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Abstract. We derive sufficient conditions for a homeomorphism of a compact metric
space without isolated points to be topologically transitive. In particular, we prove that
a homeomorphism with the shadowing property has a dense orbit if either it has the
su-intersecting property in the whole space; or it has the barycenter property in the non-
wandering set; or else it is accessible in the recurrent set. To elucidate their dynamical
nature, we compare these three conditions, discuss examples with a variety of dynamics
and present some applications of interest.

1. Introduction

Let M be a C∞ closed (that is, connected, compact, boundaryless, finite dimensional)
Riemannian manifold and Diff1(M) denote the set of all C1 diffeomorphisms of M endowed
with the C1 topology. We say that f ∈ Diff1(M) is Anosov if M is a hyperbolic set for f ,
meaning that there are constants c > 0 and 0 < λ < 1 and a Df−invariant continuous
splitting TxM = Es

f (x)⊕ Eu
f (x) of the tangent space of M at every x ∈M so that, for all

non-negative integer n, one has

‖Dfnx (v)‖ 6 c λn ‖v‖ ∀v ∈ Es
f (x)

‖Df−nx (v)‖ 6 c λn ‖v‖ ∀v ∈ Eu
f (x).

A classical conjecture regarding the classification of Anosov diffeomorphisms states that
the non-wandering set of any C1 Anosov diffeomorphism is the whole manifold. If true,
then any C1 Anosov diffeomorphism is topologically transitive and its set of periodic points
is dense in the manifold. (We refer the reader to [1] for a more general statement.) And
conversely: due to Smale’s spectral decomposition [57], to establish that conjecture it is
enough to prove that every Anosov diffeomorphism is topologically transitive. Motivated
by a well-known sufficient condition for an Anosov diffeomorphism to be topologically
transitive, in this work we address other dynamical assumptions on homeomorphisms with
the shadowing property under which we also guarantee the existence of a dense orbit.

Let (X, d) be a compact metric space and T : X → X be a homeomorphism. Given

x ∈ X, denote by O(x) = {T n(x) : n ∈ Z} the orbit of x by T , and by O(x) its closure
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in X. In what follows, Ω(T ) stands for the set of non-wandering points of T , Per(T ) is its
subset of periodic points and Perh(T ) denotes its subset of hyperbolic periodic points when
T is a diffeomorphism. Given x, y ∈ X, n ∈ N and δ > 0, a δ−chain of T from x to y of
length n is a finite collection x0 = x, x1, · · · , xn = y of points in X such that

d
(
T (xi), xi+1

)
6 δ ∀ i ∈ {0, · · · , n− 1}.

A point x in X is chain-recurrent if, for any δ > 0, there exists a δ−chain of T from x to
x. We denote by CR(T ) the set of chain-recurrent points of T . The recurrent set of T , say
R(T ), is given by those points in X which are accumulated by their orbits in the future
and in the past, that is, R(T ) =

{
x ∈ X : x ∈ α(x) ∩ ω(x)

}
. The stable and unstable sets

of x ∈ X with respect to T are defined respectively by

W s
T (x) =

{
y ∈ X : lim

n→+∞
d
(
T n(x), T n(y)

)
= 0
}

W u
T (x) =

{
y ∈ X : lim

n→+∞
d
(
T−n(x), T−n(y)

)
= 0
}
.

Given ε > 0, the local stable and unstable sets with size ε at x ∈ X with respect to T are
defined, respectively, by

W s
T, ε(x) =

{
y ∈ X : d

(
T n(x), T n(y)

)
< ε ∀n ∈ N ∪ {0}

}
W u
T, ε(x) =

{
y ∈ X : d

(
T−n(x), T−n(y)

)
< ε ∀n ∈ N ∪ {0}

}
.

More generally, for x ∈ X and a closed nonempty set A ⊆ X, we consider the usual
distance

D(x,A) = inf
{
d(x, a) : a ∈ A

}
and define the stable and unstable sets of A with respect to T by

W s
T (A) =

{
y ∈ X : lim

n→+∞
D
(
T n(y), T n(A)

)
= 0
}

W u
T (A) =

{
y ∈ X : lim

n→+∞
D
(
T−n(y), T−n(A)

)
= 0
}
.

The next definitions play a key role in this work.

Definition 1. Let (X, d) be a compact metric space, T : X → X be a homeomorphism
and A be a nonempty subset of X. We say that T has the su−intersecting property in A
if W s

T (a) ∩W u
T (b) 6= ∅ for every a, b ∈ A. The homeomorphism T is said to have the weak

su−intersecting property in A if W s
T

(
OT (a)

)
∩W u

T

(
OT (b)

)
6= ∅ for every a, b ∈ A.

Clearly, if an Anosov diffeomorphism f : M → M on a smooth closed Riemannian
manifold M has the weak su−intersecting property in Per(f), then it is topologically
transitive. Indeed, by Smale’s spectral decomposition theorem, the set Ω(f) is a finite
union Ω1 ∪ · · · ∪ΩK of disjoint closed f−invariant pieces, the so called basic sets, on each
of which f is topologically transitive. Moreover, for each 1 6 j 6 K, each Ωj contains a
dense subset of periodic orbits and W s

f (Ωj) = ∪x∈Ωj
W s
f (x), W u

f (Ωj) = ∪x∈Ωj
W u
f (x) and

M = ∪Kj=1W
s
f (Ωj) = ∪Kj=1W

u
f (Ωj) (cf. [11, Proposition 3.10]). Take a repeller Ωr and an

attractor Ωa, whose existence is due to the adapted filtration for the spectral decomposition
of Ω(f) (cf. [55, § 2]). It is known that Ωr contains the stable manifolds of all its points
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and, similarly, Ωa contains the unstable manifolds of its elements (cf. [11, Lemma 4.9]). So,
if x ∈ Ωr ∩ Per(f) and y ∈ Ωa ∩ Per(f), then W s

f (x) ⊂ Ωr, W
u
f (x) ⊂ Ωa and, by the weak

su−intersecting property in Per(f), one also has W s
f (x) ∩W u

f (y) 6= ∅. Hence Ωr ∩Ωa 6= ∅,
which is a contradiction unless f has only one basic set equal to M . Thus f is topologically
transitive.

In [2], F. Abdenur, C. Bonatti and S. Crovisier introduced another property on periodic
orbits which is relevant in this context, and inspired a slightly different concept suggested
by W. Sun and X. Tian in [59]. Here we explore the following generalization.

Definition 2. Let (X, d) be a compact metric space, T : X → X be a homeomorphism
and A ⊆ X be a nonempty set. We say that T has the barycenter property in A if for
every p, q ∈ A and any ε > 0, there is a positive integer N = N(ε, p, q) such that, for any
n1, n2 ∈ N, one can find an integer m ∈ [0, N ] and x0 ∈ X satisfying d

(
T i(x0), T i(p)

)
< ε

for every −n1 6 i 6 0 and d
(
T i+m(x0), T i(q)

)
< ε for every 0 6 i 6 n2.

It turns out that, if T has the weak su−intersecting property in Per(T ), then T has
the barycenter property in Per(T ) (cf. [59, Lemma 2.2]). Moreover, if X has no isolated
points and T is expansive, then T has the weak su−intersecting property in Per(T ) if and
only if T has the barycenter property in Per(T ). Indeed, the proof of the aforementioned
Lemma 2.2 in [59] only requires that for every periodic point p of T there exists ε > 0
such that W s

T, ε(p) ⊆ W s
T (p) and W u

T, ε(p) ⊆ W u
T (p); and, surely, this condition is valid when

T is expansive (cf. [39, Lemma 1]). This ultimately implies that, within the setting of C1

diffeomorphisms of a closed Riemannian manifold whose periodic points are hyperbolic, the
barycenter property in the set of periodic points is equivalent to the weak su−intersecting
property in that set. For instance, within the family of C1 Ω−stable diffeomorphisms we
may equally use one or the other property.

In [12, Definition 1.1], M. Brin proposed another notion which proved pertinent to the
pursuit of the topological transitivity within Anosov diffeomorphisms. We will investigate
a related concept.

Definition 3. Let (X, d) be a compact metric space, T : X → X be a homeomorphism
and A ⊆ X be a nonempty set. Given x, y ∈ A, a su−path in A from x to y is a finite
collection of points z0, · · · , zm ∈ A such that z0 = x, zm = y and zi ∈ W s(zi−1)∪W u(zi−1)
for every i ∈ {1, · · · ,m}. We say that T is accessible in A if for any x, y ∈ A there exists
a su-path in A from x to y.

We observe that, if T has the su−intersecting property in A, then T is accessible in
A. From [12, Theorem 1.1], we easily deduce that if f : M → M is a partially hyperbolic
diffeomorphism of a closed Riemannian manifold such that Ω(f) = M and f is accessible in
M , then f is topologically transitive. On the other hand, D. Dolgopyat and A. Wilkinson
showed in [20] that there is a C1 open dense subset A of the space of strong partially
hyperbolic diffeomorphisms of M such that every f ∈ A is accessible in M . However,
accessibility in the whole manifold is not sufficient for topological transitivity: V. Nitica
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and A. Torok constructed in [44] an open set of diffeomorphisms which are accessible in
the whole manifold but fail to be topologically transitive.

Our first result concerns homeomorphisms with the shadowing property (see the defini-
tion in Subsection 2.7), linking the three previous definitions with the existence of a dense
orbit.

Theorem A. Let T : X → X be a homeomorphism of a compact metric space (X, d)
without isolated points, and consider ∅ 6= A ⊆ X.

(a) If A = X and T has the barycenter property in A, then T is topologically transitive.
(b) If T (A) = A, Ω(T ) = A, T has the barycenter property in A and Ω(T ) = CR(T ),

then T is topologically transitive.

Suppose that T has the shadowing property. Then:

(c) If T is topologically transitive, then T has the barycenter property in A.
(d) If T (A) = A, Ω(T ) = A and T has the barycenter property in A, then T is topolog-

ically transitive.
(e) If T is accessible in R(T ), then T is topologically transitive.
(f) If T has the su−intersecting property in X, then T is topologically mixing.

We observe that the assumption Ω(T ) = CR(T ) holds for homeomorphisms with the
shadowing property [6, Theorem 3.1.2]; generically in Diff1(M) [10, Corollaire 1.2]; and by
the Closing Lemma [49], for Ω-stable diffeomorphisms if M has dimension > 2. However,
the condition Ω(T ) = CR(T ) is not equivalent to shadowing, as exemplified by an irrational
rotation on the unit circle, which satisfies Ω(T ) = CR(T ) but does not exhibit shadowing.

Every C1 Anosov diffeomorphism is structurally stable, has the shadowing property,
is expansive, and its non-wandering set is hyperbolic and coincides with the closure of
the set of periodic points (cf. [5, 11, 49]). Therefore, we recover from the previous items
(b) and (c) the following known result: if f : M → M is an Anosov diffeomorphism of
a smooth closed Riemannian manifold M which is either accessible in R(f) or has the
barycenter property in Per(f), then f is a topologically transitive Anosov diffeomorphism

(since Ω(f) = Per(f)). Whereas, from item (a) we conclude that, conversely, if f : M →M
is a topologically transitive Anosov diffeomorphism, then it has the barycenter property
on M , since Ω(f) = M and f has the shadowing property on M .

