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ABSTRACT

This paper introduces a new method to deal with the Undirected Rural Postman
Problem (RPP), based on Genetic Algorithms. The RPP is a particular Arc Routing
Problem which consists of determining a minimum cost circuit on a graph so that it is
possible to traverse a given subset of required edges.

The RPP is known to be an NP-hard problem and it has some interesting real-life
applications. The authors are aware of only one publication using Genetic Algorithms
alone in this type of problems.

The new method — the RPGA algorithm — will be described in detail and tested with
different groups of problems, the results being compared with those gathered from other
publications. A comparison is also made with several crossovers frequently used in TSP
problems. A new case based on the city of Porto is also solved.

The simplicity of RPGA and the computational experiments suggest that it can be a
good choice to solve (undirected) RPP, in a short period of time.
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1. The Rural Postman Problem

This paper introduces a new method — the RPGA algorithm — based on Genetic
Algorithms to solve the Undirected Rural Postman Problem (RPP). The RPP is a
particular Arc Routing Problem, with many applications. Perhaps the earliest reference
to ARP is related to Euler, known as the Konnisberg Bridge Problem, Euler [7]. The
RPP is more general than the Chinese Postman Problem, which has as objective finding
the minimum cost circuit traversing, at least once, all the edges of a given graph. It may

be solved in O(]va") time, Edmonds et al [6]. The RPP considers two types of edges,

required and non-required edges and may be defined as follows:
LetG = (V,E) be an undirected and weighted graph with a vertex setV ={v,,v,,..v, },

an edge setE:{el,eZ,...en}, a subset E, c E of “required” edges (they must be

traversed) and let C,be the cost of edge€ . The objective of the RPP is to find a

minimum cost circuit so that each edge of E, is traversed at least once. The RPP was

first introduced by Orloff in Orloff [16].

A large number of real-world problems are related to RPP: routing of newspapers, post
delivery, the collection of household refuse or parking meter coins, street sweepers,
school buses, and the inspection of electric power or oil or gas pipelines, see Pearn (et
al) [18]. A new application in the area of cutting tool path determination may be found
in Moreira et al [15]. The RPP is classified as NP-hard (Lenstra, et al [14]) what may be
a motivation to use Metaheuristics as an alternative approach to ‘exact methods’. There
are some publications related to the RPP. Frederickson’s heuristic, Frederickson (et al)
[8], is similar to the heuristic of Christofides for the Travelling Salesman Problem,
operating by adding artificial edges to the subgraph induced by E; in a way that yields a
connected Eulerian graph. Christofides (et al) [2] developed a heuristic algorithm
consisting of three stages: firstly, transforming the subgraph containing the required
edges in a complete graph; secondly, applying a minimal spanning tree algorithm and,
finally, by means of the minimum-cost matching algorithm, obtaining a Eulerian graph.
Corberan (et al) [3] developed a branch and cut algorithm; Cdérdoba et al [4] introduced
a heuristic algorithm for the RPP based on a Monte Carlo method. Later, Hertz (et al)
[11] set up a family of local search heuristics. Rodrigues (et al) [19] proposed a
Memetic Algorithm. Baldoquin (et al) [1] developed a hybrid approach based on
GRASP, and Genetic Algorithms and Pefia [17] used Simulated Annealing, GRASP and
Genetic Algorithms. Groves (et al) [10] presents a local search framework. All these
methods used the same 26 instances, with the exception Groves et al.[10], who dealt
with new large instances. Moreira (et al) [15] proposed an algorithm for a dynamic
RPP. The authors are aware of a single publication using Genetic Algorithms only, due
to Kang (et al) [13]: the original graph is transformed into a Hamiltonian circuit and the
PMX crossover is applied; the results are for little dimension problems. Baldoquin (et
al) [1] and Pefia [17] used the Genetic Algorithms, but together with others heuristics.

A very brief introduction to Genetic Algorithms is presented in Section 2. In Section 3,
RPGA - a new method based on Genetic Algorithms — will be proposed to solve the
RPP. The computational results and the evaluation are included in Section 4. RPGA was
applied to different groups of problems, some new and others used in referred
publications. Finally, in Section 5, it is concluded that the simplicity of the method and
the results achieved confirm RPGA as a potential method to deal with RPP.
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2. Genetic Algorithms

Genetic algorithms (GA) were firstly proposed by Holland [12] in his book Adaptation
in Natural and Artificial Systems whose ideas were applied and expanded by Goldberg
[9], who simulated biological processes. GA are based on the principles of the Darwin
Theory and, basically, they may be described as follows.

