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Introduction
The aim of this work is the study of Ponzi schemes using mathematical modelling and numerical simulation. It is intended to describe the mathematics of this type of scams, going beyond the simplistic explanation that its sustainability depends only on rapid (exponential) growth on the number of customers and investors. Furthermore, it aims at exploring the numerical simulation of Ponzi schemes, allowing for fast evaluation of funds showing unrealistic performances.

Ponzi schemes, chain letters, pyramid schemes and bubbles are used terms, often indistinctively and improperly, to refer to unsustainable financial behaviour where the current and promised prices of the assets are not consistent with their value in the future. These schemes generally involve promises to pay very high interest rates. The developer of these schemes generally claims to have discovered a new secret formula that allows to earn a lot of money and to share high rates of return.

The term “Ponzi” is due to Charles Ponzi, an Italian immigrant in the USA, who operated a small deposit taking company in a suburb of Boston in the 1920’s. Since most of the economies in Europe were depressed after the First World War, he thought of buying International Reply Coupons (IRC) in Europe and selling them in the U.S. Certainly it was not possible to buy a required large amount of coupons neither to cope with the logistic to take them back to the U.S. He soon realized that the only way to become rich was by convincing others that they too could be rich if they follow his scheme and promised a 50% profit within 45 days, and soon 100% within 90 days (DeWitt, 2009). As widely known, the payments to the old investors were being paid by the new ones.

Bernard Madoff was responsible for the most infamous and long-lasting Ponzi scheme. By the time of its collapse in December of 2008, reported liabilities amounted to values close to the 65 billion USD. Madoff kept his scheme active for approximately 20 years, affecting private and institutional investors around the world. An exhaustive description of the scheme is reported in Kindleberger and Aliber (2011).

Similar cases occurred worldwide, albeit with less visibility and dissemination by the media.
These events are becoming more and more frequent and their social and economic consequences subject of many news, stories, papers and research. Fraudulent schemes makes their place in the news and articles, for example, the global and well-known Madoff case is pictured in great detail by Sander (2009) and an extensive review with recent stories of swindlers (individual and institutional) are presented in Fisher (2009).

However, there is a lack of scientific literature providing mathematical background on these fraudulent financial instruments helping to predict the initial success and final collapse. Two of the most prominent exceptions describing macroeconomic models of rational Ponzi games are the works of Blanchard and Weil (2001) and Bhattacharya (2003). Micro Ponzi schemes have flourished on the web or, at a smaller scale, beginning with a group of friends. These schemes are usually described via a simplistic explanation based on an exponential boom on the number of new investors. A mathematical model that captures the main characteristics of a Ponzi scheme was recently introduced by Artzrouni (2009).
We will briefly describe Artzrouni’s model and introduce a computational approach easily adapted to new variations on the model parameters and possibly extended to cope with other features not yet considered. By considering the numerical solution of the model, an innovative approach is provided. Several simulations will be performed to access the behaviour of a fund taking into account different perturbations on the parameters.
The aptitude of simulation in the detection of unsustainable patterns may be of interest to financial regulators and investors when confronted with situations where funds show unrealistic performances vis-à-vis the economic and financial constraints
The Artzrouni’s model
The model describes the dynamics of an investment fund that promises higher incomes than those it can effectively offer. In the genesis there are a promised return rate, the actual nominal rate, unrealistic market capture rate of new investment and the rate of removal of accumulated deposits. 
The fund motion equation, defining the fund value accumulation along time, is given by
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 is the amount in the fund at time [image: image5.png]
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 is the nominal interest rate, [image: image9.png]s(t)



 is a continuous cash inflow (new money) and [image: image11.png]W(t)



 the withdrawals. The inflow assumes an exponential behaviour
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 is the investment rate and [image: image16.png]


 the initial density of the deposits. For the withdrawals, the following formulation is considered
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 is the promised rate and [image: image21.png]


 a constant withdrawal rate along [image: image23.png]


. The first term refers to the density of withdrawals from those investing an initial deposit, [image: image25.png]S(0) =K



 (or [image: image27.png]S(0) =K +K,



 if an in-house deposit invested at rate [image: image29.png]


 is also considered) and the second from those who invested [image: image31.png]s(u)
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 from the beginning to time [image: image37.png]
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) then the withdrawals increase (decrease) exponentially.

Putting (2) in (3) gives
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For further details see Artzrouni (2009). The differential equation is thus given by (1) with [image: image44.png]W(t)



 defined by (4).

