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Resumo

A presente dissertação de mestrado enquadra-se no âmbito das atividades de desenvolvimento e
de aprendizagem da equipa de estudantes da Faculdade de Engenharia da Universidade do Porto
da Formula Student para veículos de propulsão elétrica.

Na dissertação apresenta-se uma revisão da dinâmica de veículos terrestres, o desenvolvimento
e a implementação de um sistema de controlo vetorial do binário propulsor aplicado ao veículo
elétrico de Formula Student com dois motores independentes no eixo traseiro. A arquitetura de
controlo baseou-se no algoritmo de proposto por Fujimoto et al., adaptado e sintonizado para as
características específicas de um veículo de Formula Student (FS FEUP 03). Sobre esta estrutura
implementou-se um sistema de controlo de tração baseado no deslizamento da roda. O sistema foi
desenvolvido no Robot Operating System 2 (ROS2) em C++, com vista à sua futura integração no
veículo físico, e validado utilizando simulações em malha fechada com o software CarMaker da
empresa IPG Automotive.

Os resultados obtidos demonstram uma melhoria consistente do desempenho do veículo em
relação à configuração de referência de diferencial aberto. O sistema de controlo vetorial das rodas
propulsoras permitiu reduzir o erro de yaw rate em relação à sua referência e melhorar o comporta-
mento em curva. Nos testes habituais de skidpad, verificaram-se reduções do tempo de volta entre
5% e 13%, com ganhos mais expressivos para os coeficientes de fricção mais baixos. Adicional-
mente, a ativação do sistema de controlo de tração contribuiu para a diminuição do deslizamento
das rodas traseiras, mitigando a patinagem em condições de baixa aderência. Os resultados confir-
mam a eficácia da arquitetura proposta na melhoria do comportamento do veículo, das velocidades
médias atingidas e da redução do tempo por volta do veículo FS FEUP 03, constituindo uma base
para a futura validação experimental em pista com o protótipo físico.

Palavras-chave: torque vectoring • controlo de tração • veículo eléctrico • dinâmica
veicular • Formula Student • IPG CarMaker
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Abstract

This master’s dissertation was developed in the scope of the Formula Student activities carried out
by the team of students from the Faculty of Engineering of the University of Porto, focusing on
the development of an electric Formula Student race car.

The dissertation presents a review of ground vehicle dynamics, as well as the development
and implementation of a torque vectoring control system for an electric Formula Student vehicle
equipped with two independent rear-wheel motors. The control architecture was based on the
algorithm proposed by Fujimoto et al., which was adapted and tuned to the specific characteristics
of the Formula Student vehicle (FS FEUP 03). A wheel slip-based traction control system was
implemented on top of this architecture. The system was developed in C++ using the Robot
Operating System 2 (ROS 2), with the aim of its future integration into the physical vehicle, and
was validated through closed-loop simulations using IPG Automotive’s CarMaker software.

The results demonstrate a consistent improvement in the vehicle’s performance compared to
the baseline configuration of open differential. The torque vectoring system reduced the yaw rate
tracking error and improved the vehicle’s cornering behaviour. In the standard Formula Student
skidpad tests, lap time reductions ranging from 5% to 13% were achieved, with more signifi-
cant improvements observed under lower friction coefficients. Furthermore, the activation of the
traction control system reduced rear-wheel slip, mitigating wheel spin under low-grip conditions.
Overall, the results confirm the effectiveness of the proposed control architecture in improving
vehicle handling, increasing average vehicle speed, and reducing lap times for the FS FEUP 03,
providing a solid foundation for future experimental validation using the physical prototype.

Keywords: torque vectoring • traction control • electric vehicle • vehicle dynamics •
Formula Student • IPG CarMaker
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UN Sustainable Development Goals

The United Nations Sustainable Development Goals (SDGs) provide a global framework to achieve
a better and more sustainable future for all. It includes 17 goals to address the world’s most press-
ing challenges, including poverty, inequality, climate change, environmental degradation, peace,
and justice.

This dissertation, through the design and testing of a torque vectoring controller for two inde-
pendent single-wheel motors, aligns with the following goals: SDG 9 (Industry, Innovation and
Infrastructure).

SDG 9 Build resilient infrastructure, promote inclusive and sustainable industrialization and fos-
ter innovation.

SDG Target Contribution Performance Indicators and Metrics

9 9.5 This dissertation develops and val-
idates, in simulation, a torque vec-
toring and traction control architec-
ture for a Formula Student electric
vehicle. The proposed controller
contributes to research on advanced
vehicle dynamics control and pro-
vides a foundation for future imple-
mentation and experimental valida-
tion.

Reduction in yaw-rate tracking error,
lap time improvement (%), increase in
average vehicle speed (%), reduction in
wheel slip ratio (%)
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Chapter 1

Introduction

The rapid growth of electric mobility has transformed the automotive industry, with global electric

vehicle sales exceeding 20 million units in 2025 and accounting for approximately one-quarter of

all new car sales worldwide [1]. This expansion has accelerated the development of new vehi-

cle architectures and powertrain configurations that were previously unfeasible in conventional

internal combustion vehicles.

Among the most significant innovations is the adoption of independent wheel motor archi-

tectures, typically implemented through two or four motor configurations. Unlike conventional

drivetrains, where torque distribution is constrained by mechanical components such as differ-

entials and transmissions, electric powertrains enable independent torque control at each wheel.

This capability not only improves packaging flexibility and drivetrain efficiency but also provides

new possibilities for vehicle dynamics control. The fast and precise torque response of electric

motors, combined with their distributed installation, enables advanced control functions such as

traction control, direct yaw control, and torque vectoring through software-based coordination of

individual wheel torques [2, 3].

This transition reflects a broader shift within the automotive industry toward software-defined

vehicles, in which vehicle behaviour is determined not only by mechanical design but also by

increasingly sophisticated control algorithms. Consequently, advanced control strategies have be-

come a key enabler of next-generation electric, providing new opportunities to enhance dynamic

performance while maintaining efficiency and safety.

1.1 Context and Motivation

In the context of electric mobility, the field of vehicle dynamics has seen increasing interest in

the development of advanced control systems aimed at improving vehicle stability, handling, and

safety. Controllers such as yaw-rate controllers and slip-ratio controllers (e.g., Anti-lock Brak-

ing Systems) play a crucial role in maintaining desired vehicle behaviour under varying driving

conditions by regulating tire forces and vehicle motion [4].

1
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The importance of vehicle dynamics control extends beyond performance enhancement. Ad-

vanced control systems have been shown to significantly improve road safety by reducing the

likelihood of vehicle instability and loss-of-control situations. For example, Electronic Stability

Control (ESC) has been associated with substantial reductions in single-vehicle, head-on, and fatal

multi-vehicle accidents by actively assisting the driver in maintaining vehicle stability [5].

By regulating wheel torques individually, it becomes possible to directly influence vehicle yaw

motion and tire force distribution, enabling advanced control strategies such as torque vectoring.

These systems can actively generate corrective yaw moments and adapt vehicle behaviour accord-

ing to the driving situation, extending the capabilities of traditional stability control systems [6,

7].

Torque vectoring can provide several benefits for vehicle performance. Through appropri-

ate torque distribution, vehicle behaviour during acceleration and cornering can be modified to

improve agility, stability, and efficiency [8, 9]. In addition to enhancing dynamic performance,

torque vectoring can also contribute to energy efficiency by minimizing wheel slip and improv-

ing the effectiveness of regenerative braking, thereby increasing energy recovery and potentially

extending the vehicle driving range. As a result, torque vectoring offers benefits in both vehicle

dynamics and energy consumption [10].

Within the Formula Student environment, advanced control systems have increasingly been

adopted and optimized for high-performance electric prototypes. For instance, in [11], a yaw-rate

controller based on both PID and LQR approaches was proposed and analysed, demonstrating

the potential of active control strategies to improve the handling performance of electric racing

vehicles.

1.2 Formula Student

Formula Student is an international engineering competition that challenges students from univer-

sities worldwide to design, manufacture, validate, and compete with a formula-style race car. In

recent years, the competition has expanded to include autonomous vehicle challenges, which now

account for approximately 15% of the total electric competition events [12].

FS FEUP is the Formula Student team from the Faculty of Engineering of the University of

Porto (FEUP). Founded in 2021, the team developed its first electric prototype, the FS FEUP

01, which competed in 2023. Building upon this foundation, the team designed its first fully

electric and autonomous vehicle during the 2023 to 2025 season, the FS FEUP 02 (Figure 1.1).

This vehicle was subsequently manufactured, assembled, and tested in 2025, marking FS FEUP’s

participation in Formula Student Netherlands, Formula Student Portugal, and Formula Student

Germany, the largest and most prestigious university engineering competition in the world.

The FS FEUP 02 was equipped with a single rear-mounted electric motor coupled to a con-

ventional mechanical transmission and differential. However, this architecture does not allow

independent control of the torque delivered to each rear wheel.
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As part of the continuous evolution of the team’s electric vehicle platform, the next-generation

prototype, FS FEUP 03, is being developed with a dual-motor rear-wheel-drive architecture. By

employing one motor per rear wheel, the vehicle will enable independent wheel torque control and

provide the necessary hardware foundation for the implementation of advanced vehicle dynamics

control strategies, such as torque vectoring and traction control.

The transition to this architecture is expected to enhance vehicle performance by improving

traction, stability, and handling capabilities while creating new opportunities for the development

and validation of advanced control algorithms. This evolution constitutes one of the primary

motivations for the work presented in this dissertation.

Figure 1.1: FS FEUP 02 competing in the DV Autocross at Formula Student Germany 2025 @FSG
- Andrae.

1.3 Problem Statement

The transition from conventional electric powertrain architectures to independently actuated wheel

systems introduces new opportunities for vehicle dynamics control. However, the additional con-

trol authority provided by independent wheel actuation also increases the complexity of the control

problem. To effectively exploit the capabilities of a dual-motor architecture, it is necessary to de-

velop control strategies capable of regulating wheel torques in real time while maintaining vehicle

stability, handling performance, and traction under varying operating conditions.

Within the FS FEUP project, the current vehicle platform relies on a single-motor powertrain

coupled to a mechanical differential, which limits the ability to actively control the torque de-

livered to each driven wheel. The development of the next-generation FS FEUP 03 prototype,

featuring two independently actuated rear wheels, creates the opportunity to implement advanced

vehicle dynamics control functions such as torque vectoring and traction control. However, the de-

sign, implementation, and validation of these systems require a thorough understanding of vehicle

dynamics, control theory, and the interaction between the vehicle and the tire-road interface.
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Furthermore, the effectiveness of such control systems depends not only on the control al-

gorithms themselves but also on their integration within the vehicle software architecture and

their performance under realistic operating conditions. Consequently, there is a need to investi-

gate suitable control strategies capable of improving vehicle dynamic behaviour while remaining

computationally efficient and robust enough for real-time implementation in a Formula Student

prototype.

Given the challenges associated with implementing torque vectoring control in independently

driven electric vehicles, this work seeks to address the following research question:

How can a torque vectoring controller be designed and validated to improve the yaw

stability and handling performance of a two-motor electric Formula Student vehicle?

The main objective of this dissertation is to design, implement, and evaluate a torque vector-

ing controller for a two-motor Formula Student electric vehicle using a representative simulation

environment.

Specific objectives include:

• Improve yaw stability and cornering performance compared to baseline open-loop or evenly

distributed torque control strategies [11, 13, 8, 6, 14];

• Maintain controllability under variable friction conditions [15];

• Operate within the computational and hardware limitations of a Formula Student vehicle

control unit;

• Evaluate the controller through simulation scenarios representative of Formula Student driv-

ing conditions.

1.4 Main Contributions

The main contributions of this dissertation are the following:

• Integration of a peak-seeking traction control system. A slip-ratio based traction control

layer was developed and integrated into the hierarchical architecture, enabling combined

yaw stability and longitudinal traction management without explicit road surface estimation.

• Adaptation of Fujimoto’s torque vectoring architecture to a Formula Student con-
text. The hierarchical yaw-rate tracking controller proposed by Fujimoto et al. [16] was

re-parameterised and extended for the specific constraints of a Formula Student electric ve-

hicle, including the DTI F-MOT motor characteristics, Formula Student track geometries,

and the operating envelope of the FS FEUP 03 prototype.

• Validation in a simulation environment. The complete control architecture was validated

using IPG CarMaker [17] with a vehicle model representative of the FS FEUP 03 prototype,

including nonlinear tire dynamics, motor models, and a closed-loop driver model.
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• ROS-based implementation ready for real-vehicle deployment. The controller was im-

plemented as a ROS2 node, directly compatible with the autonomous system architecture

of the FS FEUP 03 prototype, facilitating future deployment without significant software

restructuring.

1.5 Dissertation Structure

This dissertation is organized into six chapters.

Chapter 1 introduces the motivation for the work and presents the research problem, objectives,

hypothesis, and research question. The chapter also provides the context of electric mobility,

vehicle dynamics control, and the Formula Student environment in which the work is developed.

Chapter 2 presents the theoretical foundations required for the development of the proposed

control strategy and reviews the relevant state of the art in vehicle dynamics control. Topics such

as vehicle dynamics, tire behaviour, yaw motion, differential systems, traction control, and torque

vectoring for electric vehicles are introduced and discussed. Existing approaches are analysed

and compared, highlighting their advantages, limitations, and applicability to Formula Student

vehicles, thereby establishing the necessary background for the subsequent chapters.

Chapter 3 presents the methodology adopted throughout this work. It describes the develop-

ment of the proposed torque vectoring controller, the simulation environment used for its evalua-

tion, and the procedures employed to assess its performance under representative Formula Student

operating conditions.

Chapter 4 presents and discusses the obtained results. The performance of the proposed con-

troller is evaluated through a series of simulation experiments and compared with baseline ap-

proaches, assessing its impact on vehicle stability, handling performance, and overall behaviour.

Finally, Chapter 5 summarizes the main contributions of the dissertation, discusses the achieved

objectives, and outlines possible directions for future work, particularly regarding the implemen-

tation and validation of the proposed controller on future FS FEUP vehicle platforms.
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Chapter 2

Vehicle Dynamics, Drivetrain Modeling,
and Control

This chapter reviews the fundamental concepts required for the development and analysis of torque

vectoring control systems. Particular attention is given to vehicle dynamics, tire-road interaction,

and torque distribution mechanisms, as these directly influence vehicle handling, stability, and

performance. These concepts establish the theoretical foundation for the control strategies inves-

tigated in this dissertation.

2.1 Vehicle Dynamics

Vehicle Dynamics is the field of study concerned with how vehicles respond to various forces

and inputs. It includes the analysis of vehicle motion by considering factors such as tire-road

interaction, suspension dynamics, aerodynamics, and driver input [18].

Vehicle models are mathematical representations of a vehicle’s physical behavior. They are

employed to analyze and predict vehicle dynamics, performance, and control characteristics. This

chapter provides an overview of different types of vehicle models, including tire models, longitu-

dinal and lateral dynamics, and ackermann steering geometry.

Depending on the level of detail required, vehicle models can range from highly simplified

to complex, nonlinear representations. Simplified models allow for a clearer understanding of

fundamental behaviors, while detailed models provide precise insights necessary for advanced

control and optimization tasks.

This chapter presents the key considerations involved in developing vehicle models, including

the representation of tire slips, longitudinal and lateral forces, and the resulting moments acting

on the vehicle. It also discusses how these factors influence overall vehicle motion and stabil-

ity, providing a foundation for understanding the subsequent modeling approaches and analyses

presented in later sections.

7
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2.1.1 Vehicle Axis System

For the purpose of this study, the vehicle reference frame shown in Figure 2.1 has been selected.

This coordinate system follows the ISO 8855-2011 [19] standard and will be used consistently in

all subsequent vehicle dynamics analyses.

Figure 2.1: Vehicle Axis System ISO 8855-2011, from [20].

2.1.2 Normal Force

The normal force (Fz), represents the vertical load acting on a vehicle’s tires. It is a fundamental

variable in vehicle dynamics because it directly determines the interaction between the tires and

the road. It has some importance in some calculations:

• Tire forces: The maximum longitudinal and lateral forces a tire can generate are dependent

to the normal load. This relationship governs acceleration, braking, and cornering abili-

ties [21].

• Rolling resistance: The opposing force resistive motion depends on the vertical load on

each tire. Higher normal forces increase rolling resistance, affecting vehicle efficiency and

energy consumption [4].

• Weight transfer: Changes in normal force during acceleration, braking, or cornering pro-

vide information on dynamic weight transfer and vehicle stability [22].

• Aerodynamic effects: Downforce generated by aerodynamic components modifies the nor-

mal load on the tires, improving grip and influencing the handling characteristics [4].
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Due to its influence on tire-road interactions and vehicle performance, the calculation of the

normal force under different driving conditions is a prerequisite for modeling in vehicle dynamics.

Formula 2.1 represents the 2 main variables to consider in the calculation of Fz - vehicle weight

and aerodynamic downforce.

Fz =−mg+Fdown (2.1)

with

• m the mass of the vehicle,

• g the gravitational acceleration,

• Fdown the downforce acting on the vehicle,

2.1.2.1 Aerodynamic Downforce

Aerodynamic downforce (Fdown) is the force acting along the z-axis, generated by the vehicle’s

aerodynamic components such as wings, spoilers, and diffusers. This force is beneficial in vehi-

cle dynamics because it increases the total normal load (Fz) without directly adding mass to the

vehicle. An increase in Fz enhances the tire-road grip and, consequently, improves the vehicle’s

handling performance. Equation 2.2 describes how aerodynamic downforce is generated [22].

Fdown =−
1
2

ρClAFv2
x (2.2)

with

• ρ the mass density of air,

• Cl the aerodynamic lift coefficient,

• AF the frontal area of the vehicle,

• vx the longitudinal vehicle velocity.

Furthermore, the aerodynamic downforce can be distributed among the four wheels according

to the longitudinal position of the aerodynamic center of pressure (CP), which determines the

aerodynamic balance of the vehicle [23]. Assuming a symmetric left-right distribution, the wheel

downforces are obtained from static equilibrium:
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Fdown,FR =
L− xCP

L
· Fdown

2
,

Fdown,FL =
L− xCP

L
· Fdown

2
,

Fdown,RR =
xCP

L
· Fdown

2
,

Fdown,RL =
xCP

L
· Fdown

2
.

(2.3)

with

• L the wheelbase of the vehicle,

• xCP the longitudinal position of the aerodynamic center of pressure measured from the front

axle,

• Fdown the total aerodynamic downforce acting on the vehicle.

