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A Quantitative Study of Higher-Order Computations with Effects

by Miguel Ramos

Non-idempotent intersection types have emerged as a powerful logical framework for providing

exact quantitative semantics of higher-order programs, allowing typing derivations to capture

precise information about resource usage such as evaluation length. While these techniques are

now well understood for the pure λ-calculus, extending them to richer language features involving

control and computational effects remains a challenging problem.

This thesis develops non-idempotent intersection type systems for extensions of the λ-calculus

featuring pattern matching mechanisms and computational effects, with the aim of providing

exact, syntax-directed cost semantics grounded in operational semantics. The contributions are

organized around two main axes.

The first part of the thesis studies pattern matching as a fundamental extension of the λ-

calculus. Building on prior quantitative analyses of pattern-matching calculi, we develop refined

and generalized non-idempotent intersection type systems that preserve exact correspondence

between typing derivations and evaluation length. Particular attention is devoted to the treatment

of stuck computations. Exploiting the classical encoding of exceptions via pattern matching, we

extend this analysis to exceptional control flow, showing that exception raising and handling admit

exact quantitative semantics despite constituting a non-algebraic computational effect.

The second part of the thesis addresses algebraic operations and effects. We focus on algebraic

theories that admit non-trivial comodels, which provide a coalgebraic basis for defining fine-

grained operational semantics via comodel-based transition systems. For calculi with global state,

we define such operational semantics and develop non-idempotent intersection type systems that

precisely account for both computational and effectful steps. We then generalize this approach

by modeling state as a mapping from locations to infinite stacks, yielding a uniform quantitative

framework capable of capturing a broad class of algebraic effects, including global state, interactive

input/output, and finite nondeterminism.
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Throughout the thesis, the λ!-calculus plays a unifying role, subsuming call-by-name and

call-by-value evaluation strategies while retaining the operational granularity required for exact

quantitative reasoning. Overall, this work significantly extends the scope of non-idempotent inter-

section types, demonstrating their applicability to languages with pattern matching, exceptions,

and algebraic effects, and providing a unified operational and quantitative account of resource-

sensitive computation.
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Um Estudo Quantitativo de Computações de Ordem Superior com Efeitos

por Miguel Ramos

Os tipos de interseção não-idempotentes emergiram como um poderoso enquadramento lógico

para fornecer semânticas quantitativas exatas de programas de ordem superior, permitindo que as

derivações de tipagem captem informação precisa sobre o uso de recursos, como o comprimento

da avaliação. Embora estas técnicas estejam atualmente bem compreendidas para o λ-cálculo

puro, a sua extensão a funcionalidades linguísticas mais ricas que envolvem controlo e efeitos

computacionais continua a ser um problema desafiante.

Esta tese desenvolve sistemas de tipos de interseção não-idempotentes para extensões do λ-

cálculo que incorporam mecanismos de pattern matching e efeitos computacionais, com o objetivo

de fornecer semânticas de custo exatas, dirigidas pela sintaxe e fundamentadas na semântica

operacional. As contribuições organizam-se em torno de dois eixos principais.

A primeira parte da tese estuda o pattern matching como uma extensão fundamental do λ-

cálculo. Com base em análises quantitativas prévias de cálculos com pattern matching, desenvolve-

mos sistemas de tipos de interseção não-idempotentes refinados e generalizados que preservam

uma correspondência exata entre as derivações de tipagem e o comprimento da avaliação. É

dada particular atenção ao tratamento de computações bloqueadas (stuck computations). Explo-

rando a codificação clássica de exceções através de pattern matching, estendemos esta análise ao

controlo excecional, mostrando que a propagação e o tratamento de exceções admitem semânticas

quantitativas exatas, apesar de constituírem um efeito computacional não algébrico.

A segunda parte da tese aborda operações e efeitos algébricos. Concentramo-nos em teorias

algébricas que admitem comodelos não triviais, os quais fornecem uma base coalgébrica para

a definição de semânticas operacionais de granularidade fina através de sistemas de transição

baseados em comodelos. Para cálculos com estado global, definimos tais semânticas operacionais

e desenvolvemos sistemas de tipos de interseção não-idempotentes que contabilizam com precisão
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tanto os passos computacionais como os passos associados a efeitos. Em seguida, generalizamos

esta abordagem modelando o estado como um mapeamento de localizações para pilhas infinitas,

obtendo um enquadramento quantitativo uniforme capaz de capturar uma vasta classe de efeitos

algébricos, incluindo estado global, input/output interativo e não-determinismo finito.

Ao longo da tese, o λ!-cálculo desempenha um papel unificador, subsumindo as estratégias de

avaliação call-by-name e call-by-value, ao mesmo tempo que preserva a granularidade operacional

necessária para um raciocínio quantitativo exato. No seu conjunto, este trabalho alarga significa-

tivamente o âmbito dos tipos de interseção não-idempotentes, demonstrando a sua aplicabilidade

a linguagens com pattern matching, exceções e efeitos algébricos, e fornecendo uma descrição

operacional e quantitativa unificada da computação sensível a recursos.
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Chapter 1

Introduction

Understanding how much computation a program performs is as important as understanding what

it computes. Beyond functional correctness, modern programming languages demand precise

reasoning about resources such as time, space, and interactions with effects. Over the last two

decades, non-idempotent intersection types have emerged as a particularly robust logical tool for

providing exact quantitative semantics of higher-order programs.

Unlike traditional (idempotent) type systems, which primarily enforce qualitative properties

such as termination or safety, non-idempotent intersection types retain fine-grained information

about resource usage. By rejecting idempotency, these systems record how many times a term is

used: duplicating a program component corresponds to duplicating its type. As a result, typing

derivations themselves become quantitative objects, from which exact measures—such as the

number of evaluation steps or the size of normal forms—can be extracted directly. This approach

replaces semantic reducibility arguments with combinatorial reasoning on typing derivations,

making quantitative analysis both precise and tractable.

A substantial body of work has established tight correspondences between non-idempotent

intersection types and the operational semantics of the pure λ-calculus, for a variety of evaluation

strategies and cost models [1–7]. These results show that typing derivations can provide not only

upper bounds, but often exact measures of evaluation length.

Scope and contributions of the thesis. This thesis contributes to this line of research by de-

veloping non-idempotent intersection type systems for extensions of the λ-calculus featuring pattern-

matching mechanisms and computational effects. Our overarching goal is to show that non-idempotent

intersection types provide exact, syntax-directed cost semantics for a broad class of language features

that go beyond the pure λ-calculus, while remaining firmly grounded in operational semantics.

The thesis is structured around two main axes:

3



4 A Quantitative Study of Higher-Order Computations with Effects

• Pattern-matching mechanisms, viewed as a fundamental extension of the λ-calculus and a basis

for reasoning about exceptional control flow;

• Algebraic operations and effects, restricted to those algebraic theories that admit non-trivial

comodels, and hence support a fine-grained operational interpretation.

Together, these contributions extend the reach of quantitative typing beyond purely functional

computation, encompassing both control and stateful effects.

The key notions informally introduced above form the conceptual backbone of the thesis and

will be introduced formally and discussed in depth in the background chapters of this thesis

(Chapters 2 to 5).

Quantitative Semantics via Non-Idempotent Intersection Types

Non-idempotent intersection types originated in the study of relevance and linearity [1, 2], and

later re-emerged as a central tool for quantitative semantics [3, 4]. In contrast with idempotent

typing systems, where A∩ A = A, non-idempotent systems distinguish multiple uses of the same

type, allowing resource usage to be tracked explicitly.

Foundational work by de Carvalho [3, 4] and subsequent developments by Accattoli, Dal Lago,

Kesner, Ventura, and others [5, 8–15] have shown that these systems yield exact characterizations

of normalization, evaluation lengths, and sometimes even space usage, for several variants of

the λ-calculus. These techniques have been extended to calculi with explicit substitutions [16],

call-by-need evaluation [17], and refined cost models [7], as well as classical calculi [10].

This thesis builds on these foundations, extending quantitative typing techniques to richer

language constructs where duplication, control flow, and effects interact in subtler ways.

Pattern-Matching Mechanisms and Exceptions

Pattern-matching is a ubiquitous programming construct, underlying features such as destructur-

ing, case analysis, and exception handling. From an operational point of view, pattern matching

introduces non-trivial interactions between substitution, control, and failure, and has been studied

extensively both operationally and logically [18–27].

More recently, quantitative analyses of pattern-matching calculi have been developed using

non-idempotent intersection types. In particular, Alves, Kesner, and Ventura [28] introduced

a pattern-matching λ-calculus equipped with a fine-grained operational semantics and a non-

idempotent type system providing exact bounds on evaluation length. Their work builds on

earlier studies of observability and pattern-restricted calculi [29, 30].
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The first contribution of this thesis is to refine and generalize this line of work. We develop

non-idempotent intersection type systems for a broader class of pattern-matching constructs,

while preserving exact quantitative correspondence between typing derivations and operational

evaluation. Particular care is devoted to the treatment of stuck computations (i.e. computations that

halt for some reason before reaching a result), allowing us to distinguish programs that successfully

terminate from those that fail to match.

A second, closely related contribution concerns exceptions. It is well known that exception

raising and handling can be encoded using pattern matching. Exploiting this observation, we lift

our quantitative analysis to exceptional control flow, covering both exception propagation and ex-

ception capture. Importantly, exception handling constitutes a form of higher-order computational

effect that is not algebraic (cf. Remark 5.30) in the sense of Plotkin and Power [31]. Neverthe-

less, by viewing exceptions through the lens of pattern matching, we show that non-idempotent

intersection types still provide exact cost semantics for their execution.

This result demonstrates that the applicability of non-idempotent intersection types extends

beyond algebraic effects, encompassing control mechanisms traditionally considered difficult to

analyze quantitatively.

Call-by-Push-Value and the λ!-Calculus

A recurring theme throughout the thesis is the fine-grained decomposition of computation. His-

torically, call-by-name and call-by-value have been studied largely independently, each giving rise

to its own calculi, operational semantics, and semantic models. While this separation has led

to deep and well-developed theories, it has also made the transfer of results between evaluation

strategies technically delicate and conceptually non-uniform. In particular, properties established

in one setting often require substantial reworking to be adapted to the other.

Call-by-Push-Value (CBPV), introduced by Levy [32, 33], provides a foundational framework

that unifies call-by-name and call-by-value by distinguishing values from computations. From a

logical perspective, CBPV is closely related to linear logic and to calculi equipped with an explicit

bang modality [34].

The λ!-calculus studied in this thesis can be seen as an untyped, operational counterpart

of CBPV [35]. It subsumes both call-by-name and call-by-value λ-calculi within a single term

language, making duplication and erasure explicit in direct correspondence with the structural

rules of contraction and weakening in linear logic. In this setting, the bang modality governs

precisely when resources may be duplicated or discarded, rather than allowing these operations
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implicitly as in the traditional λ-calculus. This explicit treatment of resources makes the λ!-calculus

particularly well suited for exact quantitative analysis using non-idempotent intersection types.

Throughout the thesis, the λ!-calculus plays a unifying role: in Chapter 3 it subsumes call-by-

name and call-by-value evaluation of the pure λ-calculus; in Chapter 7 it supports quantitative

analysis in the presence of global state; and in Chapter 8 it is extended to more general stateful

effects.

Algebraic Operations and Comodel-Based Semantics

The second main contribution of the thesis concerns algebraic operations and effects. Algebraic

effects, introduced by Plotkin and Power [36, 37], provide a modular and mathematically elegant

framework for describing computational effects such as state, nondeterminism, or input/output.

In this approach, effects are specified by a collection of operation symbols and equations, in the

spirit of universal algebra, and are interpreted semantically as operations on suitable monads.

This algebraic presentation allows effects to be combined and reasoned about independently of

any particular programming language. However, not all algebraic theories admit an operational

interpretation that is fine-grained enough to support exact quantitative analysis.

We therefore restrict attention to algebraic theories that admit non-trivial comodels in the sense

of [38]. Comodels provide a coalgebraic perspective on effects, allowing operational semantics to

be defined in terms of explicit comodel-based transition systems [39]. This yields step-by-step descrip-

tions of effectful computation that integrate smoothly with non-idempotent typing techniques.

We first study an extension of the λ-calculus with algebraic operations modeling global state.

Building on earlier work on intersection types for effectful calculi [40–44], we define a comodel-

based operational semantics and develop a non-idempotent intersection type system that precisely

accounts for both computational and effectful steps.

We then show that this analysis can be significantly generalized. By modeling state as a

mapping from locations to infinite stacks, we capture a wide class of algebraic theories admitting

non-trivial comodels. This construction provides a uniform operational framework for quantitative

analysis of algebraic effects, highlighting the expressive power of comodel-based semantics when

combined with non-idempotent intersection types.

Related Work

The present thesis builds on a substantial body of work on non-idempotent intersection types,

also known as quantitative or multi type systems [1–7]. Since Gardner’s early observation that
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dropping idempotency turns typing derivations into resource-sensitive objects [1], this line of

research has developed into a robust framework in which typability characterizes various forms

of normalization, and the size of typing derivations yields tight—and often exact—bounds on

evaluation length and normal form size [3–7, 11]. A key conceptual contribution is the replacement

of semantic reducibility arguments by combinatorial reasoning on typing derivations, refining

termination from a qualitative to a quantitative property [3, 5, 6].

Exact correspondences between non-idempotent intersection types and operational semantics

have been established for a wide range of evaluation strategies, including call-by-name, call-by-

value, call-by-need, and linear or head-driven strategies [3–7]. The development of tight typings

has been particularly influential, showing that minimal derivations yield exact bounds on both

evaluation length and normal-form size [5], establishing non-idempotent intersection types as a

precise, syntax-directed tool for quantitative cost semantics in purely functional settings [3–5].

A related line of work connects non-idempotent intersection types with linear logic and

relational semantics, where they can be seen as proof-relevant refinements of the relational

model [3, 35]. This perspective provides a logical account of resource usage aligned with ex-

plicit control over duplication and erasure, and with CBPV-inspired calculi such as the λ!-

calculus [35, 45], allowing uniform accounts of normalization [35, 45] and inhabitation [46] across

multiple evaluation strategies.

Beyond the pure λ-calculus, pattern-matching calculi have long been studied using qualitative

intersection types [29, 30]. More recently, non-idempotent intersection types have been applied

to pattern-matching languages with pairs, constructors, and case analysis, yielding quantitative

bounds—and sometimes exact measures—on evaluation length [28]. These systems track multiple

resources and provide a fine-grained account of control flow and failure. The present thesis builds

directly on this quantitative pattern-matching tradition, extending it to richer constructs and to

the analysis of stuck computations and exceptions.

The treatment of computational effects introduces further challenges. Early adaptations of

intersection types focused on qualitative properties, such as may/must convergence in nondeter-

ministic or probabilistic calculi [47]. More recently, monadic intersection type systems for λ-calculi

with algebraic operations à la Plotkin and Power provide modular accounts of a wide class of ef-

fects (output, cost, nondeterminism, probabilistic choice), characterizing observational behaviors

in finitary and infinitary settings [48, 49]. However, these approaches largely remain qualitative,

do not cover stateful computations, and extending them to exact quantitative analysis—especially

in the presence of combined effects—remains an open problem [48, 49].

Complementary work develops quantitative types for the Functional Machine Calculus, an
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effectful λ-calculus with global state, input/output, and probabilistic choice [50]. There, non-

idempotent intersection types measure machine transitions exactly in a weak variant and provide

upper bounds under a strong evaluation variant, showing that multi-types can be adapted to

machine-based operational semantics for rich effectful languages. However, these results are not

phrased in terms of algebraic effects at the source level.

On the semantic side, algebraic effects and handlers are well-understood via equational the-

ories and free-model monads [51]. Comodels provide an environment-based semantics for ef-

fectful computations, yielding operational “machines” for algebraic theories [52], and Garner’s

costructure-cosemantics adjunction relates accessible monads to presheaf comonads encoding co-

model behaviors [53, 54]. At the programming-language level, runners operationalize comodels:

Ahman and Bauer’s λcoop-calculus treats runners as first-class resources with a denotational se-

mantics enforcing linear use and finalization [55], connecting categorical comodel semantics with

practical resource management [56].

Exceptions lie at the interface of pattern matching and effects. Their encodability via pattern

matching allows non-idempotent intersection types to track exception-like control [28, 30], though

no direct monadic treatments currently account simultaneously for computation and exception

propagation. These studies confirm the feasibility of quantitative analyses for non-algebraic control

constructs.

The present thesis contributes to this landscape by developing exact quantitative semantics

for higher-order languages combining pattern matching and effects, grounded in operational

semantics and supported by comodel-based interpretations of algebraic operations and runners

for external resources.

Contributions and Structure of the Thesis

The research developed in this thesis consolidates and extends a series of publications produced

during the PhD. Their correspondence with the chapters and sections of the thesis is summarized

below.

• Journal Papers:

– Sandra Alves, Delia Kesner, Miguel Ramos. A Quantitative Approach to Global State

Composition. Mathematical Structures in Computer Science (MSCS), 2025.

This paper corresponds to the results developed in Chapter 7, which presents a quantitative

analysis of global state using non-idempotent intersection types. In particular, it underpins the

operational semantics and the quantitative soundness and completeness results for the λ- and
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λ!-calculi with global state. These results also serve as a conceptual and technical basis for the

generalizations developed later in Chapter 8.

• Conference Papers:

– Sandra Alves, Delia Kesner, Miguel Ramos. Extending the Quantitative Pattern-

-Matching Paradigm. Asian Symposium on Programming Languages and Systems

(APLAS), 2024.

This paper forms the core of Chapter 6, where the pattern-matching calculus, its non-idempotent

intersection type system, and the associated quantitative soundness and completeness results are

developed and extended.

– Sandra Alves, Delia Kesner, Miguel Ramos. Quantitative Global Memory. Workshop

on Logic, Language, Information and Computation (WoLLIC), 2023.

This paper presents a first quantitative study of global state and motivates the development

carried out in Chapter 7, where the analysis is substantially refined, extended, and completed.

• Workshop Papers:

– Miguel Ramos. Non-Idempotent Intersection Types for Global State. Workshop on

Intersection Types and Related Systems (ITRS), 2024.

This paper presents an early quantitative analysis of global state restricted to the call-by-value

setting. Its technical core is incorporated and generalized in Section 7.3, where a subsuming

quantitative framework is developed.

– Miguel Ramos, Riccardo Treglia, Delia Kesner. Quantitative Understanding of Excep-

tions. International Workshop on Trends in Linear Logic and Applications (TLLA),

2023.

This paper is subsumed by Section 6.1.2, where exceptions are encoded via pattern matching

and shown to admit an exact quantitative analysis, despite constituting a non-algebraic compu-

tational effect.

– Sandra Alves, Delia Kesner, Miguel Ramos. Extending the Quantitative Pattern-

-Matching Paradigm. International Workshop on Logical and Semantic Frameworks,

with Applications (LSFA), 2021.

This paper contains early foundational results on quantitative pattern matching that are sub-

stantially extended and generalized throughout Chapter 6, and should be viewed as a precursor

to the APLAS 2024 contribution and its full development in this thesis.

In summary, the main contributions of this thesis are:
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• The extension of non-idempotent intersection type techniques to pattern-matching mecha-

nisms, with exact quantitative semantics.

• An exact quantitative analysis of exceptions, obtained via their encoding as pattern-matching

constructs.

• A comodel-based operational semantics for λ-calculi with algebraic operations admitting

non-trivial comodels.

• A uniform quantitative framework for algebraic effects based on global state modeled by

infinite stacks.

The remainder of the thesis is organized as follows.

• Part II (Chapters 2 to 5) develops the background and technical foundations. Chapter 2

recalls the syntax and operational semantics of the λ-calculus, with particular attention to

call-by-name and call-by-value evaluation strategies. Chapter 3 introduces the λ!-calculus,

a refinement inspired by linear logic that subsumes call-by-name and call-by-value within

a single framework. Chapter 4 presents non-idempotent intersection types and their quan-

titative interpretation, culminating in the notion of tight typings, which yield exact cost

semantics. Chapter 5 reviews the categorical background on monads and algebraic oper-

ations, and discusses relevant examples motivating the effectful languages studied in the

remainder of the thesis.

• Part III (Chapter 6) is devoted to pattern-matching computations. Chapter 6 introduces a

pattern-matching calculus extending the λ-calculus and presents its operational semantics.

It shows how call-by-name and call-by-value evaluation, as well as exception raising and

handling, can be encoded using pattern matching. A non-idempotent intersection type

system is then developed, and quantitative soundness and completeness are established,

providing exact bounds on evaluation lengths.

• Part IV (Chapters 7 and 8) addresses state-passing computations and algebraic effects. Chap-

ter 7 studies extensions of the λ- and λ!-calculi with global state, defines comodel-based oper-

ational semantics, and develops non-idempotent intersection type systems for call-by-name,

call-by-value, and their unifying presentation, together with full quantitative soundness and

completeness results. Chapter 8 generalizes this approach by considering infinite stacks

as a model of state, showing how a broad class of algebraic theories admitting non-trivial

comodels can be captured. It presents the corresponding calculi and type systems, and
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illustrates how infinite stacks can be used to handle effects such as global state, interactive

input/output, and finite nondeterminism.

• Part VI contains full proofs of all lemmas, propositions, and theorems. For readability, all

proofs are deferred to the appendices. The main body of the thesis focuses on the design of the

calculi, their operational semantics, and the resulting quantitative type systems. While some

proofs require technical care, the majority proceed by routine structural inductions on terms

or typing derivations. Since these proofs are not conceptually central to the contributions of

the thesis, presenting them inline would significantly interrupt the flow of the exposition.
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Chapter 2

The λ-Calculus

The λ-calculus was first introduced by Alonzo Church in the early 1930s as part of the foundational

study of mathematics and logic [57]. In the 1960s, Peter Landin demonstrated that the λ-calculus

could also be regarded as a programming language [58, 59]—a minimal yet expressive formalism

particularly suitable for theoretical analysis. Since then, the λ-calculus has served as a core

framework for exploring the semantics of programming languages.

Because the related literature is vast, this section focuses only on the definitions and results

relevant to the quantitative perspective developed in this thesis. We begin by presenting the syntax

of the λ-calculus, along with some fundamental properties, following the standard literature [60].

All proofs for this chapter are collected in Appendix A.

2.1 Syntax and Operational Semantics

Definition 2.1 (λ-Terms). Let X be a countable set of variables. The set of terms of the λ-calculus is

denoted by Λ and generated by the following grammar:

Terms: t, u, r, e ::= x ∈ X | λx.t | t u

We call expressions of the form λx.t abstraction and those of the form t u application. Moreover,

in t u we call t the function or operator of the application, and u the argument or operand. As

customary, we treat application as left-associative, abstractions as right-associative, and group

abstractions together. For example, multiple abstractions are right-associated: λxyz.x y z =

(λx.(λy.(λz.((x y) z)))).

Definition 2.2 (Free and Bound Variables). An occurrence of a variable x ∈ X is free in a λ-term t

if it is not in the scope of a λx, and it occurs bound otherwise.

15
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The set fv(t) of free variables in t can be defined inductively as follows:

fv(x) = {x}

fv(λx.t) = fv(t) \ {x}

fv(t u) = fv(t) ∪ fv(u)

The set bv(t) of bound variables in t can be defined inductively as follows:

bv(x) = ∅

bv(λx.t) = {x} ∪ bv(t)

bv(t u) = bv(t) ∪ bv(u)

Definition 2.3 (Closed and Open λ-Terms). A term t ∈ Λ is said to be closed if and only if fv(t) = ∅;

otherwise t is open. The set of closed terms of the λ-calculus is denoted by Λ◦. For example, λx.x y

is open, and λxy.x y is closed.

Definition 2.4 (Substitution). The result of substituting u for the free occurrences of x in t is denoted

by t{x \ u} and defined as follows:

x{x \ u} = u

y{x \ u} = y if x ̸= y

(λy.r){x \ u} = λy.r{x \ u} if x ̸= y and y ̸∈ fv(u)

(r e){x \ u} = r{x \ u} e{x \ u}

If the side condition y ̸∈ fv(u) is not satisfied, substitution is undefined.

Definition 2.5 (α-Conversion). Two terms t, u ∈ Λ are α-equivalent, denoted t ∼α u, if and only if

t = u or t = λx.r and u = λy.r{x \ y}, where y does not occur free in u. Then, the α-equivalence

relation ≡α is the smallest congruence generated by ∼α. Formally,

t ∼α u
t ≡α u

t ≡α u
λx.t ≡α λx.u

t ≡α r u ≡α e
t u ≡α r e

For example,
λx.x y ∼α λz.z y ̸∼α λy.y y

λx.x (λx.x) ∼α λy.y (λx.x) ≡α λy.y (λz.z).

As usual, we will identify α-congruent terms on a syntactic level by following the following

two conventions:

1. Terms that are α-equivalent are identified.

2. If terms t1, . . . , tn occur in a certain mathematical context, their bound variables are distinct

from all free variables appearing in the surrounding context.
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These conventions capture the intuition that the particular choice of a bound variable, in an

abstraction, does not (usually) matter. For instance, λx.x and λy.y are α-equivalent λ-terms.

Moreover, it also allows one to avoid name collisions. In particular, notice that substitution is a

partial function on terms, but a total function on α-equivalent classes of terms.

Given a (one-step) reduction relation→R, we denote its reflexive closure by→=
R , and its reflexive

and transitive closure by →→R . A term t is said to be in R-normal form or R-irreducible (written

t ̸→R) if and only if there is no u such that t →R u, and R-normalizing if and only if there is some

R-normal form u such that t→→R u. The reduction relation→R is normalizing if and only if every

term is R-normalizing. In general, reduction relations are non-deterministic, since several redexes

may be present simultaneously. However, most programs are evaluated according to a particular

strategy, i.e. a deterministic subset of a reduction relation specified by restricting the contexts in

which reduction steps may occur.

Definition 2.6 (Contexts). The set of contexts of the λ-calculus is generated by the following

grammar:

Contexts: C ::= □ | λx.C | C t | t C

The hole □ in a context acts as a placeholder for a term, and write C[t] for the λ-term obtained by

plugging t into the unique hole of C, possibly capturing free variables of t.

Example 2.7 (Plugging Holes). Let C = λx.□λy.y and t ∈ Λ. The plugging of t into C is C[t] =

λx.t λy.y.

Let R be the closure by some evaluation context C of the union of some finite set of reduction

rules S = {s1, . . . , sn}, and t and u be two terms. If t = C[t0] →R C[u0] = u, such that t0 7→si u0,

we may write t →R(si) u to highlight the underlying reduction step, or simply t →si u whenever

R is clear from the context. If t→→R u in ni si-steps, we may write t
+si∈Sni ·si→→R u, or simply t n→→R u,

whenever there is only one reduction rule.

Definition 2.8 (β-Reduction). The β-reduction is denoted by→β and defined as the closure by all

contexts C of the following rewriting step:

(λx.t) u 7→β t{x \ u}

We call (λx.t) u a β-redex and t{x \ u} a β-reduct, but may omit the β− prefix whenever it is clear

from context.

A keystone property of the λ-calculus is that its reduction relation (β-reduction) is confluent,

i.e. if there are reduction sequences from any term t to two different terms u and r, then there



18 A Quantitative Study of Higher-Order Computations with Effects

are reduction sequences from u and r to some common term e. As a consequence, if a term has a

β-normal form, then it is unique.

Having established the core syntactic and reduction properties of the λ-calculus, we next refine

its operational semantics to account for different evaluation orders.

Definition 2.9 (Syntactic β-Normal Forms). A term t ∈ Λ is said to be in β-normal form if there is

no other u ∈ Λ, such that t →β u; in which case we write t ̸→β. This notion can be characterized

by means of the following grammar:

Normal Forms: NO ::= λx.NO | NE

Neutral Forms: NE ::= x ∈ X | NE NO

Proposition 2.10 (Characterization of β-Normal Forms). Let t ∈ Λ. Then, t ̸→β if and only if t ∈ NO.

2.2 Call-By-Name and Call-By-Value

As presented thus far, the λ-calculus (together with β-reduction) can be understood as a linguistic

abstraction for studying functions. Indeed, in 1937, Alan Turing showed that the class of functions

expressible in the λ-calculus is exactly that of computable functions [61]. However, in order to make

the connection between the λ-calculus and (functional) programming languages more precise,

three further refinements are usually considered: picking a reduction strategy; restricting reduction

to closed terms; and restricting reduction to occur only outside abstractions. The first refinement reflects

the fact that, since a term may contain several redexes, reducing these redexes in different orders

may yield different results∗. The second refinement means that programs are closed λ-terms i.e.

λ-terms that do not contain any free variables. Finally, the third refinement is due to the fact that

most functional programming languages do not evaluate functions until they are called. There are

many such reduction strategies in the literature [60]. In this thesis, we are interested in the two

particular ones introduced in [62]: call-by-name (CBN) and call-by-value (CBV). From now on, we

work only with closed terms, unless stated otherwise.

Call-By-Name. Contexts are such that reduction steps can only occur outside of abstractions and

arguments, and reduction steps are only allowed to occur at operators.

Definition 2.11 (CBN Contexts). Let t ∈ Λ◦. The set of CBN contexts of the λ-calculus is generated

by the following grammar:

CBN Contexts: N ::= □ | N t

∗Although this is not the case for the pure λ-calculus because β-reduction is confluent. However, once the syntax of
the λ-calculus is extended with (certain) effectful operations, confluence will no longer hold.
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Definition 2.12 (CBN Reduction). The CBN reduction strategy is denoted by→CBN and defined over

closed terms as the closure by CBN contexts of rewriting step 7→β.

Example 2.13 (CBN Reduction). The following reduction sequence demonstrates that CBN reduction

always requires operators to be evaluated first and arguments are never evaluated:

((λx.x) λy.y) ((λx.x) λy.y)→CBN (λy.y) ((λx.x) λy.y)→CBN (λx.x) λy.y →CBN λy.y.

Let Ω = (λx.x x) λx.x x. Clearly, Ω →CBN Ω diverges. However, since CBN reduction does not

evaluate arguments, the following term has a finite reduction sequence:

(λx.λy.y)Ω→CBN λy.y.

Call-By-Value. Contexts are such that reduction can only be performed outside of abstractions,

and rewriting step 7→β is restricted so that it can only be performed if arguments are values, i.e.

variables or abstractions.

The set of values of the λ-calculus is denoted by

Λ⊆ Λ and generated by the following

grammar:

Values: v, w ::= x ∈ X | λx.t

Note that
Λ

◦ = Λ◦ ∩
Λ

is the set of closed values.

Definition 2.14 (CBV Contexts). Let t ∈ Λ◦ and v ∈ Λ

◦. The set of CBV contexts of the λ-calculus

is generated by the following grammar:

CBV Contexts V ::= □ | V t | v V

Definition 2.15 (CBV Reduction). The CBV reduction strategy is denoted by→CBV and defined over

closed terms (and values) as the closure by CBV contexts of the following rewriting step:

(λx.t) v 7→βv t{x \ v}

Example 2.16 (CBV Reduction). The following reduction sequence demonstrates that CBV reduction,

besides requiring operators to be evaluated first (as in CBN), also requires arguments to be evaluated before

being consumed:

((λx.x) λy.y) ((λx.x) λy.y)→CBV (λy.y) ((λx.x) λy.y)→CBV (λy.y) λy.y→CBV λy.y.

Now, consider (λx.λy.y)Ω from Example 2.13. Since CBV reduction must evaluate Ω first, the whole

term diverges:

(λx.λy.y)Ω→CBV (λx.λy.y)Ω→CBV ·
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The following proposition tells us that the sets of CBN- and CBV-normal forms coincide with the

set of closed values.

Proposition 2.17 (Characterization of CBN- and CBV-Normal Forms). The sets of CBN-normal forms

NOCBN and CBV-normal forms NOCBV are both the set of closed values

Λ

◦.

Notice that the sets of CBN- and CBV-normal forms coincide with that of closed values because we

are working with closed terms. When working with open terms, these sets of CBN- and CBV-normal

forms are different (see e.g. [44]).

The λ-calculus provides a minimal and elegant framework for studying computation. However,

the operational strategies of interest to programming-language semantics—such as CBN and

CBV—require additional structure: evaluation order and resource consumption should be made

explicit; and it should be possible to distinguish between values and computations.

The next chapter introduces the λ!-calculus, a formalism that captures both evaluation strategies

within a single unified framework.



Chapter 3

The λ!-Calculus

The λ-calculus can be understood as a simple syntactic and operational framework that can be

easily adapted to formalize distinct features of functional programming languages. In particular,

as we have seen in the previous section, the standard operational semantics of the λ-calculus can

be adapted in order to match the reduction strategies adopted by most mainstream functional

programming languages: CBN∗ and CBV evaluation. As it turns out, these two strategies have

quite different properties [62]. Indeed, while the CBN λ-calculus has a rich and refined syntactic and

semantical theory [60], the CBV λ-calculus does not enjoy an equally rich syntactic and semantical

theory [62]. However, it is well-known that both the CBN and the CBV λ-calculi can be faithfully

translated into Linear Logic (LL) [34]. It was this fact that prompted the introduction of the λ!-

calculus [35] as an intermediate formalism combining the conceptual simplicity of the λ-calculus

and the operational expressiveness of LL proof nets. The λ!-calculus can be viewed as an untyped

version of the purely functional implicative fragment of the Call-By-Push-Value (CBPV) calculus

introduced by Paul Levy [33, 65]. In this thesis, we are interested in the λ!-calculus due to two

main reasons: first, it is a simple syntactic and operational framework subsuming both the CBN

and the CBV λ-calculus; second, due to its roots in LL proof nets, it can be endowed with a very

simple denotational semantics based on LL that can be presented as a non-idempotent intersection

type system (see Chapter 4). We now continue by presenting the syntax of the λ!-calculus, along

with some fundamental properties, mostly following [35]. All proofs for this chapter are collected

in Appendix B.

∗To be precise, most functional programming languages implementing CBN actually implement an optimized
version of CBN called Call-By-Need (CBNeed). Describing CBNeed is outside the scope of this thesis, so we recommend
the interested reader to take a look at [63, 64] for details.
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3.1 Syntax and Operational Semantics

Definition 3.1 (λ!-Terms). Let X be a countable set of variables. The set of values and terms of the

λ!-calculus are denoted by !

Λ

and !Λ, respectively, and generated by the following grammars:

Values: v, w ::= x ∈ X | !t

Terms: t, u, r, e ::= v | λx.t | t u | der(t)

We call expressions of the form !t bang-terms and those of the form der(t) derelictions. In the

λ!-calculus, bang and dereliction play the same role as thunk and force in the CBPV calculus [65],

i.e. bangs freeze computations, and derelictions allow frozen computations to continue.

The notions of free and bound variables, α-congruence, substitution, and contexts, are the

obvious extensions of those presented in Chapter 2 to bang-terms and derelictions.

Definition 3.2 (Closed λ!-Terms). A term t is said to be closed if and only if fv(t) = ∅. The

set of closed terms is denoted by !Λ◦, and the set of closed values, denoted by !

Λ

◦, is defined as

!

Λ

◦ := !

Λ∩ !Λ◦.

Notice that the λ!-calculus can only encode CBN and CBV if reduction is not allowed to occur

inside the bodies of abstractions or bang-terms.

Definition 3.3 (CBPV Contexts). Let t, λx.u ∈ !Λ◦. The set of CBPV contexts of the λ!-calculus is

generated by the following grammar:

CBPV Contexts: B ::= □ | B t | (λx.u) B | der(B)

Definition 3.4 (CBPV Reduction). The CBPV reduction strategy is denoted by →CBPV and defined

over closed terms (and values) as the closure by CBPV contexts of the following rewriting steps:

(λx.t) v 7→βv t{x \ v}

der(!t) 7→β! t

Example 3.5 (CBPV Reduction). The following reduction sequence demonstrates that CBPV reduction

not only requires operators to be evaluated first (as in both CBN and CBV), but also that arguments are

evaluated before being consumed (as in CBV):

((λx.der(x)) !λy.y) ((λx.x) !λy.y) →CBPV der(!λy.y) ((λx.x) !λy.y)

→CBPV (λy.y) ((λx.x) !λy.y)

→CBPV (λy.y) !λy.y

→CBPV !λy.y.
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Definition 3.6 (Syntactic CBPV-Normal Forms). Let t, λx.u ∈ !Λ◦. The set of CBPV-normal forms

can be characterized by the following grammar:

Normal Forms: NOCBPV ::= NACBPV | NBCBPV
Bang or Neutral Forms: NACBPV ::= !t | NECBPV
Abstraction or Neutral Forms: NBCBPV ::= λx.u | NECBPV
Neutral Forms: NECBPV ::= (λx.u) NBCBPV | NACBPV t | der(NBCBPV)

The following proposition tells us that the set of CBPV-normal forms is indeed characterized by

the grammar presented in Definition 3.6.

Proposition 3.7 (Characterization of CBPV-Normal Forms). Let t ∈ !Λ◦. Then, t ̸→CBPV if and only if

t ∈ NOCBPV.

As an untyped version of the CBPV calculus, it is natural for the λ!-calculus to also clearly

distinguish between values and abstractions. Here, the distinction is based on the fact that values are

the only terms that can be duplicated, discarded and accessed through dereliction, and abstractions

are the only terms representing functions. These two sets of terms are disjoint and closed under

CBPV-reduction. However, there are some terms that “violate” this distinction: they apply a value

(which is not a function) to something else, or try to access an abstraction (which is not a value)

through a dereliction, or apply a function to an abstraction (which is not a value). We call such

terms clashes, and define them as follows.

Definition 3.8 (Clashes). A clash is a term having one of the forms:

v t der(λx.t) t (λx.u)

Clearly, clashes are operationally ill-formed terms, i.e. they are neither redexes nor represent

the result of a correct computation. For this reason, we are going to focus only on terms that do

not lead to a clash.

Definition 3.9 (Clash-Free Terms). A term is clash-free if it does not reduce to a term containing

a clash at top level, i.e. outside the scope of any lambda λ or bang ! constructor. In other words,

a term t ∈ !Λ is not clash-free if and only if there exist a CBPV context B and a clash u, such

that t→→CBPV B[u]. For example, (λx.!x x) !λy.y is not clash-free, because (!λx.x) λx.x is a clash, and

(λx.!x x) !λy.y→CBPV (!λx.x) λx.x.

Definition 3.10 (Clash-Free CBPV-Normal Forms). The set of clash-free CBPV-normal forms of the

λ!-calculus is NOCFCBPV := !

Λ

◦ ∪ {λx.t | λx.t ∈ !Λ◦}.
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Proposition 3.11 (Characterization of Clash-Free CBPV-Normal Forms). Let t ∈ !Λ◦. Then, t ̸→CBPV
and t is clash-free if and only if t ∈ NOCFCBPV.

Notice that the definition of clash is a purely syntactical one, but that of clash-free terms is not.

However, as we will show later, the latter can be characterized via a non-idempotent intersection

type system (see Section 4.2).

3.2 Subsuming Call-By-Name and Call-By-Value

As mentioned in the introduction of this section, one of the reasons we are interested in the λ!-

calculus is due to its ability to subsume both the CBN and the CBV λ-calculus. The three most

relevant CBN and CBV translations in the literature are those in [35, 45, 66]. Here, we will adopt

those in [35], since they are the ones that most closely follow Levy’s original encodings in [65].

Definition 3.12 (Translations of Terms). Consider the following translations of terms of the λ-

calculus to terms of the λ!-calculus:

(·)CBN : Λ → !Λ

x 7→ der(x)

λx.t 7→ λx.(t)CBN

t u 7→ (t)CBN !(u)CBN

(·)CBV : Λ → !Λ

x 7→ x

λx.t 7→ !λx.(t)CBV

t u 7→ der((t)CBV) (u)CBV

Remark 3.13. As it turns out, due to CBPV-reduction not occurring under abstractions or bangs, the

CBN translation can only preserve reduction up to any β!-redexes that result from the translation.

For example,

(λx.λy.x) t→CBN(β) λy.t,

but
((λx.λy.x) t)CBN = der(!λx.!λy.der(x)) !(t)CBN

→CBPV(β!) (λx.!λy.der(x)) !(t)CBN

→CBPV(βv) !λy.der(!(t)CBN)

̸= !λy.(t)CBN

= (λy.t)CBN.

This well-known phenomenon that has been identified both in [32, 65] and [35]. In [32, 65],

this is dealt with by considering that some of the technical results for the CBN translation concern

not the function (·)CBN (which does not commute with substitution, in general), but a relation

CBN
≤

from CBN to CBPV terms. Informally, t
CBN
≤ u means that u is (t)CBN with possibly some extra

der(!(·))-redexes. In [35], this is dealt with by allowing all β!-redexes to be removed, i.e. by
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allowing β!-steps to be fired under any context. Here, we will allow β!-steps to be fired under any

context by introducing the following administrative reduction relation.

Definition 3.14 (Administrative Contexts). Let t ∈ !Λ. The set of administrative contexts of the

λ!-calculus is generated by the following grammar:

A ::= λx.□ | !□ | A t | t A | λx.A | !A | der(A)

Notice that administrative contexts only allow holes to occur under abstractions and bang-

terms, while CBPV contexts (see Definition 3.3) precisely do not, i.e. administrative and CBPV

contexts do not overlap. As such, the administrative reduction relation in Definition 3.15 can be

shown not to interfere with the CBPV reduction relation (see Lemma 3.16). Therefore, even when

the administrative and CBPV reduction relations are put together, it is still possible to distinguish

between β!-redexes fired inside administrative contexts from those fired outside those contexts.

Definition 3.15 (Administrative Reduction Relation). The administrative reduction relation is denoted

by→ADMIN and defined as the closure of β!-steps by administrative contexts.

Remark that the well-formedness of terms is preserved by the administrative reduction relation

and that administrative steps never occur at top level.

At this point, what we would like to do is to extend CBPV-reduction with administrative

steps, as discussed in the paragraph after Definition 3.12. This can be done by simply defining a

new reduction relation →CBPV∪ADMIN that is the union of →CBPV and →ADMIN. However, this means

that administrative steps can be freely intertwined with CBPV-steps, thus we must ensure that

administrative steps do not interfere with CBPV-reduction in any significant way, with respect to

the CBN translation of terms. Indeed, given some term t, we must guarantee that, if no βv-step

can be performed in (t)CBN, then it is also the case after applying any number of administrative

steps to (t)CBN, i.e. the CBN translation preserves normal forms, up-to the presence of β!-redexes.

Crucially, this then means that the number of β-steps needed to CBN-normalize a term is preserved

by the CBN translation. We formalize this fact, i.e. that administrative steps do not create βv-steps,

as follows.

Lemma 3.16 (Non-Interference of Single Administrative Steps). Let t ∈ Λ◦. If (t)CBN ̸→CBPV(βv) and

(t)CBN →ADMIN u, then u ̸→CBPV(βv).

Corollary 3.17 (Non-Interference of Administrative Steps). Let t ∈ Λ◦. If (t)CBN ̸→CBPV(βv) and

(t)CBN→→ADMIN u, then u ̸→CBPV(βv).

Thus, we can define the following reduction relation safely.
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Definition 3.18 (Administrative CBPV Reduction Relations). Consider the CBPV reduction relation

→CBPV and the administrative reduction relation→ADMIN. Then,→CBPV∪ADMIN is defined as the union

→CBPV ∪ →ADMIN, and →→CBPV∪ADMIN is its reflexive and transitive closure.

Theorem 3.19 (Correctness of Full Simulations). Let t, u ∈ Λ◦.

1. If t n→→CBN u, then (t)CBN
n·βv+m·β!→→CBPV∪ADMIN (u)CBN, for some m ≥ 0

2. If t n→→CBV u, then (t)CBV
n·βv+m·β!→→CBPV (u)CBV, for some m ≥ 0.

Going back to the example in Remark 3.13, we now have:

((λx.λy.x) t)CBN = der(!λx.!λy.der(x)) !(t)CBN

→CBPV(β!) (λx.!λy.der(x)) !(t)CBN

→CBPV(βv) !λy.der(!(t)CBN)

→ADMIN !λy.(t)CBN

= (λy.t)CBN.



Chapter 4

Non-Idempotent Intersection Types

Intersection Types. Intersection types were first introduced by Coppo and Dezani, in the late

1970s, to increase the typability power of simple type assignment systems [67, 68]. Intersection

types extend simple types with a new type constructor ∩, which allows for finite polymorphism.

Indeed, a term t is typable with A∩ B if and only if it is typable with both A and B, independently.

For example, if a variable x has type (A → A) ∩ A, then x x has type A, and the β-strongly

normalizing∗ term λx.x x, which is untypable in the simple system, becomes typable as (A →

A) ∩ A → A. Among other things, intersection types can be used to characterize properties of

λ-terms, such as solvability and normalization, as well as to describe models of the λ-calculus [69, 70].

Intersection types are, at the same time, syntactic and semantic objects: they provide information

about the various roles played by a term at execution time. For comprehensive surveys, see [71–73];

here we focus on the non-idempotent variant relevant to quantitative semantics.

Non-Idempotent Intersection Types. Intersection types, as they were first introduced in the

1970s, enjoy the three basic algebraic properties of intersections: associativity (A ∩ B) ∩ C =

A ∩ (B ∩ C), commutativity (A ∩ B = B ∩ A), and in particular idempotency (A ∩ A = A). How-

ever, as it turns out, there is a tight correspondence between the multiplicative connective of

LL [34] and non-idempotent intersection types. Indeed, non-idempotent intersection types and

Multiplicative Linear Logic (MLL) are very similar in how they track the use of resources: in the

non-idempotent setting, a term t is typable with the type A1 ∩ · · · ∩ An → B if and only if t uses

its argument n times. It was Gardner who first explored this connection in [1], by introducing the

first type system based on non-idempotent types in order to uncover needed reduction. Almost

contemporaneously, Kfoury [2] developed a non-idempotent intersection type discipline explicitly

aimed at tracking resource consumption, making the quantitative interpretation of type multiplic-

ities a central semantic feature. However, the connection between non-idempotent intersection

∗A term t is β-strongly normalizing if there is no infinite β-reduction starting with t [60].

27
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types and MLL can be made precise through the connections between intersection types and cat-

egorical semantics inspired by LL. The literature is vast (see [74, 75] for pointers), but a relatively

simple yet informative categorical model for the λ-calculus is the Relational Model (MRel). This

model is able to provide good quantitative semantics to the λ-calculus, in the sense of [76], and can be

presented as a non-idempotent type system [35, 66]: the relational semantics of a term t turns out to

be just the set of conclusions of the type derivations of t. Indeed, it is now well understood that the

semantics induced by MRel corresponds to the non-idempotent type system of de Carvalho [3, 4],

where such a type system was used to obtain exact bounds on the number of β-reduction steps

and the size of β-normal forms for λ-terms. Remark that associative, commutative and idempotent

intersections can be denoted by sets. Naturally, this means that non-idempotent intersections can be

denoted by multisets. We follow this convention throughout this thesis.

We start by formally introducing non-idempotent intersection types for the CBN, CBV and

CBPV variants of the λ-calculus presented in the previous chapters. All proofs for this chapter are

collected in Appendix C.

Definition 4.1 (CBN, CBV, and CBPV Types). Let I be a finite set. The sets of types for the CBN,

CBV, and CBPV λ-calculi are denoted by TyCBN, TyCBV, and TyCBPV, respectively, and generated by

the following grammars:

CBN

Types: A ::= ⋆ | M→ A

Multi-Types: M ::= {{Ai}}i∈I

|
|
|
|
|

CBV

A ::= M→ N

M, N ::= {{Ai}}i∈I

|
|
|
|
|

CBPV

A ::= ⋆ | M | M→ A

M ::= {{Ai}}i∈I,

where I denotes a countable set of indices.

We call ⋆ an answer, and M→ A and M→ N arrow-types.

The set of types for CBN and CBV are quite standard, and can be found in e.g. [35, 45]. The

set of types for CBPV is exactly the same as in [77]. Notice that, while in CBV any value (and thus

abstraction) can be typed with the empty multi-type {{ }}, in CBN and CBPV this is not the case.

Thus, it is necessary to introduce constant ⋆ as the type of any abstraction, in order to be able to

type any normal form.

In order to introduce the non-idempotent type systems for the CBN, CBV, and CBPV λ-calculi,

we must first introduce some notations and definitions that will be adapted and extended through-

out this thesis.

Definition 4.2 (Typing Environments).

1. Typing environments are denoted by Γ, ∆ and defined as functions from variables to multi-types

that assign the empty multi-type {{ }} to all but a finite set of variables.
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2. The domain of a typing environment Γ denoted by dom(Γ) and defined as dom(Γ) := {x | Γ(x) ̸=

{{ }}}.

3. The union of typing environments Γ and ∆ is denoted by Γ + ∆ and defined as (Γ + ∆)(x) :=

Γ(x) ⊔ ∆(x), where ⊔ denotes multiset union. This notion is extended to a finite union of

environments, written +i∈IΓi (the empty environment is obtained when I = ∅).

We write Γ\\ x for the environment (Γ\\ x)(x) = {{ }} and (Γ\\ x)(y) = Γ(y) if y ̸= x, and we

write Γ; x : M for Γ + (x : M), whenever x ̸∈ dom(Γ). In particular, notice that Γ and Γ; x : {{ }} both

denote the same environment.

Definition 4.3 (Typing Judgments). Typing judgments are denoted by Γ ⊢ t : A (resp. M) and,

whenever Γ is empty, we write ⊢ t : A (resp. M) instead of ∅ ⊢ t : A (resp. M).

Definition 4.4 (Typing Rules). Typing rules are presented in the usual Gentzen-style layout: the

typing judgments on the top of the rule are called premises, and the unique typing judgment on

the bottom is called the conclusion.

Let T be the name of some type system. We write ▷TΓ ⊢ t : A (resp. M) if there is a type

derivation concluding with Γ ⊢ t : A (resp. M) using the typing rules of T, in which case we say

that t is typable in T. We use letters Φ, Ψ, . . . to name type derivations, by writing e.g. Φ ▷T Γ ⊢ t :

A (resp. M).

Definition 4.5 (Size of Type Derivations). Let Φ be a type derivation in some type system T.

Moreover, let R = {r1, . . . , rn} be a subset of the set of all typing rules of T. We define #R(Φ) as a

function that counts the number of occurrences of the typing rules R in Φ. We may write the result

of #R(Φ) as a vector +ri∈Rni · ri, where ni is the number of occurrences of rule ri in Φ, or simply n,

whenever there is only one typing rule in R.

Example 4.6 (Size of Type Derivations). Consider the following abstract type derivation Φ:

· · · · · · r1· · ·
· · · · · · r1· · · r2· · ·

Then, #r1(Φ) = 2 · r1, #r2(Φ) = 1 · r2, and #r1,r2(Φ) = 2 · r1 + 1 · r2.

4.1 Call-By-Name and Call-By-Value

In this section, we introduce the type system based on non-idempotent intersection types for the

CBN and CBV λ-calculi.
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Definition 4.7 (CBN Type System). Recall the set of CBN types presented in Definition 4.1. The

CBN Type System N assigns CBN (multi-)types to λ-terms and consists of the following typing

rules:
Ax

x : {{A}} ⊢ x : A
Γ ⊢ t : A

Abs
Γ\\ x ⊢ λx.t : Γ(x)→ A

Ans
∅ ⊢ λx.t : ⋆

Γ ⊢ t : M→ A ∆ ⊢ u : M
App

Γ + ∆ ⊢ t u : A

(Γi ⊢ t : Ai)i∈I
Many

+i∈IΓi ⊢ t : {{Ai}}i∈I

Definition 4.8 (CBV Type System). Recall the set of CBV types presented in Definition 4.1. The

CBV Type System V assigns CBV (multi-)types to λ-terms and consists of the following typing rules:

Ax
x : M ⊢ x : M

(Γi ⊢ t : Mi)i∈I
Abs

+i∈IΓi\\ x ⊢ λx.t : {{Γi(x)→ Mi}}i∈I

Γ ⊢ t : {{M→ N}} ∆ ⊢ u : M
App

Γ + ∆ ⊢ t u : N

The differences between the CBN and CBV type systems can be understood through Girard’s

translations [34] of CBN and CBV into LL: in CBN all λ-terms are duplicable, but in CBV only

values are duplicable. This can also be seen in Definition 3.12: the (·)CBN translation puts a bang

in front of any argument, but the (·)CBV translation only puts a bang in front of abstractions (i.e.

values). Moreover, we say that a term t ∈ Λ is typable in N whenever it is typable with a type, and

typable in V whenever it is typable with a multi-type.

Just like their idempotent precursors, non-idempotent intersection types capture interesting

computational properties of the λ-calculus. But they also grant a substantial improvement: they

provide quantitative measures about these properties. For example, typability in a type system

using non-idempotent intersections does not only characterize a qualitative property such as

termination for the λ-calculus, but also provides quantitative information such as upper bounds

for the number of evaluation steps needed to reach a normal form. This shift of perspective, from

idempotent to non-idempotent intersection types, goes beyond lowering the logical complexity

of the proof: the quantitative information provided by typing derivations in the non-idempotent

setting unveils crucial quantitative relations between typing (statics) and reduction (dynamics) of

programs.

The quantitative aspects of type systemsN and V are materialized in weighted versions of the

usual subject reduction and expansion properties. As usual, substitution and anti-substitution

lemmas must be proved, but the following weighted versions of these lemmas are necessary.

Lemma 4.9 (Weighted Substitution for CBN and CBV). Let t, u ∈ Λ, and v ∈ Λ

.

1. If Φ ▷N Γ; x : M ⊢ t : A (resp. N) and Ψ ▷N ∅ ⊢ u : M, then Π ▷N Γ ⊢ t{x \ u} : A (resp. N),

such that #App(Π) = #App(Φ) + #App(Ψ).
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2. If Φ ▷V Γ; x : M ⊢ t : N and Ψ ▷V ∅ ⊢ v : M, then Π ▷V Γ ⊢ t{x \ v} : N, such that #App(Π) =

#App(Φ) + #App(Ψ).

Example 4.10 (Weighted Substitution). Consider the open term z z.

Example for CBN:

Suppose we want to substitute the closed term (λx.x) λy.y for z. Let A = {{⋆}} → ⋆, Φ be

Ax
z : {{A}} ⊢ z : A

Ax
z : {{⋆}} ⊢ z : ⋆

Many
z : {{⋆}} ⊢ z : {{⋆}}

App
z : {{A, ⋆}} ⊢ z z : ⋆

where #App(Φ) = 1, and Ψ be

Ax
x : {{A}} ⊢ x : A

Abs
⊢ λx.x : {{A}} → A

Ax
y : {{⋆}} ⊢ y : ⋆

Abs
⊢ λy.y : A

Many
⊢ λy.y : {{A}}

App
⊢ (λx.x) λy.y : A

Ax
x : {{⋆}} ⊢ x : ⋆

Abs
⊢ λx.x : A

Ans
⊢ λy.y : ⋆

Many
⊢ λy.y : {{⋆}}

App
⊢ (λx.x) λy.y : ⋆

Many
⊢ (λx.x) λy.y : {{A, ⋆}}

where #App(Ψ) = 2. Notice that (z z){z \ (λx.x) λy.y} = ((λx.x) λy.y) ((λx.x) λy.y). By Lemma 4.9,

there is a derivation Π ▷N ∅ ⊢ ((λx.x) λy.y) ((λx.x) λy.y) : ⋆, such that #App(Π) = #App(Φ) + #App(Ψ).

Indeed, such a Π can be built from Φ and Ψ as follows:

Ax
x : {{A}} ⊢ x : A

Abs
⊢ λx.x : {{A}} → A

Ax
y : {{⋆}} ⊢ y : ⋆

Abs
⊢ λy.y : A

Many
⊢ λy.y : {{A}}

App
⊢ (λx.x) λy.y : A

Ax
x : {{⋆}} ⊢ x : ⋆

Abs
⊢ λx.x : A

Ans
⊢ λy.y : ⋆

Many
⊢ λy.y : {{⋆}}

App
⊢ (λx.x) λy.y : ⋆

Many
⊢ (λx.x) λy.y : {{⋆}}

App
⊢ ((λx.x) λy.y) ((λx.x) λy.y) : ⋆

since #App(Π) = 3 = #App(Φ) + #App(Ψ).

Example for CBV:

Suppose we want to substitute the closed value λx.x for z. Let Φ be

Ax
z : {{{{ }} → {{ }}}} ⊢ z : {{{{ }} → {{ }}}}

Ax
z : {{ }} ⊢ z : {{ }}

App
z : {{{{ }} → {{ }}}} ⊢ z z : {{ }}

where #App(Φ) = 1, and Ψ
Ax

x : {{ }} ⊢ x : {{ }}
Abs

⊢ λx.x : {{{{ }} → {{ }}}}
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where #App(Ψ) = 0. Notice that (z z){z \ λx.x} = (λx.x) λx.x. By Lemma 4.9, there is a derivation

Π ▷V ∅ ⊢ (λx.x) λx.x : {{ }}, such that #App(Π) = #App(Φ) + #App(Ψ). Indeed, such a Π can be built

from Φ and Ψ as follows:

Ax
x : {{ }} ⊢ x : {{ }}

Abs
⊢ λx.x : {{{{ }} → {{ }}}}

Abs
⊢ λx.x : {{ }}

App
⊢ (λx.x) λx.x : {{ }}

since #App(Π) = 1 = #App(Φ) + #App(Ψ).

Lemma 4.11 (Weighted Anti-Substitution for CBN and CBV). Let t ∈ Λ, u ∈ Λ◦, and v ∈ Λ

◦.

1. If Φ ▷N Γ ⊢ t{x \ u} : A (resp. M), then Ψ ▷N Γ; x : M ⊢ t : A (resp. M) and Π ▷N ∅ ⊢ u : M,

such that #App(Φ) = #App(Ψ) + #App(Π).

2. If Φ ▷V Γ ⊢ t{x \ v} : N, then Ψ ▷V Γ; x : M ⊢ t : N and Π ▷V ∅ ⊢ v : M, such that #App(Φ) =

#App(Ψ) + #App(Π).

Example 4.12 (Weighted Anti-Substitution Lemma for CBN and CBV).

Example for CBN:

Consider the closed term (z z){z \ (λx.x) λy.y} = ((λx.x) λy.y) ((λx.x) λy.y) from Example 4.10. Sup-

pose we want to extract (λx.x) λy.y from ((λx.x) λy.y) ((λx.x) λy.y). By Lemma 4.11, there is a way of

extracting type derivations for z z and (λx.x) λy.y from the type derivation for ((λx.x) λy.y) ((λx.x) λy.y).

Indeed, notice that derivations Φ and Ψ can also be extracted back from Π in Example 4.10.

Example for CBV:

Consider the closed term (z z){z \ λx.x} = (λx.x) λx.x from Example 4.10. Suppose we want to extract

λx.x from (λx.x) λx.x. By Lemma 4.11, there is a way of extracting type derivations for z z and λx.x from

the type derivation for (λx.x) λx.x. In particular, notice that derivations Φ and Ψ can also be extracted

back from Π in Example 4.10.

The weighted subject reduction and expansion properties follow from the above lemmas.

Lemma 4.13 (Weighted Subject Reduction for CBN and CBV). Let t, u ∈ Λ◦.

1. If t→CBN u and Φ ▷N ∅ ⊢ t : A, then there is Ψ ▷N ∅ ⊢ u : A, such that #App(Φ) = #App(Ψ) + 1.

2. If t→CBV u and Φ ▷V ∅ ⊢ t : M, then there is Ψ ▷V ∅ ⊢ u : M, such that #App(Φ) = #App(Ψ) + 1.
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Example 4.14 (Weighted Subject Reduction).

Example for CBN:

Consider the term (λz.z z) ((λx.x) λy.y). According to the CBN reduction strategy:

(λz.z z) ((λx.x) λy.y)→CBN(β) ((λx.x) λy.y) ((λx.x) λy.y).

Recall derivations Φ and Ψ from Example 4.10. The following type derivation Φ′ is a type derivation for

(λz.z z) ((λx.x) λy.y):

Φ ▷N z : {{A, ⋆}} ⊢ z z : ⋆
Abs

∅ ⊢ λz.z z : {{A, ⋆}} → ⋆ Ψ ▷N ∅ ⊢ (λx.x) λy.y : {{A, ⋆}}
App

∅ ⊢ (λz.z z) ((λx.x) λy.y) : ⋆

such that #App(Φ′) = #App(Φ) + #App(Ψ) + 1. By Lemma 4.13, there should be a type derivation

Ψ′ ▷N ∅ ⊢ ((λx.x) λy.y) (λx.x) λy.y : ⋆, such that #App(Φ′) = #App(Ψ′) + 1. Indeed, notice that

(λz.z z) ((λx.x) λy.y) = (z z){z \ (λx.x) λy.y}. So, we can take Ψ′ = Π from Example 4.10, since

#App(Φ′) = #App(Φ) + #App(Ψ) + 1 = #App(Π).

Example for CBV:

Consider the term (λz.z z) λx.x. According to the CBV reduction strategy:

(λz.z z) λx.x →CBV(βv) (λx.x) λx.x.

Recall derivations Φ and Ψ from Example 4.10. The following type derivation Φ′ is a type derivation for

(λz.z z) λx.x:

Ax
z : {{{{ }} → {{ }}}} ⊢ z : {{{{ }} → {{ }}}}

Ax
z : {{ }} ⊢ z : {{ }}

App
z : {{{{ }} → {{ }}}} ⊢ z z : {{ }}

Abs
∅ ⊢ λz.z z : {{{{ }} → {{ }}}} → {{ }}

Ax
x : {{ }} ⊢ x : {{ }}

Abs
∅ ⊢ λx.x : {{{{ }} → {{ }}}}

App
∅ ⊢ (λz.z z) λx.x : {{ }}

such that #App(Φ′) = #App(Φ) + #App(Ψ) + 1. By Lemma 4.13, there is Ψ′ ▷V ∅ ⊢ (λx.x) λx.x : {{ }},

such that #App(Φ′) = #App(Ψ′) + 1. Indeed, notice that (λz.z z) λx.x = (z z){z \ λx.x}. So, we can take

Ψ′ = Π from Example 4.10, since #App(Φ′) = #App(Φ) + #App(Ψ) + 1 = #App(Π).

Lemma 4.15 (Weighted Subject Expansion for CBN and CBV). Let t, u ∈ Λ◦.

1. If t→CBN u and Φ ▷N ∅ ⊢ u : A, then there is Ψ ▷N ∅ ⊢ t : A, such that #App(Φ) + 1 = #App(Ψ).

2. If t→CBV u and Φ ▷V ∅ ⊢ u : M, then there is Ψ ▷V ∅ ⊢ t : M, such that #App(Φ) + 1 = #App(Ψ).
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Example 4.16 (Weighted Subject Expansion).

Example for CBN:

Recall the CBN reduction step in Example 4.14:

(λz.z z) ((λx.x) λy.y)→CBN(β) ((λx.x) λy.y) ((λx.x) λy.y),

and type derivation Ψ′ for ((λx.x) λy.y) ((λx.x) λy.y):

Ax
x : {{A}} ⊢ x : A

Abs
⊢ λx.x : {{A}} → A

Ax
y : {{⋆}} ⊢ y : ⋆

Abs
⊢ λy.y : A

Many
⊢ λy.y : {{A}}

App
⊢ (λx.x) λy.y : A

Ax
x : {{⋆}} ⊢ x : ⋆

Abs
⊢ λx.x : A

Ans
⊢ λy.y : ⋆

Many
⊢ λy.y : {{⋆}}

App
⊢ (λx.x) λy.y : ⋆

Many
⊢ (λx.x) λy.y : {{⋆}}

App
⊢ ((λx.x) λy.y) ((λx.x) λy.y) : ⋆

where #App(Ψ′) = 3. By Lemma 4.15, there is Φ′ ▷N ∅ ⊢ (λz.z z) ((λx.x) λy.y) : ⋆, such that #App(Ψ′) +

1 = #App(Φ′). By Lemma 4.15, there is a way of using the information in Ψ′ to build a type derivation

Φ′ for (λz.z z) ((λx.x) λy.y). In this case, this is guaranteed by Lemma 4.11, and Φ′ is precisely the one

in Example 4.14, where #App(Φ′) = 4.

Example for CBV:

Recall the CBV reduction step in Example 4.14:

(λz.z z) λx.x →CBV(βv) (λx.x) λx.x,

and type derivation Ψ′ for (λx.x) λx.x:

Ax
x : {{ }} ⊢ x : {{ }}

Abs
⊢ λx.x : {{{{ }} → {{ }}}}

Abs
⊢ λx.x : {{ }}

App
⊢ (λx.x) λx.x : {{ }}

where #App(Ψ′) = 1. By Lemma 4.15, there is Φ′ ▷N ∅ ⊢ (λz.z z) λx.x : {{ }}, such that #App(Ψ′) + 1 =

#App(Φ′). By Lemma 4.15, there is a way of using the information in Ψ′ to build a type derivation Φ′ for

(λz.z z) ((λx.x) λy.y). In this case, this is also guaranteed by Lemma 4.11, and Φ′ is precisely the one

in Example 4.14, where #App(Φ′) = 2.

Finally, the only thing left to prove to show soundness and completeness for CBN and CBV is

that all normal forms are typable. This is made precise by the following lemma.

Lemma 4.17 (Typability of CBN- and CBV-Normal Forms). If t ∈ Λ

◦, then there is a derivation

Φ ▷N (resp. V) ∅ ⊢ t : A (resp. M).
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Remark 4.18. The proof schema seen so far is quite standard and will serve as a template for

showing similar properties for all the type systems and reduction strategies appearing in this

thesis. Therefore, we are going to enumerate the steps here:

• Normal Forms:

– Prove that all normal forms are typable (TNFs);

• Soundness:

– Prove a weighted version of the substitution lemma (WSL);

– Use WSL to prove a weighted version of the subject reduction property (WSR);

– Use WSR to prove that typability is sound with respect to normalization.

• Completeness:

– Prove a weighted version of the anti-substitution lemma (WASL);

– Use WASL to prove a weighted version of the subject expansion property (WSE);

– Use TNFs and WSE to prove that typability is complete with respect to normalization.

Soundness

WSL

(weighted substitution lemma)

WSR

(weighted subject reduction)

Soundness

(typability⇒ normalization)

Normal Forms

TNFs

(all normal forms are typable)

Completeness

WASL

(weighted anti-substitution lemma)

WSE

(weighted subject expansion)

Completeness

(normalization⇒ typability)

Now, we are able to prove that N-(resp. V-)typabilty is sound and complete with respect to

CBN-(resp. CBV-)normalization.

Theorem 4.19 (Soundness and Completeness for CBN and CBV). Let t ∈ Λ◦. Then, t is:

1. N-typable if and only if t CBN-normalizes to some term u ∈ NOCBN. Moreover, if Φ ▷N ∅ ⊢ t : A, then

t n→→CBN u and #App(Φ) ≥ n.
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2. V-typable if and only if t CBV-normalizes to some term u ∈ NOCBV. Moreover, if Φ ▷V ∅ ⊢ t : M, then

t n→→CBV u and #App(Φ) ≥ n.

Proof. The proofs for both statements follow the same overall structure. The (⇒) direction holds

by a weighted version of subject reduction (see Lemma 4.13), and the (⇐) direction holds by

the typability of normal forms (see Lemma 4.17) and a weighted version of subject expansion

(see Lemma 4.15). The “moreover” statements easily hold by the weighted nature of the subject

reduction and expansion statements.

Example 4.20 (Soudness and Completeness).

Example for CBN:

Recall term (λz.z z) ((λx.x) λy.y) from Example 4.14 and its type derivation Φ′ of size #App(Φ′) = 4.

Notice that (λz.z z) ((λx.x) λy.y) CBN-normalizes to λy.y ∈ NOCBN in 4 β-steps:

(λz.z z) ((λx.x) λy.y) →CBN(β) ((λx.x) λy.y) ((λx.x) λy.y)

→CBN(β) (λy.y) ((λx.x) λy.y)

→CBN(β) (λx.x) λy.y

→CBN(β) λy.y.

Example for CBV:

Recall term (λz.z z) λx.x from Example 4.14 and its type derivation Φ′ of size #App(Φ′) = 2. Notice that

(λz.z z) λx.x CBV-normalizes to λx.x ∈ NOCBN in 2 βv-steps:

(λz.z z) λx.x →CBV(βv) (λx.x) λx.x

→CBV(βv) λx.x.

4.2 Subsuming Call-By-Name and Call-By-Value

In this section, we introduce a type system based on non-idempotent intersection types for the

λ!-calculus.

Definition 4.21 (CBPV Type System). Recall the set of CBPV types presented in Definition 4.1. The

CBPV Type System P assigns CBPV (multi-)types to λ!-terms and consists of the following typing

rules:
Ax

x : M ⊢ x : M
Γ ⊢ t : A

Abs
Γ\\ x ⊢ λx.t : Γ(x)→ A

Ans
∅ ⊢ λx.t : ⋆

Γ ⊢ t : M→ A ∆ ⊢ u : M
App

Γ + ∆ ⊢ t u : A

(Γi ⊢ t : Ai)i∈I
Bg

+i∈IΓi ⊢ !t : {{Ai}}i∈I

Γ ⊢ t : {{A}}
Der

Γ ⊢ der(t) : A
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The exact quantitative soundness and completeness of type system P with respect to CBPV-

normalization is shown by following the proof schema in Remark 4.18. However, since the

introduction of ! leads to clashes, CBPV-normalization is restricted to clash-free normal forms. This

means that the third point of the proof schema in Remark 4.18 must be restricted to clash-free

normal forms, i.e. clash-free normal forms are the only typable normal forms.

Lemma 4.22 (Typability of Clash-Free CBPV-Normal Forms). If t ∈ NOCFCBPV, then there is a derivation

Φ ▷P ∅ ⊢ t : A.

Moreover, since we are only interested in clash-free CBPV-normalization (i.e. ending in a clash-

free normal form), we must prove that that all typable terms are clash-free, i.e. normalize to a

clash-free CBPV normal form.

Lemma 4.23 (Typability Implies Clash-Freeness). Let t ∈ !Λ◦. If Φ ▷P ∅ ⊢ t : A, then t is clash-free.

In fact, we can show that P-typability captures the clash-freeness of CBPV-normal forms.

Lemma 4.24 (Typability Characterizes Clash-Free CBPV-Normal Forms). Let t ∈ !Λ◦. Then, t ∈

NOCFCBPV if and only if t ∈ NOCBPV and t is P-typable.

Remark 4.25. In sum, the proof schema in Remark 4.18 for CBN and CBV can be adapted to CBPV

as follows:

• Clash-Free Normal Forms

– Prove that all clash-free normal forms are typable (TCFNFs)

– Prove that typability implies clash-freeness (TICF);

– Use TCFNFs and TICF to prove that typability characterizes clash-free normal forms (TC-

CFNFs);

• Soundness

– Prove a weighted version of the substitution lemma (WSL);

– Use WSL to prove a weighted version of the subject reduction property (WSR);

– Use TCCFNFs and WSR to prove that typability is sound with respect to normalization.

• Completeness

– Prove a weighted version of the anti-substitution lemma (WASL);

– Use WASL to prove a weighted version of the subject expansion property (WSE);

– Use TCCFNFs and WSE to prove that typability is complete with respect to normalization.
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Soundness

WSL

(weighted substitution lemma)

WSR

(weighted subject reduction)

Soundness

(typability⇒ normalization)

Clash-Free Normal Forms

TCFNFs

(clash-free normal forms are typable)

TCCFNFs

(typability characterizes

clash-free normal forms)

TICF

(typability⇒ clash-freeness)

Completeness

WASL

(weighted anti-substitution lemma)

WSE

(weighted subject expansion)

Completeness

(normalization⇒ typability)

Now, we are able to prove that P-typability is sound and complete with respect to clash-free

CBPV-normalization. Again, we include the proof in order to illustrate the general reasoning used

in the last point of Remark 4.25.

Theorem 4.26 (Soundness and Completeness for CBPV). Let t ∈ !Λ◦. Then, t is P-typable if and only

if t CBPV-normalizes to a term u ∈ NOCFCBPV. Moreover, if Φ ▷P ∅ ⊢ t : A is a (not necessarily tight) type

derivation, then t
n·βv+m·β!→→CBPV u and #App,Der(Φ) ≥ n · App+ m · Der.

Proof. The soundness proof (⇒) is straightforward by Proposition 3.7 and Lemmas 4.24 and C.4.

The completeness proof (⇐) is obtained by induction on the length of the CBPV-normalizing

sequence:

• Case n + m = 0. Then, since u ∈ NOCFCBPV, we know that u is P-typable by Lemma 4.24.

• Case n + m = k + 1. Then, t
n−1·βv+m·β!→CBPV r →CBPV u or t

n·βv+m−1·β!→CBPV r →CBPV u. Notice that,

by Lemma 4.24, u isP-typable. By applying the i.h. to k = n+m− 1, we know r isP-typable.

Therefore, t is P-typable by Lemma C.6.

The “moreover” statement easily holds by the “weightedness” of the subject reduction and expan-

sion statements.

We now show that the translations in Definition 3.12 are also sound and complete with respect

to P-typability.

At this point, it should be stressed that the weights are related to the number of steps needed

to normalize terms. Indeed, in CBN and CBV, the weight of a type derivation is the number of
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occurrences of rule App; in CBPV, it is the number of occurrences of rules App and Der. As per

the soundness and completeness of the system, we know that these weights are upper-bounds on

the length of normalization sequences. Since the translations on terms preserve the number of β-

and βv-steps, typability should therefore be not only sound and complete with respect to these

translations, but should also reflect this preservation at the level of typing weights.

Theorem 4.27 (Soundness and Completeness of Translations). Let t ∈ Λ. Then

1. Φ ▷N Γ ⊢ t : A if and only if Ψ ▷P Γ ⊢ (t)CBN : A. Moreover, #App(Φ) = #App(Ψ).

2. Φ ▷V Γ ⊢ t : M if and only if Ψ ▷P Γ ⊢ (t)CBV : M. Moreover, #App(Φ) = #App(Ψ).

As we have already mentioned, and can be seen in all subject reduction and expansion state-

ments above, weights only give us upper-bounds on the length of normalization sequences. This

is due to the fact that typability, as it is defined now for CBN, CBV and CBPV, does not guarantee

that type derivation for (clash-free) normal forms have zero weight.

Example 4.28 (Type Derivations for Normal Forms). In CBN and CBV, the following are all admissible

type derivations for λx.x x:

Ax
x : {{{{ }} → ⋆}} ⊢ x : {{ }} → ⋆

Many
∅ ⊢ x : {{ }}

App
x : {{{{ }} → ⋆}} ⊢ x x : ⋆

Abs
▷N∅ ⊢ λx.x x : {{{{ }} → ⋆}} → ⋆

Ax
x : {{{{ }} → {{ }}}} ⊢ x : {{{{ }} → {{ }}}}

Ax
∅ ⊢ x : {{ }}

App
x : {{{{ }} → {{ }}}} ⊢ x x : {{ }}

Abs
▷V∅ ⊢ λx.x x : {{{{ }} → {{ }} → {{ }}}}

In CBPV, the following is an admissible type derivation for λx.x !x:

Ax
x : {{{{ }} → ⋆}} ⊢ x : {{ }} → ⋆

Bg
∅ ⊢ !x : {{ }}

App
x : {{{{ }} → ⋆}} ⊢ x !x : ⋆

Abs
▷P∅ ⊢ λx.x !x : {{{{ }} → ⋆}} → ⋆

All of them have an occurrence of rule App, even though λx.x x is irreducible in all strategies. However,

λx.x x also has the following admissible type derivations in CBN and CBV:

Ans
▷N∅ ⊢ λx.x x : ⋆

Abs
▷V∅ ⊢ λx.x x : {{ }}

And the following type derivations in CBPV:

Ans
▷P∅ ⊢ λx.x !x : ⋆

As it turns out, this can be refined via tight typings [5, 12].
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4.3 Tight Typings

Following the pioneering work by Gardner and Kfoury [1, 2] and the previously mentioned work

by de Carvalho [3, 4], non-idempotent intersection types have been extensively used to reason

about programs from a quantitative point of view [6, 13, 16, 43, 45, 47, 78–81]. However, some

care has to be taken in order to obtain good measures. More specifically, to measure the length

of evaluation of a term, it is necessary to consider only minimal typings, i.e. the smallest typing

derivations. In [5, 12], this is done by introducing the key notion of tightness for type derivations∗.

Very succinctly, minimal type derivations are obtained by imposing tightness conditions on the

typing of the final judgment of type derivations.

Definition 4.29 (Tight Typings for CBN, CBV, and CBPV). Let t ∈ Λ◦ and u ∈ !Λ◦. A type

derivation Φ is tight if and only if it is of the form:

• Φ ▷N ∅ ⊢ t : ⋆.

• Φ ▷V ∅ ⊢ t : {{ }}.

• Φ ▷P ∅ ⊢ u : ⋆ or Φ ▷P ∅ ⊢ u : {{ }}.

Intuitively, tight derivations are those whose final judgment forces the typing to reflect only

computationally relevant structure, excluding administrative or persistent resources.

Now, by restricting type derivations to be tight, we can prove that having type derivations with

zero weight is a characteristic of (clash-free) normal forms.

Lemma 4.30 (Zero Weight Tight Type Derivations Characterize (Clash-Free) Normal Forms). Let

t ∈ Λ◦ and u ∈ !Λ◦.

1. If Φ ▷N ∅ ⊢ t : A is tight, then #App(Φ) = 0 if and only if t ∈ NOCBN.

2. If Φ ▷V ∅ ⊢ t : M is tight, then #App(Φ) = 0 if and only if t ∈ NOCBV.

3. If Φ ▷P ∅ ⊢ u : A is tight, then #App,Der(Φ) = 0 · App+ 0 · Der if and only if u ∈ NOCFCBPV.

Moreover, we can also show that all normal forms are typable with tight type derivations.

Example 4.31 (Zero Weight Tight Type Derivations for (Clash-Free) Normal Forms). Recall the

following type derivation for CBN-, CBV-, and CBPV-normal forms, in Example 4.28:

Ans
▷N∅ ⊢ λx.x x : ⋆

Abs
▷V∅ ⊢ λx.x x : {{ }}

Ans
▷P∅ ⊢ λx.x !x : ⋆

∗In this thesis we are going to focus only on closed terms, therefore the size explosion problem (see [82] for details)
does not apply. However, it should be noted that, in [5, 12], the size explosion problem is solved by splitting the set
of typing rules so that terms that disappear during evaluation (consumed) and terms that remain in the normal form
(persistent) are typed differently.
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Notice that all of these type derivations have no occurrences of rules App (for CBN, CBV, and CBPV) or Der

(for CBPV). Thus, all of these have size (weight) zero.

Lemma 4.32 (Tight Typability of (Clash-Free) Normal Forms). Let t ∈ Λ◦ and u ∈ !Λ◦.

1. If t ∈ NOCBN, then there is Φ ▷N ∅ ⊢ t : A tight.

2. If t ∈ NOCBV, then there is Φ ▷V ∅ ⊢ t : M tight.

3. If t ∈ NOCFCBPV, then there is Φ ▷P ∅ ⊢ u : A tight.

By restricting to tight derivations, the quantitative measures become exact: the number of rule

applications corresponds precisely to the number of reduction steps.

We can now state exact soundness and completeness results, where the size of a tight derivation

exactly matches the length of the normalization sequence.

Theorem 4.33 (Exact Soundness and Completeness for CBN and CBV). Let t ∈ Λ◦. Then, t is:

1. N-typable if and only if t CBN-normalizes to a term u ∈ NOCBN. Moreover, if Φ ▷N ∅ ⊢ t : A is tight,

then t n→→CBN u and #App(Φ) = n.

2. V-typable if and only if t CBV-normalizes to a term u ∈ NOCBV. Moreover, if Φ ▷V ∅ ⊢ t : M is tight,

then t n→→CBV u and #App(Φ) = n.

Example 4.34 (Exact Soundness and Completeness for CBN and CBV). Recall the terms in Exam-

ple 4.20, as well as their respective type derivations:

Φ1 ▷N ∅ ⊢ (λz.z z) ((λx.x) λy.y) : ⋆ Φ2 ▷V ∅ ⊢ (λz.z z) λx.x : {{ }}

Notice that both Φ1 and Φ2 are tight. As it turns out, this is why the size of Φ1 coincides with the length of

the CBN-normalization sequence for (λz.z z) ((λx.x) λy.y), and similarly with respect to the size of Φ2 and

the length of the CBV-normalization sequence for (λz.z z) λx.x.

Theorem 4.35 (Exact Soundness and Completeness for CBPV). Let t ∈ !Λ◦. Then, t is P-typable if

and only if t CBPV-normalizes to a term u ∈ NOCFCBPV. Moreover, if Φ ▷P ∅ ⊢ t : A is tight, then t
n·βv+m·β!→→CBPV u

and #App,Der(Φ) = n · App+ m · Der.

Example 4.36 (Exact Soundness and Completeness for CBPV). Recall the CBPV reduction sequences

in Example 3.5:

((λx.der(x)) !λy.y) ((λx.x) !λy.y)
3·βv+1·β!→CBPV !λy.y,
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where !λy.y ∈ NOCFCBPV. Let A = {{ }} → {{ }}, and Φ be:

Ax
x : {{A}} ⊢ x : {{A}}

Der
x : {{A}} ⊢ der(x) : A

Abs
⊢ λx.der(x) : {{A}} → A

Ax
y : {{ }} ⊢ y : {{ }}

Abs
⊢ λy.y : A

Bg
⊢ !λy.y : {{A}}

App
∅ ⊢ (λx.der(x)) !λy.y : A

Ax
x : {{ }} ⊢ x : {{ }}

Abs
⊢ λx.x : A

Bg
⊢ !λy.y : {{ }}

App
∅ ⊢ (λx.x) !λy.y : {{ }}

App
∅ ⊢ ((λx.der(x)) !λy.y) ((λx.x) !λy.y) : {{ }}

Notice that Φ is tight, and #App,Der(Φ) = 3 · App+ 1 · Der. Thus, this derivation respects Theorem 4.35.

Finally, by Theorem 4.27, we can also conclude that the translations provide an exact corre-

spondence between the length of normalizing sequences in CBN and CBV, and in CBPV.

In sum, tight typability and exact soundness and completeness are obtained by slightly tweaking

the proof schemas in Remarks 4.18 and 4.25 as follows.

Remark 4.37 (Proof Schema for CBN and CBV). We refine the proof schema for CBN and CBV

in Remark 4.18 as follows:

• Normal Forms:

– Prove that all normal forms are tightly typable (TTNFs);

– Prove that having tight type derivations with zero weight is a characteristic of normal forms

(TTNFsZW)

• Exact Soundness:

– Prove a weighted version of the substitution lemma (WSL);

– Use WSL to prove a weighted version of the subject reduction property (WSR);

– Use TTNFsZW and WSR to prove that typability is sound and exact with respect to

normalization.

• Exact Completeness:

– Prove a weighted version of the anti-substitution lemma (WASL);

– Use WASL to prove a weighted version of the subject expansion property (WSE);

– Use TTNFs and TTNFsZW, and WSE to prove that typability is complete and exact with

respect to normalization.
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We summarize the refined proof dependencies using the following diagrams:

Exact Soundness

WSL

(weighted substitution lemma)

WSR

(weighted subject reduction)

Soundness

(typability⇒ normalization)

Normal Forms

TTNFs

(all normal forms are

tightly typable)

TTNFsZW

(tight derivations with

zero weight iff normal form)

Exact Completeness

WASL

(weighted anti-substitution lemma)

WSE

(weighted subject expansion)

Completeness

(normalization⇒ typability)

Remark 4.38 (Proof Schema for CBPV). We refine the proof schema for CBPV in Remark 4.25 as

follows:

• Clash-Free Normal Forms

– Prove that all clash-free normal forms are tightly typable (TTCFNFs)

– Prove that having tight type derivations with zero weight is a characteristic of clash-free

normal forms (TTCFNFsZW);

– Prove that typability implies clash-freeness (TICF);

– Use TTCFNFs and TICF to prove that tight typability characterizes clash-free normal forms

(TTCCFNFs);

• Exact Soundness

– Prove a weighted version of the substitution lemma (WSL);

– Use WSL to prove a weighted version of the subject reduction property (WSR);

– Use TTCCFNFsZW and WSR to prove that typability is sound with respect to normal-

ization.

• Exact Completeness

– Prove a weighted version of the anti-substitution lemma (WASL);

– Use WASL to prove a weighted version of the subject expansion property (WSE);

– Use TTCCFNFs, TTCFNFsZW, and WSE to prove that typability is complete with respect

to normalization.
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Soundness

WSL

(weighted substitution lemma)

WSR

(weighted subject reduction)

Soundness

(typability⇒ normalization)

Clash-Free Normal Forms

TTCFNFs

(clash-free normal forms

are tightly typable)

TTCCFNFs

(tight typability characterizes

clash-free normal forms)

TICF

(typability⇒ clash-freeness)

TTCFNFsZW

(tight derivations with

zero weight iff clash-free normal form)

Completeness

WASL

(weighted anti-substitution lemma)

WSE

(weighted subject expansion)

Completeness

(normalization⇒ typability)



Chapter 5

Monads and Algebraic Operations

In [31, 83], Moggi gave a unified account of computational effects as strong monads. However,

monads only describe the structure of effectful computations abstractly, they do not by themselves

specify the primitive operations that generate effects. To do so, Plotkin and Power suggested the

representation of effects by equational theories [37, 84, 85]. Intuitively, an effect can be seen as

a branching point in the execution of a program where each possible outcome corresponds to a

different branch. The source of an effect is represented by an operation whose arity is the num-

ber of possible outcomes and whose arguments represent the branches. The properties of those

sources are then described by equations between terms built using the corresponding operations.

Almost all computational effects have such a representation, such as partiality, nondeterminism,

input, output, and state. An example of a non-algebraic, yet monadic effect [86] is that of continu-

ations [87], whereas (exception) handlers [88] are an example of non-algebraic, yet natural effects.

The algebraic approach to computational effects has been quite successful: it gave an elegant

denotational semantics of effectful programs in terms of Lawvere theories [84], showed how it

induces the usual monadic understanding of effects [37], and provided simple ways of combining

effects [89]. In this section, we introduce monads and algebraic operations both abstractly and

through examples of monads modeling concrete computational effects.

This chapter proceeds as follows. We first recall monads and Kleisli categories, then introduce

algebraic theories and their free models. We explain how algebraic theories induce monads and

comonads, and finally describe comodel-based operational semantics.

5.1 Monads

In order to interpret a programming language in a category C, Moggi distinguishes between the

object X of values (of type X) from the object TX of computations (of type X), and takes as denotations

of programs (of type X) the elements of TX. Moggi calls T a notion of computation, since it abstracts

45



46 A Quantitative Study of Higher-Order Computations with Effects

away from the type of values computations may produce. It turns out that there are many choices

for TX corresponding to different notions of computations. But rather than focusing on a specific

T, Moggi focuses instead on finding the general properties common to all notions of computation.

As it turns out, the only requirement that needs to be imposed is that programs should form a

category.

Definition 5.1 (Category). A category C consists of:

• a collection obj(C) of objects;

• for each pair of objects x, y ∈ obj(C), a collection C(x, y) of morphisms from x to y;

• for each pair of morphisms f ∈ C(x, y) and g ∈ C(y, z), a morphism g ◦ f ∈ C(x, z), called

their composition;

• for each object x ∈ obj(C), a morphism idx ∈ C(x, x), called the identity morphism on x;

such that the following properties hold:

• Associativity: for all w, x, y, z ∈ obj(C) and h ∈ C(w, x), g ∈ C(x, y), f ∈ C(y, z),

( f ◦ g) ◦ h = f ◦ (g ◦ h).

• Unit laws: for all x, y ∈ obj(C) and f ∈ C(x, y),

idy ◦ f = f = f ◦ idx.

For example, in the category called Set of sets and functions, objects are sets, morphisms are

(total) functions. Composition is given by ordinary function composition, the identity morphism

on a set is the identity function, and the associativity and unit laws follow directly from the

corresponding properties of function composition.

Definition 5.2 (Kleisli Triple). A Kleisli triple over a category C is a triple T = (T, η, ·†), consisting

of:

• A map T : obj(C)→ obj(C) over objects of C, called the carrier of T;

• A C-object-indexed family η of morphisms ηX : X → T(X), called the unit of T on X;

• An operation ·† mapping a C-morphism f : X → TY to f † : TX → TY, called the Kleisli

extension of f .
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Let f : X → TY and g : Y → TZ. Then, the above data must satisfy the following identities:

ηX
† = IdTX

f † ◦ ηX = f

g† ◦ f † = (g† ◦ f )†

Kleisli triples are in bĳective correspondence with monads [90]. Throughout this thesis, we

will therefore use the terms Kleisli triple and monad interchangeably.

Moreover, we work exclusively in the category Set. In particular, every monad is strong, and we

can freely pass between the Kleisli and Eilenberg-Moore presentations without further comment

(see [90] for details).

Given a Kleisli triple T = (T, η, ·†), the corresponding monad (T, η, µ) defined as follows:

T( f ) := (ηX ◦ f )†

µX := (IdTX)
†.

Conversely, given a monad (T, η, µ), the Kleisli extension of a morphism f : X → T(Y) is

defined by:

f † := µY ◦ T f .

The Kleisli construction gives rise to a category whose morphisms represent effectful programs.

Definition 5.3 (Kleisli Category). Given a Kleisli triple T = (T, η, ·†) over C, the Kleisli category CT

is defined as follows:

• The objects of CT are those of C;

• The set CT(X, Y) of morphisms from X to Y in CT is C(X, TY);

• The identity on X in CT is ηX : X → TX;

• The composition of morphisms f ∈ CT(X, Y) and g ∈ CT(Y, Z) in CT is g† ◦ f : X → TZ.

The amount of category theory used in this thesis is deliberately kept minimal. Neverthe-

less, categorical notions provide a convenient and precise vocabulary for describing the semantic

structures underlying effectful computation.

When dealing with an arbitrary monad, we are going to adopt the above notation. However,

whenever dealing with specific monads or with multiple monads at the same time, we are going

to adopt the notational convention in [91], as follows. Given a monad T = (T, η, ·†), we always

use a capital Latin letter to denote its carrier, whereas the name of the monad is given by the same

letter written in “blackboard style”. The unit of T will be denoted by t, i.e. with same letter used

to denote its carrier, but written in small capital style, whereas we use the notation ·T in place of ·†.
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5.2 Relevant Examples

We now give examples of monads modeling interesting notions of computation.

Example 5.4 (Partiality). Partial computations are modeled using the partiality monadM = (M, m, ·M).

The carrier MX of M is defined as X + {⊥}, where ⊥ is a special symbol (not appearing in X) used to

denote diverging computations. The unit and Kleisli extension ofM are defined as follows:

mX(x) := in1(x)

fM(χ) :=

 f (x) if χ = in1(x)

in2(⊥) if χ = in2(⊥),

where f : X → MY is a function.

The following result by Hyland, Plotkin and Power [89], tells us that we can combine the

maybe monad with any other monad T using an operation on Lawvere theories [92, 93] that was

introduced to combine algebraic theories.

Proposition 5.5 (Proposition 3 of [91]). Let T = (T, t, ·T) be a monad, and also TM = (TM, tm, ·TM)

be the sum of T andM, defined as follows:

TMX := T(MX)

tmX := mX; tMX

fTM := ( fM)T

where, for a function f : X → TMY, fM is defined as:

fM(χ) :=

 f (x) if χ = x

tMX(⊥) if χ = ⊥.

Then, TM is a monad.

Example 5.6 (Exceptions). Let E be a set of exception symbols. The exception monad E = (E, e, ·E)

over E has carrier E(X) = X + E (assuming that X ∩ E = ∅). The unit and Kleisli extension of E are

defined as follows:

eX(x) := in1(x)

fE(χ) :=

 f (x) if χ = in1(x)

in2(e) if χ = in2(e),

where f : X → EY is a function. The exception monad models total computations that can raise exceptions.

It has the same structure as M, thus Proposition 5.5 also applies to E. In particular, partial computations

with exceptions can be modeled using the sumME.
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These examples anticipate the coalgebraic/comodel treatment introduced later.

Example 5.7 (Interactive Input). Let A be a given alphabet. The interactive input monad I = (I, i, ·I)

has carrier µZ.X + (A → Z), and the unit and Kleisli extension of I are defined as follows:

iX(x) := x

f I(χ) :=

 f (x) if χ = in1(x)

in2( f I ◦ g) if χ = in2(g).

The interactive input monad models total computations that depend on a finite stream of input. Indeed, we

can think of IX as the set of input-driven trees, with leaves labeled by values of type X, and internal nodes

branching on elements of A (i.e., waiting for input). Then, the unit maps a value x into the tree consisting

of only one leaf labelled with x, and the Kleisli extension computes the tree obtained by replacing the leaves

labelled by x of a given tree with the tree f (x). More precisely,

IX ∼= X + (A → IX)

This is the canonical unfolding of the fixed point of the functor:

F(Z) = X + (A → Z)

So IX is the final coalgebra for functor F.

We can extend I to take into account divergent computations. To do so, we have to take into account

infinite streams of input. This is not just “partiality + input”. It is input-driven computation that may

diverge only through infinite interaction.

Let Aω
be the set of infinite strings over A. The partial interactive input monad Iω = (Iω, i

ω, ·Iω
)

has carrier νZ.MX + (A → Z), and the unit and Kleisli extension of Iω
are defined as follows:

iX(x) := in1(x)

f I∞
(χ) :=


f (x) if χ = in1(x)

in1(⊥) if χ = in1(⊥)

in2( f I∞ ◦ g) if χ = in2(g).

The use of µ enforces finiteness of interaction, while ν allows infinite input streams and thus divergence.

Example 5.8 (Interactive Output). Let A be a given alphabet. The interactive output monad O =

(O, o, ·O) has carrier µZ.X + (A× Z), which is isomorphic to X×A∗, whereA∗ is the set of finite strings

overA. Let ϵ denote the empty string, and uw the concatenation of u, w ∈ A. The unit and Kleisli extension
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of O are defined as follows:

oX(x) := (x, ϵ)

fO(x, u) := (y, uw)

where (w, y) = f (x). The interactive output monad models total computations with finite output. Indeed,

we can think of OX as the set of output traces, with leaves labeled by values of type X, and internal nodes

branching on elements of A (i.e., waiting for input).

We can also extendO to take into account divergent computations. To do so, we have to take into account

that divergent computations have infinite output. This is not just “partiality + output”. It is output-driven

computation that may diverge only through infinite interaction.

Let A≤ω
be the set of finite and infinite strings over A. Concatenation is extended to (possibly)

infinite strings by defining uw to be u if u is infinite. The partial interactive output monad O≤ω =

(O≤ω, o
≤ω, ·O≤ω

) has carrier MX×A≤ω
, and the unit and Kleisli extension ofO≤ω

are defined as follows:

oX(x) := (x, ϵ)

fO≤ω
(χ, u) :=

 (γ, uw) if χ = x and f (x) = (γ, w)

(⊥, u) if χ = ⊥

The use of µ enforces finiteness of interaction, while ν allows infinite output traces and thus divergence.

Example 5.9 (Nondeterminism). Nondeterministic computations are modelled using the non-empty

powerset monad F = (F, f, ·F). The carrier FX of F is defined as {χ ⊆ X | χ ̸= ∅}. The unit and

Kleisli extension of F are defined as follows:

fX(x) := {x}

fF(χ) :=
⋃

x∈χ f (x).

Intuitively, set χ ∈ FX denotes the set of possible (nondeterministic) outcomes of a computation. It is

possible to model partial computations by considering the full powerset monad P = (P, p, ·P), where P and

p are defined as for F, or by using FM, the sum F and M. In the former case, the empty set models purely

divergent computations, in the latter case, divergence is traced using the symbol ⊥.

Example 5.10 (Global State). Let L be a set of location names and V be a countable set of values. A state

is a function s : L → V and the set of states S is denoted by VL. The global state monad G = (G, g, ·G)

has carrier S → (X× S), and the unit and Kleisli extension of G are defined as follows:

gX(x) := λs.(x, s)

fG(g) := λs. f (y)(q)
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where g(s) = (y, q). Informally, an element of GX is a function g mapping a state s to a pair (configuration)

(y, q). That is, g is a computation that, starting with the initial state s, finishes with the final state q, and

returns the result y.

As for the sum of effects, the following result by Hyland, Plotkin and Power [89], tells us that

we can combine the global state monad with any monad T using the so-called tensor of effects.

Proposition 5.11 (Proposition 4 of [91]). Let T = (T, t, ·†) be a monad, and T⊗G = (T ⊗ G, t⊗

g, ·T⊗G) be the tensor of T and G, defined as follows:

(T ⊗ G)X := S → T(X× S)

(t⊗ g)X := Λ(tX×S )

fT⊗G(g) := λs.(Λ−1 f )T(g)(s)

where, for f : X → YZ
and g : Z × X → Y, we have Λ−1 f : Z × X → Y and Λg : X → YZ

. Then,

T⊗G is a monad.

The restriction to algebraic operations will later play a crucial role in our quantitative analysis,

as it ensures that effectful steps correspond to uniform, locally generated costs.

5.3 Algebraic Operations

As we have seen in the previous section, monads provide a unified framework for modeling a

wide range of computational effects. However, as Plotkin and Power observed in their influential

series of papers [36, 37, 84], monads capture the structure of effectful computation, but they do not

provide an account of the primitives (operations) that produce such effects. To address this, Plotkin

and Power proposed describing computational effects algebraically via equational theories, where

operations denote effectful primitives and equations capture their meaning. As it turns out, many

familiar effects (including all of those discussed so far) are determined by appropriate algebraic

theories.

Definition 5.12 (Algebraic Signatures). A signature Σ is given by a set of operation symbols opi,

each associated with an operation signature consisting of a parameter set Pi and an arity set Ai, and

denoted by opi : Pi ⇝ Ai.

We are going to consider that parameter and arity sets are at most countable, and write opi ∈ Σ

instead of opi : Pi ⇝ Ai ∈ Σ whenever the parameter and arity sets of opi are clear from the

context.

Definition 5.13 (Algebraic Terms). Let X be a countable set of variables. The set TreeΣ X of

well-founded Σ-trees over X is defined inductively as follows:
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• For every x ∈ X, return x ∈ TreeΣ X, where tree leaves are labelled by return according to

their role as pure effectful computations (see Definition 5.21);

• For every operation symbol opi : Pi ⇝ Ai ∈ Σ, parameter p ∈ Pi, and continuation

κ : Ai → TreeΣ X, opi(p, κ) ∈ TreeΣ X.

We will use the λ-notation to denote continuations, and a, b, . . . ∈ X to denote free variables

of algebraic theories.

An algebraic theory T = (ΣT , EqT ) is given by a signature ΣT and a set of equations EqT
between ΣT -trees.

Let 0 be the empty set ∅, 1 be a singleton set {∗}, and B be the set of Booleans.

Example 5.14 (Partiality). The algebraic theoryM for partiality is defined as follows:

ΣM := {raise : 1⇝ 0}

EqM := ∅.

Example 5.15 (Exception). Let E be a set of exceptions. The algebraic theory E for exception is defined as

follows:

ΣE := {raise : E ⇝ 0}

EqE := ∅.

Example 5.16 (Interactive Input). Let A be a set of inputs. The algebraic theory I for interactive input is

defined as follows:

ΣI := {input : 1⇝ A}

EqI := ∅.

Example 5.17 (Interactive Output). Let A be a set of outputs. The algebraic theory O for interactive

output is defined as follows:

ΣO := {output : A⇝ 1}

EqO := ∅.

Example 5.18 (Nondeterminism). Let B be a set of Booleans. The algebraic theory F for finite non-empty

nondeterminism is defined as follows:

ΣF := {choose : 1⇝ B}

EqF :=


choose(∗, λa.t) ∼F t if a ̸∈ fv(t)

choose(∗, λa.choose(∗, λb.t)) ∼F choose(∗, λb.choose(∗, λa.t))

choose(∗, λa.t) ∼F choose(∗, λb.t{a \ not b})

 .

The algebraic theory presented above differs from the more standard join-semilattice presentation of

nondeterminism, in that branching is encoded using Boolean structure, yielding idempotence, commutativity,
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and involution via negation. Despite this difference in presentation, the resulting algebraic structure induces

a monad that is equivalent to the non-empty powerset monad on Set: Boolean combinations of outcomes

correspond to finite, non-empty sets of possible results, modulo the usual identifications given by idempotence

and commutativity. Thus, the expressive power is the same as in the standard semilattice-based approach,

while offering a formulation better aligned with the presentation of the other algebraic theories.

