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Resumo

Esta tese analisa a forma como as politicas publicas e os enquadramentos institucionais in-
fluenciam o crescimento econdmico e a desigualdade salarial em economias caracterizadas
por mudanga tecnologica endogena e trabalho heterogéneo. E constituida por trés ensaios
teoricos que estudam mecanismos distintos, mas interligados, através dos quais a inovacao,
os instrumentos de politica econdmica e as instituigdes moldam resultados econdmicos e

distributivos de longo prazo.

O primeiro ensaio examina a interagcdo entre as politicas fiscal e monetaria num modelo
de crescimento baseado no conhecimento, com investigacao e desenvolvimento (I&D)
horizontalmente diferenciada e trabalho qualificado e ndo qualificado. Os efeitos das
politicas operam através de restri¢des de liquidez (cash-in-advance) e de subsidios a 1&D.
Embora estes instrumentos ndo afetem a taxa de crescimento de longo prazo, influenciam
a intensidade da 1&D, o prémio de qualificacdo e os niveis de bem-estar. Em condi¢des
economicamente plausiveis, os seus efeitos de longo prazo sobre a intensidade da I&D, a
desigualdade salarial e a velocidade de circulagao da moeda sao complementares, sendo

esta complementaridade mais forte durante a dindmica de transi¢ao.

O segundo ensaio analisa o impacto dos sindicatos na desigualdade salarial e no crescimento
econdmico no contexto de um modelo de mudanga tecnologica dirigida. Os efeitos do
aumento do poder negocial dos sindicatos dependem da sua orientagdo para o emprego ou
para os salarios, bem como da importancia relativa dos canais de conhecimento tecnologico

e de oferta de trabalho no prémio de qualificacdo.

O terceiro ensaio desenvolve um enquadramento para analisar o impacto da inteligéncia
artificial no crescimento endogeno e na desigualdade salarial, modelando a IA como uma
tecnologia de uso geral. A qualidade institucional ¢ determinante para moderar os incentivos

a inovagao, os ganhos de produtividade e os resultados distributivos.






Abstract

This thesis analyzes how public policies and institutional arrangements influence growth
and wage inequality in economies characterized by endogenous technological change
and heterogeneous labor. It consists of three theoretical essays that examine distinct but

interconnected mechanisms.

The first essay examines the interaction between fiscal and monetary policy in a knowledge-
based, horizontally differentiated R&D growth model with skilled and unskilled labor.
Policy effects operate through cash-in-advance constraints and R&D subsidies. Although
fiscal and monetary policies do not affect the long-run growth rate, they influence R&D
intensity, the skill premium, and welfare levels. Under economically plausible conditions,
their long-run effects on R&D intensity, wage inequality, and the velocity of money
are complementary. The analysis also highlights the importance of transition dynamics,

showing that policy complementarity in welfare is stronger along the adjustment path.

The second essay examines how labor unions affect wage inequality and economic growth
within a DTC framework. By introducing collective bargaining for unskilled workers,
the model shows that the effects of increased union bargaining power depend on whether
unions are oriented toward employment or wages, and on the relative strength of the
technological-knowledge and labor-supply channels that affect the skill premium. This
framework reconciles ambiguous empirical findings, demonstrating that stronger unions
can compress or amplify wage inequality while affecting unskilled employment, the labor

income share, and growth.

The third essay develops a framework to analyze the impact of artificial intelligence on
endogenous growth and wage inequality, modeling Al as a general-purpose technology that
can both complement and substitute human labor. Institutional quality plays a central role in
moderating innovation incentives, productivity gains, and distributional outcomes. While
Al adoption can accelerate long-run growth, weak institutions and insufficient redistribution

may intensify economic polarization.
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1. Introduction

The study of long-run economic growth occupies a central place in macroeconomics, and
technological progress has long been identified as a key driver of sustained increases
in output, holding capital and labor constant (Romer 2019). This thesis argues that the
long-run effects of technological change on growth and inequality depend critically on
the interaction between fiscal and monetary policy instruments, labor market institutions,
and broader institutional and governance arrangements. Although the three subsequent
chapters focus on distinct mechanisms, they share a common analytical perspective on

endogenous technological change in heterogeneous-labor economies.

Models of endogenous economic growth internalize the process of idea, or knowledge,
creation within the economy, thereby linking technological progress to market incentives
and other structural factors (Acemoglu 2009b). A prominent class of such models is that
of expanding product varieties, or horizontal growth, developed in the spirit of Romer
(1990) and Jones (1995). In this framework, research and development (R&D) activity
generates an ever-growing number of intermediate input varieties used in final production.
Aggregate productivity increases with the number of available varieties, which serves as a
proxy for the economy’s stock of technological knowledge and symmetrically enhances

the productivity of all types of labor, irrespective of sectoral allocation.

By contrast, models of directed technical change (DTC), following Acemoglu (2002b),
relax this neutrality assumption by allowing technological change to benefit certain factors
more than others. In this approach, technological change exhibits both “direction” and
“bias” (Acemoglu 2009a). Direction refers to which factor experiences an increase in
relative demand as a result of innovation. At the same time, bias arises because an increase
in the relative supply of a factor induces technological change that favors that same factor,

reinforcing its productivity advantage.

The Romer (1990) model became the canonical framework for endogenous growth driven
by R&D. Jones (1995), however, highlighted the presence of scale effects in this class of
models that lacked empirical support. To address this issue, he proposed a modification
that eliminates scale effects, yielding a framework in which long-run growth results from
the allocation of resources to R&D but is ultimately determined by exogenous parameters
governing population growth and technological opportunities. This insight gave rise to the

class of semi-endogenous growth models associated with the Romer—Jones tradition.

Subsequent contributions have extended this framework in several directions, including



the explicit incorporation of policy instruments to shape innovation incentives. In partic-
ular, fiscal interventions, such as taxes and R&D subsidies, can affect the investment in
innovation and, in some cases, growth outcomes (e.g., Atkeson and Burstein 2019; Peretto
2007; Zeng and Zhang 2007). Money demand can be represented by placing real balances
directly in household utility or by modeling transaction costs; approaches that are function-
ally equivalent under certain conditions outlined by Feenstra (1986). Currently, sectoral
cash-in-advance (CIA) constraints is a common choice to integrate monetary mechanisms

into endogenous growth settings (e.g., Chu and Cozzi 2014; Gil and Iglésias 2019).

Several extensions of horizontal endogenous growth models have incorporated labor
heterogeneity. In particular, Afonso (2006) and Okada (2012 )introduce skilled and unskilled
labor into endogenous growth frameworks, enabling the analysis of wage differentials
in innovation-driven economies. On the empirical side, a substantial body of evidence
documents a sustained increase in the wage premium for skilled labor over recent decades
(e.g., McAdam and Willman 2017; Song et al. 2018).

A leading explanation for the rise in wage inequality is skill-biased technological change
(SBTC), which is typically formalized within models of directed technical change. From
this perspective, innovation endogenously shifts toward skill-complementary technologies,
raising the relative productivity and demand for skilled labor. The resulting bias in techno-
logical knowledge tends to dominate the countervailing effect of an exogenous expansion
in the supply of skills, thus sustaining or increasing the skill premium (e.g., Li et al. 2013;
McAdam and Willman 2017). The underlying mechanism operates through market-size
effects: a larger relative supply of a factor expands the market for complementary tech-
nologies, thereby strengthening incentives for R&D directed toward it and reinforcing the

associated wage differential.

While this extensive literature has substantially advanced the understanding of endogenous
growth, monetary mechanisms, and wage inequality, these strands have primarily developed
in parallel. Models that explicitly incorporate policy instruments typically abstract from
labor heterogeneity and distributional consequences, whereas frameworks designed to
explain the skill premium often emphasize the direction of technological change without
explicitly modeling macroeconomic policy interactions. Moreover, the role of labor market
institutions, as well as broader institutional and governance arrangements, in shaping
innovation incentives and distributional outcomes remains only partially integrated into
growth theory, despite growing interest in institutionalized wage-setting and automation-

driven technological change.

This thesis is organized into three theoretical essays, each addressing a distinct mecha-

nism through which policy or institutions shape innovation, economic growth, and wage

2



inequality, with effects that are conditional on the underlying economic and institutional
context. This work contributes to the endogenous growth literature by examining the
interaction between policy instruments, institutional arrangements—including labor market
institutions—and technological change within a set of growth models featuring heteroge-

neous labor.

Chapter 2 sets up a horizontal growth model with R&D subsidies and CIA constraints
to analyze the complementarity of the fiscal and monetary policy effects on a set of real
macroeconomic variables; Chapter 3 considers an unskilled labor trade union in a DTC
model to explore how unions’ bargaining power influence the technological bias, the
income-labor share, wage inequality and growth; Chapter 4 models Al as a dual-factor
technology in an overlapping-generations setting to examine its impact on growth and

inequality, emphasizing the moderating role of institutions.

Taken together, these essays offer a coherent perspective on how technological change,
policy instruments, and institutions interact to shape long-run growth and wage inequal-
ity. The final chapter concludes the thesis by synthesizing the main results, discussing
their broader implications for growth theory and policy, and outlining avenues for future

research.






2. Growth, wage inequality and welfare: comple-
mentarity between fiscal and monetary policies

This theoretical paper presents a comprehensive analysis of the effects of monetary and
fiscal policy on economic growth in the short, medium, and long term within the context
of a knowledge-based horizontal R&D growth model. The model incorporates both skilled
and unskilled labor. The propagation of policy effects into the model is facilitated by
cash-in-advance constraints and R&D subsidies. Under certain conditions, both policies
exert effects in the same direction on a range of significant real macroeconomic variables in
the long run. There is a notable complementarity in the long-run effects on R&D intensity,
skill premium, and the velocity of money. Complementarity on long-run welfare is possible
if the policy effects on output dominate the effects on intermediate goods production
costs and consumption. Economic conditions that favor such a complementarity include
the labor market conditions of high Frisch elasticity of labor supply in conjunction with
low unemployment rates, a high rate of R&D discoveries, and an accelerated growth
rate. Considering the transition dynamics when accounting for welfare tends to make
policies more complementary, and such an effect is more pronounced at the beginning of

the transition.

Keywords: endogenous growth; policy complementarity; fiscal policy; monetary policy;

skill premium; welfare.

JEL Classification: O40; O31; J31; E52; E41; E62.

2.1. Introduction

The eftects of policies on a set of relevant real macroeconomic variables —economic
growth rate, real interest rate, R&D intensity, welfare, skill premium, and velocity of
money— have long been debated among economists. However, some important questions
remain. Is the impact on each variable conclusive? What conditions contribute to the
complementarity between fiscal and monetary policy effects in the long run? For example,
the theoretical and empirical literature suggests that, in the long run, inflation tends to have
(1) an inconclusive impact on the skill premium (e.g., Amaral 2017), (ii) a negative effect
on economic growth (e.g., Chu and Lai 2013), R&D intensity (e.g., Chu et al. 2015), and
welfare (e.g., Camera and Chien 2014), and (iii) a positive influence on the velocity of

money (e.g., Caballé¢ and Hromcova 2010).



Several works on the endogenous growth literature focus on policy optimality. For example,
Chu and Cozzi (2014) look for the optimal nominal interest (the monetary policy instrument)
while considering different cash-in-advance (CIA) constraints. On the other hand, Gomez
and Sequeira (2014) investigate the optimal subsidy structure under alternative tax schemes
(the fiscal policy instruments). Unlike these analyses, we focus on the results of fiscal and
monetary policy used concomitantly. Although it is not difficult to find literature analyzing
the effects of the policy interaction (e.g., Dixit and Lambertini 2003; Fragetta and Kirsanova
2010; Muscatelli et al. 2004), there is a lack of studies regarding which conditions favor
complementarity or substitutability between policies. This paper theoretically investigates
the existence of substitutability or complementarity for the effects of fiscal policy (in the
form of R&D subsidies) and monetary policy (the control of the nominal interest rate)

while analyzing the macroeconomic relationships between the mentioned variables.

We propose a general equilibrium monetary (semi-)endogenous-growth model with hori-
zontal knowledge-driven R&D that extends the Romer-Jones model (Jones 1995; Romer
1990). In particular, we incorporate two types of labor, skilled and unskilled, money
demand through CIA constraints, and direct and indirect R&D subsidies to analyze whether
both monetary and fiscal policies can be used in substitution for each other to induce similar
effects on the aforementioned set of variables and, if their effects are complementary in the
long-run. This analytical setup, in which horizontal R&D activity performed by skilled
labor is the engine of economic growth, has not yet been used in the present context. For
example, Lloyd-Ellis (1999) and Okada (2012) considered skill differentiation in horizontal
growth models to study the rise of the skill premium without considering any policy. In
contrast, Espinosa-Vega and Yip (1999), Chu and Cozzi (2014), and Arawatari et al. (2018)

considered policies in endogenous growth setups but analyzed a smaller set of variables.