2.1.2.2 Load Transfer

Besides aerodynamic influences, the distribution of normal loads on a tires of a vehicle another

important factor is load transfer. The car’s mass distribution changes because of the inertial forces

acting on the center of gravity during dynamic maneuvers such as acceleration, braking, and cor-

nering. As a result of this process, there tire loadings get changed, i.e. the vertical loads that each

tire experiences, since the total weight of the vehicle is being redistributed among the tires [22].

Load transfer is an important concept of vehicle dynamics since it impacts that tire grip di-

rectly, handling balance, and overall stability. The effects of this phenomenon can be utilized for

vehicle optimization under various driving conditions.

Longitudinal Load Transfer

During acceleration or braking, longitudinal load transfer occurs because the traction and brak-

ing forces act at the tire-road interface, while the vehicle’s center of gravity is located above this

point. This difference in force application creates a moment about the center of gravity, resulting

in a shift of vertical load between the front and rear axles, as described in Equation 2.4 [22].

∆Wx =
Fx ·hCG

L
(2.4)

with

• Fx the total longitudinal force acting on the vehicle,

• hCG the height of the center of gravity above the ground,

• L the wheelbase of the vehicle.
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where hCG is the height of the center of gravity and Fx is the longitudinal force (positive for

acceleration, negative for braking). This load transfer affects the normal force on the front and

rear axis.

Lateral Load Transfer

Analogous to longitudinal load transfer, during cornering, lateral load transfer occurs because

the lateral tire forces are generated at the road surface while the vehicle’s inertia acts at its center

of gravity, creating an unbalanced moment (described in Equation 2.5) [22].

∆Wy =
Fy ·hCG

t
(2.5)

with

• Fy the total lateral force acting on the vehicle,

• hCG the height of the center of gravity above the ground,

• t represent the track width of one of the axles (assuming t f = tr).

Equation 2.5 shows that an increase in lateral acceleration transfers load from the inner wheels

to the outer wheels, increasing the available tire forces on the outside tires while reducing them on

the inside tires.

Fz Distribution on 4-wheels

By considering the combined effects of static weight, dynamic load transfer, and aerodynamic

downforce, the total normal forces acting on the front and rear tires can be determined as in

equation 2.6:

Fz,FL =
lr
L

mg−∆Wx−∆Wy +Fdown,FL

Fz,FR =
lr
L

mg−∆Wx +∆Wy +Fdown,FR

Fz,RL =
l f

L
mg+∆Wx−∆Wy +Fdown,RL

Fz,RR =
l f

L
mg+∆Wx +∆Wy +Fdown,RR

(2.6)

with

• lr the distance from the center of gravity to the rear axle,

• l f the distance from the center of gravity to the front axle,

• m the mass of the vehicle,



12 Vehicle Dynamics, Drivetrain Modeling, and Control

• g the gravitational acceleration,

• ∆Wx the longitudinal load transfer,

• ∆Wy the lateral load transfer,

• Fdown,i, j the aerodynamic downforce acting on wheel i, j.

2.1.3 Tire Model

Tires are one of the main components in vehicle dynamics, as all vehicle movement can be de-

scribed by the forces and moments generated at the tire-road interface. To capture these interac-

tions, a tire model is required to represent the forces and moments produced by the tires.

A tire model is a mathematical representation of tire behavior that models how a tire generates

forces for a specific set of inputs such as the angle of slip and the vertical load. Models the relation-

ship between tire movement and the resulting longitudinal, lateral, and aligning forces, creating a

vehicle dynamics simulation interface that includes vehicle design, performance evaluation, and

safety studies [24].

Tire models can be classified into three main categories [25]:

• Slip/Force maps: Define a mapping function between slip and friction force, e.g. s 7→ F(s),

typically obtained from experimental data. Some models may also include velocity, that is,

F(s,v). An example is the Pacejka tire model [21].

• Lumped models: Assume a point-like contact between a tire and a road. An example is the

LuGre tire model [26].

• Distributed models: Consider the tire as a deformable body, taking into account the distri-

bution of forces along the contact patch between the tire and the road.

2.1.3.1 Linear Tire Models

Linear tire models are representations of tire behavior that assume a linear function of the resulting

force and the tire slip (longitudinal or lateral) and the resulting forces. Although they do not

account for non-linear effects such as saturation at high slip angles, linear tire models provide a

foundation for understanding vehicle responses and are used in preliminary simulations, analytical

studies, and real-time control applications.

For example, in PC-Crash [27], the linear tire model assumes a linear increase up to a satura-

tion point. Beyond this point, the lateral force remains constant, representing the maximum tire

capacity, as shown in the equation 2.7.

Fy(α) =

Cαα, |α| ≤ αmax

Fy,max sign(α), |α|> αmax

(2.7)

with
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• Cα is the slip coefficient [27],

• α represents the slip angle,

• αmax is the saturation slip angle

2.1.3.2 Pacejka Tire Model

The Pacejka tire model, also known as the Magic Formula, is an empirical model that describes the

relationship between tire forces and slip angles. It is characterized by a set of coefficients that can

be adjusted to fit the experimental data. With this formula, it is possible to derive values such as

Fx, Fy and Mz as a function of inputs such as the angle of slipping α and the longitudinal slipping

σx [21] The general form of the Pacejka tire model is given by Equation 2.8.

y = Dsin[C arctan{Bx−E(Bx− arctan(Bx))}] (2.8)

The parameters B, C, D, and E, with a graphical representation on Figure 2.2, have some

physical meaning:

• B is the stiffness factor that influences the slope of the curve at the origin.

• C is the shape factor that affects the overall shape of the curve (sine function).

• D is the peak factor that determines the maximum value of the curve.

• E is the curvature factor, which adjusts the curvature of the curve near the peak.

Figure 2.2: Original sine curve of the magic formula, from [28].
.
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In this model, the value of the cornering stiffness is given by the product of By, Cy and Dy,

which are the coefficients for calculating the value of Fy [21].

All these parameters vary with other variables, such as vertical load Fz. For example, corner

stiffness increases with vertical load, which means that the tire generates more lateral force for a

given slip angle when the load is higher, as shown in formula 2.9 [24].

Ky = By ·Cy ·Dy = a3 · sin(2 · arctan(a4 ·Fz)) (2.9)

where

a3 = maximum cornering stiffness (at camber angle (γ) = 0)

a4 = load at maximum cornering stiffness

This model has some different variations, such as the one seen in [29], which includes the

inflation pressure of the tire in the cornering stiffness Ky calculation by including scaling factors

that depend quadratically on the inflation pressure. In [30], a thermal model is added, making the

different parameters of the Pacejka model functions of the tire surface temperature. In [24], the

magic formula is adapted in the cornering stiffness calculation to include the effects of pressure,

tread depth, and temperature.

2.1.3.3 LuGre Tire Model

The LuGre tire model [26] represents friction through the dynamics of the bristles (Figure 2.3)

at the contact patch with punctual tire-road friction contact [25], capturing static and dynamic

effects. Then, the average deflection of the bristles is represented by the state variable z, which

evolves according to the differential equation 2.10 [26].

Figure 2.3: Bristle model representation, from [31].

ż =
dz
dt

= v− |v|
g(v)
· z (2.10)

Where v is the relative velocity between the tire and the road, and g(v) is a function that

describes the behavior of the friction in steady state [25].

The friction force F is then given by equation 2.11 [26].
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F = σ0 · z+σ1 · ż+σ2 · v (2.11)

Where σ0 is the stiffness of the normalized longitudinal lumped rubber, σ1 is the damping

of the normalized longitudinal lumped rubber and σ2 is the normalized relative viscosity damp-

ing [25].

In Table 2.1, a summary of the characteristics of the tire models is presented.

Table 2.1: Comparison of tire model categories and representative models.

Model Type Advantages Limitations

Linear Tire
Model [27]

Analytical Simple, computationally
efficient, suitable for con-
trol design and prelim-
inary vehicle dynamics
analysis.

Cannot accurately repre-
sent tire saturation or
highly nonlinear tire be-
haviour.

Pacejka (Magic
Formula) [21]

Slip/Force
Map (Em-
pirical)

High accuracy, widely
adopted in industry and
motorsport simulations,
capable of modelling
nonlinear longitudinal
and lateral tire forces.

Requires extensive exper-
imental parameter identi-
fication; limited physical
interpretation of parame-
ters.

LuGre [26] Lumped Dy-
namic Fric-
tion Model

Captures transient friction
phenomena, stick-slip be-
haviour, Stribeck effect,
and dynamic tire-road in-
teraction.

More difficult parameter
identification; less com-
monly used in full-vehicle
simulations.

2.1.4 Longitudinal Vehicle Dynamics

Longitudinal vehicle dynamics is the study of a vehicle’s movement in the line of its path which

considers forces such as traction, braking, and aerodynamic drag. These forces are necessary to

know to be able to measure the vehicle’s capabilities, use the vehicle’s energy in the most efficient

way and make sure that the vehicle is safe under different driving conditions. This section presents

the principles and the main characteristics of the longitudinal movement.

2.1.4.1 Forces and Resistances

The force balance in the longitudinal direction can be described by Newton’s second law, as shown

in equation 2.121 [4].

1The force mgsin(θ) was neglected, in opposition to [4], as in formula student, there are no inclination
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max = Fx,FL +Fx,FR +Fx,RL +Fx,RR−Fdrag−Rx,FL−Rx,FR−Rx,RL−Rx,RR (2.12)

where

• Fx,FL and Fx,FR are the longitudinal tire force at the front tires

• Fx,RL and Fx,RR are the longitudinal tire force at the rear tires

• Fdrag is the aerodynamic drag force

• Rx,FL and Rx,FR are the force due to rolling resistance at the front tires

• Rx,RL and Rx,RR are the force due to rolling resistance at the rear tires

Longitudinal Tire Forces

The longitudinal tire forces are the forces that come from the friction force that comes from

the ground and the tires themselves.

As seen in section 2.1.3, the different tire models depend on a set of variables, the most im-

portant being the slip variable, which is defined in longitudinal tire force as the slip ratio. The slip

ratio can be defined as the difference between the actual longitudinal velocity on the axle of the

wheel vx and the equivalent rotational velocity Rwheel ·ωwheel and is defined in equation 2.13 [4].

σx =


Rwheel·ωwheel−vx

vx
,during braking

vx−Rwheel·ωwheel
Rwheel·ωwheel

,during acceleration
(2.13)

where

• Rwheel represents the wheel radius

• ωwheel represents the wheel angular velocity

• vx reprents the vehicle’s longitudinal velocity

With that information, Fx can be defined with the Pacejka tire model (see section 2.1.3.2) to

calculate the value Fx as seen in equation 2.14.

Fx(σx) = Dx sin[Cx arctan{Bx ·σx−Ex(Bx ·σx− arctan(Bx ·σx))}] (2.14)
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Aerodynamic Drag Force

The aerodynamic drag force is a force that acts in the direction opposite to the direction of

motion and can be calculated as seen in equation 2.15 [22].

Fdrag =
1
2

ρCdAFv2
x (2.15)

where

• ρ is the mass density of air

• Cd is the aerodynamic drag coefficient

• AF is the frontal area of the vehicle

• vx is the longitudinal vehicle velocity

Rolling Resistance

As a tire rotates, the contact patch undergoes continuous deformation, with the stiffer road

assumed rigid and the elastic tire material deflecting under the normal load. As new material enters

the contact patch, it is compressed, reaches maximum deformation at the center, and recovers upon

exiting; however, due to internal damping, the energy lost in deformation is not fully recovered.

This energy loss gives rise to rolling resistance, a force opposing vehicle motion, and causes the

distribution of the normal load within the contact patch to become non-symmetric. Unlike the

static case, where the load is evenly distributed, in the rotating tire the viscous dissipation results

in higher normal forces in the forward half of the contact patch compared to the rear [4]. In

formula 2.16.

Rx,FL +Rx,FR +Rx,RL +Rx,RR = f (Fz,FL +Fz,FR +Fz,RL +Fz,RR) (2.16)

where

• Fz,FL and Fz,FR are the normal forces in the front tires

• Fz,RL and Fz,RR are the normal force in the rear tires

• f is the rolling resistance coefficient

2.1.5 Lateral Dynamics

Lateral vehicle dynamics is the part of vehicle dynamics that describes the motion of the vehicle

when cornering. Cornering comes as the output of the modulus of the velocity and the rotation
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around the z axis, the yaw angle (ψ). The yaw rate (ψ̇) comes as the rotational velocity around the

z axis and can be written as in equation 2.17 [32].

ψ̇ =
dψ

dt
=

v
Rcorner

(2.17)

where Rcorner is the radius of the corner.

2.1.5.1 Tire Lateral Force Generation

The lateral force is calculated based on the tire behaviour [33] and can be expressed as equation

2.18 [21].

Fy = Dy sin
[
Cy arctan

(
Byα−Ey

(
Byα− arctan(Byα)

))]
(2.18)

where α is the slip angle, and By, Cy, Dy, and Ey are the Magic Formula tire model parameters.

This nonlinear relationship captures how the lateral force increases with slip angle, reaches a

maximum, and then decreases as the tire saturates.

Slip Angle Calculation

The slip angle α is defined as the angle between the direction in which the wheel is pointing

and the actual velocity vector of the wheel center (figure 2.4). It is a necessary information in

order to create cornering force [11].

Figure 2.4: Representation of the slip angle α in a 4 wheel vehicle model, from [34].

The vehicle slip angles can be defined as in equations 2.19 [35].
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αFL = arctan
(

vy + ψ̇ · l f

vx− ψ̇ · t f

)
−δl

αFR = arctan
(

vy + ψ̇ · l f

vx + ψ̇ · t f

)
−δr

αRL = arctan
(

vy− ψ̇ · lr
vx− ψ̇ · tr

)

αRR = arctan
(

vy− ψ̇ · lr
vx + ψ̇ · tr

)
(2.19)

where:

• δl and δr are the steering angles at the front wheels.

• vx and vy are the longitudinal and lateral components of the vehicle velocity at the center of

gravity,

• ψ̇ is the yaw rate of the vehicle,

• l f and lr are the distances from the center of gravity to the front and rear axles, respectively.

• t f and tr are the width of the front and rear axle, respectively.

These equations show that the slip angle depends not only on the steering input δ , but also

on the lateral motion of the vehicle body (vy) and the yaw rate ψ̇ . In practice, accurate slip angle

estimation is critical for vehicle stability control systems, as it directly influences the lateral force

generation capability of the tires.

Combined Slip Behaviour

The generation of tire forces is limited by the available friction at the tire-road interface. As

a consequence, longitudinal and lateral tire forces cannot be considered completely independent.

When a tire generates longitudinal force through acceleration or braking, its ability to simultane-

ously generate lateral force is reduced, and vice versa [21].

This interaction is commonly represented through friction circle or friction ellipse concepts

and is referred to as combined slip behaviour [36]. Combined slip effects become particularly

relevant in high-performance vehicles and advanced vehicle dynamics control systems, such as

traction control and torque vectoring, where longitudinal tire forces are actively manipulated to

influence vehicle behaviour.

Yaw Moment and Vehicle Stability

When a vehicle negotiates a curve, unequal lateral tire forces between the front and rear axles

generate a yaw moment Mz about the vertical axis of the vehicle. The yaw moment depends on
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several factors such as longitudinal force Fx and Fy self-aligning torques Mz,FL, Mz,FR, Mz,RL and

Mz,RR. Formula 2.20 represents the yaw moment formula considering variables [37].

Mz = Izz ψ̈ = l f

(
cosδ (FyFL +FyFR)+ sinδ (FxFL +FxFR)

)
− lr (FyRL +FyRR)

+
t f

2

(
cosδ (FxFL−FxFR)− sinδ (FyFL−FyFR)

)
+

tr
2
(FxRL−FxRR)

−Mz,FL−Mz,FR−Mz,RL−Mz,RR

(2.20)

where Izz is the vehicle yaw moment of inertia, ψ̈ is the yaw acceleration, l f and lr are the

distances from the center of gravity to the front and rear axles, respectively, t f and tr are the

front and rear track widths, respectively, δ is the front wheel steering angle (assuming Ackermann

effects are neglected), Fxi j and Fyi j are the longitudinal and lateral tire forces, respectively, acting

on wheel i j, and Mz,i j is the self-aligning moment generated by tire i j.

If the yaw moment grows uncontrollably, the vehicle can spin or lose control. Vehicle design-

ers carefully tune suspension and tire characteristics to maintain yaw stability over the expected

operating range.

As shown in Equation 2.20, the yaw moment depends on the difference between the longitudi-

nal forces Fx. This variable can be manipulated through yaw moment control systems to improve

cornering performance.

2.1.5.2 Bicycle Model

The bicycle model, also known as the single-track model, is one of the most widely used repre-

sentations of vehicle lateral dynamics. It simplifies the vehicle by combining the left and right

wheels of each axle into a single equivalent wheel, reducing the complexity of the system while

preserving the dominant lateral and yaw dynamics [38].

Under the assumptions of small slip angles, small steering angles, linear tire behaviour, and

constant longitudinal velocity, the vehicle motion can be described by two state variables: the

vehicle sideslip angle (β ) and the yaw rate (ψ̇). The resulting equations of motion are obtained by

applying Newton’s second law in the lateral direction and the rotational equation of motion about

the vertical axis passing through the centre of gravity [38].

The bicycle model provides a useful framework for analysing vehicle handling and stability

characteristics. Despite its simplicity, it captures the fundamental relationship between steering

input, tire forces, sideslip angle, and yaw response, making it one of the most widely used models

in vehicle dynamics studies.
mv

(
dβ

dt + ψ̇

)
=−Ky,F

(
β +

l f
v ψ̇−δ

)
−Ky,R

(
β − lr

v ψ̇

)
Izz

dψ̇

dt =−Ky,F

(
β +

l f
v ψ̇−δ

)
l f +Ky,R

(
β − lr

v ψ̇

)
lr

(2.21)
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where m is the vehicle mass, v is the longitudinal velocity, β is the vehicle sideslip angle, ψ is

the yaw angle, δ is the steering angle, Ky,F and Ky,R are the front and rear cornering stiffnesses, l f

and lr are the distances from the centre of gravity to the front and rear axles, respectively, and Izz

is the vehicle yaw moment of inertia.

2.2 Mechanical Differentials

Mechanical differentials are drivetrain components responsible for distributing torque between

the driven wheels while allowing differences in wheel rotational speed. Their primary function

is to accommodate the kinematic requirements of cornering, where the inner and outer wheels

must travel different distances and therefore rotate at different speeds. Beyond this basic function,

the way torque is distributed between the wheels has a significant influence on vehicle traction,

handling, and stability [39].