Example 5.19 (Global State). Let v, w ∈ V , and l, l′ ∈ L, such that l ̸= l′. The algebraic theory G for

global state is defined as follows:

ΣG := {get : L⇝ V , set : L× V ⇝ 1}

EqG :=



get(l, λa.t) ∼G t if a ̸∈ fv(t)

get(l, λa.set((l, a), λb.t)) ∼G t if a ̸∈ fv(t)

get(l, λb.get(l, λa.t)) ∼G get(l, λa.t{b \ a})

set((l, v), λa.get(l, λb.t)) ∼G set((l, v), λa.t{b \ v})

set((l, v), λa.set((l, w), λb.t)) ∼G set((l, w), λb.t)

get(l, λa.get(l′, λb.t)) ∼G get(l′, λb.get(l, λa.t))

get(l, λa.set((l′, v), λb.t)) ∼G set((l′, v), λb.get(l, λa.t))

set((l, v), λa.set((l′, w), λb.t)) ∼G set((l′, w), λb.set((l, v), λa.t))



.

Definition 5.20 (Models of Algebraic Theories). Let T = (ΣT , EqT ) be some algebraic theory. A

ΣT -algebra I is a pair (|I|, I) between:

• A carrier set |I|;

• A set of interpretation functions I = {JopiKI : Pi × (Ai → |I|)→ |I| | opi : Pi ⇝ Ai ∈ ΣT }.

ΣT -algebras can be extended to ΣT -trees. Let t ∈ TreeΣT X. Then, JtKI : (X → |I|) → |I| is

defined inductively over the structure of t as follows:

Jreturn xKI := λ f . f x Jopi(p, κ)KI := λ f .JopiKI(p, λa.Jκ aKI f )

An equation t ∼T u ∈ EqT is said to be valid for I whenever JtKI = JuKI. A T -algebra (or

T -model) M is a ΣT -algebra that validates all the equations in EqT .

Definition 5.21 (Free Models of Algebraic Theories). Let T be an algebraic theory and X a set. The

free T -model, also called the free T -algebra, generated by X is a model M together with a function

ηX : X → |M|, such that, for every T -model M′ and every function f : X → |M′| there is a unique

T -homomorphism f : M → M′, such that f = f ◦ ηX.

As it turns out, every algebraic theory has a free T -model FT X generated by an arbitrary set X.

The carrier of FT X is TreeΣT X/ ∼T , i.e. TreeΣT X quotiented by the ΣT -congruence∼T generated
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by EqT ∗. Let [·]T be the equivalence class induced by ∼T . Then, each opi : Pi ⇝ Ai ∈ ΣT is

interpreted in FT X as the following function:

JopiKFT X : Pi × (Ai → |FT X|) → |FT X|

(p, κ) 7→ [opi(p, κ)]T

The function ηX : X → FT X is defined as follows:

ηX(x) = [return x].

The key insight of [37] is that many effects (monads) are determined by algebraic theories

(notions of computation). Indeed, an algebraic theory T defines a unique monad T whose T-

algebras are essentially the same as T -models, and any monad corresponds to at most one algebraic

theory in this fashion.

Example 5.22 (Partiality). It is usual to consider that the partiality monadM comes without any operations.

This is due to divergence being an implicit feature of any Turing complete programming language. However,

it is sometimes useful to consider an explicit divergence operation, e.g. to allow partial computations in a

total programming language. As such, we will consider the functorM to be induced by the partiality monad

M, as defined in Example 5.14. The interpretation of the unique operation onM is as follows:

JraiseKM : 1× (∅→ X + {⊥}) → X + {⊥}

(⋆, κ) 7→ in2(⊥),

since ∅→ X + {⊥} ∼= ∅.

Example 5.23 (Exception). The exception monad E is induced by E , as defined in Example 5.15. Its

unique operation is the same as the one forM, but it is parameterized by the set of exception symbols E . The

interpretation on E is as follows:

JraiseKE : E × (∅→ X + E) → X + E

(e, κ) 7→ in2(e),

since ∅→ X + E ∼= ∅.

As it turns out, it is possible to generalize Proposition 5.5 to ΣT -algebraic monads, i.e. a monad

whose carrier functor is the free model functor of some algebraic theory.

∗The sizes of the arity sets require some care here. Since ΣT may contain operations of infinite arity (such as
input, of arity A, or get, of arity V), the inductive definition of TreeΣT X in Definition 5.13 does not close at stage ω: it
closes at the first regular cardinal strictly above all arities occurring in ΣT (ω1 when all arities are countable). Such a
bound always exists because Definition 5.12 takes ΣT to be a set of operation symbols, each with a set as its arity; hence
TreeΣT X is a set and the quotient below is well defined [94]. Some bound is essential: for signatures with operations of
unbounded arity, free models may not exist. In particular, there is no free complete Boolean algebra on countably many
generators [95, 96].
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Proposition 5.24 (Proposition 5 of [91]). Let T = (T, t, ·T) be a ΣT -algebraic monad. Then, the monad

TE is ΣT +E -algebraic.

Example 5.25 (Interactive Input). The total I and partial I∞
interactive input monads are both induced

by I , as defined in Example 5.16. The interpretation on I and I∞
are as follows:

JinputKI : 1× (A → µZ.X + (A→ Z)) → µZ.X + (A→ Z)

(⋆, κ) 7→ in2(κ),

JinputKI∞ : 1× (A → νZ.MX + (A→ Z)) → νZ.MX + (A→ Z)

(⋆, κ) 7→ in2(κ).

Example 5.26 (Interactive Output). The total O and partial O∞
interactive output monads are both

induced by O, as defined in Example 5.17. The interpretation on O is as follows:

JoutputKO : A× (1→ X×A∗) → X×A∗

(a, κ) 7→ (x, aw),

where κ ⋆ = (x, w). Notice that, for f (x) = (y, u), f †(x, aw) = (y, (aw)u) = (y, a(wu)) =

JoutputKO(a, f † ◦ κ). Thus, O is ΣO-algebraic.

The interpretation on O∞
is as follows:

JoutputKO∞ : A× (1→ MX×A∞) → MX×A∞

(a, κ) 7→ (χ, aw),

where κ ⋆ = (χ, w).

Example 5.27 (Nondeterminism). Consider the algebraic theoryF for finite non-empty non-determinism.

The non-empty powerset monad F is induced by F , as defined in Example 5.18. The interpretation on F is

as follows:

JchooseKF : 1× (B → {χ ⊆ X | χ ̸= ∅}) → {χ ⊆ X | χ ̸= ∅}

(⋆, κ) 7→ ⋃
b∈B κ (b)

Example 5.28 (Global State). The global state monad G is induced by G, as defined in Example 5.19. The

interpretation on G is as follows:

JgetKG : L× (V → (S → (X× S))) → S → (X× S)

(l, κ) 7→ λσ.κ (σ (l)) (σ)

JsetKG : (L× V)× (1→ (S → (X× S))) → S → (X× S)

((l, v), κ) 7→ λσ.κ (∗) (σ{l := v})
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where σ (l) is the value at location l of state σ, and σ{l := v} is the state that has value v at location l, and

the same values as σ in all other locations.

Remark 5.29 (Algebraic Operations and Cost). In the setting of this thesis, algebraic operations

are not only used to describe the qualitative structure of computational effects, but also play a

quantitative role. Intuitively, each occurrence of an algebraic operation corresponds to a uniform

computational event, which will later be assigned a cost.

This perspective will be made precise in subsequent chapters, where programs are interpreted

in suitable comodels and cost semantics are obtained by counting transitions associated with

algebraic operations. The present algebraic presentation thus serves as the qualitative backbone

upon which the quantitative analysis developed later is built.

Remark 5.30 (Algebraicity). From an operational point of view, the algebraicity of an operation

expresses a strong form of uniformity: the operational behavior of the operation does not depend

on the particular arguments to which it is applied, nor on the surrounding evaluation context in

which it is executed. In other words, invoking an algebraic operation produces an effect whose

observable behavior is independent of the computational environment, apart from the continuation

that receives its result. This restriction plays a crucial structuring role in effectful computation,

as it enforces a clear separation between where effects are triggered and how their results are

subsequently used.

Algebraicity makes it possible to organize effectful programs in a modular and compositional

way, and to exercise fine-grained control over the generation and propagation of effects. From

a semantic perspective, this uniformity is precisely what allows algebraic operations to be inter-

preted as operations on suitable monads, in the sense of Plotkin and Power. Most of the operation

symbols introduced above-such as those modeling partiality, exception raising, input and output,

nondeterministic choice, or global state—fall within this algebraic framework and admit canonical

interpretations as algebraic operations on appropriate monads. However, not all computational

effects satisfy this algebraicity condition. A classical example of a monadic but non-algebraic effect

is provided by continuations [86, 87], whose behavior inherently depends on the surrounding eval-

uation context and cannot be described by context-independent operations. Similarly, exception

handling constitute an example of operations that are non-algebraic yet natural: while raising ex-

ceptions themselves can be modeled algebraically, exception handlers explicitly manipulate control

flow and therefore fall outside the scope of purely algebraic effects.

The recognition of such non-algebraic phenomena motivated the development of more expres-

sive semantic frameworks in which algebraic operations are complemented by additional structure.

In particular, the theory of effects and handlers extends algebraic effects by introducing handlers
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as specific algebraic morphisms that transform and control the flow of computations. Handlers

provide a disciplined way of interpreting, intercepting, and re-routing effects, thereby accom-

modating non-algebraic control constructs within a coherent semantic setting [51, 97–99]. While

handlers are not treated as first-class syntactic or semantic objects in this thesis, they nonetheless

provide useful semantic intuition for some of the constructions considered later on. In particular,

in Section 8.6, where state-passing computations are handled via infinite stacks, the operational

manipulation of the stack can be viewed as playing a role analogous to that of a handler, in that it

governs how effectful operations are interpreted and propagated. This perspective helps motivate

the encodings employed there, without requiring an explicit treatment of handlers within the

quantitative framework developed in the thesis.

5.4 Comodel-Based Operational Semantics

In [36], Plotkin and Power focused on developing a unified theory of structural operational seman-

tics for effects, but their approach did not account for global state, or any combination of effects

with global state. However, in [100], Plotkin and Power start to rectify the situation by taking into

consideration the role played by coalgebra in the dynamics of stateful computations.

Definition 5.31 (Comodels of Algebraic Theories). Let T = (ΣT , EqT ) be some algebraic theory.

A ΣT -coalgebra I is a pair (|I|, I) between:

• A carrier set |I|;

• A set of cointerpretation functions

I = {JopiKI : Pi × |I| → Ai × |I| | opi : Pi ⇝ Ai ∈ ΣT }.

Here, the term “coalgebra” is used in the sense of Plotkin and Power, to denote a family of

cooperations indexed by the operation symbols of the signature, rather than a coalgebra for a single

endofunctor.

ΣT -coalgebras can be extended to ΣT -trees. Let t ∈ TreeΣT X. Then, JtKI : |I| → X × |I| is

defined inductively over the structure of t as follows:

Jreturn xKI := λw.(x, w) Jopi(p, κ)KI := λw.Jκ (x)KI(w′) where JopiKI(p, w) = (x, w′)

An equation t ∼T u ∈ EqT is said to be valid for I whenever JtKI = JuKI as functions

|I| 7→ X× |I|. A T -coalgebra (or T -comodel) W is a ΣT -coalgebra that validates all the equations in

EqT .
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A key insight of [100] is that algebraic theories not only determine monads, but also comonads.

Indeed, an algebraic theory T defines a comonad D whose D-coalgebras are essentially the same

as T -comodels. However, while each monad corresponds to a unique algebraic theory, the same

comonad may correspond to different algebraic theories.

In the sequel of this thesis, we are going to extend the syntax of the calculi in Chapter 2

and Chapter 3 with algebraic operations. The above result allows us to extend the operational

semantics accordingly. In fact, the operational semantics that we are going to adopt are based

on the Comodel-based Transitions Systems (CTS) of [39]. In a CTS, the state is described by a

comodel, and transitions happen between program-state pairs (configurations), reflecting how

programs interact with and transform the state.

The following adaptation of a result by Plotkin and Power [100] to the category of sets and

functions tells us how to compute the tensor of an arbitrary T -comodel W of an arbitrary algebraic

theory T with any free model FT X on a set X.

Proposition 5.32 (Theorem 4.4 of [100]). For any algebraic theory T , T -comodel W, and set X, the tensor

FT X⊗ W of W with the free model FT X is given by the product X× |W|.

The cooperations of the tensor are obtained by acting on the second component according to

the cooperations of W, while leaving the X-component unchanged.

Let us work out what are the carriers of comodels of the algebraic theories mentioned so far.

In the following examples, we will replace some sets with their obvious isomorphic versions.

Example 5.33 (Partiality). LetM be the algebraic theory for partiality. A comodel W forM is a set |W|

together with the following function:

JraiseKW : 1× |W| → 0× |W| ∼= 0.

The above function is uninhabited, unless |W| = ∅, in which case it has exactly one element. Thus, there are

no (non-trivial) comodels.

Example 5.34 (Exceptions). Let E be the algebraic theory for exceptions. A comodel W for E is a set |W|

together with the following function:

JraiseKW : E × |W| → 0× |W| ∼= 0.

Just like for partiality, the above function is uninhabited. Thus, the carrier must be the empty set and there

are no (non-trivial) comodels.
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Example 5.35 (Interactive Input). Let I be the algebraic theory for interactive input. A comodel W for I

is a set |W| together with the following function:

JinputKW : 1× |W| → A× |W|

Then, |W| is the set of streams A∞
of characters of A, equipped with the usual head-tail decompositions, and

JinputKW : 1×A∞ → A×A∞

(∗, aw) 7→ (a, w).

Example 5.36 (Interactive Output). Let O be the algebraic theory for interactive output. A comodel W for

O is a set |W| together with the following function:

JoutputKW : A× |W| → 1× |W|

Then, |W| is the set of streamsA∞
of characters ofA, equipped with the canonical coalgebra structure induced

by prefix extension, and

JoutputKW : A×A∞ → 1×A∞

(a, w) 7→ (∗, aw).

Example 5.37 (Nondeterminism). Let F be the algebraic theory for finite non-empty non-determinism.

A comodel W for F is a set |W| together with the following function:

JchooseKW : 1× |W| → B × |W|

subject to some of the following equalities:

Jchoose(∗, λa.t)KW = JtKW if a ̸∈ fv(t)

Jchoose(∗, λa.choose(∗, λb.t))KW = Jchoose(∗, λb.choose(∗, λa.t))KW

Jchoose(∗, λa.t)KW = Jchoose(∗, λb.t{a \ not b})KW

As it turns out, there is only a (non-trivial) comodel for the empty equational theory over the

nondeterministic signature [38]. In such a case, |W| is the set of boolean streams B∞
.

JchooseKI : 1×B∞ → B×B∞

(∗, bw) 7→ (b, w).

Example 5.38 (Global State). Let G be the algebraic theory for global state. A comodel W for G is a set |W|

together with the following functions:

JgetKW : L× |W| → V × |W|

JsetKW : (L× V)× |W| → 1× |W|
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subject to the following equalities:

Jget(l, λa.t)KW = JtKW if a ̸∈ fv(t)

Jget(l, λa.set((l, a), λb.t))KW = JtKW if a ̸∈ fv(t)

Jget(l, λb.get(l, λa.t))KW = Jget(l, λa.t{b \ a})KW

Jset((l, v), λa.get(l, λb.t))KW = Jset((l, v), λa.t{b \ v})KW

Jset((l, v), λa.set((l, w), λb.t))KW = Jset((l, w), λb.t)KW

Jget(l, λa.get(l′, λb.t))KW = Jget(l′, λb.get(l, λa.t))KW

Jget(l, λa.set((l′, v), λb.t))KW = Jset((l′, v), λb.get(l, λa.t))KW

Jset((l, v), λa.set((l′, w), λb.t))KW = Jset((l′, w), λb.set((l, v), λa.t))KW

Then, |W| is a set of states S = VL, and

JgetKW : L× S → V × S

(l, s) 7→ (s(l), s),

JsetKW : (L× V)× S → 1× S

((l, v), s) 7→ (∗, s{l := v}).

Remark 5.39 (Comodel-Based Transition Systems). If one understands the elements of the free T -

model FT X over a set X as effectful computations and the elements of a T -comodel W as runtime

environments, the tensor FT X⊗ W represents the interaction between FT X and W. Indeed, FT X⊗ W

induces the following equivalence relation over the product set |FT X| × |W|:

(JopiKFT X(p, κ), w) ∼ (κ a, w′) where JopiKW(p, κ) = (a, w′).

The above equivalence has an operational reading when read left-to-right: to perform the

operation JopiKFT X(p, κ) in the runtime environment w, first run the corresponding cooperation

JopiKW(p, w) to obtain a ∈ Ai and the next runtime environment w′, then continue by executing κ a

in w′.

Moreover, this perspective extends to combinations of effects, where the runtime environment

must simultaneously support several theories, e.g. both input and output. Recall from [89] that two

algebraic theories T and T ′ admit two canonical combinations, both with signature the disjoint

union ΣT ∪ ΣT ′ . The sum T + T ′ has equations EqT ∪ EqT ′ , imposing no interaction between the

two theories. The tensor T ⊗ T ′ additionally requires every operation of T to commute with every

operation of T ′, i.e. its equations are those of the sum together with the schema

op(p, λa.op′(p′, λb.t)) ∼T ⊗T ′ op′(p′, λb.op(p, λa.t))

for all op : P ⇝ A ∈ ΣT , op′ : P ′ ⇝ A′ ∈ ΣT ′ , p ∈ P , and p′ ∈ P ′ (the cross-location equations
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of Example 5.19 have exactly this shape). The following adaptation of results by Plotkin and

Power [100] to the category of sets and functions tells us how to combine comodels along either

combination; in both cases, the computation of the tensor with the free model is just Proposition 5.32

instantiated at the combined theory.

Proposition 5.40 (cf. Theorem 4.4 and Corollary 6.1 of [100]). Let T and T ′ be algebraic theories

with T -comodel W and T ′-comodel W′, and let T ′′ be either the sum T + T ′ or the tensor T ⊗ T ′. The

composition W ◦ W′ of the two comodels, i.e. the set |W′| × |W| whose ΣT -cooperations act on the second

component and whose ΣT ′-cooperations act on the first, is a T ′′-comodel. Consequently, if FT ′′X is the free

T ′′-model on a set X, the tensor FT ′′X⊗ (W ◦ W′) is given by the triple X× |W′| × |W|.

For the sum, the composition is merely the canonical choice: any set equipped with both a

T -comodel and a T ′-comodel structure is a T + T ′-comodel, since no interaction between the two

families of cooperations is required.

We are going to define our CTS transition system as a function X× |W| → X× |W|, between pairs

of programs of type X and the carrier of some T -comodel W, whose algebraic theory T corresponds

to some monad T. Moreover, by currying X × |W| → X × |W| to get X → |W| → (X × |W|), we can

immediately see that a CTS transition system can also be understood as aG-coalgebra X → G(X).

In this sense, CTSs provide a coalgebraic presentation of effectful operational semantics. This also

applies to combinations of comodels, as per the above proposition.

In sum, after extending the syntax of the λ- and λ!-calculi with algebraic operations, we extend

their operational semantics as follows. For each new algebraic operation opi(p, κ), we add a

reduction step based on its cointerpretation:

(opi(p, κ), w) Z⇒opi (κ x, w′) where JopiKW(p, w) = (x, w′),

where x is the result produced by the environment.

Having established the theoretical framework underlying this thesis—from the λ-calculus and

its evaluation strategies to non-idempotent intersection types and the categorical background

for algebraic effects—we will apply this machinery to concrete effectful systems in subsequent

chapters.
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Chapter 6

A Quantitative Study of

Pattern-Matching

This chapter extends the pattern calculi in [28–30] with tagged products and case expressions,

which capture Abstract Data Types (ADTs). The calculus that is obtained, called the λPM-calculus,

models functional programming languages more closely. The main contributions of this chapter

are the following. A detailed operational treatment of the λPM-calculus in Section 6.1; a purely

syntactical characterization of clash-free (i.e. error-free) normal forms; and that, not only are we able

to encode exceptions using the λPM-calculus, but also that it can act as a subsuming framework

for the CBN and CBV λ-calculi [62]. The fact that the λPM-calculus can encode exceptions might

seem like a simple detail, but it is an important one. As was discussed in Chapter 5, raising

exceptions is algebraic, but catching exceptions is not. Therefore, while the calculi that we are going

to deal with in Chapters 7 and 8 can (and will be) used to study state-passing algebraic effects (i.e.

algebraic effects with non-trivial comodels), the λPM-calculus can then be used to study exceptions.

Ultimately, we could have used the λPM-calculus as the base calculus for the study of state-passing

algebraic effects in order to study both kinds of effects via a single unified framework. However,

we have decided instead to base Chapters 7 and 8 on the λ!-calculus, even though it does not

seem to be able to encode exceptions, since it also encodes the CBN and CBV λ-calculi, but has

a much simpler syntax. However, it is indeed possible to study state-passing algebraic effects

and exceptions by replacing the λ!-calculus with the λPM-calculus in Chapters 7 and 8. Finally,

we define a non-idempotent intersection type system for pattern matching in Section 6.2 that not

only extends the type system first presented in [28] to more general pattern-matching constructs,

but also refines the type system in [101] by characterizing the length of clash-free normalization

sequences (i.e. normalization sequences that do not end in clashes) in a precise (i.e. exact) manner:

the soundness and completeness of our type system with respect to clash-free normalization not

65
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only establishes an equivalence between typability and clash-free normalization, but also provides

the exact length of the clash-free normalization sequence. All proofs for this chapter are collected

in Appendix D.

6.1 The Pattern-Matching Calculus

Before introducing the syntax of the pattern-matching λPM-calculus, we clarify some basic notation

related to tagged products.

Tagged Products. Let c be a tag taken out of an enumerable set of tags C. A constructor cn is built

by assigning a unique arity n ∈N to a each tag c. Since each tag has a unique arity, constructors are

identified uniquely by their tags. Constructors cannot be applied partially: a constructor cn
must

be applied to n arguments. Accordingly, the application cn a1 · · · an will be written cn(a1, . . . , an)

and called a tagged product, where the sequence of arguments a1 · · · an is represented as a tuple (or

product or vector) of arguments (a1, . . . , an) of length n. It is possible to take advantage of the tuple

notation and simply write (a1, . . . , an) as (ai)n (meaning that 1 ≤ i ≤ n) in order to keep notation

light. Tagged products represent data and will thus be referred to as such throughout the rest of

this work. Moreover, the arity of constructors will always be left implicit, and all data is assumed to

be well-formed (constructors are always applied to tuples of arguments of the appropriate length).

Now, we can proceed with the syntax and operational semantics for the λPM-calculus.

6.1.1 Syntax and Operational Semantics

The syntax of the λPM-calculus is based on the λ-calculus, but it extends it with patterns and case

expression.

Definition 6.1 (λ-Terms). Let X be a countable set of variables. The set of term of the λPM-calculus

is denoted by ΛPM and generated by the following grammars:

Patterns: p, q ::= x | c(pi)n

Branches: b ::= c(pi)n.t

Terms: t, u, r, e ::= x | λp.t | t u | t[p\u] | c(ti)n | case t of (b1, . . . , bn)

Let ΛPM denote the set of terms of the λPM-calculus. In order to keep notation light, symbols

P, B, and T are going to be used to denote tuples of patterns, tuples of branches, and tuples of terms,

respectively. The pattern x is called a variable pattern, and cP is a data pattern. The term λp.t

is a generalized abstraction, t[p\u] is a matching closure (where [p\u] is a called an explicit matching

operation), cT is a data term, and case t of B is a case expression. Remark in particular that the explicit
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matching operator is a new constructor in the language, and it is not on the meta-level. We write

I as a special term representing the identity function λx.x.

Terms can be surrounded by list contexts, which are sequences of explicit matching operations.

Definition 6.2 (List Contexts). The set of list contexts for the λPM-calculus is generated by the

following grammar:

List Contexts: L ::= □ | L[p\t].

Indeed, given a list context L and a term t, LLtM denotes the term obtained by plugging the

term t inside context L, i.e. by replacing the unique occurrence of □ in L with t (possibly allowing

the capture of free variables of t). Thus, e.g. if L = □[x1\u1][x2\u2], then LLx1M is the term

x1[x1\u1][x2\u2]. List contexts are important as they allow matching operations to be postponed,

thus exposing redexes that might otherwise stay hidden due to premature normal forms. We

use three special predicates to distinguish terms possibly affected by a list of explicit matching

operators: isabs(t) if and only if t = LLλp.uM; iscase(t) if and only if t = LLcase u of BM; and

isdatac(t) if and only if t = LLcTM, in which case we may also write isdata(t) whenever c is

irrelevant.

Definition 6.3 (Free and Bound Variables). The set of variables of a pattern p is denoted by vars(p)

and defined as expected. It will be useful to write p̂ to denote data patterns, so that case t of (ciPi.ui)n

can be written as case t of ( p̂i.ui)n, where p̂i = ciPi. The sets of free and bound variables of branches,

terms and list contexts are also defined as expected. In particular:

fv(λp.t) := fv(t) \ vars(p)

fv(t[p\u]) := (fv(t) \ vars(p)) ∪ fv(u)

fv(case t of ( p̂i.ui)n) := fv(t)
⋃

i∈{1,...,n}(fv(ui) \ vars( p̂i))

bv(L[p\t]) := bv(L) ∪ vars(p)

Linear Patterns. Patterns are assumed to be linear, i.e. each variable occurs at most once, and so

are tuples of patterns, i.e. no variable is shared between different patterns in the same tuple. Most

modern programming languages with pattern matching implement linear patterns since this does

not affect the expressivity of the language, while avoiding to check for equality of terms.

Case Expressions. As mentioned in the introduction, case expressions capture the pattern-

matching mechanism over tagged unions. Note that each branch of a case expression is built

out of a tagged product and a term. Therefore, we require all tagged products to have a different

top-level tag, thus branches are disjoint and matching is thus unambiguous. As such, case expres-

sions can indeed be understood as deconstructors for tagged unions. As an example, the following



68 A Quantitative Study of Higher-Order Computations with Effects

case expression is a function whose behavior depends on whether its argument is a pair or a triple,

like in λx.case x of (pair(x, y).y, triple(x, y, z).x).

We are going to base the operational semantics of the λPM-calculus on a reduction relation

with the following selective lazy behavior: generalized abstractions built from variable patterns,

applications are going to behave like in CBN, i.e. arguments are never evaluated before they are

plugged into a term; generalized abstractions built from data patterns and case expressions need to

be (partially) evaluated to some data in order to satisfy the matching conditions.

Definition 6.4 (Weak Head Contexts). The set of weak head contexts of the λPM-calculus is generated

by the following grammar:

WH ::= □ | WH t | WH[p\u] | t[ p̂\WH] | case WH of B

Definition 6.5 (Weak Head Reduction). The weak head reduction relation is denoted by →WH and

defined over open terms as the closure by weak head contexts of the following rewriting steps:

LLλp.tMu 7→dB LLt[p\u]M if bv(L) ∩ fv(u) = ∅

case LLc(ui)nM of (. . . , c(pi)n.t, . . .) 7→branch LLt[p1\u1] · · · [pn\un]M if bv(L) ∩ fv(t) = ∅

t[c(pi)n\LLc(ui)nM] 7→match LLt[p1\u1] · · · [pn\un]M if bv(L) ∩ fv(t) = ∅

t[x\u] 7→sub t{x \ u}

Notice that the dB-step is based on the usual β-step of λ-calculi, but substitutions are not

performed immediately. Instead, they are carried explicitly in the syntax and the substitution

is performed via sub-steps, which produce a capture avoiding substitution as a result of solving

a matching between a variable pattern and a term. Also, since matchings and substitutions can

be delayed, all terms are formally plugged into a (possibly empty) list context. Then, branch-

and match-steps solve (top-level) matches between data patterns and data terms, respectively. In

particular, this means that abstractions can be separated from their arguments by an arbitrary

amount of explicit substitutions. Thus, we say that dB-steps are performed at a distance. Finally,

it is worth noticing that the side conditions in these three rules are necessary in order to avoid

the capture of free variables. We implicitly work modulo α-equivalence, and we assume bound

variables in list contexts and terms are always renamed apart so that the side conditions of reduction

rules are satisfied whenever possible.



6. A Quantitative Study of Pattern-Matching 69

Example 6.6 (Weak Head Reduction). Let c0, c1, c2 ∈ C. Then

t = (λx.case x of (pair(x, y).y, triple(x, y, z).x)) triple(c0, c1, c2)

→WH(dB) case x of (pair(x, y).y, triple(x, y, z).x)[x\triple(c0, c1, c2)]

→WH(sub) case triple(c0, c1, c2) of (pair(x, y).y, triple(x, y, z).x)

→WH(branch) x[x\c0][y\c1][z\c2]

→WH(sub) x[x\c0][y\c1]

→WH(sub) x[x\c0]

→WH(sub) c0.

Notice that relation→WH is not deterministic. Indeed, the λ-term in Example 6.6 also has the

following reduction sequence, which differs from the one in Example 6.6 after the branch-step, by

applying sub-steps right-to-left, they are applied left-to-right:

t 1·dB+1·branch+1·sub→→WH x[x\c0][y\c1][z\c2]→WH(sub) c0[y\c1][z\c2]→WH(sub) c0[z\c2]→WH(sub) c0.

Therefore, we are going to define the operational semantics of the λPM-calculus by fixing a

particular evaluation strategy for →WH (see Proposition 6.11). Despite nondeterminism →WH is is

confluent (see Lemma 6.9).

Definition 6.7 (One-Step Diamond Property). A reduction relation→WH is said to enjoy the one-step

diamond property if for every term t ∈ ΛPM, if u WH← t→WH r with u ̸= r, there exists a term e ∈ ΛPM,

such that u→WH e WH← r.

Lemma 6.8 (One-Step Diamond). The reduction relation→WH enjoys the one-step diamond property.

As a corollary we obtain:

Corollary 6.9 (Confluence). The reduction relation→WH is confluent.

Weak Head Evaluation. As we have discussed in Section 2.1, one of the the difference between

reduction relations and evaluation strategies is that, while the former are (usually) not deterministic,

the latter are (usually) deterministic, i.e. given some evaluation strategy, if some term t is not a

normal form, only one reduction can apply to t. Therefore, we define the operational semantics

for λPM-calculus in Definition 6.10 as a particular choice of strategy for the weak head reduction

relation in Definition 6.5.
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Definition 6.10 (Deterministic Weak Head Relation). The deterministic weak head reduction rela-

tion is denoted by→PM and defined by the following set of reduction rules:

bv(L) ∩ fv(u) = ∅
(dB)

LLλp.tMu→PM LLt[p\u]M
¬isabs(t) t→PM t′

(appL)
tu→PM t′u

bv(L) ∩ fv(t) = ∅
(match)

t[c(pi)n\LLc(ui)nM]→PM LLt[p1\u1] · · · [pn\un]M
(sub)

t[x\u]→PM t{x \ u}

¬isdatac(u) t→PM t′
(esL)

t[cP\u]→PM t′[cP\u]
¬isdatac(u) t ̸→PM u→PM u′

(esR)
t[cP\u]→PM t[cP\u′]

bv(L) ∩ fv(t) = ∅
(branch)

case LLc(ui)nM of (. . . , c(pi)n.t, . . .)→PM LLt[p1\u1] · · · [pn\un]M

t→PM t′ ¬isdataci(t) for all i ∈ {1, . . . , n}
(caseArg)

case t of (ciPi.ui)n →PM case t′ of (ciPi.ui)n

Proposition 6.11 (Determinism). The reduction relation→PM is deterministic.

Note that →PM can also be defined as the closure, by a particular subset of the weak head

contexts in Definition 6.4, of the reduction steps in Definition 6.5. However, given that some of the

rules have very specific conditions, we prefer the presentation above instead. Moreover, it is not

difficult to show that→PM has the same set of normal forms as→WH.

In order to syntactically describe the set of irreducible forms for→PM (and thus for→WH), it is

necessary to place special care in the treatment of stuck matchings. The latter can arise in two ways:

(1) from rule (dB) whenever the abstraction is built from a data pattern; and (2) from rule (branch).

Consider the following two examples:

(λpair(x, y).y)(duo(t, u))→dB y[pair(x, y)\duo(t, u)] ̸→match (1)

case duo(t, u) of (one(x).x, pair(x, y).y) ̸→branch (2)

In both cases, evaluation is stuck due to a stuck matching. Clearly, these irreducible terms are

not the desired results of computations. Moreover, the same is true if duo(t, u) is replaced with

an abstraction. These kinds of situations will be dealt with later by introducing the notion of clash

and the set of clash-free normal forms (see Lemma 6.19). Still, to provide a syntactical description

of irreducible terms, these situations need to be considered. Note that stuck matchings that result

from matching a data pattern with a different constructor (in the examples above, data duo(t, u) is

matched against patterns pair(x, y) and one(x)) can be described by: (1) inspecting the matching

operation [ p̂\t] in a matching closure u[ p̂\t], and checking that whenever t is data, it has the

same constructor as p̂; (2) inspecting t in a case expression case t of (b1, . . . , bn), and checking

that whenever t is data, it has the same constructor as the data pattern of one of the branches

b1, . . . , bn. Naturally, different data patterns in closure matchings and sets of data patterns in
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vectors of branches generate different sets of stuck matching. Thus, the set of irreducible terms of

the λPM-calculus is the union over the sets of normal forms with respect to a particular constructor

c ∈ C. To capture that, we define three categories of terms: neutral, neutral data, and normal. The

set of neutral forms is written NE and does not depend on any constructor.

Irreducibility in the presence of pattern matching depends on the constructor against which

matching is attempted; for this reason, normal forms are indexed by constructors.

Definition 6.12 (Indexed Normal Forms). Let C′ ⊆ C. Moreover, let us define NO¬C′ := {t ∈ NOc |

c ∈ C \ C′} and WHLNO¬C′M := {WHLtM | t ∈ NO¬C′}. Then, the set of PM-normal forms NOc is generated

by the following grammars:

(Normal) NOc ::= NAc | λp.t | NOc[c′P\NO¬c′ ]

(Neutral or Constants) NAc ::= NE | cT | NAc[c′P\NO¬c′ ]

(Neutral) NE ::= x | NA t | NE[c′P\NO¬c′ ] | case NO¬{c1,...,cn} of (ciPi.ui)n

and NO¬c′ is written for NO¬{c′}.

Intuitively, t ∈ NOc if and only if t is an irreducible term, and either ¬isdata(t) or isdatac(t).

The set of neutral forms NE corresponds to irreducible terms that do not produce any redexes

whenever plugged into any context WH, i.e. the set of terms t ∈ NOc, such that ¬isabs(t) and

¬isdata(t) hold. The set NAc is the set of irreducible terms (with respect to c) that do not produce

any redexes whenever plugged into a context of the form WH t, i.e. the set of terms t ∈ NOc, such

that ¬isabs(t) holds.

Definition 6.13 (Normal Forms). The set of normal (resp. neutral data) forms is written NO (resp. NA)

and defined as NO :=
⋃
c∈C NOc (resp. NA :=

⋃
c∈C NAc), where NOc (resp. NAc) is the set of normal

(resp. neutral data) forms with respect to c ∈ C, as defined in Definition 6.12.

Example 6.14 (Syntactic Normal Forms). The following terms are PM-normal forms:

case duo(I, I) of (pair(x, y).y) ∈ NE case I of (pair(x, y).y) ∈ NE

pair(I I, I) ∈ NOpair ⊆ NO pair(II, I) I ∈ NO

In particular, note that duo(I, I) ∈ NOduo ⊆ NO¬pair and I ∈ NO¬pair.

Set NO precisely captures the notion of irreducible term as follows.

Lemma 6.15 (Characterization of Normal Forms). Let t ∈ ΛPM
. Then, t ∈ NO if and only if t ̸→PM.

Note that the set of normal forms was defined for open terms. This is a technical detail that

allows induction to go through smoothly in the proofs. The set of normal forms for closed terms

(programs) is obtained by removing x from the definition of normal forms and assuming every

term to be closed.
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Similarly to what happened for the λ!-calculus (see Chapter 3), some PM-normal forms are

operationally ill-formed.

Definition 6.16 (Clashes). The set of clashes for the λPM-calculus is generated by the following

grammars:

Clashes: CL ::= CL0 | CL t | CL[p\u] | t[p\CL] | case CL of B

Base Clashes: CL0 ::= LLcTM u | t[cP\LLλq.uM] | t[cP\LLc′TM] where c ̸= c′

| case LLλp.tM of B

| case LLcTM of (ciPi.ui)n where c ̸∈ {c1, . . . , cn}.

By construction, the set of clashes is closed under term formation and list contexts, so that any

term containing a clash is itself a clash.

Example 6.17 (Clashes). Going back to Example 6.14, term pair(I I, I) ̸∈ CL is not a clash. But the

three following terms are clashes:

case duo(I, I) of (pair(x, y).y) ∈ CL

case I of (pair(x, y).y) ∈ CL pair(I I, I) I ∈ CL

Definition 6.18 (Clash-Free Syntactical Normal Forms). Clearly, it is easy to refine the set of
normal forms by excluding clashes. The resulting set is called the set of clash-free normal forms and
is generated by the following grammars:

Clash-Free Normal: NOCF ::= NECF | λp.t | cT | c[cP\NECF]

Clash-Free Neutral: NECF ::= x | NECF t | NECF[cP\NECF] | case NECF of B

Set NOCF precisely captures the notion of clash-free normal form as follows.

Lemma 6.19 (Clash-Free Normal Forms). Let t ∈ ΛPM
. Then, t ∈ NOCF if and only if t ̸→PM and t ̸∈ CL

Again, note that the set of clash-free normal forms was defined for open terms. Unsurprisingly,

by restricting this set to closed terms, the set of clash-free normal forms collapses as follows.

Lemma 6.20 (Closed Clash-Free Normal Forms). Let t ∈ ΛPM
be a closed term. Then, t ̸→PM and

t ̸∈ CL if and only if t = λp.u or t = cT for c ∈ C.

Programs that are neither clashes nor in normal form can still evaluate to clashes. As an example,

term ((λx.pair(I, I))I)I ̸∈ CL, but evaluates to the clash pair(I, I) I ∈ CL from Example 6.17.

Formally, a program t is a clash-free program if and only if there is no u ∈ CL such that t→→PM u.

It is clearly not possible to provide a syntactical characterization of clash-freeness. However, as we

shall see later, clash-free terms can be characterized via a non-idempotent intersection type system

for pattern matching (see Section 6.2).
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6.1.2 Encoding Exceptions

In this subsection we are going to show how the λPM-calculus can be used to encode exceptions à

la Moggi [31, 83].

Consider the following fragment of the λPM-calculus:

Value: v, w ::= x | λx.t

Terms: t, u ::= v(v) | e(t) | vw | t[x\u] | case t of (v(x).u, e(y).y)

| case t of (v(x).u, e(y).e(y))

where v and e are unary constructors used to tag values and exceptions, respectively. Terms v(v)

and e(t) distinguish between values and exceptions.

Case expressions of the form

case t of (v(x).u, e(y).y)

compose terms sequentially by forcing the evaluation of t before proceeding to the continuation.

This is due to terms either reducing to values or exceptions, which contain a continuation that

must be returned. Moreover, an application of the form tu can be encoded as

case t of (v(x).case u of (v(y).xy, e(z).e(z)), e(z).e(z)).

The following examples illustrate three terms encoding the expected behavior of a term of the

form (λx.u)t in the presence of exceptions, depending on whether t evaluates (successfully) to

v(v) or (exceptionally) to e(r):

t1 = case v(v) of (v(x).u, e(y).y)→→PM u{x \ v}

t2 = case e(r) of (v(x).u, e(y).y)→→PM r

t3 = case e(r) of (v(x).u, e(y).e(y))→→PM e(r).

The first term t1 encodes a successful application (λx.u)(v(v))→→PM u{x \ v}; t2 encodes a

short-circuited application (λx.u)(e(r))⇝ r that handles the exception e; and t3 encodes a short-

circuited application (λx.u)(e(r))⇝ e(r) that simply propagates exception e outwards.

6.1.3 Encoding the CBN and CBV λ-Calculi

In this subsection, we are going to show how the λPM-calculus can be used to encode the CBN and

CBV λ-calculi.

The CBN λ-Calculus. Recall the set of λ-terms, CBN contexts, and CBN reduction, for the CBN

λ-calculus (see Chapter 2).
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λ-Terms. The set of terms of the CBN λ-calculus is denoted by Λ and generated by the following

grammar:

Terms: t, u, r, e ::= x ∈ X | λx.t | t u

CBN Contexts. The set of CBN contexts of the λ-calculus is generated by the following grammar:

CBN Contexts: N ::= □ | N t

CBN Reduction. CBN reduction is denoted by→CBN and defined over closed terms as the closure

by CBN contexts of the following rewriting step:

(λx.t) u 7→β t{x \ u}.

The CBN λ-calculus can be fully embedded into the λPM-calculus through the identity trans-

lation. Let ΛPM
CBN be the set of terms in the image of the trivial translation, together with matching

closures restricted to variable patterns and terms of the form t[x\u].

The operational semantics of the CBN λ-calculus is captured as follows.

Lemma 6.21 (CBN Simulation). Let t, u ∈ Λ. If t→→CBN u, then t→→WH u.

This translation is not very interesting, but notice that we have to consider the non-deterministic

reduction relation→WH instead of the deterministic one→PM.

The CBV λ-Calculus. More interestingly, the CBV λ-calculus can also be encoded into the λPM-

calculus, but this simple fact does not seem to have been noticed in the literature until recently

(see [101]).

Recall the set of λ-terms, CBV contexts, and CBV reduction, for the CBV λ-calculus (see Chap-

ter 2).

λ-Terms. The set of values and terms of the CBV λ-calculus are denoted by

Λ

and Λ and generated

respectively by the following grammars:

Values: v, w ::= x ∈ X | λx.t

Terms: t, u, r, e ::= x ∈ X | λx.t | t u.

CBV Contexts. The set of CBV contexts of the λ-calculus is generated by the following grammar:

CBV Contexts V ::= □ | V t | v V
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CBV Reduction. CBV reduction is denoted by→CBV and defined over closed terms as the closure

by CBV contexts of the following rewriting step:

(λx.t) v 7→βv t{x \ v}.

The CBV λ-calculus can be fully embedded into the λPM-calculus through translation (·)•. Let

ΛPM
CBV and

Λ

denote the sets of terms and values of the CBV λ-calculus, respectively. Translation

(·)• is defined as follows:

(·)• : Λ 7→ ΛPM
CBV

(v)• = v((v)◦)

(t u)• = (x y)[v(y)\(u)•][v(x)\(t)•]

(·)◦ :

Λ7→ ΛPM
CBV

(x)◦ = x

(λx.t)◦ = λx.(t)•

where v is a unary constructor used to tag values.

This allows us to capture the operational semantics of the CBV λ-calculus. First we need to

show that the CBV translation preserves substitutions.

Lemma 6.22 (The CBV Translation Preserves Substitutions). Let t, v ∈ Λ. Then, (t{x \ v})• =

(t)•{x \ (v)◦}.

Then, we can show the main simulation result.

Lemma 6.23 (CBV Simulation). Let t, u ∈ Λ. If t→→CBV u, then (t)•→→WH (u)•.

Note that the use of the explicit matching operation (i.e. explicit substitutions) in the translation

of an application is crucial in order to obtain the simulation result above. Since in Plotkin’s CBV,

an application of the form t u can (in general) be evaluated by first evaluating either t or u, thus

translation (·)• must allow this as well. Let t→CBV t′. Consider an alternative translation (t u)• =

(λv(x).λv(y).x y)(t)•(u)•. Then, it is not difficult to see that Lemma 6.23 does not hold anymore.

Now, consider another alternative translation (t u)• = case u of (v(y).case t of (v(x).x y)). Then,

→WH reduction forces u to be evaluated first. Alternatively, we could have considered another

alternative translation (t u)• = case u of (v(y).case t of (v(x).x y)). However, the same problem

arises if one simply realizes that the translations must also take into account the case where

u→CBV u′ happens first.

6.2 Pattern-Matching Non-Idempotent Intersection Types

In this section, we introduce a non-idempotent intersection type system for the λPM-calculus

based on the non-idempotent intersection type system in [101], that establishes an exact equiv-

alence between typability and PM-normalization, and is able to discriminate the exact length of
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PM-normalization sequences according to the different reductions steps that are performed.

Definition 6.24 (Pattern-Matching Types). The set of types for the λPM-calculus is generated by

the following grammars:

Data Types: D ::= c(Mi)n

Multi-Types: M ::= {{Ai}}i∈I where I is a finite set

Types: A ::= ⋆ | D | M→ A

Operations over multi-types, such as multiset difference and multiset union are defined as

usual. Data types are tagged products of multi-types. Type ⋆ is a special constant type that is used

to type abstractions whose bodies are not evaluated due to weak head evaluation.

Definition 6.25 (Pattern-Matching Typing Environments). Pattern-Matching typing environments are

denoted by Γ, ∆, and defined as functions from variables to multi-types, that assign the empty

multi-type {{ }} to all but a finite set of variables.

The domain of a typing environment, the union of typing environments, and any other properties of

typing environments, are defined as in Definition 4.2.

The restriction of a typing environment Γ to a set of variables X ⊆ X is denoted by Γ|X and defined

as follows:

(Γ|X)(x) =

 Γ(x) if x ∈ X

{{ }} otherwise

The removal of a set of variables X ⊆ X from a typing environment Γ is denoted by Γ\\X and defined

as follows:

(Γ\\X)(x) =

 {{ }} if x ∈ X

Γ(x) otherwise

Moreover, given some typing environment Γ and pattern p, we may sometimes write Γ|p and

Γ\\ p to mean Γ|vars(p) and Γ\\ vars(p), respectively.

We can now introduce the set of typing rules for the λPM-calculus.
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Definition 6.26 (Pattern-Matching Type System). The Pattern-Matching Type System PM assigns

matching (multi-)types to λ-terms and consists of the following typing rules:

Rules For Patterns

VPat
x : M ⊩ x : M

(Γi ⊩ pi : Mi)i∈{1,...,n}
DPat

+i∈{1,...,n}Γi ⊩ c(p1, . . . , pn) : {{c(M1, . . . , Mn)}}

Rules For Terms

Ax
x : {{A}} ⊢ x : A

Γ ⊢ t : A Γ|vars(p) ⊩ p : M
Abs

Γ\\ vars(p) ⊢ λp.t : M→ A
Ans

∅ ⊢ λp.t : ⋆

Γ ⊢ t : M→ A ∆ ⊢ u : M
App

Γ + ∆ ⊢ t u : A

( Γi ⊢ t : Ai)i∈I
Many

+i∈IΓi ⊢ t : {{Ai}}i∈I

( Γi ⊢ ti : Mi)i∈{1,...,n}
Data

+i∈{1,...,n}Γi ⊢ c(t1, . . . , tn) : c(M1, . . . , Mn)

Γ ⊢ t : A Γ|vars(p) ⊩ p : M ∆ ⊢ u : M
Match

(Γ\\ vars(p)) + ∆ ⊢ t[p\u] : A

∆ ⊢ t : M Γ|vars( p̂k) ⊩ p̂k : M Γ ⊢ uk : A ∃k ∈ {1, . . . , n}
Case

(Γ\\ vars( p̂k)) + ∆ ⊢ case t of ( p̂i.ui)n : A

Moreover, we say that a term t ∈ ΛPM is typable in PM whenever it is typable with a type.

The Typing Rules. Rules VPat and DPat are used to type variable patterns and data patterns,

respectively. The remaining rules are used to type terms. Rule Ans is necessary due to evaluation

being weak, i.e. not occurring in the body of λ-abstractions. Notice that rule Ans allows us

to trivially type any abstraction with type ⋆. However, such typings are impossible unless the

abstractions typed by rule Ans appear on their own. Rule Case is very similar to Match, but

the former appears to have a non-deterministic flavor, but it is not. As it turns out, all typable

programs terminate in either a generalized λ-abstraction or a data. More specifically, programs

typed with arrow types terminate in generalized λ-abstractions, and programs typed with data

pattern types terminate in data with the same top-level tag. Consider a typable case expression

t = case u of ( p̂i.si)n. Then, t must be typed using rule Case, and u must be typable as well.

The type assigned to u must match the type assigned to one of the data patterns in the tuple of

branches ( p̂i.si)n. Recall that all p̂i are distinct by construction. Therefore, their associated data

types are pairwise distinct, since constructor tags uniquely determine data types. Moreover, type

of t can only match the type of the data pattern of exactly one of the branches. Thus, rule Case, is

deterministic.
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Example 6.27 (Typing Derivation). We can type the term from Example 6.6 with the following type

derivation Φ. Since Φ is quite big, we are going to split it into the following pieces.

Let Φ1 be the following type derivation for variable x:

Ax
x : {{triple({{c0}}, {{ }}, {{ }})}} ⊢ x : triple({{c0}}, {{ }}, {{ }})

Many
x : {{triple({{c0}}, {{ }}, {{ }})}} ⊢ x : {{triple({{c0}}, {{ }}, {{ }})}}

Let Φ2 be the following type derivation for the data pattern triple(x, y, z):

VPat
x : {{c0}} ⊩ x : {{c0}}

VPat
∅ ⊩ y : {{ }}

VPat
∅ ⊩ z : {{ }}

DPat
x : {{c0}} ⊩ triple(x, y, z) : {{triple({{c0}}, {{ }}, {{ }})}}

Let Φ3 be the following type derivation for the variable pattern x:

VPat
x : {{triple({{c0}}, {{ }}, {{ }})}} ⊩ x : {{triple({{c0}}, {{ }}, {{ }})}}

Then, Ψ1 is the following type derivation for the abstraction:

Φ1 Φ2
Ax

x : {{c0}} ⊢ x : c0
Case

x : {{triple({{c0}}, {{ }}, {{ }})}} ⊢ case x of (pair(x, y).y, triple(x, y, z).x) : c0 Φ3
Abs

⊢ λx.case x of (pair(x, y).y, triple(x, y, z).x) : {{triple({{c0}}, {{ }}, {{ }})}} → c0

Now, let Ψ2 be the following type derivation for the data triple(c0, c1, c2):

Data
∅ ⊢ c0 : c0

Many
∅ ⊢ c0 : {{c0}}

Many
∅ ⊢ c1 : {{ }}

Many
∅ ⊢ c2 : {{ }}

Data
∅ ⊢ triple(c0, c1, c2) : triple({{c0}}, {{ }}, {{ }})

Many
⊢ triple(c0, c1, c2) : {{triple({{c0}}, {{ }}, {{ }})}}

Then, type derivation Φ can be built as follows:

Ψ1 Ψ2
App

∅ ⊢ (λx.case x of (pair(x, y).y, triple(x, y, z).x)) triple(c0, c1, c2) : c0

Note that #App,VPat,DPat(Φ) = 1 · App+ 4 · VPat+ 1 · DPat and recall that t 1·dB+4·sub+1·branch→WH c0 (see Ex-

ample 6.6).

The above example seems to suggest that it is sufficient to count the number of occurrences

of rules App, VPat, and DPat in order to draw quantitative information related to the number of

reduction steps necessary to PM-normalize a term. Indeed, each App rule corresponds to a dB-step,

each VPat corresponds to a sub-step, and each DPat rule corresponds to either a branch- or a

match-step. The distinction between branch and match is operational and does not affect the type

system, which records only the occurrence of a constructor-pattern interaction. Moreover, since

the total number of reduction steps taken in Example 6.6 seems to coincide with the total number
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of occurrences of rules App, VPat, and DPat in Example 6.27, it also seems that Φ might be a tight

derivation. In [101] we did not consider tight type derivations, but we are going to do so here.

Definition 6.28 (Tight Typings for Pattern-Matching). Let t ∈ ΛPM. A type derivation Φ is tight if

and only if it is of the form Φ ▷PM ∅ ⊢ t : A, such that A is ⋆ or c({{ }})n, for some n ∈ N.

We start by showing that multiset-typings can be split and merged, as expected.

Lemma 6.29 (Split and Merge for Multi-Types). Let t ∈ ΛPM
and M = ⊔i∈IMi. Then, there exists

Φ ▷ Γ ⊢ t : M if and only if there exist (Φi ▷ Γi ⊢ t : Mi)i∈I, such that Γ = +i∈IΓi. Moreover,

#App,VPat,DPat(Φ) = +i∈I#App,VPat,DPat(Φi).

The equality on weights relies on the non-idempotent nature of multi-types, where multiplici-

ties are preserved.

And that typing contexts are necessarily empty whenever terms are closed.

Lemma 6.30 (Contexts and Free Variables for Pattern-Matching). Let t ∈ ΛPM
and Φ ▷ Γ ⊢ t : A.

Then, dom(Γ) ⊆ fv(t).

The fact that having tight type derivations with zero weight is a characteristic of clash-free

normal forms is formalized as follows.

Lemma 6.31 (Zero Weight Tight Type Derivations Characterize (Clash-Free) Normal Forms). Let

t ∈ ΛPM
◦ . If Φ ▷PM ∅ ⊢ t : A is tight, then #App,VPat,DPat(Φ) = 0 · App+ 0 · VPat+ 0 · DPat if and only

if t ∈ NOCF.

Now, we show that PM-typable terms are necessarily clash-free, i.e. normalize to a clash-free

PM-normal form.

Lemma 6.32 (Typability Implies Clash-Freeness). Let t ∈ ΛPM
. If Γ ⊢ t : A, then t is clash-free.

The following two lemmas guarantee that all closed clash-free normal forms are tightly typable.

Lemma 6.33 (Patterns are Always Typable). Given any typing context Γ and pattern p, there exists

Π ▷ Γ|p ⊩ p : M. Moreover, if p = c(qi)n, then there exist Πi ▷PM Γ|qi ⊩ qi : Mi, such that M =

{{c(Mi)n}}.

Lemma 6.34 (Tight Typability of Closed Clash-Free PM-Normal Forms). Let t ∈ ΛPM
◦ . If t ∈ NOCF,

then there is a derivation Φ ▷PM ∅ ⊢ t : A that is tight.

Proof. If t ∈ NOCF, then t = λx.u or t = cT:
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• Let t = λx.u. Then, we can build Φ using rule Ans. Since Ans has no premises and assigns

type ⋆ to λx.u, the resulting type derivation is tight.

• Let t = cT. Let T = (u1, . . . , un), for some n ∈ N. Then, we can build Φ as follows:(
Many

∅ ⊢ ui : {{ }}
)

i∈{1,...,n}
Data

∅ ⊢ c(u1, . . . , un) : c({{ }})n

We can conclude since the above type derivation is tight.

In fact, we can show that PM-typability captures the clash-freeness of PM-normal forms.

Lemma 6.35 (Typability Characterizes Closed Clash-Free Normal Forms). Let t ∈ ΛPM
◦ . Then,

t ∈ NOCF if and only if t ∈ NO and t is PM-typable.

We now establish quantitative soundness and completeness of PM-typability.

6.2.1 Quantitative Soundness

In this subsection we are going to show that PM-typability is exactly quantitatively sound with

respect to PM-normalization, and that the total number of rules App, VPat, and DPat appearing in

tight type derivations is the total length of PM-normalization sequences. The structure of the proof

follows the left-hand-side column of the proof schema for CBPV in Remark 4.38.

We proceed by proving a weighted version of the usual substitution lemma.

Lemma 6.36 (Weighted Substitution). Let t, u ∈ ΛPM
and assume Φt ▷PM Γ; x : M ⊢ t : A and

Φu ▷PM ∆ ⊢ u : M. Then, there exists Φt{x\u} ▷ Γ+∆ ⊢ t{x \ u} : A, such that #App,VPat,DPat(Φt{x\u}) =

#App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

The exact version of the subject reduction property follows from the above lemma.

Lemma 6.37 (Exact Subject Reduction). Let t ∈ ΛPM
, and S ∈ {dB, branch, match, sub}. If t→PM(S) t′

and Φt ▷PM Γ ⊢ t : A, then there is Φt′ ▷PM Γ ⊢ t′ : A, such that #App,VPat,DPat(Φt) = #App,VPat,DPat(Φt′)+

1 · R, where

• R = App, if S = dB;

• R = VPat, if S = sub;

• R = DPat if S ∈ {branch, match}.

Finally, we can show that PM-typability is quantitatively sound with respect to clash-free

PM-normalization.
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Theorem 6.38 (Soundness). Let t ∈ ΛPM
◦ . If there is Φ ▷PM∅ ⊢ t : A tight, such that #App,VPat,DPat(Φ) =

n · App+ m · VPat+ l · DPat, then t
n·dB+m·sub+l1·branch+l2·match→→PM t′, such that l1 + l2 = l and t′ ∈ NOCF.

Notice that type system PM does not distinguish between branch and match, since both corre-

spond to the same constructor-pattern interaction, but this is not a problem since the quantitative

results hold nonetheless.

6.2.2 Quantitative Completeness

In this subsection we are going to show that PM-typability is complete with respect to PM-

normalization, and that the total length of normalization sequences is the total number of rules

App, VPat, and DPat appearing in tight type derivations. The structure of the proof follows the

right-hand-side column of the proof schema for CBPV in Remark 4.38.

We start by proving the weighted version of the usual anti-substitution lemma.

Lemma 6.39 (Weighted Anti-substitution). Let t ∈ ΛPM
and u ∈ ΛPM

◦ and assume Φt{x\u} ▷PM Γ ⊢

t{x \ u} : A. Then, there exist Φt ▷ Σ; x : M ⊢ t : A and Φu ▷ ∆ ⊢ u : M, such that Γ = Σ + ∆ and

#App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

The quantitative version of the usual subject expansion property follows from the above lemma.

Lemma 6.40 (Exact Subject Expansion). Let t ∈ ΛPM
, and S ∈ {dB, branch, match, sub}. If t→PM(S) t′

and Φt′ ▷PM Γ ⊢ t′ : A, then there is Φt ▷PM Γ ⊢ t : A, such that #App,VPat,DPat(Φt′) + 1 · R =

#App,VPat,DPat(Φt), where

• R = App, if S = dB;

• R = VPat, if S = sub;

• R = DPat if S ∈ {branch, match}.

Finally, we can show that PM-typability is quantitatively complete with respect to clash-free

PM-normalization.

Theorem 6.41 (Completeness). Let t ∈ ΛPM
◦ . If t

n·dB+m·sub+l1·branch+l2·match→→PM t′, such that t′ ∈ NOCF,

then there is Φ ▷PM ∅ ⊢ t : A tight, such that #App,VPat,DPat(Φ) = n · App+ m · VPat+ l · DPat, where

l1 + l2 = l.

Notice that completeness holds only for normalization sequences that do not end in clashes,

which reinforces the fact that clashes should be untypable.

This concludes the quantitative study of pattern matching. In the next chapters, we are going

to present a quantitative study of higher-order state-passing computations.
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Chapter 7

A Quantitative Study of Global State

This section is based on [43, 44], and develops a quantitative study of the extension of the λ-

calculus with algebraic operations for reading and writing on a global memory, that we will call

the λG-calculus.

In [43], a quantitatively sound and complete (tight) type system was introduced for an extension

of the CBV λ-calculus. In [44], this system was refined and extended to the CBN λ-calculus. Both

works consider reduction over open λ-terms. In contrast, here we restrict reduction to closed terms

(programs), and further extend the approach in [43] to the λ!-calculus (see Chapter 3).

The main technical deviation here from [44] is the way we treat the algebraic theory of global

state. As it turns out, our approach here is identical to that in [43]. However, the point of view

from which it is understood is quite different. To explain this, we start by explaining the difference

between linear and non-linear λ-terms (see e.g. [102] and [103] for a more complete exposition of

the topic).

Remark 7.1 (Linear vs. Non-Linear λ-Terms.).

Operationally. . .

Consider the following λ-term t:

t = (λx.x x) (λy.y).

Notice that t is non-linear due to the subterm λx.x x. In particular, since x occurs twice in the

body of λx.x x, then λy.y is duplicated by the β-step :

(λx.x x) (λy.y) 7→β (λy.y) λy.y.

Now, consider the following λ-term t′:

t′ = (λx1.(λx2.x1 x2) λy.y) λy.y.

85
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Notice that t′ β-reduces (in two β-steps) to the same λ-term as t:

(λx1.(λx2.x1 x2) λy.y) λy.y 7→β (λx2.(λy.y) x2) λy.y 7→β (λy.y) λy.y.

This is no coincidence: t′ is the linearized version of t in the sense of [102], obtained by making

all variable occurrences linear. As such, t and t′ have the same β-normal form. However, notice that

t β-normalizes in fewer β-steps than t′, even though no duplication occurs in the β-normalization

of t′.

Denotationally. . .

Now, let us consider what happens when we type t and t′ in (e.g.) type systemN. Let A = {{⋆}} →

⋆, Φ be the following tight type derivation for t:

Ax
x : {{A}} ⊢ x : A

Ax
x : {{⋆}} ⊢ x : ⋆

Many
x : {{⋆}} ⊢ x : {{⋆}}

App
x : {{A, ⋆}} ⊢ x x : ⋆

Abs
∅ ⊢ λx.x x : {{A, ⋆}} → ⋆

Ax
y : {{⋆}} ⊢ y : ⋆

Abs
∅ ⊢ λy.y : A

Ans
∅ ⊢ λy.y : ⋆

Many
∅ ⊢ λy.y : {{A, ⋆}}

App
∅ ⊢ (λx.x x) (λy.y) : ⋆

and Φ′ be the following tight type derivation for t′:

Ax
x1 : {{A}} ⊢ x1 : A

Ax
x2 : {{⋆}} ⊢ x2 : ⋆

Many
x2 : {{⋆}} ⊢ x2 : {{⋆}}

App
x1 : {{A}}, x2 : {{⋆}} ⊢ x1 x2 : ⋆

Abs
x1 : {{A}} ⊢ λx2.x1 x2 : A

Ans
∅ ⊢ λy.y : ⋆

Many
∅ ⊢ λy.y : {{⋆}}

App
x1 : {{A}} ⊢ (λx2.x1 x2) λy.y : ⋆

Abs
∅ ⊢ λx1.(λx2.x1 x2) λy.y : {{A}} → ⋆

Ax
y : {{⋆}} ⊢ y : ⋆

Abs
∅ ⊢ λy.y : A

Many
∅ ⊢ λy.y : {{A}}

App
∅ ⊢ (λx1.(λx2.x1 x2) λy.y) λy.y : ⋆

Notice that each occurrence of λy.y in Φ′ is typed with a singleton multiset (resp. {{A}} or

{{⋆}}), and the single occurrence of λy.y in Φ is typed with multiset {{A, ⋆}}. Thus, even though

t′ is the linearization of t, they clearly have different–although related–type derivations: in Φ,

λy.y appears once and is typed twice; in Φ′, λy.y appears twice and each occurrence is typed

once. Accordingly, the size of Φ and Φ′ reflect the difference in the length of the β-normalization

sequences for t and t′: #App(Φ) = 2; and #App(Φ′) = 3.

As we shall see immediately, an analogous situation arises in the algebraic theory of global

state.
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Remark 7.2 (Linear vs Non-Linear Global State Equations).

Operationally. . .

Consider the following equality from Example 5.19:

get(l, λb.get(l, λa.t)) ∼G get(l, λa.t{b \ a}).

According to Example 5.38, the above equation is cointerpreted as the following operational

equality. Let s ∈ S. Then, both variables are substituted with the same value returned by the state:

((t{b \ s(l)}){a \ s(l)}, s) = ((t{b \ a}){a \ s(l)}, s).

If we now take the set of λ-terms Λ as the carrier of the coalgebra for global state, λ-abstractions

denote continuations, and let the state be a mapping from locations (taken fromL) to λ-terms (taken

from Λ), then we can reinterpret the above equation as follows:

(((x1 x2){x1 \ s(l)}){x2 \ s(l)}, s) = (((x1 x2){x2 \ x1}){x1 \ s(l)}, s) = ((x1 x1){x1 \ s(l)}, s).

That is,

(((x1 x2){x1 \ s(l)}){x2 \ s(l)}, s) = ((x1 x1){x1 \ s(l)}, s).

Here continuations are interpreted in a call-by-name fashion, so substitutions are not evaluated

eagerly.

Notice that this is very similar to what we saw in Remark 7.1, if we take s(l) = λy.y.

Indeed, recall the reduction sequences for (λx.x x) (λy.y) (α-renamed below for clarity) and

(λx1.(λx2.x1 x2) λy.y) λy.y, but let us leave the substitutions unperformed. Then

(λx1.x1 x1) (λy.y) 7→β (x1 x1){x1 \ λy.y},

and
(λx1.(λx2.x1 x2) λy.y) λy.y 7→β ((λx2.x1 x2) λy.y){x1 \ λy.y}

7→β ((x1 x2){x1 \ λy.y}){x2 \ λy.y}.

The similarity is striking: (λx1.(λx2.x1 x2) λy.y) λy.y is the linearization of (λx.x x) (λy.y)

with respect to λy.y; and (get(l, λx2.get(l, λx1.x1 x2)), s) seems to be the linearization of the

term (get(l, λx1.x1 x2{x2 \ x1}), s) = (get(l, λx1.x1 x1), s) with respect to s(l). Moreover, since x1

occurs twice in the continuation of (get(l, λx1.x1 x1), s), s(l) is duplicated once the get-operation

is performed; since each x1 and x2 occur exactly once in the continuation, s(l) is not duplicated,

but two get-operations are performed.
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Denotationally. . .

Now, let us understand how to type configurations such as (get(l, λx.t), s). If states are mappings

from locations to λ-terms, it seems reasonable to type states with mappings from locations to

types, i.e. the type of s should be a mapping S, such that for each location l ∈ L, S(l) is the type of

s(l). This corresponds to the following typing rule:

(Γl ⊢ s(l) : S(l))l∈L
State

+l∈LΓl ⊢ s : S

where we assume that only finitely many locations are assigned non-empty types.

Now, we must understand how to type the operation get. Given how the type of state is a

mapping of locations to types, it seems reasonable to take advantage of the coalgebraic structure

of the global state to do so. At this point, it is best to leave the details to Section 7.1. Here,

it is enough to notice that, if S is the type of s, the type of x in get(l, λx.t) should be S(l),

i.e. the type that results from running operation get on state S. For example, say we want

to type (get(l, λx1.x1 x1), s). Then, taking into consideration the similarity to (λx1.x1 x1) (λy.y),

the type of x1 should be {{A, ⋆}} (see Remark 7.1), and thus that of s(l), {{A, ⋆}}. Now, say

we want to type (get(l, λx1.x1 x2{x2 \ x1}), s). Then, taking into consideration the similarity to

(λx1.(λx2.x1 x2) λy.y) λy.y, the type of x1 and x2 should be {{A}} and {{⋆}}, respectively, and thus

that of s(l) both {{A}} and {{⋆}}. Indeed, contrary to (λx1.(λx2.x1 x2) λy.y) λy.y, which has two

copies of λy.y, s(l) only contains one copy of λy.y. Say we also type s(l) with {{A, ⋆}} for this case.

Then, running operation get on state S twice (one for each get in (λx1.(λx2.x1 x2) λy.y) λy.y) gives

{{A, ⋆}} in both cases. But, we want {{A}} to be the type of x1 and {{⋆}} to be the type of x2.

One possible approach would be to define a very simple subtyping relation over multiset-types

based on the obvious multi-subset ordering⊑. However, this approach is not cost sensitive. Indeed,

if two different get operations require the same type {{A}} twice, there is no way to distinguish e.g.

between {{A}} and {{A, A}}, since {{A}} ⊑ {{A}} and {{A}} ⊑ {{A, A}}. Nevertheless, it should be

noted that this approach does seem to work for idempotent intersection types: subtyping collapses

quantitative distinctions.

Another possible approach is to consider a different notion of state for the type of states.

Instead, of the type of states being a mapping from locations to multi-sets, it becomes a mapping

from locations to lists of multi-sets. For example, if we need S(l) to be both {{A}} and {{⋆}}, we

simply assign it both as a list e.g. {{A}} · {{⋆}}. Then, each time a get operation is run on S, the

head of the list is consumed. This way, {{A}} and {{A}} · {{A}} are indeed different. This was the

approach taken in [44]. At the time, it seemed more different from [43] than we now recognize.
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Indeed, the crucial point is to be able to update the type of the state as each get operation is run on

it. The representation of S(l) as a list {{A}} · {{A}} or a multiset-type {{A, A}} is inconsequential.

In the former case, each get operation consumes the head of the list (cf. [44]). In the latter case,

each get operation consumes some element of the multiset-type (cf. [43]). In fact, given some list

of multiset types L, we can define M := ⊔m∈Lm as a denotationally equivalent multiset type∗.

However, notice that typing get operations is no longer as simple as running the get operation

on S. Indeed, to type a get operation it is necessary to first run a get operation on S in order to

get the type S(l); and then to run a set operation (see Section 7.3) on S, in order to update S(l).

For example, consider again configuration (get(l, λx1.x1 x2{x2 \ x1}), s). If S(l) = {{A}} · {{⋆}}, the

type of x1 is obtained by running a get operation on S to obtain {{A}}, and then running a set

operation on S to update S(l) to {{⋆}}. Then, the type of x2 is obtained by running a get operation

on S to obtain {{⋆}}, and then running a set operation on S to update S(l) to the empty list.

The key point of the above discussion is the following: even though get operations behave

non-linearly with respect to state s, they need to behave linearly with respect to the type S of s. In

particular, s is a mapping of locations to λ-terms and S is mapping of locations to lists of multiset-

types. Then, every time a get operation is run on s, a get operation followed by a set operation is

run on S. As it turns out, this is crucial in order to extend non-idempotent intersection type systems

while preserving their quantitative precision. However, in the next chapter (see Chapter 8), we are

going to repair this mismatch by introducing an algebraic theory that directly captures the notion

of state required by the type systems in this chapter: the algebraic theory for infinite stacks.

In sum, the above discussion on the difference between the operational and the denotational

behavior of operations can be summarized in Table 7.1.

Operational Behavior
(State s ∈ VL)

Denotational Behavior
(State S ∈ (M∗)L)

get(l, λx.t)

JgetKV
L
(l, s) = (s (l), s)

Variable x is replaced with s (l).

The updated state is s.

JgetK(M∗)L (l,S) = (S (l),S)

JsetK(M∗)L ((l, tail(S (l))),S) = (⋆,S{l := tail(S (l))})

Variable x has type head(S (l)).

The updated state has type S{l := tail(S (l))}.

set((l, v ∈ V), t)

JsetKV
L
((l, v ∈ V), s) = (⋆, s{l := v})

The updated state is s{l := v}

JsetK(M∗)L ((l, M∗),S) = (⋆,S{l := M∗})

The updated state has type S{l := M∗}

Table 7.1: Comparison between the operational and denotational behavior of operations interacting
with a global state.

∗This is a simple observation that will become important in Section 8.6.2.
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We are now ready to extend the λ- and λ!-calculi with global state. All the proofs for this

chapter are collected in Appendix E.

7.1 The λ-Calculus with Global State

The effect of global state allows computations to read and update a shared state whose content

persists throughout evaluation. This section extends the λ-calculus with primitive operations for

manipulating such a state, providing the simplest setting in which to study quantitative properties

of stateful computation. We will call this new calculus the λG-calculus.

7.1.1 Syntax and Operational Semantics

The syntax of the λG-calculus is that of the λ-calculus extended with a notion of state corresponding

to mapping from locations to arguments∗, algebraic operations for reading and updating the state

(according to Example 5.19), and configurations (i.e. term-state pairs).

Definition 7.3 (States and λG-Terms). Let L be a finite set of location names, V be a countable set of

arguments, and X be a countable set of variables. The sets of terms ΛG , states S, and configurations

ΛG × S of the λG-calculus are generated by the three following grammars, respectively:

Terms: t, u, r, e ::= x ∈ X | λx.t | t u | get(l, λx.t) | set((l, t ∈ Λ

), t)

States: s, q ::= {l 7→ tl ∈ V}l∈L

Configurations: c, c′ ::= (t, s).

Notice that the set of arguments V is left unspecified, since it will depend on the reduction strategy

that is being considered. Moreover, states are total mappings from locations to arguments.

Notice also that states are defined according to Example 5.38. Regardless, we formally define

the operations over states as follows.

Definition 7.4 (Operations On States). Let s := {l 7→ tl ∈ V}l∈L ∈ S, and l′ ∈ L. Then

• we write s (l′) for the argument at location l′ of s, i.e. s (l′) := tl′ ∈ V ;

• and s{l′ := t ∈ V} for the state obtained by replacing the argument at location l′ of s with t, i.e.

such that for all l0 ∈ L, s{l′ := t ∈ V} (l0) := s (l0), if l0 ̸= l′, and s{l′ := t ∈ V} (l0) := t ∈ V ,

if l0 = l′.

∗We are going to call the set of values appearing in the algebraic theory for global state (see Example 5.19) the set
of arguments to avoid confusion with the set of λG -values of the CBV λG -calculus. Indeed, we are going to consider this
set to be parametric with respect to the calling mechanism that is being considered: for the CBN λG -calculus, the set
of arguments is going to be the set of λG -terms; for the CBV λG -calculus, the set of arguments is going to be the set of
λG -values.
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Definition 7.5 (Free and Bound Variables). Let t, u ∈ ΛG and s ∈ S.

The sets fv(t) and fv(s) of free variables in t and s, respectively, are defined by induction as

follows:
fv(x) = {x}

fv(λx.t) = fv(t) \ {x}

fv(t u) = fv(t) ∪ fv(u)

fv(get(l, λx.t)) = fv(t) \ {x}

fv(set((l, u ∈ V), t)) = fv(u) ∪ fv(t)

fv({l 7→ tl ∈ V}l∈L) =
⋃

l∈L fv(tl)

The sets bv(t) and bv(s) of bound variables in t and s, respectively, are defined by induction as

follows:
bv(x) = ∅

bv(λx.t) = {x} ∪ bv(t)

bv(t u) = bv(t) ∪ bv(u)

bv(get(l, λx.t)) = {x} ∪ bv(t)

bv(set((l, u ∈ V), t)) = bv(u) ∪ bv(t)

bv({l 7→ tl ∈ V}l∈L) =
⋃

l∈L bv(tl)

Example 7.6 (Free and Bound Variables). Let L = {l1, l2}. Moreover, consider the following configura-

tion (get(l, λx.y x), {l1 7→ λz.z, l2 7→ λz.z}). Then

fv((get(l, λx.y x), {l1 7→ λz.z, l2 7→ λz.z})) = fv(get(l, λx.y x)) ∪ fv({l1 7→ λz.z, l2 7→ z})

= ((fv(y x)) \ {x}) ∪ (fv(λz.z) ∪ fv(z))

= ({y, x} \ {x}) ∪ (∅ ∪ {z})

= {y} ∪ (∅ ∪ {z})

= {y, z}

and

bv((get(l, λx.y x), {l1 7→ λz.z, l2 7→ λz.z})) = bv(get(l, λx.y x)) ∪ bv({l1 7→ λz.z, l2 7→ z})

= ({x} ∪ (bv(y x))) ∪ (bv(λz.z) ∪ bv(z))

= ({x} ∪∅) ∪ ({z} ∪ bv(z))

= {x} ∪ {z}

= {x, z}.

The conventions regarding α-congruence are extended naturally to the above syntax.

Definition 7.7 (Closed and Open λG-Terms and States). A state s ∈ S and a term t ∈ ΛG are said

to be closed if and only if fv(s) = ∅ and fv(t) = ∅, respectively, and open otherwise. The sets of
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closed states and terms of the λG-calculus are denoted by S◦ and ΛG◦ , respectively. A configuration

is said to be closed if and only if both its components are closed, and open otherwise.

Example 7.8 (Closed and Open λG-Terms and States). Let x ∈ X and l ∈ L. Then, x is an open

λG-term, and {l 7→ x} is an open state. However, λx.x is a closed λG-term, and {l 7→ λx.x} is a closed

state.

Definition 7.9 (Substitution). Let x ∈ X , and t, u, r ∈ ΛG . The result of substituting u for the free

occurrences of x in t is denoted by t{x \ u} and defined by induction as follows (recall that we are

working modulo α-conversion):

x{x \ u} = u

y{x \ u} = y if x ̸= y

(λy.r){x \ u} = λy.r{x \ u}

(r e){x \ u} = r{x \ u} e{x \ u}

(get(l, λy.t)){x \ u} = get(l, λy.t{x \ u})

(set((l, r ∈ V), t)){x \ u} = set((l, r{x \ u}), t{x \ u})

Example 7.10 (Substitution). Let get(l, λx.x y), set((l, x), y) ∈ ΛG . Then, for u ∈ ΛG , we have

(get(l, λx.x y)){x \ t} = get(l, λx.x y)

(get(l, λx.x y)){y \ t} = get(l, λx.x t)

(set((l, x), y)){x \ t} = set((l, t), y)

(set((l, x), y)){y \ t} = set((l, x), y).

Recall the following equation from Example 5.19:

get(l, λa.set((l′, v), λb.t)) ∼G set((l′, v), λb.get(l, λa.t)).

As it turns out, in order for it to hold, a must not appear free in v, i.e. a ̸∈ fv(v). Otherwise, a is

bound in the term on the left, but free in the one on the right. Thus, we must impose the following

condition over terms.

Definition 7.11 (Continuation Variables and Well-Formed λG-Terms). Let t, u ∈ ΛG and s ∈ S.

The sets cv(t) and cv(s) of continuation variables in t and s, respectively, are defined by induction

as follows:
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cv(x) = ∅

cv(λx.t) = cv(t)

cv(t u) = cv(t) ∪ cv(u)

cv(get(l, λx.t)) = {x} ∪ cv(t)

cv(set((l, u ∈ V), t)) = cv(u) ∪ cv(t)

cv({l 7→ tl ∈ V}l∈L) =
⋃

l∈L cv(tl).

The sets cvl(t) and cvl(s) of continuation variables in t and s with respect to location l, respectively,

are defined by induction as follows:

cvl(x) = ∅

cvl(λx.t) = cvl(t)

cvl(t u) = cvl(t) ∪ cvl(u)

cvl(get(l′, λx.t)) =


{x} ∪ cvl(t) if l = l′

cvl(t) otherwise

cvl(set((l, u ∈ V), t)) = cvl(u) ∪ cvl(t)

cvl({l′ 7→ tl′ ∈ V}l′∈L) =
⋃

l′∈L cvl(tl′).

We say that a λG-term t ∈ ΛG is well-formed if and only if for every subterm set((l, r ∈ V), u),

(fv(r) ∩ cv(t)) ⊆ cvl(t). That is, the set of free continuation variables appearing in r is a subset of

the set of continuation variables with respect to location l.

Intuitively, continuation variables record which variables may be substituted with state argu-

ments originating from a given location.

Example 7.12 (Well-Formed λG-Terms). The following is an example of a well-formed λG-term:

get(l, λx.get(l, λy.set((l, x y), λz.z))).

The following λG-term is not, due to continuation variable y now referring to location l′:

get(l, λx.get(l′, λy.set((l, x y), λz.z))).

Notice that the set of continuation variables is simply a subset of the set of bound variables. As

such, any notion that applies to bound variables (such as α-conversion) also applies to continuation

variables. From now on, we will assume that all λG-terms are well-formed.

Call-By-Name. The set of arguments V in this setting is the set of λG-terms ΛG . CBN contexts

(in Definition 2.11) are naturally lifted to closed configurations. Let s ∈ S◦ and t ∈ ΛG◦ . We define
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N[(t, s)] := (N[t], s) to be the configuration obtained by replacing the hole □ in N with the term t.

CBN reduction is defined for closed configurations as follows.

Definition 7.13 (CBN Reduction). The CBN reduction strategy is denoted by⇒CBN and defined over

closed configurations as the closure by CBN contexts of the following three rewriting steps:

((λx.t) u, s) Z⇒β (t{x \ u}, s)

(get(l, λx.t), s) Z⇒get (t{x \ s (l)}, s)

(set((l, u), t), s) Z⇒set (t, s{l := u}).

Observe that the rewriting steps for operations are defined according to Example 5.38 and Re-

mark 5.39.

Example 7.14 (CBN Reduction). Notice how CBN reduction does not evaluate the term at the parameter

position of set operations, but that any λG-term is allowed to appear there:

(set((l, (λx.x) λy.y), get(l, λz.z z)), s) ⇒CBN(set) (get(l, λz.z z), s{l := (λx.x) λy.y})

⇒CBN(get) (((λx.x) λy.y) ((λx.x) λy.y), s{l := (λx.x) λy.y})

⇒CBN(β) (λy.y ((λx.x) λy.y), s{l := (λx.x) λy.y})

⇒CBN(β) ((λx.x) λy.y, s{l := (λx.x) λy.y})

⇒CBN(β) (λy.y, s{l := (λx.x) λy.y}).

Call-By-Value. The set of (λG-)values of the λG-calculus denoted by

ΛG ⊆ ΛG and generated by

the following grammar:

Values: v, w ::= x ∈ X | λx.t.

Notice that

ΛG
◦ = ΛG◦ ∩

ΛG is the set of closed values.

The set of arguments V is the set of values

ΛG . CBV contexts (in Definition 2.14) are naturally

lifted to closed configurations. Let s ∈ S◦ and t ∈ ΛG◦ . We define V[(t, s)] := (V[t], s) to be the

configuration obtained by replacing the hole □ in V with the term t. CBV reduction is defined for

closed configurations as follows.

Definition 7.15 (CBV Reduction). The CBV reduction strategy is denoted by⇒CBV and defined over

closed configurations as the closure by CBV contexts of the following three rewriting steps:

((λx.t) v, s) Z⇒βv (t{x \ v}, s)

(get(l, λx.t), s) Z⇒get (t{x \ s (l)}, s)

(set((l, v), t), s) Z⇒set (t, s{l := v}).

Notice that the only differences between the above rules and those for CBN reduction (see Def-

inition 7.13) are related to the fact that only values can be substituted. Thus, only rules β and
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set change. Rule get has the same shape as that for CBN, but now s (l) is necessarily a value, as

enforced by the syntactic definition of the state (cf. Definition 7.3).

Example 7.16 (CBV Reduction). Notice how CBV reduction also does not evaluate the term at the parameter

position of set operations, but (contrary to CBN) only values are allowed to appear there:

(set((l, λx.x), get(l, λy.y ((λz.z) y))), s) ⇒CBV(set) (get(l, λy.y ((λz.z) y)), s{l := λx.x})

⇒CBV(get) ((λx.x) ((λz.z) λx.x), s{l := λx.x})

⇒CBV(βv) ((λx.x) λx.x, s{l := λx.x})

⇒CBV(βv) (λx.x, s{l := λx.x}).

Definition 7.17 (Syntactic CBN-Normal Forms and CBV-Normal Forms). The sets of (closed) syn-

tactic CBN-normal forms NOCBN and CBV-normal forms NOCBV of the λG-calculus are both {(t, s) | t ∈

ΛG
◦ , s ∈ S◦}.

Lemma 7.18 (Characterization of CBN-Normal Forms and CBV-Normal Forms). Let (t, s) ∈ ΛG ×S◦.

Then, (t, s) ̸⇒CBN (resp. CBV) if and only if t ∈ NOCBN (resp. NOCBV).

As was also the case for the CBN and CBV λ-calculi without global state, the sets of normal

forms are the same for both CBN and CBV. This does not mean that CBN and CBV are a distinction

without a difference. As an example, we have seen in Examples 2.13 and 2.16 that some terms

have a CBN-normal forms but not a CBV-normal form, and that some terms CBV-normalize in fewer

steps than they CBN-normalize.

7.2 The λ!-Calculus with Global State

We now extend the λ!-calculus introduced in Chapter 3 with primitive operations for interacting

with the global state. This yields a system capable of representing both CBN and CBV interactions

with state, while preserving the quantitative structure introduced earlier. We will call this new

calculus the λ!G-calculus.

7.2.1 Syntax and Operational Semantics

The syntax of the λ!G-calculus is the extension of the syntax of the λ!-calculus according to Exam-

ple 5.19.

Definition 7.19 (States and λ!G-Terms). LetL be a finite set of location names andX be a countable

set of variables. The sets of values !

ΛG , terms !ΛG , of states S, and configurations !ΛG × S of the
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λ!G-calculus are generated by the following four grammars, respectively:

Values: v, w ::= x ∈ X | !t

Terms: t, u, r, e ::= v | λx.t | t u | der(t) | get(l, λx.t) | set((l, v), t)

State: s, q ::= {l 7→ vl}l∈L

Configurations: c, c′ ::= (t, s).

Here again, V is the set of values !

ΛG . States and terms can be put together as term-state pairs

called configurations.

The notions of free and bound variables for the λ!G-calculus, as well as those of α-congruence,

substitution, and context, are the obvious adaptations of those presented in Section 7.1 for the

λG-calculus.

Definition 7.20 (Closed and Open λ!G-Terms and States). A state s ∈ S and a term t ∈ !ΛG are said

to be closed if and only if fv(s) = ∅ and fv(t) = ∅, respectively, and open otherwise. The sets of

closed state and terms of the λ!G-calculus are denoted by S◦ and !ΛG◦ , respectively. A configuration

is said to be closed if and only if both its components are closed.

Example 7.21 (Closed and Open λ!G-Terms and States). Let x ∈ X and l, l′ ∈ L. Then, x and !x are

open λ!G-terms, and {l 7→ x, l′ 7→ λx.x} is an open state, due to x being an open λ!G-term. However,

λx.x and !λx.x are both closed λ!G-terms, and {l 7→ λx.x, l′ 7→ λx.x} is a closed λ!G-term.

CBPV contexts (in Definition 3.3) are naturally lifted to closed configurations. Let s ∈ S◦ and

t ∈ !ΛG◦ . We define B[(t, s)] := (B[t], s) to be the configuration obtained by replacing the hole □ in

Bwith the term t. CBPV reduction is defined for closed configurations as follows.

Definition 7.22 (CBPV Reduction). The CBPV reduction strategy is denoted by⇒CBPV and defined

over closed configurations as the closure by CBPV contexts of the following three rewriting steps:

((λx.t) v, s) Z⇒βv (t{x \ v}, s)

(der(!t), s) Z⇒β! (t, s)

(get(l, λx.t), s) Z⇒get (t{x \ s (l)}, s)

(set((l, v), t), s) Z⇒set (t, s{l := v}).

Observe that the rewriting steps for operations are defined according to Example 5.38 and Re-

mark 5.39.
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Example 7.23 (CBPV Reduction). We are going to present two examples of CBPV reduction. The following

corresponds to the CBN translation (see Definition 7.32) of Example 7.14. Let q = (s)CBN:

(set((l, !((λx.der(x)) !λy.der(y))), get(l, λz.der(z) !der(z))), q)

⇒set (get(l, λz.der(z)!der(z) ), q{l := !((λx.der(x)) !λy.der(y))})

⇒get (der(!((λx.der(x)) !λy.der(y))) !der(!((λx.der(x)) !λy.der(y))),

q{l := !(λx.der(x)) !λy.der(y)})

⇒β! (((λx.der(x)) !λy.der(y)) !der(!((λx.der(x)) !λy.der(y))),

q{l := !(λx.der(x)) !λy.der(y)})

⇒βv (der(!λy.der(y)) !der(!((λx.der(x)) !λy.der(y))), q{l := !(λx.der(x)) !λy.der(y)})

⇒β! ((λy.der(y)) !der(!((λx.der(x)) !λy.der(y))), q{l := !(λx.der(x)) !λy.der(y)})

⇒βv (der(!der(!((λx.der(x)) !λy.der(y)))), q{l := !(λx.der(x)) !λy.der(y)})

⇒β! (der(!((λx.der(x)) !λy.der(y))), q{l := !(λx.der(x)) !λy.der(y)})

⇒β! ((λx.der(x)) !λy.der(y), q{l := !(λx.der(x)) !λy.der(y)})

⇒βv (der(!λy.der(y)), q{l := !(λx.der(x)) !λy.der(y)})

⇒β! (λy.der(y), q{l := !(λx.der(x)) !λy.der(y)});

The following corresponds to the CBV translation (see Definition 7.32) of Example 7.16. Let q = (s)CBN.

Let (s)CBV = q.

(set((l, !λx.x), get(l, λy.der(y) (der(!(λz.z)) y))), q)

⇒set (get(l, λy.der(y) (der(!(λz.z)) y)), q{l := !λx.x})

⇒get (der(!λx.x) (der(!(λz.z)) !λx.x), q{l := !λx.x})

⇒β! (λx.x (der(!(λz.z)) !λx.x), q{l := !λx.x})

⇒β! (λx.x ((λz.z) !λx.x), q{l := !λx.x})

⇒βv ((λx.x) !λx.x, q{l := !λx.x})

⇒βv (!λx.x, q{l := !λx.x}).

Definition 7.24 (Syntactic CBPV-Normal Forms). The set of (closed) syntactic CBPV-normal forms

of the λ!G-calculus is {(t, s) | t ∈ NOCBPV, s ∈ S◦}, where NOCBPV is the set of (closed) syntactic

CBPV-normal forms of the λ!G-calculus, generated by the following grammar:

Normal Forms: NOCBPV ::= NACBPV | NBCBPV
Bang or Neutral Forms: NACBPV ::= !t | NECBPV
Abstraction or Neutral Forms: NBCBPV ::= λx.u | NECBPV
Neutral Forms: NECBPV ::= (λx.u) NBCBPV | NACBPV t | der(NBCBPV).
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Proposition 7.25 (Characterization of CBPV-Normal Forms). Let (t, s) ∈ !ΛG ×S◦. Then, (t, s) ̸⇒CBPV
if and only if t ∈ NOCBPV.

The set of clashes is naturally lifted to configurations: if t is a clash, then so is (t, s), for any

s ∈ S◦. The set of clash-free terms is also naturally lifted to configurations.

Definition 7.26 (Clash-Free Configurations). A configuration is clash-free if it does not reduce to a

configuration containing a term with a clash (see Definition 3.8) outside the scope of any lambda

λ or bang ! constructor. In other words, let s ∈ S◦ and t ∈ !ΛG . Then, (t, s) is not clash-free if and

only if there exist a CBPV context B, a clash u, and a state q ∈ S◦, such that (t, s)⇒⇒CBPV B[(u, q)].

Example 7.27 (Clash-Free Configurations). The following configuration c is not a clash-free configura-

tion:

c = (get(l, λx.x x), s{l := !λy.y})⇒CBPV ((!λy.y) !λy.y, s{l := !λy.y}).

But the following configuration c′ is clash-free:

c′ = (get(l, λx.der(x) x), s{l := !λy.y}) ⇒CBPV (der((!λy.y)) !λy.y, s{l := !λy.y})

⇒CBPV ((λy.y) !λy.y, s{l := !λy.y})

⇒CBPV (!λy.y, s{l := !λy.y}).

Definition 7.28 (Syntactic Clash-Free CBPV-Normal Forms). The set of clash-free CBPV-normal forms

of the λ!G-calculus is {(t, s) | t ∈ NOCFCBPV, s ∈ S◦}, where NOCFCBPV := !

ΛG
◦ ∪ {λx.t | λx.t ∈ !ΛG◦ }.

Proposition 7.29 (Characterization of Clash-Free CBPV-Normal Forms). Let (t, s) ∈ !ΛG . Then,

(t, s) ̸⇒CBPV and t is clash-free if and only if t ∈ NOCFCBPV.

Proof. By following the same structure as the proof of Proposition 3.11.

As we will see later, clash-free terms can be characterized via a lifting of the non-idempotent

intersection type system presented in Section 4.2 (see Section 7.3.3).

7.2.2 Subsuming Call-By-Name and Call-By-Value

The unifying framework of the λ!G-calculus allows us once again to capture both CBN and CBV

interactions with state. This is essential for transferring quantitative results between evaluation

strategies, since effects such as reading or updating a state interact differently with duplication

and evaluation order.

We now show how the encodings of Section 3.2 can be extended to the λ!G-calculus. Naturally,

this require us to extend the translation functions for CBN and CBV to include operations, and to

additionally define how to encode states.
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Definition 7.30 (Translations of Terms). Consider the following inductively defined translation of

terms of the λG-calculus to terms of the λ!G-calculus:

(·)CBN : ΛG → !ΛG

x 7→ der(x)

λx.t 7→ λx.(t)CBN

t u 7→ (t)CBN !(u)CBN

get(l, λx.t) 7→ get(l, λx.(t)CBN)

set((l, u), t) 7→ set((l, !(u)CBN), (t)CBN)

(·)CBV : ΛG → !ΛG

x 7→ x

λx.t 7→ !λx.(t)CBV

t u 7→ der((t)CBV) (u)CBV

get(l, λx.t) 7→ get(l, λx.(t)CBV)

set((l, v), t) 7→ set((l, (v)CBV), (t)CBV).

The above definition is the natural extensions of Definition 3.12 to operations, i.e. all terms

(with the exception of operations) are translated in much the same way. However, notice that

terms occurring at the parameter position of operations must belong to the set of values !

ΛG of

the λ!G-calculus. Accordingly, the image of the translation must be a subset of !

ΛG . The image of

(·)CBV is indeed a subset of !

ΛG (see Lemma 7.31), but the image of (·)CBN is not. However, this can

be solved by decorating the term in the image of (·)CBN with a bang.

Lemma 7.31 (Preservation of Values). Let v ∈ ΛG
, then (v)CBV ∈ !

ΛG
.

The above definition only tells us how to translate terms (and parameters), but we want to be

able to translate configurations.

Definition 7.32 (Translations of Configurations). Consider the following inductively defined trans-

lation of states of the λG-calculus to states of the λ!G-calculus:

(·)CBN : S → S

{l 7→ tl}l∈L 7→ {l 7→ !(tl)
CBN}l∈L

(·)CBV : S → S

{l 7→ vl}l∈L 7→ {l 7→ (vl)
CBV}l∈L.

The translation of configurations of the λG-calculus to configurations of the λ!G-calculus are

then defined as follows:

(·)CBN : ΛG × S → !ΛG × S

(t, s) 7→ ((t)CBN, (s)CBN)

(·)CBV : ΛG × S → !ΛG × S

(t, s) 7→ ((t)CBV, (s)CBV).
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Example 7.33 (Translations of Configurations). In Example 7.23, we have the following translations of

the configurations in Example 7.14 and Example 7.16:

((set((l, (λx.x) λy.y), get(l, λz.z z)), s))CBN

=

(set((l, !((λx.der(x)) !λy.der(y))), get(l, λz.z !der(z))), (s)CBN)

((set((l, λx.x), get(l, λy.y ((λz.z) y))), s))CBV

=

(set((l, !λx.x), get(l, λy.der(y) (der(!(λz.z)) y))), (s)CBV).

7.2.3 Correctness of Full Simulations

In this section we show that the CBN (resp. CBV) translation presented in the previous section

preserves CBN- (resp. CBV)-normal forms, as well as the number of β- (resp. βv-), get-, and

set-steps, respectively.

Just like we did in Section 3.2, we are going to introduce administrative contexts to allow

β!-steps to be fired under any Contexts.

Definition 7.34 (Administrative Contexts). Let t ∈ ΛG . The set of administrative contexts of the

λ!G-calculus are generated by the following grammar:

A ::= λx.□ | !□ | A t | t A | λx.A | !A | der(A)

| get(l, λx.A) | set((l, A), t) | set((l, v), A).

Definition 7.35 (Administrative Reduction Relation). The administrative reduction relation is denoted

by⇒ADMIN and defined as the closure of β!-steps by administrative contexts.

Notice that administrative steps never occur at top level.

Example 7.36 (Administrative Reduction Relation). Consider the following configuration:

(set((l, !der(!λx.x)), der(!λx.x)), s) ∈ ΛG × SG .

Then, by the administrative reduction relation, the β!-redex occurring at the parameter position of the set

operation can be fired:

(set((l, !der(!λx.x)), der(!λx.x)), s)⇒ADMIN (set((l, !λx.x), der(!λx.x)), s).

However, the only other β!-redex occurring in the above configuration cannot be fired by an administrative

step due to not occurring under a bang.
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Notice that Definition 7.35 is the obvious extension of Chapter 3 to the get and set operations,

and thus also preserves the well-formedness of terms. Moreover, notice also that the administrative

reduction relation never changes the state. Nevertheless, it is important to stress how important

it is to allow administrative steps to occur at the parameter position of operations. Consider the

following configuration and its CBN translation:

(set((l, r{x \ u}), t), s)

(set((l, r{x \ u}), t), s)CBN = (set((l, !(r{x \ u})CBN), (t)CBN), (s)CBN).

Notice that the translation of r{x \ u} is !(r{x \ u})CBN. Now, consider what happens when we

apply a set-step to both:

(set((l, r{x \ u}), t), s) Z⇒set (t, s{l := r{x \ u}})

(set((l, !(r{x \ u})CBN), (t)CBN), (s)CBN) Z⇒set ((t)CBN, (s)CBN{l := !(r{x \ u})CBN}).

Notice that r{x \ u} and !(r{x \ u})CBN are placed at location l of s and (s)CBN, respectively. Now,

consider the following configuration instead:

(set((l, !(r)CBN){x \ !(u)CBN}, (t)CBN), (s)CBN).

Notice that, as long as (r)CBN{x \ (u)CBN} = (r{x \ u})CBN, then it is the same as the one above. But,

as we shall see, this property is not the case in CBN. Indeed, it is only the case that ((r)CBN{x \

(u)CBN}, q)⇒⇒ADMIN ((r{x \ u})CBN, q), for any state q ∈ S. Moreover, if we consider what happens

when we apply a set-step to it:

(set((l, !(r)CBN{x \ !(u)CBN}), (t)CBN), (s)CBN) Z⇒set ((t)CBN, (s)CBN{l := !(r)CBN{x \ !(u)CBN}}).

Notice that (r)CBN{x \ (u)CBN} is placed at location l of (s)CBN. Therefore, we know that s{l := (r{x \

u})CBN} ̸= s{l := (r)CBN{x \ !(u)CBN}}, and thus ((t)CBN, s{l := (r{x \ u})CBN}) ̸= ((t)CBN, s{l :=

(r)CBN{x \ !(u)CBN}}). However, if we allow administrative steps to occur at the parameter position

of operations, then we can evaluate (r{x \ u})CBN to (r)CBN{x \ (u)CBN} before applying any set-

steps, obtaining:

(set((l, !(r)CBN{x \ !(u)CBN}), (t)CBN), (s)CBN)⇒ADMIN (set((l, !(r{x \ u})CBN), (t)CBN), (s)CBN).

The following lemmas tell us that administrative reduction steps allow us to show that the CBN

translation preserves normal forms, up-to the presence of β!-redexes. Crucially, this then means

that the number of β-steps needed to CBN-normalize a term is preserved by the CBN translation.

Lemma 7.37 (Stability of Administrative Steps). Let (t, s) ∈ ΛG◦ × S◦ and (t, s) ⇒ADMIN (u, s). Then,

u has the same top level constructor (application, abstraction, dereliction, bang-term, or operation) than t.
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Lemma 7.38 (Non-Interference of Single Administrative Steps). Let S ∈ {βv, get, set}, and (t, s) ∈

ΛG◦ × S◦. If ((t, s))CBN ̸⇒CBPV(S) and ((t, s))CBN ⇒ADMIN (u, (s)CBN), then (u, (s)CBN) ̸⇒CBPV(S).

Corollary 7.39 (Non-Interference of Administrative Steps). Let S ∈ {βv, get, set}, and (t, s) ∈

ΛG◦ × S◦. If ((t, s))CBN ̸⇒CBPV(S) and ((t, s))CBN⇒⇒ADMIN (u, (s)CBN), then (u, (s)CBN) ̸⇒CBPV(S).

Lemma 7.40 (Preservation under Substitution). Let s ∈ S, t ∈ ΛG , u ∈ ΛG◦ , and v ∈ ΛG
◦ :

1. ((t)CBN{x \ !(u)CBN}, s)⇒=
β!
⇒⇒ADMIN ((t{x \ u})CBN, s).

2. ((t)CBV{x \ (v)CBV}, s) = ((t{x \ v})CBV, s).

Now, we show that one-step simulations are correct. In particular, we show that reduction

steps are preserved by the CBN and CBV translations, but only up-to some additional β!-steps,

possibly occurring at administrative contexts in the case of the CBN translation.

Lemma 7.41 (Correctness of One-Step Simulations). Let s ∈ S◦ and t ∈ ΛG◦ .

1. Let S ∈ {β, get, set}. If (t, s) ⇒CBN(S) (u, q), then ((t, s))CBN
1·S′+m·β!⇒⇒CBPV∪ADMIN ((u, q))CBN, for some

m ≥ 0, such that S′ = βv if S = β, and S′ = S, otherwise.

2. Let S ∈ {βv, get, set}. If (t, s)⇒CBV(S) (u, q), then ((t, s))CBV
1·S+m·β!⇒⇒CBPV ((u, q))CBV, for some m ≥ 0.

Before presenting the main correctness result, we recall that a simulation is full when every

reduction step in the source calculus is faithfully reproduced in the target, possibly with additional

administrative steps that do not affect quantitative measures.

