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ABSTRACT 

The investigation into the possibility of creating facetted shell structures (i.e. plate shell structures in 
which each plane element conceptually transfers only in-plane membrane forces to its neighbouring 
elements), without the need for any supporting frame structure, has been an important field of research 
in the past 20 years, particularly in what concerns facetted glass shells; as a way of exploring not only 
the transparency in domes but also the increasing technological developments achieved in structural 
glass. 

With respect to the structural performance of Facetted Glass Shells geometric nonlinearities may take 
a significant role in their structural behaviour due to their extreme slenderness. Moreover, the 
occurrence of stress singularities in the corners of the facets will be a highly sensitive matter given the 
brittle nature of glass. 

In this thesis the problem of stress singularities in facetted glass shells and the nonlinear behaviour of 
the individual facets are addressed. 

Regarding the former, a simplified approach is made analyzing the effects on having connection-free 
edges close to the facets’ corners, in plates under different boundary conditions. The beneficial effects 
of having some bending stiffness associated with the connections are highlighted and some hints are 
given on the free edge lengths needed for eliminating the stress concentrations near the corners. 

As for the latter subject, a parametric study on simplified models of part of a facetted shell is 
conducted and a comprehensive stress analysis into their nonlinear behaviour is made. The results 
found clearly show the importance of accounting for geometric nonlinearities in the design of facetted 
shells. Important conclusions are also drawn, with possible implications in the future design of panel’s 
connections and the use of very low inclination angles between neighbouring facets.  

Finally, additional considerations on the work developed are presented, as well as suggestions for 
future developments. 

KEYWORDS: Facetted Glass Shells; Stress Singularities; Nonlinear Behaviour; Stress Analysis; 
Dimensional Analysis. 



Nonlinear Behaviour in Facetted Glass Shells 
 

iv 

 

 



Nonlinear Behaviour in Facetted Glass Shells 
 

v 

RESUMO 

Do ponto de vista estrutural, a possibilidade de construir cascas facetadas (i.e. cascas constituídas por 
painéis planos que conceptualmente transfiram apenas esforços de membrana ao elementos planos 
vizinhos) que dispensem qualquer estrutura de suporte reticulada, tem constituído um importante 
campo de investigação nos últimos 20 anos, com particular ênfase no vidro como material de eleição, 
não só de modo a explorar as possibilidades de transparência em cúpulas como também o cada vez 
maior desenvolvimento tecnológico conhecido pelo vidro estrutural. 

Relativamente ao desempenho estrutural de Cascas Facetadas em Vidro, a não-linearidade geométrica 
poderá influenciar significativamente o seu comportamento estrutural devido à estrema esbelteza 
destas estruturas. Ainda em relação ao seu desempenho estrutural, o surgimento de singularidades de 
esforços nos cantos das facetas que constituem as cascas é também um assunto de primeira 
importância devido à natureza quebradiça (ou rotura frágil) do vidro. 

Nesta tese, o problema das singularidades de esforços em cascas facetadas de vidro é abordado, bem 
como o comportamento não-linear das respectivas facetas individuais. 

No que diz respeito às singularidades, uma abordagem simplificada é feita analisando os efeitos da 
existência de arestas livres de conexões junto aos cantos das facetas, para diferentes condições de 
fronteira dos painéis. Os efeitos benéficos de alguma rigidez de flexão associada às conexões são 
evidenciados e algumas indicações são dadas quanto aos comprimentos de aresta livre necessários à 
eliminação das concentrações de esforços nos cantos. 

Quanto ao segundo assunto, é conduzido um estudo paramétrico de modelos simplificados de parte de 
uma casca facetada sendo feita uma análise comparativa dos esforços associados ao seu 
comportamento não-linear. Os resultados encontrados mostram claramente a importância de se ter em 
conta a não-linearidade geométrica no dimensionamento de cascas facetadas. Mais especificamente, 
são retiradas importantes conclusões com possíveis implicações no futuro desenvolvimento de 
conexões entre painéis para as cascas, e quanto ao uso de ângulos de inclinação muito baixos entre 
facetas vizinhas. 

Por último, são feitas algumas considerações relativamente ao trabalho desenvolvido, sendo também 
dadas sugestões para investigação futura. 

PALAVRAS -CHAVE: Cascas Facetadas em Vidro; Singularidades de esforços; Comportamento Não-
Linear; Análise de Esforços; Análise Dimensional 
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INTRODUCTION 

 
1.1. GENERAL INTRODUCTION  

Shells are among the most efficient structures known to Men. Natural evolution soon discovered the 
advantages of shells and offers today a vast set of examples, ranging from egg and nut shells to the 
carapace of certain animals. Its success relies on their curvature which allows shells to carry transverse 
loads in a optimal way primarily by in plane action [1]. Men eventually became aware of shell 
capabilities and applied the concept to human constructions. The Roman pantheon, for example, with 
more than 2000 years old is one of the most remarkable examples of man-made shell structures.  

Ever since its invention glass has been used as a construction material as a way of bringing natural 
light to buildings. In what concerns to shell structures the possibilities of transparency provided by 
glass have also been explored by architects and engineers, particularly in the last century. The Crystal 
Palace, the courtyard of the British museum, are famous examples. However most of these glass shells 
rely on a supporting steel structure that not only may interfere with the desired transparency but also 
leaves the glass itself without any relevant structural role.  

But today’s technology allows the use of glass as a real structural material. The possibility of creating  
frameless glass shells, where is the glass itself carrying and  transferring  all the forces (i.e. facetted 
shells based on pure plate action), was first mentioned by Ture Wester in 1990 [2]. Wester had been 
investigating the structural duality between plate and lattice structures. In his article he emphasized not 
only the remarkable levels of transparency that could be achieved, but also the extreme structural 
efficiency associated with such domes. 

In 1991 Henrik Almegaard was one of the firsts do develop a full scale model of a facetted shell, using 
timber as the material for the plates and steel for the connections (Figure 1.1). The model is supported 
in three points and the facets are plane hexagons that encounter each other at three way vertices (i.e. 
each vertice is contributed by three edges). This is an important characteristic to look for in a plate 
shell as it will be explained in Chapter 2. 
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Figure 1.1- A faceted shell structure in Horsholm, Denmark developed by Henrik Almegaard (taken from[3])  

In the last decade research in the field of plate shell domes applying glass as the main material has also 
resulted in several prototypes. One of the most interesting is perhaps the frameless glass dome 
developed by Lucio Blandini [4] at the University of Stuttgart, Germany. Thanks to its adhesive 
joining between the panes the structure appears to be almost completely transparent. The panels are 
doubly curved and not plane as intended here but the technology of adhesive joining may be found 
suitable or adaptable to faceted shells as well. 

 

Figure 1.2- The frameless glass dome developed by Blandini at Stuttgart University (from [4])  

 

Currently at the technical university of Denmark (DTU) research continues to be undertaken into the 
possibility of creating facetted glass shells. This thesis aims to contribute to this research.  

 

1.2. FRAMEWORK OF THE THESIS AND OBJECTIVES  

This section contextualizes the main objectives of the present thesis in the current investigation on 
facetted shells. 

The investigation on facetted shells (and more particularly in facetted glass shells) may be divided in 
three subjects: 

� Geometry – This subjects deals with the geometrical features of the shell: the general 
shape of the shell, the shape of the individual facets and the different methods of 
generating such structures in space. 
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� Connections – A crucial aspect concerning facetted shells is the problem of connecting 
the different facets without the need for any other supporting structure. A proper 
connection should be effective, reliable and durable; but also simple and unobtrusive or 
the all-purpose of eliminating the supporting structure becomes redundant (not to mention 
the loss of transparency). Investigation in the connections encompasses the possible 
solutions for the connections and constitutes research in new materials. 

  
� Structural performance – This subject includes every topic related with the structural 

behaviour of the shell: distribution of stresses, stability, dynamic behaviour, nonlinearity, 
possible failure of singular panels, support conditions, etc. 

 
The three subjects are obviously interdependent. The geometry of the shell and the connections will 
affect in a certain way its behaviour. On the other hand a desired structural performance may cause the 
need for a specific type of connection or for a specific geometry. 

In what concerns the structural performance of the shells, geometric nonlinearities may take a 
significant role due to the extreme slenderness of this structures. The main purpose of this thesis is to 
determine and comprehend the geometrical nonlinear effects in the behaviour of individual facets in a 
facetted glass shell under different conditions. 

Given the specificities associated to the local behaviour of glass panels in a facetted shell, this thesis 
will focus primarily on the subject of stress singularities arising at the plate’s corner and careful stress 
analysis on several plates’ behaviour, based on a systematic approach using the Finite Element 
Method with the support of the computer program ABAQUS. 

 

1.3. STRUCTURE OF THE THESIS 

The present dissertation was divided in seven chapters. Beyond the present introduction the content of 
the remaining chapters is the following: 

 

Chapter 2 

In this chapter a brief introduction into the behaviour of facetted glass shells is given. Important 
aspects are also outlined and a very brief introduction into the structural morphology of shells is 
provided. 

 

 Chapter 3 

In Chapter 3 a brief study of a simply supported square plate is carried out using several different 
finite elements and meshes in ABAQUS. Advantages and disadvantages of some elements are 
compared, the problem of addressing distinct types of boundary conditions is also approached. 

 

Chapter 4 

In Chapter 4 the subject of stress singularities first raised in Chapter 2 is retaken. A small literature 
review on the subject is made and several models, where stress singularities are expected to appear, 
are tested in ABAQUS. 
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Chapter 5 

In Chapter 5 the geometrical nonlinearity is introduced. The chapter begins by presenting the aspects 
of geometrical nonlinearity related with the shells. Nonlinearity in ABAQUS is also approached. 
Several simple models of singular square and hexagonal plates are tested. In the end of the chapter a 
small study is carried out on eliminating the stress singularities observed in Chapter 4 by releasing the 
corners in the hexagonal plates for different boundary conditions. 

 

Chapter 6 

Chapter 6 presents a parametric study of the top part of a facetted shell and more particularly its top 
facet. Several models are analyzed and compared for different parametric conditions (angle, thickness, 
plate dimensions). Both linear and nonlinear analyses are made and its main differences outlined. 

 

Chapter 7 

Chapter 7 contains the main conclusions taken from the work developed in the thesis. Some remarks 
and recommendations for future developments are also given. 
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2 

ON FACETTED GLASS SHELLS 

 
A facetted surface is in essence any surface composed of plane elements. The most common shells of 
this type are mainly composed of triangular facets (often with 6 way vertices) and work primarily as a 
space truss through the bars and joints connecting the panels. This leaves no relevant structural 
function for the facets themselves, which only serve as a cladding skin separating the inside form the 
outside of the shell. 

A surface composed of facets (most often hexagonal) with three way vertices however, will present, in 
principle, a much different behaviour and work primarily as a membrane structure [5]. These ones are 
the object of study of this thesis and are called plate shell structures. From this point on, every time 
facetted shells are mentioned one specifically refers to plate shell structures of this kind. 

In this Chapter, the necessary characteristics for having a plate shell structure are presented and its 
basic structural behaviour is discussed. Some key aspects concerning the behaviour of the shells, and 
conclusions from past research with relevance for this thesis, are also outlined. Furthermore, in the last 
section, two different methods for defining the geometry of a faceted shell are also approached. 

 

2.1. NECESSARY CONDITIONS FOR A PLATE -SHELL STRUCTURE  

The contents of this section, as well as the next one, are greatly based on the recent internal report by 
Henrik Almegaard, “Plate Shell Structures- Statics and Stability” [5]. 

2.1.1. THREE WAY VERTICES  

The existence of three way vertices in a faceted shell prevents the development of a truss mechanism 
with bars along the edges and joints in the vertices, and hence instead “forces” the stresses to flow 
along the interior of the plates. 

The truss mechanism is not possible because no force equilibrium can be guaranteed in space at a 
three way vertice, without the existence of an external concentrated load at the vertices. Any normal 
force in a fictitious bar running along an edge and concurring in a joint would require three reactions 
from the other joint bars, but since there are only two more bars at hand this is impossible and hence 
no forces can appear. 
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2.1.2. SUPPORT CONDITIONS  

For a faceted shell to be stable one has to ensure the stability of every individual plate. 

The elements in a shell are subjected both to in plane and out of plane loads. This means that stability 
conditions against membrane action and plate action must be both ensured or, in other words, that the 
plate must be held fixed in space against any kind of movement. Therefore it requires six support 
directions to be held fixed in space as any ordinary rigid body. 

 

The element can be held fixed by three points if each point is supported in two directions. These 
directions can be chosen in such way that one of them is contained in the plane of the element and the 
other one intersects the plane of the element. This means that if a plane element is supported by three 
plates, each intersecting the plane of the element and fixed in their own plane, along three lines that 
neither intersect each other at one point nor are all parallel, the element in question will be held fixed 
in space by pure membrane action (Figure 2.1). 

 

Figure 2.1- Stability conditions for a plane element in space (from [5]) 

 
This provides a method for successively build spatially stable plate systems. One begins by taking a 
sufficiently supported plate as a starting point and then continues by adding more plates one by one in 
such a way that every plate is supported along three edges by other plates and/or more supports 
(Figure 2.2).  

 

Figure 2.2- The principle of successively built spatially stable plate systems (from [5]) 

 
As a corollary of this principle, Almegaard developed in his PhD thesis the so-called stringer system. 
The stringer system gives a method for defining sufficient support conditions for a particular plate 
shell in order to ensure its stability. This method is described in [6]. 
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For membrane action to develop satisfactorily in a facetted shell however, it may not be enough to 
simply ensure its stability [3]. A shell can be stably supported and still present poor membrane 
behaviour. An example of this is given on Figure 2.3 which presents two equal shells differently 
supported. On the right image the shell is not sufficiently supported for membrane action to develop. 
This example illustrates how critical can be the problem of defining adequate support conditions for a 
plate shell, as before mentioned. 

 

Figure 2.3- Two equal shells stably supported with adequate and inadequate support conditions (deformed 

shapes) (from [3]) 

 

2.2. GENERAL BEHAVIOUR OF A FACETTED SHELL  

As previously stated, the global and main load-carrying mechanism in a facetted shell is the membrane 
action that develops between the plates (i.e. the transference of in plane loads from one element to its 
neighbouring elements). However, local bending in the facets themselves will obviously occur since 
the external loads acting on the shell will not be in the same plane of the elements. 

2.2.1.LOCAL LOAD CARRYING MECHANISM OR PLATE ACTION 

The basic structural principle behind a faceted shell lies on the fact that the out-of-plane loads acting 
on the facets are carried to its edges by plate bending moments and transverse shear, but then 
decomposed in the edge into only in-plane forces; these run along the considered element and its 
neighbouring elements, and are in equilibrium with the initial loads. A schematic figure showing this 
structural principle is presented here (Figure 2.4). 

 

Figure 2.4- Local load carrying mechanism for out-of-plane loads in a facet (from [3])  
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“The distribution of the resulting in-plane forces on the elements is called the local force distribution  
and depends on the form and stiffness of the element concerned, the form and stiffness of the 
neighbouring elements and the angle between the elements” [5]. Since it is aimed to study the stress 
distributions within a facet a basic understanding of this mechanism is of great importance. 

 

2.2.2.GLOBAL LOAD CARRYING MECHANISM OR MEMBRANE ACTION 

As a result of the local mechanism discussed above, only in-plane forces and loads are left now to be 
transmitted from plate to plate by membrane action. 

The only way for these forces to be transmitted is by shear in-plane forces along the edges of two 
connecting elements (Figure 2.5) and its distribution is called “the global distribution of forces”. It 
depends on the overall form of the shell, the placing of the supports and the in-plane stiffness of the 
elements (if the structure is indeterminate) [5]. 

 
Figure 2.5 – Global load carrying mechanism (membrane action) 

  

In the next section two main aspects concerning the behaviour of facetted shells are discussed: the 
stress singularities and the influence and importance of the connections between the plates. 