From a vehicle dynamics perspective, differentials can be interpreted as torque distribution

systems. Modern torque vectoring controllers seek to actively manipulate wheel torques to achieve

vehicle dynamics objectives such as improved traction and yaw stability. In this sense, torque

vectoring can be viewed as an evolution of traditional mechanical differentials, replacing passive

mechanical torque distribution with actively controlled torque allocation.

2.2.1 Open Differential

An open differential [40] represents the simplest and most common differential configuration. It

distributes equal torque to both driven wheels while allowing unrestricted differences in wheel

speed. This behaviour satisfies the kinematic requirements of cornering and provides smooth

vehicle operation under normal driving conditions.

The main limitation of the open differential arises when the available traction differs signifi-

cantly between the driven wheels. Because the transmitted torque is limited by the wheel with the

lowest available grip, a loss of traction on one wheel reduces the torque that can be transmitted to

both wheels. Consequently, a large portion of the available driving torque may be wasted through

wheel spin [40].

Despite these limitations, the open differential serves as an important reference case in vehicle

dynamics studies. In the absence of additional control mechanisms, it represents the passive torque

distribution behaviour against which torque vectoring systems are commonly compared [41].

2.2.2 Locking Differential

A locking differential represents the opposite extreme of torque distribution. When locked, both

wheels are forced to rotate at the same speed regardless of differences in tire grip or cornering

conditions. This configuration maximizes traction but compromises handling performance due to

the inability of the wheels to satisfy the natural speed differences required during cornering [42].
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2.2.3 Limited-Slip Differential (LSD)

A limited-slip differential (LSD) [43] can be considered an intermediate solution between open

and locking differentials. Rather than enforcing equal wheel speeds or allowing unrestricted speed

differences, an LSD permits a controlled amount of slip while redistributing torque toward the

wheel with greater available traction.

From a vehicle dynamics perspective, the LSD introduces a passive form of torque vector-

ing. By modifying the torque distribution between the driven wheels according to mechanical

conditions within the differential, it can influence the yaw behaviour of the vehicle and improve

corner-exit performance. However, unlike modern torque vectoring systems, the torque distri-

bution characteristics are determined by the mechanical design of the differential and cannot be

actively adapted to changing driving conditions [4].

The M-Diff Formula Student V2 Adjustable [44] is a limited-slip differential designed specif-

ically for Formula Student and FSAE race cars. It is the differential used by the FS FEUP 02

prototype, which was the last prototype to use a single motor with a differential transmission.

In Table 2.2, a summary of the characteristics of the differentials is presented.

Table 2.2: Comparison of differential types and torque vectoring systems.

System Wheel Speed
Difference

Torque Distribu-
tion

Traction Per-
formance

Control Au-
thority

Open Differen-
tial [40]

Free Equal torque to
both wheels

Low on split-µ
surfaces

None

Locking Differ-
ential [42]

Not allowed
when locked

Equal wheel
speed

Very high None

Limited-Slip Dif-
ferential [43]

Limited Passive torque re-
distribution

Improved Limited

2.3 Traction Control

Traction Control Systems (TCS) regulate wheel slip to maximize tire-road force utilization while

maintaining vehicle stability. Similar to Anti-lock Braking Systems (ABS), traction controllers

aim to keep the tire operating near the peak of the friction-slip characteristic, thereby maximizing

longitudinal performance and preserving vehicle controllability. In high-performance electric ve-

hicles equipped with independently actuated in-wheel motors, traction control benefits from fast

torque response and wheel-level actuation, enabling more advanced control strategies than those

available in conventional drivetrains [45, 4].
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Figure 2.5: Generic architecture of TC/ABS system, adapted from [45].

Figure 2.5 shows an outline of how traction control systems are usually implemented. Typi-

cally, they consist of several modules, including a tire-road friction estimator that uses wheel slip

and wheel force to estimate the tire-road friction coefficient, µ . This estimated value is compared

with a reference value to generate the reference slip, σx. The controller is then responsible for

calculating the actual wheel torque to apply in order to achieve the desired slip.

Among the various slip-regulation approaches proposed in the literature, adaptive Sliding

Mode Control (SMC) remains one of the most robust solutions due to its ability to handle non-

linear tire dynamics, uncertain vehicle parameters, and varying road conditions [46]. Kachroo

and Tomizuka proposed an adaptive sliding mode traction controller combined with a sliding-

mode parameter estimation scheme capable of estimating the local slope of the tire friction char-

acteristic and updating the target slip ratio toward the maximum-traction region without requiring

prior knowledge of the road surface [46]. Simulation results showed satisfactory slip regulation

under significant parameter uncertainties and demonstrated that the traction controller remained

stable under severe external disturbances that caused passive PID and tractionless sliding-mode

controllers to become unstable, highlighting its robustness to model uncertainties and distur-

bances [46].

More recent research has extended traction control beyond individual wheel-slip regulation to-

ward coordinated force-allocation strategies for four-wheel independently driven electric vehicles.

Fujimoto et al. proposed a driving-force distribution framework that combines traction control

with optimization-based allocation of wheel forces, allowing available traction to be redistributed

among wheels according to local adhesion conditions [47]. By exploiting actuator redundancy,

the method maintains higher total longitudinal force on transient low-friction surfaces while si-

multaneously reducing undesired yaw moments under split-friction conditions. Both simulation

and experimental results showed that the proposed approach preserved a larger total driving force

than conventional Driving Force Control (DFC) and improved directional stability by suppressing

yaw moment generation when individual wheels encountered low-adhesion regions [47].

Another traction control strategy relies on estimating parameters of the tire-road friction char-

acteristic from wheel-slip measurements. Following the approach proposed by Gustafsson [48],

the method exploits the approximately linear relationship between friction coefficient and slip at

low slip levels. An adaptive estimator is used to identify the local slope of the friction-slip charac-

teristic, k = dµ/dσx, together with a slip offset parameter. Changes in the estimated slope are then
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used as an indicator of variations in available tire-road friction, enabling adaptation to changing

surface conditions without requiring dedicated friction sensors or detailed road models.

In [49], road-surface friction is estimated from wheel-speed, wheel-acceleration, and engine-

output information during traction events. The estimated friction coefficient is then used to de-

termine desired slip values for engine and brake control. By adapting these slip targets to the

current road condition, the controller regulates wheel slip toward a region of high traction while

maintaining vehicle stability and drivability under varying surface conditions.

2.4 Torque Vectoring

Torque vectoring is a vehicle control strategy that improves handling, stability, and cornering

performance by actively distributing driving torque between individual wheels (Figure 2.6). By

creating differential torques, the system generates a controllable yaw moment, allowing precise

regulation of the vehicle’s rotation about its vertical axis and enhancing responsiveness during

maneuvers [50].

(a) Baseline cornering condition, assuming
equal torque distribution.

(b) Increased yaw moment through differen-
tial longitudinal force application.

Figure 2.6: Illustration of yaw rate enhancement through differential longitudinal force generation.
In the baseline/open case (a), the longitudinal tire forces are balanced. In the torque-vectoring case
(b), a greater longitudinal force is applied at the outer wheel, producing an additional yaw moment
that increases the vehicle yaw rate and improves cornering response. Arrow lengths indicate the
relative magnitude of the longitudinal tire forces.

Torque vectoring can be classified under Yaw Stability Control, specifically as a form of Direct

Yaw Control (DYC). Yaw Stability Control itself can be further subdivided into several types and

subtypes, as illustrated in Figure 2.7 [51].
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Figure 2.7: Classification of yaw stability control types [51].

In Direct Yaw Control (DYC), the control is achieved through the yaw moment generated

by the difference in longitudinal forces between the outer and inner wheels. Brake-based DYC

applies this control via selective braking, while torque vectoring accomplishes it through targeted

torque distribution.

Indirect Yaw Control modifies vehicle parameters (such as steering, suspension, or tire pres-

sure) to achieve the desired yaw behavior.

Integrated Vehicle Dynamics Control coordinates multiple vehicle subsystems to optimize

overall stability and handling, ensuring that the car responds in a balanced and controlled manner

under various driving conditions [51].

Torque vectoring architectures (Figure 2.8) can be conceptually divided into several stages.

As described in [52], the torque vectoring control scheme is typically composed of three main

components:

• Reference Generator: Processes the driver inputs and vehicle states (e.g., velocity) to com-

pute the reference values required by the controller, such as the desired yaw rate (ψ̇).

• High-Level Controller: Uses the reference values and current vehicle states to determine

the required yaw moment (Mz) to be applied to the vehicle, as well as the total driving torque

(τT ).

• Low-Level Controller: Converts the total driving torque (τT ) and yaw moment demand

(Mz) into individual wheel torque commands.
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Figure 2.8: General torque vectoring control architecture for yaw moment control.

Table 2.3 summarizes all the information and the outputs of each part of any torque vectoring

system [50].

Table 2.3: Torque Vectoring Control Architecture.

Reference Generator High Level Controller Low Level Controller
Sideslip angle (β )

Yaw rate (ψ̇)
Yaw Moment (Mz)
Total Torque (TT )

Torque Distribution

2.4.1 Reference Generator

As said, the reference generator is responsible for creating the set of reference variables that rep-

resent the state of our vehicle that we want to reach. Usually, the variables that represent the

reference generator are the sideslip angle (β ) and/or the yaw rate (ψ̇) [50].

2.4.1.1 Yaw Rate Reference Generation

In [50], two main approaches are described for the yaw rate (ψ̇) control. The first one, results from

a linearization of the steady-state (ψ̈ = 0) equations of a single-track vehicle model [8, 13, 53].

Figure 2.22 describes the resulting formula of the simplification.

ψ̇ref =
v

L(1+Kuv2)
δ (2.22)

where ψ̇ref is the reference yaw rate, v is the vehicle longitudinal velocity, L is the wheelbase,

and δ is the steering angle.

In this formula, Ku is defined as the understeering coefficient (or Stability factor) that models

the vehicle’s cornering response and can be defined as in equation 2.23 [54, 53].

Ku =
m
L2

(
lr

Ky,F
−

l f

Ky,R

)
(2.23)

where m is the vehicle mass, L is the wheelbase, l f and lr are the distances from the center

of gravity to the front and rear axles, respectively, and Ky,F and Ky,R are the front and rear axle

cornering stiffnesses, respectively.
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Several equivalent formulations exist for computing the yaw-rate reference, all of which lead

to the same result, as discussed in [55, 11]. Even thought formula 2.23 allows us to calculate

analliticaly with the parameters of our vehicle, this value can be used to manipulate the vehcile’s

cornering response. Authors such as [8] and [13] also limits the yaw rate with the maximum lateral

acceleration of the vehicle.

|ψ̇max|=
∣∣∣∣ay,max

vx

∣∣∣∣ (2.24)

ψ̇ref =


ψ̇des, if |ψ̇des|< |ψ̇max|

ψ̇des, otherwise
(2.25)

Another way to calculate the reference yaw rate (ψ̇) is presented in [50]:

ψ̇ref =


v

L(1+Kuv2)
δ = α δ , if δ ≤ δ ∗

ψ̇max +(ψ̇∗− ψ̇max)e
(
−α(δ−δ∗)
ψ̇max−ψ̇∗

)
, if δ > δ ∗

(2.26)

where ψ̇∗ represents the yaw rate value that defines the boundary between the linear and satu-

ration regions, and δ ∗ = Kuay is the corresponding steering angle at the transition point.

2.4.1.2 Sideslip Angle Reference Generation

For the reference sideslip angle, [50] presents a formulation that uses the previously calculated

reference yaw rate (ψ̇ref) to determine the target sideslip angle (β ref), which is then used by the

high-level controller to compute the desired yaw moment (Mz):

βref =

(
lr
v
−

m · l f · v
L ·Ky,R

)
ψ̇ref (2.27)

where βref is the reference sideslip angle, v is the vehicle longitudinal velocity, m is the vehicle

mass, L is the wheelbase, l f and lr are the distances from the center of gravity to the front and rear

axles, respectively, Ky,R is the rear axle cornering stiffness, and ψ̇ref is the reference yaw rate.

Another approach, proposed in [10], uses the current sideslip angle (β ) and the maximum

sideslip angle (βmax) to generate the next reference value.

βref = βmax tanh
(

β

βmax

)
(2.28)

2.4.2 High Level Controller

The high-level controller is the part of the Torque Vectoring algorithm that is responsible for

creating the vehicle dynamics inputs required by the vehicle in order to convert its current state

(mainly sideslip angle (β ) and/or yaw rate (ψ̇)) into the target values generated by the Reference

Generator.



28 Vehicle Dynamics, Drivetrain Modeling, and Control

In [50], the different controllers are divided into different cattegories: PID Controllers, Op-

timal Controllers (such as LQR, LQV and LPV), Sliding Mode Controllers, Model Predictive

Controllers and Fuzzy Controllers.

2.4.2.1 PID Controllers

In the Torque Vectoring context, the Proportional-Integral-Derivative (PID) controller is used as a

feedback controller for yaw rate (ψ̇) or sideslip angle (β ) control. The main advantage of using

a PID controller is the reduced number of parameters to tune in order to achieve optimal perfor-

mance.

The PID control law can be expressed as [56]:

Mz = kpe(t)+ ki

∫ t

0
e(τ)dτ + kd

de(t)
dt

(2.29)

In the work of Antunes et al. [11], a torque vectoring control architecture based on a PI algo-

rithm is proposed for yaw rate control. As seen in Figure 2.9, the controller uses a lookup table

to determine the proportional (kP) and integral (kI) gains as functions of the vehicle’s longitudinal

velocity (vCG), allowing the controller to adapt its response to different operating conditions. The

desired yaw rate (ψ̇re f ) is generated from the steering input (δ ) and vehicle velocity, and is then

compared with the measured yaw rate (ψ̇) to compute the yaw rate error (ψ̇error). This error serves

as the input to the PI controller, which outputs a torque difference command (∆T ) to achieve the

desired yaw behavior. A linear bicycle model is used to estimate the actual yaw rate of the vehicle,

providing feedback for the control loop and enabling accurate tracking of the reference yaw rate

across varying dynamic conditions.

Figure 2.9: Torque Vectoring Architecture with a PI Controller (FST Lisboa) [11].

Unlike other torque vectoring control strategies that distinguish between high-level and low-

level control layers, the approach by Antunes et al. [11] does not explicitly separate these stages.

Instead, the controller directly computes the torque difference (∆T ) as a control function of the

yaw rate error (ψ̇error). This simplifies the overall control architecture by eliminating the need for
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a dedicated torque allocation or distribution layer, while still ensuring that the generated torque

difference effectively compensates for deviations between the desired and actual yaw rates.

The implementation of torque vectoring was shown to enhance vehicle performance, achieving

an average increase of 5% performance gain in skidpad lap times in a Formula Student event [12].

In the torque vectoring control strategy proposed by Fujimoto et al. [16], the control archi-

tecture combines a reference generator, a PI controller, and a low-level torque distribution stage

to regulate the vehicle’s yaw dynamics, as seen in Figure 2.10. The reference generator com-

putes the desired yaw rate (ψ̇r) based on the driver’s steering input (δ ), which is then compared

with the measured yaw rate (ψ̇) to obtain the yaw rate error (eψ̇ ). This error is processed by a

PI controller to generate a desired corrective yaw moment (Mz,PI). Unlike conventional PI-based

schemes, Fujimoto introduces an additional compensating term that accounts for the actual yaw

moment, derived from the product of the vehicle’s yaw rate (ψ̇) and yaw moment of inertia (Izz).

This term ensures that the total commanded yaw moment (Mz) reflects both the controller’s cor-

rective action and the dynamic contribution of the vehicle’s rotational inertia. The resulting yaw

moment is then processed by a low-level controller, which translates the desired total torque (TTOT )

and the required yaw moment into individual wheel torque commands. This hierarchical control

approach enhances yaw stability and steering responsiveness by providing accurate moment gen-

eration while compensating for vehicle inertia effects.

Figure 2.10: Torque Vectoring control scheme of Fujimoto et al. [16].

Experimental validation demonstrated the effectiveness of the controller in mitigating yaw-rate

disturbances under varying road conditions. On dry asphalt, the controller reduced the yaw-rate

response by approximately 33% compared to the uncontrolled case, while also decreasing the

corrective steering effort required from the driver following the disturbance. Similar benefits were

observed on snowy surfaces, where the yaw-rate response was reduced by 25% [16].

The torque vectoring control strategy presented in [13] (Figure 2.11) uses a control architec-

ture centered around a reference generator, which determines the desired yaw rate (ψ̇re f ) from the

driver’s steering input (δ ). The difference between this reference yaw rate and the actual mea-

sured yaw rate (ψ̇) computes the yaw rate error (ψ̇error), which is processed by a PI controller to
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produce a preliminary corrective yaw moment (Mz,pre). To improve dynamic response and com-

pensate for the moments generated by tire lateral forces, a feed-forward term (Mz,Fy) proportional

to the steering input (δ ) is subtracted from this preliminary moment. The resulting total corrective

moment (Mz,TV ) is then converted into a corrective yaw rate (ψ̇z,TV ) using the gain ψ̇

Mz,TV
. This

corrective yaw rate is subsequently combined with the direct yaw rate contribution from steering,

obtained through the gain ψ̇

δ
, before being applied to the vehicle model to generate the actual yaw

rate (ψ̇), thus closing the feedback loop. This control scheme enhances vehicle yaw stability and

agility by integrating closed-loop feedback for accurate yaw tracking with a feed-forward path that

anticipates steering-induced yaw dynamics.

Figure 2.11: Torque Vectoring control scheme (ETSEIB MotorSport) [13].

For this implementation, the results obtained for the Skidpad event [12], are reported in Ta-

ble 2.4, comparing vehicle performance with torque vectoring enabled and disabled.

Table 2.4: Comparison of vehicle performance with torque vectoring (TV) enabled and dis-
abled [13].

Variable TV Active TV Disabled

Peak yaw rate 1.43 1.3
Average yaw rate 1.29 1.19
Left turn time (s) 4.84 5.24
Right turn time (s) 4.85 5.2
Total time (s) 4.845 5.22

2.4.2.2 Optimal Controllers

Optimal controllers are the controllers that can be considered as model-based. In specific, the

model correspondes to a virtual vehicle model of the system that is able to predict how the vehicle

will handle the inputs the algorithm is giving to the vehicle. In other words, how the yaw moment

that is being generated by the high-level controller will behave on the vehicle itself, to predict the

change in the yaw rate, for instance.

