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Resumo

As técnicas de modelização atuais permitem determinar as propriedades estelares com

grande precisão. O surgimento de modos mistos durante a fase de subgigante, cujas

frequências são caracterizadas por uma rápida evolução com a idade, permitem uma de-

terminação precisa das propriedades estelares, um objetivo fundamental para missões

futuras como o PLATO. Contudo, as técnicas de modelização atuais consideram muitas

vezes grelhas sem resolução suficiente para descrever adequadamente a rápida evolu-

ção da frequência do modo, o que exige o uso de algoritmos de interpolação para cobrir

o espaço de parâmetros entre os modelos da grelha ao aplicar métodos de comparação

entre modelos e dados observacionais.

Nesta tese, pretendemos reproduzir as frequências com ` = 1 dentro dos limites de

precisão tipicamente associados aos erros observacionais (∼0,1 µHz) através da inter-

polação numa grelha de modelos de subgigantes. Para isso, utilizamos variações de um

algoritmo de interpolação de dois passos, que considera dois métodos de interpolação

(interpolação linear e por splines) e diferentes aproximações ou substitutos da idade da

estrela (idade física, idade escalada e densidade central). Também considerámos a aná-

lise assimptótica dos modos mistos para definir um novo parâmetro, ϕ(ρc), construído tal

que as frequências variem aproximadamente de forma linear com este parâmetro.

Para os métodos de interpolação clássicos, os melhores resultados foram obtidos usando

um algoritmo que considera o uso de interpolação por splines cúbicos ao longo dos tri-

lhos evolutivos de uma estrela, interpolação linear entre os trilhos evolutivos de diferentes

massas, e a densidade central ρc como substituto da idade estelar. Em média, esta com-

binação produziu um erro absoluto de 0,14 µHz, mas atingiu erros absolutos máximos 1,2

µHz para alguns modelos, valores uma ordem de grandeza superior aos erros observaci-

onais típicos. Além disto, também investigámos o impacto na interpolação de alterações

bruscas nas propriedades físicas das estrelas, mostrando, em particular, como a adição

de overshoot no núcleo da estrela pode afetar significativamente os resultados. Tam-

bém explorámos o potencial uso da análise assimptótica para melhorar os métodos de

interpolação, mostrando que os resultados da interpolação em trilhos evolutivos a um

valor fixo do substituto da idade ϕ(ρc) podem ser uma ordem de grandeza menor do

que quando a interpolação é realizada considerando ρc como o substituto da idade. No

entanto, esta abordagem não considera o facto de que a representação assimptótica é

específica para cada massa e ordem radial do modo, não podendo ser determinada para



FCUP iv

Building Next-Generation Tools for the Exploitation of Space-Based Seismic Data

estrelas com parâmetros desconhecidos. A solução encontrada para estimar as funções

de transformação necessárias por meio da interpolação mostrou resultados semelhantes

aos do método clássico.

Palavras-chave: astronomia, asterossismologia, estrelas: parâmetros fundamentais, es-

trelas: evolução, estrelas: oscilações, métodos: estatísticos
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Abstract

Grid-basedmodelling techniques have enabled the determination of stellar properties with

great precision. The emergence of mixed modes during the subgiant phase, whose fre-

quencies are characterized by a fast evolution with age, can potentially enable a precise

determination of stellar properties, a key goal for future missions like PLATO. However,

current modelling techniques often consider grids that lack the resolution to properly ac-

count for the fast mode frequency evolution, consequently requiring the use of interpola-

tion algorithms to cover the parameter space in between the grid models when applying

model-data comparison methods.

In this thesis, we aim at reproducing the `=1 mode frequencies within the accuracy lim-

its associated with the typical observational errors (∼0.1 µHz) through interpolation on a

grid of subgiant models. For that, we used variations of a two-step interpolation algorithm,

which considered linear and cubic splines interpolation methods and different age proxies

(physical age, scaled age, and central density). We also considered an asymptotic anal-

ysis applied to the mixed modes, in order to define a new age proxy parameter, ϕ(ρc),

built so that the mode frequencies’ dependence would vary approximately linearly with it.

For the classical methods, the best results were obtained using an algorithm that consid-

ers cubic splines interpolation along tracks, linear interpolation across tracks, and central

density ρc as the age proxy. This combination yielded, on average, an absolute error of

0.14 µHz, but reached maximum absolute errors on the interpolated frequencies of 1.2

µHz for somemodels, which is an order of magnitude higher than the typical observational

errors. Furthermore, we investigated the impact on the accuracy of the interpolation from

changes in the physical properties of the stars, showing, in particular, how the addition

of core overshoot can affect significantly the interpolation results. We also explored the

potential of using asymptotic analysis to improve interpolation, showing that the results

of interpolation across evolutionary tracks at a fixed value of the age proxy ϕ(ρc) can be

one order of magnitude better than when performed at fixed ρc. However, this approach

does not consider the fact that the asymptotic representation is specific for each mass

and mode radial order, and therefore cannot be determined for target stars with unknown

parameters. A solution found to estimate the required transformation functions through

interpolation showed results similar to those of the classical method.

Keywords: astronomy, asteroseismology, stars: fundamental parameters, stars: evolu-

tion, stars: stellar oscillations, methods: statistical
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1. Introduction

-

1.1. General Background and Motivation

Located a few to several thousands of light-years away, the stars that illuminate our night

sky, like celestial fireflies, are of huge interest across numerous fields of astronomy, and

constitute the main focus of stellar astrophysics. Stars possess physical, chemical and

kinematic properties that reveal their structural, dynamical and evolutionary histories up to

their present age. In relation to the rest of the Universe, stars interact in many significant

ways with their surroundings. Not only do they contribute to the chemical evolution of

the entire Universe, but are also the progenitors of numerous astronomical objects and

events, such as supernovae, planetary nebulae, and black holes, that contribute to the

Universe’s evolution. Moreover, stars are also the hosts of exoplanets, whose properties

are naturally connected to those of their host.

Despite a well-established framework, the modelling of the structure and evolution of stars

still involves major uncertainties regarding how energy is produced and transported inside

the star, how stars mix chemical elements, and how stellar matter behaves under extreme

conditions.

Asteroseismology, the study of the internal structure of stars through the analysis of their

intrinsic global oscillations, has significantly contributed to improving our understanding of

stellar interiors and their evolution. Through the analysis of resonant oscillations observed

in their oscillation spectra, we can infer internal stellar properties, and obtain unique in-

sights that traditional observations cannot provide.

Once limited to theoretical studies constrained by observations of surface properties alone,

the study of stellar interiors has advanced rapidly with modern asteroseismic techniques

and the development of new observing facilities. Today, supported by a combination of

stellar pulsation theory and an unprecedented volume of high-quality asteroseismic data

from space missions such as the Convection, Rotation and planetary Transits mission

(CoRoT; Baglin et al. (2006)), Kepler (Gilliland et al. (2010), Koch et al. (2010)), the Tran-

siting Exoplanet Survey Satellite (TESS; Ricker et al. (2015), Campante et al. (2016),

Cunha et al. (2019)), and the upcoming PLAnetary Transits and Oscillations of stars mis-

sion (PLATO; Rauer et al. (2014), Cunha et al. (2021a), Rauer et al. (2023), Goupil et al.
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(2024)), stellar pulsations can be used to make robust inferences on stellar properties,

internal structure, and dynamics.

In stellar astrophysics, the inputs that are used to model stars, and that are essential for

understanding stellar structure, evolution, and dynamics, can be broadly classified into

three groups:

1. Basic parameters: these correspond to the stellar fundamental properties, like mass

(M) and initial chemical abundances, specifically the mass fractions of hydrogen (X),

helium (Y), and heavy elements (Z)*. These parameters are fundamental inputs for stellar

models, providing the initial conditions for evolutionary calculations.

2. Adopted physics: these refer to the set of physical assumptions implemented in stellar

models, which affect the internal structure and evolution of a star. These include nuclear

reaction networks, the equation of state, and opacities.

3. Parametrized physics: certain physical processes, such as convection and overshoot-

ing, are modelled using free parameters like the mixing-length parameter (αMLT) and the

overshoot parameter (αov). These parameters are not directly observed but are neces-

sary in stellar modelling, and can be treated as input variables within stellar model grids -

meaning that the aspects we can control represent only part of a more complex underlying

physical process that remains incompletely understood. Together with the basic param-

eters defined in 1. and stellar age, they usually form the models’ parameter space, for a

fixed adopted physics.

In the context of asteroseismology, these stellar parameters (defined in 1. and 3.) can be

determined for observed stars using current asteroseismic inference approaches that aim

to identify the best-fitting stellar parameters by minimizing the differences between pre-

calculatedmodels and observations, based on a priori selected criteria. Thesemodels are

generated using stellar evolution codes such asModules for Experiments in Stellar Astro-

physics (MESA), Aarhus STellar Evolution Code (ASTEC) and Code d’Évolution Stellaire

Adaptatif et Modulaire (CESAM), together with pulsation codes such as the GYRE stel-

lar oscillation code and the Aarhus adiabatic oscillation package (ADIPLS)). Typically,

these fittings are performed considering a group of observational constraints established

a priori. When modelling a single star, common classical constraints include the effective

*More commonly used throughout this work is the iron-metallicity, which serves as a proxy for the overall

metallicity of the star, and that can be obtained as the abundance of iron in a star relative to that of hydrogen,

as expressed by the equation [Fe/H]=log10

(
(Fe/H)∗
(Fe/H)�

)
.
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temperature, Teff, the surface metallicity, [Fe/H]surf, and the stellar luminosity, L (or, when

L is not available, the surface gravity, log(g)). Meanwhile, the seismic data have pro-

vided additional constraints like the large frequency separation, ∆ν, and the frequency of

maximum power, νmax. Today, with increasing instrumental precision, it is also possible

to extract individual oscillation frequencies from the data, which can be used as astero-

seismic constraints, not only for the determination of the stellar global properties, but also

to probe the internal structure and dynamics of stars.

The fitting procedure is often performed through the use of optimization algorithms that

aim to minimize the chi-square (χ2) function

χ2 = ∑
i
[(yobsi − ymodi )/σi]

2 (1.1)

with respect to parameters {aj}, where yobsi are the observed values of the observables

(the constraints), ymodi are the corresponding model values computed for the given set

of model parameters and σi are the uncertainties of the observations. These methods

search for the best-fitting parameters within a defined physical setting, yielding a model

that best matches the observed data and, depending on the approach, also probability

distributions for a suit of stellar properties.

In this work, we are mostly interested in solar-like pulsators; stars in various phases of

evolution - spanning from the main sequence (MS) to the red giant (RG) phase - with

masses between 0.7 and 2.0 M�, and whose oscillations are driven by stochastic motions

of near-surface convection. Within these, we will focus particularly on subgiant stars (SG),

whose seismic data are known to be particularly constraining. Indeed, the oscillation

spectra of subgiant stars are characterized by mixed modes - oscillatory modes whose

frequencies evolve rapidly as a star evolves, and which are highly sensitivity to the core

structure. Despite their constraining power, these stellar pulsators have not received as

much attention in the literature as main sequence pulsators. Examples of state-of-the-art

studies include Huber et al. (2019), Stokholm et al. (2019), Li et al. (2020), Bellinger et al.

(2021) and Noll et al. (2021).

The work in this thesis builds on previous work conducted by Clara (2019), where we ap-

plied the optimization algorithm Asteroseismic Inference on a Massive Scale (AIMS; Ren-

dle et al. (2019)) to fit simulated data of subgiant stars produced for an Hares & Hounds

(H&H) exercise, similar to the approach used for the simulated MS stars discussed in

Cunha et al. (2021b). The H&H exercise focused on determining the best optimization
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procedure to model solar-like pulsators in the subgiant phase. However, due to the pres-

ence of mixed modes, whose frequencies vary on a very short timescale (in evolutionary

terms), we found it impossible to retrieve most stellar properties within the scientific re-

quirements established for the PLATO mission. The accuracy of the mode frequency

interpolation in the grid of models was identified as a potential source of the problem,

partly motivating the studies carried out in this thesis.

In this thesis, we conduct a characterization of classical interpolation algorithms applied

to the determination of the pulsation frequencies in the subgiant evolutionary phase and

discuss the problems associated with them. In particular, we establish which method

is capable of most accurately describing model frequencies interpolated both along and

across evolutionary tracks of a two-parameter stellar grid. We also explore other, more

complex interpolation methods, characterizing them and testing if they can perform better

than their classical counterparts. As a reference, we compare the interpolation errors

with typical observational errors of δν ∼ 0.1µHz (Li et al., 2020), which we set as our

main accuracy target for the frequencies of the oscillation modes.

In this thesis, we will address challenges associated with frequency interpolation during

the subgiant phase of stellar evolution. To that end, in the remainder of this introduc-

tory chapter, we will discuss four key topics that are essential for understanding the work

presented in this thesis. In Section 1.2, we examine the theory describing the internal

structure of solar-like stars, introducing the equations of stellar structure, the mechanisms

of energy transport, and aspects related to convective boundary mixing, associated with

the core convective overshoot problem in stellar modelling. These topics are relevant

for understanding the different phases of solar-like stellar evolution, which are discussed

in Section 1.3, with particular emphasis to the main sequence and subgiant phases. In

Section 1.4, we summarize the theory of adiabatic stellar pulsations, presenting the funda-

mental equations and the necessary approximations, with a focus on solar-like pulsators,

especially in the MS and SG phases. Finally, in Section 1.5, we introduce the forward

modelling methods used in optimization procedures, and motivate the need for perform-

ing interpolation when using grids of models, highlighting the potential problems that may

be associated to that procedure.

With the stage set by Chapter 1, we begin Chapter 2 by describing the grid of stellar

models and the classical interpolation methods we intend to characterize. We analyse the

interpolation errors associated with the application of the different interpolation methods
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to the stellar grid, taking into account different interpolation schemes and choices of age

proxies. We begin by considering interpolation only along an evolutionary track, before

addressing the more general case of interpolation across the mass tracks of the grid. We

also discuss the influence of different grid resolutions on the interpolation errors.

In Chapter 3, we investigate a specific problem associated to interpolation across mass

tracks in the mass range where MS models begin to develop a convective core. We

discuss the reason why interpolation can be particularly challenging in this part of the

parameter space and how the overshoot parameter fov influences the interpolation results,

accessing how this problem can be mitigated or resolved.

In Chapter 4, we make use of the asymptotic analysis of stellar pulsations to develop a

more sophisticated frequency interpolation algorithm that may better satisfy the accuracy

requirements we adopt as a reference, set by the typical observational error of 0.1 µHz.

Finally, in Chapter 5, we summarize the main results of this thesis.

-

1.2. Internal Structure of Solar-Like Stars

1.2.1 The Differential Equations of Stellar Structure

The evolution of a star is governed by the energy it generates in its core and radiates into

space. This is especially clear during the long stable phases of stellar life, such as the

main sequence, as a star uses the energy it produces to maintain its interior in hydrostatic

equilibrium. During such periods, at any given time, its structure can be described by four

differential equations. These then slowly evolve with time due to gravitational contraction,

the nuclear reactions taking place at the stellar core, and the resulting changes in the

chemical composition.

These differential equations rely on several simplifications in order to be valid: spherical

symmetry (which allows parameters to depend solely on the radial direction, r), hydrostatic

equilibrium, and the absence of rotation, magnetic fields, or other large-scale variations.

Consider a star in equilibrium at a given moment in time, during its evolution. Within that

star, consider shells of mass dm, thickness dr′ and density ρ(r′), located at a distance

r′ ≤ r from the centre of the star. The mass m(r), within a radius r, is the sum of the
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masses of all those shells. It is then given by

m(r) =
∫ r

0
4πr′2ρ(r′)dr′. (1.2)

Differentiating such equation, and expressing it in terms of dm, we obtain

dr
dm

=
1

4πr2ρ
, (1.3)

which expresses the mass conservation.

Since stars do not evolve on a dynamical timescale, there must be an equilibrium between

the forces acting in the stellar interior. Consider a mass shell with thickness dr, surface

area dA, and mass dm, at a distance r from the centre. For such hydrostatic equilibrium

to hold, the sum of all forces acting on the mass shell (i.e. the gravitational force and the

pressure force) must be zero,

Ftotal = Fg + FP =

(
−Gm

r2 dm
)
+

(
−dP

dr
drdA

)
= 0 (1.4)

where P is the pressure and G is the gravitational constant. Rearranging these terms,

Equation 1.4 simplifies to

dP
dr

= −Gm
r2 ρ (1.5)

or, when expressed in terms of dm,

dP
dm

= − Gm
4πr4 , (1.6)

which expresses the hydrostatic equilibrium.

Such equilibrium also requires a balance between the energy generated within the stellar

interior and the energy lost to space. In general, considering the rate at which energy

flows in and out of a shell located at a radius r and with local luminosity Lr, we obtain the

following relationship

dLr

dm
= εnuc + εg − εν. (1.7)

This equation corresponds to the energy conservation equation, and it highlights the pri-

mary sources of energy variation in a stellar shell: εnuc is the energy production rate per

unit of mass due to nuclear reactions in the stellar core; εg is the energy absorbed or

released per unit mass and time during any expansion or contraction of the star; and εν

is the energy loss rate per unit of mass by the star in the form of neutrinos.

Finally, there is a steady flow of energy from the deep interior, where nuclear reactions
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take place, to the outermost layers of the star, where energy is radiated into the interstellar

medium. The physics of energy transport allows us to establish a fourth equation for the

stellar structure: the energy transport equation. This equation will be examined in greater

detail in the following sections.

1.2.2 Energy Transfer in Solar-Like Stars

Within a star, energy is transferred through stellar material from the core to the outer layers

thanks to a non-vanishing temperature gradient in the stellar interior. Depending on the

thermodynamic properties of the local environment, this energy transfer can occur via

radiative transfer or convective motions*, where photons and, in some cases, convective

elements are exchanged between hotter and cooler environments.

When energy is only transported by radiation under the diffusion approximation, valid in

regions inside the stars at high optical depth, the radiative transfer can be expressed as

dT
dm

= − 3
64π2ac

κL
r4T3 , (1.8)

where a is the radiation density constant, c is the speed of light, κ is the mean opacity

of the environment, and ρ is the local density. This equation expresses the temperature

gradient required to transport a luminosity L to the surface.

Using the chain rule, assuming hydrostatic equilibrium (from Equation 1.6), and defining

the temperature gradient as

∇ =
d ln T
d ln P

, (1.9)

we further have

dT
dm

=
dT
dP

dP
dm

= − GmT
4πr4P

∇. (1.10)

Thus, the radiative temperature gradient, expressing the temperature variation within the

star when radiation is the only mechanism behind energy transport, is given by

∇rad =

(
d log T
d log P

)
rad

=
3

16πacG
κLP
mT4 . (1.11)

In a layer where energy is transported by radiation, the actual temperature gradient, ∇,

satisfies

∇ = ∇rad. (1.12)

*Conductive transfer is also a possibility for energy transfer, but it is only efficient under degenerate

conditions, which are not characteristic of the stellar phases we are discussing.



FCUP 8

Building Next-Generation Tools for the Exploitation of Space-Based Seismic Data

However, when the radiative temperature gradient becomes too steep, the energy transfer

through radiation is not sufficiently efficient, and convective instabilities set in. Convection

is an efficient form of energy transport that occurs when a region becomes dynamically

unstable, allowing hotter and cooler layers to exchange energy through the motion of

macroscopic mass elements (also called convective blobs).

Within convective cores and throughout most convective envelopes, this process is very

efficient and, as a result, the temperature gradient is essentially adiabatic. Thus, in a

layer where energy is transported by convection, the temperature gradient satisfies ap-

proximately

∇ = ∇ad, (1.13)

where the adiabatic temperature gradient is given by

∇ad =

(
d ln T
d ln P

)
ad

. (1.14)

In practice, the analysis of the stability of the plasma against convection establishes that

in the absence of chemical gradients, the preferred energy transport process is the one

that results in the smallest temperature gradient at each position within the stellar interior:

radiative transport if ∇rad < ∇ad, or convection if ∇ad < ∇rad* (Schwarzschild criterion;

Schwarzschild (1958)).

Accordingly, Figure 1.1 presents the expected internal structure for two solar-like stars

in their MS, with masses 1.10 M� and 1.20 M�. We can see that stars with M . 1.1

M�† typically have a radiative core and a convective envelope, while stars with M & 1.1

M� exhibit a convective core and a radiative envelope, potentially with a convective outer

shell near the surface (as seen for the star with M = 1.20 M� in Figure 1.1).

We establish the boundary of the convective core at the position of neutral stability, defined

as when ∇rad = ∇ad. However, this boundary is not rigid, essentially relying on the

local buoyancy forces. The rising convective elements, which are accelerated within the

convective core, can break through the convective core boundary due to their inertia.

Beyond this point, the motion of these elements is slowed down, causing them to mix with

their surroundings and altering their composition. This is the problem behind convective

overshoot.

*Nearly adiabatic stratification (with ∇ = ∇ad) is assumed in the convective region, while ∇ = ∇rad is

assumed in the radiative region.
†The actual stellar mass at which stars begin to develop a convective core depends on additional physical

properties, such as metallicity, [Fe/H], and the mixing length parameter, αMLT.
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Figure 1.1: Internal structure of solar-like mass stars (left) and dependence of the temper-

ature gradient (∇), radiative gradient (∇rad) and adiabatic gradient (∇ad) on the fractional

radius (r/R∗) (right), for models of MS solar-type stars with masses M = 1.1 M� (top)

and M = 1.2 M� (bottom), and with a central hydrogen mass fraction Xc = 0.18. The
boundaries between convective and radiative regions were determined according to the

Schwarzschild criterion (Schwarzschild, 1958). Stellar schemes on the left adapted from

Creative Commons.

1.2.3 Convective Boundary Mixing for Convective Cores

Convection occurs in all MS stars. These convective regions, where the temperature

gradient follows the adiabatic gradient (∇ = ∇ad), exhibit important properties that can

be described by bulk convection theories. The mixing length theory for convection (MLT,

Böhm-Vitense (1958)) is widely accepted as providing a reliable prescription for 1D stellar

evolutionary codes, with empirical tests of the resulting stellar models showing a very

strong agreement with observations*.

The MLT provides a simple method for treating convection locally, at any point inside

the star. According to this theory, the transporting mass elements (convective blobs)

can carry energy over a certain distance, after which the mass elements dissolve into

*For the general theory and equations, see Kippenhahn et al. (2013), Chapter 7.
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their surroundings. The distance a fluid element can traverse before dissolving into its

surroundings is

lm = αMLTHP (1.15)

where HP is the pressure scale height* and αMLT is a free parameter. Although αMLT

establishes the level of convective efficiency, it can only be determined through standard

solar calibration, with typical values ranging from 1.5 to 2.5†.

However, the MLT is, by design, unable to properly model the interface between convec-

tive and radiative zones. According to this theory, the flow simply stops at the convective

boundary, which contradicts basic principles in physics, as inertia acting on convective el-

ements can allow them to penetrate beyond the convective boundary and induce mixing

in the stable stratified (radiative) region. This physical mechanism is commonly referred

to as convective overshoot.

When formulating a prescription for overshoot, there are two key questions that must be

addressed: (a) how does the thermal structure of the overshooting region is affected by

the extra mixing (a problem addressed by the penetrative overshoot and the convective

overshoot prescriptions‡); and (b) what is the nature of this extra mixing beyond the con-

vective core (a problem addressed by the step overshoot and the exponential diffusive

overshoot prescriptions§). The principals behind these prescriptions are summarized in

Figure 1.2. However, note that the terminology of this field is broadly defined, and may

vary from author to author. Here, we adhere to the terminology used in Viallet et al. (2015),

Pedersen et al. (2018) and Anders and Pedersen (2023).

If the convective boundary is located deep inside the star and the heat transport is efficient

enough to mix both chemical elements and entropy, then the overshooting flow can es-

tablish a nearly adiabatic stratification, and extend the convection core into the radiative

domain, even though it remains stable to convection (i.e. ∇ ' ∇ad in the overshoot-

ing region, despite ∇rad < ∇ad, as shown in Figure 1.2a). This is a case of penetrative

*HP is the pressure scale height, given by H−1
P

= − d ln P
dr . In hydrostatic equilibrium, HP = P/(ρg).

†Higher αMLT values are associated with more efficient convective transport, causing an evolutionary

track in the HR diagram to shift towards higher luminosities.
‡Viallet et al. (2015) and Anders and Pedersen (2023) present a third possibility, where shear flows and

overshooting motions drag material from the radiative zone into the convective zone - turbulent entrainment.

