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Abstract

This dissertation explores the phenomenon of linear response in the context of dynamical
systems, with a particular focus on tent maps. We begin by considering the transfer operator
and some of its spectral properties, with the main goal of investigating how physical measures
change under small deterministic perturbations of the system. We examine a family of tent
maps with varying slopes and show that these systems lack linear response when the critical
point is perturbed. However, by modifying the map to include a cusp singularity, we recover
linear response.

Keywords: physical measure, transfer operator, tent map, spectral gap, quasi-compactness,

linear response.






Resumo

Esta dissertacao explora o fenémeno de resposta linear no contexto de sistemas dinamicos,
com particular énfase nas aplicagoes do tipo tenda. Comecamos por considerar o operador
de transferéncia e algumas das suas propriedades espetrais, tendo como principal objetivo in-
vestigar como medidas fisicas variam sob pequenas perturbacoes deterministicas do sistema.
Examinamos uma familia de aplicagoes do tipo tenda com diferentes declives e mostramos
que estes sistemas nao apresentam resposta linear quando o ponto critico é perturbado. No
entanto, ao modificar a aplicagdo de modo a incluir uma singularidade do tipo cuspide, re-
cuperamos a resposta linear.

Palavras-chave: medida fisica, operador de transferéncia, tenda, spectral gap, quasi-com-

pacidade, resposta linear.
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Chapter 1

Introduction

In the study of dynamical systems, we seek to understand the behavior of orbits over time.
In an ideal world, for a given dynamical system f : M — M, where M is a certain adequate
space, one would be able to describe to the set {f™(z) : n € N} for every x € M. However,
such a goal is almost always impossible to achieve, hence one often seeks to describe the
orbits of large sets of initial conditions, in a certain sense. For instance, one may study
topologically large sets of initial conditions, e.g. dense sets; if we are dealing with a measure
space, then another choice is to study sets which are large in the sense of measure.

Let (M, B, 1) be a probability measure space and p be invariant by the dynamics, that
is u(f1(A)) = u(A), for any measurable set A. Many classical results shed light on how the
dynamical system evolves over time. One of the many examples of such results is Birkhoff’s
ergodic theorem, which tells us that, for any integrable observable ¢ : M — R, the limit

lim L 3" ()

n—o00 N 4

exists at p-almost every point x € M. If the measure p is also ergodic, i.e. there is no
measurable set such that f~'(A) = A and 0 < u(A) < 1, then it also tells us that the
limit above equals [ ¢ du. Oftentimes, this is quite satisfactory: we conclude that, given
an integrable observable ¢, the time averages converge to the spatial average, for p-almost
every point. However, it is sometimes the case that sets A with u(A) = 1 are quite small,
maybe even a single point, and so this result is actually not giving us that much information.

Therefore, it is interesting to consider a certain class of measures, called physical measures,

13



14 CHAPTER 1. INTRODUCTION

which avoid this problem.
To better formalize these notions, consider a probability measure space (M, B, 1), where
M is a compact differentiable Riemannian manifold with Lebesgue measure (volume),

f:M — M and p is f-invariant. We say that an invariant measure p is physical if the set

= ‘
{x €M: lim — ;w(fj(fc)) = /deu}
has positive Lebesgue measure. An easy way to conclude a certain probability measure is
physical is to check that it is invariant, ergodic, and absolutely continuous with respect to
Lebesgue measure. In this case, since M is compact, Birkhoft’s ergodic theorem tells us that
such a measure must be physical.

In this work, we study this type of measures, in particular how they vary (in an appro-
priate topology) under suitable perturbations of the map f. More precisely, let fo = f and
(f-)e>o be a family of maps such that f. — fo (in an appropriate topology) and each f.
admits a unique physical measure p.. A natural question one could ask is what properties
the function € — . possesses.

We are specifically interested in the differentiability, in a certain sense, of this function.
If the measures p. are absolutely continuous with respect to Lebesgue measure, then we can

consider their densities h. and how they vary in L.

Definition 1.0.1. If the function € — h, is differentiable in L' at ¢ = 0, then we say that

the family (f.)->o has strong linear response.

This notion of strong linear response is, however, too ambitious for some dynamical

systems, so one may look for linear response in a weaker sense.

6»—>/<pd,u€

is differentiable at ¢ = 0, for ¢ in a suitable class of functions, then we say that (f.).>o has

Definition 1.0.2. If the function

weak linear response.

In this work, our main goal is to present two results. The first one, in Chapter 4,
establishes the lack of linear response for perturbations of tent maps f; : [0,1] — [0, 1] with

slope £¢, 1 < ¢t < 2, that change the image of the critical point 1/2.
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The second result, treated in Chapter 5, follows the approach of [2] and shows that there
is a way of recovering linear response, even in the strong sense, by introducing a cusp-like
singularity at the turning point.

In Chapter 3, we introduce the transfer operator and some of its properties, as well as a
few results regarding the spectral properties of this operator, which will be especially useful

in Chapter 5.

Tent maps with slope t =2 and t = 1.8

Map with a cusp singularity
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Chapter 2

Functional spaces

2.1 Functions of bounded variation

We refer to the beginning of Chapter 3 of [I5] and Section 4 of [I3] for the results presented
throughout this section.

