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A Quantitative Study of Higher-Order Computations with Effects

by Miguel Ramos

Non-idempotent intersection types have emerged as a powerful logical framework for providing
exact quantitative semantics of higher-order programs, allowing typing derivations to capture
precise information about resource usage such as evaluation length. While these techniques are
now well understood for the pure A-calculus, extending them to richer language features involving
control and computational effects remains a challenging problem.

This thesis develops non-idempotent intersection type systems for extensions of the A-calculus
featuring pattern matching mechanisms and computational effects, with the aim of providing
exact, syntax-directed cost semantics grounded in operational semantics. The contributions are
organized around two main axes.

The first part of the thesis studies pattern matching as a fundamental extension of the A-
calculus. Building on prior quantitative analyses of pattern-matching calculi, we develop refined
and generalized non-idempotent intersection type systems that preserve exact correspondence
between typing derivations and evaluation length. Particular attention is devoted to the treatment
of stuck computations. Exploiting the classical encoding of exceptions via pattern matching, we
extend this analysis to exceptional control flow, showing that exception raising and handling admit
exact quantitative semantics despite constituting a non-algebraic computational effect.

The second part of the thesis addresses algebraic operations and effects. We focus on algebraic
theories that admit non-trivial comodels, which provide a coalgebraic basis for defining fine-
grained operational semantics via comodel-based transition systems. For calculi with global state,
we define such operational semantics and develop non-idempotent intersection type systems that
precisely account for both computational and effectful steps. We then generalize this approach
by modeling state as a mapping from locations to infinite stacks, yielding a uniform quantitative
framework capable of capturing a broad class of algebraic effects, including global state, interactive

input/output, and finite nondeterminism.
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Throughout the thesis, the A!-calculus plays a unifying role, subsuming call-by-name and
call-by-value evaluation strategies while retaining the operational granularity required for exact
quantitative reasoning. Overall, this work significantly extends the scope of non-idempotent inter-
section types, demonstrating their applicability to languages with pattern matching, exceptions,
and algebraic effects, and providing a unified operational and quantitative account of resource-

sensitive computation.
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Um Estudo Quantitativo de Computacdes de Ordem Superior com Efeitos

por Miguel Ramos

Os tipos de intersecdo ndo-idempotentes emergiram como um poderoso enquadramento 16gico
para fornecer semanticas quantitativas exatas de programas de ordem superior, permitindo que as
derivagdes de tipagem captem informagdo precisa sobre o uso de recursos, como o comprimento
da avaliagdo. Embora estas técnicas estejam atualmente bem compreendidas para o A-célculo
puro, a sua extensdo a funcionalidades linguisticas mais ricas que envolvem controlo e efeitos
computacionais continua a ser um problema desafiante.

Esta tese desenvolve sistemas de tipos de interse¢do ndo-idempotentes para extensdes do A-
célculo que incorporam mecanismos de pattern matching e efeitos computacionais, com o objetivo
de fornecer semanticas de custo exatas, dirigidas pela sintaxe e fundamentadas na seméntica
operacional. As contribui¢des organizam-se em torno de dois eixos principais.

A primeira parte da tese estuda o pattern matching como uma extensdo fundamental do A-
calculo. Com base em andlises quantitativas prévias de calculos com pattern matching, desenvolve-
mos sistemas de tipos de intersecdo ndo-idempotentes refinados e generalizados que preservam
uma correspondéncia exata entre as derivagdes de tipagem e o comprimento da avaliagio. E
dada particular atengdo ao tratamento de computagdes bloqueadas (stuck computations). Explo-
rando a codificagdo cldssica de excegdes através de pattern matching, estendemos esta andlise ao
controlo excecional, mostrando que a propagacao e o tratamento de exce¢des admitem semanticas
quantitativas exatas, apesar de constituirem um efeito computacional ndo algébrico.

A segunda parte da tese aborda operacdes e efeitos algébricos. Concentramo-nos em teorias
algébricas que admitem comodelos nao triviais, os quais fornecem uma base coalgébrica para
a definicdo de semanticas operacionais de granularidade fina através de sistemas de transi¢do
baseados em comodelos. Para calculos com estado global, definimos tais semdnticas operacionais

e desenvolvemos sistemas de tipos de intersecdo ndo-idempotentes que contabilizam com precisao
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tanto os passos computacionais como os passos associados a efeitos. Em seguida, generalizamos
esta abordagem modelando o estado como um mapeamento de localizagdes para pilhas infinitas,
obtendo um enquadramento quantitativo uniforme capaz de capturar uma vasta classe de efeitos
algébricos, incluindo estado global, input /output interativo e ndo-determinismo finito.

Ao longo da tese, o A!-cdlculo desempenha um papel unificador, subsumindo as estratégias de
avaliagdo call-by-name e call-by-value, ao mesmo tempo que preserva a granularidade operacional
necessdria para um raciocinio quantitativo exato. No seu conjunto, este trabalho alarga significa-
tivamente o &mbito dos tipos de interse¢do ndo-idempotentes, demonstrando a sua aplicabilidade
a linguagens com pattern matching, excegdes e efeitos algébricos, e fornecendo uma descrigao

operacional e quantitativa unificada da computacao sensivel a recursos.
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Prelude






Chapter 1

Introduction

Understanding how much computation a program performs is as important as understanding what
it computes. Beyond functional correctness, modern programming languages demand precise
reasoning about resources such as time, space, and interactions with effects. Over the last two
decades, non-idempotent intersection types have emerged as a particularly robust logical tool for
providing exact quantitative semantics of higher-order programs.

Unlike traditional (idempotent) type systems, which primarily enforce qualitative properties
such as termination or safety, non-idempotent intersection types retain fine-grained information
about resource usage. By rejecting idempotency, these systems record how many times a term is
used: duplicating a program component corresponds to duplicating its type. As a result, typing
derivations themselves become quantitative objects, from which exact measures—such as the
number of evaluation steps or the size of normal forms—can be extracted directly. This approach
replaces semantic reducibility arguments with combinatorial reasoning on typing derivations,
making quantitative analysis both precise and tractable.

A substantial body of work has established tight correspondences between non-idempotent
intersection types and the operational semantics of the pure A-calculus, for a variety of evaluation
strategies and cost models [1-7]. These results show that typing derivations can provide not only

upper bounds, but often exact measures of evaluation length.

Scope and contributions of the thesis. This thesis contributes to this line of research by de-
veloping non-idempotent intersection type systems for extensions of the A-calculus featuring pattern-
matching mechanisms and computational effects. Our overarching goal is to show that non-idempotent
intersection types provide exact, syntax-directed cost semantics for a broad class of language features
that go beyond the pure A-calculus, while remaining firmly grounded in operational semantics.

The thesis is structured around two main axes:
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o Pattern-matching mechanisms, viewed as a fundamental extension of the A-calculus and a basis

for reasoning about exceptional control flow;

o Algebraic operations and effects, restricted to those algebraic theories that admit non-trivial

comodels, and hence support a fine-grained operational interpretation.

Together, these contributions extend the reach of quantitative typing beyond purely functional
computation, encompassing both control and stateful effects.

The key notions informally introduced above form the conceptual backbone of the thesis and
will be introduced formally and discussed in depth in the background chapters of this thesis

(Chapters 2 to 5).

Quantitative Semantics via Non-Idempotent Intersection Types

Non-idempotent intersection types originated in the study of relevance and linearity [1, 2], and
later re-emerged as a central tool for quantitative semantics [3, 4]. In contrast with idempotent
typing systems, where A N A = A, non-idempotent systems distinguish multiple uses of the same
type, allowing resource usage to be tracked explicitly.

Foundational work by de Carvalho [3, 4] and subsequent developments by Accattoli, Dal Lago,
Kesner, Ventura, and others [5, 8-15] have shown that these systems yield exact characterizations
of normalization, evaluation lengths, and sometimes even space usage, for several variants of
the A-calculus. These techniques have been extended to calculi with explicit substitutions [16],
call-by-need evaluation [17], and refined cost models [7], as well as classical calculi [10].

This thesis builds on these foundations, extending quantitative typing techniques to richer

language constructs where duplication, control flow, and effects interact in subtler ways.

Pattern-Matching Mechanisms and Exceptions

Pattern-matching is a ubiquitous programming construct, underlying features such as destructur-
ing, case analysis, and exception handling. From an operational point of view, pattern matching
introduces non-trivial interactions between substitution, control, and failure, and has been studied
extensively both operationally and logically [18-27].

More recently, quantitative analyses of pattern-matching calculi have been developed using
non-idempotent intersection types. In particular, Alves, Kesner, and Ventura [28] introduced
a pattern-matching A-calculus equipped with a fine-grained operational semantics and a non-
idempotent type system providing exact bounds on evaluation length. Their work builds on

earlier studies of observability and pattern-restricted calculi [29, 30].
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The first contribution of this thesis is to refine and generalize this line of work. We develop
non-idempotent intersection type systems for a broader class of pattern-matching constructs,
while preserving exact quantitative correspondence between typing derivations and operational
evaluation. Particular care is devoted to the treatment of stuck computations (i.e. computations that
halt for some reason before reaching a result), allowing us to distinguish programs that successfully
terminate from those that fail to match.

A second, closely related contribution concerns exceptions. It is well known that exception
raising and handling can be encoded using pattern matching. Exploiting this observation, we lift
our quantitative analysis to exceptional control flow, covering both exception propagation and ex-
ception capture. Importantly, exception handling constitutes a form of higher-order computational
effect that is not algebraic (cf. Remark 5.30) in the sense of Plotkin and Power [31]. Neverthe-
less, by viewing exceptions through the lens of pattern matching, we show that non-idempotent
intersection types still provide exact cost semantics for their execution.

This result demonstrates that the applicability of non-idempotent intersection types extends
beyond algebraic effects, encompassing control mechanisms traditionally considered difficult to

analyze quantitatively.

Call-by-Push-Value and the A!-Calculus

A recurring theme throughout the thesis is the fine-grained decomposition of computation. His-
torically, call-by-name and call-by-value have been studied largely independently, each giving rise
to its own calculi, operational semantics, and semantic models. While this separation has led
to deep and well-developed theories, it has also made the transfer of results between evaluation
strategies technically delicate and conceptually non-uniform. In particular, properties established
in one setting often require substantial reworking to be adapted to the other.

Call-by-Push-Value (CBPV), introduced by Levy [32, 33], provides a foundational framework
that unifies call-by-name and call-by-value by distinguishing values from computations. From a
logical perspective, CBPV is closely related to linear logic and to calculi equipped with an explicit
bang modality [34].

The Al-calculus studied in this thesis can be seen as an untyped, operational counterpart
of CBPV [35]. It subsumes both call-by-name and call-by-value A-calculi within a single term
language, making duplication and erasure explicit in direct correspondence with the structural
rules of contraction and weakening in linear logic. In this setting, the bang modality governs

precisely when resources may be duplicated or discarded, rather than allowing these operations
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implicitly as in the traditional A-calculus. This explicit treatment of resources makes the A!-calculus
particularly well suited for exact quantitative analysis using non-idempotent intersection types.
Throughout the thesis, the A!-calculus plays a unifying role: in Chapter 3 it subsumes call-by-
name and call-by-value evaluation of the pure A-calculus; in Chapter 7 it supports quantitative
analysis in the presence of global state; and in Chapter 8 it is extended to more general stateful

effects.

Algebraic Operations and Comodel-Based Semantics

The second main contribution of the thesis concerns algebraic operations and effects. Algebraic
effects, introduced by Plotkin and Power [36, 37], provide a modular and mathematically elegant
framework for describing computational effects such as state, nondeterminism, or input/output.
In this approach, effects are specified by a collection of operation symbols and equations, in the
spirit of universal algebra, and are interpreted semantically as operations on suitable monads.
This algebraic presentation allows effects to be combined and reasoned about independently of
any particular programming language. However, not all algebraic theories admit an operational
interpretation that is fine-grained enough to support exact quantitative analysis.

We therefore restrict attention to algebraic theories that admit non-trivial comodels in the sense
of [38]. Comodels provide a coalgebraic perspective on effects, allowing operational semantics to
be defined in terms of explicit comodel-based transition systems [39]. This yields step-by-step descrip-
tions of effectful computation that integrate smoothly with non-idempotent typing techniques.

We first study an extension of the A-calculus with algebraic operations modeling global state.
Building on earlier work on intersection types for effectful calculi [40—44], we define a comodel-
based operational semantics and develop a non-idempotent intersection type system that precisely
accounts for both computational and effectful steps.

We then show that this analysis can be significantly generalized. By modeling state as a
mapping from locations to infinite stacks, we capture a wide class of algebraic theories admitting
non-trivial comodels. This construction provides a uniform operational framework for quantitative
analysis of algebraic effects, highlighting the expressive power of comodel-based semantics when

combined with non-idempotent intersection types.

Related Work

The present thesis builds on a substantial body of work on non-idempotent intersection types,

also known as quantitative or multi type systems [1-7]. Since Gardner’s early observation that
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dropping idempotency turns typing derivations into resource-sensitive objects [1], this line of
research has developed into a robust framework in which typability characterizes various forms
of normalization, and the size of typing derivations yields tight—and often exact—bounds on
evaluation length and normal form size [3-7, 11]. A key conceptual contribution is the replacement
of semantic reducibility arguments by combinatorial reasoning on typing derivations, refining
termination from a qualitative to a quantitative property [3, 5, 6].

Exact correspondences between non-idempotent intersection types and operational semantics
have been established for a wide range of evaluation strategies, including call-by-name, call-by-
value, call-by-need, and linear or head-driven strategies [3-7]. The development of tight typings
has been particularly influential, showing that minimal derivations yield exact bounds on both
evaluation length and normal-form size [5], establishing non-idempotent intersection types as a
precise, syntax-directed tool for quantitative cost semantics in purely functional settings [3-5].

A related line of work connects non-idempotent intersection types with linear logic and
relational semantics, where they can be seen as proof-relevant refinements of the relational
model [3, 35]. This perspective provides a logical account of resource usage aligned with ex-
plicit control over duplication and erasure, and with CBPV-inspired calculi such as the A!-
calculus [35, 45], allowing uniform accounts of normalization [35, 45] and inhabitation [46] across
multiple evaluation strategies.

Beyond the pure A-calculus, pattern-matching calculi have long been studied using qualitative
intersection types [29, 30]. More recently, non-idempotent intersection types have been applied
to pattern-matching languages with pairs, constructors, and case analysis, yielding quantitative
bounds—and sometimes exact measures—on evaluation length [28]. These systems track multiple
resources and provide a fine-grained account of control flow and failure. The present thesis builds
directly on this quantitative pattern-matching tradition, extending it to richer constructs and to
the analysis of stuck computations and exceptions.

The treatment of computational effects introduces further challenges. Early adaptations of
intersection types focused on qualitative properties, such as may/must convergence in nondeter-
ministic or probabilistic calculi [47]. More recently, monadic intersection type systems for A-calculi
with algebraic operations a la Plotkin and Power provide modular accounts of a wide class of ef-
fects (output, cost, nondeterminism, probabilistic choice), characterizing observational behaviors
in finitary and infinitary settings [48, 49]. However, these approaches largely remain qualitative,
do not cover stateful computations, and extending them to exact quantitative analysis—especially
in the presence of combined effects—remains an open problem [48, 49].

Complementary work develops quantitative types for the Functional Machine Calculus, an
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effectful A-calculus with global state, input/output, and probabilistic choice [50]. There, non-
idempotent intersection types measure machine transitions exactly in a weak variant and provide
upper bounds under a strong evaluation variant, showing that multi-types can be adapted to
machine-based operational semantics for rich effectful languages. However, these results are not
phrased in terms of algebraic effects at the source level.

On the semantic side, algebraic effects and handlers are well-understood via equational the-
ories and free-model monads [51]. Comodels provide an environment-based semantics for ef-
fectful computations, yielding operational “machines” for algebraic theories [52], and Garner’s
costructure-cosemantics adjunction relates accessible monads to presheaf comonads encoding co-
model behaviors [53, 54]. At the programming-language level, runners operationalize comodels:
Ahman and Bauer’s Acqop-calculus treats runners as first-class resources with a denotational se-
mantics enforcing linear use and finalization [55], connecting categorical comodel semantics with
practical resource management [56].

Exceptions lie at the interface of pattern matching and effects. Their encodability via pattern
matching allows non-idempotent intersection types to track exception-like control [28, 30], though
no direct monadic treatments currently account simultaneously for computation and exception
propagation. These studies confirm the feasibility of quantitative analyses for non-algebraic control
constructs.

The present thesis contributes to this landscape by developing exact quantitative semantics
for higher-order languages combining pattern matching and effects, grounded in operational
semantics and supported by comodel-based interpretations of algebraic operations and runners

for external resources.

Contributions and Structure of the Thesis

The research developed in this thesis consolidates and extends a series of publications produced
during the PhD. Their correspondence with the chapters and sections of the thesis is summarized

below.

e Journal Papers:

- Sandra Alves, Delia Kesner, Miguel Ramos. A Quantitative Approach to Global State
Composition. Mathematical Structures in Computer Science (MSCS), 2025.
This paper corresponds to the results developed in Chapter 7, which presents a quantitative
analysis of global state using non-idempotent intersection types. In particular, it underpins the

operational semantics and the quantitative soundness and completeness results for the A- and
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Al-calculi with global state. These results also serve as a conceptual and technical basis for the

generalizations developed later in Chapter 8.
e Conference Papers:

- Sandra Alves, Delia Kesner, Miguel Ramos. Extending the Quantitative Pattern-
-Matching Paradigm. Asian Symposium on Programming Languages and Systems
(APLAS), 2024.

This paper forms the core of Chapter 6, where the pattern-matching calculus, its non-idempotent
intersection type system, and the associated quantitative soundness and completeness results are

developed and extended.

- Sandra Alves, Delia Kesner, Miguel Ramos. Quantitative Global Memory. Workshop
on Logic, Language, Information and Computation (WoLLIC), 2023.
This paper presents a first quantitative study of global state and motivates the development

carried out in Chapter 7, where the analysis is substantially refined, extended, and completed.
e Workshop Papers:

— Miguel Ramos. Non-Idempotent Intersection Types for Global State. Workshop on
Intersection Types and Related Systems (ITRS), 2024.
This paper presents an early quantitative analysis of global state restricted to the call-by-value
setting. Its technical core is incorporated and generalized in Section 7.3, where a subsuming

quantitative framework is developed.

- Miguel Ramos, Riccardo Treglia, Delia Kesner. Quantitative Understanding of Excep-
tions. International Workshop on Trends in Linear Logic and Applications (TLLA),
2023.

This paper is subsumed by Section 6.1.2, where exceptions are encoded via pattern matching
and shown to admit an exact quantitative analysis, despite constituting a non-algebraic compu-

tational effect.

— Sandra Alves, Delia Kesner, Miguel Ramos. Extending the Quantitative Pattern-
-Matching Paradigm. International Workshop on Logical and Semantic Frameworks,
with Applications (LSFA), 2021.

This paper contains early foundational results on quantitative pattern matching that are sub-
stantially extended and generalized throughout Chapter 6, and should be viewed as a precursor

to the APLAS 2024 contribution and its full development in this thesis.

In summary, the main contributions of this thesis are:
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e The extension of non-idempotent intersection type techniques to pattern-matching mecha-

nisms, with exact quantitative semantics.

e Anexact quantitative analysis of exceptions, obtained via their encoding as pattern-matching

constructs.

e A comodel-based operational semantics for A-calculi with algebraic operations admitting

non-trivial comodels.

e A uniform quantitative framework for algebraic effects based on global state modeled by

infinite stacks.
The remainder of the thesis is organized as follows.

e Part II (Chapters 2 to 5) develops the background and technical foundations. Chapter 2
recalls the syntax and operational semantics of the A-calculus, with particular attention to
call-by-name and call-by-value evaluation strategies. Chapter 3 introduces the A!-calculus,
a refinement inspired by linear logic that subsumes call-by-name and call-by-value within
a single framework. Chapter 4 presents non-idempotent intersection types and their quan-
titative interpretation, culminating in the notion of tight typings, which yield exact cost
semantics. Chapter 5 reviews the categorical background on monads and algebraic oper-
ations, and discusses relevant examples motivating the effectful languages studied in the

remainder of the thesis.

e Part III (Chapter 6) is devoted to pattern-matching computations. Chapter 6 introduces a
pattern-matching calculus extending the A-calculus and presents its operational semantics.
It shows how call-by-name and call-by-value evaluation, as well as exception raising and
handling, can be encoded using pattern matching. A non-idempotent intersection type
system is then developed, and quantitative soundness and completeness are established,

providing exact bounds on evaluation lengths.

e Part IV (Chapters 7 and 8) addresses state-passing computations and algebraic effects. Chap-
ter 7 studies extensions of the A- and A!-calculi with global state, defines comodel-based oper-
ational semantics, and develops non-idempotent intersection type systems for call-by-name,
call-by-value, and their unifying presentation, together with full quantitative soundness and
completeness results. Chapter 8 generalizes this approach by considering infinite stacks
as a model of state, showing how a broad class of algebraic theories admitting non-trivial

comodels can be captured. It presents the corresponding calculi and type systems, and
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illustrates how infinite stacks can be used to handle effects such as global state, interactive

input/output, and finite nondeterminism.

e Part VI contains full proofs of all lemmas, propositions, and theorems. For readability, all
proofs are deferred to the appendices. The main body of the thesis focuses on the design of the
calculi, their operational semantics, and the resulting quantitative type systems. While some
proofs require technical care, the majority proceed by routine structural inductions on terms
or typing derivations. Since these proofs are not conceptually central to the contributions of

the thesis, presenting them inline would significantly interrupt the flow of the exposition.
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Chapter 2

The A-Calculus

The A-calculus was first introduced by Alonzo Church in the early 1930s as part of the foundational
study of mathematics and logic [57]. In the 1960s, Peter Landin demonstrated that the A-calculus
could also be regarded as a programming language [58, 59]—a minimal yet expressive formalism
particularly suitable for theoretical analysis. Since then, the A-calculus has served as a core
framework for exploring the semantics of programming languages.

Because the related literature is vast, this section focuses only on the definitions and results
relevant to the quantitative perspective developed in this thesis. We begin by presenting the syntax
of the A-calculus, along with some fundamental properties, following the standard literature [60].

All proofs for this chapter are collected in Appendix A.

2.1 Syntax and Operational Semantics

Definition 2.1 (A-Terms). Let X be a countable set of variables. The set of terms of the A-calculus is

denoted by A and generated by the following grammar:
Terms: t,u,r,ec:=x¢€ X | Ax.t|tu

We call expressions of the form Ax.t abstraction and those of the form t u application. Moreover,
in tu we call ¢ the function or operator of the application, and u the argument or operand. As
customary, we treat application as left-associative, abstractions as right-associative, and group

abstractions together. For example, multiple abstractions are right-associated: Axyz.xyz =
(Ax.(Ay.(Az.((xy) 2))))-

Definition 2.2 (Free and Bound Variables). An occurrence of a variable x € X is free in a A-term ¢

if it is not in the scope of a Ax, and it occurs bound otherwise.

15
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The set £v(t) of free variables in t can be defined inductively as follows:
fv(x) = {x}

fv(Axt) = fv(t)\ {x}
fv(tu) = £v(t)Ufv(u)

The set bv(t) of bound variables in t can be defined inductively as follows:

bv(x) = @
bv(Ax.t) = {x}Ubv(t)
bv(tu) bv(t) Ubv(u)

Definition 2.3 (Closed and Open A-Terms). A term ¢ € A issaid to be closed if and only if fv(t) = @;
otherwise t is open. The set of closed terms of the A-calculus is denoted by A,. For example, Ax.xy

is open, and Axy.x y is closed.

Definition 2.4 (Substitution). The result of substituting u for the free occurrences of x in t is denoted

by t{x \ u} and defined as follows:

x{x\u} = u

ylx\up =y ifx #y
(Ayr){x\u} = Ayr{x\u} ifx #yandy & fv(u)
(re){x\u} = r{x\upe{x\u}

If the side condition y ¢ fv(u) is not satisfied, substitution is undefined.

Definition 2.5 (x-Conversion). Two terms t,u € A are a-equivalent, denoted t ~, u, if and only if
t =wuort=Axrand u = Ay.r{x\ y}, where y does not occur free in u. Then, the a-equivalence

relation =, is the smallest congruence generated by ~,. Formally,

t~yu t=,u t=p1r u=,e

t=,u Ax.t =, Ax.u tu=,re

For example,
AXXY ~p AzZY g AYYY
Ax.x (Ax.x) ~g Ay.y (Ax.x) =4 Ay.y (Az.z).

As usual, we will identify a-congruent terms on a syntactic level by following the following

two conventions:
1. Terms that are a-equivalent are identified.

2. If terms t4,...,t, occur in a certain mathematical context, their bound variables are distinct

from all free variables appearing in the surrounding context.
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These conventions capture the intuition that the particular choice of a bound variable, in an
abstraction, does not (usually) matter. For instance, Ax.x and Ay.y are a-equivalent A-terms.
Moreover, it also allows one to avoid name collisions. In particular, notice that substitution is a
partial function on terms, but a total function on a-equivalent classes of terms.

Given a (one-step) reduction relation — g, we denote its reflexive closure by — %, and its reflexive
and transitive closure by —»g. A term t is said to be in R-normal form or R-irreducible (written
t /4r) if and only if there is no u such that t —r u, and R-normalizing if and only if there is some
R-normal form u such that t =g u. The reduction relation —r is normalizing if and only if every
term is R-normalizing. In general, reduction relations are non-deterministic, since several redexes
may be present simultaneously. However, most programs are evaluated according to a particular
strategy, i.e. a deterministic subset of a reduction relation specified by restricting the contexts in

which reduction steps may occur.

Definition 2.6 (Contexts). The set of contexts of the A-calculus is generated by the following
grammar:

Contexts: Cu=0| Ax.C|Ct|tC

The hole [J in a context acts as a placeholder for a term, and write C[t] for the A-term obtained by

plugging t into the unique hole of C, possibly capturing free variables of ¢.

Example 2.7 (Plugging Holes). Let C = Ax.O0Ay.y and t € A. The plugging of t into C is C[t] =
Ax.tAy.y.

Let R be the closure by some evaluation context C of the union of some finite set of reduction
rules S = {s1,...,s,}, and t and u be two terms. If t = C[ty] —r Clup] = u, such that ty s, uo,
we may write t — g,y u to highlight the underlying reduction step, or simply ¢ —, u whenever

+s;e8MiSi

R is clear from the context. If t —»g u in n; s;-steps, we may write t sy 1, or simply t —sg u,

whenever there is only one reduction rule.

Definition 2.8 (3-Reduction). The B-reduction is denoted by — g and defined as the closure by all

contexts C of the following rewriting step:
(Axt)u g t{x\u}

We call (Ax.t) u a B-redex and t{x \ u} a p-reduct, but may omit the f— prefix whenever it is clear

from context.

A keystone property of the A-calculus is that its reduction relation (B-reduction) is confluent,

i.e. if there are reduction sequences from any term t to two different terms u and r, then there
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are reduction sequences from u and r to some common term e. As a consequence, if a term has a
B-normal form, then it is unique.
Having established the core syntactic and reduction properties of the A-calculus, we next refine

its operational semantics to account for different evaluation orders.

Definition 2.9 (Syntactic f-Normal Forms). A term ¢t € A is said to be in f-normal form if there is
no other u € A, such that t —g u; in which case we write t /4. This notion can be characterized

by means of the following grammar:

Normal Forms: NO := Ax.NO | NE

Neutral Forms: NE := x € X | NENO

Proposition 2.10 (Characterization of B-Normal Forms). Let t € A. Then, t /g if and only if t € NO.

2.2 Call-By-Name and Call-By-Value

As presented thus far, the A-calculus (together with B-reduction) can be understood as a linguistic
abstraction for studying functions. Indeed, in 1937, Alan Turing showed that the class of functions
expressible in the A-calculus is exactly that of computable functions [61]. However, in order to make
the connection between the A-calculus and (functional) programming languages more precise,
three further refinements are usually considered: picking a reduction strategy; restricting reduction
to closed terms; and restricting reduction to occur only outside abstractions. The first refinement reflects
the fact that, since a term may contain several redexes, reducing these redexes in different orders
may yield different results*. The second refinement means that programs are closed A-terms i.e.
A-terms that do not contain any free variables. Finally, the third refinement is due to the fact that
most functional programming languages do not evaluate functions until they are called. There are
many such reduction strategies in the literature [60]. In this thesis, we are interested in the two
particular ones introduced in [62]: call-by-name (CBN) and call-by-value (CBV). From now on, we

work only with closed terms, unless stated otherwise.

Call-By-Name. Contexts are such that reduction steps can only occur outside of abstractions and

arguments, and reduction steps are only allowed to occur at operators.

Definition 2.11 (CBN Contexts). Let t € A.. The set of CBN contexts of the A-calculus is generated
by the following grammar:

CBN Contexts: N := [|Nt

xAlthough this is not the case for the pure A-calculus because p-reduction is confluent. However, once the syntax of
the A-calculus is extended with (certain) effectful operations, confluence will no longer hold.



2. Tue A-CaLcuLus 19

Definition 2.12 (CBN Reduction). The CBN reduction strategy is denoted by —cgy and defined over

closed terms as the closure by CBN contexts of rewriting step .

Example 2.13 (CBN Reduction). The following reduction sequence demonstrates that CBN reduction

always requires operators to be evaluated first and arquments are never evaluated:

((Ax.x) Ay.y) ((Ax.x) Ayy) —een (Ay.y) (Ax.x) Ay.y) —cen (Ax.x) Ay.y —>cen Ay.Y.

Let OO = (Ax.xx)Ax.xx. Clearly, QO —cpy Q) diverges. However, since CBN reduction does not

evaluate arguments, the following term has a finite reduction sequence:
(Ax.Ay.y) Q — ey Ay.y.

Call-By-Value. Contexts are such that reduction can only be performed outside of abstractions,
and rewriting step g is restricted so that it can only be performed if arguments are values, i.e.
variables or abstractions.

The set of values of the A-calculus is denoted by V. C A and generated by the following
grammar:

Values: v,w = x€ X | Ax.t

Note that V., = A, NV is the set of closed values.

Definition 2.14 (CBV Contexts). Lett € A, and v € V. The set of CBV contexts of the A-calculus

is generated by the following grammar:

CBV Contexts V == [O|Vt|oV

Definition 2.15 (CBV Reduction). The CBV reduction strategy is denoted by —cgy and defined over

closed terms (and values) as the closure by CBV contexts of the following rewriting step:
(Ax.t)v =g, t{x\ v}

Example 2.16 (CBV Reduction). The following reduction sequence demonstrates that CBV reduction,
besides requiring operators to be evaluated first (as in CBN), also requires arguments to be evaluated before

being consumed:

((Ax.x) Ay.y) ((Ax.x) Ayy) —eav (Ay.y) (Ax.x) Ayy) —cav (Ay.y) Ay.y —eev Ay-y.

Now, consider (Ax.Ay.y) Q) from Example 2.13. Since CBV reduction must evaluate Q) first, the whole

term diverges:

(/\X/\yy) (@) —>CBV ()\X)\yy) Q —>CBV °*
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The following proposition tells us that the sets of CBN- and CBV-normal forms coincide with the

set of closed values.

Proposition 2.17 (Characterization of CBN- and CBV-Normal Forms). The sets of CBN-normal forms

NOcgy and CBV-normal forms NOcgy are both the set of closed values V.

Notice that the sets of CBN- and CBV-normal forms coincide with that of closed values because we
are working with closed terms. When working with open terms, these sets of CBN- and CBV-normal
forms are different (see e.g. [44]).

The A-calculus provides a minimal and elegant framework for studying computation. However,
the operational strategies of interest to programming-language semantics—such as CBN and
CBV—require additional structure: evaluation order and resource consumption should be made
explicit; and it should be possible to distinguish between values and computations.

The next chapter introduces the A!-calculus, a formalism that captures both evaluation strategies

within a single unified framework.



Chapter 3

The A!-Calculus

The A-calculus can be understood as a simple syntactic and operational framework that can be
easily adapted to formalize distinct features of functional programming languages. In particular,
as we have seen in the previous section, the standard operational semantics of the A-calculus can
be adapted in order to match the reduction strategies adopted by most mainstream functional
programming languages: CBNx* and CBV evaluation. As it turns out, these two strategies have
quite different properties [62]. Indeed, while the CBN A-calculus has a rich and refined syntactic and
semantical theory [60], the CBV A-calculus does not enjoy an equally rich syntactic and semantical
theory [62]. However, it is well-known that both the CBN and the CBV A-calculi can be faithfully
translated into Linear Logic (LL) [34]. It was this fact that prompted the introduction of the A!-
calculus [35] as an intermediate formalism combining the conceptual simplicity of the A-calculus
and the operational expressiveness of LL proof nets. The A!-calculus can be viewed as an untyped
version of the purely functional implicative fragment of the Call-By-Push-Value (CBPV) calculus
introduced by Paul Levy [33, 65]. In this thesis, we are interested in the A!-calculus due to two
main reasons: first, it is a simple syntactic and operational framework subsuming both the CBN
and the CBV A-calculus; second, due to its roots in LL proof nets, it can be endowed with a very
simple denotational semantics based on LL that can be presented as a non-idempotent intersection
type system (see Chapter 4). We now continue by presenting the syntax of the A!-calculus, along
with some fundamental properties, mostly following [35]. All proofs for this chapter are collected

in Appendix B.

xTo be precise, most functional programming languages implementing CBN actually implement an optimized
version of CBN called Call-By-Need (CBNeed). Describing CBNeed is outside the scope of this thesis, so we recommend
the interested reader to take a look at [63, 64] for details.

21
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3.1 Syntax and Operational Semantics

Definition 3.1 (A!-Terms). Let X’ be a countable set of variables. The set of values and terms of the

Al-calculus are denoted by !V and !A, respectively, and generated by the following grammars:

Values: v,w = xeX |l
Terms: t,u,r,e = v|Ax.t|tu|der(t)
We call expressions of the form !t bang-terms and those of the form der(t) derelictions. In the

Al-calculus, bang and dereliction play the same role as thunk and force in the CBPV calculus [65],

i.e. bangs freeze computations, and derelictions allow frozen computations to continue.

The notions of free and bound variables, a-congruence, substitution, and contexts, are the

obvious extensions of those presented in Chapter 2 to bang-terms and derelictions.

Definition 3.2 (Closed A!-Terms). A term ¢ is said to be closed if and only if fv(t) = @. The
set of closed terms is denoted by !A., and the set of closed values, denoted by !V, is defined as

Vo :=1VNlA..

Notice that the A!-calculus can only encode CBN and CBYV if reduction is not allowed to occur

inside the bodies of abstractions or bang-terms.

Definition 3.3 (CBPV Contexts). Let t, Ax.u € !A,. The set of CBPV contexts of the Al-calculus is

generated by the following grammar:

CBPV Contexts: B := [J|Bt| (Ax.u)B |der(B)

Definition 3.4 (CBPV Reduction). The CBPV reduction strategy is denoted by —cgpy and defined

over closed terms (and values) as the closure by CBPV contexts of the following rewriting steps:

(Ax.t)o g, t{x\v}
der(!t) g, t

Example 3.5 (CBPV Reduction). The following reduction sequence demonstrates that CBPV reduction
not only requires operators to be evaluated first (as in both CBN and CBV), but also that arguments are

evaluated before being consumed (as in CBV):

((Ax.der(x)) Ay.y) ((Ax.x) IAy.y) —cev  der(Ay.y) ((Ax.x) 'Ay.y)
—apv  (Ayy) ((Ax.x)!1Ay.y)
—epev (Ay.y) 1Ay

—>CBPV '/\yy
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Definition 3.6 (Syntactic CBPV-Normal Forms). Let t, Ax.u € !A,. The set of CBPV-normal forms

can be characterized by the following grammar:

Normal Forms: NOcgpy ::= NAcppy | NBcapy

Bang or Neutral Forms: NAcgpy = !t | NEcgpy

Abstraction or Neutral Forms: NBcgpy ::= Ax.u | NEcgpy

Neutral Forms: NEegpy ::= (Ax.u)NBcppy | NAcgpy f | der(NBcgpy)

The following proposition tells us that the set of CBPV-normal forms is indeed characterized by

the grammar presented in Definition 3.6.

Proposition 3.7 (Characterization of CBPV-Normal Forms). Let t € !A.. Then, t /cgpy if and only if
t € NOcgpy.

As an untyped version of the CBPV calculus, it is natural for the Al-calculus to also clearly
distinguish between values and abstractions. Here, the distinction is based on the fact that values are
the only terms that can be duplicated, discarded and accessed through dereliction, and abstractions
are the only terms representing functions. These two sets of terms are disjoint and closed under
CBPV-reduction. However, there are some terms that “violate” this distinction: they apply a value
(which is not a function) to something else, or try to access an abstraction (which is not a value)
through a dereliction, or apply a function to an abstraction (which is not a value). We call such

terms clashes, and define them as follows.

Definition 3.8 (Clashes). A clash is a term having one of the forms:

vt der(Ax.t) t(Ax.u)

Clearly, clashes are operationally ill-formed terms, i.e. they are neither redexes nor represent
the result of a correct computation. For this reason, we are going to focus only on terms that do

not lead to a clash.

Definition 3.9 (Clash-Free Terms). A term is clash-free if it does not reduce to a term containing
a clash at top level, i.e. outside the scope of any lambda A or bang ! constructor. In other words,
a term t € !A is not clash-free if and only if there exist a CBPV context B and a clash u, such
that t —»cgpy B[u|. For example, (Ax.!x x) !Ay.y is not clash-free, because (!Ax.x) Ax.x is a clash, and

(Ax.!x x) IAy.y —cppy (IAx.x) Ax.x.

Definition 3.10 (Clash-Free CBPV-Normal Forms). The set of clash-free CBPV-normal forms of the
Al-calculus is NOSEL, := IV, U {Ax.t | Ax.t € 1AL}
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Proposition 3.11 (Characterization of Clash-Free CBPV-Normal Forms). Let t € !A,. Then, t #+>cgpy
and t is clash-free if and only if t € NOSE,y.

Notice that the definition of clash is a purely syntactical one, but that of clash-free terms is not.
However, as we will show later, the latter can be characterized via a non-idempotent intersection

type system (see Section 4.2).

3.2 Subsuming Call-By-Name and Call-By-Value

As mentioned in the introduction of this section, one of the reasons we are interested in the A!-
calculus is due to its ability to subsume both the CBN and the CBV A-calculus. The three most
relevant CBN and CBV translations in the literature are those in [35, 45, 66]. Here, we will adopt

those in [35], since they are the ones that most closely follow Levy’s original encodings in [65].

Definition 3.12 (Translations of Terms). Consider the following translations of terms of the A-

calculus to terms of the Al-calculus:

(OB A A (OB A — 1A
x +— der(x) X =X
Axt o Ax.(t)BY Ax.t = 1Ax.(t)<BY
tu > (t)BVI(u)BY tu —  der((t)) (u)Bv

Remark 3.13. As it turns out, due to CBPV-reduction not occurring under abstractions or bangs, the
CBN translation can only preserve reduction up to any pi-redexes that result from the translation.
For example,
(Ax.Ay.x) t —>cpyip) AY-L,
but
((Ax.Ay.x)t)BY = der(!Ax.!Ay.der(x)) !(+)BY
—epv(p)  (AxIAy.der(x)) !(H)
—cepy(p,) Ay-der(!(t)Y)
£ Dy
= (Ay.t)BY.

This well-known phenomenon that has been identified both in [32, 65] and [35]. In [32, 65],
this is dealt with by considering that some of the technical results for the CBN translation concern
not the function (-)CBN (which does not commute with substitution, in general), but a relation C%N

CBN

from CBN to CBPV terms. Informally, t < u means that u is (t)®" with possibly some extra

der(!(-))-redexes. In [35], this is dealt with by allowing all Bi-redexes to be removed, ie. by
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allowing Bi-steps to be fired under any context. Here, we will allow p;-steps to be fired under any

context by introducing the following administrative reduction relation.

Definition 3.14 (Administrative Contexts). Let t € !A. The set of administrative contexts of the

Al-calculus is generated by the following grammar:
A == AxO|!O|At|tA|Ax.A|!A|der(A)

Notice that administrative contexts only allow holes to occur under abstractions and bang-
terms, while CBPV contexts (see Definition 3.3) precisely do not, i.e. administrative and CBPV
contexts do not overlap. As such, the administrative reduction relation in Definition 3.15 can be
shown not to interfere with the CBPV reduction relation (see Lemma 3.16). Therefore, even when
the administrative and CBPV reduction relations are put together, it is still possible to distinguish

between fi-redexes fired inside administrative contexts from those fired outside those contexts.

Definition 3.15 (Administrative Reduction Relation). The administrative reduction relation is denoted

by —apmry and defined as the closure of Bi-steps by administrative contexts.

Remark that the well-formedness of terms is preserved by the administrative reduction relation
and that administrative steps never occur at top level.

At this point, what we would like to do is to extend CBPV-reduction with administrative
steps, as discussed in the paragraph after Definition 3.12. This can be done by simply defining a
new reduction relation — cppyuapnry that is the union of —cgpy and —> apury. However, this means
that administrative steps can be freely intertwined with CBPV-steps, thus we must ensure that
administrative steps do not interfere with CBPV-reduction in any significant way, with respect to
the CBN translation of terms. Indeed, given some term f, we must guarantee that, if no f,-step
can be performed in (), then it is also the case after applying any number of administrative

steps to (t)°EV

, 1.e. the CBN translation preserves normal forms, up-to the presence of Bi-redexes.
Crucially, this then means that the number of B-steps needed to CBN-normalize a term is preserved
by the CBN translation. We formalize this fact, i.e. that administrative steps do not create B,-steps,

as follows.

Lemma 3.16 (Non-Interference of Single Administrative Steps). Let t € Ao. If ()" 7> capv(p,) and
(£)BY — spwrw 1, then u 7> cgpy(p,)-

Corollary 3.17 (Non-Interference of Administrative Steps). Let t € Ao. If (1) Frcgpy(p,) and
(t)CBN — apuIn U, then u 7L>CBPV(ﬁv)'

Thus, we can define the following reduction relation safely.
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Definition 3.18 (Administrative CBPV Reduction Relations). Consider the CBPV reduction relation
—cgpy and the administrative reduction relation — ppyry. Then, —cppyuapyy is defined as the union

—cgpy U —apun, and —»cepyuapnry 1S its reflexive and transitive closure.

Theorem 3.19 (Correctness of Full Simulations). Lef t,u € A..

1. If t —cpy u, then ()Y —ﬁgi}tﬁ”,;ﬁﬁm (u)BY, for some m > 0

2. Ift —¥cpy u, then (t)Canﬁﬁtlz;g!(u)CBV,for some m > 0.
Going back to the example in Remark 3.13, we now have:

((Ax.Ay.x) t)BY = der(!Ax.IAy.der(x)) !(t)BN
—epv(p) (AxIAy.der(x)) !(H)
— CBPV(By) Ay.der(!(t)Y)
—sapmry Ay () BN

= (A,



Chapter 4

Non-Idempotent Intersection Types

Intersection Types. Intersection types were first introduced by Coppo and Dezani, in the late
1970s, to increase the typability power of simple type assignment systems [67, 68]. Intersection
types extend simple types with a new type constructor N, which allows for finite polymorphism.
Indeed, a term t is typable with A N B if and only if it is typable with both A and B, independently.
For example, if a variable x has type (A — A) N A, then xx has type A, and the B-strongly
normalizing* term Ax.x x, which is untypable in the simple system, becomes typable as (A —
A)N A — A. Among other things, intersection types can be used to characterize properties of
A-terms, such as solvability and normalization, as well as to describe models of the A-calculus [69, 70].

Intersection types are, at the same time, syntactic and semantic objects: they provide information
about the various roles played by a term at execution time. For comprehensive surveys, see [71-73];

here we focus on the non-idempotent variant relevant to quantitative semantics.

Non-Idempotent Intersection Types. Intersection types, as they were first introduced in the
1970s, enjoy the three basic algebraic properties of intersections: associativity (AN B)NC =
AN (BNC), commutativity (AN B = BN A), and in particular idempotency (AN A = A). How-
ever, as it turns out, there is a tight correspondence between the multiplicative connective of
LL [34] and non-idempotent intersection types. Indeed, non-idempotent intersection types and
Multiplicative Linear Logic (MLL) are very similar in how they track the use of resources: in the
non-idempotent setting, a term ¢ is typable with the type A; N ---N A, — B if and only if f uses
its argument n times. It was Gardner who first explored this connection in [1], by introducing the
first type system based on non-idempotent types in order to uncover needed reduction. Almost
contemporaneously, Kfoury [2] developed a non-idempotent intersection type discipline explicitly
aimed at tracking resource consumption, making the quantitative interpretation of type multiplic-

ities a central semantic feature. However, the connection between non-idempotent intersection

*A term t is B-strongly normalizing if there is no infinite B-reduction starting with ¢ [60].

27
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types and MLL can be made precise through the connections between intersection types and cat-
egorical semantics inspired by LL. The literature is vast (see [74, 75] for pointers), but a relatively
simple yet informative categorical model for the A-calculus is the Relational Model (MRel). This
model is able to provide good quantitative semantics to the A-calculus, in the sense of [76], and can be
presented as a non-idempotent type system [35, 66]: the relational semantics of a term ¢ turns out to
be just the set of conclusions of the type derivations of t. Indeed, it is now well understood that the
semantics induced by MRel corresponds to the non-idempotent type system of de Carvalho [3, 4],
where such a type system was used to obtain exact bounds on the number of B-reduction steps
and the size of f-normal forms for A-terms. Remark that associative, commutative and idempotent
intersections can be denoted by sets. Naturally, this means that non-idempotent intersections can be
denoted by multisets. We follow this convention throughout this thesis.

We start by formally introducing non-idempotent intersection types for the CBN, CBV and
CBPYV variants of the A-calculus presented in the previous chapters. All proofs for this chapter are

collected in Appendix C.

Definition 4.1 (CBN, CBV, and CBPV Types). Let I be a finite set. The sets of types for the CBN,
CBV, and CBPV A-calculi are denoted by Tycgy, TVcgy, and Tycgpy, respectively, and generated by

the following grammars:

CBN CBV CBPV
Types: Aus=xM— A A= M—=N A= «|M|M— A
Multi-Types: M = {Ai}ic M,N == {Ailier | M == {Ailicr,

where I denotes a countable set of indices.

We call x an answer, and M — A and M — N arrow-types.

The set of types for CBN and CBV are quite standard, and can be found in e.g. [35, 45]. The
set of types for CBPV is exactly the same as in [77]. Notice that, while in CBV any value (and thus
abstraction) can be typed with the empty multi-type {{ }}, in CBN and CBPV this is not the case.
Thus, it is necessary to introduce constant * as the type of any abstraction, in order to be able to
type any normal form.

In order to introduce the non-idempotent type systems for the CBN, CBV, and CBPV A-calculi,
we must first introduce some notations and definitions that will be adapted and extended through-

out this thesis.
Definition 4.2 (Typing Environments).

1. Typing environments are denoted by I', A and defined as functions from variables to multi-types

that assign the empty multi-type {{ }} to all but a finite set of variables.
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2. The domain of a typing environment I denoted by dom(I') and defined as dom(T') := {x | I'(x) #

{h}

3. The union of typing environments I and A is denoted by I' + A and defined as (I' + A)(x) :=
['(x) U A(x), where LI denotes multiset union. This notion is extended to a finite union of

environments, written +;c1I; (the empty environment is obtained when I = @).

We write T'\\ x for the environment (T'\\ x)(x) = { } and (T'\\ x)(y) = I'(y) if y # x, and we
write T;x : M forI' + (x : M), whenever x ¢ dom(T'). In particular, notice that ' and I'; x : {{ }} both

denote the same environment.

Definition 4.3 (Typing Judgments). Typing judgments are denoted by I' - t : A (resp. M) and,
whenever I' is empty, we write - t : A (resp. M) instead of @ - t : A (resp. M).

Definition 4.4 (Typing Rules). Typing rules are presented in the usual Gentzen-style layout: the
typing judgments on the top of the rule are called premises, and the unique typing judgment on
the bottom is called the conclusion.

Let T be the name of some type system. We write >1I' = ¢ : A (resp. M) if there is a type
derivation concluding with I' -t : A (resp. M) using the typing rules of T, in which case we say
that t is typable in T. We use letters ®, ¥, ... to name type derivations, by writing e.g. ®>rI' -t :
A (resp. M).

Definition 4.5 (Size of Type Derivations). Let ® be a type derivation in some type system T.
Moreover, let R = {ry,...,r,} be a subset of the set of all typing rules of T. We define #(®) as a
function that counts the number of occurrences of the typing rules R in ®. We may write the result
of #g(P) as a vector +,,crH; - i, where n; is the number of occurrences of rule 7; in @, or simply 7,

whenever there is only one typing rule in R.

Example 4.6 (Size of Type Derivations). Consider the following abstract type derivation P:

o R
2

Then, #, () =211, #,(P) =1 -1y, and #, ,,(®) =211 +1-1p.

4.1 Call-By-Name and Call-By-Value

In this section, we introduce the type system based on non-idempotent intersection types for the

CBN and CBV A-calculi.
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Definition 4.7 (CBN Type System). Recall the set of CBN types presented in Definition 4.1. The
CBN Type System N assigns CBN (multi-)types to A-terms and consists of the following typing

rules:
Ax r|_tA A
Ab ————F F ANS
v {A}Fx:A I\xkAxi:T(x) 5 A @FAxtix
THFt:M—A Abu:M (Ti bt Apier
App any
F + A |_ tu: A +l‘€Irl‘ l_ t: {{Al}}ZGI

Definition 4.8 (CBV Type System). Recall the set of CBV types presented in Definition 4.1. The
CBV Type System V assigns CBV (multi-)types to A-terms and consists of the following typing rules:
Ax (Tt Mj)ier Ab
x:MFx: M T\ x - - 0T g s
+ietli\ x = Axt o {Ti(x) = MiBier

rt:{M— N} Al—u:MA
I'+AFtu:N

pp

The differences between the CBN and CBV type systems can be understood through Girard’s
translations [34] of CBN and CBV into LL: in CBN all A-terms are duplicable, but in CBV only
values are duplicable. This can also be seen in Definition 3.12: the (-)BN translation puts a bang
in front of any argument, but the (-)BV translation only puts a bang in front of abstractions (i.e.
values). Moreover, we say that a term t € A is typable in N whenever it is typable with a type, and
typable in V whenever it is typable with a multi-type.

Just like their idempotent precursors, non-idempotent intersection types capture interesting
computational properties of the A-calculus. But they also grant a substantial improvement: they
provide quantitative measures about these properties. For example, typability in a type system
using non-idempotent intersections does not only characterize a qualitative property such as
termination for the A-calculus, but also provides quantitative information such as upper bounds
for the number of evaluation steps needed to reach a normal form. This shift of perspective, from
idempotent to non-idempotent intersection types, goes beyond lowering the logical complexity
of the proof: the quantitative information provided by typing derivations in the non-idempotent
setting unveils crucial quantitative relations between typing (statics) and reduction (dynamics) of
programs.

The quantitative aspects of type systems A and V are materialized in weighted versions of the
usual subject reduction and expansion properties. As usual, substitution and anti-substitution

lemmas must be proved, but the following weighted versions of these lemmas are necessary.
Lemma 4.9 (Weighted Substitution for CBN and CBV). Lett,u € A,andv € V.

1L IfooyTx: MEt: Aresp. N)and Yoo @ F u s M, then TIon T F t{x\ u} : A (resp. N),
such that #app (IT) = #app (P) + #app (V).
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2.If®oyx - MEt:Nand ¥y @ F v M, then Iy T F t{x \ v} : N, such that #,,,(I1) =
#app (D) + #app (7).

Example 4.10 (Weighted Substitution). Consider the open term z z.

Example for CBN:

Suppose we want to substitute the closed term (Ax.x) Ay.y for z. Let A = {x}} — x, ® be

oz A’;any
2 {A)rziA bz,
z:{Ax}Fzz:%

where #ppp () = 1, and ¥ be

_ AXx
y:{{*}}w:*Abs

X Ax —— Ans
x:{{A}}I—x:A FAyyA XZ{{*}}I‘X:* I—)\yy*
Abs ———— Many s ———————— Many
FAxx: {A} — A FAyy: {A} A FAxx: A FAyy s {x} A
pp pp
F(Axx)Ayy: A F(Ax.x) Ayy @ %
Many

F(Axx) Ayy : A, <}
where #p5,(Y) = 2. Notice that (zz){z \ (Ax.x) Ay.y} = ((Ax.x) Ay.y) ((Ax.x) Ay.y). By Lemma 4.9,
there is a derivation TI> N @ = ((Ax.x) Ay.y) ((Ax.x) Ay.y) : *, such that #app (IT) = #app (D) + #app (F).
Indeed, such a I1 can be built from ® and Y as follows:

: : : : Yoix
Y I TR TS Lo S T TE
x:{A}Fx: A FAyy:A FAxx: A FAyy s {x}
Abs —— 2~  Many App
FAxx: {A} — A FAyy: {A} A F(Ax.x) Ayy @ % .
an
F(Axx)Ayy: A op F (Axx) Ayy s {x} A Y
pp

F ((Ax.x) Ayy) (Ax.x) Ay.y) « *
since #app(IT) = 3 = #app (D) + #app ().

Example for CBV:

Suppose we want to substitute the closed value Ax.x for z. Let ® be

2 >z — ) " z:{pFz:{} 2:13
2} > B Fzz

where #ppp () = 1, and ¥

e
e (00— D)
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where #app(¥) = 0. Notice that (zz){z \ Ax.x} = (Ax.x) Ax.x. By Lemma 4.9, there is a derivation
1>y @ F (Axx) Ax.x : { ), such that #a5p(1T) = #app (P) + #app(Y). Indeed, such a I1 can be built
from ® and ¥ as follows:

Ax
o Ex R

Abs —— A
Faxx R - )Y FAaxx:{F
F(Axx) Axx: { B

bs
pp

since #app (IT) = 1 = #app (D) + #app (F).

Lemma 4.11 (Weighted Anti-Substitution for CBN and CBV). Lett € A, u € A, andv € V..

1. IfOoopaT Ft{x\u}: Aresp. M), then Yo T;x : Mt A(resp. M) and TIony @D - u = M,
such that #app (D) = #app (Y) + #app (I1).

2.If oy T FH{x\v} : N, then ¥y T;x: MEt: Nand 1oy @ = v @ M, such that #app(P) =
#app (¥) + #app (11).

Example 4.12 (Weighted Anti-Substitution Lemma for CBN and CBV).
Example for CBN:

Consider the closed term (zz){z \ (Ax.x) Ay.y} = ((Ax.x) Ay.y) ((Ax.x) Ay.y) from Example 4.10. Sup-
pose we want to extract (Ax.x) Ay.y from ((Ax.x) Ay.y) ((Ax.x) Ay.y). By Lemma 4.11, there is a way of
extracting type derivations for z zand (Ax.x) Ay.y from the type derivation for ((Ax.x) Ay.y) ((Ax.x) Ay.y).

Indeed, notice that derivations ® and ¥ can also be extracted back from I1 in Example 4.10.

Example for CBV:

Consider the closed term (zz){z \ Ax.x} = (Ax.x) Ax.x from Example 4.10. Suppose we want to extract
Ax.x from (Ax.x) Ax.x. By Lemma 4.11, there is a way of extracting type derivations for z z and Ax.x from
the type derivation for (Ax.x) Ax.x. In particular, notice that derivations ® and ¥ can also be extracted

back from IT in Example 4.10.

The weighted subject reduction and expansion properties follow from the above lemmas.
Lemma 4.13 (Weighted Subject Reduction for CBN and CBV). Let t,u € Ao.

1 Ift >y uand oy QF t: A, then thereis Y oy @ b u 2 A, such that #app () = #app (F) + 1.

2. Ift gy uand @y @kt 2 M, then there is ¥ >y @ - u : M, such that #app (P) = #app(F) + 1.
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Example 4.14 (Weighted Subject Reduction).

Example for CBN:

Consider the term (Az.zz) ((Ax.x) Ay.y). According to the CBN reduction strategy:

(Az.zz) ((Ax.x) Ayy) —emn(p) ((Axx) Ay.y) ((Ax.x) Ay.y).

Recall derivations ® and ¥ from Example 4.10. The following type derivation ®' is a type derivation for
(Az.zz) ((Ax.x) Ay.y):
Poyz: {AxfFzz:* b
s
OFAzzz: {Ax} — * Yok (Axx)Ayy: {A +} A
pp
Ot (Azzz) ((Ax.x) Ayy) @

such that #p,p(D') = #app(P) + #app(Y) + 1. By Lemma 4.13, there should be a type derivation
Y'ony@ F (Axx)Ayy) (Ax.x) Ay.y : *, such that #app(P') = #app(Y') + 1. Indeed, notice that
(Az.zz) (Axx) Ayy) = (zz){z \ (Ax.x) Ay.y}. So, we can take ¥’ = II from Example 4.10, since
H#app (D) = #app (D) + #app (V) + 1 = #app (I1).

Example for CBV:

Consider the term (Az.zz) Ax.x. According to the CBV reduction strategy:

(Az.zz) Ax.x —>cpy(p,) (Ax.x) Ax.x.

Recall derivations ® and ¥ from Example 4.10. The following type derivation ®' is a type derivation for
(Az.zz) Ax.x:

A A
R IR VRV T VIR Ve N
SO = O c {h ey

Ab
OoFAzzz: {3 > {3} - £} oF Axx: {{} — €38, °
OF (Azzz)Axx: { } PP

such that #p5p (D) = #app (D) + #app(¥Y) + 1. By Lemma 4.13, there is ¥/ >y @ = (Ax.x) Axx @ { }},
such that #y,p (D) = #app (Y') + 1. Indeed, notice that (Az.zz) Ax.x = (zz){z \ Ax.x}. So, we can take
Y’ = I1 from Example 4.10, since #app(P’) = #app (P) + #app(F) + 1 = #app (I1).
Lemma 4.15 (Weighted Subject Expansion for CBN and CBV). Let t,u € A..

1 Ift >cgyuand oy Qb u: A, then thereis Yoy @ t 1 A, such that #app () + 1 = #app (F).

2. Ift gy uand ®>y @ u : M, then there is ¥ >y @ &t : M, such that #app (P) + 1 = #app (F).



34 A QuaNTITATIVE STUDY OF HIGHER-ORDER COMPUTATIONS WITH EFFECTS

Example 4.16 (Weighted Subject Expansion).
Example for CBN:
Recall the CBN reduction step in Example 4.14:

(Az.zz) ((Ax.x) Ay.y) — CBN(B) ((Ax.x) Ay.y) ((Ax.x) Ay.y),

and type derivation ¥’ for ((Ax.x) Ay.y) ((Ax.x) Ay.y):

: : : : Yok
o b Tyee o mb e g T oy
x:{AfFx: A FAyy: A FAxx: A FAyy s {x}
Abs ————— Many App
FAxx:{A} — A FAyy: {A} A F (Ax.x) Ayy @ %
a
F (Axrx) Ay A op ) Avy )

pp

F ((Ax.x) Ayy) (Ax.x) Ay.y) = *
where #app(¥') = 3. By Lemma 4.15, there is @' by @ F (Az.zz) ((Ax.x) Ay.y) : %, such that #,,,(F') +
1 = #app(P’). By Lemma 4.15, there is a way of using the information in ¥’ to build a type derivation
P’ for (Az.zz) ((Ax.x) Ay.y). In this case, this is guaranteed by Lemma 4.11, and @' is precisely the one
in Example 4.14, where #pp, (P') = 4.

Example for CBV:
Recall the CBV reduction step in Example 4.14:

(Az.zz) Ax.x —epyp,) (Ax.x) Axx,

and type derivation ¥’ for (Ax.x) Ax.x:

Ax
o Exc{}

Abs ——— A
Faxxc{{E - {3 A
F(Axx)Axx: { B

bs

pp

where #app (Y') = 1. By Lemma 4.15, there is ' by @ b (Azzz) Ax.x : { }}, such that #5p, (YY) +1 =
#app (P'). By Lemma 4.15, there is a way of using the information in ¥’ to build a type derivation @' for
(Az.zz) ((Ax.x) Ay.y). In this case, this is also guaranteed by Lemma 4.11, and @' is precisely the one
in Example 4.14, where #ppp (') = 2.

Finally, the only thing left to prove to show soundness and completeness for CBN and CBV is

that all normal forms are typable. This is made precise by the following lemma.

Lemma 4.17 (Typability of CBN- and CBV-Normal Forms). If t € V., then there is a derivation
DDA (resp. v) O F 1 A (resp. M).
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Remark 4.18. The proof schema seen so far is quite standard and will serve as a template for
showing similar properties for all the type systems and reduction strategies appearing in this

thesis. Therefore, we are going to enumerate the steps here:
e Normal Forms:
- Prove that all normal forms are typable (TNFs);
e Soundness:

- Prove a weighted version of the substitution lemma (WSL);
— Use WSL to prove a weighted version of the subject reduction property (WSR);

— Use WSR to prove that typability is sound with respect to normalization.
e Completeness:

- Prove a weighted version of the anti-substitution lemma (WASL);
- Use WASL to prove a weighted version of the subject expansion property (WSE);

— Use TNFs and WSE to prove that typability is complete with respect to normalization.

Soundness Normal Forms Completeness
WSL TNFs WASL
(weighted substitution lemma) (all normal forms are typable) (weighted anti-substitution lemma)
Y Y
WSR WSE
(weighted subject reduction) (weighted subject expansion)
Y Y
Soundness Completeness
(typability = normalization) o (normalization = typability)

Now, we are able to prove that N-(resp. V-)typabilty is sound and complete with respect to

CBN-(resp. CBV-)normalization.
Theorem 4.19 (Soundness and Completeness for CBN and CBV). Let t € A,. Then, t is:

1. N-typable if and only if t CBN-normalizes to some term u € NOcgy. Moreover, if @D &t : A, then

t %?HCBN u and #App (CI)) > n.
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2. V-typable if and only if t CBV-normalizes to some term u € NOcgy. Moreover, if ® >y @D =t : M, then

t —Scpy u and #ypp(P) > 1.

Proof. The proofs for both statements follow the same overall structure. The (=) direction holds
by a weighted version of subject reduction (see Lemma 4.13), and the (<) direction holds by
the typability of normal forms (see Lemma 4.17) and a weighted version of subject expansion
(see Lemma 4.15). The “moreover” statements easily hold by the weighted nature of the subject

reduction and expansion statements. O

Example 4.20 (Soudness and Completeness).

Example for CBN:

Recall term (Az.zz) ((Ax.x) Ay.y) from Example 4.14 and its type derivation @' of size #ppp(P') = 4.
Notice that (Az.zz) ((Ax.x) Ay.y) CBN-normalizes to Ay.y € NOcgy in 4 B-steps:

(Az.zz) (Axx) Ayy) —enp) (Axx) Ayy) ((Axx) Ay.y)
—enp)  (Ayy) ((Ax.x) Ay.y)
—enp) (Ax.x)Ayy
—CBN(B) Ay.y.

Example for CBV:

Recall term (Az.zz) Ax.x from Example 4.14 and its type derivation ®' of size #app (P’) = 2. Notice that

(Az.zz) Ax.x CBV-normalizes to Ax.x € NOcgy it 2 By-steps:

(Azzz) Axx  —eyp,) (Axx)Axx

_>CBV(ﬁV) Ax.x.

4.2 Subsuming Call-By-Name and Call-By-Value

In this section, we introduce a type system based on non-idempotent intersection types for the

Al-calculus.

Definition 4.21 (CBPV Type System). Recall the set of CBPV types presented in Definition 4.1. The
CBPV Type System P assigns CBPV (multi-)types to A!-terms and consists of the following typing

rules:

- @ Ax Fl—tA AbS _  Ans
x:MkEFx: M T\ xF Ax.t:T(x) = A D Ax.t:x
THFt:M—> A Abu:M (TiEt: Aj)icr r-t: {A}

Ap B Der

p 9 T .
Fr+AkFtu:A +ietli B {AiYier I'der(t): A
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The exact quantitative soundness and completeness of type system P with respect to CBPV-
normalization is shown by following the proof schema in Remark 4.18. However, since the
introduction of ! leads to clashes, CBPV-normalization is restricted to clash-free normal forms. This
means that the third point of the proof schema in Remark 4.18 must be restricted to clash-free

normal forms, i.e. clash-free normal forms are the only typable normal forms.

Lemma 4.22 (Typability of Clash-Free CBPV-Normal Forms). If t € NOSE,y, then there is a derivation
Opp DEt:A.

Moreover, since we are only interested in clash-free CBPV-normalization (i.e. ending in a clash-
free normal form), we must prove that that all typable terms are clash-free, i.e. normalize to a

clash-free CBPV normal form.
Lemma 4.23 (Typability Implies Clash-Freeness). Let t € !A.. If ®>p D =t : A, then t is clash-free.
In fact, we can show that P-typability captures the clash-freeness of CBPV-normal forms.

Lemma 4.24 (Typability Characterizes Clash-Free CBPV-Normal Forms). Let t € !A,. Then, t €
NOSEpy if and only if t € NOcgpy and t is P-typable.

Remark 4.25. In sum, the proof schema in Remark 4.18 for CBN and CBV can be adapted to CBPV

as follows:
e Clash-Free Normal Forms

— Prove that all clash-free normal forms are typable (TCFNFs)

— Prove that typability implies clash-freeness (TICF);

— Use TCENFs and TICF to prove that typability characterizes clash-free normal forms (TC-
CFNFs);

e Soundness

— Prove a weighted version of the substitution lemma (WSL);
— Use WSL to prove a weighted version of the subject reduction property (WSR);

— Use TCCFNFs and WSR to prove that typability is sound with respect to normalization.
e Completeness

- Prove a weighted version of the anti-substitution lemma (WASL);
— Use WASL to prove a weighted version of the subject expansion property (WSE);

— Use TCCFNFs and WSE to prove that typability is complete with respect to normalization.
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Soundness Clash-Free Normal Forms Completeness
WSL TCFENFs WASL
(weighted substitution lemma) (clash-free normal forms are typable) (weighted anti-substitution lemma)
Y Y \ 4
WSR TCCFNFs WSE
(weighted subject reduction) (typability characterizes (weighted subject expansion)
clash-free normal forms)

A
Y Y
Soundness P Completeness
(typability = normalization) h TICF g (normalization = typability)

(typability = clash-freeness)

Now, we are able to prove that P-typability is sound and complete with respect to clash-free
CBPV-normalization. Again, we include the proof in order to illustrate the general reasoning used

in the last point of Remark 4.25.

Theorem 4.26 (Soundness and Completeness for CBPV). Let t € !A.. Then, t is P-typable if and only
if t CBPV-normalizes to a term u € NOSpy. Moreover, if ®>p @ - t 1 A is a (not necessarily tight) type

. . : v+ Pt
derivation, then t"—ﬁ»c’;},ﬁ ‘u and #ppp per (P) > n - App + m - Der.

Proof. The soundness proof (=) is straightforward by Proposition 3.7 and Lemmas 4.24 and C.4.
The completeness proof (<) is obtained by induction on the length of the CBPV-normalizing

sequence:

e Case n+ m = 0. Then, since u € NO&E,y, we know that u is P-typable by Lemma 4.24.

n—1-By+m-py n-By+m—1-p A
_ECBPV 7 —>cppy U Or t —>CBPV v —cBpv U. Notice that,

e Casen+m = k+ 1. Then, ¢t
by Lemma 4.24, u is P-typable. By applying the i.h. to k = n+m — 1, we know r is P-typable.

Therefore, t is P-typable by Lemma C.6.

The “moreover” statement easily holds by the “weightedness” of the subject reduction and expan-

sion statements. O

We now show that the translations in Definition 3.12 are also sound and complete with respect
to P-typability.
At this point, it should be stressed that the weights are related to the number of steps needed

to normalize terms. Indeed, in CBN and CBYV, the weight of a type derivation is the number of
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occurrences of rule App; in CBPYV, it is the number of occurrences of rules App and Der. As per
the soundness and completeness of the system, we know that these weights are upper-bounds on
the length of normalization sequences. Since the translations on terms preserve the number of S-
and By-steps, typability should therefore be not only sound and complete with respect to these

translations, but should also reflect this preservation at the level of typing weights.
Theorem 4.27 (Soundness and Completeness of Translations). Let t € A. Then
1. &>y Tt Aifandonly if Yop T H (£)BY 0 A, Moreover, #app (P) = #app (V).
2. @y THt: Mifand only if Y op T F (8)BY : M. Moreover, #apy (D) = #app (F).

As we have already mentioned, and can be seen in all subject reduction and expansion state-
ments above, weights only give us upper-bounds on the length of normalization sequences. This
is due to the fact that typability, as it is defined now for CBN, CBV and CBPV, does not guarantee

that type derivation for (clash-free) normal forms have zero weight.

Example 4.28 (Type Derivations for Normal Forms). In CBN and CBYV, the following are all admissible

type derivations for Ax.x x:

y

x;{{{{}}—w}}w:{{}}—>*AX W‘E::
R} oA
Py Axxx: {{} = *} =«

v o O (o () @Fx ) ipp
O - O ey
@ Axxx: () = () — (1)

In CBPV, the following is an admissible type derivation for Ax.x !x:

x:{{{{}}—>*}}|_x3{{}}_>*Ax Wisp

x:{{} = +FFxlx:x
pp@ b Axxlx: {{} =+ =«

All of them have an occurrence of rule App, even though Ax.x x is irreducible in all strategies. Howeuver,

Ax.x x also has the following admissible type derivations in CBN and CBV:

bs

Ans A
DD E Axxx:* py@ F Axxx: { }

And the following type derivations in CBPV:

Ans

Dp@D F Ax.xlx %

As it turns out, this can be refined via tight typings [5, 12].
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4.3 Tight Typings

Following the pioneering work by Gardner and Kfoury [1, 2] and the previously mentioned work
by de Carvalho [3, 4], non-idempotent intersection types have been extensively used to reason
about programs from a quantitative point of view [6, 13, 16, 43, 45, 47, 78-81]. However, some
care has to be taken in order to obtain good measures. More specifically, to measure the length
of evaluation of a term, it is necessary to consider only minimal typings, i.e. the smallest typing
derivations. In [5, 12], this is done by introducing the key notion of tightness for type derivations:.
Very succinctly, minimal type derivations are obtained by imposing tightness conditions on the

typing of the final judgment of type derivations.

Definition 4.29 (Tight Typings for CBN, CBV, and CBPV). Let t € A, and u € !A.. A type

derivation ® is tight if and only if it is of the form:
e Oy DF T
e Oyt { .
e Oop Dl u:xor®op@tu: {}.

Intuitively, tight derivations are those whose final judgment forces the typing to reflect only
computationally relevant structure, excluding administrative or persistent resources.
Now, by restricting type derivations to be tight, we can prove that having type derivations with

zero weight is a characteristic of (clash-free) normal forms.

Lemma 4.30 (Zero Weight Tight Type Derivations Characterize (Clash-Free) Normal Forms). Let
t e Aoand u € 'A..

1. IfOon @t Als tight, then #p5,(P) = 0 if and only if t € NOcgy.

2. If ®y @t Mis tight, then #xpp () = 0 if and only if t € NOcgy.

3. IfOp @t u: Ais tight, then #appper (P) = 0 App + 0 - Der if and only if u € NOEpy.
Moreover, we can also show that all normal forms are typable with tight type derivations.

Example 4.31 (Zero Weight Tight Type Derivations for (Clash-Free) Normal Forms). Recall the
following type derivation for CBN-, CBV-, and CBPV-normal forms, in Example 4.28:

Ans Ans

Abs
DAD F Axxx py@FAxxx: { } >p@ = Ax.xlx

+In this thesis we are going to focus only on closed terms, therefore the size explosion problem (see [82] for details)
does not apply. However, it should be noted that, in [5, 12], the size explosion problem is solved by splitting the set
of typing rules so that terms that disappear during evaluation (consumed) and terms that remain in the normal form
(persistent) are typed differently.
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Notice that all of these type derivations have no occurrences of rules App (for CBN, CBV, and CBPV) or Der
(for CBPV). Thus, all of these have size (weight) zero.

Lemma 4.32 (Tight Typability of (Clash-Free) Normal Forms). Let t € A, and u € 'A..
1. Ift € NOcgy, then thereis D> @ =t : A tight.
2. Ift € NOcgy, then there is @ >y @ =t : M tight.
3. Ift € NO&py, then there is @ >p @ b u : A tight.

By restricting to tight derivations, the quantitative measures become exact: the number of rule
applications corresponds precisely to the number of reduction steps.
We can now state exact soundness and completeness results, where the size of a tight derivation

exactly matches the length of the normalization sequence.
Theorem 4.33 (Exact Soundness and Completeness for CBN and CBV). Let t € A.. Then, t is:

1. N-typable if and only if t CBN-normalizes to a term u € NOcgy. Moreover, if ® > D & t 2 A is tight,

then t —5 gy u and Happ (P) = n.

2. V-typable if and only if t CBV-normalizes to a term u € NOcgy. Moreover, if ® >y @ =t : M is tight,

then t —cpy t and #app (®) = n.

Example 4.34 (Exact Soundness and Completeness for CBN and CBV). Recall the terms in Exam-

ple 4.20, as well as their respective type derivations:

Doy D (Azzz) (Axx)Ayy) i x Py O F (Azzz)Axx: { }

Notice that both @1 and @, are tight. As it turns out, this is why the size of ®1 coincides with the length of
the CBN-normalization sequence for (Az.z z) ((Ax.x) Ay.y), and similarly with respect to the size of ®, and

the length of the CBV-normalization sequence for (Az.zz) Ax.x.

Theorem 4.35 (Exact Soundness and Completeness for CBPV). Let t € 'A.. Then, t is P-typable if

. . . . . Byt+m-f
and only if t CBPV-normalizes to a term u € NOSEy. Moreover, if ® >p @ &t : A is tight, then tn&cg;{’f u

and #app per (P) = 1 - App + m - Der.

Example 4.36 (Exact Soundness and Completeness for CBPV). Recall the CBPV reduction sequences

in Example 3.5:

3. N 1. !
((Ax.der(x)) Ay.y) ((Ax.x) IAy.y) iapg Ay.y,
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where I\y.y € NOShpy. Let A= { | — { }}, and P be:

CAAY A vy N
x:{A} Fder(x): A Abs FAyy: A By x:{{}}l—x:{{}}AS Bg
FAxder(x): {A} — A Fidyy {AR App FAxx: A Fidyy B App
@t (Ax.der(x))Ayy: A OF (Axx)A\yy:{} A
@t ((Ax.der(x)) Ayy) (Axx)Ayy) - £ }

Notice that @ is tight, and #app per (®) = 3 - App + 1 - Der. Thus, this derivation respects Theorem 4.35.

Finally, by Theorem 4.27, we can also conclude that the translations provide an exact corre-
spondence between the length of normalizing sequences in CBN and CBV, and in CBPV.
In sum, tight typability and exact soundness and completeness are obtained by slightly tweaking

the proof schemas in Remarks 4.18 and 4.25 as follows.
Remark 4.37 (Proof Schema for CBN and CBV). We refine the proof schema for CBN and CBV
in Remark 4.18 as follows:

e Normal Forms:

— Prove that all normal forms are tightly typable (TTNFs);
- Prove that having tight type derivations with zero weight is a characteristic of normal forms
(TTNFsZW)

e Exact Soundness:

— Prove a weighted version of the substitution lemma (WSL);

— Use WSL to prove a weighted version of the subject reduction property (WSR);

- Use TTNFsZW and WSR to prove that typability is sound and exact with respect to
normalization.

e Exact Completeness:

- Prove a weighted version of the anti-substitution lemma (WASL);
— Use WASL to prove a weighted version of the subject expansion property (WSE);

— Use TTNFs and TTNFsZW, and WSE to prove that typability is complete and exact with

respect to normalization.
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We summarize the refined proof dependencies using the following diagrams:

Exact Soundness Normal Forms Exact Completeness
WSL TTNFs WASL
(weighted substitution lemma) (all normal forms are (weighted anti-substitution lemma)
tightly typable)
Y Y
WSR WSE
(weighted subject reduction) TTNFsZW (weighted subject expansion)

(tight derivations with

zero weight iff normal form)

Y Y
Soundness Completeness
(typability = normalization) g (normalization = typability)

Remark 4.38 (Proof Schema for CBPV). We refine the proof schema for CBPV in Remark 4.25 as

follows:
e Clash-Free Normal Forms

— Prove that all clash-free normal forms are tightly typable (TTCFNFs)

— Prove that having tight type derivations with zero weight is a characteristic of clash-free

normal forms (TTCFENFsZW);

— Prove that typability implies clash-freeness (TICF);

— Use TTCENFs and TICF to prove that tight typability characterizes clash-free normal forms
(TTCCENFs);

e Exact Soundness

— Prove a weighted version of the substitution lemma (WSL);

— Use WSL to prove a weighted version of the subject reduction property (WSR);

— Use TTCCFNFsZW and WSR to prove that typability is sound with respect to normal-
ization.

e Exact Completeness

— Prove a weighted version of the anti-substitution lemma (WASL);
— Use WASL to prove a weighted version of the subject expansion property (WSE);

— Use TTCCENFs, TTCFNFsZW, and WSE to prove that typability is complete with respect

to normalization.
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Soundness Clash-Free Normal Forms Completeness
WSL TTCEFNFs WASL
(weighted substitution lemma) (clash-free normal forms (weighted anti-substitution lemma)
are tightly typable)
Y Y
WSR WSE
(weighted subject reduction) TTCCFNFs (weighted subject expansion)

(tight typability characterizes

clash-free normal forms)

Y Y
Soundness A Completeness
(typability = normalization) g (normalization = typability)
A TICF A

(typability = clash-freeness)

TTCFNFsZW

(tight derivations with

zero weight iff clash-free normal form)




Chapter 5

Monads and Algebraic Operations

In [31, 83], Moggi gave a unified account of computational effects as strong monads. However,
monads only describe the structure of effectful computations abstractly, they do not by themselves
specify the primitive operations that generate effects. To do so, Plotkin and Power suggested the
representation of effects by equational theories [37, 84, 85]. Intuitively, an effect can be seen as
a branching point in the execution of a program where each possible outcome corresponds to a
different branch. The source of an effect is represented by an operation whose arity is the num-
ber of possible outcomes and whose arguments represent the branches. The properties of those
sources are then described by equations between terms built using the corresponding operations.
Almost all computational effects have such a representation, such as partiality, nondeterminism,
input, output, and state. An example of a non-algebraic, yet monadic effect [86] is that of continu-
ations [87], whereas (exception) handlers [88] are an example of non-algebraic, yet natural effects.
The algebraic approach to computational effects has been quite successful: it gave an elegant
denotational semantics of effectful programs in terms of Lawvere theories [84], showed how it
induces the usual monadic understanding of effects [37], and provided simple ways of combining
effects [89]. In this section, we introduce monads and algebraic operations both abstractly and
through examples of monads modeling concrete computational effects.

This chapter proceeds as follows. We first recall monads and Kleisli categories, then introduce
algebraic theories and their free models. We explain how algebraic theories induce monads and

comonads, and finally describe comodel-based operational semantics.

5.1 Monads

In order to interpret a programming language in a category C, Moggi distinguishes between the
object X of values (of type X) from the object T X of computations (of type X), and takes as denotations

of programs (of type X) the elements of TX. Moggi calls T a notion of computation, since it abstracts

45
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away from the type of values computations may produce. It turns out that there are many choices
for TX corresponding to different notions of computations. But rather than focusing on a specific
T, Moggi focuses instead on finding the general properties common to all notions of computation.
As it turns out, the only requirement that needs to be imposed is that programs should form a

category.
Definition 5.1 (Category). A category C consists of:
e a collection obj(C) of objects;
e for each pair of objects x,y € obj(C), a collection C(x,y) of morphisms from x to y;

e for each pair of morphisms f € C(x,y) and g € C(y,z), a morphism go f € C(x,z), called

their composition;
e for each object x € obj(C), a morphism id, € C(x, x), called the identity morphism on x;
such that the following properties hold:

e Associativity: forall w,x,y,z € obj(C) and h € C(w,x), g € C(x,y), f € C(y,z),
(fog)oh=fo(goh).

e Unit laws: for all x,y € obj(C) and f € C(x,y),
idyo f = f = foid,.

For example, in the category called Set of sets and functions, objects are sets, morphisms are
(total) functions. Composition is given by ordinary function composition, the identity morphism
on a set is the identity function, and the associativity and unit laws follow directly from the

corresponding properties of function composition.

Definition 5.2 (Kleisli Triple). A Kleisli triple over a category C is a triple T = (T, 7, -+), consisting
of:

e Amap T : obj(C) — obj(C) over objects of C, called the carrier of T;
e A C-object-indexed family 7 of morphisms #7x : X — T(X), called the unit of T on X;

e An operation " mapping a C-morphism f : X — TY to fT : TX — TY, called the Kleisli

extension of f.
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Let f: X = TY and g : Y — TZ. Then, the above data must satisfy the following identities:

nx' = Idrx
flonx = f
ghoft = (stof)

Kleisli triples are in bijective correspondence with monads [90]. Throughout this thesis, we
will therefore use the terms Kleisli triple and monad interchangeably.

Moreover, we work exclusively in the category Set. In particular, every monad is strong, and we
can freely pass between the Kleisli and Eilenberg-Moore presentations without further comment
(see [90] for details).

Given a Kleisli triple T = (T, 7, -1), the corresponding monad (T, 7, 1) defined as follows:

T(f) (7x o )"

,uX = (Ide)+.

Conversely, given a monad (T,7, i), the Kleisli extension of a morphism f : X — T(Y) is

defined by:
ffi=puyoTf.

The Kleisli construction gives rise to a category whose morphisms represent effectful programs.

Definition 5.3 (Kleisli Category). Given a Kleisli triple T = (T, 7, -") over C, the Kleisli category Cr

is defined as follows:
e The objects of Cr are those of C;
e The set Cr(X,Y) of morphisms from X to Y in Cr is C(X, TY);
e Theidentity on X in Crisyx : X — TX;
e The composition of morphisms f € Cr(X,Y)and g € Cr(Y,Z)inCrisg'of: X — TZ.

The amount of category theory used in this thesis is deliberately kept minimal. Neverthe-
less, categorical notions provide a convenient and precise vocabulary for describing the semantic
structures underlying effectful computation.

When dealing with an arbitrary monad, we are going to adopt the above notation. However,
whenever dealing with specific monads or with multiple monads at the same time, we are going
to adopt the notational convention in [91], as follows. Given a monad T = (T, 7, -+), we always
use a capital Latin letter to denote its carrier, whereas the name of the monad is given by the same
letter written in “blackboard style”. The unit of T will be denoted by T, i.e. with same letter used

to denote its carrier, but written in small capital style, whereas we use the notation - T in place of -*.
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5.2 Relevant Examples

We now give examples of monads modeling interesting notions of computation.

Example 5.4 (Partiality). Partial computations are modeled using the partiality monad M = (M, m, -M).
The carrier MX of M is defined as X + { L}, where L is a special symbol (not appearing in X) used to

denote diverging computations. The unit and Kleisli extension of M are defined as follows:

Mx(x) := ing(x)

fla)  ifx=im(x)

M) =
X ing(L) ifx =iny(Ll),

where f : X — MY is a function.

The following result by Hyland, Plotkin and Power [89], tells us that we can combine the
maybe monad with any other monad T using an operation on Lawvere theories [92, 93] that was

introduced to combine algebraic theories.

Proposition 5.5 (Proposition 3 of [91]). Let T = (T, t,-*) be a monad, and also TM = (TM, ™, -T™)
be the sum of T and M, defined as follows:

TMX := T(MX)
T™Mx = Mx,TMXx
M = (fa)”

where, for a function f : X — TMY, fu is defined as:

f(x) ifx=x

fm(x) = )
tmx(L)  ifx =L

Then, TIM is a monad.

Example 5.6 (Exceptions). Let £ be a set of exception symbols. The exception monad E = (E, g, -F)
over &€ has carrier E(X) = X + & (assuming that X N E = @). The unit and Kleisli extension of E are
defined as follows:
Ex(x) := ing(x)
e o L TW =i
iny(e) if x = ima(e),
where f : X — EY is a function. The exception monad models total computations that can raise exceptions.

It has the same structure as M, thus Proposition 5.5 also applies to E. In particular, partial computations

with exceptions can be modeled using the sum MIE.
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These examples anticipate the coalgebraic/comodel treatment introduced later.

Example 5.7 (Interactive Input). Let A be a given alphabet. The interactive input monad I = (I, 1, -!)
has carrier yZ.X + (A — Z), and the unit and Kleisli extension of I are defined as follows:

ix(x) == «x

f(x) if x = im(x)

flix) =
* iny(flog) ifx =imy(g).

The interactive input monad models total computations that depend on a finite stream of input. Indeed, we
can think of IX as the set of input-driven trees, with leaves labeled by values of type X, and internal nodes
branching on elements of A (i.e., waiting for input). Then, the unit maps a value x into the tree consisting
of only one leaf labelled with x, and the Kleisli extension computes the tree obtained by replacing the leaves

labelled by x of a given tree with the tree f(x). More precisely,
IX=X+(A—IX)

This is the canonical unfolding of the fixed point of the functor:
FZ)=X+(A—2Z)

So IX is the final coalgebra for functor F.

We can extend 1 to take into account divergent computations. To do so, we have to take into account
infinite streams of input. This is not just “partiality + input”. It is input-driven computation that may
diverge only through infinite interaction.

Let A® be the set of infinite strings over A. The partial interactive input monad I¢ = (I1¢, 1<, 1)
has carrier vZ.MX + (A — Z), and the unit and Kleisli extension of I are defined as follows:

ix(x) = ing(x)
f(x) if x = im (x)
M) = ing (L) if x =1ing(L)

iny(ff70g) ifx = ina(g).
The use of  enforces finiteness of interaction, while v allows infinite input streams and thus divergence.

Example 5.8 (Interactive Output). Let A be a given alphabet. The interactive output monad O =
(O, 0,-9) has carrier uZ.X + (A x Z), which is isomorphic to X x A*, where A* is the set of finite strings

over A. Let € denote the empty string, and uw the concatenation of u,w € A. The unit and Kleisli extension
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of O are defined as follows:
ox(x) = (x¢€)
fOlou) = (yuw)
where (w,y) = f(x). The interactive output monad models total computations with finite output. Indeed,
we can think of OX as the set of output traces, with leaves labeled by values of type X, and internal nodes
branching on elements of A (i.e., waiting for input).