In Section 3, the reader may find examples of homeomorphisms which either have the
su−intersecting property in X but do not satisfy the shadowing property, or with the
shadowing property but failing to satisfy the su−intersecting property in X.

In [34], M. Lee proved that the C1 interior of the diffeomorphisms satisfying the barycen-
ter property in Per(f) is contained in the set of Ω−stable diffeomorphisms; and that, gener-
ically, if a C1 diffeomorphism has the barycenter property in Per(f) then it is Ω−stable. We
will improve this information by showing that the C1 interior of diffeomorphisms satisfying
the weak su−intersecting property in Perh(f) is equal to the set of topologically transitive
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Anosov diffeomorphisms (see Proposition 7.10); and by proving that, generically, if a C1

diffeomorphism has the weak su−intersecting property in Perh(f), then it is a topologically
transitive Anosov diffeomorphism (see Subsection 7.3.2). Assuming the shadowing prop-
erty and expansivity, we obtain the following correlation between the previous definitions
and the specification property (see the definition in Subsection 2.7).

Theorem B. Let (X, d) be a compact metric space without isolated points and T : X → X
be an expansive homeomorphism which satisfies the shadowing property. Then the following
statements are equivalent:

(a) T has the su−intersecting property in Per(T ).
(b) T has the specification property.

If, in addition, X is connected, then the following statements are equivalent:

(c) T has the su−intersecting property in X.
(d) T has the barycenter property in Per(T ).

We stress that both Theorems A and B hold without any assumption on the hyper-
bolicity of the set of periodic points. Their conclusions seem to hint that the barycenter
property in the set of periodic points is in general weaker than the su-intersecting property
in that set. For further discussion on this issue, we refer the reader to Example 4.

In several instances of this work it is necessary to know that, for homeomorphisms on
compact metric spaces, topological transitivity is equivalent to the existence of a dense orbit
(cf. [63, Theorem 5.8]). It is also fundamental to relate one-sided topological transitivity
to topological transitivity. These concepts are equivalent if the underlying compact metric
space X does not contain isolated points (cf. [56] and [4, Theorem 1.4]); or else, if the non-
wandering set is the entire space X (cf. [63, Theorem 5.10]). Since the former condition
concerns the phase space, whereas the latter requests prior information on the dynamics,
we opted for the former, which is why it is included in the statements of the foregoing
theorems.

For any C1 Ω−stable diffeomorphism, the next result establishes a general equivalence
between the topological transitivity and several other dynamical properties.

Theorem C. Let M be a smooth closed Riemannian manifold, with dimension at least 2,
and f : M →M be a C1 Ω−stable diffeomorphism. The following statements are equivalent:

(1) f has the two-sided limit shadowing property.
(2) f has the su−intersecting property in M .
(3) f has the su−intersecting property in Per(f).
(4) f has the weak su−intersecting property in Per(f).
(5) There exists A ⊆ M such that f(A) = A, Ω(f) = A and f has the barycenter

property in A.
(6) f is a topologically transitive Anosov diffeomorphism.
(7) f has the specification property.
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(8) f has the almost specification property.
(9) f has the asymptotic average shadowing property.

(10) f has the average shadowing property.
(11) f is chain-transitive.
(12) Pergf (M) is dense in Pf (M).
(13) f has the gluing orbit property.

Some comments are in order regarding other known sufficient conditions for an Anosov
diffeomorphism to be topologically transitive, and how they compare with the su−intersecting
property. In [13], M. Brin proved that, if the local product structure of a C1 Anosov man-
ifold can be extended to the whole manifold (see the precise meaning of this wording in
[13, page 12]), then it is topologically transitive. Actually, Brin’s condition implies that
the diffeomorphism has the su−intersecting property in the whole manifold, as shown
in [13, Remark 4]. Another sufficient condition was proposed by B. Carvalho in [14]: if
a C1 Anosov diffeomorphism has the two-sided limit shadowing property (see the defi-
nition in Subsection 2.7), then it is topologically transitive. Moreover, [14, Lemma 2.4]
ensures that if a homeomorphism acting on a compact metric space has the two-sided
limit shadowing property, then it has the su−intersecting property on the whole space.
In Section 3, we present an example of a homeomorphism that has the su−intersecting
property on the whole domain although it does not satisfy the two-sided limit shadowing
property. In [41, 42], we find conditions of a different nature which also ensure the topolog-
ical transitivity of an Anosov diffeomorphism. On the one hand, it is known that transitive
Anosov diffeomorphisms have a unique measure of maximal entropy (cf. [11]); F. Micena
and J. Rodriguez-Hertz proved in [42] that, conversely, if a C1 Anosov diffeomorphism has
a unique measure of maximal entropy and every point in the manifold is regular in the
sense of Oseledets’s theorem [45], then the diffeomorphism is topologically transitive. On
the other hand, building upon [11, Theorem 4.14], F. Micena [41] linked the topological
transitivity of any C2 Anosov diffeomorphism to the Jacobean of the derivative on all the
periodic points through the existence of an invariant probability measure equivalent to the
volume on the manifold. Micena’s condition is too restrictive, though, since it is known that
among C2 Anosov diffeomorphisms the ones that admit no invariant probability measure
equivalent to the volume on the manifold form an open dense set (cf. [11, Corollary 4.15]).

The paper is organized as follows. In Section 2, we set some notation and basic defi-
nitions. In Section 3 we include concrete examples which show how to construct homeo-
morphisms with or without the su−intersecting property. Sections 4, 5 and 6 consist of
the proofs of the main results, together with a thorough discussion about some dynamical
information conveyed by the su−intersecting and the barycenter properties. Section 7 is
made of applications.

2. Definitions

In this section we include a brief glossary of the main concepts we will use.
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Let (X, d) be a compact metric space and T : X → X be a homeomorphism. A point
p ∈ X is called non-wandering for T if for every neighborhood U of p there exists n ∈ Z\{0}
such that T−n(U)∩U 6= ∅. A point p in X is periodic for T if there exists n ∈ N such that
T n(p) = p.

2.1. Topological transitivity. A homeomorphism T is topologically transitive if for ev-
ery nonempty open sets U, V ⊂ X there exists n ∈ Z such that T n(U)∩V 6= ∅. It is known
that this is equivalent to say that T has a dense orbit, that is, there is some x ∈ X with
{T n(x) : n ∈ Z} dense in X (see [4, Theorem 1.4] or [63, Theorem 5.8]).

2.2. One-sided topologically transitive. A homeomorphism T is one-sided topologi-
cally transitive if for every nonempty open sets U, V ⊂ X there exists n ∈ N such that
T n(U)∩V 6= ∅. According to [63, Theorem 5.10], a homeomorphism T of a compact metric
space X is one-sided topologically transitive if and only if T is topologically transitive and
Ω(T ) = X.

2.3. Topological mixing. A homeomorphism T is called topologically mixing if for any
two open nonempty sets U, V ⊂ X there exists a positive integer N = N(U, V ) such that
for any n > N the intersection T n(U) ∩ V is nonempty. Obviously, topological mixing
implies topological transitivity.

2.4. Chain-transitivity. A map T is said to be chain-recurrent if for any δ > 0 and any
x ∈ X there is a δ−chain from x to itself. T is called chain-transitive if for any δ > 0 and
any two points x, y ∈ X there is a δ-chain from x to y.

2.5. Chain-mixing. A homeomorphism T is chain-mixing if given δ > 0 there exists
N ∈ N such, for every x, y ∈ X and any integer n > N , there is a δ−chain from x to y of
length n.

2.6. Expansiveness. A homeomorphism T is expansive if there is a constant c > 0 such
that

d
(
T n(x), T n(y)

)
< c ∀n ∈ Z ⇒ x = y.

2.7. Several concepts of shadowing. For further use, we now address distinct notions
of shadowing.

2.7.1. Shadowing. Given δ > 0, a sequence {xn}n∈Z in X is called a δ−pseudo-orbit of
T if

d(T (xn), xn+1) < δ ∀n ∈ Z.
Given ε > 0, a δ−pseudo-orbit {xn}n∈Z is said to be ε−shadowed if there exists y ∈ X
such that

d(T n(y), xn) < ε ∀n ∈ Z.
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A homeomorphism T has the shadowing property if for any ε > 0 there exists δ > 0 such
that any δ−pseudo-orbit is ε−shadowed.

2.7.2. Positive limit shadowing. A sequence (xn)n∈Z in X is called a positive limit
pseudo-orbit if

lim
n→+∞

d(T (xn), xn+1) = 0.

The sequence {xn}n∈nZ is said to be positive limit shadowed if there exists y ∈ X such
that

lim
n→+∞

d(T n(y), xn) = 0.

We say that T has the positive limit shadowing property if every positive limit pseudo-
orbit in X is positive limit shadowed. The notion of negative limit shadowing property is
similarly defined.

2.7.3. Two-sided limit shadowing. A sequence (xn)n∈Z inX is a two-sided limit pseudo-
orbit if

lim
n→+∞

d(T (xn), xn+1) = 0 = lim
n→−∞

d(T (xn), xn+1).

A two-sided limit pseudo-orbit is said to be two-sided limit shadowed if there is a point
y ∈ X such that

lim
n→+∞

d(T n(y), xn) = 0 = lim
n→−∞

d(T n(y), xn).

A homeomorphism T has the two-sided limit shadowing property if every two-sided limit
pseudo-orbit in X is two-sided limit shadowed.

2.7.4. Average shadowing. Given δ > 0, a sequence (xn)n∈Z inX is a δ−average pseudo-
orbit of T if there is a positive integer N0 such that, for every integer n ≥ N0 and all integer
k ≥ 0, one has

1

n

N−1∑
j=0

d(T (xj+k), xj+k+1) < δ.

Given ε > 0, a sequence (xn)n∈Z in X is said to be ε−shadowed in average if there is
y ∈ X such that

lim sup
n→+∞

1

n

n−1∑
j=0

d(T j(y), xj) < ε.

A homeomorphism T has the average shadowing property if for every ε > 0 there is δ > 0
such that every δ−average pseudo-orbit of T is ε−shadowed in average.
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2.7.5. Asymptotic average shadowing. A sequence (xn)n∈Z in X is an asymptotic
average pseudo-orbit of T provided that

lim
n→+∞

1

n

n−1∑
j=0

d(T (xj), xj+1) = 0.

The sequence (xn)n∈Z is said to be asymptotically shadowed in average in X if there is
y ∈ X such that

lim
n→+∞

1

n

n−1∑
j=0

d(T j(y), xj) = 0.

A homeomorphism T has the asymptotic average shadowing property if every asymptotic
average pseudo-orbit of T in X is asymptotically shadowed in average.

2.7.6. Specification. Given n,N ∈ N, a family of n orbit segments of T

ξ =
{
T [aj ,bj ](xj) : j ∈ {1, · · · , n}

}
is an N−spaced specification if ai − bi−1 > N for every 2 6 i 6 n. Given ε > 0, we say
that a specification ξ is ε−traced by y ∈ X if

d
(
T k(y), T k(xi)

)
< ε ∀ ai 6 k 6 bi ∀ 1 6 i 6 n.

The map T has the specification property if for any ε > 0 there is N = N(ε) ∈ N such
that any N−spaced specification ξ is ε−traced by some y ∈ X.

