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Resumo

O Modelo Cosmológico Padrão assenta no princípio cosmológico, o qual afirma que o

Universo é homogéneo e isotrópico a grandes escalas. Enquanto que a isotropia já foi

testada em certamedida, a homogeneidade émais difícil de investigar, havendo ainda um

número limitado de testes a esta propriedade. Esta questão é particularmente importante

de responder tendo em conta as tensões observacionais do momento.

Nesta dissertação, desenvolvo e valido uma metodologia consistente para estimar a es-

cala angular de transição para a homogeneidade, θH, analisando a dimensão fractal

de catálogos de galáxias. Visto que já foi demonstrado que esta escala existe, é essen-

cial agora comparar as escalas previstas por diferentes modelos teóricos com as escalas

observadas.

Ao contrário das abordagens existentes na literatura, nem sempre consistentes entre si

em relação a definições e em que muitas vezes não consideram todas as fontes possí-

veis de incerteza nas medições de θH, o método proposto combina os perfis de dimen-

são fractal com estimação de incerteza através de reamostragem do catálogo de dados,

obtendo-se assim um procedimento robusto e interpretável.

A metodologia é aplicada ao catálogo de galáxias simulado MICECAT. Comparo dife-

rentes abordagens para a determinação de θH e as incertezas associadas, chegando ao

método final de reamostragem do catálogo de dados. Os resultados confirmam as ex-

pectativas da tendência na relação entre redshift z e θH, incluindo a grande variabilidade

que se obtém nestas medições a baixos redshifts (z . 0.7), e as medições estáveis/de

baixa variância a altos redshifts (z & 0.7). Mostro ainda que da divisão de um catálogo

em várias pequenas subregiões obtêm-se resultados para os θH consistentes com os θH

da análise do catálogo todo como um só, e verifico que a contaminação das medições de

θH pelas escalas das oscilações acústicas bariónicas (BAO) pode ser mitigada através

da escolha ponderada do tamanho do bin de redshift e da seleção em magnitude dos

objetos no catálogo.

De forma geral, este trabalho estabelece uma abordagem consistente, rápida, simples

e robusta de testar a homogeneidade cósmica com os catálogos de galáxias de larga-

escala já existentes e os previstos para um futuro próximo, tais como os do Euclid e DES,

e identifica fatores cruciais a considerar em análises futuras deste tipo.
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Abstract

The Standard Model of Cosmology rests on the cosmological principle, which states

that the Universe is homogeneous and isotropic at large scales. While isotropy has al-

ready been tested to some extent, homogeneity is harder to probe and direct tests of

homogeneity remain limited. This question is particularly important to address consider-

ing the current observational tensions.

This dissertation develops and validates a consistent methodology for estimating the an-

gular scale of transition to homogeneity, θH, using fractal dimension analysis of galaxy

surveys. Given that such scale has been found to exist, it is essential now to compare

the expected scales from different theoretical models to observed scales.

Unlike existing approaches, which are not all consistent with each other on definitions

and often do not consider all sources of uncertainty on the measurements of θH, the

proposed method combines fractal dimension profiles with survey resampling-based error

estimation, providing a robust and interpretable framework.

The methodology is applied to the MICECAT mock galaxy catalogue. I compare different

approaches for determining θH and its associated uncertainties, landing on a final sur-

vey resampling-based approach. Results confirm expected redshift-dependent trends in

θH, including high variability at low redshifts (z . 0.7) and stable, low-variance measure-

ments at higher redshifts (z & 0.7). I also show that splitting surveys into multiple small

subregions yields results for θH consistent with full-survey analyses, and verify that con-

tamination by baryon acoustic oscillations (BAO) scales can be mitigated through careful

redshift binning and magnitude selection.

Overall, this work establishes a fast, consistent, and reliable approach to testing cosmic

homogeneity with existing and upcoming large-scale surveys such as Euclid and DES,

and identifies key factors to consider in future analyses.

Keywords: physics, astrophysics, cosmology, large-scale structure, fractal dimension,

cosmological model, angular homogeneity scale, resampling
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1. Introduction

Whenwe observe the night sky with the naked eye, we can identify a variety of objects: the

Moon, scintillating stars, and, with some luck, a few planets. We can see constellations,

forming apparent patterns that once inspired our ancestors to name and group stars, and

under particularly dark skies, parts of our own Milky Way become visible. Under such

conditions, we may also detect nearby galaxies and nebulae. When studied in more

detail, these objects reveal a rich diversity. We now understand that Earth is just one

of several planets orbiting the Sun and, in the same way, the Moon revolves around

Earth. The Solar System contains planets of vastly different compositions, atmospheres,

surface temperatures, and sizes. The Sun is only one among billions of stars and is

far from exceptional. Moreover, our Solar System resides in one of the spiral arms of

the Milky Way galaxy, and even this galactic structure is only one type among many:

some galaxies exhibit well-defined spiral arms, others are elliptical, while still others have

irregular morphologies. Throughout the cosmos, black holes, exploding stars, nebulae -

clouds of dust and gas shaped by the stellar processes and fundamental forces that rule

our Universe - and so many other objects further enrich this diversity of structures.

Telescopes (like the James Webb Space Telescope (JWST)* or the Hubble Space Tele-

scope†) equippedwith sophisticated detectors, sensitive across the electromagnetic spec-

trum, have enabled us to perceive objects well beyond the reach of the naked eye (Fig. 1.1,

Fig. 1.2). Yet, expanding our scope of observation reveals that even the grandest of these

structures are small compared to the overall size of the Universe.

For illustration: if the entire Solar System were scaled down to the length of a football

field, the Sun would be a few centimeters in diameter, probably less than half the length

of any of your fingers. Even at this scale, the Milky Way galaxy would be so large that

it would defy intuitive comprehension. At real scales, light itself, the fastest entity in the

Universe, takes approximately 8.3 minutes to travel from the Sun to Earth but requires

roughly 87,500 years [1] to cross the Milky Way. The nearest major galaxy, Andromeda,

is 2.5 million light-years away. On even larger scales, galaxies cluster into groups: the

Local Group, which includes the Milky Way, has a diameter of about 10 million light-years.

*The JWST is a space telescope designed to conduct infrared astronomy. As the largest telescope in

space, it is equipped with high-resolution and high-sensitivity instruments, allowing it to view objects too old,

distant, or faint for the Hubble Space Telescope.
†The Hubble Space Telescope is a space telescope developed by NASA and ESA that was launched

into low Earth orbit in 1990 and remains in operation.
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Figure 1.1: The full view of the NASA/ESA/CSA James Webb Space Telescope’s

NIRCam (Near-Infrared Camera) instrument reveals a 50 light-years-wide portion of the

Milky Way’s dense centre. An estimated 500,000 stars shine in this image of the

Sagittarius C (Sgr C) region, along with some as-yet unidentified features. Credit:

NASA, ESA, CSA, STScI, S. Crowe (UVA)

Image description [Credit: NASA, ESA, CSA, STScI, S. Crowe (UVA)]: In a field

crowded with stars, a funnel-shaped region of space appears darker than its

surroundings with fewer stars. It is wider at the top edge of the image, narrowing

towards the bottom. Toward the narrow end of this dark region a small clump of

red and white appears to shoot out streamers upward and left. A large, bright

cyan-colored area surrounds the lower portion of the funnel-shaped dark area,

forming a rough U shape. The cyan-coloured area has needle-like, linear

structures and becomes more diffuse in the center of the image. The right side of

the image is dominated by clouds of orange and red, with a purple haze.

Figure 1.2: This side-by-side comparison shows a Hubble image of the massive star

cluster NGC 346 (left) versus a Webb image of the same cluster (right). While the

Hubble image shows more nebulosity, the Webb image pierces through those clouds to

reveal more of the cluster’s structure. NGC 346 has a relative lack of elements heavier

than helium and hydrogen, making it a good proxy for stellar environments in the early,

distant universe. Credit: NASA, ESA, CSA, STScI, O. C. Jones (UK ATC), G. De

Marchi (ESTEC), M. Meixner (USRA), A. Nota (ESA)



FCUP 3

Testing the FLRW model with large-scale structure estimators

In contrast, structures like the Huge-LQG (Huge Large Quasar Group), discovered in 2012

[2], extend across 4 billion light-years - nearly 400 times larger than the Local Group. The

observable Universe is currently estimated to span 93 billion light-years, though the true

Universe may be even larger - and wemay never be able to know how big it truly is. These

immense scales illustrate both the vastness of space and the persistence of structure

wherever we look. In the end, despite the wide variety of objects in the Universe, when

observed on sufficiently large scales, the Universe appears remarkably uniform.

One of the first observational efforts to map the large-scale distribution of galaxies was

the Las Campanas Redshift Survey (LCRS), which began in 1991 and catalogued 26,418

galaxies up to redshift z = 0.2 (redshift can be thought of as a measure of distance to an

object in the sky and at the same time as a measure of time into the past, with z = 0

representing the present time; for comparison, redshift z∗ ≈ 1000 corresponds to the

point in time where the Universe cooled down enough for electrons and protons to form

hydrogen for the first time [3] *). The LCRS revealed, for the first time, a large-scale

galaxy pattern that appeared broadly uniform across the sky. Fig. 1.3 shows the pattern

of galaxies in different layers of declination in the sky, at different redshifts. This survey

was followed by the Sloan Digital Sky Survey (SDSS), initiated in 2000 and still ongoing,

which produced more comprehensive and detailed maps of galaxy distributions at higher

redshifts. The SDSS [4] has been invaluable in extending our view further back in time

and further into space, providing a wealth of data that strongly supports the notion of

uniformity at large scales.

Beyond galaxy surveys, another major discovery further reinforced the idea of large-

scale uniformity in the Universe: the Cosmic Microwave Background (CMB). Discovered

in 1965, the CMB is relic radiation from the epoch when the expanding Universe had

cooled sufficiently for photons to decouple from matter and travel freely across the cos-

mos, largely unimpeded. Because of this, it preserves valuable information about the

conditions of the early Universe. Subsequent analyses [6, 7] of the small temperature

fluctuations of the CMB provided strong evidence for an early Universe which at large

scales looked uniform in whichever direction we observed it (though there are also studies

that challenge these conclusions, see e.g. [8] and [9], the latter of which leads you to the

main research that has been done on the topic).

*It is important to note that redshift is not a linear clock into the past. The look-back time spanned by ∆z
grows rapidly at low redshift and shrinks dramatically at high redshift.
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Figure 1.3: A plot of each galaxy from the LCRS (Source: [5]) showing its right

ascension (RA), in hours, and recession velocity (cz), as a multiple of 1000 km/s. The

color of the dot shows which declination stripe (Dec) the galaxy is in. The dots for more

distant galaxies are bigger to allow for the fact that only a small fraction of all galaxies

are luminous enough to be seen at great distances.

Although these empirical results are very recent, the philosophical expectation that the

Universe should appear similar everywhere has much deeper roots. This perspective

reflects an attitude of humility: Humanity and its place in the cosmos are not exceptional.

In modern cosmology, this idea is called the Copernican principle, and is embedded in

the so-called cosmological principle, which can be formally stated as:

Viewed on a sufficiently large scale, the properties of the Universe are the

same for all observers. [10]

From this definition emerge two distinct but related properties: isotropy and homogene-

ity.

• Isotropy refers to the condition that, from a given location in the Universe, physical

observables depend only on the radial distance r from the observer, not on direc-

tion. If an observer measures a property at distance r in one direction and repeats

the measurement at the same distance in another direction, the results should be

identical;
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• Homogeneity, on the other hand, means that the spatial distribution of matter and

physical properties are invariant under translation. Observers at two different loca-

tions would record statistically identical conditions.

The two conditions are related, but not equivalent. Homogeneity does not guarantee

isotropy, since one could imagine a uniform matter distribution that prefers a given direc-

tion (e.g., aligned along the x-axis of a Cartesian frame), in which case rotational symmetry

is not satisfied. Similarly, isotropy about a single point does not ensure isotropy every-

where - we could well be at the center of a very large radial outflow of matter, and from

elsewhere in such a universe, the sky would not appear isotropic. However, it can be

shown that if isotropy holds at two distinct points, then we must necessarily have isotropy

everywhere, which implies homogeneity (see Fig. 1.5 for an intuitive, visual proof).

A comparison of the two concepts, homogeneity and isotropy, is illustrated in Fig. 1.4.

Figure 1.4: Comparison of an example configuration that is homogeneous but not

isotropic to one that is isotropic but not homogeneous. Credit: Unknown source

The cosmological principle has also received criticism: Karl Popper (philosopher of sci-

ence, 1902–1994) argued that it turns “our lack of knowledge into a principle of knowing

something” [12], meaning that the assumption of uniformity in cosmology was adopted so

widely not because it could be proven, but because it could not be falsified. He regarded

the cosmological principle as a dogma that should “not have been proposed” [12], em-

phasizing that scientific theories must be open to falsification, a key idea he developed in

The Logic of Scientific Discovery [13].

Testing the validity of the cosmological principle is not straightforward. A robust test of

isotropy would require observations from multiple viewpoints, which is fundamentally im-

possible: we can only observe from Earth. On the other hand, failing to observe isotropy
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Figure 1.5: An intuitive, visual proof that isotropy about two points A and B guarantees

homogeneity. From isotropy about B, the density is the same at each of C, D, E. By

constructing spheres of different radii about A, the shaded zone is swept out and shown

to be homogeneous. By using large enough shells, this argument extends to the entire

universe. Credit: Peacock [11], Figure 3.1

from Earth alone would suffice to undermine the principle. At present, analyses of isotropy

have yielded mixed results, with no consensus in the scientific community [14–18]. Con-

sequently, one must turn to tests of homogeneity, which can be probed, for example,

through large-scale surveys. By developing robust statistical tools to characterize ho-

mogeneity, we can both test the fundamental assumptions underpinning cosmology and

evaluate competing cosmological models. This issue is particularly important given the

current tensions between observational data and the standard cosmological model (e.g.,

the Hubble tension [19, 20]).

With the advent of increasingly comprehensive galaxy surveys - much larger and more

precise than the early LCRS - we now have the unprecedented ability to rigorously test

the homogeneity of the matter distribution in the Universe. It is within this context that

the present dissertation is situated. The core aim of this work is to explore cosmological

model-independent methods for testing large-scale homogeneity that take full advantage

of the next generation of galaxy surveys. With that in mind, the dissertation begins in

Chapter 2 by describing the standard cosmological model and briefly presenting alterna-

tive models of cosmology that arise when the constraint of homogeneity is relaxed, as

well as explaining the approach to testing homogeneity that will be explored; in Chapter 3

I review the existing literature using this approach, the methods and data used, and the

results obtained, building upon that to develop a methodology to be applied consistently

in all future studies; in Chapter 4 I go at length about some non-core issues and questions

that had to be addressed or worked on in order to test and develop my work; finally, in
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Chapter 5 I present the results of different methodological choices when applied to sim-

ulated surveys and discuss the best strategies to use, summarizing all of my work and

findings in Chapter 6.
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2. Theoretical framework

The previous chapter introduced the cosmological principle and emphasized the impor-

tance of testing large-scale homogeneity. In this chapter, I provide the theoretical frame-

work necessary for such tests. I begin by outlining the standard cosmological model,

which is based on the Friedmann-Lemaître-Robertson-Walker (FLRW) metric and relies

directly on the assumption of homogeneity and isotropy. In addition, I define and describe

the cosmological parameters that can be observed or indirectly calculated and that char-

acterize the evolution of our universe. I then discuss alternative cosmological models that

arise when the assumption of homogeneity is relaxed, highlighting how these can lead to

different predictions for the large-scale structure of the Universe. Finally, I briefly review

existing methods used to probe homogeneity and introduce the framework adopted in this

work, which is based on the analysis of the fractal dimension in two dimensions (projected

sky coordinates or angular coordinates).

