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Resumo

O método de Monte Carlo quantico do determinante ( DQMC) é um método numérico po-
deroso, amplamente utilizado no estudo de sistemas com interagdes [1, 2], mas cuja apli-
cacao a fermides interagentes é frequentemente limitada pelo problema do sinal. Quando
os pesos determinantais W podem assumir valores negativos, as observaveis tém de ser
obtidas por reponderacédo e o custo estatistico cresce rapidamente a medida que o sinal
médio diminui [3]. Embora este quantifique a severidade do problema, ndo descreve a
estrutura do espaco de configuragdes, a origem das flutuagdes do sinal ou a sua depen-

déncia do campo auxiliar.

Nesta dissertagcéo, estudamos esta estrutura no modelo de Hubbard repulsivo. Introduzi-
mos a variavel de energia efetiva x = — log |W| e, juntamente com o sinal da configuragao
s = sgn(W), utilizamo-la para organizar e caracterizar o espaco de configuragbes. Anali-
samos depois a ligacdo entre os dois setores de sinal através de inversdes de um unico
spin do campo auxiliar e de transformacgdes coletivas, incluindo fatias espaciais, linhas de

mundo num sitio fixo, segmentos temporais contiguos e inversdes coletivas aleatérias.

No regime de sinal médio reduzido, verificamos que as configuragdes com peso positivo
€ negativo aparecem em numeros quase iguais na regidao de energia efetiva mais visitada
pela simulagéo, embora continuem pouco ligadas por movimentos que invertem um Unico
spin. Ja as transformacgdes coletivas, sobretudo as que envolvem segmentos contiguos
ao longo do eixo do tempo imaginario, permitem encontrar ligagées muito mais fortes
entre os dois setores de sinal. A comparagao com inversoes coletivas aleatérias e com
a dindmica habitual de DQMC mostra ainda que estes movimentos contiguos s&o mais
eficazes a transitar de um setor de sinal ao outro para segmentos de tamanho intermédio,

melhorando deste modo a eficiéncia da amostragem.

Estes resultados revelam que, subjacente ao problema do sinal em DQMC, existe um
espaco de configuragbes com uma estrutura altamente nao trivial, cuja natureza nao é
capturada por uma métrica simples como o sinal médio, geralmente empregado isolada-
mente. Embora ndo seja esperada uma solugédo genérica para o problema do sinal [4],
explorar esta estrutura podera ajudar a reduzir ineficiéncias adicionais de amostragem

associadas a transicoes lentas entre os dois setores de sinal.

Palavras-chave: Monte Carlo quantico do determinante, problema do sinal, espacgo de

configuragbes do campo auxiliar, modelo de Hubbard
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Abstract

Determinant quantum Monte Carlo (DQMC) is a powerful numerical method that has been
extensively used to study interacting systems [1, 2], but its applicability to interacting
fermions is often limited by the sign problem. Whenever the determinantal weights W
are possibly non-positive, observables must be obtained through reweighting, and the
statistical cost grows rapidly as the average sign decreases [3]. Although the average
sign quantifies the severity of this problem, it does not describe the structure of the con-
figuration space, how fluctuations of the sign arise, or their dependence on the auxiliary

field.

In this dissertation, we study this internal structure for the repulsive Hubbard model. We
introduce the effective-energy variable x = —log|W| and, together with the configura-
tion sign s = sgn(W), use it to organize and characterize the configuration space. We
then probe the connectivity between the two sign sectors using single-spin and collective
moves on the configuration space, including spatial slices, complete fixed-site worldlines,

contiguous temporal segments and random collective moves.

We find that, in the low average-sign regime, positive- and negative-weight configurations
occur with nearly equal multiplicity over the effective-energy region most strongly sampled
by the simulation, while remaining only sparsely connected by single-spin moves on the
auxiliary field. Collective transformations, in particular contiguous modifications along
the imaginary-time axis, reveal substantially stronger connections between the two sign
sectors. Comparisons with random collective moves and the standard DQMC dynamics
further show that these contiguous inversions are more effective at transitioning between
the two sign sectors for intermediate segment lengths, thereby improving the sampling

efficiency.

These results reveal that, underlying the DQMC sign problem, lies a configuration space
with a highly nontrivial structure, whose nature is not captured by a simple metric as the
average sign alone usually employed. While a generic solution of the sign problem is not
expected [4], exploiting this structure may help reduce additional sampling inefficiencies

associated with slow transitions between the two sign sectors.

Keywords: determinant quantum Monte Carlo, sign problem, auxiliary-field configuration

space, Hubbard model
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1. Introduction
1.1. Motivation

Interacting quantum many-body systems are at the origin of many of the most interesting
physical phenomena, being responsible for the emergence of phase transitions, mag-
netism and superconductivity [5]. In theoretical physics, a paradigmatic example of such
a system is the single-band Hubbard model [6], which, despite its simplicity in the descrip-
tion of electron-electron interactions via a competition between kinetic delocalization and
local Coulomb repulsion between electrons, exhibits phenomena such as strong correla-
tions and antiferromagnetism [7]. For this reason, the Hubbard model has become one
of the standard theoretical settings for investigating interacting fermionic systems and for

benchmarking numerical methods designed to study them.

Obtaining quantitative results for interacting many-body systems is, however, challenging
both analytically and numerically. Although exact analytical solutions are known for partic-
ular models or limiting cases, the same is not true in general due to the difficulty introduced
by interactions. Mean-field theory provides a way to approximately compute properties
of these systems; however, it relies on uncontrolled approximations and may neglect im-
portant correlation effects [8, 9]. An alternative route lies in the use of numerically exact
methods or methods with controllable errors. One such method is exact diagonalization
(ED), which is restricted by the exponential growth of the many-body Hilbert space with
system size [10]. Quantum Monte Carlo (QMC) methods adopt a different approach by
replacing the explicit treatment of the full Hilbert space with a stochastic sampling pro-
cedure, allowing substantially larger systems to be studied, with the added advantage
that statistical errors can be clearly estimated and systematically improved, in principle

[11, 12].

This dissertation focuses on the determinant quantum Monte Carlo (DQMC) method. It
provides a formalism to reformulate the finite-temperature partition function of an interact-
ing fermion system through the introduction of a Hubbard-Stratonovich (HS) auxiliary field,
so that, for each fixed auxiliary field (AF) configuration, the fermionic degrees of freedom
appear quadratically in the effective action and can be treated analytically [13]. Although
the early AF formulation used continuous auxiliary fields [1, 14], later applications to lattice
models with discrete auxiliary fields provided, under favorable circumstances, a reliable

and efficient way of analyzing such systems [2, 15, 16].
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In the implementation considered here, the auxiliary field is discrete and can be qualita-
tively pictured as a collection of classical Ising spins distributed over a lattice defined along
both space and imaginary time dimensions. A given choice of spin orientations defines
a configuration of the auxiliary field. The key technical feature of the DQMC formalism
is how it rewrites the partition function and observable expectation values as a sum over
these spin configurations of weights that can be evaluated in terms of determinants of
matrices. This sum, however, cannot be evaluated explicitly since it contains an expo-
nentially large number of terms. What the formalism does allow is the sampling of these
many configurations through a Markov-chain Monte Carlo (MC) procedure. It is from
these sampled configurations that the necessary Green functions are computed, which
are then used to evaluate physical observables with controllable statistical uncertainty

[17].

Whereas the weights in classical Monte Carlo and many bosonic QMC formulations are
always nonnegative [18, 19], the weights that arise in DQMC are not constrained to be
non-negative for fermionic systems, except in select models or fine-tuned parameters [20].
This non-positivity prevents the determinantal weights from being interpreted directly as
a probability. The usual approach is then to sample configurations according to the ab-
solute value of their weight and include the corresponding sign through reweighting. As
cancellations between positive and negative weights become severe, the average sign
decreases and the statistical uncertainty of measured observables increases rapidly; con-
sequently, the sampling effort also increases substantially in order to maintain a given
statistical accuracy. The existence of non-positive “statistical weights” and the challenges
this poses to feasible statistical sampling is that is generally know as “the sign problem” in
the context of QMC applied to fermionic systems [3]. In practice, the average sign often
decreases exponentially with system size and inverse temperature, but it also depends
strongly on model-dependent parameters such as the band filling and lattice geometry
[21]. The sign problem can therefore severely restrict the range of temperatures, system
sizes and physical regimes that are accessible to otherwise numerically exact DQMC sim-
ulations. For the Hubbard mode, a particular example is the hole-doped low-temperature
regime, which is the experimentally relevant range in its application as a candidate model
for cuprate superconductors. The reduced average sign in this regime has severely lim-
ited the numerical results accessible to QMC methods in this region of the phase diagram
[22, 23].
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The presence and severity of the sign problem can depend on both the single-particle ba-
sis used to represent the Hamiltonian and the particular choice of the auxiliary field used to
decouple the interaction. For instance, fermionic creation and annihilation operators can
be rewritten in terms of Majorana operators and, for suitable classes of models, the HS
decoupling can be chosen such that the two Majorana sectors contribute with complex-
conjugate weights, yielding a non-negative total weight [24, 25]. Furthermore, in some
cases, symmetries can guarantee that the determinantal weights remain non-negative,
leading to formulations free of the sign problem [20]. Even when the sign problem cannot
be eliminated completely, its severity can be reduced by optimizing the single-particle
basis used [26]. In other QMC methods, there have been attempts at incorporating
sign cancellations more explicitly into the sampling procedure. A notable example is the
meron-cluster approach, where non-local clusters whose inversion changes the fermionic
sign can be identified and used to cancel opposite-sign contributions exactly for certain
models, and simulations can be restricted to configurations with non-negative weight [27].
Crucially, these methods are necessarily model- or representation-dependent. In fact, a
general, model-independent polynomial-time solution of the sign problem is not to be ex-
pected as it is a NP-hard computational problem, and, as such, practical progress has

relied on approaches tailored for specific models [4].

Although the sign problem is usually characterized through the decay of the average sign,
several studies have shown that it is related to nontrivial structure at the level of the in-
dividual auxiliary-field configurations. In DQMC, the sign of the determinant can be un-
derstood as a geometric property of the full imaginary-time single-particle evolution, with
negative-sign configurations being associated with a nontrivial geometric phase [28]. At
the statistical level, the occurrence of negative-signed configurations is also strongly af-
fected by the regions of configuration space selected by absolute-weight sampling, show-
ing that the severity of the sign problem cannot be understood solely from the properties of
arbitrary auxiliary-field configurations [29]. Studies focusing on the auxiliary-field configu-
rations have also revealed nontrivial organization within configuration space, for instance
through Hamming-distance measures that probe both their distribution and the efficiency
with which they are explored dynamically [30]. Machine-learning techniques have likewise
been applied directly to auxiliary-field configurations, showing that these configurations
contain information about physical phases, while also becoming substantially harder to

interpret in regimes affected by the sign problem [31].

Further evidence for a relation between configuration space and the sign has followed
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from approaches that condition statistical information on the sign or analyze quantities
derived directly from the fermionic matrices. For instance, by obtaining the sign-resolved
distributions of physical observables it has been noted that positive- and negative-weight
configurations form statistically distinct populations, and that small differences survive
even as the average sign approaches zero [32]. At the level of the fermionic matrices, the
singular values of these matrices contain information about the organization of the sam-
pled auxiliary fields and changes in the underlying phase transition, even when the fluc-
tuating determinant phase is discarded [33]. The determinant magnitude has also been
used directly as a coordinate for flat-histogram sampling through the Wang-Landau algo-
rithm, allowing a reduction in autocorrelation barriers by increasing the range explored
in configuration-weight space [34]. Taken together, these results suggest that the sign
problem is profoundly related to a structured configuration space whose geometry, sta-
tistical weight, and fermionic matrix properties are mutually related, while leaving open a
more direct characterization of how these positive- and negative-sign configurations are

distributed and connected within that space.

The way in which auxiliary-field configuration space is explored can itself introduce ad-
ditional difficulties. In hybrid Monte Carlo formulations with continuous auxiliary fields,
zeros of the fermionic determinant can form barriers that separate the two sign sectors
of configuration space and obstruct ergodic sampling, which amounts to an additional dy-
namical difficulty introduced by the sign problem [35]. In DQMC, updates involving the
inversion of an entire fixed-site worldline have also been shown to help overcome ergodic-
ity problems at strong coupling [36]. These results indicate that the connectivity between
elements of the configuration space also depends on the transformations used to explore
it, motivating a more direct study of how configurations belonging to opposite sign sectors

are connected by local and collective auxiliary-field moves.

Motivated by these observations, this dissertation investigates the relation between the
determinant sign and the structure of the auxiliary-field configuration space in the repulsive
Hubbard model. We begin by organizing the configurations according to the magnitude of
their determinantal weight and their sign, which allows us to characterize the populations
of the two sign sectors as a function of the magnitude of the weights. We also probe how
well the two sign sectors are connected through different transformations of the auxiliary
field, beginning with the elementary single-spin flip and extending to collective moves.
Particular attention is given to the comparison between collective moves and the sign-

changing behavior of the standard local-update DQMC dynamics. In this way, the aim is
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to distinguish the balance between the number of positive- and negative-weight configu-
rations from the connectivity between them under a given class of auxiliary-field transfor-
mations, together with how easily can the Markov-chain dynamics move between these
two populations. The latter question is relevant whenever the sign itself has a long au-
tocorrelation time, since inefficient transition rates among sectors of configuration space
with opposite sign introduces an additional sampling cost beyond that arising from the

sign problem itself [35].

1.2. Thesis outline

The remainder of this dissertation is organized as follows. Chapter 2 introduces the Hub-
bard model and the DQMC formalism using a discrete HS decoupling in the spin channel,
the evaluation of the fermionic determinants and Green functions, the MC sampling pro-
cedure, the origin of the sign problem, and an overview of the numerical stabilization

techniques used.

Chapter 3 defines the effective-energy variable used throughout this work, studies the sta-
tistical organization of positive- and negative-weight configurations through sign-resolved

distributions and entropies, and analyzes the thermodynamic scaling of the latter.

Chapter 4 investigates a local structure of the configuration space by considering single-
spin updates of the auxiliary field. The probability of these updates reaching the opposite
sign sector and the corresponding Metropolis acceptance probabilities are characterized
as functions of the effective energy, which provide a direct measure of the local connec-

tivity between the sign sectors.

Chapter 5 extends this analysis to collective moves involving multiple auxiliary-field spins.
A comparison is made between different spatial and imaginary-time structures, including
fixed-time-slice, fixed-site, contiguous and random updates. The resulting sign-changing
probabilities are also compared with the behavior generated by the standard local-update
DQMC dynamics, allowing the effects of collective transformations and sequential stan-

dard sampling to be distinguished.

Finally, Chapter 6 summarizes the main results of this dissertation and discusses their
implications for the understanding of the configuration-space structure underlying the sign

problem, together with possible directions for future work.
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6

2. The Hubbard model and determinant quan-
tum Monte Carlo

In this chapter, we introduce the repulsive Hubbard model and formulate the determinant
quantum Monte Carlo method used throughout this thesis. We begin by defining the Hamil-
tonian and the conventions adopted here. We then discretize the imaginary-time direction
and apply a HS transformation, reducing the interacting problem to a sum over configura-
tions of an auxiliary field. After tracing out the fermionic degrees of freedom, we obtain the
determinantal configuration weights and introduce the checkerboard decomposition used
to apply the kinetic propagator efficiently. We next describe the Markov-chain Monte Carlo
procedure used to sample the auxiliary-field configurations, together with the equal-time
Green functions, local determinant ratios, and rank-one updates required for an efficient
implementation. Having established the sampling algorithm, we discuss the fermion sign
problem and the reweighting procedure required when the determinantal weights can be-
come negative. Finally, we address the numerical instabilities caused by long products of
imaginary-time propagators, summarize the stabilized simulation procedure, and describe

the statistical analysis and validation tests used to verify the implementation.

2.1. The repulsive Hubbard model

The Hubbard model was introduced as a minimal description of electrons occupying a
narrow energy band [6]. Starting from electrons moving in a periodic potential, the elec-
tronic states are expanded in a basis of localized Wannier orbitals, and the description
is restricted to one relevant orbital per lattice site. Retaining the dominant hopping ma-
trix elements between different sites and the on-site Coulomb interaction then reduces
the many-electron problem to a competition between kinetic delocalization and local re-
pulsion. Despite this simple formulation, the model displays a broad range of correlated
phenomena, including metallic behavior, antiferromagnetic correlations, and Mott insulat-
ing phases [5, 7, 22]. Its combination of a compact formulation and nontrivial behavior

has made it a standard benchmark for numerical methods for interacting fermions [11].

We denote by éfa and ¢;, the creation and annihilation operators for a fermion at site i with

spin o € {1, ]}, and define the local occupation operator by

i = éiaéia' (21)
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In the grand-canonical ensemble, the single-band Hubbard Hamiltonian is
H == 3 tytlobio + U Y iy, = Hongs D, A (2.2)
i,j,0 i i,0
The hopping amplitudes ¢;;, which are often restricted to a few neighboring sites, deter-
mine the kinetic motion of the electrons through the lattice. The parameter U > 0 is the
on-site repulsion, which penalizes double occupancy, while s is the chemical potential
controlling the band filling. The competition between kinetic delocalization and local repul-

sion is primarily controlled by the dimensionless ratio U/t, where t denotes a characteristic

hopping amplitude.

In the weak-coupling regime, U/t <« 1, the electrons are more itinerant and the kinetic
delocalization dominates. In the strong-coupling regime, U/t > 1, double occupancy is
strongly suppressed. Near half filling, this suppresses charge fluctuations and leaves ap-
proximately one electron per site, producing local magnetic moments and Mott insulating
behavior. Although real hopping is inhibited, it generates an antiferromagnetic exchange
interaction leading to antiferromagnetic correlations between neighboring moments [7].
Between the weak- and strong-coupling limits, neither the kinetic nor the interaction term
can generally be treated perturbatively. The precise behavior also depends on the band
filling, lattice geometry, dimensionality, and temperature. Throughout this work, we con-
sider a square lattice with nearest-neighbor hopping, periodic boundary conditions (PBC),
and N = NN, lattice sites. The hopping amplitude is taken as the unit of energy, ¢ = 1,
and the Boltzmann constant is set to unity, so that the temperature is specified through

the inverse temperature g = 1/T.

Since many numerical studies are performed at or near the half-filled case (ﬁi) =115,

16, 37], it is convenient to write the interaction in a particle-hole-symmetric form. Using

R 1\ /. 1 L U, N U
U("tr - 5) ("u - 5) = Unhphyy — g (i +7yy) + 1 (2.3)

we rewrite the Hamiltonian, up to an irrelevant additive constant, as

A=T+7, (2.4)



FCUP | 8
Studies of the sign problem in determinant quantum Monte Carlo

where
T==3 tijlltic — 1Y, Mo, (2.5)
i,j,o0 i,o
N . 1\/. 1
i
and

(2.7)

With this convention, 4 = 0 is the particle-hole-symmetric point and corresponds to half
filling. We also introduce the single-particle matrix K associated with the quadratic part of
the Hamiltonian,
=3 Kyt Kiy =t~ udyy. (2.8)
1,0
The hopping is spin independent, so the same matrix K is used for both spin sectors.
The separation in Eq. (2.4) between a quadratic term and a local quartic interaction is the

starting point of the determinant quantum Monte Carlo formulation.

2.2. Auxiliary-field formulation

A central difficulty in applying Monte Carlo methods to an interacting quantum system
is that the thermal partition function involves the trace of an interacting many-body prop-
agator acting on a Fock space. Although the trace may formally be written as a sum
over many-body basis states, its matrix elements do not directly provide a set of simple,
computable statistical weights suitable for Monte Carlo sampling. Furthermore, since the
dimension of the fermionic Fock space grows exponentially with the number of lattice sites,
explicitly constructing and diagonalizing the full Hamiltonian becomes impractical except
for small systems [17]. Determinant quantum Monte Carlo avoids this explicit many-body
treatment by transforming the interacting problem into a sum over configurations of an
auxiliary field [1, 14, 38]. For each such configuration of this field, the fermionic problem
becomes quadratic, which allows the fermionic degrees of freedom to be traced out an-
alytically. Their contribution is then represented by determinants of matrices acting on
the single-particle space. These determinants provide the weights used to sample the
auxiliary-field configurations through Markov-chain Monte Carlo. Although the auxiliary-

field configuration space remains exponentially large, it need not be enumerated explicitly,
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and observables can instead be estimated from the sampled configurations with a con-
trollable statistical error. In this section, we construct this representation by successively
discretizing imaginary time, decoupling the interaction through a HS transformation, and

expressing the resulting fermionic trace as a determinant.

2.2.1 Imaginary-time discretization

At finite temperature, the thermodynamic properties of the system are determined by the

grand-canonical partition function
Z= Tr[e—ﬁH ] (2.9)

where 8 = 1/T and the trace is taken over the complete fermionic Fock space. Although
Eq. (2.9) is formally compact, it is not yet suitable for Monte Carlo sampling. In particular,
the Hamiltonian contains both the quadratic hopping term T and the quartic interaction V,

and these two operators do not generally commute,
[T,V] #o. (2.10)

Consequently, the operator e=#H cannot be factorized exactly as e FH = ¢=BTe=AV This
difficulty is dealt with by discretizing the imaginary-time interval [0, 8] into L time slices of

width
— ﬁ
AT = I (2.11)

The partition function may then be written exactly as

Z=Tr , (2.12)

L A
| I e—A‘rH
£=1

where, throughout this work, products over imaginary-time slices are ordered such that

L
[[Ar=ALAr- A (2.13)
€=1

For sufficiently small Az, the Trotter-Suzuki decomposition allows us to factorize the kinetic

term from the interaction term, thus approximating each short-time propagator as [39, 40]

e~ AT(T+V) — p=BTV =TT 4 (9 (A‘L’Z). (2.14)
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The error displayed in Eq. (2.14) is the error associated with one short-time factor. Since
the full imaginary-time evolution contains L = §/At such factors, the local errors accumu-
late into a systematic discretization error (the Trotter error) in the simulated observables.
In the limit AT — 0, the decomposition becomes exact. The ordering adopted in Eq. (2.14)

also fixes the convention for the single-particle propagators introduced below.

Applying the decomposition to every imaginary-time slice gives

Z o~ Tr[f[ e—ATVe—AfT]. (2.15)
0=1
The kinetic exponential is generated by an operator quadratic in the fermionic creation
and annihilation operators. It can therefore be represented by the exponential of the
N X N single-particle matrix K defined in Eq. (2.8). The interaction exponential, on the
other hand, remains quartic in the fermionic operators. The Trotter decomposition has
separated the two contributions, but an additional transformation is required before the

interaction can be treated analytically.

2.2.2 Hubbard-Stratonovich transformation

The purpose of the HS transformation is to replace the direct interaction between the
fermions by a coupling between the fermions and an aukxiliary field. The interaction is not
neglected or treated perturbatively. Instead, the exponential of the quartic interaction is
written exactly, for each discrete imaginary-time slice, as a sum of exponentials which are

only quadratic in the fermionic operators.

For the repulsive Hubbard model in the particle-hole-symmetric form, the interaction at a
single site is

X . 1\ /. 1
Vi=U<niT—§)<nu—§>. (216)

Using the fermionic identity A2, = A;,, the product of number operators can be expressed

in terms of the square of the local magnetization,
N 1\ /. 1 1, 2 1
(”iT — E) (”il - E) = —5 (”iT - nil) + Z (217)

Equation (2.17) suggests a decoupling in the spin channel, in which an auxiliary variable

couples linearly, and with opposite signs, to the two spin species.
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For the discrete imaginary-time formulation, we use Hirsch’s discrete HS transformation
(2],

(2o}

Il
0
o

<
=

—~

>
<
|

~=>
=

S—

(2.18)

where

C= %e-ATU”, coshv = eATU/2, (2.19)

The auxiliary variable h; takes the two values +1 and —1 and is therefore Ising-like. The
transformation in Eq. (2.18) can be verified by considering the four possible local occupa-

tion states,

0y, I, 1. 1. (2.20)
By acting on them with both sides of Eq. (2.18), one obtains the system of equations

2C = e—ATU/4’
(2.21)
2C coshv = eATU/4,
of which Eq. (2.19) is the solution. Thus, with that choice of parameters, both sides of

Eq. (2.18) agree on a complete basis of the local Hilbert space.