Let I = [a,b] be a bounded interval and let P be a partition of [, a = zo < --- < z,, = b.

Definition 2.1.1. Let f : I — R. We define the variation of f on I as
Vif = Sl;pz |f(@i) = flzima)l,
i=1

where the supremum is taken over all finite partitions of I. We may sometimes use V f

instead of V; f.
Definition 2.1.2. We say that a function f : I — R is of bounded variation if V;f < +o0.
We list some elementary properties of functions of bounded variation.

Proposition 2.1.3. Let f,g,h : I — R be functions of bounded variation, with h of class C'.
Then:

1L Vi(f +9) <Vi(f) + Vilg);
2. Vi(f-g) < Vifsuplg| +sup|f|Vi(g);
8. Vi(f-h) < Vifsup|h| +sup P[] f]|:;

17



18 CHAPTER 2. FUNCTIONAL SPACES

4. VilfI < Vif;
5. Vi(foH) =V (f), if H: 1 — H(I) is a homeomorphism.

Theorem 2.1.4. A function f : I — R is of bounded variation if and only if f can be

expressed as the difference of two increasing functions.

Remark 2.1.5. Tt follows that the set of points of discontinuity of a function of bounded
variation is countable, since monotonic functions can only have a countable number of dis-

continuities.
Definition 2.1.6. The space

BV(I)={f € L'(I): Vi f < +oo}
is the space of functions of bounded variation.

We can make it into a Banach space by defining

I fllsv = [Iflli + Vifa

Theorem 2.1.7 (Helly). Let f, : I — R,n > 1, be a sequence of functions. Suppose that

there exists a constant K > 0 such that, for all n > 1,
1. |fo(x)| < K, forallz €1,
2. Vifn < K.

Then there exists a subsequence (fy,)r and a function f: I — R satisfying |f(z)| < K, for
allz € I, and Vi f < K such that f,, converges to f a.e. and in L'(I).

Theorem 2.1.8. BV (I) is compactly embedded in L'(T).

2.2 Sobolev spaces

We present the strictly necessary results for what will be done in the following chapters.
Their proofs can be found in Section 8.2 of [6] and Section 6.1 of [d].

Let I = (a,b) be an open interval (possibly unbounded) and let p € R with 1 < p < co.
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Definition 2.2.1. The Sobolev space W'P(I) is defined as

IVWU)Z{feﬂﬂ)HQGLWD:[fdmnz—ZﬁwmmvwecﬂD},

where C}(I) = {¢ : I — R | p is once continuously differentiable and has compact support}

and m is the Lebesgue measure on /.

Remark 2.2.2. For f € W'P(I), we denote g by f’. Moreover, if f € C*(I) N LP(I), where

CYI) ={p: T — R | ¢ exists and is continuous}, and its usual derivative f’ is such that

f' € LP(I), then the usual derivative of f and its derivative in the W' sense coincide.

We shall equip this space with the norm

1 lwre = 1F1lp + 117 1lp-

Proposition 2.2.3. The Sobolev space WP(I) is a Banach space, for 1 < p < oc.

Theorem 2.2.4. If I is bounded, then the injection WV (I) — LP(I) is compact, for all

1 <p<oo.

Remark 2.2.5. An essential consequence of Theorem 2224 is that any uniformly bounded

sequence in W11(T) has a subsequence that converges in LP(I),1 < p < oo.

Proposition 2.2.6 (differentiation of a product). Let f,g € W'P(I), 1 < p < oo. Then
fg € Whe(I),

(f9) = flg+ fd

and

[ o= s - 1) - [ 19 veyer

Proposition 2.2.7 (differentiation of a composition). Suppose I is a bounded interval. Let

g€ CYR) and f e WHP(I), 1 <p<oo. Thengo f e W'P(I) and (g0 f) = (g' o f) [

Remark 2.2.8. Since we will work with bounded intervals, we present this version of the
result. However:

(i) if I is unbounded and p = oo, this result is still valid;

(ii) if I is unbounded and p # oo, then this result is not necessarily true; if we additionally

suppose that g(0) = 0, then the conclusion still holds.
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Up until this point, we are only considering the first derivatives of functions, but it will

be useful to consider higher order derivatives.

Definition 2.2.9 (the Sobolev spaces W), Given an integer m > 2 and a real number

1 < p < o0, we define
Wme(I) = {f cWmP(I): f' € Wmfl’p([)}

Notice that f € W™P(I) if and only if there exist m functions ¢i, ..., g, € LP(I) such
that

/f(p(j):(—1)j/gj(,0,VSDGC?O(])an:LZ'”?mv
1 I

where ¢) denotes the jth derivative of ¢ and C°(I) denotes the space of infinitely differ-
entiable functions from I to R with compact support. We can then consider higher order
derivatives of f: f' = g1, f” = ga, ..., up to order m. We also denote them by f\).

We equip this space with the norm

£ lwme =D ILFDl,
j=0

One can extend the results shown for W!? to analogous results for W™P. Since we will only

work with Wh1 and W21, we will only mention the following specific result:

Proposition 2.2.10. If I is bounded, then the injection W*'(I) — WY(I) is compact.