2.1. The Standard Model of Cosmology

Under the assumptions of the cosmological principle, a remarkably successful framework

has been developed that accurately describes a wide range of cosmological observations:

the Standard Model of Cosmology [21].

The starting point for deriving any cosmological model is General Relativity (GR), where

the geometry of spacetime caused by the distribution of matter is described by a metric.

In general form, a metric can be written as

ds2 = c2dt2 − R2(t)
[

f 2(r)dr2 + g2(r)dΩ2
]

(2.1)

where the terms on the right-hand side of the equation correspond, in this order, to the

temporal, radial, and transverse or angular components. c is the speed of light constant,

t is time, r is the radial distance, and ds2 corresponds to an interval in GR, a measure

of distance in the four dimensions of space-time. The function R(t) represents a time-

dependent scale factor, and the specific forms of f (r) and g(r) depend on the symmetries

imposed on spacetime.
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Specializing to the case of a spatially homogeneous and isotropic Universe leads to the

FLRW metric. Written in spherical coordinates, the metric takes the form [22, 23]

ds2 = c2dt2 − a2(t)

[
dr2

1 − kr2 + r2dΩ2

]
, dΩ2 = dθ2 + sin2 θdφ2 (2.2)

where a(t) is the scale factor describing cosmic expansion and k is a constant that en-

codes the spatial curvature. While different conventions exist for the units of k and a(t),

the key point is that the scale factor relates directly to the observable redshift z through

[11]

a =
1

1 + z
. (2.3)

From this metric, the application of Einstein’s equations of GR yields the Friedmann

equations, which govern the evolution of the Universe as a function of a(t). These can

be written as [21, 24]:

H2 ≡
(

ȧ
a

)2

=
8πG

3
ρ − kc2

a2 +
Λc2

3
(2.4)

ä
a

=
Λc2

3
− 4πG

3
(
ρ + 3p

)
(2.5)

where H(t) is the Hubble parameter (with H0 denoting its present-day value), G is New-

ton’s gravitational constant, ρ is the total energy density in matter and radiation and p the

corresponding isotropic pressure, and Λ is the cosmological constant, typically associated

with dark energy (added in to describe an expanding Universe).

It is often convenient to cast the first of these equations in terms of dimensionless density

parameters, normalized to the critical density of a flat Universe, [11]

ρcrit,0 ≡ 3H2
0

8πG
(2.6)

For example, the present-day baryon density (where the , 0 subscript denotes ”present

time”) is expressed as:

Ωb,0 ≡ ρb(t = present)

ρcrit
(2.7)

with analogous definitions for other components such as cold dark matter (Ωc,0), radiation

(Ωr,0), curvature (Ωk,0), and dark energy (ΩΛ,0), such that ∑i Ωi = 1 at any instant. Using

these definitions, the Friedmann equation can be rewritten as [25]

H2 = H2
0

[
(Ωc + Ωb) a−3 + Ωra−4 + Ωka−2 + ΩΛa−3(1+w)

]
(2.8)

where w parametrizes the equation of state of dark energy (more details can be found
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in [26]). This expression highlights the role of the fundamental cosmological parameters

that are constrained through observational studies.

2.2. Relaxing the constraint on homogeneity

If the condition of homogeneity is relaxed, one can construct a wide variety of alternative

cosmological models that remain consistent with isotropy about a given observer. The

simplest class of such inhomogeneous yet isotropic solutions is provided by the Lemaître-

Tolman-Bondi (LTB) models [22, 27–30]. These are often referred to as void models,

since they describe a spherically symmetric inhomogeneous Universe in which the ob-

server is located at or near the center of a matter underdensity.

In the LTB framework, the metric takes the form, [31]

ds2 = c2dt2 −
a2
||(t, r)

1 − κ(r)r2 dr2 + a2
⊥(t, r)r2dΩ2 (2.9)

where two distinct scale factors appear: a radial one, a||(t, r), and a transverse (angular)

one, a⊥(t, r). They are related through

a||(t, r) =
∂

∂r
[
a⊥(t, r)r

]
. (2.10)

Unlike in the FLRW case, the spatial curvature term κ is no longer a global constant but

a function of the radial coordinate r. The lack of homogeneity introduces a fundamental

difference: physical observables may depend on how the radial and transverse (perpen-

dicular) directions evolve in these models. As a result, there are now two distinct Hubble

parameters, corresponding to the radial and transverse expansion rates:

H⊥(t, r) ≡ ȧ⊥(t, r)
a⊥(t, r)

, H||(t, r) ≡
ȧ||(t, r)
a||(t, r)

. (2.11)

Analogous to the homogeneous case, one can also define dimensionless density param-

eters, but now allowed to vary with position:

Ωκ(r) = − κ(r)
H2

⊥(t, r)
, Ωm(r) =

M
H2

⊥0
(2.12)

where M is a free function of r and H⊥0 is the present-day transverse expansion rate at

radius r. With these definitions, the LTB analogue of the Friedmann equation can be

written as
H2

⊥(t, r)
H2

⊥0
= Ωm(r)a−3

⊥ (t, r) + Ωκ(r)a−2
⊥ (t, r) . (2.13)
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This formulation (presented in [31]) clearly illustrates the impact of relaxing homogeneity:

the background quantities that are constants in FLRWcosmology become functions of the

radial coordinate r. As a consequence, cosmic observables such as the Hubble parame-

ter or matter density can vary depending on the observer’s location in the inhomogeneous

Universe. In practical terms, this means that the inferred values of cosmological parame-

ters from observations of high-redshift sources depend both on their temporal separation

(i.e. look-back time) and on their spatial location relative to our position, thus rendering

the standard FLRW framework inaccurate if comparing to results from the local Universe.

An example of the resulting radial density profile in an LTB void model is shown in Fig. 2.1,

where the central underdensity smoothly transitions to higher densities at large radii. For

an FLRW model, there would be no central void, with the entire rectangle looking every-

where similar to the edges.

Figure 2.1: The projected matter distribution of the three-dimensional snapshot of a

simulation of an LTB void model at z = 0, averaged over the axis perpendicular to the

figure. Near the center of the void, not only the density is lower, but there is also

significantly less structure than outside. Credit: Alonso et al. [32], figure 1.

Beyond LTB models, or the more general form of Stephani models, [30], we can have

other types of cosmologies if we relax isotropy as well (or only isotropy). If we find the Uni-

verse to be homogeneous, one possible alternative class of cosmological models are the

Bianchi models, which are spatially homogeneous but anisotropic solutions to Einstein’s

equations. On the other hand, if we indeed have inhomogeneity but LTB is not sufficient

to describe observations, the Szekeres models generalize LTB by dropping the hypoth-

esis of spherical symmetry (isotropy). Even more outlandish cosmologies are possible

[18], though discussing or even presenting them is outside the scope of this work.
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2.3. Tests of homogeneity

Apart from analyses of distance-redshift relations or studies of the uniformity of primor-

dial density perturbations observed in the CMB [33–37], direct probes of the large-scale

structure of the Universe provide an independent, data-driven approach to testing homo-

geneity.

The foundational motivation of these analyses is the idea that the matter distribution in

the Universe can be described as a fractal pattern. A fractal is a statistical structure that

exhibits self-similarity: its complexity appears similar when observed at different scales

(examples of fractal patterns are shown in Fig. 2.2). A useful statistical measure of such

complexity is the fractal dimension. In cosmological applications, this dimension char-

acterizes how the number of pairs of objects (e.g., galaxies) increases as a function of

scale.

Figure 2.2: Examples of different fractal patterns. Credit: Cao et al. [38]

2.3.1 Fractal dimension in three dimensions

The framework is built on counts-in-spheres. Consider the number of pairs of objects

found within a sphere of radius r, denoted N(< r), compared to the number expected

from a homogeneous (random) distribution, NR(< r). In an homogeneous and isotropic

distribution free of survey artifacts, the expected scaling is:

NR(< r) ∝ r3 . (2.14)
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In the real Universe, which is inhomogeneous on small scales, we expect instead:

N(< r) ∝ rD2 (2.15)

where the fractal dimension D2 quantifies deviations from homogeneity. By definition,

D2 = 3 corresponds to a homogeneous three-dimensional distribution.

It is useful to define the scaled counts-in-spheres:

N (< r) ≡ N(< r)
NR(< r)

. (2.16)

This ratio automatically incorporates survey geometry and completeness* effects, since

the random catalogue reflects the survey selection function†.

In this case, D2 is defined as:

D2(r) ≡
d ln N(< r)

d ln r
= 3 +

d lnN (< r)
d ln r

. (2.17)

At sufficiently large scales, if the Universe approaches homogeneity, then the change in

complexity, given by the second term of the equation above, should approach 0, and so

D2 should asymptotically approach 3:

D2(r) → 3 as r → ∞ (2.18)

In practice, one typically defines a finite threshold point beyond which we can say that D2

is sufficiently close to 3 - we call this the scale of transition to homogeneity and we refer

to it symbolically as RH.

Previous studies have estimated this homogeneity scale, RH, to exist and to be ∼ 60 −

80 h−1 Mpc [39–41], though the precision of these values has been limited by the scale of

the existing galaxy surveys. These results provide motivation for further tests. However,

because distances in a three-dimensional distribution cannot be inferred without assuming

a cosmological model, any such measurement of RH is inherently model-dependent.

This sort of analysis is presented, for instance, in [42].

*Survey completeness is the fraction of objects in a given volume that are detected and included in a

survey catalogue compared to the true number of objects in the sky, C = Ndetected

Ntrue
†The selection function encodes the probability that an object with certain properties is observed and

included in the survey.
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2.3.2 Projection to two dimensions

An alternative, cosmological model-independent approach is to examine the projected

distribution of objects in the sky, i.e. in two dimensions only. In this case, the procedure

described before becomes a counts-in-spherical-caps analysis.

For a spherical cap of angular radius θ, the number of objects in the observational cata-

logue is N(< θ), while for a homogeneous distribution one theoretically expects

NR(< θ) = 2πρ̄(1 − cos θ) (2.19)

where ρ̄ is the mean number density of pairs of objects in the sky. The scaled counts-in-

spherical-caps are then:

N (< θ) ≡ N(< θ)

NR(< θ)
. (2.20)

In analogy with the 3D case, the fractal dimension in two dimensions can be expressed

as:

D2(θ) ≡
d ln N(< θ)

d ln θ
=

θ sin θ

1 − cos θ
+

d lnN (< θ)

d ln θ
(2.21)

For sufficiently small angular scales, D2(θ) asymptotically approaches 2 for a homoge-

neous distribution, whereas in general it will approach the curve

DH
2 ≡ θ sin θ

1 − cos θ
. (2.22)

This profile therefore provides a statistical test of the transverse (angular) homogeneity

of the Universe.

2.3.3 Connection with the angular correlation function

The scaled number counts can be linked directly to the two-point angular correlation func-

tion ω(θ). By definition, the conditional ”probability” (or differential number counts) of

finding any random object within a solid angle element δΩ at angular separation θ from

one particular object is [25]:

δN = ρ̄δΩ
[
1 + ω(θ)

]
(2.23)

This alone defines a correlation function - it is a quantity that describes the excess prob-

ability of finding an object in the conditions described above relative to the homogeneous

background with density ρ̄. It can alternatively be connected to the matter density pertur-

bations throughout the Universe like:

ω(θ) ≡ 〈∆(n̂)∆(n̂′)〉 (2.24)
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where ∆ is the matter density fraction, in excess of the background density ρ̄ in some

direction n̂,

∆(n̂) =
ρ(n̂)− ρ̄

ρ̄
. (2.25)

Integrating the ”probability” δN over a spherical cap yields:

N(< θ) = ρ̄
∫

dΩ
[
1 + ω(θ)

]
(2.26)

which is the expected number of pairs within radius θ (note that this formulation implicitly

accounts for counts over the entire survey volume, rather than being restricted to pairs

within a single spherical cap centered at one particular location). This leads to the ex-

pression:

N (< θ) = 1 +
1

1 − cos θ

∫ θ

0
ω(θ′) sin θ′ dθ′ (2.27)

and consequently, the fractal dimension becomes:

D2(θ) =
θ sin θ

1 − cos θ
+

d
d ln θ

ln

[
1 +

1
1 − cos θ

∫ θ

0
ω(θ′) sin θ′ dθ′

]
(2.28)

Because the correlation function quantifies matter clustering, its form depends strongly on

the cosmological model and on redshift. ω(θ) can also be measured for different tracers

of structure, which may be biased with respect to the underlying dark matter distribution.

Moreover, the resulting measurement is influenced by survey characteristics, including

statistical limitations and the choice of redshift binning (the survey is typically sliced in

small redshift intervals to minimize projection effects where objects from different points

in time, with different clustering properties, are mixed).

2.3.4 Angular homogeneity scale

The fractal dimension profile D2(θ) allows a clear definition of the angular homogeneity

scale. A commonly used criterion in the literature is the so-called 1% criterion [40, 41,

43–47], which defines the homogeneity scale θH as the angular radius at which D2(θ)

first reaches 1% from the homogeneous threshold value (a visual description is given in

Fig. 2.3):

D2(θH) = 0.99DH
2 (θH) (2.29)

While this criterion is somewhat arbitrary, it has the advantage of being survey-independent

and therefore facilitates comparison across different datasets and against theoretical ex-

pected values. Alternative definitions have been proposed in the literature [48, 49], though
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Figure 2.3: An example D2(θ) profile is displayed (solid purple curve) for a Universe that

is non-homogeneous at the smaller scales, along with the corresponding curve if the

Universe were homogeneous at all scales (dashed black curve). The dash-dot-styled

grey curve corresponds to the curve 1% away from homogeneity at any θ: the θ value

of the first crossing of D2(θ) (solid purple curve) from the left with this dash-dot-styled

grey curve corresponds to θH. Profile obtained from our analysis (see Section 5).

in this work we adopt the 1% criterion and leave it as an open question whether it is the

most adequate to use in future work.

2.3.5 Numerical estimators of the fractal dimension

Computing ω(θ), N (< θ), and D2(θ) from observational data requires statistical estima-

tors based on pair counts. For a catalogue containing the right ascension and declination

of each object (binned in redshift), one can count the number of object pairs separated by

θ, yielding DD(θ).

To emulate a homogeneous distribution with the same angular footprint, one generates

a random catalogue, i.e. an artificial dataset with objects placed randomly across the

survey area. Pairs counted in this catalogue yield RR(θ). One can also consider cross-

pairs between the data and the random catalogue, DR(θ).

From these quantities, several estimators of the two-point angular correlation function

(2PACF) have been developed. Examples include:

• Natural estimator:

ωN(θ) =
DD(θ)

RR(θ)
− 1 (2.30)
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This estimator follows intuitively from the definition in Eq. 2.23.

• Hamilton estimator:

ωH(θ) =
DD(θ)× RR(θ)

DR(θ)2 (2.31)

• Hewett estimator:

ωHe(θ) =
DD(θ)− DR(θ)

RR(θ)
(2.32)

• Davis-Peebles estimator:

ωDP(θ) =
DD(θ)

DR(θ)
− 1 (2.33)

• Landy-Szalay estimator:

ωLS(θ) =
DD(θ)− 2DR(θ) + RR(θ)

RR(θ)
(2.34)

Among these, the Landy-Szalay estimator is widely regarded as the most robust [50] and

is the choice adopted in this thesis.

In all cases, the pair counts DD, DR, RR are normalized by the total number of pairs

in their respective catalogues. This normalization ensures that the resulting correlation

function does not depend on the absolute number of objects and that ratios are computed

consistently, thereby avoiding biases that would arise from catalogues of differing sizes.