In Mangia et al. [10], a Linear Quadratic Regulator (LQR) is employed to compute the cor-

rective yaw moment Mz. The vehicle’s lateral dynamics are expressed in state-space form with
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sideslip angle β and yaw rate ψ̇ as states, and the controller minimizes a quadratic cost function

(Equation 2.30) that penalizes both tracking error and control effort. The weighting matrices Q

and R are normalized by the maximum allowable values of β , ψ̇ , and Mz, providing an intuitive

tuning approach. The main advantage of LQR in this context is its ability to simultaneously regu-

late both states optimally, at the cost of depending on a linearised bicycle model that may degrade

at high lateral accelerations.

J =
∫

∞

0

(
eTQe+Mz,SSC RMz,SSC

)
dt, (2.30)

Experimental results showed that the proposed torque-vectoring controller was capable of re-

ducing vehicle power losses while maintaining handling performance comparable to the baseline

vehicle. In the Normal driving mode, power losses were reduced by up to 4.28% at high lateral

accelerations, demonstrating that the LQR-based yaw moment control can improve vehicle effi-

ciency without significantly compromising dynamic behaviour. These results highlight the poten-

tial of optimal control approaches to balance vehicle stability objectives with energy consumption

considerations in electric vehicles [10].

In [11], an LQR controller is proposed using lateral velocity vy and yaw rate ψ̇ as state vari-

ables, with the torque difference ∆T as control input (Equation 2.31). Since vy cannot be directly

measured, it is estimated via a Kalman Filter or approximated from longitudinal velocity under

steady-state conditions. Compared to a PI controller, which can become unstable under low fric-

tion or sliding conditions, the LQR provides a more robust solution by minimizing a cost function

that balances yaw rate tracking error and control effort, resulting in near-neutral steer behaviour

and improved stability.

∆T = KRψ̇ +Kvvy (2.31)

In [57], a gain-scheduled Robust Linear Quadratic Regulator (RLQR) is proposed for direct

yaw moment control of a fully electric vehicle with individually controlled motors. The controller

extends a conventional gain-scheduled LQR by incorporating three control terms: the LQR feed-

back action (uLQ), the feedforward action (uFF ) based on the reference trajectory, and an additional

robust feedback term (uRB) to enhance robustness against unmodelled dynamics and parameter un-

certainties. All control gains are scheduled as functions of the longitudinal velocity.

The results obtained from the skidpad tests, comparing the passive vehicle dynamics with the

LQR and robust LQR (RLQR) controllers, show a reduction in the RMSE of the yaw rate tracking

error of 44% and 66% for the LQR and RLQR controllers, respectively, relative to the baseline

vehicle [57].

2.4.2.3 Model Predictive Control

Model Predictive Control (MPC) has gained increasing attention in torque vectoring applications

due to its ability to handle multi-input multi-output systems with constraints. MPC uses an inter-

nal predictive model to forecast the vehicle’s future behavior over a defined prediction horizon,
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optimizing a cost function that balances yaw rate tracking accuracy and control effort, subject to

actuator and stability constraints.

In [58], the authors propose a Model Predictive Control (MPC)-based torque vectoring strategy

aimed at improving cornering performance by exploiting the natural understeer characteristics of

the vehicle. Unlike conventional yaw-rate tracking controllers, the proposed approach does not

require real-time road friction estimation or the computation of a friction-dependent reference

yaw rate. Instead, the controller regulates the difference between the front and rear wheel slip

angles, maintaining the vehicle close to a neutral steer condition while preserving stability.

The controller is based on a linear bicycle model describing the vehicle’s lateral dynamics,

where an additional yaw moment generated through torque vectoring acts as the control input.

Using predictions of the vehicle states over a finite horizon, the MPC optimizes the corrective yaw

moment while respecting constraints on tire slip angles and actuator limits. By directly controlling

the vehicle’s understeer behaviour, the strategy seeks to maximise cornering performance without

approaching unstable operating conditions.

Equation 2.32 represents the state vector x(t), output vector y(t), and control input u(t), respec-

tively.

x(t) =

[
α f −αr

αr

]
,

y(t) =

[
ψ̇

ay

]
,

u(t) = Mz

(2.32)

A major advantage of this approach is its reduced dependence on accurate tire-road friction

estimation, which is often a significant source of uncertainty in vehicle dynamics controllers.

Furthermore, the predictive nature of MPC allows vehicle stability and performance constraints

to be handled explicitly within the optimization process. Experimental and simulation results

demonstrated improved lateral stability and cornering performance, with the controller success-

fully maintaining the desired understeer margin while operating near the vehicle’s handling limits,

showing an improvement of between 7% and 9% in the maximum lateral acceleration reached [58].

Mikuláš et al. [59] proposed a torque vectoring control strategy for a Formula Student electric

racing car equipped with four independently driven wheels. The study compared two advanced

control approaches: a Linear Time-Varying Model Predictive Controller (LTV-MPC) and a Non-

linear Model Predictive Controller (NMPC). A nonlinear two-track vehicle model combined with

a Pacejka tire model was used to represent vehicle dynamics, while an Unscented Kalman Filter

(UKF) was employed for state estimation.

Equation 2.33 represents the state vector and the control input of the MPC. This implementa-

tion has the particularity of directly controlling the wheel torque as the control input instead of the

yaw moment, thereby integrating the high-level and low-level controllers.
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x(t) = [vx,vy, ψ̇]

u(t) = [TFR,TFL,TRR,TRL]
(2.33)

The controllers were evaluated through simulation scenarios, including high-speed U-turns

and steering step response tests. Their performance was compared with a conventional equal-

torque distribution strategy. The results demonstrated that both MPC-based torque vectoring ap-

proaches significantly improved vehicle stability, prevented spin-out situations, and enabled the

vehicle to negotiate tighter cornering radii at high speeds [59].

2.4.2.4 Deep Reinforcement Learning

Another approach that is emerging for the high-level controller is the deep reinforcement learning

technique. Reinforcement learning is a machine learning technique widely used in robotic systems

and sufficiently complex systems to create a black-box model that maps the environment and its

variables into a set of actions, which can be either discrete or continuous. This process is described

as a Markov Decision Process (MDP).

In [60], the author formally defines the MDP as a five-tuple (S,A,P,R,λ ), where S represents

the state space of the vehicle (e.g., yaw rate (ψ̇), sideslip angle β , etc.). A is the action space (in

the scope of the high-level controller, the yaw moment Mz). P is the probability density function

that defines the mapping P : S×A×S→ [0,1], which depicts the likelihood of transitioning from

a current state in the state space (S) to a subsequent state after the agent executes a specific action

(A). R is the reward function R : S×A→R that, in this case, is composed of the immediate reward

for reference tracking and a penalty term targeting state deviation, control effort, and potential loss

of vehicle control. λ denotes the discount coefficient for weighting future rewards.

st =

(
β , ψ̇ref− ψ̇,

∫
β ,

∫
(ψ̇ref− ψ̇), ψ̇

)
(2.34)

By adopting a Deep Deterministic Policy Gradient (DDPG) algorithm within an actor-critic

architecture, this strategy approximates complex, nonlinear vehicle dynamics without the need for

an empirical tire force model. The reward function (R) is specifically engineered to prioritize active

safety, combining immediate rewards for precise tracking of the sideslip angle and yaw rate with

penalty terms that discourage excessive control effort or loss of vehicle control. Numerical sim-

ulations conducted on the Carsim/Simulink platform demonstrate that this approach significantly

enhances lateral stability and path-tracking accuracy on slippery roads, effectively outperforming

traditional linear control methods such as LQR and MPC [60].

Another approach is presented in [61], where the authors implement a TD3-based reinforce-

ment learning controller to compute the yaw moment command using a model-free approach. The

TD3 agent takes as input a set of measured and derived vehicle states (Equation 2.35). Based on

these observations, the agent outputs a continuous yaw moment command. The learning process
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is formulated as a Markov decision process, where the control policy is optimized through inter-

action with a nonlinear vehicle model, without requiring prior knowledge of vehicle dynamics or

tire characteristics.

st =

(
ψ̇e,

∫
ψ̇e,β ,βe,vx,ve,ωi j,σx,i j

)
(2.35)

To improve learning stability and robustness, the implementation adopts the core features of

the TD3 algorithm, including twin critic networks, delayed actor updates to stabilize policy learn-

ing, and target policy smoothing to prevent abrupt changes in the control action. In addition, the

authors integrate a curriculum learning strategy during training, in which the agent is gradually

exposed to increasing levels of task complexity by varying steering input, vehicle speed, and road

friction conditions. The trained TD3 policy outputs a single yaw moment command, which is

subsequently passed to a low-level torque allocator for wheel torque distribution. This implemen-

tation enables adaptive yaw control under varying operating conditions while maintaining stable

and smooth torque vectoring behavior [61].

Table 2.5 summarizes the main high-level control approaches used in torque vectoring sys-

tems. PID-based controllers remain attractive for Formula Student applications due to their sim-

plicity and low computational requirements. More advanced approaches, such as LQR and MPC,

generally provide superior yaw-rate tracking and stability performance at the expense of increased

modelling requirements and computational complexity. Consequently, the selection of a high-level

controller depends on the trade-off between performance, robustness, implementation complexity,

and available computational resources.

Considering the trade-off between control performance, implementation complexity, and com-

putational requirements, a PID-based controller was selected for this work, following the approach

proposed by Fujimoto et al. [16].

2.4.3 Low Level Controller

The Low-Level Controller in a torque vectoring system is responsible for distributing torque to the

individual wheels, ensuring that the desired outputs from the High-Level Controller, specifically

the yaw moment (Mz) and total torque (τTOT), are achieved.

Equation 2.36 relates the torque differential required between the left and right driven wheels

to the desired yaw moment [10]:

∆TLR =
Mz ·Rwheel

tr
(2.36)

In this expression, Mz is the additional yaw moment to be generated, tr is the full rear track

(distance between the two driven wheels), and Rwheel is the wheel radius. By commanding a torque

difference ∆T according to this relation, the vehicle can produce the target yaw moment through

longitudinal force asymmetry, thus improving cornering agility and lap-time performance without

relying solely on lateral force modulation.
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Table 2.5: Comparison of high-level torque vectoring controllers.

Controller Principle Advantages Disadvantages
PID / PI [11,
16, 13]

Uses yaw-rate or
sideslip error feed-
back to generate a
corrective yaw mo-
ment.

Simple implementation;
low computational cost;
easy tuning; suitable
for real-time embedded
systems; widely adopted
in Formula Student appli-
cations.

Performance degrades un-
der highly nonlinear ve-
hicle dynamics; limited
robustness to parameter
variations and changing
road conditions.

LQR [10, 11] Minimizes a
quadratic cost
function that bal-
ances tracking
performance and
control effort.

Excellent yaw-rate track-
ing; systematic design
methodology; good sta-
bility properties; low
online computational
requirements.

Requires an accurate ve-
hicle model; performance
may deteriorate under sig-
nificant model uncertain-
ties and nonlinear operat-
ing conditions.

RLQR [57] Extends the LQR
framework by
incorporating ro-
bustness against
parameter uncer-
tainties and model
variations.

Improved robustness to
modelling errors and
changing operating con-
ditions; maintains good
tracking performance; en-
hanced stability margins.

More complex design and
tuning process; poten-
tially higher control ef-
fort compared to standard
LQR.

MPC [58, 59] Predicts future
vehicle behaviour
over a finite hori-
zon and optimizes
control actions
while considering
system constraints.

Handles actuator and
vehicle constraints ex-
plicitly; excellent tracking
performance; suitable for
multivariable control
problems.

High computational com-
plexity; requires an ac-
curate prediction model;
more difficult to imple-
ment and tune.

Reinforcement
Learning [60,
61]

Learns a control
policy through
interaction with
the environment
by maximizing a
cumulative reward
function.

Can handle highly non-
linear vehicle dynamics;
adapts to complex driv-
ing scenarios; does not re-
quire an explicit analyti-
cal vehicle model; capa-
ble of improving perfor-
mance through training.

Requires large amounts
of training data; high
computational cost during
training; difficult to guar-
antee stability and safety;
limited interpretability
compared to model-based
controllers.
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In [10], a torque distribution strategy for four-wheel drive vehicles is proposed, which can be

directly applied in low-level torque vectoring control. The total driving torque Ttot is split between

the left and right wheels on each axle, while allowing an adjustable torque bias ∆TLR between the

left and right sides to improve handling and stability. The resulting wheel torques are computed

as: 

T11 =

(
Ttot

2
+∆TLR

)
σL,

T21 =

(
Ttot

2
+∆TLR

)
(1−σL),

T12 =

(
Ttot

2
−∆TLR

)
σR,

T22 =

(
Ttot

2
−∆TLR

)
(1−σR),

(2.37)

where:

• Ti j denotes the torque applied to wheel i on axle j (1 = front, 2 = rear, left/right according to

σL and σR),

• σL and σR are the left-right torque split coefficients for the front and rear axles, respectively,

• ∆TLR represents the left-right torque bias applied to enhance yaw response or traction.

This formulation allows a low-level controller to adjust individual wheel torques dynamically

based on vehicle states (e.g., slip, steering angle, or yaw rate), making it suitable for torque vec-

toring applications in high-performance or stability-focused control strategies.

To explicitly define the torque allocation for a rear-wheel-drive configuration, the total driving

torque is assumed to act only on the rear axle. In this case, the desired yaw moment is generated

by imposing a torque difference between the rear left and rear right wheels, while maintaining the

total rear axle torque equal to τTOT.

The rear wheel torques are therefore computed as in equation 2.38:
TRL =

TTOT

2
−∆TLR,

TRR =
TTOT

2
+∆TLR,

(2.38)

This formulation guarantees that the total longitudinal force demand is preserved while en-

abling precise yaw moment control through differential torque actuation. As a result, the rear

axle becomes the primary actuator for yaw control, making this approach particularly suitable for

rear-wheel-drive performance vehicles and simplified torque vectoring implementations.

2.4.3.1 Deep Reinforcement Learning

Similarly to the High-Level Controller, some approaches were created in order to introduce re-

inforcement learning techniques for torque allocation to ensure the right yaw moment is applied.
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For instance in [62], a reinforcement learning approach with a Deep Deterministic Policy Gradient

(DDPG) agent (to account for nonlinear interactions within the all-wheel-drive system) is utilized

for the low-level controller with the state variables defined as:

St =
(

ψ̇, ψ̇e,
∫

ψ̇, β̇ , β̇e,
∫

β̇e,vx,ve,ωi j,σx,i j,Fx,Mz

)
(2.39)

The actions are defined as the individual torque values for the front and rear axles:

at = (TFL,TFR,TRL,TRR) (2.40)

The reward function for this low-level controller consists of five primary components: a posi-

tive reward is granted when the yaw rate error is kept within an extremely strict threshold, while

separate penalty terms target squared errors in the yaw rate, sideslip angle, and longitudinal ve-

locity. Additionally, the function includes a penalty for excessive control effort, which prevents

sudden or extreme torque fluctuations that could destabilize the vehicle [62].

By outputting these continuous torque values, the agent learns to optimally split the required

yaw moment among the four wheels through trial and error. This allocation enables the vehicle

to dynamically adapt to varying road conditions, such as slippery or snowy surfaces, thereby

improving lateral stability and maneuverability.

The reward function is also useful for imposing constraints on the system in order to achieve

the desired outcome. In [63], Deng et al. propose a REDQ-based reinforcement learning torque

vectoring algorithm with a reward function that accounts for vehicle and tire stability, drive system

power consumption, and driver load, thus incorporating energy-saving considerations. In [64], de

Carvalho Pinheiro and Carello present a reward function that uses the cumulative sideslip angle,

yaw rate penalty factor, battery state of charge variation (∆SOC), battery temperature variation

and rotor and stator temperature variation.

Another approach is presented by Wei et al. [65], where a torque-allocation DRL framework

is employed to configure both the high-level and low-level controllers. The state space consists

of reference signals generated by the reference generator (including their integrals and tracking

errors), as well as the vehicle state vector, such as yaw rate, sideslip angle, and longitudinal veloc-

ity. By embedding vehicle stability and energy efficiency objectives into the reward function, the

framework enables coordinated torque distribution without relying on an explicit tire or vehicle

model.

Table 2.6 summarizes the main low-level torque allocation strategies identified in the literature.
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Table 2.6: Comparison of low-level torque allocation controllers.

Controller Principle Advantages Disadvantages
Rule-Based Al-
location [10]

Distributes wheel
torques using
predefined equa-
tions, lookup
tables, or heuris-
tic rules based on
the desired yaw
moment and total
torque demand.

Simple implementation;
low computational cost;
easy to validate and in-
terpret; suitable for real-
time embedded systems.

Limited adaptability to
changing vehicle dynam-
ics and road conditions;
performance depends on
manual tuning; may not
achieve optimal torque
distribution.

Reinforcement
Learning
(RL) [62,
63, 65]

Learns a torque
allocation policy
through inter-
action with the
environment by
maximizing a
reward function
related to vehicle
performance and
stability.

Can adapt to complex
and nonlinear vehicle
dynamics; capable of
learning near-optimal al-
location strategies; does
not require explicit ana-
lytical allocation rules.

Requires extensive train-
ing data and computa-
tional resources; diffi-
cult to guarantee stabil-
ity and safety; limited
interpretability and vali-
dation compared to rule-
based approaches.



Chapter 3

Torque Vectoring Implementation

This work proposes a torque vectoring and traction control architecture for a Formula Student elec-

tric vehicle equipped with two independent rear-wheel motors. By exploiting the over-actuated na-

ture of the drivetrain, the proposed system directly influences the vehicle yaw dynamics through

differential torque control, eliminating the need for a mechanical differential. In addition, sim-

plified traction control model are integrated into the architecture to enhance vehicle stability and

improve the reliability and robustness of the obtained results under varying driving conditions.

3.1 Architecture

The first step in the architecture design of the torque vectoring (TV) system is the definition of the

system requirements and the interfaces with which the algorithm must communicate. Figure 3.1

illustrates these interfaces and the overall communication architecture.

The TV system has two main requirements regarding the environment in which it operates.

First, it must be capable of interfacing seamlessly with the real vehicle hardware, represented in

blue in Figure 3.1. This includes communication with the Autonomous System, which provides

the autonomous throttle command and the vehicle state information, as well as communication

through the CAN bus, which supplies the driver input signals and other vehicle data.

Second, the TV system must also support operation within a simulation environment, repre-

sented in red. As this work focuses heavily on development and validation through simulation,

integration with IPG CarMaker [17] is essential. The simulation environment enables the val-

idation of modifications and to evaluate controller performance while also providing access to

variables that are difficult or impossible to measure directly on the real vehicle, such as tire forces.