 

2.3. TWO IMPORTANT ASPECTS CONCERNING FACETTED SHELLS  

2.3.1. STRESS SINGULARITIES AT THE CORNERS OF THE FACETS 

In a previous research by Theis Isgrenn and cited in [3], stress singularities were found in the corner of 
the plates. A stress singularity is characterized by the occurrence of unbounded stresses in the vicinity 
of specific points. It can be detected in a FEM analysis by verifying that stresses grow virtually 
without limit as the local mesh assigned gets denser. 

In facetted shells the stress singularities are caused by the bending behaviour of the plates and the fact 
that corners angles are greater than 90º. While there are several analytical explanations for this in the 
literature, it shall be made clear that stress singularities only reflect the limited physical application of 
elasticity theory since they cannot be sustained by a real material [7]. 

Nevertheless stress concentrations in the vicinity of these singular points are a reality and a highly 
sensitive matter because of the brittle nature of glass. Since  it does not yield plastically, glass is  
incapable of redistributing stresses which  makes it very vulnerable to peak stresses [8]. 
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In past investigations stress concentrations have been handled by releasing the corners of plates from 
the connections between the facets. Since stress concentrations can be partly explained by the uplift 
tendency of the corners, allowing them to move freely certainly diminishes its values. At the same 
time, the effect of releasing the corners along short distances is negligible, not only for the other 
stresses occurring in the plate but also for the stability of the structure itself [3]. 

However it is not yet perfectly clear how the stiffness of the connections affects the peak stress at the 
corner or to which extent should the corners be released in an optimal way. In this investigation an 
attempt is made of addressing these matters more rationally. 

Another possible way of avoiding stress singularities is by rounding the corners of the plates. 
Although this may constitute a valid and elegant solution it is not approached in this work.  

2.3.2. CONNECTIONS BETWEEN THE FACETS 

Currently, and under this topic, research is still being undertaken by different authors on the possible 
solutions for the joints between the glass facets. 

While it is not the purpose of this thesis to contribute directly to the investigation within this subject it 
is important to have in mind the influence of different types of connections in the stresses occurring in 
the plates, as well as  in the overall stability of the shell. 

A connection between plates can be characterized by its different stiffnesses. A perfect hinge type 
connection for example will present zero bending stiffness and infinite normal force stiffness. It is 
incapable of transmitting moments between facets and for that reason bending stresses remain low 
near the edges of the facets. On the contrary, if the bending stiffness of the connection is high, 
moments will be transmitted from plate to plate, along with the in plane forces, and higher stresses 
may occur in the edge zone. 

Initially, it was thought that the membrane and bending stiffness of the connections were the most 
important characteristics of the joints for design purposes. However, Aanhaanen [3] showed that the 
out-of-plane shear stiffness of the connections as well as the membrane stiffness are crucial factors for 
the stability of facetted shells more than the bending stiffness (Figure 2.6). The investigation has also 
shown that the current designs, at the time, did not present the necessary shear stiffness to account for 
the stability of the shell. 

 

Figure 2.6 – An example of a possible connection depicting shear deformation (from [3]) 
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2.4. DEFINING THE GEOMETRY OF A FACETTED SHELL  

In this section two of Geometry defining methods are presented: one based on the structural dualism 
between plate structures and lattice structures (of which the geodesic dome is a famous example) and 
another one based on the projection of polygonal planar meshes to a paraboloid of revolution. The 
latter shall be referred here as the Paraboloid method. 

2.4.1THE PLATE SHELL STRUCTURE AS A DUAL OF A GEODESIC DOME  

A geodesic dome is in essence a lattice shell i.e. a grid of great circles forming triangles over a 
spherical surface which work as a truss system. Usually extremely light for the volume they enclose, 
they are known to be structurally very efficient: the triangular shape of the elements guarantees 
stability and the curved shape allows stresses to be distributed throughout the structure. These 
structures were popularized in the 50’s and 60’s by Buckminster Fuller, the author of several domes of 
this kind [9]. 

The concept of duality from the platonic solids [10]can be applied to geodesic domes to form a plate 
shell with the desired characteristics. Figure 2.7 shows an example of a geodesic sphere (left image) 
and its respective dual (right image)  

 

Figure 2.7- A geodesic shell and its dual (from [9]) 

  

This method requires therefore two steps: creating a geodesic dome first and later its dual. The process 
is as follows. 

1) Creating the geodesic dome 

The most common process for creating a geodesic dome takes an icosahedron inscribed in a spherical 
surface as a starting point. The icoshaedron itself can be already considered a geodesic dome but in 
order to create a smoother approximation to the sphere a number of subdivisions in the triangular faces 
of the initial icosahedrons must be made. The subdivisions in the faces results in smaller triangles 
within the faces which are then projected to the spherical surface [3]. 
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There are several ways of subdividing the original triangles and there is virtually no limit for the 
number of subdivisions that can be made. The more subdivision made the closer will be the 
approximation of the dome to a spherical surface. Figure 2.8 illustrates the two most common methods 
of subdivision. 

 

Figure 2.8- Two methods of subdividing triangular faces for a geodesic dome (taken from[3]) 

 

2)Creating the dual  

Having created the geodesic dome, the dual is generated -by definition- making a correspondence 
between the mid points of the triangular facets and the vertices of the hexagonal facets. 

2.4.2. THE PARABOLOID METHOD 

To apply this method one starts to build a horizontal plane mesh of regular hexagons whose vertices 
are then transposed to a given surface: a paraboloid of revolution (Figure 2.9).  

 

Figure 2.9- The base of the paraboloid method (courtesy from Ulla Frederiksen) 

 
If triangular elements were considered, any base surface could be used and the method would be rather 
trivial. Since three non collinear points always define a plane, the transposed sets of points belonging 
to the same triangle in the plane would also form a triangle intersecting the surface in its vertices, and 
so a facetted shell would be obtained. The interesting aspect about paraboloids of revolution is that the 
transposition of all six vertices belonging to the regular hexagons of the initial plane mesh also forms 
plane hexagons in space which therefore constitute a facetted shell. 
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In formal terms, this property is only part of a more generic property: Points belonging to the same 
circumference in a plane surface will belong to the same plane when projected to a paraboloid of 
revolution (whose revolution axis is perpendicular to the plane surface considered). A proof of this 
statement is given in Appendix A. 

The previous statement implies that not only plane meshes of hexagons can be considered but also any 
other plane mesh whose elements are regular polygons or alternatively also inscribable in a circle. A 
possible example is a mesh of quadrangular and octagonal regular polygons filling the plane whose 
vertices are still three-way as required. However these meshes lead to great differences in the size of 
the plate elements and thus probably to a low structural efficiency (not to mention the aesthetics 
aspects involved). 

In this thesis the paraboloid method is implied in the definition of the shell models studied in Chapter 
6, although their simplicity does not require the method for their construction. 
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3 

SOME SENSIBILITIES OF ABAQUS 
WITH RESPECT TO ELEMENTS AND 
BOUNDARY CONDITIONS 

 

 

This Chapter aims mainly to give a very general insight on some of the FEM-elements offered by 
ABAQUS to model shell problems. A simply supported quadrangular plate is tested using different 
FEM-elements and meshes. A few considerations are also made regarding the effects of addressing 
different boundary conditions (to enforce simply support conditions) on the solutions provided by the 
program. Some results are selected and compared to those from the classic thin plate theory (or 
Kirchoff’s theory).  

 

3.1. PROPERTIES OF THE MODEL AND SOME ANALYTICAL RESULTS  

The model herein analyzed will be a simply supported quadrangular plate under a uniform unitary 
pressure load. The material properties chosen for the plate are naturally those from glass: an Elasticity 
modulus Eg of 70 GPa and a Poisson’s ratio νg of 0,2 (values taken from [8]). Finally, the plate 
thickness was set to be 10mm. The model properties are resumed in the table below (Table 3.1). 

Table 3.1- Properties of the Model 

Simply supported square plate 

Dimensions 1x1 (m2) 
Thickness (h) 0,01 m 
Young’s module (Eg) 7x107 kPa 
Poisson ratio (νg) 0,2 
Pressure load (p) 1 KN/m2 

 

Figure 3.1 presents some of the results predicted by Kirchoff’s theory for a square plate simply 
supported along its four edges with a Poisson’s ratio of 0,3, namely the bending moments mx and my at 
the centre of the plate, and the reactions along the edges including the negative corner reactions.  
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Figure 3.1 – Some section forces and arrowed marked reactions in a simply supported square plate with side 

length a loaded by a uniform load p for Poisson’s ratio ν=0,3 (from [11]) 

 

In order to establish a reasonable comparison between the numerical model and the theory the 
following results, obtained from expressions from [11], will be compared with the corresponding 
numerical results 

� Maximum deflection at the centre of the plate, w=0,668 mm; 
� Distributed reaction at the middle of the edges, rmax= 0,4317 kN/m; 
� Negative concentrated reaction at the corners, R=0,0742 kN; 
� Maximum bending stress at the centre of the plate, in the x-direction, σx= 2,652 MPa; 
� Maximum bending stress at the middle of an edge, in the n-direction, σn = 0 Mpa; 

 
As for the directions mentioned above, the x-direction refers to a global coordinate system XYZ, 
whose directions x and y will be parallel to the edges of the square plate (as in Figure 3.1); the n-
direction refers to a local coordinate system nt, defined at a generic point of the plate borders, where 
the t-axis is tangent to the plate border at the point in question, and n is perpendicular to t. Figure 3.2. 
shows an example of a generic plate with both local and global coordinate systems defined. 

 

Figure 3.2 – Global and Local coordinate systems defined for a generic plate with midplain domain A bounded by 

the curve C (from [11]) 

 

NOTE: Throughout this Thesis, the same conventions will be adopted whenever necessary for 
defining local directions at the edges of plates, and the same global coordinate system for horizontal 
plates shall be assumed unless something in contrary is specified in text or figures. 
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3.2. ON ABAQUS AVAILABLE SHELL ELEMENTS  

The information in this section is taken from ABAQUS online Documentation [12]. 

ABAQUS offers a great variety of shell elements, which can be divided into three classes: General-
Purpose Shell elements, Thin-Only Shell elements and Thick-Only Shell elements. From the elements 
available, only the following quadrilateral elements are tested in this Chapter: 

� S4R, a linear and finite-membrane strain element, using reduced-integration; robust and 
suitable for a wide range of applications. 

� S4, a linear, finite-membrane-strain and fully integrated element; it can be used when 
greater solution accuracy is desired, for problems prone to membrane- or bending-mode 
hourglassing, or for problems where in-plane bending is expected. 

� S8R5, a quadratic shell element, for small strain applications, using reduced integration. 
 
The first two elements are general purpose shell elements while the last one is a thin-only shell 
element. All these elements will be tested for several regular meshes of different refinements. 

 
3.3. ON BOUNDARY CONDITIONS 

Whatever are the boundary conditions to be applied along a surface or line the truth is that, when using 
FEM, the rotations or displacement restraints are only applied to element nodes (belonging to the line 
or surface in question). This means that when restraining the vertical displacements along the edges of 
a plate (to simulate simply support conditions) only their nodes will be actually restrained thus 
allowing them to rotate in a plane, perpendicular to the plate, containing the edge. 

In this study two kinds of models will be tested with different boundary conditions prescribed: Model 
I, in which only vertical displacements along the edges are restrained (Uz=0); and Model II, with two 
boundary conditions per edge in which the rotations over the n-axis (of the local coordinate system 
defined at the edges) are also restrained (Uz=0, and Θn=0). 

The next section presents the numerical results found for the two models with the different meshes 
used and a discussion on those results.  
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3.4. COMPARING THE TWO MODELS  

Table 3.2- Model I results 

Plate 1x1, p=1kN/m2, Uz=0 along the edges 

FEM Mesh 
w (centre) 

(m) 
R (KN) 

r(x) (centre) 
(KN/m) 

σn (middle 
edge) (KPa) 

σx (centre) 
(KPa) 

S4R (10x10) 6,71E-04 6,14E-02 4,42E-01 5,78E+02 2,61E+03 

S4R (20x20) 6,72E-04 6,70E-02 4,37E-01 3,36E+02 2,65E+03 

S4R (30x30) 6,73E-04 6,50E-02 4,33E-01 2,40E+02 2,66E+03 

S4R (40x40) 6,73E-04 7,04E-02 4,32E-01 1,89E+02 2,66E+03 

      
S4 (10x10) 6,68E-04 6,28E-02 4,52E-01 5,17E+02 2,66E+03 

S4 (20x20) 6,71E-04 6,79E-02 4,35E-01 3,06E+02 2,66E+03 

S4 (30x30) 6,72E-04 6,59E-02 4,33E-01 2,20E+02 2,66E+03 

      
S8R5 (10x10) 6,70E-04 7,13E-02 - 4,86E+01 2,69E+03 

S8R5 (20x20) 6,71E-04 6,96E-02 - 1,80E+01 2,67E+03 

S8R5 (30x30) 6,72E-04 7,23E-02 - 1,26E+01 2,67E+03 

S8R5 (40x40) 6,73E-04 7,24E-02 - 1,10E+01 2,67E+03 
 
The above table shows the results provided by ABAQUS for several combinations of meshes and 
elements for model I. A m x m mesh means that m elements per edge are present. 

Looking to its results one can easily see that all elements are well capable of predicting the stresses at 
the centre of the plate as they practically converge to the theoretical solution. The same can be said 
about the maximum displacement with very small deviations occurring with respect to the “exact” 
result. The fact that stresses at the edges of the plate are not equal to zero, as they are supposed to, is 
not a concern too as they are simply result of the way ABAQUS calculates them (by extrapolating 
results from the closest integrations points). One can see for example that stresses in the edge with the 
S8R5 are significantly smaller (consequence of the integration points being closer to the edges).This 
does not interfere however with the behaviour of the plate. 

Some differences do arise though when looking to the reactions, both along the edges and at the 
corners. According to the theory, the reactions along the edges should be minimal near the corner and 
increase towards the middle as shown in Figure 3.1. Both S4R and S4 meshes present this pattern with 
the reaction value r(x) at the middle edge going towards the exact solution as the meshes get denser; 
with S8R5 elements something different happens as shown in Figure 3.3. This difference makes it 
difficult to compare the middle reaction with the theory and it is clearly related to the element 
formulation. It must be referred however that stresses near the edges are not necessarily affected by 
the reactions awkward behaviour. 
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Figure 3.3-Edge reactions for the 900XS8R5 mesh 

 
Finally, one can see that all the tested meshes provide a negative reaction which is below the 
theoretical solution and presents a strange convergence. Besides the fact that the theoretical solution is 
in reality an approximation (there cannot be concentrated reactions in the physical world), these 
differences could be explained also by the fact that, with the before mentioned rotations Θn allowed, 
the uplift tendency of the corners could diminish and consequently so as the negative reactions. 

Table 3.3 – Model II results 

Plate 1x1, p=1kN/m2, Uz=0; Θn along the edges 

FEM Mesh 
w (centre) 

(m) 
R (KN) 

r(x) (centre) 
(KN/m) 

σn (middle 
edge) (KPa) 

σx (centre) 
(KPa) 

S4R (10x10) 6,70E-04 - - 5,72E+02 2,60E+03 

S4R (20x20) 6,69E-04 - - 3,26E+02 2,64E+03 

S4R (30x30) 6,69E-04 - - 2,26E+02 2,65E+03 

S4R (40 x40) 6,69E-04 - - 1,73E+02 2,65E+03 

   
- 

  
S4 (10x10) 6,67E-04 - - 5,11E+02 2,65E+03 

S4 (20x20) 6,68E-04 - - 2,92E+02 2,65E+03 

S4 (30x30) 6,69E-04 - - 2,03E+02 2,65E+03 

   
- 

  
S8R5 (10x10) 6,69E-04 - - 4,61E+01 2,68E+03 

S8R5 (20x20) 6,69E-04 - - 1,34E+01 2,66E+03 

S8R5 (30x30) 6,69E-04 - - 6,52E+00 2,66E+03 

S8R5 (40 x40) 6,70E-04 - - 5,72E+02 2,60E+03 

 

By looking to the model II results, once more one see that both the deflection and normal stresses at 
the centre of the plate are in line with the expected results even with fairly coarse meshes. The normal 
stresses at the edge also decreases steadily, as expected, as the integrations points in the elements get 
closer and closer to the edge. 