It follows from previous definitions that the scaled counts can be written in terms of ωLS(θ)

as:

NLS(< θ) = 1 +
1

1 − cos θ

∫ θ

0
ωLS(θ

′) sin θ′ dθ′ . (2.35)

Alternatively, one may use a direct approach, summing pair counts explicitly:

NLS(< θ) = 1 +
∑θ

θi=0
[
DD(θi)− 2DR(θi) + RR(θi)

]
∑θ

θi=0 RR(θi)
. (2.36)

This equation can be derived fairly easily from the Landy-Szalay estimator for the corre-

lation function and assuming RR(θ) estimates NR(θ). Say:

1 + ω(θ) =
N(θ)

NR(θ)
(2.37)

and:

NR(< θ) =
θ

∑
θi=0

RR(θi), N(< θ) =
θ

∑
θi=0

N(θi)

NR(θi)
NR(θi) . (2.38)
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Substituting in the definition for N (< θ):

NLS(< θ) =
N(< θ)

NR(< θ)
=

∑θ
θi=0

[
1 + ωLS(θi)

]
RR(θi)

∑θ
θi=0 RR(θi)

. (2.39)

which finally gets us to Eq. 2.36.

This method, while unable to prove homogeneity of the Universe, since observations

cover only finite survey volumes and cannot probe the entire Universe, provides statis-

tical consistency checks. The fractal dimension profile from the two-dimensional galaxy

surveys offers a way to quantify the approach to homogeneity across different scales

and across different redshifts, and to compare the predictions of competing cosmological

models. Additionally, it is among the most practical approaches, as it relies primarily on

angular position data and therefore does not require additional observational information

from telescopes that could be difficult to obtain or is biased. This is why my dissertation

will focus on developing methods to test homogeneity using the fractal dimension profile.
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3. Methods and improvements

Building on the theoretical framework established in the previous chapter, this chapter

focuses on the practical aspects of estimating angular homogeneity scales. I begin by

reviewing previous relevant work in the literature, summarizing the main methodologies

and their limitations. From this, I then develop a consistent methodology focused on the

application to upcoming large-scale galaxy surveys: I identify and analyze the various

observational and methodological factors that can influence the measurement of homo-

geneity scales, present different attempts of my own at approaches to determine D2, θH

and its uncertainty, and finally come up with one final method.

3.1. The state-of-the-art in angular homogeneity scalemeasurements

Until now, studies on the angular homogeneity scale have relied on few available, large-

scale galaxy surveys:

• The SDSS [4]: A global scientific collaboration to collect galactic and extra-galactic

optical spectra to map the three-dimensional structure of the Universe. The data

from this collaboration has been organized into a number of component surveys, the

most relevant to our purposes being the Baryon Oscillation Spectroscopic Survey

(BOSS, SDSS-III); the Sloan Extended Quasar, ELG, and Luminous Red Galaxies

(LRG) Survey (SEQUELS, SDSS-III/-IV); and the extended-BOSS (eBOSS, which

includes SDSS-IV among others), and the data has been distributed throughmultiple

data releases.

• Arecibo Legacy Fast ALFA Survey (ALFALFA) [51]: An extragalactic HI* survey

designed to conduct a census of the local HI universe out to redshift z ∼ 0.06.

Though not exhaustive, these are the surveys that have specifically been used in pub-

lished work on the angular fractal dimension and the angular scale of homogeneity.

In [44], Gonçalves et al. selected Luminous Red Galaxies from SDSS DR12 to analyze

redshift bins of width ∆z = 0.01 in the interval 0.46 < z < 0.62. This resulted in redshift

shells containing between 20,000 and 30,000 galaxies each, over an area of almost 8800

deg2.

*HI (Hydrogen line or 21 cm line): one can map HI-emitting galaxies by measuring the signal at the

corresponding wavelength.
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In [46], Avila et al. investigated the scale of transition to homogeneity using the ALFALFA

catalogue considering the redshift interval 0 < z < 0.06. For this analysis, only 13,144

extragalactic HI sources were selected from a survey area of 3284 deg2.

In [45], the same group replicated these results for the angular scale of homogeneity using

a subsample of blue galaxies from SDSS DR12. The selection was designed to match

the ALFALFA catalogue in statistics, type of object and redshift distribution.

More recently, in [47], Shao et al. used the LRG subcomponent from SDSSData Release

16 (DR16) to obtainmeasurements of angular homogeneity scales acrossmultiple redshift

bins of width ∆z = 0.01 within the range 0.46 < z < 0.74. The DR16 LRG sample contains

174,816 objects in the redshift interval 0.6 < z < 1.0, covering both the North Galactic Cap

and the South Galactic Cap, for a total sky area of 4242 deg2. However, due to limited sky

coverage, the analysis was restricted to the North Galactic Cap, yielding 107,500 objects

over 2566 deg2. This corresponds to between 18,800 and 33,000 galaxies per redshift

bin.

While these works have provided valuable first measurements, they are all based on sam-

ples with relatively modest numbers of galaxies and incomplete sky coverage. Looking

ahead, the situation will be dramatically improved with next-generation large-scale sur-

veys such as Euclid and the Dark Energy Survey (DES). The Euclid Wide Survey is

expected to provide a dataset containing potentially a thousand million of galaxies (judg-

ing by the statistics of the Euclid Flagship 2 Mock Galaxy Catalogue [52]) out to a redshift

z ∼ 3, over an area of at least 15, 000 deg2 [53], whereas DES has recently released

a dataset with 388 million galaxies over an area of 4946 deg2 [54]. Even if accurate es-

timates of the number of objects per redshift bin are not exactly known, it is very clear

that these upcoming datasets will make possible much more rigorous statistical analyses

and that they will significantly improve our capability to determine θH and measure the

uncertainty on these estimates.

The number of objects in a redshift bin and corresponding areas for each work mentioned

are aggregated and presented in Table 3.1.

The methodologies adopted by different groups to determine the angular homogeneity

scale are broadly similar, though often implemented with varying levels of complexity.

In general, the analysis relies on measuring either the angular correlation function from

pair counts (via Eq. 2.34) and using it to obtain the fractal dimension profile D2(θ) (via
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Table 3.1: Summary of datasets used in angular homogeneity scale studies, as well as

expected scale of recent/future surveys.

Work Dataset Redshift bin

width

Objects per red-

shift bin

Sky area covered

Gonçalves et al. [44] SDSS DR12 LRG ∆z = 0.01 20,000–30,000 8800 deg2

Avila et al. [46] ALFALFA ∆z = 0.06 13,144 3284 deg2

Avila et al. [45] SDSS DR12,

blue galaxies

∆z = 0.06 13,144 3284 deg2

Shao et al. [47] SDSS DR16 LRG ∆z = 0.01 18,800–33,000 2566 deg2

(Estimate) Euclid FS2 ∆z = 0.01 Order of 105-106 2000 deg2

(Estimate) DES Y3 GOLD ∆z = 0.01 Order of 105-106 5000 deg2

Eq. 2.35 and Eq. 2.21) or directly measuring the fractal dimension curve from pair counts

(via Eq. 2.36 and Eq. 2.21). The homogeneity scale θH is then defined as the intersec-

tion of D2(θ) with the chosen homogeneity threshold (the 1%-criterium threshold) (as in

Eq. 2.29). Subtle differences arise in the choice of estimator, the treatment of random cat-

alogues, the particular way in which the intersection point is obtained, and the approach to

deriving uncertainties, and these differences, while often minor in terms of the final value

for θH, affect the interpretation of the reported error and, more generally, the robustness

of the results.

In the following sections, the methods of bootstrap resampling and jackknife resampling

are mentioned. For an explanation of these methods, I refer you to [55] or to the docu-

mentation of the Python package TreeCorr*.

In Gonçalves et al. [44], the authors computed D2(θ) directly using one of the estima-

tors described in Subsec. 2.3.5 for scaled number counts and using the definition of D2

(Eq. 2.21), while approximating the homogeneity reference curve DH
2 u 2. They explic-

itly acknowledged that this approximation introduces a small error, though negligible up

to angular scales of about 20◦ - nonetheless, it represents an extra systematic uncer-

tainty if one seeks higher precision measurements. Importantly, they compared results

using each of the estimators and confirmed consistency across them. For the random

catalogues, they used 20 realizations, apparently matched in size to the data catalogues,

though the paper is not fully explicit on this point. Their method for deriving θH involved

taking the 20 D2 curves (each associated with one random catalogue), then bootstrap-

ping these curves to generate resampled distributions. Each bootstrap sample was fitted

with a polynomial, from which θH was estimated. The final value of θH was taken as the

*https://rmjarvis.github.io/TreeCorr/_build/html/cov.html

https://rmjarvis.github.io/TreeCorr/_build/html/cov.html
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mean of the bootstrapped estimates, with the uncertainty given by the standard devia-

tion. The exact implementation is not perfectly clear - in principle, they could also have

bootstrapped the fitted curves themselves rather than the D2 data points, or fitted each of

the 20 curves separately and resampled the θH values instead, where the former options

would be preferred - but the main point is that the uncertainty they report only reflects vari-

ance due to random catalogues, not genuine cosmic variance. This was likely intentional,

given the relatively poor statistics of the data, but it limits the interpretability of their error

bars. The general flow of the method used in this work is represented in Fig. 3.1.

Fit to N (< θ)
direct estimator

D2
using definition

Polynomial fit

to D2

θH as

intersection of

D2 fit with DH
2 u 2

Final measurement:
θH ± ∆θH bootstrap

Repeat using each of the 20 random catalogues

Figure 3.1: Flow diagram of the procedure in Gonçalves et al. [44] to estimate the

angular homogeneity scale.

In Avila et al. [46], a similar procedure was adopted: different estimators were tested,

with consistent results. I choose to focus on the method using the Landy-Szalay (LS)

estimator, given its known minimal variance and bias. As in their later work, they used

multiple random catalogues (20 in total) and obtained θH values, but yielding the reported

mean and standard deviation from a bootstrap resampling procedure of them, whereas

later on, in [45] the group abandoned this approach in favor of a simpler procedure.

Specifically, in Avila et al. [45], ω(θ) was computed with the LS estimator (Eq. 2.34) using

20 random catalogues, each matched in size to the data. For each resulting correlation

function data points, they performed a best-fit (no functional form is specified) and sub-

stituted this fit into the analytical expression for scaled number counts (Eq. 2.27). The

D2 values were then calculated numerically, producing a D2(θ) curve that was itself fitted

with a polynomial chosen by minimizing the root mean squared error (RMSE) under the

Akaike Information Criterion (AIC). The intersection of this polynomial fit with the thresh-

old resulted in θH. Repeating the process for all 20 randoms provided a distribution of θH

values, from which the mean and standard deviation were adopted as the measurement

and associated error. In essence, this is a more complicated reformulation of the proce-

dure used by Gonçalves et al. [44], with the potential advantage only that a fit to ω(θ), as

expected by the authors, should reduce the undesirable effect of small-scale oscillations

in the distribution of galaxies on the fractal dimension curve and hence on the measure-

ment of the angular homogeneity scale, but with additional intermediate fitting choices
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that could propagate systematic differences. The general flow of the method used in this

work is represented in Fig. 3.2.

Fit to ω(θ)
LS estimator

Analytical N (< θ)
and

D2 from definition

Polynomial fit

to D2

θH as

intersection of

D2 fit with DH
2

Final measurement:
θH ± ∆θH bootstrap

OR
simple θH ± ∆θH

Repeat using each of the 20 random catalogues

Figure 3.2: Flow diagram of the procedure in Avila et al. [46] and [45] to estimate the

angular homogeneity scale.

A somewhat different implementation was presented in Andrade et al. [43]. Here, the LS

estimator of the two-point correlation function (Eq. 2.34) was fed directly into the analytical

expression for scaled number counts (Eq. 2.35), and D2(θ) was then computed numeri-

cally (via Eq. 2.21). In constrast to earlier analyses, only a single random catalogue was

used, though it was constructed to contain fifty times the number of points in the data - a

computationally manageable strategy for current data volumes, but potentially not for the

next generation of galaxy surveys, where both data and randoms may contain each hun-

dreds of thousands of objects in a single redshift slice. Uncertainty estimation was more

rigorously treated: they used an internal method* involving bootstrap resampling of the

survey footprint, generating 1000 resamples of the original data. Each resampling pro-

duced a D2(θ) curve and a corresponding θH (obtained via interpolation of the D2 curve

around the threshold), resulting in a distribution of 1000 θH values. The reported mean

and standard deviation of this distribution then served as the final measurement and its

error. They confirmed that these bootstrap-based distributions reproduced the expecta-

tions from 1000 mock realizations of the original survey data, suggesting the procedure

was statistically sound. Still, two concerns remain relevant for future surveys: first, the

computational burden of repeating pair count calculations at Euclid-like scales may prove

prohibitive (though in practice it may be possible to work around this); and second, the

bootstrap technique in its simplest implementation, as described in [55], by its nature, dis-

cards some correlation information between pairs of galaxies, which I cannot confidently

say would amount to a negligible effect in uncertainty estimation when better statistics

are available (this will be treated in some more detail further on). The general flow of the

method used in this work is represented in Fig. 3.3.

*An internal method of estimating uncertainty relies on the data only, e.g., by survey subsampling and

bootstrapping. An external method refers to using mock catalogues from theoretical models or using theo-

retical calculations directly to determine uncertainties. The latter always requires assuming a cosmological

model.
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Direct N (< θ)
LS estimator

D2
using definition

θH as intersection

of D2 fit with DH
2

(no fit)

Final measurement:
θH ± ∆θH bootstrap

Repeat using each of the 1000 resampled data catalogues

Figure 3.3: Flow diagram of the procedure in Andrade et al. [43] to estimate the angular

homogeneity scale.

The most recent work, Shao et al. [47], follows essentially the same conceptual frame-

work. Although the precise details are not presented with much clarity, the mention of

1000 bootstrap realizations for estimating θH suggests that, as in earlier works, D2 curves

were generated for different random catalogues, bootstrap-resampled, and then com-

bined to estimate a final θH. At its core, their procedure does not, if this is indeed the

case, differ significantly from previous analyses.

Taken together, these studies demonstrate that while the definition of θH is, in princi-

ple, consistent across the literature, the implementations vary in important ways: some

rely on bootstrap resampling of random catalogues, others of the data itself; some adopt

direct estimators of D2, while others introduce intermediate fits or approximations. Criti-

cally, most reported uncertainties do not reflect true cosmic variance or even in-sample

variance, but rather the technical variance associated with random catalogues. Only one

work to date hasmade a systematic attempt to estimate observational uncertainty from the

data distribution itself. On the other hand, accurate modelling of fractal dimension profiles

can allow us to distinguish between cosmological models. Not only that, but it has been

shown [47] that θH measurements, when combined with Baryon Acoustic Oscillations

(BAO) and Type Ia supernova (SN) data, can help constrain the matter density param-

eter Ωm0 and the Hubble constant H0. Therefore, a central component of the present

work will be to propose and adopt a single consistent methodology that aims to produce

uncertainties with a clearer relationship to cosmic variance, and to test its validity, while

taking into account performance concerns of applying the methodology to a very large

dataset. This will be particularly important as upcoming surveys such as Euclid deliver

vastly improved statistics, where precision will be limited not by the number of objects but

by the robustness of our methodological choices.
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3.2. Some considerations on estimators, binning, randoms, and noise

3.2.1 Choice of estimator

I focus on the Landy-Szalay (LS) estimator for the two-point correlation function, which has

been consistently shown to yield the least bias and variance under conditions of vanishing

correlation at large scales and simple survey geometry [56]. It is also the most widely

adopted estimator in cosmological analyses, with a proven record.