39
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Figure 3.1: Torque vectoring system communication interfaces and architecture.

Figure 3.2 represents how the torque vectoring algorithm will be deployed into the vehicle

ECU in the future, when it is implemented in the FS FEUP 03 prototype, which will be built

in 2027. The required vehicle states will be obtained from the existing state estimation system

developed by the team (Unscented Kalman Filter with the state vector of equation 3.1), which

fuses measurements from the IMU, motor resolvers, and wheel speed sensors. Based on these

estimated states, the ECU will calculate the appropriate torque commands for the rear motors.

s = (vx,vy, ψ̇,ax,ay,δ ,ωFL,ωFR,ωRL,ωRR) (3.1)

where vx and vy are the longitudinal and lateral vehicle velocities, ψ̇ is the yaw rate, ax and ay

are the longitudinal and lateral accelerations, δ is the steering angle, and ωFL, ωFR, ωRL, and ωRR

represent the angular velocities of the wheels.

Figure 3.2: Vehicle interfaces for the torque vectoring implementation. The ECU receives vehicle
state information from the state estimator, which processes data from the IMU, wheel speed sen-
sors, and motor resolvers. The ECU then computes the torque commands sent to the rear motors.
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Going deeper into the implementation of the simulation interfaces, one of the main require-

ments of the developed system is that the torque vectoring algorithm can later be deployed on

a real Formula Student vehicle. Since the autonomous system of the vehicle already relies on

ROS2 [66] for communication and state estimation, ROS2 was also selected as the middleware for

the development of the torque vectoring controller. This choice simplifies the future integration

of the controller with the real vehicle architecture while also providing a modular and scalable

communication framework.

To enable communication between ROS and the simulation environment, an intermediate in-

terface was developed. Figure 3.3 illustrates the communication architecture between the different

software components and the simulator.

Figure 3.3: UML component diagram of the torque vectoring communication architecture and its
interface with the IPG CarMaker simulation environment.

The CM4SL (CarMaker for Simulink [67]) environment exchanges data through TCP sockets,

as seen in Figure 3.4. The intermediate interface, named TCP to ROS, receives the information

transmitted by CM4SL and converts it into ROS topics containing the relevant simulation data,

such as the vehicle state and driver inputs. The torque vectoring and traction control module

subscribes to these topics, performs the required computations, and publishes the computed wheel

torque commands to additional ROS topics.

Figure 3.4: Simulink TCP/IP interface for transmitting driver steering and throttle inputs to the
torque vectoring controller [67].
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These output topics are then received by the TCP to ROS interface and transmitted back to

CarMaker through another TCP socket connection. This architecture guarantees bidirectional

communication between the developed torque vectoring controller and the external simulation

environment, enabling efficient testing, validation, and debugging of the algorithm before deploy-

ment on the real vehicle.

The control strategy is designed according to a hierarchical and modular architecture, which

enhances flexibility, reusability, and ease of future extensions. The overall structure is composed

of four main functional layers.

• Reference Generator, which computes the desired vehicle dynamic targets (yaw rate or

side-slip angle) based on the current vehicle state and driving conditions;

• High-Level Yaw Controller, responsible for determining the corrective yaw moment and

the total traction torque required to track the reference signals;

• Low-Level Torque Allocation Layer, which distributes the requested total torque and yaw

moment into individual wheel torque commands, while enforcing actuator limits and safety

constraints.

• Traction Control Layer, which recalculates the individual torque in order to control the

slip ration in that specific wheel.

Each layer is implemented through well-defined interfaces to guarantee modularity and inter-

changeability. This architecture follows the SOLID design principles, particularly the Dependency

Inversion Principle, where high-level modules depend on abstractions rather than concrete imple-

mentations. Such an approach allows different control strategies, reference generation methods,

torque allocation algorithms, or traction control techniques to be evaluated and replaced without

modifying the overall system structure (e.g. making the upgrade from 2 to 4 motors) [68].

Figure 3.5 illustrates the class diagram of the proposed torque vectoring architecture. The

TV Node represents the ROS2 [66] control node responsible for handling sensor subscriptions,

executing the torque vectoring logic, and publishing the resulting wheel torque commands. The

node interacts with the Torque Vectoring core module, which orchestrates the control flow among

the different control layers.
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Figure 3.5: UML Class Diagram representing the architecture of the torque vectoring proposed
solution.

This layered approach ensures a clear separation of responsibilities between reference gener-

ation, control computation, and actuator-level execution, thereby improving code maintainability,

scalability, and experimental flexibility.

The execution flow of the torque vectoring system follows the hierarchical control architecture

previously presented. During each control cycle, the Torque Vectoring module first requests the

desired vehicle dynamic references from the Reference Generator, including the target yaw rate

and sideslip angle.

These references, together with the current vehicle state, are then used by the High-Level

Controller to compute the corrective yaw moment and the total traction torque required to achieve

the desired vehicle behavior. Subsequently, the Low-Level Controller distributes the requested

torque among the individual driven wheels while considering actuator and system constraints.

Finally, the Traction Control modules independently evaluate the slip ratio of each wheel and,

if necessary, recalculate the wheel torque commands to maintain traction and avoid excessive

wheel slip. This sequential interaction between the different control layers is illustrated in Fig-

ure 3.6.
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Figure 3.6: UML sequence diagram of the torque vectoring system execution flow.

3.2 Simulation Environment

The validation of the proposed torque vectoring strategy is carried out through a structured ex-

perimental process with simulation-based testing. This approach enables systematic performance

assessment under controlled and repeatable conditions, while reducing risks during early develop-

ment phases.

Hardware-in-the-loop or on-vehicle validation was not feasible within the project timeline, as

the FS FEUP 03 prototype was still under construction during the development of this work. The

use of IPG CarMaker with a model parameterised from CAD data and TTC [69] tire characterisa-

tion data represents the industry-standard approach for this stage of development, and forms the

basis of the evaluation presented in this chapter.

A simulation environment was adapted to reproduce the dynamic behaviour of the FS FEUP

03 electric prototype. The simulation framework was implemented using IPG CarMaker [17] and

includes:

• A nonlinear vehicle dynamics model with 19 DoF [70] incorporating load transfer effects,

aerodynamic forces, and nonlinear tire behavior;

• Independent rear-wheel electric motor models, including torque saturation limits;

• A road model capable of reproducing different track layouts and surface conditions;
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• A driver model responsible for generating steering, throttle, and braking inputs during sim-

ulation scenarios.

The adopted modeling approach allows the reproduction of combined longitudinal and lat-

eral vehicle dynamics and enables the interaction between the torque vectoring controller and the

simulated vehicle. The use of IPG CarMaker supports the execution of standardized driving ma-

neuvers. This environment facilitates safe exploration of controller limits and parameter tuning

prior to real-world deployment.

The vehicle parameters used to characterise the FS FEUP 03 prototype in the simulation envi-

ronment are presented in Table 3.1. The inertial and geometric parameters were obtained from the

FS FEUP 03 CAD model, while the cornering stiffness values were derived from raw tire char-

acterisation data provided by the Tire Test Consortium (TTC) [69], a standardised dataset widely

used in Formula Student vehicle dynamics development.

Table 3.1: FS FEUP 03 vehicle parameters.

Parameter Symbol Value Unit

Total mass m 270.05 kg
Front axle distance (to CoG) l f 0.873 m
Rear axle distance (to CoG) lr 0.717 m
Wheelbase L 1.590 m
Front track width t f 1.2 m
Rear track width tr 1.2 m
Front cornering stiffness Ky, f 483 N rad−1

Rear cornering stiffness Ky,r 530 N rad−1

Wheel radius Rwheel 0.206 m
Maximum motor speed nm,max 20000 [71] rpm
Maximum motor power Pm,max 35 [71] kW
Maximum lateral acceleration ay,max 15.70 m s−2

Max motor torque [71] Tm,max 31.6 Nm
Gear ratio Gr 13 -
Maximum brake torque (at wheel) Tbrake,max 684 Nm
Yaw moment of inertia Iz 95.0 kg m2

Drag Coefficient CD 1.2 -
Lift Coefficient CL -2.9 -
Frontal Aera AF 1.1 m2

3.2.1 Motor

The vehicle is equipped with the DTI Formula Student (F-MOT) motor (more information on

Appendix A) and the DTI Formula Student (F-SIC) inverter. To better represent the traction ca-

pability of the drivetrain, the motor torque-speed characteristic was converted into the equivalent

wheel torque as a function of vehicle speed, assuming no longitudinal slip, and drivetrain losses.

As shown in Figure 3.7, the drivetrain provides a nearly constant wheel torque of approximately
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410 Nm up to a vehicle speed of around 18 m/s. Beyond this point, the available wheel torque

decreases progressively as the motor enters the constant-power operating region, reaching approx-

imately 235 Nm at the maximum vehicle speed of approximately 33 m/s.

Figure 3.7: Wheel torque vs. vehicle velocity characteristic curve of the DTI F-MOT motor,
adapted from [71].

For the purposes of this work, the torque vectoring controller assumes instantaneous torque

delivery, meaning that any torque request is fulfilled immediately with no delay or rise time. This

assumption is reflected in the simulation environment, where the motor model produces the de-

manded torque instantly, allowing the control strategy to be evaluated independently of actuator

dynamics. Nevertheless, a validation layer is implemented to ensure that the requested torque does

not exceed the motor’s available torque at a given operating speed. In particular, when operating

in the constant-power region above the base speed, torque commands are limited according to the

motor torque-speed characteristic, preventing the controller from demanding unrealistically high

torque values that cannot be physically delivered by the powertrain:

Tmax,wheel(v) =


410.8, v ≲ 17.6 m/s

35×103×Rwheel

v
, v ≳ 17.6 m/s

(3.2)

Tcmd,wheel(v,Trequest) =


Trequest, |Trequest| ≤ Tmax(v)

sign(Trequest)Tmax(v), |Trequest|> Tmax(v)
(3.3)

3.2.2 Tires

The tire model used is the Hoosier 43075 16x7.5-10 R20 (as shown in Figure 3.8) the same com-

pound employed in the FS FEUP 02 prototype, ensuring continuity between the physical vehicle

and the simulation environment. The tire behavior in the simulation is represented using the Pace-

jka Magic Formula tire model [21].
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Figure 3.8: Hoosier 43075 16x7.5-10 R20 tires mounted on the FS FEUP 02 prototype.

3.2.3 Driver Model

The driver model, and especially its characterized aggressiveness, represents an important con-

trol variable in the evaluation of vehicle control systems. Knowledge of human behaviour while

driving a car reveals a pivotal aspect in achieving a closed-loop simulation. As described in the

IPGDriver User Manual [72], the Carmaker’s driver module receives the intended path, vehicle

position, speed and acceleration, and steering wheel torque as inputs. In response, it outputs the

accelerator pedal position, the force on the brake pedal, and the steering wheel angle or torque, as

illustrated in Figure 3.9. Since the vehicle under study is electric, clutch, gear shifter and hand-

brake outputs are not considered.

Figure 3.9: Interface between the IPGDriver module and the vehicle model, showing the inputs
received by the driver (top) and the control outputs it produces (bottom). Adapted from [72].

In [73], the authors divide driver models into two categories. The simplest approach consists of

using classical control theory to model human driving behaviour, particularly through PID-based
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approaches and fuzzy control techniques. The second approach aims to model the actual cognitive

behaviour of the driver in order to generate the control actions.

This approach uses two almost independent continuous PID controllers: one for longitudinal

control and another for lateral control. The coupling between both controllers occurs mainly in

critical driving situations.

The longitudinal controller uses the desired and actual longitudinal accelerations to calculate

the throttle input, which then passes through a risk corrector together with the lateral and longitu-

dinal accelerations to prevent unsafe conditions.

The lateral controller mainly uses three components: the lateral displacement, denoted by ∆y,

which is processed through a PD controller; the Ackermann steering angle δA; and the direction

error ∆ψ (defined as the angle between the vehicle velocity vector and the road direction), both

processed through a first-order lag. These three components are then combined through a weighted

sum together with a counter-steering constraint, mainly used to maintain vehicle stability during

transitions between different curve conditions [73].

In CarMaker, the aggressiveness of the driver is characterized through the achievable combi-

nation of longitudinal and lateral accelerations, commonly represented by GG diagrams (Figure

3.10). These diagrams define the limits of vehicle operation by describing the maximum accelera-

tion and deceleration capabilities for different lateral acceleration levels, thus reflecting the driving

style of the simulated driver. Defensive drivers typically operate with lower acceleration limits,

while aggressive drivers are able to exploit a larger portion of the vehicle dynamic capabilities [17].

The driver behaviour model implemented in CarMaker is based on PID control principles,

although with a significantly more advanced structure. Instead of reacting only to the current driv-

ing conditions, the model predicts a future preview point using Taylor polynomial approximations.

Moreover, the model incorporates psychological studies and experimental data collected from real

test drivers in order to reproduce human driving behaviour as realistically as possible [74, 72].

(a) Defensive driver. (b) Normal driver. (c) Aggressive driver.

Figure 3.10: GG diagrams for different driver behaviours, from [17, 74].

IPG CarMaker also allows the modelling of specific parameters related to both longitudinal

and lateral driver behaviour. For longitudinal control, parameters such as cruising speed and lon-

gitudinal reaction time can be adjusted. Additional parameters associated with declutching and
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gear shifting are also available, although they are not relevant in the present context due to the

electric vehicle configuration. Figure 3.11 presents the longitudinal parameters available in IPG

CarMaker together with the values corresponding to the default aggressive driver model.

Figure 3.11: IPG CarMaker driver’s longitudinal parameters, from [17].

Similarly, the lateral behaviour can also be modelled through a set of configurable parameters.

These include the corner-cutting coefficient, maximum steering wheel velocity, steering wheel

acceleration, steering torque, and torque rate. Figure 3.12 shows the lateral parameters available

in IPG CarMaker and the corresponding values for the default aggressive driver model.

Figure 3.12: IPG CarMaker driver’s lateral parameters, from [17].

In addition to the standard drivers, IPG CarMaker also provides a Race Driver mode, which

aims to achieve the maximum possible velocity on a given track by using a slip-based controller

that operates near the optimal tire slip limits [17].

Outside the scope of this work, CarMaker also allows the modelling of traffic-related pa-

rameters, particularly those associated with vehicle-following behaviour, such as time gap and

following distance.

3.2.4 Simulation Environment Validation

To validate the communication between the ROS environment and the Simulink environment for

CarMaker, a set of representative vehicle dynamics tests were conducted. These tests aim to verify

that the system produces physically consistent results across longitudinal and lateral scenarios.

The validation includes: (i) a Formula Student acceleration event (75 m) [12], (ii) the ISO 4138

steady-state circular test [75], and (iii) a single-wheel torque input test.

The simulations were executed using the IPG CarMaker closed-loop driver model, responsible

for generating steering, throttle, and braking commands while tracking a predefined trajectory and

target vehicle behavior. However, in the implemented scenarios, the throttle command was over-

written by a predefined input profile, meaning that the driver model did not influence the vehicle
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acceleration. The driver model still provided the remaining control actions through feedback inter-

action with the vehicle dynamics model, affecting the resulting yaw response, lateral acceleration,

tire slip behavior, and overall vehicle stability.

3.2.4.1 Formula Student Acceleration Test

The acceleration test consists of a straight-line run over 75 meters, reproducing the Formula Stu-

dent acceleration event. Different throttle inputs were applied to evaluate longitudinal vehicle

performance.

Figure 3.13: Effect of throttle on performance in the 75 m acceleration event: (left) lap time and
average velocity; (right) velocity profiles for different throttle inputs.

The results shown in Figure 3.13 indicate that increasing the throttle substantially reduces the

completion time and increases the average velocity up to approximately 25% throttle. Beyond this

point, further increases in throttle produce only marginal improvements in performance, with the

velocity profiles becoming nearly identical.

3.2.4.2 ISO 4138 Circular Test

The test procedure follows the ISO 4138 standard, which specifies open-loop methods for eval-

uating the steady-state cornering behaviour of passenger cars and light trucks. In this test, the

vehicle is driven on a constant-radius circular path while maintaining steady operating conditions,

allowing the assessment of lateral dynamics characteristics such as yaw rate response, lateral accel-

eration, understeer/oversteer behaviour, and overall stability. In the present study, the manoeuvre

was performed on a circular track with a radius of 100 m for 70 s.
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Figure 3.14: ISO 4138 test results: (left) distance traveled for different throttle inputs; (right) yaw
rate response over time.

The results described in Figure 3.14 indicate that increasing throttle initially improves perfor-

mance by allowing greater distance to be traveled. However, excessive throttle leads to instability,

reducing the achievable distance. In particular, for throttle values equal to or above 0.5, the vehicle

becomes unstable and leaves the track, which explains the degradation in the recorded performance

metrics.

Figure 3.15: Longitudinal velocity as a function of time for different throttle inputs.

The results in Figure 3.15 show the relationship between throttle input and the global Y-

direction velocity component. At low throttle (0.1), the response remains smooth and limited

in magnitude. For moderate throttle (0.25), the magnitude of vy increases, reflecting higher ve-

hicle speeds and more pronounced changes in the vehicle trajectory. At high throttle (0.75), the

global Y-direction velocity reaches significantly larger values, indicating more aggressive vehicle

motion. Under these conditions, the vehicle is unable to maintain the prescribed trajectory and

leaves the track, demonstrating a loss of path-tracking capability.
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3.2.4.3 Single-Wheel Torque Input Test

To validate drivetrain-to-vehicle coupling, a test was performed by applying torque to a single

wheel and observing the resulting yaw response, with the steering fixed at zero to eliminate driver

influence.

Figure 3.16: Yaw rate response under left-
wheel torque input.

Figure 3.17: Yaw rate response under right-
wheel torque input.

The results in Figures 3.16 and 3.17 confirm that asymmetric torque inputs generate a yaw

moment, producing a measurable rotational response. Higher torque levels lead to stronger yaw

rates, consistent with expected vehicle dynamics behavior.

Overall, the results demonstrate that the ROS-Simulink integration is functioning correctly.

The simulation captures both longitudinal and lateral dynamics, including nonlinear effects and

stability limits, providing a reliable foundation for further controller development and system val-

idation.

3.2.4.4 Simulation Timing and Controller Execution

The simulation was executed using a fixed-step discrete solver with a sampling period of T = 1

ms (1000 Hz). The vehicle dynamics model, torque vectoring controller, and traction control

controller were executed synchronously at this rate. Consequently, all control algorithms were

implemented in discrete time, with the PI controllers updating their proportional and integral terms

at each sampling instant.

