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0. Introduction

The description, up to isomorphism, of all the algebras of some fixed dimension
satisfying certain properties (the so-called algebraic classification) is a classical
problem in algebra. There are many papers devoted to algebraic classification of
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small-dimensional algebras in several varieties of associative and non-associative
algebras [1, 3, 2, 4, 5, 7, 6, 19, 13, 14, 8, 17, 12, 11, 18, 15]. Another interest-
ing direction in the classification of algebras is the geometric classification (see,
[19, 17, 15] and references therein). Restricting our consideration to subvarieties of
complex nilpotent 4-dimensional algebras, we mention here the results on associa-
tive [7], commutative [19], bicommutative [17], Leibniz [8], terminal [15] and CD-
algebras [13]. In this paper, we complete the algebraic classification of all complex
4-dimensional nilpotent algebras. Namely, we find 66 new algebras and parametric
families of algebras completing the list of 4-dimensional nilpotent algebras initiated
in the above-mentioned works.

Our approach is based on the calculation of central extensions of nilpotent
algebras of dimension less than 4. This method was developed by Skjelbred and
Sund for Lie algebras in [20] and has been an important tool for years (see, for
example, [12, 16, 20] and references therein).

In Sec. 1.1 we give a brief description of the method of central extensions and
its adaptation to our case. It turns out that most of the nilpotent 4-dimensional
algebras are CD-algebras, which were classified in [13]. Our classification will thus be
carried out modulo this subvariety of 4-dimensional nilpotent algebras, as explained
in Sec. 1.1.1. In Sec. 1.2 we discuss several other useful classes of nilpotent algebras
of dimension at most 4. In particular, we give a list of the 3-dimensional nilpotent
algebras (they are all, in fact, CD-algebras). The remainder of Sec. 1 (Secs. 1.3–1.6)
is devoted to the construction and classification of 1-dimensional non-CD central
extensions of 3-dimensional nilpotent algebras. The work done in Sec. 1 culminates
in the full classification of 4-dimensional nilpotent algebras, which is completed
in Sec. 2, where we present the full list of representatives of isomorphism classes.
Finally, in Sec. 3, we present a few applications of our results to the classes of
Lie-admissible and Alia type algebras.

Main result. The main result of the paper is Theorem 2 giving a full classification
of complex 4-dimensional nilpotent algebras. The complete list of non-isomorphic
algebras consists of four parts:

(1) trivial CD-algebras, which were classified in [8, Theorems 2.1, 2.3 and 2.5], the
only anticommutative trivial CD-algebra being CD4∗

03;
(2) terminal nontrivial extensions of the family CD3∗

04(λ), which were classified in
[15, 1.4.5. 1-dimensional central extensions of T3∗

04];
(3) nontrivial non-terminal CD-algebras, which were classified in [13];
(4) the nilpotent algebras found in Secs. 1.3–1.6 of the present paper.

1. The Algebraic Classification of Nilpotent Algebras

1.1. Method of classification of nilpotent algebras

Let A be an algebra, V a vector space and Z2(A,V) ∼= Hom(A ⊗ A,V) denote
the space of bilinear maps θ : A × A → V. For f ∈ Hom(A,V), we introduce
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δf ∈ Z2(A,V) by the equality δf(x, y) = f(xy) and define B2(A,V) = {δf | f ∈
Hom(A,V)}. One can easily check that B2(A,V) is a linear subspace of Z2(A,V).
Let us define H2(A,V) as the quotient space Z2(A,V)/B2(A,V). The equivalence
class of θ ∈ Z2(A,V) in H2(A,V) is denoted by [θ].

Suppose now that dimA = m < n and dimV = n − m. For any bilinear map
θ : A × A → V, one can define on the space Aθ := A ⊕ V the bilinear product
[−,−]Aθ

by the equality [x + x′, y + y′]Aθ
= xy + θ(x, y) for x, y ∈ A, x′, y′ ∈ V.

The algebra Aθ is called an (n−m)-dimensional central extension of A by V. It is
also clear that Aθ is nilpotent if and only if A is.

For a bilinear map θ : A × A → V, the space θ⊥ = {x ∈ A | θ(x,A) =
θ(A, x) = 0} is called the annihilator of θ. For an algebra A, the ideal Ann(A) =
{x ∈ A |xA = Ax = 0} is called the annihilator of A. One has

Ann(Aθ) = (θ⊥ ∩ Ann(A)) ⊕ V.

Any n-dimensional algebra with nontrivial annihilator can be represented in the
form Aθ for some m-dimensional algebra A, an (n − m)-dimensional vector space
V and θ ∈ Z2(A,V), where m < n (see [12, Lemma 5]). Moreover, there is a unique
such representation with m = n − dim Ann(A). Note also that the latter equality
is equivalent to the condition θ⊥ ∩ Ann(A) = 0.

Let us pick some φ ∈ Aut(A), where Aut(A) is the automorphism group of A.
For θ ∈ Z2(A,V), let us define (φθ)(x, y) = θ(φ(x), φ(y)). Then we get an action
of Aut(A) on Z2(A,V) that induces an action of the same group on H2(A,V).

Definition 1. Let A be an algebra and I be a subspace of Ann(A). If A = A0⊕I,
for some subalgebra A0 of A, then I is called an annihilator component of A. We
say that A is split if it has some nonzero annihilator component; otherwise we say
that A is non-split.

For a linear space U, the Grassmannian Gs(U) is the set of all s-dimensional
linear subspaces of U. For any s ≥ 1, the action of Aut(A) on H2(A, C) induces an
action of the same group on Gs(H2(A, C)). Let us define

Ts(A) =

⎧⎨
⎩W ∈ Gs(H2(A, C))

∣∣∣∣∣
⋂

[θ]∈W

θ⊥ ∩ Ann(A) = 0

⎫⎬
⎭.

Note that Ts(A) is stable under the action of Aut(A).
Let us fix a basis e1, . . . , es of V and θ ∈ Z2(A,V). Then there are unique

θi ∈ Z2(A, C) (1 ≤ i ≤ s) such that θ(x, y) =
∑s

i=1 θi(x, y)ei for all x, y ∈ A. Note
that θ⊥ = θ⊥1 ∩θ⊥2 · · ·∩θ⊥s in this case. If θ⊥∩Ann(A) = 0, then by [12, Lemma 13]
the algebra Aθ is split if and only if [θ1], [θ2], . . . , [θs] are linearly dependent in
H2(A, C). Thus, if θ⊥ ∩ Ann(A) = 0 and Aθ is non-split, then 〈[θ1], . . . , [θs]〉
is an element of Ts(A). Now, if ϑ ∈ Z2(A,V) is such that ϑ⊥ ∩ Ann(A) = 0
and Aϑ is non-split, then by [12, Lemma 17] one has Aϑ

∼= Aθ if and only if
〈[θ1], [θ2], . . . , [θs]〉, 〈[ϑ1], [ϑ2], . . . , [ϑs]〉 ∈ Ts(A) belong to the same orbit under the
action of Aut(A), where ϑ(x, y) =

∑s
i=1 ϑi(x, y)ei.
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Hence, there is a one-to-one correspondence between the set of Aut(A)-orbits
on Ts(A) and the set of isomorphism classes of central extensions of A by V
with s-dimensional annihilator and trivial annihilator component. Consequently, to
construct all s-dimensional central extensions with trivial annihilator component of
a given (n− s)-dimensional algebra A one has to describe Ts(A), Aut(A) and the
action of Aut(A) on Ts(A) and then for each orbit under the action of Aut(A) on
Ts(A) pick a representative and construct the algebra corresponding to it.

1.1.1. Reduction to non-CD-algebras

The class of CD-algebras is defined by the property that the commutator of any
pair of multiplication operators is a derivation [1, 13]; namely, an algebra A is a
CD-algebra if and only if

[Tx, Ty] ∈ Der(A)

for all x, y ∈ A, where Tz ∈ {Rz, Lz}. Here we use the notation Rz (respectively,
Lz) for the operator of right (respectively, left) multiplication in A. We will denote
the variety of CD-algebras by CD. In terms of identities, the class of CD-algebras
is defined by the following three:

((xy)a)b − ((xy)b)a = ((xa)b − (xb)a)y + x((ya)b − (yb)a),

(a(xy))b − a((xy)b) = ((ax)b − a(xb))y + x((ay)b − a(yb)),

a(b(xy)) − b(a(xy)) = (a(bx) − b(ax))y + x(a(by) − b(ay)).

Our method of classification of nilpotent algebras will be based on a classification
of CD-algebras [13]. Clearly, any central extension of a non-CD-algebra is a non-
CD-algebra. But a CD-algebra may have extensions which are not CD-algebras.
More precisely, let A be a CD-algebra and θ ∈ Z2(A, C). Then Aθ is a CD-algebra
if and only if

θ((xy)a, b) − θ((xy)b, a) = θ((xa)b − (xb)a, y) + θ(x, (ya)b − (yb)a), (1)

θ(a(xy), b) − θ(a, (xy)b) = θ((ax)b − a(xb), y) + θ(x, (ay)b − a(yb)), (2)

θ(a, b(xy)) − θ(b, a(xy)) = θ(a(bx) − b(ax), y) + θ(x, a(by) − b(ay)) (3)

for all x, y, z ∈ A. Define the subspace Z2
CD(A, C) of Z2(A, C) by

Z2
CD(A, C) = {θ ∈ Z2(A, C) : θ satisfies (1)–(3)}.