Both empirical (e.g., Almus and Czarnitzki 2003) and theoretical (e.g., Gomez and Sequeira
2014; Peretto 2007) studies point towards positive effects of direct and indirect subsidies to
R&D on economic growth through an improvement in technological knowledge. Moreover,
the dominating literature suggests a negative relationship between inflation (and demanding
CIA constraints) and economic growth (Benhabib and Spiegel 2009; Chu et al. 2015).
However, if the relations between these two policy types and economic growth are long
debated among economists, the same cannot be said about the relations between them and a
more extensive set of real macroeconomic variables like the skill premium, R&D intensity,
welfare, and the velocity of money. By incorporating skilled and unskilled labor in the
model, we can explore the relationship between the proposed policy instruments and the

skill premium in knowledge-driven models like ours.

The final-goods sector produces a composite homogeneous good in a perfectly competitive



market by using skilled and unskilled labor, inelastically supplied by the households, and
a continuum of non-durable varieties of intermediate goods. Potential entrants into the
intermediate-goods sector devote skilled labor to horizontal R&D, intending to discover
new blueprints/designs, which are the aggregate outcome of R&D. Such effort is determined
as the result of market forces, assuming profit-maximizing firms. Each intermediate-good
variety, resulting from a design discovery, is produced using foregone output by its inventor
in an imperfectly competitive market to be used by perfectly competitive firms in the
homogeneous final good production. The monetary authority determines the money supply,
and the model incorporates money demand via CIA constraints on consumption, production
of intermediate goods, and R&D activities. Monetary policy, exercised through the nominal
interest rate control, thus affects both production and households’ decisions. With a change
in this instrument, a force transmits different inflation costs, distorting the incentives and

the use of economic resources across different sectors.

As a result of the close relationship between the production of intermediate goods and
R&D, fiscal policy can stimulate the latter through a direct subsidy for investment in that
activity or by subsidizing the production of intermediate goods. Monetary policy can
encourage both activities without demanding sector-specific CIA restrictions. Our choice
for monetary policy modeling considers that households use credit to pay for a portion
of their consumption and that liquidity is a determinant of production, as evidence shows
(Bates et al. 2009; McLean 2011). Thus, in addition to a CIA constraint on consumption, we
also consider CIA constraints in intermediate goods production (e.g., Gil and Iglésias 2019)
and the creation of new designs in R&D activities (e.g., Chu and Cozzi 2014).! Rational
infinitely-lived households provide labor inelastically, maximize the utility obtained from
the consumption of the aggregate final good, pay taxes, and earn income from labor and
investments in financial assets and monetary balances. The way we organize R&D in
the model allows us to discuss the policy effects on skill premium and welfare out of the
skill-biased technological change (SBTC) context.

Complementarity and substitutability are defined in opposition to each other in consumer
preferences between goods or goods’ usage as inputs for production. For Jankowski
and Wlezien (1993) there is substitutability between policies if different instruments can
achieve the same objective. Such a condition is necessary, but more is needed to distinguish
between complementarity and substitutability in policies. In our case, complementarity

happens: "the effect of each policy is greater when conducted in conjunction with the other

!Generally, it is considered a CIA constraint on R&D investment because firms have strong R&D cash
flow sensitivity (Brown and Petersen 2015) or to finance the blueprint production due to working capital
requirements (Chu and Cozzi 2014). Here, the restriction on intermediate goods production indirectly
affects R&D, the focus of this work. At the same time, the constraint on consumption is an apparatus with a
limited effect that allows the model to work in case the other CIA parameters are zeroed.



than in isolation" (Eckardt and Neugart 2022).2 We apply this idea to analyze the short-
and medium-run transition quantitatively. However, it is possible to analyze the signs
of cross-derivative steady-state expressions and improve the understanding of the policy

effects.

In most empirical studies, the monetary-fiscal policy interaction is addressed in the context
of strategic games, looking at the policymakers’ actions, which can be more complementary
or substitute (e.g., Muscatelli et al. 2004); others, however, look for optimal strategies to
coordinate policy actions and are more distant from our topic (e.g., Dixit and Lambertini
2003; Fragetta and Kirsanova 2010).> A different strand of literature on these policy
interactions examines whether the policy direction follows the economic cycle (e.g., Silva
and Vieira 2017). We contribute to this body of knowledge by examining the interactions
between fiscal and monetary policy and the conditions that foster long-run complementarity.
In the theoretical context of the proposed endogenous growth model, conditions that are
easy to satisfy permit both policies to induce the same effects on R&D intensity, skill
premium, the velocity of money, output, and consumption, showing complementarity if
jointly used. Complementarity in welfare, measured by the discounted lifetime utility,
is only numerically detected when the model is extended to consider that labor is not
perfectly inelastically supplied and households’ leisure is valued (i.e., labor disutility).
Lower inflation, a considerable level of subsidies in R&D, a higher growth rate, a higher
rate of invention’s arrival, higher rates of labor supply (or a lower unemployment rate), a
less unequal distribution of the wage bill, and lower production costs in the intermediate

goods sector are the economic conditions that we find favoring complementarity.

This work also adds to the literature on the skill premium. In this regard, the increase in
wage inequality in favor of skilled labor (skill premium) has been significant in recent
decades, according to empirical evidence (e.g., McAdam and Willman 2017). At first sight,
this seems puzzling, given that an increase in skill supply accompanied such movement
—e.g., workers with a bachelor’s or advanced degree rose from 17% of the workforce in
1975 to 40% in 2019 (U.S. Census Bureau 2021, author’s computation). The literature
on SBTC is one of the most important explanations for this pattern. It implies a shift
in endogenous production of technological knowledge that favors skilled over unskilled

labor, increasing its relative productivity and, thus, its relative demand (e.g., Acemoglu

>The modern formalization of such a numerical concept goes back to Topkis’s (1978) supermodular analysis
framework, that does not "require any particular differentiability or convexity assumptions." It can be applied
to "discrete or qualitative policy indicators," being more flexible than Edgeworth’s idea of complementarity,
that relies on the sign of cross-partial derivatives of an objective function, which can be restrictive (Macedo
and Martins 2008).

3See Weber (2005) for a historical perspective on complementarity. See Vives (2008) for an overview of the
"supermodular games" theory from which the "games of strategic complementarities" literature developed.



2002b). According to this literature, the increase in skill demand induced by technological
knowledge bias dominates the (exogenous) increase in skill supply.* Complementing such
an explanation, Lloyd-Ellis (1999) adds that the skill premium is also a result of the skewed
distribution of the labor force capacity in absorbing new technologies. A more recent
literature branch, connected with the SBTC, explains the decline in labor share observed
in the last decades, mainly in developed economies and severely for unskilled labor (e.g.,
Karabarbounis and Neiman 2013), as a consequence of robotization, which fosters growth
but raises the skill premium (e.g., Acemoglu and Restrepo 2018b). In the model proposed
here, the skill premium is determined by the relative skill supply and the shares of unskilled
and skilled labor in aggregate output. In our analysis of how policy instruments can affect
the skill premium, both in the steady state and during transition dynamics, we disregard
any bias towards directed technological knowledge. Such a mechanism, proposed by
the SBTC literature, is absent in the current context. The consideration of an aggregate
R&D process is merely instrumental in isolating the policy effects from the importance of
the technological-knowledge bias mechanism. Our results suggest that monetary policy
(pursuing lower inflation) may have contributed to the observed rise in the skill premium

in recent decades.

We analytically explore the monetary policy’s long-run (steady state) and short-medium-
run (transition) effects. Looking at the steady-state effects, we start by emphasizing that
a unique positive saddle-path-stable steady state exists and that the inflation rate is an
increasing function of the exogenous monetary policy variable, the nominal interest rate.
As in other semi-endogenous growth models, inflation or any policy does not affect the
economy’s long-run growth rate. However, the model does not feature super neutrality of
money, as in Sidrauski (1967) and Stockman (1981). This is because, along with inflation
and the velocity of money, real variables are also affected by changes in the growth rate of
the money supply. The nominal interest rate, or inflation, negatively affects R&D intensity
and the skill premium; it does not change the real interest rate and tends to affect the
velocity of money circulation positively and welfare negatively. However, the theoretical
conditions to reverse the direction of the policy effects on welfare are determined. During
the transition, the economy’s growth rate and R&D intensity are always positively correlated

and a negative inflation-growth relationship can be observed for a plausible calibration.

The CIA approach we take to introduce money demand on consumption is a particular case

of a more general money-in-utility (MIU) function specification, in which individuals like

“This literature considers that when the supply of a type of labor increases, the market for technologies that
complement it broadens, and this creates additional incentives for R&D aimed at those technologies; hence,
the SBTC explanation interprets the rise in the skill premium as a consequence of the (exogenous) increase
in the relative supply of skilled labor.



to retain money. Such an approach simplifies the resulting expressions and the calibration
process. In an extension of the model, we remove the CIA constraint on consumption
to include money in the utility function instead (Feenstra 1986) and show that the main
qualitative results for monetary and fiscal policy remain unchanged and, under certain

conditions, the models are entirely equivalent.

The remainder of this study proceeds as follows. The theoretical model is spelled out in
Section 2.2, considering the production and price decisions, R&D activity, labor shares,
skill premium, preferences, monetary authority, and government. Section 2.3 depicts and
solves the dynamic general equilibrium for the long run, presents the static results, shows
that fiscal and monetary policy can induce effects on the same direction on the analyzed
variables, the conditions in which policies’ effects are complementary, and discusses the
model’s general behavior during the transition. Section 2.4 presents two model extensions:
one considers elasticity in the amount of labor supplied by households; the other considers
a MIU specification instead of the CIA on consumption approach. Section 2.5 describes the
model calibration to match the United States (U.S.) economy (1975-2019) and numerically
analyzes the steady state and the transition dynamics. Such analysis complements the
Section 2.3 findings and investigates the different funding for the policy changes and the
economic conditions that foster complementarity between policies’ effects on welfare in

the long run. Section 2.6 concludes.

2.2. Model

This section describes the model’s setup, emphasizing the interactions between firms, house-
holds, and policy authorities. We extend Okada (2012), which introduced labor heterogene-
ity (skilled and unskilled labor) in the standard endogenous R&D growth model without
scale effects (Jones 1995; Romer 1990) by incorporating fiscal instruments (taxes and subsi-
dies) and money demand (CIA constraints). The homogeneous final good is produced using
skilled and unskilled labor, inelastically supplied by the households, and a continuum of
varieties of non-durable intermediate goods. Potential entrants into the intermediate-goods
sector devote skilled labor to horizontal R&D to discover new blueprints/designs, thus the
aggregate outcome of R&D. Once new inventions are discovered, imperfectly competitive
firms produce intermediate goods used by perfectly competitive firms in the homogeneous
final good production. Following Peretto (2007), Zeng and Zhang (2007), and Atkeson
and Burstein (2019), among others, we consider that the government can influence R&D
activity through its intervention in terms of fiscal policy. In line with Chu and Cozzi (2014)
and Gil and Iglésias (2019), among others, we also incorporate the demand for money
into the model, considering that a constant portion of total consumption is paid through

CIA and via sector-specific CIA restrictions to R&D activities and intermediate-goods
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production, while the monetary authority determines the money supply. By doing so, fiscal
and monetary policies are, mutatis mutandis, substitutes for the main effects. Moreover,
infinitely-lived households inelastically supply skilled and unskilled labor and maximize
utility obtained by consuming the homogeneous final good, earning income from labor and
investments in financial assets and money balances. It is a dynamic general-equilibrium
endogenous growth model in which agents are rational and solve their problems, free-entry

R&D conditions are met, and markets clear.

