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Resumo

Nesta tese consideramos um sistema dinamico f : M — M, onde M é uma variedade
Riemaniana e f é um difeomorfismo. Supoe-se que o sistema dinamico tem uma estrutura
Gibbs-Markov-Young, que consiste num conjunto de referéncia A com uma estrutura de
produto hiperbdlico que satisfaz certas propriedades. As propriedades que assumimos sao
a existéncia de uma particao de Markov Ay, Ag, ... de A, contracao polinomial em folhas
estaveis, contracao polinomial para tras em folhas instaveis, uma propriedade de distorcao

limitada e uma certa regularidade da folheacao estavel.

Os objetivos principais desta tese consistem em provar resultados que estabelecem um
controlo do decaimento de correlagoes e dos grandes desvios, bem como apresentar um
exemplo de um sistema dinamico que tem a estrutura Gibbs-Markov-Young descrita acima.
Para podermos apresentar estes teoremas, precisamos primeiro de introduzir o conceito de
tempo de retorno a A. Estes resultados fornecem controlos polinomiais do decaimento de
correlagoes e dos grandes desvios, baseados no controlo polinomial da medida de Lebesgue

da cauda do tempo de retorno.

Ferramentas essenciais para provar os teoremas principais sao uma torre de Young,
bem como uma torre quociente e uma torre produto, obtidas a partir da torre de Young.
Recordamos alguns resultados sobre estas torres e provamos outros a partir das nossas

propriedades.

Finalmente, apresentamos um exemplo de um sistema dina€smico definido no toro e
provamos que este verifica todas as propriedades da estrutura Gibbs-Markov-Young con-

siderada.






Abstract

In this thesis we consider a discrete dynamical system f : M — M, where M is a Rie-
mannian manifold and f is a diffeomorphism. We assume that the dynamical system has
a Gibbs-Markov-Young structure, which consists of a reference set A with a hyperbolic
product structure that satisfies certain properties. The properties assumed here are the
existence of a Markov partition A, Ao, ... of A, polynomial contraction on stable leaves,
polynomial backwards contraction on unstable leaves, a bounded distortion property and

a certain regularity of the stable foliation.

The main goals of this thesis are to prove results establishing a control on the decay of
correlations and large deviations, as well as presenting an example of a dynamical system
satisfying the Gibbs-Markov-Young structure described above. In order to state these
theorems, first we need to introduce the concept of return time to A. These results give
polynomial controls on the decay of correlations and large deviations based on a polynomial

control on the Lebesgue measure of the tail of the return time.

Essential tools to prove the main theorems are a Young tower, as well as a quotient
tower and a tower product obtained from the Young tower. We recall some results about

these towers and prove some others based on our properties.

Finally, we present an example of a dynamical system defined on the torus and we prove

that it verifies all the properties of the Gibbs-Markov-Young structure that we considered.






Introduction

In this thesis we consider a discrete dynamical system f : M — M, where M is a manifold
and f is a diffeomorphism. If p is an invariant probability measure, we say that f is mizing
with respect to this measure if, for any measurable sets A and B, we have

u(f7"(A) N B) = p(A)u(B) — 0.

n

This setting will allow us to study some statistical properties of the dynamical system.

Given observables ¢, : M — R, their correlation is given by

Colps ¥, ) = ‘/(wof”)tbdu—/sodu/wdu"

Note that saying that f is mixing is equivalent to assuming that, for all measurable sets
A and B, the correlation of the characteristic functions of A and B converges to zero.
For sufficiently regular observables ¢ and 1 and suitable assumptions on the dynamical

system, it is possible to obtain a control on the rate of decay of their correlation.

A special case that is important to study is dynamical systems with SRB measures,
also known as physical measures. These measures were introduced by Bowen, Ruelle and
Sinai [18, [7, [16] and their importance can be understood by recalling Birkhoff’s Ergodic
Theorem. It states that, if u is an invariant probability measure, then, for p almost every
x € M and all continuous ¢ : M — R,

n—1

%Z@(fi(x)) 7/@0du.

=0
However, this theorem does not give any guarantee on the Lebesgue measure of the set
where the above statement holds. SRB measures have the important property that this set
has positive Lebesgue measure. In this thesis we will be working with a dynamic system

with a SRB measure.



Given an observable ¢ : M — R, the study of large deviations consists on obtaining a
n—1

control on how much ¢, = Z dof’ deviates from the mean ¢ = / ¢ dp. More precisely,

the aim is to study the asym]atotic behaviour of
1 _
p{|-0n— 0| > <},
n

Several authors have studied rates of decay of correlations in different contexts. Bowen,
Ruelle and Sinai [18, [7, [16] obtained exponential decay of correlations for uniformly hyper-
bolic diffeomorphisms. Later, some classes of non-uniformly hyperbolic diffeomorphisms
were considered. First, Young [21] proved an exponential rate for the decay of correla-
tions assuming there exists a reference set A C M with a hyperbolic product structure and,
among other properties, an exponential contraction along stable leaves and exponential
backward contraction on unstable leaves. Later, Alves and Pinheiro [2] weakened these
assumptions, removing the backward contraction but still imposing an exponential con-
traction along stable leaves. In that paper, they proved exponential or polynomial decay
of correlations, depending on different hypothesis that we will explain later. In this thesis,
we consider a dynamical system with similar properties as in [21], 2]. However, we only
assume polynomial contraction on stable leaves and backward polynomial contraction on
unstable leaves, consequently obtaining a polynomial decay of correlations. In addition,
Young also obtained, in [22], a control on the rate of decay of correlations for non-invertible

dynamical systems and, together with Benedicks in [6], for Hénon maps.

Many authors have proved results on large deviations for uniformly hyperbolic dynam-
ical systems, some of which can be found in [I5] [0} 10, 20} 19]. Later, Aratjo and Pacifico,
in [5], studied large deviations for certain classes of non-uniformly expanding maps and
partially hyperbolic non-uniformly expanding diffeomorphisms. In [4], Aradjo extended
these results to a more general case. Melbourne and Nicol, in [14], obtained a control on
large deviations for non-uniformly hyperbolic systems that verify certain properties, in-
cluding exponential contraction on stable leaves and exponential backward contraction on
unstable leaves. In [12], Melbourne obtained a slightly better result for large deviations.
We obtain a similar result as in [I4] and [12], but with weaker conditions on the dynamical

system.

In this thesis we make extensive use of the framework developed by Young in [21) 22]

and also used in [2]. The important tools that we use are a Gibbs-Markov-Young structure

viil



defined in a reference set A, the return time to that reference set and a Young tower over

the same set, this last one having been introduced by Young in [21].

The Gibbs-Markov-Young structure consists of a reference set A with a hyperbolic prod-
uct structure that satisfies certain properties. The properties considered in each article may
vary, but the ones we consider are a Markov partition A;, Ag, ... of A, polynomial contrac-
tion on stable leaves, polynomial backwards contraction on unstable leaves, a bounded

distortion property and a certain regularity of the stable foliation.

The Markov partition allows us to define a return map that, in each A;, is an iterate of
f such that all the points of A; return to A by this map. The return time function is, in

each A;, the number of iterates until this return happens.

A Young tower is a new dynamical system which is defined based on the original one
and making use of the return time function. The way this tower is defined means that
we can study this new dynamical system and transfer most of the information obtained to
the original dynamical system. We will also see that it is sufficient to study the dynamical
system in a quotient tower obtained by identifying the points in the same stable leaf. For
technical reasons, we are also going to consider a tower product and a simultaneous return

time function.

Using the tower structure, it is possible, under certain conditions, to obtain a relation
between the measure of the tail of the return time function and both the decay of correla-
tions and large deviations. Young, in [21], for systems with exponential behaviour in stable
and unstable leaves, proved exponential decay of correlations when the measure of the tail
of the return time decreases exponentially. In [22], Young also proved, for non-invertible
systems, both polynomial and exponential decay of correlations based, respectively, on
polynomial and exponential control on the tail of the return time. Alves and Pinheiro, in
[2], extended the result of [21] to a more general case, obtaining, in addition to the ex-
ponential decay of correlations, a polynomial decay of correlations assuming a polynomial
return time. As for the large deviations, Melbourne and Nicol, in [14], also obtained expo-
nential and polynomial control of large deviations, with the corresponding hypothesis on
the tail of the return time. In this thesis, as we are only assuming a polynomial behaviour
in the stable and unstable leaves, we could not expect any exponential results. In fact, we
obtain a polynomial control on both the decay of correlations and large deviations, from a

polynomial control of the tail of the return time.

1X



The goal of Chapter (1] is to present the two main results of this thesis, which give a
control on the decay of correlations and large deviations for a certain class of dynamical
systems. In Section [1.1] we present some basic concepts and introduce the Gibbs-Markov-
Young structure. This structure consists of the existence of a reference set A and the
assumption of certain properties, namely, a Markov partition for that set, polynomial con-
traction on stable leaves, polynomial backward contraction on unstable leaves, a bounded
distortion property and a certain regularity of the stable foliation. In this section we also
define the concept of return time, which will be useful throughout this thesis. In Section
[1.2] we introduce the first of the main theorems which states that we can obtain polyno-
mial decay of correlations from the condition of a polynomial return time to A. Section
[1.3] states the other main result, which gives a polynomial control on large deviations as

long as we have a polynomial return time to A.

Chapter [2] is concerned with the tower structure, a tool that will be essential in the
proofs of the main theorems. In Section [2.1] we introduce the Young tower, and present a
result on the diameter control of elements of a certain partition. In Section 2.2 we define
a quotient tower obtained from the tower by identifying points in the same stable leaf
and state a result that will be proved in Section 2.4, In Section we introduce a tower

product, necessary to prove some of the results contained in Section 2.4

Chapter [3]is divided in two sections, each one dedicated to the proof of one of the main

theorems. In section [3.2| we use the result proved in Section [2.4]

In Chapter ?? we present an example that is obtained by a perturbation of an Anosov
diffeomorphism on the torus, creating a point where the function has derivative one in both
the stable and unstable directions. We prove that this example satisfies the properties of
the Gibbs-Markov-Young structure defined in Chapter [I]and that the return time function
to a certain reference set has a polynomial behaviour. This implies, using the main results
from Chapter [I} that, for the example, there is a polynomial control on the decay of

correlations and large deviations.

In the appendix we present some basic definitions.
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Chapter 1
Statement of results

Let M be a finite dimensional Riemannian compact manifold, Leb be the Lebesgue measure
on the Borel sets of M and consider a diffeomorphism f : M — M. Given a submanifold
v of M, let Leb, denote the measure on « induced by the restriction of the Riemannian

form to 7.

In this chapter we introduce a Gibbs-Markov-Young structure, which consists of as-
suming that f satisfies some properties on the stable and unstable leaves. We also state
our two main theorems, one about the decay of correlations and the other about large

deviations.

1.1 Gibbs-Markov-Young structures

In this section we introduce a hyperbolic product structure on a subset A C M. We
impose that A has a Markov partition and that f satisfies polynomial forward or backward
contraction on stable or unstable leaves, respectively. Additionally, we require a bounded
distortion property on unstable leaves and some regularity of the stable foliation. We would
like to point out that we are not assuming any kind of exponential contraction, forwards

or backwards.

We start by introducing the necessary concepts in order to define a hyperbolic product

structure.

Definition 1.1. An embedded disk v C M is said to be an unstable manifold if, for every
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x? y E ’77
A (@), ) = 0.

Analogously, an embedded disk v C M is a stable manifold if, for every z,y € 7,
A(f(x), () = 0.

Definition 1.2. We say that I'* = {y*} is a continuous family of C* unstable manifolds if
there is a compact set K*, a unit disk D" of some R" and a map ¢* : K* x D* — M such
that:

(a) v* = ¢"({x} x D") is an unstable manifold,;

(b) ¢" maps K* x D" homeomorphically onto its image;

(c) & — ¢"|(syxpu defines a continuous map from K*® into Emb'(D* M), where
Emb' (D", M) denotes the space of C'' embeddings from D* into M.

Continuous families of C' stable manifolds are defined similarly.

We can now define a hyperbolic product structure in a subset A of M.

Definition 1.3. We say that A C M has a hyperbolic product structure if there exists
a continuous family of stable manifolds I'* = {7°} and a continuous family of unstable

manifolds T = {~“} such that:

(a) A= (Ur)NMUY):;
(b) dim~® 4 dim~* = dim M;
(c) each ~* intersects each 4" in exactly one point;

(d) stable and unstable manifolds are transversal with angles bounded away from 0.

