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Resumo

Relatividade Geral é uma das mais profundas conquistas cientificas, combinando ele-
gancia matematica com um século de validagdo empirica. Apesar disso, progressos
tedricos e observacionais tém exposto limitagdes na teoria. Em particular, a descoberta
da expansdo acelerada do universo pde em evidéncia a dificuldade em explicar energia
escura sem recorrer a uma constante cosmolégica com ajuste fino. Em resposta a es-
tas lacunas, diversas teorias modificadas da gravidade foram propostas. Dentre elas, a
Gravidade Teleparalela e a Gravidade Teleparalela Simétrica, formuladas no contexto da

geometria nao-Riemanniana, tém ganho destaque nos ultimos anos.

Neste trabalho, investigamos extensdes dessas teorias, focando na sua capacidade de
reproduzir o efeito da constante cosmoldgica na aceleragédo do universo e confrontamos
estas teorias com restricdes locais provenientes de observagdes do Sistema Solar, pro-

curando solugdes em regimes esfericamente simétricos e estaticos.

Os nossos resultados mostram que, embora varios modelos sejam capazes de reproduzir
a aceleragao cosmoldgica, muitos deles sdo incompativeis com observagdes no Sistema
Solar, especialmente por preverem desvios no parametro de Eddington. Isso destaca a
importancia de combinar testes cosmologicos e locais na avaliagao da viabilidade fisica

de teorias modificadas da gravidade.

Palavras-chave: Teleparalelismo, Energia Escura, Reconstru¢ao, Parametro de Edding-

ton
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Abstract

General Relativity is one the most profound achievements in science, combining mathe-

matical elegance with over a century of empirical validation.

Nevertheless, both observational and theoretical developments have revealed limitations
in General Relativity. Particularly, the discovery of the accelerated expansion of the uni-
verse highlights its inability to naturally account for dark energy without invoking a fine
tuned cosmological constant. In response, a wide range of modified gravity theories have
been proposed. Among these, Teleparallel Gravity and Symmetric Teleparallel Gravity,
formulated within non-Riemannian geometry, have gained increasing attention in recent

years.

In this work, we investigated extensions of these alternative theories, focusing on their
ability to reproduce the late-time acceleration of the universe by mimicking the effects of
a cosmological constant. We further subjected these models to local gravitational con-
straints by analyzing their predictions in static, spherically symmetric spacetimes. Our
results demonstrate that while several models can successfully replicate cosmological
acceleration, many are inconsistent with Solar System observations, notably through de-
viations in the Eddington parameter. This highlights the importance of combining cosmo-

logical and local tests when assessing the physical viability of modified gravity theories.

Keywords: Teleparallelism; Dark Energy; Reconstruction; Eddington Parameter
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1. Introduction

General Relativity (GR) is one of the most successful theories in physics, providing an
elegant and accurate description of gravity, that has surpassed numerous observational
tests. However, while GR has deepened our understanding of the universe, it also raises

profound challenges, particularly at the interface with cosmology.

The revolutionary insight in General Relativity is that gravity is not a force acting at a dis-

tance, as in Newtonian physics, but rather a manifestation of the curvature of spacetime.

Mathematically, GR is formulated using the language of differential geometry. Spacetime
is described by a manifold equipped with a metric tensor and a connection. The metric
determines distances and causal structure, while the connection defines parallel transport
and the motion of particles through geodesics. Conversely, the presence of matter and
energy shapes the spacetime geometry, influencing the metric and the connection. Matter

and energy tell spacetime how to curve, and curved spacetime tells matter how to move.

This mutual interaction is expressed through the Einstein field equations:

1
Ry — ERg’” = kT, (1.1)
which relate the geometry of spacetime, represented on the left-hand side by the Ricci
tensor Ry, the Ricci scalar R and the metric tensor g, with the matter content of the

universe, represented by the energy-momentum tensor T},,,.

One of the earliest and most striking confirmations of the theory was its explanation of
the anomalous precession of Mercury’s perihelion, that was a longstanding problem in

celestial mechanics.

In 1859, Le Verrier [1] observed that Mercury’s orbit precesses at a rate of approximately

5601" per century, a value that could not be fully accounted for using Newtonian gravity.

Le Verrier noted that about 5025” arises from the use of a non-inertial frame and 532" are
due to perturbations of Mercury’s orbit caused by the gravitational attraction of the other

planets of the solar system.

However, an anomalous perihelion shift of

8¢ = 43,11"” +0,45"per century (1.2)
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remained unexplained. Several hypotheses were proposed, including the existence of an

unseen planet between the Sun and Mercury, called Vulcan.

General Relativity, however, naturally predicts a correction to Mercury’s orbit [2]. The

relativistic correction to the Newtonian perihelion advance is given by

. 6ntG M@

5 = T (1.3)

where Mg is the mass of the Sun, a the semi-major axis, and e the orbital eccentricity of

Mercury. Plugging in the relevant parameters yields a theoretical prediction of
S¢cr = 43,03"per century (1.4)

which matches the observed anomaly with astonishing accuracy. This agreement marked

one of the earliest and most dramatic triumphs of Einstein’s theory.

General Relativity predicts that a light ray passing near a massive object such as the Sun
is deflected due to spacetime curvature. For a light ray passing the Sun at a distance d

the deflection angle is given by

_ 4AMg 1+ cos®

60 7 5

(1.5)

where @ is the angle between the Earth-Sun line and the incoming direction of the photon.

In the case of a grazing ray, where d = R and & = 0, this yields a deflection angle of
50 = 1".7505. (1.6)

Earlier calculations, such as von Soldner’s 1804 corpuscular theory approach [3] or Ein-
stein’s 1911 derivation using the equivalence principle, predicted only half this value. This
discrepancy is resolved in the full framework of General Relativity, where both the curva-

ture of time and space contribute to the deflection.

The first empirical test of this prediction came in 1919 during a total solar eclipse. Ed-
dington and collaborators measured the apparent shift in the positions of stars near the
Sun’s limb, reporting deflection angles in the range 1.5” < 60 < 2.2 [4], consistent with
General Relativity but mainly confirming that light is deflect by gravity. More recently, the

most precise eclipse-based measurement yielded [5]

60 = 1.751" 4 0.060" (1.7)
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in excellent agreement with the general relativistic prediction. The upcoming solar eclipses

of 2026 and 2027 may offer opportunities to further improve this technique.

General Relativity also recovers Newtonian gravity as a limiting case: in the weak and
static field, non-relativistic regime, it reduces to Newtonian gravity. Relaxing the static
condition, GR also predicts the existence of gravitational waves, linearized perturbations

of the gravitational field propagating like ordinary waves on the background geometry.

A major indirect confirmation of gravitational radiation came in 1974 with the discovery
of the binary pulsar PSR1913+16 by Hulse and Taylor. The gradual decrease in the or-
bital period of the system was shown to match the theoretical prediction for energy loss
due to gravitational wave emission [6]. This agreement provided strong evidence for the
existence of gravitational waves, earning Hulse and Taylor the Nobel Prize in Physics in
1993.

The direct detection of gravitational waves occurred much later. In 2016, the LIGO and
Virgo collaborations announced the first observation of gravitational waves from a binary
black hole merger [7]. This marked the beginning of gravitational wave astronomy and

constituted one of the most significant confirmations of GR in the weak-field regime.

1.1. General Relativity in Cosmology

General Relativity implies that the universe cannot be static. Its field equations, when ap-
plied to a homogeneous and isotropic universe, lead to either expansion or contraction.
Remarkably, Einstein could have predicted the dynamical nature of the cosmos from this
feature of GR. However, at the time, no observational evidence supported such a con-
clusion. To enforce a static universe, Einstein introduced the cosmological constant A
into his equations. This modification allowed for a static solution in which the attractive
effect of gravity was exactly balanced by a repulsive effect due to A. However, such a
balance requires extreme fine-tunning and is unstable under perturbations. Thus, even

as a theoretical construct, Einstein’s static universe was problematic.

The situation changed dramatically in 1929, when Edwin Hubble presented empirical ev-
idence that the universe is expanding [8]. In light of this discovery, Einstein abandoned
the cosmological constant, calling it his "biggest blunder.” Yet this term would re-emerge

in cosmology decades later.

The discovery of the accelerated expansion of the universe—first reported in 1998 through

observations of Type la supernovae [9]—prompted the reintroduction of the cosmological
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constant. The data could be well explained by assuming that the acceleration is driven
by a mysterious component known as Dark Energy, with the simplest candidate being a
positive cosmological constant. This has led to the current cosmological model, known
as the ACDM model. It fits a wide range of cosmological observations remarkably well

but still faces some theoretical and observational challenges.

One of the most significant is the cosmological constant problem. The cosmological con-
stant behaves like a vacuum energy term in the energy-momentum tensor. However,
identifying A with the vacuum energy density leads to an enormous discrepancy between
observations and the predictions from quantum field theory [10]. Its predicted value is
vastly larger than observations, requiring an extreme fine-tuning of a bare cosmological
constant to cancel it. The small observed value of the cosmological constant remains un-
explained, though some argue that it is no more mysterious than the numerous constants
in our fundamental theories that cannot be determined from first principles and have to

be measured [11].

Closely related is the coincidence problem: why is the energy density of matter, which
decreases over time, roughly equal to the energy density of dark energy, which remains
constant, precisely today? In an expanding universe, matter dominates at early times and
A at late times. The fact that we observe these two components to be comparable now

seems to require that we are in a very special moment of the history of the universe.

Although ACDM remains consistent with cosmological observations from both the cos-
mic microwave background and late-time universe surveys, recent observations have
revealed tensions within the model, particularly discrepancies between early and late-
universe measurements of the Hubble constant [12]. Furthermore, to address issues
related to the initial conditions of the universe, such as the horizon and flatness problems,
an additional phase of exponential expansion, known as inflation, is required beyond the
standard ACDM framework [13].

These conceptual and empirical difficulties raise a profound question: Is Dark Energy truly

a cosmological constant? If so, why is it so small and what determines its value?

The problems with ACDM may be tackled by extending or modifying General Relativity
itself and numerous models have been proposed that do give rise to a late-time acceler-

ation of the universe [14].

Even before modern observational motivations, modifications to General Relativity have
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been considered by Weyl, Cartan and Einstein, inspired by the mathematical advances in
differential geometry. In this work, we follow a similar path: we investigate modifications
to gravity by considering a more general geometric framework than Riemannian geom-
etry. In Chapter 2, we introduce the necessary mathematical formalism, with a focus on
non-Riemannian geometry, which forms the basis for the modifications we will study. We
then present the Geometric Trinity of Gravity and its extensions in Chapters 3 and 4. In
Chapter 5, we explore the cosmological dynamics of these theories using the reconstruc-
tion method and identify those capable of explaining the accelerated expansion of the
universe. Finally, in Chapter 6 we confront these theories with Solar System constraints

by deriving their spherically symmetric static solutions.
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2. Mathematical Formulation of GR

6

A metric-affine geometry or Non-Riemannian geometry is defined by a triple (M, g, T),

where M is a 4-dimensional smooth manifold, g is a Lorentzian metric on M (a smooth,

non-degenerate, symmetric tensor field of type (0,2) with signature (—, +,+,+))andT" a

general affine connection.