We can also extend O to take into account divergent computations. To do so, we have to take into account
that divergent computations have infinite output. This is not just “partiality + output”. It is output-driven
computation that may diverge only through infinite interaction.

Let A=Y be the set of finite and infinite strings over A. Concatenation is extended to (possibly)
infinite strings by defining uw to be u if u is infinite. The partial interactive output monad O=¢ =

(0=, 0w, -‘Dsw) has carrier MX x A=Y, and the unit and Kleisli extension of O=% gre defined as follows:

ox(x) = (x¢€)

(y,uw) ifx =xand f(x) = (7, w)

fO= ) = ,
(Lou) ifx=1

The use of y enforces finiteness of interaction, while v allows infinite output traces and thus divergence.

Example 5.9 (Nondeterminism). Nondeterministic computations are modelled using the non-empty
powerset monad I = (F,F,-¥). The carrier FX of T is defined as {x C X | x # @}. The unit and

Kleisli extension of I are defined as follows:

Fx(x) = {x}
fEX) = Usep f(x):
Intuitively, set x € FX denotes the set of possible (nondeterministic) outcomes of a computation. It is
possible to model partial computations by considering the full powerset monad P = (P, p,-¥'), where P and
P are defined as for I, or by using F'IM, the sum I and M. In the former case, the empty set models purely

divergent computations, in the latter case, divergence is traced using the symbol L.

Example 5.10 (Global State). Let L be a set of location names and V) be a countable set of values. A state
is a function s : L — V and the set of states S is denoted by V*. The global state monad G = (G, ¢, %)

has carrier S — (X x §), and the unit and Kleisli extension of G are defined as follows:

Gx(x) = As.(x,s)
fE(g) = As.f(y)(q)
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where g(s) = (y,q). Informally, an element of GX is a function ¢ mapping a state s to a pair (configuration)
(y,9). Thatis, g is a computation that, starting with the initial state s, finishes with the final state q, and

returns the result y.

As for the sum of effects, the following result by Hyland, Plotkin and Power [89], tells us that

we can combine the global state monad with any monad T using the so-called tensor of effects.

Proposition 5.11 (Proposition 4 of [91]). Let T = (T,,-") be a monad, and T2 G = (T® G, T®
G, T8 be the tensor of T and G, defined as follows:

(T®G)X = S—T(XxS)
(T®G)X = A(TXXS)
Fre6(g) = As.(AT1F)T(9)(s)

where, for f : X — Y2 and g : Zx X — Y, we have A~ f : Zx X — Y and Ag : X — Y?. Then,
T ® G is a monad.

The restriction to algebraic operations will later play a crucial role in our quantitative analysis,

as it ensures that effectful steps correspond to uniform, locally generated costs.

5.3 Algebraic Operations

As we have seen in the previous section, monads provide a unified framework for modeling a
wide range of computational effects. However, as Plotkin and Power observed in their influential
series of papers [36, 37, 84], monads capture the structure of effectful computation, but they do not
provide an account of the primitives (operations) that produce such effects. To address this, Plotkin
and Power proposed describing computational effects algebraically via equational theories, where
operations denote effectful primitives and equations capture their meaning. As it turns out, many
familiar effects (including all of those discussed so far) are determined by appropriate algebraic

theories.

Definition 5.12 (Algebraic Signatures). A signature X is given by a set of operation symbols op;,
each associated with an operation signature consisting of a parameter set P; and an arity set A;, and

denoted by op; : P; ~~ A;.

We are going to consider that parameter and arity sets are at most countable, and write op; € %
instead of op; : P; ~» A; € L whenever the parameter and arity sets of op; are clear from the

context.

Definition 5.13 (Algebraic Terms). Let X be a countable set of variables. The set Treey X of

well-founded X-trees over X is defined inductively as follows:
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e Forevery x € X, returnx € Treey X, where tree leaves are labelled by return according to

their role as pure effectful computations (see Definition 5.21);

e For every operation symbol op; : P; ~» A; € L, parameter p € P;, and continuation

k: A; — Treey X, op;(p, k) € Treey X.

We will use the A-notation to denote continuations, and a,b,... € X to denote free variables
of algebraic theories.

An algebraic theory T = (X7,Eqs) is given by a signature X7 and a set of equations Eq
between X -trees.

Let 0 be the empty set @, 1 be a singleton set {x}, and 5 be the set of Booleans.
Example 5.14 (Partiality). The algebraic theory M for partiality is defined as follows:

Yy = {raise:1~0}
EqM = @.

Example 5.15 (Exception). Let & be a set of exceptions. The algebraic theory & for exception is defined as
follows:
Ye = {raise:&~~0}
Eqe = @.
Example 5.16 (Interactive Input). Let A be a set of inputs. The algebraic theory L for interactive input is
defined as follows:
Y7 := {input:1~~ A}
Eq; = @.
Example 5.17 (Interactive Output). Let A be a set of outputs. The algebraic theory O for interactive
output is defined as follows:
Yo := {output:.A4 -1}
Eqp = ©.
Example 5.18 (Nondeterminism). Let 3 be a set of Booleans. The algebraic theory F for finite non-empty

nondeterminism is defined as follows:

Yr = {choose:1~~ B}
choose(*,Aa.t) ~r tifa ¢ fv(t)
Eqr = choose(*, Aa.choose(*,Ab.t)) ~x choose(*, Ab.choose(x*,Aa.t))

choose(*,Aa.t) ~z choose(x,Ab.t{a\noth})

The algebraic theory presented above differs from the more standard join-semilattice presentation of

nondeterminism, in that branching is encoded using Boolean structure, yielding idempotence, commutativity,
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and involution via negation. Despite this difference in presentation, the resulting algebraic structure induces
a monad that is equivalent to the non-empty powerset monad on Set: Boolean combinations of outcomes
correspond to finite, non-empty sets of possible results, modulo the usual identifications given by idempotence
and commutativity. Thus, the expressive power is the same as in the standard semilattice-based approach,

while offering a formulation better aligned with the presentation of the other algebraic theories.

Example 5.19 (Global State). Let v,w € V, and 1,I' € L, such that | # I'. The algebraic theory G for
global state is defined as follows:

Yg = {get: L~ V,set:L xV 1}
get(l, Aa.

get(l, Aa.set((l,a), Ab.t
get(l, Ab.get (I, Aa.t

t) ~g tifa¢ fv(t)

)

)
set((l,v), Aa.get(l,Ab.t)

)

)

)

)

)

) ~g tifagdfv(t)

) ~g get(l,Aa.t{b\ a})

) ~g set((l,v),Aa.t{b\v})
) ~g set((l,w),Ab.t)
)

)

)

Eq; = E

~g get(l',Ab.get(l, Aa.t))
et(
et(

set((l,v), Aa.set((l,w), Ab.t
get(l, Aa.get(l', Ab.t
get(l,Aa.set((I',v), Ab.t

\ set((I,v),Aa.set((I',w), Ab.t

I',v),Ab.get(l,Aa.t))
I',w), Ab.set((l,v), Aa.t))

(
~g (
Definition 5.20 (Models of Algebraic Theories). Let 7 = (X7, Eq;) be some algebraic theory. A
Yr-algebra I is a pair (|I|,I) between:

e A carrier set |I|;
e A set of interpretation functions I = {[op;]1 : P; X (A; — |I|) — |I| | op; : P; ~> A; € L7}

Y.7-algebras can be extended to X.7-trees. Let t € Treey X. Then, [t]; : (X — |I|) — |I]is

defined inductively over the structure of t as follows:

[returnx];:= Af.f x [op;i(p, ®)]1 := Af.[Jopi]1(p, Aa.[x a]z f)

An equation t ~7 u € Eqy is said to be valid for I whenever [t]; = [u]:. A T-algebra (or

T-model) M is a Y.7-algebra that validates all the equations in Eq.

Definition 5.21 (Free Models of Algebraic Theories). Let 7 be an algebraic theory and X a set. The
free T-model, also called the free T-algebra, generated by X is a model M together with a function
nx : X — |M|, such that, for every 7-model M’ and every function f : X — || there is a unique
T-homomorphism f : M — M, such that f = f o 57x.

As it turns out, every algebraic theory has a free 7-model FX generated by an arbitrary set X.

The carrier of Fr X is Treey, X/ ~, i.e. Treey, X quotiented by the X7-congruence ~7 generated
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by Eq . Let []7 be the equivalence class induced by ~7. Then, each op; : P; ~ A; € L7 is

interpreted in F7X as the following function:

lopiJe,x : Pi x (Ai = [FrX]) — [FrX]
(p,x) — [opi(p,x)|T

The function 17x : X — F7X is defined as follows:
nx(x) = [returnx].

The key insight of [37] is that many effects (monads) are determined by algebraic theories
(notions of computation). Indeed, an algebraic theory 7 defines a unique monad T whose T-
algebras are essentially the same as 7 -models, and any monad corresponds to at most one algebraic

theory in this fashion.

Example 5.22 (Partiality). It is usual to consider that the partiality monad IM comes without any operations.
This is due to divergence being an implicit feature of any Turing complete programming language. However,
it is sometimes useful to consider an explicit divergence operation, e.g. to allow partial computations in a
total programming language. As such, we will consider the functor IM to be induced by the partiality monad

M, as defined in Example 5.14. The interpretation of the unique operation on IM is as follows:
[raiselp:1x (@ — X+{Ll}) — X+{L}
(%,x) = inp(L),
since® — X+ {1} =Q.
Example 5.23 (Exception). The exception monad I is induced by £, as defined in Example 5.15. Its

unique operation is the same as the one for M, but it is parameterized by the set of exception symbols . The

interpretation on IE is as follows:

[raise]p: EX (@ = X+E) — X+€&
(e,x) — iny(e),
since®@ -+ X+ & = Q.

As it turns out, it is possible to generalize Proposition 5.5 to X7-algebraic monads, i.e. a monad

whose carrier functor is the free model functor of some algebraic theory.

*The sizes of the arity sets require some care here. Since £ may contain operations of infinite arity (such as
input, of arity A, or get, of arity V), the inductive definition of Treey, X in Definition 5.13 does not close at stage w: it
closes at the first regular cardinal strictly above all arities occurring in X7 (w; when all arities are countable). Such a
bound always exists because Definition 5.12 takes %7 to be a set of operation symbols, each with a set as its arity; hence
Treey . X is a set and the quotient below is well defined [94]. Some bound is essential: for signatures with operations of
unbounded arity, free models may not exist. In particular, there is no free complete Boolean algebra on countably many
generators [95, 96].
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Proposition 5.24 (Proposition 5 of [91]). Let T = (T, 1, ') be a Z7-algebraic monad. Then, the monad
TIE is X7 g-algebraic.

Example 5.25 (Interactive Input). The total I and partial I interactive input monads are both induced

by Z, as defined in Example 5.16. The interpretation on I and I* are as follows:

[input]y: 1 x (A= pZX+(A—2)) — uZX+(A—2)
(%,x) — inp(x),

[input]pe : 1 X (A - vZ.MX+ (A — Z)) — vZMX+(A— 2)
(%,x) +— imp(x).

Example 5.26 (Interactive Output). The total O and partial O interactive output monads are both

induced by O, as defined in Example 5.17. The interpretation on O is as follows:

[output]p: A x (1 = X x A*) — Xx A*

(a,x) — (x,aw),

where kx = (x,w). Notice that, for f(x) = (y,u), fi(x,aw) = (y,(aw)u) = (y,a(wu)) =
[output]o(a, T ox). Thus, O is Lp-algebraic.

The interpretation on O is as follows:

[output]p=: A X (1 = MX x A®) — MX x A%

(a,x) — (x,aw),

where k x = (x, w).

Example 5.27 (Nondeterminism). Consider the algebraic theory F for finite non-empty non-determinism.
The non-empty powerset monad I is induced by F, as defined in Example 5.18. The interpretation on I is
as follows:
[choose[r:1x (B = {x S X [x#@}) — {XxCSX|x#2}
(%, x) = Upepx (b)
Example 5.28 (Global State). The global state monad G is induced by G, as defined in Example 5.19. The

interpretation on G is as follows:

[getlg : LXx (V= (S = (X xS8))) — S—(XxS)

(Lx) — Aox(c(l)) (o)

[setlg: (LXxV)x (1= (S—=(XxS§))) — S§—(XxS)
((Lv),x) — Acx(x)(c{l:=v})
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where o (1) is the value at location | of state o, and o {1 := v} is the state that has value v at location 1, and

the same values as o in all other locations.

Remark 5.29 (Algebraic Operations and Cost). In the setting of this thesis, algebraic operations
are not only used to describe the qualitative structure of computational effects, but also play a
quantitative role. Intuitively, each occurrence of an algebraic operation corresponds to a uniform
computational event, which will later be assigned a cost.

This perspective will be made precise in subsequent chapters, where programs are interpreted
in suitable comodels and cost semantics are obtained by counting transitions associated with
algebraic operations. The present algebraic presentation thus serves as the qualitative backbone

upon which the quantitative analysis developed later is built.

Remark 5.30 (Algebraicity). From an operational point of view, the algebraicity of an operation
expresses a strong form of uniformity: the operational behavior of the operation does not depend
on the particular arguments to which it is applied, nor on the surrounding evaluation context in
which it is executed. In other words, invoking an algebraic operation produces an effect whose
observable behavior is independent of the computational environment, apart from the continuation
that receives its result. This restriction plays a crucial structuring role in effectful computation,
as it enforces a clear separation between where effects are triggered and how their results are
subsequently used.

Algebraicity makes it possible to organize effectful programs in a modular and compositional
way, and to exercise fine-grained control over the generation and propagation of effects. From
a semantic perspective, this uniformity is precisely what allows algebraic operations to be inter-
preted as operations on suitable monads, in the sense of Plotkin and Power. Most of the operation
symbols introduced above-such as those modeling partiality, exception raising, input and output,
nondeterministic choice, or global state—fall within this algebraic framework and admit canonical
interpretations as algebraic operations on appropriate monads. However, not all computational
effects satisfy this algebraicity condition. A classical example of a monadic but non-algebraic effect
is provided by continuations [86, 87], whose behavior inherently depends on the surrounding eval-
uation context and cannot be described by context-independent operations. Similarly, exception
handling constitute an example of operations that are non-algebraic yet natural: while raising ex-
ceptions themselves can be modeled algebraically, exception handlers explicitly manipulate control
flow and therefore fall outside the scope of purely algebraic effects.

The recognition of such non-algebraic phenomena motivated the development of more expres-
sive semantic frameworks in which algebraic operations are complemented by additional structure.

In particular, the theory of effects and handlers extends algebraic effects by introducing handlers
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as specific algebraic morphisms that transform and control the flow of computations. Handlers
provide a disciplined way of interpreting, intercepting, and re-routing effects, thereby accom-
modating non-algebraic control constructs within a coherent semantic setting [51, 97-99]. While
handlers are not treated as first-class syntactic or semantic objects in this thesis, they nonetheless
provide useful semantic intuition for some of the constructions considered later on. In particular,
in Section 8.6, where state-passing computations are handled via infinite stacks, the operational
manipulation of the stack can be viewed as playing a role analogous to that of a handler, in that it
governs how effectful operations are interpreted and propagated. This perspective helps motivate
the encodings employed there, without requiring an explicit treatment of handlers within the

quantitative framework developed in the thesis.

5.4 Comodel-Based Operational Semantics

In [36], Plotkin and Power focused on developing a unified theory of structural operational seman-
tics for effects, but their approach did not account for global state, or any combination of effects
with global state. However, in [100], Plotkin and Power start to rectify the situation by taking into

consideration the role played by coalgebra in the dynamics of stateful computations.

Definition 5.31 (Comodels of Algebraic Theories). Let 7 = (X7, Eq;) be some algebraic theory.
A Xr-coalgebra I is a pair (|I], I) between:

o A carrier set |I|;

o A set of cointerpretation functions

I = {Jop]*: P x |1| = A; x |I] | op; : P; ~ A; € Z7}.

Here, the term “coalgebra” is used in the sense of Plotkin and Power, to denote a family of
cooperations indexed by the operation symbols of the signature, rather than a coalgebra for a single
endofunctor.

Y.7-coalgebras can be extended to Ly-trees. Let t € Treey, X. Then, [t]' : [I| — X x |I| is

defined inductively over the structure of t as follows:
[returnx]’ := Aw.(x,w)  [op;i(p,x)]" := Aw.[x (x)]*(w') where [op;]*(p,w) = (x,w’)

An equation t ~7 u € Eq; is said to be valid for I whenever [t]' = [u]' as functions

|I| = X X |I|. A T-coalgebra (or T-comodel) W is a X7-coalgebra that validates all the equations in

Eq;-
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A key insight of [100] is that algebraic theories not only determine monads, but also comonads.
Indeed, an algebraic theory 7 defines a comonad ID whose D-coalgebras are essentially the same
as 7-comodels. However, while each monad corresponds to a unique algebraic theory, the same
comonad may correspond to different algebraic theories.

In the sequel of this thesis, we are going to extend the syntax of the calculi in Chapter 2
and Chapter 3 with algebraic operations. The above result allows us to extend the operational
semantics accordingly. In fact, the operational semantics that we are going to adopt are based
on the Comodel-based Transitions Systems (CTS) of [39]. In a CTS, the state is described by a
comodel, and transitions happen between program-state pairs (configurations), reflecting how
programs interact with and transform the state.

The following adaptation of a result by Plotkin and Power [100] to the category of sets and
functions tells us how to compute the tensor of an arbitrary 7-comodel W of an arbitrary algebraic

theory 7 with any free model F7X on a set X.

Proposition 5.32 (Theorem 4.4 of [100]). For any algebraic theory T, T-comodel W, and set X, the tensor
FrX @ W of W with the free model FX is given by the product X x |W|.

The cooperations of the tensor are obtained by acting on the second component according to
the cooperations of W, while leaving the X-component unchanged.
Let us work out what are the carriers of comodels of the algebraic theories mentioned so far.

In the following examples, we will replace some sets with their obvious isomorphic versions.

Example 5.33 (Partiality). Let M be the algebraic theory for partiality. A comodel W for M is a set |W|
together with the following function:

[raise]" : 1 x |W| — 0 x |W| 0.

The above function is uninhabited, unless |W| = @, in which case it has exactly one element. Thus, there are

no (non-trivial) comodels.

Example 5.34 (Exceptions). Let £ be the algebraic theory for exceptions. A comodel W for £ is a set |W|
together with the following function:

[raise]": & x [W| — 0 x |[W| 0.

Just like for partiality, the above function is uninhabited. Thus, the carrier must be the empty set and there

are no (non-trivial) comodels.
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Example 5.35 (Interactive Input). Let 7 be the algebraic theory for interactive input. A comodel W for T
is a set |W| together with the following function.:

[input]":1 x [W| — A x ||
Then, |W| is the set of streams A of characters of A, equipped with the usual head-tail decompositions, and
[input]":1x A® — Ax A%
(x,aw) +— (a,w).
Example 5.36 (Interactive Output). Let O be the algebraic theory for interactive output. A comodel W for
O is a set |W| together with the following function:
[output]¥: A x [W| — 1 x ||

Then, |W| is the set of streams A of characters of A, equipped with the canonical coalgebra structure induced

by prefix extension, and
[output]¥: A x A® — 1x A%

(a,w) +— (*,aw).

Example 5.37 (Nondeterminism). Let F be the algebraic theory for finite non-empty non-determinism.

A comodel W for F is a set [W| together with the following function:
[choose]" : 1 x |[W| — B x ||

subject to some of the following equalities:

[choose(x,Aa.t)[" = [t]"ifa & fv(t)
[choose(x*, Aa.choose(*,Ab.t))]¥ = [choose(x, Ab.choose(x,Aa.t))]"
[choose(x,Aa.t)]¥ = [choose(x,Ab.t{a\notb})]"

As it turns out, there is only a (non-trivial) comodel for the empty equational theory over the

nondeterministic signature [38]. In such a case, |W| is the set of boolean streams B*.

[choose]': 1 x B*® — BxB®
(x,bw) +— (b,w).

Example 5.38 (Global State). Let G be the algebraic theory for global state. A comodel W for G is a set |W|
together with the following functions:

[get]" : £ x [W| — V x ||
[set]" : (£ x V) x [W] — 1 x [¥]
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subject to the following equalities:

OF = [t ifa ¢ fu(t)
[get(l, Aa.set((l,a),Ab.t))]" = [t]"ifa & fv(t)
[get(l, Ab.get(l,Aa.t))[" = [get(l,Aa.t{b\ a})]"
[set((l,v),Aa.get(,Ab.t))]" = [set((I,v),Aa.t{b\v})]"
[set((l,v),Aa.set((l,w),Ab.t))]" = [set((l,w), Ab.t)]"
[get(l, Aa.get(l/,Ab.t))]¥ = [get(l’,Ab.get(l,Aa.t))]"
) (
) (

[get(l, Aa.

lget(l, Aa.set((I',v),Ab.t))]" = [set((!,v), Ab.get(l,Aa.t))]"

(
[set((l,v), Aa.set((!, ) Ab.t))]" = [set((!',w),Ab.set((l,v),Aa.t))]"

Then, [W| is a set of states S = V=, and

[get]": LxS — VxS
(Is) — (s(I),s),
[set]": (LxV) xS — 1x8

((L,v),s) — (x,s{l:=v}).
Remark 5.39 (Comodel-Based Transition Systems). If one understands the elements of the free 7 -
model FrX over a set X as effectful computations and the elements of a 7-comodel W as runtime
environments, the tensor F7X ® W represents the interaction between F7X and W. Indeed, F7 X ® W

induces the following equivalence relation over the product set |[F7X| x |W|:

([opi]e,x(p, ), w) ~ (ka,w") where [op;]"(p, k) = (a,w’).

The above equivalence has an operational reading when read left-to-right: to perform the
operation [op;[r, x(p, x) in the runtime environment w, first run the corresponding cooperation
[op;]" (p, w) to obtain a € A; and the next runtime environment w’, then continue by executing « a
inw'.

Moreover, this perspective extends to combinations of effects, where the runtime environment
must simultaneously support several theories, e.g. both input and output. Recall from [89] that two
algebraic theories 7 and 7' admit two canonical combinations, both with signature the disjoint
union X7 U X7+ The sum T + T’ has equations Eq; U Eq, imposing no interaction between the
two theories. The tensor T @ 7' additionally requires every operation of 7 to commute with every

operation of 77, i.e. its equations are those of the sum together with the schema

op(p, Aa.op’(p’, Ab.t)) ~7¢7 op’(p’, Ab.op(p, Aa.t))

forallop: P~ A€ Xy, 0p': P ~» A € 2, p € P,and p’ € P’ (the cross-location equations
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of Example 5.19 have exactly this shape). The following adaptation of results by Plotkin and
Power [100] to the category of sets and functions tells us how to combine comodels along either
combination; in both cases, the computation of the tensor with the free model is just Proposition 5.32

instantiated at the combined theory.

Proposition 5.40 (cf. Theorem 4.4 and Corollary 6.1 of [100]). Let T and T’ be algebraic theories
with T -comodel W and T'-comodel W, and let T be either the sum T + T or the tensor T @ T'. The
composition W o W of the two comodels, i.e. the set [W| x |W| whose Lr-cooperations act on the second
component and whose Xr-cooperations act on the first, is a T"'-comodel. Consequently, if Fr+X is the free

T"-model on a set X, the tensor Fr»X @ (W o W) is given by the triple X x |W'| x |W|.

For the sum, the composition is merely the canonical choice: any set equipped with both a
T -comodel and a 7'-comodel structureis a 7 + 7 '-comodel, since no interaction between the two
families of cooperations is required.

We are going to define our CTS transition system as a function X x [W| — X x |W|, between pairs
of programs of type X and the carrier of some 7 -comodel W, whose algebraic theory 7 corresponds
to some monad T. Moreover, by currying X x [W| — X x |W| to get X — |[W| — (X x |W]|), we can
immediately see that a CTS transition system can also be understood as a G-coalgebra X — G(X).
In this sense, CTSs provide a coalgebraic presentation of effectful operational semantics. This also
applies to combinations of comodels, as per the above proposition.

In sum, after extending the syntax of the A- and A!-calculi with algebraic operations, we extend
their operational semantics as follows. For each new algebraic operation op;(p,«x), we add a

reduction step based on its cointerpretation:

(opi(p, ), ) Frop,; (1 x,w') where Jopi]"(p, w) = (x, '),

where x is the result produced by the environment.

Having established the theoretical framework underlying this thesis—from the A-calculus and
its evaluation strategies to non-idempotent intersection types and the categorical background
for algebraic effects—we will apply this machinery to concrete effectful systems in subsequent

chapters.
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Chapter 6

A Quantitative Study of
Pattern-Matching

This chapter extends the pattern calculi in [28-30] with tagged products and case expressions,
which capture Abstract Data Types (ADTs). The calculus that is obtained, called the Apys-calculus,
models functional programming languages more closely. The main contributions of this chapter
are the following. A detailed operational treatment of the Apys-calculus in Section 6.1; a purely
syntactical characterization of clash-free (i.e. error-free) normal forms; and that, not only are we able
to encode exceptions using the Apps-calculus, but also that it can act as a subsuming framework
for the CBN and CBV A-calculi [62]. The fact that the Apys-calculus can encode exceptions might
seem like a simple detail, but it is an important one. As was discussed in Chapter 5, raising
exceptions is algebraic, but catching exceptions is not. Therefore, while the calculi that we are going
to deal with in Chapters 7 and 8 can (and will be) used to study state-passing algebraic effects (i.e.
algebraic effects with non-trivial comodels), the Apys-calculus can then be used to study exceptions.
Ultimately, we could have used the Apjs-calculus as the base calculus for the study of state-passing
algebraic effects in order to study both kinds of effects via a single unified framework. However,
we have decided instead to base Chapters 7 and 8 on the A!-calculus, even though it does not
seem to be able to encode exceptions, since it also encodes the CBN and CBV A-calculi, but has
a much simpler syntax. However, it is indeed possible to study state-passing algebraic effects
and exceptions by replacing the A!-calculus with the Apy-calculus in Chapters 7 and 8. Finally,
we define a non-idempotent intersection type system for pattern matching in Section 6.2 that not
only extends the type system first presented in [28] to more general pattern-matching constructs,
but also refines the type system in [101] by characterizing the length of clash-free normalization
sequences (i.e. normalization sequences that do not end in clashes) in a precise (i.e. exact) manner:

the soundness and completeness of our type system with respect to clash-free normalization not

65
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only establishes an equivalence between typability and clash-free normalization, but also provides
the exact length of the clash-free normalization sequence. All proofs for this chapter are collected

in Appendix D.

6.1 The Pattern-Matching Calculus

Before introducing the syntax of the pattern-matching A pys-calculus, we clarify some basic notation

related to tagged products.

Tagged Products. Let c be a tag taken out of an enumerable set of tags C. A constructor c”* is built
by assigning a unique arity n € IN to a each tag c. Since each tag has a unique arity, constructors are
identified uniquely by their tags. Constructors cannot be applied partially: a constructor c" must
be applied to 1 arguments. Accordingly, the application c” a; - - - a, will be written c”*(ay, ..., a,)
and called a tagged product, where the sequence of arguments a; - - - a,, is represented as a tuple (or
product or vector) of arguments (ay, ..., a,) of length n. It is possible to take advantage of the tuple
notation and simply write (a1, ...,4,) as (4;), (meaning that 1 < i < ) in order to keep notation
light. Tagged products represent data and will thus be referred to as such throughout the rest of
this work. Moreover, the arity of constructors will always be left implicit, and all data is assumed to
be well-formed (constructors are always applied to tuples of arguments of the appropriate length).

Now, we can proceed with the syntax and operational semantics for the Apys-calculus.

6.1.1 Syntax and Operational Semantics

The syntax of the Apps-calculus is based on the A-calculus, but it extends it with patterns and case

expression.

Definition 6.1 (A-Terms). Let X be a countable set of variables. The set of term of the Apys-calculus

is denoted by A”M and generated by the following grammars:

Patterns: pqg == x|c(pin
Branches: b = c(pi)nt
Terms: tu,r,e n= x| Ap.t|tu|t[p\u]|c(ti)n|casetof (by,..., by)

Let APM denote the set of terms of the Apy-calculus. In order to keep notation light, symbols
P, B, and T are going to be used to denote tuples of patterns, tuples of branches, and tuples of terms,
respectively. The pattern x is called a variable pattern, and cP is a data pattern. The term Ap.t
is a generalized abstraction, t[p\u] is a matching closure (where [p\u] is a called an explicit matching

operation), cT is a data term, and case t of B is a case expression. Remark in particular that the explicit
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matching operator is a new constructor in the language, and it is not on the meta-level. We write
I as a special term representing the identity function Ax.x.

Terms can be surrounded by list contexts, which are sequences of explicit matching operations.

Definition 6.2 (List Contexts). The set of list contexts for the Apps-calculus is generated by the
following grammar:

List Contexts: L == O] L[p\t].

Indeed, given a list context L and a term t, L(t) denotes the term obtained by plugging the
term t inside context L, i.e. by replacing the unique occurrence of [ in L with ¢ (possibly allowing
the capture of free variables of t). Thus, e.g. if L = O[x;\u][x2\uz2], then L(x;) is the term
x1[x1\u1][x2\u2]. List contexts are important as they allow matching operations to be postponed,
thus exposing redexes that might otherwise stay hidden due to premature normal forms. We
use three special predicates to distinguish terms possibly affected by a list of explicit matching
operators: isabs(t) if and only if t = L(Ap.u); iscase(t) if and only if t = L(case u of B); and
isdatac(f) if and only if + = L(cT), in which case we may also write isdata(t) whenever c is

irrelevant.

Definition 6.3 (Free and Bound Variables). The set of variables of a pattern p is denoted by vars(p)
and defined as expected. It will be useful to write p to denote data patterns, so that case t of (¢;P;.u;),
can be written as case t of (p;.u;),, where p; = ¢;P;. The sets of free and bound variables of branches,

terms and list contexts are also defined as expected. In particular:

fv(Ap.t) = £v(t)\vars(p)
fv(tlp\u]) = (fv(t) \vars(p))U fv(u)
fv(case t of (Piui)n) = £v(t)Uieqr,. np(£v(u;) \ vars(pi))
bv(L[p\t]) := bv(L)Uvars(p)

Linear Patterns. Patterns are assumed to be linear, i.e. each variable occurs at most once, and so
are tuples of patterns, i.e. no variable is shared between different patterns in the same tuple. Most
modern programming languages with pattern matching implement linear patterns since this does

not affect the expressivity of the language, while avoiding to check for equality of terms.

Case Expressions. As mentioned in the introduction, case expressions capture the pattern-
matching mechanism over tagged unions. Note that each branch of a case expression is built
out of a tagged product and a term. Therefore, we require all tagged products to have a different
top-level tag, thus branches are disjoint and matching is thus unambiguous. As such, case expres-

sions can indeed be understood as deconstructors for tagged unions. As an example, the following
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case expression is a function whose behavior depends on whether its argument is a pair or a triple,
like in Ax.case x of (pair(x,y).y, triple(x,y,z).x).

We are going to base the operational semantics of the App-calculus on a reduction relation
with the following selective lazy behavior: generalized abstractions built from variable patterns,
applications are going to behave like in CBN, i.e. arguments are never evaluated before they are
plugged into a term; generalized abstractions built from data patterns and case expressions need to

be (partially) evaluated to some data in order to satisfy the matching conditions.

Definition 6.4 (Weak Head Contexts). The set of weak head contexts of the App-calculus is generated

by the following grammar:
WH == O |WHf|WH[p\u] | t[p\WH] | case WH of B

Definition 6.5 (Weak Head Reduction). The weak head reduction relation is denoted by —yy and

defined over open terms as the closure by weak head contexts of the following rewriting steps:

L(Ap.thu  +—a  L(t[p\u]) if bv(L) N £v(u)
case L(c(u;)u) of (..., c(pi)n-t,...) +branch L{t[p1\ta] - [pn\un]) if bv(L) N Ev(t
He(pi)n\LAc(ui)n)]  —maten  Lt[pi\ea] - - [pa\un])  if bv(L) N £v(t

tx\u]  —sw  Hx\u}

=0
)=
)=

Notice that the dB-step is based on the usual B-step of A-calculi, but substitutions are not
performed immediately. Instead, they are carried explicitly in the syntax and the substitution
is performed via sub-steps, which produce a capture avoiding substitution as a result of solving
a matching between a variable pattern and a term. Also, since matchings and substitutions can
be delayed, all terms are formally plugged into a (possibly empty) list context. Then, branch-
and match-steps solve (top-level) matches between data patterns and data terms, respectively. In
particular, this means that abstractions can be separated from their arguments by an arbitrary
amount of explicit substitutions. Thus, we say that dB-steps are performed at a distance. Finally,
it is worth noticing that the side conditions in these three rules are necessary in order to avoid
the capture of free variables. We implicitly work modulo a-equivalence, and we assume bound
variables in list contexts and terms are always renamed apart so that the side conditions of reduction

rules are satisfied whenever possible.
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Example 6.6 (Weak Head Reduction). Let cg, cq,ca € C. Then

t = (Ax.case x of (pair(x,y).y, triple(x,y,z).x)) triple(co, c1, C2)
—WH(dB) case x of (pair(x,y).y, triple(x,y,z).x)[x\triple(cy, c1, 2)]
— W (sub) case triple(cp, ¢y, ) of (pair(x,y).y, triple(x,y,z).x)

“WH(branch) X[X\Co] [y\cl] [Z\CZ]

“WH(sub) x[x\co][y\e1]
_>WH(sub) X[X\CO]
_>WH(sub) Co-

Notice that relation —yy is not deterministic. Indeed, the A-term in Example 6.6 also has the
following reduction sequence, which differs from the one in Example 6.6 after the branch-step, by

applying sub-steps right-to-left, they are applied left-to-right:

poETIREEETSY e\ o) [y\e1) 2\ 2] (o) Coly\c1)[2\C2] —u(sub) €02\ C2) —um(sup) Co-

Therefore, we are going to define the operational semantics of the Apy-calculus by fixing a
particular evaluation strategy for —yu (see Proposition 6.11). Despite nondeterminism —yy is is

confluent (see Lemma 6.9).

Definition 6.7 (One-Step Diamond Property). A reduction relation —yy is said to enjoy the one-step
diamond property if for every term t € APM if 1y yue— t —sun ¥ with u # 7, there exists a terme € APM,

such that u —yyg ey 7.

Lemma 6.8 (One-Step Diamond). The reduction relation —yy enjoys the one-step diamond property.
As a corollary we obtain:

Corollary 6.9 (Confluence). The reduction relation —yy is confluent.

Weak Head Evaluation. As we have discussed in Section 2.1, one of the the difference between
reduction relations and evaluation strategies is that, while the former are (usually) not deterministic,
the latter are (usually) deterministic, i.e. given some evaluation strategy, if some term t is not a
normal form, only one reduction can apply to t. Therefore, we define the operational semantics
for App-calculus in Definition 6.10 as a particular choice of strategy for the weak head reduction

relation in Definition 6.5.
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Definition 6.10 (Deterministic Weak Head Relation). The deterministic weak head reduction rela-

tion is denoted by —py and defined by the following set of reduction rules:

bv(L)Nfv(u) =0 @ —isabs(t) t —py

L(Ap.t)u —pu L(t[p\u]) E) tu —py t'u (appL)
bv(L)Nfv(t) =@
(sub)
(o Vet ] —roe Llpr\n] - o) e ] e
—isdatac(u) t—put (esL) —isdatac(u) ¢4 U —pu it (esR)
t{cP\u] —py t'[cP\u] tlcP\u] —py t[cP\u']
bv(L) N fv(t) =@
(branch)

case L(c(u;)u) of (..., c(pi)n-t,...) —pn L(t[p1\tia] - - - [pn \ttn])
t —pnt’ —isdatac(t) foralli e {1,...,n}

(caseArg)
case t of (¢;Pi.u;), —pu case t’ of (¢;Pi.u;)y

Proposition 6.11 (Determinism). The reduction relation —py is deterministic.

Note that —py can also be defined as the closure, by a particular subset of the weak head
contexts in Definition 6.4, of the reduction steps in Definition 6.5. However, given that some of the
rules have very specific conditions, we prefer the presentation above instead. Moreover, it is not
difficult to show that —py has the same set of normal forms as —yy.

In order to syntactically describe the set of irreducible forms for —py (and thus for — ), it is
necessary to place special care in the treatment of stuck matchings. The latter can arise in two ways:
(1) from rule (dB) whenever the abstraction is built from a data pattern; and (2) from rule (branch).

Consider the following two examples:

(Apair(x,y).y)(duo(t, u)) —as y[pair(x,y)\duo(t, u)] #match (1)
case duo(t,u) of (one(x).x,pair(x,y).y) #branch (2)

In both cases, evaluation is stuck due to a stuck matching. Clearly, these irreducible terms are
not the desired results of computations. Moreover, the same is true if duo(¢, u) is replaced with
an abstraction. These kinds of situations will be dealt with later by introducing the notion of clash
and the set of clash-free normal forms (see Lemma 6.19). Still, to provide a syntactical description
of irreducible terms, these situations need to be considered. Note that stuck matchings that result
from matching a data pattern with a different constructor (in the examples above, data duo(¢, u) is
matched against patterns pair(x,y) and one(x)) can be described by: (1) inspecting the matching
operation [p\t] in a matching closure u[p\t], and checking that whenever ¢ is data, it has the
same constructor as p; (2) inspecting ¢ in a case expression case f of (by,...,b,), and checking
that whenever ¢ is data, it has the same constructor as the data pattern of one of the branches

bi,...,b,. Naturally, different data patterns in closure matchings and sets of data patterns in
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vectors of branches generate different sets of stuck matching. Thus, the set of irreducible terms of
the App-calculus is the union over the sets of normal forms with respect to a particular constructor
c € C. To capture that, we define three categories of terms: neutral, neutral data, and normal. The
set of neutral forms is written NE and does not depend on any constructor.

Irreducibility in the presence of pattern matching depends on the constructor against which

matching is attempted; for this reason, normal forms are indexed by constructors.

Definition 6.12 (Indexed Normal Forms). Let C' C C. Moreover, let us define NO_¢ := {t € NO |
c € C\ ('} and WH(NO_/) := {WH(¢t) | t € NO_¢ }. Then, the set of PM-normal forms NO. is generated

by the following grammars:

(Normal) NOc. == NAc | Ap.t|NOc[c’P\NO_/]
(Neutral or Constants) NA. ::= NE |cT | NAc[c'P\NO_]
(Neutral) NE == x|NAt|[NE[c'P\NO_o]|caseNO (. 1 of (¢;Piu;)y

and NO- is written for NO_ /.

Intuitively, t € NO. if and only if f is an irreducible term, and either —isdata(t) or isdatac(t).
The set of neutral forms NE corresponds to irreducible terms that do not produce any redexes
whenever plugged into any context WH, i.e. the set of terms t € NOc, such that —isabs(t) and
—isdata(t) hold. The set NA. is the set of irreducible terms (with respect to c) that do not produce
any redexes whenever plugged into a context of the form WH ¢, i.e. the set of terms t € NO., such

that ~isabs(t) holds.

Definition 6.13 (Normal Forms). The set of normal (resp. neutral data) forms is written NO (resp. NA)
and defined as NO := (J.cc NOc (resp. NA := (J.cc NAc), where NO. (resp. NA.) is the set of normal

(resp. neutral data) forms with respect to ¢ € C, as defined in Definition 6.12.

Example 6.14 (Syntactic Normal Forms). The following terms are PM-normal forms:

case duo(I, I) of (pair(x,y).y) € NE case I of (pair(x,y).y) € NE
pair(II,I) € NOpair C NO pair(II,I) I € NO

In particular, note that duo(I,I) € NOgyo C NO-pair and I € NO_pair.
Set NO precisely captures the notion of irreducible term as follows.
Lemma 6.15 (Characterization of Normal Forms). Let t € AP, Then, t € NO if and only if t /pu.

Note that the set of normal forms was defined for open terms. This is a technical detail that
allows induction to go through smoothly in the proofs. The set of normal forms for closed terms
(programs) is obtained by removing x from the definition of normal forms and assuming every

term to be closed.
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Similarly to what happened for the A!-calculus (see Chapter 3), some PM-normal forms are

operationally ill-formed.

Definition 6.16 (Clashes). The set of clashes for the Apy-calculus is generated by the following

grammars:

Clashes: CL == CLY|cCLt|CL[p\u]|¢t[p\CL]|caseCLofB
Base Clashes: CL® := L(cT)u | t[cP\L(Aq.u)] | t{cP\L(c'T)] where c # ¢’
| caseL(Ap.t) of B
| caseL(cT) of (¢;P.u;), wherec & {cy,...,cpn}.

By construction, the set of clashes is closed under term formation and list contexts, so that any

term containing a clash is itself a clash.

Example 6.17 (Clashes). Going back to Example 6.14, term pair(II,I) ¢ CL is not a clash. But the

three following terms are clashes:

case duo(I, I) of (pair(x,y).y) € CL
case I of (pair(x,y).y) € CL  pair(II,I)I e CL
Definition 6.18 (Clash-Free Syntactical Normal Forms). Clearly, it is easy to refine the set of

normal forms by excluding clashes. The resulting set is called the set of clash-free normal forms and

is generated by the following grammars:

Clash-Free Normal: NO = NE | Ap.t|cT | c[cP\NEYF]
Clash-Free Neutral: NEF := x| NECF ¢ | NEF[cP\NE®F] | case NEF of B

Set NO precisely captures the notion of clash-free normal form as follows.
Lemma 6.19 (Clash-Free Normal Forms). Let t € APM. Then, t € NOF if and only if t />pyand t & CL

Again, note that the set of clash-free normal forms was defined for open terms. Unsurprisingly,

by restricting this set to closed terms, the set of clash-free normal forms collapses as follows.

Lemma 6.20 (Closed Clash-Free Normal Forms). Let t € A" be a closed term. Then, t /spy and
t € CLifandonlyift = Apuort = cT forc € C.

Programs that are neither clashes nor in normal form can still evaluate to clashes. As an example,
term ((Ax.pair(I,I))I)I ¢ CL, butevaluates to the clash pair(I, I) I € CL from Example 6.17.

Formally, a program t is a clash-free program if and only if there is no u € CL such that t —py u.
It is clearly not possible to provide a syntactical characterization of clash-freeness. However, as we
shall see later, clash-free terms can be characterized via a non-idempotent intersection type system

for pattern matching (see Section 6.2).
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6.1.2 Encoding Exceptions

In this subsection we are going to show how the Apps-calculus can be used to encode exceptions a
la Moggi [31, 83].

Consider the following fragment of the Apys-calculus:

Value: ov,w == x| Ax.t
Terms: t,u == v(v)|e(t)|vw | t[x\u] | casetof (v(x).u,e(y).y)
| casetof (v(x).u,e(y).e(y))

where v and e are unary constructors used to tag values and exceptions, respectively. Terms v(v)
and e(t) distinguish between values and exceptions.

Case expressions of the form
case t of (v(x).u,e(y).y)

compose terms sequentially by forcing the evaluation of t before proceeding to the continuation.
This is due to terms either reducing to values or exceptions, which contain a continuation that

must be returned. Moreover, an application of the form tu can be encoded as
case t of (v(x).case u of (v(y).xy,e(z).e(z)),e(z).e(z)).

The following examples illustrate three terms encoding the expected behavior of a term of the
form (Ax.u)t in the presence of exceptions, depending on whether ¢ evaluates (successfully) to

v(v) or (exceptionally) to e(r):

t1 = casev(v)of (v(x).u,e(y).y) —»pu{x\ v}
ty = casee(r)of (v(x).u,e(y).y) —pur
ty = casee(r)of (v(x).u,e(y).e(y)) —pme(r).

The first term #; encodes a successful application (Ax.u)(v(v)) —»pmu{x \ v}; t» encodes a
short-circuited application (Ax.u)(e(r)) ~» r that handles the exception e; and t3 encodes a short-

circuited application (Ax.u)(e(r)) ~~ e(r) that simply propagates exception e outwards.

6.1.3 Encoding the CBN and CBV A-Calculi

In this subsection, we are going to show how the Apys-calculus can be used to encode the CBN and

CBV A-calculi.

The CBN A-Calculus. Recall the set of A-terms, CBN contexts, and CBN reduction, for the CBN
A-calculus (see Chapter 2).
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A-Terms. The set of terms of the CBN A-calculus is denoted by A and generated by the following
grammar:

Terms: t,u,r,ec=x¢e€ X | Ax.t|tu

CBN Contexts. The set of CBN contexts of the A-calculus is generated by the following grammar:

CBN Contexts: N == [O|Nt

CBN Reduction. CBN reduction is denoted by — cgy and defined over closed terms as the closure

by CBN contexts of the following rewriting step:
(Ax.t)u g t{x\ u}.

The CBN A-calculus can be fully embedded into the Apps-calculus through the identity trans-
lation. Let AL be the set of terms in the image of the trivial translation, together with matching
closures restricted to variable patterns and terms of the form #[x\u].

The operational semantics of the CBN A-calculus is captured as follows.
Lemma 6.21 (CBN Simulation). Let t,u € A. If t —cpy u, then t —syy u.
This translation is not very interesting, but notice that we have to consider the non-deterministic

reduction relation —yy instead of the deterministic one —py.

The CBV A-Calculus. More interestingly, the CBV A-calculus can also be encoded into the Apy;-
calculus, but this simple fact does not seem to have been noticed in the literature until recently
(see [101]).

Recall the set of A-terms, CBV contexts, and CBV reduction, for the CBV A-calculus (see Chap-
ter 2).

A-Terms. The set of values and terms of the CBV A-calculus are denoted by V and A and generated

respectively by the following grammars:

Values: v,w = x€X|Axt

Terms: t,u,re == x€ X |Ax.t|tu.
CBV Contexts. The set of CBV contexts of the A-calculus is generated by the following grammar:

CBV Contexts V == [O|Vt]|oV
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CBV Reduction. CBV reduction is denoted by —cgy and defined over closed terms as the closure

by CBV contexts of the following rewriting step:
(Ax.t)v =g, t{x\ v}

The CBV A-calculus can be fully embedded into the Apys-calculus through translation (-)°®. Let
AEM and V denote the sets of terms and values of the CBV A-calculus, respectively. Translation

(+)* is defined as follows:

() A Ay () Vi Ay

(0)* = v((©)°) (x)° = x

(tu)* = (xy)vy)\@)*]lv(x)\ ()] (Ax)® = Ax.(t)®
where v is a unary constructor used to tag values.

This allows us to capture the operational semantics of the CBV A-calculus. First we need to

show that the CBV translation preserves substitutions.

Lemma 6.22 (The CBV Translation Preserves Substitutions). Let t,v € A. Then, (t{x\ v})* =

(1) {x\ (v)°}.
Then, we can show the main simulation result.
Lemma 6.23 (CBV Simulation). Let t,u € A. If t =gy u, then (t)® —rum (u)°.

Note that the use of the explicit matching operation (i.e. explicit substitutions) in the translation
of an application is crucial in order to obtain the simulation result above. Since in Plotkin’s CBV,
an application of the form t u can (in general) be evaluated by first evaluating either t or u, thus
translation (-)® must allow this as well. Let  —>cpy . Consider an alternative translation (f u)® =
(Av(x).Av(y).xy)(t)®(u)®. Then, it is not difficult to see that Lemma 6.23 does not hold anymore.
Now, consider another alternative translation (f #)®* = case u of (v(y).case t of (v(x).xy)). Then,
—um reduction forces u to be evaluated first. Alternatively, we could have considered another
alternative translation (f #)® = case u of (v(y).case t of (v(x).xy)). However, the same problem
arises if one simply realizes that the translations must also take into account the case where

u —cpy 4’ happens first.

6.2 Pattern-Matching Non-Idempotent Intersection Types

In this section, we introduce a non-idempotent intersection type system for the Apps-calculus
based on the non-idempotent intersection type system in [101], that establishes an exact equiv-

alence between typability and PM-normalization, and is able to discriminate the exact length of
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PM-normalization sequences according to the different reductions steps that are performed.

Definition 6.24 (Pattern-Matching Types). The set of types for the Apys-calculus is generated by

the following grammars:

Data Types: D = c(M;),
Multi-Types: M = {A;}}ic1 where I is a finite set
Types: A == x|D|M— A

Operations over multi-types, such as multiset difference and multiset union are defined as
usual. Data types are tagged products of multi-types. Type x is a special constant type that is used

to type abstractions whose bodies are not evaluated due to weak head evaluation.

Definition 6.25 (Pattern-Matching Typing Environments). Pattern-Matching typing environments are
denoted by I', A, and defined as functions from variables to multi-types, that assign the empty
multi-type { }} to all but a finite set of variables.

The domain of a typing environment, the union of typing environments, and any other properties of
typing environments, are defined as in Definition 4.2.

The restriction of a typing environment T to a set of variables X C X is denoted by I'|x and defined
as follows:

I'(x) ifxeX

(Tx)(x) =
{} otherwise
The removal of a set of variables X C X from a typing environment I is denoted by I'\\ X and defined

as follows:

0y ifxeX

I'(x) otherwise

T\ X) (x) =

Moreover, given some typing environment I' and pattern p, we may sometimes write I'|, and

I'\\ p to mean T, and T\ vars(p), respectively.

We can now introduce the set of typing rules for the Apys-calculus.
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Definition 6.26 (Pattern-Matching Type System). The Pattern-Matching Type System PM assigns

matching (multi-)types to A-terms and consists of the following typing rules:

RuLes For PATTERNS

(Ti Ik pi s Mi)ieqa,..my
—— VPat DPat
x:MlFx: M +icqt,mLilFc(pr - pa) s e(My, ..., My) }}

RurEes For TeErMS

T'Ht: A F]vars(p) H‘}?M

Ax Abs ——— Ans
x:f{A}Fx:A I'\\vars(p) FApt: M — A OFAp.t:x
THt:M—A Abu:M (TiEt: A
App any
F+AFtu:A +ietli Ft s {Aifier
(Tib b Mi)jeq, m)
Data

+ie,.. i b c(ti, ..., tn) 1 c(My,...,My)
It A ThaspylFp:M Abu:M
(T\\vars(p)) + At tp\u] : A
AFEM Tl Fp: M Thu: A 3ke{l,...,n}
(T\\ vars(px)) + A+ case t of (p;.uj)n: A

Match

Case

APM

Moreover, we say that a term ¢ € is typable in PM whenever it is typable with a type.

The Typing Rules. Rules VPat and DPat are used to type variable patterns and data patterns,
respectively. The remaining rules are used to type terms. Rule Ans is necessary due to evaluation
being weak, i.e. not occurring in the body of A-abstractions. Notice that rule Ans allows us
to trivially type any abstraction with type x. However, such typings are impossible unless the
abstractions typed by rule Ans appear on their own. Rule Case is very similar to Match, but
the former appears to have a non-deterministic flavor, but it is not. As it turns out, all typable
programs terminate in either a generalized A-abstraction or a data. More specifically, programs
typed with arrow types terminate in generalized A-abstractions, and programs typed with data
pattern types terminate in data with the same top-level tag. Consider a typable case expression
t = case u of (p;.si)y. Then, t must be typed using rule Case, and u must be typable as well.
The type assigned to u must match the type assigned to one of the data patterns in the tuple of
branches (p;.s;),. Recall that all p; are distinct by construction. Therefore, their associated data
types are pairwise distinct, since constructor tags uniquely determine data types. Moreover, type
of t can only match the type of the data pattern of exactly one of the branches. Thus, rule Case, is

deterministic.



78 A QuaNTITATIVE STUDY OF HIGHER-ORDER COMPUTATIONS WITH EFFECTS

Example 6.27 (Typing Derivation). We can type the term from Example 6.6 with the following type
derivation ®. Since @ is quite big, we are going to split it into the following pieces.

Let &1 be the following type derivation for variable x:

Ax

x: f{eriple(flcolt, { B, £ B)B F x - triple(flcoft, { ) () Many
x: f{triple(fco}, { B} A )} - x: {rriple(feold, {3 A}

Let @, be the following type derivation for the data pattern triple(x,y,z):

VPat ——— VPat ———— VPat
x:{f{cofp IFx: {co}} Oy {} Oz {} DPat
x: {{col} I triple(x,y,z) : {triple({colt, { }t, { })}

Let @3 be the following type derivation for the variable pattern x:

VPat
x: f{triple(fco, { B} A )} IF x - {rriple({colt, { } £ B)}
Then, ¥, is the following type derivation for the abstraction:
Ax
Cbl q)z X : {{Co}} Fax: Co Case
x: {triple({co}, { }, { })}} F case x of (pair(x,y).y, triple(x,y,z).x) : co P Abs
F Ax.case x of (pair(x,y).y, triple(x,y,z).x) : {triple({co}, { }.{ B} — <o
Now, let ¥, be the following type derivation for the data triple(co, c1, C2):
—— Data
QF Cp - Cp
——— Many ——— Many —— Many
@t co:{co} QFc:{} OFc:{} Data
@ F triple(co, 1, ¢2) : triple(fcolt, { B, £ }) Man
- triple(co, c1, ) : {rriple(f{col, { }, { )}
Then, type derivation ® can be built as follows:
Yy T App
@k (Ax.case x of (pair(x,y).y, triple(x,y,z).x)) triple(co, c1,¢2) : Co
Note that #pp vpat,ppat (P) = 1- App + 4 - VPat + 1 - DPat and recall that t l'dBH'SE;rE ‘branch co (see Ex-

ample 6.6).

The above example seems to suggest that it is sufficient to count the number of occurrences
of rules App, VPat, and DPat in order to draw quantitative information related to the number of
reduction steps necessary to PM-normalize a term. Indeed, each App rule corresponds to a dB-step,
each VPat corresponds to a sub-step, and each DPat rule corresponds to either a branch- or a
match-step. The distinction between branch and match is operational and does not affect the type
system, which records only the occurrence of a constructor-pattern interaction. Moreover, since

the total number of reduction steps taken in Example 6.6 seems to coincide with the total number
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of occurrences of rules App, VPat, and DPat in Example 6.27, it also seems that ® might be a tight

derivation. In [101] we did not consider tight type derivations, but we are going to do so here.

Definition 6.28 (Tight Typings for Pattern-Matching). Let t € APM. A type derivation @ is tight if
and only if it is of the form ®>pys D F t : A, such that A is x or c({ }}),, for some n € N.

We start by showing that multiset-typings can be split and merged, as expected.

Lemma 6.29 (Split and Merge for Multi-Types). Let t € APM and M = UctM;. Then, there exists
®oT F t: M if and only if there exist (®;>T; & t : M;)ier, such that T = +;c1I;. Moreover,

#app,vpat,ppat (P) = +ic1tapp,vpat,ppat (Pi)-

The equality on weights relies on the non-idempotent nature of multi-types, where multiplici-
ties are preserved.

And that typing contexts are necessarily empty whenever terms are closed.

Lemma 6.30 (Contexts and Free Variables for Pattern-Matching). Let t € AP and ®>T F ¢ : A.
Then, dom(T') C fv(t).

The fact that having tight type derivations with zero weight is a characteristic of clash-free

normal forms is formalized as follows.

Lemma 6.31 (Zero Weight Tight Type Derivations Characterize (Clash-Free) Normal Forms). Let
t € APM If®doppy @& t: Ais tight, then #pp ypat ppat (P) = 0 - App + 0 - VPat + 0 - DPat if and only
if t € NO.

Now, we show that PM-typable terms are necessarily clash-free, i.e. normalize to a clash-free

PM-normal form.
Lemma 6.32 (Typability Implies Clash-Freeness). Let t € APM. IfT -t : A, then t is clash-free.
The following two lemmas guarantee that all closed clash-free normal forms are tightly typable.

Lemma 6.33 (Patterns are Always Typable). Given any typing context I' and pattern p, there exists
II>T|, IF p : M. Moreover, if p = c(q;)n, then there exist IT; >prg Ty, IF q; © M;, such that M =

{{c(Mi)n}-

Lemma 6.34 (Tight Typability of Closed Clash-Free PM-Normal Forms). Let t € APM. Ift € NOF,
then there is a derivation ® >pyg D &t : A that is tight.

Proof. If t € NOF, thent = Ax.uort = cT:
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o Lett = Ax.u. Then, we can build ® using rule Ans. Since Ans has no premises and assigns

type x to Ax.u, the resulting type derivation is tight.

o Lett =cT.LetT = (uy,...,uy,), for some n € N. Then, we can build ® as follows:
——— Many
(@l_ui:{{}} >ie{1 ..... n}
Ot cluy,...,un):c({})

Data
n
We can conclude since the above type derivation is tight.

In fact, we can show that PM-typability captures the clash-freeness of PM-normal forms.

Lemma 6.35 (Typability Characterizes Closed Clash-Free Normal Forms). Let t € ALM. Then,
t € NOF if and only if t € NO and t is PM-typable.

We now establish quantitative soundness and completeness of PM-typability.

6.2.1 Quantitative Soundness

In this subsection we are going to show that PM-typability is exactly quantitatively sound with
respect to PM-normalization, and that the total number of rules App, VPat, and DPat appearing in
tight type derivations is the total length of PM-normalization sequences. The structure of the proof
follows the left-hand-side column of the proof schema for CBPV in Remark 4.38.

We proceed by proving a weighted version of the usual substitution lemma.

Lemma 6.36 (Weighted Substitution). Let t,u € A™ and assume ®;opyT;x : Mt : A and
@, >pap At u: M. Then, there exists Dy ,y >+ A F t{x\u} : A, such that #App,vpat,Dpat(CDt{x\u}) =

#app,vpat,ppat (Pr) + #app,vpat,opat (Pu)-
The exact version of the subject reduction property follows from the above lemma.

Lemma 6.37 (Exact Subject Reduction). Let t € APM, and S € {dB, branch,match, sub}. Ift —py(s) '
and ®;opy I -t A, then thereis @y py I =t 0 A, such that #app vpat ppat (Pt) = #app,vpat,ppat (D) +
1- R, where

e R=App,if S =dB;
e R =VPat, if S = sub;
e R =DPat if S € {branch,match}.

Finally, we can show that PM-typability is quantitatively sound with respect to clash-free

PM-normalization.
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Theorem 6.38 (Soundness). Lett € ADM. Ifthereis ®>pp @ - t = Atight, such that #app ypar ppat (P) =

.dB-+1-sub-+1; -branch-+1, match
1 - App + m - VPat + [ - DPat, then t Bmsu +—1»1§§nc hmatehy such that Ii +1, =1land t' € NOCF,

Notice that type system PM does not distinguish between branch and match, since both corre-
spond to the same constructor-pattern interaction, but this is not a problem since the quantitative

results hold nonetheless.

6.2.2 Quantitative Completeness

In this subsection we are going to show that PM-typability is complete with respect to PM-
normalization, and that the total length of normalization sequences is the total number of rules
App, VPat, and DPat appearing in tight type derivations. The structure of the proof follows the
right-hand-side column of the proof schema for CBPV in Remark 4.38.

We start by proving the weighted version of the usual anti-substitution lemma.

Lemma 6.39 (Weighted Anti-substitution). Let t € AP and u € APM and assume Dy P I
t{x\u} : A. Then, there exist &y>X;x : M+t : Aand ®,> A+ u: M, such that T = X+ A and

#App,VPat,DPat (q)t{x\u} ) == #App,VPat,DPat ((Dt) + #App,VPat,DPat (q)u ) .
The quantitative version of the usual subject expansion property follows from the above lemma.

Lemma 6.40 (Exact Subject Expansion). Let t € APM,and S € {dB, branch, match, sub}. Ift —py(s)
and Oy >py T+ ' 2 A, then there is ®y>py T = t 2 A, such that #appvpatppar (Pr) +1-R =

#app,vpat,ppat (D¢ ), where
e R=App,if S = dB;
e R =VPat, if S = sub;
e R =DPat if S € {branch, match}.

Finally, we can show that PM-typability is quantitatively complete with respect to clash-free
PM-normalization.

Theorem 6.41 (Completeness). Let t € APM. If prormsbthbranchthmatehy o oh that € NOF,

then there is ® >ppg @ - t 1 A tight, such that #ppypat,ppat (P) = 1 - App + m - VPat + [ - DPat, where
Lh+1DL =1

Notice that completeness holds only for normalization sequences that do not end in clashes,
which reinforces the fact that clashes should be untypable.
This concludes the quantitative study of pattern matching. In the next chapters, we are going

to present a quantitative study of higher-order state-passing computations.
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Chapter 7

A Quantitative Study of Global State

This section is based on [43, 44], and develops a quantitative study of the extension of the A-
calculus with algebraic operations for reading and writing on a global memory, that we will call
the AY-calculus.

In [43], a quantitatively sound and complete (tight) type system was introduced for an extension
of the CBV A-calculus. In [44], this system was refined and extended to the CBN A-calculus. Both
works consider reduction over open A-terms. In contrast, here we restrict reduction to closed terms
(programs), and further extend the approach in [43] to the A!-calculus (see Chapter 3).

The main technical deviation here from [44] is the way we treat the algebraic theory of global
state. As it turns out, our approach here is identical to that in [43]. However, the point of view
from which it is understood is quite different. To explain this, we start by explaining the difference
between linear and non-linear A-terms (see e.g. [102] and [103] for a more complete exposition of

the topic).

Remark 7.1 (Linear vs. Non-Linear A-Terms.).

OPERATIONALLY. . .

Consider the following A-term ¢:

t = (Axxx) (Ayy).

Notice that t is non-linear due to the subterm Ax.x x. In particular, since x occurs twice in the

body of Ax.x x, then Ay.y is duplicated by the B-step :

(Ax.xx) (Ay.y) —p (Ay.y) Ay.y.

Now, consider the following A-term #':
' = (Ax1.(Axp.x1 x2) Ay.y) Ay.y.

85
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Notice that # -reduces (in two B-steps) to the same A-term as ¢

(Ax1.(Ax2.x1 x2) Ay.y) Ayy g (Ax2.(Ay.y) x2) Ay.y —p (Ay.y) Ay.y.

This is no coincidence: t' is the linearized version of t in the sense of [102], obtained by making
all variable occurrences linear. As such, f and ' have the same p-normal form. However, notice that
t B-normalizes in fewer B-steps than t’, even though no duplication occurs in the f-normalization

of t'.

DENOTATIONALLY. . .

Now, let us consider what happens when we type t and # in (e.g.) type system N. Let A = {*x} —
*, O be the following tight type derivation for ¢:

) x:{{*}}!—x:*m;any .
x:{A}Fx: A x:{x}Fx:{x} Ap y:{x}ry:* Abs

———— Ans
x: A X} xx:x OFAyy: A DFAyy %
Abs Many
O Axxx: {A*x} — % O Ayy A} A
pp
@+ (Axxx) (Ayy) @ %
and @’ be the following tight type derivation for #':
Ax
xp xR *
X Many
x1:{ARFx A o {x}Fx {x} AP .
xp AR o  {x B Fxag D Ayy %
Abs Many —_  AX
x1:{ARF Axpxixp: A O+ Ayy {x} AP y:{x}Fy:* b
—————— Abs
x1: {ARF (Axp.xg x2) Ayy < % Abs QFAyy: A vany
@t Ax1.(Axp.xy x0) Ayy s LA} — * OF Ay {AR App

D F (Ax1.(Axp.x1 x2) Ay.y) Ay.y = %

Notice that each occurrence of Ay.y in @’ is typed with a singleton multiset (resp. {A}} or
{*}}), and the single occurrence of Ay.y in @ is typed with multiset { A, x}}. Thus, even though
t' is the linearization of t, they clearly have different-although related—type derivations: in ®,
Ay.y appears once and is typed twice; in @', Ay.y appears twice and each occurrence is typed
once. Accordingly, the size of ® and @’ reflect the difference in the length of the B-normalization
sequences for t and t': #,,,(P) = 2; and #app (P') = 3.

As we shall see immediately, an analogous situation arises in the algebraic theory of global

state.
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Remark 7.2 (Linear vs Non-Linear Global State Equations).

OPERATIONALLY. . .

Consider the following equality from Example 5.19:
get(l, Ab.get(l,Aa.t)) ~¢g get(l, Aa.t{b\ a}).

According to Example 5.38, the above equation is cointerpreted as the following operational

equality. Lets € S. Then, both variables are substituted with the same value returned by the state:

((efp\s(DP{a\s(D)},s) = ((t{b\a}){a\s(D)},s).

If we now take the set of A-terms A as the carrier of the coalgebra for global state, A-abstractions
denote continuations, and let the state be a mapping from locations (taken from £) to A-terms (taken

from A), then we can reinterpret the above equation as follows:

(e x2){x \s( ) {xa \s(1)},8) = (1 x2){x2 \ 21 }){x1 \5(1) },8) = ((x1 x1){x1 \ (1)}, 5).

That is,
(((rrx2){x \s(DH{x2 \s(D},8) = ((x x){x1 \s(D)},5)-
Here continuations are interpreted in a call-by-name fashion, so substitutions are not evaluated
eagerly.
Notice that this is very similar to what we saw in Remark 7.1, if we take s(I) = Ay.y.

Indeed, recall the reduction sequences for (Ax.xx) (Ay.y) (a-renamed below for clarity) and

(Ax1.(Ax2.x1 x2) Ay.y) Ay.y, but let us leave the substitutions unperformed. Then

(Axp.x1 x1) (Ay.y) V=g (21 21){x1 \ Ay.y},

and
(Ax1.(Axo.x1 2) Ayy) Ayy =g ((Axaxg x2) Ay.y){x1 \ Ay.y}

=g ((nx){x \ AyyH){x \ vy}

The similarity is striking: (Ax1.(Ax2.x1 x2) Ay.y) Ay.y is the linearization of (Ax.xx) (Ay.y)
with respect to Ay.y; and (get(l, Axp.get(l,Ax1.x1x2)),s) seems to be the linearization of the
term (get (I, Axy.x1 x2{x2 \ x1}),s) = (get(l, Ax1.x1 x1),s) with respect to s(I). Moreover, since x;
occurs twice in the continuation of (get(l, Ax1.x1 x1),s), s(I) is duplicated once the get-operation
is performed; since each x; and x, occur exactly once in the continuation, s(!) is not duplicated,

but two get-operations are performed.
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DENOTATIONALLY. . .

Now, let us understand how to type configurations such as (get(l, Ax.t),s). If states are mappings
from locations to A-terms, it seems reasonable to type states with mappings from locations to
types, i.e. the type of s should be a mapping S, such that for each location ! € £, S(I) is the type of
s(I). This corresponds to the following typing rule:

(T =s(1) = S())iec
F1el s S

State

where we assume that only finitely many locations are assigned non-empty types.

Now, we must understand how to type the operation get. Given how the type of state is a
mapping of locations to types, it seems reasonable to take advantage of the coalgebraic structure
of the global state to do so. At this point, it is best to leave the details to Section 7.1. Here,
it is enough to notice that, if S is the type of s, the type of x in get(l, Ax.t) should be S(I),
ie. the type that results from running operation get on state S. For example, say we want
to type (get(l, Ax1.x1x1),s). Then, taking into consideration the similarity to (Axj.x1 x1) (Ay.y),
the type of x1 should be {{A,x} (see Remark 7.1), and thus that of s(I), {A,x}}. Now, say
we want to type (get(l, Ax1.x1 x2{x2 \ x1}),s). Then, taking into consideration the similarity to
(Ax1.(Ax2.x1 x2) Ay.y) Ay.y, the type of x1 and x; should be { A} and {x}}, respectively, and thus
that of s(I) both {A}} and {*}}. Indeed, contrary to (Ax1.(Axz.x1 x2) Ay.y) Ay.y, which has two
copies of Ay.y, s(1) only contains one copy of Ay.y. Say we also type s(I) with { A, x}} for this case.
Then, running operation get on state S twice (one for each get in (Ax7.(Ax2.x1 x2) Ay.y) Ay.y) gives
{ A, x}} in both cases. But, we want { A} to be the type of x; and {*}} to be the type of x,.

One possible approach would be to define a very simple subtyping relation over multiset-types
based on the obvious multi-subset ordering C. However, this approachis not cost sensitive. Indeed,
if two different get operations require the same type { A }} twice, there is no way to distinguish e.g.
between {A}} and {A, A}, since {A} C {A}} and {A} C {A, A}}. Nevertheless, it should be
noted that this approach does seem to work for idempotent intersection types: subtyping collapses
quantitative distinctions.

Another possible approach is to consider a different notion of state for the type of states.
Instead, of the type of states being a mapping from locations to multi-sets, it becomes a mapping
from locations to lists of multi-sets. For example, if we need S(I) to be both {A}} and {x}, we
simply assign it both as a list e.g. {A}} - {x}}. Then, each time a get operation is run on S, the
head of the list is consumed. This way, {A}} and {A}} - { A} are indeed different. This was the

approach taken in [44]. At the time, it seemed more different from [43] than we now recognize.
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Indeed, the crucial point is to be able to update the type of the state as each get operation is run on
it. The representation of S(I) as a list {{ A}} - { A}} or a multiset-type {A, A} is inconsequential.
In the former case, each get operation consumes the head of the list (cf. [44]). In the latter case,
each get operation consumes some element of the multiset-type (cf. [43]). In fact, given some list
of multiset types L, we can define M := Ll,c;m as a denotationally equivalent multiset typex.
However, notice that typing get operations is no longer as simple as running the get operation
on S. Indeed, to type a get operation it is necessary to first run a get operation on S in order to
get the type S(I); and then to run a set operation (see Section 7.3) on S, in order to update S(1I).
For example, consider again configuration (get (I, Ax1.x1 x2{x2 \ x1}),s). If S(I) = { A} - {x}, the
type of x is obtained by running a get operation on S to obtain {A}}, and then running a set
operation on S to update S(I) to {* }}. Then, the type of x; is obtained by running a get operation
on S to obtain {x}}, and then running a set operation on S to update S(!) to the empty list.

The key point of the above discussion is the following: even though get operations behave
non-linearly with respect to state s, they need to behave linearly with respect to the type S of s. In
particular, s is a mapping of locations to A-terms and S is mapping of locations to lists of multiset-
types. Then, every time a get operation is run on s, a get operation followed by a set operation is
runon S. Asit turns out, this is crucial in order to extend non-idempotent intersection type systems
while preserving their quantitative precision. However, in the next chapter (see Chapter 8), we are
going to repair this mismatch by introducing an algebraic theory that directly captures the notion

of state required by the type systems in this chapter: the algebraic theory for infinite stacks.

In sum, the above discussion on the difference between the operational and the denotational

behavior of operations can be summarized in Table 7.1.

Operational Behavior Denotational Behavior
(State s € V¥) (State S € (M*)%)
loet] *)°(1,8) = (5 (1), 5)
loet]”" (1,s) = (s (1),5) [set] ™) (1, tail($ (1)), 8) = (x S{l := tail(S (1))})
get(l, Ax.t)

Variable x is replaced with s (I). Variable x has type head(S (1)).

The updated state is s. The updated state has type S{I := tail(S (I))}.

[set]Y“ ((L,v € V),s) = (x,5{] :=v}) [set]M)° (1, M*), S) = (%, S{I := M*})
set((l,veV),t)
The updated state is s{/ := v} The updated state has type S{I := M*}

TasLe7.1: Comparison between the operational and denotational behavior of operations interacting
with a global state.

*This is a simple observation that will become important in Section 8.6.2.



90 A QuaNTITATIVE STUDY OF HIGHER-ORDER COMPUTATIONS WITH EFFECTS

We are now ready to extend the A- and A!-calculi with global state. All the proofs for this
chapter are collected in Appendix E.

7.1 The A-Calculus with Global State

The effect of global state allows computations to read and update a shared state whose content
persists throughout evaluation. This section extends the A-calculus with primitive operations for
manipulating such a state, providing the simplest setting in which to study quantitative properties

of stateful computation. We will call this new calculus the AY-calculus.

7.1.1 Syntax and Operational Semantics

The syntax of the AY-calculus is that of the A-calculus extended with a notion of state corresponding
to mapping from locations to arguments=, algebraic operations for reading and updating the state

(according to Example 5.19), and configurations (i.e. term-state pairs).

Definition 7.3 (States and AY-Terms). Let £ be a finite set of location names, V be a countable set of
arguments, and X’ be a countable set of variables. The sets of terms AY, states S, and configurations

AY x S of the AY-calculus are generated by the three following grammars, respectively:

Terms: tbure = xeX|Axt|tu]get(l,Ax.t)|set((l,t € V),t)
States: s,q == {l—t €V}er
Configurations: ¢, == (t,9).

Notice that the set of arguments V is left unspecified, since it will depend on the reduction strategy

that is being considered. Moreover, states are total mappings from locations to arguments.

Notice also that states are defined according to Example 5.38. Regardless, we formally define

the operations over states as follows.
Definition 7.4 (Operations On States). Lets := {l — t; € V};c, € S,and I’ € L. Then
e we write s (I') for the argument at location I’ of s, i.e. s (I') ==ty € V;

e ands{l' :=t € V} for the state obtained by replacing the argument at location I’ of s with ¢, i.e.
suchthatforallly € L, s{l':=t €V} (ly) :=s(lp),iflo #l',ands{l' :=t € V} (lp) ==t €V,
iy =1,

*We are going to call the set of values appearing in the algebraic theory for global state (see Example 5.19) the set
of arguments to avoid confusion with the set of AY-values of the CBV AY-calculus. Indeed, we are going to consider this
set to be parametric with respect to the calling mechanism that is being considered: for the CBN AY-calculus, the set
ofg arguments is going to be the set of A9-terms; for the CBV AY-calculus, the set of arguments is going to be the set of
A¥-values.
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Definition 7.5 (Free and Bound Variables). Lett,u € AY ands € S.

The sets fv(t) and £v(s) of free variables in t and s, respectively, are defined by induction as

follows:
fo(x) = {x}
fv(Ax.t) = fv(t)\ {x}
fv(tu) = £v(t)Ufv(u)
fv(get(l,Ax.t)) = fv(t)\ {x}
fv(set((LueV),t)) = fv(u)Uifv(t)

fv({l =t € V}ier) = Uer fv(ty)

The sets bv(t) and bv(s) of bound variables in t and s, respectively, are defined by induction as

follows:
bv(x) = @
bv(Ax.t) = {x}Ubv(t)
bv(tu) = bv(t)Ubv(u)
b(get(,Axt)) = {x}Ubv(t)
bv(set((L,u € V),t)) = bv(u)Ubv(t)
bv({l —t € Vher) = Uecbv(ti)

Example 7.6 (Free and Bound Variables). Let £ = {I3,1,}. Moreover, consider the following configura-
tion (get(l,Ax.yx),{l1 — Az.z,lp — Az.z}). Then

fv((get(l, Axyx), {lh — Az.z,lp — Az.z})) = fv(get(l,Axyx))Utv({ly — Az.z, I — z})
= ((Fv(yx) \ {x}) U (fv(Az.2) U £v(z))
= ({yxp\{xpu(@u{z})
= {ypu(@u{z})
= {yz}
and

bv((get(l, Ax.yx),{l1 — Az.z,l — Az.z})) = bv(get(l,Ax.yx))Ubv({ly — Az.z,], — z})
= ({x}U(bv(yx)))U (bv(Az.z) Ubv(z))
= ({x}u@)u{z} Ubv(z))
= {xjufz}
= {x,z}.

The conventions regarding a-congruence are extended naturally to the above syntax.

Definition 7.7 (Closed and Open AY-Terms and States). A states € S and a term t € AY are said

to be closed if and only if fv(s) = @ and fv(t) = @, respectively, and open otherwise. The sets of
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closed states and terms of the AY-calculus are denoted by S, and AY, respectively. A configuration

is said to be closed if and only if both its components are closed, and open otherwise.

Example 7.8 (Closed and Open AY-Terms and States). Let x € X and | € L. Then, x is an open
AY9-term, and {I ~ x} is an open state. However, Ax.x is a closed A9-term, and {I — Ax.x} is a closed

state.

Definition 7.9 (Substitution). Let x € X, and t,u,r € AY. The result of substituting u for the free
occurrences of x in t is denoted by t{x \ u} and defined by induction as follows (recall that we are

working modulo a-conversion):

x{x\u} = u
ylx\uy =y ifx #y
Ayr){x\u} = Ayr{x\u}
(re){x\up = r{x\upe{x\u}
(get(L Ay.t)){x\u} = get(l,Ay.t{x\ u})
(set((L,re V), t){x\u} = set((l,r{x\u}), t{x\u})

Example 7.10 (Substitution). Let get (I, Ax.xy),set((I,x),y) € AY. Then, for u € AY, we have

(get(l, Ax.xy)){x \ t} = get(l, Ax.xy)
(get(l, Ax.xy)){y \ t} = get(l, Ax.xt)
(set((L,x),y){x\t} = set((Lt),y)
(set((L,x),y){y \ t} = set((L,x),y).

Recall the following equation from Example 5.19:

get(l,Aa.set((I',v),Ab.t)) ~¢g set((l,v), Ab.get(l,Aa.t)).

As it turns out, in order for it to hold, a must not appear free in v, i.e. a ¢ fv(v). Otherwise, a is
bound in the term on the left, but free in the one on the right. Thus, we must impose the following

condition over terms.

Definition 7.11 (Continuation Variables and Well-Formed AY-Terms). Let t,u € AY and s € S.
The sets cv(t) and cv(s) of continuation variables in t and s, respectively, are defined by induction

as follows:
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= @
= cv(t)
cv(get(l,Ax.t)) = {x}Ucv(¢)

)
)
cv(tu) = cv(t)Ucv(u)
)
) = cv(u)Ucv(t)

~— ~—

cv(set((l,u € V)t
ov({l =t € Vher) = Ueccv(t).
The sets cv;(t) and cv;(s) of continuation variables in t and s with respect to location I, respectively,

are defined by induction as follows:

cvi(x) = O
cvi(Ax.t) = cvi(t)
cvi(tu) = cvi(t)Ucvi(u)

cvi(get(l', Ax.t)) = {x}ucev(t) ifl=T

cv(t) otherwise
cvi(set((LueV),t)) = cvi(u)Ucvt)
covi({l' =ty € V}rer) = Ureccevi(ty).
We say that a AY-term t € AY is well-formed if and only if for every subterm set((I,r € V), u),
(fv(r) Ncv(t)) C cvi(t). Thatis, the set of free continuation variables appearing in r is a subset of

the set of continuation variables with respect to location .

Intuitively, continuation variables record which variables may be substituted with state argu-

ments originating from a given location.

Example 7.12 (Well-Formed AY-Terms). The following is an example of a well-formed AY-term:
get(l, Ax.get(l, Ay.set((l,xy), Az.z))).

The following AY-term is not, due to continuation variable y now referring to location I':
get(l, Ax.get(l', Ay.set((l,xy), Az.2))).

Notice that the set of continuation variables is simply a subset of the set of bound variables. As
such, any notion that applies to bound variables (such as xa-conversion) also applies to continuation

variables. From now on, we will assume that all A9-terms are well-formed.

Call-By-Name. The set of arguments V in this setting is the set of AY-terms AY. CBN contexts
(in Definition 2.11) are naturally lifted to closed configurations. Lets € S, and t € AY. We define
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N[(t,s)] := (N[t],s) to be the configuration obtained by replacing the hole J in N with the term t.

CBN reduction is defined for closed configurations as follows.

Definition 7.13 (CBN Reduction). The CBN reduction strategy is denoted by = cgy and defined over

closed configurations as the closure by CBN contexts of the following three rewriting steps:

(Axt)u,s) =p  (H{x\u},s)
(get(l,Ax.t),s) Erger (Hx\s(l)},s)
(set((l,u),t),s) et (ts{l:=u}).

Observe that the rewriting steps for operations are defined according to Example 5.38 and Re-

mark 5.39.

Example 7.14 (CBN Reduction). Notice how CBN reduction does not evaluate the term at the parameter

position of set operations, but that any AY-term is allowed to appear there:

(set((l, (Ax.x) Ay.y), get(l,Az.22)),8) =eyser) (9et(l,Az.z2),s{l = (Ax.x) Ay.y})
=enger) (((Ax.x) Ayy) ((Ax.x) Ayy), s{l := (Ax.x) Ay.y})
=g (AY- y ((Ax.x) Ay.y),s{l := (Ax.x) Ay.y})

(Ax.x) Ay.y, s{l := (Ax.x) Ay.y})

(

Ayy,s{l := (Ax.x) Ay.y}).

=>CBN(B)

= caN(p)

Call-By-Value. The set of (A9-)values of the A9-calculus denoted by VY C AY and generated by
the following grammar:

Values: v,w == x € X | Ax.L

Notice that Vg =A9N VY is the set of closed values.

The set of arguments V is the set of values VY. CBV contexts (in Definition 2.14) are naturally
lifted to closed configurations. Lets € S, and t € AY. We define V[(t,s)] := (V[t],s) to be the
configuration obtained by replacing the hole []in V with the term ¢. CBV reduction is defined for

closed configurations as follows.

Definition 7.15 (CBV Reduction). The CBV reduction strategy is denoted by =cgy and defined over

closed configurations as the closure by CBV contexts of the following three rewriting steps:

((Ax.t)v,s) Ep, (Hx\ov},s)
(get(l,Ax.t),s) B=ger (Hx\s(1)},s)
(set((l,v),t),s) BErset (t,s{l:=0v}).

Notice that the only differences between the above rules and those for CBN reduction (see Def-

inition 7.13) are related to the fact that only values can be substituted. Thus, only rules  and
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set change. Rule get has the same shape as that for CBN, but now s (I) is necessarily a value, as

enforced by the syntactic definition of the state (cf. Definition 7.3).

Example 7.16 (CBV Reduction). Notice how CBV reduction also does not evaluate the term at the parameter

position of set operations, but (contrary to CBN) only values are allowed to appear there:

get(l, Ay.y ((Az.z)y)),s{l := Ax.x})
(Ax.x) ((Az.z) Ax.x),s{l :== Ax.x})
(Ax.x) Ax.x,s{l := Ax.x})
Ax.x,s{l := Ax.x}).

(set((l,Ax.x),get(l,Ay.y ((Az.2)¥))),s) = cay(ser) (
=>(CBV(get) (
=>CBV(By) (

(

= CBV(By)

Definition 7.17 (Syntactic CBN-Normal Forms and CBV-Normal Forms). The sets of (closed) syn-
tactic CBN-normal forms NOcgy and CBV-normal forms NOcgy of the A9-calculus are both {(t,s) | t €

V9,5 eS8t

Lemma 7.18 (Characterization of CBN-Normal Forms and CBV-Normal Forms). Let (t,5) € AY x S..

Then, (t,5) 7 can (resp. cv) if and only if t € NOcgy (resp. NOcgy).

As was also the case for the CBN and CBV A-calculi without global state, the sets of normal
forms are the same for both CBN and CBV. This does not mean that CBN and CBV are a distinction
without a difference. As an example, we have seen in Examples 2.13 and 2.16 that some terms
have a CBN-normal forms but not a CBV-normal form, and that some terms CBV-normalize in fewer

steps than they CBN-normalize.

7.2 The A!-Calculus with Global State

We now extend the Al-calculus introduced in Chapter 3 with primitive operations for interacting
with the global state. This yields a system capable of representing both CBN and CBV interactions
with state, while preserving the quantitative structure introduced earlier. We will call this new

calculus the A!Y-calculus.

7.2.1 Syntax and Operational Semantics

The syntax of the A!9-calculus is the extension of the syntax of the A!-calculus according to Exam-

ple 5.19.

Definition 7.19 (States and A!9-Terms). Let £ be a finite set of location names and X be a countable

set of variables. The sets of values !Vg, terms !AY, of states S, and configurations IAY x S of the
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MY-calculus are generated by the following four grammars, respectively:

Values: v,w = xeX |1t

Terms: tu,r,e = v|Ax.t|tu|der(t)|get(l,Ax.t) | set((l,v),t)
State: s,q == {l—vter

Configurations: c,c u= (t9).

Here again, V is the set of values VY. States and terms can be put together as term-state pairs

called configurations.

The notions of free and bound variables for the MY-calculus, as well as those of x-congruence,
substitution, and context, are the obvious adaptations of those presented in Section 7.1 for the

AY-calculus.

Definition 7.20 (Closed and Open A9 -Terms and States). A states € Sand aterm t € !AY are said
to be closed if and only if fv(s) = @ and fv(t) = O, respectively, and open otherwise. The sets of
closed state and terms of the A!9-calculus are denoted by S, and !AY, respectively. A configuration

is said to be closed if and only if both its components are closed.

Example 7.21 (Closed and Open MY-Terms and States). Let x € X and 1,1’ € L. Then, x and 'x are
open Al9-terms, and {I — x,I' — Ax.x} is an open state, due to x being an open A!9-term. However,

Ax.x and 'Ax.x are both closed AM9-terms, and {I — Ax.x,I" — Ax.x} is a closed A9-term.

CBPV contexts (in Definition 3.3) are naturally lifted to closed configurations. Lets € S, and
t € IAY. We define B[(t,s)] := (B[t],s) to be the configuration obtained by replacing the hole (J in

B with the term t. CBPV reduction is defined for closed configurations as follows.

Definition 7.22 (CBPV Reduction). The CBPV reduction strategy is denoted by = cgpy and defined

over closed configurations as the closure by CBPV contexts of the following three rewriting steps:

((Ax.t)v,s) = (t{x\ v},s)

(der(t),s) =p, (ts)
(get(l,Ax.t),s) Erger (Hx\s(l)},s)
(set((l,v),t),s) Frset (ts{l:=0}).

Observe that the rewriting steps for operations are defined according to Example 5.38 and Re-

mark 5.39.
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Example 7.23 (CBPV Reduction). We are going to present two examples of CBPV reduction. The following

corresponds to the CBN translation (see Definition 7.32) of Example 7.14. Let q = (s)“B¥:

= set

= get

:>5!

By
=B
=By
=P
=B
=By

:>/g!

(set((1,!((Ax.der(x))Ay.der(y))), get(l, Az.der(z) !der(z))
(get(l, Az.der(z)!der(z) ), q{l := !((Ax.der(x)) 'Ay.der(y))}
(der(!((Ax.der(x))Ay.der(y))) !der(!((Ax.der(x)) Ay.der(y))),
g{l := !(Ax.der(x)) Ay.der(y)}
(((Ax.der(x)) 'Ay.der(y)) !der(!
g{l := !(Ax.der(x)) !Ay.der(y)}
(der(!Ay.der(y)) !der(!((Ax.der

((Ay.der(y)) !der(!((Ax.der(x)) !Ay.der(y))), q{! := !(Ax.der(x)) !Ay.der(y)})
(der(!der(!((Ax.der(x))!Ay.der(y)))),q{! := !(Ax.der(x)) !Ay.der(y)})
(der(!((Ax.der(x))!Ay.der(y))), q{l := !(Ax.der(x)) !Ay.der(y)})
(
(
(

).9q)
)

)
((Ax.der(x)) !Ay.der(y))),

)

(x))!Ay.der(y))), q{l := !(Ax.der(x)) 'Ay.der(y)})
(Ax.der(x))!Ay.der(y), q{l := !(Ax.der(x)) !Ay.der(y)})

der(!Ay.der(y)),g{l := !(Ax.der(x)) Ay.der(y)})
Ay.der(y),q{l := !(Ax.der(x)) !Ay.der(y)});

The following corresponds to the CBV translation (see Definition 7.32) of Example 7.16. Let g = (s)".

