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0. Introduction

The description, up to isomorphism, of all the algebras of some fixed dimension
satisfying certain properties (the so-called algebraic classification) is a classical
problem in algebra. There are many papers devoted to algebraic classification of
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small-dimensional algebras in several varieties of associative and non-associative
algebras [T, [3, 2, 4, [5, [7, 6] 19, T3] 14} [8] [17) 12 01, 18] [15]. Another interest-
ing direction in the classification of algebras is the geometric classification (see,
[19, 17, [15] and references therein). Restricting our consideration to subvarieties of
complex nilpotent 4-dimensional algebras, we mention here the results on associa-
tive [7], commutative [19], bicommutative [17], Leibniz [§], terminal [15] and €D-
algebras [I3]. In this paper, we complete the algebraic classification of all complex
4-dimensional nilpotent algebras. Namely, we find 66 new algebras and parametric
families of algebras completing the list of 4-dimensional nilpotent algebras initiated
in the above-mentioned works.

Our approach is based on the calculation of central extensions of nilpotent
algebras of dimension less than 4. This method was developed by Skjelbred and
Sund for Lie algebras in [20] and has been an important tool for years (see, for
example, [12] 16 20] and references therein).

In Sec. [Tl we give a brief description of the method of central extensions and
its adaptation to our case. It turns out that most of the nilpotent 4-dimensional
algebras are €D-algebras, which were classified in [I3]. Our classification will thus be
carried out modulo this subvariety of 4-dimensional nilpotent algebras, as explained
in Sec.[[L. Tl In Sec. 2] we discuss several other useful classes of nilpotent algebras
of dimension at most 4. In particular, we give a list of the 3-dimensional nilpotent
algebras (they are all, in fact, €D-algebras). The remainder of Sec. [l (Secs. [3HILE)
is devoted to the construction and classification of 1-dimensional non-€% central
extensions of 3-dimensional nilpotent algebras. The work done in Sec. [l culminates
in the full classification of 4-dimensional nilpotent algebras, which is completed
in Sec. 2] where we present the full list of representatives of isomorphism classes.
Finally, in Sec. Bl we present a few applications of our results to the classes of
Lie-admissible and Alia type algebras.

Main result. The main result of the paper is Theorem [2] giving a full classification
of complex 4-dimensional nilpotent algebras. The complete list of non-isomorphic
algebras consists of four parts:

(1) trivial €D-algebras, which were classified in [8, Theorems 2.1, 2.3 and 2.5], the
only anticommutative trivial €®-algebra being C@é;;

(2) terminal nontrivial extensions of the family €D5;()\), which were classified in
[15 1.4.5. 1-dimensional central extensions of Tjy];

(3) nontrivial non-terminal ¢®-algebras, which were classified in [I3];

(4) the nilpotent algebras found in Secs. [L3HI.6l of the present paper.

1. The Algebraic Classification of Nilpotent Algebras
1.1. Method of classification of nilpotent algebras

Let A be an algebra, V a vector space and Z?(A,V) = Hom(A ® A,V) denote
the space of bilinear maps 6 : A x A — V. For f € Hom(A,V), we introduce
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§f € Z2(A,V) by the equality §f(z,y) = f(zy) and define B2(A, V) = {0f| f €
Hom(A, V)}. One can easily check that B2(A, V) is a linear subspace of Z2(A, V).
Let us define H?(A, V) as the quotient space Z2(A,V)/B?(A, V). The equivalence
class of § € Z2(A,V) in H?(A, V) is denoted by [6].

Suppose now that dim A = m < n and dim'V = n — m. For any bilinear map
f: A x A — V, one can define on the space Ay := A &V the bilinear product
[—,—]a, by the equality [z + 2',y + ¢']a, = zy + 0(x,y) for z,y € A2’y € V.
The algebra Ay is called an (n — m)-dimensional central extension of A by V. It is
also clear that Ay is nilpotent if and only if A is.

For a bilinear map 6 : A x A — V, the space §+ = {2 € A|f0(z,A) =
0(A,z) = 0} is called the annihilator of 6. For an algebra A, the ideal Ann(A) =
{r € A|zA = Az = 0} is called the annihilator of A. One has

Ann(Ay) = (- N Ann(A)) @ V.

Any n-dimensional algebra with nontrivial annihilator can be represented in the
form Ay for some m-dimensional algebra A, an (n — m)-dimensional vector space
V and 0 € Z%(A, V), where m < n (see [I2, Lemma 5]). Moreover, there is a unique
such representation with m = n — dim Ann(A). Note also that the latter equality
is equivalent to the condition #+ N Ann(A) = 0.

Let us pick some ¢ € Aut(A), where Aut(A) is the automorphism group of A.
For 0 € Z%(A,V), let us define (¢0)(x,y) = 0(p(z), #(y)). Then we get an action
of Aut(A) on Z?(A,V) that induces an action of the same group on H2(A,V).

Definition 1. Let A be an algebra and I be a subspace of Ann(A). If A = Ay®1,
for some subalgebra Ay of A, then [ is called an annihilator component of A. We
say that A is split if it has some nonzero annihilator component; otherwise we say
that A is non-split.

For a linear space U, the Grassmannian Gs(U) is the set of all s-dimensional
linear subspaces of U. For any s > 1, the action of Aut(A) on H?(A, C) induces an
action of the same group on G4(H?(A,C)). Let us define

T.(A) =W e G,(HA,C)| () 6+ NAnn(A) =0
[lew

Note that Ts(A) is stable under the action of Aut(A).

Let us fix a basis e1,...,es of V and § € Z?(A, V). Then there are unique
0, € Z*(A,C) (1 <i < s) such that 0(z,y) = >.i_, 0:i(x,y)e; for all z,y € A. Note
that - = 01 N5 ---NOL in this case. If - NAnn(A) = 0, then by [I2, Lemma 13]
the algebra Ay is split if and only if [01],[f2],...,[0s] are linearly dependent in
H%(A,C). Thus, if 6+ N Ann(A) = 0 and Ay is non-split, then ([01],...,[0s])
is an element of Ts(A). Now, if ¥ € Z2(A,V) is such that 9+ N Ann(A) = 0
and Ay is non-split, then by [12, Lemma 17] one has Ay = Ay if and only if
([01],[02], - - - [0s]), ([91], [D2], - - -, [Us]) € Ts(A) belong to the same orbit under the
action of Aut(A), where ¥(z,y) = Y7_, Vi(z,y)e;.
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Hence, there is a one-to-one correspondence between the set of Aut(A)-orbits
on T4 (A) and the set of isomorphism classes of central extensions of A by V
with s-dimensional annihilator and trivial annihilator component. Consequently, to
construct all s-dimensional central extensions with trivial annihilator component of
a given (n — s)-dimensional algebra A one has to describe Ts(A), Aut(A) and the
action of Aut(A) on T4(A) and then for each orbit under the action of Aut(A) on
T, (A) pick a representative and construct the algebra corresponding to it.