The metric allows the definition of norm of a vector:

VIl = guVFV*

The affine connection defines the covariant derivative of a vector field VV as:

ViV =9, VY 4T, V"

Given a curve x*(\), we define the direction derivative along the curve as

D  dxt
A=

A vector V* is said to be parallel transported along the curve x#(\) if

D
—VH =
d/\V 0

In a metric-affine geometry we can define the geometric quantities:

Riemann Tensor

R*,, =0T

A A
uvp apravy + raw\r rap/\r vy

D‘ —_— J—
pu pu
Torsion Tensor

o _ T o
T ;w_r ;w_r v

Non-Metricity Tensor

Qa‘m/ = vzxgyv

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)
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From the Riemann tensor, we construct the Ricci Tensor R, and the Ricci Scalar R as:

R = R,,g" (2.8b)

Contracting indices of the torsion and non-metricity tensors, we define the Torsion Vector

Ty and the First and Second Non-Metricity Tensor Q, and Q,:

Ty =T (2.9a)
Qu = 8" Quuw (2.9b)
Q_Dé = gVUQ;wa (2.9c)

2.1. Geometric Interpretation of Curvature, Torsion and Non-Metricity

Consider a vector V* and parallel transport it around an infinitesimal parallelogram spanned
by two vectors A* and B¥: first parallel transport V* in the direction of A, then along B¥
and then backward along A* and B*. The change in the vector V# after being parallel

transported around this closed loop is given by:
SVI =R, GV ABP (2.10)

Thus, the curvature tensor measures the change of a vector when it is parallel transported

along a close loop, as illustrated in figure 2.1a.

In Euclidean Geometry, the sum of two vectors can be visualized as a parallelogram.
The torsion tensor measures the failure of an infinitesimal parallelogram to close. That
is, torsion quantifies the non-commutativity of infinitesimal displacements, as represented
in figure 2.1b. Consider two curves: x# = x#(A) and ¥ = %#(A) with tangent vectors

_ dxt s dFH
ut = &5 and it = -

Now, displace u* infinitesimally along %/:

u'® = u" + (9,u”)dz" (2.11)

Since u” is parallel transported along ¥ it holds that:

djy 14 [\ diy v o v /4 Vi
ﬁayu +T wgy = 0 = (duu")dx! = —I'", ,u"a"dA (2.12)
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Substituting this into equation (2.11):
(2.13)

e 14 ® Vi~
ut =ut —T% u"a'dA

Applying the same reasoning to the other vector gives:
it =at =T, d'utdA = 0t — T d'utdA (2.14)

The failure to close the parallelogram is then quantified by:

(@ +u'™) — (u* + ™) = % + u® — T, w'adA — u® — 0% + T*, @' u’dA = %, 0"u’dA
(2.15)

(b) Torsion as the non-closure of

(a) Parallel transported vectors changing
infinitesimal parallelograms

around a closed loop due to curvature.

(c) Lengths of parallel transported vectors
changing due to non-metricity.

Figure 2.1: Representation of (a) curvature, (b) torsion and (c) non-metricity for
parallel-transported vectors. Images taken from [15]
The non-metricity tensor provides a measure for how the magnitude of a vector changes

under parallel transport, as depicted in figure 2.1c. The change in the magnitude of a

vector V# under parallel transport along a curve x# = x#(A) is:
(2.16)

D dx® dx®
ﬁ(V?‘V"gW) =2 in (VoVE)V, + ﬁ(vagw)v%vv



FCUP | 9
Cosmological Solutions in Geometric Modified Gravity

Since V* is parallel transported along the curve, %(V“W’) = 0 by definition (2.4). Thus,
we are left with:

D 5 dx*
—_— = _ ‘M v
T VA = Quuw - VIV (2.17)

This equation shows that non-metricity Q,,,, directly controls the variation of the length of
a vector during parallel transport. In Riemannian geometry, where Q,,, = 0 the length of

a vector remains unchanged under parallel transport.

2.2. Decomposition of the Connection

GR adopts the Riemannian Geometry framework where it is postulated that T"‘W = 0and
Quuv = 0. These two geometric conditions are satisfied if and only if the connection is the
Levi-Civita connection, which is uniquely determined by the metric:

x 1,
T w = Eg /\(aygw\ +8VgM — 8Ag;ﬂ,) (2.18)

Since the Levi-Civita connection is fully determined by the metric, a spacetime in General

Relativity is fully described by the pair (M, g).

In contrast, a metric-affine geometry (M, ¢,T') considers a more general connection T’
that is not necessarily Levi-Civita and can include contributions from both torsion and
non-metricity. In this context, the connection can be decomposed into the Levi-Civita part
plus extra contributions:

re,, =, +D%, (2.19)

where I'* , is the Levi-Civita connection and D%, is the distorsion tensor, which captures

uv
deviations from Riemannian geometry. It is composed of two parts: the contorsion tensor,
which encodes torsion:

1
Kaw/ = ng\(TAyv + Ty)\v + TvAy) (2.20)
and the disformation tensor, which encodes non-metricity:

1
Layv = ES‘M(Q/\W = Quav — Qv/\y) (2.21)

Thus, the total distortion is:

D%, = K, + L%, (2.22)
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Since the Riemann tensor depends only on the connection, this decomposition induces a

corresponding decomposition of the Riemann tensor:

Raﬁyv(r) = Raﬁyv + ﬁ}lDavﬁ - ﬁVDayﬁ + vaﬁDayU - DayﬁDawf (223)

where R* Jwp and V,, are the Riemann tensor and covariant derivative associated with the

Levi-Civita connection.
We define the following scalar quantities:
Torsion scalar
1 1
T = —iTaHVT(X‘uV - ET“HVT]MXV + T“Ta (224)

Non-metricity scalar

1 1 1 1 -
Q = _EQMWQMW + EQ&HVQW‘V + 1QaQ“ - EQ:JCQOé (225)

Contracting the Riemann tensor decomposition leads to a decomposition of the Ricci

scalar:

R(T) =R —T — Q-+ TP Quyp — T"Qu + THQy + Vo (Q* — Q% +2T%) (2.26)

This result connects the scalar curvature of a general connection to quantities derived
from the Levi-Civita connection and the torsion/non-metricity tensors. The special cases

with vanishing curvature give useful identities.

In a spacetime with zero curvature and zero non-metricity (R(T') = 0, Quu = 0), we
obtain:
R=T-2V,T¢ (2.27)

In a spacetime with zero curvature and zero torsion (R(I') = 0, T* w = 0), we obtain:

R=Q—V,(Q' -0 (2.28)

These identities will later be used to construct alternatives theories of gravity.

We emphasize that a manifold endowed with a metric does not inherently possess curva-
ture, torsion, or non-metricity: these properties are defined only with respect to the affine
connection. Nevertheless, we can always compute the Levi-Civita curvature of a manifold

with a metric, independently of the connection.
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3. Geometric Trinity of Gravity

Alternative theories of gravity can be constructed by adopting different geometric struc-
tures. As shown earlier, a general metric-affine spacetime is characterized by three geo-
metric quantities: curvature, torsion, and non-metricity. In General Relativity, both torsion
and non-metricity vanish, and gravity is described purely as a manifestation of spacetime
curvature. However, one can construct gravitational theories in which any two of these
properties are constrained to zero, and the remaining one mediates the gravitational in-
teraction. In fact, different combinations of these variables lead to different geometric
frameworks upon which alternative theories of gravity can be constructed. In figure 3.1,
we represent the different possibilities of metric-affine geometries classified according to

whether or not curvature, torsion and non-metricity vanish.

General Metric-Affine Geometry
R+0T+0Q=+0

Torsionless Geometry
R+0T=0Q=0

Riemann-Cartan Geometry
R+0,T+#0,Q=0

Teleparallelism
R=0T+0Q=0

Symmetric Teleparallelism
R=0T=00Q=+0

Minkowski
R=0,T=0Q=0

Figure 3.1: The Eightfold Way of Gravity [16]: a diagram of all the possible metric-affine
geometries.

In this chapter, we present the geometry trinity of gravity [17] which is the set of theories

from figure 3.1 with only one non-vanishing component.

3.1. General Relativity

In General Relativity, it is postulated that both torsion and non-metricity vanish.

T“l’“/ - O Qauv - 0 (3.1)

As a result, gravity manifests as the curvature of spacetime.
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The field equations of General Relativity relate the curvature of spacetime to the energy-

momentum content. T Iley can be derived from the Einstein—Hilbert action:
; pum— 2 X \( gR S ~/ -2

where Sy is the matter action and k = 87G in natural units. Varying this action with

respect to the metric yields the Einstein field equations:
Gy = kT (3.3)
where the Einstein Tensor is given by:

1
GVV - Ryy - Egl,ﬂ/R (3.4)

Using the Bianchi identity V¥G,, = 0, the field equations imply the energy conservation
equation

ViTw =0 (3.5)

The Bianchi identity itself is a consequence of the diffeomorphism invariance of the Einstein—

Hilbert action.

More generally, given an action of the form

/ dxt\/=g(Lg+ L) (3.6)

the field equations can be derived using different variational formalisms. In the metric
formalism the connection is the Levi-Civita connection and the metric is the only degree
of freedom; in the Palatini formalism the metric and the connection are treated as inde-
pendent variables and the gravitation Lagrangian £, depends on the both the metric and
on the connection, but £,, depends solely the metric; in the Metric-Affine formalism the
metric and the connection are independent and both £, and L,, depend on the metric

and on the connection.

In the Palatini formalism, the Einstein—Hilbert action still leads to General Relativity. Vary-
ing the action with respect to the connection yields that the connection is Levi-Civita up
to a projective transformation:

2

A A
Fyv = r;tv T3

.1
S0y =T, + géﬁgv (3.7)

The connection becomes Levi-Civita if and only if torsion is zero or equivalently if and
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only if non-metricity is zero. However, this extra term drops out when inserted into the
metric field equations. Therefore General Relativity arises naturally if the dynamics are

described by the Einstein-Hilbert action, even when using the Palatini Formalism.

3.2. Teleparallelism

In Teleparallel Gravity (TG), spacetime is flat and metric-compatible and gravity is medi-
ated by torsion. Teleparallelism was first introduced by Einstein himself, as an attempt to

unify gravity with electromagnetism [18].

Consider a metric-affine geometry (M, g, T') where the connection satisfies

RD{ uvp - O qu,“/ - 0 (3.8)

The dynamics are specified by the action:
_ 1 4
STEGR_E/MGZ x\/—gT%—SM (39)

we have shown in equation (2.27),that this Lagrangian differs from the Einstein—Hilbert
Lagrangian by a total divergence. Therefore, the metric field equations derived from (3.9)
are equivalent to those of General Relativity. This theory is known as Teleparallel Equiv-

alent of General Relativity (TEGR).