2.8. Gluing orbit property. The next notion first appeared in [59], where it was called
transitive specification. It was in [9] that the name gluing orbit property started being used.
We refer the reader to [60] for useful remarks regarding this concept.

A continuous map T : X → X on a compact metric space X satisfies the gluing orbit
property if for every ε > 0 there exists an positive integer N = N(ε) so that, for any finite
sample of points x1, x2, . . . , xk ∈ X and any positive integers n1, . . . , nk, there are positive
integers p1, . . . , pk−1 6 N(ε) and a point x ∈ X such that

d
(
T j(x), T j(x1)

)
6 ε ∀ 0 6 j 6 n1

d
(
T j+n1 + p1 + ...+ni−1 + pi−1(x), T j(xi)

)
6 ε ∀ 2 6 i 6 k ∀ 0 6 j 6 ni.

A homeomorphism S : Y → Y on a compact metric space Y has the gluing orbit property
if both S and S−1 comply with it.

2.9. Measure center. In what follows, P(X) stands for the space of Borel probability
measures in X with the weak∗−topology, PT (X) is its subspace of T−invariant elements
and PergT (X) is the subset of ergodic measures of PT (X). The measure center of T is the
set

M(X,T ) =
⋃

µ∈PT (X)

supp(µ)
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where supp(µ) denotes the support of the probability measure µ.

2.10. Hyperbolicity. Given a C1 diffeomorphism f : M → M of a closed Riemannian
manifold M , a periodic point p of f with minimal period N is said to be hyperbolic if the
spectrum of the derivative DfNp : TpM → TpM at p is disjoint from the unit circle in the
complex plane.

2.11. Stability. We say that a C1 diffeomorphism f : M → M is structurally stable if
there is a C1 neighborhood U of f such that for any g ∈ U there is a homeomorphism
h : M → M such that h ◦ f = g ◦ h. If the topological conjugacy with neighbour diffeo-
morphisms is only valid within the non-wandering set, that is, there is a C1 neighbor-
hood U such that for any g ∈ U there is a homeomorphism h : Ω(f) → Ω(g) such that
h ◦ f|Ω(f) = g|Ω(g) ◦ h, then f is said to be Ω−stable.

3. Examples

In this section we discuss examples to illustrate the dynamical nature of su−intersecting
and the barycenter properties. A number of them hint that the assumptions in our results
are somehow sharp.

Example 1. We start with an example of a homeomorphism on a compact metric space
which has the su−intersecting property in the whole domain but fails to satisfy both the
two-sided limit shadowing and the shadowing property. Consider a two-sided shift σ on
a space with a finite alphabet endowed with the usual metric which has the specification
property but is not a shift of finite type. Then σ has the su−intersecting property in the
whole space (cf. [15, Proposition 5]), even though σ fails to satisfy both the two-sided limit
shadowing property (cf. [15, Corollary 6] and the shadowing property (cf. [62]).

Example 2. Let (X, d) be a compact connected manifold, with or without boundary, of
dimension > 2, endowed with a distance d. A Lebesgue-like measure µ on X is a Borel
probability measure such that

(i) ∀ p ∈ X µ({p}) = 0;
(ii) µ(U) > 0 for every nonempty open set U ⊂ X;

(iii) µ (∂X) = 0.

Suppose that X possesses a Lebesgue-like measure, say µ0. Denote by Hom(X,µ0) the
set of homeomorphisms of X which preserve µ0. This space is metrizable by the uniform
distance for homeomorphisms, given byD(f, g) = D1(f, g)+D1(f−1, g−1), whereD1(f, g) =
maxx∈X d(f(x), g(x)). Moreover, (Hom(X,µ0), D) is a Baire space.

According to [24, Theorem 1.3, Corollary 1.4], a generic element in Hom(X,µ0) is topo-
logically mixing and satisfies the shadowing property. Using Theorem A(c), we conclude
that, C0 generically in Hom(X,µ0), a homeomorphism has the barycenter property in A
for every nonempty subset A of X.
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Example 3. We now provide an example of a homeomorphism of a compact metric
space which has the barycenter property in the whole domain but fails to satisfy the
su−intersecting property in that set. Consider the two-sided shift σ : X → X on the
space X = Y Z endowed with the usual metric, where Y = {1, 2, 3, 4}. Take the matrix
A =

(
ai, j
)
i,j ∈{1,2,3,4} given by

A =


0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0


and let ΣA ⊂ Y Z be the space of A−admissible sequences, that is,

ΣA =
{

(xk)k∈Z : axk xk+1
= 1 ∀k ∈ Z

}
.

The matrix A is irreducible (to check this it is enough to compute A2 and A3) but it is not
aperiodic. Therefore, the homeomorphism σ|ΣA

: ΣA → ΣA is a shift of finite type (hence it
has the shadowing property), is topologically transitive (cf. [63, Theorem 1.19]), but is not
topologically mixing (cf. [63, Theorem 1.31]). Moreover, the space ΣA is perfect (that is, it
is closed, totally disconnected and has no isolated points) due to the fact that the matrix A
has lines whose entries sum is equal to 2 (cf. [50, Proposition 2.8]). Therefore, Theorem A(c)
indicates that σ|ΣA

has the barycenter property in ΣA, whereas Theorem A(e) indicates
that σ|ΣA

fails to satisfy the su−intersecting property in ΣA.

Example 4. The next example is mentioned in [34, Remark 1.1] to justify that the barycen-
ter property in Per(f), though a kind of tracing condition, is ultimately distinct from the
specification property. Let f : S1 → S1 be a C1 diffeomorphism whose non-wandering set
reduces to two fixed points which are saddle-nodes. Then f does not have the shadowing
property (cf. [48, Theorem 3.1.1]) and is not expansive (cf. [63, Theorem 5.27]). More-
over, f is not topologically transitive, so it does not have the specification property (cf.
[18, Proposition 21.3]. However, f has the su−intersecting property in Per(f), hence the
barycenter property in Per(f).

We observe that, on the contrary, if T : X → X is a homeomorphism of a compact
metric space (X, d) without isolated points, A is a nonempty subset of X and T has the
specification property, then T has the barycenter property in A. Indeed, take p, q ∈ A and
fix ε > 0. Since T has the specification property there exists N = N(ε) ∈ N such that any
N−spaced specification ξ is ε−traced by some y ∈ X. Given n1, n2 ∈ N, define

a1 = −n1, b1 = 0, x1 = p, a2 = N, b2 = n2 +N, x2 = T−N(q).

Note that a2 − b1 = N , so

ξ =
{
T [aj ,bj ](xj) : j ∈ {1, 2}

}
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is an N−spaced specification. Then ξ is ε−traced by some y ∈ X, that is,

d
(
T k(y), T k(p)

)
< ε − n1 = a1 6 k 6 b1 = 0

d
(
T `(y), T `(T−N(q))

)
< ε N = a2 6 ` 6 b2 = n2 +N.

Select j = `−N . Thus,

d
(
T j+N(y), T j(q))

)
< ε 0 6 j 6 n2.

So, T has the barycenter property in A.

Example 5. A Morse-Smale diffeomorphism of the unit circle is a simple example of an
Ω−stable diffeomorphism of a smooth closed Riemannian manifold which has the shad-
owing property (cf. [48]), is not expansive (cf. [63, Theorem 5.27]) and does not satisfy
the barycenter property in the set of periodic points (as is easily concluded from Theo-
rem A(d)).

Example 6. We now construct another example of a homeomorphism on a compact metric
space X possessing the shadowing property but not satisfying the su−intersecting property
in X.

Claim 1: The identity map on a compact metric space (X, d) has the shadowing property
if and only if X is totally disconnected (cf. [6, Theorem 2.3.2]).

Claim 2: The su−intersecting property is invariant by iteration.

Lemma 3.1. Let T : X → X be a homeomorphism of a compact metric space (X, d)
without isolated points and A ⊆ X a nonempty subset of X. If T has the su−intersecting
property in A then T k has the su−intersecting property in A for every positive integer k.

Proof. Fix k ∈ N and take a, b ∈ A. Since T has the su−intersecting property in A, we
have W s

T (a) ∩W u
T (b) 6= ∅ and W s

T (b) ∩W u
T (a) 6= ∅. Consider c ∈ W s

T (a) ∩W u
T (b). Then

lim
n→+∞

d(T n(a), T n(c)) = 0 = lim
n→+∞

d(T−n(b), T−n(c)).

Thus,
lim

n→+∞
d((T k)n(a), (T k)n(c)) = 0 = lim

n→+∞
d((T k)−n(b), (T k)−n(c)).

Hence c ∈ W s
Tk(a) ∩W u

Tk(b). In a similar way we show that W s
Tk(b) ∩W u

Tk(a) 6= ∅. �

Claim 3: The su−intersecting property induces some rigidity on the dynamics.

Lemma 3.2. [14, Lemma 3.6] or [33, Lemma 4.2] Let T : X → X be a homeomorphism of
a compact metric space (X, d) without isolated points. If T has the su−intersecting property
in X then T is chain-transitive.

A homeomorphism T : X → X of a compact metric space (X, d) is said to be distal if

inf {d(T n(x), T n(y)) : n ∈ Z} = 0 ⇒ x = y.

For instance, the identity map of any space is distal.
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Claim 4: If a homeomorphism is distal and has the shadowing property, then it does not
satisfy the su−intersecting property in the whole domain.

Lemma 3.3. Let (X, d) be a compact metric space, containing at least two elements and
without isolated points, and T : X → X be a distal homeomorphism.

(a) If T k is chain-transitive for every k ∈ N, then T does not have the shadowing
property.

(b) If T has the shadowing property, then T does not satisfy the su−intersecting prop-
erty in X.

Proof. Item (a) is Lemma 5.2 in [25]. Concerning item (b), assume that T has the shadowing
property and, by contradiction, that it also has the su−intersecting property in X. By
Lemma 3.1, we know that T k has the su−intersecting property in X for every positive
integer k. Using Lemma 3.2, we conclude that T k is chain-transitive for every positive
integer k. Therefore, by item (a) of Lemma 3.3, T cannot have the shadowing property. �

Consequently, the identity map on a totally disconnected compact metric space X,
containing at least two elements and without isolated points, has the shadowing property
but does not satisfy the su−intersecting property in X, nor the barycenter property in X
according to Theorem A(d).

On the other hand, the identity map (like any other rational rotation) of the unit circle
has a non-wandering set equal to the closure of the set of periodic points, but it does not
have the shadowing property nor the barycenter property in that set.

Example 7. Consider the compact set X =
{

0, 1
}
∪
{

1
n

: n > 2
}
∪
{

1− 1
n

: n > 3
}

with
the induced topology as a subset of R. Define the homeomorphism T : X → X by T (0) = 0,
T (1) = 1, and T maps any other point to the next point on the right. Then

W s
T (1) =

{
1
}
∪
{

1/n : n > 2
}
∪
{

1− 1/n : n > 3
}

and W u
T (1) =

{
1
}

W u
T (0) =

{
0
}
∪
{

1/n : n > 2
}
∪
{

1− 1/n : n > 3
}

and W s
T (0) = {0}.

So, T does not have the su−intersecting property in Per(T ). Moreover, if p = 1 and
q = 0 then, given 0 < ε < 1/2, the subset of the orbit of 1/2 by T outside the union
[0, ε[∪ ]1− ε, 1] is finite. Let

x0 = max {T−n(1/2) ∈ [0, ε[ : n ∈ N}
N = min {k ∈ N : T k(x0) ∈ ]1− ε, 1]}.

