verosimilhança da amostra, o que torna tecnicamente difícil de

implementar procedimentos baseados em verosimilhança.

O objectivo desta tese é contribuir para o preenchimento desta lacuna, através do

estudo de modelos de médias móveis de valor inteiro (INMA) para séries bivariadas

de contagens. Neste contexto há dois tipos de dependência a ter em atenção: a

dependência dentro de cada série e a estrutura de dependência entre as duas séries

do processo bivariado. Neste trabalho, numa primeira abordagem a dependência

em cada série é introduzida através de operadores thinning, nomeadamente os

operadores thinning binomial e thinning binomial negativo, enquanto que a estru-

tura de dependência entre as duas séries temporais é introduzida por um processo

de chegada bivariado, Poisson, binomial negativo-tipo I e tipo II. Numa segunda

abordagem, o operador thinning binomial bivariado é usado para introduzir os

dois tipos de dependência.

O primeiro modelo bivariado proposto nesta tese designa-se por BINMA(q1, q2).

Este modelo baseia-se no operador thinning binomial e assume uma estrutura

específica de dependência entre os diversos operadores thinning. As suas princi-

pais propriedades probabilísticas e estatísticas são apresentadas. Para este modelo

são estudados dois casos paramétricos. Um em que a correlação-cruzada é intro-

duzida por um processo de chegada de Poisson bivariado e outro por um processo



de chegada binomial negativo bivariado. É provado que no caso da correlação-

cruzada ser introduzida através de um processo de chegada de Poisson bivariado,

a distribuição conjunta do processo é também Poisson bivariada. O caso mais

simples deste modelo, BINMA(1,1), é estudado em detalhe. É revisto o modelo

INMA bivariado proposto na literatura por Quoreshi (2006), onde todos os opera-

dores thinning são independentes, e para aplicações práticas são considerados os

mesmos casos paramétricos referidos anteriormente. Mais uma vez é provado que

no caso da correlação-cruzada ser introduzida através de um processo de chegada

de Poisson bivariado a distribuição conjunta tem esta mesma distribuição.

Para tornar os modelos mais flexíveis para aplicações práticas, neste trabalho são

estudados mais dois modelos bivariados baseados em duas extensões do opera-

dor thinning binomial. Inicialmente é proposto um modelo INMA univariado de

primeira ordem, designado por NB-INMA(1), baseado no operador thinning bino-

mial negativo e onde o processo de chegada é binomial negativo. Prova-se que o

processo tem marginal binomial negativa, sendo de especial interesse para dados

que apresentam sobredispersão. O modelo NB-INMA(1) é extendido para o caso

bivariado, BINMAII(1, 1), onde a correlação-cruzada é gerada por um processo

bivariado binomial negativo-tipo II. As propriedades deste modelo são estudadas

em detalhe. Conclui-se no entanto que a distribuição conjunta do modelo não é

bivariada binomial negativa-tipo II.

O último modelo bivariado apresentado nesta tese designa-se por BINMA(1)-

BVBII, e é baseado no operador thinning binomial bivariado. Para este modelo

é também analisado o caso paramétrico em que processo de chegada segue uma

distribuição de Poisson bivariada. As principais características probabilísticas e

estatísticas do modelo proposto são apresentadas. Não é possível apresentar a dis-

tribuição conjunta do modelo através de uma fórmula fechada, no entanto prova-se

que o processo tem marginais de Poisson.

O método dos momentos generalizado (GMM) é frequentemente usado em situa-

ções em que a verosimilhança é difícil ou mesmo impossível de obter, uma vez

que resulta de um conjunto de condições sobre os momentos. Portanto, neste tra-

balho consideram-se estimadores obtidos pelo GMM, baseados nos momentos de

primeira e segunda ordem dos processos. São exibidos resultados de um estudo de

simulação que investiga o desempenho destes estimadores. Por último, os modelos

propostos são aplicados a conjuntos de dados reais.

Palavras Chave: Séries Temporais de Contagem, Modelos Bivariados, Médias

Móveis, Estimação, Método dos Momentos Generalizado.



Contents

List of Tables xi

List of Figures xiii

Abbreviations xv

1 Introduction 1

1.1 Time Series of Counts Overview . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Thinning Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Integer-valued Autoregressive (INAR) Models . . . . . . . . . . . . . . . . . . 8

1.4 INteger-valued Moving Average (INMA) Models . . . . . . . . . . . . . . . . . 10

1.5 Multivariate Time Series Models of Count Data . . . . . . . . . . . . . . . . . 16

1.6 Outline of this Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2 Bivariate INMA Models Based on the Binomial Thinning Operator 21

2.1 First-order Bivariate INteger-valued Moving Average Model . . . . . . . . . . 21

2.2 Higher-Order Bivariate INMA Models . . . . . . . . . . . . . . . . . . . . . . 25

2.2.1 BINMA(q1, q2) Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.3 Parametric Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3 Bivariate INMA Models Based on Extensions of the Binomial Thinning

Operator 41

3.1 First-Order Negative Binomial INteger-Valued Moving Average Model . . . . 41

3.2 BINMA Models Based on the Negative Binomial Thinning Operator . . . . . 47

3.3 BINMA Models Based on the Bivariate Binomial Thinning Operator . . . . . 55

3.3.1 BINMA(1)-BVBII Model with Bivariate Poisson Innovation Process . 59

4 Parameter Estimation 63

4.1 Generalized Method of Moments Estimation . . . . . . . . . . . . . . . . . . . 63

4.2 Practical Implementation for GMM Estimation . . . . . . . . . . . . . . . . . 65



x UPorto
Contributions to the analysis of multivariate count data

4.3 Monte Carlo Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5 Real Data Illustration 89

5.1 Crime Data I - Sex Offences . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.2 Crime Data II- Vagrancy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.3 Traffic Accidents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.4 Rainy Days . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

6 Main Contributions and Future Work 105

6.1 Main Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

6.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

Appendix A 107

Appendix B 117

References 121



List of Tables

4.1 Set of parameters for the Poisson BINMA(1, 1) model. . . . . . . . . . . . . . 68

4.2 Mean and standard errors (in brackets) of the estimates for models M1 to M6. 69

4.3 Mean and standard errors (in brackets) of the estimates for models M7 to M12. 70

4.4 Set of parameters for the BINMA(1, 1) model with BNB-Type I innovation

process. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.5 Mean and standard errors (in brackets) of the estimates for models S1 to S6. 74

4.6 Mean and standard errors (in brackets) of the estimates for models S7 to S12. 75

4.7 Set of parameters for the NB-BINMA(1) model. . . . . . . . . . . . . . . . . . 78

4.8 Mean and standard errors (in brackets) of the estimates for models I to VIII. 79

4.9 Set of parameters for the BINMAII(1, 1) model with BNB-type II innovation

process. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.10 Mean and standard errors (in brackets) of the estimates for models P1 to P3. 81

4.11 Set of parameters for the BINMA(1)-BVBII model with bivariate Poisson in-

novation process. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.12 Mean and standard errors (in brackets) of the estimates for models L1 to L6. 84

4.13 Mean and standard errors (in brackets) of the estimates for models L7 to L12. 85

5.1 Sample measures for the sex offences data set. . . . . . . . . . . . . . . . . . . 90

5.2 GMM estimates for the sex offence data set (s.e. in brackets). . . . . . . . . . 90

5.3 Sample measures for the vagrancy data set. . . . . . . . . . . . . . . . . . . . 92

5.4 GMM estimates for the vagrancy data set (s.e. in brackets). . . . . . . . . . . 92

5.5 GMM estimates for the traffic accidents data set (s.e. in brackets). . . . . . . 98

5.6 Sample measures for the traffic accidents data set and comparison between

competing models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5.7 GMM estimates for the rainy days data set (s.e. in brackets). . . . . . . . . . 101

5.8 Sample measures for the rainy days data set and comparison between competing

models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102



xii UPorto
Contributions to the analysis of multivariate count data



List of Figures

2.1 Realization with n = 500 observations of a Poisson BINMA(1,1) process with

εεεt ∼ BP(1, 1, 0.5) and (β1, β2) = (0.4, 0.6) (top panels), sample autocorrelation

(middle panels) and sample cross-correlation (bottom panel). . . . . . . . . . 39

2.2 Realization with n = 500 observations of a BINMA(1,1) process with εεεt ∼
BNBI(2, 2, 1) and (β1, β2) = (0.6, 0.7) (top panels), sample autocorrelation

(middle panels) and sample cross-correlation (bottom panel). . . . . . . . . . 40

3.1 Univariate time series of n = 500, simulated from a NB-INMA(1) process for

different values of the parameters κ and β (left panels) and the corresponding

sample ACF (right panels). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.2 Realization with n = 500 observations of a BINMAII(1, 1) process with εεεt ∼
BNBII(0.22, 0.22, 0.11, 1) and θθθ = (λ1, λ2, φ, ν, τ) = (1, 1, 0.5, 1, 2) (top panels),

sample autocorrelation functions (middle panels) and sample cross-correlation

function (bottom panel). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.3 Realization with n = 500 observations of a BINMA(1)-BVBII process with

εεεt ∼ BP(1, 1, 0.5) and βββ = (β1, β2, φβ) = (0.6, 0.7, 0.13) (top panels), sample

autocorrelation functions (middle panels) and sample cross-correlation function

(bottom panel). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.1 Boxplots of the bias of the GMM estimates for the model M1. . . . . . . . . 71

4.2 Boxplots of the bias of the GMM estimates for the model M7. . . . . . . . . 72

4.3 Boxplots of the bias of the GMM estimates for the model S1. . . . . . . . . . 76

4.4 Boxplots of the bias of the GMM estimates for the model S3. . . . . . . . . . 77

4.5 Boxplots of the bias of the GMM estimates for the model III. . . . . . . . . . 80

4.6 Boxplots of the bias of the GMM estimates for the model VI. . . . . . . . . . 80

4.7 Boxplots of the bias of the GMM estimates for the model L1. . . . . . . . . . 86

4.8 Boxplots of the bias of the GMM estimates for the model L8. . . . . . . . . . 87



xiv UPorto
Contributions to the analysis of multivariate count data

5.1 Time series (left panel) and autocorrelation function (right panel) of the monthly

number of Sex Offences, from 1990 to 2001, registered in Pittsburgh. . . . . . 90

5.2 Acceptance envelopes for the autocorrelation function for the sex offences data

set. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.3 Time series of the monthly number of vagrancy offences, from 1990 to 2001,

registered in Pittsburgh. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5.4 Sample autocorrelation (top panels) and cross-correlation (bottom panel) for

the vagrancy data set. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

5.5 Acceptance envelopes for the autocorrelation (top panels) and cross-correlation

(bottom panel) functions for the vagrancy data set. . . . . . . . . . . . . . . . 95

5.6 Nonrandomized PIT histogram for the vagrancy data set. . . . . . . . . . . . 96

5.7 Time series of the daily number of daytime and nighttime traffic accidents, for

the year of 2001, in Schiphol area. . . . . . . . . . . . . . . . . . . . . . . . . 97

5.8 Sample autocorrelation (top panels) and cross-correlation (bottom panel) for

the traffic accidents data set. . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.9 Acceptance envelopes for the autocorrelation (top panels) and cross-correlation

(bottom panel) functions for the traffic accidents data set. . . . . . . . . . . . 100

5.10 Time series of the number of rainy days in Bremen and Cuxhaven, from the

year 2000 to 2010. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.11 Sample autocorrelation (top panels) and cross-correlation (bottom panel) for

the rainy days data set. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.12 Acceptance envelopes for the autocorrelation (top panels) and cross-correlation

(bottom panel) functions for the rainy days data set. . . . . . . . . . . . . . . 104



Abbreviations

ACF Autocorrelation Function

AR AutoRegressive

ARMA AutoRegressive Moving Average

B-SINAR Bivariate Signed INteger-valued AutoRegressive

BIINMA Bivariate INteger-valued AutoRegressive Moving Average

with Independent Thinnings

BINAR Bivariate INteger-valued AutoRegressive

BINMA Bivariate INteger-valued Moving Average

BINMAII(1, 1) First-order Bivariate INteger-valued Moving Average

with Bivariate Negative Binomial-type II Innovation Process

BINMA(1)-BVBII First-order Bivariate INteger-valued Moving Average

with Bivariate Binomial Thinning Operator

BNB-Type I Bivariate Negative Binomial-type I Distribution

BNB-Type II Bivariate Negative Binomial-type II Distribution

BVBII Bivariate Binomial-type II Distribution

BVBII-AR(1) Bivariate Binomial Autoregressive

CCF Cross-Correlation Function

CLAR Conditional Linear AutoRegressive

DARMA Discrete AutoRegressive Moving Average

DSD Discrete Self-Decomposable

GINAR Generalized INteger-valued AutoRegressive

GMM Generalized Method of Moments

i.i.d. independent and identically distributed



xvi UPorto
Contributions to the analysis of multivariate count data

INAR INteger-valued AutoRegressive

INARMA INteger-valued AutoRegressive Moving Average

INMA INteger-valued Moving Average

INMASC INteger-valued Moving Average with Structural Changes

MA Moving Average

MGINAR Multivariate Generalized INteger-valued AutoRegressive

MINAR Multivariate INteger-valued AutoRegressive

MM Method of Moments

NB-INMA(1) First-order Negative Binomial INteger-valued Moving Average

PCINMA Poisson Combined INteger-valued Moving Average

pgf probability generating function

PIT Probability Integral Transform

RINAR Replicated INteger-valued AutoRegressive

SINAR Signed INteger-valued AutoRegressive

TINMA Threshold INteger-valued Moving Average



1. Introduction

1.1 Time Series of Counts Overview

In the last decades there has been a growing interest in studying non-negative integer-valued

time series and, in particular, time series of counts. Time series of counts occur naturally

associated with counting processes of events, objects or individuals in specified time inter-

vals, being therefore of all interest the study of adequate methods for modeling and analyzing

this type of data. Count series arise in many different contexts, some examples of such

series include applications in social science (McCabe and Martin, 2005, Pedeli and Karlis,

2011), public health and medicine (Al-Osh, 2009, Andersson and Karlis, 2010, Moriña et al.,

2011, Weiß, 2013, Yu et al., 2013), experimental biology (Zhou and Basawa, 2005), environ-

mental processes (Thyregod et al., 1999, Iwasaki and Tsubaki, 2006, Cui and Lund, 2009,

Villarini et al., 2010, Scotto et al., 2014), international tourism demand (Nordström et al.,

1996, Garcia-Ferrer and Queralt, 1997, Brännäs et al., 2002, Brännäs and Nordström, 2006),

economy and finances (Quoreshi, 2006, Fokianos et al., 2009, Jung and Tremayne, 2011),

telecommunications (Lambert and Liu, 2006, Weiß, 2008a), insurance (Ma et al., 2015), alarm

systems (Monteiro et al., 2008), queueing systems (Ahn et al., 2000), among others. Many

of these data sets are characterized by low counts, asymmetric distributions, excess of ze-

ros, overdispersion, etc, precluding Gaussian approximations and requiring different modeling

strategies. The need to adequately analyze such data emerged from quite diverse backgrounds

and has become an important area of research. As a result of this, over the last three decades

a vast range of approaches to data modeling and inference have been extensively applied to

this class of data with no single approach dominating. A comprehensive account of mod-

els for counting processes can be found in Kedem and Fokianos (2002), McKenzie (2003),

Jung and Tremayne (2006, 2011), Weiß (2008c), Fokianos (2011) and Scotto et al. (2015).

Following Cox (1981), the models can be classified into two broad categories: observation-

driven and parameter-driven models. Most of the popular models used these days can be

categorized into one of these two categories.

A parameter-driven model is a model which is based on a presumption of a latent (unob-
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served) stochastic process governing the (conditional) mean function in the distribution of

the observed count process. An example of a parameter-driven model where {Yt} follows a

Poisson distribution with time varying parameter µt can be expressed as

Yt|εt, xxxt ∼ Po(µt), µt := exp(xxx
′

tβββ + εt) (1.1)

where xxxt denote the explanatory regression vector at time t, βββ is the vector of regression param-

eters and {εt} is a stationary Gaussian process. The variants of the model come from different

types of structure imposed on εt. In general terms, parameter-driven models require consider-

able computational effort in order to obtain parameter estimates, see Durbin and Koopman

(2000), Jung and Liesenfeld (2001), Jung et al. (2006) for contributions to this topic. In ad-

dition, because they are built on latent process, forecasting also requires considerable compu-

tational effort. However, parameter driven models are straightforward in their interpretation

of the effects of covariates on the observed count process.

Unlike the parameter-driven model (1.1), in the class of observation-driven models, the depen-

dence structure is introduced by incorporating lagged observations in the conditional mean

function of the observed counts given past observations. For this reason, observation-driven

models often allow for easier and more straightforward estimation of the parameters. The

corresponding observation-driven model for the model in (1.1), can be expressed as

Yt|yt−1, xxxt ∼ Po(µt), µt := exp(xxx
′

tβββ + f(yt−1)),

where f(.) can be any function.

Some examples of parameter-driven models are the model introduced by Zeger (1988) who

extends the static Poisson regression model, by introducing serial correlation via a multi-

plicative latent variable and the hidden Markov models of MacDonald and Zucchini (1997).

Zeger’s model is consider the prototype model in the class of parameter-driven models for

count data time series. Examples of observation-driven models are the discrete autoregres-

sive moving-average (DARMA) models of Jacobs and Lewis (1978a,b) and the INteger-valued

Autoregressive Moving-Average (INARMA), see McKenzie (2003).

1.2 Thinning Operators

The growing interest in modeling discrete stationary processes with discrete marginal distri-

butions led to the emergence of new classes of models. The usual linear models for stationary

real-valued processes, the well-known Autoregressive Moving Average (ARMA) models, de-
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fined by the recursion

Xt = α1Xt−1 + · · ·+ αpXt−p + εt + β1 εt−1 + · · ·+ βq εt−q

(see Brockwell and Davis (2002), for instance) are not useful when applied to integer-valued

time series (namely count series), since the multiplication of an integer by a real number

usually results in a non-integer value and this is inappropriate for modeling counting pro-

cesses. A special class of observation-driven models that have received extensive attention in

the literature in recent years is the so-called INteger-valued Autoregressive Moving Average

(INARMA) models, that are models that use a random operation to adequate the ARMA

models to the integer-valued context.

The purpose of this section is to present the definition and some important properties of the

thinning operators that will be needed in the construction of the new models proposed in this

thesis.

The most popular among these probabilistic operators is the binomial thinning operator.

Binomial Thinning Operator (Steutel and Van Harn, 1979). Let X be a non-negative

integer-valued random variable with range {0, 1, ..., n} or N0 and let α ∈ [0, 1]. The binomial

thinning operator is defined as

α ◦X =











X
∑

i=1
ξi(α), X > 0,

0, X = 0,

(1.2)

where {ξi(α)} is a collection of independent and identically distributed (i.i.d.) Bernoulli

counting random variables with parameter α, i.e., Be(α), independent of X. The sequence

{ξi(α) : i ∈ N} is designated by counting series, and is such that

Pr(ξi(α) = 1) = 1− Pr(ξi(α) = 0) = α.

Note that according to the above definition, conditioned on X, α ◦X has a binomial distri-

bution with parameters (X,α), i.e.

α ◦X|X ∼ Bi(X,α).

The procedure of thinning is common in the study of stochastic processes and in particular

the binomial thinning operation has been used in branching processes for a long time. For the

interpretation of the binomial thinning operator, consider that the count random variable X

represents the random size of an imaginary population, and the thinning operation randomly
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deletes some of the members of this population. If the probability of deletion, α, is equal for all

members of the population, then α◦X is the number of survivors. Besides this interpretation

as natural selection, the binomial thinning may also be interpreted as a reproduction scheme

in which each female may give birth to one female with probability α.

The main properties of the binomial thinning operator ’◦’ are presented in the next lemma.

Lemma 1.1 Let X, Y and Z be three random variables with support in N0. For the binomial

thinning operator it holds that, for α, β, γ ∈ [0, 1]:

(i) 0 ◦X = 0.

(ii) 1 ◦X = X.

(iii) α ◦ β ◦X d
= β ◦ α ◦X where

d
= stands for equal in distribution.

(iv) α ◦ (X + Y )
d
= α ◦X + α ◦ Y .

(v) α ◦X + β ◦X
d
6= (α+ β) ◦X.

(vi) α ◦ (β ◦X)
d
= (αβ) ◦X.

(vii) E[α ◦X] = αE[X].

(viii) E[(α ◦X)2] = α2E[X2] + α(1− α)E[X].

(ix) E[(α ◦X)3] = α3E[X3] + 3α2(1− α)E[X2] + α(1− α)(1− 2α)E[X].

(x) E[X(α ◦ Y )] = αE[XY ].

(xi) E[X(α ◦ Y )2] = α2E[XY 2] + α(1− α)E[XY ].

(xii) If X and Y are independent, E[(α ◦X)(β ◦ Y )] = αβE[X]E[Y ].

(xiii) E[(α ◦X)(β ◦Y )] = αβE[XY ] if the counting series of α ◦X and β ◦Y are independent,

and independent of X and Y .

(xiv) E[(α ◦X)2(β ◦ Y )] = α2βE[X2Y ] +α(1−α)βE[XY ] if the counting series of α ◦X and

β ◦ Y are independent, and independent of X and Y .

(xv) E[XY (β ◦ Z)] = βE[XY Z].

(xvi) E[X(β◦Y )(γ◦Z)] = βγE[XY Z] if the counting series of β◦Y and γ◦Z are independent,

and independent of X, Y and Z.

(xvii) E[(α ◦X)(β ◦ Y )(γ ◦Z)] = αβγE[XY Z] if the counting series of α ◦X, β ◦ Y and γ ◦Z
are independent, and independent of X, Y and Z.
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(xviii) Var[α ◦X] = α2Var[X] + α(1− α)E[X].

(xix) Cov[α ◦X,X] = αVar[X].

The proof of these properties can be found in Silva and Oliveira (2004, 2005).

Several modifications of the binomial thinning operator have been proposed in recent years

in order to make the models more flexible, allowing more variability in the processes and

consequently different properties. The case in which the counting series are i.i.d. random

variables with geometric distribution, was analyzed by Ristić et al. (2009), and referred to as

the negative binomial thinning operator.

Negative binomial thinning operator (Ristić et al., 2009). The negative binomial thin-

ning operator is defined as

α ∗X =











X
∑

i=1
ωi(α), X > 0,

0, X = 0,

(1.3)

where α ∈ [0, 1[ and the counting series {ωi(α)} is a sequence of i.i.d. random variables with

geometric distribution, with parameter

(

α

1 + α

)

, i.e., with probability mass function of the

form

P (ωi(α) = k) =
αk

(1 + α)k+1
, k ≥ 0.

Lemma 1.2 gives some properties of the operator ’*’ when the random variable X has an

arbitrary discrete distribution.

Lemma 1.2 Suppose that the counting series of α ∗X and α ∗ Y are independent of X and

Y respectively and the counting series of αi ∗Xi, i = 1, 2, ..., r, are mutually independent and

independent of Xi, i = 1, 2, ... . Then the negative binomial thinning operator ’*’ has the

following properties:

(i) E
[
∏r

i=1 (αi ∗Xi)
]

=
∏r

i=1 αi E
[
∏r

i=1Xi

]

, r ≥ 1.

(ii) E
[

(α ∗X)2
]

= α2E(X2) + α(1 + α)E[X].

(iii) E
[

(α ∗X)3
]

= α3E[X3] + 3α2(1 + α)E[X2] + α(1 + α)(1 + 2α)E[X].

(iv) E
[

(α ∗X − α ∗ Y )2
]

= α(1 + α)E |X − Y | + α2E[(X − Y )2] if the counting series of

α ∗X and α ∗ Y have geometric distributions with parameter (α/(1 + α)).

Theorem 1.1 gives some properties of the negative binomial thinning operator when X has

geometric distribution with parameter α/(1 + α), α > 0.
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Theorem 1.1 Let X have geometric distribution with parameter (α/(1 + α)). Then:

(i) 1 ∗X d
=











0 w.p. 1/(1 + α),

X w.p. α2/(1 + α)2,

X + Y w.p. α/(1 + α)2,

where the random variable Y has geometric ((1 + α)/(2 + α)) distribution and is inde-

pendent of X,

(ii) β ∗ (δ ∗X)
d
=



























0 w.p.
1 + δ

1 + δ + δα
,

(βδ) ∗X + Y1 w.p.
δ2α2

(1 + δ + δα)(1 + δα)
,

(βδ) ∗X + Y2 w.p.
δα

(1 + δ + δα)(1 + δα)
,

where the independent random variables Y1 and Y2, respectively, have geometric distri-

butions with parameters βδ/(1 + βδ) and β(1 + δ + δα)/(1 + β(1 + δ + δα)) and are

independent of X; β ∈ [0, 1[.

The binomial thinning operation may also be defined in a multivariate context. Thus, let

X = [X1 · · ·Xp]
′ be a random vector with values in N

p
0 and let A be a p×p matrix with entries

αij satisfying 0 ≤ αij ≤ 1, for i, j = 1, ..., p. Then, the vector thinning operation, A ◦ X, is

defined as a random vector whose ith component is given by (Franke and Subba Rao, 1993)

[AAA ◦XXX]i =

p
∑

j=1

αij ◦Xj , i = 1, ..., p, (1.4)

where the counting series of all αij ◦Xj , i, j = 1, ..., p, are assumed independent. The vector

thinning operation satisfies properties analogues to the univariate operation. For a compre-

hensive account of these properties see Franke and Subba Rao (1993) and Latour (1997).

Recently, Scotto et al. (2014) introduced the bivariate binomial thinning operator. This new

operator is a generalization of the binomial thinning operator defined in (1.2) for the bivari-

ate case, based on the bivariate binomial-type II distribution (BVBII) (see Appendix A). The

bivariate binomial thinning operator is defined as follows.

Bivariate binomial thinning operator (Scotto et al., 2014). Let XXX := [X1X2]
′ be a

bivariate count random variable. The bivariate binomial thinning operation is defined as

ααα⊗XXX |XXX ∼ BVBII(X1, X2,min{X1, X2};α1, α2, φα), (1.5)
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where ααα = (α1, α2, φα) are the thinning parameters with 0 < α1, α2 < 1 and φα, the cross-

correlation parameter, satisfying the follow restriction

max

{

−
√

α1α2

(1−α1)(1−α2)
,−
√

(1−α1)(1−α2)
α1α2

}

< φα < min

{

√

α1(1−α2)
(1−α1)α2

,
√

(1−α1)α2

α1(1−α2)

}

.

Defining,

ZZZ := ααα⊗XXX, i.e., [Z1 Z2]
′ = (α1, α2, φα)⊗ [X1X2]

′, (1.6)

this new operator has a number of advantages including the fact that marginally it behaves

like the univariate binomial thinning operator defined in (1.2), i.e.,

(ααα⊗XXX)i |XXX ∼ Bi(Xi, αi), for i = 1, 2.

Lemma 1.3 summarizes some important properties of the bivariate binomial thinning opera-

tion.

Lemma 1.3 The bivariate binomial thinning operation in (1.5) has the following properties:

(i) Mean value: E
[

(ααα⊗XXX)i
]

= αi E[Xi], i = 1, 2;

(ii) Variance: Var
[

(ααα⊗XXX)i
]

= αi(1− αi)E[Xi] + α2
i Var[Xi], i = 1, 2;

(iii) Cross-covariance: Cov
(

(ααα⊗XXX)1, (ααα⊗XXX)2
)

=

= α1α2Cov(X1, X2) + φα
√

α1α2(1− α1)(1− α2)E [min(X1, X2)] .

The cross-covariance in Lemma 1.3, indicates that the bivariate binomial thinning operator

induces cross-correlation as long as φα 6= 0. The cross-correlation may be positive if φα > 0

or negative if φα < 0.