Using the Palatini formalism for TEGR, we can incorporate the geometric postulates of

the theory directly via Lagrange multipliers:

1
S = /M d*x (%\/—gT + A0 PR L+ X" 1 Qa ””) + Sy (3.10)

We note that for f(R), the geometric postulates of vanishing torsion and non-metricity are

already implicit in the metric formalism.

We define the torsion superpotential
[T T p o, RTINS e
which can be used to write the torsion scalar as:

T =-85,"T%, (3.12)
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The field equations for the metric and the connection are [19]*:
o ap ap 1 _
Z(Va + TQ)S(”V) + Tw’éﬁsﬂ - ZTIXﬁﬂS v E’]rgyl/ — kTyv (3.138)
(V(x+Ta)(«/—gS[P“V}) =0 (3.13b)
The metric field equations are just the Einstein Equations in disguise, and the connection

field equation does not impose constraints on the connection, but it is trivially satisfied: it

corresponds to the Bianchi identities.

3.3. Symmetric Telleparelism

In 1999, Nester and Yo [20] proposed an alternative theory, Symmetric Teleparallel Grav-
ity (STG), constructed by setting curvature and torsion to zero, with gravity mediated by

non-metricity.

The action for the Symmetric Teleparallel Equivalent of General Relativity (STEGR) in

the Palatini formalism reads:
1
S— /M (5 V=8Q + A "Ry + X" Ta ™) + S (3.14)

Define the non-metricity superpotencial:

Py = 10 T QS T QY T (Q Qg — 5 (Q +EQ)] (315)
so that
Q = Py Q™ (3.16)
The field equations are [19]:
VY P Q) 2P Qup — 508w = KT (3172)
V.V (/—gP") =0 (3.17b)

3.4. Connection in Teleparallelism

Contrary to General Relativity where the geometric postulates fix the connection to be

the Levi connection, which is entirely determined by the metric, in these new theories the

*In [19], the torsion scalar is defined identically to our convention. However, the torsion superpotential is
defined as T = 35, "'T% ,,. Thus, the first three terms of equation (3.13a) differ from theirs by a factor of
-2.

TIn this case, [19] defines the non-metricity superpotencial in the same way, but the the non-metricity
scalar is the symmetric of ours.
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geometric postulates do not completely fix the connection. In both TG and STG, the
curvature is zero. We impose the teleparallel constraint by making the Riemann tensor
vanish:

A
plu
which has the solution

I, = (A7)50,A7 (3.19)

where A} is a matrix belonging to GL(4,R). Any connection of this form is flat.

Imposing metric compatibility to this connection leads to:
1
g FA AL (A1) = S9ug" (3.20)
This relation can be used to eliminate the metric in terms of the matrix A.

Imposing instead that the flat connection (3.19) is symmetric, we get:

ox” 1
a[ﬂ f/é] =0 = Fﬁv = @ayavé’ (3.21)
For &* = Mbx¥ + & where M is a constant matrix, the connection vanishes. This choice
corresponds to the coincident gauge. There always exists a coordinate transformation
that brings the connection into this trivial form. This can be used to construct a formu-

lation of general relativity based on non-metricity, but without the affine structure, called

Coincident General Relativity [21, 22].

A similar gauge can be constructed for TEGR using a different formalism. Instead of
working with the metric and connection, one uses the tetrad and the spin connection. In a
flat and metric-compatible spacetime, there always exists a local Lorentz transformation

that makes the spin connection vanish. This is known as the Weitzenbock gauge.

While it might seem that such gauges simplify calculations, this is not generally the case.
The coordinate system in which the connection vanishes may not coincide with the one
best adapted to the symmetries of the spacetime. Although the coordinate transformation
to the coincident gauge eliminates the affine connection, the same information is trans-

ferred into the components of the metric, which becomes more complicated as a result.

In other words, a diffeomorphism that trivializes the connection will typically make the
metric more complex. All the information that was encoded in the symmetry-reduced

connection is now moved into the metric. Hence, nothing is truly gained by using the
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coincident gauge.

For this reason, we will not use the coincident gauge or the Weitzenbdck gauge in what

follows and won’t develop the tetrad formalism for TG.

Instead, we adopt a metric-affine approach, where the metric and the connection are
treated as independent. The connection is then constrained by the geometric postulates
of the theory, and both the metric and the connection are required to be compatible with
the symmetries of the spacetime under study. This will be further developed in chapters

5 and 6.
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4. Modified Geometric Trinity Gravity

The equivalence of GR, TEGR and STEGR raises profound questions about the fun-
damental geometric nature of spacetime. While General Relatity describes gravity as a
manifestation of spacetime curvature, TEGR and STEGR attribute gravitational effects to
torsion and non-metricity, respectively. Yet, it appears that these three geometric frame-
works are observationally indistinguishable. This ambiguity is known as the problem of

geometric underdetermination [23, 24].

A further consequence of this degeneracy is that these equivalent theories inherit the
same limitations. In particular, none of them can provide an explanation for the accel-
erated expansion of the Universe without resorting to a cosmological constant. If GR

requires such a constant to fit cosmological observations, then so do TEGR and STEGR.

This motivates the study of modified gravity theories using the geometric trinity of gravity
as a starting point. These modified theories could exhibit distinct phenomenologies and

potentially offer alternative explanations for dark energy.

The use of modified versions of these theories, having in mind their discrimination, was
explored in [25] by comparing their suitability in describing inflation. In parallel, the foun-
dational role of the Equivalence Principle across these different geometric frameworks

has been investigated in [26].

To understand how to modify gravity, it is essential to first recognize what makes GR
unique. This uniqueness is formally established by Lovelock’s theorem [27], which states
that in four dimensions, the most general theory that can be derived from an action con-
structed solely from the metric, containing at most second-order derivatives of the metric

is GR with a cosmological constant.

Consequently, any extension of GR must introduce new ingredients beyond this frame-
work such as extra dimensions, extra fields, higher order derivatives or non-Riemann
Geometry. The teleparallel theories introduced earlier already go beyond Riemannian
geometry but remain dynamically equivalent to GR. To obtain distinct dynamics, we can

combine these geometric approaches with higher-derivative modifications.
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4.1. f(R) gravity

A natural extension of GR, first considered by Buchdahl in 1970 [28], is to replace the
Ricci scalar R in the Einstein-Hilbert action with an arbitrary function f(R). This modifica-
tion introduces sufficient generality to capture key features of higher-order gravity while
maintaining mathematical simplicity. One of its main motivations is its potential to ex-
plain cosmic acceleration without invoking dark energy. Notably, Starobinsky used an R?
correction to GR to model inflation [29], producing what is still one of the most reliable in-
flation models. Additionally, f(R) theories have been employed to describe the late-time
acceleration of the universe [30], [31], while Nojiri and Odintsov [32] used it to construct

an unified description of early and late acceleration.

We define the theory by the action:
s—/ dx \/ 2F(R) + Su 4.1)
The f(R) field equations derived in the metric formalism are:

1
SrRuw — Qg;wf (R) + (w0 — Vu V) fr = 871G Ty (4.2)

where [1 =V, V* and fr = ;. The field equations are fourth order non-linear equations
for the metric, due to the second order differential operator ¢,,[1— V,V, acting on fr
which already contains second order derivatives of the metric. The theory propagates
three degrees of freedom: two degrees of freedom corresponding to a massless graviton

and one scalar degree of freedom.

4.2. f(T) gravity

An analogous modification in the teleparallel framework replaces the torsion scalar T in

TEGR with a general function f(T). We define the theory by the action:
1
5= [, 0 (Zk V8 (T) A R gy X 1 Qi ’”) om (43)
In the Palatini formalism, the f(T) metric and connection field equations are [22]:

o o o 1
2<Vuc + Ta)[fTS(VV)] +fT(Tva/SSy P_ 2Taﬁysy 'B) - Efgyv = kTyv (4-43)

(Vu+ T (frS, ) =0 (4.4b)

Unlike in f(R) gravity, the metric field equations of f(T) gravity are second order.
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The metric field equations can be re-written in a form resembling GR:

1
J1Gu — EguV(f — frT) +2frr(T)S 0T = kTyuy (4.5)

From this form, it becomes clear that the case f(T) = T is equivalent to General Relativity.
In this form, one can readily prove the following result: Given an arbitrary function f(T),
if T is a constant, then the metric field equations reduce to the field equations of General

Relativity.

Let us denote the constant value of the torsion scalar by Ty. Then, the field equation (4.5)
simplifies to:

1 f(To) — f'(To)To
2 f'(To)

Tyv

Cn (o)

(4.6)

guw =k

This corresponds to the Einstein Field Equations with rescaled energy-momentum tensor

and effective cosmological constant given by:

T = (4.7a)

1 f(To) — f'(To)To

Nerr = 4.7b
=72 ) )
4.3. f(Q) gravity
The corresponding extension of STEGR is defined by the action:
1 vV o 1 v
5= /./\/l d4x (2’( V _gf(Q) +/\¢x : pR uvp + X vazx ! > + SM (48)

The f(Q) metric and connection field equations derived in the Palatini formalism are [22]:

2 " v ap 1
ﬁle( V —8foP ;u/) + fo [P(y|uc,BQV)y —-2p (VQ(xﬁ\y)] - Efg}lv = kT;u/ (4.9a)

VuVy(/—8foP™y) =0 (4.9b)

The metric field equation can be recast in a form analogous to that of GR:

1
faGuw = 5(f = foQ) + 2foo Py 9:Q = KTy (4.10)

Again, this form makes it evident that the case f(Q) = Q is equivalent to General Rela-

tivity.
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Just as in the case of f(T), constant Q solutions in f(Q) gravity are indistinguishable from

General Relativity up to a redefinition of the matter coupling and cosmological constant.

4.4. Extended Geometric Trinity of Gravity

The teleparallel theories from the modified trinity can be extended to include f(T), f(Q)
and f(R) gravity as special cases. This is achieved by promoting the boundary terms in

the equivalence relations (2.27) and (2.28) to independent variables within the action.

441 Extended Teleparallelism
The equivalence between GR and TEGR was a result of the identity 2.27.

Defining the boundary term:
B =2V,T" (4.11)

we consider the action:
1
&54/%<%vcﬂmﬂm+Aﬁwme+ﬂmQﬂq%ﬁM (4.12)

The corresponding metric field equations, derived in [16], are:

1
Guofr = 58w (f = frT — f5B) +20u(fr + f5)S () + ViVufp = gubifs = kTpw (4.13)

If /(T,B) = f(T) we get back the field equation for f(T) gravity (4.5). If f(T,B) =
f(R

f(T —B)
equation for f(R) gravity (4.2).

), which implies the relation fr = fz = —fg, we get back the field

The connection field equation is:

(Va+ To)[S),"jv/—8(fr + f8)] =0 (4.14)

which reduces to the equation (4.4b) in the case f(T,B) = f(T) and becomes an identity
in the case f(T,B) = f(T — B) = f(R), consistent with the absence of a dynamical

connection in metric f(R).

