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UN Sustainable Development Goals

The United Nations Sustainable Development Goals (SDGs) provide a global framework to achieve
a better and more sustainable future for all. It includes 17 goals to address the world’s most press-
ing challenges, including poverty, inequality, climate change, environmental degradation, peace,
and justice.

The specific Sustainable Development Goals addressed in this work are:

SDG 3 Ensure healthy lives and promote well-being for all at all ages.

SDG 9 Build resilient infrastructure, promote inclusive and sustainable industrialisation and fos-
ter innovation.

SGD | Target | Contribution Performance Indicators and
Metrics
3.1 Building interpretable and transpar- | Accuracy and number of rules in
3 ent decision support tools to support | the scorecard.
healthcare professionals.
9.1 Contribution to scientific research by | Reproducibility of the code.
9 proposing machine learning methods
to be used by non-experts.




Resumo

Os scorecards sdo amplamente utilizados em processos de tomada de decisdo devido a sua transparén-
cia, simplicidade e interpretabilidade. Um scorecard é um modelo preditivo que atribui pontos a
varidveis com base na sua contribuicdo para um resultado. A soma desses pontos produz uma
pontuacdo total que pode ser usada para fazer uma classificacdo ou estimar a probabilidade de um
determinado evento.

As abordagens tradicionais para a construc¢do de scorecards baseiam-se num processo de duas
etapas: primeiro, as varidveis continuas sio discretizadas e codificadas; depois, um modelo predi-
tivo calcula os pesos para todas as varidveis. Além disso, muitos métodos de estado de arte focam-
se exclusivamente na estimativa de pesos, assumindo uma etapa prévia de pré-processamento para
a discretizagdo das varidveis. Consequentemente, nao existem algoritmos desenvolvidos que com-
binem ambas as etapas num processo unificado. De modo a abordar esta falha na literatura, esta
dissertacdo apresenta o Infinitesimal Bins, um novo algoritmo de discretizagdo concebido para
aproximar a construcdo de scorecards a uma Unica etapa.

Adicionalmente, a literatura recente enfatiza abordagens baseadas em otimizag¢do em vez de
abordagens baseadas em machine learning para o design de scorecards, particularmente para
scorecards binérios, sendo o RiskSLIM o método mais notdvel. No entanto, a sua extensao para
classificacdo ordinal permanece pouco explorada. Este trabalho aborda esta questdo, adaptando o
RiskSLIM para dados ordinais através de um algoritmo de replica¢do de dados.

E dada especial énfase as aplicacdes na drea da saiide, onde os resultados ordinais sdo mais
comuns e a interpretabilidade e transparéncia dos modelos s@o cruciais para o uso clinico. Em
particular, esta tese investiga a previsdo de resultados estéticos apds o tratamento conservador do
cancro da mama.

A avaliacdo experimental mostra que o Infinitesimal Bins, em comparacio com o discretizador
de referéncia, tem tendéncia a produzir modelos de maior dimensdo. A sua granularidade pode ser
benéfica em pequenos conjuntos de dados, mas leva frequentemente a modelos demasiado com-
plexos em conjuntos de dados maiores, indicando a necessidade de refinamento através da fusdo
ou eliminagdo de bins. No que diz respeito a métodos de codificagdo, o Differential Encoding
supera consistentemente o One-Hot Encoding, reduzindo o overfitting, melhorando a esparsidade
e alcancando melhor desempenho preditivo. Entre os classificadores, nos problemas bindrios o
modelo Generic Generalised Linear Estimator (skglm), que induz esparsidade, alcangou o melhor
equilibrio entre tamanho do modelo e capacidade preditiva. Para problemas ordinais, contudo,
ndo existe um classificador que se destaque de forma consistente; portanto, a escolha deve depen-
der do equilibrio desejado entre precisao e complexidade. Andlises exploratdrias revelaram que a
selecdo manual de atributos e as estratégias ensemble melhoram a interpretabilidade e o desem-
penho. Finalmente, a extensao do RiskSLIM para a classificacdo ordinal demonstra a viabilidade
de abordagens baseadas em otimizagao neste contexto.

Palavras-chave: Scorecards ordinais; Machine Learning interpretdvel; Otimizagao; Discretizacdo
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Abstract

Scorecards are widely used in decision-making due to their transparency, simplicity, and inter-
pretability. A scorecard is a predictive model that assigns points to features based on their contri-
bution to an outcome. The sum of these points produces a total score that can be used to make a
classification or estimate the probability of a given event.

Traditional approaches to scorecard construction rely on a two-step process: first, continuous
features are discretised and encoded; then, a predictive model calculates weights (points) for all
features. Furthermore, current state-of-the-art methods focus solely on weight estimation, assum-
ing a prior pre-processing step for feature discretisation. This leaves a gap in the development of
algorithms that combine both steps into a unified process. To address this, this thesis introduces In-
finitesimal Bins, a novel discretisation algorithm designed to approximate scorecard construction
as a one-step algorithm.

Additionally, recent literature emphasises optimisation-based approaches over machine learning-
based ones for scorecard design, particularly for binary scorecards, with RiskSLIM being the most
notable method. However, its extension to ordinal classification remains underexplored. This work
addresses this issue by adapting RiskSLIM for ordinal data through a Data Replication framework.

Special emphasis is placed on healthcare applications, where ordinal outcomes are more com-
mon and the interpretability and transparency of models are crucial for clinical usage. In particular,
this thesis investigates the prediction of aesthetic results after breast cancer conservative treatment.

The experimental evaluation shows that Infinitesimal Bins, compared to the baseline discre-
tiser, tends to produce larger models. Its granularity can be beneficial for small datasets, but
often leads to excessively complex models in larger datasets, indicating the need for refinement
through bin merging or pruning. In terms of encoding methods, Differential Coding consistently
outperforms One-Hot Encoding by reducing overfitting, improving sparsity, and achieving higher
accuracy. Among classifiers, in binary tasks, the sparsity-inducing Generic Generalised Linear
Estimator (skglm) model achieved the best balance between compactness and predictive perfor-
mance. For ordinal tasks, however, there is no single classifier that proves consistently superior;
therefore, the choice of classifier should depend on the desired trade-off. Exploratory analyses
further revealed that manual feature selection and ensemble strategies enhance interpretability and
performance. Additionally, the extension of RiskSLIM to ordinal classification demonstrates the
feasibility of optimisation-based approaches in this setting.

Keywords: Ordinal Scorecards; Interpretable Machine Learning; Optimisation; Discretisation
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Chapter 1

Introduction

1.1 Context

Scorecards are among the simplest predictive models. To make a prediction using a scorecard, a
user only needs to add and subtract a few small numbers. This can be done without a computer or
any special training, making scorecards suitable for real-world high-stakes scenarios.

These models are widely used in areas such as credit scoring and healthcare, not only because
they are intuitive and interpretable, but also highly predictive. Interpretability in this context means
that a decision maker can easily see, for example, how much a patient’s characteristic contributes
to their risk score. In high-stakes decisions, this interpretability is key to trusting artificial intel-
ligence (AI) models. In contrast, black-box models require a post hoc explanation, which only
approximates their reasoning and lacks transparency [51].

The traditional approach to scorecard development follows two main steps: (1) predictive
variables are discretised, meaning that the continuous features are divided into discrete intervals;
(2) amodel is fitted to the data, learning the scores of each interval of every feature [22]. The final
score for an instance is generated by summing the points of the intervals to which each feature
belongs. The prediction is then made by comparing this final score to a pre-defined threshold.

Scorecards are primarily designed for binary classification problems - to predict a "yes" or "no"
outcome - as in the following example. Figure 1.1 is an illustrated example of a scorecard from the
SAS Institute (2006) [55]. In this example, with a threshold of 600 points, the scorecard predicts
whether applicants should be accepted for credit based on age, income, and homeownership status.
For a 35-year-old applicant (210 points), earning $38000 (225 points), and owning a home (225
points), the total score sums up to 660 points. The applicant would be approved for credit since

this score exceeds the 600-point threshold.

1.2 Motivation

As mentioned, scorecards are most often used for binary classification. However, the data is

ordinal in many real-world problems, especially in the medical field. That is, there are more than



Introduction 2

Feature | Interval @i Scorecard Points

Let threshold = 600

AGE <22 100
AGE (22; 32[ 185 So, if a new customer applies for credit...
AGE ‘ [32; 42[ ‘ 210
‘ AGE >=42 ‘ 250 AGE 35 210 points
HOME own ‘ 225 HOME own 225 points
HOME rent 110 INCOME 38000 225 points
INCOME <1000 120
Total 660 points
INCOME [1000; 35000( 160 >= threshold
INCOME ‘ [35000; 58000([ ‘ 225 Decision YES

grant credit!!!

’ INCOME

>= 58000 ‘ 260

Figure 1.1: Example of a Scorecard, from the SAS Institute (2006) [55], that predicts whether
an applicant should be granted credit based on age, income, and homeownership status.

two ordered outcomes, but the differences between them are not uniform (e.g., mild, moderate,
severe). Aware of this issue, Silva and Cardoso (2015) [56] extended scorecards from binary to
ordinal classification using the same traditional two-step approach, but added a pre-processing
step: a Data Replication method [9] that transforms the ordinal problem into multiple binary
problems, allowing the use of a single binary classifier.

More recently, binary scorecards have been modelled using optimisation-based approaches,
formulating the scorecard problem as an exact mathematical optimisation problem instead of using
machine learning. The main foundational examples include SLIM [62] and its improved version
RiskSLIM [63]. Many other optimisation-based approaches inspired by RiskSLIM have been
proposed since [48, 39], including adaptations to multiclass classification [23, 49]. However, no
adaptation has been done to ordinal problems, explicitly accounting for the order of the classes.
Given these advances, there is a clear gap and interest in developing optimisation-based ordinal
scorecards.

Additionally, all existing scorecard methods assume the data is already discretised or include
a discretisation step for continuous variables before training. It would therefore be valuable to

create a globally optimised model that can produce scorecards in a single step.

1.3 Objectives and Contributions

This dissertation aims to achieve several research objectives and make methodological contribu-
tions. These can be summarised as follows.

Objectives:

20
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1.4 Document Structure 3

* Advance the development of interpretable ordinal scorecards using machine learning and

mathematical programming approaches.
* Make the scorecard construction algorithm a single-step process.
» Extend existing optimisation techniques, such as RiskSLIM, to ordinal classification.

» Apply the methodology to benchmark and healthcare data, particularly in predicting aes-

thetic outcomes after breast cancer conservative treatment.
Contributions:

* Design and evaluate multiple combinations of discretisation methods, encoding strategies,

and classifiers for binary and ordinal classification tasks.

* Propose and evaluate Infinitesimal Bins, a novel discretisation algorithm approximating

scorecard construction to a unified process.
* Adapt RiskSLIM to ordinal classification through the Single Binary Classifier technique.
» Explore ensemble strategies of scorecards and feature selection.

* Validate the methodology using benchmark datasets and healthcare data, focusing on the

ordinal problem of predicting aesthetic outcomes after breast cancer conservative treatment.

1.4 Document Structure

This chapter introduces the problem this dissertation addresses, providing the context, motivation,
and objectives. The rest of the document is structured as follows: Chapter 2 presents foundational
concepts related to the problem at hand, including binary and ordinal classification, Generalised
Additive Models, regularisation, interpretability, and optimisation. Chapter 3 reviews the state of
the art of scorecards, covering handcrafted scorecards, binary and multiclass classification score-
cards, practical applications, and a summary of the current research. Chapter 4 describes the
proposed methodology for constructing binary and ordinal scorecards, integrating state-of-the-art
techniques and extending them with a proposed discretisation algorithm called Infinitesimal Bins.
It also describes the feature encoding methods, models used for learning scores, and the extension
of RiskSLIM to ordinal classification. Chapter 5 presents the experimental setup and results. It
describes the datasets used and performance metrics, and compares the performance of the differ-
ent discretisation, encoding, and classification methods. Finally, Chapter 6 summarises the main

conclusions of this work and provides suggestions for future research.



Chapter 2
Background

This chapter presents foundational concepts that support this study and the proposed methodology.
It begins with binary and ordinal classification, the main classification tasks addressed in this
work. Following that, it introduces Generalised Additive Models (GAMSs), since scorecards are
a type of GAM. Regularisation is discussed as it is used to induce sparsity and perform feature
selection during modelling. The concept of interpretability is also presented, as it is an essential
aspect of this study. Finally, the basic principles of optimisation are introduced, which serve as a

basis for techniques explored in the following chapters.

2.1 Binary and Ordinal Classification

Classification is a machine learning problem that involves predicting target labels based on input
data. Itis a type of supervised learning, meaning that the classification models use labelled datasets
to learn from.

The type of classification depends on the nature of the target. Binary classification wants to
predict a yes or no outcome. In contrast, multiclass classification addresses more than two target
classes. These classes can be either nominal or ordinal. In nominal classification, there is no order
among classes (e.g., predicting different types of animals). In ordinal classification, however, the
classes have a defined order, even though the differences between consecutive classes may not be

uniform (e.g., predicting the quality of a wine).

2.2 Generalised Additive Models

Understanding the relationships between variables is crucial for predictive modelling. Specifically,
for a given dependent variable or target Y, it is necessary to learn how the independent variables
X = (X1,X2,...,X,) influence it. Generalised Additive Models (GAMs), created by Hastie and
Tibshirani (1986) [26], are designed to model these relationships. GAMs are an extension of
Generalised Linear Models, which are themselves an extension of Linear Models.
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2.3 Regularisation 5

Linear Models model the target as a linear combination of the input variables. The general
expressionis Y = o+ Bi X1+ -+ B,X, + €, where B are the coefficients calculated by the model
and € is an unknown disturbance variable, assumed to follow a normal distribution.

Generalised Linear Models (GLMs), developed by Nelder and Wedderburn (1972) [45], ex-
tend Linear Models by allowing for disturbances that follow distributions other than the normal
distribution. Besides that, the relationship between the prediction and the expected value of Y is
mediated by a link function. As such, GLMs have three parts: a random component that allows Y
to be part of an exponential distribution family; a systematic component that defines the predictor
7 as a linear combination of the input variables, n = By + Bi1X; +--- + B,X,; and a link function
g(.) that aggregates these two components g(E[Y]) = 7.

But GLMs, as Linear Models, assume a linear relationship between Y and X. To model more
complex relationships, Hastie and Tibshirani (1986) [26] created Generalised Additive Models.
This extension is done by generalising the predictor 1 as a sum of smooth functions. The expres-
sion is N = 5o+ s1(X1) + -+ +5,(X,), where s;(.) is a smooth function standardised to satisfy
E[sj(X;)] = 0, to ensure identifiability. A smooth function can capture nonlinearity in the data
while maintaining some degree of regularity.

Scorecards are GAMs where the s;(.) functions are piecewise constant. This means that each
5;(X;) maps the value of X; into a discrete set of intervals, maintaining a constant value within

each interval [56].

2.3 Regularisation

Regularisation is a technique intended to improve the ability of machine learning models to gener-
alise, which is crucial when predicting outcomes for unseen data. This is done by adding a penalty
term to the loss function, which will then be minimised during model training. This prevents
overfitting and controls the bias-variance trade-off.

One type of regularisation is Ridge Regression [28], also known as L2 regularisation. The
penalty in the loss function shrinks the coefficients, promoting small weights, and effectively
reduces model variance and handles highly correlated predictors. The general objective for linear

regression with L2 regularisation is

min | XW =Y |? +A||W|J?, 2.1

where X is the matrix of the input variables, W is the matrix of the coefficients to be cal-
culated by the model, Y is the vector of the real targets, and A > O controls the strength of the
regularisation.

The problem with models that use L2 is that typically they have nonzero values for all weights,
making the problem harder to interpret. To solve this problem, Least Absolute Shrinkage and
Selection Operator (LASSO) [58], also called L1 regularisation, was created. The penalty

added to the loss functions forces multiple coefficients to be zero, doing feature selection and
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creating sparse models. The objective is as follows:
min || XW =Y ||? + AW/ (2.2)

Elastic Net [71] combines both L2 and L1 regularisation methods. It has the sparsity intro-
duced by L1 regularisation, while handling highly correlated features. The general objective is

min [|[XW — Y |2+ A W] + AW . (2.3)

In this equation, A; and A, control the strength of the L1 and L2 regularisations, respectively.

2.4 Interpretability

In the context of machine learning systems, interpretability is defined as “the ability to explain or
to present in understandable terms to a human” [14].

Generally, an interpretable model obeys a domain-specific set of constraints that make its
internal structure more understandable. These constraints can vary significantly depending on the
application domain and user expertise [50].

A typical interpretable supervised learning setup, as presented by Rudin et al. (2021) [51],
involves minimising a loss function (to ensure accuracy) while incorporating an interpretability
constraint and/or penalty. One common interpretability constraint example is sparsity, which refers
to encouraging the model to use only a small number of features or nonzero coefficients. Sparse
models are easier to understand, since they reduce the amount of information needed to make and
interpret predictions.

There are a few models interpretable by design, as decision trees, sparse linear models, and
scoring systems [51]. Notably, in scoring systems, each input feature contributes independently to
the final score, allowing practitioners to comprehend how predictions are generated.

As Rudin et al. (2021) [51] discussed, “interpretability is a key element of trust for Al models”.
This trust becomes especially crucial when these models are used in high-stakes domains, like
healthcare, criminal justice, or finance. In contrast, black-box models — “models that by definition
are inscrutable” — are more challenging to troubleshoot and use in practice. For these reasons,
using inherently interpretable models rather than relying on post hoc explanations of black-box

models is more appropriate.