The concentrated corner reaction however, disappears. This is a direct consequence of blocking the 
rotations along the edge since the twisting moments near the corners which provide this reaction [13] 
are now being taken as moment reactions along the edge. In the same way, the distributed reactions 
are also impossible to compare since the derivative of twisting moments along the edge also 
contributes to the edge reactions (see Figure 3.1). 
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It is possible, however, to perform a transformation in which the twisting moments reactions are 
replaced by equivalent pairs of shearing forces reactions that can be directly added to the original 
vertical reactions provided by ABAQUS. Such  replacement does not change the bending of the plate 
as equilibrium is still guaranteed [13] and allows us to simulate pure boundary conditions (Uz=0) 
maintaining, nevertheless, the rotations Θn equal to zero.  

This procedure will be done for one of the tested meshes, the model S4R 30x30, which has already 
proven to be sufficiently accurate for obtaining other results. 

According to the classic theory of plates and shells [13], the distributed reaction along one edge is: 

�(�) = �(�) − �	
�
��          (3.1) 

 
where the component q(x) is the transverse shear force at the edge and it is already given by ABAQUS 
if the nodes’ vertical reactions are divided by the influence length of each node (0,033m); the second 
member is obtained by deriving numerically the twisting moments reactions (also given by ABAQUS) 
which can be done by taking the difference between two consecutive moments and dividing it again by 
the size of the elements. At the edge-vertices this value was set to zero, according to the theory, as is it 
impossible to derivate numerically in the same way. 

Figure 3.4. presents these three quantities along one edge as well the moment’s reactions provided by 
ABAQUS after being divided by 0,033. 

 
Figure 3.4- Edge shear forces and twisting moments 

 
The charts shows that r(x) (v(x) in the figure) is in good  agreement with the theory reaching a 
maximum value at the middle of the edge of 0,433 kN/m , almost in line with the predicted value of 
0,4317 kN/m 

The corner reaction as mentioned before depends on the twisting moments near the edge and is given 
by [13]: 

R = 2(M��)������ 

Since the twisting moment reaction at the corner is 0,0368 kN.m the corresponding negative corner 
reaction would be 0,0737 kN, also much closer to the theory than the previous models. 
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3.5. CONCLUSIONS 

The study conducted in the present chapter, namely the results found for different plates, suggest the 
following immediate conclusions: 

� There is no great advantage on using second order elements; 
� Meshes of 20x 20 elements seem to be sufficient for modelling purposes; 
� Within the elements used, the S4R element seems a balanced element, not very time 

consuming and fairly accurate even for courser meshes. It also presents the advantages of 
being a general purpose element, which makes it more versatile. 
 

As for the comparison itself between the two models, it is obvious that such a procedure is too time 
consuming to be realistically undertaken. The two models do not show large differences and besides, 
the fact the second one (with the transformations performed) presents results closer to the classic plate 
solutions does not necessarily mean they are more exact as the theory is also an approximation of 
reality. For modelling simply supported plates in the future, the simpler boundary conditions (Model I) 
will be used. 
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4 

SIMPLY SUPPORTED PLATES – THE 
STRESS SINGULARITIES AT THE 
CORNERS 

 

 

4.1. ON BENDING STRESS SINGULARITIES – SHORT LITERATURE REVIEW  

Often in membrane, plates and shells problems, one may encounter situations that lead to the 
appearance of infinite strains or stresses. Such infinite quantities are called “singularities” and have 
been studied throughout the years by several authors. When referring specifically to stresses they are 
called “stress singularities”. 

As most authors point out stress singularities (as well as the others) are not of the real world 
([14],[15],[7]). They are just the result of various idealizations used to simplify the representation of 
physical problems as well as the approximate theories used to derive their solution [15]. Examples of 
this are the consideration of concentrated forces or moments acting upon plates or shells, which one 
immediately perceives will cause infinite stresses at the point of contact.  

The stress singularities at sharp corners of laterally loaded plates, which this Chapter addresses, are 
less obvious but are a real fact of the theory of plates that has been well known for over a century. 

Indeed, several methods for addressing stress singularities are known form the literature. In  its paper 
Dempsey [7] refers three different approaches: the use of an Airy stress function and separation of 
variables first proposed by Williams in [16] and [17]; a similar approach using complex potentials; 
and,  a third technique which employs a Mellin transform. All these methods are rather complex and it 
is not pretended to give herein any description of them. Instead, only  the main conclusions from the 
study conducted  by Williams in [16] and by McGee et al. in [18] will be presented and discussed. 

In his study, Williams investigated the possible stress singularities at angular corners for thin plates in 
bending (i.e. assuming the classic plate theory) for all combinations of boundary conditions along the 
intersecting edges of the corners (clamped, simply supported and free edges). He derived the so-called 
corner functions which basically establish the conditions under which the stress singularities appear. 

More recently, MgGee et al. [18] following a similar approach but considering instead the Mindlin 
plate theory, derived equivalent corner functions which were found to be quite different from the 
original ones. 

Figures 4.1 and 4.2 present the variation of minimum values of Re(λ) with the internal vertex angle α 
based on Mindlin plate theory and classic plate theory respectively. λ is a complex number associated 
with the corner functions and Re (λ) its real part.  
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Figure 4.1 - Variation of minimum values of Re(λ) with vertex angle α based on Mindlin plate theory (ν=0.3), from 

[18] 

 

 

Figure 4.2 - Variation of minimum values of Re(λ) with vertex angle α based on classic plate theory (ν=0.3), from 

[18] 
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The curves in the charts refer to the possible combinations of boundary conditions along the 
intersecting edges. S stands for simply supported edge, C for clamped edge and F for free edge. In 
Mindlin plate theory there are two possible ways of enforcing simply supported conditions: the so 
called hard conditions in which the rotation over the n-direction of the edge is prevented (condition S) 
and the soft conditions where this condition is replaced by another one demanding the twisting 
moment along the edge to be zero (condition S*). 

As the figures indicates, if Re(λ) is lower than the unit value, one is in the presence of a moment 
singularity; whether if Re(λ) is greater than one, no singularity arises in the corners. Hence, one may 
see for example that both theories predict the appearance of singularities for all case scenarios if the 
corner angle is greater than 180º.  

Considering now the specific case of a plate in a facetted shell the case scenarios (S-S), (S*-S*) and 
(C-C) are especially important. Depending on the flexural rigidity of the connections used, the plates 
may be quasi simply supported by the other facets or quasi clamped. If for the case scenarios C-C and 
S*-S* (only admissible in Mindlin theory) no stress singularity arises for angles below 180º, for the 
case scenario S-S one may see that both theories predict the appearance of stress singularities for 
vertex angles greater than 90º, which will be the case considering the fact that most of the facets are 
meant to be hexagons. 

Another important aspect worth mentioning is the concept of strength of a singularity. A singularity is 
considered stronger than other if the corresponding Re(λ) is closer to zero. Implications of this will be 
higher peak stresses in the vicinity of the corner in question and possibly a more pronounced 
asymptotic behaviour of stresses when using a FEM analysis. 

In the next two sections different simply supported plates are tested, in order to assess the presence of 
the before-mentioned singularities in the finite element models. More specifically, answer to the 
following questions is sought. 

� How the use of different finite elements affects the behaviour of peak stresses near sharp 
corners? 

� What it the influence of the overall shape of a plate in the corner singularities? 
�  What is the effect of having different vertex angles? 

 

4.2. STRESS SINGULARITIES IN PLATES WITH EQUAL CORNER ANGLES USING STR 3 ELEMENTS AND 

S4R ELEMENTS 

In this section two different simply supported plates are compared: a skew plate in the shape of a 
diamond with edges measuring one meter long and equal opposite corners of 120º and 30º angles, and 
a regular hexagon with its edges measuring half a meter long. Both plates are modelled in the same 
material (glass) and present the same thickness (10 mm). 

Two different ABAQUS shell elements were chosen for performing the FEM analysis: the S4R 
element and the STR3 element. S4R, as it was referred in the previous chapter, is a robust element 
capable of modelling both thick and thin shell problems accurately. STR3 on the other hand, is a pure 
thin shell element in whose formulation the Kirchoff constraints are applied analytically. Their choice 
is justified by the fact of obtaining opposing results by two “singularity theories” based on the Mindlin 
plate theory (for thick plates) and on the classic plate theory (thin plates) respectively. 

In a FEM model no infinite stresses can appear but one can look for asymptotic behaviour of stresses 
as the mesh used gets denser. 



Nonlinear Behaviour in Facetted GlassShells 
 

24 

Figures 4.3 to 4.5 show the maximum principal stresses in the skew plate from a courser mesh of 100 
S4R elements (medium length of the elements’ edges - 0,1 meters) to a finer mesh of 1600 S4R 
elements (medium length of the elements’ edges – 0,025 meters). The load acting upon the plate is an 
uniform pressure load of 1KN/m2 Stresses singularities seem to appear in the 120º angle corners as 
stresses grow apparently without any limits while in the acute angle corner stresses remain constant. 

 

Figure 4.3 – Maximum principal stresses in the skew plate with a 100xS4R mesh 

 

 

Figure 4.4 - Maximum principal stresses in the skew plate with a 400xS4R mesh 
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Figure 4.5 – Maximum principal stresses in the skew plate with a 1600xS4R mesh 

 

Also at the hexagonal plate, the asymptotic behaviour of stresses is well visible. Figure 4.6 shows the 
maximum principal stresses at the bottom surface along a straight line connecting two opposite 
vertices for different STR3 triangular meshes. 

 

Figure 4.6 – maximum principal stresses for a bottom’s face hexagonal plate along a line connecting two opposite 
vertices, using STR3 elements. 
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The previous chart is clearer than contour plots in showing the influence of the different meshes in the 
peak stresses near the corners. It also shows vividly how stresses in the inner zones of the plate are 
marginally affected by the increasing mesh refinement. The differences between the last two meshes, 
for instance, are only sensible for distances to the corner roughly under 25mm. This will be an 
important feature to have in mind in the next chapter. 

Let us now look to the results found for both plates in more detail. Tables 4.1 and 4.2 show the 
maximum principal stresses (bottom surface) at the 120º angles for different meshes using the S4R 
element and the STR3 element. The “normalized values” are the ratios between the stresses and the 
stress found for the mesh using elements with a medium length of 0,05m. Table 4.1 refers to the skew 
plate and Table 4.2 refers to the hexagonal plate. 

Table 4.1- Maximum principal stresses in the skew plate 

medium length of 
the elements along 

the edges (m) 

Type of finite element used  

S4R STR3 

σmax (corner) 
(MPa) 

“Normalized 
values” 

 σmax (centre) 
(MPa) 

σmax (corner) 
(MPa) 

“Normalized 
values”  

0.1 2.41 0.718545021 2.37 3.385 0.699091285 

0.05 3.354 1 2.41 4.842 1 

0.0333 3.895 1.16129994 2.42 5.943 1.227385378 

0.025 4.172 1.243887895 2.43 6.868 1.41842214 

0.02 4.279 1.275790101 2.43 7.682 1.58653449 

0.0125 4.158 1.239713775 2.44 9.721 2.00764147 

 

Table 4.2 - Maximum principal stresses in the hexagonal plate 

medium length of 
the elements along 

the edges (m) 

Type of finite element used  

S4R STR3 

σmax (corner) 
(MPa) 

“Normalized 
values” 

 σmax (centre) 
(MPa) 

σmax (corner) 
(MPa) 

“Normalized 
values”  

0.1 1.8675 0.739311164 1.79 2.689 0.704111024 

0.05 2.526 1 1.84 3.819 1 

0.0333 2.939 1.163499604 1.85 4.68 1.225451689 

0.025 3.158 1.250197941 1.86 5.405 1.415291961 

0.02 3.306 1.308788599 1.86 6.042 1.582089552 

0.0125 3.358 1.329374505 1.87 7.642 2.001047395 
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As one can see from the tables, the use of the two types of elements considered gives very different 
results at the corners. STR3 corner stresses are in every case greater than the “corresponding” S4R 
corner stresses. This fact alone cannot be however very conclusive. Setting the same medium length of 
the elements along the edges does not necessarily provide a direct base of comparison between 
different elements: the local shape of the meshes is different to start with and besides, one should not 
forget that the stresses at the corners are not directly calculated by the program but are instead 
extrapolated from results calculated at the integration points (which will be in different positions).  

Much more significant is to note the differences in the growing rate of stresses with both elements. 
While with the STR3 elements the results point in fact to an asymptotic behaviour, with the S4R 
element the growing rate is very slow and there is even a drop in the skew plate with the final mesh 
used. Indeed, the boundary conditions prescribed to the S4R models correspond to the kind S*-S* 
(considering the Mindlin theory which S4R elements account for) which, as it was seen, does not 
predict stress singularities for these angles. However, if one looks to stresses at the centre of the plate 
in the S4R models one also see that the values slightly diverge in the last mesh. This fact suggests 
there is also an incapability of S4R elements modelling accurately situations where the size of the 
elements approaches the thickness of the plate.  

Finally, if one looks to the normalized values set for the STR3 models one can see the growing rate of 
stresses in the skew plate and in the hexagon is the same, confirming the fact that the strength of the 
stress singularity is indeed independent of the overall shape of the plates. The same cannot be 
observed for the S4R models because, unlike the STR3 models, the S4R meshes that were 
automatically set by the program for the two plates are different near the corner is question. 

 

Figure 4.7- Maximum principal stresses in the skew plate-120ºcorner 
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4.3. STRESS SINGULARITIES IN TWO HEXAGONAL PLATES WITH DIFFERENT CORNER  ANGLES  

The question of having corners with different angles is addressed in this section. 

Two hexagon plates with the following characteristics are modelled: one with 4four vertex angles of 
125º and the other two with 110º and another one with 4 vertex angles of 115º and the remaining 
angles of 130º. 

The hexagons are not arbitrarily chosen. Not only their angles were carefully chosen in order to have a 
set of angles equally spaced but also they were meant to be the projection in an inclined plane of the 
original regular hexagon considered in Section 4.2. In this way one guarantees that both plates are 
possible facets of a parabolic facetted shell, which could be useful for other purposes. 

Interestingly, choosing such characteristics for the plates leads to similar areas and inclination angles 
of the facets (Table 4.3). Having similar areas is good for comparing stresses because the effect of the 
angle in the stress singularities will be less distorted from plate to plate. A0 is the area of the original 
regular hexagon. 

Table 4.3 - Characteristics of the hexagonal plates 

Hexagonal plate Area (xA 0) 
Inclination 
angle (º) 

Plate I (110/125 
degrees) 

1.212796 34.46 

Plate II (130/115 
degrees) 

1.2355296 35.97 

 

This time only STR3 models were used. The results are condensed in Table 4.4. 

Table 4.4 – Maximum principal stresses in plates I and II 

medium length 
of the elements 
along the edges 

(m) 

Plate I Plate II 

corner–110º Corner-125º centre Corner-130º Corner-115º centre 

σmax (MPa) σmax (MPa) σmax (MPa) σmax (MPa) σmax (MPa) σmax (MPa) 

0.05 3.346 4.554 2.027 5.845 4.233 2.448 

0.033 3.838 5.668 2.029 7.516 5.045 2.452 

0.02 4.589 7.48 2.031 10.3 6.249 2.453 

0.0125 5.448 9.76 2.032 13.62 7.665 2.453 

 

One can observe that, even comparing corners belonging to different plates, the wider the corner angle 
the greater are the stresses. As the density of the mesh increases it is also clear that the growth of 
stresses is more pronounced at the corners where the angle is greater. Normalizing these stresses (as it 
was done before) so that the first value in every corner equals to one, and plotting these values we 
obtain the following chart (Figure 4.8) where the influence of the corner angles in the strength of the 
singularity is even more visible. 
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Figure 4.8 – Normalized maximum principal stresses at the corners for different meshes 

 

Figure 4.9 presents the same information as in Figure 4.8 but now the horizontal axis corresponds to 
the angle while the curves correspond to the three final meshes considered. It is curious to note that 
there is strong linear correlation present in each curve. 