Observe that B2(A, C) ⊆ Z2
CD(A, C). Let H2

CD(A, C) = Z2
CD(A, C)/B2(A, C).

Then H2
CD(A, C) is a subspace of H2(A, C). Define

Rs(A) = {W ∈ Ts(A) : W ∈ Gs(H2
CD(A, C))},

Us(A) = {W ∈ Ts(A) : W /∈ Gs(H2
CD(A, C))}.

Then Ts(A) = Rs(A) ·∪ Us(A). The sets Rs(A) and Us(A) are stable under the
action of Aut(A). Thus, the nilpotent algebras corresponding to the representatives
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of Aut(A)-orbits on Rs(A) are CD-algebras, while those corresponding to the rep-
resentatives of Aut(A)-orbits on Us(A) are non-CD-algebras. Hence, we may con-
struct all nilpotent non-split non-CD-algebras A of dimension n with s-dimensional
annihilator from a given nilpotent algebra A′ of dimension n − s as follows:

(1) If A′ is non-CD, then apply the procedure.
(2) Otherwise, do the following:

(a) Determine Us(A′) and Aut(A′).
(b) Determine the set of Aut(A′)-orbits on Us(A′).
(c) For each orbit, construct the nilpotent algebra corresponding to one of its

representatives.

We will use the following auxiliary notation during the construction of central
extensions. Let A be an algebra with basis e1, e2, . . . , en. Then Δij : A × A → C

denotes the bilinear form defined by the equalities Δij(ei, ej) = 1 and Δij(el, em) =
0 for (l, m) �= (i, j). In this case, the Δij with 1 ≤ i, j ≤ n form a basis of the space
of bilinear forms on A.

We also denote by

CDi∗
j the jth i-dimensional nilpotent trivial CD-algebra,

CDi
j the jth i-dimensional nilpotent nontrivial CD-algebra,

Di
j the jth i-dimensional nilpotent terminal algebra,

Ni
j the jth i-dimensional nilpotent non-CD-algebra.

1.2. Some special types of nilpotent algebras

1.2.1. Trivial CD-algebras

Recall that the class of n-dimensional algebras defined by the identities (xy)z = 0
and x(yz) = 0 lies in the intersection of all well-known varieties of algebras defined
by a family of polynomial identities of degree 3, such as Leibniz, Zinbiel, associa-
tive, Novikov and many other algebras. On the other hand, all algebras defined
by the identities (xy)z = 0 and x(yz) = 0 are central extensions of some suitable
algebra with zero product. The list of all non-anticommutative 4-dimensional alge-
bras defined by the identities (xy)z = 0 and x(yz) = 0 can be found in [8]. Note
that there is only one 4-dimensional nilpotent anticommutative algebra satisfying
the identity (xy)z = 0. Obviously, all algebras from this list are 4-dimensional
nilpotent CD-algebras.

1.2.2. 2-dimensional nilpotent algebras

There is only one nonzero 2-dimensional nilpotent algebra. It is a CD-algebra:

CD2∗
01 : e1e1 = e2.
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1.2.3. 3-dimensional nilpotent algebras

Thanks to [2], we have the classification of all 3-dimensional nilpotent algebras. It
is easy to see that each 3-dimensional nilpotent algebra is a CD-algebra:

CD3
01 : e1e1 = e2 e2e2 = e3

CD3
02 : e1e1 = e2 e2e1 = e3 e2e2 = e3

CD3
03 : e1e1 = e2 e2e1 = e3

CD3
04(λ) : e1e1 = e2 e1e2 = e3 e2e1 = λe3

CD3∗
01 : e1e1 = e2

CD3∗
02 : e1e1 = e3 e2e2 = e3

CD3∗
03 : e1e2 = e3 e2e1 = −e3

CD3∗
04(λ) : e1e1 = λe3 e2e1 = e3 e2e2 = e3

1.2.4. 4-dimensional nilpotent algebras with 2-dimensional annihilator

Thanks to [2], we have the classification of all 4-dimensional non-split nilpotent
nontrivial algebras with 2-dimensional annihilator. All of these algebras are CD-
algebras:

CD4
05 : e1e1 = e2 e2e1 = e4 e2e2 = e3

CD4
06 : e1e1 = e2 e1e2 = e4 e2e1 = e3

CD4
07(λ) : e1e1 = e2 e1e2 = e4 e2e1 = λe4 e2e2 = e3

1.2.5. 4-dimensional nilpotent algebras with 1-dimensional annihilator

Thanks to [13] we have the classification of all 4-dimensional nilpotent CD-algebras
with 1-dimensional annihilator. The remaining nilpotent non-CD-algebras with 1-
dimensional annihilator will be found in this paper.

1.2.6. Trivial central extensions

Thanks to [13] we know that all central extensions of CD3∗
01, CD3∗

02, CD3∗
03 and CD3∗

04

are CD-algebras.

1.3. 1-dimensional central extensions of CD3
01

Here we collect all information about CD3
01:

Algebra Multiplication Cohomology

CD3
01

e1e1 = e2

e2e2 = e3

H2
CD(CD3

01) = 〈[Δ12], [Δ21]〉
H2(CD3

01) =
H2

CD(CD3
01)⊕

〈[Δ13], [Δ31], [Δ23], [Δ32], [Δ33]〉
Let us use the following notations:

∇1 = [Δ12] ∇2 = [Δ21] ∇3 = [Δ13] ∇4 = [Δ31]
∇5 = [Δ23] ∇6 = [Δ32] ∇7 = [Δ33].
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Take θ =
∑7

i=1 αi∇i ∈ H2(CD3
01). If

φ =

⎛
⎝

x 0 0
0 x2 0
y 0 x4

⎞
⎠ ∈ Aut CD3

01,

then

φT

⎛
⎝

0 α1 α3

α2 0 α5

α4 α6 α7

⎞
⎠ φ =

⎛
⎝

α∗ α∗
1 α∗

3

α∗
2 0 α∗

5

α∗
4 α∗

6 α∗
7

⎞
⎠,

where

α∗
1 = x2(xα1 + yα6), α∗

2 = x2(xα2 + yα5), α∗
3 = x4(xα3 + yα7),

α∗
4 = x4(xα4 + yα7), α∗

5 = x6α5, α∗
6 = x6α6, α∗

7 = x8α7.

Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
∑7

i=1 α∗
i ∇i. We are only interested in elements

with (α3, α4, α5, α6, α7) �= (0, 0, 0, 0, 0). Then

(1) α7 �= 0.

(a) α6 �= 0. Then choosing x =
√

α6α
−1
7 and y = −α4α

−1
7 x, we have the family

of representatives 〈α∇1 + β∇2 + γ∇3 + δ∇5 +∇6 +∇7〉. Observe that two
distinct quadruples (α, β, γ, δ) and (α′, β′, γ′, δ′) determine the same orbit
if and only if (α, β, γ, δ) = (−α′,−β′,−γ′, δ′).

(b) α6 = 0 and α5 �= 0. Choosing x =
√

α5α
−1
7 and y = −α4α

−1
7 x, we have

the family of representatives 〈α∇1 + β∇2 + γ∇3 +∇5 +∇7〉. Observe that
two distinct triples (α, β, γ) and (α′, β′, γ′) determine the same orbit if and
only if (α, β, γ) = (−α′,−β′,−γ′).

(c) α6 = α5 = 0 and α3 �= α4. Choosing x = 3
√

(α3 − α4)α−1
7 and y =

−α4α
−1
7 x, we have the family of representatives 〈α∇1 + β∇2 + ∇3 + ∇7〉.

Observe that two pairs (α, β) and (α′, β′) determine the same orbit if and
only if (α, β) = (ξα′, ξβ′), where ξ3 = 1.

(d) α6 = α5 = 0, α3 = α4 and α2 �= 0. Choosing x = 5
√

α2α
−1
7 and y =

−α4α
−1
7 x, we have the family of representatives of distinct orbits 〈α∇1 +

∇2 + ∇7〉.
(e) α6 = α5 = 0, α3 = α4 and α2 = 0. Choosing y = −α4α

−1
7 x, we have two

representatives 〈∇7〉 and 〈∇1 + ∇7〉 depending on whether α1 = 0 or not.

(2) α7 = 0.