1.1.1. Reduction to non-€D-algebras

The class of €®-algebras is defined by the property that the commutator of any
pair of multiplication operators is a derivation [II, [I3]; namely, an algebra 2l is a
¢9-algebra if and only if

[1,,T,] € Der()

for all z,y € A, where T, € {R,,L.}. Here we use the notation R, (respectively,
L) for the operator of right (respectively, left) multiplication in 2. We will denote
the variety of €®-algebras by €®. In terms of identities, the class of €®-algebras
is defined by the following three:

((zy)a)b — ((zy)b)a = ((za)b — (xb)a)y + z((ya)b — (yb)a),

(aley))b — al(zy)b) = ((02)b — a(b)y + 2((ay)b — a(yD)),

a(b(zy)) — bla(zy)) = (a(bx) — b(ax))y + z(a(by) — b(ay))-
Our method of classification of nilpotent algebras will be based on a classification
of €¢D-algebras [13]. Clearly, any central extension of a non-€®-algebra is a non-
¢9-algebra. But a €®-algebra may have extensions which are not €9-algebras.

More precisely, let A be a €¢D-algebra and 6 € Z2(A,C). Then Ay is a €D-algebra
if and only if

0((zy)a,b) — 0((zy)b, a) = 0((za)b — (xb)a,y) + 0(x, (ya)b — (yb)a), (1)
0(a(zy),b) — 0(a, (xy)b) = 0((ax)b — a(xb),y) + 0(x, (ay)b — a(yd)),  (2)
0(a, b(zy)) — 0(b, a(zy)) = 0(a(bx) — blax),y) + 0(x, alby) — blay))  (3)
for all ,y, 2 € A. Define the subspace Z25 (A, C) of Z*(A,C) by
2o(A,C) = {0 € Z*(A,C) : 0 satisfies (M)~ @) }.

Observe that B*(A,C) C ZZ5(A,C). Let H25(A,C) = ZZ5(A,C)/B?(A,C).
Then H25 (A, C) is a subspace of H*(A, C). Define

R (A) = {W € T (A) : W € Gs(Hgp (A, )},
U, (A) = {W € T,(A) : W ¢ G(H25(A,C))}.

Then T,(A) = Rs(A) U Us(A). The sets R5(A) and Ug(A) are stable under the
action of Aut(A). Thus, the nilpotent algebras corresponding to the representatives
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of Aut(A)-orbits on Rs(A) are €D-algebras, while those corresponding to the rep-
resentatives of Aut(A)-orbits on Ug(A) are non-€D-algebras. Hence, we may con-
struct all nilpotent non-split non-€9-algebras A of dimension n with s-dimensional
annihilator from a given nilpotent algebra A’ of dimension n — s as follows:

(1) If A’ is non-€®, then apply the procedure.
(2) Otherwise, do the following:

(a) Determine Ugz(A’) and Aut(A).

(b) Determine the set of Aut(A’)-orbits on Ug(A’).

(¢) For each orbit, construct the nilpotent algebra corresponding to one of its
representatives.

We will use the following auxiliary notation during the construction of central
extensions. Let A be an algebra with basis e1,e2,...,e,. Then Ajj : Ax A — C
denotes the bilinear form defined by the equalities A;j(e;, e;) = 1 and A;j(er, em) =
0 for (I,m) # (4, 7). In this case, the A;; with 1 <4, j < n form a basis of the space
of bilinear forms on A.

We also denote by

Qi)é* the jth i-dimensional nilpotent trivial €D-algebra,
@@; the jth i-dimensional nilpotent nontrivial €®-algebra,
D; the jth i-dimensional nilpotent terminal algebra,

N;- the jth i-dimensional nilpotent non-€®-algebra.

1.2. Some special types of nilpotent algebras
1.2.1. Trivial €9-algebras

Recall that the class of n-dimensional algebras defined by the identities (zy)z = 0
and x(yz) = 0 lies in the intersection of all well-known varieties of algebras defined
by a family of polynomial identities of degree 3, such as Leibniz, Zinbiel, associa-
tive, Novikov and many other algebras. On the other hand, all algebras defined
by the identities (zy)z = 0 and x(yz) = 0 are central extensions of some suitable
algebra with zero product. The list of all non-anticommutative 4-dimensional alge-
bras defined by the identities (zy)z = 0 and x(yz) = 0 can be found in [§]. Note
that there is only one 4-dimensional nilpotent anticommutative algebra satisfying
the identity (xy)z = 0. Obviously, all algebras from this list are 4-dimensional
nilpotent €®-algebras.

1.2.2. 2-dimensional nilpotent algebras

There is only one nonzero 2-dimensional nilpotent algebra. It is a €D-algebra:
@@3’{ tere; = es.
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1.2.3. 3-dimensional nilpotent algebras

Thanks to [2], we have the classification of all 3-dimensional nilpotent algebras. It
is easy to see that each 3-dimensional nilpotent algebra is a €D-algebra:

@3381 €1€1 = €2 €2€9 = €3

Q:@gz €1€1 = €2 €9€1 = €3 €9€g = €3
D, €161 =€ €361 = €3

€©g4()\) €1€1 = €2 €1€2 = €3 €2€1 = )\63
Q:@g? €1€e1 = €9

@@83 €1€1 = €3 €2€9 = €3

Q:@S; €1€2 = €3 €9€1 = —€3

@32(/\) ere; = Aez  eze1 = e3 €2€2 = €3

1.2.4. 4-dimensional nilpotent algebras with 2-dimensional annihilator

Thanks to [2], we have the classification of all 4-dimensional non-split nilpotent
nontrivial algebras with 2-dimensional annihilator. All of these algebras are €9-
algebras:

4
€©05 €1€1 = €9 €9€1 = €4 €9€gy = €3
4
¢©06 €1€1 = €9 €1€9 = €4 €9€1 — €3
!
9:907()\) €1€1 = €9 €1€2 = €4 €9€1 = )\64 €g2€2 = €3

1.2.5. 4-dimensional nilpotent algebras with 1-dimensional annihilator

Thanks to [I3] we have the classification of all 4-dimensional nilpotent €D-algebras
with 1-dimensional annihilator. The remaining nilpotent non-€®-algebras with 1-
dimensional annihilator will be found in this paper.