 

Figure 4.9 - Normalized maximum principal stresses at the corners for different meshes (2) 
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5 

NONLINEAR ANALYSIS OF 
SINGULAR PLATES AND 
TREATMENT OF THE STRESS 
SINGULARITIES 

 

INTRODUCTION 

It is recognized from the theory of plates that for increasingly larger deflections of normally loaded 
plates, the basic assumption assumed by elementary theory of no strain in its middle plane (and 
therefore no existence of membrane stresses) leads to increasingly larger errors on both stresses and 
strains predictions. According to Timonshenko [13], for deflections of the order of 0,5h (with h being 
the thickness of the plate) such errors become too great to be ignored and the strain of the middle 
plane must be taken into account.  

Even though this was not the case in the previous tested models (with the maximum deflections being 
relatively small when compared to the thickness of the plates) this is likely to be the case in a great 
number of panels in a facetted glass shell, as the tensile strength of glass (even taking a conservative 
value as reference) will allow for the choice of extremely slender panels.  

So far the stiffness matrix associated with the models has been independent from the displacements 
and hence stresses and displacements are linearly dependent of the forces applied. Introducing the 
strain of the middle plane makes however the stiffness matrix to be dependent on the displacements 
which means the relation between forces and the displacements themselves will be no longer linear. 

In this chapter a nonlinear analysis is performed on simply squared plates and hexagonal plates and the 
main differences from linear analysis are outlined. The chapter begins by presenting the method 
chosen in ABAQUS to perform nonlinear calculations and moves out to the practical cases. 
Furthermore, in the last section of the chapter a small study is carried out regarding the stress 
singularities in the hexagonal plate. 

 

5.1. NONLINEAR ANALYSIS IN ABAQUS  

The information in this chapter is taken from ABAQUS online documentation [12]. 

In ABAQUS, so as in most computer programs of the same kind, an “incremental-iterative” procedure 
is used for performing nonlinear calculations. In plain terms, the final solution is obtained as a series 
of load increments following a solution path (until the load initially set is reached). 
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For each load increment, an iterative procedure is undertaken to find closer and closer approximations 
to the equilibrium configuration at the end of the load increment in question. When this approximation 
error is sufficiently low, a new load increment is applied and the process is repeated. 

There are several different iteration schemes available in ABAQUS. By default, ABAQUS uses the 
regular Newton-Raphson method for which a brief description is given in the next paragraph (directly 
taken from the ABAQUS introduction manual [12]). The Newton-Raphson method will be the method 
adopted herein for performing nonlinear calculations. 

The nonlinear response of a structure to a small load increment, ∆P, is shown in Figure 5.1. The 
Newton-Raphson method uses the structure's initial stiffness, K0 (i.e. the structure’s stiffness at the end 
of the previous load increment - based on its configuration u0) and ∆P to calculate a displacement 
correction, ca, for the structure. Using ca, the structure's configuration is updated to ua.. Abaqus then 
forms a new stiffness matrix, Ka,, for the structure, based on its updated configuration The internal 
loads acting on the structure in the updated configuration, Ia are also calculated. If the force residual of 
the iteration, Ra,, given by the difference P- Ia is over a pre-set tolerance, more iterations are 
performed until such tolerance is achieved by a force residual iteration, Ri.. 

 

Figure 5.1 – First iteration in a load increment using the Newton-Rapshon method (from [12]) 

As for the incremental loads themselves, ABAQUS by default uses an algorithm that adjusts 
automatically the incremental steps, basically based on the number of iterations performed in the 
previous load increment: if very few iterations were used, the load step is increased; while if a high 
number of iterations was made the load step is reduced. In this way, for performing a nonlinear 
analysis in ABAQUS, only the first load increment is required at start. This initial load increment is 
defined as a step time ranging from 0 to 1, which represents a fraction of the total load. Unless stated 
otherwise, in the nonlinear calculations performed ahead (and in the next chapter) a step time of 0,1 
(i.e. 10% of the total load) will be considered.  

 

5.2. NONLINEAR ANALYSIS OF A SINGULAR SQUARE PLATE UNDER UNIFORM L OADS 

In this section a simply supported plate with the following characteristics is analyzed: 

� Dimensions 1m x 1m 
� Thickness 10mm 
� Material glass ( E= 70 GPa; ν=0,2) 
� Uniform distributed load p 
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Because of the in-plane strain, in a nonlinear analysis there are two possible boundary conditions for a 
simply supported plate: one that prevents the edges to have horizontal displacements; and other where 
the edges are free to move horizontally. 

Therefore, two models of the plate will be tested: Model I (movable edges) and Model II (immovable 
edges). For the first model it is necessary to define an extra boundary condition in ABAQUS to 
prevent numerical problems related with free body motion. In this way, the central point of the plate 
was fixed against horizontal displacements. Because of the symmetry of the model, this condition does 
not interfere with results. 

The first stress analysis set the value of p to be 1kN/m2 as in the previous cases. A mesh of 10X10 S4 
elements and an initial step time of 0,1 were chosen. Figures 5.2 to 5.4 show, for both models, the 
contour plots of the maximum principal stresses in the bottom surface, the section forces along the x-
direction and the bending moments along the y-direction. The x and y axes are as agreed in section 3.1. 

 

 
Figure 5.2- Maximum principal stresses at the bottom surface in Model I (left image) and Model II (right image) for 

p=1kN/m2  

 
Figure 5.3 - Section forces along the x-direction in Model I (left image) and Model II (right image) 
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Figure 5.4 – Bending moments along the y-direction in Model I (left image) and Model II (right image) 

A comparison between these plots and the results from the linear analysis shows that the nonlinear 
effects represented here are almost meaningless. The contour plots concerning the bending moments 
and the principal stresses show insignificant differences between themselves and the linear plots. As 
for the section forces, which are inexistent in the linear model, there is a natural difference between 
the two models because of the different support conditions assigned. Nevertheless, the contribution of 
the membrane forces to the normal stresses in the plates is still minimal when compared to those 
related with the bending moments. The maximum normal stresses (σm) in a specific direction resulting 
from the bending moments M in that direction are given by equation 5.1 below  

2

6

h

M
m =σ   (5.1.) 

while the normal stresses (σn) resulting from the membrane action (section forces N) are given by 
equation 5.2. 

h

N
n =σ   (5.2.) 

A quick application of equations 5.1 and 5.2 shows that, at the centre of the plate (where the tensile 
membrane and bending stresses are greater), σm takes values of 2,651 MPa and 2,638 MPa for Models 
I and II respectively, while the corresponding values of σn are just 0,031 MPa and 0,088 MPa. 

In a real situation, larger pressure loads are to be expected but, most importantly, the tensile strength 
of glass will allow for the choice of more slender panels which will certainly increase the need for a 
nonlinear analysis. For now, the nonlinear analysis is simply extended to higher pressure loads up to 
10 kN/m2 and some results are compared. 

Figure 5.5 presents the vertical displacements at the centre of the plate for loads up to10 kN/m2.  
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Figure 5.5 - Vertical displacement at the central point of the plate for different pressure loads p 

The above chart shows that there is a clear stiffening effect when the membrane action is considered 
as the pressure load rises, particularly for the Model II with the immovable edges. The membrane 
stresses become now more preponderant compared to the bending stresses. The next table shows the 
same information and the differences (in percentage) from models I and II to the linear analysis. 

 

Table 5.1- Vertical displacements at the centre of the square plate 

Vertical displacements w at the centre 

p (KN/m2) 
Linear Model 1 Model 2 

w (m) w(m) dif w (m) dif 

0 0 0 0 0 0 

1 6.68E-04 6.67E-04 0.09% 6.64E-04 0.57% 

2.875 1.92E-03 1.91E-03 0.75% 1.84E-03 4.47% 

7.094 4.74E-03 4.55E-03 4.13% 3.94E-03 20.35% 

10 6.68E-03 6.21E-03 7.64% 5.01E-03 33.21% 

 
The stiffening effect observed for the deflections causes a change in the way the plate distributes its 
stresses. In global terms it can be said that as the nonlinear effects evolve the plate tends to distribute 
stresses more evenly. This fact can be sensed in the stress contour plots provided by ABAQUS but it 
can also be observed in the reactions along the edges of the plate. Figures 5.6 and 5.7 show the 
reactions along one edge of the plate for its eleven nodes (10 elements per edge) for p equal to 1kN/m2 
and 10kN/m2, respectively. Once more for the unitary pressure load, results practically do not show 
any differences but for the latter load there is tendency arising for greater uniformity between values 
as both the negative corner reaction and the remaining reactions decrease in absolute values. 
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Figure 5.6 - Node reactions along one edge for the unitary pressure load 

 

 
Figure 5.7 - Node reactions along one edge for a 10 KN/m2 pressure load 
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5.3. NONLINEAR ANALYSIS OF A SINGLE HEXAGONAL PLATE UNDER A UNIFOR M LOAD   

In the previous section the geometric nonlinearities present in simply supported plates were 
highlighted. In this section a more complete nonlinear analysis is made for a regular hexagonal plate 
with the following characteristics: 

� Distance between two opposite vertices, D=1m 
� h=10mm 
� E=70 GPa, ν=0.2 
� p=60 kN/m2 

 
The same material (glass) and thickness set for the square plate are maintained. Based on the last 
results, and having in mind this particular plate is smaller than the previous one, an exceptionally high 
load of 60 kN/m2 was applied to the model so that nonlinear effects would be well visible. This fact 
itself is not worrying as it will be possible to extrapolate results to other plates of greater slenderness 
with more realistic loads. 

Once more, two different kinds of models were tested to simulate simply support conditions with 
horizontally movable edges (Model I) and immovable edges (Model II). A mesh of triangular elements 
(STR3) and an initial step time of 0,05 were chosen. 

At this point it is pertinent to establish a degree of comparison between the models considered and the 
actual hexagonal panes in a faceted shell. The first fact to note is that the models do not account for 
any in-plane loads and will solely allow observing nonlinear phenomena related with the lateral 
loading of the facets (disregarding therefore, for now, the nonlinear effects related with the membrane 
action of the shell). Dismissing this fact, the simply support conditions assigned to the models have a 
closer parallelism with a faceted shell with a hinge-type connection. Given the nature of these 
structures the edges of a specific element in a plate shell will be neither completely “movable” (i.e. 
totally free of in-plane displacement restraints) nor immovable. However, it is clear that the model 
with movable edges must represent a more realistic approximation. Indeed, if the element edges in a 
plate shell were immovable this would mean that no membrane action could develop at all; it would 
require incredibly stiff connections through which the shell would carry the loads as a lattice structure 
instead. 

The above considerations permit a more careful and selective interpretation of the results that now 
follow. As it was mentioned before, the stiffening effect due to membrane behaviour causes the plate 
to distribute its stresses more evenly. Figure 5.8 shows the evolution of the maximum principal 
stresses at the bottom surface of Model I (the most relevant) as the load increases. The change in 
behaviour with the load increase is clear. 
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Figure 5.8- Maximum principal stresses in the bottom surface during loading (Model I) (6kN; 27,4kN; 60kN) 
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Let us now compare the deflections and stresses in the centre of the plate in the two models with those 
from linear analysis. 

Timoshenko [13], when approaching the problem of large deflections of plates, often uses the 
following dimensionless variables to plot results: 

• a deflection parameter, w*= w/h 

• a load parameter,  
4

4

*
hE

ap
p

⋅
⋅=  where a  is a measure  in unit lengths of the plate dimensions 

(an edge length, a radius, etc.) 

• a stress parameter, 
2

2

*
hE

a

⋅
⋅= σσ  

 

The same variables will be used here. The load p* is defined assuming a to be the edge length of the 
plate (i.e. a=0,5 m). The values of p* will therefore range from 0 (p=0 kN/m2) to 5,537 (p= 60 kN/m2). 
Figure 5.9 describes the evolution of the deflections w* at the centre of the plate with the load p* and 
depicts once more the stiffening effect already observed in the last section. The nonlinear effects do 
become more clear for deflections w* higher than 0,5 approximately. In Figure 5.10 the normalized 
bending and membrane stresses (σm* and σn*) at the centre of the plate in the y-direction are 
represented. The “total stress” curves refer to the sum of bending with membrane stresses. 

 
Figure 5.9 – Vertical displacements at the central point of an hexagonal plate 
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Figure 5.10 – Bending, membrane and total stresses at the centre of the hexagonal plate 

The chart in Figure 5.10 is very helpful in understanding the nonlinear behaviour of the plate. As the 
load increases the bending stresses grow slower and the membrane stresses grow faster. One may say 
that a greater part of the incremental loads are progressively being taken as membrane stresses. The 
membrane behaviour proves to be a more efficient load carrying mechanism since the total stress and 
displacements are lower than those from linear analyses. 

The fact that total stresses are smaller means that the glass panes may take even larger loads than what 
could be supposed with a simple linear analysis, or alternatively be even more slender. 

The curves were built based on the results for a specific plate with a=0,5m; h=10mm and loads up to 
60 kN/m2 but they are exact for any combination of p, a, and h giving the same p*. The charts in 
Figures 5.9 and 5.10 can also represent, for example, the nonlinear behaviour of a plate with values of 
a=0,5m and h=4,3 mm under a load ranging from 0 to 2kN/m2. Under these conditions, the total 
tensile stress at the middle of the plate would be about 15,5 MPa in Model I, which could be a little 
over the allowable stresses recommended in [8] for annealed glass elements, but perfectly within 
safety for fully tempered glass plates (Table 5.2). 

Table 5.2 – Allowable stresses for glass panes exposed to uniform lateral loading (taken from [8]) 

 
Allowable stress σσσσadm (MPa) 

Vertical glazing Overhead glazing 

Annealed glass (ANG) 18 12 

Fully tempered glass (FTG) 50 50 

Laminated ANG 22.5 15 
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5.4. ADDRESSING THE STRESS SINGULARITIES IN THE HEXAGONAL PLATE  

5.4.1. STRESS SINGULARITIES IN NONLINEAR ANALYSIS 

In Chapters 2 and 4 it was explained how stress singularities appear near certain sharp corners of 
plates due to their bending behaviour. It has also been stated that glass is highly sensitive to such peak 
stresses, and one way of preventing them could be to release the corners from any connections or 
supports. To which extension should the corners be released along the edges of plates under different 
boundary conditions is a question to which this section attempts to provide some answers. 

Because the stress singularities in the panes are caused by the local bending in the facets and not by 
the membrane action that develops in the shell, it is reasonable to address this matter simply 
considering isolated plates under lateral loads. 

Let us take the two models from the previous section for our analysis and start by evaluating the 
possible influence of the geometric nonlinearities in the corner singularities. Figure 5.11 depicts the 
maximum principal stresses in the bottom surface of model I (movable edges) under a uniform load of 
3 kN/m2. Because the load is sufficiently small, the figure practically represents the linear model 
already studied in Chapter 4. Figures 5.12 and 5.13 refer to models I and II respectively, under a 60 
kN/m2 load, and thus correspond to situations where nonlinear effects play a considerable role. 

 

Figure 5.11 – Maximum principal stresses at the bottom surface with p=3kN/m2 (linear behaviour) 
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Figure 5.12 – Maximum principal stresses at the bottom surface in model I for p= 60kN/m2 

 
Figure 5.13 – Maximum principal stresses at the bottom surface in model II for p= 60kN/m2 

The grey areas in the figures correspond to regions where the maximum principal stresses are greater 
than the maximum principal stress at the centre of the plate. This will be the criterion adopted herein 
to evaluate peak stresses near the corners and the grey areas shall be named “peak stress regions”. 

When one looks to the contour plots from figures 5.12 and 5.13 (and to higher order meshes) it 
becomes clear that the stress singularities do not disappear with a nonlinear analysis, but the peak 
stress regions (according to the criterion adopted) become smaller particularly in the model II where 
geometrical nonlinear effects are more pronounced. 
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5.4.2. A METHOD FOR RELEASING THE CORNERS AND A PRACTICAL APPLICATION  

When the corners are released (i.e. when a portion of the edges near the corners is left without any 
rotation or displacement restraint), the singularity at the vertices of the plate naturally disappears, but 
two new singularities per corner appear at the places where the edge conditions change from “free 
edge” to “simply supported edge”. Indeed, such edge conditions have correspondence with a 180º S-F 
corner (see section 4.1) to which William’s theory presented in Chapter 4 does predict a stress 
singularity. However, the strength of these stress singularities is lower than the original ones. 
Moreover, one verifies that as the free edge portion increases, the peak stresses associated with the 
new singularities become lower and lower, eventually fading away.  