(a) α6 �= 0 and α4 �= 0. Choosing x = α4α
−1
6 and y = −α1α4α

−2
6 , we have the

family of representatives of distinct orbits 〈α∇2 + β∇3 +∇4 + γ∇5 +∇6〉.
(b) α6 �= 0, α4 = 0 and α3 �= 0. Choosing x = α3α

−1
6 and y = −α1α3α

−2
6 , we

have the family of representatives of distinct orbits 〈α∇2 +∇3+β∇5+∇6〉.
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(c) α6 �= 0 and α4 = α3 = 0. Choosing y = −α1α
−1
6 x we have two families

of representatives of distinct orbits 〈α∇5 + ∇6〉 and 〈∇2 + α∇5 + ∇6〉
depending on whether α1α5 − α2α6 = 0 or not.

(d) α6 = 0, α5 �= 0 and α4 �= 0. Choosing x = α4α
−1
5 and y = −α2α4α

−2
5 , we

have the family of representatives of distinct orbits 〈α∇1 +β∇3+∇4+∇5〉.
(e) α6 = 0, α5 �= 0 and α4 = 0. Choosing y = −α2α

−1
5 x, we have the following

representatives of distinct orbits 〈α∇1 + ∇3 + ∇5〉, 〈∇1 + ∇5〉 and 〈∇5〉,
corresponding to the 3 cases: α3 �= 0; α3 = 0, α1 �= 0; α3 = α1 = 0,
respectively.

(f) α6 = α5 = 0 and α4 �= 0. We have the following families of representatives
of distinct orbits 〈∇1 +α∇2+β∇3+∇4〉, 〈∇2 +α∇3 +∇4〉 and 〈α∇3 +∇4〉
corresponding to the 3 cases: α1 �= 0; α1 = 0, α2 �= 0; α1 = α2 = 0,
respectively.

(g) α6 = α5 = α4 = 0 and α3 �= 0. We have the following representatives of
distinct orbits 〈α∇1 +∇2 +∇3〉, 〈∇1 +∇3〉 and 〈∇3〉 corresponding to the
3 cases: α2 �= 0; α2 = 0, α1 �= 0; α2 = α1 = 0, respectively.

Summarizing, we have the following distinct orbits:

〈α∇1 + ∇2 + ∇3〉,
〈α∇1 + β∇2 + γ∇3 + δ∇5 + ∇6 + ∇7〉O(α,β,γ,δ)=O(−α,−β,−γ,δ),

〈α∇1 + ∇3 + ∇5〉, 〈α∇1 + β∇2 + γ∇3 + ∇5 + ∇7〉O(α,β,γ)=O(−α,−β,−γ),

〈α∇1 + β∇2 + ∇3 + ∇7〉O(α,β)=O( 3√1(α,β)), 〈α∇1 + ∇2 + ∇7〉, 〈∇1 +∇3〉,
〈∇1 + α∇2 + β∇3 + ∇4〉, 〈α∇1 + β∇3 + ∇4 + ∇5〉, 〈∇1 + ∇5〉,
〈∇1 + ∇7〉, 〈∇2 + α∇3 + ∇4〉, 〈α∇2 + β∇3 + ∇4 + γ∇5 + ∇6〉,
〈α∇2 + ∇3 + β∇5 + ∇6〉, 〈∇2 + α∇5 + ∇6〉, 〈α∇3 + ∇4〉, 〈∇3〉,
〈∇5〉, 〈α∇5 + ∇6〉, 〈∇7〉.

They correspond to the following new algebras:

N4
01(α) : e1e1 = e2 e1e2 = αe4 e1e3 = e4 e2e1 = e4 e2e2 = e3

N4
02(α, β, γ, δ) : e1e1 = e2 e1e2 = αe4 e1e3 = γe4 e2e1 = βe4

e2e2 = e3 e2e3 = δe4 e3e2 = e4 e3e3 = e4

N4
03(α) : e1e1 = e2 e1e2 = αe4 e1e3 = e4 e2e2 = e3 e2e3 = e4

N4
04(α, β, γ) : e1e1 = e2 e1e2 = αe4 e1e3 = γe4 e2e1 = βe4

e2e2 = e3 e2e3 = e4 e3e3 = e4

N4
05(α, β) : e1e1 = e2 e1e2 = αe4 e1e3 = e4

e2e1 = βe4 e2e2 = e3 e3e3 = e4

N4
06(α) : e1e1 = e2 e1e2 = αe4 e2e1 = e4 e2e2 = e3 e3e3 = e4

N4
07 : e1e1 = e2 e1e2 = e4 e1e3 = e4 e2e2 = e3
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N4
08(α, β) : e1e1 = e2 e1e2 = e4 e1e3 = βe4

e2e1 = αe4 e2e2 = e3 e3e1 = e4

N4
09(α, β) : e1e1 = e2 e1e2 = αe4 e1e3 = βe4

e2e2 = e3 e2e3 = e4 e3e1 = e4

N4
10 : e1e1 = e2 e1e2 = e4 e2e2 = e3 e2e3 = e4

N4
11 : e1e1 = e2 e1e2 = e4 e2e2 = e3 e3e3 = e4

N4
12(α) : e1e1 = e2 e1e3 = αe4 e2e1 = e4 e2e2 = e3 e3e1 = e4

N4
13(α, β, γ) : e1e1 = e2 e1e3 = βe4 e2e1 = αe4 e2e2 = e3

e2e3 = γe4 e3e1 = e4 e3e2 = e4

N4
14(α, β) : e1e1 = e2 e1e3 = e4 e2e1 = αe4

e2e2 = e3 e2e3 = βe4 e3e2 = e4

N4
15(α) : e1e1 = e2 e2e1 = e4 e2e2 = e3 e2e3 = αe4 e3e2 = e4

N4
16(α) : e1e1 = e2 e1e3 = αe4 e2e2 = e3 e3e1 = e4

N4
17 : e1e1 = e2 e1e3 = e4 e2e2 = e3

N4
18 : e1e1 = e2 e2e2 = e3 e2e3 = e4

N4
19(α) : e1e1 = e2 e2e2 = e3 e2e3 = αe4 e3e2 = e4

N4
20 : e1e1 = e2 e2e2 = e3 e3e3 = e4

N4
02(α, β, γ, δ) ∼= N4

02(−(α, β, γ), δ), N4
04(α, β, γ) ∼= N4

04(−(α, β, γ)),

N4
05(α, β) ∼= N4

05(
3
√

1(α, β)).

1.4. 1-dimensional central extensions of CD3
02

Here we collect all information about CD3
02:

Algebra Multiplication Cohomology

CD3
02

e1e1 = e2

e2e1 = e3

e2e2 = e3

H2
CD(CD3

02) = 〈[Δ12], [Δ21]〉
H2(CD3

02) =
H2

CD(CD3
02)⊕

〈[Δ13], [Δ31], [Δ23], [Δ32], [Δ33]〉
Let us use the following notations:

∇1 = [Δ12] ∇2 = [Δ21] ∇3 = [Δ13] ∇4 = [Δ31]
∇5 = [Δ23] ∇6 = [Δ32] ∇7 = [Δ33].

Take θ =
∑7

i=1 αi∇i ∈ H2(CD3
02). If

φ =

⎛
⎝

1 0 0
0 1 0
x 0 1

⎞
⎠ ∈ Aut CD3

02,

then

φT

⎛
⎝

0 α1 α3

α2 0 α5

α4 α6 α7

⎞
⎠ φ =

⎛
⎝

α∗ α∗
1 α∗

3

α∗
2 0 α∗

5

α∗
4 α∗

6 α∗
7

⎞
⎠,
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where

α∗
1 = α1 + xα6, α∗

2 = α2 + xα5, α∗
3 = α3 + xα7, α∗

4 = α4 + xα7,

α∗
5 = α5, α∗

6 = α6, α∗
7 = α7.

Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
∑7

i=1 α∗
i ∇i. We are only interested in elements

with (α3, α4, α5, α6, α7) �= (0, 0, 0, 0, 0). Then

(1) α7 �= 0. Then choosing x = −α3α
−1
7 , we obtain the family of representatives of

distinct orbits 〈α∇1 + β∇2 + γ∇4 + δ∇5 + ε∇6 + ∇7〉.
(2) α7 = 0 and α6 �= 0. Then choosing x = −α1α

−1
6 , we obtain the family of

representatives of distinct orbits 〈α∇2 + β∇3 + γ∇4 + δ∇5 + ∇6〉.
(3) α7 = α6 = 0 and α5 �= 0. Then choosing x = −α2α

−1
5 , we obtain the family of

representatives of distinct orbits 〈α∇1 + β∇3 + γ∇4 + ∇5〉.
(4) α7 = α6 = α5 = 0 and α4 �= 0. Then we obtain the family of representatives of

distinct orbits 〈α∇1 + β∇2 + γ∇3 + ∇4〉.
(5) α7 = α6 = α5 = α4 = 0 and α3 �= 0. Then we obtain the family of representa-

tives of distinct orbits 〈α∇1 + β∇2 + ∇3〉.
Summarizing, we have the following distinct orbits:

〈α∇1 + β∇2 + ∇3〉, 〈α∇1 + β∇2 + γ∇3 + ∇4〉, 〈α∇1 + β∇3 + γ∇4 + ∇5〉,
〈α∇2 + β∇3 + γ∇4 + δ∇5 + ∇6〉, 〈α∇1 + β∇2 + γ∇4 + δ∇5 + ε∇6 + ∇7〉.
This gives the following new algebras:

N4
21(α, β) : e1e1 = e2 e1e2 = αe4 e1e3 = e4

e2e1 = e3 + βe4 e2e2 = e3

N4
22(α, β, γ) : e1e1 = e2 e1e2 = αe4 e1e3 = γe4

e2e1 = e3 + βe4 e2e2 = e3 e3e1 = e4

N4
23(α, β, γ) : e1e1 = e2 e1e2 = αe4 e1e3 = βe4 e2e1 = e3

e2e2 = e3 e2e3 = e4 e3e1 = γe4

N4
24(α, β, γ, δ) : e1e1 = e2 e1e3 = βe4 e2e1 = e3 + αe4 e2e2 = e3

e2e3 = δe4 e3e1 = γe4 e3e2 = e4

N4
25(α, β, γ, δ, ε) : e1e1 = e2 e1e2 = αe4 e2e1 = e3 + βe4 e2e2 = e3

e2e3 = δe4 e3e1 = γe4 e3e2 = εe4 e3e3 = e4

1.5. 1-dimensional central extensions of CD3
03

Here we collect all information about CD3
03:

Algebra Multiplication Cohomology

CD3
03

e1e1 = e2

e2e1 = e3

H2
CD(CD3

03) = 〈[Δ12], [Δ22], [Δ13] − 2[Δ31]〉
H2(CD3

03) =
H2

CD(CD3
03)⊕

〈[Δ31], [Δ23], [Δ32], [Δ33]〉

2350009-10
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Let us use the following notations:

∇1 = [Δ12] ∇2 = [Δ22] ∇3 = [Δ13] − 2[Δ31] ∇4 = [Δ31]
∇5 = [Δ23] ∇6 = [Δ32] ∇7 = [Δ33].

Take θ =
∑7

i=1 αi∇i ∈ H2(CD3
03). If

φ =

⎛
⎝

x 0 0
y x2 0
z xy x3

⎞
⎠ ∈ AutCD3

03,

then

φT

⎛
⎝

0 α1 α3

0 α2 α5

α4 − 2α3 α6 α7

⎞
⎠ φ =

⎛
⎝

α∗ α∗
1 α∗

3

α∗∗ α∗
2 α∗

5

α∗
4 − 2α∗

3 α∗
6 α∗

7

⎞
⎠,

where

α∗
1 = (α1x

2 + (α2 + α3)xy + α5y
2 + α6xz + α7yz)x,

α∗
2 = (α2x

2 + (α5 + α6)xy + α7y
2)x2,

α∗
3 = (α3x + α5y + α7z)x3,

α∗
4 = (α4x + (2α5 + α6)y + 3α7z)x3,

α∗
5 = (α5x + α7y)x4,

α∗
6 = (α6x + α7y)x4,

α∗
7 = α7x

6.

Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
∑7

i=1 α∗
i∇i. We are only interested in θ with

(α4, α5, α6, α7) �= (0, 0, 0, 0).

(1) α7 �= 0. Then put y = −α6x
α7

and z = x
α2

7
(α5α6 − α3α7) to make α∗

3 = α∗
6 = 0.

(a) α5 �= α6. Then choosing x = α5−α6
α7

, we obtain the family of representatives
of distinct orbits 〈α∇1 + β∇2 + γ∇4 + ∇5 + ∇7〉.

(b) α5 = α6 and α4 �= 3α3. Then choosing x =
√

α4−3α3
3α7

, we obtain the family
of representatives 〈α∇1 + β∇2 +∇4 +∇7〉, where two distinct pairs (α, β)
and (α′, β′) determine the same orbit if and only if (α, β) = (−α′, β′).

(c) α5 = α6, α4 = 3α3 and α2
6 �= α2α7. Then choosing x = 1

α7

√
α2α7 − α2

6, we
obtain the family of representatives 〈α∇1 + ∇2 + ∇7〉, where two distinct
parameters α and α′ determine the same orbit if and only if α = −α′.

(d) α5 = α6, α4 = 3α3 and α2
6 = α2α7. Then we obtain 2 representatives 〈∇7〉

and 〈∇1 + ∇7〉 depending on whether α3α6 = α1α7 or not.

(2) α7 = 0, α5 �= 0 and α6 �= 0. Then α∗
7 = 0, and we put y = −α3x

α5
and

z = x
α5α6

(α2α3 − α1α5) to make α∗
1 = α∗

3 = 0.

2350009-11
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(a) (α4 − 2α3)α5 �= α3α6. Then choosing x = 1
α5α6

((α4 − 2α3)α5 − α3α6), we
obtain the family of representatives of distinct orbits 〈α∇2 + ∇4 + β∇5 +
∇6〉β �=0.

(b) (α4 − 2α3)α5 = α3α6 and (α2 − α3)α5 �= α3α6. Then choosing x =
1

α5α6
((α2−α3)α5−α3α6), we obtain the family of representatives of distinct

orbits 〈∇2 + α∇5 + ∇6〉α�=0.
(c) (α4 − 2α3)α5 = α3α6 = (α2 − α3)α5. Then we obtain the family of repre-

sentatives of distinct orbits 〈α∇5 + ∇6〉α�=0.

(3) α7 = α6 = 0 and α5 �= 0. Then α∗
6 = α∗

7 = 0, and we put y = −α3x
α5

to make
α∗

3 = 0.

(a) α4 �= 2α3. Then choosing x = α4−2α3
α5

, we obtain the family of representa-
tives of distinct orbits 〈α∇1 + β∇2 + ∇4 + ∇5〉.

(b) α4 = 2α3 and α2 �= α3. Then choosing x = α2−α3
α5

, we obtain the family of
representatives of distinct orbits 〈α∇1 + ∇2 + ∇5〉.

(c) α4 = 2α3 and α2 = α3. Then we obtain 2 representatives 〈∇5〉 and 〈∇1 +
∇5〉 depending on whether α2

3 = α1α5 or not.

(4) α7 = α5 = 0 and α6 �= 0. Then α∗
5 = α∗

7 = 0, and we put y = −α4x
α5

and
z = x

α2
6
((α2 + α3)α4 − α1α6) to make α∗

1 = α∗
4 = 0.

(a) α2 �= α4. Then choosing x = α2−α4
α6

, we obtain the family of representatives
of distinct orbits 〈∇2 + α∇3 + ∇6〉.

(b) α2 = α4. Then we obtain 2 representatives 〈∇6〉 and 〈∇3 +∇6〉 depending
on whether α3 = 0 or not. We will join 〈∇6〉 with the family 〈α∇5+∇6〉α�=0

found above.

(5) α7 = α6 = α5 = 0 and α4 �= 0. Then α∗
5 = α∗

6 = α∗
7 = 0.

(a) α2 �= −α3. Then choosing y = − α1x
α2+α3

, we obtain the family of represen-
tatives of distinct orbits 〈α∇2 + β∇3 + ∇4〉β �=−α.

(b) α2 = −α3. Then we obtain two families of representatives of distinct orbits
〈α∇2 − α∇3 + ∇4〉 and 〈∇1 + α∇2 − α∇3 + ∇4〉 depending on whether
α1 = 0 or not. The family 〈α∇2−α∇3 +∇4〉 will be joined with the family
〈α∇2 + β∇3 + ∇4〉β �=−α from the previous item.

Summarizing, we have the following distinct orbits:

〈∇1 + α∇2 − α∇3 + ∇4〉, 〈α∇1 + β∇2 + ∇4 + ∇5〉,
〈α∇1 + β∇2 + γ∇4 + ∇5 + ∇7〉, 〈α∇1 + β∇2 + ∇4 + ∇7〉O(α,β)=O(−α,β),

〈α∇1 + ∇2 + ∇5〉, 〈α∇1 + ∇2 + ∇7〉O(α)=O(−α), 〈∇1 + ∇5〉,
〈∇1 + ∇7〉, 〈α∇2 + β∇3 + ∇4〉, 〈∇2 + α∇3 + ∇6〉,
〈α∇2 + ∇4 + β∇5 + ∇6〉β �=0, 〈∇2 + α∇5 + ∇6〉α�=0,

〈∇3 + ∇6〉, 〈∇5〉, 〈α∇5 + ∇6〉, 〈∇7〉.
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They correspond to the following new algebras:

N4
26(α) : e1e1 = e2 e1e2 = e4 e1e3 = −αe4 e2e1 = e3

e2e2 = αe4 e3e1 = (1 + 2α)e4

N4
27(α, β) : e1e1 = e2 e1e2 = αe4 e2e1 = e3

e2e2 = βe4 e2e3 = e4 e3e1 = e4

N4
28(α, β, γ) : e1e1 = e2 e1e2 = αe4 e2e1 = e3 e2e2 = βe4

e2e3 = e4 e3e1 = γe4 e3e3 = e4

N4
29(α, β) : e1e1 = e2 e1e2 = αe4 e2e2 = βe4

e2e1 = e3 e3e1 = e4 e3e3 = e4

N4
30(α) : e1e1 = e2 e1e2 = αe4 e2e1 = e3

e2e2 = e4 e2e3 = e4

N4
31(α) : e1e1 = e2 e1e2 = αe4 e2e1 = e3

e2e2 = e4 e3e3 = e4

N4
32 : e1e1 = e2 e1e2 = e4 e2e1 = e3 e2e3 = e4

N4
33 : e1e1 = e2 e1e2 = e4 e2e1 = e3 e3e3 = e4

N4
34(α, β) : e1e1 = e2 e1e3 = βe4 e2e1 = e3

e2e2 = αe4 e3e1 = (1 − 2β)e4

N4
35(α) : e1e1 = e2 e1e3 = αe4 e2e1 = e3

e2e2 = e4 e3e1 = −2αe4 e3e2 = e4

N4
36(α, β)β �=0 : e1e1 = e2 e2e1 = e3

e2e2 = αe4 e2e3 = βe4 e3e1 = e4 e3e2 = e4

N4
37(α)α�=0 : e1e1 = e2 e2e1 = e3 e2e2 = e4

e2e3 = αe4 e3e2 = e4

N4
38 : e1e1 = e2 e1e3 = e4 e2e1 = e3

e3e1 = −2e4 e3e2 = e4

N4
39 : e1e1 = e2 e2e1 = e3 e2e3 = e4

N4
40(α) : e1e1 = e2 e2e1 = e3 e2e3 = αe4 e3e2 = e4

N4
41 : e1e1 = e2 e2e1 = e3 e3e3 = e4

N4
29(α, β) ∼= N4

29(−α, β), N4
31(α) ∼= N4

31(−α).

1.6. 1-dimensional central extensions of CD3
04

Here we collect all information about CD3
04:

Algebra Multiplication Cohomology

CD3
04

e1e1 = e2

e1e2 = e3

e2e1 = λe3

H2
CD(CD3

04) =
〈(λ − 2)Δ13 − (2λ − 1)Δ31, Δ21, Δ22〉
H2(CD3

04) =
H2

CD(CD3
04) ⊕ 〈[Δ13] − 2[Δ31], [Δ23], [Δ32], [Δ33]〉

Let us use the following notations:

∇1 = (λ − 2)[Δ13] − (2λ − 1)[Δ31] ∇2 = [Δ21] ∇3 = [Δ22]
∇4 = [Δ13] − 2[Δ31] ∇5 = [Δ23] ∇6 = [Δ32] ∇7 = [Δ33]
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Take θ =
∑3

i=1 αi∇i ∈ H2
CD(CD3

04). If

φ =

⎛
⎜⎝

x 0 0
y x2 0
z (λ + 1)xy x3

⎞
⎟⎠ ∈ Aut CD3

04,

then

φT

⎛
⎜⎝

0 0 (λ − 2)α1 + α4

α2 α3 α5

−(2λ − 1)α1 − 2α4 α6 α7

⎞
⎟⎠

φ =

⎛
⎜⎝

α∗ α∗∗ (λ − 2)α∗
1 + α∗

4

α∗
2 + λα∗∗ α∗

3 α∗
5

−(2λ − 1)α∗
1 − 2α∗

4 α∗
6 α∗

7

⎞
⎟⎠,

where

α∗
1 =

x3

3
(3xα1 − y(2α5 + α6) − 3zα7),

α∗
2 = x(x2α2 + y(1 + λ)(zα7(1 − λ) + y(α6 − α5λ)) + x(z(α5 − α6λ)

− y(α3(λ − 1) + α1(λ − 1)(λ + 1)2 + α4(2 + 3λ + λ2)))),

α∗
3 = x2(x2α3 + xy(α5 + α6)(1 + λ) + y2α7(λ + 1)2),

α∗
4 =

x3

3
(3xα4 + yα6(λ − 2) + 3zα7(λ − 1) + yα5(2λ − 1)),

α∗
5 = x4(xα5 + yα7(λ + 1)),

α∗
6 = x4(xα6 + yα7(λ + 1)),

α∗
7 = x6α7.

Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
∑7

i=1 α∗
i∇i. We are only interested in elements

with (α4, α5, α6, α7) �= (0, 0, 0, 0).

(1) α7 �= 0 and λ �= −1. We may assume α7 = 1. We put z = α1x − 1
3 (2α5 + α6)y

to make α∗
1 = 0.

(a) α6 �= α5. Then choosing y = − 3((λ−1)α1+α4)x
α5−α6

we have α∗
4 = 0. Now, if

α6 �= 3(λ+1)((λ−1)α1+α4)
α5−α6

, then choosing x = α6 − 3(λ+1)((λ−1)α1+α4)
α5−α6

we
have the family of representatives of distinct orbits 〈α∇2 + β∇3 + γ∇5 +
∇6 +∇7〉λ�=−1,γ �=1. Otherwise, choosing x = α5 −α6 we have the family of
representatives of distinct orbits 〈α∇2 + β∇3 + ∇5 + ∇7〉λ�=−1.

(b) α6 = α5 and α4 �= (1 − λ)α1. Then choosing y = − α5x
λ+1 and x =√

α4 + (λ − 1)α1, we have the family of representatives 〈α∇2 + β∇3 +
∇4 + ∇7〉λ�=−1, where (α, β) and (α′, β′) determine the same orbit if and
only if (α, β) = (±α′, β′).
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(c) α6 = α5, α4 = (1 − λ)α1 and α3 �= α2
5. Then choosing y = − α5x

λ+1 and
x =

√
α3 − α2

5, we have the family of representatives 〈α∇2+∇3+∇7〉λ�=−1,
where α and α′ determine the same orbit if and only if α = ±α′.

(d) α6 = α5, α4 = (1 − λ)α1 and α3 = α2
5. Then have two representatives

〈∇7〉λ�=−1 and 〈∇2 + ∇7〉λ�=−1 depending on whether α2 = (λ − 1)α1α5 or
not.

(2) α7 �= 0 and λ = −1. We may assume α7 = 1.

(a) α6 �= 0 and α6 �= α5. Then choosing x = α6, y = 3(2α1−α4)x
α5−α6

and z =
(α4(2α5+α6)−3α1(α5+α6))x

α5−α6
, we have the family of representatives of distinct

orbits 〈α∇2 + β∇3 + γ∇5 + ∇6 + ∇7〉λ=−1,γ �=1.
(b) α6 �= 0, α6 = α5 and α3 �= α2

5. Then choosing x = α5, y = (α2+2α1α5)x
2(α2

5−α3)
and

z = (α2α5+2α1α3)x
2(α3−α2

5)
, we have the family of representatives of distinct orbits

〈α∇3 + β∇4 + ∇5 + ∇6 + ∇7〉λ=−1,α�=1.
(c) α6 �= 0, α6 = α5 and α3 = α2

5. Then choosing x = α6, y = α1 and z = 0,

we have the family of representatives of distinct orbits 〈α∇2 +∇3 +β∇4 +
∇5 + ∇6 + ∇7〉λ=−1.

(d) α6 = 0 and α5 �= 0. Then choosing x = α5, y = 3(2α1−α4) and z = (2α4−
3α1)α5, we have the family of representatives of distinct orbits 〈α∇2 +
β∇3 + ∇5 + ∇7〉λ=−1.

(e) α6 = 0, α5 = 0, α4 �= 2α1 and α3 �= 0. Then choosing x =
√

α4 − 2α1,

y = −α2x
2α3

and z = α1x, we have the family of representatives of distinct
orbits 〈α∇3 + ∇4 + ∇7〉λ=−1,α�=0.

(f) α6 = 0, α5 = 0, α4 = 2α1 and α3 �= 0. Then choosing x =
√

α3, y = −α2x
2α3

and z = α1x, we have the representative 〈∇3 + ∇7〉λ=−1.
(g) α6 = 0, α5 = 0, α4 = 2α1 and α3 = 0. Then choosing z = α1x, we have

two representatives 〈∇7〉λ=−1 and 〈∇2 + ∇7〉λ=−1, depending on whether
α2 = 0 or not.

(3) α7 = 0 and α6 �= 0. We may assume α6 = 1.

(a) α5 �∈ {− 1
2 , λ}. Then the system α∗

1 = α∗
2 = 0 has a unique solution in y

and z. Now, if α4 �= − ((2λ−1)α5+λ−2)α1
2α5+1 , then choosing the suitable value of

x we have the family of representatives distinct orbits 〈α∇3 +∇4 + β∇5 +
∇6〉β �∈{− 1

2 ,λ}. Otherwise, we have two families of representatives distinct
orbits 〈α∇5 + ∇6〉α�∈{− 1

2 ,λ} and 〈∇3 + α∇5 + ∇6〉α�∈{− 1
2 ,λ} depending on

whether α3 = − 3(λ+1)(α5+1)α1
2α5+1 or not.