Let (s)BV =

q.

(set((l,!Ax.x), get(l, Ay.der(y) (der(!(Az.2)) y))), q)
=set (get(l, Ay.der(y) (der(!(Az.z))y)),q{l := Ax.x})
=get (der(!Ax.x) (der(!(Az.z))Ax.x),q{l := Ax.x})
=g (Ax.x(der(!(Az.z))!'Ax.x),q{l := 'Ax.x})

(
(
(

=5 (Axx((Az.z) 'Axx), q{l == "Ax.x})
(Ax.x) Ax.x, g{l := Ax.x})

Ax.x,q{l := Ax.x}).

=B

v

=B

v

Definition 7.24 (Syntactic CBPV-Normal Forms). The set of (closed) syntactic CBPV-normal forms

of the A!9-calculus is {(t,s) | t € NOcgpy,s € S,}, where NOcgpy is the set of (closed) syntactic

CBPV-normal forms of the A!9-calculus, generated by the following grammar:

Normal Forms: NOCBPV i:= NAcgpy ’ NBcgpy
Bang or Neutral Forms: NAcgpy = !t | NEcgpy
Abstraction or Neutral Forms: NBcgpy ::= Ax.u | NEcgpy

Neutral Forms: NEcgpy ::= (/\X.M) NBcgpy ’ NACprt ’ der(NBCpr).
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Proposition 7.25 (Characterization of CBPV-Normal Forms). Let (t,s) € IAY x S.. Then, (t,5) #cpy
if and only if t € NOcgpy.

The set of clashes is naturally lifted to configurations: if ¢ is a clash, then so is (t,s), for any

s € S,. The set of clash-free terms is also naturally lifted to configurations.

Definition 7.26 (Clash-Free Configurations). A configuration is clash-free if it does not reduce to a
configuration containing a term with a clash (see Definition 3.8) outside the scope of any lambda
A or bang ! constructor. In other words, lets € S, and t € IAY. Then, (t,s) is not clash-free if and

only if there exist a CBPV context B, a clash u, and a state g € S,, such that (¢, s) =>cgpv B[ (14, q)].

Example 7.27 (Clash-Free Configurations). The following configuration c is not a clash-free configura-
tion:
c = (get(l, Ax.xx),s{l := Ay.y}) =cepv (("Ay.y) Ay.y, s{l := Ay.y}).

But the following configuration ¢’ is clash-free:

¢ = (get(l,Ax.der(x) x),s{l :=Ay.y}) =y (der((!Ay.y))Ay.y,s{l:='1Ay.y})
=aprv  ((Ayy) Ayy,s{l :=Ay.y})
=y (IAyy, s{l :=Ay.y}).
Definition 7.28 (Syntactic Clash-Free CBPV-Normal Forms). The set of clash-free CBPV-normal forms
of the AM!9-calculus is {(t,s) | t € NOSEpy, s € S.}, where NOSEy, := VI U {Ax.t | Ax.t € IAY}.

Proposition 7.29 (Characterization of Clash-Free CBPV-Normal Forms). Let (t,s5) € ! AY. Then,
(t,8) #cppy and t is clash-free if and only if t € NOSEpy.

Proof. By following the same structure as the proof of Proposition 3.11. O

As we will see later, clash-free terms can be characterized via a lifting of the non-idempotent

intersection type system presented in Section 4.2 (see Section 7.3.3).

7.2.2 Subsuming Call-By-Name and Call-By-Value

The unifying framework of the A!9-calculus allows us once again to capture both CBN and CBV
interactions with state. This is essential for transferring quantitative results between evaluation
strategies, since effects such as reading or updating a state interact differently with duplication
and evaluation order.

We now show how the encodings of Section 3.2 can be extended to the A!9-calculus. Naturally,
this require us to extend the translation functions for CBN and CBV to include operations, and to

additionally define how to encode states.
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Definition 7.30 (Translations of Terms). Consider the following inductively defined translation of

terms of the A\Y-calculus to terms of the A!Y-calculus:

OhE A9 5 IAY (+)CBY A9 5 IAY
x +— der(x) X =X
Ax.t o Ax.(t)°EN Axt = 1Ax.(8)BY
tu o (#)BV I (1) BN tu +—  der((t)BV) (u)®"
get([,Ax.t) — get(l, Ax.(t)BY) get([,Ax.t) — get(l, Ax.(t)B")
set((Lu),t) — set((L!(u)®Y),(H)®)  set((L,v),t) — set((l,(v)®), (t)BY).

The above definition is the natural extensions of Definition 3.12 to operations, i.e. all terms
(with the exception of operations) are translated in much the same way. However, notice that
terms occurring at the parameter position of operations must belong to the set of values VY of
the A!9-calculus. Accordingly, the image of the translation must be a subset of VY. The image of
(-)®V is indeed a subset of VY (see Lemma 7.31), but the image of (-)® is not. However, this can

be solved by decorating the term in the image of (-)“®" with a bang.
Lemma 7.31 (Preservation of Values). Let v € VY, then (v)®" € 1VY,

The above definition only tells us how to translate terms (and parameters), but we want to be

able to translate configurations.

Definition 7.32 (Translations of Configurations). Consider the following inductively defined trans-
lation of states of the A9-calculus to states of the A!9-calculus:
(S = 8 ()B:S — S
{I=tihiee = {I=1t) e  {I=vhee = {1 (0)® e

The translation of configurations of the AY-calculus to configurations of the A!9-calculus are

then defined as follows:
(VB :A9%xS — A9 xS (B :A9%xS — IN9xS
(ts) = (O, (%) (ts) = (O, ().
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Example 7.33 (Translations of Configurations). In Example 7.23, we have the following translations of

the configurations in Example 7.14 and Example 7.16:

((set((I, (Ax.x) Ay.y),get(l,Az.zz)),s)) BN

(set((L,!((Ax.der(x))!Ay.der(y))),get(l, Az.zder(z))), (s)°BY)

((set((I,Ax.x),get(l, Ay.y ((Az.z)y))),s))BY

(set((I,'Ax.x),get(l, Ay.der(y) (der(!(Az.z))y))), (s)Y).

7.2.3 Correctness of Full Simulations

In this section we show that the CBN (resp. CBV) translation presented in the previous section
preserves CBN- (resp. CBV)-normal forms, as well as the number of B- (resp. fBy-), get-, and
set-steps, respectively.

Just like we did in Section 3.2, we are going to introduce administrative contexts to allow

Bi-steps to be fired under any Contexts.

Definition 7.34 (Administrative Contexts). Let t € AY. The set of administrative contexts of the

MY -calculus are generated by the following grammar:

A == AxO|!0O|At|tA]|Ax.A|!A]|der(d)
| get(l,Ax.A) | set((I,A),t) | set((l,v),A).

Definition 7.35 (Administrative Reduction Relation). The administrative reduction relation is denoted

by = apmry and defined as the closure of Bi-steps by administrative contexts.
Notice that administrative steps never occur at top level.
Example 7.36 (Administrative Reduction Relation). Consider the following configuration:
(set((l,!der(!\x.x)),der(IAx.x)),s) € AY x Sg.

Then, by the administrative reduction relation, the Bi-redex occurring at the parameter position of the set

operation can be fired:

(set((l,!der(!Ax.x)),der(!Ax.x)),s) = apmry (set((l,!Ax.x),der(!Ax.x)),s).

Howeuver, the only other Bi-redex occurring in the above configuration cannot be fired by an administrative

step due to not occurring under a bang.
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Notice that Definition 7.35 is the obvious extension of Chapter 3 to the get and set operations,
and thus also preserves the well-formedness of terms. Moreover, notice also that the administrative
reduction relation never changes the state. Nevertheless, it is important to stress how important
it is to allow administrative steps to occur at the parameter position of operations. Consider the

following configuration and its CBN translation:

(set((l,r{x\u}),t),s)
(set((Lr{x\u}),t),s) = (set((L!(r{x\ u})®), ()), (s)°*).
Notice that the translation of r{x \ u} is !(r{x \ u})®®. Now, consider what happens when we

apply a set-step to both:

(set((L,r{x\u}),t),s) Eset (t,s{l :=r{x\u}})
(st (0, 1(r{x \ w})B¥), (), (5)B) iger (Y, (5) B {1 = 1(r{ar \ u}) ™).

Notice that r{x \ u} and !(r{x \ u})B¥ are placed at location ! of s and (s)®Y, respectively. Now,

consider the following configuration instead:

(set((L{(r) ) {x \ ()N}, ()FY), (s) ).

Notice that, as long as ()" {x \ (1)®"} = (r{x \ u})Y, then it is the same as the one above. But,
as we shall see, this property is not the case in CBN. Indeed, it is only the case that ((r)“¥{x\
(1) B}, q) = apwry ((r{x \ u})BY, q), for any state g € S. Moreover, if we consider what happens

when we apply a set-step to it:

(set((L1(r) B {x \ 1)), (£)), (5)FN) Erser ()P, (5) M1 o= 1(r) P \ 1(u) PN} }).

Notice that (r)B¥{x \ (u)B¥} is placed at location I of (s)®Y. Therefore, we know that s{l := (r{x\
ub) Y} A s{l = (r)®{x \ 1()®}}, and thus ()P, s{l == (r{x\u})®}) # (P, s{l :=
(r)B¥{x \ !(u)B¥} }). However, if we allow administrative steps to occur at the parameter position
of operations, then we can evaluate (r{x \ u})®" to (r)®{x \ (u)®"} before applying any set-

steps, obtaining;:

(set((L1(r)Pa \ () BNY), ()FY), () ) =aommy (set((L1(r{x \ u})EN), (£)FY), ()).

The following lemmas tell us that administrative reduction steps allow us to show that the CBN
translation preserves normal forms, up-to the presence of pi-redexes. Crucially, this then means

that the number of B-steps needed to CBN-normalize a term is preserved by the CBN translation.

Lemma 7.37 (Stability of Administrative Steps). Let (t,s) € AY x S, and (t,3) = pommy (1, 5). Then,

u has the same top level constructor (application, abstraction, dereliction, bang-term, or operation) than t.
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Lemma 7.38 (Non-Interference of Single Administrative Steps). Let S € {By, get, set}, and (t,s) €
AF X So. If ((,8))BY 2 capy(s) and ((t,5)) P = aomrw (1, (5)BY), then (u, (5)®") 7 capu(s)-

Corollary 7.39 (Non-Interference of Administrative Steps). Let S € {By, get,set}, and (t,s) €
AF X So. If ((t,8)) BN A capy(s) and ((t,5)) P = aowmw (1, (5)BY), then (u, (s)BV) % capys)-

Lemma 7.40 (Preservation under Substitution). Lets € S, t € A9, u € AY, and v € Vg:
L () \ (1)}, 5) =5 = aowme ((H{x \ u}) Y, s).

2. (OFHx\ (0)F},s) = ((Hx \0}), s).

Now, we show that one-step simulations are correct. In particular, we show that reduction
steps are preserved by the CBN and CBV translations, but only up-to some additional f;-steps,

possibly occurring at administrative contexts in the case of the CBN translation.

Lemma 7.41 (Correctness of One-Step Simulations). Lets € Soand t € AY.

1. Let S € {B,get,set}. If (t,5) =cpn(s) (4, q), then ((t,5))" :;g;g,ﬂghm ((u,q))BY, for some

m >0, such that S’ = By if S = B, and S’ = S, otherwise.

2. Let S € {Bv, get,set}. If (t,5) =cpy(s) (4 q), then ((t,s))CB"l':*?;cnéS%((u,q))CBV,for some m > 0.

Before presenting the main correctness result, we recall that a simulation is full when every
reduction step in the source calculus is faithfully reproduced in the target, possibly with additional

administrative steps that do not affect quantitative measures.

Theorem 7.42 (Correctness of Full Simulations). Lets € S, and t € AY.

1. If(t,s)n'm%eggqs'set(u,q), then ((t,s))CBNn'ﬁvgbé;é;VgQieD;;r;'set((u,q))CBN,for some m > 0.

2. If(t,s)n'ﬁﬁégec;s'set(u,q), then ((t,s))CBV”.ﬁermﬁ‘;régsws'SEt((u,q))CBV,for some m > 0.

This establishes that the A!Y-calculus accurately reproduces the behavior of both the CBN and

CBV AY-calculi, forming the foundation for a unified quantitative analysis.

Example 7.43 (Full Simulations). Recall the CBN reduction sequence for the configuration in Exam-

ple 7.14:

(set((I, (Ax.x) Ay.y), get(l, Azz2)),s) F  EE e (Ayy, s{l == (Ax.x) Ayy));

and the CBV reduction sequence for the configuration in Example 7.16:

(set((l, Ax.x),get(l, Ay.y ((Az.2) y))),s)z'ﬁﬁ;gec;;l'sa(/\x.x,s{l = Ax.x}).
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In Example 7.23, we can see how Theorem 7.42 holds for the translation of the above configurations.
The following is the CBPV reduction sequence corresponding to the CBN translation of the first config-

uration:
(set((1,!((Ax.der(x))!Ay.der(y))), get(l, Az.der(z) !der(z))),q)

3-By+5-Bi+1-get+1-set
=% CBPV

(Ay.der(y),qg{l :=!(Ax.der(x))!Ay.der(y)})
The following is the CBPV reduction sequence corresponding to the CBV translation of the second

configuration:

(set((I,1Ax.x), get (I, Ay.der(y) (Az.z) y))), )" 2B et T (1A xex, {1 = 1Axx))

In this subsection we have shown how the operational semantics fo the A!9-calculus subsumes
the operational semantics of the CBN and CBV A9-calculi. In the next subsection, we will present a
non-idempotent intersection type system for the A!9-calculus and show that it subsumes the type

systems for the CBN and CBV AY9-calculi.

7.3 State-Passing Non-Idempotent Intersection Types

Recall the sets of types for CBN and CBYV, as defined in Definition 4.1. The set of types denoted
by A is composed of types of different shapes, each reflecting the behavior of the term to which it
is assigned. In the CBN, CBV, and CBPV calculi, terms either behave like functions or arguments,
and that is roughly it. However, by extending these calculi with operations, we have extended
their behaviors with effects. In general, the behavior of an operation depends on the type of effect
that is determined by its algebraic theory. As we have seen in Section 5.1, notions of computation
(effects) described by algebraic theories determine monads, and those monads reflect the behavior
of the operations. This means that it is possible to reflect the behavior of the operations added to
the syntax of the CBN and CBV calculi in Chapter 2, by lifting the set of types in Definition 4.1
according to the appropriate monad (see Section 5.1). But the difference between the two calling

mechanisms must also be taken into account [31]:

“...the semantics of functional types should reflect the choice of calling mechanism:

e in call-by-value a procedure of type A — B expects a value of type A and computes

a result of type B, so the interpretation of A — Bis A — TB;

e in call-by-name a procedure of type A — B expects a computation of type A,
which is evaluated only when needed, and computes a result of type B, so the

interpretation of A — Bis TA — TB.”
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This observation has a direct impact on how function types must be lifted in the presence of
effects: depending on the calling strategy, the set of types is lifted according to Moggi’s following
monadic translations.

Let T be the functor of some monad T as defined in Section 5.1, and A — B be an arrow type,

for some types A and B. Then
(A — B)Men .= T(A)Meen — T(B)Meen (A — B)fev .= (A)Mewv — T(B)Meev,

If we take T to be the monad for global state G and the set of states S to be the carrier |W|

defined in Example 5.10, the monadic type TA becomes:
GA = [W| — (A x |W|).

This matches exactly the interpretation of Y7 -trees in Definition 5.31 and is justified via the
equivalence between comodels and stateful runners [38].

Notice that |W| denotes the set of elements of the carrier of comodel W. This means that
[W| — (A x |W|) denotes a A-term that expects an element of type |W| as the input state, and returns
an element of type |W| as the output state, once it finishes computing the result of the computation
(of type A). In our comodel-based operational semantics, every computation requires an initial
state, so the type of the output state is completely determined by the type of the initial state. Thus,
instead of assigning to A-terms monadic types of the form GA, we are going to assign to them
monadic types of the form:

w— (Axw),

where w,w’ € |W|. Clearly, this is not an element of the global state monad over the set of types,
so we will instead consider a notion of the global state monad parameterised by |W|. To do so, we

briefly introduce Atkey’s parameterised notions of computation [104].

Definition 7.44 (Parameterised Monads [104]). Given a category C with finite products and a

category S, an S-parameterised monad (T,#, i) on C consists of the followings:

e AfunctorT:3P xS x C — C;

*We omit the mention of strength since we are working in Set, where it comes for free.
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e Aunityg: A— T(S,S,A), natural in A and dinatural in S . The dinaturality requirement

amounts to the commutativity of the diagram

T(S,S, A) S, FA
1s,A \
A T(S,S',A)
[ e
T(S',S', A)

for every arrow f : § — S'in S;

e A multiplication ]/1:541’82’53 1 T(851,82,T(S2,83,A)) — T(S1,S3,A), natural in S, S3 and A,

and dinatural in S;. The dinaturality requirement amounts to the commutativity of the

diagram
T(S1,85,T(S}, S3,A))
T(S1f, T(S} S5 A)) T Lo
T(81,8,T(S;, 83, A)) T(81, S5, A)
T(S1, S, T(f, S35, A)) %A
T(S1, 82, T(82,85,A))

forall f: S, — S).

We thus take G = (G, 17, i) to be the |W|-parameterized monad whose functor G is as follows
Gw,w,X):=w— (X xw);

and unit 7% : X — G(w,w, X), multiplication ‘u‘géwl’wﬂ : Gw,w,G(w,w', X)) = G(w,w", X), and

Kleisli extension -:;,W,,W,, : X — G(w,w",X) = G(w,w,X) — G(w,w”, X) are defined just as for the
global state monad.

This allows us to keep a precise track of how the initial state (of type w € |W|) reaches the final
state (of type w’ € |W|), but only if we choose the right notion of state. The obvious choice would be
to pick the same notion of state as the one for the operational semantics, i.e. if for the operational
semantics S = V¥, then for the type system we should pick S = M*, where M is the set of types
of values. However, there is a crucial mismatch due to the behavior of the get operations over
the same location discussed in Remark 7.2! Indeed, while sequences of get operations over the
same location always return the same value, each of these occurrences can be used differently, and

thus have a different type. Therefore, we must consider the set of states to be a mapping from



106 A QuaNTITATIVE STUDY OF HIGHER-ORDER COMPUTATIONS WITH EFFECTS

locations to lists of types, each corresponding to a different use of the same value by a different get
operation, i.e. S = (M*)~. This representation makes explicit how each use of the state contributes
separately to the quantitative behavior of a program, allowing distinct state accesses to be counted
independently.

We are now ready to introduce the non-idempotent type systems for the CBN and CBV AY-

calculi.

7.3.1 Call-By-Name

We now adapt the language of types for the CBN A-calculus (see Definition 4.1) to account for the

extended syntax and operational semantics.

Definition 7.45 (CBN Types). The set of types Ty for the CBN AY-calculus is generated by the

following extension of the grammar in Definition 4.1 for the CBN A-calculus:

List Types: LL == []IM-L
State Types: S,Q == {l—Li}ier
Monadic Types: A = S=P
Product Types: P = AXxS
Multi-Monadic Types: M,N == {A;}icr
Types: A == x| M— A

Weuse tohighlight the parts of the grammar that are similar to those in Definition 4.1, and note
that A expandsto S = (A x Q),and P to A x Q, for some type A and some S, Q € S. Moreover,
given a multi-monadic type M and a list type L', we write L := M - L' for the list type resulting
from adding M to the head of the list L. Moreover, we define head(L) := M and tail(L) := L'
Notice that the carrier |W| is the set S of state types.

Definition 7.46 (Operations On State Types). Let S := {I — L;},c. be a state type, and I’ € L.
Then

o we write S (I') for the list type at location I’ of S, i.e. S(I') := Ly;

e and S{I’ := L} for the state obtained by replacing the list type at location I’ of S with L, i.e.
such thatforallly € £, S{lI' :== L} (Iy) := S (ly), ifly #I',and S{I" := L} (Ip) := L, otherwise.

Monadic types are obtained by decorating types with information about the input and output
states, i.e. in a monadic type S = (A x Q), S is the type of the input state, and Q is the type of the
output state. Also, notice that, instead of the usual arrow — (used for functions), we opted to use

a different arrow = for monadic types. This is merely an aesthetical choice. Indeed, S = (A x Q)
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is used to denote the fact that AY-terms behave as a function that takes a starting state and returns
a value together with a final state, i.e. a configuration of product type A x Q. Finally, since every
A9-term now behaves as a state carrying function, abstractions must be typed with an arrow type
that expects a multi-set of monadic types, i.e. a multi-monadic type. List types are used to type
the term at each location as many times as necessary, once for each time it is consumed by a get
operations. Then, since CBN states are mappings from locations to A9-terms, CBN state types are

mappings from locations to list types.

Definition 7.47 (CBN Typing Environments). CBN typing environments are denoted by I', A and
defined as functions from variables to multi-monadic types that assign the empty multi-monadic type
{ } to all but a finite set of variables.

The domain of a typing environment, the union of typing environments, and any other properties of

typing environments, are defined as in Definition 4.2 for the AY-calculus.
Definition 7.48 (CBN Typing Judgments). There are two kinds of typing judgments:

e CBN typing judgments for terms are denoted by I' - t : A (resp. M) and, whenever I' is empty,
we may write - t : A (resp. M) instead of @ -t : A (resp. M).

e CBN typing judgments for configurations are denoted by I' - (¢,s) : P and, whenever I'is empty,
we may write - (¢,s) : P instead of @ - (¢,s) : P.

CBN typing rules are presented just as in Definition 4.4 for the A-calculus, along with any

additional notation and definitions.

Definition 7.49 (CBN Type System). The CBN Type System Ng assigns CBN (multi-monadic) types
to AY-terms, and consists of the following translations of the typing rules in Definition 4.7 for the
CBN A-calculus:

r=t: A

Ax Abs
x:{A}Fx: A M\ xF Ax.t:S= ((T(x) = A) xS)

Ans

QO Axt:S= (% x85)

rt:S=(M-—=(Q=P))xQ) Aru:M (Ti - t: Aj)er
App Many
T+AFtu:S=P +ictli Ft: { A Fier
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Along with the following six additional rules (recall Definition 7.4):

[;x:head(S(I)) Ft:S{l:=tail(S(]))} =P c T'Fu:L AFt:S{l:=L}=P Set
et e
I'tget(l,Ax.t):S=P I'+AtFset((lu),t):S=P
'=t: M Al_t:LList FList
T+AFE:M-L OFt:[]
(Tr =2 Lyier State [Ft:S=P Abs:S .
Frecli E{l = titier :{l = Litier [H(ts): P

We use  to highlight the parts of the first set of rules that are similar to those in Definition 4.7,
and note that A expandsto Q = (A x R),and P to A x R, for some type A and some Q,R € S.

Typing Rules. Rules Ax and Many are simple adaptations of the corresponding rules in Defini-
tion4.7. The same could be said of rules Abs and Ans, but they are obtained by (implicitly) applying
the 75 transformation to abstractions. Rule App is the one that looks more complicated. We start
by noticing that, if the monadic decorations are omitted, then we are left with a rule looking like
the corresponding one in Definition 4.7. This suggests that, to explain the rule, it is enough to
explain the decorations. The right premise of the rule has no top-level decorations because in CBN
arguments are never evaluated. The left premise of the rule has a top level decoration that denotes
the fact that  is evaluated to an abstraction of type M — (Q = P), where P = A X R, and that the
(current) state (of type S) is updated to a state of type Q. Then, since the argument is consumed
without being evaluated, the state is not changed and thus the decoration on the type of the body of
the abstraction denotes the fact that the body is evaluated to a term of type A and that the (current)
state (of type Q) is updated to a state of type R. The decoration on the type of the conclusion of the
rule summarizes this behavior and is obtained by (implicitly) applying the yi’Q’R transformation
to the application. The five additional rules Get, Set, List, State, and Conf are used to type
operations, states, and configurations. We start by explaining rules List, State, and Conf, as they
are the simpler ones. Rule List simply allows us to type a term multiple times (similarly to rule
Many) and to collect this information into a list, and rule State allows us to type states (mappings
of locations to arguments) with state types (mappings of locations to lists of multi-monadic types,
i.e. the type of arguments in CBN). Rule Conf allows us to type a term-state pair by typing the
term with a type, and the state with the state type corresponding to the type of the initial state.
Finally, we explain rules Get and Set. The meaning of get(I, Ax.t) is given by the cointerpretation
of operation get: the occurrences of x in t are replaced with the term at location I of the state. Let
us call this term u. Notice that u is not consumed by the operation. It is simply copied, and thus
remains accessible to any further get operations. Accordingly, this means that u must be typed

multiple times in two distinct ways: (i) once per each time it is obtained by a get operation; and
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(ii) once per each time it is duplicated after it is obtained. The first number is reflected by the fact
that u must be assigned a list type, and the second number is reflected by the fact that list types are
lists of multi-monadic types. In sum, the length of the list type assigned to u reflects the number of
times it is copied by different get operations, and the size of each multi-monadic type reflects the
number of times u is copied after being copied by each get operation. This behavior is reflected
in rule Get as follows. Since the term at location / (say u) is copied by the get operation, x must
have the type corresponding to the type at the top of the list of types at location / in S (the type of
the initial state). Then, t can contain other occurrences of get operations, but these no longer have
access to the multi-monad type at the top of the list of types at location [, otherwise one would not
be able to count how many times u is used by different get operations. Instead, any further get
operations must use further multi-monadic types in the list of types assigned to u, and thus S is
updated accordingly. The meaning of set((I,u), t) is given by the cointerpretation operation set,
but is quite simpler. Operation set simply replaces the term at location / of the state with u, and

thus the list type at location / in S is accordingly replaced by the list type assigned to u.

Remark 7.50 (On rules Abs and Ans. ..). In the CBN system, rules Abs and Ans are parametric in
the input and output state types. Consequently, any type derivation for an abstraction ending in

Abs or Ans may be instantiated with arbitrary (but equal) input and output state types.

Remark 7.51 (Minimal Typings for Global State). To consider only minimal typings it is necessary
to understand what are the minimal (or tight) state types, i.e. what is the minimal information
that can be extracted from a state. Notice that each location is mapped to a value, each value can
be typed multiple times, but whenever a value cannot be copied by any further get operations, it
should be assigned a list type of zero length. Moreover, recall rule Set from Definition 7.49:
'tu:L AFt:S{l:=L}=P
I'+AtFset((lu),t):S=P

Set

Notice that condition S (I) = [] is necessary in order to guarantee that get-steps can only reduce
the size of the type derivation by a single Get rule. Indeed, if the condition is omitted, then S (I)
might be typed by an arbitrarily big type derivation, and thus the size of the derivation might
decrease by an arbitrary amount once S (I) is replaced by some other list type. In sum, requiring
that S (I) = [] in rule Set is necessary in order to obtain tight measures, but not otherwise. As an

example, consider the following configuration:

c = (set((Lt),u),{l—r}).
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Let us assume that c is typable by the following type derivation ®:
q)1l>'/\/’g®|_t2L ®2>Ng®l—u:{ll—>L}:>P @3[>Ng®}—7’2L,
Set
@t set((I,t),u):{Il—L}=P QFA{l—r}:{l—L"}
@+ (set((I,t),u),{l—r}):P

State
Conf

Notice that the size of ® not only depends on the size of the type derivation for set((/,t), u), but

also on that for the state. Indeed,

#abs Get,set (P) = #abs Get,set (P1) + #abs,cet,set (P2) + 1 - Set + #aps Get,set (P3).

Now, consider what happens after a single set-steps is applied to s:

c= (set((L,t),u),{l—r}) =g (u,{l —t})=¢

In particular, notice that r is completely overwritten by t after the set-step is performed. Now,
consider the following possible type derivation @’ for ¢’ (built from & according to Lemma 7.62):
D [>Ng QFt:L
State
Oyop, O u:{l=L} =P OF{l—t}:{l—L}
C
OF (u,{l—t}):P

onf

As expected, since r does not appear in ¢/, ®3 does not appear in ®’. Moreover, this means that

the size of ®' now only depends on the size of the derivation for u and t. That is,

#Abs,Get,Set (QD/) - #Abs,Get,Set (q)Z) + #Abs,Get,Set (q)l ) .

Therefore,
#Abs,Get,Set(qD/) - #Abs,Get,Set(qD) —1-Set — #Abs,Get,Set(q)S)/

and thus the size of ® is only guaranteed to decrease by a single occurrence of rule Set after the
set-step whenever ®3 has size zero, which is precisely what happens whenever L’ is required to
be the empty list type [].

In sum, this means that minimal typings for global state require a genuinely global restriction
on type derivations: each occurrence of rule Set must require S (I) = []. Note, however, that this
is only necessary because rule Set overwrites the state type. For instance, in [44], rule Set does not
overwrite the state type (see e.g. Figure 13 of [44]), and thus local restrictions on the shape of the

conclusion of the final rule of type derivations were sufficient.

Definition 7.52 (Tight Typings for CBN). Lett € AY and s € S.. A type derivation @ is tight if and
only if it is of the form ® >y D F (t,5) : x X {l — []}1e,, and each occurrence of rule Set requires

S (I) = []. Moreover, t must be assigned x, just as in Definition 4.29.
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Example 7.53 (Tight Typings for CBN). Recall type derivation ® in Remark 7.51 for configuration
(set((1,t),u),{l — r}):
(le/\[g@l—tlL CDQDN‘G@"MZ{IP—)L}Z>P <D3I>Ng@|—1’:L,
Set
@ F set((l,t),u): {l—L} =P OF{l—r}:{l—L"}
O F (set((l,t),u),{l—r}):P

State
Conf

If we assume that ® is a tight type derivation, then L' must be the empty list type ||, and P must be of the
form x x {1 — []}. That is, if O is tight, then it must be of the following form:
Oiopn, Ot L Dpop, QFu:{l—= L} =« x{l—[]} D3op, Db 7]
Set
O Fset((l,t),u):{l—[]} =*x{l—]]} OF{l—r}:{l—1]}
@k (set((Lt),u),{l—r}):xx{l—[]}

State
Conf

We now move towards exact quantitative soundness and completeness by stating that multiset-

typings can be split and merged, as expected.

Lemma 7.54 (CBN Multiset-Typings Split and Merge). Let t € AY. Then, there is ® > Ny Tt
M, such that M = UjctM; if and only if there are @;>p;, Iy & t @ M, such that T = +e(l, and
#App,Get,Set(q)) = +i€I#App,Get,Set (q)z)

And that typing contexts are necessarily empty whenever terms are closed.

Lemma 7.55 (Contexts and Free Variables for CBN). If ®>p,, I F t @ A (resp. M), then dom(I') C
fv(t).

The fact that having a tight type derivation with zero weight is a characteristic of normal forms

(recall Definition 7.17) is formalized as follows.

Lemma 7.56 (Zero Weight Tight Type Derivations Characterize CBN-Normal Forms). Let t € AY
and s € So. If D>, D F (t,5) @ Pis tight, then #ppp et set (P) = 0 - App + 0 - Get + 0 - Set if and only
if t € NOcgy.

The following lemma ensures that all normal forms are tightly typable.

Lemma 7.57 (Tight Typability of CBN-Normal Forms). Lets € S.. Ift € NOcgy, then there is a derivation
Oop, @ F (t,s) : P that is tight.

Example 7.58 (Tight Type Derivation). Let Ag = {l — [|} = ({A1} — A1) x{l — []}),
Ay ={l—[]} = ({A} = Az) x{l = []}), and Ay = {l = []} = (x x {I — []}). Then, we
can type the configuration from Example 7.14 with the following tight type derivation ®. Since ® is quite

big, we are going to split it into the following pieces.
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Let ®; be the following type derivation for the state:

EList

QFs():]] State

OFs: {l—[]}

The parameter of the set operation is going to be typed twice. Let the following type derivation O, be

one of those type derivations:

Ax
y: Mty Ay
X Abs
x:{AL1}Fx: A QFAyy: Ay

—————— Many
@k Axx: Ag OFAyy: {A} A
O F (Axx)Ayy : Aq PP
And the following type derivation ®; be the other one:
Ans

Ax e ———
x: A} Ex: Ay OFAyy: Ay
s ———— - Many
D Axx: Aq OF Ayy: {A} A
DF (Axx)Ayy : Ay PP

Finally, let ®. be the type derivation for the continuation of the set operation:

z:{A}Fz: Ay Axany
z: {A1 bz Ay z: {Ax}z: {A} App
z: {A, A} Fzz: Ay
Ok get(l,Azzz) : {l = {A, A}t - [1} = (xx{I = []})

Get

Then, ® is as follows:

o (o}

M v Many EList
Ok (Axx)Ayy : LA, AR OF (Axx)Ayy ] List
Ok (Axx) Ayy - { A1, Axl - [] @,

Set
@ F set((l, (Ax.x) Ayy),get(l,Azzz)) : {I =[]} = (xx {I = []})

@+ (set((l, (Ax.x) Ay.y),get(l,Az.zz)),s) : x x {l — []}

D
Conf

Notice that #app Get,set (P) = 3 - App + 1 - Get + 1- Set. This means that the number of occurrences
of rule App (resp. Get or Set) matches the number of B-steps (resp. get- or set-steps) needed to normalize

the above configuration. In the following, we show that this coincidence is a property of type system Ng.

The following lemma tells us how to pop multiset types from the list type assigned to some

location.

Lemma 7.59. Let | € Lands € S. Thereis @, @ & s : S, such that S (1) # [|, if and only if there
are ¥ b, @ 1= s (1) : head(S (1)) and TTp, @ b= s : S{I := tail(S (1)) }. Moreover, #app Get,set (P) =
1"’:#App,Get,Set (T) + #App,Get,Set (H)

The following lemma tells us how to update the list type assigned to a location, as long as the

initial list type is empty.
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Lemma 7.60. Let | € Lands € S. Thereare >y, O &= s: S, such that S (1) = [|,and Yop, OF t: L
if and only if there is TI>p, @ & s{l := t} : S{l := L}. Moreover, #xpp cet,set (P) + #appcet,set () =
#App,Get,Set (H) .

We now show that this refined typing discipline yields exact quantitative information about
stateful normalization. In particular, that typing derivations provide exact measures for the

number of -, get-, and set-steps in normalization sequences.

7.3.1.1 Quantitative Soundness

We proceed by proving a weighted version of the usual substitution lemma.

Lemma 7.61 (Weighted Substitution for CBN). Let t,u € AY. If we have @y, T;x @ M = ¢
A (resp. NorL) and Yvopn, @ = u @ M, then TIop, T = t{x\ u} : A (resp. NorL), such that
#App,Get,Set(H) - #App,Get,Set((D) + #App,Get,Set (‘Y)

The exact version of the subject reduction property follows from the above lemma, but only
if S(I) = [] is added as a requirement for rule Set (recall Definition 7.52). This is to be assumed

from now on, but no other tightness criteria is to be assumed.

Lemma 7.62 (Exact Subject Reduction for CBN). Let t € A, s €8, and S € {B, get, set}.
If (t,;s) =cns) (4,q) and O >p, @ & (ts) @ P, then there is Y op, @ = (u,q) : P, such that
#App,Get,Set(q)) = #App,Get,Set <le) +1- R/ where

e R=App, if S =p;
® R =Get, if S = get;
e and R = Set, if S = set.

Finally, we can show that Ng-typability is exactly quantitatively sound with respect to CBN-

normalization.

Theorem 7.63 (Exact Soundness for CBN). Let t € AY and s € S.. If there is ® > Ny D (ts): P

tight, such that #app get,set (P) = 1 - App + g - Get + s - Set, then (t,s)n'm%ect];qs'set(u,q), such that

u & NOcgy.

7.3.1.2 Quantitative Completeness

We proceed by proving a weighted version of the usual anti-substitution lemma.
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Lemma 7.64 (Weighted Anti-Substitution for CBN). Lett € AY andu € AY. If > Ny T H{x\u}:
A (resp. N or L), then there exist ¥ DAG I;x:MFEt: A (resp. NorL)andI1 DAG @t u: M, such that
#App,Get,Set (':I)) == #App,Get,Set (T) + #App,Get,Set (H)

The exact version of the subject expansion property follows from the above lemma, but only
if S(I) = [] is added as a requirement for rule Set (recall Definition 7.52). This is to be assumed

from now on, but no other tightness criteria.

Lemma 7.65 (Exact Subject Expansion for CBN). Let t € AY, s € S., and S € {B,get, set}.
If (t;s) =cns) (4,q) and O >r, @ & (u,q) : P, then there is Y >y, @ & (t,s) : P, such that
#App,Get,Set(q)) +1-R= #App,Get,Set (T)/ where

e R=App,ifS=p;
o R =Get, if S = get;
e and R = Set, if S = set.

Finally, we can conclude that Ng-typability is quantitatively complete with respect to CBN-

normalization.

Theorem 7.66 (Exact Completeness for CBN). Let t € A ands € S.. If (t,s)n'“%ect];qs'sa(u,q),

such that u € NOcgy, then there is ® >, @ & (t,s) : P tight, such that #ppp cet,set (P) = 1 - App + g -
Get + s - Set.

7.3.2 Call-By-Value

Definition 7.67 (CBV Types). The sets of types Ty, for the CBV A9-calculus is generated by the

following extension of the grammar in Definition 4.1 for the CBV A-calculus:

List Types: L L' == []|IM-L
State Types: S,Q u= {l— Li}ier
Monadic Multi-Types: M = S=P
Product Types: P = MxQ
Multi-Types M,N == {A}ic
Types: A = M—-M

Weuse tohighlight the parts of the grammar that are similar to those in Definition 4.1, and note
that M expands to S = (M x Q), for some monadic multi-type M and some S, Q € S. Moreover,
operations over list types are defined as for the CBN AY-calculus (see Definition 7.45). The carrier

|| is the set S of state types.
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Monadic types are obtained by decorating multi-types with information about the input and
output states, i.e. in a monadic type S = (M x Q), S is the type of the input state, and Q is the
type of the output state. Finally, since every AY-term now behaves as a state carrying function,
abstractions must be typed with an arrow type that expects a multi-set of types, i.e. a monadic
multi-type. List types are used to type the term at each location as many times as necessary, once
for each time it is consumed by a get operations. Then, since CBV states are mappings from

locations to value AY-terms, CBV state types are mappings from locations to list types.

Definition 7.68 (CBV Typing Environments). CBV typing environments are denoted by I', A and
defined as functions from variables to multi-monadic types, that assign the empty multi-type { }} to all
but a finite set of variables.

The domain of a typing environment, the union of typing environments, and any other properties of

typing environments, are defined as in Definition 4.2 for the AY-calculus.
Definition 7.69 (CBV Typing Judgments). There are two kinds of typing judgments:

e CBV typing judgments for terms are denoted by I' - t : M (resp. M) and, whenever I' is empty,
we write - ¢ : M (resp. M) instead of @ I~ t : M (resp. M).

e CBV typing judgments for configurations are denoted by I' - (¢,s) : P and, whenever I' is empty,
we write - (t,s) : P instead of @ F (¢,s) : P.

CBV typing rules are presented just as in Definition 4.4 for the A-calculus, along with any

additional notation and definitions.

Definition 7.70 (CBV Type System). The CBV Type System Vg assigns CBV (multi-monadic) types
to AY-terms, and consists of the following translations of the typing rules in Definition 4.8 for the
CBV A-calculus:

[ — D¢ (Tt M )jer Ab
*: Gl T\ x b At s {Ti(x) — MiJier
THt:S= (M- (R=P)}xQ) Aru:Q= (MxR)

I'+AFtu:S=P

App
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Along with the following seven additional rules:

T'to: M
'Fv:S=(MxS)

Lift

l“,'x:head(S(l))l—t‘:S{l::tail(S(l))}:>PGt 'to:L Al—t:S{l::L}:>PS
e

et
I'get(l,Ax.t):S=P I+AFset((l,v),t):S=7P
T'to: M AI—v:LLiSt FList
I'+AFov:M-L OFv:]]
(TyFor: Ly)ee State [Et:S=P AbFs:S . .
+iecli F{l = vihiee : {I = Litier CH(ts):P

We use  to highlight the parts of the first set of rules that are similar to those in Definition 4.7,
and note that M expands to Q = (M x R), and P to N x T, for some monadic multi-type M,
type A and some Q,R, T € S.

Typing Rules. Rules Ax and Abs are simple adaptations of the corresponding rules in Defini-
tion 4.8, but the types of their conclusions can then be lifted to monadic types using rule Lift,
which corresponds to (implicitly) applying the 77}, transformation to variables and abstractions.
Again, rule App is the one that looks more complicated. Like we did in CBN, we start by noticing
that, if the monadic decorations are omitted, then we are left with a rule looking like the corre-
sponding one in Definition 4.8. Thus, we explain the rule by explaining the decorations. The main
difference between rule App in CBV and that same rule in CBN is that, in CBYV, its right premise
also has top level decorations. This is due to arguments not being evaluated in CBN, but being
required to be evaluated (to values) before being substituted. The left premise of the rule is very
similar to that of CBN. It has a top level decoration that denotes the fact that ¢ is evaluated to an
abstraction of type M — (R = (N x T)) (omitting the irrelevant multiset notation for singletons)
and that the (current) state (of type S) is updated to a state of type Q. Then, since now arguments
are evaluated before being consumed, u is evaluated to a value of type M and the (current) state (of
type Q) is updated to a state of type R. The decoration on the type of the body of the abstraction
denotes the fact that the body is evaluated to a value of type N and that the (current) state (of type
R) is updated to a state of type T. At first glance, this intricate composition of states might seem
ad-hoc. It is not. Composing M — (R = (N x T)) with Q = (M X R) is possible by (implicitly)
applying the Kleisli extension transformation Jé r to abstractions. The decoration on the type
of the conclusion of the rule is obtained by (implicitly) applying the ‘ui/’IQ’T transformation to the
application. The six (excluding Lift) new additional rules Get, Set, List, EList, State, and Conf

are very similar to the ones in CBN (see Definition 7.49).
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Remark 7.71 (On rule Lift...). In the CBV system, rule Liftis parametric in the input and output
state types. Consequently, any type derivation for a value ending in Lift may be instantiated with

arbitrary (but equal) input and output state types. This is key in Lemmas 7.82 and 7.85.

Just like in CBN (see Remark 7.51), to consider only minimal typings, it is necessary to add
condition S (I) = [] to the premises of rule Set. Moreover, in contrast with CBN, tightness in CBV

reflects the fact that effects may only arise during the evaluation of computations, not values.

Definition 7.72 (Tight Typings for CBV). Let t € AY and s € S,. A type derivation ® is tight if
and only if it is of the form ® >y @ - (t,5) : { } x {I — []}1er, and each occurrence of rule Set

requires S (I) = []. Moreover, t must be assigned {{ }}, just as in Definition 4.29.

We now move towards exact quantitative soundness and completeness by stating that multiset-

typings can be split and merged, as expected.

Lemma 7.73 (CBV Multiset-Typings Split and Merge). Let v € VY. Then, there is ® Dy, L' Eov: M,
such that M = UM, if and only if there are ®; >y, I'; = v @ M;, such that T = +;e1l;, and
#App,Get,Set(q)) = +i€I#App,Get,Set (q)z)

That typing contexts are necessarily empty whenever terms are closed.

Lemma 7.74 (Contexts and Free Variables for CBV). If ® >y, I' =t : M (resp. M), then dom(T') C
fv(t).

And that the type system reflects the fact that values are not effectful.

Lemma 7.75 (CBV Values Are Not Effectful). Let t € AY and Oy, THt:S= (MxQ). Ifte VY,
then Q = S and ® ends with rule Lift.

The fact that having tight type derivations with zero weight is a characteristic of normal forms

that is formalized as follows.

Lemma 7.76 (Zero Weight Tight Type Derivations Characterize CBV-Normal Forms). Let t € AY
and s € So. If ® >y, @ &= (t,5) : P is tight, then #ppp cet,set (P) = 0 - App + 0 - Get 4- 0 - Set if and only
ift € NOcgy.

The following lemma ensures that all normal forms are tightly typable.

Lemma 7.77 (Tight Typability of CBV-Normal Forms). Lets € S.. Ift € NOcgy, then there is a derivation
Oy, D& (t,s) : P that is tight.
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Example 7.78 (Tight Type Derivation). Let A1 = { } — ({I— []} = ({ } x {I — []|})). Then, we
can type the configuration from Example 7.16 with the following tight type derivation ®. Since ® is quite

big, we are going to split it into the following pieces.

Let ®; be the following type derivation for the state:

EList

@Fs():]] State

QFs:{l—]]}
The parameter of the set operation is only typed once. Let ®), be such a type derivation:

—— AX
oFx:{}

OFx:{l=[]} = {  x{I—[]})
OF Axx: LA}

Lift
Abs

Let ®; be the following type derivation for the operator appearing in the get operation:

A
yilALFy (A y
ift
yilAd U 0= (A < = 1)

Let @, be the following type derivation for the term at the right of the application corresponding to the

continuation of the get operation:

OFz:{} Ax Lift
orz (o= W U= N
Ok Azz: {Ar} . oFy:{} Lift
ordzzi (o} = (A< U~ Ory i V=W o)

OF Azz)y:{lw [} = { § x{I=[1})

Finally, let ®. be the following type derivation for the continuation of the get operation:

T App
y:{Al by ((Azz)y)  {I= [} = {(B x{I={}D
Then, ® is as follows:
——— EList
o, OFAxx:[] | D,
List Get
OF Axx: {Ar}-[] Ok get(LAyy (Azz)y)) : {l = {A R - [} = {{ B x{I—{}}D) Set
@+ set((l, Ax.x),get(L, Ay.y (Azz)y)) : {I—=[]} = { B x{I—[]}) D, Conf

O (set((l, Ax.x), get(, Ay.y ((Az.2) y))),s) - { B x {l =[]}
Notice that #app et set (P) = 2 - App + 1 - Get + 1 - Set. This means that the number of occurrences of

rule App (resp. Get or Set) matches the number of By-steps (resp. get- or set-steps) needed to normalize

the above configuration. In the following, we show that this coincidence is a property of type system Vg.

The following lemma tells us how to pop multiset types from the list type assigned to some

location.
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Lemma 7.79. Let | € Land s € S. There is @y, @ &= s : S, such that S (1) # [, if and only if there
are ¥ >y, @ = s (1) : head(S (1)) and Iy, @ s : S{I := tail(S (I))}. Moreover, #ppp cet,set (P) =
#App,Get,Set (T) + #App,Get,Set (H)

The following lemma tells us how to update the list type assigned to a location, as long as the

initial list type is empty.

Lemma 7.80. Let | € Lands € S. Thereare ®>y, D s : S, suchthat S (1) =[], and Yy, O - v : L
if and only if there is 1>y, @ = s{l := v} : S{l := L}. Moreover, #xpp cet,set (P) + #appcet,set (¥) =
#App,Get,Set (H) .

We now establish quantitative soundness and completeness for the CBV variant. These results
are analogous to those for the CBN variant, but are now concerned with the number of By, get,

and set-steps.

7.3.2.1 Quantitative Soundness

We proceed by proving a weighted version of the usual substitution lemma.

Lemma 7.81 (Weighted Substitution for CBV). Let t € AY, and v € VY. Ifop>y, T;x: M F
t : M(resp. NorL) and ¥ >y, @ = v : M, then TI>y, T = t{x \ v} : M (resp. N or L), such that
#App,Get,Set(H) = #App,Get,Set(q)) + #App,Get,Set (‘Y)

The exact version of the subject reduction property follows from the above lemma, but only
if S(I) = [] is added as a requirement for rule Set (recall Definition 7.72). This is to be assumed

from now on, but no other tightness criteria are to be assumed.

Lemma 7.82 (Exact Subject Reduction for CBV). Let t € A, s €S, and S € {Bv,get, set}.
If (t;s) =cys) (wq) and @y, @ = (t,s) : P, then there is Y >y, @ = (u,q) : P, such that
#app,cet,set (P) = #appcet,set (¥) + 1+ R, where

e R =App,if S = By,
e R =Get, if S = get;
e and R = Set, if S = set.

Finally, we can show that Vg-typability is exactly quantitatively sound with respect to CBV-
normalization.

Theorem 7.83 (Exact Soundness for CBV). Let t € AY. If there is ® by, @ & (t,s) : P tight, such that

H#app,Get,set (P) = 1 - App + ¢ - Get + s - Set, then (t,s)n'ﬁﬁégi;rs'su(u, q), such that u € NOcgy.
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7.3.2.2 Quantitative Completeness
We proceed by proving a weighted version of the usual anti-substitution lemma.

Lemma 7.84 (Weighted Anti-Substitution for CBV). Let t € AY and v € VY. If ® >y, [ H{x\
v} : M (resp. N or L), then Yoy, Ix: M Et: M(resp. NorL) and ey, @ = v M, such that
#App,Get,Set(q)) = #App,Get,Set (\F) + #App,Get,Set(H)-

The exact version of the subject expansion properties follows from the above lemma, but only
if S(I) = [] is added as a requirement for rule Set. This is to be assumed from now on, but no

other tightness criteria are to be assumed.

Lemma 7.85 (Exact Subject Expansion for CBV). Let t,u € AY, s € S., and S € {By, get, set}.
If (t;s) =cys) (wq) and @y, @ = (u,q) : P, then there is ¥ >y, @ = (t,5) : P, such that
#App,Get,Set((D) +1-R= #App,Get,Set (‘{I)/ where

e R =App,if S = By,
o R =Get, if S = get;
e and R = Set, if S = set.

Finally, we can conclude that Vg-typability is quantitatively complete with respect to CBV-

normalization.

Theorem 7.86 (Exact Completeness for CBV). Let t € AY. If (t,s)nﬂﬁgec;,rs'set(u,q), such that

u € NOcgy, then there is ® >y, @ &= (t,s) : P tight, such that #xpp Get,set (P) = 1 - App + g - Get + 5 - Set.

7.3.3 Subsuming Call-By-Name and Call-By-Value

Having established quantitative soundness and completeness for each strategy in isolation, we
now show that the A!9-calculus subsumes both strategies, while preserving the quantitative cor-
respondence between typing and reduction lengths.

Recall the set of types for the CBN and CBV AY-calculus in Definition 7.45 and Definition 7.67.
Notice that the set of CBN types differs from the set of CBV types in one essential way: in
CBN, multi-types contain monadic types; in CBV, multi-types contain types. This is due to the
difference between - and By-steps. Indeed, while B-steps substitute variables with terms (denoted
by monadic types), By-steps substitute variables with values (denoted by types). Now, recall the
way in which CBPV subsumes CBN and CBV according to Theorem 7.42. Crucially, CBPV must be
able to simulate both B- and B,-steps. Since, in CBPV, B,-steps substitute variables with values (i.e.

variables or bang-terms), we need to encode applications according to Definition 3.12: to encode
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CBN into CBPYV, every argument must be encoded as a bang-term; to encode CBV into CBPV, every
value must be encoded as a bang-term. Thus, in CBPV, multi-types must contain monadic types.
Moreover, since the set of CBPV-normal forms contains both (closed) abstraction and values (i.e.

bang-terms), both types and multi-types must be monadic.

Definition 7.87 (CBPV Types). The sets of types Ty for the A!9-calculus is generated by the

following extension of the grammar in Definition 4.1 for the A!-calculus:

List Types: LL == []IM-L

State Types: S,Q == {l— Li}ier
Monadic Types: A == S=7P

Product Types: P = AXxS
Multi-Monadic Types M,N == {A; }ier

Types: A= x| M|M— A

Weuse tohighlight the parts of the grammar that are similar to those in Definition 4.1, and note
that A expands to S = (A x Q), for some type A, and some S, Q € S. Moreover, operations over
list types are defined as for the CBN and CBV AY-calculi (see Definition 7.45 or Definition 7.67,

respectively).

Intuitively, CBPV types combine the CBN view (computations as monadic values) with the CBV

view (values as first-class entities), which explains why both types and multi-types are monadic.

Definition 7.88 (CBPV Typing Environments). CBPV typing environments are denoted by I', A and
defined as functions from variables to multi-monadic types that assign the empty multi-monadic type
{ }} to all but a finite set of variables.

The domain of a typing environment, the union of typing environments, and any other properties of

typing environments, are defined as in Definition 4.2 for the A-calculus.
Definition 7.89 (CBPV Typing Judgments). There are two kinds of typing judgments:

o CBPV typing judgments for terms are denoted by I' - ¢ : A (resp. M) and, whenever I' is empty,
we may write -t : A (resp. M) instead of @ -t : A (resp. M).

e CBPV typing judgments for configurations are denoted by I' - (t,s) : P and, whenever T is
empty, we may write - (¢,s) : P instead of @ F- (¢,s) : P.

CBPV typing rules are presented just as in Definition 4.4 for the A-calculus, along with any

additional notation and definitions.
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Definition 7.90 (CBPV Type System). The CBPV Type System Pg assigns CBPV (multi-monadic)
types to A!9-terms and consists of the following translations of the typing rules in Definition 4.21
for the A!-calculus:

ret: A

— AX Abs
x:MkFx:M M\ xFAxt:S= ((T'(x) > A) xS)

Ans

QO Axt:S= (% x85)
THt:S=((M— (R=P))xQ) AFu:Q= (M xR)
'+A-tu:S=P

(Ti b=t 2 Ag)ier By F"f15=>({{Q:>P}}><Q)D
Fierli F 1 A Yier T+ der(t): S = P

App

er

Along with the following seven additional rules:

TFo: M
r'Fv:S=(MxS)

I;x:head(S (1)) Ft:S{l:=tail(S(I))} =P c 'v:L AFt:S{l:=L}=P
et

Lift

Set
I'get(l,Ax.t):S=P I+AtFset((l,v),t):S=P
T'to: M AI—v:LList FList
r+AFov:M-L QFov:|]
(Fll—v,:Ll)leg State 't:S=P AFs:S Conf
+recli FA{l = vihieg : {l = Litiec I'E(ts):P

We use  to highlight the parts of the first set of rules that are similar to those in Definition 4.21,
and note that A expandsto Q = (A x R),and P to A x T, for some type Aandsome Q,R, T € S.

Typing Rules. Rules Ax and Bg, are simple adaptations of the corresponding rule in Defini-
tion 4.21. Rules Abs and Ans are very similar to those in Definition 4.7. Rules App and Lift are very
similar to those in Definition 4.8. Rule Der can be explained as follows. The top-level decoration of
the premise of the rule denotes the fact that ¢ is evaluated to a value of type {Q = (A x T) }} and
that the (current) state (of type S) is updated to a state of type Q. Moreover, since only bang-terms
can be assigned multiset-types, this means that t is a bang-term. Therefore, the bang is going
to be removed by the dereliction, and this corresponds to removing the multiset notation from
Q = (A x T). Then, the term inside the bang is evaluated to a term of type A, and the (current)
state (of type Q) is updated to a state of type T. The decoration on the type of the conclusion is
obtained by (implicitly) applying the yi’Q’T transformation to the dereliction. The six (excluding
rule Lift) new additional rules Get, Set, List, EList, State, and Conf are very similar to the ones

in CBN and CBV (see Definitions 7.49 and 7.70).
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Remark 7.91 (On rules Abs, Ans, and Lift...). In the CBPV system, rules Abs, Ans, and Lift are
parametric in the input and output state types. Consequently, any type derivation for a abstraction
ending in Abs or Ans, and any type derivation for a bang-term ending in Lift, may be instantiated

with arbitrary (but equal) input and output state types. This is key in Lemmas 7.101 and 7.106.
Just like in CBN and CBV (see Remark 7.51), to consider only minimal typings, it is necessary

to add the condition S (I) = [] to the premises of rule Set.

Definition 7.92 (Tight Typings for CBPV). Let t € IAY and s € S,. A type derivation ® is tight
if and only if it is of the form ®>p, @ I (t,5) : A x {I = { } }ier, such that A € {x, { }}}. This
reflects the fact that clash-free CBPV normal forms are either values or suspended computations.

Moreover, each occurrence of rule Set requires S (I) = {{ }}.

We now move towards exact quantitative soundness and completeness by stating that multiset-

typing can be split and merged.

Lemma 7.93 (CBPV Multiset-Typings Split and Merge). Let t € !AY. Then, there is ® bp, [t M,
such that M = U;etM;, if and only if there are ®;>p, I'; = t @ M;, such that T = +;c1l;, and

#App,Der,Get,Set(cD> = +i€I#App,Der,Get,Set(q)i)-
That typing contexts are necessarily empty whenever terms are closed.

Lemma 7.94 (Contexts and Free Variables for CBPV). If ®p, I' =t : A (resp. M), then dom(T) C
fu(t).

And that the type system reflects the fact that values are not effectful.

Lemma 7.95 (CBPV Values Are Not Effectful). Let t € IAY and ®op, @+ t: S = (Ax Q). If
t € 1VY, then Q = S and ® ends with rule Lift.

The fact that having a tight type derivation with zero weight is a characteristic of normal forms

is formalized as follows.

Lemma 7.96. Let t € IAY and s € S.. If ®op, @ &= (t,s) : P is tight, then #pppper et set (P) =
0-App + 0-Der + 0-Get + 0 - Set if and only if t € NOSpy.

The following lemma ensures that all clash-free normal forms are tightly typable.

Lemma 7.97 (Tight Typability of Clash-Free CBPV-Normal Forms). Let t € IAY. Ift € NOSE,y, then
there is a derivation ® >p, O |- (t,s) : P that is tight.

The following lemma tells us how to pop multiset types from the list type assigned to some

location.
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Lemma 7.98. Let] € Lands € S. Thereis ®>p, D &5 : S, such that S (1) # [|, if and only if there are
Yop, @ s(l):head(S (1)) and Ilop, @ & s : S{I := tail(S (I))}. Moreover, #xpper et set (P) =
#app,per,Get,set (V) + #app,per et set (IT).

The following lemma tells us how to update the list type assigned to a location, as long as the
initial list type is empty.
Lemma?7.99. Let]l € Lands € S. Thereare ®op, D=5 : S, suchthat S (1) = [|,and ¥ op, O v : Lif
and only if there is TI>p, @ t= s{l := v} : S{I := L}. Moreover, #pp per,cet,set (D) + #app per,cet,set () =
#app,per Get,set (IT).

Now, we proceed by showing that Pg-typability is quantitatively sound and complete with re-

spect to CBPV-normalization. Moreover, we also show that type derivations provide exact measures

for the number of B,-, Bi-, get-, and set-steps.

7.3.3.1 Quantitative Soundness

We proceed by proving a weighted version of the usual substitution lemma.
Lemma 7.100 (Weighted Substitution for CBPV). Let t € IAY and v € VY. Ifoep, Ix: M =
t: A(resp. NorL) and Y op, @ = v : M, then ITop, T = t{x\ v} : A (resp. N or L), such that
#app,per Get,set (IT) = #app per Get set (P) + #app per,cet,set (F)-

The quantitative version of the subject reduction property follow from the above lemma, but

only if S (I) = { }} is added as a requirement for rule Set. This is to be assumed from now on, but

no other tightness criteria are to be assumed.
Lemma 7.101 (Exact Subject Reduction for CBPV). Let t € INY,s € S,,and S € {Bv, B1, get, set}.
If (t,;s) =cpy(s) (4,q) and ®>p, @ & (t,;s) : P, then there is Y bp, @ & (u,q) : P, such that
#App,Der,Get,Set(q>> = #App,Der,Get,Set (IP) +1- R/ where

® R=App, if S = By,

e R =Der, if S =By,

e R =Get, if S = get;

e and R = Set, if S = set.

Finally, we can show that Pg-typability is quantitatively sound with respect to clash-free CBPV-
normalization.

Theorem 7.102 (Exact Soundness for CBPV). Let t € IAY. If there is D >p, @ = (t,s) : P tight, such

By+m-pi+g-get+s-
that #app per Get set (P) = 1 - App + m -Der + ¢ - Get + s - Set, then (t,s)n P mﬁ,‘»égit ’ SEt(u, q), such

that u € NOSEpy.
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7.3.3.2 Quantitative Completeness

We start by showing that Pg-typable configurations are necessarily clash-free, i.e. normalize to a

clash-free CBPV normal form.

Lemma 7.103 (Typability Implies Clash-Freeness). Let t € IAY and s € S,. If ® >p, @ (t,8) 1 P,

then t is clash-free.
In fact, we can show that Pg-typability captures the clash-freeness of CBPV-normal forms.

Lemma 7.104 (Typability Characterizes CBPV Clash-Free Normal Forms). Let t € !AY and s € S..
Then, t € NOSkpy if and only if t € NOcgpy and (t,s) is Pg-typable.

Now, we proceed by proving a weighted version of the usual anti-substitution lemma.

Lemma 7.105 (Weighted Anti-Substitution for CBPV). Let t € IAY, and v € VY, Ifdop, I
t{x\ v} : A (resp. Nor L), then Y op, T;x : M=t : A (resp. N or L) and I1>p, @ &= v : M, such that

#App,Der,Get,Set (CD) = #App,Der,Get,Set (‘F) + #App,Der,Get,Set (H)

The quantitative version of the usual subject expansion property follows from the above lemma,
butonly if S (I) = { }} is added as a requirement for rule Set. This is to be assumed from now on,

but no other tightness criteria are to be assumed.

Lemma 7.106 (Exact Subject Expansion for CBPV). Let t € !AY, s € So, and S € {By, Bi, get, set}.
If (t,5) =cppy(s) (4,q) and @>p, @ + (u,q) : P, then there is ¥ >p, @ & (t,5) : P, such that

#app per et set (P) + 1+ R = #app per Get set (), where
® R=App, if S = By,
e R =Der,ifS = By
e R =Get, if S = get;
e and R = Set, if S = set.

Finally, we can show that Pg-typability is quantitatively complete with respect to clash-free

CBPV-normalization.

Theorem 7.107 (Exact Completeness for CBPV). Let t € AY. If (t,s)n'ﬁ V+m§§gg$t+s'59t(u, q), such

that u € NOGpy, then there is ®>p, @ b (t,s) : P tight, such that #pppper cet,set (P) = n - App + m -
Der + g - Get + s - Set.



126 A QuaNTITATIVE STUDY OF HIGHER-ORDER COMPUTATIONS WITH EFFECTS

7.3.3.3 Soundness and Completeness of Translations

To show that the translations in Definition 7.32 are also sound and complete with respect to Pg-
typability, we must first define the translation of CBV types and typing environments to CBPV types
and typing environments. Notice that, while the CBV translation in Section 3.2 preserves typings
(see Theorem 4.27), the one in Section 7.2.2 does not. This is due to the fact that CBV multi-types
(see Definition 7.67) are only allowed to contain types, but CBPV multi-types (see Definition 7.87)
are only allowed to contain monadic types. To fix this, we simply need to do the following. Let
{Ai}}ic1 be some CBV multi-type. If a term t is assigned type {A;}icr, we know that it will
normalize to a value v that is going to be copied |I|-many times. Moreover, we also know that each
copy of v will assigned a (possibly) different type A;. In fact, we actually know that each copy of
v will be assigned a monadic type of the form S; = (A; x S;), where S; is the type of the current
state at the moment that particular copy is used. But, then this means that a 17154"1, transformation is
(implicitly) applied to each copy of v. Therefore, in order to translate CBV multi-types, one needs
to decorate each A; with the appropriate state type.

Definition 7.108 (Translations of CBV Typings). Let Scgy and Scgpy be the sets of state types for the
CBV AY-calculus and the A!9-calculus, respectively. The translations of types, states, and typing

environments are as follows:

(\)BV: Scgy  —  Scrpy

(,)CBV . 799 N 7?9
M _>§11\3/‘; s (N;];Zv 5 (M) {l— Li}ier — {1 (L)%},
M-L s (M. (L)BY
fAWier — 5= (A) x S) }iex (M) (L)
S=P — (S = (pP)® . ; .
Mxs o (M) x () (O (X = Tilyy) = (X = Tiar)

Tix:M — (1)Bx: (M)

Although (-)BV is (a priori) non-deterministic (due to the translation of multi-types to multi-
monadic types), it is nevertheless injective, i.e. each CBPV type in the image of the translation

corresponds to a unique CBV type in the preimage of (-)%V.

In summary, CBV multi-types are translated by eagerly inserting the monadic structure that

CBPV would otherwise reconstruct dynamically.

Example 7.109 (Tight Type Derivation for CBN Translation). Let Ay = {I — [|} = ({A1} —
M) x AL = (1}, A = {1 = [} = ({A2)} = Ag) x{l = []}), and By = {l = []} =
(x* x {I — []|}), as in Example 7.58. Then, we can type the CBN translation of the configuration
from Example 7.14 with the following tight type derivation Y. Since ¥ is quite big, we are going to split it

into the following pieces.
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Let Y be the following type derivation for the state:

EList

OFa: 1l oo

OFqg:{l—[]}
The parameter of the set operations is going to be typed twice. Let the following type derivation ¥ 1 be

one of those type derivations:

Ax
y:{AB by {AR

Lif
X yiiAd by {I= [} = ({Af x{I= [1}) Dzrt
A A Lige  pifpehder@):he
AR et AR Ul Ul § CXY R Ul 1 DR D Ayder(y) : A Bg
x: {A1} Fder(x): Ay b @ FAyder(y) : {A1} )
S Lift
@ F Ax.der(x) : Ay @F Ayder(y): {I—[]} = ({A1} x{I—=1]]}) A
@+ (Ax.der(x)) !Ay.der(y) : Aq PP
And the following type derivation Y ,» be the other one:
: : Ax
XAl x: Al Lift Ans
v {Ad P o [} = @A (o 1) [ O hyder(y): B o
x: {AL} Fder(x): Ay b @+ Ayder(y) : {AL} .
S Lift
@+ Ax.der(x) : Aq @+ yder(y) : {l—[]} = ({A} x{I—[]}) A
@ F (Ax.der(x)) Ay.der(x) : A, PP
Finally, let Y be the type derivation for the continuation of the set operation:
Ax
z: {Aaf Fz: {Aa) Lift

zi A Pz {I =[]} = (A x {I = []})

Ax Der
2 (A} 2 (AL it S A Fder) Ay
2 Az (o (= WA 2 (D) [ 2 {(Ac) - der(z): (Ao Lt
z: A} Fder(z) : Ay z: {A} Flder(z) : {l =[]} = (A2} x{I—[]}) App
z: {A1, Ay} - der(z)!der(z) : Ay Get
e
@+ get(l,Az.der(z) !der(z)) : {I = { A, A} - []} = (xx {I = []})
Then, ¥ is as follows:
Tn e Bg EList
@ F ((Ax.der(x)) Ay.der(y)) : {A1, AL} @k ((Ax.der(x)) Ay.der(y)) : [] List
@ F I((Ax.der(x)) !Ay.der(y)) : {A1, A} - [] Y. Set
@k set((1,!((Ax.der(x)) Ay.der(y))), get(l, Az.der(z) lder(z))) : {l — []} = (x x {l = []}) Y
Conf

@+ (set((I,!((Ax.der(x)) Ay.der(y))), get(l, Az.der(z) lder(z))),q) : * x {I — []|}
Notice that #appget,set(¥) = 3-App+1-Get + 1-Set = #appget,set (P), where O is the type
derivation in Example 7.58. This means that the translations preserve the number of uses of rules App, Get,

and Set, and thus of B-, get-, and set-steps.

Example 7.110 (Tight Type Derivation for CBV Translation). Let A; = { } — ({I — []} =
({ B x{l — []})), as in Example 7.78. Then, we can type the CBV translation of the configuration
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from Example 7.16 with the following tight type derivation Y. Since Y is quite big, we are going to split it
into the following pieces.
Let Y be the following type derivation for the state:

EList

ora®:ll o e

OQFq:{l—[]}

The parameter of the set operation is only typed once. Let Y, be such a type derivation:

—  AX

OFx:{} i ft
OFx:{l—=[]} = {}x{I—[]}) Abs
OFAxx:{l—[]} = (A x{I—=[]}) Bg

OFAxx:{{I=[]}= A1 x{I=]]D}

Let Y be the following type derivation for the operator appearing in the get operation:

A
= = (A o (DY Py f= () = (A< (o DY Lift
y == Mo (I Py = [ = (= [ = (o= IDE < = 1)
y:A{l= [} = (A x{l = [[D} Fder(y) - {I =[]} = (A x {T = []})

Let Y, be the following type derivation for the term at the right of the application corresponding to the

continuation of get operation:

Ax
oFz: {}

OFz:{I= [} = {3 x {0}
OFAzz:{l—[]} = (A x{l—[]})

Lift

ez Bg
O Nzz: {{l~ [} = (A1 x { = [} Lift Ax
OoFzz: {l= [} = {l= I} = (A x{I= D} x{=[]}) D okFy:{} .
er Lift
O+ der(hzz) : {1 []} = (A1 x {1~ []}) Oy {1} = () x {1} App
O der(f(Azz)y: {I=[I} = {3 x{I—=[]})
Finally, let Y. be the following type derivation for the continuation of the get operation:
Tt App
y: = [} = (A x{l= [ID} F der(y) (der(t(Az.2))y) : {T = [} = ({ f x {I=[1}) Get
D get(l, Ay.der(y) (der(!(Az.2)) y)) : {l = {I = [} = (A x {I = [[D}-[]} = ({{} x {I=[]})
Then, Y is as follows:
————— EList
Y, OF!Axx:[] .
List
@ e {1 = (1} = (A x {1 (D1 ¥. ot
0 set((l, ) get (L Ayder(y) (@er(t(0z2) ) = (= (U x U= (D)~ ¥o o

@ F (set((l,!Ax.x), get(l, Ader(y).y (der(!(Az.2))y))),s) : { } x {I =[]}
Notice that #appget,set (P) = 2-App +1-Get + 1-Set = #appget,set(P), where O is the type
derivation in Example 7.78. This means that the translations preserve the number of uses of rules App, Get,

and Set, and thus of By-, get-, and set-steps.



7. A QUANTITATIVE STUDY OF (GLOBAL STATE 129

Since we have seen that the translations of terms preserve the number of -, 8-, get-, and set-
steps we can show that P-typability is not only sound and complete with respect to the translations,

but also preserves the number of steps.
Lemma 7.111 (Soundness of Term Translations). Let t € AY.

1. If®vop, Tt A (resp.Mor L), then ¥ op, T = (£)PN (resp. 1(t)® or [(£)BY) : A (resp. M or L).

Moreover, #app Get,set (P) = #app,et,set (T)-

2. If @y, T t:Ml(resp. Mor L), then ¥ >p, (T)BV F (1) 2 (M) (resp. (M) or (L)Y).

MOT’€0’U€7’, #App,Get,Set ((D) == #App,Get,Set (‘F)

As it turns out, while the completeness of the CBN translation can be easily shown, the
completeness of the CBV translation, besides requiring S (I) = { }} to be added as a requirement
for rule Set, can not be shown by a simple induction on typing derivations. This asymmetry
in difficulty between showing soundness and completeness is not unusual. As such, we will
focus on showing completeness for the CBN translations, and leave the completeness of the CBV

translations as a conjecture.

Lemma 7.112 (Completeness of CBN Term Translations). Let t € AY.
If¥op, T = (£)B (resp. !(£)Nor 1(t)®N) : A (resp. Mor L), then @, T =t A (resp. Mor L).

MOT’EOU@T’, #App,Get,Set(cD) - #App,Get,Set (‘P)
Finally, we show that CBN state translations are sound and complete.

Lemma 7.113 (Soundness and Completeness of CBN State Translations). Lets € S. Then @y, T -
s: Sifand only if ¥ op, T (5)B : S. Moreover, #ppp cet set (P) = #appcet,set (F)-

And that CBV state translations are sound.

Lemma 7.114 (Soundness of CBV State Translations). Let s € S. If @y, T'F5: 5, ¥op, ([)F'

(8)BY : (S)BV. Moreover, #app Get, set (P) = #app,cet,set ().
Proof. The proofs follow smoothly by induction on the structure of s € S and Lemma 7.111. [

The soundness and completeness of the CBN translation of configurations then follows from

the above statements.

Lemma 7.115 (Soundness and Completeness of CBN Configuration Translations). Let t € AY and
s € S. Then, ®vop, T F (t,s) : Pif and only if ¥ >p, T = ((t,5))® : P. Moreover, #xpp Get,set (P) =
#App,Get,Set (T) .
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The soundness of the CBV translation of configurations follows from the soundness of the CBV

translations of terms and states.

Lemma 7.116 (Soundness of CBV Configuration Translations). Let t € AVands € S. If® >y, T F
(t,5) : P, then ¥ >p, (L) I ((t,5))" : (P)Y. Moreover, #xpp cet,set (P) = #app,cet,set (F).

The completeness of the CBV translation of configurations is left as a conjecture, since it can
not be shown by a simple induction on typing derivations.

Conjecture 7.117 (Completeness of CBV Configuration Translations). Lett € AYands € S. If ¥ >pg
(D) ((t,5))B 2 (P)Y, then @ >y, T+ (t,5) : P. Moreover, #ppp cet set (P) = #appcet,set (F)-

This concludes the quantitative study of global state. The techniques developed here will be

applied in the next chapter to a notion of state mapping locations to infinite stacks.



Chapter 8

A Quantitative Study of Infinite Stacks

In Chapter 7 we developed a state-passing non-idempotent type system for global state. Recall that
the key point of Remark 7.2 was that even though get operations behave non-linearly with respect
to the state, they must behave linearly with respect to the type of the state. As was summarized
in Table 7.1, this leads to the following mismatch between the notion of state and state type: while
a state is a mapping from locations to values, a state type is a mapping from locations to lists of
types. In this section, we are going to repair this mismatch by introducing an algebraic theory that
directly captures the notion of state required by the type systems in Chapter 7: the algebraic theory
for infinite stacks. The algebraic theory for infinite stacks is a particular instance of the algebraic
theory for global state, where the state is assumed to be a mapping from locations to infinite stacks.
In this setting, the get and set operations are replaced by pop and push, which behave as follows:
the pop operation retrieves and removes the value at the head of the infinite stack assigned to a
location; the push operation places a new value at the head of that stack. In sum, the operational
behavior of the pop and push operations matches the denotational interpretation of operations get
and set in Table 7.1. Thus, as we shall see, unlike global state, the operational and denotational
behavior of pop and push coincide. In other words, infinite stacks make explicit-at the level of
state-the linear consumption that was previously only visible at the level of types. Moreover, as
it turns out, we will be able to encode the algebraic theory of global state (where the state is a
mapping from locations to values) into the algebraic theory of infinite stacks, as well as many of
the algebraic theories describing state-passing computations introduced in Chapter 5. Let us start
by introducing the algebraic theory for infinite stacks and show that it can be captured by the more
general algebraic theory for global state where the notion of state is unspecified. All the proofs for

this chapter are collected in Appendix F.

131
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8.1 The Algebraic Theory of Infinite Stacks

We introduce the algebraic theory for infinite stacks, and show how it can be captured by the
algebraic theory for global state where the state is a mapping from locations to infinite lists. We
refer to these lists as stacks because we only interact with them through head() and tail(), via the
usual pop and push operations: the pop operation pops a value from the head (top) of the infinite
list assigned to a particular location; and the push operation pushes a new value to the head (top) of
the infinite list assigned to a particular location. Let us now finally introduce the algebraic theory

for infinite stacks.

Example 8.1 (Infinite Stacks). Let v,w € V, and 1,I' € L, such that | # I'. The algebraic theory S for

infinite stacks is defined as follows:

Ys = {pop:L~V,push: L xV~1}
( pop(l,Aa.push((l,a),Ab.t)) ~gs tifa ¢ fv(t)
push((l,v),Aa.pop(l,Ab.t)) ~gs t{b\v}
Eqs := pop(l,Aa.pop(’,Ab.t)) ~s pop(l’,Ab.pop(l,Aa.t))
pop(l, Aa.push((!’,v),Ab.t)) ~s push((!',v),Ab.pop(l,Aa.t))
\ push((l,v), Aa.push((!,w),Ab.t)) ~g push((’,w), Ab.push((l,v), Aa.t))

Notice that the two first equations in Eq 5 are the key ones: the first equation states that popping a
value from a particular location and then pushing that same value to the same location does nothing
to the state; the second equation states that pushing a new value to a particular location and then
popping it back from that same location does nothing to the state. The remaining equations state
that operations on distinct locations commute. This is something common to the algebraic theory
for global state (see Example 5.19).

Now, we are going to show that the algebraic theory for infinite stacks can be captured by the
algebraic theory for global state. To do this, we are going to show that the pop and push operations
can be encoded as sequences of get and set operations in such a way that all the equations in
Eqg are validated in G. That is, we want to show that computations in S can be transformed into
computations in G that preserve the algebraic structure of S. In general, this means that we need
to define a structure preserving transformation from FsX (the free model of S) to FgY (the free
model of G) (see Section 5.3). This is precisely the notion of handler, first introduced by Plotkin and

Pretnar in [88]. We finish this subsection with the general definition of a handler.

Definition 8.2 (Handlers). A handler from computations F7X to computations F7Y is given by the

following data:

e amap f: X — |[FrY|;
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e for every operation op; : P; ~ A; € X7, a map
hop, : Pi X (A = |[FrY|) = |[FrY]|
such that
e the maps hop, form a 7-model on |F7Y]|, i.e. validate the equations in Eq.
The map H : |[FrX| — |F7Y| induced by the above data is the unique one satisfying:

H([returnx|) = f(x)
H([opi(p,Aa.[t])]) = hop,(p,Aa-H([t])).

In the next subsection we are going to present a handler from FsX to FgY.

8.2 Handling Infinite Stacks using Global State

Recall the algebraic theory for infinite stacks in Example 8.1 and the algebraic theory for global
state in Example 5.19. We want to define a handler H from |FsX]| to |FgY|. Notice that both theories
assume the existence of some set of values and locations. Regarding the sets of locations: let Ls
be the set of locations for S, Lg be the set of locations for G, and ¢, : Ls — Lg be an injective
function between them. Regarding the sets of values: let Vs be the set of values for S, Vg be the
set of values for G, and ¢y : Vs — Vg be an injective function between them. Let pop : L5 ~+ Vs
and push : L5 x Vs ~~ 1. As injective functions, the inverses of ¢, and ¢ are not necessarily total
functions. For locations, this is enough because we do not need to translate locations from L.
However, as we shall see below, we will need to translate values from Vg. That being said, this will
only be necessary for pop operations since these are the only ones that retrieve values from the
state. In particular, if a pop operation is the first operation that is run by a computation, we will
only be able to translate the value that is retrieved from the state if that value is in the image of ¢g.
But this means that, as long as the starting state for any computation is only allowed to contain
values that appear at the image of ¢y, then qbljl is enough. Moreover, notice that this will always
be the case whenever we want to encode a computation in G into a computation in S. Therefore,

we can define the following maps:

hpop : Ls X (Vs — |[FgY|) — |FgY]
(LAaH([t])) = [get(¢c (1), Ab.
[set((¢ (1), tail(b)), H([t{a\ ¢} (head(b))}]))])]
hpush : (Ls X Vs) X [FgY| —  [FgY]
(L), H([t])) = lget(¢r (1), Aafset((¢c (1), ¢y (v) - a), H([t])])]-
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Finally, in order to be sure that H is indeed a handler, we need to show that /1pe, and hipush form

an S-model, i.e. that the equations in Eqg are validated in . Recall the equations in Eq:

pop(l, Aa.push((l,a), Ab.t
push((l,v), Aa.pop(l, Ab.t

pop (I, Aa.pop (!, Ab.t
v),Ab.t
w),Ab.t

pop(l, Aa.push((!’,
push((/,v), Aa.push((7,

~S
~S
~S
~S

)
)
)
)
)

~S

tifa & fv(t)

t{b\ v}

pop(!’, Ab.pop(I, Aa.t))
push((!,v), Ab.pop(I, Aa.t))
push((!’,w), Ab.push((l,v), Aa.t)).

After applying H to the each side of the above equations, we get the following set of equalities:

H([pop (!, Aa.[push((l, ), [t
H([push((l,v), [pop (I, Aa.[t
H([pop (I, Aa.[pop (I,
H([pop(l, Aa.[push((!/,
H([push((l,v), [push((7,

[

Ab.[t
[t
[

4

AN N

v)
W)

.t

D]
D]
DI
DI
D]

H([t])ifa & fv(t)

([

H([t{a\v}])

H([pop (', Ab.[pop(1, Aa.[t])])])
([
([

T

push((',v), [pop(l, Aa.[t])])])
push((I',w), [push((l,v), [t])])])

T

Now, we must check that they hold in G. Intuitively, the key point is that the head()-tail()

behavior of pop and push is faithfully simulated by appropriate sequences of get-set.

To help the reader, we use the color red to identify structures related to S and the color blue to

identify structures related to G:

Leta ¢ fv([t]):

EoquaTion 1:

H([pop(l, Aa.[push((l,a), [t])])])
= [get(gz (1), Ab.[set((¢, (1), tail(b)), [get(Ac.[set((¢c (1), ¢y (¢, (head(b))) - ), H([t]))])])])]
= [get(¢r (1), Ab.[set((¢z (1), tail(b)), [get(Ac.[set((¢, (1), head(b) - c), H([t]))])])])]
= lget(¢r (1), Ab.[set((¢r (1), tail(b)), [set((¢z (1), head(b) - tail(b)), H([t]))])])]
= loet(pz (1), Ab.[set((¢, (1), tail(b)), [set((¢, (1), b), H([t])D)])]
= lget(¢r (1), Ab.[set((¢c (1),b), H([t]))])]
= H([t))

EouaTtion 2:
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H([push((l,v),pop (I, Aa.[t]))])
= lget(¢r (1), Ab.
[set((¢ (1), ¢v (v) -b), [get(pc (1), Ac[set((¢c (1), tail(c)), H([t{a\ ¢ (head(c))}]))])])])]
= lget(¢r (1), Ab.
[set((¢z (1), ¢y (v) -b), [set((¢pe (1), tail(py (v) - b)), H([t{a\ ¢y," (head(gy (v) -b))}])])])]
= [get(¢ (1), bset((sbc(l) v (v)- )[Set((fpc() b), H([t{a\ ¢3," (¢v (v)}]))])]
= [get(%(l) Ab.[set((¢, (1), ¢y (v) -b), [set((¢r (1), b), H([t{a\ v}]))])])]
= lget(pz (1), Ab.[set((gc (1),b), H([t{a\ v}]))])]
= H([t{a\v}})

EquaTtiOoN 3:

H([pop (I, Aa.[pop (!, Ab.[t])])])

[get(pr (1), Ac.[set((¢r (1), tail(c)), [get (¢, (I'),
[set((¢c (I'), tail(d)

[get(pr (I'), Ad.[set((¢c (
[set((¢c (I'), tail(c)

H([pop (', Ab.[pop (I, Aa.[t])])]).

Ad.

"), tail(d)), [get(pz (1), Ac.

EouaTtiON 4:

H([pop(I, Aa.[push((/’,
[get(¢ (1), Ab.[set((¢,

v), [EDD])

(1), tail(b)), [get(p (/
(1), ¢y (v) - ©),
c.[set((¢c (I
(1), tail(b)),
c.[set((¢c (
), tail(b)),
p(l, Aa.t)])]).

set((¢r

[
[get(pc (I'),A Py (v) -
[set((¢c (
[get (g (I'),A 1), ¢y (v) -
[set((¢c (!

H([push((/', v), [po

),
H
),
H

EouaTtiON 5:

v), [push((I', w), [t])])])
= lget(¢r (1), Aa[set((¢z (1), py (v) -
[get (g (I'), Ab.[set((gz (I'), Py (w) -
H([push((!',w), [push((l,v), [t])])])-

H([push((l,

b), [get(, (1), Aa[set((¢r

a), [get (¢, (), Ab.[set((o (I'), @y (w) - b), H([t]

H([(t{a\ ¢y, (head(c))}){b\ ¢}, (head(d))}])))])])]

),
!
) H([(t{b\ ¢, (head(d))}){a\ ¢," (head(c))}]))])])])]
]

", Ac.
H([t{a\ ¢, head(b)}]))])])])]
c), [get(¢r (I'), Ac.
[t{a\ ¢3," head(b)}])))])])]
<), (lget(¢r (I'), Ac.
([e))DD{a\ ¢,,' head(b)})))]

/
(1), ¢y

Having shown that /1pep and hpysh do form a S-model, we can now conclude that S is indeed a

subtheory of G.
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8.2.1 The Comodel for Infinite Stacks

Having proved that S can be captured by (i.e. is a subtheory of) G, we can now work out what is

the carrier of the comodel of S.

Example 8.3 (Infinite Stacks). Let S be the algebraic theory for infinite stacks. A comodel W for S is a set

|W| together with the following functions:

[pop]" : £ x [W| — V X |W|
[push]" : (£ x V) x [W] — 1 x ||

subject to the following equalities:

[pop(I, Aa.push((I,a), Ab.t))]"
[push((I,v), Aa.pop (I, Ab.t))]"

[pop (1, Aa.push((I,v), Ab.t))]"

[t]"ifa & £v(t)

[e{b\v}]"

[pop (!, Ab.pop(l, Aa.t))]"
[push((!,v), Ab.pop (I, Aa.t))]"

)
)
[pop (1, Aa.pop (I, Ab.t))]¥
)
)

[push((l,v), Aa.push((I’,w),Ab.t))[" = [push((’,w), Ab.push((l,v),Aa.t))]"

Let V¥ be the set of infinite sequences over V. Then, [W| is a set of states S = (V)~, and

[pop]": L xS — VxS§
(I,s) +— (head(s(l)),s{l:=tail(s(1))}),
[push]": (LxV) xS — 1x8
((Lv),s) — (xs{l:=v-s()}).

Having worked out the carrier of the comodel of S, the difference between the operational and
the semantical behavior of operations can be summarized in Table 8.1. In particular, notice that

there is no mismatch between the operational and denotational behaviors of the pop and push

operations.
Operational Behavior Denotational Behavior
(State s € (V)F) (State S € (M“)*%)
[pop] ) (1,5) = (head(s (1)), s{l := tail(s (1))}) [pop] M) (1, 8) = (head(S (1)), {1 := tail(S (1))})
pop(l,Aa.t)

Variable x is replaced with head(s (1)). Variable x has type head(S (1)).
The updated state is s{I := tail(s (I))}.

