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Abstract

This thesis presents the development of a novel autonomous fixed-wing Vertical Take-Off and
Landing (VTOL) drone system capable of maintaining a stable flight trajectory while tethered to
a ground robot. Unlike previous studies primarily focused on quadcopters, this research leverages
the aerodynamic advantages of fixed wings to enhance endurance and efficiency. By functioning
as a kite, the aircraft harnesses wind energy, significantly improving its overall performance.

A key contribution of this research is the development of a custom-designed autopilot system,
integrating both hardware and software tailored specifically for this application. This system plays
a crucial role in controlling the drone, enabling precise navigation and trajectory stabilization. To
support this, a full dynamic model of the drone has been derived, and its state-space equations
formulated. A sliding mode nonlinear controller has been designed and simulated, demonstrating
its effectiveness in managing uncertainties and maintaining stability.

Another contribution of this thesis includes the identification of VTOL drone transfer func-
tions that characterize the dynamics between commands and responses, incorporating lateral error
positions feedback from the tether, as well as altitude and pitch channel control.

To address system coupling effects and uncertainties, robust H2/H∞ and mixed sensitivity
controllers, as well as µ synthesis controllers, have been designed for both Single-Input Single-
Output (SISO) and Multiple-Input Multiple-Output (MIMO) configurations. These controllers
were validated through simulations and experimental flights, demonstrating their effectiveness
in handling cross-coupling effects and maintaining stability under various operating conditions.
Flight tests confirmed the system’s ability to precisely regulate the tether angle while compensat-
ing for ground effect disturbances, ensuring accurate navigation, stable attitude, and reliable yaw
heading control.

The findings of this study highlight the potential of this innovative system for robust and
efficient autonomous navigation. By combining the advantages of VTOL and fixed-wing aircraft,
this approach offers a promising solution for a wide range of applications.
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Resumo

Esta tese apresenta o desenvolvimento de um sistema inovador de um veículo (drone) autónomo
de asa fixa com capacidade de descolagem e aterragem vertical (Vertical TakeOff and Landing
- VTOL), capaz de manter uma trajetória de voo estável enquanto está preso por um cabo a um
robô terrestre. Ao contrário de estudos anteriores focados principalmente em quadricópteros, esta
investigação aproveita as vantagens aerodinâmicas das asas fixas para melhorar a sua autonomia
e eficiência. Ao funcionar como um asa-delta (kite), a aeronave aproveita a energia eólica, mel-
horando significativamente o seu desempenho global. Uma contribuição fundamental é o desen-
volvimento de um sistema de piloto automático (autopilot) personalizado, que integra hardware
e software especificamente concebidos para esta aplicação. Este sistema desempenha um papel
crucial no controlo do drone, permitindo a navegação precisa e a estabilização da trajetória. Para
tal, foi desenvolvido um modelo dinâmico completo do drone, com as respetivas equações em
espaço de estados. Um controlador não linear por modos i ii deslizantes (sliding mode) foi proje-
tado e simulado, demonstrando a sua eficácia face a incertezas e na manutenção da estabilidade.
Outra contribuição desta tese inclui a identificação de funções de transferência do drone VTOL,
que caracterizam a dinâmica entre comandos e respostas, incorporando retroação (feedback) de
erros laterais da posição do cabo, bem como controlo dos canais de altitude e inclinação (pitch).
Para lidar com efeitos de acoplamento do sistema e incertezas, foram projetados controladores
robustos H2/H∞ e de sensibilidade mista, bem como controladores de síntese µ , tanto para con-
figurações de entrada única e saída única (SISO) como de múltiplas entradas e saídas (MIMO).
Estes controladores foram validados através de simulações e voos experimentais, demonstrando a
sua eficácia face aos efeitos de acoplamento cruzado e na manutenção da estabilidade em diversas
condições operacionais. Testes de voo confirmaram a capacidade do sistema para regular com pre-
cisão o ângulo do cabo, compensando perturbações do efeito de solo, garantindo uma navegação
precisa, atitude estável e controlo fiável da direção (yaw).
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Chapter 1

Introduction

This study builds on over 15 years of the author’s experience in aviation and the development of

autopilot systems for unmanned aircraft and helicopters. This includes the implementation of both

linear PID controllers and nonlinear controllers commonly used in aerospace systems, as well as

the design of robust controllers for helicopters. In previous projects, the author led a team of 5–6

engineers from diverse fields, including aerospace, control, and computer programming. However,

this study presented a unique opportunity to independently execute tasks that were previously

distributed across teams. This individual approach allowed for multiple iterations of testing and

tuning, providing deeper technical insights and enabling the integration of previous developments

into a more advanced and refined system.

The remainder of this chapter is structured as follows: Section 1.1 reviews related work in the

field of tethered UAV systems, exploring their applications and challenges. Section 1.2 discusses

the development of the dynamic model of VTOL Tailsitter Drones, and Section 1.3 discusses con-

trol design strategies under uncertainty, focusing on Sliding Mode Control and H∞ robust control,

as well as a MIMO H∞ robust control approach. Section 1.3 outlines the key contributions of this

thesis, covering system design and implementation, control system design, and experimental val-

idation. Finally, Section 1.4 presents the overall organization of the thesis, detailing the structure

of subsequent chapters and their respective focus areas.

1.1 Tethered UAV Systems

Nowadays, a novel concept that has captured the interest of researchers in the field of drones

is the utilization of tethers. Tethers are employed for various purposes, including transferring

electrical energy to extend flight duration (Zikou et al., 2015), transmitting information to achieve

high bandwidth, or even conveying liquids and gases for cleaning tall structures (Marques et al.,

2023), power line maintenance, or as internal firefighting tools (Viegas et al., 2022). Another

recent proposal, suggests pairing a ground robot with an aerial drone, which also constitutes a

primary concept within this work application (Kosarnovsky and Arogeti, 2019). This collaboration

enables the aerial drone to assist the ground robot in navigation or routing, utilizing hybrid sensor

1
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Figure 1.1: Localization using tethers for coordinated ground and aerial vehicles (Borgese et al.,
2022).

combinations. As mentioned, a ground robot connected to an aerial drone via a tether can supply

the necessary energy to the aerial drone. This is crucial because aerial drones, often powered by

electricity, typically have a flight duration of around 30 minutes with a lightweight payload such

as a small camera.

In (Borgese et al., 2022), a tether-based localization for cooperative ground and aerial vehicles

is discussed where potentiometers are used to read the angle of the tether, both within the drone

and the ground robot which is integral to this work. This navigation model has garnered significant

attention as it can address a fundamental issue with ground robots, namely the weakening or loss

of GPS signals due to the unevenness of the earth. A GPS receiver placed on the aerial drone

can transmit its coordinates to the ground robot. Since the aerial drone has relative coordinates

compared to the ground robot, the absolute coordinates of the ground robot are obtained, and the

drone acts like a GPS antenna in altitude for the ground robot as revealed in Figure 1.1. However, a

challenge with using quadcopters or multi-rotors is that they are not the most efficient vertical flight

models, as they must generate all the necessary lift to counteract their weight. Unlike airplanes

with wings that can generate additional lift, quadcopters lack this capability, leading to energy

inefficiencies. Models with VTOL capabilities, featuring wings, can overcome this challenge,

making them more optimal than multi-rotors (Garg, 2022). Additionally, in multi-rotors, the lateral

wind angle that must be corrected results in more energy loss. In contrast, VTOLs with wings can

leverage the wind’s force on the exposed wings at the correct angle, generating extra lift and

extending the drone’s flight time. However, a hovering flat plate (the airframe of the VTOL) is

very susceptible to disturbance. This susceptibility underscores the importance of designing a



1.1 Tethered UAV Systems 3

Figure 1.2: A VTOL fixed-wing drone can function like a kite, spinning a generator to produce
electrical energy (Pereira and Sousa, 2023).

controller resistant to external disturbances such as wind.

One idea that illuminated the research path is the use of a fixed-wing VTOL tethered to the

ground to generate electrical energy (Calciolari, 2020) as shown in Figure 1.2.

This involves maneuvering in an eight-figure pattern and rotating the tether connected to a

power generator to produce electricity. In terms of connection, a fixed-wing VTOL tethered to the

ground assumes a tail-sitter configuration, aligning closely with this work. To implement this idea,

a kite has been used, a topic extensively discussed in various articles (Wang et al., 2015), covering

the dynamics of tethered kites, as well as their guidance, control, and autonomous navigation

(Erhard and Strauch, 2015). Additionally, the studies in (Bass et al., 2019) and (Quenneville et al.,

2023) explore the use of multiple fixed-wing VTOL drones operating in a swarm. These drones

are tethered to a primary vehicle and execute a loitering maneuver to generate lift for the main

vehicle as shown in Figure 1.3.

Figure 1.3: VTOL fixed-wing drones are lifting the main air-vehicle (Bass et al., 2019) and (Quen-
neville et al., 2023).

Utilizing tethers in drones presents distinct challenges, such as navigation alterations due to

tether dynamics, uncertainties in dynamic equations due to the drone’s dynamics caused by the

tension and weight of the tether, and discussions on electrical energy transfer and related opti-

mizations, all of which have been subjects of numerous ongoing papers. However, in this project,
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the idea of a kite, harnessing wind energy, with the concept of a quadcopter operating with a

tether are combined, to be able to fly under both windy and calm conditions. Ultimately, a fixed-

wing VTOL drone with two engines and two control surfaces, named Elevon, is designed and

constructed. It is equipped with a custom autopilot, towed by a tether, and its lateral position is

controlled by tether angle feedback.

1.2 Dynamic Modeling of VTOL Tailsitter Drones

The development and analysis of dynamic models play a crucial role in the design, control, and

optimization of unmanned aerial vehicles (UAVs) (Zhang et al., 2021). Among the various types of

UAVs, vertical takeoff and landing (VTOL) tailsitter drones have gained significant attention due

to their unique capabilities and versatile flight characteristics (Wang et al., 2023a). Understanding

the dynamic behavior of VTOL tailsitter drones is essential for tasks such as stability analysis,

controller design, trajectory planning, and simulation studies (Lee et al., 2020).

To accurately capture the complex behavior of VTOL tailsitter drones, it is necessary to extract

a dynamic model that accounts for various factors influencing their motion (Zhou et al., 2022).

Initially, a simplified nonlinear model is extracted, which provides a fundamental understanding

of the drone’s dynamics. This initial model considers essential dynamics, such as the relationships

between control inputs and resulting motions (Park et al., 2021).

However, to enhance the accuracy of the dynamic model, additional factors that influence the

drone’s behavior need to be considered. One such factor is the aerodynamic forces acting on the

drone during flight (Zhang et al., 2022a). Accurate modeling of these aerodynamic forces, which

account for factors such as air density, wing and propeller geometry, and angle of attack, is crucial

to accurately represent the drone’s response to different flight conditions (Wang et al., 2022).

Furthermore, the gyroscopic forces arising from the rotating propellers significantly impact

the dynamics of VTOL tailsitter drones (Liu et al., 2023). These forces, resulting from the drone’s

spinning propellers, introduce additional complexities in the dynamic model. Accurately account-

ing for gyroscopic forces is vital for capturing the drone’s rotational dynamics and its coupling

with translational motion (Chen et al., 2022).

By incorporating these additional factors, such as accurate aerodynamic force models and

gyroscopic forces, into the dynamic model, a more comprehensive representation of the VTOL

tailsitter drone’s behavior can be achieved (Yang et al., 2023). This refined model enables re-

searchers and engineers to analyze and predict the drone’s response to various inputs and external

disturbances more accurately (Kim et al., 2022).

In this work, we aim to explore the process of deriving a dynamic model for a VTOL tailsitter

drone by initially extracting a simplified nonlinear model (Li et al., 2023b). Subsequently, we will

investigate the integration of accurate aerodynamic force models and the effects of gyroscopic

forces to enhance the model’s fidelity (Zhao et al., 2022). This comprehensive approach allows

for a more thorough understanding of the drone’s dynamics, facilitating advancements in control

strategies, mission planning, and overall system performance.
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Through this research, we strive to contribute to the ongoing evolution of VTOL tailsitter

drones by providing insights into their dynamic behavior (Xu et al., 2023). By refining and validat-

ing the dynamic model, we can enable the development of advanced control algorithms, improved

navigation techniques, and enhanced simulation environments (Sun et al., 2023).

1.3 Controller design under uncertainty: Sliding Mode Control ver-
sus H∞ robust

The intersection of nonlinear control methods, particularly sliding mode control (SMC), and ro-

bust control theory is especially evident in aerospace applications where both approaches address

system uncertainties and disturbances. The fundamental commonality lies in their ability to main-

tain stability and performance despite modeling uncertainties and external perturbations. Sliding

mode control, through its discontinuous control law, forces the system state to remain on a prede-

termined sliding surface, providing robustness through its ability to reject matched uncertainties

completely, while H∞ optimal control minimizes the influence of worst-case disturbances on the

system output in the frequency domain through the optimization of the H∞ norm of the closed-

loop transfer function. In aerospace applications, such as attitude and transition flight control of

VTOL unmanned aerial vehicles or robotic manipulator control systems, both approaches handle

parameter variations and unmodeled dynamics, though they do so through fundamentally different

mechanisms - SMC through its reaching and sliding phases, and H∞ through its frequency-domain

guarantees on disturbance attenuation (Li et al., 2023a) and (Zhang et al., 2022b).

The fundamental distinction between these control approaches lies in their treatment of un-

certainties. Sliding mode control excels at handling matched uncertainties, where the disturbance

enters the system through the same channel as the control input, providing theoretical complete

rejection of these uncertainties once the sliding surface is reached (Shtessel and Edwards, 2023).

This makes it particularly effective for mechanical systems where uncertainties often appear in

the same equations as control inputs. However, SMC may be less effective against unmatched

uncertainties that enter through different channels than the control input. In contrast, H∞ robust

control takes a frequency-domain approach, treating uncertainties as bounded energy signals and

providing optimal attenuation of their effects on the system output (Zhou et al., 2023). H∞ con-

trol can handle both structured uncertainties (parametric variations) and unstructured uncertainties

(unmodeled dynamics, neglected time delays) through careful weighting function design, but it

typically cannot achieve complete rejection of any uncertainty type. This trade-off between com-

plete rejection of matched uncertainties in SMC versus optimal attenuation of all uncertainty types

in H∞ control often leads to hybrid approaches in practical applications (Yang et al., 2022).

A MIMO H∞ Robust Control Approach

It is worth noting, however, that fixed-wing VTOL aircraft face significant coupling between roll

and yaw dynamics, particularly during hover and transition phases. This coupling arises from
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factors such as propeller slipstream effects, gyroscopic forces, and the influence of the center of

gravity (Zhang et al., 2023). For example, roll commands achieved through differential thrust

can induce yaw moments, while yaw commands implemented via elevon deflection can result in

rolling moments. These interactions are further influenced by airspeed, especially during transi-

tions between hovering and forward flight.

To address these challenges, the H∞ mixed-sensitivity control framework is employed, offering a

robust solution through detailed MIMO (multi-input multi-output) plant modeling and systematic

treatment of uncertainties (Chen et al., 2024). This controller utilizes performance, uncertainty,

and control effort weights to effectively balance tracking accuracy and robustness. Compared

to traditional SISO (single-input single-output) designs, it demonstrates superior performance in

maintaining transition stability, suppressing coupling effects, and rejecting disturbances.

1.4 Contributions

The primary contributions of this thesis encompass both theoretical developments and practical

implementations in autonomous VTOL systems:

System Design and Implementation

Our first major contribution involves the development and validation of a novel tethered VTOL

fixed-wing aircraft platform. Specifically, we:

• Designed and implemented a custom airframe with optimized aerodynamic properties;

• Developed an innovative ground-based tethering system providing positional feedback;

• Integrated a dual-mode capable autopilot system(with GPS and tethered navigation).

Control System Design

We advanced the state-of-the-art in VTOL control systems through:

• Development of comprehensive dynamic models incorporating tether effects;

• Implementation of robust mixed sensitivity H∞, H2/H∞ and µ-synthesis control method-

ologies controllers for uncertainty management.

Publication: Ahmad Safaee, Antonio Pedro Aguiar, Filipe Neves Santos and Antonio Paulo

Moreira, Design and Development of a Fixed-Wing Tail-Sitter Tethered VTOL Drone with

Custom Autopilot and Robust Control Techniques, in Proc. of CONTROLO’24 - 16th APCA

International Conference on Automatic Control and Soft Computing, Porto, Jul. 2024.

• Successful validation of MIMO control architectures in real-world conditions.

Publication:Ahmad Safaee, Antonio Pedro Aguiar and Antonio Paulo Moreira"Designing

and Developing a Fixed-Wing Tail-sitter Tethered VTOL UAV with Custom Autopilot: A
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MIMOH∞ Robust Control Approach", In Proceedings of the 25th IEEE International Con-

ference on Autonomous Robot Systems and Competitions (ICARSC 2025), April 2-3, 2025,

University of Madeira, Madeira Island, Portugal.

Experimental Validation

The system’s performance was evaluated through:

• Flight testing in both laboratory and outdoor environments;

• Data acquisition and analysis of lateral positional errors;

• Evaluation of control system behavior under different operating conditions;

• Observed improvements in stability and position maintenance.

Technical Achievements

Key technical implementations include:

• Original autopilot design with custom C-based control software;

• Real-time control loop optimization for tethered navigation;

• Efficient integration of GPS-Aided AHRS and Lidar systems with flight computer;

• Parameter selection and calibration methodologies employed for custom autopilot.

Methodological Advances

We built upon existing approaches by introducing:

• New system identification techniques for tethered flight;

• Advanced data acquisition protocols for unmanned systems;

• Improved methodologies for VTOL control system implementation;

• Incorporation of SolidWorks-based parameter optimization.

Research Impact

The outcomes demonstrate significant potential for:

• Enhanced mobility in tethered aerial systems

• Improved stability and control in constrained flight conditions;

• Advanced autonomous operation capabilities;
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• Practical applications in surveillance and monitoring scenarios.

These contributions offer a foundation for further development of tethered VTOL systems,

with potential applications in both military and commercial sectors. The validated design approach

and control methodologies provide a basis for adapting the system to meet various operational

needs.

1.5 Organization

The subsequent sections are structured as follows. In Chapter 2, we introduce the designed VTOL

drone, detailing the several subsystems, hardware, and software components, including sensors,

flight computers, and actuators. The software implementation covers various classes and functions

within the flight computer, as well as the drivers for each sensor and actuator in the hardware

modules. In Chapter 3, we examine the dynamic model, derive an advanced dynamic model of the

drone, and obtain its state-space equations. A nonlinear sliding mode controller is then designed,

followed by a complete simulation, with results presented. In Chapter 4, the general structure

of the control loops is explained in Section 4.1, and testing stages are presented in Section 4.2,

where the nominal model is proposed, and the uncertainty profile is outlined. Sections 4.3-4.7 are

dedicated to establishing the limits of the uncertainty profile and designing the control loops using

mixed sensitivity H∞, H2/H∞, and µ synthesis methods in both SISO and MIMO scenarios for

all control channels. The thesis concludes with Chapter 5, which presents the conclusions and

outlines directions for future work.



Chapter 2

System Hardware and Software

This section presents a technical overview of the developed VTOL unmanned aerial vehicle, de-

tailing the design of its structural and electronic systems. The analysis encompasses the vehi-

cle’s physical architecture—including wing geometry, fuselage configuration, and actuator me-

chanics—alongside its avionics infrastructure. The examination focuses on the integrated flight

computer system, highlighting the autopilot software with its codebase governing critical control

algorithms and operational parameters.

2.1 Introduction

Building the VTOL aircraft from scratch and designing the complete autopilot system provided

the author with invaluable experience, leading to the creation of an effective flying laboratory for

testing and developing advanced control systems. Many student projects utilize pre-made Pixhawk

autopilots (Zheng et al., 2021), and student project papers often involve simple manipulation of the

controller. However, designing and developing an autopilot system from the ground up (Cao and

Zhang, 2019) teaches a multitude of valuable practical skills. The author gained extensive hands-

on experience working with sensors, such as IMUs and inertial measurement units (AHRS), which

require significant time for testing, calibration, and integration into control loops. While ready-

made autopilots account for these details, designing and implementing a custom autopilot system

offers a deeper understanding of the intricacies involved in sensor calibration and control loop

integration.

2.2 Air Vehicle

When it comes to building, fixed-wing VTOLs are generally more complicated than multirotors

or airplanes. There are several models available for VTOL configurations. For ease of design

and implementation, one of the best configurations in terms of the number of motors and servos is

selected for this project (Verling et al., 2016) and (Fuhrer et al., 2019). In the beginning, 3D design

was performed for the FreeCAd application. It was a problem that it had to have high mechanical

9
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Figure 2.1: Wing and servo assembly designed for VTOL’s unmanned aerial vehicle system.

strength while being light. Solving this problem increases the complexity of the design, which

consumes a lot of energy and time. Finally, when some of the parts were printed, we realized

that there is a good distance with the desired total of weight. You can see the design drawings in

FreeCad in the Figure 2.1 and Figure 2.2.

Figure 2.2: Wing, fuselage, and duct designed for VTOL’s unmanned aerial vehicle system.

In this section, a laboratory model is developed and constructed utilizing components from

a 3D printer and durable, customized cardboard, in place of commercial versions. A designed

VTOL drone with specialized avionics and autopilot is shown in Figure 2.3.

The two primary motors of this drone are T-motor Air2213. The following are the motor

specifications: The motor, which is equipped with corresponding propellers (9545 propellers)

covered by two ducts (13 cm radius), has a 920 KV rating and an idle current of 0.5A at 10V.

Additionally, it features two Elevon control surfaces, each of which is linked to an RC servo
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Figure 2.3: Implemented drone with embedded avionics.

actuator (HS-85MG, from Hitec) with a torque of 3.5 kg.cm and a speed of 0.14s/60◦. The

designed drone’s specifications are shown in Table. 2.1.

Table 2.1: Drone specification

Item Quantity

Wing Span 65.5 cm
Total Weight 1347 gr
Total length 63 cm

Maximum Thrust 1600 gr
Propeller Diameter 26 cm

Main wing cord 35 cm

2.3 Hardware

One of the primary innovations in this project is the decision not to use commercial autopilots,

particularly Pixhawk, which is widely used in student projects. In this project, both the autopilot

and its hardware have been fully implemented to create a custom autopilot system. Beyond the

valuable learning opportunities and experience that building an autopilot provides, this project uti-

lizes an advanced inertial measurement unit (IMU) embedded in GPS-Aided AHRS . This module

features gyroscopes with significantly higher stability compared to Pixhawk and is equipped with

more precise accelerometers.
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As we know, the heart of any autopilot system is the AHRS (Attitude and Heading Reference

System). The high quality of this inertial module makes future development paths of the system

much smoother for more serious and complex applications. Initially, the BNO055 sensor (Sen-

sortec, 2014) was evaluated for the role of an Attitude and Heading Reference System (AHRS).

However, its latency in estimation mode proved insufficient for the responsiveness required by

our control algorithms. To address this limitation, a custom sensor fusion algorithm based on a

traditional Extended Kalman Filter (EKF) was developed and deployed on an Arduino platform.

Although integration with the main flight computer was not completed within the scope of this

project, the implementation details are documented in Appendix B for future reference.

Given the need for high reliability and real-time performance, the MTI-G module from Xsens-

previously validated in related work, was selected as the primary inertial measurement unit (IMU).

This sensor provides accurate orientation angles, angular velocities, linear velocities, and posi-

tional data across three axes, as detailed in Section 2.3.1.