1.2.6. Trivial central extensions

Thanks to [I3] we know that all central extensions of €Dp;, €035,

are €9-algebras.

¢Dy; and €D

1.3. 1-dimensional central extensions of €3,

Here we collect all information about €Dj;:

Algebra | Multiplication | Cohomology
oo e | HEo(@0h) = (Aal Ba]
<9p, 2 3 Ho (€D5,)®
= H+(¢® =
€262 = €3 (D00 = ([A13), [Asi], [Ass], [Aso], [Ass])

Let us use the following notations:

Vi = [Aq2]
Vs = [Ags]

Vo = [Ag]
Vg =

[As2]

Vi = [A13]
V=

Vi = [As]
[A33].
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Take 6 = Y.7_, a;V; € H(€D},). I

z 0 O
op=10 22 0| cAutedl,
y 0 z¢
then
0 o1 a3 o af o
T las 0 a5 o= o 0 of |,
ay g Qg o of ax
where

ol = $2($a1 +yag), abf = $2(xa2 +yas), of = x4(:1ca3 + yaz),

af = 2t (zay +yar), of =2%s, of = 2%, oF = 28ar.

Hence, ¢(0) = (0*), where 6* = 21.7:1 afV;. We are only interested in elements
with (as, a4, as, ag, a7) # (0,0,0,0,0). Then

(1) (%4 7& 0.

(a) ag # 0. Then choosing = = y/aga; ' and y = —aya; ' 2, we have the family
of representatives («V1 + 3Va + V35 +0V5 4+ Ve + V7). Observe that two
distinct quadruples (a, 8,7, 4d) and (o/, 5,7, 6") determine the same orbit
if and only if («, 3,7,0) = (=o', =0, =7/, d").

(b) ag = 0 and a5 # 0. Choosing = = a5a;1 and y = —a4a;1x, we have
the family of representatives (aVy + Vs + V3 + V5 + V7). Observe that
two distinct triples (o, 8,7) and (o/, 5’,7") determine the same orbit if and
Only if (Oé, /67’7) = (—CY/, _6/7 _/7/)'

(c) ag = a5 = 0 and a3 # a4. Choosing * = {/(az —as)a;' and y =
fa4a;1x, we have the family of representatives (aV1 + V3 + Vs + V7).
Observe that two pairs («a, 8) and (o/,8") determine the same orbit if and
only if (o, B) = (€, €3), where &3 = 1.

(d) ag = a5 = 0, a3 = a4 and az # 0. Choosing © = {/asa;' and y =
—ago; 195, we have the family of representatives of distinct orbits (V1 +
Va + V7>.

(e) ag = a5 =0, az = ay and ag = 0. Choosing y = —a4a7_1$, we have two
representatives (V7) and (V1 + V7) depending on whether a; = 0 or not.

(2) a7 = 0.

(a) ap # 0 and ay # 0. Choosing = = asag ' and y = —ajasag 2, we have the
family of representatives of distinct orbits (a«Va + V3 + V4 + V5 + V).

(b) ag #0, ag =0 and a3 # 0. Choosing z = Oéga6_1 and y = 7051053056_2, we
have the family of representatives of distinct orbits (aVa+ V34 V54 V).
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()

(d)
()

(g)

as # 0 and gy = ag = 0. Choosing y = falagla: we have two families
of representatives of distinct orbits (aVs + Vi) and (Va + aVs + Vi)
depending on whether ajas — azag = 0 or not.

ag =0, ag # 0 and ay # 0. Choosing x = oz4ozg1 and y = fa2a4a5_2, we
have the family of representatives of distinct orbits (aV1+ 8V3+ V44 V5).
as =0, a5 # 0 and ay = 0. Choosing y = fOzQOzglx, we have the following
representatives of distinct orbits (aVi + V3 + V5), (V1 + Vs) and (Vs),
corresponding to the 3 cases: ag # 0; a3 = 0, a3 # 0; a3 = a3 = 0,
respectively.

ag = a5 = 0 and ay # 0. We have the following families of representatives
of distinct orbits (Vi +aVa+0Vs+Vy), (Va+aVs+Vy) and (aVs+Vy)
corresponding to the 3 cases: a3 # 0; a1 = 0, as # 0; o 0,
respectively.

ag = a5 = ag = 0 and ag # 0. We have the following representatives of
distinct orbits (V1 + Va2 + V3), (V1 + V3) and (V3) corresponding to the
3 cases: ag # 0; as =0, a1 # 0; ag = a3 = 0, respectively.

Q2

Summarizing, we have the following distinct orbits:

<05V1 + Vo + V3>,

(
(a
(a
(
(
(
vV

Vi+aVy+ Vs + v4>

aVi + Vy + Vs +6Vs + Vg + V7>O(a’ﬁ”y’5) O(—a,—f8,— 7’5)

Vi+Vs+Vs), (aVi+ BVa+9Vs+ Vs + V) O@0N=0(=a=5-7)
Vi + Vs + Vs + V7>O(a B)= O(\/_(a,ﬁ)),