The choice in Eq. (2.18) couples the auxiliary field to the local spin density. However, it
should be noted that other HS decompositions are possible, including transformations
which preserve different symmetries or couple to different fermion bilinears [41, 42]. Al-
though these decompositions represent the same interaction after the auxiliary field is
summed over, they may lead to different numerical properties. Throughout this thesis,

we use the discrete spin-channel transformation in Eq. (2.18).

The interaction operator is a sum of mutually commuting on-site terms,
v=>"V, (2.22)
i

so Eq. (2.18) may be applied independently at every lattice site. For a single imaginary-

time slice, this gives

e‘ATV =CN Z exp [VZ l’ll' (ﬁiT — flu)] , (223)
{hi} i

where {h;} denotes one of the 2V possible auxiliary-field configurations on that slice.
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A separate auxiliary variable must be introduced at every site and at every imaginary-time

slice. We therefore denote the complete auxiliary-field configuration by
h = {hg}, he; € {—1,+1}, (2.24)

where i = 1,..., N labels the lattice sites and ¢ = 1, ..., L labels the imaginary-time slices.
The auxiliary field may thus be viewed as a classical Ising field defined on an N X L space-

time lattice. The complete field space contains 2L different configurations.

Substituting Eq. (2.23) into the partition function in Eq. (2.15), we obtain

L
/=~ CNLZTF Hexp[vz h'é’,i (ﬁiT - ﬁil)]e_ATT]. (225)
h £=1 i

The quartic fermion interaction has now disappeared from the operator appearing inside
the trace. For any fixed configuration h, all remaining fermionic operators are quadratic.
The price paid for this simplification is the introduction of the exponentially large sum over
the auxiliary-field configurations. Unlike the original Fock-space trace, however, every

term in this sum can now be evaluated using operations in the single-particle Hilbert space.

2.2.3 Fermionic trace and determinantal weights

Because the kinetic Hamiltonian is spin independent and does not mix the two spin species,

it can be decomposed as
P=T+1, T,=> K¢ (2.26)
Lj
Similarly, the auxiliary-field term in Eq. (2.25) is diagonal in spin. Introducing the numerical

convention
o= (2.27)

the short-time many-body propagator for spin sector o and time slice ¢ is defined as
Byy = °V Liheifiog=atTs, (2.28)

This operator propagates the spin-c fermions across one imaginary-time interval in the

background of the auxiliary field on slice €. Since the two spin sectors act on independent
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components of the Fock space, the trace factorizes,

L
Z~CNYT] TF[HBe,a
=1

h o=%*1

, (2.29)

The operators By, still act on the many-body Fock space. Their usefulness follows from
the fact that they are exponentials of quadratic fermionic operators. Each of them there-
fore has a corresponding representation in the N-dimensional single-particle space. We
denote this matrix by B, ., without a hat. With the Trotter ordering adopted in Eq. (2.14),
it is given by

By, = e 0o AK, (2.30)
where the auxiliary-field matrix V', is diagonal,
[V€,o']ij = avhy;6ij. (2.31)

The matrix e~47K describes the kinetic propagation during one time interval, while e"¢.c
contains the coupling to the auxiliary field on slice ¢. Although the auxiliary field is common
to the two spin sectors, its contribution enters with opposite signs for spin up and spin

down.

The remaining trace over the fermionic Fock space can be evaluated using the trace-

determinant identity [13, 43]. For any collection of quadratic fermionic operators,

LJ

one has

L L
Tr[H eA€] = det(I+ HeA€>. (2.33)
?=1 £=1

The trace on the left-hand side is taken over the fermionic Fock space, whereas the de-
terminant on the right-hand side is taken only over the single-particle space. A derivation

of Eq. (2.33) is presented in Appendix A.1.

Applying this identity independently to the two spin sectors in Eq. (2.29), we arrive at a

representation of the partition function in terms of determinants of one-particle operators:

Z ~ CNL" det M (h) det M, (h), (2.34)
h
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where
L
Mg(h) =1+ ]]Be. (2.35)
€=1
We may therefore assign to each auxiliary-field configuration h the weight
W(h) = CNL det M, (h) det M (h). (2.36)

The factor CNVL is positive and independent of the auxiliary-field configuration. It therefore
cancels from normalized expectation values and from the Metropolis ratios used to evolve
the Markov chain. We thus absorb this factor into the overall normalization and define the

DQMC configuration weight as
W(h) = detM,(h)det M, (h). (2.37)

Equation (2.34) is the central reduction underlying DQMC. The original partition function
involves a trace over a many-body Fock space whose dimension grows exponentially with
N. After introducing the auxiliary field, the fermionic degrees of freedom are integrated
out exactly for every fixed field configuration, and their complete contribution is encoded

in the determinants of two N X N matrices.

2.2.4 Checkerboard decomposition

The single-particle propagator in Eq. (2.30) contains the kinetic factor e=27X. Although
this matrix can be computed directly, its multiplication by another dense N X N matrix
requires O(N?) operations. Since the hopping term is local, this cost can be reduced by
decomposing the kinetic matrix into groups of non-overlapping bonds, whose exponentials
can be applied as a sequence of sparse two-site operations. This procedure is commonly

known as the checkerboard decomposition [13, 17].
We first separate the hopping and chemical-potential contributions,
K = Kpop — ul. (2.38)

The chemical-potential contribution is proportional to the identity and therefore commutes

with all remaining factors, so that

e—ATK — eAT#e—ATKhop_ (239)
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The hopping matrix is then divided into a set of sparse matrices,

Ncb
Knop = 2. Kp» (2.40)
p=1

where each K, contains a collection 3, of non-overlapping bonds,
Kp=— > iy ([l +1iil)- (2.41)
(i,)YeBp

No lattice site belongs to more than one bond within the same set B,. Consequently, all

bond terms contained in a given K, commute.

For the nearest-neighbor square lattice considered here, the bonds can be separated into
four groups: even and odd bonds along the x direction, and even and odd bonds along the
y direction. Thus, Ny, = 4, provided that the linear lattice dimensions are compatible with

this partition under PBC, which in this case corresponds to even linear lattice dimensions.

Applying an additional Trotter decomposition to Eq. (2.40), the kinetic propagator is ap-

proximated by
Ncb
e AKnop ~ TT e 2%e + 0 (A7?). (2.42)
p=1
Since the bonds within each group are mutually disjoint, their exponential factorizes ex-

actly,

et = T g—aek), (2.43)
(i,j)eBp

where K(J) contains only the hopping between sites i and j.

In the two-dimensional single-particle subspace spanned by |i) and |j), the bond matrix

and its exponential are

P (2.44)
cosh (Att;;)  sinh(Azt;)
sinh (Artij) cosh (Artij)

—ATK D) —

e (2.45)

All remaining diagonal elements of the full N x N bond propagator are equal to unity. Each

factor therefore differs from the identity only in a 2 x 2 block.

The checkerboard decomposition has the advantage of reducing the complexity of the
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operation of exponentiating the matrix K and applying the matrix e=27X from O(N?3) to
O(NpN?), where N, is the number of sites connected to a given site. In most models,
N, < N so the checkerboard decomposition greatly reduces the computational cost to

O(N?) rather than the O(N?) cost of dense matrix multiplication.

The checkerboard breakup introduces an additional discretization error, which vanishes
as At — 0, because the matrices K, associated with different bond groups do not generally
commute. Combining Egs. (2.39) and (2.42), the kinetic factor used in the implementation
is

Nep
e—A‘L’K ~ eAT,u H e—ATKp. (246)
p=1

2.3. Monte Carlo sampling and local updates

The auxiliary-field formulation derived in the previous section expresses the partition func-

tion as a sum over configurations of a classical Ising-like field,
7 ~ Z W(h), (2.47)
h

where the weight W(h) can be evaluated from determinants of matrices acting on the
single-particle space. This expression resembles a classical partition function, in which h
plays the role of a classical configuration and W(h) plays the role of its statistical weight,
and so it makes it possible to apply the methods of classical statistical mechanics to the
interacting fermion problem. The number of auxiliary-field configurations is nevertheless
2NL (much larger than the original 4" -dimensional Hilbert space for L > 2), so an explicit
evaluation of the sum remains impossible for the system sizes of interest. Instead, DQMC
uses a Markov chain to sample the configurations that contribute most strongly to the

partition function.

We first describe this procedure under the assumption that W(h) is non-negative for every

auxiliary-field configuration. In that case, the normalized probability distribution is

P(h) = @ (2.48)

The modification required when the determinantal weights fluctuate in sign is discussed
in Sec. 2.4.
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2.3.1  Markov-chain Monte Carlo sampling

Rather than drawing statistically independent configurations directly from Eq. (2.48), which

is generally not possible, we construct a Markov chain
h® — p» 5 @ .. (2.49)

whose asymptotic distribution is P(h). A transition from a configuration i to another con-

figuration h’ is described by a transition probability
T(h— h')=q(h - h)A(h - h'), (2.50)

where q(h — h') is the probability of proposing the new configuration and A(h — k') is its
acceptance probability. To ensure that the desired distribution is stationary, it is sufficient

to choose transitions that obey detailed balance [17],
P(h)T(h — h') = P(W')T(h' - h). (2.51)

In the Metropolis-Hastings algorithm, the acceptance probability is chosen as [44, 45]

N _ o fo P(R)g(h' — h)
A(h - h') = min {1, Pgh > ) | (2.52)
The elementary updates used here consist of flipping one auxiliary-field variable,
hei— hy; = —hey, (2.53)

while leaving all other variables unchanged. The same local flip transforms h’ back into

h, so the proposal probabilities are symmetric,
qth - h') =q(h’' - h). (2.54)
Equation (2.52) therefore reduces to

N _ i I W)
Ah—>n') = mln{l, 70) } (2.55)

A proposed flip is accepted by drawing a uniformly distributed random number r € [0, 1]
and comparing it with the probability in Eq. (2.55). If r < A(h - h'), the Markov chain
moves to h'. Otherwise, the original configuration is retained as the next element of the
chain. Rejected proposals must therefore also be counted when constructing MC aver-

ages.

After an initial thermalization period, the distribution of configurations generated by the
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chain approaches Eq. (2.48). An observable with auxiliary-field estimator O(h) can then

be evaluated as
1 M
(0) =Y. P(M)O(h) =~ — > O(hy,). (2.56)
h M m=1

However, one needs to take into account the fact that successive configurations of a
Markov chain are correlated, so the number M of measurements is generally larger than
the effective number of statistically independent samples. The associated autocorrela-

tions and the statistical procedure used in this work are discussed in Sec. 2.6.

Although Eq. (2.55) defines the sampling procedure, computing the ratio W(h')/W(h) di-
rectly would be expensive. Each local proposal changes the matrices entering the determi-
nant weight, and a naive implementation would require rebuilding the complete imaginary-
time product and evaluating new determinants. The quadratic form of the fermionic prob-
lem allows these ratios to be obtained much more efficiently from equal-time Green func-

tions.

2.3.2 Equal-time Green functions

Besides being used in the computation of the ratio W(h')/W(h), as will be shown in
Sec. 2.3.3, the equal-time Green functions are also useful in computing observables. In

practice, observables are computed as averages over the sampled configurations,

Nsamples
1 p
samples  j—

where the subscript h; means that the expectation value is computed for a fixed config-
uration h;. Now, for every fixed auxiliary-field configuration h, the fermionic problem is
quadratic and its observables can be reduced to one-particle Green functions through
Wick’s theorem [5]. As such, we define the equal-time Green function at imaginary-time

slice ¢ by
Go,ij(0) = (€ig(eATIE](0AD)) (2.58)

where A(r) = e"Ae~H7 is an imaginary-time Heisenberg operator. This expectation value

may be evaluated in terms of the short-time propagators B, . as [13, 43]

-1
Gcr(vp) = [I + B€,0' BI,O'BL,G B€+1,a] > (2-59)



FCUP | 19
Studies of the sign problem in determinant quantum Monte Carlo

a proof of which is shown in Appendix A.2. The productin Eq. (2.59) is obtained by cutting
the periodic imaginary-time sequence immediately after slice ¢. For example, at ¢ = L

one recovers
-1
G,(L)=[I+Bps-Bis] =Mz (2.60)

Moving the cut cyclically changes the matrix representation of the equal-time Green func-
tion, while leaving the determinant weight invariant. It is relevant to note that, for a fixed
auxiliary-field configuration, G,(¢) generally depends on the position of the imaginary-time

cut, although its determinant does not.

The convention adopted in Eq. (2.58) implies

<@fa@ja>h =6;j — Go,ji() (2.61)

due to the anticommutation relation {¢;,, il

JU} = §;;. In particular, the local density is

(Pig), = 1= G u(6). (2.62)

Since the two spin sectors are independent for a fixed auxiliary-field configuration, the

double occupation factorizes as

<ﬁiTﬁil>h = [1 - GT,ii(g)] [1 - Gl,ii(€)] s (263)

from which one can, for instance, compute the spin-spin correlation function

1
(s25%) = 2 (g = myy)ngy = ny)). (2.64)
Since the effective Hamiltonian is quadratic for a fixed auxiliary-field configuration, then
higher-order equal-time correlation functions can be obtained by applying Wick’s theorem.

For instance, for two distinct sites and equal spins,
<ﬁi0ﬁja>h = <ﬁia>h <ﬁja>h - <é:'raéja>h <éjoéia>h > i # Js (2-65)

which follows directly from Wick’s theorem and the anticommutation relation éiaé;a =0;j—

A
Cjo.cio-.

Other observables, such as spin susceptibilities, can also be computed, but they re-
quire imaginary-time-dependent correlation functions and therefore the evaluation of time-

displaced Green functions [13]. These are defined analogously to Eq. (2.58), but with the
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fermionic operators evaluated at distinct time slices. Since such quantities are not neces-

sary in this work, we restrict the discussion to equal-time Green functions.

2.3.3 Fast local updates

Consider the local proposal in Eq. (2.53). Since the auxiliary field enters only through the
diagonal matrix V , 5, flipping h,; changes only one diagonal element of the corresponding

potential factor. We may write

Vo = diag (e”c’hé”l, el e”"h&N)
= diag (e”ahé”l, oy’ eihe D gvohe; ,e”"hé’,N>
= diag (1, o evtheihen 1) eVeo
=[I+ Ay u(i)] €720, (2.66)
where A, (i) has a single non-zero entry,
[A&AQLk=(awmh-Wﬁ-Qaﬁ5m. (2.67)
Under the convention adopted in Eq. (2.30), the updated one-slice propagator is therefore

Bé’,a = [I + A€,cr(i)] B€,o- (268)

Since the proposed flip produces a rank-one change in the propagator, it is possible to

rewrite the determinant ratio in a simpler form without recomputing the determinant,

_ det M}
7 detM,

=1+ [Ag,g(l‘)]ii [1 - Go,ii(g)] s (269)

a derivation of which is given in Appendix A.3. Thus, the determinant ratio for each spin
sector requires only one diagonal element of the equal-time Green function. The ratio of
the complete configuration weights is

w(h'")

RERTRi = W

(2.70)

Under the present assumption that the determinantal weights are non-negative, the local

Metropolis probability becomes

A(h — ') = min{1,R}. (2.71)
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If the proposal is accepted, the equal-time Green function must be updated to remain
consistent with the new auxiliary-field configuration. Similarly to Eq. (2.69), we may derive
an update formula for the Green function without explicitly recomputing the long product of
short-time propagators and doing the matrix inversion in Eq. (2.59). A precise derivation

is shown in Appendix A.4 and it yields the expression
’ 1 .
Go(€) = Go(0) = 2=Go() o () [T = Go(£)] (272)
g
or, in matrix element form,

() = G () = -G () [Bog D], (Bik = Goan0). (2.73)

Once the initial Green function has been constructed, each accepted local update requires
O(N?) operations, rather than the O(N?3) cost of recomputing it through a new matrix in-

version.

After all sites on slice ¢ have been visited, the equal-time Green function is propagated to

the next time slice according to

Go(€ +1) = Bpy1,6Go(O)Bgiy o (2.74)
or, if one wishes to propagate in the opposite direction,

Go(€) = By}1,6Go(€ + 1)Bpyy 6. (2.75)

The same procedure is repeated as the simulation moves through the imaginary-time
direction. In exact arithmetic, the determinant ratios, rank-one updates, and propagation
formula would be sufficient to evolve the chain indefinitely. In floating-point arithmetic,
however, repeated multiplication by the non-unitary propagators B, , and Bg}a gradually
introduces numerical errors. The stabilization required to control this loss of accuracy is

discussed in Sec. 2.5.

The construction above provides an efficient Markov-chain algorithm whenever the deter-
minantal weights form a non-negative distribution. In a generic fermionic system, however,
W(h) may take both positive and negative values. The modifications required in this case

lead to the fermion sign problem.
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2.4. The fermion sign problem

The MC construction in the previous section assumed that the determinantal weight could

be normalized into a probability distribution. In general, however, the product
W(h) = detM,(h)detM,(h) (2.76)

is not guaranteed to be non-negative. A signed quantity cannot itself be interpreted as a
probability, so the distribution in Eq. (2.48) cannot be used directly for sampling configu-

rations through MC methods.

We define the sign of an auxiliary-field configuration by

W (h)
s(h) = e{-1,+1}. 2,77
Throughout this thesis, the configuration sign refers to the sign of the complete product

det M, det M|, rather than to the sign of either determinant separately.

The standard procedure is to sample the absolute value of the determinantal weight and
include the sign in the measurements [3, 43]. We introduce the absolute-weight partition

function
Zw| = ; (Wh) (2.78)

and the corresponding normalized distribution

h

Since this distribution is positive, it can be sampled using the Markov-chain procedure
described above. The local acceptance probability in Eq. (2.71) must now be replaced by

w(h'")

A(l’l g I’ll) = min {1, W

} = min{1, |R]}. (2.80)

The determinant-ratio and Green-function formulas themselves remain unchanged. Only
the absolute value of the total ratio enters the acceptance probability, while its sign records

whether the update moves between the two sign sectors.



FCUP | 23
Studies of the sign problem in determinant quantum Monte Carlo

For an observable represented by the auxiliary-field estimator O(h), its physical expecta-

tion value is recovered through reweighting,

>, O(WW(h)
Ow==5 W
X, 0hysth)|w(h)|
YR OLLD]
B (sO)yp
B <S>|W| '

(2.81)

The sign has therefore not been eliminated. It has been transferred from the sampling
distribution to the estimator, so every physical measurement becomes a ratio whose de-
nominator is the average sign,

Zh W(h) _Z
YR Wm|  Zw’

When one sign sector dominates, (s) | is close to unity and the reweighting procedure

(Shw| = (2.82)

introduces little additional uncertainty. When positive and negative contributions occur
with nearly equal total magnitude, they cancel strongly in the numerator of Eq. (2.82).
The average sign then becomes small and must be estimated as the difference between

much larger positive contributions.

The resulting loss of precision can be understood by treating Eq. (2.81) as a ratio estimator.
For M statistically independent configurations, the uncertainty typically contains a factor

of the form

50~ — 1 (2.83)

\/M<S>|W| ’

up to an observable-dependent combination of variances and covariance. For Markov-
chain data, M must be replaced by the effective number of independent samples, so
autocorrelation further increases the computational effort. As such, it follows that for re-
duced average sign one must increase the number of samples accordingly to achieve
a fixed target error bar. This effect may be worsened whenever the sign variable itself
has a long autocorrelation time, corresponding to a slow mixing of the sign sectors un-
der the Markov-chain dynamics; consequently the estimator for the average sign (s) it-
self acquires larger error bars and converges more slowly to its equilibrium value. Since
reweighting involves the ratio of two sample means, sO/s, such ratio estimators can exhibit
non-Gaussian, heavy-tailed sampling distributions when fluctuations of the estimated de-

nominator bring it close to zero [46]. Autocorrelation therefore compounds the statistical
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difficulty of reweighting by reducing the effective number of independent measurements

entering both sample means.

In that case, the estimator of the average sign (s) has an increased sampling variance

and converges more slowly to its equilibrium value.

The average sign also has a thermodynamic interpretation. Defining the free-energy den-

sities of the original and absolute-weight ensembles by

f= _BLN logZ,  fiw = _BLN log Zyw), (2.84)

one obtains
(Shw| = e PNAT, Af =f—=fw 20. (2.85)

When Af remains finite and positive in the thermodynamic limit, the average sign de-
creases exponentially with inverse temperature and system size [3, 4]. Since the number
of independent samples required to maintain a fixed relative uncertainty scales approxi-
mately as the inverse square of the average sign, the computational effort grows expo-
nentially. This exponential loss of statistical precision is the practical manifestation of the

fermion sign problem.

Whether a sign problem is present is not determined solely by the interacting Hamilto-
nian. It also depends on the single-particle basis, the chosen HS decomposition, and the
symmetries of the quadratic fermionic problem produced for each auxiliary-field configu-
ration [20, 26, 42]. An important example is the repulsive Hubbard model at half filling
on a bipartite lattice. At 4 = 0, a particle-hole transformation on one spin species relates
the two spin determinants so that their product is non-negative for every auxiliary-field

configuration [15, 37, 43]. The model is therefore sign-problem-free at this point and

A derivation of this result is given in Appendix A.5. Away from half filling, the chemical-
potential term breaks the particle-hole relation and negative configuration weights are
generally present [21, 47]. The simulations discussed in this thesis are performed in this

regime.
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2.5. Numerical stabilization

The matrices B, ; represent imaginary-time evolution under a one-body Hamiltonian. When
we multiply many such matrices, the resulting propagator develops singular values which
grow or decay exponentially with the total imaginary-time interval. This becomes an is-
sue at low temperatures, as the full product B,  --- B; , contains scales that span many
orders of magnitude and so its evaluation becomes severely ill-conditioned [48, 49]. This
is especially true in the evaluation of the fermionic matrix in Eq. (2.35), as the addition of
the identity causes a loss of the smallest scales. A direct evaluation of the Green function
through the inversion of this matrix may then return a matrix that no longer represents the

correct physical propagator.

This problem is separate from the fermion sign problem. Stabilization controls determinis-
tic floating-point errors and allows the determinants and Green functions to be evaluated
accurately at large . It does not change the statistical cancellation between positive and

negative configurations.

2.5.1 Stabilized matrix products

To preserve the different numerical scales in a long matrix product, we factorize it period-

ically in the form
Bm,a Bl,a = Um,aDm,ch,a’ (2-87)

where D is diagonal and contains the large and small scales of the product, while U and
V are well-conditioned matrices. In the implementation used here, this decomposition is
constructed from a column-pivoted QR decomposition, with the diagonal magnitudes of

the triangular factor being extracted into D [49, 50].

The factorization can then be updated recursively as one extends the product in imaginary
time. For notational simplicity, we suppress the spin index in the following. Suppose then

that a partial product has already been written as
Bn-1 = Up-1Dm-1Vin-1- (2.88)

After multiplying by a new block 38,,, one has

B

Bum—l
2gmUm—le 1Vm—1- (2-89)
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The product containing this newly introduced block is then factorized again,
BmUpn-1Dm-1 = UpuDp Vi, (2.90)
and the remaining factor is absorbed according to
Vip =V, V1. (2.91)
The updated partial product therefore retains the form
B, = U,D,, V- (2.92)

By proceeding in this manner, the exponentially separated scales remain isolated in the
diagonal factor D,,,, and the full ill-conditioned product never needs to be formed explicitly

as a single dense matrix.