However, this prescription is limited to the deep stellar interior, occurring when evolution is driven by neutrino

losses (in the late stages of stellar evolution) or when there is a strong thermal imbalance (e.g., during the

He-flash phase in low-mass stars).
§Other approaches are discussed in Pedersen et al. (2018) and Anders and Pedersen (2023).



FCUP 11

Building Next-Generation Tools for the Exploitation of Space-Based Seismic Data

overshoot*, whose profile of the diffusion coefficient is given by

Dov(r) = D0, for rcc < r < rcc + zov, (1.16)

implemented by artificially increasing the size of the adiabatic region from rcc, the radius

of the convective core, over an overshoot region with thickness zov. Additionally, chemical

mixing is assumed to be instantaneous.

However, if fluid motions beyond the convective boundary can transport both chemical

elements and momentum, but heat transport is inefficient, then overshoot does not affect

the thermal structure (i.e. ∇ = ∇rad in the overshooting region, as shown in Figure 1.2b).

This is the case of convective overshoot, where mixing is not necessarily instantaneous

anymore.

In the case of inefficient convection, we can model overshoot either as an instantaneous

mixing or a diffusive process. When (quasi-)instantaneous, all chemical elements are

homogeneously distributed in the overshooting region and the chemical mixing can be

modelled through a step overshoot prescription (as illustrated in Figure 1.2c), whose pro-

file of the diffusion coefficient

Dov(r) = D0, for rcc < r < rcc + lov (1.17)

is applied over an extension lov = αovHP,cc beyond the convective core boundary (rcc),

where D0 is a constant diffusion coefficient measured at the convective core boundary,

HP,cc is the pressure scale height at the convective core boundary, and αov is a free pa-

rameter that measures the extent of the overshoot region into the radiative envelope. This

simple description results from the simplified 1D description of convection in the mixing

length theory (Böhm-Vitense, 1958), which is a common choice adopted by evolution

codes like MESA.

When treated as a diffusive process, the chemical mixing is modelled through an expo-

nential diffusive overshooting prescription (as illustrated in Figure 1.2d), which assumes

that the vertical velocities of the convective elements decay exponentially with the dis-

tance from the convective core boundary (according to Herwig (2000) and Pedersen et al.

*This approach is more useful when convection is more efficient, such as in cases of core overshooting

during the MS and convective envelope undershooting.
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Figure 1.2: Illustration of the internal structure of a solar-like star with a convective core,

a convective overshoot region, and different convective overshoot prescriptions applied

to the convective core boundary of these MS solar-type stars. Plots adapted from Anders

and Pedersen (2023).

(Left) Internal structure of a solar-like star with a convective core (where ∇ = ∇ad; grey

shade), an overshooting region (blue shade), and a radiative envelope (where∇ = ∇rad;

green shade) as a function of the fractional radius (r/R∗). The convective core boundary
is defined as∇ad = ∇rad, according to what was described in the text. The overshooting

region is outlined based on the temperature gradient prescriptions described in the text.

(Middle: a,b) Dependence of the temperature gradient (∇) on r/R∗, for the overshooting
prescriptions described in the text: (a) penetrative overshoot and (b) convective over-

shoot. The curves show the evolution of the adiabatic temperature gradient (∇ad, green),

the radiative temperature gradient (∇rad, blue) and the adopted temperature gradient in

each region (∇, orange).

(Right: c,d) Different shapes of the internal profiles for the diffusion coefficient as a func-

tion of r/R∗. Panel (c) presents a step overshoot description, while panel (d) shows a

exponential diffusive overshoot prescription. D0 is a diffusion coefficient measured at the

convective core boundary, while Dext accounts for the diffusive mixing in the radiative en-

velope, a constant typically set to a very small value (' 0).

(2018)). MESA adopts the formalism from Freytag et al. (1996), whose profile of the dif-

fusion coefficient,

Dov = D0.exp

(
− 2z

fovHP

)
, for r > r0, (1.18)

is applied over any distance z = r− r0 beyond r0 (instead of the convective core boundary

rcc). This calibration is necessary because, according to the MLT, both the convective

velocity and the mixing coefficient tend to zero at the typical Schwarzschild boundary

(rcc). Thus, overshoot begins being applied at r0 = rcc − fovHP,0, where D0 = Dov(r0),

fov is a free dimensionless parameter, and HP,0 is the pressure scale height at r0.
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For stars with convective cores (i.e. M & 1.1 M�), convective overshoot can effectively

increase the size of a convective core by bringing additional hydrogen into the central

burning region, thereby increasing both the MS lifetime and the mass of the He core by

the end of the MS.

Examples of how this physical mechanism affects high-mass stars with convective cores

are discussed, e.g., in Silva Aguirre et al. (2011) and Anders and Pedersen (2023). Figure

1.3 presents the impact of applying two different prescriptions, one with and one without

convective overshoot (dotted and solid lines, respectively), to the evolution of two solar-

like stars, with 1.2 M� (red) and 1.5 M� (blue). The results show that models with con-

vective overshoot can have MS lifetimes that are approximately 9% longer, thanks to the

additional hydrogen brought in from the stable layers. Furthermore, Silva Aguirre et al.

(2011) also shows that convective overshoot can create a smooth chemical profile at the

convective border.

Figure 1.4 shows the effect of increasing convective overshoot (assuming exponential

diffusive overshoot) in terms of the percentage change in various parameters at the Ter-

minal Age of the Main Sequence (TAMS), for three different initial masses. Comparing

the results of a prescription with highly efficient convective overshoot ( fov = 0.04) with

a prescription with rather inefficient overshoot ( fov = 0.002), for TAMS models of a star

with 2 M�, we find that the efficient overshoot produces effective temperatures that are

approximately 17% lower, luminosities that are about 11% higher, ages that are roughly

5% higher, and an He-core with a mass that is approximately 75% higher. These re-

sults highlight the importance of constraining both the extent and shape of convective

overshoot to better understand stars with convective cores.

As mentioned earlier, other overshooting prescriptions have been considered in the lit-

erature, such as extended convective penetration (in Pedersen et al. (2018) and Anders

and Pedersen (2023)) and turbulent entrainment (in Viallet et al. (2015) and Anders and

Pedersen (2023)). However, these prescriptions are not considered suitable for the stars

we intend to model, and therefore, they are not discussed here.

Throughout the work of this thesis, we establish the boundaries between convective and

radiative zones following the Schwarzschild criterion (Schwarzschild, 1958). This is im-

portant because, unlike the Ledoux criterion (Ledoux, 1947), the Schwarzschild criterion

does not account for any changes in the molecular weight of the environment (and there-

fore, does not consider any changes in the chemical gradient, ∇µ). Depending on the
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Figure 1.3: Evolution of the hydrogen content at the stellar centre (Xc) for MSmodels with

masses M = 1.2 M� (blue) and M = 1.5 M� (red). Two prescriptions were considered

for each model star: Schwarzschild criterion without overshoot (solid lines) and models

with convective overshooting (dotted lines). Plot from Silva Aguirre et al. (2011).

chosen criterion, the position of the convective core boundary may differ, which can lead

to the appearance of regions where convection serves as the primary energy transport

process when the Schwarzschild criterion is used, but where radiative transport prevails

if the Ledoux criterion is applied. These regions are known as semiconvective regions.

In these regions, the amount of mixing, described by a free parameter αsc, is crucial, as

efficient mixing can sufficiently reduce the molecular weight gradient to trigger convec-

tive instabilities. In other words, applying semiconvection to models that use the Ledoux

criterion might be enough to replicate models that use the Schwarzschild criterion. The

implementation of the Ledoux criterion for convection (with no mixing beyond the for-

mal boundaries) produces the smallest convective cores (as shown in Figure 1.5) and,

consequently, the shortest MS lifetimes, for any given stellar mass and composition. A

time-dependent diffusive mixing in the semiconvective region can increase the amount of

hydrogen in the core, allowing the convective core to reach the same size as the one de-

termined by the Schwarzschild criterion, provided the mixing efficiency is sufficiently high.

However, such physics will not be considered in our models, and therefore, no further

discussion will be made here*.

*For a more in-depth discussion of this topic, see Silva Aguirre et al. (2011) and Kippenhahn et al. (2013),

Chapter 30.4.
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Figure 1.4: Impact of increasing the size of the convective overshoot region (assuming an

exponential diffusive overshoot prescription) on different stellar parameters at the TAMS

((a) effective temperature, Teff,TAMS; (b) luminosity, log LTAMS; (c) age, τTAMS; and (d)

helium core mass, mHe,TAMS), for models of three initial masses (M = 2, 5, 10 M�).
Each panel presents the percentage changes at the TAMS, relative to the fov = 0.002

case. Plot from Anders and Pedersen (2023).

Figure 1.5: Internal structure of a 1.5 M� stellar MS model. The hydrogen abundance

(X, black solid line), the adiabatic gradient (∇ad, red dotted line), the radiative gradient

(∇rad, green dash-dotted line), and the Ledoux gradient (∇L = ∇ad +∇µ, for a perfect

gas, blue dashed line) are shown as functions of the mass fraction. From left to right,

different grays correspond to regions of different energy transport processes: convective

zone, semiconvective zone, and radiative zone. Plot from Silva Aguirre et al. (2011).



FCUP 16

Building Next-Generation Tools for the Exploitation of Space-Based Seismic Data

1.3. Stellar Evolution of Low-Mass Stars in a Nutshell

In this Section, we explore the evolutionary phases of low-mass stars, specifically those

with masses between 0.7 and 2.0 M�, and a chemical composition similar to that of the

Sun, with focus on the main sequence and subgiant phases, as these are of primary

interest to the thesis.

The structure, dynamics, evolution and the final fate of a star depend primarily on its initial

mass and initial chemical composition - properties that are related to the location and time

of a star’s formation, as well as to possible interactions with the surrounding environment

during its evolution. For a solar-like star, its expected evolution through the HR diagram

is represented in Figure 1.6.

The main sequence results from sustained nuclear fusion reactions happening in the stel-

lar core, where the conversion of hydrogen into helium generates the energy required to

maintain hydrostatic equilibrium within the star. This phase is governed by the nuclear

timescale,

τH = EH/L ∝ M/L, (1.19)

where EH is the total energy that can be released from H-burning, which is intrinsically

dependent on the stellar mass M. The nuclear timescale for a star like the Sun is on

the order of 1010 years, rendering the MS the longest of the evolutionary phases*, and

explaining why approximately 80-90% of stars in the solar neighbourhood are observed

in this stage.

As discussed at the end of Section 1.2.2, stars of varying masses exhibit not only dis-

tinct internal structures, but also different efficiencies in the H-burning reaction networks

operating in their cores. In stars with M . 1.1 M�, which typically possess radiative

cores, energy generation is dominated by the proton-proton (pp) chain reactions, owing

to their weaker dependence on temperature. Conversely, in stars with M & 1.1 M�, the

higher temperatures and densities at the core induce the activation of the carbon-nitrogen-

oxygen (CNO) cycle. This enhanced energy production leads to the development of a

convective core, driven by the substantial energy flux.

The above is illustrated in the left plots (corresponding to the MS phase) of Figures 1.7

(for the 1.1 M�) and 1.8 (for the 1.2 M�), where the blue regions trace the evolution

of convective zones and the red regions highlight the stellar layers contributing to energy

*Later stages of evolution proceed faster, ruled by other more appropriate timescales.
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Figure 1.6: Schematic diagram of the evolution of a one solar-mass star, from the Zero

Age Main Sequence (ZAMS) to the formation of a white dwarf. The dotted phase of

evolution represents the rapid evolution following the helium core flash. Various phases

of evolution are labelled as follows: Subgiant Branch (SGB), Red Giant Branch (RGB),

Asymptotic Giant Branch (AGB), and Planetary Nebula formation (PN formation). Figure

from Carroll and Ostlie (2017).

production, with the degree of transparency indicating the relative intensity of energy gen-

eration as a function of radius. Initially, the energy generation rate peaks at the centre,

where the temperature is the highest and the hydrogen abundance is nearly homoge-

neous near the core. As stellar evolution progresses, the central temperature continues

to rise, but the hydrogen abundance decreases due to ongoing fusion. Consequently, the

location of maximum energy production gradually shifts slightly outward from the centre.

This phenomenon accounts for the near-transparency of the central regions (r ' 0) in

Figures 1.7 and 1.8.

Figure 1.9 illustrates the evolution of several stellar parameters throughout the MS phase

(highlighted in blue). For a solar-type star, the luminosity L, radius R, effective tempera-

ture Teff, and central density ρc increase progressively from the ZAMS to the TAMS, as

shown in Figures 1.9a-c. Due to the nuclear fusion processes, the mean molecular weight
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Figure 1.7: Evolution of the internal structure of a model star with M =1.10 M�, as a
function of the ρc (bottom x-axis) and τscaled, an age parameter defined as the fraction

of time elapsed within each evolutionary phase (top x-axis). The structure is displayed

in terms of the fractional stellar radius r/R∗ (y-axis), during its MS (left panel) and SG

(right panel) phases. The blue regions show the evolution of the convective zones inside

the star - identified as regions where ∇ < ∇rad. The red regions indicate the parts of

the star that contribute to energy production, with the degree of transparency reflecting

the intensity of energy generation at a given radius. A black line marks the radius of the

helium core - defined as the region when the central helium abundance (Yc) exceeds
0.95.

Figure 1.8: Similar to Figure 1.7, for a model star with M =1.20 M�.

in the core, µc increases as the chemical composition changes. According to the ideal

gas law, P ∝ ρT/µ, maintaining the pressure balance in the core requires both Tc and

ρc to increase. This gradual increase leads to the compression of the stellar core, and
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accelerates nuclear burning, leading to a greater energy output required to support the

overlying layers.

When the central density increases, gravitational potential energy is released and, as

required by the Virial theorem, half of the energy will be radiated away and the other

half will go into increasing the temperature of the gas. As a consequence, the stellar

region that is sufficiently hot to sustain nuclear reactions will expand slightly during the

MS. Moreover, the rising temperature and density more than compensate for the declining

hydrogen mass fraction (as shown in Figure 1.9d), leading to a gradual increase in the

stellar luminosity, along with its radius and Teff. For the 1.1 M� and a 1.2 M� stellar

models, the TAMS is reached after approximately 6.18 and 4.17 Gyr, respectively, roughly

when the central hydrogen content drops below Xc ' 0.001. Beyond this point, the star

transitions into the subgiant phase.

For stars that possess a convective core during their MS (i.e. M & 1.1 M�), the transition

into the subgiant phase is marked by a characteristic hook-like feature in the star’s trajec-

tory on the HR diagram - as observed in Figure 1.9a for the 1.2 M� model. This feature

results from an overall contraction of the star occurring on a Kelvin-Helmholtz timescale

- the time it would take for a star to radiate away its total kinetic energy at its current

luminosity, according to the equation

τKH =
GM2

2LR
, (1.20)

- during which gravitational potential energy is released. This release causes the stellar

radius to decrease, and both the luminosity and Teff to increase. Eventually, the tem-

perature just outside the He-core becomes sufficiently high to ignite hydrogen in a thin

shell surrounding the core. Due to the rapid onset of shell burning, the overlying enve-

lope is forced to expand slightly, absorbing some of the energy released by the shell, and

marking the beginning of the subgiant phase, during which the Teff rapidly decrease.

During the SG phase, the energy produced by the H-burning shell becomes quite intense,

substantially exceeding what was produced by the core during the MS. This increase hap-

pens because such a thin shell of H-burning (displayed in the right plots of Figures 1.7

and 1.8) has to generate enough energy to counteract the gravitational collapse of the

overlying envelope. As the shell continues to consume the available hydrogen, the He-

core gradually grows in mass while approaching a nearly isothermal state. The absence
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Figure 1.9: Evolution of various stellar parameters for stellar models with 1.1 M� (short-

dashed lines) and 1.2 M� (long-dashed lines), both with initial [Fe/H] = -0.1 dex, during

their MS (blue) and SG (orange) phases. (a) Evolution of the effective temperature, Teff,
and luminosity, log10(L/L�), along the MS and SG evolutionary tracks. (b) Evolution of

stellar radius, R, as a function of stellar age, τ. (c) Evolution of central density, ρc, as a
function of stellar age, τ. (d) Evolution of the central hydrogen and helium mass fractions

(Xc, Yc) as a function of a scaled age parameter, τscaled, defined as the fraction of time
elapsed between the ZAMS and the Terminal Age of the SubGiant phase (TASG).

of energy generation to sustain hydrostatic equilibrium in the core leads to its rapid con-

traction, which causes the evolution along the SG phase to proceed on the KH timescale.

This contraction is seen in Figure 1.9c, where ρc increases approximately a factor of 1.5

over the short period of the subgiant lifetime. Concurrently, the energy output from the

H-burning shell combined with the gravitational energy released by the contracting core

causes the stellar envelope to expand and Teff to decrease, as illustrated in Figure 1.9.

For lower-mass stars (within the mass range relevant to this thesis), the cooling of the

outer layers leads to the development of a large convective envelope, marking the begin-

ning of the red giant phase. From this point onwards, solar-like stars ascend the red giant

branch, increasing in luminosity until He-burning is triggered in the stellar core. Following
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the RG phase, low-mass stars enter more complex stages of evolution that involve recur-

rent readjustments of its internal structure and dynamics, which eventually lead to the loss

of the stellar outer layers and the formation of a white dwarf - as illustrated in Figure 1.6.

This remnant represents the final stage for most solar-like stars: a carbon-oxygen core

that cools over time and gradually crystallizes into a dense, Earth-sized contaminated

diamond (Kippenhahn et al., 2013).

-

1.4. Theory of Stellar Pulsations

The study of the internal structure of stars through their intrinsic global oscillations has

substantially contributed to improving our understanding of stellar structure, dynamics,

and evolution. Asteroseismology constitutes a unique tool for analysing the resonant

oscillations observed in stellar spectra and to understand how they are associated with key

stellar properties such as density, temperature, gas motions, and chemical composition,

thereby providing insights unattainable through traditional observational methods.

Thanks to a solid theoretical understanding of the phenomena of stellar pulsations and the

availability of high-quality data from space missions such as CoRoT, Kepler, and TESS,

the theory of stellar pulsations has significantly enhanced our understanding of a wide

range of stars, from main sequence to red giant stars and white dwarfs. The ultimate

goal of stellar pulsations studies is to infer information about the physics and dynamics of

stellar interiors from asteroseismic data, typically achieved through forward modelling or

inverse techniques, with the former discussed in greater detail in Section 1.5.

In this Section, we briefly review the theoretical foundations for the study of non-radial

oscillations, starting with a brief summary of the relevant aspects of hydrodynamics, out-

lining all the assumptions made during the perturbation and the asymptotic analyses, and

characterizing the types of mode oscillations associated with both the main sequence and

subgiant phases.

We begin by discussing the theory of stellar pulsations, providing an overview of the linear,

adiabatic equations that govern stellar oscillations. These equations allow the determi-

nation of stellar oscillation frequencies, which serve as a valuable diagnostic for probing

stellar interiors. Most of the content discussed here has been thoroughly examined in the

literature, notably by Unno et al. (1989), Aerts et al. (2010), Cunha (2018), and others.
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Consider a hydrodynamical system with physical quantities like pressure P, density ρ,

temperature T, and velocity v̄, each expressed as a function of position r̄ and time t. The

evolution of these properties can be described by the following set of equations, corre-

sponding respectively to the equation of conservation of mass, the equation of conserva-

tion of momentum, the equation of the conservation of energy, and the Poisson equation:

dρ

dt
+ ρ∇ · v̄ = 0 (1.21)

ρ

(
∂

∂t
+ v̄ · ∇

)
v̄ = −∇P − ρ∇φ + F̄ (1.22)

dq
dt

=
1

ρ(Γ3 − 1)

(
dP
dt

− Γ1P
ρ

dρ

dt

)
(1.23)

∇2φ = 4πGρ. (1.24)

Here, φ denotes the gravitational potential, such that the gravitational acceleration can

be written as ḡ = −∇φ, and F̄ represents all external forces besides gravity - such as

electromagnetic forces - which can be neglected by setting F̄ = 0. q represents the heat

supplied to the system per unit mass, Γ1 and Γ3 are adiabatic exponents defined by the

adiabatic derivatives

Γ1 =

(
∂ ln p
∂ ln ρ

)
ad

, Γ3 − 1 =

(
∂ ln T
∂ ln ρ

)
ad

, (1.25)

and G is the gravitational constant*.

The properties of the fluid (and its perturbations) can be described both under the Eulerian

framework (which corresponds to the perturbation of a physical quantity at a fixed position)

and the Lagrangian framework (which follows the time evolution of a physical quantity

along its trajectory), which are related to each other according to

d f
dt

=
∂ f
∂t

+∇ f · dr̄
dt

≡ ∂ f
∂t

+ v̄ · ∇ f (1.26)

in the case of a scalar property f of the fluid, and

dF̄
dt

=
∂F̄
∂t

+ (v̄ · ∇)F̄ (1.27)

in the case of a vectorial property F̄ of the fluid, where d/dt is the time derivative follow-

ing the motion (Lagrangian description), and ∂/∂t is the time derivative at fixed position

(Eulerian description).

*Note that the thermodynamic properties T, ρ and P are connected by an equation of state, generally

expressed as F (T, ρ, P) = 0. Since we are only considering adiabatic oscillations, the explicit form of the

equation of state is not required. A detailed discussion of it can be found in Unno et al. (1989), Chapter 13.4.
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In the equilibrium state, the fluid element is assumed to be static, such that both the time

derivative and the fluid velocity are zero (i.e. ∂/∂t = 0 and v̄ = 0). This assumption is

justified by the fact that the timescales associated with stellar pulsations are significantly

shorter than the evolutionary timescales of the MS and SG stages. For a spherically

symmetric star, where the effects of rotation and magnetic fields are neglected, Equation

1.22 reduces to

−∇P0 − ρ0∇φ0 = 0, (1.28)

which expresses the hydrostatic equilibrium introduced by Equation 1.5 in Section 1.2.

We can now consider perturbations to the equilibrium state (Equations 1.21 to 1.24), as-

suming these to be small, linear (i.e. second-order or higher terms can be neglected) and

adiabatic (i.e., no heat exchange occurs within the fluid during the perturbation) in the

deep interior. Accordingly, the Eulerian ( f ′) and the Lagrangian (δ f ) perturbations to the

fluid allow us to express small perturbations as f = f0 + f ′ and δ f = f ′ + ξ̄ · ∇ f0, where

ξ̄ ≡ r̄ − r̄0 is the displacement vector, and v̄ = dξ̄
dt ' ∂ξ̄

∂t is the fluid velocity.

Under these considerations, the system of perturbed equations imposed on a spherically

symmetric star is given by

ρ′ +∇ · (ρ0ξ̄) = 0 (1.29)

ρ0
∂2ξ̄

∂t2 = −∇P′ − ρ0∇φ′ − ρ′∇φ0 (1.30)

P′ + ξ̄ · ∇P0 =
Γ1,0P0

ρ0

(
ρ′ + ξ̄ · ∇ρ0

)
(1.31)

∇2φ′ = 4πGρ′, (1.32)

which can be solved with appropriate boundary conditions.

It can be proved, by substitution, that the system of Equations 1.29 to 1.32 admits solutions

of the form

f ′(r, θ, ϕ, t) = Re
[

f ′(r)Ym
` (θ, ϕ)e−iωt

]
ξ̄(r, θ, ϕ, t) = Re


ξr(r)Ym

l (θ, ϕ)êr + ξh(r)

(
∂Ym

`

∂θ
êθ +

1
sin θ

∂Ym
`

∂ϕ
êϕ

) e−iωt

 ,
(1.33)

where e−iωt expresses the time dependence of the solution (where ω is real as long as

the boundary conditions are fully reflective, i.e. no energy is lost through the boundary),

and ξr and ξh represent the radial and horizontal components of the displacement vector

ξ̄ in spherical coordinates (r, θ, ϕ). The angular dependence of these solutions is given
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by the spherical harmonics, Ym
` (θ, ϕ), which are proportional to the associated Legendre

functions:

Ym
` (θ, ϕ) ∝ Pm

` (cos θ)eimϕ. (1.34)

The spherical harmonics are characterized by two indices: the angular degree `, that

describes the variation of physical quantities with co-latitude θ, and the azimuthal order

m, which determines their variation with longitude, ϕ*.