The algorithm begins with a set of solutions, encoded by chromosomes, that is called
the initial population. Next, a value (fitness) is attributed to each chromosome. Then the
best ones (according to their fitness) are selected: these are the parents. To create a new
generation, parents will be crossing with a probability p. to generate new chromosomes:
the children. In the new population, the worst ones are eliminated and the process
repeats itself for N generations, where N is a previously defined number. GA’s main
strength comes from the Crossover operation: an exchange of part of the information,
the genes, contained in the chromosomes of the selected parents. When the
chromosomes are not submitted to crossover, they remain unmodified. Various kinds of
crossovers have been suggested, see Goldberg [9]. Mutation involves the modification
of the value of some genes of a chromosome with a p, probability (the mutation
probability). This process re-introduces lost or unexplored genetic material back into the
population, with the intention of preventing premature convergence.

The process is repeated until a stopping condition is verified, usually the number of
generations. If all goes well throughout this entire procedure, the initial population (of
no special quality) will improve as parents are replaced by better and better children. In
this paper, a particular adaptation of the idea of GA is implemented: the algorithm will
consider the situation of the generation of a son by only one father.

3. RPGA - A Genetic algorithm for the Undirected Rural Postman Problem

This section describes the new algorithm RPGA to solve the (undirected) RPP. The
algorithm starts by constructing an auxiliary Hamiltonian graph G" =(Vv" E")as
follows:

1. Foreach e, € E,create a vertex v e V"

2. For each pair v{',v]' e V" (i # j) create an edge (vi”,v;*)e E™, whose cost

for each edge is calculated using a shortest path algorithm. The resulting
graph is a completely connected graph.

This procedure is similar to the one in Kang (et al) [13]. The RPP problem is then
transformed into a TSP.

3.1. Encoding

The process for encoding solutions is often a critical aspect in solving a problem using
GA. Holland worked with a binary system, but new representations appeared shortly
afterwards.

It was decided to follow an ordinary and close to the problem encoding: the genes of

each chromosome should be represented by the vertices inV". In this way, if the
chromosome is (1, 2, 4, 5, 3), the path starts in vertex 1, and continues through vertex 2,
4,5and 3.
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3.2. Fitness Function

The objective of the problem is to minimize the total cost
C=>(cle;)+h)) *)
i=1

where n=|E'[, c(e;) is the cost of edge €. (e, € E ), and h, is the minimum cost

from the end vertex of e, e E, to the start vertex of e, €E,. If i = n, his the

minimum cost from the end vertex of €, € E,to the start vertex of e, e E,. These

calculations are based on the path under construction waht will be clarified later with
an example.

The fitness function f and the probability of selecting one chromosome k are defined as
1 f
F=c ™ k=7

¢ j
j=0

where fk is the fitness of the chromosome k and I+1 is the size of the population.

3.3. Initial Population

The initial population is randomly generated. The choice of the size of the population is
also a relevant issue: if the population is too small, the GA may converge too quickly; if
it is too large, the process may take a long time. After some computational experiments
200 individuals were considered for the medium/large problems and 100 for the small
problems. Only the 80% of the population’s best part was taken into account, for each
population. Also, the best chromosome in the population was immediately stored for the
next generation.

3.4. Child Construction

RPGA has no crossover operation. A child is obtained from a single father, through the
following operation.

The first vertex (in\V") in which h. (in *) is non zero is selected and a copy of all the

genes until this position in the child’s chromosome is made. Then to complete the
chromosome:

1) The algorithm looks for all vertexes (not yet selected) such that h, =0 until the last
one, (if there is more than one vertex available, one of them will be randomly
selected). When a vertex such that h, =0 does not to exist, it goes to 2).

2) The algorithm connects the last vertex as follows:

a. In 99% of the situations, it looks for the vertex whose h.is minimum;

b. In 1% of the situations, it carries out a random selection between the
vertexes that were not selected:;
3) If the chromosome is complete it stops. Else it goes to 1).

After selecting the vertex in the auxiliary graphG", the algorithm determines the
corresponding edge in the original graph. The direction of this edge is chosen so as to
minimize the cost.
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Adaptive construction probabilities p. were applied, following the work of Srinivas (et
al) [20] and after carrying out the convenient adaptations

fmax_; — f qu

p. = fmax_
1 = f<q

f __ — The maximum fitness in the old population

f —The average fitness in the old population
f  — The fitness of the parent who is a candidate to be progenitor

g, —> The first quartile

Srinivas (et al) [20] use the average instead of the first quartile and this probability is
used for the crossover.

Next example is intended to illustrate the essential features of RPGA. The data is taken
from problem 1 in Christofides (et al) [2], and a graph is represented in Fig. 1.