Theorem 7.42 (Correctness of Full Simulations). Let s ∈ S◦, and t ∈ ΛG◦ .

1. If (t, s)
n·β+g·get+s·set⇒⇒CBN (u, q), then ((t, s))CBN

n·βv+m·β!+g·get+s·set⇒⇒CBPV∪ADMIN ((u, q))CBN, for some m ≥ 0.

2. If (t, s)
n·βv+g·get+s·set⇒⇒CBV (u, q), then ((t, s))CBV

n·βv+m·β!+g·get+s·set⇒⇒CBPV ((u, q))CBV, for some m ≥ 0.

This establishes that the λ!G-calculus accurately reproduces the behavior of both the CBN and

CBV λG-calculi, forming the foundation for a unified quantitative analysis.

Example 7.43 (Full Simulations). Recall the CBN reduction sequence for the configuration in Exam-

ple 7.14:

(set((l, (λx.x) λy.y), get(l, λz.z z)), s)
3·β+1·get+1·set⇒⇒CBN (λy.y, s{l := (λx.x) λy.y});

and the CBV reduction sequence for the configuration in Example 7.16:

(set((l, λx.x), get(l, λy.y ((λz.z) y))), s)
2·βv+1·get+1·set⇒⇒CBV (λx.x, s{l := λx.x}).
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In Example 7.23, we can see how Theorem 7.42 holds for the translation of the above configurations.

The following is the CBPV reduction sequence corresponding to the CBN translation of the first config-

uration:

(set((l, !((λx.der(x)) !λy.der(y))), get(l, λz.der(z) !der(z))), q)

3·βv+5·β!+1·get+1·set⇒⇒CBPV
(λy.der(y), q{l := !(λx.der(x)) !λy.der(y)})

The following is the CBPV reduction sequence corresponding to the CBV translation of the second

configuration:

(set((l, !λx.x), get(l, λy.der(y) ((λz.z) y))), q)
2·βv+2·β!+1·get+1·set⇒⇒CBPV (!λx.x, q{l := !λx.x})

In this subsection we have shown how the operational semantics fo the λ!G-calculus subsumes

the operational semantics of the CBN and CBV λG-calculi. In the next subsection, we will present a

non-idempotent intersection type system for the λ!G-calculus and show that it subsumes the type

systems for the CBN and CBV λG-calculi.

7.3 State-Passing Non-Idempotent Intersection Types

Recall the sets of types for CBN and CBV, as defined in Definition 4.1. The set of types denoted

by A is composed of types of different shapes, each reflecting the behavior of the term to which it

is assigned. In the CBN, CBV, and CBPV calculi, terms either behave like functions or arguments,

and that is roughly it. However, by extending these calculi with operations, we have extended

their behaviors with effects. In general, the behavior of an operation depends on the type of effect

that is determined by its algebraic theory. As we have seen in Section 5.1, notions of computation

(effects) described by algebraic theories determine monads, and those monads reflect the behavior

of the operations. This means that it is possible to reflect the behavior of the operations added to

the syntax of the CBN and CBV calculi in Chapter 2, by lifting the set of types in Definition 4.1

according to the appropriate monad (see Section 5.1). But the difference between the two calling

mechanisms must also be taken into account [31]:

“. . . the semantics of functional types should reflect the choice of calling mechanism:

• in call-by-value a procedure of type A→ B expects a value of type A and computes

a result of type B, so the interpretation of A→ B is A→ TB;

• in call-by-name a procedure of type A → B expects a computation of type A,

which is evaluated only when needed, and computes a result of type B, so the

interpretation of A→ B is TA→ TB.”
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This observation has a direct impact on how function types must be lifted in the presence of

effects: depending on the calling strategy, the set of types is lifted according to Moggi’s following

monadic translations.

Let T be the functor of some monad T as defined in Section 5.1, and A→ B be an arrow type,

for some types A and B. Then

(A→ B)MCBN := T(A)MCBN → T(B)MCBN (A→ B)MCBV := (A)MCBV → T(B)MCBV .

If we take T to be the monad for global state G and the set of states S to be the carrier |W|

defined in Example 5.10, the monadic type TA becomes:

GA = |W| → (A× |W|).

This matches exactly the interpretation of ΣT -trees in Definition 5.31 and is justified via the

equivalence between comodels and stateful runners [38].

Notice that |W| denotes the set of elements of the carrier of comodel W. This means that

|W| → (A× |W|) denotes a λ-term that expects an element of type |W| as the input state, and returns

an element of type |W| as the output state, once it finishes computing the result of the computation

(of type A). In our comodel-based operational semantics, every computation requires an initial

state, so the type of the output state is completely determined by the type of the initial state. Thus,

instead of assigning to λ-terms monadic types of the form GA, we are going to assign to them

monadic types of the form:

w→ (A× w′),

where w, w′ ∈ |W|. Clearly, this is not an element of the global state monad over the set of types,

so we will instead consider a notion of the global state monad parameterised by |W|. To do so, we

briefly introduce Atkey’s parameterised notions of computation [104].

Definition 7.44 (Parameterised Monads [104]). Given a category C with finite products and a

category S, an S-parameterised monad (T, η, µ) on C consists of the following∗:

• A functor T : Sop × S×C→ C;

∗We omit the mention of strength since we are working in Set, where it comes for free.
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• A unit ηSA : A → T(S ,S ,A), natural in A and dinatural in S . The dinaturality requirement

amounts to the commutativity of the diagram

A

T(S ,S ,A)

T(S ′,S ′,A)

T(S ,S ′,A)

ηS ,A

ηS ′,A

T(S , f ,A)

T( f ,S ′,A)

for every arrow f : S → S ′ in S;

• A multiplication µS1,S2,S3
A : T(S1,S2, T(S2,S3,A)) → T(S1,S3,A), natural in S1,S3 and A,

and dinatural in S2. The dinaturality requirement amounts to the commutativity of the

diagram

T(S1,S2, T(S ′2,S3,A))

T(S1,S ′2, T(S ′2,S3,A))

T(S1,S2, T(S2,S3,A))

T(S1,S3,A)

T(S1 f , T(S ′2,S3,A))

T(S1,S2, T( f ,S3,A))

µS1,S ′2,S3,A

µS1,S2,S3,A

for all f : S2 → S ′2.

We thus take G = (G, η, µ) to be the |W|-parameterized monad whose functor G is as follows

G(w, w′, X) := w→ (X× w′);

and unit ηwX : X → G(w, w, X), multiplication µw,w
′,w′′

X : G(w, w′, G(w′, w′′, X)) → G(w, w′′, X), and

Kleisli extension ·†w,w′,w′′ : X → G(w′, w′′, X) → G(w, w′, X) → G(w, w′′, X) are defined just as for the

global state monad.

This allows us to keep a precise track of how the initial state (of type w ∈ |W|) reaches the final

state (of type w′ ∈ |W|), but only if we choose the right notion of state. The obvious choice would be

to pick the same notion of state as the one for the operational semantics, i.e. if for the operational

semantics S = VL, then for the type system we should pick S = ML, where M is the set of types

of values. However, there is a crucial mismatch due to the behavior of the get operations over

the same location discussed in Remark 7.2! Indeed, while sequences of get operations over the

same location always return the same value, each of these occurrences can be used differently, and

thus have a different type. Therefore, we must consider the set of states to be a mapping from
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locations to lists of types, each corresponding to a different use of the same value by a different get

operation, i.e. S = (M∗)L. This representation makes explicit how each use of the state contributes

separately to the quantitative behavior of a program, allowing distinct state accesses to be counted

independently.

We are now ready to introduce the non-idempotent type systems for the CBN and CBV λG-

calculi.

7.3.1 Call-By-Name

We now adapt the language of types for the CBN λ-calculus (see Definition 4.1) to account for the

extended syntax and operational semantics.

Definition 7.45 (CBN Types). The set of types TyGCBN for the CBN λG-calculus is generated by the

following extension of the grammar in Definition 4.1 for the CBN λ-calculus:

List Types: L, L′ ::= [ ] | M · L′

State Types: S, Q ::= {l 7→ Ll}l∈L

Monadic Types: A ::= S⇒ P

Product Types: P ::= A × S

Multi-Monadic Types: M , N ::= {{Ai }}i∈I

Types: A ::= ⋆ | M → A

We use to highlight the parts of the grammar that are similar to those in Definition 4.1, and note

that A expands to S⇒ (A ×Q), and P to A ×Q, for some type A and some S, Q ∈ S. Moreover,

given a multi-monadic type M and a list type L′, we write L := M · L′ for the list type resulting

from adding M to the head of the list L. Moreover, we define head(L) := M and tail(L) := L′.

Notice that the carrier |W| is the set S of state types.

Definition 7.46 (Operations On State Types). Let S := {l 7→ Ll}l∈L be a state type, and l′ ∈ L.

Then

• we write S (l′) for the list type at location l′ of S, i.e. S (l′) := Ll′ ;

• and S{l′ := L} for the state obtained by replacing the list type at location l′ of S with L, i.e.

such that for all l0 ∈ L, S{l′ := L} (l0) := S (l0), if l0 ̸= l′, and S{l′ := L} (l0) := L, otherwise.

Monadic types are obtained by decorating types with information about the input and output

states, i.e. in a monadic type S⇒ (A×Q), S is the type of the input state, and Q is the type of the

output state. Also, notice that, instead of the usual arrow→ (used for functions), we opted to use

a different arrow⇒ for monadic types. This is merely an aesthetical choice. Indeed, S⇒ (A×Q)
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is used to denote the fact that λG-terms behave as a function that takes a starting state and returns

a value together with a final state, i.e. a configuration of product type A× Q. Finally, since every

λG-term now behaves as a state carrying function, abstractions must be typed with an arrow type

that expects a multi-set of monadic types, i.e. a multi-monadic type. List types are used to type

the term at each location as many times as necessary, once for each time it is consumed by a get

operations. Then, since CBN states are mappings from locations to λG-terms, CBN state types are

mappings from locations to list types.

Definition 7.47 (CBN Typing Environments). CBN typing environments are denoted by Γ, ∆ and

defined as functions from variables to multi-monadic types that assign the empty multi-monadic type

{{ }} to all but a finite set of variables.

The domain of a typing environment, the union of typing environments, and any other properties of

typing environments, are defined as in Definition 4.2 for the λG-calculus.

Definition 7.48 (CBN Typing Judgments). There are two kinds of typing judgments:

• CBN typing judgments for terms are denoted by Γ ⊢ t : A (resp. M) and, whenever Γ is empty,

we may write ⊢ t : A (resp. M) instead of ∅ ⊢ t : A (resp. M).

• CBN typing judgments for configurations are denoted by Γ ⊢ (t, s) : P and, whenever Γ is empty,

we may write ⊢ (t, s) : P instead of ∅ ⊢ (t, s) : P.

CBN typing rules are presented just as in Definition 4.4 for the λ-calculus, along with any

additional notation and definitions.

Definition 7.49 (CBN Type System). The CBN Type SystemNG assigns CBN (multi-monadic) types

to λG-terms, and consists of the following translations of the typing rules in Definition 4.7 for the

CBN λ-calculus:

Ax
x : {{A}} ⊢ x : A

Γ ⊢ t : A
Abs

Γ\\ x ⊢ λx.t : S⇒ ((Γ(x) → A)× S)

Ans
∅ ⊢ λx.t : S⇒ (⋆ × S)

Γ ⊢ t : S⇒ ((M → (Q⇒ P))×Q) ∆ ⊢ u : M
App

Γ + ∆ ⊢ t u : S⇒ P

(Γi ⊢ t : Ai )i∈I
Many

+i∈IΓi ⊢ t : {{Ai }}i∈I
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Along with the following six additional rules (recall Definition 7.4):

Γ; x : head(S (l)) ⊢ t : S{l := tail(S (l))} ⇒ P
Get

Γ ⊢ get(l, λx.t) : S⇒ P

Γ ⊢ u : L ∆ ⊢ t : S{l := L} ⇒ P
Set

Γ + ∆ ⊢ set((l, u), t) : S⇒ P

Γ ⊢ t : M ∆ ⊢ t : L
List

Γ + ∆ ⊢ t : M · L
EList

∅ ⊢ t : [ ]

(Γl ⊢ tl : Ll)l∈L
State

+l∈LΓl ⊢ {l 7→ tl}l∈L : {l 7→ Ll}l∈L

Γ ⊢ t : S⇒ P ∆ ⊢ s : S
Conf

Γ ⊢ (t, s) : P

We use to highlight the parts of the first set of rules that are similar to those in Definition 4.7,

and note that A expands to Q⇒ (A × R), and P to A × R, for some type A and some Q, R ∈ S.

Typing Rules. Rules Ax and Many are simple adaptations of the corresponding rules in Defini-

tion 4.7. The same could be said of rules Abs and Ans, but they are obtained by (implicitly) applying

the ηS
A transformation to abstractions. Rule App is the one that looks more complicated. We start

by noticing that, if the monadic decorations are omitted, then we are left with a rule looking like

the corresponding one in Definition 4.7. This suggests that, to explain the rule, it is enough to

explain the decorations. The right premise of the rule has no top-level decorations because in CBN

arguments are never evaluated. The left premise of the rule has a top level decoration that denotes

the fact that t is evaluated to an abstraction of type M→ (Q⇒ P), where P = A× R, and that the

(current) state (of type S) is updated to a state of type Q. Then, since the argument is consumed

without being evaluated, the state is not changed and thus the decoration on the type of the body of

the abstraction denotes the fact that the body is evaluated to a term of type A and that the (current)

state (of type Q) is updated to a state of type R. The decoration on the type of the conclusion of the

rule summarizes this behavior and is obtained by (implicitly) applying the µS,Q,R
A transformation

to the application. The five additional rules Get, Set, List, State, and Conf are used to type

operations, states, and configurations. We start by explaining rules List, State, and Conf, as they

are the simpler ones. Rule List simply allows us to type a term multiple times (similarly to rule

Many) and to collect this information into a list, and rule State allows us to type states (mappings

of locations to arguments) with state types (mappings of locations to lists of multi-monadic types,

i.e. the type of arguments in CBN). Rule Conf allows us to type a term-state pair by typing the

term with a type, and the state with the state type corresponding to the type of the initial state.

Finally, we explain rules Get and Set. The meaning of get(l, λx.t) is given by the cointerpretation

of operation get: the occurrences of x in t are replaced with the term at location l of the state. Let

us call this term u. Notice that u is not consumed by the operation. It is simply copied, and thus

remains accessible to any further get operations. Accordingly, this means that u must be typed

multiple times in two distinct ways: (i) once per each time it is obtained by a get operation; and
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(ii) once per each time it is duplicated after it is obtained. The first number is reflected by the fact

that u must be assigned a list type, and the second number is reflected by the fact that list types are

lists of multi-monadic types. In sum, the length of the list type assigned to u reflects the number of

times it is copied by different get operations, and the size of each multi-monadic type reflects the

number of times u is copied after being copied by each get operation. This behavior is reflected

in rule Get as follows. Since the term at location l (say u) is copied by the get operation, x must

have the type corresponding to the type at the top of the list of types at location l in S (the type of

the initial state). Then, t can contain other occurrences of get operations, but these no longer have

access to the multi-monad type at the top of the list of types at location l, otherwise one would not

be able to count how many times u is used by different get operations. Instead, any further get

operations must use further multi-monadic types in the list of types assigned to u, and thus S is

updated accordingly. The meaning of set((l, u), t) is given by the cointerpretation operation set,

but is quite simpler. Operation set simply replaces the term at location l of the state with u, and

thus the list type at location l in S is accordingly replaced by the list type assigned to u.

Remark 7.50 (On rules Abs and Ans. . . ). In the CBN system, rules Abs and Ans are parametric in

the input and output state types. Consequently, any type derivation for an abstraction ending in

Abs or Ansmay be instantiated with arbitrary (but equal) input and output state types.

Remark 7.51 (Minimal Typings for Global State). To consider only minimal typings it is necessary

to understand what are the minimal (or tight) state types, i.e. what is the minimal information

that can be extracted from a state. Notice that each location is mapped to a value, each value can

be typed multiple times, but whenever a value cannot be copied by any further get operations, it

should be assigned a list type of zero length. Moreover, recall rule Set from Definition 7.49:

Γ ⊢ u : L ∆ ⊢ t : S{l := L} ⇒ P
Set

Γ + ∆ ⊢ set((l, u), t) : S⇒ P

Notice that condition S (l) = [ ] is necessary in order to guarantee that get-steps can only reduce

the size of the type derivation by a single Get rule. Indeed, if the condition is omitted, then S (l)

might be typed by an arbitrarily big type derivation, and thus the size of the derivation might

decrease by an arbitrary amount once S (l) is replaced by some other list type. In sum, requiring

that S (l) = [ ] in rule Set is necessary in order to obtain tight measures, but not otherwise. As an

example, consider the following configuration:

c = (set((l, t), u), {l 7→ r}).
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Let us assume that c is typable by the following type derivation Φ:

Φ1 ▷NG ∅ ⊢ t : L Φ2 ▷NG ∅ ⊢ u : {l 7→ L} ⇒ P
Set

∅ ⊢ set((l, t), u) : {l 7→ L′} ⇒ P

Φ3 ▷NG ∅ ⊢ r : L′
State

∅ ⊢ {l 7→ r} : {l 7→ L′}
Conf

∅ ⊢ (set((l, t), u), {l 7→ r}) : P

Notice that the size of Φ not only depends on the size of the type derivation for set((l, t), u), but

also on that for the state. Indeed,

#Abs,Get,Set(Φ) = #Abs,Get,Set(Φ1) + #Abs,Get,Set(Φ2) + 1 · Set+ #Abs,Get,Set(Φ3).

Now, consider what happens after a single set-steps is applied to s:

c = (set((l, t), u), {l 7→ r})⇒set (u, {l 7→ t}) = c′

In particular, notice that r is completely overwritten by t after the set-step is performed. Now,

consider the following possible type derivation Φ′ for c′ (built from Φ according to Lemma 7.62):

Φ2 ▷NG ∅ ⊢ u : {l 7→ L} ⇒ P

Φ1 ▷NG ∅ ⊢ t : L
State

∅ ⊢ {l 7→ t} : {l 7→ L}
Conf

∅ ⊢ (u, {l 7→ t}) : P

As expected, since r does not appear in c′, Φ3 does not appear in Φ′. Moreover, this means that

the size of Φ′ now only depends on the size of the derivation for u and t. That is,

#Abs,Get,Set(Φ′) = #Abs,Get,Set(Φ2) + #Abs,Get,Set(Φ1).

Therefore,

#Abs,Get,Set(Φ′) = #Abs,Get,Set(Φ)− 1 · Set− #Abs,Get,Set(Φ3),

and thus the size of Φ is only guaranteed to decrease by a single occurrence of rule Set after the

set-step whenever Φ3 has size zero, which is precisely what happens whenever L′ is required to

be the empty list type [ ].

In sum, this means that minimal typings for global state require a genuinely global restriction

on type derivations: each occurrence of rule Setmust require S (l) = [ ]. Note, however, that this

is only necessary because rule Set overwrites the state type. For instance, in [44], rule Set does not

overwrite the state type (see e.g. Figure 13 of [44]), and thus local restrictions on the shape of the

conclusion of the final rule of type derivations were sufficient.

Definition 7.52 (Tight Typings for CBN). Let t ∈ ΛG◦ and s ∈ S◦. A type derivation Φ is tight if and

only if it is of the form Φ ▷N ∅ ⊢ (t, s) : ⋆× {l 7→ [ ]}l∈L, and each occurrence of rule Set requires

S (l) = [ ]. Moreover, t must be assigned ⋆, just as in Definition 4.29.
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Example 7.53 (Tight Typings for CBN). Recall type derivation Φ in Remark 7.51 for configuration

(set((l, t), u), {l 7→ r}):

Φ1 ▷NG ∅ ⊢ t : L Φ2 ▷NG ∅ ⊢ u : {l 7→ L} ⇒ P
Set

∅ ⊢ set((l, t), u) : {l 7→ L′} ⇒ P

Φ3 ▷NG ∅ ⊢ r : L′
State

∅ ⊢ {l 7→ r} : {l 7→ L′}
Conf

∅ ⊢ (set((l, t), u), {l 7→ r}) : P

If we assume that Φ is a tight type derivation, then L′ must be the empty list type [ ], and P must be of the

form ⋆× {l 7→ [ ]}. That is, if Φ is tight, then it must be of the following form:

Φ1 ▷NG ∅ ⊢ t : L Φ2 ▷NG ∅ ⊢ u : {l 7→ L} ⇒ ⋆× {l 7→ [ ]}
Set

∅ ⊢ set((l, t), u) : {l 7→ [ ]} ⇒ ⋆× {l 7→ [ ]}

Φ3 ▷NG ∅ ⊢ r : [ ]
State

∅ ⊢ {l 7→ r} : {l 7→ [ ]}
Conf

∅ ⊢ (set((l, t), u), {l 7→ r}) : ⋆× {l 7→ [ ]}

We now move towards exact quantitative soundness and completeness by stating that multiset-

typings can be split and merged, as expected.

Lemma 7.54 (CBN Multiset-Typings Split and Merge). Let t ∈ ΛG . Then, there is Φ ▷NG Γ ⊢ t :

M, such that M = ⊔i∈IMi if and only if there are Φi ▷NG Γi ⊢ t : Mi, such that Γ = +i∈IΓi, and

#App,Get,Set(Φ) = +i∈I#App,Get,Set(Φi).

And that typing contexts are necessarily empty whenever terms are closed.

Lemma 7.55 (Contexts and Free Variables for CBN). If Φ ▷NG Γ ⊢ t : A (resp. M), then dom(Γ) ⊆

fv(t).

The fact that having a tight type derivation with zero weight is a characteristic of normal forms

(recall Definition 7.17) is formalized as follows.

Lemma 7.56 (Zero Weight Tight Type Derivations Characterize CBN-Normal Forms). Let t ∈ ΛG◦

and s ∈ S◦. If Φ ▷NG ∅ ⊢ (t, s) : P is tight, then #App,Get,Set(Φ) = 0 · App+ 0 · Get+ 0 · Set if and only

if t ∈ NOCBN.

The following lemma ensures that all normal forms are tightly typable.

Lemma 7.57 (Tight Typability of CBN-Normal Forms). Let s ∈ S◦. If t ∈ NOCBN, then there is a derivation

Φ ▷NG ∅ ⊢ (t, s) : P that is tight.

Example 7.58 (Tight Type Derivation). Let A0 = {l 7→ [ ]} ⇒ (({{A1}} → A1) × {l 7→ [ ]}),

A1 = {l 7→ [ ]} ⇒ (({{A2}} → A2)× {l 7→ [ ]}), and A2 = {l 7→ [ ]} ⇒ (⋆× {l 7→ [ ]}). Then, we

can type the configuration from Example 7.14 with the following tight type derivation Φ. Since Φ is quite

big, we are going to split it into the following pieces.
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Let Φs be the following type derivation for the state:

EList
∅ ⊢ s (l) : [ ]

State
∅ ⊢ s : {l 7→ [ ]}

The parameter of the set operation is going to be typed twice. Let the following type derivation Φp1 be

one of those type derivations:

Ax
x : {{A1}} ⊢ x : A1

Abs
∅ ⊢ λx.x : A0

Ax
y : {{A2}} ⊢ y : A2

Abs
∅ ⊢ λy.y : A1

Many
∅ ⊢ λy.y : {{A1}}

App
∅ ⊢ (λx.x) λy.y : A1

And the following type derivation Φp2 be the other one:

Ax
x : {{A2}} ⊢ x : A2

Abs
∅ ⊢ λx.x : A1

Ans
∅ ⊢ λy.y : A2

Many
∅ ⊢ λy.y : {{A2}}

App
∅ ⊢ (λx.x) λy.y : A2

Finally, let Φc be the type derivation for the continuation of the set operation:

Ax
z : {{A1}} ⊢ z : A1

Ax
z : {{A2}} ⊢ z : A2

Many
z : {{A2}} ⊢ z : {{A2}}

App
z : {{A1, A2}} ⊢ z z : A2

Get
∅ ⊢ get(l, λz.z z) : {l 7→ {{A1, A2}} · [ ]} ⇒ (⋆× {l 7→ [ ]})

Then, Φ is as follows:

Φp1 Φp2
Many

∅ ⊢ (λx.x) λy.y : {{A1, A2}}
EList

∅ ⊢ (λx.x) λy.y : [ ]
List

∅ ⊢ (λx.x) λy.y : {{A1, A2}} · [ ] Φc
Set

∅ ⊢ set((l, (λx.x) λy.y), get(l, λz.z z)) : {l 7→ [ ]} ⇒ (⋆× {l 7→ [ ]}) Φs
Conf

∅ ⊢ (set((l, (λx.x) λy.y), get(l, λz.z z)), s) : ⋆× {l 7→ [ ]}

Notice that #App,Get,Set(Φ) = 3 · App+ 1 · Get+ 1 · Set. This means that the number of occurrences

of rule App (resp. Get or Set) matches the number of β-steps (resp. get- or set-steps) needed to normalize

the above configuration. In the following, we show that this coincidence is a property of type system NG .

The following lemma tells us how to pop multiset types from the list type assigned to some

location.

Lemma 7.59. Let l ∈ L and s ∈ S. There is Φ ▷NG ∅ ⊢ s : S, such that S (l) ̸= [ ], if and only if there

are Ψ ▷NG ∅ ⊢ s (l) : head(S (l)) and Π ▷NG ∅ ⊢ s : S{l := tail(S (l))}. Moreover, #App,Get,Set(Φ) =

#App,Get,Set(Ψ) + #App,Get,Set(Π).

The following lemma tells us how to update the list type assigned to a location, as long as the

initial list type is empty.
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Lemma 7.60. Let l ∈ L and s ∈ S. There are Φ ▷NG ∅ ⊢ s : S, such that S (l) = [ ], and Ψ ▷NG ∅ ⊢ t : L

if and only if there is Π ▷NG ∅ ⊢ s{l := t} : S{l := L}. Moreover, #App,Get,Set(Φ) + #App,Get,Set(Ψ) =

#App,Get,Set(Π).

We now show that this refined typing discipline yields exact quantitative information about

stateful normalization. In particular, that typing derivations provide exact measures for the

number of β-, get-, and set-steps in normalization sequences.

7.3.1.1 Quantitative Soundness

We proceed by proving a weighted version of the usual substitution lemma.

Lemma 7.61 (Weighted Substitution for CBN). Let t, u ∈ ΛG . If we have Φ ▷NG Γ; x : M ⊢ t :

A (resp. N or L) and Ψ ▷NG ∅ ⊢ u : M, then Π ▷NG Γ ⊢ t{x \ u} : A (resp. N or L), such that

#App,Get,Set(Π) = #App,Get,Set(Φ) + #App,Get,Set(Ψ).

The exact version of the subject reduction property follows from the above lemma, but only

if S (l) = [ ] is added as a requirement for rule Set (recall Definition 7.52). This is to be assumed

from now on, but no other tightness criteria is to be assumed.

Lemma 7.62 (Exact Subject Reduction for CBN). Let t ∈ ΛG◦ , s ∈ S◦, and S ∈ {β, get, set}.

If (t, s) ⇒CBN(S) (u, q) and Φ ▷NG ∅ ⊢ (t, s) : P, then there is Ψ ▷NG ∅ ⊢ (u, q) : P, such that

#App,Get,Set(Φ) = #App,Get,Set(Ψ) + 1 · R, where

• R = App, if S = β;

• R = Get, if S = get;

• and R = Set, if S = set.

Finally, we can show that NG-typability is exactly quantitatively sound with respect to CBN-

normalization.

Theorem 7.63 (Exact Soundness for CBN). Let t ∈ ΛG◦ and s ∈ S◦. If there is Φ ▷NG ∅ ⊢ (t, s) : P

tight, such that #App,Get,Set(Φ) = n · App+ g · Get+ s · Set, then (t, s)
n·β+g·get+s·set⇒⇒CBN (u, q), such that

u ∈ NOCBN.

7.3.1.2 Quantitative Completeness

We proceed by proving a weighted version of the usual anti-substitution lemma.
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Lemma 7.64 (Weighted Anti-Substitution for CBN). Let t ∈ ΛG and u ∈ ΛG◦ . If Φ ▷NG Γ ⊢ t{x \ u} :

A (resp. N or L), then there exist Ψ ▷NG Γ; x : M ⊢ t : A (resp. N or L) and Π ▷NG ∅ ⊢ u : M, such that

#App,Get,Set(Φ) = #App,Get,Set(Ψ) + #App,Get,Set(Π).

The exact version of the subject expansion property follows from the above lemma, but only

if S (l) = [ ] is added as a requirement for rule Set (recall Definition 7.52). This is to be assumed

from now on, but no other tightness criteria.

Lemma 7.65 (Exact Subject Expansion for CBN). Let t ∈ ΛG◦ , s ∈ S◦, and S ∈ {β, get, set}.

If (t, s) ⇒CBN(S) (u, q) and Φ ▷NG ∅ ⊢ (u, q) : P, then there is Ψ ▷NG ∅ ⊢ (t, s) : P, such that

#App,Get,Set(Φ) + 1 · R = #App,Get,Set(Ψ), where

• R = App, if S = β;

• R = Get, if S = get;

• and R = Set, if S = set.

Finally, we can conclude that NG-typability is quantitatively complete with respect to CBN-

normalization.

Theorem 7.66 (Exact Completeness for CBN). Let t ∈ ΛG◦ and s ∈ S◦. If (t, s)
n·β+g·get+s·set⇒⇒CBN (u, q),

such that u ∈ NOCBN, then there is Φ ▷NG ∅ ⊢ (t, s) : P tight, such that #App,Get,Set(Φ) = n · App+ g ·

Get+ s · Set.

7.3.2 Call-By-Value

Definition 7.67 (CBV Types). The sets of types TyGCBV for the CBV λG-calculus is generated by the

following extension of the grammar in Definition 4.1 for the CBV λ-calculus:

List Types: L, L′ ::= [ ] | M · L′

State Types: S, Q ::= {l 7→ Ll}l∈L

Monadic Multi-Types: M ::= S⇒ P

Product Types: P ::= M ×Q

Multi-Types M , N ::= {{Ai }}i∈I

Types: A ::= M → M

We use to highlight the parts of the grammar that are similar to those in Definition 4.1, and note

that M expands to S⇒ (M ×Q), for some monadic multi-type M and some S, Q ∈ S. Moreover,

operations over list types are defined as for the CBN λG-calculus (see Definition 7.45). The carrier

|W| is the set S of state types.
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Monadic types are obtained by decorating multi-types with information about the input and

output states, i.e. in a monadic type S ⇒ (M× Q), S is the type of the input state, and Q is the

type of the output state. Finally, since every λG-term now behaves as a state carrying function,

abstractions must be typed with an arrow type that expects a multi-set of types, i.e. a monadic

multi-type. List types are used to type the term at each location as many times as necessary, once

for each time it is consumed by a get operations. Then, since CBV states are mappings from

locations to value λG-terms, CBV state types are mappings from locations to list types.

Definition 7.68 (CBV Typing Environments). CBV typing environments are denoted by Γ, ∆ and

defined as functions from variables to multi-monadic types, that assign the empty multi-type {{ }} to all

but a finite set of variables.

The domain of a typing environment, the union of typing environments, and any other properties of

typing environments, are defined as in Definition 4.2 for the λG-calculus.

Definition 7.69 (CBV Typing Judgments). There are two kinds of typing judgments:

• CBV typing judgments for terms are denoted by Γ ⊢ t : M (resp. M) and, whenever Γ is empty,

we write ⊢ t : M (resp. M) instead of ∅ ⊢ t : M (resp. M).

• CBV typing judgments for configurations are denoted by Γ ⊢ (t, s) : P and, whenever Γ is empty,

we write ⊢ (t, s) : P instead of ∅ ⊢ (t, s) : P.

CBV typing rules are presented just as in Definition 4.4 for the λ-calculus, along with any

additional notation and definitions.

Definition 7.70 (CBV Type System). The CBV Type System VG assigns CBV (multi-monadic) types

to λG-terms, and consists of the following translations of the typing rules in Definition 4.8 for the

CBV λ-calculus:

Ax
x : M ⊢ x : M

(Γi ⊢ t : Mi )i∈I
Abs

+i∈IΓi\\ x ⊢ λx.t : {{Γi(x) → Mi }}i∈I

Γ ⊢ t : S⇒ ({{M → (R⇒ P)}} ×Q) ∆ ⊢ u : Q⇒ (M × R)
App

Γ + ∆ ⊢ t u : S⇒ P
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Along with the following seven additional rules:

Γ ⊢ v : M
Lift

Γ ⊢ v : S⇒ (M× S)

Γ; x : head(S (l)) ⊢ t : S{l := tail(S (l))} ⇒ P
Get

Γ ⊢ get(l, λx.t) : S⇒ P

Γ ⊢ v : L ∆ ⊢ t : S{l := L} ⇒ P
Set

Γ + ∆ ⊢ set((l, v), t) : S⇒ P

Γ ⊢ v : M ∆ ⊢ v : L
List

Γ + ∆ ⊢ v : M · L
EList

∅ ⊢ v : [ ]

(Γl ⊢ vl : Ll)l∈L
State

+l∈LΓl ⊢ {l 7→ vl}l∈L : {l 7→ Ll}l∈L

Γ ⊢ t : S⇒ P ∆ ⊢ s : S
Conf

Γ ⊢ (t, s) : P

We use to highlight the parts of the first set of rules that are similar to those in Definition 4.7,

and note that M expands to Q ⇒ (M × R), and P to N × T, for some monadic multi-type M,

type A and some Q, R, T ∈ S.

Typing Rules. Rules Ax and Abs are simple adaptations of the corresponding rules in Defini-

tion 4.8, but the types of their conclusions can then be lifted to monadic types using rule Lift,

which corresponds to (implicitly) applying the ηS
M transformation to variables and abstractions.

Again, rule App is the one that looks more complicated. Like we did in CBN, we start by noticing

that, if the monadic decorations are omitted, then we are left with a rule looking like the corre-

sponding one in Definition 4.8. Thus, we explain the rule by explaining the decorations. The main

difference between rule App in CBV and that same rule in CBN is that, in CBV, its right premise

also has top level decorations. This is due to arguments not being evaluated in CBN, but being

required to be evaluated (to values) before being substituted. The left premise of the rule is very

similar to that of CBN. It has a top level decoration that denotes the fact that t is evaluated to an

abstraction of type M→ (R⇒ (N × T)) (omitting the irrelevant multiset notation for singletons)

and that the (current) state (of type S) is updated to a state of type Q. Then, since now arguments

are evaluated before being consumed, u is evaluated to a value of type M and the (current) state (of

type Q) is updated to a state of type R. The decoration on the type of the body of the abstraction

denotes the fact that the body is evaluated to a value of type N and that the (current) state (of type

R) is updated to a state of type T. At first glance, this intricate composition of states might seem

ad-hoc. It is not. Composing M → (R ⇒ (N × T)) with Q ⇒ (M× R) is possible by (implicitly)

applying the Kleisli extension transformation ·†Q,R,T to abstractions. The decoration on the type

of the conclusion of the rule is obtained by (implicitly) applying the µS,Q,T
M transformation to the

application. The six (excluding Lift) new additional rules Get, Set, List, EList, State, and Conf

are very similar to the ones in CBN (see Definition 7.49).
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Remark 7.71 (On rule Lift. . . ). In the CBV system, rule Liftis parametric in the input and output

state types. Consequently, any type derivation for a value ending in Liftmay be instantiated with

arbitrary (but equal) input and output state types. This is key in Lemmas 7.82 and 7.85.

Just like in CBN (see Remark 7.51), to consider only minimal typings, it is necessary to add

condition S (l) = [ ] to the premises of rule Set. Moreover, in contrast with CBN, tightness in CBV

reflects the fact that effects may only arise during the evaluation of computations, not values.

Definition 7.72 (Tight Typings for CBV). Let t ∈ ΛG◦ and s ∈ S◦. A type derivation Φ is tight if

and only if it is of the form Φ ▷V ∅ ⊢ (t, s) : {{ }} × {l 7→ [ ]}l∈L, and each occurrence of rule Set

requires S (l) = [ ]. Moreover, t must be assigned {{ }}, just as in Definition 4.29.

We now move towards exact quantitative soundness and completeness by stating that multiset-

typings can be split and merged, as expected.

Lemma 7.73 (CBV Multiset-Typings Split and Merge). Let v ∈ ΛG
. Then, there is Φ ▷VG Γ ⊢ v : M,

such that M = ⊔i∈IMi, if and only if there are Φi ▷VG Γi ⊢ v : Mi, such that Γ = +i∈IΓi, and

#App,Get,Set(Φ) = +i∈I#App,Get,Set(Φi).

That typing contexts are necessarily empty whenever terms are closed.

Lemma 7.74 (Contexts and Free Variables for CBV). If Φ ▷VG Γ ⊢ t : M (resp. M), then dom(Γ) ⊆

fv(t).

And that the type system reflects the fact that values are not effectful.

Lemma 7.75 (CBV Values Are Not Effectful). Let t ∈ ΛG and Φ ▷VG Γ ⊢ t : S⇒ (M×Q). If t ∈ ΛG
,

then Q = S and Φ ends with rule Lift.

The fact that having tight type derivations with zero weight is a characteristic of normal forms

that is formalized as follows.

Lemma 7.76 (Zero Weight Tight Type Derivations Characterize CBV-Normal Forms). Let t ∈ ΛG◦

and s ∈ S◦. If Φ ▷VG ∅ ⊢ (t, s) : P is tight, then #App,Get,Set(Φ) = 0 · App+ 0 · Get+ 0 · Set if and only

if t ∈ NOCBV.

The following lemma ensures that all normal forms are tightly typable.

Lemma 7.77 (Tight Typability of CBV-Normal Forms). Let s ∈ S◦. If t ∈ NOCBV, then there is a derivation

Φ ▷VG ∅ ⊢ (t, s) : P that is tight.
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Example 7.78 (Tight Type Derivation). Let A1 = {{ }} → ({l 7→ [ ]} ⇒ ({{ }} × {l 7→ [ ]})). Then, we

can type the configuration from Example 7.16 with the following tight type derivation Φ. Since Φ is quite

big, we are going to split it into the following pieces.

Let Φs be the following type derivation for the state:

EList
∅ ⊢ s (l) : [ ]

State
∅ ⊢ s : {l 7→ [ ]}

The parameter of the set operation is only typed once. Let Φp be such a type derivation:

Ax
∅ ⊢ x : {{ }}

Lift
∅ ⊢ x : {l 7→ [ ]} ⇒ ({{ }} × {l 7→ [ ]})

Abs
∅ ⊢ λx.x : {{A1}}

Let Φl be the following type derivation for the operator appearing in the get operation:

Ax
y : {{A1}} ⊢ y : {{A1}}

Lift
y : {{A1}} ⊢ y : {l 7→ [ ]} ⇒ ({{A1}} × {l 7→ [ ]})

Let Φr be the following type derivation for the term at the right of the application corresponding to the

continuation of the get operation:

Ax
∅ ⊢ z : {{ }}

Lift
∅ ⊢ z : {l 7→ [ ]} ⇒ ({{ }} × {l 7→ [ ]})

Abs
∅ ⊢ λz.z : {{A1}}

Lift
∅ ⊢ λz.z : {l 7→ [ ]} ⇒ ({{A1}} × {l 7→ [ ]})

Ax
∅ ⊢ y : {{}}

Lift
∅ ⊢ y : {l 7→ [ ]} ⇒ ({{ }} × {l 7→ [ ]})

App
∅ ⊢ (λz.z) y : {l 7→ [ ]} ⇒ ({{ }} × {l 7→ [ ]})

Finally, let Φc be the following type derivation for the continuation of the get operation:

Φl Φr
App

y : {{A1}} ⊢ y ((λz.z) y) : {l 7→ [ ]} ⇒ ({{ }} × {l 7→ {{ }}})

Then, Φ is as follows:

Φp
EList

∅ ⊢ λx.x : [ ]
List

∅ ⊢ λx.x : {{A1}} · [ ]
Φc

Get
∅ ⊢ get(l, λy.y ((λz.z) y)) : {l 7→ {{A1}} · [ ]} ⇒ ({{ }} × {l 7→ {{ }}})

Set
∅ ⊢ set((l, λx.x), get(l, λy.y ((λz.z) y))) : {l 7→ [ ]} ⇒ ({{ }} × {l 7→ [ ]}) Φs

Conf
∅ ⊢ (set((l, λx.x), get(l, λy.y ((λz.z) y))), s) : {{ }} × {l 7→ [ ]}

Notice that #App,Get,Set(Φ) = 2 · App+ 1 · Get+ 1 · Set. This means that the number of occurrences of

rule App (resp. Get or Set) matches the number of βv-steps (resp. get- or set-steps) needed to normalize

the above configuration. In the following, we show that this coincidence is a property of type system VG .

The following lemma tells us how to pop multiset types from the list type assigned to some

location.
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Lemma 7.79. Let l ∈ L and s ∈ S. There is Φ ▷VG ∅ ⊢ s : S, such that S (l) ̸= [ ], if and only if there

are Ψ ▷VG ∅ ⊢ s (l) : head(S (l)) and Π ▷VG ∅ ⊢ s : S{l := tail(S (l))}. Moreover, #App,Get,Set(Φ) =

#App,Get,Set(Ψ) + #App,Get,Set(Π).

The following lemma tells us how to update the list type assigned to a location, as long as the

initial list type is empty.

Lemma 7.80. Let l ∈ L and s ∈ S. There are Φ ▷VG ∅ ⊢ s : S, such that S (l) = [ ], and Ψ ▷VG ∅ ⊢ v : L

if and only if there is Π ▷VG ∅ ⊢ s{l := v} : S{l := L}. Moreover, #App,Get,Set(Φ) + #App,Get,Set(Ψ) =

#App,Get,Set(Π).

We now establish quantitative soundness and completeness for the CBV variant. These results

are analogous to those for the CBN variant, but are now concerned with the number of βv, get,

and set-steps.

7.3.2.1 Quantitative Soundness

We proceed by proving a weighted version of the usual substitution lemma.

Lemma 7.81 (Weighted Substitution for CBV). Let t ∈ ΛG◦ , and v ∈ ΛG
. If Φ ▷VG Γ; x : M ⊢

t : M (resp. N or L) and Ψ ▷VG ∅ ⊢ v : M, then Π ▷VG Γ ⊢ t{x \ v} : M (resp. N or L), such that

#App,Get,Set(Π) = #App,Get,Set(Φ) + #App,Get,Set(Ψ).

The exact version of the subject reduction property follows from the above lemma, but only

if S (l) = [ ] is added as a requirement for rule Set (recall Definition 7.72). This is to be assumed

from now on, but no other tightness criteria are to be assumed.

Lemma 7.82 (Exact Subject Reduction for CBV). Let t ∈ ΛG◦ , s ∈ S◦, and S ∈ {βv, get, set}.

If (t, s) ⇒CBV(S) (u, q) and Φ ▷VG ∅ ⊢ (t, s) : P, then there is Ψ ▷VG ∅ ⊢ (u, q) : P, such that

#App,Get,Set(Φ) = #App,Get,Set(Ψ) + 1 · R, where

• R = App, if S = βv;

• R = Get, if S = get;

• and R = Set, if S = set.

Finally, we can show that VG-typability is exactly quantitatively sound with respect to CBV-

normalization.

Theorem 7.83 (Exact Soundness for CBV). Let t ∈ ΛG◦ . If there is Φ ▷VG ∅ ⊢ (t, s) : P tight, such that

#App,Get,Set(Φ) = n · App+ g · Get+ s · Set, then (t, s)
n·βv+g·get+s·set⇒⇒CBV (u, q), such that u ∈ NOCBV.
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7.3.2.2 Quantitative Completeness

We proceed by proving a weighted version of the usual anti-substitution lemma.

Lemma 7.84 (Weighted Anti-Substitution for CBV). Let t ∈ ΛG and v ∈ ΛG
◦ . If Φ ▷VG Γ ⊢ t{x \

v} : M (resp. N or L), then Ψ ▷VG Γ; x : M ⊢ t : M (resp. N or L) and Π ▷VG ∅ ⊢ v : M, such that

#App,Get,Set(Φ) = #App,Get,Set(Ψ) + #App,Get,Set(Π).

The exact version of the subject expansion properties follows from the above lemma, but only

if S (l) = [ ] is added as a requirement for rule Set. This is to be assumed from now on, but no

other tightness criteria are to be assumed.

Lemma 7.85 (Exact Subject Expansion for CBV). Let t, u ∈ ΛG◦ , s ∈ S◦, and S ∈ {βv, get, set}.

If (t, s) ⇒CBV(S) (u, q) and Φ ▷VG ∅ ⊢ (u, q) : P, then there is Ψ ▷VG ∅ ⊢ (t, s) : P, such that

#App,Get,Set(Φ) + 1 · R = #App,Get,Set(Ψ), where

• R = App, if S = βv;

• R = Get, if S = get;

• and R = Set, if S = set.

Finally, we can conclude that VG-typability is quantitatively complete with respect to CBV-

normalization.

Theorem 7.86 (Exact Completeness for CBV). Let t ∈ ΛG◦ . If (t, s)
n·βv+g·get+s·set⇒⇒CBV (u, q), such that

u ∈ NOCBV, then there is Φ ▷VG ∅ ⊢ (t, s) : P tight, such that #App,Get,Set(Φ) = n · App+ g · Get+ s · Set.

7.3.3 Subsuming Call-By-Name and Call-By-Value

Having established quantitative soundness and completeness for each strategy in isolation, we

now show that the λ!G-calculus subsumes both strategies, while preserving the quantitative cor-

respondence between typing and reduction lengths.

Recall the set of types for the CBN and CBV λG-calculus in Definition 7.45 and Definition 7.67.

Notice that the set of CBN types differs from the set of CBV types in one essential way: in

CBN, multi-types contain monadic types; in CBV, multi-types contain types. This is due to the

difference between β- and βv-steps. Indeed, while β-steps substitute variables with terms (denoted

by monadic types), βv-steps substitute variables with values (denoted by types). Now, recall the

way in which CBPV subsumes CBN and CBV according to Theorem 7.42. Crucially, CBPV must be

able to simulate both β- and βv-steps. Since, in CBPV, βv-steps substitute variables with values (i.e.

variables or bang-terms), we need to encode applications according to Definition 3.12: to encode
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CBN into CBPV, every argument must be encoded as a bang-term; to encode CBV into CBPV, every

value must be encoded as a bang-term. Thus, in CBPV, multi-types must contain monadic types.

Moreover, since the set of CBPV-normal forms contains both (closed) abstraction and values (i.e.

bang-terms), both types and multi-types must be monadic.

Definition 7.87 (CBPV Types). The sets of types TyGCBPV for the λ!G-calculus is generated by the

following extension of the grammar in Definition 4.1 for the λ!-calculus:

List Types: L, L′ ::= [ ] | M · L′

State Types: S, Q ::= {l 7→ Ll}l∈L

Monadic Types: A ::= S⇒ P

Product Types: P ::= A × S

Multi-Monadic Types M , N ::= {{Ai }}i∈I

Types: A ::= ⋆ | M | M → A

We use to highlight the parts of the grammar that are similar to those in Definition 4.1, and note

that A expands to S⇒ (A ×Q), for some type A, and some S, Q ∈ S. Moreover, operations over

list types are defined as for the CBN and CBV λG-calculi (see Definition 7.45 or Definition 7.67,

respectively).

Intuitively, CBPV types combine the CBN view (computations as monadic values) with the CBV

view (values as first-class entities), which explains why both types and multi-types are monadic.

Definition 7.88 (CBPV Typing Environments). CBPV typing environments are denoted by Γ, ∆ and

defined as functions from variables to multi-monadic types that assign the empty multi-monadic type

{{ }} to all but a finite set of variables.

The domain of a typing environment, the union of typing environments, and any other properties of

typing environments, are defined as in Definition 4.2 for the λ-calculus.

Definition 7.89 (CBPV Typing Judgments). There are two kinds of typing judgments:

• CBPV typing judgments for terms are denoted by Γ ⊢ t : A (resp. M) and, whenever Γ is empty,

we may write ⊢ t : A (resp. M) instead of ∅ ⊢ t : A (resp. M).

• CBPV typing judgments for configurations are denoted by Γ ⊢ (t, s) : P and, whenever Γ is

empty, we may write ⊢ (t, s) : P instead of ∅ ⊢ (t, s) : P.

CBPV typing rules are presented just as in Definition 4.4 for the λ-calculus, along with any

additional notation and definitions.
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Definition 7.90 (CBPV Type System). The CBPV Type System PG assigns CBPV (multi-monadic)

types to λ!G-terms and consists of the following translations of the typing rules in Definition 4.21

for the λ!-calculus:

Ax
x : M ⊢ x : M

Γ ⊢ t : A
Abs

Γ\\ x ⊢ λx.t : S⇒ ((Γ(x) → A)× S)

Ans
∅ ⊢ λx.t : S⇒ (⋆ × S)

Γ ⊢ t : S⇒ ((M → (R⇒ P))×Q) ∆ ⊢ u : Q⇒ (M × R)
App

Γ + ∆ ⊢ t u : S⇒ P

(Γi ⊢ t : Ai )i∈I
Bg

+i∈IΓi ⊢ !t : {{Ai }}i∈I

Γ ⊢ t : S⇒ ({{Q⇒ P}} ×Q)
Der

Γ ⊢ der(t) : S⇒ P

Along with the following seven additional rules:

Γ ⊢ v : M
Lift

Γ ⊢ v : S⇒ (M× S)

Γ; x : head(S (l)) ⊢ t : S{l := tail(S (l))} ⇒ P
Get

Γ ⊢ get(l, λx.t) : S⇒ P

Γ ⊢ v : L ∆ ⊢ t : S{l := L} ⇒ P
Set

Γ + ∆ ⊢ set((l, v), t) : S⇒ P

Γ ⊢ v : M ∆ ⊢ v : L
List

Γ + ∆ ⊢ v : M · L
EList

∅ ⊢ v : [ ]

(Γl ⊢ vl : Ll)l∈L
State

+l∈LΓl ⊢ {l 7→ vl}l∈L : {l 7→ Ll}l∈L

Γ ⊢ t : S⇒ P ∆ ⊢ s : S
Conf

Γ ⊢ (t, s) : P

We use to highlight the parts of the first set of rules that are similar to those in Definition 4.21,

and note that A expands to Q⇒ (A × R), and P to A × T, for some type A and some Q, R, T ∈ S.

Typing Rules. Rules Ax and Bg, are simple adaptations of the corresponding rule in Defini-

tion 4.21. Rules Abs and Ans are very similar to those in Definition 4.7. Rules App and Lift are very

similar to those in Definition 4.8. Rule Der can be explained as follows. The top-level decoration of

the premise of the rule denotes the fact that t is evaluated to a value of type {{Q⇒ (A× T)}} and

that the (current) state (of type S) is updated to a state of type Q. Moreover, since only bang-terms

can be assigned multiset-types, this means that t is a bang-term. Therefore, the bang is going

to be removed by the dereliction, and this corresponds to removing the multiset notation from

Q ⇒ (A× T). Then, the term inside the bang is evaluated to a term of type A, and the (current)

state (of type Q) is updated to a state of type T. The decoration on the type of the conclusion is

obtained by (implicitly) applying the µS,Q,T
A transformation to the dereliction. The six (excluding

rule Lift) new additional rules Get, Set, List, EList, State, and Conf are very similar to the ones

in CBN and CBV (see Definitions 7.49 and 7.70).
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Remark 7.91 (On rules Abs, Ans, and Lift. . . ). In the CBPV system, rules Abs, Ans, and Lift are

parametric in the input and output state types. Consequently, any type derivation for a abstraction

ending in Abs or Ans, and any type derivation for a bang-term ending in Lift, may be instantiated

with arbitrary (but equal) input and output state types. This is key in Lemmas 7.101 and 7.106.

Just like in CBN and CBV (see Remark 7.51), to consider only minimal typings, it is necessary

to add the condition S (l) = [ ] to the premises of rule Set.

Definition 7.92 (Tight Typings for CBPV). Let t ∈ !ΛG◦ and s ∈ S◦. A type derivation Φ is tight

if and only if it is of the form Φ ▷PG ∅ ⊢ (t, s) : A× {l 7→ {{ }}}l∈L, such that A ∈ {⋆, {{ }}}. This

reflects the fact that clash-free CBPV normal forms are either values or suspended computations.

Moreover, each occurrence of rule Set requires S (l) = {{ }}.

We now move towards exact quantitative soundness and completeness by stating that multiset-

typing can be split and merged.

Lemma 7.93 (CBPV Multiset-Typings Split and Merge). Let t ∈ !ΛG . Then, there is Φ ▷PG Γ ⊢ t : M,

such that M = ⊔i∈IMi, if and only if there are Φi ▷PG Γi ⊢ t : Mi, such that Γ = +i∈IΓi, and

#App,Der,Get,Set(Φ) = +i∈I#App,Der,Get,Set(Φi).

That typing contexts are necessarily empty whenever terms are closed.

Lemma 7.94 (Contexts and Free Variables for CBPV). If Φ ▷PG Γ ⊢ t : A (resp. M), then dom(Γ) ⊆

fv(t).

And that the type system reflects the fact that values are not effectful.

Lemma 7.95 (CBPV Values Are Not Effectful). Let t ∈ !ΛG and Φ ▷PG ∅ ⊢ t : S ⇒ (A × Q). If

t ∈ !

ΛG
, then Q = S and Φ ends with rule Lift.

The fact that having a tight type derivation with zero weight is a characteristic of normal forms

is formalized as follows.

Lemma 7.96. Let t ∈ !ΛG◦ and s ∈ S◦. If Φ ▷PG ∅ ⊢ (t, s) : P is tight, then #App,Der,Get,Set(Φ) =

0 · App+ 0 · Der+ 0 · Get+ 0 · Set if and only if t ∈ NOCFCBPV.

The following lemma ensures that all clash-free normal forms are tightly typable.

Lemma 7.97 (Tight Typability of Clash-Free CBPV-Normal Forms). Let t ∈ !ΛG◦ . If t ∈ NOCFCBPV, then

there is a derivation Φ ▷PG ∅ ⊢ (t, s) : P that is tight.

The following lemma tells us how to pop multiset types from the list type assigned to some

location.
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Lemma 7.98. Let l ∈ L and s ∈ S. There is Φ ▷PG ∅ ⊢ s : S, such that S (l) ̸= [ ], if and only if there are

Ψ ▷PG ∅ ⊢ s (l) : head(S (l)) and Π ▷PG ∅ ⊢ s : S{l := tail(S (l))}. Moreover, #App,Der,Get,Set(Φ) =

#App,Der,Get,Set(Ψ) + #App,Der,Get,Set(Π).

The following lemma tells us how to update the list type assigned to a location, as long as the

initial list type is empty.

Lemma 7.99. Let l ∈ L and s ∈ S. There are Φ ▷PG ∅ ⊢ s : S, such that S (l) = [ ], and Ψ ▷PG ∅ ⊢ v : L if

and only if there is Π ▷PG ∅ ⊢ s{l := v} : S{l := L}. Moreover, #App,Der,Get,Set(Φ)+ #App,Der,Get,Set(Ψ) =

#App,Der,Get,Set(Π).

Now, we proceed by showing that PG-typability is quantitatively sound and complete with re-

spect to CBPV-normalization. Moreover, we also show that type derivations provide exact measures

for the number of βv-, β!-, get-, and set-steps.

7.3.3.1 Quantitative Soundness

We proceed by proving a weighted version of the usual substitution lemma.

Lemma 7.100 (Weighted Substitution for CBPV). Let t ∈ !ΛG and v ∈ !

ΛG
. If Φ ▷PG Γ; x : M ⊢

t : A (resp. N or L) and Ψ ▷PG ∅ ⊢ v : M, then Π ▷PG Γ ⊢ t{x \ v} : A (resp. N or L), such that

#App,Der,Get,Set(Π) = #App,Der,Get,Set(Φ) + #App,Der,Get,Set(Ψ).

The quantitative version of the subject reduction property follow from the above lemma, but

only if S (l) = {{ }} is added as a requirement for rule Set. This is to be assumed from now on, but

no other tightness criteria are to be assumed.

Lemma 7.101 (Exact Subject Reduction for CBPV). Let t ∈ !ΛG◦ , s ∈ S◦, and S ∈ {βv, β!, get, set}.

If (t, s) ⇒CBPV(S) (u, q) and Φ ▷PG ∅ ⊢ (t, s) : P, then there is Ψ ▷PG ∅ ⊢ (u, q) : P, such that

#App,Der,Get,Set(Φ) = #App,Der,Get,Set(Ψ) + 1 · R, where

• R = App, if S = βv;

• R = Der, if S = β!;

• R = Get, if S = get;

• and R = Set, if S = set.

Finally, we can show that PG-typability is quantitatively sound with respect to clash-free CBPV-

normalization.

Theorem 7.102 (Exact Soundness for CBPV). Let t ∈ !ΛG◦ . If there is Φ ▷PG ∅ ⊢ (t, s) : P tight, such

that #App,Der,Get,Set(Φ) = n · App+ m · Der+ g · Get+ s · Set, then (t, s)
n·βv+m·β!+g·get+s·set⇒⇒CBPV (u, q), such

that u ∈ NOCFCBPV.
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7.3.3.2 Quantitative Completeness

We start by showing that PG-typable configurations are necessarily clash-free, i.e. normalize to a

clash-free CBPV normal form.

Lemma 7.103 (Typability Implies Clash-Freeness). Let t ∈ !ΛG◦ and s ∈ S◦. If Φ ▷PG ∅ ⊢ (t, s) : P,

then t is clash-free.

In fact, we can show that PG-typability captures the clash-freeness of CBPV-normal forms.

Lemma 7.104 (Typability Characterizes CBPV Clash-Free Normal Forms). Let t ∈ !ΛG◦ and s ∈ S◦.

Then, t ∈ NOCFCBPV if and only if t ∈ NOCBPV and (t, s) is PG-typable.

Now, we proceed by proving a weighted version of the usual anti-substitution lemma.

Lemma 7.105 (Weighted Anti-Substitution for CBPV). Let t ∈ !ΛG , and v ∈ !

ΛG
◦ . If Φ ▷PG Γ ⊢

t{x \ v} : A (resp. N or L), then Ψ ▷PG Γ; x : M ⊢ t : A (resp. N or L) and Π ▷PG ∅ ⊢ v : M, such that

#App,Der,Get,Set(Φ) = #App,Der,Get,Set(Ψ) + #App,Der,Get,Set(Π).

The quantitative version of the usual subject expansion property follows from the above lemma,

but only if S (l) = {{ }} is added as a requirement for rule Set. This is to be assumed from now on,

but no other tightness criteria are to be assumed.

Lemma 7.106 (Exact Subject Expansion for CBPV). Let t ∈ !ΛG◦ , s ∈ S◦, and S ∈ {βv, β!, get, set}.

If (t, s) ⇒CBPV(S) (u, q) and Φ ▷PG ∅ ⊢ (u, q) : P, then there is Ψ ▷PG ∅ ⊢ (t, s) : P, such that

#App,Der,Get,Set(Φ) + 1 · R = #App,Der,Get,Set(Ψ), where

• R = App, if S = βv;

• R = Der, if S = β!;

• R = Get, if S = get;

• and R = Set, if S = set.

Finally, we can show that PG-typability is quantitatively complete with respect to clash-free

CBPV-normalization.

Theorem 7.107 (Exact Completeness for CBPV). Let t ∈ ΛG◦ . If (t, s)
n·βv+m·β!+g·get+s·set⇒⇒CBPV (u, q), such

that u ∈ NOCFCBPV, then there is Φ ▷PG ∅ ⊢ (t, s) : P tight, such that #App,Der,Get,Set(Φ) = n · App+ m ·

Der+ g · Get+ s · Set.
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7.3.3.3 Soundness and Completeness of Translations

To show that the translations in Definition 7.32 are also sound and complete with respect to PG-

typability, we must first define the translation of CBV types and typing environments to CBPV types

and typing environments. Notice that, while the CBV translation in Section 3.2 preserves typings

(see Theorem 4.27), the one in Section 7.2.2 does not. This is due to the fact that CBV multi-types

(see Definition 7.67) are only allowed to contain types, but CBPV multi-types (see Definition 7.87)

are only allowed to contain monadic types. To fix this, we simply need to do the following. Let

{{Ai}}i∈I be some CBV multi-type. If a term t is assigned type {{Ai}}i∈I, we know that it will

normalize to a value v that is going to be copied |I|-many times. Moreover, we also know that each

copy of v will assigned a (possibly) different type Ai. In fact, we actually know that each copy of

v will be assigned a monadic type of the form Si ⇒ (Ai × Si), where Si is the type of the current

state at the moment that particular copy is used. But, then this means that a ηSi
Ai

transformation is

(implicitly) applied to each copy of v. Therefore, in order to translate CBV multi-types, one needs

to decorate each Ai with the appropriate state type.

Definition 7.108 (Translations of CBV Typings). Let SCBV and SCBPV be the sets of state types for the

CBV λG-calculus and the λ!G-calculus, respectively. The translations of types, states, and typing

environments are as follows:

(·)CBV : TyGCBV → TyGCBPV
M→M 7→ (M)CBV → (M)CBV

{{Ai}}i∈I 7→ {{Si ⇒ ((Ai)
CBV × Si)}}i∈I

S⇒ P 7→ (S)CBV ⇒ (P)CBV

M× S 7→ (M)CBV × (S)CBV

(·)CBV : SCBV → SCBPV

{l 7→ Ll}l∈L 7→ {l 7→ (Ll)
CBV}l∈L

M · L 7→ (M)CBV · (L)CBV

(·)CBV : (X → TyGCBV) → (X → TyGCBPV)

Γ; x : M 7→ (Γ)CBV; x : (M)CBV

Although (·)CBV is (a priori) non-deterministic (due to the translation of multi-types to multi-

monadic types), it is nevertheless injective, i.e. each CBPV type in the image of the translation

corresponds to a unique CBV type in the preimage of (·)CBV.

In summary, CBV multi-types are translated by eagerly inserting the monadic structure that

CBPV would otherwise reconstruct dynamically.

Example 7.109 (Tight Type Derivation for CBN Translation). Let A0 = {l 7→ [ ]} ⇒ (({{A1}} →

A1) × {l 7→ [ ]}), A1 = {l 7→ [ ]} ⇒ (({{A2}} → A2) × {l 7→ [ ]}), and A2 = {l 7→ [ ]} ⇒

(⋆ × {l 7→ [ ]}), as in Example 7.58. Then, we can type the CBN translation of the configuration

from Example 7.14 with the following tight type derivation Ψ. Since Ψ is quite big, we are going to split it

into the following pieces.
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Let Ψs be the following type derivation for the state:

EList
∅ ⊢ q (l) : [ ]

State
∅ ⊢ q : {l 7→ [ ]}

The parameter of the set operations is going to be typed twice. Let the following type derivation Ψp1 be

one of those type derivations:

Ax
x : {{A1}} ⊢ x : {{A1}}

Lift
x : {{A1}} ⊢ x : {l 7→ [ ]} ⇒ ({{A1}} × {l 7→ [ ]})

Der
x : {{A1}} ⊢ der(x) : A1

Abs
∅ ⊢ λx.der(x) : A0

Ax
y : {{A2}} ⊢ y : {{A2}}

Lift
y : {{A2}} ⊢ y : {l 7→ [ ]} ⇒ ({{A2}} × {l 7→ [ ]})

Der
y : {{A2}} ⊢ der(y) : A2

Abs
∅ ⊢ λy.der(y) : A1

Bg
∅ ⊢ !λy.der(y) : {{A1}}

Lift
∅ ⊢ !λy.der(y) : {l 7→ [ ]} ⇒ ({{A1}} × {l 7→ [ ]})

App
∅ ⊢ (λx.der(x)) !λy.der(y) : A1

And the following type derivation Ψp2 be the other one:

Ax
x : {{A2}} ⊢ x : {{A2}}

Lift
x : {{A2}} ⊢ x : {l 7→ [ ]} ⇒ ({{A2}} × {l 7→ [ ]})

Der
x : {{A2}} ⊢ der(x) : A2

Abs
∅ ⊢ λx.der(x) : A1

Ans
∅ ⊢ λy.der(y) : A2

Bg
∅ ⊢ !λy.der(y) : {{A2}}

Lift
∅ ⊢ !λy.der(y) : {l 7→ [ ]} ⇒ ({{A2}} × {l 7→ [ ]})

App
∅ ⊢ (λx.der(x)) !λy.der(x) : A2

Finally, let Ψc be the type derivation for the continuation of the set operation:

Ax
z : {{A1}} ⊢ z : {{A1}}

Lift
z : {{A1}} ⊢ z : {l 7→ [ ]} ⇒ ({{A1}} × {l 7→ [ ]})

Der
z : {{A1}} ⊢ der(z) : A1

Ax
z : {{A2}} ⊢ z : {{A2}}

Lift
z : {{A2}} ⊢ z : {l 7→ [ ]} ⇒ ({{A2}} × {l 7→ [ ]})

Der
z : {{A2}} ⊢ der(z) : A2

Bg
z : {{A2}} ⊢ !der(z) : {{A2}}

Lift
z : {{A2}} ⊢ !der(z) : {l 7→ [ ]} ⇒ ({{A2}} × {l 7→ [ ]})

App
z : {{A1, A2}} ⊢ der(z) !der(z) : A2

Get
∅ ⊢ get(l, λz.der(z) !der(z)) : {l 7→ {{A1, A2}} · [ ]} ⇒ (⋆× {l 7→ [ ]})

Then, Ψ is as follows:

Ψp1 Ψp2
Bg

∅ ⊢ !((λx.der(x)) !λy.der(y)) : {{A1, A2}}
EList

∅ ⊢ !((λx.der(x)) !λy.der(y)) : [ ]
List

∅ ⊢ !((λx.der(x)) !λy.der(y)) : {{A1, A2}} · [ ] Ψc
Set

∅ ⊢ set((l, !((λx.der(x)) !λy.der(y))), get(l, λz.der(z) !der(z))) : {l 7→ [ ]} ⇒ (⋆× {l 7→ [ ]}) Ψs
Conf

∅ ⊢ (set((l, !((λx.der(x)) !λy.der(y))), get(l, λz.der(z) !der(z))), q) : ⋆× {l 7→ [ ]}

Notice that #App,Get,Set(Ψ) = 3 · App + 1 · Get + 1 · Set = #App,Get,Set(Φ), where Φ is the type

derivation in Example 7.58. This means that the translations preserve the number of uses of rules App, Get,

and Set, and thus of β-, get-, and set-steps.

Example 7.110 (Tight Type Derivation for CBV Translation). Let A1 = {{ }} → ({l 7→ [ ]} ⇒

({{ }} × {l 7→ [ ]})), as in Example 7.78. Then, we can type the CBV translation of the configuration
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from Example 7.16 with the following tight type derivation Ψ. Since Ψ is quite big, we are going to split it

into the following pieces.

Let Ψs be the following type derivation for the state:

EList
∅ ⊢ q (l) : [ ]

State
∅ ⊢ q : {l 7→ [ ]}

The parameter of the set operation is only typed once. Let Ψp be such a type derivation:

Ax
∅ ⊢ x : {{ }}

Lift
∅ ⊢ x : {l 7→ [ ]} ⇒ ({{ }} × {l 7→ [ ]})

Abs
∅ ⊢ λx.x : {l 7→ [ ]} ⇒ (A1 × {l 7→ [ ]})

Bg
∅ ⊢ !λx.x : {{{l 7→ [ ]} ⇒ (A1 × {l 7→ [ ]})}}

Let Ψl be the following type derivation for the operator appearing in the get operation:

Ax
y : {{{l 7→ [ ]} ⇒ (A1 × {l 7→ [ ]})}} ⊢ y : {{{l 7→ [ ]} ⇒ (A1 × {l 7→ [ ]})}}

Lift
y : {{{l 7→ [ ]} ⇒ (A1 × {l 7→ [ ]})}} ⊢ y : {l 7→ [ ]} ⇒ ({{{l 7→ [ ]} ⇒ (A1 × {l 7→ [ ]})}} × {l 7→ [ ]})

Der
y : {{{l 7→ [ ]} ⇒ (A1 × {l 7→ [ ]})}} ⊢ der(y) : {l 7→ [ ]} ⇒ (A1 × {l 7→ [ ]})

Let Ψr be the following type derivation for the term at the right of the application corresponding to the

continuation of get operation:

Ax
∅ ⊢ z : {{ }}

Lift
∅ ⊢ z : {l 7→ [ ]} ⇒ ({{ }} × {l 7→ [ ]})

Abs
∅ ⊢ λz.z : {l 7→ [ ]} ⇒ (A1 × {l 7→ [ ]})

Bg
∅ ⊢ !λz.z : {{{l 7→ [ ]} ⇒ (A1 × {l 7→ [ ]})}}

Lift
∅ ⊢ !λz.z : {l 7→ [ ]} ⇒ ({{{l 7→ [ ]} ⇒ (A1 × {l 7→ [ ]})}} × {l 7→ [ ]})

Der
∅ ⊢ der(!λz.z) : {l 7→ [ ]} ⇒ (A1 × {l 7→ [ ]})

Ax
∅ ⊢ y : {{}}

Lift
∅ ⊢ y : {l 7→ [ ]} ⇒ ({{ }} × {l 7→ [ ]})

App
∅ ⊢ der(!(λz.z)) y : {l 7→ [ ]} ⇒ ({{ }} × {l 7→ [ ]})

Finally, let Ψc be the following type derivation for the continuation of the get operation:

Ψl Ψr
App

y : {{{l 7→ [ ]} ⇒ (A1 × {l 7→ [ ]})}} ⊢ der(y) (der(!(λz.z)) y) : {l 7→ [ ]} ⇒ ({{ }} × {l 7→ [ ]})
Get

∅ ⊢ get(l, λy.der(y) (der(!(λz.z)) y)) : {l 7→ {{{l 7→ [ ]} ⇒ (A1 × {l 7→ [ ]})}} · [ ]} ⇒ ({{ }} × {l 7→ [ ]})

Then, Ψ is as follows:

Ψp
EList

∅ ⊢ !λx.x : [ ]
List

∅ ⊢ !λx.x : {{{l 7→ [ ]} ⇒ (A1 × {l 7→ [ ]})}} · [ ] Ψc
Set

∅ ⊢ set((l, !λx.x), get(l, λy.der(y) (der(!(λz.z)) y))) : {l 7→ [ ]} ⇒ ({{ }} × {l 7→ [ ]}) Ψs
Conf

∅ ⊢ (set((l, !λx.x), get(l, λder(y).y (der(!(λz.z)) y))), s) : {{ }} × {l 7→ [ ]}

Notice that #App,Get,Set(Φ) = 2 · App + 1 · Get + 1 · Set = #App,Get,Set(Φ), where Φ is the type

derivation in Example 7.78. This means that the translations preserve the number of uses of rules App, Get,

and Set, and thus of βv-, get-, and set-steps.
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Since we have seen that the translations of terms preserve the number of β-, βv-, get-, and set-

steps we can show thatP-typability is not only sound and complete with respect to the translations,

but also preserves the number of steps.

Lemma 7.111 (Soundness of Term Translations). Let t ∈ ΛG .

1. If Φ ▷NG Γ ⊢ t : A (resp. M or L), then Ψ ▷PG Γ ⊢ (t)CBN (resp. !(t)CBN or !(t)CBN) : A (resp. M or L).

Moreover, #App,Get,Set(Φ) = #App,Get,Set(Ψ).

2. If Φ ▷VG Γ ⊢ t : M (resp. M or L), then Ψ ▷PG (Γ)
CBV ⊢ (t)CBV : (M)CBV (resp. (M)CBV or (L)CBV).

Moreover, #App,Get,Set(Φ) = #App,Get,Set(Ψ).

As it turns out, while the completeness of the CBN translation can be easily shown, the

completeness of the CBV translation, besides requiring S (l) = {{ }} to be added as a requirement

for rule Set, can not be shown by a simple induction on typing derivations. This asymmetry

in difficulty between showing soundness and completeness is not unusual. As such, we will

focus on showing completeness for the CBN translations, and leave the completeness of the CBV

translations as a conjecture.

Lemma 7.112 (Completeness of CBN Term Translations). Let t ∈ ΛG .

If Ψ ▷PG Γ ⊢ (t)CBN (resp. !(t)CBNor !(t)CBN) : A (resp. M or L), then Φ ▷NG Γ ⊢ t : A (resp. M or L).

Moreover, #App,Get,Set(Φ) = #App,Get,Set(Ψ).

Finally, we show that CBN state translations are sound and complete.

Lemma 7.113 (Soundness and Completeness of CBN State Translations). Let s ∈ S. Then Φ ▷NG Γ ⊢

s : S if and only if Ψ ▷PG Γ ⊢ (s)CBN : S. Moreover, #App,Get,Set(Φ) = #App,Get,Set(Ψ).

And that CBV state translations are sound.

Lemma 7.114 (Soundness of CBV State Translations). Let s ∈ S. If Φ ▷VG Γ ⊢ s : S, Ψ ▷PG (Γ)
CBV ⊢

(s)CBV : (S)CBV. Moreover, #App,Get,Set(Φ) = #App,Get,Set(Ψ).

Proof. The proofs follow smoothly by induction on the structure of s ∈ S and Lemma 7.111.

The soundness and completeness of the CBN translation of configurations then follows from

the above statements.

Lemma 7.115 (Soundness and Completeness of CBN Configuration Translations). Let t ∈ ΛG and

s ∈ S. Then, Φ ▷NG Γ ⊢ (t, s) : P if and only if Ψ ▷PG Γ ⊢ ((t, s))CBN : P. Moreover, #App,Get,Set(Φ) =

#App,Get,Set(Ψ).
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The soundness of the CBV translation of configurations follows from the soundness of the CBV

translations of terms and states.

Lemma 7.116 (Soundness of CBV Configuration Translations). Let t ∈ ΛG and s ∈ S. If Φ ▷VG Γ ⊢

(t, s) : P, then Ψ ▷PG (Γ)
CBV ⊢ ((t, s))CBV : (P)CBV. Moreover, #App,Get,Set(Φ) = #App,Get,Set(Ψ).

The completeness of the CBV translation of configurations is left as a conjecture, since it can

not be shown by a simple induction on typing derivations.

Conjecture 7.117 (Completeness of CBV Configuration Translations). Let t ∈ ΛG and s ∈ S. If Ψ ▷PG

(Γ)CBV ⊢ ((t, s))CBV : (P)CBV, then Φ ▷VG Γ ⊢ (t, s) : P. Moreover, #App,Get,Set(Φ) = #App,Get,Set(Ψ).

This concludes the quantitative study of global state. The techniques developed here will be

applied in the next chapter to a notion of state mapping locations to infinite stacks.



Chapter 8

A Quantitative Study of Infinite Stacks

In Chapter 7 we developed a state-passing non-idempotent type system for global state. Recall that

the key point of Remark 7.2 was that even though get operations behave non-linearly with respect

to the state, they must behave linearly with respect to the type of the state. As was summarized

in Table 7.1, this leads to the following mismatch between the notion of state and state type: while

a state is a mapping from locations to values, a state type is a mapping from locations to lists of

types. In this section, we are going to repair this mismatch by introducing an algebraic theory that

directly captures the notion of state required by the type systems in Chapter 7: the algebraic theory

for infinite stacks. The algebraic theory for infinite stacks is a particular instance of the algebraic

theory for global state, where the state is assumed to be a mapping from locations to infinite stacks.

In this setting, the get and set operations are replaced by pop and push, which behave as follows:

the pop operation retrieves and removes the value at the head of the infinite stack assigned to a

location; the push operation places a new value at the head of that stack. In sum, the operational

behavior of the pop and push operations matches the denotational interpretation of operations get

and set in Table 7.1. Thus, as we shall see, unlike global state, the operational and denotational

behavior of pop and push coincide. In other words, infinite stacks make explicit–at the level of

state–the linear consumption that was previously only visible at the level of types. Moreover, as

it turns out, we will be able to encode the algebraic theory of global state (where the state is a

mapping from locations to values) into the algebraic theory of infinite stacks, as well as many of

the algebraic theories describing state-passing computations introduced in Chapter 5. Let us start

by introducing the algebraic theory for infinite stacks and show that it can be captured by the more

general algebraic theory for global state where the notion of state is unspecified. All the proofs for

this chapter are collected in Appendix F.
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8.1 The Algebraic Theory of Infinite Stacks

We introduce the algebraic theory for infinite stacks, and show how it can be captured by the

algebraic theory for global state where the state is a mapping from locations to infinite lists. We

refer to these lists as stacks because we only interact with them through head() and tail(), via the

usual pop and push operations: the pop operation pops a value from the head (top) of the infinite

list assigned to a particular location; and the push operation pushes a new value to the head (top) of

the infinite list assigned to a particular location. Let us now finally introduce the algebraic theory

for infinite stacks.

Example 8.1 (Infinite Stacks). Let v, w ∈ V , and l, l′ ∈ L, such that l ̸= l′. The algebraic theory S for

infinite stacks is defined as follows:

ΣS := {pop : L⇝ V , push : L× V ⇝ 1}

EqS :=



pop(l, λa.push((l, a), λb.t)) ∼S t if a ̸∈ fv(t)

push((l, v), λa.pop(l, λb.t)) ∼S t{b \ v}

pop(l, λa.pop(l′, λb.t)) ∼S pop(l′, λb.pop(l, λa.t))

pop(l, λa.push((l′, v), λb.t)) ∼S push((l′, v), λb.pop(l, λa.t))

push((l, v), λa.push((l′, w), λb.t)) ∼S push((l′, w), λb.push((l, v), λa.t))


.

Notice that the two first equations in EqS are the key ones: the first equation states that popping a

value from a particular location and then pushing that same value to the same location does nothing

to the state; the second equation states that pushing a new value to a particular location and then

popping it back from that same location does nothing to the state. The remaining equations state

that operations on distinct locations commute. This is something common to the algebraic theory

for global state (see Example 5.19).

Now, we are going to show that the algebraic theory for infinite stacks can be captured by the

algebraic theory for global state. To do this, we are going to show that the pop and push operations

can be encoded as sequences of get and set operations in such a way that all the equations in

EqS are validated in G. That is, we want to show that computations in S can be transformed into

computations in G that preserve the algebraic structure of S . In general, this means that we need

to define a structure preserving transformation from FSX (the free model of S) to FGY (the free

model of G) (see Section 5.3). This is precisely the notion of handler, first introduced by Plotkin and

Pretnar in [88]. We finish this subsection with the general definition of a handler.

Definition 8.2 (Handlers). A handler from computations FT X to computations FT ′Y is given by the

following data:

• a map f : X → |FT ′Y|;
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• for every operation opi : Pi ⇝ Ai ∈ ΣT , a map

hopi : Pi × (A → |FT ′Y|)→ |FT ′Y|

such that

• the maps hopi form a T -model on |FT ′Y|, i.e. validate the equations in EqT .

The map H : |FT X| → |FT ′Y| induced by the above data is the unique one satisfying:

H([return x]) = f (x)

H([opi(p, λa.[t])]) = hopi(p, λa.H([t])).

In the next subsection we are going to present a handler from FSX to FGY.

8.2 Handling Infinite Stacks using Global State

Recall the algebraic theory for infinite stacks in Example 8.1 and the algebraic theory for global

state in Example 5.19. We want to define a handler H from |FSX| to |FGY|. Notice that both theories

assume the existence of some set of values and locations. Regarding the sets of locations: let LS
be the set of locations for S , LG be the set of locations for G, and ϕL : LS → LG be an injective

function between them. Regarding the sets of values: let VS be the set of values for S , VG be the

set of values for G, and ϕV : VS → VG be an injective function between them. Let pop : LS ⇝ VS
and push : LS ×VS ⇝ 1. As injective functions, the inverses of ϕL and ϕV are not necessarily total

functions. For locations, this is enough because we do not need to translate locations from LG .

However, as we shall see below, we will need to translate values from VG . That being said, this will

only be necessary for pop operations since these are the only ones that retrieve values from the

state. In particular, if a pop operation is the first operation that is run by a computation, we will

only be able to translate the value that is retrieved from the state if that value is in the image of ϕG .

But this means that, as long as the starting state for any computation is only allowed to contain

values that appear at the image of ϕV , then ϕ−1
V is enough. Moreover, notice that this will always

be the case whenever we want to encode a computation in G into a computation in S . Therefore,

we can define the following maps:

hpop : LS × (VS → |FGY|) → |FGY|

(l, λa.H([t])) = [get(ϕL (l), λb.

[set((ϕL (l), tail(b)), H([t{a \ ϕ−1
V (head(b))}]))])]

hpush : (LS × VS )× |FGY| → |FGY|

((l, v), H([t])) = [get(ϕL (l), λa.[set((ϕL (l), ϕV (v) · a), H([t]))])].
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Finally, in order to be sure that H is indeed a handler, we need to show that hpop and hpush form

an S-model, i.e. that the equations in EqS are validated in G. Recall the equations in EqS :

pop(l, λa.push((l, a), λb.t)) ∼S t if a ̸∈ fv(t)

push((l, v), λa.pop(l, λb.t)) ∼S t{b \ v}

pop(l, λa.pop(l′, λb.t)) ∼S pop(l′, λb.pop(l, λa.t))

pop(l, λa.push((l′, v), λb.t)) ∼S push((l′, v), λb.pop(l, λa.t))

push((l, v), λa.push((l′, w), λb.t)) ∼S push((l′, w), λb.push((l, v), λa.t)).

After applying H to the each side of the above equations, we get the following set of equalities:

1. H([pop(l, λa.[push((l, a), [t])])]) = H([t]) if a ̸∈ fv(t)

2. H([push((l, v), [pop(l, λa.[t])])]) = H([t{a \ v}])

3. H([pop(l, λa.[pop(l′, λb.[t])])]) = H([pop(l′, λb.[pop(l, λa.[t])])])

4. H([pop(l, λa.[push((l′, v), [t])])]) = H([push((l′, v), [pop(l, λa.[t])])])

5. H([push((l, v), [push((l′, w), [t])])]) = H([push((l′, w), [push((l, v), [t])])])

Now, we must check that they hold in G. Intuitively, the key point is that the head()-tail()

behavior of pop and push is faithfully simulated by appropriate sequences of get-set.

To help the reader, we use the color red to identify structures related to S and the color blue to

identify structures related to G:

Equation 1:

Let a ̸∈ fv([t]):

H([pop(l, λa.[push((l, a), [t])])])

= [get(ϕL (l), λb.[set((ϕL (l), tail(b)), [get(λc.[set((ϕL (l), ϕV (ϕ
−1
V (head(b))) · c), H([t]))])])])]

= [get(ϕL (l), λb.[set((ϕL (l), tail(b)), [get(λc.[set((ϕL (l), head(b) · c), H([t]))])])])]

= [get(ϕL (l), λb.[set((ϕL (l), tail(b)), [set((ϕL (l), head(b) · tail(b)), H([t]))])])]

= [get(ϕL (l), λb.[set((ϕL (l), tail(b)), [set((ϕL (l), b), H([t]))])])]

= [get(ϕL (l), λb.[set((ϕL (l), b), H([t]))])]

= H([t]).

Equation 2:
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H([push((l, v), pop(l, λa.[t]))])

= [get(ϕL (l), λb.

[set((ϕL (l), ϕV (v) · b), [get(ϕL (l), λc.[set((ϕL (l), tail(c)), H([t{a \ ϕ−1
V (head(c))}]))])])])]

= [get(ϕL (l), λb.

[set((ϕL (l), ϕV (v) · b), [set((ϕL (l), tail(ϕV (v) · b)), H([t{a \ ϕ−1
V (head(ϕV (v) · b))}]))])])]

= [get(ϕL (l), λb.set((ϕL (l), ϕV (v) · b), [set((ϕL (l), b), H([t{a \ ϕ−1
V (ϕV (v))}]))]))]

= [get(ϕL (l), λb.[set((ϕL (l), ϕV (v) · b), [set((ϕL (l), b), H([t{a \ v}]))])])]

= [get(ϕL (l), λb.[set((ϕL (l), b), H([t{a \ v}]))])]

= H([t{a \ v}]).

Equation 3:

H([pop(l, λa.[pop(l′, λb.[t])])])

= [get(ϕL (l), λc.[set((ϕL (l), tail(c)), [get(ϕL (l′), λd.

[set((ϕL (l′), tail(d)), H([(t{a \ ϕ−1
V (head(c))}){b \ ϕ−1

V (head(d))}]))])])])]

= [get(ϕL (l′), λd.[set((ϕL (l′), tail(d)), [get(ϕL (l), λc.

[set((ϕL (l′), tail(c)), H([(t{b \ ϕ−1
V (head(d))}){a \ ϕ−1

V (head(c))}]))])])])]

= H([pop(l′, λb.[pop(l, λa.[t])])]).

Equation 4:

H([pop(l, λa.[push((l′, v), [t])])])

= [get(ϕL (l), λb.[set((ϕL (l), tail(b)), [get(ϕL (l′), λc.

[set((ϕL (l′), ϕV (v) · c), H([t{a \ ϕ−1
V head(b)}]))])])])]

= [get(ϕL (l′), λc.[set((ϕL (l′), ϕV (v) · c), [get(ϕL (l′), λc.

[set((ϕL (l), tail(b)), H([t{a \ ϕ−1
V head(b)}]))])])])]

= [get(ϕL (l′), λc.[set((ϕL (l′), ϕV (v) · c), ([get(ϕL (l′), λc.

[set((ϕL (l), tail(b)), H([t]))])]){a \ ϕ−1
V head(b)})])]

= H([push((l′, v), [pop(l, λa.t)])]).

Equation 5:

H([push((l, v), [push((l′, w), [t])])])

= [get(ϕL (l), λa.[set((ϕL (l), ϕV (v) · a), [get(ϕL (l′), λb.[set((ϕL (l′), ϕV (w) · b), H([t]))])])])]

= [get(ϕL (l′), λb.[set((ϕL (l′), ϕV (w) · b), [get(ϕL (l), λa.[set((ϕL (l), ϕV (v) · a), H([t]))])])])]

= H([push((l′, w), [push((l, v), [t])])]).

Having shown that hpop and hpush do form a S-model, we can now conclude that S is indeed a

subtheory of G.
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8.2.1 The Comodel for Infinite Stacks

Having proved that S can be captured by (i.e. is a subtheory of) G, we can now work out what is

the carrier of the comodel of S .

Example 8.3 (Infinite Stacks). Let S be the algebraic theory for infinite stacks. A comodel W for S is a set

|W| together with the following functions:

JpopKW : L× |W| → V × |W|

JpushKW : (L× V)× |W| → 1× |W|

subject to the following equalities:

Jpop(l, λa.push((l, a), λb.t))KW = JtKW if a ̸∈ fv(t)

Jpush((l, v), λa.pop(l, λb.t))KW = Jt{b \ v}KW

Jpop(l, λa.pop(l′, λb.t))KW = Jpop(l′, λb.pop(l, λa.t))KW

Jpop(l, λa.push((l′, v), λb.t))KW = Jpush((l′, v), λb.pop(l, λa.t))KW

Jpush((l, v), λa.push((l′, w), λb.t))KW = Jpush((l′, w), λb.push((l, v), λa.t))KW

Let Vω
be the set of infinite sequences over V . Then, |W| is a set of states S = (Vω)L, and

JpopKW : L× S → V × S

(l, s) 7→ (head(s(l)), s{l := tail(s(l))}),

JpushKW : (L× V)× S → 1× S

((l, v), s) 7→ (∗, s{l := v · s(l)}).

Having worked out the carrier of the comodel of S , the difference between the operational and

the semantical behavior of operations can be summarized in Table 8.1. In particular, notice that

there is no mismatch between the operational and denotational behaviors of the pop and push

operations.

Operational Behavior
(State s ∈ (Vω)L)

Denotational Behavior
(State S ∈ (Mω)L)

pop(l, λa.t)

JpopK(Vω )L (l, s) = (head(s (l)), s{l := tail(s (l))})

Variable x is replaced with head(s (l)).

The updated state is s{l := tail(s (l))}.

JpopK(Mω )L (l,S) = (head(S (l)),S{l := tail(S (l))})

Variable x has type head(S (l)).

The updated state has type S{l := tail(S (l))}.

push((l, v ∈ V), t)

JpushK(Vω )L ((l, v ∈ V), s) = (⋆, s{l := v · s (l)})

The updated state is s{l := v · s (l)}

JpushK(Mω )L ((l, M),S) = (⋆,S{l := M · S (l)})

The updated state is assigned type S{l := M · S (l)}.

Table 8.1: Comparison between the operational and denotational behavior of operations interacting
with infinite stacks.
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8.3 The λ-Calculus with Infinite Stacks

This section extends the λ-calculus with primitive operations for manipulating infinite stacks,

which we call the λS -calculus.

Most definitions and properties of the λS -calculus can be obtained from those in Section 7.2.2

for the λG-calculus by simply replacing operations get and set with operations pop and push,

respectively. As such, we are mainly going to focus on presenting the syntax of the language and

its operational semantics.

8.3.1 Syntax and Operational Semantics

The syntax of the λS -calculus is the extension of the syntax of the λ-calculus with a notion of state

corresponding to a mapping from locations to infinite stacks, algebraic operations for interacting

with the infinite stacks (according to Example 8.1), and configurations.

Definition 8.4 (States and λS -Terms). Let L be a finite set of location names, V be a countable set

of arguments, and X be a countable set of variables. The sets of terms ΛS , infinite stacks, states

S, and configurations ΛS × S of the λS -calculus are generated by the following four grammars,

respectively:

Terms: t, u, r, e ::= x ∈ X | λx.t | t u | pop(l, λx.t) | push((l, u ∈ V), t)

Infinite Stacks: f , g ::= (t ∈ V) · f (taken coinductively)

States: s, q ::= {l 7→ fl}l∈L

Configurations: c, c′ ::= (t, s).

States are defined according to Section 8.2.1.

The operations over infinite stacks are defined as follows.

Definition 8.5 (Operations On Infinite Stacks). Let f := (t ∈ V) · g. Then

• we write head( f ) for the argument at the head of f , i.e. head( f ) = t ∈ V ;

• and tail( f ) for the infinite stack corresponding to the tail of f , i.e. tail( f ) = g.

Definition 8.6 (Well-Formed λS -Terms). We say that a λS -term t ∈ ΛS is well-formed if and only

if for every subterm push((l, r ∈ V), u), (fv(r) ∩ cv(t)) ⊆ cvl(t). This ensures that pushed

arguments do not introduce free variables into unrelated continuations.

Notice that Definition 8.6 is identical to that of Definition 7.4 for the λG-calculus, but mentions

push instead of set operations.
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Call-By-Name. The set of arguments V is the set of λS -terms ΛS . CBN contexts (in Defi-

nition 2.11) are naturally lifted to closed configurations. CBN reduction is defined for closed

configurations as follows.

Definition 8.7 (CBN Reduction). The CBN reduction strategy is denoted by⇒CBN and defined over

closed configurations as the closure by CBN contexts of the following three rewriting steps:

((λx.t) u, s) Z⇒β (t{x \ u}, s)

(pop(l, λx.t), s) Z⇒pop (t{x \ head(s (l))}, s{l := tail(s (l))})

(push((l, u), t), s) Z⇒push (t, s{l := u · s (l)}).

Example 8.8 (CBN Reduction). The following example is obtained from Example 7.14 by replacing the

get and set operations with pop and push operations, respectively:

(push((l, (λx.x) λy.y), pop(l, λz.z z)), s) ⇒CBN(push) (pop(l, λz.z z), s{l := (λx.x) λy.y})

⇒CBN(pop) (((λx.x) λy.y) ((λx.x) λy.y), s)

⇒CBN(β) (λy.y ((λx.x) λy.y), s)

⇒CBN(β) ((λx.x) λy.y, s)

⇒CBN(β) (λy.y, s).

Notice how the pop operation undoes the effect of the push operation on the state.

Call-By-Value. The set of (λS -)values of the λS -calculus is denoted by

ΛS ⊆ ΛS and generated

by the same grammar that generates the set of values of the λG-calculus (see Section 7.1.1).

The set of arguments V is the set of values

ΛS . CBV contexts (see Definition 2.14) are naturally

lifted to closed configurations. CBV reduction is defined for closed configurations as follows.

Definition 8.9 (CBV Reduction). The CBV reduction strategy is denoted by⇒CBV and defined over

closed configurations as the closure by CBV contexts of the following three rewriting steps:

((λx.t) v, s) Z⇒βv (t{x \ v}, s)

(pop(l, λx.t), s) Z⇒pop (t{x \ head(s (l))}, s{l := tail(s (l))})

(push((l, v), t), s) Z⇒push (t, s{l := v · s (l)}).

Observe that the operational rules for stack operations are induced by the comodel (see Sec-

tion 8.2.1 and Remark 5.39).
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Example 8.10 (CBV Reduction). The following example is obtained from Example 7.16 by replacing the

get and set operations with pop and push, respectively:

(push((l, λx.x), pop(l, λy.y ((λz.z) y))), s) ⇒CBV(push) (pop(l, λy.y ((λz.z) y)), s{l := λx.x})

⇒CBV(pop) ((λx.x) ((λz.z) λx.x), s)

⇒CBV(βv) ((λx.x) λx.x, s)

⇒CBV(βv) (λx.x, s).

The set of CBN- and CBV-normal forms are the same as those for the λG-calculus (see Lemma 7.18).

8.4 The λ!-Calculus with Infinite Stacks

We now extend the λ!-calculus introduced in Chapter 3 with primitive operations for interacting

with infinite stacks. We will call this new calculus the λ!S -calculus.

In a parallel to the previous section, most definitions and properties of the λ!S -calculus can

be obtained from those in Section 7.2.1 for the λ!G-calculus by simply replacing operations get

and set with operations pop and push, respectively. However, while in the previous section we

skipped most of the details, here we are going to restate some of the definitions and properties

common to those of the λ!G-calculus, whenever it is important to highlight any key differences.

8.4.1 Syntax and Operational Semantics

The syntax of the λ!S -calculus is the extension of the syntax of the λ-calculus with a notion of state

corresponding to a mapping from locations to infinite stacks, algebraic operations for interacting

with the infinite stacks (according to Example 8.1), and configurations.

Definition 8.11 (States and λ!S -Terms). LetL be a finite set of location names andX be a countable

set of variables. The sets of values !

ΛS , terms !ΛS , infinite stacks (!

ΛS )ω, states S, and configura-

tions !ΛS × S of the λ!S -calculus are generated by the following four grammars, respectively:

Values: v, w ::= x ∈ X | !t

Terms: t, u, r, e ::= v | λx.t | t u | der(t) | pop(l, λx.t) | push((l, v), t)

Stacks: f , g ::= v · f (taken coinductively)

States: s, q ::= {l 7→ fl}l∈L

Configurations: c, c′ ::= (t, s).

The notions of free and bound variables for the λ!G-calculus are as expected, as are those of

α-congruence, substitution, context, and closed and open states and λ!S -terms.
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CBPV contexts (in Definition 3.3) are naturally lifted to closed configurations, just as was done

for the λ!G-calculus. CBPV reduction is defined for closed configurations as follows.

Definition 8.12 (CBPV Reduction). The CBPV reduction strategy is denoted by⇒CBPV and defined

over closed configurations as the closure by CBPV contexts of the following three rewriting steps:

((λx.t) v, s) Z⇒βv (t{x \ v}, s)

(der(!t), s) Z⇒β! (t, s)

(pop(l, λx.t), s) Z⇒pop (t{x \ head(s (l))}, s{l := tail(s (l))})

(push((l, v), t), s) Z⇒push (t, s{l := v · s (l)}).

Observe that the rewriting steps for operations are defined according to Section 8.2.1 and Re-

mark 5.39.

Example 8.13 (CBPV Reduction). We are going to present two examples of CBPV reduction, both starting

at (syntactically) different, but S-equivalent, configurations. Accordingly, they have the same CBPV-normal

form. However, the former is shorter than the latter:

(push((l, !λx.x), pop(l, λy.der(y) y)), s)

⇒push (pop(l, λy.der(y) y), s{l := (!λx.x) · s (l)})

⇒pop (der((!λx.x)) !λx.x, s)

⇒β! ((λx.x) !λx.x, s)

⇒βv (!λx.x, s).

(push((l, !λx.x), push((l, !λx.x), pop(l, λy.pop(l, λz.der(y) z)))), s)

⇒push (push((l, !λx.x), pop(l, λy.pop(l, λz.der(y) z))), s{l := (!λx.x) · s (l)})

⇒push (pop(l, λy.pop(l, λz.der(y) z)), s{l := (!λx.x) · (!λx.x) · s (l)})

⇒pop (pop(l, λz.der((!λx.x)) z), s{l := (!λx.x) · s (l)})

⇒pop (der((!λx.x)) !λx.x, s)

⇒β! ((λx.x) !λx.x, s)

⇒βv (!λx.x, s).

The set of (closed) syntactic CBPV-normal forms is identical to that of the λ!G-calculus (see Propo-

sition 7.25).

Proposition 8.14 (Characterization of CBPV-Normal Forms). Let (t, s) ∈ !ΛS ×S◦. Then, (t, s) ̸⇒CBPV
if and only if t ∈ NOCBPV.

The sets of clashes and clash-free configurations are defined similarly to those for the λ!G-calculus

(see Proposition 7.29).
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Definition 8.15 (Syntactic Characterization of Clash-Free CBPV-Normal Forms). The set of clash-free

CBPV-normal forms of the λ!S -calculus is {(t, s) | t ∈ NOCFCBPV, s ∈ S◦}, where NOCFCBPV := !

ΛS
◦ ∪ {λx.t |

λx.t ∈ !ΛS◦ }.

Proposition 8.16 (Characterization of Clash-Free CBPV-Normal Forms). Let (t, s) ∈ !ΛS . Then,

(t, s) ̸⇒CBPV and t is clash-free if and only if t ∈ NOCFCBPV.

As we did for the λ!G-calculus, we will show how clash-free terms can be characterized via a

lifting of the non-idempotent intersection type system presented in Chapter 3.

8.4.2 Subsuming Call-By-Name and Call-By-Value

The encodings of Section 3.2 can also be extended to the λ!S -calculus.

Terms from the λS -calculus are translated to terms of the λ!S -calculus much in the same way

as term from the λG-calculus were translated to terms of the λ!G-calculus (recall Definition 7.30).

Definition 8.17 (Translations of Terms). Consider the following inductively defined translation of

terms of the λS -calculus to terms of the λ!S -calculus:

(·)CBN : ΛS → !ΛS

x 7→ der(x)

λx.t 7→ λx.(t)CBN

t u 7→ (t)CBN !(u)CBN

pop(l, λx.t) 7→ pop(l, λx.(t)CBN)

push((l, u), t) 7→ push((l, !(u)CBN), (t)CBN)

(·)CBV : ΛS → !ΛS

x 7→ x

λx.t 7→ !λx.(t)CBV

t u 7→ der((t)CBV) (u)CBV

pop(l, λx.t) 7→ pop(l, λx.(t)CBV)

push((l, v), t) 7→ push((l, (v)CBV), (t)CBV).

The same can be said about the translation of configurations from the λS -calculus to config-

urations of the λ!S -calculus. However, since states are now mappings from locations to stacks of

terms instead of values, we first define the translations of stacks from the λS -calculus to stacks of

the λ!S -calculus.

Definition 8.18 (Translations of Stacks). Consider the following coinductively defined translation

of stacks of the λS -calculus to stacks of the λ!S -calculus:

(·)CBN : (ΛS )ω → (!ΛS )ω

t · f 7→ !(t)CBN · ( f )CBN
(·)CBV : (

ΛS )ω → (!

ΛS )ω

v · f 7→ (v)CBV · ( f )CBV.

Now, we can can define the translation of configurations in terms of the above translations.
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Definition 8.19 (Translations of Configurations). Consider the following inductively defined trans-

lation of states of the λS -calculus to states of the λ!S -calculus:

(·)CBN : S → S

{l 7→ fl}l∈L 7→ {l 7→ ( fl)
CBN}l∈L

(·)CBV : S → S

{l 7→ fl}l∈L 7→ {l 7→ ( fl)
CBV}l∈L.

The translation of configurations of the λS -calculus to configurations of the λ!S -calculus are

then defined as follows:

(·)CBN : ΛS × S → !ΛS × S

(t, s) 7→ ((t)CBN, (s)CBN)

(·)CBV : ΛS × S → !ΛS × S

(t, s) 7→ ((t)CBV, (s)CBV).

The correctness of full simulations for the case of the λ!S -calculus can be shown by following

the same overall recipe as for the λ!G-calculus. For that reason, we are just going to state the main

result of this section.

Theorem 8.20 (Correctness of Full Simulations). Let s ∈ S◦, and t ∈ ΛS◦ .