The inverse in Eq. (2.59) must be constructed with equal care. In our algorithmic pro-
cedure, at every instant we store the UDV representation of each of the two long matrix
products appearing in the cyclic product. Representing these as U,D,V; and U,D,V,, the

inverse procedure is applied as

G = [I+ U,DViU,D, V5]
= (U, (U7 + DIViULD,) V]
= [LwDvv]™

=(V'Ww ' DY (LU, (2.93)

where an intermediate UDV decomposition was evaluated. The important point is that the

scale information stored in D is retained throughout the inversion.

Throughout this thesis, a central focus is the analysis of the magnitude of the determinan-
tal weights and their corresponding signs. Directly reconstructing the matrices M, and
evaluating their determinants after every local update would, however, be both compu-
tationally costly and numerically unsafe. Besides requiring O(N?) operations, the deter-
minants may span many orders of magnitude and therefore be susceptible to overflow,
underflow, and loss of precision. The stabilized factorizations used to reconstruct the
equal-time Green functions also provide a reliable way of evaluating these quantities. In

particular, once M, has been expressed in the form

M, = U,D,V,, (2.94)
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where U, and V are well conditioned and D, contains the separated numerical scales,

the logarithm of the determinant magnitude is evaluated as
log [det M| = log [det U,| + > log |[D,];| + log |det V7| (2.95)
i
The corresponding determinant sign is
s, = sgn (det U, ) sgn (det 1) H sgn ([D, ;). (2.96)
i

The remaining determinants involve only well-conditioned matrices and may be evaluated

using a pivoted QR decomposition. The weight and configuration sign are then

log |[W(h)| = )’ log |det M|, (2.97)
sth) = ] so- (2.98)
o=%*1

Between stabilized reconstructions, these quantities may be updated after an accepted

local proposal using
log [W(h')| = log|W(h)| + log |R], s(h") = s(h) sgn(R). (2.99)

They are periodically recomputed from the stabilized factors in order to prevent the accu-

mulation of round-off errors in the successive local updates.

2.5.2 Stable propagation through imaginary time

Reconstructing a stabilized product after every local proposal would remove the efficiency
gained from the rank-one update. Instead, we follow the stabilized propagation scheme
described in [51], in which the imaginary-time axis is divided into L, = L/A; blocks contain-
ing A, slices. Within each block we use Egs. (2.72) and (2.74), while at the block bound-
aries the Green function is recomputed from stabilized partial products. The stabilization
interval Ay is chosen sufficiently small that the error accumulated by direct propagation

remains below the desired numerical tolerance.

Let

Bs,cr = Dspg,o B(S—I)AS+1,U (2.100)
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denote a block propagator, and let

Bs,s’,cr = Bs,aBs—l,cr Bs’+1,0'

= Ba,,0Bsag—1,0 By ag+1,0 (2.101)
(s—s")As

be the product of such block propagators. Under this notation, the equal-time Green

function at time slices on the boundaries of these blocks, i.e., ¢ = sAq, is written as
_ _ -1
Go(€) =T+ By oBy 50| - (2.102)

The two products appearing in this expression correspond to the two parts of the cyclic
imaginary-time product entering the equal-time Green function. The factor B;, , contains
the propagation from 7 = 0 up to the current block boundary ¢ = sA,, whereas B, , con-
tains the complementary propagation from that boundary to 7 = . Both of these products
are stored in stabilized factorized form. During a forward propagation in imaginary time,
B; oo is built recursively as successive blocks are crossed, while the complementary fac-
tors By, are taken from products stored during the preceding reverse propagation. At
each block boundary, the two stabilized products are combined to reconstruct the cyclic
product entering the Green function in Eq. (2.102). In this way, the Green function only
needs to be propagated directly over the A, slices contained within each block, limiting
the accumulation of round-off errors while preserving the O(N?) cost of the local rank-one

updates between stabilizations.

The procedure is then repeated in the opposite direction. After reaching T = (8, the sim-
ulation traverses the imaginary-time axis in decreasing slice order. During this reverse
pass, the products required for the next forward traversal are rebuilt analogously, with the
roles of the two partial products interchanged. The stabilized factors generated during
one traversal are therefore reused during the next, avoiding the need to reconstruct all

partial products independently at every block boundary [51].

2.6. Simulation procedure and validation

A DQMC calculation begins by choosing the lattice geometry and the parameters U, v,
B, L, and A;. The auxiliary field is initialized, the matrices B, , are constructed, and the
stabilized block products are built. The initial Green functions are then reconstructed
from these products. Starting from this configuration, the simulation performs a sequence

of local Metropolis proposals. For each space-time point, the two determinant ratios are
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evaluated from Eq. (2.69); the flip is then accepted with the probability in Eq. (2.80), and, if
accepted, both Green functions are updated using Eq. (2.72). After all sites of a time slice
have been visited, the Green functions are propagated to the next slice. At each block
boundary, they are reconstructed from stabilized factors. After the simulation reaches the

final time slice, the propagation procedure is applied in the opposite time direction.

The first part of the Markov chain is discarded as thermalization. During this stage, the
field evolves from the arbitrary initial configuration toward the absolute-weight distribution
in Eq. (2.79). Measurements are retained only after the monitored quantities fluctuate

around stationary values.

We use the following units of MC time. An elementary proposal is one attempted flip of
a single field variable h,;. A time-slice pass is one traversal of the N spatial sites at fixed
¢. A forward pass visits all L slices in increasing order and a reverse pass visits them
in decreasing order. One complete MC sweep is defined as one forward pass followed
by one reverse pass and therefore contains 2NL elementary proposals. Quantities used
to compare simulations with different numbers of time slices are naturally expressed in

sweeps.

Successive measurements obtained from the same Markov chain are correlated. For an

observable O; sampled at equally spaced times, we define the normalized autocorrelation

function
2
0;0 -0
ooty = {0:Cxe) ) (2.103)
(0%) - (0)
The corresponding integrated autocorrelation time is
Tio = 1+2 ). po(k), (2.104)

k=1
where the sum is truncated using a finite window in practical estimates. If M measure-

ments are stored, the effective number of independent samples is approximately

M
Meff ~ ,
Tint,0

(2.105)
that is, it is reduced by a factor equal to 7; . To get around this issue, statistical errors
are not estimated from the full series of measurements. Instead, one divides the time
series data into bins of size larger than the autocorrelation time, and the variance of the bin
averages is used to estimate the uncertainty. For a reweighted observable, the numerator

and denominator of Eq. (2.81) are blocked together. Independent simulation threads are
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thermalized and analyzed separately before their estimates are combined.

30

The implementation was validated at several levels. The local determinant ratio and the

rank-one Green-function update were first compared against direct determinant evalua-

tions and matrix inversions on small systems. The propagated Green functions were then

compared with stabilized reconstructions at the block boundaries. For a four-site 1D Hub-

bard system, the equal-time spin correlation functions obtained from DQMC were also

found to agree with the results obtained from exact diagonalization within the MC uncer-

tainties, as can be seen in Fig. 2.1. With the goal of identifying a parameter regime in

which the sign problem is severe, we also validated the dependence of the average sign

on the band filling by comparing our results for the Hubbard model on a square lattice with
those obtained using the QUEST DQMC code [21, 52], as shown in Fig. 2.2.
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Figure 2.1: Comparison between the equal-time spin correlations obtained with DQMC and ED for a four-site
system. The left panel shows the spin correlations as a function of the distance from a reference site, with the
exact result compared with the S# and S* correlations measured in DQMC. The right panel shows the
corresponding relative deviations from the exact values, with the error bars representing the statistical
uncertainties of the DQMC estimates.
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Figure 2.2: Average sign (s) as a function of the average band filling (n), comparing the present DQMC
implementation with the QUEST code. The two calculations show excellent agreement over the full filling
range. The average sign is equal to unity close to the empty- and half-filled limits and decreases at
intermediate fillings, reaching its minimum around (n) ~ 0.85. This comparison both validates the treatment of
the determinant sign in the present implementation and identifies a parameter region in which the sign
problem is sufficiently pronounced for the analysis developed in the following chapters.
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3. Effective-energy and sign-resolved structure
of configuration space

The average sign introduced in Chapter 2 quantifies the total cancellation between pos-
itive and negative determinantal weights, but compresses the entire auxiliary-field con-
figuration space into a single number. It does not reveal whether the two sign sectors
occupy different ranges of determinant magnitude, whether the configurations dominat-
ing the absolute-weight ensemble are especially balanced between the two signs, or how
the severity of the cancellation changes across configuration space. In this chapter, we
begin to resolve this internal structure by using the logarithm of the determinant magnitude
as an effective-energy coordinate. We first study its canonical distribution and establish
its dependence on the imaginary-time discretization, temperature, and system size. We
then introduce sign-resolved densities of configurations and their associated entropies.
Since ordinary DQMC samples only the narrow range selected by the absolute weight,
we use generalized-ensemble sampling and the Wang-Landau method to determine these
entropies over a broader interval. Finally, we analyze their thermodynamic scaling and
show how the local balance between positive and negative configurations determines the

global average sign.

3.1. The effective-energy variable

The determinantal formulation introduced in the previous chapter assigns to each auxiliary-

field configuration h a weight
W(h) = detM,(h)detM, (h), (3.1)

which may be either positive or negative. Before introducing a statistical description of
these weights, it is useful to examine how their magnitude and sign evolve during a con-
ventional DQMC simulation. Figure 3.1 shows the logarithm of the weight magnitude
during simulations performed at two inverse temperatures. Positive- and negative-weight

configurations are distinguished by color.

The magnitude of the determinantal weight fluctuates over a broad range along both trajec-
tories in Fig. 3.1, with the typical scale increasing substantially as the inverse temperature
is increased. This makes a direct description in terms of |W| inconvenient both numer-

ically and graphically. This broad variation motivates the introduction of the logarithmic



FCUP | 33
Studies of the sign problem in determinant quantum Monte Carlo

p=4, (s)=0.4+0.1 p=8, (5)=0.05+0.06
-475
— W>0
i — W<0
250 -450
225 m N B -
%) M 425 03
° =
2001»{ M [-400
1754 375
0 10 20 30 40 50 0 10 20 30 40 50
MC sweep MC sweep
Figure 3.1: Representative Monte Carlo time series of the logarithm of the determinantal weight magnitude at
B =4 and 8 = 8. Blue and red segments correspond to configurations with positive and negative
determinantal weights, respectively. The average signs measured during the simulations are displayed above
each panel. The remaining simulation parameters are N = 16, U = 6, u = —1.5, and At = 1/16.
coordinate
x(h) = —log |W(h)], (3.2)

which will be referred to as the effective energy of the auxiliary-field configuration. With

this definition,
W(h) = s(h)e=*®), (3.3)

so the magnitude of the determinantal weight takes the same exponential form as a clas-
sical Boltzmann factor. The terminology “effective energy” does not imply that x(h) is the
physical energy of the Hubbard model. It is instead a scalar coordinate assigned to each
auxiliary-field configuration through the magnitude of its fermionic determinant. Unlike the
physical energy, which is obtained as an expectation value of the Hamiltonian, x(h) char-
acterizes the statistical importance of an individual configuration in the DQMC ensemble.
It is nevertheless a natural variable for describing configuration space because it converts

weights spanning many orders of magnitude into an additive quantity.

At the same time, the trajectory repeatedly moves between the positive and negative sign
sectors. The sign changes appear irregular and display no obvious long-time pattern by
visual inspection, particularly at § = 8, where the average sign is smaller. This observation
is only qualitative and does not imply that successive signs are statistically independent.
For the purposes of the present work, however, the relevant information is not the temporal
ordering of these sign changes, but how positive- and negative-weight configurations are

distributed over effective-energy space. We therefore retain the sign as an additional
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discrete label and organize the configuration space through the projection
h+—> (x(h),s(h)). (3.4)

This mapping discards the microscopic arrangement of the NL auxiliary variables, but
retains the two properties that determine the magnitude and sign of the contribution of
the configuration to the partition function. It therefore provides a convenient starting point
for studying how the positive and negative sectors are distributed across configuration

space.

The time series in Fig. 3.1 show how the determinantal weight evolves along a single
Monte Carlo trajectory. A more statistical view is obtained by considering the distribu-
tion of its magnitude over the sampled configurations. Figure 3.2 shows representative
normalized histograms of x = —log|W]|, resolved according to the sign of the determi-
nantal weight, for the same model parameters at two different inverse temperatures. The

histograms are normalized such that

fdx [P.(x)+P.(x)]=1, (3.5)

where P.(x) denotes the probability of the simulation sampling a weight with effective

energy x and sign o *.
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Figure 3.2: Representative normalized distributions of the effective energy for configurations with positive and
negative sign. The left and right panels correspond to 8 = 4 and 3 = 8, respectively. Blue and red histograms
denote configurations with W > 0 and W < 0, while the dashed lines show Gaussian fits to the
corresponding distributions. The simulation parameters are N = 16, U = 6, u = —1.5, and At = 1/16.

*Here and throughout the remainder of this dissertation, the variable o refers to the determinant sign sector and should
not be confused with the physical spin index of Chapter 2.
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At 8 = 4, the positive- and negative-sign sectors occupy broadly the same range of ef-
fective energies, but the positive sector is still visibly more populated, consistent with the
finite average sign shown in the figure. Furthermore, their distributions are approximately
Gaussian, with similar centers and widths for the two signs. At § = 8, where the average
sign is much smaller, the two distributions become nearly indistinguishable both in shape
and in integrated probability. This last point implies that the average sign is indeed quite

close to zero, since

(s) = fdx [P.(x) — P.(x)]. (3.6)

These two observations already suggest that the sign problem is associated not with a
small isolated set of negative-weight configurations, but rather with an almost complete
overlap between the sampled positive and negative sectors in the space of weight mag-

nitudes, leading to a near-complete cancellation between them.

3.1.1 Scaling properties of the effective energy

The representative trajectories and distributions above show that the typical value and
width of the effective-energy variable change substantially with the simulation parameters.
To compare different temperatures, system sizes, and imaginary-time discretizations, it is
therefore necessary to determine how x scales with the corresponding space-time volume.
We begin by examining its dependence on the imaginary-time step At and then study its

scaling with § and N.

Before making these comparisons, it is important to recall that the determinantal weight
is defined only up to a positive configuration-independent normalization. Under the trans-

formation
W(h) — AW (h), (3.7)
where A does not depend on h, the effective energy is shifted according to
x(h) — x(h) — log A. (3.8)

Such a transformation does not affect the Markov-chain dynamics, normalized expecta-
tion values, the configuration sign, or the width of the effective-energy distribution. It does,
however, shift its mean. Consequently, comparisons of the absolute value of x between
different simulations are meaningful only after fixing a common normalization convention.

Throughout this work, we use the determinant weight defined in Eq. (2.37), in which the
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positive configuration-independent factor CNL introduced by the HS transformation has

been omitted.

The expected scaling of x can be understood directly from the determinantal representa-
tion. For a fixed auxiliary-field configuration, the matrices appearing in the determinantal

weight are given by
Mgy(h) =1+ By, By 5. (3.9)

Denoting the singular values of M, by d,; ,, with a = 1, ..., N, the determinant magnitude
satisfies
N
log |[det M, (h)| = > logde., (3.10)
a=1

and the effective energy can therefore be written as

N
x(h) ==Y > logdg,. (3.11)

o a=1
Each product B ; --- B, , describes propagation through a total imaginary-time interval of
length 5. Products of non-unitary imaginary-time propagators generally develop singular

values which grow or decay exponentially with this interval [49],
dcr,a ~ eﬁ)’c,a’ (3.12)

up to finite-8 corrections, where 7, , denotes the corresponding asymptotic growth rate.
Consequently, log d, , is generically of order 8. Since there are N single-particle modes

in each spin sector, Eq. (3.11) suggests the extensive scaling
(x) = BN x(®) + o(BN), (3.13)

where the coefficient x(*) depends on the interaction strength, chemical potential, lattice
geometry, and normalization convention. This motivates defining the intensive effective-

energy variable

.~ x(h)

which will be used throughout the remainder of this chapter. If x is extensive, the distri-
bution of x should remain centered at a finite value as either 8 or N is increased. On the

other hand, reducing At at fixed 8 and N increases the number of time slices according

to L = B/At, but it does not change the total imaginary-time interval represented by the
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product of propagators. In the limit At — 0, this product converges to the corresponding
continuous imaginary-time evolution operator. Once At is sufficiently small, the distribu-
tion of x should therefore approach a finite limit which is independent of the discretization,

apart from the residual Trotter error,
(x)(AT) = %O + 9 (AT). (3.15)

This convergence depends on the normalization convention adopted above. Had the HS

prefactor CNL been retained in the configuration weight, it would contribute
—logCNE = —NLlog C (3.16)

to the effective energy. Since L = (3/Ar, this term would contain an explicit and physi-
cally irrelevant dependence on the imaginary-time discretization. By omitting this positive
configuration-independent prefactor, the remaining Az dependence reflects only the ap-

proximation of the imaginary-time evolution and should vanish in the continuous-time limit.

Figure 3.3 shows the distributions of X obtained for several imaginary-time steps, sepa-

rately for positive- and negative-weight configurations.
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Figure 3.3: Sign-resolved probability distributions of the intensive effective energy x = x/(8N) for different
imaginary-time steps. The left and right panels correspond to configurations with W > 0 and W < 0,
respectively. The remaining simulation parameters are N = 16, 3 =4, U = 6, and u = —1.5.
For the coarsest discretizations, both the position and width of the distributions depend
visibly on Azr. As the imaginary-time step is reduced, this systematic displacement be-
comes progressively smaller and the distributions approach a common limiting region.

This behavior is consistent with the interpretation that the remaining dependence is a

discretization effect rather than an intrinsic scaling with the number of time slices.

The convergence of the mean is displayed more directly in Fig. 3.4. For each sign sector,

the central point represents the sign-resolved mean of x, while the vertical bar represents
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the standard deviation of the corresponding distribution. These bars therefore quantify
the physical width of the sampled distribution and should not be interpreted as statistical

uncertainties on its mean.
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Figure 3.4: Sign-resolved mean of the intensive effective energy as a function of the inverse imaginary-time
step. Blue and red points correspond to configurations with positive and negative determinantal weights,
respectively. The vertical bars show one standard deviation of each effective-energy distribution rather than
the statistical uncertainty of the estimated mean.

The mean initially shifts as the discretization is refined but ceases to display a significant
systematic drift for the smallest values of Ar. These results are consistent with conver-

gence toward a finite and well-defined continuous-time limit for x.

Having established that the distributions converge as the imaginary-time discretization is
refined, we now examine their dependence on the total imaginary-time extent, that is, on
the inverse temperature 8. Figure 3.5 shows the sign-resolved distributions of the inten-
sive effective energy for several inverse temperatures at fixed lattice size and imaginary-

time step.

At the smallest values of 3, the distributions are comparatively broad and their centers
depend appreciably on the inverse temperature. As § is increased, they become increas-
ingly concentrated and their centers approach a common finite region of x. This behavior
is consistent with an extensive leading contribution to the effective energy, supplemented
by finite-temperature corrections, as in Eq. (3.13). Such a scaling behavior predicts that
their centers should approach a finite asymptotic value as the inverse temperature be-
comes large. A direct test is obtained by multiplying the mean of X by 8 and checking

whether it depends linearly on g.
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Figure 3.5: Sign-resolved probability distributions of the intensive effective energy x = x/(8N) for different
inverse temperatures. The left and right panels correspond to configurations with W > 0 and W < 0,
respectively. We note the absence of distributions of the negative weights for § = 1 and 2, meaning that no
negative-signed configurations were visited during the simulation. The remaining simulation parameters are
N =16,U =6, u=—1.5,and At = 1/16.

As shown in Fig. 3.6, the quantity 3(x) is approximately linear in 8 over the range consid-
ered. Equivalently, the mean of x grows approximately linearly with inverse temperature
at fixed N. The results for the two sign sectors are nearly indistinguishable on the scale
of the figure, showing that positive- and negative-weight configurations have very simi-
lar typical determinant magnitudes even when their contributions to the partition function

have opposite signs.
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Figure 3.6: Scaling of the mean effective energy with inverse temperature. The plotted quantity satisfies
B(x) = (x)/N. Blue and red points correspond to configurations with positive and negative determinantal
weights, respectively, while the dashed line shows a common linear fit. The remaining simulation parameters
are N =16, U = 6, u = —1.5, and At = 1/16.

We next study the spatial scaling by varying the number of lattice sites at fixed inverse

temperature and imaginary-time interval. The resulting distributions are shown in Fig. 3.7.
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Figure 3.7: Sign-resolved probability distributions of the intensive effective energy x = x/(8N) for different
lattice sizes. The left and right panels correspond to configurations with W > 0 and W < 0, respectively. The
remaining simulation parameters are 8 = 4, U = 6, u = —1.5, and At = 1/16.

The distributions remain centered within a finite range of X as the lattice size is increased,

while their widths decrease substantially. The smallest lattice displays the largest finite-

size corrections, but the centers of the distributions rapidly approach a common region

for larger systems. As before, a direct test is done by verifying the linear dependence of

the quantity N (X) = (x) /6.
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Figure 3.8: Scaling of the mean effective energy with the number of lattice sites. The plotted quantity satisfies
N(x) = (x)/. Blue and red points correspond to configurations with positive and negative determinantal
weights, respectively, while the dashed line shows a linear fit. The remaining simulation parameters are

B=4,U=6,u=-1.5and At = 1/16.

The linear behavior in Fig. 3.8 confirms that the mean effective energy is proportional to

the number of lattice sites at fixed 5. Together with the corresponding temperature scaling,

this supports the leading form

(x) ~ fN. (3.17)
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This is the same leading scaling obeyed by the thermodynamic energy of a classical ex-
tensive system. For the analogy between x and a classical energy to extend beyond
the scaling of the mean, its fluctuations should also exhibit the usual thermodynamic be-
havior. In particular, at fixed 3, the variance of an extensive energy is expected to grow

proportionally to N, so that the variance of the corresponding intensive quantity scales as
0% = () — () ~ = (3.18)
* N

Testing this relation therefore provides the remaining scaling check required for x to be-

have as an intensive energy-like variable in the usual statistical-mechanical sense.
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Figure 3.9: Variance of the intensive effective energy as a function of the inverse lattice size. Blue and red

points correspond to positive- and negative-weight configurations, respectively. The dashed lines show fits of

the form ch2z « 1/N excluding the smallest lattice, for which finite-size effects are most pronounced. The

remaining simulation parameters are 8 = 4, U = 6, u = —1.5, and At = 1/16.
For N > 4, the data in Fig. 3.9 are consistent with an approximately linear dependence on
1/N. The smallest system deviates from this trend, particularly in the negative-sign sector.
We attribute this deviation to finite-size effects and therefore exclude the smallest system

from the fits. The observed scaling implies

Op ~ —— (3.19)

so that x is consistent with self-averaging in the thermodynamic limit. Although the abso-
lute fluctuations of x increase with the system size, they grow more slowly than its mean,

and the relative width of the effective-energy distribution consequently decreases.
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3.2. Sign-resolved density of states and entropy

The effective-energy variable introduced above provides a one-dimensional coordinate
with which the auxiliary-field configuration space can be organized, as configurations with
very different microscopic arrangements of the HS field may have the same value of x,
and may therefore be grouped into effective-energy shells. Since configurations within
the same shell may nevertheless have opposite determinantal signs, the density of states
must be resolved according to the sign sector. We therefore define the sign-resolved

density of states as
Ncr(x) = Z 5s(h),0'5(x — x(h)), (320)
h

where the sum runs over all auxiliary-field configurations. Thus, N, (x)dx and N_(x)dx
count the numbers of positive- and negative-weight configurations, respectively, whose

effective energies lie in the interval [x, x + dx]. The total density of configurations is then
N(x) = N, (x) + N_(x). (3.21)

In analogy with the microcanonical entropy of classical statistical mechanics [53], we de-

fine the sign-resolved entropies
So(x) = log Ny (x). (3.22)

These functions quantify the number of auxiliary-field configurations available at a given
effective energy in each sign sector, and they should not be confused with the thermody-
namic entropy of the original Hubbard model. Rather, they describe the organization of

the auxiliary-field configuration space after it has been projected onto the variables (x, o).

