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The effect of the relativistic Doppler in the clustering of multiple tracers of Dark

Matter

by Miguel GODINHO

The clustering of galaxies encodes valuable information about both the distribution

of matter and the underlying laws of gravity. In addition to the dominant redshift-space

distortions, relativistic effects introduce subdominant but potentially detectable contribu-

tions. Among these, the relativistic Doppler effect is of particular interest, as it provides

a direct test of the Euler equation with in General Relativity and may serve as a probe of

modified gravity theories. In Fourier space, this effect appears as an imaginary compo-

nent that is suppressed in the auto power spectrum but preserved in cross-correlations,

making it a promising observable.

In this thesis, we develop and assess novel observational strategies aimed at enhanc-

ing the detectability and parameter inference of the relativistic Doppler effect in galaxy

clustering. The analysis is built upon cross-power spectra, focusing on both their mul-

tipole expansions and their decomposition into symmetric (real part) and antisymmetric

(imaginary part) contributions. To this end, we combine signal-to-noise ratio studies with

Fisher forecast techniques, applied to a DESI-like Bright Galaxy Sample at low redshift,

in order to quantify parameter constraints and investigate degeneracies.

The results obtained from the multipole expansion did not prove consistent, as the

relative errors obtained, when compared with those from the full power spectrum, fluctu-

ated between being larger or smaller without any clear justification. Therefore, no robust

conclusions could be drawn, indicating the need for further investigation. On the other

hand, the decomposition into real and imaginary estimators demonstrates that Doppler

parameters can be constrained with relative errors ranging from approximately 32% to 2%
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across redshifts, while the global amplitude parameter AD can be measured with a pre-

cision of order 7 × 10−4, representing a substantial improvement over previous results.

These findings underscore the potential of upcoming large-scale surveys to detect rela-

tivistic Doppler signatures, offering not only observational guidance but also theoretical

implications for testing General Relativity on cosmological scales.
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O efeito Doppler relativı́stico na aglomeração de múltiplos traçadores de Matéria

Escura

por Miguel GODINHO

O estudo da distribuição em larga escala de galáxias fornece informações cruciais so-

bre a composição do Universo e sobre as leis fundamentais da gravidade. Para além das

distorções de espaço de redshift, efeitos relativistas introduzem contribuições subdomi-

nantes, mas potencialmente detetáveis. Entre estes, o efeito Doppler relativista é parti-

cularmente relevante por permitir testar diretamente a equação de Euler no contexto da

Relatividade Geral, constituindo também uma possı́vel via para sondar teorias de gravi-

dade modificada. No espaço de Fourier, este efeito manifesta-se como uma componente

imaginária que é suprimida no autoespetro de potência, mas preservada em correlações

cruzadas, tornando-se assim um observável promissor.

Nesta dissertação, desenvolvemos e avaliamos novas estratégias observacionais des-

tinadas a melhorar a detectabilidade e a inferência de parâmetros do efeito Doppler rela-

tivı́stico no agrupamento de galáxias. A análise baseou-se em espectros de potência cru-

zada, com foco nas suas expansões multipolares e na sua decomposição em contribuições

simétricas (parte real) e antissimétricas (parte imaginária). Para tal, combinamos estudos

da relação sinal-ruı́do com técnicas de previsão de Fisher, aplicadas a uma amostra de

galáxias brilhantes semelhante à DESI em baixo redshift, a fim de quantificar as restrições

dos parâmetros e investigar as degenerações.

Os resultados obtidos a partir da expansão em multipolos não se mostraram consis-

tentes, uma vez que os erros relativos obtidos, quando comparados com os do espectro de

potência completo, oscilaram entre serem maiores ou menores sem qualquer justificação

clara. Assim, não foi possı́vel retirar conclusões robustas, o que indica a necessidade de
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uma investigação mais aprofundada. Por outro lado, a decomposição em estimadores re-

ais e imaginários demonstrou que os parâmetros Doppler podem ser restringidos com er-

ros relativos que variam de aproximadamente 32% a 2% em todos os redshifts, enquanto

o parâmetro de amplitude global AD pode ser medido com uma precisão da ordem de

7× 10−4, representando uma melhoria substancial em relação aos resultados presentes na

literatura. Essas descobertas ressaltam o potencial de futuras pesquisas em grande escala

para detectar assinaturas Doppler relativı́sticas, oferecendo não apenas orientação obser-

vacional, mas também implicações teóricas para testar a Relatividade Geral em escalas

cosmológicas.
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Chapter 1

Introduction

1.1 Motivation

Cosmology has undergone remarkable progress over the past decades, driven by obser-

vations of the Cosmic Microwave Background [1] and Type Ia supernovae [2, 3], which

led to the establishment of the standard model of cosmology. This model This model suc-

cessfully accounts for the history of the Universe [4, 5]. At the same time, the advent of

large galaxy surveys, both in terms of the number of observed objects and the surveyed

volume, has enabled detailed studies of the large-scale distribution of matter. These sur-

veys provide a powerful tool to probe fundamental physical processes in much greater

depth, as will be explored throughout this thesis.

Galaxies are the primary tracers of this underlying matter distribution. What we actu-

ally observe from them is the light carried by photons, whose wavelength is stretched by

the expansion of the Universe. On top of this global redshift, additional distortions arise

due to the galaxies’ peculiar motions and relativistic effects, which perturb the observed

signal before it reaches us. As a result, the clustering pattern inferred from galaxy surveys

is not a direct image of the underlying matter density field, but rather a combination of

the cosmological redshift and these secondary contributions [6–11].

Among the various effects that contribute to these distortions, the relativistic Doppler

effect is of particular interest. Although subdominant, it encodes valuable information

about the dynamics of galaxies and offers the opportunity to test the Euler equation within

General Relativity, thereby providing a novel probe of gravity on cosmological scales [12–

16].

1
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In Fourier space, the relativistic Doppler effect gives rise to an imaginary component

of the density contrast. In scales well inside of the horizon, this component is largely

suppressed in auto-power spectra, where it contributes only through its real projection,

but is preserved in cross-power spectra, which retain both real and imaginary parts and

thereby recover the signal on smaller scales [14–16]. In particular, [16] demonstrated that

employing cross-power spectra showed that employing cross-power spectra yields good

results for the detectability and parameter constraints of the Doppler effect. Moreover,

although focused on gravitational redshift, [17] showed that using an estimator based on

the imaginary component of the cross-power spectrum yields a favorable signal-to-noise

ratio. This suggests that constructing such an estimator while accounting for the Doppler

effect could lead to improved detectability of this signal.

In practice, however, analyzing the full cross-power spectrum, characterized by the

wavenumber k and the directional cosine µ between the wavevector and the line of sight,

is computationally demanding, owing to the large amount of data spanning both k and

µ. For this reason, the Legendre multipole expansion in µ is frequently used as an alter-

native. Although multipole moments involve some loss of information, previous studies

have shown that including terms up to the hexadecapole recovers nearly the same con-

straining power as the full spectrum [18]. Attempts to detect the Doppler effect with mul-

tipoles have been made, but only in the context of auto-power spectra [12]. This opens

the possibility of applying a multipole expansion to cross-power spectra, where the odd

multipoles in particular allow the Doppler contribution to be isolated [13].

The relevance of these approaches is twofold: observationally, they offer optimized

strategies for detecting relativistic Doppler signatures in forthcoming surveys; theoreti-

cally, they provide a null test of testing General Relativity and alternative gravity models

on cosmological scales.

1.2 Objectives

This thesis is guided by two main objectives. First, we aim to evaluate the potential loss

of information arising from the use of Legendre multipoles in constraining the Doppler

effect within the cross-power spectrum. Second, we seek to investigate the performance

of an estimator specifically designed to isolate the imaginary part of the cross-power spec-

trum. More concretely, the work is structured around the following goals:
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1. Provide an introduction and overview of the theoretical framework underlying the

cross-power spectrum.

2. Develop the Legendre multipole expansion and construct an estimator for the imag-

inary component of the cross-power spectrum.

3. Assess the detectability of these observables through signal-to-noise ratio analyses,

identifying which data vectors can realistically constrain the Doppler effect.

4. Quantify the achievable parameter constraints via Fisher forecast studies, including

analyses of parameter degeneracies and relative errors.

5. Discuss the broader implications of these findings for the design and optimization

of future cosmological surveys.

By pursuing these objectives, the thesis aims to bridge the gap between theoretical pre-

dictions of relativistic effects and their observational prospects, thereby offering guidance

on how cosmological surveys can be optimized to detect them.

For the computational forecasts and numerical results, the analysis will rely on CAMB [19],

in which we will be using a DESI-like low-redshift Bright Galaxy Sample* [15, 16, 20] in a

ΛCDM universe† [21].

1.3 Thesis Outline

The thesis is organized as follows. Chapter 2 introduces the homogeneous and isotropic

background universe, reviewing the standard cosmological framework and the role of

dark matter. Chapter 3 discusses the impact of peculiar velocities and relativistic cor-

rections on galaxy clustering. In Chapter 4, I present the theoretical description of the

Doppler effect in the auto and cross correlation galaxy power spectrum, its multipole de-

composition and of estimators. Chapter 5 contains the Fisher forecast analysis for a Dark

Energy Spectroscopic Instrument-like sample, including signal-to-noise calculations and

parameter constraints. In Chapter 6, we provide a brief review of our findings and out-

line future perspectives for subsequent work. Finally, Appendices A and B present more

*DESI stands for Dark Energy Spectroscopic Instrument, which will be described in more detail in Sec-
tion 5.1.

†ΛCDM stands for Lambda Cold Dark Matter. The name reflects that the Universe is dominated by a
cosmological constant Λ and by cold dark matter (CDM). We will return to this in Section 2.2.
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detailed derivations, while Appendix C revisits part of the work related to the Doppler

effect.



Chapter 2

Cosmology of the homogeneous and

isotropic background universe

Modern cosmology is founded on the cosmological principle, which states that the Universe

is homogeneous and isotropic when viewed on sufficiently large scales. This assumption

generalizes the Copernican idea by requiring that no location or direction in the Universe

is distinguished. However, on small scales, e.g. as solar systems, galaxies, or even galaxy

clusters, the distribution of matter is clearly inhomogeneous. Indeed, statistical analyses

indicate that only beyond tens to hundreds of Mpc* does the Universe begin to approach

homogeneity. Moreover, compelling evidence demonstrates that the Universe is expand-

ing. This implies that, in its early history, the distances between observers and distant

galaxies were smaller than they are at present. The combination of large-scale uniformity

and cosmic expansion underpins the description of the Universe using the Friedmann-

Lemaı̂tre-Robertson-Walker metric and the Friedmann equations, which constitute the

foundation of modern background cosmology.

In this chapter, we examine the background Universe. We begin by discussing the

geometry and expansion of a homogeneous and isotropic spacetime, together with its

dynamical properties. We then provide an overview of the current standard cosmological

model. Finally, we turn to the study of cosmological distances, which play a central role

in observational cosmology. This chapter establishes the theoretical foundation for the

subsequent ones, where we will address perturbations on top of the background. We

follow [4, 5, 22], which will remain central references for the discussions to come.

*Distances in cosmology are typically measured in megaparsecs (Mpc), where 1Mpc ≈ 3 × 1019 km.

5



6
THE EFFECT OF THE RELATIVISTIC DOPPLER IN THE CLUSTERING OF MULTIPLE TRACERS

OF DARK MATTER

2.1 Friedmann-Lemaı̂tre-Robertson-Walker Universe

The cosmological principle together with the observed expansion of the Universe leads to

the Friedmann-Lemaı̂tre-Robertson-Walker (FLRW) metric, which in terms of conformal

time η* can be written as†

ds2 = a2(η)
(
−dη2 + γij dridrj

)
, (2.1)

where a(η) is the scale factor and γij denotes the metric of a maximally symmetric three-

space of constant curvature K.

The spatial metric γij encodes the geometry of the Universe, which admits three dis-

tinct possibilities corresponding to constant spatial curvature: flat (K = 0), open (K < 0),

or closed (K > 0) universes (see Fig. 2.1). These cases can be intuitively understood by con-

sidering two freely moving particles that begin their trajectories parallel to one another.

In a flat universe, the particles behave exactly as in Euclidean geometry: their trajecto-

ries remain parallel indefinitely. This corresponds to three-dimensional Euclidean space,

where parallel lines never intersect, and the FLRW metric reduces to

ds2 = a2(η)
(
−dη2 + δij dridrj

)
. (2.2)

If the Universe is closed (K > 0), also referred to as spherical space, initially parallel

geodesics gradually converge, analogously to lines of longitude on a two–sphere meet-

ing at the poles. Conversely, in an open universe (K < 0), also known as hyperbolic space,

initially parallel trajectories diverge, much like marbles rolling apart on a saddle–shaped

surface. In what follows, we shall restrict our analysis to the case of a flat universe, since

this geometry is most consistent with current cosmological observations and provides the

simplest theoretical framework.

On the other hand, the scale factor encapsulates the temporal evolution of the Uni-

verse’s expansion. By convention, it is normalized such that 0 < a(η) < a0 = 1, i.e. the

scale factor vanishes at the initial singularity and increases monotonically, attaining unity

at the present epoch.To quantify the rate of expansion we define the Hubble parameter

H ≡ da
dt

1
a
=

1
a2

da
dη

. (2.3)

*The conformal time η is defined by dη = dt/a(t), with t the cosmic time and a(t) the scale factor.
†Throughout this work we employ natural units, identifying the speed of light with unity, c ≡ 1.
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Its present value is called the Hubble constant [21],

H0 ≈ 100 h km s−1 Mpc−1, (2.4)

where h is a dimensionless parameter of order unity, with the latest measurements giving

h ≈ 0.674 [21]. It is also customary to introduce the conformal Hubble parameter

H(η) ≡ aH =
1
a

da
dη

. (2.5)

It is crucial to stress that the notion of cosmic expansion does not imply that galaxies are

moving through a static background space. Rather, it is spacetime itself that undergoes

expansion: the separations between objects not bound by local interactions, e.g distant

galaxies, increase with cosmic time. To illustrate this concept, one may consider a spatial

grid, as depicted in Fig. (2.2), which expands homogeneously as time progresses. The

points of this grid, representing comoving observers, retain fixed coordinate positions, r0

and r1, such that the comoving distance, r = |r1 − r0|, between any two points, defined

simply as the difference in their coordinates and computable by counting grid cells as in-

dicated in Fig. (2.2), remains invariant. By contrast, the physical distance, x, between these

points is proportional to the scale factor, and thus evolves with time. This relationship

can be formally expressed as

x = a(η) r. (2.6)

Another closely related phenomenon is the stretching of the physical wavelength of pho-

tons emitted by distant sources, which increases in direct proportion to the cosmic scale

factor. Consequently, the wavelength measured by an observer at the present epoch is

larger than the wavelength at emission λ → a(η)λ. This effect is conveniently parametrized

by the redshift z, defined as

flat spherical hyperbolic

FIGURE 2.1: The Universe can be foliated into spatial hypersurfaces of constant curva-
ture: flat (K = 0), spherical (K > 0), or hyperbolic (K < 0) [5].
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1 + z ≡ λobs

λemit
=

aobs

aemit
=

atoday

aemit
=

1
aemit

. (2.7)

This relation reflects what we actually observe from distant galaxies: the light carried

by photons, whose wavelength is stretched by the expansion of the Universe. It shows

that the measured redshift z provides a direct measure of the scale factor at the time of

emission, linking theoretical cosmic expansion to observable quantities.