From now on, we consider A C M to have a hyperbolic product structure, with I'* and

[ as their defining families.

Definition 1.4. A subset A; C A is called an s-subset if A; also has a hyperbolic product
structure and its defining families I'{ and I'{' can be chosen with I'{ C I and I'} = I'™.
A subset Ay C A is called a u-subset if Ay also has a hyperbolic product structure and its

defining families I'; and I'y can be chosen with I'y =I'* and I'§ C I'.
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Given x € A, denote by v*(z) the element of I'* containing z, for x € {s,u}. For each

n > 1 denote by (f™)" the restriction of the map f" to y"-disks, and by det D(f™)* the
Jacobian of (f™)".

Definition 1.5. Let A have a hyperbolic product structure. We say that A has a Gibbs-
Markov-Young (GMY) structure if the properties (Py)-(P5) listed bellow hold.

(Po) Lebesgue detectable

There exists an unstable manifold v € I'* such that Leb,(AN~) > 0.

(Py) Markov partition

There are pairwise disjoint s-subsets A, Ag, ... € A such that:

(a) Leb, ((A\U;2, A)N7*) = 0 on each y* € I'*;

(b) for each i € N there exists a R; € N such that f%(A;) is an u-subset and, for
all x € A,

F0 (@) Sy (f (@) and  fo(y"(x)) 24" (f (@)

For the remaining properties we assume that C' > 0, a > 1 and 0 < § < 1 are constants

depending only on f and A.

(Py) Polynomial contraction on stable leaves
C
Vyer'(e) Ve N d(f (), /() < )
(P3) Backward polynomial contraction on unstable leaves

Yyer @) YneN df @), ) < d(ry)

We introduce a return time function R : A — N and a return function f% : A — A
defined for each i € N as

R

an=Roand fT, = R

Air

For x,y € A, let the separation time s(x,y) be defined as

s(z,y) =min{n € Ny : (f7)"(z) and (f")"(y) are in distinct A, } .
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(P4) Bounded distortion

Foryel™and z,y € AN~y
det D(f")"(z)

og < CBS(fR(r),fR(y))'
det D(f#)"(y)

1

(P5) Regularity of the stable foliation
For each ~,~ € T, defining
Oy, YNA = yNA
z = (@)Ny,
then

(a) © is absolutely continuous and

d(©,Leby),  yy det DfU(f"(x))
—aw, O - rre ey

n=0

(b) denoting
d(©, Leb.,)

dLeb, @)

u(z) =

we have

Voz,yey NA log@ < OBy,
u(y)

The properties of f that we present here are related to similar properties defined in [21]
and [2]. The main difference here is that we only assume polynomial contraction on stable
leaves as opposed to the exponential contraction in those two articles. We will now go into

details over what is different about each property.

Property (P1), about the Markov partition, is the same as in [2] and is an improvement

of the corresponding property in [21].

Properties (Py) and (P3), polynomial contraction on stable leaves and backwards poly-
nomial contraction on unstable leaves, are an improvement over [21], where exponential
contraction is assumed. In [2], there is no backwards contraction assumed. However, that

article also imposes exponential contraction on stable leaves.

Properties (P,) and (P5) are the same as properties (P,) and (P3) in [2]. Our properties
(P4) and (Ps) are different from the ones in [2I]. However, as remarked in [2], these

properties can be deduced from (P,) and (P5) of [21].
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1.2 Decay of correlations

In this section we present one of the main results of this thesis, which establishes the decay

of correlations.

Definition 1.6. An f-invariant probability measure p is called a Sinai- Ruelle- Bowen mea-
sure, or SRB measure, if the Lyapunov exponents of f are nonzero p almost everywhere
and the conditional measures on local unstable manifolds are absolutely continuous with

respect to the Lebesgue measures on these manifolds.

It was proved in [21, Theorem 1] that if f has a hyperbolic structure A such that R is
integrable with respect to Leb,, for some v € I'*, then f has some SRB measure p.

Given 0 < n < 1, we define the space of n-Holder continuous functions
H, = {gp M —-R:3C >0V, ye M |p(z)— )| < Cd(x,y)"}
with the seminorm
oly =inf{C'>0:Vae,y e M |p(x) — ¢y < Cd(z,y)"}.

In the special case n = 1, these functions are called Lipschitz. The space H,, is a Banach

space if we consider in H, the norm

I lla =11 Moo 1 In-

Definition 1.7. Given n € N, we define the correlation of observables ¢, € H, as
Colp, ¥, 1) = ‘/(soof")wdu—/sodu/wdu‘-

The proof of the following Theorem can be found in Section [3.1]

Theorem A. Suppose that [ admits a GMY structure A with ged{R;} = 1 for which there
are y € I, ( > 1 and C; > 0 such that

C
Leb{R > n} < n—;

Then, given @, € H,, there exists Cy > 0 such that for every n > 1

Cn(p, ¥, 1) < Co maX{ ! L}

né—1" nan

where o« > 0 is the constant in (Py) and (Ps).
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1.3 Large deviations

In this section we present our second main theorem, which establishes a control on large

deviations.

Definition 1.8. If i is an ergodic probability measure and € > 0, the large deviation at

time n of the time average of the observable ¢ from its spatial average is given by

>g}.

Theorem B. Suppose that [ admits a GMY structure A with ged{R;} = 1 for which there
are vy €I, ( > 1 and C; > 0 such that

n—1

LD(¢,€,TL,IM>:}L{|%Z¢O]m—/¢dﬂ

=1

C
Leb,{R > n} < n_Cl

Then there are ng > 0 and (o = (o(no) > 1 such that for alln > ny, 1 < ¢ < o, € > 0,
p > max{l,{ — 1} and ¢ € H,, there exists Cy > 0 such that for every n > 1
Cy 1

LD(¢>&”»N) < ngngfl'

This theorem will be proved in Section [3.2]



Chapter 2
Tower maps

In this chapter we are going to define a tower structure originally introduced by Young in
[21]. Following Young, we will also define a quotient tower and a tower product. We will

recall some necessary results and obtain improved versions of others.

2.1 Tower structure

Consider the set U f"(A) and observe that it is preserved by f. In this section we introduce
n>0
an extension of the dynamical system f restricted to this set, called a tower extension of

f. We also prove a lemma that gives a control on the diameter of the elements of a certain

partition of the tower.

We define a tower by
A={(z,l):zeNand 0 <[ < R(z)}

and a tower map F : A — A as

F(:U,l):{ (2,14 1) ?fl+1<R(x),
(fR(x),0) ifl+1=R(x).

The set
Ay =A{(z,1) € A}
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is called the [-th level of the tower. There is a natural identification between Ag, the 0-th
level of the tower, and A. So, we will make no distinction between them. Under this
identification we easily conclude from the definitions that F'¥ = fF for each v € Ay. The
I-th level of the tower is a copy of the set {R > [} C A,.

Let P be a partition of Aj into subsets Ag; with Ag; = A; for i € N. We can now

define a partition on each level of the tower, A;, by defining its elements as

Al,i = {($,l> € Al X e AO,@'}-

So, the set @ = {A;},, is a partition of A. We introduce a sequence of partitions (Q,,)
of A defined as follows

Qy=9Q and Qn:\/F_’Q for n € N. (2.1)
i=0
For each point x € A, let @, () be the element of Q,, that contains that point.
Let us define a projection map

T A = (A

n=0
(z,0) = fl(z)
and observe that for = mol.

Next, we will establish a polynomial upper bound on the diameter of the elements of
the tower partition, which will be useful later. In [2, Lemma 3.2] an exponential control is

obtained from stronger hypothesis.

Lemma 2.1. There exists C' > 0 such that, for all k € N and Q) € Qo

C

diam(7F*(Q)) < o

Proof. Take k > 0 and @ € Qq. Fixing x,y € @, there exists z = v*(x) N v*(y), by the

hyperbolic structure of the dynamical system.

Choosing [ such that Q C Ay, then yy = F~'(y) and zy = F~!(z) are both in Ay and
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are in the same stable leaf. So, using (Ps),

d(mF*(y), 7F*(2)) = d(x F* (yo), nF** (2))

(ka(’/Tyo), fk+l(7TZO))
C
(k+1)°

d
d

IN

because M is compact.

The points 79 = F~(x) and 2 = F~!(2) are both in Ay and are in the same unstable
leaf. So,

d(nF*(x), nF*(2)) = d(n F* ™ (20), nF" (%)) = d(f* (o), fF (120)).

Since z,z € Q@ N A; and Q € Qy, and because of the tower structure, each pair of
points F~%(z) and F~%(z), for i = 0,...,[, belongs to the same element of Q. Then
T, 20 € Q' for some Q' € Qqyyy, which implies that F2(zg), F?**(2) € Ay, for some
I';i" € N. Therefore, there exists j € Ny such that F2*H+i(z4), F2FH(2)) € Ay and so
AR (), f2RH (20) € A. Then, using (P3) and the compactness of M,

d(f*H (o), [ (m20)) = (7 (f 0 (ma), £ (4 (m20))

C , - C
< d( F2kH+ 2k+14j < 2
S G e U ), S () < 40
We can now conclude that
AP (), 7FX(9)) < d(wFH(y), 7F¥()) + d(rF¥ (), mF*(:) < ok

2.2 Quotient dynamics

We will now introduce a quotient tower, obtained from the tower by identifying points
in the same stable leaf. We are also going to present an improved version of a theorem,
originally proved by Young in [22], which gives a control on the decay of correlations for

functions defined in the quotient tower based on the measure of the tail of the return time.

Let ~ be the equivalence relation defined on A by z ~ yif y € v*(x). Consider A = A/~
and the quotient tower A, whose levels are A; = A/~ and set A;; = Ay;/~. Since the
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tower map F takes v*-leaves to y°-leaves, we can define F' : A — A as the function obtained
from F by this identification. We introduce a partition of A, Q = {A;;} ,; and a sequence
of partitions (Q,,) of A, defined analogously to (2.1]), as follows

Qy =0 and Qn:\/F”"Q for n € N.

=0

Since R is constant on each stable leaf and f? takes +*-leaves to 7*-leaves, then the
definitions of the return time R : Ay — N and the separation time 5 : Ay x Ay — N are

naturally induced by the corresponding definitions in A,.

We extend the separation time 5 to A x A in the following way:

e if ¥ and y belong to the same A;;, take 3(x,y) = 5(zo,90), where xg,y are the

corresponding elements of A ;;

e otherwise, take s(x,y) = 0.

We now present an auxiliary result whose proof can be found in [2, Lemma 3.4].

Lemma 2.2. There exists a constant Cr > 0 such that, given k € N and z,y € A belonging

to the same element of Qj_1, we have

' JF*(z)

) ] < 05 PR @), PR W)
JE*(y) ‘_ #p

We will define a measure m on the quotient tower. To do that, we first need to define
measures m., on each yNA, v € I'". Fix 5 € I'* and, for any given v € I'* and = € y N A,
let & be the point in y*(z) N 7. Define

det Df“(f"(z))
1_[det Dfu(f())

and note that @ satisfies (P5)-(b). For each v € I'*, define m., as the measure in v such
that

We are going to see that, if © = O, is as defined in (Pj5), then

("‘)*771V = mq,/. (23)
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We will show this by verifying that the density of both measures with respect to Leb.,

coincide. From (Pj5)-(a) we have

u(z’) 1y (det Df(f"(a')) det Df*(f"(x)) det Df*(f"(2'))  dO,Leb,
_H( () ) H Tt D (@)~ dleby &

i(z) det Df*(f*(z)) det D fu

and so,
ae.m, , , do, Leb, o dOmy
dLeb,, () = W@ e @) =) = Fra (),

proving what we wanted.

Define a measure m on A as the measure whose conditional measures on v N A for
v € I'* are the measures m.,. We define a measure in A, also denoted by m, by letting ma,
be induced by the natural identification of A; and a subset of A. Finally, since holds,
we can define a measure m on A whose representative on each v € T'* is the measure m.,
defined above.

Definition 2.3. Given 0 < 8 < 1, we define

Fz = {cp A= R:3C, >0V, ye A o(z) — o(y)] < C'Lpﬁg(m’y)},
-7‘—,3+ = {90 € Fp: 3C, > 0 such that on each AM, either ¢ =0 or

¢ >0 and for all x,y € A, ‘% — 1‘ < C@ﬁg(x,y)}_
wy

From now on, we denote by C, both the infimum of the constant in the definition of Fjp
and of F, ; with respect to ¢. We also denote by Fg and F, E the analogous sets defined for

functions with domain M or A.