Using W(h) = s(h)e~*™ the partition function may be written in terms of the sign-resolved

densities as

Z =Y s(he™*® = f dx [Ny (x) = N_(x)] e, (3.23)

h

while the corresponding partition function of the absolute-weight ensemble is

Zyw = Zh: |[W(h)| = fdx [N (x) + N_(x)] e™™. (3.24)
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Since the probability of visiting a given configuration & in the absolute-weight ensemble

is given by

Wh)|  e>®
Ziw)| Ziw

P(h) = (3.25)

then the sign-resolved probability densities measured in the absolute-weight ensemble

are therefore

B(X) = 3 6400 0(x(h) — X)P(h) = 22 (3.26)
h

The histograms discussed in Fig. 3.2 are precisely canonical distributions of this form. The
density of states and the canonical distribution contain different information, since N (x)
counts just the number of configurations in each shell, whereas the factor e™* determines

the statistical importance assigned to that shell in the absolute-weight ensemble.

The competition between these two factors is analogous to the usual competition between
energy and entropy in classical statistical mechanics. In each sign sector, the probability

of observing a given effective energy is controlled by
P(x) «x exp [Sy(x) — x]. (3.27)

A region of configuration space may therefore contain a very large number of states but
still have a small canonical probability if their effective energies are too large. Conversely,
configurations with small x receive large individual weights, although the corresponding

shell may contain comparatively few states.

The sign structure may also be characterized locally in effective-energy space. This is
done by introducing the average sign restricted to one effective-energy shell,

_ N, = N_(%)

)= N TN

(3.28)

We shall refer to o(x) as the local average sign, where local refers to localization in
effective-energy space rather than in the physical lattice. Its magnitude measures the im-
balance between the positive and negative sectors within a single effective-energy shell.
It satisfies —1 < o(x) < 1, with o(x) = 1 when the shell contains only positive configura-
tions, og(x) = —1 when it contains only negative configurations, and o(x) = 0 when both

signs occur equally often.
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In terms of the sign-resolved entropies, Eq. (3.28) may be rewritten as

eS+(X) _ oS-(x) S (x)—S_(x)
o) = Sy e = (P ) (3.29)
The fixed-x sign is therefore determined entirely by the entropy difference
AS(x) = S, (x) — S_(x). (3.30)

Finally, the usual average sign can be expressed as an average of o(x) over the canonical
distribution of the effective energy,
S dx (Np(x) = N_(x))e™
Shw) = S dx (N, (x) + N_(x)) e~*
S dx o(x) (N, (x) + N_(x))e™
- S dx (N, (x) + N_(x)) e~

= (00 p(ry (3.31)

where (a(x)> denotes the average of a(x) with respect to the distribution

P(x)

P(x) = P.(x) + P_(x). (3.32)

The global average sign is thus determined jointly by the sign imbalance within each shell

and by the probability with which the different effective energies are sampled.

The functions S..(x) therefore provide a complete sign-resolved description of configura-
tion space at the level of the effective-energy coordinate. The next step is to determine
these functions numerically over the relevant range of x. For that purpose, it is relevant
to note that, in a numerical calculation, the effective-energy axis is divided into finite bins
rather than treated as a continuous variable. The densities in Eq. (3.20) should therefore
be understood as the continuum representation of the corresponding histogram counts.
Changing the bin width multiplies both densities by a common constant and consequently
shifts their logarithms by an additive constant. Such a shift does not affect normalized
probabilities, entropy differences, or any of the quantities considered above, provided

that a single binning convention is used consistently.

3.3. Wang-Landau determination of the entropy

The sign-resolved canonical distributions introduced in the previous section contain, in

principle, enough information to reconstruct the entropy. From Eq. (3.26), one has

Sg(x) = log P,(x) + x + const. (3.33)



FCUP | 45
Studies of the sign problem in determinant quantum Monte Carlo

In practice, however, this relation is useful only over the range of effective energies that
is visited with appreciable probability. The factor e™* concentrates conventional absolute-
weight sampling around a comparatively narrow interval of x, while configurations outside
this region occur too rarely for their density to be estimated accurately. The narrowing of
the intensive effective-energy distributions with increasing system size makes this limita-
tion progressively more severe, and so a different sampling weight is required to determine

S,(x) over an extended range.

To overcome this limitation, we replace the absolute-weight ensemble by a generalized
ensemble in which the probability assigned to a configuration is controlled by an adjustable

function of its effective energy and sign [54]. We introduce the positive sampling weight
B,(h) x e @stiyx(m) (3.34)

where w,(x) is an arbitrary biasing function, defined separately for the two sign sectors.
It then follows that the probability of observing an effective energy x in sign sector o is

given by
B, o(x) o eSe(¥)=ws(x), (3.35)

The sampled distribution is therefore determined by the difference between the entropy
of the shell and the imposed bias. Ordinary absolute-weight sampling is recovered by

choosing
w(x) = x, (3.36)
independently of the sign sector, since in that case
B,(h) « e = |W(h)|. (3.37)

More generally, if a simulation performed with a known bias w,(x) produces a sign-resolved

histogram H,, ;(x), then
H, 5(x) & B, 5(X), (3.38)
and the entropy may consequently be reconstructed as
Sq(x) =log Hy, ,(x) + ws(x) + const. (3.39)

over the range in which the histogram has sufficient statistics. The additive constant is

common to the two sign sectors when they are sampled within the same generalized
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ensemble and does not affect entropy differences.

For the local auxiliary-field updates used here, the proposal probability is symmetric. A
proposed transition from a configuration h to a configuration h’ is therefore accepted with

probability
A(h = h') = min {1, exp [—a,mun (x(h)) + oy (x(R) ]} (3.40)

The microscopic proposal mechanism is thus unchanged from conventional DQMC, as

only the probability with which the proposed configuration is accepted is modified.

A simple way of modifying the sampled range is to change the strength with which the
effective energy enters the configuration weight. We therefore first consider the one-

parameter family of positive sampling weights
Py(h) o e~ = [w(n)[", (3.41)

obtained by setting w,(x) = Ax, where 1 is a real parameter. We note that this one-
parameter family is equivalent to the weight rescaling introduced in Ref. [29]. Conven-
tional absolute-weight sampling is recovered for 1 = 1, whereas varying 1 changes the
relative importance assigned to different effective-energy shells. Reducing 1 weakens
the suppression of configurations with larger x, while increasing 1 favors configurations
with smaller x. At 1 = 0, all microscopic auxiliary-field configurations are assigned the
same sampling weight. This does not produce a flat distribution in x, since effective-
energy shells generally contain different numbers of configurations. In fact, using the
sign-resolved entropy, the probability density of observing an effective energy x in sign

sector o becomes proportional to
P; 5(x) eSo(0)—Ax, (3.42)

The parameter A therefore controls the competition between the entropy of an effective-
energy shell and the sampling penalty assigned to its effective energy. In this sense, 4
plays a role analogous to an inverse temperature conjugate to x. Furthermore, when the
distribution is sufficiently sharply peaked, its most probable effective energy xff,a approxi-

mately satisfies

dSo ~1 (3.43)
dx x=x*

xl,o

Different values of 1 therefore select regions of the entropy curve with different local slopes.
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A collection of simulations at different 1 values can consequently be used to explore a

broader range of effective energies than the conventional 1 = 1 ensemble.

The effect of varying A4 is shown in Fig. 3.10. Each value of 1 produces a distribution
concentrated around a different region of effective-energy space. Increasing 4 shifts the
sampled configurations toward smaller values of %, since these receive a larger relative
weight. Conversely, decreasing A weakens this preference and shifts the distribution to-
ward larger effective energies. Negative values of 4 reverse the usual bias and strongly

suppress the configurations favored by conventional absolute-weight sampling.
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Figure 3.10: Sign-resolved probability distributions of the intensive effective energy X = x/(8N) obtained
using the generalized sampling weight P;(h) = e~ The upper and lower panels correspond to

configurations with positive and negative determinantal weights, respectively. The color indicates the value of

A. Note that the two panels use different vertical scales. The remaining simulation parameters are N = 16,

B=8,U=6,u=-1.5and AT = 1/16.
The family of distributions therefore spans a much broader interval of x than the conven-
tional A = 1 ensemble alone, which confirms that the restricted range observed under
ordinary DQMC sampling is not the complete range of accessible effective energies, but
results from the particular exponential bias e™*. The A scans also provide a practical
estimate of the interval over which the sign-resolved entropy should subsequently be de-

termined.
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Although varying 4 allows different regions of effective-energy space to be explored, this
procedure is not particularly practical for determining the entropy over a broad interval.

For a fixed value of A, the relation
So(x) = log P; 5(x) + Ax + const. (3.44)

provides a reliable estimate only within the limited region in which the corresponding dis-
tribution has sufficient statistics. Reconstructing the full entropy would therefore require
a large number of simulations at different values of 4, with sufficiently overlapping distri-
butions to determine the relative additive constants and combine the resulting estimates.
As the distributions become narrower with increasing system size, the number of required
values of 4 would also increase, while the poorly sampled tails would remain difficult to

resolve accurately.

A more efficient strategy is to replace the linear bias Ax by a general sign-dependent
function w,(x) chosen to compensate the variation of the density of states across the
entire interval of interest. More concretely, the “perfect” choice of such a function is the
entropy itself, w,(x) = S;(x), since in that case the probability of visiting a given x-shell

with sign o is
P;(x) = const. (3.45)

across the entire effective-energy range. The corresponding generalized ensemble can
then be designed to sample all effective-energy bins with approximately equal probability,
rather than moving a narrow sampling window through configuration space one value
of 1 at a time. The required entropy is, however, precisely the unknown quantity to be

determined.

The Wang-Landau procedure addresses this circularity by constructing the bias function
w(x) iteratively during the simulation without any prior knowledge of the entropy [55, 56].
The Wang-Landau algorithm has been previously combined with DQMC to improve the
exploration of a larger range of weight magnitudes and reduce autocorrelation times [34].
Here, we extend the same general strategy by resolving the sampling coordinate by the

determinant sign, allowing the separate determination of the sign-resolved entropies.

In the present application, the effective-energy interval of interest, [Xqin, Xmax], IS first di-

vided into a finite number of bins. With each bin and sign sector we associate an estimate
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wq(x) of the entropy and a visitation histogram H,(x), with both being initially set to zero,

ws(x) =0, (3.46)
Hy(x) = 0. (3.47)

The simulation then performs the same local auxiliary-field proposals as conventional
DQMC, but accepts them according to the current estimate of the generalized sampling
weight through Eq. (3.40). The only exception is for proposals whose effective energy
lies outside the predefined interval, in which case all such moves are rejected, thereby

imposing reflecting boundaries at x,i, and Xpax-

After every attempted update, regardless of whether the proposed move is accepted or
rejected, the bin corresponding to the configuration occupied after the attempt is modified

as follows. If the current state belongs to the bin (x, o), the updates are

wo(x) — wg(x) + f, (3.48)

Hy(x) — Ho(x) + 1, (3.49)

where f > 0 is the current modification factor. Since the sampling weight is proportional
to e~®o(®) | increasing w,(x) decreases the probability of immediately returning to a bin
that has already been visited, and so the random walk is consequently driven away from

frequently sampled regions and toward bins that have been visited less often.

At the beginning of the simulation, the additive increment f is chosen to be unity, so it
is sufficiently large that the bias can adapt rapidly. Typically, the modification factor is
reduced as

Fro g (3.50)

once the visitation histogram is judged to be sufficiently flat. In our implementation, how-
ever, we chose the number of MC sweeps in each iteration to be proportional to the
number of x bins and increased it exponentially from one iteration to the next. This choice
thereby increases the likelihood of each x bin being visited and the simulation time spent
on refining the increasingly smaller scales, which has been shown to improve the conver-
gence of the algorithm [57]. After the modification factor is reduced, the histogram H_(x)

is reset to zero and the procedure is then repeated with the more slowly varying bias.
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As f is successively reduced, the changes made to w,(x) become smaller and the esti-

mate converges toward the entropy,
ws(x) — Sy(x) + C, (3.51)
where C is an undetermined additive constant.

Because both sign sectors are explored by a single random walk within the same general-
ized ensemble and transitions between them are accepted using Eq. (3.40), their relative
normalization is determined by the simulation. The remaining constant in Eq. (3.51) is
therefore common to both S, (x) and S_(x) and it cancels from the entropy difference and
from all normalized quantities derived from the two densities of states, but for graphical

purposes we always subtract C = max, S, (x) from the sign-resolved entropies.

The iterative stage is terminated once the modification factor falls below a prescribed final
value fmin- At that point, w,(x) provides an approximation to the bias required to produce

a flat random walk over the joint (x, o) space.

Figure 3.11 displays the evolution of the bias during the later Wang-Landau iterations, in
which we see that the largest changes occur during the earliest iterations displayed. As
the Wang-Landau modification factor is reduced, the successive curves approach one
another over the complete sampled interval and only small corrections remain during the

final iterations. Since the ideal flat-histogram bias satisfies
wg(x) = Sy(x) + const., (3.52)

this progressive stabilization of w,(x) provides a direct visual indication of the convergence
of the entropy estimate. Because the entropy is defined only up to an additive constant,

the curves are shifted so that the maximum value of w_(x) is zero.

To quantify this convergence, we compare the bias obtained at successive Wang-Landau

iterations. Defining
A0 (x) = WG (x) - 05V (0), (3.53)
we monitor the maximum change over the sampled effective-energy interval,
max ’Aco(g”)(x)’. (3.54)

This quantity measures the largest correction made to the intensive bias between two

consecutive iterations, and is shown in Fig. 3.12.
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Figure 3.11: Evolution of the sign-resolved Wang-Landau bias during the later iterations of the algorithm. The
left and right panels show w, (x)/(BN) and w_(x)/(BN), respectively, as functions of the intensive effective
energy X = x/(8N). The color indicates the Wang-Landau iteration.
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Figure 3.12: Convergence of the sign-resolved Wang-Landau bias. The plotted quantity is the maximum
absolute change in the intensive bias between consecutive Wang-Landau iterations, as defined in Eq. (3.53).
Blue and red points correspond to the positive- and negative-sign sectors, respectively. The logarithmic
vertical scale shows the progressive reduction of the corrections as the modification factor is decreased.

As shown in Fig. 3.12, the maximum change decreases by several orders of magnitude
over the course of the simulation. The decrease is not strictly monotonic because the
location of the largest correction may change between iterations and because the two
sign sectors are visited with different frequencies. Nevertheless, both sectors display the
same overall downward trend, reaching changes of order 1079 in the intensive bias during

the final iterations.

The agreement between the visual stabilization in Fig. 3.11 and the systematic decrease
of max, )Acog")(x)’ indicates that the iterative bias has reached a stable shape over the
chosen effective-energy interval. This convergence diagnostic alone does not determine

the statistical uncertainty of the entropy estimate, nor does it guarantee that every bin has
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been sampled equally well, but it does show that further Wang-Landau iterations produce

progressively smaller modifications to the estimated bias.

The adaptive Wang-Landau stage produces a bias close to the entropy but not an exact

estimate of it. We therefore hold the final bias fixed and perform a long production run.

This separates the adaptive determination of the bias from the measurement stage and

allows residual deviations from a perfectly flat histogram to be used to refine the entropy

estimate, which is essential in obtaining more precise curves for the entropy difference
prod

AS(x). Denoting the production histogram by Hg ~ (x), the refined entropy is obtained

from
S.(x) = wy(x) + log HY®%(x) + C. (3.55)

As was the case with the iterated bias function w,(x), the constant C is common to both

sign sectors.

3.4. Entropy results and thermodynamic scaling

The Wang-Landau procedure described in the previous section provides the sign-resolved
entropies over an interval of effective energies much broader than the region explored by
conventional absolute-weight sampling. We now use these results to examine how the

positive- and negative-sign sectors evolve with inverse temperature and system size.

All results are expressed in terms of the intensive effective energy

%= %N (3.56)

defined in Sec. 3.1.1. The entropies are divided by the corresponding space-time vol-
ume BN and an additive constant common to both sign sectors is removed such that
max, S, (x) = 0 for each individual set of parameters. Consequently, the absolute vertical
positions of entropy curves belonging to different simulations should not be compared, but

their shapes, their scaling with SN, and the difference S, (x) — S_(x) remain meaningful.

The results are presented in the order established by the formal relations in Sec. 3.2.
We first examine the two extensive entropy curves, then isolate their difference and the
associated local average sign, and finally restore the factor e™* in order to recover the
canonical distribution P.(x) « eS59()=*  thus determining which part of effective-energy

space is relevant to conventional DQMC sampling.
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3.4.1 Dependence on inverse temperature

We first keep the lattice size and imaginary-time step fixed and vary the inverse tem-
perature. Figure 3.13 shows the positive- and negative-sign entropies over the interval

explored by the Wang-Landau simulations.
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Figure 3.13: Sign-resolved entropies as functions of the intensive effective energy x = x/(8N) for several

inverse temperatures. The left and right panels show S, (x)/(BN) and S_(x)/(BN), respectively. For each

inverse temperature, the same additive constant is subtracted from both sign sectors so that the largest

entropy is zero. No negative-sign entropy is shown for 3 = 1, since no negative-weight configurations were

observed in the interval studied. The remaining simulation parameters are N = 16, U = 6, u = —1.5, and

At =1/16.
Both entropies are smooth, concave functions of the intensive effective energy and have
almost identical overall shapes. The largest deviations from a common scaling form occur
at the smallest inverse temperatures, particularly in the positive-sign sector at § = 1. For
the remaining values of 8, the curves increasingly approach a common form when plotted

as Sy(x)/(BN) against x.

This collapse is consistent with an exponential scaling of the sign-resolved density of

states with the space-time volume,
Ny(x) ~ ePNso(X) (3.57)

up to corrections that are subexponential in SN. Equivalently, the sign-resolved entropy

is extensive,
So(x) = BN 55(X) + 0o(BN), (3.58)

where s,(x) is the entropy per unit space-time volume. The results therefore indicate that
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the number of configurations in each sign sector grows exponentially with SN, while its de-
pendence on the intensive effective energy is described by an approximately temperature-
independent entropy density. We note that, since At is held fixed throughout these com-
parisons, SN is proportional to the total number NL of auxiliary-field spins. Extensivity in
BN is therefore equivalent here to extensivity in the size of the auxiliary-field space-time

lattice.

The similarity between the two panels of Fig. 3.13 also shows that the leading extensive
contributions to the positive- and negative-sign entropies are nearly identical. Their differ-
ence is too small to be resolved on the scale of the individual entropy curves and is shown

directly in Fig. 3.14.
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Figure 3.14: Difference between the positive- and negative-sign entropies, divided by the space-time volume,
as a function of the intensive effective energy for several inverse temperatures. The dashed horizontal line
marks equal sign-resolved entropies.

The entropy difference is positive over essentially the complete resolved interval, implying
that the positive-sign sector contains more configurations than the negative-sign sector at
the same effective energy. Its magnitude, however, varies strongly across configuration
space. The difference is largest toward the boundaries of the interval and reaches a broad
minimum in the central region around x ~ —3. Positive configurations therefore dominate

strongly near the boundaries, while the multiplicities of the two signs become much more

similar in the center.

The scaled difference

AS(x)  Sy(x)—=S_(x)
AN BN

(3.59)
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decreases systematically as 8 is increased and approaches zero over an increasingly
broad central interval. This shows that the positive- and negative-sign sectors approach
the same entropy density in the low-temperature regime and that their leading exponential

growth with the space-time volume is identical within this region.

The comparison between Figs. 3.13 and 3.14 reveals a clear separation of scales. The
individual entropies are extensive in SN, whereas their difference is much smaller. The
sign structure is consequently controlled by the residual imbalance between two sectors
whose numbers of configurations are both exponentially large and whose leading entropy

densities are nearly identical.

The vanishing of AS(x)/(8N) does not, by itself, imply that the unscaled difference AS(x)

vanishes. Since the local average sign depends on the unscaled entropy difference,

o(x) = tanh(%(x)), (3.60)

its behavior must be examined separately. The resulting curves are shown in Fig. 3.15.
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Figure 3.15: Local average sign as a function of the intensive effective energy for several inverse

temperatures. The curves are reconstructed from the sign-resolved entropy difference using Eq. (3.29).
At g = 2, the local average sign remains essentially equal to unity throughout the displayed
interval, indicating that the negative-sign sector is still strongly suppressed. At = 4, a
broad minimum develops around x ~ —3. As the inverse temperature is increased further,
the minimum rapidly approaches zero and the interval over which the two sign sectors

occur with comparable multiplicities becomes broader.

For the largest inverse temperatures, o(x) is nearly zero over a substantial central region.
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Within these effective-energy shells, positive- and negative-weight configurations there-
fore occur in almost equal numbers. In contrast, the local sign returns to unity toward
both boundaries of the sampled interval. Negative-weight configurations are thus not
present in a fixed proportion throughout configuration space. They become competitive
mainly within an intermediate range of effective energies, while the outer shells remain

dominated by positive configurations.

The local average sign describes the balance between the two sectors within a fixed
effective-energy shell, but it does not determine how strongly that shell contributes to
the absolute-weight ensemble. The latter is controlled by the sign-resolved canonical

distributions
By(x) x eSo()—x, (3.61)

The corresponding profiles reconstructed from the Wang-Landau entropies are shown in
Fig. 3.16. Since the purpose of this figure is to compare their positions and widths, each
curve is divided by its own maximum. Their relative heights and integrated areas should

therefore not be interpreted as the relative probabilities of the two sign sectors.
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Figure 3.16: Sign-resolved canonical profiles reconstructed from eSa(¥)=X for several inverse temperatures.

Solid and dashed lines correspond to the positive- and negative-sign sectors, respectively. Each curve is

divided by its own maximum, so the figure compares only the positions and shapes of the distributions.
The canonical profiles occupy only a narrow portion of the full effective-energy interval over
which the entropy was determined. At the smallest inverse temperatures, the distributions
are comparatively broad and their maxima depend appreciably on 3. As the temperature

is lowered, they move toward a common region near X ~ —3.2 and become progressively
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narrower. The positive- and negative-sign profiles also become nearly indistinguishable

in both position and shape.

Comparison with Fig. 3.15 shows that the region selected by the canonical weight coin-
cides with the minimum of the local average sign. Atlarge 8, conventional absolute-weight
sampling is therefore concentrated precisely in the effective-energy shells where positive

and negative configurations occur with almost equal multiplicity.

The deterioration of the global average sign with decreasing temperature can conse-
quently be understood as the combination of the development of an extended central
region in which o(x) is close to zero and the increasing concentration of the canonical
distribution within that same region. The low-temperature sign problem is therefore asso-
ciated not merely with the existence of negative-weight configurations, but with the fact
that the configurations carrying most of the absolute statistical weight belong to shells in

which the two signs are almost perfectly balanced.

3.4.2 Dependence on system size

We next keep the inverse temperature and imaginary-time step fixed and vary the number
of lattice sites. Since § and At are fixed, the number of time slices remains constant and
increasing N directly enlarges the spatial volume and the total number NL of auxiliary-field
variables. The resulting sign-resolved entropy densities for systems ranging from N = 16

to N = 144 are shown in Fig. 3.17.
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Figure 3.17: Sign-resolved entropies as functions of the intensive effective energy x = x/(8N) for different
lattice sizes. The left and right panels show S, (x)/(8N) and S_(x)/(BN), respectively. For each lattice size,
the same additive constant is subtracted from both sign sectors so that the largest entropy is zero. The
remaining simulation parameters are 3 = 4, U = 6, u = —1.5, and At = 1/16.
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The shifted entropy densities display a clear collapse as the spatial volume is increased.
The positive-sign curves are almost indistinguishable over the complete displayed inter-
val, while the negative-sign sector exhibits somewhat larger finite-size corrections near
the lower-x boundary. These deviations decrease with increasing N, and both sectors

approach smooth limiting profiles.