η1 :

r0 r1

x = a(η1)r

η2 > η1 :

r0 r1

x = a(η2)r

η3 > η2 :

r0 = (0, 0, 0) r1 = (1, 0, 0)

x = a(η3)r

FIGURE 2.2: Expansion of the Universe illustrated by a comoving coordinate grid. The
comoving separation between two points, r0 and r1, remains constant throughout cosmic
evolution, while the corresponding physical distance grows proportionally to the scale

factor [4].

2.2 Friedmann Equations and the Standard Model of Cosmology

When we apply the FLRW metric to Einstein’s field equations,

Gµν + Λgµν = 8πGTµν, (2.8)

where Gµν is the Einstein tensor, gµν the metric tensor, Tµν the stress–energy tensor, Λ the

cosmological constant, and G the Einstein gravitational constant, we obtain the Friedmann

equations. For a flat universe, in terms of conformal time, they read

H2 ≡
(

ȧ
a

)2

=
8πG

3
ρ a2, (2.9)

ä
a
= − 4πG

3
(ρ + 3p) a2. (2.10)
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Here ρ denotes the matter-energy density and p the pressure. These equations govern the

expansion rate of the Universe and describe its evolution depending on its matter and

energy content.

The critical density today is defined as the energy density of a spatially flat universe

today, i.e.,

ρcrit,0 ≡ 3H2
0

8πG
. (2.11)

It is often convenient to express all densities relative to the critical density by defining the

dimensionless density parameters

Ωi,0 ≡ ρi,0

ρcrit,0
, i = r, m, Λ, . . . (2.12)

where r, m, and Λ denote radiation, matter, and dark energy (cosmological constant),

respectively. In terms of these density parameters, the first Friedmann equation can be

written as

H2(a) = H2
0

(
Ωr,0a−4 + Ωm,0a−3 + ΩΛ,0

)
. (2.13)

Evaluating both sides of the Friedmann equation at the present time (a0 = 1) leads to

the density parameters to the closure relation

Ωr,0 + Ωm,0 + ΩΛ,0 = 1. (2.14)

Current cosmological observations are in strong agreement with the so-called stan-

dard cosmological model, known as ΛCDM. This framework describes a spatially flat

universe dominated by the cosmological constant Λ and cold dark matter (CDM), while

also containing a baryonic component, i.e. “ordinary” matter composed of protons, neu-

trons, and electrons — that is, atoms. The density parameters inferred from current mea-

surements are given by [21]

Ωr,0 ≃ 0, (2.15)

Ωm,0 ≃ 0.315, (2.16)

ΩΛ,0 ≃ 0.685, (2.17)
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which are consistent with the closure relation above. The matter density parameter Ωm,0

can be further decomposed into baryonic matter and cold dark matter as

Ωb,0h2 ≃ 0.022, (2.18)

Ωc,0h2 ≃ 0.120, (2.19)

respectively.

2.3 Cosmological Distances

A final concept of central importance in cosmology concerns the definition of distance

measures. Observational cosmology requires a careful distinction between several no-

tions of distance, as these are not equivalent in an expanding universe. In the smooth

background spacetime described by the FLRW metric, physical distances are related to

comoving coordinates through the scale factor.

The natural starting point is the comoving distance, which is defined on the comoving

grid (as seen in Fig. (2.2)). During an infinitesimal conformal time interval dη, light travels

a comoving distance

dr = dη. (2.20)

Hence, it follows from the FLRW metric (Eq. 2.1) that the comoving distance traversed by

a photon emitted at conformal time η and observed today at η0 is

r(η) =
∫ η0

η
dη =

∫ z

0

dz′

(1 + z′)H(z′)
. (2.21)

This quantity provides the baseline notion of distance in cosmology. From it, we can

construct observable distance measures that relate comoving separations to quantities ac-

tually measured, such as angles or fluxes.

A classical method for distance determination is based on standard rulers. An object

of physical size lphysical = a lcomoving subtending an angle θ defines the angular diameter

distance as

dA =
lphysical

θ
. (2.22)

In comoving coordinates, the observed angle is
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θ ≈
lcomoving

r(η)
=

lphysical

a r(η)
, (2.23)

yielding

dA = a r(η) =
r(η)
1 + z

. (2.24)

A complementary method relies on the observed flux of objects of known luminosity,

leading to the definition of the luminosity distance. In an expanding universe, the flux

from a source is affected by the cosmological redshift in two ways. First, the energy of

each photon is reduced by a factor of a. Second, the photon arrival rate is dilated by

another factor of a. Consequently, the total observed flux is suppressed by a2 relative

to the intrinsic luminosity. For a source at comoving distance r(η), the observed flux is

therefore

F =
La2

4πr2(η)
, (2.25)

where L denotes the source luminosity at emission. This motivates the definition of the

luminosity distance,

dL ≡ r(η)
a

= (1 + z)r(η). (2.26)

These two notions of distance are not independent. In fact, they are connected through

the exact reciprocity relation, valid in any FLRW universe, which states that

dL = (1 + z)2dA. (2.27)





Chapter 3

Effect of Peculiar Velocities in

Large-Scale Matter Distribution

Observations of the universe do not provide a direct picture of the underlying matter

distribution. Instead, they are affected by various perturbations arising from different

physical processes. Among the most relevant are the peculiar velocities of galaxies, which

induce apparent anisotropies in the observed large-scale structure through their effect on

measured redshifts. A key consequence of these motions is the Doppler effect, which

alters the observed redshift of galaxies and encodes information about their velocities.

In this chapter, we introduce the formalism of the density contrast to describe the

large-scale structure of the Universe. We then discuss how peculiar velocities distort ob-

servations, beginning with the non-relativistic Doppler contribution, for which our treat-

ment follows [4], and extending to the relativistic case. The full relativistic derivation lies

beyond the scope of this work; instead, we only summarize the main ingredients and re-

fer the reader to [8] for a comprehensive presentation. Since these two references will be

used extensively throughout, we cite them here at the outset.

3.1 Tracers of Large-Scale Matter Distribution

Before we begin our discussion of the effects of peculiar velocities, it is essential to under-

stand what we call large-scale matter distribution and how we can measure it.

The cosmological principle is only valid when considering the spatial average, ⟨·⟩. Con-

sequently, when describing the properties of the universe as a whole, it is necessary to

13
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focus on averaged quantities. For instance, when discussing the matter-energy density of

the universe, we consider

ρ̄(η) = ⟨ρ(r, η)⟩, (3.1)

where ρ̄(η) denotes the average value of ρ over a sufficiently large cosmological volume,

representative of the universe as a whole. Similarly, for the number of galaxies of type g,

ng, we define

n̄g(η) = ⟨ng(r, η)⟩, (3.2)

For simplicity, we will omit the time dependence, η, assuming it to be fixed.

This assumption implies that, locally, the density exhibits fluctuations around its av-

erage value. To characterize these deviations, we introduce the density contrast, defined

as [4]

δ(r) ≡ ρ(r)− ρ̄

ρ̄
, (3.3)

which, in the context of this work, represents the matter density contrast.The density

contrast for the galaxy number density is then defined as

δg(r) ≡
ng(r)− n̄g

n̄g
. (3.4)

These fluctuations are not random but exhibit a structured organization that arises

from variations in the initial energy density, commonly referred to as initial density fluctu-

ations. The study of these initial density fluctuations is a central topic in modern physics,

as their influence predates the cosmic microwave background (CMB) [4, 22].

The number of galaxies also varies locally, giving rise to the observed spatial distribu-

tion known as galaxy clustering. This large-scale structure is primarily driven by gravity:

initial density fluctuations caused regions with slightly higher densities to attract more

matter, eventually leading to the formation of galaxies. A key role in this process is played

by dark matter halos, which formed from the initial density fluctuations and created re-

gions of strong gravitational potential. Baryonic matter subsequently fell into these halos,

giving rise to the formation of galaxies that trace the underlying dark matter distribution

and reinforce the observed clustering [4, 22].
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From this, it is reasonable “fair” to infer a relationship between fluctuations in the

number of galaxies and the matter density as

δg(r) ∝ δ(r), (3.5)

Thus, galaxies serve as tracers of the large-scale matter density field. It is important to

note that while this proportionality holds intrinsically, the observed galaxy distribution is

affected by peculiar velocities, which will be the focus of the subsequent sections.

3.2 “Newtonian” Distortion of the Observed Density Field of

Number of Galaxies

In cosmological observations, we infer the positions of distant galaxies primarily through

their redshifts. However, the redshift of an object encodes not only the cosmological ex-

pansion but also contributions from its peculiar velocity along the line of sight. This leads

to systematic deviations between the true spatial distribution of matter and the one re-

constructed from redshift measurements, thereby also impacting how galaxies appear to

us in observations.

To formalize this, we begin by establishing the relationship between the true position

of a galaxy and its observed redshift-space position, highlighting how peculiar velocities

project into redshift measurements. We then apply this framework to the observed num-

ber of galaxies, which becomes distorted in redshift space due to these velocity effects.

For the time being, we shall disregard relativistic effects and adopt a more “Newtonian”

derivation.

3.2.1 Perturbations on Observed Position

A given galaxy at a comoving distance from us will have a three-dimensional position

vector r with components

robs(z, θ, ϕ) = r(z)n̂(θ, ϕ); n̂ =
robs

|robs|
. (3.6)

The unit vector n̂ is in one-to-one correspondence with the galaxy’s position on the sky,

which in turn is specified by the two angles θ, ϕ. However, Eq. (3.6) does not account for

the fact that galaxies have peculiar motions with respect to the background. Because of
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this, |robs| does not exactly correspond to the true distance of the galaxy: the observed

redshift is shifted relative to the background value according to

1 + zobs =
1
a

[
1 + u∥

]
, (3.7)

where u∥ = ug · n̂ and a is the scale factor at emission time. The factor 1/a is the true cos-

mological redshift (Eq. (2.7)) while the second term is the Doppler shift due to the peculiar

velocity ug of the galaxy, at linear order in ug*. Notice that 1/a is present on the Doppler

shift which means that the fractional effect of a given peculiar velocity on the redshift is

independent of how far away the galaxy is. In the following, we assume that the galaxy

velocity coincides with that of the underlying matter, ug = um, as there is currently no

evidence for a velocity bias† [23]. There are other contributions to the redshift which were

neglected in Eq. (3.7).

We can expand r(z) around z, from Eq. (2.21) Eq. (3.6) and Eq. (3.7) we have

robs(z, θ, ϕ) ≈ r + ∆r = r +H−1u∥n̂(θ, ϕ), (3.8)

where r is the true position. Because the observed position of each galaxy is shifted along

its line of sight, ∆robs is proportional to n̂, i.e., the observed (angular) position on the sky

is unchanged. An illustrative example is shown in Fig. (3.1).

3.2.2 Perturbations on Observed Number of Galaxies

Regardless of whether we are using the observed or true position, the number of galaxies

must be the same within the same volume. If we divide this volume into infinitesimal

volumes and count the galaxies within each position, the result will be the same, so

ng,obs(robs)d3robs = ng(r)d3r, (3.9)

where the infinitesimal volume element around a point in observed coordinates is

d3robs = r2
obsdrobsdΩ, (3.10)

*We have assumed that the velocities of galaxies are much smaller than the speed of light, allowing us to
stop at linear order in ug.

†While galaxies typically follow the large-scale matter velocity field, their peculiar velocities distribution
may differ from those of the underlying matter [23].
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Observer

n̂

robs

r

r

robs

u ∥/
H

FIGURE 3.1: Schematic representation of the challenges involved in measuring the three-
dimensional galaxy density field. Galaxies are selected within a narrow redshift interval
(solid arcs) centered at the mean redshift z̄ (dotted arc). A galaxy is observed at an angu-
lar position n̂ on the sky with measured redshift z. It is then assigned the apparent co-
moving position robs, which differs from its true position r because the distance–redshift
relation is perturbed by the Doppler effect arising from the galaxy’s line-of-sight velocity

component, u∥ [4].

with robs ≡ |robs|, while the volume around a point in proper space is

d3r = r2drdΩ, (3.11)

with r ≡ |r|. The angular volume elements dΩ are identical, so

ng,obs(robs) = ng(r)J, (3.12)

where the Jacobian J encondes the mapping between real and observed coordinates and,

to first order of perturbation, is given by [7]

J ≡
∣∣∣∣∣ d3r
d3robs

∣∣∣∣∣ ≈ 1 − 2
Hr

u∥ −H−1∂ru∥. (3.13)

From Eq. (3.4), the number densities in true and observed coordinates are ng(r) =

n̄g(r)
(

1 + δg(r)
)

and ng,obs(robs) = n̄g(robs)
(

1 + δg,obs(robs)
)

, respectively. Then Eq. (3.9)

can be rewritten as

δg,obs(robs) ≈ bgδm(r)−H−1∂ru∥ − u∥αnewt, (3.14)

where we have assumed a linear bias relation [6]

δg(r) = bgδm(r) (3.15)
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and αnewt,g, which shall be referred to as the Newtonian Doppler term and is dimensionless,

is given by [7]

αnewt,g ≡ H−1

r

d ln
(

r2n̄g(r)
)

d ln(r)
. (3.16)

It is notable that both the bias parameter bg and αnewt,g are sensitive to the galaxy sample

considered and are generally redshift-dependent.

We now introduce the distant-observer approximation, which is essentially a flat-sky

approximation. The idea is that we can treat the direction vector, n̂, as fixed, neglecting

variations from galaxy to galaxy. This is justified if the angular scales involved are small.

That is, as long as the galaxies are relatively close to each other in the
(

r1, r2
)

plane, we

can approximate n̂ · um → êz · um, where êz is chosen to be a constant unit vector along

the z-axis, corresponding to the fixed line-of-sight direction toward the center of the sky

area covered by the survey of interest.

In the distant-observer approximation, we can directly compute the Fourier transform

of the overdensity [7]

δg,obs(k) =
∫

d3robsδg,obs(robs)e−ik·robs

≈
(

bg + f µ2 − 1
k

αnewti fHµ

)
δm(k) (3.17)

where we used

u(k) = i fH k̂
k

δm(k), (3.18)

µ = k̂ · n̂ and f is the linear growth rate, f ≡ d ln(D+)/d ln(a).