2.2.1. Production and prices

The final good is homogeneous, and the the following function gives the sector’s aggregated

production Y at time ¢:

N(7)
Y(t) = Lo(t)*Lag, (1)P / X017 Pdj, 0<atp<l, @.1)
0
where L; and Ly, represent unskilled and skilled labor levels, respectively, and X; is
the amount of the j intermediate good demanded. Thus «, 3, and 1 — a — 3 are the
shares of each production factor in the final output. Variable N represents the existent
and thus available varieties of non-durable intermediate goods, X, and can be seen as “a
tractable proxy for the technological complexity of the typical firm’s production process
or, alternatively, for the average degree of specialization of the factors employed by the
typical firm” (Barro and Sala-i-Martin 2004, p. 287). These sectors operate under perfect
competition, and the price of the final good normalizes all prices (and wages); i.e., they are
defined in real terms. Being &y the nominal price of the final good and &; the nominal
price of intermediate good j, p; = % is the real price of the good, w;, and wpy, are the
real wages paid for unskilled labor and skilled labor, respectively. The firms’ profits are

represented by
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Substituting (2.1) in (2.2), the first-order conditions for max Iy (¢) give the inverse
X;(t),Lo(t),Lay ()
demand functions for each intermediate good X, unskilled labor, and skilled labor:

%(’) =0 pj(t) = (1—0a—B)) Le(t)*Lay, (1)PX;(1) %P, 2.3)
J
oIl N(t)
oI, () =0wilt) = aLe()™ 'Ly (1] O/ Xj(0)' - Paj, (2.4)
oTly N(1)

(1) =0 wa, (t) = BLL(t) Ly (1)F " [ X5(0)' 7% Faj. (2.5)

oLy,

S

The model assumes that the same firm carries out the invention process through R&D
activities and produces such intermediate good variety. Moreover, once a new variety is
developed, its creator (the firm) will retain perpetual monopoly rights over it. Thus, each
intermediate good j is only produced by the firm that invented it, which produces only this
good variety and acts as a monopolist in that good market. The production of one unit of
any of these goods requires 1 units of forgone final output.” Regarding fiscal policy, we
assume the government can subsidize the production of a firm j by paying an ad valorem
fraction z, € [0, 1] of its production costs. In terms of monetary policy, it is introduced
a CIA on intermediate-goods production, Q, > 0. Firms use the money borrowed from
households, subject to the nominal interest rate 1, to pay upfront costs. Since firms can
only repay the borrowed amount once they earn revenue from production, households
effectively provide credit to them (Chu and Cozzi 2014). However, different from Chu and
Cozzi (2014), we consider that the service for such financial debt amounts to a fraction
Q1 € [0,1] of the firm’s production costs, and not that the CIA constraint itself is defined
in this interval. Then, the monopolist j facing the demand curve given by (2.3) will solve

the following profit-maximization problem:

maxIT;(r) =maxp;(t)X;(t) — (1 — zc + Q1) NX;(2). (2.6)
X;j(1) X;j(1)

Solving this problem, we find that the amount of goods each firm j produces is independent

of any firm-or-good-specific variable. That is, the demand for any intermediate good is the

>To the best of our knowledge, the consideration of a parameter for the constant unitary cost exogenously
defined in the intermediate goods’ production is due to Okada (2012). Therefore, such specification is
not more arbitrary than the usual formulation without a parameter for such cost, which is equivalent to
considering that one unit of the final good is required to produce one unit of intermediate good, i.e., to set

n=1
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same (see Appendix A) and given by:

2 _a_ _B_
(1—a—P)aP Ly(t)* P Ly, (1)*F

Xj<t):X(t): 1 1
ntx+ﬁ (1 _Zx_l_Qxl)OHrﬁ

V. 2.7)

Consequently, the prices of the intermediate goods will be the same, because substituting
(2.7) back in (2.3) gives

l_ X QX .
pi(0)=p(0) = i ex

Following Jones (1995), we consider that new inventions happen at a rate SN(¢)? (per
allocated skilled labor unit during a time unit), as if in a Poisson process in which the
arrival rate of new ideas increases with the stock of existing designs, N. The reasoning for
this specification is that it becomes easier to find an invention because spillovers make all
firms take advantage of the accumulated knowledge. The parameter ¢, with 0 < ¢ < 1,
represents these spillover’s effects (“standing on shoulders”) magnitude and controls the

2

R&D process elasticity of scale, which has “diminishing technological opportunities’
(Jones and Williams 2000). Consequently, W units of skilled labor are necessary to
invent a new design,® each labor unit receiving a wage wh,, in retribution. The costs to find
a new blueprint can be reduced by a governmental ad valorem subsidy z,, with z, € [0, 1],
but are increased in the proportion ,1. This latter denotes the debt service for the money
borrowed from households, where Q, > 0 represents the CIA provided to investment in

R&D. Then, the invention cost is

WHy (t )

2(1) = (1 =2+ Q1) g5,

(2.9)

As the new designs market is competitive, whenever the present value of future profits
that are possible to extract as a monopolist producing the new variety equals its initial
invention cost, a firm will choose to invest in the new product development and enter the

intermediate market. That is, when the free-entry condition is satisfied:

o)

/H(u)e—f?”<w>d‘°dv =2Z(t), (2.10)

t
where r is the real interest rate, and II is the profit of any firm in this market, with
I;(r) = TI(r) = (& +B) p(2).

Representing the aggregated level of skilled workers in R&D by Ly, and considering

%Here, we diverge from Okada (2012) that required W units of labor to invent a new design, tying up the

productivity in R&D with the intermediate goods unitary production cost.
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that inventions happen at rate SN(¢)?, the instantaneous aggregated production of new

varieties, N, is given by the following function:
N(t) = 8Ly, (t)N(1)°. (2.11)

In this specification, skilled labor is the only input used to increment technological knowl-
edge, and R&D firms hire it until the free-entry condition is satisfied. R&D intensity is the

ratio between the expenditures in R&D and aggregate output, and, in the current context, it

is given by Loty Py 1) (Q(V:)H )

The real interest rate demanded by households for investment in R&D of new varieties,

r(t) = % + %, is found by the differentiation of both sides of (2. 1'0) with respect to (w.r.t.)

time (see Appendix B). Defining the growth rate of N as Gy () = % = 8Ly, ()N (1),
the ratio of the demand for skilled labor in the final-goods sector to the demand for skilled
labor in R&D as T'(1) = 1;(';31), and the growth of the demand for skilled labor in the
(1—u(r))

(=) " is found as a function of the variables u and Gy

final-goods sector as Gr(t) =

(see Appendix C), that is,

(t) = (O‘ﬁt lﬁz(;;‘é_l)ﬁ LG ()T(0) + (1- 9) G (1) - — gGr(). @12

Considering that the wages of skilled workers are the same in both sectors (e.g., Lloyd-Ellis
1999), we can represent the common wage rate for skilled labor by wy (1) = wp, (t) =
why (t). We assume that no skilled worker wishes to act as unskilled because the wage of
the first labor type is higher than that of the latter and, equivalently, that the skill premium
(see Appendix D),

wa(t) _BLit) B(l=s) 1
(04

s 1—u) 2.13)

is greater than one.” Thus, the ratio between the share of total output paid as wages to
skilled and unskilled labor positively determines the skill premium.® In contrast, the ratio

between the skilled and unskilled portion of the total labor supply negatively influences it.

The exogenous defined variable s is the share of skilled labor in the labor force, with

0<s< aﬁTﬁ (where & + BB is the labor share in total output); u is an endogenous variable

7Such an assumption is easily satisfied: 0 < s < B and0< u(t) <1= lim Blos—1, fim Bl= = oo

a+p S%%Wia s s0L O S
1 wi (1)
andl_—u(t)>1:>w’L’(t) > 1. S
. _ay(t _ BY)+B/T()Y (¢ _ Ly (0)way (¢
8Notice that wy () = LL(([)), wy(t) = L[~1(y)(f)+/LHN<S))’ and 171134(:) =B+ %, where % = % repre-

sents R&D intensity.
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that represents the share of skilled workers engaged in R&D, with 0 < u(z) < 1;” and 1 — u(t)

is the portion of skilled people working in the final-goods sector. The total population level
is L(t), and its exogenous growth rate is % = n; the unskilled labor is Ly () = (1 —s) L(?),

the skilled labor working in the final-goods sector is Ly, (t) = (1 —u(r)) sL(t), the skilled
labor in the intermediate-goods sector is L, () = u(t)sL(t), and the total skilled labor is
Ly (t) = Ly, (t)+ Lp, (t) = sL(t). Output per capita is found by substituting (2.7), Ly (¢),
and Lg, (¢) in (2.1) and dividing the result by L(¢):

1 e - 0% @5 (1 & N
y(t)z( ;) ,aﬁ( —9s ,(a_ﬁu(t)) ©. (2.14)

n @B (1—zp+Qu1) @

2.2.2. Wealth and consumption

Households consume and collect income from inelastically supplied labor and investments
in financial assets and money balances. Incomes may be subject to taxes that will be used by
the government for domestic fiscal policy purposes, in particular, as a means to finance the
costs of the subsidies. We consider that all consumers have the same preferences and that
all households are equal, such that there is an infinite-lived representative household. The
instantaneous utility is given by U(c(¢)) = %, where c is per capita consumption
and 6 is the inverse of the intertemporal elasticity of substitution, with 6 > 0 and 6 # 1.
Thus, at time ¢ = 0, households maximize the discounted intertemporal lifetime utility,
U (c(r))e™P)dr, which is assumed to be bounded away from infinite,'" subject to
the flow budget constraint (2.16) and the CIA constraint (2.17), having perfect foresight
concerning the technological-knowledge progress over time. In this problem resolution
(see Appendix E), households account for the population growth at rate n (since each
household grows at the same rate as the population) and discount the future at rate p, with
p > 0and n— p < 0. Then, the representative household’s optimization problem can be

stated in terms of per capita variables as

max /wU(c(t))e(”_p)tdt: max /oo m Pl gy, (2.15)
c(1),b(1) JO c(1),b(r) JO 1-6

9Generally speaking, if the extremes of the interval are included, the model will not work. That is, if u(¢) =0,
there will be no research and no per capita growth of the economy (2.11). Case u(t) = 1, there will be no
output from the final goods production (2.1).
191n fact, we assume that, over time and in equilibrium, the utility growth rate plus the population growth rate
are constant and less than the rate at which the future is discounted, i.e., that the infinite horizon integral in
the optimization problem will converge.
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s.t. d(t) —l—Ih(l‘) = (1 — TH)SWH(I) + (1 — TL) (1 —S) WL(I)
+ (1= 7a) r(t)a(t) +1b(t) — c(t) — 7¢(t)
—na(t) —nm(t) — w(t)m(t) + T, (1), and (2.16)

s.t. b(t) +Ec(t) <mf(r). (2.17)

Per capita real money balances are represented by m. A portion E¢(¢) of this amount is used
to finance household consumption. The other part, b, is lent to incumbent firms to finance
the intermediate-good manufacturing and R&D investment. The amount of money used to
provide credit, £c(r) + b(t), is subject to the nominal interest rate 1, but the assumption that
all households are equal makes the terms related to the CIA on consumption cancel each
other in (2.16). The variable a represents per capita real financial assets/wealth holdings
in the form of ownership of the firms that produce intermediate goods in monopolistic
competition. So, the total assets in the economy will be given by A(¢) = a(t)L(t) = Z(t)N(t).
The real interest rate is given by r, and the government imposes the following: 7,, ad
valorem tax rate on assets; T,, lump sum tax over individuals; 7, and 7y, the ad valorem
rates of the taxes on wages of unskilled and skilled workers, respectively. The inflation
rate is given by 7, corresponding to the growth rate of the nominal price of the final good,
n(t) = P(1) and determines the cost of holding money; the seigniorage revenues earned

— P(r)
by the monetary authority will return to each household member in the form of a lump sum

transfer, denoted by 7,,. The aggregate flow of income received by households as interest
on the CIA provided to firms in the form of bonds is 1B(¢), which amounts to the portion
Q.1 of all intermediates goods production costs and to the share Q,1 of all the invention
costs. Thus, considering equations (2.6), (2.7), (2.9), and (2.11), the aggregate stock of
CIA provided to firms is

B(t) =b(t)L(t) = QnN(t)X (t) + QrLu, (t)wr, (1). (2.18)

Following standard optimal control theory, we can consider an auxiliary Hamiltonian
function in the resolution of the intertemporal utility maximization. In doing so, the
usual approach in the literature is to consider that the (static) CIA constraint is binding,
that is, b(t) + &c(r) = m(t). From the necessary conditions, it is possible to derive a no-
arbitrage condition between real money balances and real financial assets that amounts to

the following Fisherian equation:

t=(1—1,)r@)+n(@). (2.19)

16



The optimal path of consumption (the households’ Euler equation) is given by

28 _ (- ra)er(t) —P (2.20)

The transversality conditions are tlgg u(t)a(t) =0 and }lelo u(t)m(t) =0, where u(r) =
(1+1&) L ¢(£)=9¢(m=P) i the co-state variable. The existence of these limits will require,
in addition to the already presented assumptions over the model’s parameters, that 1 — z, +
Q1>(1—a— B)2 and 1 —z, +Q,1 > 0 (see Appendix F).!! These two inequalities mean
it is impossible to completely subsidize the costs of R&D activities and intermediate-sector
production. The former also ensures that ¢ does not exceed y, and the latter guarantees that
u(t) < 1in steady state. Considering the existing relations in the economy described in
this entire section, it is possible to aggregate the intertemporal budget constraint (2.16) by
the whole population (see Appendix G) to find that C(¢) =Y (t) — nN(¢)X (¢) and

(1-a—p)°

. 2.21
1 —z,+ Q1 ( )

c(t) = y(t) [1 -

¢r) _ y@)

As c is a constant share of y and both variables grow at the same rate, i.e., EORREIOL the
relation between output and consumption is stable along the time. The resolution of the
representative household’s problem put in evidence the following restrictions on some
variables allocation path: 0 < u(r) < 1; Gy(t) > 0; y(t) > 0; a(t) > 0. Generally speaking,
they mean that, at any instant, some level of skilled labor, but not all, is engaged in R&D,
that the invention’s stock does not decrease, and that some level of production and assets

exist in the economy.

