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Abstract

We determine the closure of a cyclic subgroup H of a free group for the pro-V topology
when V is an extension-closed pseudovariety of finite groups. We show that H is always closed
for the pro-nilpotent topology and compute its closure for the pro-Gp and pro-Vp topologies,
where Gp is the pseudovariety of finite p-groups and, when p varies through the set of primes,
Vp ⊃ Gp denote the pseudovarieties involved in the join decomposition of the pseudovariety of
finite supersolvable groups. More generally, given any nonempty set P of primes, we consider the
stated problem for the pseudovariety GP of all finite groups having order a product of primes
in P .

1 Introduction

The concept of pseudovariety is central in the study of finite algebras. A pseudovariety of
finite groups is a class of finite groups closed under taking subgroups, homomorphic images and
finitary direct products. Every pseudovariety V of finite groups induces a (metrizable) topology
on any group G, known as the pro-V topology. The pro-V topology is the initial topology with
respect to all homomorphisms G→ H ∈ V, where H is endowed with the discrete topology. If
G denotes the pseudovariety of all finite groups, the pro-G topology is known as the profinite
topology. It was introduced by Marshall Hall in [6] and he proved in [5, Theorem 5.1] that every
finitely generated subgroup of a free group is closed for the profinite topology.

Over the years, several other pseudovarieties V were considered [2, 9, 10, 11, 12, 14]. In
general, finitely generated subgroups of a free group are not necessarily closed for the pro-V
topology. The goal becomes then deciding whether such a subgroup is closed, or even the
membership problem for its closure.

In [14], Ribes and Zalesskǐı answered these questions positively for the pseudovariety Gp of
all finite p-groups, for an arbitrary prime p. In [9], Margolis, Sapir and Weil dealt successfully
with the pseudovariety N of all finite nilpotent groups (the case of free groups of infinite rank
following from Corollary 2.4). The pseudovariety S of all finite solvable groups has resisted so
far all attempts to solve these problems. This paper offers a contribution by proving that every
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cyclic subgroup of a free group is closed for the pro-N topology and consequently for the pro-S
topology.

We note that cyclic subgroups of free groups were considered by Huang, Pawliuk, Sabok
and Wise in [7]. Let P be the set of all primes. Given a subset P of primes, let GP denote
the pseudovariety of all finite groups whose order is a product of primes in P . Note that GP is
the pseudovariety G of all finite groups and G∅ is the trivial pseudovariety (consisting of trivial
groups). Let P⊥ be the subset of all primes not in P . In [7, Theorem 1.5], it is shown that if
Fn is a free group of rank n ∈ N, H ≤ Fn is cyclic, P is a proper subset of primes, and

up ∈ H ⇒ u ∈ H

holds for all u ∈ Fn and p ∈ P , then H is GP⊥-closed (the converse is proved in Corollary 3.5(ii)
below). They also relate this property to the Hrushovsky property (the extending property for
partial automorphisms) for hypertournaments.

In Section 2, after fixing some notation and giving some preliminary results, we show that
when free groups are residually V (i.e. 〈1〉 is V-closed), we can restrict our attention to free
groups of finite rank.

In Section 3, we consider the case of extension-closed pseudovarieties V. We determine
the closure of a cyclic subgroup H of a free group for the pro-V topology and show that it is
effectively computable under mild decidability conditions (Theorem 3.2). We show also that all
cyclic subgroups being closed is equivalent to V containing all finite abelian groups (Corollary
3.3). We then apply these results to the particular cases of S and GP .

