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Abstract

Euclid is a future space experiment that has the objective of cons-
training Dark Energy with unprecedented accuracy using two surveys:
a photometric survey for Weak Lensing, and a spectroscopic survey for
Baryonic Acoustic Oscillations (BAO) and Galaxy Clustering. In this
work, I present forecasts for the Weak Lensing and the BAO surveys’ ex-
pected constraining power over Dark Energy parameters, using the Fisher
Matrix formalism.

The forecasts were obtained for the parameters of two distinct Quintes-
sence models that break the traditional quintessence slow-roll conditions,
which results in a much more interesting and dynamical behavior of the
respective equations of state, wQ. The first model consists of a scalar field
rolling in the vicinity of a non-zero potential minimum and depends on
three parameters: K2, which controls the curvature of the potential at the
minimum (K2 < 0 implies significantly curved potentials); φi, which is
the field’s initial position, and ΩQ0, the present-day value of the quintes-
sence energy density. The second model consists of a field initially slowly
rolling in a nearly flat region of the potential that later on enters a curved
region with a zero minima, around which it rapidly oscillates. And so
does the respective equation of state, oscillating around wQ = 0. It has
two free parameters: ΩQ0, and M , which defines the point where the field
enters the curved region of the potential.

To calculate the forecasts, I had to establish the fiducial values for
each model’s parameters. For this, I’ve determined for which values the
parameters minimized χ2 for the most recent data from the Supernova
Cosmology Project. I have found out that, for the first model, the fi-
ducial values are K2 = −15.0, φi = 0.30 and ΩQ0 = 0.74. Even more
interestingly, I have concluded that, for these fiducial values, this model
is preferred over the widely accepted ΛCDM model. For the second mo-
del, I have determined that M = 0.00202 and ΩQ0 = 0.75 and established
that this model is not preferred in detriment of the ΛCDM model.

The expected constraints are shown by the two-dimensional margina-
lized 68% and 95% confidence regions for each fiducial model. I have
concluded that the Weak Lensing survey is much more constraining than
the BAO survey. This is supported by much larger marginalized 1σ values
for each parameter for the BAO survey. This corroborates some previous
analysis of the constraining power of these surveys over the linear dark
energy parameters wa − w0.

The combined constraints obtained were: K2 = −15.0 ± 2.798, φi =
0.30±0.0278 and ΩQ0 = 0.74±0.00167 for the first model; M = 0.00202±
0.000835 and ΩQ0 = 0.75 ± 0.00723 for the second model.
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Resumo

Euclid é uma futura experiência espacial que tem como objectivo prin-
cipal restringir parâmetros associados à Energia Escura com uma pre-
cisão sem precedentes recorrendo a duas sondas distintas: uma sonda
fotométrica para medir efeitos de Weak Lensing, e uma sonda espec-
troscópica dedicada às Oscilações Bariónicas Acústicas (BAO) e clusters
de galáxias. Neste trabalho, apresento previsões para o poder de cons-
trangimento expectável que ambas as sondas da missão Euclid terão sobre
alguns parâmetros de energia escura, usando o formalismo da Matriz de
Fisher.

As previsões foram obtidas para os parâmetros de dois modelos distin-
tos de Quintessência que não cumprem as usuais condições inflacionárias
de evolução lenta, o que se traduz num comportamento mais dinâmico da
respectiva equação de estado, wQ. O primeiro modelo analisado consiste
num campo escalar a rolar na proximidade de um mı́nimo não nulo do
respectivo potencial, dependendo de três parâmetros: K2, que controla
a curvatura do potencial no mı́nimo (K2 < 0 implica um potencial sig-
nificativamente curvado); φi, correspondente à posição inicial do campo,
e ΩQ0, a densidade actual de energia escura. O segundo modelo assenta
num campo a rolar, inicialmente, numa região praticamente plana do po-
tencial, entrando posteriormente numa zona curva com um mı́nimo nulo,
em redor do qual oscila rapidamente. Reflectindo este comportamento,
a respectiva equação de estado oscila à volta de wQ = 0. Este modelo é
caracterizado por dois parâmetros livres: ΩQ0, e M , que define o ponto
onde o campo entra na região curvada do potencial.

Para as previsões, foi necessário estabelecer os valores fiduciais para
os parâmetros dos modelos. Para tal, determinei para que valores os
parâmetros minimizavam a χ2 dos dados do Supernova Cosmology Pro-
ject. Assim, os valores fiduciais do primeiro modelo são: K2 = −15.0,
φi = 0.30 e ΩQ0 = 0.74. Conclúı também que este modelo, para estes
valores, é preferido ao modelo ΛCDM para estes dados observacionais.
Para o segundo modelo, determinei que M = 0.00202 e ΩQ0 = 0.75, e
estabeleci que não é preferido relativamente ao modelo ΛCDM .

Conclúı que a sonda Weak Lensing apresenta um poder de constran-
gimento superior à sonda de BAO. Isto é suportado por erros 1σ para
cada parâmetro superiores para a sonda BAO, corroborando alguns tra-
balhos prévios que apresentavam constrangimentos sobre os parâmetros
w0 − wa. Os constrangimentos combinados de ambas as sondas são:
K2 = −15.0 ± 2.798, φi = 0.30 ± 0.0278 e ΩQ0 = 0.74 ± 0.00167 para o
primeiro modelo; M = 0.00202 ± 0.000835 e ΩQ0 = 0.75 ± 0.00723 para
o segundo modelo.
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1 Introduction

Our Universe is a truly fascinating entity. From the smallest planet to the largest
clusters of galaxies, there is still much light to be shed on the intricacies of its
composition, dynamics and even the primordium of its own existence, despite
the latest technological developments in instrumentation. Recent observations
have, however, contributed immensely to the building of our knowledge about
it. The analysis of the Cosmic Microwave Background (CMB) radiation
by the Wilkinson Microwave Anisotropies Probe (WMAP) revealed the
staggering homogeneity and isotropy of the temperature of such radiation [1, 2].
This is a relic of the beginning of our Universe, and is consistent with it having
started from a state of extreme density known as the Big Bang.

A Big Bang followed by an inflationary epoch would have provided the necessary
conditions for the homogeneity observed between regions that are not in causal
contact at the present. This homogeneity at large scales is corroborated by the
analysis of the large scale structures of our Universe identified by the Sloan
Digital Sky Survey (SDSS) [3]. Such a beginning would also explain the
observed flat geometry of our Universe, since whatever existent curvature would
have been flattened by the rapid inflationary expansion (check [4] for a review on
inflation). This fact is confirmed by the characteristics of the primary peak of the
CMB [5, 6, 7].

Nonetheless, the most surprising revelation would come from the analysis of
distant Type I Supernovae (SNIa). The observation of the light emitted by
such bright objects confirmed not only that the different regions of our Universe
are receding from each other (which had already been confirmed in 1929 by Edwin
Hubble [8]), but are doing it in an accelerated manner [9, 10].

According to General Relativity (GR), such a dynamic Universe is only
possible if, apart from its matter and radiation content, there is a negative pressure
component. Such a component would be able to provide the necessary repulsive
energy to overcome the gravitational attraction of the other elements. The truth is
that the most recent observations [11, 12, 13, 14] are consistent with the existence
of a currently dominant component with a negative equation of state (the ratio
between its pressure and density), named Dark Energy.

This leads to the most accepted description of our Universe, the Lambda
Cold Dark Matter (ΛCDM) model. According to this model, this mysterious
dark energy consists of a Cosmological Constant Λ with a constant energy
density. This implies that the present day value of its equation of state is −1.
Dark energy comprises almost 75% of the total density of our Universe, while the
remaining 25% exists mostly in the form of non-luminous cold dark matter. Of
this percentage, only 4% exists in the form of baryonic matter [15].
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However, the observed value for the dark energy density parameter ΩΛ0 is almost
121 orders of magnitude inferior to the theoretical predictions. Besides that, there
is the coincidental problem related to the initial conditions that could have led
to this particular moment in cosmic history in which we exist, where the density
of dark energy is comparable to the matter density (for a review on this subject,
check [16]).

These problems led theorists to pursue other hypothesis for dark energy. Some
of these are based on a scalar field, φ, slowly-rolling down its potential, V (φ), and
constitute the Quintessence theories of dark energy [17, 18, 19]. The quintes-
sence’s slow roll conditions (analog to the inflationary ones, but broader) are
imposed so that the present day value of wQ is close to −1, respecting current
observations.

Imposing the slow-roll conditions, the quintessence models usually present a
slow and monotonic evolution for the respective equation of state as a function
of the scale factor a [20, 21, 22, 23]. So far, all of these models turned out to be
consistent with present observations.

There have been, however, some quintessential propositions that are more ra-
dical, such as rapidly oscillating models. These are based on power-law poten-
tials which enable the field to rapidly oscillate around its zero-valued minimum
[24, 25, 26]. This leads to an equation of state that varies rapidly between 1
and −1, taking an average value related to the power of the exponential. Due to
the particular behavior of these models, some fine-tuning is required in order to
adjust them to the present day observations, and some have even been ruled out
[27]. One of the two quintessence models studied in this work presents such rapid
oscillations near to the present time.

The other model that was studied lies somewhere in between the models of
the two last paragraphs. It basically consists of a quintessence scalar field rolling
down a potential whose minimum is not zero, but is fixed at the current value
of the dark energy’s density. If certain conditions related with the value of the
potential’s curvature at the minimum are met, the field oscillates around the non-
zero minimum. The field’s equation of state accompanies this behavior without
getting too far away from the observed value of −1. Although this model requires
extremely low values for the field’s mass to be viable, it seems a reasonable and
natural way of obtaining a dark energy equation of state close to −1 with an inte-
resting dynamical behavior. Despite interesting, these models, as any others, have
yet to be confirmed or ruled out by observations. Therefore, it is extremely useful
to assess the power of future surveys to constrain cosmological parameters related
to dark energy and eventually differentiate between a cosmological constant and
a dynamical dark energy model. In the case of the present work, a simple analysis
for a future experiment will be performed.
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There are several methods for evaluating the capability of a survey for cons-
training cosmological parameters. For example, there is the formalism presented
by the Figure of Merit Science Working Group (FoMSWG) for the Joint
Dark Energy Mission (JDEM) [28]. In this work, the Fisher Matrix [29] for
a certain experiment is produced and from it the principal components or eigen-
modes are extracted. This method allows one to find out for which values of the
redshift an experiment has the best power for constraining a certain model. For
that, w(z) is assumed constant in bins of equally spaced values of z. This comes as
a generalization of the more usual w(z) model given by w(z) = w0 +wa(z/(1+z))
[30], which is one of the best accepted parameterizations for the dark energy
evolution.

In the present work, a simpler method than the one mentioned in the last pa-
ragraph is used: the Fisher matrices related to a Weak Lensing and Baryonic
Accoustic Oscillations (BAO) surveys to be performed by a future experiment
(the European Space Agency’s Euclid mission) were constructed for the dark
energy models of interest. From those, the joint probability regions for the mo-
del’s relevant parameters are plotted. These are an estimate of the confidence one
can have on a certain experiment’s capability for constraining some parameters.

This work is organized as follows: Section 2 provides a detailed review on
general’s relativity framework for cosmology and the dynamics of our Universe.
It also presents the problems related to the Cosmological Constant that led to
the need of exploring other dark energy models. This sets the path for Section
3, in which the basics of the dynamics associated to simplest quintessence models
are presented. Also, the dark energy models of interest are thoroughly analyzed.
Section 4 delivers the basics on the Fisher Matrix formalism as well on the
mapping of the joint credible regions for constraining the cosmological parameters
of interest. Lastly, Section 5 presents the results obtained using the adopted
method for constraining parameters, while the Conclusion presents some final
thoughts on the subject and suggestions for future works.

The results presented in this work were obtained using the freely available soft-
ware package iCosmo [31], which uses the programming language IDL. The rou-
tines used were a mixture of the ones on the package and others modified/created
by the author of this work for the intended purposes.
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2 Cosmological Foundations

2.1 General Relativity

The Theory of General Relativity (GR) is, without question, one of the most
complex and revolutionary mathematical formulations of the 20th century, being
initially understood only by a handful of people. It is the product of the ingenious
mind of Albert Einstein1, who published it in 1916 in the scientific magazine
Annalen der Physik as a coherent relativistic description of gravity.

Achieving this was no easy task, and the laborious work of Einstein had one
particular objective in mind: to obtain a field equation that would relate the
distribution of the gravitational source with the corresponding relativistic gravi-
tational field or, in other words, the development of the relativistic generalization
of the well known Newtonian Equation

∇2φ = 4πGNρm, (2.1)

where φ accounts for the classic gravitational potential, GN is the Newtonian
gravitational constant, and ρm is the gravitational source’s mass density.

In the context of Special Relativity (SR), mass is nothing more than an
organized form of energy, corresponding to the rest energy of an object. This is
translated in the iconic equation E = γm0c

2, where γ is the Lorentz factor, c
is the frame-invariant light velocity and m0 is the rest mass of the object. This
equation is reduced to E = m0c

2 when the object is at rest.

Under this criteria, one could make the assumption that the simplest relativistic
generalization of the newtonian field equation would be replacing the classical
source of the gravitational field, ρm, by the total energy density of the source, ρ.

However, what one learns from special relativity is that energy and momentum
come up as being equivalent, since they can be transformed into each other ac-
cording to generic lorentz transformations when measured by different observers.
Therefore, in GR and SR, they end up constituting a very important rank-two(

2
0

)
tensor, the energy-momentum or stress-energy tensor, T.

Therefore, in order to construct a frame invariant theory that does not favor
a particular frame or observer over any other, one has to consider the whole
energy-momentum tensor as the source of the gravitational field in the relativistic
approach to equation (2.1).

1Curiously, Einstein would receive the Nobel Prize in Physics in 1920 for its work in the description of the photoelectric effect and
not for the conception of GR.
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In an arbitrary frame, the components of T, T αβ (where α and β run over the
values 0, 1, 2 and 3)2, can be thought of as representing the flux of α momentum
across a surface of constant coordinate xβ, with x0 = ct. For future reference, a
brief description of the components of the stress-energy tensor will be given. This
will be useful later on, when describing the Universe and its content as a fluid3

with certain properties. So, generically, these will be:

• T 00 is the flux of zero momentum, or energy, across a surface of ct = constant,
which is just the energy density ρ;

• T 0i is associated to the energy flux across a surface of constant xi, and is
related to the motion of particles and, for instance, heat conduction;

• T i0 represents the i momentum density, or the flux of i momentum across a
surface of constant ct and, again, is associated to moving particles and also
to the momentum of transmitted energy as heat, for example;

• T ij is the flux of i momentum across the surface of xj = constant and repre-
sents the force between adjacent fluid elements, which may not be perpendi-
cular to the surfaces between them, as in cases where, for example, viscosity
is present in the fluid. T ij is associated to stress, since it comes in units of
[force/area].

It can be shown that this tensor is symmetric [32], which means that it has
10 independent components which, when provided, describe the energy and mo-
mentum content of a fluid. Therefore, according to this, the energy-momentum
tensor T should incorporate, in some way, the law of local conservation of energy
and momentum. In special relativity, this is expressed by the equation

T αβ ,β = 0,

where the lower index, separated by comma, represents a common derivative of
the tensor with respect to the coordinate4 xβ, and the repeated upper and lower
indices imply a summation over all of their possible values. In GR, the latter
equation is generalized to a covariant differentiation, as follows:

T αβ ;β ≡ T αβ ,β + T ανΓβ νβ + T νβΓανβ = 0, (2.2)

where Γαβν is a Christoffel Symbol, which is defined in terms of the most
relevant tensor in GR, the metric tensor, g [see eq. (2.15)].

2Throughout this thesis, the greek indices can take the already designated values, while the latin indices, such as i and j, will only
assume the spatial coordinates associated values 1, 2 and 3.

3A fluid can be understood as being a collection of so many particles that its description can only be accomplished in terms of its
average or bulk quantities, which can vary from point to point.

4This will be the notation used throughout this thesis to represent a common derivative.
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2.1.1 The Equivalence Principle and the metric tensor

The metric tensor, g, is of special importance, since it is at the core of the de-
finition of General Relativity as a geometric theory of gravity, in the sense that
any physical phenomenon related to gravity can be attributed to the underlying
curved geometry of space and time. This concept comes as a consequence of the
generalization of Galileo’s Inertial Equivalence Principle, sometimes referred
to as the Weak Equivalence Principle. According to the latter, the inertial
mass of a body, mI , is the same as the gravitational mass of the body, mg. This
means that exists an equivalence between the mass of an object that responds
to all of the applied forces in the body and the mass that’s associated to the
gravitational force.

That is best translated in the observational fact that distinct objects, when
submitted to the gravitational force, experience the same acceleration. Therefore,
if an observer is in a freely falling frame, everything happens as if there was an
absence of gravity, since all released objects will fall with the same acceleration.
That way, no gravitational effect can be detected, and the observer will not be able
to tell if the aforementioned objects are falling with respect to its surroundings.

This was the basis for Einstein’s Equivalence Principle (EP ), also known
as the Strong EP, which states that physics in a freely falling frame in a gravity
field is equivalent to physics in an inertial frame where gravity is absent, therefore
accelerating with ~a = −~g (~g is the classical acceleration vector associated to the
existent gravitational field). This means that accelerating frames can be dealt
with as if they were inertial frames, where the differential laws of physics will
have the same form as they do in Special Relativity, when gravitational fields are
absent [33]. However, one can not say that there exists a global inertial frame
that fills all of spacetime, since any gravitational field is nonuniform. The inertial
frames can only have a limited extent in space, and also time, in regions small
enough so that the field’s nonuniformities can be neglected. Therefore, the best
one can have in General Relativity are frames that, at a point of the manifold,
are equivalent to Special Relativity’s inertial frames [32].

The Strong EP is behind some interesting observable effects, such as clocks
running at different rates according to their position in a gravitational field. The
geometrical interpretation of this phenomenon easily allows one to understand
the defining role of the metric tensor in GR. To do so, one has to refer to the
gravitational redshift effect, according to which the frequency of a light ray
emitted at a point with lower gravitational potential, φem, and received at a point
with higher gravitational potential, φr, decreases, even if the receiver observer is
stationary with respect to the emitter.
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Gravitational redshift is a fundamental result, since it explains why an observer
outside a freely falling frame is not able to detect any frequency shift whatsoever
in a light ray emitted in that frame: it exactly cancels the expected non-relativistic
Doppler effect that comes up when two frames are in relative motion. It is ex-
pressed by the formula [34]

νr − νem
νem

= −φr − φem
c2

, (2.3)

where νr and νem refer, respectively, to the frequency of the light ray measured at
the reception and emission points.

This effect has a fundamental explanation that’s related to the fact that clocks
do run at different rates when located at different gravitational field points, which
has become known as the gravitational time dilation effect. Since frequency
is proportional to the inverse of the local proper time dτ , which is just the time
measured in the rest frame, equation (2.3) can be worked out to

dτ1 − dτ2

dτ2
=
φ1 − φ2

c2
,

where the emitter and receiver subscripts have been replaced by a number. This
is a simple generalization of the redshift equation to a time dilation formula that
relates the rates at which two clocks run at two generic different gravitational field
points 1 and 2. If the field is static, then the latter equation can be integrated to
yield

τ1 − τ2

τ2
=
φ1 − φ2

c2
. (2.4)

According to this equation, a clock at a higher gravitational potential will run
faster then another clock at a lower gravitational potential, even if they are at
rest with respect to one another. This is different from the well established time-
dilation effect of SR, where two observers in relative motion will see the other’s
clock running at a slower, different rate. If the clocks in the gravitational field are
also in relative motion, then equation (2.4) does not apply.

