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”In flying, the probability of survival
is inversely proportional to the angle of arrival”.

Neil Armstrong
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Abstract

The incorporation of composite materials in commercial aircraft structures, exem-
plified by the Boeing 787 Dreamliner and Airbus A350 XWB, has created a demand
for efficient and reliable methods to design structures using anisotropic materials.
While composites offer significant weight reduction, fuel efficiency, and improved
performance, they pose significant challenges in stress and failure analysis, partic-
ularly in regions with stress concentrations such as open and filled holes. These
features are critical in aerospace structures, where they are used for cable passages,

antennas, and fastened joints.

This thesis introduces a tool using analytical methods for fast and accurate stress
and failure analysis of open and filled hole configurations in composite laminates,
reducing preprocessing effort and reducing the need for detailed local numerical
models to capture stress concentrations. Infinite-domain problems are solved using
Lekhnitskii’s complex potential formalism, which is extended to finite-width plates
through auxiliary functions and potentials that enforce boundary conditions, follow-
ing the approach of Nguyen-Hoang and Becker. The framework is further expanded
to address biaxial loading in finite plates. To ensure compatibility with industrial
workflows, the tool integrates a load-extraction procedure from finite element re-
sults and employs the conservative First Ply Failure criterion for laminate failure
prediction.

The tool was systematically verified and validated against finite element simu-
lations to ensure its correct application and to define the limits of its applicabil-
ity. The resulting framework provides an efficient means of supporting preliminary
structural design in aerospace applications, enabling reliable assessment of stress
concentrations and failure in composite open and filled hole configurations, while

remaining adaptable to industry needs.

Keywords: Composite laminates; open hole; filled hole; stress concentrations;
finite-width plates; Lekhnitskii complex potentials; biaxial loading; first ply fail-

ure.






Resumo

A incorporacao de materiais compoésitos em estruturas de aeronaves comerciais, ex-
emplificada pelo Boeing 787 Dreamliner e pelo Airbus A350 XWB, criou a neces-
sidade de métodos eficientes e fidveis para o dimensionamento de estruturas com
materiais anisotropicos. Embora os compdsitos oferecam reducgoes significativas de
peso, maior eficiéncia no consumo de combustivel e melhor desempenho, colocam
desafios relevantes na andlise de tensoes e de falhas, sobretudo em regioes com con-
centracoes de tensao, como furos abertos e furos preenchidos. Estas caracteristicas
sao criticas em estruturas aeroespaciais, onde sao utilizadas para passagens de cabos,
antenas e ligagoes aparafusadas.

Esta tese apresenta uma ferramenta com base em métodos analitics para uma
andalise rapida e precisa de tensoes e falhas em configuragoes de furos abertos e
preenchidos em laminados compdsitos, reduzindo o esforco de pré-processamento e
diminuindo a necessidade de recorrer a modelos numéricos locais detalhados para
captar concentracoes de tensao. Problemas em dominios infinitos sao resolvidos uti-
lizando o formalismo do potencial complexo de Lekhnitskii, que é estendido a placas
de largura finita através de fungoes e potenciais auxiliares que impoem as condigoes
de fronteira, seguindo a abordagem de Nguyen-Hoang e Becker. O enquadramento
¢ ainda expandido para considerar carregamentos biaxiais em placas finitas. Para
garantir compatibilidade com fluxos de trabalho industriais, a ferramenta integra
um procedimento de extracao de cargas a partir de resultados de elementos fini-
tos e emprega o critério conservador de First Ply Failure para previsao de falha do

laminado.

A ferramenta foi sistematicamente verificada e validada contra simulacgoes de el-
ementos finitos, assegurando a sua correta aplicacao e definindo os limites da sua
aplicabilidade. O enquadramento resultante fornece um meio eficiente de apoio ao
projeto estrutural preliminar em aplicagoes aeroespaciais, permitindo uma avaliagao
fiavel das concentracoes de tensao e da falha em configuracoes de furos abertos e
preenchidos em compdsitos, mantendo-se adaptavel as necessidades da industria.

Vil






Acknowledgements

First, I would like to thank Prof. Dr. Carolina Silva and Dr. Pedro Albuquerque
for making possible this collaboration between FEUP and Jet Aviation Madrid, I

am sincerely grateful for the opportunity.

[ would like to thank Prof. Dr. Carolina Silva for her invaluable guidance through-
out the thesis, for her constant availability to provide support, and for her dedication
to ensuring the quality and clarity of this work.

I thank Dr. Pedro for all the support he provided during the development of my
thesis at Jet Aviation in Madrid. He assumed the role of a mentor, serving as a
valuable role model for my future career.

I thank Jorge Trigo, who guided me through coding challenges and helped me
develop a stronger understanding of finite element analysis and programming logic.
I also wish to thank the entire team at Jet Aviation for their constant availability
and support throughout my thesis.

A special thanks to all my friends in Porto and Viseu, whose support made these
five years truly special. I am especially grateful to Ruben, my collaborator on
numerous university projects, and to Madalena for her assistance in preparing the
figures, and all support throughout the year.

Finally, I would like to thank my family. My father, for teaching me the value
of hard work. My sister, who has been a role model, a teacher, and a friend. And
finally, my mother, to whom I am most grateful, whose strength is my greatest

inspiration in life.

1X






Contents

Contents Xi
List of Figures xiii
List of Tables XXiv
Nomenclature XxXVii
1 Introduction 1
1.1 Motivation and Background . . . . . . . ... ..o 1
1.2 Objectives . . . . . . . . . 3
1.3 Outline . . . . . . . . 4
2 Literature Review 7
2.1 Overview . . . . . . 7
2.1.1 OpenHole . . . . . ... ... .. 7
2.1.2 Filled Hole . . . . . . . . . . . . ... .. 8
2.1.3 Finite-Domain Solutions . . . . . . . ... .. .. ... ..... 9
2.1.4 Final Remarks . . . . . . . . . .. ... 11
2.2 Mathematical Background . . . . . . ... ... . 0oL 11
2.2.1 Basic Equations of Theory of Elasticity of an Anisotropic Body . 12
2.2.2 Classical Laminate Theory for Orthotropic Laminates . . . . . . 13

2.2.2.1 Transformation of Local Lamina Properties to the Global
Coordinate System . . . . . . . ... ... ... . .... 14
2.2.2.2 Strain and Stress Variation in a Laminate . . . . . . . . 15
2.2.2.3 Resultant Forces and Moments in the Laminate . . . . . 16
2.2.2.4 Effective Stiffnesses of the Laminate . . . . . . .. ... 18

2.2.3 Stress Field of an Orthotropic Homogeneous Plate under Plane
Stress . . ... e 18

2.2.3.1 Generalised Plane Stress State in a Homogeneous Plate 18
2.2.3.2 General Expression for Stress Functions . . . . .. . .. 19
2.2.3.3 Stress Field Representation Using Complex Potentials . 21

x1



Contents

224 Final Remarks . . . . . . .. .. ... ... 22

3 Mechanical Idealisation and Finite Element Methodology 23

3.1 Mechanical Idealisation . . . . . . . ... ... ... ... ... ... 23

3.2 Finite Element Methodology . . . . . . . .. ... ... ... ... ... 26

4 Stress Analysis 33

4.1 Infinite-Domain Problem . . . . . . .. ... .. ... ... ... ... 33
4.1.1 Application of Boundary Conditions on Circular Domains via

Conformal Mapping . . . . . . . . . .. ... ... ... 33

4.1.2 Complex Potentials - General Considerations . . . . . . . .. .. 36

4.1.3 Openhole . . . . . . .. .. .. 39

4.14 Filled Hole . . . . . . . . . ... 41

4.1.5 Analysis of the Load Application Distance . . .. ... ... .. 44

4.1.6 Analysis of Characteristic Stresses . . . . . . . . . ... ... .. A7

4.1.6.1 Analysis of the Infinite-Domain Solution: Open Hole . . 48
4.1.6.2 Analysis of the Infinite-Domain Solution: Filled Hole . . 54

4.2 Finite-Domain Problem . . . . . . .. ... ... ... ... ... .. 60
4.2.1 Elimination of Tractions Parallel to the Loading Direction . . . . 61
4.2.2 FElimination of Tractions Perpendicular to the Loading Direction 62
4.2.3 FEnforcement of Hole Boundary Conditions . . . . . . .. .. .. 69
4.2.4 Boundary Conditions Enforced via Iterative Corrections . . . . . 70
4.2.5 Analysis of Characteristic Stresses . . . . . . . . . .. ... ... 73

4.2.5.1 Analysis of the Finite-Width Solution: Open Hole . . . 73
4.2.5.2 Analysis of the Finite-Width Solution: Filled Hole . . . 79

4.3 Analysis of Biaxial Loading Case . . . . . ... .. ... ... ..... 90
4.3.1 Analysis of the Finite-Plate Solution: Open Hole Biaxial Tension 91

4.4 Out-of-Axis Bearing Loading Case . . . . .. ... ... ... ..... 98

4.5 Analysis of the Bearing-bypass Interactions . . . . . .. ... ... .. 98

4.6 Final Remarks . . . . . . . .. .. . 99

5 Failure Analysis 101

5.1 Methodology for Computation of the Lamina-Level Stress Field . . . . 101

5.1.1 Analysis of the Lamina-Level Characteristic Stresses . . . . . . . 102
5.1.1.1 Analysis of the Lamina-Level Solution: Open Hole . . . 102
5.1.1.2 Analysis of the Lamina-Level Stress Field: Filled Hole . 108

5.2 Computation of Failure . . . . . . . .. .. ... ... ... ...... 113
5.2.1 Maximum Failure Stress Criterion . . . . . . .. ... ... ... 113
5.2.2 Maximum Failure Strain Criterion . . . . . . . . .. .. ... .. 114
5.2.3 Tsai-Hill Criterion . . . . . . . . ... ... ... .. ... ... 115
5.2.4 Tsai-Wu Criterion . . . . . . .. .. ... .. 0oL 115

xii



6 Extraction of Bearing and Bypass Loads from Finite Element

Analysis Outputs 117

6.1 Joint Representation . . . . . . . . . . ... .o Lo 117

6.1.1 Plate . . . . . . . . . 117

6.1.2 Fastener . . . . . . . . . . 118

6.2 Load Extraction Methodology . . . . . . . . ... ... ... ... ... 119

6.2.1 Bypass and Bearing Loads Calculation . . . . .. ... ... .. 119

6.2.2 Load Extraction Area Definition . . . . . . . ... ... .. ... 121

6.3 Analysis of the Load Extraction Method . . . . . .. .. .. ... ... 122

7 Operational Details and Limitations of the Developed Tool 125

7.1 Tool Operation . . . . . . . . .. . ... 125

7.2 Assumptions and Limitations of the Developed Tool . . . . ... . .. 128

7.2.1 Tool Assumptions . . . . . . . . . .. ... ... 128

7.2.2 Tool Limitations . . . . . . . . . ... ... ... .. 128

7.3 Example of Application of the Tool . . . . . . . . ... ... ... ... 132

7.4 Qualitative Analysis of the Tool’s Performance . . . . . ... ... .. 136

8 Conclusion and Future Work 139

8.1 Conclusion . . . . . . . . . . e 139

8.2 Future Work and Gaps to be Fulfilled . . . ... ... ... ... ... 140

References 143

A Stress Analysis 149

A.1 Load Application Distance Results . . . . .. .. ... ... ... ... 149

A.2 Infinite-Domain Filled Hole Solutions . . . . . . . .. ... ... .... 165

List of Figures

2.1 Through-thickness schematic of a composite laminate showing mid-
plane, z-coordinate, interface positions z;_1 and zy, ply thickness ¢,

and total thickness¢. . . . . . . .. .. ... ... L. 16

Xlil



List of Figures

2.2

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

Schematic of a multilayered laminate showing the global axes (z, y, )
and the lamina’s local material axes (1, 2) oriented by the ply angle 6.
Through-thickness stresses are represented on the mid-surface by the
CLT resultants: in-plane forces N, N,, N, and bending-twisting
moments M,, M,, M,,; t is the laminate thickness (with ¢/2 to each
face). . . .o

Finite-plate open hole tension configuration: a rectangular plate of
width w with a central circular hole of diameter d, subjected to
uniform remote uniaxial tension og; €10aq denotes the distance to the
loaded edges. . . . . . . . ...

Finite-plate filled hole pure bearing configuration: a rectangular
plate of width w with a central circular hole of diameter d, the bolt
contact is modeled as sinusoidal radial tractions acting over half of
the hole circumference; e),,q denotes the distance to the constraint
edge and e the end distance. . . . . . . .. ...

Fastened joint under combined bearing—bypass loading, where the
total load P is carried partly by the fastener through the bearing
load Pgea and partly by the plate through the bypass load Ppgy.

Finite-plate filled hole configuration under bypass and bearing: a
rectangular plate of width w with a central circular hole of diameter
d, subjected to uniform remote uniaxial tension og; €j,,q denotes the
distance to the loaded edges. . . . . . . . .. .. ... ... ... ..

Finite-plate open hole under biaxial bypass loading: a rectangular
plate of width w, and height w, with a central circular hole of di-
ameter d, subjected to uniform remote bypass stresses 02 and oB¥

on the z- and y-edges, respectively. . . . . . .. ... ... ... ...

Local mesh-refinement strategy around the hole. The element size
decreases toward the hole’s boundary. Refinement is defined along
the 45° diagonal of length L, with the minimum distance between
two consecutive nodes being Ly, (L = V2 min{epad, w/2,€}).. . . .
Open hole tension: mesh convergence of normalised axial stress. (a)
FE model used in the study. (b-f) 0,(§£ =0,y = 0)/0, with respect
to the number of elements N = {5, 10,20, 40,80, 120,160} for the
laminates indicated. Results converge to three decimal places. . . . .
Filled hole bearing: mesh convergence of normalised axial stress. (a)
FE model used in the study. (b-f) 0,(§ =0,y = 0)/04 with respect
to the number of elements N = {5, 10,20, 40,80, 120,160} for the
laminates indicated. Results converge to three decimal places. . . . .

Xiv

25

27

30

32



4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.10

List of Figures

External resultant forces X,, and Y,, acting along the outer contour,
equilibrated by the boundary tractions from the stress components
Orps Opp, and T,,. The arc-length coordinate s, outward normal n

and 0" marks the originof s. . . . .. ... ... ... ... ... .. 34

[lustration of conformal mapping transformation in between the zj-
plane and the (j-plane, using the mapping functions f~*(¢;) and
f(zx), which depend on the original domain’s shape. . . . . . . . .. 35

Schematic of the infinite-width open hole boundary conditions and
the predicted stress distribution around the hole, highlighting the
contribution from the hole-edge effect and from the uniform stress
state. . .. 38

Normalised net-section stress field (o,/0p) around an open hole in
an infinite [0°] laminate, computed with the present formulation;
contours shown for z,y € [-10,10]mm. . . .. ... ... ... ... 41

Representation of the filled hole BCs by superposition of a full cosine
distribution and a cosine Fourier series, resulting in the bolt contact
idealisation with sinusoidal radial tractions applied over half of the
hole’'sedge. . . . . . . . . . 42

Normalised net-section stress field (o,/04) around a filled hole in
an infinite [0°] laminate, computed with the present formulation;
contours shown for z,y € [-10,10jmm. . . . . ... ... ... ... 44

Open hole tension stresses for each laminate at different ejy,q/d val-
ues, with w/d = 3. The upper plot shows the normalized net-section
stresses, while the lower plot shows the normalized circumferential

Stresses. . . . . . . . e s 46

Filled hole stresses for each laminate at different ej,q/d values, with
w/d = 3 and e/d = 2.5. The upper plot shows the normalized
net-section stresses, while the lower plot shows the normalized cir-

cumferential stresses. . . . . . ... 47

Open hole tension infinite plate, comparison between analytical and
FE solutions for the [0°] laminate, for w/d = {5,10,20,40}. The
upper plot shows the normalised net-section stresses, while the lower

plot shows the normalised circumferential stresses. . . . . . .. . .. 49

Open hole tension infinite plate, comparison between analytical and

FE solutions for the quasi-isotropic laminate, for w/d = {5, 10, 20, 40}.

The upper plot shows the normalised net-section stresses, while the
lower plot shows the normalised circumferential stresses. . . . . . . . 50

XV



List of Figures

4.11

4.12

4.13

4.14

4.15

4.16

4.17

4.18

4.19

Open hole tension infinite plate, comparison between analytical and
FE solutions for the [0°/90°] laminate, for w/d = {5,10,20,40}.
The upper plot shows the normalised net-section stresses, while the
lower plot shows the normalised circumferential stresses. . . . . . . . o1

Open hole tension infinite plate, comparison between analytical and
FE solutions for the [£45°]s laminate, for w/d = {5, 10,20,40}. The
upper plot shows the normalised net-section stresses, while the lower
plot shows the normalised circumferential stresses. . . . . . . .. .. 52

Open hole tension infinite plate, comparison between analytical and
FE solutions for the [0g / (£45°), / 90°], laminate, for w/d = {5, 10, 20, 40}.
The upper plot shows the normalised net-section stresses, while the

lower plot shows the normalised circumferential stresses. . . . . . . . 53

Filled hole infinite plate, comparison between analytical and FE so-
lutions for the [0°] laminate, for w/d = {10, 20, 40,80} and e/d = 80.
The upper plot shows the normalised net-section stresses, while the

lower plot shows the normalised circumferential stresses. . . . . . . . 55

Filled hole infinite plate, comparison between analytical and FE solu-
tions for the quasi-isotropic [0g / (£45°), / 90°], laminate, for w/d =
{10, 20, 40,80} and e/d = 80. The upper plot shows the normalised
net-section stresses, while the lower plot shows the normalised cir-

cumferential stresses. . . . . . ... 56

Filled hole infinite plate, comparison between analytical and FE so-
lutions for the [0°/90°]s laminate, for w/d = {10,20,40,80} and
e/d = 80. The upper plot shows the normalised net-section stresses,

while the lower plot shows the normalised circumferential stresses. . 57

Filled hole infinite plate, comparison between analytical and FE
solutions for the [£45°]¢ laminate, for w/d = {10,20,40,80} and
e/d = 80. The upper plot shows the normalised net-section stresses,
while the lower plot shows the normalised circumferential stresses. . 58

Filled hole infinite plate, comparison between analytical and FE solu-
tions for the [0F / (£45°), /90°], laminate, for w/d = {10, 20, 40, 80}
and e/d = 80. The upper plot shows the normalised net-section
stresses, while the lower plot shows the normalised circumferential
SEresses. . . . ... 59

Free-form bodies with only the tractions relevant to equilibrium in
the loading y direction shown. Using the periodic arrangement tech-
nique, the edge shear stresses 7,,(+w/2,y) become negligible, so
the external load is carried solely by the net-section stress o,(x,0),
adapted from reference [14]. . . . . . ... ..o L. 61

xXvi



4.20

4.21

4.22

4.23

4.24

4.25

4.26

4.27

List of Figures

Periodic arrangement used to cancel nonzero tractions along straight
edges in load direction. The solid-outlined plate Fiif is the non-
shifted original plate obtained from the infinite-domain solution. In
(a) the finite domain open-hole problem is bounded at x = +w/2,
and therefore the the arrangement is done only horizontally. For the
filled hole in (b), tractions at y = e must also vanish, and there-
fore F'™f has to be vertically duplicated. The sinusoidal tractions
are reversed from compression to tension, and the duplicated plate
rotated by 7 rad about the hole boundary, producing the boundary
plate Fi3f. In the filled hole plate, C denotes compression and T

teNSION. . . . . ..

Flowchart for stress calculus of finite-width plates with open and
filled holes, adapted from reference [14]. . . . . . . . ... ... ...

Open hole tension finite-width plate, comparison between analytical
and FE solution for the [0°] laminate, for w/d = {3,10,20}. The
upper plot shows the normalised net-section stresses, while the lower
plot shows the normalised circumferential stresses. . . . . . ... ..

Open hole tension finite-width plate, comparison between analyt-
ical and FE solution for the quasi-isotropic laminate, for w/d =
{3,10,20}. The upper plot shows the normalised net-section stresses,
while the lower plot shows the normalised circumferential stresses.

Open hole tension finite-width plate, comparison between analytical
and FE solution for the [0°/90°]s laminate, for w/d = {3,10,20}.
The upper plot shows the normalised net-section stresses, while the

lower plot shows the normalised circumferential stresses. . . . . . . .

Open hole tension finite-width plate, comparison between analytical
and FE solution for the [£45°] laminate, for w/d = {3,10,20}. The
upper plot shows the normalised net-section stresses, while the lower

plot shows the normalised circumferential stresses. . . . . . ... ..

Open hole tension finite-width plate, comparison between analytical
and FE solution for the [0g /(£45°), /90°], laminate, for w/d =
{3,10,20}. The upper plot shows the normalised net-section stresses,
while the lower plot shows the normalised circumferential stresses.

Filled hole finite-width plate, comparison between analytical and FE
solutions for the [0°] laminate, with e/d = 2.5. The upper plot shows
the normalised net-section stresses, while the lower plot shows the

normalised circumferential stresses. . . . . . . . . . .. ... ..

Xvil

75

78



List of Figures

4.28

4.29

4.30

4.31

4.32

4.33

4.34

4.35

4.36

4.37

Filled hole finite-width plate, comparison between analytical and
FE solutions for the quasi-isotropic quasi-isotropic laminate, with
e/d = 2.5. The upper plot shows the normalised net-section stresses,
while the lower plot shows the normalised circumferential stresses.

Filled hole finite-width plate, comparison between analytical and FE
solutions for the [0°/90°]s laminate, with e/d = 2.5. The upper plot
shows the normalised net-section stresses, while the lower plot shows

the normalised circumferential stresses. . . . . . . . . . . .. .. ..

Filled hole finite-width plate, comparison between analytical and FE
solutions for the [£45°]; laminate, with e/d = 2.5. The upper plot
shows the normalised net-section stresses, while the lower plot shows

the normalised circumferential stresses. . . . . . . . . . . . .. ...

Filled hole finite-width plate, comparison between analytical and FE
solutions for the [0F / (£45°)2 /90°], laminate, with e/d = 2.5. The
upper plot shows the normalised net-section stresses, while the lower

plot shows the normalised circumferential stresses. . . . . . ... ..

Filled hole finite-width plate, comparison between analytical and FE
solutions for the [0°] laminate, with e/d = 10. The upper plot shows
the normalised net-section stresses, while the lower plot shows the
normalised circumferential stresses. . . . . . . . . ... ... ... ..

Filled hole finite-width plate, comparison between analytical and FE
solutions for the quasi-isotropic laminate, with e/d = 10. The upper
plot shows the normalised net-section stresses, while the lower plot

shows the normalised circumferential stresses. . . . . . . . . . . . ..

Filled hole finite-width plate, comparison between analytical and FE
solutions for the [0°/90°]s laminate, with e/d = 10. The upper plot
shows the normalised net-section stresses, while the lower plot shows

the normalised circumferential stresses. . . . . . . . . . . . . .. ..

Filled hole finite-width plate, comparison between analytical and FE
solutions for the [+45°]; laminate, with e/d = 10. The upper plot
shows the normalised net-section stresses, while the lower plot shows
the normalised circumferential stresses. . . . . . . ... ... . ...
Filled hole finite-width plate, comparison between analytical and FE
solutions for the [0g / (£45°), /90°], laminate, with e/d = 10. The
upper plot shows the normalised net-section stresses, while the lower
plot shows the normalised circumferential stresses. . . . . . . .. ..
Schematic of the boundary conditions of the infinite-plate open hole
configuration, subjected to uniform remote bypass stresses o2¥ and
oY at x — 400 and y — +oo, respectively. . . . ...

xviii

81



4.38

4.39

4.40

4.41

4.42

4.43

0.1

List of Figures

Biaxial open hole finite-width plate, comparison between analytical
and FE solutions for the [0°] laminate, with w,/d = 10, w,/d = 10
and o = {0,0.1,0.5,0.9,1}. The upper plot shows the normalised
net-section stresses, while the lower plot shows the normalised cir-

cumferential stresses. Stresses normalised by JEY fora=1. ... ..

Biaxial open hole finite-width plate, comparison between analytical
and FE solutions for the quasi-isotropic laminate, with w,/d = 10,
wy,/d = 10 and a = {0,0.1,0.5,0.9,1}. The upper plot shows the

normalised net-section stresses, while the lower plot shows the nor-

malised circumferential stresses. Stresses normalised by afy for a = 1.

Biaxial open hole finite-width plate, comparison between analyti-
cal and FE solutions for the [0°/90°]s laminate, with w,/d = 10,
wy,/d = 10 and a = {0,0.1,0.5,0.9,1}. The upper plot shows the
normalised net-section stresses, while the lower plot shows the nor-

malised circumferential stresses. Stresses normalised by ny for a = 1.

Biaxial open hole finite-width plate, comparison between analyti-
cal and FE solutions for the [+45°]; laminate, with w,/d = 10,
w,/d = 10 and o = {0,0.1,0.5,0.9,1}. The upper plot shows the
normalised net-section stresses, while the lower plot shows the nor-

malised circumferential stresses. Stresses normalised by af’y for a = 1.