In Section 4, we use the computation of the Gp-closure to show that cyclic subgroups are
always closed for the pro-N topology. This generalizes to any pseudovariety containing N, in
particular to the pseudovariety Su of all finite supersolvable groups. By a theorem of Auinger
and Steinberg, Su is the join of the pseudovarieties Vp (finite groups having a normal Sylow
p-subgroup with quotient an abelian group of exponent dividing p − 1), for every prime p. By
[2, Theorem 1.1], the pseudovarieties Vp are precisely the maximal Hall subpseudovarieties of
Su (see [2, Subsection 3.5] for definitions). By [1], Vp is also the class of all finite groups having
a faithful representation by upper triangular matrices over the field Fp of p elements. We close
the paper by proving that the Vp-closure of a cyclic subgroup of a free group is effectively
computable (Corollary 4.7).

2 Preliminaries

In this paper, P denotes the set of all primes. Also if m is a positive integer, then Cm denotes
the cyclic group of order m.

If A is a set, we set FA to be the free group on A. Also if H is a finitely generated subgroup
of FA, we write H ≤f.g. FA. We denote by Fn the free group of rank n ∈ N. Recall that an
element w of FA is primitive if there is an automorphism of FA sending w to an element of A.

We call a pseudovariety of finite groups nontrivial if it contains some nontrivial group.
Besides the pseudovarieties defined in the introduction, we consider also, for each m ≥ 1, the
pseudovariety Ab(m) of all finite abelian groups of exponent dividing m. This pseudovariety
is an equational pseudovariety because it is defined by the identities [x, y] = 1 and xm = 1.
This amounts to saying that a finite group G is in Ab(m) if and only if [g, h] = gm = 1 for all
g, h ∈ G.

For all m,n ≥ 1, write

FAb(m)
n = 〈{[u, v] | u, v ∈ Fn} ∪ {um | u ∈ Fn}〉� Fn.
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Given a basis A of Fn, it is easy to check that

Fn/F
Ab(m)
n

∼= Cnm (2.1)

is the free object of Ab(m) on the set A: we have Fn/F
Ab(m)
n ∈ Ab(m) and every map

ϕ : A→ G ∈ Ab(m) extends to a (unique) homomorphism Φ : Fn/F
Ab(m)
n → G (viewing A as

a subset of Fn/F
Ab(m)
n ).

Following [2], we may use the semidirect product of pseudovarieties to get the decomposition
Vp = Gp ∗Ab(p − 1). This alternative description of Vp follows from the Kalužnin-Krasner
theorem [13].

A finite group is supersolvable if each of its chief factors is cyclic of prime order. By [2,
Corollary 2.7], we have

Su =
∨
p∈P

Vp.

We say that a pseudovariety V of finite groups is extension-closed if

N,G/N ∈ V ⇒ G ∈ V

holds for every (finite) group G and every N �G.
It is well known that S is extension-closed, and it is obvious that GP is extension-closed for

every P ⊆ P.
The smallest non-nilpotent group is the symmetric group S3 (which is not simple), hence

N is not extension-closed. On the other hand, the alternating group A4 is the smallest non-
supersolvable group, hence Su is not extension-closed either.

By considering the cyclic group Cm2 , we see that Ab(m) is not extension-closed for any
m ≥ 2, and by considering C(p−1)2 we see that Vp is not extension-closed either for any prime
p > 2.

Given a pseudovariety V of finite groups, where we consider finite groups endowed with the
discrete topology, the pro-V topology on a group G is defined as the coarsest topology which
makes all homomorphisms from G to groups in V continuous. Equivalently, G is a topological
group where the normal subgroups K of G such that G/K ∈ V form a basis of neighbourhoods
of the identity.

For a topological property P and a subset S of a group G, we say that S is V-P if S has
property P in the pro-V topology on G.

Given a subgroup H of a group G, the core CoreG(H) of H in G is the largest normal
subgroup of G contained in H and is equal to

⋂
g∈G g

−1Hg.

Theorem 2.1. [9, Proposition 1.2] Given a group G and H ≤ G, the following conditions are
equivalent:

(i) H is V-open;

(ii) H is V-clopen;

(iii) G/CoreG(H) ∈ V.