[push] V) (v € V), s) = (x,8{l ;== v-s (I)})

The updated state has type S{I := tail(S (I))}.

[push] M5 (1, M), S) = (%, 8{1 := M-S (1)})
push((l,v € V),t)

The updated stateis s{/ :=v-s ()} The updated state is assigned type S{I := M - S (I)}.

TasLE8.1: Comparison between the operational and denotational behavior of operations interacting
with infinite stacks.



8. A QUANTITATIVE STUDY OF INFINITE STACKS 137

8.3 The A-Calculus with Infinite Stacks

This section extends the A-calculus with primitive operations for manipulating infinite stacks,
which we call the AS-calculus.

Most definitions and properties of the AS-calculus can be obtained from those in Section 7.2.2
for the AY-calculus by simply replacing operations get and set with operations pop and push,
respectively. As such, we are mainly going to focus on presenting the syntax of the language and

its operational semantics.

8.3.1 Syntax and Operational Semantics

The syntax of the A¥-calculus is the extension of the syntax of the A-calculus with a notion of state
corresponding to a mapping from locations to infinite stacks, algebraic operations for interacting

with the infinite stacks (according to Example 8.1), and configurations.

Definition 8.4 (States and AS-Terms). Let £ be a finite set of location names, V be a countable set
of arguments, and X be a countable set of variables. The sets of terms AS, infinite stacks, states

S, and configurations AS x S of the AS-calculus are generated by the following four grammars,

respectively:
Terms: t,u,r,e = x € X |Ax.t|tu]|pop(l,Ax.t) | push((l,u € V),t)
Infinite Stacks: f,.g == (t€V)-f (taken coinductively)
States: s,qg == {l— fitier
Configurations: ¢, = (t,9).

States are defined according to Section 8.2.1.
The operations over infinite stacks are defined as follows.
Definition 8.5 (Operations On Infinite Stacks). Let f := (t € V) - g. Then
e we write head(f) for the argument at the head of f, i.e. head(f) =t € V;
e and tail(f) for the infinite stack corresponding to the tail of f, i.e. tail(f) = g.

Definition 8.6 (Well-Formed AS-Terms). We say that a AS-term t € A® is well-formed if and only
if for every subterm push((l,r € V),u), (fv(r) Ncv(t)) € cvi(t). This ensures that pushed

arguments do not introduce free variables into unrelated continuations.

Notice that Definition 8.6 is identical to that of Definition 7.4 for the AY-calculus, but mentions

push instead of set operations.
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Call-By-Name. The set of arguments V is the set of AS-terms AS. CBN contexts (in Defi-
nition 2.11) are naturally lifted to closed configurations. CBN reduction is defined for closed

configurations as follows.

Definition 8.7 (CBN Reduction). The CBN reduction strategy is denoted by =cgy and defined over

closed configurations as the closure by CBN contexts of the following three rewriting steps:

((Axt)u,s)  ep  (Hx\u},s)
(pop(l,Ax.t),s) Bpop (H{x\head(s(l))},s{l:=tail(s(1))})
(push((l,u),t),s) =pusn (Es{l:=u-s(l)}).

Example 8.8 (CBN Reduction). The following example is obtained from Example 7.14 by replacing the

get and set operations with pop and push operations, respectively:

(push((/, (Ax.x) Ay.y),pop(l,Az.22)),8) = can(pusn) (POP(L,Az.z2),s{l = (Ax.x) Ay.y})
((Axx) Ayy) (Ax.x) Ay.y),s)
=g (Ayy (Axx) Ayy),s)
((Ax.x) Ay.y,s)
(

=>CBN(B) AY.Y,s).

Notice how the pop operation undoes the effect of the push operation on the state.

Call-By-Value. The set of (AS-)values of the A-calculus is denoted by VS C AS and generated
by the same grammar that generates the set of values of the AY-calculus (see Section 7.1.1).
The set of arguments )V is the set of values VE. CBV contexts (see Definition 2.14) are naturally

lifted to closed configurations. CBV reduction is defined for closed configurations as follows.

Definition 8.9 (CBV Reduction). The CBV reduction strategy is denoted by =cgy and defined over

closed configurations as the closure by CBV contexts of the following three rewriting steps:

((Axt)v,s) g, (H{x\v},s)
(pop(l,Ax.t),s) Epop (t{x\head(s(l))},s{l:=tail(s(l))})
(push((l,v),t),s) Epush (t,s{l:=v-s(])}).

Observe that the operational rules for stack operations are induced by the comodel (see Sec-

tion 8.2.1 and Remark 5.39).
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Example 8.10 (CBV Reduction). The following example is obtained from Example 7.16 by replacing the

get and set operations with pop and push, respectively:

pop (I, Ay.y ((Az.z)y)),s{l := Ax.x})
(Ax.x) ((Az.z) Ax.x),s)
(

Ax.x) Ax.x,s)
AX.X,S).

(push((l, Ax.x),pop (I, Ay.y ((Az.2) ¥))),s) = cv(pusn) (PO
:>CBV(pop) (

=g,
(

= CBV(By)

The set of CBN- and CBV-normal forms are the same as those for the A9-calculus (see Lemma 7.18).

8.4 The A!-Calculus with Infinite Stacks

We now extend the Al-calculus introduced in Chapter 3 with primitive operations for interacting
with infinite stacks. We will call this new calculus the A!S-calculus.

In a parallel to the previous section, most definitions and properties of the A!S-calculus can
be obtained from those in Section 7.2.1 for the A!9-calculus by simply replacing operations get
and set with operations pop and push, respectively. However, while in the previous section we
skipped most of the details, here we are going to restate some of the definitions and properties

common to those of the A!9-calculus, whenever it is important to highlight any key differences.

8.4.1 Syntax and Operational Semantics

The syntax of the A!S-calculus is the extension of the syntax of the A-calculus with a notion of state
corresponding to a mapping from locations to infinite stacks, algebraic operations for interacting

with the infinite stacks (according to Example 8.1), and configurations.

Definition 8.11 (States and A!°-Terms). Let £ be a finite set of location names and X be a countable
set of variables. The sets of values 'V®, terms !AS, infinite stacks (!VS)‘“, states S, and configura-

tions !AS x S of the A!®-calculus are generated by the following four grammars, respectively:

Values: vw = xeX |t

Terms: tu,r,e w= v|Ax.t|tu|der(t) |pop(l, Ax.t) | push((l,v),t)
Stacks: f,g u= wv-f (taken coinductively)

States: s,g == {l— fitier

Configurations: ¢, == (t9).

The notions of free and bound variables for the A!9-calculus are as expected, as are those of

a-congruence, substitution, context, and closed and open states and AlS-terms.
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CBPV contexts (in Definition 3.3) are naturally lifted to closed configurations, just as was done

for the A!9-calculus. CBPV reduction is defined for closed configurations as follows.

Definition 8.12 (CBPV Reduction). The CBPV reduction strategy is denoted by =cgpy and defined

over closed configurations as the closure by CBPV contexts of the following three rewriting steps:

(Axt)v,s)  =p,  (Hx\v},s)
(der('t),s) =p, (t5)
(pop(l,Ax.t),s) ©Epop (t{x\head(s(l))}, s{l :=tail(s(I))})
(push((1,v),t),s) =push (t,s{l:=v-s(I)}).

Observe that the rewriting steps for operations are defined according to Section 8.2.1 and Re-

mark 5.39.

Example 8.13 (CBPV Reduction). We are going to present two examples of CBPV reduction, both starting
at (syntactically) different, but S-equivalent, configurations. Accordingly, they have the same CBPV-normal

form. However, the former is shorter than the latter:

(push((l,!Ax.x), pop(l, Ay.der(y)y)),s)

(pop (1, Ay.der(y) y), {1 = (Ax.x) -5 (1)})
=pop  (der((!Ax.x))!Ax.x,s)

((Ax.x) Ax.x,s)

(

'Ax.x,s).

push((/,'Ax.x),push((/,!Ax.x),pop(I, Ay.pop(l, Az.der(y) z)))),s)
push((l,'Ax.x),pop (I, Ay.pop(l, Az.der(y) z))),s{l :== (!Ax.x) -s (1)})
I,Az.der(y)z)),s{l :== (!Ax.x) - ('Ax.x)-s(I)})

(

(

(pop (

=pop  (POP([, Az.der((!Ax.x))z),s{l := (!Ax.x) -s(I)})
(der(
(
(

I, Ay.pop(
(
der((!Ax.x)) IAx.x,s)
(Ax.x)!Ax.x,s)

'Ax.x,s).

The set of (closed) syntactic CBPV-normal forms is identical to that of the A!9-calculus (see Propo-

sition 7.25).

Proposition 8.14 (Characterization of CBPV-Normal Forms). Let (t,s) € IAS x S.. Then, (t,5) 7 cepy
if and only if t € NOcgpy.

The sets of clashes and clash-free configurations are defined similarly to those for the A!9-calculus

(see Proposition 7.29).
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Definition 8.15 (Syntactic Characterization of Clash-Free CBPV-Normal Forms). The set of clash-free
CBPV-normal forms of the A!S-calculusis {(t,s) | t € NOSE,y, s € S, }, where NOEy := VS U {Ax.t |
Ax.t € IAS}.

Proposition 8.16 (Characterization of Clash-Free CBPV-Normal Forms). Let (t,s) € !'AS. Then,
(t,8) #cppy and t is clash-free if and only if t € NOSEp.

As we did for the M9-calculus, we will show how clash-free terms can be characterized via a
lifting of the non-idempotent intersection type system presented in Chapter 3.
8.4.2 Subsuming Call-By-Name and Call-By-Value

The encodings of Section 3.2 can also be extended to the A!®-calculus.
Terms from the A°-calculus are translated to terms of the A!S-calculus much in the same way

as term from the AY-calculus were translated to terms of the A!Y-calculus (recall Definition 7.30).

Definition 8.17 (Translations of Terms). Consider the following inductively defined translation of

terms of the AS-calculus to terms of the A!°-calculus:

(VB AS = IAS (VB :AS — IAS
x +— der(x) X =X
Ax.t = Ax.(t)BN Ax.t = Ax(t)<BY
tu — (#)BV(u)BY tu — der((t)BV) (u)®"
pop(l,Ax.t) > pop(l, Ax.(t)BY) pop(l,Ax.t) > pop(l, Ax.(t)BY)
push((l,u),t) + push((L!(u)®), (t)®N)  push((l,v),t) ~ push((l,(v)B), (t)B").

The same can be said about the translation of configurations from the AS-calculus to config-
urations of the A!®-calculus. However, since states are now mappings from locations to stacks of
terms instead of values, we first define the translations of stacks from the AS-calculus to stacks of

the A!®-calculus.
Definition 8.18 (Translations of Stacks). Consider the following coinductively defined translation
of stacks of the AS-calculus to stacks of the A!S-calculus:
(,)CBN . (AS)“’ — (!AS)“’ (.)CBV . (VS)“’ N (!VS)“’
£ f — !(t)CBN . (f)CBN v - f — ('U)CBV . (f)CBV‘

Now, we can can define the translation of configurations in terms of the above translations.
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Definition 8.19 (Translations of Configurations). Consider the following inductively defined trans-

lation of states of the A°-calculus to states of the A!S-calculus:

(B S —» S ()B:S —» S
{I= fitiecc = {l=()™hee Al fiiee = 1= ()% }ec

The translation of configurations of the AS-calculus to configurations of the A!®-calculus are

then defined as follows:

(VA xS — A xS (VB AS xS — IASxS
(ts) = (5P, (s)™) (ts) = ((OF,(s)%).

The correctness of full simulations for the case of the A!S-calculus can be shown by following
the same overall recipe as for the A!9-calculus. For that reason, we are just going to state the main

result of this section.

Theorem 8.20 (Correctness of Full Simulations). Lets € So, and t € AS.

n-B-+o-pop-+u-push CBNn-5v+m-[31+o~pop+u-push

1. If (t,9) =5 oy (u,q), then ((t,s)) =>capvoapnin (14, 9))BY, for some m > 0.
2. If(t,q)n'ﬁﬁo:'g)g;,u'puw(u,q), then ((t,s))CBV”'/;Ver'/S:’;"C'g;“;”'pUSh((u/q))CBV,for some m > 0.

This establishes that the A!®-calculus accurately reproduces the behavior of both the CBN and

CBV A®-calculi, forming the foundation for a unified quantitative analysis.

Example 8.21 (Full Simulations). Recall the CBN reduction sequence for the configuration in Example 8.8:

(push((l, (Ax.x) Ay.y),pop(l, Az.zz)), s)aﬁﬂ.:p;pc;;'p%h(/\y.y, s{l := (Ax.x) Ay.y});

and the CBV reduction sequence for the configuration in Example 8.10:

(push((I, Ax.x),pop(l, Ay.y ((Az.z)y))), S)Z'ﬁﬁl:,"]'g%;,l‘pum()\x.x,s{l = Ax.x}).

In Example 8.13, we can see how Lemma 8.20 holds for the translation of the above configurations.
The following is the CBPV reduction sequence corresponding to the CBN translation of the first config-

uration:
(push((1,!((Ax.der(x))!Ay.der(y))), pop(l, Az.der(z) !der(z))),q)

3-By+5-Bi+1-pop+1-push
CBPV

(Ay.der(y),qg{l := !(Ax.der(x)) !Ay.der(y)})
The following is the CBPV reduction sequence corresponding to the CBV translation of the second

configuration:

(push((I,'Ax.x),pop(l, Ay.der(y) ((Az.2)y))),q) 2’5v+2'ﬁ§>1c'§;5+1'pUSh (1Ax.x,g{l := 'Ax.x})
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8.5 State-Passing Non-Idempotent Intersection Types

Perhaps surprisingly, the quantitative systems introduced in this section are very similar to those
introduced in Section 7.3 for global state. Indeed, at a syntactic level, they can mostly be obtained
by respectively replacing the occurrences of the get and set operations with occurrences of the
pop and push operations. However, we have already seen how they deeply differ in how closely
they follow the operational semantics of the languages to which they pertain. Accordingly, the sets
of types both for the CBN and CBV AS-calculi are generated by the same grammar as those for the
CBN and CBV AY-calculus (see Definitions 7.45 and 7.67). However, list types are now called stack
types and have a different meaning: list types assign different multi(-monadic) types to the same
value across different uses; stack types assign (possibly) different multi(-monadic) types to distinct
values occurring at different depths of an infinite stack. Moreover, values were assigned the empty
list type whenever they were not going to be used anymore; infinite stacks of values are assigned the
empty stack type whenever they are not going to be used anymore. Notice that this means that the set
of state types is a mapping from locations to finite stacks of multi(-monadic) types, i.e. S = (M*)~.
At first glance, this may seem at odds with Table 8.1, where S was described as (M“)*. This
discrepancy is intentional: we are only interested in characterizing finite computations, and finite
computations can consume only a finite amount of resources. More generally, any infinite object
can only be semantically meaningful through the sum of its finite parts. Since infinite stacks can
only ever be partially consumed, it is natural for their quantitative semantics to reflect this fact as

well x.

8.5.1 Call-By-Name

We now present the language of types for the CBN AS-calculus.

Definition 8.22 (CBN Types). The sets of types Ty&gy for the CBN A-calculus are generated by the

following grammar:

Stack Types: LL == []IM-L
State Types: S,Q u= {lw— Li}ier
Monadic Types: A = S=P
Product Types: P = AxS
Multi-Monadic Types M,N == {A;}ic1
Types: A = x| M—P

Note that stack types are finite, contrary to stacks, which are infinite.

*Note that this does not mean that infinite stack types are meaningless. Indeed, infinite stack types are key if one
wants instead to characterize infinite computations, which is ongoing work of the author of this thesis.
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The type system for the CBN A°-calculus is as follows.

Definition 8.23 (CBN Type System). The CBN Type System Ng assigns CBN (multi-monadic) types
to AS-terms, and consists of the following translations of the typing rules in Definition 4.7 for the

CBN A-calculus:

Ax
x:{A}Fx: A
'kEt: A
Abs Ans
M\xFAxt:S= ((T(x) - A) xS) OFAxt:S= (xx9)
I'Ft:S=(M—=(Q=P)xQ) AFu:M (T; - t: Ap)ier
App Many

Along with the following six additional rules:

I;x:head(S(I)) Ft:S5{l:=tail(S(l))} =P

Pop
I'tpop(l,Ax.t):S= TP
F'Cu:M AFt:S{I:=M-S(I)} =P
Push
I'+Atpush((l,u),t):S=P
THt: M A'_f:LStack _ EStack
T+AFt-f:M-L Dk f ]
(Tr = fi:Li)iec stare LFEiS=P Abs:S .
+iecli FA{l= fitiee : {l = Li}iec [k (ts):P

Typing Rules. Rules Ax, Abs, Ans, App, Many, State, and Conf are just like those in Definition 7.90
for the AY-calculus. Rules Pop, Push, Stack, and EStack, are used to type operations and infinite
stacks. Notice that, unlike rules Get and Set, rules Pop and Push manipulate the input state type
S in exactly the same way as reduction rules pop and push in Definition 8.7 manipulate the input
state s. This is due to the fact that, while the algebraic theory for global state is non-linear, the
algebraic theory for infinite stacks is linear, i.e. operations get and set have non-linear behavior
with respect to the state (mapping of locations to arguments), but operations pop and push behave
linearly with respect to the state (mapping of locations to infinite stacks of arguments). Moreover,
while rules List and EStack in Definition 8.23 are all used to type the sane A°-term, rules Stack
and EStack are used to type infinite stacks consisting of (potentially) different AS-terms. Indeed,
according to rule Stack, an infinite stack ¢ - f has type M - L if t has type M and f has type L. Now,
L is also an infinite stack, so rule Stack can be used to type L, and this process can continue forever.
Thus, in order to type an infinite stacks, we require an infinitely long stack type and consequently
type derivation. However, we are only interested in terminating (i.e. finite) computations, and
finite computation can only ever use a finite amount of information. Therefore, instead of typing

infinite stacks completely, we are only going to use rule Stack to type an infinite stack up to a finite
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point, and then type the rest of the (infinite) stack using rule EStack. Notice, however, that any
occurrences of rule EStack in a type derivation can (potentially) be replaced by a use of rule Stack.
Indeed, from a qualitative point of view, as long as enough elements of any particular infinite stack
are typed, it is inconsequential to type more elements than necessary. However, from a quantitative
point of view, this is no longer the case, i.e. we want to consider only minimal typings, i.e. the

minimal information that can be extracted from a state.

Remark 8.24 (Minimal Typings for Infinite Stacks). The minimal (or tight) state types are those
that assign the empty stack type to all stacks. Moreover, notice that the push operation does not
overwrite the state type. This is contrary to what happens with the set operation (see Remark 7.51).

Consequently, no global restrictions need to be imposed to type derivations.

Definition 8.25 (Tight Typings for CBN). Let t € AS and s € S.. A type derivation @ is tight if
and only if it is of the form ® >y, D (t,5) : x X {I — []}1e.

We now start moving towards exact quantitative soundness and completeness by showing that

multiset-typings can be split and merged.

Lemma 8.26 (CBN Multiset-Typings Split and Merge). Let t € AS. Then, there is @y, T F ¢
M, such that M = U;ctM; if and only if there are ®; >, I & t @ M;, such that T = +;c.I;, and
#App,Pop,Push(q)) - +ieI#App,Pop,Push(q)i)-

That typing contexts are necessarily empty whenever terms are closed.

Lemma 8.27 (Contexts and Free Variables for CBN). If @ > Ng T E t 2 A (resp. M), then dom(T') C
fv(t).

And that having a tight type derivation with zero weight is a characteristic of normal forms is

formalized as follows.

Lemma 8.28 (Zero Weight Tight Type Derivations Characterize CBN-Normal Forms). Let t € AS
and s € So. If P, @ & (t,5) : P is tight, then #app pop,push(P) = 0 - App + 0 - Pop + 0 - Push if and
only if t € NOcgy.

The following lemma ensures that all normal forms are tightly typable.

Lemma 8.29 (Tight Typability of CBN-Normal Forms). Lets € S.. Ift € NOcgy, then there is a derivation
Doy, @ F (t,s) : Pthat is tight.

The following lemma tells us how to update the list type assigned to a location.

Lemma 8.30. Let | € Lands € S. Thereare Doy, D & s : Sand Yo, O =t : M if and only if
there is TTo A, @ F s{l :=t-s(I)} : S{l := M-S (I)}. Moreover, #pp pop,push (P) + #app poppush (¥) =

#App,Pop,Push (H) .
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Now, we proceed by proving the quantitative soundness and completeness of typability in type

system Ns.

8.5.1.1 Quantitative Soundness
We proceed by proving a weighted version of the usual substitution lemma.

Lemma 8.31 (Weighted Substitution for CBN). Let t,u € AS. If® >y T;x: M b t: A (resp. N)and
You, D u: M, thenTIopn T Ft{x\u} : A (resp. N), such that #upp pop push (IT) = #app pop,push (P) +

1"’:#App,Pop,Push (\P) .

The exact version of the subject reduction property follows from the above lemma, without any

need to include any additional conditions to the premises of rule Push.

Lemma 8.32 (Exact Subject Reduction for CBN). Let t € AS,s € S,,and S € {B, pop, push}.
If (t,;s) =cns) (4,q) and Oop g D & (t,s) @ P, then there is ¥ opg @ = (u,q) @ P, such that
#app,Pop,push (P) = #app pop,push (¥) + 1+ R, where

e R=App, if S =p;
e R =Pop, if S = pop;
e and R = Push, if S = push.

Finally, we can show that Ng-typability is exactly quantitatively sound with respect to CBN-

normalization.

Theorem 8.33 (Exact Soundness for CBN). Let t € AS and s € Se. If there is @ >y, @ & (t,5) : P

. Bo- push
tight, such that #app pop,push (P) = 1 - App + 0 - Pop + u - Push, then (t, s)n ﬁﬂfp,;pc;ﬁ pus (u,q), such that

U € NOcgy.
8.5.1.2 Quantitative Completeness

We proceed by proving a weighted version of the usual anti-substitution lemma.

Lemma 8.34 (Weighted Anti-Substitution for CBN). Lett € AS and u € AS. If ®>p T tH{x\ u}:
A (resp. N), then there exist Y barg I;x : M F t @ A (resp. N) and 11>y @ = u @ M, such that

#App,Pop,Push (CI)) = #App,Pop,Push (T) + #App,Pop,Push (H) .

The exact version of the subject expansion property follows from the above lemma, also without

any need to include any additional conditions to the premises of rule Push.
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Lemma 8.35 (Exact Subject Expansion for CBN). Let t € AS, s € S., and S € {B,pop,push}.
If (t,5) =cenes) (u,q) and @op; @ & (u,q) : P, then there is Y op; @ = (t,5) : P, such that
#App,Pop,Push(T) +1-R= #App,Pop,Push(q))/ where

® R=App, if S =p;
® R = Pop, if S = pop;
e and R = Push, if S = push.

Finally, we can conclude that Ns-typability is quantitatively complete with respect to CBN-
normalization.

. . .push
Theorem 8.36 (Exact Completeness for CBN). Let t € AS and s € S.. If (t,s)" ﬁ+0:p,§pc§; " u,q),

such that u € NOcgy, then there is ® >y, D t= (t,s) : P tight, such that #ppp pop,push(P) = 1 - App + 0 -
Pop + u - Push.

8.5.2 Call-By-Value
We now present the language of types for the CBV AS-calculus.

Definition 8.37 (CBV Types). The sets of types Ty for the CBV AS-calculus are generated by the

following grammar:

Stack Types: LL == []IM-L
State Types: S,Q == {l—=Li}ier
Monadic Multi-Types: M = S=P
Product Types: P = MxQ
Multi-Types M,N == {A }ic
Types: A= M—-M

Note that, while stacks are infinite, stack types are finitely generated.
The type system for the CBV A®-calculus is as follows.

Definition 8.38 (CBV Type System). The CBV Type System Vs assigns CBV (multi-monadic) types
to AS-terms, and consists of the following translations of the typing rules in Definition 4.8 for the
CBV A-calculus:

Ax (Ti bt M )ier

x:- MFx: M Abs
Ficrli\ x F Ax.t: Ti(x) — M; Bier

THt:S= ({N > (R=P)}xQ) AFu:Q= (N xR)
T+AFtu:S= P

App
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Along with the following six additional rules:

Tto: M
r'Cv:S=(MxS)

Lift

[;x:head(S(I)) Ft:S{l:=+tail(S(1))} =P b
I'-pop(l,Ax.t):S =P
'o:M Al—t:S{l::M-S(l)}:>PP
I'+ A+ push((l,v),t):S=P
'Fo:M AFf:L

op

ush

Stack —— EStack
T+AFo-f:M-L Dk f:]
(TiF fr:Ly)er State I'+t:S=P AI—s:SConf
tiecli FA{l = fitiee - {I = Li}iec [ (ts):P

Typing Rules. Rules Ax, Abs, App, Lift, State, and Conf are just like those in Definition 7.70
for the AY-calculus. Rules Pop, Push, Stack, and EStack are very similar to the ones in CBN

(see Definition 8.23).

Definition 8.39 (Tight Typings for CBV). Let t € AS and s € S,. A type derivation @ is tight if
and only if it is of the form ® >y, @ F (t,5) : { } x {I = []}1ec

We start by showing that multiset-typings can be split and merged, as expected.

Lemma 8.40 (CBV Multiset-Typings Split and Merge). Let t € AS. Then, there is ® >y, I'Fo: M,
such that M = U;ctM;, if and only if there are ®; >y, I'; = v : M;, such that T = +;c1I;, and

#App,Pop,Push(q)) — +i€I#App,P0p,PuSh((Di )
That typing contexts are necessarily empty whenever terms are closed.

Lemma 8.41 (Contexts and Free Variables for CBV). If ® >y T - t : M (resp. M), then dom(I") C
fv(t).

And that the type system reflects the fact that values are not effectful.

Lemma 8.42 (CBV Values Are Not Effectful). Let t € A° and Oy T'Ht:S= (MxQ). Ifte VS,
then Q = S and ® ends with rule Lift.

The fact that having a tight type derivation with zero weight is a characteristic of normal forms

is formalized as follows.

Lemma 8.43 (Zero Weight Tight Type Derivations Characterize CBV-Normal Forms). Let t € AS
and s € So. If @y, @ & (t,s) : P is tight, then #app pop push(P) = 0 - App + 0 - Pop + 0 - Push if and
only if t € NOcgy.



8. A QUANTITATIVE STUDY OF INFINITE STACKS 149

The following lemma ensures that all normal forms are tightly typable.

Lemma 8.44 (Tight Typability of CBV-Normal Forms). Lets € S.. Ift € NOcgy, then there is a derivation
D>y, @& (t,s) : P that is tight.

The following lemma tells us how to update the list type assigned to a location.

Lemma 8.45. Let | € Lands € S. There are D>y, O &+ s : Sand Y >y, @ & v : M if and only if
there is IT>y, @ s{l :=v-s (1)} : S{l := M-S (I)}. Moreover, #pp pop,push (P) + #app,poppush (¥) =

#App,Pop,Push (H) .

Now, we proceed by proving the quantitative soundness and completeness of typability in type
system Vs.
8.5.2.1 Quantitative Soundness

We proceed by proving a weighted version of the usual substitution lemma.

Lemma 8.46 (Weighted Substitution for CBV). Let t € AS, and v € Ve, IfOpy ix: MEt:
M (resp. N) and ¥ >y, O = v : M, then Ty T = t{x \ v} : M (resp. N), such that #pp pop push (IT) =
#App,Pop,Push (CD) + #App,Pop,Push (‘F) .

The exact version of the subject reduction property follows from the above lemma.

Lemma 8.47 (Exact Subject Reduction for CBV). Let t € AS, s € So, and S € {By,pop,push}.
If (t,5) =cpy(s) (4,q) and Oy, @ = (t,s) @ P, then there is Yoy @ & (u,q) : P, such that
#App,Pop,Push(q)) - #App,Pop,Push (T) +1- R/ where

® R=App, if S = By,
® R = Pop, if S = pop;
e and R = Push, if S = push.

Finally, we can show that Vs-typability is exactly quantitatively sound with respect to CBV-
normalization.

Theorem 8.48 (Exact Soundness for CBV). Let t € AS. If there is ® >ys @ F (t,5) : P tight, such that

-By+0-pop+1u-push
#app,pop,push (P) = 1 - App + 0 - Pop + u - Push, then (t,s)n P O—J,);régvu pus (u,q), such that u € NOcpy.
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8.5.2.2 Quantitative Completeness

We proceed by proving a weighted version of the usual anti-substitution lemma.

Lemma 8.49 (Weighted Anti-Substitution for CBV). Let t € AS and v € VS. If @by T - tH{x \ v} :
M (resp. N), then ¥ >y, T;x : M =t : M (resp. N) and I1>y, @ & v M, such that #app pop push (P) =
#App,Pop,Push (\F) + #App,Pop,Push (H> .

The exact version of the subject expansion properties follows from the above lemma.

Lemma 8.50 (Exact Subject Expansion for CBV). Let t,u € Af, s €S, and S € {By,pop,push}.
If (t;s) =cys) (wq) and @y, @ = (u,q) : P, then there is ¥ >y, @ = (t,5) : P, such that
#App,Pop,Push(qD) + 1-R= #App,Pop,Push (‘F)/ where

e R=App, if S = By,
e R =Pop,if S = pop;
e and R = Push, if S = push.

Finally, we can conclude that Vs-typability is quantitatively complete with respect to CBV-
normalization.

Theorem 8.51 (Exact Completeness for CBV). Let t € AS. If (t,s)n.ﬁﬁo:'r‘,);g,u'p“h(u,q), such that

U € NOcgy, then thereis ® >y, D & (t,s) : P tight, such that #ypp pop push (P) = 1+ App + 0 - Pop + u - Push.

8.5.3 Subsuming Call-By-Name and Call-By-Value

As expected, the CBPV system subsumes both the CBN and CBV quantitative systems introduced
earlier. In particular, the linear behavior of the stack operations ensures that the typing rules
for pop and push are uniform across all evaluation strategies, without requiring additional side
conditions or restrictions.

The set of types for the A!-calculus is also generated by the same grammar as the one for the
AMY-calculus. List types are now reinterpreted as stack types following the same reasoning as for the

CBN and CBV AS-calculi (see Section 7.2.2).
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Definition 8.52 (CBPV Types). The sets of types Tyggpy for the A!S-calculus is generated by the

following grammar:

Stack Types: LL == []IM-L

State Types: S,Q == {lw— Li}ier
Monadic Types: A = S=P

Product Types: P = AXxS
Multi-Monadic Types M,N == {A;}ic1

Types: A= x| M|M— A

The type system for the A!S-calculus is as follows.

Definition 8.53 (CBPV Type System). The CBPV Type System Ps assigns CBPV (multi-monadic)
types to A!S-terms, and consists of the following translations of the typing rules in Definition 4.21
for the A!-calculus:

't: A

—_— AX Abs
x:MbEx:M T\ xkAxt:S= (I(x) = A)xS)

Ans

Qb Axt:S= (% x8)
FrFt:S=(M— (R=P))xQ) Arlu:Q= (MxR)
Fr+AFtu:5=P

(Ti b= t: Aj)ier By F"t15:>({{Q:>P}}><Q)D
tieli 1 LA e TFder(t):S= P

Along with the following seven additional rules:

App

er

T'to: M
'Fv:S=(MxS)

Lift

I;x:head(S(l)) Ft:S{l:=tail(S(l))} = P b
I'pop(l,Ax.t):S=P
'to:M Al—t:S{l::M~S(l)}:>PP
I'+ A+ push((l,v),t):S=P
I'Fo:M AFf:L

op

ush

Stack — EStack
T+AFo-f:M-L OF f:]]
(Tt F fi:Ly)ier State [Ht:S=P AFs:S . o
tiecli FA{L = fitiee : {I = Li}iec [ (ts):P

Typing Rules. Rules Ax, Abs, Ans, App, Bg, Der, Lift, State, and Conf are just like those in Def-
inition 7.90 for the A!9-calculus. Rules Pop, Push, Stack, and EStack, are very similar to the ones

in CBN and CBV (see Definitions 7.49 and 7.70).
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Definition 8.54 (Tight Typings for CBPV). Let t € !AS and s € S,. A type derivation @ is tight if
and only if it is of the form ®p>p, @+ (t,5) : A x {l = { } }1er, such that A € {x, { }}}. Thatis,
tight CBPV typings produce either a value type or a multiset of computations, together with an

empty stack type.
We start by showing that multiset-typing can be split and merged, as expected.

Lemma 8.55 (CBPV Multiset-Typings Split and Merge). Let t € !AS. Then, there is ®>p T - t: M,
such that M = U;etM;, if and only if there are ®;>p, I'; = t @ M;, such that T = +;c1I;, and

#App,Der,Pop,Push(q)) = +iEI#App,Der,Pop,Push(q>i )
That typing contexts are necessarily empty whenever terms are closed.

Lemma 8.56 (Contexts and Free Variables for CBPV). If & >pg It 2 A (resp. M), then dom(T") C
fv(t).

And that the type system reflects the fact that values are not effectful.

Lemma 8.57 (CBPV Values Are Not Effectful). Let t € !AS and ®>p, @ -t : S = (AxQ). If
t € IVS, then Q = S and ® ends with rule Lift.

The fact that having a tight type derivation with zero weight is a characteristic of clash-free

normal forms is formalized as follows.

Lemma 8.58 (Zero Weight Tight Type Derivations Characterize CBPV-Normal Forms). Let t € AS
ands € S,. If ®>p, @ = (t,5) : P is tight, then #appper,poppush(P) = 0- App + 0 -Der +0-Pop + 0 -
Push if and only if t € NOpy.

The following lemma ensures that all clash-free normal-forms are tightly typable.

Lemma 8.59 (Tight Typability of CBPV-Normal Forms). Let t € AS. Ift € NOSE,y, then there is a
derivation ® >p, @ & (t,s) : P that is tight.

The following lemma tells us how to update the list type assigned to a location.

Lemma 8.60. Let | € L and s € S. There are Dop, O s : Sand Yop, @ & f o L if and only
if there is II>p, @ F s{l := f} : S{l := L}. Moreover, #upp per pop,push(P) + #app per,poppush (¥) =

#App,Der,Pop,Push (H) .

Now, we proceed by proving the quantitative soundness and completeness of typability in type

system Pgs.
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8.5.3.1 Quantitative Soundness

We proceed by proving a weighted version of the usual substitution lemma.

Lemma 8.61 (Weighted Substitution for CBPV). Let t € !AS and v € VS, If ® pps ;x: M Bt
A (resp. N)and ¥ op, D & v : M, thenTIpp T = t{x\ v} : A (resp. N), such that #upp per,poppush (IT) =

#App,Der,Pop,Push ((D) + #App,Der,Pop,Push (‘Ij) .

The quantitative version of the subject reduction property follow from the above lemma. Note,

however, that it is not necessary to add s () = { }} as a requirement for rule Push.

Lemma 8.62 (Exact Subject Reduction for CBPV). Let t € IANS,s € S,,and S € {Bv, Bi, pop, push }.
If (t,5) =capy(s) (4,q) and @>py @ + (t,5) @ P, then there is Y op; @ = (u,q) : P, such that

#app,per,Pop,push (P) = #app,per,pop,push (¥) + 1 - R, where
® R=App, if S = By,
e R =Der, if S = By
e R =Pop, if S = pop;
e and R = Push, if S = push.

Finally, we can show that Ps-typability is quantitatively sound with respect to clash-free CBPV-

normalization.

Theorem 8.63 (Exact Soundness for CBPV). Let t € AS. If there is ® >p, @ & (t,5) : P tight, such

n-By+m-pi+o-pop+u-push
that #app per,pop,push (P) = 1 - App + m - Der + o0 - Pop + u - Push, then (t,s) P f;}cgpv (u,q),

such that u € NOSpy.
8.5.3.2 Quantitative Completeness

We start by showing that Ps-typable configurations are necessarily clash-free, i.e. normalize to a

clash-free CBPV normal form.

Lemma 8.64 (Typability Implies Clash-Freeness). Let t € IAS and s € So. If ®op, @ F (t,5) : P,
then t is clash-free.

In fact, we can show that ‘Ps-typability captures the clash-freeness of CBPV-normal forms.

Lemma 8.65 (Typability Characterizes CBPV Clash-Free Normal Forms). Let t € IAS and s € S..
Then, t € NO&Epy if and only if t € NOcgpy and (t,s) is Pgs-typable.
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Lemma 8.66 (Weighted Anti-Substitution for CBPV). Let t € 'A®, and v € A If ®op, I -
t{x\ v} : A (resp. N), then ¥ op, T;x : M = t : A (resp. N) and I1>p, @ = v : M, such that

#App,Der,Pop,Push (q)) = #App,Der,Pop,Push (T) + #App,Der,Pop,Push (H) .

The quantitative version of the subject expansion property follow from the above lemma.

Again, it is not necessary to add s (I) = { }} as a requirement for rule Push.

Lemma 8.67 (Exact Subject Expansion for CBPV). Let t € INS,s € S,,and S € {Bv, Bi, pop, push }.
If (t,5) =capy(s) (u,q) and @>ps @ & (u,q) : P, then there is ¥ >ps @ & (t,5) @ P, such that

#app,per,pop,push (P) + 1 - R = #app per,pop,push (), where
e R=App, if S = By
e R =Der,if S =By
e R =Pop, if S = pop;
e and R = Push, if S = push.

Finally, we can show that Ps-typability is quantitatively complete with respect to clash-free
CBPV-normalization.

Theorem 8.68 (Exact Completeness for CBPV). Let t € AS. If (¢, s)”'ﬁ”m"%?(jﬁ?{? +u'pmh(u,c,l), such

that u € NOGEpy, then there is ® >p, @ & (t,5) : P tight, such that #xppper poppush(P) = 1 - App + m -
Der + o - Pop + u - Push.

8.5.3.3 Soundness and Completeness of Translations

The translation of CBV typings for the A!S-calculus is identical to that of the A!9-calculus (see Def-
inition 7.108).

Since we have seen that the translations on terms preserve the number of -, B,-, pop-, and
push-steps we can show that P-typability is not only sound and complete with respect to the
translations, but also preserves the number of steps. Moreover, even though stack translations
are defined coinductively, P-typability is a finitary process and thus the proofs of soundness
and completeness of P-typability with respect to the translations do not require any coinductive
reasoning. They are both shown by induction of the structure of the type derivations, and the

proofs follow the same reasoning as those of the A!9-calculus (see Section 7.3.3.3).
Lemma 8.69 (Soundness of Term and Stack Translations). Let t € AS.

1. If ®op, T F t(resp. tor f) : A (resp. Mor L), then ¥ op, T = (£)BN (resp. 1(t) B or (f)BY) :
A (resp. M or L). Moreover, #app pop push (P) = #app,pop,push (F)-
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2. If®y T -t (resp. tor f) : M (resp. M or L), then ¥ >pg (T)% E (£)BY (resp. (£)BV or (f)BY) :
(M) Scsv (resp. (M)ev or (L)Cev). Moreover, #app pop,push (D) = #apppop,push (F)-

Again, while the completeness of the CBN translation can be easily shown, the completeness
of the CBV translation, can not be shown by a simple induction on typing derivations. As such,
we will also focus on showing completeness for the CBN translations, and leave the completeness

of the CBV translations as a conjecture.

Lemma 8.70 (Completeness of CBN Term and Stack Translations). Let t € AS. If ¥ >ps I
(£)BN (resp. 1(t) BN or (f)BY) : A (resp. Mor L), then ® >y, T & t(resp. tor f) : A (resp. Mor L).

MOI’E‘OUET, #App,Pop,Push(q)) == #App,Pop,Push(T)'
Finally, we show that state translations are sound and complete.

Lemma 8.71 (Soundness and Completeness of CBN State Translations). Lets € S. Then, @y, I' =
s: Sifand only if ¥ >pg ' (s)BY = S. Moreover, #app pop push (P) = #app,pop,push (F)-

And that CBV state translations are sound.

Lemma 8.72 (Soundness of CBV State Translations). Lets € S. If®py, ' Fs: S, then ¥ >p, (I)EY -

(8)BV = (S)BY. Moreover, #app pop push (P) = #app pop,push (F)-

The soundness and completeness of the CBN translation of configurations then follows from

the above statements.

Theorem 8.73 (Soundness and Completeness of CBN Configuration Translations). Let t € A®
and s € S. Then, Py, T F (t,5) : Ax Q ifand only if ¥ >p, T F ((t,5))N : A x Q. Moreover,
#App,Pop,Push(q)) - #App,Pop,Push (‘Y)

The soundness of the CBV translation of configurations follows from the soundness of the CBV

translations of terms and states.

Theorem 8.74 (Soundness of CBV Configuration Translations). Let t € ASands € S. If® >y '
(t,5) : P, then ¥ op T+ ((t,5))BY : (P)%ev. Moreover, #app pop,push (P) = #app,pop,push (F)-

The completeness of the CBV translation of configurations is left as a conjecture, since it can
not be shown by a simple induction on typing derivations.

Conjecture 8.75 (Completeness of CBV Configuration Translations). Lett € AS and s € S. If ¥ >p,
(T)Ceev b= ((t,5)) BV : (M) x (Q)%, then P>y, T (£,5) : M x Q. Moreover, #app pop push (P) =

#App,Pop,Push (\P) .
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This concludes the quantitative study of infinite stacks. Taken together, the CBN, CBV, and
CBPV systems show that infinite stacks provide a uniform, linear, and quantitatively precise
foundation for state-passing computations across evaluation strategies.

In the next section we show how infinite stacks can be used to encode other state-passing

algebraic effects.

8.6 Handling State-Passing Computations using Infinite Stacks

The goal of this section is to show that infinite stacks form a sufficiently expressive target algebraic
theory to encode a wide range of state-passing effects. The encodings proceed in three steps: (i)
defining handlers from the source algebraic theory into infinite stacks, (ii) deriving the induced
operational semantics, and (iii) deriving the corresponding quantitative CBPV type systems. We
illustrate this methodology on global state, interactive input/output, finite nondeterminism, and

their combinations.

8.6.1 Computing the Handlers

Let us start by computing handlers for each of the algebraic theories in Section 5.3. In the following,
we are going to follows the same approach and reasoning as in Section 8.1. Moreover, all handlers
defined in this section follow the same pattern: operations that observe the environment are inter-
preted as pop on a distinguished location, while operations that emit information are interpreted
as push. Moreover, all handlers are tail-resumptive one-shot handlers, i.e. runners (in the sense

of [38]).

8.6.1.1 Global State

Recall the algebraic theory for global state in Example 5.19. We want to define a handler H from
|[FgX]| to |FsY|. Let Lg be the set of locations for G, Ls be the set of location for S, Vg be the
set of values for G, Vs be the set of values for S, ¢, : L — Ls be an injective function between
locations, and ¢y : Vg — Vs be an injective function between values. Then, we can define the

following maps:

hget : Lg X (Vg — [FsY|) — |FsY]

(LAaH([t])) = [pop(¢c (1), Ab.[push((¢r (1),b), H([t{a\ ¢y, (b)}]))])]
hsee : (Lg X Vg) x ([FsY|) — [FsY]|

(o), H([t])) := [pop(¢r (1), Aa.[push((¢z (1), ¢v (v)), H([t]))])]-
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To confirm that H is indeed a handler, we need to show that /iger and hser form a G-model. Recall

the equations in Eqg:

get(l, Aa.

get(l, Aa.set((l,a), Ab.t
get(l, Ab.get(l, Aa.t
set((l,v), Aa.get(l, Ab.t

t)
)
)
)
set((l,v), Aa.set((l,w), Ab.t))
)
)
)

get(l,Aa.get(l',Ab.t
get(l, Aa.set((!',v), Ab.t
set((l,v),Aa.set((l',w), Ab.t

~G
~G
~g
~g
~G
~g
~g
~G

tifa & fv(t)

tifa & fv(t)

get(l,Aa.t{b\ a})

set((I,v),Aa.t{b\ v})

et((l,w), Ab.t)

get(l’, Ab.get(l,Aa.t))
set((!,v), Ab.get(l,Aa.t))
et(

(',
(I',w), Ab.set((l,v),Aa.t))

After applying H to each side of the above equations, we get the following set of equalities:

1 H([get(I,Aa.[t
2 H([get(I, Aa.[set((],a), Ab.[t]
3 H([get(l, Ab.[get (], Aa.[t]
4 H([set((l,v), Aa.[get(], Ab.[t]
5. H([set((l,v), Aa.[set((l,w), Ab.[t]
6 H([get(l, Aa.[get(!’, Ab.[t]
7 H([get (I, Aa.[set((l, [t]
8 b.[t]

(1, v),Ab.[t
. H([set((l,v),

Aa.[set((I',w), Ab.[t

H(]
H(
H(lget(l, Aa.[t{b\ a}])])
([set((1,v), Aa[t{b\ v}])])
([set((Z,w), Ab.[t])])
([get(l', Ab.[get(l, Aa.[t])])])
([set(

([set(

t])ifa ¢ fv(t)

t])ifa & fv(t)

)
)

T

H

T

set((I',v), Ab.[get(l, Aa.[t])])])

('
(I',w), Ab.[set((I,v), Aa.[t])])])

o

set

Now, we must check that they hold in S. We go through equations 1-5:

EouaTtiON 1:

Leta ¢ fv(t):
H([get(l, Aa.[t]

H([t]).

)]

[pop (¢ (1), Ab.[push((¢, (1),

b), H([t]))])]

EquaTtiON 2:
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Leta ¢ fv(t):

H(lget(l, Aa.[set((l,a), Ab.[t])])])
= [pop (¢, (1), Ac.[push((¢, (1), ¢), [pop(@r (1), Ad.[push((9z (1), v (¢, (<)), H([t]))))D])]
= [pop(¢z (1), Ac.[push((¢ (1), c), [pop (¢ (1), Ad.[push((¢, (1), <), H([t]))])]))])]
= [pop(¢c (1), Ac.[push((¢c (1), ), H([t]))])]
= H([t]).

EoquaTtiON 3:

H([get(l, Ab.[get (], Aa.[t])])])
= [pop(¢c (1), Ac.[push((¢, (1), ), [pop (P (1), Ad.
[ush((¢c (1), d), H([(t{b\ ¢, (c)}){a\ ¢, (AI))DD])]
= [pop(¢r (1), Ac.[push((¢z (1), <), H([(t{b \ ¢3," (c)}){a\ ¢y, (¢)3)])]
= [pop(¢c (1), Ac.[oush((¢c (1), ¢), H([(t{b\ a}){a\ ¢," (c)}]))])]
= H([get(l,ra.t{b\ a})]).

C

C

EoquaTtiON 4:

H([set((l,v),Aa.[get(l, Ab.[t])])])
(1), Ac.[push((¢pz (1), ¢y v), [pop (¢ (1), Ad
1

= [pop(¢c (1),
[push((¢, (1),d), H([t{b\ ¢y," (d)}]))])]])]

= [pop(¢z (1), Ac.[push((¢z (1), ¢v (0)), H([t{b\ ¢y, (v (0))}])])]

= [pop(¢r (1), Ac.[push((¢c (1), ¢y (), H([t{b\ v}]))])]

= H([set((l,v),Aa.[t{b\ v}])]).

EouaTtiON 5:
H([set((L,v), Aa.[set((],w), Ab.[t])])])

= [pop(¢c (1), Ac.[push((¢ (1), ¢v (), [pop(¢r (1), Ad.[push((¢. (1), ¢v (w)), H([t]))])])])]
= [pop(¢c (1), Ac.[push((¢, (1), v (w)), H([t]))])]

= H([set((l,w), Ab.[t])]).
The remaining equations correspond to commutation of operations at distinct locations and

follow by a similar, but more verbose, calculation.

8.6.1.2 Interactive Input

Recall the algebraic theory for interactive input in Example 5.16. We want to define a handler H

from |FzX| to |FsY|. Let £ U {input} be the set of locations for S, V7 be the set of values for 7
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(to be understood as the input alphabet), Vs be the set of values for S, and ¢y : V7 — Vs be an

injective function between values. Then, we can define the following map:

hinput : (VI — ‘F3Y‘) — ’FSY‘
(Aa.H([t])) := [pop(input, Ab.H([t{a\ ¢} (b)}]))].

To confirm that H is indeed a handler, we need to show that linpyt forms a Z-model. Since the

set of equations Eq; is empty, we can immediately conclude.

8.6.1.3 Interactive Output

Recall the algebraic theory for interactive output in Example 5.17. We want to define a handler H
from |[FpX]| to |FsY|. Let £ U {output} be the set of locations for S, Vo be the set of values for O
(to be understood as the output alphabet), Vs be the set of values for S, and ¢y : Vo — Vs be an

injective function between values. Then, we can define the following map:

houtput:VOX |F$Y| - |F$Y’
(v,H([t])) = [push((output,¢y (v)), H([t]))].

To confirm that H is indeed a handler, we need to show that houtpur forms a O-model. Since

the set of equations Eq, is empty, we can immediately conclude.

8.6.1.4 Nondeterminism

Recall the algebraic theory for finite non-empty nondeterminism in Example 5.18. We want to
define a handler H from |Fy X| to |[FarX|. Let £ U {choose} be the set of locations for S, Vs be
the set of values for AV (to be understood as the set of booleans), Vs be the set of values for S, and

¢y : Yy — Vs be an injective function between values. Then, we can define the following map:

hchoose : (VN — |F$Y|) — |FSY|
(Aa.H(t)) := [pop(choose, Ab.H(t{a\b}))].
To confirm that H is indeed a handler, we need to show that fcheese forms a A-model. Since
the set of equations Eq, is empty, we can immediately conclude.

Intuitively, nondeterministic choice is implemented by popping a Boolean from a distinguished

stack, whose contents represent the branching structure of the computation.

8.6.1.5 Interactive IO

As we have seen in Proposition 5.40, it is possible to combine different algebraic theories together.

As an example, the algebraic theory for interactive IO ZO can be understood as the sum of Z
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and O. Then, ;o = X;UZXp, and Eq;, = Eq; UEq,. We want to define a handler H from
|FzoX| = |FrroX] to |[FsY|. Let £ U {input, output } be the set of locations for S, Vo = V7 X Vo
be the set of values for ZO (to be understood as the cartesian product of the sets of values for 7
and O), Vs be the set of values for S, and ¢y : V7 — Vs and ¢ : Vo — Vs be injective functions

between values. Then, we can define the following maps:

hinput : (VI — ‘FSYD - ‘FSY‘

(Aa.H([t])) := [pop(input, Ab.H([t{a\¢;" (b)}]))]
houtput : Vo X ’FSY‘ — |F8Y|
(v,H([t])) := [push((output,yy (0)), H([t]))].

To confirm that H is indeed a handler, we need to show that /15 nput and hoytput forma ZO-model.

Since the set of equations Eq;, is empty, we can conclude immediately.

8.6.2 Examples of Using the Handlers

Now we are going to illustrate how the handlers defined in the previous subsection can be used to
extend the A!-calculus with algebraic operations for dealing with global state and interactive IO.
The same can be done for the CBN and CBV A-calculi and for finite nondeterminism, but these are
subsumed by the A!l-calculus and interactive IO, respectively. Let 7 be some algebraic theory, H

be a handler from |F7X| to |[FsY|, op; : P; ~ A; € 7, and p € P;.

Al-Terms. Let £ be a finite set of location names and A" be a countable set of variables. The
sets of values !'V7 and terms !A7 of the A!7 -calculus are generated by the two following template

grammars, respectively:

Values: v,w = xeX |1t

Terms: tu,re == ov|Ax.t|tu|der(t)|op;(p, Ax.t).
The set of states S for the A!7 -calculus is the one for the A!S-calculus, and the set of configura-

tionsis'A7 x S.

CBPV Reduction. The CBPV reduction strategy =>cgpy is defined over closed configurations as the
closure by CBPV contexts of the usual By- and pi-steps, plus the set of reduction steps that results

from instantiating the following template reduction step:
(opi(p,Ax.t),s) Fop  (Hx\7?},7)

CBPV Types. The set of types for the A!” -calculus is the same as for the A!®-calculus.
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CBPV Type System. The CBPV Type System Ps assigns CBPV (multi-monadic) types to A!-terms,
and consists of all the typing rules in Ps with the exception of rules Pop and Push, which are
replaced by the set of typing rules that result from instantiating the following template typing

rule:
'kp:M Ax:?Ht:?=P

I'+AFopi(p,Axt):S=P

Now, we are going to use the handlers defined in the previous section in order to instantiate

Op;

the above templates according to the state-passing algebraic theory 7.

8.6.2.1 Handling Global State Using Infinite Stacks

Recall the set of operations of the algebraic theory for global state:
Yg = {get:L~V,set: L xV~ 1}

Al-Terms. As expected, the sets of values 'VY and terms !AY of the A!9-calculus are generated by

instantiating the template grammars above as follows:

Values: v, W =

Terms: t,u,re == ---|get(l,Ax.t)|set((l,v),1).

CBPV Reduction. The reduction steps for the get and set operations are obtained by instantiat-
ing the template reduction rules.

Let us start with the template reduction rule for the get operation:

(get(l,Ax.t),s) B=ger (H{x\?},7).
Recall mapping hget for the get operation:

hget : ﬁg X (Vg — |F3Y|) — ‘FSY|
(LAa.H([t])) = [pop(¢c (1), Ab.[push((¢ (1),b), H([t{a\ ¢, (b)}]))])]

If we ignore the equivalence classes and understand hger as a transformation from Treey X to
Treey, Y, we can consider the cointerpretation of the operations appearing in tree resulting from
the transformation. That is, given some location | € Lg and state s € (V¥)~s, running operation

get in Fg X is the same as running the following sequence of pop and push operations in FsY:

[pop] V81 (¢ (1),5) = (head(s (¢r (1)), s{gc (1) == tail(s (9 (1))})
[Push] V$) (¢ (1), Bead(s (¢ (1)), s{¢e (1) == tail(s (pc (1))}) = (+,5).
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This means that ¢;,' (head(s (¢ (1)))) is the value assigned to x and s is the starting state for
t{x \ ¢y, (head(s (¢, (1))))}. Therefore, assuming that injective functions ¢ : Lg — Ls and

¢ : Vg — Vs exist, the reduction rule for the get operation is as follows:

(get(LAxt),s) Frger (Hx\ ¢! (head(s (¢ (1))))}s).

Now, let us consider the template reduction rule for the set operation:

(set((l,0),t),s) BErset (7).
Recall mapping hset for the set operation:
hser : (Lg x Vg) x ([FsY|) — [FsY]
((Lv), H([t])) = [pop(¢r (I),Aa.[push((¢c (1), ¢v (v)), H([t]))])].

Given some location | € Lg, value v € Vg, and state s € (V¥)*$, running operation set in FgX is

the same as running the following sequences of pop and push operations in FgY:

[[pop}](%)w)ﬁs (¢z (1),s) = (head(s (¢, (1)), s{¢r (I) := tail(s (¢ ()))})
[push] (VS))% (¢ (1), pv (0)), s{gc (1) = tail(s (9o (1))}) =
(x, s{¢c (1) :== ¢y (v) - tail(s (¢ (1)))}).
This means that value head(s (¢ (1))) is ignored and that s{¢ (I) := ¢y (v) - tail(s (¢, (1))} is

the starting state for t. Therefore, the reduction rule for the set operation is as follows:

(set((1,v),1),5) Brser (Ls{pc(l):= ¢y (0)-tail(s(oc (1)))})-

Example 8.76 (Handling Global State Using Infinite Stacks, Operationally. ..). Let L5 = Ls = {I}
consist of the same unique location. Then, ¢ : Lg — Lg is the identity on {l}. Now, consider the

following translation:

()9 :1IA9 — IAS
X = X
It ()9
Axt = Ax.(t)Y
tu — (£)9 (u)Y
der(t) ~ der((t)9)
get(l,Ax.t) — pop(l, Ay.push((Ly), (H{x\y})9))
set((l,0),t) ~ pop(l,Ay.push((l, (v)9), (1)9)).
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Notice that ()g translates operations get and set according to the mappings hger and hser. Moreover, it

is easy to see that (-)Y is injective. Therefore, we can take ¢y : Vg — Vs to be defined as follows:

(,by:Vg — Vs
X = X

It = (1),
Also, notice that we can extend ¢y to states as follows:

fv: (Vo) — (Vs)ts
{l—=v} — {l— ¢y (v)- repeat(!Ax.x)},

where repeat : Vs — (Vs)“ is an infinitary function coinductively defined as follows:

repeat: Vs — (Vs)¢

v +— v-repeat(v).

Now, consider the following configuration from Example 7.33:
(set((l,'Ax.x), get(l, Ay.der(y) (der(!(Az.z)) v))), (s)BY).
Let us assume that (s)®V = {I — v}, so that ¢y (s) = {I — ¢y (v) - repeat(!Ax.x)}. Then

(set((l,!Ax.x),get(l, Ay.der(y) (der(!(Az.z))y))), {l — ¢y (v) - repeat(!Ax.x)})
=set (get(l, Ay.der(y) (der(!(Az.z))y)), {l — (¢py (IAx.x)) - repeat(IAx.x)})
=get (der((!Ax.x)) (der(!(Az.z)) (!Ax.x)), {l — (¢y ('Ax.x)) - repeat(!Ax.x)})
(Ax.x) (der(!(Az.z)) ("Ax.x)), {l — (¢y (IAx.x)) - repeat(IAx.x)})

4

Bi

4y

(
g (Ax.x) ((Az.z) ('Ax.x)), {I = (¢v (!Ax.x)) - repeat(!Ax.x)})
g, ((Ax.x) (IAx.x), {1+ (¢y (!Ax.x)) - repeat(!Ax.x)})
("Ax.x,{l = (¢p (!Ax.x)) - repeat(!Ax.x)}).

I

=B

v

That is,

(set((I,!Ax.x),get(l, Ay.der(y) (der(!(Az.2))y))),{l — ¢y (v) - repeat(IAx.x)})

1-set+1-get+2:-Bi+2:-By
= CBPV

(IAx.x, {I = (¢p (IAx.x)) - repeat(!Ax.x)}).

Finally, notice that ¢,," ({I — (¢ (!Ax.x)) - repeat(!Ax.x)}) = {I — IAx.x}. Therefore, the above

configuration corresponds to the following one:

(IAx.x, {I — Ax.x}).
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CBPV Type System. The CBPV Type System Pg is obtained by instantiating the template type
rules above.
Let us start with the template type rule for the get operation:

Ix:?Ht:?=P
I'tget(l,Ax.t):S=P

Get

To figure out the type of that should be assigned to variable x and the initial state type for t we must
proceed similarly to how we did to determine the reduction rules for the get operation. However,
there is an important caveat due to get operations not being linear in the sense of Remark 7.2.

Indeed, given some location I € Lg and state type S € (M*)“s, we have the following:

[pop] M) (¢ (1), 5) = (head(S (92 (1)), {9z (1) := tail(S (¢c (1)))})
[push] M (¢ (1), head(S (¢ (1)), S{ee (1) := tail(S (pc ())}) = (+,S).
Therefore, we would have the following typing rule for the get operation:

I;x:head(S(¢p, (1) Ft:S=P
I'get(l,Ax.t):S=P

Get

But this rule is wrong: if t is assigned the same initial state type as get(l, Ax.t), the type system
cannot be quantitatively sound. This is precisely the mismatch already identified in Remark 7.2:
operationally, get is non-linear in the state, but quantitatively it must behave linearly with respect
to resource usage. To solve this problem, we must first consider what happens with the template

type rule for the set operation:

'-o:M AFt:?=P
I'+AFset((L,v),t):S=P

Set

To figure out the initial state type for t we proceed exactly how we did to determine the reduction
rule for the set operation. Given some location | € Lg and state type S € (M*)“sn, we have the

following:

[pop] ™% (92 (1), ) = (head(S (¢c (1)), S{oz (1) == tail(S (9 (1))})
[push] M ((¢z (1), M), {9 (1) = tail(S (¢ (1)))}) =
(, S{¢r () := M - tail(S (¢ (1)) })-

Therefore, we have the following typing rule for the set operation:

F'to:M  AFt:S{¢s(l):=M-tail(S (¢, (1))} =P
Ir+AFset((l,v),t):S=7P

Set

Now that we have determined the typing rule for the set operations, we can observe the following.
Notice that, contrary to rule Set in Section 7.3.3, value v is typed with a multiset type, not a list

type. However, as we have also discussed in the last paragraph of Remark 7.2, we can translate
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any list type into an equivalent multiset type. Therefore, the Get that we have obtained for the get
operation should take this into consideration. Thatis, it should be understood thathead(S (¢ (I)))
is the multiset union of a list of multiset types, each corresponding to a different use of the value
assigned to location I. Thus, instead of assigning head(S (¢, (1))) to x, we must assign it only a
multiset subset of head(S (¢, (1))). Let N C head(S (¢, (1))). Then, we have the following correct
typing rule for the get operation:

Lix:NEt:S{¢ps(I):=head(S (¢, (1)) \ N-tail(S (¢, (1))} =P
I'get(l,Ax.t):S=P

Get

And this comes from the following interpretation of the transformation of the get operation. Given

some location | € Lg and state type S € (M*)%s, we have the following:

[pop] ™% (¢ (1), ) = (head(S (¢ (1)), S{c (1) = tail(S (9 (1))})
N E head(S (¢, (1))

[Push] M (¢ (1), head(S (92 (1)) \ N), S{¢e (1) := tail(S (9 (1))})

= (%, 5{¢ (I) :==head(S (¢ (1)) \ N - tail(S (¢, (1)) })-

As it turns out, if one ignores everything but the heads of the infinite stacks, one obtains a type

system whose behavior is equivalent to that in [43].

Example 8.77 (Handling Global State Using Infinite Stacks, Denotationally...). Let S = {I —
{B-11tand Ay ={ B} — (S= ({ } xS)),asin Example7.78. Then, we can type the from Example 8.76
with the following tight type derivation Y. Since Y is quite big, we are going to split it into the following
pieces.

Let Y be the following type derivation for the state:

oF o @ 11 OF repeat(nn) ] Rk

@ F ¢y (v) -repeat(Ax.x) : { J} - []
@t ¢y (v) - repeat(!Ax.x) : S

State

where Ax or Bg are used, depending on whether ¢y (v) is a variable or a bang-term, respectively.

The parameter of the set operation is only typed once. Let Y, be such a type derivation:

orx g
OFx:5= ({}x95)
DOF Axx:S= (A1 x8S) =
OF Nxx: S = (A xS)}

Abs
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Let Y be the following type derivation for the operator appearing in the get operation:

V5o M)y 5= (Mxs))
V5= (M xS))ry:S= ({S= (A xS)) x5
y:{S= (A1 xS)}Fder(y):S= (A1 xS)

Lift

Der

Let Y, be the following type derivation for the term at the right of the application corresponding to the

continuation of get operation:

orz
OFz:5= ({} x5)

DFAzz:S= (A1 xS)
QFMNzz: {S= (A1 xS} - A
OFMNzz:S= ({S= (A1 xS)}} x9) Der OFy:{}
@t der(!Az.z) : S = (A1 x S) QFy:S={ xS
@Fder(!(Az.z)y:S= ({} xS)

Abs

Lift
App

Finally, let Y be the following type derivation for the continuation of the get operation:
Y, Y
y:{S= (A1 x S)} - der(y) (der({(Azz))y) : S = ({ }} xS)
Ok get(l, Ay.der(y) (der(!(Az.2)) y)) : {l = {5 = (A1 x )} - [[} = ({ } x 5)

where § Arjy C {A1} and A3\ A1) = { }}-

App

Then, Y is as follows:
———— Elist
Y, OF!Axx:[] Liet
OFMNxx:{S= (A1 xS} ][] Y. Set
@+ set((I,!Ax.x),get(l, Ay.der(y) (der(!(Az.z))y))): S= ({ } x S) Y

Conf

@+ (set((l,'Ax.x),get(l, Ader(y).y (der(!(Az.2z))y))),s) : { } x S
Notice that the structure of Y here is identical to that of ¥ in Example 7.110. Moreover, recall that

(set((I,!Ax.x),get(l, Ay.der(y) (der(!(Az.2))y))),{l — ¢y (v) - repeat(IAx.x)})

2-By+2-Bi+1-get+1-set
CBPV

(IAx.x, {I = (¢p (!Ax.x)) - repeat(!Ax.x)}).

And notice that #spp per set cet (fydthree) =2 - App + 2 -Der + 1 - Get + 1 - Set.

8.6.2.2 Handling Interactive IO using Infinite Stacks

Recall the set of operations of the algebraic theory for interaction IO:

Y0 =: {input : 1 ~~ A4, output : A ~~ 1}.
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Al-Terms. As expected, the sets of values V7% and terms !AZ? of the A!Z©-calculus are generated

by instantiating the template grammars above as follows:

Values: v, W =

Terms: ft,u,r,e == ---|input(Ax.t) | output(v,t).

CBPV Reduction. The reduction steps for the input and output operations are obtained by
instantiating the template reduction rules.

Let us start with the template reduction rule for the get operation:
(input(Ax.t),s) Finpue (H{x\?},?).
Recall mapping hinput for the get operation:

hinput : (VI — |F$Y|) — |F3Y|
(Aa.H([t])) := [pop(input, Ab.H([t{a\ ¢, (b)}]))]

Given some s € (V¥)%s, running operation input in F7¢X is the same as running the following

pop operation in FgY:
[[popﬂ(V§)£S (input,s) = (head(s (input)),s{input := tail(s (input))}).

This means that ¢;," (head(s (input))) is the value assigned to x and s{input := tail(s (input))}
is the starting state for +{x \ ¢,,* (head(s (input)))}. Therefore, assuming that injective function

¢ : Vg — Vs exists, the reduction rule for the input operation is as follows:

(input(Ax.t),s) Frinpue (H{x\ ¢y (head(s (input)))}, s{input := tail(s (input))}).
Now, let us consider the template reduction rule for the output operation:
(output(v,t),s) Foutpur (£ 7?)-
Recall mapping houtput for the output operation:

houtput:VOX|FSY| — |FSY|
(v,H([t])) := [push((output, ¢y (v)), H([t]))].

Given some value v € V7 and state s € (Vg’)ﬁs, running operation output in Fz7p X is the same

as running the following push operation in FsY:

[push]((Vo))S ((output, ¢y (v)),s) = (x,s{output := ¢y (v) - s}).
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This means that s{¢, (I) := ¢y (v) - s} is the starting state for t. Therefore, the reduction rule for

the set operation is as follows:

(output(v,t),s) Foutput (f, s{output := ¢y (v) - output}).

Example 8.78 (Handling Interactive IO Using Infinite Stacks, Operationally...). Consider Ls =

{input, output }. Now, consider the following translation:

(VIO IAZO IAS
X X
It = ()0
Axt = Ax.()TO
tu —  (£)29 (u)2°
der(t) ~ der((t)%9)
input(Ax.t) > pop(input, Ay.(t{x\y})Z%)
output(v,t) +— push((output, (v)¥°), (+)2°).

Notice that (-)2© translates operations input and output according to the mappings hinpur and Noutput.
Moreover, it is easy to see that (-)9 is injective. Therefore, we can take ¢y : Vro — Vs to be defined as
follows:
¢y Vo — Vs
X = X
't ()0,
Also, notice that we can extend ¢y, to input and output streams according to following coinductively defined
infinitary function:
¢y (Vo) — (Vs)*
v-vs = ¢y (v)- PS5 (vs).

Then, we can extend ¢y to states (pairs of input streams and output lists) as follows:

dv: V10)¥ x Vio)* — (Vs)&s

(ins,outs) + {input — ¢{J (ins), output — ¢35 (outs)}.

Now, consider the following interactive IO state:
(IAx.x - ins, outs)

And its translation:

¢y ((IAx.x -ins,outs)) = {input — ¢y (1Ax.x) - ¢4 (ins), output — ¢% (outs)}

= {input — Ax.x - ¢$J (ins), output — ¢5J (outs)}.
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Now, consider the following configuration:

(input(Ax.output(x,der(x) x)), {input — !Ax.x - ¢J (ins), output > ¢35 (outs)}).

Then
(input(Ax.output(x,der(x) x)), {input — !Ax.x - @5 (ins), output — ¢35 (outs)})
=input (output(!Ax.x,der((!Ax.x))!Ax.x), {input — ¢35 (ins), output — ¢5; (outs)})
= output (der((!Ax.x))!Ax.x, {input — ¢ (ins), output — Ax.x - @5 (outs)})
=, ((Ax.x) IAx.x, {input > ¢§) (ins), output — Ax.x - ¢y (outs)})
=, (!Ax.x, {input — ¢§J (ins), output — Ax.x - ¢§J (outs)}).

That is,

(input(Ax.output(x,der(x)x)), {input — !Ax.x - 3 (ins), output — ¢35 (outs)})

1-By+1-B1+1-input+1-output
CBPV

('Ax.x, {input — ¢{] (ins), output — !Ax.x - ¢§) (outs)}).

CBPV Type System. The CBPV Type System Pzo is obtained by instantiating the template type
rules above.
Let us start with the template type rule for the input operation:

x:?Ht:?=P

Input
I't+ input(Ax.t) : S =P

To figure out the type of that should be assigned to variable x and the initial state type for t we
must proceed similarly to how we did to determine the reduction rules for the input operation.

Given some location state type S € (M*)*s, we have the following:
[input] (M*)<s (input,S) = (head(S (input)), S{input := tail(S (input))}).

Therefore, we would have the following typing rule for the get operation:

[;x:head(S (input)) b ¢ : S{input := tail(S (input))} = P
I't+ input(Ax.t): S =P

Input

Now, we consider what happens with the template type rule for the output operation:

T'Fo: M AFRt:?2=P

Output
I'+ A+ output(v,f) : S = P

To figure out the initial state type for t we proceed exactly how we did to determine the reduction

rule for the output operation. Given some state type S € (M*)*s, we have the following:

[output] ™) ((output, M), S) = (*, S{output := M- S (output)}).
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Therefore, we have the following typing rule for the output operation:

'tv:M AFt:S{output := M-S (output)} = P
I'+ A+ output(v,t) : S =P

Output

Example 8.79 (Handling Interactive IO Using Infinite Stacks, Denotationally. . .). Consider the fol-
lowing set of state types:

S = {input — {A} - [] output — []}
Q = S{input:= tail(S(input))} = {input — [], output — []}
R = Q{output := { }} - Q (output)} = {input — [],output — { } - []},

where A=R= (({} = (R=({} xR))) xR).

Then, we are able to type the configuration from Example 8.78 with the following tight type derivation
Y. Since Y is quite big, we are going to split it into the following pieces.

Let Y be the following type derivation for the state:

e
xRS (<R |

bs
OF Axx: A Bg ' EStack
Ok xx: {A} @k ¢ (ins) : (] Lict
D Ax.x - ¢y (ins) : LA} -[] @ ¢ (outs) : []

@ {input — !Ax.x - ¢{J (ins), output — ¢ (outs)} : S

EStack

State

Now, notice that head(S (input)) = {A}}. Then, ¥ is as follows:

Ax
CA) P A) i
CAY xRS (AP xR xihrxid)
Ax x: AR der(x): A x:{}rx:R=({} xR
A VAR Y x:{A} Fder(x)x:R= ({}} xR)
x : head(S (input)) - output(x,der(x)x) : Q= ({ } x R) I
nput
@ I input(Ax.output(x,der(x)x)): S = ({ } x R) D,

@ I (input(Ax.output(x,der(x) x)), {input — !Ax.x - ¢§ (ins), output > ¢§5 (outs)}) : { J} x R

Lift
App

Output

Finally, recall that

(input(Ax.output(x,der(x)x)), {input — !Ax.x - @5 (ins), output — ¢35 (outs)})
1-Bv+1-B1+1-input+1-output
CBPV

('Ax.x, {input — ¢35 (ins), output — !Ax.x - ¢5) (outs)}),
and notice that #xpp per, nput,output (¥) = 1-App + 1 -Der + 1 - Input + 1 - Output.
These examples show that infinite stacks provide a uniform semantic substrate for a wide class

of state-passing effects, where both operational behavior and quantitative typing information are

preserved by construction.
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We conclude this chapter by observing that many further algebraic effects can be captured by
the same methodology, including effects not considered here (such as concurrency), as well as
arbitrary combinations of the effects studied in this thesis. The only essential requirement is that
the target algebraic theory induces a notion of state rich enough to subsume those of the source

theories.
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Chapter 9

Conclusion & Future Work

9.1 Conclusion

Nowadays, programming languages are mostly used in environments where knowing how a com-
putation behaves is just as important as knowing what it computes. Features such as higher-order
functions, concurrency, interaction, and effects make purely qualitative reasoning—concerned only
with termination, safety, or equivalence—insufficient to capture the needs of modern computa-
tion. Today, to fully understand programs we need to reason intrinsically about quantities: how
many times a resource is used, how many computation steps are performed, how often effects
are propagated, and how all these costs accumulate. In this setting, quantitative semantics is no
longer an optional refinement, but a foundational component of programming language theory.

This thesis addresses this shift by developing a quantitative semantic framework for higher-
order computations with effects, addressing a central limitation of traditional, purely qualitative
accounts. By enriching models of effectful higher-order languages with quantitative information,
it becomes possible to reason systematically about both the structure and the measurable behavior
of programs that combine higher-order functions with a wide range of algebraic effects.

This work has shown how to construct semantic models that integrate higher-order function
spaces, algebraic operations, and handlers with quantitative structure in a principled way. These
models support standard operations of higher-order semantics—such as abstraction, application,
and substitution—while tracking quantities like weights, costs, or probabilities. They also provide
a basis for defining and studying program equivalences and preorders that are sensitive to quan-
titative behavior, connecting semantic notions of approximation with operational intuitions about
resource usage or effectful behavior.

Several case studies demonstrate that the framework is sufficiently flexible to capture diverse

classes of algebraic effects and their combinations. These examples illustrate how the proposed
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semantics recovers familiar well-known qualitative properties, while at the same time enabling
new forms of quantitative reasoning that are difficult to express in existing approaches. Moreover,
the development reveals systematic relationships between algebraic effects, monadic and graded
semantics, and quantitative models drawn from areas such as weighted or probabilistic semantics,
clarifying how these strands of research fit into a single, coherent picture.

Concretely, the thesis establishes that non-idempotent intersection types provide exact cost
semantics—not merely upper bounds—for a range of computational features that go well beyond

the pure A-calculus. These include:

e pattern-matching mechanisms and stuck computations, enabling a quantitative analysis of

control flow and failure;

e exception raising and handling, analyzed via their encoding as pattern-matching constructs,

despite their non-algebraic nature;

e global state and its generalization to infinite stacks, yielding a uniform operational and typing

framework for a broad class of algebraic effects;

e algebraic operations admitting non-trivial comodels, equipped with comodel-based opera-
tional semantics that support step-by-step quantitative reasoning, analyzed via their encod-

ing as infinite stacks.

Across these settings, the thesis demonstrates tight soundness and completeness results, show-
ing that typing derivations correspond exactly to operational behavior, and that evaluation lengths
and effectful steps can be read directly from types. The use of the A!-calculus as a unifying opera-
tional core further shows how call-by-name and call-by-value evaluation, as well as state-passing
and effectful computation, can be analyzed within a single quantitative framework.

Taken together, these results substantiate the claim that non-idempotent intersection types are
not merely a technical tool, but a robust semantic discipline for understanding higher-order effectful
computation quantitatively. They provide a principled bridge between operational semantics, type
systems, and resource-aware reasoning, contributing to a broader rethinking of how programming
languages should be modeled in a computational landscape where quantities matter.

Beyond its concrete constructions, the thesis highlights conceptual lessons for the design and
analysis of higher-order effectful languages. It suggests that quantitative structure can be treated
as a first-class component of semantic models, on a par with the algebraic description of effects
themselves, and that doing so yields both technical advantages and conceptual clarity. At the same

time, the results point to several open directions: extending the framework to richer forms of effects
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and interaction, sharpening its connections to type systems and program logics for quantitative
reasoning, and exploring its applicability to practical languages and verification tools.

In summary, the thesis advances the semantic understanding of higher-order computation with
effects by providing a general, quantitative account that is both mathematically robust and broadly
applicable. Thislays groundwork for future research at the interface of semantics, language design,
and quantitative verification, with the long-term aim of supporting more expressive, modular, and

analyzable effectful programming languages.

9.2 Future Work

The results developed in this thesis open several promising directions for further research. While
the present work establishes exact quantitative semantics for a range of effectful extensions of
the A-calculus, it also highlights structural questions that remain open, both at the technical and

conceptual level.

9.2.1 Completeness of Call-By-Value Translations for Stateful Extensions

A first natural continuation concerns the completeness of call-by-value (CBV) translations for the
effectful calculi studied in the thesis.

For the pure A-calculus and for several pattern-matching calculi, CBV translations into finer-
grained calculi (such as the A!-calculus or CBPV-inspired systems) are known to preserve and reflect
quantitative semantics. In the presence of global state and infinite stacks, however, the situation
is more delicate. While the thesis establishes quantitative soundness of CBV encodings—showing
that evaluation costs are preserved—the corresponding completeness results remain open.

Future work will aim to prove that CBV translations for the CBV AY- and AS-calculus are
quantitatively complete, in the sense that every tight typing in the target calculus corresponds
to a tight typing in the source calculus with exactly the same cost interpretation. Establishing
such results would provide a robust operational justification for CBV encodings in the presence of
stateful effects, and would further consolidate the unifying role of the A!-calculus as an operational
core language for quantitative semantics.

Technically, this requires a refined analysis of how state interactions are reified by CBV trans-
lations, and how the induced duplication and sequencing of effects can be reflected back into

source-level typing derivations without loss of quantitative precision.
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9.2.2 A General Quantitative Framework for Algebraic Effects

A more ambitious direction concerns the elimination of ad hoc state representations. In this thesis,
global state and infinite stacks are introduced as concrete operational models supporting exact

quantitative analysis. While this approach is effective, it suggests a deeper question:

Can the operational notion of state be inferred directly from the algebraic theory of effects,

rather than fixed in advance?

Future work will aim to develop a fully general quantitative framework for algebraic effects, where:

o the operational semantics is derived systematically from a given algebraic theory admitting

non-trivial comodels, and

e the corresponding non-idempotent intersection type system is generated uniformly from this

structure.

Such a framework would take comodels as primary semantic objects and extract, from them,

both:
e a fine-grained operational transition system, and
e a quantitative typing discipline whose derivations correspond exactly to execution costs.

This would generalize the infinite-stack construction developed in the thesis, isolating it as
a particular instance of a broader coalgebraic methodology. Ultimately, this line of work would
clarify the precise relationship between algebraic theories, their comodels, and quantitative oper-
ational semantics, providing a principled foundation for extending non-idempotent intersection

types to new effectful languages.

9.2.3 Combining State-Passing Semantics with Relational Intersection Types

Another promising direction concerns the integration of state-passing computations with the
relational interpretation of intersection types developed by Gavazzo, Treglia, and Vanoni in [48].

Their work provides a relational semantics for monadic and effectful computations, offering a
powerful logical account of effect interactions that is largely orthogonal to the quantitative, cost-
oriented perspective adopted in this thesis. A natural question is whether these two approaches
can be meaningfully combined.

Future research could explore:

e a relational semantics for non-idempotent intersection types tailored to comodel-based op-

erational semantics;
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e the extension of relational intersection types to capture quantitative properties of stateful

computations;

e or the development of a hybrid framework where state-passing operational models are
paired with relational interpretations that abstract away from concrete execution traces while

retaining quantitative information.
Such a synthesis could lead to type systems that simultaneously:
e track exact resource usage,
e express relational properties of effectful programs,
e and support compositional reasoning about state and effects.

Bridging these frameworks would also help position non-idempotent intersection types within
the broader landscape of semantic approaches to effects, connecting operational, coalgebraic, and

relational perspectives.
9.2.4 Further Directions

Additional avenues for future work include:

e extending the quantitative framework to other algebraic effects such as probabilistic choice

or weighted nondeterminism;

e investigating connections with graded and effect-aware type systems, especially in CBPV

settings;

e and studying whether the notion of tight typing can be adapted to capture space usage or

amortized cost in effectful calculi.

In summary, the thesis lays the groundwork for a broad research program aimed at unifying
quantitative typing, operational semantics, and algebraic effects. The directions outlined above
suggest that non-idempotent intersection types can serve not only as a tool for precise cost analysis,

but also as a central organizing principle for the semantics of effectful computation.
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Appendix A

The A-Calculus

A.1 Syntax and Operational Semantics

Proposition 2.10 (Characterization of f-Normal Forms). Let t € A. Then, t /» if and only if t € NO.
Proof. We restate and refine the original statement as follows:
1. t /+g and t is not an abstraction if and only if t € NE.

2. t /g if and only if t € NO.

(=) The proof follows by induction on the structure of t:

1. Lett #+5 and t not be an abstraction:

- Ift = x € X, then x € NE, by definition.

- Ift = ur, then ur /4. Therefore, u is not an abstraction, u /g, and r /g
by Definition 2.8. By applying i.h. 1 to u, we have u € NE. By applying i.h. 2 to r, we
have r € NO. Therefore, ur € NE, by definition.

2. Lett Ap:
- Ift = x € X, then x € NE C NO, by definition.
- Ift = Ay.u, then Ay.u € NO, by definition.

- Ift=uwur,thenur 74>ﬁ and u r is not an abstraction. Therefore, ur € NE C NO, by
ih. 1.

(<) The proof follows by induction on the definition of NO:
1. Lett € NE:

- Ift = x € X, then x /g by Definition 2.8.
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- Ift = ur, such that u € NE and r € NO. By applying i.h. 1 to u, we have u /5 and
u is not an abstraction. By applying i.h. 2 to r, we have r /4 B- Therefore, ur /4 B by

definition.
2. Lett € NO:
- If t = Ax.u, such that u € NO. By applying i.h. 2 to u, we have u /4. Therefore,
Ax.u /g, by definition.

— Ift € NE, then ¢ 74>5 and t is not an abstraction, by i.h. 1. Therefore, t /4 B-

A.2 Call-By-Name and Call-By-Value

Proposition 2.17 (Characterization of CBN- and CBV-Normal Forms). The sets of CBN-normal forms

NOcgy and CBV-normal forms NOcgy are both the set of closed values V.
Proof. We restate and refine the original statement as follows:

1. t /cpy if and only if ¢ is a closed abstraction.
2. t /ey if and only if ¢ is a closed abstraction.

(=) The proof follows by induction on the structure of t:

1. Lett € Ao and t 7L>CBN:

— If t = Ax.u, then t is a closed abstraction.

—Ift = ur, then ur /cpy. This means that u is not an abstraction and u -y
by Definition 2.12. Moreover, it is easy to see that, in particular, ur € A, implies
that u € A,, and thus that u is not a closed abstraction. However, by i.h. 1, we have
that u is a closed abstraction, which is a contradiction. Therefore, t cannot be an

application.
2. Lett € Ao and ¢ 7L>CBV:

— If t = Ax.u, then t is a closed abstraction.

— Ift = ur, then ur /cpy. This means that, either u is not a value and u /gy, or u
is a value and r /gy by Definition 2.15. Moreover, it is easy to see that, ur € A,
implies that u,r € A,, and thus either (i.) u is not a closed abstraction and u /cgy,
or (ii.) u is a closed abstraction and 7 /> cgy:

i. By applying the i.h. to u, we have that u is a closed abstraction, which is a

contradiction. Therefore, t cannot be an application of such a form.



A. Tue A-CaLcuLus 185

ii. By applying the i.h. to r, we have that r is a closed abstraction. Therefore, u r is
a B-redex, which contradicts the fact that u r /4 cgy. Therefore, t cannot be such

an application of such a form.

Since t cannot be an application of any other form, t cannot be an application.

(«<=) Trivial, by Definition 2.8.






Appendix B

The A!-Calculus

B.1 Syntax and Operational Semantics

Proposition 3.7 (Characterization of CBPV-Normal Forms). Let t € !A.. Then, t /cgpy if and only if
t € NOcgpy.

Proof. We restate and refine the original statement as follows:
1. t /cppy and t is not an abstraction or a bang if and only if f € NEcgpy.
2. t /cppv and t is not an abstraction if and only if t € NAcgpy.
3. t /cpev and t is not a bang if and only if t € NBcgpy.

4. t 7L>CBPV if and only ift € NOcgpy.

(=) The proof follows by induction on the structure of t:

1. Lett A cgpv and f not be an abstraction or a bang:

— Ift =re, then re /A cppy. This means that, either r is not an abstraction and 7 -+ cgpy,
or r is an abstraction (r /A cgpv), € #cpy, and e is not a value by Definition 3.4.
Moreover, it is easy to see that re € !A, implies that r,e € !A., and thus either (i.) r
is not an abstraction and r /4 cgpy, Or (ii.) 7 is an abstraction (r 4 cgpyv), € /> cgpy, and
e is not a bang;:

i. By applying the i.h. Lemma 2 to r, we have that r € NAcgpy. Therefore, we have
that 7 e € NEcgpy.
ii. By applying the i.h. Lemma 3 to ¢, we have that e € NBcgpy. Therefore, we have

thatre € NEcgpy.
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- If t = der(r), then der(r) /cppy. This means that r /cgpy and r is not a bang
by Definition 3.4. By applying the i.h. Lemma 3 to r, we have that r € NBcgpy.
Therefore, we have that der(r) € NEcgpy.

2. Let t /cppv and t not be an abstraction:

— If t = !r, then !r € NAcgpy, by definition.

- If t = re, then re is also not a bang. Therefore, by Lemma 1, we have that re €
NEcgpy C NAcppy.

- If t = der(r), then der(r) is also not a bang. Therefore, by Lemma 1, we have that
der(r) € NEcgpy C NAcgpy.

3. Lett /4 cgpy and t not be a bang;:
— If t = Ax.r, then Ax.r € NBcgpy, by definition.

- If t = re, then re is also not an abstraction. Therefore, by Lemma 1, we have that

re € NEcgpy € NBcgpy.

- If t = der(r), then der(r) is also not a bang. Therefore, by Lemma 1, we have that

der(r) € NEcgpy  NBcgpy.

4. Lett 7L>CBPV:

Ift="!then'r € NAcgpy € NOcgpy, by definition.

If t = Ax.r, then Ax.r € NBegpy C NOcgpy, by definition.

If t = re, then re is not an abstraction or a bang. Therefore, by Lemma 1, we have

thatre € NEcgpy Q NOcgpy.