Definition 2.4. Given 6 > 0, we define

max{E(c;:D, y), 1}? }’

Gy = {@ € Gy : I¢, > 0 such that on each A;, either ¢ =0 or

Go={o: AR 3e, >0y A |p(x) — o(y)] <

A p(x) o
¢ >0 and for all z,y € A;; ‘——1‘§ — }
" le() max{s(z,y), 1}’

As above, we denote by c, both the infimum of the constant in the definition of Gy and
of G5 with respect to ¢. The sets Gy and G, also represent the analogous sets defined for

functions with domain M or A.
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Now, we state a theorem that will be useful throughout this chapter and whose proof

can be found in [22, Lemma 2] and in [2I, Theorem 1].

Theorem 2.5. Assume that R is integrable with respect to m. Then

1. F has a unique invariant probability measure v equivalent to m;

2. dv/dm € .7:5Jr and is bounded from below by a positive constant;

3. (F,v) is mizing.

The next theorem is similar to [22, Theorem 3] and [2, Theorem 3.6]. Note that we only
assume that ¢ € G, instead of FJ, which forces us to impose some extra assumptions.

However, if ¢ € F ; we obtain the original result.

Theorem 2.6. Let K be as defined in (2.4), assume that > 2eX and 1 < ¢ < e% — 1.
Take o € G, and let X be the measure whose density with respect to m is p. Given C' > 0,
there exists C' > 0, depending only on c,, such that

Cl

né—1’

m{R>n}§% S A <
Remember that we defined the correlation of observables p, 1 as
Cowg.0) = | [wePndr— [wiv [ v

The following corollary will be important for the proof of Theorem [B]

Corollary 2.7. Let K be as defined in ([2.4), assume that > 2e% and 1 < ¢ < eiK - 1.
Take ¢ € Gy and ¢ € L*. Given C > 0, there exists C' > 0 depending only on c, and
|¥||0o, such that

2.3 Tower product

In this section we define the tower product structure, adapting several concepts introduced

before to this new setting. We also state some auxiliary results that will be useful later.
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From now on and until the end of this chapter we will simplify the notations by removing

all bars.

Let A and X be probability measures in A whose densities with respect to m are in G,

and denote

Consider the function
FxF: AxA — A x A
(r.y) — (F(),F(y))
and the measure P = Ax X in Ax A. Let 7, 7" : AX A — A be the projections on the first
and second coordinates, respectively. It can be easily verified that F" or = mo (F x F)",

for all n € N.

Remember the partition Q = {A,;} of A and consider the partition Q x Q of A x A.
We observe that each element of O x Q is sent bijectively by F'x F onto a union of elements
of @ x Q. For n € N, we define

n—1

(Q@x Q= \(FxF)(QxQ)

i=0
and denote by (Q x Q),(z,z') the element of (Q x Q), that contains the pair (x,z’) of
A X A.

Define R : A — N as
R(z) = min{n € Ny : F"(z) € Ag}.
Note that §|A0 = Rja,-

As (F,v) is mixing and % € L*, then there exists ng € N and d; > 0 such that,

dm

for all n > ng, we have m(EF~"(Ag) N Ag) > dp. Consider the sequence of stopping times
0=719<m <---,defined in A x A, as
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Observe that 7;,1 — 7, > ng for all © € N.

We introduce now the simultaneous return time T : A x A — N as

T(z,2') =min {7 : (FTz, FT2') € Ag x Ag}.

1>2

Note that, as (F,v) is mixing, then (F' x F,v x v) is ergodic. So T" is well defined m x m

a.e.. We define a sequence of partitions of A x A, & < & < --- as follows:

o &i(z,2)) = (F@71Q) (z) x A. The elements of & are of the form I' = A x A,

where 714, is constant and A is sent bijectively to Ag by F'™;

e for i even, & is the refinement of &_; obtained by partitioning I' € &_1 in the 2’
direction into sets I such that Tif 18 constant and 7 (f) is sent bijectively to Ag by
FTi'

)

e for i odd, ¢ > 1, we do the same as in the previous point replacing the 2’ direction

by the x direction and 7" by .
For convenience we define §, = {A x A}. Note that

o Vi € NVn <1471, is {-measurable;

o Vi € N{T =r7;} and {T > 7;} are & -measurable.

Define a sequence of stopping timesin A x A, 0=Ty <T) <---, as

T'=Tand T, =T, 1 +To(F x F)"=*, for n > 2.

Consider the dynamical system F = (Fx F)T: Ax A— AxA. It is easy to verify
that
VneN F'=(FxF)™

Define a partition 21 of A x A, composed by rectangles T such that T}z is constant and
F:T— Ay x Ay is bijective.

Define a sequence of partitions, 52, é\g, ..., by En = ﬁ—<"—1>§1, for n > 2. Note that T,

is constant on each element of En and ﬁn maps each element of 5,1 bijectively to Ag x Ag.
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Consider the measure m x m for the dynamical system F and the J acobian, J F , of F

with respect to m x m. Define a separation time s : (A x A) x (A x A) — Ny as

5(z,w) =min {n € Ny : Fz and Fw belong to different elements of El}

Denoting ip

b= —-—
d(m xm)’
we observe that ®(z,z") = p(z)¢'(2'). We may assume without loss of generality that

¢ >0 and ¢ > 0.

We are going to present some lemmas that will be needed later. The proof of the

following one can be found in [22, Sublemma 3].

Lemma 2.8. Let Cr be the constant defined in Lemma[2.9 For z,w € A x A such that

$(z,w) > n, for somen € N, we have

JFn 2
log —

< QC«FB?(ﬁ”z,ﬁ"w) )
JE™w

Lemma 2.9. For all z,w € A x A, we have
D(z)
O (w)

Co
<
= Sz, w)?”

log

where co = cy, + Cyr .

Proof. Let z = (z,2') and w = (y,y’). Then, since logx < x—1forx € R* and ¢, ¢’ € G,

P(z) | o p(r) @' (') o o(r) o ©'(7')
bgww>‘lg¢@Mﬂy>Slgwwﬂ+bg¢@v
plx) ¢'@)
= ‘s@(y 1‘ * ‘s@’(y’) 1’
S 1 C¢+C¢/

AR A N B O

O
Lemma 2.10. There exists a constant C' > 0 depending only on c, and cy, such that, for
allie N, I' € a, z,w € Ag X g and @ = ﬁj(P|F), we have

'dﬁb(z) ddLCib (w)' sC.
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Proof. Take zy,wy € T' such that ﬁi(zo) = z and ﬁi(wo) = w. As 5(20,wp) > i, using

Lemma [2.8{ and Lemma [2.9, we get

ddLer () ‘ -

B(z0) JF'(wo)| _

dQ
‘ ) JFi(z) ®(wo)

d Leb

2.4 Probabilistic results

In what follows we will obtain the necessary results in order to prove Theorem and
Corollary , following the approach used in [22] and |2, Appendix A]. Recalling Lemma
we define C'z = 2CF. Take

K . F
>CF+1—ﬁ

(2.4)
and 6 = K — Cp. Observe that

Cp
1-p

Proposition 2.11. There exists g > 0 such that, for alli > 2 and I' € & with Tip > 7;_1,

C >

we have

P{T:T,|F}Z€0

The constant £y depends only on c,, cy and, if there exists i > ig(cy,, cpr) such that i > iy,

the dependence can be removed.
Proposition 2.12. There exists ko > 0 such that, for allt € Ny, I' € & and n € Ny,
P{T/L'Jrl —T; >Ny + n\F} < ko Leb{é > TL}

The constant ko depends only on c,, ¢y and, if there exists i > ig(cy,, Cpr) such that i > iy,

the dependence can be removed.

The proofs of these two propositions follow the same steps of the proofs of (E1) and
(E2) in [2, Subsections A.3.1 and A.3.2]. We only need to adapt the proof of Lemma A.2

of [2] to our case, which we do next.
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k—1
Lemma 2.13. There ezists Cy = Cy(p) > 0 such that, for allk € N, A € \/ F~(Q) with
i=0

F¥(A) = Ay, p= FFAA) and z,y € Ao, we have

‘du() dp

< .
dLeb " dLeb(y)‘ < Co

The dependence of Cy on c, may be removed if we assume that the number of visits j < k

of A to Ag is bigger then a certain jo = jo(c,).

Proof. Given zg,yo € A such that F*(xg) = x and F*(yy) = y then, as ¢ € G and using
Lemma

‘ dp (2) dp ()’:‘ o(zo) JF*(yo)|  elxo) | JTF*(yo)
d Leb d Leb JF*(x0) ©(yo) ©(yo) | JF*(z0)

& k k
< (1 + —%0> | 4 O B @) P o)
8(33‘0, 3/0)0 ( F )

< (1+§—“§>(1+CF)=CO.

]

This shows that Lemma A.2 of [2] is still valid in our case. So the proof of Proposition
is the same as the proof of (E1) in [2, Subsection A.3.1].

Now we state a proposition whose proof can be found in [2], Subsection A.2.1] and uses

Propositions and [2.12]

Proposition 2.14. Let C > 0 and ¢ > 1 be such that Leb{R > n} < Cn~¢. Then, there
exists C' > 0 such that

!

P{T >n} <

né—1

We want to define a sequence of densities (®;) in A x A such that

°« B>y >

9

e forallicNand T €&,

~ ~

m Fi (@i — 3)((m x m)[D)) = 2. Fi(@iy — &) ((m x m)[T)).  (2.5)
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Let C be a constant such that

C>—r

1-p

and note that
K =C+C;s.
Take ¢ as in Theorem . Noting that 1 < ( < eiK — 1, we fix p such that

0
C+1<p<e—K, (2.6)

a= (- (52)

for ¢ > 19, where iy is such that ¢;, < 1. Further restrictions on 7y will be imposed during

the proof of Lemma . Define, for ¢ < iy, EI\DZ = & and, for ¢ > 1o,

D, (2) = &)ifl('z) —¢g; min (/I\)ifl(w) [i(z
i) (Jﬁi(z) "wedi () Jﬁi@)) e, 27

Take

where a(z) is the element of é which contains z. It is easy to verify that the sequence
(®;(2)) satisfies condition

Lemma 2.15. Assume that 0 > eX. Then, there exists ic € N such that, for i > iy, we

have

~ 7 — 1\P~ .
q)z<( - > (I)ifl in A X A.

B 1
Recall that, in the beginning of this section, we assumed that ¢ and ¢’ belong to G, .
We want to prove that if 6 is large enough then there exists ¢ € N such that, for ¢ > i,

we have

~ 1 — 1\P~ .
(I)i S ( - ) q)i—l 1n A X A
7
The next three lemmas are dedicating to proving this inequality.

For z € A x A, let

~ P
JFio=1(z)
and, for ¢ > 1,
U,
W,(2) i1(2)

i, =¢; min V;(w),
weg(z)

\le(z) =U,(2) — iz
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Lemma 2.16. Assume that 0 > eX. Then, there ewists iy € N such that, for i > iy and

for all z,w e A x A withw € 5(2), we have
‘T’z‘(z)
Wi (w)

Proof. We divide this proof into several steps.

<C.

Step 1: By the definition of ¥; and Lemma [2.8|

v, U._ F Fl 1
‘log i(2) < |log = 1(2) logJ ( w)
Ui(w) U, (w) JE(Fi-1z)
< llog E’z 1(2) _’_Cﬁﬁg(ﬁiz,ﬁiw)'
\I/i_l(w)

Step 2: Setting & = ¢, , = €4, We get

U,(2) U, (2) (\Ifl(z —5 U(w ) ‘
log =—— —log——=| = |lo —
T Cww)| PTG W) -&
1 - v, (w)
Noting that
U v, v, v,
log = 2(2) log (Z) = ~Z (w) — log ﬂ ,
U, (w) V;(w) U, (2) W;(2)

we may assume that W;(w) < U,;(z). Otherwise, we can swap the positions of z and w.

