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Abstract 
 
 
This work consists of a numerical study and an experimental program of tests, concerning 
some fatigue and fracture mechanics problems. 
 
The numerical component involves the use of finite element and dual boundary element 
methods. It includes two chapters:  
 

1. The analysis of simple fracture mechanics problems with known theoretical 
solution used for comparison; 

2. A crack growth simulation problem in a stiffened panel. 
 

The experimental component, which involves different types of mechanical tests, 
metallographic analysis and microhardness measurements, includes: 
  

3. Experimental characterization of the mechanical behavior of dissimilar aluminium 
alloys T-joints manufactured using FSW; 

4. Experimental determination of the K-R curve for an aluminium alloy, for a specific 
specimen geometry. 
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Resumo 
 
 
Este trabalho é constituído por dois componentes principais: um estudo numérico e de 
modelação, e trabalho e análise experimental. Ambos os tipos de análise são aplicados à 
resolução de problemas da área de fadiga e mecânica da fractura. 
 
A componente numérica envolve o uso dos métodos de elementos finitos e de elementos 
fronteira. Esta componente inclui dois capítulos: 
 

1. Análise de problemas simples de mecânica da fractura cuja solução teórica é 
conhecida e usada como termo de comparação; 

2. Simulação de crescimento de fenda num painel reforçado. 
 
A componente experimental, que envolve diferentes tipos de ensaios mecânicos, análise 
metalográfica e medição de microdureza, inclui: 
  

3. Caracterização experimental do comportamento mecânico de ligações em T de 
diferentes ligas de alumínio obtidas por soldadura por fricção. 

4. Determinação experimental da curva K-R para uma liga de alumínio, para uma 
geometria de provete específica. 

 
 
Palavras chave 
 
Fadiga, mecânica da fractura, campos de tensão em modo misto, FSW, ligações em T, 
curva K-R. 
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a, a0, ap, ae, an 
 

half crack length 
C, m 

 

material fatigue dependent constants  
CND 

 

constant 
E, Eeff, Eal, Est 

 

modulus of elasticity (Young modulus) 
Fi 

 

force in the i direction 
GI, GII 

 

strain energy release rate 
h 

 

height 
K, KI, KII, K0, KT,  

KNUM, KIM, KIIM 
 

stress intensity factor 

Kr 
 

fracture toughness  
N 

 

number of cycles 
P 

 

load (force) applied 
r 

 

distance to crack tip (coordinate) 
R 

 

stress ratio 
rND 

 

non dimensional distance to crack tip 
Rv 

 

net section criteria 
ry 

 

plastic zone size 
t 

 

thickness 
ui 

 

displacement in the i direction 
v 

 

measured displacement 
w 

 

width or half width 
α 

 

crack angle (with the perpendicular to the loading) 
β 

 

complementary crack angle 
βp 

 

angle of correction of crack propagation direction 
∆a, ∆ae 

 

range of crack length 
∆K, ∆keq 

 

range of stress intensity factor 
ε 

 

elongation after break 
θ 

 

polar coordinate (for system with origin in the crack tip) 
ν, νst, νal 

 

Poisson coeficient 
σ  

 

applied stress 
σ1, σ2, σ3 

 

principal stress 
σi  

 

stress in the direction i 
σnet  

 

nominal stress in the remaining section 
σTR  

 

Tresca stress 
σUS 

 

rupture strength stress 
σVM 

 

von Mises stress 
σyld 

 

yield strength stress 
τ 

 

applied shear stress 
τij 

 

shear stress in the direction ij 
φ,  φn, φn+1, φcorr 

 

angle of propagation 
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Aluminium Association 
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 base material 
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Innovative Fatigue and Damage Tolerance Methods for the Application of 
New Structural Concepts 

DBE 
 dual boundary element 

ESA  
 European Space Agency 

FE 
 finite element 

FEUP  
 Faculdade de Engenharia da Universidade do Porto 

FSW  
 

friction stir welding 

HAZ  
 

heat affected zone 

HF   hydrofluoric acid 

INEGI  
 Instituto de Engenharia Mecânica e Gestão Industrial 

LBW 
 

laser beam welding 

MIG 
 metal inert gas (welding) 

SIF(s) 
 stress intensity factor(s) 

SN 
 stress level versus number of cycles (curve) 

SST 
 singularity subtraction technique 

SZ 
 

stir zone 

TMAZ 
 

thermo-mechanically affected zone 

TWI  The Welding Institute 

VCCT 
 virtual crack closure technique 
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1. Numerical analysis of simple fracture mechanics problems  
 

 
Finite element method and dual boundary element method were used to solve three simple 
problems: the determination of the stress intensity factors for a mixed mode situation with 
varying crack orientation and for a pure mode II problem, and the evaluation of the plastic 
region around the crack tip based on common yield criterions. 
 
These problems were kept simple and close to ideal theoretical situations so that the results 
obtained could be easily validated by comparison with known analytical solutions. 
 
In general, good agreement was found between the theoretical predictions and the 
numerical results obtained. 
 
 
1.1. Stress intensity factors determination for an inclined central crack 
on a plate subjected to uniform tensile loading using FE and DBE 
analysis 
 
The stress intensity factors (SIFs) KI and KII for an inclined central crack on a plate subjected 
to uniform tensile loading were calculated for different crack orientations (angles) using finite 
element (FE) and dual boundary element (DBE) analysis.  
FE analyses were carried out in ABAQUS. The stress intensity factors were obtained using 
the J integral method and the modified virtual crack closure technique (VCCT).  
DBE analysis of the problem was carried out using the software (programs BEGEN and 
CRACKER) developed by Portela [4]. Two methods were used to obtain the stress intensity 
factors, the J integral and the Singularity Subtraction Technique (SST). 
 
1.1.1 – Finite element analysis 
 
Introduction 
 
The plate is represented in Figure 1. Table 1 presents the dimensions of the plate and the 
crack, the value of the applied stress and the properties of the material, which is considered 
elastic.  
The plate thickness is 1 mm, and the problem is considered bi-dimensional (2D). 
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Figure 1 – Plate dimensions 
 

Table 1 – Plate dimensions and properties 
 
 
 
 
 
 
 
 
 
The values assigned for the angle (α) between the crack direction and the perpendicular to 
the load direction were 0.00º, 10.00º, 20.00º, 26.56º, 37.00º, 45.00º, 53.00º, 63.44º, 70.00º, 
80.00º and 90.00º. 
 
Analytical Solution 
 
The crack dimensions ( 0.05a w a h= = ) are small enough for the plate to be considered 
infinite. Therefore, the analytical solutions for KI and KII, given in [1], are: 
 

( ) ( )2 2
0IK sin a sin Kσ β π β= =       (1) 

 

0cos cosIIK sin a sin Kσ β β π β β= = ×      (2) 

  
where: 
  
 0K aσ π=          (3) 

a 0.5 mm 
w 10 mm 
h 10 mm 
σ 200 MPa 
E 70000 MPa 
ν 0.33 
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 90ºβ α= −          (4) 
 
FE modeling and simulation 
 
The models were developed using FEMAP. 
For values of α different from 0 and 90 degrees, the problem is not symmetrical. Therefore, 
boundary conditions are applied as shown on Figure 2 (for all α values considered, including 
0º and 90º). 
No symmetry of any kind is used, and all the calculations are carried out for both crack tips, 
even though identical results are expected. 
 

 
 

Figure 2 – Model for FE analysis 
 
Figure 2 shows that a significant adaptation is made: the load is removed from the inferior 
edge (surface) and replaced by restrictions in the same direction. The possible effects of 
such adaptation are discussed later. A nodal restriction in x is also applied. A model with 
alternative restrictions is evaluated in Appendix A. 
 
The load is applied as force per length, since the plate thickness is equal to 1 mm. 
 
The mesh used in one of the analyses (α = 37º) is shown in Figure 3. All the other models / 
meshes are similar. Models corresponding to the larger of two complementary crack angles 
(whose sum is equal to 90 degrees) are obtained from the smaller angle’s model by 
changing the direction of the load and restrictions. 
Eight node parabolic elements (S8R) and six node parabolic triangular elements (STRI65) 
were used. The total number of elements, nodes and degrees of freedom ranges from 7200, 
21960 and 131760 to 13500, 42300 and 253800, respectively. The number of elements 
along the crack extension is 10 for all models. 



 4 

 

 
 

Figure 3 – Mesh for α = 37º 
 
J integral  method 
 
This method is implemented in ABAQUS [2], which makes its use simple and direct. The 
countour integral is defined by the node correspondent to one of the crack tips and the 
direction perpendicular to the crack. 10 contours are used in each analysis (10 elements are 
defined along the crack). In general, all but the first and last contour integral provide 
identical values for KI and KII. The fifth contour is the one whose results are chosen as the 
final results. 
Results for both crack tips are considered. Therefore each analysis (each value of α) 
provides two values for KI and two values for KII. 
 
 
Virtual crack closure technique (VCCT) 
 
For two-dimensional eight node elements, the strain energy release rates are given by [3]: 
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Figure 4 – Crack Tip for eight node elements model 

 

( ) ( )3 1 1 4 2 2
1

2I y y s y i y y s y iG F u u F u u
a
 = − − + −
 ∆

    (5) 

 

( ) ( )3 1 1 4 2 2
1

2II x x s x i y x s x iG F u u F u u
a
 = − − + − ∆

    (6) 

 
KI and KII are given by [3]: 
 

*I IK G E= ×         (7) 

 
*II IIK G E= ×         (8) 

 
where E* is equal to E for plane stress. 
 
This method requires that the nodal forces in some of the internal nodes of the plate are 
known. Since no symmetry is used, these nodal forces are not immediately available.  
For each one of the crack tips, another pair of elements is disconnected or added to the 
crack, whose length is now 12 elements. The four pairs of extra “free” nodes are connected 
by means of ABAQUS connector elements (CONN2D2), as shown in Figure 5. These 
elements allow the possibility of including the necessary nodal forces (ABAQUS Constraint 
Reaction Forces) in the output. The required displacements are obtained immediately. The 
implementation of this type of nodal connection in ABAQUS is described in appendix B.  
 

1s 

1i 

2s 

2i 
3 4 

∆a 
 

y 
 

x 
 



 6 

 
Figure 5 – Nodal connection with connector elements 

 
The nodal forces and displacements in the appropriate coordinate system, which is related 
to the crack orientation, are obtained from the output (directions x and y) by performing a 
simple coordinate transformation. 
 
Once again, the stress intensity factors are calculated for both crack tips.  
 
Results  
 
Since the stress intensity factors are calculated for both crack tips, the average is used. In 
all cases, the results for the two crack tips are very close. Table 2 resumes all the results 
and the relative difference between them and the analytical solution. 
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Table 2 – Stress intensity factors values and comparison with analytical solution 
 

 KI  / K0 KII / K0 

α(º)  Tip 1 Tip 2 Average  Error (%)  Tip 1 Tip 2 Average  Error (%)  

0 
J int.  0,9966 0,9966 0,9966 0,34 0,0001 0,0001 0,0001 - 
VCCT 0,9869 0,9869 0,9869 1,31 0,0001 0,0000 0,0000 - 

10 
J int.  0,9666 0,9666 0,9666 0,33 0,1706 0,1705 0,1706 0,26 
VCCT 0,9572 0,9572 0,9572 1,31 0,1687 0,1686 0,1686 1,41 

20 
J int.  0,8801 0,8801 0,8801 0,33 0,3206 0,3206 0,3206 0,24 
VCCT 0,8715 0,8716 0,8716 1,30 0,3169 0,3169 0,3169 1,40 

26,56 
J int.  0,7975 0,7975 0,7975 0,32 0,3989 0,3989 0,3989 0,26 
VCCT 0,7896 0,7897 0,7897 1,30 0,3944 0,3944 0,3944 1,39 

37 
J int.  0,6359 0,6359 0,6359 0,30 0,4795 0,4795 0,4795 0,23 
VCCT 0,6296 0,6296 0,6296 1,29 0,4740 0,4740 0,4740 1,39 

45 
J int.  0,4983 0,4987 0,4985 0,30 0,4991 0,4991 0,4991 0,18 
VCCT 0,4936 0,4936 0,4936 1,29 0,4931 0,4932 0,4931 1,39 

53 
J int.  0,3611 0,3611 0,3611 0,30 0,4795 0,4795 0,4795 0,23 
VCCT 0,3571 0,3571 0,3571 1,41 0,4745 0,4745 0,4745 1,28 

63,43 
J int.  0,1994 0,1994 0,1994 0,27 0,3993 0,3993 0,3993 0,16 
VCCT 0,1970 0,1971 0,1970 1,47 0,3947 0,3949 0,3948 1,29 

70 
J int.  0,1167 0,1167 0,1167 0,28 0,3208 0,3208 0,3208 0,18 
VCCT 0,1152 0,1152 0,1152 1,51 0,3172 0,3172 0,3172 1,31 

80 
J int.  0,0301 0,0301 0,0301 0,31 0,1707 0,1707 0,1707 0,17 
VCCT 0,0297 0,0297 0,0297 1,55 0,1687 0,1687 0,1687 1,33 

90 
J int.  0,0000 0,0000 0,0000 - 0,0000 0,0000 0,0000 - 
VCCT 0 0 0 - 0 0 0 - 

 
The results obtained for KI and KII are represented in Figures 6 and 7, respectively, which 
include the analytical solution for comparison. The results presented are made non-
dimensional using 0K aσ π= . 
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Figure 6 – Comparison of numerical results and theoretical solution for non-dimensional mode I 

stress intensity factor 

 
Figure 7 – Comparison of numerical results and theoretical solution for non-dimensional mode II 

stress intensity factor. 
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The relative difference between the results obtained with both methods and the analytical 
solution is displayed in Figure 8.  
 

Relative error (%) 100Num T

T

K K

K

−
= ×      (9) 

 
The relative errors for 0 and 90 degrees are ignored, since the analytical solution is zero, 
except for KI (0º). 

 
Figure 8 – Relative error of numerical results 

 
The absolute difference (divided by K0) between the results obtained with both methods and 
the analytical solution is displayed in Figure 9.  
 

Absolute error 
0

Num TK K

K

−
=        (10) 
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Figure 9 – Non-dimensional absolute error of numerical results 
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Concluding Remarks 
 
Figures 6, 7, 8 and 9 show that the values of the stress intensity factors obtained are, for 
both methods, close to the analytical solution. In fact, ignoring the results for α = 0º and α = 
90º, the relative difference between the calculated factors and the analytical solution is 
never larger than 1.5% for VCCT and 0.4% for the J integral method.  
 
Another conclusion is that the J integral method, for this kind of problem and mesh 
refinement, produces better results than the modified VCCT, for all values of α. The J 
integral method’s relative error is about one fourth of the error of VCCT.  
 