Having this in mind, the following strategy was adopted to eliminate the peak stresses in the 
hexagonal plate: 

a) Starting with a plate with free edges near the corners along a pre-chosen length, the peak 
stresses are evaluated according to the criterion mentioned in 5.4.1; 

b) If there are “grey areas” appearing in the plate, the free edge portion is increased gradually 
until no peak stress regions are visible. If, by the contrary, no peak stress regions emerge, the 
free edge portion is reduced by steps and the process stops when a situation depicting peak 
stress regions is reached; 

c) The last tested model without peak stress regions is considered to have the corners released 
along an “optimal length”, ��, within the criterion purposed, naturally, but also within the 
limitations to the method (that will discussed further ahead). 

As exposed in 4.3, the plates in facetted shell are closer to a “movable edges” situation and therefore, 
compared to model II, model I stand as a better approximation of reality. On the other hand, it has also 
been observed that model I presents larger peak stress areas in the corners than model II; thus, it is 
reasonable to assume, if a certain “optimal length” is found for model I, then the same length is 
sufficient to assure the inexistence of peak stress regions in model II. 

In this manner, and also to simplify the problem at hand, the study of releasing the corners was solely 
conducted for model I; also evaluation of peak stresses was made for the first load step (3 kN/m2) and 
for the last load step (60kN/m2). However, more importance was given to the latter, were nonlinear 
effects are well developed, since it will be closer to a ultimate load case scenario. 

The mesh assigned to the model, composed of triangular elements with a medium size of 25 mm, only 
allows the corners to be released along distances that are multiples of this value. Such fact naturally 
carries a limited precision which, nevertheless, was found to be sufficient for the problem in question. 

After applying the adopted method, which began by considering a free edge length of 50 mm, it was 
found to be necessary to adopt free edge lengths of 125 mm to completely eliminate the peak stresses 
in the last load step. These values however seem rather exaggerated. They imply to release, in total, 
half of an edge length, from the corners to its centre. This would probably cause serious impairments 
in the behaviour of the shell. However, if the limitations to this approach (discussed in the next 
paragraph) may explain a great part of this over-estimated result, one should also have in mind that, in 
a facetted shell, the connections will provide some bending stiffness to the edges (that most likely will 
help diminishing the peak stresses and consequently the necessary free edge lengths)1. 

                                                      
1 In the limit, one could have an “infinite” bending stiffness, which is the same as having clamped edges 
intersecting in the corners (C-C scenario). There are no bending singularities associated to these conditions for 
obtuse angles. 
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Therefore, in order to assess the influence of the bending stiffness in the evolution of peak stresses the 
same procedure of releasing the corners was applied to a modified Model I with springs attached to the 
supported edges, simulating  by turns, bending stiffnesses (km) of 10 kN.m/m.rad, 100 kN.m/m.rad, 
and 1000 kN.m/m.rad. The results of the study are summarized in the Table 5.3 below. 

 

Table 5.3 – Necessary free edge lengths in the hexagonal plate 

Km 
(kN/rad)  

Free edge length (mm) 

0 25 50 75 100 125 

0 — — X — X a) 

10 — — X X  a) — 

100    — — — 

1000  — — — — — 

a) only true for the last load step 

The results presented in the table above show indeed that the bending stiffness of the connections 
plays a considerable role in reducing the peak stresses. The existence of connections with bending 
stifnesses higher than100 kN/rad seems even to completely remove the peak stresses existing in the 
original plate without the need for releasing the corners. On the other hand, the presence of a 10 
kN/rad bending stiffness only helps reducing �� in 25mm (from 125mm to 100mm). From this, it 
follows that the range of bending stiffnesses that could have useful effect in controlling the peak 
stresses, would be situated somewhere in the interval [10, 100] (kN/rad). 

5.4.3. THE LIMITATIONS OF THE METHOD - DISCUSSION, CONCLUSIONS AND REMARKS 

In the last sub-section it was mentioned (more than once) how the existence of some limitations to the 
method applied herein, could affect the reliability of results. In this sub-section a discussion is made 
on this subject and important conclusions and remarks are drawn from it. 

In this study a mesh of triangular STR3 elements with a medium size per element of 25 mm was used.  

First of all, it shall be remembered that the act of releasing the corners did not leave the plate 
singularities-free. This means that, if a sufficiently refined mesh is used, peak stresses regions will 
inevitably appear, regardless of any pre-chosen ��.2 These peak stress regions will be, however, 
confined to very small areas. As a matter of fact, the choice for this particular mesh was justified by 
the fact that the size of the original peak stress regions does not change significantly up from this 
mesh. On the other hand, it was explained in Chapter 4 how infinite stresses cannot occur in real 
terms. Being impossible to eliminate the stress singularities in these models, the closer a point is to a 
singularity, the less reliable the stress may be. In this way, another possible criterion to address this 
problem in every possible mesh, would be to prevent the appearance of peak stress regions beyond a 
certain small region (near the corners or the edges at the transition zone S-F), where calculated stresses 
are presumably false. The difficulties in establishing the limits of such region however, led to a more 
conservative approach. 

                                                      
2 It is verified, for example, that for a mesh with 10 mm-elements,  the pre-set condition of no appearance of 
peak stress regions is no longer fulfilled for  the models  km=0 kN/rad and km= 100 kN/rad with the �� values set 
previously of  0 mm and 125 mm respectively. These peak stress areas and others arising in the models are 
nevertheless very small.  
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Regarding now the type of element used, it was previously observed how much results near the 
corners can differ by having STR3 or S4R elements, and that, in general terms, the latter give higher 
peak stresses. S4R elements were initially ruled out from this study because of their alleged lack of 
reliability when attempting finer meshes. Additionally, adopting STR3 elements would in principle 
give more conservative results. 

Häggblad et al. [19] point out that, in plate bending problems, “the classic Kirchoff solution may be 
viewed as a close approximation to the interior portion of the exact solution of the original three-
dimensional problem, but the details of the edge-zone portion of the solution are not in general 
captured”.  

Indeed, the application of the Reissner-Mindlin theory provides a more accurate solution to the edge 
zone where (depending on the boundary conditions prescribed) a boundary layer effect generally 
emerges. This boundary layer sets a marked difference between the two solutions (classic theory vs 
Reissner-Mindlin theory); its width ℎ�, depends on the boundary conditions themselves and on the 
plate thickness, ℎ, tending to zero as the latter tends to zero. There is an obvious relation between the 
boundary layer and the region near the S-F borders (or corners) identified above where stresses were 
not considered to be reliable.3  

The key aspect about the article herein brought to discussion is that the same authors successfully 
prove that “for a corner with soft simply supported edges [condition S*-S*] the boundary layer 
removes the singular behaviour of Kirchoff type from the stress resultants” and the same can be said 
about non-homogeneous boundary conditions applied to straight edges [19]. This fact is actually in 
agreement with the “singularity theory” for Mindlin plates [18] presented in Chapter 4 and it is 
confirmed by numerical experiments accompanying the paper. In the latter it was shown that the trend 
to infinity of stresses from the “Kirchoff contribution” is abruptly broken by the boundary layer 
(Figure 5.14). 

 

Figure 5.14 – Bending moments along a line bisecting a 120º angle in a rhombic plate – Kirchhoff theory in solid 
curves and numerical solution based on Reissner-Mindlin plate elements in dashed (from [19]) 

 

                                                      
3 We recall that  STR3 elements only consider the classic plate theory  for thin plates (Kirchoff  Theory). 
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The dashed lines presented in Figure 5.14 remind the S4R curve from Figure 4.7 which depicted a 
slight drop in the last tested mesh. If, on one hand, it seems reasonable to admit that there might be an 
incapability associated to S4R elements when these become too small, on the other hand, it is no less 
true that that the inexistence of stress singularities in thick plate theory under these specific boundary 
conditions was somehow overlooked. 

Indeed, the advantages of addressing the problem of peak stresses near the corners without having any 
singularity involved seem undeniable. The presence of singularities was the main reason identified 
herein for the limitations involving the method, and forced an approach whose results are, with great 
probability, far too conservative. The author believes it would be of great interest to perform a similar 
study, to the one conducted here, using higher order thick plate elements (eight or more nodes per 
element). 

Nevertheless, the study developed in this Section shows that the methodology adopted may constitute 
a fairly simple but valid approach, allowing also some important conclusions to be taken namely: 

� The bending stiffness of the connections helps reducing the peak stresses and 
consequently the need for releasing the corners; 

� In some cases, a higher bending stiffness may even prevent the appearance of peak 
stresses in “unreleased” plates. Since the results found are believed to be conservative, a 
study using thick plate elements could not surprisingly show that the act of releasing the 
corners is unnecessary, even for fairly low bending stiffnesses. 
 

Finally, it shall be pointed out that the study conducted here did not account for the possible influence 
of the plate’s thickness (ℎ) ( �� was actually interpreted as fraction of the edge length, D, disregarding 
the fact that it could also be a function of ℎ). An analysis using plate thick elements surely accounts 
for the plate’s thickness because the boundary’s layer width (ℎ�) is directly dependent on ℎ. In this 
way, a future study on this subject should contemplate several different h/D ratios. A full 3D approach 
could also be something worth to have in mind in future studies. 
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6 

A PARAMETRIC STUDY OF PART OF 
A FACETTED SHELL  

 

 

As stated in the Introduction, the main goal of the present thesis is to address and comprehend the 
local nonlinear behaviour of individual facets in a facetted shell. Following the study presented in the 
last chapter of a single isolated plate, in this chapter a small study is carried out with the intention of 
addressing the behaviour of the top part of facetted hexagonal shells and in particularly its top facet. 
Several models were created and tested in ABAQUS for different combinations of plate dimensions, 
thicknesses and local radius of curvature of the shell giving a total of 21 different models. Both linear 
and nonlinear analysis is used and its main differences outlined. At the end of the chapter the buckling 
behaviour of the models is very briefly approached. 

 

6.1. PRESENTATION OF THE CASE STUDY  

In order to address the behaviour of the upper part of a facetted shell, simplified models made of one 
hexagonal facet (as the top facet of the shell) and six other quadrangular facets or half hexagons 
(which support the first) were taken as if a horizontal cut was made near the top of a shell and the 
upper part detached from the rest to be analyzed separately (Figure 6.1). The next paragraphs present 
the different aspects concerning these models. 

 

Figure 6.1 - The simplified model taken from the top part of a facetted shell (courtesy from Ulla Frederiksen) 
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6.1.1.BOUNDARY AND SUPPORT  CONDITIONS  

When cutting the top part of the shell, applying the corresponding boundary conditions to what are 
now the border facets, becomes a sensitive matter since one want to maintain approximately the 
original behaviour of the top part with some degree of accuracy.  

Assuming the original shell is simply supported in its bordering edges along the n-direction of their 
local coordinate system   and considering the high membrane stiffness of the plates it seems realistic to 
assume the same support conditions for the simplified model. However, such support conditions do 
not account for the bending stiffness of the cut panels where bending moments are expected to arise in 
near the border and for that reason extra boundary conditions must be defined. The most natural and 
logic within the simplicity desired for the model is to clamp the bordering edges to prevent rotations 
over the t-direction. These considerations lead to the following support conditions per bordering edge: 

� Un=0 
� Θt=0 

 

Figure 6.2 shows the moments along the y-direction of the same shell under a uniform vertical load 
with only the first and both boundary conditions applied, respectively. One can see that the second 
model presents a much more “natural” behaviour with all the facets appearing under bending. 

 

Figure 6.2 - Bending moments in a model with two different boundary conditions 

 

6.1.2. LOADS 

In all modelled cases only vertical uniformly distributed loads were considered and the same base load 
of 1,5 kN/m2 (in horizontal projection) was applied to the entire shell. While not pretending to be a 
rigorous design load this value is intended to be realistic and account for a possible combination of 
self weight loads with snow loads (design values)4. In spite of the fact the total load is fairly dependent 
on the thickness of the plates this value was kept constant for all different thicknesses, for greater 
simplicity and comparison purposes. Figure 6.3 shows a schematic cut of the shell depicting both the 
loads and the boundary conditions set in the previous paragraph. 

                                                      
4 The load was chosen having in mind the values defined by Aanhaanen in his Msc.Thesis. In this work a 
conservative snow  load of 1,44KN/m2 and a permanent load of  0,433 kN/m2 (design values)  were defined for a 
shell’s top facet with a thickness of  20mm , based in Eurocodes applied to the Danish situation  and a glass 
density of 2,5. 
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Figure 6.3 – Load and boundary conditions applied to the Shell-models 

6.1.3. JOINTS BETWEEN PANELS AND CORNERS 

For modelling purposes, a highly stiff joint between panels was chosen for the models and the same 
material (i.e. glass) and thickness used to the panels was applied for the joint regions. 

As for the corners, no joint was defined along an edge distance equal to 10% of the edge length. 
Instead, a very low stiff material was assigned to the corner regions to prevent the appearance of peak 
bending stresses as if the corners had been released along the referred distance. 

Both the “joint regions” and “corner regions” are defined in ABAQUS by creating “partitions” from 
the original model. 

6.1.4. THICKNESS OF THE PLATES 

Glass panels can be produced in a relatively wide range of thicknesses that can go from 2 mm up to 25 
mm in the common float process [8]. However, in this study, only shells with plates up to 16 mm were 
tested since the intention is to focus mainly in the more slender plates where nonlinear effects are 
larger.  

Depending on the plate edge dimensions (see 6.1.6), shells with different sets of thicknesses were 
created. In this way, to shells with edge dimensions D= 1m, models with thicknesses of 4mm, 6mm, 
8mm,12mm and 16 mm (set SD1) were modelled, while for edge dimensions D=0,5m, the set of 
thicknesses (2mm, 3mm, 4mm, 6mm, 8 mm) (set SD2) was applied. 

6.1.5. RADIUS OF CURVATURE AND INCLINATION ANGLE OF THE BORDERING FACETS 

The local radius of curvature of the shell is another parameter to vary from model to model, in order to 
attest its influence in behaviour of the shells. A very simple way of defining such radius is shown in 
Figure 6.4 which represents a vertical cut of the model containing the mid points of two opposite 
edges from the top facet (and not the vertices). R is the radius of curvature, D* the distance between 
the two opposite edges and α the inclination angle of the bordering facets with the horizontal plane. 

 

Figure 6.4 – Local radius of curvature of the shell (D1* is actually D* in the text) 
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With the simplification of assuming D2* =D*, α, R, and D* are easily related to each other by the 

following expression (6.1): 

*

2 tan
2

D
R

α
=

 
 
 

  (6.1) 

Since all these three parameters are related it was decided to address the radius influence indirectly, by 
specifying models with different inclination angles α. In this way, defining the models becomes 
easier as only the height of the shell, H, changes from angle to angle (if D* is kept constant; otherwise 

H is simply directly proportional). It also presents the advantage of not being dependable on any 
assumption made (as in the previous expression for D2*) or any other possible definition that could be 
given for the radius R. 

Four types of models were thus created with corresponding inclination angles, α, of 5,77°; 11,51°; 
17,19° and 22,80°. These rather awkward values are explained by the fact that initially these models 
were created in respect to the inclination angle of the edges between the bordering facets, α’, whose 
corresponding values are 5°, 10°, 15° and 20°, respectively. For all purposes, the four model-types 

will be identified by the last set of angles and shall be called Shell-5, Shell-10, Shell-15 and Shell-20. 

6.1.6. DIMENSION OF THE FACETS 

The effect of changing the dimension of the facets was also taken into account. 