The flight computer was locally assembled using a Raspberry Pi 4, chosen for its affordability,

commercial availability, and compatibility with the Robot Operating System (ROS) and OpenCV,

facilitating future extensions into robotics and image processing. To generate PWM signals for

motor and servo actuation, a PCA8596 servo controller module was employed, interfacing with

the Raspberry Pi via the I2C protocol (see Section 2.3.3).

Primary flight commands are transmitted from the ground using a JR radio control system,

known for its reliability. These commands—Roll, Pitch, Yaw, and Altitude—are received by a JR

receiver onboard the drone. An Arduino Pro Mini reads the PWM signals from the receiver and

relays them to the Raspberry Pi via USB.

Altitude control is supported by a Tf-mini LiDAR sensor with a 12-meter range, connected to

the Raspberry Pi through a serial interface (Section 2.7). Yaw-angle measurement is supplemented

by a potentiometer with an approximate 120-degree range, also interfaced with the Arduino Pro

Mini via USB.

A schematic overview of the flight system hardware is presented in Figure 2.4.
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Figure 2.4: Hardware diagram components of an autopilot system.

Figure 2.5: JR radio control transmitter integration for custom drone autopilot system develop-
ment.
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2.3.1 Attitude and Heading Reference System / GPS

The MTI-G by Xsens (as shown in Figure 2.6) is a compact and highly accurate Attitude and

Heading Reference System (AHRS) designed for use in dynamic environments. This state-of-the-

art sensor system provides precise orientation, velocity, and position data, making it essential for

applications in robotics, aerospace, marine navigation, and industrial automation.

The MTI-G AHRS stands out due to its high precision, achieved through advanced sensor

fusion algorithms that combine data from gyroscopes, accelerometers, and magnetometers. This

combination ensures reliable and accurate motion tracking even in challenging conditions. The

device’s compact form factor and low weight allow for easy integration into various systems,

enhancing its versatility across multiple industries.

One of the key features of the MTI-G is its versatile connectivity. It supports multiple com-

munication interfaces, including USB, RS232, and CAN, facilitating seamless integration with

other devices and systems. Additionally, the MTI-G is built to withstand harsh environments,

with a wide operating temperature range and resistance to vibration and shocks, ensuring robust

performance in diverse applications.

The technical specifications of the MTI-G are impressive: it offers an orientation accuracy

of 0.2° RMS for roll and pitch and 1.0° RMS for heading. The gyroscope range is ±450°/s, the

accelerometer range is ±10g, and the magnetometer range is ±1.9 Gauss. It can sample data at

rates of up to 100 Hz, providing real-time motion tracking. The device measures 58 x 58 x 33

mm and weighs only 47 grams, making it compact and lightweight. It operates effectively within

a temperature range of -40°C to +85°C.

The MTI-G is widely used in various fields. In robotics, it enables precise control and navi-

gation of autonomous robots. In aerospace, it is employed in UAVs and drones for stable flight

control and navigation. For marine navigation, the MTI-G provides vessel stabilization and navi-

gation in challenging marine environments. In industrial automation, it enhances motion tracking

and control in machinery and vehicles.

In conclusion, the MTI-G Xsens AHRS is a highly reliable and accurate device for a wide

range of motion tracking applications. Its integration into this project ensures robust orientation

estimation, laying a solid foundation for future expansions into more complex and demanding

autonomous aerial systems.

2.3.2 LIDAR

The TF Mini LiDAR (as shown in Figure 2.7) is a compact, high-performance distance measure-

ment sensor designed for a variety of applications requiring precise distance sensing. Known for

its small size and high accuracy, the TF Mini LiDAR is an ideal solution for projects in robotics,

drones, industrial automation, and smart devices.

This LiDAR sensor utilizes time-of-flight (ToF) technology to measure distances accurately

and quickly. It emits infrared light and calculates the time it takes for the light to reflect back from

an object, providing precise distance measurements up to 12 meters. Despite its small size, the
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Figure 2.6: MTi-G AHRS. (Xsens Technologies B.V., 2010).

TF Mini LiDAR delivers excellent performance with a measurement frequency of up to 1000 Hz,

ensuring real-time distance sensing.

The TF Mini LiDAR is remarkably compact and lightweight, measuring just 42 x 15 x 16

mm and weighing only 4.7 grams. This small form factor makes it easy to integrate into vari-

ous systems, where space and weight are critical factors. The sensor is designed for low power

consumption, making it suitable for battery-powered applications.

Key features of the TF Mini LiDAR include its high accuracy and resolution. It offers distance

measurement accuracy of ±6 cm at distances up to 6 meters and 1% at distances between 6 and 12

meters. The sensor provides reliable data in various lighting conditions and is capable of operating

in both indoor and outdoor environments. Additionally, the TF Mini LiDAR has a simple interface

and supports UART communication, allowing for easy integration with microcontrollers and other

devices.

The TF Mini LiDAR is widely used in multiple fields. In robotics, it enhances obstacle de-

tection and avoidance, contributing to the development of autonomous navigation systems. For

drones, it assists in altitude holding and landing procedures, ensuring safe and stable flights. In

industrial automation, the TF Mini LiDAR is used for object detection and distance measurement

in manufacturing and logistics. It is also employed in smart devices for gesture recognition and

presence detection.

In conclusion, the TF Mini LiDAR is a versatile and reliable distance measurement sensor

suitable for a wide range of applications. Its compact design, high accuracy, and ease of integration

make it a preferred choice for engineers and developers working on innovative projects.

2.3.3 Servo controller

The PCA9685 is a versatile 16-channel, 12-bit PWM (Pulse Width Modulation) driver designed

to control LEDs, motors, and other devices requiring precise pulse control.In this project, we

use this module to control 2 servos related to the elevons and control the two main bldc motors

They are all controlled by PWM. The PCA9685 uses the I²C communication protocol, allowing

easy integration with various microcontrollers and other I²C-enabled devices. It supports a supply
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Figure 2.7: TF-mini lidar (Benewake (Beijing) Co., Ltd, 2023).

voltage range of 2.3V to 5.5V, making it compatible with both 3.3V and 5V logic levels. This

flexibility ensures its use in a wide range of electronic projects and systems.

One of the standout features of the PCA9685 is its ability to drive 16 independent PWM

channels with a resolution of 12 bits per channel. This high resolution enables precise control

over the duty cycle of each channel, making it ideal for applications requiring fine-grained control

of brightness, speed, or position. The PCA9685 can achieve a PWM frequency of up to 1.6 kHz,

ensuring smooth and responsive operation of connected devices.

The device also includes an internal clock, eliminating the need for an external clock source

and simplifying the design process. Additionally, the PCA9685 has a programmable frequency

oscillator, allowing users to adjust the PWM frequency to suit specific application requirements.

This feature is handy in applications like LED dimming, where different frequencies can help

avoid flicker and other issues.

In terms of power efficiency, the PCA9685 includes an output enable pin that can be used to

disable all outputs with a single signal, reducing power consumption when PWM control is not

needed. This makes it an energy-efficient choice for battery-powered applications.

The PCA9685 is widely used in various fields. In robotics, it enables precise control of servo

motors, allowing for complex movements and functions. For LED lighting, it provides smooth

dimming and color mixing capabilities. In-home automation is used to control various devices,

such as window blinds and fans, providing a high degree of automation and customization. In

industrial settings, the PCA9685 is employed in control systems requiring accurate and reliable

PWM signals. It is shown in Figure 2.8.

In conclusion, the PCA9685 PWM driver is a highly flexible and powerful solution for a wide

range of applications. Its high resolution, multiple channels, and ease of integration make it a

preferred choice for engineers and developers working on projects that require precise and reliable

pulse width modulation.
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Figure 2.8: PCA8695 servo controller (Adafruit Industries, 2023).

2.3.4 Power distribution

Multiple voltage regulator circuits are implemented to supply the required voltages to different

components. Six volts are provided for servos to achieve maximum response speed, five volts for

the Raspberry Pi, flight computer, and sensors, and ten volts for the potentiometer to obtain higher

resolution. All these power requirements are sourced from a 4-cell lithium battery with a main

voltage of 14.8 V 850 mAh, providing a flight time of approximately 3 minutes.

2.4 Software

One of the key challenges in the software domain of automatic guidance systems or autopilots

is the real-time capability of the flight computer. Since the Raspberry Pi is not designed for

tasks requiring very fast and real-time control like microcontrollers, the management of time and

memory is crucial in this project. For autopilot programming, C++ object-oriented programming

is employed at a low level, operating on the Rasbian operating system. The main structure of the

autopilot program is implemented based on multithreading.

As described in the hardware section, heavy I/O processing is the main flow of the program.

Updating control loops at a minimum rate of 50 Hz is required. For quick response and safety

margin, a speed of 100 Hz is ideal which is satisfied. For this purpose, I2C and serial port ex-

changes have set their baud rate to the maximum, and optimal software methodologies have been

implemented.

For monitoring information and communicating with the drone, Remote Desktop and Wi-

Fi LAN connections have been utilized, taking advantage of the Linux operating system being

installed on the Raspberry Pi. This allows the control of the drone from a laptop without using

radio control as well. To log data, information is stored in the main system’s flash memory at a high

speed of approximately 100 Hz. The following code demonstrates the interface for connecting an

Arduino Pro Mini to an RC receiver and a potentiometer. It includes both the embedded firmware

for the Arduino and the corresponding C script for the Raspberry Pi, which receives and processes

serial data transmitted from the Arduino.

Ardino pro mini firmware
int analogPin = A3;////////////A2D pin

//Declaring Variables

byte last_channel_1, last_channel_2, last_channel_3, last_channel_4;
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int receiver_input_channel_1, receiver_input_channel_2, receiver_input_channel_3, receiver_input_channel_4,

val=0;

unsigned long timer_1, timer_2, timer_3, timer_4;

void setup(){

PCICR |= (1 << PCIE0);

PCMSK0 |= (1 << PCINT0);

PCMSK0 |= (1 << PCINT1);

PCMSK0 |= (1 << PCINT2);

PCMSK0 |= (1 << PCINT3);

Serial.begin(1000000);

}

void loop(){

print_signals();

}

ISR(PCINT0_vect){

//Channel 1=========================================

if(last_channel_1 == 0 && PINB & B00000001 ){ //Input 8 changed from 0 to 1

last_channel_1 = 1; //Remember current input state

timer_1 = micros(); //Set timer_1 to micros()

}

else if(last_channel_1 == 1 && !(PINB & B00000001)){ //Input 8 changed from 1 to 0

last_channel_1 = 0; //Remember current input state

receiver_input_channel_1 = micros() - timer_1; //Channel 1 is micros() - timer_1

}

//Channel 2=========================================

if(last_channel_2 == 0 && PINB & B00000010 ){ //Input 9 changed from 0 to 1

last_channel_2 = 1; //Remember current input state

timer_2 = micros(); //Set timer_2 to micros()

}

else if(last_channel_2 == 1 && !(PINB & B00000010)){ //Input 9 changed from 1 to 0

last_channel_2 = 0; //Remember current input state

receiver_input_channel_2 = micros() - timer_2; //Channel 2 is micros() - timer_2

}

//Channel 3=========================================

if(last_channel_3 == 0 && PINB & B00000100 ){ //Input 10 changed from 0 to 1

last_channel_3 = 1; //Remember current input state

timer_3 = micros(); //Set timer_3 to micros()

}

else if(last_channel_3 == 1 && !(PINB & B00000100)){ //Input 10 changed from 1 to 0

last_channel_3 = 0; //Remember current input state

receiver_input_channel_3 = micros() - timer_3; //Channel 3 is micros() - timer_3

}

//Channel 4=========================================

if(last_channel_4 == 0 && PINB & B00001000 ){ //Input 11 changed from 0 to 1

last_channel_4 = 1; //Remember current input state

timer_4 = micros(); //Set timer_4 to micros()

}

else if(last_channel_4 == 1 && !(PINB & B00001000)){ //Input 11 changed from 1 to 0

last_channel_4 = 0; //Remember current input state

receiver_input_channel_4 = micros() - timer_4; //Channel 4 is micros() - timer_4

}

}

//Subroutine for displaying the receiver signals

void print_signals(){

Serial.print("#PWM");

Serial.print(int(receiver_input_channel_1-710)/2);

Serial.print(",");

Serial.print(int(receiver_input_channel_2-710)/2);

Serial.print(",");

Serial.print(int(receiver_input_channel_3-710)/2);

Serial.print(",");

Serial.print(int(receiver_input_channel_4-710)/2);

Serial.print(",");

val = analogRead(analogPin); // read the input pin

Serial.print(val); // debug value

Serial.println("$");
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}

Raspberry Pi code for receiving data from Arduino Pro mini

servod servoInput(int *input){

servod u;

databuffer[databufferP] =serialGetchar(*input);

if(databuffer[databufferP] == '#') databufferP=0;

if(databuffer[databufferP] == '$') {

databuffer[databufferP+1] = '\0';

sscanf(&databuffer[5],"%d,%d,%d,%d,%d$", &u.out1, &u.out2, &u.out3, &u.out4, &u.out5 );

//printf("%s! --- %d --- %d\n",&databuffer[4],u.out1,u.out4 );

databufferP=0;

u.ct=1;

return u;

}

databufferP++;

if(databufferP>200) databufferP=0;

u.ct=-1;

return u;

}

2.5 Concluding remarks

This phase of the project represented one of the most technically demanding aspect of the thesis,

requiring extensive effort in component evaluation, integration, and iterative testing. It involved

countless hours of examining individual hardware modules, exploring various configurations, and

writing hundreds of lines of C and C++ code to interface and calibrate each sensor. The integra-

tion of all autopilot subsystems—sensor fusion, control logic, communication protocols, and ac-

tuator interfaces—required meticulous coordination and repeated validation across hardware and

software layers. A significant portion of the effort was dedicated to hardware-in-the-loop (HIL)

testing, which demanded multiple iterations to achieve reliable and deterministic performance.

These procedures were particularly challenging and high-risk when working with critical systems

such as the motor control unit. Given that the autopilot system was custom-built, installing its

components within the aircraft fuselage introduced additional complexities. These included miti-

gating electromagnetic interference and ensuring that the placement of components preserved the

aircraft’s center of gravity, both of which were essential for maintaining flight stability.



Chapter 3

Dynamic Model Development and
Sliding Mode Control Implementation

This section focuses on developing a dynamic model through direct analysis of the dynamic equa-

tions. Our starting parameters include the drone’s physical specifications, such as wing span and

chord length, control surface dimensions and characteristics, thrust variations in response to throt-

tle commands, and the distribution of mass across the drone’s body and wings. The goal was

to determine the moments of inertia parameters and aerodynamic coefficients. The analysis en-

compassed dynamic equations for fixed-wing aircraft, multi-rotor systems, and VTOL (Vertical

Take-Off and Landing) configurations. The combination of extensive laboratory testing and ad-

vanced software tools, particularly SolidWorks for modeling and Data Acquisition systems, proved

invaluable for this analysis. The reformulation of the dynamic equations culminates in state equa-

tions that exhibit distinct nonlinear characteristics .These nonlinear dynamics naturally guide us

toward implementing nonlinear control strategies. The derived state equations are particularly

well-suited for designing and implementing nonlinear controllers.Building upon these nonlinear

control concepts, the Sliding Mode Control (SMC) emerges as a particularly robust strategy for

handling system uncertainties and disturbances. This advanced nonlinear control technique estab-

lishes a sliding surface where the system’s behavior is constrained to follow a desired trajectory,

regardless of model imperfections or external perturbations. The distinctive feature of SMC lies in

its ability to maintain system performance even when faced with parametric uncertainties, unmod-

eled dynamics, and bounded external disturbances. By employing discontinuous control signals

that switch between different control structures, SMC forces the system state to "slide" along the

designed surface, ensuring robust stability. This characteristic makes it especially valuable for

aerospace applications where aerodynamic uncertainties, environmental disturbances, and mod-

eling inaccuracies are inevitable. Moreover, SMC’s inherent robustness eliminates the need for

exact system parameters, making it more practical for real-world implementation compared to

traditional control methods that require precise system models. Building on the previous discus-

sion of SMC’s robustness, this controller has become a cornerstone in modern aerospace control

systems. It has been successfully implemented across a wide range of aerospace applications,

20
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Figure 3.1: This diagram illustrates the roll, pitch, and yaw axes on the drone.

from attitude control of satellites and spacecraft to flight control systems in aircraft and unmanned

aerial vehicles (UAVs) (Edwards and Spurgeon, 2021). The controller’s exceptional performance

in managing the complex, coupled dynamics of aerospace systems is particularly evident in sce-

narios involving atmospheric reentry, formation flying, and precision maneuvers. Major space

agencies, including NASA and ESA, have employed sliding mode control in various missions due

to its ability to handle the significant uncertainties inherent in space operations, such as varying at-

mospheric conditions, fuel slosh dynamics, and structural flexibilities. Its widespread adoption in

aerospace systems is further justified by its capacity to maintain stability and performance despite

the extreme environmental conditions and dynamic changes that spacecraft and aircraft routinely

encounter, from launch through orbital operations to landing procedures. Finally, based on the

above, a sliding controller was selected for the system, designed, and implemented in simulation.

3.1 Drone Specifications and Geometry

The general schematic of the VTOL drone as well as the body coordinate system is revealed in

Figure 3.1.

This drone is equipped with two primary motors, the T-Motor Air2213, as previously men-

tioned. The specifications for the motors are as follows: the motor has a KV rating of 920KV,

stator dimensions of 22 x 13 mm, a weight of 54 g, and an idle current of 0.5 A at 10 V. The

motors are paired with 9545 propellers, which are protected by two ducts, each with a radius of 13

cm. Additionally, the drone is equipped with two movable control surfaces, called Elevons. Each

Elevon is connected to an RC servo actuator (HS-85MG by Hitec), with a torque of 3.5 kg/cm,

capable of traveling 60° in 0.14 s. The name "Elevon" is derived from the fact that both surfaces

simultaneously participate in controlling the pitch and yaw angles.

For climbing, both motors must provide thrust upward simultaneously. The actuator block,

which includes 4 inputs (throttle, roll, pitch, and yaw) and 4 outputs (motor 1, motor 2, Elevon



Dynamic Model Development and Sliding Mode Control Implementation 22

Figure 3.2: Depiction of the rotation around the three axes.

1, and Elevon 2), manages the control of these components. For roll rotation, the motors must

provide thrust in opposing directions, as shown in Figure 3.2.

The specifications of the drone are summarized in Table 3.1. The final developed system is

shown in Figure 3.3, which provides a comprehensive view of the VTOL tail-sitter drone and its

avionics.

Table 3.1: General specifications of the drone.

Item Quantity
Wing Span 65.5 cm
Total Weight 1347 g
Total Length 63 cm
Maximum Thrust 1600 g
Propeller Diameter 24 cm
Main Wing Chord 35 cm
Elevon Span 27 cm

3.2 Dynamic Modeling: Translational and Rotational Equations

This section presents the dynamic model of the VTOL by employing the Newton-Euler method

(see Equations (3.1) and (3.6)). The problem is divided into two distinct parts. The first part

focuses on a simplified dynamic model similar to the quadcopter, specifically the roll angle, which

is controlled using differential motor commands, similar to a standard quadcopter configuration.

The second part addresses the dynamics in the pitch and yaw angles through elevon deflections.

To simplify the dynamic model, the elevons are assumed to function as thrust vector controls

that deflect the thrust vector generated by the motors, as illustrated in Figure 3.4. In this model,

certain aerodynamic effects, such as those related to the wing and elevons, are disregarded. It is

assumed that a portion of the thrust produced by each motor and propeller is deflected based on
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Figure 3.3: VTOL tail-sitter drone and its avionics.

the perpendicular projection of the elevon area. This deflected force is applied at the center of the

elevon surface, creating a torque arm. The distance from the center of mass to the elevon surface

determines the torque’s effect on the pitch angle in the z-axis (Figure 3.4) and the yaw angle in

the y-axis of the body frame (Figure 3.5). For the roll angle, the distance from each motor to the

center of mass along the y-axis is considered.

The equations of motion for the system are divided into two categories: translational and

rotational. These are derived from the fundamental principles of Newton’s laws. The translational

equations are expressed as:

∑F = ma (3.1)

(T1 +T2)cosθ cosφ = mg−mZ̈ (3.2)

(T1 +T2)sinθ = mẌ (3.3)

(T1 +T2)cosθ sinφ = mŸ (3.4)

U = T1 +T2 (3.5)

In these equations, U denotes the total thrust produced by both motors, where T1 and T2 refer

to the thrust generated by motor 1 and motor 2, respectively, g is the gravity acceleration, and m



Dynamic Model Development and Sliding Mode Control Implementation 24

represents the mass of the drone. The translational equations account for the forces that induce

linear acceleration along the X , Y , and Z axes. The variables φ , θ , and ψ represent the Euler

angles (roll, pitch and yaw).

The rotational equations of motion, derived from the torques acting on the system, are given

by:

∑τ = Iα (3.6)

∑τ1 = Iyyθ̈ (3.7)

∑τ2 = Ixxφ̈ (3.8)

(T1 −T2)d = Ixxφ̈ (3.9)

(T1 +T2)

(
Selevon(sinδe1 + sinδe2)

Seff

)
l = Iyyθ̈ (3.10)

(T1 +T2)

(
Selevon

Seff
(sinδe1 − sinδe2)

)
f = Izzψ̈ (3.11)

where δe1 and δe2 represent the deflections of the control surfaces of elevon 1 and elevon 2. The

term d is half the distance between the two motors, and the distances f and l denote the separation

from the center of mass to the root of the elevon in the Z-axis and the distance from the center

of mass to the middle of the elevon span in the Y -axis, respectively. The areas Selevon and Seff are

related to the elevon span and the effective propeller thrust area.

The detailed drone dimensions and parameters are listed in Table 3.2.

Table 3.2: Additional drone dimensions and parameters.

Item Quantity
f 22 cm
d 36 cm
l 20 cm
Selevon 0.0336 m2

Seff 0.053 m2

Max δe1,2 60°

To calculate the moments of inertia, we use the following formulas based on mass and radius:

Ixx = mr2
y +mr2

z (3.12)

Iyy = mr2
x +mr2

z (3.13)

Izz = mr2
x +mr2

y (3.14)

Here, rx, ry, and rz represent the distances from the axis of rotation to the mass distribution of the
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Figure 3.4: Pitch angle and elevon deflection forces and torques.

object along the x, y, and z axes, respectively. The computed moments of inertia are as follows:

Ix = 0.00694kg m2

Iy = 0.00363kg m2

Iz = 0.05757kg m2

(3.15)

Figures 3.4, 3.5, and 3.6 visually represent the forces and torques associated with the pitch,

yaw, and roll angles, respectively.
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Figure 3.5: The yaw axis experiences a torque as a result of differential deflections of the elevons.

Figure 3.6: The drone exhibits rotational motion around the roll axis due to the differential thrust
generated by its two motors, resulting in the creation of torque.