Figure 8 shows that the quality of the results seems to be independent of α for the J integral 
method, and that the result for KII is closer to the analytical solution than the result for KI for 
all values of α. These small differences may be caused by the boundary conditions used. 
For the VCCT, however, the relative error is smaller for KI than for KII for values of α 
between 0 and 45º, while the opposite occurs for larger values of α. This might be related to 
the fact that for α smaller than 45º, KI is larger than KII, and for α larger than 45º, KI is 
smaller than KII.  
 
The curves for the absolute errors shown in Figure 9 have similar shapes to those of the 
respective stress intensity factors, which is a consequence of the stability of the relative 
error. This graphic shows the absolute error for α equal to 0 and 90 degrees, and it is 
reasonable to assume that the calculated results are close to the analytical solution for 
these values of α as well, as already suggested by Figures 6 and 7. 
 
The introduction of a restriction in the direction perpendicular to the direction of loading 
appears to have a small effect in the results obtained. This statement is supported by the 
fact that these results are identical for both crack tips  
 
The effects of the replacement of the load in one of the edges of the plate with nodal 
restrictions in the same direction can be evaluated by the observation of the stress 
distribution in the restrained edge.  
Figure 10 shows the value of the stress in the direction of the load along the restrained 
edge, for α =37º. Since the applied stress magnitude is 200 MPa, it is reasonable to assume 
that the adaptation has little effect on the results. 
The stress variation for the other values of α is insignificant as well. 
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Figure 10 - Stress (MPa) in the direction of the load along the restrained edge (α=37º) 
 

The nodal displacement (in the load direction) distribution on the loaded edge can also 
serve as an evaluation of the model adequacy. Figure 11 presents this distribution for α 
=37º. Again, the variation’s magnitude is small when compared to the displacement 
magnitude. 
  

 
 

Figure 11 - Nodal displacement (mm) in the direction of the load along the loaded edge (α=37º) 
 
Finally, these results support the assumption that the plate can be considered infinite when 
the analytical determination of the stress intensity factors is carried out. 
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1.1.2 – Dual boundary element analysis 
 
Introduction 
 
Since the two methods used to obtain the stress intensity factors (J integral and SST [31]) 
are included in the software used, their application is simple and immediate. 
Boundary conditions and loads were applied as described by Figure 12. The tensile load is 
applied on both edges, and two restrictions in x and one in y are added. 
 

 
 

Figure 12 – Model for DBE analysis 
 
The mesh used is represented in Figure 13, for an angle α of 37º. 
 

 
 

Figure 13 – Mesh used in DBE analysis 
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Six lines are defined, corresponding to the four edges of the plate and the two sides of the 
crack. Each line is divided in 10 equal length elements. Since the elements are parabolic, 
the total number of elements and nodes is 60 and 120, respectively. 
 
Results 
 
J integral and SST results are presented in Tables 3 and 4, respectively. 
 

Table 3 – J Integral results and comparison with analytical solution 
 

 KI  / K0 KII / K0 

α(º) Tip 1 Tip 2 Average Error (%)  Tip 1 Tip 2 Average Error (%)  

0 1.0078 1.0077 1.0077 0.77 0.0003 0.0003 0.0003 - 

10 0.9774 0.9773 0.9774 0.78 0.1716 0.1717 0.1717 0.39 

20 0.8899 0.8898 0.8898 0.77 0.3229 0.3229 0.3229 0.47 

26.56 0.8061 0.8061 0.8061 0.76 0.4022 0.4022 0.4022 0.55 

37 0.6425 0.6425 0.6425 0.73 0.4833 0.4832 0.4832 0.54 

45 0.5035 0.5035 0.5035 0.70 0.5026 0.5026 0.5026 0.53 

53 0.3646 0.3646 0.3646 0.66 0.4832 0.4832 0.4832 0.53 

63.44 0.2014 0.2013 0.2013 0.68 0.4023 0.4022 0.4023 0.57 

70 0.1178 0.1177 0.1177 0.65 0.3234 0.3234 0.3234 0.62 

80 0.0303 0.0295 0.0299 0.78 0.1722 0.1721 0.1721 0.65 

90 0.0051 0.0045 0.0048 - 0.0003 0.0004 0.0004 - 
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Table 4 - SST results and comparison with analytical solution 
 

 KI  / K0 KII / K0 

α(º) Tip 1 Tip 2 Average Error (%)  Tip 1 Tip 2 Average Error (%)  

0 0.9947 0.9951 0.9949 0.51 0.0031 0.0024 0.0028 - 

10 0.9629 0.9705 0.9667 0.33 0.1663 0.1638 0.1650 3.49 

20 0.8790 0.8689 0.8740 1.02 0.3145 0.3199 0.3172 1.31 

26.56 0.8038 0.8068 0.8053 0.66 0.4069 0.4041 0.4055 1.38 

37 0.6369 0.6637 0.6503 1.96 0.4883 0.4860 0.4871 1.35 

45 0.5077 0.5105 0.5091 1.82 0.5050 0.5067 0.5058 1.17 

53 0.3799 0.3780 0.3790 4.63 0.4824 0.5010 0.4917 2.30 

63.44 0.2298 0.2216 0.2257 12.88 0.4094 0.4132 0.4113 2.83 

70 0.1177 0.1257 0.1217 4.06 0.3339 0.3215 0.3277 1.96 

80 0.0432 0.0395 0.0414 37.19 0.1824 0.1895 0.1860 8.74 

90 0.0247 0.0249 0.0248 - 0.0092 0.0091 0.0092 - 

 
The results obtained for KI and KII are represented in Figures 14 and 15, respectively, which 
include the analytical solution for comparison. The results presented are made non-
dimensional using 0K aσ π= . 
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Figure 14 - Comparison of numerical results and theoretical solution for non-dimensional mode I 

stress intensity factor 

 
Figure 15 - Comparison of numerical results and theoretical solution for non-dimensional mode II 

stress intensity factor 
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The relative and absolute difference (divided by K0) between the results obtained with both 
methods and the analytical solution are displayed in Figures 16 and 17.  

 
Figure 16 - Relative error of numerical results 

 
Figure 17 - Non-dimensional absolute error of numerical results 
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Concluding Remarks 
 
Tables 3 and 4 and Figures 14 to 17 show that DBE analysis produced accurate results, 
especially when the method used for determining the stress intensity factors is the J integral.  
 
J integral results relative differences to the analytical solutions are under 1% for all values of 
α. Figure 17 proves the stability of the relative errors, since the absolute error curves have 
similar shapes to those of the respective stress intensity factor. 
 
The results obtained with the SST method are not so accurate, especially for smaller values 
of KI and KII. 
 
Since the DBE method uses considerably fewer computational resources than the FE 
method (a comparison of the number of nodes used to solve this problem proves this point), 
the fact that the results obtained are close to the analytical solution for both methods 
suggests that using the DBE method to solve simple bi-dimensional problems is probably of 
advantage. 
 
 
1.2. Mode II stress intensity factors determination using FE and DBE 
analysis 
 
The stress intensity factors KI and KII for a central crack on a plate subjected to uniform 
shear loading were determined using FE and DBE analysis. The software and the methods 
used to determine the SIFs were the ones used for the problem presented before on 1.1. 
 
1.2.1 – Finite element analysis 
 
 Introduction 
 
The plate is represented in figure 18. Table 5 presents the dimensions of the plate and the 
crack, the value of the applied stress and the properties of the material, which is considered 
elastic.  
The plate thickness is 1 mm, and the problem is considered two-dimensional. 
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Figure 18 – Plate dimensions 

 
Table 5 – Plate dimensions and properties 

 
 
 
 

 
 
 
 
 
Analytical Solution 
 
The crack dimensions ( 0.05a w a h= = ) are small enough for the plate to be considered 
infinite. Therefore, the analytical solutions for KI and KII, given, for example, in [1], are: 
 

0IK =            (11) 
 

IIK aτ π=           (12) 
 
FE modeling and simulation 
 
The models were developed using FEMAP. 
Boundary conditions are applied as shown in Figure 19. No symmetry of any kind is used, 
and all the calculations are carried out for both crack tips, even though identical results are 
expected. The bottom edge is restricted in the x direction, the edge on the left is restricted in 
the y direction. These restrictions aim to recreate the shear stress field on the respective 
edges. 

a 0.5 mm 
w 10 mm 
h 10 mm 
τ 200 MPa 
E 70000 MPa 
ν 0.33 
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The sole purpose of the restriction applied to the right superior node is to prevent rotation 
(rigid body motion) of the model. 
 

 
 

Figure 19 – Model for FE analysis 
 
The load is applied as force per length, since the plate thickness is equal to 1 mm. 
 
Eight node parabolic elements (S8R) were used. The total number of elements, nodes and 
degrees of freedom is 7200, 21960 and 131760, respectively. The number of elements 
along the crack extension is 10. 
The mesh used in the analysis is shown on Figure 20.  
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Figure 20 – Mesh used in FE analysis 
 
Results 
 
The J integral method and the modified VCCT were used to calculate the stress intensity 
factors. The application of both methods is described in the previous section. 
Table 6 presents all the results: 

 
Table 6 – Stress intensity factors values and comparison with analytical solution 

 

 
KI  / K0 KII / K0 

Tip 1 Tip 2 Average  Error / K0 Tip 1 Tip 2 Average  Error (%)  Error / K0 

J int. 7,22E-05 3,21E-05 5,21E-05 5,21E-05 0,99815 0,99815 0,99815 0,18 1,85E-03 

VCCT 6,98E-05 3,27E-05 5,13E-05 5,13E-05 0,98655 0,98657 0,98656 1,34 1,34E-02 

 
K0 is the analytical solution for KII.  The errors presented in Table 7 refer to the difference 
between the calculated SIFs and the analytical solutions (KT)

1: 
 

Relative error (%) 100Num T

T

K K

K

−
= ×      (9) 

 

Absolute error 
0

Num TK K

K

−
=        (10) 

                                                 
1 Equations (9) and (10) have been shown and explained in section 1.1 
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Concluding Remarks 
 
The purpose of determining KI is to evaluate how adequate the finite model used is. If the 
calculated KI happens to be significantly different from 0, then the model does not allow 
approximating the pure mode II conditions intended (considering that the results for the 
stress intensity factors are reliable). Since the determined KI is very close to zero for both 
methods, it can be assumed that the model serves its purpose. The fact that KI is different 
for the two crack tips is probably related to the non-symmetry of the FE model’s boundary 
conditions. However, since the absolute difference is very small, this fact can be ignored. 
 
For both methods, the calculated KII is close to the analytical solution as well. J integral 
method’s result is closer to the analytical solution, and its relative error is about seven times 
smaller than the one of VCCT. 
 
The effects of the replacement of the load in two edges with nodal restrictions in the 
respective directions can be evaluated by the observation of the shear stress distribution in 
the restrained edges, represented in Figures 21 and 22. Since both distributions are close to 
the ideal one, where τ is equal to 200 MPa along the entire edge, the negative effects of the 
artificial boundary conditions are not severe. This conclusion was expected, since the 
calculated stress intensity factors are close to the analytical solutions. 
 
 

 
Figure 21 – Shear stress (MPa) distribution along the edge on the left of the plate 

 



 23 

 
Figure 22 – Shear stress (MPa) distribution along the edge on the bottom of the plate 

 
Finally, these results support the assumption that the plate can be considered infinite when 
the analytical determination of the stress intensity factors is carried out. 
 
1.2.2. – Dual boundary element analysis 
 
Boundary conditions and loads were applied as described by Figure 20. The mesh used is 
represented in Figure 23. 
 

 
 

Figure 23 – Mesh used in DBE analysis 
 
Six lines are defined, corresponding to the four edges of the plate and the two sides of the 
crack. Each line is divided in 10 equal length elements. Since the elements are parabolic, 
the total number of elements and nodes is 60 and 120, respectively. 
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Results 
 
J integral and SST results are presented in Table 7. 
 

Table 7 – J Integral and SST results and comparison with analytical solution 
 

 
KI  / K0 KII / K0 

Tip 1 Tip 2 Average  Error / K0 Tip 1 Tip 2 Average  Error (%)  Error / K0 

J int. 3.60E-04 4.26E-04 3.93E-04 3.93E-04 1.0056 1.0056 1.0056 0.56 5.61E-03 

SST 1.47E-03 2.00E-03 1.73E-03 1.73E-03 1.0292 1.0312 1.0302 3.02 3.02E-02 

 
Table 7 results are made non-dimensional using 0K aσ π= . 

 
Concluding Remarks 
 
Table 7 shows that DBE analysis produced accurate results, especially when the method 
used for determining the stress intensity factors is the J integral.  
The results for KI are close to zero, as expected, although not as close as the FE method 
results. The observations regarding the adequacy of the model and its restrictions made for 
the FE results are valid for these results as well. 
 
For both methods, the calculated KII is close to the analytical solution as well. J integral 
method’s result is, once again, closer to the analytical solution. 
 
The observations made in section 1.1 regarding the low number of degrees of freedom of 
the DBE analysis when compared to the FE method are appropriate for this problem as well. 
 
 
1.3. Evaluation of the crack tip plastic region in a mixed mode situation 
using FE analysis 
 
Elastic finite element (FE) analyses of a cracked plate were carried out for mode I, mode II 
and mixed mode (I and II). The analyses’ results for von Mises and Tresca stresses were 
used as an approximate evaluation of the area of the plastic region around the crack, for 
different yield strengths. The results obtained were compared with the theoretical solution 
based on the Westergaard stress functions.  
 
1.3.1. Introduction 
 
The plastic region here is defined as the region for which the von Mises or Tresca stresses 
are equal to or higher than some stress value (“virtual” yield strength). No plasticity effects 
are considered in the problem.  
The results were compared with the ones obtained analytically from the stress distribution 
for the crack vicinity.  
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The same procedure is followed, for example, by Khan and Khraisheh [5]. These authors 
derive the shape of this “plastic” region using the singular stress solutions at the crack tip for 
single mode I or II and mixed mode I-II. 
 
The problem corresponds to a plane stress situation since the plate thickness is significantly 
smaller than its other dimensions and all loads are applied in the plate’s plane. Mode I 
situation is represented in Figure 24. Mode II and mixed mode situations, already analyzed, 
are represented in Figures 18 and 1, respectively. 
Table 8 presents the dimensions of the plate and the crack, the value of the applied stress 
and the properties of the material, which is considered elastic.  
The plate thickness is 1mm, and the problem is considered bi-dimensional. 
 