The probability generating function (pgf) of ααα⊗XXX is given by

GZZZ(s1, s2) =E

[

(1− α1 + α1s1)
X1(1− α2 + α2s2)

X2

×
(

1 + φα

√

α1α2(1− α1)(1− α2)(1− s1)(1− s2)

(1− α1 + α1s1)(1− α2 + α2s2)

)min(X1,X2) ]

,

(1.7)

where ZZZ is defined in (1.6).

The proof of these properties can be found in Scotto et al. (2014).

There are many other thinning operators. For a comprehensive survey see Weiß (2008c), and

a recent updated version published by Scotto et al. (2015).
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1.3 Integer-valued Autoregressive (INAR) Models

The first-order INteger-valued AutoRegressive, INAR(1), process is one of the most success-

ful models in the INteger-valued AutoRegressive Moving Average, INARMA class. It was

introduced independently by McKenzie (1985) and by Al-Osh and Alzaid (1987) as a tool for

modeling and generating sequences of dependent counting processes.

A discrete time non-negative integer-valued process {Xt} is said to be an INAR(1) process,

if it satisfies the equation

Xt = α ◦Xt−1 + εt, t ∈ Z (1.8)

where α ∈ [0, 1], ′◦′ represents the binomial thinning operator introduced in (1.2) and {εt} is

an i.i.d. sequence of non-negative integer-valued random variables, usually called innovation

process, stochastically independent of Xt−1 for all points in time, with finite mean µε > 0

and variance σ2ε > 0. It should be noted that the binomial thinning operator is performed

at each time t, for this reason it would be more appropriate to write ′ ◦t ′ instead of ′◦′, to

emphasize this fact. Nevertheless, since at least in the case of the INAR(1) model there is no

risk of misinterpretation, the index t is suppressed.

A realization of Xt has two random components: the survivors of the elements of the process

at time t − 1, each with probability of survival α, denoted by α ◦Xt−1, and elements which

enter in the system in the interval ]t− 1, t], called the innovation elements, εt. It is important

to note that the INAR(1) process defined in (1.8) based on the binomial thinning operator is

stationary, if α 6= 1.

Al-Osh and Alzaid (1987) prove that the marginal distribution of the INAR(1) model defined

in (1.8) can be expressed in terms of the innovation process, {εt}, by

Xt
d
=

∞
∑

i=0

αi ◦ εt−i.

Another important property of the INAR(1) model in (1.8) proved by Alzaid and Al-Osh

(1988) is that its marginal distribution has to be Discrete Self-Decomposable1 (DSD), since

its probability generating function satisfies

GX(s) = GX(1− α+ αs)Gε(s), (1.9)

where GX(s) and Gε(s), denote the probability generating function of the random variablesXt

1A distribution on N0 with probability generating function P is called discrete self-decomposable if P (z) =
P (1−α+αz)Pα(z), for |z| ≤ 1, α ∈]0, 1[, with Pα a probability generating function. Then, in terms of random

variables can be written that X
d
= α ◦X ′ +Xα, where ◦ is the binomial thinning operation, α ◦X ′ and Xα

are independent and X ′ is distributed as X.
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and εt. Many important distributions, including Negative Binomial, Poisson and Generalized

Poisson, belong to this class of DSD distributions, see Zhu and Joe (2003). The DSD family

includes also the discrete stable distributions2 as a sub-class. Therefore, all distributions

which are DSD can be marginal distributions for the stationary solution of equation (1.8).

The Poisson distribution is the only member of the class of discrete stable distributions which

has a finite mean (Van Harn, 1985, Cor. 3.3.15). Therefore, it is suitable for the distribution

of the innovation process, in which case the process is referred as Poisson INAR(1). If X1 has a

Poisson distribution with parameter λ/(1−α) and {εt} is a sequence of i.i.d. Poisson random

variables with parameter λ, then {Xt} has a Poisson distribution with parameter λ/(1 −
α). This model is a member of the class of Conditional Linear First-order AutoRegressive,

CLAR(1), models introduced by Grunwald et al. (2000), that includes nearly all of the non-

Gaussian AR(1) models that have been proposed in the literature. For any process {Xt}, the

CLAR(1) structure is defined by a linear regression function.

Several attempts have appeared in the literature to generalize the INAR(1) process to higher

orders. While the INAR(1) recursion involves one thinning operation only, the counterpart

of the general AR(p) model needs p thinning operations.

A discrete time non-negative integer-valued stochastic process, {Xt}, is called an INteger-

valued pth-order AutoRegressive, INAR(p), process if it follows the recursion

Xt = α1 ◦t Xt−1 + α2 ◦t Xt−2 + · · ·+ αp ◦t Xt−p + εt, t ∈ Z (1.10)

where 0 ≤ αi < 1, i = 1, ..., p − 1, 0 < αp < 1, and {εt} is a sequence of i.i.d. non-negative

integer-valued random variables, stochastically independent of Xt−i for all points in time,

with finite mean and variance, and where all the counting series, {ξ(t)j,i (αi)}, of the binomial

thinning operations defined in (1.2),

αi ◦t Xt−i =

Xt−i
∑

j=0

ξ
(t)
j,i (αi), i = 1, 2, ..., p,

are mutually independent, and independent of {εt}.

There are different types of INAR(p) that can be considered and the reason for this to happen

is the fact that the thinning operators are probabilistic and so the joint distribution of

(α1 ◦t+1 Xt, ..., αp ◦t+p Xt),

2A probability generating function P (with 0 < P (0) < 1) is called (strictly) discrete stable with exponent
γ > 0 if it satisfies the following condition (Steutel and Van Harn, 1979) P (z) = P (1 − α(1 − z))P (1 − (1 −
αγ)1/γ(1− z)), for |z| ≤ 1, α ∈]0, 1[.
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has to be considered.

One proposal was due to Alzaid and Al-Osh (1990), that assumes a conditional multinomial

distribution, another one emerges from the work of Du and Li (1991) and requires conditional

independence. Thus the statistical properties of the two models are different.

The INAR(p) models are quite complex and difficult to interpret in the case p ≥ 2. In addi-

tion, the choice of appropriate marginal distributions for {Xt} and {εt}, t ∈ Z is problematic.

These difficulties did not arise in the case of the INAR(1) model, where any DSD distribution

is a possible marginal process distribution, as has been referred previously. To overcome this

problem, Zhu and Joe (2006) and Weiß (2008a) proposed an alternative definition of a pth-

order autoregressive model, the Combined INAR(p) (CINAR(p)) model, which is constructed

by using a probabilistic mixing mechanism. The main advantage of the CINAR(p) model

when compared with the INAR(p) model is that if {Xt} is a stationary CINAR(p) process

then has to fulfill (1.9). Hence, the possible marginal distributions of a stationary CINAR(p)

process are indeed those belonging to the DSD family.

A comprehensive survey of recent developments in the INAR class defined over bounded and

unbounded sets, based on the binomial thinning operators and it’s extensions and generaliza-

tions can be found in Weiß (2008c) and Scotto et al. (2015).

1.4 INteger-valued Moving Average (INMA) Models

The literature on the INARMA models has been mainly focused in the study of AR (INAR)

models. A reason for this apparently lack of interest in models with moving average (MA)

components, is that likelihood-based inference may be particularly difficult in this context.

The first INMA(q) models have been introduced by McKenzie (1988) and Al-Osh and Alzaid

(1988). Later, Brännäs and Hall (2001) proposed two further approaches. In addition,

Brännäs and Hall (2001) explained how to interpret and apply these four models in prac-

tice. Weiß (2008b) showed that these four models can be embedded into a single family of

INMA(q) models.

The stationary qth-order moving average, INMA(q), model is defined by

Xt = β0 ◦t εt + β1 ◦t εt−1 + · · ·+ βq ◦t εt−q, t ∈ Z, (1.11)

where the innovation process, {εt}, is an i.i.d. process with range N0, finite mean µε > 0

and variance σ2ε > 0; β0, β1, ..., βq ∈ [0, 1], βq 6= 0 (in general β0 = 1) and ”◦t” denotes the

binomial thinning operator. The time index t below the operator ′◦′ emphasizes the fact that

thinnings are performed at each time t.
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Using the properties of the binomial thinning operation, the unconditional and conditional

mean and variance for the INMA(q) models are given by

E[Xt] = µε

q
∑

i=0

βi,

Var[Xt] =

q
∑

i=0

[

µεβi(1− βi) + σ2εβ
2
i

]

,

E[Xt|Ft−1] = µǫ +

q
∑

i=1

βiǫt−i, (1.12)

Var[Xt|Ft−1] = σ2ǫ +

q
∑

i=1

βi(1− βi)ǫt−i. (1.13)

where Ft−1 be the σ-algebra generated by {X1, . . . , Xt−1}.
Furthermore, the pgf of {Xt} is given by

GX(s) =

q
∏

j=0

Gε(1− βj + βjs),

where Gε(·) is the pgf of {εt}.

Since each εt is involved in q + 1 thinning operators, at q + 1 different times t, ..., t+ q, it is

necessary to formulate further assumptions concerning the conditional joint distribution of

(β0 ◦t εt, β1 ◦t+1 εt, β2 ◦t+2 εt, ..., βq ◦t+q εt)

conditioned on εt, to completely specify the model. Hence, for the same set of thinning param-

eters (β0, β1, ..., βq), it is possible to consider a wide variety of models exhibiting very different

autocovariance functions (with same mean and variance), by only changing the dependence

structure between the thinning operations. It should be stressed that the dependence may

occur between the thinning operations in (1.11) for each t, or may arise between one or more

thinning operations of Xt in (1.11) and any other thinning operation in Xt+j , j 6= 0.

It appears natural to consider a dependency structure between the thinnings of the terms

βi ◦t+i εt and βj ◦t+j εt, involved in the variables Xt+i and Xt+j , respectively, for all i 6= j.

One interpretation of the INMA(q) model is the following: suppose that t is the index of

the tth period of time. During period t, εt elements Et,1, ...Et,εt , enter in the system, they

form the generation t. These elements have two possible states ’active’ and ’inactive’. The

elements of generation t have a maximum life-time of q+1 time units, in the sense that they

can be active only at times t, ..., t+ q, and afterwards they remain inactive. The presence of
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these individuals in the process {Xt}, during each of their q+1 time units of total life-times,

may depend on their past presence along these units. Thus, each of the individuals will be

present in the system (during its life-time) according to some set of probabilities defined by

a vector of q + 1 Bernoulli random variables.

The models described by Brännäs and Hall (2001) admit a dependence structure of this kind

and are defined hereafter. Model 1 is conceptually the simplest, and was first considered by

McKenzie (1988) for the particular case of Poisson random variables.

Model 1 (McKenzie 1988): For this model, all thinning operators are independent, provided

that, for finite q, all the εt individuals that come into the system at time t are available until

t + q, and the thinning operations performed on them, are independent. For this model the

autocovariance function (ACF), is given by

γX (k) = Cov(Xt−k, Xt) =











σ2ε

q−k
∑

i=0
βiβi+k , k = 1, ..., q,

0 , k ≥ q + 1.

Model 2, proposed by Brännäs and Hall (2001), has a natural interpretation that may be

useful for studies of population size, such as number of individuals, patients or firms.

Model 2 (Brännäs and Hall 2001): Suppose that εt represents a count of individuals that

enter the system at time t having a fixed maximum life-time. Furthermore, suppose also that

if an individual remains ’alive’ at time t+ j, with j = 0, ..., q, then it is presented in Xt+j . If

ηj , j = 1, ..., q, represents the probability of surviving an extra time-unit having lived for j

time-units, then the probability of survival until time i = 1, ..., q, for each individual, will be

given by

βi = ηiβi−1 = β0

i
∏

j=1

ηj ,

where β0 is the probability of survival at birth (in general β0 = 1). With this interpretation,

the INMA(q) model in (1.11) represents the total number of individuals present in the system

at time t, which is defined as the sum of the contributions of survivors of the present and past

q time units. The parameters β0, β1, ..., βq make up the survival function.

Let
{

Y
(t)
i ≡

(

Y
(t)
(i,1), Y

(t)
(i,2), ... , Y

(t)
(i,q)

)

, i = 1, 2, ... ; t ∈ Z

}

be a sequence of i.i.d. random vec-

tors with Y (t)
(i,j) defined by:

Y
(t)
(i,j) =

{

1, if the ith element of εt is present in the system at time t+ j

0, otherwise
(1.14)
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Then, βj = Pr
(

Y
(t)
(i,j) = 1

)

for j = 1, ..., q and for every i = 1, 2, ... and t ∈ Z. Therefore, the

joint probability of the vector
(

Y
(t)
(i,k1)

, Y
(t)
(i,k2)

, ... , Y
(t)
(i,kj)

)

is given by

Pr
(

Y
(t)
(i,k1)

= 1, Y
(t)
(i,k2)

= 1, ... , Y
(t)
(i,kj)

= 1
)

= βkj ,

for every 0 ≤ k1 < ... < kj ≤ q. For this model the ACF is given by

γX (k) = Cov(Xt−k, Xt) =











q−k
∑

i=0

[

µε(1− βi)βi+k + σ2εβiβi+k

]

, k = 1, ..., q,

0, k ≥ q + 1.

Model 3, introduced by Al-Osh and Alzaid (1988), assumes a dependency structure between

the thinning operations applicable to scale studies of populations (living beings or economic

elements such as firms).

Model 3 (Al-Osh and Alzaid 1988): This model resembles Model 2. However, in this case

migration of individuals is allowed and therefore, individuals can come and go several times

during their fixed life-times. Let ηj , j = 1, ..., q, represent the probability of the first re-

appearance of an individual of εt at time t+ i+ j, being present at time t+ i, 0 ≤ i ≤ q − j
(

of course
q
∑

j=1
ηj ≤ 1

)

. Then, the probability that an individual of εt is present at time t+ i

is

β0 = 1 and βj =
j
∑

k=1

ηkβj−k, j = 1, ..., q.

Defining Y (t)
(i,j) as in (1.14), then, βj = Pr

(

Y
(t)
(i,j) = 1

)

for j = 1, ..., q and for every i = 1, 2, ...

and t ∈ Z. Once εt are the elements that enter in the system in ]t−1, t], that is, the generation

t, then

βj ◦t εt−j =

εt−j
∑

i=1

Y
(t−j)
(i,j) ,

denote the number of elements of generation t − j which are active in the system at time t.

The joint distribution of Y
(t)
i is defined by:

Pr
(

Y
(t)
(i,k1)

= 1, Y
(t)
(i,k2)

= 1, ... , Y
(t)
(i,kj)

= 1
)

=

j
∏

m=1

βkm−km−1
,

for all 0 = k0 ≤ k1 < · · · < kj ≤ q.
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For this model the ACF is given by

γX (k) = Cov(Xt−k, Xt) =











q−k
∑

i=0

[

βi (βk − βi+k)µε + βiβi+kσ
2
ε

]

, k = 1, ..., q,

0 , k ≥ q + 1.

The model 4 could be useful for describing time series of volumes of sold goods of gradually

deteriorating quality and it was introduced by Brännäs and Hall (2001).

Model 4 (Brännäs and Hall 2001): Suppose εt represents the number of new items that enter

the system (i.e. at store) at time t having a fixed maximum life q + 1 time units. Note that

from a sales point of view, each item will either be sold at some instant of its life-time, or put

away after the instant t+ q. By assuming that βi, i = 0, ..., q, represents the probability that

each item in εt being sold at time t + i, the joint distribution (β0 ◦t εt, β1 ◦t εt, ... , βq ◦t εt),
conditioned on εt, is multinomial and

q
∑

i=0
βi ≤ 1. Within this framework, the INMA(q) model

in (1.11) represents the total sales volume at time t.

Defining Y (t)
(i,j) as in the previous models, it holds that Pr

(

Y
(t)
(i,j) = 1

)

= βj for j = 0, ..., q,

and Pr
(

Y
(t)
(i,k1)

= 1, Y
(t)
(i,k2)

= 1, ... , Y
(t)
(i,kj)

= 1
)

= 0, j ≥ 2. For this model the ACF is given

by

γX (k) = Cov(Xt−k, Xt) =











(σ2ε − µε)
q−k
∑

i=0
βiβi+k , k = 1, ..., q,

0 , k ≥ q + 1.

For more details see Brännäs and Hall (2001), Weiß (2008b), Turkman et al. (2014).

The first-order INteger-valued Moving Average, INMA(1), model is the simple case of (1.11).

A discrete time non-negative, integer-valued process {Xt} is called an INMA(1) process if it

satisfies the equation

Xt = β0 ◦t εt + β1 ◦t εt−1 (1.15)

where β1 ∈]0, 1] and β0 ∈ [0, 1] (in general β0 = 1). ′ ◦t ′ is the binomial thinning operator

introduced in (1.2). It should be noted once again that the binomial thinning operator is

performed at each time t, for this reason it is more appropriate to write ′ ◦t ′ instead of ′◦′,
to emphasize this fact. Nevertheless, like in case of the INAR(1) model, the index t below

the ′◦′ will be omitted if there is no risk of a misinterpretation. {εt} is a sequence of a

i.i.d. non-negative random variables with finite mean and variance, that represents a count

of individuals that enter the system with a limited maximum life-time of two periods, and

this ensures that only adjacent observations of Xt are correlated. This is in contrast to the
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INAR(1) process, where an element of the process might survive for any number of time units.

The random variable β1◦εt−1 can be viewed as the number of survivals of the random variable

εt−1, that means, taking the elements of εt−1 independently, there is a probability, say β1,

of each element survive to the next time period, and a probability, 1 − β1, of being deleted

during the current time period.

McKenzie (1988) analyzed the INMA(1) model, being {εt} a sequence of a i.i.d. random vari-

ables with Po(λ/(1 + β1)) distribution and proved that in this case the marginal distribution

of {Xt} is Po(λ). Using an alternative parameterization, Al-Osh and Alzaid (1988) proved

that if {εt} has a Poisson distribution with mean λ, then {Xt} has Poisson distribution with

parameter λ(1 + β1). The resulting process is time reversible in the sense that {X1, ..., Xk}
has the same joint distribution as {Xk, ..., X1} for all k ≥ 2. In fact time reversibility of

the process is a characteristic property of the Poisson process in the INMA(1) family (see

Al-Osh and Alzaid (1988)). This feature is important to obtain the regression properties,

because it allows to write

E[Xt|Ft−1] = λ+
β1Xt−1

1 + β1
, (1.16)

Var[Xt|Ft−1] = λ+
β1Xt−1

(1 + β1)2
, (1.17)

where Ft−1 is the σ-algebra generated by {X1, . . . , Xt−1}. It should be noted that the ex-

pressions given in (1.12) and (1.13) are not useful in practice, since the ε’s are not directly

observable.

Another important contribution was done by Brännäs et al. (2002) (panel data) who esti-

mated a nonlinear INMA(1) model for tourism demand. This model had time dependent

parameters that were functions of explanatory variables. The case of Poisson INMA(q) mod-

els was investigated by Weiß (2008b). Empirical studies of the INMA model include the work

of Brännäs and Shahiduzzaman Quoreshi (2010) on the number of transactions in stocks. Ex-

tensions for the INMA model in (1.11) based on stochastic thinning sequences were considered

by Hall et al. (2010) who assume that the βj ’s form a sequence of independent random vari-

ables, independent of {εt}. Hall et al. (2010) analyzed extremal properties (in particular the

limiting distribution of the normalized maxima) of this general class of INMA models with

random coefficients.

Another approach related to the class of INMA models was proposed by Zou and Yu (2014)

who introduce the threshold integer-valued moving average model of first-order, TINMA(1),

with Poisson innovations. Stationarity and ergodicity are proved. Yu et al. (2014) intro-

duced the first-order integer-valued moving average, INMASC(1), model to analyse struc-
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tural changes. More recently Yu and Zou (2015) introduced the Poisson combined INMA(q)

(PCINMA(q)) model, a class of self-exciting threshold integer-valued moving average models

driven by decision random vector.

1.5 Multivariate Time Series Models of Count Data

In many situations, the collected time series are multivariate in the sense that there are

counts of several events observed over time and the counts at each time point are correlated.

Examples can be found in accident analysis where different types of accidents are observed

over time, in syndromic surveillance systems where different syndromes are counted daily

or monthly and it is important to study the relationship between them, in finance where

the number of orders of different stocks observed in time can provide interesting information

about the behavior of the market, just to mention a few. While research on univariate time

series of counts continues to grow, the literature on bivariate and also multivariate time series

models for count data is less developed. This might be explained by the fact that classical

inference in multivariate count data models has proven to be analytically as well as compu-

tationally very demanding. These difficulties are more noticeable for models attempting to

capture the complex correlation structure that characterizes many multivariate count time

series. Another reason is that the generalization of the discrete distributions to multivariate

context is not straightforward. In the last 20 years, some interesting attempts have been made

but most of them do not arise in the context of thinning-based processes.

One of the pioneering multivariate count model is found in Jørgensen et al. (1999), which be-

longs to the class of parameter-driven models. The authors described analysis of longitudinal

multivariate count data driven by a latent gamma Markov process using a state space ap-

proach. Chib and Winkelmann (2001) discussed models with latent effects for correlated count

data. Held et al. (2005) propose an observation-driven multivariate model which imposes a

simple vector-autoregressive structure for the means. Heinen and Rengifo (2007) extending

the univariate Autoregressive Conditional Poisson model of Heinen (2003) which handles the

discreteness and overdispersion present in time series of counts introducing the Multivari-

ate Autoregressive Conditional Double Poisson model to deal with discreteness, over- and

under-dispersion and both cross and serial correlation, arising with multivariate counts. A

copula approach is used to represent contemporaneous correlations among time series counts.

Jung et al. (2011) proposed a dynamic factor model for the analysis of multivariate time series

count data. More recently Ravishanker et al. (2014) proposed a hierarchical dynamic model

for multivariate time series of counts that incorporates the temporal dependence as well as

dependence between the components of the response vector.

Regarding the INARMA processes, Franke and Subba Rao (1993) gave an important con-
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tribution, by introducing a multivariate INAR(1) (M-variate INAR(1)) model, based upon

independent binomial thinning operations, satisfying the equation

Xt = A ◦Xt−1 + εεεt, t ∈ Z,

where {εεεt}, t ∈ Z, is a sequence of i.i.d. integer-valued random vectors and for some M ×M

- matrix A with entries aij ∈ [0, 1], i, j = 1, ...,M , the ith component of the random vector

A◦X is defined as in (1.4). Latour (1997) established a Multivariate GINAR(p), MGINAR(p),

model that was based on the matricial operation. The MGINAR(p) model is defined as

Xt =

p
∑

j=1

Aj ◦Xt−j + εεεt, t ∈ Z

where {εεεt}t∈Z
is a sequence of i.i.d. non-negative integer-valued random vectors of finite mean

µεµεµε and of finite variance ΣεΣεΣε, independent of the operators and {Aj ◦}j=1,...,p are p mutually

independent operators. The introduced class of models is essentially multivariate AR(p). In

their work, the existence of MGINAR(p) processes is established and their stochastic structure

was identified trough their spectral density matrix. Silva et al. (2005) consider independent

replications of count time series that are modelled by first-order integer-valued autoregressive

processes, RINAR(1). Their work consider several estimation methods using classical and

Bayesian approaches and in time and frequency domains.

Among the models based on a thinning operation, the Bivariate Integer-valued Autoregressive,

BINAR(1) model of first-order with Poisson and negative binomial innovations proposed by

Pedeli and Karlis (2011) is the simplest case. The BINAR(1) model is defined by

Xt = A ◦Xt−1 + εεεt =

[

α1 0

0 α2

]

◦
[

X1,t−1

X2,t−1

]

+

[

ε1,t

ε2,t

]

, t ∈ Z (1.18)

where Xt and εεεt are non-negative integer-valued random 2-vectors and A ◦X is the matricial

operation defined in (1.4) for the bivariate case. The matrix A is restricted to the diagonal

and therefore the only source of cross-correlation is given by the innovations. An extension of

the model (1.18) is presented by Boudreault and Charpentier (2011), the multivariate integer-

valued autoregressive (MINAR) model. In the MINAR model the matrix A is not diagonal,

incorporating additional cross-correlation between the two series. An important limitation

of both Pedeli and Karlis and Boudreault and Charpentier’s models is that they only allow

for positive cross-correlations between the two time series. In order to account also for nega-

tive cross-correlation, Karlis and Pedeli (2013) considered a bivariate INAR(1) process where

cross-correlation is introduced through the use of copulas for the specification of the joint
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distribution of the innovations. The authors emphasis is on the parametric case that arises

under the assumption of Poisson marginals, but other marginal distribution are also consid-

ered. Silva et al. (2008) considered a generalization of the INAR(1) model to the panel data

first-order Seemingly Unrelated INteger-valued AutoRegressive Poisson, SUINAR(1) model.

Recently, Scotto et al. (2014) proposed a new class of bivariate time series models useful to fit

bivariate count data time series with a finite range of counts. Based on the bivariate binomial

thinning operator defined in (1.5) the authors construct a bivariate extension of the Binomial

AR(1) presented by McKenzie (1985), the BVBII-AR(1) model, defined by

Xt = ααα⊗Xt−1 + βββ ⊗ (n−Xt−1) , t ∈ Z,

where the thinning operators are performed independently of each other. It is important to

stress that the marginals of the BVBII-AR(1) process are distributed like the usual binomial

AR(1).

Using the negative binomial thinning operator defined in (1.3), Ristić et al. (2012) introduced

a bivariate INAR(1) model with positively correlated geometric marginals. This model is

understood as some kind of mixture of two NGINAR(1) processes (Ristić et al., 2009). Mul-

tivariate models with random coefficients were also developed by Nastić et al. (2015) and

Popović (2015). Bulla et al. (2012) introduced a bivariate INAR(1) model, denoted by B-

SINAR(1), based on the so-called signed matrix thinning operator, that is an extension of the

SINAR(1) process of Kachour and Truquet (2011). This model allows for negative values for

the time series and for the autocorrelation functions.

The first attempt to develop multivariate INMA models came from Brännäs and Nordström

(2000), who proposed a Bivariate INMA(1) model for guest nights in hotels and cottages.

Starting from a day-to-day model on hotel specific guest nights, the authors obtained an

integer-valued moving average model by cross-sectional and temporal aggregation.

Another model was proposed by Quoreshi (2006) which extends the univariate INMA model

of McKenzie (1988). This model was used by the author in the analysis of the number of

transactions in intra-day data of stocks, where each transaction refers to a trade between a

buyer and a seller in a volume of stocks for a given price. Quoreshi assumes that there are two

stock series, X1,t and X2,t, for the number of transactions in intra-day data. Assume further

that the dependence between X1,t and X2,t emerges from factor(s) like macroeconomic news,

rumors, etc. The correlation between these stock variables is described by a bivariate model
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defined by the following equations

X1,t = ε1,t + β1,1 ◦ ε1,t−1 + · · ·+ β1,q1 ◦ ε1,t−q1 ,

X2,t = ε2,t + β2,1 ◦ ε2,t−1 + · · ·+ β2,q2 ◦ ε2,t−q2 ,

(1.19)

where ’◦’ denotes the binomial thinning operator defined in (1.2) and {εj,t}, j = 1, 2, is an

i.i.d. sequence of random variables with E[εεεt] = λλλ = (λ1, λ2) and Var[εεεt] = ΣΣΣεεε, a matrix

with diagonal elements given by Var[εj,t] = σ2j = υjλj , υj > 0 and off diagonal elements

defined by Cov(ε1,t, ε2,t) = Λ = ϕ − λ1λ2, where ϕ = E[ε1,t ε2,t]. The macroeconomic news

are assumed to be captured by {εt,j}, j = 1, 2, and filtered by {βj,t} through the system. Note

that independence between and within all the thinning operations is assumed, and therefore,

hereafter this model will be designated by Bivariate INMA model with Independent thinning

operations, BIINMA(q1, q2). This model allows for both positive and negative correlation

between the count data series.