1. If (t, s)
n·β+o·pop+u·push⇒⇒CBN (u, q), then ((t, s))CBN

n·βv+m·β!+o·pop+u·push⇒⇒CBPV∪ADMIN ((u, q))CBN, for some m ≥ 0.

2. If (t, q)
n·βv+o·pop+u·push⇒⇒CBV (u, q), then ((t, s))CBV

n·βv+m·β!+o·pop+u·push⇒⇒CBPV ((u, q))CBV, for some m ≥ 0.

This establishes that the λ!S -calculus accurately reproduces the behavior of both the CBN and

CBV λS -calculi, forming the foundation for a unified quantitative analysis.

Example 8.21 (Full Simulations). Recall the CBN reduction sequence for the configuration in Example 8.8:

(push((l, (λx.x) λy.y), pop(l, λz.z z)), s)
3·β+1·pop+1·push⇒⇒CBN (λy.y, s{l := (λx.x) λy.y});

and the CBV reduction sequence for the configuration in Example 8.10:

(push((l, λx.x), pop(l, λy.y ((λz.z) y))), s)
2·βv+1·pop+1·push⇒⇒CBV (λx.x, s{l := λx.x}).

In Example 8.13, we can see how Lemma 8.20 holds for the translation of the above configurations.

The following is the CBPV reduction sequence corresponding to the CBN translation of the first config-

uration:

(push((l, !((λx.der(x)) !λy.der(y))), pop(l, λz.der(z) !der(z))), q)

3·βv+5·β!+1·pop+1·push⇒CBPV
(λy.der(y), q{l := !(λx.der(x)) !λy.der(y)})

The following is the CBPV reduction sequence corresponding to the CBV translation of the second

configuration:

(push((l, !λx.x), pop(l, λy.der(y) ((λz.z) y))), q)
2·βv+2·β!+1·pop+1·push⇒CBPV (!λx.x, q{l := !λx.x})
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8.5 State-Passing Non-Idempotent Intersection Types

Perhaps surprisingly, the quantitative systems introduced in this section are very similar to those

introduced in Section 7.3 for global state. Indeed, at a syntactic level, they can mostly be obtained

by respectively replacing the occurrences of the get and set operations with occurrences of the

pop and push operations. However, we have already seen how they deeply differ in how closely

they follow the operational semantics of the languages to which they pertain. Accordingly, the sets

of types both for the CBN and CBV λS -calculi are generated by the same grammar as those for the

CBN and CBV λG-calculus (see Definitions 7.45 and 7.67). However, list types are now called stack

types and have a different meaning: list types assign different multi(-monadic) types to the same

value across different uses; stack types assign (possibly) different multi(-monadic) types to distinct

values occurring at different depths of an infinite stack. Moreover, values were assigned the empty

list type whenever they were not going to be used anymore; infinite stacks of values are assigned the

empty stack type whenever they are not going to be used anymore. Notice that this means that the set

of state types is a mapping from locations to finite stacks of multi(-monadic) types, i.e. S = (M∗)L.

At first glance, this may seem at odds with Table 8.1, where S was described as (Mω)L. This

discrepancy is intentional: we are only interested in characterizing finite computations, and finite

computations can consume only a finite amount of resources. More generally, any infinite object

can only be semantically meaningful through the sum of its finite parts. Since infinite stacks can

only ever be partially consumed, it is natural for their quantitative semantics to reflect this fact as

well∗.

8.5.1 Call-By-Name

We now present the language of types for the CBN λS -calculus.

Definition 8.22 (CBN Types). The sets of types TySCBN for the CBN λS -calculus are generated by the

following grammar:

Stack Types: L, L′ ::= [ ] | M · L′

State Types: S, Q ::= {l 7→ Ll}l∈L

Monadic Types: A ::= S⇒ P

Product Types: P ::= A × S

Multi-Monadic Types M , N ::= {{Ai }}i∈I

Types: A ::= ⋆ | M → P

Note that stack types are finite, contrary to stacks, which are infinite.

∗Note that this does not mean that infinite stack types are meaningless. Indeed, infinite stack types are key if one
wants instead to characterize infinite computations, which is ongoing work of the author of this thesis.
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The type system for the CBN λS -calculus is as follows.

Definition 8.23 (CBN Type System). The CBN Type SystemNS assigns CBN (multi-monadic) types

to λS -terms, and consists of the following translations of the typing rules in Definition 4.7 for the

CBN λ-calculus:
Ax

x : {{A}} ⊢ x : A

Γ ⊢ t : A
Abs

Γ\\ x ⊢ λx.t : S⇒ ((Γ(x) → A)× S)
Ans

∅ ⊢ λx.t : S⇒ (⋆ × S)

Γ ⊢ t : S⇒ (M → (Q⇒ P)×Q) ∆ ⊢ u : M
App

Γ + ∆ ⊢ t u : S⇒ P

(Γi ⊢ t : Ai )i∈I
Many

+i∈IΓi ⊢ t : {{Ai }}i∈I

Along with the following six additional rules:

Γ; x : head(S (l)) ⊢ t : S{l := tail(S (l))} ⇒ P
Pop

Γ ⊢ pop(l, λx.t) : S⇒ P

Γ ⊢ u : M ∆ ⊢ t : S{l := M · S (l)} ⇒ P
Push

Γ + ∆ ⊢ push((l, u), t) : S⇒ P

Γ ⊢ t : M ∆ ⊢ f : L
Stack

Γ + ∆ ⊢ t · f : M · L
EStack

∅ ⊢ f : [ ]

(Γl ⊢ fl : Ll)l∈L
State

+l∈LΓl ⊢ {l 7→ fl}l∈L : {l 7→ Ll}l∈L

Γ ⊢ t : S⇒ P ∆ ⊢ s : S
Conf

Γ ⊢ (t, s) : P

Typing Rules. Rules Ax, Abs, Ans, App, Many, State, and Conf are just like those in Definition 7.90

for the λG-calculus. Rules Pop, Push, Stack, and EStack, are used to type operations and infinite

stacks. Notice that, unlike rules Get and Set, rules Pop and Push manipulate the input state type

S in exactly the same way as reduction rules pop and push in Definition 8.7 manipulate the input

state s. This is due to the fact that, while the algebraic theory for global state is non-linear, the

algebraic theory for infinite stacks is linear, i.e. operations get and set have non-linear behavior

with respect to the state (mapping of locations to arguments), but operations pop and push behave

linearly with respect to the state (mapping of locations to infinite stacks of arguments). Moreover,

while rules List and EStack in Definition 8.23 are all used to type the same λS -term, rules Stack

and EStack are used to type infinite stacks consisting of (potentially) different λS -terms. Indeed,

according to rule Stack, an infinite stack t · f has type M · L if t has type M and f has type L. Now,

L is also an infinite stack, so rule Stack can be used to type L, and this process can continue forever.

Thus, in order to type an infinite stacks, we require an infinitely long stack type and consequently

type derivation. However, we are only interested in terminating (i.e. finite) computations, and

finite computation can only ever use a finite amount of information. Therefore, instead of typing

infinite stacks completely, we are only going to use rule Stack to type an infinite stack up to a finite
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point, and then type the rest of the (infinite) stack using rule EStack. Notice, however, that any

occurrences of rule EStack in a type derivation can (potentially) be replaced by a use of rule Stack.

Indeed, from a qualitative point of view, as long as enough elements of any particular infinite stack

are typed, it is inconsequential to type more elements than necessary. However, from a quantitative

point of view, this is no longer the case, i.e. we want to consider only minimal typings, i.e. the

minimal information that can be extracted from a state.

Remark 8.24 (Minimal Typings for Infinite Stacks). The minimal (or tight) state types are those

that assign the empty stack type to all stacks. Moreover, notice that the push operation does not

overwrite the state type. This is contrary to what happens with the set operation (see Remark 7.51).

Consequently, no global restrictions need to be imposed to type derivations.

Definition 8.25 (Tight Typings for CBN). Let t ∈ ΛS◦ and s ∈ S◦. A type derivation Φ is tight if

and only if it is of the form Φ ▷NS ∅ ⊢ (t, s) : ⋆× {l 7→ [ ]}l∈L.

We now start moving towards exact quantitative soundness and completeness by showing that

multiset-typings can be split and merged.

Lemma 8.26 (CBN Multiset-Typings Split and Merge). Let t ∈ ΛS . Then, there is Φ ▷NS Γ ⊢ t :

M, such that M = ⊔i∈IMi if and only if there are Φi ▷NS Γi ⊢ t : Mi, such that Γ = +i∈IΓi, and

#App,Pop,Push(Φ) = +i∈I#App,Pop,Push(Φi).

That typing contexts are necessarily empty whenever terms are closed.

Lemma 8.27 (Contexts and Free Variables for CBN). If Φ ▷NS Γ ⊢ t : A (resp. M), then dom(Γ) ⊆

fv(t).

And that having a tight type derivation with zero weight is a characteristic of normal forms is

formalized as follows.

Lemma 8.28 (Zero Weight Tight Type Derivations Characterize CBN-Normal Forms). Let t ∈ ΛS◦

and s ∈ S◦. If Φ ▷NS ∅ ⊢ (t, s) : P is tight, then #App,Pop,Push(Φ) = 0 · App+ 0 · Pop+ 0 · Push if and

only if t ∈ NOCBN.

The following lemma ensures that all normal forms are tightly typable.

Lemma 8.29 (Tight Typability of CBN-Normal Forms). Let s ∈ S◦. If t ∈ NOCBN, then there is a derivation

Φ ▷NS ∅ ⊢ (t, s) : P that is tight.

The following lemma tells us how to update the list type assigned to a location.

Lemma 8.30. Let l ∈ L and s ∈ S. There are Φ ▷NS ∅ ⊢ s : S and Ψ ▷NS ∅ ⊢ t : M if and only if

there is Π ▷NS ∅ ⊢ s{l := t · s (l)} : S{l := M · S (l)}. Moreover, #App,Pop,Push(Φ) + #App,Pop,Push(Ψ) =

#App,Pop,Push(Π).
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Now, we proceed by proving the quantitative soundness and completeness of typability in type

system NS .

8.5.1.1 Quantitative Soundness

We proceed by proving a weighted version of the usual substitution lemma.

Lemma 8.31 (Weighted Substitution for CBN). Let t, u ∈ ΛS . If Φ ▷NS Γ; x : M ⊢ t : A (resp. N) and

Ψ ▷NS ∅ ⊢ u : M, then Π ▷NS Γ ⊢ t{x \ u} : A (resp. N), such that #App,Pop,Push(Π) = #App,Pop,Push(Φ)+

#App,Pop,Push(Ψ).

The exact version of the subject reduction property follows from the above lemma, without any

need to include any additional conditions to the premises of rule Push.

Lemma 8.32 (Exact Subject Reduction for CBN). Let t ∈ ΛS◦ , s ∈ S◦, and S ∈ {β, pop, push}.

If (t, s) ⇒CBN(S) (u, q) and Φ ▷NS ∅ ⊢ (t, s) : P, then there is Ψ ▷NS ∅ ⊢ (u, q) : P, such that

#App,Pop,Push(Φ) = #App,Pop,Push(Ψ) + 1 · R, where

• R = App, if S = β;

• R = Pop, if S = pop;

• and R = Push, if S = push.

Finally, we can show that NS -typability is exactly quantitatively sound with respect to CBN-

normalization.

Theorem 8.33 (Exact Soundness for CBN). Let t ∈ ΛS◦ and s ∈ S◦. If there is Φ ▷NS ∅ ⊢ (t, s) : P

tight, such that #App,Pop,Push(Φ) = n · App+ o · Pop+ u · Push, then (t, s)
n·β+o·pop+u·push⇒⇒CBN (u, q), such that

u ∈ NOCBN.

8.5.1.2 Quantitative Completeness

We proceed by proving a weighted version of the usual anti-substitution lemma.

Lemma 8.34 (Weighted Anti-Substitution for CBN). Let t ∈ ΛS and u ∈ ΛS◦ . If Φ ▷NS Γ ⊢ t{x \ u} :

A (resp. N), then there exist Ψ ▷NS Γ; x : M ⊢ t : A (resp. N) and Π ▷NS ∅ ⊢ u : M, such that

#App,Pop,Push(Φ) = #App,Pop,Push(Ψ) + #App,Pop,Push(Π).

The exact version of the subject expansion property follows from the above lemma, also without

any need to include any additional conditions to the premises of rule Push.
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Lemma 8.35 (Exact Subject Expansion for CBN). Let t ∈ ΛS◦ , s ∈ S◦, and S ∈ {β, pop, push}.

If (t, s) ⇒CBN(S) (u, q) and Φ ▷NS ∅ ⊢ (u, q) : P, then there is Ψ ▷NS ∅ ⊢ (t, s) : P, such that

#App,Pop,Push(Ψ) + 1 · R = #App,Pop,Push(Φ), where

• R = App, if S = β;

• R = Pop, if S = pop;

• and R = Push, if S = push.

Finally, we can conclude that NS -typability is quantitatively complete with respect to CBN-

normalization.

Theorem 8.36 (Exact Completeness for CBN). Let t ∈ ΛS◦ and s ∈ S◦. If (t, s)
n·β+o·pop+u·push⇒⇒CBN (u, q),

such that u ∈ NOCBN, then there is Φ ▷NS ∅ ⊢ (t, s) : P tight, such that #App,Pop,Push(Φ) = n · App+ o ·

Pop+ u · Push.

8.5.2 Call-By-Value

We now present the language of types for the CBV λS -calculus.

Definition 8.37 (CBV Types). The sets of types TySCBV for the CBV λS -calculus are generated by the

following grammar:

Stack Types: L, L′ ::= [ ] | M · L′

State Types: S, Q ::= {l 7→ Ll}l∈L

Monadic Multi-Types: M ::= S⇒ P

Product Types: P ::= M ×Q

Multi-Types M , N ::= {{Ai }}i∈I

Types: A ::= M → M

Note that, while stacks are infinite, stack types are finitely generated.

The type system for the CBV λS -calculus is as follows.

Definition 8.38 (CBV Type System). The CBV Type System VS assigns CBV (multi-monadic) types

to λS -terms, and consists of the following translations of the typing rules in Definition 4.8 for the

CBV λ-calculus:

Ax
x : M ⊢ x : M

(Γi ⊢ t : Mi )i∈I
Abs

+i∈IΓi\\ x ⊢ λx.t : {{Γi(x) → Mi }}i∈I

Γ ⊢ t : S⇒ ({{N → (R⇒ P)}} ×Q) ∆ ⊢ u : Q⇒ (N × R)
App

Γ + ∆ ⊢ t u : S⇒ P
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Along with the following six additional rules:

Γ ⊢ v : M
Lift

Γ ⊢ v : S⇒ (M× S)

Γ; x : head(S (l)) ⊢ t : S{l := tail(S (l))} ⇒ P
Pop

Γ ⊢ pop(l, λx.t) : S⇒ P

Γ ⊢ v : M ∆ ⊢ t : S{l := M · S (l)} ⇒ P
Push

Γ + ∆ ⊢ push((l, v), t) : S⇒ P

Γ ⊢ v : M ∆ ⊢ f : L
Stack

Γ + ∆ ⊢ v · f : M · L
EStack

∅ ⊢ f : [ ]

(Γl ⊢ fl : Ll)l∈L
State

+l∈LΓl ⊢ {l 7→ fl}l∈L : {l 7→ Ll}l∈L

Γ ⊢ t : S⇒ P ∆ ⊢ s : S
Conf

Γ ⊢ (t, s) : P

Typing Rules. Rules Ax, Abs, App, Lift, State, and Conf are just like those in Definition 7.70

for the λG-calculus. Rules Pop, Push, Stack, and EStack are very similar to the ones in CBN

(see Definition 8.23).

Definition 8.39 (Tight Typings for CBV). Let t ∈ ΛS◦ and s ∈ S◦. A type derivation Φ is tight if

and only if it is of the form Φ ▷VS ∅ ⊢ (t, s) : {{ }} × {l 7→ [ ]}l∈L.

We start by showing that multiset-typings can be split and merged, as expected.

Lemma 8.40 (CBV Multiset-Typings Split and Merge). Let t ∈ ΛS . Then, there is Φ ▷VS Γ ⊢ v : M,

such that M = ⊔i∈IMi, if and only if there are Φi ▷VS Γi ⊢ v : Mi, such that Γ = +i∈IΓi, and

#App,Pop,Push(Φ) = +i∈I#App,Pop,Push(Φi).

That typing contexts are necessarily empty whenever terms are closed.

Lemma 8.41 (Contexts and Free Variables for CBV). If Φ ▷VS Γ ⊢ t : M (resp. M), then dom(Γ) ⊆

fv(t).

And that the type system reflects the fact that values are not effectful.

Lemma 8.42 (CBV Values Are Not Effectful). Let t ∈ ΛS and Φ ▷VS Γ ⊢ t : S⇒ (M×Q). If t ∈ ΛS
,

then Q = S and Φ ends with rule Lift.

The fact that having a tight type derivation with zero weight is a characteristic of normal forms

is formalized as follows.

Lemma 8.43 (Zero Weight Tight Type Derivations Characterize CBV-Normal Forms). Let t ∈ ΛS◦

and s ∈ S◦. If Φ ▷VS ∅ ⊢ (t, s) : P is tight, then #App,Pop,Push(Φ) = 0 · App+ 0 · Pop+ 0 · Push if and

only if t ∈ NOCBV.
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The following lemma ensures that all normal forms are tightly typable.

Lemma 8.44 (Tight Typability of CBV-Normal Forms). Let s ∈ S◦. If t ∈ NOCBV, then there is a derivation

Φ ▷VS ∅ ⊢ (t, s) : P that is tight.

The following lemma tells us how to update the list type assigned to a location.

Lemma 8.45. Let l ∈ L and s ∈ S. There are Φ ▷VS ∅ ⊢ s : S and Ψ ▷VS ∅ ⊢ v : M if and only if

there is Π ▷VS ∅ ⊢ s{l := v · s (l)} : S{l := M · S (l)}. Moreover, #App,Pop,Push(Φ) + #App,Pop,Push(Ψ) =

#App,Pop,Push(Π).

Now, we proceed by proving the quantitative soundness and completeness of typability in type

system VS .

8.5.2.1 Quantitative Soundness

We proceed by proving a weighted version of the usual substitution lemma.

Lemma 8.46 (Weighted Substitution for CBV). Let t ∈ ΛS◦ , and v ∈ ΛS
. If Φ ▷VS Γ; x : M ⊢ t :

M (resp. N) and Ψ ▷VS ∅ ⊢ v : M, then Π ▷VS Γ ⊢ t{x \ v} : M (resp. N), such that #App,Pop,Push(Π) =

#App,Pop,Push(Φ) + #App,Pop,Push(Ψ).

The exact version of the subject reduction property follows from the above lemma.

Lemma 8.47 (Exact Subject Reduction for CBV). Let t ∈ ΛS◦ , s ∈ S◦, and S ∈ {βv, pop, push}.

If (t, s) ⇒CBV(S) (u, q) and Φ ▷VS ∅ ⊢ (t, s) : P, then there is Ψ ▷VS ∅ ⊢ (u, q) : P, such that

#App,Pop,Push(Φ) = #App,Pop,Push(Ψ) + 1 · R, where

• R = App, if S = βv;

• R = Pop, if S = pop;

• and R = Push, if S = push.

Finally, we can show that VS -typability is exactly quantitatively sound with respect to CBV-

normalization.

Theorem 8.48 (Exact Soundness for CBV). Let t ∈ ΛS◦ . If there is Φ ▷VS ∅ ⊢ (t, s) : P tight, such that

#App,Pop,Push(Φ) = n · App+ o · Pop+ u · Push, then (t, s)
n·βv+o·pop+u·push⇒⇒CBV (u, q), such that u ∈ NOCBV.
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8.5.2.2 Quantitative Completeness

We proceed by proving a weighted version of the usual anti-substitution lemma.

Lemma 8.49 (Weighted Anti-Substitution for CBV). Let t ∈ ΛS and v ∈ ΛS
◦ . If Φ ▷VS Γ ⊢ t{x \ v} :

M (resp. N), then Ψ ▷VS Γ; x : M ⊢ t : M (resp. N) and Π ▷VS ∅ ⊢ v : M, such that #App,Pop,Push(Φ) =

#App,Pop,Push(Ψ) + #App,Pop,Push(Π).

The exact version of the subject expansion properties follows from the above lemma.

Lemma 8.50 (Exact Subject Expansion for CBV). Let t, u ∈ ΛS◦ , s ∈ S◦, and S ∈ {βv, pop, push}.

If (t, s) ⇒CBV(S) (u, q) and Φ ▷VS ∅ ⊢ (u, q) : P, then there is Ψ ▷VS ∅ ⊢ (t, s) : P, such that

#App,Pop,Push(Φ) + 1 · R = #App,Pop,Push(Ψ), where

• R = App, if S = βv;

• R = Pop, if S = pop;

• and R = Push, if S = push.

Finally, we can conclude that VS -typability is quantitatively complete with respect to CBV-

normalization.

Theorem 8.51 (Exact Completeness for CBV). Let t ∈ ΛS◦ . If (t, s)
n·βv+o·pop+u·push⇒⇒CBV (u, q), such that

u ∈ NOCBV, then there is Φ ▷VS ∅ ⊢ (t, s) : P tight, such that #App,Pop,Push(Φ) = n · App+ o · Pop+ u · Push.

8.5.3 Subsuming Call-By-Name and Call-By-Value

As expected, the CBPV system subsumes both the CBN and CBV quantitative systems introduced

earlier. In particular, the linear behavior of the stack operations ensures that the typing rules

for pop and push are uniform across all evaluation strategies, without requiring additional side

conditions or restrictions.

The set of types for the λ!S -calculus is also generated by the same grammar as the one for the

λ!G-calculus. List types are now reinterpreted as stack types following the same reasoning as for the

CBN and CBV λS -calculi (see Section 7.2.2).
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Definition 8.52 (CBPV Types). The sets of types TySCBPV for the λ!S -calculus is generated by the

following grammar:

Stack Types: L, L′ ::= [ ] | M · L′

State Types: S, Q ::= {l 7→ Ll}l∈L

Monadic Types: A ::= S⇒ P

Product Types: P ::= A × S

Multi-Monadic Types M , N ::= {{Ai }}i∈I

Types: A ::= ⋆ | M | M → A

The type system for the λ!S -calculus is as follows.

Definition 8.53 (CBPV Type System). The CBPV Type System PS assigns CBPV (multi-monadic)

types to λ!S -terms, and consists of the following translations of the typing rules in Definition 4.21

for the λ!-calculus:

Ax
x : M ⊢ x : M

Γ ⊢ t : A
Abs

Γ\\ x ⊢ λx.t : S⇒ ((Γ(x) → A)× S)

Ans
∅ ⊢ λx.t : S⇒ (⋆ × S)

Γ ⊢ t : S⇒ ((M → (R⇒ P))×Q) ∆ ⊢ u : Q⇒ (M × R)
App

Γ + ∆ ⊢ t u : S⇒ P

(Γi ⊢ t : Ai )i∈I
Bg

+i∈IΓi ⊢ !t : {{Ai }}i∈I

Γ ⊢ t : S⇒ ({{Q⇒ P}} ×Q)
Der

Γ ⊢ der(t) : S⇒ P

Along with the following seven additional rules:

Γ ⊢ v : M
Lift

Γ ⊢ v : S⇒ (M× S)

Γ; x : head(S (l)) ⊢ t : S{l := tail(S (l))} ⇒ P
Pop

Γ ⊢ pop(l, λx.t) : S⇒ P

Γ ⊢ v : M ∆ ⊢ t : S{l := M · S (l)} ⇒ P
Push

Γ + ∆ ⊢ push((l, v), t) : S⇒ P

Γ ⊢ v : M ∆ ⊢ f : L
Stack

Γ + ∆ ⊢ v · f : M · L
EStack

∅ ⊢ f : [ ]

(Γl ⊢ fl : Ll)l∈L
State

+l∈LΓl ⊢ {l 7→ fl}l∈L : {l 7→ Ll}l∈L

Γ ⊢ t : S⇒ P ∆ ⊢ s : S
Conf

Γ ⊢ (t, s) : P

Typing Rules. Rules Ax, Abs, Ans, App, Bg, Der, Lift, State, and Conf are just like those in Def-

inition 7.90 for the λ!G-calculus. Rules Pop, Push, Stack, and EStack, are very similar to the ones

in CBN and CBV (see Definitions 7.49 and 7.70).
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Definition 8.54 (Tight Typings for CBPV). Let t ∈ !ΛS◦ and s ∈ S◦. A type derivation Φ is tight if

and only if it is of the form Φ ▷PS ∅ ⊢ (t, s) : A× {l 7→ {{ }}}l∈L, such that A ∈ {⋆, {{ }}}. That is,

tight CBPV typings produce either a value type or a multiset of computations, together with an

empty stack type.

We start by showing that multiset-typing can be split and merged, as expected.

Lemma 8.55 (CBPV Multiset-Typings Split and Merge). Let t ∈ !ΛS . Then, there is Φ ▷PS Γ ⊢ t : M,

such that M = ⊔i∈IMi, if and only if there are Φi ▷PS Γi ⊢ t : Mi, such that Γ = +i∈IΓi, and

#App,Der,Pop,Push(Φ) = +i∈I#App,Der,Pop,Push(Φi).

That typing contexts are necessarily empty whenever terms are closed.

Lemma 8.56 (Contexts and Free Variables for CBPV). If Φ ▷PS Γ ⊢ t : A (resp. M), then dom(Γ) ⊆

fv(t).

And that the type system reflects the fact that values are not effectful.

Lemma 8.57 (CBPV Values Are Not Effectful). Let t ∈ !ΛS and Φ ▷PS ∅ ⊢ t : S ⇒ (A × Q). If

t ∈ !

ΛS
, then Q = S and Φ ends with rule Lift.

The fact that having a tight type derivation with zero weight is a characteristic of clash-free

normal forms is formalized as follows.

Lemma 8.58 (Zero Weight Tight Type Derivations Characterize CBPV-Normal Forms). Let t ∈ ΛS◦

and s ∈ S◦. If Φ ▷PS ∅ ⊢ (t, s) : P is tight, then #App,Der,Pop,Push(Φ) = 0 · App+ 0 · Der+ 0 · Pop+ 0 ·

Push if and only if t ∈ NOCFCBPV.

The following lemma ensures that all clash-free normal-forms are tightly typable.

Lemma 8.59 (Tight Typability of CBPV-Normal Forms). Let t ∈ ΛS◦ . If t ∈ NOCFCBPV, then there is a

derivation Φ ▷PS ∅ ⊢ (t, s) : P that is tight.

The following lemma tells us how to update the list type assigned to a location.

Lemma 8.60. Let l ∈ L and s ∈ S. There are Φ ▷PS ∅ ⊢ s : S and Ψ ▷PS ∅ ⊢ f : L if and only

if there is Π ▷PS ∅ ⊢ s{l := f } : S{l := L}. Moreover, #App,Der,Pop,Push(Φ) + #App,Der,Pop,Push(Ψ) =

#App,Der,Pop,Push(Π).

Now, we proceed by proving the quantitative soundness and completeness of typability in type

system PS .
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8.5.3.1 Quantitative Soundness

We proceed by proving a weighted version of the usual substitution lemma.

Lemma 8.61 (Weighted Substitution for CBPV). Let t ∈ !ΛS and v ∈ !

ΛS
. If Φ ▷PS Γ; x : M ⊢ t :

A (resp. N) and Ψ ▷PS ∅ ⊢ v : M, then Π ▷PS Γ ⊢ t{x \ v} : A (resp. N), such that #App,Der,Pop,Push(Π) =

#App,Der,Pop,Push(Φ) + #App,Der,Pop,Push(Ψ).

The quantitative version of the subject reduction property follow from the above lemma. Note,

however, that it is not necessary to add s (l) = {{ }} as a requirement for rule Push.

Lemma 8.62 (Exact Subject Reduction for CBPV). Let t ∈ !ΛS◦ , s ∈ S◦, and S ∈ {βv, β!, pop, push}.

If (t, s) ⇒CBPV(S) (u, q) and Φ ▷PS ∅ ⊢ (t, s) : P, then there is Ψ ▷PS ∅ ⊢ (u, q) : P, such that

#App,Der,Pop,Push(Φ) = #App,Der,Pop,Push(Ψ) + 1 · R, where

• R = App, if S = βv;

• R = Der, if S = β!;

• R = Pop, if S = pop;

• and R = Push, if S = push.

Finally, we can show that PS -typability is quantitatively sound with respect to clash-free CBPV-

normalization.

Theorem 8.63 (Exact Soundness for CBPV). Let t ∈ ΛS◦ . If there is Φ ▷PS ∅ ⊢ (t, s) : P tight, such

that #App,Der,Pop,Push(Φ) = n · App+ m · Der+ o · Pop+ u · Push, then (t, s)
n·βv+m·β!+o·pop+u·push⇒⇒CBPV (u, q),

such that u ∈ NOCFCBPV.

8.5.3.2 Quantitative Completeness

We start by showing that PS -typable configurations are necessarily clash-free, i.e. normalize to a

clash-free CBPV normal form.

Lemma 8.64 (Typability Implies Clash-Freeness). Let t ∈ !ΛS◦ and s ∈ S◦. If Φ ▷PS ∅ ⊢ (t, s) : P,

then t is clash-free.

In fact, we can show that PS -typability captures the clash-freeness of CBPV-normal forms.

Lemma 8.65 (Typability Characterizes CBPV Clash-Free Normal Forms). Let t ∈ !ΛS◦ and s ∈ S◦.

Then, t ∈ NOCFCBPV if and only if t ∈ NOCBPV and (t, s) is PS -typable.
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Lemma 8.66 (Weighted Anti-Substitution for CBPV). Let t ∈ !ΛS , and v ∈ !

ΛS
◦ . If Φ ▷PS Γ ⊢

t{x \ v} : A (resp. N), then Ψ ▷PS Γ; x : M ⊢ t : A (resp. N) and Π ▷PS ∅ ⊢ v : M, such that

#App,Der,Pop,Push(Φ) = #App,Der,Pop,Push(Ψ) + #App,Der,Pop,Push(Π).

The quantitative version of the subject expansion property follow from the above lemma.

Again, it is not necessary to add s (l) = {{ }} as a requirement for rule Push.

Lemma 8.67 (Exact Subject Expansion for CBPV). Let t ∈ !ΛS◦ , s ∈ S◦, and S ∈ {βv, β!, pop, push}.

If (t, s) ⇒CBPV(S) (u, q) and Φ ▷PS ∅ ⊢ (u, q) : P, then there is Ψ ▷PS ∅ ⊢ (t, s) : P, such that

#App,Der,Pop,Push(Φ) + 1 · R = #App,Der,Pop,Push(Ψ), where

• R = App, if S = βv;

• R = Der, if S = β!;

• R = Pop, if S = pop;

• and R = Push, if S = push.

Finally, we can show that PS -typability is quantitatively complete with respect to clash-free

CBPV-normalization.

Theorem 8.68 (Exact Completeness for CBPV). Let t ∈ ΛS◦ . If (t, s)
n·βv+m·β!+o·pop+u·push⇒⇒CBPV (u, q), such

that u ∈ NOCFCBPV, then there is Φ ▷PS ∅ ⊢ (t, s) : P tight, such that #App,Der,Pop,Push(Φ) = n · App+ m ·

Der+ o · Pop+ u · Push.

8.5.3.3 Soundness and Completeness of Translations

The translation of CBV typings for the λ!S -calculus is identical to that of the λ!G-calculus (see Def-

inition 7.108).

Since we have seen that the translations on terms preserve the number of β-, βv-, pop-, and

push-steps we can show that P-typability is not only sound and complete with respect to the

translations, but also preserves the number of steps. Moreover, even though stack translations

are defined coinductively, P-typability is a finitary process and thus the proofs of soundness

and completeness of P-typability with respect to the translations do not require any coinductive

reasoning. They are both shown by induction of the structure of the type derivations, and the

proofs follow the same reasoning as those of the λ!G-calculus (see Section 7.3.3.3).

Lemma 8.69 (Soundness of Term and Stack Translations). Let t ∈ ΛS .

1. If Φ ▷NS Γ ⊢ t (resp. t or f ) : A (resp. M or L), then Ψ ▷PS Γ ⊢ (t)CBN (resp. !(t)CBN or ( f )CBN) :

A (resp. M or L). Moreover, #App,Pop,Push(Φ) = #App,Pop,Push(Ψ).
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2. If Φ ▷VS Γ ⊢ t (resp. t or f ) : M (resp. M or L), then Ψ ▷PS (Γ)
GCBV ⊢ (t)CBV (resp. (t)CBV or ( f )CBV) :

(M)GCBV (resp. (M)GCBV or (L)GCBV). Moreover, #App,Pop,Push(Φ) = #App,Pop,Push(Ψ).

Again, while the completeness of the CBN translation can be easily shown, the completeness

of the CBV translation, can not be shown by a simple induction on typing derivations. As such,

we will also focus on showing completeness for the CBN translations, and leave the completeness

of the CBV translations as a conjecture.

Lemma 8.70 (Completeness of CBN Term and Stack Translations). Let t ∈ ΛS . If Ψ ▷PS Γ ⊢

(t)CBN (resp. !(t)CBN or ( f )CBN) : A (resp. M or L), then Φ ▷NS Γ ⊢ t (resp. t or f ) : A (resp. M or L).

Moreover, #App,Pop,Push(Φ) = #App,Pop,Push(Ψ).

Finally, we show that state translations are sound and complete.

Lemma 8.71 (Soundness and Completeness of CBN State Translations). Let s ∈ S. Then, Φ ▷NS Γ ⊢

s : S if and only if Ψ ▷PS Γ ⊢ (s)CBN : S. Moreover, #App,Pop,Push(Φ) = #App,Pop,Push(Ψ).

And that CBV state translations are sound.

Lemma 8.72 (Soundness of CBV State Translations). Let s ∈ S. If Φ ▷VS Γ ⊢ s : S, then Ψ ▷PS (Γ)
CBV ⊢

(s)CBV : (S)CBV. Moreover, #App,Pop,Push(Φ) = #App,Pop,Push(Ψ).

The soundness and completeness of the CBN translation of configurations then follows from

the above statements.

Theorem 8.73 (Soundness and Completeness of CBN Configuration Translations). Let t ∈ ΛS

and s ∈ S. Then, Φ ▷NS Γ ⊢ (t, s) : A × Q if and only if Ψ ▷PS Γ ⊢ ((t, s))CBN : A × Q. Moreover,

#App,Pop,Push(Φ) = #App,Pop,Push(Ψ).

The soundness of the CBV translation of configurations follows from the soundness of the CBV

translations of terms and states.

Theorem 8.74 (Soundness of CBV Configuration Translations). Let t ∈ ΛS and s ∈ S. If Φ ▷VS Γ ⊢

(t, s) : P, then Ψ ▷PS Γ ⊢ ((t, s))CBV : (P)GCBV . Moreover, #App,Pop,Push(Φ) = #App,Pop,Push(Ψ).

The completeness of the CBV translation of configurations is left as a conjecture, since it can

not be shown by a simple induction on typing derivations.

Conjecture 8.75 (Completeness of CBV Configuration Translations). Let t ∈ ΛS and s ∈ S. If Ψ ▷PS

(Γ)GCBV ⊢ ((t, s))CBV : (M)GCBV × (Q)GCBV , then Φ ▷VS Γ ⊢ (t, s) : M× Q. Moreover, #App,Pop,Push(Φ) =

#App,Pop,Push(Ψ).
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This concludes the quantitative study of infinite stacks. Taken together, the CBN, CBV, and

CBPV systems show that infinite stacks provide a uniform, linear, and quantitatively precise

foundation for state-passing computations across evaluation strategies.

In the next section we show how infinite stacks can be used to encode other state-passing

algebraic effects.

8.6 Handling State-Passing Computations using Infinite Stacks

The goal of this section is to show that infinite stacks form a sufficiently expressive target algebraic

theory to encode a wide range of state-passing effects. The encodings proceed in three steps: (i)

defining handlers from the source algebraic theory into infinite stacks, (ii) deriving the induced

operational semantics, and (iii) deriving the corresponding quantitative CBPV type systems. We

illustrate this methodology on global state, interactive input/output, finite nondeterminism, and

their combinations.

8.6.1 Computing the Handlers

Let us start by computing handlers for each of the algebraic theories in Section 5.3. In the following,

we are going to follows the same approach and reasoning as in Section 8.1. Moreover, all handlers

defined in this section follow the same pattern: operations that observe the environment are inter-

preted as pop on a distinguished location, while operations that emit information are interpreted

as push. Moreover, all handlers are tail-resumptive one-shot handlers, i.e. runners (in the sense

of [38]).

8.6.1.1 Global State

Recall the algebraic theory for global state in Example 5.19. We want to define a handler H from

|FGX| to |FSY|. Let LG be the set of locations for G, LS be the set of location for S , VG be the

set of values for G, VS be the set of values for S , ϕL : LG → LS be an injective function between

locations, and ϕV : VG → VS be an injective function between values. Then, we can define the

following maps:

hget : LG × (VG → |FSY|) → |FSY|

(l, λa.H([t])) := [pop(ϕL (l), λb.[push((ϕL (l), b), H([t{a \ ϕ−1
V (b)}]))])]

hset : (LG × VG)× (|FSY|) → |FSY|

((l, v), H([t])) := [pop(ϕL (l), λa.[push((ϕL (l), ϕV (v)), H([t]))])].
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To confirm that H is indeed a handler, we need to show that hget and hset form a G-model. Recall

the equations in EqG :

get(l, λa.t) ∼G t if a ̸∈ fv(t)

get(l, λa.set((l, a), λb.t)) ∼G t if a ̸∈ fv(t)

get(l, λb.get(l, λa.t)) ∼G get(l, λa.t{b \ a})

set((l, v), λa.get(l, λb.t)) ∼G set((l, v), λa.t{b \ v})

set((l, v), λa.set((l, w), λb.t)) ∼G set((l, w), λb.t)

get(l, λa.get(l′, λb.t)) ∼G get(l′, λb.get(l, λa.t))

get(l, λa.set((l′, v), λb.t)) ∼G set((l′, v), λb.get(l, λa.t))

set((l, v), λa.set((l′, w), λb.t)) ∼G set((l′, w), λb.set((l, v), λa.t))

After applying H to each side of the above equations, we get the following set of equalities:

1. H([get(l, λa.[t])]) = H([t]) if a ̸∈ fv(t)

2. H([get(l, λa.[set((l, a), λb.[t])])]) = H([t]) if a ̸∈ fv(t)

3. H([get(l, λb.[get(l, λa.[t])])]) = H([get(l, λa.[t{b \ a}])])

4. H([set((l, v), λa.[get(l, λb.[t])])]) = H([set((l, v), λa.[t{b \ v}])])

5. H([set((l, v), λa.[set((l, w), λb.[t])])]) = H([set((l, w), λb.[t])])

6. H([get(l, λa.[get(l′, λb.[t])])]) = H([get(l′, λb.[get(l, λa.[t])])])

7. H([get(l, λa.[set((l′, v), λb.[t])])]) = H([set((l′, v), λb.[get(l, λa.[t])])])

8. H([set((l, v), λa.[set((l′, w), λb.[t])])]) = H([set((l′, w), λb.[set((l, v), λa.[t])])])

Now, we must check that they hold in S . We go through equations 1-5:

Equation 1:

Let a ̸∈ fv(t):
H([get(l, λa.[t])])

= [pop(ϕL (l), λb.[push((ϕL (l), b), H([t]))])]

= H([t]).

Equation 2:
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Let a ̸∈ fv(t):

H([get(l, λa.[set((l, a), λb.[t])])])

= [pop(ϕL (l), λc.[push((ϕL (l), c), [pop(ϕL (l), λd.[push((ϕL (l), ϕV (ϕ
−1
V (c))), H([t]))])])])]

= [pop(ϕL (l), λc.[push((ϕL (l), c), [pop(ϕL (l), λd.[push((ϕL (l), c), H([t]))])])])]

= [pop(ϕL (l), λc.[push((ϕL (l), c), H([t]))])]

= H([t]).

Equation 3:

H([get(l, λb.[get(l, λa.[t])])])

= [pop(ϕL (l), λc.[push((ϕL (l), c), [pop(ΦL (l), λd.

[push((ϕL (l), d), H([(t{b \ ϕ−1
V (c)}){a \ ϕ−1

V (d)}]))])])])]

= [pop(ϕL (l), λc.[push((ϕL (l), c), H([(t{b \ ϕ−1
V (c)}){a \ ϕ−1

V (c)}]))])]

= [pop(ϕL (l), λc.[push((ϕL (l), c), H([(t{b \ a}){a \ ϕ−1
V (c)}]))])]

= H([get(l, λa.t{b \ a})]).

Equation 4:

H([set((l, v), λa.[get(l, λb.[t])])])

= [pop(ϕL (l), λc.[push((ϕL (l), ϕV v), [pop(ϕL (l), λd.

[push((ϕL (l), d), H([t{b \ ϕ−1
V (d)}]))])])])]

= [pop(ϕL (l), λc.[push((ϕL (l), ϕV (v)), H([t{b \ ϕ−1
V (ϕV (v))}]))])]

= [pop(ϕL (l), λc.[push((ϕL (l), ϕV (v)), H([t{b \ v}]))])]

= H([set((l, v), λa.[t{b \ v}])]).

Equation 5:

H([set((l, v), λa.[set((l, w), λb.[t])])])

= [pop(ϕL (l), λc.[push((ϕL (l), ϕV (v)), [pop(ϕL (l), λd.[push((ϕL (l), ϕV (w)), H([t]))])])])]

= [pop(ϕL (l), λc.[push((ϕL (l), ϕV (w)), H([t]))])]

= H([set((l, w), λb.[t])]).

The remaining equations correspond to commutation of operations at distinct locations and

follow by a similar, but more verbose, calculation.

8.6.1.2 Interactive Input

Recall the algebraic theory for interactive input in Example 5.16. We want to define a handler H

from |FIX| to |FSY|. Let L ∪ {input} be the set of locations for S , VI be the set of values for I
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(to be understood as the input alphabet), VS be the set of values for S , and ϕV : VI → VS be an

injective function between values. Then, we can define the following map:

hinput : (VI → |FSY|) → |FSY|

(λa.H([t])) := [pop(input, λb.H([t{a \ ϕ−1
V (b)}]))].

To confirm that H is indeed a handler, we need to show that hinput forms a I-model. Since the

set of equations EqI is empty, we can immediately conclude.

8.6.1.3 Interactive Output

Recall the algebraic theory for interactive output in Example 5.17. We want to define a handler H

from |FOX| to |FSY|. Let L ∪ {output} be the set of locations for S , VO be the set of values for O

(to be understood as the output alphabet), VS be the set of values for S , and ϕV : VO → VS be an

injective function between values. Then, we can define the following map:

houtput : VO × |FSY| → |FSY|

(v, H([t])) := [push((output, ϕV (v)), H([t]))].

To confirm that H is indeed a handler, we need to show that houtput forms a O-model. Since

the set of equations EqO is empty, we can immediately conclude.

8.6.1.4 Nondeterminism

Recall the algebraic theory for finite non-empty nondeterminism in Example 5.18. We want to

define a handler H from |FNX| to |FNX|. Let L ∪ {choose} be the set of locations for S , VN be

the set of values for N (to be understood as the set of booleans), VS be the set of values for S , and

ϕV : VN → VS be an injective function between values. Then, we can define the following map:

hchoose : (VN → |FSY|) → |FSY|

(λa.H(t)) := [pop(choose, λb.H(t{a \ b}))].

To confirm that H is indeed a handler, we need to show that hchoose forms a N -model. Since

the set of equations EqN is empty, we can immediately conclude.

Intuitively, nondeterministic choice is implemented by popping a Boolean from a distinguished

stack, whose contents represent the branching structure of the computation.

8.6.1.5 Interactive IO

As we have seen in Proposition 5.40, it is possible to combine different algebraic theories together.

As an example, the algebraic theory for interactive IO IO can be understood as the sum of I
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and O. Then, ΣIO = ΣI ∪ ΣO, and EqIO = EqI ∪ EqO. We want to define a handler H from

|FIOX| = |FI+OX| to |FSY|. Let L ∪ {input, output} be the set of locations for S , VIO = VI ×VO
be the set of values for IO (to be understood as the cartesian product of the sets of values for I

and O), VS be the set of values for S , and ϕV : VI → VS and ψV : VO → VS be injective functions

between values. Then, we can define the following maps:

hinput : (VI → |FSY|) → |FSY|

(λa.H([t])) := [pop(input, λb.H([t{a \ ϕ−1
V (b)}]))]

houtput : VO × |FSY| → |FSY|

(v, H([t])) := [push((output, ψV (v)), H([t]))].

To confirm that H is indeed a handler, we need to show that hinput and houtput form a IO-model.

Since the set of equations EqIO is empty, we can conclude immediately.

8.6.2 Examples of Using the Handlers

Now we are going to illustrate how the handlers defined in the previous subsection can be used to

extend the λ!-calculus with algebraic operations for dealing with global state and interactive IO.

The same can be done for the CBN and CBV λ-calculi and for finite nondeterminism, but these are

subsumed by the λ!-calculus and interactive IO, respectively. Let T be some algebraic theory, H

be a handler from |FT X| to |FSY|, opi : Pi ⇝ Ai ∈ ΣT , and p ∈ Pi.

λ!-Terms. Let L be a finite set of location names and X be a countable set of variables. The

sets of values !

ΛT and terms !ΛT of the λ!T -calculus are generated by the two following template

grammars, respectively:

Values: v, w ::= x ∈ X | !t

Terms: t, u, r, e ::= v | λx.t | t u | der(t) | opi(p, λx.t).

The set of states S for the λ!T -calculus is the one for the λ!S -calculus, and the set of configura-

tions is !ΛT × S.

CBPV Reduction. The CBPV reduction strategy⇒CBPV is defined over closed configurations as the

closure by CBPV contexts of the usual βv- and β!-steps, plus the set of reduction steps that results

from instantiating the following template reduction step:

(opi(p, λx.t), s) Z⇒opi (t{x \ ?}, ?)

CBPV Types. The set of types for the λ!T -calculus is the same as for the λ!S -calculus.
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CBPV Type System. The CBPV Type System PS assigns CBPV (multi-monadic) types to λ!-terms,

and consists of all the typing rules in PS with the exception of rules Pop and Push, which are

replaced by the set of typing rules that result from instantiating the following template typing

rule:
Γ ⊢ p : M ∆; x : ? ⊢ t : ?⇒ P

Opi
Γ + ∆ ⊢ opi(p, λx.t) : S⇒ P

Now, we are going to use the handlers defined in the previous section in order to instantiate

the above templates according to the state-passing algebraic theory T .

8.6.2.1 Handling Global State Using Infinite Stacks

Recall the set of operations of the algebraic theory for global state:

ΣG := {get : L⇝ V , set : L× V ⇝ 1}.

λ!-Terms. As expected, the sets of values !

ΛG and terms !ΛG of the λ!G-calculus are generated by

instantiating the template grammars above as follows:

Values: v, w ::= · · ·

Terms: t, u, r, e ::= · · · | get(l, λx.t) | set((l, v), t).

CBPV Reduction. The reduction steps for the get and set operations are obtained by instantiat-

ing the template reduction rules.

Let us start with the template reduction rule for the get operation:

(get(l, λx.t), s) Z⇒get (t{x \ ?}, ?).

Recall mapping hget for the get operation:

hget : LG × (VG → |FSY|) → |FSY|

(l, λa.H([t])) := [pop(ϕL (l), λb.[push((ϕL (l), b), H([t{a \ ϕ−1
V (b)}]))])]

If we ignore the equivalence classes and understand hget as a transformation from TreeΣG X to

TreeΣSY, we can consider the cointerpretation of the operations appearing in tree resulting from

the transformation. That is, given some location l ∈ LG and state s ∈ (Vω
S )
LS , running operation

get in FGX is the same as running the following sequence of pop and push operations in FSY:

JpopK(Vω
S )
LS (ϕL (l), s) = (head(s (ϕL (l))), s{ϕL (l) := tail(s (ϕL (l)))})

JpushK(Vω
S )
LS ((ϕL (l), head(s (ϕL (l)))), s{ϕL (l) := tail(s (ϕL (l)))}) = (∗, s).
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This means that ϕ−1
V (head(s (ϕL (l)))) is the value assigned to x and s is the starting state for

t{x \ ϕ−1
V (head(s (ϕL (l))))}. Therefore, assuming that injective functions ϕL : LG → LS and

ϕ : VG → VS exist, the reduction rule for the get operation is as follows:

(get(l, λx.t), s) Z⇒get (t{x \ ϕ−1
V (head(s (ϕL (l))))}, s).

Now, let us consider the template reduction rule for the set operation:

(set((l, v), t), s) Z⇒set (t, ?).

Recall mapping hset for the set operation:

hset : (LG × VG)× (|FSY|) → |FSY|

((l, v), H([t])) := [pop(ϕL (l), λa.[push((ϕL (l), ϕV (v)), H([t]))])].

Given some location l ∈ LG , value v ∈ VG , and state s ∈ (Vω
S )
LS , running operation set in FGX is

the same as running the following sequences of pop and push operations in FSY:

JpopK((VS )ω)LS (ϕL (l), s) = (head(s (ϕL (l))), s{ϕL (l) := tail(s (ϕL (l)))})

JpushK((VS )ω)LS ((ϕL (l), ϕV (v)), s{ϕL (l) := tail(s (ϕL (l)))}) =

(∗, s{ϕL (l) := ϕV (v) · tail(s (ϕL (l)))}).

This means that value head(s (ϕL (l))) is ignored and that s{ϕL (l) := ϕV (v) · tail(s (ϕL (l)))} is

the starting state for t. Therefore, the reduction rule for the set operation is as follows:

(set((l, v), t), s) Z⇒set (t, s{ϕL (l) := ϕV (v) · tail(s (ϕL (l)))}).

Example 8.76 (Handling Global State Using Infinite Stacks, Operationally. . . ). Let LG = LS = {l}

consist of the same unique location. Then, ϕL : LG → LS is the identity on {l}. Now, consider the

following translation:

(·)G : !ΛG → !ΛS

x 7→ x

!t 7→ !(t)G

λx.t 7→ λx.(t)G

t u 7→ (t)G (u)G

der(t) 7→ der((t)G)

get(l, λx.t) 7→ pop(l, λy.push((l, y), (t{x \ y})G))

set((l, v), t) 7→ pop(l, λy.push((l, (v)G), (t)G)).
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Notice that (·)G translates operations get and set according to the mappings hget and hset. Moreover, it

is easy to see that (·)G is injective. Therefore, we can take ϕV : VG → VS to be defined as follows:

ϕV : VG → VS
x 7→ x

!t 7→ !(t)G .

Also, notice that we can extend ϕV to states as follows:

ϕ̂V : (VG)LG → (VS )LS

{l 7→ v} 7→ {l 7→ ϕV (v) · repeat(!λx.x)},

where repeat : VS → (VS )ω
is an infinitary function coinductively defined as follows:

repeat : VS → (VS )ω

v 7→ v · repeat(v).

Now, consider the following configuration from Example 7.33:

(set((l, !λx.x), get(l, λy.der(y) (der(!(λz.z)) y))), (s)CBV).

Let us assume that (s)CBV = {l 7→ v}, so that ϕV (s) = {l 7→ ϕV (v) · repeat(!λx.x)}. Then

(set((l, !λx.x), get(l, λy.der(y) (der(!(λz.z)) y))), {l 7→ ϕV (v) · repeat(!λx.x)})

⇒set (get(l, λy.der(y) (der(!(λz.z)) y)), {l 7→ (ϕV (!λx.x)) · repeat(!λx.x)})

⇒get (der((!λx.x)) (der(!(λz.z)) (!λx.x)), {l 7→ (ϕV (!λx.x)) · repeat(!λx.x)})

⇒β! ((λx.x) (der(!(λz.z)) (!λx.x)), {l 7→ (ϕV (!λx.x)) · repeat(!λx.x)})

⇒β! ((λx.x) ((λz.z) (!λx.x)), {l 7→ (ϕV (!λx.x)) · repeat(!λx.x)})

⇒βv ((λx.x) (!λx.x), {l 7→ (ϕV (!λx.x)) · repeat(!λx.x)})

⇒βv (!λx.x, {l 7→ (ϕV (!λx.x)) · repeat(!λx.x)}).

That is,

(set((l, !λx.x), get(l, λy.der(y) (der(!(λz.z)) y))), {l 7→ ϕV (v) · repeat(!λx.x)})
1·set+1·get+2·β!+2·βv⇒CBPV

(!λx.x, {l 7→ (ϕV (!λx.x)) · repeat(!λx.x)}).

Finally, notice that ϕ̂−1
V ({l 7→ (ϕV (!λx.x)) · repeat(!λx.x)}) = {l 7→ !λx.x}. Therefore, the above

configuration corresponds to the following one:

(!λx.x, {l 7→ !λx.x}).
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CBPV Type System. The CBPV Type System PG is obtained by instantiating the template type

rules above.

Let us start with the template type rule for the get operation:

Γ; x : ? ⊢ t : ?⇒ P
Get

Γ ⊢ get(l, λx.t) : S⇒ P

To figure out the type of that should be assigned to variable x and the initial state type for t we must

proceed similarly to how we did to determine the reduction rules for the get operation. However,

there is an important caveat due to get operations not being linear in the sense of Remark 7.2.

Indeed, given some location l ∈ LG and state type S ∈ (M∗)LS , we have the following:

JpopK(M∗)LS (ϕL (l), S) = (head(S (ϕL (l))), S{ϕL (l) := tail(S (ϕL (l)))})

JpushK(M∗)LS ((ϕL (l), head(S (ϕL (l)))), S{ϕL (l) := tail(S (ϕL (l)))}) = (∗, S).

Therefore, we would have the following typing rule for the get operation:

Γ; x : head(S (ϕL (l))) ⊢ t : S⇒ P
Get

Γ ⊢ get(l, λx.t) : S⇒ P

But this rule is wrong: if t is assigned the same initial state type as get(l, λx.t), the type system

cannot be quantitatively sound. This is precisely the mismatch already identified in Remark 7.2:

operationally, get is non-linear in the state, but quantitatively it must behave linearly with respect

to resource usage. To solve this problem, we must first consider what happens with the template

type rule for the set operation:

Γ ⊢ v : M ∆ ⊢ t : ?⇒ P
Set

Γ + ∆ ⊢ set((l, v), t) : S⇒ P

To figure out the initial state type for t we proceed exactly how we did to determine the reduction

rule for the set operation. Given some location l ∈ LG and state type S ∈ (M∗)LSn, we have the

following:

JpopK(M∗)LS (ϕL (l), S) = (head(S (ϕL (l))), S{ϕL (l) := tail(S (ϕL (l)))})

JpushK(M∗)LS ((ϕL (l), M), S{ϕL (l) := tail(S (ϕL (l)))}) =

(∗, S{ϕL (l) := M · tail(S (ϕL (l)))}).

Therefore, we have the following typing rule for the set operation:

Γ ⊢ v : M ∆ ⊢ t : S{ϕL (l) := M · tail(S (ϕL (l)))} ⇒ P
Set

Γ + ∆ ⊢ set((l, v), t) : S⇒ P

Now that we have determined the typing rule for the set operations, we can observe the following.

Notice that, contrary to rule Set in Section 7.3.3, value v is typed with a multiset type, not a list

type. However, as we have also discussed in the last paragraph of Remark 7.2, we can translate
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any list type into an equivalent multiset type. Therefore, the Get that we have obtained for the get

operation should take this into consideration. That is, it should be understood that head(S (ϕL (l)))

is the multiset union of a list of multiset types, each corresponding to a different use of the value

assigned to location l. Thus, instead of assigning head(S (ϕL (l))) to x, we must assign it only a

multiset subset of head(S (ϕL (l))). Let N ⊑ head(S (ϕL (l))). Then, we have the following correct

typing rule for the get operation:

Γ; x : N ⊢ t : S{ϕL (l) := head(S (ϕL (l))) \ N · tail(S (ϕL (l)))} ⇒ P
Get

Γ ⊢ get(l, λx.t) : S⇒ P

And this comes from the following interpretation of the transformation of the get operation. Given

some location l ∈ LG and state type S ∈ (M∗)LS , we have the following:

JpopK(M∗)LS (ϕL (l), S) = (head(S (ϕL (l))), S{ϕL (l) := tail(S (ϕL (l)))})

N ⊑ head(S (ϕL (l)))

JpushK(M∗)LS ((ϕL (l), head(S (ϕL (l))) \ N), S{ϕL (l) := tail(S (ϕL (l)))})

= (∗, S{ϕL (l) := head(S (ϕL (l))) \ N · tail(S (ϕL (l)))}).

As it turns out, if one ignores everything but the heads of the infinite stacks, one obtains a type

system whose behavior is equivalent to that in [43].

Example 8.77 (Handling Global State Using Infinite Stacks, Denotationally. . . ). Let S = {l 7→

{{ }} · [ ]} and A1 = {{ }} → (S⇒ ({{ }}×S)), as in Example 7.78. Then, we can type the from Example 8.76

with the following tight type derivation Ψ. Since Ψ is quite big, we are going to split it into the following

pieces.

Let Ψs be the following type derivation for the state:

Ax/Bg
∅ ⊢ ϕV (v) : {{ }}

EStack
∅ ⊢ repeat(!λx.x) : [ ]

Stack
∅ ⊢ ϕV (v) · repeat(!λx.x) : {{ }} · [ ]

State
∅ ⊢ ϕV (v) · repeat(!λx.x) : S

where Ax or Bg are used, depending on whether ϕV (v) is a variable or a bang-term, respectively.

The parameter of the set operation is only typed once. Let Ψp be such a type derivation:

Ax
∅ ⊢ x : {{ }}

Lift
∅ ⊢ x : S⇒ ({{ }} × S)

Abs
∅ ⊢ λx.x : S⇒ (A1 × S)

Bg
∅ ⊢ !λx.x : {{S⇒ (A1 × S)}}
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Let Ψl be the following type derivation for the operator appearing in the get operation:

Ax
y : {{S⇒ (A1 × S)}} ⊢ y : {{S⇒ (A1 × S)}}

Lift
y : {{S⇒ (A1 × S)}} ⊢ y : S⇒ ({{S⇒ (A1 × S)}} × S)

Der
y : {{S⇒ (A1 × S)}} ⊢ der(y) : S⇒ (A1 × S)

Let Ψr be the following type derivation for the term at the right of the application corresponding to the

continuation of get operation:

Ax
∅ ⊢ z : {{ }}

Lift
∅ ⊢ z : S⇒ ({{ }} × S)

Abs
∅ ⊢ λz.z : S⇒ (A1 × S)

Bg
∅ ⊢ !λz.z : {{S⇒ (A1 × S)}}

Lift
∅ ⊢ !λz.z : S⇒ ({{S⇒ (A1 × S)}} × S)

Der
∅ ⊢ der(!λz.z) : S⇒ (A1 × S)

Ax
∅ ⊢ y : {{}}

Lift
∅ ⊢ y : S⇒ ({{ }} × S)

App
∅ ⊢ der(!(λz.z)) y : S⇒ ({{ }} × S)

Finally, let Ψc be the following type derivation for the continuation of the get operation:

Ψl Ψr
App

y : {{S⇒ (A1 × S)}} ⊢ der(y) (der(!(λz.z)) y) : S⇒ ({{ }} × S)
Get

∅ ⊢ get(l, λy.der(y) (der(!(λz.z)) y)) : {l 7→ {{S⇒ (A1 × S)}} · [ ]} ⇒ ({{ }} × S)

where {{A1}} ⊑ {{A1}} and {{A1}} \ {{A1}} = {{ }}.

Then, Ψ is as follows:

Ψp
EList

∅ ⊢ !λx.x : [ ]
List

∅ ⊢ !λx.x : {{S⇒ (A1 × S)}} · [ ] Ψc
Set

∅ ⊢ set((l, !λx.x), get(l, λy.der(y) (der(!(λz.z)) y))) : S⇒ ({{ }} × S) Ψs
Conf

∅ ⊢ (set((l, !λx.x), get(l, λder(y).y (der(!(λz.z)) y))), s) : {{ }} × S

Notice that the structure of Ψ here is identical to that of Ψ in Example 7.110. Moreover, recall that

(set((l, !λx.x), get(l, λy.der(y) (der(!(λz.z)) y))), {l 7→ ϕV (v) · repeat(!λx.x)})
2·βv+2·β!+1·get+1·set⇒CBPV

(!λx.x, {l 7→ (ϕV (!λx.x)) · repeat(!λx.x)}).

And notice that #App,Der,Set,Get(tydthree) = 2 · App+ 2 · Der+ 1 · Get+ 1 · Set.

8.6.2.2 Handling Interactive IO using Infinite Stacks

Recall the set of operations of the algebraic theory for interaction IO:

ΣIO =: {input : 1⇝ A, output : A⇝ 1}.
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λ!-Terms. As expected, the sets of values !

ΛIO and terms !ΛIO of the λ!IO-calculus are generated

by instantiating the template grammars above as follows:

Values: v, w ::= · · ·

Terms: t, u, r, e ::= · · · | input(λx.t) | output(v, t).

CBPV Reduction. The reduction steps for the input and output operations are obtained by

instantiating the template reduction rules.

Let us start with the template reduction rule for the get operation:

(input(λx.t), s) Z⇒input (t{x \ ?}, ?).

Recall mapping hinput for the get operation:

hinput : (VI → |FSY|) → |FSY|

(λa.H([t])) := [pop(input, λb.H([t{a \ ϕ−1
V (b)}]))]

Given some s ∈ (Vω
S )
LS , running operation input in FIOX is the same as running the following

pop operation in FSY:

JpopK(Vω
S )
LS (input, s) = (head(s (input)), s{input := tail(s (input))}).

This means that ϕ−1
V (head(s (input))) is the value assigned to x and s{input := tail(s (input))}

is the starting state for t{x \ ϕ−1
V (head(s (input)))}. Therefore, assuming that injective function

ϕ : VG → VS exists, the reduction rule for the input operation is as follows:

(input(λx.t), s) Z⇒input (t{x \ ϕ−1
V (head(s (input)))}, s{input := tail(s (input))}).

Now, let us consider the template reduction rule for the output operation:

(output(v, t), s) Z⇒output (t, ?).

Recall mapping houtput for the output operation:

houtput : VO × |FSY| → |FSY|

(v, H([t])) := [push((output, ψV (v)), H([t]))].

Given some value v ∈ VIO and state s ∈ (Vω
S )
LS , running operation output in FIOX is the same

as running the following push operation in FSY:

JpushK((VS )ω)LS ((output, ϕV (v)), s) = (∗, s{output := ϕV (v) · s}).
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This means that s{ϕL (l) := ϕV (v) · s} is the starting state for t. Therefore, the reduction rule for

the set operation is as follows:

(output(v, t), s) Z⇒output (t, s{output := ϕV (v) · output}).

Example 8.78 (Handling Interactive IO Using Infinite Stacks, Operationally. . . ). Consider LS =

{input, output}. Now, consider the following translation:

(·)IO : !ΛIO → !ΛS

x 7→ x

!t 7→ !(t)IO

λx.t 7→ λx.(t)IO

t u 7→ (t)IO (u)IO

der(t) 7→ der((t)IO)

input(λx.t) 7→ pop(input, λy.(t{x \ y})IO)

output(v, t) 7→ push((output, (v)IO), (t)IO).

Notice that (·)IO translates operations input and output according to the mappings hinput and houtput.

Moreover, it is easy to see that (·)G is injective. Therefore, we can take ϕV : VIO → VS to be defined as

follows:

ϕV : VIO → VS
x 7→ x

!t 7→ !(t)IO.

Also, notice that we can extend ϕV to input and output streams according to following coinductively defined

infinitary function:

ϕω
V : (VIO)ω → (VS )ω

v · vs 7→ ϕV (v) · ϕω
V (vs).

Then, we can extend ϕV to states (pairs of input streams and output lists) as follows:

ϕ̂V : (VIO)ω × (VIO)∗ → (VS )LS

(ins, outs) 7→ {input 7→ ϕω
V (ins), output 7→ ϕω

V (outs)}.

Now, consider the following interactive IO state:

(!λx.x · ins, outs)

And its translation:

ϕ̂V ((!λx.x · ins, outs)) = {input 7→ ϕV (!λx.x) · ϕω
V (ins), output 7→ ϕω

V (outs)}

= {input 7→ !λx.x · ϕω
V (ins), output 7→ ϕω

V (outs)}.
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Now, consider the following configuration:

(input(λx.output(x, der(x) x)), {input 7→ !λx.x · ϕω
V (ins), output 7→ ϕω

V (outs)}).

Then

(input(λx.output(x, der(x) x)), {input 7→ !λx.x · ϕω
V (ins), output 7→ ϕω

V (outs)})

⇒input (output(!λx.x, der((!λx.x)) !λx.x), {input 7→ ϕω
V (ins), output 7→ ϕω

V (outs)})

⇒output (der((!λx.x)) !λx.x, {input 7→ ϕω
V (ins), output 7→ !λx.x · ϕω

V (outs)})

⇒β! ((λx.x) !λx.x, {input 7→ ϕω
V (ins), output 7→ !λx.x · ϕω

V (outs)})

⇒βv (!λx.x, {input 7→ ϕω
V (ins), output 7→ !λx.x · ϕω

V (outs)}).

That is,

(input(λx.output(x, der(x) x)), {input 7→ !λx.x · ϕω
V (ins), output 7→ ϕω

V (outs)})
1·βv+1·β!+1·input+1·output⇒CBPV

(!λx.x, {input 7→ ϕω
V (ins), output 7→ !λx.x · ϕω

V (outs)}).

CBPV Type System. The CBPV Type System PIO is obtained by instantiating the template type

rules above.

Let us start with the template type rule for the input operation:

Γ; x : ? ⊢ t : ?⇒ P
Input

Γ ⊢ input(λx.t) : S⇒ P

To figure out the type of that should be assigned to variable x and the initial state type for t we

must proceed similarly to how we did to determine the reduction rules for the input operation.

Given some location state type S ∈ (M∗)LS , we have the following:

JinputK(M∗)LS (input, S) = (head(S (input)), S{input := tail(S (input))}).

Therefore, we would have the following typing rule for the get operation:

Γ; x : head(S (input)) ⊢ t : S{input := tail(S (input))} ⇒ P
Input

Γ ⊢ input(λx.t) : S⇒ P

Now, we consider what happens with the template type rule for the output operation:

Γ ⊢ v : M ∆ ⊢ t : ?⇒ P
Output

Γ + ∆ ⊢ output(v, t) : S⇒ P

To figure out the initial state type for t we proceed exactly how we did to determine the reduction

rule for the output operation. Given some state type S ∈ (M∗)LS , we have the following:

JoutputK(M∗)LS ((output, M), S) = (∗, S{output := M · S (output)}).
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Therefore, we have the following typing rule for the output operation:

Γ ⊢ v : M ∆ ⊢ t : S{output := M · S (output)} ⇒ P
Output

Γ + ∆ ⊢ output(v, t) : S⇒ P

Example 8.79 (Handling Interactive IO Using Infinite Stacks, Denotationally. . . ). Consider the fol-

lowing set of state types:

S = {input 7→ {{A}} · [ ], output 7→ [ ]}

Q = S{input := tail(S (input))} = {input 7→ [ ], output 7→ [ ]}

R = Q{output := {{ }} ·Q (output)} = {input 7→ [ ], output 7→ {{ }} · [ ]},

where A = R⇒ (({{ }} → (R⇒ ({{ }} × R)))× R).

Then, we are able to type the configuration from Example 8.78 with the following tight type derivation

Ψ. Since Ψ is quite big, we are going to split it into the following pieces.

Let Ψs be the following type derivation for the state:

Ax
x : {{ }} ⊢ x : {{ }}

Lift
x : {{ }} ⊢ x : R⇒ ({{ }} × R)

Abs
∅ ⊢ λx.x : A

Bg
∅ ⊢ !λx.x : {{A}}

EStack
∅ ⊢ ϕω

V (ins) : [ ]
List

∅ ⊢ !λx.x · ϕω
V (ins) : {{A}} · [ ]

EStack
∅ ⊢ ϕω

V (outs) : [ ]
State

∅ ⊢ {input 7→ !λx.x · ϕω
V (ins), output 7→ ϕω

V (outs)} : S

Now, notice that head(S (input)) = {{A}}. Then, Ψ is as follows:

Ax
x : {{ }} ⊢ x : {{ }}

Ax
x : {{A}} ⊢ x : {{A}}

Lift
x : {{A}} ⊢ x : R⇒ ({{A}} × R)

Der
x : {{A}} ⊢ der(x) : A

Ax
x : {{ }} ⊢ x : {{ }}

Lift
x : {{ }} ⊢ x : R⇒ ({{ }} × R)

App
x : {{A}} ⊢ der(x) x : R⇒ ({{ }} × R)

Output
x : head(S (input)) ⊢ output(x, der(x) x) : Q⇒ ({{ }} × R)

Input
∅ ⊢ input(λx.output(x, der(x) x)) : S⇒ ({{ }} × R) Φs

Conf
∅ ⊢ (input(λx.output(x, der(x) x)), {input 7→ !λx.x · ϕω

V (ins), output 7→ ϕω
V (outs)}) : {{ }} × R

Finally, recall that

(input(λx.output(x, der(x) x)), {input 7→ !λx.x · ϕω
V (ins), output 7→ ϕω

V (outs)})
1·βv+1·β!+1·input+1·output

CBPV

(!λx.x, {input 7→ ϕω
V (ins), output 7→ !λx.x · ϕω

V (outs)}),

and notice that #App,Der,Input,Output(Ψ) = 1 · App+ 1 · Der+ 1 · Input+ 1 · Output.

These examples show that infinite stacks provide a uniform semantic substrate for a wide class

of state-passing effects, where both operational behavior and quantitative typing information are

preserved by construction.



8. A Quantitative Study of Infinite Stacks 171

We conclude this chapter by observing that many further algebraic effects can be captured by

the same methodology, including effects not considered here (such as concurrency), as well as

arbitrary combinations of the effects studied in this thesis. The only essential requirement is that

the target algebraic theory induces a notion of state rich enough to subsume those of the source

theories.





Part V

Epilogue

173





Chapter 9

Conclusion & Future Work

9.1 Conclusion

Nowadays, programming languages are mostly used in environments where knowing how a com-

putation behaves is just as important as knowing what it computes. Features such as higher-order

functions, concurrency, interaction, and effects make purely qualitative reasoning—concerned only

with termination, safety, or equivalence—insufficient to capture the needs of modern computa-

tion. Today, to fully understand programs we need to reason intrinsically about quantities: how

many times a resource is used, how many computation steps are performed, how often effects

are propagated, and how all these costs accumulate. In this setting, quantitative semantics is no

longer an optional refinement, but a foundational component of programming language theory.

This thesis addresses this shift by developing a quantitative semantic framework for higher-

order computations with effects, addressing a central limitation of traditional, purely qualitative

accounts. By enriching models of effectful higher-order languages with quantitative information,

it becomes possible to reason systematically about both the structure and the measurable behavior

of programs that combine higher-order functions with a wide range of algebraic effects.

This work has shown how to construct semantic models that integrate higher-order function

spaces, algebraic operations, and handlers with quantitative structure in a principled way. These

models support standard operations of higher-order semantics—such as abstraction, application,

and substitution—while tracking quantities like weights, costs, or probabilities. They also provide

a basis for defining and studying program equivalences and preorders that are sensitive to quan-

titative behavior, connecting semantic notions of approximation with operational intuitions about

resource usage or effectful behavior.

Several case studies demonstrate that the framework is sufficiently flexible to capture diverse

classes of algebraic effects and their combinations. These examples illustrate how the proposed
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semantics recovers familiar well-known qualitative properties, while at the same time enabling

new forms of quantitative reasoning that are difficult to express in existing approaches. Moreover,

the development reveals systematic relationships between algebraic effects, monadic and graded

semantics, and quantitative models drawn from areas such as weighted or probabilistic semantics,

clarifying how these strands of research fit into a single, coherent picture.

Concretely, the thesis establishes that non-idempotent intersection types provide exact cost

semantics—not merely upper bounds—for a range of computational features that go well beyond

the pure λ-calculus. These include:

• pattern-matching mechanisms and stuck computations, enabling a quantitative analysis of

control flow and failure;

• exception raising and handling, analyzed via their encoding as pattern-matching constructs,

despite their non-algebraic nature;

• global state and its generalization to infinite stacks, yielding a uniform operational and typing

framework for a broad class of algebraic effects;

• algebraic operations admitting non-trivial comodels, equipped with comodel-based opera-

tional semantics that support step-by-step quantitative reasoning, analyzed via their encod-

ing as infinite stacks.

Across these settings, the thesis demonstrates tight soundness and completeness results, show-

ing that typing derivations correspond exactly to operational behavior, and that evaluation lengths

and effectful steps can be read directly from types. The use of the λ!-calculus as a unifying opera-

tional core further shows how call-by-name and call-by-value evaluation, as well as state-passing

and effectful computation, can be analyzed within a single quantitative framework.

Taken together, these results substantiate the claim that non-idempotent intersection types are

not merely a technical tool, but a robust semantic discipline for understanding higher-order effectful

computation quantitatively. They provide a principled bridge between operational semantics, type

systems, and resource-aware reasoning, contributing to a broader rethinking of how programming

languages should be modeled in a computational landscape where quantities matter.

Beyond its concrete constructions, the thesis highlights conceptual lessons for the design and

analysis of higher-order effectful languages. It suggests that quantitative structure can be treated

as a first-class component of semantic models, on a par with the algebraic description of effects

themselves, and that doing so yields both technical advantages and conceptual clarity. At the same

time, the results point to several open directions: extending the framework to richer forms of effects
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and interaction, sharpening its connections to type systems and program logics for quantitative

reasoning, and exploring its applicability to practical languages and verification tools.

In summary, the thesis advances the semantic understanding of higher-order computation with

effects by providing a general, quantitative account that is both mathematically robust and broadly

applicable. This lays groundwork for future research at the interface of semantics, language design,

and quantitative verification, with the long-term aim of supporting more expressive, modular, and

analyzable effectful programming languages.

9.2 Future Work

The results developed in this thesis open several promising directions for further research. While

the present work establishes exact quantitative semantics for a range of effectful extensions of

the λ-calculus, it also highlights structural questions that remain open, both at the technical and

conceptual level.

9.2.1 Completeness of Call-By-Value Translations for Stateful Extensions

A first natural continuation concerns the completeness of call-by-value (CBV) translations for the

effectful calculi studied in the thesis.

For the pure λ-calculus and for several pattern-matching calculi, CBV translations into finer-

grained calculi (such as the λ!-calculus or CBPV-inspired systems) are known to preserve and reflect

quantitative semantics. In the presence of global state and infinite stacks, however, the situation

is more delicate. While the thesis establishes quantitative soundness of CBV encodings—showing

that evaluation costs are preserved—the corresponding completeness results remain open.

Future work will aim to prove that CBV translations for the CBV λG- and λS -calculus are

quantitatively complete, in the sense that every tight typing in the target calculus corresponds

to a tight typing in the source calculus with exactly the same cost interpretation. Establishing

such results would provide a robust operational justification for CBV encodings in the presence of

stateful effects, and would further consolidate the unifying role of the λ!-calculus as an operational

core language for quantitative semantics.

Technically, this requires a refined analysis of how state interactions are reified by CBV trans-

lations, and how the induced duplication and sequencing of effects can be reflected back into

source-level typing derivations without loss of quantitative precision.
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9.2.2 A General Quantitative Framework for Algebraic Effects

A more ambitious direction concerns the elimination of ad hoc state representations. In this thesis,

global state and infinite stacks are introduced as concrete operational models supporting exact

quantitative analysis. While this approach is effective, it suggests a deeper question:

Can the operational notion of state be inferred directly from the algebraic theory of effects,

rather than fixed in advance?

Future work will aim to develop a fully general quantitative framework for algebraic effects, where:

• the operational semantics is derived systematically from a given algebraic theory admitting

non-trivial comodels, and

• the corresponding non-idempotent intersection type system is generated uniformly from this

structure.

Such a framework would take comodels as primary semantic objects and extract, from them,

both:

• a fine-grained operational transition system, and

• a quantitative typing discipline whose derivations correspond exactly to execution costs.

This would generalize the infinite-stack construction developed in the thesis, isolating it as

a particular instance of a broader coalgebraic methodology. Ultimately, this line of work would

clarify the precise relationship between algebraic theories, their comodels, and quantitative oper-

ational semantics, providing a principled foundation for extending non-idempotent intersection

types to new effectful languages.

9.2.3 Combining State-Passing Semantics with Relational Intersection Types

Another promising direction concerns the integration of state-passing computations with the

relational interpretation of intersection types developed by Gavazzo, Treglia, and Vanoni in [48].

Their work provides a relational semantics for monadic and effectful computations, offering a

powerful logical account of effect interactions that is largely orthogonal to the quantitative, cost-

oriented perspective adopted in this thesis. A natural question is whether these two approaches

can be meaningfully combined.

Future research could explore:

• a relational semantics for non-idempotent intersection types tailored to comodel-based op-

erational semantics;
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• the extension of relational intersection types to capture quantitative properties of stateful

computations;

• or the development of a hybrid framework where state-passing operational models are

paired with relational interpretations that abstract away from concrete execution traces while

retaining quantitative information.

Such a synthesis could lead to type systems that simultaneously:

• track exact resource usage,

• express relational properties of effectful programs,

• and support compositional reasoning about state and effects.

Bridging these frameworks would also help position non-idempotent intersection types within

the broader landscape of semantic approaches to effects, connecting operational, coalgebraic, and

relational perspectives.

9.2.4 Further Directions

Additional avenues for future work include:

• extending the quantitative framework to other algebraic effects such as probabilistic choice

or weighted nondeterminism;

• investigating connections with graded and effect-aware type systems, especially in CBPV

settings;

• and studying whether the notion of tight typing can be adapted to capture space usage or

amortized cost in effectful calculi.

In summary, the thesis lays the groundwork for a broad research program aimed at unifying

quantitative typing, operational semantics, and algebraic effects. The directions outlined above

suggest that non-idempotent intersection types can serve not only as a tool for precise cost analysis,

but also as a central organizing principle for the semantics of effectful computation.
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Appendix A

The λ-Calculus

A.1 Syntax and Operational Semantics

Proposition 2.10 (Characterization of β-Normal Forms). Let t ∈ Λ. Then, t ̸→β if and only if t ∈ NO.

Proof. We restate and refine the original statement as follows:

1. t ̸→β and t is not an abstraction if and only if t ∈ NE.

2. t ̸→β if and only if t ∈ NO.

(⇒) The proof follows by induction on the structure of t:

1. Let t ̸→β and t not be an abstraction:

– If t = x ∈ X , then x ∈ NE, by definition.

– If t = u r, then u r ̸→β. Therefore, u is not an abstraction, u ̸→β, and r ̸→β

by Definition 2.8. By applying i.h. 1 to u, we have u ∈ NE. By applying i.h. 2 to r, we

have r ∈ NO. Therefore, u r ∈ NE, by definition.

2. Let t ̸→β:

– If t = x ∈ X , then x ∈ NE ⊆ NO, by definition.

– If t = λy.u, then λy.u ∈ NO, by definition.

– If t = u r, then u r ̸→β and u r is not an abstraction. Therefore, u r ∈ NE ⊆ NO, by

i.h. 1.

(⇐) The proof follows by induction on the definition of NO:

1. Let t ∈ NE:

– If t = x ∈ X , then x ̸→β by Definition 2.8.
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– If t = u r, such that u ∈ NE and r ∈ NO. By applying i.h. 1 to u, we have u ̸→β and

u is not an abstraction. By applying i.h. 2 to r, we have r ̸→β. Therefore, u r ̸→β, by

definition.

2. Let t ∈ NO:

– If t = λx.u, such that u ∈ NO. By applying i.h. 2 to u, we have u ̸→β. Therefore,

λx.u ̸→β, by definition.

– If t ∈ NE, then t ̸→β and t is not an abstraction, by i.h. 1. Therefore, t ̸→β.

A.2 Call-By-Name and Call-By-Value

Proposition 2.17 (Characterization of CBN- and CBV-Normal Forms). The sets of CBN-normal forms

NOCBN and CBV-normal forms NOCBV are both the set of closed values

Λ

◦.

Proof. We restate and refine the original statement as follows:

1. t ̸→CBN if and only if t is a closed abstraction.

2. t ̸→CBV if and only if t is a closed abstraction.

(⇒) The proof follows by induction on the structure of t:

1. Let t ∈ Λ◦ and t ̸→CBN:

– If t = λx.u, then t is a closed abstraction.

– If t = u r, then u r ̸→CBN. This means that u is not an abstraction and u ̸→CBN
by Definition 2.12. Moreover, it is easy to see that, in particular, u r ∈ Λ◦ implies

that u ∈ Λ◦, and thus that u is not a closed abstraction. However, by i.h. 1, we have

that u is a closed abstraction, which is a contradiction. Therefore, t cannot be an

application.

2. Let t ∈ Λ◦ and t ̸→CBV:

– If t = λx.u, then t is a closed abstraction.

– If t = u r, then u r ̸→CBV. This means that, either u is not a value and u ̸→CBV, or u

is a value and r ̸→CBV by Definition 2.15. Moreover, it is easy to see that, u r ∈ Λ◦

implies that u, r ∈ Λ◦, and thus either (i.) u is not a closed abstraction and u ̸→CBV,

or (ii.) u is a closed abstraction and r ̸→CBV:

i. By applying the i.h. to u, we have that u is a closed abstraction, which is a

contradiction. Therefore, t cannot be an application of such a form.
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ii. By applying the i.h. to r, we have that r is a closed abstraction. Therefore, u r is

a β-redex, which contradicts the fact that u r ̸→CBV. Therefore, t cannot be such

an application of such a form.

Since t cannot be an application of any other form, t cannot be an application.

(⇐) Trivial, by Definition 2.8.





Appendix B

The λ!-Calculus

B.1 Syntax and Operational Semantics

Proposition 3.7 (Characterization of CBPV-Normal Forms). Let t ∈ !Λ◦. Then, t ̸→CBPV if and only if

t ∈ NOCBPV.

Proof. We restate and refine the original statement as follows:

1. t ̸→CBPV and t is not an abstraction or a bang if and only if t ∈ NECBPV.

2. t ̸→CBPV and t is not an abstraction if and only if t ∈ NACBPV.

3. t ̸→CBPV and t is not a bang if and only if t ∈ NBCBPV.

4. t ̸→CBPV if and only if t ∈ NOCBPV.

(⇒) The proof follows by induction on the structure of t:

1. Let t ̸→CBPV and t not be an abstraction or a bang:

– If t = r e, then r e ̸→CBPV. This means that, either r is not an abstraction and r ̸→CBPV,

or r is an abstraction (r ̸→CBPV), e ̸→CBPV, and e is not a value by Definition 3.4.

Moreover, it is easy to see that r e ∈ !Λ◦ implies that r, e ∈ !Λ◦, and thus either (i.) r

is not an abstraction and r ̸→CBPV, or (ii.) r is an abstraction (r ̸→CBPV), e ̸→CBPV, and

e is not a bang:

i. By applying the i.h. Lemma 2 to r, we have that r ∈ NACBPV. Therefore, we have

that r e ∈ NECBPV.

ii. By applying the i.h. Lemma 3 to e, we have that e ∈ NBCBPV. Therefore, we have

that r e ∈ NECBPV.
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– If t = der(r), then der(r) ̸→CBPV. This means that r ̸→CBPV and r is not a bang

by Definition 3.4. By applying the i.h. Lemma 3 to r, we have that r ∈ NBCBPV.

Therefore, we have that der(r) ∈ NECBPV.

2. Let t ̸→CBPV and t not be an abstraction:

– If t = !r, then !r ∈ NACBPV, by definition.

– If t = r e, then r e is also not a bang. Therefore, by Lemma 1, we have that r e ∈

NECBPV ⊆ NACBPV.

– If t = der(r), then der(r) is also not a bang. Therefore, by Lemma 1, we have that

der(r) ∈ NECBPV ⊆ NACBPV.

3. Let t ̸→CBPV and t not be a bang:

– If t = λx.r, then λx.r ∈ NBCBPV, by definition.

– If t = r e, then r e is also not an abstraction. Therefore, by Lemma 1, we have that

r e ∈ NECBPV ⊆ NBCBPV.

– If t = der(r), then der(r) is also not a bang. Therefore, by Lemma 1, we have that

der(r) ∈ NECBPV ⊆ NBCBPV.

4. Let t ̸→CBPV:

– If t = !r, then !r ∈ NACBPV ⊆ NOCBPV, by definition.

– If t = λx.r, then λx.r ∈ NBCBPV ⊆ NOCBPV, by definition.

– If t = r e, then r e is not an abstraction or a bang. Therefore, by Lemma 1, we have

that r e ∈ NECBPV ⊆ NOCBPV.

– If t = der(r), then der(r) is not an abstraction or a bang. Therefore, by Lemma 1,

we have that der(r) ∈ NECBPV ⊆ NOCBPV.

(⇐) The proof follows by induction on the definition of NO:

1. Let t ∈ NECBPV:

– If t = (λx.u) r, such that r ∈ NBCBPV. By applying i.h. Lemma 3 to r, we have

that r ̸→CBPV and r is not a bang. Moreover, λx.u ̸→CBPV, by definition. Therefore,

(λx.u) r ̸→CBPV by Definition 3.4. Moreover, (λx.u) r is not an abstraction or a bang.

– If t = r e, such that r ∈ NACBPV. By applying i.h. Lemma 2 to r, we have that r ̸→CBPV
and r is not an abstraction. Therefore, r e ̸→CBPV by Definition 3.4. Moreover, r e is

not an abstraction or a bang.

– If t = der(r), such that r ∈ NBCBPV. By applying the i.h. Lemma 3 to r, we have that

r ̸→CBPV and r is not a bang. Therefore, der(r) ̸→CBPV by Definition 3.4. Moreover,

der(r) is not an abstraction or a bang.
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2. Let t ∈ NACBPV:

– If t = !r, then !r ̸→CBPV by Definition 3.4. Moreover, !r is not an abstraction.

– If t = r, such that r ∈ NECBPV, then r ̸→CBPV and r is not an abstraction or a bang

by Lemma 1. Therefore, r ̸→CBPV and r is not an abstraction.

3. Let t ∈ NBCBPV:

– If t = λx.u, then λx.u ̸→CBPV by Definition 3.4. Moreover, λx.u is not a bang.

– If t = r, such that r ∈ NECBPV, then r ̸→CBPV and r is not an abstraction or a bang

by Lemma 1. Therefore, r ̸→CBPV and r is not a bang.

4. Let t ∈ NOCBPV:

– Let t = r, such that r ∈ NACBPV. By Lemma 2, r ̸→CBPV and r is not an abstraction.

Therefore, r ̸→CBPV.

– Let t = r, such that r ∈ NBCBPV. By Lemma 3, r ̸→CBPV and r is not a bang. Therefore,

r ̸→CBPV.

Proposition 3.11 (Characterization of Clash-Free CBPV-Normal Forms). Let t ∈ !Λ◦. Then, t ̸→CBPV
and t is clash-free if and only if t ∈ NOCFCBPV.

Proof. We first refine the statement as follows.

Let t ∈ !Λ◦. Then, t ̸→CBPV and t is clash-free if and only if t is a closed bang or a closed

abstraction.

(⇒) Note that, since t ̸→CBPV, then t ∈ NOCBPV by Proposition 3.7. Therefore, t ∈ NACBPV or

t ∈ NBCBPV. However, by Lemma B.1, we have that t ̸∈ NECBPV. Therefore, t must either be a

closed abstraction (t ∈ NBCBPV and t ̸∈ NECBPV) or a closed bang (t ∈ NACBPV and t ̸∈ NECBPV).

(⇐) Trivial, by Definition 3.9.

B.2 Subsuming Call-By-Name and Call-By-Value

Lemma B.1 (Neutral Forms are not Clashes). Let t ∈ !Λ◦. If t ∈ NECBPV, then t is not clash-free.

Proof. The proof follows by induction on the definition of NECBPV:

• If t = (λx.u) r, such that r ∈ NBCBPV, then either (i.) r = λy.e, for some λy.e ∈ !Λ◦; or (ii.)

r ∈ NECBPV:
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i. Then, (λx.u) λy.e is a clash by Definition 3.8, and thus not clash-free by Definition 3.8.

ii. By applying the i.h. to r, r is not clash-free. Therefore, (λx.u) r is not clash-free

by Definition 3.9.

• If t = u r, such that u ∈ NACBPV, then either (i.) u = !e, for some !e ∈ !Λ◦; or (ii.) u ∈ NECBPV:

i. Then, !e r is a clash by Definition 3.8, and thus not clash-free by Definition 3.8.

ii. By applying the i.h. to u, u is not clash-free. Therefore, u r is not clash-free by Defini-

tion 3.9.

• If t = der(u), such that u ∈ NBCBPV, then either (i.) u = λx.r, for some λx.r ∈ !Λ◦; or (ii.)

u ∈ NECBPV:

i. Then, der(λx.r) is a clash by Definition 3.8, and thus not clash-free by Definition 3.8.

ii. By applying the i.h. to u, u is not clash-free. Therefore, der(u) is not clash-free by Defi-

nition 3.9.

Lemma 3.16 (Non-Interference of Single Administrative Steps). Let t ∈ Λ◦. If (t)CBN ̸→CBPV(βv) and

(t)CBN →ADMIN u, then u ̸→CBPV(βv).

Proof. The proof follows by induction on the structure of t:

• If t = x, then t ̸∈ Λ◦. Thus, this case does not apply.

• If t = λx.r, then (t)CBN = (λx.r)CBN = λx.(r)CBN. Moreover, λx.(r)CBN ̸→CBPV(βv), by definition.

Let λx.(r)CBN →ADMIN u. Then, u = λx.r0 by Lemma B.2. Thus, λx.r0 ̸→CBPV(βv), by definition.

• If t = r e, then (t)CBN = (r e)CBN = (r)CBN !(e)CBN. Moreover, if (r)CBN !(e)CBN ̸→CBPV(βv), then

(r)CBN ̸→CBPV(βv). Also, if (t)CBN ̸→CBPV(βv), then (r)CBN is not an abstraction, since no βv-steps are

fired. Let r e →ADMIN u. Then, u = r0 e0 by Lemma B.2. Moreover, since (r)CBN !(e)CBN →ADMIN
r0 e0, then (i.) (r)CBN →ADMIN r0 and e0 = !(e)CBN, or (ii.) !(e)CBN →ADMIN e0 and r0 = (r)CBN:

– Case (i.): By Lemma B.2, r0 must also not be an abstraction. By the i.h., we know

r0 ̸→CBPV(βv). Therefore, r0 e0 ̸→CBPV(βv), by definition.

– Case (ii.): By Lemma B.2, e0 must also be a bang-term. By the i.h., we know e0 ̸→CBPV(βv).

Recall that r0 = (r)CBN is not an abstraction. Therefore, r0 e0 ̸→CBPV(βv), by definition.
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Corollary 3.17 (Non-Interference of Administrative Steps). Let t ∈ Λ◦. If (t)CBN ̸→CBPV(βv) and

(t)CBN→→ADMIN u, then u ̸→CBPV(βv).

Lemma B.2 (Stability of Administrative Steps). Let t ∈ Λ◦ and t →ADMIN u. Then, u has the same top

level constructor symbol (application, abstraction, dereliction, bang-term, or operation) than t.

Proof. By a simply case analysis on the structure of t.

Theorem 3.19 (Correctness of Full Simulations). Let t, u ∈ Λ◦.

1. If t n→→CBN u, then (t)CBN
n·βv+m·β!→→CBPV∪ADMIN (u)CBN, for some m ≥ 0

2. If t n→→CBV u, then (t)CBV
n·βv+m·β!→→CBPV (u)CBV, for some m ≥ 0.

Proof. The proofs follow by induction on n:

1. Let t n→→CBN(β) u:

• If n = 0, then u = t. Therefore, (t)CBN = (u)CBN, and (t)CBN
0·βv+0·β!→→CBPV∪ADMIN (u)CBN.

• If n = n0 + 1, then t →CBN(β) r →n0
CBN(β)

u, for some r ∈ Λ◦. By applying Lemma B.3

to t →CBN(β) r, we have (t)CBN
1·βv+m0·β!→→CBPV∪ADMIN (r)CBN, for some m0 ≥ 0. Moreover, by

applying the i.h. to n0, we have that (r)CBN
n0·βv+m1·β!→→CBPV∪ADMIN (u)CBN, for some m1 ≥ 0. There-

fore, (t)CBN
1·βv+m0·β!→→CBPV∪ADMIN (r)CBN

n0·βv+m1·β!→→CBPV∪ADMIN (u)CBN, which is the same as (t)CBN
n0+1·βv+m·β!→CBPV∪ADMIN

(u)CBN, for m = m0 + m1 ≥ 0.

2. Let t n→→CBV(βv) u:

• If n = 0, then u = t. Therefore, (t)CBV = (u)CBV, and (t)CBV
0·βv+0·β!→→CBPV (u)CBV.

• If n = n0 + 1, then t→CBV(βv) r
n0→→CBV(βv) u, for some r ∈ !Λ◦. By applying Lemma B.3 to

t→CBV(βv) r, we have (t)CBV
1·βv+m0·β!→→CBPV (r)CBV. Moreover, by applying the i.h. to n0, we have

that (r)CBV
n0·βv+m1·β!→→CBPV (u)CBV. Therefore, (t)CBV →CBPV(βv)

n0·βv+m0+m1·β!→→CBPV (u)CBV, which is the

same as (t)CBV
n0+1·βv+m·β!→→CBPV (u)CBV, for m = m0 + m1 ≥ 0.

Lemma B.3 (Correctness of One-Step Simulations). Let t, u ∈ Λ◦.

1. If t→CBN(β) u, then (t)CBN
1·βv+m·β!→→CBPV∪ADMIN (u)CBN, for m ≥ 0.

2. If t→CBV(βv) u, then (t)CBV
1·βv+m·β!→→CBPV (u)CBV, for m ≥ 0.

Proof. The proofs follow by induction on the definition of the contexts of the reduction strategies:
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1. Let t→CBN(β) u:

• If N = □, then t = (λx.r) e 7→β r{x \ e} = u. Note that (t)CBN = ((λx.r) e)CBN =

λx.(r)CBN !(e)CBN 7→βv (r)CBN{x \ !(e)CBN}. Therefore, (r)CBN{x \ !(e)CBN} by Lemma B.47→β! →→ADMIN
(r{x \ e})CBN = (u)CBN. Thus, (t)CBN = ((λx.r) e)CBN

1·βv+m·β!→→CBPV∪ADMIN (r{x \ e})CBN = (u)CBN,

for some m ≥ 0.

• If N = N′ r, then t = N′[e] r →CBN(β) N
′[e′] r = u, such that e 7→β e′. Note that (N′[e] r)CBN =

(N′[e])CBN !(r)CBN. By applying the i.h. to N′, (N′[e])CBN
1·βv+m·β!→→CBPV∪ADMIN (N′[e′])CBN, for some

m ≥ 0. Therefore, (N′[e])CBN !(r)CBN
1·βv+m·β!→→CBPV∪ADMIN (N′[e′])CBN !(r)CBN = (N′[e′] r)CBN = (u)CBN.

Thus, (t)CBN = (N′[e] r)CBN
1·βv+m·β!→→CBPV∪ADMIN (N′[e′] r)CBN = (u)CBN.

2. Let t→CBV(βv) u:

• If V = □, then t = (λx.r) v = u. Note that ((λx.r) v)CBV = (λx.(r)CBV) (v)CBV
by Lemma B.5→CBPV(βv)

(r)CBV{x \ (v)CBV}. Therefore, (r)CBV{x \ (v)CBV} by Lemma B.4
= (r{x \ v})CBV = (u)CBV.

Thus, (t)CBV = ((λx.r) v)CBV →CBPV(βv) (r{x \ v})CBV = (u)CBV.

• If V = V′ r, then t = V′[e] r →CBV(β) V
′[e′] r = u, such that e 7→βv e′. Therefore,

(V′[e] r)CBV = der((V′[e])CBV) (r)CBV. By applying the i.h. to V′, we know that the following

is the case (V′[e])CBV
1·βv+m0·β!→CBPV (V′[e′])CBV. Thus, (t)CBV = (V′[e] r)CBV = (V′[e])CBV (r)CBV =

der((V′[e])CBV) (r)CBV
1·βv+m0·β!→→CBPV der((V′[e′])CBV) (r)CBV = (V′[e′] r)CBV = (u)CBV.

• If V = v V′, then t = v V′[r] →CBV(βv) v V′[r′] = u, such that r 7→βv r′. Note that,

since we know that t ∈ Λ◦, we have v ∈ Λ

◦. So, v = λx.e, and (v V′[r])CBV =

(der(!λx.(e)CBV)) (V′[r])CBV →CBPV(β!) (λx.(e)CBV) (V′[r])CBV. By applying the i.h. to V′,

we know that (V′[r])CBV
1·βv+m0·β!→→CBPV (V′[r′])CBV. Therefore, (λx.(e)CBV) (V′[r])CBV →CBPV(βv)

(λx.(e)CBV) (V′[r′])CBV = (v V′[r′])CBV = (u)CBV. Thus, we can conclude with (t)CBV =

(v V′[r])CBV
1·βv+(m0+1)·β!→→CBPV (v V′[r′])CBV = (u)CBV.

Lemma B.4 (Preservation under Substitution). Let t ∈ Λ, u ∈ Λ◦, and v ∈ Λ

◦.

1. (t)CBN{x \ !(u)CBN} →=
β!
→→ADMIN (t{x \ u})CBN.

2. (t)CBV{x \ (v)CBV} = (t{x \ v})CBV.

Proof. The proofs follow by induction on the structure of t:

1. We start by proving the statement for the CBN translation:
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• If t = y ̸= x, then (t)CBN{x \ !(u)CBN} = (y)CBN{x \ !(u)CBN} = der(y){x \ !(u)CBN} =

der(y) = (y)CBN = (y{x \ u})CBN = (t{x \ u})CBN.

• If t = x, then we have (t)CBN{x \ !(u)CBN} = (x)CBN{x \ !(u)CBN} = der(x){x \ !(u)CBN} =

der(!(u)CBN) 7→β! (u)
CBN = (x{x \ u})CBN = (t{x \ u})CBN.

• If t = λy.r, then we know (t)CBN{x \ !(u)CBN} = (λy.r)CBN{x \ !(u)CBN} = (λy.(r)CBN){x \

!(u)CBN} = λy.(r)CBN{x \ !(u)CBN}. By applying the i.h. to r, (r)CBN{x \ !(u)CBN} →=
β!

→→ADMIN (r{x \ u})CBN. Thus, λy.(r)CBN{x \ !(u)CBN}→→ADMIN λy.(r{x \ !u})CBN = (λy.r{x \

u})CBN = ((λy.r){x \ u})CBN = (t{x \ u})CBN.

• If t = r e, then (t)CBN{x \ !(u)CBN} = (r e)CBN{x \ !(u)CBN} = ((r)CBN !(e)CBN){x \ !(u)CBN} =

(r)CBN{x \ !(u)CBN} !(e)CBN{x \ !(u)CBN} = (r)CBN{x \ !(u)CBN} !((e)CBN{x \ !(u)CBN}). By ap-

plying the i.h. to r, we have (r)CBN{x \ !(u)CBN} →=
β!
→→ADMIN (r{x \ u})CBN. Therefore,

(r)CBN{x \ !(u)CBN} !((e)CBN{x \ !(u)CBN})→=
β!
→→ADMIN (r{x \ u})CBN !((e)CBN{x \ !(u)CBN}).

By applying the i.h. to e, we have (e)CBN{x \ !(u)CBN} →=
β!
→→ADMIN (e{x \ u})CBN. There-

fore, we have that (r{x \ u})CBN !((e)CBN{x \ !(u)CBN}) →=
β!
→→ADMIN (r{x \ u})CBN !(e{x \

u})CBN = (r{x \ u} e{x \ u})CBN = ((r e){x \ u})CBN = (t{x \ u})CBN.

2. We now prove the statement for the CBV translation:

• If t = y ̸= x, then we have (t)CBV{x \ (v)CBV} = y{x \ (v)CBV} by Lemma B.5
= y = (y)CBV =

(y{x \ v})CBV = (t{x \ v})CBV.

• If t = x, then (t)CBV{x \ (v)CBV} = (x)CBV{x \ (v)CBV} = x{x \ (v)CBV} by Lemma B.5
=

(v)CBV = (x{x \ v})CBV = (t{x \ v})CBV.