If we take z̄ = 0.133, µ = 1, select bright galaxies, and consider the absolute value, we

find that for k = 0.2 Mpc−1 (small distances),

bg + f µ2 ≈ 1.894 ≫ αnewt fHµ/k ≈ 0.001,

meaning that the imaginary part is roughly 10−3 smaller than the real part. Therefore,

for surveys probing small distances or very large k, the αnewt term becomes negligible

compared to the others, and thus

δg,obs(k) ≈
(

bg + f µ2
)

δm(k), (3.19)
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which corresponds to the well-known linear redshift-space distortion (RSD), first derived

by Kaiser in 1986 and extensively studied since then, and is therefore not the focus of

modern investigations [7].

If we increase the survey distance (decreasing k) down to 0.008 Mpc−1, we obtain

αnewt fHµ/k ≈ 0.035,

which reduces the ratio between the real and imaginary parts, making the Doppler effect

more significant and enabling its detection which is our main goal. This behavior is fur-

ther illustrated in Fig. 3.2, where the ratio is seen to decrease substantially, showing an

inverse dependence on both k.
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FIGURE 3.2: Ratio of
(

bg + f µ2
)

/
(

αg fHµ/k
)

for the different z̄ = (0.133, 0.3, 0.45), for
the bright subsample (see Section 5.1). Relativistic effects are included in the calculation

(which will be introduced in the next Section).

3.3 Relativistic Doppler Effect

Up to this point, we have neglected relativistic corrections. However, in order to properly

account for the relativistic Doppler effect, such corrections must be incorporated.
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The starting point is to obtain the relativistic counterpart of Eq. (3.12). In the Newto-

nian case, only perturbations in position are considered; however, in a general relativistic

framework the situation is considerably more involved. Peculiar velocities induce pertur-

bations not only in the redshift but also in the observed volume [10]. To properly account

for these effects, we introduce a perturbed metric built upon the flat (K = 0) background

metric (Eq. (2.1)), restricted to linear order with scalar perturbations. For convenience, we

adopt the conformal Newtonian gauge, in which the metric takes the form

ds2 = a2(η)
[
−(1 + 2ψ)dη2 + (1 − 2ϕ)δijdridrj

]
, (3.20)

where ψ and ϕ denote the Bardeen potentials. We assume throughout that the underlying

theory of gravity is GR, which satisfies the Euler equation [10]

u̇ +Hu +∇ψ = 0. (3.21)

Finally, it should be emphasized that the observable quantity provided by galaxy surveys

is typically the flux (Eq. (2.25)) of the energy emitted by galaxies, F [15]*. Consequently,

perturbations in the source luminosity, L, must also be taken into account. The full ex-

pression is [8]

δg,obs (z, n̂) = δg −
1
H∂ru · n̂ + (5s − 2)

[
κ − 1

r

∫ ηA
(ϕ + ψ)dη

]
+

[
2 − 5s
Hr

+ 5s − be +
Ḣ
H2

] [
ψ +

∫ ηA
(ϕ̇ + ψ̇)dη − u · n̂

]
+

1
H ϕ̇ + ψ + (5s − 2)ϕ =

= δg −
1
H∂ru · n̂ −

[
2 − 5s
Hr

+ 5s − be +
Ḣ
H2

]
u · n̂

+ (5s − 2)κ

− (5s − 2)
1
r

∫ ηA
(ϕ + ψ)dη

+

[
2 − 5s
Hr

+ 5s − be +
Ḣ
H2

] [
ψ +

∫ ηA
(ϕ̇ + ψ̇)dη

]
+

1
H ϕ̇ + ψ + (5s − 2)ϕ. (3.22)

*Surveys may also report apparent magnitudes, m [15]; however, this distinction is not relevant for the
present derivation and will therefore be omitted here. A more detailed discussion is given in Section 5.1.
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The parameter s is defined as

s (z, L > Lc) ≡ −2
5

∂ ln n̄g (z, L > Lc)

∂ ln(1 + z)
, (3.23)

and is commonly referred to as the magnification bias. Similarly, the parameter be is de-

fined as

be (z, L > Lc) ≡
∂ ln n̄g (z, L > Lc)

∂Lc
, (3.24)

and is known as the evolution bias. Here, n̄g (z, L > Lc) denotes the comoving number

density of galaxies with luminosity above the critical threshold Lc, which typically cor-

responds to the detector sensitivity limit. In addition, we introduce the parameter κ, the

convergence, given by

κ ≡ −1
2
∇2

n̂

∫ η

ηA

dη′ (η′ − η)

(ηA − η)(ηA − η′)
(ϕ + ψ), (3.25)

where ∇2
n̂ is the Laplacian on the unit sphere.

All the terms in Eq. (3.22) correspond to perturbations relating the matter density con-

trast to the observed number of galaxies. Although we will not work out each of them

in detail, we briefly identify all contributions for completeness. The first contribution is

the perturbation to the galaxy number density, δg, a Newtonian-gauge quantity. As in

Eq. (3.15), we assume a linear bias [10], δg = bgδm. The second contribution is the red-

shift–space distortion, δRDS, which is identical to the Newtonian derivation of Eq. (3.17).

The third contribution is the relativistic Doppler contribution δα,

δα = αgu · n̂, (3.26)

where the amplitude, αg, is given by[9, 10, 13, 15, 16]

αg =
Ḣ
H2 + 5s +

2 − 5s
rH − be. (3.27)

The fourth contribution, known as the convergence or lensing term, δlensing, accounts for

the distortions produced by gravitational lensing on the observed solid angle. The re-

maining contributions arise from potential terms: the perturbation to the spatial metric

(ψ) in converting dz to a proper time interval at the source, the ISW–like effect from ϕ̇

across the source volume, and the contribution of the spatial metric at the source (2ϕ) to

the transverse distances.
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In our final expression, in the low-redshift approximation, the Doppler contribution

becomes dominant, while other contributions are negligible [15, 24]. Accordingly, Eq. (3.22)

can be approximated in Fourier space as

δg,obs(k) ≈ δg + δRDS + δα

= bgδm + f µ2 − i fHµ

k
αg, (3.28)

which coincides with Eq. (3.17), except that we now employ the relativistic definition of

αg.



Chapter 4

The Impact of Doppler Effect in the

Galaxy Power Spectrum

In the previous chapter, we derived the correlation between the density contrast of the ob-

served galaxy number and that of the “true” matter distribution, as expressed in Eq. (3.17).

Furthermore, we also obtained the expression for the relativistic Doppler amplitude, given

by Eq. (3.27). However, in a statistical analysis, the lowest-order non-vanishing correla-

tion is the two-point correlation function, which in Fourier space corresponds to the power

spectrum *.

In this chapter, we aim to compute the power spectrum using Eq. (3.17), incorporating

the relativistic amplitude. We will then explore how the Doppler amplitude can be iso-

lated. In the end, we introduce the final methodological component required for a realistic

analysis: the discretization of the galaxy power spectrum; and its estimators [4].

4.1 Matter Power Spectrum

The density contrast, on average, satisfies the property ⟨δ⟩ = 0. Therefore, the first non-

trivial statistical measure is its covariance, represented by the two-point correlation func-

tion [5]

ξ
(∣∣r − r′

∣∣) ≡
〈

δ(r)δ
(
r′
)〉

. (4.1)

*Although its importance goes beyond being merely the lowest-order non-zero statistic, we do not dis-
cuss these aspects further in this thesis.

23
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Given that the Fourier modes of small fluctuations evolve independently, it is often

convenient to express the two-point function in Fourier space [5]

〈
δ(k)δ∗

(
k′
)〉

≡ (2π)3δD

(
k − k′

)
Pm(k), (4.2)

where

δ(k) =
∫

dr e−ik·r δ(r) (4.3)

and the proportionality to the Dirac delta function δD(k − k′) reflects the translational

invariance of the universe’s homogeneity. This implies that Fourier modes with differ-

ent wavevectors are independent. The function Pm(k), referred to as the matter power

spectrum, is the three-dimensional Fourier transform of the correlation function ξ(r) (see

Fig. 4.1 for a visual representation). Due to rotational invariance, the power spectrum

depends only on the magnitude of the wavevector, k = |k|.
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FIGURE 4.1: Matter power spectrum, Pm(k), evaluated at redshift z = 0.467

It is important to emphasize that these fields in Fourier space satisfy a reality condi-

tion, a direct consequence of the fact that the original field δ(r) is real-valued in configu-

ration space. Specifically, the Fourier transform of a real field obeys the symmetry,

δ(−k) = δ∗(k), (4.4)
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where the asterisk denotes complex conjugation. This condition implies that the Fourier

coefficients are not independent across all modes: the amplitude and phase of the mode

at wavevector k determine those at −k. As a result, only half of Fourier space contains

indepedent information.

4.2 Galaxy Power Spectrum

Analogously to the matter power spectrum, we can define a power spectrum for the

galaxy density contrast as

〈
δg(k)δ∗g

(
k′
)〉

≡ (2π)3δD

(
k − k′

)
Pg(k, µ). (4.5)

where Pg(k, µ) denotes the auto power spectrum of the galaxy population g. While Eq. (4.5)

assumes a single galaxy type, this formalism can be naturally generalized to describe cor-

relations between two (possibly distinct) galaxy populations, g and g′, yielding

〈
δg(k)δ∗g′

(
k′
)〉

≡ (2π)3δD

(
k − k′

)
Pgg′(k, µ). (4.6)

where Pgg′(k, µ) denotes the cross power spectrum between galaxy populations g and g′.

Applying Eq. (3.17), we get [16]

Pgg′(k, µ) =

[(
bg + f µ2

) (
bg′ + f µ2

)
+

H2

k2 αgαg′ f 2µ2

−i
H
k

[
αg

(
bg′ + f µ2

)
− αg′

(
bg + f µ2

)]
f µ

]
Pm. (4.7)

In the auto power spectrum case [12],

Pg(k, µ) =

[(
bg + f µ2

)2
+

H2

k2 α2
g f 2µ2

]
Pm. (4.8)

We observe that when considering only a single galaxy population, the Doppler am-

plitude appears exclusively in a single additive term, which is suppressed by a factor of

k−2. This implies that the Doppler contribution becomes significant only at large scales

(small k). However, measurements on such scales are strongly affected by cosmic variance*,

introducing increased noise and thereby limiting the precision of the analysis. In contrast,

*A thorough discussion of this aspect is presented later in the text.
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Eq. (4.7) contains an imaginary component that scales as k−1, which potentially allows for

its detection at intermediate scales, where cosmic variance is less dominant.

Fig. 4.2 further emphasizes the differences in the amplitudes of the various contribu-

tions. First, it shows that the term independent of k dominates, with values > 1, whereas

the Doppler-dependent terms are significantly smaller, with amplitudes ≪ 1. Further-

more, the imaginary Doppler component exhibits substantially higher amplitudes (rang-

ing from 103 down to 10) compared to the real Doppler term. Both of these observations

are consistent with the predictions discussed previously. Finally, it is worth noting that

the imaginary contribution can take negative values in the cross power spectrum; hence,

it is necessary to consider its absolute value in order to allow for a consistent comparison

with the other amplitudes.
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FIGURE 4.2: Amplitudes of the different terms of the cross spectrum, Pgg′ eval-
uated z̄ = 0.467), using the BGS (see Section 5.1). Here ∝ k0 refers to the

term
(

bg + f µ2
) (

bg′ + f µ2
)

, ∝ k1 to H
k

[
αg

(
bg′ + f µ2

)
− αg′

(
bg + f µ2

)]
f µ, ∝ k2 to

H2

k2 αgαg′ f 2µ2.

4.3 Multipoles of the Cross Power Spectrum

A direct analysis of Eqs. (4.7) and (4.8) was previously performed in [15, 16], where the

Doppler amplitude was constrained with a good precision. Building on these results, our

next objective is to develop a Legendre polynomial framework that reduces the degrees of
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freedom from (k, µ) to k alone. This reduction enables the analysis to be performed with

a substantially smaller amount of data, and is expected to retain nearly the same level of

information [18].

Since the power spectrum exhibits anisotropy along the line of sight, it can be decom-

posed into an orthonormal basis that depends on µ. We choose this basis to be formed by

Legendre polynomials, allowing the power spectrum to be expanded as a sum of multi-

poles [12, 13],

Pgg′(k, µ) = ∑
ℓ

P ℓ
gg′(k)Lℓ(µ), (4.9)

where Ll(µ) are the standard Legendre polynomials. This choice is motivated by their

parity symmetry and completeness, which ensures that the multipole coefficients can be

obtained via the orthogonality relation [25]

P ℓ
gg′(k) =

2ℓ+ 1
2

∫ 1

−1
Pgg′(k, µ)Lℓ(µ) dµ. (4.10)

In particular, Eq. (4.7) can be written as a polynomial expansion in µ, with the real part

containing only even powers and the imaginary part only odd powers. Due to the parity

of the Legendre polynomials, even powers of µ project exclusively onto even multipoles,

while odd powers project exclusively onto odd multipoles. In other words, for even ℓ,

Lℓ(µ) contains only even terms in µ, so when multiplied by Eq. (4.7) the integrand pre-

serves even parity, and only even powers survive the integration. Conversely, for odd ℓ,

Lℓ(µ) contains odd terms, flipping the parity of the product such that only the initially

odd powers contribute. Consequently, it becomes possible to isolate the imaginary com-

ponent within the odd poles. In contrast, Eq. (4.8) lacks the imaginary component, so odd

powers will be absent, and therefore only even poles will appear.