3.2.1 State-space model

The state-space variable has been represented as x⊤ = [X Y Z Ẋ Ẏ Ż θ φ ψ θ̇ φ̇ ψ̇]. Furthermore,

we define the inputs u1, u2, u3, and u4 as following:
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u1 = T1 +T2, (3.16)

u2 = T1 −T2, (3.17)

u3 = sin(δe1)+ sin(δe2), (3.18)

u4 = sin(δe1)− sin(δe2). (3.19)

we obtain a simpler form, as follows:

ẋ1 = x4 (3.20)

ẋ2 = x5 (3.21)

ẋ3 = x6 (3.22)

ẋ4 =
1
m

u1(cosx8 sinx7) (3.23)

ẋ5 =
1
m

u1(sinx8) (3.24)

ẋ6 = g− 1
m

u1(cosx8 cosx7) (3.25)

ẋ7 = x10 (3.26)

ẋ8 = x11 (3.27)

ẋ9 = x12 (3.28)

ẋ10 =
1

Iyy
u1

(
Selevon

Seff
u3

)
l (3.29)

ẋ11 =
d
Ixx

u2 (3.30)

ẋ12 =
1
Izz

u1

(
Selevon

Seff
u4

)
f (3.31)

The open loop model was created in the Simulink environment to check the overall relation-

ships. Figures 3.7-3.8 show the structure of the simulation blocks.
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Figure 3.7: Dynamic model simulation in Simulink environment.

Figure 3.8: Open-loop total simulation.
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3.3 Advanced Dynamic Model

3.3.1 Rigid-Body Dynamics

The motion of the VTOL drone is governed by the fundamental equations of rigid-body dynamics.

These equations describe both translational and rotational dynamics of the system using Newton-

Euler equations.

3.3.1.1 Translational Dynamics

The translational motion of the drone in the body frame is given by Newton’s second law:

mV̇+ω × (mV) = F (3.32)

Expanding in component form:

mu̇−mqw+mrv = Fx

mv̇−mru+mpw = Fy

mẇ−mpv+mqu = Fz

(3.33)

where m is the mass of the drone, V = [u,v,w]T is the velocity vector in the body frame,

ω = [p,q,r]T is the angular velocity in the body frame, and F = [Fx,Fy,Fz]
T represents the external

forces (thrust, aerodynamic forces, and gravity).

Ignoring centrifugal terms in hovering mode, the translational motion simplifies to:

mξ̈ = g+RTB (3.34)

where:

• ξ = [x,y,z]T represents the position of the drone in the global frame, and g represents the

gravitational force vector. Expanding in component form:

 ẍ

ÿ

z̈

=−g

 0

0

1

+ T
m

 CψSθCφ +SψSφ

SψSθCφ −CψSφ

CθCφ

 (3.35)

3.3.1.2 Rotational Dynamics

The rotational dynamics are described by Euler’s equation:

Jω̇ +ω × (Jω)+Γ = τ (3.36)

where:
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– J is the moment of inertia matrix:

J =

 Jxx −Jxy −Jxz

−Jyx Jyy −Jyz

−Jzx −Jzy Jzz

 (3.37)

– ω = [p,q,r]T is the angular velocity vector in the body frame,

– Γ represents gyroscopic forces,

– τ represents external torques applied to the system.

3.3.1.3 Kinematic Equations

The relationship between angular velocity and Euler angle rates is given by:

φ̇

θ̇

ψ̇

=

1 sinφ tanθ cosφ tanθ

0 cosφ −sinφ

0 sinφ/cosθ cosφ/cosθ


p

q

r

 (3.38)

where:

– (φ ,θ ,ψ) are the roll, pitch, and yaw angles,

– (p,q,r) are the roll, pitch, and yaw rates.

3.3.1.4 Forces and Torques in the Body Frame

The forces and torques acting on the drone are given by:

∑F = Fthrust +Faero +Fgravity (3.39)

∑τ = τ thrust + τaero + τdisturbance (3.40)

where:

– Fthrust and τ thrust are forces and torques generated by the propulsion system,

– Faero and τaero represent aerodynamic forces and torques,

– Fgravity represents gravitational force,

– τdisturbance represents external disturbances.

These equations form the foundation for modeling, simulation, and control of the VTOL

drone.
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Inertia Matrix for Drone Dynamic Model

We need to introduce an inertia matrix (moment of inertia tensor) for a drone’s dynamic

model.

The equation (3.41) describes the rotational inertia of the drone, which characterizes how

the drone’s mass is distributed and how it resists to rotational acceleration. Breaking it

down, we obtain:

J =


∫ (

y2 + z2
)

dM −
∫

xydM −
∫

xzdM

−
∫

xydM
∫ (

x2 + z2
)

dM −
∫

yzdM

−
∫

xzdM −
∫

yzdM
∫ (

x2 + y2
)

dM

=

 Jx −Jxy −Jxz

−Jxy Jy −Jyz

−Jxz −Jyz Jz


(3.41)

This matrix J represents the moment of inertia of the drone around its principal axes (x,

y, z). It captures how the drone’s mass is distributed relative to its center of rotation. The

integrals in the matrix compute the mass distribution across the drone’s volume.

The inertia matrix is a 3×3 symmetric matrix. The diagonal elements (Jx,Jy,Jz) represent

the moments of inertia around the principal axes, while the off-diagonal elements represent

the products of inertia, which show the coupling between rotational axes.

The diagonal terms (Jx,Jy,Jz) are calculated as
∫
(y2 + z2)dM,

∫
(x2 + z2)dM, and

∫
(x2 +

y2)dM respectively. These terms measure the resistance to rotation around each axis. Larger

values indicate greater resistance to rotation.

The off-diagonal terms are given by −
∫

xydM, −
∫

xzdM, and −
∫

yzdM. These terms rep-

resent cross-coupling between the rotational axes, indicating how rotation about one axis

influences motion about the others. They are essential for modeling complex drone dynam-

ics, such as asymmetric rotation.

The inertia matrix is symmetric, meaning Jxy = Jyx, Jxz = Jzx, and so on. This property is

crucial for accurately modeling drone attitude and angular momentum. The inertia matrix

is widely used in control systems and stability analysis to ensure precise flight dynamics.

For a symmetric drone like quadcopter, many off-diagonal terms would be zero, simplifying

the matrix and making calculations more straightforward.

Moments of inertia computation
Determining the moment of inertia matrix of an aircraft is particularly important, as it is

the key factor affecting rotational dynamics. There are various methods to achieve this,

including laboratory techniques. Typically, these amounts can be calculated by suspending

the drone and measuring its oscillation period. However, a more straightforward approach

involves using computer simulation software. We chose this path. We first draw a 3D model

in the FreeCAD software environment, adjust the density some that the total mass becomes

the total mass of the drone to calculate moments of inertia, and to identify which components
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Figure 3.9: 3D-model designed in the FreeCAD environment, and the moments of the inertial
matrix are extracted.

are zero in the moments of inertia matrix. In many works, especially in articles related to

VTOL quadcopters, this matrix is considered diagonal. Still, for a better approximation, we

have used a non-diagonal matrix, where the values of Jxz are non-zero, which will also make

the equations more complicated as given in Equation (3.42) and 3D model of drone sketched

in FreeCAD, and the corresponding moments of inertia matrix is revealed in Figure 3.9 as

well:

J =

 0.0512 0 −0.0012

0 0.0285 0.0004

−0.0012 0.0004 0.0245

 (3.42)

Since this matrix will play a very key role in the future coefficients of the controller system,

we did not rely on this open source software (FreeCAD), and the 3D design was re-done in

SOLIDWORKS software, as shown in Figure 3.10, and the matrix has been extracted again

and is given by:

J =

 0.045 0 0.001

0 0.031 0

0.001 0 0.018

 (3.43)

so Jxy = Jyz = 0 we have:

J =

 Jx 0 −Jxz

0 Jy 0

−Jxz 0 Jz

 (3.44)
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Figure 3.10: 3D-model designed in SOLIDWORKS environment and moments of inertia matrix
is extracted.

This symmetry assumption helps to simplify the analysis. The inverse of J becomes:

J−1 =
adj(J)
det(J)

=

 JyJz 0 JyJxz

0 JxJz − J2
xz 0

JxzJy 0 JxJy


JxJyJz − J2

xzJy

=


Jz
Γ

0 Jxz
Γ

0 1
Jy

0
Jxz
Γ

0 Jx
Γ


where: Γ = JxJz − J2

xz

Now we rewrite Equation (3.36) by substituting the obtained inertia matrix, which becomes:
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 ṗ

q̇

ṙ

=


Jz
Γ

0 Jxz
Γ

0 1
Jy

0
Jxz
Γ

0 Jx
Γ



 0 r −q

−r 0 p

q −p 0


 Jx 0 −Jxz

0 Jy 0

−Jxz 0 Jz


 p

q

r



−Ir

 p

q

r

×
 0

0

1

ωΓ +

 l

m

n




=


Jz
Γ

0 Jxz
Γ

0 1
Jy

0
Jxz
Γ

0 Jx
Γ



 Jxz pq+(Jy − Jz)qr

Jxz
(
r2 − p2

)
+(Jz − Jx) pr

(Jx − Jy) pq− Jxzqr

+

 −qIrωΓ

pIrωΓ

0

+

 l

m

n




=

 Γ1 pq−Γ2qr+Γ3l +Γ4n−Γ3qIrωΓ

Γ5 pr−Γ6
(

p2 − r2
)
+ 1

Jy
m+ 1

Jy
pIrωΓ

Γ7 pq−Γ1qr+Γ4l +Γ8n−Γ4qIrωΓ


Γ1 =

Jxz (Jx − Jy + Jz)

Γ

Γ2 =
Jz (Jz − Jy)+ J2

xz

Γ

Γ3 =
Jz

Γ

Γ4 =
Jxz

Γ

Γ5 =
Jz − Jx

Jy

Γ6 =
Jxz

Jy

Γ7 =
(Jx − Jy)Jx + J2

xz

Γ

Γ8 =
Jx

Γ

Γ = JxJz − J2
xz

ωΓ = ω1 −ω2 (3.45)

which ω1 and ω2 are the angular velocity for each motor. Since we do not have access to a

sensor that can measure the RPM of the motors, we convert this equation to the thrust of the

motors:
T1 = bω

2
1

T2 = bω
2
2

ωΓ =
√

T1/b−
√

T2/b

(3.46)

where T is the thrust force [N] , b is the thrust coefficient [N·s2/rad2] calculated in section

(3.6.3), and ω is the propeller angular velocity [rad/s]. Here, to avoid confusion between

formulas, we used the symbol Ir(Jr) for the total moment of inertia of each motor and its

propeller, which is explained in full in section (3.6.4). Now, the torque around the three
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coordinate axes that will be introduced as input to the control system is calculated is given

by:

τB =

 l

m

n

=

 τφ

τθ

τψ

=

 lk
(
−ω2

1 +ω2
2
)

τelevon1 + τelevon2

∑
2
i=1 τMi + τelevon1 − τelevon2

 (3.47)

τB is a torque vector with three components [l, m, n] representing torques around 3 axes.

τelevoni = Fli f ti × ri =
1
2

ρV 2
a SelevonCL(α,δi)× ri (3.48)

while the lift force of each elevon takes the form:

Flift =
1
2

ρV 2
a SCL(α) (3.49)

where τelevoni is the torque generated by elevon i (where i = 1,2), Fli f ti is the lift force of

elevon i, ρ is the air density, Va is the airspeed, Selevon is the elevon surface area, CL(α,δi)

is the lift coefficient as a function of angle of attack α and elevon deflection angle δi, and ri

is the moment arm from elevon i to the center of mass.

3.3.2 Basic formula for lift force coefficient (CL(α))

Formally, there is some angle of orientation such that the airfoil at position y develops no lift.

For airstreams of velocity V oriented at an angle α relative to the liftless angle, the airfoil

will develop some circulation V ·C(y,α); for small α , Taylor expansion approximates that

circulation as V · ∂C/∂α(y,0) ·α . If the airfoil is ideal and has chord c(y), then theory

predicts that

C(y,α) = 2πc(y)sin(α)

but real airfoils may be less efficient (Acheson, 1990) and (Auld and Srinivas, 1995).

Starting with: C(y,α) = 2πc(y)sin(α) we obtain: CL = 2π × sin(α)× cos(α). The trans-

formation happens because:

1. For a flat plate, when we want to find the total lift coefficient (CL) rather than the sec-

tional lift coefficient C(y,α), we need to account for the entire flow field around the plate

2. The additional cos(α) term appears because it accounts for the projection of the force

normal to the plate into the lift direction, ensuring that the total lift force is considered per-

pendicular to the free stream, and the original force on the plate is multiplied by cos(α) to

obtain its vertical (lift) component.
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So the progression is:

1. First equation: local sectional coefficient

2. Second equation: total lift coefficient accounting for flow field and force resolution

For more accurate simulation of rapid changes in angle of attack, we employ a sophisticated

flat-plate model for calculating CL(α). Since we’re not using a specific airfoil profile, this

model provides a reasonable approximation of the lift coefficient behavior.

The lift coefficient is given by:

CL(α) = σ(α) ·2sin2(α)cos(α)sign(α) (3.50)

where:

α is the angle of attack, σ(α) is a stall modulation function sign(α) ensures proper sign

convention for positive and negative angles of attack. The sin2(α)cos(α) term captures the

nonlinear behavior of lift at high angles of attack. where:

σ(α) =
1+ e−M(α−α0)+ eM(α+α0)(

1+ e−M(α−α0)
)(

1+ eM(α+α0)
) (3.51)

The σ(α) function helps model how lift responds to rapidly changing angles of attack

In (3.51), M is a parameter that controls the steepness of the sigmoid curve. It determines

how quickly the function transitions between its minimum and maximum values as the angle

of attack α changes.

The choice of M depends on the specific characteristics of your drone and its control sur-

faces. Here are some considerations:

A larger M value will create a steeper transition, meaning the lift force will change more

abruptly with small changes in the angle of attack. A smaller M value will result in a more

gradual transition, where the lift force changes more smoothly over a wider range of angles

of attack.

M in this equation is known as the Kirchhoff’s separation parameter or flow separation

parameter. It determines how abruptly the flow separation occurs. If we want to categorize:

1. Physical Meaning:

– M controls the sharpness of the transition in the flow separation function σ(α)

– Higher M values ⇒ more sudden/abrupt flow separation

– Lower M values ⇒ more gradual flow separation

2. Effect on σ(α):

– When M = 0: σ(α)≈ 1 (no flow separation)

– As M increases:
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* The transition becomes steeper

* Flow separation occurs more suddenly near α0

* The curve of σ(α) becomes more step-like

3. Typical Values:

– M ≈ 0–5: Very gradual separation (like highly streamlined bodies)

– M ≈ 15–25: Typical for standard flat plates

– M ≈ 40–50: Very abrupt separation (sharp edges)

The M parameter essentially models how quickly the flow detaches from the surface as the

angle of attack increases beyond the critical angle α0. It’s an empirical parameter that needs

to be determined based on experimental data for specific geometries and flow conditions.

Typically, M values range from about 10 to 50, but the exact value should be determined

based on:

a) Wind tunnel tests or computational fluid dynamics (CFD) simulations of your specific

elevon design. b) The desired responsiveness of your control system. c) The operational

range of angles of attack for your drone.

To select an appropriate M value:

We start with a mid-range value in simulation, such as M = 25. Compare the resulting curve

to experimental data or CFD results for your elevon. Adjust M up or down to better match

the actual behavior of your control surface. Iterate this process until we find a value that

provides a good fit for our specific application. Remember that this model is an approxima-

tion, and the best M value will depend on the specific characteristics of our VTOL drone and

its operating conditions. we need to refine this value through testing and validation of our

drone’s performance. Finally, for better understanding, a sigmoid graph is shown in Figure

3.11:
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Figure 3.11: σ(α) versus α

We expand the Equation (3.47) formula and continue with replacing Equation (3.48) on that: τφ

τθ

τψ

=

 c3k(−ω2
1 +ω2

2 )
1
2 ρSelevonc1(V 2

a1σ(δe1)[2sign(δe1)sin2
δe1 cosδe1]+V 2

a2σ(δe2)[2sign(δe2)sin2
δe2 cosδe2])

1
2 ρSelevonc2(V 2

a1σ(δe1)[2sign(δe1)sin2
δe1 cosδe1]−V 2

a2σ(δe2)[2sign(δe2)sin2
δe2 cosδe2])


(3.52)

where c1, c2, and c3 represent the f , l, and d, respectively. Va is the velocity of the airflow

of each motor. For calculating Va we use the total thrust for the electrical brushless motor:

T = ρAV 2
a CT (3.53)

Due to the lack of a speed sensor, we are attempting to eliminate the airflow velocity in this

equation, so we replace Va from Equation (3.53) to Equation (3.52). τφ

τθ

τψ

=


l (T1 −T2)

1
2 Selevonc1

(
T1

CT A σα1

[
2sign(δe1)sin(δe1)

2 cos(δe1)
]
+ T2

CT A σα2

[
2sign(δe2)sin(δe2)

2 cos(δe2)
])

1
2 Selevonc2

(
T1

CT A σα1

[
2sign(δe1)sin(δe1)

2 cos(δe1)
]
− T2

CT A σα2

[
2sign(δe2)sin(δe2)

2 cos(δe2)
])


(3.54)

However, a commonly used range for CT for quadrotor propellers is between 0.05 and 0.12.

and A (Se f f which mentioned in previous part) is area of the propeller:

A = π · (13 cm)2 = 0.0531 m2 (3.55)
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3.4 Drone state-space model

Considering the state variables of the drone system as X = [x1,x2, . . . ,x12]
T , it is described

in the form of the state space Ẋ = f (X ,U) as follows:



x1 = φ , x7 = x

x2 = ẋ1 = φ̇ , x8 = ẋ7 = ẋ

x3 = θ , x9 = y

x4 = ẋ3 = θ̇ , x10 = ẋ9 = ẏ

x5 = ψ, x11 = z

x6 = ẋ5 = ψ̇, x12 = ẋ11 = ż

The dynamic model state-space of the VTOL drone is described in the following form:

ẋ1 = x2

ẋ2 = Γ1x2x4 −Γ2x4x6 +Γ3u2 +Γ4u4 −Γ3x4Jr(

√∣∣∣∣T1

b

∣∣∣∣−
√∣∣∣∣T2

b

∣∣∣∣)
ẋ3 = x4

ẋ4 = Γ5x2x6 −Γ6(x2
2 − x2

6)+
u3

Iyy
+

x2Jr

Iyy
(

√∣∣∣∣T1

b

∣∣∣∣−
√∣∣∣∣T2

b

∣∣∣∣)
ẋ5 = x6

ẋ6 = Γ7x2x4 −Γ1x4x6 +Γ4u2 +Γ8u4 −Γ4x4Jr(

√∣∣∣∣T1

b

∣∣∣∣−
√∣∣∣∣T2

b

∣∣∣∣)
ẋ7 = x8

ẋ8 = ux
u1

m
ẋ9 = x10

ẋ10 = uy
u1

m
ẋ11 = x12

ẋ12 =−g+
(cos(x1)cos(x3))u1

m

Where ux and uy are defined as artificial control input:

ux = (cosx1 sinx3 cosx5 + sinx1 cosx5)

uy = (cosx1 sinx3 sinx5 − sinx1 cosx5)
(3.56)

Jr is the total moment of inertia of each motor and its propeller, which is explained in full

in section (3.6.4).
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3.5 Sliding mode controller simulation and design

strong cross-axis coupling, and control inputs that are highly dependent on aerodynamic ef-

fects. Moreover, key aerodynamic parameters such as lift and thrust coefficients are subject

to uncertainty and cannot be directly measured during operation, which limits the appli-

cability of nonlinear control approaches that rely on accurate model knowledge. Within

the class of nonlinear control methods, Sliding Mode Control (SMC) provides an effective

framework for handling such dynamics, as it does not require exact aerodynamic parameter

identification and maintains a comparatively simple control structure when contrasted with

adaptive or backstepping-based techniques.

3.5.1 Sliding model controller design process

- First step: definition of switching level

S = e = x− xd

- Second step: obtaining equivalent control energy ueq

For a general system of the form ẋ = f (x)+g(x)u, to obtain the equivalent control energy,

we must set the derivative of the switching level equal to zero:

Ṡ = ė = ẋ− ẋd = f (x)+g(x)u− ẋd = 0

ueq = g(x)−1 (ẋd − f (x))

- The third step: obtaining the total control signal u

In order for the controller to be resistant to disturbances, a second component is added to it,

and the new controller will be obtained as follows:

u = uea −d × sign(s) (3.57)

The controller is fully designed, but there is still an unknown in the controller, and that is the

parameter d, to obtain it, the Lyapunov function is used. That is, we consider a Lyapunov

function, which in this method is always a quadratic function:

V (x) =
1
2

S2 (3.58)

The stability of the system requires that the Lyapunov function’s derivative must be nega-

tive. A more desirable Lyapunov function is characterized by a derivative that is negative

definite. This is advantageous because the steeper negative slope causes the system’s inter-

nal energy to decay more rapidly to zero. Thus, a more negative derivative of the Lyapunov
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function leads to better system performance. For practical implementation, rather than sim-

ply requiring the derivative to be negative, we establish a stricter condition by setting it to be

less than some threshold. This threshold will later serve as an adjustable design parameter

in our simulation studies.

V̇ (x) = sṡ ≤−η

sṡ ≤−η |s|

s( f (x)+bu+δ (x)) = s(−dbsign(s)+δ (x))

≤−db|s|+ |sδ (x)|

=−db|s|+ |s||δ (x)|= |s|(−db+ |δ (x)|)≤−η |s|

−db+ k ≤−η → d ≥ η + k
b

(3.59)

where η is a positive number. Therefore, the origin point s = 0 becomes asymptotically

stable if we choose d as above. For the drone case, we define the slide surfaces based on the

error of the system modes:

{
ei = xid − xi

ei+1 = ẋid − xi+1

sϕ = e2 +α1e1 = ẋ1d − x2 +α1 (x1d − x2)

sθ = e4 +α2e3 = ẋ3d − x4 +α2 (x3d − x4)

sψ = e6 +α3e5 = ẋ5d − x6 +α3 (x5d − x6)

sx = e8 +α4e7 = ẋ7d − x8 +α4 (x7d − x8)

sy = e10 +α5e9 = ẋ9d − x10 +α5 (x9d − x10)

sz = e12 +α6e11 = ẋ11d − x12 +α6 (x11d − x12)

We calculate the derivative of the slide surfaces:

ṡϕ = ė2 +α1ė1 = ẍ1d − ẋ2 +α1 (ẋ1d − x2)

=−Γ1x2x4 +Γ2x4x6 −Γ3u2 −Γ4u4 +Γ3x4JrΩ−wϕ + ϕ̈d +α1 (ϕ̇d − x2)

ṡθ = ė4 +α2ė3 = ẍ3d − ẋ4 +α2 (ẋ3d − x4)

=−Γ5x2x6 +Γ6(x2
2 + x2

6)−
u3

Iyy
− x2Jr

Iyy
Ω−wθ + θ̈d +α2

(
θ̇d − x4

)
ṡψ = ė6 +α3ė5 = ẍ5d − ẋ6 +α2 (ẋ5d − x6)

=−Γ7x2x4 +Γ1x4x6 −Γ4u2 −Γ8u4 +Γ4x4JrΩ−wψ +
...
ψ d +α3 (ψ̇d − x6)
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ṡx = ė8 +α4ė7 = ẍ7d − ẋ8 +α4 (ẋ7d − x8)

=−wx −UxU1/m+ ẍd +α4 (ẋd − x8)

ṡy = ė10 +α5ė9 = ẍ9d − ẋ10 +α5 (ẋ9d − x10)

=−wy −UyU1/m+ ÿd +α5 (ẏd − x10)

ṡz = ė12 +α6ė11 = ẍ11d − ẋ12 +α6 (ẋ11d − x12)

= g− (cosx1 cosx3)

m
U1 −wz + z̈d +α6 (żd − x12)

By setting the slide surfaces equal to zero and including the discontinuous robustness terms,

we calculate the control forces:

U1 = m
(cosx1 cosx3)

(−k6 sign(sz)+g−wz + z̈d +α6 (żd − x12))

U2 = 1
Γ3

(
−k1 sign

(
sϕ

)
−Γ1x2x4 +Γ2x4x6 −Γ4u4 +Γ3x4JrΩ−wϕ + ϕ̈d +α1e2

)
U3 = 1

Iyy

(
−k2 sign(sθ )−Γ5x2x6 +Γ6(x2

2 + x2
6)−

x2Jr
Iyy

Ω−wθ + θ̈d +α2e4

)
U4 = 1

b3

(
−k3 sign

(
sψ

)
− x4x2a5 −wψ + ψ̈d +α3 (ψ̇d − x6)

)
Ux = m

U1
(−k4 sign(sx)−wx + ẍd +α4e8)

Uy = m
U1

(−k5 sign(sy)−wy + ÿd +α5e10)

Using Equation (3.46) we can reach to this:

u1 =
m

(cosx1 cosx3)

(
−k6 sign

(
Sz

εT h

)
+g−α6 (0− x12)

)
u2 =

1
Γ3

(
−k1 sign

(
Sϕ

εp

)
−Γ1x2x4 +Γ2x4x6 −Γ4u4 +Γ3x4Jr(

√∣∣∣∣T1

b

∣∣∣∣−
√∣∣∣∣T2

b

∣∣∣∣)+α1(0− x2)

)

u3 =
1
b2

(
−k2 sign

(
Sθ

εq

)
−Γ5x2x6 +Γ6(x2

2 − x2
6)−

1
Iyy

x2Jr(

√∣∣∣∣T1

b

∣∣∣∣−
√∣∣∣∣T2

b

∣∣∣∣)+α2(0− x4)

)

u4 =
1

Γ8

(
−k3 sign

(
Sψ

εr

)
−Γ7x2x4 +Γ1x4x6 −Γ4u2 +Γ4x4Jr(

√∣∣∣∣T1

b

∣∣∣∣−
√∣∣∣∣T2

b

∣∣∣∣)+α3(0− x6)

)
The k’s and α’s gains are obtained through trial and error methods or algorithms such as the

genetic algorithm (PSO). The variables wx,wy,wz,wϕ ,wθ , and wψ represent environmental

disturbances or external perturbations such as wind, atmospheric turbulence, and unmodeled

dynamic effects which can influence the UAV’s motion across different axes and rotational

planes.

