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ABSTRACT
We consider a Leibniz algebra L = I ⊕ V over an arbitrary base
field F, being I the ideal generated by the products [x, x], x ∈ L. This
ideal has a fundamental role in the study presented in our paper. A
basis B = {vi}i∈I of L is called multiplicative if for any i, j ∈ I we have
that [vi , vj] ∈ Fvk for some k ∈ I. We associate an adequate graph
�(L,B) to L relative to B. By arguing on this graph we show that
L decomposes as a direct sum of ideals, each one being associated
to one connected component of �(L,B). Also the minimality of L
and the division property ofL are characterized in terms of the weak
symmetry of the defined subgraphs �(L,BI) and �(L,BV).
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1. Introduction

Leibniz algebras were presented by Bloh [1], who called them theD-algebras. Two decades
later, Loday introduced them in [2] as a non-antisymmetric analogue of Lie algebras and
naming them Leibniz algebras because it was Gottfried W. Leibniz who discovered the
Leibniz rule for differentiation of functions. This formula is realized when the adjoint map
is a derivation and generalizes the well-known Jacobi identity in such a way that any Lie
algebra is a Leibniz algebra.

Recently, the structure of Leibniz algebras has been considered in the frameworks of low
dimensional algebras, nilpotency and related problems [3–9]. We finally have to mention
the recent book [10], where a complete state of the art on Leibniz algebras theory can be
found. The inner structure of Leibniz algebras admitting a multiplicative basis B has been
recently studied in [11], where the focus is on the characterization of theB-semisimplicity
and of the B-simplicity of the algebra.

An interesting problem in graph theory and in abstract algebra consists in characterizing
the structure of an algebraic object by the properties satisfied for some graph associated
with it (see for instance [12–15]). The paper [16] is devoted to the study of the structure of
linear spaces under a bilinear map, by associating to this data an adequate graph.
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The main goal of the present paper is to use properties of graphs to study Leibniz alge-
brasLwithmultiplicative basesB, in order to obtain results about their algebraic structure.
Given a Leibniz algebra L, the ideal I generated by the products [x, x] with x ∈ L plays a
relevant role in our study, so we have to adapt the ideas of [16] to this situation. By argu-
ing on the associated graph, we show that a Leibniz algebra decomposes as a direct sum
of ideals, each one being associated to one connected component of the mentioned graph.
In the last section, we approach the minimality property for this class of algebras by using
the subgraphs �(L,BI) and �(L,BV), related to a given (vector space) decomposition
L = I ⊕ V.

The paper is organized as follows. In Section 2, we introduce the (directed) graph asso-
ciated with a Leibniz algebra L admitting a multiplicative basis B, denoted as �(L,B). By
using this graph we prove that L decomposes as a direct sum

L =
⊕

k

Ik

of ideals with a multiplicative basis contained in B, each one being associated with a con-
nected component of �(L,B). In the next section, we discuss the relations among various
decompositions of L given by different choices of bases. Finally, in Section 4 we relate the
weak symmetry of two concrete subgraphs with some properties of L. The minimality of
L and the division property of B are characterized. It is shown that L is minimal if and
only if B is of division if and only if the two graphs �(L,BI) and �(L,BV) are weakly
symmetric.

All of the Leibniz algebras considered are of arbitrary (finite) dimension over an
arbitrary base field F.

Definition 1.1: A Leibniz algebraL is a vector space over a fieldF endowed with a bilinear
product [·, ·] satisfying the Leibniz identity

[[y, z], x] = [[y, x], z] + [y, [z, x]],

for any x, y, z ∈ L.

Clearly, Lie algebras are examples of Leibniz algebras. For any x ∈ L, consider the
adjoint map adx : L → L defined by adx(y) = [y, x], with y ∈ L. Observe that the Leibniz
identity is equivalent to the assertion that adx is a derivation of L, for all x ∈ L. A subalge-
bra S of a Leibniz algebra L is a vector subspace of L such that [S, S] ⊂ S, and an ideal I of
L is a subalgebra such that [I,L] + [L, I] ⊂ I.