 
 

Figure 24 - Mode I problem 
 

Table 8 – Plate dimensions and properties 
 
 
 
 
 
 
 
 
 
 

a 0.5 mm 
w 10 mm 
h 10 mm 
σ 200 MPa 
τ 200 MPa 
E 70000 MPa 
ν 0.33 
α 45º 
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1.3.2. Analytical Solution 
 
Figure 25 displays the relations between the coordinates used. In this Figure, the crack 
orientation is arbitrary. The axes represented have the direction of the axes of Figures 1, 18 
and 24. 

 
Figure 25 – Coordinates Systems 

 
The plane stress components in the crack vicinity for mode I are governed by the following 
equations, given for example by [1]: 
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For mode II: 
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For mixed mode: 
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where r is the distance between the point where the stress components are calculated and 
the crack tip, and θ is the angle between the segment that joins theses points and the crack 
direction. 
These equations produce acceptable results provided that r <<a.  
 
The stress intensity factors are [1]: 
 

2IK aσ π=          (22) 
 

2IIK aτ π=          (23) 
 

( )2
sin 2IMK aσ β π=        (24) 

 
sin cos 2IIMK aσ β β π=        (25) 

 
where:  
 

90ºβ α= −          (26) 
 

For plane stress, the principal stresses are obtained from the cartesian components by 
performing the following transformation [6]: 
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      (27) 
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      (28) 

 

3 0σ =           (29) 

 
The direction perpendicular to the plate’s plane is always a principal stress direction, whose 
correspondent principal stress is zero. 
 
Tresca and von Mises stresses are defined by the following equations [6]: 
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 ( ) ( ) ( )2 2 2
1 2 2 3 3 1

1

2
VMσ σ σ σ σ σ σ= − + − + −     (30) 

 
1 3TRσ σ σ= −          (31) 

 
where σ1 is the highest principal stress and σ3 the lowest. 
 
By making these stresses equal to the yield strength, it is possible to obtain the values for r 
as a function of θ that correspond to the points near the crack tip for which the yield strength 
is equaled. These points form a curve whose interior is taken as an approximation of the 
plastic region (see Figures 12 to 23).  
 
1.3.3. FE modeling and simulation 
 
The models were developed using FEMAP and the analyses were carried out in ABAQUS. 
For mode I and mode II analyses, all elements are parabolic eight-node rectangles and 
squares (S8R). These elements are combined with six node triangles (STRI65) in the mixed 
mode analysis. All loads are applied as forces per length. For the mode I analysis, all 
elements around the crack right tip are 0.001 X 0.001 mm2 squares. For mode II and mixed 
mode analyses, all elements around the crack right tip are 0.005 X 0.005 mm2 squares. This 
kind of refinement is required for comparative purposes, since the analytical solution is 
acceptable only for the close vicinity of the crack tips. 
 
The model used for mode I analysis is represented in Figure 26. 
 

 
 

Figure 26 – Mode I model 
 

One quarter of the plate is used. The original symmetry in both directions is responsible for 
the restrictions represented.  
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The mesh used is represented in Figures 27 and 28. The total number of elements, nodes 
and degrees of freedom is 24414, 73057 and 438342, respectively. 
 

 
 

Figure 27 – Mode I mesh 
 

 
 

Figure 28 – Mode I mesh detail 
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The model used for mode II analysis is represented in Figure 19. The boundary conditions 
have already been explained in section 1.2. 
 
The mesh used is represented in Figures 29 and 30. The total number of elements, nodes 
and degrees of freedom is 35712, 107989 and 647934, respectively. 
 

 
 

Figure 29 – Mode II mesh 
 

 
 

Figure 30 – Mode II mesh detail 



 31 

The model used for mixed mode analysis is represented in Figure 2. The boundary 
conditions have already been explained in section 1.1. 
 
The mesh used is represented in Figures 31 and 32. The total number of elements, nodes 
and degrees of freedom is 20836, 62432 and 374592, respectively. 

 

 
 

Figure 31 – Mixed mode mesh 
 

 
 

Figure 32 – Mixed mode mesh detail 
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1.3.4. Results 
 
Figures 33 to 44 present, for each FE analysis, the area in the vicinity of the right crack tip 
for which the von Mises or Tresca stress is equal or superior to the yield strength considered 
(σyld). The theoretical solution (red line) is included for comparative purpose.  
 
The distance between the crack tip (point whose cartesian coordinates are both zero) and 
each point of the model’s area is measured in mm by the variable r. Figure 33 illustrates the 
meaning of r, as used in all cases. 
 
Since the FE analyses’ results are necessarily dimensional, different constants are used to 
make the distances represented non dimensional (cND = 50.00 for Figure 33, for instance2). 
The non dimensional variable (rND) is given by: 
 

2ND

ND
yld

r
r

c a
σ

σ

=
 
 
 
 

        (32) 

 
The regions with different colors in the area obtained from FE analysis correspond to 
different stress levels, detailed in the scales of Figures 33 to 44. All stress units are MPa.  
 
For all figures, the units of axes x and y are mm if the FE analysis is considered. If the non-
dimensional variable defined is considered, the axes represent non-dimensional variables. 
 
For each mode, the different yield strengths considered were chosen based on the best 
compromise between the definition of the FE results (the more elements included in the 
“plastic” area the better) and the applicability of the theoretical solution, which is only 
appropriate for the vicinity of the crack tip.  
The use of two different yet similar yield strengths (reference values for the application of 
von Mises and Tresca criterions) for each mode allows the evaluation of the calculations’ 
acceptability and stability. 
 
Mode I 
 
The results for mode I are presented only for one side of the crack (θ ≤ 180º) since the FE 
model is defined for one quarter of the plate. This should have no significant effect in the 
quality of the results, since both the plate’s geometry and the loads applied are symmetric. 
 
 

 
 
 

                                                 
2 CND is a function of σ, σyld and a, for each case 
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Figure 33 – von Mises criterion (σyld = 1000 MPa; cND=50.00) 

 

 
Figure 34 – Tresca criterion (σyld = 1000 MPa; cND=50.00) 

r 
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Figure 35 – von Mises criterion (σyld = 1200 MPa; cND=71.94) 

 

 
Figure 36 – Tresca criterion (σyld = 1200 MPa; cND=71.94) 
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Mode II 
 
Mode II results are displayed for both sides of the crack, since the FE model corresponds to 
the whole plate. As expected, the stress fields represented are almost perfectly symmetric. 
 

 
Figure 37 – von Mises criterion (σyld = 800 MPa; cND=31.95) 

 

 
Figure 38 – Tresca criterion (σyld = 800 MPa; cND=31.95) 
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Figure 39 – von Mises criterion (σyld = 900 MPa; cND=40.49) 

 

 
Figure 40 – Tresca criterion (σyld = 900 MPa; cND=40.49) 



 37 

Mixed mode 
 
The axes x’ and y’ represented in Figures 41 to 44 can be obtained from the axes x and y 
defined earlier, by rotating 45 degrees counter clockwise. Therefore, the same way that the 
crack had the direction of the x axis in mode I and mode II, in this case, the crack is parallel 
to x’. The crack tip is now the point where x’=y’=0. 
 

 
Figure 41 – von Mises criterion (σyld = 500 MPa; cND=12.50) 
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Figure 42 – Tresca criterion (σyld = 500 MPa; cND=12.50) 

 
Figure 43 – von Mises criterion (σyld = 600 MPa; cND=17.67) 
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Figure 44 – Tresca criterion (σyld = 600 MPa; cND=17.67) 
 
 
1.3.5. Concluding Remarks 
 
In general, the results obtained with the FE method show good agreement with the 
analytical solution based on the Westergaard stress functions. The results for mixed mode 
analysis are closer to the respective theoretical prediction than the results for mode I and 
mode II. Mode I simulation required the use of a more refined mesh around the crack tip in 
order to extract results which are both relatively close to the analytical solution and 
presented with reasonable definition. This means that higher values of stress for the 
application of the yield criterions were considered for mode I, and the areas that verify these 
criterions are considerably smaller than the ones obtained for mode II and mixed mode. 
 
In all cases, the analyses’ results for the larger yield strength considered are the ones which 
are closer to the analytical solution. This was expected because the prediction based on the 
Westergaard stress functions is more accurate the smaller the distance to the crack tip 
becomes, since these functions are defined for r <<a. However, these differences are not 
significant enough for the smaller yield strength’s results to be considered incomparable to 
the theoretical solution. In all cases, the distance to the crack tip of the “plastic” region’s 
boundary (r) is relatively small when compared with half of the crack’s length (a = 0.5 mm). 
 
Based on the results obtained, it is reasonable to assume that more refined meshes would 
produce results closer to the theoretical prediction, since it would be possible to obtain the 
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stress fields near the crack tip with better definition, and therefore, larger yield strengths (or 
applied loads of smaller magnitude) could be considered. The influence of mesh refinement 
on the simulations performed should be considered while evaluating its results. 
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2. Evaluation of the propagation of an inclined cra ck for the DaToN 
stiffened panel under uniaxial loading using 3D FE analysis 
 
 
The finite element (FE) method was used to predict the propagation of an inclined central 
through crack in the DaToN stiffened panel under uniaxial tensile loading. The three-
dimensional (3D) analyses were carried out using ABAQUS. 
 
The stress intensity factors (SIFs) were determined using the J integral method. After 
obtaining KI and KII for the initial inclined crack, subsequent FE analyses were carried out for 
successive crack increments. The direction of propagation was predicted based on KI and 
KII. The crack increment was the same for all the steps considered, and it was not small 
enough for this work to serve as a faithful prediction of the crack propagation behavior. 
Nevertheless, the work gives an approximate assessment of the influence of the stiffeners 
parallel to the applied load on the path of an initial inclined crack. 
 
Bi-dimensional DBE analyses were carried out to solve the same problem. A technique to 
correct the propagation direction was applied and its results evaluated. 
 
The results obtained show that the mixed mode propagation in the DaToN panel, under 
uniaxial loading, becomes a mode I propagation, as in the case of unstiffened panels 
subjected to the same type of loading. 
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2.1. Introduction and procedure 
 
The DaToN stiffened panel is represented on figure 45:  
 

 
 

Figure 45 - DaToN stiffened panel (specimen geometry) [7] 
 
The material of the panel is AA6056-T6 aluminium. The elastic properties considered are: 
 

70000AlE = MPa  
 

0.33Alν =  
 
Initially, the crack has a length of 50 mm (a = 25 mm) and makes an angle with the direction 
of the load (β) of 45º. The analyses are performed considering 110σ = MPa (see Figure 46). 
The load is applied aligned with the center of gravity of the panel’s cross section in the 
symmetry plane (A-A in Figure 45) [7]. 
All FE simulations are linear elastic. 
All crack increments consist of a 4 mm extension for each crack tip (the total crack length 
increment is 8 mm). 
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Figure 46 - Loaded panel with initial crack 

 

 
 

Figure 47 - Scheme of crack propagation; notation 
 
The direction of the crack propagation, defined by the angle φ (see Figure 47), is a function 
of KI and KII, and it is given by [8]: 
 

( )sin 3cos 1 0I IIK Kϕ ϕ+ − =        (33) 

 
The equivalent number of cycles corresponding to each increment, given by the Paris law 
(after direct integration), is [8]: 
 

σ 

σ 
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( )m

a
N

C K

∆∆ =
∆

        (34) 

 
where: 
 

111.371 10C −= ×   
 

2.744m =  
 
The stress ratio (R) considered is equal to 0.1: 
 

min

max

0.1R
σ
σ

= =  

 
The parameters C and m were determined for an AA6056-T6 panel whose stiffeners were 
laser beam welded to the skin, for the pure mode I case, by Moreira et al [9].  
 
The calculation of the number of cycles is performed considering a dynamic load 
(with = 0.1R ), even though the FE analyses were static. Since these simulations are 
carried out for max 110σ σ= =  MPa, the resultant SIFs and R are used to determine the ∆K 

of equation (34).   
 
For mixed mode conditions, the equivalent ∆K is given by [8]: 
 

3 2

(1 ) cos 3 cos sin
2 2 2eq I IIK R K K
ϕ ϕ ϕ      ∆ = − × −      

       

   (35) 

 
This equation is based on the maximum principal stress criterion [8]. This ∆Keq

 
can be used 

in equation (34) combined with the parameters C and m defined for mode I propagation.  
 
2.1.1. FE modeling and simulation 
 
Four FE analyses were performed. The models were developed using FEMAP. 
 
The results were obtained with the mesh represented in Figures 48 to 51, which, except for 
the area presented in detail in Figures 50 and 51, was modeled by Moreira et al [7]. This 
mesh was used to determine the SIFs and the angle of propagation for all increments. 
Initially, different meshes with a smaller number of elements were used to determine the 
SIFs and predict the direction of crack propagation for each increment. These meshes and 
the results obtained are described in appendix C. 
  
Two steel blocks are attached to the DaToN panel in each clamping area. The material 
properties used in the analyses are: 
 

210000StE = MPa  

0.29Stν =  
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The same load and boundary conditions are applied to all models. These intend to replicate 
the conditions of a tensile test of the DaToN panel.  
All nodes of the two surfaces of each steel block with the highest and smallest values of the 
coordinate y are restrained in the x and y directions (see Figures 50 and 51). For the two 
unloaded blocks, these nodes are also restrained in the z direction. A traction load is applied 
and distributed on all elements (of the DaToN panel and the blocks) that belong to the 
surface of the model of highest value of the coordinate z. 
 
The distance between each crack tip and the closer midside nodes is reduced to half of its 
original length, for all elements along the thickness of the panel. 
This change improves the quality of the J integral results [2]. 
 
Parabolic elements of the types C3D15 and C3D20 were used.           
For the four analyses, the number of elements is 193606. The number of nodes and 
degrees of freedom ranges from 889070 and 2667210 to 890974 and 2672922, 
respectively.  
The number of elements along the crack extension is, for the different analyses, equal to 
108, 156, 188 and 220.  
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Figure 48 - Meshed DaToN panel 
 

 
 

Figure 49 - Meshed DaToN panel with load and constraints 
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Figure 50 - Mesh detail 
 

 
 

Figure 51 - Mesh detail: region of the crack 
 
For the area of interest (and for the whole region of the panel with 2 mm thickness), 5 
elements are defined along the thickness of the panel. Therefore, eleven nodes define each 
crack tip.  
Eleven values of each SIF and the angle φ are determined for each crack tip, corresponding 
to different values of the coordinate y. 
 



 48 

The third contour integral was the one whose results for the SIFs were considered, for all 
the analyses. This contour integral provides results which are identical to those obtained 
with higher order contours, and it is adequate for all the crack increments performed on the 
FE mesh. 
 
The value of φ that defines the direction of the crack increment is the average of all the 
angles determined for both crack tips, except for the ones that correspond to the surfaces of 
the panel (minimum and maximum values of y), since these have little interest and are more 
prone to numerical errors. Therefore, 18 values of φ are considered in this average. The 
final value is approximated to the unit (in degrees).  
A different criterion is considered, based on the maximum value for ∆Keq. The resultant 
value of φ corresponds to the node along the thickness whose calculated ∆Keq is greater. 
The results based on this criterion are presented and discussed, but the direction of each 
increment follows the average value of φ, as described before. 
 