<OZV1 + Vs + V7>, <V1 + V3>,

<05V1 +5V3+V4+V5>, <V1 +V5>,

Vi+ V7> <V2 + aVs + V4>, <OzV2 + BVs+Vy4+9Vs5 + V6>,
aVay +V3+ 0Vs+Ve), (Va+aVs+ V), (aViz+Vs), (Vs),
>7 <OZV5 + v6>7 <V7>
They correspond to the following new algebras:
4
Np (a) ele] = e eles = ey eje3 = ey ege] = ey eges = e3
1
Nz (e, 8,7, 9) ejel =ex  ejezg =aeq ere3 =vyeq ese] = Pey
egey = €3 ege3 = deq  eszeq = ey eses = ey
4
N3 () ele] = es e1es = aey e1e3 =eq eoeo = €3 eoe3 = ey
1
Ny (e, 8,7) ele] = ez elep =aeq ejez=-7es egel = ey
€2€2 = €3 €2€3 = €4 €3€3 = €4
4
N05(0¢75) €1e1 = €2 €1e2 = Q€4 €1e3 = €4
esel = feq  ezea =e3 €3e3 = eq
1
Nog () ele] = e eles = ey ege] = ey eges = e3 eses = ey
1
N07 €1€e1 = €9 €1€e9 = €4 €1€3 = €4 €2€9 — €3
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Nis(a, 8) ejel =ez  elea=e4  ere3 = ey
ege] = ey egex = e3 ese] = ey
Nég(a,ﬁ) ere1 = es erea = aeq erjez = fBey
ezez = €3 €2e3 = e4 e3e1 =eq
N‘llo eje] = eo ejes = ey egeo = €3 ege3 = ey
N1, ele; =ex  ejeag=eq4 egea =e€3  e€3ze3 =eyq
N‘llz(a) ere1 = es e1e3 = aeq ege] = €4 eoeo = €3 ese1 = eq
Niz(a, 3,7) ere; =ex  ejez3=feq ege1 =aeq egez = e3
€2€3 = Y€q €3€1 = €4 €3€2 = €4
Niy(a,B) elel =ex  eje3 =e4  e€ge1] = Qeq
€63 = €3 egez = feq  ezea = eq
N‘ll5(a) elel = eo ese] = ey esey = e3 ese3 = ey €363 = ey4
N%(a) ere1 = e ele3 = aeq egey = e3 ese] = ey
Nil7 eje1 = eg erez = ey egeo = e3
N%g eje1 = e egeg = €3 ege3 = ey
N‘llg(a) ele] = eg eoes = €3 e0e3 = ey €363 = €4
N%O eje] = ey egeo = e3 ese3 = ey

N32<a7 /67 v 6)

o~

NéQ(_(av 57’7)’ 6)7
NG5 (o, ) = N5 (Vi(er, 8)).

Ng4(aaﬁa’7) = Né4(_(avﬁv’y>)a

1.4. 1-dimensional central extensions of €D,

Here we collect all information about €D3,:

Algebra | Multiplication | Cohomology
erer = e HZ 4 (€D5,) = ([Ar2], [A21])
QQSQ €2€1 = €3 H2(¢©(3)2) _ H%’D (Q:@?)Q)EB
eger = €3 ([A1s], [As1], [A2s], [Asa], [Ass])

Let us use the following notations:

Take § = Y\, ;V; € H2(€D})

then

Vi=[A12] Vz=[As] Vi3=[A3]
Vs =[Ags] Ve =[A3] V7=[As3].
). Tt
1 0 0
p=[0 1 0] €Autedp,,
r 0 1
0 a1 a3 ot af
¢" oz 0 as|o=|a; O
a4 Qg Qp o ag

2350009-9
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where
* *
o] = a1 +zag, a5 =ae a5, o5 =az+zar, o) =ag+ zarg,
* * *
a5 = (5, Qg = Og, Qr = Q7.

Hence, ¢(0) = (0*), where 6* = 21.7:1 afV;. We are only interested in elements
with (as, a4, as, ag, a7) # (0,0,0,0,0). Then

(1) a7 # 0. Then choosing x = —aga; *, we obtain the family of representatives of
distinct orbits <05V1 + AVa +vVy+ 6Vs5 +eVg + V7>.

(2) @z = 0 and ag # 0. Then choosing * = —ajag’, we obtain the family of
representatives of distinct orbits («Va + V3 + V4 + V5 + V).

(3) a7 = ag =0 and a5 # 0. Then choosing z = 704204571, we obtain the family of
representatives of distinct orbits («Vy + V3 + V4 + Vs).

(4) a7 = ag = a5 = 0 and oy # 0. Then we obtain the family of representatives of
distinct orbits (aV1 + V2 + V3 + V4).

(5) a7 = ag = a5 = a4 = 0 and ag # 0. Then we obtain the family of representa-
tives of distinct orbits (aVy + Va2 + V3).

Summarizing, we have the following distinct orbits:
<04V1 + BV + V3>, <O¢V1 + BVa +Vs3+ V4>, (aV1 + BV3+9Vy + V5>,
<04V2 + BV3+9V4+0V5 + V6>, (aV1 4+ O0Va+9V4 +0Vs +eVe + V7>.

This gives the following new algebras:

N3, (o, B) ©ere] = e e1eg = ey eie3 =ey
ese1 = ez + fPes  ezen = e3

N§12(047ﬂ,7) L €161 = €2 €1€2 = (x€y  €1€3 = €4
eser = ez + fPes  ezex = e3 ese] = €4

N3 (v, B,7) T eje; = ey e1ea = ey ejez = ey ese1 = e3
€9€2 — €3 €9€3 — €4 €3€1 = Yeéq

N, (o, 8,7, 0) Doerer = e ere3 = ffeg  eze; = ezt aey  ezex =e3
ege3 = 0ey e3e1 =ye4 e3ex = ey

N%s(a,ﬁ,% d,e) : ele; =es e1ep = ey €961 = €3+ Beq  eges = €3
€9€3 — 664 €3€1 = Y€y €3€2 — €€y €3€3 — €4

1.5. 1-dimensional central extensions of €©g3

Here we collect all information about (’:@ggz

Algebra | Multiplication | Cohomology
H2 3
ele1 = ey eo (€Dg3)

€21 = €3 HQ(Q’D?B) =

([A12], [Ag2], [A1s] — 2[As1])
H%@(Q:@(S)s)@
([Asz1], [Azs], [Asa], [Ass])

D3,
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The algebraic classification of nilpotent algebras

Let us use the following notations:

Vi=[Ap] V2=[Ax] Vi=I[A13]-2[A3] V4=[Az]
Vs = [Ag3] Ve =[A3z2] V7 =[As3].

Take § = >°1_, a;V; € HX(€D3,). I

z 0 0
dp=|y 22 0| cAut Q@Sg,
z xy 23
then
0 a1 Qs a* o of
T 0 ay as | o= a** o5 of |,
ay — 203 g ar oy — 205 af o
where

arx® + (a2 + as)zy + asy? + agrz + aryz)x,
asx® + (a5 + ag)zy + a7y2):172,

asz + agy + arz)a’,

= (
= (
= (
o = (aur + (205 + ag)y + 3az2)x?,
= (a5z + azy)z?,

= (

Hence, ¢(0) = (6*), where 6* = 23:1 afV;. We are only interested in 6 with

(a47a57a63 CY7) 7é (Oa 0707 0)

(1) a7 #0. Then put y = f% and z = Q%(Oésafs — azar) to make aj = ag = 0.

(a) ap # ag. Then choosing z = 0‘50770‘6 , we obtain the family of representatives

of distinct orbits (a«V1 + BVa +vV4 + V5 + V7).