2.5 Optimisation

Optimisation is a discipline within applied mathematics that seeks to find optimal values of vari-
ables given a minimisation or maximisation problem, subject to constraints. These problems are

modelled as Mathematical Programming Models, and their components are the following [27]:
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* Decision variables: the unknown variables of the problem. The goal is to determine the
values of these variables that will produce the optimal solution to the problem. For example,
they could represent quantities of resources to be allocated or the number of units to be

produced. They can be represented as x1,xp, ..., X,.

* Objective function: represents the objective of the problem with respect to the decision
variables. The aim is to either maximise or minimise this function. For instance, this could
involve maximising the total profit or minimising the total production costs. An example of

an objective function is P = 3x; + 2xp + ... + 5x;,.

* Constraints: the restrictions or limitations of the values of the variables. A constraint has
two components: a function and a constant, which are related by either an equality or an
inequality sign. For example, if there is a limit on the quantity of a certain product. A

constraint could be expressed as x; + 3x1x2 +2x; < 10.

There are several types of Mathematical Models, presented here in increasing order of com-
plexity. The simplest type is Linear Programming, where both the objective function and the
constraints are linear functions. If the variables are restricted to be integers, it is denoted as an
Integer Programming (IP) problem. This mathematical problem is highly complex to solve as it is
combinatorial and NP-hard. Mixed Integer Programming (MIP) problems are linear problems that
allow the variables to be either integer or continuous. Nonlinear Programming introduces non-
linear relationships in the objective function and/or constraints. Finally, Mixed Integer Nonlinear

Programming (MINLP) combines nonlinearity with integer and continuous variables.



Chapter 3

State of the Art

The chapter provides an overview of the state of the art in scoring systems, organised into five sec-
tions. First, the section on Handcrafted Scoring Systems details scorecards manually designed
by domain experts in healthcare. Next, the Automatic Binary Scoring Systems section reviews
models to build scorecards automatically from data for two-class problems. Following that, the
Automatic Multiclass Scoring Systems section extends the discussion to scoring systems de-
signed to handle problems with more than two outcome categories. The Applications section
presents case studies and practical implementations of scoring systems. The Comparative Sum-
mary of Scoring System Methods highlights the main characteristics of all presented scoring
systems. Finally, the Conclusion identifies challenges in the literature and opportunities for future

research.

3.1 Handcrafted Scoring Systems

The most well-known scoring system is CHADS; [20] and was handcrafted by a panel of experts
to assess the stroke risk. It is based on five binary features, each assigned integer points of 1 or
2, with a maximum total score of 6. Table 3.1 shows the scorecard along with the corresponding

predicted risk scores.

Table 3.1: CHADS, scorecard for stroke risk assessment.

Binary Feature Points

Congestive heart failure history 1
Hypertension 1
Age > 15 years 1
Diabetes mellitus 1
Stroke or TIA symptoms 2

Score 0 1 2 3 4 5 6
Pr. (%) |19 |28 40|59 85125182
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3.1 Handcrafted Scoring Systems 9

Apgar, created by Apgar (1953) [2], evaluates the condition of a newborn right after childbirth.
It evaluates five criteria: heart rate, respiratory effort, muscle tone, reflex irritability, and colour.

Each criterion has a score between 0 and 2, and the total score is at most 10.

Table 3.2: Apgar scorecard for newborn evaluation.

Feature 0 points 1 point 2 points

Heart rate Absent < 100 ppm > 100 ppm
Respiratory effort Absent Slow and irregular Vigorous cry

Muscle tone Absent Flexed arm and legs Active

Reflex irritability Floppy Minimal response to stimulation Prompt response to simulation
Colour Blue or pale  Pink body with blue extremities Pink

APACHE II [33], which stands for Acute Physiology and Chronic Health Evaluation, calcu-
lates the severity score of a disease based on 12 physiological measures taken within the first 24
hours of a patient’s Intensive Care Unit (ICU) admission, along with their age and chronic health
status. The score ranges from 0 to 71, with a higher score indicating more severe illness and a
greater risk of death. All variables are continuous and were discretised by hand, where each in-
terval has its corresponding scores. The original version, APACHE I [35], was developed in 1981;
however, APACHE II is the most widely used version. A newer version, APACHE III [34], was
introduced in 1991 and includes 20 physiological measures. Despite this, APACHE II remains the
preferred choice because of its simplicity.

SAPS 1l 40, 41], Simplified Acute Physiology Score, was created based on APACHE and
predicts hospital mortality upon ICU admission. It is an extension of SAPS II [21]. It accounts for
17 features, and the scores range from 0 to 217.

The ABCD rule of dermoscopy was developed to diagnose melanoma, a type of skin cancer,
and was created by Nachbar et al. (1994) [43]. Dermoscopy is a non-invasive skin imaging
technique that is used to examine skin lesions with a device called a dermatoscope. This rule was
designed to distinguish between benign and malignant melanocytic lesions through an evaluation
based on four dermoscopic criteria: Asymmetry (the "A"), Border irregularity (the "B"), Colour
variegation (the "C"), and the presence of specific Dermoscopic structures (the "D"). The diagnosis
is based on the Total Dermoscopy Score (TDS), calculated using the formula: TDS = (A x 1.3) +
(Bx0.1)4(Cx0.5)+ (D x 0.5). A TDS less than 4.75 suggests benign lesions, scores between
4.8 and 5.45 raise suspicion, and scores above 5.45 strongly suggest melanoma.

The Sequential Organ Failure Assessment (SOFA) score [65] was developed to quantify the
degree of organ dysfunction in critically ill patients, particularly those with sepsis. It evaluates
six organ systems: respiratory, cardiovascular, hepatic, coagulation, renal, and neurological. The
score is based on clinical and laboratory measurements, such as the ratio of arterial oxygen partial
pressure to fractional inspired oxygen, platelet count, bilirubin level, mean arterial pressure (or use
of vasopressors), Glasgow Coma Scale scores and creatinine levels or urine output. Each organ
system is assigned a score ranging from O to 4 based on predefined clinical thresholds, resulting in

a total score ranging from 0 to 24. Higher scores indicate more severe organ dysfunction and are
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associated with an increased risk of mortality. The SOFA score was incorporated to define sepsis
in the Sepsis-3 consensus definition [57].

While CHADS,, Apgar and ABCD focus on simplicity by using very few features and a small
range of scores, APACHE, SAPS, and SOFA have more complex scorecards, making them less
straightforward but more comprehensive. All of these scoring systems are still used in the medical
field.

3.2 Automatic Binary Scoring Systems

All scoring systems presented in this section focus on binary classification tasks.

It starts with SLIM [62] and RiskSLIM [63], which are both optimisation-based approaches.
RiskSLIM, developed by the same authors as SLIM, is constructed based on SLIM but adapted
to provide risk scores instead of scores. Then, Interval Coded Scoring [7] combines machine
learning with mathematical programming and offers a toolbox with an interface for user interac-
tion. AutoScore [69] is focused on using electronic health records and uses machine learning,
primarily logistic regression. Finally, PSORisk [48] and FasterRisk [39] are both adaptations
of RiskSLIM. PSORisk makes the algorithm more efficient by using parallel computing, while
FasterRisk translates the mathematical programming formulation to heuristics, allowing for more

scalability.

3.2.1 SLIM and RiskSLIM

Supersparse Integer Linear Models (SLIM), made by Ustun and Rudin (2016) [62], are scoring
systems created using optimisation-based programming, a pioneering approach in this field. It
formulates scorecard construction as an integer program with the two main goals of maximising
accuracy, by minimising the 0-1 loss, and maximising sparsity, by minimising ¢y-seminorm, while
constraining the scores to be small coprime integers. The 0-1 loss assigns a loss of O if the pre-
diction is correct and a loss of 1 if the prediction is incorrect, so the loss across the whole dataset
corresponds to the number of classification errors. The £y-seminorm counts the number of nonzero
coefficients. SLIM allows for the inclusion of operational constraints with no parameter tuning.
Before SLIM, the methods to create integer scoring systems were typically obtained by first
calculating real coefficients and then rounding them. This could reduce accuracy and violate oper-
ational constraints, so SLIM addresses these issues by directly optimising over integer coefficients.

The IP optimisation problem solved by SLIM is:

| N
min  — Y 1[yATx; < 0]+ Col|A]o+€llA]1
A Nl.; 3.1

st. Ae?,

where:

¢ N is the number of observations;
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3.2 Automatic Binary Scoring Systems 11

» A € RP*! are the coefficients of the P features and the intercept Ao;
o x € X C RPH! is a vector of P features and the intercept term;

* yeY ={—1,1} are the binary labels;

IA]lo = 521 1[A; # 0] is the £y-seminorm;

* (pe [ﬁ, 1] controls the trade-off between accuracy and sparsity (user-provided);

IA |1 is an ¢;-penalty that restricts coefficients to coprime values;

* ¢ controls the trade-off between ¢;-penalty and accuracy and sparsity. It is small enough to

ensure SLIM does not sacrifice accuracy or sparsity to reduce the £;-penalty (user-provided);

& € Z is the set of feasible coefficients. Usually 2 € {—10,...,10}**! and may include
operational constraints, e.g., ||A[o < 10 to limit the number of selected features (user-

provided).

To address the issue of imbalanced datasets, Ustun and Rudin (2016) [62] suggested using a
weighted 0-1 loss function. In the formulation, the standard 0-1 loss is replaced by
wt W~

7V}g;+lbﬂ}ki§0y+iﬁfé;71hﬂ}kiSO] (3.2)

and a new constraint is added:

1

ﬁ;Zﬂmﬂhzmgr (3.3)

icd

Here, W and W™ are weights controlling the accuracy trade-off between positive and negative
classes. N~ are negative observations that belong to .# ~ = {i: y; = —1} and ¥ is the maximum
tolerated error rate on negatively labelled observations.

SLIM includes a data reduction algorithm to speed up computation by discarding training ex-
amples that do not affect the final model. It involves first solving a linear programming relaxation
of the IP formulation as the surrogate problem on the full dataset. Then, this surrogate problem
is solved N times, each time leaving a different data point out. If excluding a given point does
not change the optimal solution for the surrogate problem, that point is considered redundant and
discarded from the training set. SLIM is then trained using only the identified relevant points.

Ustun and Rudin (2019) [63] later extended SLIM and created Risk Supersparse Linear Integer
Models (RiskSLIM). The fundamental difference between the two is that SLIM produces scores,
and RiskSLIM produces risk scores. Scores are used for decision-making, where, by comparing
the calculated score to a given threshold, a "yes" or "no" decision is made. Risk scores are prob-
abilities used for risk assessment. The higher the risk score, the higher the probability of a given

event.
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RiskSLIM formulates the risk score problem as:

min  [(A)+Co||A o
A (3.4)
st. Ae”,

where:

e I(A) = £ XN log(1+exp(—A,y:x;))) is the normalised logistic loss;

IA]lo = 5:1 1[A; # 0] is the lp-seminorm;
o £ € Zis a set of feasible coefficient vectors (user-provided);
* () is a trade-off parameter to balance fit and sparsity (user-provided).

By minimising the logistic loss instead of the 0-1 loss used in SLIM, RiskSLIM not only
maximises the accuracy, but also maximises the calibration. In this context, calibration means
that an event’s predicted risk matches the event’s actual frequency in the data. For example, if the
model predicts a 30% risk for a group of instances, then 30% of those instances should actually
experience the event.

The predicted risk is estimated using the logistic link function:

1
I+ exp((—A,yixi))

pi=Pr(yi=+1x;) = (3.5)

RiskSLIM is formulated as a MINLP, which is NP-hard. The problem is mixed-integer because
the coefficients are restricted to a discrete set of integer values, and nonlinear because the objective
function, logistic loss, is nonlinear. This combination makes the optimisation computationally
complex, especially for large datasets.

To address this complexity, Ustun and Rudin (2019) [63] proposed a new Cutting Plane Algo-
rithm (CPA), the Lattice Cutting Plane Algorithm (LCPA). A CPA is an optimisation method that
solves a surrogate problem of the original problem and iteratively adds linear constraints (“cuts’)
to exclude infeasible solutions and converge to the optimal solution. Traditional CPAs stall in
non-convex problems, which is an issue in this case since the sparsity constraint makes the prob-
lem non-convex. The LCPA solves a MILP version of the original MINLP, and addresses this
challenge by alternating between solving linear relaxations of the problem and using a branch-
and-bound search.

It is not explicitly mentioned, but both SLIM and RiskSLIM assume the data is binarised
before training.

3.2.2 Interval Coded Scoring

Interval Coded Scoring (ICS), created by Billiet et al. (2018) [7], differentiates itself from other

binary scoring systems because of its toolbox that integrates an interface and allows for user
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3.2 Automatic Binary Scoring Systems 13

interaction and visualisation of the model. Before modelling, the user can preselect the data in the
toolbox.

The modelling begins with the data being discretised and encoded. Binary and categorical
variables are one-hot encoded. The continuous variables have to be discretised before encoding.
Therefore, they are first transformed using equal frequency: the range of each variable is divided
into a predefined number of intervals, such that each interval contains the same number of obser-
vations. The number of intervals for each variable can be determined beforehand, but each interval
must contain at least 5 data points; otherwise, the number of intervals is reduced. The continuous
variables are then encoded also using one-hot encoding, and all features become binary.

After data transformation, the weights are calculated for all binary variables. The algorithm
used is either based on linear programming (Ip/CS, derived from soft-margin SVM) or on elastic
net (enICS). In both cases, a mathematical programming solver is used. The resulting vector of
weights is sparse.

These weights are then tuned through iterative reweighting. The goal is to create a simpler
model with fewer changes in the weights between consecutive intervals, to identify general pat-
terns rather than focusing on very specific changes. This tuning is done repeatedly until a stable
model is achieved. The user can control the degree of weight smoothing to find the desired balance
between model complexity and performance.

Finally, the weights are converted to integer values by scaling and rounding. Then, through

logistic regression, the resulting weights are transformed into risk values.

3.2.3 AutoScore

AutoScore, proposed by Xie et al. (2020) [69], is an “automatic clinical score generator”, designed
with the goal of using electronic health records.

Firstly, feature ranking is done using Random Forest, which produces an ordered list of
the features according to their predictive importance. The number of features selected for the
scoring can be determined manually, through grid search, or performance validation assessment,
as described in the final step.

Next, the selected features are discretised. Continuous variables are transformed into categor-
ical variables using equal frequency, with the number of intervals defined in advance. Domain
knowledge can be integrated at this stage by defining or adjusting the cutoff points, either by
combining or rounding them.

Afterwards, each category of each variable is assigned a score. The weights/scores are cal-
culated with logistic regression. Logistic regression is performed again to ensure all weights
are positive with adjusted reference categories. The weights are scaled by dividing each by the
smallest weight and rounded to obtain integer scores.

Finally, to determine the optimal number of features to use for scoring, the model is evaluated
to identify the smallest set of variables beyond which there is no significant improvement in per-
formance. Once this is determined, the feature discretisation and score calculation processes are

repeated using this set of variables, resulting in the final scorecard.
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3.2.4 PSORisk

Pham et al. (2020) [48] propose a variant of RiskSLIM that uses Particle Swarm Optimisation
(PSO), called PSORisk. PSO is a population-based meta-heuristic capable of accelerating the
optimisation process through parallel computing, thus improving the efficiency of RiskSLIM.
In PSO, each particle in the swarm represents a candidate solution defined by its position in the
search space. At each iteration, particles adjust their positions based on their previous velocity, the
best position it has found so far, and the best position found by the entire swarm. The algorithm
guides each particle toward promising areas of the search space. The PSO update rule is the

following:

g
pi  =pitV

o (3.6)

VI = w x Vi 4 ¢ x 1y x (Pbest! — pt) 4+ ca x ry x (Gbest' — pt).

In this formulation, p! is the position of particle i at iteration #, and v/ is its velocity; Pbest!
and Gbest' represent, respectively, the best position found by particle i so far (personal best), and
the best position found by the entire swarm (global best); w is the inertia weight and controls the
influence of the previous velocity; ¢; and ¢, are acceleration constants; and r; and r, are random
numbers between [0, 1] that measure how each particle is influenced by the personal and global
best positions.

One of the main differences between PSORisk and RiskSLIM is in the loss formulation. While
RiskSLIM uses the standard logistic loss (as shown in Equation 3.4), PSORisk adapts it to:

1) = ;Y log(1 + exp(—yi(a+ 1 (~2.5))), (.7
i=1

so the distinction is in how the coefficient vector A contributes to the total score.

To reduce complexity, PSORisk divides the process into two phases: (1) selection of features
and determination of coefficients with a PSO-based algorithm, and (2) probability calibration using
logistic regression, where 0 and ¢ are estimated to best fit the scores.

In phase (1), each particle in the PSO algorithm represents a coefficient vector of the selected
features. The algorithm initialises particle positions randomly and iteratively evaluates them with
a fitness function. It then refines the particles using local search and updates them via the PSO
update rule. The coefficients are rounded to the closest integers, considering a feature selected
if its rounded coefficient is nonzero. Coefficients are also bound to predefined limits. When the
termination condition is met, the best feasible solution is returned and used to construct the total
score by linearly combining selected features with their rounded coefficients. Finally, in phase (2),

this total score is the input to a logistic regression model to build the classifier.