Having the length, D, of the top facet edges as a reference, two kinds of models were built with D 
being equal to 0,5 and 1 meters respectively (corresponding thus to maximum spans of 1m and 2m  in 
the hexagonal facet). However, unlike the two previous parameters, α and ℎ, tested in practically all 

combinations5, the pair of D’s was only assigned to the model type Shell-10 with the corresponding 
set of thicknesses mentioned in 6.1.4 (SD1 for D=1m and SD2 for D=0,5m). In all other model types 
only the larger D (D=1m) was considered. 

Not by chance, one may notice that both sets of thicknesses give equal pairs of D/h ratios. This will 
provide a direct comparison between the two sub-types of the model Shell-10. Related with this fact it 
will be clear further ahead why the dimensions of the panels were kept constant for all other angles. 

 

 6.2. MESHING AND TESTING THE MODEL  

A mesh of S4R elements with medium size of 0,05 m was assigned to all models (except for the 
models with the smaller dimension D, where the size of the elements were proportionally scaled to 
0.025m). Based on past experience this mesh is considered to be suitable for its purpose.  

As mentioned before in 6.1.3, partitions which present a rather narrow shape were created to simulate 
the connections and the soft corner material. As a result, the subsequent mesh presents elements with a 
large aspect ratio in these regions and an abrupt change in the element´s width in their frontiers. This 
is illustrated by Figure 6.5 where the same corner regions, meshed without and with the existence of 
partitions, are shown (left and right images respectively). 

                                                      
5 The exception is h= 6mm, assigned only to model type Shell-10 for a more rigorous analysis of certain aspects.  
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Figure 6.5 – The local mesh at a corner, without partitions (left image) and with partitions (right image) 

As Cook et al. [20] state, these aspects tend to promote poor results; ABAQUS itself gives warning 
messages about the poor aspect ratio of those elements when performing an analysis. Since our prime 
concern is with the behaviour of the plates themselves (rather than the joints and corners), this may be 
acceptable, provided that poor local meshing in these regions does not interfere to much with stresses 
and strains within the glass plates. 

In order to evaluate the influence of poor meshing in the outcome results, two linear analyses were 
firstly conducted for the same model, with and without the existence of partitions, and the 
corresponding stresses were compared. This study showed indeed that poor meshing has little or 
negligible influence in the overall stresses of the plate. 

 

6.3. INFLUENCING PARAMETERS  

In this section an inventory on the main parameters governing the behaviour of full facetted shells is 
first made. Based on these parameters, a generalized model for facetted shells, employing dimensional 
analysis, is then developed. In the last sub-section the model obtained is simplified and adapted to the 
current shell types, in order to reflect the most relevant parameters involved in the present case study. 

6.3.1. GOVERNING PARAMETERS IN A FULL FACETTED SHELL UNDER STATIC LOADS 

As in any other physical model, there is a certain number of independent parameters concerning 
facetted shells, that fully define it in all their aspects and govern their behaviour. By all aspects it is 
meant three main groups to what these parameters refer to: Geometry, Materials and Loads. 

GEOMETRY 

Assuming the facetted shell is composed by hexagons and it is generated by the “paraboloid method” 
one can immediately think of the following parameters: 

� The coefficient k used to define the original parabolic surface, � = �(�� +  �); 
� The span of the dome L, or the radius R, of the circle containing the base vertices of the 

shell; 
� The maximum height of the shell H; 
� The size of the regular hexagons used for generating the shell, represented by the length 

of the edges, D, for example; 
� The thickness of the plates, ℎ. 

From the parameters above, it can be easily seen the first three are related to each other by ! = � ∙ #� 
and thus, one of them can be disregarded as it is a function of the other two. One has therefore a set of 
four geometrical independent variables which one could choose to be, for instance, L, H, D and h. 
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MATERIALS  

This group considers the properties of the materials forming the shell, both the panels and the 
connections. Such properties include: 

� The Young’s modulus Eg and the Poisson ratio υg of the glass constituting the panels; 
� The stiffness of the connections which, depending on the connection design may be a 

function of some material properties like E and υ, as well as geometric properties. 
Considering that joints are modelled herein applying a different material in a zone near 
the edges of the plate, the joint properties will be their material properties (the Young’s 
modulus Ec, and the Poisson’s ratio υc), but also its width wc and thickness, hc. 

 

LOADS  

Considering only static analysis, the loads acting on a facetted shell can be divided into “self weight 
loads” and “remaining loads” (including snow loads, wind loads and accidental loads). If one 
considers negligible the connections’ self weight, the former will be simply dependent on the density 
of the glass constituting the panels, ρg (in Kg/m3), and the local acceleration of gravity g. As for the 
remaining loads, regardless of their nature, they can always be expressed as a function of a pressure p 
(in kN/m2). 

6.3.2. DEVELOPMENT OF A GENERALIZED MODEL FOR THE FULL SHELL CASE USING DIMENSIONAL ANALYSIS 

Apart from the “input variables” mentioned in the previous sub-section, which must be obviously 
known a priori for fully defining the physical model , the actual behaviour of the shell is measured in 
terms of its displacements (w), stresses (σ) and strains (ε), variables which are not initially known and 
are thus called “output variables”. 

A general formulation of any physical problem through dimensional analysis and similitude theory 
allows one to obtain dimensionless parameters that universally characterize the phenomenon under 
study [21]. This can be obviously of great utility since results from a specific study can be generalized 
to other similar situations as it was done for example in the last chapter with the dimensionless 
variables p* and σ* .  

Following other similar approaches [21-22] a generalized equation between all the parameters 
discussed above can be expressed in the form: 

$%&, !, (, ℎ, )*, +*, ), , +, , -, , ℎ, , ., /* , 0, -, 1, 23 = 0  (6.2.)
  

 

All the above variables’ units can be expressed in terms of the three base units of length, mass and 
time [L,M,T] (m, Kg, t) (except for some already dimensionless parameters). According to the 
Vaschy-Buckingham ‘Pi’ Theorem, this means that the previous equation, composed of 16 variables, 
can be alternatively expressed as an equation involving 16-3 dimensionless parameters that are a 
combination of three fundamental variables pre-chosen with each of the remaining variables [23-24]. 

 

Thus, selecting {D,g,ρg} as base variables one finally may write the following equation for a 
generalized shell model: 

5 67
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: , 1B = 0  (6.3.)
  

 

 



Nonlinear Behaviour in Facetted Glass Shells 
 

53 

6.3.3. ADAPTING AND SIMPLIFYING THE MODEL FOR THE PRESENT CASE STUDY 

In the present case study, the original number of input variables defined above will be reduced for 
greater simplicity, and concerning the following considerations: 

� The connection parameters (or more precisely the corresponding dimensionless 
parameters discussed above are kept constant for all the models. This fact makes it 
irrelevant to consider such variables as part of the model equation since there is no way of 
assessing its direct influence. They may be seen as intrinsic characteristics of the model, 
whose effects on the behaviour of the shell are hidden in the equations. 

� A new relation of inter-dependence arises in the geometry of the model. By imposing the 
model to have seven facets the span of the shell, L, is now directly dependent on the 
dimension chosen for the facets (D) and therefore one can only have three geometric 
independent parameters. 

� Both the self weight and the snow loads were jointly defined as body loads in the shells, 
in order to have equal pressure loads p. In this way both g and ρg can be disregarded from 
this set of variables.  

 
Based on these aspects and previous discussion made on section 6.1 the following set of influencing 
parameters is defined for the proposed case study: 

� Dimension of the facets, D – unit: meter (m) 
� Thickness of the plates, h– unit: meter (m) 
� Inclination angle of the border facets, α– unit: degrees or radians 
� Vertical even distributed load, p – unit: kN/m2 
� Modulus of elasticity of glass, Eg (or simply E from here on) - unit: kN/m2 

 
It shall be also noted that the Poisson’s ratio was also dropped for greater simplicity. 

If one considers only a single generic output parameter, x, equation 6.2 can now simply be written as: 

$((, ℎ, 0, ), C, �) = 0  (6.4.) 

Regardless of the nature of the output variable x, which can be a displacement, a stress or even a 
section force or moment, there are only two independent physical units now involved in equation 6.3: 
kN and m. This means the same equation 6.3 involving six variables can be transformed into another 
equation involving four dimensionless independent variables at our choice (6.5): 

5� D8
: , E

> , C, F�G = 0  (6.5.) 

p/E and D/h are obvious choices and immediately condense the six variables into four. πx will be a 
dimensionless variable involving x while α is already dimensionless. 

It is now clear why it is unnecessary to change the dimension of the facets throughout the study. Shells 
with the same angle α and load p will present the same results (in dimensionless variables) for the 
same D/h ratio even if the values of D and h are themselves different from case to case. This fact was 
actually confirmed by the analysis made with the model type Shell-10 where two different dimensions 
were tested but equal D/h ratios were used. 

These dimensionless variables will provide a good base for comparing the models in the sections 
ahead. In this way, whenever expressions relating to the “thickness’s influence” are used, they will be 
actually referring to slenderness of the plates (or its inverse D/h). 



Nonlinear Behaviour in Facetted GlassShells 
 

54 

6.4. LINEAR ANALYSIS OF THE SHELL - MODELS  

6.4.1. GENERAL OVERVIEW 

In a general overview the overall stress distribution in the top facet is found to be quite similar for 
every model. Although there are significant differences in the magnitude of the stresses (particularly 
from the thicker to the slender plates), contour plot modes provided by ABAQUS appear to be almost 
equal, if one ignores the colour scale set by the program. Figure 6.6, for example, represents well the 
general distribution of maximum principal stresses (σmax) in the bottom surface of the models, 
although it specifically refers to the model “Shell-104mm”. 

 

Figure 6.6 – Maximum principal stress (in kPa) in the bottom surface of Model Shell-104mm 

 
Nevertheless a global view of contour plots allows us to draw some first conclusions on how the shells 
are carrying the loads and also indentify some tendencies and differences. 

Let us begin by looking to the bending moments in the top facet along its radial direction (see Figure 
6.7). The more important aspects to retain are: 

� Existence of higher positive6 bending moments in the centre of the plate and higher 
negative moments along its borders (due to the stiff connection used). Both moments 
don’t vary significantly between models; 

� Non existence of moments near the corners due to the soft material used for the 
connections in these regions. 

 

These aspects are trivial and according to the expectations providing therefore also a qualitative 
validation for the model. 

                                                      
6 The convention herein used for “positive” and “negative” moments is the same as in most of the 
literature In the figure however, positive moments are shown as negative values while negative moments are 
shown as positive values. 
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Figure 6.7 – Bending moments in the radial direction, mr (linear analysis) for the top facet - Models Shell-104mm 

and Shell-108mm  

As for the membrane stresses involved a view of the section forces in the radial direction reveals the 
following aspects (see Figure 6.8): 

� The top facets are mainly under compression due to the reaction forces provided by the 
other plates (see plate action mechanism discussed in 2.2.1). 

� The exception is a small region by the corners where tensile forces appear particularly 
near the border between the edge zones with and without connection (where a soft 
material was used). Several reasons might explain this, with one of them being the 
possible appearance of a different kind of stress singularity related to plates in extension 
[17]. Whether this is the case or not will not be accessed here. Nevertheless, stresses are 
rather small when compared to the compression forces and should not be of major 
concern. 

� The compression forces within the central facet are higher near the middle zone of the 
edges and lower in the central zone of the plate where they fade away. 

� The magnitude of membrane stresses varies significantly with the inclination angle of the 
border facets; as the angle decreases membrane stresses increase. Once again, this can be 
easily explained by the plate action mechanism discussed in 2.2.1. 
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Figure 6.8 – Section forces in the radial direction, nr, for models Shell-104mm and Shell-108mm (linear analysis) 

 

Since contour plots are not very helpful in understanding the differences between models it was 
decided to compare results in two specific points: the central point of the top facet (point A) and the 
middle point of one of the edges (point B). In the next sub-sections the bending moments and section 
forces along the y-direction in these two points are compared along with the vertical displacements.  

6.4.2. DEFLECTIONS 

In this sub-section the vertical displacements at point A are compared. Its interest lies on the fact that 
they can be seen as a measure of the global stiffness of the structure.  

Table 6.1 presents the values of the vertical displacement (w) and thickness (h) for all the tested 
models with D=1m. The corresponding dimensionless variables chosen are w/h, as a measure of the 
displacement and, a/h as the slenderness of the plates, in which a stands also for the edge length D of 
the top facet. 

Table 6.1- Vertical displacements for the Shell models with Linear Analysis 

h (mm) a/h 
w/h 

α’=5º α’=10º α’=15º α’=20º 

4 250.00 10.01 9.98 10.19 10.51 

6 166.67 ------  1.985  -------  -------- 

8 125.00 0.6675 0.6354 0.6430 0.6613 

12 83.33 0.1441 0.1293 0.1289 0.1318 

16 62.50 0.05063 0.04243 0.04158 0.04222 

 

The vertical displacement at the centre of the plate may be seen as the sum of two effects: one related 
with the bending itself of the top facet and another one related with the vertical displacements and 
rotations suffered by the points along the borders of the plate.  
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The former one gives the largest contribution (as one can see by checking any displacements along the 
borders of the top plate) and it depends mostly on the thickness of the plates as in the simply supported 
plates tested previously. In fact, if displacements w/h are plotted as a function of (a/h)4 , as it was done 
in the previous chapter for the simply supported plates, one can see that for the same angle α its 
variation is practically linear (Figure 6.9). 

 

Figure 6.9 – Dimensionless displacements (w/h) at the centre of the top-facet as a function of p* 

 
The small deviations seen in the chart are related with the second effect mentioned above, or more 
clearly, with the support conditions of the top plate, commanded by both the angle α and the thickness 
of the bordering plates. The combined influence of such parameters, however, is complex and thus 
very difficult to explain. Indeed the minimum values of w/h for each angle (marked in bold in the 
table) do not occur for any of the extreme values of α but instead for intermediate values. For the two 
thicker shells the minimum value of w/h appears in the Shell-15 models while for the other two it 
appears for the Shell-10 models, with the differences between the minimum and closest value being 
greater for the most extreme thicknesses. Based on this, one may conclude that, for the range of a/h 
ratios evaluated, the angle α for which the dimensionless vertical displacement (w/h) is lower lies 
approximately in the interval [11,51º; 17,19º] and decreases with the thickness of the plate.  

6.4.3. SECTION FORCES 

In this subsection, the section-forces along the y-direction at points A and B are compared. 

The section forces are expressed in terms of kN/m. Hence if the section force is divided by the load p 
(kN/m2) and the edge length a (m), a dimensionless parameter is obtained. Herein this dimensionless 
variable is labelled H′ and its differences from model to model are discussed. 

Figures 6.10 and 6.11 show a plot of H′ for the points A and B as function of h/a for the four different 
types of models tested. 
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Figure 6.10- Section forces at the centre of the top facet (n’ vs h/a) – Point A 

 

 

Figure 6.11- Section forces ate the middle point of an edge of the top facet (N’ vs h/a) – Point B 

 
Some facts regarding the section forces were already discussed in the previous sub-section and are 
well clear in the charts above: the section forces at point B are higher than at point A (roughly 1.5 
times higher), and both are greatly influenced by the inclination angle of the facets (the lower the 
angle the higher the section forces). 

What is much clearer in the charts than in counter plots is the influence of the thickness. Indeed, if in 
the models Shell-20, Shell-15 and Shell-10 the thickness has very little influence and the section 
forces remain practically constant, in the model Shell-5 it is observed that an increase on the h/a ratio 
leads to a drop in the section force values, particularly at point B where differences rounding 15% are 
found between the slender and the thicker model. Further ahead a possible explanation for this type of 
behaviour will be provided. 
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As for the angle α its influence alone may be better understood through the following analogy: 

Consider a bar under a generic load p and simply supported in its ends as shown in Figure 6.12 where 
the bar represents the span of the top facet, and the inclined supports simulate the bordering facets. 

 

Figure 6.12- Simply supported bar with inclined supports (analogy with a top facet) 

 

Because of the inclination angle of the supports there is in each end a vertical reaction Rv and a 
horizontal reaction Rh which are related to each other by expression (6.6). 

αtan⋅= hv RR   (6.6.) 

Regardless of the angle α of the supports it is clear that, if the transverse load p remains the same, the 
vertical component of the reaction will be constant and consequently so as the quantity #: ∙ tan C. 