This physical phenomenon can be given a simple geometric interpretation if
one posits the existence of a nontrivial and position dependent metric, gνµ (4 x
4 matrix), that reflects the underlying structure of space and time. It embodies
information about the rate at which clocks run and the distances between the
points of a manifold which, without a metric, would just be a shapeless collection
of points. That’s the case of Riemannian manifolds, which have a symmetric(

0
2

)
metric tensor g defined at every point.
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As a simple generalization of SR, one can define a frame invariant interval ds
which can be written in terms of the coordinates xµ of the manifold as

ds2 = gνµdx
νdxµ, (2.5)

that if null, positive or negative, defines light-like, space-like and time-like 4-
vectors, respectively. Special Relativity’s squared invariant interval should come
as a limit of the latter equation, when gνµ = ηνµ = diag(−1, 1, 1, 1) is verified,
which is just Minkowski’s flat spacetime metric5.

So, in order to re-obtain the formula stated in equation (2.4) as a result of a
curved spacetime metric gνµ, one should find it to have a g00 component equal to

g00 = −
(

1 +
φ(~x)

c2

)2

, (2.6)

where φ(~x) is the gravitational potential value at a point defined by a 3-dimensional
spatial vector ~x. This comes about because equation (2.4) can be thought of as if
comparing the proper time interval of a clock situated at a given point in space
dτ(~x), where the gravitational field is φ(~x), with the coordinate time dt measured
by a clock at rest at a point where the gravitational potential is null. This allows
the gravitational time-dilation to be rewritten as

dτ(~x) =

(
1 +

φ(~x)

c2

)
dt. (2.7)

Therefore, recalling from Special Relativity that the proper time interval is
related to the invariant interval by ds2 = −c2dτ 2, and realizing that equation
(2.5) is reduced to ds2 = g00dx

0dx0 for ~dx = 0, as necessary to attain the proper
time measured in the rest frame, one concludes that6

dτ 2 = −g00dt
2. (2.8)

The only way for the latter equation to be equivalent to eq. (2.7) is if the
metric element g00 has the form presented by equation (2.6). This simple result
is of fundamental importance, since it allows one to conclude that the geometri-
cal interpretation of a phenomenon brought up by the Equivalence Principle of
gravitation is implying that gravity modifies spacetime, deviating it from SR’s
Minkowski flat spacetime. This is translated by a warping of the metric gνµ, such
that gνµ 6= ηνµ, which plays the role of the relativistic gravitational potential.

5In a flat spacetime, two light rays emitted parallel to each other remain parallel throughout their trajectory, no matter how far
extended that may be.

6Recall that x0 = ct.
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Summing up, General Relativity as a geometrical theory of gravity defines
that a mass/energy source modifies the fabric of spacetime by curving it. This
warping effect is determined by the relativistic generalization of the classical field
equation, in which the source’s mass/energy content is represented by the energy-
momentum tensor T. On the other hand, the solution for GR’s field equation will
be the symmetric and position dependent metric tensor g, since its components,
gνµ(x

α), are the relativistic equivalent of the classical gravitational potentials. It
defines how distances between points of the spacetime manifold are measured,
and the rates at which clocks run. Therefore, it describes the geometry of the
spacetime manifold.

In this context, gravity, by the Equivalence Principle, is not exactly a force,
in the sense that it brings about a particle’s acceleration. It is the underlying
structure of spacetime itself, which is dynamically altered by the energy/mass
content of the source. That way, a body released in a gravitational field will move
freely in the warped spacetime. Free particles will follow an equation of motion
completely determined by the geometry of spacetime, the geodesic equation.
Their trajectory will correspond to the shortest and straightest possible curve
[32, 34]. It is important to note that, contrary to a flat spacetime, light rays and
particle’s trajectories that begin parallel may not, and usually don’t, remain that
way throughout their motion7.

The concept of straight lines in a curved spacetime should not be surprising,
since it is predicted by the Equivalence Principe: it states that, locally, one is
able to transform away gravity and, consequently, have an inertial frame where
the laws of Special Relativity fully apply, as if in a local Minkowski flat spacetime.
As the representative of the geometry of the curved spacetime, the metric tensor
should embody this factor. And it does, since it is always possible to find a
coordinate system xα, whose origin is at a point P of the manifold, in which

gµν (xα) = ηµν +O [(xα)] (2.9)

in the neighborhood of that point. This is the Flatness Theorem8: at the
vicinity of any point of a curved spacetime, one has a nearly flat spacetime whose
metric differs from ηµν by second order derivatives of the metric gµν, since the
first derivatives completely vanish. Therefore, the shortest curves for the moving
free particles will be, indeed, locally straight lines. On the other hand, the non-
vanishing second order derivatives of the metric express the non-uniformity of
the gravitational field and are directly related to the curvature of the spacetime.
These will only vanish if spacetime is absolutely flat.

7Imagine two particles on a spherical surface beginning their motion at the equator. The shortest and straightest paths will be the
longitudinal great circles. As they move along them, towards one of the poles of the sphere, they become closer to each other. This
can be attributed to gravity as being the underlying curved geometry of the sphere that defines the particles trajectories, and not as
being an attractive force.

8For a complete derivation of the Flatness Theorem, see Schutz [32].
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2.1.2 Einstein’s Field Equation

In agreement with the previous sections, the field equation of General Relativity
must relate the matter/energy distribution of a gravitational source, in the form
of the energy-momentum tensor, T, with the geometry of the curved spacetime,
defined by the metric tensor, g, whose components are the relativistic gravitational
potentials. So, with generality, the field equation should have the form

Ôg = κT, (2.10)

where, in analogy with the classical field equation, eq. (2.1), Ô should be a
differential operator of the metric tensor g. Recalling that the stress-energy tensor
is symmetric, the field equation will correspond to a set of ten coupled differential
equations, one for each independent component of T, whose solution will be gαβ;
κ is a constant, yet undetermined.

Since this equation is supposed to be the relativistic generalization of eq. (2.1),
it should reproduce it in the Newtonian limit, which will be defined later. There-
fore, Ô should be a second order differential operator capable of producing, acting

on the metric, a symmetric tensor of rank

(
2
0

)
, so that the left-hand side of

equation (2.10) is correctly equated to the energy-momentum tensor T. Besides
this, Ôg should be covariantly constant or, in other words, its covariant deriva-
tive should vanish just as the stress-energy tensor’s does, due to the law of local
conservation of energy and momentum.

So, it is clear that
[
Ôg
]αβ

should be the components of a symmetric

(
2
0

)
tensor, respect the equation

[
Ôg
]αβ

;β = 0 and consist of combinations of gµν,λσ,

gµν,λ and gµν. In General Relativity there is such a tensor, the Einstein Tensor,
G, whose components are defined as

Gαβ ≡ Rαβ − 1

2
gαβR = Gβα, (2.11)

where Rαβ are the components of the symmetric Ricci Tensor and R is the Ricci
scalar. The first is given by the expression9

Rαβ = gαµgβνRµν = gαµgβνRσ
µσν, (2.12)

where Rα
βµν is the Riemann Tensor.

9Recall that, in GR, the raising and lowering of indices of a tensor is an operation defined by the metric tensor such that, as an
example, for a generic vector V α, the correspondent lowered-index component is Vα = gαµV

µ. On the other hand, the raised index

components of the metric gαβ define the inverse matrix of gαβ .
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On the other hand, the Ricci scalar is a contraction of the Ricci tensor, defined
as

R = gαβR
αβ, (2.13)

and, finally, the Riemann tensor is given by

Rα
βµν = Γαβν,µ − Γαβµ,ν + ΓασµΓ

σ
βν − ΓασνΓ

σ
βµ (2.14)

where Γαβµ is the already referred Christoffel Symbol, which can now be defined
in terms of the metric as

Γαβµ =
1

2
gαν (gνµ,β + gβν,µ − gβµ,ν) . (2.15)

The Riemann tensor is a very peculiar tensor. Its components are antisymme-
tric on the first pair and second pair of indices, and symmetric on the exchange
of the two pairs. But, more important than this is to notice that it is intrinsically
related to the curvature of the spacetime, defining how a vector changes when
moved parallel around a closed loop in a warped spacetime [32]. It is easily ve-
rified, if one considers this tensor’s components in a locally inertial frame at a
point P , that it is solely defined by second order derivatives of the metric, since
the Christoffel symbols vanish, but not all of the second order derivatives of the
metric do. This is not a coincidence since, as already pointed out, the second
order derivatives of the metric represent the local deviation of the metric from a
flat one, therefore its non-uniformity and curvature.

This way, both the Ricci tensor (being a contraction of the Riemann tensor
on the first and third indices) and the Ricci scalar (being the contraction of the
Ricci tensor) have information about the warped geometry of spacetime, fulfilling
the expectation that the relativistic field equation would directly relate the stress-
energy tensor with the underlying structure of spacetime. In terms of the Einstein
tensor, equation (2.10) takes the form

Gαβ = κT αβ. (2.16)

The Einstein tensor G obeys the condition Gαβ
;β = 0 in virtue of the Bianchi

identities, according to which the Riemann tensor verifies the equation Rαβµν;λ+
Rαβλµ;ν + Rαβνλ;µ = 0. It is a textbook demonstration to show that, contracting
the Bianchi identities and using the Riemann tensor properties, the covariant
derivative of the Einstein tensor vanishes.
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The remaining fact is that this last condition gives rise to a set of four differential
identities that restrain the number of independent components of both G and T
from 10 to 6. This way, there are actually only six independent equations for
six functions among the 10 position dependent gαβ(xµ) that fully characterize the
geometry of the spacetime [32].

In order to complete the derivation of the relativistic field equation, it is ne-
cessary to determine the constant κ. In fact, it has to have a value that allows
eq. (2.16) to verify the Newtonian limit given by equation (2.1). This can be
achieved by calculating Einstein’s field equation in the non-relativistic limit for a
matter/energy source that gives rise to a weak and static field (reference [32] has
a detailed derivation of the Newtonian limit for Einstein’s field equation, while
reference [34] has a more simplistic and straightforward approach). As it turns
out, for the Newtonian limit to be reached, this constant must have the value

κ = −8πGN

c4
,

and, in return, Einstein’s field equation takes the final form

Gαβ = −8πGN

c4
T αβ, (2.17)

or,

Rαβ − 1

2
gαβR = −8πGN

c4
T αβ, (2.18)

These last two equations are the most common forms of presentation of the Eins-
tein’s field equation. It is a powerful and complex equation that dictates how
an energy/mass source dynamically alters the geometry of spacetime around it,
whose solution are the metric elements gαβ.

2.2 An isotropic picture of our Universe

Cosmology is the study of the Universe as a whole. It tries to deal with profound
problems that range from the origins of space and time themselves to the present
dynamics of the Universe as it is observed now, not forgetting the intricate de-
tails of its evolution. It is a vivid area of research that interconnects with other
branches of science in the pursue for answers to fundamental questions of Physics.
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Newtonian theory suffices to describe systems in which the gravitational inte-
raction is weak and the relativistic effects negligible. However, when the focus
of our study are very dense systems such as neutron stars, or extremely massive
ones, like the whole of our Universe, then a relativistic approach is necessary.
A way to have an estimate of the scale at which the relativistic effects become
relevant is to take the ratio between the classical gravitational energy induced by
a spherically symmetric source over a test object of mass mG and its relativistic
rest mass energy mIc

2

mGφ

mIc2
≡ GNM

c2R
(2.19)

where φ is the gravitational potential produced by the mentioned source of mass
M and radius R.

For typical distances on the surface of the Earth, and even for galactic dynamics,
the ratio presented by eq. (2.19) is very small. For instance, it is of the order of
10−6 for our galaxy, which has a radius of about 15 kpc (a parsec is approximately
3× 106 m). However, this ratio approaches a value close to unit for a radius well
within the observable Universe. Considering, as an approximation, our Universe
as having a constant average mass-energy density10 of ρ = 10−26 kgm−3, with
mass M = ρ4πR3/3, the approximate value of R in order for the ratio to be close
to 1 is 6 Gpc. Therefore, on such large scales as those involved in Cosmology,
General Relativity is required to provide the proper framework of study.

Observation provides Cosmology a firm basis for work and confrontation. For
instance, the Sloan Digital Sky Server (SDSS) and the Two-Degree Fi-
eld Galaxy Redshift Survey (2DF) have observed and catalogued more than
250.000 galaxies, and have been fundamental in the understanding of the large
scale structure of our Universe. The registered data shows that the distribution of
structure in our Universe, beyond a scale of roughly 100 Mpc is fairly homogeneous
and isotropic since, on average, it looks the same in every direction [3].

This is a remarkable fact, since it simplifies a great deal the description of
our Universe. At scales of around 100 Mpc, it has a homogeneous and isotropic
distribution of structure. Therefore, the assumption that our Universe presents
the simplest mass distribution possible is perfectly fair since, in fact, it does appear
to have a constant average mass density. However, one of the most compelling
and startling evidences for the homogeneity of our Universe comes from its long
preserved relic: the Cosmic Microwave Background (CMB) radiation.

10The value presented here is, indeed, very close to what observations today indicate the present value of the mass density of our
Universe to be. This will be addressed later.
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Figura 2.1: A picture of the galaxy distribution up to 858 Mpc. Taken from [3].

The discovery of the CMB radiation by Penzias and Wilson in 1965 [35, 36] is
one of the most strong evidences supporting the Big Bang Cosmology, according
to which space, time and all of the existing matter/energy of the Universe can be
traced back to a very dense state from which it evolved. In the scarce moments
following this Big Bang, the Universe would have consisted of a hot plasma of
radiation and matter mutually interacting, cooling off as time passed and the
Universe expanded. At a given moment, the temperature dropped to a point where
it was no longer possible to hold the photons entrapped in this plasma. These
primordial thermal photons have survived and constitute the CMB radiation that
is observed today (for a recent review on CMB analysis see [37]).

Posterior and more precise measurements performed by the Cosmic Back-
ground Explorer(COBE) of this cherished relic have found the CMB radiation
to present a perfect blackbody spectrum with a temperature of, approximately
[1],

T = 2.725± 0.001K.

The most remarkable fact is that the temperature of this surrounding thermal
radiation is, in fact, very homogeneous, since it appears to be the same in every
direction. Its anisotropies11, measured in great detail by the Wilkinson Mi-
crowave Anisotropy Probe (WMAP) are of the micro-kelvin order [2].

11The anisotropies of the CMB are associated with matter density perturbations, which are at the basis of the large scale structure
observed today
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Figura 2.2: A picture of the CMB radiation temperature distribution. Taken from [37].

Now, for our Universe to be isotropic, it means there can not be an observed
privileged direction in any sense. This implies, for instance, that the mass density
can be a function of radius only (in fact, as stated, it is constant, on average) and
also that there can be no preferred axes for any other physical properties, such
as a velocity field. In this context, the only allowed velocity field is one in which
all objects are receding from each other, either in an expanding or contracting
manner, with a receding velocity vector ~v, linearly proportional to the distance
vector ~r between them

~v = H~r, (2.20)

where H is a constant of proportionality.

Vesto Slipher was the first researcher to obtain evidence for an expanding Uni-
verse, by finding that the spectrum of neighboring galaxies was redshifted [38],
which would only be possible, by doppler effect, if they were getting further away
from us. His work was then followed up by Edwin Hubble, an american astronomer
like Slipher, who presented his results in 1929 [8] and is, since then, credited for
such finding. Therefore, eq. (2.20) has become known as the Hubble relation,
and H is referred to as the Hubble parameter.

The perception that galaxies are receding from us could potentially lead to the
consideration that we occupy a privileged place of observation of the Universe.
However, eq. (2.20) linear12, holding for any observer on any other galaxy. The-
refore, the Hubble expansion law is compatible with the Copernican Principle,
according to which we do not occupy a privileged position in the Universe, and
nor does any other observer. Therefore, it is reasonable to expect other observers
to see an isotropic and homogeneous Universe just as we do.

12This would not be the case if, for instance, the Hubble parameter depended either on position and/or velocity
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In an isotropic Universe, it is possible to define a cosmic time as a universal
time with which all observers agree. In the picture envisaged so far, one can
imagine a set of observers, all at rest with respect to the matter distribution in
their immediate vicinity. Therefore, the time t measured by the clocks of these
observers will be their proper time. And, while they’ll be receding from each other
according to the natural expansion of the Universe, they can exchange light signals
between them and agree to set their clocks to a standard time [33]. This is a useful
notion that takes part in the cosmological extension of the Copernican Principle,
establishing a proper and rather powerful framework for work in Cosmology. This
is the Cosmological Principle: at a given epoch, or fixed value of the cosmic
time t, the Universe is homogeneous and isotropic, presenting the same properties,
except for local irregularities, from different observation points.

The Cosmological Principle allows us to divide the Universe in separate regions
of constant time which are homogeneous and isotropic. Therefore, any metric
developed for a cosmological model should incorporate these facts. The stan-
dard metric in such conditions, with constant curvature and the desired spherical
symmetry, is the Robertson-Walker metric

ds2 = −c2dt2 +R2(t)

[
dr2

1− kr2
+ r2dΩ2

]
(2.21)

where dΩ2 = sin2θdφ2 + dθ2 is the differential solid angle (for a full derivation of
this metric see [32]). The coordinates r, θ and φ are comoving coordinates,
which remain fixed in time. This way, the dynamics of the expansion due to the
Hubble flow is associated to a general scale factor R(t). Everything happens as
if the elements of our Universe, like galaxies, occupy a fixed coordinate position
on the surface of a balloon, as in fig. (2.3). As the balloon inflates, conserving its
shape, the galaxies on the surface maintain their coordinates while the distance
between them grows accordingly with the expansion at a rate that’s proportional
to the increasing distance, as stated by Hubble’s law.

Figura 2.3: The expanding Universe as the surface of a balloon. As the distance between the elements on its
surface increases with the general expansion, so does the rate at which they grow further apart. Taken from [32].
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Returning to the metric, eq. (2.21), one last reference is in order. The parame-
ter k is associated to the constant curvature of the 3-dimensional space described
by such metric. It can take one of three values: k = −1, 0 or 1, corresponding to
three different ”Universes”. For k = 0, one has the metric of a ”flat Universe”;
k = 1 corresponds to a ”closed Universe”and the Universe having k = −1 is
an ”open Universe”. As will be pointed out in the next section, this para-
meter is related to the total matter/energy density of the Universe, in a clear
demonstration that its matter/energy content is associated to its geometry.

And, finally, it is sometimes useful to express the Robertson-Walker metric in
terms of a time dependent dimensionless scale factor a(t) = R(t)/R0, where R0

is the value of the previously presented scale factor at the present epoch, t0, such
that a(t0) = 1. In terms of this scale factor, the metric takes the form

ds2 = −c2dt2 +R0
2a2(t)

[
dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

]
, (2.22)

which will be of much use throughout the next section.

2.3 The Friedmann Equations

Now that the metric for an isotropic and homogeneous expanding Universe has
been established, it is possible to solve the Einstein field equations for such a
Universe. The last thing necessary is to determine the stress-energy tensor T
that best describes the Universe constituents. According to the Cosmological
Principle, one can define hypersurfaces of constant cosmic time, which will be
isotropic, homogeneous and at rest in the comoving coordinates13. The only
interaction between them is the gravitational interaction, which will determine
their free fall motion, following the geodesic equations.

Therefore, the energy-momentum tensor must take into account that, since the
considered fluid element is at rest in the chosen reference frame, there will be no
momentum density, T i0 = 0. And, due to symmetry, T 0i will also be null, which
means there is not energy flowing between the fluid elements. Lastly, since the
only interaction is the gravitational one, there should be no viscosity, given that
the fluid elements only interact through a perpendicular force. This means that
the tensor matrix should be a diagonal one, independent of the comoving frame
in consideration, since no viscosity is a statement independent of the spatial axes.
This is only accomplished through a multiple of the identity matrix, the only
matrix that is diagonal in all frames.