4.4.2 Extended Symmetric Teleparallelism

Analogously for STG, we use the identity 2.28 to define a boundary term variable

C = Va(Q“— Q%) (4.15)
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and construct the action:

1
— 4 WP pa « v
S = /Md X <2k\/—gf(Q,C) + AR+ X T > + Sm (4.16)

The metric field equations, derived in [33], are:

1
Guvfa = 58w (f = fQ — fcC) +20u(fo + fe) Py + Vi Vife = guBfc = kT (4.17)

Again if f(Q,B) = f(Q) we get back the field equation for f(Q) gravity (4.10) and if
f(Q,C) = f(Q—C) = f(R) we get back the field equation for f(R) gravity (4.2).

The connection field equation is:

ViV [P /=8 (fo + fc)] = 0 (4.18)

which reduces to connection field equation of f(Q) in the appropriate limit.



FCUP | 22
Cosmological Solutions in Geometric Modified Gravity

5. Cosmology

The discovery of the Universe’s accelerating expansion [9] sparked decades of intense
theoretical and observational efforts aimed at uncovering the nature and origin of dark
energy. The most observationally successful model is ACDM, constructed upon GR
and using a cosmological constant A as the source of dark energy. As discussed in the
Introduction, this model faces several challenges which motivate the search for alternative

theories of gravity.

In this chapter, we construct gravitational theories capable of reproducing the effects of a

cosmological constant, particularly the accelerated expansion of the Universe.

We begin by reviewing the standard cosmological model ACDM, within the framework of
General Relativity. We then derive the corresponding Friedmann equations in the context
of teleparallel theories of gravity, emphasizing the particular care required when deter-
mining the affine connection in such frameworks. Finally, we introduce and apply the
reconstruction method, a technique used to construct gravitational Lagrangians that yield

a desired cosmological evolution.

5.1. Cosmology in General Relativity

The cosmological principle, which posits that the Universe is homogeneous and isotropic

on large scales, leads to the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric:

dr?

1—xr2

ds* = —dt* 4 a*(t) ( - r2d02> (5.1)

where x denotes the spatial curvature. The matter content of the Universe is modeled as

a perfect fluid with energy-momentum tensor

T, = diag(—p,p, p, p) (5.2)
where p is the energy density and p the pressure of the fluid.

Substituting the FLRW metric and energy-momentum tensor into the Einstein field equa-

tions with a cosmological constant, we obtain the Friedmann equations:

3x
= ko+ A (5.3a)

2H +3H? + afz — kpt+ A (5.3b)

3H? +
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These equations imply the continuity equation, expressing the conservation of energy:
p+3H(p+p)=0 (5.4)

Since we have two independent equations and three variables {4;p,p}, an additional
equation of state is needed. For instance, dust-like matter is characterized by p = 0 while
a component with p = —p would imply (by the continuity equation) a constant energy
density and therefore would contribute to the Friedmann Equations in the same way as

cosmological constant.

In ACDM, the recent universe is spatially flat and dominated by dust-like matter and dark

energy. The first Friedmann equation for such composition reads:
3H? =ko+ A (5.5)

where the matter density evolves as p = gg, following from the conservation equation for

pressureless matter.

This yields a differential equation for the scale factor a(t), which admits the exact solution:

1/3
a(t) = (8”AGPO> sinh?/? (@t) (5.6)

This solution describes a Universe transitioning from matter domination to accelerated
expansion driven by A and is in excellent agreement with current cosmological observa-

tions.

In the subsequent sections, we aim to reproduce this solution within the alternative geo-
metric frameworks of TG and STG. Our goal is to recover (5.5) but without introducing a

cosmological constant explicitly in the action.

5.2. Symmetry Reduction in Teleparallelism

In contrast to GR or metric f(R), where the geometric postulates of vanishing torsion and
metric compatibility completely determine the affine connection in terms of the metric, TG
and STG do not fully constrain the connection. While it is always possible to choose co-
ordinates in which the connection vanishes identically—namely, the Weitzenbock gauge
in TG and the coincident gauge in STG—these coordinate systems may not be naturally
adapted to the symmetries of the spacetime under consideration. For instance, in cos-
mological settings, the standard FLRW metric expressed in spherical coordinates cannot

be consistently combined with the coincident gauge. Implementing the coincident gauge
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for that metric requires transforming the FLRW metric to Cartesian coordinates. Further-
more, adopting such gauges can obscure alternative connection that are also compatible
with the geometric postulates. For these reasons, there has been a recent shift toward
abandoning the coincident gauge in favor of a fully covariant formulation of f(T) [34] and
f(Q) gravity [35], where the metric and connection are treated as a priori independent
variables. In this approach, the connection is subsequently constrained by the geometric

postulates and by the imposition of spacetime symmetries.

In a cosmological context, this amounts to requiring that both the metric and the connec-
tion be invariant under the symmetries of spatial homogeneity and isotropy. Mathemat-
ically, this symmetry requirement is enforced by demanding that the Lie derivatives of
the metric and the connection with respect to the Killing vectors generating rotations and

translations vanish:

ﬁérg}w =0 (578)

LT, =0 (5.7b)

The imposition of these symmetry constraints on the metric yields the FLRW metric:

dr?
2 _ 2, 2 272
ds® = gudt” + a“(t) (1 — At dQ ) (5.8)
The component g;; can always be set to g = —1 by an appropriate coordinate transfor-
mation. For the remainder of this work, we will adopt this convention and fix g = —1.

Furthermore, since observational data strongly supports a spatially flat universe, we will

assume the spatial curvature x = 0 from this point onwards.

For the affine connection, the symmetry constraints (5.7) are supplemented by the geo-
metric postulates of the theory. For both f(T) and f(Q) gravity, we impose vanishing
curvature:

R*,, =0 (5.9)

In addition, we impose vanishing torsion T* ,, = 0 for f(Q) and for f(T) vanishing non-

metricity Quy = 0.

Since the torsion tensor is antisymmetric in its lower indices, the condition T*,, = 0
imposes 24 independent constraints, reducing the number of independent connection
components from 64 to 40. In contrast, the non-metricity tensor is symmetric in its last

two indices, so Qu;,y = 0 imposes 40 independent constraints. Thus, we expect that the
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STG connection is more strongly constrained than in the torsional case.

This procedure has been carried out systematically in [36]. After imposing both the geo-
metric and symmetry conditions, the following results emerge: In f(T) gravity, there exists
a unique spatially flat connection compatible with the FLRW metric, denoted I'?, which is
presented in equation (5.10). If spatial curvature is permitted, four distinct classes of con-
nections arise, all of which converge to I'%in limit « — 0. In all cases, the connection is
completely determined by the metric, indicating that no additional degrees of freedom are

introduced by the connection in this theory.

Connection T

0 HO 0
I-'t _ 0(4><4) rr _ 0 0 0 0
uv uv 1
0 0 ¢ 0
0 0 0 —rsin®6
(5.10)
0 0 H 0 00 0 H
1 1
o _ 00 5 0 o _ 0 0 0 "
}H/ - 1 ]/ll/
0 + 0 0 0 0 0 cotf
0 0 0 —cosfsin® 0 % cotd 0

In £(Q) gravity, three spatially flat connections are compatible with the symmetry and ge-
ometric constraints. All three include a free function <(t), which appears as a potential
degree of freedom. Whether this function represents a propagating degree of freedom
depends on the behavior of the connection field equations. It has been shown [36] that
for connection I'!, the connection field equation becomes an identity, and -y(t) is left un-
determined and can be set to zero. However, for the connections T2 and I3, «y(t) remains

dynamical and may correspond to an additional propagating degree of freedom.
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5.2.1 Friedmann Equations for Teleparallelism

In f(T) gravity, the imposition of homogeneity and isotropy for a spatially flat universe
uniquely determines the affine connection to be that given in (5.10). For this connection,
the torsion scalar is found to be:

T = —6H? (5.14)

and the boundary term is given by

B = —6(H+3H?) (5.15)

The components tt and rr of the f(T) metric field equation (4.4a) give the modified Fried-

mann equations:

Jz(—TfTka (5.16a)
! + fr(T —2H) — 2HT fyr = kp (5.16b)

2

It is often convenient to rewrite the action as f(T) = T + F(T) where F encodes devia-

tions from GR. The first Friedmann equation then becomes:

F
3H2:kp+1:]ﬂr—E (5.17)
In comparison to the standard Friedmann equation in GR (5.3a), the function F(T) acts
as a source to the matter sector. This motivates the definition of an effective total energy
density:

_ F
kpeff = kp + FrT — E (518)

so that the Friedmann equation assumes its standard form:

3H? = kpff (5.19)

We may also define a dark energy density contribution as

F
PDE = PTT — E (520)

such that Peff = P + PDE-
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In the case of f(T, B) the modified Friedmann equations become:

]2( — frT— %fBB —3Hfp =kp (5.21a)
L Tt fsB— 2Eifr — 2Hfr + fi = kp (5.21b)

Assuming again the decomposition f (T, B) = T + F(T, B), we obtain the effective energy

density:

F 1 .
~ 4+ ~FgB+3HF; (5.22)

2 __ — _
3H" = kpeff = kp + TFr 5 5

In this framework, the dark energy contribution reads:

F o1 .
ppE = TFr — 5 + 5 FsB + 3HF; (5.23)

Similarly, for £(Q, C) gravity, with the choice of connection I'!, one finds:

Q= —6H? (5.24a)
C=—6BH>+H) (5.24b)

and the Friedmann equations become:

ch — foQ — %fcC —3Hfc =kp (5.25a)
Lt foQ+ 3 feC —2hifq 2 fo + fo = kp (5.25b)

We see that for connection T? in TG and I'! in STG, the structure of the Friedmann
equations in f(Q,C) coincides with f(T, B). This is a case of correspondence between
connection T and T''. Two affine connection are said to be correspondent if the non-
metricity scalar in f(Q) has the same value as the torsion scalar for f(T) and the equation

of motion take the same form regardless of f [37].

However, for the alternative connections I'> and I'® additional dynamical degrees of free-
dom provide a richer cosmology to STG. For the spatially flat FLRW metric, the f(T)

solutions are just a subset of f(Q).

5.3. Reconstruction

A natural approach to studying the cosmology of modified gravity theories is to postulate

a specific functional form for f, derive the corresponding Friedmann equations, and solve
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for the Hubble parameter given a particular matter content in the universe. Under this

method, cosmology on teleparallel theories has been studied in [36, 38—40].

An alternative approach is the reconstruction method. This procedure begins with a prede-
termined Hubble function H(t), representing a particular phase of cosmological evolution,
and works backward to deduce the form of the gravitational Lagrangian that admits such
a solution. That is, the field equations are inverted to determine which class of f-theories

give rise to the desired cosmological dynamics.

This method was pioneered by Nojiri and Odintsov [41], who showed that for any given
scale factor a(t) and matter composition of the universe there exists a corresponding f(R)
theory that admits a(t) as a solution. Reconstruction of ACDM in the context of f(R)
was investigated in [42]. The reconstruction method has since been extended to a variety
of modified theories, including scalar-tensor theories [43], Gauss-Bonnet gravity [44] and
more recently, to TG and STG: [45-51].