3.3 Algorithm

Figure 3.18 illustrates the proposed hierarchical control architecture for yaw-rate tracking and

rear-wheel torque vectoring. The overall control structure is adapted from the work of Fujimoto et

al. [16] and consists of two major layers: an upper-level yaw moment controller and a lower-level

torque allocation controller.
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Figure 3.18: Hierarchical yaw-rate tracking and torque distribution control architecture for the
rear-wheel torque vectoring system. The upper-level controller generates the desired corrective
yaw moment based on the yaw-rate tracking error using a PI controller, while the low-level con-
troller allocates the required wheel torques to the left and right rear wheels. The resulting wheel
torques are applied to the vehicle dynamics model, and the measured yaw response is fed back
through a first-order vehicle yaw dynamics model for closed-loop stability enhancement.

3.3.1 Reference Generator

The steering input is first processed by the reference generator to compute the desired yaw rate

ψ̇re f , based on the law introduced in Equation 3.4 [50, 11, 13, 8] and is passes throught a maximum

lateral acceleration saturation filter, such as presented in equations 3.5 and 3.6 [8] . This reference

represents the target vehicle yaw response under the driver steering command and serves as the

primary stability objective for the controller.

ψ̇des =
v

L(1+Kuv2)
δ (3.4)

|ψ̇max|=
∣∣∣∣ay,max

vx

∣∣∣∣ (3.5)

ψ̇ref =


ψ̇des, if |ψ̇des|< |ψ̇max|

ψ̇max, otherwise
(3.6)

where ψ̇ref is the reference yaw rate, ψ̇des is the desired yaw rate obtained from the steady-state

vehicle model, ψ̇max is the maximum allowable yaw rate, v is the vehicle longitudinal velocity,

vx is the longitudinal velocity, L is the wheelbase, δ is the steering angle, Ku is the understeer

coefficient, and ay,max is the maximum allowable lateral acceleration.
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3.3.2 High-Level Controller

The actual yaw rate ψ̇ obtained from the vehicle model is fed back and compared with the refer-

ence yaw rate to generate the yaw-rate tracking error. This error is then supplied to a proportional-

integral (PI) controller with anti-windup, which computes the corrective yaw moment demand

Mz,PI .

A PI controller was selected for the high-level yaw moment computation because the vehicle

yaw dynamics around the operating point can be reasonably approximated by a first-order system.

This makes the PI controller suitable for yaw-rate reference tracking, providing a balance between

implementation simplicity and control performance. In particular, the integral action eliminates

steady-state yaw-rate errors, preventing persistent deviations between the desired and measured

vehicle response.

To further account for the vehicle yaw dynamics and improve the transient response, an addi-

tional feedback compensation loop based on a disturbance observer, referred to as the yaw-moment

observer [16], is incorporated.

The feedforward yaw moment requires the reference yaw acceleration, obtained by differenti-

ating the yaw-rate signal, using the following formula:

ψ̈k =
ψ̇k− ψ̇k−1

∆t
(3.7)

Numerical differentiation amplifies high-frequency components and discontinuities in the ref-

erence signal, which can produce unrealistic feedforward yaw-moment demands. Therefore, a

first-order low-pass filter was applied to the computed yaw acceleration. The filter time constant

was selected empirically through simulation-based tuning. A time constant of 150 ms was selected

to attenuate high-frequency components while preserving the dominant vehicle yaw dynamics rel-

evant to path-following maneuvers. The filtered yaw acceleration was then used in the feedforward

term Mz.

G(s) =
1

τss+1
(3.8)

where τs is the vehicle yaw time constant. The output of this model provides the compensation

signal Is, which is added to the PI-generated yaw moment demand.

While more advanced controllers such as LQR or MPC may provide improved performance

under significant model uncertainty or varying operating conditions, they require a more accurate

vehicle model and increased tuning complexity. The PI-based approach was therefore selected due

to its lower implementation complexity, straightforward tuning, and clear physical interpretation.

The final demanded yaw moment is obtained as:

Mz = sat[−Mz,max,Mz,max] (Mz,PI + Is) (3.9)

where Mz,max is determined by the maximum differential torque capability of the rear axle, as

illustrated in Figure 3.19 and in algorithm 1. The implementation of the algorithm, including the
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implementation details can be seen in Appendix B.

Figure 3.19: Architecture of the High-Level Controller System.

Algorithm 1 Discrete-Time PI Controller with Feedforward Compensation

Require: Measured yaw rate ψ̇[k], reference yaw rate ψ̇ref[k], sampling time ∆t
Ensure: Requested yaw moment Mz[k]

1: e[k] = ψ̇ref[k]− ψ̇[k]

2: P[k] = kp e[k]

3: I[k] = I[k−1]+ ki ∆t e[k]

4: I[k] = sat(I[k])

5: Mz,PI[k] = P[k]+ I[k]

6: ψ̈[k] =
ψ̇[k]− ψ̇[k−1]

∆t
7: Min[k] = Iz ψ̈[k]

8: eFF[k] = Mz[k−1]−Min[k]

9: Mz,FF[k] = αMz,FF[k−1]+ (1−α)eFF[k], α =
τ

τ +∆t
10: Mz[k] = sat(Mz,PI[k]+Mz,FF[k])

11: return Mz[k]

The PI controller gains were determined through an iterative trial-and-error tuning process in

simulation. The proportional gain (Kp) was initially increased from a low value until a satisfactory

transient response was obtained. Increasing (Kp) improved the responsiveness of the yaw moment

controller and reduced tracking error; however, excessively large values resulted in oscillatory

behaviour and increased control effort. A value of (Kp = 7) was selected as it provided a suitable

compromise between response speed and stability.

Subsequently, the integral gain (Ki) was adjusted to eliminate the residual steady-state er-

ror. Increasing (Ki) improved the controller’s ability to reject persistent disturbances and achieve

accurate yaw moment tracking, but excessively high values introduced overshoot and degraded

transient performance. Through repeated simulation tests, (Ki = 25) was found to provide rapid

error correction while maintaining stable operation.
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Table 3.2 summarises the controller parameters obtained after tuning.

Table 3.2: Tuned parameters of the PI yaw moment controller.

Parameter Symbol Value

Proportional gain Kp 7
Integral gain Ki 25
Anti-windup clamp Waw 1000
Yaw time constant τs 0.15 s
Control frequency fc 1000 Hz

3.3.3 Low-Level Controller

The desired yaw moment generated by the upper-level controller is realized through a difference

in the longitudinal forces produced by the left and right rear wheels. Assuming equal moment

arms with respect to the vehicle centerline, the resulting yaw moment is given by [4]:

Mz,RL =
tr
2
(Fx,R−Fx,L) (3.10)

where Mz,RL is the yaw moment generated by the difference in the longitudinal forces acting

on the rear wheels, tr is the rear track width, and Fx,R and Fx,L are the longitudinal tire forces at the

rear right and rear left wheels, respectively.

The total desired yaw moment Mz is subsequently transmitted to the low-level controller to-

gether with the total traction torque demand TTOT . The low-level controller performs torque allo-

cation by determining the desired left and right rear wheel torques, using Equations 3.11 and 3.12,

denoted as TR,L and TR,R, respectively [10].

∆TLR =
Mz ·Rwheel

tr
(3.11)


TRL =

TTOT

2
−∆TLR,

TRR =
TTOT

2
+∆TLR,

(3.12)

where Mz is the requested yaw moment, Rwheel is the wheel radius, tr is the rear track width,

TTOT is the total torque requested to the rear axle, and TRL and TRR are the torque commands

applied to the rear left and rear right motors, respectively.

3.3.4 Traction Control

The traction control system is based on a peak-seeking slip control approach. The slip ratio (equa-

tion 3.13) is obtained directly from the simulator, making it not necessary to do the slip ratio es-

timation. Since the primary focus of this work is the evaluation of the proposed torque-vectoring

strategy, a computationally lightweight traction controller was adopted instead of a model-based



3.3 Algorithm 57

friction estimation or optimal-slip tracking approach. Rather than estimating the tire-road friction

coefficient µ explicitly, the controller monitors the wheel slip-rate and adapts the available drive

torque according to the observed slip dynamics.

σx =
Rwheelω− vx

vx
(3.13)

The slip-rate reflects the dynamic evolution of wheel slip and is influenced by the available

tire-road traction. Consequently, changes in road conditions are reflected in the measured slip-rate

and can be exploited as a feedback signal for traction control. The commanded torque is adjusted

according to the sign of the slip-rate, allowing the controller to adapt to changing operating condi-

tions and tend to maintain operation near the region of maximum available traction. The slip-rate

is estimated at each timestep as:

σ̇x,k =
σx,k−σx,k−1

∆t
(3.14)

The controller activates when σx > σx,th, where σx,th is the slip activation threshold. Once

active, the commanded torque limit Tlim is updated multiplicatively at each timestep according to

the sign of the slip-rate:

Tlim,k =


kr ·Tlim,k−1 if σ̇x,k > ε

ki ·Tlim,k−1 if σ̇x,k <−ε

Tlim,k−1 if |σ̇x,k| ≤ ε

(3.15)

The rationale is as follows: a positive slip-rate indicates that wheel slip is increasing and there-

fore triggers a reduction in the allowable drive torque. Conversely, a negative slip-rate indicates

that wheel slip is decreasing, allowing the torque limit to be gradually restored. This adaptation

mechanism tends to maintain operation near the region of maximum available traction without

requiring explicit estimation of the tire-road friction coefficient.

The output torque applied to each rear wheel is then:

TR = min(Tdriver, Tlim,k) (3.16)

ensuring the traction control never commands more torque than the driver requested.

The tuning parameters used for the peak-seeking traction control algorithm are summarized

in Table 3.3. The slip activation threshold σx,th determines when the controller becomes active,

while the torque reduction and recovery factors, kr and ki, respectively, govern the rate at which the

torque limit is adjusted in response to changes in wheel slip. The slip-rate deadband ε is introduced

to prevent excessive control activity caused by measurement noise and small fluctuations in the

estimated slip derivative. These parameters were selected empirically to provide stable traction

control intervention while maintaining smooth torque delivery.
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Table 3.3: Traction control parameters.

Parameter Symbol Value
Slip activation threshold σx,th 0.075
Torque reduction factor kr 0.97
Torque recovery factor ki 1.0007
Slip-rate deadband ε 0.0015

Algorithm 2 represents the pseudocode of the traction control system.

Algorithm 2 Slip-rate Traction Control Algorithm.

Require: Slip ratio σx, driver torque Td
1: Compute slip-rate:

σ̇x =
σx−σx,prev

∆t
2: σx,prev← σx

3: if TCS is inactive then
4: Tlim← Td
5: if σx > σx,th then
6: Activate TCS
7: end if
8: return Td
9: end if

10: if σx < 0.8σx,th then
11: Deactivate TCS
12: Tlim← Td
13: return Td
14: end if
15: if σ̇x > ε then
16: Tlim← krTlim ▷ Slip increasing: reduce torque
17: else if σ̇x <−ε then
18: Tlim← kiTlim ▷ Slip decreasing: recover torque
19: else
20: Hold current torque limit
21: end if
22: return Tlim

Finally, the wheel torques generated by the traction control and torque-vectoring modules

are applied to the vehicle dynamics model. The resulting vehicle states are then fed back to the

supervisory control architecture for the subsequent control step.
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Results and Discussion

This chapter presents and discusses the results obtained from the vehicle dynamics simulations

performed throughout this work. The analysis focuses on evaluating the influence of the imple-

mented torque vectoring strategy on the vehicle behaviour under different driving conditions.

The results are presented through a comparison between the baseline vehicle configuration,

without torque vectoring and the vehicle equipped with the proposed torque vectoring system,

with the following configurations:

• Baseline (No TV): Torque distributed equally to both motors, with no anti-skid implemen-

tation.

• Torque Vectoring (TV): Torque distributed between both motors to generate the corrective

yaw moment required for path tracking. A value of Ku = 0 was adopted to provide a neutral

steering reference, allowing the torque vectoring controller to compensate for the vehicle’s

inherent oversteer characteristic resulting from the suspension setup, thereby improving yaw

stability. Motor torque was limited according to the TCS strategy described previously.

The test scenarios were chosen in order to isolate some variables, and evaluate and discuss

them individually. The main reasoning was to do the separation between the controller and the

driver. The Skidpad test was chosen as the end-to-end test to create a validation on a Formula

Student track. Being a closed-loop test allows the comparison of lap times with past Formula

Student teams implementations.

4.1 Open-Loop Maneuvers with Constant Steering

The first scenario is called constant steering. In this test, all driver inputs are overwritten with

constant values in order to remove the driver influence from the results and evaluate the controller

in isolation. The test starts with a reference yaw rate of zero and suddently increases it to higher

values in order to assess the controller’s response.

59
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The throttle input is overwritten with a constant value corresponding to a specific velocity

profile. The steering angle starts at 0° and is then set to a constant value of 10° once the desired

velocity is reached. All scenarios use a friction coefficient µ = 0.8.

Figure 4.1 presents the yaw-rate response of the vehicle equipped with the torque vectoring

(TV) controller under a constant 10-degree steering input for different vehicle velocities. The

results are compared against the reference yaw rate and the vehicle response without torque vec-

toring (No TV). The controller demonstrates accurate steady-state tracking over the tested velocity

range. At higher velocities, the system exhibits small transient oscillations and overshoot due to

the higher responsiveness of the vehicle dynamics.

Figure 4.1: Comparison between reference and actual yaw-rate responses for different vehicle
velocities under a constant 10-degree steering input.

What we can conclude in Figure 4.1 is that, firstly, in all scenarios, the corrective yaw moment

caused by the Fx difference works towards achieving the desired yaw rate.

In all three velocities, the TV implementation converges much more closely to the reference

yaw rate than the baseline. One other point worth noting is that the baseline implementation’s

steady-state error tends to increase with velocity. On the other hand, the TV implementation

always converges, but the time until convergence is complete also tends to increase.

Another interesting point is the transient behaviour of the controller. First, we can see that at 16

m/s, the vehicle has an overshoot of approximately 0.11 rad/s, followed by a period of oscillation

before settling. This may indicate that the controller’s underlying dynamics scale with speed in a

way that pushes the closed-loop system towards lower damping ratios at higher speeds.

In conclusion, for all speeds, the TV yaw rate response is always better than the baseline,

creating a more reduced damping and overshoot at higher speeds.
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Figure 4.2 illustrates the evolution of the vehicle sideslip angle for selected velocities with

and without torque vectoring control. At low and medium speeds, both configurations exhibit

similar steady-state sideslip behavior, although the TV controller reduces transient oscillations

and improves stability.

Figure 4.2: Comparison between actual sideslip angles for different vehicle velocities under a
constant 10-degree steering input.

As seen, all 3 speeds eventually reach a bounded, steady sideslip value. Analogous to the yaw

rate response time, the time to reach this steady sideslip value increases with velocity.

A noticeable deviation is observed around 16 m/s, where TV implementation exhibit an atyp-

ical behaviour. Analysis of the simulation data confirms that this operating point corresponds to

the vehicle approaching its lateral dynamic limit: the lateral acceleration reaches approximately

15.6 m/s2, close to the maximum value of 15.7 m/s2 defined in Table 3.1. At this condition,

lateral weight transfer reduces the inner rear wheel normal force from approximately 670 N to

220 N, while the outer rear wheel load increases to 1150 N. The resulting rear slip angles reach

approximately 10.8º and 9.5º on the inner and outer wheels respectively.

Notably, this load imbalance is more pronounced in the TV case (440 N / 1150 N) than in the

baseline (670 N / 950 N). Since lateral load transfer depends mainly on lateral acceleration, this

larger imbalance is consistent with the higher ay sustained by the TV controller at this operating

point. As a result, the inner rear tire operates closer to, or beyond, its peak slip angle under TV than

under the baseline, which is consistent with the larger steady-state sideslip magnitude observed for

the TV case at this speed.

Figure 4.3 compares the vehicle trajectories obtained with the Torque Vectoring (TV) and

baseline at vehicle speeds of 1 m/s, 4 m/s, and 16 m/s. For all tested speeds, the TV-equipped

vehicle follows a trajectory with a smaller turning radius, while the non-TV configuration creates
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a wider path throughout the maneuver. The difference between the two trajectories becomes more

noticeable as vehicle speed increases, indicating that the TV system effectively generates addi-

tional yaw moment and enhances cornering performance. These results demonstrate the ability of

torque vectoring to improve vehicle agility and directional response over a wide range of operating

conditions.

Figure 4.3: Comparison of vehicle trajectories for Torque Vectoring (TV) and non-Torque Vector-
ing (non-TV) architectures at a constant steering angle of 10◦ and longitudinal velocities of 1, 4,
and 16 m/s.

Figure 4.4a represents the variation of the average yaw rate as a function of vehicle velocity

for the TV and baseline configurations, while Figure while Figure 4.4b shows the corresponding

peak yaw rate signal. In both figures, the yaw rate increases with velocity until 12 m/s, after which

it starts to decrease for both configurations.

(a) Average yaw rate versus vehicle velocity. (b) Peak yaw rate versus vehicle velocity.

Figure 4.4: Comparison of average and peak yaw rates as a function of vehicle velocity for the TV
and No TV configurations under a constant 10-degree steering input.

Until 20 m/s, the torque vectoring controller produces consistently higher average and peak

yaw rates than the baseline, indicating improved responsiveness. At velocities higher that 20 m/s,

this trend inverts: the baseline’s average and peak yaw rates are greater than those of the TV

configuration. At these speeds, the baseline’s steady-state yaw rate begins to exceed the reference

signal, and its response becomes increasingly oscillatory, producing larger overshoots that increase
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both the average and peak yaw rate metrics. In contrast, the TV-controlled vehicle continues to

reach the reference yaw rate, so its lower absolute values at high speed reflect closer reference

tracking error. This corroborates with the time-domain behavior observed in Figure 4.1, where the

TV response settles much closer to the reference than the baseline.

Overall, these results indicate that torque vectoring improves responsiveness and reduces error

across the tested speed range.

Figure 4.5a shows the mean yaw-rate tracking error for different vehicle velocities. Analo-

gously, Figure 4.5b presents the RMSE for the same velocities.

(a) Mean absolute yaw-rate tracking error versus
vehicle velocity.

(b) Root mean squared error (RMSE) of the yaw-
rate response versus vehicle velocity.

Figure 4.5: Comparison of yaw-rate tracking performance metrics as a function of vehicle velocity
for the TV and No TV configurations under a constant 10-degree steering input.

The most important conclusion is that the TV configuration reaches the reference yaw rate in

all of the tested velocities, including at 1 m/s, indicating that even at low speeds, torque vectoring

is advantageous for tracking the desired yaw rate.