The ideal I generated by {[x, x] : x ∈ L} plays an important role in the theory since it
determines the (possible) non-Lie character of the Leibniz algebra L. From the Leibniz
identity, this ideal satisfies

[L,I] = 0. (1)

Observe that we can write

L = I ⊕ V,

where V is a linear complement of I in L (as a vector space, V is isomorphic to L/I, the
so-called corresponding Lie algebra of L). Hence, by taking bases BI and BV of I and V,
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respectively, we get

B = BI ∪̇ BV,

a basis of L.

Definition 1.2: A decomposition of a Leibniz algebra L as the direct sum of linear
subspaces

L =
⊕

j∈J
Lj

is called orthogonal if [Lj,Lk] = {0} for all j �= k ∈ J.

For an arbitrary algebra A over a base field F, a basis B = {vi}i∈I of A is called multi-
plicative if for any i, j ∈ I we have that vivj ∈ Fvk, for some k ∈ I (see [17]). In the particular
case of Leibniz algebras, as in [11], the relation (1) implies the following characterization.

Definition 1.3: A basis B = BI ∪̇ BV of a Leibniz algebra L, where we denote

BI := {ek}k∈K , BV := {uj}j∈J ,
is calledmultiplicative if:

(i) For any k ∈ K and j ∈ J we have [ek, uj] ∈ Fei for some i ∈ K.
(ii) For any j, k ∈ J we have either [uj, uk] ∈ Ful for some l ∈ J, or [uj, uk] ∈ Fei for some

i ∈ K.

Example 1.1 (see [18]): Consider a (non-Lie) Leibniz algebra L over a field F with char-
acteristic different of 2 and with the multiplicative basis B = BI ∪̇ BV, where BI = {p, q}
and BV = {e, h, f }, defined by the following multiplication:

[e, h] = −[h, e] = 2e, [h, f ] = −[f , h] = 2f , [e, f ] = −[f , e] = h,

[p, h] = −[q, e] = p, [p, f ] = −[q, h] = q,

where the omitted products among basis elements are zero.

Example 1.2: The infinite-dimensional Leibniz algebraL = I ⊕ V given in [11, Example
1.2], over a base field F with characteristic different to 2, admits a multiplicative basis B =
BI ∪̇ BV, where

BI = {en : n ∈ N}
is a basis of I and

BV = {ua, ub, uc, ud}
is a basis of V. The non-zero products from the basis B are:

[ub, uc] = ua, [uc, ub] = −ua,

[ud, ud] = e0, [e0, ud] = e1,
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[en, ua] = en, for n ≥ 2,

[en, ub] = en+1, for n ≥ 2,

[en, uc] = (n − 2)en−1, for n ≥ 3.

Example 1.3: Let L be the model filiform Leibniz algebra with multiplicative basis B =
BI ∪̇ BV, where BI = {e2, . . . , en} and BV = {e1}, with non-zero products given by

[ei, e1] = ei+1, 2 ≤ i ≤ n − 1.

Example 1.4: Let n ≥ 4 be an odd integer and L be the n-dimensional Leibniz algebra,
given in Theorem 3.4 of [19] over the complex numbers, with basis

B := {e, f , h, x0, x1, . . . , xn−4},

such that the non-zero products from B are

[e, f ] = −[f , e] = h, [xk, e] = k(k + 3 − n)xk−1, 1 ≤ k ≤ n − 4,

[e, h] = −[h, e] = 2e, [xk, h] = (n − 4 − 2k)xk, 0 ≤ k ≤ n − 4,

[h, f ] = −[f , h] = 2f , [xk, f ] = xk+1, 0 ≤ k ≤ n − 5.

Note thatL/I is isomorphic to the simple Lie algebra sl2. ClearlyB is amultiplicative basis.
This example generalizes Example 1.1, with n = 5 and p = x0, q = x1.

2. Leibniz algebras admitting amultiplicative basis and their graphs

In this section, we relate the concept of Leibniz algebra admitting a multiplicative basis
with graphs in order to characterize their structure. We recall that a (directed) graph is a
pair (V ,E)where V is a set of vertices and E ⊂ V × V a set of (directed) edges connecting
the vertices. The reader can find the basic necessary graph concepts in [16]. All graphs
considered here will be directed graphs.

Definition 2.1: LetL be a Leibniz algebra admitting a multiplicative basisB. The directed
graph associated to L relative to B is �(L,B) := (V ,E), where V := B and

E := {(vj, vk) ∈ V × V : {[vi, vj], [vj, vi]} ∩ F
×vk �= ∅, for some vi ∈ B}.