Biaxial open hole finite-width plate, comparison between analytical
and FE solutions for the [0g / (£45°), /90°], laminate, with w,/d =
10, wy/d = 10 and o = {0,0.1,0.5,0.9,1}. The upper plot shows
the normalised net-section stresses, while the lower plot shows the

normalised circumferential stresses. Stresses normalised by afy for

Out-of-axis bearing load: a local coordinate system (z’,y’) is intro-
duced so that z’ aligns with the bearing direction, which forms an
angle g with the global x-axis. . . . . . .. ... ... ... .....

Comparison of analytical and FE solutions for lamina-level stresses
in the quasi-isotropic laminate with an open hole finite-width plate,
evaluated at w/d = 10. The top plot presents the normalised net-
section stresses, while the bottom plot shows the normalised circum-
ferential stresses. Ply numbering is assigned from the outer ply down
tothe middle ply. . . . . . . . . . ...

Xix

94

95

96



List of Figures

5.2

2.3

0.4

2.9

5.6

5.7

Comparison of analytical and FE solutions for lamina-level stresses
in the [0°/90°]s laminate with an open hole finite-width plate, evalu-
ated at w/d = 10. The top plot presents the normalised net-section
stresses, while the bottom plot shows the normalised circumferential
stresses. Ply numbering is assigned from the outer ply down to the

middle ply. . . . . ..o

Comparison of analytical and FE solutions for lamina-level stresses
in the [£45°]; laminate with an open hole finite-width plate, evalu-
ated at w/d = 10. The top plot presents the normalised net-section
stresses, while the bottom plot shows the normalised circumferential
stresses. Ply numbering is assigned from the outer ply down to the
middle ply. . . . . . ..

Comparison of analytical and FE solutions for lamina-level stresses
in the [0g / (£45°) /90°], laminate with an open hole finite-width
plate, evaluated at w/d = 10. The top plot presents the normalised
net-section stresses, while the bottom plot shows the normalised cir-
cumferential stresses. Ply numbering is assigned from the outer ply
down to the middle ply. . . . . . .. . ... ... ... ... .. ..

Comparison of analytical and FE solutions for lamina-level stresses
in the quasi-isotropic laminate with a filled hole finite-width plate,
evaluated at w/d = 10 and e/d = 20. The top plot presents the
normalised net-section stresses, while the bottom plot shows the nor-
malised circumferential stresses. Ply numbering is assigned from the
outer ply down to the middle ply. . . . . . ... ... ... .. ...

Comparison of analytical and FE solutions for lamina-level stresses in
the [0°/90°]s laminate with a filled hole finite-width plate, evaluated
at w/d = 10 and e/d = 20. The top plot presents the normalised
net-section stresses, while the bottom plot shows the normalised cir-
cumferential stresses. Ply numbering is assigned from the outer ply
down to the middle ply. . . . . . . . .. .. ... ... ... ...

Comparison of analytical and FE solutions for lamina-level stresses
in the [£45°]5 laminate with a filled hole finite-width plate, evaluated
at w/d = 10 and e/d = 20. The top plot presents the normalised
net-section stresses, while the bottom plot shows the normalised cir-
cumferential stresses. Ply numbering is assigned from the outer ply
down to the middle ply. . . . . . . . . ... ... .. ... ...

XX

107

110

111



2.8

6.1

6.2

6.3

6.4

6.5

7.1
7.2

7.3
7.4

7.5

7.6

List of Figures

Comparison of analytical and FE solutions for lamina-level stresses
in the [0F /(£45°)2 /90°], laminate with a filled hole finite-width
plate, evaluated at w/d = 10 and e/d = 20. The top plot presents
the normalised net-section stresses, while the bottom plot shows the
normalised circumferential stresses. Ply numbering is assigned from

the outer ply down to the middle ply. . . . . . ... ... ... ... 112

Schematic representation of the fastener modeling strategy. The fas-
tener is represented by a CBUSH element (shown in red) positioned
at the geometric center of a four-node set on the plate surface. Each
CBUSH end node is connected to the surrounding four plate surface
nodes through RBE3 interpolation elements (shown in black), which
distribute the loads without introducing artificial stiffness. The plate
mesh nodes connected through the RBE3 are shown in blue. . . . . . 118

Schematic of the square-shaped load extraction area used to calculate
the bypass load. The area has a side length a and is centered at the
node (MF M) The load is extracted along the four sides (1-4),
with element numbers defined in the (4, j) notation. . . . . ... .. 119
Geometrical parameters associated with the load extraction area.
The parameter e;; denotes the distance from the edge of the hole of
diameter d; to edge j, while ¢;; represents the distance between the

centers of the holes with diameters d; and d,. . . . . . . . . . .. .. 121

Model description of the double-lap joint under uniaxial loading,
showing boundary conditions, loading configuration, and overall di-
mensions defined relative to the fastener diameter. . . . . . . . . .. 123
Effect of element size and opposite-node spacing on membrane force
distribution (N mm™1), with d = 1 mm and using the non-deformed
display option. Opposite-node spacing is set to twice the element size.124

Overall workflow of the developed tool. . . . . ... ... ... ... 126
Hole analysis subroutine, executed iteratively for all holes in the

global model. . . . . . . ... o 127
Laminate-level net-section stresses, o, (x,y). . . . . . . ... ... .. 132

Lamina-level stresses, wehere Ply-1 is the 0° ply and Ply-2 the 90°
ply. The upper plot shows the net-section stresses, while the lower
plot shows the circumferential stresses. . . . . . . . .. ... .. ... 133
FE model with contact using rigid bodies as fasteners. The specimen
is a double-lap joint under tension; the model was implemented in

Abaqus. . . . . .. 135

Laminate-level net-section stresses, o, (x,y). . . . . . . . . ... ... 136

xx1



List of Figures

Al

A2

A3

A4

A5

A6

AT

A8

A9

A.10

A1l

A2

A3

Open hole tension normalised net-section stresses for each laminate
at different ejpnq/d values, with w/d = {5,10,20}. . . . . . . . . . ..

Open hole tension normalised circumferential stresses for each lam-
inate at different ej,q/d values, with w/d = {5,10,20}. . . . . . ..

Filled hole net section stresses for each laminate at different ejoaq/d
values, with w/d = {5,10,20} and e/d =2.5. . . . . ... ... ...

Filled hole circumferential stresses for each laminate at different
€load/d values, with w/d = {5,10,20} and e/d =2.5. . . . . ... ..

Filled hole net section stresses for each laminate at different ej,nq/d
values, with w/d = {3,5,10,20} and e¢/d =10. . . . . .. ... ...

Filled hole circumferential stresses for each laminate at different
€load/d values, with w/d = {5,10,20} and e/d =10. . . ... .. ..

Filled hole net section stresses for each laminate at different e),q/d
values, with w/d = {3,5,10,20} and e/d =20. . . . ... ... ...

Filled hole circumferential stresses for each laminate at different
€load/d values, with w/d = {5,10,20} and e/d =20. . .. ... ...

Filled hole infinite plate, comparison between analytical and FE so-
lutions for the [0°] laminate, for w/d = {10, 20,40,80} and e/d = 2.5.
The upper plot shows the normalised net-section stresses, while the

lower plot shows the normalised circumferential stresses. . . . . . . .

Filled hole infinite plate, comparison between analytical and FE solu-
tions for the quasi-isotropic [0g / (£45°), / 90°], laminate, for w/d =
{10, 20,40, 80} and e/d = 2.5. The upper plot shows the normalised
net-section stresses, while the lower plot shows the normalised cir-

cumferential stresses. . . . . . ...

Filled hole infinite plate, comparison between analytical and FE so-
lutions for the [0°/90°]s laminate, for w/d = {10,20,40,80} and
e/d = 2.5. The upper plot shows the normalised net-section stresses,
while the lower plot shows the normalised circumferential stresses.

Filled hole infinite plate, comparison between analytical and FE
solutions for the [£45°]s laminate, for w/d = {10,20,40,80} and
e/d = 2.5. The upper plot shows the normalised net-section stresses,
while the lower plot shows the normalised circumferential stresses.

Filled hole infinite plate, comparison between analytical and FE solu-
tions for the [0F / (£45°)2 /90°], laminate, for w/d = {10, 20, 40, 80}
and e/d = 2.5. The upper plot shows the normalised net-section
stresses, while the lower plot shows the normalised circumferential
stresses. . ... Lo

xxil

. 167

. 168



A15

A.16

A7

A18

List of Figures

Filled hole infinite plate, comparison between analytical and FE so-
lutions for the [0°] laminate, for w/d = {10, 20,40, 80} and e/d = 20.
The upper plot shows the normalised net-section stresses, while the
lower plot shows the normalised circumferential stresses. . . . . . . .
Filled hole infinite plate, comparison between analytical and FE solu-
tions for the [0F / (£45°)2 /90°], laminate, for w/d = {10, 20, 40, 80}
and e/d = 20. The upper plot shows the normalised net-section
stresses, while the lower plot shows the normalised circumferential
SEESSES. . . . . . e e e
Filled hole infinite plate, comparison between analytical and FE so-
lutions for the [0°/90°]s laminate, for w/d = {10,20,40,80} and
e/d = 20. The upper plot shows the normalised net-section stresses,
while the lower plot shows the normalised circumferential stresses.
Filled hole infinite plate, comparison between analytical and FE
solutions for the [£45°]s laminate, for w/d = {10,20,40,80} and
e/d = 20. The upper plot shows the normalised net-section stresses,
while the lower plot shows the normalised circumferential stresses.
Filled hole infinite plate, comparison between analytical and FE solu-
tions for the [0F / (£45°), /90°], laminate, for w/d = {10, 20,40, 80}
and e/d = 20. The upper plot shows the normalised net-section
stresses, while the lower plot shows the normalised circumferential
SEIeSSeS. . . . . . L e

xxiii

172

173



List of Tables

3.1

4.1

4.2

4.3

4.4

4.5

5.1

5.2

6.1

Effective elastic properties of various laminate configurations using
Hexcel IM7-8552 ply properties (adapted from Camanho et al. [66]).
Throughout this thesis, ply angles are measured counterclockwise,
with [0°] aligned with the y-axis. . . . .. ... ... ... ...... 26

Maximum stress relative error (%) in open hole tension for various
laminate configurations compared with the infinite-domain analytical

solution, at different w/d ratios. . . . . .. ... L 48

Maximum stress relative error (%) in filled hole under bearing for
various laminate configurations compared with the infinite-domain
analytical solution, at different w/d ratios, with e/d =80.. . . . . . . 54

Maximum stress relative error (%) in open hole tension for various
laminate configurations comparing numerical results with the analyt-
ical solution, at different w/d values. . . . ... ... ... ... ... 73

Maximum stress relative error (%) in finite-width filled hole for var-
ious laminate configurations comparing numerical results with the
analytical solution at different w/d values, for e/d = 2.5 and e/d = 10. 79

Normalised maximum stress relative error (%) for different laminate
configurations under biaxial loading for various «, for w,/d = w,/d =
10, o e 92

Maximum lamina-level stress relative error (%) in open hole tension
for various laminate configurations comparing numerical results with
the analytical solution with w/d = 10. Ply numbering is assigned
from the outer ply down to the middle ply. . . . . . . ... ... ... 103

Relative errors for different layups. . . . . . .. ... ... ... ... 108

Bearing and bypass loads extracted from the FE model for various
element sizes. Listed are the bypass load P2Y and the bearing load
Pgea defined as force per unit thickness (in Nmm_l), together with
[ and the stress-concentration factor K; .. . . . . . .. ... .. ... 124

XX1v



7.1

7.2

7.3

7.4

List of Tables

Summary of geometric configurations for an open hole under uniaxial
tension and a filled hole under bearing in infinite width and finite
width plates, where for the laminates analysed in this thesis the an-
alytical solutions show absolute relative errors below 4% compared
with FE results. . . . . . . . . . . . ..
Summary of geometric configurations for an open hole and a filled hole
under different load application distances, where for the laminates
analysed in this thesis the analytical solutions show absolute relative
errors below 5% compared with FE results. . . . . . .. .. ... ...
Margins of safety for lamina failure, using Maximum Stress, Tsai-Hill
and Tsai-Wu failure criteria. . . . . . . . . ... ...
Margins of safety of the FE results for lamina failure, using Maximum
Stress, Tsai-Hill and Tsai-Wu failure criteria. . . . . . . . . . ... ..

XXV






Nomenclature

Abbreviations

2D two-dimensional

3D three-dimensional

API Application Programming Interface

BC Boundary Condition

CBUSH 1D bushing element (Femap Nastran)

CFRP Carbon Fibre Reinforced Polymer

CLT (Classical Laminate Theory

CPS8 Continuum Plane Stress element with 8 nodes (Abaqus)
CQUAD4 4-node quadrilateral shell element (Femap Nastran)
DOF Degree of Freedom

FE Finite Element

FPF First Ply Failure

MS Margin of Safety

MPC Multi-Point Constraint

SCF Stress Concentration Factor

SDG Sustainable Development Goals

RBE3 Rigid Body Element, type 3 (Femap Nastran)

S8R, 8-node shell element with reduced integration (Abaqus)
XWB Extra Wide Body

Indices and notations

Average (OJ) average operator

min () minimum operator

PA(O) operator for periodic arrangement

] amplitude

my derivative with respect to complex variable
O field quantity produced by unit remote load
o remote or far field

XXVil



Nomenclature

Symbols

=

Q

>

QMmO AT
eyl

s
@

fastener
bearing

bypass
diameter
symmetric
perpendicular
deviation

filled hole
Fourier series
hole boundary conditions
horizontal edges
infinite
multivalued
open hole
single-valued
vertical edges

matrix of extensional stiffnesses and its components
experimental fitting parameter involved in the R-curve
hole and fastener diameter

end distance

Young’s modulus; effective Young’s modulus
Fourier-series coefficients

Airy stress function

shear modulus; effective shear modulus

coefficient characterising angle-ply laminates

stress concentration factor with remote stress as reference value

wavelength of Fourier-series expansion

iteration step

number of iterations

number of horizontal and vertical auxiliary plates
normal vector

number of terms

normal stress resultants

loading functions

XX Viil



Nomenclature

force; load
reduced stiffnesses with respect to the local coordinate system

reduced stiffnesses with respect to the global coordinate system of

OO

the laminate

radial coordinate

hole and fastener radius

coefficient in governing equations for an orthotropic plate

?

»w O :U‘i

arc-length parameter

»

>N

components of compliance tensor stored in matrix form

thickness

~

»

coefficient characterising angle-ply laminates
displacement vector and its components
width

T, 2 spatial coordinates

£

g £

X, Y, components of external force

Greek symbols

a, complex coefficients of Fourier-series expansions of loading functions

Q@ ratio of bypass load perpendicular to the material axes to the sum
of bypass loads in longitudinal and transverse directions

15} load factor; ratio of bearing to total load
~ engineering shear strain

€ strain

€ linearised strain tensor

¢ mapping function

K plate-curvature vector

7] complex constant

v, U Poisson’s ratio; effective Poisson’s ratio
£ relative or dimensionless coordinate

A& relative or dimensionless crack length

0 hyperbolic function

o, 0 normal stress; average normal stress

o, 0 Cauchy stress tensor and its components
T shear stress

© circumferential coordinate

) hyperbolic function involved in the Airy stress function
) complex potential

X convergence criterion for load transfer

(0 convergence criterion for free edge

XX1X






1. Introduction

1.1 Motivation and Background

The aerospace industry is among the most competitive in the world, driving a con-
tinuous pursuit of performance and efficiency improvements in aircraft design. One
of the key strategies for achieving these goals has been adopting lighter materials,
particularly advanced composite materials. The Boeing 787 Dreamliner was the first
large commercial airplane in the world to use composite materials as the primary
material in its structure and is Boeing’s most fuel-efficient airplane. In response
to the Boeing 787 Dreamliner, Airbus created the A350 XWB also in composites.
This new generation of aircraft features more than 50% of the structural weight in
carbon fibre reinforced polymer (CFRP) [1]. The use of this type of material results
in greater fuel efficiency due to the aircraft’s lower weight, and as a consequence
pollutant emissions are lower and noise is reduced. There is also an increase in pas-
senger comfort and a decrease in the need for maintenance [2]. One major drawback
of using composite materials is the increased complexity in their design, as, unlike
isotropic materials, whose properties remain the same in all directions, composite
materials are, in most cases, anisotropic, and therefore their mechanical properties
vary depending on the direction of the applied load. Hence, significant changes in
design models have been necessary [3]. Aiming to work with composite airplanes,
Jet Aviation, a company specializing in modifications of large aircraft, primarily for
Airbus and Boeing, proposed this thesis, focusing on the structural design process
for composite materials. Jet Aviation is a global leader in business aviation services,
providing aircraft management, maintenance, modifications, charter, and staffing at
more than 50 locations worldwide, with a workforce of over 4000 employees. This
work was carried out at the company’s engineering office, in Madrid, within the
Structural Analysis Department.

In the context of this thesis, particular attention is given to improving the model-
ing of stress concentration zones near holes. Both open and filled hole configurations
will be examined to accurately represent such features in plates and joints. In air-
craft design, open holes are commonly used, for example, to accommodate antennas
or to allow electrical cables to pass through sections of the airframe. Additionally,
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fastened joints are a widely used method for connecting thin plate structures, be-
ing widely used due to their ease of manufacturing and structural reliability. This
thesis aims to develop a tool capable of delivering fast and accurate stress analyses
of open and filled holes in composite laminates used in aircraft structures. The tool
is intended for use in the preliminary design phase, helping to reduce the number
of finite element (FE) simulations needed during the early stages of development
and minimizing the meshing effort needed around stress concentration zones, which
also enables the creation of lighter models with reduced preprocessing requirements.
Since we are looking for simplicity, efficiency, and accuracy, the tool will be con-

structed using analytical methods.

The tool is designed for global models with multiple holes, which may be either
filled or open, but it does not treat the model as a single global problem domain that
encompasses all holes. Instead, each hole and its surrounding region of the plate
is modeled as a two-dimensional individual plane stress boundary value problem,
dividing it into multiple simpler problems with specified bearing and bypass loads
applied as inputs. These inputs are obtained by direct extraction of bypass and
bearing loads from FE results. In large scale models, fasteners are typically repre-
sented using multi-point constraints (MPC), without explicitly modeling either the
fastener or the corresponding hole. Moreover, when holes are included, the mesh is
generally not refined in order to reduce model complexity and minimize preprocess-
ing efforts. Thus, stress concentrations are not accurately captured; however, bypass
and bearing loads can still be determined with high accuracy, enabling the analysis
of stress concentration zones without the need for detailed modeling. The methodol-
ogy developed in this thesis can only analyse the regions of the global model within
the following configurations: uniaxial and biaxial open hole under in-plane normal
loadings; filled hole problem under in-plane loading, with both pure bearing and
bearing-bypass loading. Holes that fall outside the model’s capabilities should be
analysed numerically using a localised model.

When holes lie close to a plate edge, the stress field around the hole is modified
by free-edge effects. Most analytical solutions for composite materials assume an
infinite plate and thus neglect proximity to boundaries. However, in practical finite
plates, nearby edges perturb the stress distribution and can significantly change local
stress concentrations around the hole, in this case, we have to solve a finite-domain
problem. For example, a common approach for narrow plates, relies on heuristic
methods, which, although yielding good results for the open hole problem [4-7], are
accurate more by coincidence than by physical justification. Consequently, their
applicability to other scenarios cannot be reliably established. Nguyen-Hoang and
Becker [8, 9], developed an analytical approach to the problem that intends to satisfy
the boundary conditions at selected discrete points or in average along a predefined
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section, by incorporating auxiliary functions and potentials to the infinite-domain

solution.

Being proposed by an aerospace-related company, it is important that the tool
can be adapted to the company’s capabilities and integrated with its existing design
practices. Consequently, this thesis presents a novel approach tailored to indus-
try needs, which builds upon the state-of-the-art analytical finite-width solution for
stress field computation developed by Nguyen-Hoang and Becker [8, 9], while em-
ploying Lekhnitskii’s [10] formalism to address the infinite-domain problem. More-
over, to the best of the author’s knowledge, no study has yet addressed the biaxial
loading case by superposing Nguyen-Hoang and Becker’s [9] solution for the open
hole uniaxial finite-width problem. Additionally, the extraction of bypass and bear-
ing loads was carried out in accordance with the company’s FE modeling guidelines.
Furthermore, a key requirement from the company was that the tool should con-
servatively predict failure. Thus, First Ply Failure (FPF) was employed, meaning
the failure of a single ply implies the failure of the entire laminate. This philoso-
phy, under the assumptions made, also offers a straightforward and accurate way to

determine failure using simple analytical formulae.

Finally, this thesis supports the United Nations Sustainable Development Goals,
especially SDGs 9, 12, and 13. It delivers a practical method to analyse open and
filled holes in composite laminates for preliminary design, encouraging the wider
use of composite materials by making their assessment faster. By shortening design
loops and improving confidence in joint sizing, the approach enables lighter aircraft
and lower lifecycle CO4y emissions (SDG 13). Conservative First Ply Failure checks
keep the methodology safe and serviceable (SDG 12). The tool follows existing
industrial guidelines, easing adoption in real programmes and strengthening innova-
tion capacity in aerospace engineering (SDG 9). The workflow supports repair-over-
replacement practices and better resource use (SDG 12), and builds collaboration
and knowledge transfer with industry and academia (SDGs 17 and 4).

1.2 Objectives

The objectives of this thesis are:

e implementation and validation of analytical solutions to predict the stress field
in open and filled holes in composite infinite and finite plates;

e implementation and validation of first ply failure criteria;
e implementation and validation of a load extraction methodology;

e development of a tool aligned with the industry design practices and definition
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of its range of applicability.

1.3 Outline

In Equation 2.2.3.3, the theoretical framework of this thesis will be briefly covered.
Starting by the fundamentals of the Theory of Elasticity, focusing on plane prob-
lems. Following, the Classical Laminate Theory is introduced as a core concept for
laminate level analysis. Furthermore, the solution for the generalized plane stress
problem in a homogeneous anisotropic plate is described, detailing the complex po-
tential method in the formalism by Lekhnitskii [10].

In Figure 3.2 the mechanical idealisation is presented, reducing the real scenario to
a simplified model suitable for analysis, adopting a linear 2D plane stress approach.
Subsequently, the FE methodology employed throughout the thesis is defined, serv-
ing for verification, validation, and assessment of the limitations of the analytical
model. A mesh convergence study is carried out in order to establish a generalised
meshing methodology that can be applied to the different geometries considered in
this work.

In section 4.6 the development of the stress calculus based on the complex po-
tential methods was formulated, following Lekhnitskii’s [10] formalism to solve the
infinite-domain open and filled hole problems. Furthermore, the finite-dimension
problem is addressed for the filled and open hole problems, following the approach
of Nguyen-Hoang and Becker [11-14], which enforces the plate’s boundary conditions
by incorporating auxiliary functions and potentials to the infinite-domain solution.
Both formulations were then verified, and their limitations assessed. The finite-
domain solution was then expanded to the biaxial loading case, which was again
validated against FE results. At last, the finite filled hole problem under bearing-
bypass load is solved by superposition of the open and filled hole problems.

Failure assessment is carried out in Equation 5.2.4, where First Ply Failure is
employed and validated against FE results. This approach is chosen for its high
level of conservatism and its suitability for analytical implementation within the
developed tool.

In Table 6.3, a methodology for extracting bearing and bypass loads from FE
results is presented. The chapter first introduces the joint representation adopted
by the company for which the tool was developed. Subsequently, the load extraction
methodology is described, based on defining an extraction area determined by the
relative position of the hole to the plate edges and to adjacent holes. Finally, the
methodology is tested and its results analysed.
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In section 7.4 a schematics of the tool workflow is presented, along with its main
assumptions and a summary of the tool’s range of applicability. Finally, we present
an example of application of the tool and conclude with an overview of the tool’s

overall performance.

Lastly, section 8.2 provides a summary and outlook of the thesis, highlighting its
gaps and proposing directions for future work.






2. Literature Review

This chapter starts by presenting an overview of the literature regarding analyt-
ical methods for the stress analysis of open and filled holes. It then provides a
mathematical background of the essential concepts for computing the stress field in
orthotropic homogeneous composite plates under plane stress, laying the foundation
for the open and filled hole solutions presented in detail in section 4.6.

2.1 Overview

An overview of the existing methods for computation of the stresses in open and
filled holes is reviewed in this Section, with a focus on analytical approaches.

The stress analysis of open and filled holes varies in complexity depending on
factors such as material orthotropy, finite plate dimensions, the shape of the hole,
and loading conditions.