Q4 —3(13
3ar

of representatives (aV1 + V2 + V4 4 V7), where two distinct pairs (o, )
and (o/, 8") determine the same orbit if and only if («, 8) = (—a/, ).
(c) as = ag, s = 3az and a2 # asay. Then choosing x = L \/asar — o, we

(b) a5 = ap and a4 # 3az. Then choosing x = , we obtain the family

oy
obtain the family of representatives (aV; + V3 + V7)), where two distinct
parameters « and o’ determine the same orbit if and only if @ = —¢/.

(d) as = ag, ag = 3az and a2 = asay. Then we obtain 2 representatives (V)
and (V1 + V7) depending on whether azag = ajar or not.

(2) a7 = 0, a5 # 0 and ag # 0. Then a7 = 0, and we put y = —3* and

[e2:3e74)

Z =

(eag — apa) to make of = af =0.
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1. Kaygorodov, M. Khrypchenko € S. A. Lopes
(a) (a4 — 2a3)as # azag. Then choosing z = a51a6 ((ag — 2a3) a5 — ), we
obtain the family of representatives of distinct orbits (aVa + V4 + 8V5 +
V) g20-

(b) (g4 — 2a3)as = aszap and (as — as)as # asag. Then choosing z =
o ((ag —a3)as —azag), we obtain the family of representatives of distinct
orbits (Va + aVs 4+ Ve)ao-

(¢) (g —2a3)a5 = agag = (az — ag)as. Then we obtain the family of repre-
sentatives of distinct orbits (Vs + Vg)azo-

_ Qs
as

(3) a7 = ag = 0 and a5 # 0. Then of = of = 0, and we put y = to make
az = 0.

(a) a4 # 2as. Then choosing = = O“‘;—%‘?’, we obtain the family of representa-

tives of distinct orbits (aVy 4+ 8Va + V4 + Vi).
(b) a4 =2a3 and as # az. Then choosing © = 2%, we obtain the family of
representatives of distinct orbits (aV; + V3 + V5).
(¢) ag = 2a3 and az = as. Then we obtain 2 representatives (Vs) and (Vi +

V) depending on whether a3 = ajas or not.

QT
as

(4) a7 = a5 = 0 and ag # 0. Then af = a5 = 0, and we put y = and
z = 2 ((a2 + az)as — arag) to make o = aj = 0.
6

(a) ag # ay. Then choosing x = 22=%4 we obtain the family of representatives

of distinct orbits (Vo + aVs + V).

(b) a2 = a4. Then we obtain 2 representatives (V) and (Vs + Vi) depending
on whether a3 = 0 or not. We will join (V) with the family (aV5+Vg)azo
found above.

(5) ar = ag = a5 =0 and ay # 0. Then of = af = ot = 0.

(a) ag # —ag. Then choosing y = —a;’f&a, we obtain the family of represen-

tatives of distinct orbits (aVa + 8Vs + Va)g£_a-

(b) as = —as. Then we obtain two families of representatives of distinct orbits
(aVy — aVs + V4) and (V1 + aVa — aVs + V4) depending on whether
a1 = 0 or not. The family (aVy — aV3+ V4) will be joined with the family
(aVa + V3 + V4)g2_q from the previous item.

Summarizing, we have the following distinct orbits:
(Vi+aVs—aVs+Vy), (aVi+ 8Va+ Vy+Vs5),
(aVi+ V2 +9Va+ V5 +Vr), (aVi+ BV + V4 + Vi) Oled=0af)
(aVi+ V2 +Vs), (aVy+ Vs + Vy)Q@=0Ce) (g, 4 v5),
(Vi+V7), (aVa+pVs+Vy), (Va+aVsz+ V),
(aVa +Vi+ BVs + Ve)so, (Va+aVs+ Ve)axo,
(V3 +Ve), (Vs), (aVs+Vs), (Vr).
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The algebraic classification of nilpotent algebras

They correspond to the following new algebras:

4 . _ _ _ _
N3g(@) © ele; =eg €16y = €4 ele3 = —aey €3e] = €3
egeg = ey eze; = (14 2a)ey
4 . _ — _
N3 (o, B) © ele; =eg e1ex = aey ege] = €3
egep = ey ege3 = ey ese; = ey
1 . — — — —
st(%@ ) Loe1ep =e2 €1€2 = ey €2€1 = €3 ezez = ey
€2€3 = €4 €3€1 = €4 €3€3 = €4
1 : — — _
N29(O‘aﬁ> €161 = €2 e1€2 = ey egey = ey
€2€1 = €3 €361 = €4 €363 = €4
1 ) — — —
N3y () © e1e1 = ey el = aey ese1 = €3
€2€9 = €4 €9€3 = €4
1 ) — — _
N3, (@) © ele; =eg e1ex = aey ege] = €3
€2€9 — €4 €3€3 — €4
1 ) — — — —
N3, : e1e] = eg €162 = €4 ese] = e3 ege3 = €4
4 ) — — — —
N3 : e1e] = eg €162 = €4 ese] = e3 e3e3 = ey
1 : _ _ _
N34(a, B) P61 = €2 ere3 = ey €2e1 = €3
exey = ey eser = (1 —20)ey
1 ) — — —
N35 () © e1e1 = ey e1e3 = aey ese1 = €3
€9e9 = €4 eser = —2aey ezey = ey
1 . _ _
N36(aaﬁ)ﬁ¢0 . €161 = €2 ege] = €3
ety = ey ege3 = ey ese; = ey e3es = e4
4 . _ — _
N37(Oé>a750 : €1€1 = €9 €9€1 — €3 €2€9 — €4
€9€3 = (xey4 €3€g = €4
1 ) — — —
N38 . €161 = €9 €1€3 = €4 €9€1 = €3
€3€1 = 7264 €3€g = €4
N4 . _ _ —
39 : €1€1 = €9 €9€1 — €3 €2€3 — €4
1 ) — — — —
Nio(e) © e1e1 = ey ese1 = €3 ese3 = ey e3ey = ey
1 : _ _ _
N41 €1€1 = €9 €9€1 — €3 €3€3 — €4

Nég(a»ﬂ) = szlg(*f%ﬂ)v Ngl(a) = Ngl(*a)

1.6. 1-dimensional central extensions of €D3,

Here we collect all information about €D},

Algebra | Multiplication | Cohomology
HZ,(€95,) =
€1€1 = €2
3 - (A=2)A13 — (2A = 1)A31, A1, Agg)
¢©04 €1€2 = €3 2 3
exe1 = Aes H (Q:@OAL) =
Hyo (€95,) @ ([Ars] — 2[As1], [Ags], [Aso], [Ass])