Using the solutions from Equations 1.33 in the system of Equations 1.29 to 1.32, we find

that the radial-dependent amplitudes P′, φ′, and ξr obey the following system
†

1
r2

d
dr

(r2ξr)−
g0

c0
ξr −

(
S2

l
ω2 − 1

)
P′

c2
0ρ0

− l(l + 1)
r2ω2 φ′ = 0 (1.35)

dP′

dr
+

g0

c2
0

P′ − ρ0(ω
2 − N2

0 )ξr + ρ0
dφ′

dr
= 0 (1.36)

1
r2

d
dr

(
r2 dφ′

dr

)
− l(l + 1)

r2 φ′ = 4πG

(
P′

c2
0
+

ρ0N2
0

g0
ξr

)
, (1.37)

where c2 is the local sound speed, defined as

c2 ≡ dP
dρ

=
Γ1P

ρ
, (1.38)

Sl is the Lamb frequency, and N0 is the Brunt-Väisälä frequency (or buoyancy frequency),

defined respectively as

S2
l =

l(l + 1)c2
0

r2 , N2
0 = g0

(
1

Γ1,0

d ln P0

dr
− d ln ρ0

dr

)
. (1.39)

These frequencies will be key for the interpretation of propagation diagrams in Sections

1.4.1 and 1.4.2.

Subjecting the system of Equations 1.35 to 1.37 to appropriate boundary conditions‡ re-

sults in an eigenvalue problem that yields solutions at discrete eigenvalues ω(n, `, m).

Since these solutions are degenerate in m for the case of spherical symmetry considered

here, they are characterized by the mode degree ` and the radial order n only. The ab-

solute value of the latter is related to the radial dependence of the solutions, in particular,

*Since we are assuming spherical symmetry for the equilibrium state, with the effects of rotation andmag-

netic fields being neglected, the equations describing the radial dependence of the variables are independent

of the azimuthal order m (as seen in Equations 1.35-1.37).
†The derivation proceeds accordingly to the methodology presented in Sections 13.2 and 13.3 of Unno

et al. (1989).
‡Boundary conditions are discussed in detail in Chapter 14 of Unno et al. (1989) and in Section 2.4 of

Cunha (2018).
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to the number of nodes along the radial direction. From here onwards, when using the

radial order n, we shall be referring to its absolute value.

Under the Cowling approximation, which assumes that the gravitational potential pertur-

bation can be neglected (i.e. φ′ = 0), particularly for modes with large mode degree ` or

large radial order n, the system of Equations 1.35 to 1.37 can be reduced to

1
r2

d
dr

(r2ξr)−
g0

c2
0

ξr −
(

S2
l

ω2 − 1

)
P′

c2
0ρ0

= 0 (1.40)

dP′

dr
+

g0

c2
0

P′ − ρ0(ω
2 − N2

0 )ξr = 0, (1.41)

which reduces the system to two second-order equations in the variables P′ and ξr.

For oscillations of high radial order, the eigenfunctions vary much more rapidly than the

equilibrium quantities, which allows us to neglect such slower-varying terms and write

dξr

dr
=

(
S2

l
ω2 − 1

)
P′

c2
0ρ0

;
dP′

dr
= ρ0(ω

2 − N2
0 )ξr. (1.42)

Neglecting slowly-varying equilibrium terms, these can be combined into a single second-

order differential equation for ξr

d2ξr

dr2 =
ω2

c2
0

(
1 − N2

0
ω2

)(
S2

l
ω2 − 1

)
ξr ≡ −k2

r ξr , (1.43)

where

k2
r =

ω2

c2
0

(
1 − N2

0
ω2

)(
1 −

S2
l

ω2

)
(1.44)

is the radial dispersion relation under the assumed conditions, clearly showing that the

characteristic frequencies S` and N play a crucial role in determining the behaviour of the

oscillations. Equation 1.43 is a simplified turning point equation describing small adiabatic

pulsations, which while useful, disregards the impact of the stratification of the underlying

equilibrium, contained in the terms we neglected. More complete derivations of a similar

wave equation, including the neglected terms, can be found, e.g., in Unno et al. (1989)

and Gough (1993).

1.4.1 Asteroseismology of MS Solar-Like Oscillators

The stars of interest to this thesis are solar-like oscillators, whose stellar oscillations are

driven by the stochastic motions of near-surface convection (cf. Section 1.1). We discuss
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Figure 1.10: Typical propagation diagrams for models of a 1 M� star in the main se-

quence (top panel), subgiant (middle panel), and red-giant (bottom panel) phases. The

Brunt-Väisälä frequency (N; solid red line) and the Lamb frequency (S`; dashed blue

line) are both shown as a function of the fractional radius (r/R). The Brunt–Väisälä fre-
quency defines the g-mode cavity, while the Lamb frequency defines the inner edge of

the p-mode cavity. Plot adapted from Hekker and Mazumdar (2014).

the asteroseismic properties during their main sequence in this section and during the

subgiant phase in the next section, as these are the primary focus of our work.

Below we examine the main types of waves propagating within the stellar interior. Con-

sider the approximate local radial wave number, kr, presented in Equation 1.44. When

k2
r > 0, the solution is locally wave-like (i.e. oscillatory in the radial direction), and a mode

is said to be oscillatory. However, when k2
r < 0, the solution is locally exponential, and the

mode is said to be evanescent. An oscillatory region in between two evanescent regions

is usually called a mode propagating cavity. Modes can be trapped within a single or mul-

tiple cavities. Any solutions where k2
r = 0 indicate radial turning points, which delineate

the edges of the different propagation cavities.

An inspection of a propagation diagram like the one on the top panel of Figure 1.10
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points towards the existence of two families of solutions: one at lower frequencies, where

ω2 < N2
0 , S2

` and the mode cavity is essentially determined by the buoyancy frequency;

and another at higher frequencies, where ω2 > N2
0 , S2

` . In the latter case, the propagation

cavity is determined by the Lamb frequency in the deeper regions and the critical fre-

quency near the surface. The critical frequency, not apparent in Equation 1.44 (or Figure

1.10) - because it was neglected in the process of its derivation - is associated with the

short scale variation of the equilibrium structure near the surface of the star.

In the case of k2
r > 0 and ω2 � N2

0 ,

k2
r ∼

ω2

c2
0
− `(`+ 1)

r2 , (1.45)

which results in the dispersion relation

ω2 ≈ c2
0(k

2
r + k2

h), where k2
h ∼ `(`+ 1)

r2 , (1.46)

characteristic of the acoustic waves (commonly referred to as p-modes). These modes

are sustained by the gradient of pressure perturbation, and are predominantly sensitive

to the conditions in the outer layers of the star. Their propagation cavities are located

between the surface and an inner turning point whose depth strongly depends on the

mode degree `. Acoustic modes also exhibit frequencies that increase with both the mode

degree ` and the radial order n.

In the case of k2
r > 0 and ω2 � S2

` ,

k2
r ∼

S2
`

c2
0ω2

(N2
0 − ω2), (1.47)

which results in the dispersion relation

ω2 ≈ N2
0

1 + k2
r /k2

h
, (1.48)

characteristic of the internal gravity waves (also referred to as g-modes). MS solar-like

stars may support internal gravity waves maintained by gravity acting on density fluctua-

tions, that is, the buoyancy force acts on fluid displacements to restore the equilibrium of

the fluid. Because buoyancy opposes the motion of the fluid elements where N2
0 > 0, i.e.

in convectively stable zones, g-modes only propagate where there is no convection. In

stars like the Sun, internal gravity waves are essentially confined beneath the convective

envelope in a cavity largely independent of the mode degree `, with frequencies always

lower than max(N0), that increase with mode degree `, and decrease with absolute radial
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Figure 1.11: Fourier power density spectrum of the MS star Kepler target 16 Cyg A. The

blue curve shows a Gaussian fit from which we determine the frequency of maximum

power, νmax. The inset highlights a selected range of frequencies, illustrating the large

frequency separation, ∆ν, between consecutive ` = 0 modes, as well as the small fre-

quency separation, δν0,2, between adjacent ` = 0 and ` = 2 modes. Figure from García

and Ballot (2019).

order n. Nevertheless, despite some claims (García et al. (2010), Fossat et al. (2017)), it

remains uncertain whether g-modes have been conclusively detected in the Sun.

In an MS solar-like star, the acoustic oscillation spectrum is similar to the one shown

in Figure 1.11. It is composed of a sequence of frequency peaks exhibiting a repeti-

tive pattern structure, whose power is modulated over frequency, and displays an overall

characteristic Gaussian shape.

From the smooth Gaussian shape, we estimate the frequency of maximum power (of the

p-mode envelope), νmax, (shown in blue in Figure 1.11), which has been shown to scale

well with the acoustic cut-off frequency, which, in turn, scales with the surface gravity and

the effective temperature as

νmax ∝ gT−1/2
eff

∝ MR−2T−1/2
eff

. (1.49)

From the asymptotic analysis of the second-order pulsation equations under the Cowling

approximation, the eigenvalues of high-frequency p-modes are well approximated by

ν`,n ≈ ∆ν

(
n +

`

2
+ εp

)
, (1.50)
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where

∆ν =

(
2
∫ R

0

dr
c

)−1

(1.51)

is the large frequency separation, which can be estimated as the inverse sound travel

across a stellar diameter, and εp is a phase offset. With each frequency peak being iden-

tified by a mode degree ` and a radial order n, this expression predicts well the repetitive

pattern observed in Figure 1.11, with the uniform spacing between frequencies of con-

secutive modes of the same degree providing an estimate of ∆ν. It has also been noted

that

∆ν ∝
√

ρ̄ ∝
√

MR−3, (1.52)

where ρ̄ is the mean stellar density.

Considering the asteroseismic parameters νmax and ∆ν, two scaling relations can be used

to estimate the stellar mass and radius, once known the effective temperature, as follows:

R ∝ νmax∆ν−2T1/2
eff

(1.53)

M ∝ ν3
max∆ν−4T3/2

eff
. (1.54)

The combination of frequencies of modes of consecutive radial orders and degrees dif-

fering by two gives the small frequency separation, δν, shown in the inset of Figure 1.11,

and defined as

δν`,n = ν`,n − ν`+2,n−1. (1.55)

This parameter is particularly sensitive to the structure of the innermost layers, due to a

dependence on radius (r−1), and to the stellar age.

Finally, in the case of high n, low ` g-modes, the first order term of the asymptotic anal-

ysis predicts a uniform spacing in mode periods, such that the eigenfrequencies of low-

frequency g-modes follow the asymptotic expression

Π`,n ≡ 1
ν`,n

' Π0√
l(l + 1)

(n + εg), where Π0 = 2π2
(∫ r2

r1

N
dr
r

)−1

, (1.56)

and εg is a phase offset associated with the internal gravity waves.

All of these parameters are of critically importance for asteroseismic studies and for un-

derstanding the context and objectives of our work.
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1.4.2 Asteroseismology in the SG Phase of Solar-Like Stars

Despite their potential, subgiant stars are not as extensively studied as MS stars or RG

stars since they are both less common thanMS stars and fainter than RG stars*. However,

major advances in their understanding are expected, as subgiants constitute a significant

fraction of the asteroseismic targets of TESS and the upcoming PLATO mission.

The properties of the p- and the g- modes discussed previously depend directly on the

stellar structure, varying significantly with both stellar mass and evolutionary stage. As a

star evolves through the SG phase, an H-burning shell outside the core supplies the star

with energy, while its He-core contracts. The buoyancy frequency increases significantly

toward the centre, and the star as a whole expands, resulting in a decrease of its mean

density. This can be seen in the mid panel of Figure 1.10, where the maximum of the

buoyancy frequency in the subgiant has a value comparable to the Lamb frequency in

a significant region of the stellar interior. These structural changes cause the maximum

frequency of the g-modes (which is limited by the maximum of the buoyancy frequency)

to increase, while the frequencies of the p-modes decrease. The potential overlap in

frequency leads to mode solutions that have two cavities, one - closer to the stellar centre -

where the restoring force is dominated by buoyancy, and another - in the stellar envelope -

where the restoring force is dominated by the perturbed pressure gradient. These modes,

propagating within two cavities that are coupled through an evanescent region are named

mixed-modes.

In terms of the (turning point) wave equation (Equation 1.43), this means that the mode

has two separate regions where k2
r > 0. In such cases, Unno et al. (1989) have shown

that the solutions obey an eigenvalue condition that can be expressed as,

cot
(∫ rb

ra

kr dr
)

tan
(∫ rd

rc

kr dr
)
=

1
4

exp
(
−2

∫ rc

rb

κ dr
)

, where κ2 ≡ −k2
r , (1.57)

where the g-cavity is located within the stellar fractional radii [ra, rb] and the p-cavity is lo-

cated within the stellar fractional radii [rc, rd]. The region [rb, rc] corresponds to the evanes-

cent region between the two cavities. In a more compact form, this relation becomes

cot θg(ν) tan θp(ν) = q(ν), (1.58)

where θg and θp are the phase integrals associated with the g- and p-mode cavities, re-

spectively, and q is the coupling strength, a dimensionless coefficient that quantifies the

*Even though SG stars are more observationally accessible than MS stars - due to larger photometric

amplitudes and longer dynamical timescales - and more computationally tractable than RGs.
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Figure 1.12: Evolution of stellar and asteroseismic properties with age for a 1.3 M�
model, during the late MS and SG phases. The top panel shows the evolution of ` = 0
(dashed black lines) and ` = 1 (solid black lines) mode frequencies with age. The fre-

quencies of the first two uncoupled ` = 1 g-modes are also shown: the ng1 mode in red

and the ng2 mode in green. The bottom panel shows the evolution of the central density,

ρc, as a function of age. Plot from Deheuvels and Michel (2011).

strength of the coupling between the p- and g-mode cavities. This equation will be key to

the theoretical developments presented in Chapter 4.

In the case of subgiant stars, only a few g-modes (the ones with the highest frequencies*)

can couple with the relatively denser set of p-mode oscillations that persist in the con-

vective exterior of the star. The frequencies of the resulting mixed modes shift relative to

their uncoupled values (i.e., relative to the frequencies that pure p- or pure g-modes would

have), changing smoothly as the star evolves in a manner that preserves the ordering of

the complete set of eigenvalues in a continuous fashion throughout this evolution. This

process is clearly presented in Figure 1.12 for a solar-like oscillator in its subgiant phase.

In Figure 1.12, we can see the frequency of each pure acoustic radial mode (` = 0;

dashed lines on top panel) decreasing during the subgiant phase. In contrast, the fre-

quencies of dipolar modes (` = 1, continuous lines on top panel), exhibit a local increase

*The frequency spacing between low-order g-modes is quite large - often several times greater than the

large separation of p-modes.
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at certain moments in evolution, superimposed on the overall decrease. This evolutionary

feature results from near resonances between the p-mode and g-mode pure frequencies

and is known as avoided crossing. Away from the avoided crossings, the modes have

a p-mode character, showing an evolution similar to the radial modes, while during the

avoided crossings they become significantly mixed. Thus, mixed modes are the result of

the coupling between modes in the p- and g- mode cavities that are near resonance with

each other. They are maintained by gravity acting on density perturbations in the deep

interior (with the g-mode character of the mixed mode carrying information about the core

region) and by the gradient of pressure perturbations in the outer layers (with the p-mode

character allowing the mixed mode to reach the surface, thereby making this information

detectable), both of which strongly constrain the stellar structure (Deheuvels and Michel,

2011).

Since mixed-mode frequencies evolve rapidly with age near the avoided crossings, they

place very strong, seismic constraints on the structure and fundamental parameters of

subgiants, enabling a potential determination of stellar properties with great precision (Li

et al., 2019). There have been numerous theoretical studies stating the potential of using

the avoided crossings to accurately determine stellar ages during the SG phase, but none

has fully considered the challenges they set on model grid interpolation.

-

1.5. The Challenge of Interpolation for Stellar Modelling

In recent years, the combination of stellar pulsation theory with a vast amount of high-

quality asteroseismic data from space missions - such as the Convection, Rotation, and

planetary Transits mission (CoRoT; Baglin et al. (2006)), Kepler (Gilliland et al. (2010),

Koch et al. (2010)), the Transiting Exoplanet Survey Satellite (TESS; Ricker et al. (2015),

Campante et al. (2016), Cunha et al. (2019)), and the upcoming PLAnetary Transits and

Oscillations of stars mission (PLATO; Rauer et al. (2014), Cunha et al. (2021a), Rauer

et al. (2023), Goupil et al. (2024)) - has enabled significant and robust inferences on stellar

properties, internal structure and dynamics.

Stellar models are essential for inferring stellar properties, but the task of identifying the

model that best fits all observables from a target star is computationally demanding. This

process is a non-linear, high-dimensional optimization problem, sensitive to numerous
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input parameters that require optimization, such as stellar mass, initial composition, and

a variety of mixing parameters*.

Forward modelling techniques are among the preferred methods to simulate stars ob-

served by the mentioned missions and to estimate their global properties. These tech-

niques consider an input model that defines the initial state of the system while assuming

a given set of established physics (i.e. the grid inputs and the stellar physics for models,

such as diffusion and atmosphere), and predicts its evolution at each time step, generat-

ing outputs that can be compared with the actual observations. Traditionally, optimization

procedures find the best representation of a star by minimizing the differences between

models and observations, based on criteria defined a priori†.

To efficiently determine the fundamental properties of a large sample of stars, several fast,

stable, and robust optimization algorithms are currently available to the community, such

as Asteroseismic Inference on a Massive Scale (AIMS; Rendle et al. (2019)), BAyesian

STellar Algorithm (BASTA; Aguirre Børsen-Koch et al. (2022)), Stellar Parameters IN-

ferred Systematically (SPInS; Lebreton and Reese (2020)), and PARAM (Rodrigues et al.,

2017). These algorithms provide a powerful diagnostic tool for the determination of stel-

lar properties that allow for the determination of a representative set of models that best

reproduce a given set of classical and asteroseismic constraints.

When discussing forward modelling techniques, we should distinguish between two main

categories. The previously mentioned optimization algorithms fall under the grid-based

modelling category, which requires access to a pre-computed grid of stellar models span-

ning a given parameter space to estimate stellar properties. These algorithms then com-

pare the models with observations, while trying to minimize the differences between mod-

els and observations, according to criteria defined a priori. This approach differs signifi-

cantly from the so-called on-the-fly modelling approach, where the goodness of the fit is

calculated while generating the stellar models. In this case, the generated models are

*Typical input physical parameters include stellar mass, M, initial composition - comprising initial hydro-

gen abundance, X0, and initial metallicity, Z0 or [Fe/H], - and a variety of mixing parameters such as the

mixing length parameter, αMLT, and the convective overshoot parameter, fov. Most of these parameters will
be discussed throughout this work.

†Common optimizationmethods include theMonte Carlo Markov Chain (MCMC) algorithm, and the deter-

mination of minimization functions, based on individual χ2 functions calculated for each observed parameter,

P. This χ2 statistic is typically defined as

χ2 =
(Pobs − Pmodel)2

σ2
Pobs

, (1.59)

where σPobs represents the uncertainty in the observed parameter.
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specific to the target being modelled, with a new set of models being generated each

time a different target is considered. A minimization function (typically described by a χ2-

value) is assigned to each profile to determine whether to maintain or discard a model.

As a result, we end up with a grid built only with the models most likely to provide useful

information. This method also makes the on-the-fly modelling approach computationally

expensive and less appropriate for a pipeline of an instrument observing a vast number

of stars*.

However, there is also a drawback associated with the grid-based method: When in-

creasing the number of parameters of the models, the number of models on the stellar

grid involved in the search also increases, exponentially, increasing the required storage

and possibly decreasing the computational efficiency. To make stellar model searches

more manageable, traditional optimization methods can employ a number of strategies:

(i) lowering the model grid resolution, (ii) reducing the number of initial model parameters,

and (iii) applying grid interpolation during the optimization process.

We can lower the resolution of the grid by increasing the timestep considered to output the

models per each evolutionary track of the grid, resulting in a reduced number of models

in the grid. However, this comes at the cost of parameter coverage, potentially leading

to suboptimal solutions. Similarly, restricting the search to only a few free input param-

eters, and using approximations for other initial parameters - such as a solar-calibrated

value for the mixing length parameter (αMLT), or the Galactic enrichment relation to es-

timate the initial helium abundance (Y0) from the initial metal abundance (Z0) - we may

be led to underestimated uncertainties and a reduction in the precision with which stellar

properties are inferred. Additionally, a limiting factor in subgiant model searches is the

time-consuming calculation of non-radial modes for evolved stars, which makes it expen-

sive for search methods that require a large grid of models or on-the-fly calculation of

stellar tracks.

Grid interpolation methods are another solution employed by optimization codes such as

AIMS and BASTA to mitigate the need for a very fine grid of models, which help ensuring

that the science requirements of a mission are satisfied. These methods compensate for

the lack of resolution in model grids by predicting an approximate description of both the

*We note that despite their differences, these two modelling approaches are not necessarily mutually ex-

clusive, as the result of grid searches may be used to restrict the region of parameter space being considered

for the more refined model-on-the-fly analysis.
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global and seismic properties of models at points of the parameter space located between

the models of the initial pre-computed discrete grid.

When interpolating data on a grid, it is crucial to ensure that the interpolation errors on the

model quantities are smaller than the uncertainties on the observations we aim at compar-

ing with. Clearly, this is easier to achieve when the quantities we want to interpolate vary

approximately linearly between the models of our grid. In this context, rapid frequency

variations, such as those discussed for the mixed modes in Section 1.4.2, pose potential

challenges for grid-based modelling and interpolation.

Since the timescale associated with avoided crossings can be several orders of magni-

tude shorter than the typical nuclear evolution time of low-mass subgiants, reproducing

mixed modes with a traditional grid technique requires very fine steps in mass and age.

This makes this method prohibitive when the number of free parameters is large, as it

requires testing the model physics. Interpolation across tracks could mitigate the need for

extremely fine steps in mass, but it needs to be tested for subgiants, especially because

of the extreme sensitivity of the g-dominated frequencies to the masses of the models.

The emergence of mixed modes whose frequencies exhibit a fast evolution may result in,

for a fixed age, the same mode being more acoustic- or gravity-dominated for different

evolutionary tracks. This is shown in the top panel of Figure 1.13, which displays the

evolution of the normalized frequency of a dipole mode of radial order n = 11 over various

mass tracks, highlighting a fixed age value - 4.18 Gyr - with a vertical dashed line. Here

the normalized frequency is defined as

ν`,n,norm = ν`,n/
√

GM/R3, (1.60)

where G is the gravitational constant, M is the stellar mass, and R is the stellar radius of

the corresponding model. Because of this difference in the mode evolution at fixed age,

when interpolating between different evolutionary tracks, we may be combining a mode

that is evolving essentially as if it were acoustic (as in the case of the mass track with 1.23

M�) with a mode that is undergoing an avoided crossing (as in the case of the mass track

with 1.24 M�).

This difference in the mode evolution phase at fixed age is expected to impact the accu-

racy of the interpolation. One possible way to improve this could be to use proxies of age

that better align the avoided crossings of adjacent mass tracks, like central density, ρc, as

illustrated in Figure 1.13. From the bottom panel, we see that avoided crossings appear
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Figure 1.13: Evolution of the normalized frequencies of non-radial ` = 1 modes, with

radial order n = 11, for evolutionary tracks of a stellar grid (the details of which are

provided in Section 2.2) with masses between 1.23 and 1.27 M�, as a function of physical
age τ (top panel) and central density ρc (bottom panel). The points connected by a

dashed line in the left panel indicate models at a fixed age of 4.18 Gyr. The right panel

displays a subplot highlighting a particular avoided crossing for the mass M = 1.24 M�.

more closely aligned when displayed as a function of ρc.

To understand why ρc may be a better age proxy, we consider the evolution of the prop-

erties of the stellar core during the SG phase (discussed in Section 1.3). A contracting

He-core influences the profile of the local Brunt-Väisälä frequency, causing the frequency
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of g-modes to approach that of the p-modes, and giving rise to a forest of avoided cross-

ings. In a fully ionized environment, the Brunt-Väisälä frequency (previously expressed

in Equation 1.39) can be written as

N2 =
gδ

HP

(
∇ad −∇+

φ

δ
∇µ

)
, (1.61)

where g is the local gravitational acceleration inside the star, HP is the local pressure scale

height,∇ad is the adiabatic gradient,∇ is the temperature gradient, and∇µ is the gradient

of the meanmolecular weight. In this way, we see that the Brunt-Väisälä frequency carries

information about both the thermal structure (the first two terms inside the parentheses)

and the compositional structure (the last term) of the star.