Starting with the auto power spectrum, the multipole moments P ℓ
g(k) are given by [12]

P ℓ
g(k) =

2ℓ+ 1
2

∫ 1

−1

(bg + f µ2
)2

+

(
Hαg f µ

k

)2
Pm(k)Lℓ(µ) dµ. (4.11)

where the non-vanishing multipole contributions are*

*The conventional labels for the multipoles are: ℓ = 0 (monopole), ℓ = 1 (dipole), ℓ = 2 (quadrupole),
and so on. These names follow the rule that the number of poles is 2ℓ: for instance, the dipole has 2 poles and
the quadrupole has 4.
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P0
g(k) =

(
b2

g +
2bg f

3
+

f 2

5
+

H2 f 2α2
g

3k2

)
Pm(k), (4.12)

P2
g(k) =

2
21

f

14bg + f

(
6 +

H27α2
g

k2

)Pm(k) (4.13)

P4
g(k) =

8 f 2

35
Pm(k), (4.14)

which are in fact restricted to even poles. On the other hand, the multipoles moments

P ℓ
gg′(k) of the cross power spectrum are given by [13]

P ℓ
gg′(k) =

2ℓ+ 1
2

∫ 1

−1

[(
bg + f µ2

) (
bg′ + f µ2

)
+

H2

k2 αgαg′ f 2µ2

−i
H
k

[
αg

(
bg′ + f µ2

)
− αg′

(
bg + f µ2

)]
f µ

]
Pm(k)Lℓ(µ) dµ. (4.15)

The non-vanishing multipole contributions are

P0
gg′(k) =

bgbg′ +

(
bg + bg′

)
f

3
+

f 2

5
+

H2 f 2αgαg′

3k2

Pm(k), (4.16)

P1
gg′(k) = −

i fH
(

5(bg′αg − bgαg′) + 3 f (αg − αg′)
)

5k
Pm(k), (4.17)

P2
gg′(k) =

2
21

f

7(bg + bg′) + f

(
6 +

H27αgαg′

k2

)Pm(k), (4.18)

P3
gg′(k) = −

2i f 2H(αg − αg′)

5k
Pm(k) (4.19)

P4
gg′(k) =

8 f 2

35
Pm(k). (4.20)

The characteristics of the multipole amplitudes follow those of the corresponding

components, i.e., even and odd multipoles exhibit the same k-dependence as the real and

imaginary parts of Eq. (4.7) (or Eq. (4.8) in the case of the auto power spectrum), respec-

tively. Therefore, the analysis presented at the end of Sec. 4.2 remains valid, as confirmed

by Fig. 4.3, where the multipoles of the real part reach amplitudes larger than the underly-

ing power spectrum of matter, whereas the imaginary part has amplitudes much smaller

than one.
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FIGURE 4.3: Legendre multipoles (ℓ = 0, 1, 2, 3) of the cross-power spectrum Pgg′(k)
evaluated at z̄ = 0.467), using the BGS (see Section 5.1). For reference, these results are

compared against the underlying matter power spectrum.

4.4 Discrete Fourier Transform and Estimators of the Galaxy Power

Spectrum

It is important to emphasize that cosmological surveys provide discrete data points rather

than continuous fields. Consequently, any practical analysis of the galaxy density field

must ultimately be formulated in terms of the discrete Fourier transform. In this section,

we review the standard formalism used in the literature for transitioning between contin-

uous and discrete descriptions in the context of galaxy power spectrum estimation*.

Consider a survey mapping a cubic comoving volume of side length L, discretized

into a regular grid of K3
grid points. The galaxy density contrast field is then defined on this

grid, and its discrete Fourier transform is expressed as [4]

δg(k) = L3/2
K3

grid

∑
i

δg,ri e
−ik·ri , with k ∈

(
nx, ny, nz

)
kF, (4.21)

where (nx, ny, nz) ∈ Z are integers ranging from −Kgrid/2 to Kgrid/2, and the fundamental

wavenumber kF is defined as

*For further details of the derivation, the reader is referred to Appendix A.



30
THE EFFECT OF THE RELATIVISTIC DOPPLER IN THE CLUSTERING OF MULTIPLE TRACERS

OF DARK MATTER

kF =
2π

L
. (4.22)

The discretization of Fourier in Eq. (4.21) is not solely motivated by the fact that galaxy

surveys provide data in the form of discrete points, it also reflects that surveys are lim-

ited to a finite comoving volume V = L3. This restriction to a finite volume imposes

boundary conditions, which in turn quantize the allowed Fourier modes. Specifically, the

wavenumbers k are limited to discrete values that are integer multiples of the fundamen-

tal wavenumber. Mathematically, this quantization arises because any function defined

on a finite, periodic domain admits a discrete Fourier series representation. In our case,

the density field is defined only within the survey volume, which is effectively treated

as a periodic box, thereby enforcing the discreteness of the Fourier modes. Physically,

this discretization means we have access to only a limited set of independent modes. For

example, we cannot resolve structures on scales larger than the survey box (i.e., k < kF

modes are inaccessible), nor can we probe arbitrarily small scales due to resolution limits

and observational noise. The finite number of modes available in each k-bin translates

into statistical uncertainty in the measurement of the power spectrum, a phenomenon

known as cosmic variance. This uncertainty persists even in the absence of instrumental

noise or shot noise, because it reflects the fundamental limit imposed by our partial view

of the Universe.

To estimate the galaxy power spectrum from the observed data, the Fourier modes

are binned into spherical shells in k-space. Each shell, labeled by an index α, includes all

modes satisfying

kα − ∆k/2 ≤ |k| < kα + ∆k/2, (4.23)

where ∆k is the bin width. The number of independent modes within each shell, Nk,i, is

computed by dividing the volume of the shell in Fourier space, 4πk2
i ∆k, by the volume of

a single Fourier mode (i.e., the volume of the fundamental cell), k3
F. This yields* [4, 15, 16]

Nk,i =
4πk2

i ∆k
k3

F
. (4.24)

Expressed in terms of the total survey volume V = L3, this simplifies to

*There is a minor inconsistency in the literature. While in [4] a factor of 1/2 appears due to the condition
in Eq. (4.4), more recent works such as [15, 16] omit this factor. We follow the more recent convention for
consistency.
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Nk,i =
1

2π2 Vk2
i ∆k. (4.25)

The estimator for the auto galaxy power spectrum P̂g(ki) is then defined as the average

over all modes in shell i [4]

P̂g(ki) =
1

Nk,i

||k|−ki|<∆k/2

∑
k

〈∣∣∣δg,k

∣∣∣2〉−PN
g , (4.26)

where PN
g is the noise contribution. Under the assumption of Poisson noise*, which is

commonly used in forecasting analyses, this term is given by [4, 15, 16]

PN
g = n̄−1

g , (4.27)

where n̄g is the mean galaxy number density.

The uncertainty in P̂g(ki) is quantified via its covariance, defined as [4]

Cov
[
P̂g (ki) , P̂g

(
k j

)]
≡
〈
P̂g (ki) P̂g

(
k j

)〉
−
〈
P̂g (ki)

〉〈
P̂g

(
k j

)〉

=
1

Nk,i

||k|−ki|<∆k/2

∑
k

1
Nk,j

|k′|−k j|<∆k/2

∑
k′

×[〈∣∣∣δg,k

∣∣∣2 ∣∣∣δg,k′

∣∣∣2〉−
〈∣∣∣δg,k

∣∣∣2〉〈∣∣∣δg,k′

∣∣∣2〉] . (4.28)

In deriving the second line, we have substituted the estimator defined in Eq. (4.26) and

omitted the constant PN
g , which cancels out in the difference of expectation values.

The expectation value on the right-hand side involves four instances of δg, and can be

expanded using Wick’s theorem for Gaussian fields† [4]

〈∣∣∣δg,k

∣∣∣2 ∣∣∣δg,k′

∣∣∣2〉 =
〈

δg,k δg,−k δg,k′ δg,−k′

〉
=
〈

δg,k δg,−k

〉 〈
δg,k′ δg,−k′

〉
+
〈

δg,k δg,k′

〉 〈
δg,−k δg,−k′

〉
+
〈

δg,k δg,−k′

〉 〈
δg,−k δg,k′

〉
(4.29)

*For a more detailed explanation of Poisson noise and discrete derivation, see Appendix A.
†Inflationary theory predicts that the initial fluctuations of the Universe can be well described by a Gaus-

sian random field. Furthermore, as long as the subsequent evolution remains within the linear regime, the
statistical properties of the field are preserved and remain Gaussian [5].
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The first term in Eq. (4.29) precisely cancels the second term in Eq. (4.28). Thus, only

the second and third terms remain. For our discrete Fourier definition in Eq. (4.21), the

two-point correlation in Fourier space is given by [4, 26]

〈
δg,k δg,k′

〉
= δk,−k′

[
Pg(k) + PN

]
(4.30)

where δk,−k′ is the Kronecker delta, equal to 1 when k = −k′ and 0 otherwise. Note that

these simple forms follow from the inclusion of the normalization factor L3/2 in Eq. (4.21),

which allows us to make the correspondence

(2π)3δ
(3)
D

(
k + k′

)
→ δk,−k′ (4.31)

Returning to Eq. (4.28), we observe that the remaining terms from Eq. (4.29) only con-

tribute when the bins i and j overlap. Therefore, in the typical case of non-overlapping

bins*, the covariance matrix is diagonal (i.e., Covij = 0 for i ̸= j ). For i = j, there are

exactly two contributions per k: one from k′ = k, and one from k′ = −k. Hence, the final

expression for the covariance of the auto galaxy power spectrum is [4, 26]

Cov
[
P̂g (ki) , P̂g

(
k j

)]
=

2
Nk,i

[
Pg (ki) + PN

g

]2
δij (4.32)

Even for an infinitely dense galaxy sample, so that PN → 0, a minimum error remains,

which is the sample variance due to the finite number of modes available in the survey

volume V (Eq. (4.25)). For notational convenience, we restrict the indices to k and k′,

introduce

P̃g(k) = Pg(k) + PN
g ,

and rewrite the summation term as

|k|−ki |<∆k/2

∑
k

−→ ∑
k

.

It follows directly that the estimator for the cross power spectrum between two galaxy

populations g and g′ observables is given by

*Non-overlapping bins are typically used because they ensure that each Fourier mode contributes to only
one k-bin, avoiding redundancy and artificial correlations between bins. This choice simplifies the covariance
structure, making it approximately diagonal, which is especially convenient for forecasting and Fisher matrix
analyses.



4. THE IMPACT OF DOPPLER EFFECT IN THE GALAXY POWER SPECTRUM 33

P̂gg′k) =
1

Nk
∑
k

〈
δg(k)δg′(−k)

〉
−PN

gg′ , (4.33)

where PN
gg′ denotes the shot-noise contribution to the cross-spectrum. For two distinct

non-overlapping galaxy samples, this term vanishes, i.e.

PN
gg′ = 0. (4.34)

This statement assumes that the two galaxy populations are statistically independent at

the level of Poisson sampling. If the samples overlap, a residual correlated shot-noise

contribution may arise. In this work we restrict ourselves to the idealized case of disjoint

samples which is we can do using a single catalogue.

In complete analogy with the auto-spectrum case, the covariance of the cross power

spectrum is [15, 16]

Cov
[
P̂gg′

(
k, µ
)

, P̂gg′
(
k′, µ′)] = 1

Nk

[
P̃g(k, µ)P̃g′(k, µ) + Pgg′(k, µ),Pg′g(k, µ)

]
. (4.35)

The first term in brackets accounts for the variance of the two auto-spectra, while the

second term encodes correlations arising from the cross-spectrum itself.

From Eq.(4.33), the estimatores of the multipole expasion will given by

P̂ ℓ
gg′(k) =

2ℓ+ 1
Nk

∑
k

∫ 1

−1
dµ
〈

δg(k)δg′(−k)
〉

, (4.36)

whose covariance is defined as [18, 26]

Cov
[
P ℓ1

gg′ (k) ,P ℓ2
gg′
(
k′
)]

=

=
2ℓ1 + 1

2
2ℓ2 + 1

2

∫ 1

−1

∫ 1

−1
dµdµ′Lℓ1(µ)Lℓ2(µ

′)Cov
[
Pgg′

(
k, µ
)

,Pgg′
(
k′, µ′)] =

=
2ℓ1 + 1

2
2ℓ2 + 1

2

∫ 1

−1

∫ 1

−1
dµdµ′Lℓ1(µ)Lℓ2(µ

′) (2π)3 ×

×
[

δ
(

k + k′
)
P̃g
(
k, µ
)
P̃g′
(
k, µ
)
+ δ

(
k − k′

)
Pgg′

(
k, µ
)
Pg′g

(
k, µ
)]

=

=
2ℓ1 + 1

2
2ℓ2 + 1

2

∫ 1

−1
dµLℓ1(µ)Lℓ2(µ)×

× (2π)3
[
δ
(
k + k′

)
P̃g
(
k, µ
)
P̃g′
(
k, µ
)
+ δ

(
k − k′

)
Pgg′

(
k, µ
)
Pg′g

(
k, µ
)]

. (4.37)

Applying the discretization in k-space (Eq. (4.31)) and summing over all k , we obtain
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Cov
[
P ℓ1

gg′ (k) ,P ℓ2
gg′
(
k′
)]

=
(2ℓ1 + 1) (2ℓ2 + 1)

4Nk

∫ 1

−1
dµLℓ1(µ)Lℓ2(µ)×

×
[
P̃g
(
k, µ
)
P̃g′
(
k, µ
)
+ Pgg′

(
k, µ
)
Pg′g

(
k, µ
)]

. (4.38)

Finally, due to the imaginary component of our observables, it is possible to construct

estimators that independently isolate the symmetric and antisymmetric parts of the cross-

power spectrum [17]. These correspond, in essence, to the real and imaginary components

of the cross-power spectrum itself. For the antisymmetric part, we define [17]

P̂ I
gg′(k, µ) =

1
Nk

∑
k

〈
Im
[
δg(k)δg′(−k)

]〉

=
1

Nk
∑
k

〈
δg(k)δg′(−k)− δg′(k)δg(−k)

2i

〉
, (4.39)

and for the symmetric part, we have

P̂R
gg′(k, µ) =

1
Nk

∑
k

〈
Re
[
δg(k)δg′(−k)

]〉

=
1

Nk
∑
k

〈
δg(k)δg′(−k)− δg′(k)δg(−k)

2

〉
. (4.40)

These two estimators are expected to contain the same information as Eq. (4.33). However,

because the antisymmetric estimator isolates the Doppler effect, it may provide tighter

constraints on this signal than Eq. (4.33). Moreover, these estimators can be further ex-

panded into multipoles, following the same procedure used in Eq. (4.36), since the de-

pendence on µ remains. In addition, because parity is now separated by symmetry, the

multipoles of the symmetric estimator, P̂R
ℓ , are non-vanishing only for even ℓ, whereas

those of the antisymmetric estimator, P̂ I
ℓ , are non-vanishing only for odd ℓ. A detailed

discussion of the covariance of the symmetric and antisymmetric estimators, as well as

their multipoles, is deferred to the next chapter.

Having established this final methodological component, we now turn to evaluating

the constraining power on the Doppler parameters.



Chapter 5

Prospects of Constraining the

Doppler effect in Future Surveys

In the previous chapter, we developed the framework of Legendre multipoles as well as

the symmetric and anti-symmetric estimators of the cross-power spectrum. We now turn

to the question of how tightly the Doppler effect can be constrained. To this end, we

first introduce the reference sample on which our analysis is based, following [15, 16].

As an intermediate step, we evaluate the signal-to-noise ratio of these observables, which

enables us to quantify their statistical power and, ultimately, their ability to constrain the

Doppler parameters. Finally, we perform a Fisher matrix analysis to assess the achievable

parameter constraints and to explore potential degeneracies among them [18, 27].