At fixed 3, this collapse establishes the extensivity of the shape of the entropy. It is con-
sistent with the scaling form in Eq. (3.58), according to which the variation of S;(x) across
effective-energy space grows proportionally to N and is described by an approximately

size-independent function of x.

The positive- and negative-sign profiles remain too similar for their difference to be re-
solved on the scale of Fig. 3.17. Unlike the individual entropies, however, their difference
is independent of the common additive normalization and can therefore be compared

directly between lattice sizes. The results are shown in Fig. 3.18.
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Figure 3.18: Difference between the positive- and negative-sign entropies, divided by the space-time volume,
as a function of the intensive effective energy for different lattice sizes. The dashed horizontal line marks
equal sign-resolved entropies.

The entropy difference retains a similar dependence on effective energy for all lattice sizes.
It is largest near the boundaries of the sampled interval and reaches a broad minimum
around X ~ —3. The positive-sign sector is therefore strongly favored in the outer shells,
whereas the relative multiplicities of the two signs become much more similar in the central

region.

The scaled difference AS(x)/(BN) decreases rapidly as N is increased. This behavior

is consistent with the positive- and negative-sign sectors approaching the same leading
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entropy density, while the distinction between them is carried by a much smaller residual

contribution.

The effect of the unscaled entropy difference on the relative populations of the two sectors

is seen more directly through the local average sign, shown in Fig. 3.19.

1.0
0.8
0.6
2
©
0.4
N=16
N=36
0249 Ne64
— N=100
0.0] — N=144
i T a ) as )

x/(pN)

Figure 3.19: Local average sign as a function of the intensive effective energy for different lattice sizes. The

curves are reconstructed from the sign-resolved entropy difference using Eq. (3.29).
For N = 16, the local average sign remains appreciably above zero throughout the sam-
pled interval. As the lattice size is increased, the central minimum becomes deeper and
extends over a broader range of effective energies. For the largest systems studied, the
reconstructed local sign is close to zero around x ~ —3, consistent with positive- and

negative-weight configurations occurring in nearly equal numbers in those shells.

Near the boundaries, o(x) remains close to unity for every lattice size and a local minimum
is again formed in an intermediate effective-energy interval. The average sign around this
minimum worsens as the lattice size is increased. The roughness visible in the N = 144
curve near its minimum reflects the sensitivity of o(x) to small fluctuations in AS(x) when

the latter is close to zero.

To determine the statistical relevance of this central low-sign region, we reconstruct the
canonical profiles proportional to e5s()=*_ The results are shown in Fig. 3.20. As in
Fig. 3.16, each curve is divided by its own maximum, so the plotted profiles retain infor-
mation about their positions and widths but not about the relative total weights of the two

sign sectors.

The canonical profiles become progressively narrower as the lattice size is increased.



FCUP | 60
Studies of the sign problem in determinant quantum Monte Carlo

1.0 N=16, W>0 === N=64, W<0
N=16, W<0 —— N=100, W>0
N=36, W>0 === N=100, W<0
N=36, W<0 —— N=144, W>0
0841 — N=64, W>0 === N=144, W<0
0.6
3/
©
_
0.4
0.2
0.0 I I | 1 1
-5.0 —4.5 -4.0 =35 -3.0 2.5 -2.0

X/(PN)

Figure 3.20: Peak-normalized sign-resolved canonical profiles reconstructed from eSa()=x for different lattice
sizes. Solid and dashed lines correspond to the positive- and negative-sign sectors, respectively. Each curve
is divided by its own maximum, so the figure compares only the positions and shapes of the profiles.

This behavior is consistent with the self-averaging of the intensive effective energy estab-
lished in Sec. 3.1.1, where its variance was found to decrease approximately as 1/N. The

maxima also approach a common location near the center of the sampled interval.

The peak-normalized positive- and negative-sign profiles become increasingly similar in
both position and width. Thus, within the canonically relevant region, the two sign sectors
are associated with very similar distributions of determinant magnitude. The normalization
used in the figure removes their relative integrated probabilities, so it does not by itself

quantify the total population imbalance between the two sectors.

Comparison with Fig. 3.19 shows that the narrowing profiles are centered inside the re-
gion where the local average sign is smallest. Increasing the lattice size therefore does
more than reduce the width of the sampled effective-energy distribution as it also con-
centrates the absolute-weight ensemble within shells whose positive- and negative-sign

multiplicities are already nearly balanced.

The system-size dependence consequently complements the temperature dependence
discussed above. Increasing N suppresses the entropy difference per unit volume, re-
duces the local sign in the canonically relevant region, and simultaneously narrows the
absolute-weight distribution around that region. Through Eq. (3.31), these effects rein-
force one another, since the effective-energy shells receiving most of the statistical weight

are also those in which the cancellation between the two sign sectors is strongest.
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4. Local geometry under single-spin excitations

The sign-resolved entropy analysis of the previous chapter determines the relative num-
bers of configurations in both sign sectors at a given effective energy. It does not, how-
ever, reveal how the determinant sign responds to small modifications of configurations
drawn from that effective-energy shell. Two shells may have the same value of o(x) while

differing substantially in the fraction of single-spin updates that change the sign.

To investigate this structure, we introduce a notion of local geometry or neighborhood
based on the elementary updates used in DQMC. An auxiliary-field configuration h =
{h,;} can be viewed as a vertex of an NL-dimensional hypercube, since each of its NL
components takes one of the values +1. The complete configuration space therefore
contains 2N vertices, with two vertices being connected whenever their configurations
differ at exactly one space-time point, so the edges of the hypercube correspond precisely
to the single-spin flips used in the standard local-update algorithm. Here, “single-spin”

refers to one HS spin rather than to the physical spin of a fermion.

This graph structure allows us to ask how frequently an elementary displacement from
a configuration crosses from one sign sector to the other. We first define quantities that
characterize this geometric connectivity and then include the corresponding change in
determinant magnitude in order to determine whether the sign-changing directions are

dynamically accessible under the usual Metropolis rule.

4.1. Geometric and dynamical diagnostics

The elementary excitation considered in this chapter is the inversion of the auxiliary field

at one space-time point (¢, 1),
hei— —hyg,. (4.1)
For a system with N spatial sites and L imaginary-time slices, each configuration has
Nexe = NL (4.2)

such neighboring configurations. We label these excitations by a = 1, ..., n., and denote

by h, the configuration obtained by applying excitation a to h. The corresponding ratio of
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determinantal weights is

W(ha)
W(h) "

Rq(h) = (4.3)

Its magnitude determines the change in effective energy, while its sign determines whether

the excitation changes the determinantal sign,

s(hy) = s(h) sgn R, (h). (4.4)

For a fixed configuration, we define

p(h) = asgn Ry(h),—-1- (4.5)

The quantity p(h) is the fraction of the edges incident on h which connect it to the opposite
sign sector. Equivalently, it is the probability that an excitation selected uniformly from
the ng,. possible single-spin flips changes the sign, before any Metropolis acceptance
criterion is applied. In the hypercube representation, ng,.p(h) is therefore the number of

opposite-sign nearest neighbors of h.

The value of p(h) generally varies between configurations belonging to the same sign-
resolved effective-energy shell. We characterize these fluctuations through the distribu-

tion

p(plx,0)=N( 2.8 (x = x(1) 8,58 (P — P()), (4.6)
o h

where N, (x) is the sign-resolved density of configurations introduced in the previous chap-

ter. The distribution is normalized according to

f dpp(p | x.0) = 1. @.7)

It is important to distinguish p(p | x, o) from a sign-changing probability. The distribution
describes how the fraction of sign-changing flips varies between configurations in the
same shell. A narrow distribution indicates that most configurations have similar values of
p(h), while a broad distribution instead shows that configurations with the same effective
energy and sign can respond very differently to a single-spin excitation, as some have
few or no sign-changing flips, whereas others have many more. The shell is therefore
heterogeneous, with some configurations lying much closer to the sign-sector boundary
than others, even though all of its configurations share approximately the same effective

energy and determinant sign.
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The first moment of the p(p | x, o) distribution,

(D)o = f dppe(p | x,0), (4.8)

is the probability that a uniformly chosen single-spin excitation changes the sign when
its initial configuration is selected uniformly from the shell (x, ). This quantity is purely
geometric as it counts every sign-changing direction independently of whether the corre-

sponding proposal would be accepted ina DQMC simulation.

To include the change in determinant magnitude, we introduce the effective-energy dis-

placement

W(h,)
W(h)

Ax,(h) = x(h,) — x(h) = —log

= —log [Ry(h)]. (4.9)

An excitation with Ax, < 0 increases the magnitude of the determinantal weight and is
always accepted under absolute-weight sampling, whereas an excitation with Ax, > 0

decreases the weight magnitude and is accepted with probability e=4%a,

The displacement and final sign are resolved simultaneously through the joint distribution

, 1 1 nexc
p(Ax,0" | x,0) = N ; 8 (x — x(h)) 5””‘)@ a; 8§ (Ax — Axg(R) 8or 5(ny)-  (4.10)

This is the probability density that an excitation chosen uniformly from a configuration
in the shell (x, o) produces a displacement Ax and terminates in the sign sector ¢’. Its
normalization is joint over the displacement and final sign,
+o0
>, d(Ax) p(Ax, 0’ | x,0) = 1. (4.11)
o/'=+1Y-c0

The two final-sign sectors are therefore not normalized independently. Instead,

/d(Ax) p(Ax,d’ | x,0) (4.12)

is the total probability that the proposal ends in sector ¢’. The sign-changing component

of the p(Ax, o’ | x, o) distribution therefore integrates to the mean sign-changing fraction

(p)x,c = f d(Ax) p(Ax,—0o | x,0). (4.13)

Thus, p(Ax,c’ | x,0) reproduces the mean sign-changing fraction after integration over
the opposite-sign sector, while also determining whether the corresponding flips increase
or decrease the determinant magnitude and how strongly they are suppressed by the

Metropolis factor.
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The probability that a uniformly selected single-spin excitation both changes the sign and

is accepted by the absolute-weight Metropolis rule is then

P o(x) = f d(Ax) p(Ax, —o | x,0) min{1,e72*}. (4.14)

We emphasize that this is an accepted-proposal probability conditioned on the initial shell,
rather than a finite-time transition probability of the actual Markov chain. Comparing it with
(D)x,c Separates the geometric availability of sign-changing directions from their dynamical

suppression by the Metropolis factor.

We also define the conditional acceptance probability

_ B _o(x)
AO'(X) - <p>x,a ’ (41 5)
or equivalently,
fd(Ax) o(Ax, —o | x,0) min {1, e‘Ax}
Aq(x) = (4.16)

fd(Ax) p(Ax,—0o | x,0)

Whenever (p), , > 0, this quantity answers the following question: given that the proposed
excitation changes the sign, what is the probability that it is accepted? It isolates the
dynamical penalty associated with the displacement Ax from the scarcity of sign-changing

proposals themselves.

In practice, these distributions are measured using the converged entropic bias obtained
in the previous chapter, with configurations being sampled from a frozen generalized en-

semble of the form
7,(h) o« e~ @st (X)) (4.17)

where w,(x) is our previous approximation to the sign-resolved entropy. This bias permits

a broad range of effective-energy shells to be explored uniformly.

For every stored configuration, all n.,; neighboring configurations are probed without mod-
ifying the Markov-chain state, i.e., without applying an accept-reject decision. Then, for
each excitation, we calculate R,(h), the final sign, and Ax,(h). Each stored configuration
contributes one value of p(h) to p(p | x, o), whereas every individual excitation contributes
to the joint histogram p(Ax, o’ | x,0). Recording all proposals, rather than only accepted
moves, is essential, as restricting the analysis to accepted excitations would incorporate

the Metropolis factor into the measured geometry and would bias both distributions.
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4.2. Local sign-changing connectivity

For the purpose of probing the local geometry in a regime where the sign problem is
severe, we consider the parameterset N =16, 8 =8, U = 6, u = —1.5, and At = 1/16, for
which the local average sign o(x) becomes close to zero over a broad central interval of

effective energy. The same parameter set is used throughout Chapters 4 and 5.

The distributions p(p | x,0) of the configuration-dependent sign-changing fraction are
shown in Fig. 4.1. The left and right panels correspond to initially positive and initially

negative configurations, respectively.

A pronounced asymmetry is visible outside the central low-sign region. At small values
of x = x/(BN), where o(x) is close to unity, the distribution for positive configurations is
concentrated extremely close to p = 0. Almost all nearest neighbors of a typical positive
configuration therefore remain in the positive sector. Sign-changing directions from this
sector are either absent within the available statistics or occur with an extremely small

frequency.

Negative configurations in the same region, when they occur, display a broader distribu-
tion extending to larger values of p. They consequently possess more elementary direc-
tions leading back to the positive sector than positive configurations possess directions
leading into the negative sector. Of course, this is consistent with negative configurations
forming a comparatively small population within the good-sign shells and having a larger

average number of opposite-sign nearest neighbors.

As the effective energy enters the region in which a(x) is small, both distributions broaden
and extend toward larger values of p. Configurations of each sign therefore differ more
strongly in the number of flips that change the determinant sign, while sign-changing flips
become more common overall. At the same time, the positive- and negative-sector distri-
butions become increasingly similar. Positive and negative configurations therefore have
comparable probabilities of changing sign under a single-spin flip in this region, even

though most individual flips still preserve the sign.

The broad distributions also show that the mean value (p), , does not fully describe the
configurations within a shell. At fixed x and fixed sign, the distribution is concentrated
near p = 0 but extends to substantially larger values. Thus, most configurations have
very few single-spin flips that change the determinant sign, whereas a smaller subset

has a noticeably larger number of such flips. The possibility of changing sign through a
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Figure 4.1: Distribution p(p | x, o) of the configuration-dependent sign-changing fraction p(h) for single-spin
excitations. The left panel shows initially positive configurations and the right panel initially negative
configurations. The dashed red curve shows the local average sign o(x) and is included to identify the central
low-sign region. The insets show fixed-x cuts of the distributions at representative values of the intensive

effective energy. The parameters used are N = 16, 3 =8, U = 6, u = —1.5, and A7 = 1/16, corresponding
to L =128.
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single-spin excitation is therefore not distributed uniformly among the configurations in

the shell.

The corresponding first moments of p(p | x, ) are shown in Fig. 4.2.
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Figure 4.2: Mean sign-changing fraction (p)y . for single-spin excitations as a function of the intensive

effective energy. The blue curve corresponds to positive-to-negative excitations and the red curve to

negative-to-positive excitations. The dashed black curve shows the local average sign o(x).
The mean values summarize the asymmetry seen in the full distributions. In the positive-
dominated region, the positive-to-negative fraction lies below the resolved range, while
the negative-to-positive fraction remains finite. A negative configuration located in this

region is therefore much more likely to possess a nearest neighbor in the positive sector

than a positive configuration is to possess a nearest neighbor in the negative sector.

The two curves approach one another as g(x) decreases, reaching comparable values
throughout much of the central low-sign interval. This approximate equality indicates a lo-
cal symmetry between the two directions of sign change, which may be due to the balance

between the sign-sector populations.

Nevertheless, sign-changing flips remain rare in absolute terms. Even around the mini-
mum of o(x), only approximately 1% of the available single-spin excitations change the
determinant sign. Thus, the presence of nearly equal numbers of positive and negative
configurations does not imply that a typical local modification changes the sign very often.
It means instead that the small sign-changing fractions are comparable for the two initial
signs. The configuration space can therefore contain almost equal numbers of positive-
and negative-weight configurations within the relevant sampled region while still having a

sparse sign boundary under single-spin adjacency.
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4.3. Effective-energy displacements and dynamical accessibility

The previous quantities describe the geometry of the sign sectors without considering
whether the corresponding moves are favored when one applies the usual sampling pro-
cedure. The distributions resolved in both Ax and final sign add the additional information
required to determine how accessible these directions are under the Metropolis rule. Fig-

ures 4.3 and 4.4 show the sign-conserving and sign-changing components, respectively.

Since the distributions in Figs. 4.3 and 4.4 are normalized jointly over the final sign, and
since the sign-changing components have much smaller probability density, we verify
again that most single-spin excitations preserve the determinant sign. Of course, this
is in agreement with the small values of (p),,. Furthermore, the positive-to-negative
excitations are unresolved in most of the positive-dominated region, which is exactly the

asymmetry found previously in p(p | x, o) and its first moment.

These distributions are also sharply concentrated around small values of Ax, although
they possess extended tails toward both positive and negative displacements. A modifi-
cation of one auxiliary-field spin therefore usually produces a small change in determinant
magnitude, while rare excitations can modify the weight by several orders of magnitude.
The distributions are also characterized by heavy tails toward positive effective-energy

displacements, which correspond to moves that are rarely accepted.

It is relevant to note that the support of the sign-changing and sign-conserving compo-
nents is quite similar, which indicates that sign-changing moves do not have a particularly
large effective-energy displacement, and so they are not generally associated with pro-
hibitively small acceptance probabilities. Instead, their rarity has its origin in the reduced
number of possible moves that flip the determinant sign. The effect of the penalty intro-
duced by the Metropolis factor is summarized by the accepted sign-changing probability

shown in Fig. 4.5.

The accepted probabilities closely follow the geometric fractions in Fig. 4.2, with positive-
to-negative moves remaining strongly suppressed outside the low-sign region, while negative-
to-positive moves remain possible over a much broader range of effective energies. In
the central region, the two accepted probabilities become nearly equal, which reflects
the similar number of sign-changing directions and the similar Ax distributions of the two

sectors.

It is important to note that the magnitude of the probabilities in Fig. 4.5 are smaller than
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Figure 4.3: Sign-conserving component of the displacement distribution p(Ax, ¢’ | x, o) for single-spin
excitations. The left panel shows positive-to-positive excitations and the right panel negative-to-negative
excitations. The dashed red curve shows the local average sign o(x). The insets show fixed-x cuts at
representative values of the intensive effective energy.
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Figure 4.4: Sign-changing component of the displacement distribution p(Ax, ¢’ | x, o) for single-spin
excitations. The left panel shows positive-to-negative excitations and the right panel negative-to-positive
excitations. The dashed red curve shows the local average sign o(x). The insets show fixed-x cuts at
representative values of the intensive effective energy.
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Figure 4.5: Accepted sign-changing probability P,_, _,(x) for single-spin excitations. The blue and red

curves correspond to positive-to-negative and negative-to-positive transitions, respectively. The dashed black
curve shows the local average sign o(x).

those in Fig. 4.2, which is to be expected due to the inclusion of the Metropolis factor. To
better determine the magnitude of this penalty and confirm whether it is responsible for
the low dynamical accessibility of sign-changing moves, we next analyze the conditional

probability that such moves are accepted, represented in Fig. 4.6.

1.0 3 ’

Ag(x)

Figure 4.6: Conditional acceptance probability A5(Xx) = Pg—,_c(x)/{p)x,c for sign-changing single-spin
excitations. The blue and red curves correspond to initially positive and initially negative configurations,
respectively. The dashed black curve shows the local average sign o(x).

Figure 4.6 shows that, throughout most of the resolved interval, approximately 40-60% of
the sign-changing proposals would be accepted by the absolute-weight Metropolis rule.
This confirms our previous guess that sign-changing excitations are not generally subject

to an overwhelming Metropolis suppression. Furthermore, the positive- and negative-

sector curves are almost identical wherever both are resolved. This means that, once
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a sign-changing excitation has been selected, its acceptance probability depends only

weakly on the sign of the initial configuration.

Taken together, the results connect the sign-resolved entropy analysis of Chapter 3 with
the response of individual configurations to local modifications. In the region where o(x)
is small, positive- and negative-weight configurations occur in nearly equal numbers and
respond similarly to single-spin excitations, that is, the fractions of sign-changing flips
from the two sectors become comparable, and the corresponding distributions of Ax be-
come similar. Nevertheless, fewer than approximately 1% of the available single-spin
flips change the determinant sign. For the parameter set studied here, the accepted
sign-changing probability is therefore small mainly because sign-changing proposals are

uncommon, rather than because their acceptance probability is particularly low.

These conclusions concern single-spin excitations, and updates that modify several auxiliary-

field variables simultaneously may change the determinant sign more frequently or pro-
duce different effective-energy displacements. This motivates the collective excitations
studied in the following chapter, where their behavior is compared with the single-spin

results established here.
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5. Collective excitations

The previous chapter examined how the determinant sign responds to the smallest pos-
sible modification of the auxiliary field, that being the inversion of a single HS spin. In
the central low-sign region, positive- and negative-weight configurations were found to
respond similarly to these updates. Nevertheless, only of order 1% of the available single-
spin flips changed the determinant sign. Once a sign-changing flip was selected, its ac-
ceptance probability was not particularly small, which indicates that the accepted sign-

changing probability was limited mainly by the rarity of proposals that modify the sign.

This previous result motivates the study of moves that modify several auxiliary-field spins
simultaneously, as such collective modifications may reach opposite-sign configurations
with a higher probability than a single elementary flip. This response may also depend on
how the modified spins are arranged over the space-time lattice. For example, flipping
several consecutive spins along imaginary time need not have the same effect as flipping

the same number of spins at unrelated time slices.

The diagnostics introduced in Chapter 4 are used throughout this chapter and they are
evaluated using the same set of parameters. We begin by defining several families of
collective excitations; we then determine the fraction of proposals that change the deter-
minant sign, the probability that a proposal both changes the sign and is accepted, and the
conditional acceptance probability once a sign-changing move has been selected. The
single-spin results provide the reference against which the collective transformations are

compared.

5.1. Collective excitation families

A general collective excitation is specified by a set A of points on the auxiliary-field space-

time lattice. Its action on a configuration h is
hei— —he;,  (6,0) €A, (5.1)

while all spins outside A remain unchanged. We denote the resulting configuration by & 4.

The ratio of determinantal weights is

Wi(hy,)

RA(h) = W’

(5.2)
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and the corresponding change in effective energy is
Ax (k) = x(h,) — x(h) = = log R 4()|. (5.3)
The excitation changes the determinant sign whenever R 4(h) < 0.

To characterize how accessible these collective moves would be under the usual DQMC
dynamics, we associate each of them with the Metropolis acceptance probability it would
have if proposed as a single move, that is, with all spins in A being inverted simultane-
ously (or one by one with no intermediate acceptance decision). The total ratio in Eq. (5.2)
is then evaluated between the initial and final configurations, and, since these transforma-
tions are their own inverse and they are selected symmetrically within each excitation

family, we obtain the acceptance probability
A(h = hy) =min{1,e4%4}, (5.4)

This is different from performing a sequence of ordinary single-spin updates. In the se-
quential process, every intermediate configuration is subjected to a separate acceptance
decision and influences the following proposal. In a collective excitation, the intermediate
configurations are not visited and only the total change between the two endpoints enters

the acceptance probability.

For a given excitation family, let A,, with a = 1, ..., ng,., denote the possible transforma-
tions. The configuration-dependent sign-changing fraction is defined exactly as in Chap-

ter 4,

1 Nexc

p(h) = 5sgnRAa(h),—1- (5.5)

Rexc 521

Only the set of allowed excitations and its size n.,; change between the different cases.

The other quantities introduced in Chapter 4 are also defined exactly as before.