It is easy to prove (see [11, Proposition 2.6]) the following:

If [G : H] <∞, then H is V-open if and only if H is V-closed. (2.2)

We note that a subgroup H of G is V-closed if and only if, for every g ∈ G \H, there exists
some V-clopen K ≤ G such that H ≤ K and g /∈ K. On the other hand, a subgroup H of G is
V-dense if and only if HN = G for every normal subgroup N of G such that G/N ∈ V.
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Given a group G and S ⊆ G, we denote by ClGV(S) the V-closure of S in G. We can omit
the superscript if G is clear from the context.

Note that if V and W are pseudovarieties of finite groups, then

W ⊆ V ⇒ ClGV(H) ≤ ClGW(H) (2.3)

holds for every subgroup H of a group G by [9, Corollary 3.2].
A subgroup K of a group G is called a retract if there exists a (surjective) homomorphism

ϕ : G → K fixing the elements of K. If V is a pseudovariety of finite groups, the group G is
said to be residually V if 〈1〉 is a V-closed subgroup of G. The following result is well known,
but we include a proof for the sake of completeness:

Lemma 2.2. Every free group is residually V for every nontrivial extension-closed pseudova-
riety V of finite groups.

Proof. Since V is nontrivial, then Cp ∈ V for some prime p. Since every finite p-group admits
a composition series where the factor groups are cyclic of order p, it follows from V being
extension-closed that Gp ⊆ V.

By a theorem of Iwasawa [8], every free group is residually Gp, and therefore residually V
in view of (2.3).

Now we can prove the following:

Proposition 2.3. Let V be a pseudovariety of finite groups. Let G be a residually V group and
let K ≤ G be a retract of G. Let H ≤ K. Then ClGV(H) = ClKV(H).

Proof. Write C1 = ClGV(H) and C2 = ClKV(H). By [9, Proposition 1.6], the pro-V topology of
K coincides with the subspace topology of K with respect to the pro-V topology of G. Hence
C2 = C1 ∩ K. Since G is residually V, the retract K is V-closed in G by [9, Corollary 1.8].
Hence C1 = C1 ∩K = C2.

Corollary 2.4. Let H be a finitely generated subgroup of a free group FA of arbitrary rank. Let
B ⊆ A be a finite set such that H ≤ FB. Let V be a pseudovariety of finite groups for which
FA is residually V. Then:

(i) ClFAV (H) = ClFBV (H);

(ii) H is V-closed in FA if and only if H is V-closed in FB;

(iii) if A is infinite then H is not V-dense in FA.

This applies in particular to N, Su, Vp (for every prime p) and every nontrivial extension-closed
pseudovariety (including S and GP (for every nonempty P ⊆ P)).

Proof. Part (i) follows from Proposition 2.3, since FB is a retract of FA. Now parts (ii) and (iii)
follow from part (i).

By Lemma 2.2, this applies to every nontrivial extension-closed pseudovariety. Since the
remaining pseudovarieties N, Su, Vp contain Gp for some prime p, it follows from (2.3) that
they inherit the same property.

As a consequence, the results to be proved in Sections 3 and 4 reduce to the setting of free
groups of finite rank.
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3 Extension-closed pseudovarieties

We discuss in this section the extension-closed case. The following result combines some of the
special properties shared by extension-closed pseudovarieties:

Theorem 3.1. [9, Proposition 2.17], [14, Corollary 3.3 and Proposition 3.4] Let V be a non-
trivial extension-closed pseudovariety of finite groups and let F be a free group. Let H ≤f.g. F .
Then:

(i) H is V-closed if and only if H is a free factor of a V-clopen subgroup of F ;

(ii) the rank of ClV(H) is at most the rank of H;

(iii) the pro-V topology on ClV(H) is the subspace topology with respect to the pro-V topology
on F .