In this section, we first illustrate the reconstruction method for f(R) gravity and subse-
quently adapt it to the f(T) and f(Q) gravity. In the cases where the connection does
not introduce new degrees of freedom, we shall see that the reconstruction leads to re-
sults similar to those of General Relativity. This motivates the exploration of more general

theories that include dynamical connections or theories with boundary terms.

5.3.1 Reconstruction of ACDM in f(R) gravity

The general reconstruction procedure is as follows: given a desired a(t), one computes
the relevant scalar quantity (R, T or Q), as a function of the a(t), and inverts this relation
to express the scale factor as a function of the scalar. Substituting this into the modified
Friedmann equation transforms it into a differential equation for the function f. Solving
this equation yields the class of gravitational Lagrangians that reproduce the chosen cos-

mological behavior.

In many cases, the reconstructed equations are not analytically solvable or result in very
complex Lagrangians, restricting their usefulness beyond the background cosmological

scale.

We exemplify this method by reconstructing ACDM in f(R) gravity for a universe filled

only with pressureless matter, following [42].
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Using the f(R) field equations for the FLRW metric and perfect fluid energy momentum-

tensor we get the modified Friedmann Equations:

jzr — fr(H + 3H?) + Rfgg + (R)*frrr + 2HR frr = —kp (5.26b)
The ACDM equation is:
3H? = kopa > + A (5.27)

Differentiating with respect to time gives:

6HH = (—3)kpya *a = H = —gpMﬂ_s (5.28)

The Ricci scalar for the FLRW metric is:
R = 6(H +2H?) (5.29)

Substituting the previous relations for H and H we get:

R(a) = kopa > + 4A (5.30)
which implies, when inverted:
1
_ | kem 1°
a(R) = [R—4A] (5.31)
We also find:
H? = § —A (5.32a)
. R
H = 5 + 2A (5.32b)

The first Friedmann Equation in f(R) gravity is:

—3fr(H+ H?) + %f +3HRfrr = kp (5.33)

Using the above expressions to rewrite all quantities (H,H, and p) in terms of R, we obtain

the reconstruction equation:

—3(R —3A)(R — 4A) frr + <§ —3A> fr+ %f =R —4A (5.34)
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The general solution to this equation is:

-1
f=cF(ay,a_; T;x) + czx%F(,B+,ﬁ_; g;x) +R-2A (5.35)
where x = =3+ %, ay = #2\/% Bs = % and F is the Gauss Hypergeometric

Function, gives as series expansion as:

R (a)n(b)nin
F(a,b;c;x) = ngf) O i (5.36)
where (a), is the Pochhammer’s symbol defined by:
(a)o=1 (@)pso=a(a+1)..(a+n—-1) (5.37)

The physical condition R > 4A coming form the positivity of the scale factor implies x > 1
but convergence of the hypergeometric series restricts |x| < 1. These conditions are in-
compatible unless the integration constants vanish: ¢; = ¢, = 0. Thus, the only consistent
solution is:

f(R) =R —2A (5.38)

which is General Relativity with a cosmological constant. No non-trivial f(R) reproduces

the exact ACDM background for a universe filled with dust-like matter.

We note that, although only the first Friedmann equation was used explicitly during the
reconstruction procedure, the second Friedmann equation was implicitly used via the con-

servation equation.

5.3.2 Reconstruction in f(T) gravity

We want to reproduce the effect of the cosmological constant in f(T) gravity. Using the
ACDM differential equation (5.5) and the value of the scale factor T = —6H?, we can
write:

ko=3H>~-A=———A (5.39)

| =

and the first Friedmann equation becomes:

f T

L - 4

> T fr > A (5.40)
Introducing the function F previous defined as f(T) = T + F(T), the Friedmann equation
can be written as:

TFT—ng (5.41)
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This equation could have been immediately obtained from ppr = A, using the definition

of ppr in (5.20). The general solution is:
F(T) = -2A+av-T (5.42)

We see that the cosmological constant is still necessary and the additional term a+/—T
corresponds to the solution of the homogeneous part of the Friedmann equation and

therefore does not influence the background.

5.3.3 Reconstruction in (T, B) gravity

Applying the same strategy of equating ppr = A, the reconstruction equation for f(T, B)
is:

F o1 .
TFr— 5 + 5 FsB+3HF = A (5.43)

Reconstruction cannot be straightforwardly applied to a general F(T,B). The reason
is that the method, as introduced earlier, relies on expressing all relevant quantities as
functions of a single scalar argument of the Lagrangian. This is feasible when there is only
one scalar. However, in f(T, B), the torsion scalar and the boundary term are, in principle,
independent variables. To proceed, one must restrict the functional form of f(T, B) so
that the reconstruction equation can be treated consistently without compromising the

independence of T and B. We will use as an ansatz:
F(T,B) = g(T) + Bh(T) (5.44)
from which we obtain, when substituting in the reconstruction equation (5.43):

Tgr — %’ 32y = A (5.45)
For any function g there is always a function / solving (5.45) that reconstructs ACDM.
For instance, choosing the simplest case ¢(T) = 0, the solution is:

h(T) = —3% + (5.46)
The arbitrary constants c; is irrelevant as it will corresponds to a term ¢;B in the La-

grangian, which is just a boundary term. Without it the resulting Lagrangian reads:

AB
f(I,B) =T~ = (5.47)
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This model reproduces the effect of a cosmological constant through the coupling between

. AB
B and T in the term 3T

The result generalizes for g(T) = aT, yielding:

£(T) = aT — g (ér\ +5 Liog (—I)) (5.48)

The chosen ansatz proved to be highly flexible, allowing for an infinite number of solutions

while maintaining their relative simplicity compared to the more complex functions such as
hypergeometric functions that frequently emerge from reconstruction methods. Moreover,
if the function g is free of integration constants, the resulting Lagrangian will never contain

a cosmological constant term.

5.3.4 Reconstruction in f(Q) and f(Q, C) gravity

The above conclusions apply mutatis mutandis to STG, when using the connection I'':
in f(Q) gravity one again requires an explicit cosmological constant with the correction
v/—Q having no effect on the background; in f(Q, C) the role of the cosmological constant

can be mimicked by a term §.

From this perspective, TG and STG yield the same cosmological behavior. Consequently,
the geometric identity of spacetime (torsion vs. non-metricity) remains observationally
indistinguishable. This degeneracy arises due to the specific connections chosen. How-
ever, STG allows for a broader class of connections, including those that introduce addi-

tional degrees of freedom.

We present the Friedmann equations, connection field equations, and the non-metricity

scalar Q for the dynamical connections I'? and T3.

For connection I'?, the non-metricity scalar is:

Q = - (6hy +27 — 4H?) (5.49)

N W

The Friedmann Equations are:

Zf@(—6H'r — 29 +8H?) + %(37 fooQ+ f) = ko (5.50a)

%(18H’y + 67 — 8H — 24H?) — %(fQQQ(ALH —-3y)+f)=kp (5.50b)
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The only non-identical connection equation is:

—¥(fQ@Q6H +2f00eQ” +2f0oQ) =0 (5.51)

For connection I'?, the non-metricity scalar and the metric and connection field equations

are:
Q= %(76H +27 —4H?) (5.52a)
Zf@(6H7 +29—8H%) + %(3#@@@ —f)=—kp (5.52b)
ff(wm + 67 — 8H — 24H?) — %(fQQQ(zLH — )+ f) =kp (5.52c)
?%(fQQQwH) +2f000Q” + 200 Q) + 37feeQ =0 (5.52d)

These equations were first derived in [52]. Since then, analytical and numerical solutions
have been explored in [53, 54], the stability of the solutions was investigated in [55] and

observation constraints studied in [56] and [57].

We now prove a general result applicable to both dynamical connections, illustrating their

capacity to reconstruct cosmological evolution.

Given a function f(Q), if there is a constant Q such that:

f(Qo) =1 and Q- f(Qo) >0 (5.53)

then in a universe filled with pressureless matter, the Friedmann equation becomes:

3H? = kp + Acfs (5.54)

with Aeff = Qo*/;(Qo).

We demonstrate this for connection I'?. The proof proceeds identically for I'3.

First, if we choose Q = Qg then the connection field equation (5.51) is trivially satisfied,

regardless of f and 7.

From (5.49), we express 7 in terms of Qy and H:

2
3Q0+ 4H? = 6Hy + 27 (5.55)
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Substituting into the Friedmann equation (5.50a),we get:

2 F(Qu) (2o ) + L = ko (5.56)
This simplifies to:
g - f’(on)Q) +3H?*f'(Qo) = kp (5.57)
Using f'(Qo) = 1, the equation becomes:
3H? = ko + QO_;(%) (5.58)

Thus, the function f(Q) reproduces ACDM evolution with an effective cosmological
constant A.¢r = %(QO) This matches the effective cosmological constant derived pre-
viously in (4.7b) for constant scalar solutions. Hence, this reconstruction result can be
viewed as a direct consequence of that more general property. However, this reconstruc-
tion is only possible when the chosen connection admits a constant Q without constraining
the Hubble parameter. In particular, such reconstruction cannot be achieved using con-
nection T'!. In that case, constant Q implies constant H, which corresponds to de Sitter
space. Therefore, the full ACDM behavior cannot be recovered. This conclusion is made
explicit by the Friedmann equation for f(Q) gravity with constant Q under connection rt,

which reads:

f(Qo)
2

Since the left-hand side is constant, the energy density p must also be constant. However,

Qof'(Qo) = kp (5.59)

energy conservation in an expanding universe implies that p must decay over time unless

it is zero. Therefore, for connection I'!, constant Q is incompatible with ACD M.

On the other hand, for connection T2 and I3, the presence of an extra degree of freedom

allows one to maintain Q constant, without constraining H.

In summary, multiple modified theories can exactly reproduce the background dynam-
ics of ACDM expansion: distinguishing these theories from General Relativity requires
studying perturbations such as the growth of structure, gravitational wave propagation,
and anisotropies in the CMB. Theories which coincide at the background level may yield

observationally distinct signatures at the perturbative level.

Moreover, these theories must also pass local tests, a topic which we address in the next

chapter.
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6. Solar System Tests

GR has been remarkably successful in describing gravitational phenomena within the
Solar System. A cornerstone of this success is the Schwarzschild solution, which is
the unique spherically symmetric and static vacuum solution to the Einstein field equa-
tions. This uniqueness is formally established by the Birkhoff theorem [58], which states
that any spherically symmetric vacuum solution in GR must be the Schwarzschild solu-
tion, even if not static a priori. Therefore, any viable modification to GR must reproduce
the Schwarzschild solution (or a spacetime observationally indistinguishable from it) in

regimes where it has been tested with high precision.