Fig.1. A graph from problem 1 in Christofides (et al) [2]

Table 1 has the necessary information about the required edges: the extreme vertexes
and the cost in the original graph (in italic), as well as the corresponding vertexes V" in

G,

Required edges Extreme 12134 (35(56]|78]0910] 10,11
in Graph G Vertexes
Cost 3 6 1 2 8 1 4
v 1] 2]3]4][5] 6 7

Table 1. Date of problem 1 in Christofides (et al) [2]
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Table 2 contains the minimum costs between vertexes in G.

Vertexes |12 3 (4 | 5|67 |89 (10]11
1 3113(15(14(16(25(19| 6 | 5| 9
2 10121113 (22|16| 9 | 8 |12
3 2113126 |19|18]|22
4 1 ({3112 4 (21|20]|23
5 2 (111 5120119]|22
6 9 (7 (22|21 |24
7 8 [3130]|33
8 25124 |27
9 115
10 4
11

Table 2. The minimum costs between the vertexes in G

The corresponding edges in the original graph are in italics.
Figures illustrate the path that is traversed in the original graph.

Suppose the parent is:

P=(3425167)
(3,5)-(5,6)-(3,4)-(7,8)-(2,1)-(10,9)-(10,11)

It is possible to observe that vertexes 3 and 4 are such that h, =0, while h,#0.

Therefore, the algorithm only copies 3 and 4 into the child chromosome.
So the child will start with

which corresponds to edges (3,5)-(5,6) in the original graph.
The current path is represented (in bold) in Fig. 2:

Fig. 2. The current path in the original graph
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To complete the child, in each step the algorithm stores the set (A) of the vertexes in the
transformed graph that haven’t been selected yet. The current set is:

A={2567}

Next, the algorithm tries to find, in set A, a vertex withh, =0 (if there is more than one,
one of the possible vertexes will be randomly selected). In this example, all the vertexes
such that h, = 0 have already been selected. The algorithm goes to step 2. Let us
suppose that hypothesis a. applies.

vH h, (see table 2)

1 | min{c(6,1);c(6,2)}=c(6,2) =13 Select V"= 2.

2 | min{c(6,3);c(6,4)}=c(6,3) =c(6,4) =3

S | min c(6,7);c(6,8)}:c(6,8) =7 The direction could be (3,4) or (4,3)
6 | min{c(6,9);c(6,10)}=c(6,10) = 21 (The same cost)

7 | min{c(6,10);¢c(6,11)}=c(6,10) = 21

The child becomes
C=(342----)
(3,5)-(5,6)-(3,4)
and

A=1{1,56,7}.

Vertex 2 has no vertex such thath, =0. Considering again hypothesis a. in step 2:

v" h,

1 | min{c(31);¢(3,2);c(4,1);c(4,2)} =¢(3,2) =10 Select V"' = 5.

5 | min{c(3,7);c(38);c(4,7);c(4,8)} = c(4,8) = 4 The direction for

6 | min{c(3,9);c(310);c(4,9);c(4,10)} = c(310) =18 Vi=2is (34) and the

7 | min{c(310);c(311);c(4,10);c(4,11)} = c(310) =18 direction forv'=51s (8,7)

The child becomes
C=(3425---)
(3,5)-(5,6)-(3,4)-(8,7)
and

A={1,6,7}.

Vertex 3 has no vertex such that h, =0. Assuming this time hypothesis b. in step 2, the
vertex v =1 will be selected.
C=(34251--)
(3,5)-(5,6)-(3,4)-(8,7)-(2,1)

(Notice that the direction is (2,1) and not (1,2), because C(1,7)=25 and c¢(2,7)=22) and
A=1{6,7}.
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Fig. 3. The path already found in the original graph is shown in bold

Now h,is the same, independently of choosing vertex 7 or vertex 6. Suppose that the

algorithm randomly vertex 7 and finally the vertex 6:
C=(33,4,2 5/1,7,6)
(3,5)-(5,6)-(3,4)-(8,7)-(2,1)-(10,11)-(10,9))

The final path is shown in next graph:

Fig. 4. The final path is shown in bold in the original graph

3.5. Mutation
Mutation operation is a reciprocal exchange. If the original chromosome is (12357 8

9 6 4) two positions are selected randomly (position 4 and 8). The transformed
chromosome will be (123678954).
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The vertex v, , € V™ whose h,is maximum has a probability 1 of being permuted, and
when h; is null this probability is zero.
Adaptive mutation probabilities p,, were applied:

o,s% =f>f

Pn = max

0,5 =f<f

. —> The maximum fitness in the old population

fm
f — The average fitness in the old population
f  — The fitness of the parent, which is a candidate to be mutated.