We define the root and the exponent (in F ) of a word w ∈ F \ {1} as follows. Clearly, w
can be written as a power ur for some u ∈ F and r ≥ 1, and there exist finitely many such
decompositions. The maximum such r is the exponent of w and is denoted by exp(w). Then the
root of w is defined through the equality w = root(w)exp(w) (well defined since the implication

xn = yn ⇒ x = y

holds in free groups).
A classical theorem states that two nonempty words x, y ∈ F commute if and only if x, y are

powers of a same word if and only if xm = yk for some nonzero m, k ∈ Z. It follows that, for all
w ∈ F \ {1} and s ∈ Z \ {0},

w = vs implies v = (root(w))k for some k ∈ Z \ {0}. (3.1)

From the same theorem we may deduce that, for every s ∈ Z \ {0},

root(ws) =

{
root(w) if s > 0
root(w)−1 if s < 0

and exp(ws) = |s|exp(w). (3.2)

Indeed, since
(root(w))sexp(w) = ws = (root(ws))exp(w

s),

it follows that root(w) and root(ws) are powers of a same word and so by maximality of expo-
nents root(ws) = root(w)±1: Moreover, root(ws) = root(w) if and only if s > 0. Hence

(root(w))sexp(w) =

{
(root(w))exp(w

s) if s > 0
(root(w)−1)exp(w

s) if s < 0

and so (3.2) holds. In [4] Berlai and Ferov generalize the concepts of root and exponent to
right-angled Artin groups.

Theorem 3.2. Let V be a nontrivial extension-closed pseudovariety of finite groups and let F
be a free group. Let w ∈ F \ {1}, u = root(w) and e = exp(w). Then:

(i) ClV(〈1〉) = 〈1〉;
(ii) ClV(〈w〉) ≤ 〈u〉;

(iii) 〈w〉 is V-closed if and only if Ce ∈ V;
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(iv) ClV(〈w〉) = 〈um〉 for

m = max{k ≥ 1 | k divides e and Ck ∈ V}.

(v) ClV(〈z〉) is effectively computable for every z ∈ F if and only if we can decide, for each
n ≥ 2, whether or not Cn ∈ V.

Proof. Part (i) follows from Lemma 2.2.
We now consider part (ii). Write C = ClV(〈w〉). By Theorem 3.1(ii), we have C = 〈v〉 for

some v ∈ F . Hence w = vr for some r ∈ Z and so v ∈ 〈u〉 by (3.1). Thus C ≤ 〈u〉.
We now consider part (iii). Since root(u) = root(ue) = u by (3.2), it follows from part (ii)

that 〈u〉 is V-closed. By Theorem 3.1(iii), 〈w〉 is V-closed in F if and only if it is V-closed in
〈u〉. Since 〈w〉 is a finite index (normal) subgroup of 〈u〉, it follows from Theorem 2.1 and (2.2)
that 〈w〉 is V-closed in F if and only if 〈u〉/〈w〉 ∈ V. Since 〈u〉/〈w〉 = 〈u〉/〈ue〉 ∼= Ce, we get
the desired equivalence.

We now consider part (iv). By parts (ii) and (iii), ClV(〈w〉) = 〈um〉 for some m ≥ 1 such
that Cm ∈ V. Since w = ue ∈ 〈um〉, then m divides e. Suppose that k ≥ 1 divides e and
Ck ∈ V. By part (iii), 〈uk〉 is V-closed, and we have w = ue ∈ 〈uk〉. Hence 〈w〉 ≤ 〈uk〉 and by
minimality of the closure we get 〈um〉 ≤ 〈uk〉. Thus k divides m and so k ≤ m as required.

We finally consider part (v). If we can decide, for each n ≥ 2, whether or not Cn ∈ V then,
by parts (i) and (iv), ClV(〈z〉) is effectively computable for every z ∈ F .
Suppose that a ∈ F is a primitive word and n ≥ 2. It follows from part (iii) that 〈an〉 is V-closed
if and only if Cn ∈ V. Thus we have the equivalence: Cn ∈ V if and only if ClV(〈an〉) = 〈an〉,
and this establishes the claimed equivalence.