Near the centre (r → 0), the local gravity inside the compact radiative subgiant core can

be written as g(r) ∼ Gρcr. For an ideal gas in hydrostatic equilibrium, the Brunt-Väisälä

frequency then scales as

N2 ∼ g(r)
HP

∼ ρ3
c

Pc
r2 ∼ ρ2

cµc
Tc

r2. (1.62)

In early post-MS models, the central temperature, Tc, and the central mean molecular

weight, µc, hardly change within the isothermal core, where nuclear reactions are absent.

This leaves ρc as the main dependency of the Brunt-Väisälä frequency scaling in Equation

1.62. Since ρc increases monotonically during the SG phase due to the contraction of the

inner regions of the star, it can be considered as an age proxy for interpolation, with

potential advantages over the use of physical age. In the following Chapters, we will

explore the effectiveness of ρc and of other age proxies for improving grid interpolation

accuracy during the subgiant phase.
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2. Analytical Characterization of the Errors of
Classical Interpolation Algorithms

The content of this Chapter is adapted from the work published in Clara et al. (2025),

which has been published in Astronomy & Astrophysics.

2.1. Introduction

As discussed in Section 1.5, in order to guarantee a given precision in the inferred stellar

properties and ensure that the science requirements of a mission like PLATO are met,

an optimization algorithm may require combining a grid-based modelling approach with

an interpolation scheme. Interpolation algorithms are employed to compensate for the

limited resolution of model grids by providing approximate predictions (e.g., the basic

and seismic properties) at parameter space points located between the models of the

initial pre-computed discrete grid. They are commonly used in optimization codes such

as AIMS, BASTA, SPInS, and PARAM, and have been discussed in the works of Rendle

et al. (2019), Li et al. (2020) and Aguirre Børsen-Koch et al. (2022), among others.

Rendle et al. (2019) report the results of interpolation tests conducted while fitting obser-

vational data with AIMS. The authors compare their findings with the typical uncertainties

found in the literature for a main-sequence (MS) target, 16 Cyg A, whose smallest and

average uncertainties for ` = 0 modes are 0.04 and 0.08 µHz, respectively, and for a

red-giant-branch (RGB) target, KIC 4448777, whose smallest and average uncertainties

for ` = 0 modes are 0.014 and 0.018 µHz, respectively. For interpolation along evolu-

tionary tracks, errors for ` = 0 modes were found to be smaller than both the smallest

and average uncertainties from literature values, except for a small fraction of RGB tracks

(less than 3% of those tested) characterized by low masses and high metallicities. For

cross-track interpolation, their root mean square average errors are comparable to their

literature reference value of 0.08 µHz.

For BASTA, Aguirre Børsen-Koch et al. (2022) only discuss the results of the complete

interpolation procedure (i.e., the errors on interpolation along and across tracks are not

considered separately), restricting their analysis to MS stars. Using an interpolation pro-

cedure similar to that employed by AIMS, they show that the fractional differences in ∆ν

between the original and the interpolated track are at the 10−4 level, which is an order
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of magnitude smaller than the relative uncertainty in ∆ν measured for the best Kepler

targets.

Li et al. (2020) test the interpolation of ` = 1,2 oscillation mode frequencies while ex-

amining how seismic stellar ages for 36 Kepler subgiants depend on helium abundance

(Y), the mixing-length parameter, and metallicity. Using cubic splines interpolation and

physical age, τ, as the age proxy, the authors perform interpolation along a mass track

with 1.20 M�, where the models to be interpolated are separated by time steps of 6× 106

yr. For ` = 1 modes, the differences between interpolated frequencies and their true val-

ues were mostly below ∼0.05 µHz, particularly for frequencies in the 0.5-1.5 νmax range.

Using the same method, interpolation of ` = 2 mode frequencies was found to work well

for p-dominated modes but not for g-dominated ones. For 85% of the tested modes, fre-

quency differences were found to be smaller than 0.2 µHz, but for the remaining poorly

fitted g-dominated modes, differences reached 0.5 µHz.

In summary, among the literature on grid-based modelling of solar-like pulsators, only

Li et al. (2020) performed interpolation tests on grids of subgiant stars. Yet, even in

that case, the work focused exclusively on interpolation along evolutionary tracks. This

underscores the absence of a systematic quantification of the accuracy of interpolation

algorithms during the subgiant evolutionary phase.

In this Chapter, we characterize classical interpolation algorithms applied to the deter-

mination of the pulsation properties in the subgiant phase and discuss the associated

problems, establishing which method is capable of most accurately describing model fre-

quencies interpolated both along and across evolutionary tracks of a two-parameter stellar

grid. As a reference, we compare the interpolation errors with typical observational errors

of δν ∼0.1µHz (Li et al., 2020), which we set as our accuracy aim.

-

2.2. Characterization of the Stellar Grid and the Method

We start by describing the grid of stellar models used for our simulation tests and the

procedure adopted to characterize the accuracy of linear and higher-order interpolation

algorithms.
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2.2.1 Input physics of the stellar grid

To perform tests that characterize the quality of interpolation, we compute a mass-age

grid of evolutionary tracks in the subgiant phase. To this end, we used Modules for Ex-

periments in Stellar Astrophysics (MESA, version r12778), an open-source stellar evo-

lution package that is undergoing active development (Paxton et al., 2011, 2013, 2015,

2018, 2019). We adopted the solar composition from Asplund et al. (2009), with (Z/X)�

= 0.018099, and the OPAL opacity tables given by Grevesse and Sauval (1998), which

were supplemented by the low-temperature opacities from Ferguson et al. (2005). We

used the nuclear reactions rates obtained from the Joint Institute for Nuclear Astrophysics

Reaction Library (JINA REACLIB, Cyburt et al. (2003)) version 2.2, with specific rates for

12C(α, γ)16O (Kunz et al., 2002) and 14N(p, γ)15O (Imbriani et al., 2005). The boundary

conditions at the stellar surface were established using the Krishna-Swamy atmosphere

(Krishna Swamy, 1966).

Our aim with this work is to test the interpolation across evolutionary tracks of different

masses. Even though the ultimate goal is to test interpolation in a full grid varying a

number of different parameters, we decided to keep things as simple as possible by fixing

all the physical inputs of the grid except for mass. Thus, we fixed metallicity at [Fe/H] =

-0.1 dex, and varied the stellar mass between values of 1.150 and 1.350 M�, in steps

of 0.005 M�. The goal was to produce a small but dense grid of stellar models in the

subgiant phase, with masses crossing the region where small convective cores develop

during the main sequence. The initial helium fraction was determined following the law of

Galactic enrichment,

Yi = Y0 +
∆Y
∆Z

Zi, (2.1)

where the primordial helium abundance is Y0 = 0.2485, according to Planck Collaboration

et al. (2016), and the ratio ∆Y/∆Z is estimated to be 1.36 (Balser, 2006, Nsamba et al.,

2021).

The mixing-length parameter (first established in Böhm-Vitense (1958)) is defined by

αMLT = `MLT/HP, where `MLT is the mixing length, and HP is the pressure scale height.

In MESA, αMLT is implemented by the mlt module for convection, as presented by Cox

and Giuli (1968), and, for this grid, was fixed at 1.711. Convective overshooting was

implemented via an exponential decay of the convective diffusion coefficient beyond the
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Figure 2.1: Hertzsprung–Russell diagram displaying every tenth model of each of the 41

tracks in the subgiant phase produced for the stellar grid described in the text.

convective boundary, according to Herwig (2000),

Dov = Dconv,0.exp

(
− 2z

fovHP

)
, (2.2)

where Dconv,0 is the diffusion coefficient at the convective border, z is the distance from the

boundary of the convective region, and fov is a user-adjusted dimensionless parameter

set to 0.01. Because the pressure scale height diverges at the centre, the classical im-

plementation can generate unphysically large overshooting regions for small convective

cores*. MESA can ensure that overshoot is always limited to a fraction of the convective

region’s extension through the application of a geometrical cut-off (Paxton et al., 2011),

replacing HP in Equation 2.2 with

H̃P := HP · min
(

1,
∆Rcz

HP · αov

)
, (2.3)

where ∆Rcz is the thickness of the convectively-unstable region, and αov is by default set

to the mixing length parameter. Microscopic diffusion was not included.

*For stars with M & 1.1 M�, the size of the overshoot region can be the same as the core itself.
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The stellar models for all evolutionary tracks from the Hayashi line to the bottom of the

red-giant branch were computed using MESA, but only the models from the subgiant

phase were considered. This stage corresponds to the models computed between the

Terminal Age of the Main Sequence (TAMS), defined as when log(ρc) ' 3.0 g.cm−3 (cor-

responding approximately to the age at which the central hydrogen abundance reaches

Xc = 10−4 in our grid), and the Terminal Age of the SubGiant phase (TASG), defined

as when log(ρc) '4.5 g.cm−3 (Nsamba et al., 2018). Although unconventional, this ρc

condition for TAMS allows us to structure the grid with a constant ρc-step, starting from

models with the same ρc value.

Computing a grid of stellar models capable of comprehensively describing oscillation

modes in the subgiant phase is time-consuming as mixed modes vary rapidly with age.

We programmed MESA to output models at a ρc step of approximately 10 g.cm
−3, which

resulted in a dense grid of 121,424 stellar models distributed over 41 evolutionary tracks,

with the number of models per evolutionary track varying between 2959 and 2963. As

the models of our stellar grid are equally spaced in central density, the number of models

in the later stages of evolution is much larger than the number of models in the earlier

stages of evolution. This is evident in Figure 2.1, where we plot one out of every 10

models along evolutionary tracks for illustration purposes. This information is important

in order to correctly interpret the results in our figures and tables.

For each model generated by MESA, we used GYRE (Townsend and Teitler, 2013) to

compute theoretical stellar oscillation frequencies for modes with ` = 0 and 1, by solving

the equations of adiabatic stellar pulsations, outputting the frequencies within the frame

window determined by

[ν`,n] = νmax ± 3σν, where σν =
0.66ν0.88

max

2
√

2 log(2)
(2.4)

where νmax is the frequency of maximum power, and σν is the width of the Gaussian

envelope encompassing the distribution of pulsations, as given by Mosser et al. (2012).

The normalized mode frequencies determined for this stellar grid are shown in Figure

2.2. Although all ` = 0 modes determined by GYRE within the frame window defined by

Equation (2.4) were considered, only positive radial orders of ` = 1 modes were used in

the tests. Only non-radial modes of degree ` = 1 were computed, since the objective is to

compare the interpolation of pure acoustic modes (` = 0) with the interpolation of mixed

modes, for which ` = 1 modes are the best example as their p-g coupling is maximal.
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Figure 2.2: Evolution of ` = 0 (red) and 1 (blue) normalized mode frequencies with τscaled
(top) and ρc (bottom), for a mass track with 1.245 M�. The correspondent radial orders
n are indicated at the beginning and end of the evolution.

Finally, as discussed in Section 1.4.1, in order to remove the impact of the evolution-driven

change in mean density, we considered normalized frequencies, as defined by Equation

1.60,

ν`,n,norm = ν`,n/
√

GM/R3. (2.5)

2.2.2 Interpolation methods

A complete interpolation process requires both interpolation along the evolutionary track

(i.e., in the age proxy), and across the input parameters of the grid (in this case, mass).

Therefore, we considered a series of interpolationmethods to explore the regions between

stellar models, dividing the procedure in two steps (as shown in Figure 2.3): (i) age in-

terpolation between models within an evolutionary track, considering a certain age proxy,

and (ii) track interpolation across different evolutionary tracks (in the mass parameter), for

a constant value of the previously chosen age proxy.

For the interpolation procedure, we considered first (linear) and third (cubic) order meth-

ods, having used either polynomial or spline interpolation. Polynomial interpolation usu-

ally fits an n order function to n + 1 points, and is used to interpolate between the middle

two. Spline interpolation considers a set of n order functions, each defined between two

data points, to build a system of equations, constrained so that the values of the function
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and of its first and second derivatives match as one approaches each data point from

the left and right. These requirements still leave the system under-constrained, which

requires some reasonable assumptions to be made about the values beyond the range of

data being fitted, usually an assumption about the second derivative at the two end points.

In both cases, the interpolated functions pass through all the existing points of the initial

stellar grid. For example, consider an evolutionary track of a given mass M and a mode

of a given radial order n (or similarly, consider a fixed value for a given age proxy τ and a

mode of a given radial order n). Between every two models (x1, x2) on that evolutionary

track (or at a fixed age proxy), we can linearly interpolate the frequencies to any point x

within that interval by computing

f (x) =
(x2 − x)y1 + (x − x1)y2

x2 − x1
(2.6)

where y1 and y2 are the mode frequencies of radial order n in the models x1 and x2,

respectively.

In the case of cubic splines, interpolation is accomplished using the function

f (x) =



a1x3 + b1x2 + c1x + d1, if x ∈ [x1, x2]

a2x3 + b2x2 + c2x + d2, if x ∈]x2, x3]

...

akx3 + bkx2 + ckx + dk, if x ∈]xk, xk+1]

(2.7)

where each group of the 4 coefficients (ak, bk, ck, dk), that define a segment ]xk, xk+1] of

the resulting function, is obtained by solving the system of equations

akx3
k + bkx2

k + ckxk + dk = yk

akx3
k+1 + bkx2

k+1 + ckxk+1 + dk = yk+1

d
dx fk−1(xk) =

d
dx fk(xk)

d2

dx2 fk−1(xk) =
d2

dx2 fk(xk)

+ boundary conditions.

(2.8)

We note that each polynomial from Equation (2.7) is valid within the respective intervals

only. For interpolation in Python, we used the library package scipy.interpolate.inter-

p1d(), while considering its default conditions. This includes boundary conditions estab-

lished by a ‘not-a-knot’ condition, i.e., the first and the last two polynomials’ third deriva-

tives are equal in the point where they touch each other.
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Figure 2.3: Schematic of the 2-step interpolation procedure. Frequencies from known

models (black dots) are used to estimate the frequencies of models at specific age proxy

values (white dots) along a particular track Mi - interpolation along tracks. These esti-

mated frequencies are then used to interpolate across the evolutionary tracks of masses

Mi, for a specific age proxy value and fixed `, n (red dot) - interpolation across evolution-

ary tracks.

For each choice of the interpolation method, we can consider different age proxies for

interpolation. Here we consider three options, namely, physical age, τ; scaled age, τscaled;

and central density, ρc, with

τscaled =
τ − τTAMS

τTASG − τTAMS
. (2.9)

For each model i, the errors associated with each interpolation method and chosen age

proxy are given by

δνi,`,n,norm = (ν`,n,norm,theoretical − ν`,n,norm,interpolation)i, (2.10)

where theoretical and interpolation stand for the value outputted by GYRE and by the

interpolation algorithm considered, respectively. Dimensional versions of these errors

were computed using the equation

δνi,`,n = δνi,`,n,norm ×
√

GM/R3. (2.11)

2.3. Results of the Interpolation Tests

In this Chapter, to characterize the interpolation errors on a given evolutionary track of

mass M*, we define two metrics, namely: (i) the maximum error for a given mode degree

` (m`,M), i.e. the maximum absolute interpolation error observed for all modes of a given

degree in all interpolated models pertaining to the chosen evolutionary track, and (ii) the

*M is used as index to our metrics (and not to be confused with the azimuthal order).
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average offset for a given mode degree ` on the evolutionary track of mass M (µ`,M),

calculated as a weighted mean of all absolute interpolated errors, |δνi,`,n,M|, for all modes

on all interpolated models pertaining to the chosen evolutionary track. Specifically,

µ`,M =
1

∑n ∑i wi,M
∑
n

∑
i
|δνi,`,n,M|wi,M (2.12)

where

wi,M = (τscaled,i+1 − τscaled,i−1)/2. (2.13)

The sum in n is over all the radial orders considered for an evolutionary track (cf. Section

2.2.1), while the sum over i includes all themodels for a given radial order and evolutionary

track. The weight wi,M ensures that the same weight is given to similar intervals of τscaled,

preventing the metric from being biased towards the evolved subgiants due to our grid

having models similarly distributed in ρc, rather than in τscaled. In the sections that follow,

we drop the indices ` and M in the quantities m`,M and µ`,M, and the indices i and M in

δνi,`,n,M. The mode degree, the mass of the evolutionary track and, when relevant, the

model are, instead, identified in the text or legend where these quantities appear.

2.3.1 Interpolation Along Evolutionary Tracks

We started by performing a control study of the errors on the frequencies that result from

applying interpolation along an evolutionary track. Accordingly, we consider all evolution

frequency curves (each defined by a different fixed radial order) determined for the mass

track with M = 1.245 M�, and consider two possible interpolation methods - linear inter-

polation and cubic splines, and three possible age proxies - τ, τscaled and ρc. The results

are displayed in Figure 2.4 and Table 2.1 for ` = 0, and in Figure 2.5 and Table 2.2 for

` = 1, according to their maximum errors, m, and average offsets, µ, as defined above.

The results of interpolation along evolutionary tracks considering τ as the age proxy are

exactly the same as when considering τscaled as the age proxy, since both age proxies

are related by a proportionality constant (cf. Equation 2.9) that remains unchanged within

a fixed evolutionary track.

For radial modes, the average offset of the interpolation errors is about 3 orders of magni-

tude smaller than the accuracy limit we set (∼0.1 µHz). This is expected, as the frequen-

cies of radial modes evolve smoothly and therefore do not produce significant interpolation
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Table 2.1: Average offsets (µ) and maximum errors (m) from interpolation along the evo-

lutionary track with 1.245 M�, for all ` = 0 mode frequencies, considering the indicated

interpolation algorithms. We notice that interpolation errors are the same for τ and τscaled.

- Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 3.9 × 10−4 9.8 × 10−5

m (µHz) 6.1 × 10−3 3.7 × 10−3

ρc
µ (µHz) 7.1 × 10−4 1.6 × 10−4

m (µHz) 7.9 × 10−3 5.6 × 10−3

Figure 2.4: Interpolation errors presented as a function of τscaled (bottom x-axis) and

ρc (top x-axis), that resulted from interpolation along the evolutionary track with M =
1.245 M�, for all ` = 0 frequency modes, with radial orders n ∈ [9, 23], indicated by

different colours. Each subplot presents the results for a different interpolation method,

considering different methods - linear (top panels) or cubic splines (bottom panels) - and

different age proxies - τscaled (left) and ρc (right).

errors. We observe only a slight improvement when increasing the order of the interpo-

lation (from linear to cubic splines) and no significant dependence on the adopted age

proxy.

For the ` = 1 modes, we again observe that the interpolation errors are essentially inde-

pendent of the age proxy considered. However, the results for the dipole modes show a
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Table 2.2: Average offsets (µ) and maximum errors (m) from interpolation along the evo-

lutionary track with 1.245 M�, for all ` = 1 mode frequencies, considering the indicated

interpolation algorithms. We notice that interpolation errors are the same for τ and τscaled.

- Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.4 × 10−3 2.3 × 10−4

m (µHz) 1.7 × 10−1 3.0 × 10−2

ρc
µ (µHz) 5.5 × 10−3 3.4 × 10−4

m (µHz) 1.8 × 10−1 3.3 × 10−2

Figure 2.5: Interpolation errors presented as a function of τscaled (bottom x-axis) and ρc
(top x-axis), that resulted from interpolation along the evolutionary track with M = 1.245

M�, for all ` = 1 frequency modes, with radial orders n ∈ [1, 20], indicated by different

colours. Each subplot presents the results for a different interpolation method, namely

linear (top panels) and cubic splines (bottom panels), and different age proxies - τscaled
(left) and ρc (right).

significant dependence on the interpolation method, with the average offset resulting from

linear interpolation being approximately 19.8 times larger than the average offset obtained

using cubic splines. This shows that the cubic splines interpolation method is preferred

for interpolation along evolutionary tracks for dipole modes. Moreover, the results show

that the maximum error when interpolating with cubic splines along the evolutionary track
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is about an order of magnitude smaller than the typical observational errors (∼0.1 µHz),

leaving room for additional errors that will result from the interpolation across different

evolutionary tracks, and that we will address in Sections 2.3.2-2.3.5.

In Appendix A, we present the results of interpolation along evolutionary tracks for all the

mass tracks in our stellar grid. This emphasizes our choice in highlighting the results

for the mass track with M = 1.245 M�, as its interpolation errors are comparable in

magnitude to those of other tracks, making it a representative example for interpolation

along evolutionary tracks.

2.3.2 Full Interpolation with τ and τscaled as Age Proxies

In this section, we analyse the errors resulting from the application of the full interpolation

algorithm employed in the computation of the frequencies of models that do not lie on a

particular evolutionary track. To this end, we consider a subset of our grid composed only

of the models whose third decimal place of the associated mass value is 0 (e.g., 1.240)

in order to retrieve through interpolation the models of the initial complete grid - namely

those whose third decimal place of the associated mass value is 5 (e.g., 1.245).

As before, the initial tests are performed for models with M = 1.245 M�, whose fre-

quencies are computed through interpolation, and subsequently compared with the true

frequencies computed for the initial grid using GYRE. These tests will then be extended

to the full grid in Section 2.3.4 and in Appendix B. The interpolation is made using the

corresponding adjacent evolutionary tracks from the subset grid (2 for linear interpolation

across tracks and 4 for the cubic splines interpolation across tracks). The results consid-

ering cubic splines along an evolutionary track and linear interpolation across evolutionary

tracks are shown in Figure 2.6 and Table 2.3 for ` = 0, and in Figure 2.7 and Table 2.4 for

` = 1. Results from interpolating ` = 1 modes using cubic splines both along and across

evolutionary tracks are shown in Figure 2.8. In all three figures, the results from consid-

ering τ as the age proxy are shown in the top panels, while the results from considering

τscaled as the age proxy are shown in the middle panels.

For radial modes (Figure 2.6), the smallest maximum errors and average offsets were ob-

tained when τscaled is considered as the age proxy, with values of 1.4× 10−1 and 6.9× 10−2

µHz, respectively. This shows that, even for radial modes, interpolation errors can be

larger than our goal, albeit not significantly so. Despite the absence of avoided crossings,

the evolution of ` = 0 mode frequencies for different mass tracks is not aligned when
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Table 2.3: Average offset (µ) andmaximum errors (m) from the full interpolation algorithm

(that considers cubic splines along tracks and linear across tracks). The results are for

all ` = 0 modes associated with the evolutionary track with 1.245 M� (determined from

interpolation using adjacent evolutionary tracks), for each of the age proxies indicated.

- Errors Linear

τ
µ (µHz) 5.0 × 10−1

m (µHz) 3.7 × 100

τscaled
µ (µHz) 6.9 × 10−2

m (µHz) 1.4 × 10−1

ρc
µ (µHz) 7.3 × 10−2

m (µHz) 3.0 × 10−1

expressed as a function of the age proxies considered. Thus, interpolation between dif-

ferent evolutionary tracks will happen between different phases of evolution of the modes,

as shown in Figure 2.9. This effect is more evident for the frequency evolution in age (top

panel) than for the frequency evolution in τscaled (bottom panel), which is consistent with

the errors presented in Table 2.3.

In the case of ` = 1 modes, the linear interpolation across tracks is again found to give

better results when τscaled is taken as the age proxy (middle panel of Figure 2.7), compared

to using τ (top panel of Figure 2.7). However, the average offset of 5.6 × 10−1 µHz and

the maximum error of 3.6 × 100 µHz are already larger than our accuracy limit, with m

being an order of magnitude greater than that limit. The reason for these errors when

considering τ or τscaled as the age proxy has been discussed in Section 1.4.2 and can

be further understood from the left and middle panels of Figure 2.10. Because the mixed

modes are not aligned when the frequency curves are described as a function of these age

proxies, interpolation between different evolutionary tracks happens between different

phases of evolution of the mixed modes, failing even when considering a relatively dense

grid of models. Thus, for the cases presented, it is not possible to obtain results within the

accuracy limit set by the typical observational errors with this choice of methods and age

proxies, which could potentially limit the use of stellar grids with interpolation to explore

the parameter space when fitting seismic data for subgiant stars.