Remark 2.1: Taking into accountDefinition 1.3, we observe that�(L,B) can be described
more precisely by V = BI ∪̇ BV and

E = {(uj, ek) ∈ V × V : [ei, uj] ∈ F
×ek �= ∅, for some ei ∈ BI}

∪ {(ei, ek) ∈ V × V : [ei, uj] ∈ F
×ek �= ∅, for some uj ∈ BV}

∪ {(uj, ei) ∈ V × V : {[uj, uk], [uk, uj]} ∩ F
×ei �= ∅, for some uk ∈ BV}

∪ {(uj, ul) ∈ V × V : {[uj, uk], [uk, uj]} ∩ F
×ul �= ∅, for some uk ∈ BV}.
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Example 2.1: Consider the Leibniz algebra L of Example 1.1 over a field with character-
istic different of 2 and with the basisB = BI ∪̇ BV, where BI = {p, q}, BV = {e, h, f }. We
have that V = {e, h, f , p, q},

E = {(e, p), (h, p), (h, q), (f , q)} ∪ {(p, p), (p, q), (q, p), (q, q)}
∪ ∅ ∪ {(e, e), (e, h), (h, f ), (f , f ), (h, e), (f , h)}

and the associated graph �(L,B) is the following:

Example 2.2: The associated graph of the Leibniz algebra presented in Example 1.2 over
a field with characteristic 0 and with the multiplicative basis B = BI ∪̇ BV, where BI =
{en : n ∈ N} and BV = {ua, ub, uc, ud} is as follows:

Example 2.3: For the model filiform Leibniz algebra L with basis B := {e1, . . . , en} from
Example 1.3 the associated graph �(L,B) is

Example 2.4: Let L be the n-dimensional Leibniz algebra from Example 1.4 over a field
with characteristic 0. The associated graph �(L,B) is
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Given two vertices vi, vj ∈ V , an undirected path from vi to vj is a sequence of vertices
(vi1 , . . . , vin) with vi1 = vi, vin = vj and such that either (vir , vir+1) ∈ E or (vir+1 , vir) ∈ E,
for 1 ≤ r ≤ n − 1.

We can introduce an equivalence relation in V defined by vi ∼ vj if and only if either
vi = vj or there exists an undirected path from vi to vj. Then it is said that vi and vj are con-
nected and the equivalence class of vi, denoted by [vi] ∈ V/ ∼, corresponds to a connected
component C[vi] of the graph �(L,B). Then

�(L,B) =
⋃̇

[vi]∈V/∼
C[vi]. (2)

We can also associate to any C[vi] the linear subspace
LC[vi] :=

⊕

vj∈[vi]
Fvj (3)

and assert the next result:

Theorem 2.1: LetL be a Leibniz algebra admitting a multiplicative basisB = {vi}i∈I . Then
L decomposes as the orthogonal direct sum

L =
⊕

[vi]∈V/∼
LC[vi]

,

where each LC[vi]
is an ideal of L, admitting the set [vi] ⊂ B as multiplicative basis.

Proof: FromEquations (2) and (3)we can assert thatL is the direct sumof the family of lin-
ear subspacesLC[vi]

with [vi] ∈ V/ ∼, each one admitting the set [vi] ⊂ B asmultiplicative
basis.

Let us suppose that there exist vj ∈ LC[vi]
and vk, vl ∈ B such that

{[vj, vk], [vk, vj]} ∩ F
×vl �= ∅.

Then (vj, vl) and (vk, vl) are edges of C[vi], and thus vk, vl ∈ LC[vi]
. From here we conclude

that the direct sum is orthogonal and that LC[vi]
is an ideal of L. �

Example 2.5: The Leibniz algebra of Example 1.2 decomposes as the orthogonal direct
sum

L = LC[ud]
⊕ LC[ua]

where

LC[ud]
:= Fud ⊕ Fe0 ⊕ Fe1,
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LC[ua] := Fua ⊕ Fub ⊕ Fuc ⊕ Fe2 ⊕ Fe3 ⊕ · · · ⊕ Fen ⊕ · · ·
are ideals of L admitting the multiplicative bases in B:

[ud] := {ud, e0, e1}, [ua] := {ua, ub, uc} ∪ {ei}i≥2,

respectively.