Corollary 3.3. Let V be an extension-closed pseudovariety of finite groups. Then the following
conditions are equivalent:

(i) every cyclic subgroup of a free group is V-closed;

(ii) Ab ⊆ V.

Proof. (i) ⇒ (ii). In view of the Classification Theorem of finite abelian groups, it suffices to
show that Cn ∈ V for every n ≥ 2. Let u be a primitive word of F . Then root(u) = u and
exp(un) = n by (3.2). Since 〈un〉 is V-closed, it follows from Theorem 3.2(iii) that Cn ∈ V and
so Ab ⊆ V.

(ii) ⇒ (i). This follows from Theorem 3.2(i) and (iii).

Since it is well known that the pseudovariety S of all finite solvable groups is extension-closed,
Corollary 3.3 and Theorem 3.1(i) yield:

Corollary 3.4. Let H be a cyclic subgroup of a free group F . Then:

(i) H is S-closed;

(ii) H is a free factor of an S-clopen subgroup of F .

Given P ⊆ P nonempty and k ≥ 1, we let νP (k) = 1 if k is coprime to every prime in P ,
otherwise we set νP (k) to be the largest divisor of k which is a product of primes in P . Since
GP is extension-closed, we can now deduce the following result:

Corollary 3.5. Let P ⊆ P be nonempty and let F be a free group. Let w ∈ F \{1}, u = root(w)
and e = exp(w). Then:
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(i) ClGP
(〈1〉) = 〈1〉;

(ii) 〈w〉 is GP -closed if and only if e is a product of primes in P if and only if

vp ∈ 〈w〉 ⇒ v ∈ 〈w〉 (3.3)

holds for all v ∈ F and p ∈ P⊥;

(iii) ClGP
(〈w〉) = 〈uνP (e)〉.

(iv) membership in P is decidable if and only if ClGP
(〈z〉) is effectively computable for every

z ∈ F .

Proof. Part (i) follows from Lemma 2.2.
We now consider part (ii). By Theorem 3.2(iii), 〈w〉 is GP -closed if and only if Ce ∈ GP ,

that is, e is a product of primes in P .
Suppose that some p ∈ P⊥ divides e. Then (3.3) fails for p and v = u

e
p . The converse

implication follows from [7, Theorem 1.5], but we include a proof for the sake of completeness.
Assume that e is a product of primes in P . Let v ∈ F and p ∈ P⊥ be such that vp ∈ 〈w〉.

By (3.2), we get root(v) = root(vp) = root(w)±1 = u±1.
Hence v = uk for some k ∈ Z and so

ve = (uk)e = (ue)k = wk ∈ 〈w〉.

Now gcd(p, e) = 1 yields 1 = pr + es for some r, s ∈ Z and so v = vpr+es = (vp)r(ve)s ∈ 〈w〉.
Therefore (3.3) holds as required.

Part (iii) follows from Theorem 3.2(iv), noting that νP (e) is the maximum divisor k of e
such that Ck ∈ GP .

We finally consider part (iv). If membership in P is decidable, then νp(e) is computable for
every e ≥ 1, hence it follows from parts (i) and (iii) that ClGP

(〈z〉) is effectively computable for
every z ∈ F .

Conversely, let a ∈ F be primitive and let p ∈ P. Since

p ∈ P ⇐⇒ νP (p) = p ⇐⇒ ClGP
(〈ap〉) = 〈ap〉,

then computing ClGP
(〈z〉) (for every z ∈ F ) allows us to decide whether or not p ∈ P .

By considering a single prime, we get:

Corollary 3.6. Let p ∈ P and let F be a free group. Let w ∈ F \ {1}, u = root(w) and
e = exp(w). Then:

(i) ClGp
(〈1〉) = 〈1〉;

(ii) 〈w〉 is Gp-closed if and only if e = ps for some s ≥ 0 if and only if vq ∈ 〈w〉 ⇒ v ∈ 〈w〉
holds for all v ∈ F and q ∈ {p}⊥;

(iii) ClGp
(〈w〉) = 〈uνp(e)〉.