2.1.1 Open Hole

Concerning the open hole problem, the stress field of an isotropic, infinite plate
with a central circular opening under uniform tension was analysed by Kirsch [15]
using the Airy stress function; the analytical solution can be found in references
[16-18]. Inglis [19] derived the stress concentration around an elliptical hole in an
infinite plate subjected to remote loading. The strain energy of a cracked body was
calculated by deriving the stress field for an infinite plate with a through-thickness
central crack under biaxial loading, using Inglis’s solution [19]. Westergaard [20]
developed a new solution for the stress field around a crack by deriving an Airy
stress function using complex numbers, which describes the stress field in an infinite
plate containing a crack. Westergaard’s solution presents improvement upon Inglis’s
approach by presenting a formulation that applies directly to cracks, rather than to
an ellipse that approximates a crack in the limiting case. Irwin [21] was the first to
introduce the concept of the stress intensity factor (SIF), which describes the stress
state at the crack tip, is related to the rate of crack growth, and is used to establish

fracture failure criteria. Irwin’s solution defined a near-crack-tip approximation to
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Westergaard’s complete solution for the stress field around a crack, significantly sim-
plifying Westergaard’s result in the region immediately surrounding the crack tip.
The complex potentials formulation for the stress functions was initially introduced
by Kolosov [22] and later formalized by Muskhelishvili [23], becoming known as the
Kolosov-Muskhelishvili formalism. One limitation of this formulation is its restric-
tion to linear elasticity; to address this, Szachter et al. [24] proposed a nonlinear
extension to the Kolosov-Muskhelishvili formalism. Savin [25] analysed the stress
concentration around elliptical holes in an infinite, isotropic plate under various
loading conditions using the complex potential formulation. Similarly, Lekhnitskii
[10] applied the complex potentials formulation to solve problems related to infinite
homogeneous anisotropic plates, including stress distribution in plates with elliptical
or circular openings, both unfilled and filled with rigid or elastic materials of vary-
ing properties under different loading conditions. Lekhnitskii’s solutions can only
be applied for solving stress concentration problems in symmetric laminates; Becker
[26] extended this to unsymmetrical laminates by developing a complex potential
method for plate problems with bending-extension coupling in an infinite anisotropic
plate. Ukadgaonker and Rao [27, 28] presented a general solution for hole problems
in unsymmetrical laminates based on Becker’s complex potential method. Their
approach accommodates any shape of hole, considers arbitrarily oriented uniaxial,
biaxial, and shear stresses at infinity, as well as uniform tangential force and uniform
pressure around the hole, and is applicable to various laminate geometries, being
extended to multilayered plates.

2.1.2 Filled Hole

Regarding filled hole, existing solutions can be classified into two main approaches,
those that employ a detailed bolt-plate contact model, and those that idealise the
bolt interaction by prescribing a predefined stress distribution along a portion of
the hole boundary. In the latter case, a sinusoidal distribution of radial tractions is
commonly assumed, this was studied by Waszczak and Cruse [29]. For modeling the
bolt contact, there are studies addressing conformal contact problems, this area fo-
cuses on contact between bodies where the contact area is relatively large compared
to the radius of curvature, making the half-plane assumption invalid [30]. Therefore,
Hertzian contact theory should not be employed [31]. The study of frictionless con-
formal contacts was first initiated by Persson [32]. A more comprehensive overview
of developments in this field can be found in the literature surveys by Gladwell [33],
and Ciavarella et al. [34]. Additionally, still regarding frictionless contact, To et al.
[35] covers a finite pin-loaded plate with a reinforced hole. A particularly relevant set
of contributions on conformal contacts with friction is given by Sundaram and Farris

[30, 36], who developed general solutions for rigid and elastic pins under complex
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loading conditions. Depending on the application, additional insights can be drawn
from Ho and Chau [37], who considered an infinite plate loaded by a rivet of different
materials and Hou and Hills [37], who addressed interference fits, where the fastener
is slightly larger than the hole and clearance fit, where the pin is slightly smaller
than the hole. A number of studies have applied complex potential methods within
Lekhnitskii’s [10] formalism to model orthotropic plates with bolted joints. Zhang
and Ueng [38, 39] addressed friction and arbitrary load directions in infinite plates,
while Hyer and Klang [40, 41] considered additional effects such as bolt elasticity
and clearance. An important observation in the context of conforming contacts is
that, under frictionless conditions and perfect bolt-hole fit, the contact area initially
decreases with increasing load but eventually stabilizes. Dundurs and Stippes [42]
considered this behavior as receding contact. In this regime, field quantities scale
linearly with the external load. Similar trends have been observed in the presence
of friction by Ciavarella et al. [34]. These findings justify the use of linear models
for bolted-joint problems, and particularly support the widespread adoption of the
sinusoidal load idealisation introduced by Waszczak and Cruse [29], which greatly
simplifies the development of analytical solutions. Catalanotti and Camanho [43]
as well as Nguyen-Hoang and Becker [12], derive failure loads based on this linear
sinusoidal idealisation and demonstrate good agreement with experimental data.
Therefore, the assumptions and idealisations, including those related to bolt con-
tact, can be considered valid for the quasi-isotropic cases examined in the referenced
studies.

2.1.3 Finite-Domain Solutions

For finite-width problems, Tan’s approach [5, 7] uses a heuristic method with cor-
rection factors to scale the infinite solution for an ellipse under uniform tension
by Lekhnitskii [10], ensuring the integrated stresses along the width of the finite
plate equilibrate the external load. This is further refined by adapting the stresses
to Heywood’s formula [44] from photoelasticity, yielding good correlation for stress
concentrations and their decay in the hole vicinity [6]. However, Nguyen-Hoang and
Becker demonstrated that the heuristic approach yields erroneous results for single-
fastener bolted joints, both in isotropic [12, 13] and orthotropic [8] plate materials,
as well as for open hole configurations with finite dimensions [11], particularly when
assessing stresses along the entire net-section plane. Additionally, Tan’s scaling
method is based on practical experience rather than a strict theoretical foundation,
assuming stress decay in a finite plate is similar to that in an infinite plate, therefore;
it is not applicable to other problems.

Calculi that account for finite plate dimensions in bolted joints typically assume
frictionless bolt contact rendered as sinusoidal radial hole tractions. For isotropic
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plates, Bickley [45] addressed the infinite domain with Airy stress functions and
Knight [46] capture finite width, without considering finite end distance, also using
Airy stress functions. For orthotropic plates, following Lekhnitskii’s [10] complex
potentials, de Jong [47] treated the infinite plate and de Jong and Vuil [48] extended
the formulation to arbitrary load directions. Berbinau and Soutis developed a gen-
eral mixed-boundary methodology for partially loaded holes [49]. To account for
finite plate dimensions, de Jong [50] proposed correction factors that heuristically
adjust the infinite-domain solution so that its uniform remote stresses equilibrate
the applied load across the actual plate width. The method, however, fails to satisfy
stress-free boundary conditions at the edges parallel to the loading, making it reliable
primarily in cases where finite-width effects remain small, as the case of wider width-
to-hole diameter ratios. Echavarria et al. [51], in orther to reduce computational
cost, truncated the stress series representation and validated against de Jong [50].
However, direct comparison to the actual boundary-value problem and edge-decay

behavior is missing, an important limitation for nonlocal failure analyses.

Regarding works fulfilling the boundary conditions of the finite-domain problem,
Ogonowski [52] employed the boundary collocation technique combined with a com-
plex variable method to analyse the stress distribution in anisotropic plates with
finite geometry and stress concentrations under arbitrary loadings. This study, con-
ducted in a doubly connected anisotropic region, demonstrated results consistent
with the stress concentration factors reported by Pilkey [53] for a quasi-isotropic
laminate within the width-to-diameter ratio range 2 < w/d < 12 and regarding the
circumferential stresses for a [0g / (£45°), /90°], laminate with a value of w/d = 8
with FE values. Hufenbach and Kroll [54] presented a solution for stress concentra-
tion in anisotropic plates under mechanical and hygrothermal loading, using complex
stress functions in combination with conformal mapping, showing strong agreement
with FE results for w/d = 4 in unbalanced laminates of [30°] and [60°]. Hufen-
bach et al. [55] presented a solution method for stress concentration in fibre- and
textile-reinforced multilayered composites, considering circular or elliptical cut-outs
and finite outer boundaries, using complex-valued displacement functions, confor-
mal mappings, boundary collocation, and least squares methods, obtaining good
agreement with experimentally determined strains for w/d = {2,5}. Moreover,
Hufenbach et al. [56] also consider non-constant tractions along the straight bound-
aries with an arbitrarily oriented elliptical hole drilled in the plate. For the case of
uniform tension, they present accurate results for an elliptical hole with geometric
ratios w/(2a) = 1.67 and b/a = 3, where a represents the major semi-axis and b the
minor semi-axis. Nguyen-Hoang and Becker [11] presented a solution to the finite-
domain problem for isotropic materials using Airy stress function, taking the stress
field of corresponding infinite-domain problem and supplementing it with auxiliary

10
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functions enabling to continuously model traction-free edges. Later, they extended
this methodology using the complex potential method to represent the stress state
for orthotropic laminates [9], presenting excellent agreement to FE analysis. For
bolted-joints problems, Kratochvil and Becker [57] approximated the rectangular
plate geometry as an ellipse, revealing good correlation to FE calculations in the
circumferential stresses for [£45°] laminates with w/d = 3, as well as [0°/90°]5 lam-
inates with w/d = 5. Griiber et al. [58] treat bending extension coupling showing
good agreement with FE analyses for w/d = {15, 45}, an aspect ratio range with
slight or even negligible finite-width effects. This approach is extended to multi-
layered composite bolted joints with interference fit subjected to thermal loading
[59]. An approach for the computation of the stress field in finite-dimension bolted
joints with isotropic plates using Airy stress function is presented by Nguyen-Hoang
and Becker [13]. The solution is obtained by taking the infinite-domain stress field
and applying auxiliary functions that ensure traction-free edges are satisfied contin-
uously, they later expanded the solution for for orthotropic laminates by using the
complex potential method [8]. Nguyen-Hoang and Becker [14] analysed the bolted
joint under combined bearing—bypass loading in composite laminates by superim-
posing the open hole and filled hole problems, and concluded that the filled hole

case represents the most critical condition.

2.1.4 Final Remarks

In this thesis, the infinite-domain problems for open and filled holes are addressed
using Lekhnitskii’s [10] complex potential formalism. Then, Nguyen-Hoang and
Becker’s finite-domain solution is employed to address the open hole problem in
composite laminates under uniaxial loading [9], as well as the filled hole problem in
composite laminates [8].

2.2 Mathematical Background

This section outlines the theoretical foundations used to compute stress fields in or-
thotropic homogeneous plates under plane stress conditions. It begins with the fun-
damental equations of elasticity, including equilibrium conditions, strain—displacement
relations, and the constitutive behavior of anisotropic materials. Next, Classical
Laminate Theory (CLT) is introduced to enable laminate-level analysis of multi-
layered composites. The formulation is then reduced to two dimensions, enabling
the use of the Airy stress function in conjunction with complex potentials to obtain
the stress and displacement fields of an orthotropic homogeneous plate under plane
stress.

11
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2.2.1 Basic Equations of Theory of Elasticity of an Anisotropic
Body

This subsection presents the governing equations of anisotropic elasticity, following
reference [60].

For a body described in Cartesian coordinates, the equilibrium equations are
expressed in terms of the stress components o,, 0,, 0, (normal stresses) and 7,

Tyz, Tu» (shear stresses). These equations take the form:

0o, OTpy Oy
_.I_

X p—
Ox oy 0z + 0
0Ty  Ooy 0Ty,

Y = 2.1
Ox + dy 0z + 0 (2.1)
0T, 01y, 0o,

Z = 0.
ox + dy + 0z + 0

In cylindrical coordinates, the stress components in this system include o,, 0y, 0,
(normal stresses), and 7,9, Tp., 7. (shear stresses). The corresponding equilibrium

equations are:

do, 1014 O74, 0, — 0y B
0T+;89 8z+ r +hR=0,

Gng 180’9 ang 27‘7,9
or r 00 0z

0y, 10719, 0o, T
- — +7Z=0.
or r 00 + 0z + r + 0

+0 =0, (2.2)

where X, Y, Z and R, ©, Z are the body forces referred to a unit volume in
directions z, y, z and r, 6, z.

For small deformations, the strain components can be directly related to the dis-
placement field. These relations are essential for coupling the equilibrium equations
with the constitutive behavior of the material. Let (u,v,w) be the displacement
components in the z, y, and z directions. The strain—displacement relations are

given by:
_Ou _ v ow
= o =T 5, oy’
ov ow Ou
_ v _dw  du 2.
“y oy’ T2 = oy + 0z’ (2:3)
. ow ou Ov

=9 ny:a—y+%~
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For the displacement components (u,, ug, u,) in the radial, circumferential, and axial

directions, the strain—displacement relations are expressed as:

_ Ou, _ Ouy N 10u,
gr_ar’ W"_az r 00’
10uy wu ou ou
A T = _Z r 24
=0 T89+T7 L& 8T+8z’ (24)
_ Ou, 10w, N Oug  ug
82_82’ %0—7“80 or r

These expressions are valid for both elastic and inelastic continuous bodies and
form the fundamental basis for formulating boundary value problems in solid me-
chanics.

Based on the generalized Hooke’s law, the strain—stress relationships for a gener-
ally anisotropic, linearly elastic material expressed in the global cartesian coordinate

system are given by:

€ S Sz Sis S Si5 Sie Ox
Ey Stz Saa Saz Saa Sas Sae Oy
P _ S13 Saz Sz Sza Szs Sse Oz (2.5>
Vay Sia S2a Sza Saa Sis Sue Tay
Vyz Sis S5 S35 Sas Sss Sse Tyz
| Ve | _516 Sos S36 Sas Sse 566_ | Taz |

In this formulation, the coefficients S;; represent the components of the compli-
ance matrix, which defines the linear elastic response of the material. For a fully

anisotropic material, the compliance matrix contains 21 independent constants.

2.2.2 Classical Laminate Theory for Orthotropic Laminates

Classical Laminate Theory (CLT) provides a framework to evaluate the overall be-
havior of laminated composite structures, facilitating the transition from the prop-
erties of a single lamina to the response of a multilayered laminate. The information

presented in this Subsection is based on references [61, 62].

In this review, each lamina is assumed to be a linearly elastic orthotropic material,
meaning that the mechanical properties vary along three mutually orthogonal di-
rections, which are typically aligned with the fibre direction, the in-plane transverse
direction, and the thickness direction.

For laminate composites, it is useful to define two coordinate systems, the first is
the local material coordinate system associated with each individual lamina, referred

13
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to as the 1-2-3 system. In this system, the 1-axis aligns with the fibre direction,
the 2-axis lies within the plane of the lamina and is perpendicular to the fibers, and
the 3-axis is normal to the lamina plane.

The second is the global coordinate system, typically denoted by the Cartesian
axes x—y—z, which describes the overall orientation of the laminate structure. When
a lamina is not aligned with the global axes, its stiffness contributions must be
transformed accordingly. In such cases, the resulting laminate stiffness matrix can
include nonzero bending—extension coupling terms due to misalignment between the

local and global axes.

2.2.2.1 Transformation of Local Lamina Properties to the Global Coor-
dinate System

The lamina’s compliance and stiffness matrices, denoted by S and @Q, respectively,
characterize the mechanical response of an individual ply when loads and strains
are expressed in the local material coordinate system. However, when a lamina is
oriented at an arbitrary angle 6, these matrices must be transformed to the global

coordinate system for laminate-level analysis.

To transform the compliance S and stiffness @) matrices from the local 1-2 mate-
rial axes to the global z-y coordinate system using engineering strain notation, the

transformation matrices for stress and strain are defined as:

cos? 6 sin® 6 2sin 0 cos 0
T, = sin? @ cos’f  —2sinfcosh |, (2.6)
—sinfcosf sinfcosh cos?f —sin’h

cos?# sin® 6 sin 6 cos 0
T. = sin? 6 cos? 6 —sinfcosf | . (2.7)

—2sinfcosf 2sinfcosh cos?h —sin’6

The transformed compliance and stiffness matrices in the global coordinate sys-
tem are obtained using engineering strain notation, where the shear strain compo-
nent is defined as 7,, = 2¢,,. Due to this, the strain and stress transform differ-
ently, and the transformation requires distinct matrices T, and T',. Using these,
the transformed compliance and stiffness matrices in the global coordinate system
are obtained as:

S=1'8T,, Q=T,'QT. (2.8)

14



Chapter 2. Literature Review

The resulting transformed compliance matrix S and the transformed stiffness matrix

Q are the following:

) sn ?12 ?16 B 6:211 Qm C:216
S = b: 5_’22 €26 Q= C_?u C222 6_226 . (2.9)
Si6 S26  Ses Qe Q2 Qes

To simplify the evaluation of transformed properties, Tsai and Pagano [63] in-
troduced trigonometric identities to express the stiffness and compliance matrices

components in terms of angle-invariant parameters as follows:

Q11 = U, + U, cos 20 + Us cos 46, Si1 = Vi + Vi cos 20 + Vi cos 46,
ng - le = U4 — U3 COS 49, 512 = 521 = V;l — VE;COS 49,
Qa2 = Uy — Uy cos 20 + Us cos 46, Soo = Vi — Vi cos 20 + Vi cos 46,

_ 1 B
Q16 = §U2 sin 26 + Us sin 40, Sig = Vasin 20 + 2V sin 46, (2.10)
_ 1 N

Qgﬁ = §U2 sin 260 — U3 sin 49, S26 = ‘/QSiH 20 — 2% sin 49,

Qo6 = Us — Uz cos 40, See = Vs — 4V5 cos 46.

with the corresponding invariants defined as:

Uy = % (3Q11 +3Qa22 +2Q12 +4Q¢), Vi = é (3511 + 3529 + 2512 + Sgs) ,
% (Qu — Qa2) Vy = % (S11 = S22),
é (Qll + QQ? - 2@12 - 4@66) V % (Sll + 522 - 25’12 - 566)
% (Qu1 + Q22 + 6Q12 — 4Qs6) Vi= é (S11 + S22 + 6512 — Ses)
U5—§<U1—U4>, Vo =2(V; - Vi)

(2.11)

These invariants simplify the computation of the Q and S matrices.

2.2.2.2 Strain and Stress Variation in a Laminate

The stress-strain relationship for the k™ lamina within a multilayered laminate is
defined as:

O = Qk €k, (212)
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From the linear distribution of the strain value in the thickness direction it is
taken that the laminate strains are linearly related to the distance from the mid-
plane as

e(z)=€e"+zk (2.13)

0

0 017
Tz gyy7 Pyocy]

where €° = [e represents the midplane strain vector, while to denote
the curvature vector, which included both bending and twisting curvatures, there
iS K = [Kyz, Kyys Kay]' . The variable z denotes the through-thickness coordinate

measured from the mid-plane as pictured in Figure 2.1.

R midplane

layer k=n / ‘

b I layer k=k

t/2 layer k=2
layer k=1

4

Figure 2.1: Through-thickness schematic of a composite laminate showing mid-plane,
z-coordinate, interface positions zx_1 and zg, ply thickness tx, and total thickness t.

2.2.2.3 Resultant Forces and Moments in the Laminate

Because ply stresses vary through the laminate thickness, the stress field is rep-
resented by equivalent midplane resultants in-plane forces and bending-twisting
moments as illustrated in Figure 2.2.

The in-plane force resultants N and bending moment resultants M are defined
as integrals of the in-plane stresses across the laminate thickness:

t/2 N 2k

N = o(z)dz = Z/ ox(z)dz (2.14)
—t/2 k=1 ¥ Zk—1
t/2 N 2k

M = o(z)zdz = Z/ ox(z)zdz (2.15)
—t/2 k=1 Y #k—1

By incorporating the linear variation of strain with respect to the laminate thick-
ness and applying the constitutive relation for each lamina, the force and moment
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Figure 2.2: Schematic of a multilayered laminate showing the global axes (x,y, z) and the
lamina’s local material axes (1,2) oriented by the ply angle 6. Through-thickness stresses
are represented on the mid-surface by the CLT resultants: in-plane forces N, Ny, Ngy
and bending-twisting moments M, M,,, M,,; t is the laminate thickness (with ¢/2 to each

face).

resultants can be expressed in terms of the midplane strains € and curvatures & as

follows:

N=Ae"+Bk (2.16)

M =Be"+ Dk (2.17)

In this formulation, A, B, and D represent the extensional stiffness, bend-
ing—extension coupling stiffness, and bending stiffness matrices, respectively. These
matrices are computed by integrating the transformed stiffness matrix @, of each
ply over its thickness interval:

5; QU Zk 1) (218>
1 N
D, = ggm (%~ )

where N is the number of single plies.
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2.2.2.4 Effective Stiffnesses of the Laminate

In this thesis we consider laminates that are symmetric about the midplane and
subjected to in-plane loading; under these assumptions, £ = [0,0,0]. Therefore we

get
N, Ay A Agg €z
Ny = A12 A22 A26 Ey . (219)
wa A16 A26 A66 Vay
—A

When an orthotropic laminate is subjected to in-plane loading only, it is com-
monly idealised as an equivalent orthotropic plate. The laminate’s effective in-plane
stiffnesses must then be assigned. Let t denote the laminate thickness, and let Ai_jl
be the components of A~!, the inverse of the extensional stiffness matrix. The

in-plane effective properties are:

. 1 . 1 A 1 N Aizl N 14721
Ee=-=rp Bv=rp Gwy:Ea ny:—ﬁ> Vyx:—A—l_l'
11 22 66 11 22

(2.20)

2.2.3 Stress Field of an Orthotropic Homogeneous Plate un-

der Plane Stress

This Subsection follows reference [10], introducing Lekhnitskii’s formalism and de-
riving the complex potential formulation for representing stress fields in anisotropic
plates.

2.2.3.1 Generalised Plane Stress State in a Homogeneous Plate

For analysing a thin orthotropic plate under generalized plane stress, the average
stresses and displacements with respect to the thickness are computed. These rep-
resent the mean values across the plate thickness h, being defined as:

1 (k2 1 [h/? 1 /2
Oy = — Oz dZ, Oy = —/ g dZ, Toy = _/ Tx dZ,
h /—h/2 Yoh )y Yoh s

1 [ L
u:—/ udz, U:—/ vdz.
hJ na hJ 2

The out-of-plane stress component &, is negligible in the context of plane stress.

(2.21)
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By integrating the full three-dimensional equilibrium equations over the plate
thickness (from z = —h/2 to z = h/2), and applying the plane stress assumptions
(0, = Ty = Ty. = 0), the following in-plane equilibrium equations for the averaged
stresses are obtained:

00, 0Ty f=o0
ox oy
i / (2.22)
aTmy % + Y =
Ox oy o
where
1 2 1 2
X =- Xdz, Y= —/ Y dz. (2.23)
hJ w2 —h/2

X and Y are the average body forces per unit volume and the generalized Hooke’s
law for a generally anisotropic material becomes:

Ex = S110, + S120, + S16Tay,
e3:y = 51261 + S225y + S267_-a:y7 (224)
Yoy = S160z + S260y + Se6Tay-

The quantities &,, &,, and 7,, represent the thickness-averaged in-plane deforma-
tion components and are defined in terms of the mean displacements u and v as
follows:

ou _ _ov _ _du 00

%, Ey 8—y, P)/xy = a—y + % (225)

Ep =
By differentiating these deformation expressions, the following compatibility equa-
tion for in-plane deformation is obtained:

o*e, 0%, 0%,
_ = 0. 2.2
0y? + 0x?  Oxdy 0 (2.26)

2.2.3.2 General Expression for Stress Functions

In the absence of body forces, the stress components can be expressed through the
Airy stress function F', which inherently satisfies the equilibrium conditions. The

cartesian stress components are
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0?F O*F O*F
= : == T =— , 2.27
7 0y? VT o2 T 0x0y (2:27)
and in polar coordinates, the corresponding stress components are
10F 1 0°F O0*F 0 (10F
=4 ’ =—— To=—— |- . 2.28
o o + r2 0p? % = g2 Tre or (r &p) ( )

Substituting the expressions for the in-plane strains from Equation 2.24 and rep-
resenting the stress components in terms of the Airy stress function F', the governing
differential equation that the stress function must satisty is

o*F *F *F O*F O*F
Sog—— — 2596 —=— + (2512 + Se5) === — 2516=——== + S11——=10. (2.29
257 26 0530y (2512 66) 0220y 16 11 ( )
Where if the material is an composite laminate, the corresponding effective compli-
ances need to be inserted. The general solution to the governing differential equation
can be obtained by expressing it symbolically using four first-order linear differential
operators. This leads to the compact form

D1DyD3D,F =0, (2.30)

where each operator Dy (k =1,2,3,4) is defined as

0 0
Dy = — — up— 2.31
and py, are the roots of the associated characteristic equation
SHH4 — 2516/~L3 + (2512 + SGG)HQ — QSQGM + SQQ = 0. (232)
For orthotropic laminates, Equation 2.32 takes the form
E, E,
pt + ( LA 2ﬁ1y> pr+ == =0. (2.33)
ny )

The roots of the characteristic equation may be complex or purely imaginary,
but do not admit real solutions when all the coefficients are finite and non-zero [10].
Under these conditions, the roots are denoted as i1, o, fi1, and fig, with their form
depending on the relation between the elastic constants. Two distinct cases are
possible:
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1. All roots are distinct:
w=a+pi, puo=v4+0, pr=a—pi py=vy—0 (2.34)

where «, (3, v, and § are real numbers such that § > 0 and § > 0.

2. The roots are equal in complex-conjugate pairs:

p1 = =+ pBi, pp=pe=a—pi (B8>0). (2.35)

For isotropic plates:

1= o =1, [y =fo=—1, a=0, =1 (2.36)

Based on Equation 2.29, Equation 2.30, and Equation 2.31, the general solution
for the stress function F' is

F=F(z+my) + Fa(z + pey) + F3(x + fuy) + Fu(z + f2y), (2.37)

where I, F,, I3, and F} are arbitrary analytic functions of the complex variables
(x4 py) and (x + fixy). To simplify notation, it is introduced the following variable

substitutions:

H=T+ My, =r+ Wy, L=+ My, 2=+ [y. (2.38)

Taking into account that the stress function F' must be a real-valued function of

x and y, the general solution can be rewritten as

F =2Re[Fi(z1) + Fa(za)], (2.39)

where Re[-] denotes the real part of a complex expression.