The Schwarzschild metric is:

ds? = — (1 — ZCiM > dt* + 112GMdr2 +r2d0? (6.1)

r

and its linearized form given by:

ds? = — (1 — 2GrM> dat* + (1 + 2GrM) dr* 4 r*dQy? (6.2)

We can parametrize deviations from GR by introducing the Eddington parameter « into

the linearized metric, leading to the more general form:
ds? = — (1 — 2C;M> dat* + <1 + 72GrM> dr? 4 r*dQy? (6.3)

For the metric (6.3), the bending of light is given by a generalization of equation (1.5):

_ 1+94GM 1 + cosd
80 = ——— > (6.4)

Precise measurements of light deflection thus offer stringent constraints on  and, by
extension, on deviations from GR. General Relativity predicts 4+ = 1, a value strongly
supported by current experimental data. For instance, Very Long Baseline Interferometry
yields ¥ — 1 = (—1.6 & 1.5) x 10~* [59], while time-delay measurements from the Cassini

spacecraft report v — 1 = (2.1 £2.3) x 10~° [60].

Many modified gravity theories, particularly those proposed to explain the observed ac-
celeration of the Universe without invoking dark energy, struggle to recover the correct

Solar System phenomenology. A notable example is the model proposed by Carroll et al.
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[31], in which the gravitational action is given by:

I
f(R)=R~-"% (6.5)

This theory successfully predicted an accelerated cosmological expansion. However, it

was later shown by Erickcek et al. [61] that it fails to reproduce Solar System observations.

Originally, Carroll et al. argued that the vacuum field equations in their theory admit-
ted the SdS solution. Given that the effective cosmological constant would be many
orders of magnitude too small to affect gravitational dynamics at Solar System scales,
they concluded that the resulting spacetime would be observationally equivalent to the
Schwarzschild solution. However, Erickcek et al. demonstrated that this conclusion was

incorrect.

Although the SdS metric is indeed a spherically symmetric vacuum solution in this theory,
it is not the unique solution. To determine the physically relevant solution, one must match
the vacuum exterior to a solution for the interior of a matter distribution, such as a star.

Erickcek et al. showed that when this matching is performed, the theory predicts v = %

In this section, we perform a similar analysis for the class of modified gravity theories in-
troduced in the previous chapter, by determining the vacuum spherically symmetric and
static solutions. We begin by presenting the most general spherically symmetric and static
affine connection, consistent with the geometric constraints of the theory and discuss the
criteria that guide the selection of such connections. Finally, we solve the field equa-
tions and investigate whether the SdS solution arises as a result, discussing whether
the method developed by Erickcek et al. is relevant or whether the field equations fully

determine the exterior spacetime from the outset.

6.1. Symmetry Reduction of the Connection

Using the same approach described in Section 5.2, we now present the most general
static and spherically symmetric metric and connection compatible with the geometric

postulates of teleparallel gravity theories, as classified in [52].

The most general static and spherically symmetric metric, allowing for potential off-diagonal

terms, is given by:

ds* = gudt® + g dtdr + g, dr* + geed0* + gop sin® 0d¢? (6.6)
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The imposition on the connection to be static and spherically symmetric, under the ge-
ometric postulates of STG (flat and torsionless connection), leads to two inequivalent

solution families for the connection, as detailed in [52].

Solution 1

The first class of solutions admits the following non-vanishing components for the affine

connection:
c 1%, 0 0 0 0 00
i ', T, 0 0 v |0 w00
v 1 w o=
o o -1 o 0 0 00
0 0 o —sin® 0 0 00
(6.7)
0 0 ¢ 0 0 0 0 ¢
9 9
oo |0 0 Ty 0 W |0 0 o T,
w ¢ v
c Iy 0 0 0 0 0 cotd
0 0 0 —cosfsind c F¢r¢ cotd 0

The undetermined components T, T, and F‘fq, are constrained by the following relation:

t
arr¢r¢ =cr rr + r¢r¢(rr rr F(Ppcp) (68)
Solution 2
k—c—c(2c—k)It,, —<2€_k>rtr"ﬂ£:+crf w 0
(2c—k)T" o (14cI! o) ¢
It e T, re,, 0 0
0 0 It 00 0
0 0 0 I',esin?6
—c(2c =kt c2c—KItp+c 0 0
c(2c — KT, +¢ I’ 0 0
o Ly . 69)
0 0 I pg 0
0 0 0 I7,sin?6
0 0 c 0 0 0 0 c
—cI" g1 —I! gp—1
o 0 0 B 0 o 0 0 0 T
nv —cT! -1 wv
c ™0 0 0 0 0 0 cotf
—cTt . —
0 0 0 —cosfsinf c Cr, Z‘; L cotd 0
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These components satisfy the differential constraints:

t
FGG

o,T! 00 — —
" g9

(14T (3c—k+ (2 — k)] =Tt T 4 (6.10a)

The general metric (6.6) can be brought into the diagonal form
ds? = gudt* + gyedr* + r*dQ? (6.11)

via an appropriate coordinate transformation. While such a diffeomorphism generally
modifies the affine connection, it preserves the structure of the two solution classes: each
solution class is mapped onto itself under the transformation. This means that one can
consistently study f(Q) field equations using the diagonal metric (6.11) together with ei-

ther Solution 1 or Solution 2 for the connection.

In section 3.4, we have shown that there is always a coordinate system where the con-
nection vanishes. These coordinate system were worked out in [62] for both Solution 1
and 2. They also showed that the metric tensor written in that coordinate systems has a
much more complicated form, as it now encodes all the information previously contained

in the connection. They conclude that nothing is gained by using the coincident gauge.

These connections can be further constrained using the metric field equations. The off-

diagonal rt component of the metric field equation (4.10) as the form:

fod,QP" ,, =0 (6.12)

Since Q being constant leads to General Relativity, the only way to get new solutions is if

the equation is an identity, choosing a connection for which P" ,, = 0.

It has been proven in [52] that this is impossible for Solution 1 which therefore yields only
GR solutions. However, Solution 2 allows for this condition to be satisfied when additional

constraints are imposed. Two distinct branches of viable connections emerge:

Branch 1:
k k(8c? + 2ck — k?)
Ifyy=——— T = c# 0k # 2c (6.13)
07 2c(2c—k) " 8c2(2c —k)2(T7 )2
Branch 2:
rt
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A particular solution within Branch 2, which is fully determined by the metric and is con-
sistent with the connection field equations, is given by setting:

r

\/ &rr

These connections (6.15) were used to study static spherically symmetric solutions be-
yond GR in the theory f(Q) = Q + aQ" — 2A in [63]. Static, spherically symmetric
solutions in the coincident gauge were analyzed in [64] and [65], where it was found that

the exterior solutions reduce to those of GR.

In f(T) gravity, the most general flat, metric-compatible spherically symmetric and static

connection is:

0 0 0 0
d,
rt _ ?2: rit/r 0 0
1o o It 1 sin 6",
00 rigg sin 00
1"7
0 0 — r%ﬁ sinfT, sin® 6T,
0 0 0 0
or 14
o= %Fir Zgrr 0 0
W r r
0 0 Th oy
0 0 —Tp, sin®6Tg,
(6.16)
0 0 0 0
o 0 0 : I
wv T _8upt _&r1r 0
2~ 600 r2 =00
_8urt gorpr 0 —cos@sinf
r2 (/76 7’2 G‘P
0 0 0 0
1 190 1
v 0 0 “aelre v
I __ 8 pryt __ 8 v 0 cotf
sin” 0r2T%,~ 0¢ 60 sin? 012~ 0¢

—%Fge —%F(’,e cot@ 0



Cosmological Solutions in Geometric Modified Gravity

The components that were not specified are given by:
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2 2
r - by Y081~ 28+ Ty &~ i T — gy Thy)
rr 2 - 2 2
21’\/@\/1796 sin? Grr(P \/ — & rr e 91"7‘ )
(6.17a)
rge r _grr(rr 2+ .1 Fg 2)
rée =+ sin? 92 ¢ (6.17b)
T
gt \/r sin? Br
I7 a ]—'r 1"7 a l"r
Ff¢ — eer -t 0 i o
Lop™ + 9T

sm

The only free components of the connection are I 5y and I,

Again using the non-diagonal rt component of the metric field equation (4.5), it has proven

in [52] that the only way to have solution beyond GR is by setting

r
"o =+

Nz

So the only non-trivial connections T'* in f(T) are:

t
I"

nv

13%

0O 00O
0rg
> g:tt 0 00 o
0O 00O
0O 00O
0O 0 0 0
1
0O O " 0
c F&£ 0 0
0 0 0 —cosfsinf

I’ 94)20 (6.18)
0 O 0
ar rr
N
T
0 O o
0 O 0 :I:ésin@
(6.19)
0 0 0 0
s 0 0 0 1
"y =
0 0 0 cotd
0 $g$ cotd O

These connections are analogous to the connections (6.15) found in f(Q). In fact, the

resulting field equations are identical in both frameworks (again this is a case of corre-

spondence, as we found in cosmology).

Using this connection, approximate solutions

beyond General Relativity were derived, and their implications for classical solar system

tests (such as light bending, Shapiro time delay, perihelion precession, and gravitational

redshift) were thoroughly investigated in [66—69].

it
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6.2. Physical Viability of the Connection

When these connections were first determined in [52], one of the main motivations was
to find new black hole solutions that depart from GR. However, here we would like to
keep the standard SdS solution in order to keep our theories consistent with solar sys-
tem observation. Using the above analysis, it seems that there is an infinite number of
connections that could do so. However, we will argue that the choice of connection cannot

be just made in order to recover the SdS but it must obey certain physical criteria.

Bahamonde et al. [62] point out a problem with the connections from STG that also ex-
tends to standard TG. It is reasonable to expect that in the Minkowski limit all effects of
gravity should vanish. In particular, both the torsion scalar and torsion tensor are expected

to be zero in this limit.

Computing the torsion scalar for the connections I'* (6.19) we get:

T = (1% /g ﬂz (Ti:g” +1+ ,ﬁgﬂ> (6.20)
rr tt

In the case of the Minkowski metric:

Tt=> T =0 (6.21)

We see that for connection ', the value of T for the Minkowski metric does not vanish.
Only I'™ satisfies the natural expectation that the torsion will vanish in the Minkowski limit.

It is then plausible that only this second connection is physically meaningful.

Nevertheless, Bahamonde et al. also caution that the vanishing of torsion in the Minkowski
limit may not be strictly necessary. Since matter follows Levi-Civita geodesics, particles
are sensitive only to the metric, not to the affine structure. Therefore, as long as the metric

is flat, any non-trivial geometry in the background may not be detectable.

However, when considering the cosmological limit, the adequacy of these connections
must be re-examined. The de Sitter metric, when expressed in FLRW coordinates, is
manifestly homogeneous and isotropic. Nonetheless, a coordinate transformation reveals
that it is also spherically symmetric and static. In FLRW coordinates, the de Sitter metric
takes the form:

ds? = —dT? + exp(2HT)[dR* + R*d(Y? (6.22)
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while in static Schwarzschild-like coordinates it reads:

ds* = — (1 — H?r)de? + dr? 4 r*dQy? (6.23)

1— H?r?
These two forms are related via the coordinate transformation:

r=exp(HT)R (6.24a)

_ o L _172,2
t=T— —log(l - HP) (6.24b)

Since de Sitter metric possesses both symmetries (homogeneity/isotropy and spheri-
cal/static), it is natural to expect that the homogeneous and isotropic connection used
in cosmology should, under this coordinate transformation, match one of the spherically
symmetric and static connections. In particular, the torsion scalar should remain invariant
across these representations of the same space. From the cosmological analysis, we
found that T = —6H?, which correctly vanishes in the Minkowski limit. So the connection
't which did not have the correct Minkowski limit also does not have the correct de Sitter
limit. One concrete manifestation of this inconsistency is that the term /—T that comes
from cosmological reconstruction is not even defined for connection I't as the torsion
scalar background value is positive. While I'™ avoids this issue in the Minkowski limit, it

too becomes problematic in the de Sitter regime.