13Such inertial frames that momentarily accompany a fluid element’s movement and in which they will be at rest are called Momen-
tarily Comoving Rest Frames (MCRF).
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Accordingly with these last considerations, the stress-energy tensor of the ele-
ments of such a fluid will be diagonal, with only four non-vanishing elements:
T 00, or the total energy density ρ, and T ij = pδij, where p represents the direction
independent pressure applied perpendicularly between all of the fluid’s elements,
such as the fluid’s isotropy requires. This corresponds to the stress-energy tensor
of a Perfect Fluid, which in the MCRF is given by

T αβ =


ρc2 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

 . (2.23)

Another way of describing it, in the MCRF, is according to the formula

T αβ =
(
ρ+

p

c2

)
UαUβ + pηαβ, (2.24)

where Uα is the four-velocity field, given by the expression Uα = dxα/dτ . It is
normalized in such a way that UαUα = −c2, which means that, in the MCRF
it takes the simple form Uα = (c,~0). This last expression for the stress-energy
tensor is a frame-invariant one, which means it can be generalized for any given
system by the form

T αβ =
(
ρ+

p

c2

)
UαUβ + pgαβ. (2.25)

This implies, finally, that the form of the tensor of this perfect fluid, in GR, will
be

T αβ =

(
ρc2 0
0 pgij

)
. (2.26)

The First Friedmann Equation corresponds to the G00 = −8πGNρ/c
2 com-

ponent of the Einstein equation, as in eq. (2.17). This is a laborious calculation
which, for the time being, will be intentionally left out. In terms of the scale
factor, a(t), and the curvature parameter, k, of the Robertson-Walker metric, this
equation is given by

ȧ2(t)

a2(t)
+

kc2

R0
2a2(t)

=
8πGN

3
ρ, (2.27)

where the dot in overscript represents a differentiation with respect to coordinate

time ct, such that ȧ(t) =
1

c

∂a

∂t
, and ρ refers to the total energy density from all of

the components of the Universe, such as matter and radiation.
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The Second Friedmann Equation corresponds to the Gij = −8πGNpg
ij/c4

equation. The derivation of Gij will not be done here. It suffices to say that it
can be obtained by differentiating eq. (2.27) with respect to coordinate time and
using the local conservation law of energy and momentum, eq. (2.2), which, in
terms of the RW metric, is given by

T 0µ
;µ ≡ ρ̇c2 + 3

ȧ

a

(
ρc2 + p

)
= 0. (2.28)

With this, the second Friedmann equation is expressed by

ä(t)

a(t)
= −4πGN

c2

(
p+

1

3
ρc2

)
, (2.29)

where the double dot in overscript represents a double differentiation with respect

to coordinate time, such that ä(t) =
1

c2

∂2a

∂t2
, and p is the total pressure of the

Universe, considering all of its components; ρ is defined as in equation (2.27).

Both of these equations can have rather simple Newtonian interpretations. This
does not, in any way, contradict the necessity of applying General Relativity in
Cosmology. The Cosmological Principle states that our Universe can be sliced
in smaller regions that can be treated as the isotropic and homogeneous whole.
Therefore, on reduced scales, the Newtonian description is valid since the gravi-
tational interaction is very weak and a small region can be considered almost flat
by the flatness theorem.

The First of the Friedmann Equations is a statement of the energy balance for
a central force problem. It is the sum of a kinetic term and a potential energy
one, where the total energy that these terms add up to is related to the negative
of the curvature parameter k. The second Friedmann equation, as its derivation
implies, can be seen as the usual F = ma equation [34].

A simple rearrangement allows eq. (2.27) to be rewritten as

− k =

(
ȧ(t)R0

c

)2(
1− ρ

ρc

)
, (2.30)

where ρc is known as the time-dependent critical density parameter: the value
of total energy density for which the curvature parameter k, according to the First
Friedmann equation, vanishes, and is expressed by

ρc(t) =
3

8πGN

ȧ2(t)

a2(t)
. (2.31)
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Therefore, the total density of the Universe determines its curvature, as another
clear sign of the influence that mass/energy have on the geometrical structure of
the Universe. Defining Ω = ρ/ρc, if Ω > 1, the curvature of the Universe will be
positive, k = +1, as in a closed universe. When Ω = 1, k = 0 and the universe
will have a flat spatial geometry. Lastly, if Ω < 1, the universe will have an open
geometry since the curvature will be negative, k = −1.

The total energy density plays a fundamental role on the dynamics of our
Universe. It determines the type of spatial curvature it has and, by defining
the sign of the curvature signature k, it is also imposing the sign of its total
energy, according to the Newtonian approach to the Friedmann Equations. As a
consequence, the fate of our Universe is dictated as well. This is easily perceived
for a single component Universe, non-relativistic matter or radiation, which may
be seen as an approximation for a multi-component Universe dominated either
by one of those components. Although different, the qualitative behavior of such
Universes is similar.

A Universe with negative total energy, hence positively curved, is a bound and
spatially closed one, therefore destined to have its expansion halted at some point
due to the gravitational attraction between the fluid’s elements. If it has a positive
total energy, it represents an unbound and open Universe, which should continue
to expand forever until all of the fluid’s elements are causally disconnected from
each other. A Universe with null total energy is a flat one, but also infinite in
extent. All of these Universes, however, have in common the fact that they all
begin in a state of extreme density where the scale factor goes to zero. It is a
violent picture of divergent spacetime curvature and density predicted by the Big
Bang Cosmology. This is depicted in fig. (2.4).

Figura 2.4: Evolution of the scale factor as a function of time for the open, flat and closed Universes, according
to the sign of the curvature parameter k, for a matter or radiation dominated Universe. Taken from [34].

37



The basic equations for the time evolution of the scale factor of the Universe
for such models can be seen either in [34] or [33]. Here, it will only be necessary
to establish how the density and pressure of a general component of the Universe,
such as matter or radiation, evolves with the scale factor, since it will be useful
for future reference. This is achieved through the energy-momentum conservation
condition given by eq. (2.28), which can be expressed also as

ρ̇c2 = −3(ρc2 + p)
ȧ

a
. (2.32)

This last equation can be simplified by an Equation of State that relates pres-
sure with density. These can have rather complicated forms, but since Cosmology
deals with a dilute gas, this relation can be expressed by this simple equation [34]:

p = wρc2, (2.33)

where w is a constant that characterizes the component of the system. For non-
relativistic matter, where pressure can be neglected when compared to the rest
mass energy of the constituting particles, w = 0. For radiation, one has w = 1/3.

With this last relation, eq. (2.32) can be simplified to

dρ

ρ
= −3(1 + w)

da

a
, (2.34)

which is easily integrated, for constant w, to the general form

ρ(a) = ρ0a
−3(1+w), (2.35)

where ρ0 is the present day value that component’s density, usually obtained from
observations. In a matter and/or radiation dominated Universe, the respective
densities evolve as

ρmatter(a) = ρm0a
−3 (2.36)

and

ρradiation(a) = ρr0a
−4. (2.37)

Since both the densities and pressures of these components are positive, Uni-
verses dominated by such components should all be in a decelerating expansion,
perhaps as in a closed Universe, where its expansion is reversed at some point,
such that a(t) returns to zero at some finite moment in time, resulting in a Big
Crunch.
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2.3.1 The accelerating Universe

The basic dynamical equations of the Universe have been established in the pre-
vious section. These are the Friedmann equations. The first one, eq. (2.27),
defines the rate at which the scale factor changes with time, normalized by the
scale factor itself. In fact, ȧ(t)/a(t) is just the Hubble parameter at a cosmic time
t, H(t), which means that one can rewrite such equation to yield

H2(t) =
8πGN

3
ρ− kc2

R2
0a

2(t)
. (2.38)

From equation (2.30), the present day value of the Hubble parameter can be
extracted, defining that H0 = ȧ(t0), since a(t0) = 1, resulting in

kc2

R2
0

= H2
0(Ω0 − 1), (2.39)

where Ω0 is the present day value of the fractional density, ρ0/ρc. With this
information, one can replace k in eq. (2.38) to give

H(a) = H0

(∑
i

Ωi(a) +
1− Ω0

a2

)1/2

, (2.40)

where the sum runs over all of the possible components of the Universe and their
fractional densities, Ωi(a) = ρi(a)/ρc, as a function of the scale factor a. From
now on, the time dependence will be implicit in a.

This last equation is implying that the Hubble parameter will remain unchanged
in time if our Universe is an empty one. This could already be concluded from the
analysis of the Second Friedmann equation and observed in fig. (2.4), given that
the acceleration of such a Universe would be null. However, if some components
with positive density/pressure exists, then the expansion will be a decelerated
one, and the Hubble parameter diminishes with time. The neglected fact is that,
in reality, our Universe could be accelerating or even non-accelerating due to the
existence of negative density/pressure components.

An accelerating Universe is possible, theoretically, if there exists some form
of negative pressure component that surpasses the gravitational attractive effect
of matter/radiation in the Second Friedmann equation. To make this clear, eq.
(2.29) can be rewritten as

ä

a
= −4πGN

3
ρ (1 + 3weff) , (2.41)

39



where, since both ρ and p refer to total energy density and pressure of the Universe,
an effective equation of state has been defined as weff = p/ρc2. Therefore, this
last equation will result in a positive acceleration, ä > 0, if

weff < −
1

3
, (2.42)

which means that, in some way, a negative pressure component must exist in order
to sustain the positive contributions of matter and radiation.

But, no matter how intriguing such theoretical considerations may be, it is
observation that dictates the designed models for our Universe. Therefore, it
is necessary some kind of experiment that observes if the Hubble parameter is
changing in time. This can be achieved trough the plotting of Hubble curves,
that measure the recession velocity of astronomical objects as a function of their
distance. If some curvature is obtained for such a relation, then one can conclude
that the Universe is either accelerating or decelerating.

The Hubble relation can be expressed in terms of redshift, z, a dimensionless
quantity that measures the deviation in wavelength, ∆λ, between the wavelength
of the emitted radiation λem and the received radiation’s λr

z ≡ λr − λem
λem

. (2.43)

Such a deviation may arise due to Doppler effect, as already mentioned in section
2.1.1 and, for non relativistic motion, it can be stated as

z ≈ v

c
, (2.44)

where v is the relative velocity between the observers. This means that the

Hubble relation can be rewritten as

z =
H

c
r, (2.45)

or, equivalently, as

r =
zc

H
. (2.46)
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Thus, an accelerating/decelerating expansion means that the expansion rate
was smaller/bigger in the past. This implicates that, in order for an object to reach
a certain recession velocity, it should be located further away/closer than expected.
Or, in terms of the observed light, it should be measured dimmer/brighter than
expected. For the Hubble curve, this implies an upward/downward curvature
relatively to the straight curve expected for an empty or non-accelerating Universe.

Bright objects much needed for distant observations do exist: supernovas, more
concretely, type Ia supernovae (SN Ia)14. Circa 1998, two distinct groups analyzed
approximately 50 SN Ia at high redshifts comprehended between 0.4−0.7 [9, 10]15.
An example of the relation obtained between the logarithmic luminosity distance
and redshift for those SN Ia is illustrated in fig. (2.5).

Figura 2.5: First evidence for an accelerating Universe. Taken from [9].

14A type Ia supernovae is a powerful thermonuclear explosion induced by gravitational contraction and consequent heating of the
core of a white dwarf, which then collapses into a neutron star.

15Three of the multiple authors of the referred works, Saul Perlmutter, Brian P. Schmidt and Adam G. Riess were awarded the
conjoint Nobel Prize in Physics in 2011 for the first evidence of an accelerating expanding Universe
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The relation obtained was consistent with an Accelerating Universe at the
present epoch, since for high redshifts, the value obtained for the Hubble para-
meter was smaller than the present one, imprinting an upward curvature on the
obtained curve. The data is best fitted by a Flat Universe, therefore with a
present fractional density Ω0 = 1. The evidence for a Universe with k = 0 was
rapidly bolstered by observations of the positioning of the primary peak of the
CMB temperature power spectrum [5, 6, 7], measurements made by the WMAP
[39], and data extracted from the SDSS observations [40].

All of the observational data supports a present day accelerating Universe with
a density matching almost perfectly the critical density. This means that the
measured Ω0 is extremely close to 1, an observation that should also be true
for the cosmic past. This is due to the fact that, according to eq. (2.30), if
Ω(a) ever deviates from 1, then this difference must increase with time, since
the right-hand side of that equation is an ever decreasing one. The data also
suggests the existence of an unknown component that adds up to the matter
density to account for the observed critical density (radiation density, which scales
as a−4, is negligible). This mysterious component, which should have negative
pressure in order to be responsible for the observed acceleration, is consistent
with a Cosmological Constant Λ.

2.3.2 The Cosmological Constant

The Cosmological Constant, Λ (see [16] for a review), was first introduced by Al-
bert Einstein himself in order to obtain a static solution for the Universe, by ba-
lancing the attractive nature of matter and radiation. This would become known
as Einstein’s ”biggest blunder”. However, he might not have been mistaken. Pre-
sently, this cosmological constant is seen as one of the strongest contenders to
explain the repulsive nature of some form of energy component that induces the
current acceleration of the Universe.

The addition of a Cosmological Constant to Einstein’s field equation can be
done in two simple manners. The only restriction that must be taken into account
is that such an addition needs to be done in a way that respects the tensorial nature
of such equation: it must be a symmetric rank-2 covariantly constant tensor. The
simplest way to achieve this is through the metric tensor16, g, with a constant
of proportionality Λ. However, it is important to note that such an addition will
alter the Newtonian limit of such equation. This is why that, for all purposes, such
a cosmological constant is expected to be negligible in almost all cases, except on
truly large cosmic scales. Hence the name of Cosmological Constant.

16Recall that it is always possible to perform a coordinate change for which the metric tensor’s first derivatives are null. Therefore,
all of the Christoffel symbols will vanish and the covariant derivative of the metric tensor will also be zero, which means it will be
convariantly constant.
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The first form of adding the cosmological constant is through the modification
of the left-hand side of the field equation which, as one should recall, is intrinsically
related to the geometrical structure and curvature of the Universe through the
Einstein tensor Gαβ. This modifies eq. (2.17) to

Gαβ − Λgαβ = −8πGN

c4
T αβ. (2.47)

Although such modification of the geometrical side of Einstein’s equation is
straightforward, such constant component may be more easily understood if added
to the right hand side of the field equation, which will then yield

Gαβ = −8πGN

c4

(
T αβ + κ−1Λgαβ

)
, (2.48)

where κ = −8πGN/c
4. In the absence of the regular stress-energy tensor T αβ,

κ−1Λgαβ can be seen as the energy-momentum tensor of the vacuum, T αβvac. And it
is quite appropriate that such tensor is proportional to the metric one, since this
is the only rank-2 symmetric tensor that, in local coordinates, is lorentz invariant.
Therefore, as expected, there will not be any privileged observers for vacuum.

In the comoving coordinates defined by the Robertson-Walker metric, which
respects the form gαβ = diag(−1, gij), the vacuum energy-momentum tensor can
be put into a form similar to that of the perfect-fluid tensor:

T αβvac =

(
ρΛc

2 0
0 pΛg

ij

)
. (2.49)

This stress-energy tensor implies a constant vacuum energy density of

ρΛ ≡ −
Λ

κc2
=

Λc2

8πGN
, (2.50)

and, for Λ > 0, such that ρΛ > 0, the pressure will be equal to

pΛ = −ρΛc
2 < 0, (2.51)

which undoubtedly allows for this constant density cosmological constant to be
the negative pressure source of repulsion that drives the present-day cosmic acce-
leration. Its energy density remains constant because, combining equations (2.51)
and 2.33, one has wΛ = −1. Therefore, according to equation (2.35):

ρΛ = ρΛ0a
0. (2.52)
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From this, it is a matter of calculus to compute, once again, the Friedmann
equations with the Cosmological Constant. The First Friedmann equation takes
the form

ȧ2

a2
+

kc2

R0
2a2

=
8πGN

3
(ρmatter + ρradiation + ρΛ), (2.53)

while the Second Friedmann equation is rewritten as

ä

a
= −4πGN

c2

[
(pmatter + pradiatiom + pΛ) +

1

3
c2(ρmatter + ρradiation + ρΛ)

]
. (2.54)

These last two equations simplify a great deal under some considerations: our
Universe is a flat one, hence k = 0; the pressure induced by non-relativistic matter
is null, therefore pmatter = 0, and the energy density contribution from radiation,
which scales as a−4, is negligible. With these assumptions, the condition for
having an accelerated expansion according to eq. (2.54) will be that of an effective
equation of state

weff =
pΛ

c2(ρmatter + ρΛ)
< −1

3
, (2.55)

which is perfectly reasonable for a negative pressure component such as is the
cosmological constant, Λ.

2.4 The ΛCDM Model

Observations from the CMB, SDSS, and so on, have been suggesting the exis-
tence of a dominant unknown form of energy, usually dubbed as Dark Energy.
It shows up in the form of a negative pressure energy component, therefore car-
rying the necessary repulsive characteristics that are indispensable for the current
accelerated expansion of our Universe. Its presence is no longer negligible, and
the current simplest model attributes the nature of this dark form of energy to
a cosmological constant with an equation of state wΛ = −1 [15]. According to
this fact, one can conclude that this form of energy has a constant energy density,
since it will scale as ρΛ = ρΛ0a

0. Recalling that the matter and radiation densities
evolve as a−3 and a−4 respectively, these two components must have been more
significant in the past than the cosmological constant. This implies that, in the
cosmic past, the Universe should have been in a decelerated expansion, since it
could not overcome the gravitational attraction from these two forms of energy.
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One can have an estimate of the redshift17 at which the transition from a
decelerated expansion to an accelerated one took place by defining a dimensionless
deceleration parameter, q(a), from the Friedmann equations as [34]

q(a) ≡ − ä

aH2(a)
= Ωradiation(a) +

1

2
Ωmatter(a)− ΩΛ. (2.56)

Neglecting the contribution of the radiation density, since it scales with a−4, and
replacing the scale factor, a, by the redshift, z, one finds the transition (imposing
that q(a) = 0) to have occurred for a redshift ztran of

1 + ztran =

(
2ΩΛ

Ωmatter,0

)1/3

. (2.57)

Recently constrained cosmological parameters [15] determine that this transi-
tion took place for a redshift of, approximately, ztran ≈ 0.8, yelding a scale factor
of atr = 0.56. This implies that this transition took place not so long ago, in
terms of cosmic history. Such fact has indeed been confirmed by the observation
of supernovas for redshifts beyond 1, which provided conclusive evidence for a
decelerating phase preceding the current acceleration of our Universe [41]. This
transition also shows in the halt of the growth of the largest structures of mat-
ter in the Universe, clusters of galaxies, as was evidenced by comparing clusters
located before and after such moment [42].

The evidence for the existence of a repulsive mysterious source of energy has
been pilling up in the recent years [11, 12, 13, 14] and is consistent with the
simplest possible model: our Universe is undergoing, in the present epoch, an
accelerated expansion induced by a negative pressure dark energy component
with an equation of state w ≈ −1. Also, the total energy density is close to the
critical density, such that Ω0 ≈ 1.

Therefore, our Universe has a flat spatial geometry, k = 0. From the total
density, matter only accounts for approximately 25% of it, while the rest resi-
des in the form of the mysterious dark energy, circa 75%. The most striking
aspect is that baryonic matter, or normal matter, only contributes with approxi-
mately 4% for the matter density, while the rest is believed to be in the form of a
non-luminous matter, the dark matter. Hence, the Cosmological model mostly
accepted today and that best fits the observational data is the Lambda Cold
Dark Matter model (ΛCDM). This model defends that our Universe began in
a very dense state, a Big Bang, where the scale factor went to zero. This means
a state of extreme density, from which matter, radiation and energy were created
and expanded.