3.2.5 FasterRisk

FasterRisk was created by Liu et al. (2022) [39] and is inspired by RiskSLIM [63]. The authors

state that RiskSLIM’s optimisation-based approach relies on licensed mathematical programming
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3.2 Automatic Binary Scoring Systems 15

tools, which can be slow and struggle with scalability. So, one of the goals is to produce scores
“within a few minutes on a small personal computer” by using heuristics that approximate the
power of those solvers. In addition, it generates a pool of almost optimal solutions rather than a
single solution.

The discretisation is not detailed, but it is mentioned that all variables are binarised before
training.

FasterRisk starts with a formulation similar to RiskSLIM, which minimises logistic loss and
has sparsity and integer coefficient constraints, but introduces a multiplier variable m to make the

solution space larger. The general formulation of the problem is the following:
i T
anlvtnm L(w,wo, %D) = l;log (1 +exp (—in)>
st |wllo <k
w ezl (3.8)
wj€[=5,5], Vje{l,...,p}
wo € Z
m> 0.

Here:
* L is the logistic loss function;
* D={1,x,y;}!, is the dataset, where 1 corresponds to the intercept;
. %D ={ %, %xi, yi}?, is the rescaled dataset;
* w are the integer weights to be learned;
* wy is the intercept;
* k is the maximum number of nonzero coefficients (sparsity constraint).

To solve this problem, the first step involves working with the original dataset D (not scaled)
and without the integer constraint. This results in an optimal sparse continuous solution.

There are multiple models that can achieve a similar performance to the initially found solu-
tion. By defining a tolerance gap on the loss, FasterRisk identifies a pool of near-optimal continu-
ous solutions.

Finally, a “start ray” search is performed by exploring and scaling each coefficient vector
in the pool by a range of multipliers (m). The scaled coefficients are then rounded to integers
using sequential rounding - each coefficient is processed in a predefined order and rounded to the
nearest integer that minimises the increase in the loss function. The best multiplier is chosen for

each continuous solution, resulting in multiple near-optimal integer solutions.
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3.3 Automatic Multiclass Scoring Systems

All scoring systems presented in this section focus on multiclass classification tasks, including
ordinal targets.

The section starts with Differential Scorecards for Binary and Ordinal Data [56], which
introduces a novel method called Differential Coding and adapts scorecards to ordinal problems
using a Data Replication Method [9]. Next, Multi-Objective Symbolic Regression [18] uses
Genetic Programming and produces scores as a nonlinear combination of features, differing from
the structure of traditional scorecards. Finally, both FairScoringSystems [49] and MISS [23]

extend RiskSLIM to multiclass classification.

3.3.1 Differential Coding for Binary and Ordinal Scorecards

Silva and Cardoso (2015) [56] present a new encoding technique, called Differential Coding, and
adapt scorecards for ordinal classification using a data replication method [9]. The study evaluates
various combinations of discretisation techniques, encodings, and classifiers.

For discretising continuous variables, the methods used were:
¢ Equal frequency;
* Equal width, that splits the range of the variables into intervals of equal size;

¢ Class-Attribute Interdependence Maximisation (CAIM), which creates intervals that

maximise the dependency between the discretised variable and the target;

* Fuzzy CAIM (FCAIM), a variant of CAIM that allows fuzzy boundaries between intervals
to handle uncertainty or overlap in data.

For encoding, the following techniques were employed:
¢ One-hot encoding;

* Weight of Evidence coding, which encodes categories based on their predictive power for

the target, using the log odds of positive outcomes versus negative outcomes;

* The proposed Differential Coding captures the relative differences between intervals in-

stead of treating them as independent columns.

To learn the weights, standard classifiers such as Least Squares, Logistic Regression, and
SVM were applied. Least Squares was integrated with elastic net regularisation to induce spar-
sity.

These methods were tested on binary datasets and ordinal datasets. The adaptation to ordi-
nal uses a data replication method, which transforms the ordinal problem into multiple binary
problems, to then be solved using a Single Binary Classifier.

The methods CAIM, Differential Coding, and the Data Replication Method are used in the
proposed methodology and are explained in detail in the following chapter.
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3.3.2 Multi-Objective Symbolic Regression

The work by Ferrari et al. (2022) [18] proposes constructing scoring systems using Multi-Objective
Symbolic Regression (MOSR). A fundamental distinction from the state-of-the-art scoring systems
is that this method learns scoring models that are not limited to linear combinations of features
- MOSR simultaneously learns the coefficients and the structure of the aggregation formula. Be-
sides that, the variables in the problem are continuous, both the scores and the targets, and enable
later classification.

Symbolic regression is a method that uses Genetic Programming (GP) to find mathematical
expressions that best fit a given dataset. GP is a biologically inspired algorithm where a population
of candidate solutions — in this case, formulas represented as trees — evolves over generations
through mutation, crossover, and selection [17].

While traditional symbolic regression optimises a single objective, multi-objective symbolic
regression optimises for multiple objectives simultaneously. In this method, the objectives are:
predictive accuracy, represented as a weighted Mean Squared Error; data balance, measured with
the Wasserstein distance between the predicted and true value distributions; and data stratifica-
tion, calculated with the Kendall-7 correlation between the predicted and real target ordering.

For data preprocessing, the input features are rescaled using Gaussian standardisation and

“variable dummification”. The latter involves first discretising continuous variables using knowledge-

defined thresholds, followed by one-hot encoding of continuous, categorical, and binary fea-
tures. A similar rescaling process is applied to the target variables. When working with high-
dimensional datasets, feature dimensionality reduction is performed using the nonlinear feature
selection method Hilbert-Schmidt Independence Criterion Lasso (HSIC Lasso), which selects
variables based on their statistical dependence with the target. Finally, the empirical distribution of
each target variable is calculated using Knuth’s method, which determines a discretisation scheme
for each target. The relative frequencies for each bin associated with each target are calculated as
well.

The GP algorithm used is the NSGA-II algorithm [13], a widely used elitist multiobjective
genetic algorithm that preserves population diversity and ranks individuals based on Pareto domi-
nance. In multi-objective optimisation, a solution is said to Pareto dominate another if it is better
in at least one objective, and as good in the others.

The final output is a set of Pareto-optimal scoring formulas, from which users can choose
according to their application needs.

Building on this work, Guidetti (2024) [24] integrated parametric Bayesian Inference to ad-
dress both epistemic and aleatoric uncertainty. These stand for, respectively, uncertainty due to
limited data and uncertainty from noise in the data. They used uncertainty estimation, together
with multi-objective optimisation, to extend the approach to Continual Learning and Federated

Learning with non-IID (not independent and identically distributed) data.
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3.3.3 FAIRScoringSystems

Rouzot et al. (2023) [49] created the FAIRScoringSystems, by adapting SLIM [52, 62] from binary
to multiclass classification and incorporating fairness constraints. Fairness aims to mitigate bias
that may be present in the data or introduced by the model to avoid discrimination [64].

To adapt SLIM to multiclass classification, a one-vs-all approach is used, which fits one binary
classifier per class. This means that one scoring system is created for each class, and its purpose
is to identify examples that belong to that specific class, opposed to all other classes. To classify
a new example, each scoring system is evaluated, and the class with the scoring system with the
highest score is chosen as the prediction. Additionally, each class scoring system has a bias term,
which is always added to the respective class score during prediction.

In Table 3.3, an example of a scoring system created by FAIRScoringSystems can be seen, as
shown by Rouzot et al. (2023) [49]. It is designed for a dataset that predicts customer categories
and has four classes (A, B, C and D)'. For example, consider a customer that is graduated, has
never been married, has work experience of 1 year, belongs to "Cat_6", and has a low spending
score. The FAIRScoringSystems would assign the following scores: 0 for class A, 6 for class B,
20 for class C, and 15 for class D. Since class C has the highest score, it would be the predicted
class for this customer.

Table 3.3: Example of a multiclass scoring system generated by FAIRScoringSystems for the

customer dataset [49]. Each table corresponds to a scoring system for a single class. The
attribute "starts with" is the bias.

Binary Feature Scores for Class A Binary Feature Scores for Class B
starts with 9 starts with -9
Graduated 9 Ever Married -9
Work Experience < 1 -9 Graduated 9
Cat == Cat_6 -9 Work experience < 1 -9

Bi F s for Class D
Binary Feature Scores for Class C fnary Feature Scores for Class

. starts with 1

starts with 2 .
Low Spending Score 9

Graduated 9 X
Cat Cat 6 9 Work Experience < 1 -4
= Cat == Cat_6 9

In the problem formalisation, the loss used is the empirical loss (for accuracy) or balanced loss
(for balanced accuracy). The constant Cy is not user-provided as in SLIM, but instead it is chosen

by the model so that a sparser model is selected only if it does not affect the loss.

3.34 MISS

The Multiclass Interpretable Scoring Systems (MISS) developed by Grzeszczyk et al. (2024) [23]
is, like the FairScoringSystems, an adaptation of RiskSLIM to multiclass classification. However,
they claim that generating “K models for K classes makes it difficult to use in a feasible manner”,

which makes them move away from the one-vs-all approach.

1https ://www.kaggle.com/datasets/vetrirah/customer
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Instead of using a one-vs-all strategy, MISS assigns points to each binary feature for each
class. The total score for a given sample is calculated by summing the points of all the features
that are true for that sample. Additionally, a bias term specific to each class is added to each score.
The class with the highest score is chosen as the prediction.

An example of a scoring system generated by MISS can be seen in Table 3.4. For this example,
the iris? dataset was used, which has three classes. For instance, a petal length of 5 cm adds 5
points to Class 3 (virginica), none to Class 2 (versicolor), and subtracts five from Class 1 (sefosa).
And if, for example, Class 3 ends up having the highest score among the three classes, it is chosen

for prediction.

Table 3.4: MISS model for the i ris dataset, as presented by Grzeszczyk et al. (2024) [23]. This
dataset has three classes: "Class 1" corresponds to setosa, "Class 2" to versicolor, and "Class 3"
to virginica. Each row represents a binary feature, and the values indicate how much that feature
contributes to the total score of each class.

Binary Feature Class1 Class2 Class3
sepal length < 5.4 1 -2 1
4.8 < petal length -5 0 5
0.8 < petal width < 1.75 -5 5 2

+ bias 6 3 1
Score: =... =... =...

The scores generated by MISS can be translated to probabilities for each class by applying the
softmax function.

In the problem formalisation, the loss used is the cross-entropy loss. Instead of a coefficient
vector as in RiskSLIM, MISS learns a coefficient matrix, where each entry corresponds to the
number of points of a binary feature for a specific class. The first element of the coefficients for
each class is the bias for that class.

For data discretisation, Grzeszczyk et al. (2024) [23] use Feature Discretisation RiskSLIM
(FD-RiskSLIM), as described by Pajor et al. (2022) [47]. This method integrates feature binarisa-
tion in the hyperparameter optimisation process, allowing for testing and selecting the binarisation

technique best suited to the problem at hand.

3.4 Applications

This section presents studies that have developed scoring systems for specific datasets across var-

ious domains, including both optimisation-based and machine learning-based scoring systems.

3.4.1 Optimisation-based Scoring Systems

Adult ADHD [61]. RiskSLIM was used to predict adult Attention Deficit / Hyperactivity Dis-
order (ADHD) using responses to questions on the World Health Organisation Adult ADHD Self-

Report Scale (ASRS). The objective was to develop an optimal integer scoring system, with final

2https ://archive.ics.uci.edu/dataset/53/iris
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scores ranging from O to 5, while aligning the scale with the diagnostic criteria of DSM-5. Each
ASRS question has four possible ordered responses: "never”, "rarely or more", "sometimes or
more", and "frequently or more". So, for each question, four nested binary indicators were created.
For example, if the response is "sometimes or more", both the "rarely or more" and "sometimes
or more" indicators are set to 1. The model was restricted to include a maximum of 8 questions,
with as many nested binary indicators per question as useful. The coefficients corresponding to
the "never" indicators were restricted to be negative, while those of the other responses were set

to be positive.

Obstructive Sleep Apnea (OSA) [53, 62]. SLIM was applied to develop a scoring system for
screening obstructive sleep apnea (OSA). The goal was to use only routinely available standard
medical information, without patient-reported symptoms due to their unreliability, which is used
by other OSA scoring systems. The data used is not publicly available and comes from the Mas-
sachusetts General Hospital. Domain experts required operational constraints, including restric-
tions on model size and the sign of coefficients. The major conclusion was that the ability to
incorporate these operational constraints into the mathematical program was a significant advan-

tage in comparison to the machine learning approaches.

Seizure risk prediction in the ICU [53]. RiskSLIM was also used for seizure prediction in criti-
cally ill patients, based on continuous electroencephalography (cEEG) recordings, which monitor
brain activity, from Massachusetts General Hospital. The goal was to predict whether a patient
would experience a seizure within 24 hours using features extracted from 6 hours of cEEG record-
ings. The data is not publicly available. The motivation of this study was to replace clinicians’
subjective manual estimates with an automated tool. The primary objective was to avoid false pos-
itives - patients predicted as no risk when they actually had risk. To achieve this, constraints were
added to the problem. The results show that SLIM had fewer false positives compared to other

machine learning methods, so, once again, it benefited from the ability to include constraints.

Recidivism prediction [53]. RiskSLIM was applied to recidivism prediction. Prior work sug-
gested that traditional statistical models could match the performance of machine learning when
combined with preprocessing. However, these traditional models struggle with calibration, be-
cause the coefficients were rounded to integers after modelling. RiskSLIM addressed these lim-
itations by integrating constraints for integer coefficients, resulting in improved calibration. The
study used the largest publicly available dataset on recidivism: the Recidivism of Prisoners Re-
leased in 1994 dataset, collected by the U.S. Department of Justice, Bureau of Justice Statistics
[60].

Mortality in patients with cardiogenic shock [70]. A risk score named BOS,MA; was de-
veloped with RiskSLIM to predict in-hospital mortality among adults admitted to the cardiac ICU

with cardiogenic shock. To handle missing values, predictive mean matching was used, a method
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that fills in missing data with values from similar patients in the dataset. For the discretisation of
the continuous variables, different cutoff points were tested, and the ones with the highest perfor-

mance were chosen; however, the authors did not elaborate further.

Prediction of Illicit Massage Businesses (IMBs) [59].  Using RiskSLIM, this study predicts
whether a massage establishment is an Illicit Massage Business (IMB), which are businesses that
force victim workers into sex and labour trafficking. To build the score, the authors created their
dataset and collected geographic and socio-demographic features, Yelp customer reviews and busi-
ness information, massage license records, and data from Rubmaps, a review board where sex buy-
ers report on IMBs. All continuous features were discretised into three bins: “low”, “medium”,
and “high”. Most features were divided based on quantiles, and others used natural cutoffs. For
example, distances were categorised as "short" if they were less than 20 miles, "medium" if be-
tween 20 and 60 miles, and "long" if greater than 60 miles. The “medium” category was used as

the reference category for all features and excluded from the model.

3.4.2 Machine Learning-based Scoring Systems

Stroke risk [46]. Optimal Classification Trees (OCT) were used to create a nonlinear risk score
for the 10-year risk of stroke, improving upon the Revised Framingham Stroke Risk Score (R-
FSRS), and creating the Nonlinear Framingham Stroke Risk Score (N-FSRS). The R-FSRS is
based on the original Framingham Stroke Risk Score (FSRS) [68], which was constructed using
Cox proportional hazards regression models with coefficients rounded to integers. The revised
version, R-FSRS [15], used the same statistical methodology but on updated cohorts, recalibrating
the coefficients and incorporating new, contemporary risk factors. Unlike classical approaches,
OCT adaptively adjust splits on independent variables, allowing for the capture of nonlinear in-
teractions among the risk factors. The results show that the OCT-based model outperformed the

R-FSRS. Additionally, the model was implemented with a user-friendly interface.

Dehydration severity in patients over 5 years [4]. Ordinal classification was used to predict
dehydration severity in patients aged more than 5 years with diarrheal disease. No scoring sys-
tem for this application existed before. The result of this study is the Novel, Innovative Research
for Understanding Dehydration in Adults and Kids (NIRUDAK) score, which categorises the de-
hydration severity into three classes: none, some, or severe. The ordinal regression model used
forward stepwise regression, a method that starts with no variables in the model and sequentially
adds the most statistically significant features one at a time, stopping when no additional features
improve model performance. The variables used in the model were either binary or discretised
by hand. The resulting coefficients were divided by a common divisor and rounded to the nearest
integer to create a 13-point scoring system. Scores of 0-3 indicate no dehydration, 4-6 indicate

some dehydration, and 7-13 indicate severe dehydration.
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Predicting ICU admission in COVID-19 patients [19]. A risk score was developed with ordi-
nal regression for patients with COVID-19 admitted to the general care unit using smartwatches
to continuously monitor physiological measurements, specifically heart rate (HR), heart rate vari-
ability (HRV), and respiratory frequency (RF). The score assesses two outcomes: the probability
of hospital discharge and the probability of intensive care admission. To construct the model,
explanatory models were first used to identify the features significantly associated with patient
outcomes. Because many of these features were highly correlated, Principal Component Anal-
ysis was applied to reduce dimensionality. Logistic regression with LASSO regularisation was
then employed to select the features with the highest predictive power. Finally, an ordinal regres-
sion model with the selected features generated the score. A higher risk score indicates a greater

probability of ICU admission and a lower probability of hospital discharge.