We recall a Leibniz algebra L is simple if its product is non-zero and its only ideals are
{0}, I and L. It should be noted that this definition agrees with the definition of simple Lie
algebra, since in this framework I = {0}.
Corollary 2.1: If L is simple, then any two vertices of �(L,B) are connected.

Example 2.6: By Corollary 2.1, the Leibniz algebra of Example 1.2 is not simple because
its associated graph has two components, as shown in Example 2.2.

To identify the components of the decomposition given in Theorem 2.1 we only need
to focus on the connected components of the associated graph.

3. Relating the graphs given by different choices of bases

In general, two different multiplicative bases of L determine different associated graphs,
which can give rise to different decompositions of L as an orthogonal direct sum of ideals
(see Theorem 2.1). For instance, consider the next example. First we recall that two graphs
(V ,E) and (V ′,E′) are isomorphic if there exists a bijection f : V → V ′ such that (vi, vj) ∈ E
if and only if (f (vi), f (vj)) ∈ E′.

Example 3.1: Consider the complex Leibniz algebraL of Example 1.1 with themultiplica-
tive basisB′ := {e + f , e − f , h, p + q, p − q}. Indeed, the non-zero products in the basisB′
are

[e − f , e + f ] = −[e + f , e − f ] = 2h,

[e + f , h] = −[h, e + f ] = 2(e − f ),

[e − f , h] = −[h, e − f ] = 2(e + f ),

[p + q, h] = −[p + q, e + f ] = [p − q, e − f ] = p − q,

[p − q, e + f ] = [p − q, h] = −[p + q, e − f ] = p + q.

Then the associated graph �(L,B′) is
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which is clearly non-isomorphic to the one obtained with the multiplicative basis B
presented in Example 2.1.

Next, we give a condition under which the graphs associated to L by two different
multiplicative bases are isomorphic. As a consequence, we establish a sufficient condition
under which two decompositions of L, induced by two different multiplicative bases, are
equivalent.

We recall that an automorphism of a Leibniz algebra L is a linear isomorphism f : L →
L satisfying [f (x), f (y)] = f ([x, y]), for all x, y ∈ L.

Definition 3.1: Let L be a Leibniz algebra. Two bases B = {vi}i∈I and B′ = {wj}j∈J of L
are equivalent if there exists an automorphism f : L → L satisfying f (B) = B′.

Lemma 3.1: Let L be a Leibniz algebra and consider two multiplicative bases B and B′ of
L. If B and B′ are two equivalent bases, then the associated graphs �(L,B) and �(L,B′)
are isomorphic.

Proof: Let us suppose that B = {vi}i∈I and B′ = {wj}j∈J are two equivalent multiplicative
bases of L. Then, there exists an automorphism f : L → L satisfying

[f (x), f (y)] = f ([x, y]) (4)

for all x, y ∈ L and such that f (B) = B′.
Let us denote by (V ,E) and (V ′,E′) the set of vertices and edges of�(L,B) and�(L,B′),

respectively. Taking into account thatV = B andV ′ = B′, and the fact f (B) = B′, we have
that the map f defines a bijection from V to V ′.

Given x, y ∈ V , we want to show that (x, y) ∈ E if and only if (f (x), f (y)) ∈ E′. Suppose
that (x, y) ∈ E. Then there are z ∈ V and λ ∈ F× such that either [x, z] = λy or [z, x] = λy.
Applying f to these relations we get that either [f (x), f (z)] = λf (y) or [f (z), f (x)] = λf (y).
Thus, (f (x), f (y)) ∈ E′. The same argument using f−1 shows that if (f (x), f (y)) ∈ E′ then
(x, y) ∈ E, which concludes the proof that �(L,B) and �(L,B′) are isomorphic via f. �

The following concept is borrowed from the theory of graded algebras (see for instance
[20]).

Definition 3.2: Let L be a Leibniz algebra and let

ϒ := L =
⊕

i∈I
Li and ϒ ′ := L =

⊕

j∈J
L′
j

be two decompositions of L as an orthogonal direct sum of ideals. It is said that ϒ and ϒ ′
are equivalent if there exists an automorphism f : L → L, and a bijection σ : I → J such
that f (Li) = L′

σ(i) for all i ∈ I.