2.2.3.3 Stress Field Representation Using Complex Potentials

Once the Airy stress function F' is properly defined, the expressions for both the
stress and displacement fields can be derived. To facilitate this, the following defi-

nitions for the complex stress potentials are introduced:
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where ®;(z1) and ®5(22) denote the complex stress potentials associated with the
analytic functions F; and F5. Furthermore, the normal and tangential stress com-
ponents on a plane with an arbitrarily oriented normal vector n can be obtained
using the following expressions

0n = 0, c08%(n, ) + 7, cos’(n, y) + 27, cos(n, x) cos(n, y), (2.41)
T, = (0 — 05) cos(n, z) cos(n, y) + Tuy [COSQ(TL, x) — cosz(n, y)} , '

where cos(n,z) and cos(n,y) are the direction cosines of the normal vector with
respect to the z and y axes, respectively. Consequently, the stress components can
be expressed as follows:

0. = 2Re [P (21) + p3®5(22)]
= —2Re [ P} (21) + 2Py (22)]

Tay
o, =2Re _(Sin © — i1 cos )2 ¥ (z1) + (sinp — pg cos @)? (13’2(22)} :

o, = 2Re|(cos ¢ + p1 8in )* P (21) + (cos ¢ + 12 sin p)? CID'Q(zQ)} :

(2.43)

Tro = 2Re (SiIl(,O — 1 COS 90)(COS90 + sin (‘0) @3(21)

+ (sin ¢ — g cos @) (cos ¢ + pg sin ) @’2(22)] :

2.2.4 Final Remarks

In this Section we presented the theoretical foundation of our work, which will
then be further developed in section 4.6. Here the objective was to present the
principal formulation used to define the stress field for orthotropic plates under
plane stress. Since this thesis follows a sequence of implementation and verification,
the remaining theoretical formulations are introduced alongside the validation of
their implementation, in order to illustrate the step-by-step process that led to the
development of the final tool.
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3. Mechanical Idealisation and Fi-
nite Element Methodology

In this chapter, the problem is first mechanically idealised, reducing the real-case
scenario to a simplified model suitable for analysis. Subsequently, the FE method-
ology adopted for the verification, validation, and limit testing of the formulation
throughout the thesis is presented and discussed.

3.1 Mechanical Idealisation

The load transfer in bearing involves a contact problem with a fully 3D stress state.
This includes in-plane stresses that vary through the thickness as well as out-of-plane
components. Clamping pressure reduces stress concentrations and thereby raises the
static failure load as well. Additionally, the clearence between the fastener and the
hole should be minimized, as it leads to lower contact area and therefore higher
bearing stresses [64]. Accurately capturing all of these effects, however, is com-
putationally demanding and impractical for developing efficient analytical models.
For this reason, the problem is mechanically idealised as a 2D linear plane stress
case, which still captures the dominant mechanisms governing tensile failure. When
adopting a linear 2D plane stress approach, the effects of contact elasticity, three-
dimensional stresses, and secondary bending are not accounted for. Accordingly,
the model applies only to joints that are symmetric about the midplane, which are
typically connections with an even number of plates (e.g., a double-lap joint) and
laminates that exhibit no bending—extension coupling [14].

In the open hole load case, remote uniform tensile stresses are assumed, as pic-
tured in Figure 3.1. For the filled hole load case representing bearing, a frictionless
perfect fit between fastener and hole is assumed. The bolt contact is idealised by si-
nusoidal radial tractions distributed along half of the hole edge following Waszczak
and Cruse [29] approach, as shown in Figure 3.2. For the fastened joint under
combined bearing-bypass loading (Figure 3.3), the model is constructed as a su-
perposition of the open and filled hole cases, as suggested in the literature [65] and
depicted in Figure 3.4. The superposition of two perpendicular uniaxial loading
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cases approach is taken for the open hole under biaxial loading as pictured in Fig-
ure 3.5. The distance from the center of the hole to either the edge where the load
is applied or where a constraint is applied is €jo.q, w is the finite plate width and
d the hole diameter. Assuming a perfect fit, the fastener diameter, dy, equals that
of the hole, d; = d. The component oy denotes the uniaxial far-field total stress,
which equilibrates the bearing load Pge, introduced by the fastener, and the remote
bypass Py = oy - w. The total force is P = Pges + Py, where 0p = P - w and the
forces are given per plate thickness. In the open hole there is no bearing, therefore,
0o = opy. Additionally, note that the open hole case is symmetric about both the z-
and y-axes, whereas the filled hole case is symmetric only about the y-axis, except

when e = €jgaq.

0y 0o
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Figure 3.1: Finite-plate open hole tension configuration: a rectangular plate of width w
with a central circular hole of diameter d, subjected to uniform remote uniaxial tension

00; €load denotes the distance to the loaded edges.
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Figure 3.2: Finite-plate filled hole pure bearing configuration: a rectangular plate of
width w with a central circular hole of diameter d, the bolt contact is modeled as sinusoidal
radial tractions acting over half of the hole circumference; ej,.q denotes the distance to

the constraint edge and e the end distance.
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[ 1 ]
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Figure 3.3: Fastened joint under combined bearing—bypass loading, where the total load

P is carried partly by the fastener through the bearing load Ppge, and partly by the plate
through the bypass load Pgy.
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Figure 3.4: Finite-plate filled hole configuration under bypass and bearing: a rectangular
plate of width w with a central circular hole of diameter d, subjected to uniform remote
uniaxial tension og; ejpaq denotes the distance to the loaded edges.
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Figure 3.5: Finite-plate open hole under biaxial bypass loading: a rectangular plate of
width w, and height w, with a central circular hole of diameter d, subjected to uniform

remote bypass stresses 05’ Y and a}f Y on the z- and y-edges, respectively.
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3.2. Finite Element Methodology

3.2 Finite Element Methodology

In section 4.6, an analytical approach for computing the stress field in an orthotropic
plate with open and filled holes will be presented. FE analysis plays a central role
in this work, serving to verify, validate, and assess the limitations of the analytical
model. The FE simulations were performed using Abaqus, with Python-based script-
ing employed for model setup and automation. In this section, the modeling of the
different cases is described, together with convergence tests used to verify that the
stresses in the concentration zones are accurately captured. We will target numeri-
cal convergence to the third decimal place (tolerance < 107%), which conservatively

allows us to report relative errors to two decimal places.

The geometry and boundary conditions follow those shown in Figure 3.1, Fig-
ure 3.4, and Figure 3.5, with d = 2 mm. The model is defined using the Interna-
tional System of Units (SI), with dimensions expressed in millimeters. Instead of
applying the remote load on each edge of the plate, one side is constrained in the
loading direction while the opposite side is subjected to the applied load. In all cases,
the plate was modeled using CPS8 continuum plane stress elements, containing 8
nodes. The laminate elastic properties were defined using the option Engineering
Constants, using the effective stiffness of the laminate. Note that we will only be
dealing with orthotropic laminate composites; therefore, throughout this thesis, the
following five different layups, which are widely employed in composite aircraft struc-
tures, were considered: [0°], [0°/ & 45°/90°] (quasi-isotropic), [0°/90°]s, [£45°], and
02 / (£45°)2 /90°],. The equivalent elastic properties of the laminates are summa-
rized in Table 3.1. The elastic properties of the lamina can be inferred from the
[0°] column. This setup was adopted to allow direct comparison with the results of
Nguyen-Hoang and Becker [8, 9], who used the lamina properties originally reported
by Camanho et al. [66].

Table 3.1: Effective elastic properties of various laminate configurations using Hexcel
IM7-8552 ply properties (adapted from Camanho et al. [66]). Throughout this thesis, ply
angles are measured counterclockwise, with [0°] aligned with the y-axis.

0°]  [£45°), [0°/90°], [03/(£45°)5/90°], Quasi-isotropic

E, [GPa] 910 1775  90.60 39.52 64.52
E, [GPa] 17140 17.75  90.60 100.05 64.52
E,/E, 18.84  1.00 1.00 2.53 1.00
G.y [GPa] 530 3651 530 20.77 24.64
Dy 0.016  0.775  0.030 0.169 0.309

For the uniaxial loading case, the bypass remote loads were applied using the
Surface Traction option. The bearing load was introduced through radial hole trac-
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Chapter 3. Mechanical Idealisation and Finite Element Methodology

tions with a sinusoidal distribution, representing the bolt—hole contact idealisation,

and was applied using the Surface Traction option, with

2 Pgea .
—— ; sinp for 0< @<,
o (Ro)=4{ T (3.1)
0 for 7w<p <27

Nguyen-Hoang and Becker [8] performed a convergence study, where they con-
cluded that a minimum of 72 elements should be placed along the hole edge to
match the accuracy of the FE results reported by Catalanotti and Camanho [43].
In the tests conducted in this thesis, a mesh with 160 elements around the hole
was used. Although this increases the computational cost of the simulation, it en-
sures stress results at every 2.25° angle and represents a conservative approach to
accurately capture the stress concentration. For this analysis, the stresses will be
taken from the nodes located at one point at the edge of the hole. Element size
changes radially, decreasing toward the hole boundary to provide local refinement
near the edge. The mesh is locally refined within a square-shaped patch whose side
length is set by projecting the smallest plate dimension onto the square’s diago-
nal, L = v2min{eaq, w/2, e}. In Abaqus, this refinement can be prescribed using
the bias ratio r, defined along the diagonal as r = Lyax/Lmin, Where L, is the
smallest distance between two consecutive nodes of the square’s diagonal and L.«
is the largest distance between two consecutive nodes of the square’s diagonal. A
schematic is shown in Figure 3.6.

|Element size l

5N X

L

min

Figure 3.6: Local mesh-refinement strategy around the hole. The element size de-
creases toward the hole’s boundary. Refinement is defined along the 45° diagonal
of length L, with the minimum distance between two consecutive nodes being Ly,
(L = /2 min{ejoaq, w/2, €}).

Assuming a geometric progression of N elements of the diagonal, the minimum
distance between two consecutive nodes of the square’s diagonal is
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3.2. Finite Element Methodology

rN-1—1

Loin = L (3.2)

N
rN-1 —1
The goal is to choose the number of elements so that the element adjacent to the
hole edge is no larger than L,;,, independent of the plate’s overall dimensions.
Accordingly, we determine the number of elements N in the direction normal to
the hole edge to ensure convergence, while fixing the mesh bias ratio at r = 10.
Figure 3.7 and Figure 3.8 show the mesh convergence studies for the open hole and
filled hole cases and a representation of the FE model. The stress field is normalized
by o for the open hole case and by o, for the filled hole case, where o4 = Pgea/d.
For consistency throughout this thesis, the following dimensionless coordinate was
introduced:

z— R

5:w/Z—R’

(3.3)
where £ = 0 corresponds to the hole edge and £ = 1 to the free straight boundary.
Hence, the analysis primarily focuses on the stress state at the hole edge at the point
(£ =0,y =0), which is where the maximum net-section stresses are located, except
for the [£45°]s-laminate, which can be found at a some distance from the hole edge.
Under tension, higher stress concentrations occur when edge effects become more
significant, specifically for lower values of w in the open hole case and for lower
values of both e and w in the filled hole case. Throughout this thesis, the conditions
e/d > 2.5 and w/d > 3 are maintained. Accordingly, for the open hole case, w/d = 3
was adopted, while for the filled hole case, w/d = 3 and e/d = 2.5 were used, which
gives L = v/2w/2. Additionally, we use N = {5,10, 20,40, 80,20, 160}, yielding
Lmin = {0.1967,0.1038, 0.0531, 0.0269, 0.0135, 0.0090, 0.0068 } mm. The study allows
to conclude that for all cases, convergence happens until the third decimal place
if N = 120. Therefore, following Equation 3.2, we arrive to the conclusion that
Lyin = 0.0090 mm for both the open and filled hole cases.
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(a) Finite Element model representation of the open hole problem. For the convergence test
w/d =3 and €jpaq/d = 20, with d = 2 mm.
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Figure 3.7: Open hole tension: mesh convergence of normalised axial stress. (a) FE

model used in the study.

(b-f) oy(§ = 0,y = 0)/og with respect to the number of

elements N = {5, 10, 20,40, 80, 120, 160} for the laminates indicated. Results converge to

three decimal places.
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(a) FE model representation of the filled hole problem. For the convergence test w/d = 3, e/d = 2.5
and ejoaq/d = 20, , with d = 2 mm.
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(f) [0 / (£45°)2 /90°] -laminate.
Figure 3.8: Filled hole bearing: mesh convergence of normalised axial stress. (a) FE
model used in the study. (b-f) o,(§ = 0,y = 0)/o4 with respect to the number of

elements N = {5, 10, 20,40, 80, 120, 160} for the laminates indicated. Results converge to
three decimal places.

32



4. Stress Analysis

In this chapter, we develop a methodology for determining the stress field in open and
filled holes using analytical methods, with all formulations implemented in Python
and verified against numerical results, obtained from Abaqus. We begin by present-
ing Lekhnitskii’s [10] infinite-domain solution, which employs complex potentials
and conformal mapping to compute the stress field, and assess both its implemen-
tation and its range of validity. Next, we introduce the finite-domain approach of
Nguyen-Hoang and Becker [8, 9, 14|, which extends the infinite-domain formulation
by incorporating auxiliary functions and potentials to enforce boundary conditions,
thereby solving the boundary-value problem for an orthotropic finite-width plate
under uniaxial tension. Its accuracy and applicability are likewise evaluated against
numerical solutions. Finally, we formulate a finite-domain solution for the open
hole under biaxial tension and validate its performance through comparison with

numerical results.

4.1 Infinite-Domain Problem

This Section solves the infinite-domain problem using Lekhnitskii’s [10] solution. It
starts by reviewing the fundamentals for imposing boundary conditions on circular
domains and introducing the general concepts of complex potentials for modelling
open and filled holes in an infinite plate. Then, the particular potentials for each
setting are presented. Finally, the formulation is verified and its limitation analysed,

using FE solutions.

4.1.1 Application of Boundary Conditions on Circular Do-
mains via Conformal Mapping

Traction along any curved contour represented by the coordinates s are typically

applied, with complex potentials, using the loading functions

pz(8) = 2Re [ P1(21) + paPa(22)],

(4.1)
py(s) = 2Re [@1(21) + Pa(22)] -
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4.1. Infinite-Domain Problem

Figure 4.1: External resultant forces X,, and Y,, acting along the outer contour, equi-
librated by the boundary tractions from the stress components o, 04y, and 7.,. The
arc-length coordinate s, outward normal n and 0/ marks the origin of s.

For illustration of the following explanation, see Figure 4.1. The general case of
multiple connected regions enclosed by a single external boundary and one or more
internal boundaries, the relationship between the stress components o, o, 7, and
the loading functions is given by:

pe(s)==£ | X,ds, X, =o0,cos(n,x)+ 1y cos(n,y),

0, (42)
py(s) = $/ Y, ds, Y, = 7uy cos(n, x) 4+ o, cos(n, y).

0

The quantities X,,, Y,, denote the components of the external force along the arc
length parameter s, and are in equilibrium with the internal stress component. The
choice of the upper or lower sign in the equations depends on whether the integration

contour is tangent to an external or internal boundary, respectively.

To address circular hole problems, conformal mapping is used, projecting the
infinite open hole domain onto the circular unit domain, enabling the application of
tractions on the corresponding single external boundary. Conformal mapping is a
transformation of the form (, = f(zx), where f((y) is a single-valued, holomorphic
function defined in a connected region of the complex (j-plane. The mapping is
assumed to be continuous up to the boundary and reversible, ensuring a one-to-one
correspondence between points in the physical zx-plane and the parametric (-plane
as seen in Figure 4.2. This transformation is called conformal, as it preserves the
sense of the angle [25]. For a hole with radius R = d/2, the conformal mapping

functions are given by

_at JA-RT@)

& RO—im)

(4.3)

which map back to the z;-plane. The appropriate sign in the mapping function (x(z)
is selected to ensure that the resulting stress fields are continuously differentiable
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) — D
7

z-plane Ci-plane

Figure 4.2: Illustration of conformal mapping transformation in between the zi-plane

and the (j-plane, using the mapping functions f~!((x) and f(z), which depend on the

original domain’s shape.

and physically valid along any path, which can be verified by checking whether

the imposed stress boundary conditions are satisfied. When conformal mapping is

applied to a circular domain with only an external boundary subjected to tractions,

the upper sign is used.

cos(n,x) = id—,
s

it is obtained

/Xnds:/ Oy dy — Tyy dx, /Ynds:/ Tay Ay — 0y da.
0 0 0 0

Along the circular hole with the radius » = R and the relations
x = Rcosp, y=Rsing = dr=—Rsinpdy, dy= Rcospdp,
leading to the following equations:
s ¢
/ X, ds = R/ G (R, p) cos p — T, (R, ) sinp dp,
0 0

E ®
/ Y, ds = R/ Tro(R, p) cos o + 7,.(R, ) sinp do.
0 0

(4.4)

(4.6)

(4.7)

Relating Equation 4.2 with Equation 4.7 eventually allows to arrive to the loading

functions:

©
pa(s) = R/ (R, p) cos p — Tro( R, ) sin g dip,
0

)
py(s) = R/ Tro(R, p) cos o + 7, (R, ) sin g do.
0
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4.1. Infinite-Domain Problem

Equation 4.8 will be further used to select the complex potentials in such a way

that the corresponding stresses satisfy the prescribed stress BCs.

4.1.2 Complex Potentials - General Considerations

For an accurate evaluation of the tractions along the hole boundary, the loading func-
tions are decomposed into two components: the first accounts for the contribution
of the net force acting on the boundary, this is the multivalued (mv) component,
while the second captures the fluctuating part of the load distribution, which is
single-valued (sv) and expressed as a Fourier series. Accordingly, Equation 4.2 can
be rewritten as:

_ , Fo,sv
=p2(¢) =P ¥
— % o

Px = mn R ,—in
px(@) - —%90 +60+Z(Bn€ SO—I—ﬂne 90)’
n=1

P, - 3 —  _—in

py(p) = —l—ﬁgo +ap + Z (0, €% + ape™ ).
—— n=1

=pIv(p) o

=py " (¥)

J/

where, P, and P, denote the resultant forces associated with the distributions X,
and Y,,, per unit length. The coefficients «,, and (3, are generally complex-valued
and depend on the specific loading conditions applied along the boundary and their
complex conjugates are represented by &, and f3,,, these coefficients are single-valued.
The constants ag and 3y are arbitrary and arise as part of the general solution. Note
that the Fourier series is expressed as a sum involving each term and its complex
conjugate, which ensures that the imaginary parts cancel out, resulting in a purely
real expression. The complex Fourier coefficients are

1 2 .
an =5 | pylp)e ™ dp,
™ Jo
) (4.10)
— 1 " —impd

By equating Equation 4.9 with Equation 4.1, it is arrived to the following complex
potentials:
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- 7n_ @n -n
@1(21)=C1+BllnC1+Zﬁ#—u;<I )
1 — M2

”0015 i (4.11)
n — H10n . _
Dy(29) = o+ Bayln(y — — "
2(22) = ca + BaIn(y 321 A G

Where the values ¢, are arbitrary constants, while the coefficients A, correspond to
the coefficients of the multivalued function In ;. This term is essential to ensure the
reversibility of the mapping functions, as the regions in the z;-plane and the (;-plane
may be either finite or infinite. In particular, one region may be finite while the
other is infinite, which implies that the transformation function f((x) must become
infinite at some point [25]. These coefficients are determined by the following system
of equations:

_ _ P,
B+ By— By — By, = —%
1+ D3 1 2= o
T P,
p1B1 + paBy — i By — jis By = — -,
2mhi

S5 P, Sw P (4.12)

v
Sll 2mhi Sll 27Th2‘7
1 1 1o 1o So P Sy P
M1 125 ﬂl ﬂg 2 522 2mhi 522 27ThZ

The complex potentials presented in Equation 4.11 allow us to define the stresses
due to tractions along the hole boundary, meaning it provides the contribution of
the hole’s edge effect on the stress field (see Figure 4.3 ). This should approach
zero with increasing distance from the opening. The final general solution includes
an additional term representing uniform stress state BCs. Additionally, ¢ can be
disregarded, as the stress field, is derived using the derivatives of the potentials.
Therefore, the general form of the complex potentials suitable for modelling infinite
open and filled hole problems is the following:

- /'L20_5n

@1(21) = A121 -+ Bl thl =+ Z ﬁ:: "
1 — M2

n=1

G
(4.13)

- 7n_ dn -n
Dy(29) = Agzg + BoIn(o — Z BH—MLCQ .
1— M2

n=1
Where the coefficients A, impose the uniform stress state BCs.

The conformal mapping function ( = f(zx) is presented in Equation 4.3 and is
used to apply the hole tractions. The sign convention in the mapping is carefully
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Figure 4.3: Schematic of the infinite-width open hole boundary conditions and the
predicted stress distribution around the hole, highlighting the contribution from the hole-
edge effect and from the uniform stress state.

selected to ensure that the complex stress potentials, expressed in terms of (j, re-
main continuously differentiable and yield physically meaningful stress distributions
throughout the domain. To ensure this behavior, the following piecewise definition
of the mapping branch is adopted:

GF, for0<p<m/2 and 37m/2<p <27
Go=4 " (4.14)
¢, form/2< ¢ <3m/2

A singularity in the mapping function arises when the condition R(1 —iu) =0
is satisfied, which happens in quasi-isotropic laminates, as p; = po = —i. To avoid
this issue, a small artificial anisotropy can be introduced by slightly perturbing the
stiffness matrix coefficients. Tung [67] addressed this singularity by proposing an
approximate solution in which the roots are slightly separated, stating that when
the root difference remains within 2%, being set to 1% above and 1% below their
average, the resulting error is less than 0.01%, making the approximation highly
accurate while avoiding the singular behavior not accounted for in Lekhnitskii’s [10]

original formulation.

Furthermore, when calculating stresses along the vertical edge x = +w/2, a sign
change must be accounted for if the real part of the complex constants pi, is non-zero
[9]. This situation commonly arises in cases such as [£45°] laminates. The position

y; at which this sign change occurs, y;, can be determined by solving

V@ g)? — R+ 22) = 0. (4.15)
r=1tw/2
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4.1.3 Open hole

The stress analysis of a plate with an open hole is carried out using the principle of
superposition where the stress field resulting from the presence of a circular hole is
superimposed onto the original stress distribution that exists in an equivalent, hole-
free plate subjected to arbitrary external loading. The solution is of the form

(I)gHJnf(Zk) _ (I)gH_Linf(Zk) + (I)gH—H,inf(Zk) . (416)

plain plate under uniform tension  cancellation of hole tractions

The complex potential representing the plain plate under uniform tension, which
corresponds to the uniform stress state BCs is

POy = Apz (4.17)

and it must fulfill the following relations (see Figure 4.3):

zl_lgloo o.(z,y) =0, ygrfm oy(z,y) = 0o, xgrjfoo Toy(x,y) = 0. (4.18)
Y—T0o0

In practice, these boundary conditions are not directly applicable since the load
is always applied at a finite distance, for instance, in the presence of consecutive
fasteners or when the hole is located near boundaries or loaded edges. To account for
this, a numerical study is conducted in subsection 4.1.5 to determine the minimum
end-distance-to-diameter ratio, €joaq/d, at which the load can be applied for the
assumption to be valid.

Since ®} U1 = Ay it is constant throughout the plate, which is consistent with
its role in enforcing the BC corresponding to a uniform stress state. The resulting
stress field solution will take the form:

O 1, = Iz, )

oy (2, y) = 00 + 0 () (4.19)
7,:%H,inf(sv, y) — T&H_H’inf(x, y)

The boundary of the hole is traction-free and must therefore satisfy the following
BCs, where R denotes the radius of the hole:

UT(Rv gp) - Trgo<R7 90) =0. (420)
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4.1. Infinite-Domain Problem

@kOH'II’mf cancel the boundary tractions generated by

The complex potentials
the bypass loads applied along both principal directions, which are given by Equa-
tion 2.43. Hence, Q)kOH'H’mf produces tractions on the hole boundary that are equal

in magnitude but opposite in sign to those induced by ®.°" leading to

OH-II,inf i <4.21)
Trp (R, p) = —ogsingcos p.

The complex potentials CIDkOH'H’inf represent single-valued and non-zero hole trac-

tions; therefore, have the general form:

(I)?H-H,inf(zl) _ Z Bn — paiy, o

oy M T M2
< ) (4.22)
(I)OH-H,inf 2) — — n — H10p —n
2 (22) ; T G

which, when equated with the loading functions obtained from Equation 4.8 allows

to determine the coefficients. Leading to:

(I)OH-ILinf 2) =R go M2 _17
(4.23)

OH-IL,inf 00 1 _
) = g

The derivatives of the complex potentials, which are required to compute the stress
field components, are the following:

' OH-1L,in 0o U2 -1
¢1OH IL f(21> =—R ¢ s
2y — p2) /27 — R2(1+ 143) o)
! -11,in o — ‘
@2OH 1I, f(z2> - R 0 M1 <2 1

2(p1 — p2) /73 — R2(1 + 1i3)

In Figure 4.6, we present the map of normalised net-section stresses (o,/0y)
computed with the analytical solution for infinite-domain open holes in a [0°] lam-
inate. The plate is considered infinite; however, results are shown only within
z € [—10,10] mm and y € [—10, 10] mm.
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Figure 4.4: Normalised net-section stress field (o,/09) around an open hole in an in-

finite [0°] laminate, computed with the present formulation; contours shown for z,y €
[—10, 10] mm.