In general, to prove the stability of the system, we define the Lyapunov function as follows:

V =
1
2
(
ST

x Sx +ST
y Sy +ST

z Sz +ST
ϕ Sϕ +ST

θ Sθ +ST
ψSψ

)
(3.60)

Computing its time derivative, we obtain:
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V̇ = ST
ϕ Ṡϕ +ST

θ Ṡθ +ST
ψ Ṡψ +ST

x Ṡx +ST
y Ṡy +ST

z Ṡz (3.61)

V̇ = sx

(
−wx −

UxU1

m
+ ẍd +α4(ẋ7d − x8)

)
+ sy

(
−wy −

UyU1

m
+ ÿd +α5(ẋ9d − x10)

)
+ sz

(
g− (cosx1 cosx3)

m
U1 −wz + z̈d +α6(żd − x12)

)
+ sϕ

(
−Γ1x2x4 +Γ2x4x6 −Γ3u2 −Γ4u4 +Γ3x4JrΩ−wϕ + ϕ̈d +α1(ϕ̇d − x2)

)
+ sθ

(
−Γ5x2x6 +Γ6(x2

2 + x2
6)−

u3

Iyy
− x2Jr

Iyy
Ω−wθ + θ̈d +α2(θ̇d − x4)

)
+ sψ

(
−Γ7x2x4 +Γ1x4x6 −Γ4u2 −Γ8u4 +Γ4x4JrΩ−wψ + ψ̈d +α3(ψ̇d − x6)

)

(3.62)

Substituting the obtained expressions for the control signals into the previous equation, we

obtain:

V̇ (s) = sṡ <−kx|sx|− ky|sy|− kz|sz|− kϕ |sϕ |− kθ |sθ |− kψ |sψ | (3.63)

Therefore, one can conclude that V̇ (s) is negative definite, which guarantees the asymptotic

stability of the closed-loop system according to Lyapunov’s direct method.

3.6 Simulation

The Sliding Mode Control (SMC) strategy for the VTOL aircraft system is implemented

and evaluated through multiple simulation stages. The process begins with initialization,

where the program establishes crucial parameters including aerodynamic coefficients, phys-

ical constants (such as g and m), aircraft specifications (like propeller area A and arm length

l), and moment of inertia values (Ixx, Iyy, Izz).

A critical aspect of this simulation is the actuator inversion and linearization process. The

system employs thrust allocation equations T1 =
lu1+u2

2l and T2 =
lu1−u2

2l to convert control

signals into physical thrust commands. Furthermore, the elevon deflection angles are com-

puted through the inverse mapping equations δe1 = l(u3/c1+u4/c2)
AeroCo(lu1+u2)

and δe2 = l(u3/c1−u4/c2)
AeroCo(lu1−u2)

,

which linearize the aerodynamic effects which will be fully addressed in the section 3.6.1

The simulation operates on a fine-grained timeline with ∆t = 0.005 second intervals solving

with Euler method (see appendix A.1). During each time step, the controller calculates slid-

ing surfaces S for all six degrees of freedom: roll (φ ), pitch (θ ), yaw (ψ), and translational

movements in (x,y,z) directions. The system then computes primary control inputs (u1, u2,

u3, u4, ux, uy), which are transformed through the aforementioned mappings as shown in

Figure 3.12.
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Figure 3.12: Hierarchical control architecture for VTOL (Vertical Take-Off and Landing) aircraft,
comprising three cascaded modules: position control, attitude/altitude control, and thrust/elevon
deflection conversion.

The state variables (x1 through x12) are continuously updated using these control inputs,

accounting for complex dynamic interactions between different motion components. The

simulation concludes with visualization through two plot sets: the first displaying Euler

angles and their rates, and the second showing position and velocity data in all three dimen-

sions.

3.6.1 CL approximation

To linearize the equation:

CL(α) = σ(α)
[
2sign(α)sin2

α cosα
]

(3.64)

We apply several steps of simplification and approximation, particularly for small angles of

attack (α).

1. First, consider the σ(α) term. For small angles, we can approximate σ(α)≈ 1, as it’s

typically close to 1 for small α in the sigmoid function.

2. Focus on the term inside the square brackets:

2sign(α)sin2(α)cos(α)

3. For small angles:
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– sign(α)≈ α/|α| (which is just 1 for positive α , -1 for negative α)

– sin(α)≈ α

– cos(α)≈ 1

4. Applying these approximations:

2sign(α)sin2(α)cos(α)≈ 2 ·1 ·α2 ·1 = 2α
2

5. However, α2 is still nonlinear. For very small angles, α2 is much smaller than α , so

we can further approximate this as:

2α
2 ≈ kα

Where k is a constant that can be determined empirically or through more detailed

analysis.

6. Putting this all together, our linearized equation becomes:

CL(α)≈ kα (3.65)

Where k is often referred to as the lift slope or lift curve slope.

This linear approximation is valid for small angles of attack, typically in the range of −15◦

to +15◦ (or about −0.26 to +0.26 radians), depending on the specific airfoil and flight

conditions.

Note that this linearization sacrifices accuracy for simplicity and is most useful for prelim-

inary calculations or control system design. For more accurate results, especially at larger

angles of attack, we would need to use the full nonlinear equation or empirical data.

3.6.2 System Analysis and Linearization

Original Nonlinear System Description
The nonlinear control system is described by two coupled equations:

u3 =
1
2

Selevonc1

(
T1

CT A
σα1 f1(δe1)+

T2

CT A
σα2 f2(δe2)

)
(3.66)

u4 =
1
2

Selevonc2

(
T1

CT A
σα1 f1(δe1)−

T2

CT A
σα2 f2(δe2)

)
(3.67)

where

fk(δek) = 2sign(δek)sin2(δek)cos(δek), k = 1,2 (3.68)
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Nonlinear Function Analysis
The derivative of the nonlinear function fk with respect to δek is:

∂ fk

∂δek
= 2sign(δek)(2sin(δek)cos2(δek)− sin3(δek)) (3.69)

At the equilibrium point δek = 0:

lim
δek→0

∂ fk

∂δek
= 2 (3.70)

The necessity of limit analysis and limit-based evaluation of 3.70 with the one-sided Limits

method is cleared. At the equilibrium point δek = 0, we evaluate:

1. For lim(δek → 0+): Since sign(δek) = +1 (as we approach from the positive side) and as

δek → 0, we have sin(δek)≈ δek, cos(δek)≈ 1, and sin3(δek)≈ δ 3
ek → 0.

Therefore:

lim(δek → 0+)
∂ fk

∂δek
= 2(1)(2(δek)(1)−δ

3
ek)

= 2(2δek −δ
3
ek)

= 2(2δek) [as δ
3
ek → 0 faster than δek]

= 2

lim
δek→0+

∂ fk

∂δek
= 2 (3.71)

2. For lim(δek → 0−): Since sign(δek) = −1 (as we approach from the negative side) and

as δek → 0, we have sin(δek)≈ δek, cos(δek)≈ 1, and sin3(δek)≈ δ 3
ek → 0.

Therefore:

lim(δek → 0−)
∂ fk

∂δek
= 2(−1)(2(δek)(1)−δ

3
ek)

=−2(2δek −δ
3
ek)

=−2(2δek) [as δ
3
ek → 0 faster than δek]

= 2 [since δek is negative]

lim
δek→0−

∂ fk

∂δek
= 2 (3.72)

Since both one-sided limits exist and are equal:

lim
δek→0

∂ fk

∂δek
= 2 (3.73)
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Jacobian Matrix Construction
The Jacobian matrix is defined as:

J =

 ∂u3
∂δe1

∂u3
∂δe2

∂u4
∂δe1

∂u4
∂δe2

 (3.74)

At the equilibrium point (δe1,δe2) = (0,0), the Jacobian becomes:

J =

Selevonc1
T1

CT A σα1 Selevonc1
T2

CT A σα2

Selevonc2
T1

CT A σα1 −Selevonc2
T2

CT A σα2

 (3.75)

Linearized System Representation
The complete linearized system in matrix form is:∆u3

∆u4

= J

∆δe1

∆δe2

 (3.76)

The linearized equations in expanded form are:

∆u3 = Selevonc1

(
T1

CT A
σα1∆δe1 +

T2

CT A
σα2∆δe2

)
(3.77)

∆u4 = Selevonc2

(
T1

CT A
σα1∆δe1 −

T2

CT A
σα2∆δe2

)
(3.78)

The system variables and parameters are defined as:

– State Variables:

∆δe1 = δe1 −δe1,0, ∆δe2 = δe2 −δe2,0 (3.79)

where δe1,0 = δe2,0 = 0 are the equilibrium points

Key considerations for the linearization:

1. Validity Region:

∥∆δek∥≪ 1, k = 1,2 (3.80)

2. System Assumptions:

* Parameters remain constant during operation

* Small angle approximations are valid near equilibrium

* Sign function discontinuity is handled via limits

System Properties
The linearized system exhibits the following properties:

* Coupling between control surfaces through thrust parameters
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* Symmetric structure in control coefficients

* Linear behavior near equilibrium points

Control Design Considerations
For controller design:

* Linear control techniques are valid near equilibrium

* The system is locally controllable if:

det(J) =−S2
elevonc1c2

T1T2σα1σα2

(CT A)2 ̸= 0 (3.81)

* Stability can be analyzed using eigenvalues of J

The following references have been used for the above linearization method: (Slotine

and Li, 1991), (Khalil, 2002), (Isidori, 1995).

The following points must be taken into account in the above linearization process:

* The limit analysis is crucial for handling the sign function discontinuity

* The existence of equal one-sided limits ensures valid linearization

* The method provides rigorous justification for linear control design

* Local behavior near equilibrium is well-approximated

and also these Key Points:

1. The sign function changes value at zero, but the rest of the terms compensate

2. The cubic term (sin³) approaches zero faster than the linear term

3. Both limits equal 2, which means:

* The derivative exists at δek = 0

* The linearization is well-defined

* The system behavior is continuous at the equilibrium point

This explains why your linearized system is well-behaved at the equilibrium point,

despite the presence of the sign function in the original nonlinear system. By the

linearization process above, we can easily obtain the actuators’ commands by inverting

these relationships from the commands or control inputs (u1...u4), which are actually

the equations that make up the block "Conversion thrusts and deflections" in the block

diagram Figure 3.12.

u1 = T1 +T2

u2 = l (T1 −T2)

u3 = AeroCo.c1 (T1 (δe1)+T2 (δe2))

u4 = AeroCo.c2 (T1 (δe1))−T2 (δe2))

Which AreoCo is :

AeroCo =
1
2
· Selevon

CT ·A
(3.82)
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From the first equation:

u1 = T1 +T2 =⇒ T1 = u1 −T2

Substitute this into the second equation:

u2 = l (T1 −T2) = l ((u1 −T2)−T2) = l (u1 −2T2)

=⇒ T2 =
lu1 −u2

2l

Now, substitute ( T2 ) back into the expression for ( T1 ):

T1 = u1 −T2 = u1 −
lu1 −u2

2l
=

lu1 +u2

2l

So, we now have:

T1 =
lu1 +u2

2l
, T2 =

lu1 −u2

2l

let’s substitute the values of ( T1 ) and (T2 ) derived earlier: Recall:

T1 =
lu1 +u2

2l
, T2 =

lu1 −u2

2l

Substitute these into the expressions for (T1δe1 ) and (T2δe2 ).

For ( AeroCo.δe1):

AeroCo.δe1 =

u3
c1
+

u4
c2

2
T1

=

u3
c1
+

u4
c2

2
lu1+u2

2l

=
l
(

u3
c1
+ u4

c2

)
lu1 +u2

For (AeroCo.δe2 ):

AeroCo.δe2 =

u3
c1
− u4

c2
2

T2
=

u3
c1
− u4

c2
2

lu1−u2
2l

=
l
(

u3
c1
− u4

c2

)
lu1 −u2

δe1 =

 l
(

u3
c1
+ u4

c2

)
AeroCo(lu1 +u2)

 (3.83)

δe2 =

 l
(

u3
c1
− u4

c2

)
AeroCo(lu1 +u2)

 (3.84)

3.6.3 Calculating the Thrust Coefficient (b)

1. Convert the thrust of each motor (T1) to Newtons:
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800 g = 0.8 kg

T1 = 0.8×9.81 = 7.848 N

2. Calculate ω1 (angular velocity at max):

·PM = 14.8 V×920KV = 13,616 RPM

· ω1 = 2π × (13,616/60) = 1,425.6 rad/s

where PM stands for Power Motor - it refers to the nominal or maximum rotational

speed of a brushless motor at a given voltage.

3. Use formula T1 = b×ω2
1 to solve for b :

b = 3.862×10−6

3.6.4 Motor and Propeller Total Moment of Inertia Calculation(Jr)

1. Motor Moment of Inertia: We can approximate a brushless motor as a cylinder.

The moment of inertia for a cylinder is:

Jmotor =
1
2
×m× r2 (3.85)

Given: Motor diameter = 22 mm (0.022 m), motor mass = 54 g (0.054 kg), and radius

= 11 mm (0.011 m).

Jmotor =
1
2
×0.054× (0.011)2 (3.86)

Jmotor = 3.267×10−6 kg ·m2 (3.87)

2. Propeller Moment of Inertia: The 9545 indicates: Given: Diameter = 9.5 inches

(0.2413 m), pitch = 4.5 inches, and approximate mass = 12 g (0.012 kg).

Using the thin rod approximation for the propeller:

Jblade =
1
3
×m× (L/2)2 =

1
12

×m×L2 (3.88)

Where L is the propeller diameter
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Jblade =
1

12
×0.012× (0.2413)2 (3.89)

Jblade = 5.828×10−5 kg ·m2 (3.90)

Jprop = 2× Jblade = 1.1656×10−4 kg ·m2 (3.91)

(3.92)

3. Total Moment of Inertia

Jr = Jmotor + Jprop (3.93)

Jr = 3.267×10−6 +1.1656×10−4 (3.94)

Jr = 1.19827×10−4 kg ·m2 (3.95)

3.7 Simulation results

The simulation demonstrates the performance of a sliding mode control system for a

VTOL drone. The results show successful stabilization and position control, as illus-

trated in Figures 3.13 and 3.14.

Figure 3.13: Position Control Results: Shows positions (X , Y , Z) and their corresponding veloci-
ties (u, v, w). The positions stabilize at the desired 2-meter setpoint, while velocities show proper
convergence to steady-state values.
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The position control results demonstrate very good performance characteristics. The

X and Y positions successfully stabilize at the desired 2-meter setpoint, while the Z

position maintains consistent stability at 2 meters. The velocity components (u, v, w)

show well-behaved initial transients before settling to their steady-state values.

Figure 3.14: Attitude Control Results: Displays Euler angles (φ , θ , ψ) and angular rates (p, q, r),
showing convergence to desired orientations with good damping characteristics.

The attitude control results reveal robust performance in maintaining vehicle orienta-

tion. The Euler angles (φ , θ , ψ) consistently converge to near-zero values, indicating

precise attitude control. The angular rates (p, q, r) demonstrate well-damped responses

with minimal oscillation, and the system maintains excellent rotational dynamics sta-

bility throughout the simulation period. The control system effectively manages the

coupling between translational (X , Y , Z) and rotational (φ , θ , ψ) dynamics.

Overall, the sliding mode controller demonstrates robust performance in achieving

both position holding and attitude stabilization, with acceptable transient responses

and steady-state accuracy. The simulation validates the effectiveness of the chosen

control parameters and sliding surface design. The results show that the controller

successfully maintains the desired position (X ,Y,Z) = (2,2,2) meters while keeping

the attitude angles (φ ,θ ,ψ) near zero. As this work progresses, we will surely need to
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update the dynamic equations to include the thread or tether tension dynamic equation

and, if required, modify the controller, which will also alter the dynamic equations,

both rotational and linear dynamic equations, something we were unable to do at the

moment because of time constraints. When a sliding mode controller performs well in

simulations, it validates many crucial aspects of the drone’s overall design. This com-

prehensive validation includes the basic drone architecture, the sizing of its wings and

control surfaces(elevons), the speed capabilities of its servos, the thrust output speci-

fications, the strategic placement of propulsion systems, and the appropriate selection

of motors and propulsion components.

3.8 Concluding remarks

This chapter has presented a detailed analysis and implementation of sliding-mode

control for a VTOL aircraft system. The development process began with a thor-

ough derivation of the dynamic model, incorporating crucial physical parameters such

as wing span, chord length, control surface characteristics, and mass distribution.

Through advanced modeling using SolidWorks, we successfully determined the mo-

ments of inertia parameters and aerodynamic coefficients essential for accurate system

representation.

The dynamic analysis revealed inherent nonlinear characteristics in the state equa-

tions, leading to the selection of sliding-mode control as an optimal strategy. This

choice proved particularly advantageous due to SMC’s robust handling of system un-

certainties and disturbances.

We developed a sophisticated dynamic model incorporating both fixed-wing and VTOL

characteristics, calculated the inertia matrix through detailed 3D modeling in both

FreeCAD and SolidWorks, successfully implemented a sliding-mode controller that

effectively manages the complex coupled dynamics, and produced comprehensive

simulation results demonstrating excellent position and attitude control.

The simulation results validated the effectiveness of our approach, showing stable con-

vergence to desired positions (X, Y, Z = 2m) with minimal steady-state error. We

achieved precise attitude control with well-damped responses in Euler angles, demon-

strated robust performance in the presence of coupling effects between translational

and rotational dynamics, and effectively managed the transition between different

flight modes.

Several notable findings emerged from the control system implementation. The non-

diagonal inertia matrix, particularly the non-zero Jxz terms, significantly influenced

system behavior. The incorporation of aerodynamic effects through detailed lift coef-

ficient modeling enhanced control accuracy, while the sliding surface design success-

fully accommodated both position and attitude control objectives.
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Looking ahead, our research points to several important areas for future development.

The integration of tether dynamics into the control system represents a crucial next

step. Additionally, further optimization of control parameters for different flight con-

ditions and the implementation of adaptive elements to enhance robustness will be

valuable extensions of this work. Experimental validation of the proposed control

scheme will provide essential real-world verification of our theoretical and simulation

results.

In conclusion, the sliding-mode control strategy has demonstrated its effectiveness for

this complex VTOL system. The successful simulation results validate not only the

control approach but also the fundamental design choices in the aircraft’s physical

configuration, including wing sizing, control surface design, actuator specifications,

and propulsion system layout. This comprehensive validation provides a solid foun-

dation for future experimental implementation and system refinement.
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Robust Control

In this section, we introduce the overall control architecture of the autopilot system

developed for the VTOL drone. A series of robust controllers are designed to address

the specific dynamics and operational requirements of the aircraft. To facilitate control

design and analysis, the drone’s motion is decomposed along two principal coordinate

planes commonly referenced in aerospace engineering: the lateral plane (YZ-plane),

aligned with the wingspan and vertical axis, and the longitudinal plane (XZ-plane),

aligned with the fuselage centerline and vertical reference.

4.1 Lateral Plan Control Architecture

To control lateral position, feedback from the tether is utilized. Specifically, the error

in the tether angle—measured by a potentiometer relative to the nominal 90-degree

alignment with the drone—is minimized through a rolling maneuver, as illustrated in

Figures 4.1 and 4.2. These figures also depict the drone’s coordinate axes.

Maintaining tension in the tether is essential for accurate potentiometer readings; if the

tether slackens, the sensor becomes ineffective. This issue is addressed by applying

a 5-degree pitch trim in the direction opposite to the tether, as explained in detail in

Section 4.4.1. The drone naturally tends to drift opposite to the tether’s direction, but

the tether constrains this motion.

Altitude control is achieved using a LiDAR rangefinder, which maintains the initial

altitude upon autopilot activation, as described in Section 4.4.2. Since similar works

have already addressed pitch and altitude control loops in VTOL systems (Verling

et al., 2016), these aspects are not elaborated further in this thesis.

Along the body reference axis aligned with the wings, three control loops are imple-

mented: the roll control loop, the yaw control loop, and the lateral position control

loop along the Y-axis, governed by the tether angle. In the lateral axis, the yaw loop

maintains the initial heading, using the IMU sensor to close the loop with the initial

yaw value. The primary lateral position control loop is structured as a nested loop,

55
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Figure 4.1: Rolling maneuver controls tether angle position.

where the lateral position error is regulated through tether angle feedback. This loop,

in turn, generates the desired value for the inner loop, which is the roll control loop.

This inner loop is closed using the roll angle obtained from the IMU-AHRS sensor.

The outputs of the roll, pitch, yaw, and altitude control loops—interpreted as actua-

tor commands—are transmitted to the actuator block. Within this block, the control

logic is straightforward: when both motors operate in synchrony, they generate thrust

that alters the drone’s altitude. Conversely, differential motor speeds induce a rolling

motion. Similarly, simultaneous deflection of both elevons produces pitch, while op-

posing deflections result in yaw. These control effects are described by the following

expressions:

φc = T1 −T2 (4.1)

hc = T1 +T2 (4.2)

θc = δELEV1 +δELEV2 (4.3)

ψc = δELEV1 −δELEV2 (4.4)

where φc, hc, θc, and ψc represent the Roll-Command, Altitude-Command(Throttle),

Pitch-Command, and Yaw-Command respectively. δELEV1 and δELEV2 denote the de-

flection angles of elevon 1 and elevon 2, while T1 and T2 represent the thrust generated

by motor 1 and motor 2 respectively.