1.6 Outline of this Thesis

The main objective of this thesis is to provide some contributions to the analysis of bivariate

time series of counts by developing and studying models that adequately describe this type of

data. Attention is given to INteger-valued Moving Average (INMA) models for bivariate time

series of counts. The motivation for such class of models arises, for example, from counting

the occurrence of a certain phenomenon (with a finite maximum life-time) in two different

locations. One must account for the serial dependence of counts in each location as well as the

dependence of counts between the two locations. Therefore, several bivariate INMA models

are studied and their main properties are analysed. Emphasis is given to specific parametric

cases, where the cross-correlation is induced by a specific bivariate innovation process. The

parameter estimation is achieved by the Generalized Method of Moments (GMM).

The outline of this thesis is as follows.

Chapter 2 introduces the first-order bivariate INMA model, BINMA(1,1). This model is

based on the binomial thinning operator. The main properties of the model are studied.

This BINMA(1,1) model is extended to a higher-order, BINMA(q1, q2) model, which enter-

tains a special dependence structure between the thinning operators. The properties of the

BINMA(q1, q2) are obtained. In order to deal with different particular real situations, like

equidispersion and overdispersion, the focus is placed on two specific parametric cases that

arise from different joint distributions of the innovation process, the bivariate Poisson distri-

bution and the bivariate negative binomial-type I distribution. Moreover, it is proved that the
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BINMA(q1, q2) process has joint bivariate Poisson distribution when the innovation process

has a bivariate Poisson distribution.

Chapter 3 introduces a first-order univariate INMA model with negative binomial marginal,

the NB-INMA(1) model, which is constructed based on the negative binomial thinning oper-

ator. Some properties of the NB-INMA(1) model are established. The main advantage of this

model is the negative binomial marginal which allows to handle with overdipersed data sets.

Then this model is extended to the bivariate case, preserving the negative binomial thinning

operator and allowing the joint distribution of the innovation process following a bivariate neg-

ative binomial distribution-type II. The proposed model, denoted as BINMAII(1, 1) model,

is characterized and it is showed that the joint distribution of this process is not bivariate

negative binomial - type II. A second type of first-order bivariate INMA model is constructed

based on a recently proposed operator, the bivariate binomial thinning operator. In this

case, special attention is given when the joint distribution of the innovation process follows

a bivariate Poisson distribution. The main properties of this bivariate model, designated by

BINMA(1)-BVBII model, are studied.

Chapter 4 is dedicated to parameter estimation, and for this purpose the GMM is used. In

the first place the general formulation of GMM is described and the main properties are pre-

sented. Thereafter, it is discussed how this method is implemented for each of the models

proposed in this thesis. To illustrate the estimation procedure and small sample properties of

the GMM estimator, a small Monte Carlo study is carried out.

The studied models are fitted to some real datasets and the results are presented in Chapter

5. The adequacy of the fitted models is assessed using tools for model diagnostic and val-

idation based on residual analysis, parametric resampling and predictive distributions (PIT

histogram).

Finally, Chapter 6 refers the main contributions of the thesis and some challenges that require

further investigation.



2. Bivariate INMA Models Based on

the Binomial Thinning Operator

The main purpose of this chapter is to define a bivariate INMA model based on the binomial

thinning operator of Steutel and Van Harn (1979). Firstly, the simplest model (BINMA(1,1))

is introduced. Next, this model is then extended to a higher-order (BINMA(q1, q2)) by assum-

ing the dependence structure between the thinning operators proposed by Al-Osh and Alzaid

(1988) for the univariate case (Chapter 1, Section 1.4, Model 3). Finally, special attention is

placed on models with innovation processes following bivariate Poisson and bivariate negative

binomial-type I (BNB-type I) distributions, both for BINMA and BIINMA models.

2.1 First-order Bivariate INteger-valued Moving Average Model

Let {Xt} = {(X1,t, X2,t)}, t ∈ Z, be a non-negative integer-valued bivariate random variable.

Then {Xt} is a First-order Bivariate INteger-valued Moving Average model, BINMA(1,1), if

satisfies the following equations











X1,t = ε1,t + β1 ◦ ε1,t−1,

X2,t = ε2,t + β2 ◦ ε2,t−1,

(2.1)

where

• ”◦” denotes the binomial thinning operator defined in (1.2). It should be noted that

although thinning operations are performed at each time t in this particular case, there

is no risk of misinterpretation. Therefore the index in ′ ◦t ′ is suppressed.

• βj ∈]0, 1];

• {εεεt} = {(ε1,t, ε2,t)}, t ∈ Z, is an i.i.d. sequence of bivariate random variables, usu-

ally called innovation process, with E[εεεt] = µµµε = (µ1, µ2) and Var[εεεt] = ΣΣΣεεε, a
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2× 2 matrix with diagonal elements Var[εj,t] = σ2j and off-diagonal elements defined by

Cov(ε1,t, ε2,t) = Λ ∈ R.

Using the vector thinning operation in (1.4), the model (2.1) can also be written in the

following matrix form

Xt = εεεt +B ◦ εεεt−1 =

[

ε1,t

ε2,t

]

+

[

β1 0

0 β2

]

◦
[

ε1,t−1

ε2,t−1

]

.

Remark 2.1 For notational convenience, the BINMA(1, 1) model can be written as











X1,t = β1,0 ◦ ε1,t + β1,1 ◦ ε1,t−1,

X2,t = β2,0 ◦ ε1,t + β2,1 ◦ ε2,t−1,

with βj,0 = 1, for j = 1, 2.

The main properties of the BINMA(1,1) model are given in the next proposition.

Proposition 2.1 The unconditional first- and second-order moments for the BINMA(1,1)

model are given by (for j = 1, 2)

(i) E[Xj,t] = µj(1 + βj);

(ii) Var[Xj,t] = σ2j (1 + β2j ) + µjβj(1− βj);

(iii) γXj
(k) = Cov(Xj,t−k, Xj,t) =

{

βjσ
2
j , if k = 1,

0, if k > 1;

(iv) γX1,X2
(0) = Cov(X1,t , X2,t) = Λ(1 + β1β2);

(v) γX1,X2
(1) = Cov(X1,t , X2,t−1) = Λβ1;

(vi) γX2,X1
(1) = Cov(X1,t−1 , X2,t) = Λβ2;

(vii) γX1,X2
(k) = γX2,X1

(k) = 0, if k > 1.

Proof:

By the properties of the binomial thinning operator defined in section 1.2, namely E[β ◦X] =

βE[X] and Var[β◦X] = β2Var[X]+β(1−β)E[X] and attending to the fact that the innovation
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process is a stationary process,

E[Xj,t] = E [εj,t + βj ◦ εj,t−1]

= E [εj,t] + E [βj ◦t εj,t−1]

= µj + βjE [εj,t−1]

= µj + βjµj

= µj(1 + βj)

Var[Xj,t] = Var [εj,t + βj ◦ εj,t−1]

= Var [εj,t] + Var [βj ◦ εj,t−1]

= σ2j + β2jVar [εj,t−1] + βj(1− βj)E [εj,t−1]

= σ2j + β2j σ
2
j + βj(1− βj)µj

= σ2j (1 + β2j ) + µjβj(1− βj).

The autocovariance function γXj
(k) can be written as

γXj
(k) = Cov(Xj,t−k, Xj,t)

= Cov (εj,t−k + βj ◦ εj,t−k−1, εj,t + βj ◦ εj,t−1)

= Cov (εj,t−k, εj,t) + Cov (εj,t−k, βj ◦ εj,t−1)+

+ Cov (βj ◦ εj,t−k−1, εj,t) + Cov (βj ◦ εj,t−k−1, βj ◦ εj,t−1) . (2.2)

By construction of the model defined in (2.1), {εεεt} is a sequence of i.i.d. random variables.

Therefore, if k = 1, only the second summand in (2.2) is non null, thus

γXj
(1) = Cov(Xj,t−1, Xj,t) = Cov(εj,t−1, βj ◦ εj,t−1)

= E [εj,t−1 βj ◦ εj,t−1]− E [εj,t−1]E [βj ◦ εj,t−1]

= E [E [εj,t−1 βj ◦ εj,t−1|εj,t−1]]− E [εj,t−1]βjE [εj,t−1]

= E [εj,t−1βjεj,t−1]− βjE [εj,t−1]E [εj,t−1]

= βjE
[

(εj,t−1)
2
]

− βj (E [(εj,t−1])
2

= βjVar [εj,t−1]

= βjσ
2
j .
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If k > 1, γX (k) = 0, once all the summands in (2.2) are zero.

The cross-covariance function, γX1,X2
(k) can be written as,

γX1,X2
(k) = Cov(X1,t, X2,t−k)

= Cov (ε1,t + β1 ◦ ε1,t−1, ε2,t−k + β2 ◦ ε2,t−k−1)

= Cov (ε1,t, ε2,t−k) + Cov (ε1,t, β2 ◦ ε2,t−k−1) + Cov (β1 ◦ ε1,t−1, ε2,t−k)+

+ Cov (β1 ◦ ε1,t−1, β2 ◦ ε2,t−k−1) (2.3)

If k = 0, the second and third summands in (2.3) are zero. Therefore,

γX1,X2
(0) = Cov (ε1,t, ε2,t) + Cov (β1 ◦ ε1,t−1, β2 ◦ ε2,t−1)

= Λ + E [β1 ◦ ε1,t−1β2 ◦ ε2,t−1]− E [β1 ◦ ε1,t−1]E [β2 ◦ ε2,t−1]

= Λ + E [E [β1 ◦ ε1,t−1β2 ◦ ε2,t−1|εt−1εt−1εt−1]]− E [β1 ◦ ε1,t−1]E [β2 ◦ ε2,t−1]

= Λ + β1β2E [ε1,t−1ε2,t−1]− β1β2E [ε1,t−1]E [ε2,t−1]

= Λ + β1β2Cov (ε1,t−1, ε2,t−1)

= Λ + β1β2Λ

= Λ(1 + β1β2).

If k = 1, only the third summand in (2.3) is non null. Therefore,

γX1,X2
(1) = Cov (β1 ◦ ε1,t−1, ε2,t−1)

= E [β1 ◦ ε1,t−1ε2,t−1]− E [β1 ◦ ε1,t−1]E [ε2,t−1]

= E [E [β1 ◦ ε1,t−1ε2,t−1|εt−1εt−1εt−1]]− E [β1 ◦ ε1,t−1]E [ε2,t−1]

= β1E [ε1,t−1ε2,t−1]− β1E [ε1,t−1]E [ε2,t−1]

= Cov (ε1,t−1, ε2,t−1)β1

= β1Λ.

If k > 1, γX1,X2
(k) = 0, once all summands in (2.3) are zero.

For, γX2,X1
(k), the proofs are analogous. �

The cross-correlation between the two components of {Xt} is introduced via the bivariate in-

novations process {εεεt}. Accordingly, the lagged cross-correlation may be positive or negative.

Note that, whatever the underlying joint distribution of {(ε1,t, ε2,t)}, the covariance between

the innovations of the two series at time t totally determines the covariance between the cur-
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rent value of one process and the innovations of the other process at the same point in time

t and vice-versa, i.e.,

Cov(X1,t, ε2,t) = Cov(ε1,t, ε2,t),

since:

Cov (X1,t, ε2,t) = Cov (ε1,t + β1 ◦ ε1,t−1, ε2,t)

= Cov (ε1,t, ε2,t) + Cov (β1 ◦ ε1,t−1, ε2,t)

= Cov (ε1,t, ε2,t) + 0

= Cov (ε1,t, ε2,t) .

Moreover, the joint pgf of the BINMA(1,1) process is given in the next proposition.

Proposition 2.2 Let Gεεε(s) = G(ε1,t,ε2,t)(s1, s2) be the joint pgf of {(ε1,t, ε2,t)}. Then, the

joint probability generating function of {Xt} = {(X1,t, X2,t)} is given by,

GX(s) = Gεεε(s1, s2)Gεεε(1 + β1(s1 − 1), 1 + β2(s2 − 1))

Proof:

GX(s) = E[sXt ]

= E[sX1, t

1 s
X2, t

2 ]

= E[s ǫ1, t+β1 ◦ ǫ1, t−1

1 s
ǫ2, t+β2 ◦ ǫ2, t−1

2 ]

= E[s ǫ1, t1 s
β1 ◦ ǫ1, t−1

1 s
ǫ2, t
2 s

β2 ◦ ǫ2, t−1

2 ]

= E[s ǫ1, t1 s
ǫ2, t
2 ]E[sβ1 ◦ ǫ1, t−1

1 s
β2 ◦ ǫ2, t−1

2 ]

= Gǫǫǫ(s1, s2)E[E[s
β1 ◦ ǫ1, t−1

1 s
β2 ◦ ǫ2, t−1

2 |ǫǫǫt−1]]

= Gǫǫǫ(s1, s2)E[(1− β1 + β1 s1)
ǫ1,t−1 , (1− β2 + β2 s2)

ǫ2,t−1 ]

= Gǫǫǫ(s1, s2)Gǫǫǫ(1 + β1(s1 − 1), 1 + β2(s2 − 1)).

�

2.2 Higher-Order Bivariate INMA Models

It is natural to define any higher-order bivariate INMA model, based on the binomial thinning

operator, as follows.

Let {Xt} = {(X1,t, X2,t)}, t ∈ Z, be a non-negative integer-valued bivariate random variable.
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Then {Xt} is a Bivariate INteger-valued Moving Average model of order (q1, q2), if satisfies

the following equations











X1,t = ε1,t + β1,1 ◦t ε1,t−1 + · · ·+ β1,q1 ◦t ε1,t−q1 ,

X2,t = ε2,t + β2,1 ◦t ε2,t−1 + · · ·+ β2,q2 ◦t ε2,t−q2 ,

(2.4)

where

• ”◦t” denotes the binomial thinning operator defined in (1.2);

• βj,r ∈ [0, 1], for j = 1, 2; r = 1, . . . , qj ; βj,qj 6= 0;

• {εεεt} = {(ε1,t, ε2,t)}, t ∈ Z, is an i.i.d. sequence of bivariate random variables, usually

called innovation process, with E[εεεt] = µµµε = (µ1, µ2) and Var[εεεt] = ΣΣΣεεε, a 2×2 matrix

with diagonal elements Var[εj,t] = σ2j and off diagonal elements Cov(ε1,t, ε2,t) = Λ ∈ R.

Note that each εj,t, j = 1, 2, is involved in (qj + 1) > 1 thinnings at (qj + 1) > 1 different

times t, . . . , t+ qj , and therefore to completely define model (2.4), it is necessary to formulate

a dependence structure for
(

εj,t, βj,1 ◦t+1 εj,t, . . . , βj,qj ◦t+qj εj,t
)

, conditional to εj,t. For a

detailed discussion of different dependence structures, in the univariate context, see Chapter

1, Section 1.4.

The next proposition presents some results concerning to the first- and second-order moments

of the model (2.4), independently of the dependence structure chosen for the model.

Proposition 2.3 For the Bivariate INteger-valued Moving Average model of order (q1, q2)

defined in (2.4), the unconditional mean and variance and cross-covariance function are given

by (for j = 1, 2)

(i) E[Xj,t] = µj

(

1 +

qj
∑

i=1

βj,i

)

;

(ii) Var[Xj,t] = σ2j

(

1 +

qj
∑

i=1

β2j,i

)

+ µj

qj
∑

i=1

βj,i(1− βj,i);

(iii) γX1,X2
(0) = Cov(X1,t, X2,t) = Λ



1 +

min (q1,q2)
∑

i=1

β1,iβ2,i



;

(iv) γX1,X2
(k) = Cov(X1,t, X2,t−k) =















Λ

(

β1,k +

q1−k
∑

i=1

β1,k+iβ2,i

)

, k = 1, . . . , q1,

0, k ≥ q1 + 1;
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(v) γX2,X1
(k) = Cov(X1,t−k, X2,t) =















Λ

(

β2,k +

q2−k
∑

i=1

β2,k+iβ1,i

)

, k = 1, . . . , q2,

0, k ≥ q2 + 1.

Proof:

Extending the proofs of Proposition 2.1 and by the properties of the binomial thinning opera-

tor defined in Section 1.2, namely E[β◦X] = βE[X] and Var[β◦X] = β2Var[X]+β(1−β)E[X]

and attending to the fact that the innovation process is a stationary process,

E[Xj,t] = E
[

εj,t + βj,1 ◦t εj,t−1 + · · ·+ βj,qj ◦t εj,t−qj

]

= E [εj,t] + E [βj,1 ◦t εj,t−1] + · · ·+ E
[

βj,qj ◦t εj,t−qj

]

= E [εj,t] + βj,1E [εj,t−1] + · · ·+ βj,qjE
[

εj,t−qj

]

= µj
(

1 + βj,1 + · · ·+ βj,qj
)

= µj

(

1 +

qj
∑

i=1

βj,i

)

.

Var[Xj,t] = Var
[

εj,t + βj,1 ◦t εj,t−1 + · · ·+ βj,qj ◦t εj,t−qj

]

= Var [εj,t] + Var [βj,1 ◦t εj,t−1] + · · ·+ Var
[

βj,qj ◦t εj,t−qj

]

= Var [εj,t] + β2j,1Var [εj,t−1] + βj,1(1− βj,1)E [εj,t−1] +

+ · · ·+ β2j,qjVar
[

εj,t−qj

]

+ βj,qj (1− βj,qj )E
[

εj,t−qj

]

= σ2j + β2j,1σ
2
j + βj,1(1− βj,1)µj + · · ·+ β2j,qjσ

2
j + βj,qj (1− βj,qj )µj

= σ2j

(

1 + β2j,1 + · · ·+ β2j,qj

)

+ µj
(

βj,1(1− βj,1) + · · ·+ βj,qj (1− βj,qj )
)

= σ2j

(

1 +

qj
∑

i=1

β2j,i

)

+ µj

qj
∑

i=1

βj,i(1− βj,i).

The cross-covariance function, γX1,X2
(k), for k = 0, ..., q1, can be written as,

γX1,X2
(k) = Cov(X1,t, X2,t−k) =

q1−k
∑

i=0

Cov (β1,k+i ◦ ε1,t−k−i, β2,i ◦ ε2,t−k−i). (2.5)

By the independence of the random variables εtεtεt, which follows from the definition of the

model (2.4), it is possible to write

γX1,X2
(k) =

q1−k
∑

i=0

Cov (β1,k+i ◦ ε1,t, β2,i ◦ ε2,t),
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since all the other summands in (2.5) are zero.

Conditioning,

Cov (β1,k+i ◦ ε1,t, β2,i ◦ ε2,t) = E [Cov (β1,k+i ◦ ε1,t, β2,i ◦ ε2,t|εεεt)] +
+ Cov [E (β1,k+i ◦ ε1,t|ε1,t) ,E (β2,i ◦ ε2,t|ε2,t)]

= 0 + Cov (β1,k+i ε1,t β2,i ε2,t)

= β1,k+i β2,i Cov (ε1,t, ε2,t)

= β1,k+i β2,i Λ.

Thus,

γX1,X2
(k) =

q1−k
∑

i=0

β1,k+i β2,i Λ = Λ

(

β1,k +

q1−k
∑

i=1

β1,k+i β2,i

)

.

For k ≥ q1 + 1, it follows that Cov(X1,t, X2,t−k) = 0, since all summands in (2.5) are zero.

The proofs for γX2,X1
(k) are analogous. �

Note that expressions for the cross-covariance function, given in Proposition 2.3 by (iii)-(v)

differ from those in Quoreshi (2006) which are affected by some typo.

The cross-correlation between the two components of {Xt} is introduced via the bivariate

innovations process {εεεt}, as occurs in BINMA(1,1) model defined in Section 2.1. Accordingly,

both the contemporaneous and the lagged cross-correlation may be positive or negative. It

is also important to point that in Proposition 2.3, γX1,X2
(k) depends only on the value of q1,

while γX2,X1
(k) depends only on the value of q2, regardless of which is the largest, q1 or q2.

The joint pgf of the Bivariate INteger-valued Moving Average Models of order (q1, q2) is given

in the next proposition.

Proposition 2.4 Let Gεεε(s) = G(ε1,t,ε2,t)(s1, s2) be the joint pgf of {(ε1,t, ε2,t)} and Gεj be the

pgf of {εj,t}, with j = 1 if q1 ≥ q2 and j = 2, otherwise. Then, the joint probability generating

function of Xt = {(X1,t, X2,t)} is given by,

GX(s) =

min (q1,q2)
∏

i=0

Gεεε(1 + β1,i(s1 − 1), 1 + β2,i(s2 − 1))×

×
max (q1,q2)
∏

i=min (q1,q2)+1

Gεj (1 + β1,i(s1 − 1)).
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Proof:

When q1 ≥ q2, the joint pgf of the process is obtained from

GX(s) = E
[

sXt

]

= E
[

s
X1,t

1 s
X2,t

2

]

=

q2
∏

i=0

E
[

s
β1,i ◦ ε1,t−i

1 s
β2,i ◦ ε2,t−i

2

]

q1
∏

i=q2+1

E
[

s
β1,i ◦ ε1,t−i

1

]

=

q2
∏

i=0

E
[

E
[

s
β1,i ◦ ε1,t−i

1 s
β2,i ◦ ε2,t−i

2

∣

∣

∣
εεεt−i

]]

q1
∏

i=q2+1

E
[

E
[

s
β1,i ◦ ε1,t−i

1

∣

∣

∣
ε1,t−i

]]

=

q2
∏

i=0

E [(1− β1,i + β1,i s1)
ε1,t−i(1− β2,i + β2,i s2)

ε2,t−i ]×

×
q1
∏

i=q2+1

E [(1− β1,i + β1,i s1)
ε1,t−i ]

=

q2
∏

i=0

Gεεε(1 + β1,i(s1 − 1), 1 + β2,i(s2 − 1))

q1
∏

i=q2+1

Gε1(1 + β1,i(s1 − 1)).

For the case q1 < q2, the proof is analogous. �

2.2.1 BINMA(q1, q2) Model

Quoreshi (2006) studied a bivariate INMA model where all the thinning operators involved

in the model are independent. This section introduces a bivariate INMA model, hereafter

designated by BINMA(q1, q2) model, which entertains the dependence structure proposed by

Alzaid and Al-Osh (1988) for the univariate case. It is important to stress that the difference

between this model and BIINMA model (Quoreshi, 2006) is reflected in the autocovariance

function and consequently in the autocorrelation function. Other properties such as mean,

variance, cross-correlation and pgf remain the same (given in Proposition 2.3 and 2.4).

At each time t (that is, in the time interval ] t − 1, t ]) and for j = 1, 2, εj,t, elements enter

the system, comprising the generation t : E
(j)
t,1 , . . . , E

(j)
t,εj,t

. These elements can be active or

inactive during each of their qj+1 time units of total life time, that is, the elements can come

and go several times during their life times, according to a certain set of probabilities.

Let ηj,k , (k = 1, ..., qj , j = 1, 2) be the probability of the first re-appearance of an individual

of ǫj,t at time t+ k + i being present (active) at time t+ i.
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Then, the probability that an element of ǫj,t will be an element of Xj,t+i is given by

{

βj,i =
∑i

k=1 ηj,kβj,i−k, i = 1, ..., qj ; j = 1, 2,

βj,0 = 1.

Let Y
(t)
(j,i) be a sequence of i.i.d. Bernoulli random vectors, defined by

{

Y
(t)
(j,i) =

(

Y
(t)
(j,i,1), Y

(t)
(j,i,2), ... , Y

(t)
(j,i,qj)

)}

, i ≥ 1 ; j = 1, 2 ; t = 0,±1, ...,

where

Y
(t)
(j,i,r) =

{

1, if the ith element of ǫj,t is active in the system at time t+ r,

0, otherwise.

Moreover, at time t each element of generation t−i, 0 ≤ i ≤ qj , has the probability βj,i of being

active (independently of the other elements in the system), that is, βj,r = Pr
(

Y
(t)
(j,i,r) = 1

)

.

Then,

βj,r ◦ εj,t−r =

εj,t−r
∑

i=1

Y
(t−r)
(j,i,r) ,

denotes the number of elements of generation t− r which are active in the system at time t.

Thus,

Pr
(

Y
(t)
(j,i,r1)

= 1, Y
(t)
(j,i,r2)

= 1, . . . , Y
(t)
(j,i,rj)

= 1
)

=
r
∏

m=1

βj,rm−rm−1
, (2.6)

for all 0 = r0 ≤ r1 < · · · < rj ≤ qj , generates a dependence structure for (εj,t, βj,1 ◦t εj,t,
βj,2◦tεj,t, . . . , βj,qj◦tεj,t), conditional to εj,t. All the other thinning operations are independent.

Proposition 2.5 For the BINMA(q1, q2) model with the dependence structure explained above,

the autocovariance function, γXj
(k) = Cov(Xj,t−k, Xj,t), j = 1, 2, is defined by

γXj
(k) =















σ2j



βj,k +

qj−k
∑

i=1

βj,iβj,k+i



+ µj

qj−k
∑

i=1

βj,i(βj,k − βj,k+i), k = 1, . . . , qj ,

0, k ≥ qj + 1.

(2.7)

Proof:

The proof for this proposition is analogous to the proof that was done for the cross-correlation

in Proposition 2.3, but now paying attention to the structure of dependence defined above.
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The autocovariance function, γXj
(k) for k = 1, ..., qj , can be written as,

γXj
(k) = Cov(Xj,t−k, Xj,t) =

qj−k
∑

i=0

Cov (βj,i ◦ εj,t−k−i, βj,k+i ◦ εj,t−k−i) (2.8)

taking into account that {εεεt} is an i.i.d. sequence of bivariate random variables, (2.8) simplify

to the result given below

γXj
(k) =

qj−k
∑

i=0

Cov (βj,i ◦ εj,t, βj,k+i ◦ εj,t),

once all the other summands in (2.8) are zero.

Under (2.6) it is possible to have

Cov (βj,i ◦ εj,t, βj,k+i ◦ εj,t|εj,t = x) =
x
∑

l=1

Cov
(

Y
(t)
(j,l,i), Y

(t)
(j,l,k+i)

)

= xβj,i (βj,k − βj,k+i) . (2.9)

By other side, conditioning,

Cov (βj,i ◦ εj,t, βj,k+i ◦ εj,t) = Cov [E (βj,i ◦ εj,t|εj,t) ,E (βj,k+i ◦ εj,t|εj,t)] +
+ E [Cov (βj,i ◦ εj,t, βj,k+i ◦ εj,t|εj,t)] .

Using the result in (2.9) and the properties of the thinning operator

Cov (βj,i ◦ εj,t, βj,k+i ◦ εj,t| εj,t = x) = Cov (βj,iεj,t, βj,k+iεj,t) + E [εj,tβj,i (βj,k − βj,k+i)]

= βj,iβj,k+iCov (εj,t, εj,t) + βj,k (βj,k − βj,k+i)E [εj,t]

= βj,iβj,k+iσ
2
j + βj,i (βj,k − βj,k+i)µj .

Thus,

γXj
(k) =

qj−k
∑

i=0

[

βj,i βj,k+i σ
2
j + βj,i (βj,k − βj,k+i)µj

]
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= σ2j



βj,k +

qj−k
∑

i=1

βj,iβj,k+i



+ µj

qj−k
∑

i=1

βj,i(βj,k − βj,k+i).

For k ≥ qj + 1, it follows that γXj
(k) = 0, once all summands in (2.8) are zero. �

Note that for the BIINMA(q1, q2) model proposed by Quoreshi (2006), the autocovariance

function, is defined by is defined by (for j = 1, 2)

γXj
(k) = Cov(Xj,t−k, Xj,t) =















σ2j



βj,k +

qj−k
∑

i=1

βj,iβj,k+i



 , k = 1, . . . , qj ,

0, k ≥ qj + 1.