17Redshift is related with the scale factor trough the relation 1 + z =
λ0

λ
=
a0

a
.
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It is believed that the Big Bang was almost immediately followed by an epoch
of inflationary expansion that lasted no longer than 10−30s, during which the
scale factor expanded exponentially, perhaps even at a superluminous speed. This
should have flattened whichever primordial curvature might have existed, explai-
ning the flat curvature observed today. It also explains how regions that are today
separated by distances so great that no light could have traveled between them
were in causal contact in the past, accounting for the observed homogeneity of
such regions. Besides this, the ΛCDM model assumes that most of the matter
contribution to the total energy density of the Universe is from a non-luminous
non-relativistic form of matter, cold dark matter. This should consist of weakly-
interacting, heavy particles, such as WIMPs, or Weakly Interacting Massive
Particles (for a review on inflation and the possible nature of dark-matter, see
[4]). Cold dark matter is favored over Hot Dark Matter since it is more com-
patible with the observed large scale structure, which is believed to follow a hi-
erarchical process of formation: the aggregation of smaller objects (galaxies, for
example) end up constituting larger structures, such as clusters [34].

As for the 75% of repulsive energy associated to a cosmological constant, Λ,
responsible for the undergoing acceleration of our Universe, there are two funda-
mental problems associated to it. The first is concerned with the special epoch in
which we, humans, exist: a moment in time in which the energy density of the cos-
mological constant, ρΛ, and the energy density of matter, ρmatter, are comparable,
particularly when they scale so differently with the scale factor, respectively as a0

and a−3. So, what would have been the initial conditions for such a coincidence
to be verified today? This is known as the coincidence problem.

The second issue is the known as the fine-tuning problem. Calculations from
Quantum Field Theory estimate the value of the particle physic’s vacuum energy
density, ρΛqft (which would contribute as an effective cosmological constant), by
summing the zero-point energies of quantum fields with mass m [17]

ρΛqft =
1

2

∫ ∞
0

d3k

(2π)3

√
k2 +m2, (2.58)

where k is the momentum of the quantum field, in natural units of c = ~ = 1.
With those limits, such integral should diverge. However, one can impose a cut-
off value for k related to the Planck scale, which defines the limit below which
a quantum theory of gravity is necessary to explain the observed phenomenona.
Therefore, if kcutoff = mPlanck = 1.22 × 1019 GeV, such that kcutoff >> m, then
the integral can be resolved to yield a value of [43]

ρΛqft = 1074GeV 4.
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The latter result, divided by the critical density, ρc ≈ 4.0×10−47GeV 4 for H0 = 70
Kms−1Mpc−1 [14, 15], results in a fractional density value of

ΩΛqft ≈ 10120.

This value is almost 121 orders of magnitude larger than the observed value of
dark energy fractional density: ΩΛobs ≈ 0.75. Therefore, one has to question what
processes are involved in such a cancelation of orders of magnitude, assuming
the theory is right. This issue is also known as the Cosmological Constant
Problem.

In light of these problems, physicists have been wondering about other possibi-
lities that could explain the observed accelerated expansion of the Universe (see
[44] for a review on the cosmological constant and dark energy).
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3 Dynamical Dark Energy

The compelling evidence that our Universe is experiencing an accelerated expan-
sion has led theorists to propose alternative solutions that could explain such
phenomenon. However, they have yet to be undoubtedly confirmed, or excluded,
by observations. These range from the introduction of modifications to the geo-
metrical left-hand side of Einstein’s field equation to the possible existence of a
dynamical form of dark energy [45]. Either way, there must definitely be some
new Physics that lies beyond the grasp of General Relativity and the standard
model of particle physics.

The first set of hypothesis arise from the assumption that the current framework
of cosmology, General Relativity, may not be entirely sufficient to explain the
undergoing accelerated expansion. Therefore, these became known as alternative
gravity theories, which incorporate higher-order curvature terms on the metric
side of the field equation, as in f(R) theories [46], or consider higher dimensions,
as in braneworld models [47]. It should be noted that precision GR tests severely
limit deviations from GR itself. However, most of these are local tests and their
results may not necessarily apply on truly cosmological scales.

The other set of solutions assumes that the framework established by General
Relativity is correct. Standing from this point of view, the current accelerated
expansion of the Universe is the result of a negative pressure component that
takes part of the stress-energy tensor on the right hand side of Einstein’s field
equation. Data reunited from the most recent observations indicate that almost
75% of the total energy density is in the form of this mysterious component, called
dark energy. The equation of state of such a component, wDE in natural units, is
given by

wDE = pDE/ρDE, (3.1)

where pDE and ρDE represent, respectively, the dark energy pressure and energy
density. Its present value is currently constrained to be approximately wDE ≈ −1
[15], with an accuracy around 10% [12, 13, 14].

The simplest possible solution to explain the observed dark energy is, as alre-
ady mentioned, the introduction of a Cosmological Constant in the field equati-
ons, according to which ρDE remains constant throughout cosmic evolution, with
w = −1. This basically implies that vacuum ”weights”something and, therefore,
should contribute to the total energy density. This is the picture envisaged by the
standard model of cosmology, the ΛCDM model, which is the model that best fits
current observations and is favored by statistical methods of model analysis, such
as the bayesian criteria [48].
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The introduction of a cosmological constant is, fundamentally, a phenomeno-
logical description of dark energy. It suffers from a severe fine-tuning problem:
the currently observed fractional dark energy density ΩDE is approximately 121
orders of magnitude inferior to the expected value extracted from quantum field
theory calculations. Therefore, it is only natural for theorists to search for other
solutions for dark energy, most of which consider it to be a dynamical entity and
allow its equation of state to deviate from the cosmological constant value of −1.

3.1 Quintessence

Present observations point out that the equation of state of the mysterious and
dominant dark energy component should have a value of approximately−1. Howe-
ver, these observations are restricted to a small window in cosmic time and, the-
refore, don’t give a clear insight about how the evolution of this equation of state
could have been like. So, there is no reason why one shouldn’t consider it to
have been dynamical in the past, evolving with time until reaching the present
”cosmological-constant-like”value of −1. Models that allow a dynamical evolution
of the dark energy’s equation of state with time are, for instance, Quintessence
models.

Quintessence is, in the broadest sense, a dynamical, slowly evolving energy com-
ponent with negative pressure. It should account for the missing energy density
between the matter density and the critical density of our Universe, considering
it flat. One of the most studied possibilities for Quintessence is to consider that
its contribution corresponds to the energy of a canonical scalar field, φ, slowly
evolving down its potential, V (φ).

A scalar field is the simplest type of field one can consider to account for this
mysterious energy component, and is physically motivated by particle physics,
including string theory, in which they arise naturally [17]. Quintessence as a rol-
ling scalar field was first introduced by Peebles and Ratra as being a smooth and
homogeneous component minimally coupled to matter. They also presented the
motivation for choosing certain potentials in which it should evolve in order to
become a late-time dominant energy component in cosmic history, thereby dri-
ving the Universe into an accelerated expansion [18]. These models have been
intensively studied as a strong hypothesis for dark energy ([19, 49, 50, 51] and
references therein), and still are. Particularly, in [49], is argued that quintessence
should be a heterogeneous time-dependent energy component, because the defi-
nition of a smooth component ignores its response to the inhomogeneities of the
cosmic fluid. Also, its fluctuations should leave a distinguishable imprint on the
CMB anisotropy spectrum, possibly useful for discriminating quintessence from
the cosmological constant in future observations.
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Subsequent authors, in [50] and [51], have continued the analysis of quintessence
models, however noticing the intrinsic fine-tuning demanded by these models in
order to obtain a correct and suitable cosmology. Therefore, these authors intro-
duced the notion of tracker quintessence, as models for which little fine-tuning
is required in the initial conditions in order to obtain a common evolutionary
track for the field. In these models, generally, the dark energy’s equation of state
follows the dominant component’s one (either radiation or matter) for much of
the cosmic evolution. The density of the quintessence field takes over only in
the present epoch, when its density becomes comparable to the matter density,
driving the Universe into an accelerated expansion and behaving as a cosmologi-
cal constant with an equation of state approaching −1. Therefore, these tracker
models may represent a possible solution to the coincidence problem. Following
this line of work, there are models known as k-essence which have been proposed
and also constitute a good attempt for tackling these problems [52, 53]. Other in-
teresting models explore more and complex interactions between the dark energy
quintessence field and matter [54, 55], being known as interacting quintessence
models.

3.2 Slow-roll Quintessence

In the following section, the basics of the dynamics of a slowly rolling quintessence
field are presented. Throughout it, natural units of c = ~ = 8πG = 1 will be
assumed, as will the metric signature (−,+,+,+). The action of a quintessence
scalar field, φ, minimally coupled to gravity, is given by [17, 33]

S =

∫
d4x
√
−g
(
−1

4
R + Lm + LQ

)
, (3.2)

where g is the determinant of the metric tensor, R is the Ricci scalar, Lm and LQ
are the matter and quintessence Lagrangian densities. In the simplest possible
realization of a quintessence scalar field minimally coupled to gravity and ordinary
matter, the lagrangian density of the field is given by [17]

LQ = −1

2
(δµφ) (δµφ)− V (φ) , (3.3)

where the first term is the field’s canonical kinetic term and the second is the po-
tential energy of the field. The minimal coupling to gravity and ordinary matter
is common to many quintessence models, because it avoids the dragging of matter
perturbations by the field, which would prevent them from collapsing even before
the field begins to dominate [18]. This makes the detection of quintessence extre-
mely hard through its interaction with Standard Model particles, as opposed to
suggested interacting quintessence models [55].
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The canonical kinetic term indicates that the field is expected to roll in the
potential away from local unstable maxima and towards the stable extremum
minima of the potential. However, there are models that consider the possibility
of the field evolving with non-canonical kinetic terms, whose field lagrangian’s are
built from non-linear terms of φ and X = −(1/2) (δµφ) (δµφ). Examples of such
models are the already mentioned k-essence models and also phantom energy
models [56, 57]. In the latter, the field’s lagrangian has a negative kinetic term,
and the field is expected to roll towards the potential stable maxima, contrary to
the canonical case. These models produce an equation of state wDE < −1, which is
not completely ruled out by observations. This violates the null energy condition,
since the energy density of the field grows with time, rather then decaying [45].
Under such conditions, the fate of our Universe is to end in a Big Rip singularity,
since the scale factor and expansion rate diverge in a finite time, ripping apart all
known matter [58].

The stress-energy momentum tensor of the field can be found by variational
principles, varying the action in terms of the metric tensor gµν, such that [17]

Tµν(Q) = − 2√
−g

δSQ
δgµν

, (3.4)

where SQ is the quintessence scalar field action, given by

SQ =

∫ √
−gLQd4x =

∫ √
−g
[
−1

2
gµν(δµφ)(δνφ)− V (φ)

]
d4x. (3.5)

Knowing that δ
√
−g = −(1/2)

√
−ggµνδgµν and δgµν = gµαgνβδgαβ, the variation

of the field’s action results in

δSQ =

∫ √
−g
[
−1

2
(δµφ)(δνφ)− 1

2
gµνLQ

]
δgµνd4x, (3.6)

allowing to conclude that the field’s energy-momentum tensor is

Tµν(Q) = (δµφ)(δνφ)− gµν
[

1

2
gαβ(δαφ)(δβφ) + V (φ)

]
. (3.7)

In a flat, isotropic and homogeneous Universe, the Robertson-Walker metric,
eq. (2.22), can be written as ds2 = −dt2 + a2(t)

(
dx2 + dy2 + dz2

)
. From this,

the quintessence’s field energy density, ρQ, and pressure, pQ, assuming the field
depends on time alone, are determined by

ρQ = −T 0
0 =

1

2
φ̇2 + V (φ), pQ = T ii =

1

2
φ̇2 − V (φ). (3.8)
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From these last equations, the quintessence’s field equation of state can be put
simply in the form

wQ =
pQ
ρQ

=
1
2φ̇

2 − V (φ)
1
2φ̇

2 + V (φ)
. (3.9)

This equation immediately reveals that, in order to have a present-day value
for the quintessence field equation of state close to −1, the condition φ̇2/2 <<
V (φ) has to be verified, which means that the field’s kinetic energy has to be
substantially smaller to its potential energy. That is why, generically, quintessence
is associated to a slowly rolling scalar field evolving in its potential. This can
be achieved through the usual slow-roll conditions, similar to the inflationary
conditions for accelerated expansion [20]:

(
1

V

dV

dφ

)2

<< 1, (3.10)

and

1

V

d2V

dφ2
<< 1. (3.11)

These conditions imply that, in order to satisfy observations today, the poten-
tials in which the field evolves must be nearly flat. This is in agreement with
the results of reference [59]. Its authors used a Monte Carlo simulation to derive
the class of potentials that yield a value of wQ ≈ −1 today, and found out that
these should either be nearly flat or have a very sharp curvature potential change
in the present epoch. It is worth noticing that, in the case of the latter set of
potentials, a second coincidental question is raised: this is concerned with the
reasons and initial conditions that have led the field to enter such a special region
of the potential at the present epoch, particularly when the dark energy energy
density began to dominate over the matter density [20].

The slow-roll conditions are extracted from the field’s equation of motion,

φ̈+ 3Hφ̇+
dV

dφ
= 0, (3.12)

which can be derived from the zeroth component of the covariant energy-momentum
conservation law, T 0µ

;µ = 0, using the Robertson-Walker metric. H = ȧ/a is the
Hubble parameter, given by eq. (2.40). Equation (3.12) states that the scalar
quintessence field, φ, is expected to roll down its potential, with its motion being
damped by a term proportional to the Hubble parameter, H.
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The inflationary slow-roll conditions allow the equation of motion of the field
to be simplified by neglecting the acceleration term φ̈, yielding simply 3Hφ̇ =
−dV/dφ, which is the inflationary’s equation of motion. In the inflationary regime,
the cosmic expansion is dominated purely by the scalar field. Therefore, the
Hubble parameter is given by the expression H2 ≈ ρQ/3 (recall eq. (2.53). It is,
then, solely determined by the potential of the field, which is approximately the
field’s energy density. Therefore, under these slow-roll conditions, the acceleration
term, φ̈, can be shown to be smaller than the friction term, 3Hφ̇ [4].

However, the inflationary slow-roll conditions do not fully apply to the quin-
tessence counterpart. This is because, for quintessence, it is not required that the
acceleration of the field, φ̈, to be smaller than the friction term, 3Hφ̇, since the
Hubble parameter’s

(
H2 = 1/3 [ρrad + ρmatter + ρQ]

)
evolution in a flat Universe is

determined by the matter/radiation energy density along with the quintessence’s
field energy density. Inflation only accounts for the scalar field’s energy density,
which is required to dominate over all other forms of energy during the inflationary
expansion [21, 22].

Even though inflationary slow-roll conditions need not apply to quintessence,
this does not mean the potential where the field evolves can not obey the slow-roll
equations (3.10) and (3.11). In reference [20], a Thawing quintessence model was
considered in which the potential where the field rolls is nearly flat, satisfying the
slow-roll equations for the field’s initial value φ = φ0. The authors have obtained
a general result for the evolution of the quintessence’s equation of state, wQ, with
the scale factor, a, for such models that does not differ much from the present
day value −1. It consists on a single expression that depends only on the dark
energy’s fractional energy density and equation of state present-day values, ΩQ0

and w0, respectively.

Slow-roll thawing models offer a natural way of obtaining a dark energy equa-
tion of state that does not deviate much from the present-day value imposed by
observations of wDE ≈ −1. In these models, the field is initially almost frozen
at a value φ = φ0 by the damping Hubble parameter, H, resulting in a value for
wQ ≈ −1. Then, as the Hubble parameter decreases with cosmic evolution, the
field is released from its initial position and rolls down the potential towards a
zero minimum, slowly increasing its kinetic energy. Accordingly, the equation of
state also increases with time to values grater than −1, but not much [23, 60].
Similarly, there are the Freezing models, where the field is already rolling down
the potential towards its minimum and wQ > −1, prior to the onset of accele-
ration. However, the field’s evolution is slowed down and critically damped by
the Hubble’s friction term when its density starts to dominate, and wQ appro-
aches asymptotically −1[20, 23]. Both models pose, therefore, an experimental
challenge when trying to distinguish them from the cosmological constant.
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3.2.1 Quintessence field rolling near a potential minimum

In the previous section it was well established that, in order for a minimally
coupled quintessence model to reproduce the present-day value of −1 observed
for the dark energy’s equation of state, the field has to be evolving towards the
minimum of its potential in a slow manner, such that the field’s kinetic energy is
much less than its potential energy. This implies that the potential has, somehow,
to obey a set of slow-roll conditions in order for this to be verified. However, the
usual inflationary slow-roll conditions need not apply to quintessence.

Recently, in [60], it has been shown that, although the common slow-roll con-
ditions given by equations (3.10) and (3.11) are sufficient to obtain a equation of
state that is close to −1 today, they are not necessary. In the referred article, the
author derived a more general set of conditions on the potential assuming that
the equation of state is always close to −1 throughout the evolution of the field.
What’s important to understand is that, in fact, the slow-roll conditions are more
flexible than those of inflation, which has led to models that relax such conditions.

One of such models envisages a scenario where a quintessence field is rolling
in the vicinity of a minimum of the potential [61]. This model was inspired
in another one [62], which considers a field very close to an unstable potential
maximum rolling away from it. In that way, the validity of the slow-roll condition
given by equation (3.10) alone was guaranteed, while the condition imposed by
equation (3.11) was somewhat relaxed. This model introduces a new degree of
freedom to the dark energy equation of state, wQ, besides those already introduced
by the more general result of [20]. So, wQ depends not only on the dark energy’s
equation of state and energy density present-day values, but also on a parameter
that consists on the value of the curvature of the potential, (1/V )(d2V/dφ2), at the
extremum. And, as expected, when the limit (1/V )(d2V/dφ2)→ 0 is considered,
one recovers the result of [20], since both slow-roll equations are respected.

The model of reference [61], the main focus of this section, considers a canonical
scalar field, φ, minimally coupled to ordinary matter and gravity evolving very
close to a stable extremum of the potential, V (φ), therefore a minima. The model
can also be extended to a phantom field rolling near a potential maximum, which
will not be done here. It is convenient, before proceeding, to recall the equation
of motion of the scalar field derived under the Robertson-Walker isotropic metric

φ̈+ 3Hφ̇+ V ′(φ) = 0, (3.13)

where, as before, the dots are derivatives with respect to coordinate time x0

(x0 = t, in natural units). The prime corresponds to a derivative with respect to
the field φ, such that V ′ = dV/dφ, and H is the Hubble parameter.
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Following reference [62], it is possible to get rid of the φ̇ term in equation (3.13)
by performing the change of variables

φ(t) =
u(t)

a(t)3/2
, (3.14)

which results in the following

ü− 3

2

[
ä

a
+

1

2

(
ȧ

a

)2
]
u+ a3/2V ′(u/a3/2) = 0. (3.15)

This equation can be simplified by applying the Friedmann equations for the
evolution of the scale factor a(t), equations (2.27) and (2.29). In natural units,
for a flat Universe (hence k = 0), the first is given by

H2 ≡
(
ȧ

a

)2

=
ρ

3
, (3.16)

where ρ is the Universe’s total energy density, and the density of each compo-
nent evolves with the scale factor according with equation (2.35). The second
Friedmann equation, in natural units, then becomes

ä

a
= −1

6
(ρ+ 3p) , (3.17)

where p is the Universe’s total pressure. Each component’s pressure contribution
relates to its energy density through the respective equation of state. Using these
last two equations, equation (3.15) acquires the form

ü+
3

4
p u+ a3/2V ′(u/a3/2) = 0. (3.18)

Subsequently, it is assumed a Universe of pressureless matter and a quintessence
scalar field that plays the role of dark energy. To realistically mimic the observed
behavior for the dark energy, and due to the nature of the model assumed, such a
quintessence component should have an equation of state wQ ≈ −1 throughout the
cosmic evolution. Therefore, by equation (2.35), it should have an approximately
constant energy density ρQ = ρQ0, where ρQ0 is the present-day value observed for
the dark energy’s density. In these conditions, the total pressure of the Universe
can be approximated by p = pQ = −ρQ0. Then, equation (3.18) takes the form

ü− 3

4
ρQ0u+ a3/2V ′(u/a3/2) = 0. (3.19)
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Since the point of interest of this model is to obtain the dynamics of a scalar field
rolling near a stable extremum of the potential (namely a minima for quintessence)
located at φ = φ?, it is useful to perform an expansion of the potential near this
extremum. A simple Taylor-series expansion up to the quadratic order gives:

V (φ) = V (φ?) +
1

2
V ′′(φ?)(φ− φ?)2 +O

(
(φ− φ?)3

)
, (3.20)

where the linear term in φ is absent due to the fact that V ′(φ?) is null at the
extremum. Substituting this expression into equation (3.19) (and imposing that
V (φ?) = ρQ0)

18, one obtains the final differential equation for the field’s evolution
[61]

ü−
[

3

4
V (φ?)− V ′′(φ?)

]
u = 0, (3.21)

Its solution, defining the constant k to be given by

k ≡
√

(3/4)V (φ?)− V ′′(φ?), (3.22)

is simply

u = A sinh(kt) +B cosh(kt), (3.23)

where A and B are constants.