Figure 4.3 presents the block diagrams in which G1, G2, and G3 denote the dynamic

models of the aircraft subsystems. These models will be identified in the following

section, along with the corresponding controllers for each subsystem, which will be

described subsequently.
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Figure 4.2: Precision industrial potentiometer integrated within avionics for thread angle measure-
ment and positional feedback.

Figure 4.3: Diagram of commands and corresponding actuators.

4.2 Testing and System Identification

4.2.1 Testing Methodology

At first, the system is hung from the floor of the lab and flown in the hovering mode,

and a PID controller is tuned using trial and error according to the Ziegler-Nichols
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Figure 4.4: Hanging drone ready for initial test for PID controllers tuning.

method (see Appendix A.2) (Bapst et al., 2015). Subsequently, short-flight exper-

iments are conducted in the laboratory, and data is extracted as shown in Figure

4.4-4.5. The system is then identified based on this data, and nominal and uncer-

tain model parameters are extracted. The main controller is designed for these mod-

els. Following that, several flight tests are performed in an open space, and the

controllers are finalized and tuned. Initially, GPS signals and linear velocities ex-

tracted from the GPS module are used to provide additional stability to the system

through external loops as illustrated in Figure 4.6. Then, a tether feedback system

is added in the indoor laboratory environment, and final tests are conducted to con-

trol lateral and longitudinal stability. The main controller utilizes a robust control

approach, and its design involves a combination of sensitivity synthesis and H2/H∞

methods as depicted in Figure 4.7. To watch the test footage click this link: https:

//www.youtube.com/watch?v=hCvIrhaIQRc&t=13s.

https://www.youtube.com/watch?v=hCvIrhaIQRc&t=13s
https://www.youtube.com/watch?v=hCvIrhaIQRc&t=13s
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Figure 4.5: Initial laboratory efforts for limited flights and controller tuning.

Figure 4.6: Open area flight test using GPS.
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Table 4.1: Categories of Systems for Identification

Input Output Transfer Function

Yaw Command Yaw G1
Roll Command Roll G2

Roll Tether Angle G3

Figure 4.7: Indoor flight test with tether feedback fully automatic flight.

4.2.2 System Identification

System identification is performed using real input-output data from the drone across

3 data categories, as shown in Table 4.1. The gathered flight data is partitioned into 10

pairs, and system identification is conducted separately for each pair. For each input-

output pair, a nominal system is derived, and an uncertainty profile is obtained. The

nominal model is selected based on the least uncertainty, particularly at low frequen-

cies. The identification process follows the Box-Jenkins method.

In the next parts with the information of nominal model and multiplicative uncertainty

profile, robust controller is designed for each system.

Yaw command-yaw system: In the first system the yaw command is input and yaw

is output. The identified systems’ bode diagrams are plotted in Figure 4.8. From the
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data, a nominal system is obtained, which is described in (4.45).

Roll command-roll system: In the second system with roll command-roll as input-

output, the identified systems’ bode diagrams are plotted in Figure 4.9. Nominal sys-

tem is achieved as Equation (4.6).

Roll Tether-Angle: The last input-output category is the Roll Tether-Angle. The

identified systems’ bode diagrams of this case are plotted in Figure 4.10 and nominal

model is shown in Equation (4.7).

Figure 4.8: Bode diagrams showing magnitude and phase responses of ten candidates G1 transfer
functions, from which the final model is selected for system identification.
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Figure 4.9: Bode diagrams showing magnitude and phase responses of ten candidates G2 transfer
functions, from which the final model is selected for system identification.
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Figure 4.10: Bode diagrams showing magnitude and phase responses of ten candidates G3 transfer
functions, from which the final model is selected for system identification.

G1(s) =
0.07344s4 +2.411s3 +3186s2 +5.632×104s+1.948×106

s4 +21.08s3 +5.289×104s2 +6.193×105s+1.912×106 (4.5)

G2(s) =
0.0317s4 +0.2434s3 +1870s2 +2.788×104s+2.719×106

s4 +9.859s3 +5.091×104s2 +3.822×105s+2.094×106 (4.6)

G3(s) =
3.03s5 +2423s4 +2.6×105s3 +1.8×108s2 +6.08×108s+1.57×109

s5 +279s4 +1.338×105s3 +2.06×107s2 +1.633×109s+1.7×109 (4.7)

4.3 Robust Control Design

4.3.1 Uncertainty Profile Modeling

In the multiplicative uncertainty framework using Linear Fractional Transformation

(LFT), we express the perturbed plant model p as p = p0(1+WT ∆) following the

same notation as presented in (Matušů et al., 2017). In each system, the uncertainty

profile W is obtained so that the following holds:∣∣∣∣ p
p0

−1
∣∣∣∣≤WT (4.8)

where p is the set of plants, and p0 is the nominal plant and ∆ presents uncertainty

itself, where ∥∆∥∞ ≤ 1 as shown in Figure 4.11.
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Figure 4.11: Multiplicative uncertainty LFT block.

The bode diagram of obtained profiles are plotted in Figure 4.12-4.14.

One should choose the uncertainty profile limit such that it covers the worst case of

uncertainty. In each figure it is plotted in dashed blue. These limits are shown in

Equation (4.9-4.11).
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Figure 4.12: Bode diagram of uncertainty profile for system G1.

Figure 4.13: Bode diagram of uncertainty profile for system G2.
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Figure 4.14: Bode diagram of uncertainty profile for system G3.

WT1(s) = 6
(

s+1.9
s+14

)
(4.9)

WT2(s) = 110
(

s+0.7
s+77

)
, (4.10)

WT3(s) = 65
(

s+1.8
s+100

)
(4.11)

As illustrated in all figures the considered WT cover almost all uncertainties of the

system.

4.3.2 Mixed Sensitivity H∞ Controller Design

In this section, a robust controller is designed for each system, considering mixed

sensitivity.
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Figure 4.15: Block diagram of weights function of LFT in mixed sensitivity scenario.

Figure 4.15 illustrates the block diagram of a control system designed using H∞

mixed-sensitivity optimization. The diagram outlines the full control architecture, with

the main system enclosed within a dashed box. Key components include the plant G,

representing the system to be controlled, and the controller K, which is to be designed.

Three weighting functions Ws, Wu, and WT are incorporated to shape the system’s sen-

sitivity, control effort, and robustness characteristics, respectively. The signal flow

demonstrates how external disturbances w and control inputs u are processed through

the system. These inputs are combined at a summation point and propagated through

the plant and weighting functions. A feedback loop through the controller K ensures

system stability and desired performance.

The design objective here is to solve a mixed-sensitivity synthesis problem, where the

goal is to optimize the controller K for robust performance. This means the controller

should maintain good performance even when the system faces uncertainties or dis-

turbances. The weighting functions play a crucial role in shaping the system response

and balancing different control objectives.

At the bottom of the diagram, there’s a MATLAB implementation note showing how

this design can be practically realized using the mixsyn function, which solves for

the optimal controller. The state-space matrices of the resulting controller are then

extracted for implementation (Taghirad et al., 2021).

The controller design criteria include achieving overshoot less than 15% and settling

time less than 1 s. Consequently, the desired system is represented by Tid = 81
s2+9s+81

and sensitivity function becomes Sid = 1−Tid = s(s+9)
s2+9s+81 , finally Ws for all 3 systems

is defined in Equation (4.12)-(4.14).
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Ws1 = 0.3
s2 +9s+81

(s+0.001)(s+9)(0.001s+1)
(4.12)

Ws2 = 0.2
s2 +9s+81

(s+0.001)(s+9)(0.001s+1)
(4.13)

Ws3 = 0.2
s2 +9s+81

(s+0.001)(s+9)(0.001s+1)
(4.14)

Assuming Wu = 1, in the context of mixed sensitivity problems, the goal is to adjust

the transfer functions of uncertainties to achieve the following:

γopt = min

∥∥∥∥∥∥∥
WT T

WsS

WuU

∥∥∥∥∥∥∥
∞

≤ 1 (4.15)

Graphs illustrating the design parameters for all systems are presented in Figure 4.16-

4.18. In these figures, γopt is represented as sigma. It is evident that Equation (4.15)

is valid across all scenarios. The corresponding Equation (4.15) values for the three

systems are: γopt−1 = 1.12,γopt−2 = 0.93,γopt−3 = 1.19.

Figure 4.16: Design parameters of G1 for H∞ in mixed sensitivity scenario.
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Figure 4.17: Design parameters of G2 for H∞ in mixed sensitivity scenario.

Figure 4.18: Design parameters of G3 for H∞ in mixed sensitivity scenario.
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4.3.3 Controller Design with H2/H∞ Method

Take into account all nominal systems G1,G2,G3 and WT ,WS and WU , as previously de-

rived. According to (Doyle et al., 1988), the robust controller is formulated to achieve:

min
γopt

∥∥∥∥∥ WsS

WT T

∥∥∥∥∥
∞

< 1 ,∥Wuu∥
∞
< 1 (4.16)

Design parameters for all systems are plotted in Figure 4.19-4.21. It is clear that in all

cases, inequalities (4.16) hold. All systems are robustly stable. The γ related to the

second norm of all three systems are equal to 1 and γ related to the infinity norm of

G1,G2, and G3 are 1.0956,1.1092, and 1.1956 respectively.

Figure 4.19: Design parameters of G1 for H2/H∞ scenario.



4.3 Robust Control Design 71

Figure 4.20: Design parameters of G2 for H2/H∞ scenario.

Figure 4.21: Design parameters of G3 for H2/H∞ scenario.
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The values of γ are suitable for engineering work. Each of the six controllers exhibits a

suitable step response without overshooting and with a settling time of approximately

two second, slightly more. As an example, one of them is illustrated in Figure 4.22.

The outcomes of implementation on the autopilot are depicted in Figure 4.23. As ob-

served, the tether angle has been maintained around 0 degrees, which is our desired

value. To achieve this, the drone has rolled maximally at ±5 degrees. This rolling

action is necessary due to the disturbance caused by the ground effect when flying at

low altitudes, and the controller has effectively mitigated this disturbance. Addition-

ally, due to the coupling between roll and yaw angles, there is a disturbance in the yaw

angle. Nevertheless, this loop performed well and preserved the initial yaw angle or

heading, which was proportionally set to zero.

Figure 4.22: Step response of G2 for H2/H∞ controller.
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Figure 4.23: Controller implementation on a real autopilot.

4.3.4 Controller Design with µ synthesis Method

4.3.4.1 Controller Design Based on Structured Singular Value

The work in (Packard and Doyle, 1993) is foundational for the definition of the struc-

tured singular value (µ), while (Zhou et al., 1996) offers an in-depth treatment of both

the theoretical framework and practical implementation. Additionally, (Dullerud and

Paganini, 2000) provides a more modern perspective on Linear Fractional Transfor-

mations (LFTs) and their connection to µ-synthesis. the structured singular value for

matrix N with respect to block ∆ is defined as:

µ∆(N) =
1

min{σ(∆),det(I −N∆) = 0}
(4.17)

Then, the matrix N for a dynamic system with standard structure, as shown in Fig-

ure 4.24, is developed and the corresponding relationship for matrix transformation is
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extracted using LFT transformation as follows:

N = Tzu = Fl(M,K) = M11 +M12K(I −M22K)−1M21 (4.18)

Figure 4.24: ∆−M−K Standard Representation.

Considering the separation of control system and uncertainty system, Figure 4.24

shows the LFT transformation with details again for input set (p,u,w) and output

set (q,y,z).

Using an important result obtained from small gain theorems (Zhou et al., 1996)(Chap-

ter 9 ), it has been shown that to achieve robust performance, it is sufficient that

µ∆(N) < 1. Also, with the assumption of internal stability condition N, it was deter-

mined that µ∆(N) < 1 is a necessary condition in which ∆ block represents the struc-

tural combination of system uncertainty block and performance uncertainty block.

In practice, since the exact calculation of structured singular value is not analytically

possible, the following relationship is used:

ρ(N)≤ µ(N)≤ σ̄(N) (4.19)

Also, considering this inequality, the following relationship is used to calculate singu-

lar values in practical applications:

µ∆(N)≤ inf
D
∥σ̄(DND−1)∥ (4.20)

where matrix D has a structure that follows the set of uncertainty parameters ∆, ac-

cording to the definition of all components:
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∆ = diag[δ1Ir1, · · · ,δSIrS,∆1, · · · ,∆F ] δi ∈C,∆i ∈Cmi×mi (4.21)

4.3.4.2 µ Synthesis Problem Definition

Considering the system structure shown in Figure 4.24, for designing a robust optimal

controller using upper LFT transformation, the synthesis problem with uncertainty

block is expressed as:

∥∥∥Fu(M,∆),∆ ∈ ∆,max
ω

∥∆(ω)∥ ≤ 1
∥∥∥ (4.22)

where ∆ is a subset of uncertainty block parameters that are ultimately smaller than

one. The design goal is to find a stabilizing controller K such that the closed-loop

system transfer function is minimized. This goal can be achieved using lower LFT

transformation with the above set and can be rewritten as:

min
K

∥∥Fl(M,∆),K∥∥< 1 (4.23)

This expression is equivalent to saying that with norm ∥∥Fzw∥∥∞ < 1, if the given con-

troller is used, the above condition can be calculated using structured singular value:

max
ω

µ∆(Fl(M,K)( jω))< 1 (4.24)

Thus, the goal of the designed controller in µ synthesis is to determine a stabilizing

controller that minimizes µ∆(Fl(M,K)) on Fl(M,K). This minimization problem can

be expressed as:

min
K

[max
ω

µ∆(Fl(M,K)( jω))]< 1 (4.25)

Note that in simplifying equation (4.23), you can use:

Fl(Fu(M,∆),K) = Fu(Fl(M,K),∆) (4.26)

4.3.4.3 Solution Approach for µ Synthesis

If an appropriate controller is designed, it becomes possible to evaluate the upper

bound of the structured singular value (µ) across a range of frequencies. Since µ

varies with frequency, minimizing its peak value is a key objective in robust control

design. To ensure satisfactory performance and robustness, it is essential to examine

the behavior of µ over the entire frequency spectrum of interest.

The structured singular value evaluation at different frequencies can be performed in

two ways. The first method is to use the approach discussed in the previous chapter:
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after designing optimal controllers, one can directly obtain the frequency distribution

of this function. This work is traditionally done by control designers and engineer-

ing experience has shown that the direct effect on increasing system robustness and

reducing the structured singular value can be experienced naturally.

In another approach, one can use an innovation that takes advantage of matrix D in

Equation (4.20) to calculate Equation (4.24), which provides Equation (4.20) that can

systematically obtain the frequency distribution of structured singular value. The pro-

cess can be performed by the controller H∞ which introduces a regression relative to its

optimization. It’s possible to evaluate the frequency distribution of structured singular

value by transfer function D. After constructing and evaluating the results, this can be

achieved using Equation (4.20) to modify the synthesis problem as follows:

min
K,D

max µ∆(DFl(M,K)D−1( jω))< 1 (4.27)

In this problem, both transfer functions D and K can be changed completely, and the

optimal piece can be determined through appropriate scaling. The rest of the optimal

controller design based on this solution approach is introduced as the D−K iteration

method.

4.3.4.4 Controller Design Using D-K Method

This process follows these steps as shown in Figure 4.25:

1. Start with initial D, typically D is taken as the identity matrix:

D = I (4.28)

2. Step k: Having fixed D, solve the following optimization problem to find controller

K:

K = inf
K(∆)

∥DFl(M,K)D−1∥∞ = inf
K(∆)

∥DND−1∥∞ (4.29)

3. Step k: Having fixed K, find the scaling matrix D to minimize the cost function at

each frequency:

D( jω) = inf
D

σ [DFl(M,K)D−1] = inf
D

σ [DND−1] (4.30)

4. Through rational approximation, fit D( jω) with a stable, minimum-phase transfer

function with reasonable order. If the cost function at step 3 converged to 1, solve the

problem; otherwise, return to step 2.
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Figure 4.25: D-K iteration method algorithm for controller design.

It should be noted here that the D − K method has a unique feature in that while

holding D constant in each stage, there is no guarantee in calculating the minimum

point, but practical experience has shown that this method works well and provides

suitable responses according to the robust performance criterion. It should also be

noted that finding the controller depends heavily on the initial guess of D, and this is

why the process is repeated several times until the controller response improves. Due

to the fact that in each optimal controller stage, the order of the controller increases for

system order n, the order D will inevitably lead to an increase in the controller order.

This issue will be explained in detail in this section.

4.3.4.5 dksyn Command

Considering the iterative and complex calculations of the D-K algorithm, the dksyn

command can be used in suitable software. The general format of this command is:

[K,clp,bnd,dkinfo] = dksyn(p,nmeas,ncont,opt)

In this command, the input model must be in ss format with uncertainty, and the

uncertainty factors must be included. The variable nmeas includes the number of

measurement inputs, and ncont specifies the number of control inputs. The opt

variable is also set through dksynOptions. In the command outputs, the dksyn

variable includes the designed controller according to the shape of the state space by

the D-K algorithm method.
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4.3.4.6 Controller Design Using D-K Method For G2

The roll control channel (G2) is now more sensitive and complicated than the other

channels in the lateral axis channels. As stated above, we use the D-K iteration ap-

proach, which is depicted in the Figure 4.26, to build a controller for the G2 sys-

tem.Additionally, we will not be designing the controller type for G1 to keep things

brief.

Figure 4.26: Output of the Matlab software related to the D-K Iteration method
for the controller designed for the G2 system.

Figure 4.27: Robust Performance µ plots comparing original and reduced-order controllers for
G2.

In Figure 4.28, the step response in the design of the µ controller and the reduced

controller are compared and are almost identical to each other and finally, you can see

the comparison of the step response of each of them in the Figure 4.28 which shows

that they both have an appropriate settling time, without overshooting as well.
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Figure 4.28: Step response comparison of G2 system between the µ Synthesis controller and its
reduced-order version.

Figure 4.29: Robust stability µ analysis comparing H∞, H2/H∞ and reduced µ controllers.

The µ analysis plot 4.29 provides critical insights into the robust stability characteris-

tics of three control strategies across the frequency spectrum. At low frequencies up
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to approximately 100 rad/sec, all three controllers maintain a consistent upper/lower

bound of 1.0, indicating similar nominal performance.

The mid-frequency range reveals distinct behavioral patterns, with the reduced µ con-

troller exhibiting the highest peak of approximately 1.6 around 101 rad/sec, while both

H∞ and H2/H∞ controllers show more moderate peaks of about 1.4. This suggests

that the reduced µ controller may be more sensitive to uncertainties in this frequency

range.

In the higher frequency region beyond 102 rad/sec, significant differences emerge in

the controllers’ roll-off characteristics. The H∞ controller demonstrates a more grad-

ual descent, extending its influence to higher frequencies, while both the H2/H∞ and

reduced µ controllers show steeper roll-off rates. The H2/H∞ controller notably ex-

hibits a sharp notch around 102 rad/sec before its final descent.

These characteristics suggest that while all three controllers maintain robust stability,

they offer different trade-offs between performance and robustness. The H∞ controller

provides more consistent behavior at high frequencies but with slower roll-off, while

the reduced µ and H2/H∞ controllers offer more aggressive attenuation at high fre-

quencies at the cost of potentially higher sensitivity in the mid-frequency range. This

analysis provides valuable guidance for controller selection based on specific applica-

tion requirements and uncertainty considerations.

Figure 4.30: Bode diagram comparison of H∞, H2/H∞ and µ synthesis controllers.

The Bode diagram in Figure 4.30 presents a comparative frequency response analysis

of three different control strategies: H∞, H2/H∞, and reduced µ synthesis controllers.
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The analysis reveals important characteristics across the frequency spectrum.

In the low-frequency range below 10−2 rad/s, all three controllers demonstrate similar

behavior with a magnitude of approximately 60 dB, confirming effective steady-state

tracking performance. Through the mid-frequency region from 10−2 to 100 rad/s, the

controllers maintain nearly identical responses, exhibiting a consistent slope of about

-20 dB/decade, which indicates comparable capabilities in disturbance rejection.

A significant resonance peak emerges around 3 rad/s for all controllers, though with

subtle variations in magnitude, reflecting their distinct approaches to managing system

dynamics at this critical frequency. The most pronounced differences become apparent

in the high-frequency region above 102 rad/s, where the H∞ controller shows reduced

roll-off compared to its counterparts. Both the H2/H∞ and reduced µ controllers

demonstrate more aggressive attenuation in this range, with the reduced µ synthesis

controller closely mirroring the H2/H∞ response characteristics.

The frequency response analysis ultimately reveals that while all controllers achieve

comparable performance objectives at low and mid frequencies, the reduced µ syn-

thesis and H2/H∞ controllers potentially offer superior noise rejection and robustness

characteristics at higher frequencies compared to the traditional H∞ controller. This

comprehensive comparison provides valuable insights for controller selection based

on specific application requirements and desired performance characteristics across

the frequency spectrum.

4.3.4.7 Controller Design Using D-K Method For G3

This part presents the analysis of a robust controller design using the D-K iteration

method for system G3. The design process involves iterative optimization of the con-

troller order and D-scales to achieve robust performance while maintaining stability

margins.

Figure 4.31: D-K Iteration summary for G3 system showing convergence over 5 iterations.

The D-K iteration procedure, as shown in Figure 4.31, converged after 5 iterations.

The controller order started at 9 and stabilized at 11 from the third iteration onwards,
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while the introduction of D-scales occurred in iteration 3, with a total D-scale order

of 2 maintained through the final iterations. The achieved γ value decreased from

2.395 to a final value of 1.606, with the peak µ-value following a similar convergence

pattern.

Figure 4.32: Robust Performance µ plots comparing original and reduced-order controllers for
G3.

The robust performance µ plots in Figure 4.32 demonstrate the effectiveness of the

controller design. The original and reduced-order controllers maintain similar perfor-

mance characteristics up to approximately 100 rad/sec, where some deviation becomes

apparent. Both controllers achieve a steady-state µ value of approximately 1.6, with

good performance in the low-frequency range below 100 rad/sec and proper roll-off

characteristics at high frequencies.

The step response comparison in Figure 4.33 reveals excellent tracking performance

with a rise time of approximately 0.5 seconds and minimal overshoot of less than 1%.

The system achieves a settling time of approximately 2 seconds with no steady-state

error. Particularly noteworthy is the identical performance between the original and

reduced-order controllers in the time domain, suggesting successful controller reduc-

tion without performance degradation.

The Bode diagram comparison in Figure 4.34 between the original (kµ ) and reduced

controllers reveals matching frequency response characteristics up to approximately

100 rad/s. Both controllers exhibit similar low-frequency gain characteristics of ap-

proximately 70 dB. Some deviation in the high-frequency response becomes apparent
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Figure 4.33: Step response comparison between original and reduced-order controllers for G3
system.

Figure 4.34: Bode diagram comparing frequency responses of original and reduced-order con-
trollers.
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above 1000 rad/s, with a notable resonant peak around 100 rad/s in the reduced con-

troller. The magnitude plot shows appropriate roll-off at high frequencies, ensuring

good noise rejection properties.

The D-K iteration process has successfully produced a robust controller that meets

the design objectives. The process achieved convergence in 5 iterations with a final γ

value of 1.606. The resulting controller maintains an order of 11 with a D-scale order

of 2, demonstrating excellent time-domain performance and robust stability across the

frequency range of interest. The reduced-order controller maintains nearly identical

performance to the full-order controller in both time and frequency domains up to the

critical frequency range, making it a viable option for practical implementation. The

overall results indicate a successful robust control design that balances performance

requirements with implementation constraints.