(2.10)

Comparing (2.7) with (2.10) it is possible to see an additional term in the autocovariance

function of the BINMA(q1, q2) model given by

µj

qj−k
∑

i=1

βj,i(βj,k − βj,k+i).

2.3 Parametric Cases

Poisson BINMA(q1, q2) Model

Consider now that in model (2.4) the innovation process, {εεεt}, follows a Bivariate Poisson

distribution (for a comprehensive treatment of the Bivariate Poisson distribution see Appendix

A), i.e.,

εεεt ∼ BP(λ1, λ2, φ),

with λ1, λ2 > 0 ; φ ∈ [ 0,min (λ1, λ2)[ and Cov(ε1,t, ε2,t) = φ. Note that the marginal distri-

bution of εj,t is univariate Poisson, i.e.,

εj,t ∼ P(λj + φ), j = 1, 2.

An important result concerning this parametric case is that the joint distribution (and conse-

quently the marginal distribution) is bivariate Poisson when the innovation process is bivariate

Poisson distributed (both for BINMA(q1, q2) and BIINMA(q1, q2)).
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Corollary 2.1 The joint pgf given in Proposition 2.4 can be written as

GX(s) = exp

(

(λ1 + φ)

q1
∑

i=0

β1,i(s1 − 1) + (λ2 + φ)

q2
∑

i=0

β2,i(s2 − 1)+

+φ

min (q1,q2)
∑

i=0

β1,iβ2,i(s1 − 1)(s2 − 1)



 ,

which shows that the BINMA(q1, q2) and BIINMA(q1, q2) models with Bivariate Poisson in-

novations has a joint Bivariate Poisson distribution with parameters

(λ1 + φ)

q1
∑

i=0

β1,i, (λ2 + φ)

q2
∑

i=0

β2,i and φ

q2
∑

i=0

β1,iβ2,i.

Henceforth, this model will be called Poisson BINMA(q1, q2) and Poisson BIINMA(q1, q2)

model, respectively.

Proof:

For the case q1 ≥ q2, from Proposition 2.4 and from the pgf of the bivariate Poisson distribution

in (A.12), it is possible to write

GX(s) =

q2
∏

i=0

exp
(

(λ1 + φ)(−β1,i + β1,i s1) + (λ2 + φ)(−β2,i + β2,i s2)+

+φ(−β1,i + β1,i s1)(−β2,i + β2,i s2)
)

×

×
q1
∏

i=q2+1

exp
(

(λ1 + φ)(−β1,i + β1,i s1)
)

.

Simplifying is obtained

GX(s) = exp
(

(λ1 + φ)(s1 − 1)

q2
∑

i=0

β1,i + (λ2 + φ)(s2 − 1)

q2
∑

i=0

β2,i +

+φ(s1 − 1)(s2 − 1)

q2
∑

i=0

β1,iβ2,i

)

exp
(

(λ1 + φ)(s1 − 1)

q1
∑

i=q2+1

β1,i

)

= exp
(

(λ1 + φ)

q1
∑

i=0

β1,i(s1 − 1) + (λ2 + φ)

q2
∑

i=0

β2,i(s2 − 1) +

+φ

q2
∑

i=0

β1,iβ2,i(s1 − 1)(s2 − 1)
)

,
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which correspond to the joint pgf of a Bivariate Poisson distribution with parameters

(λ1 + φ)

q1
∑

i=0

β1,i, (λ2 + φ)

q2
∑

i=0

β2,i and φ

q2
∑

i=0

β1,iβ2,i.

The derivation of the joint distribution is analogous for the case q1 < q2. �

Setting s2 = 1 in Corollary 2.1, it is possible to get the marginal pgf of X1,t which follows

to be Poisson with parameter (λ1 + φ)

q1
∑

i=0

β1,i. In analogous way it can be shown that the

marginal distribution of X2,t is also Poisson with parameter (λ2 + φ)

q2
∑

i=0

β2,i.

Under a bivariate Poisson innovation process, the unconditional first- and second- order mo-

ments given in Proposition 2.3 and Proposition 2.5, simplify to the results presented in corol-

lary below.

Corollary 2.2 For the Poisson BINMA(q1, q2), the unconditional first- and second-order mo-

ments are given by (for j = 1, 2)

(i) E[Xj,t] = Var[Xj,t] = (λj + φ)

(

1 +

qj
∑

i=1

βj,i

)

;

(ii) γXj
(k) = Cov(Xj,t−k, Xj,t) =















(λj + φ)



βj,k +

qj−k
∑

i=1

βj,iβj,k



 , k = 1, . . . , qj ,

0, k ≥ qj + 1;

(iii) γX1,X2
(0) = Cov(X1,t, X2,t) = φ



1 +

min (q1,q2)
∑

i=1

β1,iβ2,i



 ;

(iv) γX1,X2
(k) = Cov(X1,t, X2,t−k) =















φ

(

β1,k +

q1−k
∑

i=1

β1,k+iβ2,i

)

, k = 1, . . . , q1,

0, k > q1;

(v) γX2,X1
(k) = Cov(X1,t−k, X2,t) =















φ

(

β2,k +

q2−k
∑

i=1

β2,k+iβ1,i

)

, k = 1, . . . , q2,

0, k > q2.

The proof of Corollary 2.2 is analogous to the proof of Proposition 2.3 and 2.5.
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Remark 2.2 The simplest model is the Poisson Bivariate INteger-valued Moving Average

model of first-order, Poisson BINMA(1,1) model. In this case, the joint distribution is also

Bivariate Poisson distribution, with parameters,

(λ1 + φ)(1 + β1), (λ2 + φ)(1 + β2) and φ(1 + β1β2),

with pgf given by

GXt(s) = exp ((λ1 + φ)(1 + β1)(s1 − 1) + (λ2 + φ)(1 + β2)(s2 − 1)+

+φ(1 + β1β2)(s1 − 1)(s2 − 1)) .

For this model, the first- and second-order moments given in Corollary 2.2 simplify to (for

j = 1, 2)

E[Xj,t] = Var[Xj,t] = (λj + φ)(1 + βj);

γXj
(k) = Cov(Xj,t−k, Xj,t) =

{

(λj + φ)βj , if k = 1,

0, if k > 1;

γX1,X2
(0) = Cov(X1,t , X2,t) = φ(1 + β1β2);

γX1,X2
(1) = Cov(X1,t , X2,t−1) = φβ1;

γX2,X1
(1) = Cov(X1,t−1 , X2,t) = φβ2;

γX1,X2
(k) = γX2,X1

(k) = 0, if k > 1.

Moreover, following Al-Osh and Alzaid (1988) is obtained the conditional mean and variance

for the marginal processes,

E[Xj,t|Fj,t−1] = (λj + φ) +
βjXj,t−1

1 + βj
,

(2.11)

Var[Xj,t|Fj,t−1] = (λj + φ) +
βjXj,t−1

(1 + βj)2
,

for j = 1, 2 and where Fj,t−1 be the σ-algebra generated by {Xj,1, . . . , Xj,t−1}.

Remark 2.3 For a BIINMA(q1, q2) model with εεεt ∼ BP(λ1, λ2, φ), with λ1, λ2, > 0 and

φ ∈ [ 0,min (λ1, λ2)[ the autocovariance function in (2.10) simplifies to

γXj
(k) = Cov(Xj,t−k, Xj,t) =















(λj + φ)



βj,k +

qj−k
∑

i=1

βj,iβj,k



 , k = 1, . . . , qj ,

0, k ≥ qj + 1.
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BINMA(q1, q2) Model with BNB-type I Innovations

It is well known that Poisson distribution is not suitable for modelling and analysis of integer-

valued time series when equidispersion condition is not satisfied. In an attempt to overcome

this problem, a BINMA(q1, q2) model with BNB-type I distribution is now defined. Consider

then that the innovation process, {εεεt}, follows a BNB-type I distribution (for a comprehensive

treatment of the BNB-type I distribution see Appendix A) i.e.,

εεεt ∼ BNBI(λ1, λ2, τ),

with λ1, λ2, τ > 0 and Cov(ε1,t, ε2,t) = λ1λ2τ . Note that the marginal distribution of εj,t is

univariate negative binomial, i.e.,

εj,t ∼ NB

(

τ−1,
τ−1

λj + τ−1

)

,

where E[εj,t] = λj and Var[εj,t] = λj(1 + λjτ), for j = 1, 2.

Under a BNB-type I innovation process, the unconditional first- and second- order moments

given in Proposition 2.3 and Proposition 2.5, simplify to the results presented in the corollary

below.

Corollary 2.3 The unconditional first- and second-order moments of the BINMA(q1, q2)

model with innovation process following a BNB-type I, are given by (for j = 1, 2)

(i) E[Xj,t] = λj

(

1 +

qj
∑

i=1

βj,i

)

.

(ii) Var[Xj,t] = λj

(

1 +

qj
∑

i=1

βj,i

)

+ τλ2j

(

1 +

qj
∑

i=1

β2j,i

)

.

(iii) γXj
(k) =















λj



βj,k +

qj−k
∑

i=1

βj,iβj,k



+ τλ2j



βj,k +

qj−k
∑

i=1

βj,iβj,k+i



 , k = 1, . . . , qj ,

0, k ≥ qj + 1.

(iv) γX1,X2
(0) = Cov(X1,t, X2,t) = λ1λ2τ



1 +

min (q1,q2)
∑

i=1

β1,iβ2,i



 .

(v) γX1,X2
(k) = Cov(X1,t, X2,t−k) =















λ1λ2τ

(

β1,k +

q1−k
∑

i=1

β1,k+iβ2,i

)

, k = 1, . . . , q1,

0, k > q1.
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(vi) γX2,X1
(k) = Cov(X1,t−k, X2,t) =















λ1λ2τ

(

β2,k +

q2−k
∑

i=1

β2,k+iβ1,i

)

, k = 1, . . . , q2,

0, k > q2.

The proof of Corollary 2.3 is analogous to the proof of Proposition 2.3 and 2.5.

It was not possible to prove if the resulting BINMA(q1, q2) model with BNB-type I innovation

process is a BINMA(q1, q2) with negative binomial joint distribution. The reason for this, is

that as far as it is known, the pgf for this distribution is not given in any work. However, the

index of dispersion of the process {Xt} defined in (2.4) with BNB-type I innovation process

is given by
σ2j
µj

= 1 + τλj
1 +

∑qj
i=1 β

2
j,i

1 +
∑qj

i=1 βj,i
> 1,

which means that this model accounts for overdispersion.

Remark 2.4 The simplest model is the BINMA(1,1) model with BNB-type I innovation pro-

cess. For this model, the first- and second-order moments given in Corollary 2.3 simplify to

(for j = 1, 2)

E[Xj,t] = λj(1 + βj)

Var[Xj,t] = λj(1 + βj) + τλ2j (1 + β2j )

γXj
(k) = Cov(Xj,t−k, Xj,t) =

{

λjβj(1 + τλj), if k = 1,

0, if k > 1,

γX1,X2
(0) = Cov(X1,t , X2,t) = λ1λ2τ(1 + β1β2)

γX1,X2
(1) = Cov(X1,t , X2,t−1) = λ1λ2τβ1

γX2,X1
(1) = Cov(X1,t−1 , X2,t) = λ1λ2τβ2

γX1,X2
(k) = γX2,X1

(k) = 0, if k > 1.

Remark 2.5 For a BIINMA(q1, q2) model with εεεt ∼ BNBI(λ1, λ2, τ), with λ1, λ2, τ > 0, the

autocovariance function in (2.10) simplifies to

γXj
(k) =















λj(1 + λjτ)



βj,k +

qj−k
∑

i=1

βj,iβj,k+i



 , k = 1, . . . , qj ,

0, k ≥ qj + 1.

=



























λj



βj,k +

qj−k
∑

i=1

βj,iβj,k+i



+ τλ2j



βj,k +

qj−k
∑

i=1

βj,iβj,k+i



 , k = 1, . . . , qj ,

0, k ≥ qj + 1.
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As an illustration, Figure 2.1 displays one realization of length n = 500 observations, simulated

from a Poisson BINMA(1,1) process given by











X1,t = ε1,t + 0.4 ◦ ε1,t−1,

X2,t = ε2,t + 0.6 ◦ ε2,t−1,

where the cross-correlation is generated through a bivariate Poisson innovation process with

parameters (λ1, λ2, φ) = (1, 1, 0.5), i.e., εεεt ∼ BP(1, 1, 0.5) and Figure 2.2 displays one realiza-

tion of a bivariate time series of n = 500 observations, simulated from a BINMA(1,1) process

given by










X1,t = ε1,t + 0.6 ◦ ε1,t−1,

X2,t = ε2,t + 0.7 ◦ ε2,t−1,

where the cross-correlation is generated through a BNB-type I innovation process with pa-

rameters (λ1, λ2, τ) = (2, 2, 1), i.e., εεεt ∼ BNBI(2, 2, 1).

It is possible to see from Figure 2.1 and from Figure 2.2, that as expected, the sample autocor-

relation function are nearly zero after the first lag and the sample cross-correlation indicates

dependence between the two series.
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Figure 2.1: Realization with n = 500 observations of a Poisson BINMA(1,1) process with εεεt ∼
BP(1, 1, 0.5) and (β1, β2) = (0.4, 0.6) (top panels), sample autocorrelation (middle panels) and
sample cross-correlation (bottom panel).
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Figure 2.2: Realization with n = 500 observations of a BINMA(1,1) process with εεεt ∼
BNBI(2, 2, 1) and (β1, β2) = (0.6, 0.7) (top panels), sample autocorrelation (middle panels)
and sample cross-correlation (bottom panel).
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3. Bivariate INMA Models Based on

Extensions of the Binomial Thinning

Operator

The purpose of this chapter is trying to solve two problems in Bivariate INMA models, namely

overdispersion and positive and negative cross-correlations. For the former issue an univa-

riate model denoted NB-INMA(1), based based on the negative binomial thinning operator

of Ristić et al. (2009) defined in (1.3) is introduced. It is proved that this process is a sta-

tionary process with negative binomial marginal. Motivated by this result, an extension of

the NB-INMA(1) model for the bivariate case, denoted by BINMAII(1, 1) is proposed. This

BINMAII(1, 1) maintains the serial correlation via the negative binomial thinning operator

and assigns a bivariate negative binomial Type-II (BNB-Type II) distribution to the innova-

tion process.

For the second problem a model based on the bivariate binomial thinning operator proposed

by Scotto et al. (2014), used to include serial and cross-correlation in the model, is defined.

This model is designated by BINMA(1)-BVBII model and emphasis is placed in a parametric

case where the innovation process follows a bivariate Poisson distribution.

3.1 First-Order Negative Binomial INteger-Valued Moving Av-

erage Model

Let {Xt}, t ∈ Z, be a non-negative integer-valued random variable. Then {Xt} is called a

first-order negative binomial integer-valued moving average, NB-INMA(1), model if satisfies

the equation

Xt = εt + β ∗ εt−1, t ∈ Z, (3.1)

where

• β ∈]0, 1[;
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• {εt} is a sequence of i.i.d. non-negative random variables following a negative binomial

distribution, that is,

εt ∼ NB

(

κ,
1

1 + β

)

,

with E[εt] = κβ and Var[εt] = κβ(1 + β);

• ’*’ is the negative binomial thinning operator (1.3), defined as β ∗ εt−1 =
εt−1
∑

i=1
ωi, where

{ωi} is a sequence of geometric i.i.d. random variables, with parameter 1− p =
β

1 + β
,

i.e.,

ωi ∼ Geom

(

β

1 + β

)

,

with E[ωi] = β and Var[ωi] = β(1 + β). Note that, conditioned on εt−1, β ∗ εt−1 is

negative binomial distributed, i.e.,

β ∗ εt−1|εt−1 ∼ NB

(

εt−1,
1

1 + β

)

.

Proposition 3.1 Let GX(s) and Gε(s) denote the pgf of the random variables {Xt} and {εt},
respectively. Then the pgf of the NB-INMA(1) model is given by

GX(s) = Gε(s)Gε

(

1

1− β(s− 1)

)

,

which shows that {Xt} is a stationary process with negative binomial marginal, i.e.,

{Xt} ∼ NB

(

κ,
1

1 + β(1 + β)

)

.

Proof:

Let GX(s) and Gε(s) denote the pgf of the random variables {Xt} and {εt}, respectively.

Then, the pgf of the process {Xt} is obtained from

GX(s) = E[sXt ]

= E[sεt+β∗εt−1 ]

= E[sεt ]E[sβ∗εt−1 ]

= Gε(s)E
[

E
[

sβ∗εt−1 |εt−1

]]

. (3.2)

Since εt ∼ NB

(

κ,
1

1 + β

)

, and attending to the pgf of a random variable with negative



UPorto 43
Contributions to the analysis of multivariate count data

binomial distribution in (A.3), then the pgf of the random variable εt, is written by

Gε(s) =









1

1 + β

1−
(

1− 1

1 + β

)

s









κ

=
1

(1− β(s− 1))κ
. (3.3)

Let z = β ∗ εt−1|εt−1 ∼ NB

(

εt−1,
1

1 + β

)

, then once again by the pgf of a random variable

with negative binomial distribution in (A.3), it is possible to write

Gz(s) =









1

1 + β

1−
(

1− 1

1 + β

)

s









εt−1

=

(

1

1− β(s− 1)

)εt−1

. (3.4)

Thus, by (3.3) and (3.4),

GX(s) = Gε(s)E

[(

1

1− β(s− 1)

)εt−1
]

=
1

(1− β(s− 1))κ
Gε

(

1

1− β(s− 1)

)

=
1

(1− β(s− 1))κ
1

[

1− β

(

1

1− β(s− 1)
− 1

)]κ

=
1

(1− β(s− 1))κ
(1− β(s− 1))κ

(1− (β + β2)(s− 1))κ

=

(

1

1− (β + β2)(s− 1)

)κ

,

hence, Xt ∼ NB(κ, (β + β2)).

Using a different parameterization of the negative binomial distribution defined in Appendix

A by equation (A.5), taken κ = k, β + β2 = P, and

p =
1

1 + P
=

1

1 + β(1 + β)
; 1− p =

β(1 + β)

1 + β(1 + β)
= q,

then it is possible to write that

Xt ∼ NB

(

κ,
1

1 + β(1 + β)

)

.

�
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As an illustration, Figure 3.1 displays 500 simulated values of the NB-INMA(1) process {Xt}
defined in (3.1) for three different sets of parameters: (κ, β) ∈ {(3, 0.2); (3, 0.5); (3, 0.9)}, and

the corresponding sample autocorrelation function.

Proposition 3.2 For the model defined in (3.1), the unconditional and conditional first- and

second-order moments of {Xt} are given by

(i) E[Xt] = κβ(1 + β);

(ii) Var[Xt] = κβ(1 + β)(1 + β(1 + β));

(iii) γXt
(k) = Cov(Xt−k, Xt) =

{

κβ2(1 + β) , k = 1,

0 , k > 1;

(iv) E[Xt|Ft−1] = β(κ+ εt−1);

(v) Var[Xt|Ft−1] = (κ+ εt−1)β(1 + β);

where Ft−1 is the σ-algebra generated by {X1, . . . , Xt−1}.

Proof:

By the properties of the negative binomial thinning operator defined in Section 1.2, namely

E [β ∗X] = β E [X] and E (β ∗X)2 = β2E(X2) + β(1 + β)E(X), and attending to the fact

that the process is a stationary process,

E[Xt] = E[εt + β ∗ εt−1]

= E[εt] + E[β ∗ εt−1]

= E[εt] + βE[εt−1]

= (β + 1)E[εt]

= κβ(β + 1).

Var[Xt] = Var[εt + β ∗ εt−1]

= Var[εt] + Var[β ∗ εt−1]

= Var[εt] + E
[

(β ∗ εt−1)
2
]

− (E [β ∗ εt−1])
2

= Var[εt] + β2E
[

ε2t−1

]

+ β(1 + β)E [εt−1]− β2 (E [εt−1])
2

= Var[εt] + β2Var[εt−1] + β(1 + β)E [εt−1]

=
(

β2 + 1
)

Var[εt] + β(β + 1)E[εt]
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Figure 3.1: Univariate time series of n = 500, simulated from a NB-INMA(1) process for
different values of the parameters κ and β (left panels) and the corresponding sample ACF
(right panels).
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=
(

β2 + 1
)

κβ(1 + β) + β(β + 1)κβ

= κβ(1 + β)(1 + β(1 + β)).

The autocovariance function γX (k) can be written as

γX (k) = Cov(Xt−k, Xt)

= Cov (εt−k + β ∗ εt−k−1, εt + β ∗ εt−1)

= Cov (εt−k, εt) + Cov (εt−k, β ∗ εt−1)+

+ Cov (β ∗ εt−k−1, εt) + Cov (β ∗ εt−k−1, β ∗ εt−1) . (3.5)

By construction of the model defined in (3.1), {εt} is a sequence of i.i.d. random variables.

Therefore, if k = 1, only the second summand in (3.5) is non null, thus

γX (1) = Cov(Xt−1, Xt) = Cov(εt−1, β ∗ εt−1)

= E [εt−1 β ∗ εt−1]− E [εt−1]E [β ∗ εt−1]

= E [E [εt−1 β ∗ εt−1|εt−1]]− E [εt−1]βE [εt−1]

= E [εt−1 β εt−1]− β (E [εt−1])
2

= β E
[

(εt−1)
2
]

− β (E [εt−1])
2

= βVar [εt−1]

= κβ2(1 + β).

If k > 1, γX (k) = 0, once all the summands in (3.5) are zero.

Attending to the mean and variance of a variable with negative binomial distribution in (A.4)

E[Xt|Ft−1] = E [εt + β ∗ εt−1|Ft−1]

= E [εt|Ft−1] + E [β ∗ εt−1|Ft−1]

= κβ + β εt−1

= (κ+ εt−1)β.

Var[Xt|Ft−1] = Var [εt + β ∗ εt−1|Ft−1]

= Var [εt|Ft−1] + Var [β ∗ εt−1|Ft−1]

= κβ(1 + β) + εt−1 β(1 + β)

= (κ+ εt−1)β(1 + β).

�
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The NB-INMA(1) model described above is a process that has negative binomial marginal.

Furthermore, the index of dispersion of the process {Xt} defined in (3.1) is given by

σ2

µ
= 1 + β + β2 > 1.

Therefore, in the univariate context, this model can be used when overdispersion occurs.

Thus, motivated by this fact, the NB-INMA(1) model is extended to the bivariate case, in

the next section.

3.2 BINMA Models Based on the Negative Binomial Thinning

Operator

Let {Xt} = {(X1, t, X2, t)}, t ∈ Z, be a non-negative integer-valued bivariate random variable.

Then {Xt} is a first-order Bivariate INteger-valued Moving Average model, BINMAII(1, 1),

if satisfies the following equations











X1,t = ε1,t + β1 ∗ ε1,t−1,

X2,t = ε2,t + β2 ∗ ε2,t−1,

(3.6)

where

• βj ∈ ]0, 1[, j = 1, 2;

• {εεεt} = {(ε1, t, ε2, t)}, t ∈ Z, is an i.i.d. sequence of bivariate random variables (the in-

novation process), that follows a bivariate negative binomial-type II distribution (BNB-

type II) (see Appendix A for more details), with parameters (p1, p2, p3, ν), that is

(ε1, t, ε2, t) ∼ BNBII(p1, p2, p3, ν),

where

p1 =
λ1

λ1 + λ2 + φ+ τ
, p2 =

λ2
λ1 + λ2 + φ+ τ

and p3 =
φ

λ1 + λ2 + φ+ τ
,

with ν, τ, λ1, λ2 > 0 and φ ∈ [ 0,min(λ1, λ2)[.

The joint pgf of a random variable with BNB-Type II distribution defined in (A.13),

can be written as

Gεεε(s) =

(

1− λ1 + φ

τ
(s1 − 1)− λ2 + φ

τ
(s2 − 1)− φ

τ
(s1 − 1)(s2 − 1)

)

−ν

. (3.7)
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Note that the marginal distribution of εj, t is univariate negative binomial, i.e.,

εj,t ∼ NB

(

ν,
τ

(λj + φ) + τ

)

, j = 1, 2,

with expected value and variance given by (for j = 1, 2)

E[εj, t] = (λj + φ)
ν

τ
; Var[εj, t] = (λj + φ)2

ν

τ2
+ (λj + φ)

ν

τ
,

and respectively, covariance defined as

Cov (ε1, t, ε2, t) = (λ1 + φ)(λ2 + φ)
ν

τ2
+ φ

ν

τ
.

• ’*’ is the negative binomial thinning operator given in (1.3), defined as βj ∗ εj,t−1 =
εj,t−1
∑

i=1
ωi, where {ωi} is a sequence of geometric i.i.d. random variables, with parameter

1− pj =
λj + φ

(λj + φ) + τ
=

βj
1 + βj

, j = 1, 2, i.e.,

ωi ∼ Geom

(

λj + φ

(λj + φ) + τ

)

or equivalently ωi ∼ Geom

(

βj
1 + βj

)

,

with E[ωi] = βj and Var[ωi] = βj(1+βj), for j = 1, 2. According to the above definition,

conditioned on εj,t−1, βj ∗ εj,t−1 is negative binomial distributed, i.e.,

βj ∗ εj,t−1|εj,t−1 ∼ NB

(

εj,t−1,
τ

(λj + φ) + τ

)

,

or equivalently

βj ∗ εj,t−1|εj,t−1 ∼ NB

(

εj,t−1,
1

1 + βj

)

.

Proposition 3.3 For the model defined in (3.6), the first- and second-order moments are

given by (for j = 1, 2)

(i) E[Xj, t] = (1 + βj)(λj + φ)
ν

τ
;

(ii) Var[Xj, t] = (1 + β2j )(λj + φ)2
ν

τ2
+ (2β2j + βj + 1)(λj + φ)

ν

τ
;

(iii) γXj
(k) = Cov(Xj, t−k, Xj, t) =







βj

(

(λj + φ)2
ν

τ2
+ (λj + φ)

ν

τ

)

, k = 1,

0 , k > 1;

(iv) γX1,X2
(0) = Cov(X1, t , X2, t) = (1 + β1β2)

(

(λ1 + φ)(λ2 + φ)
ν

τ2
+ φ

ν

τ

)

;
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(v) γX1,X2
(1) = Cov(X1, t , X2, t−1) = β1

(

(λ1 + φ)(λ2 + φ)
ν

τ2
+ φ

ν

τ

)

;

(vi) γX2,X1
(1) = Cov(X1, t−1 , X2, t) = β2

(

(λ1 + φ)(λ2 + φ)
ν

τ2
+ φ

ν

τ

)

;

(vii) γX1,X2
(k) = γX2,X1

(k) = 0, if k > 1.

Proof:

Analogously to what was done in the univariate case (Proposition 3.2), by the properties of

the negative binomial thinning operator defined in Section 1.2, namely E [β ∗X] = β E [X]

and E (β ∗X)2 = β2E(X2)+β(1+β)E(X), and having in attention that the proposed model

is a stationary process,

E[Xj, t] = E [εj,t + βj ∗ εj,t−1]

= E [εj,t] + E [βj ∗ εj,t−1]

= E [εj,t] + βj E [εj,t−1]

=
ν(λj + φ)

τ
+
βjν(λj + φ)

τ

= (1 + βj)(λj + φ)
ν

τ
.

Var[Xj, t] = Var [εj,t + βj ∗ εj,t−1]

= Var [εj,t] + Var [βj ∗ εj,t−1]

= Var [εj,t] + E
[

(βj ∗ εj,t−1)
2
]

− (E [βj ∗ εj,t−1])
2

= Var [εj,t] + β2j E
[

(εj,t−1)
2
]

+ βj(1 + βj)E [εj,t−1]− β2j (E [εj,t−1])
2

= Var [εj,t] + β2j Var [εj,t−1] + βj(1 + βj)E [εj,t−1]

= (β2j + 1)
[

(λj + φ)2
ν

τ2
+ (λj + φ)

ν

τ

]

+ βj(1 + βj)
ν(λj + φ)

τ

= (1 + β2j )(λj + φ)2
ν

τ2
+ (2β2j + βj + 1)(λj + φ)

ν

τ
.