With the assumption of a dark energy, with a nearly constant energy density,
and pressureless matter dominated Universe, it is reasonable to assume that the
evolution of the scale factor is well approximated by its value in the ΛCDM model
[63]

a(t) =

(
1− ΩQ0

ΩQ0

)1/3

sinh2/3(t/tΛ), (3.24)

where ΩQ0 is the present-day value of the fractional quintessence’s density, ΩQ =
ρQ/ρc, and a = 1 at the present time t = t0. On the other hand, tΛ is defined as

tΛ =
2√
3ρQ0

=
2√

3V (φ?)
. (3.25)

18This comes by as a good approximation, given that the field’s kinetic energy should be much less than its potential energy.
Therefore, the value of the potential extremum close to which the field rolls should account for almost all of the field’s energy density
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Knowing the form for the time evolution of the scale factor, the general solution
for φ(t), using equation (3.14), is given by [61]

φ(t) =

[
ΩQ0

1− ΩQ0

]1/2
A sinh(kt) +B cosh(kt)

sinh(t/tΛ)
. (3.26)

For t = 0, it is required that the field, φ, is equal to a fixed initial value φi and
has zero initial velocity, φ̇i = 0. This implies B = 0 and determines A to be

A =

[
1− ΩQ0

ΩQ0

]1/2
φi
ktΛ

, (3.27)

which means that equation (3.26) can be written as

φ(t) =
φi
ktΛ

sinh(kt)

sinh(t/tΛ)
. (3.28)

The equation of state for quintessence is given by eq. (3.9). Since it is assumed
that the quintessence field has a wQ always close to −1, its kinetic energy should
be less than the potential energy, and eq. (3.9) can be simplified to

1 + wQ =
φ̇2

ρQ
, (3.29)

taking ρQ ≈ ρQ0 ≈ V (φ?), since the field is taken to be slowly rolling very close
to the potential extremum. Therefore, combining equations (3.28) and (3.29), the
equation of state can be rewritten as

1 + wQ =
3

4

φ2
i

k2

[
k cosh(kt) sinh(t/tΛ)− (1/tΛ) sinh(kt) cosh(t/tΛ)

sinh2(t/tΛ)

]2

. (3.30)

This equation can be normalized to the present day value of wQ, denoted as
w0 ≡ wQ(t0). Besides that, the equation of state can be expressed as a function
of the scale factor rather than t using equation (3.24), according to which

t(a) = tΛ sinh−1

√(
ΩQ0a3

1− ΩQ0

)
(3.31)

and

t0 = tΛ tanh−1(
√

ΩQ0). (3.32)
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So, finally, the normalized to the present day value of the equation of state, as a
function of the scale factor a, can be written as [66]

1 + wQ(a) = (1 + w0)a
−3 F (a)[√

ΩQ0ktΛ cosh(kt0)− sinh(kt0)
]2 , (3.33)

where F (a) is given by

F (a) ≡
[√

ΩQ0ktΛ cosh[kt(a)]−
√

(1− ΩQ0)a−3 + ΩQ0 sinh[kt(a)]

]2

. (3.34)

Again, following reference [62], the constant K ≡ ktΛ will be introduced. It
can be written, in terms of the potential, as

K =

√
1− 4V ′′(φ?)

3V (φ?)
. (3.35)

For the case of interest considered in the model of reference [61], a field rolling
near a stable potential extremum, or a minima for quintessence, V ′′ > 0, which
means that K can either be real or imaginary depending on the curvature of the
potential at the extremum. In terms of this constant, the equation of state can
be rewritten as

1 + wQ(a) = (1 + w0)a
−3 G(a)[√

ΩQ0K cosh[(Kt0)/tΛ]− sinh[(Kt0)/tΛ]
]2 , (3.36)

where G(a) is given by

G(a) ≡
[√

ΩQ0K cosh

(
Kt(a)

tΛ

)
−
√

(1− ΩQ0)a−3 + ΩQ0 sinh

(
Kt(a)

tΛ

)]2

.

(3.37)

For the case K2 < 0, K is imaginary and, therefore,

K = iκtΛ = i

√
4

3

V ′′(φ?)

V (φ?)
− 1, (3.38)

where κ =
√
V ′′(φ?)− (3/4)V (φ?) is real. Therefore V ′′(φ?)/V (φ?) > 3/4, and

it is only a matter of substituting the hyperbolic functions in equations (3.28),
(3.36) and (3.37) by sinusoidal ones.
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The analytic function for the evolution of the field will be given by the expres-
sion

φ(t) =
φi
K

sin(Kt/tΛ)

sinh(t/tΛ)
, (3.39)

and the equation of state will take the form

1 + wQ(a) = (1 + w0)a
−3 J(a)[√

ΩQ0K cos(Kt0/tΛ)− sin(Kt0/tΛ)
]2 , (3.40)

where the numerator, J(a), is given by

J(a) =

[√
ΩQ0K cos

(
Kt(a)

tΛ

)
−
√

(1− ΩQ0)a−3 + ΩQ0 sin

(
Kt(a)

tΛ

)]2

. (3.41)

Lastly, the special case of K = 0 will be analyzed. In this situation, equations
(3.28) and (3.36) are no longer valid, and the evolution of the field and the equation
of state are given, respectively, by [61]

φ(t) =
φi
tΛ

t

sinh(t/tΛ)
(3.42)

and

1 + wQ(a) = (1 + w0)a
−3

[√
ΩQ0 −

√
(1− ΩQ0)a−3 + ΩQ0 sinh−1

(√
a3ΩQ0

1−ΩQ0

)]2

[√
ΩQ0 − sinh−1

(√
a3ΩQ0

1−ΩQ0

)]2 .

(3.43)

So far, the equations for the evolution of the field, φ(t) [which can be expressed
in terms of the scale factor, a, using eq. (3.31)], as well as those for the equation
of state wQ(a) have been shown following reference [61]. The model presented
here is sensitive to three free parameters: the present-day value of the equation of
state, w0; the present-day value of the fractional energy density of the dark energy,
ΩQ0, and the steepness of the potential at the extremum through the K constant.
Equation (3.33) for wQ(a) is valid for all cases except K2 = 0, when it is reduced to
eq. (3.43). Given that we want V ′′ > 0, through equation (3.35) one sees that real
values of K are limited to 0 < K2 < 1. This corresponds to nearly flat potentials.
Steeper potentials imply an imaginary K, and the evolution of the equation of
state as a function of the scale factor is simplified to its ”sinusoidal”equivalent of
eq. (3.36). A thorough evaluation of each case will be presented next.
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Following the analysis of reference [61], the comparison of the approximate
analytical solution for both the evolution of the field and the equation of state
as a function of the scale factor against the exact numerical solutions will be
presented. This will be done for some potentials chosen without any particular
motivation except for the fact that they present a local minima, as demanded by
this model. The purpose is to evaluate the precision of the analytical solution
for a series of potential models. The first potential considered will be that of the
Pseudo Nambu-Goldstone boson (PNGB) [64]

V (φ) = ρQ0 +M 4 [1− cos(φ/f)] . (3.44)

In equation (3.44), M and f are constants. As pointed out in [64], the value of the
constant f is of the order of the reduced Planck Mass (MPl =

√
(~c)/(8πGN)),

which is equal to 1 in natural units. Therefore, the value f = 1 is assumed for
this potential. Other potential with a minimum is the Gaussian potential

V (φ) = ρQ0 +M 4
[
1− e−φ2/σ2

]
. (3.45)

For the gaussian potential, M and σ are constants. The last potential considered
will be the Quadratic potential, for which

V (φ) = ρQ0 + V2φ
2, (3.46)

where V2 is a constant.

The Taylor expansion of the potential near the local extremum presented by
equation (3.20) will be exact for the quadratic potential. As for the other two
potentials, it will remain a good approximation as long as φ << f for the PNGB
potential and φ << σ for the Gaussian case. For all of them, the value of the
potential at its minimum, V (φ?), should be the present-day energy density of
the quintessence/dark energy component, ρQ0. From that, it is then possible to
extract the constants’ values for each potential by fixing the value of K, related
to the curvature of the potential at the extremum, V ′′(φ?). For the Gaussian case,
one also has to fix the σ value.

The three cases of interest for the evolution of the field in the case of the
quadratic potential are represented in figure (3.1, as given by equations (3.28) for
0 < K2 < 1, (3.39) for K2 < 0 and (3.42) for K2 = 0. The agreement with the
exact numerical solutions is remarkable. The initial conditions are set deep within
the matter-dominated regime, and the initial velocity of the field is taken to be
zero. Therefore, the field is initially assumed to be frozen by the friction term in
equation (3.12).
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Figura 3.1: Evolution of the quintessence field, φ, as given by this model’s analytical equations (3.28), (3.39) and
(3.42) (dashed red lines) against its exact evolution for the quadratic potential (solid lines), for the indicated values
of K2 and taking ΩQ0 = 0.70

According to the formalism of the discussed model, the slow-roll condition
primarily respected is that given by eq. (3.10), while eq. (3.11) is relaxed, allowing
for curved potentials. The initial value of the field, φi, sets, therefore, the accuracy
of such condition at the initial time. Of course, for smaller φi, the agreement would
be better, since it would push equation (3.10) to its limits, such that

[
1

V

dV

dφ

]2

a→0

. O[1] (3.47)

The first case of interest is for 0 < K2 < 1. In order for K to be real, the
potential has to be nearly flat, meaning V ′′/V << 1. In this regime, figure (3.1)
shows that the field evolves in a slow manner, with its evolution being dominated
by the Hubble friction term, as equation (3.12) determines, and asymptotically
coming to rest at the potential’s minimum [61]. The evolution of the equation of
state wQ(a) for this case, given by equation (3.33), is identical to the one obtained
for the quintessence’s equation of state evolution in [60], or that determined for
a quintessence field rolling from a potential maximum [62]. However, while in
the case discussed here K is limited to 0 < K2 < 1, in the maxima case K can
take values superior to 1. Therefore, although the behavior of wQ(a) is quali-
tatively similar, with wQ(a) increasing monotonically, there will exist significant
quantitative differences, as it is possible to see in figure (3.2).

62



Figura 3.2: Evolution of the equation of state wQ(a) as given by the analytical equation (3.33) for K2 = 0.5 (on
the left), and as given by equation (27), of reference [60], for K2 = 2.5 (on the right)

The second case is that of K2 = 0. This is the limiting case between an
almost flat and a curved potential. As observed in figure (3.1), the evolution
of the field is similar to the 0 < K2 < 1 situation, as is the evolution of the
equation of state wQ(a). The latter is determined by equation (3.43), and also
presents a slow monotonic increase as a function of a, as one can observe in figures
(3.3) to (3.5). The case of K = 1, when d2V/dφ2 → 0, is analyzed in [62], and
the respective result for wQ(a) converges to that of reference [20] for thawing
quintessence evolving in a nearly flat potential. This will not be considered here.

Figura 3.3: Evolution of the quintessence’s field equation of state, wQ(a), according to this model’s analytical
equations [dashed red lines] (3.43) [for K2 = 0] and (3.40) [for K2 = −10 and K2 = −20], against its exact
evolution for the quadratic potential (solid lines), for the indicated values of K2. The value of φi is the same for
the three cases.
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Figura 3.4: Evolution of the quintessence’s field equation of state, wQ(a), according to this model’s analytical
equations [dashed red lines] (3.43) [for K2 = 0] and (3.40) [for K2 = −10 and K2 = −20], against its exact
evolution for the exponential potential (solid lines), for the indicated values of K2. The value of φi is the same for
the three cases.

The most interesting case is when K2 < 0. This needs a large V ′′/V , implying
a sharp curvature of the potential at the extremum, a minimum for quintessence.
As figure (3.2) tells, the field seems to be frozen to its initial value in the first
moments of cosmic evolution. However, due to the potential’s curvature, the
Hubble’s friction term in equation (3.12) can be overcome and the field is able
to start rolling down the potential, and eventually begins oscillating around its
minimum. Therefore, one should expect to see a similar behavior for the respective
equation of state wQ(a), as shown by figures (3.3) to (3.5).

Figura 3.5: Evolution of the quintessence’s field equation of state, wQ(a), according to this model’s analytical
equations [dashed red lines] (3.43) [for K2 = 0] and (3.40) [for K2 = −10 and K2 = −20] against its exact evolution
for the PNGB potential (solid lines), for the indicated values of K2. The value of φi is the same for the three cases.
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The analytical solution for the evolution of the equation of state for this last
case is given by equation (3.40) and is depicted in figures (3.3) to (3.5) against the
exact numerical solutions for, respectively, the quadratic, exponential and PNGB
potentials. The values for K2 are K2 = −10 and K2 = −20, along with the
limiting, monotonically evolving case of K2 = 0. ΩQ0 was taken to be equal to
0.74. The value of φi determines the numerical value of w0, which decreases with
φi. This was chosen so that w0 ≈ −1, which was then inserted in the analytical
equation. The agreement is very good, and corroborates the usefulness of this
model for producing a general expression for wQ(a) for a diverse set of potentials.
As one can see in figures (3.3) to (3.5), the equation of state for the curved regime
K2 < 0 presents some form of oscillation, as would be expected due to the field’s
oscillation around the extremum. This oscillation is, of course, more pronounced
for a steeper potential, therefore with a greater absolute value of K2. However, it
never deviates a lot from −1. And, as predictable, the agreement of the analytical
solution to the exact one is smaller as the steepness of the potential increases, since
a steeper potential decreases the accuracy of the slow-roll condition imposed by
eq. (3.10).

Summing up, this model consists of a quintessence scalar field rolling near a
potential minimum. One of the usual inflationary slow-roll conditions, that of eq.
(3.11), is relaxed, allowing for curved potentials. For this model, one can obtain
an analytical solution for the evolution of the equation of state wQ(a) depending
on three parameters: ΩQ0, w0 and K2. The most interesting case comes up when
K, which is a measure of the potential’s curvature at its extremum, is imaginary.
In this regime, the field is able to overcome the Hubble friction term that damps
its evolution and is capable of oscillating around the potential’s minimum, which
reflects in the field’s equation of state. This particular regime is the case analyzed
in this work.

However, although wQ(a) oscillates, it never deviates that much from the obser-
ved present-day value of −1, meaning that its evolution is still potential domina-
ted. This is because, unlike other oscillating models [24, 25, 26, 65], the potential’s
minimum is different from zero and equal to the dark energy’s present-day energy
density ρQ0. If V (φ?) = 0, then the equation of state would oscillate between
±1. The model considered here seems to lie somewhere between the lines of the
thawing models of [20, 23, 60] and the rapidly oscillating models of [24, 25, 26].
It provides a reasonable way of obtaining a dynamical evolution for the equation
of state that does not differ much from −1. And, despite the analytical form for
wQ(a) depends on a set of three parameters, it is usefully applicable to a wide
range of potentials. Nonetheless, it has a downside. In order for the field to be
evolving today, its mass should be of the order of the Hubble parameter today,
which comes as a very unnatural small value [17, 18, 20, 49].
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3.3 Rapidly oscillating Quintessence

In this section, the second model of oscillating quintessence studied in this work
is presented. Unlike the previous model, which consisted of a scalar field rol-
ling in the vicinity of a non-zero minimum potential, this one considers a scalar
quintessence field rapidly oscillating around a zero-potential minimum near the
present.

This type of model has been studied for a while now [24, 25, 65], and broke the
traditional lineage of quintessence models that tried to conservatively obey the
slow-roll conditions necessary to have a dark energy equation of state close to −1
today and throughout cosmic evolution. These studies have shown that with a
fairly simple power-law potential for the evolution of the field,

V (φ) = k|φ|n, (3.48)

it is possible to obtain a model in which, if certain conditions are met, the field is
initially slow-rolling through the potential (maintaining an almost constant value)
to, later on, roll towards its zero minimum and rapidly oscillate around it. k is a
constant and 0 ≤ n < 1 is the potential’s power-law exponential. This seems very
reasonable and, most importantly, these oscillating models were shown to have a
constant dark energy equation of state wDE (averaged over a period of oscillation
T ) that depends solely on the value of n [24, 25, 65]

wDE =
n− 2

n+ 2
. (3.49)

Therefore, according to the last equation, it is perfectly possible to have an os-
cillating quintessence model that, after entering the oscillatory regime, has an
equation of state sufficiently close to −1 such that it does not contradict current
observations. This usually means that n must be much smaller than 1. Although
such a potential seems odd, it may arise from Lagrangians with a φ2 potential
and a non-canonical kinetic term [66].

There’s an important paper by Johnson and Kamionkowski [27] that analyzes
the suitability of these oscillating models for driving the present-day cosmic ac-
celeration. Based on a simple argument they conclude that the dynamical and
gravitational instabilities arising from the presence of an anharmonic potential
term in these models renders them unsuitable for the growth of matter inhomo-
geneities and, therefore, for driving cosmic acceleration. This is why both [24, 25]
present conditions and restrictions over the potential’s initial conditions that are
necessary for the field to start oscillating close to today. Ultimately, the late-time
oscillation regime resists as the only acceptable scenario for these models.
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The rapidly oscillating model under scrutiny in this section is slightly different
than the one presented previously, and is described in full detail in [26]. The focus
of this paper is not exactly the rapidly oscillatory phase that leads the present day
acceleration of our Universe. Its main interest is the dynamical instability arising
from the anharmonic terms in the potential and its consequences on the field’s
fluctuations and on the gravitational potential. Despite that, this article provides
the necessary initial and fine-tuning conditions for the oscillations to start close
to today in such a way that the observable expansion history is not much affec-
ted. Besides, the authors of this article also identify some possible observational
signatures that could be useful for future dark energy surveys, making this model
discernible from other dark energy models.

According to the model of [26], motivated by monodromy and supergravity
models, the field is supposed to evolve in a potential of the form

V (φ) =
m2M 2

2

[
(φ/M)2

1 + (φ/M)2(1−α)

]
, (3.50)

where 0 ≤ α < 1. The parameter m determines the curvature of the potential,
d2V/dφ2, at its minimum. According to the potential’s formulation, one can
envisage a scenario where the field is initially slowly rolling through the potential
towards its minimum, falling later onto it and entering the oscillatory regime. The
constant parameter M will determine where the shape of the potential changes
according to the evolving value of φ. This scenario can be accomplished if one
takes the initial value of the field, φi, to be much larger than M , since the potential
has a quadratic minimum for φ << M and a shallower than quadratic form for
φ >> M , as follows

V (φ) ≈
{ (

m2M 2/2
)

(φ/M)2α φ >> M,(
m2/2

)
φ2 φ << M.