The equation (33) provides two solutions for φ. Only the one that makes sense (physically) 
is considered. 
 
The variable ∆Keq (equation (35)) used to determine the number of cycles correspondent to 
each crack increment is also determined by performing an average of the values obtained 
along the thickness, excluding the ones that correspond to the surfaces of the panel. 
 
The number of cycles associated with each crack increment is determined based on both 
the average and the maximum ∆Keq, using equations (34) and (35). 
 
 
2.2. FE analysis results 
 
Tables 9 to 12 present the KI, KII and φ values calculated along the thickness of the panel, 
for each analysis. The relative difference between these results for the two crack tips is 
presented.  
The final angle of propagation, the equivalent ∆K used within the Paris law (equation (34)) 
and the number of cycles correspondent to each increment are also included in these 
tables. For these variables, both the average and the value correspondent to the highest 
∆Keq are presented.  
Figures 52 to 59 present the distribution of the determined KI and KII along the thickness of 
the panel. Although the results for both crack tips are plotted, some of the graphs show only 
one curve, since these results are identical. The dashed lines link the surfaces’ SIFs to 
those determined on interior nodes. 
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Table 9 - First Analysis’ results ( 45ºβ = ) 

 

 
KI (Nmm-3/2) KII (Nmm-3/2) φ (º) 

∆Keq (Nmm-3/2) 
y (mm)  Avg.  Diff.(%)  Avg.  Diff.(%)  Avg.  Diff.(%)  

0 588.6 0.05 647.5 0.06 88.3 0.002 431.3 
0.2 629.8 0.05 566.2 0.05 92.1 0.001 340.6 
0.4 630.0 0.05 567.6 0.05 92.1 0.001 341.9 
0.6 617.8 0.03 568.3 0.05 91.7 0.005 346.2 
0.8 606.4 0.05 568.9 0.04 91.3 0.003 350.3 
1 591.3 0.05 570.6 0.05 90.7 0.000 356.6 

1.2 577.1 0.03 570.8 0.05 90.2 0.004 361.2 
1.4 559.3 0.05 571.7 0.05 89.6 0.000 367.8 
1.6 541.8 0.06 572.5 0.03 89.0 0.004 374.3 
1.8 512.1 0.06 571.7 0.03 88.0 0.005 383.3 
2 444.9 0.02 652.3 0.03 83.8 0.001 486.5 

Average /  
Max. ∆Keq  

585.0 / 512.1 569.8 / 571.7 90.5 / 88.0 358.0 / 383.3 

Neq 

(avg/max)  2.9E+04 / 2.4E+04 

 
Figure 52 - KI along thickness for first analysis 
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Figure 53 - KII along thickness for first analysis 

 
Table 10 - Second Analysis’ results ( 45ºβ = − ) 

 

 
KI (Nmm-3/2) KII (Nmm-3/2) φ (º) 

∆Keq (Nmm-3/2) 
y (mm)  Avg.  Diff.(%)  Avg.  Diff.(%)  Avg.  Diff.(%)  

0 840.4 0.02 440.7 0.07 -41.2 0.05 987.1 
0.2 933.2 0.02 389.7 0.08 -36.3 0.06 1016.6 
0.4 949.4 0.01 384.4 0.08 -35.6 0.05 1025.1 
0.6 951.8 0.02 377.5 0.08 -35.2 0.06 1021.8 
0.8 951.3 0.02 372.8 0.08 -34.9 0.06 1018.0 
1 945.1 0.02 367.7 0.05 -34.7 0.05 1009.4 

1.2 939.1 0.02 361.9 0.08 -34.5 0.07 1000.4 
1.4 927.4 0.02 355.4 0.08 -34.4 0.07 986.5 
1.6 913.2 0.02 350.8 0.09 -34.5 0.07 972.0 
1.8 884.0 0.03 343.5 0.09 -34.7 0.08 943.8 
2 781.7 0.03 372.0 0.11 -39.1 0.07 887.2 

Average /  
Max. ∆Keq  

932.7 / 949.4 367.0 / 384.4 -35.0 / -35.6 999.3 / 1025.1 

Neq 

(avg/max)  1.7E+03 / 1.6E+03 
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Figure 54 - KI along thickness for second analysis 

 
Figure 55 - KII along thickness for second analysis 
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Table 11 - Third Analysis’ results ( β = −80º ) 

 

 
KI (Nmm-3/2) KII (Nmm-3/2) φ (º) 

∆Keq (Nmm-3/2) 
y (mm)  Avg.  Diff.(%)  Avg.  Diff.(%)  Avg.  Diff.(%)  

0 1132.0 0.00 87.9 0.8 -8.8 -0.8 1027.9 
0.2 1234.0 0.00 74.4 0.8 -6.8 -0.8 1116.6 
0.4 1254.0 0.00 72.4 0.9 -6.6 -0.9 1134.2 
0.6 1252.0 0.00 69.7 0.9 -6.3 -0.9 1132.0 
0.8 1248.0 0.00 67.3 0.9 -6.1 -0.9 1128.1 
1 1237.0 0.00 65.1 1.0 -6.0 -1.0 1117.9 

1.2 1228.0 0.00 62.7 1.0 -5.8 -1.0 1109.5 
1.4 1211.0 0.00 60.2 1.1 -5.7 -1.1 1093.9 
1.6 1193.0 0.00 58.0 1.1 -5.5 -1.1 1077.5 
1.8 1152.0 0.00 54.9 1.2 -5.4 -1.2 1040.3 
2 1032.0 0.00 58.2 1.3 -6.4 -1.3 933.2 

Average /  
Max. ∆Keq  

1223.2 / 1254.0 65.0 / 72.4 -6.0 / -6.6 1105.6 / 1134.2 

Neq 

(avg/max)  1.3E+03 / 1.2E+03 
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Figure 56 - KI along thickness for third analysis 

 
Figure 57 - KII along thickness for third analysis 
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Table 12 - Fourth Analysis’ results ( β = −86º ) 

 

 
KI (Nmm-3/2) KII (Nmm-3/2) φ (º) 

∆Keq (Nmm-3/2) 
y (mm)  Avg.  Diff.(%)  Avg.  Diff.(%)  Avg.  Diff.(%)  

0 1209.0 0.00 1.7 81.7 -0.3 45.683 1088.1 
0.2 1317.0 0.00 2.8 36.6 -0.3 31.192 1185.3 
0.4 1339.0 0.00 4.0 24.3 -0.4 22.441 1205.1 
0.6 1336.0 0.00 5.4 17.6 -0.5 18.710 1202.4 
0.8 1332.5 0.08 6.7 14.2 -0.6 15.672 1199.3 
1 1321.0 0.00 8.1 11.8 -0.8 13.966 1189.0 

1.2 1311.0 0.00 9.3 10.2 -0.9 12.359 1180.0 
1.4 1293.5 0.08 10.7 9.0 -1.0 11.632 1164.3 
1.6 1275.0 0.00 12.1 7.9 -1.3 10.053 1147.7 
1.8 1231.0 0.00 13.5 7.1 -1.2 10.333 1108.1 
2 1104.0 0.00 17.6 6.5 -2.8 9.208 994.0 

Average /  
Max. ∆Keq 

1306.2 / 1339.0 8.1 / 4.0 -0.8 / -0.4 1175.7 / 1205.1 

Neq 

(avg/max)  1.1E+03 / 1.0E+03 

 
Figure 58 - KI along thickness for fourth analysis 
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Figure 59 - KII along thickness for fourth analysis 

 
The fundamental result of these analyses, the angle of propagation, is equal to 90.5º, -35.0º, 
-6.0º and -0.8º for the successive crack increments. The angles considered when modeling 
the mesh were predicted by initial analyses described in appendix C. These angles are 90º, 
-35º and -6º (β is equal to -45º, -80º and -86º). 
 
Figures 60 and 61 show, schematically, the approximation obtained for the crack 
propagation. Figure 61 shows a line composed by dots (not included in Figure 60), which 
corresponds to the direction of propagation predicted after the fourth analysis (ϕ = −0.8º ). 
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Figure 60 – Scheme of crack propagation in the DaToN panel. 

 
Figure 61 - Detail of crack propagation 

 
Figure 62 shows the deformed panel after the first analysis. The displacement is uniformly 
amplified by a factor of 10. The bending of the panel is visible and significant. 



 57 

 
 

Figure 62 - DaToN panel deformed shape after analysis 1 
 
Figures 63 to 66 show the stress field (σz and von Mises stress) on the panel after the first 
analysis. The stress fields on both sides of the panel are presented. The first image 
represents the stress distribution on the side opposite to the stiffeners, and the second 
represents the stress distribution on the side with the stiffeners. 
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Figure 63 - σzz distribution after analysis 1 
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Figure 64 - σz distribution after analysis 1; zoom in the crack region 
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Figure 65 - von Mises stress distribution after analysis 1 
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Figure 66 - von Mises stress distribution after analysis 1; zoom in the crack region  
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2.3. DBE analysis and correction of crack propagation direction 
 
2.3.1. Introduction and procedure 
 
Dual Boundary Element (DBE) was used to predict the crack propagation direction for the 
same problem. The analyses were carried out using software (the programs BEGEN and 
CRACKER) developed by Portela [4]. J integral was used to obtain the SIFs. 
 
The method used is the same: all increments have a length of 4 mm for each crack tip and 
the angle is determined by the results obtained for the SIFs (equation (33)).  
The model used is bi-dimensional (constant thickness), and consequently does not include 
the stiffeners. A plane stress formulation is considered. 
 
An alternative method, based on a simple technique to correct the crack propagation 
direction [10], was tested. After determining the direction of propagation based on the 
maximum stress criterion (φn), a non definitive crack increment of length ∆a (4 mm in this 
case) is applied in the direction defined by φn. A new angle of propagation (φn+1) is 
determined and used to calculate the correction angle βp, which is then added to the original 
angle of propagation (φn). 
The correction angle is such that the actual direction of propagation is defined by two crack 
increments in a cyclic process, instead of just one. It is easy to show that the correction 
angle βp is equal to half of φn+1. Figure 67 clarifies this procedure. 
 

 
 

Figure 67 - Correction of the propagation direction 
 
This method allows the correction of the error caused by the use of discrete increments, 
especially if these are large when compared to the total crack extension (which is the case 
here). This method can be used for successive increments only while the correction angle βp 
decreases from increment to increment.  The methods’ advantage over the direct procedure 
used before disappears when the direction of propagation angle tends to zero. 
 
One of the meshes is represented in Figure 68. 
 

p 
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Figure 68 - DBE mesh for third analysis (after two increments) 
 
Depending on the number of crack increments added to the original crack length, the 
number of elements ranges from 60 to 140. For all meshes, the four lines that limit the panel 
have 10 elements. Crack lines have either 5 or 10 elements. The elements are parabolic, 
which means that the total number of nodes is twice the number of elements, for all meshes 
(all lines are connected to other lines by both their end points, including the lines that 
compose the crack). 
Traction was applied to all elements of the top line. Displacement restrictions were applied 
in the horizontal direction to all nodes on the top and bottom lines. Restrictions in the load 
direction were applied to the nodes of the bottom line. Therefore, the boundary conditions 
replicate in two dimensions those of the FE model. 
 
For the DBE analyses, the DaToN panel was modeled without the steel blocks, and without 
the regions of the aluminium panel to which the blocks are attached (top and bottom). 
The material properties considered are the same of the FE model (for the aluminium): 
 

70000AlE = MPa  

0.33Alν =  
 
2.3.2. Results 
 
Table 13 presents the results obtained using the first method, while Table 14 presents the 
results obtained using the second method.  
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Table 13 - DBE method’s result without correction of the propagation direction 
 

Analys.  
KI (Nmm-3/2) KII (Nmm-3/2) φ (º) 

Avg./ K0 Avg./FE  Diff. (%)  Avg./ K0 Avg./FE  Diff. (%)  Avg.  Avg./FE  Diff. (%)  

1 0.507 0.858 0.13 0.522 0.918 0.20 89.46 0.985 0.02 

2 0.762 0.872 0.47 0.306 0.889 0.41 -35.47 1.013 0.55 

3 0.931 0.871 0.14 0.043 0.764 5.09 -5.21 0.879 4.91 

4 0.929 0.865 0.02 0.012 1.690 16.97 -1.52 1.943 16.99 
 

Table 14 - DBE method’s results with correction of the propagation direction 
 

Analys.  
KI (Nmm-3/2) KII (Nmm-3/2) φ (º) 

βp (º) φcorr (º) 
Avg./ K0 Diff. (%)  Avg./ K0 Diff. (%)  Avg  Diff. (%)  

1a 0.507 0.13 0.522 0.20 89.46 0.02 
-17.73 71.72 

1b 0.762 0.47 0.306 0.41 -35.47 0.55 

2a 0.896 0.15 0.177 0.27 -20.83 0.10 
-0.27 -21.10 

2b 0.944 0.22 0.0044 12.26 -0.54 12.51 

3a 0.943 0.39 0.0084 9.03 -1.02 9.46 
-1.26 -2.28 

3b 0.943 0.05 0.0208 10.56 -2.52 10.59 

 
The SIFs determined are made non dimensional by the FE result for the correspondent 
crack increment (columns Avg./FE), or by the variable K0 (columns Avg./K0) ,defined by [11]: 
 

0 sec n
n

a
K a

w

π
σ π  = ×  

 
       (36) 

 
K0 is the mode I SIF for a central crack on a plate subjected to tensile loading perpendicular 
to the crack, with finite width w (in this case, w is 450 mm). The crack half length an is equal 
to the original 25 mm plus 4 mm for each increment already applied.  
 
The column diff (%) refers to the relative difference between the results for both crack tips. 
The correction angle (βp) and the corrected angle of propagation (φcorr) are determined 
considering the average value of φ. 
 