Let us use the following notations:

Vi=A=2)A13] — 2A=1[As31] Va=[Axn] V3=[As]
Vi = [A13] — 2[As34] Vs = [Ag3] Ve =[Asz] V7=[Ass]
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1. Kaygorodov, M. Khrypchenko € S. A. Lopes

Take 0 = 30| a;V; € H2p (€D},). I

T 0 0
o= 1y x2 0 | € Aut @3334,
z A+Dazy 23
then
0 0 A—2ar+ay
¢" Q3 Qs Qs
-2\ —1ag —2a4 a5 ay
o* a* (A=2)af +af
o= s + Aot o o ,
—(2A—=1Daj — 20 of fo%e
where
23
o = ?(3IO[1 —y(2a5 + ag) — 3zax),
oy = z(x?ay +y(1 + N (zaz(l = \) +y(as — as\)) + z(z(as — ag))

—ylas(A = 1) +Far(A = 1) (A +1)* + aa(2 + 31+ 2\2)))),

af = $2(;C2a3 +zy(as + ag)(1+N) + y2a7(/\ + 1)2),

3
ol = %(3:1:@4 +yas(A — 2) + 3zar(h — 1) + yas(2X — 1)),

(S
|

ot = 2*(zas +yar (A + 1)),
o =zt (zag + yar (A + 1)),

i = 2%y,

Hence, ¢(0) = (0*), where 0* = 23:1 afV;. We are only interested in elements

with (a4, as, ag, a7) # (0,0,0,0).

(1) a7 #0 and A # —1. We may assume a7 = 1. We put z = a1z — 5(205 + ag)y
to make aj = 0.

N 3(A—1Dai+aq)z
a5 —Qg

(a) ag # as. Then choosing y =

og F# 3(’\+1)(0(L)‘:1)a1+0‘4), then choosing z = ag — 2AHNA—Dartas) o,
5— Qg a5 —ag

have the family of representatives of distinct orbits (aVa + V3 + V5 +

Ve + V7)>\¢_1W7§1. Otherwise, choosing © = a5 — ag we have the family of
representatives of distinct orbits («Va + Vs + Vs + V7)az_1.

(b) ag = a5 and as # (1 — M)ai. Then choosing y = —25
ay + (A= 1)ag, we have the family of representatives («Va + V3 +
Vi + V7)rz—1, where (o, §) and (o, 3') determine the same orbit if and

only if (c, B) = (o, ).

we have o) = 0. Now, if

and z =
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(c) ag = a5, ag = (1 — ANy and a3 # 2. Then choosing y =

The algebraic classification of nilpotent algebras

Qs
A+1

z = \/as — a2, we have the family of representatives (aVa+V3+V7) 2 1,
where o and o determine the same orbit if and only if o = £a/.

and

(d) ag = a5, as = (1 — M)y and a3 = a2. Then have two representatives

(V7)az—1 and (V2 + V7)a2—1 depending on whether ap = (A — 1)aja5 or
not.

(2) ar #0 and A = —1. We may assume a7y = 1.

(a)

(b)

ag # 0 and ag # as. Then choosing © = ag, y = S2U=)T g , =

a5 —Qg
(a4(2a5+af’l) _if‘lmﬁaﬁ))x we have the family of representatives of distinct

orbits <05V2 + BVs + Vs + VG + V7>)\_71 AL
ag # 0,6 = as and a3 # «2. Then choosing z = a5, y =

(aa+2aa5)x
2(aZ—as)

, we have the family of representatives of distinct orbits

and

(azas+201a3)x
2(az—a3)

<O¢V3 + V4 + Vs + Ve + V7>)\:_1,a7§1.

ag # 0,6 = a5 and az = a%. Then choosing * = ag, y = a1 and z = 0,
we have the family of representatives of distinct orbits (aVa + V3 + 8V +
V54 Ve + Viha=—1.

ag = 0 and a5 # 0. Then choosing © = a5, y = 3(2a1 —ay) and z = (2a4 —
3aq)as, we have the family of representatives of distinct orbits (aVa +
BV3+ Vs + Vi)r=—1.

ag = 0, a5 = 0, ag # 21 and a3z # 0. Then choosing © = oy — 207,
y = f% and z = ajx, we have the family of representatives of distinct
orbits <OZV3 +V4i+ V7>>\:71)a¢0.

ag =0, a5 =0, ag = 201 and ag # 0. Then choosing = /a3, y = 7%
and z = ajx, we have the representative (Vs + V7)y=_1.

ag =0, as = 0, ag = 21 and ag = 0. Then choosing z = ajz, we have
two representatives (Vr7)x=—1 and (Vs + V7)x=_1, depending on whether
ag = 0 or not.

z =

(3) ar =0 and ag # 0. We may assume ag = 1.

(a)

as ¢ {—3,A}. Then the system of = a3 = 0 has a unique solution in y
and z. Now, if ay # —%%2)0‘1, then choosing the suitable value of
x we have the family of representatives distinct orbits (aVs + V4 + V5 +
V) Bg{—1 A} Otherwise, we have two families of representatives distinct

orbits (aVy + V6>a€{_%,/\} and (Vs + aVs + Vg)ag{_%,/\} depending on

whether ag = — 2@+ (astbar o
2051 : ,

a5 =\ # —3 and oy # % Then choosing = a4 + % and
y = g’i‘ﬁ we have the family of representatives of distinct orbits (aVay +
OBVs3 4+ V4+ AVs5 + V6>/\75_L

2
as =\ # —% and oy = % We put y = g’i‘ﬁ to make aj = 0. Now,
2 2

if ag # — % then choosing © = a3+ % we have the family of

representatives of distinct orbits (aVa + V3 + AV5 4+ V6>>\¢ . Otherwise,
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1. Kaygorodov, M. Khrypchenko € S. A. Lopes

we have two representatives (AVs + V)1 and (Va2 +AVs + V)21,

2 2
depending on whether as = —% or not.

as = fé # X. Then put y = 2a4z and z = 2(a2720‘4(>‘721;(ff+a1(>‘+1)2)z to

make a3 = o = 0. Now, if a3 # —(X + 1)au, then choosing z = ag + (A +
1)y, we have the family of representatives of distinct orbits (aVy + V3 —
%V5 +V6>)\¢7%. Otherwise, we have two representatives <7%V5 +V6>>¢7%

and (Vy — %V5 + V(;))\#_%, depending on whether ar; = 0 or not.

as = f% = A and oy # —2a3. Then choosing * = a3 + %+ and y = 2a4x

we have the family of representatives of distinct orbits (aVi 4+ Vs + V3 —

%V5 + Ve)reo

as = f% = A and oy = —2a3. Then we put y = —4aszz to make aj = 0.