While LS involves computing all three pair counts (DD, DR, RR), making it computation-

ally heavier than some alternatives, the performance cost is justified given its statistical

advantages. Note also that more recent alternatives exist - see e.g. [57], which provide

promising improvements in certain contexts - but in this work, I adopt the LS estimator

as the baseline throughout.

3.2.2 Angular separation binning

An important practical choice is the binning of angular separations. Whichever estimator

is used, the angular correlation function estimate obtained is binned in angular separation:

and the bins at which we choose to estimate ω(θ), i.e. the angular separations at which

we calculate pair counts, can bias ω(θ). Both linear-space and log-space binning are

possible, but log-space binning is clearly advantageous:

• ω(θ) decays approximately exponentially, such that variation is fastest at small θ.

Finer bins in log-space reflect this behavior naturally.

• At larger scales, log-binning suppresses small-scale oscillations by grouping low-

count pairs into wider bins, improving stability without losing overall shape.

• The same reasoning applies to D2(θ), which is polynomial/exponential-like.

This binning choice reduces noise in the original function estimates. Fig. 3.4 shows the

impact of the different choices on an example correlation function ω(θ) and on an example

D2(θ) profile.

3.2.3 Number of bins

The number of bins is another relevant parameter. Too few bins fail to capture rapid varia-

tions at small angles, while too many bins produce noisy functions due to undersampling
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Figure 3.4: Example D2 curve obtained using MICE-Grand Challenge Galaxy

Catalogue (MICECAT) – see section 5.1 – for the same region in the sky but where pair

counts were put, in one case, into log-spaced bins, and in another case, into

linear-spaced bins.

of the pair counts (see Fig. 3.5 for an example). Although I did not perform a system-

atic optimization, these two factors should be taken into consideration when selecting the

number of bins to use.

3.2.4 Random catalogues

Another practical decision concerns the use of random catalogues. Previous works used

either many randoms (e.g. 20) or a single very large one. For upcoming large surveys, the

variance introduced by random catalogues will be negligible compared to sample variance

in the data. As I demonstrate in Fig.3.6, the variance of ω(θ) and D2(θ) across multiple

random catalogues is very small compared to what was obtained in the works described

above, e.g. in [44].

Thus, either approach can be used:

• a single sufficiently large random, or
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Figure 3.5: Same as Figure 3.4 but comparing the impact of the number of bins on D2
profile.

Figure 3.6: D2 curves obtained from the same galaxy mock catalogue as in Figure 3.4,

using one of 20 different random catalogues (generated according to the algorithm in

Subsec. 4.2.1) with N ∼ 200, 000 objects. Each line of a different color corresponds to a

different curve.
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• several smaller randoms whose curves are averaged.

The main consideration is computational performance, especially as data size increases.

3.3. A first proposed method: the covariance matrix-based approach

3.3.1 Estimating uncertainty: covariance matrices

As an alternative to the approach of 1000 bootstrap resamplings of the survey area, I

attempted a covariance matrix-based approach, estimated directly from survey data by

subdivision into spatial patches. It suffers from the same limitations, in that:

• It captures variance in the measured data, but not necessarily global cosmic vari-

ance, which cannot be probed without the full volume of the Universe.

• For small areas, this variance estimate degrades, but within wide surveys like Euclid,

I expect patching is sufficient (tests of this are presented further on).

Additionally, as opposed to the literature method, I am assuming the variance in the data

can be fully described by a mean and covariance matrix, i.e. variance follows a Gaussian

distribution. However, this approach may make it possible to develop an alternative, more

efficient, potentially equally reliable method to estimate the final uncertainty in measure-

ments of θH, my end goal.

I follow the weighting schemes proposed by [58] for the jackknife and bootstrap resam-

pling methods, which improve covariance estimation by down-weighting but not discard-

ing information from pairs of galaxies crossing patch boundaries into unselected patches

(patches that were deleted during one particular iteration of the method). These schemes

were shown to reproduce true covariance matrices from mock data within 10%, the min-

imum error possible with the sample size used in the study, a large improvement on tra-

ditional jackknife/bootstrap.

Through my analysis of these methods with different number of patches, I show that boot-

strap and jackknife produce similar results if the number of bootstrap resamplings is large

enough for bootstrap to converge.

Additionally, both methods expect patches to be statistically independent, so the minimum

or typical angular separation in a patch must be greater than the correlation length (as can

be inferred from ω(θ)).
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In order to determine the ideal number of patches for a given survey and a given survey

area, one can compare the structure of the covariance matrix for different number of

patches for a given survey area and determine the point at which we have converged

sufficiently to a stable approximation of the underlying covariance matrix.

Tests of these methods will be done and presented in Chapter 5.

3.3.2 Two different methods for D2(θ)

I distinguish between two methods for obtaining the fractal dimension profile, both previ-

ously considered in the literature:

• Direct method:

– Start from the scaled number counts (N ) LS estimator (Eq. 2.36),

– Compute D2(θ) directly from its definition (Eq. 2.21),

– Fit D2(θ) to suppress small-scale oscillations and determine the homogeneity

threshold from the interpolation.

• Indirect method:

– Start from ω(θ) with the LS estimator (Eq. 2.34),

– Fit ω(θ) to suppress small-scale oscillations,

– Insert it into the analytical expression for scaled number counts N (Eq. 2.27) -

integration can be done numerically or, when possible, analytically using sym-

bolic computation,

– Use the definition of D2 (Eq. 2.21) to derive D2(θ), from which, once again, you

can obtain θH.

The indirect method was motivated by the possibility of smoothing out small-scale oscil-

lations in ω(θ) in a more robust manner, as suggested in [46], before these oscillations in

the correlation function are propagated to D2, where they will be amplified. However, due

to the better statistics of the large-scale galaxy surveys I intend to work with, it is possible

that this alternative method does not improve the result.
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3.3.3 Symbolic Regression (SR) as a fitting strategy

Previous studies have considered only fixed functional-form fitting methods, such as with

polynomials. I initially experimented with such methods, testing forms like simple polyno-

mials of degree n, exponentials of the type:

f (θ) = A exp
(
−BθC

)
+ D (3.1)

and power-law forms such as:

f (θ) = AθB + C (3.2)

where θ denotes the angular separation. These choices capture some of the broad qual-

itative behavior of ω(θ) and D2(θ), and they worked reasonably well in certain cases.

However, they did not consistently provide good fits across all redshift bins: depending

on the degree of clustering and the noise level in the data, the fits often failed to repro-

duce the proper shape of the function. Binning choice may have introduced an additional

complication. My early implementations used real-space binning of angular separations,

which likely contributed to unstable fits. Indeed, evenwhen considering log-space binning,

I found that these fixed functional forms would not reliably capture the data trends, with

one significant issue in polynomial fits (the most flexible of these choices): high-degree

polynomial fits are prone to developing spurious oscillatory behavior between data points,

which leads to noise in the integral of Eq. 2.35.

Nevertheless, using these fixed forms, I was able to replicate to some degree the θH es-

timates reported in [44], applying their same data. Although my results did not match

perfectly - likely because my interpretation of their algorithm deviated in minor but impor-

tant details - they were approximately consistent with their published values. This exercise

confirmed that fixed functional forms can approximate the homogeneity scale in the pres-

ence of noisy data, but also highlighted the intrinsic difficulty of robustly fitting such forms

across multiple redshift bins with heterogeneous clustering properties, as well as the am-

biguity of choosing any one particular functional form as a basis for the ω(θ) and D2(θ)

profiles.

A key improvement I propose is replacing fixed functional form-fitting with SR. Symbolic

regression is a non-supervised machine learning fitting method that searches over math-

ematical expressions, rather than sticking with parametrized, predefined forms, to identify

the best fit to data. Specifically, given a user-defined list of operators and functions (the

building blocks of the mathematical expressions), SR evolves populations of candidate
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expressions using natural-selection-inspired rules, optimizing both fit accuracy and ex-

pression simplicity. Some of the advantages over traditional fitting methods are:

1. Does not require preset functional forms;

2. Produces interpretable closed-form expressions with no free parameters at the end;

3. Can guarantee fits of uniform quality across redshift bins by using predefined quality

thresholds;

4. Can provide unbiased, data-driven analytical formulas that can be compared to the-

oretical expectations.

The one disadvantage of this method is that it is, in general, slower, sometimes by many

orders of magnitude. However, I expected that the advantages will outweigh this disad-

vantage.

3.3.4 Obtaining θH

• Direct method:

– SR fitting is applied directly to D2(θ) LS data points;

– Building blocks for SR: limited to the basic operators +, −, ×, ÷, exponentia-

tion, and to the exponential function e. This is flexible enough to describe the

shape of the D2 curves;

– Maximum complexity (or number of terms - constants and variables) set to 40,

but any reasonably high number will do - there is no valid reason to limit com-

plexity and overfitting is not problematic (if artificial oscillations are minimized

via binning choices, at least);

– Fitness/Loss function defined as weighted mean squared error (WMSE), with

weights equal to the inverse covariancematrix obtained as in sub-section 3.3.1;

– Stopping criterion: WMSE ≤ 1, i.e. residuals at or below D2 measurement

noise.* The justification for this criterion is that, given two fit functions with

residuals on average under the D2 measurement noise, then the choice of

fitting function is arbitrary because the noise level does not allow you to distin-

guish between the two;

*This is the generalization of the result ∑N
i (yi − f (xi))

2 ≤ Nσ2 to non-constant and non-diagonal weights.
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– θH obtained as the intersection of the SR-fit D2(θ)with the homogeneity thresh-

old curve.

• Indirect method:

– SR is used to fit ω(θ). The same building blocks, maximum complexity, fitness

function and stopping criterion are applied as for the direct method;

– Using symbolic computation (or, for a more complicated implementation, by

numerical calculation), this fit expression is inserted into the scaled number

counts N integral (Eq. 2.35), and the full D2(θ) expression is derived analyti-

cally;

– θH is obtained again by root-finding against the threshold value.

Here, symbolic computation refers to the algorithmic manipulation of mathematical ex-

pressions (e.g., differentiation, integration) akin to how Wolfram Alpha, Mathematica or

Sage can manipulate expressions in an analytic, automated way. With SR-fit symbolic

expressions, this allows analytic propagation through the integral definitions to produce

equally analytic D2 expressions.

3.3.5 Estimating θH uncertainty

Multiple routes exist to estimate uncertainty on θH.

• Ideal case: Resample ω(θ) or D2(θ) data points from the resamples of the survey

data (skipping entirely the step of actually generating a covariance matrix, which is

unnecessary in this case), fit each resample with SR and follow the methods as ex-

plained in subsection 3.3.4, and build a distribution of θH. The mean and dispersion

give θH and its uncertainty. This is similar to the 1000 bootstrap resampling method

in the literature, except it uses a different weighting scheme in the jackknife/boot-

strap resampling procedure.

– Advantage: statistically robust, fully data-driven;

– Disadvantage: very computationally heavy (many SR fits).

• Approximate case: Perform a single SR fit, then parametrize constants as vari-

ables/parameters (see Diagram 3.7 for an example of what this means). Estimate

parameter covariance (via methods described in 3.3.6) and propagate to θH.
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– Advantage: (potentially) much faster?;

– Disadvantage: less rigorous; assumes fit profile remains valid under resam-

pling of the data points.

Symbolic regression output (example expression):

y = 2.1x + 3.345 exp (x0.32)

Replace

constants 2.1, 3.345 and 0.32
with

parameters A, B, C
(if exp is a building block of the expressions, it is not changed)

Expression with parameters:

y = Ax + B exp (xC)

Fine-tune parameters A, B, C
(with care, shape may change)

Figure 3.7: Procedure to transform SR expressions into parameterized forms for

fine-tuning.

I study in detail the approximate case, analysing its validity and robustness, to test whether

the approximation performs well enough in practice.

Finally, I provide schematic diagrams (Fig. 3.8 and Fig. 3.9) illustrating the full flow for

obtaining θH and uncertainty for each method, direct and indirect.

Fit to ω(θ) LS
(mean from all randoms)

using SR

Parametrize SR fit
ωfit = ωfit(θ; A, B, C, . . . )

Analytical N (< θ)
plugging in previous SR fit

D2
using definition

(analytical calculation

using SymPy*)

Determine
fit parameters’ uncertainties

Final measurement:
dependent on

uncertainty estimation

method

Figure 3.8: Flow diagram of the SR approach using the indirect method to estimate

the angular homogeneity scale and uncertainty.

*https://www.sympy.org/

https://www.sympy.org/
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Fit to D2(θ)
from LS scaled number counts

using SR

Parametrize SR fit
D2,fit = D2,fit(θ; A, B, C, . . . )

Determine
fit parameters’ uncertainties

Final measurement:
dependent on

uncertainty estimation

method

Figure 3.9: Flow diagram of the SR approach using the direct method to estimate the

angular homogeneity scale and uncertainty.

3.3.6 Parameter covariance estimation methods

In this section I describe two approaches to estimating parameter covariance matrices for

fitted functions of the form

f (x; A, B, C, ...)

where A, B, C, ... denote model parameters obtained from fitting, based on the covariance

information Cd from the data.

The first method is a local approximation based on linearization, implemented also in

Python, in the method curve_fit of the package scipy, and detailed in [59]. The second

is a Bayesian approach based on nested sampling.

Linear approximation method

The first method relies on theGauss-Newton approximation within non-linear least-squares

fitting.

Suppose the data vector is y and the model prediction is yd = f (x; β) for parameters

β = (A, B, C, ...). The residuals are:

r = y − yd (3.3)

and we can write the mean squared errors as

χ2 = rTr (3.4)

To second order, the expansion of χ2 around the best-fit parameter set β̂ (where we

assume that ∆β χ2
∣∣∣β̂ ≈ 0) becomes

χ2(β) = χ2(β̂) + (β − β̂)T (JT J) (β − β̂) +O(β3) (3.5)

where J is the Jacobian of the residuals, J = ∂r
∂β . With this approximation, the Gaussian

likelihood can then be written as

L(β) ∝ exp
(
−1

2
(β − β̂)T (JT J) (β̂)(β − β̂)

)
(3.6)
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from whence we identify C−1 = JT J, and therefore, the covariance matrix of the parame-

ters is simply

Cov(β) ≈ (JT J)−1. (3.7)

This approximation is convenient due to its speed, but it relies critically on the assumption

that the model is well-approximated as linear in the neighborhood of the optimal parame-

ters, and that residuals are Gaussian-distributed and small.

Additionally, including uncertainties in the data points is straightforward. if the data co-

variance is Cd, we can ”whiten” the residuals to incorporate these correlations without

changing the algorithm described above. Writing Cd = LLT as a Cholesky decomposi-

tion,

χ2 = rTC−1
d r = ||L−1r||2 (3.8)

and we define the whitened residuals as

r′ = L−1r . (3.9)

It is then just a matter of replacing r in the algorithm with the whitened residuals r′. Note

that χ2 remains structurally identical:

χ2 = r′Tr′ . (3.10)

The covariance matrix of the parameters Cov(β) with β = (A, B, C, ...) for a fit function

f (θ; β) can be used to estimate an uncertainty on θH by applying the linear error propa-

gation formula and the implicit function theorem:

σ2(θH) =

(
∂θH

∂A
σA

)2

+

(
∂θH

∂B
σB

)2

+ 2
∂θH

∂A
σA

∂θH

∂B
σB + ... (3.11)

where the partial derivatives of θH are calculated as

∂θH

∂A
=

∂ f /∂A
∂ f /∂θ

∣∣∣∣∣
θ=θH

and so on.

