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Faculdade de Engenharia da Universidade do Porto

Departamento de Engenharia Electrotecnica e de Computadores
Rua Dr. Roberto Frias s/n, 4200-465 Porto

PORTUGAL
{rjpg,mrpinho,jtasso}@fe.up.pt http://www.fe.up.pt

Abstract: An Optimal Control Applet (OCA) is presented. This OCA is an Applet designed to study optimal con-
trol problems in an interactive manner. The graphical user interface (GUI) facilities the interaction with the user in
several ways. First, the user is able to specify the key ingredients of an optimal control problem, namely controlled
differential equations, control constraints and cost functions. Second, the user is allowed to specify specify the
control inputs. These interactions are designed to support the cognitive process of learning the fundamentals of
optimal control. The application is available for students over the net.
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1 Introduction
Teaching and learning optimal control is a tough en-
deavor. Optimal control theory is generally consid-
ered an advanced topic. The reason for this may come
from the fact that any thorough course on optimal con-
trol assumes an advanced background not making it an
appealing subject to newcomers on the field. In par-
ticular, undergraduates students when first faced with
optimal control problems find it hard to build some
sensitivity and insight to such problems, even when
they turn to the available software tools for help. This
may be because these lack some fundamental geomet-
ric insights. The geometric interpretation behind some
of the main concepts in optimal control may come as
a surprise, and also as a discovery. This interpretation
seems to have been somewhat forgotten as the tools
were getting more complex and more technical.

To reduce the “entry” cost into the field of optimal
control, we should perhaps explore some of the ini-
tial developments in the field when the concepts were
simpler, but powerful enough to result in the extraor-
dinary development of this field since the sixties.

One way to accomplish this is through experi-
mentation with the basic entities associated to an op-
timal control problem. Such experimentation was not
easy until the advent of computers with powerful com-
putational and graphical capabilities, and the avail-
ability of software packages capable of handling the
intricacies of numerical and symbolic solvers for dif-
ferential equations and the visualization of the corre-
sponding trajectories. Since we believe it is impor-
tant to develop new tools to assist students building a

good insight of optimal control problems we devel-
oped OCA, an Applet for learning optimal control.
The OCA is complemented with a Wiki for a shared
learning experience. It is being used in tutored ses-
sions for novice users.

The OCA we report on in this paper permits the
user to experiment with the basic entities associated
to an optimal control problem: controlled differen-
tial equations, control constraints and cost functions.
Moreover, it allows the user to specify control func-
tions, parameterized over time, for the system. Under
proper guidance, the user becomes familiar with es-
sential non-intuitive aspects of optimal control tech-
niques:
◦ non-linear behavior of the trajectories with respect

to variations in the control inputs;

◦ behavior of the cost for limiting behavior of pairs
controls-trajectories;

◦ variation of the qualitative behavior of the solution
due to changes of initial conditions.

These aspects of experimentation lead the interested
user to an enquiry into the reasons behind these non-
trivial behaviors. It is time then to go into the techni-
calities behind optimal control.

There are many simple implementations in
JavaTMApplet[5] format over the Internet used
to guide students through math problems and
techniques[9]. Some optimal control books are
accompanied by CD-ROMs with applications and
examples[6]. Also, some books already support the
modern teaching aids available, having an companion



Website [3] with JavaTMApplets. To the best of our
knowledge, the OCA has some innovations that make
it a user friendly application. Notably it allows the
user to explore different controls policies for a wide
variety of problems.

The paper is organized as follows. In section 2 we
describe the optimal control problem formulation. In
section 3 we present the Applet from the user’s point
of view. In section 4 we describe the architecture of
the application. In section 5 we describe a case study
of the tool and in section 6 we draw the conclusions.

2 The Optimal Control Problem
OCA can handle optimal control problems of the fol-
lowing form:




Minimize G(N(b)) +
∫ b

a
L(t,N(t), U(t)) dt

subject to
Ṅ(t) = F (t,N(t), U(t))
U(t) ∈ Ω(t)
N(a) = N0

(1)

with data the set [a, b], functions
G : IRn × IRn → IR,
L : [a, b]× IRn × IRk,
F : [a, b]× IRn × IRk → IRn,

a multifunction Ω : [a, b] → IRk and a given vector
N0 ∈ IRn. Here n, the number of state variable N(t),
and k, the number of control variables U(t) are both
assumed to be greater or equal to 1.

3 Main Features of the Applet
The main technical requirements for OCA are listed
next:
◦ Interface with a symbolic expression solver;

◦ Handle ordinary differential equations with several
variables.