Prediction of red blood cell transfusion after orthopaedic surgery [10]. Logistic regres-
sion was used to construct a scoring system to predict red blood cell (RBC) transfusion after
orthopaedic surgery. The variables were selected with Recursive Feature Elimination (RFE) -
predictors contributing less than 5% of the total feature importance were excluded. Continuous
variables were discretised based on clinical reference ranges or conclusions taken from partial
dependence plots, which show how the predicted outcome changes as one variable varies and the
other variables remain constant. The resulting coefficients from the logistic regression model were

scaled by multiplying by 10 and rounded to the nearest integer.

Predict sepsis [30].  This study uses a knowledge-transfer-based approach to predict sepsis
using electronic health records. This approach integrates established medical scoring systems,
including NEWS, SIRS, and qSOFA, with an ordinal logistic regression model. Specifically, the
output scores from these existing scoring systems are used as additional features in the ordinal
regression model. The ordinal classes in this study are defined as: no sepsis, mild sepsis (patients
who did not die during hospitalisation), and severe sepsis. The main goals of this approach are to
address class imbalance and limited sample sizes, resulting in improved prediction performance

compared to the traditional scoring systems, particularly for the minority classes.

3.5 Comparative Summary of Scoring System Methods

Table 3.5 summarises the various approaches discussed in this chapter to provide a clearer com-
parison of all scoring systems. The table outlines the types of targets supported, the methodolog-
ical approaches used, whether the methods are optimisation-based, the application domains, and

whether ordinal classification is specifically addressed.
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Table 3.5: Comparative summary of scoring system methods.
Method Discretisation Encoding Target Type Approach Optimisation- | Applications
based
CHADS2, Apgar, | Experts Experts Binary / Risk | Handcrafted by | No Stroke,  new-
APACHE, SAPS, Scores experts borns, ICU,
ABCD melanoma
SLIM [62] Data is assumed to | Data is assumed to | Binary / Risk | Integer Pro- | Yes Benchmark and
be discretised be encoded Scores gramming sleep apnea
(o + ¢, regular-
isation)
RiskSLIM [63] Data is assumed to | Data is assumed to | Binary / Risk | MINLP  with | Yes Healthcare,
be discretised be encoded Scores logistic loss + recividism and
LCPA benchmark
PSORisk [48] Data is assumed to | Data is assumed to | Binary / Risk | Particle Swarm | Yes Benchmark
be discretised be encoded Score Optimisation
(metaheuristic)
+ RiskSLIM
FasterRisk [39] Data is assumed to | Data is assumed to | Binary / Risk | Heuristic  ap- | No (approxi- | Benchmark
be discretised be encoded Scores proximation of | mate)
RiskSLIM
ICS [7] Equal frequency One Hot Encoding | Binary ML + Linear | Partial Healthcare
Programming /
Elastic Net
AutoScore [69] Equal frequency | One Hot Encoding | Binary Logistic regres- | No Healthcare
(experts adjust sion + feature
thresholds) ranking
Differential Score- | Equal frequency, | One Hot Encod- | Binary + Ordi- | Differential No Healthcare and
cards [56] Equal width, | ing, Weight of Ev- | nal Coding + Data benchmark
CAIM, FCAIM idence, Differential Replication
Coding
MOSR [18] Knowledge- One Hot Encoding | Continuous /| Multi-objective | No Healthcare
defined thresholds Multiclass Symbolic
Regression
(Genetic  Pro-
gramming)
FAIRScoringSystemg Data is assumed to | Data is assumed to | Multiclass One-vs-All Yes Benchmark
[49] be discretised be encoded SLIM + fairness
constraints
MISS [23] FD-RiskSLIM One Hot Encoding | Multiclass RiskSLIM Yes Benchmark
extension with
points given per
class

3.6 Conclusion

It can be observed that all scoring systems have a common two-step pipeline: first, they discretise

the input data, and then assign weights to the resulting features. Although the first step is not

explicitly mentioned in all scoring systems, it is always expected that the input data for the model

training is binarised. This reveals a gap in the literature regarding a method that optimises the

process in a single step.

Another limitation is that there is no appropriate optimisation-based approach to handle ordinal

classification. Even though extensions of RiskSLIM have been proposed for multiclass classifi-

cation, such as in FairScoringSystems and MISS, they assume that the classes are unordered, not

capturing the ordinal structure well.



Chapter 4
Proposed Methodology

This chapter presents the methodology developed for constructing binary and ordinal scorecards,
integrating several state-of-the-art techniques and extending them to ordinal classification, along
with a new discretisation algorithm called Infinitesimal Bins. The focus is on problems with
continuous attributes, where the common practice in the literature is to pre-process the data using
a predefined discretisation algorithm before scorecard construction.

In particular, to discretise the continuous features, the Class-Attribute Interdependence Max-
imisation (CAIM) algorithm [56] is used as a baseline to compare with the proposed Infinitesimal
Bins.

To encode the discretised features, two known strategies are evaluated: one-hot encoding
[56, 7, 69] and differential coding [56].

The models used to learn the weights include standard models, sparsity-inducing models, and
an optimisation-based model. For the baseline, Logistic Regression and SVMs with regularisa-
tion techniques are employed. To promote sparsity, sparse linear models, such as Adaptive Lasso
[3] and skglm [6], are used. In addition, RiskSLLIM [63] is extended to ordinal classification.

In this chapter, the pipeline for scorecard construction and all the techniques involved are
described in detail.

4.1 Overall Construction of a Scorecard for Continuous Features

The general pipeline for scorecard construction in this work is described below, and the specific
algorithms used in each step are detailed in the following sections.

First, the discretisation scheme is found. Each continuous variable is divided into intervals
based on selected cut-points. For categorical variables, a new binary feature is created for each
unique value. The variables are then encoded according to the discretisation scheme.

If the target variable is ordinal, the data is transformed into a binary classification problem
using Single Binary Classifier (SBC) reduction. A binary classifier is then trained to learn the
weights (or scores) of each encoded feature. After training, if the original target is ordinal, SBC

decoding maps the binary predictions back to the ordinal class labels.
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4.2 Single Binary Classifier

For problems where the target variable is ordinal, a data replication method, as proposed by Car-
doso and Costa (2007) [9], and utilised for ordinal scorecard development by Silva and Cardoso
(2015) [56], is used. This approach is a reduction technique that allows ordinal problems to be
addressed by using a Single Binary Classifier (SBC).

The main idea is transforming the original K-class ordinal problem, with classes labelled from
C; to Ck, into K — 1 binary classification problems to be then solved by an SBC. It is achieved
by finding K — 1 parallel hyperplanes in the feature space, where each hyperplane separates the
data into two groups: those belonging to classes less than or equal to a certain threshold, and
those belonging to classes above it. So, the i-th hyperplane discriminates classes Cy, ... ,C; against
classes Ciy1,...,Ck.

For this purpose, the data is projected into an augmented feature space. If the original feature
space is R?, the augmented space becomes RY*X~2; hence, K — 2 new features are created. For
each hyperplane, a replica of each data point is created. Given the sequence eg consists of K —2
zeros, and e, is a sequence of zeros with A, a positive constant, in the g-th position. For the
new binary problem with target classes C; and C,, the feature space is replicated according the

following rule:

(k) aforkzl
e
G fork=2,....K

Cfork=1,...,
3] et 1 @.1)

G fork=q+1,....K

(k) C fork=1,....K—1
heq
- Cyfork=K

In this step, K — 1 binary problems are defined as a single binary problem in the augmented
feature space. A two-class classifier can now be applied to the binary dataset.

For example, given that there are three target classes (K = 3), the goal is to find two hyper-
planes: one discriminating class C| against classes {C,,C3} and the other discriminating classes
{C1,C,} against class C3. As shown in Figure 4.1(a) to Figure 4.1(b), if the original feature space

is R?, it gets projected into R? by replicating each point as follows:

x € R?

X c R3
(o] , where i = const € R™. 4.2)
X
h

[¥] € R?

And the new binary problem becomes the following, as it can be seen in Figure 4.1(c):
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xil rai xi2 xi3 . xi1 xi2 an x? an
Hlea i) [8]ea o [¥].[¥]ead] e 4.3)

Given the classification of the binary classifier, the prediction has to be transformed back to
the original ordinal problem. For all replicas of a given point there are K possible sequences, and

the corresponding predicted classes are:

G, G, ..., G, ¢ = (,
G, C, ..., C, Ci = G,
: 4.4)
G, G, ..., G, (i = Cg,
G, G, ..., G, C; = Ck.

Thus, the target class for a data point is obtained by adding one to the number of C, labels
among the replicas.

Returning to the example with the original feature space R? and K = 3, the binary classification
is illustrated in Figure 4.1(d). To transform the binary targets into the original ordinal targets, the

following is done:

CC=0C, GC=0C, CGC=C. 4.5)

And the solution to the problem with the original data is in Figure 4.1(e).

4.3 Discretisation Techniques

For the discretisation of the training set, each continuous variable is partitioned into discrete in-
tervals using thresholds, also called "cut-points". A cut-point is a value within the range of a
continuous variable that “divides the range into two intervals, one interval is less than or equal to
the cut-point and the other interval is greater than the cut-point” [36].

Considering a continuous variable X; = {x;;}?_,, which corresponds to the j-th variable in the
dataset D. The set of cut-points is denoted as 7; = {tji,...,t;»}. These cut-points split X; into
m+ 1 intervals as | — oo, 21}, |tj1,2j2], ..., |tjm,+oo[. Together, the intervals cover the entire range
of the variable and do not overlap. Each possible value of the variable X; belongs to exactly one
interval.

This work uses two discretisation techniques: Class-Attribute Interdependence Maximisation
(CAIM) and the proposed Infinitesimal Bins.

43.1 CAIM

Class-Attribute Interdependence Maximisation (CAIM), proposed by Kurgan and Cios (2004)

[37], is a supervised discretisation method whose goal is to maximise the dependence between
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Figure 4.1: Data Replication Method example [9].
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the features and the target label, while also minimising the number of intervals.

Let X be the training set consisting of N instances, each belonging to one of K classes. For a
continuous feature F in X and a class variable C, let the set of cut-points 7' = 1,1, ..., 1, discretise
F into m intervals.

A quanta matrix (or 2D frequency matrix) can be constructed relating the target variable C to
the discretisation of the variable F. The structure of this matrix is shown in Table 4.1. The element
gir represents the number of instances of F' that belong to the class C; and interval |r,_1,z,]. The
sum N, is the total number of instances belonging to the interval |¢,_;,7,], and N; is the total

number of instances belonging to class C;.

Class Interval Class Total
[t07t1] ]trflatr] ]tmflytm]
G qi q1r qim N4
G qil qir Gim Niy
Ck qKi qKr qKm Nk +
Interval Total | N, Ny, Nip N

Table 4.1: General structure of the quanta matrix [56].

The CAIM criterion measures the dependence between the target C and the discretisation 7" of
F. Itis defined as:

CAIM(C,T|F) = Z N (4.6)
r=1 +r

1
m
where m is the total number of intervals, and max, is the maximum value of the g;- in the rh

column. The term ";V'”’ favours discretisation schemes in which most values within an interval are

concentrated in a single class, thus increasing class-attribute interdependence. The division by m
favours discretisation schemes with a smaller number of intervals.

The optimal discretisation scheme for F is the one with the highest value of the CAIM crite-
rion, as a higher CAIM value indicates a higher correlation between 7" and C.

For this technique, a Python library created by Kurgan and Cios (2004) [38] was used', with

some adaptations to handle categorical variables.

4.3.2 Infinitesimal Bins

The traditional two-step scorecard design process can limit performance, much like applying con-
ventional machine learning to manually engineered features.

The proposed discretisation technique, called Infinitesimal Bins, aims to integrate discretisa-
tion and weight learning more tightly, enabling an end-to-end design akin to deep learning-based

representation learning.

1https ://github.com/airysen/caimcaim/blob/master/caimcaim/caimcaim.py
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It is motivated by the concept of margin, more specifically, large margin learning, which arose
with the development of support vector machines (SVMs). In SVMs, the margin of a classifier
refers to the distance of training points to the decision boundary. Large margin learning is based
on the principle that classifiers with a larger distance between the data points and the boundary
(larger boundary) generalise better on unseen data.

Considering the binary scenario where the label y € {—1,1} is assigned by a classifier to its
input x € R?. Given the scoring function f : R? — R that maps a d-dimensional input x into a one-
dimensional space, the binary classification corresponds to g(x) = sign(f(x)). Since the boundary
is where f(x) = 0, let S be the set of points in the decision boundary, S = {z: f(z) = 0}.

The instance-specific margin is the distance of that instance to the closest point in S: d(x,S) :=

inf{|x—z|:z € S}. The margin over the whole training set, 7', is simply given by m := minycr d(X, S).

Intuitively, maximising the margin during training works as a regulariser, improving robust-
ness and generalisation. By moving the training observations away from the decision boundary,
the likelihood that unseen observations will fall on the "wrong side of the boundary" and, therefore,
be misclassified, is smaller.

Since f(x) is typically a continuous function, S corresponds to the set of points where the
classifier g(x) is discontinuous.

Scorecards do not use smooth functions. Instead, they use piecewise constant functions, where
the score changes discretely at bin endpoints. Each bin endpoint, therefore, represents a potential
point of discontinuity of the scoring function, even if the decision does not change. Rather than
considering the boundary where the decision flips, it can be thought of as the location where the
score changes. To generalise the notion of the instance-specific margin, let G be the set of all points
of discontinuity of the scoring function f(x) or of the decision function g(x). The instance-specific
margin is redefined as the distance between the instance and the set G.

In the discretisation step, the goal is to avoid constraining the classifier learning process
through suboptimal binning. For each feature x, the process begins with an infinitesimal binning,
where each bin has an infinitesimal width dx.

The binning can safely relax since empty bins do not contribute to the classifier’s fitting ca-
pacity. This leads from an infinitesimal binning to a finite one, where each bin corresponds to a
distinct value of the feature.

To maximise the generalised instance-specific margin, the bin endpoints are placed between
consecutive distinct values x;; and xj;, 1) at their average, i.e., (xm +x[i+1]) /2, where x|;) denotes
the i-th sorted value of x.

This method places significant emphasis on the weight learning phase instead of relying a lot
on the discretisation method, which is carried out on an encoded dataset with a very large number

of attributes. As a result, scorecard construction is approximated to a one-step process.
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4.4 Encoding Techniques

After each feature is discretised, the dataset is transformed into an encoded representation, where
each feature is expanded into multiple binary columns, one for each interval. If feature j is discre-
tised into ¢g; intervals, the encoded dataset will have a total of Z?:] g columns, while maintaining
the number of rows n.

This work uses two encoding algorithms: one-hot encoding and differential coding.

4.4.1 One-Hot Encoding

In one-hot encoding, each interval of a feature is represented by a binary indicator, where the
indicator is set to 1 if the feature value lies in that interval and 0 otherwise. Let Pj; € {0,1} be the
binary indicator of the j' feature and i’" interval, and let Wi; be the learned weight for that feature
and interval.

The score for a new instance is computed as:

p
score = so+ Z si(X;)s 4.7)
=1

where s is the intercept (the baseline score), and s;(X;) is the score contribution of feature j.
This score is given by:
q;
Sj(Xj) = ZWj,‘le‘. (48)
i=1

Substituting this into the score equation, and separating the weight of the first interval (W;;)

for each feature:

p P 4
score = 5o+ Z Wi + Z Z(Wji —Wj1)Pj. 4.9)
j=1 j=li=2

And by absorbing all W;; terms into the intercept, the score can be re-formulated as:

P 4dj
score=Wo+ Y Y W;iPj. (4.10)
j=li=2

4.4.2 Differential Coding

Differential coding, introduced by Silva and Cardoso (2015) [56], also expands features into binary
variables, but the meaning of the binary indicator is different: a 1 indicates that the feature value
lies in a given interval or any higher interval.

This means that the binary indicators, and consequently the weights, are cumulative along the

ordered intervals of a feature:
Wi =Wy +6; = W;i=Y 6, (4.11)
I=1

where Jj; is, for feature j, the difference in weight between interval i — 1 and interval i.
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With this representation, the score becomes:

p 4j
score = &y -+ Z Z 0;iP};, (4.12)
j=1i=2
where Pj*i = 1 if x; belongs to an interval £ > i > 2, and 0 otherwise.
While using regularisation with one-hot encoding “will enforce small values for the weights”,
in differential coding, regularisation “will promote smooth variations in the score between con-

secutive bins — a much more intuitive and desirable setting” [56].

4.5 Classifier

Linear classifiers are applied to estimate the weights of each feature of the encoded data. A key
requirement for the classifiers is sparsity - the model has to assign zero weights to as many features
as possible, resulting in a scorecard where only a few features contribute to the final score. This
is important because it makes them more interpretable and easier to use. This need for sparsity is
even more crucial when using the Infinitesimal Bins discretisation technique, where the number
of generated features can be extremely large.

To achieve this, linear classifiers with regularisation (Logistic Regression and SVMs) and

specialised supersparse algorithms (Adaptive Lasso and Beyond-L1) and RiskSLIM are employed.

4.5.1 Logistic Regression
Logistic Regression is a generalised linear model (GLM) where the relationship between the fea-
tures and the probability of the event is modelled using the logit link function.

The logit function transforms the predicted probability P into a linear combination of features:

. P
logit(P) = log <I—P> =Z=PBo+ B X1+ + BuXn, (4.13)

where fo, B, ..., B, are the models parameters to be predicted and X, ..., X, are the input features.
Maximum Likelihood Estimation (MLE) is used to estimate these parameters. The goal is to

determine the parameters for which the observed data has the highest joint probability.