We can easily verify that, for all 0 < a < b < 1, we have

b—a bob
< —.
1Og(“%—b) 5%,

Taking a = T ( ) and recalling the definition of &;, we obtain
S — o 2 s : ,
log (1 + L;”) < 2l EZ log \Ijg( )| < c log T (2) : (2.9)
1-— \I/i(lw) 1-— \Ili(zw) \111(12) 1—¢ l(w)
Gathering the expressions (2.8) and (2.9)), we obtain
log (2) log ()| _= () |
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€

we conclude that

Denoting ¢, =

1—¢;?
Ui(2) / U;(2)
log = <(1+¢)|lo .
83, (0 ( ) |log T (w)
Step 3: Note that
Wi, 1(2) P(z) D(z)

U, (2) = jﬁ(ﬁirl(z)) - Jﬁi071(z)t]ﬁ(ﬁiofl(z)) - Jﬁio(z),

and so, using step 2, Lemma [2.8 and Lemma [2.9]

Uy (2) Vi, (2)
log =———~| < (1+¢}) |log =
‘ \Ilio (w) \Ilio (w)
d(z) ‘ JF (w)
S 1—|—6; 10 =+ 10 =
( 2 ( ® B (w) JFio(2)
Cop S(Fio » [
< (1 ! C- S(F"0z,F'0w)
> ( +510) (/S\(Z,’LU)H + F/B
_ / Co S(Fioz, Flow)
= (1+¢,) — 7+ Cp0 . (2.10)
(5(Fioz, Flow) + ig)
Then
if’i (Z) (Cq;. > -~
log=—"—=|<(1+¢)|5+Cs] — Cr<C
‘ B = TR g ) 2
and so we can choose iy sufficiently large such that
|log EI’O—@ < 6,
\Ilio (w)

obtaining the conclusion of the Lemma for i = 4.

Step 4: Using steps 2 and 1, we obtain

log Eji_l(z)

lo {I;Z(Z)

S(l—l—aé)(

\IIZ(U)) i—1\w

Step 5: Using the equality ’s\(ﬁ"*jz, ﬁ“jw) = §(F\’z, ﬁ’w) + j and the inequalities in steps
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3 and 4, we get, for i > ig + 1,

\ii \I’Z', (T, B (R, B
log — (Z) §<1 + 5;) (1 + 5;_1) lOg = 2(’2) + CﬁBS(F z,F'w)+1 + Cﬁﬂs(F z,F'w)
\Ifl(w) i—2\W
Eli : (P, i i i
< ‘10 = O(Z) H (1 + 5;) + CﬁBS(F z,Flw) (67,—10—1 H (1 +€;)
‘Ilio (U)) j=ig+1 Jj=io+1

+-+ 80+ +e_)+(1 +5;))

C (i, T —
S( @ + Cﬁﬁs(F z,F w)+z710> H (1 + 8;)

S(z,w)P e

Jj=to+1

“@Fe Py O 3 (10 4)9)

J=io k=igp j=k

In the next two steps we will control the two terms of the previous expression.

Step 6: Recalling that ¢} = 1% and &; = e/ (1 — (52)”), it is easy to check that

1—e; [
€
£ 1—¢
lim =* = lim i= K
i 1 i 1
) 1

Remember that, in (2.6, we chose p such that § > e%p. So, for iy sufficiently large and
i > ip, we have €] < %. As log(1+ z) < z for > 0, then

log [J(X+¢) =) log(l+e)) <> & 3923 g@logio_l.

J=to J=to J=to J=to
So,
% / i 0
[T+ < ()
o 10 — 1
J=0
and '
Cop ‘ ’ Cop 1 0 Cp
P (1+5~)§.—<. > = 0.
(’S\(Fzz7 sz) + Z-)G ]1;[0 J 19 \i5 — 1 (ZO — 1)9

Step 7: We may choose 4 sufficiently large such that (14 ¢ )8 < 1. Note that we will

/

later impose additional restrictions on iy. So, recalling that (&

') is a decreasing sequence
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converging to zero, then, for all ¢ > 1,

)

Cp =14 ) S (T +)8) < Crl+) Y ((1+2,)8)"
k=iy j=k k=0
Ol +e))
1= (14€)8

Step 8: Replacing the conclusions of steps 6 and 7 on the expression in step 5, we obtain,

for i > g + 1,

. ~(1+¢
log E’z(z) S : Co - + CF( + 6,7,0) .
U, (w) (o —1)? 1= (1+4¢,)8
As g, — 0, then
10— 00
‘ Cp g n Oﬁ(l"i‘%f}o) = Cﬁ ‘
(o —1)"  1—(1+4¢)B i 10
Observing that we chose > i—ﬁﬁ, then there exists ig large enough such that, for i > 75+1,
Bio)| -
log = (2) <C.
U;(w)

Recalling that we proved the same result for ¢ = iy in step 3, this concludes the proof. [

Lemma 2.17. Assume that 0 > €. Then, there exists igc € N such that, for all i > i and

T e,
max M min M <ef.
wel JF{(w) / wel JFi(w)

Proof. Notice that, by the definitions, we have, for ¢ > 1,

?f’ _ cp":?(z) —&; min (I)i:?(m (2.11)
JFi(z)  JFi(z) weki(z) JFH(w)
and " -
~ W, . |\
JE(Fi=1(2)) weéi(z) JF(F=1(w))

We will prove by induction that for all z € A x A and all 7 > iy we have

- D,

By (z) = 1) (2.13)

C JR(z)
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which, since JFi(z) = JF(F'='(2))JF'~(2), is equivalent to

A‘T’iA—l(Z) :‘Bz‘:l(z).
JE(Fi=1(2)) JF(2)

(2.14)

If i = ip, then (2.13]) is true by definition. Supposing now, by induction, that (2.14)) is true,
we will prove that it is also true replacing ¢ — 1 by 4. In fact, using (2.14) in (2.12]) and

remembering (2.11]), we obtain

\T/(z) = ®i1(2) g; min i1 (w) = i
' JFi(z)  weti(x JFi(w)  JFi(z)

which concludes the proof of (2.13). Using (2.13]), we have

EI\)i_l(Z) (/I;
J

W —
Eji—l(w> EI\)i—l(w) (/ISZ 1

and so R
q)ifl(Z)
JFi(2)  Wq(z) JF(F''(w))
CDi_1<UJ) \Ifz‘_l('LU) JF(FZ_I(Z))
JFi(w)
Since, by Lemma [2.16 N
?'L_l<z) S 667
\Ill_l(w)
and by Lemma
B <
JE(Fi=1(2))
then R
D,
max

(w) @1 (w) < OHCr _ K
wel JFZU) wGF JF’w -

]

Lemma 2.18. Assume that 0 > eX. Then, there exists iy € N such that, for i > iy, we

have

<T>i<<i_,1)pcf>i_1 in A xA.

- 1
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Proof. Observe that, for i > ig and z € A x A,
~ — 1\P~
Bi(2) < (’ )”@i_1<z)
~ . N ~ 1\ PN ~
o Bia() e min 2t i) <8, () - (1 - (2 , )p><I>i_1(z)
weéi(z) JF(w)
(I)Z',1<'w>

& g min —= > (1 — (
wegi(z) JFH(w)

1\~ —Ei
o an (1o (L))
! min -, 2z

weEi(2) JFi(w)

l

Since, by Lemma , forall T € 5:-,

D;_ D

max —— (w) min & <ef (2.15)
wel' JFY(w) / wel JF{(w)

the conclusion follows from our choice of ¢;. O

Proposition 2.19. Assume that 0 > eX. Then there exists a constant K, > 0 such that,
for alln € N,

1
[FPA = FIN| <2P{T >n}+ K1 ) S P{Ti <n < T}
i=1
The constant K depends only on c, and cy .

Proof. Given n € Ny, z € A x A and recalling the definition of P, given in , let
®y, &1, ... be defined as follows:
D,(2) = Dy(z) for Ty(z) <n < Tiq(z). (2.16)
We will prove that, for all n € N,
|FP'A — FP'N| < 2/<I>n d(m x m). (2.17)

In fact, observing that ® = &, + Z (Pr_1 — Py), we have
k=1

[FIA = FIN| = |m(F < F)2 (®(m x m)) = 7 (F x F)Z (®(m x m))|
= [T (F X F)2 (Pn(m x m)) = 7 (F x F) ($n(m x m))]

+ 37— 1) ((F x F)2 (@4 — @) (m x m) .
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The first term in the last expression is bounded as follows
[T (F X F)? (P (m x m)) — 7l (F x F)! (®,(m x m))| < Q/Q)n d(m x m).

We will now verify that the other terms vanish. Let Ay; = {z € Ax A: k= T;(2)} and
Ay, = J Ay,i- Note that each of the sets Ay ; is a union of elements of I' € E, and Ay, # A
for i # j. By we have &, — &), = &Ji,l — </ISZ onI € g]A;“ and ®;,_; = &, on
A x A\ Ag. Given k € N and remembering that, from (£2.5)),

~ -~ ~ ~

T (@, — ®,)((m x m)|T)) = 7L F (D1 — @) ((m x m)|T)),
we have

T (F X F) @y — ®)(mxm) =Y Y F'Fa(F x F)T (@H —3,)(m x m)yr>

it TCAg:

=3 N FrEal(F < P (@H — 3,;)(m x m>!F>

it TCAg:

=7 (F X F)!' (®p_1 — Pp)(m xm)).
This completes the proof of (2.17). As a consequence, we have

|FPA — FPN| < 2/<I)nd(m X m)

:2/ O d(m xm)+2)
{Tiy>n}

=10

/ O, d(m x m). (2.18)
{Ti<n<Ti41}
For the first term of this expression we have
/ Bd(m x m) — / Bd(m x m) = P{T, > n}
{T0>n} {TiO >n}

and for each of the others, using Lemma [2.18], we obtain

~

/ @nd(mxm):/ ®; d(m x m)
{T;<n<Tiy1} {T:<n<Tj41}

o — 1
s/ (=) B d(m x m)
{Ti<n<Tiy1} L

o — 1
= (ZO )pP{Ti <n < T}

]

So, replacing the previous two expressions in ([2.18]), we get

=1
|FPX = FIN| < 2P{T;, > n} +2(ig — 1)°> & PAT <n < T}

=10
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On the other hand,

P{T;, > n} = P{T > n}+ (ic — 1)pmz_

i=1

1

mP{TiSn<Ti+1}

i0—1
1
SP{T>n}—|—(i0—1)"Zz_—pP{Ti§n<TZ-+1}.

=1

Gathering the last two inequalities we conclude that
mn my/ G 1
|F"A — F )| §2P{T>n}+Klzi—pP{Ti <n<Tiq}
i=1

where K7 depends only on 7y. Fixing i( sufficiently large, from Lemma [2.18 we obtain the

dependence of K on ¢ and ¢'. O

The proof of the following proposition can be found in [2, Subsection A.3.4]. Note that
it uses Lemma A.6 of the same article. While the proof of that lemma is not valid in our
case, we obtained the same conclusion in Lemma [2.10
Proposition 2.20. There exists a constant Ko > 0 such that, for n € N and i € Ny,

P{T;s1 —T; > n} < Ko(m x m){T > n}.

The constant Ky depends only on c, and c,r.

We will now see that we can use Propositions [2.14] [2.19) and [2.20] to prove Theorem [2.6]

Proof of Theorem[2.6. Given i € N, we have

%

n
P{T, <n < T} < P{T —T; > - } 2.19
{ — +1} = ; J+1 J i+ 1 ( )
The last inequality is true because there exists j < ¢ such that T, —T; > 5. In fact,
if we assume the opposite, then %7 > 22:1 (TjH — T]) = T;y1, which contradicts the

assumption.
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It follows, respectively from Proposition [2.19] (2.19)) and Proposition that

=1
[FIXN = FIN| < 2P{T > n} + K1y | — P{T; <n < Ty}
1

=1

g n
<2PT>np+ K0y > P{T -1y > }
i=1 = j=0

1+ 1

1 n
<oP{T> KK, S —(i+1 {T> }
<2P{ n} + K 2;#(2—{- ) (m x m) 1

We know from Proposition that P{T > n} < C/n‘"'. So, taking P = m x m we

obtain

1 n
2P{T > KK, S = (i+1 {T> }
{ n} + K 2;i9(z+ ) (m x m) 1

20 i1 i+ 1\
< +K1K2Z ( )

ns—1 — P n
<(20+ mmil e ;”C) o
Since, in (2.6, we chose p > ¢ + 1, we obtain
|FP'A — FI'N| < C’nj_l.