5.1 DESI-like low redshift Bright Galaxy Sample

The Dark Energy Spectroscopic Instrument (DESI) [20] survey includes a dedicated Bright

Galaxy Sample (BGS) designed to target the brightest galaxies at low redshift, comple-

menting higher-redshift tracers such as emission line galaxies and quasars. The DESI

BGS is expected to observe over 10 million galaxies up to redshift z < 0.6 across ∼

14,000, deg2[15], making it one of the most powerful low-redshift probes for large-scale

structure. Such low-redshift samples are particularly well suited for Doppler contribu-

tion studies, as this effect has been shown to dominate in this regime [15, 16, 24].

For this reason, we make use of the DESI-like low-redshift BGS parameter fits pro-

vided in [15] to investigate the relativistic Doppler contribution in a realistic observational

35
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setup*. In this sample, apparent magnitudes m are defined from the observed flux F as

m = −2.5 log10 F + const. A cut-off magnitude of mc = 20.175 is adopted in the r-band†.

The sample further allows for an additional luminosity cut within the BGS, enabling the

construction of faint and bright sub-samples, and thus two tracers from a single galaxy

population. In this case, the faint sample comprises sources with observed magnitudes in

the range (ms, mc], while the bright sample includes all galaxies with m ≤ ms. The optimal

sensitivity to the Doppler amplitude is achieved when the split is set at ms = 19.0 [16],

which also corresponds to the parameter values adopted here. We use the fits of [15] at

three representative redshifts (see Table 5.1)‡. For this thesis, we will assume a survey

area of 10,000 deg2 which is consistent with DESI DR2 [28] and a ΛCDM cosmology as

introduced in Chapter 2.

z̄ nbright [h3 Mpc−3] αbright bbright nfaint [h3 Mpc−3] αfaint bfaint

z̄1 = 0.13 1.73 × 10−2 1.78 1.15 1.38 × 10−2 11.19 1.10
z̄2 = 0.30 5.62 × 10−4 −7.50 1.63 2.14 × 10−3 −1.20 1.30
z̄3 = 0.47 4.01 × 10−6 −13.06 3.02 1.10 × 10−4 −5.11 2.06

TABLE 5.1: Survey characteristics for bright (g) and faint (g′) galaxies in the DESI-like
low-redshift Bright Galaxy Sample (BGS), including number densities (ng), Doppler (αg),

and bias parameters (bg) at three mean redshifts z̄ [15].

5.2 Signal-to-Noise Ratio Analysis

Although our estimators allow us to isolate the Doppler effect, their detection may not be

straightforward and, consequently, they might not yield robust constraints. To address

this, we evaluate the expected noise in their signal and assess their constraining power.

For this purpose, we employ the signal-to-noise ratio (SNR), defined as

SNR =
X√
ΓX

, (5.1)

where X denotes the estimator (or signal) under consideration and

ΓX = Cov[X, X]. (5.2)

*We will not elaborate on how galaxies are modeled, but only highlight the information that is essential
for our purposes. For further details, we refer the reader to [15].

†The r-band refers to a photometric filter centered in the red part of the visible spectrum, which is com-
monly used in galaxy surveys.

‡We thank the authors for kindly sharing the tabulated results, which we employ instead of the analytic
fitting functions provided in the paper.
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is the corresponding noise.

5.2.1 SNR of Legendre Multipoles of the Cross-Power Spectrum

We begin by evaluating the SNR of the Legendre multipoles Pℓ, whose covariance is de-

fined in Eq. (4.38). Since our aim is to assess the SNR of each multipole individually, we

restrict our covariance to the cases with ℓ1 = ℓ2 = ℓ, which further reduces Eq. (4.38) to

Γℓ(k) =
(2ℓ+ 1)2

4Nk

∫ 1

−1
dµ
(
Lℓ(µ)

)2
[
P̃g
(
k, µ
)
P̃g′
(
k, µ
)
+ Pgg′

(
k, µ
)
Pg′g

(
k, µ
)]

. (5.3)

Before computing the SNR, it is important to note that the dipole and octopole mul-

tipoles, given in Eqs. (4.17) and (4.19), are purely imaginary. To account for this, we take

their absolute values, which leads to a redefinition of the SNR as

SNR(k) =

∣∣∣P ℓ
gg′(k)

∣∣∣√
Γℓ(k)

, (5.4)

where
√

Γℓ(k) is given by Eq. (5.3).

The results of this calculation are presented in Fig. 5.1, which shows the SNR of

the Legendre multipoles of the cross-power spectrum Pgg′ (in units of Mpc3) as a func-

tion of the wavenumber k (Mpc−1) for three representative mean redshifts. Each panel

corresponds to a different multipole: monopole (ℓ = 0), dipole (ℓ = 1), quadrupole

(ℓ = 2), and octopole (ℓ = 3)* . The monopole exhibits the highest values, peaking above

SNR ∼ 250 and increasing with k, although the dependence on redshift is non-monotonic.

The quadrupole follows a similar trend but with a maximum SNR ∼ 25. In contrast, the

dipole and octopole display significantly smaller amplitudes, with peak values SNR ≲ 0.5

and SNR ≲ 0.06, respectively.

The most striking feature of these results is that the odd multipoles exhibit SNR < 1.

This indicates that the statistical noise dominates over the signal, rendering any potential

detection based on these estimators indistinguishable from noise.† While odd multipoles

were initially expected to provide a clean probe of Doppler contributions, since these are

isolated in the imaginary component, their poor SNR values imply that such estimators

are not viable.

*We restrict this analysis to multipoles up to the octopole, since only these are directly sensitive to
Doppler effects, even though the remaining even multipoles are much less affected than the odd ones.

†In cosmology, constraints with SNR ≳ 10 are typically regarded as good, while SNR ≲ 5 are considered
poor [29].
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FIGURE 5.1: SNR of the Legendre multipoles (ℓ = 0, 1, 2, 3) of the cross-power spectrum
Pgg′ for three mean redshifts (z̄1 = 0.133, z̄2 = 0.300, and z̄3 = 0.467) with the BGS.
Each panel corresponds to a different multipole order. The markers represent the discrete

values in k, while the solid line denotes the fitted function.

To understand this outcome, recall that Doppler-dependent contributions are intrinsi-

cally suppressed compared to the Newtonian terms. Although the odd multipoles isolate

these contributions at the level of the power spectrum, the situation changes when com-

puting the covariance,

Cov
[
Pgg′(k, µ),Pgg′(k′, µ′)

]
,

which has contributions of two terms, namely

(
Pg(k, µ) + Ng

) (
Pg′(k, µ) + Ng′

)
and Pgg′(k, µ)Pg′g(k, µ).

The first is a product of two polynomials containing only even powers in µ, and it is

therefore straightforward that the result also remains an even polynomial. The second

term involves the product
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(
A + Bµ2 + Cµ4 + i(Dµ + Eµ3)

)
×(

A + Bµ2 + Cµ4 + i(Dµ + Eµ3)
)
=
(

A + Bµ2 + Cµ4
)2

+
(

Dµ + Eµ3
)2

,

from which it is again trivial to verify that only even powers of µ remain. As a conse-

quence, all µ-dependencies become even, and the integral is non-vanishing only when

Lℓ1(µ)Lℓ2(µ) is also even. This condition is satisfied whenever ℓ1 = ℓ2, in which case

the product is a squared polynomial and thus even, or more generally when ℓ1 + ℓ2 is

even. Therefore, the real contributions inevitably survive in the covariance of the odd

multipoles, driving their variance to be larger than their corresponding signal.

This observation, although negative in terms of odd-multipole detectability, is in fact

encouraging for the anti-symmetric estimator and its multipoles. By construction, when

isolating the imaginary part explicitly, the real contributions are removed at the observa-

tional level and do not propagate into the covariance. Hence, in the next analyses, this

contamination is absent, potentially leading to more favorable detectability prospects.

5.2.2 SNR of the Anti-Symmetric Estimator of the Cross Power Spectrum and

Its Legendre Multipoles

We now turn to the covariance of the anti-symmetric estimator of the cross power spec-

trum. In [17], the author computes the covariance for a general anti-symmetric estimator;

however, the calculation is performed by considering only a single Fourier mode of k.

Such procedure effectively restricts the analysis to an individual mode and neglects the

statistical averaging over the ensemble of modes contained in the survey volume. In prac-

tice, the covariance must account for the full set of Fourier modes contributing to a given

bin in k, as these collectively determine the variance of the estimator. For this reason, we

must rederive an expression for the covariance of the imaginary part that properly incor-

porates the contribution of all modes. Since the derivation is too lengthy, we present it in

Appendix B. The resulting covariance is

ΓI(k) =
1

Nk

(
P I

gg′(k, µ)
)2

. (5.5)

This result shows that, when isolating the imaginary part and including the contribution

of all Fourier modes, the only source of statistical uncertainty is cosmic variance, with

shot noise making no contribution. This finding is particularly interesting because it is
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not restricted to the Doppler effect alone, but applies to all “imaginary” contributions to

the density contrast, such as the gravitational redshift [17]. Consequently, this may alter

the way in which these imaginary contributions are interpreted and detected in practice.

Returning to our case, in order to compute Nk, we must consider binning not only in

k but also in µ. The corresponding number of modes is therefore* [15]

Nk =
1

4π2 Vk2
i ∆k∆µ, (5.6)

and the SNR follows as

SNR(k) =
P I

gg′(k, µ)√
ΓI(k, µ)

=
√

Nk. (5.7)

with Fig. 5.2 illustrates this result. It simply reflects the behaviour expected from cosmic

variance. A noteworthy aspect is that, compared to the SNR of the odd multipoles in

Fig. 5.1, the imaginary part exhibits a significantly higher SNR, with some values exceed-

ing 10, making it a strong signal.
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FIGURE 5.2: SNR of the imaginary power spectrum as a function of the wavenumber
k for three mean redshifts forecasted with the BGS sample. Dashed grey line represent

SNR = 10.

The same procedure used for Eq. (5.3) can now be applied to Eq. (5.5), yielding

*For clarity, we adopt Nk in the first context, and Nk in the second.
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Γ2
ℓ(k) =

(2ℓ+ 1)2

4Nk

∫ 1

−1
dµ
(
Lℓ(µ)

)2
(
P I

gg′(k, µ)
)2

. (5.8)

The outcome of this calculation is shown in Fig. 5.3. These results are consistent with the

trends already observed in Figs. 5.1 and 5.2. In particular, we recover the same favourable

signal-to-noise ratios found in Eq. (5.7), as well as the same relative behaviour between

the dipole and the octopole from Eq. (5.3). For ℓ = 1, the SNR exceeds 500, while for ℓ = 3

it is substantially lower, with values ranging from 0 up to ≲ 100*.
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FIGURE 5.3: SNR of the legandre multipoles of the imaginary power spectrum as a
function of the wavenumber k for three mean redshifts forecasted with the BGS sam-

ple. Dashed grey line represent SNR = 10.

These results confirm that our intuition at the end of the previous subsection was

correct: the issue indeed arose because the real part of the cross was also contributing

to the odd multipoles. As an additional benefit, we find that the covariance of an anti-

symmetric estimator is determined solely by cosmic variance.

Finally, both Fig. (5.2) and Fig. (5.3) show an improvement in the SNR with increasing

redshift z. At first glance, this result may appear counterintuitive, since previous studies

[15, 16] have shown that higher redshift typically leads to improved performance for a

fixed sample.

*This result is somewhat unexpected, as it exceeds the SNR of Eq. (5.7); however, we will return to this
point for a more detailed discussion after applying the Fisher matrix formalism.
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In the first case, Eqs. (5.7) and (5.6) show that the SNR is directly correlated with

the survey volume, which is the only quantity that differs among the three redshift bins

considered in this analysis. The survey volume is defined as

Vsur(z) =
∫ z+ ∆z

2

z− ∆z
2

r(z′)
H(z′)

, dz′. (5.9)

This expression makes explicit that increasing the central redshift z leads to a larger survey

volume, and consequently to a higher SNR.

For the multipole case, the Legendre multipoles correspond to a linear transformation

of the power spectrum involving an average over µ. Therefore, we expect the SNR of

the multipoles to scale linearly with the SNR obtained in the previous case, which again

explains the observed increase of the SNR with increasing redshift.

5.3 Parameter Analysis

We obtained favourable SNR values for the imaginary estimator and its multipoles, whereas

the multipoles of the full cross power spectrum did not exhibit such behaviour. Neverthe-

less, we include all cases in our analysis to gain a comprehensive understanding of how

each contributes to the constraints.

We begin by introducing the Fisher matrix together with a formal definition of the

Doppler parameters. We then analyze the degeneracies among them in order to identify

which parameters can, and which cannot, be constrained with our observables. Finally,

we present the projected relative errors on these parameters to quantify the strength of

the constraints.

5.3.1 Fisher Information Matrix

The Fisher information matrix is a central tool in forecasting the constraining power of

cosmological surveys. In general, it quantifies the amount of information that an observ-

able carries about a set of parameters θ = {θ1, θ2, . . . , θn}. Formally, it is defined as the

expectation value of the Hessian of the log-likelihood function [27],

Fij ≡ −
〈

∂2 lnL(d|θ)
∂θi ∂θj

〉
, (5.10)

where L is the likelihood of the data vector d given the parameters θ.
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Under the assumption of Gaussian-distributed observables, the Fisher matrix can be

expressed in terms of the derivatives of the model predictions with respect to the param-

eters and the inverse of the covariance matrix. For a generic data vector P (in this work,

the set of observables), the Fisher matrix in a given redshift bin z̄l reads [15, 27]

Fij(z̄l) = ∑
m,n

∂P(z̄l , µm, kn)

∂θi

T

Γ−1(z̄l , µm, kn)
∂P(z̄l , µm, kn)

∂θj
, (5.11)

where the sum runs over all configurations in angle µm and scale kn, and Γ denotes the

covariance matrix of the power spectra.

When combining multiple redshift bins, the total Fisher information is obtained by

summing over the contributions of each bin,

Fij = ∑
l

Fij(z̄l), (5.12)

so that the cumulative information accounts for the full redshift range of the survey. It is

worth noting that in analyses based on power spectrum multipoles, the explicit angular

dependence on µ is integrated out. In that case, the Fisher matrix depends only on the

wavenumber k.

Finally, the inverse of the Fisher matrix provides the Cramér–Rao bound on the pa-

rameter uncertainties. In particular, the marginal error on a parameter θα is given by

σθi =
√
(F−1)ii. (5.13)

This framework thus enables one to quantify the sensitivity of a given survey to the pa-

rameters of interest, assess parameter degeneracies, and optimize the analysis strategy.