4.5.2 Support Vector Machines

Support Vector Machines (SVMs) are binary classifiers that aim to find the hyperplane that max-
imises the margin between classes. The margin is the smallest distance between observations of
the same class and the hyperplane. Margin maximisation is to choose the hyperplane that gives
the largest margin. SVMs employ a soft-margin approach, which allows some misclassification,

to balance the trade-off between maximising the margin and minimising classification errors [11].
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4.5.3 Adaptive Lasso

Adaptive Lasso was created by Barroso-Luque and Xie (2023) [3] and is an extension of the
standard Lasso. While the standard Lasso applies the same penalty to all coefficients, the Adaptive
Lasso assigns a unique penalty to each coefficient, thereby improving feature selection.

The two main steps are as follows: First, fit an initial model to obtain estimates of the coef-
ficients. Secondly, use these estimates to define a set of adaptive weights: variables with larger
initial coefficients receive smaller penalties, making it less likely that they will become zero in the
final model, and variables with very small initial coefficients are penalised more heavily, increas-
ing the chances of being excluded from the model.

Mathematically, the following optimisation problem is solved:
A . p
ﬁ:argnkm R(B)+l£wj|[3j| , (4.14)
j=1

where R(f) is the loss function, A is the regularisation parameter, and w; is the adaptive weight

for coefficient 3;.

4.5.4 Generic Generalised Linear Estimator (skglm)

The skglmlibrary [42] provides modular estimators for sparse Generalised Linear Models (GLMs).

GLMs assume that the predicted output is a linear combination of features, and they are often
combined with a regularisation term to enforce certain properties on the coefficients, such as spar-
sity or group structure. From an optimisation view, training a GLM involves solving a composite
objective that combines data fit with a penalty. The main principle of skglm is to treat solvers,
data fits, and penalties as separate and interchangeable components. This allows for different
combinations of these elements.

skglm uses a working set approach to progressively identify a set of nonzero coefficients and
solve increasingly smaller subproblems. This reduces the number of variables at each stage. In
this work, the solver used is AndersonCD, which is a coordinate descent method with Anderson
acceleration. Coordinate descent updates one parameter at a time while keeping others fixed,
searching along coordinate directions to find the minimum of a function. Anderson acceleration
speeds up convergence by using information from the last K points rather than using just the

previous point. The update for the next iteration is the following:
K .
2D = Y kK (4.15)
i=1

where c¢; are the coefficients chosen to minimise the residuals between the current iterate and the

fixed-point update.
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4.5.5 RiskSLIM
The RiskSLIM [63] was adapted for this work. The optimisation problem was formulated as:

1
min nglog(ljtexp(—yiwxﬁ))+C0H7“H° (4.16)

st. Ae?,
where:
e Ao = ;3:1 1[A; # 0] is the lp-seminorm;
e Z CRis a set of feasible coefficient vectors (user-provided);
* () is a trade-off parameter to balance fit and sparsity (user-provided).

To ensure direct comparability with the other classifiers, the restrictions in . on the maximum
absolute value of coefficients and on the maximum number of nonzero coefficients were removed.
The maximum number of coefficients was set to its largest possible value, ensuring that CPLEX
could run without requiring a license. Cy remained the same defined by the authors, 17°.

After learning the weights, the score is calculated for each instance, using the intercept, Ay,
and the coefficients calculated by RiskSLIM, A:

score; = Ag+ A - x;, 4.17)

This score is then transformed to risk probability using the logistic link function:

1
1 +exp(—score;)’

Di (4.18)

To obtain a binary classification, the probability is compared to a threshold. The RiskSLIM
authors recommend that domain experts define the threshold. For the experiments, it was consid-
ered both the standard value of 0.5 and the threshold (within the range [0.01, 0.99]) that achieved

the best performance on the training set.

2https ://www.ibm.com/products/ilog-cplex-optimization-studio


https://www.ibm.com/products/ilog-cplex-optimization-studio

Chapter 5

Experimental Evaluation

The experiments done were all combinations of the discretisation methods, encoding methods and
classification models described in Chapter 4.

In this chapter, first, the datasets used for evaluation are described, with particular detail in the
aesthetic dataset, which received the most focus in this work. Next, the performance metrics
used are explained. The implementation details - the model setup and hyperparameter tuning -
are explained. The results are then reported, comparing the performance of the two discretisation
methods, two encoding methods, and four classifiers. Finally, an exploratory analysis is pre-
sented, including results for the aesthet ic dataset using a manually selected subset of features,

experiments with ensembles of scorecards and with RiskSLIM.

5.1 Datasets

A set of publicly available datasets for both binary and ordinal classification tasks was used
for testing, considering those used in state-of-the-art scoring systems. All datasets, except for
the aesthetic and appendicitis datasets, were obtained from the UCI Machine Learning
Repository [32].

The following subsections describe the preprocessing applied to all datasets, followed by de-
tails on the aesthetic dataset, and then summaries of the binary and ordinal datasets used for

evaluation.

5.1.1 Preprocessing

All datasets went through the same preprocessing steps. First, all rows containing missing values
were removed, so the number of observations reported in the following sections corresponds to
the number of rows remaining after this removal.

Furthermore, the target variables were mapped into integer values to make them suitable for
the models used. For binary datasets, the positive class was mapped to 1 and the negative class to
0. For ordinal datasets, the classes were mapped to ordered integer values, reflecting their natural
order (e.g., "Excellent", "Good", "Fair", "Poor" mapped to 1, 2, 3, and 4, respectively).
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5.1.2 Aesthetic Evaluation Dataset

The aesthetic dataset was obtained from the Portuguese Champalimaud Foundation in the
context of the CINDERELLA project [31]. This dataset contains measurements extracted from
clinical images of breast cancer patients who underwent conservative breast surgery (BCCT, Breast
Cancer Conservative Treatment). The target variable, named "Subjective Evaluation", has the
aesthetic results evaluations assigned by three oncoplastic surgeons. These evaluations follow the
Harvard Scale introduced by Harris et al. (1979) [25], which categorises results into four ordered
classes: "Excellent", breasts are almost identical; "Good", minimal variations between breasts;
"Fair", noticeable differences but without significant distortion; and "Poor", significant distortion
present.

The images were converted to tabular data by manual detection of anatomical keypoints, fol-
lowed by automatic computation, as described by Cardoso and Cardoso (2007) [8].

The dataset used in the following sections is represented as aesthetic ordinal, and a bi-
nary version, aesthetic binary, was created by mapping "Poor" and "Fair" to 0, and "Good"

and "Excellent" to 1.

5.1.3 Binary datasets

A description of the binary datasets can be found in Table 5.1. The datasets are listed in ascending

order of n x d, where n is the number of samples and d is the number of features.

Table 5.1: Binary datasets used for testing, where n is the number of samples, d is the number of
features, and y is target variable.

Dataset n d Proportion of samples withy =1 Condition for y =1 Reference
appendicitis 106 7 19.8% person has appendicitis [66]
mammo 830 5 482% mammographic mass is benign [16]
breast cancer 683 9 35.0% patient has breast cancer [67]
aesthetic binary 1358 23 66.5% good aesthetic result after BCCT [31]
spambase 4601 57 39.4% email is spam [29]
income 30162 14 24.9% person’s annual income exceeds $50,000 [5]

5.1.4 Ordinal datasets

The ordinal datasets are summarised in Table 5.2, which are also ordered in ascending order of

nxd.

Table 5.2: Ordinal datasets used for testing, where n is the number of samples, d is the number
of features, K is the number of target classes, and K; to K7 is the number of observations (and
proportion in percentage) of each class.

Dataset n d K K, K> K3 Ky Ks Ks K7 Classification task Reference
small wine 178 13 3 71 (40%) 59 (33%) 48 (27%) - - - - wine quality (1-3) [1]
aesthetic ordinal 1358 23 4 308 (23%) 595(44%) 353 (26%) 102 (7%) - - - BCCT aesthetic results  [31]
abalone 4177 8 5 189(5%) 2541 (61%) 1186 (28%) 225 (5%) 36 (1%) - - abalone’s age group [44]
large wine 6497 11 7 30(0.5%) 216 (3%) 2138(33%) 2836 (44%) 1079 (17%) 193 (3%) 5(0.1%) wine quality (0-10) [12]
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5.2 Performance Metrics

The main performance metric used is accuracy, which measures the proportion of correctly clas-
sified examples relative to the total number of examples. This metric was also used as the scoring

function during the grid search:

Number of Correct Predictions Y7, 1{9: =y}

Accuracy = , 5.1

Total Number of Predictions n

where §; is the predicted label, y; is the real label and 7 is the total number of samples.

Another crucial metric is model size (sparsity), which is directly related to interpretability.
Although there is no standard measure for sparsity, it can be evaluated with the proportion of
nonzero coefficients relative to the total number of coefficients after encoding and by counting the

number of nonzero coefficients.

Number of Nonzero Coefficients

Model Size = Number of Nonzero Coefficients or Model Size =

Total Number of Coefficients
(5.2)

The confusion matrix shows the distribution of predictions for each class. It allows for the

identification of systematic misclassification. In the binary case, it is:

TN FP
FN TP

CM = (5.3)

where TN, FP, FN, and TP are the number of true negatives, false positives, false negatives, and
true positives, respectively.
Additional metrics such as Balanced Accuracy, Mean Squared Error (MSE) and Execution

Time were also computed. These are reported in Appendix A, but are not discussed in this chapter.

5.3 Implementation Details

The train/test split was set to 75%/25%, and hyperparameter tuning was performed using grid
search with 5-fold cross-validation.
For the libraries and hyperparameters used for the classifiers, the following configurations

were adopted:

10

20

* Logistic Regression: implemented using the LogisticRegression class fromthe scikit-

learn! library. Hyperparameter tuning was done over the regularisation parameter o €
{0.001,0.01,0.1,0.4,0.6,0.9,0.99,1.0}, which corresponds to the inverse parameter C =

1/ain scikit-learn. Two solver-penalty combinations were explored: the 1iblinear

solver with an L1 penalty, and the saga solver with an Elastic Net penalty, withthe 11-ratio,

lhttps ://scikit-learn.org/stable/modules/generated/sklearn.linear_model.
LogisticRegression.html
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the parameter that controls the balance between L1 and L2 regularisation, set to 0.4, 0.6, or
0.8.

* SVM: linear SVM was implemented using the SVC class from scikit-learn”, with the
kernel set to / linear’. Hyperparameter tuning was performed over the regularisation
parameter C, with values from the range C € {2/ | i = —10,...,10} to explore both very

small and very large regularisation strengths.

+ Adaptive Lasso: implemented using the sparse—1m’ Python package. Hyperparameter

tuning was done over the regularisation parameter (1), with values ranging from e~ '* to ¢!°.

+ skglm: implemented using the skg1m® library, which is compatible with the scikit-learn
API. For the data fit, the Huber loss function was used, for robustness to outliers, as it ap-
plies squared loss for small residuals and absolute loss for large residuals. For the penalties,
two non-convex sparsity-inducing penalties were used: MCPenalty (Minimax Concave
Penalty), which shrinks small coefficients strongly while reducing bias for larger coefficients
by applying weaker penalisation as they grow; and SCAD (Smoothly Clipped Absolute De-
viation), similar to MCP but applies even less shrinkage to large coefficients, resulting in

nearly unbiased estimates for strong predictors.
* RiskSLIM: implemented by adapting the code from the authors [63]°.

The performance of all models was evaluated using the average results over five runs.

5.4 Results

This section compares the impact of discretisation, encoding, and classifier alternatives on ac-
curacy and model size. Results are presented in tables and supported by plots to illustrate the

trade-offs between sparsity and predictive performance.

5.4.1 Comparison between Discretisation Techniques

Tables 5.3 and 5.4 present a comparison between the two discretisation techniques used in this
study: CAIM and Infinitesimal Bins, for binary and ordinal datasets, respectively. The encoding
method used is Differential Coding. Figures 5.1 and 5.2 also illustrate this comparison by plotting
the model size against test accuracy.

Overall, the results show that CAIM consistently produces much more compact models than
Infinitesimal Bins. This was expected because of the number of encoded columns Infinitesimal
Bins produces compared to CAIM. For example, in the aesthetic binary dataset, Infinites-

imal Bins leads to thousands of features (up to 22374), while CAIM achieves similar or higher

2https ://scikit-learn.org/stable/modules/svm.html
3https ://pypi.org/project/sparse—1m/

4https ://github.com/scikit-learn-contrib/skglm
5https ://github.com/ustunb/risk-slim
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Figure 5.1: Test accuracy (y-axis) versus model size (x-axis) for each discretisation tech-
nique across binary datasets. Each point represents a classifier combined with one discretisation
method: CAIM (blue) or Infinitesimal Bins (orange). Encoding was performed with Differential
Coding.
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Figure 5.2: Test accuracy (y-axis) versus model size (x-axis) for each discretisation technique
across ordinal datasets. Each point represents a classifier combined with one discretisation
method: CAIM (blue) or Infinitesimal Bins (orange). Encoding was performed with Differen-
tial Coding.
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Table 5.3: Comparing discretisation techniques: CAIM vs Infinitesimal Bins. Performance
results per binary dataset, discretisation method, and model. The encoding technique used is
Differential Coding. Each model reports the test accuracy and the model size.

. CAIM Infinitesimal Bins
Binary Dataset
LR SVM skglm Adaptive Lasso LR SVM skglm Adaptive Lasso

Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size
appendicitis 81.48 14 85.19 14 85.19 5 81.48 21 81.48 37 81.48 359 70.37 13 81.48 405
mammo 84.62 6 84.62 9 85.10 5 84.13 4 84.62 21 82.69 81 84.62 8 84.62 10
breast cancer 94.74 17 95.91 26 97.08 8 94.74 27 94.74 50 9591 80 95.32 6 94.74 12
aesthetic binary 81.47 27 80.59 53 81.18 10 81.47 66 77.94 2802 80.88 22208 80.88 16 72.06 22374
spambase 94.01 125 93.83 131 92.53 14 92.79 171 95.05 686 96.00 12460 93.57 14 85.58 13313
income 82.73 17 81.36 17 82.68 5 82.77 18 83.76 3793 82.77 16783 82.63 8 76.40 16784

accuracy with less than 100 features. Another example is that on mammo, both methods reach
an accuracy of 84.62% with Logistic Regression, but CAIM has a model size of 6 compared to
21. The plots confirm this, with CAIM points clustered on the left side of the x-axis (smaller
model sizes) while maintaining comparable accuracy. The table and the plots also show that In-
finitesimal Bins grows disproportionately as the size and dimensionality of the dataset increase.
So, the difference in size between the two discretisers is even more evident in high-dimensional
datasets such as spambase and aesthetic binary, suggesting that Infinitesimal Bins does
not scale well, while CAIM remains stable. In smaller datasets, such as appendicitis and
mammo, accuracy is preserved, and although the model sizes are larger than the ones produced by
CAIM, they do not become excessively large, indicating that Infinitesimal Bins is more usable for
smaller datasets, where granularity may be valuable. For larger datasets, reducing model size by,
for example, merging redundant bins or removing overly specific bins, could substantially improve
performance.

Regarding predictive performance, CAIM is either better or comparable to Infinitesimal Bins
across most datasets. There are a few exceptions, such as spambase, where Infinitesimal Bins
achieves higher accuracy in two models compared to CAIM. Similarly, in spambase, with skglm,
both discretisers produced models of equal size, but Infinitesimal Bins led to better accuracy. In
the ordinal setting, Infinitesimal Bins achieved the best accuracy in the largest datasets.

In conclusion, these results show that CAIM provides a better balance between model size and
accuracy, while Infinitesimal Bins only rarely improves predictive power and does so consistently

at the cost of interpretability.

Table 5.4: Comparing discretisation techniques: CAIM vs Infinitesimal Bins. Performance
results per ordinal dataset, discretisation method, and model. The encoding technique used is
Differential Coding. Each model reports the test accuracy and the model size.

. CAIM Infinitesimal Bins
Ordinal Dataset
LR SVM skglm Adaptive Lasso LR SVM skglm Adaptive Lasso
Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size
small wine 93.33 45 95.56 48 95.56 10 97.78 23 91.11 962 91.11 1035 88.89 12 91.11 1048
aesthetic ordinal 55.59 95 54.41 107 47.35 9 51.47 112 4735 22376 471.35 22373 53.53 11 49.12 22376
abalone 67.94 44 67.56 38 61.34 7 61.82 45 68.77 1013 69.57 5358 62.11 8 58.76 5366

large wine 51.78 77 50.03 92 45.52 7 46.71 93 54.65 2062 5545 2479 45.42 7 51.08 2479
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5.4.2 Comparison between Encoding Techniques

Tables 5.5 and 5.6 show the results of the comparison between One-hot Encoding and Differen-
tial Encoding, for binary and ordinal datasets, respectively. The discretisation technique used is
Infinitesimal Bins. Figures 5.3 and 5.4 also illustrate this comparison by plotting the model size

against test accuracy.

Table 5.5: Comparing encoding techniques: One-Hot Encoding vs. Differential Coding. Perfor-
mance results per binary dataset, encoding method, and model. The discretisation technique used
is Infinitesimal Bins. Each model reports the test accuracy and the model size.