Rh is the natural equivalent of the section force introduced in the shell due to the plate action 
mechanism discussed in 2.2.2. Hence, if the considered analogy holds for the shell models one should 
expect the values of H′ ∙ tan C to be the same for equal values of h/a. 

Figures 6.13 and 6.14 show plots of the dimensionless section force H′ multiplied by the facet’s 
inclination, tan α. 

 

Figure 6.13- n’ x tan α vs h/a plots at the centre of the top plate 

 

0,83

0,84

0,85

0,86

0,87

0,88

0,89

0,9

0 0,005 0,01 0,015 0,02

N
' x

 t
a

n
 (

a
lp

h
a

)

h/a

Shell 5

Shell 10

Shell 15

Shell 20



Nonlinear Behaviour in Facetted GlassShells 
 

60 

 

Figure 6.14 – n’ x tan α vs h/a plots at the edge-middle of the top plate 

 
Although the new set of curves is far from a perfect match the scale in the y- axis shows that they are 
indeed now much closer to each other, meaning that there is in fact a strong correlation of H′ with the 
inclination of the bordering facets. 

There is no obvious physical meaning in the plotted variable H′ ∙ tan C. However, by taking  H′ ∙ tan C 
as a variable one artificially eliminates great part of angle’s influence and so, the combined influence 
of the angle and the thickness of the plates appears now even more clearly in the charts. As the 
thickness rises, H′ tends to drop, with this behaviour being progressively more pronounced as the angle 
decreases. 

6.4.4. SECTION MOMENTS 

To compare bending moments it is chosen as dimensionless parameter  MNO = MN 0 ∙ P�⁄   where my is 
the bending moment per unit length in the y-direction. Plots of this variable at points A and B are 
presented in Figures 6.15 and 6.16. 

 

Figure 6.15 - Bending moments at the centre of the top plate (m’ vs h/a) 
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Figure 6.16 – Bending moments at the edge-midle of the top plate (m’ vs h/a) 

 

With respect to the bending moments at the edge, the first thing to note about the my’ plot from Figure 
6.16 is its striking resemblance with the n�O ∙ tan α plot from Figure 6.14. There is a marked difference 
between the model Shell-5 and the remaining three.  

What could explain these differences?  It seems logic to admit that as the inclination angle decreases 
there will be a point in which the shell no longer assumes a shell-type behaviour but rather a plate-type 
behaviour, i.e. the shell becomes so flat that it behaves more as a big plate. Naturally, this transition 
will occur sooner (i.e. for a higher angle) if the plate thickness’s is higher. The height H of model 
Shell-5 (with D=1m), for example, is roughly 44mm. This is more than 10 times the lower thickness 
used (4mm) but less than three times the highest thickness (16mm). In relative terms, the “curvature” 
provided by the shell is much more relevant in the first case than in the second and so, the former will 
appear (and act) much more like a shell than the latter. 

Now, if a shell with a low angle tends to a plate-type behaviour one should expect negative moments 
at the inner edges to decrease and consequently, moments at the centre of the panels to increase. At the 
same time, membrane forces should also diminish.  

In this way, this hypothesis seems to fit well some of the data found. It explains the strange behaviour 
of model Shell-5 observed in Figures 6.13 to 6.16 as well and the same tendency arising in the Model 
Shell-10 for higher levels of h. However, it is still unclear, for example, why Shell-15’s and Shell-20’s 
bending moments at the centre of the plate grow with the thickness since these values remain 
practically constant at the edge. 

As for the fact that (discounting the model Shell-5) moments at the edge decrease with the angle (and 
vice-versa at the middle of the plate), this appears to be related with the loading conditions in the 
bordering facets. As the angle increases the transverse load in the neighbouring plates diminishes 
which, in balance, reliefs the clamping effect in the inner edges.  
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6.5. NONLINEAR ANALYSIS OF THE SHELL -MODELS  

6.5.1. GENERAL INTERPRETATION OF RESULTS 

When a nonlinear analysis is made great differences arise between models. While the thickest models 
practically don’t show any differences to the linear analysis, the change in behaviour as the thickness 
decreases is significant. For that reason in this section special relevance will be given to the thinner 
models (4mm) where nonlinearity is stronger.  

Nevertheless nonlinear effects are still visible in every model and some aspects are worth of 
discussion. Let us first look to the displacements at the central node of the top plate, Table 6.2) and 
compare their results with those from the linear analysis (Table 6.1). In red are the displacements 
which are smaller in the nonlinear analysis and in blue those that are larger. 

Table 6.2 - Vertical displacements for the Shell-models with Nonlinear Analysis 

h (mm) a/h 
w/h 

α=5º α=10º α=15º α=20º 

4 250.00 5.593 4.365 4.043 3.898 

6 166.67 ------ 1.720 ------- -------- 

8 125.00 0.8011 0.6746 0.6523 0.6530 

12 83.33 0.1548 0.1343 0.1322 0.1343 

16 62.50 0.05206 0.04313 0.04206 0.04259 

 

As one can see from the table above there is a clear distinction between the thicker and the more 
slender plates.  

In the 4mm models deflections are roughly 50% to 60% smaller than in the linear analysis. This fact is 
due to the membrane effects (already discussed in Chapter 5) that arise in the plates as they assume a 
curved shape. The membrane effects give an additional stiffness to the plate which explains the 
decrease of deflections. It is also interesting to note that the deflections now decrease monotonically as 
the angles increase, which was not the case in the linear analysis. The model Shell-20 is therefore now 
the one with lower deflections. 

For the models with h=12mm and h=16mm, the deflections are greater than in the linear analysis. This 
fact is explained by the initial compression forces in the top facet and the fact the overall 
displacements are small. A compression state in a plate provokes a loss of stiffness and hence, greater 
deflections. On the other hand the gain of stiffness due to the membrane effects discussed above is less 
pronounced as the overall displacements are smaller.  

The net result of these two effects in the h=8mm model are the deflections being smaller than in the 
non-linear analysis for α’=20º and greater for the others angles. As the angle decreases the linear 
compression forces increase and the stiffening effect due to membrane action is somehow delayed.  

There is strong correlation between the actual membrane forces in the centre of the plate and the 
differences in deflections between linear and nonlinear analysis. Figure 6.17 presents the 
dimensionless section forces n’ at the centre of the plate along the y-direction, taken from the 
nonlinear analysis. Negative values are compression forces while positive values are tension forces. 
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Figure 6.17 - Section forces n’ at the centre of the plate along the y-direction (nonlinear analysis) 

 
One can see from Figure 6.17 that as the slenderness increases the membrane effect increases and 
eventually takes over the “initial” or linear compressions forces due to plate action. In the cases where 
the nonlinear deflections are larger than the corresponding values from linear analysis, compression 
forces in the middle of the top facet are still detected, while in the cases where the nonlinear 
deflections are smaller one is already in the presence of tension forces. It is also interesting to note that 
these tension forces tend to similar values in the most slender models. The model Shell-10 presents a 
different behaviour in the Figure because an extra value is plotted (h=6mm). If the results for h=6mm 
were plotted for the other models, most likely the straight lines used to connect the data points would 
present a similar behaviour. 

With respect to moments in the centre of the plate shown by Figure 6.18, the greatest difference to the 
linear analysis is the abrupt fall of the moments in the more slender models (their values decrease 
about five times). Once again, this fact is explained by the membrane effect which causes the plate to 
flat more in the central zone. Less curvature causes naturally lower moments. A slight increase in the 
moments before the plunge is also observed, which is more pronounced in the model type Shell-5. 
This is in correspondence with the effect mentioned above of loss of stiffness due to the compression 
state in the middle of the plate; since the Model Shell-5 is the one with higher linear compression 
forces, the effect is more pronounced. 
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Figure 6.18 - Section moments m’ at the centre of the plate along the y-direction (nonlinear analysis) 

 

Overall, the last two figures show that as the models get more slender the membrane forces increase 
while the moments decrease. This means that loads are now being carried also by membrane 
behaviour in the plates themselves i.e. the pure bending mechanism of load carrying was partially 
replaced by a membrane mechanism. The fact that the latter one is much more effective as a load 
carrying mechanism causes the deflections to be significantly lower than in the linear analysis. 

6.5.2. NONLINEAR BEHAVIOUR IN THE 4MM-MODELS 

Because the models with 4mm thickness present the most pronounced nonlinear effects an attempt is 
made in this sub-section to address more carefully their behaviour. The following contour plots are 
compared (Figures 6.19 to 6.23): 

� Section forces along the radial directions of the top facet; 
� Section forces perpendicular to the radial direction, i.e. along circumferences surrounding 

the centre of the plate;  
� Bending moments along the radial direction; 
� Bending moments perpendicular to the radial direction; 
� Maximum principal stresses in the bottom surface of the plate. 
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Figure 6.19 – Bending moments along the radial direction – Models Shell4mm 
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Figure 6.20 – Bending moments perpendicular to the radial direction - Models Shell4mm 

 

There are only a few aspects worth mentioning about the bending moments’ contour plots of Figures 
6.19 and 6.20. The first aspect is that the maximum bending moment along the radial directions is not 
situated at the centre of the plate. The plot regarding the model Shell-10 shows an extra scale interval 
(in dark grey) where the maximum values are situated now. The location of the maximum bending 
moments does not change significantly from model to model. Overall one can note as well a gradual 
evolution from the model Shell-20 to the model Shell-5, in which the latter seems to be in a more 
advanced sate of nonlinearity. 
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Figure 6.21 – Section forces in the radial direction - Models Shell4mm 
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Figure 6.22 – Section forces perpendicular to the radial direction - Models Shell4mm 

 
Section force plots are perhaps more interesting than the bending moments since they reveal an 
entirely different structural behaviour. The main differences to the linear behaviour are: 

� The appearance of a central zone under tension (already mentioned in the previous 
section). The regions under tension grow in area as the angle decreases and tend to a star-
shaped form whose vertices are aligned with the corners of the plate (Figure 6.21). These 
tensile stresses closer to the corners, might be interpreted as similar to a phenomenon of 
stress concentrations occurring near small openings for plates in extension [25], since the 
corner edges are composed of a very soft material. 

� The existence of a compression ring bordering the edges of the plate (Figure 6.22) 
� The maximum compression forces in the radial direction move from the middle of the 

edges towards the connections ends (50 mm away from the corners). This effect is more 
pronounced with lower angles. 
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Synthetically, the shell forms an internal truss composed of circular elements or compression rings 
that link each other at the edges. The transverse loads in the inner part of the plates are carried to these 
compression rings mainly through membrane action. Each compression ring, by its turn, is supported 
at the edges by the neighbouring elements.  

The magnitude of the compression forces arising at the edges can be a critical aspect when designing 
the connections. What contour plots in Figure 6.21 show is that there is a tendency for the normal 
compression forces to move away from the middle of the edges. Under this particular load (p=1,5 
kN/m2) this nonlinear effect leads to a fairly even distribution of forces  along the edges of models 
Shell-10 to Shell-20 but to stress concentrations near the joint’s ends in the model Shell-5. This could 
be an extra point against the use of very low inclination angles between the facets in the upper part of 
a shell, for a continuous joint would be optimized if stresses can be transmitted from plate to plate as 
evenly as possible. The fact that herein only one type of connection is being analyzed does not permit 
however a definite conclusion.  

 

Figure 6.23 – Maximum principal stresses, σmax at the bottom surface - Models Shell4mm 
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The plots concerning the maximum principal stresses in the top facet deserve a more detailed approach 
since the failure of glass will be directly dependent on the magnitude of the tensile stresses. As it was 
already stated, the model Shell-5 seems to be in a more advanced state of nonlinearity and clearly 
shows that the point of maximum stress is no longer located in the centre of the plate (as in the linear 
analysis). Although this is not directly visible in the other models due to the color scale set 
automatically by the programme, this is a characteristic shared by all models. The maximum principal 
stresses migrate outwards from the centre to the corners in a six-fold symmetry and are, at this load 
stage, located within the zones of maximum bending moments of Figure 6.20.  

Regarding now the actual values of maximum stresses one can see that they are 14,39MPa, 14,66MPa, 
15,24MPa, and 17,23MPa in the models Shell-20 to Shell-5 respectively. As in several situations that 
have occurred before, the difference between the model Shell-5 and the remaining three models is, 
once again, sensible. 

 

6.6. COMPARATIVE NONLINEAR ANALYSIS OF MODELS UNDER THE SAME P * LOAD  

In the last Chapter it was seen how the use of a dimensionless load parameter, p*, could be of great 
utility for representing many different situations. The use of this variable, which actually merges two 
independent variables into one, was only possible however, because the variables in question (p/E and 
(a/h)4 ) influence in similar ways the behaviour of laterally loaded singular plates. This property will 
definitely not hold for shells as it has been already visible from the small deviations depicted in Figure 
6.7. On the other hand, the behaviour of a shell’s top facet did not show great differences to the 
behaviour expected for a singular plate under certain boundary conditions. Additionally, an issue that 
has emerged in the previous section was the difficulty of establishing a direct comparison between 
models with different h’s that are clearly in different “stages” of geometric nonlinearity. Thus, in this 
section several models with different thicknesses but belonging to the same model-type (Shell-10) and 
under the same p* load, will be compared. 

Taking the 4mm model as reference and the original load of 1,5kN/m2 gives a p* load of 83,71. In 
order to assure the same p* load in the remaining models, the original load p must be corrected to an 
“equivalent” load peq according to their thickness (6.7) 

0ST = 1,5 ∙ D:WW
X GX

              (6.7) 

Applying the expression above gives the following set of “equivalent” loads (Table 6.3). 

Table 6.3 – Equivalent loads peq for having the same p* loads 

h(mm) peq (kN/m2) 

4 1,5 

6 7,59 

8 24 

12 121.5 

16 384 
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This exercise gives obviously loads that are not only unrealistic but also impossible for most models to 
support. In the second shell (6mm) the equivalent load of 7,59kN/m2 gives, for example, a maximum 
principal stress in the top facet of 36,3 MPa (only bearable with laminated glass) but in the third shell 
(8mm) the maximum principal stress is already 68,6 MPa which is well above the reference values 
given in Table 5.2. For all purposes, these considerations are from now disregarded from the present 
study.  

Figure 6.24 shows a plot with the deflections w/h at the top’s facet midpoint as a function of p* for the 
different models. Figures 6.25 and 6.26 show plots of the maximum σmax at the top plate (regardless of 
its position) and σmax at the top’s facet midpoint. Both values concern the bottom surface of the plate 
and are represented in the following dimensionless units: 2 ∗= (2 )⁄ ) ∙ (P ℎ⁄ )�. 

 

 

Figure 6.24 –w/h vs p*  

 

Figure 6.25 – σmax (plate) vs p* 
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Figure 6.26 – σmax (centre) vs p* 

 
As expected, the curves do not match but they do present some similarities. As Figure 6.24 indicates 
the stiffening effect tends to be less pronounced for higher thicknesses. In result of this, the thicker 
models seem to be in a more advanced state than the thinner models for the same equivalent load p*. 
This is especially well visible in Figure 6.25 where the curves referring to the models h=12mm and 
h=16mm strongly diverge from the others at some point. Curiously, the same does not occur in Figure 
24 where all the curves referring to the σmax at the centre of the plate present a much better 
approximation (although differences between curves can still reach values around 7%). 

Despite the differences found, plots like the one from Figure 6.25 could be potentially useful in future 
pre-designs, especially if the dimensions of a shell’s top facet prove to be a limitative factor in the 
design of shells: given any set of parameters D, h and p one could immediately have a good 
approximation of the maximum tension stress in a shell’s top plate. Moreover, and noting that the 
curves seem to be reasonably approximated by two straight lines (in realistic domains), a single 

expression of the type 2Z[� = >
D\

]G^ ∙ $(0, P, ℎ) (defined by two branches), resuming all the curves, 

could be eventually obtained. Such particular expression, naturally, would account solely for shell’s 
top facets with this type of connection and inclination angle (11,51º). However it does not seem 
unlikely that similar expressions could be obtained for more realistic joint properties, neither 
accounting for the angle’s weight by perhaps adding more members or corrective factors to the 
expressions.  