Since our aim is to test the Doppler contribution, we consider a parameter set that

simultaneously includes both the relativistic Doppler coefficients α and the Doppler am-

plitude AD, namely

θ =
{

αg,1, αg′,1, αg,2, αg′,2, αg,3, αg′,3, AD

}
. (5.14)

Here the second subscript in the α’s labels different mean redshifts. This choice allows

us to directly test the relativistic Doppler coefficients α for the different galaxy types and

at different redshifts, thus identifying which cases are easier or harder to constrain. The

Doppler Amplitude is introduced in Eq. (3.28) as [15]

δg,obs(k) = bg δm + f µ2 − AD
i fHµ

k
αg. (5.15)
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By definition, the fiducial value is AD = 1 for any galaxy type and redshift, since once

the other parameters (including the α’s) are known, AD does not introduce additional

freedom. However, this statement holds only if the theoretical framework of GR and in

particular the validity of the Euler equation, Eq. (3.21) is assumed. Should GR be violated,

the Doppler amplitude may deviate from unity, thereby allowing us to test both the Euler

equation and GR itself and that’s we tested it.

The Fisher matrix therefore takes the form of a block-diagonal structure of dimension

7 × 7, in which only terms corresponding to the same redshift interact with each other

and with AD.

As for the data vectors, we will consider the multipoles of the cross-power spectrum,

as well as the symmetric and anti-symmetric estimators along with their respective multi-

poles. The symmetric and anti-symmetric estimators will be evaluated both individually

and jointly, and their multipoles will be assessed likewise. The covariance matrix for the

real estimator is given by

Γ
(
k, µ
)
= Cov

[
Re
[
Pgg′

(
k, µ
)]

, Re
[
Pgg′

(
k′, µ′)]]

=
1

Nk

[(
Re
[
Pgg′

(
k, µ
)])2

+ P̃g
(
k, µ
)
P̃g′
(
k, µ
)]

, (5.16)

while for it’s multipoles, one has

Γℓ1,ℓ2 (k) =
(2ℓ1 + 1) (2ℓ2 + 1)

4Nk

∫ 1

−1
dµ
(
Lℓ1(µ)

) (
Lℓ2(µ)

)
×

×
[(

Re
[
Pgg′

(
k, µ
)])2

+ P̃g
(
k, µ
)
P̃g′
(
k, µ
)]

. (5.17)

Combining the symmetric and anti-symmetric parts, we defined the the covariance matrix

of as

Γ
(
k, µ
)
=


Cov

[
Re
[
Pgg′(k, µ)

]
, Re

[
Pgg′(k′, µ′)

]]
Cov

[
Re
[
Pgg′(k, µ)

]
, Im

[
Pgg′(k′, µ′)

]]
Cov

[
Im
[
Pgg′(k, µ)

]
, Re

[
Pgg′(k′, µ′)

]]
Cov

[
Im
[
Pgg′(k, µ)

]
, Im

[
Pgg′(k′, µ′)

]]


(5.18)

and for the multipoles [18],
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Γℓ1,ℓ2(k) =
(2ℓ1 + 1)(2ℓ2 + 1)

4

∫ 1

−1
dµ Lℓ1(µ)Lℓ2(µ)×

×



Cov
[

Re
[
Pgg′(k, µ)

]
, Re

[
Pgg′(k′, µ′)

] ]
, ℓ1 and ℓ2 even,

Cov
[

Im
[
Pgg′(k, µ)

]
, Im

[
Pgg′(k′, µ′)

] ]
, ℓ1 and ℓ2odd,

Cov
[

Re
[
Pgg′(k, µ)

]
, Im

[
Pgg′(k′, µ′)

] ]
, otherwise.

,

(5.19)

where, the mixed covariance reads

Cov
[

Re
[
Pgg′(k, µ)

]
, Im

[
Pgg′(k′, µ′)

]]
=

1
Nk

Re
[
Pgg′(k, µ)

]
Im
[
Pgg′(k, µ)

]
. (5.20)

5.3.2 Degeneracies Analysis

We began by testing the imaginary estimator and its dipole individually for θ. However,

when performing the calculation, we found that the resulting matrix was not invertible,

indicating the presence of degeneracies among our parameters.

To identify possible degeneracies, it is helpful to construct an intuitive framework

that allows us to reason directly about the data vector. A natural choice is to base this

reasoning on the derivatives of the observables with respect to the parameters. Concretely,

let us define J as the matrix whose columns are the vectorized derivatives:

J =
[

∂P/∂θ1, ∂P/∂θ2, . . .
]
.

It can then be formally shown that the null space of the Fisher matrix,

F = JT Γ−1 J,

coincides with the null space of J itself. In other words, any exact linear dependence

among the derivatives directly translates into a degeneracy in the Fisher matrix. This

provides a rigorous justification for using the derivatives of the data vector as a guide to

identify degeneracies.

With this insight, our working hypothesis was that this degeneracy involved the α

parameters and AD. The reasoning behind this proposal is that, upon examining the
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structure of the derivatives of the observables with respect to the parameters, we find that

the data-vector derivatives satisfy

∂P
∂AD

∝
∂P
∂α

, (5.21)

since AD acts as a global rescaling of the Doppler contribution already controlled by the

αg*.

One possible strategy to prove this degeneracy is to separate in two different sets

θ1 =
{

αg,1, αg′,1, αg,2, αg′,2, αg,3, αg′,3

}
(5.22)

and

θ2 = {AD} . (5.23)

When testing this separation, we found that for the imaginary estimator the degeneracy

disappeared, whereas for the dipole it persisted within the set θ1. This confirmed our

hypothesis, while also showing that the degeneracy with AD is not the only one present

in the dipole.

To better understand the nature of this second degeneracy, we examined the parame-

ter derivatives by

∂P
∂αg

=
∂P

∂αg′
. (5.24)

For the imaginary component, this condition yields

bg′ = −(bg + 2 f µ2)

whereas for the dipole we obtain

bg′ = −1
5
(5bg + 6 f ).

*Additional intuition supports this interpretation. For instance, one can explicitly verify that ∂P
∂AD

= ∂P
∂αg

+

∂P
∂αg′

, which again reveals the degeneracy.
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We note that the dipole relation is constant at each redshift, implying that the two

derivatives are related by a simple rescaling, thereby maintaining the degeneracy. In con-

trast, the imaginary component depends on µ, a variable quantity, meaning that the rela-

tion cannot be reduced to a mere rescaling and the degeneracy is therefore broken.

Since the factor responsible for breaking the degeneracy is precisely the µ-dependence,

we considered combining the octopole with the dipole. The reasoning behind this choice

is that by including both multipoles, we effectively distribute the µ-dependence across

different angular modes. In doing so, the data vector captures the full angular information

encoded in µ, rather than restricting it to a single projection, thereby enhancing the ability

to disentangle parameter degeneracies. The covariance matrix in this case is the same as in

Eq. (5.8), but here we consider ℓ1 ̸= ℓ2 as in Eq. (4.38) and allow them to take values of 1 or

3. The computational calculations confirmed the breaking of the degeneracy, allowing us

to obtain estimates for the parameters in θ1. However, the original degeneracy persisted.

We now turn to the real estimator. The calculations showed us that for the full param-

eter set θ, the test unsurprisingly failed, as expected, since it is also subject to the same

condition given in Eq. (5.21). We then performed the analysis separately for the parameter

subsets θ1 and θ2. While the latter worked, the former once again exhibited degeneracies.

Applying Eq. (5.24), we obtain

αg = αg′ .

This confirms the presence of degeneracies analogous to those found for the dipole. In

this case, we expect the multipoles to retain the degeneracy, either individually or in com-

bination, since they merely reveal the angular dependence of the real part. Finally, we

confirmed computationally that the real multipoles indeed display this same degeneracy.

To see if we could somehow mitigate this degeneracy between the α parameters and

AD, as we did previously, we used the mixed data vector with real and imaginary esti-

mator and a vector of its multipoles. The computational analysis showed that the linear

dependence among the α parameters originating from the real estimator does not per-

sist once imaginary-part observables are included. This demonstrates that the imaginary

estimator contributes independent information on the α’s, thereby rendering the Fisher

matrix non-degenerate with respect to these parameters. On the other hand, the α–AD

degeneracy remained as a fundamental limitation. Neither the real nor the imaginary

sector, nor their combination or the combination of their multipoles, provides sufficient
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information to lift this degeneracy. This also implies that attempting the same analysis

for the full cross-power spectrum would not succeed, since the real and imaginary parts

together already contain the complete information, which we were able to confirm while

working on Appendix C. Furthermore, the multipoles of the cross-power spectrum exhib-

ited the same degeneracies as those of the symmetric and anti-symmetric estimators. A

plausible explanation is that all terms involving either α or AD can be traced back to the

same underlying contribution, δα in Eq. (5.15), which naturally favours the persistence of

this degeneracy.

Finally, in order to explore other potential degeneracies and possible breaking mecha-

nisms, we performed additional tests considering all combinations of the seven parame-

ters. We began by testing each parameter individually and, as expected from the previous

analysis, no degeneracies were observed. When moving to two-parameter combinations,

we identified two noteworthy results. First, if the parameters included different types of

α (or even the same type) but evaluated at different redshifts, the degeneracy previously

seen in the real part for α’s disappeared. This behaviour was further reinforced by the

fact that, when using only the real part but considering α at three different redshifts, no

degeneracy reappeared. A natural explanation is that α’s at different redshifts do not in-

teract, leading to a block-diagonal Fisher matrix, which in turn implies that the parameter

equations are redshift-dependent. Consequently, an analysis with more redshift points

would not change the degeneracy structure among the parameters. This motivated us to

verify the previously identified degeneracies for a single redshift bin, and we confirmed

that they remain unchanged whether one considers one or three bins. The second result is

that, when using only one α together with AD, no degeneracy was present. This breaking

persisted, when including the imaginary part, even when combining up to six parame-

ters, provided that one of them was AD and the others were α’s (with one excluded). We

also verified that this behaviour holds for a single redshift bin, confirming that it is not

simply due to the fact that AD is defined as the sum of three redshift-dependent terms.

This suggests that AD replaces the missing α by acting as a rescaling, AD × α → α′, which

then behaves like a new redefined α. The fact that this persists even when including up

to five of the six α’s indicates that, although completing two sets of equations (two set of

α’s plus AD). We ultimately restricted our analysis to the parameter sets θ1 and θ2, since

in practice one would either aim to constrain all α’s across redshifts or to determine the

amplitude AD, but not replace the search for one of the α’s by AD.
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5.3.3 Relative Errors Analysis

The previous subsection allowed us to constrain our parameter set choice to two alterna-

tives: θ1, defined in Eq. (5.22), and θ2, defined in Eq. (5.23). For the latter, all possible com-

binations of observables may be employed without restriction. For the former, however,

only multipoles of the cross power spectrum, the imaginary estimator, the multipoles of

the imaginary estimator (jointly), the combination of the imaginary and real estimators,

or the combination of both their multipoles can be consistently used.

To quantify the expected precision with which the parameters can be constrained, we

define the relative error associated with a parameter θi as*

relative error =
σθi

|θi|
, (5.25)

where σθi represents the forecasted uncertainty. This dimensionless quantity provides a

natural measure of parameter sensitivity, as it directly reflects the accuracy relative to the

physical scale of the parameter itself. In particular, it allows a straightforward comparison

between different parameters, regardless of their units or magnitudes.

As a comparative benchmark to evaluate whether our methods provide an improve-

ment over those reported in the literature, while also verifying their consistency with

established trends, we adopt [16] as a reference. Using the same methodology for our

sample, we obtained the results presented in Table C.1.

α Parameter Set

The analysis of the α parameter set yields the relative errors reported in Table 5.2.

Observables αg,1 αg′,1 αg,2 αg′,2 αg,3 αg′,3

Pgg′ 139.8 21.51 33.23 173.1 32.02 58.35
P0,P1,P2,P3,P4 99.20 15.27 23.76 123.8 22.30 40.67

P I 2.932 0.449 0.053 0.275 0.021 0.037
P I

1 ,P I
3 3.609 0.555 0.063 0.327 0.023 0.042

PR,P I 2.092 0.320 0.041 0.212 0.021 0.037
PR

0 ,P I
1 ,PR

2 ,P I
3 ,PR

4 2.571 0.395 0.048 0.248 0.023 0.041

TABLE 5.2: Relative errors for αg and αg′ at the three mean redshifts for the possible data
vectors.

*Relative errors are computed with respect to the absolute value of the parameters, since some of them
may take both positive and negative values, as shown in Table 5.1.
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On the one hand, we find that decomposing the cross-power spectrum into symmetric

and anti-symmetric estimators yields improved relative error values for the α parameters

compared to those derived from the full cross-power spectrum, demonstrating that our

approach provides a more effective tool. However, not all parameters achieve precise

detection (< 0.1)*, indicating that further development of optimized data vectors is nec-

essary to achieve tighter constraints on the α parameters.

On the other hand, when comparing multipoles to their full angular counterparts,

we observe that while the multipoles generally follow the same scaling, they perform

somewhat less effectively, resulting in relative errors up to 60% higher than those obtained

from the full angular analysis, which is a deviation larger than what has been reported in

the literature [18]. An exception was found when converting the cross-power spectrum to

its multipoles, which in one case produced a smaller relative error. A detailed discussion

of the multipoles results is provided later, after evaluating the relative errors for AD.

Furthermore, when comparing values obtained exclusively from the imaginary esti-

mator with those derived from the combined data vector, we find that the latter yields

smaller relative errors. This outcome is expected, as extending the data vector by includ-

ing additional estimators can only improve or, at worst, leave unchanged our ability to

infer the underlying parameters†.

AD Parameter Set

For the parameter set θ2, we tested the same data vectors as in the previous analysis,

while additionally including the anti-symmetric estimator and its multipoles. The result-

ing analysis of the AD parameter yields the relative errors presented in Table 5.3.

Once again, we observe that the anti-symmetric estimator, as well as the combined

anti-symmetric and symmetric data vector, yield better results than the standard cross-

power spectrum. Moreover, the relative errors obtained are well below 0.1, placing them

within the range considered to constitute a strong constraint. However, a decrease in rela-

tive errors when transitioning from the full angular spectrum to its multipoles, which was

previously an exception, has now become the general rule, with the multipoles improving

the relative errors across all cases, something that should not happen.

*In general, values below the 10% level (< 0.1) are regarded as strong constraints in cosmological param-
eter estimation [29].

†This trend is evident when comparing [16] and [15]. In the former, the analysis relies exclusively on
the cross-power spectrum, resulting in larger marginal errors. In contrast, the latter employs a multi-tracer
approach (more observables), combining cross and auto power spectra, thereby achieving significantly im-
proved constraints.
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Observables Relative Error
Pgg′ 6.90 × 10−1

P0,P1,P2,P3,P4 4.89 × 10−1

P I 8.25 × 10−4

P I
1 ,P I

3 7.01 × 10−4

PR 4.01 × 101

PR
0 ,PR

2 ,PR
4 2.85 × 101

PR,P I 7.23 × 10−4

PR
0 ,P I

1 ,PR
2 ,P I

3 ,PR
4 6.11 × 10−4

TABLE 5.3: Relative errors for αg and αg′ at the three mean redshifts for the possible data
vectors.