(b) α5 = λ �= − 1
2 and α4 �= 2(1−λ2)α1

2λ+1 . Then choosing x = α4 + 2(λ2−1)α1
2λ+1 and

y = 3α1x
2λ+1 we have the family of representatives of distinct orbits 〈α∇2 +

β∇3 + ∇4 + λ∇5 + ∇6〉λ�=− 1
2
.

(c) α5 = λ �= − 1
2 and α4 = 2(1−λ2)α1

2λ+1 . We put y = 3α1x
2λ+1 to make α∗

1 = 0. Now,

if α3 �= − 3(λ+1)2α1
2λ+1 , then choosing x = α3 + 3(λ+1)2α1

2λ+1 , we have the family of
representatives of distinct orbits 〈α∇2 +∇3 + λ∇5 +∇6〉λ�=− 1

2
. Otherwise,
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we have two representatives 〈λ∇5 + ∇6〉λ�=− 1
2

and 〈∇2 + λ∇5 + ∇6〉λ�=− 1
2
,

depending on whether α2 = − 9(λ−1)(λ+1)2α2
1

(2λ+1)2 or not.

(d) α5 = − 1
2 �= λ. Then put y = 2α4x and z = 2(α2−2α4(λ−1)(α3+α1(λ+1)2)x

2λ+1 to
make α∗

2 = α∗
4 = 0. Now, if α3 �= −(λ + 1)α4, then choosing x = α3 + (λ +

1)α4, we have the family of representatives of distinct orbits 〈α∇1 + ∇3 −
1
2∇5+∇6〉λ�=− 1

2
. Otherwise, we have two representatives 〈− 1

2∇5+∇6〉λ�=− 1
2

and 〈∇1 − 1
2∇5 + ∇6〉λ�=− 1

2
, depending on whether α1 = 0 or not.

(e) α5 = − 1
2 = λ and α4 �= −2α3. Then choosing x = α3 + α4

2 and y = 2α4x

we have the family of representatives of distinct orbits 〈α∇1 +β∇2 +∇3 −
1
2∇5 + ∇6〉λ=− 1

2
.

(f) α5 = − 1
2 = λ and α4 = −2α3. Then we put y = −4α3x to make α∗

4 = 0.

Now, if α2 �= 3α3
2 (α1 + 4α3), then choosing x =

√
α2 − 3α3

2 (α1 + 4α3), we

have the family of representatives of distinct orbits 〈α∇1 + ∇2 − 1
2∇5 +

∇6〉λ=− 1
2
. Otherwise, we have two representatives 〈∇1 − 1

2∇5 + ∇6〉λ=− 1
2

and 〈− 1
2∇5 + ∇6〉λ=− 1

2
, depending on whether α1 = 0 or not.

(4) α7 = α6 = 0 and α5 �= 0. We may assume α5 = 1. Then the system α∗
1 = α∗

2 = 0
has a unique solution in y and z. Now, if 2α4 + (2λ − 1)α1 �= 0, then choosing
x = α4 + (λ − 1

2 )α1 we have the family of representatives of distinct orbits
〈α∇3 +∇4 +∇5〉. Otherwise, we have two representatives 〈∇5〉 and 〈∇3 +∇5〉
depending on whether 2α3 + 3(λ + 1)α1 = 0 or not.

(5) α7 = α6 = α5 = 0 and α4 �= 0. We may assume α4 = 1.

(a) (λ − 1)((λ + 1)2α1 + α3) + (λ + 1)(λ + 2) �= 0. Then choosing y =
α2x

(λ−1)((λ+1)2α1+α3)+(λ+1)(λ+2) we have the family of representatives of dis-
tinct orbits 〈α∇1 + β∇3 + ∇4〉, where

(λ − 1)((λ + 1)2α + β) + (λ + 1)(λ + 2) �= 0.

(b) (λ− 1)((λ+ 1)2α1 + α3)+ (λ+ 1)(λ+ 2) = 0. Then λ �= 1 and we have two
families of representatives of distinct orbits

〈
α∇1+ (λ+1)((λ2−1)α+λ+2)

1−λ ∇3+

∇4

〉
λ�=1

and
〈
α∇1 + ∇2 + (λ+1)((λ2−1)α+λ+2)

1−λ ∇3 + ∇4

〉
λ�=1

, depending on

whether α2 = 0 or not. The first family will be joined with the family from
the previous item.

Summarizing, we have the following representatives of distinct orbits:
〈
α∇1 + ∇2 +

(λ + 1)((λ2 − 1)α + λ + 2)
1 − λ

∇3 + ∇4

〉
λ�=1

,

〈
α∇1 + β∇2 + ∇3 − 1

2
∇5 + ∇6

〉
λ=− 1

2

,

〈
α∇1 + ∇2 − 1

2
∇5 + ∇6

〉
λ=− 1

2

, 〈α∇1 + β∇3 + ∇4〉,
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〈
α∇1 + ∇3 − 1

2
∇5 + ∇6

〉
λ�=− 1

2

,
〈
∇1 − 1

2
∇5 + ∇6

〉
λ=− 1

2

,

〈α∇2 + β∇3 + ∇4 + λ∇5 + ∇6〉λ�=− 1
2
,

〈α∇2 + ∇3 + β∇4 + ∇5 + ∇6 + ∇7〉λ=−1,

〈α∇2 + β∇3 + ∇4 + ∇7〉O(α,β)=O(−α,β)
λ�=−1 , 〈α∇2 + ∇3 + λ∇5 + ∇6〉λ�=− 1

2
,

〈α∇2 + β∇3 + γ∇5 + ∇6 + ∇7〉γ �=1, 〈α∇2 + β∇3 + ∇5 + ∇7〉,
〈α∇2 + ∇3 + ∇7〉O(α)=O(−α)

λ�=−1 , 〈∇2 + λ∇5 + ∇6〉λ�=− 1
2
,

〈∇2 + ∇7〉, 〈α∇3 + ∇4 + ∇5〉, 〈α∇3 + ∇4 + β∇5 + ∇6〉β �∈{− 1
2 ,λ},

〈α∇3 + β∇4 + ∇5 + ∇6 + ∇7〉λ=−1,α�=1, 〈α∇3 + ∇4 + ∇7〉λ=−1,α�=0,

〈∇3 + ∇5〉, 〈∇3 + α∇5 + ∇6〉α�∈{− 1
2 ,λ}, 〈∇3 + ∇7〉λ=−1, 〈∇5〉,

〈α∇5 + ∇6〉, 〈∇7〉.

The corresponding algebras are

N4
42(λ, α)λ�=1 : e1e1 = e2 e1e2 = e3

e1e3 = (α(λ − 2) + 1)e4 e2e1 = λe3 + e4

e2e2 = (λ+1)((λ2−1)α+λ+2)
1−λ e4

e3e1 = (α(1 − 2λ) − 2)e4

N4
43(α, β) : e1e1 = e2 e1e2 = e3 e1e3 = − 5α

2 e4

e2e1 = − 1
2e3 + βe4 e2e2 = e4 e2e3 = − 1

2e4

e3e1 = 2αe4 e3e2 = e4

N4
44(α) : e1e1 = e2 e1e2 = e3 e1e3 = − 5α

2 e4

e2e1 = − 1
2e3 + e4 e2e3 = − 1

2e4

e3e1 = 2αe4 e3e2 = e4

N4
45(λ, α, β) : e1e1 = e2 e1e2 = e3

e1e3 = (α(λ − 2) + 1)e4 e2e1 = λe3

e2e2 = βe4 e3e1 = (α(1 − 2λ) − 2)e4

N4
46(λ, α)λ�=− 1

2
: e1e1 = e2 e1e2 = e3 e1e3 = α(λ − 2)e4

e2e1 = λe3 e2e2 = e4 e2e3 = − 1
2e4

e3e1 = α(1 − 2λ)e4 e3e2 = e4

N4
47 : e1e1 = e2 e1e2 = e3 e1e3 = − 5

2e4

e2e1 = − 1
2e3 e2e3 = − 1

2e4

e3e1 = 2e4 e3e2 = e4

N4
48(λ, α, β)λ�=− 1

2
: e1e1 = e2 e1e2 = e3 e1e3 = e4

e2e1 = λe3 + αe4 e2e2 = βe4 e2e3 = λe4

e3e1 = −2e4 e3e2 = e4

N4
49(α, β) : e1e1 = e2 e1e2 = e3 e1e3 = βe4

e2e1 = −e3 + αe4 e2e2 = e4 e2e3 = e4

e3e1 = −2βe4 e3e2 = e4 e3e3 = e4
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N4
50(λ, α, β)λ�=−1 : e1e1 = e2 e1e2 = e3 e1e3 = e4