Theorem 3.1: LetL be a Leibniz algebra and consider two multiplicative basesB := {vi}i∈I
and B′ := {v′

j}j∈J . Consider the following assertions:

(i) The bases B and B′ are equivalent.
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(ii) The graphs �(L,B) and �(L,B′) are isomorphic.
(iii) The decompositions

ϒ := L =
⊕

[vi]∈V/∼
LC[vi]

and ϒ ′ := L =
⊕

[v′j]∈V ′/∼
LC′

[v′j]
,

corresponding to B and B′ are equivalent.

Then (i) implies (ii) and (iii).

Proof: The implication from (i) to (ii) was proved in Lemma 3.1. Suppose that f : L → L
is an automorphism satisfying f (B) = B′. By the implication from i. to ii., we know that
�(L,B) and �(L,B′) are isomorphic via f and thus f ([v]) = [f (v)], for all v ∈ V = B. It
follows that f (LC[v]) = LC[f (v)] , for all [v] ∈ V/ ∼, which proves that the decompositions
of L corresponding to B and B′ are equivalent. �

4. Minimality and weak symmetry

Consider a graph (V ,E). Given two vertices vi, vj ∈ V , a directed path from vi to vj is a
sequence of vertices (vi1 , . . . , vin) with vi1 = vi, vin = vj and such that (vir , vir+1) ∈ E, for
every 1 ≤ r ≤ n − 1.We also recall that a graph (V ,E) is symmetric if (vi, vj) ∈ E for every
(vj, vi) ∈ E. Then, a weaker concept can be introduced as follows:

Definition 4.1: We say that the graph (V ,E) is weakly symmetric if for every (vj, vi) ∈ E
there exists a directed path from vi to vj.

In particular, we have that every symmetric graph is weakly symmetric.

Example 4.1: The following graphs are weakly symmetric:

Definition 4.2: Given a graph (V ,E), we say that two vertices vi, vj ∈ V are strongly con-
nected if there exists a directed path from vi to vj and one from vj to vi. (As usual, we
consider that there is a directed path using no edges from any vertex to itself.) Addition-
ally, we say that the graph (V ,E) is strongly connected if any two vertices of V are strongly
connected.

Remark 4.1: Note that a graph is strongly connected if and only if it is connected and
weakly symmetric. Indeed, if any pair of vertices of a graph is strongly connected, then
clearly the graph is connected and weakly symmetric. Conversely, suppose that (V ,E) is
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connected and weakly symmetric. Given vertices vi, vj ∈ V , let (vi = vi1 , . . . , vin = vj) be
an undirected path from vi to vj. For each 1 ≤ r ≤ n − 1, if (vir , vir+1) �∈ E, then we must
have (vir+1 , vir) ∈ E and by weak symmetry there is a directed path (vir = vk1 , . . . , vkm =
vir+1) from vir to vir+1 ; thuswe can replace in the given undirected path from vi to vj the edge
(vir+1 , vir)with the directed path (vir = vk1 , . . . , vkm = vir+1). Proceeding in this fashion for
all 1 ≤ r ≤ n − 1, we end up with a directed path from vi to vj, as required.

In the case of Leibniz algebras, there can be no edges of type (ei, uj), with ei ∈ BI,
uj ∈ BV. So the notion of weak symmetry is not well adjusted to the graph associated to a
Leibniz algebra L. Due to this fact, we consider two subgraphs, one related to the ideal I
and the other to V, isomorphic to the Lie algebra L/I.

Definition 4.3: Let L be a Leibniz algebra with a multiplicative basis B. By a subgraph of
the directed graph �(L,B) := (V ,E) we mean a vertex-induced subgraph (V ′,E′), i.e. a
pair (V ′,E′)withV ′ ⊂ V and E′ ⊂ E such that the edge (u, v) of E belongs to E′ if and only
if u, v ∈ V ′.

Let L = I ⊕ V be a Leibniz algebra with multiplicative basis B = BI ∪̇ BV, where
BI = {ei}i∈I and BV = {uj}j∈J . In the following, we will consider the two subgraphs
�(L,BI) and �(L,BV) of the associated graph �(L,B). These can be obtained from
�(L,B) by removing the edges (uj, ei) with uj ∈ BV and ei ∈ BI. The set of vertices of
the subgraph �(L,BI) is BI while for the subgraph �(L,BV) this set is BV.