4.1.4 Filled Hole

To represent the stress field in the infinite-domain filled hole problem, it is necessary

FH,inf
Dy

to determine the complex potentials that generate multivalued loading func-

tions of the form given in Equation 4.9. These loading functions are decomposed
into single-valued and multivalued components, and accordingly the complex poten-

(I)I];IBC,SV

tials are expressed as the sum of a single-valued part, , and a multivalued

part, @I;BC’mV, having the structure

(I)II?H—inf(Zl) _ CDI;IBC,mV i (DIIJBC,SV — B,In¢, + Z B — H20, o

o M1 T M2
< ) (4.25)
i mv sV n Qn .y
‘I)SH_mf(ZQ) = CDEIBC’ + q)QHBC’ = ByIn(y — Z —,u ,u; Cz .
n—1 1= M2
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The filled hole BCs are:

2 Ppea T T
—— cosp for — =< p< —|
R 2 2
o.(R, ) = i o
0 for < (4.26)
or 5 S o < 5
Tro(R, ) = 0 for 0<¢ <27

For illustration of how the BCs were analytically represented see Figure 4.5. Ex-
pressing the BCs using a Fourier series expansion and normalizing them by the
bearing stress, the BCs can be expressed as

o-(R,p) 2 4 o 4 1+ cos2nm
— L = ——Cosp — — — —1)" — ———— cos 2nyp,
04 T - ;::1( )7'('2 1 — 4n? v
sine Fourier serig of |2/ cos ¢| (427>
Tw(R7 ©) —0
(oF;] .
Y
z
full cosine sine Fourier series with bolt contact idealisation with

magnitude of full cosine  double the magnitude of full cosine

E2ic

Figure 4.5: Representation of the filled hole BCs by superposition of a full cosine distri-
bution and a cosine Fourier series, resulting in the bolt contact idealisation with sinusoidal
radial tractions applied over half of the hole’s edge.

Inserting the normalised radial hole traction into Equation 4.8, yields the loading
functions:
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pe(e) =R <8<—1>” (2n sin(2ng) cos(p) — sin(p) 608(27190))> o4

(4n2 —1)2 72
ARsin(o) % sin(2¢) ) oa
)5 g€ - K .
pol0) =R (8(—1) (2nsm(2ng(oi:2n£gol)):— cos(p) cos(2n<p))> %

Od .9 04
4R — —R —.
+ 4R cos(y) - sin“(¢p) .

The loading function p,(¢) is multivalued due to the presence of the linear term ¢,
which arises from the component —% cos . This term allows the model to account
for any nonzero force resultants P, and P,. In this problem, P, = Pge, and P, = 0,
as only p,(¢) exhibits multivalued behavior. By solving Equation 4.12, the coeffi-
cients By can be computed, the system of equations can also be expressed in the
matrix form A -x = b, and its solution is easily found by inversion. The remain-
ing quantities p,>*(¢) and p;>*(¢) can be denoted by Fourier series expansions
that are capable of representing any periodic and single-valued loading function
pa'(s), p;'(s), and by equating them with the single-valued terms in Equation 4.9,

the coefficients &, and 3, for the filled hole problem are

(2P, sinin
f 1
_ 2 n(n?—4) orn#1,
Oy, = { p
— 8bea forn =1,
\
i o (4.29)
bea . SIDEN
) - an(n2—4) for n # 1,
Bm = p
e for n = 1.
\ 87

Although the formulation was presented for the bearing load aligned with the z-
axis, we will henceforth rotate the coordinate system by 7 /2 rad so that the bearing
is aligned with the y-axis. This matches the convention of Nguyen—-Hoang and
Becker [8] for filled holes, enabling direct comparison and agreement of solutions.
The complex conjugate values of «, and 3, for a y-aligned bearing are obtained
by solving the BCs for a sine distributed bearing load. In Figure 4.6, we present
the map of normalised net-section stresses (o,/04) computed with the analytical
solution for infinite-domain filled holes in a [0°] laminate, with the bearing load
aligned with the y-axis. The plate is considered infinite; however, results are shown
only within = € [-10, 10] mm and y € [—10, 10] mm.
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Figure 4.6: Normalised net-section stress field (¢o,/04) around a filled hole in an in-
finite [0°] laminate, computed with the present formulation; contours shown for z,y €
[—10, 10] mm.

4.1.5 Analysis of the Load Application Distance

The mathematical formulation assumes that the load is applied at infinity. In prac-
tice, however, the load is applied at a finite distance, such as in the presence of
consecutive fasteners, or when the hole is located near BCs or loaded edges. To
address this, a FE analysis was conducted to determine the minimum distance,
€load/d, at which the load can be applied (open hole) or the boundary condition
imposed (filled hole), such that the stress field is not influenced by it. This anal-
ysis was employed for the following sets of dimensions: ejoq/d = {2.5,5,10,20},
w/d = {3,5,10,20}. For the filled hole case, additional values of e/d = {2.5,10,20}
were considered.

In Figure 4.7 and Figure 4.8, the normalized stresses for the open hole and filled
hole cases are presented, respectively. These results correspond to w/d = 3 and, for
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the filled hole case, w/d = 3 with e/d = 2.5. Additional graphs for the remaining
geometric configurations are provided in section A.1.

The first conclusion from this analysis, which can be taken by observation of the
plots, for both open and filled holes, is that a smaller w/d ratio reduces the influence
of the load application distance on the stress field, whereas a larger E, / @Zy increases
its sensitivity to the load application distance. This conclusion is consistent with
reference [68], where it is reported that the characteristic decay length over which end
effects remain significant in both isotropic and orthotropic materials, particularly
under generalized plane strain and plane stress conditions, is on the order of b (%) Y 2,
where b denotes the maximum dimension perpendicular to the fibers, and £ and G
represent the longitudinal Young’s modulus and shear modulus, respectively.

The relative error (e,) is calculated at the critical point for each laminate. For all
laminates, this point is located at (£ = 0,y = 0), except for the [£45°]s laminate,
where it lies at a distance from the hole edge. In addition, the error is evaluated

with respect to the reference case €jpaq/d = 20.
Open Hole

For the open hole configuration, if e,q/d > 10, the largest absolute relative error
observed occurs for the [0°] laminate at w/d = 20, with e, = 0.73%. The second-
largest error, |e,| = 0.25%, occurs for the [0°/90°]s laminate. If lower accuracy is
acceptable, ejpaq/d > 5 can also provide reasonable results. For the [0°] laminate at
w/d = 3, |e.| = 0.89%, but for bigger values of w/d, the error exceeds 2%. Among
the remaining laminates, the maximum error is |e,| = 1.40%, which occurs for the
[0°/90°]s laminate at w/d = 20.

Filled Hole

For the filled hole configuration, an additional variable, e/d, is introduced into the
analysis. In this case, ej,,q/d denotes the distance from the hole to the constraint in
the direction of the applied bearing load. Smaller values of e/d improve the results
for the stress field when ej,aq is lower. For ejoaq > 5, if w/d = 3, the most critical
relative error is 0.16%, happening for the [0°] laminate at e/d = 20, additionally, for
w/d =5, great results can still be obtained with a maximum absolute relative error
of 1.81% for the [0°] laminate with e/d = 20. Both the [0°] and [0°/90°]s laminates
at w/d = 20 and €jpaq/d > 10 exhibit lower accuracy compared to the other lami-
nates, with minimum absolute relative errors of 3.00% and 2.31%, respectively, at
e/d =10. At w/d = 10, these laminates show maximum absolute relative errors of
2.00% and 0.80%, respectively, at e/d = 20. The remaining laminates display good
agreement for eload/d > 10, with the highest absolute relative error being 0.90%
for the [02 / (£45°)2 /90°], laminate at w/d = 20 and e/d = 20.
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Figure 4.7: Open hole tension stresses for each laminate at different ej,,q/d values, with
w/d = 3. The upper plot shows the normalized net-section stresses, while the lower plot
shows the normalized circumferential stresses.
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Figure 4.8: Filled hole stresses for each laminate at different ej,,q/d values, with w/d = 3
and e/d = 2.5. The upper plot shows the normalized net-section stresses, while the lower

plot shows the normalized circumferential stresses.

4.1.6 Analysis of Characteristic Stresses

Having established the limitations associated with the load application distance, we
now proceed to verify and perform limit testing of the infinite-domain formulation
for both the open hole under uniaxial loading and the filled hole configurations.
This will be done by comparing the results obtained from the analytical formulation
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against FE analysis results. The infinite-domain is represented by the condition
w > d. This comparison confirms the accuracy of the complex potentials formalism
by Lekhnitskii [10]. Furthermore, it also allows us to determine, for each laminate,
the range of w/d values beyond which the plate can be treated as an infinite-domain
problem. Since the infinite-domain formulation is computationally less demanding,
its use is preferable in order to optimize the overall performance of the tool while
minimizing the reliance on the finite-domain methodology. In both analysis the
relative error will be evaluated with respect to the infinite-domain analytical solution
and will be calculated in the critical point of the laminate, where the stresses are
higher.

4.1.6.1 Analysis of the Infinite-Domain Solution: Open Hole

In Figure 4.9, 4.10, 4.11, 4.12, 4.13 are presented the stress distribution in the plates
for each laminate. This graphs allow for a comparison of the analytical solution
against FE solutions with the following set of width-to-diameter ratios: w/d =
{5,10, 20,40}, additionally, the FE models used €joaq/d = 20. The relative error is
evaluated with respect to the infinite-domain analytical solution, and its values are
presented in Table 4.1. Increasing w/d leads to convergence of the response curves
and w/d = 40 provides the closest approximation to the infinite-domain solution.
The proximity from the FE solutions to the analytical solution proofs the analytical
approach was correctly implemented, and it could be used with errors bellow 1 %
for w/d > 20. Excluding the [£45°]¢ laminate, which exhibits the highest errors
in almost all configurations, all other laminates show relative errors below 1.5%
for w/d = 10. Note that the analytical solution provides values smaller than the
FE solution in all laminates, therefore it is non conservative to use. Additionally,
in cases such as the [0°] laminate, which exhibits higher stress concentrations, the
relative error may be lower, yet the absolute difference between the analytical and
numerical solutions can be larger. For instance, at w/d = 5, the [0°] laminate
shows a deviation in the normalised maximum stress of 0.25, whereas the [+45°];
laminate, despite having nearly twice the relative error, exhibits a smaller deviation
of 0.19.

Table 4.1: Maximum stress relative error (%) in open hole tension for various laminate
configurations compared with the infinite-domain analytical solution, at different w/d

ratios.
[0°]  Quasi-isotropic  [0°/90°]s [£45°]s [0% / (£45°)2 / 90°],
w/d=5 -3.28% -4.83% -3.35%  -8.48% -4.22%
w/d=10 -1.27% -1.18% -0.80%  2.53% -1.16%
w/d=20 -0.79% -0.29% -0.19%  -0.83% -0.41%
w/d =40 -0.69% -0.07% -0.04%  -0.39% -0.23%
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Figure 4.9: Open hole tension infinite plate, comparison between analytical and FE solu-
tions for the [0°] laminate, for w/d = {5, 10,20, 40}. The upper plot shows the normalised
net-section stresses, while the lower plot shows the normalised circumferential stresses.
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Figure 4.10: Open hole tension infinite plate, comparison between analytical and FE
solutions for the quasi-isotropic laminate, for w/d = {5, 10,20,40}. The upper plot shows
the normalised net-section stresses, while the lower plot shows the normalised circumfer-

ential stresses.
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Figure 4.11: Open hole tension infinite plate, comparison between analytical and FE
solutions for the [0°/90°]s laminate, for w/d = {5,10,20,40}. The upper plot shows the
normalised net-section stresses, while the lower plot shows the normalised circumferential

stresses.

51



4.1. Infinite-Domain Problem

w/d=75
w/d =10
w/d =20
w/d = 40
1.05 - —— Present Solution
--- FE A
0904 —_——t
1076 1075 1074 1073 1072 107! 10°

—— Present Solution
—-1.04 --- FE

T T T
0 z T 3m s

¢ [rad]
Figure 4.12: Open hole tension infinite plate, comparison between analytical and FE
solutions for the [£45°]s laminate, for w/d = {5,10,20,40}. The upper plot shows the

normalised net-section stresses, while the lower plot shows the normalised circumferential
stresses.
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4.1.6.2 Analysis of the Infinite-Domain Solution: Filled Hole

The filled hole analysis was carried out for width-to-diameter ratios of w/d =
{10, 20,40, 80} and end distance-to-diameter ratios of e/d = {2.5,20,80}. The stress
distributions for each laminate at e/d = 80 are shown in Figure 4.14, Figure 4.15,
Figure 4.16, Figure 4.17, and Figure 4.18. The results for the remaining geometrical
configurations, corresponding to e/d = 2.5 and e/d = 20, are provided in section A.2.
The distance at which the boundary is imposed is €jp54/d = 40. Increasing w/d and
e/d leads to convergence of the response curves and w/d = 80 with e/d = 80 pro-
vides the provides the closest approximation to the infinite-domain solutions. The
relative error is evaluated with respect to the infinite-domain analytical solution, and
its values are presented in Table 4.1, for e/d = 80. The analytical infinite-domain
solution can be used with lower accuracy than open hole one. For e/d = 2.5 and for
e/d = 20, the minimum absolute relative errors are 25.48% and 3.71%, respectively,
with the [0°] laminate presenting the worst solutions. For e/d = 80 and w/d = 80,
the maximum relative error is 3.46% for the [0°] laminate, while all other laminates
exhibit errors below 2.2%. These results confirm that the analytical solution for
the infinite-domain filled hole problem was correctly implemented; however, its per-
formance proves to be less reliable than that of the open hole model, with errors

systematically above 1%.

Table 4.2: Maximum stress relative error (%) in filled hole under bearing for various
laminate configurations compared with the infinite-domain analytical solution, at different
w/d ratios, with e/d = 80.

[0°] Quasi-isotropic  [0°/90°]s  [£45°]s (0% / (£45°)2 / 90°],

w/d=10 -13.38% -16.50% -13.44%  -23.11% -15.21%
w/d=20 -7.38% -8.42% -7.06%  -11.15% -7.87%
w/d =40 -4.31% -4.07% -3.62%  -4.73% -3.91%
w/d =380 -3.46% -1.81% -2.18%  -1.45% -1.88%
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Figure 4.14: Filled hole infinite plate, comparison between analytical and FE solutions
for the [0°] laminate, for w/d = {10, 20, 40,80} and e/d = 80. The upper plot shows the
normalised net-section stresses, while the lower plot shows the normalised circumferential
stresses.
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Figure 4.15: Filled hole infinite plate, comparison between analytical and FE solutions
for the quasi-isotropic [0% / (£45°)2 /90°], laminate, for w/d = {10,20,40,80} and e/d =
80. The upper plot shows the normalised net-section stresses, while the lower plot shows

the normalised circumferential stresses.
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Figure 4.16: Filled hole infinite plate, comparison between analytical and FE solutions
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the normalised net-section stresses, while the lower plot shows the normalised circumfer-
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Figure 4.17: Filled hole infinite plate, comparison between analytical and FE solutions
for the [+£45°]s laminate, for w/d = {10, 20,40, 80} and e/d = 80. The upper plot shows the
normalised net-section stresses, while the lower plot shows the normalised circumferential
stresses.
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Figure 4.18: Filled hole infinite plate, comparison between analytical and FE solutions
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plot shows the normalised net-section stresses, while the lower plot shows the normalised
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4.2 Finite-Domain Problem

In the last Section it was presented a solution for the open and filled hole problem,
which is only applicable to infinite plates. Additionally, we tried to under to under-
stand when can a plate be considered infinite with negligible errors. The solution
we will present now is applicable to finite-width plates, meaning the assumption
that the load is applied at infinity maintains, as well as the assumption that the
bearing load is transferred toward a boundary at an infinite distance. To address the
finite-width problem, the infinite plate formulation was expanded by incorporating
auxiliary functions and potentials to enforce boundary conditions, following Nguyen-
Hoang and Becker [11-13] methodology. Both the filled hole and open hole cases
will be addressed in parallel, as their formulations are closely related. In addition
to the hole’s BCs, which are defined for the infinite-domain solution, the finite-
domain problem requires satisfying the free-edge conditions, which are illustrated in
Figure 4.19. Accordingly, the stress BCs for the open hole are given by:

w1—1>I:Eloo o.(z,y) =0, yli}][inOo oy(z,y) = oo, xkrinoo Toy(2,y) =0, (4.30)
y—Foo

(R, ) = T,0(R, @) = 0. (4.31)

o (Fw/2,y) = 70y (Fw/2,y) = 0. (4.32)

Furthermore, for filled hole the BCs are:

2 PRea .
—— ; sinp for 0<p<m,
UT(R7 90) = T
0 for 7 <p < 2m, (4.33)
To(R,p) = 0 for 0<¢ <2m.
o, (Fw/2,y) = 74y (Fw/2,y) = 0. (4.34)
oy(x,e) = Tyy(z,e) = 0. (4.35)

60



Chapter 4. Stress Analysis

T

oy(x,e) =0 £ 4 42 a VU Y 2 4

Tj}é}(_w/ 2,y) ijo(—W/ 2,y) ijO(W/ 2,y)

— ——> ——> ——
—— —— —— ——

— > ——> ——>

e ——— —— ———

oy(x,0)

0(x,0)

Filled hole Open hole
Figure 4.19: Free-form bodies with only the tractions relevant to equilibrium in the
loading y direction shown. Using the periodic arrangement technique, the edge shear
stresses T,y (+w/2,y) become negligible, so the external load is carried solely by the net-
section stress oy (x,0), adapted from reference [14].

4.2.1 Elimination of Tractions Parallel to the Loading Di-

rection

The objective of this section is to eliminate the nonzero traction parallel to the load-
ing direction along the vertical edges, ensuring the conditions 7., (fw/2,y) = 0 for
the open hole case, and o,(x,e) = 0 together with 7., (£w/2,y) = 0 for the filled
hole case. The approach employs a cancellation method applicable to any plane
problem possessing at least one axis of symmetry. The method involves superim-
posing virtual auxiliary plates, generated by shifting and periodically replicating the
stress field, under the assumption of symmetry about the y-axis, this technique is
pictured in Figure 4.20. The stress field considered is that of the infinite-domain
solution, expressed in terms of its Airy stress function F™. Fi*f represents the cen-
tral plate, which is duplicated and placed horizontally to form Fif and Fi3f. Each
auxiliary plate eliminates the shear stresses 7., (£w/2,y) along one side edge , but
in doing so introduces new shear stresses at the opposite edge. As a result, residual
shear tractions remain along both vertical boundaries. There magnitude depend
on the number of horizontally aligned auxiliary plates, vanishing when it tends to
infinity. For the filled hole case, the normal stresses o,(z, e) at the horizontal edge
y = e are removed by vertically duplicating F'™, reversing its sinusoidal tractions to
tension, and rotating it by 7 rad about the hole boundary, producing the boundary
plate Fi'. However, the horizontal auxiliary plates F{%" introduce additional o
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along y = e; therefore, they are vertically mirrored as applied to Fi*f, to ensure
complete cancellation of the tractions parallel to the loading direction. This step is
unnecessary in doubly symmetric problems, such as the orthotropic open hole con-
figuration, where no horizontal edges are present. The following formulae summarize

the methodology described above:

F;ljnf(l', y) _ (_1)i+1 'Finf ((_1)i+1xj, (_1)i+1yi)7 (436)
W—/ . ~ J/
Tension/Compression load shifting along hole
with [z]=[z1 202324 ...]=[z 2—-—w z4+w z—-2w ... (4.37)
[] open hole,
lyi] = (4.38)

[y1 2] =y y —2e] filled hole.

The auxiliary plates stress fields are superimposed using:

Ny

PA(Fnf) = Z > (4.39)

i=1 j=1

where n, represents the number of horizontally, n, the number of vertically aligned
plates and PA(O) is the operator executing this arrangement for any infinite-domain
stress field symmetric to the y-axis. Additionally, for open hole n, = 1 and for filled
hole n, = 2. The value of n, is determined based on the error in load transfer caused
by the residual shear stresses along the vertical boundaries, ., . With that the
formulation for the cancellation of tractions parallel to the load direction has been
summarized. For problems symmetric to the x-axis the whole setup is rotated by
7/2 rad.

4.2.2 Elimination of Tractions Perpendicular to the Loading

Direction

The objective of this section is to eliminate the nonzero tractions perpendicular to
the loading direction along the vertical edges in both open and filled hole prob-
lems ensuring the fulfillment of the condition o, (+w/2,y) = 0. These tractions
result from the periodic auxiliary field introduced in the infinite-domain problems
to cancel tractions perpendicular to the load direction. The stress function F}YE+
is an expansion of the boundary violations in a Fourier series, where the index [
serves as a placeholder for any arbitrary stress function whose associated nonzero
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(a) Open hole, adapted from reference [8].
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(b) Filled hole, adapted from reference [9].

Figure 4.20: Periodic arrangement used to cancel nonzero tractions along straight edges
in load direction. The solid-outlined plate Fiif is the non-shifted original plate obtained
from the infinite-domain solution. In (a) the finite domain open-hole problem is bounded
at © = +w/2, and therefore the the arrangement is done only horizontally. For the filled
hole in (b), tractions at y = e must also vanish, and therefore F™ has to be vertically
duplicated. The sinusoidal tractions are reversed from compression to tension, and the
duplicated plate rotated by 7w rad about the hole boundary, producing the boundary plate
Fi5f. In the filled hole plate, C denotes compression and T tension.
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4.2. Finite-Domain Problem

tractions must be eliminated. For the open hole case, the superimposed field is
symmetric with respect to both the z- and y-axes, whereas for the filled hole case, it
is symmetric about the y-axis and antisymmetric about y = e. Consequently, when
specifying the stress deviation along the vertical edges, the following conditions must
be satisfied:

o0 (fw/2,y) = dev(iw/Q —y) open hole,

dev dev : * <440)
T (Fw/2,y") = 9 (fw/2,—y*) with y"=y—e filled hole.

Recognizing these symmetries allows the Fourier series expansions over the virtual

wavelength [g, to be simplified as follows.

Open hole:
oVEL (w2
( / ) Z “cos o,y  with (4.41)
2 2 lFo
Qp = #’ fin = Ion dev(iw/Q y) cos any dy. (4.42)
Fo Fo Jo
Filled hole:
oVEL(£w /2
( / Y Z G0 sinany®  with (4.43)
2 2 lFro
Oy = %’ gi:l = F dev(ﬂ:'ll)/Q Yy )Sln any dy (444>

It should be noted that the stress deviations at the lower and upper limits of the
integral are not equal, as expressed by the following inequalities:

deV(ﬂ:w/Z y=0)# adev(iw/Q y =Ilr,) open hole, (4.45)

o8 (£w/2,y" = 0) # 097 (Fw/2,y* = lp,) filled hole. (4.46)

This mismatch gives rise to the Gibbs phenomenon, producing overshoots in the
associated Fourier series expansions, whereas the true deviation should decrease
smoothly with increasing distance from the hole. For this reason, this type of
approximation function is regarded as less reliable than the periodic arrangement
technique. Moreover, employing a stress function of the form FVYEL necessitates
an additional Fourier series expansion, making it more computationally demand-
ing than the periodic arrangement method. To reduce the influence of periodicity
and the Gibbs’ phenomenon on the characteristic stresses near the hole, the virtual
wavelength g, = 40 d is selected, ensuring that an undisturbed uniaxial stress state
can develop in the far field (|y| > d).
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The tractions of the open hole can be modelled by the Airy stress function of the

form
RV 2 - VEL
i ay” + ; Gulx) Af,— cos any, (4.47)
and the of the filled hole by
FVEL N
lad = Z O () A sin ay”. (4.48)
n=1

Therein, the entities ¢, (x) denote unknown functions with respect to x. For an
orthotropic plate material, the governing equations can be reduced to:

d*o E, E,\ d*¢ E
n_ — 9, =Y n g ) 4.49
dxt (ny Y yEz> dx? + E, ¢ ( )

The corresponding characteristic equation is

1 v E
B — —2-% )2+ =22 =0. 4.50
S Y ny Ex 5"+ Ex ( )

e Case I: The characteristic roots are identical and real, a situation found in

quasi-isotropic laminates, where s = s; = s9 = 1.

e Case II: The characteristic roots are real but have different values. For the
laminates examined in this study, this behavior is observed in the layups [0°],
[0°/90°], and [0 / (£45°)s / 900]5.

e Case III: The roots are complex and take the form h,+it,, —h,=£it,; hg, ts € R.
This configuration occurs in angle-ply laminates, like [£45°];.

The general solution for Equation 4.49, is proposed by Nguyen-Hoang and Becker
[9] as the following hyperbolic and trigonometric basis functions:

(b,ll = Cf)" cosh o,z + Cg’" sinh o,z + Cg’"x cosh o,z + C’ff”x sinh o, x,
qﬁg = Cfb" cosh sy, x + C;b" sinh sja,,z + C’f" cosh sy, x + Cff” sinh sy, T,

4.51
¢£LH = (Cf“ cosh hya,x + Cf” sinh hsanx) coS tsu, T ( )

+ (C’f“ cosh hso,x + C’f“ sinh hsanx> sint.a,x.