• If t = λy.u, then we know (t)CBV{x \ (v)CBV} = (λy.u)CBV{x \ (v)CBV} = !λy.(u)CBV{x \

(v)CBV} = !((λy.(u)CBV){x \ (v)CBV}) = !(λy.(u)CBV{x \ (v)CBV}). By applying the i.h. to

u, we have (u)CBV{x \ (v)CBV} = (u{x \ v})CBV. Therefore, also !(λy.(u)CBV{x \ (v)CBV}) =

!λy.(u{x \ v})CBV = (λy.u{x \ v})CBV = ((λy.u){x \ v})CBV = (t{x \ v})CBV.

• If t = u r, (u r)CBV = der((u)CBV) (r)CBV. Therefore, we know (u r)CBV{x \ (v)CBV} =

der((u)CBV{x \ (v)CBV}) (r)CBV{x \ (v)CBV}. By applying the i.h. to u, we have (u)CBV{x \

(v)CBV} = (u{x \ v})CBV. By applying the i.h. to r, we have (r)CBV{x \ (v)CBV} = (r{x \

v})CBV. Therefore, we have that der((u)CBV{x \ (v)CBV}) (r)CBV{x \ (v)CBV} = der((u{x \

v})CBV) (r{x \ v})CBV = (u{x \ v} r{x \ v})CBV = ((u r){x \ v})CBV = (t{x \ v})CBV.

Lemma B.5 (Preservation of Values). If v ∈ Λ

, then (v)CBV ∈ !

Λ

.
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Proof. The proof follows by case analysis on the form of v ∈ Λ

:

• If v = x, then (v)CBV = (x)CBV = x ∈ !

Λ

.

• If v = λx.t, then (λx.t)CBV = !λx.(t)CBV ∈ !

Λ

.



Appendix C

Non-Idempotent Intersection Types

C.1 Call-By-Name and Call-By-Value

Theorem 4.19 (Soundness and Completeness for CBN and CBV). Let t ∈ Λ◦. Then, t is:

1. N-typable if and only if t CBN-normalizes to some term u ∈ NOCBN. Moreover, if Φ ▷N ∅ ⊢ t : A, then

t n→→CBN u and #App(Φ) ≥ n.

2. V-typable if and only if t CBV-normalizes to some term u ∈ NOCBV. Moreover, if Φ ▷V ∅ ⊢ t : M, then

t n→→CBV u and #App(Φ) ≥ n.

Proof. The proofs for both statements follow the same overall structure. The (⇒) direction holds

by a weighted version of subject reduction (see Lemma 4.13), and the (⇐) direction holds by

the typability of normal forms (see Lemma 4.17) and a weighted version of subject expansion

(see Lemma 4.15). The “moreover” statements easily hold by the weighted nature of the subject

reduction and expansion statements.

Lemma 4.9 (Weighted Substitution for CBN and CBV). Let t, u ∈ Λ, and v ∈ Λ

.

1. If Φ ▷N Γ; x : M ⊢ t : A (resp. N) and Ψ ▷N ∅ ⊢ u : M, then Π ▷N Γ ⊢ t{x \ u} : A (resp. N),

such that #App(Π) = #App(Φ) + #App(Ψ).

2. If Φ ▷V Γ; x : M ⊢ t : N and Ψ ▷V ∅ ⊢ v : M, then Π ▷V Γ ⊢ t{x \ v} : N, such that #App(Π) =

#App(Φ) + #App(Ψ).

Proof. The proofs for both statements follow by induction on the structure of Φ.

1. We proceed by cases, according to the last rule R of Φ:

• Case R = Ax. Then, t is a variable, and we must consider the two following possibilities:

195
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– If t = y ̸= x, then Φ must be of the form

Ax
y : {{A}}; x : {{ }} ⊢ y : A

Γ = y : {{A}}, and M = {{ }}. Moreover, t{x \ u} = y{x \ u} = y, and Ψ must be of

the form
Many

∅ ⊢ u : {{ }}

Therefore, we can take Π = Φ, since #App(Ψ) = 0, and thus #App(Π) = #App(Φ) +

#App(Ψ).

– If t = x, then Φ must be of the form

Ax
x : {{A}} ⊢ x : A

Γ = ∅, and M = {{A}}. Moreover, t{x \ u} = x{x \ u} = u. Therefore, we can take

Π = Ψ, since #App(Φ) = 0, and thus #App(Π) = #App(Φ) + #App(Ψ).

• Case R = Abs. Then, t = λy.r, and Φ must be of the form

Φ′ ▷N ∆; x : M ⊢ r : B
Abs

(∆\\ y); x : M ⊢ λy.r : ∆(y)→ B

Γ = ∆\\ y, and A = ∆(y) → B. By applying the i.h. to Φ′, we know there exists

Π′ ▷N ∆ ⊢ r{x \ u} : B, such that #App(Π′) = #App(Φ′) + #App(Ψ). Therefore, we can take

Π to be
Π′ ▷N ∆ ⊢ r{x \ u} : B

Abs
∆\\ y ⊢ λy.r{x \ u} : ∆(y)→ B

since λy.r{x \ u} = (λy.r){x \ u} = t{x \ u}, and #App(Π) = #App(Π′) = #App(Φ′) +

#App(Ψ) = #App(Φ) + #App(Ψ).

• Case R = Ans. Then, t = λy.r, and Φ must be of the form

Ans
∅ ⊢ λy.r : ⋆

Γ = ∅, M = {{ }}, and A = ⋆. Moreover, t{x \ u} = (λy.r){x \ u} = λy.r{x \ u}, and Ψ

must be of the form
Many

∅ ⊢ u : {{ }}

Therefore, we can take Π to be

Ans
∅ ⊢ λy.r{x \ u} : ⋆

since #App(Ψ) = 0 and #App(Π) = #App(Φ), and thus #App(Π) = #App(Φ) + #App(Ψ).
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• Case R = App. Then, t = r e, and Φ must be of the form

Φ′ ▷N ∆; x : F ⊢ r : N′ → A Φ′′ ▷N Σ; x : G ⊢ e : N′
App

(∆ + Σ); x : F ⊔ G ⊢ r e : A

Γ = ∆ + Σ, and M = F ⊔ G. Since M = F ⊔ G, we can apply Lemma C.1 to Ψ to obtain

the two following derivations

Ψ′ ▷N ∅ ⊢ u : F and Ψ′′ ▷N ∅ ⊢ u : G,

such that #App(Ψ) = #App(Ψ′) + #App(Ψ′′). By applying the i.h. to Φ′, we know there

exists Π′ ▷N ∆ ⊢ r{x \ u} : N′ → A, such that #App(Π′) = #App(Φ′)+ #App(Ψ′). Moreover,

by applying the i.h. to Φ′′, we know there exists Π′′ ▷N Σ ⊢ e{x \ u} : N′, such that

#App(Π′′) = #App(Φ′′) + #App(Ψ′′). Therefore, we can take Π to be

Π′ ▷N ∆ ⊢ r{x \ u} : N′ → A Π′′ ▷N Σ ⊢ e{x \ u} : N′
App

∆ + Σ ⊢ r{x \ u} e{x \ u} : A

since r{x \ u} e{x \ u} = (r e){x \ u} = t{x \ u}, and #App(Π) = #App(Π′) + #App(Π′′) +

1 = #App(Φ′) + #App(Ψ′) + #App(Φ′′) + #App(Ψ′′) + 1 = #App(Φ) + #App(Ψ).

• Case R = Many. Then, Φ must be of the form

(Φi ▷N Γi; x : Mi ⊢ t : Ai)i∈I
Many

(+i∈IΓi); x : ⊔i∈IMi ⊢ t : {{Ai}}i∈I

Γ = +i∈IΓi, and M = ⊔i∈IMi, and N = {{Ai}}i∈I. Since M = ⊔i∈IMi, we can ap-

ply Lemma C.1 to Ψ to obtain the following derivations

Ψi ▷N ∅ ⊢ u : Mi,

such that #App(Ψ) = +i∈I#App(Ψi). By applying the i.h. to each Φi, we know there

exist Πi ▷N Γi ⊢ t{x \ u} : Ai, such that #App(Πi) = #App(Φi) + #App(Ψi), for each i ∈ I.

Therefore, we can take Π to be

(Πi ▷N Γi ⊢ t{x \ u} : Ai)i∈I
Many

+i∈IΓi ⊢ t{x \ u} : {{Ai}}i∈I

and #App(Π) = +i∈I#App(Πi) = +i∈I(#App(Φi) + #App(Ψi)) = #App(Φ) + #App(Ψ).

2. We proceed by cases, according to the last rule of Φ. We omit the proof, since it is very

similar to the one for CBN.

Lemma 4.13 (Weighted Subject Reduction for CBN and CBV). Let t, u ∈ Λ◦.

1. If t→CBN u and Φ ▷N ∅ ⊢ t : A, then there is Ψ ▷N ∅ ⊢ u : A, such that #App(Φ) = #App(Ψ) + 1.
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2. If t→CBV u and Φ ▷V ∅ ⊢ t : M, then there is Ψ ▷V ∅ ⊢ u : M, such that #App(Φ) = #App(Ψ) + 1.

Proof. The proofs follow by induction on the definition of the contexts of the reduction strategies:

1. Let t = N[t0]→CBN N[u0] = u, such that t0 7→β u0:

• Case N = □. Then, t0 = (λx.r) e 7→β r{x \ e} = u0, and Φ must be of the form

Φ′ ▷N x : N ⊢ r : A
Abs

∅ ⊢ λx.r : N → A Φ′′ ▷N ∅ ⊢ e : N
App

∅ ⊢ (λx.r) e : A

Given the forms of Φ′ and Φ′′, we can apply Lemma 4.9 to obtain a derivation Π ▷N ∅ ⊢

r{x \ e} : A, such that #App(Π) = #App(Φ′) + #App(Φ′′). Therefore, we can take Ψ = Π,

since #App(Φ) = #App(Φ′) + #App(Φ′′) + 1 = #App(Π) + 1 = #App(Ψ) + 1.

• Case N = N′ r. Then, t = N′[t0] r →CBN N′[u0] r = u, such that N′[t0] →CBN N′[u0], and Φ

must be of the form

Φ′ ▷N ∅ ⊢ N′[t0] : N → A Φ′′ ▷N ∅ ⊢ r : N
App

∅ ⊢ N′[t0] r : A

By applying the i.h. to N′[t0], we know there is Ψ′ ▷N ∅ ⊢ N′[u0] : N → A, such that

#App(Φ′) = #App(Ψ′) + 1. Therefore, we can take Ψ to be

Ψ′ ▷N ∅ ⊢ N′[u0] : N → A Φ′′ ▷N ∅ ⊢ r : N
App

∅ ⊢ N′[u0] r : A

since #App(Φ) = #App(Φ′) + #App(Φ′′) + 1 = #App(Ψ′) + #App(Φ′′) + 2 = #App(Ψ) + 1.

2. Let t = V[t0]→CBV V[u0] = u, such that t0 7→βv u0:

• Case V = □. We omit the proof since it is very similar to the one for CBN.

• Case V = V′□. We omit the proof since it is very similar to the one for CBN.

• Case V = w V′. Then, t = w V′[t0] →CBV w V′[u0] = u, such that V[t0] →CBV V[u0], and Φ

must be of the form

Φ′ ▷V ∅ ⊢ w : N → M Φ′′ ▷V ∅ ⊢ V′[t0] : N
App

∅ ⊢ w V′[t0] : M

By applying the i.h. to V′[t0], we know there is Ψ′ ▷V ∅ ⊢ V′[u0] : N, such that #App(Φ′′) =

#App(Ψ′) + 1. Therefore, we can take Ψ to be

Φ′ ▷V ∅ ⊢ w : N → M Ψ′ ▷V ∅ ⊢ V′[u0] : N
App

∅ ⊢ w V′[u0] : M

since #App(Φ) = #App(Φ′) + #App(Φ′′) + 1 = #App(Φ′) + #App(Ψ′) + 2 = #App(Ψ) + 1.
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Lemma 4.11 (Weighted Anti-Substitution for CBN and CBV). Let t ∈ Λ, u ∈ Λ◦, and v ∈ Λ

◦.

1. If Φ ▷N Γ ⊢ t{x \ u} : A (resp. M), then Ψ ▷N Γ; x : M ⊢ t : A (resp. M) and Π ▷N ∅ ⊢ u : M,

such that #App(Φ) = #App(Ψ) + #App(Π).

2. If Φ ▷V Γ ⊢ t{x \ v} : N, then Ψ ▷V Γ; x : M ⊢ t : N and Π ▷V ∅ ⊢ v : M, such that #App(Φ) =

#App(Ψ) + #App(Π).

Proof.

1. The proof follows by induction on the structure of t.

• Case t = y ̸= x. Then, t{x \ u} = y{x \ u} = y. Therefore, we can take M = {{ }},

Ψ = Φ, and Π as the following derivation

Many
∅ ⊢ u : {{ }}

since #App(Φ) = #App(Ψ) = #App(Ψ) + #App(Π).

• Case t = x. Then, t{x \ u} = x{x \ u} = u, and, since fv(u) = ∅, we know that Γ = ∅

by Lemma C.2. Now, we must consider two cases, according to the type assigned to u

in Φ:

– Let Φ ▷N ∅ ⊢ u : A. Then, we can take M = {{A}}, Π to be

Φ ▷N ∅ ⊢ u : A
Many

∅ ⊢ u : {{A}}

and Ψ to be
Ax

x : {{A}} ⊢ x : A

since #App(Φ) = #App(Π) = #App(Ψ) + #App(Π).

– Let Φ ▷N ∅ ⊢ u : N. Then, we can take M = N, Π = Φ, assume (without loss of

generality) that M = {{Ai}}i∈I, and Ψ to be(
Ax

x : {{Ai}} ⊢ x : Ai

)
i∈I

Many
x : {{Ai}}i∈I ⊢ x : {{Ai}}i∈I

since #App(Φ) = #App(Π) = #App(Ψ) + #App(Π).

• Case t = λy.r. Then, t{x \ u} = (λy.r){x \ u} = λy.r{x \ u}, since we may assume that

x ̸= y. Now, we must consider three cases, according to the last rule R of Φ:
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– Case R = Abs. Then, Φ must be of the form

Φ′ ▷N Γ; y : N ⊢ r{x \ u} : A
Abs

Γ ⊢ λy.r{x \ u} : N → A

By applying the i.h. to r, there are Ψ′ ▷N Γ; y : N; x : M ⊢ r : A and Π′ ▷N ∅ ⊢ u : M,

such that #App(Φ′) = #App(Ψ′) + #App(Π′). Therefore, we can take Π = Π′, and Ψ to

be
Ψ′ ▷N Γ; y : N; x : M ⊢ r : A

Abs
Γ; x : M ⊢ λy.r : N → A

since #App(Φ) = #App(Φ′) = #App(Ψ′) + #App(Π′) = #App(Ψ) + #App(Π).

– Case R = Ans. Then, Φ must be of the form

Ans
∅ ⊢ λy.r{x \ u} : ⋆

Γ = ∅, and A = ⋆. Therefore, we can take M = {{ }}, Ψ to be

Ans
∅ ⊢ λy.r : ⋆

and Π to be
Many

∅ ⊢ u : {{ }}

since #App(Φ) = 0 = #App(Ψ) + #App(Π).

– Case R = Many. Then, Φ must be of the form

(Φi ▷N Γi ⊢ λy.r{x \ u} : Ai)i∈I
Many

+i∈IΓi ⊢ λy.r{x \ u} : {{Ai}}i∈I

Γ = +i∈IΓi, and N = {{Ai}}i∈I. The rest of the proof follows smoothly from

applying the i.h. to each Φi and Lemma C.1.

• Case t = r e. Then, t{x \ u} = (r e){x \ u} = r{x \ u} e{x \ u}. Now, we must consider

two cases, according to the last rule R of Φ:

– Case R = App. Then, Φ must be of the form

Φ′ ▷N ∆ ⊢ r{x \ u} : N′ → A Φ′′ ▷N Σ ⊢ e{x \ u} : N′
App

∆ + Σ ⊢ r{x \ u} e{x \ u} : A

Γ = ∆ + Σ. By applying the i.h. to r, there are Ψ′ ▷N ∆; x : F ⊢ r : N′ → A

and Π′ ▷N ∅ ⊢ u : F, such that #App(Φ′) = #App(Ψ′) + #App(Π′). Moreover, by

applying the ih to e, there are Ψ′′ ▷N Σ; x : G ⊢ e : N′ and Π′′ ▷N ∅ ⊢ u : G,

such that #App(Φ′′) = #App(Ψ′′) + #App(Π′′). By Lemma C.1, there is a derivation

Θ ▷N ∅ ⊢ u : F ⊔ G, such that #App(Θ) = #App(Π′) + #App(Π′′). Therefore, we can
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take Π = Θ, and Ψ to be

Ψ′ ▷N ∆; x : F ⊢ r : N′ → A Ψ′′ ▷N Σ; x : G ⊢ e : N′
App

(∆ + Σ); x : F ⊔ G ⊢ r e : A

since
#App(Φ) = #App(Φ′) + #App(Φ′′) + 1

= #App(Ψ′) + #App(Π′) + #App(Ψ′′) + #App(Π′′) + 1

= #App(Ψ) + #App(Θ)

= #App(Ψ) + #App(Π).

– Case R = Many. Then, Φ must be of the form

(Φi ▷N Γi ⊢ r{x \ u} e{x \ u} : Ai)i∈I
Many

+i∈IΓi ⊢ r{x \ u} e{x \ u} : {{Ai}}i∈I

Γ = +i∈IΓi, and N = {{Ai}}i∈I. The rest of the proof follows smoothly from

applying the i.h. to each Φi and Lemma C.1.

2. The proof follows by induction on the structure of t. We omit the proof, since it is very

similar to the one for CBN.

Lemma 4.15 (Weighted Subject Expansion for CBN and CBV). Let t, u ∈ Λ◦.

1. If t→CBN u and Φ ▷N ∅ ⊢ u : A, then there is Ψ ▷N ∅ ⊢ t : A, such that #App(Φ) + 1 = #App(Ψ).

2. If t→CBV u and Φ ▷V ∅ ⊢ u : M, then there is Ψ ▷V ∅ ⊢ t : M, such that #App(Φ) + 1 = #App(Ψ).

Proof. The proofs follow by induction on the definition of the contexts of the reduction strategies:

1. Let t = N[t0]→CBN N[u0] = u, such that t0 7→β u0:

• Case N = □. Then, t0 = (λx.r) e 7→β r{x \ e} = u0, and Φ ▷N ∅ ⊢ r{x \ e} : A. Given

the form of Φ, we can apply Lemma 4.11 to obtain derivations Ψ′ ▷N x : M ⊢ r : A and

Ψ′′ ▷N ∅ ⊢ e : M, such that #App(Φ) = #App(Ψ′) + #App(Ψ′′). Therefore, we can take Ψ to

be
Ψ′ ▷N x : M ⊢ r : A

Abs
∅ ⊢ λx.r : M→ A Ψ′′ ▷N ∅ ⊢ e : M

App
∅ ⊢ (λx.r) e : A

since #App(Φ) + 1 = #App(Ψ′) + #App(Ψ′′) + 1 = #App(Ψ).

• Case N = N′ r. Then, t = N′[t0] r →CBN N′[u0] r = u, such that N′[t0] →CBN N′[u0], and Φ

must be of the form

Φ′ ▷N ∅ ⊢ N′[u0] : N → A Φ′′ ▷N ∅ ⊢ r : N
App

∅ ⊢ N′[u0] r : A
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By applying the i.h. to N′[u0], we know there is Ψ′ ▷N ∅ ⊢ N′[t0] : N → A, such that

#App(Φ′) + 1 = #App(Ψ′). Therefore, we can take Ψ to be

Ψ′ ▷N ∅ ⊢ N′[t0] : N → A Φ′′ ▷N ∅ ⊢ r : N
App

∅ ⊢ N′[t0] r : A

since #App(Φ) + 1 = #App(Φ′) + #App(Φ′′) + 1 = #App(Ψ′) + #App(Φ′′) = #App(Ψ).

2. Let t = V[t0]→CBV V[u0] = u, such that t0 7→βv u0:

• Case V = □. We omit the proof since it is very similar to the one for CBN.

• Case V = V′□. We omit the proof since it is very similar to the one for CBN.

• Case V = w V′. Then, t = w V′[t0] →CBV w V′[u0] = u, such that V[t0] →CBV V[u0], and Φ

must be of the form

Φ′ ▷V ∅ ⊢ w : N → M Φ′′ ▷V ∅ ⊢ V′[u0] : N
App

∅ ⊢ w V′[u0] : M

By applying the i.h. to V′[u0], we know there is Ψ′ ▷V ∅ ⊢ V′[t0] : N, such that #App(Φ′′) +

1 = #App(Ψ′). Therefore, we can take Ψ to be

Φ′ ▷V ∅ ⊢ w : N → M Ψ′ ▷V ∅ ⊢ V′[t0] : N
App

∅ ⊢ w V′[t0] : M

since #App(Φ) + 1 = #App(Φ′) + #App(Φ′′) + 1 = #App(Φ′) + #App(Ψ′) = #App(Ψ).

Lemma C.1 (CBN and CBV Multiset-Typings Split and Merge). Let t ∈ Λ and v ∈ Λ

.

1. There is Φ ▷N Γ ⊢ t : M, such that M = ⊔i∈IMi if and only if there are Φi ▷N Γi ⊢ t : Mi, such that

Γ = +i∈IΓi, and #App(Φ) = +i∈I#App(Φi).

2. There is Φ ▷V Γ ⊢ v : M, such that M = ⊔i∈IMi if and only if there are Φi ▷V Γi ⊢ v : Mi, such that

Γ = +i∈IΓi, and #App(Φ) = +i∈I#App(Φi).

Lemma C.2 (Contexts and Free Variables for CBN and CBV). If Φ ▷N (resp. V) Γ ⊢ t : A (resp. M),

then dom(Γ) ⊆ fv(t).

Lemma 4.17 (Typability of CBN- and CBV-Normal Forms). If t ∈ Λ

◦, then there is a derivation

Φ ▷N (resp. V) ∅ ⊢ t : A (resp. M).

Proof. We start by noticing that t ∈ Λ

◦ implies that t is a closed value v, i.e. an abstraction λx.u.

Therefore, we can take Φ to be

Ans
∅ ⊢ λx.u : ⋆

(
resp. Abs

∅ ⊢ λx.u : {{ }}

)
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C.2 Subsuming Call-By-Name and Call-By-Value

Theorem 4.26 (Soundness and Completeness for CBPV). Let t ∈ !Λ◦. Then, t is P-typable if and only

if t CBPV-normalizes to a term u ∈ NOCFCBPV. Moreover, if Φ ▷P ∅ ⊢ t : A is a (not necessarily tight) type

derivation, then t
n·βv+m·β!→→CBPV u and #App,Der(Φ) ≥ n · App+ m · Der.

Proof. The soundness proof (⇒) is straightforward by Proposition 3.7 and Lemmas 4.24 and C.4.

The completeness proof (⇐) is obtained by induction on the length of the CBPV-normalizing

sequence:

• Case n + m = 0. Then, since u ∈ NOCFCBPV, we know that u is P-typable by Lemma 4.24.

• Case n + m = k + 1. Then, t
n−1·βv+m·β!→CBPV r →CBPV u or t

n·βv+m−1·β!→CBPV r →CBPV u. Notice that,

by Lemma 4.24, u isP-typable. By applying the i.h. to k = n+m− 1, we know r isP-typable.

Therefore, t is P-typable by Lemma C.6.

The “moreover” statement easily holds by the “weightedness” of the subject reduction and expan-

sion statements.

Lemma C.3 (Weighted Substitution for CBPV). Let t ∈ !Λ and v ∈ !

Λ

. If Φ ▷P Γ; x : M ⊢ t : A and

Ψ ▷P ∅ ⊢ v : M, then Π ▷P Γ ⊢ t{x \ v} : A, such that #App,Der(Π) = #App,Der(Φ) + #App,Der(Ψ).

Proof. The proof follows by induction on the structure of Φ. We proceed by cases, according to the

last rule R in Φ:

• Case R = Ax. Then, t is a variable, and we must consider the two following possibilities:

– If t = y ̸= x, then Φ must be of the form

Ax
y : N; x : {{ }} ⊢ y : N

Γ = y : N, M = {{ }}, A = N. Moreover, t{x \ v} = y{x \ v} = y, v = z or v = !u, and

Ψ must be of the form

Ax
∅ ⊢ z : {{ }} or Bg

∅ ⊢ !u : {{ }}

Therefore, we can take Π = Φ, since #App,Der(Ψ) = 0 · App+ 0 · Der, and so #App,Der(Π) =

#App,Der(Φ) + #App,Der(Ψ).
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– If t = x, then Φ must be of the form

Ax
x : M ⊢ x : M

Γ = ∅, and A = M. Moreover, t{x \ v} = x{x \ v} = v. Therefore, we can take

Π = Ψ, since #App,Der(Φ) = 0 · App + 0 · Der, and thus #App,Der(Π) = #App,Der(Ψ) =

#App,Der(Ψ) + #App,Der(Φ).

• Case R = Abs. We omit this case because it is very similar to the corresponding case

in Lemma 4.9.

• Case R = Ans. We omit this case because it is very similar to the corresponding case

in Lemma 4.9 for CBN.

• Case R = App. We omit this case because it is very similar to the corresponding case

in Lemma 4.9 (using Lemma C.7).

• Case R = Bg. Then, t = !u, and Φ must be of the form

(Φi ▷P Γi; x : Mi ⊢ u : Ai)i∈I
Bg

+i∈IΓi; x : ⊔i∈IMi ⊢ !u : {{Ai}}i∈I

Γ = +i∈IΓi, M = ⊔i∈IMi, and A = {{Ai}}i∈I. Since M = ⊔i∈IMi, we can apply Lemma C.7

to Ψ to obtain derivations

Ψi ▷P ∅ ⊢ v : Mi,

such that #App,Der(Ψ) = +i∈I#App,Der(Ψi). By applying the i.h. to each Φi, we know there exist

Πi ▷P Γi ⊢ u{x \ v} : Ai, such that #App,Der(Πi) = #App,Der(Φi) + #App,Der(Ψi), for each i ∈ I. It

is easy to see that u{x \ v} is a value. Therefore, we can take Π to be

(Πi ▷P Γi ⊢ u{x \ v} : Ai)i∈I
Bg

+i∈IΓi ⊢ !(u{x \ v}) : {{Ai}}i∈I

since !(u{x \ v}) = !u{x \ v}, and #App,Der(Π) = +i∈I#App,Der(Πi) = +i∈I(#App,Der(Φi) +

#App,Der(Ψi)) = #App,Der(Φ) + #App,Der(Ψ).

• Case R = Der. Then, t = der(u), t{x \ v} = der(u){x \ v} = der(u{x \ v}), and Φ must be

of the form
Φ′ ▷P Γ; x : M ⊢ u : {{A}}

Der
Γ; x : M ⊢ der(u) : A

By applying the i.h. to Φ′, we know there exists Π′ ▷P Γ ⊢ u{x \ v} : {{A}}, such that

#App,Der(Π′) = #App,Der(Φ′) + #App,Der(Ψ). Therefore, we can take Π to be

Π′ ▷P Γ ⊢ u{x \ v} : {{A}}
Der

Γ ⊢ der(u{x \ v}) : A
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since #App,Der(Π) = #App,Der(Π′) + 0 · App+ 1 · Der = #App,Der(Φ′) + #App,Der(Ψ) + 0 · App+ 1 ·

Der = #App,Der(Φ) + #App,Der(Ψ).

Lemma C.4 (Weighted Subject Reduction for CBPV). Let t, u ∈ !Λ. If t→CBPV u and Φ ▷P ∅ ⊢ t : A,

then there is Ψ ▷P ∅ ⊢ u : A, such that

• #App,Der(Φ) = #App,Der(Ψ) + 1 · App+ 0 · Der, if t→CBPV(βv) u.

• #App,Der(Φ) = #App,Der(Ψ) + 0 · App+ 1 · Der, if t→CBPV(β!) u.

Proof. The proof follows by induction on the definition of the contexts of the reduction strategy.

Let t = B[t0]→CBPV B[u0] = u, such that t0 7→βv/β! u0:

• Case B = □. Then, we must consider two possibilities:

– If t = (λx.r) v 7→βv r{x \ v} = u, then Φ must be of the form

Φ′ ▷P x : M ⊢ r : A
Abs

∅ ⊢ λx.r : M→ A Φ′′ ▷P ∅ ⊢ v : M
App

∅ ⊢ (λx.r) v : A

Given the forms of Φ′ and Φ′′, we can apply Lemma C.3 to obtain a derivation Π ▷P ∅ ⊢

r{x \ v} : A, such that #App,Der(Π) = #App,Der(Φ′) + #App,Der(Φ′′). Therefore, we can take

Ψ = Π, since #App,Der(Φ) = #App,Der(Φ′) + #App,Der(Φ′′) + 1 · App+ 0 · Der = #App,Der(Π) +

1 · App+ 0 · Der = #App,Der(Ψ) + 1 · App+ 0 · Der.

– If t = der(!r) 7→β! r = u, then Φ must be of the form

Φ′ ▷P ∅ ⊢ r : A
Bg

∅ ⊢ !r : {{A}}
Der

∅ ⊢ der(!r) : A

Therefore, we can take Ψ = Φ′, since we have #App,Der(Φ) = #App,Der(Φ′) + 0 · App+ 1 ·

Der = #App,Der(Ψ) + 0 · App+ 1 · Der.

• B = B′ r. We omit this case because it is very similar to the corresponding one in Lemma 4.13.

• B = (λx.r) B′. We omit this case because it is very similar to the corresponding one

in Lemma 4.13.

• B = der(B′). Then, t = der(B′[t0]) →CBPV der(B′[u0]) = u, such that B′[t0] →CBPV B′[u0], and

Φ must be of the form
Φ′ ▷P ∅ ⊢ B′[t0] : {{A}}

Der
∅ ⊢ der(B′[t0]) : A
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By applying the i.h. to B′[t0], we know there is Ψ′ ▷P ∅ ⊢ B′[u0] : {{A}}, such that

– #App,Der(Φ′) = #App,Der(Ψ′) + 1 · App+ 0 · Der, if B′[t0]→CBPV B′[u0] is a βv-step.

– #App,Der(Φ′) = #App,Der(Ψ′) + 0 · App+ 1 · Der, if B′[t0]→CBPV B′[u0] is a β!-step.

Therefore, we can take Ψ to be

Ψ′ ▷P ∅ ⊢ B′[u0] : {{A}}
Der

∅ ⊢ der(B′[u0]) : A

since

– ifB′[t0]→CBPV B′[u0] is a βv-step, der(B′[t0])→CBPV(βv) der(B
′[u0]), and thus #App,Der(Φ) =

#App,Der(Φ′) + 0 · App+ 1 · Der = #App,Der(Ψ′) + 1 · App+ 1 · Der = #App,Der(Ψ) + 1 · App+

0 · Der.

– if B′[t0] →CBPV B′[u0] is a β!-step, then der(B′[t0]) →CBPV(β!) der(B
′[u0]), and thus have

that #App,Der(Φ) = #App,Der(Φ′) + 0 · App + 1 · Der = #App,Der(Ψ′) + 0 · App + 2 · Der =

#App,Der(Ψ) + 0 · App+ 1 · Der.

Lemma C.5 (Weighted Anti-Substitution for CBPV). Let t ∈ !Λ, and v ∈ !
Λ

◦. If Φ ▷P Γ ⊢ t{x \ v} :

A, then Ψ ▷P Γ; x : M ⊢ t : A and Π ▷P ∅ ⊢ v : M, such that #App,Der(Φ) = #App,Der(Ψ) + #App,Der(Π).

Proof. The proof follows by induction on the structure of t.

• Case t = y ̸= x. Then, t{x \ v} = y{x \ v} = y. Moreover, v = !u, such that u ∈ !Λ◦.

Therefore, we can take M = {{ }}, Ψ = Φ, and Π to be

Bg
∅ ⊢ !u : {{ }}

since #App,Der(Φ) = #App,Der(Ψ) = #App,Der(Ψ) + #App,Der(Π).

• Case t = x. Then, t{x \ v} = v. Moreover, v = !u, such that u ∈ !Λ◦. Therefore, Φ ▷P ∅ ⊢

!u : N, where Γ = ∅ (by Lemma C.8), and A = N. Therefore, we can take Ψ to be

Ax
x : N ⊢ x : N

and Π = Φ, since #App,Der(Φ) = 0 · App+ 0 · Der+ #App,Der(Π) = #App,Der(Ψ) + #App,Der(Π).

• Case t = λx.u. We omit this case because it is very similar to the corresponding one

in Lemma 4.11.
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• Case t = u r. We omit this case because it is very similar to the corresponding one

in Lemma 4.11 (using Lemma C.7).

• Case t = !u. Then, t{x \ v} = !u{x \ v} = !(u{x \ v}). Therefore, Φ must be of the form

(Φi ▷P Γi ⊢ u{x \ v} : Ai)i∈I
Bg

+i∈IΓi ⊢ !(u{x \ v}) : {{Ai}}i∈I

and A = {{Ai}}i∈I. By applying the i.h. to each Φi, there are Ψi ▷P Γi; x : Mi ⊢ u : Ai and

Πi ▷P ∅ ⊢ v : Mi, such that #App,Der(Φi) = #App,Der(Ψi) + #App,Der(Πi). By Lemma C.7, there

is Π′ ▷P ∅ ⊢ v : ⊔i∈IMi, such that #App,Der(Π′) = +i∈I#App,Der(Πi). Therefore, we can take

M = ⊔i∈IMi, Π = Π′, and Ψ to be

(Ψi ▷P Γi; x : Mi ⊢ u : Ai)i∈I
Bg

+i∈IΓi; x : ⊔i∈IMi ⊢ !u : {{Ai}}i∈I

since we have
#App,Der(Φ) = +i∈I#App,Der(Φi)

= +i∈I#App,Der(Ψi) +i∈I #App,Der(Πi)

= #App,Der(Ψ) + #App,Der(Π).

• Case t = der(u). Then, t{x \ v} = der(u){x \ v} = der(u{x \ v}). Therefore, Φ must be of

the form
Φ′ ▷P Γ ⊢ u{x \ v} : {{A}}

Der
Γ ⊢ der(u{x \ v}) : A

By applying the i.h. to Φ′, there are Ψ′ ▷P Γ; x : M ⊢ u : {{A}} and Π′ ▷P ∅ ⊢ v : M, such that

#App,Der(Φ′) = #App,Der(Ψ′) + #App,Der(Π′). Therefore, we can take Π = Π′, and Ψ to be

Ψ′ ▷P Γ; x : M ⊢ u : {{A}}
Der

Γ; x : M ⊢ der(u) : A

since #App,Der(Φ) = #App,Der(Φ′) + 0 · App+ 1 · Der = #App,Der(Ψ′) + #App,Der(Π′) + 0 · App+ 1 ·

Der = #App,Der(Ψ) + #App,Der(Π).

Lemma C.6 (Weighted Subject Expansion for CBPV). Let t, u ∈ !Λ◦. If t→CBPV u and Φ ▷P ∅ ⊢ u : A,

then there is Ψ ▷P ∅ ⊢ t : A, such that

• #App,Der(Φ) + 1 · App+ 0 · Der = #App,Der(Ψ), if t→CBPV(βv) u.

• #App,Der(Φ) + 0 · App+ 1 · Der = #App,Der(Ψ), if t→CBPV(β!) u.

Proof. The proofs follow by induction on the definition of the contexts of the reduction strategy.

Let t = B[t0]→CBPV B[u0] = u, such that t0 7→βv/β! u0:
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• Case B = □. Then, we must consider two possibilities:

– If t = (λx.r) v 7→βv r{x \ v} = u, then Φ ▷P ∅ ⊢ r{x \ v} : A. Given the form of Φ, we

can apply Lemma C.5 to obtain derivations Ψ′ ▷P x : M ⊢ r : A and Ψ′′ ▷P ∅ ⊢ v : M,

such that #App,Der(Φ) = #App,Der(Ψ′) + #App,Der(Ψ′′). Therefore, we can take Ψ to be

Ψ′ ▷P x : M ⊢ r : A
Abs

∅ ⊢ λx.r : M→ A Ψ′′ ▷P ∅ ⊢ v : M
App

∅ ⊢ (λx.r) v : A

since #App,Der(Φ) + 1 · App+ 0 · Der = #App,Der(Ψ′) + #App,Der(Ψ′′) + 1 · App+ 0 · Der =

#App,Der(Ψ).

– If t = der(!r) 7→β! r = u, then we can take Ψ to be

Φ ▷P ∅ ⊢ r : A
Bg

∅ ⊢ !r : {{A}}
Der

∅ ⊢ der(!r) : A

since we have #App,Der(Φ) + 0 · App+ 1 · Der = #App,Der(Ψ).

• B = B′ r. We omit this case because it is very similar to the corresponding one in Lemma 4.15.

• B = (λx.r) B′. We omit this case because it is very similar to the corresponding one

in Lemma 4.15.

• B = der(B′). Then, t = der(B′[t0]) →CBPV der(B′[u0]) = u, such that B′[t0] →CBPV B′[u0], and

Φ must be of the form
Φ′ ▷P ∅ ⊢ B′[u0] : {{A}}

Der
∅ ⊢ der(B′[u0]) : A

By applying the i.h. to B′[u0], we know there is Ψ′ ▷P ∅ ⊢ B′[t0] : {{A}}, such that

– #App,Der(Φ′) + 1 · App+ 0 · Der = #App,Der(Ψ′), if B′[t0]→CBPV B′[u0] is a βv-step.

– #App,Der(Φ′) + 0 · App+ 1 · Der = #App,Der(Ψ′), if B′[t0]→CBPV B′[u0] is a β!-step.

Therefore, we can take Ψ to be

Ψ′ ▷P ∅ ⊢ B′[t0] : {{A}}
Der

∅ ⊢ der(B′[t0]) : A

since

– if B′[t0] →CBPV B′[u0] is a βv-step, then der(B′[t0]) →CBPV(βv) der(B
′[u0]), and thus

#App,Der(Φ) + 1 · App+ 0 · Der = #App,Der(Φ′) + 1 · App+ 1 · Der = #App,Der(Ψ′) + 0 · App+

1 · Der = #App,Der(Ψ).
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– if B′[t0] →CBPV B′[u0] is a β!-step, then der(B′[t0]) →CBPV(β!) der(B
′[u0]), and thus

#App,Der(Φ) + 0 · App+ 1 · Der = #App,Der(Φ′) + 0 · App+ 2 · Der = #App,Der(Ψ′) + 0 · App+

1 · Der = #App,Der(Ψ).

Lemma C.7 (CBPV Multiset-Typings Split and Merge). Let t ∈ !Λ. Then, there is Φ ▷P Γ ⊢ t : M,

such that M = ⊔i∈IMi if and only if there are Φi ▷P Γi ⊢ t : Mi, such that Γ = +i∈IΓi, and #App,Der(Φ) =

+i∈I#App,Der(Φi).

Lemma C.8 (Contexts and Free Variables for CBPV). If Φ ▷P Γ ⊢ t : A, then dom(Γ) ⊆ fv(t).

Lemma 4.22 (Typability of Clash-Free CBPV-Normal Forms). If t ∈ NOCFCBPV, then there is a derivation

Φ ▷P ∅ ⊢ t : A.

Proof. By Proposition 3.11, since t ∈ NOCFCBPV, we know that t is either a closed bang-term !u with

u ∈ !Λ◦, or a closed abstraction λx.u ∈ !Λ◦:

• Case t = !u, then we can take Φ to be

Bg
∅ ⊢ !u : {{ }}

• Case t = λx.u, then we can take Φ to be

Ans
∅ ⊢ λx.u : ⋆

Lemma 4.23 (Typability Implies Clash-Freeness). Let t ∈ !Λ◦. If Φ ▷P ∅ ⊢ t : A, then t is clash-free.

Proof. Let us assume, towards a contradiction, that t is not clash-free. Then, there is a CBPV

context B and a clash term u, such that t→→CBPV B[u]. Then, by Lemma C.4, there is a derivation

Ψ ▷P ∅ ⊢ B[u] : A. Therefore, if we show that B[u] is not P-typable, we are done. We do this by

induction on the definition of B:

• Case B = □. Then, we can easily see that, for every possible form of the clash u, there is a

mismatch between its syntactical form and the typing rules of system P:

– If u = v r, then v would need to have an arrow type to justify rule App. However, by the

definition of P, closed values can only receive multi-types, never arrow types. Hence u

is not typable.
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– If u = der(λx.r), then λx.r would need to have a multi-type to justify rule Der. However,

by the definition of P, abstractions can only be typed using Ans or Abs, none of which

assign multi-types.

– If u = r (λx.e), then λx.e would need to have a multi-type to justify rule App However,

by the definition ofP, abstractions only be typed using Ans or Abs, none of which assign

multi-types.

• Case B = B′ r. We omit this case because it follows smoothly from the i.h., since all typing

rules of P are syntax-directed and compositional, and untypability of the hole propagates to

the enclosing context.

• Case B = (λx.r) B′. We omit this case because it follows smoothly from the i.h., for the same

reason.

• Case B = der(B′). We omit this case because it follows smoothly from the i.h., for the same

reason.

Lemma 4.24 (Typability Characterizes Clash-Free CBPV-Normal Forms). Let t ∈ !Λ◦. Then, t ∈

NOCFCBPV if and only if t ∈ NOCBPV and t is P-typable.

Proof. (⇒) This direction follows directly from Proposition 3.11 and Lemma 4.22.

(⇐) Since t ∈ NOCBPV, t is a CBPV-normal form. Moreover, since t is P-typable, it is clash-free

by Lemma 4.23. Hence, t is a clash-free CBPV-normal form, and therefore t ∈ NOCFCBPV by Propo-

sition 3.11.

Theorem 4.27 (Soundness and Completeness of Translations). Let t ∈ Λ. Then

1. Φ ▷N Γ ⊢ t : A if and only if Ψ ▷P Γ ⊢ (t)CBN : A. Moreover, #App(Φ) = #App(Ψ).

2. Φ ▷V Γ ⊢ t : M if and only if Ψ ▷P Γ ⊢ (t)CBV : M. Moreover, #App(Φ) = #App(Ψ).

Proof. 1. (⇒) By induction on the structure of t:

– Case t = x. Then, (x)CBN = der(x). Moreover, Φ must be of the form

Ax
x : {{A}} ⊢ x : A
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and Γ = x : {{A}}. Therefore, we can take Ψ to be of the form

Ax
x : {{A}} ⊢ x : {{A}}

Der
x : {{A}} ⊢ der(x) : A

since #App(Φ) = 0 = #App(Ψ).

– Case t = λx.u. Then, (λx.u)CBN = λx.(u)CBN. Now, we must consider two possibili-

ties, according to the the last rule R of Φ:

* Case R = Abs, then Φ must be of the form

Φ′ ▷N Γ; x : M ⊢ u : B
Abs

Γ ⊢ λx.u : M→ B

and A = M → B. By applying the i.h. to u, we know there is Ψ′ ▷P Γ; x : M ⊢

(u)CBN : B, such that #App(Φ′) = #App(Ψ′). Therefore, we can take Ψ to be

Ψ′ ▷P Γ; x : M ⊢ (u)CBN : B
Abs

Γ ⊢ λx.(u)CBN : M→ B

since #App(Φ) = #App(Φ′) = #App(Ψ′) = #App(Ψ).

* Case R = Ans, then Φ must be of the form

Ans
∅ ⊢ λx.u : ⋆

Γ = ∅, and A = ⋆. Therefore, we can take Ψ to be

Ans
∅ ⊢ λx.(u)CBN : ⋆

since #App(Φ) = 0 = #App(Ψ).

– Case t = u r. Then, (u r)CBN = (u)CBN !(r)CBN. Moreover, Φ must be of the form

Φ′ ▷N Γ′ ⊢ u : {{Ai}}i∈I → A

(Φi ▷N Γi ⊢ r : Ai)i∈I
Many

+i∈IΓi ⊢ r : {{Ai}}i∈I
App

Γ′ ++i∈IΓi ⊢ u r : A

and Γ = Γ′ ++i∈IΓi. By applying the i.h. to u, we know there exists Ψ′ ▷P Γ′ ⊢

(u)CBN : {{Ai}}i∈I → A, such that #App(Φ′) = #App(Ψ′). By applying the i.h. to each

occurrence of r, we know there exist Ψi ▷P Γi ⊢ (r)CBN : Ai, such that #App(Φi) =

#App(Ψi), for each i ∈ I. Therefore, we can take Ψ to be

Ψ′ ▷P Γ′ ⊢ (u)CBN : {{Ai}}i∈I → A

(Ψi ▷P Γi ⊢ (r)CBN : Ai)i∈I
Bg

+i∈IΓi ⊢ !(r)CBN : {{Ai}}i∈I
App

Γ′ +i∈I Γi ⊢ (u)CBN !(r)CBN : A

since #App(Φ) = #App(Φ′) +i∈I #App(Φi) + 1 = #App(Ψ′) +i∈I #App(Ψi) + 1 = #App(Ψ).
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(⇐) By induction on the structure of t:

– Case t = x. Notice that (x)CBN = der(x), and Ψ must be of the form

Ax
x : {{A}} ⊢ x : {{A}}

Der
x : {{A}} ⊢ der(x) : A

Therefore, we can take Φ to be

Ax
x : {{A}} ⊢ x : A

since #App(Φ) = 0 = #App(Ψ).

– Case t = λx.u. Notice that (λx.u)CBN = λx.(u)CBN. Now, we must consider two

possibilities, according to the last rule R of Ψ:

* Case R = Abs. Then, Ψ must be of the form

Ψ′ ▷P Γ; x : M ⊢ (u)CBN : B
Abs

Γ ⊢ λx.(u)CBN : M→ B

By applying the i.h. to u, we know there exists Φ′ ▷N Γ; x : M ⊢ u : B, such that

#App(Φ′) = #App(Ψ′). Therefore, we can take Φ to be

Φ′ ▷N Γ; x : M ⊢ u : B
Abs

Γ ⊢ λx.u : M→ B

since #App(Φ) = #App(Φ′) = #App(Ψ′) = #App(Ψ).

* Case R = Ans. Then, Ψ must be of the form

Ans
∅ ⊢ λx.(u)CBN : ⋆

Γ = ∅, and A = ⋆. Therefore, we can take Φ to be

Ans
∅ ⊢ λx.u : ⋆

since #App(Φ) = 0 = #App(Ψ).

– Case t = u r. Notice that (u r)CBN = (u)CBN !(r)CBN. Then, Ψ must be of the form

Ψ′ ▷P Γ′ ⊢ (u)CBN : M→ A Ψ′′ ▷P Γ′′ ⊢ !(r)CBN : M
App

Γ′ + Γ′′ ⊢ (u)CBN !(r)CBN : A

Γ = Γ′ + Γ′′. By applying the i.h. to u, we know there exists Φ′ ▷N Γ′ ⊢ u : M→ A,

such that #App(Φ′) = #App(Ψ′). Moreover, Ψ′′ must be of the form

(Ψi ▷P Γi ⊢ (r)CBN : Ai)i∈I
Bg

+i∈IΓi ⊢ !(r)CBN : {{Ai}}i∈I
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Γ′′ = +i∈IΓi, and #App(Ψ′′) = +i∈I#App(Ψi). By applying the i.h. to each occurrence

of r, we know there exist Φi ▷N Γi ⊢ r : Ai, such that #App(Φi) = #App(Ψi), for each

i ∈ I. Therefore, we can take Φ to be

Φ′ ▷N Γ′ ⊢ u : {{Ai}}i∈I → A

(Φi ▷N Γi ⊢ r : Ai)i∈I
Many

+i∈IΓi ⊢ r : {{Ai}}i∈I
App

Γ′ ++i∈IΓi ⊢ u r : A

since #App(Φ) = #App(Φ′) + +i∈I#App(Φi) + 1 = #App(Ψ′) + +i∈I#App(Ψi) + 1 =

#App(Ψ′) + #App(Ψ′′) + 1 = #App(Ψ).

2. (⇒) By induction on the structure of t:

– Case t = x. Then, (x)CBV = x. Moreover, Φ must be of the form

Ax
x : M ⊢ x : M

and Γ = x : M. Therefore, we can take Ψ to be

Ax
x : M ⊢ x : M

since #App(Φ) = 0 = #App(Ψ).

– Case t = λx.u. Then, (λx.u)CBV = !λx.(u)CBV. Moreover, Φ must be of the form

( Φi ▷V Γi; x : Mi ⊢ u : Ni)i∈I
Abs

+i∈I Γi ⊢ λx.u : {{Mi → Ni}}i∈I

Γ = +i∈IΓi, and M = {{Mi → Ni}}i∈I. By applying the i.h. to each occurrence of u,

there are Ψi ▷P Γi; x : Mi ⊢ (u)CBV : Ni, such that #App(Φi) = #App(Ψi), for each i ∈ I.

Therefore, we can take Ψ to be(
Ψi ▷P Γi; x : Mi ⊢ (u)CBV : Ni

Abs
Γi ⊢ λx.(u)CBV : Mi → Ni

)
i∈I

Bg
+i∈I Γi ⊢ !λx.(u)CBV : {{Mi → Ni}}i∈I

since #App(Φ) = +i∈I#App(Φi) = +i∈I#App(Ψi) = #App(Ψ).

– Case t = u r. Then, we have that (u r)CBV = der((u)CBV) (r)CBV. Moreover, Φ must

be of the form

Φ′ ▷V Γ′ ⊢ u : {{N → M}} Φ′′ ▷V Γ′′ ⊢ r : N
App

Γ′ + Γ′′ ⊢ u r : M

and Γ = Γ′ + Γ′′. By applying the i.h. to u, we know there exists a derivation

Ψ′ ▷P Γ′ ⊢ (u)CBV : {{N → M}}, such that #App(Φ′) = #App(Ψ′). By applying the

i.h. to r, we know there is Ψ′′ ▷P Γ′′ ⊢ (r)CBV : N, such that #App(Φ′′) = #App(Ψ′′).
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Therefore, we can take Ψ to be

Ψ′ ▷P Γ′ ⊢ (u)CBV : {{N → M}}
Der

Γ′ ⊢ der((u)CBV) : N → M Ψ′′ ▷P Γ′′ ⊢ (r)CBV : N
App

Γ′ + Γ′′ ⊢ der((u)CBV) (r)CBV : M

since #App(Φ) = #App(Φ′) + #App(Φ′′) + 1 = #App(Ψ′) + #App(Ψ′′) + 1 = #App(Ψ).

(⇐) By induction on the structure of t:

– Case t = x. Notice that (x)CBV = x, and Ψ must be of the form

Ax
x : M ⊢ x : M

Therefore, we can take Φ to be

Ax
x : M ⊢ x : M

since #App(Φ) = 0 = #App(Ψ).

– Case t = λx.u. Notice that (λx.u)CBV = !λx.(u)CBV. Then, Ψ must be of the form(
Ψi ▷P Γi; x : Ni ⊢ (u)CBV : Mi

Abs
Γi ⊢ λx.(u)CBV : Ni → Mi

)
i∈I

Bg
+i∈I Γi ⊢ !λx.(u)CBV : {{Ni → Mi}}i∈I

By applying the i.h. to each occurrence of u, we know there exists Φi ▷V Γi; x : Ni ⊢

u : Mi, such that #App(Φi) = #App(Ψi), for each i ∈ I. Therefore, we can take Φ to be

(Φi ▷V Γi; x : Ni ⊢ u : Mi)i∈I
Abs

+i∈IΓi ⊢ λx.u : {{Ni → Mi}}i∈I

since #App(Φ) = +i∈I#App(Φi) = +i∈I#App(Ψi) = #App(Ψ).

– Case t = u r. Notice that (u r)CBV = der((u)CBV) (r)CBV. Then, Ψ must be of the form

Ψ′ ▷P Γ′ ⊢ (u)CBV : {{N′ → M}}
Der

Γ′ ⊢ der((u)CBV) : N′ → M Ψ′′ ▷P Γ′′ ⊢ (r)CBV : N′
App

Γ′ + Γ′′ ⊢ der((u)CBV) (r)CBV : M

By applying the i.h. to u, we know there is Φ′ ▷V Γ′ ⊢ u : N → M, such that

#App(Φ′) = #App(Ψ′). By applying the i.h. to r, we know there is Φ′′ ▷V Γ′′ ⊢ r : N,

such that #App(Φ′′) = #App(Ψ′′). Therefore, we can take Φ to be

Φ′ ▷V Γ′ ⊢ u : N → M Φ′′ ▷V Γ′′ ⊢ r : N
App

Γ′ + Γ′′ ⊢ u r : M

since #App(Φ) = #App(Φ′) + #App(Φ′′) + 1 = #App(Ψ′) + #App(Ψ′′) + 1 = #App(Ψ).



Appendix D

A Quantitative Study of

Pattern-Matching

D.1 The Pattern-Matching Calculus

D.1.1 Syntax and Operational Semantics

Lemma 6.8 (One-Step Diamond). The reduction relation→WH enjoys the one-step diamond property.

Proof. Let si ∈ {dB, sub, match, branch}. We show that, if t→WH(s1) t1 and t→WH(s2) t2, with t1 ̸= t2,

there exists t3 such that t1 →WH(s2) t3 and t2 →WH(s1) t3. All reduction steps are assumed to satisfy the

freshness conditions required by the definition of WH, which are preserved by contextual closure.

The proof follows by induction on t:

• Case t = x. We can conclude immediately, since x ̸→WH.

• Case t = us. We have to consider four possible diverging cases:

– Let u = L1LL2Lλq.rM[x\v]M, s1 = dB and t1 = L1LL2Lr[q\s]M[x\v]M, such that bv(L2[x\v]L1)

∩ fv(s) = ∅ (so in particular x /∈ fv(s)), and s2 = sub and t2 = L1LL2Lλq.rM{x \ v}Ms.

We can take t3 = L1LL2Lr[q\s]M{x \ v}M and close the diagram:

L1LL2Lλq.rM[x\v]Ms L1LL2Lr[q\s]M[x\v]M

L1LL2Lλq.rM{x \ v}Ms
=

L1LL2{x \ v}Lλq.r{x \ v}MMs

L1LL2Lr[q\s]M{x \ v}M
=

L1LL2{x \ v}Lr{x \ v}[q\s{x \ v}]MM

WH(dB)

WH(sub) WH(sub)

WH(dB)

We can conclude since x ̸∈ fv(s), hence s{x \ v} = s.

215
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– Let
u = L1LL2Lλq.rM[c(pi)n\L3Lc(vi)nM]M,

s1 = dB,

and t1 = L1LL2Lr[q\s]M[c(pi)n\L3Lc(vi)nM]M,

such that bv(L2[c(pi)n\L3Lc(vi)nM]L1) ∩ fv(s) = ∅, and s2 = match, and also we have

t2 = L1LL3LL2Lλq.rM[p1\v1] · · · [pn\vn]MM, such that bv(L3) ∩ fv(L2Lλq.rM) = ∅. We can

take t3 = L1LL3LL2Lr[q\s]M[p1\v1] · · · [pn\vn]MM and close the diagram as follows:

L1LL2Lλq.rM[c(pi)n\L3Lc(vi)nM]Ms L1LL2Lr[q\s]M[c(pi)n\L3Lc(vi)nM]M

L1LL3LL2Lλq.rM[p1\v1] · · · [pn\vn]MMs L1LL3LL2Lr[q\s]M[p1\v1] · · · [pn\vn]MM

WH(dB)

WH(match) WH(match)

WH(dB)

The remaining cases, where both reductions occur strictly inside the same subterm, follow

directly by the i.h. and are therefore omitted.

• Case t = u[x\s]. Then, t1 = u{x \ s}, s1 = sub, and t2 = u′[x\s], such that u →WH(s2) u′. We

can pick t3 = u′{x \ s} and close the diagram using Lemma D.2:

u[x\s] u{x \ s}

u′[x\s] u′{x \ s}

WH(sub)

WH(s2) WH(s2)

WH(sub)

• Case t = u[ p̂\s]. We have to consider four possible diverging cases:

– Let p̂ = c(pi)n and s = L1LL2Lc(si)nM[c′(qi)m\L3Lc′(ri)mM]M. Then, we know we have that
t1 = u[c(pi)n\L1LL3LL2Lc(si)nM[q1\r1] · · · [qm\rm]MM] and s1 = match, such that bv(L3) ∩
fv(L2Lc(si)nM) = ∅, and t2 = L1LL2Lu[p1\s1] · · · [pn\sn]M[c′(qi)m\L3Lc′(ri)mM]M, and s2 =

match, such that bv(L2[c′(qi)m\L3Lc′(ri)mM]) ∩ fv(u) = ∅. We can pick the following
term t3 = L1LL3LL2Lu[p1\s1] · · · [pn\sn]M[q1\r1] · · · [qm\rm]MM and close the diagram:

u[c(pi)n\L1LL2Lc(si)nM[c′(qi)m\L3Lc′(ri)mM]M] u[c(pi)n\L1LL3LL2Lc(si)nM[q1\r1] · · · [qm\rm]MM]

L1LL2Lu[p1\s1] · · · [pn\sn]M[c′(qi)m\L3Lc′(ri)mM]M L1LL3LL2Lu[p1\s1] · · · [pn\sn]M[q1\r1] · · · [qm\rm]MM

WH(match)

WH(match) WH(match)

WH(match)

– Let t1 = u1[ p̂\s], such that u→WH(s1) u1, t2 = u2[ p̂\s], such that u→WH(s2) u2. By the i.h.,

we know there exists u3, such that u1 →WH(s2) u3 and u2 →WH(s1) u3. Therefore, we can
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take t3 = u3[ p̂\s] and close the diagram:

u[ p̂\s] u1[ p̂\s]

u2[ p̂\s] u3[ p̂\s]

WH(s1)

WH(s2) WH(s2)

WH(s1)

– Let t1 = u[ p̂\r1], such that s →WH(s1) r1, and t2 = u[ p̂\r2], such that s →WH(s2) r2. By the

i.h., we know there exists r3, such that r1 →WH(s2) r3 and r2 →WH(s1) r3. Therefore, we can

take t3 = u[ p̂\r3] and close the diagram:

u[ p̂\s] u[ p̂\r1]

u[ p̂\r2] u[ p̂\r3]

WH(s1)

WH(s2) WH(s2)

WH(s1)

– Let t1 = u′[ p̂\s], such that u →WH(s1) u′, and t2 = u[ p̂\s′], such that s →WH(s2) s′. We can

pick t3 = u′[ p̂\s′] and close the diagram:

u[ p̂\s] u′[ p̂\s]

u[ p̂\s] u′[ p̂\s′]

WH(s1)

WH(s2) WH(s2)

WH(s1)

• Case t = case u of B. We have to consider two diverging cases:

– Let u = L1LL2Lc(si)mM[c′(pi)n\L3Lc′(ri)nM]M and B = (. . . , c(qi)m.v, . . .). Then, t1 =

case L1LL3LL2Lc(si)mM[p1\r1] · · · [pn\rn]MM of B and s1 = match, such that bv(L3) ∩
fv(L2Lc(si)mM) = ∅, and t2 = L1LL2Lv[q1\s1] · · · [qm\sm]M[c′(pi)n\L3Lc′(ri)nM]M and s2 =

branch, such that bv(L2[c′(pi)n\L3Lc′(ri)nM]L1) ∩ fv(v) = ∅. We can pick the following
term t3 = L1LL3LL2Lv[q1\v1] · · · [qm\vm]M[p1\r1] · · · [pn\rn]MM and close the diagram:

case L1LL2Lc(si)mM[c′(pi)n\L3Lc′(ri)nM]M of B case L1LL3LL2Lc(si)mM[p1\r1] · · · [pn\rn]MM of B

L1LL2Lv[q1\s1] · · · [qm\sm]M[c′(pi)n\L3Lc′(ri)nM]M L1LL3LL2Lv[q1\v1] · · · [qm\vm]M[p1\r1] · · · [pn\rn]MM

WH(match)

WH(branch) WH(branch)

WH(match)

– Let t1 = case u1 of B, such that u →WH(s1) u1, t2 = case u2 of B, such that u →WH(s2) u2.

By the i.h., we know there exists u3, such that u1 →WH(s2) u3 and u2 →WH(s1) u3. Therefore,

we can take t3 = case u3 of B and close the diagram:

case u of B case u1 of B

case u2 of B case u3 of B

WH(s1)

WH(s2) WH(s2)

WH(s1)
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Corollary 6.9 (Confluence). The reduction relation→WH is confluent.

Proof. Let us first prove that→WH is subcommutative (Def.1.1.8.(iv) of [105]). Take any t, u, r ∈ λPM

such that u WH← t →WH r. If u = r, then we can immediately conclude. Otherwise, u ̸= r, and we

can conclude by Lemma 6.8. Moreover, it is well-known that subcommutativity implies confluence

(Prop.1.1.10 of [105]), so we can immediately conclude that→WH is confluent.

Proposition 6.11 (Determinism). The reduction relation→PM is deterministic.

Proof. Reduction relation→PM is deterministic if, for any term t, either t ̸→PM or there exists exactly

one t′, such that t →PM t′. We show this by induction on the structure of t. Note that in all cases,

the premises of the reduction rules are mutually exclusive, hence at most one rule can apply at any

term:

• Cases t = x, t = λp.u, and t = cT. No rule applies to t, so we can conclude.

• Case t = us. Let us assume that t→PM t′. Rules dB and appLmay apply to t. However, either

u is of the form LLλp.rM and only rule dB applies, or ¬isabs(u) and only rule appL applies.

Let us assume that only rule dB applies. Then, determinism follows immediately. Now, let us

assume that only rule appL applies. Then, us →PM u′s, such that u →PM u′. We can conclude

by the i.h..

• Case t = u[p\s]. Let us assume that t →PM t′. Rules match, sub, esL, and esR may apply to

t. However, either p is a variable and only rule sub applies, or p is of the form c(qi)n and

only rules match, esL and esRmay apply. If rule sub applies, then we can trivially conclude.

Otherwise, either isdatac(s) or ¬isdatac(s). If isdatac(s) holds, then only rule match

applies, and determinism follows immediately. If ¬isdatac(s) holds, then either s ̸→PM or

s →PM s′. Indeed, if s ̸→PM then only rule esL applies. In which case u →PM u′, and we can

conclude by the i.h. over u. If s →PM s′, then only rule esR applies, and we can conclude by

the i.h. over s.

• Case t = case u of B. Let us assume t →PM t′. Rules branch and caseArg may apply to

t. However, either u ̸→PM and only rule branch applies, or u →PM u′ and only rule caseArg

applies. If rule branch applies, then we can conclude immediately. If rule caseArg applies,

then u→PM u′, and we can conclude by the i.h. over u.

Lemma D.1 (Substitution Lemma). Let s, u, r ∈ λPM and y /∈ fv(u). Then, s{x \ u}{y \ r{x \ u}} =

s{y \ r}{x \ u}.
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Proof. We proceed by induction on the structure of s:

• Case s = x. Then

x{x \ u}{y \ r{x \ u}} = u{y \ r{x \ u}} = u = x{y \ r}{x \ u},

where the second equality follows from y /∈ fv(u).

• Case s = y. Then

y{x \ u}{y \ r{x \ u}} = y{y \ r{x \ u}} = r{x \ u} = y{y \ r}{x \ u}.

• Case s = z, with z ̸= x, y. Immediate by the definition of substitution.

• The remaining cases follow by the definition of substitution and the i.h..

Lemma D.2 (Preservation of Substitutions). Let t, u, r ∈ ΛPM
. If t →WH(s) r then t{x \ u} →WH(s)

r{x \ u}.

Proof. The proof follows by induction on t→WH t′:

• Case t = LLλp.sMr →WH(dB) LLs[p\r]M = t′, such that bv(L) ∩ fv(r) = ∅. By α-conversion we

can suppose in particular that vars(p) ∩ fv(u) = ∅. We proceed by induction on L:

– Case L = □. Then, t = (λp.s)r →WH(dB) s[p\r] = t′. Clearly, ((λp.s)r){x \ u} =

(λp.s{x \ u})(r{x \ u}). Moreover, (λp.s{x \ u})(r{x \ u}) →WH(dB) s{x \ u}[p\r{x \

u}]. Therefore, we can conclude since s{x \ u}[p\r{x \ u}] = s[p\r]{x \ u} (because

vars(p) ∩ fv(u) = ∅).

– Case L = L1[q\v]. Then, t = L1Lλp.sM[q\v]r →WH(dB) L1Ls[p\r]M[q\v] = t′, such that

bv(L1[q\v]) ∩ fv(r) = ∅. Notice that L1Lλp.sMr →WH(dB) L1Ls[p\r]M. So, we can apply the

i.h., obtaining (L1Lλp.sMr){x \ u} →WH(dB) L1Ls[p\r]M{x \ u}. Therefore, t1 = L1Lλp.sM{x \

u}[q\v{x \ u}]r{x \ u} →WH(dB) L1{x \ u}Ls{x \ u}[p\r{x \ u}]M[q\v{x \ u}] = t′1. And

we can conclude since t1 = (L1Lλp.sM[q\v]r){x \ u} and t′1 = (L1Ls[p\r]M[q\v]){x \ u}

(because vars(q) ∩ fv(u) = ∅ and vars(p) ∩ fv(u) = ∅).

• Case t = case LLc(si)nM of (. . . , c(pi)n.r, . . .) →WH(branch) LLr[p1\s1] · · · [pn\sn]M = t′. By

α-conversion we can assume vars(c(pi)n) ∩ fv(u) = ∅. We proceed by induction on L:

– Case L = □. Then, we know that t = case c(si)n of (. . . , c(pi)n.r, . . .) →WH(branch)
r[p1\s1] · · · [pn\sn] = t′. Clearly, we have (case c(si)n of (. . . , c(pi)n.r, . . .)){x \ u} =



220 A Quantitative Study of Higher-Order Computations with Effects

case c(si{x \ u})n of (. . . , c(pi)n.r{x \ u}, . . .). Moreover, we also have case c(si{x \

u})n of (. . . , c(pi)n.r{x \ u}, . . .) →WH(branch) r{x \ u}[p1\r1{x \ u}] · · · [pn\rn{x \ u}].

Therefore, we can conclude that r{x \ u}[p1\r1{x \ u}] · · · [pn\rn{x \ u}] = r[p1\r1] · · ·

[pn\rn]{x \ u} (because vars(c(pi)n) ∩ fv(u) = ∅).

– Case L = L1[q\v]. Then, t = case L1Lc(si)nM[q\v] of (. . . , c(pi)n.r, . . .) →WH(branch)
L1Lr[p1\s1] · · · [pn\sn]M[q\v] = t′. Notice case L1Lc(si)nM of (. . . , c(pi)n.r, . . .)→WH(branch)
L1Lr[p1\s1] · · · [pn\sn]M. By the i.h., we know (case L1Lc(si)nM of (. . . , c(pi)n.r, . . .)){x \

u} →WH(branch) L1Lr[p1\s1] · · · [pn\sn]M{x \ u}. Thus, we have t1 = (case L1Lc(si)nM of

(. . . , c(pi)n.r, . . .)){x \ u}[q\v{x \ u}]→WH(branch) L1Lr[p1\s1] · · · [pn\sn]M{x \ u}[q\v{x \

u}] = t′1. Hence, t1 = (case L1Lc(si)nM[q\v] of (. . . , c(pi)n.r, . . .)){x \ u} and t′1 =

(L1Lr[p1\s1] · · · [pn\sn]M[q\v]){x \ u} (because vars(q)∩ fv(u) = ∅ and vars(c(pi)n)∩

fv(u) = ∅).

• Case t = s[c(pi)n\LLc(ri)nM]→WH(match) LLs[p1\r1] · · · [pn\rn]M = t′, such that bv(L) ∩ fv(s) =

∅. Moreover, by α-conversion we can suppose vars(c(pi)n) ∩ fv(u) = ∅. We proceed by

induction on L:

– Case L = □. Then, t = s[c(pi)n\c(ri)n] →WH(match) s[p1\r1] · · · [pn\rn] = t′. Clearly,

we know (s[c(pi)n\c(ri)n]){x \ u} = s{x \ u}[c(pi)n\c(ri{x \ u})n]. Moreover, s{x \

u}[c(pi)n\c(ri{x \ u})n]→WH(match) s{x \ u}[p1\r1{x \ u}] · · · [pn\rn{x \ u}]. Therefore,

we can conclude since s{x \u}[p1\r1{x \u}] · · · [pn\rn{x \u}] = s[p1\r1] · · · [pn\rn]{x \

u} (because vars(c(pi)n) ∩ fv(u) = ∅).

– Case L = L1[q\v]. Then, we know that the following holds: t = s[c(pi)n\L1Lc(ri)nM[q\v]]

→WH(match) L1Ls[p1\r1] · · · [pn\rn]M[q\v] = t′, such that bv(L1[q\v]) ∩ fv(u) = ∅. Notice

that s[c(pi)n\L1Lc(ri)nM] →WH(match) L1Ls[p1\r1] · · · [pn\rn]M. So, we can apply the i.h.,

obtaining s[c(pi)n\L1Lc(ri)nM]{x \ u} →WH(match) L1Ls[p1\r1] · · · [pn\rn]M{x \ u}. There-

fore, t1 = s[c(pi)n\L1Lc(ri)nM]{x \ u}[q\v{x \ u}] →WH(match) L1Ls[p1\r1] · · · [pn\rn]M{x \

u}[q\v{x \ u}] = t′1. And we can conclude with t1 = s[c(pi)n\L1Lc(ri)nM[q\v]]{x \

u} and t′1 = L1Ls[p1\r1] · · · [pn\rn]M[q\v]{x \ u} (because vars(q) ∩ fv(u) = ∅ and

vars(c(pi)n) ∩ fv(u) = ∅).

• Case t = s[y\r] →WH(sub) s{y \ r} = t′. We assume by α-conversion that y /∈ fv(u). Notice

that s[y\r]{x \ u} = s{x \ u}[y\r{x \ u}]. Moreover, s{x \ u}[y\r{x \ u}] →WH(sub) s{x \

u}{y \ r{x \ u}}. And we can conclude since s{x \ u}{y \ r{x \ u}} = s{y \ r}{x \ u} by the

substitution Lemma D.1.
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• Case t = s[p\r] →WH(s) s′[p\r] = t′, where s →WH(s) s′. We assume by α-conversion that

vars(p) ∩ fv(u) = ∅. By the i.h., we know that s{x \ u} →WH(s) s′{x \ u}. Therefore, s{x \

u}[p\r{x \ u}] →WH(s) s′{x \ u}[p\r{x \ u}]. Hence, s{x \ u}[p\r{x \ u}] = s[p\r]{x \ u}

and s′{x \ u}[p\r{x \ u}] = s′[p\r]{x \ u} (because vars(p) ∩ fv(u) = ∅).

• Case t = sr →WH(s) s′r = t′, where s→WH(s) s′. By the i.h., we know that s{x \ u} →WH(s) s′{x \

u}. Therefore, s{x \ u}(r{x \ u})→WH(s) s′{x \ u}(r{x \ u}). Therefore, s{x \ u}(r{x \ u}) =

(sr){x \ u} and s′{x \ u}(r{x \ u}) = (s′r){x \ u}.

• Case t = s[ p̂\r] →WH(s) s[ p̂\r′] = t′, where r →WH(s) r′. By the i.h., we know that r{x \

u} →WH(s) r′{x \ u}. We assume by α-conversion that vars( p̂) ∩ fv(u) = ∅. Therefore, s{x \

u}[ p̂\r{x \ u}]→WH s{x \ u}[ p̂\r′{x \ u}]. And we can conclude since s{x \ u}[ p̂\r{x \ u}] =

s[ p̂\r]{x \ u} and s{x \ u}[ p̂\r′{x \ u}] = s[ p̂\r′]{x \ u} (because vars( p̂) ∩ fv(u) = ∅).

• Case t = case s of (ciPi.ri)n →WH(s) case s′ of (ciPi.ri)n = t′, where s →WH(s) s′. By

α-conversion we can assume in particular that
⋃

i∈{1,...,n}
vars(ciPi) ∩ fv(u) = ∅. By the

i.h., we know that s{x \ u} →WH(s) s′{x \ u}. Therefore, case s{x \ u} of (ciPi.ri)n{x \

u} →WH(s) case s′{x \ u} of (ciPi.ri)n{x \ u}. Hence, case s{x \ u} of (ciPi.ri)n{x \ u} =

(case s of (ciPi.ri)n){x \ u} and case s′{x \ u} of (ciPi.ri)n{x \ u} = (case s′ of (ciPi.ri)n){x \

u} (because
⋃

i∈{1,...,n}
vars(ciPi) ∩ fv(u) = ∅).

Lemma 6.15 (Characterization of Normal Forms). Let t ∈ ΛPM
. Then, t ∈ NO if and only if t ̸→PM.

Proof. Simple corollary of Lemma D.3.

Lemma D.3. t ∈ NOc if and only if t ̸→PM, and either ¬isdata(t) or isdatac(t).

Proof. In order to show the original statement, we are going to refine it into the three following

statements:

1. t ∈ NE if and only if t ̸→PM, ¬isabs(t), and ¬isdata(t).

2. t ∈ NAc if and only if t ̸→PM, ¬isabs(t), and either ¬isdata(t) or isdatac(t).

3. t ∈ NOc if and only if t ̸→PM, and either ¬isdata(t) or isdatac(t).

The proof of the left-to-right implication follows by induction on t ∈ NOc:

1. Let t ∈ NE:
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• Case t = x. Then, x ̸→PM, ¬isabs(x), and ¬isdata(x) trivially hold.

• Case t = us, where u ∈ NA. SinceNA =
⋃
c∈C
NAc, we can assume, without loss of generality,

that u ∈ NAc, for some c ∈ C. By the i.h. (2) over u, we know u ̸→PM, ¬isabs(u), and

either ¬isdata(u) or isdatac(u). Since ¬isabs(u) and u ̸→PM, then us ̸→PM. Moreover,

¬isabs(us) and ¬isdata(us) trivially hold.

• Case t = u[c′P\s], where u ∈ NE and s ∈ NO¬c′ . By the i.h. (1) over u, we know

u ̸→PM, ¬isabs(u), and ¬isdata(u). Since s ∈ NO¬c′ , we can assume, without loss of

generality, that s ∈ NOc0 for some c0 ̸= c′. By the i.h. (3) over s, we know s ̸→PM, and

either ¬isdata(s) or isdatac0(s). Clearly, rule (sub) does not apply to t. Additionally,

since either ¬isdata(s) or isdatac0(s) for c0 ̸= c′, rule (match) also does not apply to

t. Finally, since s ̸→PM and u ̸→PM, then u[c′P\s] ̸→PM. Moreover, ¬isabs(u[c′P\s]) and

¬isdata(u[c′P\s]) hold, since ¬isabs(u) and ¬isdata(u) hold.

• Case t = case u of (ciPi.ui)n, where u ∈ NO¬{c1,...,cn}. Since u ∈ NO¬{c1,...,cn}, we can

assume, without loss of generality, that u ∈ NOc0 for some c0 ̸∈ {c1, . . . , cn}. By the

i.h. (3), we know u ̸→PM, and either ¬isdata(u) or isdatac0(u). Since ¬isdata(u)

or isdatac0(u) for c0 ̸∈ {c1, . . . , cn}, then rule (branch) does not apply to t. Ad-

ditionally, since u ̸→PM, then rule (caseArg) also does not apply to t. Therefore,

case u of (ciPi.ui)n ̸→PM. Moreover, we also have that ¬isabs(case u of (ciPi.ui)n)

and ¬isdata(case u of (ciPi.ui)n) trivially hold.

2. Let t ∈ NAc:

• Case t ∈ NE. Then, t ̸→PM, ¬isabs(t), and ¬isdata(t) by statement (1). So, we can

conclude.

• Case t = cT. Then, cT ̸→PM, ¬isabs(cT), and isdatac(cT).

• Case t = u[c′P\s], where u ∈ NAc and s ∈ NO¬c′ . This case is very similar to the

corresponding case when assuming t ∈ NE.

3. Let t ∈ NOc:

• Case t ∈ NAc. Then, t ̸→PM,¬isabs(t), and either¬isdata(t) or isdatac(t) by statement

(2). So, we can conclude.

• Case t = λp.u. Then, λp.u ̸→PM and ¬isdata(λp.u).

• Case t = u[c′P\s], where u ∈ NOc and s ∈ NO¬c′ . This case is very similar to the

corresponding case when assuming t ∈ NAc or t ∈ NE.

The right-to-left implication follows by induction on the structure of t:



D. A Quantitative Study of Pattern-Matching 223

• Case t = x. Then, x ̸→PM, ¬isabs(x), and ¬isdata(x), and thus the hypothesis of points (1),

(2), and (3) apply. However, since NE ⊆ NAc ⊆ NOc for any c, it is enough to show point (1).

And we can conclude since x ∈ NE, by definition.

• Case t = us. Then, suppose us ̸→PM. We always have ¬isabs(us), and ¬isdata(us). Then,

the hypothesis of points (1), (2), and (3) apply. But, NE ⊆ NAc ⊆ NOc for any c, it is enough to

show point (1). Since us ̸→PM, then in particular ¬isabs(u) holds (otherwise rule (dB) would

apply), and u ̸→PM (otherwise rule (appL) would apply). Note that it is always the case that

either ¬isdata(u), or there exists c′ ∈ C, such that isdatac′(u). By the i.h. (2) over u, we

know that u ∈ NAc′ for some c′ ∈ C. Therefore, u ∈ NAc′ ⊆ NA and us ∈ NE.

• Case t = λp.u. Then, λp.u ̸→PM and ¬isdata(λp.u). Therefore, the hypothesis of point (3)

applies. And we can conclude since λp.u ∈ NOc, by definition.

• Case t = u[p\s]. Then, suppose u[p\s] ̸→PM. We have ¬isdata(u[p\s]) or isdatac(u[p\s])

for some c ∈ C, which implies either ¬isdata(u) or isdatac(u). In any case, p must not

be a variable (otherwise rule (sub) would apply), so let us assume that p = c′P, for some

c′ ∈ C. It is also the case that ¬isdatac′(s) must hold (otherwise rule (match) would apply),

u ̸→PM (otherwise rule (esL) would apply), and s ̸→PM (otherwise rule (esR) would apply).

Moreover, since ¬isdatac′(s), then either ¬isdata(s), or isdatac0(s), for some c0 ∈ C such

that c0 ̸= c′. By the i.h. (3) over s, we know s ∈ NOc0 i.e. that s ∈ NO¬c′ .

– If we make no further assumptions regarding the form of u, then only the hypothesis

of point (3) applies. By the induction i.h. (1) over u, we know u ∈ NOc. Therefore,

u[p\s] ∈ NOc by definition, and this concludes point (3).

– If we also assume that ¬isabs(u[p\s]) holds, then ¬isabs(u) also holds and the hy-

pothesis of point (2) also applies. By the i.h. (2) over u, we know u ∈ NAc, for some c ∈ C.

Therefore, u[p\s] ∈ NAc by definition, and this concludes point (2).

– If we assume both ¬isabs(u[p\s]) and ¬isdata(u[p\s]), then ¬isdata(u) also holds

and the hypothesis of point (1) also applies. By the i.h. (1) over u, we know that u ∈ NE.

Therefore, u[p\s] ∈ NE by definition, and this concludes point (1).

• Case t = cT. Then, cT ̸→PM, ¬isabs(cT) and isdatac(cT). Therefore, the hypothesis of

points (2) and (3) apply. We have cT ∈ NAc by definition, thus point (2) holds. Therefore,

point (3) also holds since NAc ⊆ NOc.
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• Case t = case u of (ciPi.si)n. Then, suppose that case u of (ciPi.si)n ̸→PM. We also have

¬isabs(case u of (ciPi.si)n), and ¬isdata(case u of (ciPi.si)n). Therefore, the hypoth-

esis of points (1), (2), and (3) apply. As before, it is enough to show point (1). Since

case u of (ciPi.si)n ̸→PM, then ¬isdatac0(u), for c0 ∈ {c1, . . . , cn}must hold (otherwise rule

(branch) would apply), and u ̸→PM (otherwise rule (caseArg) would apply). Thus, either

¬isdata(u) or isdatac′(u) for c′ ̸∈ {c1, . . . , cn}. By the i.h. (3) over u, we know u ∈ NOc′ , i.e.

u ∈ NO¬{c1,...,cn}. Therefore, case u of (ciPi.si)n ∈ NE, by definition.

Lemma 6.19 (Clash-Free Normal Forms). Let t ∈ ΛPM
. Then, t ∈ NOCF if and only if t ̸→PM and t ̸∈ CL

Proof. To show the original statement, we are going to refine it into the following two statements:

1. t ∈ NECF if and only if t ̸→PM, t ̸∈ CL, ¬isabs(t), and ¬isdata(t).

2. t ∈ NOCF if and only if t ̸→PM and t ̸∈ CL.

We start by showing the left-to-right implication, by induction on t ∈ NOCF:

1. Let t ∈ NECF:

• Case t = x. Then, x ̸→PM, x ̸∈ CL, ¬isabs(x), and ¬isdata(x) trivially hold.

• Case t = us, such that u ∈ NECF. By the i.h. (1) over u, we know u ̸→PM, u ̸∈ CL,¬isabs(u),

and¬isdata(u). We can easily conclude that us ̸→PM by a simple inspection of the rules.

Let us assume us ∈ CL. Then, us must be of one of the following forms:

– u = LLcTM, for some c ∈ C. Contradiction with the fact that ¬isdata(u).

– u ∈ CL. Contradiction with the fact that u ̸∈ CL.

Thus, we can conclude that us ̸∈ CL. Moreover, ¬isabs(us) and ¬isdata(us) trivially

hold.

• Case t = u[p\s], such that u, s ∈ NECF and p = cP. By the i.h. (1) over u (resp. s), we

know u ̸→PM (resp. s ̸→PM), u ̸∈ CL (resp. s ̸∈ CL), ¬isabs(u) (resp. ¬isabs(s)), and

¬isdata(u) (resp. ¬isdata(s)). We can easily conclude that u[p\s] ̸→PM by a simple

inspection of the rules. Let us assume u[p\s] ∈ CL. Then, u[p\s] must be of one of the

following forms:

– s = LLλq.rM. Contradiction with the fact that ¬isabs(s).

– s = LLc′TM, such that c ̸= c′. Contradiction with the fact that ¬isdata(s).

– u ∈ CL. Contradiction with the fact that u ̸∈ CL.
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– s ∈ CL. Contradiction with the fact that s ̸∈ CL.

Thus, we conclude that u[p\s] ̸∈ CL. Moreover, since ¬isabs(u) and ¬isdata(u) hold,

then so do ¬isabs(u[p\s]) and ¬isdata(u[p\s]).

• Case t = case u of (ciPi.ui)n, such that u ∈ NECF. By the i.h. (1), we know u ̸→PM, u ̸∈ CL,

¬isabs(u), and ¬isdata(u). We can easily conclude that case u of (ciPi.ui)n ̸→PM
by a simple inspection of the rules. Let us assume case u of (ciPi.ui)n ∈ CL. Then,

case u of (ciPi.ui)n must be of one of the following forms:

– u = LLλp.tM. Contradiction with the fact that ¬isabs(u).

– u = cT, such that c ̸∈ {c1, . . . , cn}. Contradiction with the fact ¬isdata(u).

– u ∈ CL. Contradiction with the fact that u ̸∈ CL.

Thus, we can conclude that case u of (ciPi.ui)n ̸∈ CL. Moreover, it is the case that

¬isabs(case u of (ciPi.ui)n) and ¬isdata(case u of (ciPi.ui)n) hold.

2. Case t ∈ NOCF:

• Case t ∈ NECF. This case follows from statement (1).

• Case t = λp.u. Then, λp.u ̸→PM and λp.u ̸∈ CL, by definition.

• Case t = cT. Then, cT ̸→PM and cT ̸∈ CL, by definition.

• Case t = u[cP\s], such that u ∈ NOCF and s ∈ NECF. This case is very similar to the

corresponding case when t ∈ NECF.

Now, we show the right-to-left implication, by induction on the structure of t:

• Case t = x. Then, x ∈ NECF ⊆ NOCF by definition so that both points (1) and (2) hold.

• Case t = λp.u. Then, λp.u ̸→PM, λp.u ̸∈ CL, and isabs(λp.u) and ¬isdata(λp.u). Therefore,

only the hypothesis of point (2) applies. And we can conclude since λp.u ∈ NOCF, by definition.

• Case t = us. Then, suppose us ̸→PM and us ̸∈ CL. We always have ¬isabs(us) and

¬isdata(us). Then, the hypothesis of point (1) and (2) apply. As before, it is enough to show

point (1) which implies (2). Since us ̸→PM, then ¬isabs(u) must hold (otherwise rule (dB)

would apply), and u ̸→PM (otherwise rule (appL) would apply). Additionally, since us ̸∈ CL,

then ¬isdata(u) and u ̸∈ CL. By the i.h. (1), we know u ∈ NECF. Therefore, us ∈ NECF, by

definition.

• Case t = u[p\s]. Then, suppose u[p\s] ̸→PM, u[p\s] ̸∈ CL. Since u[p\s] ̸→PM, the following

must be the case: p must be of the form p = cP for some c ∈ C (otherwise rule (sub)
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would apply); ¬isdatac(s) (otherwise rule (match) would apply); u ̸→PM (otherwise rule

(esL) would apply); and s ̸→PM (otherwise rule (esR) would apply). Additionally, since

u[p\s] ̸∈ CL, then ¬isabs(s), ¬isdatac′(s) for any c′ ̸= c, u ̸∈ CL, and s ̸∈ CL. Thus,

¬isdata(s) must necessarily hold. By i.h. (1), we know s ∈ NECF. If we make no further

assumptions regarding the form of u, then only the hypothesis of point (2) applies. By i.h. (2),

u ∈ NOCF. Therefore, u[p\s] ∈ NOCF, by definition. If we also assume that ¬isabs(u[p\s])

and ¬isdata(u[p\s]) hold, then ¬isabs(u) and ¬isdata(u) also hold and the hypothesis

of point (1) also applies. By i.h. (1), u ∈ NECF. Therefore, u[p\s] ∈ NECF, by definition.

• Case t = cT. Then, cT ̸→PM, cT ̸∈ CL, ¬isabs(cT) and isdata(cT). Therefore, only the

hypothesis of point (2) applies. And we can conclude since cT ∈ NOCF, by definition.

• Case t = case u of (cPi.si)n. Then, suppose case u of (cPi.si)n ̸→PM and case u of (cPi.si)n ̸∈

CL. We always have ¬isabs(case u of (cPi.si)n) and ¬isdata(case u of (cPi.si)n). Then,

the hypothesis of points (1) and (2) apply. It is enough to show point (1) which implies

point (2). Since case u of (cPi.si)n ̸→PM, the following must be the case: either ¬isdata(u)

or isdatac′(u) for c′ ̸∈ {c1, . . . , cn} (otherwise rule (branch) would apply); and u ̸→PM
(otherwise rule (caseArg) would apply). Additionally, since case u of (cPi.si)n ̸∈ CL, then

¬isabs(u), ¬isdatac′(u) for c′ /∈ {c1, . . . , cn}, and u ̸∈ CL. Thus, ¬isdata(u) must neces-

sarily hold. By the i.h. (1) over u, we know that u ∈ NECF. Therefore, case u of (cPi.si)n ∈ NECF,

by definition.

Lemma 6.20 (Closed Clash-Free Normal Forms). Let t ∈ ΛPM
be a closed term. Then, t ̸→PM and

t ̸∈ CL if and only if t = λp.u or t = cT for c ∈ C.

Proof.

⇒) Let t ̸→PM and t ̸∈ CL. The proof follows by induction on t:

– Case t = x does not apply because x is not a closed term.

– Case t = λp.u or t = cT for some c ∈ C, we can conclude immediately.

– Case t = us. Since us ̸→PM, we know that ¬isabs(u) and u ̸→PM by a simple inspection

of the reduction rules. Since us ̸∈ CL, we know u ̸∈ CL. Now, notice that, since us is

closed, then so is u. By the i.h. over u, we know u = λp.u or u = cT for some c ∈ C.

However, we know that ¬isabs(u) must hold. Therefore, u = cT. But, then cT ∈ CL,

which contradicts the hypothesis. Thus, this case does not apply.
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– Case t = u[p\s]. Since u[p\s] ̸→PM, we know that p cannot be a variable because of

rule (sub). Let us assume, without any loss of generality, that p = cP for some c ∈ C.

Then, we also know that ¬isdatac(s), s ̸→PM and u ̸→PM by a simple inspection of the

remaining reduction rules. Since u[p\s] ̸∈ CL, we know ¬isabs(s), ¬isdatac′(s) with

c′ ̸= c, u ̸∈ CL, and s ̸∈ CL. Therefore, we can immediately conclude that ¬isdata(s).

Note that, since u[p\s] is closed, then so is s. By the i.h. over s, we know s = λp.r or

s = c0T for some c0. However, we know that ¬isabs(s) and ¬isdata(s) must hold.

Thus, this case does not apply.

– Case t = case u of (ciPi.si)n. Since case u of (ciPi.si)n ̸→PM, we know that¬isdataci(u)

for i ∈ {1, . . . , n} and u ̸→PM by a simple inspection of the reduction rules. Since

case u of (ciPi.si)n ̸∈ CL, we know¬isabs(u), ¬isdatac0(u) for some c0 ̸∈ {c1, . . . , cn},

and u ̸∈ CL. Therefore, we can immediately conclude that ¬isdata(u). Note that, since

case u of (ciPi.si)n is closed, then so is u. Now, notice that, since case u of (ciPi.si)n is

closed, then so is u. By the i.h. over u, we know u = λx.s or u = cT. However, we also

know that ¬isabs(u) and ¬isdata(u) must hold. Thus, this case does not apply.

⇐) Let t = λp.u or t = cT. Then, t ̸→PM and t ̸∈ CL hold trivially by definition.

D.1.2 Encoding the CBN and CBV λ-Calculi

Lemma 6.21 (CBN Simulation). Let t, u ∈ Λ. If t→→CBN u, then t→→WH u.

Proof. Let t→→CBN nu, where n is the number of evaluation steps between t and u. The proof follows

by induction on n:

• Let n = 0. Then, u = t and thus t→→WH u.

• Let n > 0. Then, there exists t′, such that t →CBN t′→→CBN u. By the i.h. t′→→WH u, therefore,

it is now enough to show that t→→WH t′. Moreover, since →→WH is closed under contexts, it

suffices to reason by induction on CBN evaluation contexts:

– Case N = □. Then, t = (λx.r)s →βn r{x \ s} = t′. Then, (λx.r)s →dB r[x\s] →sub
r{x \ s}.

– Case N = N′r. Then, NLsM = N′LsMr and N′LsM →CBN N′Ls′M. By the i.h. we know

N′LsM→→WH N′Ls′M. Therefore, t = NLsM = N′LsMr→→WH N′Ls′Mr = NLs′M = t′.
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Lemma 6.22 (The CBV Translation Preserves Substitutions). Let t, v ∈ Λ. Then, (t{x \ v})• =

(t)•{x \ (v)◦}.

Proof. By induction on t:

• Case t = x. Then, x{x \ v} = v. Therefore, (t{x \ v})• = (v)• = v((v)◦). Thus, (t)•{x \

(v)◦} = v(x){x \ (v)◦} = v((v)◦) = (v)•.

• Case t = y ̸= x. Then, y{x \ v} = y. Therefore, (t{x \ v})• = (y)•. Also, (t)•{x \ (v)◦} =

(y)•{x \ (v)◦} = (y)•.

• Case t = λy.t′. By α-conversion, we assume y ̸= x and y /∈ fv(v). Then, (λy.t′){x \ v} =

λy.t′{x \ v}, so that

((λy.t′){x \ v})• = v((λy.t′{x \ v})◦)

= v(λy.(t′{x \ v})•)
i.h.

= v(λy.(t′)•{x \ (v)◦})

= v(λy.(t′)•){x \ (v)◦}

= v((λy.t′)◦){x \ (v)◦}

= (λy.t′)•{x \ (v)◦}.

• Case t = ur. Then, (ur){x \ v} = (u{x \ v})(r{x \ v}), so that

((ur){x \ v})• = (yz)[v(z)\(r{x \ v})•][v(y)\(u{x \ v})•]
i.h.

= (yz)[v(z)\(r)•{x \ (v)◦}][v(y)\(u)•{x \ (v)◦}]

= ((yz)[v(z)\(r)•][v(y)\(u)•]){x \ (v)◦}

= (ur)•{x \ (v)◦}.

Lemma 6.23 (CBV Simulation). Let t, u ∈ Λ. If t→→CBV u, then (t)•→→WH (u)•.

Proof. Let t→→CBV nu, where n is the number of evaluation steps between t and u. The proof follows

by induction on n:

• Let n = 0. Then, u = t and thus (t)•→→WH (u)•.

• Let n > 0. Then, there exists t′, such that t → vt′→→CBV u. By the i.h. (t′)•→→WH (u)•.

Therefore, it is now enough to show that (t)•→→WH (t′)•. Moreover, since →→WH is closed

under contexts, it suffices to reason by induction on CBV evaluation contexts:
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– Case V = □. Then, t = (λx.r)v→ βvr{x \ v} = t′. Therefore,

((λx.r)v)• = (yz)[v(z)\(v)•][v(y)\(λx.r)•]

= (yz)[v(z)\v((v)◦)][v(y)\v(λx.(r)•)]

→ WH(match) (yz)[v(z)\v((v)◦)][y\λx.(r)•]

→ WH(sub) ((λx.(r)•)z)[v(z)\v((v)◦)]

→ WH(match) ((λx.(r)•)z)[z\(v)◦]

→ WH(sub) (λx.(r)•)(v)◦

→ WH(dB) (r)•[x\(v)◦]

→ WH(sub) (r)•{x \ (v)◦}
Lemma 6.22

= (r{x \ v})•.

– Case V = V′r. Then, t = VLsM = V′LsMr and V′LsM→ vV′Ls′M. Moreover,

(t)• = (VLsM)•

= (V′LsM r)•

= (xy)[v(y)\(r)•][v(x)\(V′LsM)•].

By the i.h., we know (V′LsM)•→→WH (V′Ls′M)•. Therefore,

(t)• = (xy)[v(y)\(r)•][v(x)\(V′LsM)•]

→→WH (xy)[v(y)\(r)•][v(x)\(V′Ls′M)•]

= (V′Ls′M r)•

= (VLs′M)•

= (t′)•.

– Case V = vV′. Then, t = VLrM = v V′LrM and V′LrM→ vV′Lr′M. Moreover,

(t)• = (VLrM)•

= (v V′LrM)•

= (xy)[v(y)\(V′LrM)•][v(x)\(v)•].

By the i.h., we know (V′LrM)•→→WH (V′Lr′M)•. Therefore,

(t)• = (xy)[v(y)\(V′LrM)•][v(x)\(v)•]

→→WH (xy)[v(y)\(V′Lr′M)•][v(x)\(v)•]

= (v V′Lr′M)•

= (VLr′M)•

= (t′)•.
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Note that although →WH is nondeterministic and allows the matching redex to be dis-

charged immediately via sub, it is also possible to first reduce the translated argument.

In either case, contextual closure ensures reachability of (t′)•.

D.2 Pattern-Matching Non-Idempotent Intersection Types

Lemma 6.29 (Split and Merge for Multi-Types). Let t ∈ ΛPM
and M = ⊔i∈IMi. Then, there exists

Φ ▷ Γ ⊢ t : M if and only if there exist (Φi ▷ Γi ⊢ t : Mi)i∈I, such that Γ = +i∈IΓi. Moreover,

#App,VPat,DPat(Φ) = +i∈I#App,VPat,DPat(Φi).

Proof. Let M = ⊔i∈IMi.

⇒) If there exists Φ ▷ Γ ⊢ t : M, then Φ it must be of the following form:

( Φk ▷ Γk ⊢ t : Ak)k∈K
Many

+k∈KΓk ⊢ t : {{Ak}}k∈K

where Γ = +k∈KΓk and M = {{Ak}}k∈K. Since also M = ⊔i∈IMi, then there exist disjoint

sets (Ki)i∈I ⊆ K such that ∪i∈IKi = K and Mi = {{Ak}}k∈Ki . One concludes this case by

constructing Φi and Γi = +k∈Ki Γk for any i ∈ I as follows:

( Φk ▷ Γk ⊢ t : Ak)k∈Ki
Many

+k∈Ki Γk ⊢ t : {{Ak}}k∈Ki

Indeed, one has:

Γ = +k∈KΓk = +i∈I +k∈Ki Γk = +i∈IΓi

and
#App,VPat,DPat(Φ) = +k∈K#App,VPat,DPat(Φk)

= +i∈I +k∈Ki #App,VPat,DPat(Φk)

= +i∈I#App,VPat,DPat(Φi)

⇐) If there exist (Φi ▷ Γi ⊢ t : Mi)i∈I, then each Φi must be of the form:

( Φk ▷ Γk ⊢ t : Ak)k∈Ki
Many

+k∈Ki Γk ⊢ t : {{Ak}}k∈Ki

where Γi = +k∈Ki Γk, Mi = {{Ak}}k∈Ki , and #App,VPat,DPat(Φi) = +k∈Ki #App,VPat,DPat(Φk). Then,

we can build Φ as follows:

( Φk ▷ Γk ⊢ t : Ak)k∈Ki ,i∈I
Many

+k∈Ki ,i∈IΓk ⊢ t : {{Ak}}k∈Ki ,i∈I
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where Γ = +k∈Ki ,i∈IΓk = +i∈IΓi, and M = {{Ak}}k∈Ki ,i∈I = {{Ai}}i∈I. And we can conclude

with +i∈I#App,VPat,DPat(Φi) = +k∈Ki ,i∈I#App,VPat,DPat(Φk) = #App,VPat,DPat(Φ).

Lemma 6.30 (Contexts and Free Variables for Pattern-Matching). Let t ∈ ΛPM
and Φ ▷ Γ ⊢ t : A.

Then, dom(Γ) ⊆ fv(t).

Proof. We prove a slightly more general statement by allowing Φt to conclude with either a term

type A or a multi-type M.

The proof follows by induction on Φ. We reason according to the last rule:

• Rule Ax. Then, t = x and Γ = (x : {{A}}). Therefore, we can conclude immediately.

• Rule Many. Suppose Φi ▷ Γi ⊢ t : Ai are the premises of the rule. Then, Γ = +i∈IΓi. By the i.h.

over each Φi, we know dom(Γi) ⊆ fv(t). Therefore, dom(Γ) =
⋃

i∈I
dom(Γi) ⊆

⋃
i∈I
fv(t) = fv(t).

• Rule Abs. Then, t = λp.u. Suppose Φt ▷ Γu ⊢ u : A and Π ▷ Γ|p ⊩ p : M are the premises

of the rule for u and p, respectively. Then, Γ = Γu\\ X p. By the i.h. over Φt, we know

dom(Γu) ⊆ fv(u). Therefore, dom(Γu) \ X p ⊆ fv(u) \ X p. And we can conclude since

dom(Γu) \ X p = dom(Γu\\ X p) = dom(Γ) and fv(u) \ X p = fv(λp.u).

• Rule Ans. Then, t = λp.u and Γ = ∅. So we can conclude immediately.

• Rule App. Then, t = us. Suppose Φu ▷ Γu ⊢ u : M → A and Φs ▷ Γs ⊢ s : M are the premises

of the rule for u and s, respectively. Then, Γ = Γu + Γs. By the i.h. over Φu (resp. Φs), we

know dom(Γu) ⊆ fv(u) (resp. dom(Γs) ⊆ fv(s)). Therefore, dom(Γ) = dom(Γu) ∪ dom(Γs) ⊆

fv(u) ∪ fv(s) = fv(us).

• Rule Data. Then, t = c(ui)n. Suppose Φi ▷ Γi ⊢ ui : Mi are the premises of the rule for each

ui. Then, Γ = +i∈{1,...,n}Γi. By the i.h. over each Φi, we know dom(Γi) ⊆ fv(ui). Therefore,

dom(Γ) =
⋃

i∈{1,...,n}
dom(Γi) ⊆

⋃
i∈{1,...,n}

fv(ui) = fv(c(ui)n).

• Rule Match. Then, t = u[p\s]. Suppose Φu ▷ Γu ⊢ u : A, Π ▷ Γ|p ⊩ p : M, and Φs ▷ Γs ⊢ s : M

are the premises of the rule for u, p, and s, respectively. Then, Γ = (Γu\\ X p) + Γs. By the i.h.

over Φu (resp. Φs), we know dom(Γu) ⊆ fv(u) (resp. dom(Γs) ⊆ fv(s)). Therefore, dom(Γ) =

dom(Γu\\ X p) ∪ dom(Γs) = (dom(Γu) \ X p) ∪ dom(Γs) ⊆ (fv(u) \ X p) ∪ fv(s) = fv(u[p\s]).