Nested sampling method

The second approach is Bayesian and uses nested sampling to generate posterior distri-

butions for the parameters. Unlike the linear method, this does not assume local linearity,

but instead directly explores the structure of the likelihood across parameter space.
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The algorithm begins with N points (called ”live points”) drawn from the prior - a user-

defined probability distribution for the points we should sample - these points correspond

to pairs of parameters of the model fitting function. At each step, the point with the lowest

likelihood is replaced by drawing a new point that satisfies the constraint of exceeding this

minimum likelihood. Repeating this process iteratively both provides an estimate of the

Bayesian evidence and samples the posterior as a by-product. Termination occurs when

certain criteria are met: either a number of iterations has been reached or some other

convergence criterium is satisfied.

Each sample point is associated with an importance weight proportional to the posterior

probability of point β and the total volume in parameter space encompassed by the points

with the same posterior probability:

wi ∝ P(β|data)dV(β)

and which essentially describe how likely it is for this set of parameters to properly model

my data.

For my implementation, I used the dynesty package with a dynamic nested sampling

mode, which adaptively generates more live points in undersampled regions and can pro-

vide a better final number of samples without wasting additional computational resources.

My likelihood is the Gaussian log-likelihood:

lnL = −1
2

[
rTC−1r + N ln (2π) + ln det C

]
(3.12)

where r are residuals, C the data covariance, and N the number of data points fitted.

Priors were taken as normal distributions centered on the optimal parameter values β̂ with

σ = 1, effectively unbounded. Sampling steps used a random walk method to minimize

the risk of infinite loops, a decision that was made after some tests. Convergence was

validated by inspection of trace plots showing parameter values as a function of posterior

mass.

A posterior covariance matrix can be estimated as the weighted variance of the nested

samples. Alternatively, one can bypass covariance entirely by directly propagating each

sampled parameter set through the symbolic regression fit to obtain θH, thus constructing

a distribution of θH values weighted by sample importance. The mean and standard de-

viation of this distribution then provide the final measurement and uncertainty. I adopted

the latter method.
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Comparison of the two methods

Nested sampling is generally slower than the linear approximation, though not prohibitively

so. It yieldsmore reliable posterior distributions, especially in non-linear or high-dimensional

parameter spaces, and it naturally respects parameter constraints and boundaries. Com-

parison of the posterior parameter distributions with the Gaussian expectation or com-

parison of the covariance matrices of this method with the one obtained from the linear

approximation method can shed some light on the reliability of the latter method. Addition-

ally, unlike MCMC methods, nested sampling is guaranteed to converge to a maximum

of likelihood, even if not a global one.

It is important to note, however, that literature ([59]) finds the linear approximation typically

underestimates confidence regions relative to sampling-basedmethods. Not only that, but

the linear approximation cannot take into account parameter value constraints, potentially

describing covariance structure that allows parameters that are not valid for the model

function at all.

Regardless, I implemented and tested both methods to assess the reliability of the linear

approximation method in my particular scenario.

As noted in the samework, there are few case studies of thesemethods in high-dimensional

parameter spaces. Since my symbolic regression fits can involve many parameters, this

work provides a useful, albeit small, empirical test of both methods in such contexts.

3.4. A second, final proposal: the survey resampling approach

The second and final method that I propose builds on the ideas discussed previously

but simplifies the implementation, while simultaneously achieving higher accuracy and

robustness. It is inspired by the strategy of the 1000 bootstrap resamplings mentioned

previously in the literature, but applied here with two modifications:

1. the use of the jackknife method, which I have already identified as the preferred

resampling procedure;

2. the adoption of the improved weighting scheme discussed in the first proposal.

In addition, for each resample of the survey, I obtain measurements of ω(θ) with the

Landy-Szalay (LS) estimator, as well as measurements of N (< θ) and D2(θ) using the

LS estimator, for each different random catalogue. In this way, the resampling strategy

already takes into account variance due to randoms.
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In practice, resampling the original survey and recomputing pair counts would be slow -

hence why this strategy was not initially considered. However, the method of weighting

pairs based on the patch they are in, and whether the patch is selected or unselected in

a resample*, as TreeCorr does, allows producing the ω(θ) and D2(θ) functions for the

resampled surveys while not having to actually recompute all pair counts for the resampled

survey.

This procedure still distinguishes between two possible routes to obtain D2(θ) and, ulti-

mately, θH:

• Direct method:

– Start from the scaled number counts LS estimator N (< θ) (Eq. 2.36).

– Compute D2(θ) directly from its definition (Eq. 2.21).

– Fit the resulting profile with a cubic spline with or without smoothing (whether

smoothing is useful is to be tested).

– From this spline representation, interpolate to determine the first crossing of

D2(θ) with the 1%-criterium homogeneity threshold curve 0.99 × DH
2 (θ), re-

quiring that the slope at the crossing is positive/upward. This defines θH.

– Repeat this procedure across all resamples, obtaining a distribution of θH val-

ues. The median of this distribution is adopted as the final measurement, with

the 16th and 84th percentiles defining the 1σ confidence interval (this definition

is up for debate).

• Indirect method:

– Start from ω(θ) obtained with the LS estimator (Eq. 2.34), fitting with a cubic

spline with or without smoothing, exactly as done for the direct method.

– Compute D2(θ) by numerically integrating the analytical relations between ω(θ),

scaled number counts, and D2(θ) (Eq. 2.35, Eq. 2.21).

– Proceed as in the direct method: fit once more the resulting D2(θ) with a cu-

bic spline to determine the crossing point with the 1%-criterium homogeneity

threshold curve 0.99 × DH
2 (θ) and compile the distribution of θH values across

all resamples.

*A selected patch is one in which it has not been removed from a resample. Remember that in jackknife,

each resample is obtained by removing one different patch from the original survey.
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In practice, the difference between the two approaches lies in their baseline assumptions.

The direct method estimates NR(θ) (number of objects in a random distribution separated

by an angular distance θ) empirically from the RR(θ) counts, so both data and random cat-

alogues are consistently handled through pair counts. The indirect method, by contrast,

replaces this with the theoretical expectation (Eq. 2.19).

In both methods, one may have noticed that implicitly or explicitly the fractal dimension

profile involves an integration from an initial angular separation θ = 0. Not doing this

(e.g. by counting pairs starting at some initial θ > 0) introduces a potential source of

error. Ideally, to compare the two methods fairly, both should adopt the same lower limit

of integration, though one may prove more sensitive to this choice than the other. This

remains a detail requiring further investigation.

Unlike the fixed functional forms or symbolic regression fits explored in the first proposed

method, spline fitting is both highly flexible and computationally efficient. It eliminates the

need to assume any particular fitting function, and because it is applied consistently to

all resampled data, small-scale oscillations should no longer pose a problem: these os-

cillations should cancel out when one considers the full ensemble of jackknife-resampled

curves, ensuring that the final θH distribution is not unduly influenced by them.

This alternative proposed method thus corresponds exactly to the ideal case outlined

in the first proposal: uncertainty in θH is derived directly from the distribution of values

across resamples, without additional assumptions about Gaussianity or covariance struc-

ture. This survey resampling approach therefore provides the simplest, fastest, and po-

tentially the most robust estimation of θH and its associated uncertainty among all the

methods considered. Its only limitation is that it does not produce closed-form analytic

expressions for D2(θ), as symbolic regression does. However, given its speed, inter-

pretability, and adherence to the data-driven philosophy, it is the best candidate for the

final and preferred approach in this work.

This approach is illustrated as a flow diagram in Fig. 3.10.

Jackknife resampling

of survey region

(produces resamples of ω and D2)

Fit spline

(with or without smoothing)

θH as intersection

of spline with

0.99 × DH
2

Final measurement:
median

±
16-84th percentiles

Repeat for each jackknife resample

Figure 3.10: Flow diagram of the resampling approach using the direct or indirect

methods to estimate the angular homogeneity scale and uncertainty.
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3.5. Additional consideration: BAO scales in the angular correlation
function

In the very early Universe, shortly after the Big Bang, space was filled with a hot, dense

plasma of charged particles (electrons and protons) strongly coupled to photons. This

photon-baryon fluid oscillated with characteristic frequencies as density fluctuations evolved

under the competing effects of radiation pressure and gravitation. As the Universe ex-

panded and cooled, the photons decoupled from the plasma around the time we call re-

combination, leaving a permanent imprint of these oscillations in the clustering of matter.

This imprint, known as BAO, manifests itself in the matter power spectrum* as a series

of peaks. In the three-dimensional correlation function ξ(r), these peaks correspond to a

single broad peak at the scale of the sound horizon at recombination (∼ 100 Mpc/h), the

typical comoving scale of those early density fluctuations.

While this feature is clearly visible in ξ(r), its imprint in the angular correlation function

ω(θ) is less straightforward. Because ω(θ) describes a projected distribution of objects,

integrated over a redshift distribution, projection effects can both dillute and shift the BAO

peak. The degree of such distortion depends on two key factors:

• Redshift z;

• Redshift bin width ∆z.

A systematic investigation of these effects was carried out in [60], where the authors

analyzed BAO structures in ω(θ) across different cosmological models. They found that

the position of the BAO peak observed in ω(θ) shifts more significantly at low redshift

if the redshift bin width is large (see figure 3 of the work cited). However, for sufficiently

thin bins (∆z ∼ 0.01), the observed peak closely matches the theoretical expectations in

position, regardless of redshift. On the other hand, increasing the bin width can strongly

dilute the BAO feature in the angular correlation function, until it becomes practically

undetectable (see figure 1 of the same work).

In my work I validate that the BAO peaks do not coincide with the measured θH, as

that would make such measurements unreliable, but I have not performed a thorough

analysis of BAO features or developed algorithms to isolate or correct for their effects.

Nevertheless, this is an important consideration for future applications of my methodology

*The matter power spectrum is the Fourier transform of the correlation function. It is a decomposition of

the correlated modes of oscillation in the matter density field in terms of their frequencies.



FCUP 41

Testing the FLRW model with large-scale structure estimators

to real survey data. A natural avenue for further work is to investigate whether the indirect

method of determining θH (based on fitting ω(θ) first) may be especially well-suited to

mitigate or model out BAO-related distortions (and how that would be done) or whether

it would be preferable (and more importantly, viable) to fine-tune survey bins in terms of

redshift bin width or density of objects to shift the positions of the θH value and BAO

peak away from each other. Alternatively, one may also consider whether using different

tracers for pair counts could keep us away from the BAO scales.
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4. Implementation details

In this chapter I discuss several additional aspects of the analysis that, while not the central

methodological improvements proposed in the previous chapter, are nonetheless crucial

for obtaining accurate and reliable results. Specifically, I focus on (i) pair counting and

correlation function codes, (ii) generation of random catalogues, and (iii) regularization

of covariance matrices. Each of these falls under what might be called the ”back end”

of the analysis: choices that determine performance, stability and the robustness of the

methods and therefore of the derived angular homogeneity scale θH.

4.1. Pair counting codes

In the introduction I already defined the Landy-Szalay estimator and the corresponding

quantities DD, DR, and RR, including their interpretation as pair counts of objects in the

data (D) or randoms (R).

The simplest algorithm for computing pair counts can be written in a form equivalent to

the pseudocode in Lst. 4.1. This direct approach simply loops through all pairs in the cat-

alogue(s), testing if their separations fall within a given bin. While conceptually straight-

forward, it scales as O(N2) for N objects, rendering it unusable for modern surveys with

millions of galaxies.

for(int i=0;i<N1;i++){

for(int j=0;j<N2;j++){

double dist = distance_metric(i, j); // calculate distance between objects i and j

if (dist < min_dist || dist >= maxdist){

continue; // consider only pairs separated by distances in [min_dist , max_dist[

}

int ibin = dist_to_bin_index(dist); // pair counts are binned according to distance

numpairs[ibin]++;

weight[ibin] += weight_func(i, j); // pairs can have weight information added

}

}

Listing 4.1: Pseudocode for the simplest algorithm to compute pair counts. Source:

Sinha, Manodeep, and Lehman Garrison. ”CORRFUNC: Blazing Fast Correlation

Functions with AVX512FSIMD Intrinsics.” Workshop on Software Challenges to

Exascale Computing. Springer, Singapore, 2018.
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Therefore, one must rely on optimized pair counting libraries rather than reinventing the

wheel. I tested the performance of the three major publicly available codes currently in

use: Corrfunc*, TreeCorr†, and GUNDAM‡. To do so, I constructed mock surveys of galaxy

clusters containing various numbers of objects (up to about 1.6 × 104) and paired it with

one random catalogue of the same size. All codes were run in multithreaded mode (12

threads), and I carefully specified consistent configurations for each package. The precise

Python calls and parameter settings used for each library are listed in 4.2.

# Corrfunc

DD_counts = corrfunc.DDtheta_mocks(autocorr=1,

nthreads ,

theta_bins ,

data_RA ,

data_DEC ,

output_thetaavg=False,

verbose=False,

copy_particles=False,

ra_refine_factor=5,

dec_refine_factor=5)

DR_counts = corrfunc.DDtheta_mocks(autocorr=0,

nthreads ,

theta_bins ,

data_RA ,

data_DEC ,

RA2=rand_RA ,

DEC2=rand_DEC ,

output_thetaavg=False,

verbose=False,

copy_particles=False,

ra_refine_factor=5,

dec_refine_factor=5)

RR_counts = corrfunc.DDtheta_mocks(autocorr=1,

nthreads ,

theta_bins ,

rand_RA ,

rand_DEC ,

output_thetaavg=False,

verbose=False,

copy_particles=False,

ra_refine_factor=5,

dec_refine_factor=5)

*https://corrfunc.readthedocs.io/
†https://rmjarvis.github.io/TreeCorr
‡https://gundam.readthedocs.io/

https://corrfunc.readthedocs.io/
https://rmjarvis.github.io/TreeCorr
https://gundam.readthedocs.io/
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cf = corrfunc.convert_3d_counts_to_cf(ND1=len(data_RA),

ND2=len(data_RA),

NR1=len(rand_RA),

NR2=len(rand_RA),

D1D2=DD_counts ,

D1R2=DR_counts ,

D2R1=DR_counts ,

R1R2=RR_counts)

# TreeCorr

data_cat = treecorr.Catalog(ra=data_RA , dec=data_DEC ,

ra_units='deg', dec_units='deg',

npatch=1)

rand_cat = treecorr.Catalog(ra=rand_RA , dec=rand_DEC ,

ra_units='deg', dec_units='deg',

patch_centers=data_cat.patch_centers)

config = {'nbins': len(theta_bins) - 1,

'min_sep': theta_bins[0],

'max_sep': theta_bins[-1],

'num_threads': nthreads ,

'bin_slop': 0.,

'sep_units': 'deg',

'bin_type': 'Linear',

'metric': chosen_metric} # chosen_metric = 'Euclidean' or 'Arc'

nn = treecorr.NNCorrelation(config=config)

dr = treecorr.NNCorrelation(config=config)

rr = treecorr.NNCorrelation(config=config)

nn.process(data_cat)

dr.process(data_cat , rand_cat)

rr.process(rand_cat)

nn.calculateXi(dr=dr, rr=rr)

# GUNDAM

data_gun = Table([data_RA , data_DEC])

data_gun['wei'] = 1.

rand_gun = Table([rand_RA , rand_DEC])

rand_gun['wei'] = 1.

par = gun.packpars(kind='acf',

nsept=len(theta_bins) - 1,

logsept=False,

septmin=theta_bins[0],

dsept = theta_bins[1] - theta_bins[0],

estimator='LS',

doboot=False)
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par.mxh3 = 0

cnt = gun.acf(data_gun , rand_gun , par, nthreads=nthreads , write=False)

Listing 4.2: Pseudocode comparison of the test implementation and settings using each

package: Corrfunc, TreeCorr and GUNDAM.