Therefore, for any n1, n2 ∈ N, one can find an integer m = N ∈ [0, N ] and x0 ∈ X
satisfying d

(
T i(x0), T i(p)

)
< ε for every −n1 6 i 6 0 and d

(
T i+m(x0), T i(q)

)
< ε for every

0 6 i 6 n2. Thus, the pair p, q complies with the condition of the barycenter property in
Per(T ). However, if we exchange the fixed points this condition is no longer valid. Thus,

T does not have the barycenter property in Per(T ). We note that Ω(T ) = Per(T ), T has
the shadowing property (see [46, Proposition 3]) and is topologically transitive. However,
X has isolated points and the conclusion of Theorem A(c) does not hold.
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Example 8. The next example calls our attention to the relevance of the uniform hyper-
bolicity assumption in Theorem C. Let f : M → M be a C1 Anosov diffeomorphism of
the 2−dimensional torus and g : M →M be a C1 almost Anosov diffeomorphism obtained
by H. Hu in [28] through a first perturbation on f . The resulting diffeomorphism g is
uniformly hyperbolic except at one fixed point p, where Dfp is the identity map. The stable
and unstable foliations of f persist under the perturbation, as well as their intersections.
So g has the su−intersecting property in Per(g), inherited from f . By construction, g is
topologically transitive, but is not an Anosov diffeomorphism. A similar construction may
be found in [27].

Another way to produce this kind of systems is to start with an Anosov diffeomorphism
f and bend the unstable manifold of a fixed point p at a heteroclinic intersection point q
until the stable and unstable manifolds of p become tangent at q, and only at q. Such a
perturbation was described by H. Enrich in [21], where a cubic tangency is created, and by
A. Gogolev in [23], who deals with a transverse quadratic tangency. Again, the resulting
diffeomorphism is topologically conjugate to f and all periodic orbits remain hyperbolic,
so g is topologically transitive and has the su−intersecting property in Per(g). Yet, it is
not an Anosov diffeomorphism.

Example 9. Both Theorems A and B assume that the homeomorphism has the shad-
owing property. The next example indicates that this is an essential hypothesis to obtain
topological transitivity.

Recall that, in [12], M. Brin proved that if f : M → M is a C1 strong partially hy-
perbolic diffeomorphism of a closed Riemannian manifold such that Ω(f) = M and f is
accessible in M , then f is topologically transitive. In order to show that Brin’s result can-
not be generalized to the case where the chain recurrent set of f is the whole manifold
(that is, when f is chain-transitive), S. Gan and Y. Shi constructed in [22] a partially
hyperbolic diffeomorphism on the 3−dimensional torus T3 which is accessible in M and
chain-transitive, but fails to be topologically transitive. Notice, however, that, as a chain-
transitive diffeomorphism which has the shadowing property is topologically transitive [31,
Lemma 2.1], the example of S. Gan and Y. Shi has no such property.

4. Proof of Theorem A

In this section we shall explain why, under the assumptions of Theorem A, the topolog-
ical transitivity implies that the barycenter property is valid in any nonempty subset A of
X; and, conversely, for what reason the barycenter property in an invariant subset A such
that Ω(T ) = A yields topological transitivity.

Let T : X → X be a homeomorphism of a compact metric space (X, d) without isolated
points.

(a) Suppose that A is dense in X and T has the barycenter property in A. Let U and V
be nonempty open subsets of X. Since A is dense in X, there are p ∈ U and q ∈ V such
that p, q ∈ A; moreover, there exists ε > 0 such that B(p, ε) ⊆ U and B(q, ε) ⊆ V . By the
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barycenter property, there is a positive integer N = N(ε, p, q) such that, for n1 = 1 = n2,
one can find an integer m ∈ [0, N ] and x0 ∈ X satisfying d

(
T i(x0), T i(p)

)
< ε for every

−n1 6 i 6 0 and d
(
T i+m(x0), T i(q)

)
< ε for every 0 6 i 6 n2. In particular, d

(
x0, p

)
< ε

and d
(
Tm(x0), q

)
< ε. So, Tm(U) ∩ V 6= ∅. Hence T is topologically transitive.

(b) Suppose that Ω(T ) = CR(T ) and that there is a subset A of X such that T (A) = A,
Ω(T ) = A and T has the barycenter property in A. We start by showing that, under these
assumptions, T is chain-transitive.

Lemma 4.1. Let T : X → X be a homeomorphism of a compact metric space (X, d). If
there is a subset A of X such that T (A) = A, Ω(T ) = A and T has the barycenter property
in A, then T is chain-transitive.

Proof. Take x, y ∈ X and fix ε > 0. We are looking for an ε−chain from x to y, that is, a
finite set of points in X, say x0 = x, x1, · · · , xN = y, such that

d(T (xi), xi+1) < ε ∀ i ∈ {0, 1, 2, · · · , N − 1}.

Given a ∈ ω(x) ⊆ Ω(T ) and b ∈ α(y) ⊆ Ω(T ), there exist k, ` ∈ N such that

d(T k(x), a) <
ε

2
and d(T−`(y), b) <

ε

2
. (4.1)

Since Ω(T ) = A and a, b ∈ Ω(T ), there are p, q ∈ A such that

d(p, a) <
ε

2
and d(q, b) <

ε

2
. (4.2)

From (4.2) and (4.1), we deduce that

d(T k(x), p) 6 d(T k(x), a) + d(a, p) <
ε

2
+
ε

2
= ε

d(T−`(y), q) 6 d(T−`(y), b) + d(q, b) <
ε

2
+
ε

2
= ε. (4.3)

Summoning the barycenter property for T (p) and T−1(q), which is possible because T (A) =
A, we may take a positive integer N = N(ε, T (p), T−1(q)) such that, for any n1, n2 ∈ N,
one can find an integer m ∈ [0, N ] and z ∈ X satisfying

d
(
T i(z), T i(T (p))

)
< ε ∀ − n1 6 i 6 0

d
(
T i+m(z), T i(T−1(q))

)
< ε ∀ 0 6 i 6 n2.

In particular,

d
(
z, T (p)

)
< ε and d

(
Tm(z), T−1(q)

)
< ε (4.4)
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Define

x0 = x

x1 = T (x) x2 = T 2(x) · · · xk−1 = T k−1(x)

xk = p xk+1 = z · · · xk+m = Tm−1(z)

xk+m+1 = T−1(q) xk+m+2 = T−`(y) · · · xk+m+2+(`−1) = T−1(y)

xk+m+2+` = y.

From the inequalities (4.3) and (4.4), we conclude that the points (xi)
k+m+2+`
i=1 form an

ε−chain linking x to y. So, T is chain-transitive. �

By Lemma 4.1, one has that T is chain-transitive, so CR(T ) = X. Thus, Ω(T ) = X
since, by assumption, Ω(T ) = CR(T ). From Ω(T ) = A and Ω(T ) = X, we obtain that A
is dense in X. So the hypothesis on item (a) of Theorem A are fulfilled, and therefore T is
topologically transitive.

(c) Suppose that T is topologically transitive and has the shadowing property. The follow-
ing auxiliary result provides the maximum length of a chain between any two elements of
X when they are subject to a topologically transitive dynamics.

Lemma 4.2. Let T : X → X be a homeomorphism of a compact metric space (X, d)
without isolated points. If T is topologically transitive, then for every ξ > 0 there exists a
positive integer N = N(ξ) such that for any a, b ∈ X there is a ξ−chain from a to b with
length L, where 2 ≤ L ≤ N .

Proof. Recall that one-sided topological transitivity is equivalent to topological transitivity
whenever the compact metric space does not contain isolated points (cf. [4, Theorem 1.4]).
So, T is one-sided topologically transitive. Consider an open finite subcover of X, given
by {U1 · · · , Us}, such that diam(Ui) < ξ for every i ∈ {1, · · · , s}. Thus, by the one-sided
transitivity, for each pair (i, j) ∈ {1, · · · , s} × {1, · · · , s} there exists t(i,j) ∈ N such that
T−t(i,j)(Ui) ∩ Uj 6= ∅. Define

N = N(ξ) = 2 + max
{
t(i,j) : i, j ∈ {1, · · · , s}

}
.

We claim that for any a, b ∈ X there is a ξ−chain from a to b of length p with 2 ≤ p ≤ N .
Indeed, since X =

⋃s
i=1 Ui, there are r,m such that T (a) ∈ Ur and b ∈ Um. Using that

T−t(m,r)(Um)∩Ur 6= ∅, take c ∈ Ur such that T t(m,r)(c) ∈ Um. Then, define a ξ−pseudo-orbit
as follows:

x0 = a, x1 = c, x2 = T (c), · · · , xt(m,r)
= T t(m,r)−1(c), xt(m,r) + 1 = b

Note that the length of this chain is L = t(m,r) + 2; hence 2 ≤ L ≤ N . �

Let A be a nonempty subset of X. Take p, q ∈ A and fix ε > 0. Let δ > 0, provided
by the shadowing property, be such that every δ−pseudo-orbit of T is ε−shadowed in X.
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Consider U = B(T (p), δ) and V = B(q, δ), where B(a, r) stands for the open ball in (X, d)
centered at a with radius r. From [4, Theorem 1.4], we know that one-sided topological
transitivity is equivalent to topological transitivity whenever the compact metric space does
not contain isolated points. So, T is one-sided topologically transitive. Applying Lemma 4.2
when ξ = δ, we find a positive integer N = N(δ) such that there is a δ−chain (yj)

m
1 from

T (p) to q with length m, where 2 ≤ m ≤ N , satisfying

y1 = T (p) and ym = q.

Define a δ−pseudo-orbit as follows:

xi = T i(p) ∀ i 6 0

x1 = y1, x2 = y2, · · · , xm−1 = ym−1

xm+` = T `(q) ∀ ` > 0.

By the shadowing property, there exists z ∈ X such that d(T k(z), xk) < ε for all k ∈ Z. In
particular,

d(T i(z), xi) = d(T i(z), T i(p)) < ε ∀ i 6 0

d(Tm+`(z), xm+`) = d(Tm+`(z), T `(q)) < ε ∀ ` > 0.

Therefore, T has the barycenter property in A. �

(d) Suppose that T has the shadowing property. Thus, Ω(T ) = CR(T ) (cf. [6, Theo-
rem 3.1.2]). Therefore, if there exists A ⊆ X such that T (A) = A, Ω(T ) = A and T has the
barycenter property in A, then by item (b) we know that T is topologically transitive. �

(e) Assume that T has the shadowing property and is accessible in R(T ). We start by
proving the following auxiliar result which replaces, in this context, Lemma 4.1.

Lemma 4.3. Let (X, d) be a compact metric space and T : X → X be a homeomorphism.

If Ω(T ) ⊆ R(T ) and T is accessible in R(T ), then T is chain-transitive.