The stress components of F}Y®! are calculated using Equation 2.27, leading to
the following expressions:
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4.2. Finite-Domain Problem

Open hole:

Filled hole:

The derivatives of ¢,, are

d¢y, bn g o
= O <C’1 sinh (o, z) + C5" cosh (ocnac))
+ C9" (o sinh (o, z) 4 cosh (ap))
+ C7" (apx cosh (o) + sinh (a,7))
d? I
ng; =a? (C'f)" cosh (a,z) + C§™ sinh (oz,@))
+ (a2 cosh (o, x) + 20, sinh (o, 7))
+ C{" (ajw sinh (apz) + 204, cosh (1))
dng

7 = On (le’f’” sinh (sya,z) + 816’5’” cosh (sloznx)>
x

+ 550" sinh (s900,) + 5507 cosh (span2)
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d2¢11
y = o’ (S%C’f’" cosh (sya,) + s2CY" sinh (sloznrc)>
x

(4.61)
+ 209" cosh (syanx) + s2C9" sinh (syanz)

dein
f;" = an{ cosh (hso, ) [(Cg’"hs + Cg‘f’"ts> cos (tsanx) + <Cf"hs — C’f)"ts> sin (tsanx)]
T
+ sinh (hso,7) [<Cf)"hs + Cf“ts> cos (tsanx) + <C’§5”hs — C’g’”ts) sin (tsan:c)} },
(4.62)
2 11T
% = ozi{ cosh (hso, ) KQCfnhsts + C (hy 4+ t,) (hs — t5)> cos (tsan )
(O3 (b 1) (hy = 1) = 208" ot ) sin (L)
+ sinh (hsa,x) [(C’;’" (hs +ts) (hs — ts) + 20?"h5t5> cos (tsa, )
+ (04” (hy +t,) (hy — t,) — QCf’”hsts> sin (tsanx)} }
(4.63)
The coefficients C’f’ " are obtained by imposing the following conditions:
dn(£w/2) = 1, (4.64)
do
VEL n _
7_acy,l (:l:’LU/Q, y) =0 = % =0. (465)

r=tw/2

The first condition sets ¢,, to one at the vertical edge for computational convenience.
The coefficients for each case are the following:

Case I:
Cbn 2sinh (%an) + a,w cosh (%an)
1 : ’
sinh (wa,) + wa,
Cyr = O =0, (4.66)
Con 2av, sinh (%an)
4 = T :
sinh (way,) + way,
Case II:
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4.2. Finite-Domain Problem

bn _ 52 bn _

G = S9 cosh (sl%an) — s; coth (32%an> sinh (sl%an) G 0,

Con s1 o — (4.67)
3 = ; , v =0.

Sy coth (31 %an) sinh (32%04”) — 81 cosh (SQ%an)
Case III:

ot 4hy cosh (hs%ay,) sin (ts%a,) + 2t, cos (ts%ay,) sinh (hy%a,)

o =

hg sin (tsgan) + t, cosh (hs%an) ’
CPr =9 =0, (4.68)
bn _ 2t, cosh (hs%an) sin (tsgan) — 2h, cos (ts%an) sinh (hs%an) |

C n 2
4 hg sin (ts%an) + t4 sinh (hs%an)

From Equation 4.41, 4.52 plus Equation 4.43, 4.55, respectively, and taking into
account Equation 4.64, leads to:

Ox
In

—» open hole,
f lfg VEL Wn
a; = T, Al,n = o (469)
% filled hole.
o

This concludes the definition of F}Y¥+ providing a formulation capable of cancel-
ing the tractions perpendicular to the load direction in the vertical edges, © = +w/2.
The filled hole problem is bounded by the horizontal edge y = e, and therefore, the
shear tractions 7,,(x,e), which are perpendicular to the load direction, have not
been canceled. The shear stresses are antisymmetric with respect to the y-axis, and
therefore 7, (z,y) = —7uy(—2,y). By adapting Equation 4.48 to satisfy the shear
stress antisymmetry condition, the following stress function is obtained:

FHEL Ny

L = n(y), APEL sin (3, 4.70
o ZQ <y>7 l,n ,SlH(ﬂ :U)a ( )

n=1

where 0, (y) has the same form as ¢, (x) in Equation 4.51. This form leads to un-
bounded stresses as the hole distance increases, |y| — oo, which would significantly
disturb the stress-free condition along the vertical edges. Consequently, the condi-
tion 7,,(x, e) is not included in the present formulation. The implications of this
simplification will be examined later in this chapter.
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4.2.3 Enforcement of Hole Boundary Conditions

The free-edge BCs have been satisfied through PA(F™) and FVEL; however, the
tractions on the hole boundary have thus far been neglected. As a result, superim-
posing these correction functions and potentials onto the infinite open or filled hole
solution will lead to incorrect hole BCs. These can be corrected by superimpos-
ing additional complex potentials @I;BC’SV, with the general form of Equation 4.22.
To construct the correction field, the coefficients §,, and &, are evaluated using
Equation 4.10. The loading functions required for the Fourier coefficients are de-
rived from Equation 4.8, where the stresses used in defining these loading functions
are obtained through the Fourier series expansion of the boundary condition viola-
tions. The index I denotes any arbitrary stress field and the hole tractions o2" (R, ¢)
and Tf;j;(R, ) differ from the prescribed boundary conditions at the hole, given by
Equation 4.31 for the open hole and Equation 4.33 for the filled hole. These de-
viations in the hole boundary conditions can be expressed through a Fourier series

expansion

or N N
UEZBC(R, ©) /o0 = %O + ; fin cosng + ; gl‘f; sin ne, (4.71)
Tre N N
C 1,0 Tr Tr .
Tgl?l (R,p)/0o0 = N + Zl finl cosnp + Zl gpy sinnep. (4.72)

Where stress deviations can be normalized to o for open hole and to o4 when dealing

with the filled hole problem. The Fourier coefficients can be calculated using

1 27
r=—— [ 0X(R,p)cosnpdp,
b 7T O-O 0 9
1 27 d
Gin=—— | on (B ¢)sinnpdp,
X 00 (4.73)
== TR, @) cosngdyp,
TOoo Jo
1 27 J
g Y(R, @) si do.
D' = oo | Trot (I, @) sin np dp

All necessary tools to handle both the straight edges and the hole boundary are
now available. However, each correction function or potential targets only a specific
subset of boundary tractions and may even interact with or influence the others.
Hence, the next section introduces an iterative procedure aimed at reducing the
boundary condition violations along all edges simultaneously.
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4.2. Finite-Domain Problem

4.2.4 Boundary Conditions Enforced via Iterative Correc-

tions

In order to fulfill all considered BCs, the correction functions are applied in an iter-
ative manner until the residual errors are reduced to a negligible level. Summarizing
their behavior, the periodic arrangement function PA(F™) enforces 7,,(+w/2,y) =
0 and o,(z, e) = 0, but simultaneously disturbs the hole BCs, namely o,(+w/2,y) =

FVEL ensures the condition

0, as well as 7,,(z,e) = 0. The correction function
o,(£w/2,y) = 0, yet it also interferes with the hole BCs and 7,,(x,e) = 0. Lastly,
the correction function FHBC explicitly addresses the hole BCs, but in doing so it
affects all BCs along the straight edges. The iterative procedure is described by the

flowchart in Figure 4.21.

First, the infinite-domain stress field is established in a way that satisfies the hole
BC. Next, the periodic arrangement operator, PA(F™), is applied to the infinite-
domain problem, followed by the correction function F)VEL. Both corrections, how-
ever, introduce violations of the hole BC, which are then compensated through the
use of FBC though this in turn affects the free-edge condition in the vertical and

HBC
I

horizontal edges. To mitigate this issue, the stress field produced by is also ar-

ranged periodically, in the same manner as F™ after which an additional correction
function, FZ\EL, is superimposed to cancel the new tractions perpendicular to the
load direction along the vertical edges, reintroducing interference with the hole BCs.
It should be noted that this is the only correction function that does not require
periodic arrangement, since it already accounts for the condition 7, (+w/2,y) =0
when defining the stress function. Furthermore, for finite-domain problems bounded
by the horizontal edge y = e, the stress-free condition o,(x,e) = 0 remains unaf-

fected. This is because the stress function FlVEL

is constructed with antisymmetry
about the axis y = e, consistent with the antisymmetry inherent in the periodic
auxiliary field, thereby ensuring that the tractions normal to the horizontal edge
also vanish. Through successive iterations, the procedure ensures the simultaneous
satisfaction of all prescribed BCs, leading to the following expression for the stress

function of the complete finite-domain solution:

Ny Mgz min Ny Mg min

L
F= Y S FEM 4> R4 Y 3" FiPC . (4.74)
=1

i=1 j=1 i=1 j=1
—_——
periodic field of Finf . periodic field of FlHBC )

Here, L denotes the number of iterations required until the BCs are sufficiently
satisfied. The adequacy of this can be verified by evaluating the load transfer values
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Input parameters:
finite dimensions, single-ply properties, layup

Assemble infinite domain field F™

Determine 1, using yinf < 0.5%

Assemble periodic arrangement PA(F™™)

Gx.(iw/ 2, Y\ Yes | Superimpose correction field £ ™+ —]
violated?

No

y

Hole BCs
violated?

Yes

Superimpose F'B¢
and assemble PA(F5C)

Increase n,,,,;, and rebuild
correction functions

Full net-section
load transfer?

( Full stress field )

Figure 4.21: Flowchart for stress calculus of finite-width plates with open and filled

holes, adapted from reference [14].
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and checking the convergence criteria, with the following expressions.

Open hole:
R 2
Yy, = — or-(R,¢)? sinpdp < 0.01,
PBy 0
Vr,, = Tro(R, )2 cospdyp < 0.01,
PBy
Iro/2

Uy, = Voo (tw/2,y)?dy < 0.01,
PBy

(4.75)
U, = PB \/Tmy (fw/2,y)?*dy < 0.01,
y Jo
2 w/2
Doipt = o \/(Uy(x, +lpy/2) — 00)2 dz < 0.01,
By
9 w/2
Xoy = 5 oy(z,0)dx, with !ng — 1‘ < 0.01.
By
Filled hole:
Vo, = )2 sinp dy < 0.01,
" P
Bea
R ™
o = \/ TreUt, @) cospap < V.01,
77Z} TP P / @(R )2 d < 0 01
Bea
Ve, = o (Fw/2,y*)? dy* < 0.01,
’ P
Bea
(4.76)
Vr,, = B /z /2\/7@ (fw/2,y)?dy < 0.01,
ea Fo
Xor = 5 / o-(R, ) sinpdp, with ‘Xc - 1‘ < 0.01,
Bea

2 w/2
Xo, = / oy(x,0)dz, with |ng — 1‘ < 0.01.
PBea
Where 95, , V7., Vo,, ¥r,, indicate deviations in the corresponding stress-free BCs,
which can be corrected by increasing the number of iterations L. In the periodic
Fourier series expansion, the upper and lower limits of the integral in v, are set
to y = %lr,/2, under the conservative assumption that within half the wavelength
lFo, Gibbs’ phenomenon has only a negligible effect. This ensures that an undis-
turbed uniaxial stress state can develop in that region. Inaccurate load transfer
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ratios X, and X, arise from either an excessive force flux through the hole edge or
elevated shear stresses along the vertical boundaries at © = +w/2. The former can
be corrected by introducing additional correction functions FBC while the latter
is addressed by increasing the minimum number of plates n,in. The correction

functions must then be recalculated accordingly.

4.2.5 Analysis of Characteristic Stresses

Now we verify if the formulation was well implemented by comparing the results with
numerical simulations for the open hole problem at w/d = {3,10,20} and for the
filled hole problem at w/d = {3, 10,20} with e/d = {2.5,10}. In addition, our results
are compared with those reported by Nguyen-Hoang and Becker [8, 9], authors of
the formulation, which present results for the open hole case at w/d = {3,20} and
for the filled hole case at w/d = {3,20} with e/d = {3,10}. For the filled hole case,
we select e/d = 2.5, in line with industry standards for bolt edge distance in aircraft
composite laminates, where e/d = 2.5. Additionally, Nguyen-Hoang and Becker
[8, 9] demonstrated that this approach provides a more accurate solution than the
heuristic method proposed by Tan and Tan-Heywood [5-7].

4.2.5.1 Analysis of the Finite-Width Solution: Open Hole

The stresses are presented in Figure 4.22, Figure 4.23, Figure 4.24, Figure 4.25, and
Figure 4.26 for the different laminates. The relative errors calculated against using as
reference value the numerical results are presented in Table 4.3. Nguyen-Hoang and
Becker [9] obtained a maximum error magnitude of 1.4 % for the [£45°] laminate,
whereas in our analysis, we obtained a maximum error of 3.96%, for the same
laminate. This deviation can be clearly observed in Figure 4.25. The underlying
reason, was that as mentioned in subsection 4.1.2, along the vertical edge = = +w/2,
a sign change must be accounted for when the real part of the complex constant pi
is non-zero. It should also be noted that the influence of this effect diminishes as
w/d increases. As future work, this condition should be incorporated into the code.
For the present, we conclude that the formulation has been correctly implemented

for laminates with Re[u;] &~ 0 as well as to cases with w/d > 10.

Table 4.3: Maximum stress relative error (%) in open hole tension for various laminate
configurations comparing numerical results with the analytical solution, at different w/d

values.
[0°]  Quasi-isotropic  [0°/90°]s [£45°]s [0% / (£45°)2 / 90°],
w/d=3 -1.17% -0.44% -0.71%  -3.96% -1.34%
w/d=10 -1.21% -0.87% -0.70%  -1.99% -0.93%
w/d=20 -0.82% -0.21% -0.19%  -0.69% - 0.36%
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Figure 4.22: Open hole tension finite-width plate, comparison between analytical and FE
solution for the [0°] laminate, for w/d = {3,10,20}. The upper plot shows the normalised
net-section stresses, while the lower plot shows the normalised circumferential stresses.
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Figure 4.23: Open hole tension finite-width plate, comparison between analytical and FE
solution for the quasi-isotropic laminate, for w/d = {3,10,20}. The upper plot shows the
normalised net-section stresses, while the lower plot shows the normalised circumferential
stresses.
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Figure 4.24: Open hole tension finite-width plate, comparison between analytical and
FE solution for the [0°/90°]s laminate, for w/d = {3,10,20}. The upper plot shows the
normalised net-section stresses, while the lower plot shows the normalised circumferential

stresses.
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Figure 4.25: Open hole tension finite-width plate, comparison between analytical and
FE solution for the [£45°]s laminate, for w/d = {3,10,20}. The upper plot shows the
normalised net-section stresses, while the lower plot shows the normalised circumferential
stresses.
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Figure 4.26: Open hole tension finite-width plate, comparison between analytical and
FE solution for the [0 / (+45°)2 /90°], laminate, for w/d = {3,10,20}. The upper plot
shows the normalised net-section stresses, while the lower plot shows the normalised cir-
cumferential stresses.
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4.2.5.2 Analysis of the Finite-Width Solution: Filled Hole

For the finite-width filled hole case with e/d = 2.5, the stress distributions for
each laminate are shown in Figure 4.27, Figure 4.28, Figure 4.29, Figure 4.30, and
Figure 4.31. For e/d = 10, the corresponding results are presented in Figure 4.32,
Figure 4.33, Figure 4.34, Figure 4.35, and Figure 4.36. The results obtained do
fit Nguyen-Hoang and Becker [8] results, for all laminates except for the [+45°];
laminate, which was not dealt in its study for filled holes. Similarly, to the reference,
when the effect by finite dimensions is dominantly or even only caused by a small
end distance as for in our case e/d = 2.5, w/d = 3, slight deviations are observable
in the characteristic stresses. This is due to the remaining shear stresses 7,,(z,e)
along the horizontal boundary y = e, which were not covered by the formulation,
the solution to this is presented in subsection 4.2.2. Due to its complexity, this
was not implemented in the present work; however, it may be addressed in future
studies. Overall, the formulation provides satisfactory results; nevertheless, if the
finite dimensions effect is predominantly governed by the end distance e, a safety
coefficient should be applied to ensure that stresses are not underpredicted.

Table 4.4: Maximum stress relative error (%) in finite-width filled hole for various lam-
inate configurations comparing numerical results with the analytical solution at different
w/d values, for e/d = 2.5 and e/d = 10.

[0°] Quasi-isotropic  [0°/90°]y  [£45°]s  [0% / (£45°)2 / 90°],

e/d=2.5
w/d=3  -8.93% -1.81% -251%  -4.38% -3.90%
w/d=10 -10.46% -7.64% -3.77%  -15.91% -9.23%
w/d =20 -10.41% -7.14% -3.60%  -19.80% -9.03%
e/d =10
w/d=3 -1.01% -1.42% -0.57%  -4.76% -1.05%
w/d=10 -2.50% 0.14% -0.36% 0.16% -0.31%
w/d=20 -3.29% -0.96% -0.711%  -1.30% -1.76%
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Figure 4.27: Filled hole finite-width plate, comparison between analytical and FE so-
lutions for the [0°] laminate, with e/d = 2.5. The upper plot shows the normalised
net-section stresses, while the lower plot shows the normalised circumferential stresses.
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Figure 4.28: Filled hole finite-width plate, comparison between analytical and FE so-
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shows the normalised net-section stresses, while the lower plot shows the normalised cir-

cumferential stresses.
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Figure 4.29: Filled hole finite-width plate, comparison between analytical and FE so-
lutions for the [0°/90°]s laminate, with e/d = 2.5. The upper plot shows the normalised
net-section stresses, while the lower plot shows the normalised circumferential stresses.
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Figure 4.30: Filled hole finite-width plate, comparison between analytical and FE so-
lutions for the [+45°]s laminate, with e/d = 2.5. The upper plot shows the normalised
net-section stresses, while the lower plot shows the normalised circumferential stresses.
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Figure 4.31: Filled hole finite-width plate, comparison between analytical and FE so-
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stresses.
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Figure 4.32: Filled hole finite-width plate, comparison between analytical and FE solu-
tions for the [0°] laminate, with e/d = 10. The upper plot shows the normalised net-section

stresses, while the lower plot shows the normalised circumferential stresses.
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Figure 4.33: Filled hole finite-width plate, comparison between analytical and FE solu-
tions for the quasi-isotropic laminate, with e/d = 10. The upper plot shows the normalised

net-section stresses, while the lower plot shows the normalised circumferential stresses.
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Figure 4.34: Filled hole finite-width plate, comparison between analytical and FE so-
lutions for the [0°/90°]s laminate, with e/d = 10. The upper plot shows the normalised
net-section stresses, while the lower plot shows the normalised circumferential stresses.
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Figure 4.35: Filled hole finite-width plate, comparison between analytical and FE so-
lutions for the [£45°] laminate, with e/d = 10. The upper plot shows the normalised
net-section stresses, while the lower plot shows the normalised circumferential stresses.
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Figure 4.36: Filled hole finite-width plate, comparison between analytical and FE so-
lutions for the [05 / (£45°)2 /90°], laminate, with e/d = 10. The upper plot shows the
normalised net-section stresses, while the lower plot shows the normalised circumferential

stresses.
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4.3 Analysis of Biaxial Loading Case

The biaxial loading case can be solved for the infinite domain case, by imposing the

following BCs:

— By ; — 4By i —
Jim o) =o' lm o(@y) =0, lim m(@y) =0 @47)
y—+oo

where ¢2¥ and ¢B¥ are the bypass loads in the x and y directions, respectively, this
BCs are illustrated in Figure 4.37.

Arhl A A A A 4

VVJVV

By

ATAAI A A A A A

JVVVVV

F VVVVVYVVYVYYVYY
By

Oy

Figure 4.37: Schematic of the boundary conditions of the infinite-plate open hole con-
figuration, subjected to uniform remote bypass stresses o2 and 05 at © — +oo and

y — 00, respectively.

By following the same procedure described in subsection 4.1.3, it leads to the

potentials

 OHILin oY i — oBY
(I)lOH 11, f(21> —_ R - Cl—l’
— t2) V21 — R¥(1+ pi)

’ i oBvi— aBy
q)QOH-II,mf(Z2> _ —R M1 Gl
— pi2) /22 — R2(1 + pd)
These expressions define the stress field under biaxial loading conditions, assuming

an infinite domain, following Lekhnitskii’s [10] formalism.

(4.78)

To solve the finite dimensions problem under the biaxial loading case, the solution
can be obtained for different plate side dimensions by first solving the uniaxial finite-
width problem in each direction and then superimposing the resulting stress fields.
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To avoid solving the finite-width problem for loading along the z-axis, the author
recommends rotating the plate’s reference system by —m/2 rad and subsequently
rotating the stress field back to the original coordinate system. This approach
enables the superposition of stress fields corresponding to loadings in both directions.
Leading to

pPBY
F=FY+F»=(1-a)FY+aF>", o= %, (4.79)
where P = PP + Pfy. Here, P denotes the sum of the two bypass loadings.
Although this summation is not physically meaningful, since the loads act in per-
pendicular directions, it is introduced merely as a notational convenience to simplify

the presentation of their relation.

4.3.1 Analysis of the Finite-Plate Solution: Open Hole Bi-

axial Tension

The biaxial open hole stress distributions are presented in Figure 4.38, Figure 4.41,
Figure 4.40, Figure 4.39, and Figure 4.42, where w, /d = w,/d = 10, are respectively
the width and height of the plate, note that we are normalising the stresses to afy
for « = 1. Note that here, we are focusing on a finite-plate problem, as neither of
the plate’s dimensions are infinite, therefore , this formulation will be highly influ-
enced by e€jp.q/d. This is because the solution corresponds to the superposition of
two finite-width plates, which considers the loads is applied at infinity, however, we
are in reality, applying o}¥ at €igad. = 0.5w, and o, at ejaqy = 0.5w,. In subsec-
tion 4.1.5, it was shown that ej,,q/d = 2.5 resulted in large deviations, particularly
for the [0°] laminate. Therefore, in this analysis we selected €jpaq/d = 5, which for
w/d = 10 yields an absolute maximum relative error of 3.40% for the [0°] laminate.
The following ratios were evaluated: o = {0,0.1,0.5,0.9,1}, and the corresponding
relative errors are reported in Table 4.5. The cases a = 1 and a = 0 represent uniax-
ial loading in the longitudinal and transverse directions, respectively, while a = 0.5
corresponds to a biaxial loading scenario where equal tensions are applied at each
edge. Overall, the analytical solution shows good agreement with the numerical
results. However, for the [0°] laminate the deviations are significant, particularly in
the o = 0.5 loading case, where the absolute relative error reaches 19.13%. Nev-
ertheless, this ratio is not critical, as the stress concentrations are 4.9 times lower

than those observed under uniaxial tension in the longitudinal direction.
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Table 4.5: Normalised maximum stress relative error (%) for different laminate configu-

rations under biaxial loading for various «, for w,/d = w,/d = 10.

[0°] Quasi-isotropic  [0°/90°]s  [£45°]s [02 / (£45°)2 /90°],

a=0 -6.00% -1.43% -1.75%  -2.18% -0.70%
a=01 -833% -0.96% -1.60%  -2.10% -1.89%
a=05 -19.13% -0.66% -0.91%  -2.39% -1.21%
a=0.9 5.02% -0.96% -1.60%  -2.10% -1.44%
a=1 4.43% -1.43% -1.75%  -3.21% -1.79%
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Figure 4.38: Biaxial open hole finite-width plate, comparison between analytical and
FE solutions for the [0°] laminate, with w,/d = 10, wy/d = 10 and o = {0,0.1,0.5,0.9,1}.
The upper plot shows the normalised net-section stresses, while the lower plot shows the
normalised circumferential stresses. Stresses normalised by 0':,]? Y for a = 1.
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Figure 4.39: Biaxial open hole finite-width plate, comparison between analytical and
FE solutions for the quasi-isotropic laminate, with w,/d = 10, w,/d = 10 and o =
{0,0.1,0.5,0.9,1}. The upper plot shows the normalised net-section stresses, while the
lower plot shows the normalised circumferential stresses. Stresses normalised by 05 Y for
a=1.
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Figure 4.40: Biaxial open hole finite-width plate, comparison between analytical
and FE solutions for the [0°/90°]s laminate, with w,/d = 10, wy,/d = 10 and a =
{0,0.1,0.5,0.9,1}. The upper plot shows the normalised net-section stresses, while the
lower plot shows the normalised circumferential stresses. Stresses normalised by 05 Y for
a=1.
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Figure 4.41: Biaxial open hole finite-width plate, comparison between analytical and FE
solutions for the [+45°]s laminate, with w,/d = 10, w,/d = 10 and o = {0,0.1,0.5,0.9,1}.
The upper plot shows the normalised net-section stresses, while the lower plot shows the

. . . . B
normalised circumferential stresses. Stresses normalised by o, for o = 1.
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Figure 4.42: Biaxial open hole finite-width plate, comparison between analytical and
FE solutions for the [05 / (£45°)2 /90°], laminate, with w,/d = 10, wy,/d = 10 and a =
{0,0.1,0.5,0.9,1}. The upper plot shows the normalised net-section stresses, while the
lower plot shows the normalised circumferential stresses. Stresses normalised by 05 Y for
a=1.
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4.4 Out-of-Axis Bearing Loading Case

The out-of-axis bearing loading case (Figure 4.43) in an infinite domain can be
addressed using the procedure in subsection 4.1.4, which assumes the load is aligned
with the x-axis. For loads not aligned with the laminate’s material coordinate
system, two equivalent strategies are available: introduce a local coordinate system
aligned with the bearing load, solve in that system, and then rotate the resulting
stress field back to the reference frame; or retain the reference frame but modify the
BCs in the formulation and re-derive the coefficients &, and 3,,. For practicality,
the first approach was adopted.

