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Resumo

Esta dissertacdo aborda as propriedades algoritmicas e de decidibilidade dos mondides

inversos livres, com foco particular no caso monogeénico, F'IMj,,, que denotamos por F.

Comegamos por fornecer o enquadramento necessario nas areas relacionadas com o
nosso trabalho, nomeadamente em teoria de semigrupos e monoides, teoria de autéma-
tos e de linguagens formais, e problemas de decidibilidade. Apresentamos os resultados
fundamentais de decidibilidade para mondides inversos livres e o papel que as arvores
de Munn desempenham nos mesmos, bem como os desenvolvimentos mais recentes

por Silva.

Mostramos que os conjuntos racionais de F' podem ser escritos como uma uniao finita
de conjuntos onde o operador estrela € aplicado apenas em singletons, € no maximo em

trés deles.

Provamos que é decidivel se dois conjuntos racionais de F' dados se intersetam de forma
nao trivial. Além disso, concluimos que a interse¢ido de conjuntos racionais em F' pode
nao ser racional, mas que ¢ livre de contexto, e listamos algumas classes de conjuntos

racionais para os quais a intersecdo com outros conjuntos racionais ainda é racional.

Por fim, generalizamos o problema da pertenca a conjuntos racionais ao produto direto de

mondides finite _#-above, dos quais os monadides inversos livres sdo um caso particular.

Palavras-chave: mondides inversos livres, conjuntos racionais, problemas de decidibili-

dade.
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Abstract

This dissertation covers algorithmic and decidability properties of free inverse monoids,

with a focus on the monogenic case, F'1 M,y which we denote by F.

We begin by providing the necessary background in the areas surrounding our work,
namely semigroup and monoid theory, automata and formal language theory, and decid-
ability problems. We present the foundational decidability results for free inverse monoids

and the role Munn trees play in them, as well as the most recent developments by Silva.

We prove that rational sets of F' can be written as a finite union of sets where the star

operator is applied only to singletons, and at most three of them.

We show that it is decidable whether or not two given rational sets of F' intersect non-
trivially. Furthermore, we prove the intersection of rational sets in F may not be rational,
but that it is context free, and list some classes of rational sets for which the intersection

with other rational sets continues being rational.

Lastly, we generalize the membership problem for rational sets to the direct product of

finite #-above monoids, of which free inverse monoids are a special case.

Keywords: free inverse monoids, rational sets, decidability problems.
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Introduction

The study of inverse semigroups corresponds to one of the central branches of semigroup
theory, arising, for example, whenever injective partial transformations of any set are in
question. Among these, free inverse monoids, denoted F'I M 4 for an alphabet A, play an
important role due to their universal property, which could allow known properties of these

monoids to extend to many others.

The independent seminal work of Scheiblich and Munn in the 1970s provided the first
solutions to the word problem in F'IM 4, and revealed combinatorial structure inherent
to these monoids. In particular, Munn’s approach builds an automaton for each element
in the free inverse monoid, which became known as its Munn tree. The study of these
automata provides both algebraic and language related properties, which are crucial to

the work developed here.

The most recent advancements by Silva deepened our understanding of rational sets in
free inverse monoids. In the general case, one of the possible generalizations of the
word problem, the membership problem to rational sets, was solved. When restricted to
the monogenic free inverse monoid, usually denoted F'I M, or simply F', the problem of
inclusion and equality of rational sets was proven decidable. Furthermore, a computable
description of any rational set of F' using only regular expressions of star-height 1 was

found.

Similarly, in this dissertation, we focus our study mostly on rational sets of the free inverse
monoid over F'. This simpler case turned out thus to be more fertile for new results. In
particular, we refine the previous description of rational sets of F' and investigate the
properties of their intersection. Some attention was given to the direct product of free

inverse monoids.

Chapter 1 gives the necessary preliminaries on related areas, such as an introduction to
the tools of semigroup and monoid theory required, the basic notions of formal language

theory and a discussion on the parameters of the algorithms used.

In Chapter 2, the construction of the free inverse monoid on an alphabet A and the pre-
viously known results are presented in further detail. We include a definition of the Munn
tree of an element and showcase its use in deducing algebraic properties of F1M 4. Lastly,

we provide the most important results on the rational sets of F, by Silva.
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Next, we prove that a rational set in I’ can be written as the union of sets where the star
operator is applied to at most three singletons. Chapter 3 is dedicated to building up to

and proving this theorem.

We explore the intersection of rational sets in Chapter 4, concluding that it is decidable
whether or not two such sets intersect non-trivially. Moreover, we show that this intersec-
tion may not be rational, but that it is context-free, and that a grammar which recognizes

it is constructible.

Finally, in Chapter 5, we broaden our study to direct products of free inverse monoids by

generalizing Silva’s result on finite _#-above monoids.
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1. Preliminaries

Throughout this dissertation, we assume that 0 is not a natural number. For every n € N,

we denote by [n] the set {1,...,n}.

1.1.  Semigroup and monoid theory

During our study, due to our familiarity with them, the main reference were the lecture
notes [1]. We add [5] for an overview on semigroup theory, including some more advanced

results.

A set S along with a binary operation - is said to be a semigroup when - is associative,
that is,
Vs,t,u e S,(s-t)-u=s-(t-u).

Moreover, if - admits an identity element, that is, an element e € S such that for all s €
S,s-e =e-s = s, then (5,-) is said to be a monoid. Frequently, the symbol for the
operation will be omitted whenever the operation in question is not ambiguous. For any

element u in a monoid, when we write u° we refer to the identity of the respective monoid.

Any semigroup S can be turned into a monoid, usually denoted S, by adding one element,
usually denoted 1, supposed distinct from all previous elements of S and defining the new

operation * as follows:
.
s-t ifs,teS
s*xt =93 ift =1

t ifs=1

In S, 1 acts as the identity element. If S was already a monoid to begin with, we set S*

to be S.

A right ideal of a semigroup S is a nonempty set I C S that absorbs multiplication to the
right, thatis: ifi € Tand s € S,is € I. Foraset X C S, the right ideal generated by X is
the smallest (in the sense of being contained in any other) right ideal that contains X. It
always exists, since the intersection of a family of right ideals is still a right ideal, and it is
X S'. Left and two-sided ideals (generated by a set) are defined analogously. Two-sided

ideals may also be referred to simply as ideals.
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Given S a semigroup, we say T' C S is a subsemigroup of S if it is a semigroup for the
restricted multiplication. Since associativity is inherited, it is sufficient to check that for all
s,t € T, st € T. If Sis amonoid, for a submonoid we additionally demand that the identity

of S'isin T' (and not that T is simply a monoid, for a different identity element).

Next, we present some properties we may want from an element s of a semigroup. It is
said to be idempotent if s> = s. The set of all idempotents in a semigroup S is denoted
by E(S). Itis said to be a zeroif, forall t € S, st = ts = s. Itis said to be regular if there

is t € S such that sts = s. If, moreover, tst = t, t is said to be an inverse of s.

A regular semigroup is one where all its elements are regular. If, moreover, all its idem-
potents commute, it is said to be inverse. Equivalently, and perhaps more intuitively, an
inverse semigroup may be defined as a semigroup where any element has one and only
one inverse. For each s € 9, its unique inverse is denoted by s~ . It is easy to check that,
for any s,t elements in an inverse semigroup, we have that (st)~! = ¢t~'s~!. A monoid
is said to be regular (respectively inverse) if it is regular (respectively inverse) as a semi-
group. In an inverse semigroup, the product of two idempotents is idempotent: given

e, f € E(S), since idempotents commute, (ef)? = efef = eeff = ef.

Some important examples of inverse semigroups are, for any set X, the set of injective
partial transformations on X under composition and many of its subsemigroups, such as

that of injective functions. In fact, both these examples constitute monoids.

Given two semigroups (S,-) and (T, %), and amap ¢ : S — T, we say ¢ is a semigroup
homomorphismif, forall s1, so € S, we have that (s1-s2)p = (s19)*(s2¢). If (S, -) and (T, x)
are monoids, with identities eg and e, respectively, we say ¢ is a monoid homomorphism
if, besides being a semigroup homomorphism, egyp = ep. Lastly, we note that if S, T are

inverse semigroups, then, for all s € S,

1 1

sp = (s 8)p = (sp)(s™ p)(s),

“LesThe = (sT0) (sp) (s 1),
hence, (s@)™ = s 1.

If (S, ) = (T, %), then ¢ is called an endomorphism, and, if ¢ is also bijective, it is said to
be an automorphism. If the map ¢ : S — T instead has the property that, for any s, ¢ € .S,
(st)p = (tp)(sp), then ¢ is said to be an antihomomorphism. The map ~! : S — S in an

inverse semigroup is an example of a self-inverse anti-automorphism. An isomorphism is
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a bijective homomorphism.

A right congruence in a semigroup S is an equivalence relation = with the property that,
forany s,t,u € S, if s 7 ¢, then su 7 tu. A leff congruence is defined dually, and a (two-
sided) congruence is an equivalence relation which is simultaneously a right and a left
congruence. Given a congruence 7 on a semigroup S, and writing S/7 to mean the set
of equivalence classes of S in relation to 7, then we can define a semigroup structure on
S/r, called a quotient, by [s];[t]. = [st], for all s,t € S. Setting 6. : S — S/r as the
canonical projection s — [s],, then it follows from the definition that 6, is a semigroup
homomorphism. If S is a monoid, then so is S/7, with identity [es],, and 6. is a monoid

homomorphism.

Given a binary relation p, we define the congruence generated by p as the least congru-
ence that contains p. It always exists, since the intersection of a family of congruences is

still a congruence.

We provide a particular example of a congruence and quotient: let I be an ideal of a
semigroup S, and define 7; as the union of the identity relation with 7 x I. Then 7; is a
congruence on S and S/7;, more often denoted S/I, is the Rees quotient of S by I. In

S/I the class of [ is a zero, and I = 10;1.

Some particularly useful tools in the study of semigroups are Green'’s relations. Green’s

partial orders are defined by

e s<pt o sS'CtS! « su=t, forsomeu e S';

s<gt < SlsC SY% < us=t, forsomeu e S';

s<pte s<gtNs<gpt & SlsC St AsS'CtS! & us=tAsv=t,for

some u,v € S';

s<yt & SlsSt C 81tSt o wsv =t, for some u,v € S'.
These partial orders define the following equivalence relations:

o Z=<gN02>gy
o =<gN>g

o =< N2>y,
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« S =Z,02

e V)= Ro L =ZLoA.

where the composition of two binary relations, o, 7, is defined by

s(coT)te uisounurTt.

Green'’s relations encode which elements can be obtained by which others through mul-
tiplication. They are not used in the study of algebraic objects with a stronger structure,
such as groups, as in this context, all of these relations become the universal relation: if
g and h are elements of a group, then g = h(h~'g) = (gh~!)h, and so g ## h. However,
they are intimately related with the study of ideals. The right ideal generated by s € S is
sS'; the corresponding left ideal is S's and the two-sided ideal generated by s is S'sS*.
Thus, two elements s, ¢t € S satisfy s <4 t if and only if the right ideal of s is contained in

t, and so on for the relations .2 and ¢.

They are interrelated as follows:

N
%

where — should be interpreted as the inclusion map, and is thus equivalent in this case

to C.

The study of these relations in many classes of semigroups has proven productive, spe-
cially in light of Green’s Lemma, which sheds light on a semigroup’s Z-class structure [5,

Lemma 2.2.1].

An important property, somewhat related to our work, is that in a regular semigroup each
Z-class and each Z-class contain at least one idempotent, and if it is inverse, then this

idempotent is unique.

1.2. Formal languages and automata

For more information on the topics covered in this section, we recommend [4].
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Given a set A, usually called an alphabet, whose elements are called letters or symbols,

we define the free monoid over A, denoted A*, as the monoid with:

e elements: any finite sequence/string of letters, usually called words, including the

empty sequence, which is the identity of this monoid and we denote by 1;

e operation: concatenation of words.

The word “free” refers to one of its properties: given any monoid M, and any function
f+ A— M, then there is one and only one monoid homomorphism ¢ such that, defining

t: A — A* as the inclusion map, the following diagram commutes

A—Ls A* .

1

M
This property can be seen as a generalization of how a basis operates in a vector space,
and, in some sense, this means that A* is the most general monoid that can be generated
by |A| elements. An object with this property can be found in other classes of algebraic
structures such as the free group, free algebra, and, as we will see with greater detail,

free inverse monoid.