As has been well established in the previous sections, current observations are
consistent with a form of dark energy with a constant equation of state, close to
the value −1, throughout the cosmological history. In order for this quintessence
model to be in agreement with the observed expansion history, while allowing for
a rapid growth of structure with a few oscillations close to the present time, or
a ≈ 1, there is the necessity to impose certain conditions on the field’s initial
evolution and the potential parameters. This is, once again, a classic fine-tuning
problem that appears in many other dark energy models, even in the simplest
model of all, the ΛCDM model.

67



In order for the potential to produce oscillations near the present time, there is
the requirement that 102H0 . M , m . 10−2mPl (where MPl is the Planck mass
which, in the adopted planckian units, is equal to 1) and α << 1 [26]. However,
there are several more constraints that one can derive from the homogeneous
equation for the evolution of the quintessence field, which is given by the familiar
equation

φ̈+ 3Hφ̇+ V ′(φ) = 0 (3.51)

where the Hubble expansion parameter, H (with the contribution of a quintessence
field and pressureless matter only), as a function of the scale factor a, in a flat
Universe, as has already been stated before, is given by

H2(a) =
1

3

[
φ̇2

2
+ V (φ)

]
+H2

0

Ω0m

a3
. (3.52)

In these last equations, the dot refers to a derivative with respect to cosmic time
t, and the prime to a derivative with respect to the field φ; Ω0m and H0 are the
present-day values of the fractional matter density and the Hubble parameter,
respectively.

Following this model’s derivation in [26], imposing that the field starts oscil-
lating close to today and, up until that moment, presents a behavior similar to
that of a cosmological constant with an equation of state wDE = −1, implies that
the field is initially slowly rolling (φ̇2/2 << V (φ)) through the potential. This is
better achieved if the initial value of the field, φi, during the matter dominated
epoch is larger than M , and if α is much smaller than 1, which greatly reduces
the slope of the potential. In order for the quintessence field to have an energy
density ρQ, from the beginning of cosmic evolution, close to that predicted by the
observational favorite ΛCDM model, ρΛ, it is necessary that

V (φi) ∼ ρΛ ⇔ (mM)2

(
φi
M

)2α

∼ 6 (1− Ω0m) (mPlH0)
2 . (3.53)

Assuming that the field slow rolls during most of the matter dominated era
allows one to obtain an approximate solution for its evolution from eq. (3.51).
To do so, one should be convinced that, during this epoch, φ̈ is approximately
zero. And, the Hubble parameter reduces to the matter term, proportional to
a−3. With these considerations, taking φi >> M , one has

φ− φi
M

∼
{
−αa3 (m/H0)

2 (φi/M)2α−1 , α 6= 0

−a3 (m/H0)
2 (M/φi)

3 , α = 0.
(3.54)
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Despite the fact that the last equation is not applicable during the expected
oscillatory regime, it can be used to extract an estimative for the value of a when
the field starts to oscillate, aosc. This can be obtained by setting φ = 0 in equation
(3.54) [26]

a3
∗ ∼

{
(H0/m)2 (φi/M)2(1−α) α−1, α 6= 0

(H0/m)2 (φi/M)4 , α = 0.
(3.55)

The true value of aosc for which the field starts to oscillate actually differs of a∗,
but both of them are monotonically related.

Combining the last equation with equation (3.53), one can obtain two expres-
sions for (φi/M) and (m/H0) in terms of mPl, M , α and a∗ only:

φi
M
∼

{
α1/2a3/2

∗ (mPl/M) , α 6= 0

(mPl/M)1/2 a3/4
∗ , α = 0,

(3.56)

and,

m

H0
∼
{
a−3α/2
∗ α−α/2 (mPl/M)1−α , α 6= 0

(mPl/M) , α = 0.
(3.57)

Since α is directly related to the asymptotic slope of the potential, it should
determine the time the field takes to transition from the slow-roll evolution to the
oscillation around the zero minimum of the potential. In order to see this, one
can determine the approximate value that the field takes when slow-roll ends, φes,
by considering the condition φ̇2 ∼ V (φ) and using equation (3.51) with φ̈ ≈ 0 to
extract φ̇ [26]. This yields

φes ∼
{
αmPl, α 6= 0

M (mPl/M)1/3 , α = 0.
(3.58)

Using the last result, one can determine the approximate time this transition takes
to occur by expressing φ̇ as aH(dφ/da) ≈ aH(φosc − φes)/∆a in equation (3.51),
yielding

∆a ∼
{
α1−α, α 6= 0

(M/mPl)
2/3, α = 0.

(3.59)

φosc is taken to be 0, and designates the value of φ that marks the beginning of the
oscillatory regime. The latter result is obtained when considering the transition
taking place close to today (a ≈ 1).
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So, as one can see in the last equation, the larger α is, the longer it takes for
oscillations to start. Therefore, in order to produce oscillations close to the present
time and still have consistency with the ΛCDM expansion history, α should be
much smaller than 1 for the case of α 6= 0, as has been stated before. The case
considered in this work will only be that of α = 0, and one should also guarantee
that M << mPl is verified.

Throughout the rest of this work, α = 0 will be fixed. The initial value of
the quintessence field will be assumed to be larger than M . At φ ≈ M the
potential changes its shape, making the transition from the slow-roll zone to its
minimum, where the field starts to oscillate. So, φi >> M contributes to the
start of oscillations close to today.

The only free parameter of this model will be M . The other two parameters
will be fixed by two constant ratios, such that m/H0 = 1130.6 and φi/M = 23.7
[26]. The initial value of the field’s velocity φ̇i is determined by equation (3.54).
This construction assures that the value of H0 produced by this model agrees very
closely with that of the ΛCDM model for a value of M = 0.00200 [26]; not only
that, but the field will be slowly-rolling until φ ≈M , starting to rapidly oscillate
around a ≈ 0.8, which is close to the present. Figure (3.6) shows displays the
evolution of the dark energy equation of state for M = 0.00200 and M = 0.00250.

Figura 3.6: Evolution of the quintessence equation of state wQ = w, in a flat Universe, for the rapidly oscillating
quintessence model with M = 0.00200 (solid black line) and M = 0.00250 (red dashed line). The present-day dark
energy density is taken to be ΩDE = ΩΛ = 0.74.
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From fig. (3.6) one can see how the different moments in the evolution of
the quintessence field are reflected in the behavior of the respective equation
of state. For φ >> M , which corresponds to the initial moments of cosmic
evolution, given that φi is set to be much larger than M , the evolution of the
field is practically static, with almost no change whatsoever in its value and the
potential’s. During this phase, the slow-roll conditions are respected, and the
evolution of the field is dominated by the Hubble friction term in equation (3.51).
Consequently, the quintessence equation of state, w, presents an approximately
constant ’cosmological constant’ value of −1.

However, although slowly, the field is indeed rolling down its potential towards
its zero minimum. As time passes, the field’s value steadily decreases until a
point at which φ ≈ M . As already referred, this is the point in which the shape
of the potential changes from the almost constant/zero curvature slow-roll region
to its quadratic minima. As the slope of the potential increases, so does the
field’s kinetic energy. This reflects on the equation of state, whose value slowly
increases, setting itself apart from the −1 value of the slow-roll epoch associated
to the Cosmological Constant. The higher M is, the later the field enters this
region, as one can see in fig. (3.6), with the equation of state for M = 0.00250
deviating from −1 a bit later than for the case of M = 0.00200.

Figura 3.7: Evolution of the Quintessence field φ for the rapidly oscillating quintessence model with M = 0.00200
(solid black line) and M = 0.00250 (red dashed line). The horizontal dashed black and solid red lines mark where
φ = 0.00200 and φ = 0.00250, respectively. When the field φ crosses this values, this means that the it entered a
region of the potential where the slope is steeper and will roll down increasingly faster towards the zero minimum
of the potential where it starts to oscillate.
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Increasingly faster, the field approaches the zero minimum of the potential and
starts oscillating in a rapid manner around it. Therefore, when the field crosses
the potential minimum, it has maximum kinetic energy and, consequently, the
equation of state goes to w = 1. When the field reaches the maximum ’height’ on
the potential it possibly can, it has zero kinetic energy and, therefore, the value
of the equation of state will be w = −1. Between these moments, the equation
of state obviously crosses zero, where the kinetic energy of the field is equal to
its potential energy. From the moment oscillations kick in, the field’s behavior
becomes similar to that of pressureless matter, with its equation of state taking
a constant value of w = 0 (as one can check in equation (3.49) with n = 2),
when averaged over an oscillation period [24, 25, 26, 65]. Figure (3.7) plots the
evolution of the quintessence field for both M = 0.00200 and M = 0.00250, and
corroborates the last paragraphs.

As the field enters the oscillatory regime, it behaves like pressureless matter
with a constant time-averaged equation of state w = 0. The field rapidly oscillates
around the minimum because, close to the present, the potential’s curvature value
m is much larger than the Hubble parameter’s friction term. Nonetheless, it is
expected that the amplitude of the field’s oscillations of the decreases with time,
which becomes evident in figure (3.7) for a close to 1. The field’s energy density
now evolves with a−3, recalling equation (2.35). So, if the energy density of the
field is equal to the sum of its kinetic and potential energies, then the amplitude of
the field should decrease with a−3/2, given that its potential energy is proportional
to φ2 [26].

It was shown in [25] that, for a generic power-law potential, the ratio between
the frequency of the oscillations, ν, and the Hubble parameter, H, is an increasing
function of time. This happens for both a matter or a quintessence field dominated
Universe as long as the field’s oscillations amplitude decreases with time, as is
the case studied here. What this means is that the field does not ”rest”at the
minimum, but approaches it asymptotically, oscillating around it with an ever
increasing frequency. And, as this happens, the quintessence field’s equation of
state takes a time averaged value equal to zero, which means that the field’s energy
density will decrease with a−3 from thereon.
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4 Constraining Dark Energy

4.1 Present Constraints

Although there are many different quintessence models that can possibly explain
the observed dark energy, it is imperative to understand if they are viable by
checking if the present-day data available from different experiments is compa-
tible with those models. It is also important to evaluate the ability that future
astronomical experiments will have in constraining the dark energy cosmologi-
cal parameters, such as the present-day value of its equation of state, w0, or the
present-day value of the dark energy’s fractional energy density, ΩDE0.

According to the most recent compilation on Cosmological Parameters (see
Cosmological Parameters 2010 [15]), the results of recent experiments are more
consistent with the cosmological constant case [w = −1], although they are not
particularly sensitive to the evolution of the equation of state in the past. The
aim of future experiments is precisely to constrain such evolution and eventually
observe, for higher redshifts, a deviation of w from the cosmological constant value
of −1.

Figura 4.1: Representation of the 68.3%, 95.4% and 99.7% confidence contour plots for w and Ωmatter, assuming
a flat Universe. Taken from [12]

Figure (4.1) is a likelihood plot of the confidence regions for the dark energy
equation of state, w, and the matter fractional energy density, Ωm, assuming a
flat Universe [12]. This plot results from individual data from a CMB, baryonic
acoustic oscillations (BAO) and a SNa experiment. The combined constraints
(grey region) are in particular consistent with that w = −1. Such analysis con-
cluded that w = −0.96± 0.06± 0.06 and Ωmatter = 0.274± 0.016± 0.012, taking
statistical and systematic errors into consideration. Similar results were found in
[13].
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However, the present work is concerned with establishing constraints for the
two oscillating quintessence models presented before. For the quintessence model
of a field oscillating around its potential non-zero minimum, section 3.2.1, the
paper in which the model is derived states that it is allowed by SNIa data [61].
This is depicted in likelihood plots for the model’s parameters w0 and ΩQ0, and
such model is not ruled out by current supernova data even for significant values
of the potential’s curvature values at its minimum.

The same happens for the case in which the quintessence scalar field is rolling
away from the potential unstable extremum [62]. Data from SNIa also don’t rule
out such model for different values of the potential’s curvature at the extremum.
Lastly, for the slow-roll thawing quintessence model of reference [20], current
observations are also consistent with such model, as the likelihood plot shown in
[20] for w0 and ΩQ0 demonstrates. Furthermore, even the power-law oscillating
quintessence model referred in section 3.3 is also allowed by current SNIa data.
In particular, such data does not rule out the interesting case of the late-time
oscillation regime [25].

Therefore, present-day observational data is consistent with various quintes-
sence dark energy models. This implies that future experiments should have a
particular emphasis on constraining the time-evolution of the dark energy’s equa-
tion of state, w, in order to definitely check if its evolution is consistent with that
of a cosmological constant or a dynamical source.

4.2 The Formalism of Constraining

Constraining parameters in cosmology, as in other scientific areas, can be a com-
plicated problem due to the large amount of data available from the different
existent experiments. Such issue, with special emphasis in cosmology related
analysis, is discussed in reference [29]. In it, the Fisher Matrix methodology
of parameter forecasting for future large data sets is reviewed. This is a classical
method of parameter estimation based on the analysis of the data’s likelihood,
which can provide a good insight on how appropriate a future experiment might
be for constraining a model’s parameters.

Suppose that an experiment measures a series of quantities yb, with b ∈ {1, ...B},
each with uncorrelated Gaussian uncertainties σb. Besides, assume that each me-
asurement can be estimated by a theoretical function, fb, dependent on a set of
parameters, p. The usual χ2 quantity can be computed by the formula [28]

χ2 =
B∑
b=1

(fb(p)− yb)2

σ2
b

. (4.1)
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The latter equation can be generalized to a more realistic situation, where the
uncertainties associated to each of the data set elements are, in fact, correlated.
Under these circumstances, a matrix reformulation is useful, where the Gaussian
uncertainties are substituted by the inverse of the data covariance matrix, [E−1]ij.
In either situation, the likelihood function P (y) will simply be the joint proba-
bility for all the available data. Since the Gaussian uncertainties aren’t the same
for each datum, P (y) will consist of the product of B Gaussians, a multivariate
Gaussian [67], as given by

P (y) ∝ e−
1
2χ

2

. (4.2)

However, one is interested in estimating the parameters, p, given a certain set of
data, y. This is achievable due to the Bayes’ Theorem, with uniform prior, ac-
cording to which P (p|y) ∝ P (y|p). This means that the likelihood of a parameter
estimation can be thought of as a Gaussian with the same χ2, now regarded as a
function of the parameters p.

Maximizing the likelihood function implies minimizing χ2, which happens for
the parameters’ true values, pi0. So, an expansion of χ2, averaged over realizations
of the data, around the true values of the parameters pi = pi0 + δpi, yields [28]

〈χ2(p)〉 = 〈χ2〉+ 〈∂χ
2

∂pj
〉δpj +

1

2
〈 ∂

2χ2

∂pj∂pk
〉δpjδpk + ..., (4.3)

where the expectation values are taken at the true values p0. This means that the
second term should vanish, since it is evaluated at p0, which minimizes χ2. The-
refore, the distribution of errors in the measured parameters will be proportional
to

e−
1
2χ

2(p) ∝ exp

(
−1

4
〈 ∂

2χ2

∂pj∂pk
〉δpjpk

)
= exp

(
−1

2
Fjkδp

jδpk
)
, (4.4)

where the Fisher information Matrix elements, Fjk, are given by

Fjk =
∑
b

1

σ2
b

∂fb
∂pj

∂fb
∂pk

. (4.5)

More generally, working with natural logarithms, if one can determine the proba-
bility P (pi|yb) for a certain observed data set, the Fisher Matrix components can
be calculated by the equation

Fij = −〈∂
2ln (P )

∂pi∂pj
〉. (4.6)
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The Cramer-Rao theorem states that the diagonal elements of the inverse of
the Fisher matrix, F−1

jj , establish a solid lower limit on the error bars that one
can obtain on an unbiased estimator of a given parameter [28, 29]. In fact, the
covariance matrix is simply the inverse of the Fisher Matrix, F , such that

〈δpiδpj〉 =
(
F−1

)ij
, (4.7)

and vice-versa. The Fisher Matrix is a useful statistical tool for planning, for
instance, a suite of experiments. Due to its logarithmic nature, the expected
constraints using the full ensemble of experiments can be determined by simply
summing the respective Fisher matrices.

It is worth knowing that the Fisher matrices can be expressed in a smaller
parameter space by marginalizing over the ’nuisance’ parameters. This process is
called marginalization [28, 67], for which there are numerical routines that will
be referred later, allowing for simpler representations of the expected constraints
over a model’s parameters for a certain experiment.

4.2.1 Joint Credible Regions

In this work, the expected joint credible regions of certain parameters for a future
experiment will be presented. A credible region is a locus of points in the space
of parameters containing a specified probability in the probability distribution,
P . Simplifying the notation used so far, equation (4.2), after the expansion of χ2

around the true values p0, can be taken as

P (y) ∝ e−χ
2
min−∆χ2/2, (4.8)

which is just a simple rewriting of the terms on the right hand side of equation
(4.4), recalling that the second term vanishes. The boundary of a joint credible
region is defined as χ2 = χ2

min+∆χ2
crit, where ∆χ2

crit = c, being c a constant which
specifies the probability, R, that the credible region should contain. Through
Bayes’ theorem, P (y|p) ∝ P (p|y), and the probability R is given by [67]

R =

∫
∆χ2<∆χ2

crit

dMP (p|y), (4.9)

consisting in an integral over the model’s M free parameters. The result is [67]

R = 1−
γ
(
M/2,∆χ2

crit/2
)

Γ (M/2)
. (4.10)
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In the latter equation, γ
(
M/2,∆χ2

crit/2
)

is one form of the incomplete gamma
function, given by [67]

γ(ν/2, x) =
1

Γ(ν/2)

∫ ∞
x

e−tt
ν
2−1dt, (4.11)

where ν = M is the number of degrees of freedom. Although there are tables
from which one can extract the value of ∆χ2

crit, given a certain probability R to
be contained by the joint credible region, for a model with M free parameters,
one usually finds it by numerically computing it with most compiler’s built-in
mathematical functions.

The simple case of M = 2 will be considered as an example, since it is the
case of interest for the present work. According to the developed formalism, it is
easy to see that, for this particular case, the quantity ∆χ2 is related to the Fisher
Matrix, F , by the relation

∆χ2 =
2∑
i=1

2∑
j=1

δpiFijδp
j. (4.12)

The Fisher Matrix will be a 2× 2 square matrix, with the generic form

F =

(
F11 F12

F21 F22

)
. (4.13)

Combining equations (4.12) and (4.13), one finds out that

∆χ2 =
(
δp1δp2

)( F11 F12

F21 F22

)(
δp1

δp2

)
. (4.14)

It is useful, however, to express
(
δp1, δp2

)
in polar coordinates (r, θ), and the latter

equation becomes

∆χ2 = (r cos θ r sin θ)

(
F11 F12

F21 F22

)(
r cos θ
r sin θ

)
. (4.15)

From this, it is only a matter of solving the latter equation for r given a set of θ
values. Then, one has to convert the (r, θ) values back to (δp1, δp2) and map them
to pi = pi0 + δpi. If one has a realization of data, the true values of the parameters
pi0 should be those that best fit observations, minimizing the likelihood of that
data. However, if one is working with a future experiment, for which there is no
actual data, one has to assume a model, a fiducial model. Such model should
be chosen in a reasonable way, with respect to the present-day observations.
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4.3 A Future Dark Energy Experiment - Euclid

It is well known that the Universe is currently undergoing an accelerated phase
of expansion, possibly instigated by an unknown form of energy dubbed dark
energy. This should account for about 75% of the Universe’s total energy content,
according to most recent observations [12, 13, 14, 15]. These results also place the
present-day value of the dark energy’s equation of state, w, at a value of about
−1, with an accuracy rounding 10%.