Chapter 3

The transfer operator

Throughout this section we will work on an interval I = [a,b] with its Borel o-algebra B.
Let m be the normalized Lebesgue measure on [ and 7" : I — I be a non-singular map with

respect to m, that is, given a measurable set A, if m(A) = 0 then m(T~*(A)) = 0.

3.1 Definition and basic properties

Definition 3.1.1. The transfer operator Ly : L'(I) — L'(I) is defined as follows: for each
f € LYI), let Ly f be the unique (a.e.) function in L'(I) that satisfies

/Ldem:/ fdm, VAeB.
A T-1(A)
Remark 3.1.2. Notice that this operator is well defined by the Radon-Nikodym Theorem

(since the measure p(A) = fT*l( A f dm is absolutely continuous with respect to m).

We will now list many useful properties of the transfer operator.
Proposition 3.1.3 (Linearity). Ly is a linear operator.

Proof. Let A C I be measurable and let a,b € R. Then, for f,g € L'(I), we have

/LT(af—l—bg)dm:/ (af—l—bg)dm:a/ fdm+b/ gdm
A T-1(A) T-1(A) T-1(A)

:a/Ldem+b/Lngm
A A
A

21



22 CHAPTER 3. THE TRANSFER OPERATOR
Since this holds for any measurable A C I, then Ly(af + bg) = aLpf + bLrg a.e. [
Proposition 3.1.4 (Positivity). If f € L'(I), with f >0, then Ly f > 0.

Proof. Let A C I be measurable. Then

/Ldemz/ fdm > 0.
A T-1(A)
Therefore, Ly f > 0. O]

Proposition 3.1.5 (Preservation of integrals). The transfer operator satisfies

/ILdem:/[fdm
/ILdem:/T_l(I)fdm:/Ifdm.

Proof. We have

]

Proposition 3.1.6 (Contraction). The transfer operator satisfies | Ly f|lx < || f|l1, for any
feLy(I).

Proof. Let f € L*(I) and write f = fT — f~, where f+ = max(f,0) and f~ = —min(f,0).

By linearity, we have
Lrf=Le(f* = f7)=Lrf* = Lrf~.
Since |f| = fT + f~, we have
Lo f| < |Lrf*| + |Lrf~| = Lof " + Lrf~ = Lrlf],
where the positivity of the transfer operator was used in the first equality. We conclude that
Z2fls = [ 1Eafldm < [ Lalsidm = [ \fldm = 1],
where we used the preservation of integrals in the second equality. O]

Proposition 3.1.7 (Composition). If Ty : I — I and Ty : [ — I are two nonsingular maps,
then Lp,or, = Ly, o Ly,. Therefore, Lyn f = LI f.
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Proof. Let f € L'(I) and consider the measure i defined by
w(A) = / fdm, for each A C I measurable.
(T10T2)~1(A)

Since 71 and 75 are non-singular, ¢ < m. By the Radon-Nikodym theorem, there exists a

function Lo, f such that

M(A) = ALT1OT2fdm'

We have

/LTloTzfdm: fdm:/ LT2fdm:/LT1(LT2f> dm.
A 7' (A) A

Ty H(Ty H(A)

Therefore, Lyor, = L1y, o Ly,. By induction, one concludes that Lyn = L7.. O

Proposition 3.1.8 (Adjoint). For any f € L*(I) and any g € L>=(I), we have

Jtas) gin= [ 1-gor)am.

Proof. 1t suffices to check the equality for characteristic functions. Let A C I be measurable

and consider g = xy4. We have

/I(LTf)'gdWZ/ALdem:/T1(A)fdm

and

I (goT)dmz/If-xT-1<A>dm=/T1(A)fdm.

Thus we have the equality for characteristic functions. By linearity, this holds for all simple
functions, and since any g € L* is the limit of a sequence of simple functions, the dominated

convergence theorem gives us the desired conclusion. O]

The following property relates fixed points of the transfer operator with absolutely con-

tinuous T-invariant probability measures (we will refer to these as acip’s).

Proposition 3.1.9. Let h € L*(I), with h > 0 and ||h||y = 1. Then Lrh = h if and only if
the measure p = h - m defined by p(A) = [, hdm is T-invariant.
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Proof. Let A C I be a measurable set. If Lyh = h, then

/LThdm:/hdm:,u(A).
A A

By definition of the transfer operator, we also have

/ Lrhdm = / hdm = u(T7Y(A)).
A T-1(A)

We conclude that p(T71(A)) = p(A).
If u(T7*(A)) = pu(A), then

/LThdm:/ hdm:/hdm.
A T-1(A) A
Since A is arbitrary, Lrh = h. O

Remark 3.1.10. This proposition gives us a way of looking for acip’s: we need to find non-

negative eigenfunctions associated to the eigenvalue 1.

Proposition 3.1.11. The transfer operator cannot have eigenvalues with modulus larger

than 1.

Proof. Suppose there exists an eigenvalue z € C, |z| > 1, with eigenfunction g, ||g||; # 0.