Often, any subset of A* will be denominated a language. Our work will very often mention
a particular class of languages of A*: rational languages, also denoted by Rat(A*). It can

be defined as the least class of languages which

contains the empty set and {a} for each a € A;

is closed under finite products: if L, K € Rat(A*), then LK € Rat(A*);

is closed under finite unions: if L, K € Rat(A*), then L U K € Rat(A*);

is closed under application of the star operator.

The star operator, *, also called Kleene’s star operator, maps a language L to the lan-

guage

L* = U L.

n€eNy

A description of a rational language by successive applications of the mentioned opera-

tions from elements of A is called a regular expression. For instance, if A = {a,b}, some
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possible regular expressions for L = {aa?"b™ : n,m € No} U {aba} are
L = a(a®)*b* Uaba = a((a?)*b* U ba).

The set X*, forany X C A*, coincides with the submonoid generated by X and (X*)* =
X*.

Along with the notion of rational sets and their regular expressions, a second way to
construct important subsets of A* is through automata. An (A-)automaton is a tuple A =
(Q,1,T,E) where:

e () is a finite set, whose elements are called states or vertices;
e [T C @, and their elements are called, respectively, the initial and terminal vertices;

e F is a finite subset of ) x A x @, its elements are called edges, their second com-

ponent is called the edge /label. and an edge (qi,a, g2) will usually be denoted by

q1 — q2.

An initial vertex will be represented by an incoming arrow — - or o, a terminal vertex by

an outgoing arrow - — or e and an edge (q1,a, g2) by ¢1 % .

In the literature, this type of automaton is referred to as a finite non-deterministic automa-
ton, but infinite automata do not feature the work we have developed, and determinis-
tic and non-deterministic automata are interchangeable for most purposes [4, Theorem

2.5.2].

Each automaton A defines a set, called its language, or the set it recognizes:

L(A) = {u € A* : there is some path i = t,withi € I,t € T}.

Automata function as an abstraction of very simple machines, where the alphabet repre-
sent the accepted inputs, and a word recognized by the automaton would correspond to

a sequence of inputs that produces some desired outcome.

We say an automaton is frim if, for each of its vertices there is a path from an initial point
to it, and from it to a terminal point. Given an automaton with nonempty language, we
can create a trim automaton that recognizes the same set by removing each vertex that

can not be reached from an initial point or from which a terminal point can not be reached.
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This does not alter the recognized set as any walk that crossed them would not go from an

initial vertex to a terminal one, and thus did not contribute to the automaton’s language.

One of the foundational results of the study of automata and languages is Kleene’s The-
orem [uoig], which states that a language is rational if and only if it is recognized by a
finite automaton, and provides an algorithm for building such an automaton from a given

regular expression, and vice-versa.

Rational languages enjoy some properties, from which we highlight that if L € Rat(A*)
then A* \ L is also rational and computable, and hence the intersection of rational lan-

guages is still rational and computable.

Lastly, we define a second class of context-free languages. They can be seen as the
languages that can be recognized by a stronger type of automaton: a pushdown automa-
ton. With this extension, besides the finite states and edges, the automaton also carries a
stack, whose top element can determine which state transitions are permitted and when
the process is allowed to stop, but we present a different, equivalent definition. A context-

free grammar is a tuple G = (V, A, R, <) where:

e V, A and R are finite sets, and V' and A should be disjoint;

the elements of V' are called variables, non-terminal characters or non-terminal sym-

bols;

¢ € V is called the starting variable;

the elements of A are called terminals or terminal symbols;

e RCV x (VUA)* its elements are called productions and are often represented

bya = u,forae Vandue (VUA)*

When we say a production « — w is applied to a word v € (V U A)*, we mean that v
admits « as a factor, v = vyawy, and that factor was replaced by u, obtaining the new
word vouv;. The language recognized by G is the set of all elements in A* that can be
obtained by repeatedly applying productions, starting from the starting variable, until only
terminal symbols are left. We say a language is context-free if it is recognized by some

context-free grammar.

All rational languages are context-free, as, given an automaton A = (Q, I, T, E), itis easy

to construct a context-free grammar G = (Q U {¢}, A, R, ¢) that mimics it, by considering
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the productions:

€ — 1, foreachi e I,
q— zq, whenever ¢ = ¢,z € A,
t— 1, foreacht € T.

We may expand the definition of rational sets to a general monoid. If M is a monoid, we
define a rational set of M as any homomorphic image of a rational set from A*, for some
alphabet A. Since the composition of homomorphisms is a homomorphism, it is easy to
see that if M’ is a second monoid, L € Rat(M) and ¢ : M — M’ is a homomorphism,
then Ly € Rat(M’). Analogously, a context-free set of M is defined as one which can be

seen as the image of a context-free language of some A* by a homomorphism.
A related notion is that of a recognizable subset of a monoid M. A set L. C M can be
equivalently defined by:

e [ is recognizable when there is some homomorphism ¢ : M — F, with F' a finite

monoid, and some X C F suchthat L = X !;

e define a congruence ~r, in M by, given u,v € M:
u o~ v<=Vs,t € M,aub € Lif and only if avb € L;

then L is recognizable when ~, has finitely many equivalence classes in M.

If M is finitely generated, and A is a finite set of generators, then all recognizable sets
are rational and setting 7 : A* — M as the unique homomorphism that maps A to A, L
is recognizable if and only if L=—! € Rat(A*). The class of all recognizable languages in

M is denoted by Rec(M).

From the first definition, it becomes clear that the preimage of a recognizable set by a
monoid homomorphism is still recognizable. In a finitely generated monoid, all recog-
nizable sets are rational and, furthermore, the intersection of a recognizable set with a

rational one is always rational and computable.

1.3. Algorithms and decidability problems

An algorithm for a class of problems can be generally understood as a finite set of (unam-

biguous) instructions that can produce the answer for any questions from that class after
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some time. A more rigorous definition exists, with recourse to Turing machines, but such

detail is not necessary for our purpose.

As an example, to solve the problem “is there an odd perfect number?”, the naive ap-
proach of taking each odd number in increasing order, computing its proper divisors and
calculating their sum before moving on to the next does not constitute an algorithm: it is
not guaranteed that the process would ever stop, as if the answer is negative, there is no
halting condition. However, if it was known that such a number exists and the problem
was instead “what is the smallest odd perfect number?” the same process would be an
algorithm, as it is now guaranteed to stop eventually, even though we can not, a priori,

determine when.

Problems where the possible answers are “yes” and “no” are called decidability problems.

A problem is undecidable if there is no algorithm that answers it.

Given some alphabet A, a homomorphism 6 : A* — M (usually A is mapped to a set of
generators, whereby 6 is surjective) and K a class of languages, some classical decid-

ability problems for a monoid M include:

the word problem: given two words u,v € A*, is uf = vf or not?

the membership problem for KC: given v € A* and L € K, does uf belong to L6 or

not?

the equality problem for K: given K, L € K, is K6 = L6 or not?

the intersection problems for K: given K, L € K, is K6 N LO empty or not, and is it
in K67

It is not viable to study these problems for all subsets (IC = P(A*)), as there is no finite
description for a general set, and so no algorithm would be capable of even reading the
input. For having a concise description, either as a regular expression or an automaton
(which can be obtained algorithmically from each other, by Kleene’s Theorem), rational

sets are a particularly common object for these studies, and the focus of ours.

Some known results of this type are:

¢ all of the above mentioned problems are decidable for the free monoid over A (that

is, # = id) and the class of rational languages;
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e for a context-free grammar, it is decidable whether it produces an empty, finite or
infinite language [3, Theorem 6.6], and, given a word in A*, it is decidable whether it
belongs to its language or not; however, it is not decidable whether the intersection
of the languages of two context-free grammars is empty, nor whether it is context-
free [3, Theorems 8.10 & 8.13];

e while, in general, any of these problems may be undecidable even when M is a
group, there are many classes of groups, such as free groups, for which these prob-

lems have been tackled in particular and are decidable.

When creating an algorithm, we assume that whenever we receive as input an element
of a monoid M, with a set of generators A, it is provided as a product in A*, and when the
input is a rational set, it provided as a regular expression in A* or an A-automaton. The

same standards apply when we want to construct an element or rational set of M.
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2. The Free Inverse Monoid

The study of inverse semigroups in particular was pioneered by Vagner [9] (see also [2]).
Later, in the 1970s, Scheiblich [7] and Munn [6] presented the first two independent solu-
tions to the word problem in F'IM 4, by creating tools which also answer other questions
about these monoids. We present a construction similar to Munn’s and some of the re-
sults that can be obtained from it. The most recent advancements regarding rational sets
of free inverse monoids are due to Silva [8], from which we present the ones we shall

make use of.

Let A be a (nonempty) alphabet. For each letter a € A, create a new letter, denoted a !,
that we assume was not already in A. We write A to refer to the set A U A~!, where

A7l ={a"':a € A}. We define ! : A* — A* by:

171 =1, foracA, (¢« t=a, foru=a;---an a;€A, u’ :a;1-~a1_1.

We denote by v the Vagner congruence, which is the congruence on A* generated by
{(wu™tu,u) tu € A* YU {(uu oo™ oo uu ™) T uy v € AF)

The free inverse monoid on A is defined as the quotient A* /v, and is denoted by FI1M 4.
The first set of relations ensure that F1M 4 is regular and the second that idempotents

commute: givene, f € E(FIMj), then itis easy to check thate! = e, f~! = f and so

ef =ee” ' ffH=ffee™ = fe,

thus FIM 4 is in fact an inverse monoid. We denote by § the homomorphism that sends

each u € A* to [u], in FIM .

It is called free for having the universal property, which consists in: for any inverse monoid
M and any mapping f : A — M, there is one and only one monoid homomorphism ¢

such that the following diagram commutes:

A— FIMy

fi //SO
A
M

where  maps each a € A to af. This property determines this monoid uniquely, up to

isomorphism [5, Section 5.10].
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2.1. By Munn

Next, to each w = a; ---a, € A*, for a; € A, we associate an automaton, introduced by

Munn, that shall be useful in solving decidability problems on FIM 4.

We start by creating the linear automaton of u:

occur, for some a € A, then we identify the vertices p; and p3, and ignore the now duplicate
edges. After applying this operation for as long as it is applicable, the resultant automaton
is known as the Munn tree, MT (u), of u. The underlying graph (obtained by ignoring which

vertices are initial and terminal) is denoted by mt(u).

a

We shall represent each pair of edges p; Cpg ,a € Aby p1 % py, while not forgetting

a1

to allow it to be traversed in the opposite direction with the label « . If each of these pairs
of edges is instead considered a single undirected edge, the underlying graph is a tree,

hence the name.

Example 1. Let A = {a,b} and u = ab?*»~1a"ta?a~1. The linear automaton of u is

a b b b a a a a
fe) . . . . . . . )

and the corresponding automaton MT(u) is

The process of building a Munn tree can also be pictured edge by edge. Given u =

ap---a, € A*:

1. start from a single vertex, it will be the initial vertex of the automaton;
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2. draw an edge from this vertex, outgoing and labelled a; if a; € A and incoming and

labelled a; ' ifa; € A1

3. starting from the vertex on the opposite end of the drawn edge, repeat the process

from the previous step with the next letter, until the entire word has been read;

4. if, at any step during the previous, there was already an edge drawn at the vertex
in consideration like that one that we are about to draw, that edge is traversed, but

no new edge is added;

5. the ending point is the terminal vertex for the automaton.

This construction leads to a solution for the word problem of F'IM 4, for any alphabet A:

Theorem 2.1.1. For all u,v € A*, uf = vf if and only if MT(u) = MT(v).

In fact, Munn trees over an alphabet A are in bijection with elements of F'IM4: given
a Munn tree, since it is connected, we can construct a spanning walk ~ for it, with some
starting and ending points s, e; again by connectedness, we can find a walk from the initial
point of the Munn tree to s, 71, and from e to the terminal point, +-; then the label of vy,
is in A* which, after applying 0, results in an element of FIM4 whose Munn tree is the

desired one.

This theorem guarantees that it makes sense to define a Munn tree of an element u €
FIM, as there is a unique one among words in A* that are mapped to «. For an element

u € FIMy, we define its norm, ||u|| as the number of positive edges in MT (u).