• Rule (Case). Then, t = case u of ( p̂i.si)n. Fix an arbitrary branch k ∈ {1, . . . , n}. Now,

suppose Φu ▷ Γu ⊢ u : M, Π ▷ Γu| p̂k ⊩ p̂k : M and Φsk ▷ Γsk ⊢ sk : A are the premises of

the rule for u, p̂k, and sk, respectively. Then, dom(Γ) = dom(Γsk\\ X p̂k) ∪ dom(Γu). By the
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i.h. over Φu (resp. Φsk ), we know dom(Γu) ⊆ fv(u) (resp. dom(Γsk) ⊆ fv(sk)). There-

fore, dom(Γ) = dom(Γsk\\ X p̂k) ∪ dom(Γu) = (dom(Γsk) \ X p̂k) ∪ dom(Γu) = fv(u) ∪ (fv(sk) \

X p̂k) ⊆ fv(u)
⋃

i∈{1,...,n}
(fv(si) \ X p̂i) = fv(case u of ( p̂i.si)n).

If t is closed, then fv(t) = ∅ by definition. Therefore, Γ = ∅ by the previous induction.

Lemma 6.31 (Zero Weight Tight Type Derivations Characterize (Clash-Free) Normal Forms). Let

t ∈ ΛPM
◦ . If Φ ▷PM ∅ ⊢ t : A is tight, then #App,VPat,DPat(Φ) = 0 · App+ 0 · VPat+ 0 · DPat if and only

if t ∈ NOCF.

Proof. We start by noting that t ∈ NOCF if and only if t = λx.u or t = cT by Lemma 6.20.

(⇒) Let #App,VPat,DPat(Φ) = 0 · App+ 0 · VPat+ 0 · DPat. We proceed by cases, according to the last

rule R of Φ:

– Case R = Ax. Then, t = x. Contradiction with t ∈ ΛPM
◦ . Therefore, this case does not

apply.

– Case R = Abs. Then, A is an arrow type. Contradiction with Φ being tight. Therefore,

this case does not apply.

– Case R = Ans. Then, t = λx.u. Therefore, we can conclude immediately.

– Case R = App. Contradiction with #App(Φ) = 0 · App. Therefore, this case does not

apply.

– Case R = Many. Contradiction with Φ ending with a type. Therefore, this case does not

apply.

– Case R = Data. Then, t = cT. Therefore, we can conclude immediately.

– Case R = Match. Then, t = r[p\u] and Φ must be of the form

Φr ▷PM Γ ⊢ r : A Φp ▷PM Γ|vars(p) ⊩ p : M Φu ▷PM ∅ ⊢ u : M
Match

Γ\\ vars(p) ⊢ r[p\u] : A

such that Γ\\ vars(p) = ∅. Notice that #VPat,DPat(Φp) ̸= 0 · VPat + 0 · DPat, since

any derivation typing a pattern necessarily uses either VPat or DPat at least once.

Contradiction with #App,VPat,DPat(Φ) = 0 · App+ 0 · VPat+ 0 · DPat. Therefore, this case

does not apply.

– Case R = Case. Then, t = case r of ( p̂i.ui)n, and Φ must be of the form

Φr ▷PM ∅ ⊢ r : M Φ p̂k ▷PM Γ|vars( p̂k) ⊩ p̂k : M Φuk ▷PM Γ ⊢ uk : A
Case

Γ\\ vars( p̂i) ⊢ case t of ( p̂i.ui)n : A
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such that k ∈ {1, . . . , n}, and Γ\\ vars( p̂i) = ∅. Notice that #VPat,DPat(Φ p̂k) ̸= 0 · VPat+

0 · DPat. Contradiction with #App,VPat,DPat(Φ) = 0 · App+ 0 · VPat+ 0 · DPat. Therefore,

this case does not apply.

(⇐) Let t ∈ NOCF. Then, t = λx.u or t = cT. Therefore, Φ must end with rule Ans or Data. If

Φ ends with rule Ans, then clearly #App,VPat,DPat(Φ) = 0 · App+ 0 · VPat+ 0 · DPat. If Φ ends

with rule Data, then t = cT. Let T = (u1, . . . , un), for some n ∈ N. Then, Φ must be of the

form (
Many

∅ ⊢ ui : {{ }}
)

i∈{1,...,n}
Data

∅ ⊢ c(u1, . . . , un) : c({{ }})n

Therefore, we can conclude that #App,VPat,DPat(Φ) = 0 · App+ 0 · VPat+ 0 · DPat.

Lemma 6.32 (Typability Implies Clash-Freeness). Let t ∈ ΛPM
. If Γ ⊢ t : A, then t is clash-free.

Proof. We reason by contraposition. Assume t is not clash-free. Then, there exists t′ ∈ CL, such

that t→→PM t′. Therefore, either t = t′, in which case Φ ▷ Γ ⊢ t′ : A by hypothesis, or t →PM t′ and

by Lemma 6.37, we can conclude that there exists Φ ▷ Γ ⊢ t′ : A. Therefore, if we show that t′ is

not PM-typable, then we are done. The proof follows by induction on t ∈ CL. For each case, we

reason by contradiction, assuming there exist Φ:

1. Let t ∈ CL0:

• Case t = LLcTMs. Then, Φ must end with rule App and LLcTM must be assigned an arrow

type. However, we can easily conclude by a simple inspection of the rules that cT can

only be assigned a data type. Therefore, we can also conclude by that LLcTM can only be

assigned a data type. Thus, we can conclude that there is no Φ, by contradiction.

• Case t = u[cP\LLλq.sM]. Then, Φ must end with rule Match and LLλq.sM must be assigned

the same type as cP. A simple inspection of the rules tells us that cP can only be assigned

a data type. However, it is also clear from the rules that λq.s can only be assigned an

arrow type. Therefore, LLλq.sM can only be assigned an arrow type. Thus, we can

conclude that there is no Φ, by contradiction.

• Case t = u[cP\LLc′TM], where c ̸= c′. Then, Φ must end with rule Match and LLc′TM

must be assigned the same type as cP. A simple inspection of the rules tells us that cP

can only be assigned a data type with top symbol c. Consequently, LLc′TM will also have

to be assigned a data type with top symbol c. However, it is also clear from the rules

that c′T can only be assigned a data type with top symbol c′. Therefore, LLc′TM can only
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be assigned a data type starting constructor c′. Thus, we can conclude that there is no

Φ, by contradiction.

• Case t = case LLλp.uM of (ciPi.si)n. Then, Φ must end with rule Case and LLλp.uM must

be assigned the same type one of the patterns ciPi. A simple inspection of the rules tells

us that all data patterns must be typed with data types. However, it is also clear from

the rules that λp.u can only be assigned an arrow type. Therefore, LLλp.uM can only be

assigned an arrow type. Thus, we can conclude that there is no Φ, by contradiction.

• Case t = case LLcTM of (ciPi.ui)n, where c ̸∈ {c1, . . . , cn}. Then, Φ must end with rule

Case and LLcTM must be assigned the same type as one of the patterns ciPi. A simple

inspection of the rules tells us that data patterns must be typed with data types starting

with matching constructors. However, it is also clear from the rules that cT must be

assigned a data type with top symbol c. Therefore, LLcTM can only be assigned a data

type with top symbol c. Thus, we can conclude there is no Φ, by contradiction.

2. Let t ∈ CL:

• Case t ∈ CL0. We can conclude by the previous point.

• If t /∈ CL0, then t contains a strict subterm u ∈ CL. By inversion on the typing rules,

typability of t would imply typability of u, which contradicts the induction hypothesis.

Lemma 6.33 (Patterns are Always Typable). Given any typing context Γ and pattern p, there exists

Π ▷ Γ|p ⊩ p : M. Moreover, if p = c(qi)n, then there exist Πi ▷PM Γ|qi ⊩ qi : Mi, such that M =

{{c(Mi)n}}.

Proof. The proof follows by induction on p:

• Case p = x. Then, it is always the case that Γ|x(x) = M from some multi-type M (possibly

{{ }}). So we can build Π using rule VPat.

• Case p = c(qi)n. By the i.h., we know there exist Πi ▷ Γ|qi ⊩ qi : Mi for each qi. So we

can build Π ▷ +i∈{1,...,n}Γ|qi ⊩ c(qi)n : {{c(Mi)n}} using rule DPat. We can conclude since

Γ|p = +{1,...,n}(Γ|qi).

Lemma 6.34 (Tight Typability of Closed Clash-Free PM-Normal Forms). Let t ∈ ΛPM
◦ . If t ∈ NOCF,

then there is a derivation Φ ▷PM ∅ ⊢ t : A that is tight.
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Proof. If t ∈ NOCF, then t = λx.u or t = cT:

• Let t = λx.u. Then, we can build Φ using rule Ans. Since Ans has no premises and assigns

type ⋆ to λx.u, the resulting type derivation is tight.

• Let t = cT. Let T = (u1, . . . , un), for some n ∈ N. Then, we can build Φ as follows:(
Many

∅ ⊢ ui : {{ }}
)

i∈{1,...,n}
Data

∅ ⊢ c(u1, . . . , un) : c({{ }})n

We can conclude since the above type derivation is tight.

Lemma 6.35 (Typability Characterizes Closed Clash-Free Normal Forms). Let t ∈ ΛPM
◦ . Then,

t ∈ NOCF if and only if t ∈ NO and t is PM-typable.

Proof. (⇒) t ∈ NOCF, then t is a PM-normal form by Lemma 6.19. Moreover, since t is closed and

clash-free, it admits a tight typing derivation by Lemma 6.34. In particular, t is PM-typable.

(⇐) Since t ∈ NO, t is a PM-normal form. Moreover, since t is PM-typable, it is clash-free

by Lemma 6.32. Therefore, t is a closed clash-free PM-normal form, and thus t ∈ NOCF

by Lemma 6.20.

D.2.1 Quantitative Soundness

Lemma 6.36 (Weighted Substitution). Let t, u ∈ ΛPM
and assume Φt ▷PM Γ; x : M ⊢ t : A and

Φu ▷PM ∆ ⊢ u : M. Then, there exists Φt{x\u} ▷ Γ+∆ ⊢ t{x \ u} : A, such that #App,VPat,DPat(Φt{x\u}) =

#App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

Proof. We generalize the original statement by allowing Φt to conclude with either a term type A

or a multiset type M.

If Φt ▷PM Γ; x : M ⊢ t : T, where T ∈ {A, M}, and Φu ▷PM ∆ ⊢ u : M, then there

exists Φt{x\u} ▷PM Γ + ∆ ⊢ t{x \ u} : T, such that #App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φt) +

#App,VPat,DPat(Φu).

The proof follows by induction on Φt. We reason according to the last rule R of Φt:

• Case R = Ax. Then, t = y and we must consider two different cases:

– If y = x, then t{x \ u} = u and Φt must be of the following form:

Ax
x : {{A}} ⊢ x : A
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where T = A, Γ = ∅, and M = {{A}}. Therefore, Φu must be of the following form:

Φ′u + ∆ ⊢ u : A
Many

∆ ⊢ u : {{A}}

So, we can pick Φt{x\u} = Φ′u and conclude since Γ + ∆ = ∆, and

#App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φ′u)

= #App,VPat,DPat(Φu)

= #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

– If y ̸= x, then y{x \ u} = y and Φt must be of the following form:

Ax
y : {{A}}; x : {{ }} ⊢ y : A

where T = A, Γ = (y : {{A}}), and M = {{ }}. Therefore, Φu must be of the following

form:

∅ ⊢ u : {{ }}

where ∆ = ∅. So, we can pick Φt{x\u} = Φt and conclude since Γ + ∆ = Γ and

#App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φt)

= #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

• Case R = Many. Then, Φt must be of the following form:(
Φi

t ▷PM Γi; x : Mi ⊢ t : Ai
)

i∈I
Many

+i∈I (Γi; x : Mi) ⊢ t : {{Ai}}i∈I

where T = {{Ai}}i∈I, (Γ; x : M) = +i∈I(Γi; x : Mi), and thus Γ = +i∈IΓi and M = ⊔i∈IMi.

By Lemma 6.29 over Φu, we know there exist (Φi
u ▷PM ∆i ⊢ u : Mi)i∈I, such that ∆ =

+i∈I∆i and #App,VPat,DPat(Φu) = +i∈I#App,VPat,DPat(Φi
u). By the induction hypothesis over each

Φi
t, we know there exists Φi

t{x\u} ▷PM Γi + ∆i ⊢ t{x \ u} : Ai, for each i ∈ I, such that

#App,VPat,DPat(Φi
t{x\u}) = #App,VPat,DPat(Φi

t) + #App,VPat,DPat(Φi
u). Therefore, we can build Φt{x\u}

as follows: (
Φi

t{x\u}

)
i∈I

Many
+i∈IΓi +i∈I ∆i ⊢ t{x \ u} : {{Ai}}i∈I

We can conclude since Γ + ∆ = +i∈IΓi +i∈I ∆i and

#App,VPat,DPat(Φt{x\u}) = +i∈I#App,VPat,DPat(Φi
t{x\u})

= +i∈I#App,VPat,DPat(Φi
t + Φi

u)

= +i∈I#App,VPat,DPat(Φi
t) +i∈I #App,VPat,DPat(Φi

u)

= #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).
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• Case R = Abs. Then, Φt must be of the following form:

Φs ▷PM Γs; x : M ⊢ s : A Π ▷PM (Γs; x : M)|p ⊩ p : M0
Abs

(Γs; x : M)\\ vars(p) ⊢ λp.s : M0 → A

where t = λp.s, T = M0 → A, and Γ = (Γs; x : M)\\ vars(p). Moreover, by α-conversion we

can assume vars(p)∩ {x} = ∅ so that (Γs; x : M)\\ vars(p) = (Γs\\ vars(p)); x : M = (Γ; x :

M), and thus Γ = Γs\\ vars(p) and (Γs; x : M)|p = Γs|p. By the induction hypothesis over Φs,

we know there exists Φs{x\u} ▷PM Γs + ∆ ⊢ s{x \ u} : A, such that #App,VPat,DPat(Φs{x\u}) =

#App,VPat,DPat(Φs) + #App,VPat,DPat(Φu). Therefore, we can build Φt{x\u} as follows:

Φs{x\u} Π
Abs

(Γs + ∆)\\ vars(p) ⊢ λp.s{x \ u} : M0 → A

By α-conversion, we may assume that vars(p) ∩ fv(u) = ∅. Thus, λp.s{x \ u} = (λp.s){x \

u} and dom(∆) ∩ vars(p) = ∅ (by Lemma 6.30). Therefore, we know (Γs + ∆)\\ vars(p) =

(Γs\\ vars(p)) + ∆, and we can conclude since Γ + ∆ = (Γs\\ vars(p)) + ∆ and

#App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φs{x\u}) + #App,VPat,DPat(Π)

= #App,VPat,DPat(Φs) + #App,VPat,DPat(Φu) + #App,VPat,DPat(Π)

= #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

• Case R = Ans. Then, Φt must be of the following form:

Ans
⊢ λp.s : ⋆

where T = ⋆, t = λp.s, and (Γ; x : M) = ∅, and thus Γ = ∅ and M = {{ }}. Therefore, Φu

must be of the following form:

⊢ u : {{ }}
where ∆ = ∅. So, we can build Φt{x\u} as follows:

Ans
⊢ λp.(s{x \ u}) : ⋆

By α-conversion, we may assume that vars(p) ∩ fv(u) = ∅. Thus, λp.s{x \ u} = (λp.s){x \

u}. We can conclude since Γ + ∆ = ∅ and

#App,VPat,DPat(Φt{x\u}) = 0 = #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

• Case R = App. Then, Φt must be of the following form:

Φs ▷PM Γs; x : M1 ⊢ s : M0 → A Φr ▷PM Γr; x : M2 ⊢ r : M0
App

(Γs; x : M1) + (Γr; x : M2) ⊢ sr : A
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where t = sr, T = A, (Γ; x : M) = (Γs; x : M1) + (Γr; x : M2) = (Γs + Γr); x : M1 ⊔ M2,

and thus Γ = Γs + Γr, and M = M1 ⊔ M2. By Lemma 6.29 over Φu, we know there exist

(Φi
u ▷PM ∆i ⊢ u : Mi)i∈{1,...,2}, such that ∆ = ∆1 + ∆2, M = M1 ⊔M2 and #App,VPat,DPat(Φu) =

#App,VPat,DPat(Φ1
u) + #App,VPat,DPat(Φ2

u). By the induction hypothesis over Φs (resp. Φr), we

know there exists Φs{x\u} ▷PM Γs + ∆1 ⊢ s{x \ u} : M0 → A (resp. Φr{x\u} ▷PM Γr +

∆2 ⊢ r{x \ u} : M0), such that #App,VPat,DPat(Φs{x\u}) = #App,VPat,DPat(Φs) + #App,VPat,DPat(Φ1
u)

(resp. #App,VPat,DPat(Φr{x\u}) = #App,VPat,DPat(Φr) + #App,VPat,DPat(Φ2
u)). Therefore, we can build

Φt{x\u} as follows:
Φs{x\u} Φr{x\u}

App
Γs + ∆1 + Γr + ∆2 ⊢ s{x \ u}r{x \ u} : A

We can conclude since s{x \ u} r{x \ u} = (sr){x \ u}, Γ + ∆ = Γs + Γr + ∆1 + ∆2, and

#App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φs{x\u}) + #App,VPat,DPat(Φr{x\u})

+ 1 · App

= (#App,VPat,DPat(Φs) + #App,VPat,DPat(Φr) + 1 · App)

+ (#App,VPat,DPat(Φ1
u) + #App,VPat,DPat(Φ2

u))

= #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

• Case R = Data. Then, Φt must be of the following form:(
Φsi ▷PM Γi; x : Mi ⊢ si : M0

i

)
i∈{1,...,n}

Data
+i∈{1,...,n}(Γi; x : Mi) ⊢ c(si)n : c(M0

i )n

where t = c(si)n, T = c(M0
i )n, (Γ; x : M) = +i∈{1,...,n}(Γi; x : Mi) = +i∈{1,...,n}Γi; x :

⊔i∈{1,...,n}Mi, and thus Γ = +i∈{1,...,n}Γi and M = ⊔i∈{1,...,n}Mi. By Lemma 6.29 over Φu, we

know there exist (Φi
u ▷PM ∆i ⊢ u : Mi){1,...,n}, such that ∆ = +i∈I∆i and #App,VPat,DPat(Φu) =

+i∈{1,...,n}#App,VPat,DPat(Φi
u). By the induction hypothesis over each Φsi , we know there exists

Φsi{x\u} ▷PM Γi + ∆i ⊢ si{x \ u} : M0
i , such that #App,VPat,DPat(Φsi{x\u}) = #App,VPat,DPat(Φsi) +

#App,VPat,DPat(Φi
u). Therefore, we can build Φt{x\u} as follows:(

Φsi{x\u}
)

i∈{1,...,n}
Data

+i∈{1,...,n}(Γi + ∆i) ⊢ c(si{x \ u})n : c(M0
i )n

We can conclude since c(si{x \ u})n = c(si)n{x \ u}, Γ + ∆ = +i∈{1,...,n}(Γi + ∆i), and

#App,VPat,DPat(Φt{x\u}) = +i∈{1,...,n}#App,VPat,DPat(Φsi{x\u})

= +i∈{1,...,n}(#App,VPat,DPat(Φsi) + #App,VPat,DPat(Φi
u))

= +i∈{1,...,n}#App,VPat,DPat(Φsi) +i∈{1,...,n} #App,VPat,DPat(Φi
u)

= #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).
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• Case R = Match. Then, Φt must be of the following form:

Φs ▷PM Γs; x : M1 ⊢ s : A Π ▷PM (Γs; x : M1)|p ⊩ p : M0 Φr ▷PM Γr; x : M2 ⊢ r : M0
Match

(Γs; x : M1)\\ vars(p) + Γr; x : M2 ⊢ s[p\r] : A

where t = s[p\r], T = A. Moreover, by α-conversion, we may assume that vars(p)∩ fv(u) =

∅ so that (Γ; x : M) = (Γs; x : M1)\\ vars(p) + Γr; x : M2 = ((Γs\\ vars(p)) + Γr); x :

M1 ⊔ M2, and thus Γ = (Γs\\ vars(p)) + Γr, M = M1 ⊔ M2 and (Γs; x : M1)|p = Γs|p.

By Lemma 6.29 over Φu, we know there exist (Φi
u ▷PM ∆i ⊢ u : Mi)i∈{1,...,2}, such that ∆ =

+i∈{1,...,2}∆i and #App,VPat,DPat(Φu) = #App,VPat,DPat(Φ1
u) + #App,VPat,DPat(Φ2

u). By the induction

hypothesis over Φs (resp. Φr), we know there exists Φs{x\u} ▷PM Γs + ∆1 ⊢ s{x \ u} : A (resp.

Φr{x\u} ▷PM Γr + ∆2 ⊢ r{x \ u} : M0), such that #App,VPat,DPat(Φs{x\u}) = #App,VPat,DPat(Φs) +

#App,VPat,DPat(Φ1
u) (resp. #App,VPat,DPat(Φr{x\u}) = #App,VPat,DPat(Φr) + #App,VPat,DPat(Φ2

u)). There-

fore, we can build Φt{x\u} as follows:

Φs{x\u} Π Φr{x\u}
Match

((Γs + ∆1)\\ vars(p)) + Γr + ∆2 ⊢ s{x \ u}[p\r{x \ u}] : A

Thus, s{x \ u}[p\r{x \ u}] = (s[p\r]){x \ u} and dom(∆1) ∩ vars(p) = ∅ (by Lemma 6.30).

Therefore, (Γs + ∆1)\\ vars(p) = (Γs\\ vars(p)) + ∆1, and we can conclude since Γ + ∆ =

(Γs\\ vars(p)) + Γr + ∆1 + ∆2 and

#App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φs{x\u}) + #App,VPat,DPat(Π)

+ #App,VPat,DPat(Φr{x\u})

= #App,VPat,DPat(Φs) + #App,VPat,DPat(Φ1
u) + #App,VPat,DPat(Π)

+ #App,VPat,DPat(Φr) + #App,VPat,DPat(Φ2
u)

= #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

• Case R = Case. Then, Φt must be of the following form:

Φr ▷PM Γr; x : M2 ⊢ r : M0 Π ▷PM (Γsk ; x : M1)| p̂k ⊩ p̂k : M0 Φsk ▷PM Γsk ; x : M1 ⊢ sk : A
Case

((Γsk ; x : M1)\\ vars( p̂k)) + Γr; x : M2 ⊢ case r of ( p̂i.si)n : A

where t = case r of ( p̂i.si)n, T = A, (Γ; x : M) = ((Γsk ; x : M1)\\ vars( p̂k)) + Γr; x : M2 =

((Γsk\\ vars( p̂k)) + Γr); x : M1 ⊔ M2, and thus Γ = (Γsk\\ vars( p̂k)) + Γr, M = M1 ⊔ M2

and (Γsk ; x : M1)| p̂k = Γsk | p̂k . By Lemma 6.29 over Φu, we know there exist (Φi
u ▷PM

∆i ⊢ u : Mi)i∈{1,...,2}, such that ∆ = ∆1 + ∆2 and #App,VPat,DPat(Φu) = #App,VPat,DPat(Φ1
u) +

#App,VPat,DPat(Φ2
u). By the induction hypothesis over Φsk (resp. Φr), we know there exists

Φsk{x\u} ▷PM Γsk + ∆1 ⊢ sk{x \ u} : A (resp. Φr{x\u} ▷PM Γr + ∆2 ⊢ r{x \ u} : M0), such that

#App,VPat,DPat(Φsk{x\u}) = #App,VPat,DPat(Φsk) + #App,VPat,DPat(Φ1
u) (resp. #App,VPat,DPat(Φr{x\u}) =
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#App,VPat,DPat(Φr) + #App,VPat,DPat(Φ2
u)). Therefore, we can build Φt{x\u} as follows:

Φr{x\u} Π Φsk{x\u}
Case

((Γsk + ∆1)\\ vars( p̂k)) + Γr + ∆2 ⊢ case r{x \ u} of ( p̂i.si{x \ u})n : A

By α-conversion, we may assume vars( p̂i) ∩ fv(u) = ∅, for all i ∈ {1, . . . , n}. Thus,

case r{x \ u} of ( p̂i.si{x \ u})n = (case r of ( p̂i.si)n){x \ u} and dom(∆1) ∩ vars( p̂k) = ∅

(by Lemma 6.30). Therefore, (Γsk + ∆1)\\ vars( p̂k) = (Γs\\ vars( p̂k)) + ∆1, and we can con-

clude since Γ + ∆ = (Γs\\ vars( p̂k)) + Γr + ∆1 + ∆2 and

#App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φsk{x\u}) + #App,VPat,DPat(Π)

+ #App,VPat,DPat(Φr{x\u})

= #App,VPat,DPat(Φsk) + #App,VPat,DPat(Φ1
u) + #App,VPat,DPat(Π)

+ #App,VPat,DPat(Φr) + #App,VPat,DPat(Φ2
u)

= #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

Lemma 6.37 (Exact Subject Reduction). Let t ∈ ΛPM
, and S ∈ {dB, branch, match, sub}. If t→PM(S) t′

and Φt ▷PM Γ ⊢ t : A, then there is Φt′ ▷PM Γ ⊢ t′ : A, such that #App,VPat,DPat(Φt) = #App,VPat,DPat(Φt′)+

1 · R, where

• R = App, if S = dB;

• R = VPat, if S = sub;

• R = DPat if S ∈ {branch, match}.

Proof. The proof follows by induction on t→PM t′:

• Case t = L0Lλp.uMs →PM(dB) L0Lu[p\s]M = t′, such that bv(L0) ∩ fv(s) = ∅. We proceed by

induction on the list matching context L0:

– Let L0 = □. Then, Φt must be of the following form:

Φu ▷PM Γu ⊢ u : A Π ▷PM Γu|p ⊩ p : M
Abs

Γu\\ vars(p) ⊢ λp.u : M→ A Φs ▷PM Γs ⊢ s : M
App

(Γu\\ vars(p)) + Γs ⊢ (λp.u)s : A

where Γ = (Γu\\ vars(p)) + Γs. Therefore, we can build Φt′ as follows:

Φu Π Φs
Match

(Γu\\ vars(p)) + Γs ⊢ u[p\s] : A
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We can conclude with

#App,VPat,DPat(Φt) = #App,VPat,DPat(Φu) + #App,VPat,DPat(Π)

+ #App,VPat,DPat(Φs) + 1 · App

= #App,VPat,DPat(Φt′) + 1 · App.

– Let L0 = L1[q\r]. Then, Φt must be of the following form:

ΦL1Lλp.uM ▷PM ΓL1Lλp.uM ⊢ L1Lλp.uM : Mp → A
Π ▷PM ΓL1Lλp.uM|q ⊩ q : Mq

Φr ▷PM Γr ⊢ r : Mq
Match

(ΓL1Lλp.uM\\ vars(q)) + Γr ⊢ L1Lλp.uM[q\r] : Mp → A Φs ▷PM Γs ⊢ s : Mp
App

(ΓL1Lλp.uM\\ vars(q)) + Γr + Γs ⊢ ((L1Lλp.uM)[q\r])s : A

where Γ = (ΓL1Lλp.uM\\ vars(q)) + Γr + Γs. Since bv(L1) ⊆ bv(L0), we can do the step

L1Lλp.uMs→PM(dB) L1Lu[p\s]M. Moreover, we can build derivation ΨL1Lλp.uMs for L1Lλp.uMs

as follows:
ΦL1Lλp.uM Φs

App
ΓL1Lλp.uM + Γs ⊢ L1Lλp.uMs : A

Therefore, by the i.h. overL1Lλp.uMs→PM(dB) L1Lu[p\s]M, there is ΨL1Lu[p\s]M ▷PM ΓL1Lλp.uM +

Γs ⊢ L1Lu[p\s]M : A, such that #App,VPat,DPat(ΨL1Lλp.uMs) = #App,VPat,DPat(ΨL1Lu[p\s]M) + 1 ·

App. Since bv(L0) ∩ fv(s) = ∅, we know that fv(s) ∩ vars(q) = ∅ and thus vars(q) ∩

dom(Γs) = ∅ (Lemma 6.30). Therefore, we know that ΓL1Lλp.uM + Γs|q = ΓL1Lλp.uM|q,

(ΓL1Lλp.uM + Γs)\\ vars(q) = (ΓL1Lλp.uM)\\ vars(q) + Γs, and we can build Φt′ as follows:

ΨL1Lu[p\s]M Π Φr
Match

((ΓL1Lλp.uM + Γs)\\ vars(q)) + Γr ⊢ (L1Lu[p\s]M)[q\r] : A

We can conclude since

Γ = (ΓL1Lλp.uM\\ vars(q)) + Γr + Γs = ((ΓL1Lλp.uM + Γs)\\ vars(q)) + Γr,

and

#App,VPat,DPat(Φt) = #App,VPat,DPat(ΦL1Lλp.uM) + #App,VPat,DPat(Π)

+ #App,VPat,DPat(Φr) + #App,VPat,DPat(Φs) + 1 · App

= #App,VPat,DPat(ΨL1Lλp.uMs) + #App,VPat,DPat(Π)

+ #App,VPat,DPat(Φr)

= #App,VPat,DPat(ΨL1Lu[p\s]M) + 1 · App+ #App,VPat,DPat(Π)

+ #App,VPat,DPat(Φr)

= #App,VPat,DPat(Φt′) + 1 · App.
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• Case t = u[c(pi)n\L0Lc(si)nM] →PM(match) L0Lu[p1\s1] · · · [pn\sn]M = t′, such that bv(L0) ∩

fv(u) = ∅. We proceed by induction on the list matching context M0:

– Let L0 = □. Then, Φt must be of the following form:

Φu ▷PM Γu ⊢ u : A

(Πpi ▷PM Γu|pi ⊩ pi : Mi)i∈{1,...,n}
DPat

Γu|c(pi)n
⊩ c(pi)n : {{c(Mi)n}}

( Φsi ▷PM Γsi ⊢ si : Mi)i∈{1,...,n}
Data

+i∈{1,...,n} Γsi ⊢ c(si)n : c(Mi)n
Many

+i∈{1,...,n}Γsi ⊢ c(si)n : {{c(Mi)n}}
Match

(Γu\\ vars(c(pi)n)) +i∈{1,...,n} Γsi ⊢ u[c(pi)n\c(si)n] : A

where Γ = (Γu\\ vars(c(pi)n)) +i∈{1,...,n} Γsi , and Γu|c(pi)n = +i∈{1,...,n}(Γu|pi). By α-

conversion, we can assume fv(c(si)n) ∩ vars(c(pi)n) = ∅ and thus dom(+{1,...,n}Γsi) ∩

vars(c(pi)n) = ∅ (Lemma 6.30). Therefore, (+{1,...,n}Γsi)\\ vars(c(pi)n) = +{1,...,n}Γsi ,

(+{1,...,n}Γsi)|c(pi)n = ∅, and we can build Φt′ as follows:

Φu Πp1 Φs1
Match

Γu\\ vars(p1) + Γs1 ⊢ u[p1\s1] : A
... Πpn Φsn

Match
(Γu\\ vars(p1) · · · \\ vars(pn)) +i∈{1,...,n} Γsi ⊢ u[p1\s1] · · · [pn\sn] : A

We can conclude since vars(c(pi)n) = vars(p1) ∪ · · · ∪ (pn), and

#App,VPat,DPat(Φt) = #App,VPat,DPat(Φu) +i∈{1,...,n} #App,VPat,DPat(Φpi)+

1 · DPat+i∈{1,...,n} #App,VPat,DPat(Φsi)

= #App,VPat,DPat(Φt′) + 1 · DPat.

– Let L0 = L1[q\r]. Moreover, consider the following type derivation Φu ▷PM Γu ⊢ u : A.

Then, Φt must be of the following form:

Φu

(Πpi ▷PM Γu|pi ⊩ pi : Mi)i∈{1,...,n}
DPat

Γu|c(pi)n
⊩ c(pi)n : {{c(Mi)n}}

ΦL1Lc(si)nM ▷PM ΓL1Lc(si)nM ⊢ L1Lc(si)nM : {{c(Mi)n}}
Πq ▷PM ΓL1Lc(si)nM|q ⊩ q : Mq

Φr ▷PM Γr ⊢ r : Mq
Match

(ΓL1Lc(si)nM\\ vars(q)) + Γr ⊢ L1Lc(si)nM[q\r] : {{c(Mi)n}}
Match

(Γu\\ vars(c(pi)n)) + (ΓL1Lc(si)nM\\ vars(q)) + Γr ⊢ u[c(pi)n\L1Lc(si)nM[q\r]] : A

where Γ = (Γu\\ vars(c(pi)n)) + (ΓL1Lc(si)nM\\ vars(q)) + Γr, and we also have that

Γu|c(pi)n = +i∈{1,...,n}(Γu|pi). Since bv(L1) ⊆ bv(L0), we can do the following step

u[c(pi)n\L1Lc(si)nM] →PM(match) L1Lu[p1\s1] · · · [pn\sn]M. Moreover, we can build deriva-

tion Ψu[c(pi)n\L1Lc(si)nM] for u[c(pi)n\L1Lc(si)nM] as follows:

Φu

(Πpi)i∈{1,...,n}
DPat

Γu|c(pi)n ⊩ c(pi)n : {{c(Mi)n}} ΦL1Lc(si)nM
Match

(Γu\\ vars(c(pi)n)) + ΓL1Lc(si)nM ⊢ u[c(pi)n\L1Lc(si)nM] : A
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Therefore, by the i.h. over u[c(pi)n\L1Lc(si)nM] →PM(match) L1Lu[p1\s1] · · · [pn\sn]M, there

is ΨL1Lu[p1\s1]···[pn\sn]M ▷PM (Γu\\ vars(c(pi)n)) + ΓL1Lc(si)nM ⊢ L1Lu[p1\s1] · · · [pn\sn]M : A,

such that #App,VPat,DPat(Ψu[c(pi)n\L1Lc(si)nM]) = #App,VPat,DPat(ΨL1Lu[p1\s1]···[pn\sn]M) + 1 · DPat.

Since bv(L0) ∩ fv(u) = ∅, we know that fv(u) ∩ vars(q) = ∅ and thus vars(q) ∩

dom(Γu) = ∅ (Lemma 6.30). Therefore, we know (Γu\\ vars(c(pi)n)) + ΓL1Lc(si)nM|q =

ΓL1Lc(si)nM|q, but also ((Γu\\ vars(c(pi)n))+ ΓL1Lc(si)nM)\\ vars(q) = (Γu\\ vars(c(pi)n))+

(ΓL1Lc(si)nM\\ vars(q)), and we can build Φt′ as follows:

ΨL1Lu[p1\s1]···[pn\sn ]M Πq Φr
Match

((Γu\\ vars(c(pi)n)) + ΓL1Lc(si)nM)\\ vars(q) + Γr ⊢ L1Lu[p1\s1] · · · [pn\sn]M[q\r] : A

We can conclude since we know that Γ = (Γu\\ vars(c(pi)n)) + (ΓL1Lc(si)nM\\ vars(q)) +

Γr = ((Γu\\ vars(c(pi)n)) + ΓL1Lc(si)nM)\\ vars(q) + Γr, and

#App,VPat,DPat(Φt) = #App,VPat,DPat(Φu) +{1,...,n} #App,VPat,DPat(Πpi) + 1 · DPat

+ #App,VPat,DPat(ΦL1Lc(si)nM) + #App,VPat,DPat(Πq)

+ #App,VPat,DPat(Φr)

= #App,VPat,DPat(Ψu[c(pi)n\L1Lc(si)nM]) + #App,VPat,DPat(Πq)

+ #App,VPat,DPat(Φr)

= #App,VPat,DPat(ΨL1Lu[p1\s1]···[pn\sn]M) + 1 · DPat+ #App,VPat,DPat(Πq)

+ #App,VPat,DPat(Φr)

= #App,VPat,DPat(Φt′) + 1 · DPat.

• Case t = u[x\s]→PM(sub) u{x \ s} = t′. Then, Φt must be of the following form:

Φu ▷PM Γu; x : M ⊢ u : A
(VPat)

x : M ⊩ x : M Φs ▷PM Γs ⊢ s : M
Match

Γu + Γs ⊢ u[x\s] : A

where Γ = Γu + Γs. By Lemma 6.36 over Φu and Φs, we know there exists Φu{x\s} ▷PM Γu +

Γs ⊢ u{x \ s} : A, such that #App,VPat,DPat(Φu{x\s}) = #App,VPat,DPat(Φu) + #App,VPat,DPat(Φs).

Therefore, we can pick Φt′ = Φu{x\s} and can conclude since

[small]#App,VPat,DPat(Φt) = #App,VPat,DPat(Φu) + 1 · VPat+ #App,VPat,DPat(Φs)

= #App,VPat,DPat(Φu{x\s}) + 1 · VPat

= #App,VPat,DPat(Φt′) + 1 · VPat.

• Case t = case L0Lc(si)nM of (. . . , c(pi)n.ui, . . .)→PM(branch) L0Lui[p1\s1] · · · [pn\sn]M = t′, such

that bv(L0) ∩ fv(ui) = ∅. We proceed by induction on the list matching context M0:
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– Let L0 = □. Moreover, consider the following type derivation Φui ▷PM Γui ⊢ ui : A.

Then, Φt must be of the following form:

( Φsi ▷PM Γsi ⊢ si : Mi)i∈{1,...,n}
Data

+i∈{1,...,n} Γsi ⊢ c(si)n : c(Mi)n
Many

+i∈{1,...,n}Γsi ⊢ c(si)n : {{c(Mi)n}}

(Πpi ▷PM Γui |pi ⊩ pi : Mi)i∈{1,...,n}
DPat

Γui |c(pi)n
⊩ c(pi)n : {{c(Mi)n}} Φui

Case
(Γui\\ vars(c(pi)n)) +i∈{1,...,n} Γsi ⊢ case c(si)n of (. . . , c(pi)n.ui, . . .) : A

where Γ = (Γui\\ vars(c(pi)n)) +i∈{1,...,n} Γsi , and Γui |c(pi)n = +i∈{1,...,n}(Γui |pi). By α-

conversion, we can assume fv(c(si)n) ∩ vars(c(pi)n) = ∅ and thus dom(+{1,...,n})Γsi ∩

vars(c(pi)n) = ∅ (Lemma 6.30). Therefore, (+{1,...,n}Γsi)\\ vars(c(pi)n) = ∅, but also

(+{1,...,n}Γsi)|c(pi)n = ∅, and we can build Φt′ as follows:

Φui Πp1 Φs1
Match

Γui\\ vars(p1) + Γs1 ⊢ u[p1\s1] : A
... Πpn Φsn

Match
(Γui\\ vars(p1) · · · \\ vars(pn)) +i∈{1,...,n} Γsi ⊢ ui[p1\s1] · · · [pn\sn] : A

We can conclude since vars(c(pi)n) = vars(p1) ∪ · · · ∪ vars(pn), and

#App,VPat,DPat(Φt) = +i∈{1,...,n}#App,VPat,DPat(Φsi) +i∈{1,...,n} #App,VPat,DPat(Πpi)

+ 1 · DPat+ #App,VPat,DPat(Φui)

= #App,VPat,DPat(Φt′) + 1 · DPat.

– Let L0 = L1[q\r]. Moreover, consider the following type derivation Φui ▷PM Γui ⊢ ui : A.

Then, Φt must be of the following form:

ΦL1Lc(si )nM ▷PM ΓL1Lc(si )nM ⊢ L1Lc(si)nM : {{c(Mi)n}}
Πq ▷PM ΓL1Lc(si )nM|q ⊩ q : Mq

Φr ▷PM Γr ⊢ r : Mq
Match

(ΓL1Lc(si )nM\\ vars(q)) + Γr ⊢ L1Lc(si)nM[q\r] : {{c(Mi)n}}

(Πpi ▷PM Γui |pi ⊩ pi : Mi)i∈{1,...,n}
DPat

Γui |c(pi )n
⊩ c(pi)n : {{c(Mi)n}} Φui

Case
(Γui \\ vars(c(pi)n)) + (ΓL1Lc(si )nM\\ vars(q)) + Γr ⊢ case L1Lc(si)nM[q\r] of (. . . , c(pi)n .ui , . . .) : A

where Γ = (Γui\\ vars(c(pi)n)) + (ΓL1Lc(si)nM\\ vars(q)) + Γr, and we also have that

Γui |c(pi)n = +i∈{1,...,n}(Γui |pi). Since bv(L1) ⊆ bv(L0), we can do the following step

case L1Lc(si)nM of (. . . , c(pi)n.ui, . . .)→PM(branch) L1Lui[p1\s1] · · · [pn\sn]M. Moreover, we

can build type derivation Ψcase L1Lc(si)nM of (...,c(pi)n.ui ,...) for term case L1Lc(si)nM of (. . . ,

c(pi)n.ui, . . .) as follows:

ΦL1Lc(si)nM

(Πpi)i∈{1,...,n}
DPat

Γui |c(pi)n ⊩ c(pi)n : {{c(Mi)n}} Φui
Case

(Γui\\ vars(c(pi)n)) + ΓL1Lc(si)nM ⊢ case L1Lc(si)nM of (. . . , c(pi)n.ui, . . .) : A
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Therefore, by the i.h. over

case L1Lc(si)nM of (. . . , c(pi)n.ui, . . .)→PM(branch) L1Lui[p1\s1] · · · [pn\sn]M,

there is

ΨL1Lui [p1\s1]···[pn\sn]M ▷PM (Γui\\ vars(c(pi)n)) + ΓL1Lc(si)nM ⊢ L1Lui[p1\s1] · · · [pn\sn]M : A,

such that

#App,VPat,DPat(Ψcase L1Lc(si)nM of (...,c(pi)n.ui ,...)) = #App,VPat,DPat(ΨL1Lui [p1\s1]···[pn\sn]M) + 1 · DPat.

Since bv(L0) ∩ fv(ui) = ∅, we know that fv(ui) ∩ vars(q) = ∅ and thus vars(q) ∩

dom(Γui) = ∅ (Lemma 6.30). Therefore, we know (Γui\\ vars(c(pi)n)) + ΓL1Lc(si)nM|q =

ΓL1Lc(si)nM|q, also ((Γui\\ vars(c(pi)n)) + ΓL1Lc(si)nM)\\ vars(q) = (Γui\\ vars(c(pi)n)) +

(ΓL1Lc(si)nM\\ vars(q)), and we can build Φt′ as follows:

ΨL1Lui [p1\s1]···[pn\sn ]M Πq Φr
Match

((Γui\\ vars(c(pi)n)) + ΓL1Lc(si)nM)\\ vars(q) + Γr ⊢ L1Lui[p1\s1] · · · [pn\sn]M[q\r] : A

We can conclude since

Γ = (Γui\\ vars(c(pi)n)) + (ΓL1Lc(si)nM\\ vars(q)) + Γr

= ((Γui\\ vars(c(pi)n)) + ΓL1Lc(si)nM)\\ vars(q) + Γr

and
#App,VPat,DPat(Φt) = #App,VPat,DPat(ΦL1Lc(si)nM) + #App,VPat,DPat(Πq)

+ #App,VPat,DPat(Φr) +{1,...,n} #App,VPat,DPat(Πpi)

+ 1 · DPat+ #App,VPat,DPat(Φui)

= #App,VPat,DPat(Ψcase L1Lc(si)nM of (...,c(pi)n.ui ,...))

+ #App,VPat,DPat(Πq) + #App,VPat,DPat(Φr)

= #App,VPat,DPat(ΨL1Lu[p1\s1]···[pn\sn]M) + 1 · DPat

+ #App,VPat,DPat(Πq) + #App,VPat,DPat(Φr)

= #App,VPat,DPat(Φt′) + 1 · DPat.

• The remaining cases correspond to contextual propagation of the reduction and follow

immediately from the i.h..

Theorem 6.38 (Soundness). Let t ∈ ΛPM
◦ . If there is Φ ▷PM∅ ⊢ t : A tight, such that #App,VPat,DPat(Φ) =

n · App+ m · VPat+ l · DPat, then t
n·dB+m·sub+l1·branch+l2·match→→PM t′, such that l1 + l2 = l and t′ ∈ NOCF.
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Proof. Let Φ ▷PM ∅ ⊢ t : A be tight, such that #App,VPat,DPat(Φ) = n · App+ m · VPat+ l · DPat. We

proceed by induction on n + m + l:

• If n + m + l = 0, then n = m = l = 0. By Lemma 6.31, t ∈ NOCF. Therefore, we can conclude

with t′ = t.

• If n + m + l > 0, then t ̸∈ NOCF by Lemma 6.31. By Lemma 6.20, there is u ∈ ΛPM
◦ , such that

t→PM(S) u, for some S ∈ {dB, sub, branch, match}. By Lemma 6.37, there is Φ′ ▷PM ∅ ⊢ u : A

tight, such that #App,VPat,DPat(Φ) = #App,VPat,DPat(Φ′) + 1 · R, where

– R = App, if S = dB;

– R = VPat, if S = sub;

– and R = DPat, if S ∈ {branch, match}.

Let us assume, without loss of generality, that #App,VPat,DPat(Φ′) = n′ · App+ m′ · VPat+ l′ ·

DPat. Then, n′ + m′ + l′ + 1 = n + m + l. Now, by applying the i.h., we know

u
n′·dB+m′·sub+l′1·branch+l′2·match→→PM u′,

such that l′1 + l′2 = l′ and u′ ∈ NOCF. Therefore, we also have that the following holds

t→PM(S) u
n′·dB+m′·sub+l′1·branch+l′2·match→→PM u′.

Thus, we can take t′ = u′, since t
n·dB+m·sub+l1·branch+l2·match→→PM t′.

D.2.2 Quantitative Completeness

Lemma 6.39 (Weighted Anti-substitution). Let t ∈ ΛPM
and u ∈ ΛPM

◦ and assume Φt{x\u} ▷PM Γ ⊢

t{x \ u} : A. Then, there exist Φt ▷ Σ; x : M ⊢ t : A and Φu ▷ ∆ ⊢ u : M, such that Γ = Σ + ∆ and

#App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

Proof. We generalize the original statement by allowing Φt{x\u} to conclude with either a term type

A or a multiset type M.

If Φt{x\u} ▷ Γ ⊢ t{x \ u} : T, where T ∈ {A, M}. Then, there exist derivations Φt ▷ Σ; x : M ⊢

t : T and Φu ▷ ∆ ⊢ u : M, such that Γ = Σ + ∆ and #App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φt) +

#App,VPat,DPat(Φu).

We start by splitting into two cases, according to the form of t:
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• Case t = x. Then, t{x \ u} = u and either T = A or T = M0. Let T = A. Then, we can build

Φt and Φu respectively as follows:

Ax
x : {{A}} ⊢ x : A

Φt{x\u}
Many

∆ ⊢ u : {{A}}

where Σ = ∅ and M = {{A}}. We can conclude since Γ = ∆ = Σ + ∆ and

#App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φu)

= #App,VPat,DPat(Φu) + #App,VPat,DPat(Φt).

Now, let T = M0 = {{Ai}}i∈I. Then, we can build Φt as follows:(
Ax

x : {{Ai}} ⊢ x : Ai

)
i∈I

Many
x : {{Ai}}i∈I ⊢ x : {{Ai}}i∈I

where Σ = ∅ and M = M0, and pick Φu = Φt{x\u}, where ∆ = Γ. We can conclude since

Γ = ∆ = Σ + ∆ and

#App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φu)

= #App,VPat,DPat(Φu) + #App,VPat,DPat(Φt).

• Case t ̸= x. The proof follows by induction on Φt{x\u}. We reason according to the last rule:

– Rule Ax. Then, t = y and t{x \ u} = y. Therefore, we can pick Φt = Φt{x\u}, where

Σ; x : M = Γ and thus Σ = Γ and M = {{ }}, and build Φu as follows:

Many
⊢ u : {{ }}

where ∆ = ∅. We can conclude since Γ = Σ = Σ + ∆ and #App,VPat,DPat(Φt{x\u}) =

#App,VPat,DPat(Φt) = #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

– Rule Many. Then, Φt{x\u} must be of the following form:

( Φi ▷ Γi ⊢ t{x \ u} : Ai)i∈I
Many

+i∈IΓi ⊢ t{x \ u} : {{Ai}}i∈I

where Γ = +i∈IΓi and T = {{Ai}}i∈I. By the induction hypothesis over each Φi,

there exist Φ′i ▷ Σi; x : Mi ⊢ t : Ai and Φi
u ▷ ∆i ⊢ u : Mi, such that Γi = Σi + ∆i

and #App,VPat,DPat(Φi) = #App,VPat,DPat(Φ′i) + #App,VPat,DPat(Φi
u). By Lemma 6.29 over the

Φi
u, we know there exists Φu ▷ ∆ ⊢ u : M, such that ∆ = +i∈I∆i, M = ⊔i∈IMi, and

#App,VPat,DPat(Φu) = +i∈I#App,VPat,DPat(Φi
u). We can build Φt as follows:(
Φi

t
)

i∈I
Many

+i∈I(Σi; x : Mi) ⊢ t : {{Ai}}i∈I
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where Σ = +i∈IΣi and M = ⊔i∈IMi. We can conclude since Γ = +i∈IΓi = +i∈I(Σi +

∆i) = (+i∈IΣi) + (+i∈I∆i) = Σ + ∆ and

#App,VPat,DPat(Φt{x\u}) = +i∈I#App,VPat,DPat(Φi)

= +i∈I(#App,VPat,DPat(Φ′i) + #App,VPat,DPat(Φi
u))

= +i∈I#App,VPat,DPat(Φ′i) +i∈I #App,VPat,DPat(Φi
u)

= #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

– Rule Abs. Then, t{x \ u} = λp.s, such that s = s′{x \ u} and t = λp.s′. Therefore,

vars(p) ∩ fv(u) = ∅ and Φt{x\u} must be of the following form:

Φs ▷ Γs ⊢ s : A Π ▷ Γs|p ⊩ p : M0
Abs

Γs\\ vars(p) ⊢ λp.s : M0 → A

where Γ = Γs\\ vars(p), and T = M0 → A. By the induction hypothesis over Φs,

there exist Φs′ ▷ Σs′ ; x : M ⊢ s′ : A and Φu ▷ ∆ ⊢ u : M, such that Γs = Σs′ + ∆ and

#App,VPat,DPat(Φs) = #App,VPat,DPat(Φs′) + #App,VPat,DPat(Φu). Since vars(p) ∩ fv(u) = ∅,

we know vars(p) ∩ dom(∆) = ∅ (by Lemma 6.30). Therefore, Γs|p = (Σs′ + ∆)|p =

Σs′ |p, Γ\\ vars(p) = (Σs′ + ∆)\\ vars(p) = (Σs′\\ vars(p)) + ∆, and we can build Φt as

follows:
Φs′ Π

Abs
(Σs′ ; x : M)\\ vars(p) ⊢ λp.s′ : M0 → A

where (Σs′ ; x : M)\\ vars(p) = (Σs′\\ vars(p)); x : M (since we may assume x ̸∈

vars(p) by α-conversion). Thus, Σ = Σs′\\ vars(p), and we can conclude since Γ =

Γs\\ vars(p) = (Σs′ + ∆)\\ vars(p) = (Σs′\\ vars(p)) + ∆ = Σ + ∆ and

#App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φs) + #App,VPat,DPat(Π)

= #App,VPat,DPat(Φs′) + #App,VPat,DPat(Φu) + #App,VPat,DPat(Π)

= #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

– Rule Ans. Then, t{x \ u} = λp.s, such that s = s′{x \ u} and t = λp.s′. Therefore,

vars(p) ∩ fv(u) = ∅ and Φt{x\u} must be of the following form:

Ans
⊢ λp.s : ⋆

where Γ = ∅ and T = ⋆. Therefore, we can build Φt as follows:

Ans
⊢ λp.s′ : ⋆
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where Σ = ∅ and M = {{ }}, and Φu as follows:

Many
⊢ u : {{ }}

where ∆ = ∅. We can conclude since Γ = ∅ = Σ + ∆ and

#App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

– Rule App. Then, t{x \ u} = sr, such that s = s′{x \ u}, r = r′{x \ u}, and t = s′r′.

Therefore, Φt{x\u} must be of the following form:

Φs ▷ Γs ⊢ s : M0 → A Φr ▷ Γr ⊢ r : M0
App

Γs + Γr ⊢ sr : A

where Γ = Γs + Γr and T = A. By the induction hypothesis over Φs (resp. Φr), we

know there exist derivations Φs′ ▷ Σs′ ; x : M1 ⊢ s′ : M0 → A (resp. Φr′ ▷ Σr′ ; x : M2 ⊢

r′ : A) and Φ1
u ▷ ∆1 ⊢ u : M1 (resp. Φ2

u ▷ ∆2 ⊢ u : M2), such that Γs = Σs′ + ∆1

(resp. Γr = Σr′ + ∆2) and #App,VPat,DPat(Φs) = #App,VPat,DPat(Φs′) + #App,VPat,DPat(Φ1
u) (resp.

#App,VPat,DPat(Φr) = #App,VPat,DPat(Φr′) + #App,VPat,DPat(Φ2
u)). By Lemma 6.29 over Φ1

u and

Φ2
u, we know there exists a derivation Φu ▷ ∆ ⊢ u : M, such that ∆ = ∆1 + ∆2, M =

M1 ⊔M2 and #App,VPat,DPat(Φu) = #App,VPat,DPat(Φ1
u) + #App,VPat,DPat(Φ2

u). We can build Φt

as follows:
Φs′ Φr′

App
(Γs′ ; x : M1) + (Γr′ ; x : M2) ⊢ s′r′ : A

where (Γs′ ; x : M1) + (Γr′ ; x : M2) = Γs′ + Γr′ ; x : M. Thus, Σ = Γs′ + Γr′ . We can

conclude since Γ = Γs + Γr = Σs′ + ∆1 + Σr′ + ∆2 = Σ + ∆ and

#App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φs) + #App,VPat,DPat(Φr) + 1

= #App,VPat,DPat(Φs′) + #App,VPat,DPat(Φ1
u)

+ #App,VPat,DPat(Φr′) + #App,VPat,DPat(Φ2
u) + 1

= #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

– Rule Data. Then, t{x \ u} = c(si)n, such that each si = s′i{x \ u} and t = c(s′i)n.

Therefore, Φt{x\u} must be of the following form:(
Φsi ▷ Γi ⊢ si : M0

i

)
i∈{1,...,n}

Data
+i∈{1,...,n}Γsi ⊢ c(si)n : c(M0

i )n

where Γ = +i∈{1,...,n}Γsi , and T = c(M0
i )n. By the induction hypothesis over each Φsi , we

know there exist Φs′i
▷ Σs′i

; x : Mi ⊢ s′i : M0
i and Φi

u ▷ ∆i ⊢ u : Mi, such that Γsi = Σs′i
+∆i,

and #App,VPat,DPat(Φsi) = #App,VPat,DPat(Φs′i
) + #App,VPat,DPat(Φi

u). By Lemma 6.29 over Φi
u,

we know there exists Φu ▷ ∆ ⊢ u : M, such that ∆ = +{1,...,n}∆i, M = ⊔i∈{1,...,n}Mi and
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#App,VPat,DPat(Φu) = +i∈{1,...,n}#App,VPat,DPat(Φi
u). We can build Φt as follows:(

Φs′i

)
i∈{1,...,n}

Data
+i∈{1,...,n}(Σs′i

; x : Mi) ⊢ s′i : c(M0
i )n

where +i∈{1,...,n}(Σs′i
; x : Mi) = (+i∈{1,...,n}Σs′i

); x : M. Thus, Σ = +i∈{1,...,n}Σi, and

we can conclude since Γ = +i∈{1,...,n}Γsi = +i∈{1,...,n}(Σs′i
+ ∆i) = (+i∈{1,...,n}Σs′i

) +

(+i∈{1,...,n}∆i) = Σ + ∆, and

#App,VPat,DPat(Φt{x\u}) = +i∈{1,...,n}#App,VPat,DPat(Φsi)

= +i∈{1,...,n}(#App,VPat,DPat(Φs′i
) + #App,VPat,DPat(Φi

u))

= +i∈{1,...,n}#App,VPat,DPat(Φs′i
) +i∈{1,...,n} #App,VPat,DPat(Φi

u)

= #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

– Rule Match. Then, t{x \ u} = s[p\r], such that s = s′{x \ u}, r = r′{x \ u} and

t = s′[p\r′]. Therefore, vars(p)∩ fv(u) = ∅ and Φt{x\u} must be of the following form:

Φs ▷ Γs ⊢ s : A Π ▷ Γs|p ⊢ p : M0 Φr ▷ Γr ⊢ r : M0
Match

(Γs\\ vars(p)) + Γr ⊢ s[p\r] : A

where Γ = (Γs\\ vars(p)) + Γr, and T = A. By the induction hypothesis over Φs

(resp. Φr), we know there exist Φs′ ▷ Σs′ ; x : M1 ⊢ s′ : A (resp. Φr′ ▷ Σr′ ; x : M2 ⊢

r′ : M0) and Φ1
u ▷ ∆1 ⊢ u : M1 (resp. Φ2

u ▷ ∆2 ⊢ u : M2), such that Γs = Σs′ + ∆1

(resp. Γr = Σr′ +∆2), and #App,VPat,DPat(Φs) = #App,VPat,DPat(Φs′)+ #App,VPat,DPat(Φ1
u) (resp.

#App,VPat,DPat(Φr) = #App,VPat,DPat(Φr′) + #App,VPat,DPat(Φ2
u)). By Lemma 6.29 over Φ1

u and

Φ2
u, we know there exists Φu ▷ ∆ ⊢ u : M, such that ∆ = ∆1 + ∆2, M = M1 ⊔M2, and

#App,VPat,DPat(Φu) = #App,VPat,DPat(Φ1
u) + #App,VPat,DPat(Φ2

u). Since vars(p) ∩ fv(u) = ∅,

we know vars(p) ∩ dom(∆) = ∅ (by Lemma 6.30). Therefore, Γs|p = (Σs′ + ∆1)|p =

Σs′ |p, Γs\\ vars(p) = (Σs′ + ∆)\\ vars(p) = (Σs′\\ vars(p)) + ∆, and we can build Φt as

follows:
Φs′ Π Φr′

Match
((Σs′ ; x : M1)\\ vars(p)) + Σr′ ; x : M2 ⊢ s′[p\r′] : A

where (Σs′ ; x : M1)\\ vars(p) = Σs′\\ vars(p); x : M1 (since we may assume x ̸∈

vars(p) by α-conversion). Thus, we know ((Σs′ ; x : M1)\\ vars(p)) + Σr′ ; x : M2 =

(Σs′\\ vars(p)) + Σr′ ; x : M, Σ = (Σs′\\ vars(p)) + Σr′ , and we can conclude since
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Γ = (Γs\\ vars(p)) + Γr = ((Σs′ + ∆1)\\ vars(p)) + Σr′ + ∆2 = Σ + ∆, and

#App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φs) + #App,VPat,DPat(Π) + #App,VPat,DPat(Φr)

= #App,VPat,DPat(Φs′) + #App,VPat,DPat(Φ1
u) + #App,VPat,DPat(Π)

+ #App,VPat,DPat(Φr′) + #App,VPat,DPat(Φ2
u)

= #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).

– Rule Case. Then, t{x \ u} = case r of ( p̂i.si)n, such that r = r′{x \ u}, si = s′i{x \ u}

for each i ∈ I, and t = case r′ of ( p̂i.s′i)n. Therefore, vars( p̂i) ∩ fv(u) = ∅ for all i ∈ I,

and Φt{x\u} must be of the following form:

Φr ▷ Γr ⊢ r : M0 Π ▷ Γsk | p̂k ⊢ p̂k : M0 Φsk ▷ Γsk ⊢ sk : A
Case

(Γsk\\ vars( p̂k)) + Γr ⊢ case r of ( p̂i.si)n : A

where Γ = (Γsk\\ vars( p̂k)) + Γr, and T = A. By the induction hypothesis over Φsk

(resp. Φr), we know there exist Φs′k
▷ Σs′k

; x : M1 ⊢ s′k : A (resp. Φr′ ▷ Σr′ ; x : M2 ⊢

r′ : M0) and Φ1
u ▷ ∆1 ⊢ u : M1 (resp. Φ2

u ▷ ∆2 ⊢ u : M2), such that Γsk = Σs′k
+ ∆1

(resp. Γr = Σr′ + ∆2) and #App,VPat,DPat(Φsk) = #App,VPat,DPat(Φs′k
) + #App,VPat,DPat(Φ1

u)

(resp. #App,VPat,DPat(Φr) = #App,VPat,DPat(Φr′)+ #App,VPat,DPat(Φ2
u)). By Lemma 6.29 over Φ1

u

and Φ2
u, we know there exists Φu ▷ ∆ ⊢ u : M, such that ∆ = ∆1 +∆2, M = M1 ⊔M2, and

#App,VPat,DPat(Φu) = #App,VPat,DPat(Φ1
u) + #App,VPat,DPat(Φ2

u). Since vars( p̂k) ∩ fv(u) = ∅,

we know vars( p̂k) ∩ dom(∆) = ∅ (by Lemma 6.30). Therefore, Γsk | p̂k = (Σs′k
+ ∆1)| p̂k =

Σs′k
| p̂k , Γsk\\ vars( p̂k) = (Σs′k

+ ∆)\\ vars( p̂k) = (Σs′k
\\ vars( p̂k)) + ∆, and we can build

Φt as follows:

Φr′ Π Φs′k
Case

((Σs′k
; x : M1)\\ vars( p̂k)) + Σr′ ; x : M2 ⊢ case r′ of ( p̂i.si)n : A

where (Σs′k
; x : M1)\\ vars( p̂k) = Σs′k

\\ vars( p̂k); x : M1 (since we may assume x ̸∈

vars( p̂k) by α-conversion). Thus, we know that ((Σs′k
; x : M1)\\ vars( p̂k)) + Σr′ ; x :

M2 = (Σs′k
\\ vars( p̂k)) + Σr′ ; x : M, Σ = (Σs′k

\\ vars( p̂k)) + Σr′ , and we can conclude

since Γ = (Γsk\\ vars( p̂k)) + Γr = ((Σs′k
+ ∆1)\\ vars(p)) + Σr′ + ∆2 = Σ + ∆, and

#App,VPat,DPat(Φt{x\u}) = #App,VPat,DPat(Φsk) + #App,VPat,DPat(Π) + #App,VPat,DPat(Φr)

= #App,VPat,DPat(Φs′k
) + #App,VPat,DPat(Φ1

u) + #App,VPat,DPat(Π)

+ #App,VPat,DPat(Φr′) + #App,VPat,DPat(Φ2
u)

= #App,VPat,DPat(Φt) + #App,VPat,DPat(Φu).
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Lemma 6.40 (Exact Subject Expansion). Let t ∈ ΛPM
, and S ∈ {dB, branch, match, sub}. If t→PM(S) t′

and Φt′ ▷PM Γ ⊢ t′ : A, then there is Φt ▷PM Γ ⊢ t : A, such that #App,VPat,DPat(Φt′) + 1 · R =

#App,VPat,DPat(Φt), where

• R = App, if S = dB;

• R = VPat, if S = sub;

• R = DPat if S ∈ {branch, match}.

Proof. The proof follows by induction on t→PM t′:

• Case t = L0Lλp.uMs →PM(dB) L0Lu[p\s]M = t′, such that bv(L0) ∩ fv(s) = ∅. We proceed by

induction on the list matching context L0:

– Let L0 = □. Then, Φt′ must be of the following form:

Φu ▷ Γu ⊢ u : A Π ▷ Γu|p ⊩ p : M Φs ▷ Γs ⊢ s : M
Match

(Γu\\ vars(p)) + Γs ⊢ u[p\s] : A

where Γ = (Γu\\ vars(p)) + Γs. Therefore, we can build Φt as follows:

Φu Π
(Abs)

Γu\\ vars(p) ⊢ λp.u : M→ A Φs (App)
(Γu\\ vars(p)) + Γs ⊢ (λp.u)s : A

We can conclude with

#App,VPat,DPat(Φt′) + 1 · App = #App,VPat,DPat(Φu) + #App,VPat,DPat(Π)

+ #App,VPat,DPat(Φs) + 1 · App

= #App,VPat,DPat([)Φt].

– Let L0 = L1[q\r]. Then, Φt′ must be of the following form:

ΦL1Lu[p\s]M ▷ ΓL1Lu[p\s]M ⊢ L1Lu[p\s]M : A Π ▷ ΓL1Lu[p\s]M|q ⊩ q : Mq Φr ▷ Γr ⊢ r : Mq
Match

(ΓL1Lu[p\s]M\\ vars(q)) + Γr ⊢ L1Lu[p\s]M[q\r] : A

where Γ = (ΓL1Lu[p\s]M\\ vars(q)) + Γr. Since bv(L1) ⊆ bv(L0), we can do the step

L1Lλp.uMs→PM(dB) L1Lu[p\s]M. By the i.h. over L1Lλp.uMs→PM L1Lu[p\s]M, we know there

exists a derivation ΨL1Lλp.uMs for L1Lλp.uMs, which must be of the following form:

ΦL1Lλp.uM ▷ ΓL1Lλp.uM ⊢ L1Lλp.uM : M0 → A Φs ▷ Γs ⊢ s : M0
(App)

ΓL1Lu[p\s]M ⊢ L1Lλp.uMs : A

where ΓL1Lu[p\s]M = ΓL1Lλp.uM +Γs and #App,VPat,DPat(ΨL1Lλp.uMs) = #App,VPat,DPat(ΦL1Lu[p\s]M)+

1 · App. Since bv(L0)∩ fv(s) = ∅, we know that fv(s)∩ vars(q) = ∅ and thus vars(q)∩
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dom(Γs) = ∅ (Lemma 6.30). Therefore, we can build Φt as follows:

ΦL1Lλp.uM Π Φr
Match

(ΓL1Lλp.uM\\ vars(q)) + Γr ⊢ L1Lλp.uM[q\r] : M0 → A Φs
(App)

(ΓL1Lλp.uM\\ vars(q)) + Γr + Γs ⊢ L1Lλp.uM[q\r]s : A

We can conclude since (ΓL1Lλp.uM\\ vars(q)) + Γr + Γs = (ΓL1Lu[p\s]M\\ vars(q)) + Γr, and

#App,VPat,DPat(Φt′) + 1 · App = #App,VPat,DPat(ΦL1Lu[p\s]M) + #App,VPat,DPat(Π)

+ #App,VPat,DPat(Φr) + 1 · App

= #App,VPat,DPat(ΨL1Lλp.uMs) + #App,VPat,DPat(Π)

+ #App,VPat,DPat(Φr)

= #App,VPat,DPat(ΦL1Lλp.uM) + #App,VPat,DPat(Φs) + 1 · App

+ #App,VPat,DPat(Π) + #App,VPat,DPat(Φr)

= #App,VPat,DPat(Φt).

• Case t = u[c(pi)n\L0Lc(si)nM] →PM(match) L0Lu[p1\s1] · · · [pn\sn]M = t′, such that bv(L0) ∩

fv(u) = ∅. We proceed by induction on the list matching context L0:

– Case L0 = □. Then, Φt′ must be of the following form:

Φu ▷ Γu ⊢ u : A
Πp1 ▷ Γu|p1 ⊩ p1 : M1

Φs1 ▷ Γs1 ⊢ s1 : M1
Match

Γu\\ vars(p1) + Γs1 ⊢ u[p1\s1] : A
... Πpn ▷ Γu|pn ⊩ p1 : Mn Φsn ▷ Γsn ⊢ sn : Mn

Match
((((Γu\\ vars(p1)) + Γs1 ) · · · )\\ vars(pn)) + Γsn ⊢ u[p1\s1] · · · [pn\sn] : A

where Γ = ((((Γu\\ vars(p1)) + Γs1) · · · )\\ vars(pn)) + Γsn . By α-conversion, we can

assume that fv(c(si)n) ∩ vars(c(pi)n) = ∅ and thus dom(+{1,...,n}Γsi) ∩ vars(c(pi)n) =

∅ (Lemma 6.30). Thus, (+{1,...,n}Γsi)\\ vars(c(pi)n) = +{1,...,n}Γsi , (+{1,...,n}Γsi)|c(pi)n =

∅, and we can build Φt as follows:

Φu

( Πpi)i∈{1,...,n}
DPat

Γu|c(pi)n ⊩ c(pi)n : {{c(Mi)n}}

( Φsi)i∈{1,...,n}
Data

+i∈{1,...,n}Γsi ⊢ c(si)n : c(Mi)n
Many

+i∈{1,...,n}Γsi ⊢ c(si)n : {{c(Mi)n}}
Match

(Γu\\ vars(c(pi)n)) +i∈{1,...,n} Γsi ⊢ u[c(pi)n\c(si)n] : A
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We can conclude since Γ = ((((Γu\\ vars(p1)) + Γs1) · · · )\\ vars(pn)) + Γsn

= (Γu\\ vars(c(pi)n)) +i∈{1,...,n} Γsi and

#App,VPat,DPat(Φt′) + 1 · DPat = #App,VPat,DPat(Φu) +i∈{1,...,n} #App,VPat,DPat(Πpi)

+ i∈{1,...,n}#App,VPat,DPat(Φsi) + 1 · DPat

= #App,VPat,DPat(Φt).

– Case L0 = L1[q\r]. Then, Φt′ must be of the following form:

ΦL1Lu[p1\s1]···[pn\sn]M ▷ ΓL1Lu[p1\s1]···[pn\sn]M ⊢ L1Lu[p1\s1] · · · [pn\sn]M : A
Πq ▷ ΓL1Lu[p1\s1]···[pn\sn]M|q ⊢ q : Mq

Φr ▷ Γr ⊢ r : Mq
Match

(ΓL1Lu[p1\s1]···[pn\sn]M\\ vars(q)) + Γr ⊢ L1Lu[p1\s1] · · · [pn\sn]M[q\r] : A

where Γ = (ΓL1Lu[p1\s1]···[pn\sn]M\\ vars(q)) + Γr. Since bv(L0) ∩ fv(u) = ∅, we can

do the step u[c(pi)n\L1Lc(si)nM] →PM(match) L1Lu[p1\s1] · · · [pn\sn]M. By the i.h. over

u[c(pi)n\L1Lc(si)nM] →PM(match) L1Lu[p1\s1] · · · [pn\sn]M, we know there exists a deriva-

tion Ψu[c(pi)n\L1Lc(si)nM] for u[c(pi)n\L1Lc(si)nM], which must be of the following form:

Φu ▷ Γu ⊢ u : A Π ▷ Γu|c(pi)n
⊩ c(pi)n : M ΦL1Lc(si)nM ▷ ΓL1Lc(si)nM ⊢ L1Lc(si)nM : M

Match
ΓL1Lu[p1\s1]···[pn\sn ]M ⊢ u[c(pi)n\L1Lc(si)nM] : A

where ΓL1Lu[p1\s1]···[pn\sn]M = (Γu\\ vars(c(pi)n)) + ΓL1Lc(si)nM and we also have that the

following holds Ψu[c(pi)n\L1Lc(si)nM] = ΦL1Lu[p1\s1]···[pn\sn]M + 1 · DPat. Since bv(L0) ∩ fv(u),

we know that fv(u) ∩ vars(q) = ∅ and thus vars(q) ∩ dom(Γu) = ∅ (Lemma 6.30).

Therefore, we can build Φt as follows:

Φu Π

ΦL1Lc(si)nM Πq Φr
Match

(ΓL1Lc(si)nM\\ vars(q)) + Γr ⊢ L1Lc(si)nM[q\r] : M
Match

(Γu\\ vars(c(pi)n)) + (ΓL1Lc(si)nM\\ vars(q)) + Γr ⊢ u[c(pi)n\L1Lc(si)nM[q\r]] : A

We can conclude since we know that vars(c(pi)n) = vars(p1)∪ · · · ∪ vars(pn), but also

Γ = (ΓL1Lu[p1\s1]···[pn\sn]M\\ vars(q)) + Γr = (Γu\\ vars(c(pi)n)) + (ΓL1Lc(si)nM\\ vars(q)) +
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Γr, and

#App,VPat,DPat(Φt′) + 1 · DPat = ΦL1Lu[p1\s1]···[pn\sn]M + #App,VPat,DPat(Πq)

+ #App,VPat,DPat(Φr) + 1 · DPat

= Ψu[c(pi)n\L1Lc(si)nM] + #App,VPat,DPat(Πq)

+ #App,VPat,DPat(Φr)

= #App,VPat,DPat(Φu) + #App,VPat,DPat(Π)

+ #App,VPat,DPat(ΦLLc(si)nM) + #App,VPat,DPat(Πq)

+ #App,VPat,DPat(Φr)

= #App,VPat,DPat(Φt).

• Case t = u[x\s] →PM(sub) u{x \ s} = t′. By Lemma 6.39 over Φt′ , we know there exist

Φu ▷ Γu; x : M ⊢ u : A and Φs ▷ Γs ⊢ s : M, such that Γ = Γu + Γs and #App,VPat,DPat(Φt′) =

#App,VPat,DPat(Φu) + #App,VPat,DPat(Φs). Therefore, we can build Φt as follows:

Φu
(VPat)

x : M ⊩ x : M Φs
Match

Γu + Γs ⊢ u[x\s] : A

And we can conclude with

#App,VPat,DPat(Φt′) + 1 · VPat = #App,VPat,DPat(Φu) + #App,VPat,DPat(Φs) + 1 · VPat

= #App,VPat,DPat(Φt).

• Case t = case L0Lc(si)nM of (. . . , c(pi)n.ui, . . .)→PM(branch) L0Lui[p1\s1] · · · [pn\sn]M = t′, such

that bv(L0) ∩ fv(si) = ∅. We proceed by induction on the list matching context L0:

– Case L0 = □. Then, Φt′ must be of the following form:

Φui ▷ Γui ⊢ ui : A
Πp1 ▷ Γui |p1 ⊩ p1 : M1

Φs1 ▷ Γs1 ⊢ s1 : M1
Match

Γui\\ vars(p1) + Γs1 ⊢ ui[p1\s1] : A
... Πpn ▷ Γui |pn ⊩ pn : Mn Φsn ▷ Γsn ⊢ sn : Mn

Match
((((Γui\\ vars(p1)) + Γs1 ) · · · )\\ vars(pn)) + Γsn ⊢ ui[p1\s1] · · · [pn\sn] : A

where Γ = ((((Γui\\ vars(p1)) + Γs1) · · · )\\ vars(pn)) + Γsn . By α-conversion, we can

assume that fv(c(si)n) ∩ vars(c(pi)n) = ∅ and thus dom(+{1,...,n}Γsi) ∩ vars(c(pi)n) =

∅ (Lemma 6.30). Thus, (+{1,...,n}Γsi)\\ vars(c(pi)n) = +{1,...,n}Γsi , (+{1,...,n}Γsi)|c(pi)n =

∅, and we can build Φt as follows:

( Φsi)i∈{1,...,n}
Data

+i∈{1,...,n}Γsi ⊢ c(si)n : c(Mi)n
Many

+i∈{1,...,n}Γsi ⊢ c(si)n : {{c(Mi)n}}

( Πpi)i∈{1,...,n}
DPat

Γui |c(pi)n
⊩ c(pi)n : {{c(Mi)n}} Φui

Case
(Γui\\ vars(c(pi)n)) +i∈{1,...,n} Γsi ⊢ case c(si)n of (. . . , c(pi)n.ui, . . .) : A
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We can conclude since we have that vars(c(pi)n) = vars(p1) ∪ · · · ∪ vars(pn), Γ =

((((Γui\\ vars(p1)) + Γs1) · · · )\\ vars(pn)) + Γsn = (Γui\\ vars(c(pi)n)) +i∈{1,...,n} Γsi ,

and

#App,VPat,DPat(Φt′) + 1 · DPat = #App,VPat,DPat(Φui) +i∈{1,...,n} #App,VPat,DPat(Πpi)

+ i∈{1,...,n}#App,VPat,DPat(Φsi) + 1 · DPat

= #App,VPat,DPat(Φt).

– Case L0 = L1[q\r]. Then, Φt′ must be of the following form:

ΦL1Lui [p1\s1]···[pn\sn ]M ▷ ΓL1Lui [p1\s1]···[pn\sn ]M ⊢ L1Lui[p1\s1] · · · [pn\sn]M : A
Πq ▷ ΓL1Lui [p1\s1]···[pn\sn ]M|q ⊢ q : Mq

Φr ▷ Γr ⊢ r : Mq
Match

(ΓL1Lui [p1\s1]···[pn\sn ]M\\ vars(q)) + Γr ⊢ L1Lui[p1\s1] · · · [pn\sn]M[q\r] : A

where Γ = (ΓL1Lui [p1\s1]···[pn\sn]M\\ vars(q)) + Γr. Since bv(L0) ∩ fv(ui) = ∅, we can do

the step case L1Lc(si)nM of (. . . , c(pi)n.ui, . . .) →PM(branch) L1Lui[p1\s1] · · · [pn\sn]M. By

the i.h. over case L1Lc(si)nM of (. . . , c(pi)n.ui, . . .) →PM(branch) L1Lui[p1\s1] · · · [pn\sn]M,

we know there exists a type derivation for the form Ψcase L1Lc(si)nM of (...,c(pi)n.ui ,...) for

case L1Lc(si)nM of (. . . , c(pi)n.ui, . . .), which must be of the following form:

ΦL1Lc(si)nM ▷ ΓL1Lc(si)nM ⊢ L1Lc(si)nM : M Π ▷ Γui |c(pi)n
⊩ c(pi)n : M Φui ▷ Γui ⊢ ui : A

Case
ΓL1Lui [p1\s1]···[pn\sn ]M ⊢ case L1Lc(si)nM of (. . . , c(pi)n.ui, . . .) : A

where ΓL1Lui [p1\s1]···[pn\sn]M = (Γui\\ vars(c(pi)n)) + ΓL1Lc(si)nM and it is also the case that

Ψcase L1Lc(si)nM of (...,c(pi)n.ui ,...) = ΦL1Lui [p1\s1]···[pn\sn]M + 1 · DPat. Since bv(L0) ∩ fv(ui), we

know that fv(ui) ∩ vars(q) = ∅ and thus vars(q) ∩ dom(Γui) = ∅ (Lemma 6.30).

Therefore, we can build Φt as follows:

ΦL1Lc(si)nM Πq Φr
Match

(ΓL1Lc(si)nM\\ vars(q)) + Γr ⊢ L1Lc(si)nM[q\r] : M Π Φui
Match

(Γui\\ vars(c(pi)n)) + (ΓL1Lc(si)nM\\ vars(q)) + Γr ⊢ case L1Lc(si)nM[q\r] of (. . . , c(pi)n.ui, . . .) : A
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We can conclude since Γ = (ΓL1Lui [p1\s1]···[pn\sn]M\\ vars(q)) + Γr = (Γui\\ vars(c(pi)n)) +

(ΓL1Lc(si)nM\\ vars(q)) + Γr, and

#App,VPat,DPat(Φt′) + 1 · DPat = #App,VPat,DPat(ΦL1Lui [p1\s1]···[pn\sn]M) + #App,VPat,DPat(Πq)

+ #App,VPat,DPat(Φr) + 1 · DPat

= #App,VPat,DPat(Ψcase L1Lc(si)nM of (...,c(pi)n.ui ,...))

+ #App,VPat,DPat(Πq) + #App,VPat,DPat(Φr)

= #App,VPat,DPat(ΦL1Lc(si)nM) + #App,VPat,DPat(Π)

+ #App,VPat,DPat(Φui) + #App,VPat,DPat(Πq)

+ #App,VPat,DPat(Φr)

= #App,VPat,DPat(Φt).

• The remaining cases follow easily from the i.h..

Theorem 6.41 (Completeness). Let t ∈ ΛPM
◦ . If t

n·dB+m·sub+l1·branch+l2·match→→PM t′, such that t′ ∈ NOCF,

then there is Φ ▷PM ∅ ⊢ t : A tight, such that #App,VPat,DPat(Φ) = n · App+ m · VPat+ l · DPat, where

l1 + l2 = l.

Proof. Let t
n·dB+m·sub+l1·branch+l2·match→→PM t′, such that t′ ∈ NOCF. We proceed by induction on n+m+ l =

n + m + l1 + l2:

• If n + m + l1 + l2 = 0, then n = m = l1 = l2 = 0. Therefore, t′ = t, and we can conclude

by Lemma 6.35.

• If n + m + l1 + l2 > 0, then t ̸∈ NOCF ⊆ NO by Lemma 6.15. Therefore, there is u ∈ ΛPM
◦ , such

that t→PM(S) u
n′·dB+m′·sub+l′1·branch+l′2·match→→PM t′, and n′ + m′ + l′1 + l′2 + 1 = n + m + l1 + l2. Now,

by the i.h., there is Ψ ▷PM ∅ ⊢ u : A tight, such that #App,VPat,DPat(Ψ) = n′ · App+ m′ · VPat+

(l′1 + l′2) · DPat. By Lemma 6.40, there is Φ′ ▷PM ∅ ⊢ t : A, such that #App,VPat,DPat(Ψ) + 1 · R =

#App,VPat,DPat(Φ′), where

– R = App, if S = dB;

– R = VPat, if S = sub;

– and R = DPat, if S ∈ {branch, match}.
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Moreover, Φ′ is tight since weighted subject expansion preserves tightness. Therefore, we

can take Φ = Φ′, since

#App,VPat,DPat(Φ) = #App,VPat,DPat(Ψ) + 1 · R

= n′ · App+ m′ · VPat+ (l′1 + l′2) · DPat

= n · App+ m · VPat+ (l1 + l2) · DPat

= n · App+ m · VPat+ l · DPat.



Appendix E

A Quantitative Study of Global State

E.1 The λ-Calculus with Global State

E.1.1 Syntax and Operational Semantics

Lemma 7.18 (Characterization of CBN-Normal Forms and CBV-Normal Forms). Let (t, s) ∈ ΛG ×S◦.

Then, (t, s) ̸⇒CBN (resp. CBV) if and only if t ∈ NOCBN (resp. NOCBV).

Proof. By induction on the structure of t. The proof is identical to that of Proposition 2.17, since

the state component s can neither prevent nor create CBPV-reduction steps, which are entirely

determined by the term t.

E.2 The λ!-Calculus with Global State

E.2.1 Syntax and Operational Semantics

Proposition 7.25 (Characterization of CBPV-Normal Forms). Let (t, s) ∈ !ΛG ×S◦. Then, (t, s) ̸⇒CBPV
if and only if t ∈ NOCBPV.

Proof. By induction on the structure of t. The proof is identical to that of Proposition 3.7, since

the state component s can neither prevent nor create CBPV-reduction steps, which are entirely

determined by the term t.

Proposition 7.29 (Characterization of Clash-Free CBPV-Normal Forms). Let (t, s) ∈ !ΛG . Then,

(t, s) ̸⇒CBPV and t is clash-free if and only if t ∈ NOCFCBPV.

Proof. By following the same structure as the proof of Proposition 3.11, since the store component

s can neither prevent nor create CBPV-reduction steps or clashes, which are entirely determined by

the term t.
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E.2.2 Subsuming Call-By-Name and Call-By-Value

Lemma 7.31 (Preservation of Values). Let v ∈ ΛG
, then (v)CBV ∈ !

ΛG
.

Proof. By a simple case analysis on the definition of

ΛG , observing that (·)CBV maps each value in

ΛG to a corresponding value in !

ΛG .

E.2.3 Correctness of Full Simulations

Lemma 7.37 (Stability of Administrative Steps). Let (t, s) ∈ ΛG◦ × S◦ and (t, s) ⇒ADMIN (u, s). Then,

u has the same top level constructor (application, abstraction, dereliction, bang-term, or operation) than t.

Proof. We reason by cases on the outermost constructor of t:

• Case t is an application or an abstraction. Administrative steps only consist of β!-steps,

whereas applications and abstractions can only be reduced by βv-steps at the top level.

Hence, no administrative step can change the outermost constructor, and u has the same

constructor as t.

• Case t is a dereliction. Administrative steps only fire β!-steps inside bangs or abstractions,

and thus cannot eliminate or create a top-level dereliction. Therefore, u is also a dereliction.

• Case t is a bang-term. A bang can only be consumed by a β!-step when it occurs under a

dereliction. Since t is a top-level bang-term, no administrative step applies at the root, and u

is also a bang-term.

• Case t is a get operation. get operations can only be reduced by get-steps, which are not

administrative. Hence, administrative steps cannot affect the outermost constructor, and u is

also a get operation.

• Case t = set((l, r), e). Similarly, set operations can only be reduced by set-steps, which are

not administrative. Therefore, u is also a set operation.

Lemma 7.38 (Non-Interference of Single Administrative Steps). Let S ∈ {βv, get, set}, and (t, s) ∈

ΛG◦ × S◦. If ((t, s))CBN ̸⇒CBPV(S) and ((t, s))CBN ⇒ADMIN (u, (s)CBN), then (u, (s)CBN) ̸⇒CBPV(S).

Proof. We proceed by cases on the structure of t ∈ ΛG◦ . Let S ∈ {βv, get, set} be fixed:

• If t = x, then t ̸∈ ΛG◦ . Thus, this case does not apply.
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• If t = λx.r, then ((t, s))CBN = ((t)CBN, (s)CBN) = ((λx.r)CBN, (s)CBN) = (λx.(r)CBN, (s)CBN). By

definition, abstractions are never CBPV(S)-redexes, hence (λx.(r)CBN, (s)CBN) ̸⇒CBPV(S). Let

(λx.(r)CBN, (s)CBN) ⇒ADMIN (u, (s)CBN). By Lemma 7.37, we must have u = λx.r0. Therefore,

(λx.r0, (s)CBN) ̸⇒CBPV(S), by definition.

• If t = r e, then ((t, s))CBN = ((t)CBN, (s)CBN) = ((r e)CBN, (s)CBN) = ((r)CBN !(e)CBN, (s)CBN). As-

sume that ((r)CBN !(e)CBN, (s)CBN) ̸⇒CBPV(S), and let ((r)CBN !(e)CBN, (s)CBN) ⇒ADMIN (u, (s)CBN).

By Lemma 7.37, u = r0 e0. Moreover, one of the following holds:

(i) ((r)CBN, (s)CBN)⇒ADMIN (r0, (s)CBN) and e0 = !(e)CBN;

(ii) (!(e)CBN, (s)CBN)⇒ADMIN (e0, (s)CBN) and r0 = (r)CBN.

– Case (i). By Lemma 7.37, r0 cannot be an abstraction. Hence, if S = βv, no βv-step is

available at the top level. For S ∈ {get, set}, applications are never CBPV(S)-redexes.

Therefore, (r0 e0, (s)CBN) ̸⇒CBPV(S).

– Case (ii). By Lemma 7.37, e0 is a bang-term. Moreover, r0 = (r)CBN. Since

((r)CBN !(e)CBN, (s)CBN) ̸⇒CBPV(βv),

(r)CBN is not an abstraction. Hence, no βv-step is available, and applications are never

CBPV(get)- or CBPV(set)-redexes. Thus, (r0 e0, (s)CBN) ̸⇒CBPV(S).

• If t = get(l, λx.r), then we know ((t, s))CBN = ((t)CBN, (s)CBN) = ((get(l, λx.r))CBN, (s)CBN) =

(get(l, λx.(r)CBN), (s)CBN). In this case, a CBPV(get)-step is available, so ((t, s))CBN ̸⇒CBPV(S) can

only hold if S ∈ {βv, set}. Let (get(l, λx.(r)CBN), (s)CBN) ⇒ADMIN (u, (s)CBN). By Lemma 7.37,

u = get(l, λx.r0). Since get-terms are never CBPV(βv)- or CBPV(set)-redexes, we conclude

(u, (s)CBN) ̸⇒CBPV(S).

• If t = set((l, e), r), then we know ((t, s))CBN = ((t)CBN, (s)CBN) = ((set((l, e), r))CBN, (s)CBN) =

(set((l, !(e)CBN), (r)CBN), (s)CBN). In this case, a CBPV(set)-step is available, so the premise

((t, s))CBN ̸⇒CBPV(S) can only hold if S ∈ {βv, get}. Let (set((l, !(e)CBN), (r)CBN), (s)CBN)⇒ADMIN
(u, (s)CBN). By Lemma 7.37, u = set((l, e0), r0). Since set-terms are never CBPV(βv)- or

CBPV(get)-redexes, we conclude (u, (s)CBN) ̸⇒CBPV(S).

Lemma 7.40 (Preservation under Substitution). Let s ∈ S, t ∈ ΛG , u ∈ ΛG◦ , and v ∈ ΛG
◦ :

1. ((t)CBN{x \ !(u)CBN}, s)⇒=
β!
⇒⇒ADMIN ((t{x \ u})CBN, s).

2. ((t)CBV{x \ (v)CBV}, s) = ((t{x \ v})CBV, s).
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Proof.

1. The proof follows by induction on t ∈ ΛG , just like for Lemma B.4. We implicitly use

the fact that any β!-step produced by the i.h. is simulated by a (possibly empty) sequence of

administrative steps in the global semantics. We only show the cases where t is an application

or an operation:

• If t = r e, then
((t)CBN{x \ !(u)CBN}, s)

= ((r e)CBN{x \ !(u)CBN}, s)

= (((r)CBN !(e)CBN){x \ !(u)CBN}, s)

= ((r)CBN{x \ !(u)CBN} (!(e)CBN){x \ !(u)CBN}, s)

= ((r)CBN{x \ !(u)CBN} !(e)CBN{x \ !(u)CBN}, s).

By applying the i.h., we have

((r)CBN{x \ !(u)CBN}, s)⇒=
β!
⇒⇒ADMIN ((r{x \ u})CBN, s).

By context closure of administrative steps, we obtain

((r)CBN{x \ !(u)CBN} !((e)CBN{x \ !(u)CBN}), s)

⇒=
β!
⇒⇒ADMIN

((r{x \ u})CBN !((e)CBN{x \ !(u)CBN}), s).

By applying the i.h., we have

((e)CBN{x \ !(u)CBN}, s)⇒=
β!
⇒⇒ADMIN ((e{x \ u})CBN, s).

By context closure of administrative steps, we obtain

((r{x \ u})CBN !((e)CBN{x \ !(u)CBN}), s)

⇒=
β!
⇒⇒ADMIN ((r{x \ u})CBN !(e{x \ u})CBN, s)

= ((r{x \ u} e{x \ u})CBN, s)

= (((r e){x \ u})CBN, s)

= ((t{x \ u})CBN, s).

• If t = get(l, λy.r), then

((t)CBN{x \ !(u)CBN}, s)

= ((get(l, λy.r))CBN{x \ !(u)CBN}, s)

= (get(l, λy.(r)CBN){x \ !(u)CBN}, s)

= (get(l, λy.(r)CBN{x \ !(u)CBN}), s).



E. A Quantitative Study of Global State 263

By applying the i.h., we have

((r)CBN{x \ !(u)CBN}, s)⇒=
β!
⇒⇒ADMIN (r{x \ u}, s)CBN.

By context closure of administrative steps, we obtain

(get(l, λy.(r)CBN{x \ !(u)CBN}), s)

⇒⇒ADMIN (get(l, λy.(r{x \ u})CBN), s)

= ((get(l, λy.r){x \ u})CBN, s).

• If t = set((l, e), r), then

((t)CBN{x \ !(u)CBN}, s)

= ((set((l, e), r))CBN{x \ !(u)CBN}, s)

= (set((l, !(e)CBN), (r)CBN){x \ !(u)CBN}, s)

= (set((l, !(e)CBN{x \ !(u)CBN}), (r)CBN{x \ !(u)CBN}), s).

By the i.h., we have

((e)CBN{x \ !(u)CBN}, s)⇒=
β!
⇒⇒ADMIN ((e{x \ u})CBN, s),

and

((r)CBN{x \ !(u)CBN}, s)⇒=
β!
⇒⇒ADMIN ((r{x \ u})CBN, s).

By context closure of administrative steps, we obtain

(set((l, !(e)CBN{x \ !(u)CBN}), (r)CBN{x \ !(u)CBN}), s)

⇒⇒ADMIN (set((l, !(e{x \ u})CBN), (r{x \ u})CBN), s)

= ((set((l, e), r){x \ u})CBN, s).

The remaining cases follow easily from the i.h.:

2. The proof follows by induction on the structure of t ∈ ΛG and is similar to that of Lemma B.4.

We only show the cases when t is an application or an operation:

• If t = r e, then

((r e)CBV, s) = (der((r)CBV) (e)CBV, s).

Therefore,

((r e)CBV{x \ (v)CBV}, s) = (der((r)CBV{x \ (v)CBV}) (e)CBV{x \ (v)CBV}, s).
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By applying the i.h. to r, we have

((r)CBV{x \ (v)CBV}, s) = ((r{x \ v})CBV, s).

By applying the i.h. to e, we have

((e)CBV{x \ (v)CBV}, s) = ((e{x \ v})CBV, s).

Therefore, we have that

(der((r)CBV{x \ (v)CBV}) (e)CBV{x \ (v)CBV}, s)

= (der((r{x \ v})CBV) (e{x \ v})CBV, s)

= ((r{x \ v} e{x \ v})CBV, s)

= (((r e){x \ v})CBV, s)

= ((t{x \ v})CBV, s).

• If t = get(l, λx.u), then

((t)CBV{x \ (v)CBV}, (s)CBV)

= ((get(l, λx.u))CBV{x \ (v)CBV}, s)

= (get(l, λx.(u)CBV{x \ (v)CBV}), s)
by i.h.

= (get(l, λx.(u{x \ v})CBV), s)

= ((get(l, λx.u){x \ v})CBV, s).

• If t = set((l, w), u), then

((t)CBV{x \ (v)CBV}, s)

= ((set((l, w), u))CBV{x \ (v)CBV}, s)

= (set((l, (w)CBV{x \ (v)CBV}), (u)CBV(v)CBV), s)
by i.h.

= (set((l, (w{x \ v})CBV), (u{x \ v})CBV), s)

= ((set((l, w), u){x \ v})CBV, s).

The remaining cases follow easily from the i.h..

Lemma 7.41 (Correctness of One-Step Simulations). Let s ∈ S◦ and t ∈ ΛG◦ .

1. Let S ∈ {β, get, set}. If (t, s) ⇒CBN(S) (u, q), then ((t, s))CBN
1·S′+m·β!⇒⇒CBPV∪ADMIN ((u, q))CBN, for some

m ≥ 0, such that S′ = βv if S = β, and S′ = S, otherwise.

2. Let S ∈ {βv, get, set}. If (t, s)⇒CBV(S) (u, q), then ((t, s))CBV
1·S+m·β!⇒⇒CBPV ((u, q))CBV, for some m ≥ 0.
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Proof.

1. Let (t, s)⇒CBN(S) (u, q). The proof follow by induction on the definition of N:

• Case N = □:

– If S = β, then

(t, s) = ((λx.r) e, s) Z⇒β (r{x \ e}, s) = (u, s).

Note that
((t, s))CBN = (((λx.r) e)CBN, (s)CBN)

= (λx.(r)CBN !(e)CBN, (s)CBN)

Z⇒βv ((r)
CBN{x \ !(e)CBN}, (s)CBN).

Therefore,

((r)CBN{x \ !(e)CBN}, (s)CBN)
by Lemma 7.40
⇒=

β!
⇒⇒ADMIN ((r{x \ e})CBN, (s)CBN) = ((u, s))CBN.

Thus,

((t, s))CBN = (((λx.r) e)CBN, (s)CBN)
1·βv+m·β!⇒⇒CBPV∪ADMIN ((r{x \ e})CBN, (s)CBN) = ((u, s))CBN,

for some m ≥ 0.

– If S = get, then

(t, s) = (get(l, λx.r), s) Z⇒get (r{x \ s (l)}, s) = (u, q).

Notice that

((get(l, λx.r), s))CBN = (get(l, λx.(r)CBN), (s)CBN),

and

((r{x \ s (l)}, s))CBN = ((r{x \ s (l)})CBN, (s)CBN).

Moreover, by Lemma 7.40, we know

((r)CBN{x \ (s (l))CBN}, (s)CBN)⇒=
β!
⇒⇒ADMIN ((r{x \ s (l)})CBN, (s)CBN),
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and it is easy to see that (s (l))CBN = (s)CBN (l). By contextual closure of ⇒⇒ and the

i.h., we have

((t, s))CBN = ((get(l, λx.r), s))CBN

= (get(l, λx.(r)CBN), (s)CBN)

Z⇒get (r{x \ (s)CBN (l)}, (s)CBN)

= ((r)CBN{x \ (s (l))CBN}, (s)CBN)

⇒=
β!
⇒⇒ADMIN ((r{x \ s (l)})CBN, (s)CBN)

= ((r{x \ s (l)}, s))CBN

= ((u, q))CBN.

– If S = set, then we have

(t, s) = (set((l, e), r), s) Z⇒set (r, s{l := e}) = (u, q).

Notice that

((set((l, e), r), s))CBN = (set((l, !(e)CBN), (r)CBN), (s)CBN),

and

((r, s{l := e}))CBN = ((r)CBN, (s{l := e})CBN).

Moreover, it is easy to see that (s{l := e})CBN = (s)CBN{l := !(e)CBN}. By contextual

closure of ⇒⇒ and the i.h., we have

((t, s))CBN = ((set((l, e), r), s))CBN

= (set((l, !(e)CBN), (r)CBN), (s)CBN)

Z⇒set ((r)CBN, (s)CBN{l := !(e)CBN})

= ((r)CBN, (s{l := e})CBN)

= ((r, s{l := e}))CBN

= ((u, q))CBN.

• Case N = N′ r, then
(t, s) = (N′[e] r, s)

⇒CBN(S) (N′[e′] r, q)

= (u, s),

such that (e, s) Z⇒S (e′, s). Note that

((N′[e] r)CBN, (s)CBN) = ((N′[e])CBN !(r)CBN, (s)CBN).



E. A Quantitative Study of Global State 267

By applying the i.h. to N′, we have

((N′[e])CBN, (s)CBN)
1·S′+m·β!⇒⇒CBPV∪ADMIN ((N′[e′])CBN, (s)CBN), for some m ≥ 0,

such that S′ = βv if S = β, and S′ = S, otherwise. By contextual closure of ⇒⇒ and the

i.h., we have,

((N′[e])CBN !(r)CBN, (s)CBN)
1·S′+m·β!⇒⇒CBPV∪ADMIN ((N′[e′])CBN !(r)CBN, (s)CBN)

= ((N′[e′] r)CBN, (s)CBN)

= ((u, s))CBN.

Thus,
((t, s))CBN = ((N′[e] r)CBN, (s)CBN)

1·βv+m·β!⇒⇒CBPV∪ADMIN ((N′[e′] r)CBN, (s)CBN)

= ((u, s))CBN.

2. Let (t, s)⇒CBV(S) (u, q). The proof follow by induction on the definition of V:

• Case V = □:

– If S = βv, then

(t, s) = ((λx.r) v, s) = (r{x \ v}, s) = (u, s).

Note that

(((λx.r) v, s))CBV = (der(!(λx.(r)CBV)) (v)CBV, (s)CBV)

⇒CBPV(β!) ((λx.(r)CBV) (v)CBV, (s)CBV)
by Lemma 7.31⇒CBPV(βv) ((r)CBV{x \ (v)CBV}, (s)CBV).

Therefore,

((r)CBV{x \ (v)CBV}, (s)CBV) by Lemma 7.40
= ((r{x \ v})CBV, (s)CBV) = ((u)CBV, (s)CBV).

Thus,

((t, s))CBV = (((λx.r) v)CBV, (s)CBV)⇒CBPV ((r{x \ v})CBV, (s)CBV) = ((u, s))CBV.

– If S = get, then

(t, s) = (get(l, λx.r), s) Z⇒get (r{x \ s (l)}, s) = (u, q).

Notice that

((get(l, λx.r), s))CBV = (get(l, λx.(r)CBV), (s)CBV),
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and

((r{x \ v}, s))CBV = ((r{x \ s (l)})CBV, (s)CBV).

Moreover, by Lemma 7.40, we know

((r)CBV{x \ (s (l))CBV}, (s)CBV) = ((r{x \ s (l)})CBV, (s)CBV),

and it is easy to see that (s (l))CBV = (s)CBV (l). By contextual closure of ⇒⇒ and the

i.h.,
((t, s))CBV = ((get(l, λx.r), s))CBV

= (get(l, λx.(r)CBV), (s)CBV)

Z⇒get (r{x \ (s)CBV (l)}, (s)CBV)

= ((r)CBV{x \ (s (l))CBV}, (s)CBV)

= ((r{x \ s (l)})CBV, (s)CBV)

= ((r{x \ s (l)}, s))CBV

= ((u, q))CBV.