Then,

ILrgll = |=lllgll

and, by the contraction property of transfer operators,

[Lrglly < llglls-
Thus
2lllgll < llgllx
which implies |z| <1 (since ||g||l1 # 0) and contradicts the assumption |z| > 1. O

The transfer operator has a nice representation for the following class of functions:

Definition 3.1.12. The function 7" : I — I is called piecewise monotonic if there exists a

partition of I, say a =tg < t; < --- < t,, = b such that:
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(a) it is a C' function, for all i = 1,...,m which can be extended to a C' function

on [ti—y,t], fori=1,...,m;
(b) |T’(I’)| > 0 on (ti—lyti), fore=1,...,m.

Theorem 3.1.13. If T : I — I is piecewise monotonic, then for any f € L'(I),

_ f)
bl = 2, )

Proof. Let A C I be a measurable set. By definition of the transfer operator,

/ Lrfdm = / fdm.
A T-1(A)

Changing the value of T on a finite set, we may assume that 7T is right-continuous. Notice

that 7" is invertible on each I; = [t;_1,t;),i = 1,...,m — 1 and on I, = [t;,_1,tm]. Letting
T; = T|(a;_1.0) and B; = T'(I;), we have

where the union is disjoint. Hence,

. . _ - —1 ] —1y/
/ Lafdm=3 Lo P > [y @) dm

m m Tfl
=3 [ Y@ @an = [ 310D v 0
=1 =1
Since A is arbitrary, we conclude that

Lof(0) = %mm,

which can be rewritten as

f(y)
)= 2, e

yeT—1

]

Example 3.1.14. Consider the doubling map 7" : [0, 1] — [0, 1] defined by T'(z) = 22 mod 1.
Then

Lef(x) ="} ujj/((yy)” :%(f 3) +f<x;1>)'

yeT~!(z)
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3.2 Spectral gap and quasi-compactness

We now introduce a concept which will prove itself essential in guaranteeing the existence

and uniqueness of acip’s. We follow Sections 2.1 and 2.2 of [i4].

Definition 3.2.1 (Spectral gap). Let B be a Banach space and let L : B — B be a linear
operator. We say that L has spectral gap if we can write L = AP + N, where:

(a) P is a projection (P? = P) and dim(Im(P)) = 1;

(b) N is a bounded operator with 7(N) < |A|, where 7(/N) denotes the spectral radius of
N;

() PN =NP=0.

Remark 3.2.2. Notice that (c), together with (a), imply that L™ = A" P + N™. Moreover, for
any x € B, we have ||L"z—\"Pz| = ||[N"z|| and so, by (b), we conclude that A™"L"x — Pz,

as n — 0.

Remark 3.2.3. The reason for the name "spectral gap" may not be obvious. However, if an

operator L has spectral gap, then its spectrum can be decomposed as
o(L) ={ UL,

where ¥ is a subset of the ball of radius r centered at 0, for some r < |A|. This fact will not
be explicitely used, and so we do not prove it here.
Checking wheather an operator has spectral gap on a given Banach space may not be so

easy. With this in mind, we define an additional notion which is easier to deal with.

Definition 3.2.4 (Essential spectral radius and Quasi-compact operator). Let B be a Ba-
nach space. We define the essential spectral radius of L : B — B, r.(L), to be the infimum

of r(L) and the real numbers " > 0 for which B can be decomposed as B = F' & H, where:
1. F, H are closed and L-invariant subspaces (L(F) C F,L(H) C H);

2. dim(F) < oo and each eigenvalue of Ljr has modulus greater than r';
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3. r(Lig) <7
If r.(L) < r(L), we say that L is quasi-compact.

Remark 3.2.5. Notice that this is weaker notion than spectral gap, since if L : B — B has
spectral gap, then we have the decomposition B = Im(P)@®Im(/ — P) and quasi-compactness

readily follows.

We now relate this quasi-compactness definition with the spectral gap property.

Theorem 3.2.6. Suppose L : B — B is a quasi-compact operator on a Banach space B.
Suppose that L has a unique eigenvalue on {z € C : |z| = r(L)} with algebraic multiplicity

1. Then L has spectral gap.

Proof. We write B = F' & H as in the definition of quasi-compactness. Let A be the unique
eigenvalue on {z € C: |z| = (L)} and let A; be the (possibly) remaining eigenvalues of L.
Let v be an eigenvector associated with A, i.e., Lv = Av. Notice that we can decompose F
as ' = span{v} & F’, where F’ is L-invariant and r(L|p) < |)|, since all other eigenvalues
A; are such that |\;| < |A]. Now define H = F' & H. We have B = span{v} & H'. Let
P : B — span{v} be the projection onto span{v} and N = Long : B — H', where
wy : B — H' is the projection onto H’'. First we check that L = AP + N. Indeed, given

x € B, we can write it (uniquely) as x = av + A/, with b’ € H’ and for some scalar a, thus
Lz = L(av + ') = Mav + LK = APz + (Lo ).
(a) P is a projection (by definition) and dim(Im(P)) = 1;
(b) N is bounded r(N) = r(L|g) < |Al;

(c) For any x € B, P(Nx) = P(L(mgz) = 0, since H' is L-invariant; analogously,
N(Pz) =0, for any = € B.