The autocovariance function can be obtained from,

γXj
(k) = Cov(Xj, t−k, Xj, t)

= Cov (εj,t−k + βj ∗ εj,t−k−1, εj,t + βj ∗ εj,t−1)

= Cov (εj,t−k, εj,t) + Cov (εj,t−k, βj ∗ εj,t−1) + Cov (βj ∗ εj,t−k−1, εj,t)+

+ Cov (βj ∗ εj,t−k−1, βj ∗ εj,t−1) (3.8)



50 UPorto
Contributions to the analysis of multivariate count data

Attending that {εεεt} is an i.i.d. sequence of bivariate random variables, then if k = 1, only

the second summand in (3.8) is non null. Therefore,

γXj
(1) = Cov(Xj, t−1, Xj, t) = Cov(εj,t−1, βj ∗ εj,t−1)

= βj Cov (εj,t−1, εj,t−1)

= βj Var [εj,t−1]

= βj

(

(λj + φ)2
ν

τ2
+ (λj + φ)

ν

τ

)

.

If k > 1, γXj
(k) = 0, once all the summands in (3.8) are zero.

The cross-covariance function, γX1,X2
(k) can be written as,

γX1,X2
(k) = Cov(X1, t, X2, t−k)

= Cov (ε1,t + β1 ∗ ε1,t−1, ε2,t−k + β2 ∗ ε2,t−k−1)

= Cov (ε1,t, ε2,t−k) + Cov (ε1,t, β2 ∗ ε2,t−k−1) + Cov (β1 ∗ ε1,t−1, ε2,t−k)

+ Cov (β1 ∗ ε1,t−1, β2 ∗ ε2,t−k−1) . (3.9)

Attending that {εεεt} is a sequence of i.i.d. random variables, if k = 0, the second and the

third summands in (3.9) are zero. Thus,

γX1,X2
(0) = Cov(X1, t, X2, t)

= Cov(ε1,t, ε2,t) + Cov(β1 ∗ ε1,t−1, β2 ∗ ε2,t−1)

= Cov(ε1,t, ε2,t) + β1β2 Cov(ε1,t−1, ε2,t−1)

= (1 + β1 β2)Cov(ε1,t, ε2,t)

= (1 + β1β2)
(

(λ1 + φ)(λ2 + φ)
ν

τ2
+ φ

ν

τ

)

.

If k = 1, only the third summand in (3.9) is different from zero.

Therefore,

γX1,X2
(1) = Cov(X1, t, X2, t−1)

= Cov(β1 ∗ ε1,t−1, ε2,t−1)

= β1 Cov(ε1,t−1, ε2,t−1)

= β1

(

(λ1 + φ)(λ2 + φ)
ν

τ2
+ φ

ν

τ

)

.
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If k > 1, γX1,X2
(k) = 0, once all the summands in (3.9) are zero.

For the case γX2,X1
(k), the proofs are analogous. �

The joint pgf of the BINMAII(1, 1) model is presented in the next proposition.

Proposition 3.4 For the model defined in (3.6), the joint pgf of Xt = {(X1, t, X2, t)} is given

by

GX(s) = Gεεε(s)Gεεε

(

τ

τ − (λ1 + φ)(s1 − 1)
,

τ

τ − (λ2 + φ)(s2 − 1)

)

, (3.10)

where Gεεε(s) = G(ε1, t,ε2, t)(s1, s2). Then by using (3.7), GX(s) can be written by

GX(sss) =

[

1−
(

λ1 + φ

τ

)

(s1 − 1)−
(

λ2 + φ

τ

)

(s2 − 1)− φ

τ
(s1 − 1)(s2 − 1)

]

−ν

×

×
[

1−
(

λ1 + φ

τ

)(

τ

τ − (λ1 + φ)(s1 − 1)
− 1

)

−
(

λ2 + φ

τ

)

×

×
(

τ

τ − (λ2 + φ)(s2 − 1)
− 1

)

− φ

τ

(

τ

τ − (λ1 + φ)(s1 − 1)
− 1

)

×

×
(

τ

τ − (λ2 + φ)(s2 − 1)
− 1

)]

−ν

. (3.11)

Proof:

The joint pgf of the BINMAII(1, 1) process is obtained from

GX(sss) = E
[

sXt

]

= E
[

s
X1, t

1 s
X2, t

2

]

= E
[

s
ε1, t+β1∗ ε1, t−1

1 s
ε2, t+β2∗ ε2, t−1

2

]

= E
[

s
ε1, t
1 s

β1∗ ε1, t−1

1 s
ε2, t
2 s

β2∗ ε2, t−1

2

]

= E
[

s
ε1, t
1 s

ε2, t
2

]

E
[

s
β1∗ ε1, t−1

1 s
β2∗ ε2, t−1

2

]

= Gεεε(s1, s2)E
[

E
[

s
β1∗ ε1, t−1

1 s
β2∗ ε2, t−1

2 |εεεt−1

]]

,

where

E
[

E
[

s
β1∗ ε1, t−1

1 s
β2∗ ε2, t−1

2 |εεεt−1

]]

=

= E

[

(

τ

(λ1 + φ) + τ

)ε1, t−1
(

1− s1 +

(

τ

(λ1 + φ) + τ

)

s1

)

−ε1, t−1

,
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(

τ

(λ2 + φ) + τ

)ε2, t−1
(

1− s2 +

(

τ

(λ2 + φ) + τ

)

s2

)

−ε2, t−1

]

= E

[

(

τ

(λ1 + φ) + τ

)ε1, t−1
(

(λ1 + φ+ τ)(1− s1) + τs1
(λ1 + φ) + τ

)

−ε1, t−1

,

(

τ

(λ2 + φ) + τ

)ε2, t−1
(

(λ2 + φ+ τ)(1− s2) + τs2
(λ2 + φ) + τ

)

−ε2, t−1

]

= E

[(

τ

(λ1 + φ) + τ

)ε1, t−1
(

(λ1 + φ) + τ

τ − (λ1 + φ)(s1 − 1)

)ε1, t−1

,

(

τ

(λ2 + φ) + τ

)ε2, t−1
(

(λ2 + φ) + τ

τ − (λ2 + φ)(s2 − 1)

)ε2, t−1
]

= E

[(

τ

τ − (λ1 + φ)(s1 − 1)

)ε1, t−1

,

(

τ

τ − (λ2 + φ)(s2 − 1)

)ε2, t−1
]

= Gεεε

(

τ

τ − (λ1 + φ)(s1 − 1)
,

τ

τ − (λ2 + φ)(s2 − 1)

)

.

Thus,

GX(sss) = Gεεε(s)Gεεε

(

τ

τ − (λ1 + φ)(s1 − 1)
,

τ

τ − (λ2 + φ)(s2 − 1)

)

.

Then, by using (3.7) and (3.10), it is found that

GX(sss) =

[

1−
(

λ1 + φ

τ

)

(s1 − 1)−
(

λ2 + φ

τ

)

(s2 − 1)− φ

τ
(s1 − 1)(s2 − 1)

]

−ν

×

×
[

1−
(

λ1 + φ

τ

)(

τ

τ − (λ1 + φ)(s1 − 1)
− 1

)

−
(

λ2 + φ

τ

)

×

×
(

τ

τ − (λ2 + φ)(s2 − 1)
− 1

)

− φ

τ

(

τ

τ − (λ1 + φ)(s1 − 1)
− 1

)

×

×
(

τ

τ − (λ2 + φ)(s2 − 1)
− 1

)]

−ν

.

�

Proposition 3.5 The joint distribution of the BINMAII(1, 1) model defined in (3.6) it is not

BNB-type II.

Proof:

For this proof it is used reduction to absurdity. Assume that the BINMAII(1, 1) model, {Xt}
has BNB-type II distribution, i.e.,

Xt ∼ BNBII(π1, π2, π3, ϑ),
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where by (A.15),

π1 =
γ0 − γ2

1 + γ0 + γ1 − γ2
, π2 =

γ1 − γ2
1 + γ0 + γ1 − γ2

,

π3 =
γ2

1 + γ0 + γ1 − γ2
, ϕ =

1

1 + γ0 + γ1 − γ2
,

with

γ0 =
(1 + β1)(λ1 + φ)

τ
; γ1 =

(1 + β2)(λ2 + φ)

τ
;

γ2 =
τ(1 + β1β2)φ− (λ1 + φ)(λ2 + φ)(β1 + β2)

τ2
.

Then, the joint pgf of {Xt} is defined by (A.13) as

GXXX(s1, s2) = ϕϑ(1− π1s1 − π2s2 − π3s1s2)
−ϑ. (3.12)

Comparing (3.12) and (3.11) through a computer algebra system (Maple), the equality is not

obtained. Therefore it is proved that the joint distribution of the model is not a BNB-type

II. �

For the BINMAII(1, 1) model described in (3.6), the index of dispersion is given by

σ2j
µj

= 1 + βj + β2j > 1, with βj =
λj + φ

τ
.

Therefore, this model should be used when overdispersion occurs.

Figure 3.2 represents a bivariate time series of n = 500 observations, simulated from a

BINMAII(1, 1). The innovation process follows a BNB-Type II distribution with parame-

ters (λ1, λ2, φ, ν, τ) = (1, 1, 0.5, 1, 2), i.e., εεεt ∼ BNBII(p1 = 0.22, p2 = 0.22, p3 = 0.11, ν = 1).

From Figure 3.2, it is possible to observe that the sample autocorrelation function are nearly

zero after the first lag, while the sample cross-correlation indicates dependence between the

two series.
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Figure 3.2: Realization with n = 500 observations of a BINMAII(1, 1) process with εεεt ∼
BNBII(0.22, 0.22, 0.11, 1) and θθθ = (λ1, λ2, φ, ν, τ) = (1, 1, 0.5, 1, 2) (top panels), sample auto-
correlation functions (middle panels) and sample cross-correlation function (bottom panel).

Chapter3/Chapter3Figs/binma11_type2.eps
Chapter3/Chapter3Figs/acf_binma11_type2.eps
Chapter3/Chapter3Figs/ccf_binma11_type2.eps
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3.3 BINMA Models Based on the Bivariate Binomial Thinning

Operator

The first-order Bivariate INteger-valued Moving Average model, denoted by BINMA(1)-

BVBII, is a bivariate process {Xt} of bivariate random variables Xt = [X1,t X2,t]
′ satisfying

the following equation

Xt = εεεt + βββ ⊗ εεεt−1, t ∈ Z, (3.13)

where

• εεεt = [ε1,t ε2,t]
′ is an i.i.d. sequence of bivariate random variables with E[εj, t] = µj ,

Var[εj, t] = σ2j (for j = 1, 2) and Cov(ε1,t, ε2,t) = Γ;

• ’⊗’ denotes the bivariate binomial thinning operation defined in (1.5) by

βββ ⊗ εεεt−1 |εεεt−1 ∼ BVBII (ε1,t−1, ε2,t−1,min{ε1,t−1, ε2,t−1};β1, β2, φβ) ; (3.14)

• βββ = (β1, β2, φβ) is the thinning parameter, with 0 < β1, β2 < 1 and φβ , the cross-

correlation parameter, satisfying the following restriction

max

{

−
√

β1β2

(1−β1)(1−β2)
,−
√

(1−β1)(1−β2)
β1β2

}

< φβ < min

{

√

β1(1−β2)
(1−β1)β2

,
√

(1−β1)β2

β1(1−β2)

}

, (3.15)

and where for each t the thinnings are performed independently of each other.

The pgf of βββ⊗εεεt−1 cannot be written in a simple closed-form formula. Defining Z = βββ⊗εεεt−1,

i.e., [Z1 Z2]
′ = (β1, β2, φβ) ⊗ [ε1,t−1 ε2,t−1]

′, the pgf of βββ ⊗ εεεt−1 is given by (Scotto et al.,

2014)

GZ(s1, s2) = E

[

(1− β1 + β1s1)
ε1,t−1(1− β2 + β2s2)

ε2,t−1×

×
(

1 + φβ

√

β1β2(1− β1)(1− β2)(1− s1)(1− s2)

(1− β1 + β1s1)(1− β2 + β2s2)

)min(ε1,t−1,ε2,t−1)
]

.

(3.16)

Therefore, the joint pgf of Xt = [X1,t X2,t]
′ can not also be written as a simple closed-form

formula, as it is possible to see in the next proposition.

Proposition 3.6 Let Gεεε(s) = G(ε1,t,ε2,t)(s1, s2) be the joint pgf of [ε1,t ε2,t]
′. Then, the joint
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pgf of Xt = [X1,t X2,t]
′ is given by,

GXXX(s1, s2) = E

[

(1− β1 + β1s1)
ε1,t−1 (1− β2 + β2s2)

ε2,t−1×

×
(

1 + φβ

√

β1β2(1− β1)(1− β2)(1− s1)(1− s2)

(1− β1 + β1s1)(1− β2 + β2s2)

)min(ε1,t−1, ε2,t−1) ]

Gεεε(s1, s2).

Proof:

Let Z = βββ ⊗ εεεt−1, i.e., [Z1 Z2]
′ = (β1, β2, φβ) ⊗ [ε1,t−1 ε2,t−1]

′. The joint pgf of the

BINMA(1)-BVBII process is obtained by

GXt(sss) = E
[

sXt

]

= E
[

s
Z1+ ε1,t
1 s

Z2+ ε2,t
2

]

= E

[

s
(βββ ⊗ εεεt−1)

1
+ ε1,t

1 s
(βββ ⊗ εεεt−1)

2
+ ε2,t

2

]

= E

[

s
(βββ ⊗ εεεt−1)

1

1 s
ε1,t
1 s

(βββ ⊗ εεεt−1)
2

2 s
ε2,t
2

]

= E

[

s
(βββ ⊗ εεεt−1)

1

1 s
(βββ ⊗ εεεt−1)

2

2

]

E
[

s
ε1,t
1 s

ε2,t
2

]

= E

[

(1− β1 + β1s1)
ε1,t−1 (1− β2 + β2s2)

ε2,t−1×

×
(

1 + φβ

√

β1β2(1− β1)(1− β2)(1− s1)(1− s2)

(1− β1 + β1s1)(1− β2 + β2s2)

)min(ε1,t−1, ε2,t−1) ]

Gεεε(s1, s2).

�

The unconditional first- and second-order moments for the BINMA(1)-BVBII model are given

in the next proposition.

Proposition 3.7 For the BINMA(1)-BVBII model defined in (3.13), the unconditional first-

and second-order moments are given by (for j = 1, 2)

(i) E[Xj, t] = µj + βjµj;

(ii) Var[Xj, t] = σ2j (1 + β2j ) + βj(1− βj)µj;

(iii) γXj
(k) = Cov(Xj,t−k, Xj,t) =

{

βjσ
2
j , if k = 1,

0, if k > 1;

(iv) γX1,X2
(0) = Cov(X1, t , X2, t)

.............. = (1 + β1β2)Γ + φβ
√

β1β2(1− β1)(1− β2)E[min(ε1,t−1ε2,t−1)];
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(v) γX1,X2
(1) = Cov(X1, t , X2, t−1) = β1Γ;

(vi) γX2,X1
(1) = Cov(X1, t−1 , X2, t) = β2Γ;

(vii) γX1,X2
(k) = γX2,X1

(k) = 0, if k > 1.

Proof:

By the properties of the bivariate binomial thinning defined in (1.5), namely the mean E
[

(ααα⊗
XXX)i

]

= αi E[Xi] and variance Var
[

(ααα ⊗XXX)i
]

= αi(1 − αi)E[Xi] + α2
i Var[Xi], for i = 1, 2, it

is found that:

E[Xj, t] = E[εj, t] + E[(βββ ⊗ εεεt−1)j ]

= µj + βj E[εj, t−1]

= µj + βj µj , j = 1, 2.

Var[Xj, t] = Var[εj, t] + Var[(βββ ⊗ εεεt−1)j ]

= σ2j + βj(1− βj)E[εj, t−1] + β2j Var[εj, t−1]

= σ2j + βj(1− βj)µj + β2j σ
2
j

= σ2j (1 + β2j ) + βj(1− βj)µj , j = 1, 2.

Let Xj,t = εj,t + (βββ ⊗ εεεt−1)j . The autocovariance function is obtained by

γXj
(k) = Cov(Xj,t−k, Xj,t)

= Cov (εj,t−k + (βββ ⊗ εεεt−k−1)j , εj,t + (βββ ⊗ εεεt−1)j)

= Cov (εj,t−k , εj,t) + Cov (εj,t−k , (βββ ⊗ εεεt−1)j)+

+ Cov ((βββ ⊗ εεεt−k−1)j , εj,t) + Cov ((βββ ⊗ εεεt−k−1)j , (βββ ⊗ εεεt−1)j) (3.17)

By construction of the model defined in (3.13), εεεt = [ε1,t ε2,t]
′ is an i.i.d. sequence of

bivariate random variables. Thus, if k = 1, only the second summand in (3.17) is non null.

Therefore,

γXj
(1) = Cov(Xj,t−1, Xj,t)

= Cov (εj,t−1 , (βββ ⊗ εεεt−1)j)

= E[Cov (εj,t−1, (βββ ⊗ εεεt−1)j |εj,t−1)] + Cov[E(εj,t−1|εj,t−1) , E((βββ ⊗ εεεt−1)j |εj,t−1)]

= 0 + Cov(εj,t−1 , βj εj,t−1)

= βj Var(εj,t−1 , εj,t−1)

= βj σ
2
j



58 UPorto
Contributions to the analysis of multivariate count data

since

Cov (εj,t−1, (βββ ⊗ εεεt−1)j |εj,t−1) = E[εj,t−1(βββ ⊗ εεεt−1)j |εj,t−1]−
− E[εj,t−1|εj,t−1]E[(βββ ⊗ εεεt−1)j |εj,t−1]

= βj(εj,t−1)
2 − βj(εj,t−1)

2 = 0

If k > 1, γXj
(k) = 0, once all the summands in (3.17) are zero.

Analogously for Xj,t = εj,t + (βββ ⊗ εεεt−1)j , it follows that the cross-covariance function is

obtained from

γX1,X2
(k) = Cov(X1, t , X2, t−k)

= Cov (ε1,t + (βββ ⊗ εεεt−k)1 , ε2,t−k + (βββ ⊗ εεεt−k−1)2)

= Cov (ε1,t , ε2,t−k) + Cov (ε1,t , (βββ ⊗ εεεt−k−1)2)

+ Cov ((βββ ⊗ εεεt−1)1 , ε2,t−k) + Cov ((βββ ⊗ εεεt−1)1 , (βββ ⊗ εεεt−k−1)2) (3.18)

Attending once again to the fact that εεεt = [ε1,t ε2,t]
′ is an i.i.d. sequence of bivariate random

variables, if k = 0 the second and the third summands in (3.18) are zero. Thus, γX1,X2
(0) is

given by

γX1,X2
(0) = Cov(X1,t, X2,t)

= Cov (ε1,t , ε2,t) + Cov((βββ ⊗ εεεt−1)1, (βββ ⊗ εεεt−1)2)

= Γ + β1 β2Cov(ε1,t−1, ε2,t−1) + φβ
√

β1β2(1− β1)(1− β2)E[min(ε1,t−1ε2,t−1)]

= (1 + β1 β2)Γ + φβ
√

β1β2(1− β1)(1− β2)E[min(ε1,t−1ε2,t−1)]

On the other hand, if k = 1, only the third summand in (3.18) is non null. Thus, γX1,X2
(1) is

given by

γX1,X2
(1) = Cov(X1,t, X2,t−1)

= Cov ((βββ ⊗ εεεt−1)1 , ε2,t−1 )

= E[Cov ((βββ ⊗ εεεt−1)1, ε2,t−1|εεεt−1)] + Cov[E((βββ ⊗ εεεt−1)1 ,E(ε2,t−1|εεεt−1) |εεεt−1)]

= 0 + Cov(β1 ε1,t−1 , ε2,t−1)

= β1 Cov(ε1,t−1 , ε2,t−1)

= β1 Γ
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since

Cov ((βββ ⊗ εεεt−1)1, ε2,t−1|εεεt−1) = E[(βββ ⊗ εεεt−1)1 ε2,t−1|εεεt−1]−
− E[(βββ ⊗ εεεt−1)j |εεεt−1]E[ε2,t−1|εεεt−1]

= β1 ε1,t−1 ε2,t−1 − β1 ε1,t−1 ε2,t−1 = 0.

Finally, if k > 1, γX1,X2
(k) = 0, once all the summands in (3.18) are zero.

For γX2,X1
(k), the proofs are analogous. �

3.3.1 BINMA(1)-BVBII Model with Bivariate Poisson Innovation Process

Assume that the innovation process in (3.13) follows a bivariate Poisson distribution (for more

details see Appendix A) with joint probability function given by (A.11) where λ1, λ2 ∈ R
+

and φ ∈ [ 0,min (λ1, λ2)[, i.e.,

[ε1,t ε2,t]
′ ∼ BP(λ1, λ2, φ). (3.19)

where the parameter φ is the covariance between the two random variables.

Since the joint pgf of the Xt = [X1,t X2,t]
′ can not be written as a closed-form formula, as

seen in Proposition 3.6, then the joint pgf of the BINMA(1)-BVBII model with a bivariate

Poisson innovation process can not be written in a closed-form formula. However, since

εi,t ∼ Po (λi + φ) , i = 1, 2, it can be proved that the process has Poisson marginals.

Proposition 3.8 The marginal pgf of the {Xj,t} are given by (for j = 1, 2)

GXj
(s) = exp((λj + φ)(1 + βj)(s− 1)),

which corresponds to a pgf of a random variable following a Poisson distribution with parameter

(λj + φ)(1 + βj).

Proof:

The marginal pgf given in Proposition 3.8, is obtained by (for j = 1, 2)

GXj
(s) = E

[

sXj,t
]

= E
[

sεj,t + (βββ ⊗ εεεt−1)j
]

= E
[

sεj,t
]

E
[

s(βββ ⊗ εεεt−1)j
]
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= E
[

sεj,t
]

E
[

E
[

s(βββ ⊗ εεεt−1)j |εεεt−1

]]

= Gεj
(s)Gεj

(1− βj + βjs). (3.20)

From (3.20) and from the pgf of a random variable with Poisson distribution, defined in (A.6),

it is possible to write

GXj
(s) = exp((λj + φ)(s− 1)) exp((λj + φ)(1− βj + βjs− 1)).

Therefore, simplifying, it is possible to obtain

GXj
(s) = exp((λj + φ)(s− 1) + βj(λj + φ)(s− 1))

= exp((1 + βj)(λj + φ)(s− 1))

which corresponds to a pgf of a random variable following a Poisson distribution with para-

meter (1 + βj)(λj + φ). �

Assuming a bivariate Poisson innovation process, the first- and second-order moments given

in Proposition 3.7 simplify to the results presented in the next corollary.

Corollary 3.1 The unconditional first- and second-order moments for the BINMA(1)-BVBII

model represented for the equation (3.13) can be given by (for j = 1, 2)

(i) E[Xj, t] = Var[Xj, t] = (λj + φ)(1 + βj);

(ii) γXj
(k) = Cov(Xj,t−k, Xj,t) =

{

βj(λj + φ), if k = 1,

0, if k > 1;

(iii) γX1,X2
(0) = Cov(X1, t , X2, t)

.............. = φ(1 + β1β2) + φβ
√

β1β2(1− β1)(1− β2)E
[

min(ε1,t−1, ε2,t−1)
]

;

(iv) γX1,X2
(1) = Cov(X1, t , X2, t−1) = β1φ;

(v) γX2,X1
(1) = Cov(X1, t−1 , X2, t) = β2φ;

(vi) γX1,X2
(k) = γX2,X1

(k) = 0, if k > 1.

The proofs of the Corollary 3.1 are analogous to the proofs of Proposition 3.7.

As it is possible to see by the Corollary 3.1 (iii) and attending to the limits of admissibil-

ity of the parameters involved in the model, namely 0 < β1, β2 < 1, λ1, λ2 ∈ R
+, φ ∈
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[ 0,min (λ1, λ2)[ and φβ satisfying (3.15), the BINMA(1)-BVBII with bivariate Poisson inno-

vation process only allows positive cross-correlations.

Figure 3.3 represents a bivariate time series of n = 500 observations, simulated from a

BINMA(1)-BVBII model. The thinning parameter is βββ = (β1, β2, φβ) = (0.6, 0.7, 0.13), where

φβ obeys the restriction −0.535 < φβ < 0.802. The innovation process follows a bivariate

Poisson distribution with parameters (λ1, λ2, φ) = (1, 1, 0.5), i.e., εεεt ∼ BP(1, 1, 0.5). From

Figure 3.3, it is possible to observe that the sample autocorrelation function are nearly zero

after the first lag, while the sample cross-correlation indicates dependence between the two

series.
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Figure 3.3: Realization with n = 500 observations of a BINMA(1)-BVBII process with
εεεt ∼ BP(1, 1, 0.5) and βββ = (β1, β2, φβ) = (0.6, 0.7, 0.13) (top panels), sample autocorrela-
tion functions (middle panels) and sample cross-correlation function (bottom panel).
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4. Parameter Estimation

This chapter is concerned with the parameter estimation in Bivariate INMA models. The

introduction of moving average (MA) components in a model complicates the estimation

problem. Least squares and maximum likelihood estimation for models with MA terms involve

numerical optimization and is computationally challenging. Generalized Method of Moments

(GMM) estimation is often available where a likelihood analysis is extremely difficult or even

impossible and provides a computationally convenient method of obtaining consistent and

asymptotically normally distributed estimators. The GMM estimator was firstly introduced

by Hansen (1982) into the econometric literature and, since then, has been widely applied

in several fields. The GMM estimator is derived from a set of minimal assumptions, the

so-called moment conditions, that the model should satisfy. The chapter begins with the

general formulation of GMM estimation and its main properties. Then, the general practical

implementation of GMM for a Bivariate INMA model is given and then it is accommodated

for each model studied in this thesis. At the end, the small sample properties of the obtained

GMM estimators are illustrated by the results of a Monte Carlo experiment.

4.1 Generalized Method of Moments Estimation

Suppose Xn = {Xt : t = 1, ..., n} is an observed sample of a model with true q× 1 parameter

vector θθθ0 and let θθθ be the parameter estimator. Furthermore, consider a vector Tn = Tn(Xn)

of k ≥ q summary statistics with expectation E[Tn] = ααα(θθθ), where ααα(θθθ) is a vector containing

the theoretical counterpart of the summary statistics. Then, the moment condition is defined

by

E[hn(θθθ;Xn)] = 0, (4.1)

where hn(θθθ;Xn) is a continuous k × 1 vector function of θθθ given by

hn(θθθ;Xn) = Tn −ααα(θθθ),

and E[hn(θθθ;Xn)] exists and is finite for all t and θθθ.
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In practice, equation (4.1) is replaced by its sample analogous

1

n

n
∑

t=1

hn(θθθ;Xt) = 0,

and an estimator θθθ can be obtained as the solution of the last equation.

Note that when k = q is obtained the Method of Moments (MM) estimator and in this case is

said that θθθ is just-identified. The Generalized Method of Moments estimator is obtained when

k > q and then is said that θθθ is over-identified (there are more equations than parameters)

and it is not possible to guarantee an unique solution to the equation in (4.1).