4.4 Longitudinal plan control architecture

This section presents the synthesis of the longitudinal flight control system operating

in the X-Z plane. The control architecture comprises two primary coupled control

loops: pitch attitude ( regulation and altitude control, operating simultaneously).

4.4.1 Pitch control loop

The pitch control loop for VTOL drones is the most complicated control loop. Similar

to the latheral loops, we first attempted to directly control the pitch angle and get

actual flight data, but the outcomes were not as encouraging as we had hoped. As

before, among the 10 identified systems, we choose the one that has better relations in

terms of poles and zeros.

Pitch Pitch-Command: The input-output category is the Pitch Pitch-Command. The

identified systems’ bode diagrams of this case is plotted in Figure 4.35 and nominal

model is shown in Equation (4.31).

G(s) =
0.0824s4 +2.56s3 +4202s2 +5.394×104s−1.534×106

s4 +4.179s3 +5.014×104s2 +6.985×104s+7.155×104 (4.31)

The plot corresponding to the zero and pole of this system is shown below in Figure

4.36:
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Figure 4.35: Bode diagram of an identified system for pitch loop.

Figure 4.36: pole-zero plot of nominal model pitch loop identified system.

The pole-zero map shows 4 zeros (at -25, ±220j, and +15) and 3 poles (at origin and

±220j). The presence of a zero in the right half-plane at +15 indicates this is a non-

minimum phase system, while the pole at origin suggests an integrator behavior. The
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control is complicated primarily due to the non-minimum phase characteristic, which

introduces an initial inverse response (wrong-way response) before the system moves

in the desired direction. This means when you try to control the system to go up, it will

first briefly go down before moving up. This fundamental limitation makes the control

design challenging because you can’t achieve both fast response and good tracking

simultaneously - you must trade off between them. The high-frequency complex con-

jugate pairs of poles and zeros around ±220j also suggest potential oscillatory behavior

at those frequencies, which could require careful compensation in the control design.

Figure 4.37: Bode diagram of uncertainty profile for pitch loop identified system.

The large maximum amplitude of the uncertainty as it can be seen in Figure 4.37

makes it challenging to derive an appropriate transfer function. Even if such a transfer

function could be obtained, the resulting controller would fail to meet the minimum

desired robust design specifications.

4.4.1.1 Controlling the pitch angle with nested loops

In the field of aerospace control systems, particularly in aircraft autopilot design,

achieving precise and stable attitude control presents unique challenges due to the

complex aerodynamic interactions and inherent system dynamics. While it might

seem intuitive to directly control an aircraft’s attitude angles (pitch, roll, and yaw),

this approach often proves suboptimal in practice. Instead, aerospace engineers have

developed a more sophisticated control strategy using cascaded loops.
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The fundamental principle behind this approach stems from the aircraft’s natural dy-

namics and the availability of high-quality gyroscopic sensors. Rather than attempting

to control the aircraft’s attitude angles directly, modern autopilot systems employ a hi-

erarchical control structure where the faster inner loop manages angular velocity using

gyroscopic feedback, while the slower outer loop maintains the desired attitude angle.

This architecture, known as cascade control, takes advantage of the natural damping

properties of rate feedback and the precise measurements available from modern gyro-

scopes (Blakelock, 1991). Similarly, we employed a cascaded control structure where

the pitch rate controller (q) was designed as the inner loop, followed by the pitch angle

controller (θ ) as the outer loop.

Pitch-Rate Pitch-Command: The input-output category is the Pitch-Rate Pitch-Command.

The identified systems’ bode diagrams of this case are plotted in Figure 4.38 and nom-

inal model is shown in Equation (4.32).

P0 =
2.586s4 +5.902s3 +4.91×104s2 +2.044×104s+3.224×106

s4 +5.113s3 +1.903×104s2 +4.658×104s+1.651×106 (4.32)

Figure 4.38: Bode diagram of pitch-rate loop identified systems.

Uncertainty Profile Modeling
We apply the Equation (4.8) and find the uncertainty weighting function(4.33), and

this limitation can cover all the uncertainty as revealed in Figure 4.39:
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Figure 4.39: Bode diagram of uncertainty profile for pitch-rate loop identified system.

WT =
50s+40
s+25

(4.33)

4.4.1.2 Mixed Sensitivity Controller Design for Pitch Rate Control Loop

Now with the identified nominal system and uncertainty profile waiting function, we

can design H∞ mixed sensitivity controller as before for the pitch rate interior Loop

as a damping Loop:
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Figure 4.40: Design parameters of P0 for H∞ in mixed sensitivity scenario.

As can be seen in Figure 4.41, we could not reach the desired γopt(σmax), which is

should be below one, but we are close to it (γopt = 1.9) and this result is acceptable

as an internal damping loop. For the inner loop of pitch rate control, we has tested

another control method to see if we can achieve better robust stability results.

4.4.1.3 Controller Design with µ synthesis Method

To enhance both robust performance and robust stability while achieving improved

response time, we implement a µ-synthesis controller design approach. This design

methodology offers systematic handling of multiple control objectives and uncertainty

requirements.
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Figure 4.41: Design parameters of P0 (pitch rate control loop) in µ synthesis scenario.

The Figure 4.41 shows two nearly identical plots comparing the performance of the

original and reduced-order controllers. While the original controller is in the 11th

order, making it impractical to implement, we successfully reduced its complexity to

a 5th order controller using the ’minreal’ command without significantly impacting

performance. However, the optimal gamma value obtained (γopt = 2.5) is higher than

the previously designed H-infinity controller, which achieved γopt = 1.9, indicating the

H-infinity controller’s superior robustness. Figure 4.42 illustrates the step response for

the pitch rate control loop, showing rapid and well-behaved system dynamics with

appropriate settling characteristics.
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Figure 4.42: Step response in µ synthesis scenario

Figure 4.43 presents the DK-iteration command output for the controller synthesis pro-

cess. The results demonstrate progressive improvement over five iterations, where the

peak µ-value was successfully reduced from 3.439 to 2.443. Initially, the controller

maintained an 8th order structure for the first two iterations, then increased to 10th

order with the introduction of D-scales (order 2) from iteration 3 onwards. The con-

vergence behavior is evident as both the achieved γ and peak µ-value show consistent

reduction, particularly significant in the early iterations, before stabilizing around 2.44

by the fourth iteration.

Figure 4.43: DK-iteration results showing the convergence of controller syn-
thesis over five iterations.

The Bode diagrams (Figure 4.44 and Figure 4.45)provide a comparative analysis be-

tween H∞ (shown in the first figure) and µ-synthesis control designs for the same plant.

Both controllers demonstrate similar general characteristics across the frequency range
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of 10−4 to 104 rad/s, with high gain at low frequencies around 50 dB. However, ex-

amining the resonant peak behavior near 10 rad/s reveals subtle differences in how

each control strategy handles system dynamics. The µ-synthesis approach, shown

with both its original and reduced-order implementations, maintains consistent perfor-

mance while specifically addressing structured uncertainties in the system. The similar

frequency response patterns suggest that both H∞ and µ-synthesis achieve comparable

closed-loop performance, though the µ-synthesis offers additional robustness guaran-

tees through its explicit treatment of structured uncertainties. The successful reduction

of the µ-synthesis controller preserves these essential characteristics while providing

a more practical implementation structure(with Matlab minreal command).

Figure 4.44: Frequency response of the controller designed in the H∞ scenario.
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Figure 4.45: Frequency Response of the Controller Designed in the µ-synthesis Scenario.

4.4.1.4 Design of H∞ Controller for Outer Loop Pitch Angle Control Based on
Cascade Structure

After establishing the internal pitch rate loop, we proceed to design the outer pitch

angle control loop. This cascade structure introduces important considerations for un-

certainty modeling and controller synthesis. The uncertainty profile for the outer loop

differs fundamentally from the inner loop - instead of using the original uncertainty

model, we employ a modified version where the weighted function is attenuated, typ-

ically to one-tenth of the original WT . This reduction reflects the improved robustness

achieved through the inner loop control.

The plant structure for the outer loop incorporates two key elements: first, the closed-

loop dynamics of the previously designed pitch rate control system, and second, the

inherent integration relationship between pitch rate and pitch angle. Figure 4.46 re-

veals the control block diagram. This relationship is represented mathematically as

the angular position being the time integral of angular velocity around the pitch axis.

Therefore, the complete outer loop plant transfer function is constructed by cascad-

ing the closed-loop inner loop transfer function with an integrator (1/s) as shown in

Equation (4.34).

For this augmented plant model shown in Equation (4.35), we synthesize a new H∞

controller(controller 2). The control design objectives for the outer loop typically em-

phasize precise attitude tracking, disturbance attenuation, and maintaining robustness

under parameter variations and external disturbances.
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As previously explained, the weighted sensitivity function WS is shaped to ensure good

command tracking and disturbance rejection at low frequencies, while the complemen-

tary sensitivity function WT maintains robust stability against the reduced uncertainty

profile. The control sensitivity weight WU is adjusted to prevent excessive control

action that might saturate the inner loop.

This cascade structure offers several advantages: the inner loop provides fast distur-

bance rejection for pitch rate variations, while the outer loop maintains accurate pitch

angle tracking. The separation of control objectives between the two loops allows for

more refined tuning of the overall system performance.

The resulting controller achieves robust performance while respecting the dynamic

limitations imposed by the inner loop. The reduced uncertainty profile in the outer

loop design reflects the stabilizing effect of the inner loop, allowing for potentially

more aggressive control action in the outer loop without compromising overall system

stability.

Figure 4.46: Nested control loop structure showing the hierarchical arrangement of the pitch con-
troller system.

G2out =
1
s

(4.34)

GT =
k1P0G2out

1+ k1P0
(4.35)

Where k1(controller 1) was a controller designed in the section(4.4.1.2).
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Figure 4.47: Design parameters of the pitch controller loop in the H∞ scenario.

Figure 4.47 illustrates the mixed sensitivity functions and their relationships with per-

formance weights. The plot shows four key elements: σmax (maximum singular value),

weighted sensitivity function (WsS), weighted control sensitivity (WuU), and com-

plementary sensitivity (WT). The crossover between WsS and WuU occurs around 1

rad/s, indicating the trade-off between performance and robustness. The WsS func-

tion demonstrates good disturbance rejection at low frequencies, while WuU ensures

control effort limitation at high frequencies. The maximum singular value (σmax) re-

mains below 1 across all frequencies, confirming that the robust performance criteria

are satisfied.
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Figure 4.48: Step response of pitch control loop for H∞ in mixed sensitivity scenario.

The step response plot in Figure 4.48 reveals the time-domain performance character-

istics of the closed-loop system. The response exhibits desirable properties through its

smooth trajectory with no overshoot, indicating a well-damped system behavior. The

settling time of approximately 3 seconds demonstrates efficient convergence, while

the final value reaches unity, confirming accurate tracking performance. This smooth

transition to steady-state validates the controller’s ability to achieve good command

following while maintaining stability margins.
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Figure 4.49: Frequency response of the controller designed in the H∞ scenario.

The Bode magnitude plot in the Figure 4.49 provides insight into the frequency-

domain behavior of the closed-loop system. The low-frequency gain maintains ap-

proximately 0 dB, ensuring good steady-state tracking, while a resonant peak near 1

rad/s corresponds to the system’s natural frequency. The high-frequency roll-off ex-

ceeding -40 dB/decade beyond 103 rad/s provides sufficient noise attenuation. The

bandwidth of approximately 102 rad/s indicates good response speed while avoiding

high-frequency excitation.

The combined analysis of these three plots confirms that the design achieves a bal-

anced compromise between performance specifications and robustness requirements.

The weighted sensitivity functions ensure proper shaping of the closed-loop responses,

while the time-domain performance meets typical control objectives without exces-

sive control effort. The frequency response characteristics validate the design’s ability

to handle model uncertainties while maintaining desired performance across the fre-

quency range of interest

4.4.2 Altitude control Loop

The altitude control loop represents one of the most critical challenges in unmanned

aerial vehicle (UAV) autopilot systems. This challenge becomes even more complex

in automatic takeoff and landing systems. The altitude loop’s sensitivity and coupling

with other control loops make it particularly demanding. Achieving optimal design
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in altitude control is crucial not only for maintaining stable altitude but also for sim-

plifying the design of interconnected control loops. As explained previously, the two

motors work together to control the height of the drone(see the Equation (4.2)). For

feedback loop sensing, the system utilizes altitude data from the MTI-g AHRS module,

which combines barometric and GPS altitude measurements. Operating the tethered

drone near the ground creates two significant challenges. First, the proximity to the

ground weakens GPS signal reception. Second, the drone’s configuration makes it dif-

ficult to position the barometric altimeter away from propeller-induced disturbances.

These disturbances are particularly pronounced due to the ground effect phenomenon,

where propeller wash reflects off the ground surface and interferes with barometric

readings. Initial attempts to implement direct feedback using the raw altitude mea-

surements proved unsuccessful. The drone exhibited oscillatory behavior at approxi-

mately one-meter altitude, presenting a significant safety risk during low-altitude op-

erations. Test results confirmed that using the rangefinder to maintain relative altitude

above ground level (AGL) proved more effective than controlling absolute altitude

above sea level (MSL). As explained in the previous section, the aforementioned laser

rangefinder was selected. Testing showed that while the laser rangefinder’s delay is

suitable for ground robots, it proved a bit slow for aerial applications. However, we

decided to test it and measured the flight data where the altitude control loop was di-

rectly connected to the laser rangefinder and proceeded to identify the system and from

there to model the uncertainty, which resulted in something like a pitch control loop.

The resulting uncertain model was so sparse that it was not possible to cover it with

a specific transfer function. This behavior resulted from the cross-axis coupling and

sensor latency. Similar to the pitch loop design, we determined that a faster inner loop

is needed, incorporating damping characteristics. We implemented this by closing

the inner loop using Z-axis acceleration data with gravity acceleration compensation.

The amount of Z-axis acceleration data is obtained directly from the AHRS MTi-G

module. finally, the outer control loop is closed with a laser rangefinder.

4.4.2.1 Mixed Sensitivity Controller Design for Vertical Acceleration Control

Vertical Acceleration Throttle System: The input-output category is the vertical

body acceleration throttle. This point should be noted to calculate the drone’s net

acceleration(Az), we subtract the vertical acceleration from gravitational acceleration,

which can result in either positive or negative values. The identified systems’ bode di-

agrams of this case is plotted in Figure 4.50 and nominal model is shown in Equation

(4.36).
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Figure 4.50: Bode diagram of Vertical Acceleration control loop identified systems

P0 =
1.218s4 +13.2s3 +6.787×104s2 +4.13×104s+5.787×105

s4 +18.5s3 +5.369×104s2 +543.6s+5.87
(4.36)

The domain of the next diagram for the uncertain profile is shown in Figure 4.51, and

the weighting function that limits it is given in the Equation (4.37).
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Figure 4.51: Bode diagram of uncertainty profile for Vertical Acceleration control loop system

WT =
2750s+27.5

s+25
(4.37)

As we can see in Figure 4.52, the γopt or σmax value is around 9 and above one dramat-

ically. Still, this design is not a problem because it will be fully compensated in the

outer loop design.
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Figure 4.52: Design parameters of Vertical Acceleration control loop in the H∞ scenario

In Figure 4.53, we see the step response of the inner loop of the vertical acceleration

control, which has gone toward zero. Perhaps the question arises as to how this is a

step response. The reason is that this inner loop plays the role of a damper only and

its non-zero desired value is meaningless.
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Figure 4.53: Step response of Vertical Acceleration closed-loop system

The frequency response shows clear robustness characteristics in Figure 4.54:

At low frequencies (below 10−2 rad/s), the magnitude is flat around -60 dB, providing

good steady-state performance and disturbance rejection.

Around 1 rad/s, there’s a prominent peak reaching approximately -20 dB, which sug-

gests increased control authority in the nominal operating range.

At high frequencies (above 102 rad/s), the response exhibits strong attenuation with a

steep roll-off, which helps with noise rejection and ensures robustness against high-

frequency unmodeled dynamics.

There’s also a notable notch around 10−2 rad/s and a small resonance near 102 rad/s,

which may be specifically designed to handle model uncertainties or achieve robust

stability margins.

This overall shape is typical for robust control designs where the controller balances

performance in the operating frequency range while maintaining stability in the pres-

ence of uncertainties and ensuring good noise rejection at high frequencies.
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Figure 4.54: Frequency response of the controller designed in the H∞ scenario.

4.4.2.2 Design of H∞ Controller for Outer Loop Altitude Control Based on Cas-
cade Structure

The closed-loop equations are formulated as shown in Equation (4.39). The design

of the inner-loop altitude controller mirrors that of the outer-loop pitch controller de-

scribed in Section 4.4.1.4. For brevity, the detailed explanation is omitted, as the struc-

ture is identical except for one key difference: The altitude controller incorporates two

integrators—represented by the
1
s

blocks in Equation (4.38)—to convert acceleration

into velocity and velocity into position.

G2out =
1
s2 (4.38)

GT =
k1P0G2out

1+ k1P0
(4.39)

Again, like the controller design for pitch control loop we consider the one-tenth

of WT as the uncertainty model profile weighting function and design the H∞ con-

trol(controller 2) for GT as it shown in Figure 4.55. Also k1(controller 1) was a con-

troller designed in the section (4.4.2.1).
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Figure 4.55: Nested control loop structure showing the hierarchical arrangement of the altitude
controller system.

Figure 4.56: Design parameters of altitude closed-loop for H∞ in mixed sensitivity scenario

As can be seen in Figure 4.56, the results are not as promising as the previous con-

trollers (γopt(σmax) = 2.8), but all these efforts show how difficult it can be to design

a controller for the height loop in this system and of course, the reason for this is not

complicated, as the altitude loop in this aircraft is completely coupled with the pitch,

roll, and yaw loops.

The closed-loop altitude control system demonstrates satisfactory performance char-

acteristics. As shown in Figure 4.57, the step response exhibits stable behavior with

a settling time of approximately 10 seconds and no overshoot, which aligns with the

design requirements because, for altitude control, we consider a change of 1 meter in
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height. This movement must be slow and controlled to protect the drone’s safety. The

controller maintains a gentle vertical speed of 0.1 meters per second (10 centimeters

per second) for ascending and descending, which is ideal for safe drone operation.

The frequency response of the H∞ controller, depicted in Figure 4.58, shows a peak

magnitude of 20 dB at approximately 1 rad/s, indicating good robustness properties in

the mid-frequency range (Zhou et al., 1996). The controller’s roll-off at high frequen-

cies helps in noise attenuation, while maintaining adequate bandwidth for tracking

performance, following standard H∞ design principles (Dullerud and Paganini, 2000).

Figure 4.57: Step response of altitude closed-loop system in the H∞ scenario.
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Figure 4.58: Frequency response of the altitude loop controller designed in the H∞ scenario.

4.5 MIMO controller Design

As discussed in both the dynamic model section and the current section, the VTOL

system exhibits inherent coupling among the four primary axes: roll, pitch, yaw, and

altitude. Consequently, the system must be treated as a multi-input, multi-output

(MIMO) plant. However, the controllers designed in previous sections were single-

input, single-output (SISO), and thus did not account for the cross-coupling effects

between channels. In this section, we focus on two of the most strongly coupled chan-

nels—roll and altitude. Candidate models for these subsystems were selected in the

previous section, and their associated uncertainty profiles have also been identified.

Roll-Altitude coupling MIMO system
In the SISO systems examined thus far, we have focused solely on direct input-output

relationships—specifically, roll-command to roll output and altitude-command to alti-

tude output—implemented using nested control loops. Given the greater importance of

the inner loop, we now extend the design to a MIMO framework, particularly targeting

vertical acceleration control. In practice, it is essential to account for cross-coupling

effects, such as: • The influence of roll-command on vertical acceleration Az • The

influence of throttle-command on roll response To address these interactions, we must

identify the system behavior using collected experimental data and extract the corre-

sponding transfer functions that characterize these cross-coupled dynamics.

Roll-command vertical acceleration(Az) system
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Figure 4.59: Bode diagram of Roll-command to Az(vertical acceleration) control loop identified
systems.

Based on the pole-zero analysis shown in Figure 4.60, we selected the transfer func-

tion presented in Equation (4.40) from among the ten candidate models illustrated in

Figure 4.59. The selection was made according to the location of the poles and zeros,

ensuring the most suitable dynamic behavior for the control design.

Roll-Command To Az =
0.01163s4 +5.317s3 −228.2s2 +2.633×104s−9.774×104

s4 +65.42s3 +8142s2 +2.638×105s+6.501×105
(4.40)
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Figure 4.60: pole-zero plot of Roll-Command To Az(vertical acceleration) identified system.

Throttle to Roll system: Based on the pole-zero analysis, we selected a nominal

model from among ten candidate systems. The pole-zero plot corresponding to this

selection is shown in Figure 4.61, and the associated transfer function is provided in

Equation (4.41).

Throttle To Roll=
0.09752s5 −0.6509s4 +5911s3 −4.225×105s2 +3.426×106s+7.309×107

s5 +50.8s4 +9.96×104s3 +9.152×105s2 +8.593×106s+3.308×107
(4.41)

Figure 4.61: pole-zero plot of throttle-command to roll identified system.
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Finally, the final MIMO system, based on the functions obtained from the system

identification part, is as follows: For roll-command to vertical acceleration (Az):

G12(s) = 0.01163s4+5.317s3−228.2s2+2.633×104s−9.774×104

s4+65.42s3+8142s2+2.638×105s+6.501×105

For throttle-command to roll:

G21(s) = 0.09752s5−0.6509s4+5911s3−4.225×105s2+3.426×106s+7.309×107

s5+50.8s4+9.96×104s3+9.152×105s2+8.593×106s+3.308×107

The complete MIMO plant transfer function matrix is:

G(s) =

[
G11(s) G12(s)

G21(s) G22(s)

]
where:

G11(s) = 0.03169s4+0.2434s3+1870s2+2.788×104s+2.719×106

s4+9.859s3+5.091×104s2+3.822×105s+2.094×106

G22(s) = 1.218s4+13.2s3+6.787×104s2+4.13×104s+5.787×105

s4+18.5s3+5.369×104s2+543.6s+5.87

See Section 4.2.2 and 4.4.2.1.

The weighting matrices for sensitivity and complementary sensitivity are defined as:

Ws =

[
Ws1 0

0 Ws1

]
(4.42)

W =

[
W1 0

0 W2

]
(4.43)

4.5.1 Decentralized MIMO PID controller design optimized using H∞

control synthesis

Linear controllers, particularly PID controllers, are widely used in aerospace systems

due to their key advantages (Åström and Hägglund, 2006). Their straightforward de-

sign and ease of implementation have made them the default choice in numerous au-

topilot firmware systems (Beard and McLain, 2012).Despite their limitations in han-

dling model uncertainties and external disturbances, the implementation of multiple

PID controllers in a MIMO configuration, optimized using H∞ control synthesis (via

MATLAB’s hinfstruct command), can achieve superior robustness and perfor-

mance. This MIMO implementation can be approached in two ways: centralized and

decentralized. A decentralized MIMO control system manages multiple inputs and

outputs independently, assigning a dedicated controller to each input-output pair with-

out direct communication between controllers (Wang et al., 2023b).

The primary characteristic of decentralized MIMO is that the overall control system

is broken down into separate, autonomous control loops. Each controller focuses on

managing its assigned input-output relationship, similar to having multiple single-loop

controllers working in parallel (Kumar and Patel, 2022).