Figure 4.43: Out-of-axis bearing load: a local coordinate system (2’,y’) is introduced so
that 2’ aligns with the bearing direction, which forms an angle 3 with the global z-axis.

The finite-domain methodology used for the filled hole problem is applicable only
when the load’s symmetry axis is parallel to the plate edges, if this condition is not
satisfied, as in out-of-axis bearing loading, the method does not apply [8].

4.5 Analysis of the Bearing-bypass Interactions

In the previous sections, we successfully solved the open and filled hole problems us-
ing complex potentials combined with the boundary collocation method. In this sec-
tion, the objective is to define the bearing-bypass interaction, following the method-
ology of Nguyen-Hoang and Becker, which studied the interaction for the uniaxial
loading case, and therefore, for further details, refer to reference [14]. The bearing-

bypass, with biaxial bypass will be studied.

First, lets formulate the uniaxial bearing-bypass interaction, constructed by Nguyen-
Hoang and Becker [14], which idealized the bolted-joint as the superposition of the
open hole and filled hole problems, following the approach presented by Camanho
and Lambert [65]. Let FO! and F*! be the Airy stress functions for the open hole
and filled hole problems, respectively. For the combined load P = Pge, + Pgy, the
bolted joint under bearing—bypass loading has the stress function, by superposi-

tion
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P ea
FPP = (1= g FO" 4 pF™, p= 2, (4.80)

For f = 0 this formulation specializes to the open hole problem and for § = 1
the filled hole problem. The filled hole case (§ = 1) was deemed the most critical,
yielding higher stress concentrations than the open hole (5 = 0) and bearing-bypass
(0 < B < 1) loading cases, and the open hole case was considered the less critical
one.

4.6 Final Remarks

This chapter established an analytical framework to predict stress fields in laminates
with open and filled circular holes, spanning infinite and finite domains. The formu-
lation builds on Lekhnitskii’s [10] complex potentials and conformal mappings for
the infinite domain and extends to finite-width plates via auxiliary functions and pe-
riodic arrangements following Nguyen—Hoang and Becker [8, 9, 14]. All expressions
were implemented in Python and verified against Abaqus FE results, with accu-
racy quantified across layups, geometric ratios, and loading cases (uniaxial, biaxial,
bearing—bypass). In section 7.4, we present an overview of the stress-field imple-
mentation methodology, identify remaining gaps, and delineate the formulations’
domain of applicability.
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5. Failure Analysis

In failure analysis, the primary objective of the tool is to adopt a highly conser-
vative approach. Therefore, First Ply Failure (FPF) was established as the failure
philosophy for the tool. The premise of this criterion is that failure of a single ply
implies failure of the entire laminate.

In the previous section, a laminate-level approach to the problem has been adopted,
allowing the definition of the stress field within the laminate using its homogenized
properties. However, the FPF criterion is based on a local analysis of the lami-
nate, as it determines failure by evaluating each individual lamina. As a result, the
laminate-level stress field needs to be transformed into a lamina-level stress field for
each ply, using the Classical Laminate Theory presented in subsection 2.2.2.

5.1 Methodology for Computation of the Lamina-
Level Stress Field

The strain distribution through the laminate thickness varies linearly with the dis-
tance from the midplane, as shown in Equation 5.1, where the slope of the curve is
the curvature of the plate, k. This parameter is considered null, therefore the strain
in the laminate is given by the following expression:

e(z) = €°. (5.1)

This indicates that the strain remains equal to the midplane strain through the
laminate thickness, hence, all plies experience the same strain field. By applying
the Hook’s law to each lamina, and using its transformed stiffness matrix @Q,, in the
global coordinate system, the stress field within each ply can be determined from

the midplane strain-field.
Combining Equation 2.16 with x = [0,0,0]”, the midplane strain is obtained:

e=A"N. (5.2)
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Subsequently, using Equation 2.12 the stress field in the k' ply is given by:

Ok — Qk €0. (53)

5.1.1 Analysis of the Lamina-Level Characteristic Stresses

In this Subsection, we validate the methodology for computing the lamina-level
stress field against FE results. The FE model was largely similar to the one pre-
sented in section 3.2; however, in this case, S8R shell elements (8-node quadratic
quadrilaterals with reduced integration) were employed, as three-dimensional shell
elements were required in order to define the plate with a composite layup, enabling
the direct extraction of the lamina-level stresses. The methodology was tested for
open hole tension and filled hole bearing cases, w/d = 10, €joaq/d = 80, and, for
the filled hole configuration e/d = 20. This configuration was selected to mini-
mize the errors associated with the finite-width solution, thereby allowing a clearer
assessment of the errors arising from the methodology developed in this chapter.
Additionally, stresses are shown only for half of the laminate plies, specifically those
above the midplane, since all laminates considered are symmetric. Ply numbering is
assigned from the outer ply down to the middle ply and the stresses will be presented
in the lamina’s local coordinate system.

5.1.1.1 Analysis of the Lamina-Level Solution: Open Hole

The validation of the analytical formulation against the FE results for different
laminate configurations is illustrated in Figure 5.1, Figure 5.2, Figure 5.3, and Fig-
ure 5.4. FEach figure shows the comparison of the normalized stress distributions at
each lamina local coordinate system. In Table 5.1, the relative errors of the high-
est absolute normalised stress values in each lamina, obtained from the analytical
model and compared to the numerical results, are presented. Overall, the results
are satisfactory. The 90° plies, which are subjected to compressive stresses near the
hole, present higher deviations, particularly for the [0°/90°]s laminate. From the
circumferential stresses shown in Figure 5.2, it is evident that the observed error is
not critical, as it arises in a region where the stress levels are very low. In fact, the
difference between the maximum stresses is only o, (R, m)/og = 0.16. Furthermore,
for the laminates analyzed under open hole tension, the 90° plies are never critical.
For all laminates, except the [£45°]; laminate, the 0° ply is the most critical one,
additionally, the stresses in this ply show excellent agreement, with a maximum
relative error of only 1.03% for this ply. For the [+45°]; laminate, the +45° plies are

critical one, with a relative error of 1.79%.
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Table 5.1: Maximum lamina-level stress relative error (%) in open hole tension for
various laminate configurations comparing numerical results with the analytical solution
with w/d = 10. Ply numbering is assigned from the outer ply down to the middle ply.

Quasi-isotropic  [0°/90°]s  [£45°] [0% / (£45°)2 / 90°],

Ply-1 0.62% 1.03%  1.79% 0.58%
Ply-2 1.07% -1564.97%  1.79% 1.75%
Ply-3 1.07% - - 1.75%
Ply-4 -4.02% - - -8.26%
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of the Lamina-Level Stress Field
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Figure 5.1: Comparison of analytical and FE solutions for lamina-level stresses in the

quasi-isotropic laminate with an open hole finite-width plate, evaluated at w/d = 10. The

top plot presents the normalised net-section stresses, while the bottom plot shows the

normalised circumferential stresses. Ply numbering is assigned from the outer ply down

to the middle ply.
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Figure 5.2: Comparison of analytical and FE solutions for lamina-level stresses in the
[0°/90°]s laminate with an open hole finite-width plate, evaluated at w/d = 10. The
top plot presents the normalised net-section stresses, while the bottom plot shows the
normalised circumferential stresses. Ply numbering is assigned from the outer ply down
to the middle ply.
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Figure 5.3: Comparison of analytical and FE solutions for lamina-level stresses in the
[£45°] laminate with an open hole finite-width plate, evaluated at w/d = 10. The top plot

presents the normalised net-section stresses, while the bottom plot shows the normalised

circumferential stresses. Ply numbering is assigned from the outer ply down to the middle

ply.
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Figure 5.4: Comparison of analytical and FE solutions for lamina-level stresses in the
(02 / (£45°)2 / 90°], laminate with an open hole finite-width plate, evaluated at w/d = 10.
The top plot presents the normalised net-section stresses, while the bottom plot shows the
normalised circumferential stresses. Ply numbering is assigned from the outer ply down
to the middle ply.
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5.1.1.2 Analysis of the Lamina-Level Stress Field: Filled Hole

The validation of the analytical formulation for the filled hole case against FE re-
sults for different laminate configurations is illustrated in Figure 5.5, Figure 5.6,
Figure 5.7, and Figure 5.8. Each figure presents a comparison of the normalized
stress distributions in the local coordinate system of each lamina. The correspond-
ing relative errors of the maximum absolute normalised stresses, obtained from the
analytical model and compared with the FE results, are summarized in Table 5.2.
As in the open hole case, the 90° ply exhibits the largest absolute relative errors;
however, the results are satisfactory, with a maximum absolute relative error of
2.15%.

Table 5.2: Relative errors for different layups.
Quasi-isotropic  [0°/90°]s  [£45°]s [0g / (£45°)2 /90°],

Ply-1 -0.08% 0.06% -1.25% -0.09%
Ply-2 -1.02% 0.05%  -1.26% 1.19%
Ply-3 -1.09% - - 1.19%
Ply-4 -1.86% - - 2.15%
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Figure 5.5: Comparison of analytical and FE solutions for lamina-level stresses in the
quasi-isotropic laminate with a filled hole finite-width plate, evaluated at w/d = 10 and
e/d = 20. The top plot presents the normalised net-section stresses, while the bottom plot
shows the normalised circumferential stresses. Ply numbering is assigned from the outer
ply down to the middle ply.
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Figure 5.6: Comparison of analytical and FE solutions for lamina-level stresses in the
[0°/90°]s laminate with a filled hole finite-width plate, evaluated at w/d = 10 and e/d = 20.
The top plot presents the normalised net-section stresses, while the bottom plot shows the
normalised circumferential stresses. Ply numbering is assigned from the outer ply down
to the middle ply.
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Figure 5.7: Comparison of analytical and FE solutions for lamina-level stresses in the
[£45°]s laminate with a filled hole finite-width plate, evaluated at w/d = 10 and e/d = 20.
The top plot presents the normalised net-section stresses, while the bottom plot shows the
normalised circumferential stresses. Ply numbering is assigned from the outer ply down
to the middle ply.
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Figure 5.8: Comparison of analytical and FE solutions for lamina-level stresses in the
(02 / (£45°)2 / 90°], laminate with a filled hole finite-width plate, evaluated at w/d = 10
and e/d = 20. The top plot presents the normalised net-section stresses, while the bottom
plot shows the normalised circumferential stresses. Ply numbering is assigned from the

outer ply down to the middle ply.
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5.2 Computation of Failure

The formulation for transforming the laminate-level stresses to the lamina-level
stresses was successfully presented and validated in the last Section. Now we will
be presenting the failure critera used to compute ply failure. Four different failure
criteria were considered, all of them phenomenological in nature, meaning they do
not distinguish between specific failure modes, instead, failure is assumed to occur
once the conditions defined by the criterion are met [69]. This type of criterion was
selected due to its ease of implementation and minimal material-specific inputs re-
quirements, making it to be applied in design checks and global failure assessment.
The selected criteria were: maximum failure stress criterion, maximum failure strain

criterion, Tsai-Hill criterion and Tsai-Wu criterion.

5.2.1 Maximum Failure Stress Criterion

The maximum failure stress criterion suggests a comparison between the stress com-
ponents expressed in the principal material directions of the lamina to their corre-
sponding allowable stress limits, as follows:

Tension:
o1 <Xy ; 09<Y,. (5.4)
Compression:
op>X. ; 09>Y.. (5.5)
Shear:
’7'12| < 812. (56)

Where X; and X, represent the allowable longitudinal tensile and compressive
strengths respectively, Y; and Y, are the allowable transverse tensile and compressive
strengths respectively, and Sis is the allowable in-plane shear strength. The terms
o1 and o9 are the maximum acting in-plane normal stresses in the principal material

directions, while 715 is the maximum shear stress.

The safety margins are calculated as follows:

X X
MS=2L_1 or MS=2¢-_1, (5.7)

01 01
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Yr Y,

MS=——-1 or MS=-=-1, (5.8)
09 )
Mg = 212 _ (5.9)
| 712

One of the key advantages of this criterion is its simplicity in identifying the fail-
ure mode. It distinguishes between two primary modes: fiber-related and matrix-
related failure. The criterion assumes that the stress components act independently,
which simplifies the analysis and eliminates the need for complex interaction calcu-
lations.

5.2.2 Maximum Failure Strain Criterion

The maximum failure strain criterion compares the strain components expressed
in the principal material directions of the lamina to their corresponding allowable

strain limits, as follows:

Tension:
g1 < X,;, g9 < YZ. (510)
Compression:
€1 > X(,:, Eg > YZ. (511)
Shear:
72| < Sia- (5.12)

Where X, and X/ are the allowable longitudinal tensile and compressive failure
strain respectively, Y, and Y/ are the allowable transverse tensile and compressive
failure strain respectively, and 57, is the allowable in-plane shear strain. The terms
e1 and €9 are the maximum acting in-plane normal strains in the principal material

directions, while 715 is the maximum shear strain.

The safety margins can be calculated using the following expressions:

X X!

MS=—/—-1 or MS=—F-1, (5.13)
&1 €1
Y/ Y!

MS=-"2L—-1 or MS=-%-1, (5.14)
&9 €2
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!/
MS = | 12| — 1. (5.15)
Y12

Similar to the maximum failure stress criterion, the maximum failure strain cri-
terion is distinguished by its simplicity and its ability to clearly indicate the specific
mode of failure.

5.2.3 Tsai-Hill Criterion

The Tsai-Hill [70] criterion, assumes interaction between the in-plane stress compo-

nents of the lamina and defines the failure envelope as follows:

f(o) = (%)2 + (%)2 - (57)+ (%22) (5.16)

The safety margin can be calculated using the following expression:

—1

flo)

M Sty = (5.17)

where X and Y correspond to either the tensile or compressive allowable values,
depending on the sign of the most critical acting stress. A key advantage of this
criterion is that it accounts for interaction between the in-plane stress components
of the lamina. However, it does not provide information about the specific failure
mode.

5.2.4 Tsai-Wu Criterion

The Tsai-Wu [71] criterion, just like the Tsai-Hill Criterion, considers the interaction
between the in-plane stress components of the lamina and defines the failure envelope

using the following polynomial expression:

f (O') = F10'1 + F20'2 + FHO'% + FQQO’% + F667—122 + 2F120'10'2 = 1, (518)

where coefficients F; and Fj; are functions of the tensile and compressive strengths
of the material allowables and are defined as:

1 1 1 1
F, = _ = — — 5.19
! (XT+XC)’ 2 (YT+YC>’ (5.19)
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1 1 1 1 1 1
BTN X XYY T T T X Xe T Y T S5, (5.20)

The margin of safety for the Tsai-Wu criterion represents the scalar factor by
which the actual in-plane stress components of the lamina must be increased to
reach failure. It is calculated as

~Ci+R

M Stw = 1 5.21
TW 202 ) ( )
where:
Cl = F10'1 —+ FQO’Q, (522)
CQ = FHO'% + FQQO’S + FGGO-%Q + 2F120'10'2, (523)

R =1/|C} +4C|. (5.24)

An advantage of the Tsai-Wu criterion is its ability to capture stress interactions
within the plane of the lamina. This is achieved through the inclusion of coupling
terms between different stress components, allowing for a more realistic and con-
tinuous representation of multiaxial loading conditions. However, similar to the
Tsai-Hill criterion, the Tsai-Wu criterion does not provide information about the
specific failure mode.
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6. Extraction of Bearing and By-
pass Loads from Finite Element Anal-

ysis Outputs

The bearing and bypass loads used to calculate the stress fields around the hole, are
taken directly from the FE analysis results, therefore, to automate the extraction
of these loads, a custom tool was developed specifically for Simcenter Femap with
Nastran, using VBA and the Simcenter Femap API.

This section outlines a methodology for load extraction adapted to a specific
joint representation commonly used in the industry. The objective is to validate
the proposed approach and to identify potential issues arising from current joint
modeling practices.

6.1 Joint Representation

It is important to note that the joint modeling approach which is described bellow
is applied within the context of global structural analysis, where the fasteners are
not explicitly modeled. From this model, the next step would be to perform a local
analysis in which the loads obtained from the global model are transferred to a more
refined model. In this local model, the fasteners are explicitly represented, allowing
for a more detailed assessment of the joint behavior.

6.1.1 Plate

The plate is modeled with four-node quadrilateral shell elements (CQUAD4), and
for composite regions, element properties were defined via a laminate section. The
mesh size is selected independently of the fastener diameter, being represented by
quadrangular elements in the zones where the fasteners are represented. The lami-
nate section is defined using the lamina properties and the specific stacking sequence
of the composite layup.
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6.1.2 Fastener

The fasteners are not explicitly represented, therefore, contact interactions between
the fasteners and the surrounding material are not considered. Additionally, the
fastener holes are not represented geometrically, instead, the region of the plate
where the fastener would be located is modeled as continuous, filled material.

The fastener is represented using a four-point configuration, with four nodes ar-
ranged in a cross pattern on the surface of each plate and the fastener is modeled as a
CBUSH element (two-node, 6-DOF generalized spring—damper), that was positioned
between two nodes located at the center of the fastener. For each plate surface, the
corresponding four-node set should be chosen so that the CBUSH element lies at the
geometric center of the set. For efficiency of the modeling process, these four nodes
are taken as the ones closest to the central node. The CBUSH nodes are not part of
the plate mesh but are auxiliary nodes introduced specifically for the fastener rep-
resentation. Each CBUSH end node was connected to the four nearest plate surface
nodes using an RBE3 interpolation element. The RBE3 distributes loads through
weighted interpolation from the independent nodes to the dependent node, where
the independent nodes are those that drive the motion, and the dependent node is
stiffness-free and follows accordingly. In this case, the CBUSH node was defined as
the dependent node, and the surrounding plate surface nodes as the independent
nodes. This configuration allows for the transfer of loads while avoiding artificial
stiffness. A schematic of the joint is shown in Figure 6.1, where the RBE3 element
is depicted in blue, the CBUSH element in red, the plate-mesh nodes in blue and
nodes shared by the CBUSH and RBE3 elements in black.

S )
S S

Figure 6.1: Schematic representation of the fastener modeling strategy. The fastener

is represented by a CBUSH element (shown in red) positioned at the geometric center
of a four-node set on the plate surface. Each CBUSH end node is connected to the
surrounding four plate surface nodes through RBE3 interpolation elements (shown in
black), which distribute the loads without introducing artificial stiffness. The plate mesh
nodes connected through the RBE3 are shown in blue.

To define the CBUSH elements, its stiffness is defined using the Huth formula
[72], which is a formulation that provides an empirical estimation of fastener stiffness
based on joint geometry and the material properties of the fastener and plates.
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6.2 Load Extraction Methodology

The following section presents the load extraction methodology adopted, which is
based on an internal classified report from Jet Aviation.

The load extraction process starts with the definition of a load extraction area,
defined around the bolt node in the plate. Each fastener has two load extraction
points, corresponding to its two CBUSH nodes. The associated load extraction
areas and the resulting bypass loads may differ between the area surrounding this
two nodes. However, the bearing load remains identical for both, as it is derived
directly from the shared CBUSH element representing the fastener.

The bypass load will be calculated based on the resultant membrane forces within
the load extraction area, while the bearing load, as stated above will be directly
extracted from the CBUSH element forces. To ensure the results are meaningful,
it is important to always correctly define the orientation of the CBUSH elements,
as well as aligning the laminate element directions with the material coordinate
system. This alignment is fundamental, as the approach is developed for orthotropic

materials.

6.2.1 Bypass and Bearing Loads Calculation

To calculate the bypass load, a squared shaped load extraction area, with a side

length of a is initially considered, as pictured in Figure 6.2.

Side 3 /Element number
Node(NS—l,M;l)\c - * - * * 1‘1\1 ° A
L ¢ ¢
2,1 \ 2.M
Side 4 ¢ ¢ Side 2 |a
¢ ¢
Y N,1 N,2 N.M
® ® @ P ® v
) Side 1 R
D' G a >

Figure 6.2: Schematic of the square-shaped load extraction area used to calculate the
ML ML) The

load is extracted along the four sides (1-4), with element numbers defined in the (i, j)

bypass load. The area has a side length a and is centered at the node (

Y

notation.
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To extract the direct membrane fluxes, the average flux is first computed on each
side of the extraction area by considering the flux component perpendicular to the
side under analysis. Specifically, for sides 2 and 4, the P, component is extracted,
while for sides 1 and 3, the P, component is used. This results in the following

expressions:

Pys’idel = Average (
P;idEQ = Average (Pj’M, PIQ’M, . ,P;\I’M) 6.1)
P;ideg = Average ( .

sided
Py = Average

To determine the bypass and total membrane fluxes in each direction, the follow-

ing conditions are applied:

side2 side2 sided side2 : side2 sided
PBy — Pﬂ? if ’PSD } S }PZ ’ Total __ Pﬂﬁ if ‘Pl" | > ’Pﬁ? |

P;idez; if { P;idell} < | P;ideQ‘ o P;idezl if ‘ stide4| > { P;idez‘ ’

e e e e E )
Pgides i | psides| < | psider] T Y psided i | psides| > | pidel|

(6.2)

A similar methodology is applied for the evaluation of shear fluxes, however, it
uses the average shear fluxes on all four sides of the extraction region. The following
procedure is adopted:

sidel _ N,1 pN,;2 N,M
Py = Average (P, P.,", ..., Py )

( zy 2T xy

P;’;d‘32 = Average (PIIQM, széM, e Pj;M)
(
(

1,1 pl2 LM
P P ...,ngy)

side3 __
P = Average (P, P,

sided _ 11 p21 N,1
Pt = Average (P, P!, ..., Ppy')

Ty Ty
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( .
sz;del if ‘Psniel‘ — min
side2  : ‘ Sld02| _
By _ Py if | P, °| = min
I Ty : . - .
P;;dei& if ‘p81de3| — min

\sz;dﬂ if ‘P31de4| — min

side2 side3 sided
Y Lot VGt M

side2 side3 sided
Y Lot PRV M

side2 side3 sided
Y Lo RV M

N TN /N /N

)
)
)
)

(6.4)
sidel  : sidel | __ sidel
Py if ‘P ’ = max (’ny ,
side2  : side2 sidel
Py if ‘P { = max (’ny ,
side3  : side3 sidel
Py if ‘P { = max (‘ny ,

sided side4 sidel
Loy if ‘P | = max ‘Pwy ;

PTotal

)
)
)
)

Pside4

side2
P~Ty ’ | Y

The bearing load can be obtained directly from the CBUSH forces, as previously
described. However, since it must also be in equilibrium with the total and bypass
membrane force fluxes, Proa and Pgy, respectively, in the plate around the fastener,
the bearing flux in each direction could also be determined through the following
relation:

PBea = PTotal - PBy- (65)

However, this alternative approach propagates any errors inherent of the bypass flux

calculation into the resulting bearing load estimation.

6.2.2 Load Extraction Area Definition

The load extraction area, is directly linked to several geometrical parameters, rep-
resented in Figure 6.3.

%I

Figure 6.3: Geometrical parameters associated with the load extraction area. The pa-

& » |- »
VN — PN —>

€3 €iy

rameter e;; denotes the distance from the edge of the hole of diameter d; to edge j, while

¢ represents the distance between the centers of the holes with diameters d; and dy.

The parameter e;; is the distance from the hole of diameter d; to the edge j and Cj
the distance between the hole of diameter d; and the hole of diameter d.
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The bypass loads should be extracted at a sufficient distance from the hole to
minimize stress field disturbances caused by the hole itself, while also ensuring the
location is not so far that it becomes influenced by adjacent holes, imposed boundary
conditions, or free edges. The defined extraction area should also be adapted to the
element size, in this approach, the area was rounded up to the nearest value that
accommodates the mesh discretisation. However the side length could alternatively
be rounded down or an interpolation between the rounded-up and rounded-down
values could be employed to achieve a more balanced representation.

Following this set of criteria the size of the load extraction area side is

d;
a =2 X min (eila €i2; €i3, €id, Ozkm> +¢, (6.6)
i + dy

where ¢ represents the calibration offset used to ensure that the area accommodates
the mesh discretisation.

6.3 Analysis of the Load Extraction Method

This section evaluates the joint representation and load-extraction procedure, fo-
cusing on the selection of independent nodes for the RBE3 used to distribute the
fastener load into the plate, as well as the accuracy of the bearing and bypass loads
extracted.

In Jet Aviation’s joint design procedure, the RBE3 elements are defined by se-
lecting the nodes closest to the central node, without accounting for the fastener
diameter. This approach avoids the need for local mesh refinement in the fastener
region. However, as noted in [73], the independent nodes of these elements should
ideally lie within the fastener’s influence zone, i.e., the portion of the plate surface
that realistically transfers load into or out of the fastener, typically bounded by
the diameter of the fastener head and nut. Consequently, this study evaluates the
company’s joint load representation procedure by considering differently mesh sizes,
which inherently alter the positioning of the RBE3 element independent nodes. The
analysis will be made for a double lap joint under uniaxial loading, with two con-
secutive fasteners positioned along the centerline of the plate’s width. The BCs,
loading scenario and overall dimensions, defined relative to the fastener diameter,

are illustrated in Figure 6.4.