The first excitation considered is the inversion of a complete fixed-time spatial slice, i.e.,

for all spatial sites at a chosen imaginary-time slice ¢,, we apply the map
hgo,i —> _h€07i’ i = 1, ,N. (56)
Since any of the L slices may be selected, the number of distinct full-slice excitations is

nlice — [, (5.7)
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The complementary transformation is the inversion of a complete fixed-site worldline.
Global updates of this form, involving a line of HS spins at a single spatial site extending
over all imaginary-time slices, were previously introduced in DQMC to alleviate ergodicity
problems at strong coupling [36]. Here, rather than using this transformation as part of
the sampling dynamics, we employ it as a probe of the connectivity between the two sign
sectors. This collective move then corresponds to flipping all auxiliary-field spins along

the imaginary-time axis for a chosen spatial site i,
hg,io — —hg’io, € = 1, ,L. (58)
There is one such transformation for each lattice site, so

poridine — 7 (5.9)

The full-slice and full-worldline excitations probe two qualitatively different organizations
of the auxiliary-field modification. The former is extended in space and localized in imagi-
nary time, whereas the latter is localized in space and extended in imaginary time. Their
direct comparison does not, however, isolate the effect of this organization alone, since
a full slice flips N spins, while a complete worldline flips L spins, and these numbers are
generally different. Any difference between their sign-changing probabilities may there-
fore reflect both their orientation on the space-time lattice and the total number of modified

spins.

To vary the temporal extent continuously while keeping the excitation localized at one
spatial site, we introduce a contiguous fixed-site segment. Choosing a site iy, an initial

time slice ¢,,, and a segment length M, we flip
h€,i0 — —hg’ic, € = €0, ,€0 +M-1 (mOd L), (510)

where the periodic identification reflects the periodicity of the auxiliary field in imaginary
time. For1 < M < L, there are N possible spatial sites and L possible starting slices,
giving

segment

nSeIment A1y = NL. (5.11)

For M = L, the choice of starting slice becomes redundant and the excitation reduces to

the complete fixed-site worldline, leaving only N distinct transformations.
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The segment family interpolates between the two limits

M=1 = single-spin excitation, (5.12)

M=L = complete fixed-site worldline. (5.13)

It therefore makes it possible to increase the number of consecutive time slices involved

in the excitation while keeping it confined to a single spatial site.

Increasing M changes both the number of inverted spins and the length of the interval
over which they are distributed. To determine whether temporal contiguity has an effect
beyond the number of modified spins, we compare the contiguous segment with a random
fixed-site excitation containing the same number M of flips. For a chosen site iy, let £,

be a set of M distinct imaginary-time slices,
Ly cf1,...,L}, |Lp| = M. (5.14)
The corresponding excitation is
hei, — —hejiys € € Ly (5.15)

The contiguous and random excitations therefore modify the same number of auxiliary-
field spins and remain confined to one spatial site. They differ only in their arrangement
along imaginary time, as the contiguous excitation acts on M consecutive slices, whereas

the random excitation acts on M slices selected without imposing any temporal ordering.

The complete family of random fixed-site excitations contains

ngedom(M) = N(]\Ll) (5.16)

distinct transformations. This number grows rapidly with M, making it impractical to eval-
uate every possible random excitation for each stored configuration. As such, direct es-
timates must be obtained from a finite sample of the possible choices and consequently

have substantially poorer statistics than the corresponding contiguous-segment results.

The excitation families introduced above are designed to separate the role of the number
of flipped auxiliary-field spins from the role of their organization in imaginary time. By
varying the segment length M, we can determine how the sign-changing properties evolve
as the temporal extent of the excitation is increased, while the comparison with random
fixed-site excitations at the same value of M keeps both the number of flips and their

spatial support unchanged. Any remaining difference between the two types of excitations
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can therefore be attributed to the temporal contiguity of the flipped spins.

As afinal note, the collective determinant ratios entering our quantities of interest could be
naively computed by just considering a series of single-spin flips, that is, after each such
flip, one would compute the corresponding single-spin ratio, then update the Green func-
tion for the new configuration and so on. Of course, there are no free lunches, and this sim-
ple procedure has the disadvantage of updating the Green function once for each of the
flipped spins, N 4, which comes at a computational and memory cost of order O(N 4N?).
If we compound this with the fact that we must test all ng, excitations, then this ineffi-
ciency becomes clear. Instead, we made use of more efficient algorithmic approaches to

computing these determinant ratios, which are present in Appendix B.

5.2. Spatial and temporal collective excitations

Having defined the different excitation families, we first compare the fixed-time spatial
slice and fixed-site worldline transformations. As in Chapter 4, the configurations are
sampled via the usual DQMC dynamics and the possible excitations are probed without
modifying these configurations. For each stored configuration, all L time-slice excitations
and all N worldline excitations are evaluated. Details of the efficient calculation of the

corresponding determinant ratios are given in Appendix B.

In this chapter, we focus on the integrated quantities (p), , B—_s(x), and A;(x), which
are sufficient to compare how frequently the two excitations change the sign and how

strongly the resulting proposals are suppressed by the Metropolis rule.

Figure 5.1 shows the mean fraction of excitations that change the determinant sign. The
positive-to-negative and negative-to-positive fractions become increasingly similar as the
local average sign approaches zero, following the behavior already observed for single-
spin excitations. However, the two excitation families differ in the magnitude of these frac-
tions, with the worldline excitations changing the determinant sign considerably more of-
ten. The difference is particularly clear in the low-sign region, where the worldline fraction
reaches values of order 1/2, while the spatial-slice fraction remains of order 10~!. Outside
the low-sign region, the probabilities depend strongly on the initial sign, with positive-to-
negative excitations becoming quite suppressed, which reflects the dominance of positive
configurations in those effective-energy shells. Thus, extending an excitation through the

complete imaginary-time direction at one site produces, on average, many more sign
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changes than reversing all spatial spins at one time slice. We emphasize that this com-

parison does not yet determine whether this difference originates from their organization

in space-time.
+- — - 4+
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10° 4 ——  fixed-site worldline - -~ -—=_ o1 - < L=
- o)
10—1 .
S
S 1072 u
1073
107 T T T T T T T T T T T T
8 -7 -6 -5 -4 -3 -2 -8 -1 -6 -5 -4 -3 -2
x/(BN) x/(BN)

Figure 5.1: Mean sign-changing fraction (p)y., for fixed-time spatial-slice and fixed-site worldline excitations.

The left and right panels show positive-to-negative and negative-to-positive excitations, respectively. The

dashed black curve shows the local average sign o(x).
The sign-changing fraction does not account for the change in determinant magnitude
produced by the excitation. Figure 5.2 therefore shows the corresponding accepted sign-
changing probabilities after inclusion of the Metropolis factor. In it we see that the accep-
tance penalty reduces the sign-changing probabilities substantially, which is due to the
fact that these collective sign-changing moves lead to configurations with a larger effec-
tive energy. Nevertheless, the ordering observed in Fig. 5.1 is preserved, with complete
worldlines retaining a larger accepted sign-changing probability than spatial slices, with a

difference of a factor of several.
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Figure 5.2: Accepted sign-changing probability P,_, _,(x) for fixed-time spatial-slice and fixed-site worldline
excitations. The left and right panels show positive-to-negative and negative-to-positive excitations,
respectively. The dashed black curve shows the local average sign o(x).
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The larger sign-changing fraction of the worldline excitation is therefore not canceled by
the larger determinant-magnitude changes associated with it. Complete worldlines not
only produce sign changes more frequently, but enough of these proposals remain ac-

ceptable for their overall accepted probability to remain substantially larger.

To properly determine the origin of this difference, Fig. 5.3 shows the conditional accep-
tance probability A,(x). This figure shows that, whenever any of these excitation families
produces a sign-changing move, the corresponding acceptance probability is quite similar,
with the fixed-time spatial slice having a slight advantage. The larger value of E,_, _,(x) for
worldline excitations therefore does not result from their sign-changing proposals being
more easily accepted, but instead arises primarily because they change the determinant

sigh much more frequently.
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Figure 5.3: Conditional acceptance probability A, (x) for sign-changing fixed-time spatial-slice and fixed-site

worldline excitations. The left and right panels correspond to initially positive and initially negative

configurations, respectively. The dashed black curve shows the local average sign o(x).
The conditional acceptance is also substantially smaller than for the single-spin excita-
tions studied in Chapter 4. While approximately 40-50% of the single-spin sign-changing
proposals were accepted through most of the resolved interval, the collective excitations
typically have conditional acceptances of approximately 10% across much of the most sam-
pled region. Modifying a larger part of the auxiliary field therefore produces a trade-off, as
sign changes become more frequent, but a smaller fraction of them survive the Metropolis
acceptance step. The accepted probabilities in Fig. 5.2, however, continue to depend on
both this acceptance and the number of available sign-changing excitations. The three
figures must therefore be considered together, with (p) , determining how frequently the

sign changes, while A,(x) determines what fraction of those changes is accepted.

For the parameters studied here, complete fixed-site worldlines are consequently more
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effective than fixed-time spatial slices at producing accepted sign changes. As noted
previously, this comparison alone cannot determine whether this enhancement results
from the organization of the excitation itself, due to the difference in the number of spins
flipped. We next address this distinction using contiguous fixed-site segments of variable
length M, as these moves allow the response to be followed continuously between the

single-spin and complete-worldline limits.

5.3. Dependence on the segment length

The comparison in the previous section showed that complete fixed-site worldlines pro-
duce sign changes much more often than fixed-time spatial slices. Since these transfor-
mations modify different numbers of auxiliary-field spins, that comparison does not really
reveal how the sign-change frequency develops as the temporal extent of the fixed-site
excitation is increased. We therefore consider contiguous fixed-site segments of variable
length M, which allow us to interpolate between the single-spin limit at M = 1 and the

complete-worldline limit at M = L.

As before, we focus on the integrated quantities (p),. ,, F,—._(x), and A,(x), which directly

show how the sign-changing and acceptance probabilities evolve with the segment length.

Figure 5.4 shows the mean sign-changing fraction for segment lengths ranging from M =
1to M = L = 128, in which the shortest segment reproduces the single-spin result of

Chapter 4, while the longest reproduces the fixed-site worldline result of Sec. 5.2.

M=16 — M=96
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Figure 5.4: Mean sign-changing fraction (p) . for contiguous fixed-site segments of different lengths M. The
left and right panels show positive-to-negative and negative-to-positive excitations, respectively. The dashed
black curve shows the local average sign o(x). The cases M =1 and M = 128 correspond to the single-spin
and complete-worldline limits, respectively.

Increasing the segment length produces a strong enhancement in the average probability

of the excitation changing the sign. In the relevant low-sign region, the single-spin value is
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of order 1072, whereas the corresponding probability for segments extending over several
consecutive time slices eventually approaches one half. In that limit, sign-changing and

sign-preserving segment excitations become equally frequent.

Moreover, just as before, the asymmetry between the two initial signs remains visible
outside the low-sign region, with negative-to-positive excitations being more common. In
either case, increasing M typically extends the range over which positive-to-negative sign
changes are observed and, within the low-sign region, the two directions become similar

independently of the segment length.

It is also relevant to note the non-monotonicity in the segment length as one approaches
the full worldline limit, which is particularly visible outside the low-sign region. This could
already indicate an advantage of intermediate-length segments before even accounting
for the larger Metropolis penalty naturally associated with larger excitations. To better

analyze this we move on to the accepted sign-changing probabilities of Fig. 5.5.

100,

Figure 5.5: Accepted sign-changing probability P,_, _,(x) for contiguous fixed-site segments of different
lengths M. The left and right panels show positive-to-negative and negative-to-positive excitations,
respectively. The dashed black curve shows the local average sign o(x).

For the shortest segments, the accepted sign-changing probability increases rapidly with
M, which is particularly clear when comparing the single-spin result with segments of
length M = 8, 16, or 32. Longer segments are therefore able to produce accepted sign
changes substantially more frequently than the elementary update but, unlike the mean
sign-changing fraction, the accepted probability does not continue to increase systemat-
ically up to the complete-worldline limit. Within much of the low-sign region, the largest

values are obtained for intermediate segments, and so the effectiveness of an excitation

cannot be inferred from its sign-changing fraction alone.
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To better analyze this dependence on the segment length, we now fix the initial effec-
tive energy near the peak of the canonical distribution, which for this set of parameters
takes the value X, = —3.23, and evaluate the three diagnostics as functions of M. The

resulting behavior is shown in Fig. 5.6.
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Figure 5.6: Dependence of the sign-changing response on the length M of a contiguous fixed-site segment at
Xpeak = —3.23. The upper panel shows the mean sign-changing fraction {P)x,o, the middle panel the
accepted sign-changing probability P,_, _5(x), and the lower panel the conditional acceptance probability
A(x). Blue and red curves correspond to initially positive and initially negative configurations, respectively.
The horizontal dashed lines indicate the corresponding values for the fixed-time spatial-slice excitation.

The three quantities display clearly the competition already suggested by Figs. 5.4 and
5.5. The mean sign-changing fraction increases strongly with the segment length and
approaches values of order one half for the longest segments, meaning that these col-
lective modifications encounter the opposite sign sector increasingly often. At the same
time, the conditional acceptance probability decreases steadily with M, falling from the
single-spin value of roughly 40—50% to only a few percent for the longer segments. The
accepted sign-changing probability therefore results from a balance between these two

effects and reaches its largest values at an intermediate segment length, around M ~ 32

for the parameters considered here, before decreasing again.
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A particularly useful comparison is obtained at M = 16 = N. A contiguous segment of
this length and a complete fixed-time spatial slice both modify exactly 16 auxiliary-field
spins for our parameter choice, yet their sign-changing properties are markedly different,
with the contiguous segment producing sign changes more easily. The number of flipped
spins alone is therefore clearly insufficient to characterize the effect that a collective trans-
formation has on the determinant sign, as their arrangement in space and imaginary time
also plays an important role. To further investigate this dependence, we next compare
contiguous segments with random collective excitations containing the same number of

flipped spins.

5.4. Contiguous and random fixed-site excitations

The results of the previous section show that the sign-changing properties of collective ex-
citations are not determined solely by the number of auxiliary-field spins that are modified.
In particular, we saw that a contiguous fixed-site segment produces sign changes more
easily than a complete fixed-time spatial slice of the same size. To better isolate the role
that temporal contiguity might have, we now compare the contiguous fixed-site segments
with the random fixed-site excitations introduced in Sec. 5.1. Both collective moves share
the same spatial support and the number of flipped spins but differ in their arrangement

along imaginary time.

The comparison is carried out in three stages. We first examine direct measurements ob-
tained by explicitly sampling random fixed-site excitations. Because the number of possi-
ble random choices grows combinatorially with M, these measurements become statisti-
cally noisy when only a finite subset can be evaluated. We then construct a smoother ap-
proximation from the accurately measured single-spin displacement distributions, which
is verified to somewhat follow the noisier curves of the random fixed-site excitations, par-
ticularly for smaller excitation sizes, and to follow quite closely the curves for fully random
excitations. Finally, this reconstructed random baseline is compared with the contiguous-
segment results in order to determine whether temporal contiguity produces an additional

enhancement beyond the effect of increasing the number of flipped spins.

5.4.1 Direct random fixed-site excitations

For a fixed segment length M, the complete random excitation family contains

nSedem(M) = N(1\L4) (5.17)
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possible transformations. This number becomes too large for all of them to be evaluated
for every stored configuration, even for moderate values of M. We therefore sample a

finite number ng,y,, of random excitations uniformly from the complete family.

For a configuration h, the directly sampled estimate of the sign-changing fraction is

n

R 1 samp

pM(h) = Z 5sgnRAa(h),—1’ (5-18)
samp -1

where each A, contains M distinct time slices at a fixed spatial site. When the excita-
tions are sampled uniformly, Eq. (5.18) provides an unbiased estimate of the fraction over
the complete random family. Its statistical fluctuations nevertheless increase when sign-
changing excitations are rare or when the number of sampled transformations is small

compared with the total number of possible choices.

Each set of M flips is treated as one collective proposal. The determinant ratio is evalu-
ated between the initial configuration and the configuration obtained after all M spins have
been inverted through successive single-spin flips, without applying acceptance decisions
to the intermediate configurations. Thus, no efficient single determinant calculation is im-
plemented in this case, in contrast to the other excitation types, which further complicates

the measurements of the quantities of interest.

Figure 5.7 shows the resulting mean sign-changing fractions for the random fixed-site
excitations. The case M = 1 reproduces the single-spin result, for which every possible
excitation can be evaluated. For M > 1, only a finite sample of the much larger random

family is used.
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Figure 5.7: Mean sign-changing fraction (p)x,g obtained by directly sampling random fixed-site excitations
containing M flipped auxiliary-field spins. The left and right panels show positive-to-negative and
negative-to-positive excitations, respectively. The dashed black curve shows the local average sign o(x).
The case M = 1 corresponds to the single-spin limit.
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The direct measurements show that the probability of changing the determinant sign in-
creases strongly with the number of randomly selected time slices. In the low-sign region,
the single-spin probability is of order 1072, while the largest values of M considered pro-
duce sign-changing fractions of order 10~! and approach one half, which is a behavior
similar to that seen for the contiguous segments. Randomly modifying a larger portion of

a fixed-site worldline therefore makes a sign reversal progressively more likely.

The curves for M > 1 display visible bin-to-bin fluctuations, particularly in regions where
the underlying sign-changing probability is small. These fluctuations arise both from the

rarity of sign-changing moves and from the finite sampling of the random excitation family.

Despite this noise, the direct results establish the main qualitative behavior. Increasing M
also increases the sign-changing fraction when the flipped spins are distributed randomly
along the same worldline. The growth observed for contiguous segments therefore cannot
by itself be attributed to temporal contiguity, since part of it follows simply from modifying

a larger number of auxiliary-field spins.

5.4.2 Fixed-shell reconstruction from single-spin excitations

The direct random-excitation measurements provide the desired sign-changing probabili-
ties without additional approximations, but their statistical precision is limited by the num-
ber of random subsets that can be sampled for each configuration. A smoother reference
can be constructed from the much more accurately determined single-spin distributions
of Chapter 4. The basic idea is to approximate a random M-spin excitation as the combi-

nation of M independent single-spin contributions.

Let
p1(Ax, 0’ | x,0) (5.19)

denote the joint distribution of the effective-energy displacement and final sign produced
by a single-spin excitation. Starting from a configuration in the shell (x, o,), we combine
successive draws from this distribution while updating the sign after every contribution.
The effective-energy shell used to select the elementary distribution is, however, kept
fixed at its initial value x. For this reason, we refer to the construction as a fixed-shell

convolution.
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If Ax; denotes the displacement associated with the jth spin flip, the total displacement

after M draws is
M
AXpy = ). Ax;. (5.20)
j=1
We denote the resulting distribution by
pg\gnv(AX’ oM | X, 0'0). (521)
Starting from the measured single-spin distribution,
PP (AX, 01 | X, 09) = p1(AX, 07 | X, 0p), (5.22)

the distribution for m + 1 contributions can be obtained recursively as

conv

PN (AX, Gy | X,09) = d(AY) pSM(AY Oy | X, 0)
om=%1 (5.23)

X p1(AX =AY, Gy | X, Op).

More concretely, the full distribution p$3™ (AX, oy | x, 0y) can be written as a convolution

of the single-spin distributions,

M M M
PV (AX, oy | X,00) = ), /Hd(ij) [1piax; 051 x, Uj—l)a(AX— 2 ij)'
j=1 j=1 =

T1seees OM-1

(5.24)

The reconstructed sign-changing fraction is then obtained by integrating over the final

sector with the opposite sign,

(o, = f d(AX) pE™(AX, —3 | x, ). (5.25)

No Metropolis decision is applied between the individual contributions in this construction
and so the M draws are combined into a single excitation, so that the intermediate signs
only determine which single-spin distribution is used for the following contribution. This
distinguishes the reconstruction from an actual sequence of M ordinary DQMC updates,

which will be considered separately in Sec. 5.5.

The construction makes two important approximations. First, the elementary contributions
are treated as independent, as the virtual intermediate configurations are uncorrelated.
Second, their displacement distributions are always evaluated at the initial effective en-

ergy x, rather than at the value reached after the preceding contributions, which is justified



FCUP | 87
Studies of the sign problem in determinant quantum Monte Carlo

by the relatively small support of the p(Ax, ¢’ | x, o) distributions of Chapter 4. In addition,
the construction contains no constraint forcing the M contributions to belong to the same
spatial site or to form any particular arrangement in imaginary time. It should therefore be
regarded as an independent-spin baseline whose relation to the different random excita-

tion families must be tested numerically rather than as an exact reconstruction.

Figure 5.8 compares this approximation with the direct random-excitation measurements
of the previous subsection. Solid curves show the directly sampled results, while colored

dashed curves show the fixed-shell reconstruction.
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Figure 5.8: Comparison between the directly sampled and reconstructed mean sign-changing fractions for
random fixed-site excitations. Solid curves show direct measurements obtained by sampling random sets of
M distinct time slices at one spatial site, while colored dashed curves show the fixed-shell reconstruction
obtained from the single-spin displacement distributions. The left and right panels correspond to
positive-to-negative and negative-to-positive excitations, respectively. The dashed black curve shows the
local average sign o(x).

For the shortest excitations, the reconstructed curves closely follow the directly sampled
results. The agreement remains good throughout much of the low-sign region for interme-
diate values of M, reproducing both the increase of the sign-changing fraction with M and
the tendency of the positive-to-negative and negative-to-positive probabilities to become
comparable. The reconstruction also removes the strong bin-to-bin fluctuations present

in the direct measurements where sign-changing events are rare.

The agreement becomes progressively less accurate for the longest excitations. The
largest deviations are visible for M = 64, for which the directly sampled sign-changing
fractions can be substantially larger than the reconstructed values, particularly away from
the center of the low-sign region. Smaller differences are already visible for M = 16. The
fixed-shell construction therefore captures the general dependence on x and M, but does
not reproduce all of the structure that develops when a large fraction of a worldline is

modified simultaneously.
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A plausible interpretation of this discrepancy is that it already reflects the effect of temporal
contiguity within the direct random excitations. The reconstruction combines independent
single-spin contributions and therefore resembles a set of flips that are distributed without
any temporal structure. The directly sampled random excitations, however, are restricted
to a single spatial site. When M becomes a sizable fraction of L, a random subset of time
slices on one worldline inevitably contains many neighboring slices and short contiguous
segments. In particular, for M = 64 and L = 128, half of the slices of the worldline are
flipped, so substantial local contiguity becomes unavoidable even though no consecutive
block is imposed explicitly. The direct random excitations may therefore already contain
some of the temporal structure that is absent from the fixed-shell reconstruction. To verify
this hypothesis, we repeat the direct measurement using fully random excitations, in which

the M flipped spins are selected uniformly from the complete space-time lattice.

For a fully random excitation, the set of flipped variables is chosen from all NL space-time

points,
Ly c{,i):¢=1,..,L,i=1,...,N}, |Lp| = M. (5.26)
The complete family therefore contains
NL
waron = () 5.27)

possible transformations. As for the random fixed-site excitations, only a finite subset is

sampled directly for each stored configuration.

Figure 5.9 compares these direct measurements with the same fixed-shell reconstruction
used above. Solid curves show the finitely sampled fully random excitations, while dashed

curves show the reconstruction from the single-spin distributions.

In contrast with the random fixed-site excitations, the fully random measurements follow
the reconstructed curves closely over the complete range of M considered. The agree-
ment remains very good even for M = 32 and M = 64, for which clear systematic differ-
ences were observed when the flipped spins were restricted to a single worldline. Instead,
the comparison indicates that the fixed-shell construction provides a good approxima-
tion to excitations composed of spins distributed randomly over the complete space-time
lattice. The discrepancy observed for random fixed-site excitations at large M is conse-
quently associated with the restriction of all flipped variables to a common worldline. When

M/L becomes appreciable, this restriction necessarily produces neighboring flipped time
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Figure 5.9: Comparison between the directly sampled fully random excitations and the fixed-shell
reconstruction. Solid curves show direct measurements obtained by selecting M distinct auxiliary-field spins
uniformly from the complete space-time lattice, while dashed curves show the reconstruction obtained from

the single-spin distributions. The left and right panels correspond to positive-to-negative and
negative-to-positive excitations, respectively. Colors indicate the number M of flipped spins.

slices and short contiguous groups even though no contiguous segment is imposed ex-

plicitly.