Recent Developments: Modern implementations have introduced several advance-

ments (Chen et al., 2021). The integration with machine learning has enabled im-

proved performance optimization across multiple control loops. Enhanced robustness
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against system uncertainties has been achieved through advanced control algorithms.

The development of adaptation mechanisms has improved system response to chang-

ing operating conditions. Furthermore, recent research has demonstrated better han-

dling of interconnected system dynamics through sophisticated decentralized architec-

tures.

Benefits and Limitations: This approach offers several benefits: it simplifies the de-

sign and implementation process, makes system maintenance more straightforward,

reduces computational requirements, and provides better fault tolerance since a failure

in one loop doesn’t directly affect others (Wang et al., 2023b). However, it also comes

with limitations, particularly in systems with strong interactions between variables, as

the controllers cannot coordinate their actions to optimize overall system performance

(Kumar and Patel, 2022).

Applications: Common industrial applications include process control systems, air-

craft control, power distribution networks, and chemical manufacturing plants, where

the complexity of the system can be effectively managed through this distributed con-

trol approach. Recent applications have expanded to include renewable energy sys-

tems, smart grids, and Industry 4.0 manufacturing processes (Chen et al., 2021). We

now proceed with the design of the MIMO controller for the GS system, optimized

using H∞ control synthesis.

Figure 4.62: Design parameters of MIMO closed-loop for H∞ in PID scenario.

Figure 4.62 presents the singular value decomposition (SVD) plot which contains two

primary functions: the WS (weighted sensitivity) function shown in red, indicating the

tracking performance and disturbance rejection capabilities, and the σ (complemen-

tary sensitivity) function displayed in blue, showing robustness and stability margins.
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The frequency response spans from 10−4 to 102 rad/s, revealing crucial system charac-

teristics. At low frequencies, the design achieves excellent tracking performance with

WS remaining below -40dB. The crossover frequency occurs at approximately 1 rad/s,

while the high-frequency region demonstrates appropriate roll-off behavior to ensure

noise rejection and robust performance. Figure 4.63 illustrates the multivariable step

response matrix showing input-output relationships.

The diagonal elements (G11, G22) represent the primary control paths, exhibiting rise

times of approximately 5-7 seconds with minimal overshoot below 10% and settling

times around 25 seconds. The off-diagonal elements (G12, G21) represent the cross-

coupling effects, showing peak interactions of approximately 20-30% of the steady-

state value, with effective decoupling achieved through the controller design.

Figure 4.63: Step response of MIMO closed-loop system in PID scenario

The PID controller matrix takes the form:

K =

0.0006383s2+0.004702s+0.05744
0.01s2+s

−5.099×10−5s2+0.0005568s−2.674×10−7

0.01s2+s

0.0005491s2+0.003852s+0.05789
0.01s2+s

2.045×10−5s2+0.00163s+4.906×10−8

0.01s2+s

 (4.44)

4.5.2 MIMO Mixed sensitivity controller design

Similar to the SISO case, an H∞ sensitivity-based MIMO controller can be designed

for the G(s) system. The design parameters are shown in Figure 4.64, where the op-

timal performance index γopt , or equivalently σmax , is 3.2. While this value does not

indicate ideal robustness, it remains within an acceptable range. The step response of
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the MIMO controller, shown in Figure 4.65, reveals a noticeably slower response com-

pared to the PID-based controller discussed earlier. This highlights that higher-order

controllers do not necessarily yield better performance in terms of response speed.

Figure 4.64: Design parameters of MIMO closed-loop for H∞ in mixed sensitivity scenario.

Figure 4.65: Step response of the controller designed in the H∞ scenario for MIMO plant
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Figure 4.66: Min and max singular value comparison for controller and its reduced version.

The Figure 4.66 plot comprises two subplots that evaluate the effectiveness of con-

troller reduction by comparing the frequency responses of the original controller K1

with its reduced-order version K1,reduced.

The upper subplot presents the maximum singular values of both controllers. The solid

line represents the original controller (K1), while the dashed line shows the reduced

controller (K1,reduced). The close correspondence between these curves, particularly

in the high-frequency region, demonstrates that the reduced controller preserves the

essential high-frequency characteristics of the original design.

The lower subplot displays the minimum singular values of both controllers, again

comparing the original and reduced versions. The alignment between the solid and

dashed curves indicates that the reduced controller maintains the fundamental dy-

namic properties of the original controller across the entire frequency range of in-

terest (10−3 to 103 rad/s). The bode diagram for MIMO designed controller k(s) =[
k11(s) k12(s)

k21(s) k22(s)

]
is revealed in Figure 4.67:
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Figure 4.67: Frequency response of the controller designed in the H∞ scenario for MIMO plant.

4.5.3 Roll-Yaw coupling MIMO system

It is worth noting, however, that fixed-wing VTOL aircraft face significant coupling

between roll and yaw dynamics, particularly during hover and transition phases. This

coupling arises from factors such as propeller slipstream effects, gyroscopic forces,

and the influence of the center of gravity (Zhang et al., 2023). For example, roll

commands achieved through differential thrust can induce yaw moments, while yaw

commands implemented via elevon deflection can result in rolling moments. These

interactions are further influenced by airspeed, especially during transitions between

hovering and forward flight.

To address these challenges, the H∞ mixed-sensitivity control framework is employed,

offering a robust solution through detailed MIMO (multi-input multi-output) plant

modeling and systematic treatment of uncertainties (Chen et al., 2024). This con-

troller utilizes performance, uncertainty, and control effort weights to effectively bal-

ance tracking accuracy and robustness. Compared to traditional SISO (single-input

single-output) designs, it demonstrates superior performance in maintaining transition

stability, suppressing coupling effects, and rejecting disturbances.
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4.5.4 System Identification

In this section, system identification is performed using real input-output data from the

drone across five data categories, as shown in Table 4.2.

Table 4.2: Categories of Systems for Identification

Input Output Transfer Function

Yaw Command (ψc) Yaw (ψ) G11

Roll Command (φc) Yaw (ψ) G12

Yaw Command (ψc) Roll (φ ) G21

Roll Command (φc) Roll (φ ) G22

Roll (φ ) Tether Angle (λ ) G3

In the first system, we mentioned again as in section(4.2.2) the yaw command (ψc) is

used as the input, and the yaw (ψ) is the output. The Bode diagrams of the identified

systems are shown in Figure 4.8. The nominal system is represented by Equation

(4.45).

In the second system, where the roll command (φc) serves as the input and roll (φ ) as

the output, the Bode diagrams of the identified systems are shown in Figure 4.9 (see

section (4.2.2)). The nominal system is represented by Equation (4.46).

G11(s) =
0.07344s4 +2.411s3 +3186s2 +5.632×104s+1.948×106

s4 +21.08s3 +5.289×104s2 +6.193×105s+1.912×106 (4.45)

G22(s) =
0.0317s4 +0.2434s3 +1870s2 +2.788×104s+2.719×106

s4 +9.859s3 +5.091×104s2 +3.822×105s+2.094×106 (4.46)

For the system with roll command to yaw (φc → ψ) and yaw command to roll (ψc →
φ ), the corresponding equations are given by (4.47) and (4.48), respectively.

G12(s) =
0.2751s4 +4.819s3 +1.663×104s2 +2.618×105s+1.993×105

s4 +12.06s3 +6.343×104s2 +6.728×105s+4.262×106 (4.47)

G21(s) =
0.06512s4 +0.3285s3 +4726s2 +4.85×104s+9.515×105

s4 +65.9s3 +3.078×104s2 +3.674×104s+1.054×106 (4.48)

Finally,

G(s) =

[
G11(s) G12(s)

G21(s) G22(s)

]
(4.49)
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4.6 Mixed Sensitivity MIMO Controller Design

4.6.1 MIMO control scheme

The lateral position control is achieved through tether feedback, where the drone min-

imizes the tether angle deviation from 90 degrees through rolling maneuvers (Figure

4.1). The system uses roll (φ ), pitch (θ ), and yaw (ψ) angles for orientation, with

tether angle (λ ) providing position feedback.

Three primary control loops operate along the body’s reference axis: roll control, yaw

control, and Y-axis position control (via tether angle). The lateral control architec-

ture employs a nested loop structure, where the outer loop maintains lateral position

through tether angle control, generating roll reference (φRe f ) for the inner loop. The

IMU-AHRS sensor provides roll and yaw feedback.

Initial SISO implementation revealed roll-yaw coupling effects during flight tests, ne-

cessitating a MIMO control approach for system identification and control, as illus-

trated in Figure 4.68. The system dynamics are represented by transfer functions G11,

G12, G21, and G22, with corresponding controllers k11, k12, k21, and k22.

The actuator control commands were defined by equations (4.1) and (4.4).

Although we performed identical SISO procedures for G3, we have omitted its detailed

description due to it being the same as section (4.2.2).

Figure 4.68: The MIMO control scheme with a controller on each channel.

4.6.2 Control Design

4.6.2.1 Uncertainty Profile Modeling

As previously discussed in that section (4.3.1), we are reiterating them here:
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WT1(s) = 6
(

s+1.9
s+14

)
(4.50)

WT2(s) = 110
(

s+0.7
s+77

)
(4.51)

As shown in all the figures, the chosen WT effectively encompasses nearly all uncer-

tainties within the system. For the MIMO design, we have:

WT =

[
WT 1 0

0 WT 2

]
(4.52)

4.6.2.2 Control Design

The weight functions Ws for all three systems are defined in equations 4.53 to 4.54

same in SISO design.

Ws1 = 0.3
s2 +9s+81

(s+0.001)(s+9)(0.001s+1)
(4.53)

Ws2 = 0.2
s2 +9s+81

(s+0.001)(s+9)(0.001s+1)
(4.54)

For MIMO design we define:

Ws =

[
Ws1 0

0 Ws2

]
(4.55)

And also:

Wu =

[
0.6 0

0 0.6

]
(4.56)

The diagrams illustrating the design parameters for all systems are presented in Fig-

ure 4.69. In these figures, γopt is represented as sigma(σmax). As can be seen, it’s

completely flat, near 1. It is evident that Equation (4.15) is valid across all scenarios.
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Figure 4.69: Design parameters of systems for H∞ in mixed sensitivity scenario.

Figure 4.71: The step responses of the opened-loop and the closed-loop system.
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Figure 4.70: The bode diagram for

MIMO designed controller k(s) =
[

k11(s) k12(s)
k21(s) k22(s)

]
.

The values of γ were designed to be well-suited for practical use. The frequency

response plots (k11, k12, k21, and k22) in Figure 4.70 demonstrate the MIMO con-

troller’s effectiveness across different frequency ranges, where the magnitude curves

show proper roll-off at high frequencies and good tracking at low frequencies, sup-

porting a very suitable step response without overshooting and with a settling time of

approximately one second and can suppress cross-coupling effects rapidly which is

illustrated in Figure 4.71. The figure illustrates how the open-loop response (red line)

performs better compared to the closed-loop response (blue line) with the implemented

controllers.

The designed controllers typically have orders ranging from 8 to 9, which are reduced

to 4 or 5 using a reduction function.

Through a detailed system identification process and the design of robust mixed-

sensitivity MIMO controllers, the system effectively addresses coupling effects and

uncertainties. Experimental flight tests confirm the system’s ability to maintain stable

tethered navigation, manage disturbances, and ensure accurate control of the tether

angle and yaw heading under varying conditions.
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4.7 Concluding remarks

In this chapter, we presented the development and analysis of robust control strategies

for autonomous VTOL drone systems, with a particular focus on path following via

a tethered connection to a ground robot, while leveraging wind energy for improved

efficiency. The research progressed from single-channel robust controller design to

addressing the more complex challenges of multi-input multi-output (MIMO) control

inherent in VTOL systems.

The adopted methodology reflects practices commonly used in advanced aerospace

projects: initial controller design for basic stability, followed by flight data acquisition

and system identification using advanced frequency-domain techniques. This enabled

the construction of a heuristic uncertainty profile for the system. Finally, the controller

was redesigned using advanced robust control methods to optimize performance across

all key parameters.

Throughout this process, a wide range of robust control techniques were explored and

applied—including H2, H∞, and mixed-sensitivity analysis and synthesis—within

both single-input single-output (SISO) and multi-input multi-output (MIMO) cascade

loop controller structures.

The designed controllers typically have orders ranging from 8 to 9, which are reduced

to 4 or 5 using a reduction function. Validation of the controllers is performed through

µ synthesis. Subsequently, these controllers are implemented in an actual autopilot,

and the drone is flown automatically.



Chapter 5

Conclusions and Future Work

This thesis adopts a dual-track methodology for the development of an air vehicle

control system, integrating both theoretical analysis and practical implementation. The

research combines design, construction, simulation, and validation efforts, with each

component informing and enhancing the others. The focus is on designing, testing,

and fine-tuning control loops for the air vehicle system, categorized below.

5.1 Satisfaction of Objectives

The VTOL fixed-wing aircraft was successfully flown in this project after undergoing

rigorous testing using GPS and tethered control and navigation in both outdoor and lab

settings. These successful tests confirmed the correct motor and propeller selection,

wing design, fuselage and wing structural integrity, wing dimensioning, elevon control

surface configuration, and their corresponding mounting positions, as well as the true

thrust-to-weight ratio at all flying angles. Additionally, it verified that the center of

mass and the center of aerodynamic pressure were positioned correctly and that the

servo actuators were chosen appropriately. This is an all-encompassing aerospace

project.

The autopilot implementation included proper setup of the IMU package, accurate pa-

rameter selection, calibration, mounting, and effective damping of engine vibrations.

Hundreds of lines of C code were written and tested within the Linux operating system

environment, with successful operation validating the control code and control loops.

Proper wiring implementation and appropriate selection of modules and sensors con-

tributed to successful flight operations.

The project’s primary achievement was accomplishing a fully automated flight while

maintaining control of the aircraft, notably with both the aircraft and autopilot being

original designs. While previous work had addressed hovering flight and autopilot

tuning, the introduction of tethered navigation represented a novel and technically de-

manding aspect. As an untested approach, it initially posed several challenges, which
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were progressively addressed through iterative development and comprehensive test-

ing.

The analysis of quadcopter dynamic models yielded insights that facilitated the deriva-

tion of complete dynamic model equations for the aircraft. Physical parameters were

determined using SolidWorks, forming the basis for the development of a nonlinear

sliding mode controller. These components were implemented and simulated in MAT-

LAB, producing satisfactory results.

Building on prior work involving data acquisition systems and system identification

for UAVs and unmanned helicopter platforms, the implementation of robust control

strategies—such as H2, H∞, and µ-synthesis—was further refined. Improvements

over previous results were achieved, and novel methodologies were introduced, in-

cluding the successful testing of MIMO controllers.

The comprehensive data acquisition and analysis conducted on these unmanned sys-

tems produced promising outcomes, with potential for dissemination in academic pub-

lications.

This project represents an initial step toward achieving significant advances in highly

mobile VTOL tethered systems, with applications in both military and commercial

sectors.

5.2 Future Works

For the continuation of this work, the implementation phase should involve the con-

struction of a new drone using advanced materials. Specifically, replacing cardboard

with carbon fiber reinforced by 3D-printed molds is recommended to ensure structural

integrity and appropriate lift capacity, while maintaining suitable aircraft dimensions.

In the attitude and heading reference system (AHRS) of the autopilot, a low-cost in-

ertial measurement unit (IMU) should be employed in place of commercial modules.

Sensor fusion algorithms—such as the Extended Kalman Filter (EKF) and Unscented

Kalman Filter (UKF)—should be implemented directly on the flight computer to en-

hance performance and flexibility. In the sliding mode control section, future work

should incorporate external disturbances and model uncertainties. Additionally, the

dynamic model should be extended to include the effects of tethering, with corre-

sponding updates to the control design and evaluation of its performance. For aerody-

namic force modeling, computational fluid dynamics (CFD) methods and specialized

software can be utilized to improve accuracy. Due to time constraints, the nonlinear

sliding mode controller was not implemented or tested on the physical aircraft; this

practical validation remains a critical objective for future research.



Appendix A

PID Control and Simulation

A.1 Euler Method

Euler’s method is a simple numerical method for solving ordinary differential equa-

tions, where the changes in the dependent variable with respect to time are approxi-

mated using the tangent slope at each time step. In this method, the value of the state

variable at each time step is calculated using its previous value and its derivative. The

basic formula for Euler’s method is:

x(t +∆t) = x(t)+∆t · f (x(t), t) (A.1)

In this formula, x(t) is the state variable at time t, ∆t is the time step, and f (x(t), t) is

the derivative function or the rate of change of the state variable. This method is useful

in many numerical simulations and dynamic system modeling due to its simplicity

and computational speed, but its accuracy is limited, and for complex systems, more

advanced methods like Runge-Kutta may be necessary.

A.2 Theoretical Foundation of Ziegler-Nichols Method

A.2.1 Basic PID Controller Structure

The continuous-time PID controller has the form:

u(t) = Kp

[
e(t)+

1
Ti

∫
e(t)dt +Td

d
dt

e(t)
]

(A.2)

Here u(t) is the control signal, e(t) is the error signal, Kp is the proportional gain, Ti is

integral time, and Td is derivative time.

123



PID Control and Simulation 124

A.2.2 Ziegler-Nichols First Method

Based on the open-loop step response:

Kp =
1.2
RL

(A.3)

Ti = 2L (A.4)

Td = 0.5L (A.5)

Where R is the process reaction rate and L is the process dead time.

A.2.3 Ziegler-Nichols Second Method

Based on closed-loop oscillation:

Kp = 0.6Ku (A.6)

Ti = 0.5Tu (A.7)

Td = 0.125Tu (A.8)

Where Ku is the ultimate gain and Tu is the oscillation period.

A.2.4 Safety Precautions

Before starting the tuning process:

Sufficient altitude (minimum 1000 ft AGL) Clear airspace Good weather conditions

Stable flight conditions Emergency manual control ready

A.2.5 Step-by-Step Tuning Process

A.2.5.1 Initial Proportional Gain Tuning

Start with very low Kp (around 0.1) Gradually increase Kp until the aircraft shows

visible oscillations Look for 1 Hz oscillation (one complete cycle per second) When

oscillations are observed, record this value as Ku (ultimate gain) Reduce Kp to 60

Kp = 0.6×Ku (A.9)

A.2.5.2 Integral Gain Tuning

Start with Ki = 0 Slowly increase Ki until oscillations diminish Watch for reduced

altitude hunting, stable flight path, and no overcompensation Calculate:

Ki =
Kp

0.5Tu
(A.10)
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A.2.5.3 Derivative Gain Tuning

Begin with Kd = 0 Gradually increase Kd to improve response speed and Stop when a

quick response is achieved with no overshoot then Calculate:

Kd = 0.125×Kp ×Tu (A.11)

A.2.6 Visual Indicators During Tuning

For oscillation recognition the 1 Hz oscillation appears as visible up/down motion in

the aircraft, one complete cycle per second(for example, in the roll angle of an airplane

when the wing of the airplane moves up and down.), easily countable visually.



Appendix B

Quaternion-Based Extended
Kalman Filter implementation for
Orientation Estimation using
Accelerometer, Gyroscope, and
Magnetometer Data

B.1 Introduction

The orientation of an object is a crucial parameter in many fields such as aerospace

engineering, robotics, and virtual reality. Inertial Measurement Units (IMUs) are com-

monly used to determine the orientation of an object in a dynamic environment. IMUs

consist of accelerometers and gyroscopes that measure linear acceleration and angular

velocity, respectively. However, the measurements from these sensors are prone to er-

rors like noise and drift, which can significantly impact the accuracy of the orientation

estimation. To tackle this issue, several filtering techniques, including the Extended

Kalman Filter (EKF), have been proposed.

In the case of autopilot systems, Attitude and Heading Reference Systems (AHRS) are

the primary components to ensure a stable flight path. Developing an AHRS system

in-house can reduce costs and help achieve a versatile autopilot system that meets

specific needs.

This appendix proposes an EKF algorithm based on quaternion rotation to estimate the

orientation of an object in a dynamic environment in real-time using a microcontroller

with a real IMU sensor. The algorithm combines the accelerometer and gyroscope data

to estimate the orientation using a state estimation approach. The algorithm is divided
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into two stages: the first Kalman filter estimates Roll and Pitch angles, while the sec-

ond filter estimates Heading or Yaw angles using magnetometer data. The BNO055

sensor is a 9-axis sensor that combines a 3-axis accelerometer, a 3-axis gyroscope,

and a 3-axis magnetometer into a single package, which communicates over I2C. This

sensor provides precise and reliable orientation data for various applications. The

ESP8266 mini microcontroller is used in conjunction with the BNO055 sensor to esti-

mate the orientation using an extended Kalman filter. The filter results are compared to

the BNO055’s built-in orientation estimation to evaluate their accuracy and reliability

for the specific application (Farahan et al., 2022) and (Suwandi et al., 2017). However,

in field tests, it was found that the speed the sensor output shows is different from

the actual dynamics it can track, and the sensor is slower and did not perform well

in closed loop mode(autopilot), where AHRS is tested in real tests. But the raw data

from gyroscopes, accelerometers, and magnetometers was updating at a high rate, so

we thought we could combine this information ourselves and obtain attitude and head-

ing angles.

B.2 Hardware

To begin with, the BNO055 serves as the IMU, and the ESP8266 Mini is utilized for

processing, as mentioned in the project’s introduction. At first, an Arduino Uno was

utilized. However, after defining a variable, it became evident that the RAM memory

was limited (at 32KB) because the extended Kalman filter required the definition of

some large dimension matrices. Therefore, a more powerful processor was required.

The ESP8266 Mini, with 4MB of RAM and WIFI for potential future development,

was deemed a better option. As mentioned before for fast communication we use I2C

communication. As it is shown in Figure B.1 and Figure B.2.

Figure B.1: The schematic of hardware assembly and wiring.
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Figure B.2: Boards and wiring.

B.3 Quaternion Representation of Orientation

A quaternion is a mathematical object that provides a compact representation of ori-

entation. A quaternion consists of a scalar component q0 and a vector component

q = [q1,q2,q3], where i, j, and k are imaginary units that satisfy the relations i2 = j2 =

k2 = i jk =−1. The quaternion is defined as follows:

q = q0 +q1i+q2 j+q3k (B.1)

A quaternion can be used to represent the orientation of a body by defining a rotation

matrix R in quaternion units. The rotation matrix R is defined as follows(Farahan

et al., 2022):

R =

1−2(q2
2 +q2

3) 2(q1q2 −q0q3) 2(q1q3 +q0q2)

2(q1q2 +q0q3) 1−2(q2
1 +q2

3) 2(q2q3 −q0q1)

2(q1q3 −q0q2) 2(q2q3 +q0q1) 1−2(q2
1 +q2

2)

 (B.2)
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The rotation matrix R can be used to transform a vector v from the body frame to the

reference frame as follows:

vref = Rvbody (B.3)

The angular velocity can be defined as a vector ω = [ωx,ωy,ωz], where ωx, ωy, and

ωz are the angular velocities around the x, y, and z axes, respectively. The quaternion

derivative can be computed using the angular velocity as follows(Leccadito, 2013):

q̇ =
1
2

Ω(ω)q (B.4)

where Ω(ω) is the matrix(Watson, 2013):

Ω(ω) =


0 −ωx −ωy −ωz

ωx 0 ωz −ωy

ωy −ωz 0 ωx

ωz ωy −ωx 0

 (B.5)

To convert from a quaternion to Euler angles, the following equations can be used:

φ = atan2
(
2(q0q1 +q2q3),1−2(q2

1 +q2
2)
)

(B.6)

θ = asin(2(q0q2 −q3q1)) (B.7)

ψ = atan2
(
2(q0q3 +q1q2),1−2(q2

2 +q2
3)
)

(B.8)

where φ , θ , and ψ are the Euler angles around the x, y, and z axes, respectively.