In the language of [4], Corollary 3.6(ii) is equivalent to saying that given a prime p, a cyclic
subgroup of a free group is pro-p closed if and only if it is a p-isolated subgroup. More generally
in [4] it is shown that given a prime p, a p-isolated cyclic subgroup of a right-angled Artin group
is pro-p closed.

The pseudovariety O of all (finite) groups of odd order is equal to G2⊥ , thus we also have:
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Corollary 3.7. Let F be a free group. Let w ∈ F \ {1}, u = root(w) and e = exp(w). Then:

(i) ClO(〈1〉) = 〈1〉;
(ii) 〈w〉 is O-closed if and only if e is odd if and only if v2 ∈ 〈w〉 ⇒ v ∈ 〈w〉 holds for every

v ∈ F ;

(iii) ClO(〈w〉) = 〈uν{2}⊥ (e)〉 = 〈u
e

ν2(e) 〉.

4 Non extension-closed pseudovarieties of solvable groups

We start by considering one of the most important cases: the pseudovariety of finite nilpotent
groups.

Theorem 4.1. Every cyclic subgroup of a free group is N-closed.

Proof. Let F be a free group and let w ∈ F . By [9, Corollary 4.2(2)], we have

ClN(〈w〉) =
⋂
p∈P

ClGp(〈w〉).

If w = 1, then Corollary 3.6(i) implies that 〈1〉 is N-closed, hence we may assume that w 6= 1.
Let u = root(w) and e = exp(e). Write e = ps11 . . . psmm with p1, . . . , pm distinct primes and
s1, . . . , sm ≥ 1.

Let v ∈ ClN(〈w〉). Then v ∈ ClGpi
(〈w〉) for i = 1, . . . , s. It follows from Corollary 3.6(iii)

that
v ∈ 〈uνpi (e)〉 = 〈up

si
i 〉

for i = 1, . . . , s. Since the primes pi are distinct, we get

v ∈ 〈up
s1
1 ...psmm 〉 = 〈ue〉 = 〈w〉.

Therefore 〈w〉 is N-closed.

Corollary 4.2. Let V be a pseudovariety of finite groups containing N. Let H be a cyclic
subgroup of a free group F . Then:

(i) H is V-closed;

(ii) H is a free factor of a V-clopen subgroup of F .

Proof. Part (i) follows from Theorem 4.1 and (2.3).
Part (ii) follows from part (i) and [14, Corollary 3.3(i)].

In particular, this applies to the pseudovariety Su and provides an alternative proof to
Corollary 3.4. Since

Su =
∨
p∈P

Vp,

we concentrate now our efforts on the pseudovariety Vp, for a given prime p which we assume
fixed throughout the rest of the paper. In view of Corollary 2.4, we may restrict our attention

to free groups of finite rank. Write Kn = F
Ab(p−1)
n � Fn.

We can derive from the proof of [2, Proposition 4.4] the following result:
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Proposition 4.3. Let H ≤f.g. Fn and let p ∈ P. The following conditions are equivalent:

(i) H is Vp-closed in Fn;

(ii) H ∩Kn is Gp-closed in Kn.

Proof. Write F = Fn and K = Kn. Since [F : K] < ∞, we have [H : H ∩ K] < ∞ as well.
Taking m = [H : H ∩K]− 1, we may write

H =

m⋃
i=0

(H ∩K)ti (4.1)

for some t0, . . . , tm ∈ F with t0 = 1.
Since the closure of a finite union of sets is the finite union of the closures and translations

are homeomorphisms in our setting, we get

ClFVp
(H) =

m⋃
i=0

ClFVp
((H ∩K)ti) =

m⋃
i=0

(ClFVp
(H ∩K))ti

as in the proof of [2, Proposition 4.4], where it is also proved that

ClFVp
(H ∩K) = ClKGp

(H ∩K).