Proof. Take x, y ∈ X and fix ε > 0. We are looking for an ε−chain from x to y, that is, a
finite set of points in X, say x = x0, x1, · · · , xN = y, such that

d(T (xi), xi+1) < ε ∀ i ∈ {0, 1, 2, · · · , N − 1}.
Given a ∈ ω(x) ⊆ Ω(T ) and b ∈ α(y) ⊆ Ω(T ), there exist k, ` ∈ N such that

d(T k(x), a) <
ε

2
and d(T−`(y), b) <

ε

2
. (4.5)

Since Ω(T ) ⊆ R(T ) and a, b ∈ Ω(f), there are p, q ∈ R(T ) such that

d(p, a) <
ε

2
and d(q, b) <

ε

2
. (4.6)

Thus,

d(T k(x), p) 6 d(T k(x), a) + d(a, p) <
ε

2
+
ε

2
= ε

d(T−`(y), q) 6 d(T−`(y), b) + d(q, b) <
ε

2
+
ε

2
= ε. (4.7)
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The next two assertions are straightforward:

Claim 1: For every ξ1, ξ2 ∈ X, if ξ ∈ α(ξ1)∩ ω(ξ2) then T r(ξ) ∈ α(T s(ξ1))∩ ω(T s(ξ2)) for
all r, s ∈ Z.

Claim 2: If γ ∈ R(T ), then T−1(γ) ∈ R(T ).

So, as q ∈ R(T ), then T−1(q) ∈ R(T ). Since T is accessible in R(T ), there exists a
su−path in R(T ) from p to T−1(q), namely a finite set of points z0, · · · , zm ∈ R(T ) such
that z0 = p, zm = T−1(q) and zi ∈ W s(zi−1) ∪W u(zi−1) for i ∈ {1, · · · ,m}.
Claim 3: ω(zi−1) ∩ α(zi) 6= ∅ for every i ∈ {1, · · · ,m}.

Proof. Fix i ∈ {1, · · · ,m}. One has zi ∈ W s(zi−1) ∪ W u(zi−1). If zi ∈ W s(zi−1), then
ω(zi) = ω(zi−1). Moreover, as zi ∈ R(T ), then α(zi)∩ω(zi) 6= ∅. Hence, ω(zi−1)∩α(zi) 6= ∅.
If, otherwise, zi ∈ W u(zi−1), then α(zi) = α(zi−1). Since zi−1 ∈ R(T ), we conclude that
α(zi−1) ∩ ω(zi−1) 6= ∅. So ω(zi−1) ∩ α(zi) 6= ∅. �

Let us now construct an ε−chain joining x to y. By Claim 3, given i ∈ {1, · · · ,m} there
exists vi ∈ ω(zi−1)∩α(zi). By Claim 1, T (vi) ∈ ω(zi−1)∩α(zi) as well. Therefore, for every
i ∈ {1, · · · ,m}, there are ni,mi ∈ N such that

d(T ni(zi−1), vi) < ε and d(T−mi(zi), T (vi)) < ε. (4.8)

Define the following collection of points in X:

x0 = x, x1 = T (x), · · · , xk−1 = T k−1(x)

xk = p = z0, xk+1 = T (z0), · · · , xk+n1−1 = T n1−1(z0)

xk+n1 = v1

xk+n1+1 = T−m1(z1), · · · , xk+n1+1+m1 = z1

xk+n1+1+m1+1 = T (z1), · · · , xγ+n1+1+m1+n2−1 = T n2−1(z1)

xk+n1+1+m1+n2 = v2

xk+n1+1+m1+n2+1 = T−m2(z2), · · · , xk+n1+1+m1+n2+1+m2 = xk+
∑2

i=1(ni+1+mi)
= z2

xk+j+
∑2

i=1(ni+1+mi)
= T j(z2) ∀ j ∈ {0, · · · , n3 − 1}

xk+n3+
∑2

i=1(ni+1+mi)
= v3

xk+n3+1+j+
∑2

i=1(ni+1+mi)
= T−m3+j(z3) ∀ j ∈ {0, · · · ,m3}

xk+
∑3

i=1(ni+1+mi)
= z3

...

xk+
∑m

i=1(ni+1+mi) = zm = T−1(q)

xk+1+j+
∑m

i=1(ni+1+mi) = T−`+j(y) ∀ j ∈ {0, · · · , `}.
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Due to the inequalities (4.6), (4.7) and (4.8), the points (xi)
k+1+`+

∑m
i=1(ni+1+mi)

i=0 build an
ε−chain linking x to y. So, T is chain-transitive. �

We may now finish the proof of Theorem A(e). From [17, Corollary 2.3], since T has the

shadowing property we know that R(T ) = Ω(T ). On the other hand, by Lemma 4.3, T is
chain-transitive. As, by assumption, T also has the shadowing property, then T is one-sided
topologically transitive due to [31, Lemma 2.1]. Thus, T is topologically transitive. �

(f) Assume that T has the shadowing property and the su−intersecting property in X.
By Lemma 3.1, we know that, for every positive integer k, the homeomorphism T k has the
su−intersecting property in X. Moreover, according to Lemma 3.2, T k is chain-transitive
for every positive integer k. Besides, as T has the shadowing property then T k also has
the shadowing property for every positive integer k (cf. [6, Theorem 2.3.3]). Since the
shadowing property together with the chain-transitivity imply topological transitivity, we
conclude that T k is topologically transitive for every positive integer k. Finally, since T
has the shadowing property and T k is topologically transitive for every positive integer k,
then T is topologically mixing by [30, Theorem 45]. �

5. Proof of Theorem B

Theorem B is a particular instance of more general results that we shall prove in this
section. The next one comprehensibly contains item (a) of Theorem B.

Proposition 5.1. Let (X, d) be a compact metric space without isolated points and T : X →
X be an expansive homeomorphism which satisfies the shadowing property. Then the fol-
lowing assertions are equivalent:

(i) T has the two-sided limit shadowing property.
(2i) T has the su−intersecting property in X.
(3i) T has the su−intersecting property in Per(T ).
(4i) T has the specification property.

Proof. We will show that (i)⇒ (2i)⇒ (3i)⇒ (4i)⇒ (i).

(i)⇒ (2i) This is [14, Lemma 2.4].

(2i)⇒ (3i) This is clear.

(3i)⇒ (4i) Since T is expansive and has the shadowing property, one has Per(T ) = Ω(T )
according to [6, Theorem 3.1.8].

Lemma 5.2. Let (X, d) be a compact metric space, T : X → X be homeomorphism. If

Ω(T ) = Per(T ) and T has the su−intersecting property in Per(T ), then T k is chain-
transitive for every positive integer k.
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Proof. The case k = 1 was established in Lemma 4.1. Fix a positive integer k > 1. Since
T has the su−intersecting property in Per(T ), by Lemma 3.1 we know that T k has the
su−intersecting property in Per(T ). Moreover, Per(T k) = Per(T ), hence T k also has the
su−intersecting property in Per(T k). Since

Per(T ) = Per(T k) ⊆ Ω(T k) ⊆ Ω(T ) = Per(T )

we get Per(T k) = Ω(T k). Thus, we may apply Lemma 3.1 to T k and this way conclude
that T k is chain-transitive. �

Let us resume the proof of the implication (3i) ⇒ (4i). Suppose that the homeomor-
phism T has the su−intersecting property in Per(T ). By Lemma 5.2, T k is chain-transitive
for every positive integer k. Moreover, as T has the shadowing property, T k has this prop-
erty as well for every positive integer k (cf. [6, Theorem 2.3.3]). In addition, a chain-
transitive homeomorphism with the shadowing property is topologically transitive. So, T k

is topologically transitive for every positive integer k. Using that one-sided topological tran-
sitivity is equivalent to topological transitivity whenever the compact metric space does
not contain isolated points (cf. [4, Theorem 1.4]), we conclude that T k is one-sided topo-
logically transitive for every positive integer k. Therefore, T has the specification property
by [30, Theorem 45].

(4i)⇒ (i) This is [14, Lemma 2.2]. �

We draw item (b) of Theorem B from the next result.

Proposition 5.3. Let (X, d) be a compact connected metric space and T : X → X be
an expansive homeomorphism which satisfies the shadowing property. Then the following
conditions are equivalent:

(i) T has the su−intersecting property in X.
(2i) T has the su−intersecting property in Per(T ).
(3i) T has the weak su−intersecting property in Per(T ).
(4i) T has the barycenter property in Per(T ).

Proof. We reason this way: (i)⇒ (2i)⇒ (3i)⇒ (4i)⇒ (i).

(i)⇒ (2i) This is clear

(2i)⇒ (3i) This is clear.

(3i)⇒ (4i) This is [59, Lemma 2.2].

(4i) ⇒ (i) Since T is expansive and has the shadowing property, then Per(T ) = Ω(T ) by
[6, Theorem 3.1.8]. So, if the homeomorphism T has the barycenter property in Per(T )
then, by Theorem A, T is topologically transitive. Since T is topologically transitive, has
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the shadowing property and X is connected, then T is topologically mixing (cf. [15, Propo-
sition 3]). Therefore, T has the specification property (cf. [30, Theorem 45]). Hence, by
Proposition 5.1, T has the su−intersecting property in X. �

6. Proof of Theorem C

We will use the following scheme of implications:

(13) ⇒ (4)
⇑

(1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (5) ⇒ (6) ⇒ (7) ⇒ (8) ⇒ (9) ⇒ (10)
⇓ ⇓

(12) ⇒ (11) ⇒ (1) (11)

(1)⇒ (2) This is [14, Lemma 2.4].

(2)⇒ (3) This is clear.

(3)⇒ (4) This is also immediate since W s
f (x) ∩W u

f (y) ⊆ W s
f

(
Of (x)

)
∩W u

f

(
Of (y)

)
.

(4)⇒ (5) Suppose that f has the weak su−intersecting property in Per(f). According to
[59, Lemma 2.2], f has the barycenter property in Per(f). Since f is Axiom A, one has

Ω(f) = Per(f).

(5)⇒ (6) As f is Ω−stable, by the Ω−stability theorem [58] the chain-recurrent set of f ,
say CR(f), is hyperbolic. Moreover, since M has dimension > 2, by the Closing Lemma
[49] one has

Ω(f) = Per(f) = CR(f).

As, in addition, f has the barycenter property in A, f(A) = A and A = Ω(f), we already
know from Lemma 4.1 that f is chain-transitive. So CR(f) = M . Consequently, Ω(f) =
M . Since Ω(f) is hyperbolic, we conclude that M is hyperbolic, that is, f is an Anosov
diffeomorphism. Thus, f has the shadowing property. Besides, as already mentioned, a
chain-transitive homeomorphism with the shadowing property is topologically transitive.
Hence f is a topologically transitive Anosov diffeomorphism.

(6) ⇒ (7) Suppose that f is a topologically transitive Anosov diffeomorphism. So f is an
expansive topologically transitive diffeomorphism that has the shadowing property. Since
M is connected, then f is topologically mixing [15, Proposition 3]. Therefore, by [30,
Theorem 45], f has the specification property.

(7)⇒ (8) This is a consequence of [47, Proposition 2.1]. See also the remarks on [61, page 4]
and [29, page 249].

(8)⇒ (9) This is [29, Theorem 3.5].

(9)⇒ (10) This is [29, Theorem 3.7].

(10)⇒ (11) This is [29, Lemma 3.1].
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(11)⇒ (1) Since f is Ω−stable and, in addition, chain-transitive, we conclude as previously

that Ω(f) = Per(f) = CR(f) = M and Ω(f) is hyperbolic. So f is a chain-transitive
diffeomorphism satisfying the shadowing property, and therefore topologically transitive.
By [14, Corollary 2.3], the topologically transitive Anosov diffeomorphism f has the two-
sided limit shadowing property.