Euclid [68] is a medium-class space science mission created as a response to
the European Space Agency’s (ESA) Cosmic Vision call for such missions. It
is a high-precision survey mission that will, possibly, be launched in 2017− 2018.
The main objective of Euclid is to provide knowledge on both the geometry and
nature of the dark energy and dark matter components of the Universe with
unprecedented accuracy, thanks to a minutious scrutiny of the extragalactic sky
that will certainly leave a remarkable science legacy.

The main scientific objective of the Euclid’s survey is to measure the dark
energy’s equation of state parameters w0 (its present-day value) and wa with
a precision of 2% and 10%. These two parameters combined form the linear
parametrization of w as a function of the scale factor a [30]:

w(a) = w0 + (1− a)wa. (4.16)

This is an improvement of the dark energy’s equation of state first order expansion
with respect to the redshift: w(z) = w0 + w1z. Equation (4.16) retains a time
dependency on the evolution of wDE, while presenting a more bounded behavior
than the first order expansion for higher values of redshift. Although these pa-
rameterizations are simple, a future stronger constraint consistent with wa 6= 0
(which would not be consistent with a cosmological constant) definitely opens the
door for new physics and a possible dynamical form of dark energy. In the present
work, the constraining power of Euclid on two dynamical models is assessed.

The Euclid survey is based mainly on two methods of dark energy probing,
which are the Baryonic Acoustic Oscillations (BAO) and Weak Lensing (WL).
The first method relies on the distribution of baryonic matter from an extensive
galaxy redshift survey. The second method uses the distortion of the apparent
shapes and orientation of galaxies to deduce the actual distribution of mass along
the line of sight. The combination of both experiments should allow to pose tight
constraints on dark energy parameters. This work focuses on both of these sur-
veys, however ignoring another possibility: Euclid will also constrain Dark Energy
using information from the full power spectrum, P (k), due to an unprecedented
measurement of the galaxy clustering [68].
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Euclid will be capable of performing, during its lifetime, two surveys: a Wide
Extragalactic Survey (WES), and a Deep Survey (DS). Both the weak len-
sing photometric survey and the spectroscopic survey (for BAO) will rely mostly
on the wide survey. This survey should be capable of imaging the whole galactic
sky, covering an area of about 20.000 deg2, in the regions of the North and South
galactic poles, with galactic latitudes of |b| > 30o. It should also be able to me-
asure the shapes and redshifts of galaxies up to a redshift of z ≈ 2 at a median
redshift of approximately 1. This is, therefore, Euclid’s primary survey [68].

4.3.1 Weak Lensing Basics

Weak Lensing is the subtlest of the possible lensing effects. Due to this effect,
a galaxy that is intrinsically circular could appear to us distorted, as having an
ellipsoidal form. This phenomenon arises from the slight deflection of the light
emitted by those galaxies due to the existing matter distribution along the line
of sight. As a basic principle of General Relativity, the presence of matter is ca-
pable of deflecting light, therefore distorting the shapes of the observed galaxies.
However, since most galaxies are themselves elliptical, the weak lensing gravita-
tional effect can olny be measured statistically through the observation of a large
number of galaxies [69].

The weak lensing effect, to first order, can be put simply as a linear distortion
of a galaxy’s image, which can be expressed through a matrix transformation [70](

x2

y2

)
=

(
−κ− γ1 −γ2

−γ2 −κ+ γ1

)(
x1

y1

)
. (4.17)

The components γ1 and γ2 form the complex shear = γ1 + iγ2. A positive γ1

stretches the image along the x direction and compresses it on the y direction;
γ2 has the same effect, this time along the y = x axis; κ is the convergence,
and measures the dilatation or contraction of the observed image. The pair of
coordinates (x1, y1) and (x2, y2) denote, respectively, a point on the observed image
and a point on the source. The magnitude of the lensing signal depends on
both the amount of matter and the distances between the observer, the lens and
the source. This makes weak lensing ideal for measuring the Universe’s mass
distribution and geometry.

So, weak gravitational lensing is well established as a proper method for cons-
training dark energy related parameters. Following that fact, there are multiple
public codes that compute the expected errors using the Fisher matrix formalism,
which also allows one to plot the expected constraints on the relevant parame-
ters of the dark energy model under analysis. One of such codes, used for the
computations made in this work, is the iCosmo software package [31].
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iCosmo is an interactive software package (available at http://www.icosmo.org)
used for the computation of cosmological quantities for the low-redshift universe,
accepting as input any values of the cosmological parameters. It has the parti-
cularly important feature of being able to derive observed quantities, such as the
cosmic shear, for an existing or upcoming probe. Cosmic shear is the statistical
measurement of shear (γ1, γ2), and uses the two-point function of the shear field
as an observable, Cij(l), where l is the order of the multipole moment [31].

From that, it is also able to determine the associated uncertainties ∆Cij(l), and
compute the expected constraints by calculating the respective Fisher matrices
through equation (4.5). For the weak lensing case specifically, it produces the
constraints associated to weak lensing tomography [71]. For that, firstly, it divides
galaxies into separate redshift bins (usually 10) and then computes the two-point
correlation function of the shear field. This way, the shear patterns at each slice
are studied, looking not only for cross-correlation in each of them, but also for
correlations between the different slices. After that, it determines the associated
fisher matrices, which are used to plot the joint credible regions. For weak lensing,
the Fisher matrices can be calculated through the following equation [31, 72, 73]

F lens
αβ =

∑
l

2l + 1

2
fSurveysky

∂Cij(l)

∂pα
[Cl]

−1
jk

∂Ckm(l)

∂pβ
, (4.18)

where the partial derivatives are taken with respect to the model’s parameters pα;
fEuclidsky is the fraction of the sky covered by the analyzed survey and [Cl]

−1
ij is the

covariance matrix for a given l for the i− j bin pair [72, 73], written as

[Cl]
−1
ij =

[
Cij(l) +

γ2
int

Ng
δij

]2

, (4.19)

where γint is the galaxy-intrinsic shear rms in one component [73]; δij is the
Kronecker symbol and Ng is the number density of galaxies in the i− th bin.

For the weak lensing photometric survey, the fraction of the sky expectedly
covered by Euclid is 1/2, corresponding to an area of 20.000 deg2. It should able
to measure the shape of over 2 billion galaxies at a median redshift of 1.0, covering
a redshift range of approximately 0 < z < 2. For calculation purposes, the number
of galaxies per arcmin2 assumed is 30, although Euclid has the optimistic goal of
achieving 40. The galaxy distribution is expected to be close to that given by
the analytical expression of Smail et al. [74], with parameters α = 2 and β = 1.5
[72, 73]. The galaxies are then equally distributed in 10 redshift bins. The galaxy-
intrinsic shear rms is taken to be γint = 0.22 [71], and the photometric redshifts
for these galaxies should reach a precision of σz(1 + z) = 0.05, with the goal of
achieving a value of 0.03 [68, 72, 73].
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4.3.2 Baryonic Acoustic Oscillation Basics

In the early stages of our Universe, before the re-combination era, its composition
consisted of a dense and hot plasma where photons and baryons not only intensely
interacted, but they were actually coupled through Thomson Scattering. Despite
this seemingly harmonious existence, this primordial plasma struggled between
the possibility of a collapse due to its self gravitational attraction and the ripening
repulsion of the outward electromagnetic and kinetic pressure.

These two competing effects led to the formation of acoustic waves in the
photon-baryon fluid. These are still imprinted in the Cosmic Microwave Back-
ground (CMB) radiation until today, where they have frozen right after the pri-
mordial plasma cooled down and the decoupling of photons and baryons took
place at z ≈ 1100. This is also visible in the distribution of matter/galaxy which,
in Fourier space or, equivalently, in the matter power spectrum P (k), corres-
ponds to a series of acoustic peaks, named Baryonic Acoustic Oscillations (BAOs)
[31, 75, 76].

These oscillations have a characteristic scale, the sound horizon at recombina-
tion s, which can be accurately measured by present CMB anisotropies observa-
tion surveys, such as the WMAP [2]. That renders the acoustic oscillations as a
standard ruler for cosmology, with a great potential for constraining dark energy
parameters [76]. This scale is present both in the transverse (y) and radial (y′)
directions, such that [77]

y =
r(z)

s
(4.20)

and

y′ =
c

H(z)s
, (4.21)

which means that the BAOs can be used to measure the co-moving distance,
r(z), and the Hubble parameter H(z) at a redshift slice at z, in units of the sound
horizon s.

It is, therefore, very useful to have a way to estimate the accuracy (or, equiva-
lently, the error) with which the BAO scale can be measured. This is necessary for
estimating the power of future experiments for constraining cosmological parame-
ters. The iCosmo software makes us of the analytical fitting formulae calculated
in [77] to determine such accuracy. These were derived from several simulations
that depended on the survey’s volume V , central redshift and average number
density of galaxies.
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The iCosmo software uses equations (6)-(9) from [77] to determine the accu-
racy with which a given spectroscopic survey can determine the BAO characte-
ristic scale and evaluate if such experiment has the precision to properly resolve
the acoustic features. As pointed out in [77], its conservative approach (disregar-
ding, for instance, the contribution from the non-linear scales) leads to smaller
accuracies when compared to other results that use full Fisher matrix simulati-
ons [75, 76, 77]. Not only that, the analytical fitting formulae was obtained for
a ΛCDM cosmology, even though it should remain as a good approximation for
other cosmological models [77].

From an experimental point of view, given a certain survey configuration, one
is able to extract the radial and transverse BAOs components y and y′. Using the
fitting formulae from [77], one can also determine the associated relative errors
x = ∆y/y and x′ = ∆y′/y′ using the iCosmo software. These fractional errors
are assumed uncorrelated between each other and between the redshift bins. This
results in a diagonal data covariance matrix. Afterwards, iCosmo determines the
associated Fisher Matrices Fαβ as given by [78].

Fαβ =
∑
i

1

y(zi)2x2
i

∂y(zi)

∂pα
∂y(zi)

∂pβ
+
∑
i

1

y′(zi)2x′2i

∂y′(zi)

∂pα
∂y′(zi)

∂pβ
, (4.22)

where the partial derivatives are taken with respect to the parameter’s (pα) fiducial
value, and the sums run over the observational bins.

Euclid’s BAO survey will be a spectroscopic survey, cover an area of 20.000
deg2 [68, 79]. It should observe galaxies at a median redshift of 1.1, in a redshift
range of approximately 0.7 < z < 2.1 [68]. The redshift distribution of galaxies
is expected to follow the empirical predictions of Hα emitters with a limiting
flux of 3 × 10−6 erg s−1cm−2 [68, 80, 81]. The number of galaxies per arcmin2 is
expected to be of 1.2, and these should be distributed in 14 redshift bins with
a 0.1 spacing between them [80]. The spectroscopic survey should measure the
galaxies’ redshifts with a precision of σz(1 + z) = 0.001 [68, 79, 80].

4.4 What about Supernovae?

In section 2.3.1 it was mentioned the importance that Supernovas, namely those
of type SNIa, had in establishing that the Universe is currently undergoing an
accelerated phase of expansion. These bright, distant objects have become very
useful to astronomers, giving them the chance to grasp and measure astronomical
distances in a precise manner. Although these objects aren’t a focus of the Euclid
mission, they were important for the objectives of this work.
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Supernovas have been given the epithet of Standard Candles, since their
intrinsic luminosity can be deduced from other properties and their apparent
magnitude is directly related to the distance at which they are observed. The
most common procedure in determining the distance to a stellar object of any
kind assumes that one has a rigorous method for evaluating its intrinsic, true
luminosity, which should then be compared with the observed light flux of such
object.

The measured flux of light of an object is related to its intrinsic luminosity,
only reduced by the squared distance as given by

f =
L

4πd2
L

, (4.23)

where L is the intrinsic luminosity of the object and dL defines the luminosity
distance. This distance differs from the proper distance dp to the object by

dL(z) = dp (1 + z) . (4.24)

This means that, in fact, equation (4.23) takes the form f = L/
(

4πd2
p (1 + z)2

)
.

The proper distance dp can be calculated from the Robertson −Walker metric
(eq. 2.22) by considering a light ray (ds2 = 0) that connects a light source located
at a certain comoving distance from an observer along a radial path (dΩ = 0),
which results in the equation

dp(z) =

∫ z

0

cdz′

H(z′)
. (4.25)

In a static Universe, the luminosity distance equals the proper distance to the
light source, dp = dL. However, in an expanding Universe, the observed light flux
f , being proportional to the energy transfer per unit of time, should be reduced by
a factor of (1+z)2 [34]. This is a consequence of the wavelength lengthening of the
emitted light. This ends up reflecting in the light’s frequency w and, consequently,
in its energy, which is directly proportional to w. The ratio between the emitted
energy/frequency wem to the observed one w0 is given by

wem
w0

=
λ0

λem
=

1

a
= 1 + z, (4.26)

which is eq. (2.43) re-written. Decreasing the frequency, reciprocally, the time
interval must be increased by δt0 = δtem(1+z), leading to a conjugated reduction
of the energy transfer rate w0/δt0 by (1 + z)2, implied by eq. (4.23).
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In practice, as seen in figure (2.5), astronomers actually plot of the logarithmic
luminosity distance m−M vs. redshift. M is called the absolute magnitude,
and is a logarithmic scale for the intrinsic luminosity of a star; m is the apparent
magnitude and, similarly, constitutes a logarithmic scale of the measured flux
of a star. The difference between m and M results in an expression related to the
luminosity distance by

µ(z) ≡ m−M = 5 log10

dL
10
. (4.27)

This equation allows a direct confrontation between experiment and theory. Some
of the most recent data was gathered by the Supernova Cosmology Project
(SCP), which compiles µ(z) for a large number of Supernovae at different z
values. These values can be compared to the expected ones using equation (4.27)
for the respective redshifts at which the supernovas are located. In order to do so,
one has to calculate the expected dL(z) using eq. (4.24). Therefore, µ(z) depends
explicitly on the adopted cosmological model through H(z), enabling one to test
both of the dark energy models studied in this work against observations.

This allowed the maximization of the likelihood given by equation (4.2) and
the determination of the true value of the models’ parameters pi0 that best fitted
the available data. These constituted the ’fiducial’ values for each of the studied
dark energy models. To do so, one needs only to minimize χ2. This was done
with the generalization of eq. (4.1) that considers that the errors associated to
each datum can be correlated. Therefore, not only the errors could have different
variances, but these can also be correlated. Using a matrix formulation, eq. (4.1)
is written as [67]

χ2 =
∑
i,j

(fi(p)− yi)
[
E−1

]
ij

(fj(p)− yj) , (4.28)

where
[
E−1

]
ij

is the inverse of the data covariance matrix. For Supernovae, such
matrix can be obtained from the SCP website. As will be explained in the next
section, χ2 was calculated for all of the dark energy models’ free parameters, which
were allowed to vary. From that, one obtained a matrix of χ2 values from which
the minimum was determined. The corresponding free parameters’ values were
then taken to be the fiducial values of the corresponding dark energy model.
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5 Results

5.1 The Fiducial Models

In the first part of this work, according to what was described in section 4.3.2, I
have used the data gathered by the Supernova Cosmology Project (SCP) in order
to find the values of the parameters of the two dark energy models under analysis
that best fitted the observational data. To achieve this, I had to find for which
values the parameters of these two models maximized the likelihood function given
by equation (4.2), thereby minimizing the quantity χ2 as given by equation (4.1).
These values, alongside with other important cosmological quantities that will also
be specified, constitute the fiducial values of the respective dark energy model.

For Supernovae, χ2 takes the particular form given by equation (4.28). The
observed quantity, yi, is the logarithmic luminosity distance, µ(z), for supernovae
located at a redshift z. According to equation (4.27), µ(z) is related to the
luminosity distance, dL (in parsecs), at the redshift of measurement. Therefore,
with the theoretical expression for dL(z), equation (4.24), one can calculate the
expected values of µ(z) for the quintessence model’s studied in this work, which
will be fi(p) in eq. (4.28). Once dL(z) depends on the Hubble parameter, H, it
will also depend on the models parameters, p, which influence the evolution of
the quintessence energy density.

The data covariance matrix, [E]ij, was also obtained from the SCP. I chose to
use the covariance matrix that included systematic uncertainties. This is a more
precise and realistic approach, as it also assumes that the uncertainties for the
different elements of data are correlated.

5.1.1 The First Fiducial Model

Here, I present the fiducial values for the parameters of the dark energy model of
section 3.2.1. These results were obtained for the exact numerical evolution of the
model, using the quadratic potential, and not for the parametrization obtained in
that section for the dark energy quintessence equation of state wQ. Considering
a flat Universe composed mainly of pressureless matter and a quintessence scalar
field, the exact evolution of the field has three free parameters: the present-day
value of dark energy fractional density ΩQ0, the initial value of the field, φi, and
the value of K2, which is directly related to the potential’s curvature. The field
is assumed to be static at the beginning of cosmic evolution, which means that
its initial velocity is taken to be zero. This means the equation of state’s initial
value will be −1. The present-day value of the Hubble parameter was taken to
be h0 = 0.70 Km s−1 Mpc−1 (H0 = 100× h0) [15, 14].
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For this analysis, I have allowed each of the three parameters to vary between
10 different values. For K2 specifically, I have only considered K2 ≤ 0, which is
the main case of interest for this work due to the associated oscillatory behavior
of the quintessence’s field. The list of values for all the parameters is listed below:

• φi = [0.0, 0.1, 0.20, 0.30, ... , 0.80, 0.90];

• K2 = [0.0,−5.0,−10.0,−15.0,−20.0, ... ,−40.0,−45.0];

• ΩQ0 = [0.70, 0.71, 0.72, 0.73, 0.74, ... , 0.78, 0.79].

The values of these three parameters that minimized χ2 take part of the fiducial
values of this model. These are presented in the following table, alongside the
matter’s present-day fractional energy density, Ωm0 = 1 − ΩQ0 in a flat Universe
and the present-day value of the Hubble parameter, h0. All other fiducial cos-
mological quantities necessary for computation take the default values defined on
the iCosmo software package, and are also presented.

First Fiducial Model

K2 −15.0 h0 0.70

φi 0.30 n 1.0

ΩQ0 0.74 τ 0.09

Ωm0 0.26 σ8 0.8

Tabela 1: The Fiducial Values for the first Dark Energy model under analysis.

This result deserves some comments. The model under scrutiny in this section
is that of a quintessence scalar field rolling near a potential minimum. Given its
characteristics (refer to section 3.2.1), one can see that if the value of φi and the
field’s initial velocity is null, then the field will remain immobile at the minimum,
independently of the value of the curvature at the potential’s minimum, or K2

. This means that the dark energy’s equation of state will not deviate from −1,
being indistinguishable from that associated to the Cosmological Constant case,
as discussed in section 2.3.2.

Therefore, this simple analysis shows that this fiducial dynamical model yields
a better fit to the observational supernovae data than the cosmological constant
case. The best fit happens for a value of K2 = −15.0 and φi = 0.30 and, as
fig. (5.1) shows, the associated equation of state, w(a), presents some dynamical
behavior: it starts to deviate from −1 at a ≈ 0.05 and steadily increases its value
until a maximum of w(a) ≈ −0.84, when a ≈ 0.5. It then decreases back to
w(a) = −1, a value that is reached at a ≈ 0.9. From that point on, the equation
of state exhibits an attenuated increasing tendency that seems to persist up to
the present, registering a present-day value of w0 ≈ −0.99.
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Figura 5.1: Evolution of the equation of state w of the dark energy model of section 3.2.1 in a flat Universe, as a
function of the scale factor a, for its fiducial values: ΩQ0 = 0.74; K2 = −15.0, and φi = 0.30.