O

Proof of Corollary . Let p = d”ﬁ’;b. Take ¢ = b(¢ + a), where a > 0 is such that ¢ is

bounded from below by a strictly positive constant and b > 0 is such that / ppdLeb = 1.
Note that, since ¢ € Gy, then ¢ € G,. In addition, as p € ]-"; by Theorem and
Fi € Gy, then ¢p € G

Let P: L*(A) — L*(A) be the Perron-Frobenius operator associated with F', which is
defined as follows:

Yo, w e L*(A) /P(U)wdl/:/UUJOFdV,
A

A

i.e., if p is a signed measure and ¢ = %, then P(¢) = dc(lﬁ‘;). So, if A is the measure such
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that ﬁ = pp, we have

Cwpn) = | [wormpdy— [wav [ oav]
:%‘/(woF")(@p)dLeb—/wdeeb/@deeb‘
- %‘/wP”(@p)dLeb—/@bdeeb‘

1 ~
<4 [ WlIP"@p) ~ pl dLeb

IN

1
el (F20) = ]

Since we already proved that % = @p € G, the conclusion follows from Theorem .

g



Chapter 3
Statistical properties

In this chapter, we will prove our two main theorems, stated in Sections [I.2] and [1.3]

3.1 Decay of correlations

This section is dedicated to the proof of Theorem . We follow the approach of [21] and
[2]. However, we have different hypothesis on the GMY structure.

Remember we want to prove that if f has a GMY structure, given ¢ > 1, C; > 0 and

¢, € H,, there is Cy > 0 such that
Cy 1 1
LebW{R>n} < E = Cn<90,w,,u) SCQHI&X{F,W},
where « is the exponent in (Py) and (P3) and C5 depends only on Cy, |¢,| and |¢,].

We now present a theorem, which is an improved version of [22] Theorem 2|, whose

precise statement can be found in [2, Theorem 3.6] and proof in [2, Appendix A].

Theorem 3.1. For ¢ € ]—"ﬁ+ let X be the measure whose density with respect to m is .

1. If Leb{R > n} < Cn=¢, for some C >0 and ¢ > 1, then there is C' > 0 such that
|[FI'A — | < C'n~¢H
2. If Leb{R > n} < Ce=", for some C,c > 0 and 0 < n < 1, then there is C', ¢ > 0

such that
F) — o] < Qe
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Moreover, ¢’ does not depend on ¢ and C' depends only on C,,.

We will present three lemmas in which we keep reducing the problem of finding an
upper bound for C,(p,, p) to similar problems until we are left with finding an upper
bound for the correlation of certain functions in A. Afterwards, we will show that we can

use the above theorem to conclude the proof.

Remember that we defined C,(¢,v,pn) = ‘/(gp of™Mdu —{/gpdu/@bdu‘ for ¢,
belonging to H,. We use analogous definitions and notation for functions in the tower A

or in the quotient tower A with respect to the corresponding measures.

It was shown in [22] Sections 2 and 4] that there exists a measure v such that p = m,v

and v = 7.v. For p,¢ € H,, let ¢ = pom and {/;:wom

First, note that
Jtorwiu= [(gorwdtma) = [(pof o) (won) dv
= /(gp o o™i dv = /(@OF")JCJV

/gpdu/wdu:/@’du/&du
So, Culsp, ¥, 1) = Cu(3, 0, v).

Given n € N, fix a positive integer k < n/2. Let @, be a discretization of ¢ defined on
A as

and, arguing as above,

Prlo = inf{poF*(x) 12 € Q}, for Q € Qu.
The next lemma proves that we only need to obtain the conclusion for C,,_x(¢x, {bv, V).

Lemma 3.2. For p,v € H,, let ¢, ¥ and ¢y, be defined as above. Then

= ol _ 7 C
|Cn(%0’,¢)’y) _C"_k((pka¢7y)| S k;_azn’

where Cy is a constant depending only on |¢l|, and on ||¢]| .

Proof. Notice that, since v is F-invariant,

Cri(PoF* 1) = ‘/(@oFk oF" M)ihdy — /GOdeV/@ZdV‘ =C.(P,0,v).  (3.1)
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Using the fact that ¢ is Holder continuous and Lemma we observe that for Q) € Qo
and all z,y € Q,

[FoF*(x) = FoF (y)| = |pomoF*(x) — pomoF*(y)
< liglyd(mF (@), 7 F* ()"
: O\
< lply diam(rFH(Q))" < [l (1)
which implies that, for any x € Q,
~ ok - k : k C'y\n
[FoF*() — pu(@)| = [pomoF () — inf{pomoF*(y) iy € QH < loly(5) " (32)

Applying (1), (3:2) and the F-invariance of v we obtain
1Ca(, 9, v) = Cot@hs 0, )| = |Co k(B oF* 0, v) = Coi (@1, )|
- “ /(@oF’f oF" MYy — /@“odeu/{z?dy‘
_ )/(% oF"_k)@Zdu—/gokdy/@Zdu‘
< ’/(@oF’“ - @k)oF”—dey‘ n ) /(aoF’f . @k)dy/zldu(
< 1l / |(FoF* — i) oF™|dv + / |FoF* — ifav)

<2l ()"

We only need to take Cy = 2||¢||s ||, C". O

Define 1, in a similar way to ;. Denote by 1, the signed measure whose density

with respect to v is ¢y, and by zzk the density of FFi,v with respect to v.

Note that, if v is a signed measure, then the total variation of v is defined as |v| =
vt 4+,

Now, we will see that it is sufficient to obtain the upper bound for C,,_x(¢x, zzk, v).

Lemma 3.3. For ¢,y € H,, let ¢y, J and &k be defined as before. Then

” ~ C!
}Cnfk(@k,wﬂ/) - Cn*k(ﬁﬁkawlml/ﬂ S k_‘j?’

where Cy is a constant depending only on |p|s and on |1,
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Proof. Observe that, since ||@g]lo < [[¢]loc,
|Cori(Brs ¥, V) — Coie( B, Uk, V)|
:‘ /(@koF“—k)dey—/@kdy/dey’
_‘/(% o F"R) du—/gpk dy/Jk du‘
< [lovoP¥ [ = dulav+ [ loula [ 15~ ulav
< 2l [ |6~ Gulav (3.3)

Note that
FH(§oF*)v) = yv
and so, by the definition of ¥y, we have
[1 = Bl = [ G
FH(( oF*)v) = Fl ()]
< |(WoF* — )y
= / | o — 4y |dv. (3.4)

Using Lemma 2.1 (3.3), (3.4) and the same argument as in (3.2) we get
_ - _ -~ -~ k — Cl n
Cac (P, 8, ¥) = Cak (P B ¥)| < 2 lee [ 16 0F* = Gl < 2elloltly (1)
To conclude, we just need to take C5 = 2[/¢||s0|?|,CY. O
We will now show that we only need to prove the result for C, (@, ¥, 7).
Lemma 3.4. For ¢,¢ € H,, let ¢y, Jk and )y, be defined as before. Then
Cﬂ*k(@ka ’Jka I/) = Cn(@lﬁ qZk: ﬂ)'

Proof. We have, by definition of @Zk,

/ (@1 o P )y = / B o d(f) = / ord(Fr () = / rd(F2 ().
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Since @y, is constant on ¥* leaves, then
[ o) = [ @@ @)
and, as F and F are semi-conjugated by 7,
[ edwrr ) = [ o) = [ooryind.
So, we have proved that

/(@k o F" M) hdy = /(@k oF™M)aydp. (3.5)

Additionally, as ¢, is constant on +* leaves, and using the definition of sz and the F-

invariance of v,

[owav [ = [ o [ ariw) = [ oo [ iuan (3.6)

Gathering (3.5 and (3.6)), we obtain the conclusion. O

Without loss of generality we may assume that 1), is not the null function. We define

1

b, = - -
/ (G + 20/l c)d7

and 1y, = b (U + 2| ¥k |-

Since (Y]l < ¥ + 2[[Uklloc < 3[[¥k]loo, then

1 < by < 1

3l ¥nllo el

dv
Defining p = d—l_/, we have, by the definition of by,
m

/Jkpdm = 1.

Since 1)y, is constant on elements of Qay, s0 is {D\k. Denote by Xk the probability measure

on A whose density with respect to m is QZk p-

Lemma 3.5. For ¢,¢ € H,, let ¢}, and Uy be defined as before. Then
Cn(@ka @Z_)ka 17) < C4|F:_2k5‘k - V|7

where Cy is a constant depending only on |¢|s and on ||1||e-
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Proof. Notice that, by the definition of QZk and the F-invariance of 7,
— — — 1 —~ —
/(@k oF™) Yy dv = /(@k oF™) <b—¢k - 2”%’@) dv
k

1 Cy _ _

= i [@eoR") Budo — 2l [ uoF" o
1
T b

_ 1 ~ _
/@kdﬂ/¢kdﬂ: E/@kdﬁ/wcdﬂ—ﬂh/zk“oo/gbkdﬂ.

Then, using the last two equalities and the definitions of p and Xk., we obtain

Co(@ry Vi, D) ‘/ @i oF" ¢de—/¢de/¢de

=5 /(¢koF )wkdl/—/tpde/wde

(1 0F™) G d7 — 2| o / 50 d7

and, similarly,

1
= /(@kOFn)%ﬁdm—/@kﬁdm/%ﬁdm‘
1 d(Fm)
= - /@k—( — 1 dm—/@kpdm‘
bk dm
F"/\
< _/y k|‘ t) p‘dm. (3.7)
Setting A\, = kaXk and since k < n/2, we have
d

d _ _
—F”)\ — Fr2k)
am * ™ T dm P

and so, using (3.7)), we have
_ F”)\
<wkwk,>_b/1 N

F” 2]“)\ dv
/w\ A

dm

< b—ll@klloolFf_%/\k — 7.
k
Since i < 3|9k || o, We get

Co(Prs Yk, 7) < —Hsz)klloo\F” 0 = v

< 3ll¥lloollBrlloo F2 72N — v
< 3| lloollplloo 22 N — v
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We just need to take Cy = 3|9 || oo || co- O

Gathering everything that was proved in the previous lemmas, we get

Co(p, 0, 1) = Co(@, 0, 1)

~ Cy

< Cri(@r, 0, 1) + Ton

~ Cs + C.
Scnfk(@kawkay)_’_ 3kan :

C3 4 Oy
ke~

< Co| Er2 N, — v| +

Let ¢ be the density of the measure \; with respect to m. The next lemma, whose

proof is given in [2] Lemma 4.1], implies that ¢, € ]:g.

Lemma 3.6. There is C' > 0, not depending on ¢y, such that
6x(7) — o (9)| < OB, Vz,geA.

Lemma 3.6/ and the inequality C,(p, v, i) < C4|EP=20 N, — v| + ©1%2  proved before,

kan

allow us to use Theorem [3.1] to obtain

(o Cs + Oy

1 1
< < =17 san [°
Cn(%w,ﬂ) < Cy (n _ 2]{)471 + kon - Cmax{ncfl’ naﬂ}

This concludes the proof of Theorem [A]

3.2 Large deviations

In this section we will prove Theorem [B| It is based on the proofs in [14] and [12], although

our assumptions are different.

Recall that we want to prove that, if f has a GMY structure A, then there are 79 > 0
and (o > 1 such that for all n > 7y, 1 < ¢ < (o, € > 0, p > max{1,{ — 1}, C; > 0 and
¢ € H,, there exists Cy > 0 such that
Cs

& 2
Leb,{R > n} < o = LD(¢,e,n,p) < e2rpt—1"

where Cy depends only on CY, p, |1, and c,.
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Remark 3.7. If ( > 0‘6"0_11 — 1, we obtain the conclusion of the above theorem replacing ¢

byanyﬁsuchthat1</<;<a—e7’c%1—1.

The proof of Theorem [B| uses the construction of a function ¢ € Gy(A), which will be
done in Proposition [3.10 for § = an — 1. However, if v € F,(A) with 0 < v < 1, then
¥ € Go(A) for all § > 0. So, in this case, Theorem [B|is valid for any ¢ > 1, choosing

arbitrarily large.

Lemma 3.8. There ezists a constant C3 > 0 such that, for all z,y € v* with s(x,y) # 0
and all 0 < k < R, we have

d(fFz, fry) <

s(w,y)>

Proof. Let n € N be such that s(z,y) = n. Then, using (P3), we get

O i(fRna, fRoy)

d(frz, fry) = d(fF i (fBra), A0 (fRry) < m

C’ . Cs
< ——d M < ——2
< = om0 < 775

Since R — k > 1, then R, — k > n, and so

d(f"z, ffy) < W

]

Definition 3.9. We say that a function v : A — R depends only on future coordinates if,
given z,y € A with y € (), then ¢(z) = ¥(y).