The two direct comparisons therefore reveal a progression in the organization of the ex-
citation. Fully random spins are well described by the independent-spin reconstruction,
while restricting the same number of flips to one worldline produces systematic devia-
tions as temporal contiguity becomes important. The contiguous segments studied in
Sec. 5.3 represent the limiting case in which this temporal organization is imposed ex-
plicitly. Nevertheless, this fixed-shell convolution remains a good approximation for the

random fixed-site excitations.

5.4.3 Effect of temporal contiguity

The previous comparisons provide a reference against which the effect of temporal con-
tiguity can be examined, as the fixed-shell convolution closely reproduces excitations in
which the M flipped spins are distributed randomly over the complete space-time lattice.
Random fixed-site excitations also remain close to this baseline for small and intermediate
values of M, particularly from M = 1 up to M = 16, indicating that restricting the flipped
spins to a common worldline has only a minor effect while the selected time slices re-
main sparse. For this reason, we now restrict ourselves to this range of segment lengths
and compare the contiguous segments of Sec. 5.3 with the fixed-shell convolution to deter-
mine if the differences between the contiguous and reconstructed curves can be attributed

primarily to the imposed temporal organization of the former.
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We first consider the mean sign-changing fraction. Figure 5.10 compares the contiguous-
segment results with the fixed-shell reconstruction for equal values of M. Solid curves

show the contiguous excitations, while dashed curves show the reconstructed random

baseline.
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Figure 5.10: Comparison between the mean sign-changing fractions of contiguous fixed-site segments and
the fixed-shell random baseline. Solid curves show contiguous segments, while dashed curves show the
reconstructed random fixed-site excitations obtained from the fixed-shell convolution of the single-spin
distributions. The left and right panels correspond to positive-to-negative and negative-to-positive excitations,
respectively. The dashed black curve shows the local average sign o(x).

The contiguous segments produce a systematically larger sign-changing fraction than
the random baseline over most of the low-sign region. The difference is relatively small
for M = 2 and M = 4, but becomes increasingly pronounced for M = 8 and especially
M = 16. This behavior is observed for both sign-changing directions. Thus, the advantage
of the contiguous excitation develops progressively as a longer interval of imaginary time
is modified coherently and this enhancement is therefore not simply a consequence of

modifying more auxiliary-field variables, since M is held fixed in each comparison.

We note that the effect is not uniform over the complete effective-energy interval. Toward
the upper boundary, the contiguous and reconstructed curves approach one another and
can change their relative ordering. Nevertheless, the clearest enhancement is found in

the central low-sign region, which is also the region sampled in a usual DQMC simulation.

A relative enhancement of the same magnitude is observed even when accounting for the
acceptance-decision penalty, as can be seen in the accepted sign-changing probabilities

of Fig. 5.11 for the same set of segment lengths.

The comparison of Figs. 5.10 and 5.11 also shows that the advantage of temporal con-
tiguity grows progressively with the length of the excitation. For the shortest segments,

imposing contiguity produces only a modest change relative to randomly distributed flips.



FCUP | 91
Studies of the sign problem in determinant quantum Monte Carlo

0.10 to - -+
—_— M=2 M=16 ! !
—_— M=4 === o(x) : II
0.08 - M8 ! | i
| |
— 1
= 0.06 ! | :
< i :
’ : ]
£0.041 ' ! ]
A \ )
‘\ !
0.02- \ SR\
. “- ,’,ll =\ \
8 -7 -6 -5 -4 -3 -2 -8 -7 —6 -5
X/(BN) x/(BN)

Figure 5.11: Comparison between the accepted sign-changing probabilities of contiguous fixed-site segments
and the fixed-shell random baseline. Solid curves show contiguous segments, while dashed curves show the
reconstructed random fixed-site excitations obtained from the fixed-shell convolution of the single-spin
distributions. The left and right panels correspond to positive-to-negative and negative-to-positive excitations,
respectively. The dashed black curve shows the local average sign o(x).

For longer segments, the difference becomes much more pronounced, indicating that the
determinant responds to modifications extending over a finite interval of imaginary time

rather than only to the number of auxiliary-field spins that are inverted.

The results of this section therefore show that collective excitations are sensitive not only
to the number of modified auxiliary-field variables but also to their arrangement along imag-
inary time. Contiguous fixed-site segments provide a more effective route between the
two sign sectors than a comparable set of randomly distributed flips, and this advantage

remains after the Metropolis acceptance criterion is applied.

5.5. Collective excitations and local-update dynamics

The comparisons above concern different collective proposals evaluated from the same
initial configuration. They do not yet determine whether a collective segment is more
effective at changing the determinant sign than the standard DQMC dynamics itself. In the
usual Markov chain, the same number of single-spin proposals is performed sequentially,
with an acceptance decision after every step and with each subsequent proposal acting
on the resulting intermediate configuration. As such, the auxiliary field evolves through
a correlated sequence of single-spin proposals and independent acceptance decisions.
The configuration reached after several such updates therefore depends on all accepted
and rejected proposals along the intermediate trajectory and intermediate configurations

may also contribute to the sampling.

To characterize this process directly, we measure sign-transition probabilities at a finite

lag in the ordinary DQMC Markov chain. The idea is to measure the probability that a
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configuration which, at some MC time, belongs to a given sign-resolved x-shell (x, o) has
sigh —o after a fixed number M of elementary proposals. With that in mind, we let h;
denote the configuration after the tth elementary Metropolis proposal, including rejected

proposals, and define
xt = x(ht), O't = S(ht). (528)

One unit of MC time in this section therefore corresponds to one single-spin proposal
rather than one complete sweep. For instance, if M = 2, the corresponding transition
contains all possible two-proposal histories, including accept-accept, accept-reject, reject-
accept, and reject-reject events. This measured quantity is therefore a property of the
Markov chain, not an artificial process in which every proposed spin flip is forced to be

accepted.

For a lag M, we denote this probability of inverting the sign of a configuration initially in

the shell (x, o) after M Markov-chain steps by
Py(—0o | x,0) = Pr[at+M =—0|x; EBy, 0, = a], (5.29)

where B, denotes the effective-energy bin containing x. We note that the conditioning
refers only to the configuration at the initial time t. During the following M proposals,
both the sign and the effective energy are free to evolve according to the usual DQMC
dynamics. In practice, this probability can be estimated directly from the Markov-chain
time series. For every configuration h; whose effective energy lies in B, and whose sign
is o, we inspect the configuration M elementary proposals later and record whether its
sign is —a. We therefore define the number of eligible initial configurations in a Markov
chain with T proposals as

T

Hy(x,0) = D A[x;p € By, 04y = 0], (5.30)
t=M

where 1[---] is the characteristic function, and the number of those configurations that
have the opposite sign after M proposals as

T
Hy(—0 | x,0) = D) 1[x;_y € By, 0,y = 0, 0, = —0]. (5.31)
=M

The measured transition probability is then

Hy(—0o | x,0)

(5.32)
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This procedure uses the actual sequence generated by the DQMC simulation. In particu-
lar, rejected proposals are retained in the time series and therefore contribute naturally to
the estimator. No assumptions are made about the intermediate configurations between
t — M and t, and as such the chain may change sign several times, move between dif-
ferent effective-energy shells, or remain unchanged during rejected proposals. Only the
sign of the configuration after exactly M elementary proposals is recorded. Naturally, in

the infinite-sample limit, the measured probability converges to the desired probability,
TIim Py(=0o | x,0) = Py (—0o | x,0). (5.33)

It is relevant to note that, since the conditioning in Eq. (5.32) applies only to the initial

configuration, as M increases, the chain can move progressively farther from its initial

state and eventually lose memory of both x; and o;. Assuming an equilibrated ergodic

chain,
A}im Py(—o| x,0) =P, (5.34)

where E; is the global probability of a configuration having sign o under absolute-weight

sampling. Since

<S>|W| = P+ —-P, (535)
the probability B, is given by
1+0(s)
p=— " (5.36)
2
Consequently,
1 — a(s)w)

NIIILnoo Py(—o | x,0) = (5.37)

2

This limit is independent of the initial effective energy and approaches 1/2 if the average

sign is reduced, which is the case for the present set of parameters.

Figure 5.12 shows the measured transition probabilities for lags ranging from M = 1 to

M = 21, the latter corresponding to 16 MC sweeps.

The probability of finding the opposite sign increases systematically with the lag. For
M = 1, sign changes remain rare, in agreement with the single-spin results of Chapter 4.

As more local proposals are allowed, the chain has a greater probability of reaching the
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Figure 5.12: Lagged sign-transition probability Pys(—o | x, o) measured from the ordinary single-spin DQMC
Markov chain. The left and right panels correspond to positive-to-negative and negative-to-positive
transitions, respectively. The colorbar indicates the number M of elementary Metropolis proposals separating

the initial and final configurations. The dashed red curve shows the large-M limit of Eq. (5.37) and the dashed
black curve shows the canonical distribution of Eq. (3.32).

opposite sign sector, and the transition probability rises throughout the sampled effective-
energy interval. Eventually, the curves flatten and converge to a value near 1/2, in agree-
ment with the prediction given by (5.37), since the parameter choice here is such that

<S>|W| is very close to zero.

We now use these probabilities to compare the ordinary DQMC dynamics with the con-
tiguous collective excitations. For a segment of length M, the collective process inverts M
consecutive auxiliary-field spins and applies a single Metropolis decision to the complete
transformation, while the usual absolute-weight dynamics instead performs M sequential

single-spin proposals, each with its own acceptance decision. A natural comparison is

therefore

seg

Py (-0 | x,0) and B (M), (5.38)

where the two processes involve the same number M of proposal attempts and elementary

spin flips, respectively.

Figure 5.13 shows this comparison for M = 1 through M = 128 for the effective-energy
shell containing the peak of the canonical distribution. The blue curve corresponds to the
lagged probabilities of the ordinary Markov chain, while the red curve shows the accepted

sign-changing probabilities of the contiguous segments.

For M = 1, the two curves coincide, as expected since they correspond to the same sin-
gle spin-flip process, but they immediately deviate as one increases the segment length.

The contiguous segments produce opposite-sign configurations more frequently than the
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Figure 5.13: Comparison between sign changes generated by the ordinary DQMC dynamics and by

contiguous collective excitations at the canonically most relevant effective energy X,eax = —3.23. The blue

curve shows the lagged probability Py;(—o | x, o) of finding the opposite sign after M sequential single-spin

Metropolis proposals, while the red curve shows the accepted sign-changing probability for a single

contiguous segment containing M flipped auxiliary-field spins. Since the transition probabilities P, _,_ and

P__, . were closely matched, only their average is shown. The black dashed line shows the reference linear

scaling MP,_, _5(x; M =1).
absolute-weight dynamics and the corresponding sign-changing probabilities follow an
initially linear scaling, but they lose that relative advantage for longer segment lengths,
particularly past M = 32. That loss of advantage is due to the already described de-
crease in the conditional Metropolis acceptance in Sec. 5.3, which is caused by the larger

effective-energy displacements of the longer collective moves.

The ordinary dynamics instead displays a monotonic increase with M, following a sublin-
ear scaling in the shown range of M. Successive single-spin proposals allow the Markov
chain to progressively lose memory of its initial sign, so its probability of being found in
the opposite sign sector continues to grow even after the collective probability has begun
to decrease. The local-update dynamics therefore overtakes the contiguous excitation
between M = 32 and M = 64 for the parameters considered here. The enhancement
associated with a single contiguous excitation is thus restricted to an intermediate range

of M and does not persist for the larger segment lengths.

Based on these results, an additional hypothesis may be made on the reason that longer
segment lengths show a decrease in the sign-changing acceptance probabilities. Large
collective moves, just like the ordinary DQMC dynamics at longer lags, may facilitate the
loss of memory of the initial sign. For a low-sign regime, this may mean that the proba-

bility of a proposed large collective update causing a sign inversion may be close to 1/2,
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analogous to the prediction in Eq. (5.37). Indeed, this saturation near 1/2 was observed
in Fig. 5.4 for the probability of proposing a sign-changing move. However, it is not ex-
pected that such a saturation happens at the level of the corresponding effective-energy
displacement, which is exactly the cause of the decrease of the P,_,_,(x) probability in

Fig. 5.5.

Finally, this comparison complements the fixed-shell convolution comparison of the previ-
ous section because Py (—0o | x, o) is measured directly from the ordinary DQMC trajectory.
It therefore includes the correlations between the successive proposals, rejected updates,
drifts in the effective energy, and the dependence of each proposal on the previous con-
figurations of the Markov chain. At intermediate M, the larger probability obtained from
a contiguous excitation provides further evidence that such temporally organized collec-
tive moves may be more efficient at affecting the sign than the sequential single-spin flip

dynamics.
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6. Conclusions and outlook

The sign problem in DQMC is characterized by the reduced value of the average sign of
the determinantal weights, which directly decreases the statistical accuracy of reweighted
MC estimates at a fixed number of samples. This global quantity, however, does not
describe how positive- and negative-weight configurations are organized within the space
of auxiliary-field configurations, nor how easily a DQMC simulation can move between
them. The purpose of this dissertation was to investigate this internal structure in DQMC,
using the magnitude of the configuration weight to organize the configuration space and
different classes of moves in this space to probe the connectivity between the two sign
sectors. This type of characterization is an essential first step towards the goal of, faced

with a fermionic model of interest, identifying the most efficient MC sampling prescription.

A central step in this program was the recognition that the quantity x = —log |W/|, which
we designated by effective energy, is extensive in both inverse temperature and system
size, which motivated introducing the intensive variable X = x/(8N) and made x a nat-
ural coordinate for describing the structure of the auxiliary-field configuration space. By
resolving the number of configurations at fixed x according to their determinant sign we
were led to the sign-resolved entropies S, (x) and S_(x). These were found to have very
similar extensive behavior, while their relatively small difference AS(x) quantifies the lo-
cal relative number of positive and negative configurations. In the regime where the sign
problem becomes severe, a broad region in this effective-energy space develops in which
both signs occur with nearly equal multiplicity. At the same time, the canonical distribu-
tion of the determinantal weights becomes increasingly concentrated in this same region.
We therefore established that the small average sign can be understood as arising from
the sampling of effective-energy shells in which two exponentially large populations of

configurations almost cancel.

This near equality of the populations belonging to either sign sector does not imply that the
corresponding configurations are locally well connected. By exhaustively probing neigh-
bors connected via single-spin moves to configurations at fixed effective energy, we found
that sign-changing moves remain rare even inside the region where positive and negative
configurations occur with almost equal frequency. This establishes an important distinc-
tion between the relative abundance of the two signs and their connectivity under the

elementary single-spin move employed by conventional DQMC simulations.
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Including the Metropolis acceptance factor further showed that, for the parameter regime
studied here, the rarity of sign-changing proposals is more restrictive than their subse-
quent acceptance. This motivated the study of collective auxiliary-field moves, to deter-
mine whether stronger connections between the two sign sectors emerge under transfor-

mations beyond the elementary single-spin update.

The collective moves studied reveal that this is indeed the case. Inverting a complete
fixed-site worldline produces sign changes considerably more frequently than inverting a
complete spatial slice. Contiguous fixed-site segments allowed us to interpolate continu-
ously between a single-spin excitation and a complete worldline. As the segment length
M increases, the probability of changing the determinant sign rises strongly, while the con-
ditional Metropolis acceptance decreases, producing an intermediate range of segment
lengths for which accepted sign changes are most frequent. By comparing excitations
involving the same number of flipped spins, we established that this improvement cannot
be attributed solely to the number of modified auxiliary-field spins, since their arrangement

in space and imaginary time also has a significant effect.

The importance of this arrangement was confirmed by comparing contiguous segments
with fully random excitations, the latter of which were accurately reproduced via a fixed-
shell convolution. The former displayed an enhanced sign-changing probability over the
random spin baseline, which remained substantial even after accounting for the Metropolis
factor. Since these excitation types differ primarily through the organization of the modified
spins, this improvement indicates that the determinant sign is sensitive to correlations
along imaginary time and identifies temporal contiguity as a particularly effective way of

connecting the two sign sectors.

The comparison with the actual local-update dynamics addresses a complementary ques-
tion, since, by measuring the determinant sign after exactly M proposals of an ordinary
DQMC simulation, we incorporate rejected moves, correlations between successive up-
dates, and the drift of the configuration through effective-energy space. A single contigu-
ous collective proposal at the same update scale M was found to be more effective at
producing a final configuration with the opposite sign than the standard DQMC dynam-
ics for intermediate segment lengths. Because these two processes differ both in how
the Metropolis criterion is applied and in the number of auxiliary-field spins that are ulti-
mately flipped, this comparison does not isolate the effect of temporal contiguity. However,

together with the comparison with the random excitations, it shows that such organized
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collective moves can explore the two sign sectors more effectively than the standard local-

update dynamics over an intermediate range of M.

Taken together, these results distinguish between the statistical balance of the two sign
sectors, their connectivity under different classes of auxiliary-field excitations, and how
easily the standard DQMC dynamics moves between the two sign sectors. While positive-
and negative-weight configurations can occur with nearly equal frequency in parameter re-
gions where the average sign is very small, they remain only sparsely connected through
single-spin moves, whereas substantially stronger connections appear under collective
moves, particularly those organized along imaginary time. The severity of the sign prob-
lem and the ability of the Markov chain to explore the two sign sectors are therefore related,

but distinct, problems.

This distinction may also have practical consequences in the quest to efficiently improve
the accuracy of DQMC simulations when the physical parameters of interest fall in a
range associated with a severe sign problem. In this regard, it is important to emphasize
that the small average sign itself cannot be improved by changing the MC updates, since
it is a property of the equilibrium ensemble. Nevertheless, if the Markov chain moves
slowly between the two sign sectors, a long autocorrelation time of the sign may cause
the simulation to spend a disproportionate amount of time in one sign sector, leading to
an increased error bar for the estimated average sign. Since reweighted observables
depend on both (sO) and {s), this effect may introduce an additional inefficiency in the
sampling procedure, which adds to the intrinsic statistical cost associated with the sign
problem. Collective moves that enhance mixing between the two sign sectors could help

reduce this additional dynamical source of inefficiency.

Materializing such type of improvement requires going beyond the diagnostic calculations
performed in this work, since the collective excitations were not incorporated into the
Markov chain. Furthermore, we note that a larger probability of reaching the opposite
sign does not necessarily imply a shorter autocorrelation time or smaller error bars for
a physical observable, although fixed-site worldline updates have previously been used
to improve DQMC ergodicity [36]. A direct test would therefore consist of introducing
collective moves in an otherwise conventional DQMC simulation and measuring their

effect on the autocorrelation times of the sign and of physical observables.

Another natural extension is to determine how general the configuration-space structure
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found here is. The sign-resolved entropy analysis was performed at fixed chemical poten-
tial, interaction strength and lattice geometry, while the excitation analysis was restricted
to a single point in the parameter space of the Hubbard model. Extending these calcula-
tions across other parameter ranges and lattice geometries would reveal whether the rela-
tive advantage of collective moves remains more broadly as the physical parameters and
severity of the sign problem are varied. In particular, the sign-resolved entropy analysis
could provide a more detailed characterization of the distinction identified in Ref. [29], be-
tween a reduced average sign intrinsic to the configuration space and those enhanced by
absolute-weight sampling. By resolving the relative abundance of positive- and negative-
sign configurations as a function of x, and combining this with the distribution of x selected
by the sampling procedure for the models studied in said reference, one could better de-
termine whether the small average sign arises predominantly from a local sign balance
of typical regions of configuration space, or instead arises because absolute-weight sam-
pling is concentrated in regions which have a similar number of positive- and negative-sign

configurations.
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A. DQMC derivations

A.1. Trace-determinant identity

The goal of this appendix is to derive the trace-determinant identity in Eq. (2.33), which
is a central step in the determinantal formulation of the partition function, by converting
a trace over the fermionic Fock space into a determinant over the single-particle Hilbert

space. Let us then consider a collection of quadratic fermionic operators
N
0= Z éj[Aﬁ]ichja (A.1)
where A, is the corresponding N x N single-particle matrix. We wish to show that
L L
[ | =det|1+]]e*]. (A.2)
€=1 =1

where the products follow the convention adopted throughout this thesis,

Tr

L
[ e = etretrr e, (A.3)
€=1

and similarly for the many-body operators A,.

The first step is to determine how the exponential of a quadratic operator acts on the

fermionic creation operators. Using the canonical anticommutation relations,
{en¢j} = 6y, (A4)

one finds

=Y clAclu (A5)
i
Introducing the row vector of creation operators
¢=(d & - e (A6)
Eq. (A.5) may be written compactly as

[A,, é1] = é%A,. (A7)
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Repeated commutation therefore gives

~ ~

[A€’ [Aé’ [A\é”éﬁ] ]] = CATA? (A8)

after n commutators. Applying the Baker-Hausdorff lemma [58] then yields

= ¢feAr, (A.9)

Thus, although eAe acts on the complete fermionic Fock space, its action on the creation

operators is completely determined by the single-particle matrix e“¢.

Consider now the many-body operator

L
=] (A.10)

£=1

Successive application of Eq. (A.9) gives

et = etu, (A.11)
where
L
uU=JJer (A.12)
=1

is the single-particle representation of i.

To evaluate its trace, first suppose that U is diagonalizable, with eigenvalues 4, ..., An
and eigenbasis {|n,, ..., ny) : n, € {0,1}}. Since each occupied single-particle state con-

tributes one factor of its corresponding eigenvalue, the action of U onits eigenstates is

N
U|ny,ng, . ny) = (H/lga) Iny,ny, ..., nN). (A.13)
a=1

The trace over the complete Fock space is therefore

N
Tt =3 LA

{ng}a=1

N
=[]+ ) (A.14)
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On the other hand,

N

det(I + 1) = [ (@ + 2a). (A.15)
a=1
Combining Egs. (A.14) and (A.15) gives
Tr Ul = det(I + U). (A.16)

Using Egs. (A.10) and (A.12), we finally obtain the desired identity in Eq. (A.2).

A.2. Equal-time Green-function representation

In this appendix, we derive the representation of the Green function in terms of the short-
time propagators B, given in Eq. (2.59). For a fixed auxiliary-field configuration, we

denote the imaginary-time propagator from 7 = 0 to the slice ¢ for the spin sector o by
Us(€,0) = B By g, (A17)
with corresponding single-particle matrix
Uy(¢,0) =By -+ By o (A.18)

Since each Bg’o— is the fixed-auxiliary-field one-body slice propagator, the imaginary-time

Heisenberg operators present in Eq. (2.58) are

8i(6AT) = U (e,0) 716, U,(£,0), (A.19)

el (eAr) = U (e,0)72¢ 1,(¢,0). (A.20)
Therefore, their product simplifies to
Cig(CAT)E](CAT) = TU(€,0)7 6560, 15(2,0). (A.21)

Using the complete discrete-time propagator for the fixed auxiliary-field configuration, the

equal-time Green function can therefore be written as

Gy (6) = (eic(eATIE ] (£87))

Tr [ﬁa(L, 0T, (£,0)7¢,,¢ L, Uy e, 0)]
= _ . (A.22)
Tr[Us(L,0)]

Since the complete propagator factorizes at the imaginary-time cut as

Uy(L,0) = B g - Bpyr, o Us(8,0), (A.23)
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we obtain

A A ~ ’\T A A
Tr [BL,O' B€+1,aciacjaB€,a o Bl,o]

Tr[BLs - Bio)

Gy,ij(¢) = (A.24)

Finally, using the cyclic property of the trace, the factor B, ., --- B, , can be moved from the

right of the operator insertion to the beginning of the trace,

Tr | Bo(€)éi5C),
Go,ij(0) = [ = ] (A.25)
Tr(B,(¢)]
where we define
Bo(0)= By BioBro - Boyron (A.26)

and denote the corresponding single-particle matrix by B,(¢). Thus, changing the slice
at which the equal-time Green function is evaluated corresponds to a cyclic permutation

of the complete imaginary-time propagator.