If t = der(r), then der(r) is not an abstraction or a bang. Therefore, by Lemma 1,

we have that der(r) € NEcgpy - NOcgpy.-
(«=) The proof follows by induction on the definition of NO:

1. Lett € NEcgpy:

- If t = (Ax.u)r, such that r € NBegpy. By applying i.h. Lemma 3 to r, we have
that r /A cgpyv and 7 is not a bang. Moreover, Ax.u / cgpy, by definition. Therefore,
(Ax.u) r />cgpy by Definition 3.4. Moreover, (Ax.u) r is not an abstraction or a bang.

- Ift = re, such that r € NAcgpy. By applying i.h. Lemma 2 to r, we have that 7 /cgpy
and 7 is not an abstraction. Therefore, r e / cgpy by Definition 3.4. Moreover, r e is
not an abstraction or a bang.

- If t = der(r), such that r € NBegpy. By applying the i.h. Lemma 3 to 7, we have that
r #»cgpy and r is not a bang. Therefore, der(r) /cgpy by Definition 3.4. Moreover,

der(r) is not an abstraction or a bang.
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2. Lett € NAcgpy:

- Ift =!r, then !r /4 cppy by Definition 3.4. Moreover, !r is not an abstraction.

— If t = r, such that r € NEcgpy, then r /cgpy and 7 is not an abstraction or a bang

by Lemma 1. Therefore, v /cgpy and r is not an abstraction.
3. Lett € NBcgpy:

- Ift = Ax.u, then Ax.u /cgpy by Definition 3.4. Moreover, Ax.u is not a bang.

- If t = r, such that r € NEcgpy, then r /cgpy and 7 is not an abstraction or a bang

by Lemma 1. Therefore, ¥ /cgpy and 7 is not a bang.

4. Lett € NOCBPV:

— Let t = r, such that r € NAcgpy. By Lemma 2, v A cgpy and r is not an abstraction.

Therefore, r /> cgpy.

— Lett = r, such that r € NBegpy. By Lemma 3, r 4 cgpy and 7 is not a bang. Therefore,

r #cepy.
O

Proposition 3.11 (Characterization of Clash-Free CBPV-Normal Forms). Let t € !A.. Then, t /> cppy
and t is clash-free if and only if t € NOEEpy.

Proof. We first refine the statement as follows.

Let t € !A,. Then, t /cgpy and t is clash-free if and only if  is a closed bang or a closed

abstraction.

(=) Note that, since t /cppy, then t € NOcgpy by Proposition 3.7. Therefore, t € NAcgpy Or
t € NBegpy. However, by Lemma B.1, we have that t ¢ NEcgpy. Therefore, t must either be a

closed abstraction (t € NBcgpy and ¢ ¢ NEcgpy) or a closed bang (t € NAcgpy and t & NEcgpy).

(«=) Trivial, by Definition 3.9.

B.2 Subsuming Call-By-Name and Call-By-Value

Lemma B.1 (Neutral Forms are not Clashes). Let t € !A.. If t € NEcgpy, then t is not clash-free.
Proof. The proof follows by induction on the definition of NEcgpy:

e If t = (Ax.u)r, such that r € NBcgpy, then either (i.) r = Ay.e, for some Ay.e € !A; or (ii.)

re NECBpV:
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i. Then, (Ax.u) Ay.e is a clash by Definition 3.8, and thus not clash-free by Definition 3.8.
ii. By applying the i.h. to r, r is not clash-free. Therefore, (Ax.u)r is not clash-free
by Definition 3.9.

e If t = ur, such that u € NAcgpy, then either (i.) u = le, for some le € !A,; or (ii.) u € NEcppy:

i. Then, !er is a clash by Definition 3.8, and thus not clash-free by Definition 3.8.
ii. By applying the i.h. to u, u is not clash-free. Therefore, u r is not clash-free by Defini-

tion 3.9.

e If + = der(u), such that u € NBcppy, then either (i.) u = Ax.r, for some Ax.r € !A,; or (ii.)
uec NECpri
i. Then, der(Ax.r) is a clash by Definition 3.8, and thus not clash-free by Definition 3.8.
ii. By applying the i.h. to u, u is not clash-free. Therefore, der(u) is not clash-free by Defi-
nition 3.9.

O]

Lemma 3.16 (Non-Interference of Single Administrative Steps). Let t € Ao. If (1) 7 cgpy s, and

()N — apwry u, then u 7 cppy(p,)-

Proof. The proof follows by induction on the structure of t:
o Ift = x, thent € A.. Thus, this case does not apply.

o If t = Ax.r, then (1) = (Ax.r)®" = Ax.(r)®N. Moreover, Ax.(r)®" 7/ cgpy(g,), by definition.

Let Ax.(r)®N —ppury u. Then, u = Ax.rg by Lemma B.2. Thus, Ax.rg 7> capv(p, ), by definition.

o If t = re, then ()™ = (re)® = (r)®"!(e)®. Moreover, if (1) !(e)®" 7 cgpy(g,), then
(1) A capy(p,)- Also,if (1) 7 cgpy(g, ), then (r) Y is not an abstraction, since no By-steps are
fired. Let re —apmry #. Then, u = ry ey by Lemma B.2. Moreover, since (7)) !1(e)®Y — ypury

10 eg, then (i.) (r)BY — apurx 7o and eg = !(e)BY, or (ii.) (€)Y — ppury € and 7o = (r)BY:
- Case (i.): By Lemma B.2, ryp must also not be an abstraction. By the i.h., we know
1o 7>cepv(p,)- Therefore, ro ey #>cppy(p,), by definition.

— Case (ii.): By Lemma B.2, ¢g must also be a bang-term. By the i.h., we know eg #cgpy(g,)-

Recall that g = (7)Y is not an abstraction. Therefore, g ey , by definition.
CBPV(B, )’ POY
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Corollary 3.17 (Non-Interference of Administrative Steps). Let t € Ao. If () £ cgpy(p,) and

(£) BN —> apwrw 1, then u 77 CBPV(py)-

Lemma B.2 (Stability of Administrative Steps). Let t € A, and t — ppwry u. Then, u has the same top

level constructor symbol (application, abstraction, dereliction, bang-term, or operation) than t.
Proof. By a simply case analysis on the structure of t. O

Theorem 3.19 (Correctness of Full Simulations). Lef t,u € A..

1. If t —cay u, then ()Y #g@;ﬂﬁﬁm (u)BY, for some m > 0

ey Pyt pr
CBPV

2. Ift —Scpy u, then (£)BV =5 cppy (1), for some m > 0.

Proof. The proofs follow by induction on n:

1. Lett —»CTSN(/S) u:

0-By+0-B1
o If n =0, then u = t. Therefore, (+)BY = (1), and (t)BY —»cﬁph’fmm (u)CBY,

o If n =mng+1, thent —egyp) 7 —>Z§N(ﬁ) u, for some r € A.. By applying Lemma B.3

1-By+mq- P
to t —cpy(p) 7, We have (t)<BN —»prv'ﬁifm (r)BY, for some my > 0. Moreover, by

7 M : v+ el
applying the i.h. to ng, we have that (r)®" chlf;pvﬂl)ﬁm (u)“BY, for some m; > 0. There-

1-By+mp-p ng-Bv+my-Py L. nq+1-By+m-py
BN v BN BN BN
fore, (t)c —7 CBPVUADMIN (7’)C —>? CBPVUADMIN (M)C , whichis the same as (t)c — CBPVUADMIN

(u)BN, for m = mg + my > 0.
2. Lett —>'>cgv(ﬁv) u:

e If n =0, then u = t. Therefore, (+)®V = (u)®Y, and (t)CBVOf%ESI;ﬁ!(u)CBV.

o Ifn=mng+1 thent —cgy(p,) " %Cré({,(ﬁv) u, for some r € !A.. By applying Lemma B.3 to

t = cpy(p,) 1, we have (t)CBVl'ﬁ—Vic"giif’ (r)®V. Moreover, by applying the i.h. to 1y, we have

Bty Bu-tmo+my-Py o
that (r)CBVnOgécgvﬁ'(u)CBv. Therefore, (t)8Y — CBPY(y) " ﬁ—»n?gp\y,n ! ﬁ'(u)CBV, which is the

1By tmm-By
same as (t)CBVnO:EC;?; ﬁ‘(u)CBV, for m = mg +my > 0.

Lemma B.3 (Correctness of One-Step Simulations). Let t,u € A..
BN _ 1 Pvtmp CBN
1. Ift _>CBN(ﬁ) u, then (t) —»> CBPVUADMIN (lxl) ,fOT" m > 0.

2. Ift —cpy(p,) U, then (t)CB"lﬁ%JE;nﬁg!(u)CBV,for m > 0.

Proof. The proofs follow by induction on the definition of the contexts of the reduction strategies:
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1. Lett _>CBN(ﬁ) u:

o If N = [J, then t = (Ax.r)e —p r{x\ e} = u. Note that (1) = ((Ax.r)e)® =
Ax.(r) B (€)Y g (1) {x \ 1(e)®Y}. Therefore, (r)® {x \ ()™} 35 S iommy
(r{x\ e})BY = (1), Thus, (£)BY = ((Axr) e) BN st b o (r{x\ e})B = (1)BY,
for some m > 0.

o IfN=N'r, thent = N'[e]r =y N'[¢/| ¥ = u, such that e 5 ¢’. Note that (N'[e] )" =
1,Bv+m,3‘

(N'[e])BN1(r)BY. By applying the i.h. to N/, (N'[e])BY —»cgpyuapmry (N'[¢/])BY, for some
m > 0. Therefore, (N [e]) ¥ () B —s Loyt sown (W' [¢/]) B 1(r)BY = (W' [¢] r)BY = ()Y,

Thus, (t)Y = (N[e] r)BY %;'cﬁsvptﬁgr!qm (N'[e] )N = (u) PN,

2. Lett —>CBv(le) u:

e If V=[] thent = (Ax.r) v = u. Note that ((Ax.r) 0)BV = (Ax.(r)BV) (0v)BY by—>L§;§Vm(25'5

(N®{x\ ()@} Therefore, (r)®{x\ ()@} ™ “Z™* (1{x\ 0})B = (1),
Thus, () = ((Ax.r) v)BY —eppy(p,) (1{x\ v})BY = (u)BY.

o If V.= Vr, then t = Vle|r —cgyp V[e']r = u, such that e 5, €. Therefore,
(V'[e] r)BY = der((V'[e])BY) (r)®V. By applying the i.h. to V/, we know that the following
is the case (V'[¢])® ' 2Stam’ (V[¢/])%V. Thus, (1) = (V'[e] 1)V = (V/[e]) Y (r)BY =
der((V'[e])™) (1" Blcand dex((v/[e/)) ™) () = (V[e'] ) = ().

e If V=10V, thent = oV'[r] =gy, oV[] = u, such that r 5, 7. Note that,
since we know that t € A,, we have v € V,. So, v = Ax.e, and (oV'[r])® =
(der(!Ax.(e)®V)) (V'[r))®Y —cgpy(p) (Ax.(e)Y) (V/[r])®Y. By applying the ih. to V,
we know that (V/ [r])CB"l'ﬁ—”»E”QEf’(v/ ["'])®'.  Therefore, (Ax.(e)®®") (V[r])®" —cgpv(p,)
(Ax.(e)B) (V[F'])BY = (oV[F])® = (u)BV. Thus, we can conclude with (¢)BV =

VA P e P V) = (@),

Lemma B.4 (Preservation under Substitution). Let t € A, u € Ay, and v € V..
Lo ()N \ 1)} =5, —raoway (H{x \ u}) N,
2. (HFx\ (0)F"} = (Hx\ o}) .

Proof. The proofs follow by induction on the structure of t:

1. We start by proving the statement for the CBN translation:
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1=y A then (O () 1) = (1) \ 1™ = der(n){x\ 1™} =
der(y) = ()™ = (y{x\ u})® = (t{x\ u})=".

o If t = x, then we have (#)B¥{x \ (1)} = (x)B¥x \ [(u)B} = der(x){x\ (u)®} =
der (!(u) ) g, ()N = (x{x\ u})® = (H{x\ u})=".

o If t = Ay.r, then we know (#)B¥{x \ !(u)BV} = (Ay.r) B {x \ [(1)B"} = (Ay.(r)BV){x \
()} = Ay.(r)®{x \ 1(u)®}. By applying the ih. to r, (r)®{x\ !(u)*} —5
—apmrn (7{x \ u})BY. Thus, Ay.(r) B\ (1) BV} =5 apww Ay (r{x \ 'u})BY = (Ay.r{x\
uh) B = ((Ayr){x \ up)® = (H{x \ u}) "

o 161 = re,then (11 (' (1)) = () ' ) ™) = () 1)) (' 1)) =
(r) B\ 1) BN 1(e) BN \ 1) BN} = () BN\ (1) B} 1((£) P {x \ 1 () ®}). By ap-
plying the i.h. to r, we have (r)B¥{x \ !(u)E"} —5, —ADMIN (r{x\ u})®". Therefore,
(r) B \ 1) BN (() B a \ 1) PN}) —, —ammn (r{x \ ) BU((e) PN \ () ).
By applying the i.h. to e, we have (e)®"{x \ !(u)®"} —, —aonmw (e{x \ u})®Y. There-
fore, we have that (r{x\ u})®" {((e) ™ {x \ !(u)®"}) =5 —raomow (r{x \ u}) PV (e{x \

P = (r{x\uhe{\ ) = ((re) o\ ) = (K \ up) .

2. We now prove the statement for the CBV translation:

o If t =y # x, then we have ()" {x\ (v)®"} = y{x\ (v)®"} by Lemma B.5

(y{x \ o) = (H{x \ o})=".

o1t = x, then (NP x\ (0)P) = ()P{x\ ()} = x{x\ (0)
(0) = (x{x\ 0D = (H{x\ 2},

o If t = Ay.u, then we know (#)BV{x\ (0)®"} = (Ay.u)BV{x \ (0)B'} = Ay.(u)B"{x\
(@)} = 1Ay () ) {x \ (0)'}) = H(Ay. (1) {x \ (0)*'}). By applying the i.h. to
u, wehave (u)B{x\ (v)B"} = (u{x\ v})®". Therefore, also [(Ay.(u)B{x\ (v)®"}) =
Ay.(u{x\ o})® = (Ayu{x \ v})P" = ((Ayu){x \ 0})P" = (t{x\ 0} ).

o Ift = ur, (ur)® = der((u)®) (r)®'. Therefore, we know (ur)®{x\ (0v)®'} =
der((u)B{x\ (0)B}) (r)B{x \ (v)®"}. By applying the i.h. to u, we have (u)BV{x\
(0)B} = (u{x\ v})®'. By applying the i.h. to r, we have (r)BV{x \ (v)®'} = (r{x\
v})BV. Therefore, we have that der((u)®V{x \ (v)®'}) (r)®{x \ (v)®} = der((u{x\

o)) (rH{x\ o}) " = (ufx \ v} r{x \0})®" = ((ur){x\ o})*" = ({x\0})=".

v =) =

CBV} by Len:una B.5

Lemma B.5 (Preservation of Values). Ifv € V, then (v)®" € IV.
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Proof. The proof follows by case analysis on the form of v € V:
e Ifv = x, then (0)® = (x)BV =x € IV,

o Ifv = Ax.t, then (Ax.t)BV = IAx.(¢)BV € IV.



Appendix C

Non-Idempotent Intersection Types

C.1 Call-By-Name and Call-By-Value

Theorem 4.19 (Soundness and Completeness for CBN and CBV). Let t € A,. Then, t is:

1. N-typable if and only if t CBN-normalizes to some term u € NOcgy. Moreover, if @D+t : A, then

t —{'epy 1 and Happ (P) > n.

2. V-typable if and only if t CBV-normalizes to some term u € NOcgy. Moreover, if >y D =t : M, then

t —epy u and Happ (P) > n.

Proof. The proofs for both statements follow the same overall structure. The (=) direction holds
by a weighted version of subject reduction (see Lemma 4.13), and the (<) direction holds by
the typability of normal forms (see Lemma 4.17) and a weighted version of subject expansion
(see Lemma 4.15). The “moreover” statements easily hold by the weighted nature of the subject

reduction and expansion statements. O
Lemma 4.9 (Weighted Substitution for CBN and CBV). Lett,u € A,andv € V.

1L IfooyTx: MEt: Aresp. N)and Yoo @ F u s M, then TIon T F t{x\ u} : A (resp. N),
such that #app (IT) = #app (P) + #app (V).

2.If®oyix - MEt:Nand ¥y @ F v M, thenTIny T F t{x \ v} : N, such that #,,,(I1) =
#app (P) + #app (7).

Proof. The proofs for both statements follow by induction on the structure of ®.
1. We proceed by cases, according to the last rule R of ®:

e Case R = Ax. Then, t is a variable, and we must consider the two following possibilities:

195
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- If t =y # x, then ® must be of the form

v AL A

I'=y:{A},and M = { }}. Moreover, t{x\ u} = y{x\ u} =y, and ¥ must be of

the form

——— Many

OFu:{}
Therefore, we can take IT = ®, since #4pp (¥) = 0, and thus #app (I1) = #app (P) +
#app (T).-

— If t = x, then ® must be of the form

Ax
x:{A}Fx: A
I'=9,and M = { A}}. Moreover, t{x \ u} = x{x \ u} = u. Therefore, we can take
IT =Y, since #app (P) = 0, and thus #app (IT) = #app (D) + H#app (F).
e Case R = Abs. Then, t = Ay.r, and ® must be of the form

O >yAx:MbEr:B
(A\y);x: MF Ayr:A(y) — B

Abs

I' = A\ly, and A = A(y) — B. By applying the i.h. to @', we know there exists
I >pn A Fr{x\u}: B, such that #up,(IT') = #app(P’) + #app (). Therefore, we can take

IT to be
Moy AbFr{x\u}:B

Ayt Ayr{x\u}:A(y) > B
since Ay.r{x\u} = (Ay.r){x\u} = t{x\ u}, and #app(IT) = #app(I1') = #app(P’) +
#app (V) = #app (P) + #app (F).

e Case R = Ans. Then, t = Ay.r, and ® must be of the form

———  Ans
DOF Ayr:x

I'r=9,M={}},and A = . Moreover, t{x\ u} = (Ay.r){x\u} = Ayr{x\u},and ¥

must be of the form
any

S
OQFu:{}

Therefore, we can take I to be

Ans

Ot Ayr{x\u}:*

since #app (V) = 0 and #app (IT) = #app (P), and thus #app (I1) = #app (P) + #app ().
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e Case R = App. Then, t = re, and ® must be of the form
D' oyNx:FEr:N - A Pd'opy;x:GhHe: N
(A+Z);x:FUGkFre: A

App

I'=A+% and M = FUG. Since M = F UG, we can apply Lemma C.1 to ¥ to obtain

the two following derivations
Y'on@Fu:Fand Y opy@Fu:G,

such that #x,p(¥) = #app(¥') + #app(¥Y”). By applying the ih. to ®’, we know there
existsIT' >y A r{x\u}: N' — A, suchthat#ap, (IT") = #app(P’) + #app(¥'). Moreover,
by applying the i.h. to ®”, we know there exists IT" > 2 F e{x \ u} : N/, such that
Happ (I1") = #app (D) + #app (¥"). Therefore, we can take IT to be

opyAbEr{x\u} : N - A I'oyZrte{x\u}:N

A+ZFr{x\u}e{x\u}:A APP

since r{x\u}te{x\u} = (re){x\u} = t{x\ u}, and #app (I1) = #app (IT") + #app (I1") +
1 = #app(P') + #app (¥') + #app (D) + #app (F") + 1 = #app () + #app ().
e Case R = Many. Then, ® must be of the form
(OipnTix: Mt A)er
(+ierli);x s UierM; =t 0 A Bier

I' = el and M = UjerM;, and N = {A;}ier. Since M = U;e1M;, we can ap-

any

ply Lemma C.1 to ¥ to obtain the following derivations
Y > N QOFu: M;,

such that #a,p(¥) = +ic1ttapp(¥i). By applying the i.h. to each ®;, we know there
exist IT oar T = t{x \ u} : A;, such that #app (I1;) = #app(P;) + #app(¥;), for each i € I.
Therefore, we can take I to be

(ILonTi - Hx\u} : Ajier

Fierli F tH{x \u} : {Aifier

and #app (IT) = +jcrtapp (I1;) = +icx (Fapp (Pi) + #app (Vi) = #app(P) + #app(F)-

2. We proceed by cases, according to the last rule of ®. We omit the proof, since it is very

similar to the one for CBN.

Lemma 4.13 (Weighted Subject Reduction for CBN and CBV). Let t,u € A..

1 Ift >y uand oy D F t: A, then thereis Y oy @ b u 2 A, such that #app () = #app (F) + 1.



198 A QuaNTITATIVE STUDY OF HIGHER-ORDER COMPUTATIONS WITH EFFECTS

2. Ift gy uand @y @ -t 2 M, then there is ¥ >y @ = u : M, such that #app (P) = #app () + 1.
Proof. The proofs follow by induction on the definition of the contexts of the reduction strategies:
1. Lett = N[to] —>cex N[uo] = u, such that tg g up:

e CaseN = [I. Then, to = (Ax.r)e —g r{x \ e} = up, and ® must be of the form

CID’DNx:NI—r:AAb

s

OFAxr:N—= A D'y DFe: N
QF (Axr)e: A

App

Given the forms of @' and ®”, we can apply Lemma 4.9 to obtain a derivation IT>y @ +
r{x\ e} : A, such that #xp,(IT) = #app (D) + #app(P”). Therefore, we can take ¥ = TI1,
since #app (P) = #app (P') + #app (P”) + 1 = #app (I1) + 1 = #ppp (¥) + 1.
e Case N = N'r. Then, t = N'[tg] r —cpy N'[uo] ¥ = u, such that N'[ty] —cay N [uo], and @
must be of the form
Doy OEN[H]:N—A PD"oyOFr:N
QFNt)r: A

App

By applying the i.h. to N'[t], we know there is ¥/ by @ F N'[ug] : N — A, such that
H#app (D) = #app (¥') + 1. Therefore, we can take ¥ to be
Yony@bFENul:N—-A @">yOFr:N
O FNuglr: A

App

since #app (P) = #app (D) + #app (D) + 1 = #app (F') + #app (D) +2 = #app (V) + 1.
2. Lett = V[to] —rcav V[uo] = u, such that ty —p, uo:

e Case V = []. We omit the proof since it is very similar to the one for CBN.

e Case V= V' 0. We omit the proof since it is very similar to the one for CBN.

e Case V= wV. Then, t = wV'[tg] =y wV [up] = u, such that V[ty] —cpv V]uo|, and ®
must be of the form

P>y QFw:N—->M ">, QF V] : N
D wVt)]: M

App

By applying the i.h. to V'[t], we know thereis ¥/ >y, @ F V/[ug] : N, such that #p, (P”) =
#app(¥') + 1. Therefore, we can take ¥ to be
(I)/DVQI_Z():N%M T/Dv@f_vl[uo]iN
Dt wV' ug) : M

App

since #ypp (®) = #App(q)l) + #App(q)”) +1= #App(q)/) + #app (\FI) +2 = #app(¥) + 1.
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Lemma 4.11 (Weighted Anti-Substitution for CBN and CBV). Lett € A, u € A, andv € V..

1. IfOoopaT Ft{x\u}: Aresp. M), then Yo T;x : Mt A(resp. M) and TIony D - u 2 M,
such that #app (D) = #app (¥) + #app (I1).

2.If o>y T HH{x\v}: N, then ¥y T;x: MEt: Nand I1>y @ - v 0 M, such that #,,,(P) =
#App(T) +#App(H)-

Proof.
1. The proof follows by induction on the structure of t.

e Case t = y # x. Then, t{x \ u} = y{x\ u} = y. Therefore, we can take M = { }},

Y = @, and IT as the following derivation

any

OFu:{} !
since #pp (P) = #app(¥) = #app (¥) + #app (I).

e Caset = x. Then, t{x\ u} = x{x\ u} = u, and, since fv(u) = @, we know thatT = @
by Lemma C.2. Now, we must consider two cases, according to the type assigned to u
in ®:

- Let®opy@F u: A. Then, we can take M = { A}, IT to be

Oy QFu: A
OFu:{A}

any

and ¥ to be

Ax
x:{A}Fx: A
since #app (P) = #app (1) = #app(¥) + #app (I1).
- Let®>py @ F u: N. Then, we can take M = N, Il = &, assume (without loss of
generality) that M = {A; }}icr, and ¥ to be

Ax
(gagrea ).,
x:{Aifier Fx: {Aifier
since #App(q)) = #App(n) = #App (T) + #ADP(H)‘

e Caset = Ay.r. Then, t{x\ u} = (Ay.r){x\ u} = Ay.r{x \ u}, since we may assume that

x # y. Now, we must consider three cases, according to the last rule R of ®:
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— Case R = Abs. Then, ® must be of the form
PoyLy: NEFr{x\u}:A
I'Ayr{x\u}:N— A

Abs

By applying the i.h. tor, thereare ¥ oo Ty : N;x : MbEr: AandIT oy @ u: M,
such that #4p, (D) = #app (P') + #app (IT'). Therefore, we can take IT = IT, and ¥ to

be
Y'ouly: N;x : MbEr: A

x:MFAyr:N— A
since #app (P) = #app (D) = #app (F') + #app (IT') = #app (F) + #app (11).

Abs

— Case R = Ans. Then, ® must be of the form

Ans

O Ayr{x\u}:x
I' =@, and A = *. Therefore, we can take M = { }}, ¥ to be

———  Ans
D Ayr:x

and IT to be

oru gy Y

since #app (P) = 0 = #app (F) + #app (I1).
— Case R = Many. Then, ® must be of the form
(@ionTi b Ayr{x\u}: Ajier "
+ietli B Ayr{x\u} : {Ai}ier

I' = 41y, and N = {A;}ict. The rest of the proof follows smoothly from

any

applying the i.h. to each ®; and Lemma C.1.
e Caset =re. Then, t{x\u} = (re){x\u} =r{x\ u}le{x\ u}. Now, we must consider
two cases, according to the last rule R of ®:
— Case R = App. Then, ® must be of the form
oy AEr{x\u} : N =-A &'>yXte{x\u}:N
A+ZEr{x\u}e{x\u}:A

App

I' = A+ X. By applying the ih. to r, there are ¥y A;x : FEr: N — A
and IT' >y @ F u : F, such that #app(®') = #app(Y') + #app(I1'). Moreover, by
applying the ih to ¢, there are ¥' >y X;x : GF e : N and IT">y @ F u @ G,
such that #a,p(D") = #app(Y”) + #app(I1”). By Lemma C.1, there is a derivation
Oy @ F u: FUG, such that #,,p(0) = #app(IT') + #app (I17). Therefore, we can
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take Il = ®, and ¥ to be
YoyAx:FEr:N - A YoyX,x:Grhe: N

App
(A+XZ);x:FUGFre: A
since
#app (D) = #app(D') + #app(P”) +1
= #app (‘Y/) + #App(Hl) + #App(‘f//) + #App(HN) +1
= #app(Y) + #app(

0)
= #ap (T) + #App(H)-
— Case R = Many. Then, ® must be of the form
(@i Ti b r{x\upe{x\u}: Ajier Man
+ietli Fr{x\u}te{x\u}: {Ai}ic:

I' = +ic1l, and N = {A;}ie1- The rest of the proof follows smoothly from

applying the i.h. to each ®; and Lemma C.1.

2. The proof follows by induction on the structure of . We omit the proof, since it is very

similar to the one for CBN.

Lemma 4.15 (Weighted Subject Expansion for CBN and CBV). Let t,u € A..

1 Ift ey uand Oy D& u: A, then there is ¥ o @ bt A, such that #y,, (D) + 1 = #app (7).
2. Ift gy uand oy Db u: M, then thereis ¥ >y @ b t @ M, such that #app (D) + 1 = #app ().

Proof. The proofs follow by induction on the definition of the contexts of the reduction strategies:
1. Lett = N[to] —>cay N[uo] = u, such that ty g u0:

e Case N = [. Then, tg = (Ax.r)e —pg r{x\ e} = ug,and o @ F r{x\ e} : A. Given
the form of ®, we can apply Lemma 4.11 to obtain derivations ¥/ >y x : M 7 : A and
Y > D F e M, such that #ap, (D) = #app (¥') + #app (¥”). Therefore, we can take ¥ to

be
Yoyx:MEr: A

Abs
OFAxr:M— A Y'ony@bke: M
QF (Axr)e: A
since #app (P) + 1 = #app (V') + #app(F) + 1 = #app (7).

App

e Case N = N'r. Then, t = N'[ty] r —cay N [uo] ¥ = u, such that N'[tg] —cay N'[1g], and &
must be of the form
QoD N[u] :N—-A D"opy@Fr:N

App
@ Nuglr: A
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By applying the i.h. to N'[ug], we know there is ¥/ by @ F N'[tg] : N — A, such that
H#app (D) + 1 = #app(¥’). Therefore, we can take ¥ to be
Yony@bEN[tg] : N->A P'>yOFr:N
QFNt)r: A

App

since #app (P) + 1 = #app (D) + #app (D) + 1 = #app (V') + #app (D) = #app(F).
2. Lett = V[to] —cav V[uo] = u, such that ty g, uo:

e Case V = []. We omit the proof since it is very similar to the one for CBN.

e Case V = V' [J. We omit the proof since it is very similar to the one for CBN.

e Case V= wV. Then, t = wV'[tg] —cpv wV [ug] = u, such that V[ty] —cpy V[uo|, and ®
must be of the form

D'y QFw:N—- M (D//Dv@l—vl[uo]:N
Dk wV' ug) : M

App

By applying the i.h. to V'[ug], we know thereis ¥/ >y, @ F V/[t] : N, such that #,, (P”) +
1 = #app(¥’). Therefore, we can take ¥ to be
q)/l>y®|_w2N—>M T/D]}@'_V/[to]:N
D+ wV’[to] M

App

since #ppp (D) + 1 = #ppp (D) + #app () + 1 = #app (D) + H#app (¥') = #app ().

Lemma C.1 (CBN and CBV Multiset-Typings Split and Merge). Lett € Aandv € V.

1. Thereis @ T =t : M, such that M = Ujc1 M; if and only if there are ®;>p I =t + M;, such that
['= +icily, and #App(q)) = +ieI*h’EApp(q)i)-

2. Thereis >y T v : M, such that M = U;c1 M; if and only if there are ®; >y T'; = v © M;, such that
['= tictl, and #app (P) = +icritapp (Pi).
Lemma C.2 (Contexts and Free Variables for CBN and CBV). If @ >presp. v) T 1 A (resp. M),
then dom(T") C fv(t).

Lemma 4.17 (Typability of CBN- and CBV-Normal Forms). If t € V,, then there is a derivation
D> (resp. V) D = t 2 A (resp. M).

Proof. We start by noticing that t € V, implies that ¢ is a closed value v, i.e. an abstraction Ax.u.

Therefore, we can take ® to be

A .————— Abs
OF Axii:x <p @+ Axau: { } )
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C.2 Subsuming Call-By-Name and Call-By-Value

Theorem 4.26 (Soundness and Completeness for CBPV). Let t € !A.. Then, t is P-typable if and only
if t CBPV-normalizes to a term u € NOSE,y. Moreover, if ®>p @ - t : A is a (not necessarily tight) type

. . N v+ *P1
derivation, then t”f»cg';\f ‘u and #ppp per (P) > 1 - App + m - Der.

Proof. The soundness proof (=) is straightforward by Proposition 3.7 and Lemmas 4.24 and C.4.
The completeness proof (<) is obtained by induction on the length of the CBPV-normalizing

sequence:

e Case n+ m = 0. Then, since u € NO&,y,, we know that u is P-typable by Lemma 4.24.

—1-Bv+m-p By+m—1-By .
e Casen+m =k-+1. Then, t " jcgp’g P r —>cppy U OT t " ﬁ—>ggpv B r —cgpy 4. Notice that,

by Lemma 4.24, u is P-typable. By applying the i.h. to k = n+m — 1, we know r is P-typable.
Therefore, t is P-typable by Lemma C.6.

The “moreover” statement easily holds by the “weightedness” of the subject reduction and expan-
sion statements. O
Lemma C.3 (Weighted Substitution for CBPV). Lett € !Aandv € V. I[f d>p;x : M-t : Aand

Yop@kov: M, thenIopT - t{x \ v} : A, such that #xpp per (I1) = #appper (P) + #appper (F).

Proof. The proof follows by induction on the structure of ®. We proceed by cases, according to the

last rule R in ®:
e Case R = Ax. Then, t is a variable, and we must consider the two following possibilities:

- If t = y # x, then ® must be of the form

y:N;x:{{}}l—y:NAX

I'=y:N,M={}, A= N. Moreover, t{x \ v} = y{x\v} =y, v=zo0rv=!u, and

¥ must be of the form

or g

- B
OF )

Therefore, we can take I'T = ®, since #appper (¥) = 0 - App + 0 - Der, and so #app per (I1) =
#App,Der (CD) + #App,Der ("F) .

—— AX
oFz:{}
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— If t = x, then ® must be of the form

— Ax

x:MFx:M
I' =@, and A = M. Moreover, t{x \ v} = x{x\ v} = v. Therefore, we can take
IT = ¥, since #xppper(P) = 0 App + 0 - Der, and thus #appper(IT) = #appper(¥) =
#App,Der (‘F) + #App,Der ((D) .

Case R = Abs. We omit this case because it is very similar to the corresponding case

in Lemma 4.9.

Case R = Ans. We omit this case because it is very similar to the corresponding case

in Lemma 4.9 for CBN.

Case R = App. We omit this case because it is very similar to the corresponding case

in Lemma 4.9 (using Lemma C.7).

Case R = Bg. Then, t = 'u, and ® must be of the form
(®ivpTix: Mt u: Aj)ier
+ietli;x : Uier My = tu s {Aiier

I' = +ic1li, M = UietM;, and A = {A; }ic1. Since M = U;e1M;, we can apply Lemma C.7
to ¥ to obtain derivations
YiopQkov:M;,
such that #app per (¥) = +icr#appper (¥i). By applying the i.h. to each ®;, we know there exist
ILop Tk uf{x\ v} : A;, such that #app per (IT;) = #appper (P;) + #appper (¥;), for each i € I. It
is easy to see that u{x \ v} is a value. Therefore, we can take IT to be
(Ii>p Ti b uf{x \ v} : Aj)ier
Fierli F 1 (u{x\0}) : {Aifier
since !(u{x\ v}) = lu{x\ v}, and #xppper(I1) = +ict#appper(Ili) = +ict(#appper(Pi) +
#app,per (Vi) = #appper (P) + #app per (F)-

Case R = Der. Then, t = der(u), t{x \ v} = der(u){x\ v} = der(u{x\ v}), and ® must be

of the form

S'oplx:-MbEu: {A} 0
e
[;x:MFEder(u): A
By applying the i.h. to @', we know there exists IT'>p T = u{x\ v} : {A}, such that

r

#app,per (IT) = #appper (') + #appper (¥). Therefore, we can take IT to be

[opTHu{x\v}: {A} Der
I'der(u{x\v}): A
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since #pppper (IT) = #app per (IT') + 0 - App + 1 - Der = #ypp per (P') + #appper(¥) +0-App +1-
Der = #App,Der (CD) + #ADP,DEI‘ (IF)

O]

Lemma C.4 (Weighted Subject Reduction for CBPV). Let t,u € 'A. Ift —cpgpy uand ®op Dt : A,
then thereis Y >p @ F u : A, such that

(] #App,Der(cD) = #App,Der (T) +1- App + 0 - Der, lft _>CBPV(/3V) u.
L] #App,Der(q)) = #App,Der (T) +0- App + 1- Der, lft _>CBPV(,B[) u.

Proof. The proof follows by induction on the definition of the contexts of the reduction strategy.

Let t = B[to] —>cspv B[uo] = u, such that tg 4, /4, Uo:
e Case B = [I. Then, we must consider two possibilities:

- Ift = (Ax.r) v =g, r{x \ v} = u, then ® must be of the form

CD’Dpx:MI—r:AAb

s

OFAxr:M— A O'>pQFuv: M
OF (Axr)v: A

App

Given the forms of &' and ®”, we can apply Lemma C.3 to obtain a derivation IT>p @
r{x\ v} : A, such that #sppper (I1) = #appper (P’) + #app,per (P”). Therefore, we can take
Y =11, since #App,Der(cD> = #App,Der(q)/) + #App,Der(cDN) +1-App+0-Der = #App,Der(H) +
1-App + 0-Der = #xppper (¥) + 1 - App + 0 - Der.
- If t = der(!r) >4, r = u, then ® must be of the form
O opDFr: A
Bg
oF1r:{A}
Der
@t der(lr): A

Therefore, we can take ¥ = @', since we have #ypp per (P) = #appper (P’) +0 - App + 1 -
Der = #xppper (V) +0- App + 1 - Der.

e B = B'r. We omit this case because it is very similar to the corresponding one in Lemma 4.13.

e B = (Ax.r)B’. We omit this case because it is very similar to the corresponding one

in Lemma 4.13.

e B = der(B’). Then, t = der(B'[tg]) —cspev der(B'[ug]) = u, such that B'[fy] —cppy B'[10], and

® must be of the form
D'>p@F B[] {A} b
er

@ der(B'[tg]) : A
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By applying the i.h. to B'[ty], we know there is ¥' bp @ - B'[ug] : { A}, such that
— #appper (P') = #appper (¥') + 1 App + 0 - Der, if B'[tg] —>cppy B [1o] is a By-step.
— #appper (P') = #appper (¥') + 0 - App + 1 - Der, if B'[ty] —capv B'[1o] is a Bi-step.

Therefore, we can take ¥ to be

Y'>p @k Bug): {A} Der
@ I der(B'[ug]) : A

since

— ifB'[to] —>capv B'[uo] isa By-step, der (B'[to]) —cgpy(p,) der(B'[uo]), and thus #app per (P) =
#appper (P') + 0 App + 1 - Der = #appper (¥') + 1 - App + 1 - Der = #appper (¥) + 1 - App +
0 - Der.

— if B'[to] —>cgev B'[uo] is a Bi-step, then der(B'[ty]) —cgpy(p,) der(B'[uo]), and thus have
that #App,Der(cI)) = #App,Der(q)/) +0-App +1-Der = #App,Der (T/) +0-App + 2 Der =
#App,Der (T) +0- App + 1 - Der.

Lemma C.5 (Weighted Anti-Substitution for CBPV). Let t € A, and v € V.. If ®p>p T F t{x\ v} :
A then¥opTix: MbEt: Aand Tlop @ & v 0 M, such that #app per (P) = #appper (F) + #appper (I1).

Proof. The proof follows by induction on the structure of .

e Case t = y # x. Then, t{x\ v} = y{x\ v} = y. Moreover, v = lu, such that u € !A,.
Therefore, we can take M = { }, ¥ = ®, and IT to be

or gy "

since #App,Der<q)) = #App,Der (T) = #App,Der (\F) + #App,Der(H)-
e Caset = x. Then, t{x \ v} = v. Moreover, v = lu, such that u € !A,. Therefore, ®>p @ F
'u: N, whereI' = @ (by Lemma C.8), and A = N. Therefore, we can take ¥ to be
—  Ax
x:NFx:N
and IT = @, since #app per (P) = 0 - App + 0 - Der + #app per (IT) = #app,per (F) + #app,per (IT).

e Case t = Ax.u. We omit this case because it is very similar to the corresponding one

in Lemma 4.11.
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e Case t = ur. We omit this case because it is very similar to the corresponding one

in Lemma 4.11 (using Lemma C.7).

e Caset =!u. Then, H{x \ v} = tu{x\ v} = (u{x\ v}). Therefore, ® must be of the form
(®ipp i Fuf{x\v}: Aicr
+ietli F 1(u{x\ v}) : {Ai}ier
and A = {A;}ic1- By applying the i.h. to each ®;, there are ¥;>p Ij;x @ M; - u : A; and
IT;>p @ v : M;, such that #app per (Pi) = #app,per (¥i) + #appper (I1;). By Lemma C.7, there
isI'>p @t v UierM;, such that #appper (IT') = +icr#appper (I1;). Therefore, we can take
M = UjetM;, IT =1T', and ¥ to be

(‘I’ri >p I'i;x: M; Fou: Ai)iEI
+ietlix c UietMi F lu s {Aifier

since we have
#APP/DGI‘ (CD) = +i€I#App,Der ((D,)

= +iEI#App,Der (‘E) +ier #App,Der<Hi>
= #App,Der (T) + #App,Der(H)~

e Caset = der(u). Then, t{x \ v} = der(u){x\ v} = der(u{x \ v}). Therefore, ® must be of

the form
' opTHuf{x\v}: {A} Der
['Fder(u{x\v}): A
By applying the i.h. to @', thereare ¥'ppI;x : M u: {A} and IT' >p @ - v : M, such that
#app,per (D) = #appper (¥') + #app,per (IT'). Therefore, we can take IT = IT', and ¥ to be

Yopx:MbEu: {A} 5
er
[;x:MFEder(u): A

since #App,Der(cD) = #App,Der<q>/) +0- App + 1-Der = #App,Der (‘Y/) + #App,Der(H/) +0- App + 1-
Der = #App,Der (‘F) + #App,Der(H>-

Lemma C.6 (Weighted Subject Expansion for CBPV). Lett,u € !A.. Ift —cgpy uand ®opDFu: A,
then thereis Y >p @ F t . A, such that

o #App,Der(¢) + 1 . App + 0 * Der - #App/Der(T), lf‘t —>CBPV(ﬁv) u.
o #App,Der(¢) + 0 * App + 1 * Der == #App/Der(T), lf‘t —>CBPV(ﬁ!) u.

Proof. The proofs follow by induction on the definition of the contexts of the reduction strategy.

Let t = B[to] —>cspv B[uo] = u, such that tg 4, /5, Uo:
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e Case B = [I. Then, we must consider two possibilities:

- Ift = (Ax.r)v =g, r{x \ v} = u, then ®>p @ F r{x\ v} : A. Given the form of ®, we
can apply Lemma C.5 to obtain derivations ¥'ppx: MbEr: Aand ¥'op@ v : M,
such that #spp per (P) = #appper (F') + #appper (F"'). Therefore, we can take ¥ to be

Y'opx:MEr: A
Abs
OF Axr:M— A Y 5n Db v M
OF (Axr)v: A

App

since #appper (P) + 1 App + 0 - Der = #xppper (¥') + #appper (¥”) + 1 - App + 0 - Der =
#App,Der (T) .

- If t = der(!r) +>p, r = u, then we can take ¥ to be

@DP@I—T’ZA B
e — g
oF1r: {A}

Der
@+ der(lr): A

since we have #app per (P) + 0 - App + 1 - Der = #app per ().
e B = B'r. We omit this case because it is very similar to the corresponding one in Lemma 4.15.

e B = (Ax.r)B’. We omit this case because it is very similar to the corresponding one

in Lemma 4.15.

e B = der(B'). Then, t = der(B'[ty]) —>capv der(B'[uo]) = u, such that B'[ty] —cgpy B'[19], and

® must be of the form
' >p@FBug): {A} b
er

@t der(B'[up]) : A
By applying the i.h. to B'[up], we know there is ¥/ >p @ - B'[tg] : { A}, such that

— #appper (P’) + 1 App + 0 - Der = #app per (F), if B'[to] —>cppy B [1o] is a By-step.

- #App,Der(q)/) +0- App + 1-Der = #App,Der (T/), if B/[to] —>CBPV B/[MO] is a ﬁg—step.

Therefore, we can take ¥ to be

Y'>p@F B[] {A} Der
@ der(B'[tg]) : A

since

— if B'[to] —csev B'[uo] is a By-step, then der(B'[tg]) —cgpy(p,) der(B'[uo]), and thus
#appper (P) + 1 - App + 0 - Der = #xpp per (P') + 1 - App + 1 - Der = #appper (¥') +0 - App +
1-Der = #App,Der (‘“Ij)
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- if B'[tg] —cpv B'[uo] is a Bi-step, then der(B'[ty]) —cgpy(p,) der(B'[uo]), and thus
#appper (P) +0- App + 1 - Der = #pppper(P') + 0 App + 2 - Der = #appper(F') + 0 - App +
1-Der = #App,[)er(lf).

Lemma C.7 (CBPV Multiset-Typings Split and Merge). Let t € !A. Then, there is P>pI' -t : M,
such that M = U;e1 M, if and only if there are ®;>p T; =t : M, such that T = +;c1T;, and #app per (P) =
+ie1#app,per (P;).

Lemma C.8 (Contexts and Free Variables for CBPV). If ®>p T =t : A, then dom(T') C £v(t).

Lemma 4.22 (Typability of Clash-Free CBPV-Normal Forms). If t € NOSE,y, then there is a derivation
PrpDFt: A

Proof. By Proposition 3.11, since t € NO&,,, we know that ¢ is either a closed bang-term !u with

u € 'A,, or a closed abstraction Ax.u € 'Ag:

e Case t = lu, then we can take ® to be

orm gy Y

e Caset = Ax.u, then we can take ® to be

— Ans
OF Axu:x

O
Lemma 4.23 (Typability Implies Clash-Freeness). Let t € !A,. If ®>p D =t : A, then t is clash-free.

Proof. Let us assume, towards a contradiction, that t is not clash-free. Then, there is a CBPV
context B and a clash term u, such that t —»cgpy B[1]. Then, by Lemma C.4, there is a derivation
Y >p @t Blu] : A. Therefore, if we show that Blu| is not P-typable, we are done. We do this by

induction on the definition of B:

e Case B = [1. Then, we can easily see that, for every possible form of the clash u, there is a

mismatch between its syntactical form and the typing rules of system P:

- If u = vr, then v would need to have an arrow type to justify rule App. However, by the
definition of P, closed values can only receive multi-types, never arrow types. Hence u

is not typable.
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- Ifu = der(Ax.r), then Ax.r would need to have a multi-type to justify rule Der. However,
by the definition of P, abstractions can only be typed using Ans or Abs, none of which

assign multi-types.

- If u = r (Ax.e), then Ax.e would need to have a multi-type to justify rule App However,
by the definition of P, abstractions only be typed using Ans or Abs, none of which assign

multi-types.

e Case B = B'r. We omit this case because it follows smoothly from the i.h., since all typing
rules of P are syntax-directed and compositional, and untypability of the hole propagates to

the enclosing context.

e Case B = (Ax.r) B’. We omit this case because it follows smoothly from the i.1., for the same

reason.

e Case B = der(B’). We omit this case because it follows smoothly from the i.h., for the same

reason.
O

Lemma 4.24 (Typability Characterizes Clash-Free CBPV-Normal Forms). Let t € !A,. Then, t €
NOSE,y if and only if t € NOcgpy and t is P-typable.

Proof. (=) This direction follows directly from Proposition 3.11 and Lemma 4.22.

(<) Since t € NOcppy, f is a CBPV-normal form. Moreover, since t is P-typable, it is clash-free
by Lemma 4.23. Hence, t is a clash-free CBPV-normal form, and therefore ¢ € NO&E,, by Propo-

sition 3.11.

Theorem 4.27 (Soundness and Completeness of Translations). Let t € A. Then
1. > THt: Aifandonly if Y op T H (£)BY : A, Moreover, #app (P) = #app (V).
2. oy THt: Mifand only if Y op T F (8)BY : M. Moreover, #ap, (D) = #app (F).

Proof. 1. (=) By induction on the structure of ¢:

- Caset = x. Then, (x)®® = der(x). Moreover, ® must be of the form

AR A
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and T = x : { A}. Therefore, we can take ¥ to be of the form

AT A
x:{A} Fder(x): A

since #app (P) = 0 = #app (7).
- Case t = Ax.u. Then, (Ax.u)B¥ = Ax.(u)®N. Now, we must consider two possibili-
ties, according to the the last rule R of ®:
% Case R = Abs, then ® must be of the form
O pylx:MbEu:B
'FAxu:M— B

Abs

and A = M — B. By applying the i.h. to u, we know thereis ¥/ >pI;x : M |
(u)“BN : B, such that #x,, (D') = #app (). Therefore, we can take ¥ to be
Yoplx:MbE (u)B: B
[FAx.(u)®: M — B

Abs

since #app (P) = #app (P') = #app (') = #app (V).

% Case R = Ans, then ® must be of the form

——— Ans
OF Axu:x

I' = ®, and A = %. Therefore, we can take ¥ to be

Ans

DE Ax.(u)BV: %

since #App(q)) =0= #App (T)

- Caset = ur. Then, (ur)®¥ = (u)BVI(r)®¥. Moreover, ® must be of the form

( @iy TiFr:Ai)ier any
ST Fu: {Ai}iecr > A +ialibr: {Ai}ie App
I'+ 4+l Fur: A

and I' = I + +;c;I;. By applying the i.h. to u, we know there exists ¥/ bp I
(u)BY . {A;}ict = A, such that #p (D) = #app(¥’). By applying the i.h. to each
occurrence of r, we know there exist ¥;>p I'; F ()BY : A}, such that #,,(®;) =
#app (¥;), for each i € I. Therefore, we can take ¥ to be
(FiopTi b (1) 1 A))jer
Yorl @ A 2 A +iel O (A
I’ +ier T b () BV () BN 2 A

since #pp (D) = #app (P') +ier #app (Pi) +1 = #app (V') +ier #app (Fi) + 1 = #app ().
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(<) By induction on the structure of t:

- Case t = x. Notice that (x)®¥ = der(x), and ¥ must be of the form

AL (AT
x:{A} Fder(x): A

Therefore, we can take ® to be

Ax
x:{A}Fx: A

since #app (P) = 0 = #app (V).
- Case t = Ax.u. Notice that (Ax.u)® = Ax.(u)®N. Now, we must consider two
possibilities, according to the last rule R of ¥:
% Case R = Abs. Then, ¥ must be of the form
Y'opTx: ME (1) : B
[EAx.(u)®N: M — B

Abs

By applying the i.h. to u, we know there exists ' >y T;x : M - u : B, such that
#app (P') = #app (¥'). Therefore, we can take ® to be

d'oyT;x: MEu:B

'FAxu:M— B Abs
since #app (P) = #app (P') = #app (') = #app (V).
% Case R = Ans. Then, ¥ must be of the form
Ans

DF Ax.(u)BV : %
I' = ¥, and A = *. Therefore, we can take ® to be

— Ans
DF Ax.u: %

since #xpp (P) = 0 = #app (F).
- Caset = ur. Notice that (u7)BN = (u)B¥1()BY Then, ¥ must be of the form

Yopl'FW)B M= A Y'opl"HI1(r): M
1"/ +1—'// l_ (M)CBN !(Y)CBN . A

App

I' =T’ +T”. By applying the i.h. to u, we know there exists &' >y I" Fu: M — A,
such that #ap, (D) = #app (¥’). Moreover, ¥” must be of the form

(FivpTit (1) : Aj)ier

+ietli E 1) {Ailier
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I = +ic1ly, and #app (Y”) = +ic1ttapp (¥;). By applying the i.h. to each occurrence
of r, we know there exist ®; > [; - 7 : A;, such that #4p, (P;) = #app (), for each
i € I. Therefore, we can take ® to be
(®ipnTiFr:Aicr any
oy Fu: {Ailier > A +ieli b {Aifier App
'+ +jelibFur: A

since #ppp (D) = #app (D) + +icrtapp(Pi) +1 = #app (V') + +icrtapp(¥i) +1 =
#App (T/) + #App (‘PN) +1= #App(qj)-

2. (=) By induction on the structure of t:

- Case t = x. Then, (x)“BY = x. Moreover, ® must be of the form

—_  Ax
x:MbFx: M

and I' = x : M. Therefore, we can take ¥ to be

— Ax
x:MFx: M
since #app (P) = 0 = #app (V).
- Caset = Ax.u. Then, (Ax.u)®" = 1Ax.(u)®'. Moreover, ® must be of the form
(q)l' >y Iix: M; Fou: Ni)iEI
+ier 1“,- FAx.auc: {{M, — Ni}}iel

Abs

I' = 41l and M = {M; — N;}}ic1. By applying the i.h. to each occurrence of u,
there are ¥; >p [j; x : M;  (u)BV : Nj, such that #pp, (D;) = #app(¥;), for eachi € 1.
Therefore, we can take ¥ to be
Y, >p Ti;x: M; F (Ll)CBV . N;
Abs
I /\X.(M)CBV :M; — N; ie1
+ier Ti F 1Ax.(u) Y : {M; — Nilier

since #pp (P) = +icr#app (Pi) = +ict#app (Vi) = #app(¥).
- Case t = ur. Then, we have that (u7)®V = der((u)®") (r)®'. Moreover, ® must
be of the form
oyl Fu:{N>M} oyl Fr:N

App
I'+T"kFur: M

and I' = I" +I”. By applying the i.h. to u, we know there exists a derivation
YopI' B (u)® : {N — M}, such that #y,p(D') = #app(¥’). By applying the
ih. to r, we know there is ¥/ >p I F (r)BV : N, such that #p, (D) = #app(P”).
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Therefore, we can take ¥ to be
¥opl - (W) N - M}
er
I"t der((u)®): N - M Yopl”E (r)B: N
I +T" F der((u)®) (r)B : M

App

since #app (P) = #app(P') + #app (D) + 1 = #app (V) + #app (¥) +1 = #app (¥).
(<) By induction on the structure of f:

- Case t = x. Notice that (x)8V = x, and ¥ must be of the form

—  AXx
x:MbFx: M

Therefore, we can take ® to be

— Ax
x:MEx:M
since #app (P) = 0 = #app (V).
- Case t = Ax.u. Notice that (Ax.u)BV = IAx.(u)BV. Then, ¥ must be of the form
‘Fi >p l"z-;x : Ni F (u)CBV : Mi
Abs
I+ /\X.(M)CBV :N; — M; ie1
+ier Ti B 1Ax. ()Y - Ni = MiBier

By applying the i.h. to each occurrence of 1, we know there exists ®; >y I';;x : N; -
u : M;, such that #app (P;) = #app(¥;), for each i € I. Therefore, we can take ® to be
(CDZ' >y Fi;x : Nl' Fouc Mi)ieI
Fietli b Axae s {Ni = MiBier

Abs

since #ypp (P) = Ficr#app (Pi) = +icr#app(¥i) = #app(Y).
- Caset = ur. Notice that (u7)®" = der((u)®") (r)®. Then, ¥ must be of the form
YopT'E (u)®: {N — M} 5
er
'+ der((u)®V): N' - M Y op I F (r)BV: N
' +T" + der((u)®V) (r)® : M

App

By applying the i.h. to u, we know there is ®' >y I" - u : N — M, such that
H#app (D) = #app(Y’). By applying the i.h. to r, we know there is ®” >, " 1 : N,
such that #ap, (") = #app(Y”). Therefore, we can take @ to be
Py I'Fu:N—-M D">ypI”"Fr:N
I'+TI"Fur: M
since #app (P) = #app (D) + #app (") + 1 = #app(¥') + #app (¥7) + 1 = #app(¥).

App



Appendix D

A Quantitative Study of
Pattern-Matching

D.1 The Pattern-Matching Calculus

D.1.1 Syntax and Operational Semantics
Lemma 6.8 (One-Step Diamond). The reduction relation —yy enjoys the one-step diamond property.

Proof. Lets; € {dB, sub,match,branch}. We show that, if t =) t1 and t =y, t2, With t; # £,
there exists t3 such that t; —uH(sy) 13 and ty —uH(s) £3- All reduction steps are assumed to satisfy the
freshness conditions required by the definition of WH, which are preserved by contextual closure.

The proof follows by induction on t:
e Caset = x. We can conclude immediately, since x /.
e Caset = us. We have to consider four possible diverging cases:

- Letu = L1(L2(Ag.7)[x\v]), s1 = dBand t; = L1(L2(r[g\s])[x\v]), such that bv(La[x\v]L;)
Nfv(s) = @ (so in particular x ¢ fv(s)), and s; = sub and t, = Ly (La(Ag.r){x \ v})s.
We can take t3 = Lj (L2(r[g\s]){x \ v} and close the diagram:

Ly (La(Ag.r) [\ 0])s ) Ly (La(r[g\s]) [x\2])
WH(sub)l J{WH(SUb)

Li(L2(Ag.r){x \ v}s Li(La(r(g\s]){x \ v})

= m =
Li(Lafx \ v} (Ag.r{x \ v}))s Li(Lafx \ o}(r{x \ v}[g\s{x \ 0}]))

We can conclude since x ¢ fv(s), hence s{x \ v} =s.

215
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— Let
= Li(L2(Ag.1)[e(pi)n\Ls(c(vi)n)]),
s1 = dB,
and t; = Ly (La(r[g\s])[c(pi)n\La(c(vi)aD]),
such that bv(La[c(p;i)n\L3(c(vi)n)]L1) N £v(s) = @, and s, = match, and also we have
tp = Ly(La(L2(Ag.7)[p1\v1] - - - [Pn\©n])), such that bv(L3) N fv(Ly(Ag.r)) = @. We can
take t3 = L1 (L3(L2(r[q\s])[p1\v1] - - - [Pn\vn])) and close the diagram as follows:

Ly (La(Agr) e (pi)n\Lale (@) ad])s —— s Ly (Lafrlg\s]Dlc(pi)n\Lalc(2:)a)])
WH(match)l lWH(match)
Li(La(L2(Ag.r) [pr\v1] - - - [pn\vn]))s ] Li(La(La(r[q\s])[p1\o1] - - - [pn\©n]))

The remaining cases, where both reductions occur strictly inside the same subterm, follow

directly by the i.h. and are therefore omitted.

e Caset = u[x\s]. Then, t; = u{x \ s}, s; = sub, and f, = u'[x\s], such that u —yy(,) u’. We

can pick t3 = 1/'{x \ s} and close the diagram using Lemma D.2:

uf\s] g\ s}
WH(sz)l J{WH(SZ)
W] o w'{x\s)

e Caset = u[p\s]. We have to consider four possible diverging cases:

- Let p = c(pi)n and s = Li(La(c(si)n) [/ (gi)m \La(c" (7i)m)]). Then, we know we have that
t1 = u[c(pi)n \L1(L3(L2(c(si)u)[q1\r1] - - - [gm\7m]))] and s; = match, such that bv(L3) N

£v(La(c(si)n)) = @ and ty = Ly(La(u[pi\s1] - - - [Pu\sul)[c'(41)m\Ls (' (i) m)]), and 55 =
match, such that bv(Ly[c/(g;)m\L3(<'(*:)m)]) N £v(u) = @. We can pick the following
term t3 = Ly (La(La(u[p1\s1] - - - [pn\Su]D[g1\71] - - - [9m \7m])) and close the diagram:

WH(match)
—_—

ule(pi)n\L1(La(c(s:)n) (€' (gi)m \L3 (<" (1) m)])] ule(pi)n\L1(La(Lalc(si)ud[g1\r1] - - - [Gm\rm]D)]
WH(match)J{ J{WH(match)
Li(La(ulpi\s1] - [Pn\Sn]I)[C’(qz')m\La(]C’(Vi)ml)]l)wmh)hGLs(Iquu[r’l\Sl] - [pn\sulDlgi\ra] - - - [gm \rm])D

— Lett; = up[p\s], such that u —rm(s;) U1, t2 = uz[p\s], such that u —wm(sy) U2- By the ik,

we know there exists u3, such that u1 —yy(s,) 43 and ua —yy(,) us. Therefore, we can
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take t3 = uz[p\s| and close the diagram:

u[p\s] T 1y [\ ]

WH(sz)l lWH(sz)

uz[p\s] — us[p\s]

WH(s1)

- Let t; = u[p\r1], such that s —yy(,) 71, and to = u[p\ra], such that s —yy(s,) r2. By the
i.h., we know there exists r3, such that r; —WH(s,) 73 and r, —PuH(s;) 73 Therefore, we can

take t3 = u[p\r3] and close the diagram:

ulp\s] = ulp\r]

WH(sz)l lWH 52)

u[p\ra] = ul[p\r3]

- Lett; = u'[p\s], such that u —yy,) u', and ta = u[p\s'], such that s —yy(,,) . We can

pick t3 = u'[p\s’] and close the diagram:

u[p\s] T wip\s]

WH(sz)l JWH(Sz)

ulp\s] s W19\

e Caset = case u of B. We have to consider two diverging cases:

- Let u = Ly(La(c(si)m)[c"(pi)n\La(c'(ri)n)]) and B = (..., c(gi)m-v,...). Then, t; =
case Li(Ls(La(c(si)m)[p1\r1] - - [pn\rn])) of B and s; = match, such that bv(Lz) N
fv(La(c(si)m)) = @, and t2 = Ly(L2(v[gi\s1] - - - [gm\sm])[<'(pi)n \La(< (ri)u)]) and s, =
branch, such that bv(Ly[c¢/(p;)n\Ls(c'(7i)x)]L1) N £v(v) = @. We can pick the following
term t3 = L1 (La(L2(2[g1\v1] - - - [gm \Om])[p1\71] - - - [P \7x])) and close the diagram:

case Ly (La(c(si)m) [ (pi)n\La(c' (ri)n)]) of B Milmatch] ase Ly(La(La(c(si)m)[p1\r1] - - - [pn\rn])) of B

WH(branch)l lWH(branch)

20lg1\s1] - - (g \sm]D [’ (pi)n\Ls(c" (ri)n)]) Li(La(La(olgi\oa] - - [qm\om])[pr\ra] - - [pn\ralDD

—

WH(match)

— Lett; = case uy of B, such that u —un(s,) U1, b2 = case up of B, such that u —HH(sy) U2-
By the i.h., we know there exists u3, such that 14 —WH(s,) U3 and u, —WH(s;) U3- Therefore,

we can take f3 = case u3 of B and close the diagram:

WH(s1)

caseuof B —— caseujof B

WH(Sz)J lWH(sz)

caseup of B —— caseuzof B
WH(s1)
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Corollary 6.9 (Confluence). The reduction relation —yy is confluent.

Proof. Let us first prove that —yy is subcommutative (Def.1.1.8.(iv) of [105]). Take any t,u,r € Apm
such that u yy¢— t —ym 7. If u = 7, then we can immediately conclude. Otherwise, u # r, and we
can conclude by Lemma 6.8. Moreover, it is well-known that subcommutativity implies confluence

(Prop.1.1.10 of [105]), so we can immediately conclude that —yy is confluent. O
Proposition 6.11 (Determinism). The reduction relation —py is deterministic.

Proof. Reduction relation —py is deterministic if, for any term t, either t /py or there exists exactly
one ', such that t —py t'. We show this by induction on the structure of . Note that in all cases,
the premises of the reduction rules are mutually exclusive, hence at most one rule can apply at any

term:
e Casest = x,t = Ap.u,and t = cT. No rule applies to t, so we can conclude.

e Caset = us. Let us assume that t —py . Rules dB and appL may apply to t. However, either
u is of the form L(Ap.r) and only rule dB applies, or —isabs(u) and only rule appL applies.
Let us assume that only rule dB applies. Then, determinism follows immediately. Now, let us
assume that only rule appL applies. Then, us —py 1's, such that u —py u’. We can conclude

by the i.h..

e Caset = u[p\s]. Let us assume that + —py t’. Rules match, sub, esL, and esR may apply to
t. However, either p is a variable and only rule sub applies, or p is of the form c(g;), and
only rules match, esL and esR may apply. If rule sub applies, then we can trivially conclude.
Otherwise, either isdatac(s) or ~isdatac(s). If isdatac(s) holds, then only rule match
applies, and determinism follows immediately. If ~isdatac(s) holds, then either s /py or
s —pu s'. Indeed, if s /py then only rule esL applies. In which case u —py ', and we can
conclude by the i.h. over u. If s —py s, then only rule esR applies, and we can conclude by

the i.h. over s.

e Case t = case u of B. Let us assume t —py t’. Rules branch and caseArg may apply to
t. However, either u /py and only rule branch applies, or u —py " and only rule caseArg
applies. If rule branch applies, then we can conclude immediately. If rule caseArg applies,

then u —py 1/, and we can conclude by the i.h. over u.

O

Lemma D.1 (Substitution Lemma). Lets,u,r € Apprandy & £v(u). Then, s{x \u}{y \r{x\u}} =

s{y \ri{x\u}.
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Proof. We proceed by induction on the structure of s:

e Case s = x. Then

{x\ut{y \r{x\up} = u{y\r{x\u}} = u=x{y\ri{x\u},
where the second equality follows from y ¢ fv(u).

e Cases =y. Then
y{x\up{y \r{x\u}} =y{y \r{x\u}} =r{x\u} =y{y \r}{x\u}.
e Case s = z, with z # x,y. Immediate by the definition of substitution.

e The remaining cases follow by the definition of substitution and the i./..

O

Lemma D.2 (Preservation of Substitutions). Let t,u,r € APM. If t —gy) 7 then t{x \ u} —rgys)
r{x\ u}.
Proof. The proof follows by induction on t —yy '

o Caset = L(Ap.s)r —ymap) L(s[p\r]) = #, such that bv(L) N fv(r) = @. By a-conversion we

can suppose in particular that vars(p) N fv(u) = @. We proceed by induction on L:

- Case L = [J. Then, t = (Ap.s)r —ymas) s[p\r] = t'. Clearly, ((Ap.s)r){x\u} =
(Aps{x\u})(r{x\ u}). Moreover, (Ap.s{x\u})(r{x\u}) =) s{x\u}[p\r{x\
u}]. Therefore, we can conclude since s{x \ u}[p\r{x\ u}] = s[p\r]{x \ u} (because
vars(p) Nfv(u) = Q).

- Case L = Ly[g\v]. Then, t = Li(Ap.s)[q\v]r —umas) L1(s[p\r])[g\o] = t', such that
bv(Ly[g\v]) N £v(r) = @. Notice that L1 (Ap.s)r —umas) L1(s[p\7]). So, we can apply the
i.h., obtaining (Ly (Ap.s)r){x \ u} —ymas) L1(s[p\r]){x \ u}. Therefore, t; = Li(Ap.s)h{x\
W} \ i} \ i} sy L\ s\ b [P\ \ b [g\ o \ u}] = £, And
we can conclude since t1 = (Li(Ap.s)[g\v]r){x \ u} and t] = (L1(s[p\r])[g\v]){x \ u}
(because vars(q) N fv(u) = @ and vars(p) N fv(u) = Q).

e Case t = case L(c(s;)u) of (..., c(pi)u-r,---) —wmporancn) L{r[p1\s1] - [pn\su]) = t'. By

a-conversion we can assume vars(c(p;),) N £fv(u) = @. We proceed by induction on L:

- Case L = [J. Then, we know that t = case c(s;)u of (..., c(pi)n-",---) —umbranch)

r[p1\s1] - - - [pn\sn] = t'. Clearly, we have (case c(s;), of (..., c(pi)n.t,...) ) {x\u} =
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case c(si{x\u}), of (..., c(pi)n.r{x \ u},...). Moreover, we also have case c(s;{x\
W} OF (- o, c(pe)r (X \ 1}, -) —uoeaneny 700\ b P\ L\ w}] -+ [\ )]
Therefore, we can conclude that r{x \ u} [pl\rl{x \ul] - [pa\ra{x\u}] =r[p1\r1] - -
[pn\rn]{x \ u} (because vars(c(p;),) N fv(u) = Q).

- Case L = Ly[q\v]. Then, t = case Ly(c(s;)n)[g\v] of (..., c(pi)u-r,--.) —um(branch)
1Qr[p1\sl] - [pn\sn])[q\v] = t'. Notice case Ly (c(s;)n) of (.., c(pi)u-7, - .) —umbranch)
1(r[p1\s1] - - - [pn\Sn])- By the i.h., we know (case Li(c(s;)n) of (..., c(pi)nr,...)){x\

u} —rum(branch) L1(r[p1\s1] - - [pn\sn]){x \ u}. Thus, we have t; = (case Ly(c(s;).) of
(-rcpi)ur, - )X\ ub[g\o{x \ u}] =uiorancn) Lilr[pi\si] - - - [pu\sa]){x \ u}[g\0{x\
u}] = t]. Hence, t; = (case Li(c(si)u)[g\v] of (..., c(pi)n.r,...)){x\u} and ] =
(L1(r[p1i\s1] - - - [pn\sul)[g\v]){x \ u} (because vars(q) N fv(u) = @ and vars(c(p;),) N

fv(u) = Q).

e Case t = s[c(pi)n\L(c(i)n)] —WH(match) L(s[p1\r1] - - - [pn\ru]) = ¥/, such that bv(L) N £v(s) =
@. Moreover, by a-conversion we can suppose vars(c(p;),) N fv(u) = @. We proceed by

induction on L:

- Case L = [J. Then, t = s[c(pi)n\c(7i)n] —unmatrcn) S[P1\11] - [pu\ra] = t'. Clearly,
we know (s[c(pi)n\c(ri)n]){x \ u} = s{x\ u}t[c(pi)n\c(ri{x \ u}),]. Moreover, s{x\
utle(pi)a\c(rifx \ u})n] =wmgmarcn) s{x \u}[pr\ri{x\u}]--- [pa\ru{x \ u}]. Therefore,
we can conclude since s{x \ u}[p1\r1{x\u}] - [pu\ru{x\u}] = s[p1\r1] - - - [pn\ra){x\
u} (because vars(c(p;),) N fv(u) = Q).

— CaseL = L1[g\v]. Then, we know that the following holds: t = s[c(p;)n\L1(c(7i)n)[q\?]]
—rummatch) L1(s[p1\r1] - - [pn\ru])[q\v] = t', such that bv(L;[g\v]) N fv(u) = @. Notice
that s[c(pi)n\L1(c(7i)n)] —wnmaten) L1(s[p1\r1] - -~ [pn\r4]). So, we can apply the i.h.,
obtaining s[c(p;i)n\L1(c(ri)u) {x \ u} —wmmarcn) L1(s[p1\r1] - - [pn\ra]){x \ u}. There-
fore, t1 = s[c(pi)u\L1(c(ri)n)[{x \ u}[g\o{x \ u}] —wnmarcn) Lals[pi\ra] - - - [pu\rul){x\
utlg\v{x\ u}] = t;. And we can conclude with t; = s[c(p;)\L1(c(ri)n)[7\0]]{x \
u} and #] = Li(s[pi\r1]- - [pn\ral)[q\0]{x \ u} (because vars(q) N fv(u) = @ and
vars(c(pi)a) 1 £v(u) = @),

e Caset = s[y\r] —yn(ew) s{y \ 7} = t'. We assume by a-conversion that y ¢ fv(u). Notice
that s[y\rl{x \ u} = s{x\ u}[y\r{x\ u}]. Moreover, s{x \ u}[y\r{x\ u}] —umsuw) s{x\
up{y\r{x\ u}}. And we can conclude since s{x \ u}{y \ r{x\u}} =s{y \ r}{x\ u} by the

substitution Lemma D.1.
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o Case t = s[p\r] —uy(s) s'[p\r] = t/, where s —yy) s'. We assume by a-conversion that
vars(p) N £v(u) = @. By the i.h., we know that s{x \ u} —yy() s'{x \ u}. Therefore, s{x \
WHp\ A\ )] ) o'\ i} [p\ e\ )], Hence, s{x\ ub[p\r{x\ u}] = s[p\rl{x \ u}
and s'{x \ u}[p\r{x\ u}] = s'[p\r]{x \ u} (because vars(p) N fv(u) = @).

o Caset = sr —ryy(s) §'r = t', where s —yys) §'. By the i.h., we know that s{x \ u} —yu(s) s'{x\
u}. Therefore, s{x \ u}(r{x\ u}) =g s'{x\u}(r{x\u}). Therefore, s{x\ u}(r{x\u}) =
(sr){x\u}and s'{x\ u}(r{x\u}) = (s'r){x\ u}.

o Case t = s[p\r] —yy(s) s[p\r'] = t', where r —yy) 1. By the ih., we know that r{x\
u} —ym(s) r'{x \ u}. We assume by a-conversion that vars(p) N fv(u) = @. Therefore, s{x \
ub[p\r{x\ u}] —wm s{x\ u}[p\r'{x\ u}]. And we can conclude since s{x \ u}[p\r{x\ u}] =
s[p\r][{x \ u} and s{x \ u}[p\r'{x\ u}] = s[p\r'|{x \ u} (because vars(p) N fv(u) = Q).

o Case t = case s of (¢;Piri)n —ym(s) case s’ of (¢;Piri), = t/, where s —yy) s'. By

a-conversion we can assume in particular that |J vars(cP;) Nfv(u) = @. By the
ie{1,..n}
ih., we know that s{x \ u} —yy) s'{x\u}. Therefore, case s{x\ u} of (¢;Pir;)n{x\

u} —ymes) case s'{x\ u} of (c;P.ri)u{x \ u}. Hence, case s{x\ u} of (¢;Pu.rj)p{x\u} =
(casesof (c;P.ri)y){x\u}and cases’{x\ u}of (c;P.r;)n{x\u} = (cases’ of (¢;P.r;)n){x\
u} (because |J vars(c;P) Nfv(u) = Q).

ie{l,..n}
]
Lemma 6.15 (Characterization of Normal Forms). Let t € APM. Then, t € NO if and only if t /+py.
Proof. Simple corollary of Lemma D.3. O

Lemma D.3. t € NO. if and only if t />pu, and either ~isdata(t) or isdatac(t).

Proof. In order to show the original statement, we are going to refine it into the three following

statements:
1. t € NE if and only if t /py, —isabs(t), and —isdata(t).
2. t € NAc if and only if t /pu, —isabs(t), and either ~isdata(t) or isdatac(f).
3. t € NO if and only if t /py, and either —isdata(t) or isdatac(t).

The proof of the left-to-right implication follows by induction on t € NO.:

1. Lett € NE:
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e Case t = x. Then, x /py, 7isabs(x), and —~isdata(x) trivially hold.

e Caset = us,whereu € NA. SinceNA = J NA., we can assume, withoutloss of generality,

ceC
that u € NA, for some ¢ € C. By the i.h. (2) over u, we know u #py, —isabs(u), and

either ~isdata(u) or isdatac(u). Since —isabs(u) and u /py, then us />py. Moreover,

—isabs(us) and —isdata(us) trivially hold.

Case t = u[c'P\s], where u € NE and s € NO_o. By the ih. (1) over u, we know
u #»py, ~isabs(u), and —isdata(u). Since s € NO_., we can assume, without loss of
generality, that s € NO., for some ¢y # c’. By the i.h. (3) over s, we know s /py, and
either ~isdata(s) or isdatac,(s). Clearly, rule (sub) does not apply to ¢. Additionally,
since either —isdata(s) or isdatac,(s) for ¢y # ¢/, rule (match) also does not apply to
t. Finally, since s /py and u #>py, then u[c’P\s| /pu. Moreover, —isabs(u[c'P\s]) and

—isdata(u[c’'P\s]) hold, since —isabs(u) and —isdata(u) hold.

Case t = case u of (c;P;.u;),, where u € NO c,}- Since u € NO c,}, We can

={c1,..., —{c1,...,

assume, without loss of generality, that u € NO¢, for some ¢y ¢ {c1,...,cn}. By the
i.h. (3), we know u /py, and either —isdata(u) or isdatac,(u). Since —isdata(u)
or isdatac,(u) for cg ¢ {ci,...,c,}, then rule (branch) does not apply to t. Ad-
ditionally, since u /py, then rule (caseArg) also does not apply to t. Therefore,
case u of (c;P.uj), #pu. Moreover, we also have that —isabs(case u of (¢;P.u;),)

and —isdata(case u of (¢;P;.u;),) trivially hold.

2. Lett € NA::

e Caset € NE. Then, t /py, —isabs(t), and —isdata(t) by statement (1). So, we can

conclude.

e Caset = cT. Then, cT /pu, —isabs(cT), and isdatac(cT).

e Case t = u[c’P\s|, where u € NA. and s € NO_o. This case is very similar to the

corresponding case when assuming ¢ € NE.

3. Lett € NO:

e Caset € NAc. Then, t /py, nisabs(t), and either —isdata(t) or isdatac(t) by statement

(2). So, we can conclude.

e Caset = Ap.u. Then, Ap.u /py and —isdata(Ap.u).

e Case t = u[c’P\s|, where u € NO. and s € NO_o. This case is very similar to the

corresponding case when assuming ¢ € NAc or ¢ € NE.

The right-to-left implication follows by induction on the structure of ¢:
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e Caset = x. Then, x /py, ~isabs(x), and —isdata(x), and thus the hypothesis of points (1),
(2), and (3) apply. However, since NE C NA. C NO. for any c, it is enough to show point (1).

And we can conclude since x € NE, by definition.

e Caset = us. Then, suppose us #pn. We always have —isabs(us), and —isdata(us). Then,
the hypothesis of points (1), (2), and (3) apply. But, NE C NA. C NO. for any ¢, it is enough to
show point (1). Since us /py, then in particular ~isabs(u) holds (otherwise rule (dB) would
apply), and u /py (otherwise rule (appL) would apply). Note that it is always the case that
either —isdata(u), or there exists ¢’ € C, such that isdatac(u). By the i.h. (2) over u, we

know that u € NA. for some ¢’ € C. Therefore, u € NAv C NA and us € NE.

e Case t = Ap.u. Then, Ap.u /py and —isdata(Ap.u). Therefore, the hypothesis of point (3)

applies. And we can conclude since Ap.u € NO., by definition.

e Caset = u[p\s]. Then, suppose u[p\s| #pu. We have ~isdata(u[p\s]) or isdatac(u[p\s])
for some c € C, which implies either —isdata(u) or isdatac(#). In any case, p must not
be a variable (otherwise rule (sub) would apply), so let us assume that p = c’P, for some
¢’ € C. Itis also the case that ~isdatac (s) must hold (otherwise rule (match) would apply),
u #pn (otherwise rule (esL) would apply), and s /pu (otherwise rule (esR) would apply).
Moreover, since —isdata (s), then either —isdata(s), or isdatac,(s), for some ¢y € C such

that cg # c’. By the i.h. (3) over s, we know s € NO, i.e. thats € NO_.

- If we make no further assumptions regarding the form of u, then only the hypothesis
of point (3) applies. By the induction i.h. (1) over u, we know u € NO.. Therefore,

u[p\s] € NO¢ by definition, and this concludes point (3).

- If we also assume that —isabs(u[p\s]) holds, then —isabs(u) also holds and the hy-
pothesis of point (2) also applies. By the i.h. (2) over u, we know u € NA, for some c € C.

Therefore, u[p\s| € NA. by definition, and this concludes point (2).

- If we assume both —isabs(u[p\s]) and —isdata(u[p\s]), then —isdata(u) also holds
and the hypothesis of point (1) also applies. By the i.h. (1) over u, we know that u € NE.
Therefore, u[p\s| € NE by definition, and this concludes point (1).

e Case t = cT. Then, cT /py, ~isabs(cT) and isdatac(cT). Therefore, the hypothesis of
points (2) and (3) apply. We have cT € NA. by definition, thus point (2) holds. Therefore,

point (3) also holds since NA: C NO.
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e Case t = case u of (¢;P;.s;),. Then, suppose that case u of (c¢;P;.s;), #pn. We also have
—isabs(case u of (c;P;.s;)n), and —isdata(case u of (c;P;.s;)n). Therefore, the hypoth-
esis of points (1), (2), and (3) apply. As before, it is enough to show point (1). Since
case u of (¢;P;.s;), #pu, then ~isdatac,(u), for cg € {cy,..., c,} must hold (otherwise rule
(branch) would apply), and u 4y (otherwise rule (caseArg) would apply). Thus, either
—isdata(u) or isdatac (u) for ¢’ & {cy,...,c,}. By the i.h. (3) over u, we know u € NO, i.e.

u € NO c,}- Therefore, case u of (ciPi.si)n € NE, by definition.

—\{Cl,...,

O
Lemma 6.19 (Clash-Free Normal Forms). Let t € APM. Then, t € NOF if and only if t />pyand t & CL
Proof. To show the original statement, we are going to refine it into the following two statements:
1. t € NEF if and only if t /Apy, t & CL, ~isabs(t), and —isdata(t).
2. t € NOF if and only if t /py and t & CL.
We start by showing the left-to-right implication, by induction on t € NOF:
1. Lett € NETF:

e Caset = x. Then, x /4py, x & CL, misabs(x), and —isdata(x) trivially hold.

e Caset = us,suchthatu € NE. By thei.h. (1) over u, we know u #py, u & CL, ~isabs(u),
and —~isdata(u). We can easily conclude that us /py by a simple inspection of the rules.
Let us assume us € CL. Then, us must be of one of the following forms:

- u = L(cT), for some ¢ € C. Contradiction with the fact that —isdata(u).

— u € CL. Contradiction with the fact that u ¢ CL.
Thus, we can conclude that us ¢ CL. Moreover, ~isabs(us) and —isdata(us) trivially
hold.

e Case t = u[p\s], such that u,s € NEF and p = cP. By the i.h. (1) over u (resp. s), we
know u ey (resp. s #pu), U & CL (resp. s ¢ CL), ~isabs(u) (resp. —isabs(s)), and
—isdata(u) (resp. —isdata(s)). We can easily conclude that u[p\s| /pu by a simple
inspection of the rules. Let us assume u[p\s] € CL. Then, u[p\s] must be of one of the
following forms:

- s = L(Ag.r). Contradiction with the fact that —isabs(s).
- s = L(c'T), such that ¢ # ¢’. Contradiction with the fact that —isdata(s).

— u € CL. Contradiction with the fact that u ¢ CL.



D. A QUANTITATIVE STUDY OF PATTERN-MATCHING 225

— s € CL. Contradiction with the fact that s ¢ CL.

Thus, we conclude that u[p\s] ¢ CL. Moreover, since ~isabs(u) and —isdata(u) hold,

then so do —isabs(u[p\s]) and —isdata(u[p\s]).

e Caset = case u of (c;P,.u;),, such that u € NE. By the i.h. (1), we know u /py, u & CL,
—isabs(u), and —isdata(u). We can easily conclude that case u of (c;Pi.u;), #pn
by a simple inspection of the rules. Let us assume case u of (c;Pi.u;), € CL. Then,
case u of (c;P;.u;), must be of one of the following forms:

- u = L(Ap.t). Contradiction with the fact that —isabs(u).
- u = cT,such that c ¢ {cy,...,c,}. Contradiction with the fact ~isdata(u).
— u € CL. Contradiction with the fact that u ¢ CL.

Thus, we can conclude that case u of (c;P.u;), ¢ CL. Moreover, it is the case that

—isabs(case u of (¢;P.u;),) and —isdata(case u of (¢;P;.u;),) hold.
2. Caset € NO°F:

e Case t € NEYF. This case follows from statement (1).
e Caset = Ap.u. Then, Ap.u /py and Ap.u & CL, by definition.
e Caset = cT. Then, cT /Apy and cT ¢ CL, by definition.

e Case t = u[cP\s|, such that u € NOY and s € NE. This case is very similar to the

corresponding case when t € NEF.

Now, we show the right-to-left implication, by induction on the structure of #:
e Caset = x. Then, x € NEF C NO by definition so that both points (1) and (2) hold.

e Caset = Ap.u. Then, Ap.u /pu, Ap.u ¢ CL,and isabs(Ap.u) and ~isdata(Ap.u). Therefore,
only the hypothesis of point (2) applies. And we can conclude since Ap.u € NO, by definition.

e Case t = us. Then, suppose us /py and us ¢ CL. We always have —isabs(us) and
—isdata(us). Then, the hypothesis of point (1) and (2) apply. As before, it is enough to show
point (1) which implies (2). Since us +py, then —isabs(u#) must hold (otherwise rule (dB)
would apply), and u /py (otherwise rule (appL) would apply). Additionally, since us ¢ CL,
then —isdata(u) and u ¢ CL. By the i.h. (1), we know u € NE. Therefore, us € NE, by

definition.

e Caset = u[p\s]. Then, suppose u[p\s| #pn, u[p\s|] ¢ CL. Since u[p\s| #pn, the following

must be the case: p must be of the form p = cP for some ¢ € C (otherwise rule (sub)
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would apply); —isdatac(s) (otherwise rule (match) would apply); u /pu (otherwise rule
(esL) would apply); and s /pu (otherwise rule (esR) would apply). Additionally, since
ulp\s] ¢ CL, then —isabs(s), —~isdatac(s) for any ¢’ # ¢, u ¢ CL, and s ¢ CL. Thus,

EF. If we make no further

—isdata(s) must necessarily hold. By i.h. (1), we know s € N
assumptions regarding the form of 1, then only the hypothesis of point (2) applies. By i.h. (2),
u € NOF. Therefore, u[p\s] € NOF, by definition. If we also assume that —isabs(u[p\s])
and —isdata(u[p\s]) hold, then —~isabs(u) and —isdata(u) also hold and the hypothesis

of point (1) also applies. By i.h. (1), u € NEF. Therefore, u[p\s] € NEF, by definition.

Case t = cT. Then, cT #pn, cT ¢ CL, —~isabs(cT) and isdata(cT). Therefore, only the

hypothesis of point (2) applies. And we can conclude since cT € N0, by definition.

Case t = case u of (cP;.s;),. Then, suppose case u of (cP;.s;), #pnand case u of (cP;.s;), &
CL. We always have —isabs(case u of (cP;.s;),) and —isdata(case u of (cP;.s;),). Then,
the hypothesis of points (1) and (2) apply. It is enough to show point (1) which implies
point (2). Since case u of (cP;.s;)n #pu, the following must be the case: either —isdata(u)
or isdatac(u) for ¢’ ¢ {ci,...,c,} (otherwise rule (branch) would apply); and u #py
(otherwise rule (caseArg) would apply). Additionally, since case u of (cP;.s;), ¢ CL, then
—isabs(u), ~isdatay (u) for ¢’ ¢ {cy,...,cu}, and u ¢ CL. Thus, ~isdata(u) must neces-
sarily hold. By thei.h. (1) over u, we know that u € NE. Therefore, case u of (cP;.s;), € NEF,

by definition.

O]

Lemma 6.20 (Closed Clash-Free Normal Forms). Let t € A" be a closed term. Then, t +spy and

t ¢ CLifand only ift = Ap.uort = cT for c € C.

Proof.

=) Lett /Apyand t ¢ CL. The proof follows by induction on ¢:

— Case t = x does not apply because x is not a closed term.
- Caset = Ap.uort = cT for some c € C, we can conclude immediately.