We conclude that L has spectral gap. O]

Finally, we give a general result that will allow us to show that certain operators are

quasi-compact.
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Proposition 3.2.7. Let (B, | - ||s) be a Banach space, || - ||, be a continuous semi-norm
on B. Suppose that any sequence (x,) with ||z,||s < 1 contains a Cauchy subsequence for
| |lw- Let L be a bounded linear operator on (B, || - ||s) and assume there exist A\ > 0 and

C > 0 such that, for any f € B,
ILANls < Allflls + Cllf Nl

Then r.(L) < X\. In particular, if X < r(L), then L is quasi-compact.

To prove Proposition B271, we introduce another way of computing the essential spectral
radius of an operator.

For A C B, let I'(A) = {0 > 0 : A can be covered by finitely many balls of radius 4},
v(A) =infI'(A) and I'(L) ={k > 0: VA C B,v(L(A)) < ky(A)}, v(L) = inf ['(L). Let By
be the unit ball in (B, || - ||s). Then (L) = v(L(B1)) < ||L||s—ss and, moreover, the sequence
((v(L™)%),, is submultiplicative. Letting ry(L) = lim,,(7(L")) =, a result by Nussbaum [I1]
tells us that r,(L) = r.(L).

We can now proceed with the proof.

Proof of Proposition 3271. We begin by proving the result assuming a stronger hypothesis.
Suppose that, for all n > 1, there exist A\, > 0 and C!, > 0, with lim inf, (], )n =X <r(L),
such that, for any f € B,

1L flls < N flls + Coll £l
For 0 >0, f € B, let
By(f,0) ={9€ B:llg—flls <d}, Bul(f,0)={9€B:|g— fllw <3}

Let M = ||L|s»s and k > 1. We will estimate y(L*1). By hypothesis, the set L(B;) is

relatively compact in (B, || - ||lw), so for any € > 0, there exist (f;)1<i<n such that, if g; = Lf;,
L(By) € U w(9i:€) N Bs(0, || Llls—s)) -
If g € By(gi,e) N Bs(0, ]| L|s—s), then

IL¥g; — L¥glls < Nllgi — glls + Crllgi — gllw < 2X ]| L] s—s + Ce.
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Since € > 0 is arbitrary, then (L") < 2||L||s-s)\;, and so (L) < liminfy ()}, )i =N
To prove the general case, suppose now that there exist A > 0,C' > 0 such that, for any
feB,

LA s < Al + CliA -

We will define a new seminorm || - ||, on B which will allow us to iterate this inequality and

thus reduce this to the particular case we just proved before. Define
+oo
b N L
191 =3 i

This new seminorm ||- ||/, satisfies the same compactness assumptions as || - ||,,. Furthermore,

L is bounded for this semi-norm, since

L™ f 2" f |
HLwa Z on | fn _QMZ on ) fn

= 2M(|If [ = 1/ llw) < 2M ] fII,,-

Therefore we can iterate this inequality and we get that, for each n > 1, there exist constants

C,, > 0 such that
IL"FIF< A flls + Cull £11%-

We are now in the particular case from before, and the result follows. O

3.3 Spectral projections

Throughout this section, let L : B — B be a bounded linear operator on a complex Banach
space B. Let A\g € o(L) be an isolated point of o(L) and let Iy, be a simple closed curve
contour around A such that the region enclosed by I'), intersects o(L) only at the point A\g
(this is possible since \g is an isolated point of o(L)).

Consider

1 1
P = %/ (M — L) d\ = — RA(L) d.
I

2mi T
Recall that the resolvent Ry(L) is analytic in p(L) and so P** does not depend on the choice

of contour I'y,. We can thus define the following:
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Definition 3.3.1 (Spectral projection). The spectral projection for L and g is defined as

1
Wurf/ Ry(L) d.
27 Jr,
0

Indeed, the name "projection' is accurate, by the following proposition.

Proposition 3.3.2. Let P be the spectral projection for L and \g. Then P is a projection,
i.e. (PY)%= pho,

Proof. We omit )\ in this proof. Suppose that [ is another contour in the same conditions

as I, such that T is contained in the interior of the region bounded by I'. Then

1

ﬁ: @@/m@w

Ry(L
d)\d — d)\d
/\ 1 H 2m / / H

’[3
:1
\t

w0 ([ ) @

]

Proposition 3.3.3. If \y is an isolated eigenvalue with finite algebraic multiplicity, then

dim(Im(P*)) is equal to the algebraic multiplicity of Xo.

Proof. We will begin working under slightly more general conditions by using the following

auxiliary result, whose proof can be found in Section 49 of [§].

Theorem 3.3.4. Let B be a complex Banach space and let 01,09 be two closed disjoint
subsets of o(L) such that o(L) = o0y U oy. Let I' be a simple closed curve such that oy is in
its interior and I" crosses no other part of o(L). Then, the operator

1
P = — [ Ry(L)d
27T7/ r /\( )
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generates a decomposition
B =1Im(P°") @ ker(P'),

where both subspaces are invariant under L (and even under every f(L), where f is analytic).

Moreover, o(L|umpo1y) = 01 and o(L|xex(por)) = 02.