This approach makes it clear that multiplication can only add new edges, and never make
existing ones disappear. This implies that for all u,v € FIM4, ||ull,||v] < |luwv| < ||ull +
|lv]]. Furthermore, multiplication on the right alters the terminal vertex but not the initial
one, and vice-versa. We define some notions from graph theory to establish the following

results.

In this context, we define a directed labelled graph over the alphabet A, T', as a tuple
(V(T"), E(T")) where V (I) is a finite set, whose elements are said to be vertices, and E(T)
is a finite set, whose elements are said to be edges. To each edge e is associated an
element (p1,a,p2) € V(I') x A x V(I'), where we would say e connects p; to p, with label
a. Note that, in general, there could be more than one edge connecting the same points

with the same label.
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Given two such graphs I', 1", by a (directed labelled) graph homomorphism I" — T” we
mean a tuple (f, g) such that:

e [: V()= V(IY)and g: E(T') — E(I');

e if e € E(I") is an edge connecting points from V(I') p; to pe, then eg is an edge

connecting p1 g to pog with the same label.

Such an homomorphism is said to be an embedding if both f and ¢ are injective, and
an isomorphism if they are bijective. A subgraph of a graph I" is a graph I for which

V(") CV(TI),E(I") C E(I') and the identity constitutes an embedding.

Lemma 2.1.2. Foru,v € F'IM 4, we have that:
e v <y uif and only if there is an embedding MT(u) — MT(v) where the initial vertex
of MT(u) is mapped to the initial vertex of MT(v);

e v <y u if and only if there is an embedding MT(u) — MT(v) where the terminal

vertex of MT(u) is mapped to the terminal vertex of MT (v);

e v < ; wifand only if there is an embedding MT(u) — MT(v).

In particular, all of Green’s orders in F'IM 4 are decidable.

Note that this means that for any u € FIM4 and v € A*, v € L(MT(u)) if and only if

uf < v0.

Extending these results to the Green’s equivalence relations, we conclude the following.

Theorem 2.1.3. For u,v € FIM,4, we have that:

u Z v if and only if mt(u) = mt(v) with an isomorphism that maps the initial vertices

to each other;

e u . v if and only if mt(u) = mt(v) with an isomorphism that maps the terminal

vertices to each other;

u S v if and only if u = v;

u _Z vifand only if mt(u) = mt(v);

9= 4.
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In particular, all of Green’s equivalence relations in F'IM 4 are decidable.

Lastly, we mention that, for u € FIM,, we have that mt(u) = mt(u~') and MT(u~!) can
be obtained from MT(u) by swapping the initial and terminal vertices. This way, since an
idempotent is its own inverse, it becomes easy to check that an element is idempotent if

and only if the initial and terminal vertices of its Munn tree coincide.

Thus, the single idempotent in an %-class is the element with the mt and initial vertex that
determine the class, and terminal vertex equal to the initial one. The unique idempotent
in an Z-class is the one with mt and terminal vertex matching all other elements in the

class, and initial point in the terminal vertex.

2.2. By Silva

Next we turn our gaze to results due to Silva [8] which go deeper in the matter of decid-

ability results for free inverse monoids.
Consider a monoid M and u € M, and define uy ={v € M : u <z v}. We say that M is
finite ¢ -above if, for every v € M, upu is finite.

Theorem 2.2.1. Let M be a finitely generated, finite _#-above monoid such that:

1. M has decidable word problem;*

2. the #-order on M is decidable.

Then the membership problem for rational subsets of M is decidable.

Corollary 2.2.2. The membership problem for rational subsets of a free inverse monoid

is decidable.

Proof. Let A be some alphabet and L € Rat(FIMy4). Only finitely many letters occur
in L, since a regular expression must be finite. Thus, w may assume that A is finite, as

elements whose words include other letters will never belong to L.

By Theorem 2.1.1, the word problem for F'IM 4 is decidable. By Lemma 2.1.2, the ¢#-
order in F'I M4 is decidable and since, for each v € FIM 4, mt(u) is a finite graph and so

it has finitely many subgraphs, uy is finite.

Therefore, Theorem 2.2.1 gives us the desired result. O

*It has been pointed out that this condition is not necessary. Any finitely generated, finite _#-above
monoid has finite and constructible Schitzenberger graphs, which provide a solution to the word problem.
We maintain it out of consistency with the original statement.
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This result shall be generalized later.

2.2.1 The monogenic free inverse monoid

Now, we focus our study on the case A = {a}. For the rest of this dissertation, we denote
by F' the monogenic free inverse monoid F'IM,, and by ¢ the homomorphism A* 5 F
such that uf = [u],. The Munn tree mt for any element in this free inverse monoid must

be of the form

where we would then indicate an initial and terminal vertices to specify each element.

Let 7 : F — Z be the unique monoid homomorphism where ar = 1. It is easy to check
that = corresponds to the distance in MT between the initial and terminal points, with
positive sign if, in the above graph, the terminal is to the right of the initial, negative if it is
to the left, and null if they coincide (which corresponds to the element being idempotent).

We define two other maps from F' to Z:

e )\ corresponding to the distance between the starting point and the leftmost vertex

in MT(u) for each u € F, with negative or null sign;

e and p corresponding to the distance between the starting point and the rightmost

vertex in MT(u) for each u € F, with positive or null sign.

These may equivalently be defined recursively by:

IN=0,aA=0,a"'\=—1,  (uv)\ = min{u), ur + vA}

lp=0,ap=1,a p=0, (uv)p = max{up, ur + vp}

forallu,v € F. These three functions shall be referred to as the coordinates of an element
in F. Forany u,v € F, if ul = v\, ur = vr and up = vp, then MT(u) = MT(v) and so
u = v, by Theorem 2.1.1.

We define F* = {u € F:ur >0} and F~ = {u € F : ur < 0}. Next, we list some basic
properties of these coordinates.

Proposition 2.2.3. Letu,v € F,and u = x1---x, forxy,...,x, € F. Then:

1. ul < urw < up;

1

2. A =u\ —ur, ulr = —um, up = up — um;
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3. uA=min{z1m+ -z + @A i € [k}
4. up = max{z1m + - wim + 35000 € [K]}
5. ()X < uXand (uv)p > up;

6. u can be written as a"*a " a"’a "% a"";

7. Jlul| = up — uA and is greater than or equal to the distance between any two points

in mt(w), including up — um, up, ur — uX, —uX and |ux|;

8. ifu € F~ and for k € N, then "\ = (k — 1)(ur) 4+ u\, u*7 — v\ = ur — u) and
uFp = up;

9. ifu € Ftandfork € N, then u*p = (k — 1)(urn) + up,u*p — v = up — ur and

uF\ = ul;

10. for k € Z, u* A > min{—||u|, u*7 — ||ul|} and u*p < max{|jul|, uFr + |ul}.

Proof. No reference was found for these results explicitly, so we provide our own proofs.

(1) Seeing mt(u) as a numbered line, with origin at the initial vertex, ur corresponds to the
coordinate of the terminal vertex. Thus, it must be greater than or equal to the coordinate
of the leftmost vertex (u)\) and lesser than or equal to the coordinate of the rightmost

vertex (up).

(2) Let «’ € F be the element with coordinates v/ A = u\ — um, v'm = —um, v'p = up — un.
We have that (uvv/u)m = ur — ur + ur = wur. Furthermore, (uu'u)\ (respectively p)
equals uA (resp. p) since all elements in the min (resp. max) simplify to that value. Thus,

uu'u = u. Analogously, we can prove that v'uv’ =« and so v/ = u™!.

(3) and (4) can be obtained by repeatedly applying the recursive definition of A and p. (5)

follows immediately from it as well.

(6) We have that
(aa""a"Pa " ) = u\ — ul + up — up + uw = ur.

Next, consider that (a**a="*)7 = (a**a="")p = 0 and (a“’a~*")7 = (a"Pa~**)\ = 0. The

result follows from (3) and (4).

(7) This result can be obtained by a simple analysis of the Munn tree of an arbitrary ele-

ment. Since itis a linear graph, the total number of positive edges is the distance between
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the two extremes, which can be obtained by adding the distances from each to the initial
vertex: |u\| = —u\ and up. The other mentioned quantities correspond to distances be-
tween some combination of the leftmost, rightmost, initial and terminal vertices, and thus

cannot surpass it.
(8) and (9) are given without issue by (3) and (4).

(10) For k = 0, the result is trivial. For & > 0, it follows from either (8) or (9), taken with

(7). For k < 0, we may proceed likewise, considering v~ ! instead. O

We denote by « the (unique) inverse monoid homomorphism from F' to F' defined by
a+ a~1. Note that (a!)a = (aa) ™! = a, and so the action of a permutes a and a~!, thus
« is a self-inverse automorphism. In terms of Munn trees, it corresponds to inverting the

direction of all edges:

if ur >0, MT (u) : o’ o o o
MT (uc) : o L ot
if ur <0, MT (u) : o’ oo a!
MT (uc) : o' o< o o

for some i, j, k € Ny.

Given any u € F, this automorphism produces the following effects on its coordinates:

U = —up, UQT = —UT, UKP = —UA.

Furthermore, we define 3 as the anti-automorphism given by u3 = (ua)~!, forall u € F.
This map also has order 2, and for u € F', uBn = uw. If ur > 0,

uf = —(up — um), ufBp — ufT = —ul,

while if ur <0,

uBA —ufmT = —up, ufp = —(uX — um).
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These properties can be easily checked resorting to the previous Munn trees, recalling

that inverting an element keeps the same mt and swaps the initial and terminal vertices:

if ur > 0, MT(u) : AN o
MT(up) : a' o< o o
if ur < 0, MT(u) : AN P a!
MT(uf) : a! NPL o!

for some i, j, k € Ny.

We remark that if L is a rational set of F, then L=, La and Lg are also rational. This
can be seen by applying ~!, o or 3 to a description of L as a regular expression, or by
obtaining automata that recognize them. If A is an automaton that recognizes L, then we

may obtain such automata by:

e for La, replacing the labels of the edges in A with label a with the label o', and

vice-versa;

e for L3, inverting the direction of each edge in A and exchanging the initial and

terminal vertices;

e for L~1, applying both those procedures, since Laj3 = (Laa)~! = L1
For every n > 1, consider the sets

Gni={u€ F:u\<—n},
Gna2={u€ FT :ur >n},

Gmg:{uEF‘F:up—ern}.

These are an important piece in defining maps &,; : G,; — F,i € [3], which have the

following effects:

e ¢,1 sends each u € G, to the element of F' with the same 7 and p as u, and A

greater than u\ by n;

e {2 sends each u € G, » to the element of F' with the same A and (p — 7) as «, and

« lesser than um by n;
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e ¢, 3 sends each u € G, 3 to the element of F' with the same X\ and 7 as u, and p

lesser than up by n.

The definition makes it clear that &, ;,7 € [3], commute: each of these maps alters exclu-
sively one of \, w, or p — m, while leaving the other two unchanged, thus, if we would be
able to apply these functions in some order to an element, we are able to do itin any order
and results, depending only on how many subtractions are applied to each coordinate, do

not vary.

Lemma 2.2.4. Let L € Rat(F). Then there exist some computable »" > n > 1 such that
weLl < ué; €L (2.2.1)

holds for all i € [3] and u € G,y ;.

Corollary 2.2.5. Let L € Rat(F). Forall ¥ > 1 and n” > n’ + kn, we can replace the

constants n,n’ > 1 of Lemma 2.2.4 by kn,n”.

The previous lemma inspired the following definition of our creation, to summarize the

property stated in the next corollary.

Definition 2.2.6. For a set L C F and n/,n € N, we say the property x(L,n,n’) holds
when for K € {L, L=}, and for any i € [3] and u € G, ;, it holds that

uEK@Uﬁnﬂ'EK.

Corollary 2.2.7. For any L € Rat(F'), there are computable constants n,n’ > 1 such that

*x(L,n,n’) holds.

Proof. Let L € Rat(F). Since, as seen before, L= € Rat(F), Lemma 2.2.4 provides
constants n,n’ and 7, 7’ for L and L~! respectively. By Corollary 2.2.5, the equivalence
from the lemma holds for both sets and constants ny = lem{n,n},n{, = max{n',7'} +

lem{n,n}. Therefore, x(L, ng,n;) holds. O

Lemma 2.2.4 allowed for a solution of the problems of comparison and equality of rational

sets for I, by reducing the elements that must be checked to a finite set:

Theorem2.2.8. Let K, L € Rat(F'). Thenitis decidable whetherornot K C Land K = L.