Another interesting insight is the error peak at 12 m/s, present in both the mean absolute error

and the RMSE for the baseline configuration. This happens because this is the velocity profile

where the reference yaw rate is highest among all tested conditions, so the absolute magnitude of

any tracking error is naturally larger here as well.

A deeper observation is that, for the baseline, the MAE and RMSE curves are nearly identical

at every velocity, indicating that the tracking error is consistent in sign and magnitude over time.

For the TV configuration, by contrast, the RMSE is noticeably larger than the MAE at several

velocities, suggesting that the small residual error in the TV case is more transient/oscillatory in

nature rather than a steady offset, consistent with the overshoot behaviour observed in Figure 4.1.

The controller performance results for all tested velocities are summarized in Tables 4.1 and 4.2.
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Table 4.1: Tracking error comparison vs. velocity.

Velocity No TV TV No TV TV
Mean Absolute Error Mean Absolute Error RMSE RMSE

1.0 0.0153 0.0008 0.0162 0.0019
2.0 0.0678 0.0012 0.0681 0.0043
4.0 0.1218 0.0017 0.1224 0.0093
8.0 0.2668 0.0039 0.2672 0.0248

12.0 0.4576 0.0057 0.4582 0.0355
16.0 0.1213 0.0041 0.1229 0.0226
20.0 0.0177 0.0031 0.0294 0.0187
24.0 -0.0332 0.0053 0.0438 0.0220
28.0 -0.0793 0.0199 0.1031 0.0521

Table 4.2: Yaw comparison vs. velocity.

Velocity No TV TV No TV TV
Peak Yaw Rate Peak Yaw Rate Average Yaw Rate Average Yaw Rate

1.0 0.1061 0.1259 0.1017 0.1177
2.0 0.1736 0.2405 0.1601 0.2283
4.0 0.3451 0.5077 0.3331 0.4555
8.0 0.6432 0.9164 0.6305 0.9063
12.0 0.8506 1.3073 0.8421 1.2935
16.0 0.9231 1.0911 0.8622 0.9704
20.0 0.9635 0.9578 0.7696 0.7829
24.0 1.0147 0.9803 0.6894 0.6621
28.0 1.0523 0.9618 0.6420 0.5907

Figure 4.6 represents the longitudinal forces on the rear tires during the manoeuvre. For all

velocities, transient oscillations are visible immediately after the steering input, until approxi-

mately t = 0.5 s, indicating rapid corrective torque actions from the TV controller. After the initial

transient, the longitudinal forces diverge progressively.

When talking about the low velocities (1 m/s and 4 m/s), the difference of the longitidin-

fal forces make the outer wheel with a positive traction force, while the other produces braking

force. At high speed (v = 16 m/s), the rear wheel longitudinal forces exhibit a markedly different

behaviour. Although a short transient response is still visible immediately after the manoeuvre

initiation, the force trajectories rapidly stabilise. Both wheels maintain predominantly positive

longitudinal forces, and the torque-vectoring action becomes smoother and more continuous. This

indicates that at higher speeds the controller relies on subtler torque redistribution to generate

the required yaw moment while preserving vehicle stability and avoiding excessive wheel force

oscillations.

The initial force peaks correspond to a short-lived initialization transient associated with the

establishment of tire slip and the controller settling from the initial conditions. As the wheel slip

did not exceed the traction control activation threshold, no TCS intervention was required.
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Overall, the results demonstrate that the torque-vectoring controller adapts its longitudinal

force distribution strategy according to vehicle speed. Lower velocities require more aggressive

and asymmetric force interventions to achieve the desired yaw response, whereas higher velocities

permit smoother and more stable torque allocation between the rear wheels.

Figure 4.6: Rear wheel longitudinal tire forces for the torque-vectoring configuration at v = 1m/s,
v = 4m/s and v = 16m/s.

In conclusion, in the constant steering test, the torque vectoring controller outperformed the

baseline at every speed tested. When the vehicle speed changes, the controller adjusts its torque

redistribution strategy accordingly. At low speeds, torque interventions are more pronounced and

asymmetric in the longitudinal direction, while at higher speeds, torque is allocated more smoothly

and continuously.

In a high-level analysis, these results indicate that the implemented controller not only im-

proves yaw rate tracking accuracy but also enhances the vehicle’s responsiveness to driver inputs.

One trade-off, however, is reduced damping at the upper end of the speed range.

4.2 Skidpad

The skidpad test was used to evaluate the steady-state cornering performance of the vehicle and

to assess the influence of the torque vectoring (TV) controller under different tire-road friction

conditions, while also making the closed-loop simulations with the driver. Three scenarios were

considered, corresponding to friction coefficients of µ = 0.9, µ = 0.6, and µ = 0.3, representing

high-grip, medium-grip and low-grip surfaces, respectively.

The skidpad event is a standard Formula Student dynamic test designed to evaluate the lateral

handling characteristics of a vehicle under sustained cornering conditions (more information about

this and the other Formula Student events can be found on Appendix C). The track consists of two
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interconnected circular sections that require the vehicle to maintain a constant-radius turn while

achieving the highest possible cornering speed. This configuration provides a suitable environment

for assessing the effectiveness of torque vectoring strategies, as it emphasizes lateral tire force

generation, yaw response, and vehicle balance. The geometry of the Formula Student skidpad

track used in the simulations is illustrated in Figure 4.7. The final lap time Tteam is calculated as

the average of the second lap of each of the sides [12].

Figure 4.7: Formula Student Skidpad Track, from [76].

Then, the final score of the team is calculated based on the time of the team and the time of the

team with the lowest lap time on all event (with penalties, such as cone down or out (DOO)) [12].

SCORE = 47.5
(

1.35Tmin−Tteam

0.35Tmin

)2

+2.5 (4.1)

where:

• SCORE is the score awarded to the team.

• Tmin is the minimum (fastest) completion time achieved among all teams.

• Tteam is the completion time achieved by the evaluated team.

For each of the scenarios, two subtests were made, one is called the worst case scenario.

This test consists in overriding the driver throttle and using its steering. Firstly in an acceleration

part, a higher fixed throttle is given to achieve a desired velocity, then the throttle is fixed to

a specific value. This test tries to find the maximum allowed velocity for each combination of

friction coefficient and torque distribution configuration that does not end up in an out of the track

error.

The second test incorporates all driver inputs to simulate a full lap, comparing the lap time

performance of the baseline and torque vectoring configurations over the course of the manoeuvre.



4.2 Skidpad 67

The analysis focuses on three key performance indicators: yaw-rate tracking, lateral acceler-

ation, longitudinal velocity and final lap time. For each friction level, the vehicle behavior with

torque vectoring enabled is compared against the baseline case without torque vectoring.

4.2.1 High-Friction Surface

The first scenario uses a friction coefficient µ = 0.9, representing the dry asphalt surface [77], the

one that may be most comparable to most of the competitions’ friction surfaces.

4.2.1.1 Worst Case Scenario

As shown in Figure 4.8, both vehicles are able to follow the reference yaw-rate profile with reason-

able accuracy due to the increased tire grip. Nevertheless, the torque-vectoring controller exhibits

a noticeably smaller tracking error, particularly during the transitions between left and right turns

and during the steady-state cornering sections. This improvement is confirmed by the average

yaw-rate error reported in Table 4.3, which decreases from 0.193 rad/s to 0.036 rad/s.

Figure 4.8: Yaw-rate tracking comparison for µ = 0.9.

In figure 4.9, the velocity profile over time is shown for both configurations, the worst case

scenario shows the possibility of achieving higher velocities, without being out of the track.
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Figure 4.9: Longitudinal velocity over time for TV and baseline implementations and µ = 0.9.

The effect of torque vectoring on cornering performance can be further observed through the

lateral acceleration response shown in Figure 4.10.

Figure 4.10: Lateral acceleration comparison for µ = 0.9.

Both configurations achieve high lateral acceleration levels, indicating that the available tire

grip is being effectively utilized. However, the torque-vectoring vehicle consistently reaches

higher lateral acceleration values throughout the maneuver. This behavior suggests that the addi-

tional yaw moment generated by the controller allows a more efficient exploitation of the available

tire forces. Consequently, the average lateral acceleration increases from 1.291 g to 1.467 g.

The quantitative performance metrics for this scenario are summarized in Table 4.3.

Table 4.3: Effect of torque vectoring on skidpad performance for µ = 0.9.

Metric No TV TV

Average lateral acceleration [g] 1.291 1.467
Peak velocity [m/s] 11.583 12.012
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Overall, the results indicate that torque vectoring remains beneficial even on high-friction sur-

faces. Although the baseline vehicle already demonstrates good handling performance due to

the increased tire grip, the torque-vectoring controller further improves yaw-rate tracking accu-

racy, increases achievable lateral acceleration, and allows the vehicle to maintain slightly higher

speeds throughout the maneuver. These improvements demonstrate that the controller enhances

both vehicle responsiveness and cornering performance even when operating under favorable road

conditions.

4.2.1.2 Driver

When a human driver is placed in the loop, the system behaviour changes considerably compared

to the autonomous case. As shown in Figure 4.11, the torque vectoring controller remains robust in

tracking the yaw-rate reference despite the increased oscillations introduced by the human driver.

The TV response closely follows the reference signal throughout most of the manoeuvre, with

noticeable deviations occurring primarily during the transition between the two circular sections

of the skidpad.

Figure 4.11: Yaw Rate Tracking error over time for TV implementation adn µ = 0.9.

The resulting vehicle trajectory, presented in Figure 4.12, confirms that the driver was able

to complete the full figure-of-eight skidpad pattern. The two circular arcs are well-defined and

consistent, indicating that the overall path-following behaviour remained stable throughout the

run.
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Figure 4.12: TV implementation vehicle trajectory for µ = 0.9.

4.2.2 Medium-Friction Surface

The second set of simulations was performed with a friction coefficient of µ = 0.6. Under these

conditions, the available tire forces are limited, making the vehicle more susceptible to understeer

and tracking errors during cornering manoeuvres. This friction coefficient could represent surfaces

such as wet asphalt [78] or gravel [77].

4.2.2.1 Worst Case Scenario

Figure 4.13 presents the yaw-rate tracking performance for both control strategies. Without torque

vectoring, a significant discrepancy between the reference and actual yaw rate can be observed

throughout the manoeuvre. The vehicle is unable to generate the required yaw moment, resulting

in a reduced yaw response. When torque vectoring is enabled, the measured yaw rate closely

follows the reference profile, substantially reducing the tracking error and improving the vehicle’s

rotational response.
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Figure 4.13: Yaw-rate tracking comparison for µ = 0.6.

The longitudinal velocity profiles for both configurations are shown in Figure 4.14. The torque

vectoring vehicle maintains a consistently higher speed throughout the manoeuvre, approaching

10 m/s, whereas the baseline vehicle stabilises at approximately 8.6 m/s. This difference highlights

the controller’s ability to exploit the available friction more effectively, allowing higher cornering

speeds without compromising stability.

Figure 4.14: Longitudinal velocity over time for TV and baseline implementations and µ = 0.6.

The improvement in yaw-rate tracking is further reflected in the lateral acceleration response

shown in Figure 4.15. The torque vectoring controller enables the vehicle to achieve significantly
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higher lateral acceleration levels, indicating a greater utilisation of the available tire-road friction.

In contrast, the baseline vehicle remains limited by its inherent understeering behaviour, producing

considerably lower lateral acceleration values.

Figure 4.15: Lateral acceleration comparison for µ = 0.6.

The quantitative performance metrics for this scenario are summarised in Table 4.4. The

influence of the torque vectoring controller is considerably more pronounced than in the high-grip

condition. The average lateral acceleration increased from 0.840 g to 1.075 g, and the peak vehicle

velocity increased from 9.113 m/s to 9.948 m/s, confirming the controller’s ability to enhance

cornering performance under limited adhesion conditions.

Table 4.4: Effect of torque vectoring on skidpad performance for µ = 0.6.

Metric No TV TV

Average lateral acceleration [g] 0.840 1.075
Peak velocity [m/s] 9.113 9.948

Overall, the results obtained for µ = 0.6 demonstrate that torque vectoring provides a substan-

tial improvement in vehicle handling performance under medium-friction conditions. The con-

troller enhances yaw-rate tracking accuracy, increases achievable lateral acceleration, and enables

higher cornering speeds while maintaining stability.

4.2.2.2 Driver

When a human driver is placed in the loop under medium-friction conditions, the behaviour ob-

served is consistent with that recorded for µ = 0.9. The yaw-rate tracking performance under

driver control is presented in Figure 4.16. The vehicle closely follows the reference yaw-rate

profile throughout most of the manoeuvre, with the most notable deviations occurring during the

transition between the two circular sections. This behaviour is consistent with the results observed
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in the high-friction case, suggesting that the controller maintains its tracking accuracy regardless

of the friction condition.

Figure 4.16: Yaw-rate tracking error over time for TV implementation and µ = 0.6.

Figure 4.17: TV implementation vehicle trajectory for µ = 0.6.

The resulting vehicle trajectory, presented in Figure 4.17, confirms that the driver was able to

complete the full figure-of-eight skidpad pattern under medium-friction conditions. The two cir-

cular arcs are well-defined and repeatable, indicating that the torque vectoring controller provided

sufficient yaw stabilisation to enable consistent path-following behaviour.

4.2.3 Low-Friction Surface

The last scenario considers a low-friction road surface with a friction coefficient of µ = 0.3, rep-

resentative of compacted snow road condition [79].
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4.2.3.1 Worst Case Scenario

Figure 4.18 compares the yaw-rate tracking performance of the vehicle with and without torque

vectoring under severely limited friction conditions.

Figure 4.18: Yaw-rate tracking comparison for µ = 0.3.

Without torque vectoring, the vehicle exhibits large steady-state tracking errors and is unable

to achieve the commanded yaw-rate levels throughout the manoeuvre. The response saturates at

significantly lower yaw-rate values than those demanded by the reference signal, indicating that

the available lateral tire forces are insufficient to generate the required yaw moment under such

reduced adhesion. When torque vectoring is enabled, the vehicle is able to closely follow the

reference yaw-rate profile, with only minor deviations observed around peak responses. Although

some oscillations are visible, the overall behaviour remains stable, demonstrating the controller’s

ability to operate effectively even under severely limited friction conditions.

The longitudinal velocity profiles for both configurations are shown in Figure 4.19. The torque

vectoring vehicle displays a markedly different velocity pattern compared to the baseline, exhibit-

ing large periodic oscillations between approximately 5.5 m/s and 8.3 m/s throughout the ma-

noeuvre. These oscillations are attributed to the repeated triggering of the traction control system,

which intervenes frequently under the severely limited friction conditions to prevent excessive

wheel slip, as shown in Figure 4.20, where the outer rear wheel consistently exhibits the highest

slip ratio. However, this behaviour also highlights a limitation of the traction control strategy, as it
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is unable to completely stabilize the vehicle’s longitudinal velocity under such low-friction condi-

tions, resulting in repeated acceleration and deceleration cycles. In contrast, the baseline vehicle

maintains a near-constant speed of approximately 6.2 m/s throughout the manoeuvre.

Figure 4.19: Longitudinal velocity over time for TV and baseline implementations and µ = 0.3.

(a) Rear-left wheel slip ratio.

(b) Rear-right wheel slip ratio.

Figure 4.20: Slip ratios of the rear wheels during the skidpad test.

The lateral acceleration response is presented in Figure 4.21. The torque vectoring controller
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achieves significantly higher lateral acceleration levels than the baseline, indicating improved util-

isation of the available tire forces. The baseline vehicle saturates at considerably lower values,

reflecting its inability to generate the required yaw moment. The oscillatory character of the

torque vectoring lateral acceleration is consistent with the velocity oscillations observed above,

and is a consequence of the more aggressive torque redistribution required at this friction level.

Figure 4.21: Lateral acceleration comparison for µ = 0.3.

The quantitative performance metrics for this scenario are summarised in Table 4.5. The torque

vectoring controller achieves a peak velocity of 8.287 m/s compared to 6.635 m/s for the baseline,

and increases the average lateral acceleration from 0.422 g to 0.569 g. These results confirm

that, even under severely degraded friction conditions, the controller meaningfully enhances the

vehicle’s cornering performance.

Table 4.5: Effect of torque vectoring on skidpad performance for µ = 0.3.

Metric No TV TV

Average lateral acceleration [g] 0.422 0.569
Peak velocity [m/s] 6.635 8.287

Overall, the results for µ = 0.3 demonstrate that torque vectoring remains effective even under

severely limited adhesion conditions, substantially improving yaw-rate tracking accuracy, lateral

acceleration, and peak cornering speed. However, the more aggressive torque redistribution re-

quired at this friction level introduces notable velocity oscillations, highlighting a trade-off be-

tween tracking performance and longitudinal stability at very low friction coefficients.

4.2.3.2 Driver

Under low-friction conditions, the driver-in-the-loop test resulted in a simulation failure, as the

vehicle exceeded the track boundaries before completing the full figure-of-eight manoeuvre. This

outcome is reflected across all of the following figures and should be interpreted in that context.
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The yaw-rate tracking performance, presented in Figure 4.22, reflects the loss of vehicle con-

trol. A large and growing discrepancy between the reference and actual yaw rate is observed, with

the vehicle unable to generate the lateral forces required to follow the intended path. The simula-

tion was terminated upon detection of the out-of-track condition, which explains the abbreviated

time horizon visible in the figure.

Figure 4.22: Yaw-rate tracking error over time for TV implementation and µ = 0.3.

The resulting trajectory, presented in Figure 4.23, confirms that the vehicle departed the track

during the first circular arc, never reaching the transition to the second loop. This result demon-

strates that, under a friction coefficient of µ = 0.3, the combination of driver inputs and torque

vectoring assistance is insufficient to keep the vehicle within the track limits, highlighting the

practical boundaries of the controller under severely degraded adhesion conditions.

Figure 4.23: TV implementation vehicle trajectory for µ = 0.3.
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4.2.4 Summary of Results

Table 4.6 summarizes the lap times obtained during the skidpad simulations for the worst case

scenarios. For the low-friction scenario (µ = 0.6), torque vectoring significantly improved per-

formance, reducing the lap time from 6.71 s to 5.93 s, corresponding to an improvement of ap-

proximately 11.6%. These results indicate that the benefits of torque vectoring become more

pronounced under low-grip conditions, where the controller can effectively compensate for the

reduced tire-road adhesion and improve vehicle cornering performance.

Table 4.6: Effect of torque vectoring on skidpad lap time.