– If S = set, then

(t, s) = (set((l, v), r)) Z⇒set (r, s{l := v}) = (u, q).

Notice that

((set((l, v), r), s))CBV = (set((l, (v)CBV), (r)CBV), (s)CBV),

and

((r, s{l := v}))CBV = ((r)CBV, (s{l := v})CBV).

Moreover, it is easy to see that (s{l := v})CBV = (s)CBV{l := (v)CBV}. By contextual

closure of ⇒⇒ and the i.h.,

((t, s))CBV = ((set((l, v), r), s))CBV

= (set((l, (v)CBV), (r)CBV), (s)CBV)

Z⇒set ((r)CBV, (s)CBV{l := (v)CBV})

= ((r)CBV, (s{l := v})CBV)

= ((r, s{l := v}))CBV

= ((u, q))CBV.
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• Case V = V′ r, then
(t, s) = (V′[e] r, s)

⇒CBV(S) (V′[e′] r, s)

= (u, q),

such that

(e, s) Z⇒S (e′, s).

By applying the i.h. to V′, we know that

((V′[e], s))CBV
1·S+m0·β!⇒⇒CBPV ((V′[e′], s))CBV.

By contextual closure of ⇒⇒ and the i.h.,

((t, s))CBV = ((V′[e] r, s))CBV

= ((V′[e])CBV (r)CBV, (s)CBV)

= (der((V′[e])CBV) (r)CBV, (s)CBV)
1·S+m0·β!⇒⇒CBPV (der((V′[e′])CBV) (r)CBV, (s)CBV)

= ((V′[e′] r)CBV, (s)CBV)

= ((u, s))CBV.

• Case V = v V′, then

(t, s) = (v V′[r], s)⇒CBV(S) (v V′[r′], s) = (u, s),

such that (V′[r], s)⇒S (V′[r′], s). Notice that v must be an abstraction. Therefore, without

loss of generality, let us assume v = λx.e. Then, (v V′[r])CBV = (λx.(e)CBV) (V′[r])CBV. By

applying the i.h. to V′, we know that

((V′[r], (s)CBV))CBV
1·S+m0·β!⇒⇒CBPV ((V′[r′], (s)CBV))CBV.

By contextual closure of ⇒⇒ and the i.h.,

((t, s))CBV = ((v V′[r], s))CBV

= ((v V′[r])CBV, (s)CBV)

= ((λx.(e)CBV) (V′[r])CBV, (s)CBV)
1·S+m0·β!⇒⇒CBPV ((λx.(e)CBV) (V′[r′])CBV, (s)CBV)

= ((v V′[r′])CBV, (s)CBV)

= ((u)CBV, (s)CBV).
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Theorem 7.42 (Correctness of Full Simulations). Let s ∈ S◦, and t ∈ ΛG◦ .

1. If (t, s)
n·β+g·get+s·set⇒⇒CBN (u, q), then ((t, s))CBN

n·βv+m·β!+g·get+s·set⇒⇒CBPV∪ADMIN ((u, q))CBN, for some m ≥ 0.

2. If (t, s)
n·βv+g·get+s·set⇒⇒CBV (u, q), then ((t, s))CBV

n·βv+m·β!+g·get+s·set⇒⇒CBPV ((u, q))CBV, for some m ≥ 0.

Proof. The proof follows the same induction on the length of the reduction sequence as that

of Lemma 3.19. Each individual reduction step is simulated using Lemma 7.41, and the overall

result follows by concatenation of the simulated sequences and additivity of step counts.

E.3 State-Passing Non-Idempotent Intersection Types

E.3.1 Call-By-Name

Lemma 7.54 (CBN Multiset-Typings Split and Merge). Let t ∈ ΛG . Then, there is Φ ▷NG Γ ⊢ t :

M, such that M = ⊔i∈IMi if and only if there are Φi ▷NG Γi ⊢ t : Mi, such that Γ = +i∈IΓi, and

#App,Get,Set(Φ) = +i∈I#App,Get,Set(Φi).

Proof. The proof is identical to the split-and-merge argument for multiset typings in the pure

λ-calculus.

The only typing rules contributing to the weight are App, Get, and Set, all of which are additive

with respect to multiset types and typing environments. Moreover, the typing rules for global

state operations do not introduce any interaction between distinct components of a multiset type.

Therefore, given a derivation typing t with a multiset type M = ⊔i∈IMi, the derivation neces-

sarily ends with a multiset introduction rule and can be decomposed into independent derivations

typing t at each Mi, with environments summing pointwise. Conversely, independent derivations

for each Mi can be merged into a single derivation for M.

In both directions, the size measure is preserved by additivity of the rules, yielding

#App,Get,Set(Φ) = +i∈I#App,Get,Set(Φi).

Lemma 7.55 (Contexts and Free Variables for CBN). If Φ ▷NG Γ ⊢ t : A (resp. M), then dom(Γ) ⊆

fv(t).

Proof. The proof follows by induction on the structure of the typing derivation Φ. Note that all

typing rules of NG either: (i) introduce assumptions only for variables occurring syntactically in

the term being typed, or (ii) combine typing environments by pointwise addition. In particular:



E. A Quantitative Study of Global State 271

• The variable rule introduces a singleton environment whose domain is exactly the variable

occurring in the term.

• The abstraction rule removes the bound variable from the environment, preserving the

invariant.

• Application combines environments of the subterms, and free variables of an application are

exactly the union of free variables of its components.

• The Get and Set rules do not introduce new variable bindings; they only propagate the

environments of their subterms, and thus preserve the inclusion.

Since no rule introduces assumptions for variables not occurring free in the term, we conclude

that dom(Γ) ⊆ fv(t).

Lemma 7.56 (Zero Weight Tight Type Derivations Characterize CBN-Normal Forms). Let t ∈ ΛG◦

and s ∈ S◦. If Φ ▷NG ∅ ⊢ (t, s) : P is tight, then #App,Get,Set(Φ) = 0 · App+ 0 · Get+ 0 · Set if and only

if t ∈ NOCBN.

Proof. If Φ ▷NG ∅ ⊢ (t, s) : P is tight, then it must be of the form

Φ1 ▷NG ∅ ⊢ t : S⇒ (A× {l 7→ [ ]}l∈L) Φ2 ▷NG ∅ ⊢ s : S
Conf

∅ ⊢ (t, s) : A× {l 7→ [ ]}l∈L

such that P = ⋆× {l 7→ [ ]}l∈L.

(⇒) Let #App,Get,Set(Φ) = 0 · App+ 0 · Get+ 0 · Set. We proceed by cases, according to the last rule

R of Φ1:

– Case R = Ax. Then, t is a variable. This leads to a contradiction with t ∈ ΛG◦ . Therefore,

this case does not apply.

– Case R = Abs. Then, A is an arrow type. This leads to a contradiction with A = ⋆.

Therefore, this case does not apply.

– Case R = Ans. Then, t is a closed abstraction. Thus, t ∈ NOCBN.

– Case R = App. This leads to a contradiction with #App(Φ) = 0 · App. Therefore, this case

does not apply.

– Case R = Many. Then, A is a multi-type. This leads to a contradiction with A = ⋆.

Therefore, this case does not apply.

– Case R = Get. This leads to a contradiction with #Get(Φ) = 0 · Get. Therefore, this case

does not apply.
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– Case R = Set. This leads to a contradiction with #Set(Φ) = 0 · Set. Therefore, this case

does not apply.

Therefore, Φ1 must end with rule Ans and t must be a closed abstraction. Thus, we can

conclude that t ∈ NOCBN.

(⇐) Let t ∈ NOCBN. Then, t = λx.u, S = {l 7→ [ ]}l∈L, and Φ must be of the form

Ans
∅ ⊢ λx.u : {l 7→ [ ]}l∈L ⇒ (⋆× S)

(
EList

∅ ⊢ s (l) : [ ]
)

l∈L
State

∅ ⊢ {l 7→ s (l)}l∈L : {l 7→ [ ]}l∈L
Conf

∅ ⊢ (λx.u, s) : ⋆× S

Therefore, we can conclude that #App,Get,Set(Φ) = 0 · App+ 0 · Get+ 0 · Set.

Lemma 7.57 (Tight Typability of CBN-Normal Forms). Let s ∈ S◦. If t ∈ NOCBN, then there is a derivation

Φ ▷NG ∅ ⊢ (t, s) : P that is tight.

Proof. If t ∈ NOCBN, then t is a closed abstraction, i.e. t = λx.u. Therefore, we can take P = ⋆× S,

where S = {l 7→ [ ]}l∈L, and Φ to be

Ans
∅ ⊢ λx.u : {l 7→ [ ]}l∈L ⇒ (⋆× S)

(
EList

∅ ⊢ s (l) : [ ]
)

l∈L
State

∅ ⊢ {l 7→ s (l)}l∈L : {l 7→ [ ]}l∈L
Conf

∅ ⊢ (λx.u, s) : ⋆× S

We can conclude since the above type derivation is tight.

Lemma 7.59. Let l ∈ L and s ∈ S. There is Φ ▷NG ∅ ⊢ s : S, such that S (l) ̸= [ ], if and only if there

are Ψ ▷NG ∅ ⊢ s (l) : head(S (l)) and Π ▷NG ∅ ⊢ s : S{l := tail(S (l))}. Moreover, #App,Get,Set(Φ) =

#App,Get,Set(Ψ) + #App,Get,Set(Π).

Proof. (⇒) Notice that one of the premises of Φ must be derivation Φl :

Φ1 ▷NG ∅ ⊢ s (l) : head(S (l)) Φ2 ▷NG ∅ ⊢ s (l) : tail(S (l))
List

∅ ⊢ s (l) : head(S (l)) · tail(S (l))

such that head(S (l)) · tail(S (l)) = S (l). Since state typings are built pointwise by rule

State, we can remove subderivation Φ1 from Φ while keeping all other locations un-

changed, to get a derivation Φ′ ▷NG ∅ ⊢ s : S{l := tail(S (l))}, such that #App,Get,Set(Φ′) =

#App,Get,Set(Φ)− #App,Get,Set(Φ1). Therefore, we can take Ψ = Φ1 and Π = Φ′, since

#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ′)

= #App,Get,Set(Ψ) + #App,Get,Set(Π).
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(⇐) Notice that one of the premises of Π must be derivation Πl ▷NG ∅ ⊢ s (l) : tail(S (l)).

Therefore, we can build the following derivation Π′l :

Ψ ▷NG ∅ ⊢ s (l) : head(S (l)) Πl ▷NG ∅ ⊢ s (l) : tail(S (l))
List

∅ ⊢ s (l) : head(S (l)) · tail(S (l))

such that head(S (l)) · tail(S (l)) = S (l). Since state typings are built pointwise by rule

State, we can remove replace derivation Πl with Π′l in Π while keeping all other locations

unchanged, to get a derivation Φ′ ▷NG ∅ ⊢ s : S, such that #App,Get,Set(Φ′) = #App,Get,Set(Ψ) +

#App,Get,Set(Π). Therefore, we can take Φ = Φ′, since #App,Get,Set(Φ) = #App,Get,Set(Ψ) +

#App,Get,Set(Π).

Lemma 7.60. Let l ∈ L and s ∈ S. There are Φ ▷NG ∅ ⊢ s : S, such that S (l) = [ ], and Ψ ▷NG ∅ ⊢ t : L

if and only if there is Π ▷NG ∅ ⊢ s{l := t} : S{l := L}. Moreover, #App,Get,Set(Φ) + #App,Get,Set(Ψ) =

#App,Get,Set(Π).

Proof. Recall that store typings are built pointwise by rule State, with one premise per location.

(⇒) One of the premises of Φ must be derivation Φl ▷NG ∅ ⊢ s (l) : [ ], such that #App,Get,Set(Φl) =

0 · App+ 0 · Get+ 0 · Set. Now, let us assume that s is updated by replacing s (l) with t.

Then, (s{l := t}) (l) = t. By replacing derivation Φl with Ψ in Φ, we obtain a derivation

Π′ ▷NG ∅ ⊢ s{l := t} : S{l := L}, such that (S{l := L} ) (l) = L. Therefore, we can take

Π = Π′, since

#App,Get,Set(Φ) + #App,Get,Set(Ψ) = #App,Get,Set(Φ)− #App,Get,Set(Φl) + #App,Get,Set(Ψ)

= #App,Get,Set(Π).

(⇐) One of the premises of Π must be derivation Φl ▷NG ∅ ⊢ (s{l := t}) (l) : (S{l := L}) (l),

such that (s{l := t}) (l) = t and (S{l := L}) (l) = L. Moreover, we can build the following

type derivation Φ′l for s (l):
EList

∅ ⊢ s (l) : [ ]

such that #App,Get,Set(Φ′l) = 0 · App+ 0 · Get+ 0 · Set. Now, we can build a type derivation

Φ′ ▷NG ∅ ⊢ s : S for s, such that S (l) = [ ], by replacing derivation Φl with Φ′l in Π. Therefore,
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we can take Φ = Φ′ and Ψ to be the premise Φl ▷NG ∅ ⊢ t : L extracted from Π., since

#App,Get,Set(Φ) + #App,Get,Set(Ψ) = #App,Get,Set(Φ′) + #App,Get,Set(Φl)

= #App,Get,Set(Π)− #App,Get,Set(Φl)

+ #App,Get,Set(Φ′l) + #App,Get,Set(Φl)

= #App,Get,Set(Π) + #App,Get,Set(Φ′l)

= #App,Get,Set(Π).

E.3.1.1 Quantitative Soundness

Lemma 7.61 (Weighted Substitution for CBN). Let t, u ∈ ΛG . If we have Φ ▷NG Γ; x : M ⊢ t :

A (resp. N or L) and Ψ ▷NG ∅ ⊢ u : M, then Π ▷NG Γ ⊢ t{x \ u} : A (resp. N or L), such that

#App,Get,Set(Π) = #App,Get,Set(Φ) + #App,Get,Set(Ψ).

Proof. The proof follows by induction on the structure of Φ. We proceed by cases, according to the

last rule R of Φ. We only show rules Ax, Get, and Set. The remaining cases follow easily from the

i.h.:

• Case R = Ax. Then, t is a variable, and we must consider the two following possibilities:

– If t = y ̸= x, then Φ must be of the form

Ax
y : {{A}}; x : {{ }} ⊢ y : A

Γ = y : {{A}}, and M = {{ }}. Moreover, t{x \ u} = y{x \ u} = y, and Ψ must be of the

form
Many

∅ ⊢ u : {{ }}

Therefore, we can take Π = Φ, since #App,Get,Set(Ψ) = 0 · App+ 0 · Get+ 0 · Set, and thus

#App,Get,Set(Π) = #App,Get,Set(Φ) + #App,Get,Set(Ψ).

– If t = x, then Φ must be of the form

Ax
x : {{A}} ⊢ x : A

Γ = ∅, and M = {{A}}. Moreover, t{x \ u} = x{x \ u} = u. Therefore, we can take

Π = Ψ, since #App,Get,Set(Φ) = 0 · App + 0 · Get + 0 · Set, and thus #App,Get,Set(Π) =

#App,Get,Set(Φ) + #App,Get,Set(Ψ).
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• Case R = Get. By α-conversion, we may assume y ̸= x. Then, t = get(l, λy.r), and Φ must

be of the form

Φ′ ▷NG Γ; y : head(S (l)); x : M ⊢ r : S{l := tail(S (l))} ⇒ P
Get

Γ ⊢ get(l, λy.r) : S⇒ P

and A = S ⇒ P. By applying the i.h. to Φ′, there is Π′ ▷NG Γ; y : head(S (l)) ⊢ r{x \

u} : S{l := tail(S (l))} ⇒ P, such that #App,Get,Set(Π′) = #App,Get,Set(Φ′) + #App,Get,Set(Ψ).

Therefore, we can take Π to be

Π′ ▷NG Γ; y : head(S (l)) ⊢ r{x \ u} : S{l := tail(S (l))} ⇒ P
Get

Γ ⊢ get(l, λy.r{x \ u}) : S⇒ P

since get(l, λy.r{x \ u}) = get(l, λy.r){x \ u}, and

#App,Get,Set(Π) = #App,Get,Set(Π′) + 1 · Get

= #App,Get,Set(Φ′) + #App,Get,Set(Ψ) + 1 · Get

= #App,Get,Set(Φ) + #App,Get,Set(Ψ).

• Case R = Set. Then, t = set((l, e), r), and Φ must be of the form

Φ1 ▷NG Γ1; x : M1 ⊢ e : L Φ2 ▷NG Γ2; x : M2 ⊢ r : S{l := L} ⇒ P
Set

(Γ1 + Γ2); x : M1 ⊔M2 ⊢ set((l, e), r) : S⇒ P

Γ = Γ1 + Γ2, M = M1 ⊔ M2, and A = S ⇒ P. By Lemma 7.54, there are Ψ1 ▷NG ∅ ⊢

u : M1 and Ψ2 ▷NG ∅ ⊢ u : M2, such that #App,Get,Set(Ψ) = #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2).

By applying the i.h. to Φ1, we know there exists Π1 ▷NG Γ1 ⊢ e{x \ u} : L, such that

#App,Get,Set(Π1) = #App,Get,Set(Φ1) + #App,Get,Set(Ψ1). By applying the i.h. to Φ2, we know there

exists Π2 ▷NG Γ2 ⊢ r{x \ u} : S{l := L} ⇒ P, such that #App,Get,Set(Π2) = #App,Get,Set(Φ2) +

#App,Get,Set(Ψ2). Therefore, we can take Π to be

Π1 ▷NG Γ1 ⊢ e{x \ u} : L Π2 ▷NG Γ2 ⊢ r{x \ u} : S{l := L} ⇒ P
Set

Γ1 + Γ2 ⊢ set((l, e{x \ u}), r{x \ u}) : S⇒ P

since we have that set((l, e{x \ u}), r{x \ u}) = set((l, e), r){x \ u}, and

#App,Get,Set(Π) = #App,Get,Set(Π1) + #App,Get,Set(Π2) + 1 · Set

= #App,Get,Set(Φ1) + #App,Get,Set(Ψ1) + #App,Get,Set(Φ2)

+ #App,Get,Set(Ψ2) + 1 · Set

= #App,Get,Set(Φ) + #App,Get,Set(Ψ).
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Lemma 7.62 (Exact Subject Reduction for CBN). Let t ∈ ΛG◦ , s ∈ S◦, and S ∈ {β, get, set}.

If (t, s) ⇒CBN(S) (u, q) and Φ ▷NG ∅ ⊢ (t, s) : P, then there is Ψ ▷NG ∅ ⊢ (u, q) : P, such that

#App,Get,Set(Φ) = #App,Get,Set(Ψ) + 1 · R, where

• R = App, if S = β;

• R = Get, if S = get;

• and R = Set, if S = set.

Proof. Let (t, s) = (N[t0], s) ⇒CBN(S) (N[u0], q) = (u, q), such that (t0, s) Z⇒CBN(S) (u0, q). By α-

conversion, we may assume all bound variables are fresh. The proof follows by induction on the

definition of N:

• Case N = □:

– If S = β, then (t0, s) = ((λx.r) e, s) Z⇒β (r{x \ e}, s) = (u0, q), and Φ must be of the form

Φ1 ▷NG x : N ⊢ r : S⇒ P
Abs

∅ ⊢ λx.r : S⇒ (N → (S⇒ P)× S) Φ2 ▷NG ∅ ⊢ e : N
App

∅ ⊢ (λx.r) e : S⇒ P Φ3 ▷NG ∅ ⊢ s : S
Conf

∅ ⊢ ((λx.r) e, s) : P

Given the forms of Φ1 and Φ2, we can apply Lemma 7.61 to obtain a derivation Π ▷NG ∅ ⊢

e{x \ e} : S⇒ P, such that #App,Get,Set(Π) = #App,Get,Set(Φ1)+ #App,Get,Set(Φ2). Therefore,

we can take Ψ to be

Π ▷NG ∅ ⊢ e{x \ e} : S⇒ P Φ3 ▷NG ∅ ⊢ s : S
Conf

∅ ⊢ (r{x \ e}, s) : P

since

#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · App+ #App,Get,Set(Φ3)

= #App,Get,Set(Π) + 1 · App+ #App,Get,Set(Φ3)

= #App,Get,Set(Ψ) + 1 · App.

– If S = get, then (t0, s) = (get(l, λx.r), s) ⇒CBN(get) (r{x \ s (l)}, s) = (u0, q), and Φ

must be of the form

Φ1 ▷NG x : head(S (l)) ⊢ r : S{l := tail(S (l))} ⇒ P
Get

∅ ⊢ get(l, λx.r) : S⇒ P Φ2 ▷NG ∅ ⊢ s : S
Conf

∅ ⊢ (get(l, λx.r), s) : P

By applying Lemma 7.59 to Φ2, there are derivations Π1 ▷NG ∅ ⊢ s (l) : head(S (l))

and Ψ2 ▷NG ∅ ⊢ s : S{l := tail(S (l))}, such that #App,Get,Set(Φ2) = #App,Get,Set(Π1) +
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#App,Get,Set(Ψ2). By applying Lemma 7.61 to Φ1 and Π1, there is Ψ1 ▷NG ∅ ⊢ r{x \ s (l)} :

S{l := tail(S (l))} ⇒ P, such that #App,Get,Set(Ψ1) = #App,Get,Set(Φ1) + #App,Get,Set(Π1).

Therefore, we can take Ψ to be

Ψ1 ▷NG ∅ ⊢ r{x \ s (l)} : S{l := tail(S (l))} ⇒ P Ψ2 ▷NG ∅ ⊢ s : S{l := tail(S (l))}
Conf

∅ ⊢ (r{x \ s (l)}, s) : P

since

#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · Get

= #App,Get,Set(Φ1) + #App,Get,Set(Π1) + #App,Get,Set(Ψ2) + 1 · Get

= #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2) + 1 · Get

= #App,Get,Set(Ψ) + 1 · Get,

and R = Get.

– If S = set, then (t0, s) = (set((l, e), r), s)⇒CBN(set) (r, s{l := e}) = (u0, q), and Φ must

be of the form

Φ1 ▷NG ∅ ⊢ e : L Φ2 ▷NG ∅ ⊢ r : S{l := L} ⇒ P S (l) = [ ]
Set

∅ ⊢ set((l, e), r) : S⇒ P Φ3 ▷NG ∅ ⊢ s : S
Conf

∅ ⊢ (set((l, e), r), s) : P

By applying Lemma 7.60 to Φ3 and Φ1, there is Ψ3 ▷NG ∅ ⊢ s{l := e} : S{l := L}, such

that #App,Get,Set(Φ3) + #App,Get,Set(Φ1) = #App,Get,Set(Ψ3). Therefore, we can take Ψ to be

Φ2 ▷NG ∅ ⊢ r : S{l := L} ⇒ P Ψ3 ▷NG ∅ ⊢ s{l := e} : S{l := L}
Conf

∅ ⊢ (r, s{l := e}) : P

since

#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · Set+ #App,Get,Set(Φ3)

= #App,Get,Set(Φ2) + #App,Get,Set(Ψ3) + 1 · Set

= #App,Get,Set(Ψ) + 1 · Set,

and R = Set.

• Case N = N′ r. Then, we have that (t, s) = (N′[t0] r, s) ⇒CBN(S) (N′[u0] r, q) = (u, q), such that

(N′[t0], s)⇒CBN(S) (N′[u0], q), and Φ must be of the form

Φ1 ▷NG ∅ ⊢ N′[t0] : S⇒ ((N → (S⇒ P))× S) Φ2 ▷NG ∅ ⊢ r : N
App

∅ ⊢ N′[t0] r : S⇒ P Φ3 ▷NG ∅ ⊢ s : S
Conf

∅ ⊢ (N′[t0] r, s) : P
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Notice that we can build the following type derivation for (N′[t0], s):

Φ1 ▷NG ∅ ⊢ N′[t0] : S⇒ ((N → (S⇒ P))× S) Φ3 ▷NG ∅ ⊢ s : S
Conf

∅ ⊢ (N′[t0], s) : (N → (S⇒ P))× S

Therefore, by applying the i.h. to (N′[t0], s), we know there is a type derivation for (N′[u0], q)

whose premises must be of the form Ψ1 ▷NG ∅ ⊢ N′[u0] : Q ⇒ ((N → (S ⇒ P)) × S)

and Ψ3 ▷NG ∅ ⊢ q : Q, such that #App,Get,Set(Φ1) + #App,Get,Set(Φ3) = #App,Get,Set(Ψ1) +

#App,Get,Set(Ψ3) + 1 · R, where

– R = App, if S = β;

– R = Get, if S = get;

– and R = Set, if S = set.

Therefore, we can take Ψ to be

Ψ1 ▷NG ∅ ⊢ N′[u0] : Q⇒ ((N → (S⇒ P))× S)
Φ2 ▷NG ∅ ⊢ r : N

App
∅ ⊢ N′[u0] r : Q⇒ P Ψ3 ▷NG ∅ ⊢ q : Q

Conf
∅ ⊢ (N′[u0] r, q) : P

since

#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · App+ #App,Get,Set(Φ3)

= #App,Get,Set(Ψ1) + 1 · R + #App,Get,Set(Φ2) + 1 · App+ #App,Get,Set(Ψ3)

= #App,Get,Set(Ψ) + 1 · R.

Theorem 7.63 (Exact Soundness for CBN). Let t ∈ ΛG◦ and s ∈ S◦. If there is Φ ▷NG ∅ ⊢ (t, s) : P

tight, such that #App,Get,Set(Φ) = n · App+ g · Get+ s · Set, then (t, s)
n·β+g·get+s·set⇒⇒CBN (u, q), such that

u ∈ NOCBN.

Proof. Let Φ ▷NG ∅ ⊢ (t, s) : P be tight, such that #App,Get,Set(Φ) = n · App+ g · Get+ s · Set. We

proceed by induction on n + g + s:

• If n + g + s = 0, then n = g = s = 0. By Lemma 7.56, t ∈ NOCBN. Therefore, we can conclude

with u = t and q = s.

• If n + g + s > 0, then t ̸∈ NOCBN by Lemma 7.56. Since the store never blocks CBN reductions,

by Lemma 7.18 there are r ∈ ΛG◦ and s′ ∈ S◦, such that (t, s) ⇒CBN(S) (r, s′), for some S ∈

{β, get, set}. By Lemma 7.62, there is Φ′ ▷NG ∅ ⊢ (r, s′) : P tight, such that #App,Get,Set(Φ) =

#App,Get,Set(Φ′) + 1 · R, where
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– R = App, if S = β;

– R = Get, if S = get;

– and R = Set, if S = set.

Let us assume, without loss of generality, that #App,Get,Set(Φ′) = n′ · App+ g′ · Get+ s′ · Set.

Then, n′ + g′ + s′ + 1 = n + g + s. Now, by applying the i.h., (r, s′)
n′·β+g′·get+s′·set⇒⇒CBN (u′, q′),

such that u′ ∈ NOCBN. Therefore, (t, s) ⇒CBN(S) (r, s′)
n′·β+g′·get+s′·set⇒⇒CBN (u′, q′). Thus, letting

(u, q) = (u′, q′), we can conclude (t, s)
n·β+g·get+s·set⇒⇒CBN (u, q).

E.3.1.2 Quantitative Completeness

Lemma 7.64 (Weighted Anti-Substitution for CBN). Let t ∈ ΛG and u ∈ ΛG◦ . If Φ ▷NG Γ ⊢ t{x \ u} :

A (resp. N or L), then there exist Ψ ▷NG Γ; x : M ⊢ t : A (resp. N or L) and Π ▷NG ∅ ⊢ u : M, such that

#App,Get,Set(Φ) = #App,Get,Set(Ψ) + #App,Get,Set(Π).

Proof. The proof follows by induction on the structure of t. We only show the cases where t is a

variable or an operation:

• Case t = y ̸= x. Then, t{x \ u} = y{x \ u} = y. Therefore, we can take M = {{ }}, Ψ = Φ,

and Π as the following derivation

Many
∅ ⊢ u : {{ }}

since #App,Get,Set(Φ) = #App,Get,Set(Ψ) = #App,Get,Set(Ψ) + #App,Get,Set(Π).

• Case t = x. Then, t{x \ u} = x{x \ u} = u, and, since fv(u) = ∅, we know that Γ = ∅

by Lemma 7.55. Now, we must consider two cases, according to the type assigned to u in Φ:

– Let Φ ▷NG ∅ ⊢ u : A. Then, we can take M = {{A}}, Π to be

Φ ▷NG ∅ ⊢ u : A
Many

∅ ⊢ u : {{A}}

and Ψ to be
Ax

x : {{A}} ⊢ x : A

since #App,Get,Set(Φ) = #App,Get,Set(Π) = #App,Get,Set(Ψ) + #App,Get,Set(Π).

– Let Φ ▷NG ∅ ⊢ u : N. Then, we can take M = N, Π = Φ, assume (without loss of

generality) that M = {{Ai}}i∈I, and Ψ to be(
Ax

x : {{Ai}} ⊢ x : Ai

)
i∈I

Many
x : {{Ai}}i∈I ⊢ x : {{Ai}}i∈I
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since #App,Get,Set(Φ) = #App,Get,Set(Π) = #App,Get,Set(Ψ) + #App,Get,Set(Π).

• Case t = get(l, λy.r). Assume y ̸= x by α-conversion. Then, t{x \ u} = get(l, λy.r{x \ u}),

and Φ must be of the form:

Φ′ ▷NG Γ; y : head(S (l)) ⊢ r{x \ u} : S{l := tail(S (l))} ⇒ P
Get

Γ ⊢ get(l, λy.r{x \ u}) : S⇒ P

and A = S ⇒ P. By applying the i.h. to r, we know there exist Ψ′ ▷NG Γ; y : head(S (l)); x :

M ⊢ r : S{l := tail(S (l))} ⇒ P and Π′ ▷NG ∅ ⊢ u : M, such that #App,Get,Set(Φ′) =

#App,Get,Set(Ψ′) + #App,Get,Set(Π′). Therefore, we can conclude by taking Π = Π′ and Ψ to be

Ψ′ ▷NG Γ; y : head(S (l)); x : M ⊢ r : S{l := tail(S (l))} ⇒ P
Get

Γ; x : M ⊢ get(l, λy.r) : S⇒ P

since
#App,Get,Set(Φ) = #App,Get,Set(Φ′) + 1 · Get

= #App,Get,Set(Ψ′) + #App,Get,Set(Π′) + 1 · Get

= #App,Get,Set(Ψ) + #App,Get,Set(Π).

• Case t = set((l, e), r). Then, t{x \ u} = set((l, e{x \ u}), r{x \ u}), and Φ must be of the

form
Φ1 ▷NG Γ1 ⊢ e{x \ u} : L Φ2 ▷NG Γ2 ⊢ r{x \ u} : S{l := L} ⇒ P

Set
Γ1 + Γ2 ⊢ set((l, e{x \ u}), r{x \ u}) : S⇒ P

Γ = Γ1 + Γ2, and A = S ⇒ P. By applying the i.h. to e, we know there exist Ψ1 ▷NG

Γ1; x : M1 ⊢ e : L and Π1 ▷NG ∅ ⊢ u : M1, such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1) +

#App,Get,Set(Π1). By applying the i.h. to r, we know there exist Ψ2 ▷NG Γ2; x : M2 ⊢ r : S{l :=

L} ⇒ P and Π2 ▷NG ∅ ⊢ u : M2, such that #App,Get,Set(Φ2) = #App,Get,Set(Ψ2) + #App,Get,Set(Π2).

By Lemma 7.54, we know there exists Π′ ▷NG ∅ ⊢ u : M1 ⊔M2, such that #App,Get,Set(Π′) =

#App,Get,Set(Π1) + #App,Get,Set(Π2). Therefore, we can conclude by taking M = M1 ⊔ M2,

Π = Π′ and Ψ to be

Ψ1 ▷NG Γ1; x : M1 ⊢ e : L Ψ2 ▷NG Γ2; x : M2 ⊢ r : S{l := L} ⇒ P
Set

(Γ1 + Γ2); x : M1 ⊔M2 ⊢ set((l, e), r) : S⇒ P

since
#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · Set

= #App,Get,Set(Ψ1) + #App,Get,Set(Π1) + #App,Get,Set(Ψ2)

+ #App,Get,Set(Π2) + 1 · Set

= #App,Get,Set(Ψ) + #App,Get,Set(Π).

The remaining cases follow easily from the i.h..
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Lemma 7.65 (Exact Subject Expansion for CBN). Let t ∈ ΛG◦ , s ∈ S◦, and S ∈ {β, get, set}.

If (t, s) ⇒CBN(S) (u, q) and Φ ▷NG ∅ ⊢ (u, q) : P, then there is Ψ ▷NG ∅ ⊢ (t, s) : P, such that

#App,Get,Set(Φ) + 1 · R = #App,Get,Set(Ψ), where

• R = App, if S = β;

• R = Get, if S = get;

• and R = Set, if S = set.

Proof. Let (t, s) = (N[t0], s) ⇒CBN(S) (N[u0], q) = (u, q), such that (t0, s) Z⇒CBN(S) (u0, q). The proof

follows by induction on the definition of N:

• Let N = □:

– If S = β, (t0, s) = ((λx.r) e, s) Z⇒β (r{x \ e}, s) = (u0, q), and Φ is of the form

Φ1 ▷NG ∅ ⊢ r{x \ e} : S⇒ P Φ2 ▷NG ∅ ⊢ s : S
Conf

∅ ⊢ (r{x \ e}, s) : P

Given the form of Φ1, we can apply Lemma 7.64 to obtain derivations Ψ1 ▷NG x :

M ⊢ r : S ⇒ P and Ψ2 ▷NG ∅ ⊢ e : M, such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1) +

#App,Get,Set(Ψ2). Therefore, we can take Ψ to be

Ψ1 ▷NG x : M ⊢ r : S⇒ P
Abs

∅ ⊢ λx.r : S⇒ ((M→ (S⇒ P))× S) Ψ2 ▷NG ∅ ⊢ e : M
App

∅ ⊢ (λx.r) e : S⇒ P Φ2 ▷NG ∅ ⊢ s : S
Conf

∅ ⊢ ((λx.r) e, s) : P

since

#App,Get,Set(Φ) + 1 · App = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · App

= #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2)

+ #App,Get,Set(Φ2) + 1 · App

= #App,Get,Set(Ψ).

– If S = get, then (t0, s) = (get(l, λx.r), s)⇒CBN(get) (r{x \ s (l)}, s) = (u0, q), and Φ is of

the form
Φ1 ▷NG ∅ ⊢ r{x \ s (l)} : S⇒ P Φ2 ▷NG ∅ ⊢ s : S

Conf
∅ ⊢ (r{x \ s (l)}, s) : P

By applying Lemma 7.64 to Φ1, there exist Ψ1 ▷NG x : M ⊢ r : S ⇒ P and Π2 ▷NG ∅ ⊢

s (l) : M, such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1)+ #App,Get,Set(Π2). Let R = M · S (l).

Then, head(R (l)) = M, tail(R (l)) = S (l) = L, and R{l := tail(R (l))} = S. Thus,
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by applying Lemma 7.59 to Π2 and Φ2, there is a type derivation Ψ2 ▷NG ∅ ⊢ s : R, such

that #App,Get,Set(Ψ2) = #App,Get,Set(Φ2) + #App,Get,Set(Π2). Therefore, we can take Ψ to be

Ψ1 ▷NG x : head(R (l)) ⊢ r : R{l := tail(R (l))} ⇒ P
Get

∅ ⊢ get(l, λx.r) : R⇒ P Ψ2 ▷NG ∅ ⊢ s : R
Conf

∅ ⊢ (get(l, λx.r), s) : P

since

#App,Get,Set(Φ) + 1 · Get = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · Get

= #App,Get,Set(Ψ1) + #App,Get,Set(Π2)

+ #App,Get,Set(Φ2) + 1 · Get

= #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2) + 1 · Get

= #App,Get,Set(Ψ),

and R = Get.

– If S = set, then (t0, s) = (set((l, e), r), s) ⇒CBN(set) (r, s{l := e}) = (u0, q), and Φ is of

the form
Φ1 ▷NG ∅ ⊢ r : S⇒ P Φ2 ▷NG ∅ ⊢ s{l := e} : S

Conf
∅ ⊢ (r, s{l := e}) : P

Let R = S{l := [ ]}, and R{l := S (l)} = R{l := L} = S. Then, by applying Lemma 7.60

to Φ2, there are Ψ2 ▷NG ∅ ⊢ s : R and Ψ1 ▷NG ∅ ⊢ e : L, such that #App,Get,Set(Ψ2) +

#App,Get,Set(Ψ1) = #App,Get,Set(Φ2). Then, we can take Ψ to be

Ψ1 ▷NG ∅ ⊢ e : L
Φ1 ▷NG ∅ ⊢ r : R{l := L} ⇒ P R (l) = [ ]

Set
∅ ⊢ set((l, e), r) : R⇒ P Ψ2 ▷NG ∅ ⊢ s : R

Conf
∅ ⊢ (set((l, e), r), s) : P

since

#App,Get,Set(Φ) + 1 · Set = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · Set

= #App,Get,Set(Φ1) + #App,Get,Set(Ψ2)

+ #App,Get,Set(Ψ1) + 1 · Set

= #App,Get,Set(Ψ),

and R = Set.
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• Case N = N′ r. Then, we have that (t, s) = (N′[t0] r, s) ⇒CBN(S) (N′[u0] r, q) = (u, q), such that

(N′[t0], s)⇒CBN(S) (N′[u0], q), and Φ must be of the form

Φ1 ▷NG ∅ ⊢ N′[u0] : Q⇒ ((N → (R⇒ P))× R)
Φ2 ▷NG ∅ ⊢ r : N

App
∅ ⊢ N′[u0] r : Q⇒ P Φ3 ▷NG ∅ ⊢ q : Q

Conf
∅ ⊢ (N′[u0] r, q) : P

Notice that we can build the following type derivation for (N′[u0], q):

Φ1 ▷NG ∅ ⊢ N′[u0] : Q⇒ ((N → (R⇒ P))× R) Φ3 ▷NG ∅ ⊢ q : Q
Conf

∅ ⊢ (N′[u0], q) : (N → (R⇒ P))× R

Therefore, by applying the i.h. to (N′[u0], q), we know there is a type derivation for (N′[t0], s)

whose premises must be of the form Ψ1 ▷NG ∅ ⊢ N′[t0] : S ⇒ ((N → (R ⇒ P)) × R)

and Ψ3 ▷NG ∅ ⊢ s : S, such that #App,Get,Set(Φ1) + #App,Get,Set(Φ3) + 1 · R = #App,Get,Set(Ψ1) +

#App,Get,Set(Ψ3), where

– R = App, if S = β;

– R = Get, if S = get;

– and R = Set, if S = set.

Therefore, we can take Ψ to be

Ψ1 ▷NG ∅ ⊢ N′[t0] : S⇒ ((N → (R⇒ P))× R)
Φ2 ▷NG ∅ ⊢ r : N

App
∅ ⊢ N′[t0] r : S⇒ P Ψ3 ▷NG ∅ ⊢ s : S

Conf
∅ ⊢ (N′[t0] r, s) : P

since

#App,Get,Set(Φ) + 1 · R = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · App

+ #App,Get,Set(Φ3) + 1 · R

= #App,Get,Set(Ψ1) + #App,Get,Set(Φ2) + 1 · App+ #App,Get,Set(Ψ3)

= #App,Get,Set(Ψ).

Theorem 7.66 (Exact Completeness for CBN). Let t ∈ ΛG◦ and s ∈ S◦. If (t, s)
n·β+g·get+s·set⇒⇒CBN (u, q),

such that u ∈ NOCBN, then there is Φ ▷NG ∅ ⊢ (t, s) : P tight, such that #App,Get,Set(Φ) = n · App+ g ·

Get+ s · Set.

Proof. Let (t, s)
n·β+g·get+s·set⇒⇒CBN (u, q), such that u ∈ NOCBN. We proceed by induction on n + s + g:
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• If n + g + s = 0, then n = g = s = 0. Therefore, t ∈ NOCBN by Lemma 7.18. Thus, we can

conclude by Lemma 7.57.

• If n+ g+ s > 0, then t ̸∈ NOCBN by Lemma 7.56. Since t /∈ NOCBN, by Lemma 7.18 there exist r, s′

and S ∈ {β, get, set} such that (t, s)⇒CBN(S) (r, s′)
n′·β+g′·get+s′·set⇒⇒CBN (u, q), and n′+ g′+ s′+ 1 =

n + g + s. Now, by applying the i.h., there is Φ′ ▷NG ∅ ⊢ (r, s′) : A × Q tight, such that

#App,Get,Set(Φ′) = n′ ·App+ g′ ·Get+ s′ ·Set. By Lemma 7.65, there is Φ′ ▷NG ∅ ⊢ (t, s) : A×Q

tight, such that #App,Get,Set(Φ′) + 1 · R = #App,Get,Set(Φ), where

– R = App, if S = β;

– R = Get, if S = get;

– and R = Set, if S = set.

Therefore, we can take Φ = Φ′, since

#App,Get,Set(Φ) = #App,Get,Set(Φ′) + 1 · R

= n′ · App+ g′ · Get+ s′ · Set+ 1 · R

= n · App+ g · Get+ s · Set.

E.3.2 Call-By-Value

Lemma 7.73 (CBV Multiset-Typings Split and Merge). Let v ∈ ΛG
. Then, there is Φ ▷VG Γ ⊢ v : M,

such that M = ⊔i∈IMi, if and only if there are Φi ▷VG Γi ⊢ v : Mi, such that Γ = +i∈IΓi, and

#App,Get,Set(Φ) = +i∈I#App,Get,Set(Φi).

Proof. The proof is identical to that of Lemma 7.54. Indeed, the multiset splitting and merging for

values is identical to that for terms in CBN case.

Lemma 7.74 (Contexts and Free Variables for CBV). If Φ ▷VG Γ ⊢ t : M (resp. M), then dom(Γ) ⊆

fv(t).

Proof. The proof is identical to that of Lemma 7.55. Indeed, the CBV typing system does not differ

from the CBN one in variable occurrences and binding structure. Therefore, every variable that is

assigned a non-empty multi-type in the typing context must occur free in the typed term.

Lemma 7.75 (CBV Values Are Not Effectful). Let t ∈ ΛG and Φ ▷VG Γ ⊢ t : S⇒ (M×Q). If t ∈ ΛG
,

then Q = S and Φ ends with rule Lift.

Proof. Since t ∈ ΛG , t is either a variable or an abstraction. We analyze the possible last rule of Φ:
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• Rules App, Get, and Set cannot be the last rule of Φ, since they type applications or effectful

operations, which are not values.

• The only remaining possibility is that Φ ends with rule Lift. By definition of Lift, this rule

preserves the state component, hence Q = S.

Therefore, if t is a value and Φ ▷VG Γ ⊢ t : S ⇒ (M×Q), then necessarily Q = S and Φ ends with

rule Lift.

Lemma 7.76 (Zero Weight Tight Type Derivations Characterize CBV-Normal Forms). Let t ∈ ΛG◦

and s ∈ S◦. If Φ ▷VG ∅ ⊢ (t, s) : P is tight, then #App,Get,Set(Φ) = 0 · App+ 0 · Get+ 0 · Set if and only

if t ∈ NOCBV.

Proof. If Φ ▷VG ∅ ⊢ (t, s) : M×Q is tight, then it must be of the form

Φ1 ▷VG ∅ ⊢ t : S⇒ (M× {l 7→ [ ]}l∈L) Φ2 ▷VG ∅ ⊢ s : S
Conf

∅ ⊢ (t, s) : M× {l 7→ [ ]}l∈L

such that P = {{ }} × {l 7→ [ ]}l∈L.

(⇒) Let #App,Get,Set(Φ) = 0 · App+ 0 · Get+ 0 · Set. Observe that in the CBV type system, the only

rule that assigns a monadic type to a value without introducing any App, Get, or Set steps is

Lift. We proceed by cases, according to the last rule R of Φ1:

– Case R = Ax. Then, t is a variable. This leads to a contradiction with t ∈ ΛG◦ . Therefore,

this case does not apply.

– Case R = Abs. Then, A is not a monadic type. This leads to a contradiction with

A = {{ }}. Therefore, this case does not apply.

– Case R = App. This leads to a contradiction with #App(Φ) = 0 · App. Therefore, this case

does not apply.

– Case R = Lift. Then, t is a closed abstraction. Thus, t ∈ NOCBV.

– Case R = Get. This leads to a contradiction with #Get(Φ) = 0 · Get. Therefore, this case

does not apply.

– Case R = Set. This leads to a contradiction with #Set(Φ) = 0 · Set. Therefore, this case

does not apply.

Therefore, Φ1 must end with rule Lift and t must be a closed abstraction. Thus, we can

conclude that t ∈ NOCBV.
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(⇐) Let t ∈ NOCBV. Then, t = λx.u is a closed abstraction, S = {l 7→ [ ]}l∈L, and Φ must be of the

form

Abs
∅ ⊢ λx.u : {{ }}

Lift
∅ ⊢ λx.u : {l 7→ [ ]}l∈L ⇒ ({{ }} × S)

(
EList

∅ ⊢ s (l) : [ ]

)
l∈L State

∅ ⊢ {l 7→ s (l)}l∈L : {l 7→ [ ]}l∈L Conf
∅ ⊢ (λx.u, s) : {{ }} × S

Therefore, we can conclude that #App,Get,Set(Φ) = 0 · App+ 0 · Get+ 0 · Set.

Lemma 7.77 (Tight Typability of CBV-Normal Forms). Let s ∈ S◦. If t ∈ NOCBV, then there is a derivation

Φ ▷VG ∅ ⊢ (t, s) : P that is tight.

Proof. If t ∈ NOCBV, then t ∈ ΛG
◦ . Therefore, t is a closed abstraction, i.e. t = λx.u, and we can take

P = {{ }} × {l 7→ [ ]}l∈L, and Φ to be

Abs
∅ ⊢ λx.u : {{ }}

Lift
∅ ⊢ λx.u : {l 7→ [ ]}l∈L ⇒ P

(
EList

∅ ⊢ s (l) : [ ]
)

l∈L
State

∅ ⊢ {l 7→ s (l)}l∈L : {l 7→ [ ]}l∈L
Conf

∅ ⊢ (λx.u, s) : P

We can conclude since the above type derivation is tight.

Lemma 7.79. Let l ∈ L and s ∈ S. There is Φ ▷VG ∅ ⊢ s : S, such that S (l) ̸= [ ], if and only if there

are Ψ ▷VG ∅ ⊢ s (l) : head(S (l)) and Π ▷VG ∅ ⊢ s : S{l := tail(S (l))}. Moreover, #App,Get,Set(Φ) =

#App,Get,Set(Ψ) + #App,Get,Set(Π).

Proof. We omit the proof since it is identical to that of the CBN λG-calculus (see Lemma 7.59),

the typing of states and the associated weight bookkeeping being independent of the evaluation

strategy.

Lemma 7.80. Let l ∈ L and s ∈ S. There are Φ ▷VG ∅ ⊢ s : S, such that S (l) = [ ], and Ψ ▷VG ∅ ⊢ v : L

if and only if there is Π ▷VG ∅ ⊢ s{l := v} : S{l := L}. Moreover, #App,Get,Set(Φ) + #App,Get,Set(Ψ) =

#App,Get,Set(Π).

Proof. e omit the proof since it is identical to that of the CBN λG-calculus (see Lemma 7.60), as state

typing and its weight bookkeeping are independent of the evaluation strategy.

E.3.2.1 Quantitative Soundness

Lemma 7.81 (Weighted Substitution for CBV). Let t ∈ ΛG◦ , and v ∈ ΛG
. If Φ ▷VG Γ; x : M ⊢

t : M (resp. N or L) and Ψ ▷VG ∅ ⊢ v : M, then Π ▷VG Γ ⊢ t{x \ v} : M (resp. N or L), such that

#App,Get,Set(Π) = #App,Get,Set(Φ) + #App,Get,Set(Ψ).
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Proof. The proof follows by induction on the structure of Φ. We proceed by cases, according to the

last rule R of Φ. We only show rules Ax, Get and Set. The remaining cases follow easily from the

i.h. and Lemma 7.75:

• Case R = Ax. Then, t is a variable, and we must consider the two following possibilities:

– If t = y ̸= x, then Φ must be of the form

Ax
y : N; x : {{ }} ⊢ y : N

Γ = y : N, and M = {{ }}. Moreover, t{x \ v} = y{x \ v} = y, and Ψ must be of the form

Ax
∅ ⊢ v : {{ }}

Therefore, we can take Π = Φ, since #App,Get,Set(Ψ) = 0 · App+ 0 · Get+ 0 · Set, and thus

#App,Get,Set(Π) = #App,Get,Set(Φ) + #App,Get,Set(Ψ).

– If t = x, then Φ must be of the form

Ax
x : N ⊢ x : N

and Γ = ∅, and M = N. Moreover, t{x \ v} = x{x \ v} = v. Therefore, we can take

Π = Ψ, since #App,Get,Set(Φ) = 0 · App + 0 · Get + 0 · Set, and thus #App,Get,Set(Π) =

#App,Get,Set(Φ) + #App,Get,Set(Ψ).

• Case R = Get. Then, t = get(l, λy.u), and Φ must be of the form

Φ′ ▷VG Γ; y : head(S (l)); x : M ⊢ u : S{l := tail(S (l))} ⇒ P
Get

Γ ⊢ get(l, λy.u) : S⇒ P

and M = S ⇒ P. By applying the i.h. to Φ′, there is Π′ ▷VG Γ; y : head(S (l)) ⊢ u{x \

v} : S{l := tail(S (l))} ⇒ P, such that #App,Get,Set(Π′) = #App,Get,Set(Φ′) + #App,Get,Set(Ψ).

Therefore, we can take Π to be

Π′ ▷VG Γ; y : head(S (l)) ⊢ u{x \ v} : S{l := tail(S (l))} ⇒ P
Get

Γ ⊢ get(l, λy.u{x \ v}) : S⇒ P

since get(l, λy.u{x \ v}) = get(l, λy.u){x \ v}, and

#App,Get,Set(Π) = #App,Get,Set(Π′) + 1 · Get

= #App,Get,Set(Φ′) + #App,Get,Set(Ψ) + 1 · Get

= #App,Get,Set(Φ) + #App,Get,Set(Ψ).
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• Case R = Set. Then, t = set((l, w), r), and Φ must be of the form

Φ1 ▷VG Γ1; x : M1 ⊢ w : L Φ2 ▷VG Γ2; x : M2 ⊢ r : S{l := L} ⇒ P
Set

(Γ1 + Γ2); x : M1 ⊔M2 ⊢ set((l, w), r) : S⇒ P

Γ = Γ1 + Γ2, M = M1 ⊔ M2, and M = S ⇒ P. By Lemma 7.73, there exist Ψ1 ▷VG ∅ ⊢

v : M1 and Ψ2 ▷VG ∅ ⊢ v : M2, such that #App,Get,Set(Ψ) = #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2).

By applying the i.h. to Φ1, we know there exists Π1 ▷VG Γ1 ⊢ w{x \ v} : L, such that

#App,Get,Set(Π1) = #App,Get,Set(Φ1) + #App,Get,Set(Ψ1). By applying the i.h. to Φ2, we know there

exists Π2 ▷VG Γ2 ⊢ r{x \ v} : S{l := L} ⇒ P, such that #App,Get,Set(Π2) = #App,Get,Set(Φ2) +

#App,Get,Set(Ψ2). Therefore, we can take Π to be

Π1 ▷VG Γ1 ⊢ w{x \ v} : L Π2 ▷VG Γ2 ⊢ r{x \ v} : S{l := L} ⇒ P
Set

Γ1 + Γ2 ⊢ set((l, w{x \ v}), r{x \ v}) : S⇒ P

since we have that set((l, w{x \ v}), r{x \ v}) = set((l, w), r){x \ v}, and

#App,Get,Set(Π) = #App,Get,Set(Π1) + #App,Get,Set(Π2) + 1 · Set

= #App,Get,Set(Φ1) + #App,Get,Set(Ψ1)

+ #App,Get,Set(Φ2) + #App,Get,Set(Ψ2) + 1 · Set

= #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + #App,Get,Set(Ψ) + 1 · Set

= #App,Get,Set(Φ) + #App,Get,Set(Ψ).

Lemma 7.82 (Exact Subject Reduction for CBV). Let t ∈ ΛG◦ , s ∈ S◦, and S ∈ {βv, get, set}.

If (t, s) ⇒CBV(S) (u, q) and Φ ▷VG ∅ ⊢ (t, s) : P, then there is Ψ ▷VG ∅ ⊢ (u, q) : P, such that

#App,Get,Set(Φ) = #App,Get,Set(Ψ) + 1 · R, where

• R = App, if S = βv;

• R = Get, if S = get;

• and R = Set, if S = set.

Proof. Let (t, s) = (V[t0], s) ⇒CBV(S) (V[u0], q) = (u, q), such that (t0, s) Z⇒CBV(S) (u0, q). The proof

follows by induction on the definition of V:

• Case V = □:
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– If S = βv, then (t0, s) = ((λx.r) v, s) Z⇒βv (r{x \ v}, s) = (u0, q), and Φ must be of the

form

Φ1 ▷VG x : N ⊢ r : S⇒ P
Abs

∅ ⊢ λx.r : {{N → (S⇒ P)}}
Lift

∅ ⊢ λx.r : S⇒ ({{N → (S⇒ P)}} × S)

Φ2 ▷VG ∅ ⊢ v : N
Lift

∅ ⊢ v : S⇒ (N × S)
App

∅ ⊢ (λx.r) v : S⇒ P Φ3 ▷VG ∅ ⊢ s : S
Conf

∅ ⊢ ((λx.r) v, s) : P

according to Lemma 7.75. Given the forms of Φ1 and Φ2, we can apply Lemma 7.81

to obtain a derivation Π ▷VG ∅ ⊢ r{x \ v} : S ⇒ P, such that #App,Get,Set(Π) =

#App,Get,Set(Φ1) + #App,Get,Set(Φ2). Therefore, we can take Ψ to be

Π ▷VG ∅ ⊢ r{x \ v} : S⇒ P Φ3 ▷VG ∅ ⊢ s : S
Conf

∅ ⊢ (r{x \ v}, s) : P

since

#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · App+ #App,Get,Set(Φ3)

= #App,Get,Set(Π) + 1 · App+ #App,Get,Set(Φ3)

= #App,Get,Set(Ψ) + 1 · App.

– If S = get, then (t0, s) = (get(l, λx.r), s) ⇒CBV(get) (r{x \ s (l)}, s) = (u0, q), and Φ

must be of the form

Φ1 ▷VG x : head(S (l)) ⊢ r : S{l := tail(S (l))} ⇒ P
Get

∅ ⊢ get(l, λx.r) : S⇒ P Φ2 ▷VG ∅ ⊢ s : S
Conf

∅ ⊢ (get(l, λx.r), s) : P

By applying Lemma 7.79 to Φ2, there are derivations Π1 ▷VG ∅ ⊢ s (l) : head(S (l))

and Ψ2 ▷VG ∅ ⊢ s : S{l := tail(S (l))}, such that #App,Get,Set(Φ2) = #App,Get,Set(Π1) +

#App,Get,Set(Ψ2). By applying Lemma 7.81 to Φ1 and Π1, there is Ψ1 ▷VG ∅ ⊢ r{x \ s (l)} :

S{l := tail(S (l))} ⇒ P, such that #App,Get,Set(Ψ1) = #App,Get,Set(Φ1) + #App,Get,Set(Π1).

Therefore, we can take Ψ to be

Ψ1 ▷VG ∅ ⊢ r{x \ s (l)} : S{l := tail(S (l))} ⇒ P Ψ2 ▷VG ∅ ⊢ s : S{l := tail(S (l))}
Conf

∅ ⊢ (r{x \ s (l)}, s) : P

since

#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · Get

= #App,Get,Set(Φ1) + #App,Get,Set(Π1) + #App,Get,Set(Ψ2) + 1 · Get

= #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2) + 1 · Get

= #App,Get,Set(Ψ) + 1 · Get.
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– If S = set, then (t0, s) = (set((l, v), r), s)⇒CBV(set) (r, s{l := v}) = (u0, q), and Φ must

be of the form

Φ1 ▷VG ∅ ⊢ v : L Φ2 ▷VG ∅ ⊢ r : S{l := L} ⇒ P S (l) = [ ]
Set

∅ ⊢ set((l, v), r) : S⇒ P Φ3 ▷VG ∅ ⊢ s : S
Conf

∅ ⊢ (set((l, v), r), s) : P

By applying Lemma 7.60 to Φ1 and Φ3, there is Ψ3 ▷VG ∅ ⊢ s{l := v} : S{l := L}, such

that #App,Get,Set(Φ3) + #App,Get,Set(Φ1) = #App,Get,Set(Ψ3). Therefore, we can take Ψ to be

Φ2 ▷VG ∅ ⊢ r : S{l := L} ⇒ P Ψ3 ▷VG ∅ ⊢ s{l := v} : S{l := L}
Conf

∅ ⊢ (r, s{l := v}) : P

since

#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · Set+ #App,Get,Set(Φ3)

= #App,Get,Set(Φ2) + #App,Get,Set(Ψ3) + 1 · Set

= #App,Get,Set(Ψ) + 1 · Set.

• Case V = V′ r. Then, we have that (t, s) = (V′[t0] r, s) ⇒CBV(S) (V′[u0] r, q) = (u, q), such that

(V′[t0], s)⇒CBV(S) (V′[u0], q), and Φ must be of the form

Φ1 ▷VG ∅ ⊢ V′[t0] : S⇒ ({{N → (T ⇒ P)}} × R)
Φ2 ▷VG ∅ ⊢ r : R⇒ (N × T)

App
∅ ⊢ V′[t0] r : S⇒ P Φ3 ▷VG ∅ ⊢ s : S

Conf
∅ ⊢ (V′[t0] r, s) : P

Notice that we can build the following type derivation for (V′[t0], s):

Φ1 ▷VG ∅ ⊢ V′[t0] : S⇒ ({{N → (T ⇒ P)}} × R) Φ3 ▷VG ∅ ⊢ s : S
Conf

∅ ⊢ (V′[t0], s) : {{N → (T × P)}} ⇒ R

Therefore, by applying the i.h. to (V′[t0], s), we know there is a type derivation for (V′[u0], q)

whose premises are of the form Ψ1 ▷VG ∅ ⊢ V′[u0] : Q ⇒ ((N → (T ⇒ P))× R) and Ψ3 ▷VG

∅ ⊢ q : Q, such that #App,Get,Set(Φ1) + #App,Get,Set(Φ3) = #App,Get,Set(Ψ1) + #App,Get,Set(Ψ3) +

1 · R, where

– R = App, if S = βv;

– R = Get, if S = get;

– and R = Set, if S = set.
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Therefore, we can take Ψ to be

Ψ1 ▷VG ∅ ⊢ V′[u0] : Q⇒ ({{N → (T ⇒ P)}} × R)
Φ2 ▷VG ∅ ⊢ r : R⇒ (N × T)

App
∅ ⊢ V′[u0] r : Q⇒ P Ψ3 ▷VG ∅ ⊢ q : Q

Conf
∅ ⊢ (V′[u0] r, q) : P

since

#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · App+ #App,Get,Set(Φ3)

= #App,Get,Set(Ψ1) + 1 · R + #App,Get,Set(Φ2) + 1 · App+ #App,Get,Set(Ψ3)

= #App,Get,Set(Ψ) + 1 · R.

• Case V = w V′. Then, (t, s) = (w V′[t0], s) ⇒CBV (w V′[u0], q) = (u, q), such that (V[t0], s) ⇒CBV
(V[u0], q), and Φ must be of the form

Φ1 ▷VG ∅ ⊢ w : {{N → (R⇒ P)}}
Lift

∅ ⊢ w : S⇒ ({{N → (R⇒ P)}} × S) Φ2 ▷VG ∅ ⊢ V′[t0] : S⇒ (N × R)
App

∅ ⊢ w V′[t0] : S⇒ P Φ3 ▷VG ∅ ⊢ s : S
Conf

∅ ⊢ (w V′[t0], s) : P

according to Lemma 7.75. Notice that we can build the following type derivation for (V[t0], s):

Φ2 ▷VG ∅ ⊢ V′[t0] : S⇒ (N × R) Φ3 ▷VG ∅ ⊢ s : S
Conf

∅ ⊢ (V[t0], s) : N × R

Therefore, by applying the i.h. to (V′[t0], s), we know there is a type derivation for (V[u0], q)

whose premises are of the form Ψ2 ▷VG ∅ ⊢ V′[u0] : Q⇒ (N × R) and Ψ3 ▷VG ∅ ⊢ q : Q, such

that #App,Get,Set(Φ2) + #App,Get,Set(Φ3) = #App,Get,Set(Ψ2) + #App,Get,Set(Ψ3) + 1 · R,

– R = App, if S = βv;

– R = Get, if S = get;

– and R = Set, if S = set.

Therefore, we can take Ψ to be

Φ1 ▷VG ∅ ⊢ w : {{N → (R⇒ P)}}
Lift

∅ ⊢ w : Q⇒ ({{N → (R⇒ P)}} ×Q) Ψ2 ▷VG ∅ ⊢ V′[u0] : Q⇒ (N × R)
App

∅ ⊢ w V′[u0] : Q⇒ P Ψ3 ▷VG ∅ ⊢ q : Q
Conf

∅ ⊢ (w V′[u0], q) : P
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since

#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · App+ #App,Get,Set(Φ3)

= #App,Get,Set(Φ1) + 1 · R + #App,Get,Set(Ψ2) + 1 · App+ #App,Get,Set(Ψ3)

= #App,Get,Set(Ψ) + 1 · R.

Theorem 7.83 (Exact Soundness for CBV). Let t ∈ ΛG◦ . If there is Φ ▷VG ∅ ⊢ (t, s) : P tight, such that

#App,Get,Set(Φ) = n · App+ g · Get+ s · Set, then (t, s)
n·βv+g·get+s·set⇒⇒CBV (u, q), such that u ∈ NOCBV.

Proof. Let Φ ▷VG ∅ ⊢ (t, s) : P be tight, such that #App,Opi(Φ) = n · App+ g · Get+ s · Set. We proceed

by induction on n + g + s:

• If n + g + s = 0, then n = g = s = 0. By Lemma 7.76, t ∈ NOCBV. Therefore, we can conclude

with u = t and q = s.

• If n + g + s > 0, then t ̸∈ NOCBV by Lemma 7.76. By Lemma 7.18, there are r ∈ ΛG◦ and

s′ ∈ S◦, such that (t, s) ⇒CBV(S) (r, s′), for some S ∈ {βv, get, set}. By Lemma 7.82, there is

Φ′ ▷VG ∅ ⊢ (r, s′) : P tight, such that #App,Get,Set(Φ) = #App,Get,Set(Φ′) + 1 · R, where

– R = App, if S = βv;

– R = Get, if S = get;

– and R = Set, if S = set.

Let us assume, without loss of generality, that #App,Get,Set(Φ′) = n′ · App+ g′ · Get+ s′ · Set.

Then, n′ + g′ + s′ + 1 = n + g + s. Now, by applying the i.h., (r, s′)
n′·βv+g′·get+s′·set⇒⇒CBV (u′, q′),

such that u′ ∈ NOCBV. Therefore, (t, s)⇒CBV(S) (r, s′)
n′·βv+g′·get+s′·set⇒⇒CBV (u′, q′). Thus, we can take

(u, q) = (u′, q′), since (t, s)
n·βv+g·get+s·set⇒⇒CBV (u, q).

The argument is identical in structure to the CBN case, relying on exact subject reduction and the

characterization of CBV normal forms.

E.3.2.2 Quantitative Completeness

Lemma 7.84 (Weighted Anti-Substitution for CBV). Let t ∈ ΛG and v ∈ ΛG
◦ . If Φ ▷VG Γ ⊢ t{x \

v} : M (resp. N or L), then Ψ ▷VG Γ; x : M ⊢ t : M (resp. N or L) and Π ▷VG ∅ ⊢ v : M, such that

#App,Get,Set(Φ) = #App,Get,Set(Ψ) + #App,Get,Set(Π).

Proof. The proof follows by induction on the structure of t. We only show the cases where t is a

variable or an operation. The remaining cases following easily from the i.h. and Lemma 7.75:
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• Case t = y ̸= x. Then, t{x \ v} = y{x \ v} = y. Therefore, we can take M = {{ }}, Ψ = Φ,

and Π as the following derivation

Many
∅ ⊢ v : {{ }}

since #App,Get,Set(Φ) = #App,Get,Set(Ψ) = #App,Get,Set(Ψ) + #App,Get,Set(Π).

• Case t = x. Then, t{x \ v} = x{x \ v} = v, and, since fv(v) = ∅, we know that Γ = ∅

by Lemma 7.74. Now, we must consider two cases, according to the type assigned to v in Φ:

– Let Φ be of the form
Φ′ ▷VG ∅ ⊢ v : N

Lift
∅ ⊢ v : S⇒ (N × S)

Then, we can take M = N, Π = Φ′ and Ψ to be

Ax
x : N ⊢ x : N

Lift
x : N ⊢ x : S⇒ (N × S)

since #App,Get,Set(Φ) = #App,Get,Set(Π) = #App,Get,Set(Ψ) + #App,Get,Set(Π).

– Let Φ ▷V ∅ ⊢ v : N. Then, we can take M = N, Π = Φ, and Ψ to be

Ax
x : N ⊢ x : N

since #App,Get,Set(Φ) = #App,Get,Set(Π) = #App,Get,Set(Ψ) + #App,Get,Set(Π).

• Case t = get(l, λy.u). Then, t{x \ v} = get(l, λy.u{x \ v}), and Φ must be of the form:

Φ′ ▷VG Γ; y : head(S (l)) ⊢ u{x \ v} : S{l := tail(S (l))} ⇒ P
Get

Γ ⊢ get(l, λy.u{x \ v}) : S⇒ P

and M = S ⇒ P. By applying the i.h. to u, we know Ψ′ ▷VG Γ; y : head(S (l)); x : M ⊢

u : S{l := tail(S (l))} ⇒ P exists and Π′ ▷VG ∅ ⊢ v : M, such that #App,Get,Set(Φ′) =

#App,Get,Set(Ψ′) + #App,Get,Set(Π′). Therefore, we can conclude by taking Π = Π′ and Ψ to be

Ψ′ ▷VG Γ; y : head(S (l)); x : M ⊢ u : S{l := tail(S (l))} ⇒ P
Get

Γ; x : M ⊢ get(l, λy.u) : S⇒ P

since
#App,Get,Set(Φ) = #App,Get,Set(Φ′) + 1 · Get

= #App,Get,Set(Ψ′) + #App,Get,Set(Π′) + 1 · Get

= #App,Get,Set(Ψ) + #App,Get,Set(Π).

• Case t = set((l, w), u). Then, t{x \ v} = set((l, w{x \ v}), u{x \ v}), and Φ must be of the

form
Φ1 ▷VG Γ1 ⊢ w{x \ v} : L Φ2 ▷VG Γ2 ⊢ u{x \ v} : S{l := L} ⇒ P

Set
Γ1 + Γ2 ⊢ set((l, w{x \ v}), u{x \ v}) : S⇒ P
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Γ = Γ1 + Γ2, and M = S ⇒ P. By applying the i.h. to w, we know there exist Ψ1 ▷VG

Γ1; x : M1 ⊢ w : L and Π1 ▷VG ∅ ⊢ v : M1, such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1) +

#App,Get,Set(Π1). By applying the i.h. to u, we know there exist Ψ2 ▷VG Γ2; x : M2 ⊢ u :

S{l := L} ⇒ P and Π2 ▷VG ∅ ⊢ v : M2, such that #App,Get,Set(Φ2) = #App,Get,Set(Ψ2) +

#App,Get,Set(Π2). By Lemma 7.73, there exists a type derivation Π′ ▷VG ∅ ⊢ v : M1 ⊔ M2,

such that #App,Get,Set(Π′) = #App,Get,Set(Π1) + #App,Get,Set(Π2). Therefore, we can conclude by

taking M = M1 ⊔M2, Π = Π′ and Ψ to be

Ψ1 ▷VG Γ1; x : M1 ⊢ w : L Ψ2 ▷VG Γ2; x : M2 ⊢ u : S{l := L} ⇒ P
Set

(Γ1 + Γ2); x : M1 ⊔M2 ⊢ set((l, w), u) : S⇒ P

since

#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · Set

= #App,Get,Set(Ψ1) + #App,Get,Set(Π1)

+ #App,Get,Set(Ψ2) + #App,Get,Set(Π2) + 1 · Set

= #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2) + #App,Get,Set(Π′) + 1 · Set

= #App,Get,Set(Ψ) + #App,Get,Set(Π).

Lemma 7.85 (Exact Subject Expansion for CBV). Let t, u ∈ ΛG◦ , s ∈ S◦, and S ∈ {βv, get, set}.

If (t, s) ⇒CBV(S) (u, q) and Φ ▷VG ∅ ⊢ (u, q) : P, then there is Ψ ▷VG ∅ ⊢ (t, s) : P, such that

#App,Get,Set(Φ) + 1 · R = #App,Get,Set(Ψ), where

• R = App, if S = βv;

• R = Get, if S = get;

• and R = Set, if S = set.

Proof. Let (t, s) = (V[t0], s) ⇒CBV(S) (V[u0], q) = (u, q), such that (t0, s) Z⇒CBV(S) (u0, q). The proof

follows by induction on the definition of V:

• Let V = □:

– If S = βv, then (t0, s) = ((λx.r) v, s) Z⇒βv (r{x \ v}, s) = (u0, q), and Φ is of the form

Φ1 ▷VG ∅ ⊢ r{x \ v} : S⇒ P Φ2 ▷VG ∅ ⊢ s : S
Conf

∅ ⊢ (r{x \ v}, s) : P

Given the form of Φ1, we can apply Lemma 7.84 to obtain derivations Ψ1 ▷VG x :

M ⊢ r : S ⇒ P and Ψ2 ▷VG ∅ ⊢ v : M, such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1) +
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#App,Get,Set(Ψ2). Therefore, we can take Ψ to be

Ψ1 ▷VG x : M ⊢ r : S⇒ P
Abs

∅ ⊢ λx.r : {{M→ (S⇒ P)}}
Lift

∅ ⊢ λx.r : S⇒ ({{M→ (S⇒ P)}} × S)

Ψ2 ▷VG ∅ ⊢ v : M
Lift

∅ ⊢ v : S⇒ (M× S)
App

∅ ⊢ (λx.r) v : S⇒ P Φ2 ▷VG ∅ ⊢ s : S
Conf

∅ ⊢ ((λx.r) v, s) : P

since

#App,Get,Set(Φ) + 1 · App = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · App

= #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2)

+ #App,Get,Set(Φ2) + 1 · App

= #App,Get,Set(Ψ).

– If S = get, then (t0, s) = (get(l, λx.r), s)⇒CBV(get) (r{x \ s (l)}, s) = (u0, q), and Φ is of

the form
Φ1 ▷VG ∅ ⊢ r{x \ s (l)} : S⇒ P Φ2 ▷VG ∅ ⊢ s : S

Conf
∅ ⊢ (r{x \ s (l)}, s) : P

By applying Lemma 7.84 to Φ1, there exist Ψ1 ▷VG x : M ⊢ r : S ⇒ P and Π ▷VG ∅ ⊢

s (l) : M, such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1) + #App,Get,Set(Π). Let R = M · S (l).

Then, head(R (l)) = M, tail(R (l)) = S (l) = L, and R{l := tail(R (l))} = S. Thus,

by applying Lemma 7.79 to Π and Φ2, there is a type derivation Ψ2 ▷VG ∅ ⊢ s : R, such

that #App,Get,Set(Ψ2) = #App,Get,Set(Φ2) + #App,Get,Set(Π). Therefore, we can take Ψ to be

Ψ1 ▷VG x : head(R (l)) ⊢ r : R{l := tail(R (l))} ⇒ P
Get

∅ ⊢ get(l, λx.r) : R⇒ P Ψ2 ▷VG ∅ ⊢ s : R
Conf

∅ ⊢ (get(l, λx.r), s) : P

since

#App,Get,Set(Φ) + 1 · Get = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · Get

= #App,Get,Set(Ψ1) + #App,Get,Set(Π)

+ #App,Get,Set(Φ2) + 1 · Get

= #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2) + 1 · Get

= #App,Get,Set(Ψ).

– If S = set, then (t0, s) = (set((l, v), r), s) ⇒CBV(set) (r, s{l := v}) = (u0, q), and Φ is of

the form
Φ1 ▷VG ∅ ⊢ r : S⇒ P Φ2 ▷VG ∅ ⊢ s{l := v} : S

Conf
∅ ⊢ (r, s{l := v}) : P

Let R = S{l := [ ]}, and R{l := S (l)} = R{l := L} = S. Then, by applying Lemma 7.80
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to Φ2, there are Ψ2 ▷VG ∅ ⊢ s : R and Ψ1 ▷VG ∅ ⊢ v : L, such that #App,Get,Set(Ψ2) +

#App,Get,Set(Ψ1) = #App,Get,Set(Φ2). Then, we can take Ψ to be

Ψ1 ▷VG ∅ ⊢ v : L
Φ1 ▷VG ∅ ⊢ r : R{l := L} ⇒ P R (l) = [ ]

Set
∅ ⊢ set((l, v), r) : R⇒ P Ψ2 ▷VG ∅ ⊢ s : R

Conf
∅ ⊢ (set((l, v), r), s) : P

since

#App,Get,Set(Φ) + 1 · Set = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · Set

= #App,Get,Set(Φ1) + #App,Get,Set(Ψ1)

#App,Get,Set(Ψ2) + 1 · Set

= #App,Get,Set(Ψ).

• Case V = V′ r. Then, we have that (t, s) = (V′[t0] r, s) ⇒CBV(S) (V′[u0] r, q) = (u, q), such that

(V′[t0], s)⇒CBV(S) (V′[u0], q), and Φ must be of the form

Φ1 ▷VG ∅ ⊢ V′[u0] : Q⇒ ({{N → (T ⇒ P)}} × R)
Φ2 ▷VG ∅ ⊢ r : R⇒ (N × T)

App
∅ ⊢ V′[u0] r : Q⇒ P Φ3 ▷VG ∅ ⊢ q : Q

Conf
∅ ⊢ (V′[u0] r, q) : P

Notice that we can build the following type derivation for (V′[u0], q):

Φ1 ▷VG ∅ ⊢ V′[u0] : Q⇒ ({{N → (T ⇒ P)}} × R) Φ3 ▷VG ∅ ⊢ q : Q
Conf

∅ ⊢ (V′[u0], q) : {{N → (T ⇒ P)}} × R

Therefore, by applying the i.h. to (V′[u0], q), we know there is a type derivation for (V′[t0], s)

whose premises are of the form Ψ1 ▷VG ∅ ⊢ V′[t0] : S ⇒ ({{N → (T ⇒ P)}} × R) and

Ψ3 ▷VG ∅ ⊢ s : S, such that #App,Get,Set(Φ1) + #App,Get,Set(Φ3) + 1 · R = #App,Get,Set(Ψ1) +

#App,Get,Set(Ψ3), where

– R = App, if S = βv;

– R = Get, if S = get;

– and R = Set, if S = set.

Therefore, we can take Ψ to be

Ψ1 ▷VG ∅ ⊢ V′[t0] : S⇒ ({{N → (T ⇒ P)}} × R)
Φ2 ▷VG ∅ ⊢ r : R⇒ (N × T)

App
∅ ⊢ V′[t0] r : S⇒ P Ψ3 ▷VG ∅ ⊢ s : S

Conf
∅ ⊢ (V′[t0] r, s) : P
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since

#App,Get,Set(Φ) + 1 · R = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · App

+ #App,Get,Set(Φ3) + 1 · R

= #App,Get,Set(Ψ1) + #App,Get,Set(Φ2) + 1 · App+ #App,Get,Set(Ψ3)

= #App,Get,Set(Ψ).

• Case V = w V′. Then, we have that (t, s) = (w V′[t0], s)⇒CBV(S) (w V′[u0], q) = (u, q), such that

(V[t0], s)⇒CBV(S) (V[u0], q), and Φ must be of the form

Φ1 ▷VG ∅ ⊢ w : {{N → (T ⇒ P)}}
Lift

∅ ⊢ w : Q⇒ ({{N → (T ⇒ P)}} ×Q) Φ2 ▷VG ∅ ⊢ V′[u0] : Q⇒ (N × T)
App

∅ ⊢ w V′[u0] : Q⇒ P Φ3 ▷VG ∅ ⊢ q : Q
Conf

∅ ⊢ (w V′[u0], q) : P

Notice that we can build the following type derivation for (V[u0], q):

Φ2 ▷VG ∅ ⊢ V′[u0] : Q⇒ (N × T) Φ3 ▷VG ∅ ⊢ q : Q
Conf

∅ ⊢ (V[u0], q) : N × T

Therefore, by applying the i.h. to V′[u0], we know there is a type derivation for (V[t0], s)

whose premises are of the form Ψ2 ▷VG ∅ ⊢ V′[t0] : S ⇒ (N × T) and Ψ3 ▷VG ∅ ⊢ s : S, such

that #App,Get,Set(Φ2) + #App,Get,Set(Φ3) + 1 · R = #App,Get,Set(Ψ2) + #App,Get,Set(Ψ3), where

– R = App, if S = βv;

– R = Get, if S = get;

– and R = Set, if S = set.

Therefore, we can take Ψ to be

Φ1 ▷VG ∅ ⊢ w : {{N → (T ⇒ P)}}
Lift

∅ ⊢ w : S⇒ ({{N → (T ⇒ P)}} × S) Ψ2 ▷VG ∅ ⊢ V′[t0] : S⇒ (N × T)
App

∅ ⊢ w V′[t0] : S⇒ P Ψ3 ▷VG ∅ ⊢ s : S
Conf

∅ ⊢ (w V′[t0], s) : P

since

#App,Get,Set(Φ) + 1 · R = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · App

+ #App,Get,Set(Φ3) + 1 · R

= #App,Get,Set(Φ1) + #App,Get,Set(Ψ2) + 1 · App+ #App,Get,Set(Ψ3)

= #App,Get,Set(Ψ).



298 A Quantitative Study of Higher-Order Computations with Effects

Theorem 7.86 (Exact Completeness for CBV). Let t ∈ ΛG◦ . If (t, s)
n·βv+g·get+s·set⇒⇒CBV (u, q), such that

u ∈ NOCBV, then there is Φ ▷VG ∅ ⊢ (t, s) : P tight, such that #App,Get,Set(Φ) = n · App+ g · Get+ s · Set.

Proof. Let (t, s)
n·βv+g·get+s·set⇒⇒CBV (u, q), such that u ∈ NOCBV. We proceed by induction on n + s + g:

• If n + g + s = 0, then n = g = s = 0. Therefore, t ∈ NOCBV, by Lemma 7.18. Thus, we can

conclude by Lemma 7.77.

• If n + g + s > 0, then t ̸∈ NOCBV by Lemma 7.18. Therefore, there are r ∈ ΛG◦ and s′ ∈ S◦,

such that (t, s) ⇒CBV(S) (r, s′)
n′·βv+g′·get+s′·set⇒⇒CBV (u, q), and n′ + g′ + s′ + 1 = n + g + s. Now,

by applying the i.h., there is Φ′ ▷VG ∅ ⊢ (r, s′) : P tight, such that #App,Get,Set(Φ′) = n′ ·

App + g′ · Get + s′ · Set. By Lemma 7.85, there is Φ′ ▷VG ∅ ⊢ (t, s) : P tight, such that

#App,Get,Set(Φ′) + 1 · R = #App,Get,Set(Φ), where

– R = App, if S = βv;

– R = Get, if S = get;

– and R = Set, if S = set.

Therefore, we can take Φ = Φ′, since

#App,Get,Set(Φ) = #App,Get,Set(Φ′) + 1 · R

= n′ · App+ g′ · Get+ s′ · Set+ 1 · R

= n · App+ g · Get+ s · Set.

E.3.3 Subsuming Call-By-Name and Call-By-Value

Lemma 7.93 (CBPV Multiset-Typings Split and Merge). Let t ∈ !ΛG . Then, there is Φ ▷PG Γ ⊢ t : M,

such that M = ⊔i∈IMi, if and only if there are Φi ▷PG Γi ⊢ t : Mi, such that Γ = +i∈IΓi, and

#App,Der,Get,Set(Φ) = +i∈I#App,Der,Get,Set(Φi).

Proof. The proof is by a straightforward case analysis on the structure of CBPV terms. For value

terms, the statement follows directly from the CBV multiset split and merge lemma; for computa-

tion terms, it follows from the corresponding CBN lemma. Since CBPV typing rules combine con-

texts, multisets, and weights additively and componentwise, the result follows immediately.

Lemma 7.94 (Contexts and Free Variables for CBPV). If Φ ▷PG Γ ⊢ t : A (resp. M), then dom(Γ) ⊆

fv(t).
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Proof. The proof follows by a straightforward induction on the structure of the typing derivation.

Since the CBPV type system does not admit weakening and all typing rules propagate contexts

only through variable occurrences, every variable in the typing context must occur free in the

term.

Lemma 7.95 (CBPV Values Are Not Effectful). Let t ∈ !ΛG and Φ ▷PG ∅ ⊢ t : S ⇒ (A × Q). If

t ∈ !

ΛG
, then Q = S and Φ ends with rule Lift.

Proof. Let Φ ▷PG ∅ ⊢ t : S ⇒ (A× Q) and assume t ∈ !

ΛG . We proceed by inspection of the last

rule R of Φ. Since t is a value, the last rule of the derivation cannot be App, Der, Get, or Set, as

these rules type applications, derelictions, or effectful operation. Therefore, the only possible last

rule is Lift. By the definition of Lift, the input and output state types coincide, hence Q = S.

Lemma 7.96. Let t ∈ !ΛG◦ and s ∈ S◦. If Φ ▷PG ∅ ⊢ (t, s) : P is tight, then #App,Der,Get,Set(Φ) =

0 · App+ 0 · Der+ 0 · Get+ 0 · Set if and only if t ∈ NOCFCBPV.

Proof. We start by noticing that, if Φ ▷PG ∅ ⊢ (t, s) : P is tight, then Φ must be of the form

Φ′ ▷PG ∅ ⊢ t : S⇒ (A× {l 7→ [ ]}l∈L) Φ′′ ▷PG ∅ ⊢ s : S
Conf

∅ ⊢ (t, s) : A× {l 7→ [ ]}l∈L

P = A× {l 7→ [ ]}l∈L, and A = {{ }} or A = ⋆.

(⇒) Let #App,Der,Get,Set(Φ) = 0 · App+ 0 · Der+ 0 · Get+ 0 · Set. We proceed by cases, according

to the last rule R of Φ′:

– Case R = Ax. Then, Φ′ does not conclude with a monadic type. Therefore, this case

does not apply.

– Case R = Abs. Then, A is an arrow type. Thus, this lead to a contradiction with A = {{ }}

or A = ⋆. Therefore, this case does not apply.

– Case R = Ans. Then, t is an closed abstraction. Therefore, we can immediately conclude

that t ∈ NOCFCBPV.

– Case R = App. This lead to a contradiction with #App(Φ′) = 0 · App. Therefore, this case

does not apply.

– Case R = Bg. Then, Φ′ does not conclude with a monadic type. Therefore, this case

does not apply.

– Case R = Lift. Then, t is a closed value, and Φ must be of the form

Bg
∅ ⊢ t : {{ }}

Lift
∅ ⊢ t : S⇒ ({{ }} × S)

(
EList

∅ ⊢ s (l) : [ ]
)

l∈L
State

∅ ⊢ {l 7→ s (l)}l∈L : {l 7→ [ ]}l∈L
Conf

∅ ⊢ (t, s) : {{ }} × {l 7→ [ ]}l∈L
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and S = {l 7→ [ ]}l∈L. Therefore, we can immediately conclude that t ∈ NOCFCBPV.

– Case R = Der. This leads to a contradiction with #Der(Φ′) = 0 · Der. Therefore, this case

does not apply.

– Case R = Get. This leads to a contradiction with #Get(Φ′) = 0 · Get. Therefore, this case

does not apply.

– Case R = Set. This leads to a contradiction with #Set(Φ′) = 0 · Set. Therefore, this case

does not apply.

Therefore, Φ′ must end either with rule Ans, or with rule Liftwhose premise ends with Bg.

In the first case, t is a closed abstraction; in the second case, t is a closed bang-term. In both

cases, we conclude that t ∈ NOCFCBPV.

(⇐) Let t ∈ NOCFCBPV. Then, t = λx.u or t = !u. Therefore, Φ′ must be of the form

Ans
∅ ⊢ λx.u : S⇒ (⋆× S)

or
Bg

∅ ⊢ !u : {{ }}
Lift

∅ ⊢ !u : S⇒ ({{ }} × S)

S = {l 7→ [ ]}l∈L, and Φ′′ must be of the form(
EList

∅ ⊢ s (l) : [ ]
)

l∈L
State

∅ ⊢ {l 7→ s (l)}l∈L : {l 7→ [ ]}l∈L

Thus, we can conclude that

#App,Der,Get,Set(Φ) = #App,Der,Get,Set(Φ′) + #App,Der,Get,Set(Φ′′)

= 0 · App+ 0 · Der+ 0 · Get+ 0 · Set.

Lemma 7.97 (Tight Typability of Clash-Free CBPV-Normal Forms). Let t ∈ !ΛG◦ . If t ∈ NOCFCBPV, then

there is a derivation Φ ▷PG ∅ ⊢ (t, s) : P that is tight.

Proof. If t ∈ NOCFCBPV, then t = λx.u or t = !u. Let P = A× S and S = {l 7→ [ ]}l∈L. Moreover, let Φ′

be

Ans
∅ ⊢ λx.u : S⇒ (⋆× S)

or
Bg

∅ ⊢ !u : {{ }}
Lift

∅ ⊢ !u : S⇒ ({{ }} × S)

and Φ′′ be (
EList

∅ ⊢ s (l) : [ ]
)

l∈L
State

∅ ⊢ {l 7→ s (l)}l∈L : {l 7→ [ ]}l∈L

Then, we can take Φ to be

Φ′ ▷PG ∅ ⊢ t : S⇒ (A× S) Φ′′ ▷PG ∅ ⊢ s : {l 7→ [ ]}l∈L
Conf

∅ ⊢ (t, s) : A× {l 7→ [ ]}l∈L
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where A = ⋆ or A = {{ }}, according to t. Then, we can conclude since Φ is tight.

Lemma 7.98. Let l ∈ L and s ∈ S. There is Φ ▷PG ∅ ⊢ s : S, such that S (l) ̸= [ ], if and only if there are

Ψ ▷PG ∅ ⊢ s (l) : head(S (l)) and Π ▷PG ∅ ⊢ s : S{l := tail(S (l))}. Moreover, #App,Der,Get,Set(Φ) =

#App,Der,Get,Set(Ψ) + #App,Der,Get,Set(Π).

Proof. The proof is identical to the CBV case (Lemma 7.79), since CBPV state typings are built

using the same list-typing and state rules, and none of the CBPV-specific rules (Der, Bg, Ans) apply

to states.

Lemma 7.99. Let l ∈ L and s ∈ S. There are Φ ▷PG ∅ ⊢ s : S, such that S (l) = [ ], and Ψ ▷PG ∅ ⊢ v : L if

and only if there is Π ▷PG ∅ ⊢ s{l := v} : S{l := L}. Moreover, #App,Der,Get,Set(Φ)+ #App,Der,Get,Set(Ψ) =

#App,Der,Get,Set(Π).

Proof. The proof is identical to the CBV case (Lemma 7.80), since CBPV state typings are built using

the same list and state rules, and CBPV-specific rules (Der, Bg, Ans) do not apply to states.

E.3.3.1 Quantitative Soundness

Lemma 7.100 (Weighted Substitution for CBPV). Let t ∈ !ΛG and v ∈ !

ΛG
. If Φ ▷PG Γ; x : M ⊢

t : A (resp. N or L) and Ψ ▷PG ∅ ⊢ v : M, then Π ▷PG Γ ⊢ t{x \ v} : A (resp. N or L), such that

#App,Der,Get,Set(Π) = #App,Der,Get,Set(Φ) + #App,Der,Get,Set(Ψ).

Proof. The proof follows by induction on the structure of Φ. We proceed by cases, according to

the last rule R in Φ. We omit Abs, Ans, Get and Set, since these cases are very similar to the

corresponding ones for the CBN λG-calculus (see Lemma 7.61), and Ax, App, and Lift, since these

cases are very similar to the corresponding ones for the CBV λG-calculus (see Lemma 7.81):

• Case R = Bg. Then, t = !u, t{x \ v} = !u{x \ v} = !(u{x \ v}), and Φ must be of the form

(Φi ▷PG Γi; x : Mi ⊢ u : Ai)i∈I
Bg

+i∈IΓi; x : ⊔i∈IMi ⊢ !u : {{Ai}}i∈I

Γ = +i∈IΓi, and N = ⊔i∈IMi. By Lemma 7.93, since M = ⊔i∈IMi, we know there are

Ψi ▷PG ∅ ⊢ v : Mi, for each i ∈ I, such that #App,Der,Get,Set(Ψ) = +i∈I#App,Der,Get,Set(Ψi).

By applying the i.h. to each Φi, we know there are Πi ▷PG Γi ⊢ u{x \ v} : Ai, such that

#App,Der,Get,Set(Πi) = #App,Der,Get,Set(Φi) + #App,Der,Get,Set(Ψi), for each i ∈ I. Notice that u{x \

v} is a value. Thus, we can take Π to be

(Πi ▷PG Γi ⊢ u{x \ v} : Ai)i∈I
Bg

+i∈IΓi ⊢ !(u{x \ v}) : {{Ai}}i∈I
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since we have

#App,Der,Get,Set(Π) = +i∈I#App,Der,Get,Set(Πi)

= +i∈I#App,Der,Get,Set(Φi) + +i∈I#App,Der,Get,Set(Ψi)

= #App,Der,Get,Set(Φ) + #App,Der,Get,Set(Ψ).

• Case R = Der. Then, t = der(u), t{x \ v} = der(u){x \ v} = der(u{x \ v}), and Φ must be

of the form
Φ′ ▷PG Γ; x : M ⊢ u : S⇒ ({{R⇒ P}} × R)

Der
Γ; x : M ⊢ der(u) : S⇒ P

and A = S ⇒ P. By applying the i.h. to Φ′, we know there is Π′ ▷PG Γ ⊢ u{x \ v} : S ⇒

({{R⇒ P}} × R), such that #App,Der,Get,Set(Π′) = #App,Der,Get,Set(Φ′) + #App,Der,Get,Set(Ψ). Thus,

we can take Π to be

Π′ ▷PG Γ ⊢ u{x \ v} : S⇒ ({{R⇒ P}} × R)
Der

Γ ⊢ der(u{x \ v}) : S⇒ P

since
#App,Der,Get,Set(Π) = #App,Der,Get,Set(Π′)

= #App,Der,Get,Set(Φ′) + #App,Der,Get,Set(Ψ)

= #App,Der,Get,Set(Φ) + #App,Der,Get,Set(Ψ).

Lemma 7.101 (Exact Subject Reduction for CBPV). Let t ∈ !ΛG◦ , s ∈ S◦, and S ∈ {βv, β!, get, set}.

If (t, s) ⇒CBPV(S) (u, q) and Φ ▷PG ∅ ⊢ (t, s) : P, then there is Ψ ▷PG ∅ ⊢ (u, q) : P, such that

#App,Der,Get,Set(Φ) = #App,Der,Get,Set(Ψ) + 1 · R, where

• R = App, if S = βv;

• R = Der, if S = β!;

• R = Get, if S = get;

• and R = Set, if S = set.

Proof. Let (t, s) = (B[t0], s) ⇒CBPV(S) (B[u0], q) = (u, q), such that S ∈ {βv, β!, get, set}. The proof

follow by induction on the definition of B. We omit the cases where B = B′ r and B = (λx.r) B′,

since they are very similar to the corresponding ones for the CBV λG-calculus (see Lemma 7.82):

• Case B = □:
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– If S = βv, then (t0, s) = ((λx.r) v, s) Z⇒βv (r{x \ v}, s) = (u0, q), and Φ must be of the

form

Φ1 ▷PG x : M ⊢ r : S⇒ P
Abs

∅ ⊢ λx.r : S⇒ ((M→ (S⇒ P))× S)

Φ2 ▷PG ∅ ⊢ v : M
Lift

∅ ⊢ v : S⇒ (M× S)
App

∅ ⊢ (λx.r) v : S⇒ P Φ3 ▷PG ∅ ⊢ s : S
Conf

∅ ⊢ ((λx.r) v, s) : P

according to Lemma 7.95. By applying Lemma 7.100 to Φ1 and Φ2, we know there

is Ψ1 ▷PG ∅ ⊢ r{x \ v} : S ⇒ P, such that #App,Der,Get,Set(Ψ1) = #App,Der,Get,Set(Φ1) +

#App,Der,Get,Set(Φ2). Thus, we can take Ψ to be

Ψ1 ▷PG ∅ ⊢ r{x \ v} : S⇒ P Φ3 ▷PG ∅ ⊢ s : S
Conf

∅ ⊢ (r{x \ v}, s) : P

since

#App,Der,Get,Set(Φ) = #App,Der,Get,Set(Φ1) + #App,Der,Get,Set(Φ2) + 1 · App

= #App,Der,Get,Set(Ψ1) + 1 · App = #App,Der,Get,Set(Ψ) + 1 · App.

– If S = β!, then (t0, s) = (der(!r), s) Z⇒β! (r, s) = (u0, q), then Φ must be of the form

Φ1 ▷PG ∅ ⊢ r : S⇒ P
Bg

∅ ⊢ !r : {{S⇒ P}}
Lift

∅ ⊢ !r : S⇒ ({{S⇒ P}} × S)
Der

∅ ⊢ der(!r) : S⇒ P Φ2 ▷PG ∅ ⊢ s : S
Conf

∅ ⊢ (der(!r), s) : P

Thus, we can take Ψ to be

Φ1 ▷PT ∅ ⊢ r : S⇒ P Φ2 ▷PG ∅ ⊢ s : S
Conf

∅ ⊢ (r, s) : P

since we have

#App,Der,Get,Set(Φ) = #App,Der,Get,Set(Φ1) + 1 · Der

= #App,Der,Get,Set(Ψ) + 1 · Der.

– If S ∈ {get, set}, we proceed similarly to the corresponding cases for the CBV λG-

calculus (see Lemma 7.82).

• Case B = der(B′). Then, (t, s) = (der(B′[t0]), s) ⇒CBPV(S) (der(B′[u0]), q) = (u, q), such that

(B′[t0], s)⇒CBPV(S) (B′[u0], q), and Φ must be of the form

Φ1 ▷PG ∅ ⊢ B′[t0] : S⇒ ({{R⇒ P}} × R)
Der

∅ ⊢ der(B′[t0]) : S⇒ P Φ2 ▷PG ∅ ⊢ s : S
Conf

∅ ⊢ (der(B′[t0]), s) : P
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Notice that we can build the following type derivation for (B′[t0], s):

Φ1 ▷PG ∅ ⊢ B′[t0] : S⇒ ({{R⇒ P}} × R) Φ2 ▷PG ∅ ⊢ s : S
Conf

∅ ⊢ (B′[t0], s) : {{R⇒ P}} × R

Therefore, by applying the i.h. to (B′[t0], s), there is a type derivation for (B′[u0], q) whose

premises are of the form Ψ1 ▷PG ∅ ⊢ B′[u0] : Q⇒ ({{R⇒ P}}×R) and Ψ2 ▷PG ∅ ⊢ q : Q, such

that #App,Der,Get,Set(Φ1) + #App,Der,Get,Set(Φ2) = #App,Der,Get,Set(Ψ1) + #App,Der,Get,Set(Ψ2) + 1 · R,

where

– R = App, if S = βv;

– R = Der, if S = β!;

– R = Get, if S = get;

– and R = Set, if S = set.

Therefore, we can take Ψ to be

Ψ1 ▷PG ∅ ⊢ B′[u0] : Q⇒ ({{R⇒ P}} × R)
Der

∅ ⊢ der(B′[u0]) : Q⇒ P Ψ2 ▷PG ∅ ⊢ q : Q
Conf

∅ ⊢ (der(B′[u0]), q) : P

since we have

#App,Der,Get,Set(Φ) = #App,Der,Get,Set(Φ1) + #App,Der,Get,Set(Φ2) + 1 · Der

= #App,Der,Get,Set(Ψ1) + #App,Der,Get,Set(Ψ2) + 1 · R + 1 · Der

= #App,Der,Get,Set(Ψ) + 1 · R.

Theorem 7.102 (Exact Soundness for CBPV). Let t ∈ !ΛG◦ . If there is Φ ▷PG ∅ ⊢ (t, s) : P tight, such

that #App,Der,Get,Set(Φ) = n · App+ m · Der+ g · Get+ s · Set, then (t, s)
n·βv+m·β!+g·get+s·set⇒⇒CBPV (u, q), such

that u ∈ NOCFCBPV.

Proof. Let Φ ▷PG ∅ ⊢ (t, s) : P be tight, such that #App,Der,Get,Set(Φ) = n · App+ m · Der+ g · Get+

s · Set. We proceed by induction on n + m + g + s:

• If n + m + g + s = 0, then n = m = g = s = 0. By Lemma 7.96, t ∈ NOCFCBPV. Therefore, we can

conclude with u = t and q = s.

• If n + m + g + s > 0, then t ̸∈ NOCFCBPV by Lemma 7.96. By Proposition 7.25, there are r ∈ !ΛG◦

and s′ ∈ S◦, such that (t, s)⇒CBPV(S) (r, s′), for some S ∈ {βv, β!, get, set}. By Lemma 7.101,

there is Φ′ ▷PG ∅ ⊢ (r, s′) : P, such that #App,Der,Get,Set(Φ) = #App,Der,Get,Set(Φ′) + 1 · R, where
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– R = App, if S = βv;

– R = Der, if S = β!;

– R = Get, if S = get;

– and R = Set, if S = set.

Let us assume, without loss of generality, that #App,Der,Get,Set(Φ′) = n′ · App + m′ · Der +

g′ · Get + s′ · Set. Then, n′ + m′ + g′ + s′ + 1 = n + m + g + s. Now, by the i.h., we

know that (r, s′)
n′·βv+m′·β!+g′·get+s′·set⇒⇒CBPV (u′, q′), such that u′ ∈ NOCFCBPV. Therefore, we have that

(t, s) ⇒CBPV(S) (r, s′)
n′·βv+m′·β!+g′·get+s′·set⇒⇒CBPV (u′, q′). Thus, we can take (u, q) = (u′, q′), since

(t, s)
n·βv+m·β!+g·get+s·set⇒⇒CBPV (u, q).

E.3.3.2 Quantitative Completeness

Lemma 7.103 (Typability Implies Clash-Freeness). Let t ∈ !ΛG◦ and s ∈ S◦. If Φ ▷PG ∅ ⊢ (t, s) : P,

then t is clash-free.

Proof. Let us assume, towards a contradiction, that (t, s) is not clash-free. Then, there is a CBPV

context B, a clash u, and a state q ∈ S◦, such that (t, s) ⇒CBPV B[(u, q)] = (B[u], q). Moreover,

by Lemma 7.101, there must be a type derivation Ψ ▷PG ∅ ⊢ (B[u], q) : P. Therefore, if we show

that (B[u], q) is not PG-typable, then we are done. This follows by a simple induction on the

definition of B. We only show the case where B = □. The remaining cases follow easily from the

i.h.. We proceed by inspecting the possible forms of the clash u:

• If u = v r, then u must be typed by rule App, and thus v must be assigned an arrow type.

However, it is easy to see that v can only be typed by rules Ax or Bg, and thus can only be

assigned a multi-monadic type. This contradicts our assumption. Therefore, this case does

not apply.

• If u = der(λx.r), then u must be typed by rule Der, and thus λx.r must be assigned a multi-

monadic type. However, it is easy to see that λx.r can only be typed by rules Abs or Ans,

and thus can only be assigned type an arrow type or ⋆. This contradicts our assumption.

Therefore, this case does not apply.

• If u = r (λx.e), then u must be typed by rule App, and thus λx.e must be assigned a multi-

monadic type. However, it is easy to see that λx.e can only be typed by rules Abs or Ans,

and thus can only be assigned type an arrow type or ⋆. This contradicts our assumption.

Therefore, this case does not apply.
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Finally, since none of the above cases apply, we can conclude that (B[u], q) is not PG-typable, as we

wanted.

Lemma 7.104 (Typability Characterizes CBPV Clash-Free Normal Forms). Let t ∈ !ΛG◦ and s ∈ S◦.

Then, t ∈ NOCFCBPV if and only if t ∈ NOCBPV and (t, s) is PG-typable.