Next, we present the theorem which establishes the best previously know description of

arbitrary rational sets in F.
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Theorem 2.2.9. Let L C F'. The following conditions are equivalent:

1. L € Rat(F);

2. L is a finite union of subsets of the form

up X ur Xous - - - Xjug (2.2.2)

fork e N, ug,...,ur € F and finite Xy,..., X C F.

Moreover, considering we shall mention recognizable sets of F' later, we present the fol-

lowing result by Silva:

Theorem 2.2.10. Given L € Rat(F), it is decidable whether or not L € Rec(F).

Lastly, we set some notations that shall be used throughout the rest of this dissertation.
For each n € Ny, let
Wy={ueF":—n<u)\ ur <n, up—ur <n}=F\(Gn1UGn2UGy3),

and for each n’ > n > 1, denote by ¢, , the function F* — W,, that, for each u € F,

corresponds to, in any order:

e applying &, 1 repeatedly until the product’s A is greater than —n’, and soin F*\ G, 1;
e applying &, » repeatedly until the product’s 7 is lesser than »’, and so in F™ \ G, o;

e applying &, 3 repeatedly until the product’s (p — =) is lesser than »/, and so in F'* \

G s.
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3. Description of rational sets

The goal of this chapter is to build up to Theorem 3.2.4, which serves as an optimization of
Theorem 2.2.9, providing a more precise description of rational sets. Unless specifically

stated, all the results from now on are original.

We begin by presenting an auxiliary lemma and a first proposition which slightly limits the

sets we must consider later.

Lemma 3.0.1. Suppose an element v € F' may be written as vy - - - v, for some k£ € N,
and v; € F fori € [k]. Then, v may be written as v;, - --v;,, for some | < k, such that

ij < ij41,Vj € {1,...,1 -1}, and there are at most two idempotents in {v;; : j € [I]}.
Proof. Let ji,j2 € [k] be such that u\ = vim + -+ +vj, im+vdand up = vym + -+ +
Ujp—1T + Ujp -

Suppose now that, for some j € [k]\ {j1,j2}, v; € E(F),andsetu' = vy ---v;_10j41 - - V.

Since v;jm = 0, we have that:
u'7r:v17r+-~-+vj_17r+vj+17r+---vkﬂ:v17r+---+vk7r:u7r.

By choice of ji, vim + -+ + vj,1m + v A < vym + - + v + v, for all ¢ € [k], and
neither side of the inequality is affected by adding or subtracting v;7 (as it is null), so

U\ =uvm+ -+ v 11+ v A = u), and, analogously, u'p = up. Therefore, v’ = w.

By repeating the process for each idempotent v;, we conclude that all idempotents from
{v; i € [k]\ {Jj1,72}} may be removed from the expression for u without altering the
resulting product, and thus, v;, and v;, are the only possible idempotents in the final

factorization. O

Proposition 3.0.2. Let L C F. The following conditions are equivalent:

1. L € Rat(F);

2. L is a finite union of subsets of the form

up X ur Xoug ... Xjug

forn € N, ug,...,u, € F and finite X1,..., X,, C F\ E(F).
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Proof. Fix X € {X;:ic [k]} andlet X' = X \ E(F)and X¥ = (X N E(F)) U {1}. We
claim that
X*= |J X"ex"fx™.
e, fEXE

The inclusion D holds trivially. Let v be an arbitrary element of X*, and z;---x, be a
factorization of u using only elements from X U {1}. By Lemma 3.0.1, we may suppose
that, at most, two of the factors z;, i € [s] are idempotent, and by adding 1 as a factor, we
may indeed suppose that exactly two of the factors z;, € [s] are idempotent. We denote

them by z;, and z;,, with j; < jo.
Then, u = (w1 ), -1)@;, (541 T 1)y (Tjpt1 -+~ @s) € Xy X X7

In (2.2.2), by replacing each X; by the finite union |, . v= X,*eX/* fX/*, and (conducting

e, f€e
the necessary distributions), we obtain a rewriting of L as a union of sets of the desired

form. O

Next, we start treating each factor of the form X * in equation (2.2.2) separately, depending
on whether X; is contained exclusively in F* or F'~, named the positive and negative
cases, respectively, or if otherwise it has elements with positive and negative =, named

the mixed case.

3.1. The positive and negative cases

Proposition 3.1.1. Let X be a finite subset of F, contained in F* or F~, and with no
idempotents. Then, there is a computable N such that, for any multiple of N, n, X* may

be constructively written as a finite union of sets of the form
upxT Uy

with up, u1,z € F and |zn| = n.

Proof. We cover the case where X C F'*. The opposite one would follow dually.

Let N/ = lem{zw : = € X} and choose N to be its least multiple which is larger than

max{||z| : « € X}. Fix n as an arbitrary multiple of N.

For each = € X, denote by n, the natural number such that n,(z7) = 27 = n. Let S be

the set of all elements of X* where each element z is used at most n,, times.
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Let d = ged{|zw| : z € X}. Any u € X* is such that d|ur. By the Euclidean algorithm,
we may compute an integer c, for each z € X such thatd =  _ c.(z7). Besides,
by adding or subtracting some multiple of n,|z7|, we conclude that there is some ¢, €
{0,...,n, — 1} for each z € X such that
d= Z cx(zm) mod n.

zeX
Similarly, given any m € Z, there is a coefficient ¢,, , € {0,...,n, — 1} foreach 2 € X
such that

md = Z Cme(zm) mod n.
zeX

Lastly, notice that any element of X* which uses each = € X exactly c,, , times isin S.
Therefore, any value of 7 (modn) which can be arithmetically obtained by elements of

X*r can be attained with an element in S.
Denote by 2/, and 2/, elements of X such that
TP A =max{z\:z € X},
rhp =min{zp —z7:z € X},

and set z; = ()", for i € {L, R}. Note that z;m = ng (z;w) = n and that, from Proposi-

)

tion 2.2.3, 1A = 2 A and xrp — xpm = 2’zp — 2’zm. Lastly, we mention that 27, zr € S.

Let I = max{|ju|| : © € S}, z be the least natural number such that zn > 2/ and M =

2zn + 31. We claim that

X*={ue X" ||ul| < M}USXz;SrrXS. (3.1.1)

Clearly, the inclusion D holds. Take u, an arbitrary element of X™*, which can be written
asu=uwx---xy, forsome k € Ny and z; € X fori € [k]. If ||u|| < M, is an element of the

right hand side of the equation trivially. Suppose, otherwise, that ||u| > M.

Take i, j € [k] such that

UN =217 + - -+ + 2T + T\

up =x1m+ -+ Tj 17T+ T;5p.
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Note that
O0>ul=(r1-zim)mT+xAe (r1- xi)7T < =2 A < ||zi]| < N <n

and so, for each b € [i — 1], z;, occurs less than n,, times in (z1,...,z;—1), thus s; =

x1---xi—1 € S. Analogously, s3 = ;41 25 € 5.

This allows us to conclude that i < j as otherwise,

lull = -

8

T
<z wia| + |z -zl <

<1 @il + |zjgn - well = sl + s3]l < 20 < M,
which would contradict our assumption on w.
Furthermore, we have that (z; - - - z;) A = u\ since

(1‘1 . JIJ))\ < (581 .- '.Ti_l)ﬂ"i‘xi)\ =uA <

<min{(zy - xp_1)T + A k€ [J]} = (21 z5) A

Take sy € S such that som = (241 -~ zj—1)7 mod n & (s12;)m + somm = (1~ Tj_1)7

mod n.

We notice that

M <|lu|]| =up —uX =
=(x1-zj_)THxip— (T1 - Ti—)T — A =
=z;p+ (Tig1 - Tj—1)7T + (2;m — 23A) <
<(@ir - xgon)m + il + [l <
<(@ig1--xj_1)T+ 21

= 2zn+1l< (xiJrl s l’jfl)ﬂ',
while at the same time,

(27 s2)m = 2n + som < zn + ||s2]] < zn 4+ 1.
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Joining these two facts, we conclude that

(xf52)m + 2n < (Tjg1 -+ xj—1)T &

S(s1zixpso)m+2n < (z1---xj_1)7

and so, since (siz;x7s2)m = (s1x;)m + som = (1 ---xj—1)7 mod n, there is some m €
N such that (z1 -+ zj_1)T = (s1zzise)m + (2 + m)n = (s1z;x% sox ™), from which

(812305 S92t ") = (w1 -+ - )T

We now determine the values of A and p of Sll’il"zsgmi—;_mmj. Notice that

(s127)A, (1)

8$12;)T™ + T3\, 2

(s12:27 522%™ j)A = min (s12:) L , @)
(1w} )m + (s02% ™A, (3)

(s1232% S0 ™) + 25\ (4)

\ 7

and so we proceed as follows:

(1) (s12)X = 817 + 2\ = ul,
(2)  (s1zi)m+ LA > (s12)T + A > 517 + XA,
(3)  (s22% ™)X = min{so), som + 3 " A} = min{so, som + zA} >
>min{so\, g} > min{—||s2||, —|lzr|} > -1,
(s1z)T + (27)7 + (5225 ™A > 2n — 1> 0 > u),

4 S122% S5 ™ + wid = (1 - i 1)T + A < U,
LS2TpR J J J
z+m

which allows us to conclude that (siz;x7 soxy @)\ = uX = (z1 -~ z5) A

On the other hand, considering that

)
(s12)p, (1)

(SlxixiSQxZR+m.I‘j)p —= max (Slxi)ﬂ' + (szQ)p7 7 (2)
(s12:2% o) + 25 " p, (3)

(s122% sox’y ™) + xjp (4)
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and that

(1) (s1@i)p = (x1---2i)p < up,
(2) A <sim+xd =u\ = —u\+ ;A <0,
(25 59)p = max{xip, 257 + sop} = max{z? 7+ xpp, 2n + s9p} <
<max{(z—1)n+1lzn+1} =2n+1,
(s1zi)m + (x782)p < ||s1|| + ||wil| + zn+ 1 <20+ 2n+1 <

<M -1l <||ul| =l=up—ur—1<up—uX+z;\ < up,

(3) xrp—apm =2gp — 2z < wjp— 1T = xR < TRp + ;T < TRT + Tjp =
= (1225 82)7 + 25 " p = (s1227, 8005 ") T + wpp < (s17527 827%™ + 24p

(4)  (s1ixfsoxy ™+ xjp = (1 xjm1)T + Tjp = up,

from which follows that (siz;23 soa’ ™ x;)p = up = (z1-- - z;)p.
In conclusion, siz;z% sex% ™x; = z1---xz; and so we can rewrite siz;x3 soa’y "rjs3 =
(x1---25)(zj41-- - xx) = u. Therefore, u is an element of the right hand side of equation

(3.1.1), and that equation holds as desired.

Since {u € X* : |lu|| < M} is finite, it can be written as the union of the finite set
{Huwoz*ur} : wp € {u € X* ¢ |lu|| < M}} forx = w3 = 1, and since X and S are fi-
nite, the rest of the right hand side of the equation may also be expressed as a finite
union of rational sets, where the star operator is applied just once, to x, which therefore

have the desired form. O

To simplify calculations in the proof of the next proposition, we introduce the following

lemma.

Lemma 3.1.2.

1. Let w,w’ € F be such that (ww)A = w) and (ww')p = wr + w'p. Giveny € F'T,

o if yA > w\ — wm, then (wy™w' )\ = w for every n € Ny;

o if yp —ym < w'p, then (wy™w')p = y"m + (ww')p for every n € Ny.
2. On the other hand, if (ww)A = wr + W'\, (ww')p =wpandy € F~,

o if yp < wp — wm, then (wy™w')p = wp for every n € Ny;
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o if y\ —ym > w'A, then (wy™w')\ = y"7 + (ww')\ for every n € Ny.

Proof. For n = 0, all results follow trivially. Choose an arbitrary n € N.

(1) Let w, w’ be elements of F satisfying the desired conditions for the first set of properties.

Take y € F™ and suppose that y\ > w\ — wr.

Recall that (wy"w )\ = min{w, wr + y" A\, wr + y"7 + w’'A}. Firstly, we note that, since
y € FHwn+y"n+w' A > wr+w'\ > (ww' )X = w). Next, recalling Proposition 2.2.3, we

have that y™\ = y\, and so, by hypothesis, wr + y™ A > wA. Therefore, (wy"w' )\ = w.