Thus, the GMM estimation can be done by minimizing the distance from hn(θθθ;Xn) to zero,

which could be measured through the quadratic form

Q∗

n(θθθ;Xn) = hn(θθθ;Xn)
′
Wn hn(θθθ;Xn), (4.2)

where [·]′ denotes transpose and Wn is any k × k symmetric and positive definite weight

matrix that may depend on the data but that converges in probability to a positive definite

matrix W. Therefore, the GMM estimator of θθθ is given by

θ̂θθn = argmin
θθθ

{

hn(θθθ;Xn)
′
Wn hn(θθθ;Xn)

}

. (4.3)

The consistency and asymptotic distribution of the GMM estimator is given in the following

theorem (see Jesus and Chandler (2011) for the proof and additional details).

Theorem 4.1 Assume the existence of a sequence (ηηηn) such that

h̃n(θθθ;Xn) = ηηηn hn(θθθ;Xn)

has a limiting covariance matrix S, and suppose that there exists a sequence (δδδn) of invertible

q × q matrices, that do not depend on θθθ, such that:

1. limn→∞δδδn = 0, the zero matrix;

2. within a neighborhood of θθθ0, for all r ∈ {1, ..., k} , the matrices H̃n(θθθ)δδδn =
∂h̃n(θθθ;Xn)

∂θθθ
δδδn

and ΩΩΩ
(r)
n (θθθ)δδδn =

∂2h̃(r)

∂θθθ∂θ′θ′θ′
δδδn (where h̃(r) is the rth element of h̃n(θθθ;Xn)) converge to

limiting matrices H(θθθ) and ΩΩΩ(r)(θθθ), respectively, all elements of which are continuous

functions of θθθ and where H(θθθ) is invertible.
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Let θ̂̂θ̂θn be the value of θθθ that minimize

Qn(θθθ;Xn) = h̃n(θθθ;Xn)
′
Wn h̃n(θθθ;Xn). (4.4)

Then, the expected value of θ̂θθn converges to θθθ0 and the covariance matrix of δδδ−1
n θ̂θθn converges

to

C =
(

M(θθθ0)
)

−1
Σ̃ΣΣ
(

M
′(θθθ0)

)

−1
,

where

Σ̃ΣΣ = H
′(θθθ0)Wn SW

′

nH(θθθ0) and M(θθθ) = H
′(θθθ)WH(θθθ).

The variance of the estimator depends on the weight matrix, Wn. In order to obtain the

estimator with the smallest possible asymptotic variance, the following theorem, can be used.

Furthermore, if Tn has a limiting multivariate normal distribution after standardization, the

limiting distribution of δδδ−1
n θ̂θθn is itself multivariate normal.

Theorem 4.2 Under the conditions set in Theorem 4.1, the smallest attainable limiting co-

variance matrix of δδδ−1
n θ̂θθn is

Cmin =
(

H
′(θθθ0)S

−1
H(θθθ0)

)

−1

and is achieved by setting

Wn = S
−1

in equation (4.4).

4.2 Practical Implementation for GMM Estimation

Let {Xt} = {(X1,t, X2,t)}, t = 1, ..., n, be an observed sample of a Bivariate INMA process of

order (q1, q2) with (5 + q1 + q2) unknown parameters

θθθ = (β1,1, ..., β1,q1 , µ1, σ
2
1, β2,1, ..., β2,q2 , µ2, σ

2
2,Λ).

The GMM estimator is defined as in (4.3) by

θ̂θθn = argmin
θθθ

{

hn(θθθ,Xn)
′
Wn hn(θθθ,Xn)

}

,

where hn(θθθ,Xn) = [h1 h2 h3 h4 h5 h6]
′ is a (5+2(q1+ q2))−dimensional vector based on the

summary statistics concerning the (unconditional) first- and second-order moments: mean,

variance, autocovariance and cross-covariance up to lag qj , (j = 1, 2). Note that these uncon-

ditional moments comprise the maximum characterization of the model without redundant
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information. Letting

µ′Xj1
,Xj2

(υ) = E[Xj1,t−υXj2,t] = γXj1
,Xj2

(υ) + µXj1
µXj2

,

for j1, j2 ∈ {1, 2}, γXji
,Xji

= γXji
and υ = 0, 1, . . . , the elements of h are defined as follows:

• h1 and h2 are 2-dimensional vectors with components defined, respectively, by

h1k =
1

n

n
∑

t=1

(Xk,t − µXk
), for k = 1, 2,

and

h2k =
1

n− 1

n
∑

t=1

(X2
k,t − µ′Xk,Xk

(0)), for k = 1, 2.

• h3 is a q1-dimensional vector with components

h3k =
1

n

n
∑

t=1+k

(X1,t−kX1,t − µ′X1,X1
(k)), for k = 1, . . . , q1. (4.5)

• h4 is a q2-dimensional vector with components

h4k =
1

n

n
∑

t=1+k

(X2,t−kX2,t − µ′X2,X2
(k)), for k = 1, . . . , q2. (4.6)

• h5 is a (q2 + 1)-dimensional vector with components

h5k =
1

n

n
∑

t=1+k

(X1,t−kX2,t − µ′X1,X2
(k)), for k = 0, . . . , q2. (4.7)

• h6 is a q1-dimensional vector with components

h6k =
1

n

n
∑

t=1+k

(X1,tX2,t−k − µ′X1,X2
(−k)), for k = 1, . . . , q1.

Note that, in general is not possible to find an analytical solution for the minimization of

hn(θθθ,Xn)
′
Wnhn(θθθ,Xn) and it is needed to resort to numerical procedures. With respect to

the choice of the weighting matrix, Wn, can be considered different approaches, namely:

1. Wn being the identity matrix (equal weights);

2. Wn being a symmetric and positive definite weight matrix which is obtained as the
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inverse of the covariance matrix of hn(θθθ,Xj,t), that is

Wn = (Cov(hn(θθθ,Xj,t)))
−1 ; (4.8)

3. Wn being a diagonal matrix, where the entries are the inverse of the corresponding

diagonal elements of (4.8).

In order to obtain an efficient GMM estimator (as referred in Theorems 4.1 and 4.2) the

quadratic form given in (4.2) can be reformulated as

Qn(θθθ,Xn) = hn(θθθ,Xn)
′
Wn(θθθ) hn(θθθ,Xn), (4.9)

where the weight matrix, which depends on the parameters, is obtained via plug-in or empirical

estimation as the covariance matrix of hn, as defined in (4.8), and minimize this quadratic

form with respect to θθθ. This procedure is called the continuously updated GMM estimator

and will be used to estimate the parameters of the models studied in this thesis. Details

and alternatives approaches for the estimation of the optimal weight matrix can be found in

Nielsen (2005).

4.3 Monte Carlo Results

To illustrate the estimation procedure and to analyse the small sample properties of the (con-

tinuously updated) GMM estimators for the parameters of the models presented in Chapter

2 and Chapter 3, the results of a simulation study is presented in this section. Thus, 1000

independent replicates of time series of length n = 200, 500 and 1000 are generated from each

of the following models: Poisson BINMA(1,1) model, BINMA(1,1) model with BNB-Type I

innovation process, NB-INMA(1) model, BINMAII(1, 1) model and BINMA(1)-BVBII model

with Bivariate Poisson innovation process. The mean estimate and the standard error of the

estimates are obtained from the 1000 replications. The practical implementation of GMM

explained in last section is adapted to each model, with q1 = 1 and q2 = 1.

The minimization of (4.9) is performed by the R function optim, which accomplished a general-

purpose optimization based on Nelder-Mead, quasi-Newton and conjugate-gradient algorithms

and includes an option for box-constrained optimization R Development Core Team (2008).

Poisson BINMA(1,1) model

This model have five parameters of interest, given by the vector θθθ = (β1, λ1, β2, λ2, φ) and 7

summary statistics concerning the first- and second-order moments: mean, autocovariance at

lag 1 for each series and the cross-covariance at lag 1, 0 and -1, defined in Remark 2.2.
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The minimization in (4.9) is subject to βj ∈] 0, 1 [, λj > 0 and φ ∈ [0,min (λ1, λ2)[, for j = 1, 2.

In this case, the initial estimates for the minimization of the quadratic form are obtained from

the method of moments, as follows:

β̂j,1 =
ρ̂j(1)

1− ρ̂j(1)
, φ̂ =

γ̂1,2(0)

1 + β̂1,1β̂2,1
, λ̂j =

xj

(1 + β̂j,1)
− φ̂, j = 1, 2,

where

• xj is the sample mean;

• ρ̂j(1) is the sample autocorrelation in lag 1;

• γ̂1,2(0) is the sample cross-covariance in lag 0.

Several models are generated with the set of parameters given in Table 4.1.

Model β1 λ1 β2 λ2 φ µX1
= σ2

X1

µX2
= σ2

X2

M1 0.1 3.0 0.5 1.0 0.5 3.850 2.250
M2 0.1 3.0 0.9 2.0 1.0 4.400 5.700
M3 0.6 2.0 0.7 2.0 1.0 4.800 5.100
M4 0.6 2.0 0.7 2.0 0.5 4.000 4.250
M5 0.3 1.0 0.3 2.0 0.5 1.950 3.250
M6 0.4 1.0 0.5 1.0 0.5 2.100 2.250
M7 0.1 1.0 0.1 1.0 0.5 1.650 1.650
M8 0.9 1.0 0.9 1.0 0.5 2.850 2.850
M9 0.5 2.0 0.5 2.0 1.0 4.500 4.500
M10 0.5 2.0 0.5 2.0 0.5 3.750 3.750
M11 0.6 1.0 0.6 1.0 0.3 2.080 2.080
M12 0.2 3.0 0.4 2.0 1.0 4.800 4.200

Table 4.1: Set of parameters for the Poisson BINMA(1, 1) model.

The results are summarized in Tables 4.2 and 4.3 by the mean and standard errors of the

estimates obtained from the 1000 replicates, while Figures 4.1 and 4.2 display the boxplots

of the bias of the estimates for the model M1 and M7. The boxplots of the estimates

for the other models are similar. The results indicate that the bias and standard errors of

the GMM estimates decrease as n increases. Furthermore, the boxplots indicate that, even

in small samples, the distributions of the estimators is fairly symmetric. In general, λ̂2 is

overestimated and φ̂ is underestimated. Note that the estimates present large variability,

specially for small sample sizes.
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Model θθθ = (β1, λ1, β2, λ2, φ) n β̂1 λ̂1 β̂2 λ̂2 φ̂

200 0.144 2.954 0.472 1.123 0.440
(0.130) (0.399) (0.223) (0.282) (0.173)

M1 (0.1,3.0,0.5,1.0,0.5) 500 0.111 3.010 0.492 1.051 0.470
(0.079) (0.256) (0.147) (0.200) (0.130)

1000 0.105 3.003 0.504 1.013 0.489
(0.058) (0.197) (0.111) (0.149) (0.093)

200 0.136 2.957 0.771 2.559 0.939
(0.111) (0.423) (0.250) (0.718) (0.324)

M2 (0.1,3.0,0.9,2.0,1.0) 500 0.111 2.999 0.881 2.274 0.969
(0.069) (0.300) (0.188) (0.475) (0.218)

1000 0.101 3.008 0.829 2.146 0.996
(0.051) (0.225) (0.149) (0.338) (0.156)

200 0.593 1.849 0.642 2.248 0.929
(0.239) (0.517) (0.243) (0.540) (0.271)

M3 (0.6,2.0,0.7,2.0,1.0) 500 0.607 1.944 0.697 2.076 0.968
(0.188) (0.382) (0.197) (0.387) (0.189)

1000 0.604 1.954 0.699 2.058 0.974
(0.153) (0.311) (0.164) (0.312) (0.142)

200 0.609 2.048 0.664 2.122 0.494
(0.244) (0.458) (0.247) (0.463) (0.238)

M4 (0.6,2.0,0.7,2.0,0.5) 500 0.606 2.034 0.701 2.034 0.491
(0.173) (0.297) (0.183) (0.311) (0.157)

1000 0.605 2.012 0.703 2.019 0.494
(0.132) (0.223) (0.152) (0.247) (0.113)

200 0.299 1.058 0.305 2.064 0.463
(0.165) (0.230) (0.181) (0.373) (0.162)

M5 (0.3,1.0,0.3,2.0,0.5) 500 0.306 1.014 0.301 2.032 0.483
(0.108) (0.157) (0.118) (0.251) (0.106)

1000 0.299 1.010 0.303 2.010 0.495
(0.070) (0.114) (0.086) (0.183) (0.082)

200 0.492 1.071 0.500 1.062 0.461
(0.220) (0.252) (0.213) (0.243) (0.135)

M6 (0.4,1.0,0.5,1.0,0.5) 500 0.504 1.015 0.493 1.026 0.493
(0.142) (0.168) (0.139) (0.165) (0.100)

1000 0.507 1.003 0.501 1.011 0.494
(0.101) (0.118) (0.100) (0.119) (0.072)

Table 4.2: Mean and standard errors (in brackets) of the estimates for models M1 to M6.
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Model θθθ = (β1, λ1, β2, λ2, φ) n β̂1 λ̂1 β̂2 λ̂2 φ̂

200 0.121 0.993 0.121 0.990 0.487
(0.104) (0.187) (0.099) (0.183) (0.128)

M7 (0.1,1.0,0.1,1.0,0.5) 500 0.108 0.998 0.101 1.009 0.495
(0.068) (0.133) (0.066) (0.133) (0.086)

1000 0.103 1.001 0.102 1.005 0.495
(0.050) (0.094) (0.049) (0.094) (0.059)

200 0.765 1.105 0.776 1.098 0.521
(0.197) (0.237) (0.197) (0.238) (0.154)

M8 (0.9,1.0,0.9,1.0,0.5) 500 0.830 1.051 0.834 1.049 0.512
(0.146) (0.157) (0.148) (0.155) (0.101)

1000 0.867 1.034 0.874 1.027 0.499
(0.116) (0.115) (0.115) (0.115) (0.074)

200 0.490 2.142 0.507 2.107 0.954
(0.234) (0.524) (0.235) (0.532) (0.278)

M9 (0.5,2.0,0.5,2.0,1.0) 500 0.509 2.042 0.507 2.043 0.975
(0.178) (0.369) (0.166) (0.371) (0.197)

1000 0.504 2.031 0.513 2.015 0.982
(0.131) (0.282) (0.134) (0.279) (0.142)

200 0.505 2.054 0.515 2.043 0.492
(0.234) (0.445) (0.241) (0.464) (0.234)

M10 (0.5,2.0,0.5,2.0,0.5) 500 0.512 2.029 0.512 2.020 0.485
(0.166) (0.292) (0.164) (0.297) (0.151)

1000 0.505 2.009 0.507 2.006 0.495
(0.117) (0.213) (0.114) (0.214) (0.113)

200 0.599 1.040 0.599 1.029 0.290
(0.230) (0.234) (0.225) (0.232) (0.130)

M11 (0.6,1.0,0.6,1.0,0.3) 500 0.599 1.016 0.608 1.010 0.295
(0.164) (0.155) (0.171) (0.159) (0.088)

1000 0.604 1.005 0.605 1.007 0.296
(0.115) (0.104) (0.122) (0.113) (0.061)

200 0.233 3.015 0.398 2.123 0.947
(0.178) (0.585) (0.218) (0.551) (0.299)

M12 (0.2,3.0,0.4,2.0,1.0) 500 0.213 3.014 0.403 2.056 0.968
(0.108) (0.389) (0.150) (0.383) (0.199)

1000 0.200 3.017 0.406 2.004 0.998
(0.072) (0.262) (0.106) (0.268) (0.144)

Table 4.3: Mean and standard errors (in brackets) of the estimates for models M7 to M12.
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Figure 4.1: Boxplots of the bias of the GMM estimates for the model M1.
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Figure 4.2: Boxplots of the bias of the GMM estimates for the model M7.
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BINMA(1, 1) model with BNB-Type I innovation process

This process have five parameters of interest, θθθ = (β1, λ1, β2, λ2, τ), and it can be used 9

summary statistics regarding the first- and second-order moments: mean, variance, autoco-

variance at lag 1 for each series and the cross-covariance at lag 1, 0 and -1, defined in Remark

2.4.

In this case the initial estimates for the numerical minimization of (4.9) are not obtained by the

method of moments, once the obtained system has (highly) nonlinear equations. Therefore, an

arbitrary initial value θθθ∗ = (β1, λ1, β2, λ2, τ) = (0.5, 1, 0.5, 1, 1) is used and the minimization

is subject to βj ∈] 0, 1 [, λj > 0, for j = 1, 2 and τ > 0, with the set of parameters given in

Table 4.4.

Model β1 λ1 β2 λ2 τ µX1
σ2

X1

µX2
σ2

X2

S1 0.1 3.0 0.5 1.0 0.5 3.300 7.845 1.500 2.125
S2 0.1 3.0 0.9 2.0 1.0 3.300 12.390 3.800 11.040
S3 0.6 2.0 0.7 2.0 1.0 3.200 8.640 3.400 9.360
S4 0.6 2.0 0.7 2.0 0.5 3.200 5.920 3.400 6.380
S5 0.3 1.0 0.3 2.0 0.5 1.300 1.845 2.600 4.780
S6 0.5 1.0 0.5 1.0 1.0 1.500 2.750 1.500 2.750
S7 0.1 3.0 0.2 2.0 1.0 3.300 12.390 2.400 6.560
S8 0.4 1.0 0.6 1.0 2.0 1.400 3.720 1.600 4.320
S9 0.3 1.0 0.3 1.0 2.0 1.300 3.480 1.300 3.480
S10 0.5 3.0 0.7 1.0 1.0 4.500 15.750 1.700 3.190
S11 0.1 1.0 0.1 1.0 1.0 1.100 2.110 1.100 2.110
S12 0.9 1.0 0.9 1.0 1.0 1.900 3.710 1.900 3.710

Table 4.4: Set of parameters for the BINMA(1, 1) model with BNB-Type I innovation process.

The mean estimates and corresponding standard errors are summarized in Tables 4.5 and 4.6.

Figures 4.3 and 4.4 displays the boxplots of the bias of the estimates for the model S1 and

S3. The boxplots of the estimates for the other models are similar.

The following conclusions can be drawn from the analysis of all the simulations. Once again,

the sample bias and standard errors decrease as the sample size increases, indicating that the

distribution of the estimators is consistent and symmetric. The results show that, in general,

λ̂1 and τ̂ are underestimated. Also for this model, the boxplots indicate that, even in small

samples, the distributions of the estimators is fairly symmetric. The estimates present a larger

variability than expected, specially for small sample sizes.
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Model θθθ = (β1, λ1, β2, λ2, τ) n β̂1 λ̂1 β̂2 λ̂2 τ̂

200 0.111 2.949 0.503 0.992 0.476
(0.078) (0.297) (0.182) (0.151) (0.109)

S1 (0.1,3.0,0.5,1.0,0.5) 500 0.106 2.971 0.501 0.998 0.489
(0.051) (0.199) (0.116) (0.097) (0.072)

1000 0.101 2.994 0.497 1.000 0.491
(0.038) (0.144) (0.079) (0.072) (0.048)

200 0.119 2.858 0.863 1.996 0.951
(0.122) (0.385) (0.170) (0.296) (0.221)

S2 (0.1,3.0,0.9,2.0,1.0) 500 0.107 2.942 0.886 1.987 0.967
(0.084) (0.276) (0.108) (0.178) (0.140)

1000 0.107 2.951 0.902 1.997 0.992
(0.056) (0.217) (0.072) (0.120) (0.095)

200 0.621 1.937 0.684 1.997 0.922
(0.161) (0.250) (0.194) (0.299) (0.195)

S3 (0.6,2.0,0.7,2.0,1.0) 500 0.615 1.971 0.703 1.984 0.962
(0.100) (0.164) (0.137) (0.196) (0.128)

1000 0.611 1.978 0.699 1.996 0.980
(0.069) (0.117) (0.101) (0.143) (0.089)

200 0.619 1.963 0.690 2.008 0.466
(0.169) (0.244) (0.193) (0.283) (0.105)

S4 (0.6,2.0,0.7,2.0,0.5) 500 0.607 1.985 0.700 2.004 0.487
(0.109) (0.162) (0.151) (0.203) (0.069)

1000 0.611 1.985 0.707 1.995 0.495
(0.074) (0.112) (0.112) (0.147) (0.049)

200 0.316 0.987 0.327 1.946 0.506
(0.144) (0.147) (0.144) (0.251) (0.128)

S5 (0.3,1.0,0.3,2.0,0.5) 500 0.318 0.991 0.310 1.986 0.520
(0.081) (0.085) (0.094) (0.169) (0.076)

1000 0.310 0.996 0.295 2.012 0.516
(0.055) (0.060) (0.058) (0.115) (0.055)

200 0.512 0.972 0.502 0.979 0.932
(0.175) (0.147) (0.162) (0.153) (0.238)

S6 (0.5,1.0,0.5,1.0,1.0) 500 0.504 0.984 0.494 0.994 0.969
(0.102) (0.093) (0.100) (0.091) (0.156)

1000 0.503 0.995 0.495 1.001 0.975
(0.069) (0.066) (0.061) (0.062) (0.110)

Table 4.5: Mean and standard errors (in brackets) of the estimates for models S1 to S6.
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Model θθθ = (β1, λ1, β2, λ2, τ) n β̂1 λ̂1 β̂2 λ̂2 τ̂

200 0.116 2.938 0.200 1.997 0.942
(0.086) (0.349) (0.100) (0.251) (0.191)

S7 (0.1,3.0,0.2,2.0,1.0) 500 0.111 2.957 0.191 2.003 0.957
(0.064) (0.247) (0.063) (0.162) (0.128)

1000 0.106 2.968 0.189 2.012 0.973
(0.033) (0.162) (0.039) (0.111) (0.085)

200 0.403 0.947 0.570 0.977 1.784
(0.137) (0.148) (0.193) (0.168) (0.455)

S8 (0.4,1.0,0.6,1.0,2.0) 500 0.397 0.980 0.585 0.994 1.893
(0.071) (0.096) (0.128) (0.118) (0.293)

1000 0.398 0.990 0.592 0.997 1.932
(0.050) (0.065) (0.085) (0.074) (0.219)

200 0.292 0.954 0.293 0.957 1.794
(0.109) (0.152) (0.107) (0.152) (0.467)

S9 (0.3,1.0,0.3,1.0,2.0) 500 0.292 0.984 0.295 0.982 1.895
(0.064) (0.096) (0.062) (0.097) (0.283)

1000 0.295 0.992 0.295 0.995 1.929
(0.045) (0.066) (0.042) (0.065) (0.219)

200 0.523 2.891 0.686 0.990 0.929
(0.149) (0.368) (0.205) (0.168) (0.193)

S10 (0.5,3.0,0.7,1.0,1.0) 500 0.514 2.952 0.702 0.995 0.967
(0.093) (0.228) (0.145) (0.111) (0.121)

1000 0.506 2.971 0.698 0.998 0.981
(0.051) (0.153) (0.108) (0.082) (0.091)

200 0.116 0.965 0.118 0.956 0.960
(0.081) (0.132) (0.087) (0.131) (0.228)

S11 (0.1,1.0,0.1,1.0,1.0) 500 0.100 0.991 0.106 0.981 0.979
(0.049) (0.087) (0.048) (0.082) (0.150)

1000 0.099 0.996 0.104 0.991 0.984
(0.036) (0.060) (0.034) (0.057) (0.104)

200 0.838 1.000 0.845 1.006 0.912
(0.147) (0.135) (0.148) (0.142) (0.219)

S12 (0.9,1.0,0.9,1.0,1.0) 500 0.871 0.999 0.870 1.003 0.952
(0.110) (0.090) (0.117) (0.092) (0.144)

1000 0.891 1.001 0.883 1.005 0.975
(0.090) (0.066) (0.087) (0.067) (0.105)

Table 4.6: Mean and standard errors (in brackets) of the estimates for models S7 to S12.
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Figure 4.3: Boxplots of the bias of the GMM estimates for the model S1.
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Figure 4.4: Boxplots of the bias of the GMM estimates for the model S3.
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NB-INMA(1) model

For this univariate model, the implementation described in Section 4.2 is applied with q1 = 1

and q2 = 0, for instance. The independent replicates are given by {Xt}, t = 1, ..., n, generated

from a NB-INMA(1) process defined in (3.1) with 2 parameters, θθθ = (κ, β). There are 3

summary statistics related with the first- and second-order moments: mean, variance and

autocovariance at lag 1, defined in Proposition 3.2.

The initial values for GMM estimation are obtained from the method of moments, namely

β̂ =
γ̂x(1)

x
, and κ̂ =

ŝ2

β̂(1 + β̂)(1 + β̂ + β̂2)

where

• x is the sample mean

• ŝ2 is the sample variance

• γ̂x(1) is the sample autocovariance in lag 1.

The minimization in (4.9) is performed numerically and subject to βj ∈] 0, 1 [, κ > 0, for

different values of the parameters κ and β, given in the Table 4.7.

Model θθθ = (κ , β ) µX σ2
X

I (1, 0.5) 0.750 1.313

II (1, 0.6) 0.960 1.882

III (1, 0.9) 1.710 4.634

IV (2, 0.4) 1.120 1.747

V (2, 0.7) 2.380 5.212

VI (2, 0.9) 3.420 9.268

VII (3, 0.5) 2.250 3.938

VIII (3, 0.7) 3.570 7.818

Table 4.7: Set of parameters for the NB-BINMA(1) model.

The mean estimates and standard errors from the 1000 replicates are given in Table 4.8. The

sample mean and standard errors decrease as the sample size increases, indicating that the

distribution of the estimators is consistent and symmetric. The results show that, in general

κ̂ is overestimated, while β̂ is underestimated as can be seen by the boxplots in Figures 4.5

and 4.6.
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Model θθθ = (κ , β ) n κ̂ β̂ Model θθθ = (κ , β ) n κ̂ β̂

200 1.174 0.472 200 2.267 0.657

(0.438) (0.128) (0.586) (0.117)

I (1,0.5) 500 1.058 0.491 V (2,0.7) 500 2.075 0.691

(0.246) (0.085) (0.334) (0.081)

1000 1.041 0.492 1000 2.037 0.695

(0.168) (0.062) (0.226) (0.057)

200 1.154 0.567 200 2.304 0.823

(0.378) (0.132) (0.474) (0.106)

II (1,0.6) 500 1.071 0.584 VI (2,0.9) 500 2.136 0.862

(0.213) (0.088) (0.261) (0.072)

1000 1.034 0.591 1000 2.069 0.879

(0.148) (0.065) (0.176) (0.052)

200 1.184 0.807 200 3.396 0.482

(0.264) (0.116) (1.134) (0.110)

III (1,0.9) 500 1.091 0.850 VII (3,0.5) 500 3.165 0.491

(0.146) (0.079) (0.617) (0.071)

1000 1.045 0.875 1000 3.079 0.495

(0.104) (0.060) (0.420) (0.050)

200 2.433 0.378 200 3.225 0.681

(1.209) (0.111) (0.757) (0.109)

IV (2,0.4) 500 2.152 0.391 VIII (3,0.7) 500 3.068 0.695

(0.538) (0.072) (0.451) (0.073)

1000 2.063 0.396 1000 3.055 0.696

(0.335) (0.050) (0.333) (0.055)

Table 4.8: Mean and standard errors (in brackets) of the estimates for models I to VIII.
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Figure 4.5: Boxplots of the bias of the GMM estimates for the model III.
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Figure 4.6: Boxplots of the bias of the GMM estimates for the model VI.

BINMAII(1, 1) model

For the BINMAII(1, 1) model with BNB-type II innovation process there are five parameters

of interest, given by the vector θθθ = (λ1, λ2, φ, ν, τ) and 9 summary statistics respecting the

first- and second-order moments: mean, variance, autocovariance at lag 1 for each series and

the cross-covariance at lag 1, 0 and -1, given in Proposition 3.3. Note that there are more

two parameters that can be defined as a function of the parameters in θθθ, namely β1 =
λ1 + φ

τ

and β2 =
λ2 + φ

τ
.

By minimizing (4.9), with an arbitrary starting value θθθ∗ = (λ1, λ2, φ, ν, τ) = (1, 1, 0.5, 1, 2),

since the equations used to obtain the method of moments estimators are (highly) non-linear.