. One-Hot Encoding Differential Coding
Binary Dataset
LR SVM skglm Adaptive Lasso LR SVM skglm Adaptive Lasso

Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size
appendicitis 81.48 404 81.48 398 81.48 14 7178 405 81.48 37 81.48 359 70.37 13 81.48 405
mammo 84.62 74 84.13 75 82.69 5 83.17 83 84.62 21 82.69 81 84.62 8 84.62 10
breast cancer 94.74 66 94.74 79 90.06 22 94.15 80 94.74 50 95.91 80 95.32 6 94.74 12
aesthetic binary 70.59 22374 72.35 22374 66.18 0 72.65 14897 77.94 2802 80.88 22208 80.88 16 72.06 22374
spambase 87.26 12986 88.62 11979 58.73 3 83.32 13313 95.01 683 96.00 12460 93.57 14 85.58 13313
income 84.14 604 83.60 8980 77.56 6 76.50 11 83.76 3793 82.77 16783 82.63 8 76.40 16784

Table 5.6: Comparing encoding techniques: One-Hot Encoding vs. Differential Coding. Per-
formance results per ordinal dataset, encoding method, and model. The discretisation technique
used is Infinitesimal Bins. Each model reports the test accuracy and the model size.

Ordinal Dataset One-Hot Encoding Differential Coding
LR SVM skglm Adaptive Lasso LR SVM skglm Adaptive Lasso
Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size Accuracy Size
small wine 64.44 1012 64.44 998 5778 18 73.33 1048 91.11 962 91.11 1035 88.89 12 91.11 1048
aesthetic ordinal 45.00 22376 45.29 22376 41.47 2 42.65 22376 47.35 22376 47.35 22373 53.53 11 49.12 22376
abalone 65.55 1310 65.74 5027 61.34 4 62.39 5369 68.77 1013 69.57 5358 62.11 8 58.76 5366
large wine 53.66 1898 5391 2405 45.42 4 50.65 2479 54.65 2062 55.45 2479 45.42 7 51.08 2479

Combining Infinitesimal Bins with One-Hot Encoding resulted in the worst performance of all
discretisation—encoding pairs. Although training accuracy often reaches 100% (see Appendix A),
except for skglm, test performance drops substantially, showing strong overfitting. This issue is
especially evident in the ordinal datasets, where the models tend to predominantly predict the ma-
jority class. For example, as shown in the confusion matrix in Figure 5.5a, with the aesthetic
ordinal dataset, the classifier predominantly predicts class 3 ("Fair"). Specifically, skglm often
predicts only the majority class (Figure 5.5b). As Infitesimal Bins produces a lot of features, and
each feature is very specific to each example in the data, when combined with One-hot Encoding,
the resulting encoded dataset is extremely sparse. Consequently, the models overfit the training
data and fail to generalise.

In addition, Differential Coding produces more compact models with comparable or better
accuracy. This is visible in the plots, with the green points (Differential Coding) being placed
more to the left (smaller model sizes), often close to the upper-left corner (high accuracy with
fewer coefficients). This pattern is observed in both binary and ordinal datasets. For instance,
on spambase, One-Hot Encoding with Logistic Regression achieved 87.26% accuracy with a
model size of almost 13,000, while Differential Coding attained an accuracy of 95.01% with less

than 700 coefficients. In the ordinal datasets, the difference is even more pronounced. On small
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Figure 5.3: Test accuracy (y-axis) versus model size (x-axis) for each encoding technique
across binary datasets. Each point represents a classifier combined with one encoding method:
One-Hot Encoding (red) or Differential Coding (green). Discretisation was performed with In-
finitesimal Bins.
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across ordinal datasets. Each point represents a classifier combined with one encoding method:
One-Hot Encoding (red) or Differential Coding (green). Discretisation was performed with In-

finitesimal Bins.
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wine, One-Hot Encoding reaches 64.44% accuracy with more than 1000 coefficients, and Dif-
ferential Coding achieves 91.11% accuracy with a similar model size, and 88.89% with just 12
coefficients. In the plots, especially for the ordinal datasets, the green dots (Differential Coding)
consistently appear above the red dots (One-Hot Encoding), indicating that Differential Coding
provides stronger predictive power.

With CAIM, the difference between One Hot Encoding and Differential Coding is minimal in
accuracy, but Differential Coding slightly decreases the model size (see Appendix A).

Therefore, One-hot Encoding works well with discretisation methods that produce fewer in-
tervals, like CAIM, but it performs poorly with fine-grained methods such as Infinitesimal Bins
because of the extreme sparsity it creates. The main conclusion is that the choice of encoding is

most critical when Infinitesimal Bins is used, but Differential Coding is preferable in both cases.
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(a) Logistic Regression. (b) skglm.

Figure 5.5: Confusion matrices for Logistic Regression (a) and skglm (b) on the aesthetic
ordinal dataset with Infinitesimal Bins and One-Hot Encoding.

5.4.3 Comparison between Classifiers

This section compares the performance of four classifiers: Logistic Regression, SVM, Adaptive
Lasso, and skglm. The evaluation is presented separately for binary and ordinal classification

tasks.

5.4.3.1 Binary Problems

Table 5.7 reports the performance of the four classifiers across the binary datasets, and Figure 5.6
illustrates the relationship between model size and test accuracy.

In general, skglm stands out for producing smaller models, achieving significant reductions
in model size compared to the other classifiers. This sparsity is evident in the plots, where skglm
points (in orange) appear at the lower end of the x-axis. Despite these smaller model sizes, skglm
maintains competitive accuracy in both training and test sets, achieving the highest accuracy in

three of the six binary datasets. This is visible in the plots because most of the orange points
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Figure 5.6: Test accuracy (y-axis) versus model size (x-axis) for each classifier across binary
datasets. Each point corresponds to a classifier (Logistic Regression in red, SVM in green, Adap-
tive Lasso in blue, and skglm in orange). Discretisation was performed using CAIM and encoding
with Differential Coding.
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Table 5.7: Comparing classifiers: Logistic Regression vs. SVM vs. Adaptive Lasso vs. skglm.
Performance results per binary dataset and classifier. Each classifier reports the train accuracy,
the test accuracy, and the model size. The discretisation was done using CAIM, and the encoding
was Differential Coding.

Binary Dataset Logistic Regression SVM skglm Adaptive Lasso

Train Acc. Test Acc. Size Train Acc. Test Ace. Size Train Acc. Test Ace. Size Train Ace. Test Ace.  Size
appendicitis 91.14 81.48 14 88.61 85.19 14 89.87 85.19 5 89.87 81.48 21
mammo 80.23 84.62 6 79.90 84.62 9 80.06 85.10 5 84.13 84.13 4
breast cancer 97.85 94.74 17 97.66 9591 26 97.07 97.08 8 97.27 94.74 27
aesthetic binary 83.89 81.47 27 83.01 80.59 53 82.71 81.18 10 84.09 81.47 66
spambase 94.12 94.01 125 94.03 93.83 131 91.88 92.53 14 93.19 92.79 171
income 82.43 82.73 17 81.17 81.36 17 82.25 82.68 5 82.42 82.77 18

are near the upper left corner, representing the desirable combination of high accuracy and small
model size. In the remaining three binary datasets, skglm shows a slight decrease in test accuracy
compared to the best-performing models, between 1% and 2%. However, the differences are mini-
mal, suggesting that the reduction in the number of coefficients does not significantly compromise
the predictive performance. Moreover, this trade-off can be considered favourable because of the
increase in interpretability, and justifies the selection of skglm over the more complex models.
Adaptive Lasso was selected for its ability to achieve models with high sparsity. In some
datasets, it succeeds, having a reduced model size compared to Logistic Regression or SVM. For
example, in mammo, it produces one of the smallest models while having high accuracy. However,
the graphs show that Adaptive Lasso often results in model sizes larger than expected and uses all
coefficients in the encoded dataset, such as in spambase, aesthetic binary, and income.
It sometimes even exceeds Logistic Regression. Its performance is less consistent than skglm,
showing variability in the trade-off between sparsity and accuracy depending on the dataset.
Logistic Regression serves as a strong baseline, providing competitive accuracy across all
datasets. The plots show that Logistic Regression points (shown in red) are often located in the
middle or right side of the x-axis, indicating larger model sizes. As a result, while it consistently
achieves high accuracy, it is less effective in producing sparse models even with regularisation.
SVM also demonstrates good test accuracy, comparable to Logistic Regression and, in some
cases, even higher (e.g., appendicitis). Nevertheless, its model size is generally very large,
often using more coefficients than Logistic Regression. This is evident in the plots, where the
SVM model (shown in green) is located more to the right side.
In conclusion, for binary classification problems, skglm achieves the highest accuracy using a
minimal number of coefficients in half of the cases. For the other half, it maintains a low number
of coefficients while having only a slight reduction in accuracy compared to the other coefficients.

This makes skglm the preferred classifier for this task.

5.4.3.2 Ordinal Problems

Table 5.8 reports the performance of the four classifiers across the ordinal datasets, and Figure 5.7

illustrates the relationship between model size and test accuracy.
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Table 5.8: Comparing classifiers: Logistic Regression vs. SVM vs. Adaptive Lasso vs. skglm.
Performance results per ordinal dataset and classifier. Each classifier reports the train accuracy,
the test accuracy, and the model size. The discretisation was done using CAIM, and the encoding
was Differential Coding.

Ordinal Dataset Logistic Regression SVM skglm Adaptive Lasso

Train Acc. Test Acc. Size Train Acc. Test Acc. Size Train Acc. Test Acc. Size Train Acc. Test Acc. Size

small wine 98.50 93.33 45 96.99 95.56 48 94.74 95.56 10 94.74 97.78 23
aesthetic ordinal 64.64 55.59 95 64.93 54.41 107 55.01 47.35 9 60.02 51.47 112
abalone 68.39 67.94 44 68.71 67.56 38 60.66 61.34 7 61.49 61.82 45
large wine 52.74 51.82 76 51.21 50.03 92 43.06 4542 7 45.14 46.71 93
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Figure 5.7: Test accuracy (y-axis) versus model size (x-axis) for each classifier across ordinal
datasets. Each point corresponds to a classifier (Logistic Regression in red, SVM in green, Adap-
tive Lasso in blue, and skglm in orange). Discretisation was performed using CAIM and encoding
with Differential Coding.
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In the ordinal datasets, skglm is also the model that consistently produces the smallest models,
as indicated by the orange dots positioned further to the left in the plots. However, this simplicity
comes at the expense of performance - skglm achieves the lowest accuracy overall, with the orange
dots positioned in the bottom-left corner. Its balanced accuracy is also poor (see Appendix A), as
skglm primarily predicts the majority class.

Adaptive Lasso demonstrates strong performance in certain scenarios, achieving good accu-
racy while using relatively few coefficients, such as in the small wine dataset. However, as in
the binary setting, in some instances, it uses all available coefficients, making it unstable. When
combined with Infinitesimal Bins (see Appendix A), it frequently reaches 100% training accuracy,
which highlights its lack of robustness.

Logistic Regression generally achieves the highest accuracy, and SVM is competitive, al-
though both classifiers typically use many coefficients, with the red and green dots clustered in the
upper-right corner.

In conclusion, for ordinal problems, classifier choice depends on the objective: interpretability
(skglm, occasionally Adaptive Lasso) or predictive accuracy (Logistic Regression and SVM). No

single classifier outperforms all others across various datasets.

5.5 Exploratory Analysis

This section presents a set of complementary analyses conducted on the aesthetic dataset to
investigate different strategies for improving interpretability and predictive performance. These
analyses focused on three distinct strategies. First, the effect of manual feature selection was
studied by comparing features selected by experts against the complete set of features. Second,
the potential of ensemble methods was explored by integrating an existing scorecard into the
modelling pipeline. Finally, the RiskSLIM framework was tested as an alternative approach for

learning the coefficient weights for ordinal classification.

5.5.1 Manual Feature Selection

To test the impact of feature selection on the aesthetic dataset, the original 23 features were
reduced to 4 hand-selected features by experts: "pLBC Value", "pBCE Value", "cX2b Value"
and "pUNR Value". Three of these features, pLBC, pBCE, and pUNR, correspond to asymmetry
measures that capture geometric differences between the treated breast and untreated breast after
surgery. pLBC (Local Breast Contour) measures the “difference between levels of inferior breast
contour”; pBCE (Breast Compliance Evaluation) measures the “difference between left and right
nipple to inframammary fold distance”; and pUNR (Uppward Nipple Retraction) measures the
“difference between nipple levels”. In contrast, cX2b is a colour difference feature that measures
the x? statistic of the b channel histogram in the CIE L*a*b colour space [8]. The results for both
versions of the dataset are shown in Table 5.9, where test accuracy and model size are reported for

all combinations of discretisation, encoding, and classifiers.
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As expected, manual feature selection consistently reduced model size, leading to improve-
ments in interpretability. For example, model complexity dropped from over 22000 coefficients
with Infinitesimal Bins to 4070, and from 107 to 22 with CAIM + SVM. Regarding predictive
performance, accuracies remained similar between both datasets, with a slight improvement when
using the hand-selected features. The best results were obtained using the manually selected fea-
tures with CAIM discretisation and logistic regression, where both encoding techniques achieved
the same performance, with about 58% accuracy. Differential coding resulted in fewer weights,

totalling 15.

Table 5.9: aesthetic ordinal dataset results for different discretisation, encoding, and classi-
fier combinations. The comparison is made between using all features versus manually selected
features. Performance is reported as test accuracy (in %) and model size, measured by the number
of non-zero coefficients.

All Data Manually Selected Data
Discretisation Encoding Classifier Test Accuracy (%) Model Size Test Accuracy (%) Model Size
Logistic Regression 55.58 56 57.65 22
. SVM 53.85 107 53.82 22
One-hot Encoding g 11y 48.23 8 50.00 10
CAIM Adaptive Lasso 50.59 44 50.59 22
Logistic Regression 55.58 74 57.65 15
. . . SVM 54.41 107 53.82 22
Differential Coding skelm 4735 9 50.59 10
Adaptive Lasso 50.88 112 50.59 22
Logistic Regression 42.94 11175 42.35 2255
One-hot Encodi SVM 45.29 22376 44.12 4070
Ne-OtENCOANS  (kelm 4147 2 4147 2
o . Adaptive Lasso 42.94 22376 42.84 4070
Infinitesimal Bins
Logistic Regression 51.11 1022 52.94 1487
. . . SVM 46.77 22376 49.71 4065
Differential Coding skelm 52.06 1 47.65 9
Adaptive Lasso 47.35 22376 48.24 4070

5.5.2 Ensemble of Scorecards

Ensemble methods are a common strategy in machine learning to improve predictive performance
by combining the strengths of multiple models. The idea is that one scorecard may only capture
part of the data, while combining several scorecards can make the model more accurate without
sacrificing interpretability.

Motivated by this idea, an ensemble of scorecards was created by incorporating the predictions
of an existing scorecard as an additional feature. This scorecard, shown in Table 5.10, contains
nine rules and was constructed according to Silva and Cardoso (2015) [56] using private data from
the European Project PICTURE [54]. Specifically, the points predicted by this scorecard were
added as an additional feature to the dataset and then used as input for training new scorecards.

Table 5.11 reports the performance of scorecards without and with the ensemble. Metrics
include train accuracy, test accuracy, and model size, where the ensemble model size includes the

nine rules of the existing scorecard.
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Table 5.10: Existing scorecard for the aesthetic ordinal dataset. Points are assigned per
feature.

Feature Interval Points

[0.0174,0.1012] 0.1538
pLBC Value [0.1012,0.1707[ 0.4379
>0.1707 0.5767

[0.0184,0.3684] 0.0636
pBCE Value [0.3684,0.9219] 0.1938
>0.9219 0.2128

[0.0140, 0.0267] 0.0299
cX2b Value  [0.0267,0.6881[ 0.0642
> 0.6881 0.0727

Total Points Predicted Class

< 0.1738 Excellent
< 0.3720 Good
< 0.7002 Fair
>0.7002 Poor

Table 5.11: Performance of scorecards without and with the ensemble on the aesthetic
ordinal dataset. Results are shown for two discretisation techniques (CAIM and Infinitesimal
Bins) and three classifiers (Logistic Regression, SVM and skglm), using Differential Coding for
encoding. Metrics reported include train accuracy, test accuracy, and model size.

Without Ensemble With Ensemble
Discretisation Classifier Test Acc. (%) Model Size Test Acc. (%) Model Size
Logistic Regression 55.59 95 58.24 20 (+9)
CAIM SVM 54.41 107 54.12 26 (+9)
skglm 47.35 9 51.47 9 (+9)
Logistic Regression 47.35 22376 50.59 4106 (+9)
Infinitesimal Bins SVM 47.35 22373 52.06 4096 (+9)

skglm 53.53 11 4941 8(+9)
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The results indicate that the ensemble generally improves test accuracy. For instance, CAIM
+ LR improved from 55.59% to 58.24%, and Infinitesimal Bins + SVM improved from 47.35% to
52.06%. At the same time, the ensemble often creates more compact scorecards, which is espe-
cially noticeable with Logistic Regression and SVM, showing that including the existing scorecard
helps capture information more efficiently.

Although the increases in accuracy were modest, the use of ensemble methods resulted in
improvements across most tests, highlighting the potential for further exploration of ensemble

techniques with scorecards.

5.5.3 RiskSLIM

Since the free version of CPLEX has limitations on the number of variables (determined by the
dataset dimension), RiskSLIM could not be integrated and used for comparison in all experiments.
However, some tests were conducted on smaller datasets. The target variable in the aesthetic
dataset was defined by three different authors. To create a smaller dataset, the examples from the
author with the fewest cases (“cmavioso”) were selected. Both the ordinal dataset and its binary
version were tested, using the existing scorecard intervals and CAIM for the discretisation and
Differential Coding for the encoding. The classifiers tested in addition to RiskSLIM were logistic
regression, SVM, and sklgm. The results for the ordinal dataset are shown in Table 5.12 and for
the binary version in Table 5.13.