Runtime as a function of catalogue size N is shown in figure 4.1, where we can see that

Corrfunc follows an almostO(N2) time complexity for large enough N, whereas TreeCorr,

while not the most efficient code for these low values of N, becomes closer to the other

codes for larger N.

Figure 4.1: Runtime as a function of catalogue size N (with the same number of objects

in one single random catalogue) using different Python packages. ’Euclidean’ and ’Arc’

refer to the distance formula used: ’Euclidean’ is a straight line approximation whereas

’Arc’ calculates the distance over the spherical surface.

Because of this and because it also offers built-in patch-based resampling and covariance

matrix estimation, I adopted TreeCorr for pair counts, calculating correlation functions and

D2, subsampling surveys, and covariance estimation.

4.2. Generating random catalogues

The Landy-Szalay estimator requires normalizing data pair counts against those from

random catalogues. Conceptually, randoms are catalogues of uniformly distributed points

that replicate the survey’s geometry, so that survey incompleteness is not misinterpreted

as actual fluctuations in the density of objects in the sky.
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In practice, how one constructs randoms depends on the survey:

• Mock surveys: generally have no geometric defects (holes or irregular footprints),

so random catalogues can be simple uniform point samples across the sky region;

• Real surveys: true survey footprints almost always contain holes and irregulari-

ties, which do not correspond to genuine cosmic underdensities. These are usually

caused by bright foreground objects that obfuscate tiny regions in the sky. It is

therefore essential that the randoms reproduce these holes by computing a survey

footprint mask and applying it to them. However, constructing footprint masks is

outside the scope of my work, since I will only be using simulations.

4.2.1 Generating uniform randoms on the spherical surface

Because object coordinates in the survey (and randoms) are given in (RA, Dec), a simple

Cartesian sampling will not yield uniform density on the sky, and will only be a good

approximation for small spatial patches. Instead, random points must be generated on

the unit sphere according to the correct angular probability distribution.

We first transform coordinates:

• φ = RA (in radians);

• θ = π/2 −Dec (in radians).

so that (φ, θ) are standard spherical polar angles.

Figure 4.2 shows coordinates φ and θ on a unit sphere.

The probability that a point lies in an infinitesimal cone on a sphere is:

P(Ω)dΩ

which must satisfy the relation: ∫
S

P(Ω)dΩ = 1 (4.1)

For a uniform distribution of points on the unit sphere with surface area 4π, then,

P(Ω) =
1

4π
. (4.2)

On the other hand,

P(Ω)dΩ = P(φ, θ)dφdθ (4.3)
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Figure 4.2: Spherical coordinates φ and θ as used in this description. (source:

Wikimedia Commons [61])

and since the element of solid angle is:

dΩ = sin θdφdθ (4.4)

then we can say:

1
4π

sin θdφdθ = P(φ, θ)dφdθ (4.5)

or

P(φ, θ) =
sin θ

4π
. (4.6)

As you can see, this is the kind of relation we would expect: the probability of finding a

point whenmoving in the φ-direction, the direction parallel to the equator, does not change

if θ remains fixed. However, the probability decreases as you go further to the poles, into

lower θ.

Marginalizing, we have:

P(θ) =
sin θ

2
, P(φ) =

1
2π

. (4.7)

The corresponding Cumulative Distribution Function (CDF), FX(x) = P(X ≤ x), are then:

Fθ(θ) =
1 − cos θ

2
, Fφ(φ) =

φ

2π
(4.8)

Inverse transform sampling states that, given a cumulative distribution FX and a uniform

variable U ∈ [0, 1], the random variable X = F−1
X (U) has the distribution FX. This means

that if we sample uniformly in [0, 1] (the codomain of a CDF) and calculate the inverse of

the CDF for each coordinate φ, θ, then we can obtain a distribution of points uniformly



FCUP 48

Testing the FLRW model with large-scale structure estimators

spaced on the spherical surface. Specifically, if u and v are independent, uniform random

numbers in [0, 1], then the angular coordinates (φ, θ) for a point distributed correctly are:

φ = 2πu, θ = cos−1(2v − 1) (4.9)

A final transformation can then return us back to (RA, Dec) coordinates.

Fig. 4.3 shows an example random catalogue obtained with this method and plotted on a

sphere.

Figure 4.3: Example random catalogue with N = 300, 000 points and downsampled to

50,000 for representation here, generated over an almost entire octanct of the spherical

surface using the method described in this subsection.

This method is described in [62], where one may find additional references to back up this

algorithm.

4.2.2 Restricting to rectangular boxes

The method described above was then modified by me: If we wish to generate points only

within a subregion (RAmin, RAmax, Decmin, Decmax), we must restrict the uniform variables
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to corresponding bounds in the CDF space:

u′ = umin + (umax − umin)×Uniform(0, 1) (4.10)

v′ = vmin + (vmax − vmin)×Uniform(0, 1) (4.11)

where umin = Fφ(φmin), umax = Fφ(φmax), and similarly for v using Fθ.

More generally, for the simplest of irregular surveys - one that can be decomposed into

many such rectangular boxes -, if a total of N points is desired for the random catalogue

throughout the entire area, one can apply the algorithm above to each of the partial regions

and perform the assignment of points per region i scaled according to its fractional area

Ai in (u, v) space:

Ni = N
Ai

∑j Aj
(4.12)

thus guaranteeing a uniform distribution of N points throughout the entire survey.

4.3. Regularization of covariance matrices

A final technical issue concerns the stability of covariance matrices, particularly those

associated with the D2 estimator.

The angular correlation function ω(θ) has relatively simple covariance properties, but

scaled number counts N (< θ), from which D2(θ) is derived, are strongly self-correlated:

each value of N (< θ) accumulates contributions from all smaller angles. As a result, the

profile of D2(θ) is highly sensitive to changes in the correlation structure. Estimating the

covariance of D2 thus requires more bootstrap/jackknife resamplings to converge than

for ω(θ), and even then, the resulting matrices exhibit large condition numbers, indicating

numerical instability in inversion.

For a covariance matrix, the condition number κ is the ratio of its largest to smallest eigen-

value (diagonal variance):

κ(C) =
λmax

λmin

A large κ means that the matrix inversion (needed to compute χ2 or weighted errors)

amplifies tiny numerical errors in the covariance matrix entries and assigns unreliable

weights. In practice, the extreme eigenvalue spread in D2 covariance matrices makes this

inevitable. My assumption - which deserves further testing - is that this arises intrinsically

from the cumulative nature of N (< θ).
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4.3.1 Diagonal loading

To mitigate this, I applied regularization by diagonal loading, adding a small number λ to

each diagonal element:

C′ = C + λI (4.13)

where I is the identity matrix. This procedure increases small variances (corresponding to

the smallest eigenvalues) muchmore than large variances, thereby reducing the condition

number without substantially altering the dominant modes.

4.3.2 Choice of λ

I adopted two criteria for setting λ:

1. Condition number constraint: require κ(C′) ≤ κtarget. For target κ, this corre-

sponds to

λ =
λmax − κtargetλmin

κtarget − 1
(4.14)

which comes simply from saying that

κtarget =
λmax + λ

λmin + λ
. (4.15)

2. Variance preservation constraint: require that the added diagonal variance not

exceed a fraction f of the mean variance:

λ = f 〈diag(C)〉 . (4.16)

I then selected the maximum of these two prescriptions, with the requirement λ ≥ 0. In

essence, this allows me to shrink the condition number while setting an upper bound on

the increase in variance. Throughout my work, all covariance matrices for D2(θ) using

the direct method are regularized with κtarget = 104 and f = 0.01. In Chapter 5, I show

that these choices reduce condition numbers to manageable levels without significantly

distorting the covariance structure.
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5. Method evaluation

In this chapter, I use mock surveys to investigate methodological choices in redshift bin-

ning, survey region area selection, survey subsampling strategies, random catalogues,

and different approaches to estimating θH and its uncertainties. I also present analytical

profiles for the fractal dimension profiles (D2 curves). Finally, I synthesize these tests to

identify the most reliable strategy for θH estimation and draw conclusions on best prac-

tices.

5.1. Mock surveys

I use ready-made galaxy mock simulations derived from the Mice Grand Challenge

(MICE-GC) N-body simulation, designed to model the large-scale structure of the Uni-

verse assuming large-scale homogeneity and isotropy (FLRW cosmology). These sim-

ulations provide estimates of galaxy luminosities tailored for wide-field surveys such as

the Dark Energy Survey (DES) [63] and the Euclid mission [64]. The mock galaxy cat-

alogue is constructed using a hybrid approach that combines a Halo Occupation Distri-

bution (HOD) (see e.g. [65–67]) model with Halo Abundance Matching (HAM) (see e.g.

[68–70]) to populate Friends-of-Friends (FoF; see e.g. [71–73]) dark matter halos identi-

fied in the MICE-GC simulation. The cosmological parameters adopted for the simulation

are Ωm = 0.25 (matter density fraction), σ8 = 0.8 (matter density fluctuations averaged

over a scale of 8 h−1 Mpc), ns = 0.95 (scalar spectral index, tells us how the amplitude of

the primordial density perturbations depend on scale), Ωb = 0.044 (baryonic matter den-

sity fraction), ΩΛ = 0.75 (dark energy density fraction), and h = 0.7 (the dimensionless

Hubble parameter).

The full version 2 of the MICE mock galaxy catalogue [74–76] comprises 499,609,997

galaxies, making it one of the largest currently in existence, and is publicly available

through the CosmoHub portal* [77]. For my analysis, I use a smaller subset of the cat-

alogue, covering roughly 3,438 square degrees from a sky region where DES i-band

magnitudes are complete down to i = 24, and Euclid H-band magnitudes are complete

down to H ∼ 23.0, up to z ∼ 1.4, though I select only galaxies up to i = 23.5. I bin the

galaxy catalogue in redshift and select bins with left edges at z = 0.3, 0.5, 0.7, 0.9, and 1.1,

*https://cosmohub.pic.es

https://cosmohub.pic.es
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each with a width of ∆z = 0.01 *. These particular redshifts were chosen in order to probe

θH and its uncertainty estimates at epochs with varying degrees of galaxy clustering, and

to allow a direct comparison with the expected redshift evolution of θH. A bin width of

∆z = 0.01 is adopted because it is commonly used in the literature to minimize projection

effects within redshift slices, see e.g.[60].

Fig. 5.1 shows the subset of MICECAT that I use in my work: specifically, it shows the

galaxy distribution at each redshift bin over the entire survey area considered, whereas

Table 5.1 presents the average redshift and number of objects in each redshift bin.

Redshift bin Average redshift Number of objects

0.3–0.31 0.305 1,543,290

0.5–0.51 0.505 1,895,610

0.7–0.71 0.705 1,938,871

0.9–0.91 0.905 1,652,408

1.1–1.11 1.105 1,105,749

Table 5.1: Average redshift and number of objects in each redshift bin for the

MICECAT catalogue within the entire completeness region used in this dissertation (as

plotted in Fig. 5.1).

For all the analyses presented, I consider 30 log-spaced angular separation bins from 0.5

to 20.0 deg. For any one survey region, I generate 20 random catalogues with the same

number of objects as in the survey itself (the data catalogue).

5.1.1 Survey subdivision into regions

From the survey presented above, I subpartition the catalogue into multiple smaller re-

gions of varying areas. This allows for a detailed analysis of how survey area affects

estimates of θH, as well as the variability of θH across different regions. In addition, this

approach enables a comparison of the uncertainty estimates between individual regions,

the uncertainties from regions of different areas, and their reliability as beyond-sample

variance estimates (which, in practice, are likely to be limited).

For this study, I select:

• 16 regions of 600 deg2;

• 16 regions of 1200 deg2;

• one region covering the full survey area.

*Although the width of the bin should affect the statistics when looking at different redshifts, I chose to

maintain one single bin width. Tests I made suggested that at the order of magnitude of the number of objects

is sufficiently high for the difference between bins to not be relevant.
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Figure 5.1: Snapshots from the MICECAT catalogue within the completeness region

used in this dissertation. Each plot shows one redshift bin of width ∆z = 0.01.
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All regions are contained within the completeness region mentioned, as illustrated in

Fig. 5.1 from the previous section.

All regions are rectangular in equatorial coordinates (RA, Dec) and contain no holes nor

irregularities. Because regions of the same area contain roughly the same number of

objects, the statistics derived from any two regions of identical area are comparable. While

differences in region shape could, in principle, affect the estimation of θH, preliminary

tests suggested that such effects are negligible; however, these results are not formally

presented and should therefore be treated cautiously.

Regions of the same area are selected using a simple rejection sampling algorithm applied

to the edge points (RAmin, RAmax, Decmin, Decmax). Each candidate region is required to

satisfy the area formula for a spherical surface with unit radius:

A =
(
φmax − φmin

)
|cos θmin − cos θmax| , (5.1)

where A is in steradians and φmin, φmax, θmin, θmax are expressed in radians. Here, φ

and θ correspond to the transformed spherical coordinates equivalent to RA and Dec, as

described in Section 4.2.1.

Although these subpartitions overlap considerably, reasonably large survey areas are

necessary to mimic expected near-future survey sizes, and the survey footprint imposes

practical limits. In practice, the overlap does not pose a significant issue; however, care

is required when interpreting variations between regions, as the small number of regions

may underestimate true variability.

Table 5.2 summarizes the areas, edge coordinates, and total number of objects in each

region, while Table 5.3 presents the average number of objects per region area and per

redshift bin. The spatial distribution of the 32 regions on the sky is shown in Fig. 5.2,

illustrated for z = 0.3, although the region boundaries are identical for all other redshifts.

Because of the overlap, not all regions are visible in the figure.

Table 5.2: Summary of regions: areas, coordinate ranges, and number of objects.

Region Area RA min–max DEC min–max Number of objects

1 600 6.00–85.56 57.00–76.00 1,473,704

2 600 37.00–48.92 2.00–66.00 1,449,338

Continued on next page
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Region Area (deg2) RA min–max (deg) DEC min–max (deg) Number of objects

3 600 38.00–65.38 36.00–76.00 1,433,679

4 600 48.00–80.01 32.00–59.00 1,389,278

5 600 2.00–84.77 60.00–83.00 1,462,325

6 600 55.00–84.99 37.00–72.00 1,408,837

7 600 21.00–83.23 52.00–73.00 1,446,106

8 600 34.00–69.37 43.00–78.00 1,447,100

9 600 44.00–57.41 1.00–53.00 1,407,193

10 600 5.00–68.57 32.00–44.00 1,383,418

11 600 26.00–60.32 44.00–88.99 1,449,765

12 600 59.00–87.04 36.00–74.00 1,410,366

13 600 17.00–57.24 36.00–58.00 1,404,773

14 600 47.00–83.93 31.00–53.00 1,384,303

15 600 16.00–54.63 41.00–68.00 1,421,101

16 600 20.00–75.95 54.00–85.00 1,459,862

1 1200 30.00–87.78 38.00–78.00 2,857,692

2 1200 19.00–64.28 32.00–83.00 2,840,059

3 1200 30.00–76.39 33.00–85.00 2,826,258

4 1200 6.00–53.13 32.00–77.00 2,832,542

5 1200 37.00–80.69 31.00–84.00 2,854,724

6 1200 25.00–84.33 32.00–62.00 2,808,385

7 1200 14.00–81.78 42.00–78.00 2,856,379

8 1200 0.00–58.86 40.00–87.00 2,844,197

9 1200 33.00–86.92 37.00–82.00 2,850,527

10 1200 35.00–57.19 3.00–85.00 2,865,241

11 1200 15.00–60.00 30.00–75.00 2,837,056

12 1200 30.00–75.00 30.00–75.00 2,829,154

13 1200 45.00–90.00 30.00–75.00 2,839,836

14 1200 0.00–45.00 30.00–75.00 2,804,259

15 1200 15.00–60.00 30.00–75.00 2,837,056

16 1200 5.00–50.00 30.00–75.00 2,814,555

– full area 0.00–90.00 0.00–89.95 8,135,924
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Table 5.3: Average number of objects per region area and redshift bin.