The idea behind the simulation is to tackle the solution dynamics of the model along with the dynamics resulting from a sudden parameter change at a certain moment in time. We will consider the solution path of the actual amount in the fund (its real value),[image: image46.png]Sa(t)



, and compare it with the solution path of the promised amount (theoretical value of the fund), [image: image48.png]Sp(t)



. The latter equation results from the former by taking the nominal interest rate equal to the promised one, [image: image50.png]


, and the initial condition [image: image52.png]S(0) =K



.
Model calibration
For the model calibration, data available for one of the most famous fraudulent financial schemes is used: Charles Ponzi, 1920. A philanthropic version of the model is also presented for discussion, bearing in mind social security models. We follow closely DeWitt (2009) and Artzrouni (2009).
Ponzi’s scheme
The model is calibrated to replicate the fraudulent scheme perpetrated by Charles Ponzi in 1920, and evaluate the effects resulting from considering the investment constant from a certain instant of time, [image: image54.png]


. The data is supported on DeWitt (2009) and the time is expressed in years and the monetary values in million USD.

Since Ponzi had no funds to invest, it is assumed[image: image56.png]S(0)=K=0



. Considering that he paid 100% (the money doubles) of the invested money after 90 days (0.25 years), on an interest rate with continuous capitalization this would result in [image: image58.png]


 that is, [image: image60.png]n = 2.773.



 The scheme worked from the 26th December to the 26th June, that is, for 213 days (0.58 years). At day 213, Ponzi collected 0.2 million USD from a total of 10 million USD invested in the fund, that is, 
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It can be easily shown that [image: image63.png]
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 is the solution of this system, which represents an instantaneous rate of [image: image67.png]


 and an initial flow of money of [image: image69.png]—— = 3,095



 USD a day. Regarding the nominal interest rate, it is assumed[image: image71.png]


; as referred by Artzrouni (2009), the profit from the IRC is negligible given the high rate of entry of new investments (one could consider [image: image73.png]


 ranging from [image: image75.png]


 to[image: image77.png]
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 it is taking into account the data available at the time of the first trial of Ponzi: he was able to pay 5 million but still was pending payment to investors other 7 million USD, so [image: image81.png]5,(0.58) =12



. Numerically we can evaluate the value of [image: image83.png]%, = 1.470



.

From the 26th June, probably the growing flux of new investments had stopped and so, from [image: image85.png]


 onwards, new parameters occurred. The daily flow remains constant and equal to 0.2 million USD, as in the last day, [image: image87.png]=



 and [image: image89.png].2 %365 =73



. The initial values for investment are [image: image91.png]K =5,(058) =12



 and [image: image93.png]$(0) = 5.(0.58)




 (numerically computed). The remaining parameters are kept the same (see Table 1 for a summary).

Table 1: Model parameters for the Ponzi simulation
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	0
	0
	1.130
	7.187
	1.470
	2.773
	0.01
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	12
	7.758
	73
	0
	1.470
	2.773
	0.01


Philanthropic scheme

The model can be easily used to mimic a philanthropic (Ponzi) scheme. Following Artzrouni (2009), let us track a manager (meritorious profile) paying [image: image104.png]15%



 return upon one million dollars contribution per investor a year. It is assumed that the investors withdraw [image: image106.png]129



 of their accumulated capital (continuously), the manager can make investments at the nominal rate of 4%, and it is not request any initial investment to investors. Under these conditions, the minimum value for in-house investment needed to keep the fund solvent is [image: image108.png]$(0) = 275 (numerically computed )



. In the following, the value [image: image110.png]s(0) = 280



 will be used for simplicity.

The philanthropic character of this fund is based on the fact that, although the actual value of the fund [image: image112.png]S. (£)



 and of the fund's profit, [image: image114.png]Sa(t) — S, ()



, grow asymptotically at a rate equal to [image: image116.png]


, the lucrativeness that the manager of the fund would had if he had invested [image: image118.png]S(0)



 at a rate [image: image120.png]


 would be higher, since [image: image122.png]s(0) =0



.

Table 2: Model parameters for the philanthropic (Ponzi) simulation
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	0
	280
	1
	0
	0.12
	0.15
	0.04


Model simulation and results
Simulations resulting from shocks on the parameters of the model will be presented, illustrating the impact on the success or on the collapse of the investment fund
Ponzi’s scheme (1920)

Based on the parameters of the model presented in Table 1, the transition dynamics, computed numerically, are plotted in Fig. 1, for the actual [image: image131.png]S. (£)



, promised [image: image133.png]


 values and the difference between these two. The numerical algorithm used to solve the ordinary differential equation was the Runge-Kutta pair (4,5), embodied in the MATLAB ODE45 function (convergence criteria defined for a tolerance of [image: image135.png]10°°



).