Friction Coefficient No TV [s] TV [s] Improvement

µ = 0.3 9.67 8.40 13.1%
µ = 0.6 6.71 5.93 11.6%
µ = 0.9 5.26 5.01 4.75%

At Formula Student Germany 2025, FS FEUP 02 recorded a skidpad lap time of 5.95 s, yield-

ing a score of 2.50 points. Assuming a friction coefficient of µ = 0.9, the simulation results

presented in this work suggest that the torque vectoring controller in FS FEUP 03 could reduce

the lap time to 5.01 s, which, when applied to the official scoring formula, would correspond to a

score of 22.99 points at FSG 2025 [80].

In summary, the benefits of torque vectoring remain evident at high friction levels, although

they are less pronounced than in the low-friction scenario. The controller improves yaw-rate

tracking accuracy, enhances the smoothness of the lateral acceleration response (for µ = 0.6 and

µ = 0.9), and allows a more efficient exploitation of the available grip. The greatest performance

gains are therefore observed when tire adhesion becomes the limiting factor, highlighting the ef-

fectiveness of torque vectoring in demanding low-grip conditions.
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Conclusion

This dissertation addressed the design, implementation, and simulation-based evaluation of a

torque vectoring and traction control architecture for a two-motor Formula Student electric ve-

hicle. Motivated by the development of the next-generation FS FEUP 03 prototype, the work

sought to exploit the independent wheel actuation capability of a dual rear-motor drivetrain to im-

prove yaw stability, handling performance, and longitudinal traction under representative Formula

Student operating conditions.

The specific objectives defined at the outset of this work were addressed and validated through

simulation. In the context of yaw stability and cornering performance, the proposed hierarchical

torque vectoring controller demonstrated accurate yaw-rate reference tracking across a wide range

of operating conditions. Under steady-state constant-steering tests, the controller consistently re-

duced mean and root mean squared yaw-rate tracking errors relative to the baseline open-loop

configuration, while also achieving higher peak yaw rates at low and intermediate velocities, indi-

cating improved vehicle agility.

The most compelling performance gains were observed under the skidpad evaluations, where

three tire-road friction conditions were considered. On a medium-friction surface (µ = 0.6), torque

vectoring increased average lateral acceleration by 28.0%, and raised peak cornering speed by

9.2%, resulting in an 11.6% reduction in skidpad lap time. These results confirm that the controller

is particularly effective when tire adhesion is the limiting factor, precisely the scenario in which

active yaw moment generation provides the greatest benefit. Under severely degraded adhesion

(µ = 0.3), the controller continued to improve yaw-rate tracking, lateral acceleration, and peak

cornering speed, albeit at the cost of increased longitudinal velocity oscillations due to frequent

traction control intervention; the driver-in-the-loop test at this friction level also revealed that the

combination of driver inputs and controller assistance was insufficient to keep the vehicle within

track limits, highlighting the practical boundaries of the system under extreme conditions. On a

high-friction surface (µ = 0.9), the lap time improvement was more modest (4.75%, from 5.26s to

5.01s), but yaw-rate tracking accuracy was still markedly improved, confirming that the benefits

of the controller extend to smoother and more controllable vehicle behaviour under high-grip

scenarios as well.

79
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From a software architecture perspective, the controller was implemented as a ROS2 node and

validated within an IPG CarMaker simulation environment using a vehicle model representative

of the FS FEUP 03 prototype. The use of ROS2 middleware ensures direct compatibility with

the autonomous system architecture of the vehicle, minimising the integration effort required for

future deployment on the real hardware platform. The computational structure of the hierarchical

controller was designed to remain within the processing constraints of a Formula Student control

unit, addressing the feasibility requirement for real-time implementation.

5.1 Limitations

Despite the positive results, this work is subject to a number of limitations that should be acknowl-

edged. The evaluation was conducted exclusively in simulation, and the controller has not yet

been validated on the physical FS FEUP 03 vehicle. Although the simulation environment models

nonlinear tire dynamics and motor characteristics, discrepancies between the simulated and real

vehicle behaviour are inevitable and may affect the generalisability of the presented results.

Additionally, the traction control layer employs a simplified slip controller without explicit

estimation of the road friction coefficient. While this approach was shown to be effective under

the low-friction conditions, it exhibited oscillatory behaviour, indicating that the controller re-

quires further tuning or a more advanced slip control strategy for such conditions. Consequently,

its robustness under a broader range of surface types and combined longitudinal-lateral loading

scenarios remains to be evaluated.

5.2 Future Work

Several directions for future work arise naturally from the findings and limitations of this disserta-

tion. The most immediate priority is the deployment and experimental validation of the developed

controller on the FS FEUP 03 prototype. Real-vehicle testing will be essential to assess controller

performance under real sensor noise, actuator delays, and the variability of competition track

surfaces, and will provide the empirical evidence needed to complement the simulation results

presented here.

The traction control architecture could be extended to incorporate online road surface esti-

mation, enabling more adaptive slip-ratio thresholds and improving controller robustness under

unknown or varying friction conditions. Integration of combined slip control, accounting for the

coupling between lateral and longitudinal tire forces, would further enhance stability during si-

multaneous acceleration and cornering.

Finally, as Formula Student increasingly incorporates autonomous driving challenges, the inte-

gration of the torque vectoring strategy with a higher-level path-tracking or trajectory optimisation

module represents a promising direction. By closing the loop between path following and vehicle
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dynamics control, the combined system could allow the autonomous vehicle to exploit the full per-

formance potential of the dual-motor architecture in both dynamic and steady-state competition

scenarios.

In summary, this dissertation demonstrated that a hierarchical torque vectoring and traction

control architecture can substantially improve the yaw stability, cornering performance, and lon-

gitudinal traction of a two-motor electric Formula Student vehicle within a simulation environ-

ment. The results provide a strong foundation for the forthcoming experimental validation on the

FS FEUP 03 platform and contribute to the broader effort of advancing software-defined vehicle

dynamics control in the context of competitive electric motorsport.
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Appendix A

Motor Information

Version: 1.5 – FOR F-MOT MOTORS         4 
 

2. TECHNICAL SPECIFICATIONS 

Parameters provided by Fischer Elektromotoren. 

2.1 Motor peak and nominal condition 

Table 1. motor peak and nominal specifications 

 F-MOT 

HV-850 

Unit 
Peak Torque1 31,6 Nm 
Peak Current2 85 Arms 
Maximum Speed 20.000 rpm 
Peak Power3 35  kW 
Nominal Torque 11,1 Nm 
Nominal Current 22,6 Arms 
Nominal Speed 13250 rpm 
Nominal Power 15,4 Kw 

2.2 Motor basic parameters 

Table 2. basic specifications 

 F-MOT 

HV-850 

Unit 
Torque Constant 0,492 Nm/Arms 
BEMF Constant 0,031 Vrms/rpm 
Maximum DC bus voltage 600 Vdc 
Pole pairs 4  
Temperature sensor4 PT1000  
Position sensor type TE connectivity 2-1393047-5  
Peak efficiency >96 % 
Phase resistance at 20 °C5 0,126 Ω 
Phase inductance6 0,393 mH 

 

  

 
1 Corrected to DTI measured value 
2 Corrected to DTI measured value 
3 Measured at 10.500 rpm 
4 Isolation voltage 2kV 
5 Measured resistance per phase 
6 Measurend inductance per phase 

Figure A.1: DTI F-MOT motor datasheet [71].
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Appendix B

C++ Implementations

B.1 Steady-State Yaw Rate Reference Generator

Listing B.1: Implementation of the steady-state yaw rate reference generator.

1 #include "reference_generators/yaw_rate_reference_generators/

steady_state_yaw_rate_reference_generator.hpp"

2

3 SteadyStateYawRateReferenceGenerator::SteadyStateYawRateReferenceGenerator

(

4 const CarParameters&

car_params,

5 bool override_understeer,

6 double

understeer_coefficient)

7 : car_parameters_(car_params) {

8

9 if (override_understeer) {

10 understeer_coefficient_ = understeer_coefficient;

11 } else {

12 double Cf = car_parameters_.cornering_stiffness_front;

13 double Cr = car_parameters_.cornering_stiffness_rear;

14 double lf = car_parameters_.front_axle_distance;

15 double lr = car_parameters_.rear_axle_distance;

16 double m = car_parameters_.mass;

17 understeer_coefficient_ = m / (lr + lf) * (lr / Cf - lf / Cr);

18 }

19 }

20

21 double SteadyStateYawRateReferenceGenerator::generate_reference_yaw_rate(

22 VehicleState state,

23 DriverCommand command) {

24
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25 double L = car_parameters_.front_axle_distance +

26 car_parameters_.rear_axle_distance;

27 double V = state.velocity_x;

28 double delta = command.steering;

29

30 if (V < 0.001) {

31 return 0.0;

32 }

33

34 double den = L + understeer_coefficient_ * V * V;

35 double yaw_rate_ref = V / den * delta;

36

37 double a_y_max = car_parameters_.max_lateral_acceleration;

38 double yaw_rate_limit = a_y_max / V;

39

40 if (yaw_rate_ref > yaw_rate_limit) {

41 yaw_rate_ref = yaw_rate_limit;

42 } else if (yaw_rate_ref < -yaw_rate_limit) {

43 yaw_rate_ref = -yaw_rate_limit;

44 }

45

46 return yaw_rate_ref;

47 }

B.2 PID High Level Controller

Listing B.2: Implementation of the PID high level controller.

1 #include "high_level_controllers/pid_controller.hpp"

2

3 #include <algorithm>

4 #include "rclcpp/rclcpp.hpp"

5

6 PIDController::PIDController(

7 const CarParameters& car_params,

8 double kp,

9 double ki,

10 double kd,

11 double dt,

12 double integral_limit,

13 double tau)

14 : HighLevelController(car_params),

15 kp_(kp),

16 ki_(ki),
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17 kd_(kd),

18 dt_(dt),

19 tau_(tau),

20 integral_error_(0.0),

21 previous_error_(0.0),

22 previous_yaw_rate_(0.0),

23 filtered_ff_(0.0),

24 previous_yaw_moment_(0.0),

25 integral_limit_(integral_limit)

26 {

27 }

28

29 void PIDController::reset()

30 {

31 integral_error_ = 0.0;

32 previous_error_ = 0.0;

33 previous_yaw_rate_ = 0.0;

34 filtered_ff_ = 0.0;

35 previous_yaw_moment_ = 0.0;

36 }

37

38 YawMomentTorqueRequest PIDController::compute_control(

39 const VehicleState& state,

40 const Reference& reference,

41 const DriverCommand& driver_command)

42 {

43 YawMomentTorqueRequest request{};

44

45

46 const double error =

47 reference.yaw_rate - state.yaw_rate;

48

49 integral_error_ += error * dt_;

50

51 integral_error_ = std::clamp(

52 integral_error_,

53 -integral_limit_,

54 integral_limit_);

55

56 const double mz_pi =

57 kp_ * error +

58 ki_ * integral_error_;

59

60

61 const double yaw_acc =
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62 (state.yaw_rate - previous_yaw_rate_) / dt_;

63

64 previous_yaw_rate_ = state.yaw_rate;

65

66

67 const double mz_in =

68 car_params_.moment_of_inertia_z * yaw_acc;

69

70

71 const double ff_error =

72 previous_yaw_moment_ - mz_in;

73

74

75 const double alpha =

76 tau_ / (tau_ + dt_);

77

78 filtered_ff_ =

79 alpha * filtered_ff_

80 + (1.0 - alpha) * ff_error;

81

82 const double mz_ff =

83 filtered_ff_;

84

85

86 double yaw_moment =

87 mz_pi + mz_ff;

88

89 yaw_moment = std::clamp(

90 yaw_moment,

91 -car_params_.max_yaw_moment,

92 car_params_.max_yaw_moment);

93

94 previous_yaw_moment_ = yaw_moment;

95

96 request.yaw_moment = yaw_moment;

97

98 request.total_torque = std::clamp(

99 driver_command.throttle *

100 car_params_.max_drive_torque,

101 0.0,

102 car_params_.max_drive_torque);

103

104 return request;

105 }
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B.3 Low Level Controller

Listing B.3: Implementation of the low-level controller.

1 #include "low_level_controllers/simple_approach.hpp"

2

3 TorqueOutput SimpleApproach::compute_control(const YawMomentTorqueRequest&

yaw_moment_torque_request) {

4 TorqueOutput output;

5

6 double delta_torque = yaw_moment_torque_request.yaw_moment /

car_params_.rear_axle_distance;

7

8 output.fl_torque = 0;

9 output.fr_torque = 0;

10 output.rl_torque = yaw_moment_torque_request.total_torque / 2 -

delta_torque;

11 output.rr_torque = yaw_moment_torque_request.total_torque / 2 +

delta_torque;

12

13 return output;

14 }

B.4 Traction Control

Listing B.4: Implementation of the traction control.

1 #include "traction_control/traction_control.hpp"

2

3 TractionControl::TractionControl(const CarParameters& car_params,

4 double dt,

5 double slip_threshold,

6 double k_reduce,

7 double k_increase,

8 double slope_deadband)

9 : dt_(dt),

10 slip_threshold_(slip_threshold),

11 k_reduce_(k_reduce),

12 k_increase_(k_increase),

13 slope_deadband_(slope_deadband),

14 previous_slip_(0.0),

15 torque_limit_(0.0),

16 active_(false)

17 {}

18
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19 double TractionControl::compute_control(double slip_ratio,

20 double driver_torque,

21 VehicleState state)

22 {

23

24 double slip_slope = (slip_ratio - previous_slip_) / dt_;

25 previous_slip_ = slip_ratio;

26

27 if (!active_) {

28 torque_limit_ = driver_torque;

29

30 if (slip_ratio > slip_threshold_) {

31 active_ = true;

32 }

33 return driver_torque;

34 }

35

36 if (slip_ratio < slip_threshold_ * 0.8) {

37 active_ = false;

38 torque_limit_ = driver_torque;

39 return driver_torque;

40 }

41

42 if (slip_slope > slope_deadband_) {

43 torque_limit_ *= k_reduce_;

44 } else if (slip_slope < -slope_deadband_) {

45 torque_limit_ *= k_increase_;

46 }

47

48 torque_limit_ = std::clamp(torque_limit_, 0.0, driver_torque);

49

50 return torque_limit_;

51 }

52

53 void TractionControl::reset()

54 {

55 previous_slip_ = 0.0;

56 torque_limit_ = 0.0;

57 active_ = false;

58 }



Appendix C

Formula Student Disciplines

The Formula Student competition evaluates university teams through a comprehensive set of static

and dynamic disciplines, designed to reflect the full lifecycle of an engineering project: from

concept development and business planning to real-world vehicle performance. In recent years, the

competition has expanded to explicitly include autonomous disciplines, reflecting current trends

in the automotive industry.

A maximum of 1000 points can be achieved, divided into Static Events (325 points) and Dy-

namic Events (675 points). Dynamic events are further split into manual and autonomous disci-

plines. The official point allocation follows the Formula Student Germany 2026 ruleset [12].

C.1 Overview of Competition Disciplines

Figure C.1 illustrates the overall distribution of points across all competition disciplines, high-

lighting the relative importance of engineering design, endurance performance, and autonomous

capabilities.

C.2 Static Events

Static events assess the overall engineering quality, economic feasibility, and commercial poten-

tial of the vehicle. These disciplines emphasize structured engineering processes, documentation

quality, and communication skills rather than on-track performance.
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Figure C.1: Formula Student points distribution by event.

C.2.1 Static Events Points Distribution

Table C.1: Static events points distribution.

Static Event Points
Engineering Design 150
Cost and Manufacturing 100
Business Plan Presentation 75
Total Static Points 325

C.2.2 Engineering Design

The Engineering Design event evaluates the technical merit of the vehicle and the team’s ability to

apply engineering principles. Judges assess the complete design process, including requirement

definition, concept selection, detailed design, simulation, validation, and testing.

For autonomous vehicles, additional emphasis is placed on sensor selection, perception algo-

rithms, control strategies, redundancy concepts, and functional safety considerations.



C.3 Dynamic Events 99

C.2.3 Cost and Manufacturing

The Cost and Manufacturing event assesses the economic viability of the vehicle design. Teams

must demonstrate that their car could be produced in a limited series at reasonable cost while

maintaining performance and safety standards.

C.2.4 Business Plan Presentation

The Business Plan Presentation evaluates the commercial potential of the project. Teams present

a business concept in which a Formula Student assembly serves as the basis for a marketable

product.

Strong communication skills and a coherent, realistic business strategy are critical to success

in this discipline.

C.3 Dynamic Events

Dynamic events evaluate the real-world performance of the vehicle under competitive condi-

tions. These disciplines focus on vehicle dynamics, powertrain performance, reliability, energy

efficiency, and autonomous driving capability.

C.3.1 Dynamic Events Points Distribution

Table C.2: Dynamic events points distribution.

Dynamic Event Points
Acceleration 50
Skidpad 50
Driverless Acceleration 75
Driverless Skidpad 75
Autocross 100
Endurance 250
Efficiency 75
Total Dynamic Points 675

C.3.2 Acceleration

The Acceleration event measures straight-line performance over a short distance. It primarily

evaluates powertrain output, traction, launch control, and drivetrain efficiency.

C.3.3 Skidpad

The Skidpad event assesses lateral dynamics and cornering performance. Vehicles are driven

through a constant-radius figure-eight or circular track, emphasizing suspension tuning, tire selec-

tion, and chassis balance.
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C.3.4 Driverless Acceleration

Driverless Acceleration evaluates straight-line performance under fully autonomous control. The

event tests the integration of perception, state estimation, trajectory planning, and longitudinal

control.

C.3.5 Driverless Skidpad

The Driverless Skidpad event focuses on autonomous lateral control and vehicle stability at the

limits of adhesion. Precision, repeatability, and safe operation without human intervention are

critical evaluation criteria.

C.3.6 Autocross

Autocross is a timed handling event on a tight and technical circuit. It evaluates agility, braking

performance, driver skill, and overall vehicle balance. For driver-operated vehicles, consistency

and controllability are key factors.

C.3.7 Endurance

The Endurance event is the most heavily weighted discipline and represents a realistic driving

scenario over a long distance. It evaluates reliability, thermal management, mechanical robustness,

and sustained performance.

Completion of the Endurance event is a prerequisite for scoring points in the Efficiency disci-

pline.

C.3.8 Efficiency

The Efficiency event rewards vehicles that achieve strong performance with minimal energy con-

sumption. It directly links vehicle dynamics, powertrain efficiency, and strategic energy manage-

ment, making it a critical indicator of overall system optimization.
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