We will now present a result that characterizes an Holder function in M with the help
of a function in the quotient tower with a certain regularity. It is an adaptation to the
polynomial case of [I3] Lemma 3.2] which proves an analogous result for the exponential

case.

Proposition 3.10. Let f has a GMY structure A and ¢ : M — R be a function belonging
to H, forn > 1/a. Then there exist functions x,v : A = R such that:

1. x € L*(A) and ||x||c depends only on |¢l,;

2. gom =1+ x—xoF;
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3. 1 depends only on future coordinates;

4. the function v : A — R belongs to Gy, for § = an — 1. More precisely, there exists

cy > 0, depending only on |@|,, such that for all p,q € A,

W (p) — b(q)| < v

max{5(p, q), 1}

Proof. Let us fix v* € I, Given p = (z,1) € A, let p = (, 1), where T is the unique point

in v*(x) Ny* and define

'M8

<
Il
o

X(p) =) (6nF(p) — ¢nF’ (D).

Observing that o F7(p) = f7 o nn(p) = fi*(x) and using (P3), we have

oo

X0 < 3 [om P (p) = om ()

]_

<D [l d(f (@), fH@))"
7=0
<161y 7Y == = C' (6l
=0 7

since an > 1. So, 1. is verified.

Defining ¢ = pom — x + x o I, 2. is verified and, as

W(p Z T FI(p) + Z omFI (D) + Z pmFItY(

=" (¢pnFi(p) — ¢pmF(Fp)),

j=0
1 depends only on future coordinates. So, 3. is proved.

We are left to prove 4. Let n € N and p,q € A. Then

n—1

(v) = >_ omF (Fp)

[(p) = 9(@)| < D_[onFI(B) — onFI(@)| + 3 o (Fp) — o (F)|

+ 3 |enFI(p) — onFITN(Fp)| + Y |onFi(q) — om 7 (Fg)|. (3.8)

j=n+1 j=n+1
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Since the choice of n is arbitrary we can assume that s(p, q) ~ 2n. This will mean that

there will be no separation during the calculations of the first two terms.

We will consider separately each term of the right-hand side of . We start with the
third term. When p # (x, R(z) —1) then Fp = Fp. Ifp= (z, R(z)—1) then Fp = (f%z,0)
and P/?) = (f/’?x,()) and so mFVp = fI71 BT and WFj*1P<EJ = fjflf/’;r. But ff7 and f/’;r
belong to the same stable leaf, and then, using (P5),

|pnF(p) — om FI—(Fp)| = |67 f7(@) — .7 (Ra))|

1 1
< ol d(F7 FR@), PN () < b =y = =y
and then, recalling that s(p, q) = 2n,
> |¢nFip— gn T Fp| <[ol, Y T
j=n+1 j=nt1
1 1
<’ o~ 0
_C |¢|77n9 2 C |¢|778(p’ q)g (39)

The calculations for the fourth term of the right-hand side of (3.8) are similar.

Let us consider now the first term. Recall that there is no separation during the

calculations. Let p = (z,1) and ¢ = (y,[). Then
TFI(p) = fM@) = L7 @),  where  J <) and L < R((F)(3),
and
TF@) = G =SNG, where T < and L < R((/") ().
Then, since ¢ € H,, and using the calculations above and Lemma ,
(67 F (5) = 6mF @] < [0l (B), 7F @) = |8l d(f7 £ @), £ 7 (5)

1 1
< C! - = C!
=@ e T M Em -
1 1
<C ~ C _
> 3|¢’n (S(A 7) — j)9+1 3’¢‘77< — j)o+t
So, we have
n o o - 1
]EO |¢7TF] (p) — o F? (q)| SC3|¢|77 ;0: (2n — j)0+1

" 1 1"
<C"|6ly—5 ~ 2°C"|¢l, (3.10)

s(p.q)?
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The calculations for the second term of the right-hand side of (3.8)) are analogous.
From (3.9) and (3.10f), we obtain

where ¢, depends only on |¢)|,,. O

A sequence of g-algebras {F; }ien is said to form a filtration if, for all i € N, F; C Fii;.
A sequence of random variables { X, }ien is adapted to a filtration {F;}ien, if, or all i € N,
X; is measurable with respect to F;. A sequence of random variables {X;}ien is said to
a sequence of martingale differences with respect to a filtration {F;}en if it is adapted to

the filtration and, for all ¢ € N,

E<X1) =0, E(Xi+1|-7:i) =0

Before proceeding, we present an auxiliary result that can be found in [I7, Theorem
2.5].

Theorem 3.11. Let {X;} be a sequence of L* random wvariables with filtration G;. Let
p > 1 and define

k
bin = Jnax | X ZE<Xj’gi)”p- (3.11)
j=i
Then .
E[Xi+-+ X" < (49D bin).

i=1

We recall Markov Inequality, which states that given a measure space (X, A, ), a
function f € L'(z,u) and € > 0 then

1
pllfl > < < [ 1w

n—1
Given ¢ : A — R, we define 1, = Zwopi.
i=1
In the next proposition we prove that, in the quotient tower, a control on the decay
of correlations implies a control on large deviations. This proof is based on [12, Theorem

1.2].
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Proposition 3.12. Let ¢ > 0 and ¢ € Go(A), for some 0 > 0. Suppose there exists Cy > 0
such that, for all w € L®(A) and all n > ny we have

Cy
Culw,.7) < 2,
where Cy depends only on ¢y and ||w||s. Then, for e >0 and p > max{1, (}

_ Cs
D(w7€7nay> < ma
where C5 > 0 depends only on p, ¢y and |9 ||

Proof. We may assume, without loss of generality, that / v dv = 0. By Markov’s inequal-

ity, we have
1 2
>5}:D{‘—wn >52 < - /‘—wn
n gp

11
r{| o
][22 < Cs 2™

dv = HwnHQp 2p ngp
and so we only need to prove that

3 (3.12)
where C5 > 0 depends only on p, ¢ and |[9)||o-

Recall that we defined P : L?(A) — L?(A), the Perron-Frobenius operator associated
with £, as follows:

Vo, w e L*(A) / P(v)wdD:/ vwoF dp.
A A

A
By this definition and the hypothesis, we have, for all w € L*(A)

‘/AP"(zb)wdl/‘:‘/AzpwoF”dy‘

Choosing w = sgn P"(¢) in (3.13]) we get

Colw, v, 7) < G (3.13)

nC

n n n Oy
1Pl = [ (@) sen(Pro)do < S
A n

Note that, from now on, Cy depends only on ¢, as || sgn P"(¢)

Since || () s < [ we have
1Pl =( [ 1P P )] dr)’

1 1 _1(C
<P @IS P I <l C

=
<

= —, (3.14)
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where € = (C4)7|9)||% /" depends only on p, ¢, and |[2)]|o.

Define
k
xk:ZP"(w) and  @p =¥ — xpoF + xi — P*(¥) (3.15)
n=1
Observe that, from (3.14)), x&, ¢ € LP(A),

k E k'r

Ixell, < D IP" @), <C' Y — < C'—— (3.16)
n=1 n=1 MNP 1 - 5

k'
(3.17)

and
lellp < N1l + 2lxklly + 1PF ()], < 40'1 —
p

for k sufficiently large.
We are going to prove that P(y;) = 0. In fact, given w € L*(A), we have, since 7 is

F-invariant,
B Xk oFwoF dlj

/P(Xk)de—/P(XkoF)deZ/kaode—/
A A A A
A A

:i/AP”(w)woqu—i/AP”(w)wdy

k
n=1 A

:/¢(woFk+1—woF)dV.
A

On the other hand,

/ P)w — P (4w dv — / P(woF — woF™) du.
A A

So, P(px) = P(¢)) — P(xxoF) + P(xx) — P**'(y) = 0.
The operator P is the adjoint operator of U : L*(A, ) — L?(A, ) defined by U(v) =

voF. Besides, PoU = I, where [ is the identity operator, and U oP = E(-|F~' M), where
M is the underlying o-algebra. So, E(¢r|F7'M) = 0 and E(py oF/|[F~ "D M) = 0.
n € Ng} is a sequence of reverse martingale differences. Passing to the

Then, {proF™ :
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natural extension (see [I7]), {¢r oF™ : n € Ny} is a sequence of martingale differences with

respect to a filtration {G, : n € Ny}.

Defining X; = ¢ oFY in Theorem [3.11} we have

! !
b;n = max ||¢ oF" ZE(@/J on|gi)“p < H@Z)Hoogzzgi || ZE(@/} on|gi)Hp
Sisn T 4

i<l<n —
J=t

and, by that theorem, we obtain

lnll3s < (4p ) bim)"- (3.18)
=1

Recalling the definition of ¢y, in (3.15)), we have

l l
Y E(oF'|G) = groF' + E(xx oF'|Gi) — E(xx oF'|Gi) + Y E(P*(v) oF'|Gy),

j=i j=i

and so, using (3.14]), (3.16) and (3.17)), we obtain

¢
ke n

= llp + 2lIxklly + 2l PH()], < C7 (61 — k—<> :
P p

bin <C 61 z +—< 1]

where C” depends only on p, ¢, and ||¢)||«. Then, recalling (3.18)) and choosing k = n, we

conclude that

|5 Bweria)
j=i

Then,

[all3e < (4p Y bim)? < Csn®<,

i=1

where C5 depends only on p, ¢y and [|9)]|oo- O

Proposition 3.13. Suppose that f has a GMY structure A and ¢ : M — R is a function
belonging to H,. Assume that there exist 1) € Gy, for some § > 0, and x € L*(A) such
that pom = 1 + x — x o F where 1 depends only on future coordinates. Fizing ( > 0,

assume that, for all w € L>(A) and all n > ng there exists Cy > 0, depending only on ¢y

and ||wl|so, such that
Cr(w, 9, v) < g.

nC
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Then, for e > 0 and p > max{1, (},

where Cy > 0 depends only on p, ¢y and ||¢]] -

Proof. We may assume, without loss of generality, that / odp = 0.

By assumption, we can write ¢ om = ¢ + y — x o F where ¢ € Gy, for some 6 > 0,
X € L*(A) and ¢ depends only on future coordinates. By Proposition we have

1 Cs
1 < ‘
V{‘nw" ~ 6} — g2rpd’ (3.19)
where C5 > 0 depends only on p, ¢, and ||| -
Note that . .
,u{‘—gzﬁn(x)’ > 5} = V{‘—qﬁn(wy)‘ > 5} (3.20)
n n
and

n—1 n—1
gbnOﬂ':Zgbokaﬂ':ZgboWoFk
k=0 k=0
n—1 n—1 n—1
:Z;boFk—FZXOFk—ZXOFHI
k=0 k=0 k=0
=, + x — xoF™.

Let y € A be such that %‘wn(y) + x(y) — X(F”y)‘ > ¢. Then %‘wn(yﬂ + %||X||oo > €

and so
1 1 . 1 2
{Slowon| > e} = {=|vn+x = xoF"| > e} € { [l > e = Zllxllx}-
n n n n
From ({3.19)), (3.20)) and the last inclusion we get, for a sufficiently large ny and n > ny,

N = - T P = (3:21)

where Cy > 0 depends only on p, ¢, and |9 . ]

Proof of Theorem B. Note that to obtain the conclusion we only need to verify the assump-

tions of Proposition [3.13]
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Y € Gop(A), for § = an — 1, and y € L>®(A) such that g o7 = 1) + x — x o F, where
¢ depends only on future coordinates and ¢, depends only on |¢|,. So, we may apply
Corollary , obtaining, for all w € L®(A),

Cy
né—1t’

Cr(w, ¥, v) <

where Cy depends only on ¢, and ||w||~. Consequently, using Proposition m,
Cy

62pn<—1

LD(¢,2,n,p1) <

where Cy > 0 depends only on p, ¢, and [|¢|| and so, only on p, |¢|, and [|||e. As
1Y]loo < ||@lloe + 2|lX]|c and, by Proposition Ixllc depends only on ¢, we conclude
that Cy depends only on p, |4, and c. O



Chapter 4
An example

Here we give an example of a diffeomorphism f of the two-dimensional torus T? = R?/Z?
with a GMY structure A having polynomial decay for the Lebesgue measure of the tail of
the return time. As a consequence, we deduce that f satisfies the results on polynomial
decay of correlations and large deviations from Section and [1.3

We start with an orientation preserving C? Anosov diffeomorphism f; of T? and we
consider a finite Markov partition Wy, ..., W, for fy such that the fixed point (0, 0) belongs
to the interior of Wj. Considering the hyperbolic decomposition into stable and unstable

sub-bundles TM = E* @& E*, we assume that there is 0 < A < 1 such that
IDflsel <A and [[Df |l < A

We assume moreover that the transition matrix A of fy is aperiodic, i.e. some power of A
having all entries strictly positive. By a suitable change of coordinates we can suppose that
fola,b) = (¢o(a), 1o(b)) for all (a,b) € Wy, the local stable manifold of (0,0) is {a = 0}, the

local unstable manifold of (0,0) is {b = 0} and both ¢y and 1)y are orientation preserving.