e2e1 = λe3 + αe4 e2e2 = βe4

e3e1 = −2e4 e3e3 = e4

N4
51(λ, α)λ�=− 1

2
: e1e1 = e2 e1e2 = e3 e2e1 = λe3 + αe4

e2e2 = e4 e2e3 = λe4 e3e2 = e4

N4
52(λ, α, β, γ)γ �=1 : e1e1 = e2 e1e2 = e3 e2e1 = λe3 + αe4

e2e2 = βe4 e2e3 = γe4

e3e2 = e4 e3e3 = e4

N4
53(λ, α, β) : e1e1 = e2 e1e2 = e3 e2e1 = λe3 + αe4

e2e2 = βe4 e2e3 = e4 e3e3 = e4

N4
54(λ, α)λ�=−1 : e1e1 = e2 e1e2 = e3 e2e1 = λe3 + αe4

e2e2 = e4 e3e3 = e4

N4
55(λ)λ�=− 1

2
: e1e1 = e2 e1e2 = e3 e2e1 = λe3 + e4

e2e3 = λe4 e3e2 = e4

N4
56(λ) : e1e1 = e2 e1e2 = e3

e2e1 = λe3 + e4 e3e3 = e4

N4
57(λ, α) : e1e1 = e2 e1e2 = e3 e1e3 = e4

e2e1 = λe3 e2e2 = αe4

e2e3 = e4 e3e1 = −2e4

N4
58(λ, α, β)β �∈{− 1

2 ,λ} : e1e1 = e2 e1e2 = e3 e1e3 = e4

e2e1 = λe3 e2e2 = αe4 e2e3 = βe4

e3e1 = −2e4 e3e2 = e4

N4
59(α, β)α�=1 : e1e1 = e2 e1e2 = e3 e1e3 = βe4

e2e1 = −e3 e2e2 = αe4 e2e3 = e4

e3e1 = −2βe4 e3e2 = e4 e3e3 = e4

N4
60(α)α�=0 : e1e1 = e2 e1e2 = e3 e1e3 = e4

e2e1 = −e3 e2e2 = αe4

e3e1 = −2e4 e3e3 = e4

N4
61(λ) : e1e1 = e2 e1e2 = e3 e2e1 = λe3

e2e2 = e4 e2e3 = e4

N4
62(λ, α)α�∈{− 1

2 ,λ} : e1e1 = e2 e1e2 = e3 e2e1 = λe3

e2e2 = e4 e2e3 = αe4 e3e2 = e4

N4
63 : e1e1 = e2 e1e2 = e3 e2e1 = −e3

e2e2 = e4 e3e3 = e4

N4
64(λ) : e1e1 = e2 e1e2 = e3

e2e1 = λe3 e2e3 = e4

N4
65(λ, α) : e1e1 = e2 e1e2 = e3 e2e1 = λe3

e2e3 = αe4 e3e2 = e4

N4
66(λ) : e1e1 = e2 e1e2 = e3

e2e1 = λe3 e3e3 = e4

N4
50(λ, α, β) ∼= N4

50(λ,−α, β), N4
54(λ, α) ∼= N4

54(λ,−α).
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2. The Classification Theorem

Theorem 2. The complete list of non-isomorphic algebras consists of four parts:

(1) trivial CD-algebras, which were classified in [8, Theorems 2.1, 2.3 and 2.5], the
only anticommutative trivial CD-algebra being CD4∗

03;
(2) terminal nontrivial extensions of the family CD3∗

04(λ), which were classified in
[15, 1.4.5. 1-dimensional central extensions of T3∗

04];
(3) nontrivial non-terminal CD-algebras, which were classified in [13];
(4) the nilpotent algebras listed as follows:

N4
01(α) : e1e1 = e2 e1e2 = αe4 e1e3 = e4

e2e1 = e4 e2e2 = e3

N4
02(α, β, γ, δ) : e1e1 = e2 e1e2 = αe4 e1e3 = γe4

e2e1 = βe4 e2e2 = e3 e2e3 = δe4

e3e2 = e4 e3e3 = e4

N4
03(α) : e1e1 = e2 e1e2 = αe4 e1e3 = e4

e2e2 = e3 e2e3 = e4

N4
04(α, β, γ) : e1e1 = e2 e1e2 = αe4 e1e3 = γe4

e2e1 = βe4 e2e2 = e3

e2e3 = e4 e3e3 = e4

N4
05(α, β) : e1e1 = e2 e1e2 = αe4 e1e3 = e4

e2e1 = βe4 e2e2 = e3 e3e3 = e4

N4
06(α) : e1e1 = e2 e1e2 = αe4 e2e1 = e4

e2e2 = e3 e3e3 = e4

N4
07 : e1e1 = e2 e1e2 = e4

e1e3 = e4 e2e2 = e3

N4
08(α, β) : e1e1 = e2 e1e2 = e4 e1e3 = βe4

e2e1 = αe4 e2e2 = e3 e3e1 = e4

N4
09(α, β) : e1e1 = e2 e1e2 = αe4 e1e3 = βe4

e2e2 = e3 e2e3 = e4 e3e1 = e4

N4
10 : e1e1 = e2 e1e2 = e4

e2e2 = e3 e2e3 = e4

N4
11 : e1e1 = e2 e1e2 = e4

e2e2 = e3 e3e3 = e4

N4
12(α) : e1e1 = e2 e1e3 = αe4 e2e1 = e4

e2e2 = e3 e3e1 = e4

N4
13(α, β, γ) : e1e1 = e2 e1e3 = βe4 e2e1 = αe4

e2e2 = e3 e2e3 = γe4

e3e1 = e4 e3e2 = e4

N4
14(α, β) : e1e1 = e2 e1e3 = e4 e2e1 = αe4

e2e2 = e3 e2e3 = βe4 e3e2 = e4

N4
15(α) : e1e1 = e2 e2e1 = e4 e2e2 = e3

e2e3 = αe4 e3e2 = e4
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N4
16(α) : e1e1 = e2 e1e3 = αe4

e2e2 = e3 e3e1 = e4

N4
17 : e1e1 = e2 e1e3 = e4 e2e2 = e3

N4
18 : e1e1 = e2 e2e2 = e3 e2e3 = e4

N4
19(α) : e1e1 = e2 e2e2 = e3

e2e3 = αe4 e3e2 = e4

N4
20 : e1e1 = e2 e2e2 = e3 e3e3 = e4

N4
21(α, β) : e1e1 = e2 e1e2 = αe4 e1e3 = e4

e2e1 = e3 + βe4 e2e2 = e3

N4
22(α, β, γ) : e1e1 = e2 e1e2 = αe4 e1e3 = γe4

e2e1 = e3 + βe4 e2e2 = e3 e3e1 = e4

N4
23(α, β, γ) : e1e1 = e2 e1e2 = αe4 e1e3 = βe4

e2e1 = e3 e2e2 = e3

e2e3 = e4 e3e1 = γe4

N4
24(α, β, γ, δ) : e1e1 = e2 e1e3 = βe4 e2e1 = e3 + αe4

e2e2 = e3 e2e3 = δe4

e3e1 = γe4 e3e2 = e4

N4
25(α, β, γ, δ, ε) : e1e1 = e2 e1e2 = αe4 e2e1 = e3 + βe4

e2e2 = e3 e2e3 = δe4 e3e1 = γe4

e3e2 = εe4 e3e3 = e4

N4
26(α) : e1e1 = e2 e1e2 = e4 e1e3 = −αe4

e2e1 = e3 e2e2 = αe4 e3e1 = (1 + 2α)e4

N4
27(α, β) : e1e1 = e2 e1e2 = αe4 e2e1 = e3

e2e2 = βe4 e2e3 = e4 e3e1 = e4

N4
28(α, β, γ) : e1e1 = e2 e1e2 = αe4 e2e1 = e3

e2e2 = βe4 e2e3 = e4

e3e1 = γe4 e3e3 = e4

N4
29(α, β) : e1e1 = e2 e1e2 = αe4 e2e2 = βe4

e2e1 = e3 e3e1 = e4 e3e3 = e4

N4
30(α) : e1e1 = e2 e1e2 = αe4 e2e1 = e3

e2e2 = e4 e2e3 = e4

N4
31(α) : e1e1 = e2 e1e2 = αe4 e2e1 = e3

e2e2 = e4 e3e3 = e4

N4
32 : e1e1 = e2 e1e2 = e4

e2e1 = e3 e2e3 = e4

N4
33 : e1e1 = e2 e1e2 = e4

e2e1 = e3 e3e3 = e4

N4
34(α, β) : e1e1 = e2 e1e3 = βe4 e2e1 = e3

e2e2 = αe4 e3e1 = (1 − 2β)e4

N4
35(α) : e1e1 = e2 e1e3 = αe4 e2e1 = e3

e2e2 = e4 e3e1 = −2αe4 e3e2 = e4
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N4
36(α, β)β �=0 : e1e1 = e2 e2e1 = e3 e2e2 = αe4