The RiskSLIM methodology followed the formulation described in Section 4.5.5. For the
binary classification task, both the standard threshold of 0.5 and the threshold that achieved the best
performance on the training set were evaluated. Table 5.12 and Table 5.13 report the performance
for both thresholds.

When applying RiskSLIM with the CAIM on the ordinal dataset, it was not possible to run the
model with the default settings due to CPLEX size limitations. So the maximum model size was
restricted to the largest value that CPLEX could handle, which was 42. For the Infinitesimal Bins
discretisation, despite trying to run the model with a maximum model size of 5 and a maximum
coefficient value of 1 for both the ordinal and binary datasets, the solver still had size limitations,
so it was not possible to test for this discretisation method.

In both the binary and ordinal datasets, RiskSLIM always has a lower performance compared
to the machine learning models. In the binary case, the difference is small, just around 2% lower,
making RiskSLIM almost comparable in accuracy while retaining interpretability. In the ordinal
case, the best threshold produces about 5% lower accuracy compared to skglm. Nevertheless, these
results suggest that the adaptation of RiskSLIM to ordinal data is capable of producing feasible

and competitive models.

5.6 Conclusions

The experimental results provide several insights into the impact of discretisation, encoding, and

classifier alternatives on the performance of scorecards.
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Table 5.12: Results on the aesthetic ordinal dataset with author = cmavioso for differ-
ent discretisation methods and classifiers, including RiskSLIM. The results include test accuracy,
train accuracy and model size. For RiskSLIM, two decision thresholds are shown in brackets:
0.50 (default) and the one with the best training performance. For CAIM with RiskSLIM, the
maximum model size was restricted to 42 (due to CPLEX limits). The encoding technique used
was Differential Coding.

Discretisation Classifier Train Acc. (%) Test Acc. (%) Model Size
Logistic Regression 59.63 57.06 11
SVM 59.53 57.06 11

Existing Scorecard  skglm 56.09 51.76 9
RiskSLIM (0.50) 25.54 28.24 11
RiskSLIM (0.12) 51.57 45.59 11
Logistic Regression 80.23 60.00 83
SVM 80.23 65.00 105

CAIM skglm 66.10 65.00 10
RiskSLIM (0.50) 0.00 0.00 25
RiskSLIM (0.41) 54.42 45.59 25

Table 5.13: Results on the aesthetic binary dataset with author = cmavioso for differ-
ent discretisation methods and classifiers, including RiskSLIM. The results include test accuracy,
train accuracy and model size. For RiskSLIM, two decision thresholds are shown in brackets:
0.50 (default) and the one with the best training performance. The encoding technique used was
Differential Coding.

Discretisation Classifier Train Acc. (%) Test Acc. (%) Model Size
Logistic Regression 82.02 79.71 9
SVM 82.02 79.71 8

Existing Scorecard skglm 81.83 79.71 6
RiskSLIM (0.50) 78.88 77.65 9
RiskSLIM (0.44) 79.08 77.94 9
Logistic Regression 92.66 78.33 23
SVM 88.70 80.00 64

CAIM skglm 90.96 78.33 11
RiskSLIM (0.50) 83.01 81.76 31

RiskSLIM (0.57) 83.79 79.71 31
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In terms of discretisation, CAIM produced smaller models than Infinitesimal Bins, sometimes
by several orders of magnitude, while maintaining similar or better accuracy. This makes CAIM
the better choice for more interpretable models. However, Infinitesimal Bins still shows potential,
especially in smaller datasets. Future work should focus on refining Infinitesimal Bins by, for
example, merging redundant bins.

When it comes to encoding, One-hot Encoding combined with Infinitesimal Bins resulted in
overfitting. In contrast, Differential Coding, besides reducing overfitting, produces more compact
models, making it the preferred encoding strategy. With CAIM, both encoding methods performed
similarly in terms of accuracy, although Differential Coding sometimes resulted in smaller models.

Regarding classifiers, for binary classification problems, skglm was considered the best option
because it consistently produced the sparsest models with minimal or no loss in accuracy, repre-
senting the best balance between performance and interpretability. For ordinal problems, skglm
produced the most compact models, but always with a significant loss in accuracy. While Logis-
tic Regression and SVM produced high-accuracy models, they were less sparse. Adaptive Lasso
showed mixed results: it sometimes achieved sparse and accurate models, but in most datasets,
it used all coefficients, undermining its intended goal of promoting sparsity. As such, for ordinal
problems, there is no clear better option.

Additionally, manual feature selection on the aesthetic dataset demonstrated that feature
selection enhances both accuracy and interpretability. Ensemble methods provided modest but
consistent improvements in accuracy, indicating their potential. Finally, RiskSLIM experiments
confirmed the viability of optimisation-based approaches for interpretable scorecards and that it

can be adapted to ordinal classification using the Single Binary Classifier technique.



Chapter 6

Conclusions and Future Work

This dissertation investigated the construction of interpretable scorecards, with a particular focus
on ordinal scorecards, which is an underexplored classification task in the literature. The study
compared two discretisation methods, two encoding techniques, and five classifiers, using both
machine learning and optimisation-based approaches. In particular, RiskSLIM, which had previ-
ously been extended only to multiclass classification without accounting for the ordinal structure,
was adapted here to ordinal tasks. A fundamental contribution was the proposal of Infinitesimal
Bins, a discretisation method that creates bins that correspond directly to data values, therefore ap-
proximating scorecard construction as a single-step process. Additional exploration with ensemble
scorecards and feature selection was performed because of the potential to improve interpretability
and predictive performance.

The experimental evaluation demonstrates that Infinitesimal Bins, while effective for small
datasets, often produce overly large models on larger datasets unless combined with strong sparsity-
inducing classifiers. Differential Coding consistently outperformed One-Hot Encoding across all
settings, confirming its suitability for both binary and ordinal scorecards. For binary problems, the
skglm classifier offered the best balance between model size and predictive power. In ordinal prob-
lems, smaller models achieved lower accuracy while larger models achieved higher accuracy, in-
dicating that the choice of the classifier should be made according to the application’s preferences.
Finally, ensemble methods and feature selection resulted in better performance, and RiskSLIM
was successfully extended to ordinal classification, although its accuracy does not match that of
machine learning classifiers.

Future research could explore several potential options, including the following:

» Feature selection prior to modelling. Manual feature selection on the aesthet i c dataset
demonstrated performance improvements in various scorecard configurations. This suggests
that integrating an automated feature selection method, or Random Forest for feature rank-
ing, could be beneficial, as demonstrated by AutoScore [69]. In addition, it would enhance

interpretability by potentially reducing the number of scorecard columns.

* Iterative reweighting. Inspired by ICS [7], iterative reweighting could be integrated into
the scorecard learning process. It would be especially beneficial with the Infinitesimal Bins
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discretisation technique, since it produces a lot of columns and with high specificity. Tuning

the weights would improve sparsity and stability.

Try FasterRisk. Since FasterRisk [39] does not require mathematical programming tools,
there is no need for a license. Using it would allow for a direct comparison with state-of-

the-art optimisation-based scoring systems, particularly in large datasets.

Handle class imbalance. Although balanced accuracy was evaluated, the imbalance in
the data was not addressed during training. In the future, imbalance techniques could be

employed.

Ensemble of scorecards. The exploratory results for the ensemble of scorecards suggest
that the combination of multiple scorecards could improve robustness and accuracy while

still being intuitive. This could be further explored.

Interactive interface. Although the developed scorecard code was implemented as a reusable
class for all datasets, its practical use is still limited. An interactive tool could be designed
to visualise and customise the learned scorecards. It could allow experts to select features,

adjust intervals, and control the trade-off between performance and sparsity.

Evaluation criteria besides accuracy: The optimisation goal could be adapted accord-
ing to the application. For example, in healthcare, increasing the F1 score (reducing false

positives) may be more crucial than maximising overall accuracy.
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Appendix A

Performance Metrics for each Dataset

This appendix reports the performance results obtained for each dataset across all discretisation,
encoding, and classifier combinations. For each combination, the following metrics are recorded:
train accuracy, test accuracy, test balanced accuracy, mean squared error (MSE), model size, and
execution time. Model size is given as a percentage of total features (non-zero) after encoding
compared to before encoding, along with the absolute number of non-zero coefficients in paren-
theses.

For both aesthetic binary and aesthetic ordinal datasets, three tables are pre-
sented: the first contains results for the whole dataset (Tables A.4 and A.10); the second includes
results for the dataset with manually selected features (Tables A.5 and A.11); and the third con-
tains results for the dataset with manually selected features and restricted to samples with author
= cmavioso (Tables A.6 and A.12). The aesthetic ordinal dataset includes an additional

table presenting the results of the ensemble of scorecards (Table A.13).

Table A.1: Performance results of appendicitis for different discretisation, encoding and clas-
sifier combinations.

Discretisation Encoding Classifier Train Acc. (%) Test Acc. (%) Balanced Acc. (%) MSE Model Size (%) Exec. Time (s)
Logistic Regression 91.14 81.48 64.29 0.185 42.86 (9) 0.022
One-Hot Encoding SVM 90.03 85.19 72.62 0.148 90.48 (19) 0.022
skglm 91.14 81.48 64.29 0.185 28.57 (6) 0.020
CAIM Adaptive Lasso 89.87 81.48 64.29 0.185 100.00 (21) 0.032
Logistic Regression 91.14 81.48 64.29 0.185 66.67 (14) 0.026
Differential Coding SVM 88.61 85.19 72.62 0.148 66.67 (14) 0.022
skglm 89.87 85.19 66.67 0.148 23.81(5) 0.021
Adaptive Lasso 89.87 81.48 64.29 0.185 100.00 (21) 0.031
Logistic Regression 100.00 81.48 58.33 0.185 99.75 (404) 0.212
One-Hot Encoding SVM 100.00 81.48 58.33 0.185 98.27 (398) 0.047
skglm 99.68 81.48 64.29 0.185 3.46 (14) 0.010
Lo . Adaptive Lasso 100.00 77.78 55.95 0.222 100.00 (405) 0.080
Infinitesimal Bins
Logistic Regression 93.67 81.48 64.29 0.185 9.14 (37) 0.290
Differential Coding SVM 92.41 81.48 64.29 0.185 88.64 (359) 0.030
skglm 98.73 70.37 57.14 0.296 3.21(13) 0.047
Adaptive Lasso 100.00 81.48 64.29 0.185 100.00 (405) 0.053
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Table A.2: Performance results of mammo for different discretisation, encoding and classifier com-

binations.

Discretisation Encoding Classifier Train Acc. (%) Test Acc. (%) Balanced Acc. (%) MSE Model Size (%) Exec. Time (s)

Logistic Regression 80.23 84.62 84.76 0.154 100.00 (15) 0.018

One-Hot Encoding SVM 79.58 84.62 84.78 0.154 100 (15) 0.013

skglm 79.90 84.13 84.29 0.159 46.67 (7) 0.016

CAIM Adaptive Lasso 80.23 84.13 84.29 0.159 100.00 (15) 0.027

Logistic Regression 80.23 84.62 84.76 0.154 40.00 (6) 0.012

Differential Coding SVM 79.90 84.62 84.78 0.154 60.00 (9) 0.016

skglm 80.06 85.10 85.25 0.149 33.33(5) 0.008

Adaptive Lasso 79.74 84.13 84.29 0.159 26.67 (4) 0.032

Logistic Regression 85.69 84.62 84.54 0.154 89.15 (74) 0.041

One-Hot Encoding SVM 83.60 84.13 84.01 0.159 90.36 (75) 0.014

skglm 81.83 82.69 82.54 0.173 6.02 (5) 0.007

. . Adaptive Lasso 86.01 83.17 83.05 0.168 100.00 (83) 0.034

Infinitesimal Bins

Logistic Regression 84.89 84.62 84.52 0.154 25.30 (21) 0.025

Differential Coding SVM 84.08 82.69 82.63 0.173 97.59 (81) 0.020

skglm 85.05 84.62 84.52 0.154 9.64 (8) 0.012

Adaptive Lasso 84.89 84.62 84.52 0.154 12.05 (10) 0.150

Table A.3: Performance
classifier combinations.

results of breast

cancer for different discretisation, encoding and

Discretisation Encoding Classifier Train Acc. (%) Test Acc. (%) Balanced Acc. (%) MSE Model Size (%) Exec. Time (s)
Logistic Regression 97.85 95.32 94.37 0.047 88.89 (24) 0.041
One-Hot Encoding SVM 97.46 97.66 97.31 0.023 92.59 (25) 0.014
skglm 97.07 95.91 95.35 0.041 51.85(14) 0.012
CAIM Adaptive Lasso 97.27 94.74 93.88 0.053 100.00 (27) 0.038
Logistic Regression 97.85 94.74 93.63 0.053 62.96 (17) 0.068
Differential Coding SVM 97.66 95.91 95.10 0.041 96.30 (26) 0.027
skglm 97.07 97.08 96.82 0.029 29.63 (8) 0.012
Adaptive Lasso 97.27 94.74 93.88 0.053 100.00 (27) 0.023
Logistic Regression 98.83 94.74 93.63 0.053 82.50 (66) 0.036
One-Hot Encoding SVM 97.27 94.74 93.63 0.053 98.75 (79) 0.008
skglm 95.90 90.06 87.75 0.099 27.50 (22) 0.009
- . Adaptive Lasso 98.63 94.15 92.90 0.058 100.00 (80) 0.019
Infinitesimal Bins
Logistic Regression 98.83 94.74 93.63 0.053 62.50 (50) 0.207
Differential Coding SVM 97.27 95.91 95.10 0.041 100.00 (80) 0.012
skglm 97.27 95.32 94.37 0.047 7.50 (6) 0.005
Adaptive Lasso 97.46 94.74 93.63 0.053 15.00 (12) 0.048

Table A.4: Performance results of aesthetic binary for different discretisation, encoding
and classifier combinations.

Discretisation Encoding Classifier Train Acc. (%) Test Acc. (%) Balanced Acc. (%) MSE Model Size (%) Exec. Time (s)
Logistic Regression 83.69 81.41 76.60 0.186 100.00 (66) 0.938
One-Hot Encoding SVM 8291 80.29 75.12 0.197 81.82 (54) 1.134
skglm 83.01 80.00 74.69 0.200 18.18 (12) 0.993
CAIM Adaptive Lasso 84.09 81.18 76.21 0.188 100.00 (66) 1.143
Logistic Regression 83.89 81.47 76.65 0.185 40.91 (27) 1.167
Differential Coding SVM 83.01 80.59 75.56 0.194 80.30 (53) 1.139
skglm 82.71 81.18 76.00 0.188 15.15 (10) 0.972
Adaptive Lasso 84.09 81.47 76.43 0.185 100.00 (66) 1.160
Logistic Regression 100.00 70.59 58.22 0.294  100.00 (22374) 107.784
One-Hot Encoding SVM 100.00 72.35 60.83 0.276  100.00 (22374) 4.455
skglm 66.60 66.18 50.00 0.338 0.00 (0) 0.270
- . Adaptive Lasso 100.00 72.65 61.48 0274  66.58 (14897) 45.026
Infinitesimal Bins
Logistic Regression 99.31 77.94 73.34 0.221 12.53 (2802) 675.322
Differential Coding SVM 88.80 80.88 75.57 0.191  99.26 (22208) 3.223
skglm 84.97 80.88 75.57 0.191 0.07 (16) 1.053
Adaptive Lasso 100.00 72.06 69.32 0279 100.00 (22374) 70.996
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Table A.5: Performance results of aesthetic binary with features selected manually for

different discretisation, encoding and classifier combinations.

Discretisation Encoding Classifier Train Acc. (%) Test Acc. (%) Balanced Acc. (%) MSE Model Size (%) Exec. Time (s)
Logistic Regression 82.12 79.06 75.25 0.209 100.00 (12) 0.174
One-Hot Encoding SVM 82.02 78.24 73.78 0.218 100.00 (12) 0.297
skglm 81.93 78.82 74.86 0.212 41.67 (5) 0.177
CAIM Adaptive Lasso 82.12 78.82 75.07 0.212 100.00 (12) 0.278
Logistic Regression 82.12 79.00 75.21 0.210 100.00 (12) 0.228
Differential Coding SVM 82.12 78.24 73.78 0.218 66.67 (8) 0.262
skglm 82.02 79.12 75.29 0.209 50.00 (6) 0.177
Adaptive Lasso 82.12 78.82 75.07 0.212 100.00 (12) 0.291
Logistic Regression 100.00 69.41 57.33 0.306  100.00 (4068) 14.993
One-Hot Encoding SVM 100.00 69.71 57.56 0.303  100.00 (4068) 1.162
skglm 66.90 66.18 50.00 0.338 0.07 (3) 0.053
- . Adaptive Lasso 100.00 70.29 64.16 0.297  100.00 (4068) 1.290
Infinitesimal Bins
Logistic Regression 89.29 78.71 73.71 0.213 5.31(216) 0.363
Differential Coding SVM 83.10 80.00 74.26 0.200  98.75(4017) 0.668
skglm 83.01 81.47 75.58 0.185 0.17 (7) 0.335
Adaptive Lasso 100.00 72.35 68.27 0.276  100.00 (4068) 4.269

Table A.6: Performance results of aesthetic binary with features selected manually and

author = cmavioso for different discretisation, encoding and classifier combinations.