Suppose that, in the conditions of this auxilliary theorem, there exists a circle Bs(«) such
that 0Bs(a) C p(L) and its interior contains oy (and no other points of o(L)) - notice that,
in the case where oy is an isolated eigenvalue, this is clearly satisfied. Then, we have, for
each n > 1,

(ol — L)"P° = = (o — N)"Rx(L) dA

2mi Jp

and so, given f € B, we have

21

(ol — L)"P f = L /F(oz — AN)"R\(L) f dA.
Given f € Im(P7"), we have P f = f and so
(0 — Ly < o2m - 5" max | B 1]
Since I' lies inside p(L), this also holds for some ¢’ < §, and therefore
limsup || (el — L)"f||» < 6.
Conversely, if this inequality is valid, then

> (5=5)

n=0

converges, for all A € I". If g(\) is its sum, then it satisfies

(1- 255 ) o =1

from where one obtains

g(A) = A= a)Rx(L)f.



32 CHAPTER 3. THE TRANSFER OPERATOR

Therefore, for all A € T,

= (al — L)"f
Zz_ n+1

Integrating term by term, we obtain

2

1 1
P“lf— /R,\ JfdA\=—— [ ——fd\= .
ra—A
This shows that if the set o7 is enclosed in an adequate circle of radius ¢ as above, then
Im(P7t) = {f € B : limsup |[(al — L)"f||* < 5} .

Applying this to the particular case of o7 = {Ao}, where )\ is an isolated point of the

spectrum, then one obtains
Im(P) = {f € B :lim ||(AI — L)"f|+ = o} .

Now, suppose that \q is an isolated eigenvalue of finite algebraic multiplicity, i.e. there exists
p > 1 such that ker(L — A\gI)" = ker(L — A\oI)?, for any n > p. It is immediate that any
generalised eigenvector must be in Im(P*). We now show the reverse inclusion. Define

T =L — \oI. We have the decomposition
B = ker(T?) & Im(717).

It suffices to show that Im(P*) C ker(T™), for some m. Indeed, if f € Im(P*°), then write
f =g+ h, with g € ker(T?),h € Im(T?). We have T"f = T"h, for n > p. It follows that
h € Im(P), so h € Im(T?) N Im(P*). All that remains is to show that this intersection
is {0}, because then we will have f = g € ker(TP). Let D = Im(7T?) N Im(P*). We prove
D = {0} by showing that the restriction Lp of L to D has empty spectrum. We will make
use of the following facts (see, respectively, Sections 38 and 43 of [§]):

1. T maps Im(7”?) bijectively onto itself;

2. If A is an endomorphism of a vector space F, fi,..., f, are pairwise relatively prime

polynomials and f = fifs... f,, then

ker(f(A)) = ker(f1(A)) @ - - - & ker(fu(A)).
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By fact 1, given u € D, there exists only one v € Im(7?) such that u = Tv. It follows that
v € D, ie. T is bijective on D, therefore Ay € p(Lp). If A # Ao, then (by the auxiliary
theorem) A € p(L|py(proy). Therefore, for every u € D, there exists only one v € Im(P*)
such that u = (L — Al )v. Writing v = g + h, with g € ker(T?), h € Im(T?), we obtain

u—(L—=X)(g+h)=0

and so u—(L—AI)h = (L—AI)g. Notice that u—(L—AI)h € Im(T?) and (L—\I)g € ker(T%),
so we conclude that (L — AI)g =0, i.e.

g € ker(L — X\oI)P Nker(L — \I).

By fact 2, it follows that ¢ = 0, hence v = h € Im(7?), which implies v € D and thus
Lp — A is bijective, i.e., A € p(Lp). We conclude that p(Lp) = C and so o(Lp) = 0, which
finishes the proof.

O

We have previously seen that it will be useful to show that 1 is the only eigenvalue on
the unit circle (and that it is isolated) for certain transfer operators. To this effect, we prove

the following quite technical result:

Theorem 3.3.5. Let (B, || - ||s) be a Banach space and let || - ||, < || - ||s be a semi-norm

on B. For any bounded linear operator L : B — B, let

||L||s—>w = Ssup HLwa
Il flls<1

Let (L.)->0 be a family of bounded linear operators on B that satisfy:

(a) there exist Cy, M > 0 such that, for all e > 0,

LW < C1M™, ¥ n € N;

(b) there exist Cy,C5 >0 and a € (0,1), with o < M such that, for all e >0

ILZf s < Coa”|[flls + CsM" || fllw, YR € N,V f € B;

(c) if z € o(L.), with |z| > «, then z is not in the residual spectrum of L.;
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(d) there exists a monotone upper-semicontinuous function T : [0,4+00) — [0,+00) such

that 7. > 0 if e > 0 and

ILo — Le|lssw < 7 — 0, as e — 0.

Foro >0 andr € (a, M), let

log -
W:—ljggﬁ, Vir={2€C:|z|<r}U{zeC:d(z,0(Ly)) <6},

«

where d(z,0(Lg)) denotes the distance from the point z to the set o(Ly). Then there exist

constants €o,a,b,c,d > 0 such that, for 0 < e <¢gy and z € C\ Vj,., we have
I(zf = L)™' flls < all flls + bl fllw, V f € B
and
IG1 = L) = 21 = Lo) M| < 72 (elleT = P+ |21 = R)72)
Proof. Notice that (b) implies that, for all ¢ > 0, for all n € N,

HL?Hs—m S C4Mn, where 04 = 02 + 03.