— Case t = us. Since us #py, we know that —isabs(u) and u #py by a simple inspection
of the reduction rules. Since us ¢ CL, we know u ¢ CL. Now, notice that, since us is
closed, then so is u. By the i.h. over u, we know u = Ap.u or u = cT for some c € C.
However, we know that —isabs(#) must hold. Therefore, # = cT. But, then cT € CL,

which contradicts the hypothesis. Thus, this case does not apply.
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- Case t = u[p\s]. Since u[p\s] /#pn, we know that p cannot be a variable because of
rule (sub). Let us assume, without any loss of generality, that p = cP for some c € C.
Then, we also know that —isdatac(s), s /e and u /pu by a simple inspection of the
remaining reduction rules. Since u[p\s] ¢ CL, we know —isabs(s), —isdata.(s) with
¢’ #c,u ¢ CL, and s ¢ CL. Therefore, we can immediately conclude that —isdata(s).
Note that, since u[p\s] is closed, then so is s. By the i.h. over s, we know s = Ap.r or
s = ¢oT for some cy. However, we know that —isabs(s) and —isdata(s) must hold.
Thus, this case does not apply.

- Caset = case u of (¢;P;.s;),. Since case u of (c;P;.s;), #pn, we know that ~isdatac, (1)
fori € {1,...,n} and u /px by a simple inspection of the reduction rules. Since
case u of (c;P;.s;), ¢ CL, we know —isabs(u), misdatac,(u) forsomecy & {ci,...,cn},
and u ¢ CL. Therefore, we can immediately conclude that ~isdata(u). Note that, since
case u of (c;P;.s;), is closed, then so is 1. Now, notice that, since case u of (¢;P;.s;), is
closed, then so is u. By the i.h. over u, we know u = Ax.s or u = cT. However, we also

know that —isabs(u) and —isdata(u) must hold. Thus, this case does not apply.

<) Lett = Ap.uort=cT. Then, t /pyand t ¢ CL hold trivially by definition.

D.1.2 Encoding the CBN and CBV A-Calculi
Lemma 6.21 (CBN Simulation). Let t,u € A. If t —cpy u, then t —yg 1.

Proof. Lett —%cgx "1, where 1 is the number of evaluation steps between t and u. The proof follows

by induction on n:
e Letn =0. Then, u = t and thus t =y 1.

e Let n > 0. Then, there exists ¢/, such that t —>cgy t' —>cpy u. By the i.h. ' —»yy u, therefore,
it is now enough to show that t —»yu . Moreover, since —»yy is closed under contexts, it

suffices to reason by induction on CBN evaluation contexts:

- Case N = [0. Then, t = (Ax.r)s —p, r{x\s} = t'. Then, (Ax.r)s —ag r[x\s] —su
r{x\s}.

- Case N = N'r. Then, N(s) = N'(s)r and N'(s) —cey N'(s’). By the ih. we know
N'(s) = N'(s’). Therefore, t = N(s) = N'(s)r —»ug N'(s')r = N(s') = .
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Lemma 6.22 (The CBV Translation Preserves Substitutions). Let t,v € A. Then, (t{x\ v})* =

()*{x\ (0)°}-
Proof. By induction on t:

e Case t = x. Then, x{x\ v} = v. Therefore, (t{x \ v})* = (v)* = v((v)°). Thus, (t)*{x\
()7} = v(x){x\ (v)°} = v((0)°) = (0)*.

e Caset =y # x. Then, y{x \ v} = y. Therefore, (t{x\ v})* = (y)°*. Also, (£)*{x\ (v)°} =
@) {x\ (0)°} = ()"

e Case t = Ay.t'. By a-conversion, we assume y # x and y ¢ fv(v). Then, (Ay.t'){x\ v} =
Ay.t'{x \ v}, so that

((Ay-t"){x\v})*

v((Ay-£'{x\0})%)
(Ay.(F{x\ 0})*)
vAy(£)*{x\ (0)°})
v(Ay-(£)*){x\ (0)°}
v((Ay-t)°){x\ (0)°}
(Ay-£)*{x\ (0)°}.

= |l
<

e Case t = ur. Then, (ur){x\ v} = (u{x\ v})(r{x\ v}), so that

((ur){x\o})* y2) v\ (r{x \ 0})°][v(y)\ (u{x \ v})°]
y2)[v(2)\(r)*{x\ (0)}[v(y)\(u)*{x \ (0)°}]
y2) v\ ()] [v(@)\ (@) D{x\ (0)°}

ur)®*{x\ (v)°}.

z

=
/-\/-\

\4v4

(
(
(
(

Lemma 6.23 (CBV Simulation). Let t,u € A. If t =gy u, then (t)® —rum (u)°.

Proof. Lett —*cpy "1, where n is the number of evaluation steps between t and u. The proof follows

by induction on n:
o Letn =0. Then, u = t and thus (t)* —m (1)°.

e Let n > 0. Then, there exists t/, such that t — vt’' =»cgyu. By the i.h. (#')* —»um (1)°.
Therefore, it is now enough to show that (¢)* —»u (#')®. Moreover, since —»uy is closed

under contexts, it suffices to reason by induction on CBV evaluation contexts:
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- CaseV =[. Then, t = (Ax.r)v — Byr{x\ v} = t'. Therefore,

((Ax.r)o)* = (y2) [v(2)\(0)°][v(y)\ (Ax.r)*]
= (v2)[v(2)\v((0)°)][v(y)\v(Ax.(r)*)]
— WH(match) (yz)[v(z)\v((v)?)][y\Ax.(r)*]
— WH(sub)  ((Ax.(r)*)z)[v(z)\v(()°)]
— WH(match) ((Ax.(r)*)z)[z\(v)°]
— WH(sub)  (Ax.(r)*)(v)°
— WH(dB)  (r)*[x\(0)°]
— WH(sub) (r)*{x\ (v)°}
Lemma 6.22 (r{x\ 0})*

— Case V= V'r. Then, t = V(s) = V/(s)r and V'(s) — vV'(s’). Moreover,

(B = (V(sh)*
= (V{shr)*
= () v\ @) TNV (s))*].

By the i.h., we know (V/(s)))® —»uu (V'(s’) ). Therefore,

6 = (V({D)*

I
—~
=

<
~—
<
—~
<
~—
_—
—~
<
N
=
~—
_e
<
—~
=
~—
_—
—~
=

By the i.h., we know (V'(7)))® —»wm (V/(r'))®. Therefore,
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Note that although —yy is nondeterministic and allows the matching redex to be dis-
charged immediately via sub, it is also possible to first reduce the translated argument.

In either case, contextual closure ensures reachability of (¢')°.

D.2 Pattern-Matching Non-Idempotent Intersection Types

Lemma 6.29 (Split and Merge for Multi-Types). Let t € AP™™ and M = U;c1M;. Then, there exists
®>T F t: M if and only if there exist (®;>T; & t @ M;)ier, such that T = +;c1T;. Moreover,

#app,vpat,ppat (P) = +ic1#app,vpat ppat (Pi).

Proof. Let M = Ujc1M;.

=)

If there exists > I' -t : M, then ® it must be of the following form:
(q)kl> Fk Hto Ak)keK
+rexlx Ft: { Ak Brex

where I' = +cxI'y and M = { Ay xek. Since also M = Ujc1M;, then there exist disjoint

Many

sets (Kj)icr € K such that Ujc1K; = K and M; = {Ax}rek,- One concludes this case by
constructing ®; and I'; = +ycg.I'x for any i € I as follows:
(q)kD I Fit: Ak)keKi
trex Te F t s { Ak Jrex

Indeed, one has:

I' = +rexl'c = +ier trex, I'c = +ierli

and
#appvpatppat (P) =  +rexHapp,vpatppat (Pk)
= +ic1 +kek; #app,vpat ppat (Pk)
= +ict#app,vpat,opat (P;)
If there exist (®; > I'; - t : M;);e1, then each ®; must be of the form:

(P> Th -t Ag)gex,
+kEKirk l_ t: {{Ak}}kEK,

where I'; = +iex I, Mi = { Ak Brek,, and #app vpat ppat (Pi) = +kek #app,vpat,opat (k). Then,

Many

we can build ® as follows:
(qu > Fk Hte Ak)keKi,ieI

Many
+k€K,-,i€Irk g {{Ak}}kGK,-,iEI
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where I' = +jck, ictlx = +ierli, and M = {Axrek,icr = {Aillict. And we can conclude

with +jcr#app vpat ppat (Pi) = +kek, ic#app,vpat,ppat (Pk) = #app,vpat,opat (P).
O

Lemma 6.30 (Contexts and Free Variables for Pattern-Matching). Let t € AP and ®>T + t: A.
Then, dom(T') C fv(t).

Proof. We prove a slightly more general statement by allowing ®; to conclude with either a term
type A or a multi-type M.

The proof follows by induction on ®. We reason according to the last rule:
e Rule Ax. Then, t = xand I’ = (x : {A}). Therefore, we can conclude immediately.

e Rule Many. Suppose ®;>I'; - t : A; are the premises of the rule. Then, I' = +;c1I';. By the i.h.
over each ®;, we know dom(I';) C fv(t). Therefore, dom(I') = U dom(T;) C U £v(t) = fv(#).

i€l (IS
e Rule Abs. Then, t = Ap.u. Suppose ®;>1', - u : A and I I’\p IF p : M are the premises
of the rule for u and p, respectively. Then, I = T',\\ Xp. By the ih. over ®;, we know
dom(T,) C fv(u). Therefore, dom(I',) \ Xp C fv(u) \ Xp. And we can conclude since
dom(T,) \ Xp = dom(I',\\ Xp) = dom(T') and fv(u) \ Xp = fv(Ap.u).

e Rule Ans. Then, t = Ap.uand I' = @. So we can conclude immediately.

e Rule App. Then, t = us. Suppose @, >T', - u: M — Aand &;>I's - s : M are the premises
of the rule for u and s, respectively. Then, I' = I';, +I's. By the i.h. over ®, (resp. ®s), we
know dom(T',) C fv(u) (resp. dom(I's) C fv(s)). Therefore, dom(I') = dom(T',) U dom(Ts) C
fv(u) U fv(s) = fv(us).

e Rule Data. Then, t = c(u;),. Suppose ®;>T; - u; : M; are the premises of the rule for each
u;. Then, T' = +;cqq, »yTi. By the i.h. over each ®;, we know dom(I';) C £v(u;). Therefore,

dom(I) = U dom(l}) € U £v(u;) = £v(c(ui)n).
ie{1,..n} ie{1,..n}

e RuleMatch. Then, t = u[p\s]. Suppose ®,>T'; - u: A II>T|, - p: M,and ®s>Ts Fs: M
are the premises of the rule for u, p, and s, respectively. Then, I = (T',\\ X'p) + T's. By the i.h.
over @, (resp. D;), we know dom(T',) C fv(u) (resp. dom(I's) C £v(s)). Therefore, dom(T') =
dom(T,\\ X'p) Udom(Ts) = (dom(I',) \ Xp) Udom(Ts) C (£fv(u) \ Xp) U fv(s) = £fv(u[p\s]).

e Rule (Case). Then, t = case u of (p;.s;),. Fix an arbitrary branch k € {1,...,n}. Now,
suppose @, >T', = u : M, II>T,

o IF P Mand &5 > T, F s : A are the premises of
the rule for u, Py, and s, respectively. Then, dom(I') = dom(T,\\ X'px) U dom(T,). By the
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ih. over ®, (resp. &), we know dom(I',) C fv(u) (resp. dom(I's,) C fv(si)). There-
fore, dom(I') = dom(Ts, \\ X' px) Udom(T',,) = (dom(Ts,) \ X'px) Udom(Ty) = £v(u) U (£v(sk) \
Xp) CEv(u) U (£v(si) \ X'P;) = fv(case u of (pisi)n)-

ie{l,..n}
If t is closed, then fv(t) = @ by definition. Therefore, I' = @ by the previous induction. O

Lemma 6.31 (Zero Weight Tight Type Derivations Characterize (Clash-Free) Normal Forms). Let

t € APM If®Oopy @& t: Ais tight, then #app yparppar (P) = 0+ App + 0 - VPat + 0 - DPat if and only

if t € NOF.

Proof. We start by noting that + € NOF if and only if t = Ax.u or = c¢T by Lemma 6.20.

(=) Let #app,vpat,ppat (P) = 0 - App + 0 - VPat + 0 - DPat. We proceed by cases, according to the last

rule R of &:

— Case R = Ax. Then, t = x. Contradiction with t € Af M Therefore, this case does not
apply.

— Case R = Abs. Then, A is an arrow type. Contradiction with ® being tight. Therefore,
this case does not apply.

— Case R = Ans. Then, t = Ax.u. Therefore, we can conclude immediately.
- Case R = App. Contradiction with #s,,(®) = 0 - App. Therefore, this case does not
apply.
— Case R = Many. Contradiction with ® ending with a type. Therefore, this case does not
apply.
— Case R = Data. Then, t = cT. Therefore, we can conclude immediately.
- Case R = Match. Then, t = r[p\u]| and ® must be of the form
O, opmTHr:A @popyTliarsp) PP M Dubpy @ u: M
'\ vars(p) F r[p\u] : A

such that T'\\ vars(p) = @. Notice that #ypatppat (Py) # 0 - VPat 4 0 - DPat, since

Match

any derivation typing a pattern necessarily uses either VPat or DPat at least once.
Contradiction with #xpp vpat,ppat (P) = 0 - App + 0 - VPat + 0 - DPat. Therefore, this case
does not apply.
- Case R = Case. Then, t = case r of (p;.u;),, and ® must be of the form
@ opr@F M @5 opa Tlhars(py) IF P M @y pu Tt A
I'\\ vars(p;) - case t of (p;.uj)y = A

Case
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such thatk € {1,...,n}, and I'\\ vars(p;) = @. Notice that #ypat,ppat (Pp,) 7# 0 - VPat +
0 - DPat. Contradiction with #app vpat ppat (P) = 0 - App + 0 - VPat + 0 - DPat. Therefore,

this case does not apply.

(<) Lett € NO!. Then, t = Ax.u or t = cT. Therefore, ® must end with rule Ans or Data. If
® ends with rule Ans, then clearly #xpp vpat ppat (P) = 0 - App + 0 - VPat + 0 - DPat. If ® ends
with rule Data, then t = cT. Let T = (uy,...,u,), for some n € N. Then, ® must be of the

form

-----

Data

Ok c(uy,...,un) : c({ B)n

Therefore, we can conclude that #,p ypat ppat (P) = 0 - App + 0 - VPat + 0 - DPat.

Lemma 6.32 (Typability Implies Clash-Freeness). Let t € APM. IfT I~ t : A, then t is clash-free.

Proof. We reason by contraposition. Assume f is not clash-free. Then, there exists t' € CL, such
that t —»py t’. Therefore, either t = t/, in which case ®>T + t' : A by hypothesis, or t —py ' and
by Lemma 6.37, we can conclude that there exists ®>T + ' : A. Therefore, if we show that ' is
not PM-typable, then we are done. The proof follows by induction on t € CL. For each case, we

reason by contradiction, assuming there exist ®:
1. Lett e CL:

e Caset = L(cT)s. Then, ® must end with rule App and L(cT) must be assigned an arrow
type. However, we can easily conclude by a simple inspection of the rules that cT can
only be assigned a data type. Therefore, we can also conclude by that L(cT]|) can only be

assigned a data type. Thus, we can conclude that there is no ®, by contradiction.

e Caset = u[cP\L(Ag.s)]. Then, ® must end with rule Match and L(Ag.s) must be assigned
the same type as cP. A simple inspection of the rules tells us that cP can only be assigned
a data type. However, it is also clear from the rules that Ag.s can only be assigned an
arrow type. Therefore, L(Ag.s) can only be assigned an arrow type. Thus, we can

conclude that there is no ®, by contradiction.

e Caset = u[cP\L(c'T)], where ¢ # ¢’. Then, ® must end with rule Match and L(c'T)
must be assigned the same type as cP. A simple inspection of the rules tells us that cP
can only be assigned a data type with top symbol c. Consequently, L(c’T) will also have
to be assigned a data type with top symbol c. However, it is also clear from the rules

that ¢'T can only be assigned a data type with top symbol ¢’. Therefore, L(c'T) can only
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be assigned a data type starting constructor ¢’. Thus, we can conclude that there is no

@, by contradiction.

e Caset = case L(Ap.u) of (c;P;.s;)n. Then, ® must end with rule Case and L(Ap.u) must
be assigned the same type one of the patterns c;P;. A simple inspection of the rules tells
us that all data patterns must be typed with data types. However, it is also clear from
the rules that Ap.u can only be assigned an arrow type. Therefore, L(Ap.u)) can only be

assigned an arrow type. Thus, we can conclude that there is no ®, by contradiction.

e Caset = case L(cT) of (¢;P.u;),, where ¢ € {cy,...,c,}. Then, ® must end with rule
Case and L(cT) must be assigned the same type as one of the patterns c;P;. A simple
inspection of the rules tells us that data patterns must be typed with data types starting
with matching constructors. However, it is also clear from the rules that cT must be
assigned a data type with top symbol c. Therefore, L(cT| can only be assigned a data

type with top symbol c. Thus, we can conclude there is no ®, by contradiction.
2. Lett € CL:

e Caset € CLY. We can conclude by the previous point.

o If t ¢ CLY, then t contains a strict subterm u € CL. By inversion on the typing rules,

typability of ¢t would imply typability of u, which contradicts the induction hypothesis.
O

Lemma 6.33 (Patterns are Always Typable). Given any typing context I' and pattern p, there exists
IT>T|, I p - M. Moreover, if p = c(qi)n, then there exist I1; >ppq T'lg, IF q; © M, such that M =

e(Mi)u -
Proof. The proof follows by induction on p:

e Case p = x. Then, it is always the case that I'|(x) = M from some multi-type M (possibly
{ }). So we can build IT using rule VPat.

e Case p = c(gi)u. By the ih., we know there exist IT; > T'|;, I g; : M; for each g;. So we
can build IT> +cqq,. . Tlg, IF ¢(gi)n + {{c(M;)n}} using rule DPat. We can conclude since

Llp = +q,.n (Tlg)-
O

Lemma 6.34 (Tight Typability of Closed Clash-Free PM-Normal Forms). Let t € A’M. Ift € NOF,
then there is a derivation ® >ppg @ =t : A that is tight.



D. A QUANTITATIVE STUDY OF PATTERN-MATCHING 235

Proof. 1f t € NO%F, then t = Ax.uor t = cT:

o Lett = Ax.u. Then, we can build ® using rule Ans. Since Ans has no premises and assigns

type x to Ax.u, the resulting type derivation is tight.

o Lett =cT.LetT = (uy,...,uy), for some n € N. Then, we can build ® as follows:
——— Many
(® - {{ }} )ie{l,...,n}

Data
Ot c(ur,...,un) (£ B)n

We can conclude since the above type derivation is tight.

O]

Lemma 6.35 (Typability Characterizes Closed Clash-Free Normal Forms). Let t € APM. Then,
t € NOF if and only if t € NO and t is PM-typable.

Proof. (=) t € NOF, then t is a PM-normal form by Lemma 6.19. Moreover, since t is closed and

clash-free, it admits a tight typing derivation by Lemma 6.34. In particular, t is PM-typable.

(<) Since t € NO, t is a PM-normal form. Moreover, since t is PM-typable, it is clash-free
by Lemma 6.32. Therefore, t is a closed clash-free PM-normal form, and thus t € NOF

by Lemma 6.20.

D.2.1 Quantitative Soundness

Lemma 6.36 (Weighted Substitution). Let t,u € AP and assume ®;>ppT;x : M - t @ A and
D, >prg A u: M. Then, there exists @y ) > T+ A t{x \ u} : A, such that #app veat,ppat (Ppx\u}) =
#app,vpat ppat (Pt) + #app vpat ppat (Pu ).

Proof. We generalize the original statement by allowing ®; to conclude with either a term type A
or a multiset type M.

If ®;opyyl;x : Mt : T, where T € {A,M}, and &, ppyy A F u : M, then there
exists @y, pm I +A F t{x\ u} : T, such that #Applvpat,])pat(®t{x\u}) = #app,vpatppat (Pr) +
#app,vpat,ppat (Pu )

The proof follows by induction on ®;. We reason according to the last rule R of ®;:

e Case R = Ax. Then, t = y and we must consider two different cases:

- If y = x, then t{x \ u} = u and ®; must be of the following form:

AR E A
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where T = A, T = @, and M = { A}}. Therefore, ®, must be of the following form:

P, +AFu:A
AbFu:{A}

Many
So, we can pick @y, = @/ and conclude since I' + A = A, and

#App,VPat,DPat (q)t{x\u}) - #App,VPat,DPat (CI){I)
= #App,VPat,DPat (q)u )

= #uppvpat,ppat (Pt) + #app,vpat ppat (P )-

- If y # x, then y{x \ u} = y and ®; must be of the following form:

Ax
y: A x:{ry:A
where T = A, T = (y: {A}), and M = { }}. Therefore, ®, must be of the following

form:

OQFu:{}
where A = @. So, we can pick @y, = P; and conclude since I' + A = I" and

#App,VPat,DPat (Qt{x\u}) = #App,VPat,DPat (q>t)

= #app,vpat,opat (Pt) + #app,vpat,ppat (Pu)-

e Case R = Many. Then, ®; must be of the following form:

(@i >oav T x 0 M; Fit: Ai)iel
+ier (Tix: M) Et: {AiBier

where T = {A;}ier, (T;x : M) = +ie1(T;x : M), and thus T = +;¢1T; and M = Ujer M.

Many

By Lemma 6.29 over ®,, we know there exist (CIDZM Dpam Ai F u : Mj)ier, such that A =
+ic1A; and #app vpat ppat (Pu) = Fier#app vpat ppat (P, ). By the induction hypothesis over each
d>£, we know there exists @i{x\u} ppm I+ A F t{x\ u} : A, for each i € I, such that

#app,vPat, Dpat (cplt { x\u}) = #app,vPat DPat (CI);) + #app,vpat,DPat (CDZ) Therefore, we can build (I)t{ x\u}

i
(q)t{x\u}) i1
Ma
tietli tier & F tH{x \ u}: {Ai}ier
We can conclude since I' + A = +;¢1I; +ie1 A; and

as follows:

#App,VPat,DPat (th{x\u}) = +i€I#App,VPat,DPat (cbf‘{x\u} )
= Fictiapp vpat,ppat (P} + D))
= +ict#appvpatorat (P}) Fict #app,vpat ppat (P},)

= #appvpat,opat (Pt) + #app,vpat ppat (Py ).
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e Case R = Abs. Then, ®; must be of the following form:

DopyTgsx:MEs: A Tlepy (Tgx: M), IEp: My
(Ts;x: M)\ vars(p) - Ap.s: My — A

Abs

where t = Ap.s, T = My — A,and T = (I's; x : M)\ vars(p). Moreover, by a-conversion we
canassume vars(p) N {x} = @sothat (I';;x : M)\\ vars(p) = (I[s\\ vars(p));x : M = (T;x:
M), and thus T’ = T's\\ vars(p) and (I's; x : M)|, = T|,. By the induction hypothesis over @,
we know there exists @,y bpm Is +A F s{x\u} : A, such that #Applvpat,])pat(®s{x\u}) =
#app,vpat,ppat (Ps) + #app ypat,opat (Pu ). Therefore, we can build @y, as follows:
Pofriy 1
(Ts+A)\ vars(p) F Aps{x\u}: My — A

Abs

By a-conversion, we may assume that vars(p) N fv(u) = @. Thus, Ap.s{x\u} = (Ap.s){x\
u} and dom(A) Nvars(p) = @ (by Lemma 6.30). Therefore, we know (T's + A)\\ vars(p) =
(Ts\\ vars(p)) + A, and we can conclude since I + A = (Ts\\ vars(p)) + A and

#App,VPat,DPat (q)t{x\u} ) - #App,VPat,DPat (q)s{x\u}) + #App,VPat,DPat (H)
= #appvpat,opat (Ps) + #app,vpat,ppat (Pu) + #app,vpat ppat (I1)

= #app,vpat,opat (Pt) + Happ vpat,ppat (Pu)-
e Case R = Ans. Then, ®; must be of the following form:

—— Ans
FAps:*

where T = %, t = Ap.s,and (I;x : M) = @, and thus ' = @ and M = { }}. Therefore, ®,

must be of the following form:

Fus{

where A = @. So, we can build @, as follows:

Ans

FAp.(s{x\u}):«
By a-conversion, we may assume that vars(p) N fv(u) = @. Thus, Ap.s{x\u} = (Ap.s){x\

u}. We can conclude since ' + A = @ and
#App,VPat,DPat ((I)t{x\u}) =0= #App,VPat,DPat (q)t) + #App,VPat,DPat (cbu) .

e Case R = App. Then, ®; must be of the following form:

q)SDers;XZMll—SZMo—)A q)erMrr,'XZMQI—TZMO

App
(T;x: M)+ (Tx:Mp) Fsr: A
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wheret =sr, T = A, (I;x : M) = (Tg;x : My) + (T;x : Mp) = (Ts +T,);x : My U My,
and thusI' = I + T, and M = M; U M. By Lemma 6.29 over ®,, we know there exist
(D, >pr A ue Mi)ieqa,..2), such that A = Ay + Ay, M = My Ll M and #app vpat ppat (Pu) =
#appvpat,ppat (D)) + #appvparppar (P2). By the induction hypothesis over ®; (resp. ®,), we
know there exists @,y Prm Is + A1 F s{x\u} : My — A (resp. @0,y >pm Ir +
Ay = r{x\ u} : Mp), such that #appvpat,opat (Psix\u}) = #app,vpat,opar (Ps) + #xpp,vpat,opat (D)
(resp. #app,vpat,opat (Prix\u}) = H#app,vpat,opat (Pr) + #app vpat,ppat (P7;)). Therefore, we can build
Dy (1\uy as follows:

Psxvup  Prix\u} App
Lo+ M +T+ M Fs{x\upr{x\u}:A
We can conclude since s{x \ u}r{x\u} = (sr){x\u}, T+ A=Ts+ T, + A1+ Ay, and
#app,vpat,opat (Pr{x\u)) = Happvpatopat (Psix\u}) + #app,vpat ppat (Prx\u})
+ 1-App
= (#app,vpat,opat (Ps) + H#app,vpat,ppat (Pr) + 1 - App)
+  (#app,vpat.opat (Ph) + #app vpat ppat (P2))
= #app,vpat,opat (Dt) + #app vpat ppat (Pu)-
e Case R = Data. Then, ®; must be of the following form:

(q>si pm iy x: M b= s M?)