Suppose now that yp—ym < w’'p. We know that (wy"w')p = max{wp, wr+y"p, wr+y" T+
w'p}. Since wp < (ww')p = wr+w'pand yr > 0, then wp < wr+y"w+w'p. Lastly, by the
condition imposed on y, we know that yp < ym+w'p, hence wr+y"p = wr+y" ‘r+yp <

wm + y"7 + w'p. In conclusion, (wy"w')p = wr + y"m + w'p = Y7 + (ww')p.

Using the properties of the automorphism «, we can obtain (2) dually. O

Now, we establish the next proposition which allows us to reduce the number of elements
with 7 of the same sign where the star operator is applied in a row in a regular expression,

down to a single one.

Proposition 3.1.3. The set z*uy*, forany uw € F and z,y € F* or z,y € F—, can con-

structively be written as a finite union of sets of the form wgv*uy, with ug,u; € F and

ve{l,zy}

Proof. Suppose x,y € FT. If x or y are idempotents, the result follows trivially. Suppose,

otherwise, that xm, ym > 0.

Since z, ym > 0, there exists some z € N such that (z*uy®) A = (x*y*) A = zA, (x%uy®)p =
x*m + um + y¥p and (x*y®)p = %7 + y*p.
Let n € No. We have (z"u)m = (uz™)w. By Lemma 3.1.2, (z*z"uy®)\ = (z%uz"y*)\ =z

and (z*z"uy?)p = (z¥ux"y?)p = x*m + 2w + urw + y*p.

Let N = lem{xz7,y7n}, and Ny = N/er, No = N/yz. With the same =z as before, we claim

that 272 N1y* = 2%yN29. Clearly, (z*2My*)m = 2p1 + N + zp2 = (2*y™2y*), but from the
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choice of z, we also obtain that

(NP )N = 22X = (2Fy™N2yF) A and
(@21y*)p = zp1 + N +y°p = (z°y"2y")p.

With this information, we conclude that:

n>z om> 24 Ny —> xnym — J;nJerymfN27

n>z+N,m>z = g™ =g NymtNe,

This way, any element of z*y* with exponent in = of at least z can be written with an
exponent in y of less than z + Ny, and any element with exponent in y of at least =z can be
written with an exponent in x of less than z + N;. Thus,
ﬂf*y* — U x*ym U U xny*'
0<m<z+N2 0<n<z+N;
If 2,y € F~, then (z*uy*)~! = (y~H*u"1(z71)* is a set of the form being studied but
z~1,y~t € F*. Thus, (z*uy*)~! can be written as U;cu;vjw;, for some finite set 1, and

u;,w; € Fandv; € {1,271y} for each i € I. Therefore,

-1
suy* = ((z*uy®) (Uulv wl> = U wv;w;) " Uw yu?,

i€l i€l i€l

which is a finite union of the desired form. O

Propositions 3.1.1 and 3.1.3, taken together, imply that any finite set X (free of idempo-
tents) with in the positive and negative cases can be written as a finite union of sets of the
form ugv*uy,up,u1,v € F. This is an important stepping stone, and the end goal of this

section.

3.2. The mixed case

To tackle the case where X7 contains positive and negative values, we start by determin-

ing which elements we can find in such a set, with this first proposition.

Proposition 3.2.1. Let X be a finite subset of F', which contains elements from F* and

F~, but no idempotents. Set d = ged{|zn| : 2 € X}.

Then X*n = dZ, and elements u, v € X* such that ur = d and v = —d are constructible.

Proof. We prove the second part of the result by induction on the size of X.
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If | X| = 2, denote by = and y the elements of X so that x7 > 0 and y7 < 0. By applying
the Euclidean algorithm, we obtain b, ¢ € Z such that d = b(z7) + ¢(y7). Choose n,m € N
such that n(z7) + m(ym) = 0. By choosing k£ € Ny large enough, we may write d =

(b+ kn)(zm) + (¢ + km)(ym) and b + kn,c + km > 0.
This way, writing u = ztt*ycthm and v = y™u"*/4=1 we have that ur = d and vr = —d.

Suppose now that | X| > 2. Take = € X such that X’ = X \ {z} still includes elements
from F* and from F~. From our induction hypothesis, for &' = ged{|yn| : y € X'}, we

can construct elements v/, v’ € X’* such that v'7 = d = —v'.

Note that d = ged{|y~|: y € X} = ged{|x7]|,d'}. By considering Y as the set containing «
and either v/ or v' (whichever has a sign of 7 opposite that of z7), we can obtain through

the process detailed for | X| = 2 elements u,v € Y* C X* such that ur = d = —vr.

Since u!,v' € X* for any [ € Ny, then dZ C X*r. For the oposite inclusion, consider any
w=ux1---x5s € X* forsome s € Ngand z1,...,z5 € X. Since d|z;x for all i € [s], then

d|>°7 , z;m = wr and thus wr € dZ. O

Next, we decompose the sets of the form X* which fall in the mixed case similarly to what

we did in the previous section.

Proposition 3.2.2. Let X be a finite subset of F', which contains elements from F'™ and

F~. Then, X* can constructively be written as a finite union of sets of the form

Ry (y*?)  ug (42 s (3.2.1)

uo(y™ ) u1(y

for some wy, ...,us,y € F and ky, ko, k3 € {—1,0,1}.

Proof. Later in this proof, we shall make use of the following lemma to simplify calcula-

tions:

Lemma 3.2.3. Letu = x1--- x4, for some z1,...,x2; € F. Givenintegers 0 = kg < k1 <
<o < kp =s,n €N, definew; =xp,_,41--- g, fori € [n]. Iful = (21 zi—1)7+2;A and

up = (x1---xj—)m+xjp,and kp_y +1 <i < ky, k1 +1 < j < ke, then

ul = (w1 -~ wp—1)T+wpA @nd up = (wy -+ Wee1)T + Wep.
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Proof. For simplicity of notation, let w = w1 - - - wp_1, W = wpy1 - -wpandv = wy -+ - we_1,
v/ = wey1 - - wy. Then, keeping in mind Proposition 2.2.3,
wr + wpA < W+ (T, 41 Tie1)T + A = ul < (wwp) A < wT + wpA

VT + Wep 2> 0T + (T 41 Tj—1)T +xjp = up > (vwe)p > v + wep.

Let d = ged{|zn| : x € X*}. By Proposition 3.2.1, we can find yp,y; € X* such that
yor = —d and y1m = d. Let z € N be the least natural with the property that —zd <

min{yoA + d,y1A\} and zd > max{yop, y1p — d}.
Define e = yiy; and f = yjyi. Since er = fr =0, e, f € E(F). Recalling Proposition
2.2.3, note that:

eA < ygA < yjm = —zd

ep = max{y;p, Yo + yip} = max{yop, —d + y1p}
SA=min{yfA, yim + ygA} = min{y1A, d + yoA}

fo>vyip>yim = zd.

Sety = ey f and iy’ = fype. Clearly, y,3/ € X* and yr = d = —y'n. We calculate the
other coordinates of y and i as follows:
yA = min{eX, y1 A, y1m + fA} = e

yp = max{ep, y1p, y17 + fp} =d+ fp
YA =min{f\, Yo, yor + eA} = —d + e\

y'p = max{fp, yop, yor + ep} = fp.
Thus, v/ =y~ L.

We shall build a finite collection of sets of the form (3.2.1), each contained in X*, such
that its union covers X*. Firstly, we remark that it is enough to consider sufficiently large

elements (in the sense of the norm) from (X*)* since:

e we may add elements of lesser norm one by one, as there are finitely many of them;
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e repeating the process for (X ~1)* would cover ((X~1)*)* = ((X*)7)~L. Then, we
could take the inverse of the regular expressions obtained for each set of the form

(3.2.1), which keep that form, to find a cover for (X*)~.

Let N = max{||lu|| : v € X U{y}}.

Case 1: covering elements u € (X*)* such that u\ = [y > —3N and up — ur = ry < 3N,
and ur > 3N (for ur < 3N, there are finitely many such elements, and thus they may be
disregarded). For each pair of [y and r, consider v the element of this class with the least
value of 7, which can be found through trial and error, since membership in L is decidable,
and Lemma 2.2.4 guarantees that there is some constant n’ where, if this class is not
empty, vr < n'. Letzy,...,z, be elements of X such that z; - - - x5 = v. This factorization
can eventually be obtained by testing all products of an incrementally increasing length.
Fix indexes i,j € [s] such that vA = (z1---2;_1)7m + ;A and vp = (z1---xj_1)7 + zjp.

Lastly, consider that

<vA+ N <

<N
and that

>vp—N >
>ovr— N >
> 2N.

If i < j, since each element z;, for k € [s] is in X, it is such that |z;7| < ||zk|| < N, thus
thereissome k € {i,i+1,...,7—1} suchthat (z;---2zx)m € {N,N+1,...,2N}. Setting

w=umx1 -2 and w’ = xp -z, we claim that

{ue (X*)7T :ul=lg,up —ur = ro,ur > 3N} C wy*w'.

Let u be an element of the left-hand side of the equation. Then u\ = v\, up—ur = vp—ovr
and ur > vw. Hence, ur = vm + nd, for some n € Ny, and thus up = vp + nd. Clearly,
(wy"w')m = vm 4+ nd. Considering that z; occurs in w and z; in w’, we have that vA = w

and vp = wm + w’'p. Note also that
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o w\—wr < —wr < —-N < —|y|| <yAand

e wp=vp—wr>3N—wr>3N—-2N=N > |y|| > yp—yr.

We are, therefore, in condition to apply Lemma 3.1.2 to conclude that
(wy"w)A =wA =u), and (wy"w')p=vp+nd=up,
which ensures that u = wy™w’ € wy*w’.

On the other hand, if j < ¢, by the same argument employed in the previous case, since
ur > 3N, we can find indexes k; < j, j < k2 < iand i < k3 such that (z1---zp,)7 €
{N,N+1,...,2N} foreach b € {1,2,3}. Let p, = (z1---xy,)m, for each b € {1,2,3}.
Setting kp = 0 and k4 = s, define w, = xy, ,41---xy,, for each b € [4]. Then, we shall

prove that we may rewrite:

(P2 —p1)/d (P1 —Pp3)/d

V= w1y

w3y Waw3zwW4y.

First of all, this expression is well defined: for each b € [3], since p, is the value of 7 for

some element in X*, then d|p, and so »+/a is an integer.

Note that wim = p1, wom = p2 — p1, wsm = p3 — p2 and wyw = v — p3. By Lemma 3.2.3,
we have that w17 + wap = vp € (wywz)T + w3\ = vA. We may also calculate 7 for each

of the relevant prefixes of the rewriting:

wiT =pP1

(wiy™ ") = p1 + (p2 — p1) = p2
(w y(pz —m)/d )7T — (ps _ p2) D3
(w1y p1)/d p ps)/d)ﬂ_ _ (p1 ) 1
(,wly(pz 7?1)/dw3y —p3)/d 2)71' — <p2 ) Do

(p2 —P1)/d —p3)/d _ _
(wry w3y waw3)™ = pa + (p3 — P2) = p3
(wly(pz 7p1)/dw3y P3)/dw2w3w4)ﬂ_ (1)71' o pg) -

This allows us to make the following remarks:

e Whenever a factor of the form ¢y, n € Z, occurs, setting v’ as the product of all
preceding factors, both w'7 and (w'y™)r are between N and 2N. By Proposition

2.2.3, this guarantees that w'w + y™\ is no lesser than 0 > u\ and w'7 + y"p is no
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greater than 3N < um < up, since y"™ A and y"p are produced at one of the ends of

the power, and are at most N-distant from 0 and y" .

e Whenever a factor of the form wy, b € [4], occurs, the 7 of the preceding product is
the same as in the original writing of v. Hence, no factor of this form can create A
under v nor p above vp, as in the original writing of v, the sum of that same = and
wp A would be one of the values from which the minimum was selected to be v\, and

analogously for p. In particular,

(w1 ™" + wsh = (wiws)T 4+ wsh = VA, and

(wly(m _pl)/dw3y(m —P3)/d)7T + wap = Wi T + wap = vp.

Thus, this product meets, but does not surpass, vA and vp. Therefore, the expression we
presented corresponds to v, and ws occurs (for the first time) before wy. We may choose
indexes i’ and j’ relative to the new writing, such that z; is a factor in the first occurrence
of wz and z; is in wy, and that v\ and vp are obtained in i’ and j/, respectively. This way,

i" < 7/ and so we may execute the process detailed for i < ;.