Fix the notation Q. = (21 — L.) (Q. depends on z, but we omit this in the notation). Since
z ¢ Vs, then we always have |2| > 7 > a and Q' exists and is a bounded linear operator

on B. We first prove an auxiliary lemma.

Lemma 3.3.6. Let r € (o, M). Then, for all f € B and for all € > 0,

1flls < C5l|Q:fls + Coll flw,

where

2 MN\™ MN\™ log 2
o, (4 um () e 2]
—-T r T

Proof of lemma. For all f € B, we have
2" F s = 2" lls < W™ = L2 flls + L2 f]s

n—1
<Y Ll (2 = Le) flls + Coa™ (| flls + CaM™ | f ||,
7=0
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where hypothesis (b) was used to obtain the last inequality. Using the fact that

|L2|s—s < CyM™, we obtain

C
171 = 5 (3 10+ € (2) 1l + € (22) sl

Now if we let n = ny, then Cs (9) < 1/2, and so
QC M\™ M\™
171 = 522 (A 1@ust+ 200 (2)

-Tr r

which proves the lemma. O

Now we proceed with the proof of the theorem. Let h € B and g = QQgh. Since
n—1

Q' = (2 — Lo) ' = 2"Qu Ly + )=,

we have

n—1

1ol = 1Q5 gl < 1217 1Q0 " Lyalls + Y 121777 1 Ll
7=0

n—1

< 127 1Q5 sl LEglls + D 12177 LM | gl

7=0

n—1 j
_ a\" M _ MY’
< 10372 (2) ol + 105 1onC (32 Halho+ 7 Y () Tl

7=0

M M
< 103 (2) ol 125 s (3] o+ a3 0l

— |01 a\” -1 M ! & M "
= 105" oo (2) Nl 4 105 o () o+ 52 (5) o
Moreover, since g = (Qo — Q-)Qp g + Q-Qy g = (L. — Lo)h + Q.h, then

g1l < 1(Le = Lo)hllw + [Qchllw < 7el[Rlls + [ Qchllw-

Combining this inequality with the previous one, we obtain

_ C M\"
[lh < 1@5 s (%) llgls +(HQ01HHSC’3+M1T> (—) (elihlls + 1QAl).

Since g = Qoh = (21 = Lo)h, then [|g[|s = [|(z] = Lo)hlls < (CaM + [2[)][2]|;, applying this

to the previous inequality, we obtain

n C M\"
< -1 o -1 1 i
Il < (105" e CatCadt 12D ()4 (1058 eoCa+ 52 ) 7= (7)) Il

C M\"
+ (1030 7= ) () 1@t
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Now we wish to obtain the first conclusion of the theorem. We separate the argument in
two cases. If |z| > 2M, then we can write

+o0

1 1 o
. —1 —— 1 —1 — _ —J717J
(2] — L) (I —27'Le) . Zz L.
7=0
Since |z| > 2M, and thus é < 357, we have
+00 1 4
11 =207 1) = 1 Enrwwvm_QM Ol = 71

Now we consider the case |z| < 2M. Let

=H(,r)= sup |(zI — LO)_IHS_)s,
ZE(C\V(S’T

log(4Cs HCo(Cy + 2)M
2 = a6, r) = | PERCHACE LI

Ch M\™ 1
= = N — <— .
g1 =e1(0,71) sup{e>0 Te (HCS+M—T> (7’) _406}

Recall the auxiliary lemma we proved at the start of this proof. It gives us that

1h]ls < C5|Q:hlls + Col| |-

Combining this with the inequality from before for ||h||,, we obtain, with n = ny and for

0§5§51,

_ C M\"
Il < (15 ool 12D (2) 4 (1G5 hCat 3 ) = (5) ) B

( :
C n
+O@JM4% ) (5) el
(e (2)" = (were 5250w (5) )

Ch M\ ™
+(mz+M_J(7)n@ww

<

1 1
Ve h s Ve h s sh w
_4%HH+ nn+4ﬂcu@\
< —
< 20 (Gl Qehlls + Collallw) + 7 EIC — |Q:hllw
Cs
= |h a €h s ah w-
3100+ 501 Qehl + g Q.M
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Therefore,

1

|-
57 o

Cs
h w S ~ eh s*‘
Il < G l1Q:R

Applying this to the inequality ||h||s < C5]|Q:h]s + Cs||h|w yields

Cs 1
< =
bl < ol + Ci (AN + 5 bl

1 1
=251 Qebl + 5-1QuH < (2654 53— ) Q.

27, 1

for all 0 < e < e;. It follows that Q- exists as a bounded operator on B, by (c). If f € B

is arbitrary, letting h = Q- ' f, recalling that Q. = zI — L., we conclude that

_ 1
1(=1 = L) flls < 2G5 flls + 5 fllw-
Tey
Thus, the first conclusion of the theorem holds, with a = max{2Cs, C,4M ™'} and b = .