Figure 69 shows the crack path determined with the correction of the crack propagation 
direction, including intermediate results. Figure 70 presents a comparison between the crack 
propagation paths obtained with the FE method, the DBE method (DBE 1) and the DBE 
method with correction of the crack propagation direction (DBE 2). In both Figures, the crack 
tip is the origin of the coordinate system (xREL, zREL). 
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Figure 69 - Crack path with correction of the propagation direction 

 
Figure 70 - Comparison of the crack paths obtained using the different methods 

 
Figure 69 shows that only two increments are performed with correction of the propagation 
direction. This happens because the condition that states that the method can be used while 
the correction angle βp decreases from increment to increment is no longer valid for the third 
increment. Table 14 shows that the magnitude of βp is larger for the third increment than for 
the second. 
For this reason, the third and fourth increments are performed without correction of the 
propagation direction. Therefore, for the third increment, the final value of φ is -1.02º and not 
-2.28º. The steps 3a and 3b of Table 14 correspond to the third and fourth increments 
respectively. 
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2.4. Concluding remarks 
 
2.4.1. FE analysis 
 
The most important conclusion is that under uniaxial loading, the mixed mode problem 
considered evolves to an almost pure mode I situation before the crack reaches the 
stiffeners. The crack propagation curve is evidently not very accurate and close to reality, 
since the propagation increment defined is too large (the occurrence of considerable 
accumulated error after the successive increments is likely). However, the calculations 
performed provide enough evidence to support the conclusion stated above. 
 
Except for the third and fourth analyses’ KII distribution, the results for the two crack tips are 
similar. In these analyses, there is a significant deviation in the calculated values of KII for 
the two crack tips, which affects the values of φ. This deviation might be explained by the 
significantly smaller magnitude of KII when compared with the results of the other analyses, 
or to the magnitude of KI. In fact, these analyses are close to a pure mode I situation, 
especially the fourth and last one. The precision and accuracy of the results for KII may be 
affected when it becomes much smaller than KI. 
 
Figures 52 to 59 show that both SIFs (especially KI) tend to decrease along the thickness 
(y). This means that their values are higher on the half of the panel in which the bending 
observed produces traction (closer to the convex surface, or the surface with no stiffeners), 
and lower where the bending produces compression (closer to the concave surface, or the 
surface with the stiffeners)(see Figure 18). Therefore, the changes in the stress distribution 
introduced by the panel bending explain the variation of the SIFs along the thickness, and 
actually make it expectable. 
 
First analysis’ results show that for the initial crack configuration, KI is larger than KII (about 
3%). Although this is not a large difference, it is a considerable one. For an infinite plate with 
a central crack, equal SIFs would be expected.  
The panel analyzed, however, cannot be considered infinite, and its height is about twice as 
long as its width. Furthermore, the panel is reinforced by stiffeners. These facts may cause 
the discrepancy observed.  
 
The number of cycles correspondent to each increment decreases from increment to 
increment. This was expected, since the mixed mode propagation evolves to mode I, and 
the crack propagation direction becomes almost perpendicular to the load. Furthermore, the 
crack length increases as successive increments are performed. For the increments of 
constant length considered, the crack growth rate increases. 
 
The bending observed in Figure 62, combined with the fact that the crack propagation is not 
necessarily perpendicular to the load, means that KIII is not expected to be null, at least not 
initially. In fact, the average magnitude of KIII (excluding the surface results) is about 12, 5, 
0.7 and 0.1% of the average KI, for the four analyses (these results were not presented). 
Therefore, at least for the first and second analyses, KIII should be taken into account when 
defining the angle of propagation.  
However, since a plane crack is considered, that is, a crack whose front is a straight line in 
the direction that defines the panel thickness (y in this case), KIII is ignored when 
determining the angle of propagation. 
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A different approach, based on the energy release rate, could be used to determine ∆Keq, 
with the advantage that KIII could be included in the calculations. This approach, however, is 
adequate only if the crack propagates in such a way that its extension remains in the original 
crack’s plane (φ is zero) [8], which obviously is not the case.  
 
Different meshing approaches were tested for the initial crack (first analysis). A comparison 
of the results obtained is presented in appendix D. 
 
2.4.2. DBE analysis and correction of crack propaga tion direction 
 
The crack propagation path obtained with the DBE method without correction of the 
propagation direction is, as shown on Figure 70, similar to the one obtained with the three 
dimensional FE analyses. The results presented on Table 13 show that the quotient 
between the SIFs determined with this method and the ones determined in the respective 
FE analyses is relatively stable. Therefore, the directions of propagation determined for 
each increment are practically the same whether DBE method or FE method is used. A bi-
dimensional plane stress FE analysis (without the stiffeners) would probably produce similar 
results as well. 
These results suggest that the stiffeners’ presence does not influence the crack path 
significantly, for the problem presented. The application of the correction of the propagation 
direction technique to the FE analyses could be an interesting contribution to this work, 
since it would probably allow drawing more definitive conclusions from the results obtained. 
 
Table 14 and Figure 69 show that the correction of the crack propagation direction alters the 
crack path obtained with the DBE method significantly, especially for the first increment (the 
corrected angle of propagation (φcorr) for this increment is equal to 71.7º while the original 
one (φ) is equal to 89.5º).  
The crack path obtained with this technique shows that the problem tends to an almost pure 
mode I propagation much faster. This means that the application of this technique improves 
the results by reducing the negative effects caused by the use of large crack increments. 
 
As expected, the correction of the propagation direction technique is no longer useful when 
the angle of propagation becomes small. For the second increment, the difference is not 
significant, since the corrected angle of propagation is -21.1º instead of -20.8º. The second 
and third increments were performed without correction of the propagation direction, as 
explained before. Figure 69 supports these observations.  
 
The comparison between the results obtained with and without correction of the propagation 
direction can be made by observing the SIFs of Tables 13 and 14 (columns KI / K0 and KII / 
K0). Taking into account the definition of the variable K0, these results prove that the 
correction of φ produces a crack which tends to a pure mode I propagation faster. Even for 
this situation, a KI / K0 equal to 1 was not expected, since the crack was originally slant, and 
therefore not all of its length belongs to a plane perpendicular to the load, as implied in the 
definition of K0.  
 
The values of φ, KI and KII presented in Tables 13 and 14 are not significantly different for 
the two crack tips, as shown by the columns with the relative differences, whose magnitude 
is only significant (for φ and KII) when KII becomes close to zero. This fact suggests that the 
quality of the results obtained with DBE method is acceptable. 
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3. Friction Stir Welding of T-joints 
 
 
This chapter describes the mechanical and metallurgical characterization of friction stir 
welded T-joints of dissimilar aluminium alloys. The FSW process is concisely introduced and 
the interest of its application to stiffened structures of aluminium alloys explained. 
 
Mechanical tests (tensile, bending and fatigue), metallographic analysis and microhardness 
measurements were carried out for the FSW T-joints, and also for FSW butt joints and base 
material for comparison. The experimental procedure and the results obtained are 
presented and discussed. 
 
The experimental work described in this chapter is included in an article submitted3 in June 
2008 (Sérgio Tavares, Paulo Azevedo et al, [20]). 
 
 
 

                                                 
3The article was submitted for possible presentation at the 2008 ASME International Mechanical 
Engineering Congress and Exposition, taking place in November, 2008, Boston, USA. 
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3.1. Introduction 
 
3.1.1. Friction stir welding 
 
Friction stir welding (FSW) is a solid-state joining process developed in 1991 by the Welding 
Institute (TWI) of the United Kingdom [12]. Although FSW can be used to join various 
materials, aluminium alloys are its most common application, since it is possible to friction 
stir weld these alloys avoiding the defects and problems associated with the welding of 
aluminium by fusion processes. This process is used in the aerospace and naval industries, 
among others.  
 
The welding is performed by a nonconsumable rotating tool, which is plunged into the joint 
line formed by the edges of two sheets or plates pressed against each other. The tool, 
formed by a pin and a shoulder, rotates heating and softening the material (below its fusion 
point), and allowing the movement and mixing of the material that create the joint. The 
heating is localized and it is caused by the friction between the tool and the workpiece 
material and by the plastic deformation of the later. This process creates a solid bond 
between the two edges. 
Figure 71 represents the process described: 
 

 
 

Figure 71 – Scheme of FSW process [13] 
 
Since FSW is a solid-state process that does not require cover gas or filler metal, it is 
energetically efficient, causes low distortion and may be used to weld in virtually any 
position, although this advantage can be limited by the kind of robot used. FSW allows the 
joining of dissimilar materials and different thicknesses into various types of joint. 
Because no filler metal is used in this process, and since there is no fusion, the mechanical 
properties of the FSW joints tend to be close to those of the base material.  
 
The limitations of FSW include the need for rigid clamping of the workpieces, the necessity 
of a backing bar or plate to equilibrate the force applied during the process and help 
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dissipating the heat and the presence of a keyhole in the end of the weld that needs to be 
filled. 
 
Fig 72 shows a photography of an FSW butt joint sample cut in the area of the weld 
transversely to it. The base material is the aluminium alloy AA6056-T4. The different 
microstructural zones are represented. 
 

 
 

Figure 72 – FSW weld zones 
 

A - Base material (BM) or unaffected material is not plastically deformed by the process, 
and even though it may experience temperature changes, its mechanical properties 
are not affected by them. 
 

B - Heat affected zone (HAZ) comprises material whose mechanical properties are 
affected by the thermal changes it suffered, but which does not experience plastic 
deformation4.  

 
C - Thermo-mechanically affected zone (TMAZ) is the area where the material is 

plastically deformed, although not necessarily recrystallised, and also affected by the 
thermal changes. 

 
D - Stir zone (SZ) or weld nugget is the region directly affected by the pin, where the 

mixing of material and recristalisation occur. 
 
3.1.2. T-joints 
 
The use of panels reinforced with stiffeners is very common in transport vehicles, since the 
stiffeners allow a significant increase of the structure’s strength without causing 
considerable weight increase.  
The welding of T-joints is one way to produce these panels. The use of FSW can bring 
significant advantages to the production process when aluminium alloys are used, since it 
avoids the problems associated with the fusion welding of these alloys.    
 
The T-joints studied in this work are friction stir welded from three parts with complete 
penetration of the reinforcement, as shown in Figure 73. This particular configuration was 
studied by Tavares et al [16].  
 

                                                 
4 Because BM and HAZ are not always easy to identify, the area of Figure 72 marked with the letters 
A and B corresponds to either BM and TMAZ or TMAZ only. 
 

A+B C D 
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Figure 73 – Configuration of the T-joints [16] 
 
Among the authors who studied friction stir welded T-joints are Erbslöh et al [18] and Fratini 
et al [19]. The later compared the performance of T-joints fabricated using metal inert gas 
(MIG) welding, FSW and extrusion. 
 
3.1.3. Tests description 
 
Mechanical tests (tensile, bending and fatigue), microhardness measurements and 
metallographic analyses were carried out for T-joints and butt joints samples and for the 
base materials used in these welded samples. 
 
Three samples of friction stir welded T-joints were analyzed. The skin of these T-joints is 
made of AA6056 with T4 heat treatment (solution heat-treated and naturally aged). The 
reinforcement is made of AA7178 with T6 heat treatment (solution heat-treated and 
artificially aged) for two of the T-joints and AA7075 (also with T6 treatment) for the other. 
The chemical composition of these alloys is presented in Table 15. 
 

Table 15 – Chemical composition of the aluminium alloys used (%) [21] 
 

 
Si Mg Cu Mn Fe Zn Zr Cr 

AA6056-T4  0.7-1.3 0.6-1.2 0.5-1.1 0.4-1.0 <0.5 0.1-0.7 0.07-0.2 - 

AA7178-T6  <0.4 2.4-3.1 1.6-2.4 <0.3 <0.5 6.3-7.3 - 0.2-0.3 

AA7075-T6  <0.4 2.1-2.9 1.2-2.0 <0.3 <0.5 5.1-6.1 - 0.2-0.3 

 
According to the usual mechanical requirements for the T-joints, there is an advantage in 
having a structure with a high toughness skin (such as 6xxx series aluminium alloy) and 
high strength reinforcements (such as 7xxx series aluminium alloy). 
The mechanical properties of the materials used were obtained experimentally and 
compared with literature values. 
 
The geometry of the welded T-joints samples is presented in Figure 74. 
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Figure 74 - Geometry of the FSW T-joints samples [20] 

 
The AA7178-T6 reinforcements are 4 mm thick, whereas the AA7075-T6 reinforcement is 
3.2 mm thick. The use of two different thicknesses for the T-joints may allow drawing some 
conclusions regarding this reinforcement characteristic. 
 
Three friction stir welded butt joint samples of the AA6056-T4 were analyzed for 
comparative purposes. The thickness of the welded plates is equal to the thickness of the 
skin in the T-joints samples (4 mm).  
 
Mechanical tests were carried out for base material AA6056-T4, and in some cases for base 
materials AA7178-T6 and AA7075-T6. The results obtained were compared to those of the 
welded samples. 
 
Macrostructures and microstructures of all friction stir welded samples were obtained and 
analyzed with the aim of detecting cracks, porosities and other defects, and also observing 
the metallurgical characteristics of the different zones of the weld. 
 
 
3.2. Experimental Procedure 
 
The weldments were performed in an ESAB LEGIO 3U FSW machine, under vertical 
downward force control. All the specimens were produced with a striated shoulder which 
enabled a null tilt angle. The shoulder diameter was 19 mm for the T-joints and 15 mm for 
the butt joints. The pin length was about 4 mm for all the welds and its shape was selected 
in order to promote a complex random visco-plastic material flow in the stirring zone. The pin 
geometry for the T-joints was threaded on a conical body whose diameter ranged from 8 
mm (top) to 6 mm (bottom), including 3 vertical helicoidal channels. The pin shape for the 
butt joints was cylindrical M5 threaded with 3 conical facets. 
In the T-joint welds, the main process parameters were a rotation speed of 1120 rpm and a 
travel speed of 200 mm/min with a vertical downward force ranging from 7000 to 7500 kgf. 
The process parameters for the butt joints were a rotation speed of 800 rpm, a travel speed 
of 200 mm/min and a vertical downward force of 6500 kgf [20]. 
 
Tensile, bending and fatigue tests were carried out. All specimens from the welded samples 
were machined transversely to the weld. 
All tests were performed using a MTS servo hydraulic machine. 
The tests were carried out in accordance with the standards ASTM E8 [22] (tensile), ASTM 
E466 [23] (fatigue) and the ASME standard for welding and brazing characterization [24] 
(bending). 
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3.2.1. Tensile tests 
 
Tensile tests were performed using 2 specimens machined from each  AA6056-T4+ 
AA7178-T6 T-joint, 2 specimens from the AA6056-T4+ AA7075-T6 T-joint, 2 specimens 
from each AA6056-T4 butt-joint, 3 base material AA 6056-T4 specimens and 4 base 
material AA 7178-T6 specimens.  
2 of the 4 base material AA 7178-T6 specimens were machined transversely to the rolling 
direction and the other two were machined longitudinally to the rolling direction. 
A total of 19 tensile tests were performed. The strain was measured using a strain gage 25 
mm long. The stress applied to the specimen was obtained from the punch force. 
The load was applied under displacement control, at a speed of 1 mm/min.  
 
Figure 75 displays 3 of the specimens used in the tensile tests, one from the T-joints, one 
from the butt joints and one from the base material, from top to bottom. 
 