Discussion

To conclude, there are two points that deserve further discussion: first, why treating the

real and imaginary parts of the cross-spectrum as separate estimators leads to tighter

constraints than using the full cross-power spectrum, as done in [16], taken here as our

reference, despite both approaches being expected to encode the same information; sec-

ond, why the transition from the full angular spectrum to its multipoles produces results

that differ from theoretical expectations.

As for the first point, let us illustrate why treating the real and imaginary parts sep-

arately may improve constraints. Consider the Portuguese saying, “cada macaco no seu

galho”, which translates directly as “each monkey on its branch”. Imagine a tree with

multiple branches, where each branch could host different types of monkeys, say, two

distinct species. If one were to perform a statistical analysis without distinguishing be-

tween branches, some confusion could arise due to the presence of multiple species. Now,

imagine instead that there are two separate trees, each hosting a different species. In this

scenario, it becomes much easier to analyze each species individually, rather than analyz-

ing all species together on a single tree. In our context, each species of monkey represents

either the real or the imaginary part of the cross-spectrum. By isolating the imaginary

part, which captures the Doppler contribution, the covariance of the power spectrum

no longer depends directly on the real part, dominated by linear bias and redshift-space

distortions. Consequently, it becomes easier to extract insights specifically related to the

Doppler effect than when considering the full expression, where the covariance still cou-

ples both components. This finding is consistent with our SNR analysis and is now further
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confirmed in the parameter-space study. It highlights that the improvement does not nec-

essarily arise from additional information, but rather from how the information is framed.

Furthermore, in the real part, we still account for both the Doppler contribution and the

dominant terms from linear bias and redshift-space distortions. In this context, if we could

possible separate these contributions further, it would make the analysis of Doppler pa-

rameters even more straightforward, potentially yielding even tighter constraints on the

Doppler effect than in our current approach.

Regarding the second point, the results obtained from the multipoles have, in most

cases, shown better relative errors than those from the full angular spectrum. Yet we

found no evidence of such behavior in the literature [18, 30], and from a theoretical stand-

point this outcome appears difficult to justify. As Eq. (4.36) shows, transforming into

multipoles is a linear operation in which information should inevitably be lost due to

averaging over µ. Consequently, the Fisher matrix should at best retain the same infor-

mation content, not improve upon it. One might argue, by analogy, that just as separating

the real and imaginary parts of the cross-power spectrum allows us to isolate the Doppler

effect and obtain tighter constraints, a similar mechanism could be at play for the multi-

poles, since they also isolate the Doppler contribution. However, this interpretation lacks

consistency: the improvement is not observed for all test parameters, whereas in the case

of the antisymmetric estimator we consistently obtained stronger constraints for the α pa-

rameters with respect to multipoles but not for AD. Another possible explanation is that

the covariance matrices for the multipoles have not been properly constructed. For in-

stance, if we compare the SNR of P I (Fig. 5.2) with that of P I
1 and P I

3 (Fig. 5.3), we find

that the dipole has a higher SNR than P I , whereas it should be lower [18]. This suggests

that issues in the construction of the multipole covariance could be driving the discrep-

ancy, and thus require careful reassessment. However, even this cannot fully explain the

inconsistency: if the covariance construction systematically favored multipoles over their

full angular counterparts, then improvements should appear across all estimators and

parameters, which is not the case. The fact that the multipole transformation yields in-

consistent results prevents us from drawing firm conclusions. Instead, our findings point

to the need for a more rigorous investigation before reliable inferences can be made.



Chapter 6

Conclusion

In this dissertation we have investigated the detectability of the relativistic Doppler effect

in galaxy clustering and its role as a probe of gravity on cosmological scales. To achieve

this goal, we first introduce the theoretical foundation required to describe the relativistic

Doppler contribution in the observed density field of galaxies and in the corresponding

power spectra. Starting from the homogeneous and isotropic background of the ΛCDM

cosmological model, we introduced the impact of peculiar velocities on galaxy redshifts,

extending the Newtonian treatment to the relativistic regime. In this context, we showed

that the relativistic Doppler effect introduces an imaginary component in Fourier space,

which is suppressed in auto power spectra but preserved in cross power spectra between

different galaxy populations. This property establishes cross-correlations as promising

estimator for isolating relativistic contributions.

Building on this, we developed a theoretical framework that enables the construction

of an antisymmetric (imaginary) estimator from the cross power spectrum, which iso-

lates its imaginary part and thus the Doppler effect. In parallel, we applied a Legendre

multipole expansion of the cross power spectrum as a less data-demanding approach to

approximate the information contained in the full angular spectrum, since the odd multi-

poles also isolate the Doppler contribution.

For the second approach, tests based on signal-to-noise and Fisher forecast analyses

did not yield consistent results, as the relative errors compared with those from the full

power spectrum fluctuated between being larger or smaller without any clear justifica-

tion. Consequently, no robust conclusions could be drawn, and further investigation is

required.
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On the other hand, for the antisymmetric estimator we derived a new covariance

matrix. The only formulation previously available in the literature considered a single

Fourier mode of k [17], effectively restricting the analysis to individual modes and ne-

glecting the statistical averaging over the ensemble of modes within the survey volume.

Our new derivation revealed that, for this estimator, the only source of statistical uncer-

tainty is cosmic variance. Thus, the signal-to-noise ratio is directly determined by it. We

then investigated how this result affects parameter constraints within a Fisher forecast

analysis. The forecasts were performed for a DESI-like Bright Galaxy Sample at low red-

shift, providing a realistic configuration for upcoming spectroscopic surveys. We first

considered a complete set of relativistic Doppler amplitudes αg and αg′ , as well as the

overall amplitude AD = 1. The Fisher analysis revealed degeneracies between the α’s

and AD, which required separating the parameters into two sets.

Subsequently, we tested the parameter constraints for the imaginary estimator as well

as for the combination of the antisymmetric and symmetric (real part) estimators of the

cross power spectrum. In both cases, and particularly for the combined estimator, we ob-

tained significantly smaller relative errors than with the standard cross power spectrum.

For the Doppler amplitudes α, the relative errors typically ranged between approximately

32% and 2%, with one exception where the result yielded an anomalously large relative

error. For the overall amplitude AD, the constraints achieved an unprecedented precision

of order 7 × 10−4, representing a substantial improvement over previous results in the

literature, which reported values around 7 × 10−3 [15, 16].

These results demonstrate that the relativistic Doppler effect, although subdominant,

can be realistically constrained with forthcoming large-scale galaxy surveys. The com-

bination of the real and imaginary parts emerges as a powerful observable capable of

isolating relativistic contributions that would otherwise remain hidden.

That said, these tests were carried out only for a single sample, which may not be

sufficient to draw definitive conclusions. A more robust validation would require test-

ing different samples, or ideally using real data from surveys such as Euclid, DESI, and

their cross-correlations with SKAO [20, 31]. This is necessary, as we cannot rely solely

on sample-based results, and additional information would strengthen (or possibly chal-

lenge) the conclusions we have reached. Nevertheless, even if the results turn out slightly

weaker with real data, the strategy of isolating the imaginary part of the observable

through its antisymmetry appears robust enough to retain significant constraining power.
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Another possible extension would be to include a larger set of parameters in the anal-

ysis. Our focus here was exclusively on testing the detectability of the Doppler contri-

bution, so we restricted ourselves to the parameters listed above. However, one could

attempt to incorporate additional parameters such as galaxy biases, the growth rate, or

even the Hubble parameter. Doing so through the imaginary part could potentially lead

to new insights about the Universe. This also extends beyond Doppler alone, since other

relativistic effects with imaginary contributions, such as gravitational redshift [17], could

be tested within the same framework.

Finally, a further avenue would be to explore the use of the multitracer technique,

as in [15], which has been shown to yield stronger constraints than relying solely on the

information from the cross power spectrum [16].





Appendix A

On the Derivation of the Discrete

Fourier Power Spectrum and Poisson

Noise

The statistical treatment of galaxy surveys often relies on the assumption that galaxies

constitute a Poisson sampling of the underlying continuous density field. This approxi-

mation assumes that galaxy positions are independent random events drawn from such a

field, leading to the characteristic property of Poisson statistics: the variance of the num-

ber of galaxies within a given volume is equal to its mean. As a consequence, the shot

noise contribution to the galaxy power spectrum is scale-independent and takes the sim-

ple form of the inverse mean number density of galaxies.

This assumption is particularly convenient in forecasting analyses, where the primary

goal is to estimate the constraining power of future surveys. In such contexts, the detailed

modeling of galaxy bias, clustering, redshift uncertainties, or survey selection effects is ei-

ther unavailable or still under development. The Poisson model therefore provides a con-

servative and analytically tractable baseline for noise, allowing for straightforward prop-

agation of uncertainties into the power spectrum or cosmological parameter forecasts.

While more sophisticated descriptions (e.g., based on halo occupation distributions, ex-

clusion effects, or realistic survey geometries) can capture deviations from Poisson statis-

tics, these are generally incorporated only at later stages of analysis, once observational

data or advanced simulations become available.

To describe this more formally, we need to expand our consideration of Section 4.4 [32].
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Consider our survey volume grid as cells of size Vi. In each cell i, the number of galaxies is

then modeled as a Poisson random variable with mean n̄g,iVi. Ignoring the Fourier modes

for the moment, this consideration allows us to discretize Eq. (4.21) as

δg,k =
1

n̄g
∑

i
ng,ieik·ri − δK

k,0 (A.1)

where δK is the Kronecker delta, and the discrete limit arises from partitioning the volume

into sufficiently small cells dVi such that each contains either zero or one galaxy, ni ∈ 0, 1.

A hallmark of the Poisson distribution then appears: ⟨ng,i⟩ = ⟨n2
g,i⟩.

Using the ensemble averages

〈
ng,i

〉
= n̄gdVi and (A.2)〈

ng,ing,j

〉
i ̸=j

= n̄2
gdVidVj

[
1 +

〈
δg (xi) δg

(
xj

)〉]
, (A.3)

we can calculate the discrete ensemble average
〈

δg,k1 δ∗g,k2

〉
, which yields

〈
δg,k1 δ∗g,k2

〉
=

〈
1

n̄2
g

∑
ij

ng,ing,jeik1·ri e−ik2·rj − 1
n̄g

∑
i

ng,ieik1·ri δK
k2,0

− 1
n̄g

∑
j

ng,jeik2·rj δK
k1,0 + δK

k1,0δK
k2,0

〉

=
1

n̄2
g

∑
ij

〈
ng,ing,j

〉
eik1·ri e−ik2·rj − δK

k1,0δK
k2,0

=
1

n̄2
g

∑
i ̸=j

〈
ng,ing,j

〉
eik1·ri e−ik2·rj +

1
n̄2

g
∑

i

〈
ng,i

〉
eiri ·(k1−k2) − δK

k1,0δK
k2,0

=
〈

δg (k1) δ∗g (k2)
〉
+

δK
k1,k2

n̄g
, (A.4)

where the last step comes from taking the continuum limit to retrieve the initial expected

value, and assumes k1 or k2 ̸= 0. We can rewrite this as

P̂g(ki) =
〈

δg (ki) δ∗g (ki)
〉
=

1
Nk,i

||k|−ki|<∆k/2

∑
k

〈
δg,kδ∗g,k

〉
− 1

n̄g

=
1

Nk,i

||k|−ki|<∆k/2

∑
k

〈∣∣∣δg,k

∣∣∣2〉−PN
g , (A.5)
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which corresponds to Eq. (4.26).

This result is telling us two things. First, for a given distribution of galaxies, the power

spectrum will have an added noise which is correspondent to the inverse global number

density of those galaxies. This reflects the fact that increasing the number density of trac-

ers improves the fidelity with which the continuous field is reconstructed. In the idealized

limit n̄ → ∞, the Poisson shot noise vanishes and the continuous field is perfectly recov-

ered.

Secondly, the Kronecker delta enforces that shot noise contributes only to the diago-

nal components in Fourier space. In other words, Poisson fluctuations do not correlate

distinct Fourier modes. Conceptually, the shot noise can be thought of as the artificial

“self-correlation” of a galaxy with itself. This effect does not carry cosmological informa-

tion and must be subtracted from the measured power spectrum.





Appendix B

Detailed Derivation of the

Covariance of the Real, Imaginary,

and Mixed Components of the Cross

Power Spectrum

In the main text, we omitted the proofs of Eqs. (5.5), (5.16), and (5.20) for reasons of length.

Nevertheless, their derivation is essential to our analysis, particularly Eq. (5.5), which con-

stitutes one of our central results and cannot be disregarded. For this reason, we devote

this appendix to presenting the full derivation, beginning with the imaginary part and

subsequently extending the argument to the remaining cases.

We start with the imaginary part, whose covariance with itself is defined as

Cov[P̂ I
gg′
(
k, µ
)
P̂ I

gg′
(
k′, µ′)] = 〈P̂ I

gg′
(
k, µ
)
P̂ I

gg′
(
k′, µ′)〉− 〈P̂ I

gg′
(
k, µ
)〉 〈

P̂ I
gg′
(
k′, µ′)〉

=
1

Nk
∑
k

1
Nk′

∑
k′

〈[Im
(

δg,k δ∗g′,k

)] [
Im
(

δg,k′ δ∗g′,k′

)]〉

−
〈[

Im
(

δg,k δ∗g′,k

)]〉〈[
Im
(

δg,k′ δ∗g′,k′

)]〉 (B.1)

Expanding the first expectation value, we obtain

61



62
THE EFFECT OF THE RELATIVISTIC DOPPLER IN THE CLUSTERING OF MULTIPLE TRACERS

OF DARK MATTER

〈[
Im
(

δg,k δ∗g′,k

)] [
Im
(

δg,k′ δ∗g′,k′

)]〉
=

〈(
δg,k δ∗g′,k − δg′,k δ∗g,k

2i

)
×

×
(

δg,k′ δ∗g′,k − δg′,k′ δ∗g,k′

2i

)〉
=

= −1
4

(〈
δg,k δ∗g′,k δg,k′δ∗g′,k′

〉
−
〈

δg,k δ∗g′,k δg′,k′ δ∗g,k′

〉
−
〈

δg′,k δ∗g,k δg,k′ δ∗g′,k′

〉
+
〈

δg′,k δ∗g,k δg′,k′ δ∗g,k′

〉)
. (B.2)

Each of these four-point functions can be expanded using Wick’s theorem. For instance,

the first term reads

〈
δg,k δ∗g′,k δg,k′ δ∗g′,k′

〉
=
〈

δg,k δ∗g′,k

〉 〈
δg,k′ δ∗g′,k′

〉
+
〈

δg,k δg,k′

〉 〈
δ∗g′,k δ∗g′,k′

〉
+
〈

δg,k δ∗g′,k′

〉 〈
δ∗g′,k δg,k′

〉
= Pgg′

(
k, µ
)
Pgg′

(
k′, µ′)+ δk,−k′ P̃g

(
k, µ
)
P̃g′
(
k, µ
)
+ δk,k′

(
Pgg′

(
k, µ
))2

. (B.3)