It follows that

ClFVp
(H) =

m⋃
i=0

(ClKGp
(H ∩K))ti. (4.2)

Now we prove the stated equivalence.
Assume first that H ∩K is Gp-closed in K. In other words ClKGp

(H ∩K) = H ∩K, and so
it follows from (4.1) and (4.2) that

ClFVp
(H) =

m⋃
i=0

(ClKGp
(H ∩K))ti =

m⋃
i=0

(H ∩K)ti = H.

Thus H is Vp-closed in F .

Conversely, assume that H is Vp-closed in F , that is, ClFVp
(H) = H. Then in view of (4.2)

we get

H =
m⋃
i=0

(ClKGp
(H ∩K))ti.

Since t0 = 1, this implies ClKGp
(H ∩K) ⊆ H and consequently ClKGp

(H ∩K) ⊆ H ∩K. Thus

ClKGp
(H ∩K) = H ∩K and H ∩K is Gp-closed in K as required.

In view of Corollary 2.4, 〈1〉 is Vp-closed in Fn. For a nontrivial cyclic subgroup of Fn, more
work is needed in order to determine its Vp-closure.

We fix now a basis A = {a1, . . . , an} of Fn and consider the n homomorphisms fai : Fn → Z
where 1 ≤ i ≤ n defined by

fai(aj) =

{
1 if j = i
0 otherwise

for 1 ≤ j ≤ n.
Given w ∈ Fn, write

hw =
p− 1

gcd(p− 1, fa1(w), . . . , fan(w))
.
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Lemma 4.4. Let w ∈ Fn. Then hw = min{r ≥ 1 | wr ∈ Kn}.

Proof. Since Kn = F
Ab(p−1)
n , it follows from (2.1) that

wr ∈ Kn ⇔ ∀i ∈ {1, . . . , n} : (p− 1) | fai(wr)

⇔ (p− 1) | gcd(fa1(wr), . . . , fan(wr))
⇔ (p− 1) | r gcd(fa1(w), . . . , fan(w))

⇔ p−1
gcd(p−1,fa1 (w),...,fan (w)) | r

⇔ hw | r

and the claim follows.

Given w ∈ Kn \ {1}, we now characterize the root and the exponent in Kn of w in terms of
the root and the exponent in Fn of w.

Lemma 4.5. Let w ∈ Kn \{1}. Let u (respectively uK) denote the root of w in Fn (respectively
Kn). Let e (respectively eK) denote the exponent of w in Fn (respectively Kn). Then:

(i) uK = uhu ;

(ii) eK = e
hu

;

(iii) νp(eK) = νp(e).

Proof. Since ueKK = w = ue, it follows from (3.1) that uK = uq for some positive integer q.
Moreover, eK = e

q . Now uK ∈ Kn and we must have in fact

q = min{r ≥ 1 | ur ∈ Kn and r | e}. (4.3)

But ue = w ∈ Kn, hence it follows from the proof of Lemma 4.4 that hu | e. Now Lemma 4.4
and (4.3) together yield q = hu. Thus parts (i) and (ii) hold.

Finally, to prove part (iii) we remark that part (ii) and the fact that hu divides p− 1 yield
νp(eK) = νp(

e
hu

) = νp(e).

We now prove the following criterion for a cyclic subgroup of Fn to be Vp-closed.

Proposition 4.6. Let w ∈ Fn \ {1}. Let u = root(w) and e = exp(w). Then hw | hu and the
following conditions are equivalent:

(i) 〈w〉 is Vp-closed in Fn;

(ii) e = hu
hw
ps for some s ≥ 0.

Proof. Write F = Fn and K = Kn. We have

hw | hu ⇔ gcd(p− 1, fa1(u), . . . , fan(u)) | gcd(p− 1, fa1(w), . . . , fan(w)).