Out of a balanced growth path, consumption does not grow at a constant rate, and there
is no closed-form solution to represent the welfare of an individual that we consider as
being the present value of utility accumulated over an infinite time horizon (Caputo 2005,
pp. 414-415) by a member of the representative household at an arbitrary instant ¢, i.e.,

W) = (rr)la)(( )ft‘x’U(c(v))e_p(”_t)dv.lz Nevertheless, as will be shown in Section 2.3,
c(v),b(v

there is a closed-form expression for welfare along the steady state.

" Satisfying the transversality conditions also requires (1 — 8) Gl +n — p < 0, which is the assumed conver-
gence condition of the integral in the household optimization, where Gy, is the growth rate that solves the
problem. This inequality always hold case 8 > 1, but requires 6 > 1 — (% - 1) (1—¢)and ¢ >1— ﬁ
case 0 < 0 < 1. !

12As the population grows in our model, we are not measuring welfare by the social utility accumulated over
time. With a growing population, a specification of the form [ U (c(v))L(v)e P(*~")dv would result
in a continually increasing welfare along time, even if per capita utility remains the same (or reduces
proportionately less than the population growth).
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2.2.3. Government and monetary authority

In addition to firms and individuals, technology can also be influenced by government
policies and by the central bank (or monetary authority). Hence, a description of the
government’s budget and the monetary authority is needed to finalize the characterization
of the economy. As stated, the government may intervene by imposing taxes on wages and
financial assets and subsidizing the production of intermediate goods and R&D activities.

The government runs a balanced budget, i.e., with no surplus or public debt, which implies

Tar(t)A(t) + tpwr (t) L (t) + THwHLH (t) 4+ T4(t)L(t) = 22NN (2) X (t) + 2,why (t) Ly ().
(2.22)

Respectively, the terms on the left-hand side (l.h.s.) of (2.22) represent revenues from
taxation over assets-income, unskilled labor, and skilled labor, and a lump-sum tax paid by
all individuals. In contrast, terms on the right-hand side (r.h.s.) represent the government’s

expenditures subsidizing intermediate goods production and R&D.!?

Concerning the monetary authority, we consider that the nominal interest rate, t, is the
policy instrument used to handle inflation, affecting the model variables through the CIA
constraints (e.g., Bernanke and Mishkin 1997; Chu and Cozzi 2014). Hence, with a change
in the nominal interest rate, the CIA constraints generate forces that transmit different
inflation costs, which distort the incentives and the use of economic resources in the
different sectors. We follow the literature and assume that the monetary authority chooses
the nominal interest rate exogenously.'* Thus, the inflation rate, 7, is endogenously
determined according to the Fisher equation (2.19). Hence, in line with the empirical
observation indicating that the inflation rate is endogenous and indirectly affected by the
monetary policy instrument (e.g., Bernanke and Mishkin 1997), the Fisher equation reveals
that it is endogenous, in the sense that although influenced by the exogenous choice of the
nominal interest rate, it relies on the real economic macroeconomic conditions reflected in

the endogenous real interest rate (2.12).

Denoting the nominal money supply by .Z, its growth rate by G_, () = ////{8; , and the real
money supply/balances by M (1) = P//yl((tt)) , we find % =G 4 (t)—n(t). Hence, considering

(2.19) and that % = % + n, it is possible to show that the growth rate of the nominal

3Bearing in mind the definitions of L;(¢), Ly(¢), and R&D intensity, equations (2.4), (2.5), (2.13),
(2.14), (2.21), and (F.2) in Appendix F, the government balanced budget (2.22) can be written as
1-2,+Q, 1—a—B)>
@ur(t) B8y (1) + w0 (1) + T L Y (1) + 1o (0L () = 2 5280 Y (1) + 257 (0).
14Tn addition to Chu and Cozzi (2014), recent papers along these lines are Chu and Ji (2016), Chu et al.
(2017), and Chu et al. (2019), among others.
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money supply is endogenously determined:

aﬂgyzgg%+n+l—(y-%w@y (2.23)

The monetary authority will endogenously adjust the nominal money growth rate to what-
ever level is needed for the interest rate 1 to prevail. Seigniorage revenues earned by the
monetary authority will be .7 (1) = ) (t)+m(r)M(r). As usual in the literature, the

Py (1)
monetary authority returns the seigniorage revenues to the population as a per capita lump

sum transfer

%%:m@+mmnw@mm (2.24)

T (1)

It will be presented later that the relation (2.19) between the inflation rate and the nominal
interest rate implies that, in steady-state equilibrium, we can extend all the comparative-
statics results of shifts in 1 also to shifts in the steady-state inflation rate, 7*. Therefore, in
the steady state, one could consider the inflation rate or even the money supply growth
rate as the policy variables directly controlled by the monetary authority.!> The velocity
of money circulation is given by .Z (t)V (1) = P,(t)Y (t) & V(1) = #’g)m = 1\% , which
simplifies to (see Appendix H):

-1

(1-—a-B) B
me+9rm+§

(1-—a-B)

V(t) = —
®) I —ze+ Q1

(2.25)

Finally, aggregate money in the economy is simply M (¢) =V (¢)~'Y(¢), and it is clear from
(2.25) that the CIA parameters Q,, Q,, and & directly determine how money is distributed
across the sectors in the economy. If R&D is a more liquidity-constrained activity than
production (Brown and Petersen 2015), and the relative importance of the interest over CIA
in the flow of expenditures for firms far exceeds that for households (Bank for International
Settlements 2021b, authors’ computation), we expect that Q, > Q> £.16

2.3. Dynamics and equilibrium

We proceed by analyzing the dynamic general equilibrium resulting from optimal decentral-

ized behavior, which is described by the labor allocation between sectors and the growth

ISHowever, considering the nominal interest rate as the policy instrument simplifies the analytical derivation
of the model’s steady-state equilibrium without changing the comparative statics results.

16Tt becomes clear from (2.25) that if one sets a CIA parameter to zero, such as simplifying the expressions
to conduct some specific analysis, the other CIA parameters must increase to keep money velocity con-
stant. Although we do not expect significant side effects for qualitative long-run analysis, such increased
parameters can become disproportionately high. Therefore, one should be aware of quantitative issues
that could arise, e.g., in the direction or magnitude of some static long-run effects (see subsections 2.3.2
and 2.5.2) or in the dynamic response to monetary policy changes.
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of technological knowledge. The dynamics of the model are given by the system made by

the following differential equations:

(1-u(t)  a+P (a+B)(1—a—B)
(I—u(t))  a(1-1)+BO {“‘Ta) Bll—ston ovOTO
—[0—(1—1)(1—9)]Gn() —p} , and (2.26)
e == (1= 9) G0~ 5 TP T ()
(a+B)(1-a—p)
{-a) R Bevora)
~[o-(1-w)(1-9)]Grln-p . (.27)

Equation (2.26) is found log-differentiating (2.14) and substituting (2.20) and (2.12) in the
result, while (2.27) is found log-differentiating (2.11) and substituting (2.26) in the result
(see Appendix I).

Proposition 2.1. The dynamic general equilibrium of the model is determined by the point
(1 —u*, GX,) a constant, unique, positive, and saddle-point solution to the system made by
(2.26) and (2.27). In such a point,

n

u' = T*l—i-l’ with (2.29)
B —z+o0){(1-9)p+n[o—(1-9)(1-7)]}
T" = . (2.30)
n(l1-1)(a+p)(1—-a—p)
Proof. See Appendix J. [

Remark. The cases where Gy (1) = 0= u(t) = 0 or 1 —u(r) = 0 violate the restrictions on
the allocation path of u and Gy, i.e., 0 < u(t) < 1 and Gy(t) > 0, and are not solutions of
the household’s problem. In the equilibrium point, Gy(r) =0 and (1 —u(t)) = 0. This
latter relation implies that G (¢) = G} = 0 in steady state.

In the long run, the economy will achieve stationarity —the demand for labor in R&D, u,
and the technological-knowledge growth rate, Gy, will become constant— and embark
on a balanced growth path. Even though there is no closed-form solution for the integral
representing welfare, as mentioned in Section 2.2, it is possible to find an expression for

the welfare of an individual along the balanced growth path. Thus, considering that the
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economy is in the steady state at instant = 0, long-run welfare is given by

.1 1 c*(0)!-9
w =19 [_5_ (1_9)(};_1)], (2.31)

with per capita consumption level at the instant stationarity is achieved, c*, being endoge-

1
1-¢
nously determined considering N(¢) = (%Z—Q’f?) from (2.11), (2.14), (2.21), (2.28),

and (2.29), for a given population level L(0) (see Appendix K).

2.3.1. Transition dynamics

The phase diagrams presented in Figure 2.1 depict the system’s possible dynamic behaviors
in the saddle-point equilibrium neighborhood. As shown in Appendix J, both phase lines,
given by the loci for (1 — u(t)) =01in (2.26) and Gy(t) = 0 in (2.27), have negative slopes
in the plane (1 —u(r),Gn(t)), as well the saddle path. The horizontal arrows of motion are
distancing from the /ocus (1 — u('t)) = 0, and the vertical ones are approaching the locus
Gy/(t) = 0. Furthermore, the two possible patterns for the arrows of motion in the panels
of the figure indicate that, independently of which phase line is the steepest, the saddle

path is steeper than both.

(a) (b) (©

N N
\\ saddle path \\ saddle path
N N

%--- Current steady state

— — N(t)locus

G(t)
G(t)

1-u(t) 1-u(t)

FIGURE 2.1: Phase diagram of the dynamic system with arrows of motion, phase lines,
and saddle path in panels (a) and (b). The case in which the /locus for (1 — u(t)) =0is
steeper than the locus for Gy(t) = 0 is in the left panel (a), while the right panel (b)
presents the opposite situation. Panel (¢) depicts the jump of the economy’s state in case
of change that does not affect Gy, in the long run. A change that takes the economy from
the current steady state (1 —u*, GI*V) increasing (decreasing) u in the long run and setting
the new steady state to (1 —u* 1, G,f,) ((1 —u* |, Gj(,)) will make the state of the
economy jump to the intersection of the current level of technological knowledge, given
by the N(t) locus, with the saddle path leading to the new equilibrium, given by the solid
line on the left (right).

After an event that disturbs the economy and takes it from the steady state (or balanced-

growth path), the agents’ optimizing behavior moves it toward a long-run equilibrium
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reflecting the new economic conditions. In the presented setup, after a shock, the state
of the economy should jump to a point over the saddle path that leads to the unique new
steady state. The exogenous population growth rate and the internal forces of the model
govern the dynamics during the transition to this long-run equilibrium, and the allocation
of skilled labor in R&D, u, and the growth rate of technological knowledge, Gy, determine
the economy’s state. The values they assume along the saddle path determine the remaining

variables.