Proceeding analogously, the remaining three terms yield

〈
δg,k δ∗g′,k δg′,k′ δ∗g,k′

〉
= Pgg′

(
k, µ
)
Pg′g

(
k′, µ′)

+ δk,k′ P̃g
(
k, µ
)
P̃g′
(
k, µ
)
+ δk,−k′Pgg′

(
k, µ
)
Pg′g(k, µ), (B.4)

〈
δg′,k δ∗g,k δg,k′ δ∗g′,k′

〉
= Pg′g

(
k, µ
)
Pgg′

(
k′, µ′)

+ δk,k′ P̃g
(
k, µ
)
P̃g′
(
k, µ
)
+ δk,−k′Pg′g

(
k, µ
)
Pgg′

(
k, µ
)

, (B.5)

and

〈
δg′(k) δ∗g(k) δg′(k

′) δ∗g(k
′)
〉
= Pg′g

(
k, µ
)
Pg′g

(
k′, µ′)

+ δk,−k′ P̃g
(
k, µ
)
P̃g′
(
k, µ
)
+ δk,k′

(
Pg′g

(
k, µ
))2

. (B.6)

Adding together the leading terms of Eqs. (B.3)–(B.6) with the second term in Eq. (B.1),

we see that they cancel. Furthermore, when summing over all possible k, i.e. including

the cases k = k′ or k = −k′, the symmetry between the second Wick terms ensures their
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cancellation as well. Hence, after accounting for the summation over modes, Eq. (B.1)

reduces to

Cov[P̂ I
gg′
(
k, µ
)
P̂ I

gg′
(
k′, µ′)] = 〈P̂ I

gg′
(
k, µ
)
P̂ I

gg′
(
k′, µ′)〉− 〈P̂ I

gg′
(
k, µ
)〉 〈

P̂ I
gg′
(
k′, µ′)〉

= − 1
4Nk

((
Pgg′

(
k, µ
))2

− 2Pgg′
(
k, µ
)
Pg′g

(
k, µ
)
+
(
Pg′g

(
k, µ
))2
)

= − 1
4Nk

(
Pgg′(k, µ)−Pg′g(k, µ)

)2

=
1

Nk

(
P I

gg′
(
k, µ
))2

. (B.7)

The derivation for the real part proceeds identically, with the only difference being the

change of sign in the middle terms of Eq. (B.2) (from negative to positive). This leads that

the noise terms (P̃) aren’t symmetry, and after simplification the result is

Cov[P̂R
gg′
(
k, µ
)

, P̂R
gg′
(
k′, µ′)] = 〈P̂R

gg′
(
k, µ
)
P̂R

gg′
(
k′, µ′)〉− 〈P̂R

gg′
(
k, µ
)〉 〈

P̂R
gg′
(
k′, µ′)〉

=
1

4Nk

((
Pgg′

(
k, µ
))2

+ 2Pgg′
(
k, µ
)
Pg′g

(
k, µ
)
+
(
Pg′g

(
k, µ
))2

+ 4P̃g
(
k, µ
)
P̃g′
(
k, µ
))

=
1

4Nk

[(
Pgg′(k, µ) + Pg′g(k, µ)

)2
+ 4P̃g

(
k, µ
)
P̃g′
(
k, µ
)]

=
1

Nk

[(
PR

gg′
(
k, µ
))2

+ P̃g
(
k, µ
)
P̃g′
(
k, µ
)]

. (B.8)

in agreement with Eq. (5.16).

Finally, for the mixed covariance, the same process happen, except in this time the

second and fourth terms appear with opposite signs. In this case, the noise terms vanish,

leaving

Cov[P̂R
gg′
(
k, µ
)
P̂ I

gg′
(
k′, µ′)] = 〈P̂R

gg′
(
k, µ
)
P̂ I

gg′
(
k′, µ′)〉− 〈P̂R

gg′
(
k, µ
)〉 〈

P̂ I
gg′
(
k′, µ′)〉

=
1

4iNk

(
P2

gg′(k, µ)−Pgg′(k, µ)Pg′g(k, µ) + Pgg′(k, µ)Pg′g(k, µ)−P2
g′g(k, µ)

)
=

1
4iNk

(
P2

gg′(k, µ)−P2
g′g(k, µ)

)
=

1
Nk

(
Re
[
Pgg′(k, µ)

]
Im
[
Pgg′(k, µ)

])
, (B.9)

which matches Eq. (5.20).
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There are two important remarks that validate our results. First, when restricting to

the case k = −k′ in Eq. (B.1), we obtain

Cov[P̂ I
gg′
(
k, µ
)
P̂ I

gg′
(
k′, µ′)] = 1

Nk

[(
P I

gg′
(
k, µ
))2

+ P̃g(k, µ)P̃g′(k, µ)

]
(B.10)

which coincides with the expression found in [17]. Second, when adding the covariance

of the imaginary part Eq. (B.7) to that of the real part Eq. (B.8), we recover the full co-

variance Eq. (4.35). This confirms that the real and imaginary contributions consistently

combine to yield the total covariance, providing an additional check of the correctness of

our derivations.



Appendix C

Detecting the Relativistic Doppler

Effect with Auto- and Cross-Power

Spectra

To verify the consistency of our results, we reproduced the analysis presented in [16].

This comparison allows us to assess whether our computational methods are consistent

with those employed in the literature, to identify and interpret any discrepancies, and to

contrast these with the results obtained in the main text.

We begin by outlining the setup adopted in [16], which differs slightly from ours.

We then perform the detection significance analysis for AD and examine whether our

results are consistent with theirs. Subsequently, we derive parameter constraints in order

to obtain the relative errors reported in their work and compare them to our findings.

Finally, we apply our own setup and parameter sets θ to obtain results that can be directly

compared with those presented in the main text.

C.1 Analysis Setup

In that work, the authors carried out both a detection significance and a Fisher analysis

of the auto- and cross-correlation, using Eqs. (4.8) and (4.7) to model the respective sig-

nals. For the Fisher analysis, however, only the latter was considered. The associated

covariance matrices are given by

Cov[Pg(k),Pg(k′)] =
2

Nk
P̃2

g , (C.1)
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for the auto-correlation, and by Eq. (4.35) for the cross-correlation, respectively. The au-

thors appear to have employed the same BGS model as in our study, but under the full-sky

which correspond corresponds to the idealized case in which the entire celestial sphere is

observed equivalent to ≈ 41,253 deg2. They also adopted the parameter set θ1, albeit in

an extended form such that θ1 (Eq. (5.22)) becomes

θ1+ = {AN , AK, AD} , (C.2)

where AN denotes the linear amplitude, AK parametrizes the redshift-space distortion,

and AD corresponds to the relativistic Doppler contribution. Accordingly, the observed

galaxy overdensity can be written as

δg,obs(k) = AN bg δm + AK f µ2 − AD
i fHµ

k
αg. (C.3)

C.2 Detection Significance Analysis

The first step in [16] was to quantify the presence of a relativistic Doppler signal in the

data and to assess its statistical significance against the null hypothesis of no relativistic

contributions. This was achieved using the ∆2
χ test statistic, which for the cross-power

spectrum is given by*

∆2
χgg′

(z̄i) = ∑
m,n

∣∣∣Pgg′
(
z̄i, µm, kn

)
−PAD=0

gg′
(
z̄i, µm, kn

)∣∣∣2
Γ
(
z̄i, µm, kn

) , (C.4)

where z̄i denotes the central redshift of the bin, and Γ is the covariance matrix given by

Eq. (4.35). For the auto-correlation case, one simply sets g = g′ and employs Γ as in

Eq. (C.1).

The results for each redshift bin are displayed in Fig. (C.1). Our figure closely resem-

bles the left panel of Fig. 2 in [16], as intended†. This comparison demonstrates that our

computational methods are consistent with those of [16] (and, by extension, [15]).

In our case, we considered a survey area of 10,000 deg2, which yields the results shown

in Fig. (C.2). As expected, the statistical significance is weaker than in the full-sky case due

to the reduced sky coverage. However, the qualitative behavior of the relations between

*We did not adopt this method, as our focus was instead on constraining cosmological parameters.
†There could be minor discrepancies, which could plausibly be attributed to differences in the cosmolog-

ical model assumed, the use of alternative Boltzmann solvers (e.g. not employing CAMB), or other implemen-
tation details.
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FIGURE C.1: Detection significance of the relativistic Doppler contribution for the model
described in Section 5.1, assuming full-sky coverage. The test statistic ∆2

χ is evaluated
with respect to the null hypothesis of no Doppler contribution to the galaxy power spec-
trum. The colour coding is as follows: orange/yellow for the auto-correlation power
spectrum of the faint sample, green for the auto-correlation of the bright sample, and red

for the cross-correlation between the faint and bright samples.

the auto-power spectrum and the cross-power spectrum remains the same, in agreement

with [16]. It is noteworthy that, even with limited sky coverage, the constraint for z̄1

remains above the 1 σ level*.

*In this context, a detection significance above the 1 σ level indicates a positive result.
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FIGURE C.2: Detection significance of the relativistic Doppler contribution for the model
described in Section 5.1. The test statistic ∆2

χ is evaluated with respect to the null hy-
pothesis of no Doppler contribution to the galaxy power spectrum. The colour coding is
as follows: orange/yellow for the auto-correlation power spectrum of the faint sample,
green for the auto-correlation of the bright sample, and red for the cross-correlation be-

tween the faint and bright samples.

C.3 Parameter Constraints

For the Fisher analysis, [16] employed the extended parameter set θ1+. Their study was

primarily focused on optimizing galaxy models in order to obtain the most informative

constraints, rather than presenting a detailed discussion of the constraints themselves.

Nevertheless, they reported that the marginal error on AD using our magnitude would

be around 0.4, that on AN is around 0.001, and that on AK is below 0.01 (see. Figs 5 and 6

of [16]). Since all amplitudes have a fiducial value of unity, the marginal errors correspond

directly to relative errors.

In Fig. (C.3), we present bar plots of the relative errors for both the full-sky case and

a survey area of 10,000 deg2, alongside the reference values reported in [16] (shown as

horizontal lines). We find that the relative errors on the amplitudes are in line with those

reported in [16] (i.e. around or bellow the reference line).

We further confirm that the proportionality between the relative errors of AK, AN ,

and AD is preserved when the sky coverage is reduced, consistent with the conclusions

of the previous section (namely, that decreasing sky coverage degrades the constraints).
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FIGURE C.3: Relative errors on the amplitudes AN , AK, and AD obtained for survey areas
of 10,000 deg2 and full sky coverage. The dashed horizontal lines indicate the maximum
errors reported in [16]: AD 0.4, AN 0.002, and AK < 0.01. The black dashed line marks

the 1σ level.

Moreover, the overall scale of our results remains comparable to that reported in [16],

providing additional evidence of consistency. Nevertheless, given the differences in the

adopted parameter sets and sky coverage, it is essential to compute parameter constraints

tailored to our analysis.

Accordingly, we now focus on our sky coverage (10,000, deg2) considering the param-

eter sets θ1 and θ2, with the results summarized in Table C.1. We find that the value of AD

obtained with θ1 differs from that obtained with θ1+ only at low decimal. This outcome

is consistent with expectations, as the Doppler amplitude is theoretically orthogonal to

the other parameters and should remain unaffected [15]. By contrast, we verified that the

constraints on the other amplitudes exhibit larger differences (see Fig. C.4), as anticipated

for both AN and AK.

AD αg,1 αg′,1 αg,2 αg′,2 αg,3 αg′,3

Pgg′ 0.690 139.8 21.51 33.23 173.1 32.02 58.35

TABLE C.1: Relative errors on the Doppler amplitude AD of set θ1 and parameters αg,i
and αg′ ,i of set θ2 obtained from the cross power spectrum Pgg′ , assuming a survey area

of 10,000 deg2.

Finally, the comparison between the values obtained for θ1 using the cross-correlation

and those reported in the main text is discussed in detail in the main text itself.
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FIGURE C.4: Relative errors on the amplitudes AN and AK for the survey area of
10,000 deg2, obtained using the Doppler-only parameter set θ1 and the extended set θ1+.
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I. Ferrero, S. Ferriol, P. Ferruit, D. Filleul, F. Finelli, S. L. Finkelstein, A. Finoguenov,

B. Fiorini, F. Flentge, P. Focardi, J. Fonseca, A. Fontana, F. Fontanot, F. Fornari,

P. Fosalba, M. Fossati, S. Fotopoulou, D. Fouchez, N. Fourmanoit, M. Frailis,

D. Fraix-Burnet, E. Franceschi, A. Franco, P. Franzetti, J. Freihoefer, C. . S. Frenk,



BIBLIOGRAPHY 79

G. Frittoli, P. A. Frugier, N. Frusciante, A. Fumagalli, M. Fumagalli, M. Fumana,

Y. Fu, L. Gabarra, S. Galeotta, L. Galluccio, K. Ganga, H. Gao, J. Garcı́a-Bellido,

K. Garcia, J. P. Gardner, B. Garilli, L. M. Gaspar-Venancio, T. Gasparetto, V. Gautard,

R. Gavazzi, E. Gaztanaga, L. Genolet, R. G. Santos, F. Gentile, K. George, M. Gerbino,

Z. Ghaffari, F. Giacomini, F. Gianotti, G. P. S. Gibb, W. Gillard, B. Gillis, M. Ginolfi,

C. Giocoli, M. Girardi, S. K. Giri, L. W. K. Goh, P. Gómez-Alvarez, V. Gonzalez-Perez,
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B. Lamine, M. C. Lam, A. Lançon, H. Landt, M. Langer, A. Lapi, C. Larcheveque,

S. S. Larsen, M. Lattanzi, F. Laudisio, D. Laugier, R. Laureijs, V. Laurent, G. Lavaux,

A. Lawrenson, A. Lazanu, T. Lazeyras, Q. L. Boulc’h, A. M. C. L. Brun, V. L. Brun,



80
THE EFFECT OF THE RELATIVISTIC DOPPLER IN THE CLUSTERING OF MULTIPLE TRACERS

OF DARK MATTER

F. Leclercq, S. Lee, J. L. Graet, L. Legrand, K. N. Leirvik, M. L. Jeune, M. Lembo, D. L.

Mignant, M. D. Lepinzan, F. Lepori, A. L. Reun, G. Leroy, G. F. Lesci, J. Lesgourgues,

L. Leuzzi, M. E. Levi, T. I. Liaudat, G. Libet, P. Liebing, S. Ligori, P. B. Lilje, C. C. Lin,

D. Linde, E. Linder, V. Lindholm, L. Linke, S. S. Li, S. J. Liu, I. Lloro, F. S. N. Lobo,

N. Lodieu, M. Lombardi, L. Lombriser, P. Lonare, G. Longo, M. López-Caniego,
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