Since fai(w) = fai(u
e) = efai(u) for i = 1, . . . , n, it follows that hw | hu.

Let H = 〈w〉. By Proposition 4.3, H is Vp-closed in F if and only if H ∩K is Gp-closed in
K. Since H ∩K is a subgroup of a cyclic group, it is itself cyclic, and it follows from Lemma
4.4 that

H ∩K = 〈whw〉. (4.4)
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Now we have to find out when H ∩ K is Gp-closed in K. By Corollary 3.6(ii), this is
equivalent to having

expK(whw) = ps

for some s ≥ 0. By Lemma 4.5(ii), this is equivalent to having

exp(whw) = hup
s

for some s ≥ 0. Since exp(whw) = hwexp(w) by (3.2), the result follows.

Finally we determine the Vp-closure of a nontrivial cyclic subgroup of Fn.

Corollary 4.7. Let w ∈ Fn \ {1}. Let u = root(w) and e = exp(w). Let dp = gcd(e, hu)νp(e).
Then ClVp

(〈w〉) = 〈udp〉.

Proof. Write F = Fn and K = Kn. Write also H = 〈w〉, ps = νp(e) and h = hw. By (4.4), we
have H ∩K = 〈wh〉. Since

〈w〉 =

h−1⋃
i=0

〈wh〉wi,

it follows from (4.2) that

ClFVp
(〈w〉) =

h−1⋃
i=0

(ClKGp
(〈wh〉))wi. (4.5)

Now Corollary 3.6(iii) yields

ClKGp
(〈wh〉) = 〈rootK(wh)νp(expK(wh))〉.

By (3.2) and Lemma 4.5(i), we get

rootK(wh) = rootK(w) = uhu .

By Lemma 4.5(iii) and (3.2), we get

νp(expK(wh)) = νp(exp(wh)) = νp(he),

hence
ClKGp

(〈wh〉) = 〈uhuνp(he)〉.

Since h | p− 1, we get
ClKGp

(〈wh〉) = 〈uhuνp(e)〉 = 〈uhup
s

〉

and it follows from (4.5) that

ClFVp
(〈w〉) =

h−1⋃
i=0

〈uhup
s

〉wi.

Thus we only need to show that

h−1⋃
i=0

〈uhup
s

〉wi = 〈udp〉. (4.6)

First, we show that
〈wh〉 ≤ 〈uhup

s

〉. (4.7)
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Indeed, we have wh = ueh, so it suffices to show that hup
s divides eh. Clearly,

νp(hup
s) = ps = νp(e) = νp(eh).

Hence we only need to show that hu divides eh. Since ueh = wh ∈ K and uhu ∈ K by Lemma
4.4, then also ugcd(eh,hu) ∈ K. Now it follows from Lemma 4.4 that hu = gcd(eh, hu), hence hu
divides eh. Therefore (4.7) holds.

Since dp divides hup
s, we get uhup

s ∈ 〈udp〉 and consequently 〈uhups〉 ≤ 〈udp〉. On the other
hand, dp also divides e and so w = ue ∈ 〈udp〉. Therefore

h−1⋃
i=0

〈uhup
s

〉wi ≤ 〈udp〉.

Conversely, let v ∈ 〈udp〉. Then v = ukdp for some k ∈ Z. Let x, y ∈ Z be such that
gcd(e, hu) = xe+ yhu. There exist some z ∈ Z and i ∈ {0, . . . , h− 1} such that kxps = zh+ i.
In view of (4.7), we get

v = ukdp = ukxep
s+kyhup

s

= (uhup
s

)kywkxp
s

= (uhup
s

)ky(wh)zwi ∈ 〈uhup
s

〉wi

and so

〈udp〉 ≤
h−1⋃
i=0

〈uhup
s

〉wi.

This establishes (4.6).
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