Variables L and N do not jump with economic shocks, as the population constantly grows
at an exogenous rate, and the technological knowledge accumulates only through R&D
activity (2.11). In the case of a shock at instant #, both variables keep their value unchanged.
Variables u and Gy jump to the point in the space state that lies over the saddle path
and satisfies (2.11), i.e., Gy(t) = Ssu(t)L(1)N (1)* ", computed with the value of the
parameters that reflect the new economic conditions, and L and N at their historical
values. The direction of the variables’ jump depends on the economy’s current state
and technological level and the new long-run steady state resulting from the change. Notice
that, in this model context, given the values of L and N, equation (2.11) establishes a
linear and negative relation in the state space (1 — u(t),Gy(r)) that represents the locus
for the current technological level, N(¢). As the saddle path also has a negative slope
(see Appendix J), implying a positive relationship between u and Gy during the transition,
any change that takes the economy from its balanced growth path and does not affect the
long-run growth rate — as a policy change — and increases (decreases) u, in the long run,
will set the new steady state to the left (right) of the current one and above (below) Gy.
Consequently, # and Gy, and the skill premium (2.13), will jump to a point where they
are above (below) the new steady-state values, while the velocity of money (2.25) jumps
to a point where its value is below (above) the long-run level. To illustrate a jump in the
economy, panel (c) of Figure 2.1 plots the locus for the predetermined variable N(¢) and
its intersections with possible saddle paths for changes at instant ¢ that shift # up or down

without affecting Gy in the long run.!”

Then, the transition starts from the value to which variables jumped, except for L and
N, which stay at their historical levels. If # and Gy jump to values greater (lower) than
their long-run levels, both variables continuously decrease (increase) in the direction of

their new steady-state values. Consequently, the rate of change of 1 —u(z), Gr(t) =

17As we are interested in the policy interactions, we do not plot or discuss parameter changes that can shift
Gy in the long run. However, the analysis is analogous even if the economy is not in a steady state. If
the new long-run equilibrium lies to the left (right) of current u(¢) and above (below) the locus for N(t),
the economy will jump to a state where u and Gy are greater (smaller) than their current values but below
(above) their long-run levels.
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(1—u(t))
1—u(r)

during the transition, continually and asymptotically decreasing (increasing) to zero. Notice,

= aﬁﬂ <% — GN(I)> (see Appendix I), will assume a positive (negative) value

in equations (2.26) and (2.27), that fiscal and monetary policy positively affect Gr in
the short-medium-run path; that is, a greater (lower) z, or a lower (greater) 1 implies
a faster transition if Gr(¢) > (<)0. Along the transition path, Gr(¢) > (<)0 implies
that: output and consumption per capita jumped to a point below (above) their long-run
level but are growing at a faster (slower) pace than the technological knowledge, i.e.,

ig—g = % > (<) Gy (t); skill premium is decreasing (increasing), i.e., xigg > (<) xz 8
(see Appendix N); the velocity of money is increasing (decreasing); and, as consumption is
growing above (below) its long-run growth rate but from a diminished (increased) level,
welfare accounting transition is less (greater) than long-run welfare, i.e., W(t) < (>)W™.
This last result means that the extent to which the consumption level falls (rises), its growth
rate during the transition, and the rate at which the future is discounted ultimately determine

if a change will improve (or worsen) welfare when the short-medium-run is considered.

2.3.2. Effects of changes in the economic conditions

Recall that the main macroeconomic variables we are interested in are the growth rate of the
economy in per capita terms, Gy, R&D intensity and the share of skilled labor demanded
in R&D, u*, the skill premium, (wn/w) *, the real interest rate, r*, inflation, 7*, the velocity
of money, V*, and welfare, W*. In addition to the restrictions on the parameters stated in
Section 2.2, Assumption 2.1 will be considered in analyzing the long-run effects on these
variables of a parameter’s value permanent and unanticipated increase (see Appendix L).
For most cases, the direction of the effect is unequivocal, as shown in Table 2.1, which
outlines such findings. Proposition 2.2 states a general characteristic of semi-endogenous
growth models. Proposition 2.3 allows the extension of the comparative static results
regarding u* to R&D intensity, while propositions 2.4 to 2.6 summarize the most important

analytical results related to monetary and fiscal policies in the context of our model.
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TABLE 2.1: Steady-state effects of a permanent and unanticipated parameter increase on
the main variables

Structural parameters on production, | Fiscal policy: subsidies | Monetary policy: CIA

preferences and population and taxes parameters | and nominal interest rate
Bin|d|¢ |6 |p|n|s |z |z |T|l®w| w |Q|Q|¢ l
IGy/a(.) 0/{0(0O|O|+]0]O0O|+|0]|O|O0O|0O]O 0 0070 0
/() - =10]O0 |+ |—=|=|+]0]O0O|+]—-1]0 0 0| —-10 —
() /o) | — | £ 0O |+ | || +|=|O0O[+]|—=]0| 0O | O|—-1]0 —
Ir'/a(.) 00|00 |+ |+|+|+]0|0]O0O]|+]O0 0 0010 0
I/3(.) ojofojo|—-|—-—|—|—-|/0]0|0O|0]O 0 01070 +
Vo) |E|El0]0|—|+|+|=]0]|x|—|4+]|0] 0 | £]=£]|- +
IW*/a(.) + |||+ ||| x| L] £ + 10 0 + | £1]0 +

Notes: assuming o + 3 > 1/2; “+ for positive effects, “— for negative, “0” for none, and “+”

for not analytically determined.

Proposition 2.2. In the long run, the growth rate of N is independent of policy (fiscal and
monetary) and only determined by n (population growth rate) and ¢ (R&D elasticity of

scale).
Proof. Direct from equation (2.28). U

In semi-endogenous growth models that follow Jones (1995), the long-run output per
capita growth rate is a function of the exogenous population growth rate unaffected by
policies. In the current context, through the nominal interest rate, monetary policy indirectly
controls inflation (2.19) without affecting Gy, in the long run. Case inflation is not seen as
a uniquely monetary phenomenon, the common structural parameters determining both Gy,
and 7* produce effects that go in opposite directions and establish a negative relationship
between these variables. Both theoretical situations are consistent with empirical literature
that found the inflation-growth relationship negative or insignificant in many cases (e.g.,
Benhabib and Spiegel 2009).

Assumption 2.1. /n aggregate, most of the output is used to compensate for the labor
allocated in final-goods production, i.e., a + 3 > 1/2.

The share of labor in final-goods production, i.e., & + f3, is crucial in determining many
derivatives’ signs, and the CIA constraints are necessary for the model to transmit the
monetary policy effects. Thus, Assumption 2.1 allows us to unequivocally determine the

direction of most effects on the analyzed variables in the case of a parameter’s increase.

Proposition 2.3. In the long run and under Assumption 2.1, the effects of a change in any
parameter go in the same direction on the share of skilled labor demanded in R&D and on

R&D intensity.
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Proof. R&D intensity is Lay@way(t) _ B and T = 1=40) . Considering (2.30), airﬁ =

Y@e) T T () -
( 1:@3%?55;;* < 0, and for the other parameters except 3, m% = (1_‘%)2 3’(‘.). O

In fact, in an economy like ours, where all investment in R&D is due to the labor employed
pursuing new inventions, this is an expected result. Notice that R&D intensity rises with
the wages paid for skilled labor, which is expected to increase with the demand for this
type of labor. This way, Proposition 2.3 formalizes the intuitive notion that all comparative
static results related to the share of skilled labor engaged in R&D activities can be extended
to R&D intensity, which was omitted in Table 2.1.'8

Proposition 2.4. In the long run and under Assumption 2.1, the real interest rate is not
affected by a permanent and unanticipated increase in 1 (the nominal interest rate); inflation
is positively affected, R&D intensity and the skill premium are negatively affected, and the

effects on the velocity of money and welfare are ambiguous.

Proof. From (2.12) and 2.28, r* = p;ref’v and a’ = 0. From (2.19), @ > (0. From
(2.30), G- = =27 = 0 and % = — ()’ 3{) = 9 < 0; from (2.13), 2UHL) —
—Qu* (Wi /wi) av: _ | Qi(1—a—p)’ QB EQu(1-a—p)° *)2
T <0 From 225), Gr =1 G F e~ e | V)
See Appendix K for %. [
Remark. %= > 0 case the positive effects on V* that come from the CIA in intermediate

goods productlon and R&D dominate the negative effect that comes from the CIA in
consumption; to this, it is sufficient (but not necessary) that the stock of CIA in intermediate
goods production is not too small, i.e., Q, > . Welfare is negatively affected by t,
agv < 0, case R&D is not dependent on CIA, i.e., case Q, = 0, or case the portion
of skilled labor engaged in R&D and the subsidies to intermediate goods production
are not too high ie, u* <1/2and a+ B —zc+ Q1 > 0. A positive inflation-welfare
relat1onsh1p, > 0, is possible and, case ., = 0, for this happen it is sufficient that

o+ B <u* [Oc —|— B+ B (1—¢)]. In such a case, the Friedman rule is not verified.

As in Chu and Cozzi (2014), R&D decreases in the nominal interest rate if such activity is

cash-constrained, Q, # 0, but different to their results, R&D never increases with 1 and the

fabt

sign o is not related to the strength of the CIA in production, Q,. The negative effect

8Proposition 2.3 also exemplifies how Assumption 2.1 simplified the analysis to unequivocally determine
the effects’ direction on the interest variables. In the absence of Assumption 2.1, other restrictions could
be required. For example, we could have assumed that the effects on R&D intensity and the demand for
skilled labor in R&D should move in the same direction instead of deriving it. Such a choice would result
in a constrained parameter space for the time preferences (6 and p) and the R&D elasticity of scale (¢))
parameters. See equations (2.29) and (2.30).
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of inflation —indirectly controlled through 1— on R&D intensity aligns with the empirical
finding of “a statistically significant negative relationship between the inflation rate and the
R&D share of GDP” (Chu et al. 2015). In our model, the nominal interest rate negatively
affects the skill premium in the long run. The higher nominal interest rate increases the
invention costs, represented by Z in (2.9), and the marginal cost of intermediate-goods
production, which demands new inventions and is represented by (1 —z, + Q1) 1 in (2.6).
Such costs increase repel investment, and R&D intensity falls. A lower level of investment
in R&D also decreases the demand for skilled labor, a resource that becomes more abundant
to be used in the final goods sector. In such conditions, the real wage paid for skilled labor
falls proportionally more than that for unskilled labor. With less income, consumption
falls, and output adjusts to the new demand, resources available, and costs. The lowered
skilled-labor wage mitigates the increased price of intermediate goods (2.8) in the final
goods’ production. The discussed negative long-run skill premium relationship with t
results from the competing demand for skilled labor between final goods production and
R&D.

In Table 2.1, the reduction of R&D intensity shows that investment falls proportionally
more than output and consumption; money’s velocity increases because, in real terms, the
monetary base’s shrinking due to inflation is proportionally more significant than the fall

in output.

The positive effect of t on V* is in line with previously found empirical long-run relationship
between the nominal interest rate and the “monetary base velocity” (e.g., McGrattan
1998) and with previous theoretical developments (e.g., Caballé and Hromcova 2010).
Furthermore, the relationship between 1 and W* tends to be negative, meaning that inflation
harms households’ welfare in the aggregate in most cases. Similarly, in most theoretical
situations analyzed in Camera and Chien (2014), persistent increased inflation leads to
welfare losses in the long run. In their work, welfare variation is positively linked to
inflation when capital is added to their model. Here, the theoretical possibility of a positive
inflation-welfare relationship in the long run also exists and relates to production not being
cash-constrained, and very high levels of R&D intensity and skill premium. As it is clear
from the equation for the invention costs (2.9), investment in R&D will boost if the sector
is less cash-constrained or subsidized, and, of course, a division of the wage bill that is

more favorable to skilled labor raises the skill premium (2.13).

In such a situation, in a economy where most of the skilled labor is allocated to R&D,
probably requiring that this activity be heavily subsidized, in the case of permanent in-
flation, the marginal gains of redirecting more of the scarce skilled labor to production

would generate much higher marginal gains than in the most usual cases in which there
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is considerably more labor in production than in R&D. This way, in the absence of the
adverse effects from the intermediate sector on welfare, the positive effects on production

(and consumption) could prevail.

Despite such demanding conditions, the theoretical possibility of a positive inflation-
welfare relationship in the long run, which contradicts the Friedman rule, was also found
in previous works. For example, in the model of Espinosa-Vega and Yip (1999), the
relationship direction is dependent on the degree of risk aversion of the agents, so inflation
and growth can be positively related, allowing welfare to rise together. Our result also
relates to Huang et al. (2021) who, in a long-run setup with horizontal and vertical growth,
theoretically showed the possibility of increasing real consumption in response to inflation,
provided that only horizontal R&D is cash-constrained. In their case, growth is positively
related to inflation, and the Mundell-Tobin effect arises. Neither situation is possible in

our setup.