Lastly, it is impossible to have i = j, since if that were that case, we would have

ol =vp —vA = (21 zic)m+xip — (X1 - 2im1)T + 2 A) = ||@i]| < N < o

Case 2: covering elements v € (X*)* such that u\ = Iy > —3N, up — ur > 3N, and
up —um =r mod d,r € {0,...,d — 1}. For each pair of [, and r, we set v as an element
with the least value of & attainable in this class. Similarly to the previous case, we can use
Lemma 2.2.4 to limit how large an element we must test before finding v or concluding
that the class is empty, and we can find a factorization v = z; - - - x5, with z; € X, € [s].
Note that there are finitely many elements with the fixed A and p under vp, which may be

ignored. Define i, j € [s] as indexes where v\ and vp are obtained, respectively.

Although v may not be large, vp is, and so (z; - - - xj_1)m is under the same conditions as
in the previous case. Thus, we may assume thati < j, and find k; € {4,i+1,...,57 — 1}
such that (z1 - -z, )7 € {N,N +1,...,2N}. Furthermore, take ky > j to be the greatest

index such that N < (x; - - - g, ).

Setting w1 = 21 -+ gy, w2 = X, 41 - - T, ANd w3 = Tp, 41 - - - 5, WE Claim that

{ue (X" 1uX =1y, up > vp, up —um =7 mod d} C wiy wa(y* U (y )" )ws.
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Firstly, we must have v < N since, otherwise, vy~! would be in the same class, with a
strictly lower m, as v +y A > N — |ly|| > 0 >viand v +y~'p < vr + N < vp. From
v = (wiwa)m + wsm > N + wsm, this implies that wsm < 0. From the choice of k; this
implies that (wyws)m < 2N, and thus 0 < vr = (wywe)m + w3m < 2N + waw. Therefore,

—2N < wsm < 0.

Let u be any element in this class. Since ur = 0 = vm mod d (by Proposition 3.2.1),
there is some n; € Ny such that ur = v + n1d, because, by choice of v, vr < urw. This
also implies that up = r = vp mod d, hence, since we are disregarding the elements
where up < vp, there is ny € Ny where up = vp + nad. Note that (wqy™2wey™ ~"2ws)m =

w1 + nad + wem + (N1 — ng)d + wam = vw + nyd = um, and that

WA —ww < —ww < =N < _HyH < YA

wop =vp —wimw > 3N —2N =N > ||y|| > yp — ym.
Thus, we can apply Lemma 3.1.2 to conclude that

(1ywo) A =vA =wuX, and (wi1y™w2)p = vp + nad = up.

Next, we note that, by Proposition 2.2.3, (w;y™2ws)m + y™ ~ "2\ is greater than or equal to

either:

(1Y we)m — |ly|| = (wrw2)m + nad — ||y|| > N +ned — N >0 or

ni—nsg

(wry™wo)m +y 7 — |yl = ur —wam — ||y|| > vr —wsT — ||yl =

= (71 @) — [ly| = N - N =0.

Furthermore, (wiy™way™ ~"2)w + w3\ = (wiwe2)m + w3\ + nid > v + nid > vA = ul.

Thus we conclude that the factor ¢y ~"2w3 does not alter the product’s A.

On the other hand, by Proposition 2.2.3, (w;y"2ws)m + y™ ~"2p is lesser than or equal to

either

(w1y"?wa2) T + ||y|| = (wiw2)7 4+ nod + ||y|| < 3N + nad < vp+ngd =up or

(n1y?we)m +y™ 71 + |y|| < ur —wzw + N < ur + 3N < up.

Therefore, y™ "2 does not alter the product’s p and so

n1—n2

(w1y™way™ "wi) A =wA, and (wi1y"way ws3)p = up.



FCUP | 38
Algorithms for the free inverse monoid

In conclusion, u = w1 y™way™ " "2ws € wiy*wa(y* U (y~1)*)ws.

Case 3: covering elements u € (X*)* such that up — ur = 9 < 3N, uX < —3N, and
uA =1 mod d,l € {0,...,d—1}. Let S denote this class. Then, S is a set of the form in
case 2. Thus, it can be written as a finite union U;c;S; of sets of the desired form, with y3

being used instead of y. Therefore, S = S38 = Uie(S)8) is of the desired form.

Case 4: we have left to consider the elements u € (X*)* such that ul < —3N, u\ = [
mod d, up — ur > 3N, and up — ur = r mod d,l,r € {0,...,d — 1}. We can find an
element v which has the minimal = in this class, as Lemma 2.2.4 limits how large an
element we must test (both A and p — 7 are limited). In fact, it is guaranteed that vr = 0:
otherwise, since v € dN, vy~! would be another element in the same class with lesser 7.

We disregard elements with larger A and smaller p than v, since they are finite in number.

As before, we know we can find an expression for v as a product of elementsin X, z; - - - xg,
wherei < j,forsomei, j € [s] suchthatv\ = (1 - z;—1)7+z;Aandvp = (zq - - xj_1)7+
xzjp. Let k € [s] be an index such thati < k < jand (z1---x;)m € {N,...,2N}. Lastly,

setw =21 -z, w = xp41 - - 5. We claim that
{ue (X*) T tud <o\ up—ur >vp—vm,uN=1, up—ur =r mod d} =
= (y wy*w'(y Uy~ 1))
Note that, in accordance with Lemma 3.2.3, v\ = w and vp = wr + w'p.

Let u« be an element in the left-hand side of the equation. Then for some n{,ns,n3 € Ny
it holds that
uA = v\ —nid, um =nod, up=vp+ nzd.

We shall prove that v = y~"twy™ T"sw/'y"27 "3, Clearly, (y~ "1 wy™ T8/ y"2~"3)r = wr +

w'm + nad = um.
Now, we focus on y~ "t wy™. If ny > 0, in terms of A,
y A= —(n; — 1)d+y A > —nid— N > —nyd + v\ = ul,

y M+ wA = —nid + v\ = u,

(y "Mw)r +y" A= —nmd+ wr +yA > —nid+ N — N = —nid > ul,



FCUP | 39
Algorithms for the free inverse monoid

and in terms of p,

y Mp=y 'p< N <up,
y "Mr 4 wp < —npd+vp < vp < up,

(y M) r+y"p=—nid+wr+ (n1 — d+yp < wr+yp <3N < up.

From this, we conclude that y " wy™ meets but does not go under v\, nor does it surpass

up. Further, (y~™wy™ )m = wr For n; = 0 we would directly obtain the same result.

Next, we consider the factor y"3w’, when nz > 0. On its \:

YA =yA > =N,

YT+ w' > w'\,
and on its p:
y"p = (n3g —1)d+yp < nzd +w'p = y"71 +w'p,

and so (y"™w' )\ > min{—N,w'A} and (y"3w’)p = nsd + w'p. The same results are

obtained if ng = 0, trivially. Thus,

(y ™ wy™) 7 + (Y3 w )\ > wr + min{ =N, w' A} > v\ > ul,

(y " wy™) 7 + (y"3w')p = wr + nzd + w'p = vp + nzd = up.

We have left to consider the impacts of y™2~"3 on the products’ coordinates. We have
that

—ni ni+ng

(y w')m = vr + ngd > vr = 0,

wy
(y~ ™ wy™ ") = vr + n3d < vp — 3N +n3d = up — 3N,

(y~ ™M wy™ Ty 7)) = ur € [0, up — 3N].
Thus, by Proposition 2.2.3, (y~ ™ wy™ ™3w)r+y"2~ " X is no lesser than 0— ||y|| > —N >

u), while, on the other hand, (y~"twy™ *"sw' )1 + y"27"3p is no greater than up — 3N +

[yl < up —2N < up.

In conclusion, the product 3"t wy™ T"3'y"2~"3 has the same coordinates as v and so

=y~ My Ty € (yT ) wytw (T U (™)),

This way, we have covered all elements in (X*)* with four finite classes of rational sets

of the desired form, each of which is contained in X*, and explained what analogous
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process could be preformed to cover (X*)~. O

To give some insight into the process that has been developed, consider the case of

X ={a"?,a%a"1,a*}. We shall name each of its elements as follows:

Our goal is to cover (X*)* with a finite collection of sets contained in X*, each of which
is of the form ugx*uiy*ugz*us, with ug, u1,us,us, z,y,z € F. The elements ¢ and st or ts

are useful to alter the 7 of a product by +1.

Case 1: covering elements with A > —1, p — 7 < 1.

A=0,p—7m=0:ttu covers all elements with 7 > 3
A=1,p—m=0:tstt’u covers all elements with = > 2
A=0,p—m=1:t¢t" covers all elements with = > 1
A=1,p—m=1:tstt" covers all elements with # > 0

This missed a finite number of elements we can consider individually, namely, in the case

A=0,p—7m=0:1,u.
Case 2: covering elements with A > —1 and any p — 7 > 2.
A=0:t"us(tUts)*
A=1:tstt"us(tUts)"
Case 3: covering elements with p — 7 < 1and any \ < —2.
p—m=0:(st)*st"u
p—m=1:(st) sttt
Case 4: covering elements where both A and p — © may be large.
(ts)* sut® us(tUts)*
For a general set X, this procedure could branch out further (we consider each possible

A and p — m modulo ged{|z7| : € X}, as an example), but the global structure would be

the same.
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We are now in position to compile the previous results into the main theorem of the chapter.

Theorem 3.2.4. Let L € Rat(F). Then L can constructively be written as a finite union of
sets of the form

upx w1y usz us
with wg, w1, ue, us, x,y,z € F.

Proof. Taking the results from Propositions 3.0.2, 3.1.1, 3.2.2 and 3.1.3, we conclude that

L can constructively be written as a finite union of sets of the form
UQTTUT -+ + TLUL

with £ € Ny and ug,...,up € F,x1,...,x, € F\ E(F) such that the signs of x;x are
alternating. We have left to prove that we may always choose k£ < 3. By induction, it is

enough to consider sets of the form

TIUOYT U1 T U2Y5
with sign(zi7m) = sign(xom) # sign(yim) = sign(yam).
We start by assuming z;7 > 0 > y;7 fori € [2].

Consider that an arbitrary element v of this set is of the form u = z7' w1y uaz5?uzys™?,

for some n1,ns, m1, ms € Np.

We may suppose n1,no, my, mg > Bforany B € Ny, as otherwise, this element is covered

by one or more of the following sets:

b b
TIUOYTUITHULYS  TIUOYUITZU2Y5

b b
TIUOYTUITHULYS  TTUOYT UL T5ULYS

with b < B, which can be turned into the desired form by applying Proposition 3.1.3. Thus,

we may consider only elements that have:

e alarge enough m; so that u\ is not obtained at u;
e alarge enough ny so that up is not obtained at uso;

e alarge enough my so that u\ is not obtained at us.
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Therefore, we have that

ul = min{z1 \, (27 uy! D+ (yrugze) A, (@7 ury M ugrhuzyy? w4 g,

up = max{z{* 1 + (zruryr)p, (@7 ury M usalh? )T + (zausy2)p)-

Take N as the least multiple of lem{x 7, zom, —y17, —ya7} that is greater than the norms

of ug, u1,u2,us and x1, 2, y1, y2. Lastly, we define the following notation:

Ny = wjz;, X1 =A{1,z,... ,x%Nl_l},
M= Yi= Ly,
Ny = x2N7r’ Xo={1,2o,... ,m%NTl},
MQ:_yQNTr’ Yo ={1,y2,..., 95" '},

We separate our proof into cases, depending on which factor determine up.

Case 1: suppose up = x’fl’lw + (zyu1y1)p. We shall prove that « is an element of
xju1yiue Xouzys or xjuryiusrsusYs. Ifng < 2N3 0ormg < 2Ms, this is immediately evident.

Suppose ny > 2N, and my > 2M5, we claim that

_ n1 mi n2 ma __ N1 mi ng—Na mo—Ma
U= Uy Uy UsYy © = Ty ULY]  UTy U3Ys .

This change removes the factors xJQVQ and yé”?, which have 7 of respectively N and — N,

so the product’s 7 is unaltered.

Since ny > 2Ny, then ny — Ny > Ny. Hence, 252 271 + ugA > N — |lug|| > 0. Thus,

(@5 Nrugyl ) = minfaa, (257 Mgy M ) r 4 o) =
= min{xzy\, (m32u3y?2_1)ﬂ + o} =

= (z3°u3yy ") A,

and so A\ is also not affected by the change.