2.3.3 Central density ρc as an Alternative Age Proxy

As discussed in Section 1.4.2, the avoided crossings on evolutionary tracks with differ-

ent masses appear more aligned when the frequencies are displayed as a function of

the central density, ρc (right plot of Figure 2.10). With the avoided crossings showing an
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Table 2.4: Average offset (µ) andmaximum errors (m) from the full interpolation algorithm

(that considers cubic splines along tracks and the indicated regression method across

tracks). The results are for all ` = 1 modes associated with the evolutionary track with

1.245 M� (determined from interpolation using adjacent evolutionary tracks), for each of

the age proxies indicated.

- Errors Linear Cubic Splines

τ
µ (µHz) 7.3 × 100 6.1 × 100

m (µHz) 2.6 × 101 2.7 × 101

τscaled
µ (µHz) 5.6 × 10−1 5.7 × 10−1

m (µHz) 3.6 × 100 3.3 × 100

ρc
µ (µHz) 1.4 × 10−1 1.5 × 10−1

m (µHz) 1.2 × 100 1.3 × 100

increased alignment when described as a function of ρc, interpolation can happen be-

tween models whose mode frequencies are in a more similar phase of evolution, which

is expected to lead to more accurate results.

With the above in mind, we now analyse the results from applying the full interpolation

algorithm to predict the frequencies of models of the evolutionary track of M = 1.245 M�,

using ρc as the age proxy. These results are shown in the bottom panels of Figures 2.6,

2.7 and 2.8, and summarized in Tables 2.3 and 2.4, for mode frequencies with ` = 0 and

1, respectively.

For the radial modes (` = 0) (bottom panel of Figure 2.6), interpolation errors using ρc as

the age proxy can be as high as 3.0 × 10−1 µHz, only decreasing below 5.0 × 10−2 µHz

in later stages of evolution. In fact, this maximum error is close but slightly larger than

the one obtained considering τscaled as the age proxy (m = 1.4 × 10−1 µHz) and than the

reference value of 0.1 µHz. This is not surprising since radial modes do not have avoided

crossings; thus, no particular improvement was to be expected by choosing ρc over τscaled

as the age proxy. Although some of the radial orders produce interpolation errors above

the established accuracy limit, these are limited to the models of the early subgiant phase

with τscaled < 0.4. Despite these large maximum absolute errors in some models, the

average offset is 7.3 × 10−2 µHz, well within the proposed accuracy limit.
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Figure 2.6: Interpolation errors presented as a function of τscaled (bottom x-axis) and ρc
(top x-axis), that resulted from the full interpolation algorithm (cubic splines interpolation

along tracks, and linear interpolation across tracks) for all ` = 0 modes associated with

the mass track M = 1.245 M�, when considering τ (top), τscaled (middle) and ρc (bottom)
as the age proxies for interpolation.
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Figure 2.7: Interpolation errors presented as a function of τscaled (bottom x-axis) and ρc
(top x-axis), that resulted from the full interpolation algorithm (cubic splines interpolation

along tracks, and linear interpolation across tracks) for all ` = 1 modes associated with

the track with M = 1.245 M�, when considering τ (top), τscaled (middle) and ρc (bottom)
as the age proxies for interpolation.
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Figure 2.8: Interpolation errors presented as a function of τscaled (bottom x-axis) and ρc
(top x-axis), that resulted from the full interpolation algorithm (cubic splines interpolation

both along and across tracks) for all ` = 1 modes associated with the track with M =
1.245 M�, when considering τ (top), τscaled (middle) and ρc (bottom) as the age proxies
for interpolation.
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For ` = 1 modes, errors from interpolation considering ρc as the age proxy can be as

high as 1.2 × 100 and 1.3 × 100 µHz, depending on the order of the interpolation method

considered (Figures 2.7 and 2.8, respectively), only decreasing to values below 4.0× 10−1

µHz in the later stages of the subgiant evolution. Although their maxima are quite large

(about an order of magnitude above the accuracy limit we set as reference), the average

offset is improved by a factor of ∼3.9 over the average offset of interpolation with τscaled

as the age proxy, yielding results similar to the expected accuracy limits: 1.4 × 10−1 and

1.5 × 10−1 µHz for linear and cubic splines interpolation, respectively. We verified that

this improvement in the interpolation errors is not a consequence of the grid being equally

spaced in ρc, rather than τscaled, (note that the errors from interpolation along the tracks

are always small, regardless of the age proxy being adopted when compared with the

final errors) (cf. Table 2.2).

2.3.4 Results for the Full Grid

Next, we apply the analysis to the full grid and discuss the complete set of results. To

this end, we use the mode frequencies from the models whose third decimal place in the

associated mass value is 0 to obtain the frequencies for the missing mass tracks that also

appear in the initial grid (i.e., those whose third decimal place in the associated mass

value is 5). Results are presented in the tables in Appendix B, and summarized in Figure

2.11. Interpolation was not performed for tracks with masses 1.155 and 1.345 M�, as they

are near the limit where there are not enough models on one side to allow cubic spline

interpolation.

The results from Figure 2.11 show that using ρc as the age proxy significantly improves

the accuracy of the interpolation compared to τscaled. For M > 1.20 M�, both the aver-

age offset and maximum error are smaller when ρc is used instead of τscaled, as the age

proxy. For lower masses, there are a few cases where the interpolation errors obtained

with the two age proxies are comparable, but only for one mass track both the average

offset and the maximum error are larger when ρc is chosen. Moreover, we see that, with

the exception of the mass track M = 1.175 M� (brown dashed line in Figure 2.11), the

average offset when taking ρc as the age proxy is always approximately within a factor

of two of the reference value. It also becomes evident that, for the more massive evolu-

tionary tracks, the average offset when considering τscaled as the age proxy is similar to

the maximum error found when ρc is chosen. Thus, when considering the full grid, the

adoption of ρc in place of τscaled as the age proxy seems well justified. Finally, Figure 2.11
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Figure 2.9: Evolution of the scaled frequencies for the ` = 0 modes, with radial order

n=11, resulting from the application of the interpolation algorithm to the mass track with

1.245 M �, presented as a function of τ (top) and τscaled (bottom), when each is consid-
ered as the respective age proxy for interpolation. The bottom panel includes a subplot

that zooms in on the region of the age proxy parameter space with the largest interpola-

tion errors.

confirms that the evolutionary track of M = 1.245 M� (brown dotted line), considered in

the previous sections, has typical interpolation errors, justifying its use in the more de-

tailed analysis presented. It also shows that there is an evolutionary track (M = 1.175

M�) for which interpolation performs significantly worse. We shall address the origin of

these anomalously large interpolation errors found for the latter model track in Section

3.2.

2.3.5 Impact of the Order of Interpolation

Having discussed the results of interpolation considering different age proxies, we now

compare the performance of the different orders of interpolation when interpolating across
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Figure 2.10: Evolution of the normalized frequencies of non-radial ` = 1 modes, with ra-

dial orders n = [10,11,12], for evolutionary tracks of the stellar grid with masses between

1.23 and 1.26 M�, as a function of the various age proxies considered for interpolation:
τ (left), τscaled (middle), and ρc (right). Different colours are used to represent different

stellar masses and different line styles show different radial orders, according to the in-

sets in the middle and right panel, respectively.

evolutionary tracks for a fixed value of the age proxy. We compare the results of applying

linear interpolation (Figure 2.7) and cubic splines interpolation (Figure 2.8) to the ` = 1

modes of models in the mass track with 1.245 M�. These results, summarized in Table

2.4, show that the average offset and the maximum error hardly change when varying the

order of interpolation. This holds true for both τscaled and ρc as age proxies.

Considering the full grid does not change these conclusions in any significant way, when

taking ρc as the age proxy, we identified eight interpolated mass tracks where linear inter-

polation performed better (i.e., resulting in smaller µ and m values than when employing

the cubic splines), nine cases where cubic splines interpolation performed better, and one

case where the results were mixed (for M = 1.225 M�, the smallest µ and m values were

found using different methods). These results suggest no strong preference for either in-

terpolation method when performing interpolation across evolutionary tracks. Moreover,

inspection of the tables in Appendix B shows that the average offsets computed with lin-

ear and cubic splines interpolation for each individual track are almost always of the same

order of magnitude. The most significant differences are found for M = 1.165 and 1.185

M�, for which µ from linear interpolation can be approximately 6.2 and 3.2 times smaller

than µ from cubic splines, respectively. These two cases, together with the mass track

with 1.175 M�, which presents the highest interpolation errors in this grid (see Figure

2.11), span the region of the mass parameter space where the core properties of the

modelled stars change. This will be discussed in detail in Section 3.2.
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Figure 2.11: Average offsets (µ, indicated by squares; in µHz) and maximum errors (m,
indicated by triangles; in µHz) from the full interpolation method, which considers cubic

splines along evolutionary tracks and linear (top) or cubic splines (bottom) interpolation

across evolutionary tracks and τscaled (red) or ρc (yellow) as the age proxy, for all ` =
1 modes obtained for the interpolated tracks of the initial grid. The horizontal line at

10−1 µHz indicates the accuracy limit set for these tests. The vertical brown dotted line
highlights the results for our reference track with M = 1.245 M�, while the vertical brown
dashed line highlights the anomalous track with M = 1.175 M�.

Given the results presented in the previous subsections, we favour the interpolation ap-

proach that is both the simplest and least computationally expensive: cubic splines for

interpolation along tracks, linear interpolation for interpolation across tracks, and ρc as

the age proxy.

2.3.6 Testing the Grid Resolution

We now recall that every evolutionary track in the initial grid has between 2959 and 2963

models, with about half of them (approximately 1482 models) being used to determine the

other half through interpolation. This is a large number of models occupying the system

memory, and therefore, we aim to assess the impact of the grid resolution on the interpo-

lation errors. Considering the results from the previous sections, we divide this analysis

into two parts, with two different objectives. The first concerns interpolation along evo-

lutionary tracks, where we determine what is the minimum number of models per track

required to maintain accuracy within the specified limit.



FCUP 59

Building Next-Generation Tools for the Exploitation of Space-Based Seismic Data

Table 2.5: Average offsets (µ) and maximum errors (m) resulting from interpolation along

the evolutionary track with M = 1.245 M� (considering a cubic polynomial or cubic

splines method), when considering ρc as the age proxy, for all associated ` = 1 mode

frequencies, and for the indicated grid resolutions, 1/k.

- Method for Interpolation Along

Resolution Errors Cubic Polynomial Cubic Splines

1/1
µ (µHz) 7.0 × 10−4 3.4 × 10−4

m (µHz) 4.1 × 10−2 3.3 × 10−2

1/2
µ (µHz) 3.3 × 10−3 1.0 × 10−3

m (µHz) 1.1 × 10−1 8.3 × 10−2

1/3
µ (µHz) 1.3 × 10−2 5.4 × 10−3

m (µHz) 3.4 × 10−1 2.1 × 10−1

1/4
µ (µHz) 3.5 × 10−2 1.6 × 10−2

m (µHz) 8.3 × 10−1 5.6 × 10−1

1/5
µ (µHz) 7.3 × 10−2 3.1 × 10−2

m (µHz) 1.7 × 100 1.1 × 100

1/6
µ (µHz) 1.4 × 10−1 1.3 × 10−1

m (µHz) 2.8 × 100 3.4 × 100

With this objective in mind, we consider multiple subgrids, each with a fraction of the

resolution of the initial grid, 1/k, where each evolutionary track is built by selecting every

kth model from the initial track. In this study, we focus on the evolutionary track with

1.245 M�, and test grid resolutions ranging from 1/1 (the initial grid) to 1/6 of the initial

grid (which contains only ∼247 models per track for interpolation). Although we continue

to test different interpolation methods, we establish ρc as the definitive age proxy. The

results are summarized in Table 2.5.

In addition to cubic splines, we tested the grid resolution using interpolation with cubic

polynomials, for which we expect errors to increase as k4. However, as we found that not

to be the case, we made a sanity test on an evolutionary track with 10 times the number

of models of the initial grid. In that much denser grid, we find that our interpolation routine

produces errors that scale as expected, implying that the interpolation routine is correctly

implemented but our grid is not sufficiently dense to reach such regime. This sanity test

and its results are discussed in Appendix C.

We observe that both the average offset µ and the maximum error m increase significantly

when the grid resolution is reduced. For a grid resolution of 1/6, both µ and m increase

by more than 2 orders of magnitude. However, while the average offset changes from

3.4 × 10−4 to 1.3 × 10−1 µHz, a value still close to the established accuracy limit, the
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Table 2.6: Average offsets (µ) and maximum errors (m) from the full interpolation al-

gorithm (that considers cubic splines along tracks, the indicated interpolation method

across tracks - linear or cubic splines, - and ρc as the age proxy) applied to all ` = 1

modes associated with the evolutionary track with M = 1.245 M� (determined from ad-

jacent evolutionary tracks), for different grid resolutions, 1/k.

- Method for Interpolation Across

Resolution Errors Linear Cubic Splines

1/1
µ (µHz) 1.4 × 10−1 1.5 × 10−1

m (µHz) 1.2 × 100 1.3 × 100

1/2
µ (µHz) 1.5 × 10−1 1.6 × 10−1

m (µHz) 1.3 × 100 1.4 × 100

1/3
µ (µHz) 1.6 × 10−1 1.7 × 10−1

m (µHz) 1.3 × 100 1.4 × 100

1/4
µ (µHz) 1.6 × 10−1 1.7 × 10−1

m (µHz) 1.5 × 100 1.4 × 100

1/5
µ (µHz) 1.7 × 10−1 1.7 × 10−1

m (µHz) 1.7 × 100 1.4 × 100

1/6
µ (µHz) 2.5 × 10−1 1.8 × 10−1

m (µHz) 3.8 × 100 1.4 × 100

maximum errors increase from 3.3 × 10−2 to 3.4 × 100 µHz, which is well beyond the es-

tablished accuracy limit. To ensure that interpolation errors along evolution are within

values comparable to the goal, our results suggest that the minimal grid resolution rec-

ommended should be no less than 1/3 of the initial grid (i.e., a grid with approximately 494

models per track for interpolation). In this case, the maximum error of 2.1 × 10−1 µHz is

only slightly higher than the established accuracy limit.

The second part of the exercise concerns the impact of the grid resolution on the interpo-

lation across evolutionary tracks. In Section 2.3.4, we found that the results for the current

grid fail to comply with the reference accuracy in what concerns the maximum error, while

performing reasonably close to the goal (within a factor of two) in what concerns the aver-

age offset, when ρc is used as the age proxy. Thus, depending on the quality of the data,

the accuracy achieved with our reference grid may still suffice; in this case, it remains

important to understand whether a similar accuracy can be achieved with a reduced num-

ber of models. To test this, and the corresponding impact on the interpolation errors, we

repeat the exercise of decreasing the grid resolution for the case of full interpolation.

Table 2.6 displays the results of the full interpolation algorithm applied to different grid

resolutions, considering cubic splines for interpolation along tracks, and either linear or
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cubic splines for the interpolation across tracks. For the case previously established as

the preferred option (cubic splines along and linear across), we observe a weaker de-

pendence of the interpolation errors with the subgrid resolution compared to interpolation

along evolution alone. Indeed, the average offsets remain close to the accuracy limit, in-

creasing only slightly until the subgrid with 1/6 of the models is considered. Moreover, the

maximum errors, which are found to be out of the accuracy limit already in the initial grid,

hardly change when the number of models is decreased to 1/3 of the initial value. The

impact of further decreasing the number of models to 1/6 of the initial number seems to

depend on the order of the method applied for the interpolation across evolutionary tracks,

with cubic splines performing somewhat better when the number of models is significantly

decreased.

In conclusion, we find that reducing the number of models per evolutionary track to ap-

proximately 1/3 of the initial value does not impact the accuracy of the interpolation results

from our grid in any significant way. However, we emphasize that, in all cases, the maxi-

mum interpolation errors remain significantly above the goal (as seen in Figure 2.11, and

discussed in Section 2.3.4).

-

2.4. Conclusions

In this study, we began by examining a group of interpolation methods when applied both

along and across evolutionary tracks, especially focusing on a specific mass track with

1.245 M�. Accordingly, we analyzed all the frequency curves corresponding to this mass

track, by considering two possible interpolation methods - linear interpolation and cubic

splines, and three possible age proxies - τ, τscaled, and ρc.

For ` = 1 frequency modes, our analysis of the mass track with 1.245 M� revealed that

the most effective interpolation approach should consider cubic splines for interpolation

along tracks, linear interpolation for interpolation across tracks, and ρc as the preferred

age proxy. This approach resulted in an average offset of 1.5 × 10−1 µHz, which is about

1.5 times greater than the desired accuracy limit of 0.1 µHz, and a maximum error of

1.3 × 100 µHz, which exceeds the accuracy limit by at least an order of magnitude. This

showed that the accuracy goal is not satisfied in any of the configurations considered.

The results of applying interpolation to the full grid, shown in Figure 2.11, confirm the
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preference for using ρc as the age proxy over τscaled, as it significantly improves the accu-

racy of interpolation for most tracks of the stellar grid. Furthermore, we observe that, with

the exception of the mass track with 1.175 M�, the average offset when taking ρc as the

age proxy is always approximately within a factor of two of the reference value. Figure

2.11 also shows that the evolutionary track with M = 1.245 M�, discussed in the pre-

vious subsections, exhibits typical interpolation errors, which justifies why it was chosen

for a more detailed analysis, and supports the generalization of its conclusions to the full

grid. The only exception, the mass track with 1.175 M�, for which interpolation performs

significantly worse, will be addressed in Section 3.2.

Finally, we also presented the results of testing different resolutions of the initial grid and

their implications for the interpolation results. We found that reducing the number of mod-

els per evolutionary track to approximately 1/3 of the initial value (i.e., ∼500 models per

evolutionary track) does not impact the accuracy of the interpolation results from our grid

in any significant way. However, we emphasize that, for all resolutions tested, the maxi-

mum interpolation errors remain significantly above the goal.
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3. The Effects of Convective Boundary Mixing
on Interpolation

In Sections 2.3.4 and 2.3.5, we noted that all measurements of interpolation errors are

significantly larger for the evolutionary track with M = 1.175 M� (see the brown dashed

line in Figure 2.11). In this Chapter, we investigate the origin of these larger errors -

connecting them to the treatment of core overshoot at the mass threshold for convective

cores to appear in the main-sequence (MS). We also discuss the implications that such

transition may have in the construction of future model grids.

The content of the following chapter is adapted from the work published in Clara et al.

(2025), which has been published in Astronomy & Astrophysics.

-

3.1. Introduction

Recent years have seen a renewed interest in the subject of overshoot, with several stud-

ies directed towards the understanding of the underlying physics, distinguishing the vari-

ous mixing mechanisms, and constraining the amount of overshooting required for differ-

ent types of stars (Deheuvels et al. (2016), Claret and Torres (2017), Claret and Torres

(2018), Pedersen et al. (2018), Mombarg et al. (2021), Anders and Pedersen (2023),

Lindsay et al. (2024)).

In Section 1.2.3, we discussed the prescriptions most commonly applied when modelling

overshoot in evolutionary codes, particularly for stars with convective cores (i.e. M & 1.1

M�). For these, we have discussed options for how to treat the thermal structure inside

an overshoot region affected by extra mixing (see penetrative overshoot and convective

overshoot), as well as how instantaneous and homogeneous the chemical mixing can

be (see step overshoot and exponential diffusive overshoot)*. However, we did not ad-

dress how the implementation of convective core overshoot should relate with the stellar

parameters commonly considered as grid inputs, such as mass and initial metallicity.

In our grid (presented in Section 2.2), whenever a convective core is present, we adopted

a prescription that combines convective overshoot (where ∇ = ∇rad in the overshoot re-

gion) and exponential diffusive overshoot (with fov as the free parameter), applied under

*We note that the diversity of implementations is due to the current lack of observations that could help

constrain the physical properties of the extra mixing beyond convective cores.
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Figure 3.1: Inferred effective overshoot parameter αov,eff shown as a function of the mod-
elled stellar mass, for the sample of 62 early post-MS stars from Lindsay et al. (2024).

Data points are colour-coded according to the modelled initial metallicity. The position

and colour of each point represent the 50th percentile of each parameter for each target,

with error bars representing the range from the 16th and the 84th percentiles of each

parameter’s posterior distribution. Plot from Lindsay et al. (2024).

the Schwarzschild criterion, and without semiconvection. Models for each evolutionary

track were generated from the beginning of their pre main-sequence with fov set to 0.01.

However, the core overshooting parameter remains poorly constrained, and other over-

shoot implementations could be considered.

This is expected, since subgiants do not possess convective cores (see Section 1.3).

In practice, limits on this parameter for subgiant models are typically inferred indirectly,

through studies of how stellar properties are affected by a convective core during the MS.

While subgiant stars do not have a convective core (cf. Section 1.3), the properties of

overshooting during the main-sequence influence the cores of stars in the subgiant phase.

Therefore, these more evolved stars can be used to constrain the properties of overshoot

in their main-sequence progenitors. This has been proposed in several studies, such

as that of Lindsay et al. (2024), whose main results we detail below. Figure 3.1 shows

the results from Lindsay et al. (2024) for the effective overshoot parameter (αov,eff)* as a

function of the stellar mass, with error bars representing the range between the 16th and

the 84th percentiles of each parameter’s posterior distribution. The results are separated

into threemain sections: (a) stars with M . 1.0M�, where αov,eff = 0, because these stars

*Lindsay et al. (2024) consider a step overshoot prescription with free parameters αov (used as a grid

input in their work) and αov,eff (an effective overshoot parameter, calculated directly from theMESA-generated

profile at the time step when the MESA-defined convective core mass was at its maximum).
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Figure 3.2: Inferred effective overshoot parameter αov,eff obtained from the works of Lind-

say et al. (2024) (red points), Deheuvels et al. (2016) (yellow squares), Viani and Basu

(2020) (blue squares), Noll and Deheuvels (2023), Noll et al. (2021) (green squares),

Claret and Torres (2018, 2019) (black triangles) and Mombarg et al. (2021) (brown trian-

gles) as a function of the stellar mass. Plot adapted from Lindsay et al. (2024).

cannot sustain convective cores for extended periods of time; (b) stars with 1.0 . M .

1.15 M�, where αov,eff increases with mass; and (c) stars with M & 1.15 M�, where αov,eff

remains largely independent from stellar mass, even through spreading within a range

between 0.075 and 0.125. Regarding the relation between αov,eff and initial metallicity

([Fe/H]0), Lindsay et al. (2024) found no strong correlation between the two parameters.

The results from Lindsay et al. (2024) are compared to other works in Figure 3.2. The plot

includes results from several studies that use asteroseismic data to estimate overshooting

in similar MS convective cores (Deheuvels et al. (2016), Viani and Basu (2020), Noll and

Deheuvels (2023), Noll et al. (2021)), as well as from studies based on a sample of high-

mass MS stars from double-line eclipsing binary systems (Claret and Torres, 2018), and

a sample of high-mass γ Doradus stars (Mombarg et al., 2021).

First, comparing the works that used asteroseismic data, Lindsay et al. (2024) found that

the results at the low-mass end of the sample agree closely with previous works. However,

for larger masses (M & 1.3 M�), the results diverge from those of Viani and Basu (2020),

what appears to be a result of using different overshooting prescriptions*, and considering

a much denser grid of stellar models during the modelling procedure.

*When modelling data, Lindsay et al. (2024) employed a step overshoot prescription, while Viani and

Basu (2020) considered penetrative overshoot.
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Figure 3.3: Inferred convective overshoot values ( fov) shown as a function of stellar mass,
for the sample of dwarf and giant double-line eclipsing binaries presented in Claret and

Torres (2018). The typical error bars for these stars are indicated on the lower right. The

solid curve provides a convenient fitting to the data, according to Equation 3.1. Plot from

Claret and Torres (2018).

The results fromClaret and Torres (2018)* show a dependence of αov,eff onmass similar to

Lindsay et al. (2024), although covering a different range of masses. While the sample of

eclipsing binaries from Claret and Torres (2018) shows a linear relationship between the

two parameters for masses between 1.20 and 2.00 M�, Lindsay et al. (2024) presents a

similar relation for masses between 1.00 and 1.20 M�. According to Lindsay et al. (2024),

this might be associated with the different overshooting prescriptions†, with the different

resolutions of stellar models grids employed in the modelling process, or with the different

modelling procedures considered in each study‡.