Even though inflation does not affect the economy’s long-run growth rate, the model has
no money super neutrality, contrary to some empirical evidence (e.g., Deev and Hodula
2016). Changes in “the steady-state rate of growth of the money supply,” given by G*,, =
t+n—p+(1—06)Gy, considering (2.23) and (2.28), do “affect the value of real economic
variables” (Danthine 2008), as R&D intensity, the skill premium, welfare, and the output
level, and not only the monetary side of the economy, represented by inflation and the

velocity of money.

Proposition 2.5. In the long run and under Assumption 2.1, the real interest rate and
inflation are not affected by a permanent and unanticipated increase in z, (R&D subsidies),
R&D intensity and the skill premium are positively affected, the velocity of money is
negatively affected, and the effect on welfare is ambiguous.

Proof. From (2.12) and (2.28), 9= = 0; from (2.19), 9= = 0. From (2.30), %5 =

e < 0= du* 0. fi 2.13 a(WE/WZ) — ﬁ(l—s)% 0. F 2.5 av* __

=5+ gy > 0 from (2.13), =57 = Gy > 0 From (2.25), 5 =
)2 N

% < 0. See Appendix K for %—VZ O

Remark. Welfare is positively affected by z, case the portion of skilled labor engaged in
R&D is not too high, i.e., u* < 1/2 imply aa_v;/* > 0. A negative welfare relationship with
subsidies to R&D, %—g < 0, is possible and, case Q, = 0, for this happen it is sufficient
that B > o and u* > ﬁ
The real interest rate is unaffected by policies in the long run, and its pattern during the

transition is ambiguous. From equation (2.12), it is not possible to determine if » jumps
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above or below its long-run level. Moreover, bearing in mind that r(¢) = —) + T we

have for the dynamics that

cnm_xa+mu—a—ﬁ>( o><¢m0_mo)
ult

air ~ Bll—z+9) ) (1) ult)
Gr(r). (2.32)

. (04
1—-¢)Gn(t) -
H1-0)Gr() -
Notice in the r.h.s. of d;(t ,
Gn(1)
Gn(t)

last one will move in the opposite direction because G is continually going to 0, which,

in (2.32), that the first term will move in the same direction as

Gy because

considering the preceding discussion in this subsection, means sign(Gy/Gy) = sign(Gr).
The inflation path in transition is also ambiguous, as 7 is determined by (2.19) and follows

an opposite pattern than that displayed by the real interest rate. The model features a

negative inflation-growth relationship if the last term in —dg(tl)

This negative relationship is expected for changes that increase (decrease) u*. Once the

is dominated by the first two.

velocity of money jumps to a smaller (greater) level, it indicates that the real monetary
base is shrinking (expanding) more than the contraction (expansion) in output. In such
a situation, the result for inflation would be in line with the empirical literature (e.g.,
Benhabib and Spiegel 2009), as discussed after Proposition 2.2, and the real interest rate
pattern during the transition would qualitatively follow that presented by u and Gy. Notice
that the first term in the r.h.s. of (2.32) is affected by the inverse of skilled labor share

in the wage bill, ( aﬁ ﬁ) , and the third term is affected by the unskilled share aﬁ B
which influences the direction of the inflation-growth relationship during transitions. Such
results relate to the semi-endogenous growth model in Arawatari et al. (2018), in which the
nonlinearity in the inflation-growth relationship depends on the ability distribution in the
population. In our case, however, it is related to the income distribution between groups

with different skills.

In the model, changes in 1 and z, will require changing collected taxes to fund the variations
the subsidies paid by the government. Because a fixed share of the intermediate goods
production (2.6) and R&D activities (2.9) are subsidized, the portion of aggregate output
directed to such expenditures rises more than the overall economy when policies stimulate
such sectors. As all money collected from taxes is used to pay subsidies, ending up in the
budget constraint (see Appendix G), and the seigniorage revenue returns to households, it

is not necessary to adjust a tax to compensate for the subsidy level variation, simplifying
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the comparison of the policy instruments’ effects.!”. In this matter, z, was preferred as a
fiscal policy instrument to be compared with 1 because it goes directly into R&D activity,
the engine of the model’s endogenous growth.2? Moreover, as presented in Table 2.1, z,
affects only the long-run welfare, and 7, is the only policy parameter affecting the long-run

real interest rate.

When the government fosters R&D through direct subsidies, increasing z,, the resources
that should be paid upfront to achieve a new blueprint are reduced, i.e., Z falls, and R&D
investment becomes relatively more attractive, which increases the demand for skilled
labor in this activity, u*, and pushes its relative wage up. With more income, households
consume more, and output and welfare rise. The higher output pushes up wages for both
labor types, but the increased demand in R&D makes skilled labor wages rise relatively
more, which is reflected in the higher skill premium. Despite this increased economic
activity, there is relatively less money in circulation because investment in R&D now
attracts more resources; the constant portion of CIA in R&D expands the monetary base in

a proportion greater than output, reducing V*.

Assumption 2.2. In the long run, most skilled labor is allocated in production and not in
R&D activity, the stock of CIA to intermediate goods production is not too small, and the
subsidies for intermediate goods production are not too high, i.e., u* < 1/2, Q. > &, and
o+ P —ze+ Q1> 0.

As stated in the remarks of Propositions 2.4 and 2.5, Assumptions 2.1 and 2.2 are sufficient

to unequivocally have >0, 2 az >0, and 55— aW <0.

Proposition 2.6. In the long run, and under Assumptions 2.1 and 2.2, there is comple-
mentarity between fiscal (an increase of direct R&D subsidies, z,) and monetary policy
(a decrease of the nominal interest rate, 1) effects on R&D intensity, the skill premium,
and the velocity of money. Complementarity between the effects on the welfare is possible
if R&D spillovers are not too small, and the complementary effects on the output level
(at the time welfare is being computed) are strong enough to dominate the effects on the

intermediate goods production costs and on the intertemporal utility from consumption, i.e.,

¢ 2B aB(1-¢) ?wr _  —c(0)° 2%¢*(0) 0 9c*(0) dc*(0)
case ¢T* = a+B + T*(a+B)> a”d_az,al — (1-6)Gy—p (_ 97,01 c*(0) dzr di
% (0) _ 9% (0) | (1—a—PB)* (A0 _ 9 (0) o
> 0, where — 07,01 dz0t + T—2+Qt \ dz:01 9z, 1-z+Q1 /-

19Notice that 77, or Ty also does not affect any variable in Table 2.1. However, case labor is not perfectly
inelastically supplied, as in Subsection 2.4.1 extension, changes in 7, or Ty affect the supply of labor and,
consequently, the long-run skill premium and welfare.

20In the Gomez and Sequeira (2014) model, subsidies to R&D lead to greater welfare gains than spending
the same resources to subsidize intermediate goods production. Moreover, from 2010 to 2018, government
support for private R&D activity in the U.S. “was largely skewed towards direct funding” (OECD 2021).
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Proof. Recall that effects of both policies go in the same direction on welfare, R&D
intensity, the skill premium, and the velocity of money, as stated in propositions 2.4
and 2.5; see also Appendix M. [

Remark. c*?O) ac;Z(rO) ac;SO) represent the effects on intertemporal utility from consumption,

(1-a—B)? (azy*w) R0 o

1—z+€1 07,01 0z, 11—z +Qx1

2%
costs, and — aaz a(?) are the effects on the output level. The relative magnitude of the effects

) are the effects on the intermediate goods production

from changes in t and z, on R&D intensity and the skill premium is given by the CIA

. . . aﬁ/T* o 8ﬁ/T* a(W}t]/WZ) o a(W?_]/wi)
constraint in R&D.‘ 5| = 9% and 3 =Q, B

(see Appendix M).

Once the mild conditions stated in Assumptions 2.1 and 2.2 are satisfied, changes with
opposite signs in z, and 1 will induce unambiguous long-run qualitative effects that go in
the same direction on R&D intensity, skill premium, and the velocity of money. Moreover,
these assumptions make it possible to determine the complementarity or substitutability
between monetary and fiscal policy based on the sign of the cross derivatives of the analyzed
variables w.r.t. z, and 1. Under such conditions, it is possible to have complementarity
or substitutability between fiscal and monetary policies effects on welfare. Empirical
literature about the effects of fiscal and monetary policy interaction beyond the cycle is rare,
but Zhang et al. (2022) is a recent exception. The authors concluded that loose monetary
policy weakens the effects of R&D subsidies in 2010s China, which supports the possibility
of policy substitutability in the long run. In the current context, where utility is taken
exclusively from consumption, long-run welfare is a proxy to assess the policy effects on
the overall economy’s future performance in per capita terms once the consumption level
is a fixed proportion of output (2.21). The condition established to have complementarity
in the effects on the output level are easy to satisfy, but this is not sufficient to establish

complementariy between the effects on welfare.

Regarding the skill premium, our setup suggests that fiscal and monetary policy are coun-
tervailing forces to the effects of an increase in the skill supply in the absence of the SBTC
mechanism. The skill premium does not rise in response to an increase in s due to the
model’s lack of such a mechanism. Although theoretically in line with the Romer-Jones
(Jones 1995; Romer 1990) tradition and supported by “some evidence,” the reduction of
the skill premium due to an increase in the supply of skilled labor predicted by our model
contradicts most of the empirical evidence (Afonso and Magalhdes 2020). As pointed out
in the latter proposition remark, Q, gives the relative strength of monetary policy to fiscal
policy in affecting the skill premium and R&D intensity. Moreover, the more dependent
R&D is on the CIA, the greater the effects of monetary policy on the investment that

generates long-run growth.
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2.4. Model extensions

According to Proposition 2.6, the conditions in which there is substitutability or comple-
mentarity between fiscal and monetary policy effects on welfare, for the model presented
in Section 2.2, depends on the strength of the policy effects on the steady state output
level and the interaction of the isolated policy effects on future consumption. Thus, it
is convenient to consider simple extensions to the model before conducting a numerical
analysis to investigate the conditions that favor substitutability or complementarity. The
first extension drops the assumption that labor is perfectly inelastically supplied. We also
consider an alternative approach to modeling household money demand directly into the
utility function, based on the premise that households are better off when holding money

balances, as suggested by (Feenstra 1986).

2.4.1. Elastic labor supply

In this case, we assume that each household is endowed with amounts of skilled and
unskilled labor and collectively chooses the portion of each labor type to supply, 0 <
Ig(t) < Tland 0 <[ (r) <1 (skilled and unskilled, respectively), which, in turns, reduce
its utility, giving rise to voluntary unemployment. To ensure that the model aligns with
the figures of the observed employed and unemployed population for each labor type, it
is necessary to introduce a parameter 0 < [r < 1 that gives the relative size of the labor
force in the entire population, or, in other words, to drop the assumption that the whole
population, and all households’ members, are able to work. This way, the aggregate level
of skilled and unskilled labor employed becomes, respectively, Ly (t) = slpL(t)lg(t) and
L(t) = (1—s)IpL(t)lL(t), while (1 —Ir) L(t) gives the level of the population not in the

labor force.

Production. Propagating such changes into the model, the expression for the real interest
rate becomes

S lemene “ In(t) 100
B(1—z+Q1) Gn ()T (1) + (1= <GT(1‘)—|-H_L>’

re(t) =

which only differs from the baseline case (2.12) in its last term, i.e., during the transition.

In this extension, the skill premium represents the relative labor demand and is given by

wa (1) _B(l=s) 1 L(t) (2.34)

wr,(t) a s 1—u(t)lg(t)
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The only difference to Section 2.2 model (2.13) is the negative relation between the skill
premium and the relative labor supplied by households, % Output per capita becomes

1-o—p

e B

K1_ghyﬂi%{q1—wa)maﬂa?hNa)

(2.35)

(1-a—B)
N (1 —zx+ Q1)

Ye(t) = [

_a B
Notice that Iy () **P [y (t) *tF < 1, and, for interior solutions of the household problem the
inequality is strict, which implies that for a labor force of the same size, [r = 1, and the
same technological level, N, real output per capita is smaller than in the case in which

labor is inelastically supplied (2.14).