4. Computational Results

This section includes extensive computational results with RPGA and other methods.
The experiments were organised in three parts: Parts A and B include the same 26
problems taken from the literature and Part C takes account of a new problem based on
the city of Porto.
Part B illustrates a comparison of results between RPGA and two different versions of
this algorithm, the outcomes from the introduction of two frequently used crossovers
for the TSP: the PMX (partially mapped crossover) defined by Goldberg [9] and the
OX (order crossover) proposed by Davis [5]. PMX builds children by choosing a
subsequence of a tour from one parent and preserving the order of as many genes as
possible from the other parent. OX builds children by choosing a subsequence of a tour
from one parent and preserving the relative order of genes from the other parent. The
difference between these crossovers is crucial as it explains why the OX performs
much better than the PMX for the RPP.
The following notation is employed:

#V — number of vertex

#RE — number of required edges

#NRE — number of non-required edges

OV - known optimal value (in the publications)

BVGA - best value obtained with RPGA

R=0OV/BGA - ratio between the known optimal value and the best value

obtained with RPGA OV/BGA

T - computational time (in seconds)

The computer used has an Intel Pentium 1V 3.2. GHz processor and 512 Mb RAM.

Part A
Table 3 presents 24 problems (P1 to P24) found in Christofides (et al) [2] and 2
problems (P25, P26) found in Corberan (et al) [3], and includes the corresponding
results obtained with RPGA and with the following methods:

- the heuristics described in Christofides (et al) [2];

- the Monte Carlo method due to Cérdoba (et al) [4];

- the hybrid heuristic depicted in Pefia [17];

- and the heuristic due to Groves (et al) [10].
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#V | #RE | #NRE oV BVGA | R T | Christ. | M.C. Pefia | Groves
Problem Heur Heur Heur Heur
P1 11 7 6 76 76 1 [<1| 76 76 76 76
P2 14 12 21 152 152 1 |<1| 164 163 163 152
P3 28 26 31 102 102 1 |<1]| 102 102 102 103
P4 17 22 13 84 84 1 |<1| 84 86 84 84
P5 20 16 19 124 124 1 |<1]| 135 129 129 124
P6 24 20 26 102 102 1 |<1]| 107 102 102 102
P7 23 24 23 130 130 1 |<1] 130 130 130 130
P8 17 24 16 122 122 1 | <1]| 122 122 122 122
P9 14 14 12 83 83 1 |<1| 84 83 83 83
P10 12 10 10 80 80 1 |<1| 80 84 80 80
P11 9 7 7 23 23 1 [<1| 23 23 23 23
P12 7 5 13 19 19 1 |<1| 22 21 21 19
P13 7 4 6 35 35 1 |<1| 38 38 38 35
P14 28 31 48 202 202 1 |<1]| 212 209 209 202
P15 26 19 18 441 441 1 | <1| 445 445 445 441
P16 31 34 60 203 203 1 2 | 203 203 203 203
P17 19 17 27 112 112 1 |<1]| 116 112 112 112
P18 23 16 21 146 148 | 0,99 | 2 148 148 148 .
P19 33 29 25 257 257 1 |<1]| 280 263 263 266
P20 50 63 35 398 398 1 6 | 400 399 398 400
P21 49 67 43 366 366 1 8 | 372 368 366 372
P22 50 74 110 621 621 1 (10| 632 621 621 622
P23 50 78 80 475 475 1 4 | 480 489 480 477
P24 41 55 70 405 405 1 2 | 411 405 405 405
P25 102 | 99 61 10599 | 11198 (0,95 |10 | --- 10784 | 10612 | 10599
P26 90 88 56 8629 8629 1 (15| --- 8721 | 8629 8629

Table 3. Characterization and results of the 26 problems of set A

A first conclusion may be drawn: RPGA is the only algorithm that reaches the optimal

solution in 23 problems for the P- Problem. In the case of the two problems P25 and

P26, RPGA does not reach the optimal solution for P25 as does Pefia heuristic. Groves
heuristic reached the optimal solution in both the instances given by Corberan &
Sanchis [1994].

Part B
The same set of problems is considered (see Table 4). The comparisons are between

RPGA and, as it has been mentioned, two different versions of this algorithm resulting
from the use of PMX and OX crossovers.