Chapter4/Chapter4Figs/I_kappa.eps
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Chapter4/Chapter4Figs/VI_kappa.eps
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The parameters are subject to λj > 0, for j = 1, 2, φ ∈ [0,min (λ1, λ2)[ and ν, τ > 0. Two

models were generated with the set of parameters given in Table 4.9. The mean estimates and

corresponding standard errors are given in Table 4.10. Note that, although the standard errors

decrease as the sample sizes increase, in general the estimates for λ1 and λ2 are unbiased.

However, looking at the mean estimates (and standard errors) for β1 and β2 obtained from

λ̂j , φ̂ and τ̂ , the results present a better performance.

Model λ1 λ2 φ ν τ µX1
σ2

X1

µX2
σ2

X2

β1 β2

P1 1.0 1.0 0.3 1.0 2.0 1.073 2.223 1.073 2.223 0.65 0.65

P2 0.6 0.9 0.4 1.0 2.0 0.750 1.073 1.313 2.223 0.5 0.65

Table 4.9: Set of parameters for the BINMAII(1, 1) model with BNB-type II innovation
process.

Model θθθ = (λ1, λ2, φ, ν, τ) n λ̂1 λ̂2 φ̂ ν̂ τ̂ β̂1 β̂2

200 0.923 0.932 0.317 1.227 2.244 0.557 0.561

(0.106) (0.243) (0.226) (0.351) (0.266) (0.106) (0.117)

P1 (1.0,1.0,0.3,1.0,2.0) 500 1.012 1.018 0.322 1.094 2.206 0.606 0.610

β1 = β2 = 0.65 (0.178) (0.193) (0.184) (0.170) (0.272) (0.070) (0.078)

1000 1.043 1.047 0.320 1.049 2.178 0.627 0.629

(0.107) (0.116) (0.139) (0.114) (0.120) (0.050) (0.055)

200 0.747 1.050 0.364 1.075 2.352 0.478 0.608

(0.190) (0.253) (0.205) (0.361) (0.328) (0.100) (0.139)

P2 (0.6,0.9,0.4,1.0,2.0) 500 0.784 1.093 0.402 0.958 2.298 0.518 0.653

β1 = 0.5; β2 = 0.65 (0.139) (0.175) (0.167) (0.161) (0.159) (0.064) (0.090)

1000 0.801 1.123 0.430 0.909 2.287 0.539 0.680

(0.101) (0.119) (0.132) (0.104) (0.107) (0.048) (0.063)

Table 4.10: Mean and standard errors (in brackets) of the estimates for models P1 to P3.

BINMA(1)-BVBII model

The BINMA(1)-BVBII model with a bivariate Poisson innovation process have six parameters

of interest, given by the vector θθθ = (β1, λ1, β2, λ2, φ, φβ), and 7 summary statistics involving

the first- and second-order moments: mean, autocovariance at lag 1 for each series and the

cross-covariance at lag 1, 0 and -1, defined in Corollary 3.1.

The initial values for the GMM estimates are obtained from the method of moments, and
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they are given by

β̂1 =
ρ̂1(1)

1− ρ̂1(1)
; β̂2 =

ρ̂2(1)

1− ρ̂2(1)
; φ̂ =

γ̂1,2(0)

1 + β̂1β̂2
;

λ̂1 =
x1

(1 + β̂1)
− φ̂ ; λ̂2 =

x2

(1 + β̂2)
− φ̂,

where, for j = 1, 2,

• xj is the sample mean,

• ρ̂j(1) is the sample autocorrelation in lag 1,

• γ̂1,2(0) is the sample cross-covariation in lag 0.

The estimation of φβ is the most challenging. Although it is possible to obtain a method

of moments estimate for φβ , this estimate rarely gives admissible values (i.e., values given in

(3.15)). For this reason, the initial value for the GMM estimate of φβ considered in this study

is the midpoint of the admissibility range, i.e., φ̂β = Lower + Upper−Lower
2 , where

Lower = max

{

−
√

β1β2

(1−β1)(1−β2)
,−
√

(1−β1)(1−β2)
β1β2

}

and Upper = min

{

√

β1(1−β2)
(1−β1)β2

,
√

(1−β1)β2

β1(1−β2)

}

,

given in (3.15).

Additionally, note that for this model, the first component of vector h5 defined in (4.7), for

k = 0, is given by

h50 =
1

n

n
∑

t=1

(X1,tX2,t − µ′X1,X2
(0))

=
1

n

n
∑

t=1

(

X1,tX2,t −
[

φ(1 + β1β2) + (λ1 + φ)(1 + β1)(λ2 + φ)(1 + β2) +

+φβ
√

β1β2(1− β1)(1− β2) · E[min(ǫ1,t−1, ǫ2,t−1)]
])

The factor E[min(ǫ1,t−1, ǫ2,t−1)] is estimated by using its definition

E[min(ǫ1,t−1, ǫ2,t−1)] =
∞
∑

t=1

∞
∑

t=1

min(ǫ1,t−1, ǫ2,t−1)p(ǫ1,t−1, ǫ2,t−1), (4.10)

where p(ǫ1,t−1, ǫ2,t−1) is the bivariate probability mass function of the bivariate Poisson dis-

tribution (given in Appendix A by (A.11)) and its values are calculated until a tolerance of

10−10, truncating the sums in (4.10).
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Once again, the minimization in (4.9) is performed numerically and subject to βj ∈] 0, 1 [,
λj > 0 and φ ∈ [0,min (λ1, λ2)[, for j = 1, 2, and φβ satisfying the restriction given in (3.15)

with the set of parameters given in Table 4.11. The results are summarized in Table 4.12 and

4.13 by the mean estimates and standard errors. The results indicate that in general as n

increases the sample mean and standard errors decrease. When the parameters are near the

limits of admissibility region or λ1, λ2 > 1 the estimates performed worse. As can be seen

by the boxplots in Figures 4.7 and 4.8, in general the β̂1 and β̂2 are underestimated and the

estimates for φ and φβ are unbiased, even for larger sample sizes.

Model β1 λ1 β2 λ2 φ φβ φβ ∈]a, b[ µX1
= σ2

X1

µX2
= σ2

X2

L1 0.30 1.0 0.30 2.0 0.5 0.30 -0.429 <φβ < 1.000 1.950 3.250

L2 0.60 2.0 0.70 1.0 0.5 0.13 -0.535 <φβ <0.802 4.000 2.550

L3 0.10 2.0 0.70 2.0 0.3 -0.10 -0.509 <φβ <0.218 2.530 3.910

L4 0.10 1.0 0.70 1.0 0.5 -0.14 -0.509 <φβ <0.218 1.650 2.550

L5 0.50 2.0 0.50 2.0 1.0 0.50 -0.429 <φβ <1.000 4.500 4.500

L6 0.40 3.0 0.60 2.0 1.0 -0.17 -1.000 <φβ <0.667 5.600 4.800

L7 0.30 1.0 0.40 2.0 0.5 0.13 -0.535 <φβ <0.802 1.950 3.500

L8 0.15 1.0 0.63 1.0 0.5 -0.20 -0.548 <φβ <0.322 1.725 2.445

L9 0.90 1.0 0.90 1.0 0.5 0.44 -0.111 <φβ <1.000 2.850 2.850

L10 0.50 1.0 0.50 1.0 0.3 0.30 -1.000 <φβ <1.000 1.950 1.950

L11 0.20 1.0 0.53 1.0 0.5 0.15 -0.531 <φβ <0.471 1.800 2.295

L12 0.10 2.0 0.70 2.0 0.4 -0.15 -0.509 <φβ <0.218 2.640 4.080

Table 4.11: Set of parameters for the BINMA(1)-BVBII model with bivariate Poisson inno-
vation process.
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Model θθθ = (β1, λ1, β2, λ2, φ, φβ) n β̂1 λ̂1 β̂2 λ̂2 φ̂ φ̂β

200 0.303 1.028 0.268 2.118 0.483 0.384

(0.143) (0.224) (0.141) (0.339) (0.174) (0.413)

L1 (0.30,1.0,0.30,2.0,0.5,0.30) 500 0.289 1.059 0.267 2.097 0.465 0.480

(0.096) (0.186) (0.098) (0.250) (0.147) (0.432)

1000 0.290 1.081 0.278 2.117 0.437 0.557

(0.067) (0.166) (0.074) (0.205) (0.131) (0.423)

200 0.536 2.178 0.597 1.159 0.461 0.397

(0.184) (0.366) (0.191) (0.277) (0.194) (0.423)

L2 (0.60,2.0,0.70,1.0,0.5,0.13) 500 0.549 2.173 0.641 1.131 0.439 0.431

(0.143) (0.285) (0.145) (0.230) (0.152) (0.400)

1000 0.553 2.156 0.640 1.130 0.436 0.461

(0.103) (0.215) (0.116) (0.181) (0.121) (0.372)

200 0.167 1.871 0.657 2.075 0.312 -0.185

(0.107) (0.276) (0.200) (0.366) (0.177) (0.372)

L3 (0.10,2.0,0.70,2.0,0.3,-0.10) 500 0.128 1.942 0.711 1.994 0.306 -0.178

(0.065) (0.205) (0.148) (0.249) (0.134) (0.364)

1000 0.115 1.972 0.719 1.980 0.301 -0.179

(0.046) (0.152) (0.120) (0.200) (0.106) (0.332)

200 0.212 1.021 0.636 1.211 0.357 0.068

(0.109) (0.191) (0.192) (0.230) (0.125) (0.365)

L4 (0.10,1.0,0.70,1.0,0.5,-0.14) 500 0.187 1.025 0.669 1.153 0.374 0.061

(0.070) (0.130) (0.141) (0.141) (0.079) (0.313)

1000 0.174 1.032 0.670 1.143 0.380 0.095

(0.047) (0.096) (0.113) (0.113) (0.059) (0.269)

200 0.401 2.376 0.411 2.374 0.862 0.675

(0.173) (0.481) (0.164) (0.482) (0.310) (0.333)

L5 (0.50,2.0,0.50,2.0,1.0,0.50) 500 0.411 2.422 0.415 2.416 0.796 0.782

(0.124) (0.405) (0.125) (0.407) (0.235) (0.273)

1000 0.410 2.452 0.410 2.449 0.771 0.823

(0.104) (0.360) (0.102) (0.357) (0.200) (0.247)

200 0.359 3.407 0.493 2.502 0.778 0.297

(0.170) (0.574) (0.197) (0.591) (0.368) (0.460)

L6 (0.40,3.0,0.60,2.0,1.0,-0.17) 500 0.348 3.462 0.490 2.529 0.732 0.388

(0.114) (0.441) (0.144) (0.449) (0.282) (0.430)

1000 0.355 3.421 0.504 2.481 0.741 0.367

(0.094) (0.409) (0.113) (0.394) (0.248) (0.429)

Table 4.12: Mean and standard errors (in brackets) of the estimates for models L1 to L6.
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Model θθθ = (β1, λ1, β2, λ2, φ, φβ) n β̂1 λ̂1 β̂2 λ̂2 φ̂ φ̂β

200 0.308 1.039 0.357 2.153 0.468 0.259

(0.149) (0.237) (0.170) (0.384) (0.181) (0.460)

L7 (0.30,1.0,0.40,2.0,0.5,0.13) 500 0.292 1.060 0.376 2.103 0.459 0.308

(0.091) (0.193) (0.113) (0.273) (0.156) (0.473)

1000 0.298 1.053 0.374 2.104 0.453 0.310

(0.069) (0.175) (0.085) (0.228) (0.142) (0.466)

200 0.238 1.021 0.572 1.180 0.389 0.088

(0.124) (0.207) (0.191) (0.238) (0.135) (0.392)

L8 (0.15,1.0,0.63,1.0,0.5,-0.20) 500 0.206 1.030 0.608 1.118 0.408 0.030

(0.074) (0.144) (0.138) (0.154) (0.095) (0.351)

1000 0.193 1.030 0.608 1.095 0.423 0.014

(0.052) (0.109) (0.095) (0.104) (0.070) (0.319)

200 0.711 1.173 0.711 1.177 0.509 0.509

(0.175) (0.247) (0.175) (0.246) (0.156) (0.377)

L9 (0.90,1.0,0.90,1.0,0.5,0.44) 500 0.770 1.131 0.770 1.133 0.489 0.582

(0.132) (0.172) (0.131) (0.165) (0.102) (0.345)

1000 0.799 1.109 0.802 1.108 0.483 0.629

(0.110) (0.134) (0.115) (0.137) (0.077) (0.322)

200 0.499 1.000 0.479 1.021 0.318 0.272

(0.192) (0.221) (0.196) (0.228) (0.137) (0.468)

L10 (0.50,1.0,0.50,1.0,0.3,0.30) 500 0.497 1.015 0.492 1.019 0.295 0.365

(0.129) (0.158) (0.125) (0.155) (0.104) (0.411)

1000 0.496 1.021 0.492 1.024 0.288 0.403

(0.091) (0.119) (0.094) (0.121) (0.083) (0.347)

200 0.261 0.987 0.491 1.105 0.451 0.214

(0.127) (0.203) (0.177) (0.231) (0.139) (0.404)

L11 (0.20,1.0,0.53,1.0,0.5,0.15) 500 0.233 0.997 0.512 1.058 0.468 0.164

(0.079) (0.149) (0.117) (0.151) (0.106) (0.360)

1000 0.220 0.998 0.525 1.029 0.480 0.156

(0.054) (0.115) (0.085) (0.107) (0.081) (0.318)

200 0.169 1.897 0.654 2.124 0.383 -0.159

(0.106) (0.301) (0.200) (0.409) (0.208) (0.389)

L12 (0.10,2.0,0.70,2.0,0.40,-0.15) 500 0.137 1.944 0.706 2.022 0.385 -0.208

(0.068) (0.224) (0.153) (0.267) (0.145) (0.378)

1000 0.122 1.964 0.719 1.990 0.394 -0.197

(0.045) (0.167) (0.118) (0.198) (0.116) (0.347)

Table 4.13: Mean and standard errors (in brackets) of the estimates for models L7 to L12.
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Figure 4.7: Boxplots of the bias of the GMM estimates for the model L1.
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Figure 4.8: Boxplots of the bias of the GMM estimates for the model L8.
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5. Real Data Illustration

In this chapter, some real data sets are used to illustrate the models and methods developed on

previous chapters. To assess the adequacy of fit of a chosen model, a range of diagnostic and

validation tools based on residual analysis, parametric resampling and predictive distributions

(described in the Appendix B) are used.

5.1 Crime Data I - Sex Offences

Consider a data set concerned to the counting of Sex Offences reported in the 21st police car

beat in Pittsburgh (Pennsylvania, USA), during one month. The data consist of n = 144 ob-

servations per series, from January of 1990 to December of 2001 (see Figure 5.1). These data

has been studied previously by Ristić et al. (2009). The data set is available from the Fore-

casting Principles site http://www.forecastingprinciples.com/index.php/crimedata. From a

preliminary analysis of the sample mean and variance of the data, presented in Table 5.1, it

is possible to see that the sample variance is larger than the sample mean, hence, the data

seem to be overdispersed. Consequently, it follows that the Poisson distribution is not appro-

priate. Furthermore, the values of the sample autocorrelation function (ACF) in Figure 5.1,

which are nearly zero after the lag 1, suggest that a first-order model is appropriate to this

data set. Therefore, an option could be to use a NB-INMA(1) to model the data. On the

other hand, it is expected that the sex offencers stay a limited time in the system and that

these individuals can come and go several times during their life times in the system. The

GMM estimates are obtained numerically by the minimization of (4.9), with starting value

θθθ∗ = (κ, β) = (1.13, 0.41), given by the Method of Moments. The estimates and corresponding

standard errors (s.e.) are given in Table 5.2.

To assess the adequacy of the model to represent specific features of interest of the data, in

this case the autocorrelation function (ACF), is used the parametric bootstrap described in

Appendix B: the fitted model is used to generate 5000 (univariate) time series samples, all with

the same number of observations as the original data set which are then used to construct an

empirical distribution for the ACF. Figure 5.2 represents the acceptance envelope computed

from the 2.5% and 97.5% quantiles of the empirical distribution for the ACF. It is clear that
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Figure 5.1: Time series (left panel) and autocorrelation function (right panel) of the monthly
number of Sex Offences, from 1990 to 2001, registered in Pittsburgh.

Table 5.1: Sample measures for the sex offences data set.

Mean Variance ACF(1)
Sample 0.590 1.027 0.235
NB-INMA(1) 0.588 1.011 0.282
NGINAR(1)a 0.587 0.932 0.165

a see Ristić et al. (2009)

the model represents adequately the autocorrelation. Furthermore, as can be seen in Table 5.1,

the fitted model is a competitive model when compared with the NGINAR(1) model fitted to

this data set by Ristić et al. (2009), specially in what concerns to the autocorrelation function.

Table 5.2: GMM estimates for the sex offence data set (s.e. in brackets).

κ̂ β̂
0.485 (0.162) 0.816 (0.329)

Chapter5/Chapter5Figs/Sexoff.eps
Chapter5/Chapter5Figs/acfSexoff.eps
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Figure 5.2: Acceptance envelopes for the autocorrelation function for the sex offences data
set.

5.2 Crime Data II- Vagrancy

Consider a data set consisting on the aggregated monthly number of vagrancy offences regis-

tered by two police car beats, called beats plus (number 12 and 51), in Pittsburgh (Pennsyl-

vania, USA), from January of 1990 to December of 2001, in a total of n = 144 observations

per series (see Figure 5.3). Vagrancy can be defined as the state of wandering from place

to place without permanent home or regular employment. The data set is available from

the Forecasting Principles site http://www.forecastingprinciples.com/index.php/crimedata.

A preliminary analysis of the sample mean and variance of the data, presented in Table 5.3,

indicates that marginally the Poisson distribution might be suitable. Furthermore, the values

of the sample autocorrelation function (ACF) in Figure 5.4, which are nearly zero after lag

1, suggest that a first-order model is appropriate to the data set, while the sample cross-

correlation indicates dependence between the two series. On the other hand, it is expected

that vagrants stay a limited time in the system and that these individuals can come and

go several times during their life times in the system. Therefore, an option is a Poisson

BINMA(1, 1) process to model these data.

The GMM estimates are obtained numerically by the minimization of (4.9), with an arbitrary

initial starting value θθθ∗ = (β1, λ1, β2, λ2, φ) = (0.4, 0.5, 0.5, 0.5, 0.2). The estimates and
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Figure 5.3: Time series of the monthly number of vagrancy offences, from 1990 to 2001,
registered in Pittsburgh.

Table 5.3: Sample measures for the vagrancy data set.

Mean Variance ACF(1) CCF(0)
BeatP12 BeatP51 BeatP12 BeatP51 BeatP12 BeatP51

Sample 0.347 0.431 0.354 0.387 0.215 0.253 0.255
Model 0.354 0.379 0.354 0.379 0.181 0.425 0.346

corresponding standard errors (s.e.) are given in Table 5.4.

Table 5.4: GMM estimates for the vagrancy data set (s.e. in brackets).

BeatP12 BeatP51 Cross-Corr.
β̂1 λ̂1 β̂2 λ̂2 φ̂
0.221 (0.165) 0.181 (0.058) 0.740 (0.386) 0.109 (0.058) 0.109 (0.032)

In order to assess the adequacy of the fitted model, residual analysis, parametric resampling

and PIT histogram (described in Appendix B) are performed.

The Pearson residuals (or standardized residuals) are defined in (B.17) (see Appendix B),

where the conditional mean and variance are defined in (2.11). Note that in practice, popula-

tion parameters are replaced by their estimated counterparts. If the model is well-chosen then

the Pearson residuals should exhibit zero mean and unit variance and no (significant) serial

correlation. In this case, the sample mean and variance for the residuals are R̄1 = −0.023,

R̄ 2 = −0.084, ŝ 2R1
= 0.979 and ŝ2R2

= 1.267, respectively. Additionally, the analysis of the

sample autocorrelation and sample partial autocorrelation of the residuals, as well as the usual
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tests of randomness, do not reject the hypothesis of uncorrelated random variables for the

residual series. For the Ljung-Box test, the values of the test statistic and the corresponding

p-values are 5.667 and 0.842, respectively, for the Beatp12 residuals and 8.063 and 0.623,

respectively, for the Beatp51 residuals.

To assess the adequacy of the model to represent specific features of interest of the data, in

this case auto- and cross-correlation (ACF and CCF) it is used the parametric bootstrap:

the fitted model is used to generate 5000 (bivariate) time series samples, all with the same

number of observations as the original data set which are then used to construct empirical

distributions for the ACF and CCF. Figure 5.5 represents the acceptance envelopes computed

from the 2.5% and 97.5% quantiles of the empirical distribution for the ACF and CCF. It is

clear that the model represents adequately both the autocorrelation and the cross-correlation.

Finally, to check the adequacy of the distributional assumptions it is constructed the PIT

(probability integral transform) histogram, which can be defined (in the discrete context)

as the conditional cumulative distribution function given the observed count. Figure 5.6

represents the (nonrandomized) PIT histogram and the approximate 100(1−α)% confidence

intervals (α = 0.05) obtained from a standard χ2 goodness-of-fit test of the null hypothesis

that the bins of the histogram are drawn from a uniform distribution, as in Jung et al. (2016).

It is possible to see, that the PIT histogram is close to an uniform distribution for each of

the series. Besides, the uniformity test does not reject the hypothesis of uniform distribution

(p−values larger than .99 for each series).

Note that, although the standard errors of the estimates indicates that the β’s parameters

and λ2 may be zero, the detailed model assessment performed suggests that the fitted Poisson

BINMA(1, 1) model suitably describes the dependence structure and adequately represents

the distributional properties of the data set. Furthermore, Table 5.3 indicates that the model

approximates well the empirical values for the marginal means, variances and ACF(1) for the

BeatP12.
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Figure 5.4: Sample autocorrelation (top panels) and cross-correlation (bottom panel) for the
vagrancy data set.
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Figure 5.5: Acceptance envelopes for the autocorrelation (top panels) and cross-correlation
(bottom panel) functions for the vagrancy data set.
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5.3 Traffic Accidents

Consider a data set regarding the number of daily daytime and nighttime road accidents,

in Schiphol area (Netherlands), for the year of 2001, in a total of n = 365 observations

per series (see Figure 5.7). Nighttime accidents refers to accidents that happens between

10.00pm-06.00am, while the other hours are consider daytime accidents. These data has been

previously studied by Pedeli and Karlis (2011). By the analysis of the sample mean and
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Figure 5.7: Time series of the daily number of daytime and nighttime traffic accidents, for
the year of 2001, in Schiphol area.

variance, presented in Table 5.6, it is possible to see that the data is overdispersed, which

indicates that, marginally, a Poisson distribution might not be appropriate. Furthermore,

the values of the sample autocorrelation function (ACF) in Figure 5.8, which are nearly zero

after the first lag, suggest that a first-order model is appropriate to the data set. The sample

cross-correlation reveals a dependence between the two series, even that is short. Therefore,

a BINMA(1, 1) with BNB-type I model is fitted to these data. The GMM estimates are

obtained numerically minimizing the quadratic form defined in (4.9), with starting value

θθθ∗ = (β1, λ1, β2, λ2, τ) = (0.5, 1, 0.5, 1, 0.5). The estimates and corresponding standard errors

are given in Table 5.5.

To assess the adequacy of the model to represent specific features of interest of the data, in

this case auto- and cross-correlation (ACF and CCF), it will be used parametric bootstrap

described in Appendix B: the fitted model is used to generate 5000 (bivariate) time series
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Table 5.5: GMM estimates for the traffic accidents data set (s.e. in brackets).

Daytime Nighttime Cross-Corr.
β̂1 λ̂1 β̂2 λ̂2 φ̂
0.828 (0.404) 3.729 (0.858) 0.145 (0.081) 1.319 (0.113) 0.308 (0.048)

Table 5.6: Sample measures for the traffic accidents data set and comparison between com-
peting models.

Sample BINMA(1,1) BINAR(1)-
BNB-type I BVNB innova

Mean Daytime 7.277 6.817 7.288
Nighttime 1.504 1.510 1.496

Variance Daytime 20.937 14.036 18.252
Nighttime 1.877 2.057 1.896

ACF(1) Daytime 0.125 0.473 0.043
Nighttime 0.134 0.131 0.113

CCF(0) 0.145 0.316 0.355

a see Pedeli and Karlis (2011)

samples, all with the same number of observations as the original data set which are then used

to construct empirical distributions for the ACF and CCF. Figure 5.9 represent the acceptance

envelopes computed from the 2.5% and 97.5% quantiles of the empirical distribution for the

ACF and CCF. It is clear that the model represents adequately both the autocorrelation and

the cross-correlation, with the exception of cross-correlation at lag zero and some values for

the autocorrelation function for the daytime accidents. Note that, the number of daytime

accidents shows sazonality, which has not been taken in account for neither of the models

fitted to this data set, namely BINAR(1)-BVNB inov of Pedeli and Karlis (2011) and the

BINMA(1,1) with BNB-type I innovation process.

Finally, as can be seen in Table 5.6, the fitted model is a reasonable model when compared

with BINAR(1)-BVNB innovations Pedeli and Karlis (2011). Note that for both models the

value of CCF(0) is far of the sample cross-correlation.
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Figure 5.8: Sample autocorrelation (top panels) and cross-correlation (bottom panel) for the
traffic accidents data set.
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Figure 5.9: Acceptance envelopes for the autocorrelation (top panels) and cross-correlation
(bottom panel) functions for the traffic accidents data set.
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5.4 Rainy Days

The Poisson BINMA(1,1) model is now fitted to a bivariate data set consisting on the number

of rainy days per week in two German cities, Bremen and Cuxhaven, between 2000 and 2010,

in a total of n = 574 observations per series (see Figure 5.10). These data has been studied

previously by Scotto et al. (2014). A preliminary analysis of the sample mean and variance of
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Figure 5.10: Time series of the number of rainy days in Bremen and Cuxhaven, from the year
2000 to 2010.

the data, presented in Table 5.8, indicates that, marginally, a Poisson distribution might be

suitable. Furthermore, the values of the sample autocorrelation function (ACF) in Figure 5.11,

which are nearly zero after the first lag, suggest that a first-order model is appropriate to the

data set, while the sample cross-correlation indicates a strong dependence between the two

series. Therefore, once again the option is the Poisson BINMA(1, 1) to model these data.

The GMM estimates are obtained numerically minimizing the quadratic form defined in (4.9),

with starting value θθθ∗ = (β1, λ1, β2, λ2, φ) = (0.2, 3, 0.2, 3, 0.5). The estimates and correspond-

ing standard errors are given in Table 5.7.

Table 5.7: GMM estimates for the rainy days data set (s.e. in brackets).

Bremen Cuxhaven Cross-Corr.
β̂1 λ̂1 β̂2 λ̂2 φ̂
0.117 (0.050) 1.765 (0.290) 0.155 (0.057) 1.758 (0.308) 1.757 (0.164)

In order to assess the adequacy of the fitted model, the methods for model diagnostic and
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Table 5.8: Sample measures for the rainy days data set and comparison between competing
models.

Sample Poisson BVBII-AR(1)a BVBII-
BINMA(1,1) -INARCH(1)a

Mean Bremen 3.65 3.93 3.64 3.64
Cuxhaven 3.84 4.06 3.64 3.84

Variance Bremen 3.99 3.93 1.76 1.77
Cuxhaven 3.88 4.06 1.73 1.74

ACF(1) Bremen 0.16 0.12 0.11 0.14
Cuxhaven 0.18 0.16 0.11 0.14

CCF(0) 0.83 0.51 0.67 0.70

a see Scotto et al. (2014)

validation based on residual analysis and parametric resampling methods, are used (described

in Appendix B). In this case, the sample mean and variance for the residuals are R̄1 =

−0.132, R̄ 2 = −0.095, ŝ 2R1
= 1.016 and ŝ2R2

= 0.961. Additionally, the analysis of the sample

autocorrelation and sample partial autocorrelation of the residuals, as well as the usual tests

of randomness, do not reject the hypothesis of uncorrelated random variables for the residual

series. For the Ljung-Box test, the values of the test statistic and the corresponding p-values

are 9.888 and 0.450, respectively, for the Bremen residuals and 10.843 and 0.370, respectively,

for the Cuxhaven residuals.