Fic (1} (T X 0 M) = c(si)n - ¢(M)y,
where t = c(si)n, T = <(M?)y, (T;x : M) = +icqqy(Tisx @ M) = +iepn, mTix

~~~~~~~~~~

know there exist (®, >py A; - u M;) 1, ny, such that A = +;c1A; and #app vpat ppat (Pu) =
+ie{1,...,n} #app,vPat DPat (<I>;) By the induction hypothesis over each ®;,, we know there exists
D, vy Pem T + A B osi{x\ u} M?, such that #app,vpat,ppat (Ps,{x\u}) = #app,vpat ppat (Ds;) +

#app,vPat, DPat (®!)). Therefore, we can build Dypp\u) a8 follows:

-----

#app,vpat ppat (Pe{\uy) =  Fie(l,...n}Happ,vpat,opat (Ps,x\u})

tie{l,..n} (#app,vpat,ppat (Ds;) + #app,vpat,pPat (@; )

.....

= #app,vpat,ppat (Pt) + Happ,vpat,opat (Pu)-
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e Case R = Match. Then, ®; must be of the following form:

DsopyIs;x My bEs: A Tepy (Ts;x: My)|plEp: My PropyTsx: My b1 My

Match
(Ts;x: M)\ vars(p) +Tr;x: Mp Fs[p\r] : A

wheret = s[p\r]|, T = A. Moreover, by a-conversion, we may assume that vars(p) N fv(u) =
@ so that (T;x : M) = (Ts;x : My)\vars(p) +Tr;x : My = ((Ts\\vars(p)) + I,); x

M; UMy, and thus I' = (Ts\\vars(p)) +T,, M = My UM, and (T';x : My)|, = T,
By Lemma 6.29 over ®,, we know there exist (®, bppq A; - u M-)ie{l .2}, such that A =
+i€{1,...,2}Ai and #app vpat,ppat (Pu) = #App,VPat,DPat(qD ) + #app,vpat DPat(cI) ). By the induction
hypothesis over ®@; (resp. @), we know there exists @\, >pa I's + A1 Fs{x\ u} : A (resp.
D, 0wy P Tr + A2 B r{x \ u} : My), such that #app vpat ppat (Psfr\u}) = #app vpat,opat (Ps) +
#app,vpat ppat (D) (resp. #app,vpat,ppat (Prix\u}) = #app,vpat,opar (Pr) + #app,vpat,ppat (P2 )). There-

fore, we can build @, as follows:
Psprvuy T Prixiuy
(T + Do)\ vars(p)) + Ty + B - s{x\ uf[p\r{x \ )] A
Thus, s{x \ u}[p\r{x\ u}] = (s[p\r]){x\ u} and dom(A;) Nvars(p) = @ (by Lemma 6.30).
Therefore, (T's + A1)\ vars(p) = (Is\\ vars(p)) + A1, and we can conclude since ' + A =

Match

(Ts\\vars(p)) + I + A1 + Az and

#App,vPat DPat (q>t{x\u}) = #App,VPat,DPat( s{x\u}) + #app,vpat DPat (IT)
+  #app,vpat,ppat (P r{x\u} )
= #app,vpat,ppat (Ps) + #app.vpat ppat (Ph) + #app.vpat,ppat (I1)
+  #app,vpat,ppat (Pr) + #app,vpat,ppat (D7)
(

= #app,vpat,opat (Pt) + #app,vpat ppat (Pu)-

e Case R = Case. Then, ®; must be of the following form:

<I>rl>7>MF,;x:M2Fr:M0 HI>7DM (Fsk;x:M1)|ﬁk |FﬁkZMO (IDSkDersk;XZMlFSk:A

Case
((Ts;x : My)\ vars(py)) +Tr;x: My - case r of (p;.si)n: A

where t = case r of (p;.si)n, T = A, (T;x: M) = ((Ts;x : My)\vars(pg)) +Trsx : My =
(T \vars(px)) +Tr);x : My UM,, and thus T = (I, \vars(px)) + T, M = M; UM,
and (Ts;x : My)|p, = Ts|p. By Lemma 6.29 over @,, we know there exist (P, >py
A F s My)icqa,. 2y, such that A = Ay + Ay and #appvpatopat (Pu) = #app vpat,opat (D) +
#app vpat ppat (D). By the induction hypothesis over ®; (resp. ®,), we know there exists
D 10\uy DPm Uy + A1 osp{x \ u} : A (resp. @,y pm I + A2 B r{x \ u} : Mp), such that

#App,VPat,DPat (Cpsk{ x\u}) = #App,VPat,DPat (‘Psk) + #App,VPat,DPat (‘P},) (I'GSP~ #App,VPat,DPat (q)r{ x\u}) =
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#appvpat,ppat (Dr) + #appvpat ppat (P2 )). Therefore, we can build @, (x\u} as follows:

Py T Py
((Ts, + A1)\ vars(pr)) + T + Ay - case r{x \ u} of (pisi{x\ u})n

Case

By a-conversion, we may assume vars(p;) N fv(u) = @, for all i € {1,...,n}. Thus,
case r{x \ u} of (p;.si{x\u}), = (caser of (p;.s;)n){x\ u} and dom(A;) Nvars(px) = @
(by Lemma 6.30). Therefore, (I's, + A1)\ vars(px) = (I's\\ vars(px)) + A1, and we can con-
clude since I' + A = (T,\\ vars(px)) + T + A1 + Ay and

#app,vpat,opat (Pr\uy) =  Happvpat,pat (P, (x\u}) + #app,vpat,opat (IT)
+  #app,vpat,opat (Prix\u})
= #app,vpat,ppat (Ps, ) + #appvpat ppat (Ph) + #Happ vpat,ppat (I1)
+  #app,vpat,opat (Pr) + H#app,vpat ppat (cpZ )
(

= #app,vpat,opat (Pt) + Happ,vpat,ppat (Pu)-

O

Lemma 6.37 (Exact Subject Reduction). Lett € A™, and S € {dB, branch, match, sub}. Ift —py () t
and ®;opy I -t A, then thereis @y opy I -t A, such that #app vpat ppat (Pt) = #app,vpat,ppat (Py) +
1- R, where

e R=App,if S =dB;

e R =VPat, if S = sub;

e R =DPat if S € {branch,match}.

Proof. The proof follows by induction on t —py '

e Case t = Lo(Ap.u)s —pyap) Lo(u[p\s]) = ¥, such that bv(Lg) N £v(s) = @. We proceed by

induction on the list matching context Lo:

- Let Ly = U. Then, ®; must be of the following form:

q)quMrul—uZA HDeru|p||—le b
Abs
I\ vars(p) - Apu: M — A D ppy IsHs: M
(T,\vars(p)) +Is F (Apu)s: A

App

where I' = (I',\\ vars(p)) + I's. Therefore, we can build ®; as follows:
(Tu\vars(p)) +Ts - u[p\s] : A

Match
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We can conclude with

#app,vpatppat (Pt) =  H#appvpat,ppat (Pu) + #app,vpat,ppat (IT)
+  #app,vpat,opat (Ps) + 1 - App
= #app,vpat,opat (Py) + 1 - App.

- LetLy = Li[g\r]. Then, ®; must be of the following form:

(I)Ll(]/\ﬂ”[) >PMm rhﬂ)\p.u[) - Ly (])\Pul) : Mp — A
Tepp Ty apalg IF 9+ My
D, opp I =7 My
Match
<FL1QAp.u[)\\ Vars(q)) + Fr F L1(]/\p.u[)[q\r] : MP —S A q)s DM rs g Mp

(T, apap N\ vars(q)) + Iy + Ts = ((LaQAp-uh)[g\r])s - A

where I' = (T (rp. \\ vars(q)) + T, + Ts. Since bv(L;) C bv(Lg), we can do the step

App

Li(Ap.u)s —pw(as) L1(u[p\s]). Moreover, we can build derivation ¥y ..)s for Ly (Ap.u)s

as follows:
q)Ll (Ap.u) D,

Iy pay + s E Li(Apu)s - A

App

Therefore, by thei.h. overLy (Ap.u)s —py(gp) L1(u[p\s]), thereis ¥, o)) Brm Tiyrpa) +
Ts = Li(u[p\s]) : A, such that #app vpar,opat (¥, (rpups) = #app,vpat,opat (i, qup\s) +1-
App. Since bv(Ly) N £fv(s) = @, we know that fv(s) Nvars(q) = @ and thus vars(q) N
dom(T's) = @ (Lemma 6.30). Therefore, we know that T't (\pu) + Tslg = T gapalas
(TLygapap + Ts)\ vars(q) = (T, rp.u)) \ vars(q) + I's, and we can build & as follows:
Trppsp T
((Teyapan +Ts)\ vars(q)) + T = (La(ulp\s]))[g\r] : A

We can conclude since

Match

I'= (rLl(]/\p.uD\\ vars(q)) + T +Ts = ((rLl(]/\P.MD +Ts)\ vars(q)) + T,

and

#app,vpat,ppat (DL, (A p.u) ) + #app,vpat,ppat (I1)

#app,vpat,ppat (Dr) + #app,vpat ppat (Ps) + 1 - App

#App,VPat,DPat (th )

+

= #app vPat,DPat 1F]_l(]/\,g u[)s) + #app,vpat,ppat (I1)

r)
#app,vpat,oPat (F'L, (u[p\s)) ) + 1 - App + #app,vpat,ppat (IT)

)

= #app,vpat,ppat (P ) + 1 App.

+
o

+
ko

#App,VPat,DPat

(
(
(
#app,vPat,DPat (
(
(
(
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e Case t = ufc(pi)n\Lo(c(5i)n)] —pu(matcn) Lo(u[p1\s1] -~ [pn\sn]) = t', such that bv(Lo) N
fv(u) = @. We proceed by induction on the list matching context M:

- Let Ly = U. Then, ®; must be of the following form:

(@s;opm Ts Fosie Mi)ie{l ..... n}

Data
(Ip, >pp Tulp = pi s Midieqa,..n) +ie(t,n) Tsi - c(si)n : ¢(Mi)n Many
CyrppTutu:A rll‘c(p,),, I=c(pi)n : {e(Mi)n B +ic{1,..n} s c(si)n : fe(Mi)n B Match

(TuN\vars(c(pi)n)) +ieqr,.ny Is; F ule(pi)n\c(si)n] : A
where T' = (T,\\ vars(c(pi)n)) +icq1,..n} Ts; and Tulep, = Fieq,.ny (Tulp)- By a-
conversion, we can assume fv(c(s;),) Nvars(c(p;).) = @ and thus dom(+, 1 Ts;) N
vars(c(pi)n) = @ (Lemma 6.30). Therefore, (+(1,. nIs)\ vars(c(pi)n) = +1,.mTs
(+¢1,.mTs:)le(py), = @, and we can build @y as follows:
o, I, Dy
I\ vars(pr) + T F u[pi\s1] : A

Match

Hpn q)Sn

' atch
(Tu\vars(p1) - - -\ vars(pu)) +icq,..,ny s Eulpi\sa] -~ [pn\su] : A e

We can conclude since vars(c(p;),) = vars(p;) U--- U (py), and

#App,VPat,DPat (q)t) = #App,VPat,DPat (q)u) 16{1 n} #App VPat,DPat (q)p, )

.....

1-DPat +i€{1,...,n} #App,VPat,DPat(q)si)
= #App,VPat,DPat(th’) + 1 - DPat.

- Let Ly = L1[q\r]. Moreover, consider the following type derivation @, >pp I, - u @ A.

Then, ®; must be of the following form:

DL e(si)ub PPM Ty e(si)a) - Lale(sin) = fe(Mi)n}
g opp Ty gegsapla I a2 My
(Ip, >ppa Tulp, IF pi s Mi)icqa,.n O, > l"r}— M
pi >PM Tulp IF p Jie{1,...n} DPat r >PM r:M, Match
@y Tule(py, I e(pin s fe(Mi)n} (TLy (e(s)a) N vars(q)) + Ty b La(e(s;)u) [9\r] : {c(M;)n} Match

(Tu\ vars(c(pi)n)) + (T, e (s:),) \ vars(q)) +Tr = ule(pi)n\L1(c(si)ad [g\r]] - A

where ' = (T,\\ vars(c(pi)n)) + (Tr,e(s;).) \ vars(q)) + T, and we also have that
Culepy, = tieqt,.ny(Tulp,). Since bv(L1) C bv(Lg), we can do the following step

ule(pi)n\L1(c(8:)n)] —pumateny L1(u[p1\s1] - - - [pn\sn]). Moreover, we can build deriva-
ton Y (e (p)\L (e (si)u)] FOT #[€(pi)n\L1(c(5i)n)] as follows:
11, ),
( pl) e{1,..n} DPat
@i Tule(py, I e(pidn = fe(Mi)n}} D1y e (s:)a)
(Tu\ vars(c(pi)n)) ‘i‘rquc(si),,D ”[C(Pi)n\Ll(]C(si)nD] t A

Match
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Therefore, by the i.h. over u[c(p;)n\L1(c(si)n)] —pumatcn) L1([p1\s1] - - - [pu\8n]), there
is Y1, qufpr\si)- [pu\sal) DM (Du\ vars(e(pi)u)) + Tuyqeis) - Lalulpi\sa] - - [pa\sul) © A,
such that #xpp ypat ppat (T“[C(Pi)n\l—lqc(si)n[)]) = #app,vPat,DPat (Tquu[Pl\sl]"'[pn\sn“)) + 1 - DPat.
Since bv(Lyg) N fv(u) = @, we know that fv(u) Nvars(q) = @ and thus vars(g) N
dom(T',) = @ (Lemma 6.30). Therefore, we know (T',\\ vars(c(pi)n)) + I (c(s)le =
Ty e(si)a g butalso (T N\ vars(e(pi)n)) + i, e(s),)) \ vars(q) = (Tu\ vars(c(pi)n)) +
(FquC 2\ vars(q)), and we can build & as follows:

FLulp\si)-p\sa) g Pr
((Tu\ vars(c(pi)n)) + FL]qc(si)),D)\\vars(q) + T = Ly(ulpi\s1] -+ [pn\sn]D[g\r] : A

Match

We can conclude since we know that T' = (T, \\ vars(c(p;)n)) + (T, c(s,).) \ Vars(q)) +
Iy = (T vars(€(p))) + Tiyeoy) \ vars(q) + T, and

#app,vpat,ppat (D) =  #appvpat,ppat (Pu) +(1,....n} #app,vpat,pPat (IT,,) +1-DPat
4 #app,vpat,DPat (CI)Ll (c(s: ) + #app vPat, DPat (Hq)
+  #app,vpat,opat (Pr)
= #app vPat,DPat (Tu ) \L1 (51 D]) + #app,vpat,ppat (I15)
+  #app,vpat,ppat (Pr)
= Happvpat,opat (YL, (ulps\se]-[pn\su])) T 1 - DPAt + #app vpat ppat (I15)
+  #app,vpat,ppat (Pr)
= #app,vpat,ppat (Pr) + 1 - DPat.

o Caset = u[x\s] —pu(sup) U{x \ s} = t'. Then, ®; must be of the following form:

—— (VPat)
S, oppylx - MFu:A x:MlFx: M O, oppy s Hs: M

[y+Tskux\s]: A

Match

whereI' =T, +I's. By Lemma 6.36 over @, and ®,, we know there exists Dy (x\s) Prm T +
Is + M{X \ 5} : A, such that #App,VPat,DPat(cDu{x\s}) = #App,VPat,DPat(q)u) + #App,VPat,DPat(q)s)-

Therefore, we can pick &y = @1,y and can conclude since

[Small]#App,VPat,DPat (q)t) = #App,VPat,DPat (q)u) +1-VPat + #App,VPat,DPat(Qs)
= #app,vPat,DPat (‘Du{x\s}) +1-VPat
= #uppvpat,ppat (Py) + 1 - VPat.

o Caset = case Lo(c(si)n) of (..., c(pi)n-this---) —pupbrancn) Lo(ti[p1\s1] - - - [pn\su]) = t', such
that bv(Lo) N fv(u;) = @. We proceed by induction on the list matching context Mj:
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— Let Ly = [J. Moreover, consider the following type derivation ®,, >pr Iy, F u; @ A.

Then, ®; must be of the following form:

(@5 >pa Ts; s Mi)ie{l,...,n}
Data

.....

Many (HPi >pm rui‘pi I pi: Mi)ie{l,...,n}
Fief,. s I c(si)n  fe(Mi)n B rui‘c(p,'>n = c(pi)n : flc(Mi)nlt Dy
(T, \vars(c(pi)n)) +ieqr,..ny Ts; b case c(si)u of (..., c(pi)u-thi,...) : A

where I' = (rui\ vars(c(pi)ﬂ)) +i€{1,...,n} rSi/ and rui|c(pi)n = +i€{1,.‘.,n} (rui|p,-)- BY &-
vars(c(pi)n) = @ (Lemma 6.30). Therefore, (+q,. 1 Is;)\ vars(c(p;)n) = @, but also
(+11,...mTs:) le(py), = @, and we can build @ as follows:
(Dui le (I)Sl
Ty \vars(p1) +Ts F ulpi\si] : A

Match

Hpn ®sn
Match
(Cy,\ vars(pa) - -~ \vars(pn)) +ier,...np Is; - tilpi\s1] - - [pn\su] : A
We can conclude since vars(c(p;)n) = vars(p;) U - - - Uvars(p,), and
#app,vpat,ppat (D) = ‘h‘e{1,...,n}#App,VPat,DPat(cbsz') tie{1,..n} #app,vpat,ppat (I1p,)

+ 1-DPat + #App,VPat,DPat(q)ui)

= #app,vpat,ppat (Pr) + 1 - DPat.

- LetLy = Lq[g\r]. Moreover, consider the following type derivation ®,, >ppr Iy, - u; : A.
Then, ®; must be of the following form:
D0 (s >PM Tiy e(spnp T Lde(si)n = (M)}

Ty oo T e(spud lo 109 My
@, >p I 7 M (T, >pat T [y, I pi s Mi)ieq, . ny
! Match X — "7 - DPat
(Fquc@i)nD\\vars(q)) + T, = Lae(si)n)[g\r] s c(Mi)n ruilc(pi)” I-c(pi)n - {e(Mi)un}} Dy,

(Tu;\vars(c(pi)n)) + (Tuy ge(s;)np \ vars(q)) + Iy - case Li(c(s)uD[g\r] of (..., c(pi)uttis...) t A

Case

where T = (T, \\ vars(c(pi)n)) + (Tr,c(s;).) \ vars(q)) + T, and we also have that

/////

case Ly(c(si)n) of (.., c(pi)n-i,---) —pu(brancn) L1(#i[p1\s1] - - - [pn\su]). Moreover, we

can build type derivation ¥ case 1, (c(s;),) of (....c( for term case Ly (c(s;),) of (...,

e C(pi)n-tien.)
c(pi)n-ui, . ..) as follows:

(Hpi)ie{l,...,n}
DPat
D e LTulep, P e(pidn s {e(Mi)n @,
(T, \ vars(c(pi)n)) + Tr (s - case Li(c(si)u) of (..., c(pi)n-tti,...) + A

Case
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Therefore, by the i.h. over

case Ly(c(s;)n) of (..., c(pi)n-ui, .. .) —?PM(branch) Li(ui[pi\s1] -~ [pu\sul),

there is

Yo ulpr\sr)+[pa\sal) PPM (T \ vars(e(pi)n)) + Ty e(sa - Laluilpi\si] - - - [pa\sul) = A,

such that

#App,VPat,DPat (Tcase Li(c(si)n) of (..., (p,»),,.u,»,...)) = #App,VPat,DPat (TLl(]”i[,vl\sl]“‘[pn\sn]l)) + 1 - DPat.

Since bv(Ly) N fv(u;) = @, we know that fv(u;) Nvars(g) = @ and thus vars(g) N
dom(T';) = @ (Lemma 6.30). Therefore, we know (I',,\\ vars(c(pi)n)) + Tt c(s)uhlq =
Ty e(salar also (T \ vars(e(pi)n)) + Tiye(syp) \ vars(q) = (Tu,\ vars(c(pi)a)) +
(Fquc 2\ vars(q)), and we can build & as follows:

Y qulpsi)-psd) 1l Pr
((Tu,\ vars(c(pi)n)) + i, (c(s)np) \ vars(q) + T = Ly(ui[p1\s1] - - - [pn\sal)g\r] : A

Match

We can conclude since

I = (Ty\vars(c(pi)n)) + (T1,e(s).0 \ vars(q)) + T
= ((Ty,\vars(c(pi)n)) + Ty, ge(s)0) \ vars(q) + T,

and

#App,VPat,DPat (th) #App,VPat,DPat (q>L1 (c(si)u) ) + #App,VPat,DPat (Hq)

.....

1-DPat + #app,vpat pPat (q)ui)

+ o+

- #ADP,VPatIDPat (‘Pcase Li(c(si)n) of (....c(pi)n .ul-,...))

+

#app,vPat,DPat Hq) + #app,vpat,ppat (Pr)

(
#app,vpat opat (YL, fulp;\s1)- [pa\sal) ) T 1+ DPat
#app,vpat,opat (1) + #app vpat,opat (Dr)

= #appvpat,opat (Py) + 1 - DPat.

_l’_

e The remaining cases correspond to contextual propagation of the reduction and follow

immediately from the i.h..

O]

Theorem 6.38 (Soundness). Lett € ADM. Ifthereis ®>pp @ - t = Atight, such that #app ypar ppat (P) =

-d] b-+I1-b h-+1 h
1 - App -+ 1 - VPat + [ - DPat, then ¢ 0 " SuPTipranchibomatchy, o b that Iy + 1o = [ and t € NOF,
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Proof. Let ®>pyg @ F t: A be tight, such that #app vpat ppat (P) = 1 - App + m - VPat + | - DPat. We

proceed by induction on n +m + [:

e Ifn+m+1=0,thenn=m=1=0. By Lemma 6.31, t € NOY. Therefore, we can conclude
witht' = t.

o Ifn+m+1>0,thent ¢ NO¥ by Lemma 6.31. By Lemma 6.20, there is u € A’M, such that
t —pu(s) U, for some S € {dB, sub, branch,match}. By Lemma 6.37, thereis @' >pp O u: A

tlght, SUCh that #App,VPat,DPat(q)) = #App,VPat,DPat<(D/) + 1- R, where
- R =App,if S =dB;
— R =VPat, if S = sub;

- and R = DPat, if S € {branch, match}.

Let us assume, without loss of generality, that #app vpat ppat (P’) = 1’ - App +m’ - VPat + I -

DPat. Then, n' +m’' +1' +1 = n + m 4 I. Now, by applying the i.h., we know

n'-dB+m’-sub+1] -branch+1}-match

u #pM M,,

such that I + 1, = I’ and u/ € NOf. Therefore, we also have that the following holds

n'-dB+m’-sub+-1] -branch-+I;-match
t —>PM(S) u PM u.

. n-dB+m-sub-+I;-branch+/,-match
Thus, we can take t' = 1/, since ¢ N ol 2 t.

D.2.2 Quantitative Completeness

Lemma 6.39 (Weighted Anti-substitution). Let t € AP and u € APM and assume Dy P I
t{x\u} : A. Then, there exist ®;>X;x : M b t: Aand ®,> At u: M, such that T = X+ A and

#App,VPat,DPat ((I)t{x\u} ) = #App,VPat,DPat ((bt) + #App,VPat,DPat ((Du ) .

Proof. We generalize the original statement by allowing @, ,; to conclude with either a term type
A or a multiset type M.

If Dy > T Ft{x\u}: T, where T € {A, M}. Then, there exist derivations ®;>¥;x : M I
t:Tand ®,>AF u: M, such that T = X + A and #app veat ppat (Pr(x\u}) = #app,vpat,ppat (Pr) +
#app,vpat ppat (Pu ).

We start by splitting into two cases, according to the form of ¢:
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e Caset = x. Then, t{x \ u} = uand either T = Aor T = M. Let T = A. Then, we can build

@, and P, respectively as follows:

Ax CI)1‘{x\u} M
x:{A}Fx: A AFu:{A}

any
where ¥ = @ and M = { A}}. We can conclude sinceT = A = X + A and

#App,VPat,DPat (q)t{x\u} ) - #App,VPat,DPat (q)u )

= #appvpat,opat (Pu) + #appvpat,ppat (Pt ).

Now, let T = My = {A; }ic1. Then, we can build ®; as follows:

Ax
(x AR XA )z‘eI
x: f{Aifier b x: {Aifier
where ¥ = @ and M = M, and pick &, = CDt{x\u}, where A = I'. We can conclude since
I'=A=X+Aand

Many

#App,VPat,DPat (q)t{x\u} ) = #App,VPat,DPat (q)u )

= #app,vpat,opat (Pu) + #app,vpat,ppat (Pt ).
e Caset # x. The proof follows by induction on ®;,, ;. We reason according to the last rule:

- Rule Ax. Then, t = y and t{x \ u} = y. Therefore, we can pick ®; = Dy \u), where
Y;x: M=Tand thus X =T and M = { }}, and build &, as follows:

any

- M
Fuc B

where A = @. We can conclude since I' = X = X+ A and #Applvpatlppat(©t{x\u}) =
#app,vpat,ppat (Pt) = #app vpat,ppat (Pt) + #app,vpat,opat (Pu).-
- Rule Many. Then, @, must be of the following form:
(®ivTiEtH{x\u}: Ai)icq
+ierli B H{x \uj - {Aifier
where I' = +;c1T; and T = {A;}}ic1- By the induction hypothesis over each ®;,
there exist (D;D Yox o M; Bt A and CIDL >A; B u: M;, such that I';, = X, + A;

any

and #App,VPat,DPat(q)i) = #App,VPat,DPat(qDD + #App,VPat,DPat(q)Z)- By Lemma 6.29 over the
<I>f4, we know there exists ®,> A - u : M, such that A = +;c1A;, M = U;e1M;, and
#App,VPat,DPat(q)u) = +i€I#App,VPat,DPat((Df4)- We can bulld (Dt as fOHOWS:

(@), !
tier(Zix s M)t { AR ier

any
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where ¥ = +c12; and M = UjerM;. We can conclude since I' = +jc1Ti = +ie1 (X +
A;) = (+ierZi) + (+ietdi) = L+ Aand

#app,vPat,DPat (q)t{x\u}) = Fict#app,vpat,pPat (‘Di)
= +ic1(#app,vpat,opat (P}) + #app,vpat,ppat (q)l;, )
/
i

_ i
= +icr#appvpat,ppat (D) +ic1 #app,vpat,ppat (P})

= #appvpatopat (Pt) + #app,vpat ppat (P )-
Rule Abs. Then, t{x\ u} = Ap.s, such that s = s’{x\ u} and t = Ap.s’. Therefore,
vars(p) N fv(u) = @ and @, ,; must be of the following form:

®.>Tobs: A TInTy, Ik p: My
I\ vars(p) - Aps: My — A

Abs

where I' = T;\\vars(p), and T = My — A. By the induction hypothesis over ®;,
there exist ®y>Xy;x : MEFs': Aand ®,>A F u : M, such that Ty, = X, + A and
#App,VPat,DPat(ch) = #App,VPat,DPat(q)s’> + #App,VPat,DPat(cDu)- Since var S(P) N fv(u) =0,
we know vars(p) Ndom(A) = @ (by Lemma 6.30). Therefore, Is|, = (X +A)|, =
Yy |p, T\ vars(p) = (Xy + A)\\ vars(p) = (Es\\ vars(p)) + A, and we can build ®; as

follows:
o, II

(Zg;x: M)\ vars(p) - Ap.s’ : My — A
where (Xy;x @ M)\ vars(p) = (Xg\\vars(p));x : M (since we may assume x ¢

Abs

vars(p) by a-conversion). Thus, ¥ = Xy \\ vars(p), and we can conclude since I' =

I\ vars(p) = (Zg + A)\\ vars(p) = (Xy\\ vars(p)) + A =X+ Aand

#App,VPat,DPat (q)t{x\u} ) - #App,VPat,DPat (q)s) + #App,VPat,DPat (H)
- #App,VPat,DPat (q)s’ ) + #App,VPat,DPat (cDu ) + #App,VPat,DPat (H)

= #app,vpat,opat (Pt) + #app,vpat ppat (Py ).

Rule Ans. Then, t{x\ u} = Ap.s, such that s = s'{x\ u} and t = Ap.s’. Therefore,
vars(p) N fv(u) = @ and @y, ,; must be of the following form:

—— Ans
FAps:*

whereI' = @ and T = *. Therefore, we can build ®; as follows:

Faps e
p.s i x
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where ¥ = @and M = { }, and @, as follows:

any

— M
Fu{ B
where A = @. We can conclude sinceI' = @ = ¥ + A and

#App,VPat,DPat (th{x\u} ) = #App,VPat,DPat (q)t) + #App,VPat,DPat (cDu ) .

— Rule App. Then, t{x\ u} = sr, such thats = s'{x\ u}, r = ¥{x\ u}, and t = s'r'.

Therefore, ®,,\,,) must be of the following form:

b, >l Fs: My— A O, FHr: M
Is+T,Fsr:A

App

whereI' = I's + T, and T = A. By the induction hypothesis over ®; (resp. ®,), we
know there exist derivations @y > Xg;x : My s : My — A (resp. ®p>X;x: My -
¥ A)and ®L> Ay F u: My (resp. @3> Ay F u : Mp), such that Ty = Sy + Ay
(resp. I' = X + Ar) and #App,VPat,DPat(ch) = #App,VPat,DPat(q)s’) + #App,VPat,DPat(q)%[) (resp.
#appvpat,opat (Or) = #appvpatppat (Py) + #app vparppat (P2)). By Lemma 6.29 over @) and
CD%, we know there exists a derivation ®, > A F u : M, suchthat A = A1+ Ay, M =
M; U M; and #App,VPat,DPat(q>u) = #App,VPat,DPat (<I>21) + #App,VPat,DPat((D%[)- We can build ®;

as follows:
o, @,

(Tg;2: Mp)+ (Ty;x: M) st 2 A
where (Tg;x : Mp) + (Ty;x 0 Mp) = Ty +Tw;x ¢ M. Thus, £ = Ty +T». We can
concludesinceI' =T, 41, =2y + A1+ X+ Ap =X+ A and

App

D;) + #app vpat,ppat (Pr) + 1
D) + #app,vpat ppat (PL)
q)r’) + #App,VPat,DPat (q)%l) + 1

#app,vpat,opat (Prf\uy) = #appvpat,ppat (
= #App,VPat,DPat (
+ #App,VPat,DPat (

= #app,vpat,ppat (Pt) + Happ vpat,opat (Pu ).

- Rule Data. Then, t{x\ u} = c(s;)n, such that each s; = s/{x\ u} and t = c(s}),.
Therefore, @y, ) must be of the following form:

(@s>Tiks;: M?)ie{l,...,n}

Data

wherel' = +,c(y  nIs,and T = c(M?)n. By the induction hypothesis over each ®;,, we
know there exist <I>5; > ZSV x:M;Fsh: M? and ®, > A; - u : M;, such that I, = ZS? + A,

and #App,VPat,DPat(q:'si) = #App,VPat,DPat(chl’.) + #App,VPat,DPat(cDL)- By Lemma 6.29 over quu

.....
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.....

Data

+i€{1,...,n} (Zsl’.;x : Ml) + S; : C(M?)Vl

..........

we can conclude since I' = +iepy, Ly = Fiep.m (Zg +81) = (Fie,.mZy) +
(tieqr,..n8i) =L+ A, and

#appvpatopat (Pruy) =  +ie,...n} #app,vpat,ppat (Ps;)

Tie{1,..n} (#app,vPat,DPat (CDS;) + #app,vpat,ppat (P%))

.....

= #app,vpat,opat (Dt) + #app,vpat,prat (Pu ).
Rule Match. Then, t{x\ u} = s[p\r|, such that s = s'{x\ u}, r = r{x\ u} and
t = s'[p\r']. Therefore, vars(p) N fv(u) = @ and Py, .} must be of the following form:

O, >l Fs: A H>F5|p|—p:M0 O, I, Fr: M
(Ts\\vars(p)) + T, Fs[p\r] : A

where I' = (I,\\vars(p)) +T,, and T = A. By the induction hypothesis over P

Match

(resp. P,), we know there exist Py > Xy;x : My = s : A (resp. Pp>Zy;x 1 My
r' i Mp) and ®L> A F u 2 My (resp. @3> Ay F u i Mp), such that Ty = Ty + Ay
(resp. Ty = X + A;), and #app vpat ppat (Ps) = #app vpat ppat (Ps') + #app vpat ppat (P} ) (resp.
#app,vpatppat (Or) = #appvpatppat (D) + #app vpatppat (P2)). By Lemma 6.29 over @} and
@ﬁ, we know there exists ®, > A F u : M, such that A = Ay + A, M = M; U M, and
#App,VPat,DPat(cDu) = #App,VPat,DPat(q)},) + #App,vpat,DPat(‘Dﬁ)- Since var S(P) N fV(M) =0,
we know vars(p) Ndom(A) = @ (by Lemma 6.30). Therefore, I's|, = (Zy + A1)]p =
Yo |p, T\ vars(p) = (X + A)\\ vars(p) = (Xs\\ vars(p)) + A, and we can build ®; as

follows:
o, II D,

((Zg;x: My)\vars(p)) +Zp;x : Mo = s'[p\r'] - A

where (Xg;x : Mj)\vars(p) = Zg\\vars(p);x : M; (since we may assume x ¢

Match

vars(p) by a-conversion). Thus, we know ((Zy;x : Mp)\\vars(p)) + X,;x : My =
(Zg\vars(p)) + X;x : M, ¥ = (Xy\\vars(p)) + X, and we can conclude since
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I'= (I[s\\vars(p)) + T, = ((By + A1)\ vars(p)) + X + Ay =X+ A, and

#app,vPat,DPat (q)t{x\u}) = #app vpat,ppat (Ps) + #app vpat,ppat (I1) + #app vpat ppat (Pr)
q)s/) + #App,VPat,DPat (CD;) + #App,VPat,DPat (H)
CI),,/ ) + #App,VPat,DPat (CD%)

(

#pp,vpat,pat

+  #app,vpat,pPat (
(

= #app,vpat,ppat (Pt) + #app,vpat ppat (Pu).

- Rule Case. Then, t{x\ u} = case r of (p;.s;)n, such thatr = r'{x\ u}, s; = si{x\ u}
foreachi € I, and t = case ' of (p;.s!),. Therefore, vars(p;) N fv(u) = @ foralli € I,
and @, ,; must be of the following form:

q>71>rr|_1’2M0 H>F5k|ﬁkl—]ﬁk:Mo <I>Sk>1"skl—sk:A
(Ts,\ vars(px)) + I, - caser of (p;.si)n: A

Case

where I' = (I, \\ vars(px)) + T, and T = A. By the induction hypothesis over ®;,
(resp. ®,), we know there exist <I>S;( > Zsi;x Y s§< i A (resp. ©py>2Xy;x 0 My
¥ @ Mp) and ®L > A1 F u: My (resp. 2> Ay F u : Mp), such that Iy, = ZS;( + A
(resp. T, = Xy + Ar) and #appvpat,ppat (Ps,) = #App,VPat,DPat<q>s;<) + #app,vpat ppat (L)
(resp. #appvpatppat (Pr) = #app,vpatopat (Py) + #app vpat ppat (P2 )). By Lemma 6.29 over @},
and ®2, we know there exists @, > A - u : M, suchthat A = Ay + Ay, M = M; LI My, and
#App,VPat,DPat(cDu) = #App,VPat,DPat(cD ) + #app,vpat DPat(‘I> ) Since var S(Pk) N fV( ) =Q,
we know vars(fy) Ndom(A) = @ (by Lemma 6.30). Therefore, I's, |5, = (£ + A1) p, =
Ty lpe Ts \ vars(py) = (Zy + M)\ vars(px) = (Zy \\ vars(fx)) + A, and we can build

®; as follows:

d, I Dy
£ Case
((Eg;x : My)\ vars(px)) + Zp;x : My b= case r’ of (pi.si)n : A
where (Xy;x @ My)\\vars(fpr) = Eg\\vars(fr);x : My (since we may assume x ¢

vars(fx) by a-conversion). Thus, we know that ((Zy;x : Mi)\ vars(px)) +Zy;x :
My = (Zg\vars(py)) + Zy;x : M, & = (Ey \\ vars(fx)) + I, and we can conclude
since I' = (Is, \\ vars(fx)) + I'r = ((Xg, + A)\ vars(p)) + £ + Ay =X+ A, and

quk) + #App,VPat,DPat (H) + #App,VPat,DPat (qu)
q)sfk) + #app,vPat,DPat (cplll) + #app,vpat,ppat (11)
P (

2
) + #app,vpat,ppat (P5)

#App,VPat,DPat(th{x\u}) - #App,VPat,DPat

— #App,VPat,DPat

(
(
+  #app,vpat,pPat (
(

#App,VPat,DPat th) + #App,VPat,DPat ((Du ) .
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Lemma 6.40 (Exact Subject Expansion). Lett € APM and S € {dB, branch, match, sub}. Ift —pn(S) t
and Oy >py T E ' 2 A, then there is ®y>py Tt 2 A, such that #appvpatppar (Pr) +1- R =

#app,vpat,ppat (Dt ), where
e R =App,if S =dB;
e R =VPat, if S = sub;
e R =DPat if S € {branch,match}.
Proof. The proof follows by induction on t —py ¢:

e Case t = Lo(Ap.u)s —rpuas) Lo(u[p\s]) = #, such that bv(Lg) N £v(s) = @. We proceed by

induction on the list matching context Ly:
- Let Ly = U. Then, &y must be of the following form:
b, Fu: A HDFu|pII—p:M O, Fs: M
(T,\vars(p)) +Ts Fu[p\s] : A

where I' = (T',\\ vars(p)) + I's. Therefore, we can build ®; as follows:

Match

D, IT
(Abs)
[,\vars(p) - Apu: M — A " (app)
pp
(T,\\vars(p)) + s F (Ap.u)s: A
We can conclude with
#app,vpat,ppat (Py) +1-App =  #appvpat,ppat (Pu) + #app,vpat,ppat (IT)

+ #App,VPat,DPat(q)s) + 1- App
- #App,VPat,DPat ( D q)t] .
- LetLy = Li[g\r]. Then, ®; must be of the following form:
Dr uiprs) & Ty ipyp FLalulp\sl) : A TIe Ty paaply Fg: My o T br: M,
(Tey quip\sp \ vars(q)) + Ty = La(u[p\sl)lg\r] - A

where I' = (I up\s)) \ Vars(q)) + I'r. Since bv(L;) C bv(Ly), we can do the step

Match

Li(Ap.u)s —py(ap) L1(u[p\s]). By the i.h. over Ly(Ap.u)s —pu L1(u[p\s]), we know there

exists a derivation Y1 rp.us for L1 (Ap.u)s, which must be of the following form:

CDLl(]/\P-uI) > FLlMWD F Ly (])LPMD My — A [ONS I My

(App)
FLIQu[p\s}[) F L (]/\pu[)s A

where rLl(]u[p\s][) = FL1GAP-uD +Tsand #App,VPat,DPat (TLl(]/\p.u[)s) = #App,VPat,DPat (q)Ll(]u[p\S][)) +
1- App. Since bv(Lg) N £fv(s) = @, we know that fv(s) Nvars(q) = @ and thus vars(q) N
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dom(T's) = @ (Lemma 6.30). Therefore, we can build ®; as follows:
Cuppy T P
(FquAp.uD\\ vars(q)) + T, F Li(Ap.u)[g\r] : My — A
(T ppap\vars(q)) + Ty + T's = Li(Ap.u)[q\r]s

We can conclude since (I',, (1p.) \ vars(q)) + Iy + I's = (I, up\s)) \ vars(q)) +I'r, and

Match

: (App)

#app,vpatppat (Py) +1-App = #App,VPat,DPat(cD]_l (u[p\s]) ) + #app,vpat,ppat (I1)
+  #app,vpat,ppat (Pr) + 1 - App
= #app,vPat,DPat (‘YLl(]/\p u[)s) + #app,vpat,ppat (I1)
+  #appvpatppat (D)
= #App,VPat,DPat(CD (Ap.u) ) + #app,vpat,ppat (Ps) + 1 - App
+  #app,vpat,ppat (I1) + #app vpat ppat (Dr)
= #App,VPat,DPat (th>

o Case t = ulc(pi)u\Lo(c(si)n)] —puimarcn) Lolu[pr\si]---[pn\sul) = ¥, such that bv(Lo) N

fv(u) = @. We proceed by induction on the list matching context Ly:

- Case Ly = U. Then, ®y must be of the following form:

b, >y Fu: A
Hp] Dru‘pl I P1:M1
‘bslbrsl "SliMl

T\ vars(p1) +Ts; Fulpi\s1] : A
: Iy, > Tulp, IFp1: My @5, 5T, sy My
(((Tu\vars(p1)) +Ts;) - - - )\ vars(pn)) + s, = ulpi\s1] - - [pn\sn] : A

Match

Match

where I' = ((((Ty\\vars(p1)) +Ts,)--- )\ vars(ps)) +Is,. By a-conversion, we can
assume that fv(c(s;),) Nvars(c(p;)») = @ and thus dom(+y;,.,I's,) Nvars(c(pi)n) =
@ (Lemma 6.30). Thus, (+1,. ., Is)\ vars(c(pi)n) =+, m s (1,0 s le(p)a

@, and we can build ®; as follows:

(Hpi)ie{l ,,,,, n} +ie{1,...,n}rs,- = c(si)n s c(Mi)n

S0 Tl epin LM o FreomTa b G M
(T \vars(c(pin) +ieqr.m Tor F ulc(pin\(si)a] - A
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We can conclude since I' = ((((I',\\ vars(p1)) +Ts,) - - - )\ vars(pn)) + T,
= (Tu\vars(c(pi)n)) +icf1,..n I's; and

#App,VPat,DPat(th/) +1-DPat = #Applvpat,])pat(@u) +i€{1,...,n} #App,VPat,DPat(Hp,v)
+ 1'6{1,...,n}#App,VPat,DPat(q)s,-) +1-DPat

= #App,VPat,DPat ((Dt)
Case Lo = L1[g\]. Then, ®; must be of the following form:

Doy ulpr sl [pa\sald ® Lo ulpr\si] - pa\sal) T Lr([pr\sa] - [pu\sul) : A

g > T ulp\sa ) [pa\suld la 0 My
D, >I Er: M,

(T upr\si)—[po\sald \ VATS(9)) + T = La(ulp1\s1] - - - [pn\su])[q\r] : A
where I' = (Ty u[p;\s1)[pn\sa)) \ VATS(9)) + Ty Since bv(Lg) N fv(u) = @, we can

do the step u[c(pi)n\L1(c(si)u)] —pmmatcny L1(u[p1\s1]---[pu\sn]). By the ih. over
ule(pi)n\L1(c(8:)n)] —pumatcn) L1(@[p1\s1] - - - [pn\su]), we know there exists a deriva-

Match

ton Y (e (p)\Ly (e (si)u)] FOT #[€(pi)n\L1(c(5i)n)], which must be of the following form:

q)u > l"u Fu:A Ii> Fu|c(pi)n I+ C(pi)n M q)lec(s’)n[) > Fquc(si)nD = Ll(]C(S,‘)nD M
T ulpi\si)—[pa\sa]) F le(pi)n\L1(c(s:)n)] - A

Match

where I't gup\s; ] [pa\sa) = (Du\vars(e(pi)n)) + I'i,e(s,),) @and we also have that the

following holds ¥ ,c(p),\L1 (e (si)u)] = PLofu] + 1-DPat. Since bv(Lg) N £v(u),

p1\s1]--[pu'\sn])
we know that fv(u) Nvars(q) = @ and thus vars(q) Ndom(T',) = @ (Lemma 6.30).
Therefore, we can build ®; as follows:
Piyfesyp g Pr
Dy I (Tyye(s),) \ vars(q)) +Tr = Lafe(si)a)[g\r] - M

(FuN\ vars(c(pi)n)) + (Teye(sp \ vars(q)) + T B ule(pi)n\La(e(si)ad[g\r]] - A
We can conclude since we know that vars(c(p;),) = vars(p1) U- - - Uvars(p,), butalso

I = (TLy qulpy\st ] [pa\sal) N VAES()) + 17 = (Tu\ vars(c(pi)n)) + (Teye(s.p \ vars(q)) +

Match

Match
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T',, and

#app,vpatppat (Py) +1-DPat =

_|_

+

+ +

) Caset = u[x\s] _>PM(sub) M{X\S} = t/.

b,oly;x - MEu: Aand &I F s

Py ulpr\si]-[po\sald F #app vpatopae (Tg)
#app,vpat,ppat (Pr) + 1 - DPat
Yle(p)n\L1(c(si)n)] T #app,vpat ppat (I15)
#app,vpat,opat (Dr)

#App VPat,DPat q)u) + #App VPat,DPat (H)

) =+ #app,vpat,ppat (I15)

S

r)
q)t)

#App VPat,DPat

(

(

(
#app,vPat,DPat (CDL(]C

(

(

#App VPat,DPat

By Lemma 6.39 over ®, we know there exist

: M, such that I' = T';, 4+ I's and #app vpat,ppat (Pr) =

#app,vpat,ppat (D) + #app,vpat ppat (Ps). Therefore, we can build ®; as follows:

D,

x:MIFx: M

(VPat)
° Match

Iy+TsFufx\s]: A

And we can conclude with

#app,vpatppat (Py) +1-VPat =

#App,VPat,DPat (q)u) + #App,VPat,DPat (CDS) + 1 - VPat

= #App,VPat,DPat ((Dt ) .

e Caset = case Lo(c(s;),) of (...,
that bv(Lg) N £v(s;)

— Case Ly =

@y Ty i A
lebrui‘pl I+ p1 IMl
@slbrsl FSliMl

Ty \vars(p1) +Ts, = uipr\s1] : A

Iy, > Ty lp, I pu: My

(i)t .

= . We proceed by induction on the list matching context Ly:

) _>PM(branch) Lo(lui[Pl\Sl] T [pﬂ\sﬂ]D = t// such

0. Then, ®y must be of the following form:

Match

D5, >Ts, sy My
Match

((((Ty,\ vars(py)) +Ts,) - -

where I' = ((((T

@, and we can build ®; as follows:

( qDSi)ie{l,...,n

)\ vars(py)) +Ts, F ui[p1\s1] - - -
w\vars(p1)) +Tg ) +)
assume that fv(c(s;),) Nvars(c(p;)n)
@ (Lemma 6.30). Thus, (+,.,Ts;)\ vars(c(pi)n) =

[pn\sn] : A

\vars(p,)) +TIs,. By a-conversion, we can

= @ and thus dom(+yy,. ,T's;) Nvars(c(pi)n) =

+{1,...,n}rsi/ (+{1,...,n}rsi)|c(p,~)n =

}
Data
+ie(1,. s Fc(si)n 1 c(Mi)n (Ho)icq,..my
Many DPat
Fic(1,.nls Felsi)n s fc(Mi)u} Luile(py, I e(pidn = fle(Mi)n} Dy, Case
(T \vars(c(pi)n)) +ieq,.., n}Fe,FcaseC( siJn of (... c(pi)ntti,...) : A
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We can conclude since we have that vars(c(p;),) = vars(p1) U---Uvars(p,), I' =

((Tu\vars(p1)) + Ts,) - -- )\ vars(pa)) + Ts, = (Tu\vars(c(pi)n)) +ieq,...n} s

and

#App,VPat,DPat(q)tl) +1-DPat = #App,VPat,DPat(q)u,-) +i€{1,...,n} #App,VPat,DPat (le_)
+ ie{1,...,n}#App,VPat,DPat(q)si) +1-DPat

#App,VPat,DPat (q)t ) .

Case Ly = L;[g\7]. Then, ®y must be of the following form:

q)Ll(]ui[pl\sl]m[py,\sy,][) > rquui[pl\sl]n-[pn\sn][) + Ll(]ui[pl\sl] T [p"\sn“) tA
g > Ty gusfpr\si ) lpasald o = 7+ My
STy Fr: My

(rLl(]ui[pl\sl]m[p,,\s,,][)\\Vars(q)) +Tr Ll(]ui[pl\sl] T [Pn\sn]b[q\r] tA

Match

where T' = (T, u,p,\s1]~[pn\su]) \ VALS(9)) + T'r. Since bv(Lo) N £v(u;) = @, we can do
the step case Li(c(si)u) of (..., c(pi)n-ttis---) —puporancn) L1(ui[p1\s1] - [pn\sul). By
the i.h. over case Ly(c(s;)n) of (..., c(pi)n-thi,---) —pugoranch) L1(ui[p1\s1] - [pn\su]),

we know there exists a type derivation for the form ¥ qe 1, (c(s;)u) of (...c(

(piuti,) fOT

case Li(c(s;)n) of (..., c(pi)n-ti, . ..), which must be of the following form:

q>L1(]C(S,),1[) > Flec(Sl>”D I Ll(]C(Si)nD M IIp Fui\c(pl% I+ C(Pi)n M (I)u‘. > l'u‘. = uj;: A Case

TL uilpi\sa]-[po\su]) - €@se La(c(si)n) of (-, c(pi)n-ui,...) : A
where T i, (p\s1]- [pa\sal) = T\ vars(c(pi)n)) + Tie(s,),) and it is also the case that
Fease Lic(si)ad of (oclputin) = Piuilpr\si]-[pa\s,)) T 1 DPat. Since by(Lo) M £v(u;), we
know that fv(u;) Nvars(q) = @ and thus vars(q) Ndom(I',,) = @ (Lemma 6.30).
Therefore, we can build ®; as follows:

ST § .
Li(c(si)u) q Match
(T, (s N vars(q)) +Tr = Lade(si)u) [g\r] - M I @y

Match

(Tu\vars(c(pi)n)) + (Ti, ge(s),) \ vars(q)) + Iy = case Ly(c(si)uD [g\r] of (..., c(pi)n-tti,...) - A
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We can conclude since I' = (T, g, (p,\s1]---[pu\sal) \ VAES(9)) + T = (T, \ vars(c(pi)u)) +
<FL1 (IC(Si)nI)\\ Vars(q)) +I';, and

#app,vpat ppat (Pr) +1-DPat = #appvpat,opat (Lo, fu;[py\s1]-[pu\su])) T #app,vpat,opat (ITg)

+
3=
=
=]
)
<
)
js7]
o
(=)
)
j+7]
5
=
N—r
+
R
>
=]
)
<
)
j+7]
o
(=)
)
[
5
~—
&
5
N—

cDLl (c(si)ub ) + #app,vpat,DPat (H)
u;) + #app,veat ppat (I17)

I

3
>
=]
S
=
g
oY)
o
=}
I
oY)
=3

+ o+
E

I

3
>
=]
S
=<
g
o)
o
=}
I
oY)
=

o
-
N—

e The remaining cases follow easily from the i.h..

O]

-dB-+m-sub-+1; -branch+1, match
Theorem 6.41 (Completeness). Let t € APM, If ¢ Brmsubthrenchtbmatehy  such that ' € NOCF,

then there is ® >pp @ b t = A tight, such that #ppp ypat,ppat (P) = 1 - App + m - VPat + | - DPat, where
Lh+hL=1

-dB-+m-sub-+1; -branch+l,-match . .
Proof. Let gt +#>;§nc Hmatchy, ,such thatt’ € NOF. We proceed by inductiononn +m+1 =

n~|—m—|—l1+lz:

elfn+m+1l;+1 =0,thenn =m =1, =, = 0. Therefore, ' = t, and we can conclude
by Lemma 6.35.

o Ifn+m+1I;+1 >0, thent ¢ NOF C NO by Lemma 6.15. Therefore, there is u € A’M, such
that ¢ —py(s) T S e e mat Ry nd 4’ AU AT+ 1 =1+ m+ 1 + 1. Now,
by the i.h., there is ¥ bpy @ - u : A tight, such that #app vpat ppat (¥) = 1’ - App + m’ - VPat +
(I{ +1}) - DPat. By Lemma 6.40, there is &' >pp @ = £ : A, such that #app vpat,ppat (¥) +1-R =

#app,vpat,ppat (D), where
- R = App, if S = dB;
— R = VPat, if S = subj;

- and R = DPat, if S € {branch, match}.
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Moreover, @’ is tight since weighted subject expansion preserves tightness. Therefore, we

can take ® = @/, since

#appvparppat (P) =  #appyparppar(F) +1-R
= n'-App+m'-VPat + (I} + 1)) - DPat
= n-App+m-VPat+ (l; + 1) -DPat
= n-App + m-VPat + [ - DPat.



Appendix E

A Quantitative Study of Global State

E.1 The A-Calculus with Global State

E.1.1 Syntax and Operational Semantics

Lemma 7.18 (Characterization of CBN-Normal Forms and CBV-Normal Forms). Let (t,5) € AY x S..

Then, (t,s) 7 cax (resp. cav) if and only if t € NOcgy (resp. NOcgy).

Proof. By induction on the structure of t. The proof is identical to that of Proposition 2.17, since
the state component s can neither prevent nor create CBPV-reduction steps, which are entirely

determined by the term ¢. O

E.2 The A!-Calculus with Global State

E.2.1 Syntax and Operational Semantics

Proposition 7.25 (Characterization of CBPV-Normal Forms). Let (t,s) € IAY x S,. Then, (t,5) #cpv
if and only if t € NOcgpy.

Proof. By induction on the structure of t. The proof is identical to that of Proposition 3.7, since
the state component s can neither prevent nor create CBPV-reduction steps, which are entirely

determined by the term ¢. O

Proposition 7.29 (Characterization of Clash-Free CBPV-Normal Forms). Let (t,s) € !AY. Then,
(t,8) #cppy and t is clash-free if and only if t € NOSEpy.

Proof. By following the same structure as the proof of Proposition 3.11, since the store component
s can neither prevent nor create CBPV-reduction steps or clashes, which are entirely determined by

the term ¢. n

259
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E.2.2 Subsuming Call-By-Name and Call-By-Value
Lemma 7.31 (Preservation of Values). Let v € VY, then (v)®¥ € VY,

Proof. By a simple case analysis on the definition of VY, observing that (-)® maps each value in

VY to a corresponding value in VY. O

E.2.3 Correctness of Full Simulations

Lemma 7.37 (Stability of Administrative Steps). Let (t,s) € AY x S, and (t,s) = apmry (1, 5). Then,

u has the same top level constructor (application, abstraction, dereliction, bang-term, or operation) than t.
Proof. We reason by cases on the outermost constructor of t:

e Case t is an application or an abstraction. Administrative steps only consist of fi-steps,
whereas applications and abstractions can only be reduced by By-steps at the top level.
Hence, no administrative step can change the outermost constructor, and u has the same

constructor as t.

e Case t is a dereliction. Administrative steps only fire B;-steps inside bangs or abstractions,

and thus cannot eliminate or create a top-level dereliction. Therefore, u is also a dereliction.

e Case t is a bang-term. A bang can only be consumed by a fi-step when it occurs under a
dereliction. Since t is a top-level bang-term, no administrative step applies at the root, and u

is also a bang-term.

e Case t is a get operation. get operations can only be reduced by get-steps, which are not
administrative. Hence, administrative steps cannot affect the outermost constructor, and u is

also a get operation.

e Caset = set((l,r),e). Similarly, set operations can only be reduced by set-steps, which are

not administrative. Therefore, u is also a set operation.
O

Lemma 7.38 (Non-Interference of Single Administrative Steps). Let S € {By, get, set}, and (t,s) €
A x S.. If ((t,s))™" 7£>CBPV(S) and ((t,5))™ = aomry (1, (s)PV), then (u, (s)Y) 7£>CBPV(S)'

Proof. We proceed by cases on the structure of t € AY. Let S € {By, get, set} be fixed:

e Ift = x, then t ¢ AY. Thus, this case does not apply.
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o If t = Ax.r, then ((t,5))BY = ((£)BY, (s)°BY) = ((Ax.r)BYN, (s)BY) = (Ax.(r)°BN, (s)°BY). By
definition, abstractions are never CBPV(S)-redexes, hence (Ax.(r)®", (s)®) % cppy(s). Let
(Ax.(r) BN, ($)BN) = ppury (1, (s)®Y). By Lemma 7.37, we must have u = Ax.ry. Therefore,

Ax.rg, (8)BY) 4 gpy(s), by definition.
(s)r OY

o 16+ = re, then ((£,5))% = (9%, (59 = ((r)™, (5) = (1), (5)). As-
sume that (1) 1(e)%, (5)%) Fcgps), and let (1) 1(e)P, (5)%) = apmae (1, (5)).

By Lemma 7.37, u = ro 9. Moreover, one of the following holds:

(@) (1), (s)®) = aouan (10, (5)") and eg = !(e)®Y;

i) (1(e)°BY, (s)BY) = ppury (€0, (s)BY) and rg = (r)“BV.

— Case (i). By Lemma 7.37, rg cannot be an abstraction. Hence, if S = By, no By-step is
available at the top level. For S € {get, set}, applications are never CBPV(S)-redexes.

Therefore, (rq eo, (s)°BY) #CBPV(S)-

- Case (ii). By Lemma 7.37, ¢ is a bang-term. Moreover, g = (r)B¥. Since

((V)CBN !(e)CBN, (S)CBN) #CBPV(/SV)/

(r)®®Y is not an abstraction. Hence, no By-step is available, and applications are never

CBPV(get)- or CBPV(set)-redexes. Thus, (1o eo, (5)®") 7 cpy(s)-

o If t = get(l,Ax.r), then we know ((t,5))BY = ((+)BY, (s)°BY) = ((get (I, Ax.r))BY, (s)°BY) =
(get(l, Ax.(r)®), (s)®"). In this case, a CBPV(get )-step is available, so ((t,5)) " % cgpy(s) can
only hold if S € {By, set}. Let (get(l, Ax.(r)®Y), (s)BN) = ppuy (1, (s)BY). By Lemma 7.37,
u = get(l, Ax.rg). Since get-terms are never CBPV(p,)- or CBPV(set)-redexes, we conclude

(u, (s)Y) 7£>CBPV(S)'

o Ift = set((l,e),r), then we know ((t,5))BN = ((¢)BY, (s)BY) = ((set((L,e),r))BY, (s)°BN) =
(set((1,!1(e)BN), (r)BY), (s)BY). In this case, a CBPV(set)-step is available, so the premise
((t,5))®N # cgpy(s) can only hold if S € {By, get}. Let (set((l,!(e)®"), (r)"), (s)") = oo
(u, (s)®N). By Lemma 7.37, u = set((l,ep),r9). Since set-terms are never CBPV(fy)- or

CBPV(get)-redexes, we conclude (i, (s)®) % cgpy(s)-

Lemma 7.40 (Preservation under Substitution). Lets € S,t € AY, u € AY, and v € Vg:
L () \ ()Y, 5) =5 =+ pomm ((H{x \ u})PY,s).

2. (OFHx\ (0)F},s) = ((Hx\ 0}),s).
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Proof.

1. The proof follows by induction on t € AY, just like for Lemma B.4. We implicitly use
the fact that any p;-step produced by the i.h. is simulated by a (possibly empty) sequence of
administrative steps in the global semantics. We only show the cases where t is an application

or an operation:

e Ift =re, then

(B2 \ 1)}, 5)
((re)™{x \ 1(u)}, 5)
= (NN () ) {x \ 1(u)'},5)
((
(

)N @) T ()P {x \ 1)} )
= (NP \ 1) P ) P \ 1), ).
By applying the i.h., we have

r

(B \ 1(w) Y, 5) =5 =>wommw ((r{x \ u}) Y, s).

By context closure of administrative steps, we obtain

(M) \ 1) B () {2 \ 1) BYY), )
=>p, = ADHIN

((r{ae \ub)FH() P\ 1)), 5).
By applying the i.h., we have

((e)B% x \ 1(u)BN}, 5) =5, =AM ((e{x\ u})BV,s).

By context closure of administrative steps, we obtain

((rfoc \ ) 1((e) ¥ \ 1(u)}), 5)

:>Z = ADMIN ((r{x \ u})CBN !(e{x \ u})CBN,S)
= ((r{x\ u} e{x\ u}) ™ s)

= (((re){x\ u})®,s)

= ((Hx\ u})™,s).

o If t = get(l, Ay.r), then

(O \ (1)}, 5)

((get (L, Ay.r)) P {x \ (u) "}, 5)
= (get (L Ay.(r) ) {x \ 1(u)*}, 5)
= (get (L Ay.(r)Fx \ L)), 5).
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By applying the i.h., we have

(N \ (), 5) =5 =>aommy (r{x \ u}, 5) BN,

By context closure of administrative steps, we obtain

(get (L, Ay.(r) " {x \ !(u)}), 5)
= aony (get (L, Ay (r{x\ u})®"),s)
= ((get(l, Ay.r){x\ u})®",s).
o If t =set((l,e),r), then
()P \ ()N}, )

= ((set((l,e), 7)) {x \ !(u)®},5)

= (

= (

set((L1(e)N), ()P {x \ 1(u)*"}, s)
set((L1(e) P {x \ 1(u) ), (N FHx \ 1(u)}), ).

By the i.h., we have
(&) {a \ H(u)"Y,s) =>p, = ADHIN ((e{x\ u})®,s),
and

() x \ 1(u)BY}, 5) =5, = ADHIN ((r{x\ u})®,s).

By context closure of administrative steps, we obtain

(set((L!(e) M {x \ 1(u)BN}), (r)FHx \ H(u)}), s)
= aommn (set((1, (e{x\ up)®), (r{x\ u})),s)
= ((set((Le), ) {x\u})®,s).

The remaining cases follow easily from the i.h.:

2. The proof follows by induction on the structure of t € AY and is similar to that of Lemma B.4.

We only show the cases when ¢ is an application or an operation:

o Ift =re, then
((re)®,s) = (der((r)*") (), s).

Therefore,

((re)®{x\ (0)®'},5) = (der((r)®{x \ (v)'}) (e)F{x\ (0)"},5).
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By applying the i.h. to r, we have

((NFHx\ ()}, 5) = ((r{x \ 0}), 5).

By applying the i.h. to e, we have

() {x \ ()"}, 5) = ((e{x \ v})*, 5).
Therefore, we have that

(der((r)®{x\ (0)F'}) () {x\ (0)%"},5)
= (der((r{x\ v})*") (e{x \ v})*",s)
((r{x\v}efx\v})*®,s)
(((re){x\o})*,s)

((Hx\o})*,s).

o If t = get(l,Ax.u), then
(P {x\ (0)F'}, (s)Y)

= ((get(l, Axu))®{x \ (0)'}, 5)
(get(l, Ax.(u) ' {x \ (v)F'}), s)
i.h.
(
)

o
'\<

=" (get(l, Ax.(u{x\ v})®"),s)
((get(l, Ax.u){x\ v})®,s).

o Ift =set((l,w),u), then
(B {x \ ()"}, s)

) )
= ((set((l,w),u))®{x\ (v)*'},s)
( (1, (@) Hx\ (0)F), () F (0) ), 5)
(
),

°3
|“<

2" (set((1, (w{x \ o)), (u{x\ 0})®),s)
w){x\o})*,s).

((set((l,w

The remaining cases follow easily from the i.h..

Lemma 7.41 (Correctness of One-Step Simulations). Lets € Soand t € AY.

1. Let S € {B,get,set}. If (t,5) =cpnes) (4, q), then ((t,5))™" :»cfg;\r,-&ﬁmm ((u,q))BY, for some

m > 0, such that S" = By if S = B, and S’ = S, otherwise.

2. Let S € {By, get,set}. If (t,5) =cpy(s) (u,q), then ((t, s))CB"l:,?;cnép% ((1,9))BY, for some m > 0.
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Proof.

1. Let (t,5) = cax(s) (#,9)- The proof follow by induction on the definition of N:

e CaseN="LI
- If S = B, then
(t,s) = ((Ax.r)e,s) Bp (r{x\e},s) = (u,s).
Note that
((£5) = (((Ax.r) ), (s))
= (Ax.(r) B [(¢) BN (5)CBN)
=g, (1) PHx\ ()P, (5)N).
Therefore,

by Lemma 7.40
(NN ()™, ()) =5, = ((r{x \ e}, (5)) = ((u,)) .

Thus,

((,5)) B0 = (((Axr) e) B, (5)B0) o Lore Wby (r{x \ e})CBY, (5)CB0) = ((u5)) B,

for some m > 0.
- If S = get, then
(t,5) = (get(l,Ax.r),s) Eger (r{x\s(l)},s) = (u,q).

Notice that
((get(l,Ax.r),s))BY = (get(l, Ax.(r)BY), (s)°BY),

and
((r{x\s (D)}, 8) = ((r{x \s ()}, (5)*).

Moreover, by Lemma 7.40, we know

(NN (s ()Y, ()) =5, =+ aomm ((r{x \ 5 (1)}, (5)),
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and it is easy to see that (s (1)) = (s)B¥ (I). By contextual closure of =+ and the

i.h., we have

((t,s))BN = (get(l,Ax.r),s))BY

get (L, Ax.(r)), (s)°*)
r{x\ (s)®N (1)}, (s)°PY)

(r) B\ (s (1), (s)2)
(r{x \'s (D}, (s)Y)
(
(

}
r{x\s (D)}, s)™

CBN

(
(
(
= (
(
(
(

u,q))

— If S = set, then we have

(t,s) = (set((l,e),r),s) =set (r,s{l:=e}) = (u,q).

Notice that
((set((Le),r),s))" = (set((I,1(e)™), (r)*), (s)*),
and
(50 7= D)™ = (), 5{1 = e)™).
Moreover, it is easy to see that (s{I := e} )Y = (s)B¥{] := I(¢)BN}. By contextual

closure of =% and the i.h., we have

((Es)™ =

(set((Le),r),s))™
set((L1(e)™), (r)*), (s)°*)
(r) B, (s) B := 1(e)™})
(r) Y, (s{1 := e})™)
(r,8{l :=e}))BN
(

CBN

= set r

(
(
(
((r
(

((n,9))

e Case N = N'r, then
(t,s) = We]rs)
= CBN(S) (N'[e] 7, q)
= (u,s),

such that (e,s) =g (¢/,s). Note that

((W'[e r)EY, (s)B1) = ((W[e]) BN 1(r) B, ()P).
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By applying the i.h. to N/, we have

(V[e]), (5) ) = capvtsmpumy (], (5)BY), for some m > 0,

such that S’ = B, if S = B, and S’ = S, otherwise. By contextual closure of = and the
i.h., we have,

((N/ [e])CBN !(1,)CBN, (S)CBN) ﬁg(':i;'"]ﬁ\g;{m ((N’ [el])CBN !(r)CBN, (S)CBN)

= (V) (5))
= ((w5)).

Thus,

()P = ((W[e] )™, (s)Y)

1-By+m- !
fr’?’cipnggmN ((N'[e'] r) BN, (5)°BY)

= ((u, ).

2. Let (t,5) =cgy(s) (4, 9)- The proof follow by induction on the definition of V:

e CaseV =1L

- If S = By, then

(t,5) = ((Ax.r)v,s) = (r{x\v},s) = (u,5).

Note that
(Axr)o,s)® = (der(((Ax.(r)®Y)) (o), (s)B)
vy (Ax.(r) V) (0) B, (5)CBY)
Py (DT {x\ ()@Y}, (5)Y),
Therefore,

by Lemma 7.40

(()Fx\ (0)FY}, (s)Y) ((r{x \ 0P, (5)FY) = (), (s)Y).

Thus,
((t,8)) = ((Ax.r) )Y, (5)BY) = ey ((r{x \ 0})*, ()Y) = ((u,5))*".
- If S = get, then

(t,s) = (get(l,Ax.r),s) Eget (r{x\s(l)},s) = (u,q).

Notice that
((get(l,Ax.r),s)) BV = (get(l, Ax.(r)BY), (s)BY),
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and
((r{x\ v}, 8)B = ((r{x \s ()}, (s)*).

Moreover, by Lemma 7.40, we know

((NEHx\ (s ()P, ()) = ((r{x \s (D}, (5)F),

BV — (5)BV (I). By contextual closure of =+ and the

and it is easy to see that (s (1))
i.h.,
((ts)F = ((get(l, Axr),s))
(get(l, Ax.(r)Y), (s)Y)
(r{x\ ()7 (D)}, (5)*Y)
= (¥ N\ (s ()P}, ())
((r{x\s (D}, (5)Y)
((r{x\'s (D)}, )
((u, ).

If S = set, then

(t,5) = (set((l,v),1)) Eset (r,8{l :=v}) = (u,q).

Notice that

((set((L,0),7),5))" = (set((l, (0)), (1)), (s)*),
and
((r,s{l:=0}))" = (1), (s{l :==v})®").

Moreover, it is easy to see that (s{I := v})BV = (5)BV{] := (v)BV}. By contextual

closure of =+ and the ik,

((Es)™ =

(set

(
set((

7,.)CBV’( )CBV{Z e (U)CBV})
P, ({1 := 0}))

(Lv),r),5))*
l ( )CBV) ( )CBV), (S)CBV)
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e CaseV = V'r, then

such that
(e,8) s (€,5).
By applying the i.h. to V/, we know that
((V[el, ) S ((V]e') ).
By contextual closure of =* and thei.h.,

() =

V'[e]r,s))BY

V/ [6] )CBV (T)CBV, (S)CBV)

(
(
= (der((V'[e])BY) (r)%BY, (5)CBY)
1 5+Cn]z;)P.€, (der((V'[e'])BY) ()Y, (5)<BY)
AL AT
= ((u,5))BY

e CaseV =10V, then

(t,s) = (0V'[r],5) =cuis) (0V[r'],8) = (w9),

such that (V'[r],s) =5 (V'[t'],s). Notice thatv mustbe an abstraction. Therefore, without
loss of generality, let us assume v = Ax.e. Then, (v V'[r])BV = (Ax.(e)®V) (V'[r])BV. By

applying the i.h. to V/, we know that

1-S4mq-By
((V'[r], (5)B")) YV S capy ((V[1'], (5)Y)) .
By contextual closure of = and the i.h.,

((t,5))
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Theorem 7.42 (Correctness of Full Simulations). Lets € So, and t € AY.

1. If(t,s)nﬁ#rg. ect];;S‘S“(u,q), then ((t,s))CBNn'ﬁV;gfé;VgQiepﬁi;set((u,q))CBN,for some m > 0.

2. If(t,s)nﬁﬁé,gi;;s'set(u,q), then ((t,s))CBV"'ﬁVerﬁgcgggsHs'set((u,q))CBV,for some m > 0.

Proof. The proof follows the same induction on the length of the reduction sequence as that
of Lemma 3.19. Each individual reduction step is simulated using Lemma 7.41, and the overall

result follows by concatenation of the simulated sequences and additivity of step counts. O

E.3 State-Passing Non-Idempotent Intersection Types

E.3.1 Call-By-Name

Lemma 7.54 (CBN Multiset-Typings Split and Merge). Let t € AY. Then, there is ® > Ny Tt
M, such that M = UjerM; if and only if there are ®; >z, T =t @ M;, such that T = +e1l;, and
#App,Get,Set(q)) = +i€I#App,Get,Set (q)l)

Proof. The proof is identical to the split-and-merge argument for multiset typings in the pure
A-calculus.

The only typing rules contributing to the weight are App, Get, and Set, all of which are additive
with respect to multiset types and typing environments. Moreover, the typing rules for global
state operations do not introduce any interaction between distinct components of a multiset type.

Therefore, given a derivation typing t with a multiset type M = L;c1M;, the derivation neces-
sarily ends with a multiset introduction rule and can be decomposed into independent derivations
typing t at each M;, with environments summing pointwise. Conversely, independent derivations
for each M; can be merged into a single derivation for M.

In both directions, the size measure is preserved by additivity of the rules, yielding

#App,Get,Set(cD) = +ieI#App,Get,Set(q)i)-
]

Lemma 7.55 (Contexts and Free Variables for CBN). If ® >y, T' =t : A (resp. M), then dom(T') C
fv(t).

Proof. The proof follows by induction on the structure of the typing derivation ®. Note that all
typing rules of Nj either: (i) introduce assumptions only for variables occurring syntactically in

the term being typed, or (ii) combine typing environments by pointwise addition. In particular:
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e The variable rule introduces a singleton environment whose domain is exactly the variable

occurring in the term.

e The abstraction rule removes the bound variable from the environment, preserving the

invariant.

e Application combines environments of the subterms, and free variables of an application are

exactly the union of free variables of its components.

e The Get and Set rules do not introduce new variable bindings; they only propagate the

environments of their subterms, and thus preserve the inclusion.

Since no rule introduces assumptions for variables not occurring free in the term, we conclude

that dom(T') C fv(¢). O

Lemma 7.56 (Zero Weight Tight Type Derivations Characterize CBN-Normal Forms). Let t AY
and s € So. If @y, D &= (t,5) @ Pis tight, then #app et set (P) = 0 - App + 0 - Get + 0 - Set if and only
lft S NOCBN-

Proof. If @y, @ = (t,5) : P is tight, then it must be of the form

@1I>Ng@|—t252>(A><{li—>H}l€£) q)zDNg@l—SIS
OF (t,s): Ax{l = [l}ter

Conf

such that P = x x {I — [| }icz-

(=) Let#appcet,set(P) =0-App+0-Get + 0 Set. We proceed by cases, according to the last rule
R of <I)12

— Case R = Ax. Then, t is a variable. This leads to a contradiction with t € AY. Therefore,
this case does not apply.

— Case R = Abs. Then, A is an arrow type. This leads to a contradiction with A = .

Therefore, this case does not apply.
— Case R = Ans. Then, t is a closed abstraction. Thus, t € NOcgy.

— Case R = App. This leads to a contradiction with #,p,(®) = 0 - App. Therefore, this case
does not apply.

- Case R = Many. Then, A is a multi-type. This leads to a contradiction with A = «.

Therefore, this case does not apply.

— Case R = Get. This leads to a contradiction with #get () = 0 - Get. Therefore, this case

does not apply.
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— Case R = Set. This leads to a contradiction with #set (®) = 0 - Set. Therefore, this case

does not apply.

Therefore, ®; must end with rule Ans and t must be a closed abstraction. Thus, we can

conclude that ¢t € NOcgy.

(<) Lett € NOcgy. Then, t = Ax.u, S = {l — []}1c,, and @ must be of the form

(orsw:0 ™),

Ans State
Qb Axu:{l— [Jher = (x X 5) OFA{l=s(Dhiec: {l— [1}iec Cont
@F (Ax.u,s) :x xS
Therefore, we can conclude that #spp Get,set (P) = 0- App + 0 - Get + 0 - Set.
]

Lemma 7.57 (Tight Typability of CBN-Normal Forms). Lets € S.. Ift € NOcgy, then there is a derivation
Sop, O F () : P that is tight.

Proof. 1f t € NOcgy, then t is a closed abstraction, i.e. t = Ax.u. Therefore, we can take P = x X S,

where S = {I — [|};cz, and ® to be

(rsm-0 ™).,

Ans State
O F Axu:{l = [Jhe = (x % S) Qb {l=s(D}ee: {l = [l}iec Cont
@k (Ax.u,s):x xS
We can conclude since the above type derivation is tight. O

Lemma 7.59. Let | € Lands € S. Thereis @, @ & s : S, such that S (1) # [|, if and only if there
are ¥ >p, @ s (1) :head(S (1)) and ITop, @ &= s : S{I := tail(S (I))}. Moreover, #app et set (P) =
#App,Get,Set (T) + #App,Get,Set (H)

Proof. (=) Notice that one of the premises of ® must be derivation ®;:

D1op; @F s (1) shead(S (1))  Padpa, @Fs(l): tail(S (1))
@D Fs(l):head(S(1)) - tail(S (1))

List

such that head(S (1)) - tail(S (1)) = S(I). Since state typings are built pointwise by rule
State, we can remove subderivation ®; from ® while keeping all other locations un-
changed, to get a derivation ®' >y, @ -5 : S{I := tail(S (1))}, such that #ppp et set (D) =

H#app,Get,set (P) — #app,cet,set (P1). Therefore, we can take ¥ = ®; and I'T = @/, since

#App,Get,Set ((D) = #App,Get,Set (q)l) + #App,Get,Set ((DI)
= #App,Get,Set (T> + #App,Get,Set (H>
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(<)

Notice that one of the premises of IT must be derivation ITj >y, @ = s(I) : tail(S(1)).
Therefore, we can build the following derivation H;:
Yon, @Fs(l) :head(S(l)) TLiop, @Fs(l):tail(S (1))
@Fs(l):head(S (1)) - tail(S (1))

List

such that head(S (1)) - tail(S(I)) = S(I). Since state typings are built pointwise by rule
State, we can remove replace derivation IT; with ITj in I'T while keeping all other locations
unchanged, to get a derivation ®' >y, @ I= s : S, such that #pp et set (D) = #app et set (V) +
#app,Get,set (I1). Therefore, we can take ® = @, since #appcet,set (P) = #appcet,set (V) +

#App,Get,Set (H> .
]

Lemma 7.60. Let | € Lands € S. Thereare ® >y, D= s: S, suchthat S(I) =[], and Yop, O F t: L
if and only if there is T1>y, @ &= s{l := t} : S{l := L}. Moreover, #xpp cet,set (P) + #app cet,set (¥) =
#App,Get,Set (H) .

Proof. Recall that store typings are built pointwise by rule State, with one premise per location.

=)

(=)

One of the premises of ® must be derivation ®; >, @ =5 (1) : [], such that #app cet set (P;) =
0-App +0-Get +0-Set. Now, let us assume that s is updated by replacing s (1) with ¢.
Then, (s{I := t}) (I) = t. By replacing derivation ®; with ¥ in ®, we obtain a derivation
IT'>p, @ & s{l := t} : S{l := L}, such that (§{I := L} ) (I) = L. Therefore, we can take

IT =IT/, since

#App,Get,Set (CD) + #App,Get,Set (T) = #App,Get,Set ((‘D) - #App,Get,Set (q)l) + #App,Get,Set (\F)
== #App,Get,Set (H)

One of the premises of IT must be derivation ®; >, @ = (s{l := t}) (I) : (S5{I := L}) (1),
such that (s{l :=t}) (I) = tand (S{l := L}) (I) = L. Moreover, we can build the following
type derivation ®@; for s (I):
—— ElList

@Fs(l):[]
such that #xpp cet,set (P]) = 0-App + 0 - Get + 0 - Set. Now, we can build a type derivation
@'y, @ F s Sfors,suchthat S (1) = [], by replacing derivation ®; with ®; in IT. Therefore,
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we can take @ = @' and ¥ to be the premise ®; >y, @ - t : L extracted from IT., since

#App,Get,Set(q)) + #App,Get,Set (‘Y) - #App,Get,Set CDI) + #App,Get,Set((Dl)

#App,Get,Set IT _#App,Get,Set(CDl)

(
(
+  #app,cet,set (P]) + #appcet,set (1)
(
(

/
#App,Get,Set H) + #App,Get,Set((Dl)
#App,Get,Set H)

E.3.1.1 Quantitative Soundness

Lemma 7.61 (Weighted Substitution for CBN). Let t,u € AY. If we have @y, T;x : M =t -
A (resp. Nor L) and Yo, @ = u : M, then TIop, T = t{x\ u} : A (resp. NorL), such that
#app,Get,set (IT) = #app cet,set (P) + #app,cet,set (T).

Proof. The proof follows by induction on the structure of ®. We proceed by cases, according to the
last rule R of ®. We only show rules Ax, Get, and Set. The remaining cases follow easily from the

i.h.:
e Case R = Ax. Then, t is a variable, and we must consider the two following possibilities:

- If t = y # x, then ® must be of the form

A A

I'=y:{A}, and M = { }}. Moreover, t{x \ u} = y{x\ u} =y, and ¥ must be of the

form
any

— M
QFu:{}

Therefore, we can take IT = @, since #app et,set (¥) = 0- App + 0 - Get + 0 - Set, and thus
#App,Get,Set (H) = #App,Get,Set ((b) + #App,Get,Set (‘Ij)

- If t = x, then ® must be of the form

AR LA

I' =0, and M = {A}. Moreover, t{x\ u} = x{x\ u} = u. Therefore, we can take
IT = Y, since #appget,set (P) = 0-App + 0 Get + 0 - Set, and thus #xpp get,set (I1) =
#App,Get,Set (Q)) + #App,Get,Set (T) .
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e Case R = Get. By a-conversion, we may assume y # x. Then, t = get(l, Ay.r), and ® must
be of the form
D' >y, Ty thead(S(1));x : MEr: S{l:=tail(S(l))} = P
I'-get(l,Ay.r):S=P

Get

and A = S = P. By applying the i.i. to @', there is IT >y, I;y : head(S (1)) = r{x\
u} : S{I := tail(S (1))} = P, such that #xpp et set (IT") = #app et set (') + #app cet,set (F).
Therefore, we can take IT to be
IT'op, Ty shead(S (1)) Fr{ix\u} : S{l :=tail(S(l))} = P
I'+get(l,Ayr{x\u}):S=P

Get

since get(l, Ay.r{x \ u}) = get(l, Ay.r){x \ u}, and

#App,Get,Set(H) = #App,Get,Set(H,) +1-Get
= #App,Get,Set(cD/) + #App,Get,Set (‘P) + 1-Get
= #App,Get,Set (qD) + #App,Get,Set (T) .

e Case R = Set. Then, t = set((l,e),r), and ® must be of the form

Orop, Tyx:Mibe: L @ovp Tyx: Mabr:S{l:=L} =P
(T1+Ta);x: My UM, - set((le),r): S=P

Set

['=T1+T, M= M UM, and A = S = P. By Lemma 7.54, there are ¥1>);, @ I
u: My and ¥opp,; @ - u 0 My, such that #app cet set (V) = #app,cet,set (V1) + #app et set (F2).
By applying the ih. to ®;, we know there exists IT; >p;, Iy = e{x\ u} : L, such that
H#app,Get,set (IT1) = #app cet,set (P1) + #app,cet,set (¥1). By applying the i.h. to P;, we know there
exists [Ty >y, To = r{x\ u} : S{l := L} = P, such that #xpp cet,set (IT2) = #appcet,set (P2) +
#app,Get,set (¥2). Therefore, we can take IT to be
Ihon, TiFe{x\u}: L Thop,TobEr{x\u}:5{l:=L}=P
I +TyFset((le{x\u}),r{x\u}):S="P

Set

since we have that set((l,e{x\ u}),r{x\ u}) =set((l,e),r){x\ u}, and

#App,Get,Set(H) = #App,Get,Set Hl) + #App,Get,Set(HZ) +1-Set
ch) + #App,Get,Set (‘Yl) + #App,Get,Set(q)Z)
Tz) +1-Set

- #App,Get,Set

+ #App,Get,Set

(
(
(
(

= #App,Get,Set CD) +#App,Get,Set (T)
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Lemma 7.62 (Exact Subject Reduction for CBN). Let t € Ag, s € S, and S € {B,get,set}.
If (t,5) =cenes) (4,q) and @>p, @ & (t,5) @ P, then there is ¥ >p, @ & (u,q) : P, such that
#App,Get,Set(q)) = #App,Get,Set (T) +1- R/ where

e R=App,if S =p;
o R =Get, if S = get;
e and R = Set, if S = set.

Proof. Let (t,5) = (N[to],s) =cen(s) (N[uol,q) = (u,q), such that (fo,s) Fcpy(s) (40,9)- By a-
conversion, we may assume all bound variables are fresh. The proof follows by induction on the

definition of N:
e CaseN = LI

- If S = B, then (to,s) = ((Ax.r)e,s) =4 (r{x\e},s) = (uo,q), and ® must be of the form

O1opy;x: NFEr:S=P Abs
OF Axr:S= (N— (S= P)xS) Q2o OFeiN
OF (Axr)e:S=P D3pp, DFs:S
@F ((Ax.r)e,s) : P

Conf

Given the forms of ®; and ®;, we can apply Lemma 7.61 to obtain a derivation IT>y, @ +
e{x\ e} : S = P,suchthat#spp et set (IT) = #appcet,set (P1) + #app get,set (P2). Therefore,
we can take ¥ to be
[Iop, @ Fe{x\e}:S=P P3pp,DFs:S
@F (r{x\e},s): P

Conf

since

#appcet,set (P) = #app,cet,set (P1) + #app,cet,set (P2) + 1 - App + #app cet,set (P3)
= #App,Get,Set(H) + 1 - App + #app,Get, set (P3)
= #appcetset(¥) +1-App.

- If S = get, then (to,s) = (get(l,Ax.r),s) =ener) (r{x\s(l)},s) = (uo,q), and &
must be of the form
®y >y xshead(S (1)) Fr:S{l:=tail(S(l))} = P cet
@t get(l,Ax.r):S=P Dby, DFs:S
@+ (get(l,Ax.r),s): P

Conf

By applying Lemma 7.59 to &, there are derivations ITy >z, @ = s (I) : head(S (1))
and ‘Pz [>_/\[g DFs: S{l = tall(S (l))}, such that #App,Get,Set(cDZ) = #App,Get,Set(Hl) +



E. A QUANTITATIVE STUDY OF GLOBAL STATE 277

#app Get,set (V2). By applying Lemma 7.61 to @7 and Iy, there is Y1 >p, @ F r{x\s (1)} :
S{l = tail (S (l) )} = P, such that #App,Get,Set ("P1> = #App,Get,Set <CI>1) + #App,Get,Set (Hl)

Therefore, we can take ¥ to be

¥yop, @F H{x\s (1)} S{i=tail(S(I)} = P ¥app, @b s: S{I:= tail(S (1))}

Conf
OF (r{x\s(l)},s):P
since
#App,Get,Set(CP) = #App,Get,Set(CDl) + #App,Get,Set(q>2) 11-Get
— #App,Get,Set((Dl) + #App,Get,Set(Hl) —|— #App,Get,Set (\Ifz) _|_ 1 . Get
= #appcetset (V1) + #appcetser (¥2) + 1 Get
= #appcetset(¥) +1-Get,
and R = Get.

- If S = set, then (to,s) = (set((L,e),7),5) =cn(ser) (7,5{] := e}) = (uo,q), and ® must
be of the form
D1op, Dle: L Doy, OFr:S{l:=L} =P S(I) =] Set
@+ set((le),r):S=P D3>p, OFs:S
@+ (set((le),r),s): P

Conf

By applying Lemma 7.60 to ®3 and @, there is Y3>p, @ - s{l := e} : S{l := L}, such

that #app et set (P3) + #app,cet,set (P1) = #app et set (¥3). Therefore, we can take ¥ to be

Gyop, OFr:S{l:=L} =P Yaop,OFs{l:=e}:5{l:=L}

OF (r,s{li=e}): P Cont
since
#appcet,set (P) = #app,cet,set (P1) + #app,cet,set (P2) + 1 - Set + #app get,set (P3)
= #appcet,set (P2) + #appcet,set (F3) + 1 Set
= #appcerset(¥) +1-Set,
and R = Set.

e Case N = N'r. Then, we have that (t,s5) = (N'[fo] 7,5) =cay(s) (W' [to]7,q) = (u,q), such that
(N'[to],s) = can(s) (W' [1o],q), and ® must be of the form
Diop, OFN[t] : S= (N = (S=P)) xS) Papp,@F7:N N
pbp
@f—N/[to]T’ZSiP <I>3I>Ng®|—SZS
@+ (N'[to]r,s): P

Conf
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Notice that we can build the following type derivation for (N'[t], s):

Dyop, DNt : S = (N (S=P)) xS) Dsbp,DFs:S
O+ (W[t],s): (N — (S = P)) x S

Conf

Therefore, by applying the i.h. to (N'[to],s), we know there is a type derivation for (N'[ug], q)
whose premises must be of the form ¥ >p, @ F Nug] : Q = ((N — (S = P)) x §)
and ¥3>p, @ F g 1 Q, such that #pppcet,set (P1) + #appcet,set (P3) = #appcetser (T1) +
#app,Get,set (¥3) + 1 R, where

- R=App,if S = B;
- R = Get, if S = get;
— and R = Set, if S = set.

Therefore, we can take ¥ to be

¥yoa, @ Nugl: Q = (N = (S = P)) x S)
Dby, OF 7N

App
QFNuglr:Q=r Yaop, OFq:Q
Conf
@+ (N[uo)r,q): P
since
#App,Get,Set(q)) = #App,Get,Set(ch) + #App,Get,Set(q)Z) +1-App + #App,Get,Set(q)3)

= #App,Get,Set (\Pl) + 1-R + #App,Get,Set (CDZ) + 1- App + #App,Get,Set (\IIS)
== #App,Get,Set (T) +1-R.

O]

Theorem 7.63 (Exact Soundness for CBN). Let t € AY and s € S.. If there is @ >y, @ & (t,5) : P
tight, such that #app get,set (P) = 1 - App + ¢ - Get + s - Set, then (t,s)n'“gct;qs'set(u,q), such that

u € NOcgy.

Proof. Let @ >y, @ = (t,s) : P be tight, such that #xpp cet,set (P) = 7 - App + ¢ - Get + 5 - Set. We
proceed by inductionon n + g +s:

o Ifn+g+s=0thenn =g=s=0. By Lemma 7.56, € NOcgy. Therefore, we can conclude

withu =tand g =s.

o Ifn+g+s>0,thent & NOcgy by Lemma 7.56. Since the store never blocks CBN reductions,
by Lemma 7.18 there are r € AY and s’ € S., such that (t,s) =cax(s) (1,8'), for some S €
{B, get, set}. By Lemma 7.62, there is ®' >, @ = (r,s') : P tight, such that #4pp cet,set (P) =
#app,Get set (P’') + 1+ R, where



E. A QUANTITATIVE STUDY OF GLOBAL STATE 279

- R=App,if S =B;
- R = Get, if S = get;

— and R = Set, if S = set.

Let us assume, without loss of generality, that #app cet,set (P') = 1’ - App + ¢’ - Get + s’ - Set.

Then, n' + ¢’ +s'+1 = n+ g+s. Now, by applying the ih., (7, s’)n 'ﬁ+ggi;5 'Set(u’, q),

et+s’-set

such that ' € NOcy. Therefore, (f,s) = cBN(S) (r,s )n'ﬁ#g:}gcw (u',q"). Thus, letting

(u,q) = (u,q"), we can conclude (¢, s)n'ﬁ+g¢geg1a—;ls'set(uz q)-

E.3.1.2 Quantitative Completeness
Lemma 7.64 (Weighted Anti-Substitution for CBN). Lett € AY andu € AY. If > Ng T EH{x\u}:

A (resp. N or L), then there exist ¥ A Dx s Mt A (resp. N or L) and I1 DA, OFu: M, such that
#App,Get,Set((D) == #App,Get,Set (‘Y) + #App,Get,Set (H)

Proof. The proof follows by induction on the structure of t. We only show the cases where ¢ is a

variable or an operation:
e Caset =y # x. Then, t{x\ u} = y{x\ u} = y. Therefore, we can take M = { }, ¥ = &,

and IT as the following derivation

oru gy Y

since 1"’:#App,Get,Set (CI)) = #App,Get,Set (‘Y) = #App,Get,Set (‘Y) + #App,Get,Set (H)
e Caset = x. Then, t{x\u} = x{x\ u} = u, and, since fv(u) = @, we know thatT = @
by Lemma 7.55. Now, we must consider two cases, according to the type assigned to u in ®:
- Let ®pp, @ - u: A. Then, we can take M = { A}, IT to be

Oopn, OFu: A
OQFu:{A}

any

and ¥ to be

Ax
x:{A}Fx:A
since #App,Get,Set(q)) == #App,Get,Set(H) = #App,Get,Set (T) + #App,Get,Set(H)~

- Let Oy, @ = u : N. Then, we can take M = N, Il = ®, assume (without loss of
generality) that M = {A;}}ic1, and ¥ to be

(vigayrea ),
x:{Ai}ier - x: {Ai}ier

Many
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since #App,Get,Set (QD) = #App,Get,Set (H) = #App,Get,Set (‘F) + #App,Get,Set (H) .

e Case t = get(l, Ay.r). Assume y # x by a-conversion. Then, t{x \ u} = get(l, Ay.r{x\ u}),

and ® must be of the form:
D' >, Ty thead(S (1)) Fr{x\u}: S{l:=tail(S(I))} = P
I'tget(l,Ayr{x\u}):S=P

Get

and A = S = P. By applying the i.h. to r, we know there exist ¥’ >y, Ty : head(S (1)); x :
M r: S{l := tail(S(I))} = P and I[T'>p,; @ - u : M, such that #xpp cet,set (P') =
#app,Get,set (¥) + #app,Get,set (IT'). Therefore, we can conclude by taking IT = IT and ¥ to be
Y op, Dy head(S(1));x : MEr: S{l:=tail(S(l))} = P
Ix:MFEget(l,Ayr):S=P

Get

since
#App,Get,Set(q)) = #App,Get,Set(cD/) +1-Get

= #App,Get,Set (\Ij/) + #App,Get,Set (H/) + 1-Get
== #App,Get,Set (T) + #App,Get,Set (H)

Case t = set((l,e),r). Then, t{x\ u} = set((l,e{x\ u}),r{x\u}), and ® must be of the

form
Srop; T Fe{x\up: L  ®PyopTobFr{x\u}:S{l:=L} =P

I+ Tt set((le{x\u}),r{x\u}):S=P
' =T1+TIz and A = S = P. By applying the i.h. to e, we know there exist V1 >y,
F;x: My e: Land Iy bp, @ F u o My, such that #ppp et set (P1) = #appget,set (1) +

Set

#app Get,set (IT1). By applying the i.h. to r, we know there exist Yo bp;, To;x 0 Mo =71 S{l :=
L} = Pand Iy >p, @ & u 0 My, such that #app cet,set (P2) = #app,cet,set (Y2) + #app,cet,set (I12).
By Lemma 7.54, we know there exists IT' >y, @ I= u : My LI My, such that #4pp cet,set (TT') =
H#app,Get,set (I11) + #appget,set ([12). Therefore, we can conclude by taking M = M; L My,
IT=1T"and ¥ to be
Yiop, Tox:Mibe: L Yobp, Tosx:Mabr:S{l:=L} =P
(T1+T2);x: My UM, +set((le),r):S=P

Set

since
#App,Get,Set(cb) = #App,Get,Set q)l) + #App,Get,Set (q)Z) +1-Set

(

#App,Get,Set ("Ijl ) + #App,Get,Set (Hl) + #App,Get,Set (‘PZ)
(
(

+ #App,Get,Set HZ) +1-Set
#App,Get,Set \F) + #App,Get,Set(H)-

The remaining cases follow easily from the i.h.. O
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Lemma 7.65 (Exact Subject Expansion for CBN). Let t € Ag, s € S, and S € {B,get,set}.
If (t,s) =cenes) (4,q) and ®>p, @ & (u,q) : P, then there is Y op, @ = (t,s) : P, such that
#App,Get,Set(q)) +1-R= #App,Get,Set (T)/ where

® R=App, if S =p;
e R =Get, if S = get;
e and R = Set, if S = set.

Proof. Let (t,s) = (N[to],s) = cBN (S) (N[uo],q) = (u,q), such that (to,s) > caN(S) (10,9). The proof

follows by induction on the definition of N:
o LetN=1"LI

- IfS =B, (to,s) = ((Ax.r)e,s) =p (r{x\ e},s) = (uo,q), and ® is of the form

D1op, D r{x\e}:S=P D>y, DFs:S
@k (r{x\e},s): P

Conf

Given the form of ®;, we can apply Lemma 7.64 to obtain derivations Y1 >y x :
MFE7r:S= Pand Y25, D F e : M, such that #app,Get,set (P1) = #app,cet,set (F1) +
#app,Get,set (F2). Therefore, we can take ¥ to be
Yioapyx:MbEr:S=P Abs
OFAxr:S=((M—(S=P))xS) ‘PZDNg@l—e:MApp
Ok (Axr)e:S=P Dyrop, DFs:S
@F ((Ax.r)e,s): P

Conf

since

#App,Get,Set cbl) + #App,Get,Set((DZ) + 1 App

#app,Get,set (P) + 1 - App (

#app,Get,set (Y1) + #app et set (¥2)
(
(

+ #App,Get,Set q)Z) + 1. App

— #App,Get,Set ‘Y) .

- If S = get, then (to,s) = (get(l, Ax.r),s) = CBN(get) (r{x\s()},s) = (uo,q), and ® is of

the form
O1op, O r{x\s(l)} :S=P D>y, DFs:S

Ok (r{x\s(l)},s): P
By applying Lemma 7.64 to @1, there exist Y1bp, x : M b7 : S = Pand Iy, @ F
s (1) : M, such that #spp get,set (P1) = #app,cet,set (F1) + #app,cet,set (I12). Let R = M- S (1).
Then, head(R (1)) = M, tail(R(I)) = S(I) = L, and R{l := tail(R(I))} = S. Thus,

Conf
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by applying Lemma 7.59 to I1; and ®,, there is a type derivation ¥2 >, @ F s : R, such
that #app cet set (¥2) = #app et set (P2) + #app,cet set ([12). Therefore, we can take ¥ to be
Y1>ap x shead(R (1)) Fr: R{l:=tail(R(I))} = P cet
@t get(l,Ax.r): R=P Yoopa, OFs:R
@+ (get(l,Ax.r),s) : P

Conf

since
#appcetset (D) +1-Get = #yppcet,set(P1) + #appcetset (P2) +1-Get
= #appcet,set (Y1) + #app,cet,set (T12)
+  #appcerser(P2) +1-Get
= #appcet,set (F1) + #appcet,set (¥2) +1- Get
= #appcetset(¥),
and R = Get.

- If S = set, then (to,s) = (set((L,e),7),s) =can(ser) (1,8{] ;= e}) = (uo,q), and @ is of

the form
D>y, OFr:S=P Dyop, OFs{l:=¢e}:S

OF (r,s{l:=e}): P
LetR = S{l:=[]},and R{l := S(I)} = R{l := L} = S. Then, by applying Lemma 7.60
to @y, there are Yo>p; @ F s @ Rand ¥1poa, @ - e : L, such that #ppp cet,set (F2) +

Conf

#app,Get,set (1) = #app cet set (P2). Then, we can take ¥ to be
Yion; OFe: L
Oiop, @Fr:R{l:=L} =P R(I) =[] cer
@+ set((le),r):R=7P Yaopn, @Fs:R
@+ (set((l,e),r),s): P

Conf

since

#App,Get,Set(q)) + 1-Set = #App,Get,Set((Dl) + #App,Get,Set(CDZ) + 1-Set
= #App,Get,Set(q)l) + #App,Get,Set (‘PZ)
+ #App,Get,Set (‘Ijl) +1-Set
(

- #App,Get,Set T)/

and R = Set.
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e Case N = N'r. Then, we have that (t,s) = (N'[fo] 7,5) =>cgy(s) (W'[to]7,q) = (u,q), such that

(N'[to], s) = can(s) (W'[uo],q), and @ must be of the form

D1 >p, O Nug] : Q= ((N — (R= P)) xR)
(I>zl>Ng®|_V:N

App
@"N/[MO]T:Q:>P @3[>Ng@|—q1Q
Conf
O F (Nug]r,q): P
Notice that we can build the following type derivation for (N'[uo], 9):
Diop, OFN[up) : Q= (N = (R=P)) xR) D30, DFq:Q c
Con

@F (Nugl,q) : (N— (R=P)) xR
Therefore, by applying the i.h. to (N'[ug],q), we know there is a type derivation for (N'[ty], s)
whose premises must be of the form ¥Yiop, @ = N[t] : S = (N — (R = P)) x R)
and Y3z, @ s 1 S, such that H#app,Get,set (P1) + #app,cet,set (P3) + 1 - R = #app get,set (F1) +

#App,Get,Set (‘1}3) , where
- R=App,if S = p;
- R =Get, if S = get;

— and R = Set, if S = set.

Therefore, we can take ¥ to be
‘I’1>Ng®l—N’[t0]:S:> ((N— (R=P)) xR)
DOypp, OF 7N
App
@"N/[tQ]T:S:>P TgDNg@f_Sis
@k (Nto]r,s): P

Conf

since

#App,Get,Set(Q) + 1-R #App,Get,Set q)l) + #App,Get,Set<q>2) + 1- App

+ #App,Get,Set (1)3) + 1-R

#App,Get,Set ‘Pl) + #App,Get,Set (CDZ) +1-App + #App,Get,Set (IY3)

(
(
(
(

#App,Get,Set T) .

O]

Theorem 7.66 (Exact Completeness for CBN). Let t € A ands € S.. If (t,s)n'ﬁJr%ect];ﬁS.SEt(u,q),

such that u € NOcgy, then there is ® >y, O (t,5) : P tight, such that #ppp Get,set (P) = n-App+ g -
Get + s - Set.

Proof. Let (t, s)n.mégfctgqs'set(u, q), such that u € NOcgy. We proceed by induction on n + s + g:
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e Ifn+g+s =0 thenn =g =s = 0. Therefore, t € NOcgy by Lemma 7.18. Thus, we can
conclude by Lemma 7.57.

o Ifn+g+s >0, thent & NOcgy by Lemma 7.56. Since t ¢ NOcgy, by Lemma 7.18 there exist 7, s’
and S € {B, get,set} suchthat (f,s) = cpys) (7, s’)n,'wg:l‘;gect];;y'StEt(u, q),andn’+¢' +s'+1=
n+ g +s. Now, by applying the i.h., there is ' >y, @ = (r,8') : A x Q tight, such that
#app,Get,set (P') = 1’ -App+ ¢’ - Get + ' - Set. By Lemma 7.65, there is &’ PA; O F (ts): AxQ
tight, such that #app Get,set (P') + 1+ R = #app cet set (P), where

- R=App,if S = B;
- R = Get, if S = get;

— and R = Set, if S = set.

Therefore, we can take ® = @/, since

#App,Get,Set(q)) = #App,Get,Set (CI)/) +1-R
= n'-App+ g -Get+s -Set+1-R
= n-App+ g-Get +s-Set.

E.3.2 Call-By-Value

Lemma 7.73 (CBV Multiset-Typings Split and Merge). Let v € VY. Then, there is ® Dy, L' Eov: M,
such that M = UjctM;, if and only if there are ®; >y, I'; = v @ M;, such that T = +;c1l;, and
#App,Get,Set(q)) = +i€I#App,Get,Set (q)z)

Proof. The proof is identical to that of Lemma 7.54. Indeed, the multiset splitting and merging for

values is identical to that for terms in CBN case. O

Lemma 7.74 (Contexts and Free Variables for CBV). If ® >y, I -t : M (resp. M), then dom(T") C
fv(t).

Proof. The proof is identical to that of Lemma 7.55. Indeed, the CBV typing system does not differ
from the CBN one in variable occurrences and binding structure. Therefore, every variable that is

assigned a non-empty multi-type in the typing context must occur free in the typed term. O

Lemma 7.75 (CBV Values Are Not Effectful). Let t € AY and ® py, THEt:S= (MxQ). Ift € VY,
then Q = S and ® ends with rule Lift.

Proof. Since t € VY, t is either a variable or an abstraction. We analyze the possible last rule of ®:
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e Rules App, Get, and Set cannot be the last rule of ®, since they type applications or effectful

operations, which are not values.

e The only remaining possibility is that ® ends with rule Lift. By definition of Lift, this rule

preserves the state component, hence Q = S.

Therefore, if t is a value and ® >y, I' =t : S = (M x Q), then necessarily Q = S and ® ends with

rule Lift. O

Lemma 7.76 (Zero Weight Tight Type Derivations Characterize CBV-Normal Forms). Let t € AY
and s € So. If >y, D& (t,5) : Pis tight, then #xpp cet,set (P) = 0 - App + 0 - Get + 0 - Set if and only

if t € NOcgy.

Proof. If @y, @ F (t,5) : M x Q is tight, then it must be of the form

q)1[>Vg®|_t:S:(MX{l’_>H}le£) (I)21>Vg®|—S:S
Ok (t,s): Mx{l—[lter

Conf

suchthatP = { } x {I — []}icr-

(=) Let#appcetset(P) = 0-App+0-Get + 0- Set. Observe that in the CBV type system, the only
rule that assigns a monadic type to a value without introducing any App, Get, or Set steps is

Lift. We proceed by cases, according to the last rule R of ®:

— Case R = Ax. Then, t is a variable. This leads to a contradiction with t € AY. Therefore,

this case does not apply.

— Case R = Abs. Then, A is not a monadic type. This leads to a contradiction with

A = {{ }}. Therefore, this case does not apply.

— Case R = App. This leads to a contradiction with #,,,(®) = 0 - App. Therefore, this case
does not apply.

— Case R = Lift. Then, t is a closed abstraction. Thus, t € NOcgy.

— Case R = Get. This leads to a contradiction with #get () = 0 - Get. Therefore, this case

does not apply.
— Case R = Set. This leads to a contradiction with #set (®) = 0 - Set. Therefore, this case

does not apply.

Therefore, ®; must end with rule Lift and t must be a closed abstraction. Thus, we can

conclude that t € NOcgy.
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(<) Lett € NOcgy. Then, t = Ax.u is a closed abstraction, S = {I — []};c,, and ® must be of the

form

Abs —  ElList
Y DFs(l):
O Axu: L} Lift ( OB )leﬁ State

OFAxu:{l=[lhe= ({ } x9) OrF{l=s(Dhec:{l= [Thec Conf
OF (Axa,s): {} xS

Therefore, we can conclude that #,p Get set (P) = 0 - App + 0 - Get + 0 - Set.
L]

Lemma 7.77 (Tight Typability of CBV-Normal Forms). Lets € S.. Ift € NOcgy, then there is a derivation
Oy, D= (t,s) : P that is tight.

Proof. 1f t € NOcgy, then t € Vg. Therefore, t is a closed abstraction, i.e. £ = Ax.u, and we can take

P={} x{l—[]her, and ® to be

Abs (7 ELlSt)
OF Axa: { B DFs(l):] lec
i State
OF Axu:{l = [Jhiee = P OF{il—=sOhec:{l = hee o
OF (Axau,s): P
We can conclude since the above type derivation is tight. O

Lemma 7.79. Let | € Land s € S. There is @y, @ &= s : S, such that S (1) # [, if and only if there
are ¥ >y, @ = s (1) : head(S (1)) and 1>y, @ & s : S{I := tail(S (I))}. Moreover, #ppp et set (P) =
1"’:#App,Get,Set (‘Ij) + #App,Get,Set (H)

Proof. We omit the proof since it is identical to that of the CBN AY-calculus (see Lemma 7.59),
the typing of states and the associated weight bookkeeping being independent of the evaluation

strategy. O

Lemma 7.80. Let ] € Lands € S. Thereare ®>y, D& s: S, suchthat S (1) =[], and Yy, O -0 : L
if and only if there is T1>y, @ s{l :== v} : S{I := L}. Moreover, #xpp cet,set (P) + #app,cet,set (¥) =
#App,Get,Set (H) .

Proof. e omit the proof since it is identical to that of the CBN AY-calculus (see Lemma 7.60), as state

typing and its weight bookkeeping are independent of the evaluation strategy. O

E.3.2.1 Quantitative Soundness

Lemma 7.81 (Weighted Substitution for CBV). Let t € AY, and v € VY. If oy, T;x: M F
t : M(resp. NorL) and ¥ >y, @ & v : M, then II>y, T' = t{x\ v} : M (resp. N or L), such that
#App,Get,Set(H) - #App,Get,Set(q)) + #App,Get,Set (T)
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Proof. The proof follows by induction on the structure of ®. We proceed by cases, according to the
last rule R of ®. We only show rules Ax, Get and Set. The remaining cases follow easily from the

i.h. and Lemma 7.75:
e Case R = Ax. Then, t is a variable, and we must consider the two following possibilities:

- If t = y # x, then ® must be of the form

y:N;x:{{}}l—y:NAx

I'=y:N,and M = { }}. Moreover, t{x \ v} = y{x\ v} =y, and ¥ must be of the form

—— AXx

QFov:{}
Therefore, we can take IT = @, since #app et set (¥) = 0- App + 0 - Get + 0 - Set, and thus
#App,Get,Set (H) = #App,Get,Set (CD) + #App,Get,Set (T)

- If t = x, then ® must be of the form

— AXx

x:NFx:N
and I' = @, and M = N. Moreover, t{x \ v} = x{x \ v} = v. Therefore, we can take
IT = ¥, since #appcet,set (P) = 0-App+ 0 - Get 4 0 - Set, and thus #app get,set (IT) =
#App,Get,Set ((I)) + #App,Get,Set (‘F) .

e Case R = Get. Then, t = get(/, Ay.u), and ® must be of the form

@' >y, Iy thead(S (I));x: M u: S{l:=tail(5(1))} = P
I'tget(l,Ayu):S=P

Get

and M = S = P. By applying the i.i. to @, there is IT >y, I;y : head(S (1)) F u{x\
v} : S{l := tail(S (1))} = P, such that #appcet,set (IT') = #app,cet,set (D) + #app cet set (F)-
Therefore, we can take I to be
IT' >y, Iy chead(S (1)) - u{x\ v} : S{l:=tail(S(I))} = P
I'tget(l,Ay.u{x\v}):S=P

Get

since get (I, Ay.u{x \ v}) = get(l, Ay.u){x\ v}, and

#App,Get,Set<H) = #App,Get,Set(].—.[/) + 1-Get
= #App,Get,Set(qDI) + #App,Get,Set (T) +1-Get
- #App,Get,Set (CD) + #App,Get,Set (‘Y) .
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e Case R = Set. Then, t = set((l,w),r), and ® must be of the form

q)lDVgFl;JCIMl'_ZUZL q)zDVQFQ;x:le_T:S{l::L}Z>P
(T1 +T2);x: MyUM; +set((l,w),r):S=P

Set

=T1+0I, M= MUM,;, and M = S = P. By Lemma 7.73, there exist ¥; >y, @ I
v : My and Yoy, @ = v : My, such that #app et set (¥) = #app,cet,set (V1) + #app et set (F2).
By applying the ih. to ®;, we know there exists ITy >y, I'1 = w{x\ v} : L, such that
#app,Get,set (I11) = #app cet,set (P1) + #app,cet,set (¥1). By applying the i.h. to P,, we know there
exists [Ty >y, I = r{x\ v} : S{l := L} = P, such that #appet,set (IT2) = #appcet,set (P2) +
#app,Get,set (¥2). Therefore, we can take I to be
Moy, I Fw{x\v}:L TIhoy,IhFr{x\v}:S{l:=L} =P
I+ Fset((l,w{x\v}),r{x\v}):S=P

Set

since we have that set((l,w{x \ v}),r{x\ v}) = set((l,w),r){x \ v}, and

#app Get,set (IT) = #app cet,set (IT1) + #app Get,set (IT2) +1 - Set
#appcet,set (P1) + #app,cet,set (F1)
+ #appcet,set (P2) + #appcet,set (T2) +1- Set
= #appcet,set (P1) + #appcet,set (P2) + #app cet,set (¥) + 1 Set
(

#App,Get,Set (D) + #App,Get,Set (‘F)

O

Lemma 7.82 (Exact Subject Reduction for CBV). Let t € AY, s € S,, and S € {By,get, set}.
If (t;s) =cys) (wq) and @y, @ = (t,5) : P, then there is Y >y, @ = (u,q) : P, such that
#App,Get,Set(q)) - #App,Get,Set (‘Y) +1- R/ where

e R =App,if S = By,
o R =Get, if S = get;

e and R = Set, if S = set.

Proof. Let (t,s) = (V[to],s) =cay(s) (V[uo],9) = (u,9), such that (to,s) F>cgy(s) (10,9). The proof

follows by induction on the definition of V:

e CaseV =1L
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- If S = By, then (to,s) = ((Ax.r)v,5) =p, (r{x\v},5) = (uo,q), and ® must be of the
form
P>y, x:NFr:S=P Abs
Ok Axr:{N—=(S=P)} Lift D>y, OFv: N
OFAxr:S= ({N—(S=P)} x5) @I—U:S:>(N><S)App
OF (Axr)v:S=P D3>y, DFs: S
Ok ((Axr)v,s): P

Lift

Conf

according to Lemma 7.75. Given the forms of ®; and ®;, we can apply Lemma 7.81
to obtain a derivation IT>y, @ = r{x\ v} : S = P, such that #pcetset(IT) =
H#app,Get,set (P1) + #app cet,set (P2). Therefore, we can take ¥ to be
Moy, @Fr{x\v}:S=P D3>y, OFs:S

@t (r{x\v},s):P

Conf

since

#App,Get,Set (CD) = #App,Get,Set (CI)1> + #App,Get,Set (CDZ) + 1- App + #App,Get,Set (CDS)
= #App,Get,Set (H) +1- App + #App,Get,Set (CI)B)
— #App,Get,Set (‘Ij) +1- App-

- If S = get, then (to,s) = (get(l,Ax.r),s) =cgy(ger) (1{x\s(I)},8) = (uo,q), and ®
must be of the form
@1 >y, x thead(S (1)) Fr: S{l:=tail(S(l))} = P ot
@t get(l,Ax.r) : S=P D>y, OFs5:S
@t (get(l,Ax.r),s): P

Conf

By applying Lemma 7.79 to ®,, there are derivations Iy >y, @ F s(I) : head(S (I))
and Y2 >y, @ I s : S{I := tail(S(I))}, such that #pppcet,set (P2) = #appcet,set(IT1) +
#app Get,set (¥2). By applying Lemma 7.81 to ®; and ITy, there is Y1 >y, @ Fr{x\s ()} :
S{l := tail(S(I))} = P, such that #app cet,set (¥1) = #app,cet,set (P1) + #app,cet,set (I11).
Therefore, we can take ¥ to be

Yioy, @Fr{x\s(l)}: S{l:=tail(S(l))} = P Yapy, OFs:S{l:=tail(S(]))}

O+ (r{x\s(I)},s): P Conf
since
#appet,set (P) = #appcet,set (P1) + H#appet,set (P2) + 1 - Get
= #app,cet,set (P1) + #appcet,set (IT1) + #appcet,set (F2) + 1 - Get
= #appcetset (V1) + #appcet set (F2) + 1 - Get
= #appcerset(F) +1-Get.
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- If S = set, then (t,s) = (set((L,v),7),5) = cy(ser) (7,5{] := v}) = (uo,q), and ® must
be of the form
D>y, @Fv:L Doy, O r:S{l:=L} =P S(l) =[] Set
@+ set((l,v),r):S=P D30y, OFs:S
@+ (set((l,v),r),s): P

Conf

By applying Lemma 7.60 to ®; and ®;, there is Y5>y, @ - s{l := v} : §{I := L}, such
that #app et set (P3) + #app,cet,set (P1) = #app et set (¥3). Therefore, we can take ¥ to be
Gy>y, @Fr:S{l:=L} =P Y3p),OFs{l:=0v}:5{l:=L}
QF (r,s{l:==0}):P

Conf

since

#appcet,set (P) = #Happ,cet,set (P1) + #app,cet,set (P2) + 1 - Set + #app get,set (P3)
= HappGet,set (P2) + #app et set (¥3) +1- Set
= #appcetset(¥)+1-Set.

e Case V= V'r. Then, we have that (f,s) = (V'[to] ,5) =cgy(s) (V'[t0] 7,9) = (u,9), such that
(V'[to],s) = cpu(s) (V'[uo],q), and ® must be of the form

Oy oy, @ F Vtg] : S = ({N = (T = P)} x R)
¢2DVQ®I—V:R:>(NXT)

App
@l‘V’[to]T:SiP ®3l>yg@|_525
Conf
@k (Vto]r,s): P
Notice that we can build the following type derivation for (V'[t],s):
¢‘1I>Vg®|—v/[t0]ZS:>({{N—>(T:>P)}}XR) ®3l>vg@|_525 £
Con

OF (Vt],s) : N = (TxP)} =R
Therefore, by applying the i.h. to (V'[to],s), we know there is a type derivation for (V'[ug], q)
whose premises are of the form ¥1 >y, @ = V'[ug] : Q = ((N — (T = P)) x R) and ¥3 >y,
@ F q: Q, such that #app cet,set (P1) + #app,cet,set (P3) = #appcet,set (V1) + #app cet,set (¥3) +

1- R, where
- R =App,if S = By;
- R =Get,if S = get;

— and R = Set, if S = set.
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Therefore, we can take ¥ to be
Y10y, @ V'ugl: Q= ({N — (T = P)}} xR)
Dy>y, @Fr:R= (NxT) Aop
QFVwlr:Q="r Y30y, 0Fq:Q
@+ (Vuo)r,q): P

Conf

since

#appcetset (D) = #appcet,set (P1) + #app cet,set (P2) + 1 - App + #app et set (P3)
#app,Get,set (¥1) + 1+ R + #app cet,set (P2) + 1 - App + #app et set (¥3)
= #appcetset(¥) +1-R.

e Case V= wV. Then, (t,5) = (wV'[to],s) =csv (wV'[uo],q) = (u,q), such that (V[t],s) =cpv
(V[uo],q), and @ must be of the form
D>y, OFw: {N - (R=P)} it
OFw:S= ({N— (R=P)} x8S) Dyy, D= V'[ty] : S = (N x R) Ao
QFwV'ty]:S=7P D3>y, DFs: S
@+ (wV'ty],s) : P

Conf

according to Lemma 7.75. Notice that we can build the following type derivation for (V[¢], s):

¢2DVQ@FV,[t0]ZS:>(NXR) q)gbyg@l_S:S
@+ (V[to],s) : N x R

Conf

Therefore, by applying the i.h. to (V'[t],s), we know there is a type derivation for (V[uo], q)
whose premises are of the form ¥, >y, @ = V'[ug] : Q = (N x R) and ¥3 >y, @ - g : Q, such
that #App,Get,Set(CDZ) + #App,Get,Set(q)S) = #App,Get,Set (TZ) + #App,Get,Set (T3) + 1- R/

- R =App,if S = By;
- R = Get, if S = get;

— and R = Set, if S = set.

Therefore, we can take ¥ to be
O1>y, - w: {N = (R=P)} -
QFw: Q= ({N—=(R=P)} xQ) Y20y, @ V'[ugl : Q= (N x R) App
OFwV ug): Q=P Y30y, @Fq:Q
@ F (wV'uol,q): P

Conf
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since

#appcet,set (P) = #appcet,set (P1) + Happ,cet,set (P2) + 1 - AP + #app cet,set (P3)
= #appcetset(P1) + 1+ R+ #appcet,set (T2) + 1 - App + #app cet,set (¥3)
= #appcetset(¥) +1-R.

O]

Theorem 7.83 (Exact Soundness for CBV). Let t € AY. If there is ® by, @ & (t,8) : P tight, such that

H#app,Get,set (P) = 1 - App + g - Get + s - Set, then (t,s)n P é::;g»i;vs SEt(u,q), such that u € NOcgy.

Proof. Let®y, @ I (t,s) : Pbe tight, such that #ypp 0p, (P) = 7+ App + ¢ - Get +5 - Set. We proceed
by induction on n + g + s:

e lfn+g+s=0thenn =g=s=0. By Lemma7.76, t € NOcgy. Therefore, we can conclude

withu =tand g =s.

e Ifn4+g+s >0, thent ¢ NOcgy by Lemma 7.76. By Lemma 7.18, there are r € AY and
s’ € S, such that (t,s) = cBv(S) (r,s"), for some S € {By, get,set}. By Lemma 7.82, there is
ol Dy, @ F (r,s") : P tight, such that #app cet,set (P) = #app,cet,set (P') +1 - R, where

- R = App,if S = By;
- R = Get, if S = get;

— and R = Set, if S = set.

Let us assume, without loss of generality, that #app cet,set (P') = 1’ - App + ¢’ - Get + s’ - Set.

Then, n' + ¢+ +1 = n+ ¢ +s. Now, by applying the i.h., (r, s’)n 'ﬁv+§>§f{1§$5 'SEt(u/, q7),

"-Bv+g -get+s'-set
such that u’ € NOcgy. Therefore, (t,s) = cay(S) (r, s’)n P és??jw vee (u',q"). Thus, we can take

(u,q) = (v/,q"), since (t,s)n'ﬁﬁéggis'set(u,q).

The argument is identical in structure to the CBN case, relying on exact subject reduction and the

characterization of CBV normal forms. O

E.3.2.2 Quantitative Completeness

Lemma 7.84 (Weighted Anti-Substitution for CBV). Let t € AY and v € VY. Ifd >y, I H{x\
v} : M (resp. N or L), then Yoy, x: M Bt M(resp. Nor L) and ey, @ Fov: M, such that
#App,Get,Set(q)) - #App,Get,Set (‘Y) + #App,Get,Set(H)-

Proof. The proof follows by induction on the structure of t. We only show the cases where t is a

variable or an operation. The remaining cases following easily from the i.h. and Lemma 7.75:
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e Caset =y # x. Then, t{x \ v} = y{x \ v} = y. Therefore, we can take M = { }}, ¥ = @,

and IT as the following derivation

any