◦ Small footprint to be rapidly served over the Inter-
net.

◦ Automated PDF reports with the description of the
given inputs, dynamic, model and final cost.

All this requirements are contemplated in a
JavaTMApplet context. Symbolic processing of
differential equations and integrals is done with the
recourse of Matlab. A Web Server (see [7] for details)
was created to serve as bridge between OCA and
Matlab. A graphical Java2D component is used to
support the specification of the control inputs by the
user (see [4]). The control inputs

are defined in a piecewise fashion over intervals
defined by the user. A symbolic expression evaluator
library [8] is used by this chart component to make the
function representation.

The combination of these technologies made it
possible for OCA to have a small 220KB footprint and
to serve it over the Internet in any browser (Fig. 1).

OCA allows the user to define each optimal con-
trol problem (1), that is, the interval [a, b], the cost,
the dynamics and the initial state Nn0 (or Nn(a)). It
also permits the definition of the multifunction Ωk(t),
assumed to be piecewise constant. The Applet is able
to process models with several input functions Uk(t)
with k >= 1. Also the number of state variables
Nn(t) can be chosen with n >= 1. Once the optimal
control problem is defined, the user can test different
control policies. The control has to be a piecewise
continuous function. For each control policy chosen
the Applet plots the graph of each component of the
state variable Nn(t) and calculates the corresponding
cost. Different control policies can be tested for the
same problem in different sessions and the results can
be compared.

Fig. 1: OCA running inside a Media Wiki (in this
case:k=3 inputs and n=2 state variables)

4 Applet Architecture
The Applet user interface is divided in four areas: in-
puts charts, model definition, result dynamics charts
and debugging output. The inputs for optimal control
problem are made using a Java2D chart component,



developed specially for OCA (Fig. 2). For each in-
put function of the model, a chart panel component
is used. In this chart panel the user/student defines a
subinterval of the function domain by simply click-
ing with the right mouse button over the chart compo-
nent. This creates a function delimiter where the user
specifies the function inside the text boxes (symbolic
e.g. ”tˆ 2”, ”sin(t)/2”, ”log(t)”, etc) and the graph of
the written function is automatically displayed on the
chart.

Constraints can be added to this input function by
simply defining a maximum and minimum limit func-
tion 1. The component notifies the user about con-
straints violations. Also, the chart component is used
to make the representation of the state variable evolu-
tion (dynamics) of the model. In this case, the input
events are turned off. Internally the Applet fills the
charts panels with the processed functions. The pro-
cessing domain of the OCA [a,b] is also defined in this
panel, represented by the yellow top bar. The user can
change the limits of this interval by dragging the ex-
tremities of the yellow bar with the mouse. Processing

Fig. 2: Input chart component

the user’s model with the given inputs involves han-
dling a system of differential equations. From the
start the OCA intends to work in a symbolic philoso-
phy. We chose to use Matlab for symbolic processing.
The connection of OCA to Matlab is made through a
Web Server. On the Web Server (Server side) there is
a JavaTMapplication connected to Matlab running in
singleton. This application executes the remote Mat-
lab commands supplying the server which return the
responses to the Applet in SOAP protocol (Fig. 3).
Each time the user presses the ’solve’ button in the
model definition area several remote calls are made to
the Web Server, depending on the model and inputs

1This is why the multifunction Ω(t) is assumed to be piece-
wise constant.

Fig. 3: Connection to Matlab architecture

complexities. OCA has been tested with models of
varying complexity and serving multiple users. The
response time has been acceptable and the server re-
mains stable.

To take interaction to a more academic level the
Applet was integrated inside a Wiki page. The Op-
timal Control Wiki is based on MediaWikiTMand it
was parameterized to accept pure HTML on its pages.
That way we include the OCA inside one of the Wiki
pages (Fig. 1). As normal, major part of the Op-
timal Control Wiki is permitted to be editble by the
Users/Students.

5 An Example
Here, we describe the use of OCA with an example
of a cancer chemotherapy model proposed in [1]. The
problem of interest is:





Minimize r1N1(b) + r2N2(b)+∫ b

0
(q1N1(t) + q2N2(t) + u(t)) dt

subject to
Ṅ1(t) = −a1N1(t) + 2a2(1− su(t))N2(t)
Ṅ2(t) = a1N1(t)− a2N2(t)
u(t) ∈ [0, 1]