 

6.7. INSTABILITY LOADS IN THE SHELLS  

This section refers to a topic that (although here connected to nonlinear phenomena) is beyond the 
goals initially established for the present dissertation. Due to time limitations the information herein 
presented could neither be object of an in-depth analysis nor the underlying subject properly 
consolidated. It shall be mainly regarded as informative for future developments.  
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Instability in shells is one of the most important aspects concerning its structural performance. There 
are basically two types of instability phenomena that can appear in a smooth shell and also in a 
facetted glass shell: local instability, when buckling is confined to a small area or region, and global 
instability, when it comprises a significant area of a shell. The type of model used herein does not 
account naturally neither for global instability phenomena nor local buckling occurring in other parts 
of a faceted shell potentially more likely to suffer from this phenomena. For that reason, more 
important than establishing instability loads (or buckling load factors) for the models in question 
(which most likely will have no correspondence with a whole shell model) is to assess the differences 
emerging from model to model and also the post-buckling behaviour of the plates. 

The evaluation of instability loads followed in general the Newton-Rapshon (N-R) method considering 
the “buckling load” to be the one under which the method aborts (due to its inability of providing 
equilibrium solutions with zero stiffness). Occasionally however, the arc-length method (or Riks 
Procedure in ABAQUS [26]) was also used when the application of the Newton-Rapshon method 
seemed to provide strange or unreliable results7. 

The use of the Newton-Rapshon method for searching instability load implies that one has to run a 
nonlinear analysis for a higher load (so that the method will abort at some point). It shall be referred 
that the estimation of the Buckling Load (BL) using the N-R method is always an under-estimation, 
since the BL is approached from below. The load-incremental algorithm of ABAQUS (discussed in 
Chapter 5) should guarantee fairly close estimations of the BL, but it is convenient that this pre-set 
load or “Starting Load” does not turn out to be too far from the real instability load. 

Since it was observed in the previous section that for the same p* load the models seemed to be in a 
more advanced state (which can be interpreted as closer to buckling), starting loads for the models 
6mm, 8mm, 12mm and 16mm were defined taking the real buckling load from the previous model (i.e 
the one with the thickness immediately below) and multiplying this value for the forth power of the 
thicknesses’ ratio, under the assumption this would set an upper bound for the bucking load. As for the 
4mm-models, a first Buckling Load for the model Shell-10 was first calculated using ABAQUS Riks 
Procedure, and starting loads for the remaining models were defined intuitively. 

Although this procedure proves to be useful when searching for the instability loads in the models 
(Tables 6.4 to 6.7), the ratios between the estimated Buckling Load and the initial Starting Load, show 
the inconsistency of this approach, with its underlying assumption actually failing for the model Shell-
108mm. Moreover one can also see that, despite the natural fact the buckling loads increase with the 
thickness, there is no evident relation between the inclination angle of the shells and their 
corresponding buckling load: if, on one hand, for the Shells with h=4mm and h=16 mm the BL 
increases monotonically with the inclination angle α, for the remaining two types of models this 
property does not hold. The reasons explaining these different behaviours might be related to 
interference phenomena between buckling modes and should be something worth to investigate in a 
more in depth approach in future works. 

  

                                                      
7 The application of the arc-length method tends to provide more accurate solutions but it is very time 
consuming. In Appendix B a comparison is made between the two methods showing that the application of the 
Newton-Raphson method is perfectly acceptable in cases where no obvious abnormalities arise.  
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Table 6.4 Shell-5 Buckling Loads 

h (mm) 
Starting Load 
(SL) (kN/m2) 

Buckling Load 
(BL) (kN/m2) 

_&
`& 

4 7.000 6.289 -------- 

8 100.6 49.54 0.492 

12 250.8 138.4 0.552 

16 437.3 319.7 0.731 

 

Table 6.5 Shell-10 Buckling Loads 

h (mm) Starting Load 
(SL) (kN/m2) 

Buckling Load 
(BL) (kN/m2) 

_&
`& 

4 -------- 8.080 --------- 

6 40.91 28.02 0.685 

8 88.57 89.33 1.009 

12 452.2 311.6 0.689 

16 984.9 688.4 0.699 

 

Table 6.6 Shell-15 Buckling Loads 

h (mm) Starting Load 
(SL) (kN/m2) 

Buckling Load 
(BL) (kN/m2) 

_&
`& 

4 10.000 10.032 ------- 

8 160.51 119.49 0.744 

12 604.9 430.1 0.711 

16 1359.3 1026.2 0.755 

 

Table 6.7 Shell-20  Buckling Loads 

h (mm) Starting Load 
(SL) (kN/m2) 

Buckling Load 
(BL) (kN/m2) 

_&
`& 

4 12.000 12.449  

8 199.18 114.45 0.575 

12 579.4 415.51 0.717 

16 1313.2 1278.0 0.973 
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7 

CONCLUSIONS, REMARKS AND 
RECOMMENDATIONS  

 

 

In this chapter, the main conclusions from this thesis are summarized. Some remarks concerning some 
of the options taken throughout the work are also given as well as recommendations for future 
developments.  

 

7.1. CONCLUSIONS 

The main conclusions from the present dissertation are found in Chapter 4, Chapter 5 and to a greater 
extent, in Chapter 6. Such conclusions are resumed herein, by chapter. 

 

Chapter 4 

In this chapter a numerical study using the FEM was conducted for several different plates, using 
different elements and meshes, regarding the corners’ stress singularities occurring in simply 
supported plates under bending.  

The results in general have shown a good agreement with the theories developed on the subject 
approached in the chapter: higher corner angles lead to higher stress concentrations in the corners; the 
overall shape of the plates has no influence on the stress singularities and so it has little importance on 
the peak stresses arising near the corners.  

Finally the study has also highlighted the major differences found at the corners’ stresses, arising from 
the use of the ABAQUS elements with different formulations (STR3, a thin-only shell element and 
S4R, a general-purpose shell element), a fact with important implications in the subsequent work 
developed. 

 

Chapter 5 

In Chapter 5 an investigation was made on singular plates under lateral loading, using geometrical 
nonlinear analysis. The results found pointed indeed to the need of accounting for geometrical 
nonlinearities in facetted shells, particularly if one pretends to take full advantage of the glass strength 
capabilities. 
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In a second phase, the investigation was redirected to the corner’s stress concentrations first identified 
in Chapter 4. First it was shown that a nonlinear distribution of stresses in the plates has a slight (but 
insufficient) effect in easing the corner peak stresses given by linear analyses a methodology was then 
developed focusing on releasing the corners in a hexagonal plate in order to remove its peak stresses. 
The results found suggest that having some bending stiffness in the facet’s connections might be 
beneficial by reducing the need for releasing the corners along greater distances. 

 

Chapter 6 

In Chapter 6 a parametric study of a shell’s top hexagonal facet was made focusing primarily in the 
plate’s stresses’ behaviour for different combinations of plate size, thickness and inclination angle of 
the bordering facets, using both linear and nonlinear analyses. 

The use of dimensional analysis and Buckhigham’s Theorem in the development of a full Facetted 
Shell Model (later adapted and simplified for the case studied) proved to be unnecessary to account for 
the change in the facets’ dimensions as this can be indirectly controlled through the modification of 
the facets’ thickness (through the slenderness h/D). 

The conclusions from the stress analysis performed for the models were gradually taken throughout 
the chapter. The more important aspects to be retained are perhaps the strong nonlinear effects induced 
in the thinner models, which completely change the structural behaviour of the facets assumed in the 
linear analysis, particularly in what refers to the transmission of stresses from plate to plate; and also 
the awkward behaviour often presented by the model Shell-5 (both in linear and nonlinear analyses) 
suggesting that the use of such small inclination angles might be ineffective. 

 

7.2. REMARKS AND RECOMMENDATIONS FOR FUTURE DEVELOPMENTS  

In this section some remarks are made regarding some options taken throughout the thesis, with the 
intention of giving valid recommendations for future developments. Several aspects that were 
identified throughout the thesis, but could not be analyzed (mainly due to time limitations) are also 
approached. 

A great part of this thesis was dedicated to the subject of bending stress singularities arising in the 
corners of hexagonal plates and its consequent stress concentrations. Regarding the study conducted in 
Chapter 5 on this matter, some remarks and recommendations were already given and shall be here 
reminded, namely: the limitations associated to the method adopted, mainly due to the use of STR3 
elements, and the suggestion of performing a similar procedure using S4R elements. Naturally, it shall 
be also referred that, given the fact this approach simply contemplates isolated plates, any conclusions 
drawn should be validated in facetted shell models.  

The investigation into the nonlinear behaviour of individual facets composing a facetted shell (the 
main purpose of this thesis) focused primarily on shell’s top facets. Although some of the conclusions 
taken can be easily extended to any facet belonging to a faceted shell, there are some specifications 
concerning top facets, namely the existence of higher transverse loads and lower membrane loads 
(external and internal). This makes, for example, the bending capacity of these plates a key feature. 
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The behaviour of a facet’s bottom edge could be a lot different as their main problems could be more 
related to plate bucking (due to the high compression forces involved) rather than bending. However 
the study of these plates seems only possible with full shell models, which would limit the possible 
combinations of facet’s inclinations and dimensions that could be tested. The use of simplified models 
(as it was done for the top facet) is difficult since the magnitude of membrane loads coming from the 
neighbouring plates becomes difficult to judge, not to mention the problem of addressing reasonable 
boundary conditions. 

Regarding the actual models built (described in Chapter 6), time limitations lead to that the stress 
analyses made have only accounted for one type of connection (a high stiff connection made of glass 
continuously connecting the panels).The existence of partitions created in the computer models, allows 
however the connection properties to be modified very easily. For future developments, it would be 
interesting to conduct similar studies for different connections scenarios (especially with more realistic 
properties). 

Finally, the approach made in Chapter 6 using a dimensionless variable (p*) (usually applied to plates) 
suggested that a general expression relating the variables σmax , a, h and p of a shell’s top plate could 
be obtained, with possible advantages in future pre-designs of shells. As already discussed, this would 
be also something interesting to develop in the future.  
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APPENDIX A  

DEMONSTRATION OF THE VALIDITY 
OF THE PARABOLOID METHOD 

 

In this appendix a proof for the following statement is given: 

The geometrical place defined in space by the intersection of a paraboloid of revolution with a 
cylindrical closed surface whose axis is parallel to the paraboloid’s axis is contained in a plane. 

 

PROOF 

Let ( )22 yxkz +=  (1) be the equation of a paraboloid defined in a XYZ ortogonal coordinate system 

and ( ) ( ) 22
0

2
0 Ryyxx =−+− (2) be the equation of a generic cylindrical surface with radius R, 

whose axis (containing the point of the XOY plane (xo,yo)) is parallel to the axis of the paraboloid. By 
assuming a generic equation for the cylindrical surface every possible relative position between the 
paraboloid and the cylindrical surface is covered and hence there is no loss of generality in assuming 
equation (1) for the parabolid. 

The development of equation (2) leads to: 

2
0

2
0

2
00

22 22 yxRyyxxyx −−++=+          (3) 

The replacement of 22 yx +  in equation (1) by the right side of equation (3) gives: 

( )2
0

2
0

2
00 22 yxRkkyykxxz −−++=             (4) 

kx02  , ky02  and ( )2
0

2
0

2 yxRk −−  are real numbers which and can be replaced by numbers -a, -b 

and d respectively. 

Rewriting equation (4) with these coefficients and rearranging its terms we obtain 

dzbyax =++  (5) 

which is a classic equation of a plane in space. Since (5) was derived from the two original equations 
the geometrical solution of the initial system of equations must lie in the plane defined by (5) and the 
initial statement is proved. 
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APPENDIX B  

INSTABILITY LOADS IN THE 
MODELS DEFININED IN CHAPTER 6  

 

 

B.1. COMPARISON BETWEEN NEWTON-RAPHSON METHOD AND ARC LENGTH METHOD IN THE  

DISPLACEMENT CURVES FROM THE CENTRAL NODE OF MODEL SHELL -104MM  

 

Table B.1 – Abaqus specifications from the applied methods 

Method used Abaqus specifications 

Newton- Raphson I – N-R(1) 

 
Initial step time: 0.05 
Minimum step: 1E-6 
Maximum step:1 
Load: 6p (9kN/m2 ) 
 

Newton-Raphson II – N-R(2) 

 
Initial step time: 0.001 
Minimum step: 1E-6 
Maximum step:0.05 
Load: 6p (9kN/m2 ) 

 

Arc length method - Riks Initial step time: 0.01 
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Figure B.1 – displacement curves from the central point of the shell using different algorithms 

 
Figure B.2 - displacement curves from the central point of the shell using different algorithms (detail) 
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B.2. SEARCHING FOR BUCKLING FACTORS USING N-R ALGORITHM AND OCCASIONALLY RIKS 

ALGORITHM  

B.2.1. MODEL TYPE SHELL-10 

h=6mm  
 
1) N-R method: p=40kN/m2; initial step time=0.05; maximum step time=1 

 
• Buckling Load= 28.02kN/m2 

 
2) N-R method: p=30kN/m2: initial step time=0.05; maximum step time=0.05 

 



Nonlinear Behaviour in Facetted Glass Shells 
 

VI 

 

• Strange behaviour from p=27.66 kN/m2 
 

3) Riks method: initial step time=0.01 

 
• Maximum load proportionality factor: 18.678 � pmax=28.017 

 
h=8mm  
 

1) N-R method: p=90kN/m2; initial step time=0.05; maximum step time 
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• Buckling load = 89,33 kN/m2 
 

 

 

 

 

h=12mm  
 

1) N-R method: p=455kN/m2;  initial step time=0.05; maximum step time=1 

 
• Buckling load = 311,629 kN/m2 

 
h=16mm  
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1) N-R method: p=990kN/m2; initial step time=0.05; maximum step time=1 

 
• Buckling Load=688,394 kN/m2 
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B.2.2. MODEL TYPE SHELL-15 

h=4mm  
 

1) N-R method: p=15kN/m2; initial step time=0.05; maximum step time=1 

 
• Buckling load=10.032 kN/m2 

 

h=8mm  
 

1) N-R method: p=120kN/m2; initial step time=0.05; maximum step time=1 

 
• Buckling load=119.4924 kN/m2 
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h=12mm  
 

1) N-R method: p=600kN/m2; initial step time=0.05; maximum step time=1 
 

• Buckling load ∼ 300 kN/m2?  
 

2) Riks method: initial step time=1; maximum step time=15 

 
• Buckling load = 430,103  kN/m2   

 
h=16mm  

 

1) N-R method: p=1300kN/m2; initial step time=0.05; maximum step time=1 

 
• Buckling load = 1026,180 kN/m2 
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B.2.3. MODEL TYPE SHELL-20 

h=4mm  
 
1) N-R method: p=12kN/m2; initial step time=0.05; maximum step time=1 

 
• Buckling load = 12,449 kN/m2

 

h=8mm  
 

1) N-R method: p=190kN/m2; initial step time=0.05; maximum step time=1 

 
• Buckling load = 114,45 kN/m2
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h=12mm  
 

1) N-R method: p=550kN/m2; initial step time=0.05; maximum step time=1 

 
• Buckling load = 415,51kN/m2

 

 
h=16mm  

 

1) N-R method: p=1300kN/m2; initial step time=0.05; maximum step time=1 

 
• Buckling load = 1278,0 kN/m2
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B.2.4. MODEL TYPE SHELL-5 

h=4mm  
 

1) N-R method: p=8kn/m2; initial step time=0.05; maximum step time=1 

 
• Buckling load = 6,289kN/m2

 

 
h=8mm  

 

1) N-R method: p=100kn/m2; initial step time=0.05; maximum step time=1 

 
• Buckling load = 49,54kN/m2
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h=12mm  
 

1) N-R method: p=250kn/m2; initial step time=0.05; maximum step time 

 
• Buckling load = 138,36kN/m2

 

 
h=16mm  

 

2) N-R method: p=430kn/m2; initial step time=0.05; maximum step time=1 

 
• Buckling load = 319,69 kN/m2

 

 