 
 

Figure 75 – Specimens used in the tensile tests 
 
3.2.2. Bending tests 
 
A total of 9 specimens were used in the bending tests: one specimen machined from each 
AA6056-T4+ AA7178-T6 T-joint, one specimen from the AA6056-T4+ AA7075-T6 T-joint, 
one specimen from each AA6056-T4 butt-joint, 2 base material AA 6056-T4 specimens and 
a single base material AA 7178-T6 specimen. 
 
Three contact points were used in the tests. The rollers dimensions and the distance 
between points are represented in Figure 76. 
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Figure 76 – Bending tests setup [20] 
 
The tests were carried out under displacement control, at a speed of 7mm/min, until the 
specimens were broken or completely bent. The punch force and displacement were 
measured and registered. 
 
Figure 77 displays 3 of the specimens used in the bending tests, one from the T-joints, one 
from the butt joints and one from the base material. 
 

 
 

Figure 77 - Specimens used in the tensile tests 
 
3.2.3. Fatigue tests 
 
A total of 18 fatigue tests were performed, using 2 specimens from each AA6056-T4+ 
AA7178-T6 T-joint, 2 specimens from the AA6056-T4+ AA7075-T6 T-joint and 4 specimens 
from each AA6056-T4 butt-joint. Base material AA6056-T4 data found in [25] were used for 
comparison. 
 
All tests were carried out under load control, with a stress ratio (R) of 0.1. Different stress 
levels, defined as a percentage of the yield strength stress measured by the correspondent 
tensile tests, were applied. The cyclic load was applied at a frequency of 13 Hz. The number 
of cycles correspondent to each specimen life was registered and used to draw the 
respective SN curve. 
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Figure 78 displays 3 of the specimens used in the fatigue tests, one from the T-joints, one 
from the butt joints and one from the base material. 
 

 
 

Figure 78 – Specimens used in the fatigue tests 
 
3.2.4. Metallographic analysis 
 
Six specimens were machined from the friction stir welded samples, transversely to the 
weld, on the area of the welding. One specimen was taken from each AA6056-T4+ AA7178-
T6 T-joint, one specimen from the AA6056-T4+ AA7075-T6 T-joint and one specimen from 
each AA6056-T4 butt-joint sample. 
 
These specimens were subjected to grinding, polishing and etching with HF 8% reagent. 
Macrostructures and microstructures were taken using an optical microscope with 
magnifications of 10X for the macrostructures and 50X or 100X for the microstructures. 
 
Figure 79 shows two of the specimens used in the metallographic analyses, one from a T-
joint sample and one from a butt joint sample. 
 

 
 

Figure 79 - Butt joint and T-joint specimens used in the metallographic analyses 
 
3.2.5. Microhardness Measurements 
 
Microhardness was measured on three of the specimens used in the metallographic 
analysis, one from each kind of welded sample (AA6056-T4+ AA7178-T6 T-joint, AA6056-
T4+ AA7075-T6 T-joint and AA6056-T4 butt-joint). A microhardness tester with a 100 gf load 
was used. 



 77 

Hardness was measured on multiple points for each specimen to obtain a microhardness 
field. The total number of measurement points was 51 for the butt joint specimen and 69 for 
both T-joint specimens. Higher density of measurements occurred on the nugget and the 
TMAZ area, as shown on the scheme of microhardness measurement for the T-joints 
specimens displayed on Figure 80. The measurement on the butt-joint specimen follows the 
same scheme, without the points represented on the reinforcement. 
 

 
 

Figure 80 – Scheme of microhardness measurement5 
 
 
3.3. Results  
 
3.3.1. Tensile Tests 
 
The stress-strain curves obtained for the base materials AA6056-T4 and AA7178-T6 are 
represented in Figure 81. Table 16 presents the mechanical properties derived from the 
base materials tensile tests, along with the values found in literature for comparison. 

                                                 
5 Figure 80 shows two different values for the distance between measurements on the reinforcement 
since the thickness is different for the two specimens (3.2 and 4mm). 
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Figure 81 – Stress-strain curves for base materials AA6056-T4 and AA7178-T6 

 
Table 16 – Mechanical properties of base materials AA6056-T4 and AA7178-T6 

 

 
σYS [MPa] σUS [MPa] ε [%] E [MPa] 

AA6056-T4 

Literature [26] 230 330 32.0 7.20E+04 

Measured  236 318 30.0 7.08E+04 

Diff. (%) 3 4 6 2 

AA7178-T6 

Literature  [21] 548 607 10.0 7.17E+04 

Measured 619 658 17.6 6.33E+04 

Diff. (%) 13 8 76 12 

AA7075-T6 Literature  [21] 503 572 11.0 7.17E+04 
 
The stress-strain curves obtained for the butt joints are represented in Figure 82.  
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Figure 82 – Stress-strain curves for FSW butt joints 

 
The stress-strain curves obtained for the T-joints are represented in Figure 83.  

 
Figure 83 - Stress-strain curves for FSW T-joints 

 
A comparison between the butt joints and T-joints tensile tests results is presented in Figure 
84, where one stress-strain curve for each welded sample is shown. Table 17 presents the 
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mechanical properties of the three kind of welded samples measured by these tests. This 
table includes the quotient between the mechanical properties values of the welded samples 
and the AA6056-T4 base material (efficiency). 

 
Figure 84 – Comparison of the stress-strain curves of FSW butt joints and FSW T-joints 

 
Table 17 – Mechanical properties of FSW butt joints and FSW T-joints 

 

 
σyld [MPa] σUS [MPa] ε [%] E [MPa] 

Butt joints AA6056-T4 180 258 8.81 7.06E+04 

Efficiency (%) 76.1 81.0 29.4 100 

T-joints AA6056-
T4+AA7178-T6 180 248 5.07 7.08E+04 

Efficiency (%) 76.1 77.8 16.9 100 

T-joints AA6056-
T4+AA7075-T6 180 245 1.89 6.93E+04 

Efficiency (%) 76.4 77.1 6.3 97.9 
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3.3.2. Bending Tests  
 
Figure 85, 86 and 87 present the curves that relate the punch load with the punch 
displacement of the bending tests for the base materials, the butt joints and the T-joints 
specimens, respectively. 

 
Figure 85 – Bending tests results for base materials AA6056-T4 and AA7178-T6 

 
Figure 86 – Bending tests results for FSW butt-joints 
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Figure 87 - Bending tests results for FSW T-joints 

 
Figure 88 displays a comparison between the butt joints and the T-joints bending tests 
results.  

 
Figure 88 – Comparison of the bending tests results of FSW butt-joints and FSW T-joints 

 



 83 

 
3.3.3. Fatigue Tests 
 
Figure 89 presents the SN curves obtained for the butt joints and the T-joints, as well as the 
curve found in [2] for the base material AA6056-T4.  
For the butt joints, the stress levels were 60,70,85,95 and 110% of the average butt joint 
yield strength stress measured in the tensile tests, or 111.0, 129.5, 157.3, 175.8 and 203.5 
MPa, respectively.  
For the T-joints, the stress levels were 70 and 95% of the average T-joint yield strength 
stress measured in the tensile tests, or 126.2 and 171.3 MPa, respectively. Even though the 
SN curves are obtained using specimens from all samples of the same kind (butt joints or T-
joints), the experimental points displayed on Figure 89 are marked differently according to 
the correspondent welded sample. 

 
Figure 89 – SN curves for FSW butt joints and FSW T-joints and comparison with base material data 

[25] 
 
The fracture surfaces of fatigue specimens from an AA6056-T4 butt joint sample, an 
AA6056-T4+AA7178-T6 and an AA6056-T4+AA7075-T6 T-joint samples are shown in 
Figures 90, 91 and 92, respectively.  
 



 84 

 
a) 

 
b) 
 

Figure 90 - AA6056-T4 butt joint fracture surfaces 
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Figure 91 - AA6056-T4+AA7178-T6 T-joint fracture surface 
 

 
a) 
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b) 
 

Figure 92 - AA6056-T4+AA7075-T6 T-joint fracture surface 
 
The two fracture surfaces of Figure 90 reveal crack nucleation and fatigue striations which 
indicate the propagation direction. These observations suggest that the rupture occurred by 
fatigue phenomena. 
In Figure 91, the process of crack propagation can be identified, although the striations are 
not so easy to discern as they are in the butt joints, which is probably related to the material 
heterogeneity of the welding.  
The surfaces shown in Figure 91 have a much more irregular appearance. Crack nucleation 
and striations are hard to recognize, which suggests that this weld was more heterogeneous 
than the one commented above. These observations indicate that most likely, the fatigue life 
of the specimen was comparatively small, which was the case. 
 
3.3.4. Metallographic analysis 
 
The butt joints macrostructures are shown in Figure 93. 
 

 
a) Sample A 

 
b) Sample B 
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c) Sample C 

 
Figure 93 – FSW Butt joints macrostructures. 

 
In the macrostructures of Figure 93, the transition between the SZ and the TMAZ can be 
easily observed, while the transition between the TMAZ and the HAZ cannot. No visible 
welding defects are observed in any of these macrostructures. The fact that the SZ zone is 
small indicates that the weld had low heat input. 
 
The T-joints macrostructures are shown in Figure 94. 
 

 
 

a) AA6065-T4+AA7178-T6 A 
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b) AA6065-T4+AA7178-T6 B 
 

 
 

c) AA6065-T4+AA7075-T6  
 

Figure 94 - FSW T-joints macrostructures 
 
Again, the transition between the SZ and the TMAZ is visible in the macrostructures of 
Figure 94 but the transition between the TMAZ and the HAZ is not. The significant 
differences between the appearance of the different base materials (from the skin and from 
the reinforcement) may be due to different reactions to the etching. No visible welding 
defects are observed in Figures 94a and 94b, while the macrostructure of the AA6065-
T4+AA7075-T6 T-joint (Figure 94c) shows some defects (cavities due to lack of material) in 
the stirred zone.  
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Three of the macrostructures of Figures 93 and 94 (butt joint AA6056-T4 A and T-joints 
AA6056-T4+ AA6178-T6 A and AA6056-T4+ AA6075-T6) display the points of the 
specimens from where the microstructures shown in Figures 95, 96 and 97 were taken. 
 

 
a) Base Material AA6056-T4         b) TMAZ 

 
   c) Transition TMAZ-SZ            d) SZ 

 
Figure 95 - FSW Butt joint microstructures (Sample A) 
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a) Base Material AA6056-T4          b) TMAZ (AA6056-T4) 

 
      c) Transition TMAZ (AA6056-T4)-SZ                   d) SZ 

 
e) Base Material AA7178-T6             f) Transition TMAZ (AA7178-T6)-SZ    

 
Figure 96 – FSW T-joint AA0656-T4+AA7178-T6 (sample A) microstructures 
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a) Base Material AA6056-T4        b) TMAZ (AA6056-T4) 

 
c) Transition TMAZ (AA6056-T4)-SZ          d) SZ 

 
e) Base Material AA7075-T6              f) Transition TMAZ (AA7075-T6)-SZ    

 
Figure 97 – FSW T-joint AA0656-T4+AA7075-T6 microstructures 

 
The microstructures of Figures 95d, 96d and 97d (SZ) were taken using an amplification two 
times greater than the one used in the other microstructures. The white line on black 
background on the bottom left corner represents a 200 µm length.  
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The microstructures from the base material AA6056-T4 (Figures 95a, 96a and 97a) show 
the deformed grain of aluminium. The ones taken from the base material of the 
reinforcements, the 7xxx series aluminium alloy (Figures 96e and 97e), seem to reveal a 
fine grain. The transitions between TMAZ and SZ are easily discernable (Figures 95a, 96a, 
97a, 96f and 97f). The SZ microstructures (Figures 95d, 96d and 97d)) suggest that 
recristalization occurs in this area, resulting in a fine grain microstructure. In the T-joints SZ 
microstructures, a non homogeneous mixture of the two different alloys is observed. 
 
3.3.5. Microhardness Measurements  
 
The microhardness fields for the AA6056-T4 butt joint, AA6056-T4+AA7178-T6 T-joint and 
AA6056-T4+AA7075-T6 T-joint are shown on Figure 98, 99 and 100, respectively. The black 
surfaces shown on these Figures represent the specimens’ areas. 
 

 
Microhardness (HV – 100 gf) 

 
Figure 98 – Microhardness field for FSW butt joint 

 

 
Microhardness (HV – 100 gf) 

 
Figure 99 - Microhardness field for FSW AA6056-T4+AA7178-T6 T-joint 

 



 93 

 
Microhardness (HV – 100 gf) 

 
Figure 100 - Microhardness field for FSW AA6056-T4+AA7075-T6 T-joint 

 
 
3.4. Concluding Remarks 
 
The first conclusion to be drawn from the tensile tests results is that the stress-strain curves 
obtained are identical or very similar for the specimens cut from the same welded sample, or 
for specimens of the same base material. For different welded samples of the same kind 
(whether butt joint or T-joint), however, there are considerable, although not enormous, 
differences between the resultant curves. These facts suggest that the quality of the welding 
is homogeneous within the same welded sample, but not when different samples, produced 
using the same welding parameters, are considered. 
 
The base materials tensile tests results are not significantly different from the ones found in 
the literature (Figure 81). Besides, different specimens of the same material produced 
identical results, even for the AA7178-T6 specimens cut transversely and longitudinally to 
the rolling direction. Therefore, these results can be used safely as a basis for comparison. 
 
When compared with the AA6056-T4 base material, the FSW butt joints of the same 
aluminium alloy possess considerable lower yield strength (about 24% lower) and much 
smaller ductility (see values of the elongation after break and Figures 81 and 82). However, 
there is some dispersion in the butt joints results that make it impossible to draw more 
definitive and precise conclusions. 
 
The most notable difference between the butt joints and the T-joints results is the 
significantly smaller ductility of the later. Similar yield and rupture strengths and elasticity 
modulus were measured (Figure 84). 
Not many conclusions regarding the use of one or the other 7xxx series aluminium alloy in 
the T-joint reinforcement can be drawn, since there is considerable dispersion in the tensile 
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tests results for this kind of joint. Apparently, no considerable difference between the two 
materials was found. 
 
The bending tests produced identical curves for the base materials and the butt-joints 
(Figures 85 and 86), which may signify that the friction stir welded butt joints presented a 
small amount of defects and/or an absence of important ones. 
The comparison of the butt joints with the T-joints results shown in Figure 88 suggests that 
the T-joint samples had a higher number of welding defects, since these specimens broke 
much earlier, at about half the maximum load of the butt joint specimens. There is another 
obvious cause for these results, which is the stress concentration factor introduced by the 
different geometry of the T-joints specimens. 
 