N1(0) = N10

N2(0) = N20

In this model the cell cycle are divided into two
compartments; 1 and 2. The states N1 and N2 de-
note the number of cancer cells in each compartment.
The scalar control u : [0, T ] → [0, 1] represents the
drug dosage administered with u(t) = 0 correspond-
ing to no treatment and u(t) = 1 corresponding to
a maximum dose. The objective is to minimize the
number of cancer cells at the end of a fixed therapy
interval without killing the patient. Since the drug can
produce harmful effects on the patient and it is advis-
able to keep the number of cancer cells low during the



whole treatment. The cost has two terms:

r1N1(b) + r2N2(b)

represents a weighted average of the total number of
cancer cells at the end of the therapy and the integral

∫ b

0
(q1N1(t) + q2N2(t) + u(t)) dt

models the cumulative negative effects of the treat-
ment and the weighted average of the total number
of cancer cells at each instant. The parameter s is an
effectiveness factor of the drug and it is assumed to
be s ≥ 1/2. The parameters r1, r2, q1, q2 are positive.
Also, a1 and a2 are constants related to the type of
cancer and the individual. We refer the reader to [1]
for a complete description of the model.

5.1 Model Type

This problem has one input function (k = 1), two state
variables (n = 2) (no state constraints). The user sets
these parameters by first pressing the button ”settings”
on the upper right panel of the Applet. This action
opens a dialog box where the user edits the main set-
tings of problem; number of input or control charts (in
this case = 1), number of dynamics equations (= 2)
and no state constrains. See Fig. 4.

Fig. 4: Setup of the OCA main parameters

5.2 Definition of the Model

As in [1] we choose b = T = 1, a1 = 0.197,
a2 = 0.356 and s = 0.8. As initial conditions we
take N10 = 0.70 and N20 = 0.30. In the cost model
we consider r = (1, 1) and q = (1, 1). These are the

cancer chemotherapy parameters used in the mathe-
matical model panel of the OCA. E.g. the ”N1’(t)=”
(i.e. Ṅ1(t)) textbox is filled with the string:

”-0.197*N1+2*0.356*(1-0.8*U1)*N2”

Here ”N1”, ”N2” and ”U1” correspond respectively
to N1(t), N2(t) and U1(t). Since the OCA works in a
symbolic way there is no need to define the ”integra-
tion step” parameter.

5.3 Inputs

For this problem we test two different control policies.
First, we take

u1(t) =
1
2

for t ∈ [0, 1]. (2)

As shown in [1] this is a singular control.
The definition of the controls in OCA is done in

the input chart (described in section 4). The user has
to create the function delimiters (in this example (2)
it is only one), drag them to define the right inter-
val and write the function on the ”Func:” text box
(”1/2” in this case). A pointwise control constraint
u1(t) ∈ [0, 1] (i.e., here Ω1(t) = [0, 1]) can be de-
fined as well. The user has to fill the ”Max:” and
”Min:” fields. After the model and input definitions
is complete the user presses the ”solve” button. The
results, i.e., the cost and the graphical representation
of the state trajectories appear on the OCA as shown
in Fig. 5.

Fig. 5: Cancer chemotherapy model with a singular
control (U1(t) = 1/2)



Next, we test the following bang-bang control

u1(t) =





1 if t ∈ [0, 0.25[,

0 if t ∈ [0.25, 0.5[,

1 if t ∈ [0.5, 0.75[,

0 if t ∈ [0.75, 1].

(3)

We want to keep the results of the previous experi-
mentation. To do so we need to click the ”New Ses-
sion” button. A new separator will be created with a
copy of the previous data session. Now the user only
needs to introduce the new input policy (3). This is
done by changing the input function U1(t) in the input
chart; new delimiters have to be placed and defined.
The results are shown now in Fig. (6).

Fig. 6: Cancer chemotherapy model with a bang-bang
control

By clicking on ”Session 1” separator the user has
access to the data of the previous session and the re-
sults can be compared. In fact, comparing the results
from both sessions we deduce that although the pa-
tient receives the same amount of drug over the inter-
val [0, 1], the bang-bang control produces a lower cost
(1.93) than the singular control (2.43). In view of [1]
this comes as no surprise.

6 Conclusion
The OCA we report on this paper is a valuable tool to
help the students understanding optimal control prob-
lems. It can handle both linear and nonlinear prob-
lems with various variables. The OCA permit the user
to test different control policies for a chosen optimal
control problem. It is worth mentioning that the OCA

can be easily modify to estimate reachable sets for a
given control problem.

The main setback of this Applet is that it cannot
solve the optimal control problem. We aim to improve
this Applet by introducing a solver routine. Once this
is done, the OCA can be a powerful tool to determine
if a certain admissible solution is sub-optimal.

We also hope to improve this Applet so that it can
optimal control problems with state constraints and
mixed state-control constraints.
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