If we compute the torsion scalar for I, in the de Sitter metric as a series in H2, we find:

T= ;H%Z + O(H®*%) (6.25)

which is incompatible with T = —6H?.

We will formalize this concept in the following definition: a spherically symmetric and static
connection is said to be de Sitter compatible if, when the metric is the de Sitter metric,
the connection can be obtained from a homogeneous and isotropic connection via the
coordinate transformation 6.24. Because the de Sitter space, exhibits both symmetries,

it is reasonable to expect such a connection to exist.

The cosmological connection I'? for de Sitter spacetime, expressed in FLRW coordinates,

is given by:
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0 H 0 0
0O 0 O 0
I'vt o — 0(4><4) rr v =
0 0 —R 0
0 0 0 —Rsin’6
(6.26)
0 0 H 0 00 0 H
1 1
o _ 0 0 3 0 r 0 0 0 X
uv 1 w =
0 g O 0 0 0 0 cot6
0 0 0 —cosfBsinf 0 % cotf O

where H is constant. We now apply the coordinate transformation (6.24) to this connec-

tion. Connections transform non-homogeneously following the transformation rule:

I, = 9529, 2P 0,3 Thy + 9,x%0,,0,2" (6.27)

Applying this to the connection (6.26), we obtain the transformed connection in Schwarzschild
coordinates:

0 0 0 0
—H? -H
rt = T (1-H22)2 0 0
" 0 0o =HZ 0
1-HZ%r2
_Hr2 .
0 0 0  Hipsin’f
0 0 0 0
H2
oo H A 0 0
! 0 0 —r 0
0 0 0 —rsin®f
(6.28)
0 0 0 0
0 0 0 1 0
Po=l g1 0
—H e
0 0 0 —cosfsind
0 0 0 0
0 0 0 0 1
r wv — 1 1
T 1-H2 0 cotf
—H %17[1{2?2 cotd O
In particular, we have I'y, = —r and l"g(P = 0. These are the two degrees of freedom that

define the most general static and spherically symmetric connection in TG (6.16). If we
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substitute them in connection (6.16), we obtain a de Sitter compatible connection:

0 0 0 0
M o Orgrr 0 0
| 2 2y/=8ttr/8rr—1
Hv _
0 0 —r Vi — 0
2\ grr—1
0 0 0 —rsin W
0 0 0 0
_% V8t % 0 0
rr r— Srr
I w — v/ 8&rr—1
0 0 -—r 0
0 0 —rsin’@
rem (6.29)
0 0 0 0
0 0 0 0
T g - VvV =8t/ grr—1 8rr 0 0
7
0 0 0 —cosfsinf
0 0 0 0
’ 0 0 0 1
r w =
0 0 0 cotf
R A LLL i g1 & cotd 0

For the de Sitter metric, this connection (6.29) reproduces the transformed connection
(6.28).

The torsion scalar for this connection (6.29) reads:

2
T= _rzgrrgtt [7’(1 - grr)argtt + gtt(l — &rr — rargrr)] (6.30)
which evaluates to T = —6H? in de Sitter spacetime, confirming consistency.

As discussed earlier, the connections I'* are the only ones in f(T) that allow deviations
from GR. The requirement of a de Sitter compatible connection imposes that T must be

constant, inevitably leading to the SdS solution.

Another way to see that this de Sitter compatible connection does not lead to anything

different from GR is by solving the linearized field equations for a perturbed metric:

ds? = [—1+ H** + A(r)|dt? + [1 + H*? + B(r)|dt?*dr* + r*dQ? (6.31)
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For this connection, the torsion scalar to linear order in the perturbations is

T=—-6H>-"—-= (6.32)

Since this scalar has to be constant, B’ + B = 0 implying B ~ % Substituting this scalar
in the vacuum field equations (4.5), the tt will be an identity and the rr component, to first
order in the perturbations, becomes A’r + B = 0 which implies A(r) = B(r) and thus

¥=1.

However, this restriction does not necessarily apply to (T, B) gravity. While the consid-
erations made for de Sitter compatibility are theory-independent, the exclusivity of I'* in

enabling deviations from GR is a particular feature of f(T).

In F(T, B) gravity, the geometric and symmetry postulates are unchanged, leading to the
same class of admissible connections as in f(T). The field equations for f(T, B) gravity

are:

1
Guofr = 58w (f = frT = f8B) +20a(fr + f5)S(,0) + ViV fs — gulfs = KTy (4.13)

Evaluating the rt component of the field equations using the de Sitter compatible connec-

tion yields:
r—1
3 (fr +f3)%f —0 (6.33)

For this choice of connection, this is not an identity, and therefore imposes the constraint:

ar(fjr + fB) =0 (6.34)

But now, contrary to what happens in f(T) gravity, where this equation implied 9, T = 0
and this for its turn implied that we cannot have solutions beyond GR, this equation can
be satisfied without the scalars T and B necessarily being constant. Instead, it simply

requires a relation between them, allowing for more general solutions beyond SdS.

We now consider the specific model:

f(T,B) =T — HZ% (6.35)

where H is constant.
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For this theory, equation (6.34) becomes:
1+ H— — — =B. (6.36)

where f is a constant.

We now consider the most general static and spherically symmetric perturbation around

de Sitter spacetime:

ds® = [—1+ H?r* + A(r)]d#* + [1 + H*? + B(r)]dt?dr? + r*dQ? (6.31)

The unperturbed value of the torsion scalar is T = —6H?. We define a new function:

(6.37)

This function ¢(r) << 1 measures the departure of the torsion scalar from the unperturbed
value. We expect that ¢(r) — 0 as we depart from the source of the perturbation and that

it can be treated as a perturbation of the same order as A(r) and B(r).

Inverting the definition (6.37), we can write the perturbed torsion to linear order in c.

T = —6H* — 36H%c (6.38)

Inserting this relation in condition (6.36) and solving for B we get:

B=—6H*[1-6(8—1)+6c(1—12(f—1))] (6.39)

To recover the de Sitter value B = —18H? when we turn off the perturbation, we must

have B = 2. Then the perturbed scalars can all be written in terms of the function c(r):

T = —6H*(1 + 6¢) (6.40a)
B = —18H*(1 + 10c) (6.40b)
R = 12H?(1 + 12c) (6.40c)

The trace of the field equation (4.13) is:
—Rfr —2(f — frT — fpB) — 30fp = kT (6.41)

For our model f(T,B) = T — H?Z, the trace equation reads:
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2
—R <1 + szfz) + 2HZ% + esDHT = kT (6.42)

Inserting the perturbed scalars from (6.40) in equation (6.42) and linearizing in ¢(r), we
find:
Vic(r) = — (6.43)

where V? is the flat-space Laplacian operator.

We assume that the de Sitter space is perturbed by the presence of pressureless matter,

case in which T = —p. Using that k = 87tG, the equation becomes:

V2e(r) = _8”3GP (6.44)
Defining the enclosed mass m(r) = for47tr’2p(r’)dr', we integrate to find:

dc 2 _m(r

T =—3G r(z) (6.45)

Outside the matter distribution r > R, the enclosed mass is a constant m(r) = M.

Therefore for r > R, we obtain:

dr 3 12 37

(6.46)
This is a vacuum solution but depends on the interior matter distribution and matches
the interior solution at the boundary, reinforcing that matching conditions determine the
correct solution. If instead we had assumed p = 0, then the equation V¢ = 0 would
admit any solution of the form c(r) = <L, in particular the case c = 0, corresponding to the

SdS solution.

Inserting the perturbed metric (6.31) and scalar quantities (6.40) into the the tt and rr

components of the field equations (4.13), we obtain the linearized equations:

B+ B'r
ek Ve =kp (6.47a)
4c'r =B+ Ar (6.47b)
Using (6.44) in (6.47a) we get:
2
B+ By — ker (6.48)

3
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This leads to:
0,8y = Y7 gy = 8(3:’?4 (6.49)
Using this result together with (6.46) in (6.53b) we get:
SOM M A = A=Y (6.50)
The solution is:
ds? = <—1 + H%? + 163GrM> ar + (1 + H*? + 8;M> dr? (6.51)

We observe that this solution does not reproduce the Newtonian limit A(r) = 2ch1 al-

though this discrepancy can be circumvented by redefining the gravitational constant k.

However, the main issue lies in the fact that it predicts = %

If we had naively set p = 0, the trace equation would lead to:

V=0 = c(r) :‘371 (6.52)
c¢1 is an arbitrary constant that can be determined with the boundary conditions, but by

making p = 0 we lost that information. Now the field equations read:

B+Br=0 (6.53a)
—4%1 —B+A'r (6.53b)

The first equation implies that B(r) = 2 and plugging this in the second we get A = 222,

The Eddington parameter for this solution is

1

= — .54

T (6.:54)
2

In particular, for p = 0, the field equations admit ¢; = 0 as a solution, which corresponds

toy=1.

Birkhoff’s theorem is lost in this theory and there may be several spherically symmet-
ric vacuum solutions. However, the Solar System spacetime is determined uniquely by
matching the exterior vacuum solution to the interior solution. When this is done correctly,

the theory predicts:
T=5 (6.55)
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in conflict with Solar System tests, which require 7 to be extremely close to unity as pre-
dicted by GR.

We can generalize the previous results to the theory defined by the Lagrangian:

F(T) = T — g (ér\ +5 Llog (—I)) (5.48)

which also reconstructs the ACDM background.

Applying the method developed above to this Lagrangian yields the perturbed static spher-
ically symmetric solution:
ds? = (—1 + H%*? + W) dr® + <1 + H%? + 8GM> (6.56)
3ar 3ar

This solution again leads to an Eddington parameter v = % independently of «, in violation

of Solar System tests.

This method assumes that the scalars are constant to first order and that the function c(r)
appears in second order. If we calculate the torsion scalar T, the boundary scalar B and

the Ricci scalar R for the metric 6.31, to first order in the perturbations:

/
B—_1sp2— 2B 4B _ 2, (6.57b)
T 72 r
/
R =12H%+ 25 + 25 + A" + 2 (6.57c)
r 72 T

This is consistent with the expressions (6.40) because if A(r) ~ 1 ~ B(r) then the effect

of the perturbations exactly cancel in first order.

Why is the matching onto the interior solution not relevant in the f(T) case? This can
be understood by examining the role of the function c(r). In f(T,B) gravity, this func-
tion enters the field equations through the D’Alembertian term Cfp. In contrast, in f(T)
gravity the D’Alembertian term is absent. As a result, the function ¢(r) does not enter the
field equations and can be consistently set to zero. Besides, in f(T) gravity, de Sitter
compatibility of the connection implied a constant torsion scalar and therefore there is no

choice but to make ¢ = 0.