Region area (deg2) Redshift bin z Average number of objects

600

0.3 266,788

0.5 336,740

0.7 341,200

0.9 287,230

1.1 194,986

1200

0.3 527,368

0.5 669,082

0.7 675,683

0.9 575,954

1.1 389,281

full area

0.3 1,543,288

0.5 1,895,609

0.7 1,938,870

0.9 1,652,408

1.1 1,105,749

Figure 5.2: Distribution on the sky of the 16 regions of 600 deg2 and of the 16 regions of

1200 deg2 selected from MICECAT within the completeness region (example for

z = 0.3). Because of the overlap between regions, many are partially or completely

hidden.
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5.1.2 Uncertainty estimation via subsampling

To estimate uncertainties on θH, each survey region is further subdivided into patches. For

this purpose, I use the built-in functions in TreeCorr, which partitions a region using a K-

means clustering algorithm. This algorithm produces roughly equal-area patches, using

information from its pair-counting procedure to determine initial patch centers. Fig. 5.3

illustrates one example region subdivided into 100 patches, with each color representing

a distinct patch.

Figure 5.3: Example of region subsampled into 100 roughly equal-area patches by

TreeCorr for uncertainty estimation.

The choice of resampling method, bootstrap or jackknife, must be tested empirically. Pre-

vious studies, e.g. [58], demonstrated that appropriate weighting schemes allow both

methods to recover the correct covariance matrix structure for ω(θ) up to survey limits.

However, validation is required for the fractal dimension D2(θ), which exhibits a highly

auto-correlated structure (in Eq. 2.36, one may see that the value at each angular sepa-

ration bin θ depends on the sum of pair counts beginning at an initial bin θi = 0 up until the

desired final bin, θ f ). In addition, the number of bootstrap resamplings and the number of

patches may influence the performance and suitability of each method.
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To analyze this, I examine the covariance matrices obtained from both jackknife and boot-

strap under different configurations, using the D2(θ) profile. The fractal dimension is cho-

sen because its strong auto-correlation makes it most sensitive to resampling artifacts;

methods validated for D2(θ) are likely to perform well for ω(θ) as well. The covariance

matrix is analyzed in two parts: the diagonals (eigenvalues/variances) and the correla-

tion matrix, which normalizes the covariance matrix by the diagonals to reveal the relative

structure. This normalization is important because the raw covariance matrix entries can

differ by orders of magnitude, obscuring the correlation patterns.

As explained in Chapter 3, there exists an upper limit on the number of patches: each

patch must be large enough that its typical scale exceeds the correlation scale of the

region, ensuring approximate statistical independence (a necessary prerequisite of both

jackknife and bootstrap resampling techniques). Conversely, maximizing the number of

patches improves the resolution of within-region variability. For 30 angular separation

bins, I adopt a minimum of 30 patches so that jackknife resampling yields 30 independent

estimates of ω(θ) and D2(θ). The number of patches is varied up to 200, which remains

below the upper limit for the full-area region.

Fig. 5.4 compares the covariance matrices obtained from jackknife and bootstrap (with

Nbootstrap = 500), with each row corresponding to a fixed number of patches. The figure

shows that both methods recover a similar overall structure. Nonetheless, there are, in

theory, limitations to the bootstrap procedure:

1. For jackknife, the number of resamplings equals the number of patches, so increas-

ing patches naturally increases the number of independent resamples. For boot-

strap, the number of resamplings is independent of the number of patches and re-

mains fixed at 500;

2. Bootstrap resamples can include patches multiple times while omitting others, po-

tentially producing unrealistic configurations. Previous studies [43, 58] suggest this

is not problematic, but the current statistics may reveal limitations.

Given these considerations, jackknife resampling likely provides the most accurate rep-

resentation of uncertainties in θH, and it is computationally faster. Therefore, I adopt

jackknife as the preferred method for all subsequent analyses.

From Fig. 5.4, the covariance structure stabilizes above Npatch = 100 for the full-area

region. To ensure robustness, I adopt Npatch = 200 for this region (still below the upper
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Figure 5.4: Comparison of correlation matrix obtained for one D2(θ) curve for the ‘full

area’ region of MICECAT using either jackknife resampling or bootstrap resampling.

On the right hand side, the plots show the variance (diagonals) of the covariance

matrices for jackknife (left) compared to bootstrap (centre), given the configuration in

the corresponding row. One determines that Nbootstrap = 500 is probably enough

resamplings to converge to a stable representation of the underlying covariance

structure, with both resampling methods leading to matching results, though the

variances between the two methods do diverge slightly as you increase number of

patches.
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limit). To study how the optimal number of patches depends on survey area, I analyze

jackknife covariance matrices for different region sizes in Fig. 5.5. For both the full area

and a 1200 deg2 region, the covariance structure stabilizes at roughly 100-150 patches.

Smaller regions, such as 600 deg2, may require more patches, but increasing patches

risks introducing correlations between patches. Bootstrap could potentially be used in

such cases, although its limitations remain. For the 600 deg2 regions I have selected

Npatch = 50, but this may have been a mistake. It is important to test whether my analy-

sis of the covariance matrix obtained from jackknife and from bootstrap is necessary for

the resampling approach, where I do not actually make use of such a matrix, but of the

resampled curves themselves - it may be that this latter method may be more lenient.

All analyses in this section are performed for z = 0.3, where clustering is strongest (clus-

tering becomes stronger as the Universe evolves due to the effect of gravity). Decisions

made at this redshift are expected to be valid for higher redshift bins as well.
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Figure 5.5: Same as Figure 5.4 but comparing the correlation matrices obtained for one

D2(θ) curve for the ’full area’ region vs. the ’1200 deg2’ region of MICECAT using

jackknife resampling.
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5.2. Symbolic Regression: D2 covariance matrix regularization

In the case of the symbolic regression (SR) approach, uncertainty estimation relies on

numerically stable covariance matrices. An analysis of the covariance matrices for ω(θ)

and D2(θ) through their condition numbers κ shows that, while the covariance matrix

for ω(θ) is well-behaved and can be inverted directly (condition numbers in the range

102 − 104), the covariance matrix for D2(θ) consistently exhibits very high condition num-

bers (1015 − 1018), regardless of the configuration tested (large number of patches, large

number of bootstrap resamplings). This indicates that the issue is intrinsic to the structure

of D2, rather than a problem in the estimation procedure. As such, following the strategy

outlined in Chapter 3, I applied a regularization procedure to the D2 covariance matrices

to make them numerically stable for inversion, and in addition used the pseudo-inverse*

instead of the true inverse.

Fig. 5.6 shows, in logarithmic scale, the eigenvalue spectrum of one example D2 covari-

ance matrix before and after regularization. One sees that very small eigenvalues (cor-

responding to directions of low variance) are significantly affected, although they remain

much smaller than the largest eigenvalues. In contrast, the largest eigenvalues are barely

changed. For uncertainty estimation in the SR approach, where these eigenvalues enter

as weights of the form 1/variance, this implies that data points originally associated with

small variances (thus high weights) are now attributed larger variances (smaller weights).

In effect, this amounts to discarding some information for the purposes of SR fitting.

In practice, examining the percent residual of the regularized correlation matrix relative to

the original one (Fig. 5.7), one finds that the regularization only impacts the correlations

at very high bins (corresponding to the largest angular separations, far beyond the angu-

lar homogeneity scales of interest). Even there, the maximum percent difference is only

about 4-5%. While this alone does not fully quantify the effect on the uncertainty esti-

mation of θH, it indicates that the technique modifies the covariance matrices only mildly,

while still enabling stable application and yielding results for θH measurements.

*The pseudo-inverse A+ of a matrix A generalizes the inverse A−1: it coincides with the usual inverse

when the latter exists, and otherwise provides the closest possible generalization. Unlike the inverse, it is

defined for any rectangular or singular matrix.
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Figure 5.6: Eigenvalues of the covariance matrix for D2(θ) from one single, random

region used in this work. The orange bars correspond to the original eigenvalues,

pre-regularization, and the blue bars to the post-regularization eigenvalues. The vertical

axis is in logarithmic scale. One sees that very small eigenvalues, corresponding to

directions of very low variance, are greatly affected, yet still much smaller than the

largest components, whereas the largest eigenvalues are barely affected at all.

Figure 5.7: Percent relative residuals of regularized correlation matrix compared to

original correlation matrix. I find that this sort of regularization only affects high bin

indices more significantly, with a maximum percentual difference of around 4-5%,

corresponding to the largest angular separations probed, much higher than the angular

homogeneity scales expected.
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5.3. Testing the approaches to θH estimation

SR fitting approach

I begin by comparing the direct and indirect methods using the symbolic regression (SR)

approach. As explained earlier, this method fits the measured ω(θ) or D2(θ) profiles with

symbolic regression, and uncertainties are propagated using an estimated covariance

matrix. The assumption here is that the uncertainty of the fitted function from varying its

parameters adequately reflects the underlying statistical uncertainty of the profiles in the

survey. For this comparison I use the 1200 deg2 regions, which balance having sufficient

patches for subsampling while also providing multiple independent estimates of θH, and I

show the results obtained using the linear approximation method, which takes θH as the

value obtained from the intersection of the single SR fit with the homogeneity threshold.

Figure 5.8 presents θH measurements for the 16 regions across all redshift bins, together

with the bootstrap distribution of these values, for the indirect method. At low redshift,

measurements are widely dispersed, while at higher redshifts the results start to overlap

between bins. This behavior does not reflect a feature of the survey, but rather limitations

of the method:

1. Integration from θ = 0: The indirect method requires integrating from angular

separation θ = 0. Since my pair counts begin at θ = 0.5 deg, extrapolating the SR

fit to smaller scales introduces instability. The SR fit is not constrained below this

scale and may produce nonphysical behavior (including complex values), leading

to D2(θ) profiles without the expected positive slope towards homogeneity;

2. Inadequate SR fits: Despite its flexibility, SR does not always capture the large-

scale behavior of ω(θ). With the stopping criterion WMSE ≤ 1, some profiles are

underfit. Tightening the criterion could mitigate this but could also substantially in-

crease computational time;

3. Dependence on the random distribution: As discussed in Chapter 2,N (< θ) can

be calculated numerically by comparison of pair counts to a theoretically expected

random distribution (see Eq. 2.35 and the surrounding description). A mismatch

between the theoretical expectation and the random distribution estimator RR could

create discrepancies and create issues with this method.

In contrast, Fig. 5.9 shows the results for the directmethod. Here, dispersion and overlap

are somewhat reduced, although not eliminated. Some overlap between redshift bins
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Figure 5.8: SR fitting approach - indirect method: θH measurements for many

different regions and for each redshift bin. We can see the expected trend in θH and

higher variability of the measurements at low redshift. The vertical dashed lines

correspond to the 16/84% percentiles of each distribution.

persists. As will be made clear when analysing the results for the resampling approach,

these problems are not driven by the survey itself, nor only by artifacts of the SR fitting

procedure.

Figure 5.9: SR fitting approach - direct method: θH measurements for many different

regions and for each redshift bin. We do not see as large an overlap in the bootstrap

distributions between different redshift bins as we do with the indirect method. The

vertical dashed lines correspond to the 16/84% percentiles of each distribution.

Overall, the SR fitting approach provides some advantages - flexibility, analytic forms for

the profiles, and the possibility of comparison to theory - but in practice, difficulties in fitting

broad trends, along with the problematic indirect method, limits the effectiveness of this
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approach for robust θH method (though, at the very least, the indirect method may yet be

improved).

Resampling approach

I next test the resampling approach, in which θH is estimated directly from jackknife re-

samples of the survey. I find that applying smoothing to the spline improves dispersion

of results compared to a spline with no smoothing*. Fig. 5.10 shows the results for the

indirect method. As with the SR approach, this method struggles, particularly at z = 1.1.

The simplest and most likely solution to fix this would be to recompute pair counts starting

from smaller separations, which would stabilize the integral. A useful question for future

work is whether, once corrected, jackknife resampling of ω(θ) could perform better than

jackknife resampling of D2(θ) (the latter might require increasing the number of patches

to achieve stability of the covariance structure).

Figure 5.10: Resampling approach - indirect method: θH measurements for many

different regions and for each redshift bin. This method, similarly to what happens with

SR, suffers from the problem with the integral for the scaled number counts, leading to

bad fits or bad D2 profiles from ω(θ). The vertical dashed lines correspond to the

16/84% percentiles of each distribution.

By contrast, Fig. 5.11 presents the results for the direct method (still with a smoothed

spline). Here, dispersion is small and distributions of θH for different redshifts are well

separated, consistent with theoretical expectations. At low redshifts, where clustering is

stronger, variability between regions is higher, whereas at high redshift measurements

*The smoothing factor s is related to the number of knots of the spline: the number of knots is increased

until the smoothing condition is satisfied:

∑
i
(yi − spl(xi))

2 ≤ s

, where (xi, yi) are the data points that the spline fits
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are very precise. The expected evolutionary trend of θH (studied, for instance, in [42,

47]) is clearly visible: the homogeneity scale evolves rapidly at low redshift (where a

small change in z corresponds to a larger cosmic time interval) but changes little at higher

redshifts.

Figure 5.11: Resampling approach - direct method: θH measurements for many

different regions and for each redshift bin. This method produces deterministic θH
measurements with lower variability than obtained with SR, though still showing higher

variability in measurements at low redshift, and no overlap in the bootstrap distributions

of θH at different redshift slices. The vertical dashed lines correspond to the 16/84%

percentiles of each distribution.

The resampling approach also has the practical advantage of being transparent and easy

to interpret. Fig. 5.12 and 5.13 illustrate this clearly: the first shows all jackknife resampled

D2(θ) curves with their spline fits and final θH, while the second shows the distribution of

θH values from resamples. The median is adopted as the central estimate – given the

typically skewed distributions, the median is a more reliable central estimate than the

mean –, with the 16th-84th percentiles defining the uncertainty interval, though one may

leave it up to discussion whether a 2σ interval (2.5-97.5th percentiles) would perhaps be

more appropriate.

Choice of approach and method

In light of these results, I adopt the resampling direct method as the standard procedure

for the remainder of this work. This method is accurate, robust, computationally efficient,

free of the stochasticity inherent in SR fitting, and straightforward to interpret. Although SR

fitting initially appeared promising, requiring only a single fit, naturally discarding small-

scale oscillations, and producing analytic functional forms, its instability, computational
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Figure 5.12: D2 profiles from jackknife resamples (in blue) along with the corresponding

spline fits (in gray). The black point is the final, measured θH.

Figure 5.13: Example histogram of θH measurements obtained for each jackknife

resample shown in Fig. 5.12.
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cost, and difficulties in generating reliable uncertainty estimates ultimately made it less

practical than resampling.
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5.4. Comparison of uncertainty estimation methods

Although the SR fitting approach has already been shown to be problematic for θH estima-

tion, it is still useful to compare the two SR-based uncertainty estimation methods (linear

approximation and nested sampler) against the resampling approach. To do this, I focus

on the direct method applied to the full-area region, which avoids the issues identified

with the indirect method. Figure 5.14 presents the uncertainties obtained from SR (lin-

ear approximation, nested sampler) and from resampling. Since the uncertainties are not

always symmetric, I display both the negative and positive error components. Although

only the full-area region is shown, the results are broadly similar for smaller regions as

well.