(6) ⇒ (12) Suppose that f is a topologically transitive Anosov diffeomorphism. So f has

the shadowing property. Then, by [37, Theorem A]), one has Pergf (M) = Pf (M).

(12) ⇒ (11) Suppose now that f : M → M is an Ω−stable diffeomorphism such that
Pergf (M) is dense in Pf (M).

As explained before, by the Ω−stability of f , one has Ω(f) = Per(f) = CR(f) and
CR(f) is hyperbolic. Besides, by definition, every periodic point of f is an element of the
measure center M(M, f). Moreover, due to [16, Lemma 5.2], one has

M(M, f) ⊆ Ω(f)

and so

Ω(f) = Per(f) = CR(f) = M(M, f).

Now, with the equalities Pergf (M) = Pf (M) and M(M, f) = CR(f), we deduce from [16,
Lemma 5.8] that f is topologically transitive. In particular, f is chain-transitive.

(6) ⇒ (13) Suppose that f is a topologically transitive Anosov diffeomorphism. Then f
has the shadowing property. Therefore, f has the gluing orbit property, as shown by the
next lemma.

Lemma 6.1. Let T : X → X be a homeomorphism of a compact metric space (X, d) without
isolated points. If T has the shadowing property and is topologically transitive, then T has
the gluing orbit property.

Proof. Fix ε > 0. Let δ > 0 be the value provided by the shadowing property, so that every
δ−pseudo-orbit of T is ε−shadowed in X. Take k ∈ N, y1, y2, . . . , yk ∈ X and positive
integers n1, . . . , nk.

Applying Lemma 4.2 when ξ = δ, we deduce that there exists N = N(δ) such that
there are:

• a δ−chain (x1,2)N−1
0 from T n1(y1) to y2 with length p1 where 2 ≤ p1 ≤ N and

satisfying

(x1,2)0 = T n1(y1) and (x1,2)p1−1 = y2;

• a δ−chain (x2,3)N−1
0 from T n2(y2) to y3 with length p2 where 2 ≤ p2 ≤ N and

(x2,3)0 = T n2(y2) and (x2,3)p2−1 = y3;

• a δ−chain (x3,4)N−1
0 from T n3(y3) to y4 with length p3 where 2 ≤ p3 ≤ N with

(x3,4)0 = T n3(y3) and (x3,4)p3−1 = y4;
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...
• a δ−chain (xk−1,k)

N−1
0 from T nk−1(yk−1) to yk with length p(k−1), where

(xk−1,k)0 = T nk−1(yk−1) and (xk−1,k)p(k−1)−1 = yk

and 2 ≤ p(k−1) ≤ N .

Define a δ−pseudo-orbit as follows:

x` = T `(y1) ∀ ` < 0

x0 = y1, x1 = T 1(y1), · · · , xn1 = T n1(y1) = (x1,2)0

xn1+1 = (x1,2)1, · · · , xn1+(p1−1) = (x1,2)p1−1 = y2

xn1+(p1−1)+1 = T (y2), · · · , xn1+(p1−1)+n2 = T n2(y2) = (x2,3)0

xn1+(p1−1)+n2+1 = (x2,3)1, · · · , xn1+(p1−1)+n2+(p2−1) = (x2,3)p2−1 = y3

xn1+(p1−1)+n2+(p2−1)+1 = T (y3), · · · , xn1+(p1−1)+n2+(p2−1)+n3 = T n3(y3) = (x3,4)0

xn1+(p1−1)+n2+(p2−1)+n3+1 = (x3,4)1, · · · , xn1+(p1−1)+n2+(p2−1)+n3+(p3−1)

= (x3,4)p3−1 = y4

...

x(1+
∑k−2

i=1 (ni+(pi−1))) = T (yk−1), · · · , x(n(k−1)+
∑k−2

i=1 (ni+(pi−1))) = T n(k−1)(yk−1)

= (xk−1,k)0

x(1+n(k−1)+
∑k−2

i=1 (ni+(pi−1))) = (xk−1,k)1, · · · , x((p(k−1)−1)+n(k−1)+
∑k−2

i=1 (ni+(pi−1)))

= (xk−1,k)p(k−1)−1 = yk

x(`+
∑k−1

i=1 (ni+(pi−1))) = T `(yk) ∀` ≥ 0.

By the shadowing property, there exists z ∈ X such that d(T j(z), xj) < ε for all j ∈ Z.
Hence, T has the gluing orbit property. �

(13)⇒ (4) Suppose that f has the gluing orbit property.

Lemma 6.2. Let T : X → X be a homeomorphism of a compact metric space (X, d) without
isolated points and A be a nonempty subset of X. If T has the gluing orbit property, then
T has the barycenter property in A.

Proof. Consider p, q ∈ A and ε > 0. By the gluing orbit property, there exists N = N(ε) ∈
N such that, for every x, y ∈ X and any n1, n2 ∈ N, there is a positive integer t1 6 N(ε)
and z ∈ X satisfying

d
(
T j(z), T j(x)

)
6 ε ∀ 0 6 j 6 n1

d
(
T k+n1+t1(z), T k(y)

)
6 ε ∀ 0 6 k 6 n2.

For each ` ∈ N, consider

x` = T−`N(p), y` = q, n1,` = `N, n2,` = `N.
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Then there exist a positive integer r` 6 N(ε) and z` ∈ X such that

d
(
T j(z`), T

j−`N(p)
)

= d
(
T j(z`), T

j(x`)
)
6 ε ∀ 0 6 j 6 n1,` = `N

d
(
T k+`N+r`(z`), T

k(q)
)

= d
(
T k+n1,`+r`(z`), T

k(y`)
)
6 ε ∀ 0 6 k 6 n2,` = `N.

Consider m = j − `N . Thus,

d
(
Tm(T `N(z`)), T

m(p)
)

= d
(
Tm+`N(z`), T

m(p)
)
6 ε ∀ − `N 6 m 6 0

d
(
T k+`N+r`−`N(T `N(z`)), T

k(q)
)

= d
(
T k+`N+r`(z`), T

k(q)
)
6 ε ∀ 0 6 k 6 `N.

Consequently,

d
(
Tm(T `N(z`)), T

m(p)
)
6 ε ∀ − `N 6 m 6 0

d
(
T k+r`(T `N(z`)), T

k(q)
)
6 ε 0 6 k 6 `N.

Setting w` = T `N(z`), we obtain

d
(
Tm(w`), T

m(p)
)
6 ε − `N 6 m 6 0

d
(
T k+r`(w`), T

k(q)
)
6 ε ∀ 0 6 k 6 `N.

Since r` 6 N(ε), we conclude that T has the barycenter property in A. �

By Lemma 6.2, f has the barycenter property in A for every ∅ 6= A ⊆M . Moreover, as
f is Ω−stable, one has ∅ 6= Per(f) = Perh(f). Therefore, f has the barycenter property in
Perh(f), which, in this context, is equivalent to say that f has the weak su−intersecting
property in Per(f). �

Remark 6.3. In [16, Proposition 5.7], it was proved that, assuming the shadowing prop-
erty, then the topological transitivity is equivalent to the denseness of the ergodic measures
in the space of invariant probability measures.

Remark 6.4. The proof of Theorem C also ensures, without the assumption of Ω−stability,
that

two-sided limit shadowing ⇒ su−intersecting property in M . (6.1)

Moreover (see [53, Lemma 2.1]),

specification property ⇒ weak su−intersecting property in Perh(f).

7. Applications

Let M be a smooth closed Riemannian manifold and Diff1(M) stand for the set of all C1

diffeomorphisms of M , endowed with the C1 topology. On the next pages we discuss a few
consequences of our main results. They comprise the description of both the C1 interior and
a C1 generic subset of the space of diffeomorphisms which satisfy the barycenter property
in the set of periodic points; and the proof that, C1 generically in the space of volume-
preserving diffeomorphisms, to satisfy the barycenter property in the set of hyperbolic
periodic points is equivalent to be a transitive Anosov diffeomorphism.
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7.1. Application 1. The following is a consequence of Lemma 4.1 together with the C1

generic properties within Diff1(M) established by C. Bonatti and S. Crovisier in [10] and
F. Abdenur and S. Crovisier in [3].

Corollary 7.1. There is a C1 Baire generic set R ⊂ Diff1(M) such that, if f ∈ R and
there exists A ⊆ M such that f(A) = A, Ω(f) = A and f has the barycenter property in
A, then f is topologically mixing.

Proof. Recall that, from [10, Corollaire 1.2], there exists a Baire generic set R1 ⊂ Diff1(M)
such that, if f ∈ R1, then Ω(f) = CR(f). Moreover, as we are assuming that M is
connected, by [10, Corollaire 1.3] there exists a Baire generic set R2 ⊂ Diff1(M) such
that, if f ∈ R2 and M = CR(f), then f is topologically transitive. From [3, Theorem 2],
there exists a Baire generic set R3 ⊂ Diff1(M) such that, if f ∈ R3 and f is topogically
transitive, then f is topogically mixing. Take f ∈ R = R1 ∩ R2 ∩ R3 and suppose that,
for some A ⊆ M , we have f(A) = A, Ω(f) = A and f has the barycenter property
in A. Therefore, by Lemma 4.1, f is chain-transitive; and so CR(f) = M . Hence, f is
topologically transitive. Since f ∈ R3, then f is topologically mixing. �

7.2. Application 2. Consider a C1 diffeomorphism f : M → M . The index of a hyper-
bolic periodic point p of f is the dimension of the stable manifold at p; denote it by
ind(p). Two hyperbolic periodic points p and q of f are said to be homoclinically related
if W s

f (Of (p)) t W u
f (Of (q)) 6= ∅ and W u

f (Of (p)) t W s
f (Of (q)) 6= ∅, where the symbol t

stands for a transversal intersection. We note that two hyperbolic periodic points which
are homoclinically related have the same index (cf. [19, Remark 1.4]).

Since an Anosov diffeomorphism f : M →M is structurally stable (so the intersections
of every stable manifold with every unstable manifold are transversal) and, by Theorem C,
a topologically transitive Anosov diffeomorphism has the weak su−intersecting property
in Per(f), we conclude that, under the transitivity assumption, every two periodic points
of f are homoclinically related. Consequently, by Theorem C we conclude that:

Corollary 7.2. If f : M → M is a topologically transitive Anosov diffeomorphism of a
smooth closed Riemannian manifold M , then ind(p) = ind(q) for every p, q ∈ Per(f).

We will improve the previous corollary. A diffeomorphism f is called Kupka-Smale if
all the periodic points of f are hyperbolic and for every pair of periodic points p and q of
f the corresponding manifolds W s

f (Of (p)) and W u
f (Of (q)) are transversal. Let

KS =
{
C1 Kupka-Smale diffeomorphisms of M

}
.

Adapting the proof of [14, Corollary 3.2] we obtain:

Corollary 7.3. If f ∈ KS and f has the weak su−intersecting property in Per(f), then
all the periodic points have the same index.