Now we consider f : T2 — T2, a perturbation of f; that coincides with f; out of W and
f(a,b) = (¢(a), (b)) for (a,b) € Wy. For definiteness we assume that Wy = [af), ao] x [b}, bo]
and consider Vg = [¢ ' (a}), ¢ ' (ao)] % [Yo(b)), Yo(bo)]. Observe that Vj is a neighborhood
of (0,0) strictly contained in W,. We assume that for some 0 < § < 1 we have

¢(a) =a(l+a") and ¢(b) =¢7'(b) V(a,b) €W,

and assume that ¢ and 1 coincide respectively with ¢y and vy in Wy \ V5. Note that ¢



46 An example

is the so-called intermittent map of the type considered in [22, Section 6.2] and (0,0) is a
fixed point of f with ¢/'(0) =1 = ¢'(0).

Observe that as we have not modified the geometric structure of fj, then the set W is
completely foliated by a set I'® of stable leaves and a set I'* of unstable leaves. Our goal
now is to prove that f satisfies the properties (P;)-(P5) on the set A = W; (any other
W; # W, would be fine) and that we have recurrence times with polynomial decay to some
unstable leaf on Wy, thus being in the conditions of Theorems [A] and [B] As a consequence

we obtain the following results.

Theorem 4.1. Let f be as above and take ¢,v € H,. Then, f has a physical measure
and there exists Cy > 0 such that for every n > 1,

. _CQ
1. ifn > gig, then Co(p, 9, p) < YA

C
2. if n < g, then Co(p, ¥, p) < n+1/0)n

Theorem 4.2. Let f be as above. There are ng > 0 and (o = (o(no) > 1 such that for all
n>mn, 1 <(<C,e>0,p>1/0 and ¢ € H,, there exists Cy > 0 such that for every

n>1
Cy 1

£ pl/e”

LD(¢,e,n, 1) <

We consider the sequences (a,,), and (a},), defined recursively for n > 1 as
an=¢ ' (an-1) and a;, =¢ ' (aj_y).
For all n> 0, set
Ju = anstsan)  [bhobo] and J, = [l ] b bol

Observe that these sets form a (lebesgue mod 0) partition of Wy. Setting for i =1,...,k
and n >0

Rlw,=1, R|j,=n+1 and R|y =n+1,

define
ﬁlzﬁ—l—i‘no, ﬁizﬁi_l—F(ﬁ—l)OfRi_l—i‘no fOI‘ZZ2
and, for z € W1, let R(z) be equal to the smallest R; such that £l (x) € W;. Note that as

we are assuming the transition matrix of fy (and thus of f) with respect to the partition
Wo, ..., Wy to be aperiodic, then R is well defined.
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4.1 Invariant manifolds

Here we prove that the manifolds in I'* and I'* satisfy (Py) and (P3). We start by proving

some useful estimates about the map ¢. It follows from the results in the beginning of [22]

Section 6.2] that (a,), and (a),), have the same asymptotics of the sequence 1/n'/?. In
particular, there is C' > 0 such that for all n > 1 we have
C
Aan = Qp — Qpg1 S m, (41)

and a similar estimate holds for (a!,),. For the sake of notational simplicity we shall

consider 7 = 1/6.

Lemma 4.3. There exists C' > 0, such that for alln > 0 and all x € [a,41,a,], we have
(¢") (2)] = Cn™.
Proof. By the definition of a,,, we have

|¢" (an) — ¢"(ans1)| = |ao — a1

and so, using the Mean Value Theorem and (4.1]), we get, for some & € [a,11, ay),

ACL()

> CnT+1 .
Aa, —

|(00)" (&)l =

Using the previous lemma for a = ¢ and any b € [a,11, a,], we obtain the same conclusion

for any point in [a,1, a,], concluding the proof. O

To simplify notation, we write f;, to mean the derivative of f in the unstable direction.

Proposition 4.4. There exists C > 0 such that

(a) for alln € N and x,y € v* € I'* we have

C
A7) S ) < (o)
(b) for alln € N and x,y € v° € I'* we have
C
d(f"(x), f"(y)) < d(z,y).

nT+1
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Proof. We shall prove (a). The proof of (b) follows similar arguments.

Consider x,y € v* and let n € N. We first assume that the orbits of z and y visit W)
exactly at the same moments. Then, it is enough to prove that there is C' > 0 such that

for a given point z € T? we have

C

nTtl ’

(") (2)] <

Let K={jeN,0<j<n: f7@x)eWytand M ={0,...,n} \ K. The set K can be

written as K = U¥_, K, where

Analogously, we write M = U™, M;, where

Considering P = Zlepi and QQ = Zle gi, we have P + Q) = n.

Note that, since k;+p; € K and k;+p;+1 € K , then f*+Pi(z) € J,. Since we assumed
that the orbits of x and y visit W, exactly at the same moments, then f**ri(z) € J,.
Observe that f coincides with ¢ in K N ~*. Using the Mean Value Theorem and Lemma
[4.3] we get, for some £ € Jy,

AC5(@), F5(9)) < (@ PV (2), FH7 () < —rd(F(a), 47 ().

b;
(4.2)

For the iterates m € M we have f~™(x) ¢ Wy, and so the behavior of (f,)" is the same
of the unperturbed Anosov case. In particular, there is exponential backward contraction:

there is A > 1 such that
d(f7™ (), f™(y) < A0 (@), V(). (4.3)

Gathering (4.2)) and (4.3)), we obtain, for any n € N,

C
—d(z,y).
prH (

d(f(x), f(y)) <A@ H

Now it is enough to prove that

C < C
T+1 — :
. ] + Pr+l

—.

(4.4)

1=
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C _( Di )Tl
pit \Cmr '

With no loss of generality, we may assume that each p;/C 1 > 2. Actually, if this were

We have for each 7

not the case we would have the p;’s uniformly bounded, meaning that the corresponding
p; iterates would be uniformly bounded away from the stable leaf of (0,0). In particular,
there would be some 0 < Ay < 1 such that |(f;!)'| < A\¢ and this case could be treated as

the case of the previous case with \g playing the role of \.

Let us now prove (4.4) under the assumption that p;/ O > 2 foreach 1 <1 < k.

This in particular implies that

Using this we get
T+1 T+1 T
b C k CT%H k CTil C’%H + C
HF: 11 o <X o =P = P
i=1 171 i=1 ! i=1
thus proving (4.4)).
Let us finally consider the case where the orbits of x and y do not visit W, at the

same moments. Assume that there is j < n such that f/(z) € JUJ and fi(y) ¢ JU J'.
Choosing the size of the rectangle W; sufficiently small (and thus the length of ~*(z)),

we may assure that we necessarily have f7/(z) (uniformly) bounded away from ~*(0,0). In
particular, there is some Ay such that |f/| > Ao, and so we may repeat the calculations

above we \g playing the role of \. m

4.2 Bounded distortion

Here we prove the bounded distortion property (Py).
The following lemma is proved in [22 Lemma 5].

Lemma 4.5. There exists C > 0 such that, for all i,n € N with i < n, and for all

a, b € [an—I—la an]:
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Lemma 4.6. There exists C' > 0 and 0 < 8 < 1 such that for all x,y € v* € I we have
d(w,y) < CB.

Proof. We will start by showing that there exists 0 < f < 1 such that, for z,y € AN ~*
with s(x,y) # 0, we have d(x,y) < Bd(f%(z), ff(y)). In fact, since ff(z), fR(y) &€ Wo

and f behaves like an Anosov diffeomorphism outside Wy, then
d(f (@), f7H(y) < Bd(f"(2), f(y) forsome 0 < <1
and so d(z,y) < Bd(f*(z), fH(y)).
Applying this inequality successively, we obtain
d(z,y) < Bd(f*(x), f(y)) < -+ < () (@), (F7) (v) < CBY,
where C'is the diameter of M. O

Proposition 4.7. Fory € I™ and x,y € AN+,

(f8) (x)
(fE) ()

Proof. Let v € I'* and z,y € AN~. We have

log < OpsUT @ W),

log Lu) &) Z |log f1(f7x) —log fu(f'y)|. (4.5)

(fF )(y

As in Proposition 4.4 without loss of generality we may assume that the orbits of z and y
visit W, exactly at the same moments. Let K = {j e Ng, 0 < j < R—1: fi(z) € Wy}
and M = {0,..., R} \ K. The set K can be written as K = U"_, K;, where

Ki=Aki,....ki+pi|ki—1¢K, ki+p+1¢K}.
Analogously we can write M = U*; M;, where
M;=A{m;,....mi+q|mi—1¢ M, mi+q+1¢M}

We will consider now the terms of the right hand side of (4.5) which belong to some K.
Note that, since k; +p; € K and k; +p; +1 € K, then f**Pi ¢ J. From Lemma ,

pi—1

Z |log f{t(fklﬂx) — logf (f kiti y)| < Cid (fki"!‘pix, fki"!‘]’iy)'
7=0
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So, adding the term 7 = p;, we obtain

pi

Z | log f;(fkﬁ-]x) — log f;(fk"wy” S Cd(fki'f'pix’ fki'f‘piy)’

j=0

because there exists £ € Jy such that

1/;(@ ‘ d(fki+17ix7 fki"rpiy)‘

1( ekitpi\ _ 1( fkitpi —
[ log f,,(f""Pix) —log f, (f* ™y 7 E)

Let us now consider the terms belonging to some M;. Since f is of class C? outside W),
using the Mean Value Theorem and the fact that f is uniformly expanding on unstable
leaves, we have, for x € M;,

i

S [log f4(F™ ) — log fu(f" )| < Cy 37 (", f7ty)
7=0

j=0
qi
< 03 Z 6Qi—j+ld(fmi+qz'$’ fmi+qiy) < Cd(fmi—i-qix’ fmi+qiy).

Jj=0

Gathering the conclusions we obtained for K and M, using Proposition (a),

k m
S° log fu(f7x) —log fu(f7y)| <C(Dodlf™ 7, forriy) 4 3 d(fmet e, frty))
=0 =0

peKULUM

k m
SC(ZW +Zm>d(f%,f%)
=0 i=0
<Cd((fF)a, (f)),
and so,
log L) < crg( gy, (7, (4.6)
() ()
Applying Lemma , we have d((f®)x, (fF)y) < Oy 3@ W) for some Cy > 0, thus
concluding the proof. O

4.3 Regularity of the stable foliation

To prove property (P5)-(a), we follow the ideas in [3, Section 3.5]. The proof of the following

lemma can be found in [II, Theorem 3.3.].
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Lemma 4.8. Let N and P be manifolds, where P has finite volume, and, for everyn € N,

let ©, : N — P be an absolutely continuous map with Jacobian J,. If we assume that

(a) O, converges uniformly to an injective continous map © : N — P,

(b) J. converges uniformly to an integrable continous map J : N — R,
then © is absolutely continuous with Jacobian J.

Until the end of this section we denote © = O,/ (x) to simplify the notation. The next

lemma can be found in [3 Lemma 3.11] and it is a consequence of [11, Lemma 3.8].

Lemma 4.9. Given v,y € T* and © : v — =, then, for every n € N, there exists an
absolutely continous function m, : f*(v") — f™(v) with Jacobian G,, such that

(a) lim Sup {dfn (f”(x),f”(@(m)))} =0;

n—oo xE

(b) lim sup {’1— o(2)|} =0.

n—oo a:ef"

Lemma 4.10. There exists C > 0 such that for all x,y € v* € I'* and n € N we have

Proof. Note that

det Df(fi(z)) & i 1-
H DI ) S Z [log (det Df(f'(x))) —log (det DF(f'(y)))].

We now need to control each term of the above sum. We divide this in three cases.

Assume first that f(x), f'(y) € Wy. Since f'(y ) € v*(f*(z)) and f has a product form
in Wy, then ‘log (det Df(fl(x))) log (det Df(f )} =0.