_—— M
OrFv:{}
since #App,Get,Set ((I)) == #App,Get,Set (T) == #App,Get,Set (T) + #App,Get,Set (H)

e Case t = x. Then, t{x\ v} = x{x\ v} = v, and, since fv(v) = @, we know that ' = @
by Lemma 7.74. Now, we must consider two cases, according to the type assigned to v in ®:
- Let ® be of the form
D' >y, @Fv:N
@Fv:5S=(NxS)
Then, we can take M = N, I1 = &' and ¥ to be

Lift

—— Ax
x:NFx:N
x:NFx:S5= (NxS)

Lift

since #App,Get,Set (CI)) = #App,Get,Set (H) = #App,Get,Set (T) + #App,Get,Set (H) .

- Let®ry D v: N. Then, we can take M = N, I1 = ®&,and ¥ to be

— Ax
x:NFx:N
since #App,Get,Set(q)) = #App,Get,Set(H) = #App,Get,Set (T) + #App,Get,Set(H)-

e Caset = get(l,Ay.u). Then, t{x \ v} = get(l, Ay.u{x \ v}), and ® must be of the form:

@' >y, T;y s head(S (1)) Fu{x\ v} : S{l :=tail(S(l))} = P
I'tget(l,Ayu{x\v}):S=P

Get

and M = S = P. By applying the i.h. to u, we know ¥' >y, Iy : head(S (I));x : M
u: S{l := tail(S(l))} = P exists and IT' >y, @ = v : M, such that #xpp cet,set (P') =
H#app,Get,set (F) + #app,cet,set (I1'). Therefore, we can conclude by taking IT = IT and ¥ to be
Y >y, T;y:head(S(1));x: M u:S{l:=tail(S(l))} = P
[x:MbEget(l,Ay.u):S=P

Get

since
#App,Get,Set((D) = #App,Get,Set((D/) +1-Get

== #App,Get,Set (T/) + #App,Get,Set (H/) +1-Get
== #App,Get,Set (T) + #App,Get,Set (H)

e Caset = set((l,w),u). Then, t{x\ v} = set((,w{x \ v}),u{x\ v}), and ® must be of the

form
Oioy, I Fw{x\v}: L Py, TobFu{x\v}:5{l:=L} =P

I+ Fset((l,w{x\v}),u{x\v}):S=P

Set




294

A QuaNTITATIVE STUDY OF HIGHER-ORDER COMPUTATIONS WITH EFFECTS

['=T;+TIz and M = S = P. By applying the i.h. to w, we know there exist ¥; >y,
I;x: My B w: Land ITy >y, @ F v @ My, such that #app et set (P1) = #app,Get set (¥1) +
#app Get,set (IT1). By applying the i.h. to u, we know there exist ¥ >y, I'y;x : My F u :
S{l := L} = Pand II;py, @ = v : My, such that #appcet,set (P2) = #appcerser(T2) +
#app,Get,set (I12). By Lemma 7.73, there exists a type derivation IT’ Dy, @ = v 1 My UMy,
such that #app cet set (IT') = #app cet,set (IT1) + #app,cet,set (I12). Therefore, we can conclude by
taking M = M; LI Mp, IT = IT' and ¥ to be
Yivy, Tux:MibFw:L  Yoby, Toyx:Mpbu:S{l:=L} =P
(T1+T2);x: My UM, Fset((l,w),u):S=P

Set

since

#App,Get,Set (CI))

#App,Get,Set Dy +#App,Get,Set ®;) +1-Set

(P1) (®2)
#app,Get,set (F1) + #app cet,set (IT1)
+  #appcet,set (V2) + #app cet,set (IT2) +1- Set
= #app,cet,set (F1) + #app,cet,set (F2) + #app,cet,set (IT') + 1 - Set
#app,Get,set (F) + #app,cet,set (IT).

O]

Lemma 7.85 (Exact Subject Expansion for CBV). Let t,u € A, s €8, and S € {Bv,get,set}.
If (t,;s) =cys) (wq) and @y, @ = (u,q) : P, then there is ¥ >y, @ = (t,5) : P, such that
#App,Get,Set(q>) +1-R= #App,Get,Set (\F)/ where

b R:Appllfsz,gv;
® R =Get, if S = get;

e and R = Set, if S = set.

Proof. Let (t,5) = (V[to],s) = cay(s) (V[uol,q) = (u,q), such that (to,s) =cgy(s) (10,q)- The proof

follows by induction on the definition of V:

o LetV=1[1I

- If S = By, then (to,s) = ((Ax.r)v,s) =p, (r{x\v},s) = (uo,q), and P is of the form

D>y, O r{x\v}:S=P D>y, OFs:S
@t (r{x\v},s):P

Conf

Given the form of ®;, we can apply Lemma 7.84 to obtain derivations ¥; by, x :

MbEr:S = Pand ‘Yz DVg QOFov: M, such that #App,Get,Set(q)l) = #App,Get,Set(‘Yl) +
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#app,Get,set (F2). Therefore, we can take ¥ to be

Yoy, x:MEr:S=P Abs
OFAxr:{M— (S=P)} Lift Yoy, OFv: M
QFAxr:S=(f{M— (S=P)} xS) QFv:S=(MxS) Ap
OF (Axr)v:S=P q>2>vg<§ks:s
@+ ((Axr)ov,s): P

Lift

Conf

since

#App,Get,Set((D) +1- App = #App,Get,Set(q)l) + #App,Get,Set(q)Z) +1- App
#App,Get,Set (‘Yl ) + #App,Get,Set (‘YZ)

+  #appcet,set (P2) + 1 App

(

#App,Get,Set T) .

- If S = get, then (to,s) = (get(l,Ax.r),s) =cpy(ger) (r{x\5(I)},5) = (uo,9), and P is of

the form
CI>1I>Vg®|—1’{X\S(l)}252>P q)szg@l_Sis

@k (r{x\s(l)},s): P
By applying Lemma 7.84 to @, there exist ¥1 >y, x : M r: S = Pand 1>y, @ F
s (1) : M, such that #app Get set (P1) = #app,cet,set (Y1) + #app,cet,set ([1). Let R = M - S (I).
Then, head(R (1)) = M, tail(R(l)) = S(I) = L, and R{I := tail(R (1))} = S. Thus,

Conf

by applying Lemma 7.79 to IT and ®;, there is a type derivation ¥ >y, @ I s : R, such
that #app et,set (T2) = #app,cet,set (P2) + #app, et set (IT). Therefore, we can take ¥ to be
Y1>y, x :head(R (1)) Fr: R{l:=tail(R(I))} = P cet
@ get(l,Ax.r): R=P Yopy,@Fs:R
@+ (get(l,Ax.r),s) : P

Conf

since

#appcetset (D) +1-Get = #yppcet,set(P1) + #appcetset (P2) +1-Get
#app Get,set (V1) + #app cet set (IT)
+  #appcerser(P2) +1-Get
(Y1)
(

#App,Get,Set Y1) + #App,Get,Set (\Ijz) +1-Get

- #App,Get,Set T)

- If S = set, then (ty,s) = (set((/,v),7),5) =cpy(ser) (1,81 := v}) = (ug,q), and ® is of

the form
Cplbyg@f_i’:SéP CIDZDVg@I—s{l::v}:S

Ot (r,s{l:=v}): P
LetR = S{l:=[]|},and R{l := S (I)} = R{l := L} = S. Then, by applying Lemma 7.80

Conf
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to @, there are Yy, @ s : Rand Yipy, @ F v : L, such that #app,Get,set (F2) +

H#app,Get,set (F1) = #app,cet,set (P2). Then, we can take ¥ to be

Yoy, OFv: L
®1>V9®Fr:R{l::L}:>P R(l):[]st
e
@+ set((l,v),r):R=P Yaby, @Fs:R

Conf

@+ (set((l,v),r),s): P

since

#App,Get,Set((D) +1-Set = #App,Get,Set ch) + #App,Get,Set((DZ) +1-Set

(
= #appcetset (P1) + #app cet,set (F1)
H#app,Get,set (F2) +1- Set
(

- #App,Get,Set ‘Ij) .

e CaseV = V'r. Then, we have that (t,s) = (V'[to] 7,5) = cgy(s) (V'[to] 7,q) = (u,9), such that
(V'[to], s) = cav(s) (V'[1o],q), and @ must be of the form
D10y, D V'ugl: Q= ({N — (T = P)} xR)
@2>V9@FV:R:>(NXT) App
@FV/[MO]V:Q:>P CD3[>VQ@|—(/]ZQ
@t (Vuo)r,q): P

Conf

Notice that we can build the following type derivation for (V'[uo], 9):

q)lbyg@l—v,[u()]:Q:>({{N—>(T:>P)}}XR) CI)3[>V9®|—q:Q
@ (Vuol,q) : {N - (T=P)} xR

Conf

Therefore, by applying the i.h. to (V'[ug],q), we know there is a type derivation for (V'[t], s)
whose premises are of the form ¥y, @ F V[t] : S = ({N — (T = P)} x R) and
‘PS [>Vg %) Fos S, SU_Ch that #App,Get,Set(q)1> + #App,Get,Set((DS) + 1-R = #App,Get,Set <\Ijl) +

#app,Get,set (F3), where
- R = Get, lf S = get’

— and R = Set, if S = set.

Therefore, we can take ¥ to be
Yi>y, @FVtg]: S = ({N — (T = P)}} x R)
Oy>y, @Fr:R= (NxT) App
QFV(|lr:S="P Y3py, OFs:S
@k (Vto)r,s): P

Conf
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since

#App,Get,Set(q)) + 1-R

#App,Get,Set ‘I)l) + #App,Get,Set(q)Z) +1-App
®3)+1-R
Tl) + #App,Get,Set (@2) + 1 App + #App,Get,Set (T?;)

+ #App,Get,Set

(
(
#App,Get,Set(
— #App,Get,Set (T)
e CaseV = wV'. Then, we have that (t,5) = (wV'[fo],s) = cgy(s) (W V'[10],q) = (u,9), such that

(V[to],s) =cv(s) (V[uo],9), and ® must be of the form

D10y, O w: {N = (T=P)} ™
OQFw: Q= {N—->(T=P)} xQ) Dypy, OV ugl: Q= (N xT) Aop
OFwViu: Q=P D30, OFg:Q
@+ (wV'uel,q) : P

Conf

Notice that we can build the following type derivation for (V]uo],q):

q)zbyg@l_vl[uo]iQi(NXT) q>3l>yg®|—q:Q
@+ (Viug),q) : NxT

Conf

Therefore, by applying the i.h. to V'[ug], we know there is a type derivation for (V[to],s)
whose premises are of the form ¥, >y, @ = V'[tg] : S = (N x T) and Y3y, @ - s : S, such
that #App,Get,Set(qDZ) + #App,Get,Set(q:'B) + 1-R= #App,Get,Set (TZ) + #App,Get,Set (TS)/ where

— R =App,if S = By;
- R = Get, if S = get;

— and R = Set, if S = set.

Therefore, we can take ¥ to be
D>y, @Fw: {N = (T=P)} Life
OQFw:S= ({N—=(T=DP)} x9) Yoy, @FVtg]: S = (N xT) App
QFwV([]:S=P Y30y, O s:S
D+ (wV'[to],s) : P

Conf

since
#appGetset (P) +1-R = #appcet,set (P1) + #appcet,set (P2) +1- App

(

+ #App,Get,Set (CD?:) + 1-R

#App,Get,Set (q)l) + #App,Get,Set (TZ) + 1- App + #App,Get,Set (T?))
(

#App,Get,Set T) .
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Theorem 7.86 (Exact Completeness for CBV). Let t € AY. If (t,s)n'ﬁﬁé"gg?set(u,q), such that

u € NOcgy, then there is ® >y, @ &= (t,s) : P tight, such that #ppp Get,set (P) = 1 - App + ¢ - Get + 5 - Set.

Proof. Let (t, s)n'ﬁv+§=§ec;,—5'set(u, q), such that u € NOcgy. We proceed by induction on n + s + g:

e Ifn+g+s=0,thenn =g =s = 0. Therefore, t € NOcgy, by Lemma 7.18. Thus, we can
conclude by Lemma 7.77.

o Ifn+g+s >0, thent ¢ NOcgy by Lemma 7.18. Therefore, there are r € AY and s’ € S,
such that (t,s) = By (S) (r, s’)”l'ﬁ”é/;;?éé‘,“/'set(u,q), and '+ ¢ +s'+1 =n+g+s. Now,
by applying the i.h., there is @ Dy, @ (r,s') : P tight, such that #app cet,set (P') = 1’ -
App + ¢’ - Get + ' - Set. By Lemma 7.85, there is ®' >y, @  (t,5) : P tight, such that
#app,Get,set (D) + 1+ R = #app et set (P), where

- R=App,if S = By;
- R = Get, if S = get;

— and R = Set, if S = set.
Therefore, we can take ® = &/, since

#App,Get,Set(CD) - #App,Get,Set ((I)/) +1-R
= n -App+ ¢ -Get+s'-Set+1-R
= n-App+ g-Get +s-Set.

E.3.3 Subsuming Call-By-Name and Call-By-Value

Lemma 7.93 (CBPV Multiset-Typings Split and Merge). Let t € !AY. Then, there is ® bp, [ =1t M,
such that M = UjerM;, if and only if there are ®;>p, I'; = t : M;, such that T = +;c(l;, and

#App,Der,Get,Set(qD) = +iEI#App,Der,Get,Set(q)i)'

Proof. The proof is by a straightforward case analysis on the structure of CBPV terms. For value
terms, the statement follows directly from the CBV multiset split and merge lemma; for computa-
tion terms, it follows from the corresponding CBN lemma. Since CBPV typing rules combine con-

texts, multisets, and weights additively and componentwise, the result follows immediately.  [J

Lemma 7.94 (Contexts and Free Variables for CBPV). If ®>p, I' =t : A (resp. M), then dom(T') C
fv(t).
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Proof. The proof follows by a straightforward induction on the structure of the typing derivation.
Since the CBPV type system does not admit weakening and all typing rules propagate contexts
only through variable occurrences, every variable in the typing context must occur free in the

term. 0

Lemma 7.95 (CBPV Values Are Not Effectful). Let t € !AY and ® bp, D t:S = (AxQ). If
t € 1VY, then Q = S and ® ends with rule Lift.

Proof. Let ®pop, D t:5 = (A x Q) and assume t € V9. We proceed by inspection of the last
rule R of ®. Since f is a value, the last rule of the derivation cannot be App, Der, Get, or Set, as
these rules type applications, derelictions, or effectful operation. Therefore, the only possible last

rule is Lift. By the definition of Lift, the input and output state types coincide, hence Q = S. O
Lemma 7.96. Let t € !AY and s € S.. If Pop, @ b (t,5) : P is tight, then #ypp per Getset(P) =
0-App + 0-Der + 0-Get + 0 - Set if and only if t € NOSE,.

Proof. We start by noticing that, if ® >p, @ I (t,s) : P is tight, then ® must be of the form

Oop, @Ft:S= (Ax{ls [Jhey) @'op,OFs:S
O+ (t,S) A X {l — H}lEﬁ

Conf

P=Ax{l—[]}iec,and A= { Jor A=~

(=) Let #apppercet,set (P) = 0-App + 0-Der + 0 - Get + 0 - Set. We proceed by cases, according
to the last rule R of @':

- Case R = Ax. Then, @' does not conclude with a monadic type. Therefore, this case
does not apply.

— Case R = Abs. Then, Aisanarrow type. Thus, thislead to a contradictionwith A = {{ }}
or A = . Therefore, this case does not apply.

— Case R = Ans. Then, tis an closed abstraction. Therefore, we can immediately conclude
that t € NOS,y.

— Case R = App. This lead to a contradiction with #,,,(®') = 0 - App. Therefore, this case
does not apply.

— Case R = Bg. Then, ®' does not conclude with a monadic type. Therefore, this case
does not apply.

— Case R = Lift. Then, t is a closed value, and ® must be of the form

g ELiSt)

oredy (@Fsm 1] e
OFt:5= ({}x5) OF {1 s hee: (1= Dhiec
O (65 4 x (1= ee

State
Conf
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and S = {I — []}c.. Therefore, we can immediately conclude that ¢ € NOSy,.

- Case R = Der. This leads to a contradiction with #per (®’) = 0 - Der. Therefore, this case
does not apply.

- Case R = Get. This leads to a contradiction with #get (®’) = 0 - Get. Therefore, this case
does not apply.

- Case R = Set. This leads to a contradiction with #set (®’) = 0 - Set. Therefore, this case

does not apply.

Therefore, ® must end either with rule Ans, or with rule Lift whose premise ends with Bg.
In the first case, t is a closed abstraction; in the second case, t is a closed bang-term. In both

cases, we conclude that t € NOSE.

(<) Lett € NO&py. Then, t = Ax.u or t = lu. Therefore, ® must be of the form

— B
DFAxu:S= (xx8) s or Oftu:td g Lift
o OFWw:S= ({3 xS)

S = {l — []}ier, and ®” must be of the form

(orsm- ™)
s :
leL State
OFA{l—=s(D}tieg: {I = [l}iec
Thus, we can conclude that
#App,Der,Get,Set(q)) - #App,Der,Get,Set(qD/) + #App,Der,Get,Set(qDN)

= 0-App+0-Der+0-Get +0- Set.
0
Lemma 7.97 (Tight Typability of Clash-Free CBPV-Normal Forms). Let t € IAY. Ift € NOSE,,, then

there is a derivation ®>p, @ &= (t,s) : P that is tight.

Proof. If t € NOS,y, thent = Ax.uort =!u. Let P = A x Sand S = {I — []};c,. Moreover, let @’

be
g

- B
Ans  or OFtu:{}

@")\X.MCS@(*XS) @"'MS?({{}}XS) Lift

and ®" be )
— EList
(orsm-0 ™) .
OF{l—=s(D}iee: {1 = [1}iec

State

Then, we can take ® to be
O'op, OFt:S=(AxS) P"vp,OFs:{l—[]}lier
C
D F (t,S) A X {l — H}IG[,

onf
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where A = x or A = { }}, according to t. Then, we can conclude since P is tight. O

Lemma7.98. Let] € Lands € S. Thereis ®>p, D &5 : S, such that S (1) # [], if and only if there are
Yop, @ Fs(l):head(S (1)) and I1>p, @ b s : S{I := tail(S (I))}. Moreover, #apper et set (P) =

#App,Der,Get,Set (T) + #App,Der,Get,Set (H) .

Proof. The proof is identical to the CBV case (Lemma 7.79), since CBPV state typings are built
using the same list-typing and state rules, and none of the CBPV-specific rules (Der, Bg, Ans) apply
to states. ]

Lemma?7.99. Let! € Lands € S. Thereare ®vp, O =5 : S, suchthatS (1) = [|,and Y op, O v : Lif
and only if there is TI>p, @ t= s{l := v} : S{I := L}. Moreover, #pp per,cet,set (D) + #app per,cet,set () =

#App,Der,Get,Set (H) .

Proof. The proof is identical to the CBV case (Lemma 7.80), since CBPV state typings are built using

the same list and state rules, and CBPV-specific rules (Der, Bg, Ans) do not apply to states. O

E.3.3.1 Quantitative Soundness

Lemma 7.100 (Weighted Substitution for CBPV). Let t ¢ IAY and v € VY. If®op, [;x: M+
t: A(resp. NorL) and Y op, @ = v : M, then I1op, T = t{x\ v} : A (resp. N or L), such that

#App,Der,Get,Set (H) = #App,Der,Get,Set ((D) + #App,Der,Get,Set (T)

Proof. The proof follows by induction on the structure of ®. We proceed by cases, according to
the last rule R in ®. We omit Abs, Ans, Get and Set, since these cases are very similar to the
corresponding ones for the CBN AY-calculus (see Lemma 7.61), and Ax, App, and Lift, since these

cases are very similar to the corresponding ones for the CBV AY-calculus (see Lemma 7.81):

e Case R =Bg. Then, t = lu, t{x\ v} = lu{x\ v} = (u{x\ v}), and ® must be of the form
(®idp, Tisx: M u s Ag)ier
tierli;x t UierMi = tu s { A Bier

Bg

I' = +ierl;, and N = UjerM;. By Lemma 7.93, since M = U;c1M;, we know there are
Yiop, @ F v : M;, for each i € I, such that #appper,Get,set (¥) = +Fict#appper,cet,set (¥i)-
By applying the ih. to each ®; we know there are IT; >p, I'; = u{x\ v} : A;, such that
H#app,per,Get,set (I1;) = #app per cet,set (Pi) + #appper,cet,set (¥i), for each i € I. Notice that u{x\
v} is a value. Thus, we can take IT to be

(I op, Ti = u{x\ v} : Aj)iex

Fietli B H(u{x\ v}) : {ABier
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since we have

#App,Der,Get,Set(H) = +i€I#App,Der,Get,Set (Hl)
= +i€I#App,Der,Get,Set (q)z) + +i€I#App,Der,Get,Set (Tz)

= #App,Der,Get,Set (@) + #App,Der,Get,Set (T) .

e Case R = Der. Then, t = der(u), t{x \ v} = der(u){x \ v} = der(u{x \ v}), and ® must be

of the form
O'op, [x: MEu:S= ({R= P} xR)

I[;x:MFder(u):S=P
and A = S = P. By applying the i.h. to @', we know there is IT' >p, I' - u{x\ v} : S =
({{R = P}} X R)/ such that #App,Der,Get,Set<Hl) = #App,Der,Get,Set(q)/) + #App,Der,Get,Set (‘Y) Thus,

Der

we can take IT to be
IMop, THu{x\v}:5= ({R= P} xR)
I'-der(u{x\v}):S=7P

Der

since

#App,Der,Get,Set (H) = #App,Der,Get,Set (HI)
= #App,Der,Get,Set (CD/) + #App,Der,Get,Set (‘Y)

= #App,Der,Get,Set ((I)) + #App,Der,Get,Set (‘F) .

O]

Lemma 7.101 (Exact Subject Reduction for CBPV). Let t € INY,s € S,,and S € {Bv, B1, get, set}.
If (t,5) =cppy(s) (4,q) and @>p, @ = (t,5) : P, then there is Y op, @ = (u,q) : P, such that

#appper,Get,set (P) = #appper,cet,set (¥) + 1 - R, where
e R =App,if S = By,
e R=Der,if S =y
o R =Get, if S = get;
e and R = Set, if S = set.

Proof. Let (t,s) = (B[to],s) = cBpV(S) (Bluo),q) = (u,q), such that S € {By, Bi, get, set}. The proof
follow by induction on the definition of B. We omit the cases where B = B'r and B = (Ax.r) B/,

since they are very similar to the corresponding ones for the CBV AY-calculus (see Lemma 7.82):

e CaseB = LI
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- If S = By, then (to,s) = ((Ax.r)v,5) =p, (r{x\v},5) = (uo,q), and ® must be of the

form
q)legx:Mf—T’ZS?P q)szg@l_U:M
Abs Lift
QFAxr:S=((M— (S=P)) x8S) @I-U:S:(MXS)A
1YY
OF (Axr)v:S=7P S30p, OFs:S

Conf

@F ((Ax.r)v,s): P
according to Lemma 7.95. By applying Lemma 7.100 to ®; and ®,, we know there
is ¥10p, @ F r{x\ v} : S = P, such that #xpp percet,set (Y1) = #apper,cet,set (P1) +
#appper,Get set (P2). Thus, we can take ¥ to be
Yiop, OFr{x\v}:5=P P3pp,OFs:S
O F (r{x\v},s): P

Conf

since

#App,Der,Get,Set(q)) = #App,Der,Get,Set(q)l) + #App,Der,Get,Set(CDZ) +1- App
= #App,Der,Get,Set (Tl) +1-App = #App,Der,Get,Set (‘Ij) +1- App.

- If S = By, then (to,s) = (der(!r),s) =, (r,5) = (uo,q), then ® must be of the form

®yop, OF7r:S =P
OFIr:{S=r} £t
OFr:S= ({S= P} xS) Der
@+ der(lr):S=7P byop, DF5:S
@+ (der(!r),s) : P

Conf

Thus, we can take ¥ to be
¢1DPT@FV:S:>P CI>2[>7)g®l_SIS
@k (r,s):P

Conf

since we have

#App,Der,Get,Set(q)) = #App,Der,Get,Set((bl) +1-Der

= #apppercetset (V) +1-Der.

- If S € {get,set}, we proceed similarly to the corresponding cases for the CBV AY-

calculus (see Lemma 7.82).

e Case B = der(B'). Then, (t,5) = (der(B'[f0]),s) = cgpy(s) (der(B'[uo]),q) = (u,q), such that
(B'[to], s) = capv(s) (B'[t0],4), and ® must be of the form
D, >, D+ B,[to] :S=> ({{R = P}} X R)
Der
@l—der(B’[to]) :S5=P q>2[>fpg®|—515
@ I (der(B'[to]),s) : P

Conf
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Notice that we can build the following type derivation for (B'[t],s):

©1l>pg@|_B,[t()]:S:>({{R:>P}}XR) q)zl>pg®|—SZS
@ F (B[to],s): {R = P} x R

Conf

Therefore, by applying the i.h. to (B'[t],s), there is a type derivation for (B'[ug],q) whose
premises are of the form ¥ >p, @ - B'[ug] : Q = ({R = PJ} x R)and ¥o>p, D - q: Q, such

that #App,Der,Get,Set (CI)1> + #App,Der,Get,Set (CDZ) = #App,Der,Get,Set <Tl> + #App,Der,Get,Set (T2> + 1- R/

where

R = App,if S = By;

R =Der,if S = By;

R = Get, if S = get;

and R = Set, if S = set.

Therefore, we can take ¥ to be

¥y op, @ F Blug) : Q = ({R = P} x R)

Der
@ der(B'[up]): Q=P Yoop, O q:Q
Conf
@+ (der(B'[ug]),q) : P
since we have
#App,Der,Get,Set(q)) - #App,Der,Get,Set<q)1) + #App,Der,Get,Set (CI)Z) + 1-Der

= #App,Der,Get,Set (‘Fl) + #App,Der,Get,Set (TZ) +1-R+1-Der
= #apppercetset(¥) +1-R.

O]

Theorem 7.102 (Exact Soundness for CBPV). Let t € !AY. If there is ® >p, @ = (t,s) : P tight, such

n-By+m-Pi+g-get+s-set

that #app per,Get,set (P) = 1 - App + m - Der + ¢ - Get + s - Set, then (t, s) = CrpV (u,q), such

that u € NOEEpy.

Proof. Let ®>p, @ = (t,5) : P be tight, such that #app per,Get,set (P) = 7 - App + m - Der + g - Get +

s - Set. We proceed by induction on n +m + g + s:

e Ifn+m+g+s=0,thenn=m=g=s=0. By Lemma7.96, t € NOS,. Therefore, we can

conclude with u = tand g = s.

o Ifn+m+g+s>0,thent ¢ NOS,, by Lemma 7.96. By Proposition 7.25, there are r € IAY

and s’ € S, such that (¢, s) = CBPY(S) (r,s), for some S € {By, B, get, set}. By Lemma 7.101,
there is ®' >p, @ I (r,5") : P, such that #xpp per,cet,set (P) = #appper,cet,set (D) +1- R, where
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R = App, if S = B;

R =Der, if S = B;

R = Get, if S = get;

and R = Set, if S = set.

Let us assume, without loss of generality, that #appper cetset(P') = n’ - App + m’ - Der +

g -Get+s'-Set. Then, ' +m' + ¢ +s'+1 = n+m+ g+s. Now, by the i.h, we
n'-By+m'-Bi+g¢ -get+s'-set

know that (r,s’) = Cppy (u',q'), such that u’ € NOSE,,. Therefore, we have that
/. 1Bl 3
(t,s) =capv(s) (7, s’)n Pt g&ng%et+s Set(u’, q'). Thus, we can take (u,q) = (u/,q'), since
n-py+m-pi+g-get+s-set
()" "GN (),
O

E.3.3.2 Quantitative Completeness

Lemma 7.103 (Typability Implies Clash-Freeness). Let t € A9 ands € S.. If ®op, O F (t,5) : P,
then t is clash-free.

Proof. Let us assume, towards a contradiction, that (t,s) is not clash-free. Then, there is a CBPV
context B, a clash u, and a state g € S, such that (t,s) =cgev B[(%,9)] = (B[u],q). Moreover,
by Lemma 7.101, there must be a type derivation ¥ >p, @ &= (B[u],q) : P. Therefore, if we show
that (B[u],q) is not Pg-typable, then we are done. This follows by a simple induction on the
definition of B. We only show the case where B = [1. The remaining cases follow easily from the

i.h.. We proceed by inspecting the possible forms of the clash u:

e If u = vr, then u must be typed by rule App, and thus v must be assigned an arrow type.
However, it is easy to see that v can only be typed by rules Ax or Bg, and thus can only be

assigned a multi-monadic type. This contradicts our assumption. Therefore, this case does

not apply.

e If u = der(Ax.r), then u must be typed by rule Der, and thus Ax.r must be assigned a multi-
monadic type. However, it is easy to see that Ax.r can only be typed by rules Abs or Ans,
and thus can only be assigned type an arrow type or . This contradicts our assumption.

Therefore, this case does not apply.

e If u = r (Ax.e), then u must be typed by rule App, and thus Ax.e must be assigned a multi-
monadic type. However, it is easy to see that Ax.e can only be typed by rules Abs or Ans,
and thus can only be assigned type an arrow type or x. This contradicts our assumption.

Therefore, this case does not apply.
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Finally, since none of the above cases apply, we can conclude that (B[u], ) is not Pg-typable, as we

wanted. O

Lemma 7.104 (Typability Characterizes CBPV Clash-Free Normal Forms). Let t € !AY and s € S..
Then, t € NO&py if and only if t € NOcgpy and (t,s) is Pg-typable.

Proof. (=) This direction follows smoothly from Proposition 7.29 and Lemma 7.97.

(<) Since t € NOcgpy, then (t,s) is a CBPV-normal form. Moreover, since (t,s) is Pg-typable, then
(t,s) is also clash-free by Lemma 7.103. Therefore, t is a clash-free CBPV-normal form, and

thus t € NOSE,, by Proposition 7.29.
O]

Lemma 7.105 (Weighted Anti-Substitution for CBPV). Let t € IAY, and v € !Vg. Ifdop, I' -
t{x\ v} : A (resp. N or L), then Yop, T;x: MEt:A(resp. NorL)and I1op, @ = v : M, such that

#App,Der,Get,Set ((I)) = #App,Der,Get,Set (‘Y) + #App,Der,Get,Set (H)

Proof. The proof follows by induction on the structure of t. We omit the cases where t is an
abstraction, since these are very similar to the corresponding ones for the CBN AY-calculus
(see Lemma 7.64), and the cases where t is a variable, an application, or an operation, since

these are very similar to the corresponding one for the CBV AY-calculus (see Lemma 7.84):

e Caset = lu. Then, t{x\ v} = lu{x\ v} = (u{x\ v}). Therefore, ® must be of the form
(®iop, i Fu{x\ v} : Aj)iex
+ietli E Hu{x\ v}) : {ABier

I'= +jcili,and N = { A; }}ic1. By applying the i.h. toeach ®;, thereare ¥;>p, I';x : M; - u

Ajand IT;>p, @ = v : M;, for each i € T, such that #app per cet,set (Pi) = #app,per,cet,set (¥i) +
#appper,Get,set (I1;). Let us take M = U;crM;. Then, by Lemma 7.93, we know there is
IT' >p, @ F v : M, such that #app per cet,set (IT') = +ic1#appper,cet,set (I1;). Thus, we can take

IT=1I',and ¥ to be
(Ti I>73g l"z-;x : Mi Fou: Ai)iel

+ietlTix t Uier My F lu s { A Jier

Bg
since we have

#App,Der,Get,Set(cD) = +i€I#App,Der,Get,Set(cDi)
= +ieI#App,Der,Get,Set (Tz) + +ieI#App,Der,Get,Set(Hi)

= #App,Der,Get,Set ("F) + #App,Der,Get,Set (H) .
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e Caset = der(u). Then, t{x\ v} = der(u){x\ v} = der(u{x \ v}). Therefore, ® must be of

the form
' >p, T'Fuf{x\v}:5= ({R= P} xR)

I'tder(u{x\v}):S=P
and A = S = P. By applying the i.h. to @', there are ¥'>p, [;x : M u: S = ({R =
(AxQ)}} xR) and IT >p, @ = v : M, such that #app,per,Get,set (P) = #appper,cet,set (¥') +
#app per Get,set ([1'). Thus, we can take IT = IT, and ¥ to be

Der

Yop, x: MEu:S= ({R= P} xR)
[;x:MFder(u):S=P

Der

since we have that

#App,Der,Get,Set ((D) - #App,Der,Get,Set (CI)/)
= #App,Der,Get,Set <‘Iﬂ) + #App,Der,Get,Set (H/)

= #App,Der,Get,Set (\F) + #App,Der,Get,Set (H)
]

Lemma 7.106 (Exact Subject Expansion for CBPV). Let t € NS, s €S,,and S € {Bv, B1, get, set}.
If (t,5) =cepy(s) (4,q) and @>p, @ & (u,q) : P, then there is ¥ >p, @ & (t,5) : P, such that

#app Der,Get,set (P) + 1 R = #app per,cet,set (¥), where
® R=App, if S = pv;
e R =Der,ifS = By
e R =Get, if S = get;
e and R = Set, if S = set.

Proof. Let (t,5) = (Blto],s) =cspy(s) (B[to],q) = (u,9), such that S € {By, Bi, get, set}. The proof
follows by induction on the definition of B. We proceed by cases, according to the context B.
We omit the cases where B = B'r and B = (Ax.r)B/, since these cases are very similar to the

corresponding ones for the CBV A9-calculus (see Lemma 7.85):
e CaseB = LI

- If S = By, then (to,5) = ((Ax.r)v,8) =g, (r{x\v},s) = (uo,q), then ® must be of the

form
O1op, OFr{x\v}:S=P Dyop,OFs:S

@t (r{x\v},s):P
By applying Lemma 7.105 to &1, we know there are ¥1>p, x : M r: S = P and

Conf

11IZ |>73g DlFuv: M/ such that #App,Der,Get,Set ((1)1) = #App,Der,Get,Set (Tl) + #App,Der,Get,Set (T2)
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Thus, we can take ¥ to be

\II1[>7)gXZMf_7’25:>P szpg®|_viM
Abs Lift
OFAxr:S= (M= (S=>P)xS)  @rv:5=MxS)
pp
OQF (Axr)v:S=P byop, D s5:S
Conf
Ok ((Axr)v,s): P
since

#App,Der,Get,Set (CD) + 1. App = #App,Der,Get,Set(q)l) + #App,Der,Get,Set(QDZ) + 1. App

= #App,Der,Get,Set (‘Yl) + #App,Der,Get,Set (‘PZ) +1-App
= #App,Der,Get,Set (\P)
- If S = By, then (to,s) = (der(!r),s) =, (r,5) = (uo,q), then & must be of the form

CI>1I>7)g@|_1’:S:>P CDQng@f_Sis
QF(r,q):P

Conf

Thus, we can take ¥ to be
®yop, Db r:S=P
OQF1r:{S= P}
DF1r:S—= ({S— P} x5) D:r
@t der(lr):S=P Oy>p, Ds: S
@+ (der(!r),s): P

Conf

since

#App,Der,Get,Set (‘D) +1-Der = #App,Der,Get,Set(q)l) + #App,Der,Get,Set(cDZ) +1-Der

— #App,Der,Get,Set (\P) .

- If S € {get,set}, we proceed similarly to the corresponding cases for the CBV AY-

calculus (see Lemma 7.82).

e B = der(B'). Then, we know that (,s) = (der(B'[f0]),s) = cgpy(s) (der(B'[uo]),q) = (u,9),

(B'[to], 8) =caev(s) (B'[to],9), and ® must be of the form

Dy >pg D+ B/[uo] Q= ({{R = P}} X R)

Der
@+ der(B'[ug]) : Q=P Dyop, D q:Q
Conf
@t (der(B'[ug]),q) : P
Notice that we can build the following type derivation for (B'[uo], 9):
¢1ng®|—B/[u0]:Qi({{RiP}}XR) CDQng@l—quc ‘
on

@+ (B'uol,q) : {R= P} xR
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Therefore, by applying the i.h. to (B'[ug],¢q), we know there is a type derivation for (B[], s)
whose premises are of the form ¥y >p, @ = B'[tg] : S = ({R = PJ} x R) and ¥;>p,
D Fs: S/ such that #App,Der,Get,Set<q)1) + #App,Der,Get,Set (<I)2) + 1-R = #App,Der,Get,Set (Tl) +

#App,Der,Get,Set (\FZ ) , Where

R = App, if S = B;

R =Der, if S = B;

R = Get, if S = get;

and R = Set, if S = set.

Therefore, we can take ¥ to be
Yiop, OFBto] : S = ({R= P}} xR)
@+ der(B'[tg]): S=P Yobp, OFs:S
@+ (der(B'[to]),s) : P

Conf

since

#App,Der,Get,Set((D) +1-R = #App,Der,Get,Set(ch) + #App,Der,Get,Set(CD2) +1-Der+1-R
= #App,Der,Get,Set (‘Y1> + #App,Der,Get,Set (‘FZ) +1-Der

= #App,Der,Get,Set (‘Y) .

The proof follows the same structure as exact subject expansion for CBV, with the additional cases
corresponding to the CBPV constructs bg and der. O

Theorem 7.107 (Exact Completeness for CBPV). Let t € AY. If (t,s)”'ﬁ"+mﬁ’§§g§$t+s‘set(u, q), such

that u € NOGpy, then there is @ >p, @ b= (t,s) : P tight, such that #pppper cet,set (P) = 1 - App + m -
Der + ¢ - Get + s - Set.

Butm-B+g-get+s- : .
Proof. Let (t,s)" P mﬁ»ég{it ’ SEt(u, q), such that u € NOE,,. We proceed by induction on n + m +

g+s:

o Ifn+m+g+s=0,thenn =m= g=s=0. Therefore, t € NOS,,. Thus we can conclude
by Lemma 7.97.

e If n+m+g+s > 0, then t ¢ NOSE,, by Proposition 3.11. Therefore, there are r € 'AY
and s’ € S,, such that (¢,s) = CBPY(S) (r,¢) n,'ﬁﬁm,'@i{ﬁget%/'set (u,q), and n' +m’ + ¢ +
s'+1 = n+m+g+s. Now, by the ik, there is ' bp, @ = (r,s') : P tight, such that
#app,per,Get,set (P') = n’ - App + m’ - Der + ¢’ - Get + s’ - Set. By Lemma 7.106, there is " >p,
@t (t,8) : P, such that #app per cet,set (P') + 1+ R = #app per cet set (D), where

- R =App,if S = By;
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- R =Der,if S = By;
- R = Get, if S = get;
— and R = Set, if S = set.

Therefore, we can take ® = ®”, since

#App,Der,Get,Set (QD) = #App,Der,Get,Set (CDH)
== #App,Der,Get,Set(q)l) +1-R
= n'-App+m’'-Der+¢'-Get+s'-Set+1-R
= n-App +m-Der + g-Get +s- Set.

E.3.3.3 Soundness and Completeness of Translations

Lemma 7.111 (Soundness of Term Translations). Let t € AY.

1. If®vp, T t: A (resp.Mor L), then ¥ op, T = (£)BY (resp. 1(£)B¥ or [(£)BY) : A (resp. M or L).

MOTBOUET, #App,Get,Set(q:') = #App,Get,Set <le)

2. If @y, Tt : M(resp. Mor L), then ¥ >p, (T)BV = (£)BV 2 (IM)Y (resp. (M) or (L)Y).

MOYEOUE}’, #App,Get,Set (CD) == #App,Get,Set (\F)

Proof. 1. The proof follows by induction on the structure of ®. We proceed by cases, according

to the last rule R of ®:

e Case R = Ax. Then, t = x, and (t)®" = (x)®¥ = der(x). Moreover, ® must be of the

form

Ax
x:{A}Fx:A
and T’ = x : {A}. Without loss of generality, let us assume A = S = P. Then, we can

take ¥ to be Ax
x:{AFFx:A
x:{A}Fx:S= ({A} x8S) Der
x:{A} Fder(x): A
since
#appcet,set(P) = 0-App+0-Get+0-Set

= #App,Get,Set (T)
e Case R = Abs. Then, t = Ax.u, and (#)BY = (Ax.u)BY = Ax.(u)BY. Moreover, ® must

be of the form
D, D/\/'g I Fu:B

M\ xFAxu:S= ((T1(x) = B) xS)

Abs
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I'=T1\x,and A =S = ((T'1(x) — B) x S). By applying the i.h. to ®;, we know there
exists Y1 >p, I'1 (u)“BY : B, such that #app cet set (P1) = #app cet set (¥1). Therefore, we
can take Y to be
¥y op, Ty b (1) B
[\ x F Ax. ()N : S = ((T1(x) — B) x S)

Abs

since

#appcetset (P) = H#app Get,set (P1)
= #app,cet,set (V1)
= #appGetset (V).
e Case R = Ans. Then, t = Ax.u, and (#)B¥ = (Ax.u)B¥ = Ax.(u)B¥. Moreover, ® must

be of the form

Ans

OFAxu:S= (%x85)
I'=0Q,and A =S = (x x S). Therefore, we can take ¥ to be

Ans

OF Ax.(u)®V: S = (% xS)
since
#appcetset(P) = 0-App+0-Get+0-Set
= #app,cet,set (V)
e Case R = App. Then, t = ur, and ()Y = (ur)BY = (u)BN1(r)BY. Moreover, ® must
be of the form
®op,Tiku:S= (M= (Q=P)xQ) Py, Tabr:M

App
nm+Iytur:S=7~r

['=T7+1I and A = S = P. By applying the i.h. to ®;, we know there exists Y1 bp,
F1 + (u)CBN : S = ((M — (Q = P)) X Q), such that #App,Get,Set(q)l) = #App,Get,Set(Tl)~
By applying the i.i. to ®,, we know there exists ¥ >p, T2 - [(r)BY : M, such that
H#app,Get,set (P2) = #app cet,set (F2). Therefore, we can take ¥ to be

¥iop, T b (1) 5= (M= (Q=P))xQ) ¥avp, Tab (r)®: M

App
I +To b (u)BN ()Y . S = P

since
#App,Get,Set (Q)) == #App,Get,Set (@1) + #App,Get,Set (CDZ)

= #App,Get,Set (lYl ) + #App,Get,Set (‘YZ)
= #App,Get,Set (\Ij> .
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Case R = Many. Then, ® must be of the form
(CDZ‘ DNg I; Ht: Ai)iel
ticr Tt { A Fier

I' = +icili, M = {A;}ic:. By applying the ih. to each ®;, we know there exist

Many

Yivp, I =t 2 A, such that #app cet set (Pi) = #app,cet,set (i), for each i € I. Therefore,

we can take ¥ to be
(\Ijibpg I; Ht: A,‘)

i€l

Bg
+ier Ti F 1t { A fier
since
#App,Get,Set(cD) = +i€I#App,Get,Set(q)i)
= +ieI#App,Get,Set (‘Yz)

= #appGetset (V).
Case R = Get. Then, t = get (I, Ax.u), and (get(l, Ax.u))B¥ = get(l, Ax.(u)®Y). More-
over, ® must be of the form
Oy >p, [xchead(S (1)) Fu: S{l:=tail(S(l))} = P
I'+get(l,Ax.u):S= 1P

Get

and A = S = P. By applying the i.h. to 1, we know thereis ¥ >p, I'; x : head(S (1)) =
(1) : S{I := tail(S(I))} = P, such that #appcet,set(P1) = #appcet,set(¥1). There-
fore, we can take ¥ to be
Y10p, T;x chead(S (1)) B (u)®V : S{I := tail(S(I))} = P
[Hget(L,Ax.(u)®N):S=P

Get

since
#App,Get,Set(q)> = #App,Get,Set(q)l) + 1-Get

= #uppoetset(F1) +1-Get
= #appetset (V)
Case R = Set. Then, t = set((l,r),u), and (set((I,7),u))®N = set((L,!(r)BY), (u)BY).
Moreover, ® must be of the form
Oiop, 1 Fr: L Oy Tnu:S{l:=L}=P
IM+TFset((Lr),u):S=P

Set

I'=T1+TI7,and A = S = P. By applying the i.h. to ®;, we know there is ¥ >p, I'1 F
[(r)BY . L, such that #appcet,set(P1) = #appgetset(¥1). By applying the ih. to O,
we know there is ¥, >p, I'> (u)BY : S{I := L} = P, such that #pppget set (P2) =
#app,Get,set (¥2). Thus, we can take ¥ to be
Wy op, T F (BN L Woop, Ty b () S{1:= L} = P
[+ Ty Fset((L1(r)®Y), (u)BY): S = P

Set




E. A QUANTITATIVE STUDY OF GLOBAL STATE 313

since
#App,Get,Set(q)) - #App,Get,Set((Dl) + #App,Get,Set(q)2> +1-Set

= #App,Get,Set (Tl) + #App,Get,Set (IYZ) +1-Set
- #App,Get,Set (‘Y)

e Case R = EList. Then, ® must be of the form

— EList
OFt:]]

I' =@, and L = []. Therefore, we can take ¥ to be

— EList
Q]

since
#appcet,set(P) = 0-App+0-Get +0-Set
= #app,cet,set (V).
e Case R = List. Then, ® must be of the form
Orop, 1t M Spop Tt L
I +tyea-t: M- L

List

I'=T1+ Ty and L = M- L'. By applying the i.h. to @y, there exists ¥ bp, 1 F 1t M,
such that #app et,set (P1) = #appcet,set (¥1). By applying the ih. to @y, there exists

Yoop, [ 1t L', such that #app get set (P2) = #app,cet,set (F2). Therefore, we can take ¥

to be
‘Plbpgrll—!tZM "P2l>73gr2|—!t2L/
List

Ty + Tyt L

since
#App,Get,Set((D) = #App,Get,Set((Dl) + #App,Get,Set(CDZ)
== #App,Get,Set (Tl) + #App,Get,Set (TZ)
== #App,Get,Set (lY)

2. The proof follow by induction on the structure of ®. We proceed by cases, according to the

last rule R of &:

e Case R = Ax. Then, t = x, (x)BY = x. Moreover, ® must be of the form

—  Ax
x:MFx: M

and I' = x : M. Therefore, we can take ¥ to be

Ax
x: (M) x s (M)
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since
#App,Get,Set(q)) = 0- App + 0-Get+0-Set

= #App,Get,Set (‘F> .

e Case R = Abs. Then, t = Ax.u, and (Ax.u)BV = Ax.(u)BV. Moreover, ® must be of the

form
(q)i [>Vg l"i;x : Mi Fou: Ni)ieI

tietli = Axa: {M; — Nifier
I' = +jerl, and M = {M; — N;}icr. By applying the ih. to each ®;, there are
Y, >p, (F )CBV X (Mi)CBV F (M)CBV : (Ni)CBV, such that #App,Get,Set (ch) = #App,Get,Set (1.1}1,)’

Abs

for each i € I. Therefore, we can take ¥ to be

( TDPQ (FI)CBV (M,)CBV ()CBV ( )CBV Abs)
(TP = A ()72 Qi = (M) — (IN))PY) x Qy) je1

Hier (T) PV A (u) P = Q5 = (M) — (IN)PY) x Qi) Biex
since we know that +icr (T;)® = (+ierli) ", (M)®" = ({M; — Ni}ier)®" = {Qi =
(M) — (IN7)Y) x Qi) Biex, and

#App,Get,Set (CD) = +i€I#App,Get,Set (q)z)
= +i€I#App,Get,Set <1II1)
= #App,Get,Set (T) .

e Case R = App. Then, t = ur, and (ur)BV = der((u)®") (r)®". Moreover, ® must be of
the form
Doy, T1Fu:S=({N—=(R=P)} xQ) P>y, IFr:Q= (NxR)

A
F1+P2|—ur:5:>P PP

I'=T;+I2 and M = S = P. By applying the i.h. to u, we know there exists a
derivation ¥y >p, (I'1)®" = ()" : ($) = (L(Q)® = ()P = ((R)* =
(P)F)) x (Q)F") } x (Q)*), such that #app cet set (P1) = #appcet,set (¥1). By applying
the i.h. tor, we know there is ¥, >p, (I'2)BV = (r)BV : (Q)BV = ((N)®¥ x (R)®V), such
that #app et set (P2) = Happ,cet,set (¥2). Therefore, we can take ¥ to be

Y1 opg (M) E @) (S)P = (L(QF = (NP = (R)FT = (P)P)) x (QFN)} x (Q)*) or
(l"l)CBV = der((u)CBV) . (s)CBV = (((N)CEV — ((R)CBV = (P)CBV)) X (Q)CBV) \{/2 ng (I‘Z)CBV = (V>CBV . (Q)CBV = ((N)CBV X (R)CBV)
(rl)CBV + (FZ)CBV F der((u)CBV) (r)CBV . (S)CBV = (P)CBV

App
since (I + 7)Y = (7)Y 4 (1), (M) = (§ = P)® = ($) = (P)%, and
#App,Get,Set (CD) = #App,Get,Set(q)l) + #App,Get,Set(q)Z) +1

= #App,Get,Set (‘Ijl) + #App,Get,Set (TZ) +1
- #App,Get,Set (‘F)
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e Case R = Lift. Then, ® must be of the form
O1>y, v M
l'tv:S=(MxS)

Lift

and M = S = (M x S). By applying the i.h. to ®;, we know there exists ¥1 >p,, ()Y F

(0)BY : (M), such that #appcet,set (P1) = #appcet,set (Y1), Notice that v is either

CBV

a variable or an abstraction. If v is a variable, then (v)“®V is a variable. If v is an

CBV

abstraction, then (v)“"' is a bang-term. Therefore, we can take ¥ to be

xIrl [>Pg (F)CBV [ (U>CBV . (M)CBV
(I‘)CBV [ (U)CBV . (S)CBV = ((M)CBV X (S)CBV)

Lift
since (M)®" = (S = (M x §))® = (S)® = ((M)=' x (5)*"), and

#App,Get,Set (CI)) == #App,Get,Set (q)l)

- #App,Get,Set (\Pl )
- #App,Get,Set (T) .

e Case R = Get. Then, t = get(l,Ax.u), and (get(l, Ax.u))®" = get (I, Ax.(u)B"). More-
over, ® must be of the form
D>y, T;x thead(S (1)) Fu: S{l:=tail(S(I))} = P
I'-get(l,Ax.u):S=P

Get

and M = S = P. By applying the i.h. to @1, thereis ¥ >p, (I)®Y; x : (head(S (1)))®" F
(u)BV : (S{I := tail(S (1)) })®" = (P)®Y, such that #app et set (P1) = #app,cet,set (F¥1)-
It is easy to see that (head(S (1)))®V := head((S)®®V (1)) and (S{! := tail(S(I))})EV :=
(S)BY{] := tail((S)®®" (I))}. Therefore, we can take ¥ to be

¥, o, (T)B%; x s head((S) Y (1)) F (u)BV : (S)BV{1 := tail((S) (1))} = (P)&V

(T)BY - get (I, Ax.(u)BY) : (S)BV = (P)BY Get

since (M) = (§ = P)®®" = ()% = ()", and

#appcetset (P) = #appcetset (P1) +1-Get = #appger,set (F1) +1-Get
== #App,Get,Set (IP)

e Case R = Set. Then, t = set((l,v),u), and (set((l,v),u))®" = set((I, (v)°BV), (u)BV).
Moreover, ® must be of the form
1oy, T Fo: L @y, Ty u:S{l:=L} =P
I'h+T,Fset((l,v),u):S=P

Set

I'=T;+TIzand M = S = P. By applying the i.h. to ®;, we know there is ¥; >p,
(T1)BV E (r)V : (L)BY, such that #appget,set (P1) = #appcet,set(¥1). By applying the
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i.h. to ®;, we know there is Y5 >p,, (I2) BV F (u)®V 2 (S{1:= L})®¥ = (P)®Y, such that
#app,Get,set (P2) = #appcetset (F2). It is easy to see that (S{I := L})®V := (§)B{] :=
(L)BV}. Thus, we can take ¥ to be

¥, ng (rl)CBv [ (r)CBV . (L)CBV ¥, ng (FZ)CBV [ (M)CBV . (S)CBV{Z = (L)CBV} = (P)CBV
(1—'1 +r2)CBV [ set((l, (U)CBV), (u)CBV) . (S)CBV = (P)CBV

Set

since (1"1 + FZ)CBV — (rl)CBV + (FZ)CBV, (]M)CBV — (S = P)CBV — (S)CBV = (P)CBV, and

#App,Get,Set(q)) = #App,Get,Set(cbl) + #App,Get,Set((DZ) +1-Set
= #App,Get,Set (\Fl) + #App,Get,Set (\FZ) +1-Set
== #App,Get,Set (T) .

Case R = EList. Then, ® must be of the form

— EList
OFv:]]

I' =@, and L = []. Notice that v is either a variable or an abstraction. If v is a variable,

CBV

then (v)®V is a variable. If v is an abstraction, then (v)“®V is a bang-term. Therefore, we

can take ¥ to be

—— EList
oF (0[]

since (0)V =@, ([])®V =[], and

#App,Get,Set(qD) = 0- App + 0-Get+0-Set

= #App,Get,Set (T) .

Case R = List. Then, ® must be of the form
(I>1Dygr1|—UIM q)zbvgrzl_vilf
I+t M- L/

List

I =T +Ty and L = M- L. By applying the i.h. to ®;, there exists ¥7 >p, (T1)E" +
(0)BV : (M)BY, such that #app cet,set (P1) = #app,cet,set (¥1). By applying the i.h. to @,
there exists ¥2 >p, (I2)®Y F (0)BV : (L)Y, such that #ypp cet set (P2) = #app cet,set (F2)-

CBV is a

Notice that v is either a variable or an abstraction. If v is a variable, then (v)
variable. If v is an abstraction, then (v)®V is a bang-term. Therefore, we can take ¥ to

be
Y, ng (Fl)CBV F U)CBV M Y, l>7)g I+ (U)CBV . L'

(rl)CBV + (Fz)CBV }_ (U)CBV . (L/)CBV

List
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since (T'; + )Y = (1) + (T2)%Y, and

#App,Get,Set (CD) = #App,Get,Set (q)l) + #App,Get,Set ((I)Z)
= #App,Get,Set (\Ijl ) + #App,Get,Set (\IIZ)
== #App,Get,Set (T) .

Lemma 7.112 (Completeness of CBN Term Translations). Let t € AY.
If¥op, T = (£)B (resp. !(t)BNor {(t)®N) : A (resp. Mor L), then @y, T t : A (resp. Mor L).

Moreover, #app et set (P) = #app,cet,set (T)-

Proof. The proof follows by induction on the structure of ¥. We proceed by cases, according to the

last rule R of &:

e Case R = Ax. Then, (t)®¥ = x. However, there is no t such that (t)®¥ = x, Since (-)®¥ maps

variables to der(x). Therefore, this case does not apply.

e Case R = Abs. Then, (+)® = Ax.(u)®N, and t = Ax.u. Moreover, ¥ must be of the form
1111 l>7>g F1 F (M)CBN :B
[\ x F Ax. ()N : S = ((T1(x) — B) x S)

Abs

I =T1\x,and A = S = ((I'1(x) — B) x S). By applying the i.h. to ¥;, we know that
@1 >, T'1 - u : B, such that #app et set (Y1) = #appcet,set (P1). Therefore, we can take @ to be
®yop, Ty b B
M\ xkFAxu:S= ((I'1(x) - B) x8S)

Abs

since

#App,Get,Set (T) - #App,Get,Set (‘Pl)
= #App,Get,Set (CDl )

= #App,Get,Set (CD) .

e Case R = Ans. Then, (¢)® = Ax.(u)“®, and t = Ax.u. Moreover, ¥ must be of the form

Ans

OF Ax.(u)®N: S = (% xS)

I'=Q,and A =S = (x X S). Therefore, we can take ® to be

Ans

OFAxu:S= (%x85)

since
#App,Get,Set (T) = 0-App+0-Get+0-Set

= #App,Get,Set (CD) .
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e Case R = App. Then, (+)BY = (u)®¥1(7)BN, and t = u r. Moreover, ¥ must be of the form
Wyop, Ty b 1(r) B : M
¥iop, Tk () :S= (M= (Q=P)xQ) Tk !(n®:Q=(MxQ)
Ty +To b () (r)B .S = P

Lift

App

['=T;+1I2 and A =S = P. By applying the i.h. to ¥1, we know there exists ®; >y, I'1 -
u:S= ((M— (Q= P)) xQ), such that #app get,set (¥1) = #app,cet,set (P1). Notice that
¥, assigns a multi-monadic type to the bang-term !(r)®N. Therefore, by applying the i.h.
to ¥, we know there exists ®, >p;, T2 = 7 : M, such that #pp et set (Y2) = #appcet,set (D2).
Therefore, we can take ® to be
Oiopy, 1Fu:S= (M= (Q=P))xQ) Doy, ToFr:M
Ii+IoFur:S=P

App

since
#App,Get,Set (‘F> = #App,Get,Set ("Yl) + #App,Get,Set ("YZ) +1- App

= #App,Get,Set(q)l) + #App,Get,Set(q)Z) +1- App
== #App,Get,Set(qD)-

CBN

e Case R = Bg. Then, we must be considering !(¢)“®". Hence, ¥ must be of the form

(‘Pi [>7)g I; H (t)CBN : Ai)iel
Fier I F 1P { AR ier

I' = +icrli, and M = {A;}ic1. By applying the i.h. to each ¥;, we know there exist

D;>p, Ti 2 Ay, such that #app cet,set (Vi) = #app,cet,set (i), for each i € I. Therefore, we

can take ® to be
(CDiD./\/'g I; = tZAi)

i€l

Many
+ierlibt: {{Ai}}iel
since
#App,Get,Set(‘Y) == +ieI#App,Get,Set(‘Iji)
= +i€I#App,Get,Set(q>i>
== #App,Get,Set(qD)-

e Case R = Der. Then, (+)® = der(x), and t = x. Moreover, ¥ must be of the form

sSSP rxfsory
x{S=>PhFx:S— ({S= P} xS)
x:{S= P} Fder(x):S=P

Lift

Der

I'=x:{S= P}, A =S = P. Therefore, we can take ® to be

S PhrxiSop T



E. A QUANTITATIVE STUDY OF GLOBAL STATE 319

since
#App,Get,Set (T) = 0- App + 0-Get+0-Set

= #App,Get,Set ((D)

e Case R = Lift. Then, we must be considering !(t)®¥. However, Lift assigns a monadic

type to !(t)“B¥. Therefore, this case does not apply.

e Case R = Get. Then, (t)®N = get (I, Ax.(u)®®), and t = get(I, Ax.u). Moreover, ¥ must be
of the form
¥1op, [ x thead(S (1)) B (u)®N : S{I := tail(S(I))} = P
I+get(L,Ax.(u)®N): S =P

Get

and A = S = P. By applying the i.h. to ¥, we know there is @1 >, T; x : head(S (1)) - u :
S{l := tail(S (1))} = P, such that #app cet,set (Y1) = #app,cet,set (P1).Therefore, we can take

® to be
Oy >p, [ xshead(S (1)) Fu: S{l:=tail(S(l))} = P ot
I'tget(l,Ax.u):S=P
since
#app,Get, Set (\F) = #app,cet,Set (‘"Fl) +1-Get
= #App,Get,Set(ch) +1-Get
= #App,Get,Set((D)-

e Case R = Set. Then, (t)® = set((I,!(r)®), (u)®Y), and t = set((l,r),u). Moreover, ¥
must be of the form
¥y op, Ty FU(P)BY L Wyop, Ty b () S{1:= L} = P
[y + T Fset((1!1(r)®Y), (u)B): S =P

Set

CBN - Therefore,

and A = S = P. Notice that ¥; assigns a list type to the bang-term !(r)
by applying the i.h. to Y1, we know there is ®; >p;; Tq = 7 @ L, such that #app et set (Y1) =
#app,Get,set (P1). By applying the i.h. to ¥, we know thereis ®yop, I b u: S{l:=L} = P,

such that #5pp cet,set (Y2) = #app,cet,set (P2). Thus, we can take ® to be

Cblegl"ll—r:L ©2>NQFQFMZS{ZZ:L}:>P

Set
I+ Ty F set((l,r),u):S=P
since
#appcet,set (¥) = #appcetset (F1) + #app,cet,set (F2) + 1 - Set
= #App,Get,Set(ch) + #App,cet,set(q)z) +1-Set

= #App,Get,Set (qD)

e Case R = EList. Then, t = (1), and ¥ must be of the form

————— Elist
@ b 1(u)® : []
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I' =@, and L = []. Therefore, we can take ® to be

——— EList
Ok u:]

since
#App,Get,Set ("F) = 0-App+0-Get+0-Set

- #App,Get,Set((D)-
e Case R = List. Then, t = (u)®Y, and ¥ must be of the form

T] l>7>g F1 = !(u)CBN M TQ I>7)g rz = !(M>CBN L
I'n+IhE !(u)CBN M- L/

List

I'=T1+7T and L = M- L. Notice that ¥; assigns a multi-monadic type to the bang-term
I(r)*®. Therefore, by applying the i.h. to ¥, we know there is @1 >p;, 1 - u : M, such that
H#app,Get,set (F1) = #app,cet,set (P1). Now, notice that ¥, assigns a list type to the bang-term
[(r)BN. Hence, by applying the i.h. to ¥, we know there is @, > Ng T2 = u @ L', such that
H#app,Get,set (F2) = #app cet,set (P2). Therefore, we can take P to be
®opy Tibu: M Dyop, b L
I+Ttu:M-L

List

since
#App,Get,Set (T) == #App,Get,Set (Tl) + #App,Get,Set (T2)

= #App,Get,Set (q)l) + #App,Get,Set (@2)
= #App,Get,Set <CD) .

O]

Lemma 7.113 (Soundness and Completeness of CBN State Translations). Lets € S. Then @y, I' =
s: Sifand only if ¥ bp, T' - (8)BN 2 S. Moreover, #app Get,set (P) = #app et set (F)-

Proof. The proof follows by induction on the structure of the state s € S. Since state typing is
defined pointwise on locations, and (-)“BY preserves the structure of states, the equivalence follows
directly from Lemmas 7.111 and 7.112. Size preservation is immediate, since no state typing rule

contributes to #pp Get,set (*)- =

Lemma 7.114 (Soundness of CBV State Translations). Let s € S. If @y, T'F5:5, ¥op, ([)F'

(s)BV 1 (S)BY. Moreover, #app get,set (P) = #app cet,set (F).

Proof. The proof follows by induction on the structure of the state s € S. Since state typing is
defined pointwise on locations, and (-)“BY preserves the structure of states, the equivalence follows

directly from Lemma 7.111. Size preservation is immediate, since no state typing rule contributes

to #App,Get,Set ( : ) . O



E. A QUANTITATIVE STUDY OF GLOBAL STATE 321

Lemma 7.115 (Soundness and Completeness of CBN Configuration Translations). Let t € AY and
s € S. Then, ®vop, T F (t,s) : Pifand only if ¥ >p, T = ((t,5))® : P. Moreover, #xpp Get,set (P) =
#App,Get,Set (T) .

Proof.

(=) Any derivation ®>p;, T' = (£,5) : P must end with rule Conf, whose premises are typings of
t and s. By Lemma 7.111, the term typing translates soundly to CBPV, and by Lemma 7.113,
the state typing does as well. Reapplying rule Conf in Pg yields a derivation ¥ bp, ' I
((t,8))": P.

CBYN . P must also end with rule Conf.

(<) Conversely, any typing derivation ¥ >p, T' = ((t,5))
By Lemma 7.112, the CBPV term typing yields a CBN term typing, and by Lemma 7.113, the
CBPV state typing yields a CBN state typing. Reapplying rule Conf in N gives a derivation

Doy, TF (ts) : P.

Finally, size preservation follows immediately, since rule Conf does not contribute to #app Get,set (-

O]

Lemma 7.116 (Soundness of CBV Configuration Translations). Let t € AY and s € S. If ® >y, T F
(t,5) : P, then ¥ >p, (T)BV 1= ((t,5))®V 1 (P)Y. Moreover, #xpp cet,set (P) = #app,cet,set (F).

Proof. Any derivation ® >y, I' = (t,5) : P must end with rule Conf, whose premises are a typing
of t and a typing of s. By Lemma 7.111, the CBV term typing translates soundly to a CBPV typing
of (+)®Y, and by Lemma 7.114, the CBV state typing translates soundly to a CBPV typing of (s).
Reapplying rule Conf in Pg yields a derivation ¥ >p; (I)®Y = ((t,5))" : (P)®'. Finally, size

preservation follows immediately, since rule Conf does not contribute to #app Get,set (*)- O






Appendix F

A Quantitative Study of Infinite Stacks

F.1 State-Passing Non-Idempotent Intersection Types

F.1.1 Call-By-Name

Lemma 8.26 (CBN Multiset-Typings Split and Merge). Let t € AS. Then, there is @y, T F ¢
M, such that M = UjctM; if and only if there are ®; >y, I; =t @ M, such that T = +;c1I;, and

#App,Pop,Push(q)) = +i€I#App,Pop,Push(q)i )

Proof. The proof is identical to that of Lemma 7.54. Indeed, the typing rules involved in multiset
formation and decomposition are the same in the global-state and infinite-stack systems; the only

difference lies in the operational rules for effects, which do not intervene in this lemma. O

Lemma 8.27 (Contexts and Free Variables for CBN). If @y, I F ¢ : A (resp. M), then dom(T') C
fv(t).

Proof. The proof is identical to that of Lemma 7.55. Indeed, the argument depends only on the
syntactic structure of typing derivations and on the formation rules for typing environments; stack-
specific rules do not introduce or remove free variables any differently from global state-specific

ones. O

Lemma 8.28 (Zero Weight Tight Type Derivations Characterize CBN-Normal Forms). Let t € AS
and s € So. If P, @ & (t,5) : P is tight, then #app pop,push(P) = 0 - App + 0 - Pop + 0 - Push if and
only if t € NOcgy.

Proof. The proof is identical to that of Lemma 7.56, mutatis mutandis, replacing global state con-

structs with the corresponding stack constructs. O

Lemma 8.29 (Tight Typability of CBN-Normal Forms). Lets € S.. Ift € NOcgy, then there is a derivation
Doy, DF (t,5) : P that is tight.

323
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Proof. The proof is identical to that of Lemma 7.57, mutatis mutandis, replacing global state con-

structs with the corresponding stack constructs. O

Lemma 8.30. Let | € Lands € S. Thereare Py, D & s : Sand Yo, O =t : M if and only if
there is ITop, @ F s{l :=t-s(I)} : S{l := M-S (I)}. Moreover, #app pop,push(P) + #app,pop,push (¥) =

1"’:#App,Pop,Push (H) .

Proof.

=)

(<)

Notice that one of the premises of ® must be derivation ®; >z, @ ks (I) : S (). Now, let us
assume that s is updated by replacing s (1) with t - s (I). Then, (s{l :==¢-S(I)}) (I) =t-S ().
Notice that we can obtain the following derivation @] for ¢ - S (I):
Yonu,OFt:M  Doa,@0Fs(l):S(l)
QFt-s(l):M-S(1)

List

such that #app pop,push (P]) = #app,pop,push (¥) + #app,pop,push (P;). Therefore, by replacing deriva-
tion ®; with @] in ®, we obtain a derivation IT' >y, @ F s{l := t-s(I)} : S{l := M-
S(I)} for s{l := t-s (1)}, such that #spp pop,push (IT') = #apppop,push(P) — #app,pop,push (P1) +

#pp,pop,push (P)). Therefore, we can take IT = IT, since

#pp,pop,push (P) + #app pop,push (¥) = #app,pop,push (IT) + #app,pop,push (P1) — #app,pop,push (D))
+  #app,pop,push ()
= #apppop,push (I1) + #apppop,push (P;) — #app,Pop,Push (‘:Df)
+  #app,pop,push (P]) — #app,pop,push (1)
(

— #App,Pop,Push H)

Notice that one of the premises of IT must be derivation ®; >, @ = (s{l :=t-s(I)}) (I) :
(S{I:=M-S()})(I),such that (s{I:=t-s(I)})(I) =t-s(l)and (S{l:=M-S(D)}) (1) =
M - S (1). Therefore, ®; must be of the form:
Yoy, OFt: M ®iop, DFs(1):S(1)
@QFt-s(l):M-S5(1)

List

such that #xpp pop,push (P1) = #app,pop,push (Y”) + #app,pop,push (P]). Now, notice that we can build
a type derivation @' >x;, @ | s : S for s by replacing derivation ®; with @] in IT. Therefore,

we can take ® = &' and ¥ = ¥/, since

! !
#App,Pop,Push o ) + #App,Pop,Push ("Ij )

H) - #App,Pop,Push(q)l) + #App,Pop,Push(q);)

#App,Pop,Push ((D) + #App,Pop,Push (\P)

(

#pp,pop,Push (

+  #app,pop,push (P1) — #App,Pop,Push(q);)
(ID).

— #App,Pop,Push



F. A QUANTITATIVE STUDY OF INFINITE STACKS 325

F.1.1.1 Quantitative Soundness

Lemma 8.31 (Weighted Substitution for CBN). Let t,u € AS. If @y T;x: M b t: A (resp. N) and
Yopn, @ u: M thenTIop T Ft{x\u} : A (resp. N),such that #apppoppush(IT) = #app pop,push (P) +

#App,Pop,Push (‘Y) .

Proof. The proof follows by induction on the structure of ®. We proceed by cases, according to the
last rule R of ®. We only show rules Pop and Push. The remaining cases are identical to those for

the CBN AY-calculus (see Lemma 7.61):

e Case R = Pop. Then, t = pop(l, Ay.r), and ® must be of the form

D1op, Ty thead(S(1));x: MEr:S{l:=tail(S(]))} = P
I'+pop(l,Ay.r):S=P

Pop

and A = S = P. By applying the i.h. to ®;, we have
ITioa Ty chead(S (1)) Fr{x\u}: S{I:=tail(S (1))} = P,

such that #app pop,push (I11) = #app,pop,push (P1) + #app pop,push (¥). Therefore, we can take IT to

be ITi>pr Ty s head(S (1)) F r{x\ u} : S{I := tail(S(I))} = P

I'Fpop(l,Ayr{x\u}):S=P
since pop (I, Ay.r{x \ u}) = pop(l, Ay.r){x \ u}, and

Pop

#App,Pop,Push (H) = #App,Pop,Push (Hl ) + 1. POp
= #App,Pop,Push (cbl) + #App,Pop,Push (@1) + #App,Pop,Push (‘Ij) + 1- P0p
= #App,Pop,Push ((D) + #App,Pop,Push <\Ij) .

e Case R = Push. Then, t = push((/,¢e), Ay.r), and ® must be of the form

Q1o Tyx:MibFe: N OyopTyyx:Mybr:S{I:=N-S(I)} =P
(T1+T2);x: My UM, = push((l,e),r):S=P

Push

I'=T1+T, M= M; UM, and A = S = P. By Lemma 8.26, there are Y1 by, @ F u : My
and Yo ppa, @ F u : My, such that #apppoppush(Y) = #apppop,push (V1) + #app,pop,push (F2)-
By applying the i.h. to ®;, we know there exists ITy >pr, Ty F e{x\ u} : N, such that
#app,pop,push (I11) = #app,pop,push (P1) + #app,pop,push (T1). By applying the i.h. to O, we know
there exists Iy ba; To = r{x\u} : S{I := N-S(I)} = P, such that #xppoppush(Il2) =
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#app,pop,Push (P2) + #app pop,push (F2). Therefore, we can take IT to be

Moy, Tike{x\u}: N Ihopy,Tobr{x\u}:5{I:=N-S(I)} =P
I'1 4+ T2 push((le{x\u}), r{x\u}):S=7P

Push

since we have that push((/,e{x \ u}),r{x\ u}) = push((l,e),r){x\ u}, and

#App,Pop,Push Hl) + #App,Pop,Push(HZ) +1-Push

#app,pop,push (1) (
(®1) + #app,pop,push (¥1) + #app,pop,push (P2)
(
(

#App,Pop,Push
+ #App,Pop,Push TZ) + 1-Push

- #App,Pop,Push CD) + #App,Pop,Push (T)
]

Lemma 8.32 (Exact Subject Reduction for CBN). Let t € AS, s € S,, and S € {B,pop,push}.
If (t,;s) =cans) (4,q) and oy D & (t,s) @ P, then there is ¥ opg @ = (u,q) @ P, such that
#App,Pop,Push(q)) = #App,Pop,Push (‘Y) +1- R, where

e R=App,if S =p;
e R =Pop,if S = pop;
e and R = Push, if S = push.

Proof. The proof follows by induction on the definition of the contexts of the reduction strategy.
We only show the case where N = [J and ¢ is an operation. The remaining cases are identical to

those for the CBN AY-calculus (see Lemma 7.62):
e CaseN=1[1I

- If t = pop(l, Ax.r), we have that (pop(l,Ax.r),s) =cu(pop) (r{x \ head(s (1))}, s{l :=
tail(s (1))}), and ® must be of the form
D>y, xthead(S (1)) Fr:S{l:=tail(S(l))} =P >
op
@k pop(l,Axr):S=P Dypp, DFs:S
@ (pop(l,Ax.r),s) : P

Conf

Notice that s = s{I := head(s(I)) - tail(s(!))} and also S = S{I := head(S(])) -
tail(S (1))}. Thus, by applying Lemma 8.30 to ®,, there are I'ly >y, @ - head(s (1)) :
head(S (1)) and Yo >p, @ F s{l := tail(s(l))} : S{I := tail(S(l))}, such that
#app,pop,push (P2) = #app,pop,push (I11) + #app pop,push(F2). By applying Lemma 8.31 to &
and ITy, there is ¥1>p, @ F r{x \ head(s (1))} : S{I := tail(S(l))} = P, such that
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#app,pop,Push (Y1) = #app,pop,push (P1) + #app,pop,push (I11). Therefore, we can take ¥ to be
¥ioa, @F r{x\head(s(I))} : S{I := tail(S(I))} = P
Yoo, D F s{l:=tail(S(l))}: S{I:=tail(S (1))}
@ F (r{x\head(s(1))},s{l := tail(S(I))}): P

since

#app,pop,push (P) #pp,pop,push (P1) + #app,pop,push (P2) + 1 - Pop

(P1)
#app,pop,push (P1) + #app,pop,push (P2) — #app,pop,push (I11)
+  #app,pop,push(IT1) +1-Pop
(Y1)
(

Y1) + #app,pop,push (¥2) +1 - Pop
= #apppoppush(¥) + 1 Pop.

#App,Pop,Push

- If t = push((/,e),r), then (push((l,e),7),s) =can(pusn) (,5{! :=e-s(l)}), and ® must
be of the form

Doy, OFe: M Dyop, ObFr:S{I:=M-S(I)} = P push
@ F push((le),r):S=P D3>p, DFs:S
@t (push((l,e),r),s): P

Conf

By applying Lemma 8.30 to ®3 and @, there is ¥3>p, @ F s{l :=e-s(I)} : S{I :=
M - S (1)}, such that #app pop,push (P3) + #app,pop,push (P1) = #app,pop,push (¥3). Therefore,
we can take ¥ to be

DyppA, D r:S{I:=M-S(I)} =P Y3pp,OFs{l:=e-s()}:S{l:=M-5(])}

Conf
QF (r,s{l:==e-s()}): P

since

#App,Pop,Push(cD) = #App,Pop,Push((Dl) + #App,poplpush(q>2> +1-Push + #App,Pop,Push( @3)
= #app,pop,push (P2) + #app,poppush(¥3) + 1 - Push
= #app,pop,push(¥) + 1 - Push.

O]

Theorem 8.33 (Exact Soundness for CBN). Let t € AS and s € S.. If there is ® > Ne D F (t,s): P
. . .push
tight, such that #app pop,push (P) = 1 - App + 0 - Pop + u - Push, then (t, s)n ﬁ+0:p§pc§§ pus (u,q), such that

u & NOcgy.

Proof. The proof is identical to that of Theorem 7.63, mutatis mutandis. The argument proceeds
by induction on n + 0 + u, using exact subject reduction (Lemma 8.32) and the characterization
of zero-weight derivations (Lemma 8.28). The only difference is that global state operations and

typing rules are replaced by the corresponding stack operations and rules. O
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F.1.1.2 Quantitative Completeness

Lemma 8.34 (Weighted Anti-Substitution for CBN). Let t € AS and u € AS. If ® > T F t{x\ u}:
A (resp. N), then there exist Y >y, I';x : M =t @ A (resp. N) and I1opn, @ = u @ M, such that

#App,Pop,Push (CD) = #App,Pop,Push (IY) + #App,Pop,Push (H) .

Proof. The proof follows by induction on the structure of t. We only show the cases where t is an

operation. The remaining cases are identical to those for the CBN AY-calculus (see Lemma 7.64):

e Caset =pop(l,Ay.r). Then, t{x\ u} = pop(l, Ay.r{x\ u}), and ® must be of the form:

D' >p [y head(S (1)) Fri{x\u}:S{l:=tail(S(l))} = P

Pop
I'Fpop(l,Ayr{x\u}):S=1P

and A = S = P. By applying the i.h. to r, we know there exist ¥/ >, I'; v : head(S (1)); x
M Er: S{l := tail(S(l))} = Pand IT'>p, @ F u : M, such that #ypp poppush (') =
#app,pop,push (Y') + #app pop,push (IT"). Therefore, we can conclude by taking IT = I'T" and ¥ to be
Y on, [y ihead(S(1));x: MEr:S{l:=tail(S(I))} = P
I;x:MFEpop(l,Ayr):S=P

Pop

since
#App,Pop,Push((D) = #App,Pop,Push(q)/) +1-Pop

= #app,poppush(¥') + #app poppusn(11') +1 - Pop
= #app,pop,push (¥') + #app pop push (I1).
e Caset = push((l,e), Ay.r). Then, t{x \ u} = push((l,e{x\ u}), Ay.r{x\ u}), and ® must be
of the form
Oiopy T Fe{x\u}: N @Poop Tobr{x\u}:5{I:=N-S(I)} =P
I+ Ty Fpush((l,e{x\u}),r{x\u}):S="P

Push

I' =Ty +Ty and A = S = P. By applying the i.h. to e, we know there exist ¥ by
I'yx: My Fe: Nand ITy by, @ F u : My, such that #app pop,push (P1) = #apppop,push (F1) +
#apppoppush(I11). By applying the ih. to r, we know there exist Yo >pr, To;x @ My 7 :
S{I:=N-S(I)} = Pand I, >p, @t u : My, such that #app pop push (P2) = #app pop,push (F2) +
#app,pop,push (IT2). By Lemma 8.26, we know there exists IT >y, @ = u : My LI My, such that
#app,pop,push (I1") = #app pop,push (I11) + #app pop,push (I12). Therefore, we can conclude by taking
M= M; UM,, IT=T1I"and ¥ to be

Yion, Tux:MibFe: N Yoop, Tyx:Mybr:S{I:=N-S(I)} =P

(T1+TI2);x: My UM, - push((le),r):S=P

Push
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since

#App,Pop,Push q)l) + #App,Pop,Push(q)Z) + 1 - Push
\Pl ) + #App,Pop,Push (Hl ) + #App,Pop,Push (TZ)
Hz) + 1 -Push

#App,Pop,Push ((I))

#App,Pop,Push

(
(
+ #App,Pop,Push (
— #App,Pop,Push (\F) + #App,Pop,Push (H> .

O]

Lemma 8.35 (Exact Subject Expansion for CBN). Let t € AS, s € S., and S € {B,pop,push}.
If (t,;s) =cns) (4,q) and oy D F (u,q) : P, then there is Yoy, @ & (t,s) @ P, such that
#App,Pop,Push (‘F) +1-R= #App,Pop,Push(q))/ where

® R=App, ifS=p;
e R =Pop, if S = pop;
e and R = Push, if S = push.

Proof. The proof follows by induction on the definition of the contexts of the reduction strategy.
We only show the case where N = [ and f is an operation. The remaining cases follow easily from

the i.h.:
e CaseN = [

- If t = pop(l,Ax.r), we have that (pop(/,Ax.r),s) = cpy(pop) (*{x \ head(s(I))},s{l :=
tail(s(1))}), and @ is of the form
Doy, @F r{x\head(s(I))} : S=P P>y, Dt s{l:=tail(s(l))}: S
@ F (r{x\ head(s (1))}, s{l := tail(s(l))}) : P

Conf

By applying Lemma 8.34 to &, there exist Y1y, x : ME7r: S = Pand I bp, @ -
head(s (1)) : M, such that #xpp pop,push (P1) = #app,pop,push (1) + #app,poppush(I12). Let
R = S{l := M-S(I)}. Then, head(R(l)) = M, tail(R(l)) = S(I), and R{l :=
tail(R (1))} = S. Thus, by applying Lemma 8.30 to IT) and ®,, thereis Yo >p, @ F 5 : R,
such that #app pop,push (¥2) = #app,pop,push (P2) + #app,pop,push (I12). Therefore, we can take
Y to be
¥1>p, x thead(R (1)) Fr:R{l:=tail(R(I))} = P Pop
@F pop(l,Ax.r): R =P Yoopn, DFs:R
@+ (pop(l,Ax.r),s) : P

Conf
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since

#App,Pop,Push q)l + #App,Pop,Push<(D2) +1- POp
+ #App,Pop,Push (HZ)
+1-Pop

#APP,POD,Push(CD) +1-Pop

)
#app,pop,push (F'1)
)
)

(
(
+  #app,pop,push (P2
= #app,pop,push (Y1) + #app,poppush (¥2) + 1 - Pop
(

#App,Pop,Push T) .

- If t = push((l,e),7), then (push((l,e),7),s) = can(pusn) (,8{/ :=e-s(l)}), and P is of
the form
Q>N DFr:S=>P Doy, OFs{l:=e-s()}:S
QF (r,s{l:=e-s(l)}):P

Conf

LetR=S{l:=L}and R{l:=S(I)} =R{l:=M-L} =R{l:=M-R(l)} =S. Then,
by applying Lemma 8.30 to ®,, there are II; by, @ Fe: Mand Yo >p @ 5@ R, such

that #app pop,push (¥2) + #app,pop,push (I11) = #app pop,push (P2). Therefore, we can take ¥ to

be
Moy, DFe: M Oiop,OFr:R{I:=M-R(I)} =P push
us
@+ push((le),r): R=P Yoopn, OFs:R
Conf
@+ (push((le),r),s): P
since
#apppoppush (P) +1-Push = #app pop push (P1) + #app pop,push (P2) + 1 - Push
= #App,Pop,Push(q>1) + #App,Pop,Push<le2) + #App,Pop,Push(H1>
+ 1-Push
= #App,Pop,Push (‘F)

O]

Theorem 8.36 (Exact Completeness for CBN). Let t € ASands € S.. If (t,s)n'ﬁﬂ‘——p;}pc;ﬁ 'puSh(u, ),

such that u € NOcgy, then there is ® >y, @ &= (t,5) @ P tight, such that #app pop push (P) = 1 - App + 0 -
Pop + u - Push.

Proof. The proof is identical to that of Theorem 7.66, mutatis mutandis. The argument proceeds
by induction on 1 4 0 + u, using exact subject expansion (Lemma 8.35) and the tight typability of
CBN-normal forms (Lemma 8.29). The only difference is that global state operations and typing

rules are replaced by the corresponding stack operations and rules. O
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F.1.2 Call-By-Value

Lemma 8.40 (CBV Multiset-Typings Split and Merge). Let t € AS. Then, there is >y T - v : M,
such that M = U;ctM;, if and only if there are ®; >y, I'; = v : M;, such that T = +;c1I;, and

#app,pop,push (P) = +ict#app,pop,push (Pi)-

Proof. The proof is identical to that of Lemma 7.73. Indeed, the typing rules involved in multiset
formation and decomposition are the same in the global-state and infinite-stack systems; the only

difference lies in the operational rules for effects, which do not intervene in this lemma. ]

Lemma 8.41 (Contexts and Free Variables for CBV). If & Dyg I' =t 0 M (resp. M), then dom(T') C
fv(t).

Proof. The proof is identical to that of Lemma 7.74. Indeed, the argument depends only on the
syntactic structure of typing derivations and on the formation rules for typing environments; stack-
specific rules do not introduce or remove free variables any differently from global state-specific

ones. O

Lemma 8.42 (CBV Values Are Not Effectful). Lett € AS and @y, THt:S= (Mx Q). Ift € VS,
then Q = S and ® ends with rule Lift.

Proof. The proof is identical to that of the corresponding lemma for the global state calculus
(see Lemma 7.75), mutatis mutandis. The argument relies only on the syntactic form of values and
on the shape of the CBV typing rules, and is independent of the particular effect operations (global

state or stacks). O

Lemma 8.43 (Zero Weight Tight Type Derivations Characterize CBV-Normal Forms). Let t € AS
and s € So. If @y, @ & (t,s) : P is tight, then #ppp pop push(P) = 0 - App + 0 - Pop + 0 - Push if and
only if t € NOcgy.

Proof. The proof is identical to that of the corresponding lemma for the global state calculus
(see Lemma 7.76), mutatis mutandis, replacing global state constructs with the corresponding stack

constructs. O

Lemma 8.44 (Tight Typability of CBV-Normal Forms). Lets € S.. Ift € NOcgy, then there is a derivation
D>y, @& (t,s) : P that is tight.
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Proof. 1f t € NOcgy, then t € Vf. Therefore, t is a closed abstraction, i.e. f = Ax.u, and we can take

P={} x{l— []}icr, and @ to be

< oFs() (] EStack)
s(I):
Abs State
OF Axau:A{l = [Jhee = ({} x5) Or {lersWhec s L= [hee
OF Axau,s): {} xS
We can conclude since the above type derivation is tight. O

Lemma 8.45. Let | € Lands € S. There are D>y, O s : Sand Y >y, @ = v : M if and only if
there is I1>y, @ = s{l :=v-s(I)} : S{I := M-S (I)}. Moreover, #x5p pop push(P) + #app,poppush(¥) =

#App,Pop,Push <H) .

Proof. The proof is identical to that of Lemma 8.30, mutatis mutandis. The only difference is that in

the CBV system the pushed term is required to be a value, which does not affect the argument. [J

F.1.2.1 Quantitative Soundness

Lemma 8.46 (Weighted Substitution for CBV). Let t € AS, and v € V5. If ® Dy I;x t M =t
M (resp. N) and ¥ >y, O F v : M, then T1>y T = t{x \ v} : M (resp. N), such that #xpppop push (IT) =
#App,Pop,Push (q)) + #App,Pop,Push (T) .

Proof. The proof follows by induction on the structure of ®. We proceed by cases, according to the
last rule R of ®. We only show rules Pop and Push. The remaining cases are identical to those for

the CBN AY-calculus (see Lemma 7.81):

e Case R = Pop. Then, t = pop(I, Ay.u), and & must be of the form

Oy >y, Ty :head(S(1));x: M u: S{l:=tail(S(l))} = P

Pop
[+ pop(l,Ay.u):S =P

and M = S = P. By applying the i.h. to ®, there is ITy >y, I;y : head(S (1)) - u{x \ v} :
S{l := tail(S(l))} = P, such that #apppoppush(I11) = #apppop,push(D1) + #app,pop,push(F)-
Therefore, we can take I to be

Iy >y, Iy thead(S (1)) Fuf{x\ v} : S{l :=tail(S(l))} = P

Pop
I'pop(l, Ayu{x\v}):S=P

since pop (I, Ay.u{x \ v}) = pop(l, Ay.u){x \ v}, and

#App,Pop,Push(H) = #App,Pop,Push(Hl) + 1. POp
- #App,Pop,Push((Dl) + #App,Pop,Push (‘Ij) + 1 POp
= #App,Pop,Push(q:') + #App,Pop,Push (11!)
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e Case R = Push. Then, t = push((/,w), Ay.r), and ® must be of the form

P>y Tyx:MiFw: N Doy, Ix: MoFr:S{I:=N-S(I)} =P

Push

(T1 +T2);x: My UM, - push((l,w),r): S=P

I'=T1+I, M= M UM;,and M = S = P. Byapplying thei.h. to @1, we know there exists

1T D>y Ik ZU{X \ 'U} : N, such that #App,Pop,Push(Hl) = #App,Pop,Push(q)l) + #App,Pop,Push (Tl) By
applying the i.h. to ®,, we know there exists IT, >y, I F r{x\ v} : S{I:= N-S(I)} = P,

such that #app pop,push (I12) = #app,pop,push (P2) + #app pop,push (¥2). Therefore, we can take IT to

be

H1DVSF1|—W{X\U}ZN HQDVSFQFT{X\U}:S{I :NS(Z)}:>P

Push

I'1 + T, Fpush((l,w{x\v}),r{x\v}):S=P

since substitution is well-defined on values, values are preserved by substitution, and we

have that push((l, w{x \ u}),r{x\ v}) = push((I,w),r){x \ v}, and

#App,Pop,Push (H)

#App,Pop,Push ITy) + #App,Pop,Push IT;) +1-Push

#App,Pop,Push ch Tl

(ITy) (I12)

(®1) + #app,pop,push (F1)
#app,pop,push (P2) + #app pop push (¥2) + 1 - Push

(®1) (®2)

(

#app,pop,push (P1) + #app pop,push (P2) + #app,pop,push () + 1 - Push

#App,Pop,Push (b) + #App,Pop,Push <T) .

O]

Lemma 8.47 (Exact Subject Reduction for CBV). Let t € AS, s € S,,and S € {Bv,pop,push}.
If (t,s) =cys) (wq) and Py, @ = (t,s) : P, then there is Y by, @ & (u,q) : P, such that

#App,Pop,Push(qD) = #App,Pop,Push (T) +1- R, where

e R=App,if S = By,

® R =Pop, if S = pop;

e and R = Push, if S = push.

Proof. The proof follows by induction on the definition of the contexts of the reduction strategy.

We only show the case where V = [ and ¢ is an operation. The remaining cases are identical to

those for the CBV AY-calculus (see Lemma 7.82):

e CaseV =1_I
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- If t = pop(l, Ax.r), we have that (pop(l,Ax.r),s) =cy(pop) (r{x \ head(s (1))}, s{l :=

tail(s (1))}), and ® must be of the form
P>y, x thead(S(I)) Fr:S{l:=tail(S())} = P >
op
@t pop(l,Ax.r):S=P DPy>y, DOk s:S
@+ (pop(l,Ax.r),s) : P

Conf

Notice that s = s{I := head(s(I)) - tail(s(!))}, and also S = S{I := head(S(I)) -
tail(S(I))}. Thus, by applying Lemma 8.45 to @, there are IT; >y, @ F head(s (1)) :
head(S(I)) and ¥o >y, @ F s{l := tail(s(l))} : S{I := tail(S(I))}, such that
#app,pop,push (P2) = #app pop,push (I11) + #app,poppush (¥2). By applying Lemma 7.81 to &,
and ITy, there is ¥1 >y, @ F r{x \ head(s (1))} : S{I := tail(S(I))} = P, such that
#app,pop,Push (Y1) = #app,pop,push (1) + #app,pop,push (I11). Therefore, we can take ¥ to be
Yoy, @F r{x\head(s(I))} : S{I :=tail(S(]))} = P
Yooy, @ s{l:=tail(s (1))} : S{I := tail(S (1))}
@F (r{x\head(s (1))}, s{l :=tail(s(l))}): P

since
#app,poppush(P) = #app,pop,push (P1) + #app,pop,push (P2) + 1 - Pop
= #App,Pop,Push(q)l) + #App,Pop,Push(Hl) + #APD,POp,Push(‘Pz) +1-Pop
= #APP,POP,PuSh(IFl) + #Apprpop,Push (‘{I2> _|._ 1 . Pop
= #apppoppush(T¥) + 1 - Pop,
and R = Pop.

If t = push((/,v),7), then (push((/,v),7),s) = cpy(pusn) (,5{/ :=v-s(l)}), and ® must
be of the form
q)1>VS®|_UZM ¢2DV8®FVZS{ZZ:M'S(Z)}:>P
Push
@t push((l,v),r):S=P D3>y, DFs:S
@+ (push((l,v),r),s) : P

Conf

By applying Lemma 8.45 to @3 and @, there is ¥3>1, @ - s{l :== v-s(I)} : S{I :=
M-S (1)}, such that #app pop push (P3) + #app,pop,push (P1) = #app,pop,push(F3). Therefore,

we can take ¥ to be

Dyoy OFr:S{I:=M-S()} =P Y3y, OF s{l:=v-s(I)}:S{l:= M-S(I)}
@k (r,s{l:==0}):P

Conf

since

#APP,Pop,Push(q)) = #App,Pop,Push(q)l) -+ #App/poplpush(q)z) -+ 1 - Push + #App,POp,Push((D:’,)
= #app,pop,push (P2) + #app pop,push(¥3) + 1 - Push
= #appPop,Push (T) + 1 - Push,
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and R = Push.
O

Theorem 8.48 (Exact Soundness for CBV). Let t € AS. If there is @ >y, @ = (t,s) : P tight, such that

#app,pop,push (P) = 1 - App + 0 - Pop + u - Push, then (t,s)n P ":p;"éBV” pus (u,q), such that u € NOcgy.

Proof. The proof is identical to that of Theorem 7.83, mutatis mutandis. It proceeds by induction
on n + 0 + u, using exact subject reduction (Lemma 8.47) and the characterization of zero-weight
derivations (Lemma 8.43). The only difference is that global state operations and typing rules are

replaced by the corresponding stack operations and rules. O

F.1.2.2 Quantitative Completeness

Lemma 8.49 (Weighted Anti-Substitution for CBV). Let t € AS and v € VS Ifd >y, I FH{x\ v} :
M (resp. N), then ¥ >y, T;x : M =t : M (resp. N) and I1>y,, @ & v @ M, such that #xpp pop push (P) =
#App,Pop,Push (‘F) + #App,Pop,Push (H) .

Proof. The proof follows by induction on the structure of ®. We only show the cases where t is an

operation. The remaining cases are identical to those for the CBV AY9-calculus (see Lemma 7.84):

e Caset = pop(l, Ay.u). Then, t{x \ v} = pop(l, Ay.u{x \ v}), and ® must be of the form:

' >y, Ty head(S (1)) Fuf{x\v}:S{l:=tail(S(I))} = P
I'+pop(l,Ayu{x\v}):S=P

Pop

and M = S = P. By applying the i.h. to u, we know ¥' >y, I';y : head(S(I));x : M
u: S{l := tail(S(l))} = P exists and IT'>p; @ - v : M, such that #app poppush(P') =
#app,pop,push (F”) + #app,pop,push (I1'). Therefore, we can conclude by taking IT = IT' and ¥ to be
¥ >y, Iy :head(S(1));x : M u: S{l:=tail(S(l))} = P
I;x:MbEpop(l,Ayu):S=P

Pop

since
#App,Pop,Push(q)) == #App,Pop,Push(q)/) + 1- P0p

= #app,pop,push (Y’) + #app,pop,push (IT') + 1 - Pop
= #apppop,push(F¥) + #app,pop,push (I1).
e Caset = push((l,w),u). Then, t{x \ v} = push((l,w{x\ u}),u{x\ v}), and ® must be of
the form
Oipy, T Fw{x\v}: N Doy, Tobuf{x\v}:5{I:=N-S()} =P
1+ Ty Fpush((L,w{x\v}),u{x\v}):S=7P

Push
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I' =T1+TI2 and M = S = P. By applying the i.h. to w, we know there exist ¥ >y,
I';x: My Fw: Nand I by, @ - v My, such that #a5p pop push (P1) = #apppoppush (F1) +
#app,poppush (I11). By applying the i.h. to u, we know there exist Yoo, ITp;x @ Mo F u -
S{I:=N-S(I)} = Pand I >y, @ I v : My, such that #app pop push (P2) = #app,poppush(F2) +
#pp,pop,push (I12). By Lemma 8.40, there exists a type derivation I'T" >, @ F v : My LI My, such
that #app pop,push (I1") = #app,pop,push (IT1) + #app,pop,push (I12). Therefore, we can conclude by
taking M = Mj LI Mp, IT =IT' and ¥ to be
¥y, Tux:Mibw: N Yooy ITyx:MybFu:S{I:=N-S(I)} =P
(T1+T2);x: My U M; F push((l,w),u):S=P

Push

since

#App,Pop,Push(q)) #App,Pop,Push ch + #App,Pop,Push CDZ + 1-Push

(®2)
= #app,pop,push (Y1) + #app,pop,push (IT1)
(IT)
(Y2)

(D)
(Y1)
+  #app,pop,push (¥2) + #app,pop,push (I12) + 1 - Push
(Y1)
(

#APP,POP,PUSh lIfl + #App,Pop,Push ‘FZ + #App,Pop,Pu5h<H/) +1-Push
#App,Pop,Push ‘P) + #App,Pop,Push(H>-

O]

Lemma 8.50 (Exact Subject Expansion for CBV). Let t,u € AS,s € S., and S € {By,pop, push}.
If (t,s) =cpy(s) (4,q) and @y @ = (u,q) : P, then there is ¥ >y @ = (t,5) : P, such that

#App,Pop,Push(q)> +1-R= #App,Pop,Push (T)/ where

e R=App, if S =By,

® R = Pop, if S = pop;

e and R = Push, if S = push.

Proof. The proof follows by induction on the definition of CBV evaluation contexts and is the

stack-based analogue of the CBV AY subject expansion proof. We only show the case where V = [J

and t is an operation:

e CaseV =1L

- If t = pop(l, Ax.r), we have that (pop(l,Ax.r),s) =cy(pop) (r{x \ head(s (1))}, s{l :=
tail(s (1))}), and @ is of the form
P>y, O r{x\head(s(l))} : S=P D>y, DF s{l:=tail(s(l))}:S
@+ (r{x\head(s (1)) },s{l :== tail(s(l))}) : P

Conf



F. A QUANTITATIVE STUDY OF INFINITE STACKS 337

By applying Lemma 8.49 to @, there exist Y1 >y, x : M7 : S = Pand [y, @ I
head(s (1)) : M, such that #app poppush (P1) = #app,pop,push(F1) + #apppoppush(I12). Let
R = S{l := M-S(l)}. Then, head(R(l)) = M, tail(R(!)) = S(I), and R{l :=
tail(R (1))} = S. Thus, by applying Lemma 8.45 to ®; and I'l, thereis ¥, >y, @ -5 : R,

such that #app pop,push (Y2) = #app,pop,push (P2) + #app pop,push ([12). Therefore, we can take

Y to be
Yoy, x: MbEr:R{l:=tail(R(l))} = P >
op
@+ pop(l,Ax.r): R =P Yooy, OFs:R
Conf
@+ (pop(l,Ax.r),s) : P
since

#App,Pop,Push(q)) +1-Pop #App,Pop,Push D) + #App,Pop,Push (q)z) + 1 Pop

#App,Pop,Push lF1 + #App,Pop,Push (HZ)

(®1)
(Y1)
+  #apppop,push(P2) + 1 - Pop
(Y1)
(

#App,Pop,Push ‘Fl + #App,Pop,Push (‘YZ) +1- P0p

#App,Pop,Push T)r
and R = Pop.

- If t = push((/,v),r), then (push((l,v),7),5) =cpv(pusn) (r,s{/ :=v-s(1)}), and P is of

the form
P>y, OFr:S=P P>y, OFs{l:=v-s(])}:S

QF (r,s{l:=v-st(l)}): P
LetR=S{l:=L}and R{l:=S(I)} =R{l:=M-L} =R{l:=M-R(l)} =S. Then,

Conf

by applying Lemma 8.45 to @, there are II; >y, @ = v : M and Y2 >y, @ s : R, such

that #app pop,push (¥2) + #app,pop,push (I11) = #app pop,push (P2). Therefore, we can take ¥ to

be
H1DVS®|_UZM ®1DVS®|_7’ZR{ZZIM-R(Z)}:>PP h
us
@+ push((l,v),r) : R=P ¥opp, DFs:R
Conf
@+ (push((l,v),7),s) : P
since

#App,Pop,Push(q>> +1-Push = #App,Pop,Push(q)l) + #App,Pop,Push(q)Z) +1-Push
== #App,Pop,Push (q)l ) + #App,Pop,Push (‘F2) + #App,Pop,Push (Hl )

+ 1-Push

== #App,Pop,Push ("P ) ’

and R = Push.

The remaining cases are identical to those for the CBV AY-calculus (see Lemma 7.85). O
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-By+o- .push
Theorem 8.51 (Exact Completeness for CBV). Let t € AS. If (t,s)n P +0—J,3=§12;,” pus (u,q), such that

u € NOcgy, then thereis @ >y, D &= (t,s) : P tight, such that #xpp pop push (P) = 1 - App + 0 - Pop + u - Push.

Proof. The proof is identical to that of Theorem 7.86, mutatis mutandis. The argument proceeds
by induction on n + 0 + u, using exact subject expansion (Lemma 8.50) and the tight typability of
CBV-normal forms (Lemma 8.44). The only difference is that global state operations and typing

rules are replaced by the corresponding stack operations and rules. O

F.1.3 Subsuming Call-By-Name and Call-By-Value

Lemma 8.55 (CBPV Multiset-Typings Split and Merge). Let t € !AS. Then, there is ®>p T = t: M,
such that M = U;etM;, if and only if there are ®;>p, I'; = t : M;, such that T = +;c1I;, and

#App,Der,Pop,Push(q)) == +ieI#App,Der,Pop,Push (q)l)

Proof. The proof is identical to that of the corresponding lemma for global state (Lemma 7.93),
mutatis mutandis. In particular, the argument proceeds by induction on the structure of the
typing derivation and relies solely on the additive nature of multiset types and typing contexts.
The presence of stacks does not affect the splitting and merging properties, which are purely

structural. O

Lemma 8.56 (Contexts and Free Variables for CBPV). If ®>p, I' -t : A (resp. M), then dom(T') C
fv(t).

Proof. The proof is identical to that of the corresponding lemma for global state (Lemma 7.94),
mutatis mutandis. The argument proceeds by induction on the structure of the typing derivation
and relies solely on the variable-binding structure of CBPV terms. The differences between the

global state and stack constructs do not change the argument. O

Lemma 8.57 (CBPV Values Are Not Effectful). Let t € 'AS and ® pp, D t:S5 = (AxQ). If
t e !VS, then Q = S and ® ends with rule Lift.

Proof. The proof is identical to that of the corresponding lemma for global state (Lemma 7.95),
mutatis mutandis. The argument relies solely on the syntactic characterization of CBPV values and
the structure of CBPV typing derivations. Stack-related operations do not affect the classification

of values or the form of effectful types. O

Lemma 8.58 (Zero Weight Tight Type Derivations Characterize CBPV-Normal Forms). Let t € AS
ands € S,. If ®>p, @ = (t,5) : P is tight, then #xppper,poppush(P) = 0- App + 0 -Der +0-Pop + 0 -
Push if and only if t € NOSEpy.
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Proof. The proof is identical to that of the corresponding lemma for the A!9-calculus (Lemma 7.96),

mutatis mutandis, replacing global state constructs with the corresponding stack constructs. O

Lemma 8.59 (Tight Typability of CBPV-Normal Forms). Let t € AS. Ift € NOSE,,, then there is a
derivation ® >p, @ & (t,s) : P that is tight.

Proof. The proof is identical to that of the corresponding lemma for the A!9-calculus (Lemma 7.97),

mutatis mutandis, replacing global state constructs with the corresponding stack constructs. O

Lemma 8.60. Let | € L ands € S. There are Dop, O = s : Sand Yop, O & f @ L if and only
ifthere is I'1 [>’p5 @+ S{l = f} : S{l = L} Moreover, #App,Der,Pop,Push((D) + #App,Der,Pop,PushCP) =

#App,Der,Pop,Push (H) .

Proof. The proof is identical to that for the AS-calculus (Lemma 8.45), mutatis mutandis. It relies
only on the structural decomposition of state typings and on the additivity of typing weights,

which are unchanged in the CBPV setting. O

F.1.3.1 Quantitative Soundness

Lemma 8.61 (Weighted Substitution for CBPV). Let t € IAS and v € VS, If®op, x: Mt
A (resp. N)and ¥ op, O & v : M, thenTIpp T = t{x\ v} : A (resp. N), such that #upp per,poppush (IT) =

#App,Der,Pop,Push (CD) + #App,Der,Pop,Push (‘P) .

Proof. The proof follows by induction on the structure of ® and is identical to that of the A!9-
calculus (Lemma 7.100), mutatis mutandis. The argument relies only on the compositionality of
substitution and the additivity of typing weights, which are preserved in the stack-based CBPV
setting. O

Lemma 8.62 (Exact Subject Reduction for CBPV). Let t € IAS,s € So,and S € {Bv, Bi, pop, push }.
If (t,;s) =cpy(s) (4,q) and ®op; @ & (t,s) : P, then there is Y bp; @ & (u,q) : P, such that

#app,per,pop,push (P) = #app perpop.push (¥) + 1 - R, where
® R=App, if S = By,
e R =Der, if S = By,
e R =Pop, if S = pop;
e and R = Push, if S = push.

Proof. The proof follows by induction on the definition of the contexts of the reduction strategy

and is identical to that for the A!9-calculus (Lemma 7.101), mutatis mutandis. O
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Theorem 8.63 (Exact Soundness for CBPV). Let t € AS. If there is ® >p, @ & (t,8) @ P tight, such

-By+m-B1+o-pop+u-push
that #app per,pop,push (P) = 1 - App + m - Der + o - Pop + u - Push, then (t,s)n Putm ’5:»‘}5;’5 pus (u,q),

such that u € NOSpy.

Proof. The proof is identical to that of Theorem 7.102, mutatis mutandis. The argument proceeds by
induction on n 4+ m + 0 + u, using exact subject reduction (Lemma 8.62) and the characterization
of zero-weight tight derivations (Lemma 8.58). The only difference is that global state operations

and typing rules are replaced by the corresponding stack operations and rules. O

F.1.3.2 Quantitative Completeness

Lemma 8.64 (Typability Implies Clash-Freeness). Let t € !AS ands € So. If ®op, @ F (t,5) : P,
then t is clash-free.

Proof. The proof is identical to that of Lemma 7.103, mutatis mutandis, replacing global state

constructs with the corresponding stack constructs. O

Lemma 8.65 (Typability Characterizes CBPV Clash-Free Normal Forms). Let t € IAS and s € S..
Then, t € NOSpy if and only if t € NOcgpy and (t,s) is Ps-typable.

Proof. The proof is identical to that for the AY-calculus (see Lemma 7.104). O

Lemma 8.66 (Weighted Anti-Substitution for CBPV). Let t € IAS, and v € V. If ®op, I -
t{x\ v} : A (resp. N), then ¥op, T;x : M = t : A (resp. N) and I1op, @ & v © M, such that

#App,Der,Pop,Push (q)) == #App,Der,Pop,Push ("F) + #App,Der,Pop,Push (H) .

Proof. The proof follows by induction on the structure of t and identical to the one for the A!9-

calculus (see Lemma 7.105), mutatis mutandis. O

Lemma 8.67 (Exact Subject Expansion for CBPV). Let t € !Af, s € S,,and S € {By, B, pop, push }.
If (t,;s) =cpy(s) (4,q) and ®op, @ & (u,q) : P, then there is ¥ op, @ = (t,5) : P, such that

#app per,pop,push (P) + 1 R = #app per,pop,push (), where
e R=App, if S = By,
e R =Der,if S =By
e R =Pop, if S = pop;
e and R = Push, if S = push.

Proof. The proof follows by induction on the definition of the contexts of the reduction strategy

and is identical to that for the A!Y-calculus (see Lemma 7.106), mutatis mutandis. O
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By+1m1-Bi+o- .push
Theorem 8.68 (Exact Completeness for CBPV). Let t € AS. If (t, s)n Pt @E%ﬁ;’\‘? e (u,q), such

that u € NOSEpy, then there is @ >p, @ b (t,s) : P tight, such that #app per poppush (P) = 1 - App + m -
Der + o - Pop + u - Push.

Proof. The proof is identical to that of Theorem 7.107, mutatis mutandis. The argument proceeds by
induction on n + m + o + u, using exact subject expansion (Lemma 8.67) and the tight typability
of clash-free normal forms (Lemma 8.59). The only difference is that global state operations and

typing rules are replaced by the corresponding stack operations and rules. O

F.1.3.3 Soundness and Completeness of Translations
Lemma 8.69 (Soundness of Term and Stack Translations). Let t € A,

1. If ®op T+ t(resp. tor f) : A (resp. Mor L), then ¥ op, T = (£)BY (resp. 1(£)BN or (f)BN) -
A (resp. M or L). Moreover, #app pop push (P) = #app,pop,push (F)-

2. If®y T =t (resp. tor f) : M (resp. M or L), then' ¥ >pg ()% E (£)BY (resp. (£)BV or (f)BY) :
(M) Scsv (resp. (M)Ccev or (L)Cev). Moreover, #app pop,push (D) = #apppop,push (F)-

Proof. The proof proceeds by induction on the structure of the typing derivation ®. Each typing
rule of Ns (resp. Vs) is mapped in a structure-preserving way to the corresponding rule of
Ps under the translations (-)B¥ (resp. (-)®V and (-)%e). In all cases, the translated derivation
preserves the typing judgment and does not introduce additional occurrences of App, Pop, or Push.
The argument is identical to that of the AMY-calculus (see Lemma 7.111), with global state constructs

replaced by stack constructs. O

Lemma 8.70 (Completeness of CBN Term and Stack Translations). Let ¢t & AS. If¥Yop, I' F
(£)BN (resp. 1(t)B¥ or (f)BY) : A (resp. Mor L), then ® >y, T+ t(resp. tor f) : A (resp. Mor L).

MOT’EOU@T’, #App,Pop,Push(q)) = #App,Pop,Push(le)'

Proof. The proof proceeds by induction on the structure of the CBPV typing derivation ¥. Each
typing rule used to derive ¥ >p, I - (£)BY : A corresponds uniquely to a typing rule of N for ¢.
By inverting the translation (-)“B¥ at each step, we reconstruct a derivation ® >, I' + £ : A with the
same typing context and type. No additional occurrences of App, Pop, or Push are introduced in
this reconstruction, so the weight is preserved. The argument is identical to that of the A!9-calculus

(see Lemma 7.112), with global state constructs replaced by stack constructs. O

Lemma 8.71 (Soundness and Completeness of CBN State Translations). Let s € S. Then, @, I' -
s: Sifand only if ¥ >pg T F (s)BY = S. Moreover, #app pop push (P) = #app,pop,push (F)-
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Proof. Both directions are proved by induction on the structure of the state s € S.

=) Assume @y, I s : S. Each typing rule for states in N is preserved by the translation
(-)BY. For each stack component, soundness of term translations (Lemma 8.69) yields a

corresponding CBPV typing. Reassembling these derivations yields ¥ bp, I' - (s)¥ : S.

<) Conversely, assume ¥ >p, I' F (s)®Y : S. By induction on the structure of s and by complete-
ness of term translations (Lemma 8.70), each translated stack component corresponds to a

well-typed source component. Reconstructing the original state typing yields @, I' -5 : S.

In both directions, no occurrences of App, Pop, or Push are introduced or removed by the translation,

so the size equality follows immediately. O

Lemma 8.72 (Soundness of CBV State Translations). Lets € S. If &>y I' = 5: S, then ¥ >p (T)<BY

(8)BV : (S)BV. Moreover, #app pop push (P) = #app,pop,push (V).

Proof. The proof follows by induction on the structure of the state s € S. Each typing rule for
states in V is preserved by the translation (-)B'. For each state component, soundness of CBV term
translations (Lemma 8.69) yields a corresponding CBPV typing. Reassembling these derivations
gives ¥ >p, (T)BV I () : (S)BV. Since state typing rules do not contribute to App, Pop, or Push,

the size equality holds immediately. O

Theorem 8.73 (Soundness and Completeness of CBN Configuration Translations). Let t € A®
and s € S. Then, ®op, T F (t,5) : Ax Qifand only if ¥op, T F ((£,5))®N : A x Q. Moreover,

#App,Pop,Push (@) = #App,Pop,Push (T) .

Proof. The proof follows smoothly from the soundness and completeness of CBN term transla-
tions (Lemmas 8.69 and 8.70) together with soundness and completeness of state translations
(Lemma 8.71). The result follows by reassembling the corresponding term and state derivations

using the configuration typing rule. Weight preservation is immediate. O

Theorem 8.74 (Soundness of CBV Configuration Translations). Let t € ASands € S. IfOp>y, '+
(t,5) : P, then ¥ op, T+ ((t,5))BY : (P)%ev. Moreover, #app pop,push (P) = #app,pop,push (F)-

Proof. The proof follows smoothly from soundness of CBV term translations (Lemma 8.69) and
soundness of CBV state translations (Lemma 8.72), by composing the translated derivations using

the configuration typing rule. O
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