Proof. Let p, q be two periodic points of f . As f has the weak su−intersecting property in
Per(f), the setsW s

f (Of (p))∩W u
f (Of (q)) andW u

f (Of (p))∩W s
f (Of (q)) are nonempty. Taking



26 M. CARVALHO, V. COELHO, AND L. SALGADO

into account that f ∈ KS, we know that these intersections are transversal. Therefore, p
and q are homoclinically related, and so they have the same index. �

A map f ∈ Diff1(M) is said to be a star diffeomorphism if there exists a C1 neighbor-
hood U of f such that every periodic point of any g ∈ U is hyperbolic. S. Hayashi proved
in [26] that being a star diffeomorphism is equivalent to being Ω−stable.

To simplify the notation, we will abbreviate the expression

“C1 interior of a set S ⊆ Diff1(M)”

into intC1(S).

Define
PCI =

{
f ∈ Diff1(M) : ∀ p, q ∈ Perh(f), ind(p) = ind(q)

}
.

From Corollary 7.2, we know that any topologically transitive Anosov diffeomorphism
belongs to intC1(PCI). More generally:

Proposition 7.4. If f ∈ intC1(PCI), then f is Ω−stable.

Proof. Consider f ∈ intC1(PCI) and let U be a C1 neighborhood of f contained in PCI.
We claim that f is a star diffeomorphism. Suppose otherwise. Then there are g ∈ U and a
non-hyperbolic periodic point p of g.

Lemma 7.5. [53, Lemma 2.4] Let G ∈ Diff1(M) and P be a non-hyperbolic periodic point
of G. Then, for every C1 neighborhood V of G there are H ∈ V and P1, P2 ∈ Perh(H) such
that ind(P1) 6= ind(P2).

By Lemma 7.5, there exist h ∈ U and two distinct hyperbolic periodic points p1, p2 of
h with different indices. Yet, this contradicts the fact that h ∈ PCI. Therefore, f is a star
diffeomorphism, and so Ω−stable. �

Corollary 7.6. A diffeomorphism f ∈ intC1(PCI) is chain-transitive if and only if it is a
topologically transitive Anosov diffeomorphism.

Proof. Suppose that f is chain-transitive and f is in C1 interior of PCI. By Proposition 7.4,
the diffeomorphism f is Ω−stable. Since f is also chain-transitive, by Theorem C f is a
topologically transitive Anosov diffeomorphism. The converse assertion is clear, due to the
openess of the set of topologically transitive Anosov diffeomorphisms and Corollary 7.2. �

The next proposition complements the previous information on a C1 generic subset of
Diff1(M).

Proposition 7.7. There is a C1 generic set R ⊂ Diff1(M) such that every f ∈ R ∩ PCI
is Ω−stable.

Proof. We will adapt the proof of [14, Theorem C]. We start by recalling that the existence
of periodic points with different indices is a robust condition in the following sense:
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Lemma 7.8. [14, Lemma 3.3] There exists an C1 open and dense set I of Diff1(M) such
that every f ∈ I has this property: if for any C1 neighborhood U of f some g ∈ U has
two hyperbolic periodic points with different indices, then f also has two hyperbolic periodic
points with different indices.

Consider f ∈ PCI ∩ KS ∩ I. We claim that f is a star diffeomorphism. Suppose,
otherwise, that for every C1 neighborhood U of f there exists some g ∈ U which has a non-
hyperbolic periodic point. We perturb g using Lemma 7.5 to obtain h ∈ U such that h has
two distinct hyperbolic periodic points with different indices. Since f ∈ I, by Lemma 7.8
we conclude that f has two distinct hyperbolic periodic points with different indices as
well. Yet, as f belongs in PCI, this is a contradiction. Thus, f is Ω−stable. So, we take

R = KS ∩ I. (7.1)

�

Corollary 7.9. If f ∈ R ∩ PCI and is chain-transitive, then f is a topologically transitive
Anosov diffeomorphism.

Proof. Take a chain-transitive f ∈ R ∩ PCI. By Proposition 7.7, f is Ω−stable. Then, by
Theorem C, f is a topologically transitive Anosov diffeomorphism. �

7.3. Application 3. Let M be a smooth closed Riemannian manifold with dimension > 2
and f : M → M be a C1 diffeomorphism. Recall that if f has the weak su−intersecting
property in Per(f), then f has the barycenter property in Per(f); furthermore, if Per(f) =
Perh(f), then f has the weak su−intersecting property in Per(f) if and only if f has the
barycenter property in Per(f). Since in KS we have Per(f) = Perh(f), then generically
f has the weak su−intersecting property in Per(f) if and only if f has the barycenter
property in Per(f).

Consider the following subsets of Diff1(M):

CT =
{
f ∈ Diff1(M) : f is chain-transitive

}
GL =

{
f ∈ Diff1(M) : f has the gluing orbit property

}
SPE =

{
f ∈ Diff1(M) : f has the specification property

}
T LS =

{
f ∈ Diff1(M) : f has the two-sided limit shadowing property

}
IP =

{
f ∈ Diff1(M) : f has the su−intersecting property in M

}
IPh =

{
f ∈ Diff1(M) : f has the su−intersecting property in Perh(f)

}
WIPh =

{
f ∈ Diff1(M) : f has the weak su−intersecting property in Perh(f)

}
.

J. Palis and S. Newhouse proved in [43] that, if f : M → M is a C1 diffeomorphism
of a closed Riemannian two-dimensional manifold whose non-wandering set is hyperbolic,
then Ω(f) = Per(f) and f is C1 approximated by an Ω−stable diffeomorphism g such that
Ω(g) = Ω(f). Therefore, if such an f belongs in the C1 interior ofWIPh, then Theorem C
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yields that f is a topologically transitive Anosov diffeomorphism. In the next subsection
we provide a broader framework to this conclusion.

7.3.1. The C1 interior of WIPh. In [53], K. Sakai, N. Sumi and K. Yamamoto showed
that intC1(SPE) is equal to the space of topologically transitive Anosov diffeomorphisms. In
[14], B. Carvalho proved that intC1(T LS) is also equal to the set of topologically transitive
Anosov diffeomorphisms. In [34], M. Lee proved that the C1 interior of the diffeomor-
phisms satisfying the barycenter property in Per(f) is contained in the set of Ω−stable
diffeomorphisms. We extend these results as follows.

Proposition 7.10. The set intC1(WIPh) coincides with the space of topologically transi-
tive Anosov diffeomorphisms. Moreover, intC1(WIPh) = intC1(PCI) ∩ CT .

Proof. We start by establishing the following inclusion.

Lemma 7.11. intC1(WIPh) ⊆ intC1(PCI).

Proof. We will adapt the proof of [14, Theorem A]. Consider f ∈ intC1(WIPh) and let
U be a C1 open neighborhood of f contained in WIPh. Suppose that f /∈ intC1(PCI).
Thus, for any C1 open neighborhood V of f , one has V ∩

(
Diff1(M) \ PCI

)
6= ∅. Take

g ∈ U ∩
(
Diff1(M) \ PCI

)
. Since Perh(g) 6= ∅ because g ∈ WIPh, and g /∈ PCI, there are

two hyperbolic periodic points p1, p2 of g with different indices. Taking into account that
these points are hyperbolic and KS is C1 generic in Diff1(M), we may perturb g to obtain
g̃ ∈ U ∩ KS such that g̃ has two hyperbolic periodic points p̃1, p̃2 with different indices.
But this contradicts Corollary 7.3. So f ∈ intC1(PCI). �

We proceed by showing that intC1(WIPh) = intC1(PCI) ∩ CT .

(⊆) Take f ∈ intC1(WIPh). By Lemma 7.11, f ∈ intC1(PCI), and, by Proposition 7.4,
f is Ω−stable. Since f also has the weak su−intersecting property in Per(f), then f is
chain-transitive by Theorem C. So, f ∈ intC1(PCI) ∩ CT .

(⊇) Suppose that f ∈ intC1(PCI) ∩ CT . By Corollary 7.6, f is a topologically transitive
Anosov diffeomorphism. As the space of topologically transitive Anosov diffeomorphisms
is open, there exists a C1 open neighborhood U of f such that any g ∈ U is a topo-
logically transitive Anosov diffeomorphism. By Theorem C, every g ∈ U has the weak
su−intersecting property in Per(g). So, f ∈ intC1(WIPh).

We are ready to finalize the proof of Proposition 7.10 since, by Corollary 7.6, a diffeo-
morphism f belongs in intC1(WIPh) = intC1(PCI)∩CT if and only if it is a topologically
transitive Anosov diffeomorphism. �

Corollary 7.12.

intC1(GL) = intC1(T LS) = intC1(SPE) = intC1(IP) = intC1(IPh) = intC1(WIPh).
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Proof. Firstly, by (6.1), [53, Lemma 2.1] and Lemma 6.2, one has

intC1(T LS) ⊆ intC1(IP) ⊆ intC1(IPh) ⊆ intC1(WIPh)
intC1(SPE) ⊆ intC1(WIPh)

intC1(GL) ⊆ intC1(WIPh). (7.2)

Now, take f ∈ intC1(WIPh) and U a C1 open neighborhood of f contained in WIPh.
By Proposition 7.10, every g ∈ U is a topologically transitive Anosov diffeomorphism.
In particular, every g ∈ U is Ω−stable and has the weak su−intersecting property in
Per(g). Thus, by Theorem C, every g ∈ U has the two-sided limit shadowing property, the
specification property and the gluing orbit property. Hence,

f ∈ intC1(T LS) ∩ intC1(SPE) ∩ intC1(GL).

Thus,
intC1(WIPh) ⊆ intC1(T LS) ∩ intC1(SPE) ∩ intC1(GL). (7.3)

From the inclusions in (7.2) and (7.3), we conclude that all those sets are equal. �

7.3.2. Generic elements of WIPh. In [14, Theorem C], B. Carvalho showed that C1

generically if a diffeomorphism f : M →M satisfies the two-sided limit shadowing property
then f is a topologically transitive Anosov diffeomorphism. In [36, Corollary 1.2], K. Lee
and K. Tajbakhsh established that C1 generically if f has the specification property then
f is a topologically transitive Anosov diffeomorphism. In [34], M. Lee proved that C1

generically if f has the barycenter property in Per(f) then it is Ω−stable. We improve
these results as follows.

Proposition 7.13. Let R = KS ∩ I be the set defined in (7.1). If f ∈ R ∩ WIPh, then
f is a topologically transitive Anosov diffeomorphism.

Proof. We start by establishing that, generically, WIPh = PCI ∩ CT .

Lemma 7.14. R ∩ WIPh = R ∩ PCI ∩ CT .

Proof. (⊆) Take f ∈ R ∩ WIPh, that is, f ∈ KS and f has the weak su−intersecting
property in Per(f). By Corollary 7.3, all periodic points of f are hyperbolic and have the
same index. Thus, f ∈ PCI. By Proposition 7.7, f is Ω−stable. Since, in addition, f
has the weak su−intersecting property in Per(f), from Theorem C we deduce that f is
chain-transitive. Hence, f ∈ R ∩ PCI ∩ CT .

(⊇) Suppose that f ∈ R ∩ PCI ∩ CT . By Proposition 7.7, f is Ω− stable. Thus, f is
chain-transitive. Therefore, by Theorem C, f has the weak su−intersecting property in
Per(f). �

Let us end the proof of Proposition 7.13. Suppose that f ∈ R ∩WIPh. By Lemma 7.14,
f ∈ R ∩ PCI ∩ CT . Consequently, by Proposition 7.7, f is Ω− stable. Since f is also chain-
transitive, Theorem C ensures that f is a topologically transitive Anosov diffeomorphism.