Assume now that fi(x), fi(y) &€ Wy. As f behaves like an Anosov diffeomorphism
outside Wy, then logdet D f is Lipschitz. So, using the polynomial contraction on stable

leaves, we get

|log (det Df(f'(x))) —log (det DF(f'(y))| < Crd(f'(x), f'(y)) < ZCfl
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Finally, for f(x) € Wy and f*(y) € W, choose the point z in the same stable leaf as
fi(x) such that z is in the boundary of W, and between f*(z) and fi(y). Then, applying

the first case to f*(x) and z, and the second case to z and f*(y), we obtain the conclusion.

Adding all the terms, we conclude that

Z ‘ log (det Df(f'(z))) — log (det Df(fi(y)))} < ng iiH < %

O

We define, for n € N, the map ©,, : v/ — v as O, = f Fromp off. Note that O, is

absolutely continuous, its Jacobian is

_ | det(Df)()] Rn
and the Jacobian of © is given by
_ d(6, Leb,)
1@ = =T,

Proposition 4.11. For~/',~v € I'", the function © is absolutely continuous and its Jacobian

1S given by

B = det Df(fi(x))
70 =1 7o)

Note that Lemma implies that the product in the above proposition is finite. The
proof of this proposition is a direct consequence of the following lemma together with
Lemma [4.8

Lemma 4.12. The functions ©,, converge uniformly to © and their Jacobians J,, converge

uniformly to J.

Proof. Using (P3), we have, for = € v,

4, (0(2), 0(x)) = dy (F o, 50 (2), F 7 FRO () < e yn (i, £7 (), £ O ()

and, since R, — 0o and dyr. () (7, f (x), fO(x)) is bounded, then the uniform con-

vergence follows.
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We write

| det(Df")(x)| | det(Df™)O(z)]

B (g
[det(D/™)0)] |der( D)8, ()] < ()

Jn(x) =

By Lemma[d.9 G, (f%(x)) converges uniformly to one. To control the second factor note
that, by (4.6 applied to the point ©(x) and ©,(x), we have

| det(D f)O(z)]

& det(D A0, (2)]| = Cdgra ) (fH(O(2), [T (O,(2)).

So,
| det(DfR)O(x)
[ det(DSF)0, ()]«

We are left to prove that the first factor converges uniformly to J. Notice that

[ det(Df) (@) _ N, det DF(fi(x))
8 Tdet(Df7)0(r)] ;10% det Df(f1(6(x)))
and so
|det(DfR" det Df(fi(x))
o8 ) ~ 108 [ e 160 Z "8 et DIF(OW)
which converges uniformly to zero, by Lemma [4.10] O]

The next proposition proves (Ps)-(b).

Proposition 4.13. For each v,y € I'", the map © is absolutely continuous and denoting

ute) = L),

we have
logM < OB Yayen NA.
u(y)

Proof. Tt is known that (P5)-(b) is satisfied by Anosov diffeomorphisms. But f is topolog-
ically conjugate to the Anosov diffeomorphism fy. Since the separation time is invariant

by topological conjugacy, then so is (Pj5)-(b). ]



4.4 Recurrence times 55

4.4 Recurrence times

Our goal in this section is to prove that there exists C' > 0 such that for all v € I'* and

n € N we have

Leb,{R > n} <

nTtl ’
Since we have assumed the transition matrix of the initial Markov partition aperiodic, then
there is ng € N such that for n > ng, f*(W;) intersects Wy, for all j, k.

Lemma 4.14. For L € {Wy,..., Wy, Jy, J|}, there exists ng € N and 6y > 0 such that, for
alln >ng and j € {1,...,d}, we have

Lebv (f_n(W]) N L) Z (50.

Proof. Choosing ng as in above, we know that, for all n > ng, we have f"(L) intersects Wy,
for all k. Since, in addition, f™(L) must cross the entire length of the unstable direction
of any Wy it intersects, then f"(L) crosses the entire length of the unstable direction of

every Wy. Then

,")'dLeb ~nY'd Leh
Leb, (f~"(W;) N L) /fn(f_n(wjm(fﬂ eb, /W(fu) ch,

_ _ W @)
Lebsl 1) [ Garvate, [ gyaten,

Let Ry = 0. Choosing k € Ny such that R, < n < Ry, note that (f2~f)/(z) > 1 and so,

(f2) (@) = (L) (@) ™) (@) = () (1 ().

n—Ry41

Analogously, since (fu ) (x) <1, then

(f2)(z) = (fReery (frBee (@) (fo Ry (2) < (fReny (fr B (@),

Consequently,
1
(R (e () (R (=rn(y))
Applying (P,), there exists C' > 0 such that, for all m € N,

el/C < —(fgm)/(z) <ev.

~(fE) (w)

< (i) ) < (4.8)
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Fixing wy we have

(Y (f" () = €O (F25) (wo) and  (f0) (f7 "0 () < e (f4) (wo).
Then, from (4.7), (4.8)) and the previous inequalities, we obtain

1 1
dLeb — Leb, (W,
Leb, (f"(W)) N L) _ /w T e M i (T R
Leb,(L) —~ 1 gt ! Leb., (UW,
/uwk Ry eV (fu)' (wp) or(L)
el/C (ffk)/(wo) Leb., (W;) S e?/¢ Leb. (W;)

O (wo) (£ (£ (o)) Teby (UWE)
using (P4) in the last step. Finaly,

oC (ff)/(wo) Leb, (UW})’

2/C
e’ Leb, (1) min {Leb,(W;)} = do.

Lebfy(ffna/vj) N L) > oC (ff),(wo) LebW(UWIJ j=1,...,d

Define the o-algebra
Bi=\/f7A
j=0

Lemma 4.15. There exists ¢g > 0 such that, for alli € N and all w € B; with Ry, > }A%i_l,

Leb, {R = }A%, |w} > €g.

Proof. Fix i € N and let w € B; be such that R}, > ﬁi_l. It follows from the definition of

B; that fﬁi—lw e A. Setn= Ei_l + (E - 1) ofﬁi—l. If fﬁi—lw = W, for some [ # 0, since

(ﬁ—l)VVl = W, then f"W, = W,. If fﬁi—lw = J;, for some [ € Ny, since (ﬁ—l)Jl = Jy, then

f*J; = Jo (analogously, f"J] = J}). So, we proved that f"w =L € {Wl, oo, Wy, Jo, J(’)}.
Calling A = LN f~™ W, and noting that ﬁz(l’) = n + ng, we have

B={rcw:Rx)=Ri2)} ={z cw: f™(z) € W}
={r € f"L:xe frmIW} = f(A).

From Lemma we know that Leb, (A) > 6y > 0. We are left to prove that Leb,(f~"(A)) >

£o. But, if we prove that (fu_"),A > 01 > 0, then we get

Leb, (f7(A)) = /A (fi™) dLeb, > 6,6y = .
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To prove that (fu_")L‘ > §; > 0, we only need to find an upper bound for (f)" in B.
If z € A then z = f"(z), for some z € B and R(z) = Ri(z) = n + ng. So,

(f1)(z) = (f™ ofF@) (@) = (f,™) (7 (2) (£F) (2).

Since ng is fixed and ( fu "0)/ is a continuous function with a compact domain, then ( fu ”O)I

has an upper bound. So, we only need to control ( ff), in B. Using (4.6]), there exists a
constant C' > 0 such that, for z,y € L,
(/) (x)

log ———| < Cd R(x), 7
g(ff) ® (S (x), ()

and so

< €C diam (M) )

Fixing yo € L, we get

|(FF) (x)] < e&BamOD]| (£RY' ()] = C,

concluding the proof. O

Lemma 4.16. For all i,n € N and all w € B;,

Leb, {ﬁwl — R >ng+n| w} < Leb, {ﬁ > n}

Proof. Let A={z €w: Ripi(z) — Ri(z) > ng+n}. For x € A we have (R—1)(f(2)) =
Rip1(x) — Ri(x) — no > n. Then fR(A) C s, o(Ji U JL). So

acr (U (hug) R >0}

k>n+2

and, as (fu_ﬁi)’ < 1, then

Leb,(A) < Leb, (f B{R>n}) = /A (f%) dLeb, < Leb,{R > n}.

{R>n}

O

In the proof of the next result we use ideas from [22] Section 4.1] and [2, Section A.2.1].
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Proposition 4.17. There exists C' > 0 such that, for sufficiently large n,

Leb,{R > n} <

nTt1 '

Proof. We start by noting that
C

nTt1 :

(4.9)

Leb,{R > n} = Leb, (| J(J; UJ})) = Leb, ([0, a,) U [a},0]) <

i>n
Defining Ry = 0, observe that Leb,{R > n} = (I) + (II), where

()= Y Leb{R>n;Riy <n<R},
<3[7%]

(II) = Leb, {R > n;n > E;[L] }

2| ng

First we will see that there exists g > 0 and C' > 0, a constant depending on f, but not

=],

on n, such that

(NI

(II) < C(1 = &o)

In fact, taking n > 4ng, and so %[nﬂo} > 2, we have

(IT) = Leb, {R > n;n > ﬁ“[”]} < Leb, {R > le[n}}

70 no

— Leby{R > Ry} Leby{R > Ry | R > Ry} -+ Leb, {R > ELH 'R > Elm_l}
2 | no 2|n

0

< C(1—- 50)%[%], applying Lemma to each factor. (4.10)
We will now focus on (I). Let k£ > 2nq. By (4.9),

N C . T+1

Fixing 7, we have
Lebfy {R >n | Ei—l <n< ﬁz} < Lebfy {R > ﬁi_l;n < ﬁz}

< ZLeb7 {R > ﬁi—l; Ej — Ej—l > Z—Z} . (412)
j=1

The last inequality is true because there exists j < ¢ such that ﬁj — ﬁj,l > . In fact, if we

assume the opposite, then 2 ¢ > 22:1 (ﬁj —}A%j_l) = Ei, which contradicts the assumption.
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We will now prove that each term of the sum (4.12)) is less then or equal to C'(1—¢)° ;:Tl .

Considering first the case 7,7 > 2, define

a=Leb, {R> Ry} Leb, {R> Ry | R> Ry} --- Leb, {R> R, 5| R > R; 3},
b= Leby {R > Ej_l;ﬁj — ﬁj_l > % | R > ﬁj_g},
c= Lebw {R > Ej | R > Ejfl;ﬁj — ﬁjfl > %} m{R > ﬁlpl | R > EZ;Q;ﬁj — ﬁjfl > %},

where if j =2 or j = 3 we take a = 1 and if j =i we take ¢ = 1. Note that
Leb, {R> Ry Ry~ By > 2} =a-boc.

Applying Lemma to each factor in a, we get a < (1 —¢g0)?~!. Each factor in ¢ is of the
form Leb,, {R > ]3% | R > }A%k_l; ﬁj — ﬁj_l > %} with 7 < k <. Using again Lemma m,
we conclude that ¢ < (1 — g9)*7. Using Lemma |4.16{ and (4.11)), we get

~ ~ ~ ~ 2\ T+1
b< Leby (R — Bjy > 2R > Ry a} < Leb, {R>2—no} <C(=) .
n
Gathering all the estimates above we get

(I) < Z abc<=C Z (1—60)1'71 <%>T+1 < nili(1—€o)ili‘r+l = n?il (413)

i<i[z] i<i[2] i=1

—2[ng —2[ng

For the term i = 1 of (I), we have, by the definition of }Afl,

Leb,{R > Ro; Ry <n < Ry} < Lebv{fh >n} = Lebw{}? >n—mng+1}

—Leby (| (e UTD)) = Leby((0,@n 1] U [, 0))

k>n—ngp+1
C < C
=~ (TL — ng _|_ 1)7—-&-1 - n7-+17

for any n > nq, with n; sufficiently large. For ¢ > 2 and j = 1, considering each term of
the sum in (4.12]),
Leb, {R >Riy; R — Ry > 4} < Leb, {Ry — Ry > =} Leb, {R > Ri|Ry — Ry > =}
. Lebv {R > éQ‘R > El;ﬁl — R\O > E} . -Lebw {R > Eifl‘R > Ei,2;§1 — Eo > 2}
i 1

S C(l — 50)1‘—1’
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arguing as we did to estimate ¢ in the general case. Finally, from (4.10]), (4.13) and the

calculations for the small terms, we have, for sufficiently large n,

< [l < &

<
nTt1 — nrtl '

[N

(D + (1) < +C(1 = <o)
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