In constructing a stellar grid, such as the one presented in Section 2.2.1, it is necessary

not only to decide how to treat the overshooting layers, but also its dependence on the

model properties. The studies reported above provide evidence that near the transition

between stars with radiative cores to stars with convective cores, the overshoot is likely

mass dependent, something that has not been considered in our original grid. In fact,

*We do not discuss the results of Mombarg et al. (2021) in the text as their sample is fully outside the

mass range we consider, and so do not contribute significantly to this discussion.
†Similarly to Viani and Basu (2020), Mombarg et al. (2021) and Claret and Torres (2018) also considered

a penetrative overshoot prescription. However, we note that the results from all these works have been

calibrated for comparison, based on a tight correlation observed between αov and fov: αov/ fov ≈ 11.36± 0.22
(discussed in Claret and Torres (2018), Lindsay et al. (2024) and Anders and Pedersen (2023)).

‡Lindsay et al. (2024) used detailed asteroseismic data from individual oscillation modes, while Claret

and Torres (2018) relied on masses, radii, and effective temperatures of binary stars.
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based on their sample of high-mass MS eclipsing binaries, Claret and Torres (2018) pro-

vide the following relation between fov and stellar mass M,

fov =


0, if M ≤ 1.20M�

0.02013
1+e−5.5(M−1.47) − 0.00373, if M > 1.20M�

(3.1)

(illustrated in Figure 3.3). This fitting curve offers an observational-driven approach to

considering the variation of the convective overshoot parameter fov as a function of the

grid inputs, especially mass (M), using relatively few parameters. However, we empha-

size that this formula was calibrated based on the sample from Claret and Torres (2018).

Consequently, its numerical parameters need to be recalculated for different samples.

This is addressed in the following sections, where we revisit the interpolation errors at the

transition between models with radiative cores and models with convective cores.

-

3.2. The Convective Overshoot Problem in our Grid

To understand the origin of the large interpolation errors observed for the evolutionary

track with M = 1.175M� (in Figure 2.11), we now address the results from the perspective

of a fixed radial order and multiple mass tracks. To that end, we compute an average

offset similar to that presented in Equation 2.12, but now defined as a weighted mean of

all absolute interpolated errors, |δνi,`,n,M|, for a radial order of a mode on all interpolated

models of all evolutionary tracks of the grid, as given by the equation

µ`,n =
1

∑M ∑i wi,M
∑
M

∑
i
|δνi,`,n,M|wi,M (3.2)

where

wi,M = (τscaled,i+1 − τscaled,i−1)/2, (3.3)

where the sum in M is over all the evolutionary tracks of the grid considered for a radial

order, while the sum in i is over all the models for a given radial order and evolutionary

track. In these following sections, we drop the indices ` and n in the quantity µ`,n and the

indices i, M in δνi,`,n,M.

Figure 3.4 presents the frequency interpolation errors for dipolar modes of the radial order

n = 11 as a function of the age proxies τscaled and ρc. For the mass track with M = 1.175

M�, the interpolation errors are not only about an order of magnitude larger than the typical

errors found for the other masses, but they are also systematic, being consistently positive
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Figure 3.4: Interpolation errors as a function of τscaled (bottom x-axis) and ρc (top x-axis),
that resulted from the application of the full interpolation algorithm (cubic splines along

tracks and linear across tracks) across the complete grid. Results are shown for all ν1,11
mode frequencies, when ρc is used as the age proxy for interpolation. The transitionmass
between radiative and convective cores in the MS is 1.175 M� for a choice of fov=0.01.
The bottom subplot zooms in on the results for interpolation from the top plot.

and significant along the entire track. This problem is not restricted to one particular dipole

mode. In fact, all modes associated with the mass track with M = 1.175 M� exhibit

similar large errors, that can be as high as 7.7× 100 µHz, and average offsets of the order

of 1.7 × 100 µHz. This is further illustrated in Figure 3.5, constructed by focusing on a

specific evolutionary value of the age proxy (ρc = 16000 g.cm−3) where the discontinuity

is observed for all radial orders between the evolutionary tracks with M = 1.175 and 1.180

M�.

To explore further aspects of this anomaly, we consider a smaller and denser subgrid of

stellar models. This subgrid aims at understanding how increasing the density of evolu-

tionary tracks in a grid of stellar models influences the results of the interpolation methods.

It uses the same physics as the main grid (described in Section 2.2), but with different
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Figure 3.5: Evolution of the `=1 mode frequencies (obtained through interpolation) with
mass. Each point represents the frequency of the mode with the indicated radial order

for the model at the corresponding mass and at a fixed position in the evolutionary track

where ρc=16000 g.cm
−3.

Figure 3.6: Evolution of the ν1,11,norm mode frequency along an avoided crossing taking

place at central densities between 13000 and 18000 g.cm−3, for models of the first sub-

grid. The transition mass between radiative and convective cores in the MS is 1.176 M�
for this subgrid with fov = 0.01.

mass inputs, with mass values varying between 1.170 and 1.180 M� in steps of 0.001

M�.

Figure 3.6 shows the evolution of the mode frequency ν1,11,norm with central density ρc for

the different mass tracks of this subgrid, focusing on a middle stage of the subgiant phase

(in the interval between ρc = 13000 and 18000 g.cm−3, or equivalently, in the interval
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Figure 3.7: Interpolation errors as a function of τscaled (bottom x-axis) and ρc (top x-axis),
that resulted from the application of the full interpolation algorithm (cubic splines along

tracks and linear across tracks) to the first subgrid (with fov=0.01). Results are shown for
all ν1,11 mode frequencies of the subgrid, when ρc is used the age proxy for interpolation.
The transition mass between radiative and convective cores in the MS is 1.176 M� for

this choice of fov. The bottom subplot zooms in on the results for interpolation presented

in the top plot.

between τscaled = 0.890 and 0.925). The initial results show that increasing the grid

resolution in mass step exacerbates the problem, as the curves describing the evolution

of the mode frequency along the evolutionary tracks with masses 1.176 and 1.177 M�

are further apart than those with masses 1.175 and 1.180 M�. This indicates that the

interpolation problem presented in Figure 3.4 cannot be resolved by simply increasing

the grid resolution in a specific region of the parameter space. This is confirmed in Figure

3.7, where the results of applying the full interpolation algorithm to this denser subgrid,

specifically to the track with M = 1.177 M�, show no clear improvement.

Thus, the persistence of large interpolation errors around M = 1.175 M� shows that the

problem cannot be resolved by grid refinement alone, which motivates the introduction of

new subgrids aimed at testing the underlying stellar physics.
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Figure 3.8: Evolution of the mass of the convective core during the MS phase

(Mconv core,MS) as a function of the scaled age of the MS (τscaled,MS), for the different

mass inputs of our subgrids, with fov = 0.01 (left) and fov = 0.00 (right). The inset in the

right plot presents a zoomed-in view of the results.

3.3. Discussing Solutions for the Convective Overshoot Problem

Considering the dependence of the avoided crossings on the core conditions (discussed

in Section 1.4.2), we conjecture that the discontinuity observed in the behavior of the

mode frequencies with mass could be a result of a change in the physical properties of

the core. Indeed, themass values at which the large interpolation errors occur are typically

associated with the transition from stars with a radiative core to stars with a convective

core during their MS. This conjecture is supported by the evolution of the convective core

mass in our subgrid, as seen on the left plot of Figure 3.8. We observe that for evolutionary

tracks with M ≤ 1.176 M�, the mass of the convective core is non-zero at the beginning of

the MS, but it quickly decreases to zero, remaining so until the end of the MS. However, for



FCUP 72

Building Next-Generation Tools for the Exploitation of Space-Based Seismic Data

Figure 3.9: Evolution of the ν1,11,norm mode frequency along an avoided crossing taking

place at central densities between 13000 and 18000 g.cm−3, for the models of the stellar

subgrid with fov=0.00. The transition mass, between radiative and convective cores in

the MS, is 1.182 M� for this choice of fov.

M > 1.176 M�, the convective core mass remains above zero for most of the MS stage,

highlighting a possible relation between the structure of the star during the MS phase and

the systematic interpolation errors observed during the subgiant phase.

To investigate the relation between the core structure and the interpolation errors, and to

explore other ways of mitigating this problem, we analyse the impact of the adopted core

physics, particularly convective overshoot. For that, we consider a second subgrid, with

similar physics to the main grid, but with the convective overshoot turned off, i.e., fov =

0.00. This adjustment implies a change in the transitional mass at which stars begin to

develop a convective core. Thus, we consider different mass inputs for this subgrid, with

values varying between 1.180 and 1.190 M� in steps of 0.001 M�, as we observed that

the transitional mass for the case with no convective overshoot lies between M = 1.182

and 1.183 M� (as shown in the right panel in Figure 3.8).

Figure 3.9 shows the evolution of the mode frequency ν1,11,norm with central density ρc for

the mass tracks of the subgrid with no convective core overshoot, zoomed in on the same

phase of the subgiant evolution as Figure 3.6. The discontinuity essentially disappears

when fov is set to zero, which shows that the cause for the discontinuity is not the appear-

ance of a sustained convective core during the MS per se, but rather an abrupt change

in the core conditions resulting from the overshoot properties considered in the original

grid. The change in the energy transport during the MS - together with an enlargement

of the mixed region by overshoot - leads to an abrupt change in the central temperature,
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Figure 3.10: Evolution of the central temperature, Tc, with τscaled,SG (calculated for the

subgiant phase) for the two subgrids discussed in this section, with fov = 0.01 (left) and

fov = 0.00 (right).

Tc, when comparing models at fixed ρc in the two regimes, as depicted in the left panel of

Figure 3.10. From Equation 1.62 (discussed in Section 1.4.2), at fixed ρc, we find out that

N2 ∝ T−1
c , which illustrates how abrupt changes in Tc affect the frequencies of the mixed

modes, and consequently the interpolation results.

The results of applying our interpolation method to the second subgrid are shown in Figure

3.11. In this case, the interpolation errors associated with the transitional mass (which

corresponds to the interpolated mass track with M = 1.183 M�) are no longer unusually

large, with a maximum error of 8.9 × 10−2 µHz, below the 0.1 µHz threshold.

Ignoring the mixing from the convective core into the radiative layers is useful to identify

the origin of the large interpolation errors. However, this is not an adequate way tomitigate

the interpolation problem in this region of the parameter space, since overshoot describes

important physics that we know affect stellar structure through various phases of evolution.

Above all, these results show the importance of either ensuring that the grid is built such

as to minimize the impact of abrupt structural changes on interpolation, or, when there is

no adequate way of doing that, accounting for the additional errors that may result from

interpolation.

In Section 3.1, we discussed the observational evidence for a mass-dependent overshoot

in the mass regime where the core changes from radiative to convective during the MS.

Specifically, several works reported values of fov slowly increasing from zero, proportion-

ally to stellar mass. Such mass dependence is expected to smooth the transition of the

core properties, compared to adopting a fixed value of fov as in our original grid. With this
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Figure 3.11: Interpolation errors as a function of τscaled (bottom x-axis) and ρc (top x-axis)
that resulted from the application of the full interpolation algorithm (cubic splines along

tracks and linear across tracks) to the second subgrid (with fov = 0.00). Results are

shown for all ν1,11 mode frequencies of the subgrid, when ρc is used as the age proxy for
interpolation. The transition mass between radiative and convective cores in the MS is

1.182 M� for this choice of fov.

in mind, we constructed a third subgrid with similar physics to the main grid, but with con-

vective overshoot fov varying as a function of stellar mass M, according to the following

variation of Equation 3.1

fov =


0, if M ≤ 1.18M�

0.02013
1+e−5.5(M−1.45) − 0.00373, if M > 1.18M�

. (3.4)

In the above, the limits of the two branches and the term values in the lower branch of

the equation were adjusted so as to agree with the mass at which MS models preceding

the models in our grid change from having a radiative core to having a convective core,

namely, M = 1.18 M�. In this case, mass values for the tracks of the grid vary between

1.150 and 1.220 M� in steps of 0.005 M�*.

The results of applying our interpolation method to the third subgrid are shown in Figure

3.12. As with the second grid, the large interpolation errors also disappear in this case.

We note that the subgrid of models including a mass-dependent value of fov considers a

*We defined this range of masses as, according to Equation 3.4, fov increases approximately linearly
with mass until M ∼ 2.00 M�, after which it becomes approximately constant. This limit lies well outside

the mass range considered in the initial grid. Therefore, we focused on the region where the discontinuity is

most pronounced.
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Figure 3.12: Interpolation errors as a function of τscaled (bottom x-axis) and ρc (top x-axis)
that resulted from the application of the full interpolation algorithm (cubic splines along

tracks and linear across tracks) to the third subgrid (with fov(M)). Results are shown for
all ν1,11 mode frequencies of this subgrid, when ρc is the age proxy for interpolation.

step in mass similar to that of the original grid, thus more typically used in modelling grids.

Therefore, the interpolation errors found for the transitional mass (M = 1.175 M� in this

case) in this subgrid correspond to what may be expected in a typical grid of models. As

the errors are of the same order of magnitude as the interpolation errors obtained for the

other interpolated mass tracks, we conclude that adopting an observationally-driven mass

dependence for the overshoot parameter mitigates the problem of interpolation across the

mass regime where sustained convective cores appear in the MS.

3.4. Conclusions

The accuracy of interpolation is expected to be affected by abrupt changes of the mode

frequencies across the parameter space. The study presented in Chapter 2 highlighted

the large, systematic interpolation errors associated with the evolutionary track with M =

1.175 M�, prompting us to investigate their origin and implications for the construction of

a model grid. We found that the errors likely stem from variations in core properties at

specific mass transitions, particularly between stars with convective and radiative cores

during their MS.

From the analysis of multiple (sub)grids, we found out that turning off convective over-

shoot (i.e., fov = 0.00) eliminates these systematic errors, demonstrating that overshoot
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plays a key role in intensifying the abrupt changes in the core conditions. Given that turn-

ing off convective overshoot altogether is not a physically viable solution, we explored

an observationally-driven alternative, which points to a smooth transition in the amount of

overshoot when crossing themass range where stars in theMS start to have a sustainable

convective core. We showed that implementing a mass-dependent overshoot parameter,

fov(M), smooths the transition between stars with radiative cores and stars with convec-

tive cores, reducing interpolation errors to values comparable with those observed in other

mass tracks within the same grid.

Convective overshoot is not the only case that can lead to potential abrupt physical tran-

sitions in stellar model grids. The options made regarding the treatment of diffusion of

chemical elements can also impact such models, since grids are often constructed so

that diffusion is turned off at a given mass (Nsamba et al., 2025). Therefore, this chapter

emphasizes that special attention should be given to these transitions when building any

grid of stellar models, and that interpolation of the grid should be carefully tested before

applying the grid to the modelling of stars.
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4. A Mixed Mode Motivated Interpolation Algo-
rithm

-

4.1. Introduction

As previously established, the description of the mixed modes that best fits our purposes

considers the evolution of their frequencies as a function of central density, ρc (consis-

tently with the theoretical framework presented in Section 1.4.2 and the results discussed

in Chapter 2). Under this framework, the pronounced non-linearity of the mixed mode fre-

quency curves becomes more systematically aligned, grouping together different curves

that share the same mode degree ` and radial order n for different - but close in mass

- evolutionary tracks (as illustrated in Figure 2.10). This reformulation has led to a sig-

nificant improvement in the performance of our interpolation algorithms, even though the

intrinsic non-linearity of the mixed modes continues to prevent us from obtaining results

within the established accuracy.

The still relatively large errors in the interpolated frequencies occur for modes near the

avoided crossings, where the evolution of the mode frequencies with any of the studied

age proxies is highly non-linear. Recognizing this, we attempt in this chapter to design

a new age proxy such that the mode frequencies’ dependence on the new age proxy

stays approximately linear throughout the whole subgiant phase. To that end, we use the

asymptotic analysis of mixed modes to build a function whose properties describe well

the evolution of a mode frequency both around and away from the avoided crossings.

Under the Jeffreys-Wentzel–Kramers–Brillouin (JWKB) approximation (Unno et al., 1989),

eigenvalues can be determined by relating the phase integrals, θ =
∫

kr dr (see Equation

1.44), in the p- and g-mode cavities to one another via a characteristic function of the form

(see Equation 1.58 in Section 1.4)

tan(θp) cot(θg) = q, (4.1)

where q is the coupling strength, a dimensionless coefficient that measures the strength

of the coupling between the p- and g-mode cavities. Following Ong and Gehan (2023),
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Equation 4.1 can be reformulated as

F(ν) = tan Θp tan Θg − q ' 0, (4.2)

particularly near the eigenvalues of the function F(ν). Here, Θp and Θg are given by

Θp = π
ν − νp

∆ν
, Θg = π

1/νg − 1/ν

∆Π`
, (4.3)

where νp and νg are the frequencies of the pure p- and g-modes, respectively, ∆ν is the

large frequency separation (defined in Equation 1.51), and ∆Π` is a characteristic period

spacing, defined as

∆Π` =
Π0√

`(`+ 1)
=

2π2√
`(`+ 1)

(∫ r2

r1

N
dr
r

)−1

∼ ∆(1/νg). (4.4)

From trigonometry, we have that, for any angle Θ in the interval [0, π],

tan Θ = cot
(

π

2
− Θ

)
=⇒ Θ =

π

2
− arctan

(
1

tan Θ

)
, (4.5)

where the arctan() function is to be taken in the interval [−π/2, π/2].

By applying this identity to Equation 4.2, we obtain

Θp =
π

2
− arctan

(
tan Θg

q

)
. (4.6)

Substituting the expressions from Equation 4.3 into Equation 4.6 yields

π
ν − νp

∆ν
=

π

2
− arctan

(
1
q

tan
(

π
1/νg − 1/ν

∆Π`

))
, (4.7)

which can be rearranged as

ν = νp +
∆ν

2
− ∆ν

π
arctan

(
1
q

tan
(

π
1/νg − 1/ν

∆Π`

))
. (4.8)

Equation 4.8 admits two distinct solutions, corresponding to the limits when ν ∼ νp and

ν ∼ νg. In the first case (ν ∼ νp), the condition 1/νg − 1/νp ∼ ∆Π`/2 sets the argument

of tan() function to be π/2, causing the argument of arctan() function to go to +∞. The

last term of Equation 4.8 then reduces to ∆ν/2, resulting in the initial assumption, ν =

νp, thereby recovering the p-modes. In the second case (ν ∼ νg), the argument of the

tan() function vanishes, thereby eliminating the last term of Equation 4.8. This results in

ν = νp + ∆ν/2, where we recover the pure g-modes. These limits are illustrated in Figure

4.1, where the ν ∼ νp (p-modes) case is represented by dotted lines, and the ν ∼ νg
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(g-modes) case by dashed lines.

Near the limit ν ∼ νg, where tan Θg ∼ Θg, we can simplify Equation 4.8 to

ν = νp +
∆ν

2
− ∆ν

π
arctan

(
π

q∆Π`
δ(1/ν)

)
, (4.9)

where δ(1/ν) ≡ 1/νg − 1/ν.

With the expression above, we recover the pure g-mode frequencies when δ(1/ν) → 0

and also approximately recover the pure p-mode frequencies when δ(1/ν) & ∆Π`. This

way, except possibly within a small transition region far from the points where the mixed

modes approach either pure p- or g- mode behavior, the mixed mode frequency around

a given avoided crossing taking place at ρc = ρc,0 can be written as a perturbation to the

associated pure p-mode frequency approximately as

ν(ρc) = νp + δνp = νp +
∆ν

2
+

∆ν

π
arctan

(
π

q∆Π`

−δ(1/ν)

δρc
(ρc − ρc,0)

)
, (4.10)

where δνp is the variation with respect to the pure p-mode frequency caused by the cou-

pling with the associated pure g-mode. In the normalized form, this becomes

νnorm = νp,norm +
∆νnorm

2
+

∆νnorm
π

arctan

(
π

q∆Π`,norm

−δ(1/νnorm)

δρc
(ρc − ρc,0)

)
≡ A + B(π/2 + arctan(C(ρc − D))),

(4.11)

where the subscript norm indicates that the quantity has been normalized by dividing or

multiplying by the factor
√

GM/R3, depending on whether it represents a frequency or

period, respectively. The fitting parameters A, B, C and D are physically defined as

A = νp,norm; B =
∆νnorm

π
; C =

π

q∆Π`,norm

−δ(1/νnorm)

δρc
; D = ρc,0. (4.12)

The parametrization presented by Equation 4.11 is valid to describe the evolution of a

single avoided crossing, occurring at a given central density, here labelled ρc,0. To model

the complete evolution of an ` = 1mode during the subgiant phase - a result of a sequence

of couplings between pure p- and g-modes, as illustrated in Figure 4.1 - we can expand

the original fitting function (Equation 4.11) and write

νnorm(ρc) = A +
I

∑
i=0

Bi

(
π

2
+ arctan

(
Ci(ρc − Di)

))
, (4.13)

where A is the normalized frequency of the first p-mode in the series and the parameters

Bi, Ci and Di are given by the expressions presented in Equation 4.12. Here, i is an
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Figure 4.1: Evolution of the ` = 1 frequency modes (colored lines), along with the inferred

trajectories of the corresponding pure g modes (estimated using the centres of each

avoided crossing; dashed lines) and pure p modes (estimated from the centres of each

linear region of evolution, between avoided crossings; dotted lines) as a function of ρc,
for a track with M = 1.245 M�.

index representing each avoided crossing in a series, and I denotes the total number of

avoided crossings identified by the fitting algorithm to best match the frequency data of

each mixed mode being parametrised.

Building upon Equation 4.13, it is possible to reparametrize the evolution of the mode

frequencies in terms of a new variable - a new age proxy - with respect to which the

evolution is approximately linear. In that way, we may hope to develop more sophisticated

interpolation algorithms (compared to those discussed in previous chapters) that may

more effectively meet the strict accuracy requirements established by space missions

like PLATO. These methods are examined in the following sections.

-

4.2. Interpolation using ϕ(ρc) as an Alternative Age Proxy

Building upon the theoretical framework discussed in the previous section, we identify a

promising avenue of investigation in the parametrization of the ` = 1 frequency modes (in

their normalized form) of the stellar grid. By employing Equation 4.13, that results from

the parametrization of each frequency curve, the central density parameter, ρc, may be
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transformed into a new variable, ϕ(ρc), according to

ϕ(ρc) = A +
I

∑
i=0

Bi

(
π

2
+ arctan

(
Ci(ρc − Di)

))
, (4.14)

where the parameters are optimized for each frequency curve of a dipolar mode. In this

formulation, the evolution of the frequencies as a function of ϕ(ρc) becomes approximately

linear, and the models - originally computed at a constant ρc step - become unevenly

distributed in the new variable. They therefore contribute with unequal weights to the

interpolation process when interpolation across tracks it taken at fixed values of ϕ(ρc).

Accordingly, this new variable may serve as a better proxy for stellar age in interpolation

schemes. In this section, we evaluate the degree to which each frequency curve can be

linearized when expressed as a function of the new variable and assess the performance

of the interpolation algorithms (presented in previous chapters) when employing ϕ(ρc) as

the age proxy.

For the optimization of the parameters of each fitting function for each frequency curve,

we employed the scipy.optimize.curve_fit() function from the Python SciPy library,

using its default conditions. Beyond the basic inputs, we also provide initial guesses for

each fitting parameter. Specifically, for parameter A, we take the normalized frequency

mode ν`,n,norm near the TAMS, just prior to the first avoided crossing; for the parameters

Bi, we take the normalized large frequency separation at each avoided crossing divided

by π, ∆νnorm,i/π; and for the parameters Di, we take the points along the frequency curve

where the second derivative changes sign from positive to negative. By contrast, the initial

guesses for Ci, which controls the horizontal scaling of the function, are more challenging

to determine, with their initial estimations requiring a trial-and-error approach.

We use an algorithm based on the function defined by Equation 4.14 and the aforemen-

tioned parameter initial guesses to optimize the fitting parameters pertaining to the evolu-

tion of the frequency of each mode along each frequency curve to the frequency data of

our grid. The fits then allow us to determine how to transform from ρc to the new variable,

ϕ(ρc). Importantly, we note that this transformation depends on the mode (`, n) consid-

ered. The fitting procedure is implemented by imposing a threshold condition, where the

residuals - i.e. the difference between the theoretical mode frequencies calculated in our

grid of models and the corresponding value estimated from the optimized fitting function
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for each model j* - are given by

∂ν`,n,j = ν`,n,j,parametrized − ν`,n,j,theoretical, (4.15)

and we aim to constrain them to remain below 0.005 (in normalized frequency units, or,

equivalently, below 0.005 ×
√

GM/R3, in µHz). For a stellar model with M = 1.245 M�,

this constraint allows frequency residuals to range from 1.50 µHz (near the TAMS) to 0.77

µHz (near the TASG). We note that this value is not directly related to the interpolation

errors. It simply establishes how close to linear will the true evolution of the mode fre-

quencies be, when expressed as function of the new age proxy (a zero residual would

correspond to an exact linear evolution).