Figure (5.2) compares the comoving distance dp(a) (eq. (4.25)) between the
ΛCDM model and this section’s model. The difference is positive in the distant
past given the fact that φi 6= 0, contributing to a larger dark energy density in
the distant past than that verified for the ΛCDM. From then on, the divergence
increases until a ≈ 0.3, due to this model’s larger Hubble parameter in the distant
past. The difference between both models’ predictions then decreases, as the field’s
energy density, now with an equation of state larger than −1, decreases with a.
Also, due to the damping action of the Hubble factor on the field’s motion, the
equation of state tends to −1. Therefore, the difference between the predictions
diminishes and seems to stabilize close to a value of 0.5 %. These results indicate
that this dark energy model, for this fiducial values, can not be ruled out by
observations, and may be preferred by them.

Figura 5.2: Difference in percentage for the comoving distance registered by an observer today between this
quintessence model, with its fiducial values, and the ΛCDM with ΩΛ = 0.74.
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Figura 5.3: Difference between the observational µ(z) data and the ΛCDM’s expected µ(z) values (black crosses),
and between the ΛCDM’s and this section’s quintessence model, taken with its fiducial values, µ(z) predictions
(red crosses). For this analysis, h0 = 0.70 and ΩΛ = 0.74.

Figure (5.3) plots the difference between the ΛCDM’s expected µ(z) values and
this quintessence model’s µ(z) predictions, taken with its fiducial values. This
shows that this quintessence model’s predicted values are extremely close to the
cosmological constant ones and, therefore, are also approximate to the observed
data values. This helps to accept the determined preference of this quintessence
model by the observational data according to the χ2 analysis.

5.1.2 The Second Fiducial Model

This section presents the fiducial values for the dark energy quintessence model
of section 3.3. These values were obtained for the exact numerical evolution of its
equation of state, wQ. In a flat Universe composed of pressureless matter, with
a present-day energy density Ωm0, and a dark energy component, this model has
two free parameters: the quintessence’s energy density present-day value ΩQ0 and
the parameter, M, which determines where the field’s potential changes its shape.
The initial velocity of the field was assumed to be zero. The present-day value of
the Hubble parameter was considered to be h0 = 0.70 Km s−1 Mpc−1. For this
model, I have allowed the free parameters to vary between 20 different values and
determined χ2 for every combination of them. The list below shows the allowed
values for both parameters

• M = [0.001800, 0.001820, 0.001840, 0.001860, ... , 0.002160, 0.002180];

• ΩQ0 = [0.60, 0.61, 0.62, 0.63, 0.64, ... , 0.78, 0.79].
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For this particular case, I have restricted the M values as shown due to the
fact that the derivation of this quintessence model was done so that the cha-
racteristic rapidly oscillatory behavior of the associated equation of state, w, for
M = 0.00200, starts around a = 0.8, as figure (3.6) shows. This guarantees that,
for this value of M and a dark energy present-day density of ΩQ0 ≈ 0.75, the cos-
mic evolution history predicted by this model does not deviate much from that of
the ΛCDM model, when comparing the predictions of both models for the como-
ving history registered by an observer today. If oscillations started much sooner
than a ≈ 0.8, this would give rise to high deviations from the observed expansion
history [26]. Therefore, I have allowed M to vary narrowly around M = 0.00200
to avoid this problem.

The fiducial values determined for this model according to the observational
supernovae data are presented on the table below. Again, all other cosmologi-
cal quantities necessary for computations take the default values of the iCosmo
software package.

Second Fiducial Model

M 0.00202 n 1.0

ΩQ0 0.75 τ 0.09

Ωm0 0.25 σ8 0.8

h0 0.70

Tabela 2: The Fiducial Values for the second Dark Energy model under analysis.

Figura 5.4: Evolution of the equation of state, w, of the model of section 3.3 in a flat Universe, as a function of the
scale factor a, for its fiducial values: ΩQ0 = 0.75 and M = 0.00202. The equation of state starts to rapidly oscillate
around 0 at a ≈ 0.8, going from −1 to 1, reflecting the field’s oscillations around its potential’s zero minimum.

89



Figura 5.5: Difference in percentage for the comoving distance registered by an observer today between this
quintessence model and the ΛCDM with ΩΛ = 0.74. The Quintessence model takes its fiducial values.

The equation of state, w, associated to this model’s fiducial values starts os-
cillating very close to a = 0.8, as seen in fig. (5.4). As the field’s potential has
a zero minimum, the oscillations of w occur around 0. Since oscillations start at
a ≈ 0.8, there should be a good agreement between the cosmic history predicted
by this model and the ΛCDM, which shows in fig. (5.5). Not only that, fig. (5.6)
also reveals a close agreement between this quintessence model’s and the ΛCDM’s
µ(z) predictions. This means that this quintessence model’s µ(z) values are also
close to the ΛCDM ′s, enabling it as a viable model. However, it is not preferred
over the ΛCDM model, as the respective χ2 = 535.56 is larger than the ΛCDM ′s

χ2 = 531.01 for ΩΛ = 0.74.

Figura 5.6: Difference between the observational µ(z) data and the ΛCDM’s expected µ(z) values (black dots),
and between the ΛCDM’s and this section’s quintessence model, taken with its fiducial values, µ(z) predictions
(red dots). For this analysis, h0 = 0.70 and ΩΛ = 0.74.
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5.2 Euclid’s Surveys

Before presenting the expected constraints for both of Euclid’s surveys, it is con-
venient to define the characteristics of those surveys used for the forecasts in
this work. All other quantities not presented for each survey were left with the
iCosmo’s default values.

5.2.1 Weak Lensing Tomography Survey

• Mean redshift: 1.0

• Redshift range: [0.0, 2.0]

• Number of redshift bins: 10

• Redshift photometric error: 0.03

• Galaxy intrinsic shear rms, γint: 0.22

• Survey area: 20000 deg2

• Number of galaxies per arcmin2: 40

• Galaxy Distribution: Smail et al. [73]

• Smail distribution parameters: α = 2.0 and β = 1.5 [73] [check figure 5.7]

• Non-linear correction: halo fit model by Smith et al. [73].

Figura 5.7: Expected normalized galaxy redshift distribution for the Weak Lensing survey, obtained using Smail
et al. analytical approximation. The galaxies are equally distributed into 10 redshift bins along the redshift range
mentioned before for this survey.
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5.2.2 Galaxy Clustering Spectroscopy Survey for BAO

• Mean redshift: 1.1

• Redshift range: [0.45, 2.2]

• Survey area: 20000 deg2

• Galaxy sky density: 1.2 galaxies per arcmin2

• Number of redshift bins: 14

• Redshift bins limits: [0.65, 0.75, 0.85, 0.95, 1.05, ..., 1.65, 1.75, 1.85, 1.95, 2.05]

• Redshift Spectroscopy error: 0.001

• Galaxy Distribution: Gaech et al. [81], considering a limiting flux of 3× 10−6

erg s−1cm−2 [68, 80] [see figure 5.8]

• Galaxy bias type: bias 1 (Gaussian linear bias) [73].

Figura 5.8: Expected normalized galaxy redshift distribution for the BAO survey, according to Geach et al.
empirical distribution for Hα emitters, considering a limiting flux of 3 × 10−6. The galaxies are distributed into
14 redshift bins along the redshift range mentioned before for this survey.
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5.3 Euclid’s Expected Constraints

In this section, I present the results obtained for the expected constraints that Eu-
clid will be able to impose on the dark energy parameters of the two quintessence
models studied in this work. First, the credible regions for the model of section
3.2.1 in two-parameter space for all possible combinations between the three free
parameters of this model are shown. These are plotted for Euclid’s Weak Lensing
and BAO surveys. Not only that, but their joint probability region, as a result
of their combination, are also presented. The results for the model of 3.3 follows
the same order of presentation.

5.3.1 Constraints on the First Model

This section presents the expected constraints that the Euclid experiment will
impose on the three free parameters of the model of section 3.2.1 K2, related to
the curvature of the quintessence’s potential; φi, or the field’s initial value, and
ΩQ, which is the present-day value of the quintessence energy density.

Figura 5.9: Weak Lensing expected constraints on the dark energy parameters of the first model, obtained for
the Euclid experiment. The red contour represents the 95% confidence region, while the black contour is the 68%
confidence region. For each parameter, the respective one-dimensional distribution is also presented.
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Figures (5.9) and (5.10) show the 68% and 95% marginalized confidence re-
gions for this dark energy model’s parameters, representing the expected cons-
traints that Euclid’s Weak Lensing and BAO surveys should be able to impose,
respectively. It is rather obvious that the Weak Lensing survey has a much more
constraining power on these parameters than the BAO have: the difference in
constraining power from the latter to Weak Lensing is very significative. There-
fore, it is expectable that the constraints resulting from the combination of these
two surveys should be primarily dominated by Weak Lensing.

Figura 5.10: BAO expected constraints on the dark energy parameters of the first model. The red contour
represents the 95% confidence region, while the black contour is the 68% confidence region. For each parameter,
the respective one-dimensional distribution is also presented.

According to the last paragraph and the two last figures, the combined cons-
traints coming from both of Euclid’s Weak Lensing and BAO surveys should be
very similar to the Weak Lensing results. This can be easily verified in figure
(5.11). The two-dimensional constraints are almost identical to those of figure
(5.9), and the constraining improvement can be more easily seen in the one-
dimensional distribution of each parameter, where one can check an extremely
slight narrowing of those curves. This is corroborated by table (3), where one can
see the 1σ marginalized errors of each of the first model’s parameters.
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Figura 5.11: Combined Weak Lensing and BAO expected constraints on the dark energy parameters of the first
model, obtained for the Euclid experiment. The red contour represents the 95% confidence region, while the black
contour is the 68% confidence region. For each parameter, the respective one-dimensional distribution is also
presented.

Weak Lensing BAO Combined

ΩQ 0.00170 0.787 0.00167

K2 3.076 100.448 2.798

φi 0.0330 5.781 0.0278

Tabela 3: 1σ marginalized values for the first model’s parameters for Euclid’s Weak Lensing and BAO surveys, as
well for the combination of both surveys.

5.3.2 Constraints on the Second Model

This section presents the expected constraints Euclid will pose on the parame-
ters of the model of section 3.3: M , which determines where the field’s potential
changes its shape, and ΩQ, the quintessence’s present-day energy density value.
The constraints for the Weak Lensing and BAO surveys are plotted in figures
(5.12) and (5.13): they present the two-dimensional 68% and 95% marginalized
confidence regions for this model’s parameters, as well as the one-dimensional dis-
tribution for each parameter. The pattern observed in the previous section holds,
as the Weak Lensing’s constraints are clearly better than the BAO’s constraints.
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Figura 5.12: Weak Lensing expected constraints on the dark energy parameters of the first model, obtained for
the Euclid experiment. The red contour represents the 95% confidence region, while the black contour is the 68%
confidence region. For each parameter, the respective one-dimensional distribution is also presented.

Figura 5.13: BAO expected constraints on the dark energy parameters of the second model, obtained for the
Euclid experiment. The red contour represents the 95% confidence region, while the black contour is the 68%
confidence region. For each parameter, the respective one-dimensional distribution is also presented.
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Figura 5.14: Combined Weak Lensing and BAO expected constraints on the dark energy parameters of the second
model, obtained for the Euclid experiment. The red contour represents the 95% confidence region, while the black
contour is the 68% confidence region. For each parameter, the respective one-dimensional distribution is also
presented.

Figure (5.14) presents the expected constraints that Euclid will impose on these
model’s parameters from the combination of its Weak Lensing and BAO surveys.
These are, as expected, very similar to the constraints expected from the Weak
Lensing survey. The overall improvement over those constraints is extremely sub-
tle, and is more easily noticeable on the 1σ marginalized errors of each parameter
that are presented in table (4).

Weak Lensing BAO Combined

ΩQ 0.00814 0.0551 0.00723

M 0.000983 0.0143 0.000835

Tabela 4: 1σ marginalized values for the second model’s parameters for Euclid’s Weak Lensing and BAO surveys,
as well for the combination of both surveys.
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6 Conclusion and Final Remarks

This work focused on one of the most discussed subjects in contemporary cos-
mology: the accelerated expansion of our Universe, as demonstrated by recent
observations of distant type Ia Supernovae and the respective distance-luminosity
relations. More specifically, it concentrated on one of the hypothetical possibili-
ties that could be responsible for promoting such acceleration: Dark Energy. In
particular, this work explored two distinct Dark Energy models and presented
forecasts for the constraints that a future space experiment, Euclid, will be able
to impose on such models.

The mostly accepted model to explain this accelerated expansion is the ΛCDM
model. According to it, our Universe is currently composed by Cold Dark Mat-
ter and dominated by a Cosmological Constant as the mysterious Dark Energy
component. Basically, this is a component with constant energy density, ρΛ, and
negative pressure, pΛ, such that its equation of state, w = pΛ/ρΛ, is equal to −1
and, therefore, is responsible for the present-day acceleration of our Universe.

However, there is a severe fine-tuning problem associated to this model on top
of a significant difference between the observed energy density, ρΛ, and the esti-
mated value from quantum-field calculations, with the latter being 121 orders of
magnitude larger. This calls for new Physics and, amongst the various hypothesis,
there are the Quintessence Dark Energy models.

In Quintessence models, the Dark Energy component that permeates our Uni-
verse is associated to a canonical scalar field, φ, slowly evolving in its potential,
V (φ), according to equation (3.12). Most Quintessence models, in order to present
an equation of state close to −1 near to the present, impose slow-roll conditions
similar to those of inflation: the potential in which the field rolls should be nearly
flat. However, recent articles [60, 61, 62] show that those conditions need not ne-
cessarily apply to Quintessence, and present a different approach to this problem,
relaxing one of those conditions.

The first model analyzed in this work does precisely that, and allows the scalar
field to roll on a potential that may present some significant curvature on its non-
zero minimum. Its derivation was presented with detail in section 3.2.1, based
on reference [61]. According to this model, the field is initially frozen in some
position φi to later start rolling down the potential towards its minimum as the
Hubble friction term is overcome. The more curved the potential is, which one
can control trough the K2 parameter, the more dynamical this evolution becomes.
As the field rolls around the minimum, one can see this behavior reflected on the
respective equation of state, wQ(a), as the latter gets larger (although never that
much) than its initial −1 value, according to the field’s velocity and potential
value.
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Therefore, this model provides a way of having a moderately oscillatory Dark
Energy equation of state, for negative K2 values, that does not deviate much from
−1 and is accepted by present-day observations, as shown in [61]. This model also
yields an analytical approximate solution to the field’s equation of state that is
very close to the numerical results and which can be usefully applied to a wide
range of potentials with non-zero minima.

As for the second model, presented in section 3.3 according to reference [26],
it loosely breaks the slowly-roll pattern usually persistent in most quintessence
models. The field initially evolves slowly in an almost flat region of the potential
until it reaches a point, controlled by the free parameter M , where the potential
completely changes its shape. The field then enters a region where the curvature
is very prominent and rolls rapidly towards the zero-minimum of the potential,
around which it starts to rapidly oscillate with decreasing amplitude due to the
ever-present Hubble friction term.

As the field oscillates, its equation of state, wQ, which seems not to deviate from
−1 until the beginning of oscillations, also oscillates between ±1, presenting an
averaged constant value of wQ = 0. Therefore, the field behaves like pressureless
dark matter. Even though this contradicts the necessity for having a negative
pressure Dark Energy component that drives the acceleration of our Universe,
this model (with some fine-tuning involved) predicts an evolution history that is
very close to the ΛCDM , and thus it can not be ruled out.

With these two models in hand, the first step in this work towards obtaining
constraints for both of them was to determine plausible fiducial values for each
of their free parameters. In order to do so, I have realized a simple χ2 analysis
in which the predictions of these models for the distance modulus, µ(z), are com-
pared to the observed values coming from the most recent Supernova data from
the Supernova Cosmology Project. This was done for multiple combinations of
each models’ parameters and the one that minimized χ2 was chosen as the fiducial
combination of values for the respective model.

The first relevant result comes with the fiducial values for the first model. This
model is, in fact, indistinguishable from the Cosmological Constant for φi = 0,
and this case was included in the analysis done. However, what was found in this
work is actually that the χ2 minimization was obtained for φi = 0.30, K2 = −15.0
and a Quintessence present-day energy density of ΩQ0 = 0.74. This means that a
dynamical source of Dark Energy is preferred to the Cosmological Constant for the
Supernova data used in this work. The equation of state for these fiducial values
presents some evolution despite not getting much larger than −1. Particularly
close to the present, wQ ≈ −1. Therefore, the cosmic history predicted by this
model does not differ much from the ΛCDM ′s expectation.
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For the second model, the fiducial values that were obtained were M = 0.00202
and ΩQ0 = 0.75, almost identical to the fiducial values of the article where the
model was presented [26]. This result, therefore, corroborates the analysis of that
work, where it was argued that the equation of state, wQ, should start to oscillate
close to a = 0.8, which happens for M close to 0.00200. This guarantees that
the evolution history predicted by this model does not deviate much from the
ΛCDM ′s prediction and, therefore, can not be ruled out by current observations.
Even though this model can not be directly related to the Cosmological Constant,
I have compared the χ2 value obtained for this fiducial model with the ΛCDM ′s
for ΩΛ = 0.74, and the latter is smaller. Therefore, this model is not preferred
against the ΛCDM by the Supernova Cosmological Project observational data,
contrary to the first model.

Then, following the most recent Euclid information, namely the respective Red
Book [68], I have constructed two surveys corresponding to Euclid’s Weak Lensing
and Baryonic Acoustic Oscillations (BAO) surveys (refer to section 5.2). These
were then inserted in the public software iCosmo [31] to obtain forecasts for this
future space experiment. This gives an idea of the constraining power that each of
those surveys could have on these fiducial models, and many others, like the usual
w0 − wa Dark Energy parametrization (equation 4.16): in fact, one of Euclid’s
main objectives is to improve the constraints on these two parameters.

Analyzing the results of section 5.3 one can conclude that Euclid’s Weak Lensing
survey has undoubtedly more constraining power than the BAO’s survey on the
Dark Energy parameters of the two models studied in this work. The 1σ (68%) and
the 2σ (95%) confidence regions for both models’ parameters are extraordinarily
more localized around the fiducial values for Weak Lensing. Also, the marginalized
uncertainties, which are the best that one could possibly obtain according to
the Cramer − Reo theorem [28, 29], are much smaller on the Weak Lensing
case. The combined constraints of the two surveys, obviously, don’t present much
improvement over the Weak Lensing constraints.

This discrepancy might seem puzzling, as the available literature does not seem
to clearly indicate such a difference between the constraining power of both sur-
veys. However, observing the forecasts for the w0 − wa parameters obtained for
Euclid in figure (3) of reference [82], one sees that the constraints imposed by
BAO are substantially looser than the Weak Lensing’s. However, the constraints
are significantly better when considering the full power spectrum, P (k), which,
as mentioned in section 2.2.2 of Euclid’s Red Book [68], improves Euclid’s Figure
of Merit (which is a quantitative way of evaluating the constraining power of a
future experiment).
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The last paragraph, combined with the more conservative approach used in the
calculation of the BAO measurement accuracy by the iCosmo software, justifies
the results obtained in this work. They indicate that a more complete analysis,
involving the full power spectrum, is necessary in order to fully evaluate Euclid’s
constraining capabilities. Nonetheless, Euclid’s Weak Lensing results alone are
very promising for constraining Dark Energy parameters.

In the future, it would also be interesting to do an analysis similar to that
presented on the Dark Energy Joint Mission performed by the Figure of Merit
Science Working Group [28], in which the Dark Energy equation of state, w,
is separated into a number of piecewise constant parameters corresponding to
increasing values of redshift. This is called the Principal Component analysis and
would allow one to verify at which redshift the Euclid experiment would be able to
better constrain the Quintessence models of this work. I believe this would work
particularly better for the model of section 3.2.1, since the binning of the equation
of state into sufficiently small spaced intervals would still reflect the dynamical
behavior of the equation of state, whereas for the second model this spacing would
have to be extremely (perhaps impractically) small in order to include the extreme
variations of w between ±1.
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