e2e3 = βe4 e3e1 = e4 e3e2 = e4

N4
37(α)α�=0 : e1e1 = e2 e2e1 = e3 e2e2 = e4

e2e3 = αe4 e3e2 = e4

N4
38 : e1e1 = e2 e1e3 = e4 e2e1 = e3

e3e1 = −2e4 e3e2 = e4

N4
39 : e1e1 = e2 e2e1 = e3 e2e3 = e4

N4
40(α) : e1e1 = e2 e2e1 = e3

e2e3 = αe4 e3e2 = e4

N4
41 : e1e1 = e2 e2e1 = e3 e3e3 = e4

N4
42(λ, α)λ�=1 : e1e1 = e2 e1e2 = e3

e1e3 = (α(λ − 2) + 1)e4 e2e1 = λe3 + e4

e2e2 = (λ+1)((λ2−1)α+λ+2)
1−λ e4

e3e1 = (α(1 − 2λ) − 2)e4

N4
43(α, β) : e1e1 = e2 e1e2 = e3 e1e3 = − 5α

2 e4

e2e1 = − 1
2e3 + βe4 e2e2 = e4

e2e3 = − 1
2e4 e3e1 = 2αe4 e3e2 = e4

N4
44(α) : e1e1 = e2 e1e2 = e3 e1e3 = − 5α

2 e4

e2e1 = − 1
2e3 + e4 e2e3 = − 1

2e4

e3e1 = 2αe4 e3e2 = e4

N4
45(λ, α, β) : e1e1 = e2 e1e2 = e3

e1e3 = (α(λ − 2) + 1)e4 e2e1 = λe3

e2e2 = βe4 e3e1 = (α(1 − 2λ) − 2)e4

N4
46(λ, α)λ�=− 1

2
: e1e1 = e2 e1e2 = e3 e1e3 = α(λ − 2)e4

e2e1 = λe3 e2e2 = e4 e2e3 = − 1
2e4

e3e1 = α(1 − 2λ)e4 e3e2 = e4

N4
47 : e1e1 = e2 e1e2 = e3 e1e3 = − 5

2e4

e2e1 = − 1
2e3 e2e3 = − 1

2e4

e3e1 = 2e4 e3e2 = e4

N4
48(λ, α, β)λ�=− 1

2
: e1e1 = e2 e1e2 = e3 e1e3 = e4

e2e1 = λe3 + αe4 e2e2 = βe4 e2e3 = λe4

e3e1 = −2e4 e3e2 = e4

N4
49(α, β) : e1e1 = e2 e1e2 = e3 e1e3 = βe4

e2e1 = −e3 + αe4 e2e2 = e4 e2e3 = e4

e3e1 = −2βe4 e3e2 = e4 e3e3 = e4

N4
50(λ, α, β)λ�=−1 : e1e1 = e2 e1e2 = e3 e1e3 = e4

e2e1 = λe3 + αe4 e2e2 = βe4

e3e1 = −2e4 e3e3 = e4

N4
51(λ, α)λ�=− 1

2
: e1e1 = e2 e1e2 = e3 e2e1 = λe3 + αe4

e2e2 = e4 e2e3 = λe4 e3e2 = e4
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N4
52(λ, α, β, γ)γ �=1 : e1e1 = e2 e1e2 = e3 e2e1 = λe3 + αe4

e2e2 = βe4 e2e3 = γe4

e3e2 = e4 e3e3 = e4

N4
53(λ, α, β) : e1e1 = e2 e1e2 = e3 e2e1 = λe3 + αe4

e2e2 = βe4 e2e3 = e4 e3e3 = e4

N4
54(λ, α)λ�=−1 : e1e1 = e2 e1e2 = e3 e2e1 = λe3 + αe4

e2e2 = e4 e3e3 = e4

N4
55(λ)λ�=− 1

2
: e1e1 = e2 e1e2 = e3 e2e1 = λe3 + e4

e2e3 = λe4 e3e2 = e4

N4
56(λ) : e1e1 = e2 e1e2 = e3

e2e1 = λe3 + e4 e3e3 = e4

N4
57(λ, α) : e1e1 = e2 e1e2 = e3 e1e3 = e4

e2e1 = λe3 e2e2 = αe4

e2e3 = e4 e3e1 = −2e4

N4
58(λ, α, β)β �∈{− 1

2 ,λ} : e1e1 = e2 e1e2 = e3 e1e3 = e4

e2e1 = λe3 e2e2 = αe4 e2e3 = βe4

e3e1 = −2e4 e3e2 = e4

N4
59(α, β)α�=1 : e1e1 = e2 e1e2 = e3 e1e3 = βe4

e2e1 = −e3 e2e2 = αe4 e2e3 = e4

e3e1 = −2βe4 e3e2 = e4 e3e3 = e4

N4
60(α)α�=0 : e1e1 = e2 e1e2 = e3 e1e3 = e4

e2e1 = −e3 e2e2 = αe4

e3e1 = −2e4 e3e3 = e4

N4
61(λ) : e1e1 = e2 e1e2 = e3 e2e1 = λe3

e2e2 = e4 e2e3 = e4

N4
62(λ, α)α�∈{− 1

2 ,λ} : e1e1 = e2 e1e2 = e3 e2e1 = λe3

e2e2 = e4 e2e3 = αe4 e3e2 = e4

N4
63 : e1e1 = e2 e1e2 = e3 e2e1 = −e3

e2e2 = e4 e3e3 = e4

N4
64(λ) : e1e1 = e2 e1e2 = e3

e2e1 = λe3 e2e3 = e4

N4
65(λ, α) : e1e1 = e2 e1e2 = e3 e2e1 = λe3

e2e3 = αe4 e3e2 = e4

N4
66(λ) : e1e1 = e2 e1e2 = e3

e2e1 = λe3 e3e3 = e4

All of these algebras are pairwise non-isomorphic, except for the following:

N4
02(α, β, γ, δ) ∼= N4

02(−(α, β, γ), δ), N4
04(α, β, γ) ∼= N4

04(−(α, β, γ)),

N4
05(α, β) ∼= N4

05(
3
√

1(α, β)), N4
29(α, β) ∼= N4

29(−α, β),

N4
31(α) ∼= N4

31(−α), N4
50(λ, α, β) ∼= N4

50(λ,−α, β), N4
54(λ, α) ∼= N4

54(λ,−α).
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3. Applications

3.1. The algebraic classification of 4-dimensional nilpotent

Lie-admissible algebras

The variety of Lie-admissible algebras is defined by the following identity:

[[x, y], z] + [[y, z], x] + [[z, x], y] = 0,

where [x, y] = xy − yx. Lie-admissible algebras satisfy the following fundamental
property: under the commutator multiplication each Lie-admissible algebra is a Lie
algebra.

Corollary 3. Let A be a complex 4-dimensional nilpotent Lie-admissible algebra.
Then A is isomorphic to an algebra from the list given in Theorem 2.

Proof. Thanks to [14] each 4-dimensional nilpotent anticommutative algebra is
Lie. Hence, each 4-dimensional nilpotent algebra is a Lie-admissible algebra.

3.2. The algebraic classification of 4-dimensional nilpotent Alia

type algebras

Let A be an algebra with a certain bilinear multiplication (x, y) �→ xy, which we
call standard. Let us define

T(x, y, z, P) = P([x, y], z) + P([y, z], x) + P([z, x], y),

where [x, y] = xy − yx and P is a bilinear multiplication on the same vector space.
Now we are ready to introduce Alia-type algebras, which appeared in [9, 10]:

(1) the variety of 0-Alia (also known as 0-anti-Lie-admissible) algebras is defined
by the identity T(x, y, z, P) = 0, where P is the standard multiplication;

(2) the variety of 1-Alia (also known as 1-anti-Lie-admissible) algebras is defined by
the identity T(x, y, z, P) = 0, where P is the Jordan commutator multiplication
P(x, y) = xy + yx;

(3) the variety of two-sided Alia (also known as anti-Lie-admissible) algebras is
defined by the identities T(x, y, z, P1) = 0 and T(x, y, z, P2) = 0, where P1 is
the standard multiplication and P2 is the opposite multiplication.

Corollary 4. Let A be a complex 4-dimensional nilpotent 0-Alia (1-Alia, or two
sided Alia) algebra. Then A is isomorphic to an algebra from the list given in
Theorem 2, except

CD4
79 − CD4

85, CD4
87 − CD4

112, N4
25, N4

28, N4
29,

N4
31, N4

33, N4
41, N4

49, N4
50(λ �= 1),

N4
52(λ �= 1), N4

53(λ �= 1), N4
54(λ �= 1), N4

56(λ �= 1),

N4
59, N4

60, N4
63, N4

66(λ �= 1).
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Proof. After verification, we have that all 3-dimensional nilpotent algebras are 0-
Alia, 1-Alia, and two-sided Alia. Analyzing the cocycles on 3-dimensional algebras
we see that the subspaces of 0-Alia cocycles, 1-Alia cocycles, and two-sided Alia
cocycles coincide and are listed in what follows.

Algebra Cocycles
CD3

01, CD3
04(1), CD3∗

01, CD3∗
02 〈Δij〉1≤i,j≤3

CD3
02, CD3

03, CD3
04(λ �= 1), CD3∗

03, CD3∗
04 〈Δij〉1≤i,j≤3;(i,j) �=(3,3)

It remains to choose the algebras from Theorem 2 that are determined by Alia
cocycles.
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