The results of this process for all ν1,11,norm frequency modes of the stellar grid are pre-

sented in Figures 4.2 and 4.3. The fitting procedure, shown in Figure 4.2, performs as

intended, with the frequency curves becoming quasi-linear when expressed as a function

of ϕ(ρc), as shown in the top plot of Figure 4.3. This is confirmed by the fact that the vast

majority of the residuals fall below the established threshold, as shown in the bottom plot

of Figure 4.3.

The results of the interpolation algorithm, which considers cubic splines along tracks and

linear interpolation across tracks, and uses ϕ(ρc) as the age proxy, are presented in

Figure 4.4 (left plot) for all ν1,11 frequency modes of the stellar grid. When comparing

these results with those obtained from interpolation using ρc as the age proxy (shown in

the right plot of Figure 4.4), we find that the interpolation errors associated with the new

variable are about an order of magnitude smaller than those obtained using ρc as the

age proxy. This highlights the effectiveness of the proposed approach in achieving the

desired accuracy. Indeed, in most cases, we find that the errors are significantly smaller

than the typical observational uncertainties (∼0.1 µHz). Exceptions are seen only at the

beginning and at the end of the subgiant evolution, where the errors for a few models are

comparable to this accuracy threshold.

It is worth noting that the interpolation errors remain within the required accuracy when

using this method also for the stellar mass located at the transition where the core be-

comes convective (discussed in Chapter 3). As shown in Figure 4.5, the evolution of the

frequency mode associated with the transition mass of our grid (M = 1.175 M�) did not

fall between the frequency curves associated with the respective adjacent masses (M =

*Here, the index j identifies a model within an evolutionary track in our grid, as in Chapter 2. It should

not be confused with the index i used in the parameters above for the identification of avoided crossings.
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Figure 4.2: Evolution of the ν1,11,norm frequency modes, expressed as a function of ρc
(black lines), and the corresponding estimated fitting functions for each mass (coloured

lines), for all evolutionary tracks of the stellar grid introduced in Chapter 2. The inset

panel presents a zoomed-in view to help distinguish between the black and coloured

lines.

1.170 and 1.180 M�) when described as a function of ρc. However, when expressed as a

function of the new parameter ϕ(ρc), it becomes located in-between them, which explains

the improved interpolation results seen in Figure 4.4.

The results illustrated in Figure 4.4 compare the interpolated frequencies with the true

frequencies obtained from models that are part of the evolutionary track that we assume

not to have. While the results show that the interpolation is significantly more accurate

when the new variable is used as age proxy, they do not highlight a difficulty inherent to

the use of this new age proxy, which we now attempt to explain.

The stretching of the mode frequency evolution, through the change of variable from ρc

to ϕ(ρc), is specific for each mass and radial order. Therefore, different oscillation modes

from a single model in the parameter space [M, ρc] occupy different points in the param-

eter space [M, ϕ(ρc)]. If we were to explore directly the converted parameter space -

by drawing pairs of M and ϕ(ρc) - and two or more mode frequencies were to be fitted

simultaneously, a problem would emerge. Each mode frequency in our underlying true

star is converted to a different point in the parameter space [M, ϕ(ρc)] through a function

that is unknown a priori. Therefore, the simultaneous fit of several model frequencies to
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Figure 4.3: Results of the variable transformation algorithm described in the text, shown

for all ν1,11,norm frequency modes of the stellar grid introduced in Chapter 2. The fre-

quency curves, initially expressed as a function of ρc (shown in Figure 4.2), become

approximately linear when reparametrized in terms of the new variable ϕ(ρc) (top). The
residuals from the fitting procedure, determined according to Equation 4.15, are displayed

in the bottom panel. The white band establishes the threshold of the fitting residuals,

which should not exceed 0.005. The inset on the top panel presents a zoomed-in view.

The coloured lines in each plot represent the mass values indicated in Figure 4.2.

the observations in the new parameter space would require the combined exploitation of

several parts of the new parameter space, under the constraint that the stellar parame-

ters (mass, age) are the same - because all observed modes emerge from the same star.

Moreover, it is unclear how we would then interpolate classical observables (e.g., Teff)

to compare with the observations, because each mode frequency would be interpolated

from a specific group of grid models - presumably the closest models in the converted

parameter space - and the group of models would not necessarily be the same (i.e., have
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Figure 4.4: Interpolation errors resulting from the full interpolation algorithm (considering

cubic splines along tracks and linear interpolation across tracks) as a function of ρc, for
all ν1,11 frequency modes in the stellar grid. The left plot displays the results when the

new variable ϕ(ρc) is used as the age proxy, while the right plot shows the results when
ρc is used as the age proxy instead. The error function that appears truncated at the

top of the right panel corresponds to the mass track with M=1.175 M�, the problematic
case discussed in Chapter 3. In both plots, the white band indicates the typical range of

observational errors, establishing the target threshold that our interpolation errors should

not exceed.

Figure 4.5: Evolution of the frequency modes ν1,11,norm as a function of ρc (left) and ϕ(ρc)
(right) for the masses near the transition where the core becomes convective. The insets

in each panel present zoomed-in views.

the same mass and age) for the different modes. It is unclear if such a complex approach

would succeed or would be useful for more realistic grids, exploring a larger number of pa-

rameters. The alternative is to explore instead the original parameter space, by drawing

models in the [M, ρc] parameter space, and convert these, as well as the model grid, to

the new parameter space [M, ϕ(ρc)]. The interpolation of the classical observables would
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proceed in the original parameter space while the interpolation of the different frequencies

would take place in the new parameter space, for each single, well-defined model.

The process proposed above relies on the assumption that the transformation functions

are available, not only for the evolutionary tracks in the stellar grid used in the interpolation,

but also for the evolutionary tracks that contain the models that we want to interpolate for.

In fact, such knowledge was required when computing the errors shown in the left panel

of Figure 4.4. In practice, when working with real data, the evolutionary tracks containing

the models that we want to interpolate for are not known because they are not part of the

stellar grid. As a result, the functions required to convert the models whose frequencies

we want to know between the two parameter spaces are not available.

Thus, to adequately test the benefits of the new age proxy, we need to consider a more

realistic approach in which we know the transformation functions for themodels in the grid,

but not for the real star (or for any model randomly drawn during the optimization process,

e.g., through an MCMC procedure). This requires us to develop a method for estimating

the unknown fitting functions associated with any new model that may be drawn by the

optimization algorithm. To estimate these unknown fitting functions, we first interpolated

the corresponding fitting parameters (A, Bi, Ci, and Di) from those determined for adjacent

evolutionary tracks in the stellar grid, for which the fitting functions can still be obtained

using the fitting procedure described in this section. With those parameters in hand, we

then use Equation 4.1 to derive the corresponding functions.

In Figure 4.6, we compare the residuals from the transformation procedure, determined

using Equation 4.15 (left panels) resulting from the variable transformation and the interpo-

lation algorithms applied to all ν1,11 frequency modes of the grid. These results correspond

to two scenarios: one in which all fitting functions are derived directly from the known evo-

lutionary tracks, hence giving us access to the conversion from [M,ρc] to [M,ϕ(ρc)] for all

models, including those we want to interpolate for (top row; same as in Figures 4.2-4.4),

and another in which the fitting functions for the evolutionary tracks that contain the mod-

els we want to interpolate for are unknown a priori and have to be derived by interpolating

the parameters A, Bi, Ci and Di, as explained before (bottom row).

Although the residuals are kept below the previously imposed threshold (0.005, in normal-

ized frequency)*, we note a clear difference in the mass-to-mass variations, with the first

*The only exception occurs at a single mass value, M = 1.175 M�, which is already expected since the
stellar grid used here is the same from Chapter 2, where the convective overshoot problem discussed in

Chapter 3 is still present.
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Figure 4.6: Comparison of the residuals from the fitting process (left column) and the in-

terpolation errors (right column), resulting from the variable transformation of both known

(top row) and unknown (bottom row) frequency fitting functions. These results are ob-

tained through the application of the full interpolation algorithm (which uses cubic splines

along and linear interpolation across evolutionary tracks) to all ν1,11 frequency modes in

the stellar grid, using ϕ(ρc) as the age proxy for interpolation. In both right-hand panels,
the white area indicates the typical range of observational errors, serving as the limit for

our interpolation errors. The coloured lines in each plot represent the same mass values

indicated in the caption of Figure 4.4.

case (top left panel) showing a much smoother change in the residuals when adjacent

masses are considered when compared to the second case (bottom left panel).

The results from the interpolation in the two cases are shown in the right panels of Figure

4.6. Clearly, the improvements observed in the top right panel of Figure 4.6 are no longer

evident in the bottom right of Figure 4.6. In fact, most of the interpolation errors were

reverted to values comparable to those reported in Section 2.3.4 (and shown in the right

panel of Figure 4.4).

To investigate further, we repeat the same exercise for modes of different radial order.
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Figure 4.7: Average offsets (µ, indicated by squares; in µHz) and maximum errors (m,
indicated by triangles; in µHz) obtained for all `=1modes of the initial grid. The results are
presented for the three interpolation methods discussed in this section: the best classical

interpolation method, defined in Chapter 2 (red), and the complex interpolation methods

discussed in this chapter, both when the necessary fitting functions for the interpolated

evolutionary tracks are known (cyan) and when they are unknown (blue).

Figure 4.7 illustrates the maximum errors and average offsets produced by the three in-

terpolation methods discussed in this section for all ` = 1 modes of the grid: the best

classical interpolation method, which considers ρc as an age proxy, and the two complex

interpolation methods, applied when the fitting functions for the mode frequencies of the

interpolated evolutionary tracks are either known or unknown.

For most radial orders n, when the fitting functions are known, the complex interpola-

tion methods provide improvements of roughly one order of magnitude over the classical

method.* However, when the fitting functions are unknown, the final complex interpolation

results revert to those obtained with the classical interpolation method - being sometimes

even slightly worst.

This degradation in performance (compared to that presented at the beginning of this

section) can be attributed to the fact that, although the data were nearly linearized prior

to applying the interpolation algorithm, enabling an accurate interpolation, there is now a

mismatch between the ϕ(ρc) of the models used in the interpolation and that of the model

for which wewant to interpolate. This mismatch arises because the transformation applied

on the latter model is affected by a significant error, since an additional interpolation is

*Exceptions occur for some radial orders, namely for n = 5, 7, 9. The large number of arctangent func-
tions in these fitting functions requires precise initial guesses for each parameter in the Python code. In

these cases, the deviations arise either from (a) insufficient data to fit a complete arctangent function for an

incomplete avoided crossing, or (b) avoided crossings that are too smooth, making a correct fit difficult.
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now performed on the parameters of the fitting functions. As a result, the benefits of the

transformation procedure are not fully realized.

In conclusion, the results of this interpolation method show only marginal improvements

over those presented in Section 2.3.4, which are insufficient to justify the use of a more

complex interpolation algorithm - particularly when a simpler approach can render similar

results.
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5. Conclusions

Interpolation methods are commonly used by optimization codes (such as AIMS) to com-

pensate for the lack of resolution in typical stellar grids, by predicting an approximate

description of both the global and seismic properties of models at points in the parameter

space that lie between those of the original pre-computed discrete grid. This way, these

methods help mitigate the need for extreme fine grids of models, while still ensuring that

the science requirements for space missions (such as PLATO) can be satisfied.

This issue becomes especially important during the subgiant phase, not only because

subgiant stars evolve more rapidly across the HR diagram than they did during their main

sequence, but also due to the emergence of avoided crossings. Previous studies (e.g.

Deheuvels and Michel (2011)) have shown that the presence of mixed modes in subgiant

stars – whose frequencies vary on a very short timescale (in evolutionary terms) – allows

for the determination of stellar parameters with very high precision, provided the model

grids considered have sufficient resolution. However, this is not the case for most stellar

grids commonly used in this field. As shown in this work, their limited resolution often

leads to errors that exceed typical observational uncertainties of 0.1 µHz, an accuracy

limit we established based on previous works (e.g. Li et al. (2020)).

In this thesis, we performed a detailed study of classical interpolation algorithms applied

to a grid of stellar models in the subgiant phase, characterizing the errors associated

with classical interpolation schemes and discussing the associated problems with these

interpolation schemes, while also exploring ways to improve them. We started by verifying

whether these algorithms ensure the computation of non-radial ` = 1 mode frequencies

with interpolation errors within the typical observational errors (∼ 0.1 µHz).

This study was applied to a grid of 41 evolutionary tracks, with stellar mass as the only

grid input, varying between 1.150 and 1.350 M�, and mass values separated in steps of

0.005 M�. This range of mass values was chosen to cover the mass transition where

their MS progenitors start to develop a sustained convective core. All other inputs were

kept fixed, including the convective overshooting parameter, which was set to fov = 0.01.

For the interpolation procedure, we tested several variations of the two-step interpolation

algorithm, which considered various order methods (linear and cubic splines) and different

options for age proxies (physical age, τ, scaled age, τscaled, and central density, ρc) for
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both interpolation along an evolutionary track and across evolutionary tracks of different

masses.

We began by examining a group of interpolation methods applied both along and across

evolutionary tracks, focusing on the ` = 1 frequency modes of the mass track with

M=1.245 M�. For this mass track, we found that the most effective interpolation approach

considers cubic splines for interpolation along tracks, linear interpolation for interpolation

across tracks, and ρc as the preferred age proxy. However, even this approach produced

an average offset of 1.5 × 10−1 µHz, about 1.5 times greater than the desired accuracy

limit of 0.1 µHz, and a maximum error of 1.3 × 100 µHz, which exceeds the accuracy limit

by an order of magnitude. In conclusion, none of the considered configurations was able

to satisfy the required accuracy limit.

The results of applying interpolation to the full grid (shown in Figure 2.11) reinforced the

previous conclusions. The best results were obtained with the interpolation scheme that

considered cubic spline interpolation along evolutionary tracks, linear interpolation across

evolutionary tracks, and ρc as the age proxy. The latter is likely a reflection of the pro-

nounced non-linearity of the mixed mode frequencies, which become more systematically

aligned when presented as a function of ρc. However, the accuracy goal is not satisfied in

any of the considered configurations, with the maximum interpolation error surpassing the

reference accuracy limit of 0.1 µHz by at least an order of magnitude for most of the in-

terpolated mass tracks. With the exception of the mass track with 1.175 M�, the average

offset when taking ρc as the age proxy is always approximately within a factor of two of

the reference value. The best interpolation algorithm yielded average offsets within twice

the reference limit, but maximum errors up to an order of magnitude higher. These results

show that the identification of an age proxy that is fully appropriate for the interpolation of

mode frequencies in the presence of avoided crossings remains an open problem.

We also examined the results of testing different resolutions of the initial grid and their

implications for the interpolation results. We started with about 1500 models per evolu-

tionary track to be used in interpolation, and decreased such number progressively to 1/6

of that value, in order to investigate how results are influenced by grid resolution. We

found that reducing the number of models per evolutionary track to approximately 1/3 of

the initial value (i.e., about 500 models per evolutionary track) does not affect the accu-

racy of the results from our grid in any significant way, as the average offset remains
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only within twice the accuracy limit. This seems to establish a minimal number of mod-

els required per subgiant evolutionary track within the grid paradigm considered here.

Nevertheless, we should emphasize that, for every configuration considered, the maxi-

mum errors across the grid remain significantly above the established goal, and that grid

regions where the stellar structure varies abruptly are particularly prone to even larger

systematic interpolation errors.

With respect to the mass track with 1.175 M�, our results highlighted large, systematic

interpolation errors all along the subgiant phase. This prompted an investigation of their

origin and of the implications for the construction of model grids, based on how we expect

interpolation to be affected by abrupt changes of the mode frequencies across the param-

eter space. We found that these errors likely arise from variations in core properties at

specific mass transitions, particularly between stars with convective and radiative cores

during their main sequence.

From the analysis of multiple grids, we found out that turning off the core convective over-

shoot eliminates these systematic errors, demonstrating that overshoot plays a key role

in intensifying the abrupt changes in the core conditions. Given that turning off convec-

tive overshoot altogether is not physically realistic, we explored an observationally-driven

alternative, which points to a smooth transition in the amount of overshoot when crossing

the mass range where stars in the MS start to have a sustainable convective core. We

showed that implementing a mass-dependent overshoot parameter, fov(M), smooths the

transition between stars with radiative cores and stars with convective cores, reducing in-

terpolation errors to values comparable with those observed in other mass tracks of the

same stellar grid.

As convective overshoot is not the only factor that can lead to potential abrupt physical

transitions in stellar grids (e.g. the options made regarding the treatment of diffusion

of chemical elements can also impact such models), special attention should be given to

these transitions when building any grid of models, and the interpolation of the grid should

be carefully tested before applying the grid to the modelling of stars.

Given that the relatively large errors in the interpolated frequencies occur for modes near

the avoided crossings, where the evolution of the mode frequency with any of the stud-

ied age proxies is highly non-linear, we also attempted to define a new age proxy, ϕ(ρc),

such that the mode frequencies’ dependence on this new age proxy would remain ap-

proximately linear throughout the subgiant phase. For that, we employed an asymptotic
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analysis to the mixed modes to build a function capable of accurately describing the evo-

lution of a mode frequency both around and away from the avoided crossings.

Using the asymptotic representation of the modes, we have defined a new age proxy

and showed that the interpolation across evolutionary tracks performed at a fixed value

of this new age proxy is one order of magnitude better than when performed at fixed

ρc. Moreover, we found that using the new age proxy dissipates the problem previously

found when interpolating across the evolutionary tracks where convective cores start to

develop. However, exploring the model parameter space in terms of the new variable is

challenging because the asymptotic representation used to convert between ρc and the

new variable is specific for each mass and mode radial order. To avoid that complexity,

we attempted to develop a method that would enable exploring the original parameter

space directly, but still interpolating across tracks at a fixed value of the new age proxy.

This implied estimating the asymptotic representation of evolutionary tracks that are not

part of the grid.

The results of this new procedure showed that the improvements observed before were

no longer evident, with most of the interpolation errors reverting to values comparable to

those reported when ρc was considered as the age proxy. This degradation in perfor-

mance can be attributed to a mismatch between the ϕ(ρc) of the models used in the

interpolation and that of the target model (the frequencies of which we want to know

through interpolation). This mismatch arises because the transformation applied on the

latter model is affected by a significant error. As a result, the benefits of the transformation

procedure previously observed could not be fully realized. Improvements to this method

may still be possible in the future, either by modifying the function used to perform the

fits to the evolution of the mode frequencies - which so far relied on approximations intro-

duced when deriving Equation 4.9 - or by developing a method aimed at exploring directly

the parameter space that results from the transformation from ρc to ϕ(ρc).

Overall, this thesis has revealed persistent challenges that limit the accuracy of the in-

terpolated mode frequencies when mixed modes are concerned. Considering that mixed

modes in subgiant stars are thought to be of particular interest for the potential they offer

to constrain stellar physics, our findings should be seen as a warning sign and provide

motivation to invest in the development of alternative interpolation procedures. This is par-

ticularly so in the context of space missions collecting asteroseismic data to characterize

stars, such as PLATO, whose pipelines may rely on the use of stellar grids of models.
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A. Interpolation Errors of ` = 1 Modes Result-
ing from Interpolation Along Evolutionary Tracks

The following table of tables presents the average offset (µ) and maximum error (m)

(in µHz) from the ”interpolation along” method (that considers the indicated interpola-

tion method along evolutionary tracks), for all ` = 1 modes obtained for the interpolated

tracks of the initial grid, with the interpolated mass value indicated on the top-left cell of

each table.

Table A.1: Average offsets (µ) and maximum errors (m) from interpolation along evolu-

tionary tracks. The results are for all ` = 1 modes associated with the missing models of

each evolutionary track of the stellar grid, determined from interpolation using adjacent

models of the same evolutionary track, for each of the age proxies indicated. We notice

that, for all cases, interpolation errors are the same for τ and τscaled as the age proxies
(due to the reasons explained in Section 2.3.1).

M=1.150 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 2.9 × 10−3 1.3 × 10−4

m (µHz) 9.0 × 10−2 5.6 × 10−3

ρc
µ (µHz) 2.7 × 10−3 1.2 × 10−4

m (µHz) 7.8 × 10−2 5.6 × 10−3

M=1.155 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 2.9 × 10−3 1.3 × 10−4

m (µHz) 9.0 × 10−2 4.7 × 10−3

τ
µ (µHz) 2.8 × 10−3 1.3 × 10−4

m (µHz) 8.1 × 10−2 4.6 × 10−3

M=1.160 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 3.0 × 10−3 1.3 × 10−4

m (µHz) 9.4 × 10−2 5.0 × 10−3

τ
µ (µHz) 2.9 × 10−3 1.2 × 10−4

m (µHz) 8.2 × 10−2 4.9 × 10−3

M=1.165 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 3.1 × 10−3 1.3 × 10−4

m (µHz) 9.4 × 10−2 5.5 × 10−3

ρc
µ (µHz) 2.9 × 10−3 1.3 × 10−4

m (µHz) 8.2 × 10−2 5.4 × 10−3

.
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M=1.170 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 3.1 × 10−3 1.2 × 10−4

m (µHz) 9.3 × 10−2 4.3 × 10−3

ρc
µ (µHz) 3.0 × 10−3 1.2 × 10−4

m (µHz) 8.3 × 10−2 4.2 × 10−3

M=1.175 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 3.2 × 10−3 1.2 × 10−4

m (µHz) 9.6 × 10−2 5.4 × 10−3

ρc
µ (µHz) 3.0 × 10−3 1.2 × 10−4

m (µHz) 8.4 × 10−2 4.9 × 10−3

M=1.180 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 3.6 × 10−3 2.4 × 10−4

m (µHz) 1.4 × 10−1 3.1 × 10−2

ρc
µ (µHz) 3.4 × 10−3 3.5 × 10−4

m (µHz) 1.1 × 10−1 3.2 × 10−2

M=1.185 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 3.7 × 10−3 2.4 × 10−4

m (µHz) 1.4 × 10−1 5.3 × 10−2

ρc
µ (µHz) 3.6 × 10−3 4.0 × 10−4

m (µHz) 1.4 × 10−1 5.1 × 10−2

M=1.190 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 3.8 × 10−3 2.1 × 10−4

m (µHz) 1.5 × 10−1 1.6 × 10−2

ρc
µ (µHz) 3.9 × 10−3 3.6 × 10−4

m (µHz) 1.1 × 10−1 3.1 × 10−2

M=1.195 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.0 × 10−3 2.8 × 10−4

m (µHz) 1.7 × 10−1 3.0 × 10−2

ρc
µ (µHz) 4.0 × 10−3 3.5 × 10−4

m (µHz) 1.3 × 10−1 2.8 × 10−2

M=1.200 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.2 × 10−3 2.7 × 10−4

m (µHz) 1.6 × 10−1 4.6 × 10−2

ρc
µ (µHz) 4.4 × 10−3 4.6 × 10−4

m (µHz) 1.5 × 10−1 4.7 × 10−2
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M=1.205 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.4 × 10−3 3.6 × 10−4

m (µHz) 1.7 × 10−1 8.4 × 10−2

ρc
µ (µHz) 4.6 × 10−3 5.5 × 10−4

m (µHz) 1.4 × 10−1 8.3 × 10−2

M=1.210 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.4 × 10−3 2.6 × 10−4

m (µHz) 1.6 × 10−1 3.7 × 10−2

ρc
µ (µHz) 4.6 × 10−3 4.1 × 10−4

m (µHz) 1.5 × 10−1 3.9 × 10−2

M=1.215 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.7 × 10−3 2.9 × 10−4

m (µHz) 1.7 × 10−1 5.3 × 10−2

ρc
µ (µHz) 4.9 × 10−3 4.5 × 10−4

m (µHz) 1.5 × 10−1 5.8 × 10−2

M=1.220 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.7 × 10−3 2.6 × 10−4

m (µHz) 1.8 × 10−1 4.2 × 10−2

ρc
µ (µHz) 5.0 × 10−3 4.4 × 10−4

m (µHz) 1.5 × 10−1 5.5 × 10−2

M=1.225 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.9 × 10−3 3.1 × 10−4