The first observation regarding the fatigue tests results shown on Figure 89 is that the 
experimental values obtained for the friction stir welded butt joints and T-joints present high 
dispersion, which is common for welded specimens, including those welded by traditional 
processes. 
As expected, the AA6056-T4 base material presents longer fatigue lives than the welded 
samples and the butt-joints specimens had longer (though relatively similar) lives than the 
ones from the T-joints. Again, this fact is also related to the stress concentration factor 
introduced by the geometry of the T-joints. 
 
It is possible to detect differences between the behaviors of the butt joints samples. The 
specimens taken from butt joint sample A had generally shorter lives than the ones from the 
other two samples. 
The same can be said of the T-joints results, although in this case the welded samples differ 
in the reinforcement material and thickness. The AA6056-T4+AA7075-T6 specimens, whose 
reinforcement thickness was smaller, lasted fewer cycles than the AA6056-T4+AA7178-T6 
specimens, for the same loads. Since the properties of these 7xxx series aluminium alloys 
are not so different, these results suggest that the thickness may have some influence in the 
quality of the welding, especially considering that the same welding parameters were used 
in both cases (which means that the same pin diameter was used for different reinforcement 
thicknesses, for instance). More tests would have to be carried out in order to examine this 
aspect of the T-joints properly. 
 
The fracture surfaces of the butt joints revealed aspects of crack nucleation and propagation 
that were harder to identify in the surfaces from the T-joints, especially in the AA6056-T4+ 
AA6075-T6 T-joint. This can be explained by the heterogeneity of these joints caused by the 
mixture of different materials, and possibly, by the presence of welding defects 
 
The metallographic analyses carried out support some of the observations made before 
about the quality of the welds, namely the apparently acceptable quality of the butt joints 
welds and the fact that the T-joints were more likely to have welding defects, as suggested 
by the bending tests results. The microstructures presented suggest that the dissimilar 
alloys used in the T-joints can be successfully friction stir welded. In fact, Figures 96d and 
97d reveal an apparently effective mixture of the two materials. 
More exhaustive and comprehensive analyses might allow the detection of other 
characteristics of the welds, as well as the confirmation or refusal of the observations made. 
 
The microhardness fields of Figures 98 to 100 show, for all cases, a decrease of the 
hardness in the TMAZ, and a strong dispersion in the results of the measurements made 
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within the SZ, which for the T-joints can be explained by the non homogeneous mixture of 
different materials.  
As expected, for both T-joints, the hardness is higher in the reinforcement, whose base 
material (7xxx series aluminium alloy) has higher hardness than the aluminium alloy 
(AA6056-T4) of the skin. 
The measurement of the hardness on a higher number of points would allow obtaining more 
accurate hardness fields, and consequently, the observations made above could be more 
detailed, especially the ones concerning the hardness measured on the TMAZ and SZ. 
 
In general, the tests and analyses described in this chapter indicate that the use of friction 
stir welded T-joints of dissimilar aluminium alloys is a valid possibility. However, the welding 
process requires optimization to avoid the presence of defects in the T-joints welds and to 
improve their quality and mechanical properties. The comparison between the butt joints 
and the T-joints shows that although the T-joints present reasonable mechanical properties, 
the presence of defects is more likely than in the butt joints (for these welding parameters at 
least), which causes significant dispersion of the results. Once again, more tests are 
necessary in order to draw more definite and detailed conclusions about this subject. 
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4. Experimental  determination of the K-R curve for an AA6056-T4 
specimen 
 
 
The K-R curve allows the assessment of stable crack growth behavior and resistance to 
fracture of metals. In the case of thin ductile materials under plane stress, slow crack 
propagation is likely to precede rapid unstable propagation (failure). Furthermore, there is a 
certain amount of residual toughness that often causes the fracture resistance to increase 
as the crack grows [27]. This means that there is an advantage in knowing how the fracture 
resistance varies with crack length and at what point does the propagation becomes 
unstable.  
 
A stable crack growth test under continuously increasing load (and thus increasing SIF) was 
carried out for an AA6056-T4 specimen. The data obtained from this residual strength test 
were used to determine the K-R curve for this material. The procedures follow the ASTM 
E561 - 05 standard test method for K-R curve determination [28]. 
 
 
4.1. Specimen geometry and material 
 
The geometry and dimensions of the specimen, including its thickness, will influence the 
results obtained. According to Ewalds et al [29], crack initiation, or the applied K that causes 
the crack to start growing, is independent of the initial crack length considered, whereas the 
instability point is not. 
 
A middle-cracked tension M(T) specimen (represented in Figure 101) with a geometry of 
interest for a related project6, was subjected to a residual strength test, in which the crack 
propagates stably under mode I loading of increasing magnitude. Therefore, the mode I SIF 
increases as the crack propagates due to both the crack growth and the load increase. The 
test was carried out using an MTS servo-hydraulic machine, under displacement control, at 
a speed of 0.1 mm/min. 
The data obtained are the displacement v measured by a clip gage and the load P 
measured by the MTS load cell.  

 

                                                 
6 This geometry was specified in an INEGI project for MT Aerospace (and ESA) intended to 
characterize the mechanical behavior of a special alloy of the Al-Li type. The test reported in this 
chapter was carried out with a geometrically similar specimen, and was intended to validate the 
experimental procedure. 
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Figure 101 - Scheme of M(T) specimen 
 
The specimen has a height of 240 mm and a thickness t of 4.2 mm. the width w is equal to 
80 mm and the initial crack length a0 is equal to 21.1 mm (this value is the average of  four 
crack lengths measured, one for each crack tip and specimen side). 
According to the ASTM standard [28], the initial crack length should be within the range of 
0.25w to 0.40w. However, the initial crack length for this test is beyond those limits. 
The distance y, which corresponds to half of the clip gage length, is equal to 12.5 mm. The 
displacement v is measured by the clip gage over 2y. 
The properties of the AA6056-T4 are7: 
 

70800E = MPa 
236yldσ = MPa 

0.33υ =   
 
 

                                                 
7 As measured by the tensile tests described in chapter 3 
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4.2. K-R curve test and data treatment 
 
The P-v curve obtained from the test is represented in Figure 102. 

 
Figure 102 - P-v curve obtained from the residual strength test 

 
The toughness Kr is obtained from the crack length and the load registered at the 
measurement points. The crack length is not measured directly. The displacement given by 
the clip gage is used to evaluate it instead. Therefore, a calibration curve is necessary. This 
curve represents the relation between two non dimensional variables: one proportional to 
the compliance v/P directly taken from the P-v curve (Evt/P) and the other proportional to the 
crack effective length (2a/w). It was initially obtained from the following equation [28]: 
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π
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   + = − +       +    

  

 (37) 

 
Equation (37) is valid only for 2a/w between 0.2 and 0.8.  
 
Finite element (FE) and dual boundary element (DBE) methods simulations of the residual 
strength test were carried out and its results for the displacement v used to obtain a 
comparison with the calibration curve given by equation 37.  
These analyses were carried out for values of a between 20 and 32 mm (2a/w between 0.5 
and 0.8). All analyses were bi-dimensional and elastic, regardless of the method used. 
 
The model used in the FE analyses is represented in Figure 103.  
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Figure 103 - Model used in FE analyses 
 
The central hole, the notch and the hole for the clip gage are ignored since their influence on 
the stress field of the cracked specimen becomes insignificant as the crack reaches the 
dimensions in question. Only one quarter of the specimen is modeled. The area on top 
whose displacement on the x (horizontal) direction is restricted is the area where the 
machine grip is attached. The material properties considered for the specimen are: 
 

,1 72000FEME =  MPa 

,1 0.33FEMυ =  

 
The part of the specimen attached to the MTS machine was modeled with the following 
properties: 
 

,2 10000000FEME =  MPa 

,2 0.3FEMυ =  

 
A much higher Young modulus is used to prevent relative displacements within this area. 
The applied stress, whose magnitude is irrelevant, is equal to 1 MPa.  
 
The FE analyses used 18720 parabolic plate elements (S8R type), 56715 modes and 
340290 degrees of freedom. 
Figure 104 represents the mesh used in the FE analyses. 
 

Grip Area 
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Figure 104 - Mesh used in FE analyses 
 
The DBE model is represented in Figure 105. 
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Figure 105 - Model used in DBE analyses 
 
The difference between this model and the one presented in Figure 103 is that in this one 
the part of the specimen attached to the MTS machine is not modeled with higher modulus 
of elasticity and restricted nodes. 
The material properties are the following: 
 

70000DBEME =  MPa 

0.33DBEMυ =  
 
The fact that different values of E were used for the two methods has no real influence on 
the results since the variables of interest are non dimensional.  
The applied stress is equal to 1 MPa.  
 
The DBE analyses used 60 parabolic elements and 120 nodes. 
The mesh used in one of the analysis is represented in Figure 106. 
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Figure 106 - DBE mesh 
 
The output from these analyses is the displacement on the load direction of the point 
correspondent to the clip gage. This result is manipulated in order to obtain the non 
dimensional variables of the calibration curve.  
The calibration curve is represented in Figure 107. 

 
Figure 107 - Compliance calibration curve 

 
Figure 107 shows that the numerical results are relatively close to the curve obtained with 
equation (37), especially for smaller crack lengths.  
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The curve from the standard equation will be used to obtain the crack lengths from the 
compliance values.  
 
The first step is the adjustment of the calibration so that it agrees with both the initial crack 
size and the first compliance (v/P) value, correspondent to the inverse of the slope of the 
linear region from the P-v curve (Figure 102).  
In order to obtain this slope, a linear regression is applied to the points of the P-v curve 
which clearly belong to the linear region8. The highest value of P of all these points is 
registered as well, and used to determine the stress intensity factor given by the following 
equation9 [28]: 
 

sec
P a

K a
wt w

ππ  =  
 

        (38) 

 
The value of a introduced in equation 38 is the initial physical crack size a0. 
 
K is then used to determine the plastic zone size ry, given by [28]: 
 

2
1

2y
yld

K
r

π σ
 

=  
 
 

        (39) 

 
The effective crack size ae can now be determined [28]10: 
 

e p ya a r= +          (40) 

 
where ap is the physical crack length. 
 
The first effective crack length is introduced in the graph of Figure 107 to obtain the 
expected value of Evt/P. Since the compliance v/P, E and t are all known, the calibration is 
adjusted by determining the effective Young modulus (Eeff).  
The effective modulus obtained is equal to 72523 MPa, which differs 2% from the original E 
considered. Since this difference is acceptable [28], this new value will be used from here 
on. 
 
Once the compliance calibration curve and Eeff are determined, the process to determine the 
K-R curve follows the following steps: 
 

1- Selection of 21 points from the area of interest of the P-v curve and determination of 
the respective secant slopes (inverses of compliances) and values of P. Figure 108 
illustrates this process. The red lines shown correspond to 7 of the experimental 
points used, including those of lowest and highest compliance. This means that only 
a small region of the P-v curve is used to obtain the K-R curve. The points of the P-v 
curve of higher compliance are past the instability point, as it will be shown. 

                                                 
8 110 points of the curve were used 
9 Though formally different, equations (38) and (36) have the same meaning 
10 This operation is known as the Irwin plastic zone correction, and it is explained in detail in [8], for 
instance. 
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Figure 108 - Measurement of compliance and load from the P-v curve 

 
2- Determination of each effective crack length ae from the calibration curve using the 

respective compliance value and Eeff. Figure 109 illustrates this process. The same 7 
points of step 1 are represented. 

1 

2 

3 

4 

5 

6 

7 
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Figure 109 - Use of compliance calibration curve to obtain the effective crack size 

 
3- Calculation of the toughness Kr (equation (38)), using ae determined in step 2 and the 

respective value of P measured in step 1.  
 
4- Iterative calculation of ry using equations 38, 39 and 40. An initial value of ry is 

arbitrated and used to determine the physical crack length ap which is then used to 
calculate the value of K to be inserted in equation (39), which gives ry, completing the 
cycle. The process stops when the new value of ry is identical to the previous one. 

 
5- Determination of ∆ae using the following equation [28]: 

 

0e e ea a a∆ = −         (41) 

 
The variable ae0 is the initial value of effective crack length, which is equal to the 
initial physical crack length plus the first ry calculated.  
 

6- Verification of the net section stress criteria Rv, given by equation (42) [28], for all 
points. This criterion has the purpose of assuring that the remaining section of the 
specimen at each point is large enough to avoid plastic collapse. Only the 
measurements that verify it can be used in the K-R curve determination. 
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where σnet is the average stress on the remaining section. 
 

Figure 110 shows the evolution of the physical and effective crack sizes and the plastic zone 
size ry as the compliance increases. 

 
Figure 110 - Evolution of ap, ae and ry with increasing compliances. 

 
Figure 111 shows the parallel evolution of the toughness Kr and the net section criteria 
variable Rv as a function of ∆ae. The grey area of the graph comprises the invalid 
measurements, which are those whose correspondent Rv is higher than one. 
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Figure 111 - Evolution of toughness Kr and net section criteria Rv 
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4.3. Results and concluding remarks 
 
Figure 112 shows the K-R curve obtained. The curve fitting uses the Matlab function pchip11.  

 
Figure 112 - K-R curve 

 
In Figure 113, the K-R curve obtained is plotted against some applied K curves, which 
represent the mode I SIF variation with the effective crack length, for different remote stress 
(or load) levels (σ), given by equation (38). 

                                                 
11 Piecewise Cubic Hermite Interpolating Polynomial 
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Figure 113 - Prediction of instability based on K-R and applied K curves 

 
The point of tangency between the K-R resistance curve and one of the applied K curves is 
the point of instability, where the stress intensity factor K starts to grow faster than the 
resistance KR.  
 
The unstable propagation of the crack in the test used as reference occurred due to a 
different mechanism: the plastic collapse of the remaining section. In fact, the comparison of 
Figures 111 and 113 reveals that, for this specimen geometry, the plastic collapse occurs 
while the crack propagation is still stable. That is, plastic yield occurs for a smaller crack 
length than the necessary to reach the point of instability predicted by the use of K curves. 
This conclusion is obvious, but the point of instability shown in Figure 113 cannot be 
determined with exactitude, since the K-R curve fit is extended by extrapolation to crack 
sizes much greater than those of the experimental data.  
 
The results obtained cover a small range of values of the crack length, which is explained by 
the specific specimen geometry and the initial crack size, which is beyond the range of 
values established by the ASTM standard [28], as mentioned. This characteristic of the K-R 
curve obtained may affect its utility for comparison with different and varied crack growth 
situations, for the same aluminium alloy. Furthermore, the point where the crack grown 
becomes unstable, as predicted with significant uncertainty by Figure 113, could not be 
experimentally validated, as explained. 
 