�



30 M. CARVALHO, V. COELHO, AND L. SALGADO

Corollary 7.15. For every f ∈ R, the following assertions are equivalent:

(1) f ∈ T LS.
(2) f ∈ IP.
(3) f ∈ IPh.
(4) f ∈ WIPh.
(5) f ∈ PCI ∩ CT .
(6) f is a topologically transitive Anosov diffeomorphism.
(7) f ∈ SPE.
(8) f ∈ CT and has the shadowing property.
(9) f ∈ GL.

Proof. (1)⇒ (2)⇒ (3)⇒ (4) See (6.1).

(4) ⇒ (5) Consider f ∈ R ∩ WIPh. By Proposition 7.13, one has R ∩ WIPh = R ∩
PCI ∩ CT . So, f ∈ R ∩ PCI ∩ CT .

(5)⇒ (6) This is Corollary 7.9.

(6)⇒ (1) Let f be a topologically transitive Anosov diffeomorphism. So f is an expansive
topologically transitive diffeomorphism that has the shadowing property. Since M is con-
nected, f is topologically mixing. By [30, Theorem 45], f has the specification property.
Thus, according to Proposition 5.1, f has the two-sided limit shadowing property.

(6)⇒ (7) This was established in the implication (6)⇒ (7) of Theorem C.

(7)⇒ (4) Assume that f has the specification property. By [53, Lemma 2.1], we know that
f has the weak su−intersecting property in Perh(f).

(6)⇒ (8) This is clear.

(8)⇒ (7) Suppose that f is a chain-transitive diffeomorphism which satisfies the shadow-
ing property. Then f is topologically transitive, since chain-transitivity together with the
shadowing property imply topological transitivity. Therefore, as M is connected and f has
the shadowing property, we conclude that f is topologically mixing. By [30, Theorem 45],
f has the specification property.

(6)⇒ (9) Suppose that f is a topologically transitive Anosov diffeomorphism. So, besides
being topologically transitive, f has the shadowing property. Since M is connected, f has
the gluing orbit property by Lemma 6.1.

(9)⇒ (4) Suppose that f has the gluing orbit property. By Lemma 6.2, f has the barycenter
property in A for every nonempty A of M . Since R ⊆ KS, we have ∅ 6= Per(f) = Perh(f).
Thus, f has the barycenter property in Perh(f), and so it has the weak su−intersecting
property in Per(f). �
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7.4. Application 4. The proof of Theorem C ensures, without the assumption of Ω−stability,
that

specification property ⇒ almost specification property

⇒ asymptotic average shadowing property

⇒ average shadowing property

⇒ chain-transitivity

and it is clear that one always has

topological transitivity ⇒ chain-transitivity.

As regards these properties, in [52], K. Sakai showed that the C1 interior of the set of
diffeomorphisms of a compact surface satisfying the average shadowing property is equal
to the set of topologically transitive Anosov diffeomorphisms. On the other hand, in [40],
R. Mañé proved that every C1−robustly transitive diffeomorphism of a compact surface is
a topologically transitive Anosov diffeomorphism. As a consequence of Theorem C together
with Corollary 7.2, we provide a unique proof for both these results.

Proposition 7.16. The C1 interior of the set of chain-transitive diffeomorphisms of a
compact surface is made of topologically transitive Anosov diffeomorphisms.

Proof. Our argument is inspired by the proof of [35, Theorem 2]. Let M be a compact
surface and f : M →M be a C1 diffeomorphism in the interior of the set of chain-transitive
diffeomorphisms of M . We claim that f is a star diffeomorphism.

Suppose, otherwise, that f is not star. Let U be a C1 neighborhood of f contained
in the set of chain-transitive diffeomorphisms of M . Then there exist g ∈ U and a non-
hyperbolic periodic point p of g. In addition, by Lemma 7.5, there exist h ∈ U and two
distinct hyperbolic periodic points p1, p2 of h with different indices.

Lemma 7.17. [40, Corollary II] If M is a compact surface, then there exists a residual
subset Z ⊆ Diff1(M) such that every f ∈ Z satisfies one of the following properties:

(a) f has infinitely many sinks.
(b) f has infinitely many sources.
(c) f is Ω−stable.

According to Lemma 7.17 and Lemma 7.8, we may perturb h to obtain h̃ ∈ U∩Z∩I such
that h̃ has two distinct hyperbolic periodic points p̃1, p̃2 with different indices. Moreover,
as h̃ ∈ U , then h̃ is chain-transitive.

Lemma 7.18. If a diffeomorphism is chain-transitive then it has neither sinks nor sources.

Proof. Let H be a chain-transitive diffeomorphism. Then H−1 is also chain-transitive (cf.
[64]). Moreover, H has no sinks (cf. [32, Lemma 2.1]). Since a source of H is a sink of H−1,
we deduce that H has no sources as well. �
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Let us resume the proof of Proposition 7.16. As h̃ is chain-transitive, by Lemma 7.18
we know that h̃ does not have sinks or sources. Therefore, as h̃ ∈ Z, Lemma 7.17 yields
that h̃ is Ω−stable. Thus, Theorem C ensures that h̃ is a topologically transitive Anosov
diffeomorphism. Hence, by Corollary 7.2, for any pair of hyperbolic periodic points p and
q of h̃ one has ind(p) = ind(q). Yet, this contradicts the fact that h̃ has two hyperbolic
periodic points p̃1, p̃2 with different indices. Consequently, f is Ω−stable. Since f is also
chain-transitive, Theorem C implies that f is a topologically transitive Anosov diffeomor-
phism. �

Remark 7.19. When the dimension of the manifold is equal to 3 or 4 it is known that
a C1−robustly transitive diffeomorphism may not be an Anosov diffeomorphism [38, 54].
On the other hand, in [8], A. Arbieto and R. Ribeiro showed that the C1 interior of the set
of flows with the asymptotic average shadowing property (or with the average shadowing
property) on a 3−dimensional smooth closed manifold is formed by topologically transitive
Anosov flows.

7.5. Application 5. Let M be a smooth closed Riemannian manifold and Diff1
m(M)

denote the set of diffeomorphisms which preserve the Lebesgue measure m. We endow
Diff1

m(M) with the C1 topology. In this subsection we shall prove that a volume-preserving
diffeomorphism has a constant index within the set of hyperbolic periodic points if and
only if it a transitive Anosov diffeomorphism.

Denote by F1
m(M) the set of star diffeomorphisms in Diff1

m(M), that is, those f ∈
Diff1

m(M) which have a C1 neighborhood U ⊆ Diff1
m(M) such that, if g ∈ U , then any

periodic point of g is hyperbolic.

Proposition 7.20. The following assertions are equivalent regarding f ∈ Diff1
m(M):

(a) f is an Anosov diffeomorphism.
(b) f ∈ F1

m(M).
(c) There exist a C1 neighborhood U ⊆ Diff1

m(M) of f and a positive integer I0 such
that, for every diffeomorphism g ∈ U and every hyperbolic periodic p of g, the index
of p with respect to g is I0.

Proof. (a)⇒ (b) This is clear.

(b)⇒ (c) This was established in [7, Proposition 3.1].

(c) ⇒ (a) Take f ∈ Diff1
m(M) complying with the condition (c). We claim that f is an

Anosov diffeomorphism. Assume otherwise. By [7, Theorem 1.1], f /∈ F1
m(M), so there

exists g ∈ Diff1
m(M) close enough to f with a non-hyperbolic periodic point p. Thus,

according to [7, Lemma 5.1], there exists h ∈ Diff1
m(M) which is close enough to f and has

two periodic points q and r with different indices. This contradicts (c). �

We may improve the previous proposition in the following generic sense.
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Proposition 7.21. There is a Baire generic set Rm ⊂ Diff1
m(M) such that for every

f ∈ Rm the following assertions are equivalent:

(1) f has the barycenter property in Perh(f).
(2) f has the weak su−intersecting property in Perh(f).
(3) For any p, q ∈ Perh(f), one has ind(p) = ind(q).
(4) f ∈ F1

m(M).
(5) f is a transitive Anosov diffeomorphism.

Proof. We start by establishing an analogue of Lemma 7.8 in the context of volume-
preserving diffeomorphisms.

Lemma 7.22. There exists an C1 open and dense set J of Diff1
m(M) such that, if f ∈ J

and in every C1 neighborhood U of f some g ∈ U has two hyperbolic periodic points with
different indices, then f also has two hyperbolic periodic points with different indices.

Proof. Let A be the set of C1 diffeomorphisms which have two hyperbolic periodic points
with different indices. The hyperbolicity of these periodic points guarantees that A is open
in Diff1(M). So, A∗ = A∩Diff1

m(M) is an open set of Diff1
m(M). Consider the complement

B = Diff1
m(M) \ A∗

Diff1
m(M)

. Note that B is also open in Diff1
m(M); hence J = A∗ ∪ B is

open in Diff1
m(M). We claim that J is also dense in Diff1

m(M). Indeed, if g ∈ Diff1
m(M)\B,

then g ∈ A∗
Diff1

m(M)
, and so it is approximated by diffeomorphisms of A∗ ⊆ J .

Let f ∈ J and suppose that there is a sequence (fn)n∈N of diffeomorphisms in Diff1
m(M)

converging to f in the C1 topology and such that each fn has two hyperbolic periodic points

with different indices. Then fn ∈ A∗ for all n ∈ N . Thus, f ∈ A∗
Diff1

m(M)
, so f /∈ B. Since

J = A∗ ∪ B and f ∈ J , we conclude that f ∈ A∗. That is, f has two hyperbolic periodic
points with different indices. �

Denote by KSm the C1 generic set of Kupka-Smale volume-preserving diffeomorphisms
provided by Robinson’s theorem (see [51]). The next lemma is a counterpart in the con-
servative setting of Corollary 7.3, and is proved by a similar argument.

Lemma 7.23. If f ∈ KSm and f has the weak su−intersecting property in Per(f), then
all the periodic points have the same index.

Let us resume the proof of Proposition 7.21. Define Rm = KSm ∩ J and take f ∈ Rm.

(1)⇒ (2) Suppose that f has the barycenter property in Perh(f). Since f ∈ KSm, one has
Perh(f) = Per(f), and so f satisfies the weak su−intersecting property in Perh(f).

(2)⇒ (3) Assume that f has the weak su−intersecting property in Perh(f).

Lemma 7.23 ensures that all the periodic points have the same index since f ∈ KSm.

(3) ⇒ (4) Suppose that, for any p, q ∈ Perh(f), we have ind(p) = ind(q). We claim that
f ∈ F1

m(M). Assume otherwise, that f /∈ F1
m(M), so there exists g ∈ Diff1

m(M) close
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enough to f with a non-hyperbolic periodic point p. Thus, according to [7, Lemma 5.1],
there exists h ∈ Diff1

m(M) which is close enough to f and has two periodic points with
different indices. Since f ∈ J , by Lemma 7.22, f has two hyperbolic periodic points with
different indices. Yet, this contradicts the assumption on f . Therefore, f ∈ F1

m(M).

(4)⇒ (5) This was established in [7, Theorem 1.1].

(5)⇒ (1) This is clear by Theorem A(c). �
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