m (µHz) 2.0 × 10−1 4.4 × 10−2

ρc
µ (µHz) 5.4 × 10−3 6.2 × 10−4

m (µHz) 1.6 × 10−1 7.1 × 10−2

M=1.230 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.0 × 10−3 2.5 × 10−4

m (µHz) 1.9 × 10−1 5.2 × 10−2

ρc
µ (µHz) 5.3 × 10−3 5.4 × 10−4

m (µHz) 1.5 × 10−1 6.0 × 10−2

M=1.235 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.1 × 10−3 2.5 × 10−4

m (µHz) 1.7 × 10−1 3.5 × 10−2

ρc
µ (µHz) 5.5 × 10−3 5.1 × 10−4

m (µHz) 1.6 × 10−1 8.9 × 10−2
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M=1.240 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.3 × 10−3 2.8 × 10−4

m (µHz) 1.8 × 10−1 5.3 × 10−2

ρc
µ (µHz) 5.5 × 10−3 5.1 × 10−4

m (µHz) 2.0 × 10−1 7.8 × 10−2

M=1.245 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.4 × 10−3 2.3 × 10−4

m (µHz) 1.7 × 10−1 3.0 × 10−2

ρc
µ (µHz) 5.5 × 10−3 3.4 × 10−4

m (µHz) 1.8 × 10−1 3.3 × 10−2

M=1.250 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.4 × 10−3 2.4 × 10−4

m (µHz) 2.0 × 10−1 2.2 × 10−2

ρc
µ (µHz) 5.6 × 10−3 4.5 × 10−4

m (µHz) 1.8 × 10−1 5.5 × 10−2

M=1.255 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.6 × 10−3 2.9 × 10−4

m (µHz) 1.8 × 10−1 5.1 × 10−2

ρc
µ (µHz) 5.6 × 10−3 5.1 × 10−4

m (µHz) 1.7 × 10−1 8.3 × 10−2

M=1.260 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.5 × 10−3 2.6 × 10−4

m (µHz) 1.8 × 10−1 5.9 × 10−2

ρc
µ (µHz) 5.6 × 10−3 4.0 × 10−4

m (µHz) 1.7 × 10−1 6.4 × 10−2

M=1.265 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.5 × 10−3 2.5 × 10−4

m (µHz) 1.8 × 10−1 4.7 × 10−2

ρc
µ (µHz) 5.5 × 10−3 3.7 × 10−4

m (µHz) 1.7 × 10−1 4.6 × 10−2

M=1.270 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.5 × 10−3 2.8 × 10−4

m (µHz) 1.7 × 10−1 4.1 × 10−2

ρc
µ (µHz) 5.5 × 10−3 4.6 × 10−4

m (µHz) 1.7 × 10−1 5.9 × 10−2
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M=1.275 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.5 × 10−3 3.7 × 10−4

m (µHz) 1.7 × 10−1 5.6 × 10−2

ρc
µ (µHz) 5.4 × 10−3 5.4 × 10−4

m (µHz) 1.7 × 10−1 6.0 × 10−2

M=1.280 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.4 × 10−3 2.7 × 10−4

m (µHz) 1.8 × 10−1 4.4 × 10−2

ρc
µ (µHz) 5.4 × 10−3 4.8 × 10−4

m (µHz) 1.8 × 10−1 6.6 × 10−2

M=1.285 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.3 × 10−3 2.2 × 10−4

m (µHz) 1.7 × 10−1 2.8 × 10−2

ρc
µ (µHz) 5.3 × 10−3 3.9 × 10−4

m (µHz) 1.7 × 10−1 7.2 × 10−2

M=1.290 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.2 × 10−3 2.7 × 10−4

m (µHz) 1.7 × 10−1 5.1 × 10−2

ρc
µ (µHz) 5.3 × 10−3 4.8 × 10−4

m (µHz) 1.6 × 10−1 9.7 × 10−2

M=1.295 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.2 × 10−3 3.4 × 10−4

m (µHz) 1.7 × 10−1 7.0 × 10−2

ρc
µ (µHz) 5.2 × 10−3 4.6 × 10−4

m (µHz) 1.6 × 10−1 7.0 × 10−2

M=1.300 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.1 × 10−3 2.1 × 10−4

m (µHz) 1.7 × 10−1 1.8 × 10−2

ρc
µ (µHz) 5.0 × 10−3 3.0 × 10−4

m (µHz) 1.6 × 10−1 3.6 × 10−2

M=1.305 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 5.0 × 10−3 3.1 × 10−4

m (µHz) 1.7 × 10−1 4.4 × 10−2

ρc
µ (µHz) 5.1 × 10−3 4.7 × 10−4

m (µHz) 1.7 × 10−1 6.0 × 10−2
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M=1.310 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.9 × 10−3 2.6 × 10−4

m (µHz) 1.7 × 10−1 3.9 × 10−2

ρc
µ (µHz) 4.9 × 10−3 4.0 × 10−4

m (µHz) 1.7 × 10−1 7.1 × 10−2

M=1.315 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.8 × 10−3 3.4 × 10−4

m (µHz) 1.7 × 10−1 1.0 × 10−1

ρc
µ (µHz) 4.8 × 10−3 4.5 × 10−4

m (µHz) 1.6 × 10−1 1.1 × 10−1

M=1.320 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.7 × 10−3 3.1 × 10−4

m (µHz) 1.8 × 10−1 5.9 × 10−2

ρc
µ (µHz) 4.8 × 10−3 4.4 × 10−4

m (µHz) 1.6 × 10−1 7.3 × 10−2

M=1.325 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.6 × 10−3 2.5 × 10−4

m (µHz) 1.9 × 10−1 5.0 × 10−2

ρc
µ (µHz) 4.6 × 10−3 3.0 × 10−4

m (µHz) 1.5 × 10−1 5.1 × 10−2

M=1.330 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.5 × 10−3 2.5 × 10−4

m (µHz) 1.9 × 10−1 4.8 × 10−2

ρc
µ (µHz) 4.6 × 10−3 3.3 × 10−4

m (µHz) 1.6 × 10−1 7.4 × 10−2

M=1.335 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.4 × 10−3 2.9 × 10−4

m (µHz) 1.8 × 10−1 4.9 × 10−2

ρc
µ (µHz) 4.4 × 10−3 3.3 × 10−4

m (µHz) 1.5 × 10−1 4.9 × 10−2

M=1.340 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.2 × 10−3 2.0 × 10−4

m (µHz) 1.9 × 10−1 6.0 × 10−2

ρc
µ (µHz) 4.2 × 10−3 2.5 × 10−4

m (µHz) 2.0 × 10−1 5.7 × 10−2
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M=1.345 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.1 × 10−3 2.0 × 10−4

m (µHz) 2.0 × 10−1 3.5 × 10−2

ρc
µ (µHz) 4.1 × 10−3 3.1 × 10−4

m (µHz) 1.6 × 10−1 5.4 × 10−2

M=1.350 M� Errors Linear Cubic Splines

τ, τscaled
µ (µHz) 4.0 × 10−3 2.5 × 10−4

m (µHz) 2.0 × 10−1 4.8 × 10−2

ρc
µ (µHz) 4.0 × 10−3 3.2 × 10−4

m (µHz) 1.5 × 10−1 6.4 × 10−2

.
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B. Interpolation Errors of ` = 1 Modes Result-
ing from the Full Interpolation Algorithm

The following table of tables presents the average offset (µ) and maximum error (m) (in

µHz) from the full interpolation method (that considers cubic splines along evolutionary

tracks and the indicated interpolation method across evolutionary tracks), for all ` = 1

modes obtained for the interpolated tracks of the initial grid, with the interpolated mass

value indicated on the top-left cell of each table.

Table B.1: Average offsets (µ) and maximum errors (m) from the full interpolation algo-

rithm (that considers cubic splines along tracks and the indicated interpolation method

across tracks). The results are for all ` = 1 modes associated with the interpolated evo-

lutionary tracks of the grid (i.e., those whose third decimal place of the associated mass

value is 5), determined from interpolation using adjacent evolutionary tracks, for each of

the age proxies indicated.

M=1.155 M� Errors Linear Cubic Splines

τ
µ (µHz) 1.2 × 101 —

m (µHz) 3.6 × 101 —

τscaled
µ (µHz) 4.2 × 10−2 —

m (µHz) 3.8 × 10−1 —

ρc
µ (µHz) 4.0 × 10−2 —

m (µHz) 4.5 × 10−1 —

M=1.165 M� Errors Linear Cubic Splines

τ
µ (µHz) 1.2 × 101 1.1 × 101

m (µHz) 3.5 × 101 3.0 × 101

τscaled
µ (µHz) 2.7 × 10−2 1.5 × 100

m (µHz) 2.8 × 10−1 3.5 × 100

ρc
µ (µHz) 3.4 × 10−2 2.1 × 10−1

m (µHz) 3.8 × 10−1 9.5 × 10−1

M=1.175 M� Errors Linear Cubic Splines

τ
µ (µHz) 1.2 × 101 1.1 × 101

m (µHz) 3.4 × 101 2.9 × 101

τscaled
µ (µHz) 1.2 × 101 1.2 × 101

m (µHz) 2.7 × 101 2.7 × 101

ρc
µ (µHz) 1.7 × 100 1.7 × 100

m (µHz) 7.7 × 100 7.5 × 100

.
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M=1.185 M� Errors Linear Cubic Splines

τ
µ (µHz) 8.2 × 100 1.1 × 101

m (µHz) 3.1 × 101 3.0 × 101

τscaled
µ (µHz) 9.4 × 10−2 1.8 × 100

m (µHz) 7.0 × 10−1 3.7 × 100

ρc
µ (µHz) 6.9 × 10−2 2.2 × 10−1

m (µHz) 4.5 × 10−1 1.1 × 100

M=1.195 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.8 × 100 7.4 × 100

m (µHz) 2.9 × 101 3.0 × 101

τscaled
µ (µHz) 2.1 × 10−1 8.3 × 10−2

m (µHz) 1.6 × 100 1.1 × 101

ρc
µ (µHz) 1.6 × 10−1 1.6 × 10−1

m (µHz) 1.2 × 100 1.1 × 100

M=1.205 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.5 × 100 6.9 × 100

m (µHz) 2.7 × 101 2.9 × 101

τscaled
µ (µHz) 2.4 × 10−1 1.3 × 10−1

m (µHz) 1.7 × 100 1.3 × 100

ρc
µ (µHz) 1.2 × 10−1 1.1 × 10−1

m (µHz) 1.1 × 100 1.0 × 100

M=1.215 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.4 × 100 6.7 × 100

m (µHz) 2.5 × 101 2.9 × 101

τscaled
µ (µHz) 1.4 × 10−1 1.8 × 10−1

m (µHz) 1.6 × 100 1.2 × 100

ρc
µ (µHz) 6.5 × 10−2 7.2 × 10−2

m (µHz) 6.0 × 10−1 6.7 × 10−1

M=1.225 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.3 × 100 6.4 × 100

m (µHz) 2.5 × 101 2.8 × 101

τscaled
µ (µHz) 1.1 × 10−1 1.3 × 10−1

m (µHz) 1.4 × 100 7.4 × 10−1

ρc
µ (µHz) 4.9 × 10−2 6.2 × 10−2

m (µHz) 4.9 × 10−1 4.9 × 10−1
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M=1.235 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.3 × 100 6.4 × 100

m (µHz) 2.5 × 101 2.7 × 101

τscaled
µ (µHz) 5.5 × 10−1 5.3 × 10−1

m (µHz) 4.5 × 100 3.9 × 100

ρc
µ (µHz) 1.4 × 10−1 1.4 × 10−1

m (µHz) 1.2 × 100 1.3 × 100

M=1.245 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.3 × 100 6.1 × 100

m (µHz) 2.6 × 101 2.7 × 101

τscaled
µ (µHz) 5.6 × 10−1 5.7 × 10−1

m (µHz) 3.6 × 100 3.3 × 100

ρc
µ (µHz) 1.4 × 10−1 1.5 × 10−1

m (µHz) 1.2 × 100 1.3 × 100

M=1.255 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.2 × 100 6.2 × 100

m (µHz) 2.6 × 101 2.7 × 101

τscaled
µ (µHz) 1.5 × 10−1 1.1 × 10−1

m (µHz) 1.7 × 100 9.9 × 10−1

ρc
µ (µHz) 2.7 × 10−2 1.8 × 10−2

m (µHz) 3.1 × 10−1 2.5 × 10−1

M=1.265 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.1 × 100 6.1 × 100

m (µHz) 2.6 × 101 2.6 × 101

τscaled
µ (µHz) 9.1 × 10−1 9.4 × 10−1

m (µHz) 6.1 × 100 5.7 × 100

ρc
µ (µHz) 2.0 × 10−1 2.1 × 10−1

m (µHz) 1.7 × 100 1.8 × 100

M=1.275 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.2 × 100 6.0 × 100

m (µHz) 2.6 × 101 2.5 × 101

τscaled
µ (µHz) 3.0 × 10−1 2.1 × 10−1

m (µHz) 3.3 × 100 2.4 × 100

ρc
µ (µHz) 4.4 × 10−2 3.5 × 10−2

m (µHz) 4.8 × 10−1 2.7 × 10−1
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M=1.285 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.3 × 100 6.0 × 100

m (µHz) 2.7 × 101 2.3 × 101

τscaled
µ (µHz) 7.0 × 10−1 7.1 × 10−1

m (µHz) 5.4 × 100 4.7 × 100

ρc
µ (µHz) 1.6 × 10−1 1.7 × 10−1

m (µHz) 1.1 × 100 1.2 × 100

M=1.295 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.2 × 100 6.0 × 100

m (µHz) 2.7 × 101 2.3 × 101

τscaled
µ (µHz) 5.4 × 10−1 5.6 × 10−1

m (µHz) 4.2 × 100 3.5 × 100

ρc
µ (µHz) 1.2 × 10−1 1.2 × 10−1

m (µHz) 8.8 × 10−1 8.8 × 10−1

M=1.305 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.3 × 100 6.1 × 100

m (µHz) 2.7 × 101 2.2 × 101

τscaled
µ (µHz) 6.6 × 10−1 6.0 × 10−1

m (µHz) 5.8 × 100 5.0 × 100

ρc
µ (µHz) 1.1 × 10−1 9.7 × 10−2

m (µHz) 7.4 × 10−1 7.2 × 10−1

M=1.315 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.3 × 100 6.1 × 100

m (µHz) 2.6 × 101 2.2 × 101

τscaled
µ (µHz) 2.5 × 10−1 1.7 × 10−1

m (µHz) 2.9 × 100 1.8 × 100

ρc
µ (µHz) 4.0 × 10−2 3.3 × 10−2

m (µHz) 2.8 × 10−1 2.4 × 10−1

M=1.325 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.4 × 100 6.3 × 100

m (µHz) 2.5 × 101 2.2 × 101

τscaled
µ (µHz) 5.1 × 10−1 3.6 × 10−1

m (µHz) 5.0 × 100 4.0 × 100

ρc
µ (µHz) 1.1 × 10−1 9.4 × 10−2

m (µHz) 6.8 × 10−1 6.1 × 10−1
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M=1.335 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.5 × 100 6.4 × 100

m (µHz) 2.3 × 101 2.2 × 101

τscaled
µ (µHz) 8.6 × 10−1 8.1 × 10−1

m (µHz) 7.0 × 100 6.2 × 100

ρc
µ (µHz) 1.5 × 10−1 1.4 × 10−1

m (µHz) 9.6 × 10−1 9.5 × 10−1

M=1.345 M� Errors Linear Cubic Splines

τ
µ (µHz) 7.7 × 100 —

m (µHz) 2.3 × 101 —

τscaled
µ (µHz) 4.1 × 10−1 —

m (µHz) 4.0 × 100 —

ρc
µ (µHz) 4.1 × 10−2 —

m (µHz) 4.5 × 10−1 —

.
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C. Testing Grid Resolution

In Section 2.3.6, we tested the resolution of the initial grid by determining and comparing

the values of both µ and m obtained through the application of interpolation along the

evolutionary tracks of different subgrids, with each evolutionary track of each subgrid be-

ing built by collecting every kth model of the initial track. We observed that both µ and m

increase by a significant factor whenever the grid resolution is reduced, regardless of the

cubic (polynomial or splines) interpolation method considered.

However, in the case of cubic polynomial interpolation methods, we expected the inter-

polation errors to increase by a factor of k4 relative to the errors from the initial grid*. In

other words, because the interpolation method approximates the real frequency function

using a Taylor expansion of the form

f (x) ' f (a) +
1
1!

d f (a)
dx

(x − a) +
1
2!

d2 f (a)
dx2 (x − a)2 +

1
3!

d3 f (a)
dx3 (x − a)3 +O(x4), (C.1)

that ignores the higher-order term O(x4), we expected the ratio between the errors in

the initial grid and those in the reduced subgrid, µ(1/1)/µ(1/k), to be approximately k4.

However, this was not observed to be the case.

In this Appendix, we explain the tests conducted on our interpolation algorithm to investi-

gate why the interpolation errors do not follow the expected increase with grid resolution.

To simulate the evolution of an ` = 1 frequency mode in our initial grid, specifically in the

region of the subgiant phase where the largest interpolation errors have been observed

in our main work (ρc = [1000,3000] g.cm−3), we generated two frequency functions (in

their normalized form), using the equation

ν1,n,norm(ρc) = 3.0 + 0.03 · arctan(0.05(ρc − 1180))+

+ 0.02 · arctan(0.02(ρc − 1750)) + 0.01 · arctan(0.01(ρc − 2600)).
(C.2)

The difference between the two frequency functions lies in the number of models calcu-

lated. One function was determined with 200 initial models distributed within the men-

tioned parameter space, representing a model density similar to that of our initial grid

*For cubic splines, the situation is less clear, due to piece-wise nature of the method (Sonneveld, 1969).
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Figure C.1: Results of applying the fitting function described in Section 4.1 to ` = 1

frequency modes with radial orders n = [9,10,11,12,13], computed using GYRE for the

mass track with 1.245 M� from our initial grid. The frequency curves, expressed as a

function of ρc, are fitted using Equation 4.13, with A, Bi, Ci and Di as the fitting parame-

ters specific to each frequency curve. The frequency curves determined by GYRE (black)

and the fitted frequency curves (coloured) are displayed on the left panel. The residu-

als, calculated as the differences between the frequencies calculated with GYRE and

the frequencies estimated from the fitting functions, multiplied by the normalizing factor√
GM/R3, are shown on the right panel, in µHz units.

(∆ρc = 10 g.cm−3). The second function was determined with 2000 initial models uni-

formly distributed in the same parameter space, representing a model density 10 times

larger than that of our initial grid (∆ρc = 1 g.cm−3).

We chose to use fitting functions instead of asteroseismic codes like GYRE to generate

the frequency data for this study, as generating a stellar grid with evolutionary tracks

containing such a large number of models requires considerable computation time and

storage, reducing the computational efficiency of the algorithm (as discussed in Section

1.5). Furthermore, we have also shown (in Chapter 4) that a sum of arctangent-type

functions can well reproduce the frequencies generated by asteroseismic algorithms like

GYRE for the initial grid, usually being able to reproduce such frequencies with errors

smaller than 1.0 µHz (as shown in Figure C.1).

The results of applying the three interpolation algorithms - linear, cubic polynomial, and

cubic splines - to both our frequency curves are displayed in Figure C.2 and Table C.1.

Figure C.2 presents the results for the frequency curve with 200 initial models on the

left and the frequency curve with 2000 initial models on the right, with their respective de-

graded versions distinguished by different colours. The top row displays the results for the

three interpolation methods, comparing them against the original frequency curves. The

three bottom rows depict the respective interpolation errors for each method considered
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Table C.1: Average offsets (µ) resulting from interpolation along frequency curves de-

termined using Equation C.2 (with 200 and 2000 initial models), when considering three

interpolation methods (linear on top, cubic polynomial in the middle, and cubic splines at

the bottom), ρc as the age proxy, and the indicated grid resolutions, 1/k.

- Method for Interpolation Along

Resolution

200 initial models 2000 initial models Expected

Error

Factor
Linear

Error

Factor
Linear

Error

Factor

1/1 1.6 × 10−4 1.0 1.6 × 10−6 1.0 1

1/2 3.6 × 10−4 2.2 6.3 × 10−6 4.0 4

1/3 1.4 × 10−3 8.6 1.4 × 10−5 9.0 9

1/4 2.0 × 10−3 12.1 2.5 × 10−5 15.6 16

1/5 2.8 × 10−3 17.0 4.0 × 10−5 25.2 25

1/6 1.4 × 10−3 8.3 5.7 × 10−5 36.3 36

Resolution

200 initial models 2000 initial models Expected

Error

Factor

Cubic Poly-

nomial

Error

Factor

Cubic Poly-

nomial

Error

Factor

1/1 5.2 × 10−5 1.0 7.0 × 10−9 1.0 1

1/2 5.8 × 10−5 1.1 1.2 × 10−7 15.8 16

1/3 1.1 × 10−3 20.8 5.6 × 10−7 77.3 81

1/4 1.5 × 10−3 28.9 1.5 × 10−6 211.2 256

1/5 2.0 × 10−3 38.8 4.2 × 10−6 572.1 625

1/6 1.1 × 10−3 20.6 8.2 × 10−6 1131.5 1296

Resolution

200 initial models 2000 initial models Expected

Error

Factor

Cubic

Splines

Error

Factor

Cubic

Splines

Error

Factor

1/1 4.4 × 10−5 1.0 8.0 × 10−10 1.0 1

1/2 1.5 × 10−4 3.3 1.5 × 10−8 17.5 16

1/3 1.2 × 10−3 26.8 8.7 × 10−8 104.2 81

1/4 1.9 × 10−3 42.8 2.7 × 10−7 326.5 256

1/5 3.4 × 10−3 79.0 1.1 × 10−6 1285.2 625

1/6 3.6 × 10−3 81.6 3.3 × 10−6 3893.6 1296

-
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Figure C.2: Results of interpolation tests applied to the resolution of frequency modes of

an evolutionary track in the subgiant phase. The plots compare the results of interpolation

applied to two frequency functions, one with an original track of 200 models (left) and

another with 2000 models (right), and of their degraded versions, whose resolution 1/k
in respect to the original function (track 1/1, in red) is indicated by different colours. (Top

row) Interpolation results for each of the 3 tested methods: linear (�), cubic polynomial
(4), and cubic splines (∇), and for each of the resolutions considered. (Three bottom

rows) Interpolation errors that result from interpolation applied to each of the tracks, for

each of the methods considered (linear in the second row, cubic polynomials in the third

row, and cubic splines in the fourth row), for each of the resolutions considered. The

corresponding average offset µ for each error function is also presented. In all plots,

the results have been vertically split for visualization purposes (with no effects on the

interpolation code). As a reference, δν = 0.0 µHz is indicated by a dashed line for each
interpolation error function.
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(linear in the second row, cubic polynomials in the third row, and cubic splines in the fourth

row), along with the corresponding average error displacement.

For the polynomial interpolation methods (both linear and cubic), the results indicate that

the degraded curves derived from the 200-model frequency curve do not exhibit the ex-

pected error factor of k4 for cubic interpolation (nor the expected error factor of k2 in the

case of linear interpolation). In contrast, the degraded frequency curves derived from the

2000-model frequency curve do follow the expected scaling. This suggests that our initial

grid, where the model spacing for each evolutionary track is comparable to that of the 200-

model frequency curve - is not within the regime where this theoretical increment holds.

Importantly, this sanity check shows that our interpolation algorithm produces results that

are consistent with the theoretical expectations.

Meanwhile, for the cubic spline interpolation, none of the frequency curves follow the error

scaling of k4. This deviation seems to arise from the dependence on the first and second

derivatives (see Section 2.2.2) that also contribute to the accuracy of the interpolation

method, influencing the scaling factor expected from the neglected residuals from the

correspondent Taylor expansion. In our exercise, the error factor for the 200-model case

is observed to increase in significantly smaller steps than expected, while for the 2000-

model case, the error increments exceed those obtained for the case of cubic polynomials.

In conclusion, these findings indicate that our interpolation routine produces errors that

scale as expected under sufficiently high resolution for the stellar grid. However, the

deviations observed in the error scaling factors calculated from our results suggest that

our initial grid is not dense enough to fall within this regime.
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