Discretisation Encoding Classifier Train Acc. (%) Test Acc. (%) Balanced Acc. (%) MSE Model Size (%) Exec. Time (s)

Logistic Regression 88.70 81.67 65.56 0.183 100.00 (12) 0.028

One-Hot Encoding SVM 89.27 81.67 67.78 0.183 100.00 (12) 0.029

skglm 88.70 81.67 65.56 0.183 75.00 (9) 0.029

CAIM Adaptive Lasso 88.70 81.67 65.56 0.183 100.00 (12) 0.042

Logistic Regression 88.70 81.67 65.56 0.183 100.00 (12) 0.037

Differential Coding SVM 88.14 81.67 65.56 0.183 100.00 (12) 0.027

skglm 88.70 81.67 65.56 0.183 75.00 (9) 0.030

Adaptive Lasso 88.70 81.67 65.56 0.183 100.00 (12) 0.034

Logistic Regression 100.00 76.67 53.33 0.233 100.00 (704) 0.436

One-Hot Encoding SVM 81.36 75.00 50.00 0.250 93.18 (656) 0.026

skglm 81.36 75.00 50.00 0.250 0.00 (0) 0.007

Lo . Adaptive Lasso 100.00 75.00 54.44 0.250 100.00 (704) 0.102

Infinitesimal Bins

Logistic Regression 96.05 81.67 67.78 0.183 6.11 (43) 0.053

Differential Coding SVM 95.48 81.67 67.78 0.183 99.29 (699) 0.052

skglm 90.96 80.00 71.11 0.200 1.99 (14) 0.060

Adaptive Lasso 91.53 80.00 68.89 0.200 1.28 (9) 1.088

Table A.7: Performance results of spambase for different discretisation, encoding and classifier

combinations.
Discretisation Encoding Classifier Train Acc. (%) Test Acc. (%) Balanced Acc. (%) MSE Model Size (%) Exec. Time (s)
Logistic Regression 94.12 93.83 93.25 0.062 95.32 (163) 6.496
One-Hot Encoding SVM 94.23 93.83 93.21 0.062 76.61 (131) 1.217
skglm 91.62 92.09 91.11 0.079 7.60 (13) 2.899
CAIM Adaptive Lasso 93.19 92.79 91.89 0.072 100.00 (171) 1.182
Logistic Regression 94.12 94.01 93.46 0.060 73.10 (125) 2.061
Differential Coding SVM 94.03 93.83 93.25 0.062 76.61 (131) 1.400
skglm 91.88 92.53 91.57 0.075 8.19 (14) 1.756
Adaptive Lasso 93.19 92.79 91.89 0.072 100.00 (171) 1.237
Logistic Regression 99.94 87.26 86.00 0.127  97.55 (12986) 571.928
One-Hot Encoding SVM 98.93 88.62 87.40 0.114  89.98 (11979) 28.830
skglm 61.22 58.73 50.00 0.413 0.02 (3) 0.762
. . Adaptive Lasso 99.94 83.32 82.54 0.167  100.00 (13313) 19.770
Infinitesimal Bins
Logistic Regression 97.82 95.01 94.63 0.050 5.13 (683) 1.315
Differential Coding SVM 96.43 96.00 95.69 0.40 93.59 (12460) 7.495
skglm 93.07 93.57 92.84 0.064 0.11 (14) 1.682
Adaptive Lasso 99.94 85.58 85.50 0.144  100.00 (13313) 65.374
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results of income for different discretisation, encoding and classifier

combinations.
Discretisation Encoding Classifier Train Acc. (%) Test Acc. (%) Balanced Acc. (%) MSE Model Size (%) Exec. Time (s)
Logistic Regression 82.43 82.73 70.42 0.173 22.41 (26) 5.328
One-Hot Encoding SVM 81.18 81.36 64.49 0.186 18.97 (22) 10.547
skglm 82.10 82.48 69.61 0.175 4.31(5) 5.525
CAIM Adaptive Lasso 82.42 82.77 70.59 0.172 22.41 (26) 5.536
Logistic Regression 82.43 82.73 70.42 0.173 15.74 (17) 5.369
Differential Coding SVM 81.17 81.36 64.49 0.186 15.74 (17) 9.631
skglm 82.25 82.68 70.26 0.173 4.63 (5) 5.374
Adaptive Lasso 82.42 82.77 70.59 0.172 16.67 (18) 5.565
Logistic Regression 85.31 84.14 72.12 0.159 3.58 (604) 8.505
One-Hot Encoding SVM 87.80 83.60 69.79 0.164  53.19 (8980) 2602.464
skglm 77.12 77.56 60.51 0.224 0.04 (6) 9.688
. . Adaptive Lasso 76.11 76.50 57.38 0.235 0.07 (11) 30.773
Infinitesimal Bins
Logistic Regression 85.50 83.76 72.26 0.162 22.48 (3793) 61.106
Differential Coding SVM 82.47 82.77 67.02 0.172  99.46 (16783) 1338.413
skglm 8222 82.63 69.02 0.174 0.05 (8) 20.081
Adaptive Lasso 96.26 76.40 68.28 0.236  99.47 (16784) 13369.422

Table A.9: Performance results of small wine for different discretisation, encoding and classi-
fier combinations.

Discretisation Encoding Classifier Train Acc. (%) Test Acc. (%) Balanced Acc. (%) MSE Model Size (%) Exec. Time (s)
Logistic Regression 97.74 88.89 88.89 0.111 56.60 (30) 0.088
One-Hot Encoding SVM 96.99 91.11 90.74 0.089 92.45 (49) 0.168
skglm 93.23 88.89 90.74 0.111 20.75 (11) 1.715
CAIM Adaptive Lasso 96.99 91.11 91.67 0.089 100.00 (53) 0.141
Logistic Regression 98.50 93.33 93.52 0.067 84.91 (45) 0.177
Differential Coding SVM 96.99 95.56 96.30 0.044 90.57 (48) 0.173
skglm 94.74 95.56 96.30 0.044 18.87 (10) 0.074
Adaptive Lasso 94.74 97.78 98.15 0.022 43.40 (23) 0.181
Logistic Regression 100.00 64.44 60.37 0356 96.56 (1012) 1.526
One-Hot Encoding SVM 99.25 64.44 60.37 0.356 95.23 (998) 0.045
skglm 66.92 57.78 55.74 0.689 1.72 (18) 0.042
- . Adaptive Lasso 100.00 73.33 70.74 0.267  100.00 (1048) 0.161
Infinitesimal Bins
Logistic Regression 100.00 91.11 92.59 0.089 91.79 (962) 3.190
Differential Coding SVM 100.00 9L.11 91.67 0.089  98.76 (1035) 0.076
skglm 96.99 88.89 89.81 0.111 1.15(12) 0.088
Adaptive Lasso 100.00 91.11 92.59 0.089  100.00 (1048) 0.464

Table A.10: Performance results of aesthetic ordinal for different discretisation, encoding
and classifier combinations.

Discretisation Encoding Classifier Train Acc. (%) Test Acc. (%) Balanced Acc. (%) MSE Model Size (%) Exec. Time (s)
Logistic Regression 64.44 55.59 48.16 0.462 62.50 (70) 13.749
One-Hot Encoding SVM 64.54 53.82 48.31 0.497 95.54 (107) 14.405
skglm 54.13 50.00 38.53 0.571 8.04(9) 14.128
CAIM Adaptive Lasso 60.02 51.76 41.13 0.553  100.00 (112) 14.282
Logistic Regression 64.64 55.59 48.72 0.471 85.00 (95) 13.773
Differential Coding SVM 64.93 54.41 48.66 0.491 95.54 (107) 13.183
skglm 55.01 47.35 35.68 0.588 8.04(9) 15.428
Adaptive Lasso 60.02 51.47 40.83 0.555  100.00 (112) 21.552
Logistic Regression 100.00 45.00 28.89 0.665 100.00 (22376) 385.689
One-Hot Encoding SVM 100.00 45.29 29.17 0.653  100.00 (22376) 18.233
skglm 44.60 41.47 25.00 0.814 0.01(2) 1.427
- . Adaptive Lasso 100.00 42.65 26.23 0.741  100.00 (22376) 57.747
Infinitesimal Bins
Logistic Regression 100.00 47.35 45.05 0.729  100.00 (22376) 1156.21
Differential Coding SVM 99.80 47.35 43.40 0.747  99.99 (22373) 19.460
skglm 57.27 53.53 4243 0.544 0.05 (11) 2.847
Adaptive Lasso 100.00 49.12 42.25 0.685  100.00 (22376) 420.980
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Table A.11: Performance results of aesthetic ordinal with features selected manually for

different discretisation, encoding and classifier combinations.

Discretisation Encoding Classifier Train Acc. (%) Test Acc. (%) Balanced Acc. (%) MSE Model Size (%) Exec. Time (s)
Logistic Regression 60.41 57.53 52.64 0.486 98.18 (21) 2.738
One-Hot Encoding SVM 59.72 53.82 50.92 0.565 100.00 (22) 2.725
skglm 54.81 50.00 39.15 0.562 45.45 (10) 3.298
CAIM Adaptive Lasso 54.42 50.59 39.65 0.565 100.00 (22) 2.599
Logistic Regression 60.41 57.65 52.72 0.485 68.18 (15) 2.726
Differential Coding SVM 59.43 53.82 50.92 0.565 100.00 (22) 2.728
skglm 54.42 50.59 42.81 0.574 45.45 (10) 2.457
Adaptive Lasso 54.32 50.59 39.65 0.556 100.00 (22) 2.713
Logistic Regression 44.60 42.35 26.46 0.718  55.41(2255) 2.198
One-Hot Encoding SVM 100.00 44.12 31.26 0.744  100.00 (4070) 8.000
skglm 44.60 41.47 25.00 0.815 0.05(2) 0.211
- . Adaptive Lasso 100.00 42.94 29.66 0.721  100.00 (4070) 1.284
Infinitesimal Bins
Logistic Regression 73.28 52.94 48.17 0.582  35.56(1447) 51.673
Differential Coding SVM 65.13 49.71 46.38 0.659  99.88 (4065) 5.008
skglm 53.93 47.65 34.45 0.612 0.22 (9) 0.382
Adaptive Lasso 100.00 48.24 41.96 0.700  100.00 (4070) 46.905

Table A.12: Performance results of aesthetic ordinal with features selected manually and

author = cmavioso for different discretisation, encoding and classifier combinations.
Discretisation Encoding Classifier Train Acc. (%) Test Acc. (%) Balanced Acc. (%) MSE Model Size (%) Exec. Time (s)
Logistic Regression 71.19 65.00 68.85 0.450 73.64 (16) 0.184
One-Hot Encoding SVM 63.28 61.67 41.95 0.533 100.00 (22) 0.174
skglm 68.93 61.67 66.82 0.483 59.09 (13) 0.113
CAIM Adaptive Lasso 69.49 61.67 66.46 0.483 100.00 (22) 0.150
Logistic Regression 71.19 66.67 69.82 0.433 68.18 (15) 0.195
Differential Coding SVM 65.54 61.67 65.64 0.533 100.00 (22) 0.161
skglm 65.54 61.67 43.25 0.483 4091 (9) 0.118
Adaptive Lasso 69.49 61.67 66.46 0.483 100.00 (22) 0.194
Logistic Regression 100.00 37.33 27.75 0.827 49.83 (351) 0.0388
One-Hot Encoding SVM 87.57 41.67 29.71 0.883 100.00 (22) 0.062
skglm 53.11 31.67 25.00 0.783 0.99 (7) 0.041
Lo . Adaptive Lasso 100.00 38.33 28.61 0.817 100.00 (706) 0.111
Infinitesimal Bins
Logistic Regression 75.71 63.33 67.89 0.467 9.26 (65) 0.084
Differential Coding SVM 81.92 61.67 64.93 0.533 99.58 (703) 0.085
skglm 63.28 55.00 63.44 0.450 1.27.(9) 0.069
Adaptive Lasso 68.93 61.67 66.93 0.433 2.27 (16) 3.658

Table A.13: Performance results of aesthetic ordinal with the ensemble of scorecards for

different discretisation, encoding and classifier combinations.

Discretisation Encoding Classifier Train Acc. (%) Test Acc. (%) Balanced Acc. (%) MSE Model Size (%) Exec. Time (s)
Logistic Regression 59.53 58.24 53.01 0.497 74.07 (20) 2.401
One-Hot Encoding SVM 59.82 54.12 51.20 0.562 100.00 (27) 2.520
skglm 51.96 47.94 35.20 0.609 33.33(9) 2.436
CAIM Adaptive Lasso 57.37 52.35 44.85 0.547 100.00 (27) 2.497
Logistic Regression 59.53 58.24 53.11 0.497 70.37 (19) 2.637
Differential Coding SVM 59.82 54.12 51.20 0.562 96.30 (26) 2443
skglm 53.24 51.47 37.19 0.556 33.33(9) 3916
Adaptive Lasso 57.37 52.06 44.56 0.550 100.00 (27) 2.425
Logistic Regression 100.00 49.12 41.44 0.665  99.61 (4090) 53.040
One-Hot Encoding SVM 100.00 47.35 39.83 0.700  100.00 (4106) 5.221
skglm 50.10 48.24 32.08 0.676 0.15 (6) 0.239
- . Adaptive Lasso 100.00 47.06 39.24 0.694  100.00 (4106) 1.403
Infinitesimal Bins
Logistic Regression 98.72 50.59 45.70 0.665  100.00 (4106) 161.298
Differential Coding SVM 68.57 52.06 46.67 0.635  99.76 (4096) 5.074
skglm 52.95 49.41 33.72 0.594 0.19 (8) 0.577
Adaptive Lasso 100.00 48.53 43.86 0.688  100.00 (4106) 53.275
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Table A.14: Performance results of abalone for different discretisation, encoding and classifier

combinations.
Discretisation Encoding Classifier Train Acc. (%) Test Acc. (%) Balanced Acc. (%) MSE Model Size (%) Exec. Time (s)
Logistic Regression 68.44 67.75 38.55 0.399 95.83 (46) 2.890
One-Hot Encoding SVM 67.75 66.60 39.15 0.426 95.83 (46) 3.201
skglm 60.66 61.34 20.00 0.618 14.58 2.729
CAIM Adaptive Lasso 61.49 61.82 20.75 0.586 95.83 (46) 2.938
Logistic Regression 68.39 67.94 39.24 0.397 93.62 (44) 3.466
Differential Coding SVM 68.71 67.56 37.95 0.401 80.85 (38) 3.907
skglm 60.66 61.34 20.00 0.618 14.89 (7) 2.827
Adaptive Lasso 61.49 61.82 20.75 0.586 95.74 (45) 2.921
Logistic Regression 79.47 65.55 35.57 0.435  24.40 (1310) 39.480
One-Hot Encoding SVM 79.63 65.74 35.61 0.436  93.63 (5027) 71.699
skglm 60.66 61.34 20.00 0.618 0.07 (4) 1.062
L . Adaptive Lasso 63.12 62.39 21.42 0.553  100.00 (5369) 4.847
Infinitesimal Bins
Logistic Regression 80.91 68.77 47.59 0.357  18.88(1013) 17.306
Differential Coding SVM 76.44 69.57 46.58 0.364  99.81 (5358)
skglm 61.56 62.11 20.73 0.576 0.15(8) 1.618
Adaptive Lasso 90.36 58.76 29.57 0.589  99.96 (5366) 484.702

Table A.15: Performance results of large wine for different discretisation, encoding and clas-
sifier combinations.

Discretisation Encoding Classifier Train Acc. (%) Test Acc. (%) Balanced Acc. (%) MSE Model Size (%) Exec. Time (s)
Logistic Regression 52.94 51.94 20.03 0.642 88.17 (82) 2.881
One-Hot Encoding SVM 51.21 50.03 19.61 0.742 100.00 (93) 14.179
skglm 43.06 45.42 14.29 0.780 7.53(7) 2.580
CAIM Adaptive Lasso 45.14 46.71 15.00 0.756 100.00 (93) 2.076
Logistic Regression 52.74 51.78 20.00 0.642 83.01 (77) 5.291
Differential Coding SVM 51.21 50.03 19.61 0.742 98.92 (92) 12.957
skglm 43.06 45.42 14.29 0.780 7.53(7) 1.901
Adaptive Lasso 45.14 46.71 15.00 0.756 100.00 (93) 2.707
Logistic Regression 68.25 53.66 24.61 0.616  76.60 (1898) 139.851
One-Hot Encoding SVM 67.96 53.91 22.23 0.622  97.01 (2405) 2658.126
skglm 43.06 45.42 14.29 0.780 0.16 (4) 7.493
Lo . Adaptive Lasso 57.84 50.65 17.74 0.788  100.00 (2479) 13.032
Infinitesimal Bins
Logistic Regression 66.47 54.65 26.49 0.610  83.20 (2062) 340.854
Differential Coding SVM 65.62 55.45 23.38 0.622  100.00 (2479) 325272
skglm 43.06 4542 14.29 0.780 0.28 (7) 1.708
Adaptive Lasso 57.84 51.08 19.43 0.745  100.00 (2479) 117.860




Appendix B

Declaration on the Use of Al-assisted
Tools

This work used Grammarly to identify grammatical errors, improve sentence construction, and
improve clarity. ChatGPT was used to guide document organisation, to suggest improvements
in the clarity of the writing, and to support the understanding of specific excerpts from research
papers. DeepL was used to translate Portuguese to English, and Copilot assisted in reproducing

code blocks and helped fix bugs.
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