Remark 4.2: More precisely, taking into accountDefinition 1.3 andRemark 2.1we observe
that the subgraph �(L,BI) is (V ′,E′) where V ′ = BI and

E′ := {(ei, ek) ∈ V × V : [ei, uj] ∈ F
×ek, for some uj ∈ V}

and the subgraph �(L,BV) is (V ′′,E′′) where V ′′ = BV and

E′′ := {(uj, ul) ∈ V × V : {[uj, uk], [uk, uj]} ∩ F
×ul �= ∅ for some uk ∈ V}.

Example 4.2: For the complex Leibniz algebra L of Example 2.1 we get

In what follows, we denote by I(v) the ideal of a Leibniz algebra L generated by v ∈ L.
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Lemma 4.1: Let L be a Leibniz algebra with a multiplicative basis B := {vi}i∈I . Given
vi, vj ∈ BK, we have that vj ∈ I(vi) if and only if there exists a directed path from vi to vj
in �(L,BK), for whatever K ∈ {I,V}.

Proof: We consider the direct implication first. For x, y ∈ L, write f (x, y) to denote either
one of the elements [x, y] or [y, x]. Then

I(vi) =
∑

Ff (f (· · · f (f (vi,w1),w2), . . .),wk), (5)

where the sum is over all k ≥ 0 (in case k = 0, by convention, the corresponding subspace
is Fvi), all w1, . . . ,wk ∈ B and all possible choices for f (x, y) = [x, y] or f (x, y) = [y, x].
Indeed, the right-hand side of (5) is a subspace of L which is closed under left and right
products with elements ofL, thus it is an ideal. Since it contains vi, it contains I(vi) and in
fact it must equal I(vi) as every summand from the right-hand side of (5) is contained in
I(vi). Observe also that, since B is multiplicative and vi,w1, . . . ,wk ∈ B, each term on the
right-hand side of (5) is either 0 or a nonzero multiple of vl, for some vl ∈ B. It follows that
if vi, vj ∈ B and vj ∈ I(vi), then there exist k ≥ 0, w1, . . . ,wk ∈ B and λ ∈ F× such that

f (f (· · · f (f (vi,w1),w2), . . .),wk) = λvj,

where above each occurrence of f (x, y) has been assigned a specific interpretation as [x, y]
or [y, x], which we fix. For each 1 ≤ l ≤ k, let vil be the unique element of B such that
f (f (· · · f (f (vi,w1),w2), . . .),wl) is a nonzero multiple of vil . Then there is a directed path
(vi, vi1 , . . . , vik−1 , vj) from vi to vj in �(L,B). To finish, we just need to argue that this
path is contained in the subgraph �(L,BK), assuming that vi, vj ∈ BK . This is clear as
B = BI ∪̇BV and there are no edges in �(L,B) from a vertex in BI to a vertex in BV.

For the converse implication, assume that (vi = vi1 , . . . , vik = vj) is a directed path from
vi to vj. Since (vi1 , vi2) is an edge, there exist λ ∈ F× and w1 ∈ B such that f (vi1 ,w1) =
λvi2 , so vi2 = f (vi1 , λ−1w1) ∈ I(vi). Proceeding successively as above along the path, we
conclude that vil ∈ I(vi) for all 1 ≤ l ≤ k, so vj ∈ I(vi). �

Definition 4.4: Let L = I ⊕ V be a Leibniz algebra with a multiplicative basis B =
BI ∪̇ BV, where BI = {ek}k∈K and BV = {uj}j∈J . It is said that B is of weak division if

• 0 �= [ei, uj] = λek implies ei ∈ I(ek).
• 0 �= [ui, uk] = λup implies ui, uk ∈ I(up).

Proposition 4.1: LetL be a Leibniz algebra admitting amultiplicative basisB = BI ∪̇ BV,
where BI = {ek}k∈K and BV = {uj}j∈J . Under these conditions, B is of weak division if and
only if the subgraph �(L,BK) is weakly symmetric, for K ∈ {I,V}.