To emphasize the importance of using a de Sitter compatible connection, we will now solve

the linearized equations in f(T, B) for the I'" connection which is not de Sitter compatible.
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For this connection, the perturbed scalars are:

8 B rA
T= " (1 — 5 T) (6.58a)
2 A//
B = 72(4 — 7# — B'r—3B —3rA") (6.58b)
and the field equations are:
f T 1 1 argrr fBB 2 asz arfB 2 avgrr .
> —fr < Pen T Vgrrgn> = e or(fr+ f) (14 VEm) + o gw <r - 28%) =ko (6.59a)

f T 103 1 fBB O fp [Orgu 2
L4 — 4z + + + =) =k 6.59b
2 fr 2 r 8t &rr grr”z i’2 2 &rr 281 r P )

When we substitute the ansatz metric (6.31) and the linearized scalars in the field equa-

tions, and assuming dust-like matter:

B+ A'r+2H*?> =0 (6.60a)

B'r+B+ ZHZrZ = kp (6.60b)

_ 2GM __ 7H2 and A(r) = 2GM

: M _ 22 H?r? and the metric is:

The exterior solution is B(r)
ds*> = [— I+ ——+3 H2 2dt* +[1 +2G—M+ 5H2 2]+ r2d0? (6.61)

While this metric recovers the correct behavior in the »r — 0 limit, corresponding to the
Schwarzschild solution, it fails to asymptotically approach the de Sitter metric as r — oo.

This discrepancy reflects the fact that the connection I'" is not de Sitter compatible.

For f(Q) gravity, the cosmological connection in flat FLRW spacetime was found to be:

00 O 0
rt _ 0(4><4) rr _ 00 0 0
uv w o
0 0 —R 0
0 0 0 —Rsin“0
(5.11)
0 0 O 0 00 0 0
1 1
0 _ 0 0 3 0 o _ 00 0 R
W 1 v —
0 g O 0 00 0 cotf
0 0 0 —cosfsin® 0 % cotf O

Applying the coordinate transformation that relates the FLRW and static spherically sym-

metric representations of de Sitter spacetime, we obtain:
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H3 2 7H2
e e 0 0
—H?r —HA4-2H53/? 0 0
rt  — | G=E22 O-EE)
wv 7H7‘2
0 0 T 152 0
0 0 0 A2 sin¢
2 ~H
H*r T 0 0
~H H?r(2—H?r?) 0
| K 1—-H?r? (1—H2%r2)2
wo
0 0 —r 0
0 0 0 —rsin®6
(6.62)
0 0 —H 0
1_1
e |0 0 Fime 0
we 11
—H o 0 0
0 0 0 —cos fsin 6
0 0 0 -H
1_1
o |0 0 S
wo=
0 0 0 cot
—H 14> cotf 0
This rules out the connection from solution 1 (6.7), as in that case I ,, is constant.
If we plugc =k =—-H,IT"), = —rand I'' ) = 1:711%2 in Solution 2, the connection is

equal to 6.62, confirming that Solution 2 is de Sitter compatible.

Even though Solution 1 is not de Sitter compatible, it cannot generate any solutions that
deviate from General Relativity for any choice of the theory. Choosing this connection
results in the SdS metric independently of the form of f(Q), and thus leaves the free
parameters of the theory completely unconstrained. In contrast, Solution 2 allows for
deviations from GR, but only under specific conditions. For instance, Option 1 is again
ruled out, as it would require I'* ,, to be constant. Option 2 implies a relation I'* |, =
_(rrrtﬁ which is not satisfied by the de Sitter compatible connection. Therefore, no
deviation from the SdS solution arises here either.

We conclude that for f(Q), de Sitter compatibility of the connection leads to the SdS
solution, independently of the theory. In particular, for f(Q) = Q + ay/—Q — 2A, this
solution does not depend on the parameter «. The parameter is not constrained either by

cosmology or Solar System tests.
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In the case of f(Q, C) gravity, the method previously applied to (T, B) gravity is still ap-
plicable. The derivation only references the connection in the non-diagonal components
of the field equations. These either vanish identically for some connection choices (which
were never de Sitter compatible) or enforce a constraint 9,(fo + fc) = 0. The connec-
tion does not influence the remaining derivation in any other way. It will just depend on

the Lagrangian and the metric ansatz. Therefore, the results we found in f(T, B) gravity

apply to f(Q,C) as well.

Despite f(Q) having more connections available, it behaves very similarly to f(T). When
choosing a connection that is de Sitter compatible, every f(Q) and f(T) theory leads to
SdS metric. In particular, f(Q) = Q + ay/—Q — 2A is indistinguishable from General
Relativity with a Cosmological Constant for any value of « and analogously for f(T).
Consequently, Occam’s razor would suggest that these extensions are redundant unless

additional evidence is found in cosmological perturbations.

Theories that use boundary terms to reconstruct a cosmological constant predict an Ed-

dington parameter v = % when a de Sitter compatible connection is used.
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7. Conclusion

In this work, we have investigated whether modified gravity theories within the Geometric
Trinity of Gravity can reproduce a ACD M-like cosmological expansion while remaining
compatible with Solar System tests, where GR is highly successful. In particular, we
examined the implications of such theories for light bending through the computation of

the Eddington parameter <, which is tightly constrained by observations.

We focused on modified theories constructed from non-Riemannian geometries, which
generalize the geometric foundations of GR by including torsion and non-metricity. Specif-
ically, we considered extensions of the three dynamically equivalent formulations — Gen-
eral Relativity , TEGR and STEGR — by promoting their Lagrangians to functions of the
respective scalars: f(R), f(T), f(Q) and the two extensions f(T, B) and f(Q, C).

In these non-Riemannian formulations, the connection is not determined by the metric and
must be fixed independently, by imposing symmetry requirements. This freedom enables

a richer landscape of connections and potentially introduces new degrees of freedom.

For cosmological studies, we considered homogeneous, isotropic, and spatially flat space-
times and explored their compatible connections, determined in [36]. In TG, there is a
unique such connection (I'?), whereas in the STG there are three connections (T'!, I'?, T?),

with the latter two supporting dynamical degrees of freedom.

To study the background cosmology, we applied the reconstruction method, which con-
structs the gravitational Lagrangian based on a given cosmological behavior stemming

from a specific choices of H(t).

We have shown that:

e For f(R); f(T); f(Q) the reconstruction of the ACDM model requires an explicit
cosmological constant. However, f(T) and f(Q) allow for additional terms (/—T
and /—Q), which do not affect the background evolution, as already proven in [42,
46]

e For the extension f(T, B) we introduced the ansatz f(T,B) = f1(T) + Bf,(T) and
and showed that infinitely many pairs (f1, f) can reconstruct ACDM. For instance,

the model f(T,B) = T — a£ yields and effective cosmological constant Ao = 3a.
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e For connection Ty, f(Q,C) gives the same results as f(T, B). In fact, f(T,B) is a
subset of f(Q,C).

e For the dynamical connections I'> and I'?, we showed that ACDM reconstruction
is possible even for constant Q thanks to the presence of extra degrees of freedom.
In contrast, for I'!, constant Q implies constant H, and thus only de Sitter expansion

is allowed.

We then analyzed the Solar System behavior of these reconstructed theories, aiming to
compute spherically symmetric and static solutions and evaluate the Eddington parameter
v. Following the methodology of [61], we emphasized the importance of matching the
exterior vacuum solution to the interior solution of the Sun, and of perturbing around a de

Sitter background.

However, we identified a key issue: many connections presented in the literature are not
consistent with a de Sitter background. To address this, we introduced the concept of a de
Sitter compatible connection, defined as a static, spherically symmetric connection that
can be obtained from a homogeneous and isotropic connection through the appropriate
coordinate transformation of de Sitter spacetime. We demonstrated that such connections
exist in both TG and STG.

With this notion in place, we proved that:

e in f(T) (or f(Q)), a de Sitter compatible connection implies constant T (or Q). The
field equations then reduce to those of GR with a cosmological constant. The
resulting solution is the SdS metric, and the theory predicts v = 1, independently

of the function f.

e in f(T, B) (or f(Q,C)), even with de Sitter compatible connections T (or Q) need not
be constant. Applying the matching procedure to the reconstructed theory (T, B) =
T - zx% (and its STG analog), we found that it yield = % which is inconsistent

with observations.

These results are summarized in Table 7.1.

Regarding the distinction among the three types of geometry and the identification of the

most promising geometric mediator of gravity, our results reaffirm the ambiguity between
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Theory Reconstruction Has Cosmological Constant? |
f(R) R —2A Yes 1
£(T) T—ayv/-T —-2A Yes 1
f(Q) Q—ay/—Q-2A Yes 1
AB T

S IR " i
’ 3C 2

Figure 7.1: Summary of reconstruction and observational viability of different modified
gravity models considered in this work.

them. In particular, when restricted to single-variable theories all three require the intro-
duction of an explicit cosmological constant to reproduce ACDM evolution and when

extended to include boundary terms they present the same solutions.

The fundamental difference between these theories seems to be the flexibility displayed
by the connection. From this perspective, STG seems to be the most promising of the
three as it admits a wider variety of connections, that could enrich its phenomenology, as
we have seen in cosmology. However, most of those connections may be ruled out by

physical criteria, as showed for the spherically symmetric connections.

7.1. Future Prospects

In the study of background cosmology within modified gravity theories, three prominent
methodologies have emerged in the literature: reconstruction, the Noether symmetry ap-
proach, and dynamical systems analysis. In this work, our focus has been on the re-
construction method. This approach can be further developed by exploring alternative
ansatz for the boundary-term theories or by considering more general extensions of the

geometric trinity, including non-minimal couplings to matter, of the form:

5= /d‘*xw /=5 (fi(R) + f(R) Lp1) (7.1)
and analogously for theories based on torsion or non-metricity [70-72].

In our analysis, we proposed an ansatz that allowed for an infinite family of Lagrangians
capable of reproducing ACDM dynamics at the background level. We then examined
one representative model in detail and found it to be incompatible with Solar System
constraints due to deviations in the Eddington parameter. A natural extension of this
work would be to systematically analyze the remaining models within the same ansatz to

identify whether any satisfy both cosmological and local constraints.
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Regarding the other approaches, although the Noether symmetry method and dynamical
systems techniques have already been applied to f(T,B) [73-78], their application to

f(Q, C), the more recent of the two, remains relatively unexplored.

Finally, the homogeneous square-root terms that arise in f(T) and f(Q) reconstructions
remain unconstrained by Solar System tests, as they do not affect the background nor
the weak-field limit. Cosmological perturbation theory thus offers the most promising av-
enue for detecting or constraining such terms, and future work should aim to explore their

imprints on large-scale structure and gravitational wave propagation.

Ultimately, the quest to understand the true geometry of gravity continues and with it, the

promise of new physics at the intersection of geometry, cosmology, and observation.
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