1.
2

2
have the family of representatives of distinct orbits (aV; 4+ V3 — %V5 +
V6>/\:_%. Otherwise, we have two representatives (Vi — %V5 + V6>/\:_%

Now, if ap # ?’éﬂ(al + 4as), then choosing z = \/ag — 3% (0 + 4ag), we

and (—%V5 + V6>>\:7%, depending on whether a; = 0 or not.

(4) ar = ag = 0 and a5 # 0. We may assume a5 = 1. Then the system af = a5 =0
has a unique solution in y and z. Now, if 2a4 + (2XA — 1)ay # 0, then choosing
z = a4 + (A — $)aq we have the family of representatives of distinct orbits
(aV3 + V4 + V5). Otherwise, we have two representatives (V) and (V3 + V5)
depending on whether 2ag + 3(A + 1)a; = 0 or not.

(5) a7 = ag = a5 = 0 and a4 # 0. We may assume oy = 1.

(@) (A = 1)((\ + 121 + az) + (A + 1)(A + 2) # 0. Then choosing y =

(/\_1)((/\+1)2af’jz3)+(>\+1)(/\+2) we have the family of representatives of dis-
tinct orbits (V1 + #V3 4 Vy), where

A=D((A+1)%a+8) + A+ 1)(A+2) #0.

() A=1((A+1)%a1 +az)+ (A+1)(A+2) = 0. Then X # 1 and we have two

2
families of representatives of distinct orbits <aV1 + (/\+1)((’\1:§\)a+/\+2) Vs+

V4> and <aV1 +Vay+ ()‘+1)((/\i:i)a+)‘+2) Vi3 + V4> , depending on
A#£1 A#£1

whether as = 0 or not. The first family will be joined with the family from
the previous item.

Summarizing, we have the following representatives of distinct orbits:

<05V1 + Vo +

A+1D)((AN2=1Da+X+2)
1—A

v3 + v4> )
A#1

1
<aV1 + fBVy+ V3 — =Vs5+ v6>
2 A

_1’
2

1
<CYV1 + Vo — §V5 + V6>/\ . <CYV1 + V3 + V4>,
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<aV1 + V3 — %Vs + v6>)\

The algebraic classification of nilpotent algebras

1

aVz + Vs + Vi + AVs5 + Vo) rz 1,
aVao + V3 + Vs + Vs + Ve + V7>)\:_1,

O(e,3)=0(—a,B)

aVao+ (V3 +V,+ V7>)\¢71

aVa + V3 + V5 + Ve + Vi) 21,

Va + V7>,

V3 +V5>,

aVs + V6>,

O()=0(~a)
A#E—1 )

(aV3 + V4 + V),

(
(
(
(
(aVa + V3 + V7)
(
(V3 + BV + Vs + Ve + Vi)rm—1ax1,
(
(

(Vs +aVs+ V6>a€{_%7>\},
(V7).

The corresponding algebras are

NZLQ ()‘7 O‘)>\7’51

€161 = €2

; <V1 - %V5 + V6>/\

)

1
2

(Va2 + V3 + AV;5 4+ V6>/\75_%,

<O¢V2 + V3 + V5 + V7>,
(V2 4+ AV5 + V6>)\¢,%,
<CYV3 + V4 + 6V5 + v6>ﬁ€{7%,)\}7

(aV3 4+ Vi+ V7)r=—1,a20,

€1e2 = €3

eres = (@A —2)+ 1)eq

2_1)a
_ (/\+1)((,\1 ;) A+2)

(Vs + Vi)a=—1,

<v5>7

ese1 = ez + ey

€2€2 —
eser = (a1 —2X) — 2)ey
7! — — — 5
Nis(a, 3) ei1er = €2 e1e2 = €3 elez = —5ey
1 I
eze1 = —ge3+ feq  egex = ey €263 = —5€4
eze1 = 2aey e3ea = €y
7] 5
Nis(a) eje1 = es e1es = e3 ele3 = — ey
1 1
exe] = —5€e3 + ey €263 = —5€4
ese] = 2aey esey = €y
7] — _
N45()\»0l,ﬂ) €1€1 = €2 €1€2 = €3
€1€3 = (Oé()\ — 2) + 1)64 €2€1 = )\63

ezex = ey

eser = (a(l —2X) — 2)eq

1
N46()\,a))\¢7% e1e1 = en e1ey = e3 eres = a(A —2)ey
€9€1 — /\63 €9€2 — €4 €9€3 — —%64
eser = a(l —2X)eqs ezes =ey
1 — — — 5
Ni~, ei1e1 = eg e1eg = €3 er1e3 = —g5eyq
1 1
€2€1 = 7563 €g2€3 = 7564
eze1 = 2ey €3y = €y
1 — — _
N48()\,a,ﬁ))\¢7% e1e] = e e1es = e3 e1e3 = ey
ege1 = Aes + aey exes = [ey ege3 = ey
€3€1 — —264 €3€2 — €4
1
Nio(a, 3) ele; = ey e1ex = e3 erez = fBey
ese] = —e3 + ey egey = €4 ege3 = €4
ese; = —20ey e3€y = €4 eze3 = ey
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4 . _ _ _
N50()\,a,ﬁ),\¢_1 €161 = €3 €1e2 = €3 €1€3 = €4
ege1 = ez + ey  egen = fey
€3€1 — —264 €3€3 — €4
1 . _ —
Nz (A, oz))\;éf% : e1e1 = eg e1ea = €3 ese1 = Aes + aey
€96y = €4 egse3 = ey ezea = €4
1 A — _
N5y (A, a0, B,7) 421 T eje; = ey e1ey = €3 eae1 = Ae3 + aey
egez = ey esez = yey
€3€2 = €4 €363 = €4
1 — — —
Nz (N o, 8) ei1e1 = es e1ea = €3 ese1 = Aes + aey
eses = fBey ege3 = €4 e3e3 = €4
1 A — — —
Nz (A a)az—1 : e1e1 = eg e1ea = €3 ese1 = Aes + aey
€9€2 = €4 €3€3 — €4
1 A — _ _
N55()\))\7§_% oeje;p =e€ e1€eo = e3 ese] = Neg + ey
€9€3 — /\64 €3€9 — €4
1 — —
N56()\) €1€1 = €2 €1€2 = €3
€g€1 — )\63 + ey €3€3 = €4
1 — _
Nz (A @) e1e1 = ey e1ey = e3 ei1e3 = €4
ese1 = Aes €26y = ey
€9€3 — €4 €3€1 — —264
1 A — — —
Nzg(\, «a, 6)5€{_%,/\} © o e1ep =eg e1es = €3 e1e3 = ey
ese] = \es €262 = ey eses = fey
€3€1 = 7264 €3€g = €4
1 A — _ _
N3g(, B)az1 Doerer = e ejex =e3 eresz = fey
€9€1 — —€3 €9€g — (x€y €9€3 — €4
€3€1 — —2564 €3€9 — €4 €3€3 — €4
1
Ngo (@) az0 e1e1 = ez e1ey = e3 e1e3 = ey
€9€1 — —€3 €9€g — (X€y
€3€1 = 7264 €3€3 = €4
1 — — —
N61 ()\) €1€1 = €2 e1ez = €3 ese] = Aes
€9€o — €4 €9€3 = €4
1 A — _ _
NE2 (A, @) agg— 1.5y : eje; = e eres = e3 ese1 = Aeg
€9€2 — €4 €9€3 — (€4 €3€9 — €4
1 — — —
N63 €1e1 = €9 €1€2 = €3 €9€1 = —€3
€9€o — €4 €3€3 = €4
1
N64()‘) €161 = €2 e1e9 = €3
€9€1 — /\63 €9€3 — €4
1
Ngs(\, @) e1e1 = ey e1ey = €3 ese1 = Aes
€2€3 = ey €3€g = €4
1 — —
N66()\) €1€1 = €2 €1€2 = €3
€o€1 — )\63 €3€3 = €4