10/13




OV |[BVGA| R | T | PMX T OoX T
Problem

P1 76 76 <l1| 76 <1 76,0 <1
P2 152 152 <1| 152 <1 152 <1
P3 102 102 <1| 109 46 107 77
P4 84 84 <l1| 85 2 86 2
P5 124 124 <1| 124 <1 124 <1
P6 102 102 <1| 104 <1 102 4
P7 130 130 <1| 130 57 130 29
P8 122 122 <1| 122 252 122 <1
P9 83 83 <1| 83 145 83 1
P10 80 80 <1| 80 8 80 <1
P11 23 23 <1| 23 <1 23 <1
P12 19 19 <1| 19 <1 19 <1

P13 35 35
P14 202 202
P15 441 441
P16 203 203
P17 112 112
P18 146 148
P19 257 257
P20 398 398
P21 366 366
P22 621 621
P23 475 475
P24 405 405
P25 10599 | 11198
P26 8629 | 8629

<l| 35 <1 35 <1
<l| 202 104 202 20
<l| 441 2 441 1
2 | 203 123 203 1
<l| 112 97 112 1
1

2

o

9] 2 | 146 72 146
<l]| 259 793 257
6 | 402 596 400 63
376 529 381 15
10| 627 1071 | 625 | 105
4 | 481 3801 | 479 |161
2 | 424 471 408 | 102
5|10 | 11963 | 3963 | 10727 | 61
15110294 | 1740 | 9503 | 104

(@)
I I I I I I R I IR I I I I I TSI Y RN Y PN P SN

Table 4. Results with RPGA and the versions using PMX and OX crossovers.

The first and main conclusion is that RPGA performs better than the versions using
PMX and OX crossovers, both in what concerns quality of the solutions and
computational time. The explanation is that the algorithm takes into account the fact
that the genes to be permuted are not the same probability and that the edges of the
transformed graph do not always have the same cost, as elucidated in Section 3. It was
also expected that the crossover OX would prove more efficient than the PMX, since
OX takes into consideration the relative position of the genes, while the PMX does not.

Part C

A new problem derived from the street network of the city of Porto is solved with
RPGA and with the versions of the algorithm using PMX and OX crossovers.

The graph has a total number of 656 vertexes and 876 edges. The required edges are
randomly constructed, with probabilities of 20%, 40%, 60% and 80% respectively for
the groups Porto2*, Porto4*, Porto6* and Porto8*.

Since the optimal solutions are not known, Table 5 also includes the total fitness of
required edges, represented by ‘rFit’.

The data may be obtained from the authors.
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#V | #RE | #NRE | rFit BVGA | T PMX | T OX T
Problems
Porto21 | 656 | 177 | 699 2868 8144 61 | 8734 | 2829 | 8303 | 308
Porto 22 | 656 | 182 | 694 3071 8419 76 | 8933 | 923 8733 | 655
Porto 23 | 656 | 171 | 705 2793 7581 70 | 7700 | 6858 | 7490 | 455
Porto 41 | 656 | 359 | 517 5749 11218 | 200 | 12145 | 412 11674 | 680
Porto 42 | 656 | 354 | 522 5762 11325 | 210 | 12114 | 1247 | 11906 | 268
Porto 43 | 656 | 352 | 524 5602 11479 | 230 | 11953 | 354 12121 | 273
Porto 61 | 656 | 549 | 327 9024 14417 | 421 | 15562 | 2415 | 15526 | 351
Porto 62 | 656 | 525 | 351 8306 13805 | 444 | 14735 | 585 14609 | 292
Porto 63 | 656 | 537 | 339 8670 14341 | 500 | 15536 | 910 15336 | 579
Porto 81 | 656 | 703 | 173 11215 | 16306 | 700 | 17765 | 3211 | 17709 | 1396
Porto 82 | 656 | 711 | 165 11202 | 16563 | 721 | 17913 | 2305 | 17824 | 1045
Porto 83 | 656 | 695 | 181 10981 | 16394 | 732 | 17882 | 19683 | 17883 | 922

Table 5. Results for Porto problem

The results obtained confirm, once again, that RPGA performs better than the
alternative versions.

5. Conclusions

The new algorithm (RPGA) used to tackle the Undirected Rural Postman Problem
(RPP) was presented.

The paper includes a review of previous works on RPP and, as it has been pointed out,
there are almost no publications using Genetic Algorithm (GA).

The RPGA is based on GA, trying to take into account the specificities of the RPP.
That is particularly reflected in the encoding, child construction and mutation
operations.

The computational experiments confirmed that it works very well when compared to
other heuristics known from the literature. A new problem deriving from the city of
Porto was also solved.

As a final conclusion, and considering that the implementation of the algorithm is very
simple, RPGA is a good choice to deal with the (undirected) RPP.
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