 
 

σ = 88 MPa 

σ = 58 MPa 

σ = 103 MPa 

σ = 73 MPa 

σ = 118 MPa 

σ = 133 MPa 
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5. Conclusions and future work 
 
 
In the several chapters and sections of the present work the relevant conclusions were 
already presented. The intention here is not to repeat those detailed remarks, but instead to 
make a concise synthesis of them. 
 
In chapter 1, several problems with known analytical solution were treated in order to 
evaluate the performance of different numerical tools and their applicability to the chosen 
problems, and the accuracy of several levels of modeling refinement. Good agreement was 
found between the theoretical predictions and the numerical results obtained.  
An important conclusion concerns the advantage of DBE method over FE method under 
certain conditions, explained by its accuracy and the fact that it can be applied using 
significantly fewer computational resources (the “real” problem translates into a much 
smaller mathematical problem than for the FE method, while providing equally accurate 
results). 
Despite the simplicity of the problems, the calculations performed in chapter 1 configure an 
important step in the application of FE and DBE methods to more complex fracture 
mechanics problems, since they provide the necessary confidence and basic experience 
required. 
 
The main conclusion regarding chapter 2 is that under uniaxial loading, the mixed mode 
problem considered evolves to an almost pure mode I situation before the crack reaches the 
stiffeners. Because no DBE software was available for 3D problems, the analyses of the 
behavior of a stiffened panel with a slant crack were carried out using FE method.   
An interesting future work would include the application of the correction of the crack 
propagation direction technique to the crack path based on the FE analyses. 
Another interesting work would be the evaluation of the same crack on the same panel 
under biaxial loading. This problem is more complex and its results less predictable.   
 
Concerning the experimental characterization of the FSW T-joints presented in chapter 3, 
the results obtained suggest the validation of FSW to fabricate dissimilar aluminium alloys T-
joints, although the welding process used requires optimization. Future works regarding this 
subject include more tests and perhaps the use of different FSW parameters and the testing 
of different materials. 
 
The work described in chapter 4 produced an interesting evaluation of a particular aspect of 
the strength of materials, the fracture resistance increase associated with crack growth 
during stable crack propagation (under a few particular conditions). However, due to the 
width of the specimen and its initial crack size, the K-R curve was obtained from a number of 
test points that correspond to a relatively small range of crack lengths. This fact made it 
impossible to properly determine the instability point and its corresponding value of K, 
because before that general yielding of the remaining cross section occurred. 
The obvious future work of interest concerning this subject is the repetition of the 
procedures described for a comprehensive range of specimen geometries and initial crack 
lengths (i.e., a range of initial a/w values, and/or different thicknesses), and the 
establishment of a comparison between the results obtained. 
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Appendix A – Alternative model for FE analyses of t he problem of 
section 1.1 
 
 
The model used for DBE analysis of the inclined crack problem was tested for FE analysis. 
The model is represented in Figure 12. The tensile load is applied on both edges, and two 
restrictions in x and one in y are added. 
 
This model (model 2) was tested for α=20º. J integral method and VCCT’s results for this 
model are identical to those calculated with the other model (model 1). The difference 
between them is close to 0.1% for both stress intensity factors and both methods. This new 
model produced results which are even closer to the analytical solution. Table 18 presents 
both models’ results for α =20º. 
 

Table 18 – New model results and comparison with analytical solution  
 

 KI KII 
Model (20º)  Tip 1 Tip 2 Average  Error (%)  Tip 1 Tip 2 Average  Error (%)  

1 
J int. 0,8801 0,8801 0,8801 0,33 0,3206 0,3206 0,3206 0,24 
VCCT 0,8715 0,8716 0,8716 1,30 0,3169 0,3169 0,3169 1,40 

2 
J int.  0,8809 0,8809 0,8809 0,24 0,3211 0,3211 0,3211 0,10 
VCCT 0,8723 0,8723 0,8723 1,21 0,3174 0,3174 0,3174 1,25 

 
The effects of adding this model’s nodal restrictions to the problem can be evaluated by 
measuring the magnitude of the respective reaction forces12, which for α =20º, are: 
 

Rx1  = -0.00088 N 
Rx2  = -0.00014 N 
Ry1  = 0.00088 N 

 
All reaction forces’ magnitudes are very small when compared to the applied load. 
Therefore, it can be assumed that the nodal restrictions added to the problem have little 
effect on the results. 
 
Since the stress intensity factors calculated for α =20º are identical for models 1 and 2, and 
very close to analytical solution as well, it is reasonable to assume that the use of any of 
both models is acceptable. Opting for model 2 should not bring significant variation to the 
results. 
 

                                                 
12 ABAQUS FE analyses’ output 



 116 



 117 

Appendix B – Use of connector elements in ABAQUS 
 
 
Nodal connection by connector elements can be done by adding the following lines to the 
ABAQUS input file:  
 
*ELEMENT, TYPE=CONN2D2, ELSET=virtual 
100000,20908,35095 
100001,20759,35094 
100002,21100,35096 
100003,21569,35101 
*CONNECTOR SECTION, ELSET=virtual 
join 
… 
… 
*OUTPUT,FIELD 
*ELEMENT OUTPUT 
CRF1,CRF2  
 
The element identification (100000, for instance) precedes the nodes (20908 and 35095) to 
be connected by the connector element. 
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Appendix C – Initial prediction of crack propagatio n direction 
 
 
Initial analyses were carried out with different meshes from the one presented in chapter 2 
(Figures 48 to 51). The meshes used are represented in Figures 114 and 115. Except for 
the area presented in detail in these Figures, the meshes are equal to the one used before. 
Again, five elements are used along the 2 mm thickness. 
 
The mesh used in the first analysis is equal to the one used in the second analysis, since it 
was possible to recreate the crack using the same model (the first propagation angle 
calculated was close to 90º). 
 
Parabolic elements of the types C3D15 and C3D20 are used in all analyses. 
 
For the first analysis, the total number of elements, nodes and degrees of freedom is 
141246, 647518 and 1942554, respectively. The number of elements along the crack 
extension is 50. All these elements are 1x1mm squares. 
 
For the second analysis, the total number of elements, nodes and degrees of freedom is 
141246, 647676 and 1943028, respectively. The number of elements along the crack 
extension is 58. Again, all these elements are 1x1mm squares 
 

 
 

Figure 114 - Mesh detail for initial and second analysis (first increment) 
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For the third analysis, the total number of elements, nodes and degrees of freedom is 
135566, 622181 and 1866543, respectively. The number of elements along the crack 
extension is 70. Around the crack tips, these elements are 1x1mm squares. 

 

 
 

Figure 115 - Mesh detail for third analysis (second increment) 
 
Tables 19 to 21 present these simulations’ results. The only difference between the tables 
presented before and these is the inclusion of the relative difference between the values 
obtained with the final mesh and the results obtained with these meshes (in parenthesis and 
in bold), for the most important results. 
 
Figures 116 to 121 present the distribution of the determined KI and KII along the thickness 
of the panel.  
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Table 19 - First Analysis’ results ( 45ºβ = ) 
 

 
KI (Nmm-3/2) KII (Nmm-3/2) φ (º) 

∆Keq (Nmm-3/2) 
y (mm)  Avg.  Diff.(%)  Avg.  Diff.(%)  Avg.  Diff.(%)  

0 503.4 0.02 750.8 0.00 83.6 0.003 563.2 
0.2 635.0 0.00 525.8 0.00 93.9 0.000 301.6 
0.4 608.2 0.00 575.8 0.00 91.1 0.000 356.3 
0.6 616.0 0.00 555.1 0.00 92.1 0.000 334.4 
0.8 605.1 0.00 558.8 0.00 91.6 0.000 341.2 
1 588.7 0.00 561.1 0.00 90.9 0.000 348.4 

1.2 574.9 0.00 560.6 0.00 90.5 0.000 352.2 
1.4 556.8 0.00 558.9 0.00 89.9 0.000 356.4 
1.6 521.1 0.00 580.3 0.00 88.0 0.000 388.6 
1.8 514.8 0.02 532.5 0.00 89.4 0.004 344.6 
2 361.0 0.03 754.0 0.01 79.8 0.002 621.8 

Average / 
Diff. (%)  580.1 (0.8 %) 556.5 (2.3 %) 90.8 (0.3 %) 347.1 (3.1 %) 

Max. ∆Keq 521.1 (1.8 %) 580.3 (1.5 %) 88.0 (0.1 %) 388.6 (1.4 %) 

Neq 

(avg/max)  3.1E+04 / 2.2E+04 
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Figure 116 - KI along thickness for first analysis 

 

 
Figure 117 - KII along thickness for first analysis 

 



 123 

Table 20 - Second Analysis’ results ( 45ºβ = − ) 

 

 
KI (Nmm-3/2) KII (Nmm-3/2) φ (º) 

∆Keq (Nmm-3/2) 
y (mm)  Avg.  Diff.(%)  Avg.  Diff.(%)  Avg.  Diff.(%)  

0 711.0 0.31 519.8 0.17 -47.8 0.19 964.2 
0.2 938.3 0.30 361.5 0.11 -34.5 0.26 999.6 
0.4 916.6 0.30 389.5 0.23 -36.7 0.31 1003.6 
0.6 947.6 0.34 369.7 0.16 -34.8 0.31 1012.8 
0.8 947.7 0.31 366.2 0.30 -34.6 0.38 1010.3 
1 939.9 0.36 361.7 0.25 -34.5 0.39 1000.9 

1.2 935.2 0.31 355.1 0.34 -34.2 0.41 992.4 
1.4 923.0 0.38 348.0 0.32 -34.1 0.45 977.7 
1.6 880.5 0.33 352.9 0.42 -35.4 0.47 948.0 
1.8 888.4 0.38 319.4 0.41 -33.0 0.52 929.9 
2 651.7 0.38 432.5 0.62 -46.0 0.42 844.0 

Average  924.1 (0.9 %) 358.2 (2.4 %) -34.6 (1.0 %) 986.1 (1.3 %) 

Max. ∆Keq 947.6 (0.2 %) 369.7 (3.8 %) -34.8 (2.3 %) 1012.8 (1.2 %) 

Neq 

(avg/max)  1.8E+03 / 1.7E+03 
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Figure 118 - KI along thickness for second analysis 

 
Figure 119 - KII along thickness for second analysis 

 



 125 

Table 21 - Third Analysis’ results ( 80ºβ = − ) 

 

 
KI (Nmm-3/2) KII (Nmm-3/2) φ (º) 

∆Keq (Nmm-3/2) 
y (mm)  Avg.  Diff.(%)  Avg.  Diff.(%)  Avg.  Diff.(%)  

0 952.0 0.01 105.5 1.51 -12.4 1.4 872.2 
0.2 1245.5 0.08 71.1 1.54 -6.5 1.4 1126.4 
0.4 1211.5 0.08 75.5 1.60 -7.1 1.5 1096.7 
0.6 1248.5 0.08 70.2 1.71 -6.4 1.6 1128.9 
0.8 1246.5 0.08 68.2 1.80 -6.2 1.7 1126.9 
1 1233.5 0.08 66.1 1.95 -6.1 1.8 1114.9 

1.2 1225.5 0.08 63.5 2.06 -5.9 2.0 1107.4 
1.4 1207.5 0.08 61.0 2.27 -5.8 2.2 1090.9 
1.6 1151.5 0.09 60.1 2.40 -5.9 2.3 1040.6 
1.8 1161.5 0.09 53.3 2.70 -5.2 2.6 1048.6 
2 852.8 0.12 68.8 3.32 -9.1 3.1 774.9 

Average  1214.6 (0.7 %) 65.4 (0.7 %) -6.1 (1.5 %) 1097.9 (0.7 %) 

Max. ∆Keq  1248.5 (0.4 %) 70.2 (3.2 %) -6.4 (2.7 %) 1128.9 (0.5 %) 

Neq 

(avg/max)  1.3E+03 / 1.2E+03 

 

 
Figure 120 - KI along thickness for third analysis 
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Figure 121 - KII along thickness for third analysis 

 
The second analysis is performed considering an angle φ of 90º, instead of 91º, which is the 
proper approximation to the units of the result obtained (90.8º, see Table 19). This choice 
has to do with the fact that for a perfectly square propagation angle, no remeshing was 
necessary to perform the second analysis. 
 
Tables 19 to 21 show that the difference between the results obtained with the final mesh 
and these is not large. In fact, the maximum relative difference for the average angle of 
propagation is 1.5%.  
 
However, these results are not satisfactory, since the variation of KI and KII along the 
thickness is highly irregular and unexpected, especially for the nodes of the two surface 
elements (three points on each side of the graphs). This is the reason why different, more 
refined meshes were modeled and new analyses were carried out. 
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Appendix D – Comparison of different meshes for the  
determination of crack propagation direction 
 
 
Four different meshes are used to determine KI and KII for the initial crack situation, and the 
results are compared.  
 
The first analysis (simple) was carried out with the mesh presented in Figure 114 (appendix 
C).  The results obtained have already been presented in appendix C. 
Second analysis (linear) uses the same mesh, but the elements around the crack are linear 
and not parabolic, which means that only 6 nodes and not 11 are defined along the 
thickness of the panel in this region. 
Third analysis (quarter) uses the mesh used in the first analysis (simple), but here the 
distance between each crack tip and the closer midside nodes is reduced to half the original 
length, for all elements along the thickness of the panel. This distance is equal to one fourth 
of the element side length. 
Fourth analysis (refined) uses the mesh presented in Figures 48 to 51. Once again, the 
midside nodes next to the crack tips are moved closer to it. This analysis’ results have 
already been presented in chapter 2. 
 
Figures 122 and 123 show the results obtained with the different meshes for KI and KII. 

 
Figure 122 - Comparison of the different meshes’ results for KI along the thickness 



 128 

 
Figure 123 - Comparison of the different meshes’ results for KII along the thickness 

 
If the results of the fourth mesh (refined) are taken as the reference (these results were 
used in the definitive prediction of the crack propagation direction), it is reasonable to 
assume that none of the other meshes produces totally satisfactory results.  
 
For the interior nodes, the third mesh (quarter) produces accurate results, but its values of 
KII are not satisfactory for the other 6 (out of 11) nodes defined along the thickness.  
 
The first mesh (simple) results are reasonable in the interior region for KI, but not for KII. The 
nodal results on the two surface elements are not satisfactory in either case. 
 
The mesh with linear elements produces poor results, despite the fact that the curves that 
represent the evolution of the SIFs along the thickness have similar shapes to the ones of 
the refined mesh, since all values of KI and KII are significantly smaller than the results 
produced by the adopted mesh. 
 
The fourth mesh (refined) was chosen for the prediction of the crack propagation direction 
because it produces the most reliable results for the SIFs. Figures 122 and 123 show that 
the variations of KI and KII along the thickness, for this mesh, are stable in the interior of the 
panel (unlike the results of meshes 1 and 3). 
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