To convert from Euler angles to a quaternion, the following equations can be used:

q0 = cos
(

φ

2

)
cos
(

θ

2

)
cos
(

ψ

2

)
+ sin

(
φ

2

)
sin
(

θ

2

)
sin
(

ψ

2

)
(B.9)

q1 = sin
(

φ

2

)
cos
(

θ

2

)
cos
(

ψ

2

)
− cos

(
φ

2

)
sin
(

θ

2

)
sin
(

ψ

2

)
(B.10)

q2 = cos
(

φ

2

)
sin
(

θ

2

)
cos
(

ψ

2

)
+ sin

(
φ

2

)
cos
(

θ

2

)
sin
(

ψ

2

)
(B.11)

q3 = cos
(

φ

2

)
cos
(

θ

2

)
sin
(

ψ

2

)
− sin

(
φ

2

)
sin
(

θ

2

)
cos
(

ψ

2

)
(B.12)

B.4 The Extended Kalman Filter

The Extended Kalman Filter (EKF) is a recursive algorithm that is widely used for

state estimation in nonlinear systems. It is an extension of the Kalman Filter, which is

designed for linear systems. The EKF can be used to estimate the state of a system,
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which is not fully observable. The algorithm uses a model of the system to predict the

state, and it uses measurements to correct the predicted state. The EKF is based on

Bayes’ rule, which is a fundamental concept in probability theory.

Formulation:

Consider a nonlinear system that can be described by the following state equation:

xk = f (xk−1,uk−1)+wk−1 (B.13)

where xk is the state vector at time k, uk−1 is the control input vector at time k−1, f (·)
is the nonlinear state transition function, and wk−1 is the process noise. The process

noise is assumed to be Gaussian with zero mean and covariance matrix Qk−1.

At time k, the EKF predicts the state vector using the following equation:

x̂k|k−1 = f (x̂k−1|k−1,uk−1) (B.14)

where x̂k−1|k−1 is the predicted state vector at time k− 1. The EKF also predicts the

error covariance matrix using the following equation:

Pk|k−1 = Fk−1Pk−1|k−1FT
k−1 +Qk−1 (B.15)

where Pk−1|k−1 is the error covariance matrix at time k− 1, and Fk−1 is the Jacobian

matrix of f (·) evaluated at x̂k−1|k−1.

At time k, the EKF updates the predicted state vector and error covariance matrix using

the measurement zk and the measurement model:

zk = h(xk)+vk (B.16)

where h(xk) is the nonlinear measurement function, and vk is the measurement noise.

The measurement noise is assumed to be Gaussian with zero mean and covariance

matrix Rk.

The EKF computes the Kalman gain matrix Kk as follows:

Kk = Pk|k−1HkT (HkPk|k−1HT
k +Rk)

−1 (B.17)

where Hk is the Jacobian matrix of h(·) evaluated at xk, which is the a priori state

estimate at time step k based on the predicted state at time step k−1.

The EKF then updates the state estimate based on the measurement zk:

x̂k|k = x̂k|k−1 +Kk(zk −h(x̂k|k−1)) (B.18)

and updates the error covariance matrix as follows:
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Pk|k = (I−KkHk)Pk|k−1(I−KkHk)
T +KkRkKT

k (B.19)

where I is the identity matrix. The EKF repeats this process at each time step, predict-

ing the state and updating it based on measurements. The EKF can be used to estimate

the states of nonlinear dynamic systems as long as the nonlinear measurement and pro-

cess models can be linearized around the current state estimate (Farahan et al., 2022),

(Suwandi et al., 2017).

B.5 Quaternion-based Extended Kalman Filter Algorithm

The Extended Kalman Filter algorithm used in this project is based on quaternion

representations of orientation. The state of the system is represented by a quaternion

vector q = [q0 q1 q2 q3]
T , where q0 is the scalar component and q1,q2,q3 are the vector

components. The quaternion vector represents the orientation of the IMU with respect

to an inertial frame of reference.

The dynamic model of the system is described by the following set of equations (Fara-

han et al., 2022):

q̇ =
1
2

q⊗ω (B.20)

ω̇ = α +J(ω)b (B.21)

ḃ = 0 (B.22)

where ω = [p q r]T is the angular velocity vector measured by the gyroscope, α =

[ax ay az]
T is the specific force vector measured by the accelerometer, b = [bx by bz]

T

is the bias vector, ⊗ denotes the quaternion product, and J(ω) is the Jacobian matrix

defined as:

J(ω) =
∂ f
∂ω

∣∣∣∣∣
ω=0

=


0 −p −q −r

p 0 r −q

q −r 0 p

r q −p 0

 (B.23)

The measurement model of the system is described by the following set of equations:

ya = RT
wb a+νa (B.24)

ym = RT
wb m+νm (B.25)
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where a = [ax ay az]
T is the specific force vector measured by the accelerometer, m =

[mx my mz]
T is the magnetic field vector measured by the magnetometer, Rwb is the

rotation matrix that transforms a vector from the body frame to the world frame, and

νa and νm are the measurement noises.

The EKF algorithm consists of the following steps:

1. Prediction: Predict the state vector x̂k and the error covariance matrix Pk at time

k using the dynamic model:

x̂−k = f(x̂k−1,uk−1) (B.26)

2. Initialization:

q̂0 = [1 0 0 0]T , P̂0 =


σ2

0 0 0 0

0 σ2
0 0 0

0 0 σ2
0 0

0 0 0 σ2
0

 (B.27)

where q̂0 is the initial estimate of the quaternion, P̂0 is the initial covariance ma-

trix, and σ0 is the initial standard deviation.

3. Prediction:

q̂−k = q̂k−1 ⊗ q̂k−1(Ωk −bk−1)∆t (B.28)

P̂−
k = Fk−1P̂k−1FT

k−1 +Qk−1 (B.29)

where ⊗ denotes the quaternion product, Ωk is the angular velocity measurement,

bk−1 is the bias estimate at time k−1, ∆t is the time step, Fk−1 is the state transition

matrix, and Qk−1 is the process noise covariance matrix.

4. Update:

z̃k = h(q̂−k ) (B.30)

Hk =
∂h
∂ q̂

∣∣∣∣q̂−k (B.31)

Kk = P̂−
k HT

k
(
HkP̂−

k HT
k +Rk

)−1
(B.32)

q̂k = q̂−k ⊗Kk(z̃k − zk) (B.33)
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P̂k = (I −KkHk) P̂−
k (B.34)

where z̃k is the predicted measurement, h is the measurement function, Hk is the

measurement Jacobian, Rk is the measurement noise covariance matrix, and zk is

the actual measurement.

This formulation represents the basic steps of the Quaternion-based Extended Kalman

Filter algorithm, which is used to estimate the orientation of an IMU based on ac-

celerometer and gyroscope data in a dynamic environment.

B.6 implementation and details

The Arduino IDE was chosen for implementing the algorithm. The implementation in-

volves the development of over 1200 lines of C code, which includes complex matrix

operations. To enhance performance and optimize computational load, some methods

are applied, especially for matrix multiplication and inversion. As a result of these

optimizations, the output from the Kalman filter can now be obtained at a rate exceed-

ing 200 Hz. From the algorithm part, The Quaternion-based Extended Kalman Filter

(EKF) algorithm is commonly used for orientation estimation in Attitude and Heading

Reference Systems (AHRS). In this algorithm, the state of the system is represented

by a quaternion vector and the bias of rate gyroscopes.

The vector of the state x is defined as (Leccadito, 2013):

x =
[
q0 q1 q2 q3 ωxb ωyb ωzb

]T
(B.35)

In this definition, q0, q1, q2, and q3 are the parameters of the quaternion vector, and

ωxb, ωyb, and ωzb are the bias of the rate gyroscopes of the x, y, and z axes.

The function f (xk−1,uk) can be expressed as:

f (xk−1,uk) =


1
2 qk−1 ⊗

[
0

ωk

]
ωxb

ωyb

ωzb

 (B.36)

Here, ⊗ denotes the operator for quaternion multiplication, and ωk represents the an-

gular velocity measured by gyroscopes. Further details of this implementation are
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explained in the following equation (Watson, 2013):

q̇ω(q,ω) =
1
2


−q1 −q2 −q3

q0 q3 −q2

−q3 q0 q1

q2 −q1 q0


 ωx −ωxb

ωy −ωyb

ωz −ωzb

 (B.37)

Finally (Watson, 2013):

xk = f (xk−1,uk) =



q0 +
dt
2 ∗
(
−q1 (ωx −ωxb)−q2

(
ωy −ωyb

)
−q3 (ωz −ωzb)

q1 +
dt
2 ∗
(
q0 (ωx −ωxb)+q3

(
ωy −ωyb

)
−q2 (ωz −ωzb)

q2 +
dt
2 ∗
(
−q3 (ωx −ωxb)+q0

(
ωy −ωyb

)
+q1 (ωz −ωzb)

q3 +
dt
2 ∗
(
q2 (ωx −ωxb)−q1

(
ωy −ωyb

)
+q0 (ωz −ωzb)

ωxb

ωyb

ωzb


(B.38)

With the Jacobian of the vector function f (xk−1,uk), the matrix F is computed as

follows:

Fk =
∂ f
∂x

∣∣∣∣∣
x̂k−1|k−1,uk

=

[
Fqk−1 Fωk

03×4 I3×3

]
(B.39)

where Fqk−1 and Fωk are the Jacobian matrices of f with respect to the quaternion vector

and the angular velocity, respectively. 03×4 and I3×3 denote the 3×4 zero matrix and

the 3×3 identity matrix, respectively which is finalized:

∂ f
∂x

= F =

1 − dt
2 (ωx −ωxb) − dt

2
(
ωy −ωyb

)
− dt

2 (ωz −ωzb)
dt
2 q1

dt
2 q2

dt
2 q3

dt
2 (ωx −ωxb) 1 − dt

2 (ωz −ωzb)
dt
2
(
ωy −ωyb

)
− dt

2 q0 − dt
2 q3

dt
2 q2

dt
2
(
ωy −ωyb

) dt
2 (ωz −ωzb) 1 − dt

2 (ωx −ωxb)
dt
2 q3 − dt

2 q0 − dt
2 q1

dt
2 (ωz −ωzb) − dt

2
(
ωy −ωyb

) dt
2 (ωx −ωxb) 1 − dt

2 q2
dt
2 q1 − dt

2 q0

0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


(B.40)

In the Kalman prediction stage, using the angular velocity parameters (output of rate

gyroscopes) and through the function f (xk−1,uk), the vector x is updated, and then by

forming the matrix F and using the following equations, the covariance matrix P is

updated:

Pk|k−1 = FkPk−1|k−1FT
k +Qk (B.41)

where Qk is the process noise covariance matrix.

In the Measurement step, the z-measurement vector encompasses the accelerometer
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and magnetometer sensors data and is defined as (Madgwick, 2010):

z =
[
ax ay az mx my mz

]T

The first step in the measurement process involves using data from accelerometers. Before using

this data, it must be normalized using the following equation to find the norm:

Norm =
√

A2
x +A2

y +A2
z (B.43)

Then, the accelerometer data is normalized by dividing each component by the norm:

Ax =
Ax

Norm
(B.44)

Ay =
Ay

Norm
(B.45)

Az =
Az

Norm
(B.46)

Next, the gravitational projections of the acceleration vector are mapped to the body reference

frame using quaternion vectors computed in the prediction section. The linear acceleration pa-

rameters are defined as the function h(xk), which is equivalent to the transition matrix to the body

reference frame:

h(xk) =

 2q2 −2q3 2q0 −2q1

−2q1 −2q0 −2q3 −2q2

−2q0 2q1 2q2 −2q3


0

0

0

 (B.47)

Here, ax, ay, and az represent the projection of the gravity vector of the Earth in the body reference

frame according to the estimated angles from this stage. The difference between these values

and the parameters measured with the accelerometer is the measurement error of this step or the

residual of Kalman, which is calculated in each iteration. In the formula z is the accelerometer

vector, and y is the measurement error or residual of this step. If the accelerometer sensor output is

such that, for example, when the IMU is in the "Level" state, the parameter is Az-positive (like the

BNO055 sensor which is the internal sensor of my inertial measurement unit (IMU)), this means

that the accelerometer sensors are defined in the opposite direction. In this case, the matrix z is

defined as:

z =

−Ax

−Ay

−Az

 (B.48)

Thus, the residual of this step is:

y =

−Ax −h0

−Ay −h1

−Az −h2

 (B.49)
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The Jacobian vector h(xk) is the matrix H:

H(xk) =

 2q2 −2q3 2q0 −2q1 0 0 0

−2q1 −2q0 −2q3 −2q2 0 0 0

−2q0 2q1 2q2 −2q3 0 0 0

 (B.50)

After calculating the vector h(xk) and the matrix H(xk), the matrix K is obtained using the fol-

lowing calculations. First, the matrix S is calculated as follows: The first step of the Kalman filter

algorithm involves calculating the matrix S through the equation:

Sk(3×3) = Hk(3×7) ·Pk|k−1(7×7) ·H ′
k(7×3)+R(3×3)

where R is a diagonal matrix with dimensions of 3x3. The resulting matrix S will also be a 3x3

matrix. After calculating S, the inverse of S denoted as S−1 is calculated, which is used to calculate

the Kalman gain matrix K using the following equation:

Kk(7×3) = Pk|k−1(7×7) ·H ′
k(7×3) ·S

−1
k(3×3)

Once K is calculated, the vector x is updated using the following equation:

xk(7×1) = x̂k(7×1)+Kk(7×3) · yk(3×1)

Finally, the matrix P is updated using the following equation:

PK|K(7×7) = (I(7×7)−Kk(7×3) ·Hk(3×7))(7×7) ·PK|K−1(7×7)

B.6.1 Magnetometer mapping and Heading angle estimation

For measuring the Yaw angle or Heading, magnetometer sensors are commonly used in an Attitude

and Heading Reference System (AHRS). In particular, in new solid-state MEMS AHRS, it can

also be used as a compass. This type of sensor works based on Hall effects and can be utilized

as a residual in low frequency or steady-state attitude estimation for inaccurate fusion algorithms

of strap-down systems, similar to accelerometers. The flux of the magnetic field of the Earth is

mapped to the body frame using a quaternion representation. The Earth has a consistent Magnetic

Reference Vector represented by the b vector, which is acquired by using the first set of data from

the magnetometers in the three axes (mx, my, mz) to determine the m′ matrix. m′
x

m′
y

m′
z

=R∗(⃗q)·

 mx

my

mz

=

 mx
(
q2

0 +q2
1 −q2

2 −q2
3
)
+2my (q1q2 +q0q3)+2mz (q1q3 −q0q2)

2mx (q1q2 −q0q3)+my
(
q2

0 −q2
1 +q2

2 −q2
3
)
−2mz (q2q3 +q0q1)

2mx (q1q3 +q0q2)+2my (q2q3 −q0q1)+mz
(
q0

2 −q1
2 −q2

2 +q2
3
)


(B.51)
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From the m′ matrix, the b matrix is obtained:

b =

 bx

by

bz

=


√

m′
x

2 +m′
y

2

0

m′
z

 (B.52)

The b matrix can be updated at each iteration using the formula:

bk = bk−1 +α(bnew −bk−1) (B.53)

However, we have not updated this parameter in our project. After updating the Roll and Pitch

angle in the quaternion presentation, a new h matrix is formed. In fact, in this stage of the algo-

rithm, the b parameters are mapped from inertial coordination to body coordination with the last

quaternions updated. It is expected that if there is no ferromagnetic or external disturbance in this

attitude angle, these amounts should be revealed by the magnetometer sensor outputs. As regards

b = 0, the new h matrix can be calculated as:

 mx

my

mz

= h(xk) = R(⃗q) ·

 bx

by

bz

=

 bx
(
q0

2 +q2
1 −q2

2 −q2
3
)
+2bz (q1q3 −q0q2)

2bx (q1q2 −q0q3)−2bz (q2q3 +q0q1)

2bx (q1q3 +q0q2)+bz
(
q0

2 −q2
1 −q2

2 +q2
3
)
 (B.54)

The error or Kalman filter second residual can be determined by y:

z =

 mx

my

mz

 (B.55)

y = z−h(xk) (B.56)

y =

 mx −h0

my −h1

mz −h2

 (B.57)

The new Jacobian H matrix is also calculated in this stage, as calculated for accelerometers resid-

ual for Roll and Pitch angle (Fan et al., 2017), (Sabatini, 2006):

H =
∂h
∂x

=

 2(q0bx −q2bz) 2(q1bx +q3bz) 2(−q2bx −q0bz) 2(−q3bx +q1bz) 0 0 0

2(−q3bx +q1bz) 2(q2bx +q0bz) 2(q1bx +q3bz) 2(−q0bx +q2bz) 0 0 0

2(q2bx +q0bz) 2(q3bx −q1bz) 2(q0bx −q2bz) 2(q1bx +q3bz) 0 0 0


(B.58)

Afterwards, in the similar way of the accelerometer residual
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During the initialization and alignment procedure of the algorithm, the initial values of the Kalman

filter’s internal vectors and matrices should be adjusted accordingly.

B.6.2 Initialization and tuning consideration

This section deals with the initial adjustment of the internal parameters of the Kalman filter. The

matrices P, R, Q, and F are initialized in a diagonal form, with initial values as given in (Looney,

2012).

The algorithm needs to be run for a certain amount of time to calculate these initial values. Check-

ing this parameter again is unnecessary, and incorrect selection of the initial value will be cor-

rected automatically after a few seconds. Presetting this parameter will reduce the time required

for preparation and alignment of the filter.

Matrices R and Q are known as the sensor covariance matrices and the model uncertainty matrices,

respectively. The proportion of the values of these matrices determines the behavior of the Kalman

algorithm in pursuing the measurement error in the measurement stage, which in turn affects the

validity of the accelerometers and magnetometers in measuring the angles of the situation (Feng

et al., 2017).

The proportion of R-related parameters of the accelerometers to R-parameters associated with

the magnetometers is significant. If the weight of the magnetometers is high, errors measured

in the magnetometers’ section will have a significant effect on the roll and pitch angles in the

Kalman algorithm. If the accelerometer effect increases, the Kalman algorithm will not be able to

correct the measurement error during the correction of the magnetometers, and the drift error of

the gyroscope will affect the output of the Kalman Yaw angle.

The Q matrix is a 7×7 matrix where the parameters on its original diameter determine the un-

certainty of each vector parameter x. The smaller the diameter of this matrix, the less effect the

amount of uncertainty of the model will have on the prediction of these parameters in the pre-

diction stage. Thus, the integration from the gyroscopes will have a greater effect on the attitude

angle extraction procedure (Feng et al., 2017).

The first four parameters of the Q matrix determine the ratio of the gyroscope’s impact on the

Kalman model. The next three parameters are related to the bias rate of the gyroscope, and the

smaller the bias parameter, the higher the correction rate. Hence, the over-dimensionality of this

parameter indirectly increases the influence of the Kalman model on acceleration and magnitude

parameters. The bias of gyroscopes over time changes mostly due to the internal temperature

variation of the system, so the temperature of the system and the impact of the gyroscope (after

calibration) will be effective in determining this parameter. With mentioned considerations define
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them:

P =



0.02 0 0 0 0 0 0

0 0.01 0 0 0 0 0

0 0 0.01 0 0 0 0

0 0 0 0.03 0 0 0

0 0 0 0 0.01 0 0

0 0 0 0 0 0.01 0

0 0 0 0 0 0 0.01


(B.59)

Q =



0.0007 0 0 0 0 0 0

0 0.0007 0 0 0 0 0

0 0 0.0007 0 0 0 0

0 0 0 0.0007 0 0 0

0 0 0 0 0.0008 0 0

0 0 0 0 0 0.0008 0

0 0 0 0 0 0 0.0008



R =



100 0 0 0 0 0

0 100 0 0 0 0

0 0 100 0 0 0

0 0 0 10 0 0

0 0 0 0 10 0

0 0 0 0 0 10


(B.60)

Matrix F is also a 7×7 diameter matrix with an initial value defined by a 7×7 identity

matrix.

B.7 Results

In order to evaluate the performance of the quaternion-based EKF algorithm for ori-

entation estimation, we carried out experiments utilizing an IMU comprising an ac-

celerometer, gyroscope, and magnetometer. The IMU was mounted on a moving plat-

form, and the proposed EKF algorithm was employed to estimate the Roll, Pitch, and

Yaw angles. The obtained results are illustrated in Figure B.3, where the Roll angle

estimated by the proposed EKF algorithm is represented by the blue line, while the

Roll angle estimated by a BNO055 IMU sensor is represented by the red line. Addi-

tionally, the figure shows the comparison between the two approaches, along with the

y-acceleration and corresponding angular rate gyroscope output. During the experi-

ment, linear acceleration was applied to the system, with a maximum value of 1.8g.
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It was observed that the Roll angle successfully resisted this external disturbance, and

the system was rotated by almost 200 deg/s, with the Roll angle being able to with-

stand it. On the other hand, the stimulation experienced by the Pitch axis was more

severe, as the linear acceleration in the x-axis had reached nearly 4g, and the angular

velocity output from the gyroscope had gone up to 500 deg/s. Nonetheless, the system

was observed to be robust as shown in Figure B.5.

Figure B.3: Roll angle estimates using the proposed EKF algorithm and BNO055 Roll and corre-
sponding acceleration and angular rate.
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Figure B.4: Pitch angle estimates using the proposed EKF algorithm and BNO055 Pitch and
corresponding acceleration and angular rate.

We further assessed the performance of the proposed EKF algorithm for the Heading

angle under varying levels of noise in the sensor measurements. The outcomes are

presented in Figure B.5, where it can be observed that the proposed EKF algorithm

provides less precise estimates of the yaw angle from the sensor measurements. More-

over, the error in roll and pitch can increase up to two times the errors of the Heading

angle. Thus, further development is required to improve the accuracy of the algorithm.
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Figure B.5: yaw angle estimates using the proposed EKF algorithm and BNO055 yaw and corre-
sponding acceleration and angular rate.

B.8 Concluding remarks

In this study, we have introduced a new EKF algorithm that uses accelerometer, gyro-

scope, and magnetometer data to estimate the orientation based on quaternions. Our

proposed method can provide more accurate estimations of Roll and Pitch angles com-

pared to the BNO055 sensor. However, the algorithm has a limitation in that it cannot

handle long-term or low-frequency linear acceleration, such as in an airplane, since the

accelerometer measurements are affected by the tilt and external acceleration, which
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the algorithm cannot distinguish. To address this issue, we suggest using GPS to de-

tect and correct external acceleration by incorporating the linear velocity in the inertial

frame of reference into the Kalman filter measurement of acceleration (Wen et al.,

2021). This approach, known as the GPS-mode, is commonly used in drone applica-

tions and requires an expensive GPS-Ided AHRS package that costs more than 2000

euros. Another alternative is to use air data computers or pitot tubes to measure air-

speed, which can also help cancel external acceleration, but this method is more com-

plicated. An optical flow sensor is another common sensor used in VTOL systems or

multicopters, which can provide visual odometry and measure linear velocity using a

camera-based system. By combining different sensors, such as Openmv and BNO055

IMU, using a Kalman filter, we can develop a low-cost IMU system in the lab that

can be used for orientation estimation (Liang et al., 2019). With our own developed

Kalman filter, we can also integrate other sensors, which can improve the performance

of the system and make it comparable to the expensive GPS-Ided AHRS package.
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