Lastly, we have that (252~ Muzys22)p < (252uzy5"™) p, since
a2 N2y = gl Nl gy < a2 g p = 22,
no—No

xh T+ uzp < 527 + uzp,

( no—No mo—Mo ng

52 M 2ug)m + yh p = (52N uz)m + yap < (x32uz)m + yo2p = (x32uz)w + y52p,
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meaning that, since up was not (exclusively) obtained at the altered factor, it is still un-

changed.

By repeatedly reducing the exponents of x5 and y, by N, and Ms respectively, we even-
tually end up at an expression for u where ny < 2N or mo < 2M,, and so u is in
rjuryius Xouzy; or xjuiyjusziusYe, which are each a finite union of sets of the desired

form (or one application of Proposition 3.1.3 away from it).

Case 2: suppose up = (2 ury{™ ugzhy® 1)1 + (zousy2)p. We shall prove that u is an ele-
ment of X u1yjuszsusys or xjui Yiugxsusys. [fny < 2N7 ormy < 2Mjy, this isimmediately

evident. Suppose n; > 2N and my > 2M;, we claim that

_ mi ng ma __ n1—N; my—M; na mao
U =T ULY] UXp"U3Yy = = Ty u1Yy U2To"U3Yy =

This change removes the factors z2'* and 4!, which have 7 of respectively N and — N,
so the product’s 7 is unaltered. This also ensures that the p and ) attained at the factors

posterior to the change are not altered.

As before, n; — N; > Ni. Hence, 277 + usA > N — ||luy || > 0. Thus,

(a;?l_Nluly{nl_Ml))\ = min{x \, (:c?l_Nluly’f“_Ml_l)ﬂ + A} =
= min{xz\, (x?lulyTl_l)w + 1A} =

= ("E?lulyinl ))‘,

and so \ is also not affected by the change.

Lastly, we have that (27~ Nu gy =) p < (27 uyy™)p, since
e Ny = N T e g < 2™ T 2 p = 2T,
a:’fl_Nlﬂ +uip < 2w+ uip,
n1—Ni mi—My o (mi—Np ny — (1 mi
(@0 M un) T 4y p= (2" Mu)T +yip < (@ u) T+ y1p = (@7 u) T 4y p,

meaning that, since up was not (exclusively) obtained at the altered factor, it is still un-

changed.

By repeatedly reducing the exponents of x; and y; by Ny and M; respectively, we even-
tually end up at an expression for © where n; < 2N; or my < 2Mj, and so u is in
Xiuryjugrsuzys or xjug Yiusxriugys, which are each a finite union of sets of the desired

form (or one application of Proposition 3.1.3 away from it).
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Assuming x;m < 0 < ym, fori € [2], we consider its inverse (zjuiyjusziusys)™t =
(yo ) uz (25 ) *uy iy )y H(zph)*, which is a set of the form in study and falls into the
previous case. Thus, it can be decomposed into a union of sets of the desired form. Then,
applying ~! to a regular expression for each, we cover the original set, x3u;y;usriusys,

with sets of the desired form. O

Lastly, we note that, in some sense, the description of rational sets of F' provided by

Theorem 3.2.4 is the most precise possible.

Remark. In general, a rational set of F' cannot be written as a finite union of sets of the
form ux*vy*w with u, v, w, z,y € F. As an example, consider L € Rat(F'), which contains
cofinitely many idempotents. There exist such rational sets: F itself is an example and,

later, Proposition 4.0.6 will produce an infinite family.

Suppose that L admits such a decomposition. Then, we may write
L= U Ui T VY W5
iel
for some finite set I. Define L; = u;x}v;y;w; for each i € I. Fix some i € I. To simplify

notation, we shall omit < from the indexes of elements.

Case 1: ifx,y € F™ orz,y € F~, by Proposition 3.1.3, L; can be written as a finite union
of sets of the form «'2*v/, for v/,v’, 2 € F. For each such set, if z € E(F) it is finite, and
otherwise, since u'2"v’ is an idempotent if and only if (v'v")m + n(zr) = 0, which has at
most one solution for zw # 0, it contains at most one idempotent. Hence, L; contains a

finite number of idempotents.

Case 2: if zw > 0 > ym, since uz"vy™w is idempotent if and only if (vvw)rw + n(xw) +
m(ym) = 0, for each n € Ny, there is at most one m,, € Ny such that uz"vy™w € E(F).
For sufficiently large n, as z7 > 0, A of the product is never obtained at v, and so (if m,,
exists)

(uz"vy™"w)A = min{(ux)\, y\ — ym — wm, wA — wr}.

Importantly, this value does not depend on n, and so L; includes infinitely many idempo-

tents, but only finitely many values of .

Case 3: if zm < 0 < ym, by the same process, we would obtain the dual conclusion: L;

includes infinitely many idempotents, but only finitely many values of p.
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Thus, for some value of p, rg, large enough such that only L;’s from case 2 can reach
it, LN{e € E(F) : ep =10} = Uier(L; N {e € E(F) : ep = ro}) must be finite. Thus,

{e€ E(F):ep=r9}\ L C E(F)\ L is infinite, which contradicts the condition imposed
on L.
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4. |Intersection of rational sets

In this chapter we tackle questions about the intersection of rational sets in F'.

To start with, we show that the question of whether or not two rational sets meet is decid-

able.

Proposition 4.0.1. Let L, K € Rat(F). It is decidable whetherornot LN K = @.

Proof. Letnp,n} and ng,n) be the constants given by Lemma 2.2.4 for L and K respec-
tively. By Corollary 2.2.5, we may choose n = lem(nz, ng) and n' = max(n,n)) + n so

that 2.2.1 holds for L. and K simultaneously. We begin by showing that

L"TNKt=o& (LTnWy)N(KTNWy) =92.

The direct implication follows trivially.

The converse we show by its contrapositive. Suppose that there is w € L™ N K+. By

choice of n and »’,
ue€ LT = uCy € LN Wy
w€ K" = ulyw € KNWy
Thus, uC, v € (LT N W) N (KT NW,y), so itis not empty.
By applying the same process to (L)' n (K~)~!, we conclude that

.

L'NK =g& (L nWHn(K nwh

Thus,
ILNK=g& (LTnW,)N(KTNnW,)=2

ANML- AW HNn(K-nW, ') =g2.

Since W, is finite, and membership in L and K is decidable, the truth value of the right

side of the equivalence can be determined. O
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Next, we show that the intersection between two rational sets may not be rational. For
that, we begin by proving the following proposition which is mostly helpful in showing that

certain sets are not rational.

Proposition 4.0.2. Let L € Rat(FIM,) for some alphabet A. Let 04 : A* — FIMy4
and 74 : FIM4 — FG4 denote the natural projections. The following conditions are
equivalent:

1. L is finite;

2. Lmy is finite;

3. in any regular expression for L, whenever the star operator is applied to a set X,

X C E(FIM)y);

4. there is a regular expression for L where the star operator is only applied to sets of

idempotents;

5. for any trim A-automaton A such that L(.A)f, = L, the label of any loop in A maps

to an idempotentin FIMy;
6. there is a trim A-automaton A such that L(A)#4 = L and the label of a loop in A
maps to an idempotent in FIM 4.
Proof. During this proof we shall omit the mention of the alphabet in the maps 64 and 7 4,
as it is fixed, and abuse notation by applying 7 directly to elements of A*, to mean 6.
The implications (1) = (2), (3) = (4) and (5) = (6) are trivial.
We prove (2) = (4) by its contrapositive. Suppose there is L € Rat(A4*), X C A* and
x € X, such that:
o [H=1;
e X* occurs in some regular expression describing L;

e 20 is not an idempotent.

Under these conditions, there are y, z € A* such that yz*z C L; that is, for any n € Ny,

yz"z € L. In addition, (yz"z)m = (y2™2)7 & 21 = 21 & lpg, = (@™ )T S m—n =

0, SO yz"z is unique for each n € Ny and so Lx = L is infinite.



FCUP | 48
Algorithms for the free inverse monoid

On (4) = (1), it is enough to prove that if X C E(FIM,) is a finite set, then X* is still

finite.

Suppose the elements of X are numbered as z1,...,z,,n = | X|. Forany z;, ---x;, € X*,
since idempotents commute, we can assume i; < --- < i,. This way, each element in
X* can be characterized (not necessarily uniquely) by {ii,... it} € P([n]). Therefore,

| X*| < 2X1 which means X * is finite.

We consider the contrapositive of (6) = (2): suppose L infinite and let A = (Q,I,T, E)
be a trim A-automaton such that L(A)0 = L.

Denote by || g|| the number of symbols in the reduced word for g € FG 4. Givenu € FIMy,
|lum|| corresponds to the length of the shortest path between o and e in the Munn tree for

u, 80 u is idempotent if and only if ||ur| = 0. Moreover, ||ur|| < |Ju]|.

Let m = |Q|. Since L is infinite, there must be v € L with ||ur| > m. In A, there is some
sequence of edges

al a2 an
—qo—q1 — ... —> Qqn —

such that o € I, g, € T, each a; € A,i € [n] and (a;---a,)0 = u. Since m < |lux| <

|lul] < n, there must be indexes i < j where ¢; = g;.
If a; 1 ---a; is notanidempotentin F'1M 4, we have found a loop in the desired conditions.

Otherwise, consider v’ = a; - -- ajaj11---an € L. Since (aj41---aj)m = lpg,, ur = u'r,

so we may repeat the process considering u’ instead of u, until a desired loop is found.

Lastly, regarding the contrapositive of (2) = (5), suppose there is some trim A-automaton
A = (Q,I,T, E) whose language is mapped to F' and it contains a loop at some vertex
p with label u € A*, such that u is not idempotent. Since A is trim, there is a walk from

some initial vertex to p, with label z, and from p to some terminal vertex, with label .

For each n € Ny, zu™y € L(A) and so (zu"y)f € L. Since uf is not idempotent, each

(xu™y)m is distinct. Therefore, L is infinite.

Remark. Given L, K € Rat(F), L N K may not be rational.

Example 2. Consider L = aa~!(a"1)*a* and K = (a7 !)*a*aa"".
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An element v € L may be written as aa~'a"a™, for some n,m € Ny. In this case, we

conclude that:

e ul = ((aa 1) (a7 "a™))A = min{0,0+ (a "a™)A\} = min{0, min{—n, —n+0}} = —n;
eur=1—-1—-—n+m=-n+m,

e up = ((aa=Y)(a "a™))p = max{1,0 + (a "a™)p} = max{l, max{0, —n + m}} =

max{1, ur}.

Since n, m € Ny are arbitrary, we conclude that an element v € L may be described as: uA
and ur are arbitrary (as long as the general rule of u\ < ur is kept), and up = max{1, ur};

thatis, L = {u € F : up = max{1,un}}.

Analogously, we may describe an element v € K as: uA < wum are arbitrary, and up =

max{0,ur + 1}; thatis, K = {u € F': up = max{0,ur + 1}}.

Suppose now that v € L N K. Then max{1l,ur} = up = max{0,ur + 1}. Consider the

following cases:

o ifur > 1, ur = up =ur + 1, sono elementin L N K may have positive T;

e if ur <0, then 1 = up = 0, which again is absurd.

So L N K coincides with {u € F : ur = 0 Aup = 1}. Thus, L N K is infinite, while
(LN K)m = {0} is finite. Therefore, by Proposition 4.0.2, L N K cannot be rational.

On the other hand, we are able to identify a wider class of languages containing every

intersection of rational sets.

Theorem 4.0.3. Let L. C F be a set such that there are n’,n € N for which x(L,n,n’)

holds. Then L is context-free.

Proof. Define the following sets (if membership in L is decidable, all are computable since

W, is finite):

Op =L N W,
01 =00 N Gry—n 1
O3 =00 N Gry—n.2
O3 =00 N Gr—n.3.
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Notice that v¢,,; € G,y_,,; ifand only if v € G, 4, for each i € [3], so, from x(L,n,n’), an

element u € F'isin O;,7 € [3], if and only if it can be obtained by v¢,, ; for some v € L,

and it is a fixed point by ¢, /.

Consider also the sets

0172 =01 N0y
0173 =01 N 03
0273 =09 N O3

01,273 =01 N 03N 0O3.