The FE model’s mesh was chosen to allow for ¢ = 0. The value of the load
extraction area side length is @ = 10d. Figure 6.5 illustrates the membrane force
distribution along the z-direction, expressed in force per unit length (N mm™1),
within this area for the rightmost fastener (corresponding to the largest = value).
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Figure 6.4: Model description of the double-lap joint under uniaxial loading, showing
boundary conditions, loading configuration, and overall dimensions defined relative to the

fastener diameter.

The results are presented for the central plate. The total load is 09 = 1 N mm—2.

The laminate is a [0°/90°]5 configuration, based on the properties in Table 3.1, with
the fibers oriented along the z-direction. The displays indicate that increasing the
element size, leads to a reduction in the stress concentrations. This behavior arises
because a coarser mesh, distributes the bearing load over a larger effective area,

resulting in lower stress concentrations.

The extracted bypass and bearing load fluxes are compared in Table 6.1, where
= P/Pge and the total load is given by P = Pge, + Ppy. A coarser mesh
leads to an higher 3, and as § > 0.5 in all cases, this indicates that more load
is being transferred through this fastener to the adjacent plates compared to the
other one. Therefore, we can conclude that a coarser mesh results in a less balanced
load transfer, meaning the load is distributed less equally between the fasteners.
Additionally, the extracted bearing and bypass loadings were used to calculate the
stress concentration factor K; = o,(z,§ = 0)/op in the middle plate, using the
methodology developed in this thesis. A larger element size leads to higher stress
concentrations. Moreover, in this connection, a larger element size causes more load
to be transferred through the fastener, consistent with Nguyen-Hoang and Becker’s
[14] conclusion that the filled hole case is the most critical condition in a joint under

bearing—bypass loading.
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e

(a) Element size = 0.25 d. (b) Element size = 0.5 d.

e

(c) Element size = 1.00 d. (d) Element size = 2.50 d.
Figure 6.5: Effect of element size and opposite-node spacing on membrane force distribu-

tion (N mm™1), with d = 1 mm and using the non-deformed display option. Opposite-node
spacing is set to twice the element size.

Table 6.1: Bearing and bypass loads extracted from the FE model for various element
sizes. Listed are the bypass load PP and the bearing load Ppe, defined as force per unit
thickness (in Nmm™1), together with 3 and the stress-concentration factor K; .

Element size PBY Ppea 15} K,
m]  NomY] Nwm] [ [
0.25 d 9.38 10.62 0.531 13.32
0.5d 9.26 10.74 0.537 13.40
1.0d 9.18 10.90 0.545 13.55
2.5d 8.81 11.19 0.559 13.74
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7. Operational Details and Limita-
tions of the Developed Tool

The methodology developed in this thesis was translated into a tool for the analysis
of filled and open holes, intended to support the design process by providing rapid
failure predictions. This chapter explains how the tool operates, summarises its
limitations, presents an example application, and concludes with a brief reflection

of its overall performance.

7.1 Tool Operation

The main workflow of the tool is shown in Figure 7.1. The process begins with
a VBA script that uses the Femap API to identify and map the holes in the FE
model. Each hole is then analysed individually according to the procedure outlined
in Figure 7.2. As part of this step, the API checks whether each hole satisfies the
assumptions of the methodology developed in this thesis, classifies it as either an
open or filled hole, and verifies compliance with the constraints established for the
tool’s applicability.

From the FE model, the laminate properties, geometric parameters, and loadings
are subsequently extracted, with the latter following the methodology described in
Table 6.3. These inputs are then processed in Python, where laminate-level stresses
are computed using the formulation presented in section 4.6. The lamina-level stress
field is then derived, and the margins of safety are evaluated using the formulation
described in Equation 5.2.4, ultimately determining whether failure occurs. This
process is repeated for all holes in the global model, providing an estimation of the
critical holes within the structure under analysis.
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FE results

Map 1+ hole

&

Analyse hole

Figure 7.1: Overall workflow of the developed tool.
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Figure 7.2: Hole analysis subroutine, executed iteratively for all holes in the global

model.
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7.2 Assumptions and Limitations of the Devel-

oped Tool

In this Section we will summarise the assumptions and limitations, defining the main

envelop within which the tool should be used.

7.2.1 Tool Assumptions

The development of the tool was carried out under the following main assump-
tions:

e Symmetric laminate layups.
e Two-dimensional, linear, plane-stress formulation.

e Joint symmetry to eliminate secondary bending by avoiding load-path eccen-
tricity.

e Frictionless fastener—hole contact idealized by sinusoidal radial tractions over
half of the hole circumference, with a perfect fit (no clearance) between fastener
and hole.

e In-plane loading.

7.2.2 Tool Limitations

This subsection presents the tool’s limitations and provides guidance on how they
can be further addressed.

In Table 7.1, we summarise the geometric configurations for open and filled
holes in which, for the laminates analysed in this thesis, the analytical solutions
for infinite-width and finite-width plates show absolute relative errors below 4%
when compared with finite element results. Recall that when the roots of the char-
acteristic equation have a nonzero real part, Re(u;) # 0, as in angle-ply laminates, a
sign change in the mapping function must be applied at the plate edges, x = +w/2,
in accordance with Equation 4.15. To apply the analytical model, it is important to
delimit the range of ejy,q/d values for which the tool is valid. Table 7.2 summarises
the configurations where the load application distance yields absolute relative errors
below 5%. This step is not yet implemented in the tool. For the biaxial loading
case, only a square plate with w, /d = w,/d = 10 was analysed. Further work should
examine the influence of the plate aspect ratio (w,/w,) and test the implementation
for other dimension ratios, particularly w,/d < 10 and/or w,/d < 10, where the
distance for load application may be more influential. Additionally, the load ap-
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plication distance study was performed only for uniaxial loading; therefore, future
work should investigate how the load distance varies under biaxial loading and how
it compares with the uniaxial case. For the conditions of this study we can state
that the open hole under biaxial tension loading for w,/d = w,/d = 10, presents
absolute relative errors bellow 4% for all laminates, and ratios « studied, except for
the [0°] laminate, where the errors are above 5%. The analytical solution for biaxial
loading in an infinite plate was formulated, and also implemented, however, its re-
sults were not analysed and verified. Despite this, the uniaxial implementation was
verified. We can therefore state that the overall workflow of the code is correct: it
correctly determines the roots of the characteristic equation Equation 2.32 and the
mapping functions Equation 4.3 for the infinite plate. Consequently, any remaining
implementation error is likely in the determination of the complex conjugates a,,
and f,, for the biaxial loading case with infinite plate boundary conditions. The
off-axis bearing case was formulated and implemented but not tested. It follows the
same logic as the biaxial infinite plate formulation; therefore, any potential error is
likely in the determination of the complex conjugates &, and 3, for the boundary
conditions. Finally, no analysis was conducted for the filled hole under combined
bearing and bypass loading, since this case is obtained by superposing the bear-
ing stress routine with the open hole uniaxial stress routine, which were verified

individually; this approach is validated in [8].

Regarding the lamina stress calculations, analyses were performed only for the
open hole tension and filled hole bearing configurations with w/d = 10 and ejpaq/d =
80; for the filled hole case we additionally considered e/d = 20. The critical plies
and their associated critical stresses were correctly identified. For the open hole
case, the maximum absolute relative error was 1.79%. Although the 90° plies exhib-
ited relative stress errors exceeding 4%, these plies are not critical under uniaxial
tension. The filled hole case showed good agreement with the numerical results, in-
cluding the 90° plies, with a maximum absolute relative error of 2.15%. We therefore
consider the methodology suitable for predicting first ply failure, however, further
studies should be conducted to determine the range of dimensions over which this
methodology may fail, particularly since the tests were performed on geometries that
exhibited small errors in laminate-level stress calculations. In addition, the method
was not tested under biaxial loading, and therefore this case should be analysed
further.

Regarding the load extraction methodology, different mesh sizes were compared to
assess Jet Aviation’s joint design procedure and its influence on the loads extracted
from the FE model. The results show that a coarser mesh leads to a less balanced
load transfer, with the load being distributed less evenly between fasteners of iden-
tical stiffness. It should be noted, however, that the joint representation was only
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evaluated for the [0°/90°]s laminate. Further studies are therefore recommended for

other laminate configurations, loading conditions, and geometries.

In this study, the extraction area was defined using both the edge distance and
the spacing between consecutive holes as the governing minimum values, and the
analysis was limited to uniaxial loading. It remains important to investigate the
individual influence of each geometric parameter on the extracted loads. Moreover,
since the methodology has also been developed and adapted for biaxial loading, the
same validation procedures should be extended to that context.

Table 7.1: Summary of geometric configurations for an open hole under uniaxial tension
and a filled hole under bearing in infinite width and finite width plates, where for the
laminates analysed in this thesis the analytical solutions show absolute relative errors

below 4% compared with FE results.

Open Hole: Uniaxial Tension
[0°] Quasi- | [0°/90°]s | [£45°]¢ | [05/(£45%)2 /90°
isotropic
Infinite-| w/d >5 w/d > 10 w/d>5 w/d > 10 w/d > 10
width
Finite- | w/d >3 w/d >3 w/d >3 w/d>3 w/d >3
width
Filled Hole: Bearing
[0°] Quasi- [0°/90°]s [£45°]; 03 / (£45°)2 / 90°],
isotropic
(w/d > 80 (w/d > 80
AND AND
w/d >80 | e/d>20) | w/d>40 | e/d > 20) w/d > 40
Infinite-| AND OR AND OR AND
width e/d>80 | (w/d>40 | e¢/d>80 | (w/d> 80 e/d > 80
AND AND
e/d > 80) e/d > 80)
(w/d =3 (w/d =3
AND AND
w/d>3 | e/d>25) | w/d>3 | w/d>10 e/d > 2.5)
Finite- AND OR AND AND OR
width e/d>10 | (w/d>3 | e/d>25 | e/d>10 (w/d>3
AND AND
e/d > 10) e/d > 10)
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Table 7.2: Summary of geometric configurations for an open hole and a filled hole under
different load application distances, where for the laminates analysed in this thesis the

analytical solutions show absolute relative errors below 5% compared with FE results.

Open Hole: Uniaxial Tension

[0%] Quasi- | [0°/90% | [#45%]s | [05/ (£45%)2 /90°];
isotropic
€load/d = 2.5 X w/d <20 | w/d <10 | w/d <20 w/d <20
€load/d =5 w/d <20 | w/d<20|w/d<20|w/d<20 w/d <20
€load/d =10 | w/d <20 | w/d <20 | w/d <20 | w/d <20 w/d <20
Filled Hole: Bearing
e/d=25
07 | Quas- | 07907, | (&5 |05/ (2457 /90,
isotropic
€load/d =25 | w/d<5 |w/d<20 | w/d<5 | w/d<10 w/d <10
€load/d =5 | w/d<20 | w/d<20|w/d<20|w/d<20 w/d <20
€load/d =10 | w/d <20 | w/d <20 | w/d <20 | w/d <20 w/d <20
e/d =10
0°] Quasi- | [0°/90°], | [£45°s | [02/ (£45%),/90°].
isotropic
€load/d =25 | w/d<5 |w/d<20| w/d<5 | w/d<10 w/d <10
€load/d =5 w/d<5 |w/d<20 | w/d<10 | w/d <20 w/d <20
€load/d =10 | w/d <20 | w/d <20 | w/d <20 | w/d <20 w/d <20
e/d =20
[0°] Quasi- [0°/90°]¢ | [£45°]s | [02/ (£45°) /90°],
isotropic
€load/d =25 | w/d<5 |w/d<10| w/d<5 | w/d<10 w/d <5
€load/d =5 w/d<5 | w/d<20 | w/d<10 | w/d <20 w/d <20
€load/d =10 | w/d <20 | w/d <20 | w/d <20 | w/d <20 w/d <20
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7.3 Example of Application of the Tool

In this section, we show an example of application of the tool using the FE model
presented in section 6.3 as input, focusing on the same connection studied there.
The bearing and bypass loads used correspond to the solutions for the element size
of 1.0d. The tool proceeds through the following steps until it determines if the

plate will fail or not.
1. Inputs:
e Loading Case: Filled hole; Uniaxial Bypass;Bearing - Pg, = 9.18 N

mm~'; Pgen = 10.90 N mm ™.

e Geometrical Configuration: w/d = 10; e/d = 20; d = 2 mm.

e Layup - [0°/90°;; tx, = 0.125 mm per ply.

e Flastic Ply Properties - E, = 171.40 GPa; E, = 9.10 GPa; G, = 9.10
GPa; v = 0.016.

e Stress Allowables (obtained from reference [74]): Xp = 2326.2 MPa;

Xe =1200.1 MPa, Yy = 62.3 MPa, Yo = 199.8 MPa; Si5 = 62.3 MPa.
2. Computation of Laminate-level stresses:

e (Calculation of stress field using the laminate’s equivalent elastic proper-
ties (Figure 7.3).

O-ZE(wfy)
10.0
13.55
10.43
5.0
7.54
£ 4.65
£ 00] £
- 176 =
1.13
-5.0 |
4.03
6.92
-10.0
-10.0 -50 0.0 5.0 10.0

y [mm]
Figure 7.3: Laminate-level net-section stresses, o, (z,y).
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3. Computation of Lamina-level stresses

e In Figure 7.4, lamina-level stresses are shown around the hole and along a
line at y = 0 perpendicular to the loading direction, as this is the critical
zone where failure is most likely to occur.

27
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24

21
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15 -

12 4
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0.0 0.2 0.4 0.6 0.8 1.0

vVvVY

YVVY

v
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s 3m 2w

(e
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© [rad]

Figure 7.4: Lamina-level stresses, wehere Ply-1 is the 0° ply and Ply-2 the 90° ply. The
upper plot shows the net-section stresses, while the lower plot shows the circumferential

stresses.
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4. Failure Calculation

e The lamina’s margins of safety at the critical location are reported in
Table 7.3. They were computed for the Maximum Stress, Tsai-Hill and
Tsai-Wu failure criteria. Since no ply exhibits MS < 0, no failure is
predicted.

Table 7.3: Margins of safety for lamina failure, using Maximum Stress, Tsai-Hill and
Tsai-Wu failure criteria.
Ply MS o1 MS 099 MS 75 MS MS
Tsai-Hill Tsai-Wu

6.4E3 1.4E0  5.9E4 1.4E0 1.4E0

1.7E3 4.3E2  5.9E4 4.1E2 3.9E2

1.7E3 4.3E2  5.9E4 4.1E2 3.9E2

6.4E3 1.4E0  5.9E4 1.4E0 1.4E0

N R

Comparison with FE Results

The results from the tool are now compared against FE analysis in which the fasten-
ers are modeled as rigid bodies to represent the fastener—plate contact interaction
(see Figure 7.5). The model BCs and loads are the same as those used in section 6.3.
A hard contact formulation is applied in the normal direction, with the augmented
Lagrange method used for contact constraint enforcement. The mesh follows the
guidelines presented in section 6.3. In addition, S8R shell elements were employed

in order to analyse the lamina-level stresses.

In Figure 7.6, the stress field for the 0° (critical) ply is shown. The maximum
stress predicted by the analytical model is 1.04 times the numerical value (i.e., about
4% higher). This discrepancy may stem from the load-extraction procedure as in
earlier sections the relative error was negative, implying the analytical result should
be lower, disregarding the filled-hole case where this error was positive but it was
roughly twenty times smaller than for the open hole case. In Table 7.1, the margins of
safety are summarised. For the critical components (lower MS values), the MS from
the analytical model closely matches the FE results. Larger MS values show more
noticeable relative deviations, which is expected because they correspond to very
low stress levels, and so small absolute differences translate into large percentage

errors.
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(a) Mid-plate mesh.

k.

(b) FE model geometry, boundary conditions, and loads.
Figure 7.5: FE model with contact using rigid bodies as fasteners. The specimen is a
double-lap joint under tension; the model was implemented in Abaqus.
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3, 811

PLY-1 (middle)

(Avg: 75%)
+2.472e+01
+2.125e+01
+1.778e+01
+1.431e+01
+1.084e+01
+7.374e+00
+3.904e+00
+4.341e-01
-3.036e+00
-6.506e+00
-9.976e+00
-1.345e+01
-1.692e+01

Max: +2.472e+01
Elem: PANEL-1.10740
Node: 703

o

Figure 7.6: Laminate-level net-section stresses, o, (z,y).

Table 7.4: Margins of safety of the FE results for lamina failure, using Maximum Stress,
Tsai-Hill and Tsai-Wu failure criteria.
Ply MS o317 MS oy MS 79 MS MS
Tsai-Hill Tsai-Wu
9.52E3 1.51E0 6.46E4  1.51E0 1.51E0
1.77E3  2.32E3  6.36E1  6.35E1 6.65E1
1.77E3  2.32E3  6.36E1  6.35E1 6.65E1
9.52E3 1.51E0 6.46E4 1.51E0 1.51E0

= W N =

7.4 Qualitative Analysis of the Tool’s Performance

This section presents a qualitative analysis of the tool’s overall performance based
on the author’s experience utilising it.

Overall the tool performs very efficiently, computing failure in under half a minute
for infinite-domain assumptions. The bottleneck of the tool, is definitely the finite-
width calculations, specifically, the cancellation of tractions perpendicular to the
load direction because the number of plates required for a periodic arrangement can
be very large. This is particularly inefficient for the filled hole, especially when the
end-edge distance is very low. The hole BC imposition routine is usually the most
efficient one, but the traction-cancellation step can be problematic because it relies
on hyperbolic functions, which can lead to overflow errors. Therefore, parameters
must be carefully calibrated, particularly the virtual wavelength (Ig,), to mitigate
the Gibbs phenomenon.
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To boost the tool’s performance, the author proposes transforming the stress-
calculation routine into a surrogate model capable of generating new fitting functions
for different load cases, geometries, and layups. With this approach, lamina-level
stresses could be obtained directly from the applied loads without repeatedly running

the complex and sometimes inefficient, finite-width stress-field formulation.

Additionally, as shown in previous sections, the relative error in the laminate
stress field is negative in most cases, indicating that the stresses are underpredicted.
This runs counter to the conservative philosophy adopted for the tool. It would
therefore be prudent to apply a safety factor to the load to ensure that stresses are
not underestimated.
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8.1 Conclusion

Pursuing lighter and more fuel-efficient aircraft, the aerospace industry has increas-
ingly adopted composite materials in aircraft structures. The Boeing 787 Dreamliner
and Airbus A350 XWB were the first commercial aircraft to feature more than 50%
of their structural weight in composites. While these materials enable significant
performance gains, they also introduce considerable complexity into the structural
design process due to their anisotropic behavior. Aiming to start working more in-
tensively with composite aircraft structures, Jet Aviation proposed this thesis with
the objective of developing a tool capable of efficiently analyzing stress concentra-
tion zones and calculate failure around open and filled holes in composite laminates,
thereby supporting preliminary design activities.

The tool developed in this thesis was based on analytical methods, with the ob-
jective of reducing reliance on numerical simulations during the design process. The
problem was simplified by adopting a two-dimensional linear plane stress formula-
tion and restricting the analysis to symmetric laminates. A FE methodology was
established to provide reference solutions and to validate the analytical models.

Analytical solutions for determining the stress field in open and filled holes in both
infinite and finite plates were divised and tested against FE results. Lekhnitskii’s
[10] complex potential method was used for infinite-domain problems, while the
formulations of Nguyen-Hoang and Becker [8, 9] enabled finite-width solutions. The
approach was further extended to biaxial loading through superposition of loading
cases, and additional cases, such as out-of-axis bearing and bearing—bypass loading,

were also considered.

Failure was addressed through the conservative First Ply Failure (FPF) criterion,
whereby the failure of one ply implies the failure of the laminate. Lamina-level
stresses were computed from laminate strains by exploiting midplane symmetry
and applying Hooke’s law. The methodology was validated against FE results and
different criteria for computing lamina’s failure was presented.

Finally, since the input bypass and bearing loads for stress calculations were
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obtained from FE models, a dedicated extraction methodology was developed and
validated. This approach was tailored to Jet Aviation’s modeling practices, reducing
modeling effort while ensuring accuracy in the preliminary design phase.

In conclusion, this thesis successfully presents a state of the art approach for the
fast analysis of open and filled holes in composite structures. It relies entirely on
analytical methods to evaluate stresses, avoiding the commonly used heuristic ap-
proaches, which lack physical justification and are particularly unreliable for filled
holes. In addition, a conservative and efficient analytical framework for predicting
failure based on First Ply Failure is implemented. Finally, the methodology is in-
tegrated with a feature that extracts loads directly from FE results, ensuring full

connectivity.

With the tool fully developed, its domain of applicability was rigorously assessed
and its limitations clearly defined, resulting in a robust and bounded methodology
tailored to industrial needs. Overall, the methodology has proven highly reliable
across all tested configurations, enabling the creation of a tool that accepts a global
FE model as input and provides a detailed local analysis of all holes within its

applicability domain as output.

8.2 Future Work and Gaps to be Fulfilled

With the goal of continuously improving the analysis of open and filled holes in air-
craft composite laminates, we will now address current gaps of the tool and propose
future works, in other to improve the tool’s range of applications and accuracy of

results.
Gaps to be fulfilled:

e Add the sign change in mapping function at the plate’s edges when Re[ux] # 0,
allowing for better result for angle-ply laminates.

e Extend the validation of stress fields under biaxial loading to different plate
geometries, load application distances and lamina-level analysis.

e Perform verification of the out-of-axis bearing and infinite plate biaxial loading
cases, as well as explore their limitations.

e Perform a quantitative analysis of the tool’s performance.

e Extend the load extraction methodology by testing additional laminate con-
figurations, evaluating the individual influence of each geometric parameter on
the extracted loads, and expanding the validation procedure to biaxial loading.
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e Cancel shear stresses 7,,(x,e) along the horizontal boundary y = e (method

for solving the problem presented in subsection 4.2.2).
Future Work:

e Validate the formulation for a wider range of orthotropic laminates by per-
forming a detailed assessment of the methodology, with particular focus on
the influence of stiffness properties.

e Perform a parametric study on plate curvature to define the range within which
the tool remains valid without significant deviations from the real solution.
This is particularly relevant since aircraft fuselages often exhibit high curvature
relative to the diameters of most joint holes, making it essential to establish
clear applicability limits for the tool.

e Develop fitting functions to estimate lamina-level stresses by accounting for
geometry, laminate properties, and ply distribution. This would transform
the stress routine into a surrogate model, significantly reducing computational
time. Such an improvement is particularly relevant for finite-width solutions,
which can be computationally expensive when evaluated repeatedly, especially
for filled hole configurations where a single hole analysis could take several

minutes per hole, in some geometrical configurations.
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A.2 Infinite-Domain Filled Hole Solutions
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Figure A.9: Filled hole infinite plate, comparison between analytical and FE solutions
for the [0°] laminate, for w/d = {10, 20, 40,80} and e/d = 2.5. The upper plot shows the
normalised net-section stresses, while the lower plot shows the normalised circumferential

stresses.
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for the [0°] laminate, for w/d = {10, 20, 40,80} and e/d = 20. The upper plot shows the
normalised net-section stresses, while the lower plot shows the normalised circumferential

stresses.
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Figure A.15: Filled hole infinite plate, comparison between analytical and FE solutions
for the [0F / (£45°)2 /90°], laminate, for w/d = {10, 20,40,80} and e/d = 20. The upper
plot shows the normalised net-section stresses, while the lower plot shows the normalised

circumferential stresses.

171



References

2.0 1
1.8 4
1.6
1.4 1
1.2 1
1.0 ~
0.8 1
0.6 1
0.4

0.2 4 = Present Solution N
_—— FE S

-e- w/d=10

w/d =20
-=- w/d =40
~a- w/d=80

oy(§0)/0a [-]

0.0

10-6 10~° 10~* 103 102 10~1 100

2.25 -
2.00 1, “ i D '
] i w/d =20,
1.75 7, 1\ /
1.50 r
1.25 A
1.00 A
0.75
0.50 A
0.25 A
0.00 7' ——' Present Solution
—-0.254 --- FE
—0.50

oo(R,¢)/0a []

T T
T 3 27

o
INER

¢ [rad]

Figure A.16: Filled hole infinite plate, comparison between analytical and FE solutions
for the [0°/90°]s laminate, for w/d = {10, 20,40,80} and e/d = 20. The upper plot shows
the normalised net-section stresses, while the lower plot shows the normalised circumfer-
ential stresses.
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Figure A.17: Filled hole infinite plate, comparison between analytical and FE solutions
for the [+£45°]s laminate, for w/d = {10, 20,40, 80} and e/d = 20. The upper plot shows the
normalised net-section stresses, while the lower plot shows the normalised circumferential
stresses.
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Figure A.18: Filled hole infinite plate, comparison between analytical and FE solutions
for the [0F / (£45°)2 /90°], laminate, for w/d = {10, 20,40,80} and e/d = 20. The upper
plot shows the normalised net-section stresses, while the lower plot shows the normalised

circumferential stresses.
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