Households. Households are composed of skilled and unskilled individuals able to
supply labor (that can be employed or not) and (optionally) by individuals not in the
labor force. Here, in addition to the consumption allocation, ¢(¢), they choose how much
of each labor type, Iy (¢) and [.(¢), to supply. As in Section 2.2, we assume that the
distribution of the different individuals over the entire population is found in each household,
allowing us to express their problem in per capita terms and solve the intertemporal

optimization similarly as done in Appendix E, with instantaneous utility taking the form

1-0_ 1+% I+ ) ..
C(l)l_e 1 _ & it}r 0 i IL(IIJ)F T “, where 77 > 0 and ;. > 0 are the Frisch-elasticity for each
YH L

labor type supply, and, instead of (2.16), the budget constraint is

d(t) —|—I’i1<[) = (1 — TH)SZFZH(Z)WHe(I) + (1 — ’CL) (1 —S) lFlL(l‘)WLe(l)
+ (1 = ta) re(t)alt) +1b(t) — c.(t) — 7¢, ()
—na(t) —nm(t) — w(t)m(t) + T, (1).

The ratio of the additional first-order conditions in the household’s problem, regarding
1

I (¢) and I (1), gives the relative labor supply, VVVV’L’ ((t[)) = ==l (ﬂ) " Substituting this
s(1—tg)lL (1) L
in (2.34) results in

@) B 1-m 1

(2.36)

representing the relative labor market equilibrium. With the imperfections introduced in
the model by the preferences for labor supply, distinct taxes over wages distort the amount
of each labor type employed in the economy, affecting the skill premium (2.34), output
(2.35), consumption, and welfare (2.37).
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Relative equilibrium. From the expansion of the invention’s production function (2.11),
it is straightforward to find that when u, /i and [} are constant, the steady state value of
Gy is the same of that for the model as presented in Section 2.2 (2.28). Furthermore, when
we equalize the consumption’s growth rate, obtained from (2.21), (2.33), and (2.35), with
Gy, we will find that the stationary expressions for 7* (2.30) and u* (2.29) are still the
same. The comparative statics results for such variables, summarized in Table 2.1, and also
for r*, #*, and V*, remain unchanged. With /7; and [ being the steady state values for the
household choice for labor supply, such that (2.36) is satisfied, it is possible to use (2.11),
(2.21) and (2.35) to determine the initial consumption level and compute the steady-state

welfare, similarly as done in Subsection 2.3.2:

p (1-6)Gy

(2.37)

1 1
1 1 c*(L(0))!-® (I AT Cae
¢ 1-0 —-p

W*:— 1 1 +1 1
p —|—,},—H +%

2.4.2. Money-in-utility function

In this case, we show that the CIA on consumption specification we adopted in the model
presented in the previous sections is similar to a special case of the more general MIU
function specification. Thus, we drop the CIA-on-consumption specified in the model

detailed in Section 2.2 and solved in Section 2.3 to consider an MIU specification instead,

(c(t)cmc(t)‘7> 0

with instantaneous utility given by U (c(t),m.(t)) = o , representing a direct

benefit (utility) for the households in holding money, measured by the marginal rate of

substitution 51:_(8) , with m.(t) = €(t)m(t), being m the total money balances in real terms,

€ the portion of total money held for consumption purposes, and {, o > 0 the coefficients
of the individual preferences for consumption and money, respectively. In this scenario, the
representative household solves (2.38) instead of (2.15), subject to the same intertemporal
budget restrictions (2.16) and CIA constraint (2.39) instead of (2.17):

1-6
o (ewSmee) 1|
"Piq 2.38
c(t),rl?(etl))fe(t)/o 1—-0 € ! (2.38)

s.t. equation (2.16),
s.t. b(t) < (1—g(r)) m(r). (2.39)

The integral in the problem is assumed to converge, that is ({+0) (1—6)Gy +n—

p < 0, and the transversality conditions are the same as those for problem (2.15), i.e.,
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tli_>m wu(t)a(t) =0 and [11_>rn w(t)m(t) = 0, but the co-state variable is now

9
¢ (c)ome(n)e) " el
u(t) = D) :

From the optimality conditions for € and b it is found that the portion of money to hold
_ 1oc) (t) =

for consumption is a constant fraction of total consumption, i.e., €(¢) = T Tm(0) = M,

%c(t) = Zzgg = ig—g, and the Euler equation for consumption from baseline specification
(2.20) now turns to be

&) _ (1—z)r(n)—p
ct) 1-(1-0)(¢+o0) (2:40)

The portion of money lent to firms is B(t) = (1 — &(r)) M(t) that is equivalent to M(r) =
B(t)+ %C(t), and the velocity of money circulation (2.25) is replaced by

V()= O:(l—a—p) Qrﬁ+g[1 (-a-py (2.41)

1 -z, + Q1 T() ¢ o 1—z,+ Q1

Equations (2.40) and (2.41), and the other Section 2.2 results, lead to a dynamic system
made by equations (2.42) and (2.43) instead of (2.26) and (2.27):

(1-u(0)) o+p (a+p)(1-a—B) .

(1—u(t)):a(l_fa)+ﬁ[1_(1_e)(g+c)} {(I_T”) Bll-z Q) oNOTW
+ [(1 ~T)(1-9)+(1-6)({+0) - 1} Gn (1) —p},and (2.42)
GN(z):n_ B B (a+B)
Gw(1) oo a(l—fa)-i-ﬁ[1—(1—9)(C+G)}T(t)x
(¢+B)(1—o—p)
{a-a) RO P60
+[(l—fa)(1—¢)+(1—9)(C+G)—1}GN(t)—p}. (2.43)

Following the same procedure as in the baseline case to solve the system (see Appendix J)
yields a different result for 7* and, consequently, u*. Results (2.28) and (2.29) continue

the same. However, instead of (2.30), we find

Bl -z +00{(1-0)p-n[1-9)1-5)+(1-6) (¢ +0) 1]}

= i) (@ B) (I —a—p)

. (2.44)
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Notice that ({+6)(1—-0)Gy+n—p <0=(1-0)({+0) Gy —p <0, and steady-

state welfare, which is not given by (2.31) anymore, is

O I - A (2 () i
1=01 p ¥]a-6)(c+0)Gy-p]|

, (2.45)

with per capita consumption level at the instant stationarity is achieved, ¢*, being endoge-
nously determined using (2.21), (2.14), (2.11), (2.28), (2.29), and (2.44), for a given popula-
tion level. The equilibrium is saddle-path stable case a (1 — 7,) + 8 [1 —(1-6)(¢+ G)]
> 0 (see Appendix J).

Comparative statics. Considering (2.41), (2.44), and (2.45), there is no difference in
the sign of the partial derivatives presented in Table 2.1. Concerning the instruments of
policy analyzed in Subsection 2.5.2, 57— is still given by the expressions presented in
Proposition 2.5, from (2.41),

ov:  f@d(1—a—p)=eT QP
| (I-n+Qa) (-t Qu)T
1—o— 2 -Qx l—a— g
R e R (U
Cl 1_Zx+gxl Cl(l—Zx+Qxl)

and aW express1on is in Appendix K. In this spe01ﬁcat10n of the model, it is sufficient

thatQ > g ,ut <12 and o+ B —z, + Q1 >Otohave >0, ag‘; <0, and 5~ aW >0,
and monetary and fiscal policy induce the same long-run quahtatlve effects on the Ve1001ty
of money and welfare. To summarize, the additional complexity of an MIU specification

does not change the main qualitative results regarding fiscal and monetary policy.

Specialization. Despite being founded on different reasoning, in terms of modeling,
the CIA in consumption adopted simplifies the particular case of the MIU specification
discussed in this section, in which { + 6 = 1. Case { + o = 1, utility U(c(t),m.(t))
becomes a monotonically increasing transformation of the utility function in the baseline
model;?! equations (2.40), (2.42), (2.43), and (2.44), reduce to their counterparts (2.20),
(2.26), (2.43), and (2.30); the steady state is saddle-path stable, with the model presenting

2lCase {4+ 0 =1, U(c(t),me(t)) = (%)0(179>U(c(t)) + [(%)G(le) - 1] 45, where U(c(t)) is the

utility function of the Section (2.2) specification and U (c(r),m.(t)) is the utility function of this subsection
specification.
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the same dynamics for the state variables u and Gy and differing only by the monetary

base representation and the velocity of money (2.41).

2.5. Numerical analysis

Considering the steady-state relations determined in Section 2.3 and the available data, we
now calibrate the model and its extensions to match some stylized facts of a real-world
economy. Following the calibration, we complement the results of the previous qualitative
analysis in the long-run static scenario and during the transition dynamics for the baseline
model. Next, we compare the long-run effects on skill premium and welfare when different
taxes are used to finance the policy changes considered and analyze the complementarity
between fiscal and monetary policy, considering the cases in which labor supply is perfectly

inelastic or elastic, and heterogeneous or homogeneous labor is considered.

2.5.1. Calibration and data

We used the U.S. economy between 1975 and 2019 as a reference for the model’s calibration.
In such a process, we considered that (i) the economy was in a balanced growth path in
the period, (i1) steady-state reference values are the average from the data for the period,
and (iii) the time unit in our model is one year. Table 2.2 summarizes the calibration
for the baseline model, presented in Section 2.2, while Table 2.3 presents the calibrated
model results for some variables and their reference values. Calibrations for the model’s
extensions are discussed at the end of this subsection. The temporal boundary adopted is
due to the data set of mean earnings of workers (U.S. Census Bureau 2021) that we used

to compute the reference for the skill premium.
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TaBLE 2.2: Baseline model calibration for the U.S. economy (1975-2019)

’ ‘ Parameter ‘ Value | Source
o share of unskilled labor in the aggregate 0.4 o+ f = 0.7 (Afonso 2006); o and 3 match
output skilled and unskilled labor share in the wage
B share of skilled labor (not engaged in R&D) 0.3 bill (U.S. Census Bureau 2021, authors’
= in the aggregate output computation).
=
E Equivalent to omitting it from the
7
n real production cost of an intermediate-good 1 specification (e.g., Barro and Sala-i-Martin
unit 2004).
Ratio of granted patents (USPTO 2024) to
9] rate of arrival of new ideas 0.1
FTE researchers (OECD 2024).
Computed such that Gy, (2.28) matches data
¢ R&D process elasticity of scale 0.44
(Feenstra et al. 2015).
6 inverse of the intertemporal elasticity of 2.5 Vissing-Jergensen (2002).
substitution
p households’ discount rate 0.03 Jones (1995).
n population growth rate 0.01 Jones (1995).
U.S. Census Bureau (2021, authors’
s share of skilled workers in the labor force 0.29
computation).
Computed to minimize the difference from
zx  share of intermediate production costs 0.02 . )
Zx (1;?;331 + z,% to data.
subsidized
S
2 Portion of GERD performed by the
Zr share of R&D costs subsidized 0.13
Government sector (OECD 2024).
T,  ad valorem tax on assets returns 0.004 | Computed to satisfy (2.22) such that 7y =
T, ad valorem tax on unskilled wages 0.004 | 27, and wages taxes pay approx. 4/5 of
Tty advalorem tax on skilled wages 0.008 | overall subsidies.
Q, relative size of CIA stock in 3 Minimize the difference from /7% and V*
o
£ intermediate-goods production to the data, s.t. 0 < Qy1/ (1 —zx + Q1) <
=)
=]
S | Q, relative size of CIA stock in R&D activities 9.6 0.41and 0.41 < Q,1/(1 —z,+ Q1) < 1.
13 relative size of CIA stock in consumption 0.16 Computed such that & (C/ Y) * matches data.
Computed to satisfy (2.19), such that r* and
1 nominal interest rate 0.113
* match data.

Notes: Subsection 2.2.2 and Appendix F discuss restrictions on the fiscal parameters; see

Table 2.3 for the reference values guiding calibration.