Figure 5.14: Uncertainties estimated on θH measurements for the full area region using

different methods - linear approximation and nested sampler (from SR approach,

described in subsection 3.3.6) and resample, applying the direct method for θH
estimation.

Several points are apparent from this comparison:

1. Consistency of SR methods: The nested sampler and the linear approximation

methods yield remarkably similar uncertainty estimates. This is somewhat surpris-

ing, as the original paper [59] introducing the linear approximation method sug-

gested that it would significantly underestimate uncertainties relative to a more rig-

orous sampling approach;
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2. Small uncertainties from resampling: The resampling method produces consid-

erably smaller uncertainties. These are consistent with the distribution of D2(θ)

curves obtained from jackknife resamples, though the agreement may be some-

what suspiciously tight;

3. Comparison to bootstrap: Bootstrap resampling of patches produces more vari-

able D2(θ) curves and correspondingly larger uncertainty estimates, closer to those

obtained from the SR-based methods. However, as discussed before, bootstrap

may not be reliable. A definitive resolution would require mock catalogues con-

structed under a standard FLRW cosmology to establish the expected level of un-

certainty in θH given the sample sizes I have.

An important advantage of the resampling approach is its interpretability: uncertainties

are obtained directly from the empirical distribution of resamples and are thus transparent

and easy to communicate. By contrast, the SR-based methods rely on approximations

and optimization criteria that act as ”black boxes,” making their results less straightforward

to validate.

Finally, I note that uncertainties estimated using random catalogues are still much smaller

than those obtained from resampling. This reinforces the idea that random-based es-

timates, while computationally cheap, severely underestimate the true uncertainty and

should not be used as a substitute for resampling-based approaches. On the other hand,

SR fitting-based methods such as the linear approximation and the nested sampler ap-

pear to overestimate uncertainties (if we assume jackknife resampling provides the most

reliable estimate, which so far I have no reason to doubt). While overestimation is prefer-

able to underestimation - since it errs on the side of caution - the ultimate goal remains to

obtain realistic uncertainty estimates that are as close as possible to the true variability.

5.5. Robustness of θH estimates across survey area and redshift

In this section, I study the robustness of the θH estimates with respect to survey area,

their variability across redshift bins, and whether increasing the survey area improves

measurement stability. A further goal is to identify which redshift bins are most suitable

for determining reliable θH estimates. As seen in previous sections, the resampling direct

method successfully reproduces some of the expected trends of θH with redshift. In addi-

tion, I also verify here that the characteristic BAO scales do not coincide with the values

of θH obtained.
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Fig. 5.15 and Fig. 5.16 present the results obtained for the 600 deg2 and 1200 deg2 regions,

respectively, using the resampling direct method. From these figures, several conclusions

can be drawn:

• As expected, the dispersion in θH for each redshift bin is larger for the smaller

600 deg2 regions;

• There is less overlap between θH measurements in different redshift bins for larger-

area regions compared to smaller-area regions;

• The bootstrap standard deviation is slightly larger than the individual uncertainties

of each region, implying that individual uncertainty estimates tend to underestimate

the variability across regions (which is expected, since internal estimates are limited

to the volume enclosed by the region);

• If θH measurements are to be used to constrain cosmological parameters, higher-

redshift bins (z & 0.7) are preferable. At high redshifts, uncertainties are smaller and

variability between regions is reduced, making these measurements comparatively

more robust than those at low redshift.

Figure 5.15: Histograms of bootstrap distributions from θH measurements plus

uncertainties via the resample approach with the direct method over many different

regions of area 600 deg2.

A second question concerns the dependence of θH estimates on survey area: how do the

measurements evolve when comparing regions of 600 deg2, 1200 deg2, and the full-area

survey? To address this, Fig. 5.17 plots the bootstrap mean with its associated standard

deviation for the 600 deg2 and 1200 deg2 regions, alongside the single measurement (with
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Figure 5.16: Histograms of bootstrap distributions from θH measurements plus

uncertainties via the resample approach with the direct method over many different

regions of area 1200 deg2.

uncertainty) from the full-area survey. For comparison, the BAO scales are also shown.

The following conclusions can be drawn:

• Except at z = 0.3, the bootstrap means (and their dispersions) for smaller-area

regions match closely the full-area single measurement. This indicates that mea-

suring θH across many smaller regions (even overlapping ones) or using one large

contiguous area produces consistent results for z & 0.5;

• Given the small variability at high redshift, the BAO scale does not appear to be

significantly close to θH. Nonetheless, it may be advisable to fine-tune binning and

magnitude cuts to ensure that the two scales remain well separated.

Finally, across all redshift bins and survey areas, the same non-linear, decreasing trend

of θH with redshift is recovered, consistent with expectations.



FCUP 74

Testing the FLRW model with large-scale structure estimators

Figure 5.17: Comparison of the bootstrap mean θH of many regions of 600 deg2 and

1200 deg2 vs the ’full area’ region, along with the theoretical expected BAO scale

computed according to Eq. 5 of [78] and the relation θBAO(z) = rs/
(
(1 + z)DA(z)

)
,

where rs is the sound horizon scale at decoupling and DA is the angular diameter

distance at redshift z, see e.g. [21]. I conclude that, except for low redshifts (z = 0.3),
the bootstrap mean from 600 deg2 (and 1200 too) matches the expected result obtained

from the ’full area’ region, although individual measurements of θH were previously

shown to have high variability at the lower redshifts. I also notice that the BAO scale for

low redshifts is too close to the ’full area’ region estimate of θH, which might be

problematic.

5.6. Analytic profiles of D2

In this section, I present analytic profiles for the fractal dimension D2 at different redshift

bins of width ∆z = 0.01, the same used in the previous analysis. These profiles were

obtained from the full area region also discussed before by taking the D2 curve obtained

from the direct method (using the LS estimator for scaled number counts) and applying

symbolic regression to this curve.

The symbolic regression was configured as follows:

• Maximum complexity: 50;

• Binary operators: +, −, ×, /, exponentiation;
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• Unary operators: exp, sinh, cosh, tanh, log;

• Constraints: the exponent operator may only include a single variable x to avoid

nested exponentials;

• Selection criteria: the candidate expression with the lowest score* amongst those

with 1.5 times the lowest mean squared error.

Fig. 5.18 shows the analytic D2 profiles obtained for each redshift bin, and Table 5.4

lists the mean squared errors for each profile along with the corresponding analytic ex-

pressions. These fits were obtained using data points in the angular separation range

[0.5, 17.5] degrees.

Figure 5.18: Plot of analytic profiles for D2 obtained for different redshift bins for the full

area region of MICECAT 2.

These analytic profiles provide an initial, parametric representation of D2, whose benefit

is in bypassing the computational effort required to calculate pair counts and generate

jackknife resamples, offering a stepping stone for future analyses. Nevertheless, the ob-

tained profiles are far from the optimal representations. It is clear from Fig. 5.18 that they

overfit to some oscillations in the curves, though it is not clear whether these are actual

features of the structure of the Universe in general or features of the survey area con-

sidered, or perhaps due to methodological choices in estimating the D2 LS data points.

*Score is defined as the negated derivative of the log-loss with respect to complexity - if an expression

has a much better loss at a slightly higher complexity, it is preferred. In this case, loss is the mean squared

error.
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Redshift bin MSE Complexity Mathematical expression

z = 0.3 5.97 × 10−6 18

cosh

(
a0 + tanh

(
aθ

1

)
tanh

(
cosh

(
a2e

a3θ+a4 cosh
(

tanh(a5 cosh(θ))
))))

a0 = 0.3086, a1 = 6.2824,

a2 = 0.8902, a3 = 0.0821,

a4 = 0.0821, a5 = 0.1300

z = 0.5 1.62 × 10−6 29

log

(
a0 − (a1θ + a2(aθ

3)
θ) tanh

(
a4θ −

(
a5 + a6aθ

7 + sinh
(

a8ea9θ
))

tanh(θ)
)
+ tanh(a10θ)

)
a0 = 6.3980, a1 = −0.006916,

a2 = −0.081974, a3 = 0.151788,

a4 = 0.704932, a5 = 6.3980,

a6 = −33.4298, a7 = 0.050746,

a8 = 0.047306, a9 = 0.299275,

a10 = 0.287567

z = 0.7 3.04 × 10−6 27

a0 + tanh

cosh

(a1 + θ

(
a2 + cosh

(
θ cosh

(
cosh

(
a3 + a6

(
(a7θ3 + 1)a8 − tanh(a4 + cosh(a5 + θ)))

))a9
))))a10


a0 = 0.996612, a1 = 0.29386455,

a2 = −0.16337353, a3 = 1.0374497,

a4 = −0.6110885, a5 = −5.1695876,

a6 = 1.6063857671933437, a7 = 0.06294208950113359,

a8 = 0.17139031, a9 = −0.10387308,

a10 = 0.16680695

z = 0.9 1.85 × 10−6 18

exp

(
− tanh

(
tanh

(
a0 tanh(a1 + a2θ) + a3θ

cosh(a4+θ tanh(
a5

cosh(a6θ)
))

)))
a0 = −1.3151599, a1 = 0.95153487,

a2 = 0.24869674, a3 = 0.009320084,

a4 = −1.1134975, a5 = 92.5352,

a6 = 1.5576785

z = 1.1 1.60 × 10−6 20

a0 exp

(
tanh

(
tanh

(
tanh

(
exp
(

a1ea2θ + ea3etanh(a4eθ )+a5θ
)))))

a0 = 1.060847, a1 = −0.953825,

a2 = −0.535361, a3 = −0.082685,

a4 = 0.018811, a5 = −0.022149

Table 5.4: Mean squared error and symbolic regression expressions for D2 in different

redshift bins.

Further investigation is warranted, and a more scientifically sound selection criterion for

the symbolic regression best fit functions should be validated and used. For these rea-

sons, I am not able to conclude whether the D2 curve at all redshifts follow the same

simple and general profile, or if the mathematical structure can in fact only be described

by different equations.
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6. Conclusion

The goal of this work was to develop a consistent and robust methodology to test the

cosmological principle through tests of cosmic homogeneity. Given current observational

tensions and the fact that the cosmological principle, that underpins the standard model

of cosmology, has not been thoroughly tested yet, it is essential to design reliable tools

for homogeneity analyses. With the advent of future large-scale galaxy surveys, fractal

dimension analysis has become a promising avenue, enabling the determination of both

the fractal dimension profile and the angular scale of transition to homogeneity, θH.

To this end, I examined and systematized existing approaches for estimating θH and their

associated uncertainties. Previous work in the literature has lacked consistency, with

different authors adopting different definitions of θH, and with uncertainties often estimated

only through random catalogues, an approach insufficient for the precision required in

forthcoming surveys. In contrast, I investigated two methodologies to measure θH:

• Indirect method: based on ω(θ) (obtained via the Landy-Szalay estimator), fol-

lowed by estimating the scaled number counts N (< θ) and then obtaining D2(θ);

• Directmethod: based on a numerical Landy-Szalay estimator of the scaled number

counts N (< θ) to obtain D2(θ) ”directly”.

I then implemented two distinct approaches to determine θH from these profiles: symbolic

regression (SR) fitting and resampling.

The SR fitting approach initially appeared promising: it made no assumptions about pro-

file shape, offered flexibility, allowed small-scale oscillations (irrelevant to a measure of

large-scale homogeneity) to be discarded, and could provide analytic functional forms for

D2(θ). However, it proved impractical in this context: the method was occasionally slow,

uncertainty propagation required approximations, and SR in some cases failed to capture

broad trends for certain redshift bins and survey regions.

A simpler but ultimately more successful approach was the resampling method, in which

jackknife or bootstrap resampling produced many realizations of D2(θ) from the same

survey region, fromwhich θH could be robustly extracted. Of the two, jackknife resampling

emerged as the fastest and most reliable choice. Bootstrap results produced consistently

higher uncertainties and require further study to determine their validity.



FCUP 78

Testing the FLRW model with large-scale structure estimators

These methods were tested on the MICECAT mock galaxy survey, divided into regions

of varying area. Several important results followed:

• The SR approach was found to be unreliable, while the resampling method was

robust, fast, and easily interpretable;

• The indirect method was hindered by its reliance on pair counts at θ < 0.5◦, and

showed no clear advantage over the direct method;

• Among uncertainty estimation strategies, the linear approximaton and nested sam-

pler methods gave results consistent with one another, in contrast to previous claims

in the literature [43], but both substantially overestimated uncertainties relative to the

resampling method;

• Survey area impacts θH estimates to some extent, and variability across regions is

high at low redshift but significantly reduced at higher redshifts;

• High-redshift bins (z & 0.7) provide the most stable and reliable θH measurements

for cosmological applications, with uncertainties that more closely reflect cosmic

variance;

• Averaging θH across many small subregions yields results consistent with measure-

ments from the full survey region (except at z = 0.3; one possible explanation is that

at lower redshift clustering is stronger and the small subregions are too small to es-

timate properly an overall angular homogeneity scale);

• The obtained θH values appear not to be contaminated by BAO scales (or at least,

not significantly so), though this requires further validation.

The main takeaway of this dissertation is the development of a single, fast, and easily

interpretable methodology to estimate θH robustly, along with its uncertainties, suitable for

application to future large-scale surveys. I have also identified the principal factors that

must be taken into account when using θH for cosmological analyses, and understood

how choices of redshift binning and magnitude cuts can be tuned to separate BAO scales

from θH, ensuring robustness of the measurement.

Limitations

This analysis has several limitations.
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• The comparison between jackknife and bootstrap resampling remains unresolved:

bootstrap consistently yielded larger uncertainties, and the reasons for this are not

yet understood;

• It is not completely clear whether the analysis of the ideal number of patches, re-

sampling technique, or other parameters, based on the covariance matrix, applies

directly to using the data resamples to estimate θH;

• The indirect method requires pair counts at smaller angular separations, which were

not available here, and this may have limited its performance;

• The SR fitting approach, while not adopted, could be improved in robustness and

efficiency, but was not pursued further;

• The results have not yet been validated against FLRW mock catalogues based on

N-body simulations, which would allow a direct comparison of the resampling tech-

nique to expected θH uncertainties;

• Finally, possible contamination from BAO scales, although unlikely to be significant,

was not definitively ruled out.

Future work

Several avenues for future research arise naturally from these limitations:

• Validation of the methodology against realistic FLRW mocks based on N-body sim-

ulations, to determine whether jackknife uncertainties indeed provide the correct

estimate of variability;

• Further study of bootstrap resampling, including its dependence on the number of

patches and resamplings, to clarify the origin of its discrepancy with jackknife;

• Evaluation of the ideal confidence interval to consider from the θH distribution as the

uncertainty measurement obtained with the resampling approach;

• Testing of how surveymasks with irregular shapes or holes affect θH measurements;

• Investigation of the impact of photometric redshift uncertainties on binning choices;

• Obtaining better quality D2(θ) analytic profiles for the different redshift bins, along

with confidence regions.;
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• Testing my methodology on mock galaxy surveys obtained with different cosmolog-

ical models;

• Application of the methodology to real survey data, once available, to provide the

first large-scale empirical constraints on θH at different epochs;

• Exploration of the use of θH measurements for cosmological parameter constraints,

following approaches such as those of [47].

In summary, this dissertation established a consistent framework for mesuring the an-

gular homogeneity scale θH, demonstrated its robustness under a variety of tests, and

clarified the methodological choices required for its reliable estimation. These results

provide a solid foundation for applying fractal dimension analysis to upcoming galaxy sur-

veys, enabling new tests of the cosmological principle and, ultimately, new constraints on

the standard model of cosmology.
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