Lastly, we define the following sets:

0, ={
05 =A

ug, ¥ tu € Oy, ky € N}, for i € [3]
ug ki e Oiy, kiky € N), for i, j € [3],i < j

ky ok ok
Or23=1{ u§,1'€,5°&,3° 1u€ O123, k1, k2, ks € N}

These sets can be written in the following ways:

O

@

O1

O13

)

O3

{v € F:v\=u\—kn,vr =unr,vp = up, forsome v € O1, k; € N}
{a“Aa_kl”akma_“)‘a“pa““_“p tu € 01, ky € N}
{veF:v\=u\vr=ur+ kon,vp = up + kan, for some u € Os, ko € N}
{a a= g Pak2n gt 1y € Oy, ky € N}
{v e F :v\=u\vr =ur,vp=up+ ksn, forsome u € O3, ks € N}
{a“Aa*")‘a“pak?’”a*kwa“’““p tu € Os, ks € N}
{ve€F:v\=u\—kin,vr =ur + kan,vp = up + kon,

for some u € Oy 2, k1, k2 € N}
{avra—knghing—udqueghangur—up ;g ¢ O1,2, k1,ke € N}
{v e F:v\=u\—kn,vr =ur,vp=up+ ksn,

for some u € Oy 3, k1, k3 € N}
{a“’\a*klnaklna*“)‘a“pakwa*’%"a‘”r*”p cu € O13, k1, ke € N}
{v € F:v\=u\vr=ur+ kan,vp =up+ (kg + k3),

for some u € Oy 3, kg, k3 € N}
{a“’\a*“)‘a”pa(’”+k3)"a*k3"a“”*“p cu € O3, ko, ks € N}
{veF:v\=u\—kn,vr =ur+ ken,vp = up + (k2 + k3)n,

forsome u € Oy23, ki, ko, k3 € N}

{au)\a—klnaklna—u)\aupa(kz—I—kg)na—kgnamr—up TN= 017273’ klv k27 k3 e N}
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We shall prove that Lt = OgUO1 U0, U003 U 01’2 U 0173 U 0273 U 0172’3.

Letv € LT. If v € Wy, then v € Op. Suppose now that v ¢ W, and set u = v(, ,». We
have that u = v&l! €82, for some ki, ks, ks € No, not all zero (otherwise, v € W,).

Therefore:

o VA =u\—kin;
o v = ur + kon;

® vp = up+ ksn.

Allthatis left to prove is that, for i € [3], if k; > 0, thenu € O;. Firstly, wheneach &, ;,i € [3]
was applied, the previous element was still in G, ;, and so Lemma 2.2.4 implies that the

resulting element is still in L. This induction justifies that u € L.

Since u is the result of applying ¢, ,,» to some elementin F*, uX > —n’ and um, up — ur <

n'.

Suppose k; > 0. Since vef !

n,1

was reduced further, v€", '\ < —n/ and so vef A <
—n' +n. As &, 2 and &, 3 do not affect A\, uX = vgfgll/\ < —n’/ +n. In conclusion, —n’ <

ulA < —n'4+n,s0u € W) NGy_p1 and thus u € O;.
Considering &,,.1, &2 and &, 3 commute, we may proceed analogously as follows:

Denote A by 1, m by 72 and p — 7 by ~3, let i = 2,3 and let j € {2,3} such thati # ;.
Suppose k; > 0. Since v€"i~! was reduced further, v¢* 14, > n’ and so v€¥ ~; > n' — n.
In conclusion, as &1 and &, ; do not affect v;, n’ —n < uy; <n’, souw e W, NG, _,; and

thus u € O;.

So, independently of which k;,i € [3], are non-zero, we have ensured that u belongs to

the correct O;, i € [3], to allow for v to be in some O;, 0; j or O123,1,5 € [3],7 < j.

Now, let v € Oq. By definition, v € L. Letv € O for s € P([3]) \ {&} ), and let u € O;
be the element such that v = ug, [1¢, 52652, for ki, ka, ks € No, with k; # 0 if and only if

n,3

L€ S.
Foreachi € s, u € O;, so ué,, ; € G,s; and thus, according to Lemma 2.2.4, u¢,,} € L.

Repeating this process k; times, we obtain that ug’fi € L. Again, since 5;3. for j # i does

not alter v; and commutes with &}, we obtain that v = ug, ['¢, 526 5 € L.

n,’
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Therefore, we obtain the claimed set equality. The set Oy is finite. As seen in the last
description for each O;, s € P([3]) \ {2}, they are context-free, as they are recognized by

the grammars G = (Vi, {1,a,a '}, Ry, ¢), with V, = {e, a.3,~} and R:

e — aaa” M fryatT e for each u € O,
a— a "aad” ifles
B —a"p if2es
vy —a"ya " if3es
a—1
8—1
v — 1.

So L7 is a union of context-free sets, and thus is context-free.

Repeating the previous steps of the proof taking in consideration L~! € Rat(F'), we obtain

that (L~!)™ = L~ is context-free, and thus L = L* U L~ is context-free. O

Corollary 4.0.4. Given Ly,...,L; € Rat(F), mleLi is context-free.

Proof. We may compute n,n’ such that x holds for all L;, i € [k], namely: for each i € [k],
let n;,n; be the constants given by Lemma 2.2.4, and set n = lem{n; : i € [k]} and

n’ = max{n, : i € [k]} +n.

By Corollary 2.2.5, we have that «(L;,n,n’) for all i € [k]. Thus x(N;=1,. xLi,n,n) also

holds. Therefore, by Theorem 4.0.3, N;,— . 1 L; is context-free. ]

77777

Lastly, we provide two families of rational sets for which the intersection with another

rational set is still rational.

Proposition 4.0.5. Let M be a finitely generated monoid, and suppose I is a cofinite ideal

of M. Then, for any L € Rat(M), L N [ is rational and constructible.
Proof. Infact, I € Rec(M): since I is cofinite, the Rees quotient M/ is a finite monoid,
and I = (I6;)0;'. Thus, L NI is rational and constructible. O

Corollary 4.0.6. Given L € Rat(F1M4), for some alphabet A, and X C FIM 4 finite, then

L\ X is rational and constructible.
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Proof. Only finitely many elements of A occur in any regular expression for L. Let A’ be
a finite alphabet that can write .. We may assume that X C FIM,., as other elements

in X would not belong to L.

Set N = max{||z||: x € X}. Let Sy ={u€ FIMu : ||u| < N}. ThenI = FIMy \ Sy is
a cofinite ideal, since the norm in FIM 4 can not decrease under multiplication, and for
finite A’, the set {u € FIM, : ||u|]| = [} is finite for all | € Ny. Thus, by Proposition 4.0.5,

L NI is rational and constructible.

Since Sy is finite and equality is decidable in F'IM 4 we can compute the rational set
LN (Sy\ X). Therefore,

L\X=(LNn(Sy\X)U(LNI)
which is a union of two computable rational sets, and so one itself. O

Proposition 4.0.7. Take L € Rat(F') which can be written as a finite union of sets of the
form

uzr v (4.0.1)

for some u, v,z € F. Then, for any K € Rat(F), L N K is rational.

Proof. Let K € Rat(F). If L € Rat(F) is of the form
U UL
iel
for some finite set of indices I, and, foreach i € I, u;,v;, z; € F, then
LNK = U(uzcrjvl NK),
iel
and so, since a finite union of rational sets is rational, it is enough to show that the result

holds for L = ux*v, u,v,x € F.

If z € E(F), then L = uz*v = {uv,uzv}, and so L N K is either empty or finite, and thus

rational.
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Otherwise, suppose zm > 0 and set ng = z7. For each k € Ny, denote by x; the element

uz®v € L. For each k € Ny, we have the following equalities:

TpT =uT 4+ vT + kng

zpA = min{u), um + 2\, (uzF)T 4+ vA}
=min{u\, ur + x\, um + kng + vA}

zp = max{up, ur + ¥ p, (uz®)w + vp}

=max{up,ur + (k — 1)ng + xp,ur + kng + vp}.
Since ng > 0, there is ky € N such that for k& > kg,

TpA =min{u\, ur + xA}
zpm >0
zip =max{ur + (k — 1)ng + xp, ur + kng + vp}

Tpp — TpT™ = — ng + vT + max{zp,nyg + vp}.

Let Lo = {xp : k < ko}and L' = {x} : k > ko}. Clearly, L = Ly U L', and, since L' can be

obtained by removing a finite set from L, by Proposition 4.0.6, L’ is rational.

From Lemma 2.2.4, we can obtain some constants n,,n’, such that (L', n;/,n},) and
by Corollary 2.2.5, we may assume that ng|n;, and n}, > —min{u), ur + zA} + np,

—ng + vr + max{zp,ng + vp} + np.

Taking now new constants »n’,n such that n’ > n,, + n and ny/|n and (L' N K, n,n’),
then, recalling the notation from the proof of Theorem 4.0.3, applied to L N K, we have
that O; = O3 = &, since L’ does not contain any elements with \ of at most —n’ + n, nor

elements with p — 7 of at least n’ — n. Therefore,
LI'NK =0pU Oy =
:OO U {awka—w)\awpa—wpawwam cw e 02’7; c N} —

=0y U U awAa—wAawpa—wpaww+n (an)*
weO2

so, since O, is finite, L' N K is a finite union of rational sets, and thus rational.

On the other hand, Ly N K is finite (and thus rational). So

LNK=(LonK)U(L'NK)



FCUP | 55
Algorithms for the free inverse monoid

is rational. O
Even with the results obtained in this chapter regarding intersections of rational sets in F,
some open questions remain, such as:

¢ |s it decidable whether the intersection of two given rational sets is still rational?

e Are recognizable sets, sets of the form uxz*v and their finite unions (of which we
proved cofinite sets are a particular case) the only rational sets for which the inter-

section with any other rational set is rational?
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5. Beyond F

Lastly, we provide a simple generalization of a previous result to direct products of appro-

priate monoids.

Corollary 5.0.1. Let M; and M, be finitely generated, finite _#-above monoids, such that,
foreachi=1,2:
e M, has decidable word problem;*

e the #-order on M; is decidable.
Then the membership problem for rational subsets of M = M, x M, is decidable.

Proof. Let G; and G- denote a finite generating set and e¢; and e, the identity of M; and

Mos, respectively. Then the set

{(9,e2) :g € Gi} U{(e1,9) : g € G2}
is a finite generating set for M.

For the rest of this proof, let « and v be arbitrary elements in M, and let u;,v; € M; and

ug2,v2 € My be such that u = (uy,u2) and v = (vy,v2).

The equality u = v holds if and only if u; = v; and uy = vy. Since the word problem is

decidable in M; and M5, the word problem in M is decidable.

Consider now that u < , v if and only if there are s,t € M such that u = svt, that is,
exist s1,t1 € My, s9,ty € My such that u; = sjv1t1 and us = sqvate, Which coincides with
u < g v and wus < 7 va. Since <z is decidable in M; and M,, we can decide whether

U S/ V.
Furthermore, up = (u1p) X (ugp), therefore it is finite.
Thus, M fulfills all the necessary conditions to apply Theorem 2.2.1, resulting in the de-

cidability of membership to its rational sets. O

By repeatedly applying the previous corollary we obtain the same result for any finite direct

product of such monoids. In particular, we may apply it to free inverse monoids as follows.

*As in Theorem 2.2.1, it is unnecessary to state this condition. We mantain it for consistency.
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Corollary 5.0.2. For any n € N and alphabets A;,..., A,, M = FIMa, x --- x FIM3y,,

has decidable membership for rational subsets.

Proof. Foreach L € Rat(M), only finitely many generators occur in a regular expression
for L, and so we may assume each alphabet is finite. Thus, we may assume as well that

M is finitely generated.

By Theorem 2.1.1, the word problem is decidable in each component. By Lemma 2.1.2,

the _#-order is decidable in each component.

By the same argument as in the previous proof, for each v = (uy,...,u,) € M, up C

uip X -+ X upp, and so M is finite ¢ -above.

Therefore, by applying the previous corollary n — 1 times, we conclude that M has decid-

able membership for rational sets. O

Clearly, outside of F', there is still much that is unknown about rational sets, either in the
direction of free inverse monoids over alphabets of higher cardinality or direct products
of free inverse monoids, even when restricted to just copies of F'. Naturally with a bias
towards the properties known about rational sets of F', we highlight that the inclusion
(and equality) problem is still open, and that no results can be mentioned at the moment

regarding their intersection.
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