The reference for Gy was computed discounting the population growth rate from the real
GDP growth rate, as found in “Penn World Table version 10.0” (Feenstra et al. 2015).
R&D intensity is the ratio of aggregate nominal investment in R&D to nominal GDP (U.S.
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Bureau of Economic Analysis 2024d,e). From 1981 to 2019, we considered estimates for
total researchers per thousand employees from the Organisation for Economic Co-operation
and Development (OECD 2024) to compute the share of skilled labor in R&D,?? and the
percentage of gross domestic expenditure on R&D (GERD) performed by the Government
sector as the amount of R&D subsidized. The skill premium, the share of skilled workers
in the employed population, and the share of skilled labor in the aggregate wage bill were
computed from the mean earnings of workers 18 years and over (U.S. Census Bureau
2021). We consider that skilled labor is provided by workers who have completed college
or an advanced degree. The remaining labor force provides unskilled labor. The internal
rate of return (Feenstra et al. 2015) is the target for r*, the velocity of M2 money stock
(Federal Reserve Bank of St. Louis 2021) for V*, and the consumer price index (World
Bank 2021) gives the reference for 7*. As the strength of CIA in R&D is more significant
than in manufacturing, the "flow of debt service payments divided by the flow of income,"
or "debt service ratio" (DSR) (Drehmann et al. 2015), observed in private non-financial
corporations (Bank for International Settlements 2021b) is assumed as the cap for the
model long-run DSR in intermediate goods’ production and the floor for long-run DSR in
R&D.? Investigating the precautionary role of money in U.S. firms, Bates et al. (2009)
observed that the average cash-to-assets ratio evolved from 10.6% in 1980 to 23.2% in
2006. The ratio of the nominal total consumer credit (Board of Governors of the Federal
Reserve System (US) 2022) to nominal GDP gives the model’s relative consumer credit to
output, while the ratio of credit provided to non-financial corporations to GDP (Bank for
International Settlements 2021a), by banks and by all sectors, are the reference values for

the stock of bonds providing credit to firms in the model.

22This series starts in 1981, but its average value is consistent with that computed by Jones (2002) for
1979-1993.

23This series starts in 1999. Therefore, without further consideration, we assumed the average value for the
available period as a reference.
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TaBLE 2.3: Results of the baseline model calibrated to the U.S. economy (1975-2019)

’ Variable or expression ‘ Model’s result ‘ Reference value ‘
Gn growth rate of technological knowledge 1.8% 1.8%
u* share of skilled labor in R&D 8.5% 3.5%
£ R&D intensity 2.8% 2.8%
(wrfw.)” skill premium 2.0 2.0

r real interest rate 7.5% 7.5%
* inflation 3.8% 3.8%
v* velocity of money circulation 1.8 1.8

1731’9‘1 DSR in intermediate goods production 25% <41%

P DSR in R&D 52% >41%
(B/A) * firm’s cash-to-assets ratio 14% 11%-23%
(B/r)" CIA to firms / GDP 29% 24%—62%

E(ey)” CIA to households / GDP 15% 15%

2 =9 PE 2 B | Overall subsidics / GDP 0.52% 0.51%

Source: authors’ computation.

Regarding the parameters’ calibration, the aggregate labor share, given by oo+ 8 = 0.7,
is usual in the literature (e.g., Afonso 2006), and « and S, distinctively, follow the share
of unskilled and skilled labor in the aggregate wage bill found in data, respectively 58%
and 42%. The adopted n is typical in the literature (e.g., Jones 1995) and very close to the
value observed. Equation (2.28) determines ¢ and equation (2.19) determines t, with the
involved variables assuming their reference values. While recent work suggests that the
inverse of the elasticity of intertemporal substitution can assume very high values (e.g.,
Best et al. 2020; Yagihashi and Du 2015), we took for 6 a value slightly higher than usual
assumptions and consistent with previous empirical findings (Vissing-Jergensen 2002).
The discount rate is in line with theoretical literature, in which it is usual to find a value of
0.02 in the case of no population growth (e.g., Afonso 2006). Here, we consider 0.02 plus
the population growth rate, matching Jones (1995). Parameters s and z, are set directly to
the value observed in data. The sum of federal, state, and local government expenditures
with subsidies relative to GDP (U.S. Bureau of Economic Analysis 2024a,d,f,g) are used
to find z,. Assuming that skilled labor has a tax rate twice of unskilled, 7,, 77, and 7y
are calibrated such that taxes collected from labor and capital invested in R&D in the
model’s economy, used only to pay subsidies, mimic the relative importance of personal

and corporate U.S. government tax receipts (U.S. Bureau of Economic Analysis 2024b,c).

The value chosen for £ approximates the model’s amount of credit in consumption to the
data and is insensitive to all Q. possible values. Q, and Q, were determined to minimize
the differences from the resulting long-run R&D intensity and velocity of money to their
reference values. Despite that, the values for these parameters diverge from those found in
the CIA literature that do not consider the amount of money in the economy and its velocity
in calibration; for example, in Chu and Cozzi (2014) the CIA in R&D, Q,, is considered in
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the interval [0, 1], whereas the benchmark value for it in Huang et al. (2021) is 0.45. In our
model’s context, for a nominal interest rate ranging from 6% to 11%, such values of CIA
constraints would lead to a DSR 5 to 20 times smaller than the reference values found in
data (see Table 2.3), and a velocity of money more than two times higher. Regarding such
a puzzling situation, as our results are not qualitatively affected by these choices for the
CIA constraints, we prefer to target the amount of money and credit observed. Although
such higher values for Q, and Q, could be unreasonable in different setups or for other
intents (e.g., one in which firms’ default risks are considered), the steady state values for
the monetary variables yielded by the model are in line with a set of measures obtained

from different sources and far from the upper bounds we encountered.

To complete calibration, we considered the ratio of average granted patents by the U.S.
Patent and Trademark Office (USPTO 2024) to the average of full-time equivalent (FTE)
researchers employed (OECD 2024) in the period as the lower bound for the rate of arrival
of new ideas, and set 6 to such value. The unitary cost of an intermediate-good production
was set to the unit, 7 = 1, which is equivalent to omitting it, as done in other R&D growth

models without capital (e.g., Barro and Sala-i-Martin 2004).

With all parameters calibrated, we ex-post confirmed that the computed (B/Y) " was plau-
sible and did not exceed the broader measure of credit provided to firms—non-financial
corporations—by all sectors and did not fall short of that provided by banks, a more re-
strictive measure. Finally, the value u* generated by the model calibrated to represent a
real-world economy is much above the reference. In the context of our model, capital is
not considered, and the only input in aggregate R&D is skilled labor. In reality, in addition
to scientists, some capital is also necessary for these production processes. Therefore, as
R&D intensity matches data, we interpret the portion of u#* that exceeds its reference value
as the contribution of this very specialized capital used in reality but considered in the form

of labor in the model (i.e., in equivalent labor units).

Model extensions. The calibration listed in Table 2.2 is followed for the extensions
developed in Section 2.4. To calibrate the remaining parameters for the case of elastic
labor supply (Subsection 2.4.1), we used monthly national-level data for the U.S. from the
U.S. Bureau of Labor Statistics (BLS 2024) to compute Iz (¢) and I1,(¢) for the available
observations and determine values for the Frisch elasticities of labor supply, ¥z = 0.011
and ¥, = 0.031, that minimize the average of the relative residual for / (¢), computed using

the labor market equilibrium equation (2.36), with 7y = 7, = 0.2* The relative size of the

24Because new values for I (t) and /7 (¢) will only be computed in case the steady state (1 —u*, G} ) changes,
we considered a series with more observations than that used in the calibration of the baseline model to
search for Yy and 7, values more appropriate to different combinations of the labor supply variables.
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labor force was set to the value observed in data, [ ~ 0.653. For the MIU function case
(Subsection 2.4.2), we respectively set the relative preferences for consumption and money
to { =1— 0 and 6 ~ 0.018, such that { + ¢ = 1 and the results for the money velocity in
this extension (2.41) and in the baseline model (2.25) are equal, i.e., % = £. These choices
make the MIU extension yield the same results as the baseline case and will be relaxed in

the numerical analysis of complementarity between policies.

Population, labor supply, output, and consumption. Between 1975 and 2019, the
U.S. population averaged approximately 270 million, which is the value we considered
in the subsequent numerical simulations unless otherwise stated. To compute output and
consumption for the Subsection 2.4.1 model, it is necessary that the household’s choices of
each labor type supply can be computed, which, considering (2.36), requires that the supply
of one labor type is known. As this will not be the case, we overcome such limitation
considering that in their internal process of choice, household members iteratively compute
future long-run welfare (2.37) for the cases in which the supply of only one labor type
changes, choosing the change that leads to greater welfare and repeating this until the better
is to not change. Considering (2.37), such a recursive process can be loosely specified
as Yj1(lg,l) = max {W; (I, 1), Yi(@u (1), 1), Y j(lr, @ (In)) }» where j indexes the
iteration step, and @g (1) and @ (Iy) are the functions found solving (2.36) for Iy, and I,
respectively. The considered initial rates for skilled and unskilled labor supply (or the
labor type approximate average employment rate observed in the period) are, respectively,
l5; = 0.972 and I; ~ 0.93.

2.5.2. Comparative statics and transition dynamics

Comparative statics. The numerically computed long-run effects of a permanent and
unanticipated increase in a parameter’s value are summarized in Table 2.4 and complement
the analytical results discussed in Section 2.3. Except for %, all other results hold
under Assumption 2.1 for the case of labor inelastically supplied (baseline model of
Section 2.2). A Monte Carlo process, described in Appendix O, was used to run one million
simulations in which all parameters can change to values lying in the interval of Table 2.2’s
calibration +10% for the baseline model and the extension including elastic labor supply
(Subsection 2.4.1).
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TABLE 2.4: Long-run effects on the main variables for a permanent and unanticipated
parameter increase in the neighborhood of the baseline calibration.

Structural parameters on production, Fiscal policy: subsidies Monetary pol.: CIA

preferences and population and taxes parameters and nom. interest rate

B n 3 ) 0 p n K Zx Zr T4 TL | Q| Q | & 1

IGy/a() 0 0 0 0 + 0 0 + 0 0 0 0 0 0 0 0 0 0
/3. - - 0 0 + - — + + - 0 0 0 - 0 —
8(977)) - [+] 0 0 + - - + - 0 + - 0 0 0 - 0 -

o[ e
(af) ) oo | EE OO for | o | ] O] [
/() 0 0 0 0 + + + 0 0 0 + 0 0 0 0 0 0
o a(.) 0 0 0 0 - =1 =1 = 0 0 0 0 0 0 0 0 +
Vo) || H [ O o -]+ |+ ] -0 JEH] -] +]0]0 |- [H]
W | FH | H ] -+ | H [ EE oo J =[]0
wefo)y | B | H | E | HIH ] HIEEHIE [ H B E B EEO ] E
Notes: assuming o + 3 > 1/2; “+” for positive effects, “—" for negative, and “0” for none; the

numerically determined effects in [brackets] hold case parameters are set in the interval of
Table 2.2 £10%; the direction of effects “[+]” vary for some simulated calibrations; at Table 2.2
calibration: 9W"/aa > 0, IW:'/aa > 0, IW. /ap > 0, IW: /an < 0, I, /a7, < 0, IV /90, < 0, and

IV, /a1 < 0; variables % and W,* defined in Subsection 2.4.1, the remaining in Section 2.2.

Computed results for the policy effects on the velocity of money and welfare on baseline
model, % >0, %—g > 0, and % < 0, also hold case the parameters calibrated from
data (o, B, 6, 9, s, 2y, 2, Qx, Q,, €, and 1) are allowed to vary in a range of +60% from
that on Table 2.2, for calibrations simulated with a similar Monte Carlos process. Such
wide ranges of values for the parameters suggest that Propositions 2.4 and 2.5 are robust
to calibrations targeting other economies. When elastic labor supply is considered and
households suffer from labor disutility, there is the possibility of a welfare improvement
from an increase in the output share accruing to skilled labor, population growth rate, asset
tax rate, or nominal interest rate. In theses cases, the welfare improvement comes through
the reduction of labor supply. Analogously, in this model, there is a welfare reduction due
to an increase in the skilled portion of the labor force because its unemployment rate is
lower than that of unskilled labor resulting that the negative effect households suffer from

working more dominates the raise in utility caused by increased output and consumption.

Transition dynamics. As discussed in Subsection 2.3.1, there is only one stable trajectory
through which the economy reaches the steady state, implying that the optimizing behavior
of the agents makes the economy jump to a point over such a saddle path after some change
in the economic conditions. Therefore, the system’s internal forces determine the state of
the economy during the transition. Knowing the values assumed by u and Gy over the
saddle path and the population level, L, makes it possible to compute the technological

knowledge level, N, and the remaining variables in the model. The calibrated model’s
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saddle path was numerically determined by an adapted reverse shooting approach (see

Appendix P).%3

For the baseline model (Section 2.2), the paths of the analyzed variables, except for welfare,
during the transition after the fiscal policy (increase of z,), monetary policy (decrease of 1),
and their combined changes discussed in Subsection 2.3.2 follow similar patterns along
the time, as presented in Figure 2.2, in which shocks of approximately a standard deviation
(s.d.) are c