[image: image136.png]Numerical simulation for the Ponzi scheme (1920)

=@
a3
TEd
k-4

|

1

1

Eil
18

((suou) stefoq/s) puny ey i wnowy

Time (tyears)




Fig. 1: numerical simulation for the Ponzi scheme (1920)
Graphically it turns out that, at the date of the arrest of Charles Ponzi, [image: image138.png]


, the scheme is yet sustainable, although, as expected, the real value (Sa) is growing at a lower rate than the promised (Sp) (Sp – Sa grows from [image: image140.png]


until [image: image142.png]


) . From [image: image144.png]


onwards, with the change of the rate of investment to [image: image146.png]=



, the scheme enters in collapse: increases until 0.92 years but then decays to collapse, [image: image148.png]


, 1.30 years later, that is, only 8.5 months after Ponzi be arrested.

Philanthropic scheme

Based on the parameters on Table 2, Fig. 2 depicts the time evolution of the actual and promised values for the philanthropic (Ponzi) scheme
[image: image149.png]xio*

05
Actual value Sat)
—— —Promised value Sp(t)
9 Invested value Ce(t)
ol

Amount in the fund (S/Dallars (millions)
T

250

Time (ylyears)




Fig. 2: numerical simulation for the philanthropic scheme[image: image151.png]5(0) = 280




It can be seen that, even in the long run, a fund within these conditions is always solvent. The initial in-house entry of capital is sufficient to guarantee the sustainability. The actual value grows at a higher rate than the promised one; but it is lower than the value that the manager would earn if he had instead invested [image: image153.png]S(0)



 at rate [image: image155.png]


 (dotted line).
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Fig. 3: numerical simulation for the philanthropic scheme[image: image158.png]5(0) =245




Sensitivity analysis
To illustrate the importance of [image: image160.png]S(0)



, corresponding to the initial in-house investment, we access what happens if it decays from 280 to 245 million USD, below the threshold of 275 (the threshold for the sustainability of the fund). Fig. 3, indicates that the schema will collapse after about 260 years of existence. 

Table 3 shows the time for the collapse for several values of [image: image162.png]S(0)



, emphasizing that solvency depends on a philanthropic fund manager who is willing to invest a significant initial amount, giving away a share of her profits.

Table 3: Several parameters for the philanthropic simulation (N/A means not available, N/S means not shown)

	Case
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	time to collapse
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reached at

	Fig. 2
	0
	280
	1
	0
	0.12
	0.15
	0.04
	N/A
	N/A

	Fig. 3
	0
	245
	1
	0
	0.12
	0.15
	0.04
	259.01
	9.99x104 
(t=230.26)

	N/S
	0
	245
	1
	0
	0.12
	0.155
	0.04
	146.08
	5.52x104 
(t=119.57)

	N/S
	0
	275
	1
	0
	0.12
	0.15
	0.04
	N/A
	N/A

	N/S
	0
	265
	1
	0
	0.12
	0.15
	0.04
	368.98
	2.79x106 
(t=340.12)

	N/S
	0
	175
	1
	0
	0.12
	0.15
	0.04
	138.14
	2.58x103 
(t=109.86)

	N/S
	0
	100
	1
	0
	0.12
	0.15
	0.04
	79.78
	378.79 
(t=53.90)


We extend further our sensitivity analysis by considering two additional situations, and analyse the impact on the sustainability, due to changes in the initial conditions (of launching and operating).

A. What is the effect due to changes in the rate of investment in a fund, considering the parameters in Table 4 and keeping the remaining conditions unchanged?
Table 4: parameters for scheme A (N/A means not available)
	Case
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	time to collapse
	time to recover
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reached at

	1
	10
	10
	2
	14
	6
	5
	1
	N/A
	N/A
	0.80 
(t=0.26)

	2
	10
	10
	2
	10
	6
	5
	1
	0.23
	0.49
	-3.95 
(t=0.39)

	3
	10
	10
	2
	2
	6
	5
	1
	0.21
	N/A
	N/A


This scheme is very interesting in that, initially, the fund value decreases, reaches a minimum and then, depending on the rate of investment, can recover. Clearly the recovery should be much faster as the higher the investment rate. If the investment rate is lower than the rate of withdrawal, the system does not retrieve and collapses shortly after its launch.