To assess the adequacy of the model to represent specific features of interest of the data, in

this case auto- and cross-correlation (ACF and CCF) it will be used parametric bootstrap

described in Appendix B: the fitted model is used to generate 5000 (bivariate) time series

samples, all with the same number of observations as the original data set which are then used

to construct empirical distributions for ACF and CCF. Figure 5.12 represent the acceptance

envelopes computed with the 2.5% and 97.5% quantiles of the empirical distribution for the

ACF and CCF. It is clear that the model represents adequately both the autocorrelation and

the cross-correlation with the exception of cross-correlation at lag zero.

Therefore, is possible to say that the different tools suggest that the fitted Poisson BINMA(1, 1)

model suitably describes the dependence structure for the data set. Furthermore, as can be

seen in Table 5.8, the fitted model is a competitive model when compared with other Bi-

variate INteger-valued AutoRegressive models fitted to this data set by Scotto et al. (2014),

specially in what concerns the variance. It is important to note that the Poisson BINMA(1,1)

model is defined over an unbounded support, and this data set has a range of counts that

varies between 0 and 7. However, the Poisson BINMA(1, 1) model is fitted to this data set

for illustrative purpose only.
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Figure 5.11: Sample autocorrelation (top panels) and cross-correlation (bottom panel) for the
rainy days data set.
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Figure 5.12: Acceptance envelopes for the autocorrelation (top panels) and cross-correlation
(bottom panel) functions for the rainy days data set.
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6. Main Contributions and Future

Work

In this final chapter, the main contributions of the thesis are summarized and some directions

for further work are suggested.

6.1 Main Contributions

The aim of the thesis is to provide some contributions to the analysis of multivariate count

data, particularly bivariate count data. For this purpose three bivariate INMA models for

stationary integer-valued time series, which can be used for modelling real data on counting

processes are proposed. Thus, the main contributions of this thesis can be summarized as

follows:

• It is proposed a BINMA(q1, q2) model, based on the binomial thinning operator. For

practical applications two parametric cases are analysed. One with cross-correlation

generated through a bivariate Poisson innovation process. The joint distribution of the

resulting process is bivariate Poisson and therefore it is an appropriate tool for modelling

equidispersed bivariate time series. Other with cross-correlation generated through a

bivariate negative binomial - type I distribution. Although it is not possible to prove if

the resulting model is a BINMA(q1, q2) model with negative binomial distribution this

model accounts for overdispersion.

• In the univariate context, based on the negative binomial thinning operator, a model

with negative binomial marginal, designated by NB-INMA(1), is defined. This model

is extended to the bivariate case, BINMAII(1, 1) model, and although accounts for

overdispersion, the resulting model has not a negative binomial joint distribution when

the innovation process follows a BNB-type II distribution.

• The last model proposed in this thesis is the BINMA(1)-BVBII model, based on the

bivariate binomial thinning operator. This model allows for positive and negative cross-
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correlation. When the innovation process has bivariate Poisson distribution it is proved

that the process has Poisson marginals.

• The use of the Generalized Method of Moments based in first- and second-order moments

of the processes. The small sample properties of the GMM estimators are examined

through a simulation study experiment, for all the models presented in this thesis. It is

found that GMM estimation has an inadequate performance specially for the parameters

of the models based on the generalizations of the binomial thinning operator, namely

BINMAII(1, 1) and BINMA(1)-BVBII models analysed in Chapter 3.

• The models defined in this thesis are fitted to some real data sets and, to assess the

adequacy of the fitted models, some tools are used for model diagnostic and validation.

6.2 Future Work

The work resulting from this thesis leaves some open topics for further contributions, namely:

• To develop other estimation methods for the parameters of the bivariate models studied

in this thesis have to be taken into account, for instance Efficient Method of Moments

Estimators (EMM), GMM based on Characteristic Function, or GMM based on Prob-

ability Generating Function.

• To manage the problem of overdispersion in the data, investigation about the use of other

bivariate distributions for the innovation process, for example the bivariate generalized

Poisson distribution, have to be consider.

• To make the bivariate INMA-type models more flexible with respect to real data ap-

plications, several extensions may be considered. For example, it may be of interest to

incorporate explanatory covariates in the model to account for dependence through the

thinning operations.

• For diagnostic and validation purposes, the extension of appropriate diagnostic tools

(bivariate PIT, scoring rules and information criteria, among other) to the bivariate

context has to be consider.



Appendix A

Discrete Distributions

This appendix presents the characterization of the relevant distributions that are useful

throughout this thesis.

Univariate Discrete Distributions

Binomial Distribution

A binomial experiment involves n independent and identical trials such that each trial can

result in to one of two possible outcomes, namely, success or failure. If p is the probability

of observing a success in each trial, then the number of successes X that can be observed

out of these n trials is referred to as the binomial random variable with n trials and success

probability p. The probability of observing x successes out of these n trials is given by the

probability mass function

Pr[X = x] =

(

n

x

)

(1− p)n−xpx, x = 0, 1, 2, ..., n,

and the pgf is given by

GX(s) = (1− p+ ps)n . (A.1)

This variable will be denoted by

X ∼ Bi(n, p),

where E[X] = np and Var[X] = np(1− p).

For a comprehensive treatment of the binomial distribution see Krishnamoorthy (2015) and

Johnson et al. (2005).
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Geometric Distribution

Consider a sequence of independent Bernoulli trials with p as the probability of success and

(1−p) as the probability of a failure. Let the random variable X count the number of failures

until the first success to occur. Then it is said that X has a geometric distribution with

parameter (1− p) where the probability mass function is given by

Pr[X = x] = (1− p)xp, x = 0, 1, 2, ...,

and the pgf is given by

GX(s) = p (1− (1− p)s))−1 . (A.2)

This variable will be denoted by

X ∼ Geom(1− p),

where E[X] =
1− p

p
and Var[X] =

1− p

p2
.

For a comprehensive treatment of the geometric distribution see Krishnamoorthy (2015) and

Johnson et al. (2005).

Negative Binomial Distribution

Consider a sequence of independent Bernoulli trials with p as the probability of success and

(1 − p) as the probability of a failure. Let the random variable X counts the number of

failures preceding the kth success. Then, it is said that X has an univariate negative binomial

distribution with parameters k and p and where the probability mass function is given by

Pr[X = x] =

(

k + x− 1

k − 1

)

(1− p)xpk, x = 0, 1, 2, ...,

and the pgf is given by

GX(s) =

(

p

1− (1− p)s

)k

. (A.3)

This variable will be noted by

X ∼ NB(k, p),

whith

E[X] =
k(1− p)

p
and Var[X] =

k(1− p)

p2
. (A.4)

A further parameterization can be obtained being k = k and p =
1

1 + P
, that is q = 1− p =
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P

1 + P
, with P > 0. Then, the probability mass function is given by

Pr[X = x] =

(

k + x− 1

k − 1

)(

P

Q

)x(

1− P

Q

)k

, x = 0, 1, 2, ...,

where P =
q

p
, with q = 1 − p and Q =

1

p
, that is, it is said that X has a negative binomial

distribution with parameters k and P, i.e.,

X ∼ NB(k, P ), (A.5)

where E[X] = kP and Var[X] = kP (1 + P ).

When this alternative parameterization is used, the pgf of the random variable X is given by

GX(s) =

(

1

1− P (s− 1)

)k

.

For a comprehensive treatment of the negative binomial distribution see Johnson et al. (2005).

Poisson Distribution

Suppose that events that occur over a period of time or space satisfy the following:

1. The numbers of events occurring in disjoint intervals of time are independent.

2. The probability that exactly one event occurs in a small interval of time ∆ is ∆λ, where

λ > 0.

3. It is almost unlikely that two or more events occur in a sufficiently small interval of

time.

4. The probability of observing a certain number of events in a time interval ∆ depends

only on the length of ∆ and not on the beginning of the time interval.

Let X denote the number of events in a unit interval of time or in a unit distance. Then, X

is called a Poisson random variable with mean number of events λ in a unit interval of time.

The probability mass function of a Poisson distribution with mean λ is given by

Pr[X = x] =
e−λλx

x!
, x = 0, 1, 2, ...

This variable will be noted by

X ∼ P(λ),
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where E[X] = Var[X] = λ.

The pgf of the random variable X is given by

GX(s) = eλ(s−1). (A.6)

For a comprehensive treatment of the Poisson distribution see Krishnamoorthy (2015) and

Johnson et al. (2005).

Bivariate Discrete Distributions

Bivariate Bernoulli Distribution

A bivariate random variable YYY := [Y1 Y2]
′ has a bivariate Bernoulli distribution if it takes

the four possible outcomes (1, 1), (1, 0), (0, 1), (0, 0) with probabilities p11, p10, p01, p00, respec-

tively. These probabilities, pij , are determined by the parameters 0 < α1, α2 < 1 and

0 < α < min(α1, α2) by setting

p11 = α, p11 + p10 = α1, p11 + p01 = α2. (A.7)

The marginals Y1 and Y2 are univariate Bernoulli distributed, i.e.

Yi ∼ Be(αi), i = 1, 2.

The correlation between Y1 and Y2 is given by

ρ(Y1, Y2) =
α− α1α2

√

α1α2(1− α1)(1− α2)
= φα. (A.8)

An alternative parametrization is obtained by replacing α by the "correlation parameter" φα
according to (A.8) (Scotto et al., 2014). The range of φα is restricted to

max

{

−
√

α1α2

(1−α1)(1−α2)
,−
√

(1−α1)(1−α2)
α1α2

}

< φα < min

{

√

α1(1−α2)
(1−α1)α2

,
√

(1−α1)α2

α1(1−α2)

}

. (A.9)

(proof in Scotto et al. (2014)).

The probability generating function is defined by

GYYY (s1, s2) = (1−α1+α1s1)(1−α2+α2s2)+φα
√

α1α2(1− α1)(1− α2)(1−s1)(1−s2). (A.10)

If φα = 0, then Y1 and Y2 are independent Bernoulli random variables.
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Further details can be found in the surveys by Kocherlakota and Kocherlakota (1992) and

Scotto et al. (2014).

Bivariate Binomial-type I Distribution

Let YYY 1, ...,YYY k be k bivariate i.i.d. Bernoulli-distributed random variables. Then the sum

WWW = YYY 1 + · · ·+ YYY k is said to follows a bivariate binomial-type I distribution, denoted as

BVBI(k;α1, α2, φα) or BVBI(k;α1, α2, α).

The marginals are univariate binomially distributed, i.e.,

Wi ∼ Bi(k, αi), i = 1, 2.

A comprehensive treatment of the the bivariate binomial-type I distribution, can be found in

Marshall and Olkin (1985), Kocherlakota and Kocherlakota (1992) and Scotto et al. (2014).

Bivariate Binomial-type II Distribution

Let n1, n2 > 0, 0 ≤ k < min(n1, n2) and α1, α2, α, φα defined as (A.7) and (A.8). LetWWW,U, V

be independent random variables, where

WWW ∼ BVBI(k;α1, α2, φα), U ∼ Bi(n1 − k, α1) and V ∼ Bi(n2 − k, α2).

Then XXX = [W1 + U W2 + V ]′ = [X1 X2]
′ is said to follows a bivariate binomial-type II

distribution, abbreviated as

BVBII(n1, n2, k;α1, α2, α) or BVBII(n1, n2, k;α1, α2, φα).

For this bivariate random variable XXX, it is found that:

• Xi ∼ Bi(ni, αi), i = 1, 2,

• Cov(X1, X2) = k(α− α1α2) = kφα
√

α1α2(1− α1)(1− α2),

• ρ(X1, X2) =
k√
n1n2

α− α1α2
√

α1α2(1− α1)(1− α2)
=

k√
n1n2

φα,

• The bivariate probability mass function is given by

P[X1 = x1, X2 = x2]

=

min(x1, n1−k)
∑

j1=0

min(x2, n2−k)
∑

j2=0

(

n1 − k

j1

)(

n2 − k

j2

)

αj1
1 (1− α1)

n1−k−j1αj2
2 (1− α2)

n2−k−j2×
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×
min(x1−j1, x2−j2)

∑

i=max(0, x1−j1+x2−j2−k)

(

k

i, x1 − j1 − i, x2 − j2 − i, k + i+ j1 + j2 − x1 − x2

)

×

× αi(α1 − α)x1−j1−i(α2 − α)x2−j2−i(1 + α− α1 − α2)
k+i+j1+j2−x1−x2 .

• The pgf satisfies

GXXX(s1, s2) = (1− α1 + α1s1)
n1−k(1− α2 + α2s2)

n2−kGk
YYY (s1, s2).

where GYYY is given in (A.10).

This distribution allows for marginals Bi(n1, α1) and Bi(n2, α2), with both n1 6= n2 and

α1 6= α2.

A comprehensive treatment of the bivariate binomial-type II distribution, can be found in

Marshall and Olkin (1985), Kocherlakota and Kocherlakota (1992) and Scotto et al. (2014).

Bivariate Poisson Distribution

The bivariate Poisson distribution arises in several ways. In this thesis, the trivariate reduction

method of Kocherlakota and Kocherlakota (1992) is consider .

Thus, let Y1, Y2 and Y0 be independently distributed Poisson variables with means θ1, θ2 ∈ R
+

and θ0 ∈ [ 0,min(θ1, θ2)[, respectively. Then, for X1 = Y1+Y0 and X2 = Y2+Y0, the random

variable (X1, X2) is Bivariate Poisson distributed with parameters θ1, θ2 and θ0, where the

covariance of X1 and X2 is θ0. It can write that (X1, X2) ∼ BP(θ1, θ2, θ0).

The bivariate probability mass function is given by:

Pr[X1 = x1, X2 = x2] = e−(θ1+θ2+θ0)

min(x1,x2)
∑

i=0

θx1−i
1 θx2−i

2 θi0
(x1 − i)!(x2 − i)!i!

. (A.11)

The joint probability generating function of (X1, X2) can be written as

G(s1, s2) = exp[(θ1 + θ0)(s1 − 1) + (θ2 + θ0)(s2 − 1) + θ0(s1 − 1)(s2 − 1)], (A.12)

and the marginal probability generating functions are

Gi(s) = exp[(θi + θ0)(s− 1)], i = 1, 2,

which means that the marginal distribution of each variable Xi (i = 1, 2) is Poisson, that is

X1 ∼ P(θ1 + θ0) and X2 ∼ P(θ2 + θ0).
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If θ0 = 0, the random variables X1 and X2 are independent and the bivariate Poisson distri-

bution reduces to two independent Poisson distributions.

For a comprehensive treatment of the bivariate Poisson distribution see Marshall and Olkin

(1990) and Kocherlakota and Kocherlakota (1992).

Bivariate Negative Binomial Distribution

As in the univariate case, there are several ways to construct the bivariate negative bino-

mial distribution. Marshall and Olkin (1990) and Cheon et al. (2009) consider a bivariate

negative binomial distribution that is obtained by a gamma mixture of two independent

Poisson random variables, designated by Bivariate Negative Binomial-type I distribution.

Edwards and Gurland (1961) and Subrahmaniam (1966) consider a different formulation

based on a compound correlated bivariate Poisson distribution function, designated by Bi-

variate Negative Binomial-type II distribution.

Bivariate Negative Binomial-type I Distribution

Let θ ∼ Gamma
(

τ−1, τ−1
)

and Xi|θ ∼ P(θλi), i = 1, 2. The bivariate probability mass

function of X1 and X2 is given as

Pr[X1 = x1, X2 = x2] =

=
Γ(τ−1 + x1 + x2)

Γ(τ−1)Γ(x1 + 1)Γ(x2 + 1)

(

λ1
λ1 + λ2 + τ−1

)x1
(

λ2
λ1 + λ2 + τ−1

)x2
(

τ−1

λ1 + λ2 + τ−1

)τ−1

=
Γ(τ−1 + x1 + x2)

Γ(τ−1)Γ(x1 + 1)Γ(x2 + 1)
λx1

1 λ
x2

2 τ
−τ−1

(λ1 + λ2 + τ−1)−(x1+x2+τ−1),

where λ1, λ2, τ > 0 (τ is a dispersion parameter) and Γ(·) is the gamma function. This

distribution is denoted by BNBI(λ1, λ2, τ).

Note that the marginal distribution of Xj is univariate negative binomial with parameters

τ−1 and pj = τ−1/(λj + τ−1), j = 1, 2, so the expected value and variance are

E[Xj ] = λj , j = 1, 2,

Var[Xj ] = λj(1 + λjτ), j = 1, 2,

and that the correlation between X1 and X2 is given by

ρ(X1, X2) =

√

λ1λ2τ2

(1 + λ1τ)(1 + λ2τ)
where Cov(X1, X2) = λ1λ2τ.



114 UPorto
Contributions to the analysis of multivariate count data

Bivariate Negative Binomial-type II Distribution

Let Y1, Y2, Y0 and Λ denote random variables such that Y1, Y2, Y0 given Λ = λ are mutually

independent with Poisson distribution with parameters θ1λ, θ2λ, θ0λ, respectively. Then,

defining X1 = Y1 + Y0 and X2 = Y2 + Y0, XXX = (X1, X2) is bivariate Poisson conditional on

the parameter λ, with pgf

GXXX(s1, s2|λ) = exp[λ((θ1 + θ0)(s1 − 1) + (θ2 + θ0)(s2 − 1) + θ0(s1 − 1)(s2 − 1))],

with λ > 0, θ1 + θ2 + θ0 > 0 and θ0 ∈ [ 0,min(θ1, θ2)[. If λ is a gamma random variable with

probability density function

f(λ) =
βν

Γ(ν)
λν−1e−βλ,

where λ, β, ν > 0, then the unconditional distribution of X1 and X2 has the joint pgf

GXXX(s1, s2) =

(

q

1− p1s1 − p2s2 − p3s1s2

)ν

= qν(1− p1s1 − p2s2 − p3s1s2)
−ν , (A.13)

where

pi =











θi/(θ1 + θ2 + θ0 + β), i = 1, 2

θ0/(θ1 + θ2 + θ0 + β), i = 3

and q = 1− (p1 + p2 + p3) = β/(θ1 + θ2 + θ0 + β).

Denote (X1, X2) ∼ BNBII(p1, p2, p3, ν).

Expanding (A.13) in powers of s1 and s2 and identifying the term involving sr1s
s
2, the bivariate

probability mass function is given by:

Pr[X1 = r,X2 = s] = qν
min(r,s)
∑

i=0

Γ(ν + r + s− i)

Γ(ν)i!(r − i)!(s− i)!
pr−i
1 ps−i

2 pi3. (A.14)

It is possible to make a reparameterization of the joint probability function of a random

variable with bivariate negative binomial-type II distribution in (A.14), in terms of p1, p2, p3
and q (Kocherlakota and Kocherlakota, 1992) given by

p1 =
γ0 − γ2

1 + γ0 + γ1 − γ2
, p2 =

γ1 − γ2
1 + γ0 + γ1 − γ2

,

(A.15)

p3 =
γ2

1 + γ0 + γ1 − γ2
, q =

1

1 + γ0 + γ1 − γ2
,
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with

γ0 =
µ′1,0
ν
, γ1 =

µ′0,1
ν
, and γ2 =

µ1,1
ν

− γ0γ1,

where

µ′i,j = E
[

Xi
1X

j
2

]

and µi,j = E
[

(X1 −X1)
i(X2 −X2)

j
]

.

With this parameterization, (A.14) becomes

Pr[X1 = r,X2 = s] =
(γ0 − γ2)

r(γ1 − γ2)
sΓ(ν + r + s)

r!s!Γ(ν)(1 + γ0 + γ1 − γ2)ν+r+s

min(r,s)
∑

i=0

(

r
i

)(

s
i

)

ψi

(

ν+r+s−1
i

) (A.16)

with

ψ =
γ2(1 + γ0 + γ1 − γ2)

(γ0 − γ2)(γ1 − γ2)
.

The marginal distributions of X1 and X2 can be obtained from the pgf given in (A.13):

GXXX(sss) = G(X1,X2)(s, 1) =

[

1− P1

1− P1
(s− 1)

]

−ν

where P1 = (p1 + p3)/(1− p2), that is

X1 ∼ NB(ν, 1− P1).

Similarly, X2 ∼ NB(ν, 1− P2), with P2 = (p2 + p3)/(1− p1).

It follows that

E(Xi) = (θi + θ0)E(Λ), i = 1, 2

Var(Xi) = (θi + θ0)
2Var(Λ) + (θi + θ0)E(Λ), i = 1, 2,

Cov(X1, X2) = (θ1 + θ0)(θ2 + θ0)Var(Λ) + θ0E(Λ),

where, E(Λ) =
ν

β
and Var(Λ) =

ν

β2
.

The correlation between X1 and X2 is given by

ρ(X1, X2) =
p3 − p1p2

√

(1− p1)(1− p2)(p1 + p3)(p2 + p3)
,

which is always positive.

For a comprehensive treatment of the Bivariate Negative Binomial Distribution - Type II see

Edwards and Gurland (1961), Subrahmaniam (1966), Kocherlakota and Kocherlakota (1992)

and Kopociński (1999).
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Appendix B

Methods for Model Diagnostic and Validation

Checking the adequacy of a fitted model is an important step in any successful application.

There exists a wide variety of model assessment methods for linear Gaussian time series

models, or models based on the framework of generalized linear models, but this is not true

for discrete-valued time series. Nevertheless, the need to compare two or more competing

model specifications or evaluate the adequacy of fit of a chosen model is necessary. With the

goal of help to cover this gap, Jung et al. (2016) adapted some of these methods and suggested

a range of diagnostic and model validation methods for the discrete context. Still, it is not

always straightforward achieve the desired aim. As say Tsay (1992), the best model with

respect to a criterion may fail with respect to another. Before choosing a checking criterion

to assess the adequacy of a fitted model the objective of data analysis has to be specified,

otherwise, reported model checking statistics are meaningless or could be misleading. In this

work will be used three different tools: residual analysis, resampling method (parametric

bootstrap) and predictive distribution, which are described next.

Residual Analysis

Diagnostic checks based on model residuals have a long tradition in time series analysis (see

for instances the seminar work of Box and Jenkins (1970)), specially for linear Gaussian time

series, but it is not true for time series models for counts.

Let the raw residuals be defined as deviations of Xj,t from its conditional expectation given

the past i.e., for t = 1, ..., T, as

rj,t = Xj,t − E[Xj,t|Fj,t−1], j = 1, 2,

where Fj,t−1 is the σ-algebra generated by {Xj,1, . . . , Xj,t−1}, which contains the relevant past

history of the process, including possible covariates.

The Pearson residuals (or standardized residuals) are defined as the scaled version of the raw
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residuals

Rj,t =
rj,t

V ar[Xj,t|Fj,t−1]1/2
, j = 1, 2. (B.17)

For pratical implementation, the population parameters in (B.17) have to be replaced by their

estimated counterparts. If a model fitted to data is correctly specified, these residuals should

exhibit mean zero and unit variance with no significant serial correlation in evidence. To

check the significant serial correlation could be used the Ljung-Box test.

Resampling Method or Parametric Bootstrap

Tsay (1992) developed a very general approach to model diagnostics for time series based on

parametric bootstrap samples to assess the adequacy of a fitted model. His basic idea is that a

fitted parametric model is adequate if it can successfully reproduce some special characteristics

of the underlying process. Therefore, after specify one or several functionals that adequately

describe the special features of interest of model (such as autocorrelation, cross-correlation or

spectral density functions), Tsay proposed to obtain an empirical distribution of the chosen

functionals using bootstrap samples generated from the fitted model, and then compare the

observed value for the series with this distribution. For this purpose is possible to obtain a

100(1− α/2)% probability interval of the functional of interest by using the quantiles of the

empirical distribution. Suppose that it is used the 100(1 − α/2)% and 100α/2% quantiles.

Then, an envelope can be obtained for this functional of interest by connecting these quantiles.

If the fitted model is adequate, the functional of interest of the original data should be within

the envelope. The steps of this process can be summarized as following:

1. A fitted parametric model is used to generate many samples of the original data set.

2. The empirical distribution of each one of the functional of interest is obtain from theses

bootstrap samples.

3. 100(1 − α/2)% and 100α/2% quantiles of the empirical distribution construct the ac-

ceptance envelope, for each chosen functional of interest.

4. If the fitted model is adequate the functionals of interest of the original data should be

within the corresponding envelope.

Predictive Distribution

The use of the probability integral transform (PIT) as a method for assessing the adequacy of

the distribution assumption for a model dates from the work of Dawid (1984) and Rosenblatt
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(1952) who transform an absolutely continuous (conditional) distribution into a uniform dis-

tribution.

The PIT random variables uj,t can be defined as

uj,t = Fc(Xj,t|Ft−1)

where Fc is the cumulative distribution function (CDF) of the true data generating process.

Under correct specification of the predictive distribution, the series of PIT random variables

{uj,t} are i.i.d. standard uniform [0, 1]. Diebold et al. (1998) discuss several ways in which

the uniformity of {uj,t} from any model may be assessed. The unconditional uniformity of

the {uj,t} could be verified in an informal way by plotting the empirical CDF of {uj,t} and

comparing it to the identity function, or by constructing a histogram of {uj,t} and check it

for uniformity. To check whether the PIT series are i.i.d. U(0, 1) random variables, could

be performed formal tests (Kolmogorov-Smirnov or the Cramer-von Mises test), but they are

non-construtive and, therefore, of little practical value (Diebold et al., 1998).

In the context of discrete distributions, some modifications to standard methods are required

because CDF are step functions. In this context, two approaches have been proposed in the

literature. The first one is the so-called Randomized PIT (Denuit and Lambert (2005)), ob-

tained by perturbing the step function nature of the distribution function for discrete random

variables. An alternative method, the Non-randomized version of the PIT, suitable for count

data, was proposed by Czado et al. (2009) and utilizes the distribution function observed at

the count Xi,t via

F (i,t)(u|Xi,t) =











0, u ≤ F (Xi,t − 1),

(u− F (Xi,t − 1))/(F (Xi,t)− F (Xi,t − 1)), F (Xi,t − 1) ≤ u ≤ F (Xi,t),

1, u ≥ F (Xi,t),

where F (Xi,t) is the predictive cumulative distribution of Xi,t, for i = 1, 2. The assessment

of the distributional assumption can be carried out by aggregating over the set of n − 1

predictions for all observed counts and comparing the mean PIT

F
(i)
(u) =

1

n− 1

n
∑

t=2

F (i,t)(u|Xi,t), 0 ≤ u ≤ 1

with the cumulative distribution function of a standard uniform random variable. This can

be done by constructing the PIT histogram, allocating the mean PIT to J equally spaced

bins, where the height of the jth bin is given by

fj = F
(i)
(j/J)− F

(i)
((j − 1)/J),
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for j = 1, . . . , J and checking for uniformity. Alternatively, F
(i)
(u) may be plotted against u

and examine for deviations from the 45-degree line. Jung et al. (2016) incorporate an approxi-

mate 100(1−α)% confidence intervals (α = 0.05) obtained from a standard χ2 goodness-of-fit

test of the null hypothesis that the J bins of the histogram are drawn from an uniform

distribution. It is used J = 10.

Deviations from uniformity indicate model deficiencies, and between them are:

• U-shaped histograms indicate underdispersed predictive distributions,

• Hump or inverse-U shaped histograms point at overdispersion,

• Skewed histograms occur when central tendencies are biased.
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