Proof: Let us suppose that the multiplicative basis B is of a weak division. First we prove
that �(L,BV) is weakly symmetric. Given an edge (ui, uj) of �(L,BV) we have that there
exist uk ∈ BV and λj ∈ F× such that [ui, uk] = λjuj or [uk, ui] = λjuj. Since B is of weak
division we get ui ∈ I(uj), and by Lemma 4.1 there exists a directed path from uj to ui, so
�(L,BV) is weakly symmetric.
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Now we prove that �(L,BI) is weakly symmetric. Let us take an edge (ei, ej) of
�(L,BI). So there exists uk ∈ BV such that [ei, uk] = λjej, for some λj ∈ F×. Since B is
of weak division we get ei ∈ I(ej). As in the previous case, by Lemma 4.1 we conclude
�(L,BI) is weakly symmetric.

Conversely, let us suppose that the subgraph �(L,BK) is weakly symmetric, for K ∈
{I,V}. We want to show that B is of weak division. Given ei, ek ∈ BI, uj ∈ BV such that
0 �= [ei, uj] = λek. Then (ei, ek) is an edge of �(L,BI). Since �(L,BI) is weakly symmet-
ric, there exists a directed path from ek to ei. Then, by Lemma 4.1 it follows that ei ∈ I(ek).
In a similar way, for ui, uk, up ∈ BV such that 0 �= [ui, uk] = λup, we get that (ui, up) and
(uk, up) are edges of �(L,BV). Analogously to the previous case, Lemma 4.1 lets us assert
that ui, uk ∈ I(up). In conclusion, B is of weak division, as required. �

Proposition 4.2: Let L be a Leibniz algebra admitting a multiplicative basis B. If �(L,BI)

is strongly connected, then any ideal I of L such that I ∩ BI �= ∅ verifies I ⊂ I.

Proof: Let ei0 ∈ BI ∩ I. By hypothesis, there exists a directed path from ei0 to ei in
�(L,BI), for all ei ∈ BI. Applying Lemma 4.1 we have ei ∈ I(ei0) ⊂ I, therefore I ⊂
I. �

Proposition 4.3: Let L be a Leibniz algebra admitting a multiplicative basis B. If the sub-
graph �(L,BV) is strongly connected, then any ideal I of L such that I ∩ BV �= ∅ verifies
I = L.

Proof: We will prove that L = I ⊕ V ⊂ I. Let uj0 ∈ BV ∩ I. By hypothesis, there exists
a directed path from uj0 to uj in �(L,BV), for all uj ∈ BV. Therefore, by Lemma 4.1 we
have uj ∈ I(uj0) ⊂ I, so consequently

V ⊂ I. (6)

Finally, since I ⊂ [I,V] + [V,V], by Equation (6) we get I ⊂ I, which proves I = L, as
desired. �

Definition 4.5: A Leibniz algebra L admitting a multiplicative basis B is minimal if its
only non-zero ideals admitting a multiplicative basis contained in B are I and L.

Theorem 4.1: LetL be a Leibniz algebra with multiplicative basis B = BI ∪̇ BV. Then the
following statements are equivalent:

(i) L is minimal.
(ii) �(L,BK) is strongly connected, for K ∈ {I,V}.
(iii) B is of weak division and �(L,BK) is connected, for K ∈ {I,V}.

Proof: The equivalence between (ii) and (iii) follows by Proposition 4.1 and Remark 4.1.
Now, we prove that (ii) implies (i). Let I be a non-zero ideal ofL admitting a multiplicative
basis contained in B. We have two possibilities, either I ⊂ I or I �⊂ I. In the first case by
Proposition 4.2 we infer that I = I, and in the second case by Proposition 4.3 we have
I = L; consequently L is minimal.



2006 E. BARREIRO ET AL.

It remains to show that (i) implies (ii) Suppose that L is minimal. First we take care of
the case K = I. Let ei, ej ∈ BI. The minimality of L implies that I(ei) = I, so in particu-
lar ej ∈ I(ei). Then, by Lemma 4.1, there exists a directed path from ei to ej in �(L,BI),
proving that the latter is strongly connected. Similarly, given vi, vj ∈ BV, the minimality of
L implies that I(vi) = L, so vj ∈ I(vi). Then, by Lemma 4.1, there exists a directed path
from vi to vj in �(L,BV). This completes the proof. �

Example 4.3: For the n-dimensional Leibniz algebra L from Example 2.4 with basis B :=
{e, f , h, x0, x1, . . . , xn−4} the subgraphs �(L,BI) and �(L,BV) are:

Since the subgraphs�(L,BI) and�(L,BV) are strongly connected, Theorem4.1 shows
that L is minimal.
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