This schema also supports the idea that, although illegal ([image: image180.png]AR



), its sustainability would be ensured through an appropriate relation between withdraw and investment rates.

Figure 4 shows the solution paths for the cases summarized in Table 4. The dashed line depicts a fund that collapses but that can recover with a bailout equal to the value of the minimum reached. Figure 5 shows the solution path for this case.
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Fig. 4: numerical simulation for Table 4.
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Fig. 5: numerical simulation for bailout at case 2 of Table 4.

B. A fund offers 10% return per month. The management entity is supposed to perform an initial investment of 50 million USD in-house. It is expected the investor’s deposits to increase at a 0.5 annual rate, and each investor, annually, will withdraw half of his winnings. What happens if the annual density of deposits is 12 million USD? And if it is 4 million USD?
The conditions of the fund are summarized in Table 5.

Table 5: parameters for scheme B
	Case
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	time to collapse
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reached at

	1
	0
	50
	12
	0.5
	0.5
	1.14
	0.04
	3.68
	69.67 
(t=1.90)

	2
	0
	50
	4
	0.5
	0.5
	1.14
	0.04
	4.41
	59.32 
(t=2.08)


If the analysis only covers the short run, 0-2 years, it seems that this scheme is sustainable. However, the combination of parameters during time, at the medium-long term, 5-6 years, does that the fund collapses. Figure 6 presents the solution path for the two cases tested (see Table 5)
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Fig. 6: numerical simulation for Table 5.

Social Security systems
One of the issues currently in focus, see for example, Mandel (2008) and Buttonwood (2011), is the easy temptation to associate Social Security systems to a Ponzi scheme. The usual short duration of Ponzi schemes, despite the longevity of the Madoff case, in counterpoint with the high longevity of Social Security systems, since 1889 in Germany or since 1935 in the United States, are motive enough for DeWitt (2009) to exclude a Ponzi oddity to Social Security systems.

The abovementioned philanthropic scheme clarifies some ideas on the topic, illustrating that a scheme can work sustainably "forever", provided that a high initial investment is delivered (for example, an investment in a government employment policy to create a new social security system). However, this long-term sustainability can be threatened, by investment rates, withdrawal rates and nominal rates.

We can see from Table 3 that, keeping all other parameters constant, the system is sustainable for  [image: image193.png]S(0) = 280



 and [image: image195.png]0.15



, whereas it collapses after 259 years for [image: image197.png]S(0) = 245



 and [image: image199.png]0.15



; furthermore, for [image: image201.png]S(0) = 245



and [image: image203.png]‘ia
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 it collapses in almost half of the time, about 146 years. The sensitivity is very high.

In periods where the beneficiaries of a social security system grow much faster than the entrance of new contributors, there may results in an operation deficit. This vulnerability to demographic fluctuations has however nothing to do with Ponzi schemes or other fraudulent financial transactions. 

It is clear the relationship between the model parameters. For example, fluctuations in investment withdraw and birth rates, the rate of individuals who retire and the presence of other individual retirement protection mechanisms (possibly more attractive).
Conclusions
Ponzi scheme is a generic term to designate non sustainable patterns of financial operations. The creators of these schemes can only fulfil their commitments to pay high interest rates if they can collect money from new loans, namely novel clients and investors. The promised interest rates are so high that the sustainability of the scheme requires a continuous stream of new money and at a fast pace. Initially, many investors are so satisfied with their high returns that they allow recapitalization of their gains in the same scheme. The scheme can work and be sustainable provided that the fund's value output rate is lower than the rate of money entry of new investors. This work describes a model that can provide some answers to financial regulators and investors when faced with situations of funds presenting themselves as having unrealistic performances regarding the economic and the financial situation.

Since the model is built on continuous time, it does not allow carrying out the follow-up of an investor situation in accordance with its position on a pyramidal structure. This may be the (only) limitation of this model.

We provide an innovative approach by considering the numerical solution of the model. Several simulations were performed to access the behaviour of the fund by considering different perturbations on the parameters of the model.

From this numerical approach to solve the model, several important model extensions can be addressed. The model can be enriched by using stochastic modelling, in line with Mayorga-Zambrano (2011). Even within this framework, further insights can be explored as well. It may be relevant to assess the model behaviour to other inflow cash type functions rather than the exponential; or, to automatically compute the required bailout to withstand a collapsing trajectory from the first signs delivered by the model while tracking it numerically.
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