Proof. (⇒) This direction follows smoothly from Proposition 7.29 and Lemma 7.97.

(⇐) Since t ∈ NOCBPV, then (t, s) is a CBPV-normal form. Moreover, since (t, s) is PG-typable, then

(t, s) is also clash-free by Lemma 7.103. Therefore, t is a clash-free CBPV-normal form, and

thus t ∈ NOCFCBPV by Proposition 7.29.

Lemma 7.105 (Weighted Anti-Substitution for CBPV). Let t ∈ !ΛG , and v ∈ !

ΛG
◦ . If Φ ▷PG Γ ⊢

t{x \ v} : A (resp. N or L), then Ψ ▷PG Γ; x : M ⊢ t : A (resp. N or L) and Π ▷PG ∅ ⊢ v : M, such that

#App,Der,Get,Set(Φ) = #App,Der,Get,Set(Ψ) + #App,Der,Get,Set(Π).

Proof. The proof follows by induction on the structure of t. We omit the cases where t is an

abstraction, since these are very similar to the corresponding ones for the CBN λG-calculus

(see Lemma 7.64), and the cases where t is a variable, an application, or an operation, since

these are very similar to the corresponding one for the CBV λG-calculus (see Lemma 7.84):

• Case t = !u. Then, t{x \ v} = !u{x \ v} = !(u{x \ v}). Therefore, Φ must be of the form

(Φi ▷PG Γi ⊢ u{x \ v} : Ai)i∈I
Bg

+i∈IΓi ⊢ !(u{x \ v}) : {{Ai}}i∈I

Γ = +i∈IΓi, and N = {{Ai}}i∈I. By applying the i.h. to each Φi, there are Ψi ▷PG Γi; x : Mi ⊢ u :

Ai and Πi ▷PG ∅ ⊢ v : Mi, for each i ∈ I, such that #App,Der,Get,Set(Φi) = #App,Der,Get,Set(Ψi) +

#App,Der,Get,Set(Πi). Let us take M = ⊔i∈IMi. Then, by Lemma 7.93, we know there is

Π′ ▷PG ∅ ⊢ v : M, such that #App,Der,Get,Set(Π′) = +i∈I#App,Der,Get,Set(Πi). Thus, we can take

Π = Π′, and Ψ to be
(Ψi ▷PG Γi; x : Mi ⊢ u : Ai)i∈I

Bg
+i∈IΓi; x : ⊔i∈IMi ⊢ !u : {{Ai}}i∈I

since we have

#App,Der,Get,Set(Φ) = +i∈I#App,Der,Get,Set(Φi)

= +i∈I#App,Der,Get,Set(Ψi) + +i∈I#App,Der,Get,Set(Πi)

= #App,Der,Get,Set(Ψ) + #App,Der,Get,Set(Π).
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• Case t = der(u). Then, t{x \ v} = der(u){x \ v} = der(u{x \ v}). Therefore, Φ must be of

the form
Φ′ ▷PG Γ ⊢ u{x \ v} : S⇒ ({{R⇒ P}} × R)

Der
Γ ⊢ der(u{x \ v}) : S⇒ P

and A = S ⇒ P. By applying the i.h. to Φ′, there are Ψ′ ▷PG Γ; x : M ⊢ u : S ⇒ ({{R ⇒

(A × Q)}} × R) and Π′ ▷PG ∅ ⊢ v : M, such that #App,Der,Get,Set(Φ′) = #App,Der,Get,Set(Ψ′) +

#App,Der,Get,Set(Π′). Thus, we can take Π = Π′, and Ψ to be

Ψ′ ▷PG Γ; x : M ⊢ u : S⇒ ({{R⇒ P}} × R)
Der

Γ; x : M ⊢ der(u) : S⇒ P

since we have that

#App,Der,Get,Set(Φ) = #App,Der,Get,Set(Φ′)

= #App,Der,Get,Set(Ψ′) + #App,Der,Get,Set(Π′)

= #App,Der,Get,Set(Ψ) + #App,Der,Get,Set(Π).

Lemma 7.106 (Exact Subject Expansion for CBPV). Let t ∈ !ΛG◦ , s ∈ S◦, and S ∈ {βv, β!, get, set}.

If (t, s) ⇒CBPV(S) (u, q) and Φ ▷PG ∅ ⊢ (u, q) : P, then there is Ψ ▷PG ∅ ⊢ (t, s) : P, such that

#App,Der,Get,Set(Φ) + 1 · R = #App,Der,Get,Set(Ψ), where

• R = App, if S = βv;

• R = Der, if S = β!;

• R = Get, if S = get;

• and R = Set, if S = set.

Proof. Let (t, s) = (B[t0], s) ⇒CBPV(S) (B[u0], q) = (u, q), such that S ∈ {βv, β!, get, set}. The proof

follows by induction on the definition of B. We proceed by cases, according to the context B.

We omit the cases where B = B′ r and B = (λx.r) B′, since these cases are very similar to the

corresponding ones for the CBV λG-calculus (see Lemma 7.85):

• Case B = □:

– If S = βv, then (t0, s) = ((λx.r) v, s) Z⇒βv (r{x \ v}, s) = (u0, q), then Φ must be of the

form
Φ1 ▷PG ∅ ⊢ r{x \ v} : S⇒ P Φ2 ▷PG ∅ ⊢ s : S

Conf
∅ ⊢ (r{x \ v}, s) : P

By applying Lemma 7.105 to Φ1, we know there are Ψ1 ▷PG x : M ⊢ r : S ⇒ P and

Ψ2 ▷PG ∅ ⊢ v : M, such that #App,Der,Get,Set(Φ1) = #App,Der,Get,Set(Ψ1) + #App,Der,Get,Set(Ψ2).
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Thus, we can take Ψ to be

Ψ1 ▷PG x : M ⊢ r : S⇒ P
Abs

∅ ⊢ λx.r : S⇒ ((M→ (S⇒ P))× S)

Ψ2 ▷PG ∅ ⊢ v : M
Lift

∅ ⊢ v : S⇒ (M× S)
App

∅ ⊢ (λx.r) v : S⇒ P Φ2 ▷PG ∅ ⊢ s : S
Conf

∅ ⊢ ((λx.r) v, s) : P

since

#App,Der,Get,Set(Φ) + 1 · App = #App,Der,Get,Set(Φ1) + #App,Der,Get,Set(Φ2) + 1 · App

= #App,Der,Get,Set(Ψ1) + #App,Der,Get,Set(Ψ2) + 1 · App

= #App,Der,Get,Set(Ψ).

– If S = β!, then (t0, s) = (der(!r), s) Z⇒β! (r, s) = (u0, q), then Φ must be of the form

Φ1 ▷PG ∅ ⊢ r : S⇒ P Φ2 ▷PG ∅ ⊢ s : S
Conf

∅ ⊢ (r, q) : P

Thus, we can take Ψ to be

Φ1 ▷PG ∅ ⊢ r : S⇒ P
Bg

∅ ⊢ !r : {{S⇒ P}}
Lift

∅ ⊢ !r : S⇒ ({{S⇒ P}} × S)
Der

∅ ⊢ der(!r) : S⇒ P Φ2 ▷PG ∅ ⊢ s : S
Conf

∅ ⊢ (der(!r), s) : P

since

#App,Der,Get,Set(Φ) + 1 · Der = #App,Der,Get,Set(Φ1) + #App,Der,Get,Set(Φ2) + 1 · Der

= #App,Der,Get,Set(Ψ).

– If S ∈ {get, set}, we proceed similarly to the corresponding cases for the CBV λG-

calculus (see Lemma 7.82).

• B = der(B′). Then, we know that (t, s) = (der(B′[t0]), s) ⇒CBPV(S) (der(B′[u0]), q) = (u, q),

(B′[t0], s)⇒CBPV(S) (B′[u0], q), and Φ must be of the form

Φ1 ▷PG ∅ ⊢ B′[u0] : Q⇒ ({{R⇒ P}} × R)
Der

∅ ⊢ der(B′[u0]) : Q⇒ P Φ2 ▷PG ∅ ⊢ q : Q
Conf

∅ ⊢ (der(B′[u0]), q) : P

Notice that we can build the following type derivation for (B′[u0], q):

Φ1 ▷PG ∅ ⊢ B′[u0] : Q⇒ ({{R⇒ P}} × R) Φ2 ▷PG ∅ ⊢ q : Q
Conf

∅ ⊢ (B′[u0], q) : {{R⇒ P}} × R
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Therefore, by applying the i.h. to (B′[u0], q), we know there is a type derivation for (B′[t0], s)

whose premises are of the form Ψ1 ▷PG ∅ ⊢ B′[t0] : S ⇒ ({{R ⇒ P}} × R) and Ψ2 ▷PG

∅ ⊢ s : S, such that #App,Der,Get,Set(Φ1) + #App,Der,Get,Set(Φ2) + 1 · R = #App,Der,Get,Set(Ψ1) +

#App,Der,Get,Set(Ψ2), where

– R = App, if S = βv;

– R = Der, if S = β!;

– R = Get, if S = get;

– and R = Set, if S = set.

Therefore, we can take Ψ to be

Ψ1 ▷PG ∅ ⊢ B′[t0] : S⇒ ({{R⇒ P}} × R)
Der

∅ ⊢ der(B′[t0]) : S⇒ P Ψ2 ▷PG ∅ ⊢ s : S
Conf

∅ ⊢ (der(B′[t0]), s) : P

since

#App,Der,Get,Set(Φ) + 1 · R = #App,Der,Get,Set(Φ1) + #App,Der,Get,Set(Φ2) + 1 · Der+ 1 · R

= #App,Der,Get,Set(Ψ1) + #App,Der,Get,Set(Ψ2) + 1 · Der

= #App,Der,Get,Set(Ψ).

The proof follows the same structure as exact subject expansion for CBV, with the additional cases

corresponding to the CBPV constructs bg and der.

Theorem 7.107 (Exact Completeness for CBPV). Let t ∈ ΛG◦ . If (t, s)
n·βv+m·β!+g·get+s·set⇒⇒CBPV (u, q), such

that u ∈ NOCFCBPV, then there is Φ ▷PG ∅ ⊢ (t, s) : P tight, such that #App,Der,Get,Set(Φ) = n · App+ m ·

Der+ g · Get+ s · Set.

Proof. Let (t, s)
n·βv+m·β!+g·get+s·set⇒⇒CBPV (u, q), such that u ∈ NOCFCBPV. We proceed by induction on n + m +

g + s:

• If n + m + g + s = 0, then n = m = g = s = 0. Therefore, t ∈ NOCFCBPV. Thus we can conclude

by Lemma 7.97.

• If n + m + g + s > 0, then t ̸∈ NOCFCBPV by Proposition 3.11. Therefore, there are r ∈ !ΛG◦

and s′ ∈ S◦, such that (t, s) ⇒CBPV(S) (r, s′)
n′·βv+m′·β!+g′·get+s′·set⇒CBPV (u, q), and n′ + m′ + g′ +

s′ + 1 = n + m + g + s. Now, by the i.h., there is Φ′ ▷PG ∅ ⊢ (r, s′) : P tight, such that

#App,Der,Get,Set(Φ′) = n′ · App+ m′ · Der+ g′ · Get+ s′ · Set. By Lemma 7.106, there is Φ′′ ▷PG

∅ ⊢ (t, s) : P, such that #App,Der,Get,Set(Φ′) + 1 · R = #App,Der,Get,Set(Φ′′), where

– R = App, if S = βv;
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– R = Der, if S = β!;

– R = Get, if S = get;

– and R = Set, if S = set.

Therefore, we can take Φ = Φ′′, since

#App,Der,Get,Set(Φ) = #App,Der,Get,Set(Φ′′)

= #App,Der,Get,Set(Φ′) + 1 · R

= n′ · App+ m′ · Der+ g′ · Get+ s′ · Set+ 1 · R

= n · App+ m · Der+ g · Get+ s · Set.

E.3.3.3 Soundness and Completeness of Translations

Lemma 7.111 (Soundness of Term Translations). Let t ∈ ΛG .

1. If Φ ▷NG Γ ⊢ t : A (resp. M or L), then Ψ ▷PG Γ ⊢ (t)CBN (resp. !(t)CBN or !(t)CBN) : A (resp. M or L).

Moreover, #App,Get,Set(Φ) = #App,Get,Set(Ψ).

2. If Φ ▷VG Γ ⊢ t : M (resp. M or L), then Ψ ▷PG (Γ)
CBV ⊢ (t)CBV : (M)CBV (resp. (M)CBV or (L)CBV).

Moreover, #App,Get,Set(Φ) = #App,Get,Set(Ψ).

Proof. 1. The proof follows by induction on the structure of Φ. We proceed by cases, according

to the last rule R of Φ:

• Case R = Ax. Then, t = x, and (t)CBN = (x)CBN = der(x). Moreover, Φ must be of the

form
Ax

x : {{A}} ⊢ x : A

and Γ = x : {{A}}. Without loss of generality, let us assume A = S ⇒ P. Then, we can

take Ψ to be
Ax

x : {{A}} ⊢ x : A
Lift

x : {{A}} ⊢ x : S⇒ ({{A}} × S)
Der

x : {{A}} ⊢ der(x) : A

since
#App,Get,Set(Φ) = 0 · App+ 0 · Get+ 0 · Set

= #App,Get,Set(Ψ).

• Case R = Abs. Then, t = λx.u, and (t)CBN = (λx.u)CBN = λx.(u)CBN. Moreover, Φ must

be of the form
Φ1 ▷NG Γ1 ⊢ u : B

Abs
Γ1\\ x ⊢ λx.u : S⇒ ((Γ1(x)→ B)× S)
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Γ = Γ1\\ x, and A = S⇒ ((Γ1(x)→ B)× S). By applying the i.h. to Φ1, we know there

exists Ψ1 ▷PG Γ1 ⊢ (u)CBN : B, such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1). Therefore, we

can take Ψ to be

Ψ1 ▷PG Γ1 ⊢ (u)CBN : B
Abs

Γ1\\ x ⊢ λx.(u)CBN : S⇒ ((Γ1(x)→ B)× S)

since
#App,Get,Set(Φ) = #App,Get,Set(Φ1)

= #App,Get,Set(Ψ1)

= #App,Get,Set(Ψ).

• Case R = Ans. Then, t = λx.u, and (t)CBN = (λx.u)CBN = λx.(u)CBN. Moreover, Φ must

be of the form
Ans

∅ ⊢ λx.u : S⇒ (⋆× S)

Γ = ∅, and A = S⇒ (⋆× S). Therefore, we can take Ψ to be

Ans
∅ ⊢ λx.(u)CBN : S⇒ (⋆× S)

since
#App,Get,Set(Φ) = 0 · App+ 0 · Get+ 0 · Set

= #App,Get,Set(Ψ).

• Case R = App. Then, t = u r, and (t)CBN = (u r)CBN = (u)CBN !(r)CBN. Moreover, Φ must

be of the form

Φ1 ▷NG Γ1 ⊢ u : S⇒ ((M→ (Q⇒ P))×Q) Φ2 ▷NG Γ2 ⊢ r : M
App

Γ1 + Γ2 ⊢ u r : S⇒ P

Γ = Γ1 + Γ2, and A = S ⇒ P. By applying the i.h. to Φ1, we know there exists Ψ1 ▷PG

Γ1 ⊢ (u)CBN : S ⇒ ((M → (Q ⇒ P))× Q), such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1).

By applying the i.h. to Φ2, we know there exists Ψ2 ▷PG Γ2 ⊢ !(r)CBN : M, such that

#App,Get,Set(Φ2) = #App,Get,Set(Ψ2). Therefore, we can take Ψ to be

Ψ1 ▷PG Γ1 ⊢ (u)CBN : S⇒ ((M→ (Q⇒ P))×Q) Ψ2 ▷PG Γ2 ⊢ !(r)CBN : M
App

Γ1 + Γ2 ⊢ (u)CBN !(r)CBN : S⇒ P

since
#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2)

= #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2)

= #App,Get,Set(Ψ).
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• Case R = Many. Then, Φ must be of the form(
Φi ▷NG Γi ⊢ t : Ai

)
i∈I

Many
+i∈I Γi ⊢ t : {{Ai}}i∈I

Γ = +i∈IΓi, M = {{Ai}}i∈I. By applying the i.h. to each Φi, we know there exist

Ψi ▷PG Γi ⊢ t : Ai, such that #App,Get,Set(Φi) = #App,Get,Set(Ψi), for each i ∈ I. Therefore,

we can take Ψ to be (
Ψi ▷PG Γi ⊢ t : Ai

)
i∈I

Bg
+i∈I Γi ⊢ !t : {{Ai}}i∈I

since
#App,Get,Set(Φ) = +i∈I#App,Get,Set(Φi)

= +i∈I#App,Get,Set(Ψi)

= #App,Get,Set(Ψ).

• Case R = Get. Then, t = get(l, λx.u), and (get(l, λx.u))CBN = get(l, λx.(u)CBN). More-

over, Φ must be of the form

Φ1 ▷NG Γ; x : head(S (l)) ⊢ u : S{l := tail(S (l))} ⇒ P
Get

Γ ⊢ get(l, λx.u) : S⇒ P

and A = S⇒ P. By applying the i.h. to Φ1, we know there is Ψ1 ▷PG Γ; x : head(S (l)) ⊢

(u)CBN : S{l := tail(S (l))} ⇒ P, such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1). There-

fore, we can take Ψ to be

Ψ1 ▷PG Γ; x : head(S (l)) ⊢ (u)CBN : S{l := tail(S (l))} ⇒ P
Get

Γ ⊢ get(l, λx.(u)CBN) : S⇒ P

since
#App,Get,Set(Φ) = #App,Get,Set(Φ1) + 1 · Get

= #App,Get,Set(Ψ1) + 1 · Get

= #App,Get,Set(Ψ).

• Case R = Set. Then, t = set((l, r), u), and (set((l, r), u))CBN = set((l, !(r)CBN), (u)CBN).

Moreover, Φ must be of the form

Φ1 ▷NG Γ1 ⊢ r : L Φ2 ▷NG Γ2 ⊢ u : S{l := L} ⇒ P
Set

Γ1 + Γ2 ⊢ set((l, r), u) : S⇒ P

Γ = Γ1 + Γ2, and A = S⇒ P. By applying the i.h. to Φ1, we know there is Ψ1 ▷PG Γ1 ⊢

!(r)CBN : L, such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1). By applying the i.h. to Φ2,

we know there is Ψ2 ▷PG Γ2 ⊢ (u)CBN : S{l := L} ⇒ P, such that #App,Get,Set(Φ2) =

#App,Get,Set(Ψ2). Thus, we can take Ψ to be

Ψ1 ▷PG Γ1 ⊢ !(r)CBN : L Ψ2 ▷PG Γ2 ⊢ (u)CBN : S{l := L} ⇒ P
Set

Γ1 + Γ2 ⊢ set((l, !(r)CBN), (u)CBN) : S⇒ P
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since
#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · Set

= #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2) + 1 · Set

= #App,Get,Set(Ψ).

• Case R = EList. Then, Φ must be of the form

EList
∅ ⊢ t : [ ]

Γ = ∅, and L = [ ]. Therefore, we can take Ψ to be

EList
∅ ⊢ !t : [ ]

since
#App,Get,Set(Φ) = 0 · App+ 0 · Get+ 0 · Set

= #App,Get,Set(Ψ).

• Case R = List. Then, Φ must be of the form

Φ1 ▷NG Γ1 ⊢ t : M Φ2 ▷NG Γ2 ⊢ t : L′
List

Γ1 + tye2 ⊢ t : M · L′

Γ = Γ1 + Γ2, and L = M · L′. By applying the i.h. to Φ1, there exists Ψ1 ▷PG Γ1 ⊢ !t : M,

such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1). By applying the i.h. to Φ2, there exists

Ψ2 ▷PG Γ2 ⊢ !t : L′, such that #App,Get,Set(Φ2) = #App,Get,Set(Ψ2). Therefore, we can take Ψ

to be
Ψ1 ▷PG Γ1 ⊢ !t : M Ψ2 ▷PG Γ2 ⊢ !t : L′

List
Γ1 + Γ2 ⊢ !t : L′

since
#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2)

= #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2)

= #App,Get,Set(Ψ).

2. The proof follow by induction on the structure of Φ. We proceed by cases, according to the

last rule R of Φ:

• Case R = Ax. Then, t = x, (x)CBV = x. Moreover, Φ must be of the form

Ax
x : M ⊢ x : M

and Γ = x : M. Therefore, we can take Ψ to be

Ax
x : (M)CBV ⊢ x : (M)CBV
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since
#App,Get,Set(Φ) = 0 · App+ 0 · Get+ 0 · Set

= #App,Get,Set(Ψ).

• Case R = Abs. Then, t = λx.u, and (λx.u)CBV = !λx.(u)CBV. Moreover, Φ must be of the

form
(Φi ▷VG Γi; x : Mi ⊢ u : Ni)i∈I

Abs
+i∈IΓi ⊢ λx.u : {{Mi →Ni}}i∈I

Γ = +i∈IΓi, and M = {{Mi → Ni}}i∈I. By applying the i.h. to each Φi, there are

Ψi ▷PG (Γi)
CBV; x : (Mi)

CBV ⊢ (u)CBV : (Ni)
CBV, such that #App,Get,Set(Φi) = #App,Get,Set(Ψi),

for each i ∈ I. Therefore, we can take Ψ to be(
Ψi ▷PG (Γi)

CBV; x : (Mi)
CBV ⊢ (u)CBV : (Ni)

CBV

Abs
(Γi)

CBV ⊢ λx.(u)CBV : Qi ⇒ (((Mi)
CBV → (Ni)

CBV)×Qi)

)
i∈I

Bg
+i∈I (Γi)

CBV ⊢ !λx.(u)CBV : {{Qi ⇒ (((Mi)
CBV → (Ni)

CBV)×Qi)}}i∈I

since we know that +i∈I(Γi)
CBV = (+i∈IΓi)

CBV, (M)CBV = ({{Mi →Ni}}i∈I)
CBV = {{Qi ⇒

(((Mi)
CBV → (Ni)

CBV)×Qi)}}i∈I, and

#App,Get,Set(Φ) = +i∈I#App,Get,Set(Φi)

= +i∈I#App,Get,Set(Ψi)

= #App,Get,Set(Ψ).

• Case R = App. Then, t = u r, and (u r)CBV = der((u)CBV) (r)CBV. Moreover, Φ must be of

the form

Φ1 ▷VG Γ1 ⊢ u : S⇒ ({{N → (R⇒ P)}} ×Q) Φ2 ▷VG Γ2 ⊢ r : Q⇒ (N × R)
App

Γ1 + Γ2 ⊢ u r : S⇒ P

Γ = Γ1 + Γ2, and M = S ⇒ P. By applying the i.h. to u, we know there exists a

derivation Ψ1 ▷PG (Γ1)
CBV ⊢ (u)CBV : (S)CBV ⇒ ({{(Q)CBV ⇒ (((N)CBV → ((R)CBV ⇒

(P)CBV))× (Q)CBV)}} × (Q)CBV), such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1). By applying

the i.h. to r, we know there is Ψ2 ▷PG (Γ2)CBV ⊢ (r)CBV : (Q)CBV ⇒ ((N)CBV× (R)CBV), such

that #App,Get,Set(Φ2) = #App,Get,Set(Ψ2). Therefore, we can take Ψ to be

Ψ1 ▷PG (Γ1)CBV ⊢ (u)CBV : (S)CBV ⇒ ({{(Q)CBV ⇒ (((N)CBV → ((R)CBV ⇒ (P)CBV))× (Q)CBV)}} × (Q)CBV)
Der

(Γ1)CBV ⊢ der((u)CBV) : (S)CBV ⇒ (((N)CBV → ((R)CBV ⇒ (P)CBV))× (Q)CBV) Ψ2 ▷PG (Γ2)CBV ⊢ (r)CBV : (Q)CBV ⇒ ((N)CBV × (R)CBV)
App

(Γ1)CBV + (Γ2)CBV ⊢ der((u)CBV) (r)CBV : (S)CBV ⇒ (P)CBV

since (Γ1 + Γ2)CBV = (Γ1)
CBV + (Γ2)CBV, (M)CBV = (S⇒ P)CBV = (S)CBV ⇒ (P)CBV, and

#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1

= #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2) + 1

= #App,Get,Set(Ψ).
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• Case R = Lift. Then, Φ must be of the form

Φ1 ▷VG Γ ⊢ v : M
Lift

Γ ⊢ v : S⇒ (M× S)

and M = S⇒ (M× S). By applying the i.h. to Φ1, we know there exists Ψ1 ▷PG (Γ)
CBV ⊢

(v)CBV : (M)CBV, such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1). Notice that v is either

a variable or an abstraction. If v is a variable, then (v)CBV is a variable. If v is an

abstraction, then (v)CBV is a bang-term. Therefore, we can take Ψ to be

Ψ1 ▷PG (Γ)
CBV ⊢ (v)CBV : (M)CBV

Lift
(Γ)CBV ⊢ (v)CBV : (S)CBV ⇒ ((M)CBV × (S)CBV)

since (M)CBV = (S⇒ (M× S))CBV = (S)CBV ⇒ ((M)CBV × (S)CBV), and

#App,Get,Set(Φ) = #App,Get,Set(Φ1)

= #App,Get,Set(Ψ1)

= #App,Get,Set(Ψ).

• Case R = Get. Then, t = get(l, λx.u), and (get(l, λx.u))CBV = get(l, λx.(u)CBV). More-

over, Φ must be of the form

Φ1 ▷VG Γ; x : head(S (l)) ⊢ u : S{l := tail(S (l))} ⇒ P
Get

Γ ⊢ get(l, λx.u) : S⇒ P

and M = S⇒ P. By applying the i.h. to Φ1, there is Ψ1 ▷PG (Γ)
CBV; x : (head(S (l)))CBV ⊢

(u)CBV : (S{l := tail(S (l))})CBV ⇒ (P)CBV, such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1).

It is easy to see that (head(S (l)))CBV := head((S)CBV (l)) and (S{l := tail(S (l))})CBV :=

(S)CBV{l := tail((S)CBV (l))}. Therefore, we can take Ψ to be

Ψ1 ▷PG (Γ)
CBV; x : head((S)CBV (l)) ⊢ (u)CBV : (S)CBV{l := tail((S)CBV (l))} ⇒ (P)CBV

Get
(Γ)CBV ⊢ get(l, λx.(u)CBV) : (S)CBV ⇒ (P)CBV

since (M)CBV = (S⇒ P)CBV = (S)CBV ⇒ (P)CBV, and

#App,Get,Set(Φ) = #App,Get,Set(Φ1) + 1 · Get = #App,Get,Set(Ψ1) + 1 · Get

= #App,Get,Set(Ψ).

• Case R = Set. Then, t = set((l, v), u), and (set((l, v), u))CBV = set((l, (v)CBV), (u)CBV).

Moreover, Φ must be of the form

Φ1 ▷VG Γ1 ⊢ v : L Φ2 ▷VG Γ2 ⊢ u : S{l := L} ⇒ P
Set

Γ1 + Γ2 ⊢ set((l, v), u) : S⇒ P

Γ = Γ1 + Γ2, and M = S ⇒ P. By applying the i.h. to Φ1, we know there is Ψ1 ▷PG

(Γ1)
CBV ⊢ (r)CBV : (L)CBV, such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1). By applying the
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i.h. to Φ2, we know there is Ψ2 ▷PG (Γ2)CBV ⊢ (u)CBV : (S{l := L})CBV ⇒ (P)CBV, such that

#App,Get,Set(Φ2) = #App,Get,Set(Ψ2). It is easy to see that (S{l := L})CBV := (S)CBV{l :=

(L)CBV}. Thus, we can take Ψ to be

Ψ1 ▷PG (Γ1)
CBV ⊢ (r)CBV : (L)CBV Ψ2 ▷PG (Γ2)

CBV ⊢ (u)CBV : (S)CBV{l := (L)CBV} ⇒ (P)CBV
Set

(Γ1 + Γ2)
CBV ⊢ set((l, (v)CBV), (u)CBV) : (S)CBV ⇒ (P)CBV

since (Γ1 + Γ2)CBV = (Γ1)
CBV + (Γ2)CBV, (M)CBV = (S⇒ P)CBV = (S)CBV ⇒ (P)CBV, and

#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · Set

= #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2) + 1 · Set

= #App,Get,Set(Ψ).

• Case R = EList. Then, Φ must be of the form

EList
∅ ⊢ v : [ ]

Γ = ∅, and L = [ ]. Notice that v is either a variable or an abstraction. If v is a variable,

then (v)CBV is a variable. If v is an abstraction, then (v)CBV is a bang-term. Therefore, we

can take Ψ to be
EList

∅ ⊢ (v)CBV : [ ]

since (∅)CBV = ∅, ([ ])CBV = [ ], and

#App,Get,Set(Φ) = 0 · App+ 0 · Get+ 0 · Set

= #App,Get,Set(Ψ).

• Case R = List. Then, Φ must be of the form

Φ1 ▷VG Γ1 ⊢ v : M Φ2 ▷VG Γ2 ⊢ v : L′
List

Γ1 + Γ2 ⊢ t : M · L′

Γ = Γ1 + Γ2, and L = M · L′. By applying the i.h. to Φ1, there exists Ψ1 ▷PG (Γ1)
CBV ⊢

(v)CBV : (M)CBV, such that #App,Get,Set(Φ1) = #App,Get,Set(Ψ1). By applying the i.h. to Φ2,

there exists Ψ2 ▷PG (Γ2)CBV ⊢ (v)CBV : (L′)CBV, such that #App,Get,Set(Φ2) = #App,Get,Set(Ψ2).

Notice that v is either a variable or an abstraction. If v is a variable, then (v)CBV is a

variable. If v is an abstraction, then (v)CBV is a bang-term. Therefore, we can take Ψ to

be
Ψ1 ▷PG (Γ1)

CBV ⊢ (v)CBV : M Ψ2 ▷PG Γ2 ⊢ (v)CBV : L′
List

(Γ1)
CBV + (Γ2)CBV ⊢ (v)CBV : (L′)CBV
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since (Γ1 + Γ2)CBV = (Γ1)
CBV + (Γ2)CBV, and

#App,Get,Set(Φ) = #App,Get,Set(Φ1) + #App,Get,Set(Φ2)

= #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2)

= #App,Get,Set(Ψ).

Lemma 7.112 (Completeness of CBN Term Translations). Let t ∈ ΛG .

If Ψ ▷PG Γ ⊢ (t)CBN (resp. !(t)CBNor !(t)CBN) : A (resp. M or L), then Φ ▷NG Γ ⊢ t : A (resp. M or L).

Moreover, #App,Get,Set(Φ) = #App,Get,Set(Ψ).

Proof. The proof follows by induction on the structure of Ψ. We proceed by cases, according to the

last rule R of Φ:

• Case R = Ax. Then, (t)CBN = x. However, there is no t such that (t)CBN = x, Since (·)CBN maps

variables to der(x). Therefore, this case does not apply.

• Case R = Abs. Then, (t)CBN = λx.(u)CBN, and t = λx.u. Moreover, Ψ must be of the form

Ψ1 ▷PG Γ1 ⊢ (u)CBN : B
Abs

Γ1\\ x ⊢ λx.(u)CBN : S⇒ ((Γ1(x)→ B)× S)

Γ = Γ1\\ x, and A = S ⇒ ((Γ1(x) → B)× S). By applying the i.h. to Ψ1, we know that

Φ1 ▷NG Γ1 ⊢ u : B, such that #App,Get,Set(Ψ1) = #App,Get,Set(Φ1). Therefore, we can take Φ to be

Φ1 ▷NG Γ1 ⊢ u : B
Abs

Γ1\\ x ⊢ λx.u : S⇒ ((Γ1(x)→ B)× S)

since
#App,Get,Set(Ψ) = #App,Get,Set(Ψ1)

= #App,Get,Set(Φ1)

= #App,Get,Set(Φ).

• Case R = Ans. Then, (t)CBN = λx.(u)CBN, and t = λx.u. Moreover, Ψ must be of the form

Ans
∅ ⊢ λx.(u)CBN : S⇒ (⋆× S)

Γ = ∅, and A = S⇒ (⋆× S). Therefore, we can take Φ to be

Ans
∅ ⊢ λx.u : S⇒ (⋆× S)

since
#App,Get,Set(Ψ) = 0 · App+ 0 · Get+ 0 · Set

= #App,Get,Set(Φ).
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• Case R = App. Then, (t)CBN = (u)CBN !(r)CBN, and t = u r. Moreover, Ψ must be of the form

Ψ1 ▷PG Γ1 ⊢ (u)CBN : S⇒ ((M→ (Q⇒ P))×Q)

Ψ2 ▷PG Γ2 ⊢ !(r)CBN : M
Lift

Γ2 ⊢ !(r)CBN : Q⇒ (M×Q)
App

Γ1 + Γ2 ⊢ (u)CBN !(r)CBN : S⇒ P

Γ = Γ1 + Γ2, and A = S ⇒ P. By applying the i.h. to Ψ1, we know there exists Φ1 ▷NG Γ1 ⊢

u : S ⇒ ((M → (Q ⇒ P))× Q), such that #App,Get,Set(Ψ1) = #App,Get,Set(Φ1). Notice that

Ψ2 assigns a multi-monadic type to the bang-term !(r)CBN. Therefore, by applying the i.h.

to Ψ2, we know there exists Φ2 ▷NG Γ2 ⊢ r : M, such that #App,Get,Set(Ψ2) = #App,Get,Set(Φ2).

Therefore, we can take Φ to be

Φ1 ▷NG Γ1 ⊢ u : S⇒ ((M→ (Q⇒ P))×Q) Φ2 ▷NG Γ2 ⊢ r : M
App

Γ1 + Γ2 ⊢ u r : S⇒ P

since
#App,Get,Set(Ψ) = #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2) + 1 · App

= #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · App

= #App,Get,Set(Φ).

• Case R = Bg. Then, we must be considering !(t)CBN. Hence, Ψ must be of the form(
Ψi ▷PG Γi ⊢ (t)CBN : Ai

)
i∈I

Bg
+i∈I Γi ⊢ !(t)CBN : {{Ai}}i∈I

Γ = +i∈IΓi, and M = {{Ai}}i∈I. By applying the i.h. to each Ψi, we know there exist

Φi ▷NG Γi ⊢ t : Ai, such that #App,Get,Set(Ψi) = #App,Get,Set(Φi), for each i ∈ I. Therefore, we

can take Φ to be (
Φi ▷NG Γi ⊢ t : Ai

)
i∈I

Many
+i∈I Γi ⊢ t : {{Ai}}i∈I

since
#App,Get,Set(Ψ) = +i∈I#App,Get,Set(Ψi)

= +i∈I#App,Get,Set(Φi)

= #App,Get,Set(Φ).

• Case R = Der. Then, (t)CBN = der(x), and t = x. Moreover, Ψ must be of the form

Ax
x : {{S⇒ P}} ⊢ x : {{S⇒ P}}

Lift
x : {{S⇒ P}} ⊢ x : S⇒ ({{S⇒ P}} × S)

Der
x : {{S⇒ P}} ⊢ der(x) : S⇒ P

Γ = x : {{S⇒ P}}, A = S⇒ P. Therefore, we can take Φ to be

Ax
x : {{S⇒ P}} ⊢ x : S⇒ P
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since
#App,Get,Set(Ψ) = 0 · App+ 0 · Get+ 0 · Set

= #App,Get,Set(Φ).

• Case R = Lift. Then, we must be considering !(t)CBN. However, Lift assigns a monadic

type to !(t)CBN. Therefore, this case does not apply.

• Case R = Get. Then, (t)CBN = get(l, λx.(u)CBN), and t = get(l, λx.u). Moreover, Ψ must be

of the form

Ψ1 ▷PG Γ; x : head(S (l)) ⊢ (u)CBN : S{l := tail(S (l))} ⇒ P
Get

Γ ⊢ get(l, λx.(u)CBN) : S⇒ P

and A = S ⇒ P. By applying the i.h. to Ψ1, we know there is Φ1 ▷NG Γ; x : head(S (l)) ⊢ u :

S{l := tail(S (l))} ⇒ P, such that #App,Get,Set(Ψ1) = #App,Get,Set(Φ1).Therefore, we can take

Φ to be
Φ1 ▷NG Γ; x : head(S (l)) ⊢ u : S{l := tail(S (l))} ⇒ P

Get
Γ ⊢ get(l, λx.u) : S⇒ P

since
#App,Get,Set(Ψ) = #App,Get,Set(Ψ1) + 1 · Get

= #App,Get,Set(Φ1) + 1 · Get

= #App,Get,Set(Φ).

• Case R = Set. Then, (t)CBN = set((l, !(r)CBN), (u)CBN), and t = set((l, r), u). Moreover, Ψ

must be of the form

Ψ1 ▷PG Γ1 ⊢ !(r)CBN : L Ψ2 ▷PG Γ2 ⊢ (u)CBN : S{l := L} ⇒ P
Set

Γ1 + Γ2 ⊢ set((l, !(r)CBN), (u)CBN) : S⇒ P

and A = S ⇒ P. Notice that Ψ1 assigns a list type to the bang-term !(r)CBN. Therefore,

by applying the i.h. to Ψ1, we know there is Φ1 ▷NG Γ1 ⊢ r : L, such that #App,Get,Set(Ψ1) =

#App,Get,Set(Φ1). By applying the i.h. to Ψ2, we know there is Φ2 ▷NG Γ2 ⊢ u : S{l := L} ⇒ P,

such that #App,Get,Set(Ψ2) = #App,Get,Set(Φ2). Thus, we can take Φ to be

Φ1 ▷NG Γ1 ⊢ r : L Φ2 ▷NG Γ2 ⊢ u : S{l := L} ⇒ P
Set

Γ1 + Γ2 ⊢ set((l, r), u) : S⇒ P

since
#App,Get,Set(Ψ) = #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2) + 1 · Set

= #App,Get,Set(Φ1) + #App,Get,Set(Φ2) + 1 · Set

= #App,Get,Set(Φ).

• Case R = EList. Then, t = (u)CBN, and Ψ must be of the form

EList
∅ ⊢ !(u)CBN : [ ]
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Γ = ∅, and L = [ ]. Therefore, we can take Φ to be

EList
∅ ⊢ u : [ ]

since
#App,Get,Set(Ψ) = 0 · App+ 0 · Get+ 0 · Set

= #App,Get,Set(Φ).

• Case R = List. Then, t = (u)CBN, and Ψ must be of the form

Ψ1 ▷PG Γ1 ⊢ !(u)CBN : M Ψ2 ▷PG Γ2 ⊢ !(u)CBN : L′
List

Γ1 + Γ2 ⊢ !(u)CBN : M · L′

Γ = Γ1 + Γ2, and L = M · L′. Notice that Ψ1 assigns a multi-monadic type to the bang-term

!(r)CBN. Therefore, by applying the i.h. to Ψ1, we know there is Φ1 ▷NG Γ1 ⊢ u : M, such that

#App,Get,Set(Ψ1) = #App,Get,Set(Φ1). Now, notice that Ψ2 assigns a list type to the bang-term

!(r)CBN. Hence, by applying the i.h. to Ψ2, we know there is Φ2 ▷NG Γ2 ⊢ u : L′, such that

#App,Get,Set(Ψ2) = #App,Get,Set(Φ2). Therefore, we can take Φ to be

Φ1 ▷NG Γ1 ⊢ u : M Φ2 ▷NG Γ2 ⊢ u : L′
List

Γ1 + Γ2 ⊢ u : M · L′

since
#App,Get,Set(Ψ) = #App,Get,Set(Ψ1) + #App,Get,Set(Ψ2)

= #App,Get,Set(Φ1) + #App,Get,Set(Φ2)

= #App,Get,Set(Φ).

Lemma 7.113 (Soundness and Completeness of CBN State Translations). Let s ∈ S. Then Φ ▷NG Γ ⊢

s : S if and only if Ψ ▷PG Γ ⊢ (s)CBN : S. Moreover, #App,Get,Set(Φ) = #App,Get,Set(Ψ).

Proof. The proof follows by induction on the structure of the state s ∈ S. Since state typing is

defined pointwise on locations, and (·)CBN preserves the structure of states, the equivalence follows

directly from Lemmas 7.111 and 7.112. Size preservation is immediate, since no state typing rule

contributes to #App,Get,Set(·).

Lemma 7.114 (Soundness of CBV State Translations). Let s ∈ S. If Φ ▷VG Γ ⊢ s : S, Ψ ▷PG (Γ)
CBV ⊢

(s)CBV : (S)CBV. Moreover, #App,Get,Set(Φ) = #App,Get,Set(Ψ).

Proof. The proof follows by induction on the structure of the state s ∈ S. Since state typing is

defined pointwise on locations, and (·)CBV preserves the structure of states, the equivalence follows

directly from Lemma 7.111. Size preservation is immediate, since no state typing rule contributes

to #App,Get,Set(·).
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Lemma 7.115 (Soundness and Completeness of CBN Configuration Translations). Let t ∈ ΛG and

s ∈ S. Then, Φ ▷NG Γ ⊢ (t, s) : P if and only if Ψ ▷PG Γ ⊢ ((t, s))CBN : P. Moreover, #App,Get,Set(Φ) =

#App,Get,Set(Ψ).

Proof.

(⇒) Any derivation Φ ▷NG Γ ⊢ (t, s) : P must end with rule Conf, whose premises are typings of

t and s. By Lemma 7.111, the term typing translates soundly to CBPV, and by Lemma 7.113,

the state typing does as well. Reapplying rule Conf in PG yields a derivation Ψ ▷PG Γ ⊢

((t, s))CBN : P.

(⇐) Conversely, any typing derivation Ψ ▷PG Γ ⊢ ((t, s))CBN : P must also end with rule Conf.

By Lemma 7.112, the CBPV term typing yields a CBN term typing, and by Lemma 7.113, the

CBPV state typing yields a CBN state typing. Reapplying rule Conf inNG gives a derivation

Φ ▷NG Γ ⊢ (t, s) : P.

Finally, size preservation follows immediately, since rule Conf does not contribute to #App,Get,Set(·).

Lemma 7.116 (Soundness of CBV Configuration Translations). Let t ∈ ΛG and s ∈ S. If Φ ▷VG Γ ⊢

(t, s) : P, then Ψ ▷PG (Γ)
CBV ⊢ ((t, s))CBV : (P)CBV. Moreover, #App,Get,Set(Φ) = #App,Get,Set(Ψ).

Proof. Any derivation Φ ▷VG Γ ⊢ (t, s) : P must end with rule Conf, whose premises are a typing

of t and a typing of s. By Lemma 7.111, the CBV term typing translates soundly to a CBPV typing

of (t)CBV, and by Lemma 7.114, the CBV state typing translates soundly to a CBPV typing of (s)CBV.

Reapplying rule Conf in PG yields a derivation Ψ ▷PG (Γ)
CBV ⊢ ((t, s))CBV : (P)CBV. Finally, size

preservation follows immediately, since rule Conf does not contribute to #App,Get,Set(·).





Appendix F

A Quantitative Study of Infinite Stacks

F.1 State-Passing Non-Idempotent Intersection Types

F.1.1 Call-By-Name

Lemma 8.26 (CBN Multiset-Typings Split and Merge). Let t ∈ ΛS . Then, there is Φ ▷NS Γ ⊢ t :

M, such that M = ⊔i∈IMi if and only if there are Φi ▷NS Γi ⊢ t : Mi, such that Γ = +i∈IΓi, and

#App,Pop,Push(Φ) = +i∈I#App,Pop,Push(Φi).

Proof. The proof is identical to that of Lemma 7.54. Indeed, the typing rules involved in multiset

formation and decomposition are the same in the global-state and infinite-stack systems; the only

difference lies in the operational rules for effects, which do not intervene in this lemma.

Lemma 8.27 (Contexts and Free Variables for CBN). If Φ ▷NS Γ ⊢ t : A (resp. M), then dom(Γ) ⊆

fv(t).

Proof. The proof is identical to that of Lemma 7.55. Indeed, the argument depends only on the

syntactic structure of typing derivations and on the formation rules for typing environments; stack-

specific rules do not introduce or remove free variables any differently from global state-specific

ones.

Lemma 8.28 (Zero Weight Tight Type Derivations Characterize CBN-Normal Forms). Let t ∈ ΛS◦

and s ∈ S◦. If Φ ▷NS ∅ ⊢ (t, s) : P is tight, then #App,Pop,Push(Φ) = 0 · App+ 0 · Pop+ 0 · Push if and

only if t ∈ NOCBN.

Proof. The proof is identical to that of Lemma 7.56, mutatis mutandis, replacing global state con-

structs with the corresponding stack constructs.

Lemma 8.29 (Tight Typability of CBN-Normal Forms). Let s ∈ S◦. If t ∈ NOCBN, then there is a derivation

Φ ▷NS ∅ ⊢ (t, s) : P that is tight.
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Proof. The proof is identical to that of Lemma 7.57, mutatis mutandis, replacing global state con-

structs with the corresponding stack constructs.

Lemma 8.30. Let l ∈ L and s ∈ S. There are Φ ▷NS ∅ ⊢ s : S and Ψ ▷NS ∅ ⊢ t : M if and only if

there is Π ▷NS ∅ ⊢ s{l := t · s (l)} : S{l := M · S (l)}. Moreover, #App,Pop,Push(Φ) + #App,Pop,Push(Ψ) =

#App,Pop,Push(Π).

Proof.

(⇒) Notice that one of the premises of Φ must be derivation Φl ▷NS ∅ ⊢ s (l) : S (l). Now, let us

assume that s is updated by replacing s (l) with t · s (l). Then, (s{l := t · S (l)}) (l) = t · S (l).

Notice that we can obtain the following derivation Φ′l for t · S (l):

Ψ ▷NS ∅ ⊢ t : M Φl ▷NS ∅ ⊢ s (l) : S (l)
List

∅ ⊢ t · s (l) : M · S (l)

such that #App,Pop,Push(Φ′l) = #App,Pop,Push(Ψ)+ #App,Pop,Push(Φl). Therefore, by replacing deriva-

tion Φl with Φ′l in Φ, we obtain a derivation Π′ ▷NS ∅ ⊢ s{l := t · s (l)} : S{l := M ·

S (l)} for s{l := t · s (l)}, such that #App,Pop,Push(Π′) = #App,Pop,Push(Φ) − #App,Pop,Push(Φl) +

#App,Pop,Push(Φ′l). Therefore, we can take Π = Π′, since

#App,Pop,Push(Φ) + #App,Pop,Push(Ψ) = #App,Pop,Push(Π) + #App,Pop,Push(Φl)− #App,Pop,Push(Φ′l)

+ #App,Pop,Push(Ψ)

= #App,Pop,Push(Π) + #App,Pop,Push(Φl)− #App,Pop,Push(Φ′l)

+ #App,Pop,Push(Φ′l)− #App,Pop,Push(Φl)

= #App,Pop,Push(Π).

(⇐) Notice that one of the premises of Π must be derivation Φl ▷NS ∅ ⊢ (s{l := t · s (l)}) (l) :

(S{l := M · S (l)}) (l), such that (s{l := t · s (l)}) (l) = t · s (l) and (S{l := M · S (l)}) (l) =

M · S (l). Therefore, Φl must be of the form:

Ψ′ ▷NS ∅ ⊢ t : M Φ′l ▷NS ∅ ⊢ s (l) : S (l)
List

∅ ⊢ t · s (l) : M · S (l)

such that #App,Pop,Push(Φl) = #App,Pop,Push(Ψ′) + #App,Pop,Push(Φ′l). Now, notice that we can build

a type derivation Φ′ ▷NS ∅ ⊢ s : S for s by replacing derivation Φl with Φ′l in Π. Therefore,

we can take Φ = Φ′ and Ψ = Ψ′, since

#App,Pop,Push(Φ) + #App,Pop,Push(Ψ) = #App,Pop,Push(Φ′) + #App,Pop,Push(Ψ′)

= #App,Pop,Push(Π)− #App,Pop,Push(Φl) + #App,Pop,Push(Φ′l)

+ #App,Pop,Push(Φl)− #App,Pop,Push(Φ′l)

= #App,Pop,Push(Π).
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F.1.1.1 Quantitative Soundness

Lemma 8.31 (Weighted Substitution for CBN). Let t, u ∈ ΛS . If Φ ▷NS Γ; x : M ⊢ t : A (resp. N) and

Ψ ▷NS ∅ ⊢ u : M, then Π ▷NS Γ ⊢ t{x \ u} : A (resp. N), such that #App,Pop,Push(Π) = #App,Pop,Push(Φ)+

#App,Pop,Push(Ψ).

Proof. The proof follows by induction on the structure of Φ. We proceed by cases, according to the

last rule R of Φ. We only show rules Pop and Push. The remaining cases are identical to those for

the CBN λG-calculus (see Lemma 7.61):

• Case R = Pop. Then, t = pop(l, λy.r), and Φ must be of the form

Φ1 ▷NS Γ; y : head(S (l)); x : M ⊢ r : S{l := tail(S (l))} ⇒ P
Pop

Γ ⊢ pop(l, λy.r) : S⇒ P

and A = S⇒ P. By applying the i.h. to Φ1, we have

Π1 ▷NS Γ; y : head(S (l)) ⊢ r{x \ u} : S{l := tail(S (l))} ⇒ P,

such that #App,Pop,Push(Π1) = #App,Pop,Push(Φ1) + #App,Pop,Push(Ψ). Therefore, we can take Π to

be
Π1 ▷NS Γ; y : head(S (l)) ⊢ r{x \ u} : S{l := tail(S (l))} ⇒ P

Pop
Γ ⊢ pop(l, λy.r{x \ u}) : S⇒ P

since pop(l, λy.r{x \ u}) = pop(l, λy.r){x \ u}, and

#App,Pop,Push(Π) = #App,Pop,Push(Π1) + 1 · Pop

= #App,Pop,Push(Φ1) + #App,Pop,Push(Φ1) + #App,Pop,Push(Ψ) + 1 · Pop

= #App,Pop,Push(Φ) + #App,Pop,Push(Ψ).

• Case R = Push. Then, t = push((l, e), λy.r), and Φ must be of the form

Φ1 ▷NS Γ1; x : M1 ⊢ e : N Φ2 ▷NS Γ2; x : M2 ⊢ r : S{l := N · S (l)} ⇒ P
Push

(Γ1 + Γ2); x : M1 ⊔M2 ⊢ push((l, e), r) : S⇒ P

Γ = Γ1 + Γ2, M = M1 ⊔M2, and A = S ⇒ P. By Lemma 8.26, there are Ψ1 ▷NS ∅ ⊢ u : M1

and Ψ2 ▷NS ∅ ⊢ u : M2, such that #App,Pop,Push(Ψ) = #App,Pop,Push(Ψ1) + #App,Pop,Push(Ψ2).

By applying the i.h. to Φ1, we know there exists Π1 ▷NS Γ1 ⊢ e{x \ u} : N, such that

#App,Pop,Push(Π1) = #App,Pop,Push(Φ1) + #App,Pop,Push(Ψ1). By applying the i.h. to Φ2, we know

there exists Π2 ▷NS Γ2 ⊢ r{x \ u} : S{l := N · S (l)} ⇒ P, such that #App,Pop,Push(Π2) =
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#App,Pop,Push(Φ2) + #App,Pop,Push(Ψ2). Therefore, we can take Π to be

Π1 ▷NS Γ1 ⊢ e{x \ u} : N Π2 ▷NS Γ2 ⊢ r{x \ u} : S{l := N · S (l)} ⇒ P
Push

Γ1 + Γ2 ⊢ push((l, e{x \ u}), r{x \ u}) : S⇒ P

since we have that push((l, e{x \ u}), r{x \ u}) = push((l, e), r){x \ u}, and

#App,Pop,Push(Π) = #App,Pop,Push(Π1) + #App,Pop,Push(Π2) + 1 · Push

= #App,Pop,Push(Φ1) + #App,Pop,Push(Ψ1) + #App,Pop,Push(Φ2)

+ #App,Pop,Push(Ψ2) + 1 · Push

= #App,Pop,Push(Φ) + #App,Pop,Push(Ψ).

Lemma 8.32 (Exact Subject Reduction for CBN). Let t ∈ ΛS◦ , s ∈ S◦, and S ∈ {β, pop, push}.

If (t, s) ⇒CBN(S) (u, q) and Φ ▷NS ∅ ⊢ (t, s) : P, then there is Ψ ▷NS ∅ ⊢ (u, q) : P, such that

#App,Pop,Push(Φ) = #App,Pop,Push(Ψ) + 1 · R, where

• R = App, if S = β;

• R = Pop, if S = pop;

• and R = Push, if S = push.

Proof. The proof follows by induction on the definition of the contexts of the reduction strategy.

We only show the case where N = □ and t is an operation. The remaining cases are identical to

those for the CBN λG-calculus (see Lemma 7.62):

• Case N = □:

– If t = pop(l, λx.r), we have that (pop(l, λx.r), s) ⇒CBN(pop) (r{x \ head(s (l))}, s{l :=

tail(s (l))}), and Φ must be of the form

Φ1 ▷NS x : head(S (l)) ⊢ r : S{l := tail(S (l))} ⇒ P
Pop

∅ ⊢ pop(l, λx.r) : S⇒ P Φ2 ▷NS ∅ ⊢ s : S
Conf

∅ ⊢ (pop(l, λx.r), s) : P

Notice that s = s{l := head(s (l)) · tail(s (l))} and also S = S{l := head(S (l)) ·

tail(S (l))}. Thus, by applying Lemma 8.30 to Φ2, there are Π1 ▷NS ∅ ⊢ head(s (l)) :

head(S (l)) and Ψ2 ▷NS ∅ ⊢ s{l := tail(s (l))} : S{l := tail(S (l))}, such that

#App,Pop,Push(Φ2) = #App,Pop,Push(Π1) + #App,Pop,Push(Ψ2). By applying Lemma 8.31 to Φ1

and Π1, there is Ψ1 ▷NS ∅ ⊢ r{x \ head(s (l))} : S{l := tail(S (l))} ⇒ P, such that
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#App,Pop,Push(Ψ1) = #App,Pop,Push(Φ1) + #App,Pop,Push(Π1).Therefore, we can take Ψ to be

Ψ1 ▷NS ∅ ⊢ r{x \ head(s (l))} : S{l := tail(S (l))} ⇒ P
Ψ2 ▷NS ∅ ⊢ s{l := tail(S (l))} : S{l := tail(S (l))}

Conf
∅ ⊢ (r{x \ head(s (l))}, s{l := tail(S (l))}) : P

since

#App,Pop,Push(Φ) = #App,Pop,Push(Φ1) + #App,Pop,Push(Φ2) + 1 · Pop

= #App,Pop,Push(Φ1) + #App,Pop,Push(Φ2)− #App,Pop,Push(Π1)

+ #App,Pop,Push(Π1) + 1 · Pop

= #App,Pop,Push(Ψ1) + #App,Pop,Push(Ψ2) + 1 · Pop

= #App,Pop,Push(Ψ) + 1 · Pop.

– If t = push((l, e), r), then (push((l, e), r), s) ⇒CBN(push) (r, s{l := e · s (l)}), and Φ must

be of the form

Φ1 ▷NS ∅ ⊢ e : M Φ2 ▷NS ∅ ⊢ r : S{l := M · S (l)} ⇒ P
Push

∅ ⊢ push((l, e), r) : S⇒ P Φ3 ▷NS ∅ ⊢ s : S
Conf

∅ ⊢ (push((l, e), r), s) : P

By applying Lemma 8.30 to Φ3 and Φ1, there is Ψ3 ▷NS ∅ ⊢ s{l := e · s (l)} : S{l :=

M · S (l)}, such that #App,Pop,Push(Φ3) + #App,Pop,Push(Φ1) = #App,Pop,Push(Ψ3). Therefore,

we can take Ψ to be

Φ2 ▷NS ∅ ⊢ r : S{l := M · S (l)} ⇒ P Ψ3 ▷NS ∅ ⊢ s{l := e · s (l)} : S{l := M · S (l)}
Conf

∅ ⊢ (r, s{l := e · s (l)}) : P

since

#App,Pop,Push(Φ) = #App,Pop,Push(Φ1) + #App,Pop,Push(Φ2) + 1 · Push+ #App,Pop,Push(Φ3)

= #App,Pop,Push(Φ2) + #App,Pop,Push(Ψ3) + 1 · Push

= #App,Pop,Push(Ψ) + 1 · Push.

Theorem 8.33 (Exact Soundness for CBN). Let t ∈ ΛS◦ and s ∈ S◦. If there is Φ ▷NS ∅ ⊢ (t, s) : P

tight, such that #App,Pop,Push(Φ) = n · App+ o · Pop+ u · Push, then (t, s)
n·β+o·pop+u·push⇒⇒CBN (u, q), such that

u ∈ NOCBN.

Proof. The proof is identical to that of Theorem 7.63, mutatis mutandis. The argument proceeds

by induction on n + o + u, using exact subject reduction (Lemma 8.32) and the characterization

of zero-weight derivations (Lemma 8.28). The only difference is that global state operations and

typing rules are replaced by the corresponding stack operations and rules.
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F.1.1.2 Quantitative Completeness

Lemma 8.34 (Weighted Anti-Substitution for CBN). Let t ∈ ΛS and u ∈ ΛS◦ . If Φ ▷NS Γ ⊢ t{x \ u} :

A (resp. N), then there exist Ψ ▷NS Γ; x : M ⊢ t : A (resp. N) and Π ▷NS ∅ ⊢ u : M, such that

#App,Pop,Push(Φ) = #App,Pop,Push(Ψ) + #App,Pop,Push(Π).

Proof. The proof follows by induction on the structure of t. We only show the cases where t is an

operation. The remaining cases are identical to those for the CBN λG-calculus (see Lemma 7.64):

• Case t = pop(l, λy.r). Then, t{x \ u} = pop(l, λy.r{x \ u}), and Φ must be of the form:

Φ′ ▷NS Γ; y : head(S (l)) ⊢ r{x \ u} : S{l := tail(S (l))} ⇒ P
Pop

Γ ⊢ pop(l, λy.r{x \ u}) : S⇒ P

and A = S ⇒ P. By applying the i.h. to r, we know there exist Ψ′ ▷NS Γ; y : head(S (l)); x :

M ⊢ r : S{l := tail(S (l))} ⇒ P and Π′ ▷NS ∅ ⊢ u : M, such that #App,Pop,Push(Φ′) =

#App,Pop,Push(Ψ′) + #App,Pop,Push(Π′). Therefore, we can conclude by taking Π = Π′ and Ψ to be

Ψ′ ▷NS Γ; y : head(S (l)); x : M ⊢ r : S{l := tail(S (l))} ⇒ P
Pop

Γ; x : M ⊢ pop(l, λy.r) : S⇒ P

since
#App,Pop,Push(Φ) = #App,Pop,Push(Φ′) + 1 · Pop

= #App,Pop,Push(Ψ′) + #App,Pop,Push(Π′) + 1 · Pop

= #App,Pop,Push(Ψ) + #App,Pop,Push(Π).

• Case t = push((l, e), λy.r). Then, t{x \ u} = push((l, e{x \ u}), λy.r{x \ u}), and Φ must be

of the form

Φ1 ▷NS Γ1 ⊢ e{x \ u} : N Φ2 ▷NS Γ2 ⊢ r{x \ u} : S{l := N · S (l)} ⇒ P
Push

Γ1 + Γ2 ⊢ push((l, e{x \ u}), r{x \ u}) : S⇒ P

Γ = Γ1 + Γ2, and A = S ⇒ P. By applying the i.h. to e, we know there exist Ψ1 ▷NS

Γ1; x : M1 ⊢ e : N and Π1 ▷NS ∅ ⊢ u : M1, such that #App,Pop,Push(Φ1) = #App,Pop,Push(Ψ1) +

#App,Pop,Push(Π1). By applying the i.h. to r, we know there exist Ψ2 ▷NS Γ2; x : M2 ⊢ r :

S{l := N · S (l)} ⇒ P and Π2 ▷NS ∅ ⊢ u : M2, such that #App,Pop,Push(Φ2) = #App,Pop,Push(Ψ2) +

#App,Pop,Push(Π2). By Lemma 8.26, we know there exists Π′ ▷NS ∅ ⊢ u : M1 ⊔M2, such that

#App,Pop,Push(Π′) = #App,Pop,Push(Π1) + #App,Pop,Push(Π2). Therefore, we can conclude by taking

M = M1 ⊔M2, Π = Π′ and Ψ to be

Ψ1 ▷NS Γ1; x : M1 ⊢ e : N Ψ2 ▷NS Γ2; x : M2 ⊢ r : S{l := N · S (l)} ⇒ P
Push

(Γ1 + Γ2); x : M1 ⊔M2 ⊢ push((l, e), r) : S⇒ P
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since

#App,Pop,Push(Φ) = #App,Pop,Push(Φ1) + #App,Pop,Push(Φ2) + 1 · Push

= #App,Pop,Push(Ψ1) + #App,Pop,Push(Π1) + #App,Pop,Push(Ψ2)

+ #App,Pop,Push(Π2) + 1 · Push

= #App,Pop,Push(Ψ) + #App,Pop,Push(Π).

Lemma 8.35 (Exact Subject Expansion for CBN). Let t ∈ ΛS◦ , s ∈ S◦, and S ∈ {β, pop, push}.

If (t, s) ⇒CBN(S) (u, q) and Φ ▷NS ∅ ⊢ (u, q) : P, then there is Ψ ▷NS ∅ ⊢ (t, s) : P, such that

#App,Pop,Push(Ψ) + 1 · R = #App,Pop,Push(Φ), where

• R = App, if S = β;

• R = Pop, if S = pop;

• and R = Push, if S = push.

Proof. The proof follows by induction on the definition of the contexts of the reduction strategy.

We only show the case where N = □ and t is an operation. The remaining cases follow easily from

the i.h.:

• Case N = □:

– If t = pop(l, λx.r), we have that (pop(l, λx.r), s) ⇒CBN(pop) (r{x \ head(s (l))}, s{l :=

tail(s (l))}), and Φ is of the form

Φ1 ▷NS ∅ ⊢ r{x \ head(s (l))} : S⇒ P Φ2 ▷NS ∅ ⊢ s{l := tail(s (l))} : S
Conf

∅ ⊢ (r{x \ head(s (l))}, s{l := tail(s (l))}) : P

By applying Lemma 8.34 to Φ1, there exist Ψ1 ▷NS x : M ⊢ r : S ⇒ P and Π2 ▷NS ∅ ⊢

head(s (l)) : M, such that #App,Pop,Push(Φ1) = #App,Pop,Push(Ψ1) + #App,Pop,Push(Π2). Let

R = S{l := M · S (l)}. Then, head(R (l)) = M, tail(R (l)) = S (l), and R{l :=

tail(R (l))} = S. Thus, by applying Lemma 8.30 to Π2 and Φ2, there is Ψ2 ▷NS ∅ ⊢ s : R,

such that #App,Pop,Push(Ψ2) = #App,Pop,Push(Φ2) + #App,Pop,Push(Π2). Therefore, we can take

Ψ to be

Ψ1 ▷NS x : head(R (l)) ⊢ r : R{l := tail(R (l))} ⇒ P
Pop

∅ ⊢ pop(l, λx.r) : R⇒ P Ψ2 ▷NS ∅ ⊢ s : R
Conf

∅ ⊢ (pop(l, λx.r), s) : P
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since

#App,Pop,Push(Φ) + 1 · Pop = #App,Pop,Push(Φ1) + #App,Pop,Push(Φ2) + 1 · Pop

= #App,Pop,Push(Ψ1) + #App,Pop,Push(Π2)

+ #App,Pop,Push(Φ2) + 1 · Pop

= #App,Pop,Push(Ψ1) + #App,Pop,Push(Ψ2) + 1 · Pop

= #App,Pop,Push(Ψ).

– If t = push((l, e), r), then (push((l, e), r), s) ⇒CBN(push) (r, s{l := e · s (l)}), and Φ is of

the form

Φ1 ▷NS ∅ ⊢ r : S⇒ P Φ2 ▷NS ∅ ⊢ s{l := e · s (l)} : S
Conf

∅ ⊢ (r, s{l := e · s (l)}) : P

Let R = S{l := L} and R{l := S (l)} = R{l := M · L} = R{l := M · R (l)} = S. Then,

by applying Lemma 8.30 to Φ2, there are Π1 ▷NS ∅ ⊢ e : M and Ψ2 ▷NS ∅ ⊢ s : R, such

that #App,Pop,Push(Ψ2) + #App,Pop,Push(Π1) = #App,Pop,Push(Φ2). Therefore, we can take Ψ to

be

Π1 ▷NS ∅ ⊢ e : M Φ1 ▷NS ∅ ⊢ r : R{l := M · R (l)} ⇒ P
Push

∅ ⊢ push((l, e), r) : R⇒ P Ψ2 ▷NS ∅ ⊢ s : R
Conf

∅ ⊢ (push((l, e), r), s) : P

since

#App,Pop,Push(Φ) + 1 · Push = #App,Pop,Push(Φ1) + #App,Pop,Push(Φ2) + 1 · Push

= #App,Pop,Push(Φ1) + #App,Pop,Push(Ψ2) + #App,Pop,Push(Π1)

+ 1 · Push

= #App,Pop,Push(Ψ).

Theorem 8.36 (Exact Completeness for CBN). Let t ∈ ΛS◦ and s ∈ S◦. If (t, s)
n·β+o·pop+u·push⇒⇒CBN (u, q),

such that u ∈ NOCBN, then there is Φ ▷NS ∅ ⊢ (t, s) : P tight, such that #App,Pop,Push(Φ) = n · App+ o ·

Pop+ u · Push.

Proof. The proof is identical to that of Theorem 7.66, mutatis mutandis. The argument proceeds

by induction on n + o + u, using exact subject expansion (Lemma 8.35) and the tight typability of

CBN-normal forms (Lemma 8.29). The only difference is that global state operations and typing

rules are replaced by the corresponding stack operations and rules.
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F.1.2 Call-By-Value

Lemma 8.40 (CBV Multiset-Typings Split and Merge). Let t ∈ ΛS . Then, there is Φ ▷VS Γ ⊢ v : M,

such that M = ⊔i∈IMi, if and only if there are Φi ▷VS Γi ⊢ v : Mi, such that Γ = +i∈IΓi, and

#App,Pop,Push(Φ) = +i∈I#App,Pop,Push(Φi).

Proof. The proof is identical to that of Lemma 7.73. Indeed, the typing rules involved in multiset

formation and decomposition are the same in the global-state and infinite-stack systems; the only

difference lies in the operational rules for effects, which do not intervene in this lemma.

Lemma 8.41 (Contexts and Free Variables for CBV). If Φ ▷VS Γ ⊢ t : M (resp. M), then dom(Γ) ⊆

fv(t).

Proof. The proof is identical to that of Lemma 7.74. Indeed, the argument depends only on the

syntactic structure of typing derivations and on the formation rules for typing environments; stack-

specific rules do not introduce or remove free variables any differently from global state-specific

ones.

Lemma 8.42 (CBV Values Are Not Effectful). Let t ∈ ΛS and Φ ▷VS Γ ⊢ t : S⇒ (M×Q). If t ∈ ΛS
,

then Q = S and Φ ends with rule Lift.

Proof. The proof is identical to that of the corresponding lemma for the global state calculus

(see Lemma 7.75), mutatis mutandis. The argument relies only on the syntactic form of values and

on the shape of the CBV typing rules, and is independent of the particular effect operations (global

state or stacks).

Lemma 8.43 (Zero Weight Tight Type Derivations Characterize CBV-Normal Forms). Let t ∈ ΛS◦

and s ∈ S◦. If Φ ▷VS ∅ ⊢ (t, s) : P is tight, then #App,Pop,Push(Φ) = 0 · App+ 0 · Pop+ 0 · Push if and

only if t ∈ NOCBV.

Proof. The proof is identical to that of the corresponding lemma for the global state calculus

(see Lemma 7.76), mutatis mutandis, replacing global state constructs with the corresponding stack

constructs.

Lemma 8.44 (Tight Typability of CBV-Normal Forms). Let s ∈ S◦. If t ∈ NOCBV, then there is a derivation

Φ ▷VS ∅ ⊢ (t, s) : P that is tight.
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Proof. If t ∈ NOCBV, then t ∈ ΛS
◦ . Therefore, t is a closed abstraction, i.e. t = λx.u, and we can take

P = {{ }} × {l 7→ [ ]}l∈L, and Φ to be

Abs
∅ ⊢ λx.u : {l 7→ [ ]}l∈L ⇒ ({{ }} × S)

(
EStack

∅ ⊢ s (l) : [ ]
)

l∈L
State

∅ ⊢ {l 7→ s (l)}l∈L : {l 7→ [ ]}l∈L
Conf

∅ ⊢ (λx.u, s) : {{ }} × S

We can conclude since the above type derivation is tight.

Lemma 8.45. Let l ∈ L and s ∈ S. There are Φ ▷VS ∅ ⊢ s : S and Ψ ▷VS ∅ ⊢ v : M if and only if

there is Π ▷VS ∅ ⊢ s{l := v · s (l)} : S{l := M · S (l)}. Moreover, #App,Pop,Push(Φ) + #App,Pop,Push(Ψ) =

#App,Pop,Push(Π).

Proof. The proof is identical to that of Lemma 8.30, mutatis mutandis. The only difference is that in

the CBV system the pushed term is required to be a value, which does not affect the argument.

F.1.2.1 Quantitative Soundness

Lemma 8.46 (Weighted Substitution for CBV). Let t ∈ ΛS◦ , and v ∈ ΛS
. If Φ ▷VS Γ; x : M ⊢ t :

M (resp. N) and Ψ ▷VS ∅ ⊢ v : M, then Π ▷VS Γ ⊢ t{x \ v} : M (resp. N), such that #App,Pop,Push(Π) =

#App,Pop,Push(Φ) + #App,Pop,Push(Ψ).

Proof. The proof follows by induction on the structure of Φ. We proceed by cases, according to the

last rule R of Φ. We only show rules Pop and Push. The remaining cases are identical to those for

the CBN λG-calculus (see Lemma 7.81):

• Case R = Pop. Then, t = pop(l, λy.u), and Φ must be of the form

Φ1 ▷VS Γ; y : head(S (l)); x : M ⊢ u : S{l := tail(S (l))} ⇒ P
Pop

Γ ⊢ pop(l, λy.u) : S⇒ P

and M = S ⇒ P. By applying the i.h. to Φ1, there is Π1 ▷VS Γ; y : head(S (l)) ⊢ u{x \ v} :

S{l := tail(S (l))} ⇒ P, such that #App,Pop,Push(Π1) = #App,Pop,Push(Φ1) + #App,Pop,Push(Ψ).

Therefore, we can take Π to be

Π1 ▷VS Γ; y : head(S (l)) ⊢ u{x \ v} : S{l := tail(S (l))} ⇒ P
Pop

Γ ⊢ pop(l, λy.u{x \ v}) : S⇒ P

since pop(l, λy.u{x \ v}) = pop(l, λy.u){x \ v}, and

#App,Pop,Push(Π) = #App,Pop,Push(Π1) + 1 · Pop

= #App,Pop,Push(Φ1) + #App,Pop,Push(Ψ) + 1 · Pop

= #App,Pop,Push(Φ) + #App,Pop,Push(Ψ).
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• Case R = Push. Then, t = push((l, w), λy.r), and Φ must be of the form

Φ1 ▷VS Γ1; x : M1 ⊢ w : N Φ2 ▷VS Γ2; x : M2 ⊢ r : S{l := N · S (l)} ⇒ P
Push

(Γ1 + Γ2); x : M1 ⊔M2 ⊢ push((l, w), r) : S⇒ P

Γ = Γ1 + Γ2, M = M1 ⊔M2, and M = S⇒ P. By applying the i.h. to Φ1, we know there exists

Π1 ▷VS Γ1 ⊢ w{x \ v} : N, such that #App,Pop,Push(Π1) = #App,Pop,Push(Φ1) + #App,Pop,Push(Ψ1). By

applying the i.h. to Φ2, we know there exists Π2 ▷VS Γ2 ⊢ r{x \ v} : S{l := N · S (l)} ⇒ P,

such that #App,Pop,Push(Π2) = #App,Pop,Push(Φ2) + #App,Pop,Push(Ψ2). Therefore, we can take Π to

be
Π1 ▷VS Γ1 ⊢ w{x \ v} : N Π2 ▷VS Γ2 ⊢ r{x \ v} : S{l := N · S (l)} ⇒ P

Push
Γ1 + Γ2 ⊢ push((l, w{x \ v}), r{x \ v}) : S⇒ P

since substitution is well-defined on values, values are preserved by substitution, and we

have that push((l, w{x \ u}), r{x \ v}) = push((l, w), r){x \ v}, and

#App,Pop,Push(Π) = #App,Pop,Push(Π1) + #App,Pop,Push(Π2) + 1 · Push

= #App,Pop,Push(Φ1) + #App,Pop,Push(Ψ1)

+ #App,Pop,Push(Φ2) + #App,Pop,Push(Ψ2) + 1 · Push

= #App,Pop,Push(Φ1) + #App,Pop,Push(Φ2) + #App,Pop,Push(Ψ) + 1 · Push

= #App,Pop,Push(Φ) + #App,Pop,Push(Ψ).

Lemma 8.47 (Exact Subject Reduction for CBV). Let t ∈ ΛS◦ , s ∈ S◦, and S ∈ {βv, pop, push}.

If (t, s) ⇒CBV(S) (u, q) and Φ ▷VS ∅ ⊢ (t, s) : P, then there is Ψ ▷VS ∅ ⊢ (u, q) : P, such that

#App,Pop,Push(Φ) = #App,Pop,Push(Ψ) + 1 · R, where

• R = App, if S = βv;

• R = Pop, if S = pop;

• and R = Push, if S = push.

Proof. The proof follows by induction on the definition of the contexts of the reduction strategy.

We only show the case where V = □ and t is an operation. The remaining cases are identical to

those for the CBV λG-calculus (see Lemma 7.82):

• Case V = □:
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– If t = pop(l, λx.r), we have that (pop(l, λx.r), s) ⇒CBV(pop) (r{x \ head(s (l))}, s{l :=

tail(s (l))}), and Φ must be of the form

Φ1 ▷VS x : head(S (l)) ⊢ r : S{l := tail(S (l))} ⇒ P
Pop

∅ ⊢ pop(l, λx.r) : S⇒ P Φ2 ▷VS ∅ ⊢ s : S
Conf

∅ ⊢ (pop(l, λx.r), s) : P

Notice that s = s{l := head(s (l)) · tail(s (l))}, and also S = S{l := head(S (l)) ·

tail(S (l))}. Thus, by applying Lemma 8.45 to Φ2, there are Π1 ▷VS ∅ ⊢ head(s (l)) :

head(S (l)) and Ψ2 ▷VS ∅ ⊢ s{l := tail(s (l))} : S{l := tail(S (l))}, such that

#App,Pop,Push(Φ2) = #App,Pop,Push(Π1) + #App,Pop,Push(Ψ2). By applying Lemma 7.81 to Φ1

and Π1, there is Ψ1 ▷VS ∅ ⊢ r{x \ head(s (l))} : S{l := tail(S (l))} ⇒ P, such that

#App,Pop,Push(Ψ1) = #App,Pop,Push(Φ1) + #App,Pop,Push(Π1). Therefore, we can take Ψ to be

Ψ1 ▷VS ∅ ⊢ r{x \ head(s (l))} : S{l := tail(S (l))} ⇒ P
Ψ2 ▷VS ∅ ⊢ s{l := tail(s (l))} : S{l := tail(S (l))}

Conf
∅ ⊢ (r{x \ head(s (l))}, s{l := tail(s (l))}) : P

since

#App,Pop,Push(Φ) = #App,Pop,Push(Φ1) + #App,Pop,Push(Φ2) + 1 · Pop

= #App,Pop,Push(Φ1) + #App,Pop,Push(Π1) + #App,Pop,Push(Ψ2) + 1 · Pop

= #App,Pop,Push(Ψ1) + #App,Pop,Push(Ψ2) + 1 · Pop

= #App,Pop,Push(Ψ) + 1 · Pop,

and R = Pop.

– If t = push((l, v), r), then (push((l, v), r), s) ⇒CBV(push) (r, s{l := v · s (l)}), and Φ must

be of the form

Φ1 ▷VS ∅ ⊢ v : M Φ2 ▷VS ∅ ⊢ r : S{l := M · S (l)} ⇒ P
Push

∅ ⊢ push((l, v), r) : S⇒ P Φ3 ▷VS ∅ ⊢ s : S
Conf

∅ ⊢ (push((l, v), r), s) : P

By applying Lemma 8.45 to Φ3 and Φ1, there is Ψ3 ▷VS ∅ ⊢ s{l := v · s (l)} : S{l :=

M · S (l)}, such that #App,Pop,Push(Φ3) + #App,Pop,Push(Φ1) = #App,Pop,Push(Ψ3). Therefore,

we can take Ψ to be

Φ2 ▷VS ∅ ⊢ r : S{l := M · S (l)} ⇒ P Ψ3 ▷VS ∅ ⊢ s{l := v · s (l)} : S{l := M · S (l)}
Conf

∅ ⊢ (r, s{l := v}) : P

since

#App,Pop,Push(Φ) = #App,Pop,Push(Φ1) + #App,Pop,Push(Φ2) + 1 · Push+ #App,Pop,Push(Φ3)

= #App,Pop,Push(Φ2) + #App,Pop,Push(Ψ3) + 1 · Push

= #App,Pop,Push(Ψ) + 1 · Push,
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and R = Push.

Theorem 8.48 (Exact Soundness for CBV). Let t ∈ ΛS◦ . If there is Φ ▷VS ∅ ⊢ (t, s) : P tight, such that

#App,Pop,Push(Φ) = n · App+ o · Pop+ u · Push, then (t, s)
n·βv+o·pop+u·push⇒⇒CBV (u, q), such that u ∈ NOCBV.

Proof. The proof is identical to that of Theorem 7.83, mutatis mutandis. It proceeds by induction

on n + o + u, using exact subject reduction (Lemma 8.47) and the characterization of zero-weight

derivations (Lemma 8.43). The only difference is that global state operations and typing rules are

replaced by the corresponding stack operations and rules.

F.1.2.2 Quantitative Completeness

Lemma 8.49 (Weighted Anti-Substitution for CBV). Let t ∈ ΛS and v ∈ ΛS
◦ . If Φ ▷VS Γ ⊢ t{x \ v} :

M (resp. N), then Ψ ▷VS Γ; x : M ⊢ t : M (resp. N) and Π ▷VS ∅ ⊢ v : M, such that #App,Pop,Push(Φ) =

#App,Pop,Push(Ψ) + #App,Pop,Push(Π).

Proof. The proof follows by induction on the structure of Φ. We only show the cases where t is an

operation. The remaining cases are identical to those for the CBV λG-calculus (see Lemma 7.84):

• Case t = pop(l, λy.u). Then, t{x \ v} = pop(l, λy.u{x \ v}), and Φ must be of the form:

Φ′ ▷VS Γ; y : head(S (l)) ⊢ u{x \ v} : S{l := tail(S (l))} ⇒ P
Pop

Γ ⊢ pop(l, λy.u{x \ v}) : S⇒ P

and M = S ⇒ P. By applying the i.h. to u, we know Ψ′ ▷VS Γ; y : head(S (l)); x : M ⊢

u : S{l := tail(S (l))} ⇒ P exists and Π′ ▷NS ∅ ⊢ v : M, such that #App,Pop,Push(Φ′) =

#App,Pop,Push(Ψ′) + #App,Pop,Push(Π′). Therefore, we can conclude by taking Π = Π′ and Ψ to be

Ψ′ ▷VS Γ; y : head(S (l)); x : M ⊢ u : S{l := tail(S (l))} ⇒ P
Pop

Γ; x : M ⊢ pop(l, λy.u) : S⇒ P

since
#App,Pop,Push(Φ) = #App,Pop,Push(Φ′) + 1 · Pop

= #App,Pop,Push(Ψ′) + #App,Pop,Push(Π′) + 1 · Pop

= #App,Pop,Push(Ψ) + #App,Pop,Push(Π).

• Case t = push((l, w), u). Then, t{x \ v} = push((l, w{x \ u}), u{x \ v}), and Φ must be of

the form

Φ1 ▷VS Γ1 ⊢ w{x \ v} : N Φ2 ▷VS Γ2 ⊢ u{x \ v} : S{l := N · S (l)} ⇒ P
Push

Γ1 + Γ2 ⊢ push((l, w{x \ v}), u{x \ v}) : S⇒ P
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Γ = Γ1 + Γ2, and M = S ⇒ P. By applying the i.h. to w, we know there exist Ψ1 ▷VS

Γ1; x : M1 ⊢ w : N and Π1 ▷VS ∅ ⊢ v : M1, such that #App,Pop,Push(Φ1) = #App,Pop,Push(Ψ1) +

#App,Pop,Push(Π1). By applying the i.h. to u, we know there exist Ψ2 ▷NS Γ2; x : M2 ⊢ u :

S{l := N · S (l)} ⇒ P and Π2 ▷NS ∅ ⊢ v : M2, such that #App,Pop,Push(Φ2) = #App,Pop,Push(Ψ2) +

#App,Pop,Push(Π2). By Lemma 8.40, there exists a type derivation Π′ ▷VS ∅ ⊢ v : M1 ⊔M2, such

that #App,Pop,Push(Π′) = #App,Pop,Push(Π1) + #App,Pop,Push(Π2). Therefore, we can conclude by

taking M = M1 ⊔M2, Π = Π′ and Ψ to be

Ψ1 ▷VS Γ1; x : M1 ⊢ w : N Ψ2 ▷VS Γ2; x : M2 ⊢ u : S{l := N · S (l)} ⇒ P
Push

(Γ1 + Γ2); x : M1 ⊔M2 ⊢ push((l, w), u) : S⇒ P

since

#App,Pop,Push(Φ) = #App,Pop,Push(Φ1) + #App,Pop,Push(Φ2) + 1 · Push

= #App,Pop,Push(Ψ1) + #App,Pop,Push(Π1)

+ #App,Pop,Push(Ψ2) + #App,Pop,Push(Π2) + 1 · Push

= #App,Pop,Push(Ψ1) + #App,Pop,Push(Ψ2) + #App,Pop,Push(Π′) + 1 · Push

= #App,Pop,Push(Ψ) + #App,Pop,Push(Π).

Lemma 8.50 (Exact Subject Expansion for CBV). Let t, u ∈ ΛS◦ , s ∈ S◦, and S ∈ {βv, pop, push}.

If (t, s) ⇒CBV(S) (u, q) and Φ ▷VS ∅ ⊢ (u, q) : P, then there is Ψ ▷VS ∅ ⊢ (t, s) : P, such that

#App,Pop,Push(Φ) + 1 · R = #App,Pop,Push(Ψ), where

• R = App, if S = βv;

• R = Pop, if S = pop;

• and R = Push, if S = push.

Proof. The proof follows by induction on the definition of CBV evaluation contexts and is the

stack-based analogue of the CBV λG subject expansion proof. We only show the case where V = □

and t is an operation:

• Case V = □:

– If t = pop(l, λx.r), we have that (pop(l, λx.r), s) ⇒CBV(pop) (r{x \ head(s (l))}, s{l :=

tail(s (l))}), and Φ is of the form

Φ1 ▷VS ∅ ⊢ r{x \ head(s (l))} : S⇒ P Φ2 ▷VS ∅ ⊢ s{l := tail(s (l))} : S
Conf

∅ ⊢ (r{x \ head(s (l))}, s{l := tail(s (l))}) : P
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By applying Lemma 8.49 to Φ1, there exist Ψ1 ▷VS x : M ⊢ r : S ⇒ P and Π2 ▷VS ∅ ⊢

head(s (l)) : M, such that #App,Pop,Push(Φ1) = #App,Pop,Push(Ψ1) + #App,Pop,Push(Π2). Let

R = S{l := M · S (l)}. Then, head(R (l)) = M, tail(R (l)) = S (l), and R{l :=

tail(R (l))} = S. Thus, by applying Lemma 8.45 to Φ2 and Π2, there is Ψ2 ▷VS ∅ ⊢ s : R,

such that #App,Pop,Push(Ψ2) = #App,Pop,Push(Φ2) + #App,Pop,Push(Π2). Therefore, we can take

Ψ to be

Ψ1 ▷VS x : M ⊢ r : R{l := tail(R (l))} ⇒ P
Pop

∅ ⊢ pop(l, λx.r) : R⇒ P Ψ2 ▷VS ∅ ⊢ s : R
Conf

∅ ⊢ (pop(l, λx.r), s) : P

since

#App,Pop,Push(Φ) + 1 · Pop = #App,Pop,Push(Φ1) + #App,Pop,Push(Φ2) + 1 · Pop

= #App,Pop,Push(Ψ1) + #App,Pop,Push(Π2)

+ #App,Pop,Push(Φ2) + 1 · Pop

= #App,Pop,Push(Ψ1) + #App,Pop,Push(Ψ2) + 1 · Pop

= #App,Pop,Push(Ψ),

and R = Pop.

– If t = push((l, v), r), then (push((l, v), r), s) ⇒CBV(push) (r, s{l := v · s (l)}), and Φ is of

the form
Φ1 ▷VS ∅ ⊢ r : S⇒ P Φ2 ▷VS ∅ ⊢ s{l := v · s (l)} : S

Conf
∅ ⊢ (r, s{l := v · st (l)}) : P

Let R = S{l := L} and R{l := S (l)} = R{l := M · L} = R{l := M · R (l)} = S. Then,

by applying Lemma 8.45 to Φ2, there are Π1 ▷VS ∅ ⊢ v : M and Ψ2 ▷VS ∅ ⊢ s : R, such

that #App,Pop,Push(Ψ2) + #App,Pop,Push(Π1) = #App,Pop,Push(Φ2). Therefore, we can take Ψ to

be

Π1 ▷VS ∅ ⊢ v : M Φ1 ▷VS ∅ ⊢ r : R{l := M · R (l)} ⇒ P
Push

∅ ⊢ push((l, v), r) : R⇒ P Ψ2 ▷VS ∅ ⊢ s : R
Conf

∅ ⊢ (push((l, v), r), s) : P

since

#App,Pop,Push(Φ) + 1 · Push = #App,Pop,Push(Φ1) + #App,Pop,Push(Φ2) + 1 · Push

= #App,Pop,Push(Φ1) + #App,Pop,Push(Ψ2) + #App,Pop,Push(Π1)

+ 1 · Push

= #App,Pop,Push(Ψ),

and R = Push.

The remaining cases are identical to those for the CBV λG-calculus (see Lemma 7.85).
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Theorem 8.51 (Exact Completeness for CBV). Let t ∈ ΛS◦ . If (t, s)
n·βv+o·pop+u·push⇒⇒CBV (u, q), such that

u ∈ NOCBV, then there is Φ ▷VS ∅ ⊢ (t, s) : P tight, such that #App,Pop,Push(Φ) = n · App+ o · Pop+ u · Push.

Proof. The proof is identical to that of Theorem 7.86, mutatis mutandis. The argument proceeds

by induction on n + o + u, using exact subject expansion (Lemma 8.50) and the tight typability of

CBV-normal forms (Lemma 8.44). The only difference is that global state operations and typing

rules are replaced by the corresponding stack operations and rules.

F.1.3 Subsuming Call-By-Name and Call-By-Value

Lemma 8.55 (CBPV Multiset-Typings Split and Merge). Let t ∈ !ΛS . Then, there is Φ ▷PS Γ ⊢ t : M,

such that M = ⊔i∈IMi, if and only if there are Φi ▷PS Γi ⊢ t : Mi, such that Γ = +i∈IΓi, and

#App,Der,Pop,Push(Φ) = +i∈I#App,Der,Pop,Push(Φi).

Proof. The proof is identical to that of the corresponding lemma for global state (Lemma 7.93),

mutatis mutandis. In particular, the argument proceeds by induction on the structure of the

typing derivation and relies solely on the additive nature of multiset types and typing contexts.

The presence of stacks does not affect the splitting and merging properties, which are purely

structural.

Lemma 8.56 (Contexts and Free Variables for CBPV). If Φ ▷PS Γ ⊢ t : A (resp. M), then dom(Γ) ⊆

fv(t).

Proof. The proof is identical to that of the corresponding lemma for global state (Lemma 7.94),

mutatis mutandis. The argument proceeds by induction on the structure of the typing derivation

and relies solely on the variable-binding structure of CBPV terms. The differences between the

global state and stack constructs do not change the argument.

Lemma 8.57 (CBPV Values Are Not Effectful). Let t ∈ !ΛS and Φ ▷PS ∅ ⊢ t : S ⇒ (A × Q). If

t ∈ !

ΛS
, then Q = S and Φ ends with rule Lift.

Proof. The proof is identical to that of the corresponding lemma for global state (Lemma 7.95),

mutatis mutandis. The argument relies solely on the syntactic characterization of CBPV values and

the structure of CBPV typing derivations. Stack-related operations do not affect the classification

of values or the form of effectful types.

Lemma 8.58 (Zero Weight Tight Type Derivations Characterize CBPV-Normal Forms). Let t ∈ ΛS◦

and s ∈ S◦. If Φ ▷PS ∅ ⊢ (t, s) : P is tight, then #App,Der,Pop,Push(Φ) = 0 · App+ 0 · Der+ 0 · Pop+ 0 ·

Push if and only if t ∈ NOCFCBPV.
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Proof. The proof is identical to that of the corresponding lemma for the λ!G-calculus (Lemma 7.96),

mutatis mutandis, replacing global state constructs with the corresponding stack constructs.

Lemma 8.59 (Tight Typability of CBPV-Normal Forms). Let t ∈ ΛS◦ . If t ∈ NOCFCBPV, then there is a

derivation Φ ▷PS ∅ ⊢ (t, s) : P that is tight.

Proof. The proof is identical to that of the corresponding lemma for the λ!G-calculus (Lemma 7.97),

mutatis mutandis, replacing global state constructs with the corresponding stack constructs.

Lemma 8.60. Let l ∈ L and s ∈ S. There are Φ ▷PS ∅ ⊢ s : S and Ψ ▷PS ∅ ⊢ f : L if and only

if there is Π ▷PS ∅ ⊢ s{l := f } : S{l := L}. Moreover, #App,Der,Pop,Push(Φ) + #App,Der,Pop,Push(Ψ) =

#App,Der,Pop,Push(Π).

Proof. The proof is identical to that for the λS -calculus (Lemma 8.45), mutatis mutandis. It relies

only on the structural decomposition of state typings and on the additivity of typing weights,

which are unchanged in the CBPV setting.

F.1.3.1 Quantitative Soundness

Lemma 8.61 (Weighted Substitution for CBPV). Let t ∈ !ΛS and v ∈ !

ΛS
. If Φ ▷PS Γ; x : M ⊢ t :

A (resp. N) and Ψ ▷PS ∅ ⊢ v : M, then Π ▷PS Γ ⊢ t{x \ v} : A (resp. N), such that #App,Der,Pop,Push(Π) =

#App,Der,Pop,Push(Φ) + #App,Der,Pop,Push(Ψ).

Proof. The proof follows by induction on the structure of Φ and is identical to that of the λ!G-

calculus (Lemma 7.100), mutatis mutandis. The argument relies only on the compositionality of

substitution and the additivity of typing weights, which are preserved in the stack-based CBPV

setting.

Lemma 8.62 (Exact Subject Reduction for CBPV). Let t ∈ !ΛS◦ , s ∈ S◦, and S ∈ {βv, β!, pop, push}.

If (t, s) ⇒CBPV(S) (u, q) and Φ ▷PS ∅ ⊢ (t, s) : P, then there is Ψ ▷PS ∅ ⊢ (u, q) : P, such that

#App,Der,Pop,Push(Φ) = #App,Der,Pop,Push(Ψ) + 1 · R, where

• R = App, if S = βv;

• R = Der, if S = β!;

• R = Pop, if S = pop;

• and R = Push, if S = push.

Proof. The proof follows by induction on the definition of the contexts of the reduction strategy

and is identical to that for the λ!G-calculus (Lemma 7.101), mutatis mutandis.
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Theorem 8.63 (Exact Soundness for CBPV). Let t ∈ ΛS◦ . If there is Φ ▷PS ∅ ⊢ (t, s) : P tight, such

that #App,Der,Pop,Push(Φ) = n · App+ m · Der+ o · Pop+ u · Push, then (t, s)
n·βv+m·β!+o·pop+u·push⇒⇒CBPV (u, q),

such that u ∈ NOCFCBPV.

Proof. The proof is identical to that of Theorem 7.102, mutatis mutandis. The argument proceeds by

induction on n + m + o + u, using exact subject reduction (Lemma 8.62) and the characterization

of zero-weight tight derivations (Lemma 8.58). The only difference is that global state operations

and typing rules are replaced by the corresponding stack operations and rules.

F.1.3.2 Quantitative Completeness

Lemma 8.64 (Typability Implies Clash-Freeness). Let t ∈ !ΛS◦ and s ∈ S◦. If Φ ▷PS ∅ ⊢ (t, s) : P,

then t is clash-free.

Proof. The proof is identical to that of Lemma 7.103, mutatis mutandis, replacing global state

constructs with the corresponding stack constructs.

Lemma 8.65 (Typability Characterizes CBPV Clash-Free Normal Forms). Let t ∈ !ΛS◦ and s ∈ S◦.

Then, t ∈ NOCFCBPV if and only if t ∈ NOCBPV and (t, s) is PS -typable.

Proof. The proof is identical to that for the λ!G-calculus (see Lemma 7.104).

Lemma 8.66 (Weighted Anti-Substitution for CBPV). Let t ∈ !ΛS , and v ∈ !

ΛS
◦ . If Φ ▷PS Γ ⊢

t{x \ v} : A (resp. N), then Ψ ▷PS Γ; x : M ⊢ t : A (resp. N) and Π ▷PS ∅ ⊢ v : M, such that

#App,Der,Pop,Push(Φ) = #App,Der,Pop,Push(Ψ) + #App,Der,Pop,Push(Π).

Proof. The proof follows by induction on the structure of t and identical to the one for the λ!G-

calculus (see Lemma 7.105), mutatis mutandis.

Lemma 8.67 (Exact Subject Expansion for CBPV). Let t ∈ !ΛS◦ , s ∈ S◦, and S ∈ {βv, β!, pop, push}.

If (t, s) ⇒CBPV(S) (u, q) and Φ ▷PS ∅ ⊢ (u, q) : P, then there is Ψ ▷PS ∅ ⊢ (t, s) : P, such that

#App,Der,Pop,Push(Φ) + 1 · R = #App,Der,Pop,Push(Ψ), where

• R = App, if S = βv;

• R = Der, if S = β!;

• R = Pop, if S = pop;

• and R = Push, if S = push.

Proof. The proof follows by induction on the definition of the contexts of the reduction strategy

and is identical to that for the λ!G-calculus (see Lemma 7.106), mutatis mutandis.
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Theorem 8.68 (Exact Completeness for CBPV). Let t ∈ ΛS◦ . If (t, s)
n·βv+m·β!+o·pop+u·push⇒⇒CBPV (u, q), such

that u ∈ NOCFCBPV, then there is Φ ▷PS ∅ ⊢ (t, s) : P tight, such that #App,Der,Pop,Push(Φ) = n · App+ m ·

Der+ o · Pop+ u · Push.

Proof. The proof is identical to that of Theorem 7.107, mutatis mutandis. The argument proceeds by

induction on n + m + o + u, using exact subject expansion (Lemma 8.67) and the tight typability

of clash-free normal forms (Lemma 8.59). The only difference is that global state operations and

typing rules are replaced by the corresponding stack operations and rules.

F.1.3.3 Soundness and Completeness of Translations

Lemma 8.69 (Soundness of Term and Stack Translations). Let t ∈ ΛS .

1. If Φ ▷NS Γ ⊢ t (resp. t or f ) : A (resp. M or L), then Ψ ▷PS Γ ⊢ (t)CBN (resp. !(t)CBN or ( f )CBN) :

A (resp. M or L). Moreover, #App,Pop,Push(Φ) = #App,Pop,Push(Ψ).

2. If Φ ▷VS Γ ⊢ t (resp. t or f ) : M (resp. M or L), then Ψ ▷PS (Γ)
GCBV ⊢ (t)CBV (resp. (t)CBV or ( f )CBV) :

(M)GCBV (resp. (M)GCBV or (L)GCBV). Moreover, #App,Pop,Push(Φ) = #App,Pop,Push(Ψ).

Proof. The proof proceeds by induction on the structure of the typing derivation Φ. Each typing

rule of NS (resp. VS ) is mapped in a structure-preserving way to the corresponding rule of

PS under the translations (·)CBN (resp. (·)CBV and (·)GCBV). In all cases, the translated derivation

preserves the typing judgment and does not introduce additional occurrences of App, Pop, or Push.

The argument is identical to that of the λ!G-calculus (see Lemma 7.111), with global state constructs

replaced by stack constructs.

Lemma 8.70 (Completeness of CBN Term and Stack Translations). Let t ∈ ΛS . If Ψ ▷PS Γ ⊢

(t)CBN (resp. !(t)CBN or ( f )CBN) : A (resp. M or L), then Φ ▷NS Γ ⊢ t (resp. t or f ) : A (resp. M or L).

Moreover, #App,Pop,Push(Φ) = #App,Pop,Push(Ψ).

Proof. The proof proceeds by induction on the structure of the CBPV typing derivation Ψ. Each

typing rule used to derive Ψ ▷PS Γ ⊢ (t)CBN : A corresponds uniquely to a typing rule of NS for t.

By inverting the translation (·)CBN at each step, we reconstruct a derivation Φ ▷NS Γ ⊢ t : A with the

same typing context and type. No additional occurrences of App, Pop, or Push are introduced in

this reconstruction, so the weight is preserved. The argument is identical to that of the λ!G-calculus

(see Lemma 7.112), with global state constructs replaced by stack constructs.

Lemma 8.71 (Soundness and Completeness of CBN State Translations). Let s ∈ S. Then, Φ ▷NS Γ ⊢

s : S if and only if Ψ ▷PS Γ ⊢ (s)CBN : S. Moreover, #App,Pop,Push(Φ) = #App,Pop,Push(Ψ).
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Proof. Both directions are proved by induction on the structure of the state s ∈ S.

⇒) Assume Φ ▷NS Γ ⊢ s : S. Each typing rule for states in N is preserved by the translation

(·)CBN. For each stack component, soundness of term translations (Lemma 8.69) yields a

corresponding CBPV typing. Reassembling these derivations yields Ψ ▷PS Γ ⊢ (s)CBN : S.

⇐) Conversely, assume Ψ ▷PS Γ ⊢ (s)CBN : S. By induction on the structure of s and by complete-

ness of term translations (Lemma 8.70), each translated stack component corresponds to a

well-typed source component. Reconstructing the original state typing yields Φ ▷NS Γ ⊢ s : S.

In both directions, no occurrences of App, Pop, or Push are introduced or removed by the translation,

so the size equality follows immediately.

Lemma 8.72 (Soundness of CBV State Translations). Let s ∈ S. If Φ ▷VS Γ ⊢ s : S, then Ψ ▷PS (Γ)
CBV ⊢

(s)CBV : (S)CBV. Moreover, #App,Pop,Push(Φ) = #App,Pop,Push(Ψ).

Proof. The proof follows by induction on the structure of the state s ∈ S. Each typing rule for

states in V is preserved by the translation (·)CBV. For each state component, soundness of CBV term

translations (Lemma 8.69) yields a corresponding CBPV typing. Reassembling these derivations

gives Ψ ▷PS (Γ)
CBV ⊢ (s)CBV : (S)CBV. Since state typing rules do not contribute to App, Pop, or Push,

the size equality holds immediately.

Theorem 8.73 (Soundness and Completeness of CBN Configuration Translations). Let t ∈ ΛS

and s ∈ S. Then, Φ ▷NS Γ ⊢ (t, s) : A × Q if and only if Ψ ▷PS Γ ⊢ ((t, s))CBN : A × Q. Moreover,

#App,Pop,Push(Φ) = #App,Pop,Push(Ψ).

Proof. The proof follows smoothly from the soundness and completeness of CBN term transla-

tions (Lemmas 8.69 and 8.70) together with soundness and completeness of state translations

(Lemma 8.71). The result follows by reassembling the corresponding term and state derivations

using the configuration typing rule. Weight preservation is immediate.

Theorem 8.74 (Soundness of CBV Configuration Translations). Let t ∈ ΛS and s ∈ S. If Φ ▷VS Γ ⊢

(t, s) : P, then Ψ ▷PS Γ ⊢ ((t, s))CBV : (P)GCBV . Moreover, #App,Pop,Push(Φ) = #App,Pop,Push(Ψ).

Proof. The proof follows smoothly from soundness of CBV term translations (Lemma 8.69) and

soundness of CBV state translations (Lemma 8.72), by composing the translated derivations using

the configuration typing rule.
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