It remains to evaluate the trace in Eq. (A.25). For this purpose, we introduce an auxiliary

parameter n whose derivative generates the operator insertion é}aéia. Define the matrix

[E(ﬁ)]ab = 8,;8pi» (A.27)

so that the corresponding many-body operator is

> cho [BUD]  epe = €fotic (A.28)
a,b
We then consider the function
3 (2\eCiotio
Zij(n)=Tr[Bg(€)e je ] (A.29)
Since
d néTng _al 2
d_ﬁe J n=0_ joCios (A.30)

differentiating Eq. (A.29) gives

dz; P
- =Tr[30(€)cjgcig]. (A.31)

7=0
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et e ji .
On the other hand, the single-particle representation of ¢"ie%c is 7Y Applying the

trace-determinant identity derived in Appendix A.1 therefore gives

Z;(n) = det [1 + Ba(e)evE(ﬁ)] . (A.32)
Using Jacobi’s formula [59],
4 _ 1. 440
o detA(n) = detA(n) - Tr [A (n) | (A.33)

and evaluating at » = 0, we obtain

le]

dn

= det[I + B,(0)]
n=0

X Tr [(I + B,(0)) Ba(e)EOi)] . (A.34)

Now, for an arbitrary matrix A,

Tr [A . E(ji)] = ZAab[E(ﬁ)]ba = Ajj, (A.35)
a,b
and hence
le] -1
G| = detll+B.(0) [(1 + Bo(0)) BG(€)]“ . (A.36)
7=0 Y
The trace-determinant identity also gives
Tr|B,(6)] = det[I + B,(0)]. (A.37)
Dividing Eq. (A.36) by this expression therefore yields
Tr| Bo(0)e)otio | .
_ =+ 3.0)" 3 (e)] . (A.38)
Tr[B,(0)] [( A0 B

However, the Green function in Eq. (A.25) contains the operators in the opposite order.

Using the anticommutation relation,
Ciglly =81 — CloCicn (A.39)
we find

Gaas(9) = 81y = |1+ Bo(0))” 3,0)]

=[1-(+3,0)” zaa(e)]ij . (A.40)
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The matrix appearing in brackets can be simplified as

[—(I+ Bo(£)) Bo(0) = (I+Bo(£)) " [+ Bo() — Bo(0)]

= (I+B.,(0)) . (A.41)
Consequently,
Go(0) =1+ B,(0)] . (A42)
Substituting Eq. (A.26), we finally obtain
Go(€) = [T+ Bog BuoBro+ Berol - (A43)

This is the equal-time Green-function representation given in Eq. (2.59).

A.3. Local update determinant ratio

We now derive the determinant ratio associated with the inversion of a single HS variable

shown in Eq. (2.69). Following the notation introduced in Sec. 2.3.3, the proposal
hei = hp; = —hg;, (A.44)

with all remaining auxiliary-field variables unchanged, modifies the one-slice propagator

B, as
B,y =[I+A,0(1)]Beg (A.45)
where A, (i) is diagonal and has a single non-zero element,
[8000)], = (e”“(hfw—h&i) - 1) 51 (A.46)
Now, the determinant entering the fermionic weight is
detM, =det[I+ By, B 4|. (A.47)

To isolate the modified propagator, we cyclically shift the imaginary-time product so that

B, appears on the left. Using

det(I + AB) = det(I + BA), (A.48)
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repeatedly gives

detM, =det[I+ By By oBro -+ Boy1,o)

= det[I + B,(0)], (A.49)

where we have used the same notation as Eq. (A.26) for the cyclic product. After the

proposed flip, Eq. (A.45) gives
By(6) = [I+ Mg x(0)] Bo(£). (A.50)

The determinant ratio for this spin sector is therefore

_ det M}
97 detM,
det|I+ (I + A, (i) B (€
_ [1+(I+4050) B5(0)] (A51)
det[I + B,(¢)]
Expanding the matrix in the numerator and factoring I + B,(¢) on the right gives
I+ (I+A8p5(1) Bo(€) =1+ By(6) + Ay ()B,(£)
. -1
=1+ 8003, 1+ Bo(0)) |
X [I+ B,(8)]. (A.52)

The second determinant consequently cancels between numerator and denominator in

Eq. (A.51), leaving
R, = det [1 + Do ()Bo(6) (I + Ba(€))_1] . (A.53)
Using Eq. (A.42),

Bo(O) [+ Bo(0)] = [I+ Bo(&) — 1[I+ Bo(0)]
= [[Ga('e)]_l - I] Gcr(g)

=1— G,(¢), (A.54)
and hence

R, =det[I+ A, (i) (I - Go(6))]. (A.55)
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Since A, (i) has only one non-zero element, the matrix added to the identity in Eq. (A.55)

has rank one. More explicitly,
Auoli) = [Apo(D)], el (A.56)
where e; is the ith basis vector. Therefore,
Do o(D) (T = G5(0)) = [Apo(D] ; eie] (T - G5(£)). (A.57)
We may then apply the matrix determinant lemma [60],
det(I+uv’) =1+vTuy, (A.58)
where u and v are column vectors, thus yielding

Ro=1+[A,.()] el (I-Gs(6))e;

=1+ [Af,a(i)]ii [1 - Ga,ii(g)] > (A59)
which is exactly the result shown in Eq. (2.69).

A.4. Sherman-Morrison Green function update

We now consider an accepted single-spin update and derive the corresponding update of
the equal-time Green function given in Eq. (2.72). In the notation used in Appendices A.2

and A.3, the matrix entering the Green function changes according to

My(€) = Mg(€) + Ao (D)), €] Bo(£), (A.60)

i
with
Go(6) = [M()]7". (A.61)
The matrix whose inverse defines the Green function therefore becomes
M) =1+ [I+ Apo(i)] By (€)
= M(6) + [As5(D)]; eie] Bo(6). (A.62)

This is a rank-one modification of M(¢). The Sherman-Morrison formula [61],

-1 A—luvTA—l

T — A-1
(A + uv ) =A"" — m, (A63)
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where u and v are column vectors, can therefore be applied. Using G,(£) = M,(£)™!

gives
RO v o
Since
B5(6)Gy(€) =1 — G,(8), (A.65)
the denominator becomes
1+ [Ars()],, [1 = Goui(€)] = Ro, (A.66)

which is precisely the single-spin determinant ratio obtained in Appendix A.3. Equa-

tion (A.64) thus reduces to

G5(0) = Gol) = 7-Gol@ o) [T = Go(0)] (A67)

g

as we wished to show.

A.5. Absence of the sign problem at half filling

We now show that the repulsive Hubbard model with the spin-channel HS transformation
used in this thesis is free of the fermion sign problem at half filling on a bipartite lattice. In

the particle-hole-symmetric convention adopted in Chapter 2, half filling corresponds to
u=0.

Consider a bipartite lattice divided into two sublattices, A and B, and define

+1, i €A,
n; = (A.68)

-1, i€B.

We perform a particle-hole transformation on the down-spin fermions,
¢y — ﬂié:fw éL — n;Cyy. (A.69)
The corresponding number operator transforms as

R A oAt N
ny = c:-rlcu — ;16 = 1—Ay,. (A.70)
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At 4 = 0, the quadratic part of the Hamiltonian contains only the hopping term,
L,j

For the bipartite hopping considered here, t;; is non-zero only between opposite sublat-

tices, for which
Under the transformation in Eq. (A.69), the hopping term is transformed as

. _ 4 .
Iy — _Z Lijmin;CiCjy = _Z ti¢ 6 =1, (A.73)

i,j i,j
where in the last step we used the fermionic anticommutation relation, ¢;; = ¢; and re-

labeled the site indices. The kinetic term is therefore invariant under the particle-hole

transformation.

For a fixed auxiliary-field configuration h, the short-time propagator for the down-spin

sector is
By = eV ZiheitiomAeTy (A.74)
Using Egs. (A.70) and (A.73), its auxiliary-field factor transforms as

eV Xiheitiy __y gV Nihei(1-iy) _ oY hei oV X he,itiy (A.75)

Consequently,
By, —> e " Ziheig Lihe iy o=aT, (A.76)

Apart from the positive scalar prefactor, the transformed operator has exactly the same
form as the up-spin propagator. Applying the transformation to the complete imaginary-

time product therefore gives
L L
[1Bes — exp| v hei | T Bes (A77)
=1 6,0 £=1

where the spin label on the transformed fermionic operators is irrelevant, since the two

spin sectors have identical Fock spaces. Taking the trace gives

L L
Tr[HBm] =exp l—vz he,i] Tr[HBm]. (A.78)
€=1 £=1

6,0
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Using the trace-determinant identity derived in Appendix A.1, Eq. (A.78) becomes

detM,(h) = exp [_VZ h&i] det M, (h). (A.79)
i

The DQMC weight of the auxiliary-field configuration is therefore
W(h) = det M, (h) det M, (h)
= exp [—vz h(;,i] [detMT(h)]z . (A.80)
4,

All matrices entering the present formulation are real, so detM;(h) is real. Since the
exponential factor is strictly positive, it follows that W(h) > 0 for every auxiliary-field con-
figuration h. There are therefore no negative configuration weights, and the average sign

satisfies
<S>|W| =1. (A.81)

This result relies on both particle-hole symmetry and the bipartite structure of the hopping.
Away from half filling, the chemical-potential contribution is not invariant under Eq. (A.69),

since
—HA — =+ Ry (A.82)

The transformation therefore reverses the sign of the chemical potential, and the relation
in Eq. (A.79) no longer holds for u # 0. Similarly, hopping between sites on the same sub-

lattice would violate the condition 7;n; = —1 and generally remove the positivity argument.
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B. Determinant ratios for collective excitations
B.1. General collective determinant ratio

We first establish a general expression for the determinant ratio produced by a collective
modification of the auxiliary field. Suppose that a collective excitation modifies the matrix

M, according to
M} = M, + U, VT, (B.1)

where U, and V, are N X r matrices. The integer r is the rank of the modification and

depends on the structure of the excitation.

The determinant ratio for the spin sector o is

_ detMé, _ det [Mcr + UUVGT]

Ro = detM, — detM, (B-2)
Factoring M, gives
R, = det[I + MU, V). (B.3)
Using the identity det(I + AB) = det(I + BA) and M;! = G, this finally becomes
R, = det[I, + V' G, U], (B.4)

where I, denotes the r X r identity matrix.

Equation (B.4) reduces the ratio of two N x N determinants to the determinant of an r x r
matrix. For a rank-one modification, r = 1, it reduces to the matrix determinant lemma
used in Appendix A.3. The collective excitations considered below differ only in the form of
the matrices U, and V; that describe the corresponding modification of the imaginary-time

propagators.

B.2. Complete time-slice excitations

We first consider the collective excitation in which all auxiliary-field variables at a fixed

imaginary-time slice ¢ are inverted,

hej— —hp;,  i=1,...,N. (B.5)
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Since only the auxiliary fields at slice ¢ are modified, the excitation affects a single prop-

agator B, ;. The updated propagator can be written as

By =[1+88]Be,, (B.6)
where A(f) is diagonal, with
®) _ —2vohyp; _ .
[Ag ]ij = (e727het — 1) 6. (B.7)

As in Appendix A.3, we cyclically shift the imaginary-time product so that the modified

propagator lies at the cut, and define
By(¢) =Byo*Bi,oBLo * Bet1,o (B.8)
The corresponding fermionic matrix and equal-time Green function are
My (8) = I+ B,(¢), Go(£) = My(£)". (B.9)
After the collective inversion,
BL(E) = [1 + ASf)] By (0), (B.10)
so that

ML(&) =1+ [I + Aﬁf)] By (6)

= M,(¢) + AP B, (0). (B.11)
This is of the general form introduced in Eq. (B.1) with
U, = AY, VT = B, (). (B.12)

In the present case U, and V, are N x N matrices, so the update has rank at most N.

Applying Eq. (B.4), the determinant ratio is
RY = det [1 + Ba(e)Gg(€)AEf)] . (B.13)
Using

Bo(£)Go(€) = [[G4(0)] ™" = I] G4(€)
=1-G,(¢), (B.14)
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we obtain
RY = det [1 +(I - G,(¢)) AY]. (B.15)
The total determinant ratio for the collective excitation is therefore
R® = RORY. (B.16)

Unlike the single-spin update, for which the corresponding modification has rank one,
the full time-slice inversion generally produces a rank-N modification. The determinant
in Eq. (B.15) is therefore an N x N determinant, with computational cost O(N?). Since
there are L possible time slices, probing all fixed-time spatial-slice excitations of a given

configuration has a leading cost O(LN?).

This does not improve the asymptotic scaling relative to constructing the same collective
excitation as a sequence of single-spin inversions. Although each single-spin determinant
ratio can be evaluated in ©(1) operations, the Green function must be updated after each
inversion before the ratio associated with the next spin can be computed. Each such
update costs O(N?), so applying the N constituent inversions of one time slice requires
O(N?) operations. Repeating this procedure for all L time slices therefore also gives a
total cost of O(LN3). The direct collective formula in Eq. (B.15) nevertheless avoids the
sequence of temporary Green function updates and the associated copies of the Green

function, thereby reducing the constant computational overhead.

B.3. Complete fixed-site worldline excitations

We next consider the collective excitation in which the auxiliary field at a fixed spatial site

i is inverted along the complete imaginary-time direction,
hej— —he;,  €=1,...,L. (B.17)

For a given configuration there are therefore N possible complete fixed-site worldline ex-

citations.

Unlike the complete time-slice excitation, this transformation does not modify a single

propagator. Instead, one spatial entry is modified in every time slice,

Blé,a = [I + Aé’,a(i)] Bg,g, (B.18)
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where
[800@)] ) = (727 — 1) 88 (B.19)

The determinant ratio is therefore

o  det [1+B,+Bi,]
° " det[I+Brg-Big|

(B.20)

Because the modified propagators are distributed over all imaginary-time slices, Eq. (B.20)
cannot be reduced to a low-rank modification of a single equal-time matrix in the same way
as the fixed-time spatial-slice excitation. A useful alternative is to resort to a space-time

formulation of DQMC [13, 62] by introducing the LN x LN space-time matrix

i 0 0 - B,
B, I 0 0
Ms=| 0 =By I o |. (B.21)
0 0 - B, I

Successive block-row operations,
R€+1 > R€+1 + Bg,o-Rg, € = 1, ,L - 1, (822)

transform Eq. (B.21) into an upper block-triangular matrix,

I 00 - Br o,
0 I 0 - By 4B o

Ms— |0 0 I - By oB1oBL s , (B.23)
0 0 0 -+ I+B; ;5B ¢Brs

from which we can immediately read off that
detM, = det[I + B;_, ;- By ;BL | = det My, (B.24)

thus confirming the equivalence with our current DQMC formulation.

The space-time representation is particularly useful because the complete worldline in-
version becomes a low-rank modification of M. To see this, let e, denote the ¢th basis

vector in the L-dimensional imaginary-time space. For ¢ =1, ..., L — 1, the modification of
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the block —B,; is
—By 5 = —Beo — [Ar ()], €8] Bs o (B.25)
while the upper-right block changes according to
B s = Bro + [AL ()], eie] By (B.26)
The full modification may therefore be written as
ML =M, + U, VT, (B.27)
where U, and V are LN x L matrices whose columns are defined by
Upo = —[Bgo()], (€41 ®€;), Vi, =€l ®(elB,;), ¢=1,..,.L—1, (B.28)
and
ure = [Apo()], (e1 ® ), o =ef ®(eBLo). (B.29)

Thus, although the space-time matrix has dimension LN, the complete worldline inversion

modifies it by a matrix of rank at most L.

Applying the general determinant identity derived in Appendix B.1 gives
RY = det[I, + T MU, . (B.30)

The LN x LN inverse M;! is the corresponding space-time Green-function matrix. Equa-
tion (B.30) therefore expresses the complete worldline excitation as an L x L determinant,
in direct analogy with the N x N determinant obtained for a fixed-time spatial-slice exci-
tation. In this sense, the two constructions interchange the roles of space and imaginary

time.

In our DQMC implementation, however, Eq. (B.30) is not used directly. Evaluating it
would require constructing the relevant time-displaced Green functions contained in M !,
together with their numerical stabilization. Moreover, in the parameter regime considered
in this thesis one typically has L > N, so the evaluation of an L x L determinant is not

necessarily advantageous.

Instead, the complete worldline excitation is evaluated exactly as a sequence of L local
modifications on a temporary copy of the configuration. Starting from the original Green

functions, the copy is propagated through imaginary time. At each slice ¢, the field h,;
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is inverted, the corresponding single-spin determinant ratio rg?, is evaluated, and the tem-
porary Green function is updated using the Sherman-Morrison formula. No Metropolis
decision is made after the individual inversions. After all L slices have been visited, the

product
. L .
RY =TI (B.31)
¢=1

is exactly the determinant ratio between the final collectively modified configuration and

the original one. The full weight ratio is then
R® = RPRP. (B.32)

For a single fixed site, the L local determinant ratios themselves require only O(L) op-
erations, while the corresponding Green-function updates cost O(LN?). The dominant
contribution arises from propagating the Green functions through the L imaginary-time
slices, which requires a total of O(LN?) operations. Since the excitation must be probed
independently for each of the N spatial sites, evaluating all complete fixed-site worldline

excitations of one configuration has a leading computational cost O(LN#).

B.4. Contiguous fixed-site segment excitations

We now consider the inversion of a contiguous segment of M auxiliary-field spins at a

fixed spatial site i. For a starting slice ¢, the excitation acts on
hpi — —hyg,, € =14€y,.... 0, (B.33)
where
=06 +M-—1, (B.34)

with all imaginary-time indices understood modulo L. For1 < M < L, there are NL

possible choices of (i, €;).

For a given segment, we define the original product of the propagators contained inside

the interval by
85(€0) = By, Bey o (B.35)
and the corresponding modified product by

85(60:1) =By o By o (B.36)
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where

By, =[I+2A,50)]Bes
is the propagator obtained after inverting h, ;.

The remaining propagators form the complementary product
Co(€0) = Bgy—1,6 - Be 11,00

ordered such that the cyclic product at the end of the segment is
Mo(5) =1+ 85(€0)Co(&0).

The corresponding equal-time Green function is therefore

-1
Goly) = [Moep)]

It is useful to introduce the relative replacement matrix

Xo(€o,i) = 85 (L0, i) [So(0)]

so that

ga(gm )= Xa(€0a i)SG(€0).

The fermionic matrix after the collective excitation can then be written as

Mér(gf) =I+ S“a(vpo, i)eo(‘eo)

=J+ Xo’('€0’ i)Scr(go)ecr(go)

= My(¢5) + [Xa(€0a i) — I] 85(€0)Cs(€p)-

This has the general form of Eq. (B.1) with

Us = Xa(gm i) =1, VCIT = Sa(ppo)(‘?a(vpo).

Applying Eq. (B.4) and using

Sa(go)ea(go)Ga(”ﬂf) =1- Ga(vpf)’

finally yields the determinant ratio

Ry(£o,1) = det [T + (I — G5(£)) (X(¢o, 1) = I)].
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(B.37)

(B.38)

(B.39)

(B.40)

(B.41)

(B.42)

(B.43)

(B.44)

(B.45)

(B.46)
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The complete weight ratio is

R(€y,i) = Ry(£0,D)R, (€0, 0). (B.47)

Although Eq. (B.46) provides a compact expression for the determinant ratio, it is not
used directly in the numerical implementation. The relative replacement matrix X, (¢, i)
contains both the inverse of the original segment product and the modified segment prod-
uct. Explicitly constructing this inverse and multiplying it with the product of propagators
would be numerically unstable, particularly for long imaginary-time intervals. Instead, the
modified segment product and its complement are constructed directly using the same

stabilized matrix-product machinery employed for the DQMC propagation in Sec. 2.5.

We begin by directly constructing the modified cyclic product
My(65) = 1+ 8,(£0,D)Co (o). (B.48)

Both the modified product and the complement are evaluated using stabilized matrix prod-
ucts, after which the determinant magnitude and sign of the modified configuration can
be obtained directly. The determinant of the original configuration needs to be evaluated

only once.

The remaining computational problem is therefore the efficient construction of S,(¢,, i) for

every possible starting slice ¢,. Recomputing this product independently for each starting
position would be highly redundant. Indeed, two consecutive segments,

85(60:1) =By, o By o (B.49)

85(Co+1,0) = By 1167 By 00 (B.50)

share M — 1 of their M propagators. Shifting the segment by one time slice therefore

amounts to removing the oldest propagator and adding one new propagator.

Formally, one could perform this shift through
~ ~ -1
8ol +1,0) = By 01 585(C0. 1) [Bry o] - (B.51)

This direct sliding update would, however, require repeated multiplication by both prop-
agators and their inverses, which is numerically unstable. We therefore avoid removing

the outgoing propagator explicitly. Instead, the segment is represented by two collections
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of stored partial products, constructed in the same stabilized manner as the matrix prod-
ucts discussed in Sec. 2.5. This allows the oldest propagator to be removed simply by

selecting a previously stored partial product, without evaluating any matrix inverse.

For a given segment [¢,, ¢f], we choose an intermediate slice ¢,, and divide the ordered
sequence of modified propagators into two parts. For the older part of the segment, ex-

tending from ¢, to ¢,,,, we store the cumulative products
Fo(r) =By B, r=7=%g,.,Cm (B.52)

so that #,(r) represents the product of all propagators between the slice r and the splitting

point ¢,,. We refer to this collection of stored partial products as the front stack.

For the newer part of the segment, extending from ¢,, + 1 to ¢, we analogously store
Qo(r) =B 5By 416 r=~€m+1,...,¢6, (B.53)

where Q. (r) contains the product from the beginning of the newer part up to the slice r.

We refer to this second collection as the back stack.

The complete segment product is then obtained as
85(£0,1) = Qo (£7)F5(£0), (B.54)
with the back factor omitted when the back stack is empty.

The advantage of this representation becomes apparent when the segment is shifted. Re-
moving the oldest propagator does not require modifying a matrix product, as one simply
replaces #,(¢,) by the already stored partial product F#,(¢, + 1). The new propagator
entering at the opposite end of the segment is incorporated into the back stack through a

single multiplication,
Qb +1)= B,;fH,C,Qa(éf). (B.55)

Thus, advancing the window requires no inverse of the propagator that leaves the seg-

ment.

Eventually, all propagators stored in the front stack are removed. At this point, the matrices
accumulated in the back stack are transferred to the front stack in reverse order, while
the corresponding partial products are reconstructed. Consequently, over a complete

traversal of the L possible starting slices, only O(L) matrix multiplications are required
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rather than O(LM).

All partial products in Egs. (B.52) and (B.53) are maintained in stabilized UDV form. As
such, this two-stack construction avoids both the issue of repeated recomputation of
strongly overlapping products and the use of the naive and numerically unstable formula

in Eq. (B.51).

The complementary products C,(¢,, M) can be constructed in the same manner using a
sliding window of length L— M. Unlike the modified segment products, they do not depend
on the spatial site i. The L complementary products are therefore computed once for a

given configuration and reused when all N spatial sites are probed.

For a fixed spatial site, generating the modified segment products for all L starting po-
sitions requires O(LN?) operations, since each stabilized multiplication of dense N x N
matrices costs O(N3). For each of the L segments, the modified segment product must
then be combined with its corresponding complement and the resulting determinant eval-
uated, which also gives a total cost O(LN?) per spatial site. Repeating the procedure for
all N sites therefore gives O(LN*). The initialization of the first length-M segment before
the sliding-window reuse can begin requires O(MN?) operations for each site, so a more
explicit estimate is O ((L + M)N*). Since M < L, this has the same asymptotic scaling
O(LN*). The important point is that the sliding-window construction removes the addi-
tional factor of M that would arise if every length-M segment product were constructed

independently.
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