NéO(A>avﬁ) = N%O(/\’ _avﬁ)v Ng4(/\’ a) = N§4()‘a _a)'
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2. The Classification Theorem

The algebraic classification of nilpotent algebras

Theorem 2. The complete list of non-isomorphic algebras consists of four parts:

trivial €D-algebras, which were classified in [8, Theorems 2.1, 2.3 and 2.5], the

only anticommutative trivial €D-algebra being Qi)é;;

terminal nontrivial extensions of the family QQSZ(A), which were classified in

[15, 1.4.5. 1-dimensional central extensions of Tg;);

nontrivial non-terminal €D-algebras, which were classified in [13];

the nilpotent algebras listed as follows:

1
N01<a) €1€1 = €2 €162 = ey e€e1e3 = €4
€2€1 = €4 €2€2 = €3
1 _ _ _
N02<a7 ﬁv’% 6) €1€1 = €2 €1€9 = ey €163 = yey
egxe; = feg  egep =e3  ezez = dey
€3€2 = €4 €363 = €4
4 _ _ _
NOB(a) €161 = €2 €162 = ey €e1e3 = €4
€2€2 = €3 €2€3 = €4
1
Noa (o, 8,7) elel = ey ejes = aey  €1€3 = Yeq
€2€1 = 664 €269 = €3
€2€3 = €4 €363 = €4
4 _ _ _
N05(Oz,ﬂ) €1€1 = €2 €1€a = (x4 €1€3 = €4
ege; = [feq  egex =e3  ezez = ey
1
N06<a) €1€1 = €2 €162 = ey €e2e] = €4
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All of these algebras are pairwise non-isomorphic, except for the following:

NgQ(avﬁv’Ya(s) = N?)Q(_(aaﬁafy)vé‘)a N34(a»ﬁﬁ) = Ng4(_(aaﬁa’7))v
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3. Applications

3.1. The algebraic classification of 4-dimensional nilpotent
Lie-admissible algebras

The variety of Lie-admissible algebras is defined by the following identity:

([, 9], 2] + [ly, 2}, 2] + [[2, 2], y] = O,

where [z,y] = xy — yx. Lie-admissible algebras satisfy the following fundamental
property: under the commutator multiplication each Lie-admissible algebra is a Lie
algebra.

Corollary 3. Let A be a complex 4-dimensional nilpotent Lie-admissible algebra.
Then A is isomorphic to an algebra from the list given in Theorem 2.

Proof. Thanks to [14] each 4-dimensional nilpotent anticommutative algebra is
Lie. Hence, each 4-dimensional nilpotent algebra is a Lie-admissible algebra. O

3.2. The algebraic classification of 4-dimensional nilpotent Alia
type algebras

Let A be an algebra with a certain bilinear multiplication (z,y) — xy, which we
call standard. Let us define

T(z,y,2,P) = P([z,y], 2) + P(ly, 2], ) + P([2, 2], ),

where [z,y] = 2y — yx and P is a bilinear multiplication on the same vector space.
Now we are ready to introduce Alia-type algebras, which appeared in [9, [10]:

(1) the variety of 0-Alia (also known as 0-anti-Lie-admissible) algebras is defined
by the identity T(x,y, z,P) = 0, where P is the standard multiplication;

(2) the variety of 1-Alia (also known as 1-anti-Lie-admissible) algebras is defined by
the identity T(z,y, z,P) = 0, where P is the Jordan commutator multiplication
P(z,y) = zy + y;

(3) the variety of two-sided Alia (also known as anti-Lie-admissible) algebras is
defined by the identities T(z,y,2,P1) = 0 and T(x,y, z,P2) = 0, where P; is
the standard multiplication and Py is the opposite multiplication.

Corollary 4. Let A be a complex 4-dimensional nilpotent 0-Alia (1-Alia, or two
sided Alia) algebra. Then A is isomorphic to an algebra from the list given in
Theorem 2, except

69?9 - 69357 6937 - Q:9411127 N%S? N387 N%Qv
N%l? N%S? lell? NiQ? Néo()\ 7é 1)7

N5 (A #1), Nis(A#£1), Ny (A#1), Ngg(A#1),
NéQ? NéO? Né37 NgG(A 7& 1)
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Proof. After verification, we have that all 3-dimensional nilpotent algebras are 0-
Alia, 1-Alia, and two-sided Alia. Analyzing the cocycles on 3-dimensional algebras
we see that the subspaces of 0-Alia cocycles, 1-Alia cocycles, and two-sided Alia
cocycles coincide and are listed in what follows.

Algebra Cocycles
€04, €05, (1), €D, €D (Aij)1<ij<s
€Dy, €003, €D, (A # 1), €55, €D5s | (Aij)1<ij<si(i)£(3.3)

It remains to choose the algebras from Theorem [2] that are determined by Alia
cocycles. O
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