27¢y

It remains to show that there exist constants ¢, d such that
(2 = Le)™ = (21 = Lo) " lsmw < 77 (ell (21 = Lo) ™ lsmss + dll (2] = Lo)'[I2) -

Once again, for f € B, let h = Q_'f. Recall the inequality

_ a\" _ C M\"
il < (HQ&HHSCMM 120 (5) + (H@olumcs S Tas ) £ (—) ) Il

p
_ Cy M\"
1 —
# (165 e 52 ) (51 1@utl

Letting n = [bé?iﬁ%)-‘ = [nlolg(gaﬁ)-‘ = [(n - 1) lo:]‘)(%\;;r)-‘, we have

—-T

_ C
[l < 72 (1QG o (CalCadt 412D + Ca) 4 52 ) Il

C
n—1 —1
#7270 (108 s+ 5 ) U

If |z| > 2M, then (using a von Neumann expansion as before) |z|||Qp*|ls—s < 2C4 and thus

C
Il < 72 (105 oaCatCa + 21+ ) + (26aCa+ 32 ) )

_ _ C
I (LI R T
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To simplify notation, let K = Cy(Cy + 2)M + C3 and K' = 2C,Cy + J\fi We once again

e

apply the auxiliary lemma to obtain
1Al < 72 (1Q0 lls—s K+ K7) Cs|[ flls + 72 (1Q5  [ls—s K + K7) Cs[ ]|

_ _ Ch
1 (11Q5 oC: .
#7270 (15 s+ 2 ) U1

Recall the previously defined

H=H(,r)= sup |[(z]— Lo)_lﬂsﬁs
zGC\V&T

and let
g0 = £o(0,7) = sup{O <e<e :TNHK+ K')Cs <

b

_ _ , _ _ C
1= Fllw = 1Al < 277 (<|1Q01HHK+K>05||fHS - (H@olumog LG ) ||f!|w) .

| —

We have, for 0 < e < g,

M —r
Since Q' — Qy' = Q- (L. — Lo)Qp ', we will apply this inequality to (L. — Lo)Qy ' f, which

gives us

Q" = Qo) fllw = Q" (Le — L)@ f 1w

< 27;7( (1Q5 oK + ) Coll(Le — Lo)Q3™ .

C
# i (103 onCr t 5 ) (22 - L0)05 1)

< 2|Qu 12, T (2K CyCs M + Cs) || f|s

S—s'€

_ C
+ 2|Qg s (2K’C4C'5M+ Mir) I/ ls-

Letting

Cy
M—r

c=2 <2K/C4C5M + ) y d= 2(2KC4C5M + Cg),
then we have the desired conclusion, for all 0 < e < g. ]

It directly follows from the first conclusion of this theorem that

sup || (2 = L)Y, < 400, V6 >0, Vr €la, M].
0<e<eq, zeC\ Vs,
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Letting 04(L.) = o(L.) U{z € C : |z| < a}, then (as ¢ — 0) all accumulation points of
spectral values in o,(L.) are contained in 0,(Lg). Therefore, if A € (L) is an isolated
eigenvalue of Ly with |[A\| > «, then there exists some ¢ > 0 such that Bs(A\) Na(Lgy) = {\}.
This allows us to consider (for 6 > 0 sufficiently small) the spectral projections
a1 -1
P} = — (21 — L.) " dz.
211 dBs(\)

Notice that they do not depend on § > 0, as long as Bs(A\)No,(Lo) = {\} and ¢ is sufficiently

small.

Corollary 3.3.7. In the conditions of Theorem B3, let \ be an isolated eigenvalue of Ly
with |A| > r. If 6 > 0 is such that Bs(\) Noa(Lo) = {\}, then:

1. there exists a constant K; > 0 such that HPE)‘ — PO)\”s—m <Kyt V0 <e <y

2. there erist constants Ko > 0 and &y > 0 such that ||P)f|ls < Ky||P)fllw, for all

feB,0<d<0,0<e<¢p;
3. if 0 <6 < &, then rank(P)) = rank(Py), for sufficiently small €.

Remark 3.3.8. Notice that if the isolated eigenvalue A has finite algebraic multiplicity, then

(for sufficiently small € and §) o,(L.) N Bs(\) consists of eigenvalues )\5-6) such that, for all
()

7, lim._g )\ge) = A. Moreover, the total multiplicity of A, equals the multiplicity of A.

Proof. 1. We have, letting H = H(J,r) as in the previous proof,
1
1P = Pollsosw < 5= (2] = L)~ = (21 — Le) M|smwdz < 677(cH + dH?),
21 JoB,(n)
and so we have the desired conclusion, with Ky = 6(cH +dH). It is worth noting that

this implies that ||P} — Py|ls—w — 0, as € — 0.

2. By the first conclusion of Theorem BZ3A, for any f € B,

1 -
1P < 5 [ e = L
T JoBs(\)
1
<o [ (il bz
21 Jops()

< dall flls 4 0bI|f[]w-
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Fixing r, we may choose § > 0 such that da(r) < % For sufficiently small ¢, we have
A 1 "
1P flls < SIfIls + BN s

where K” > 0 is some constant. Now we apply this inequality to P2 f, which yields

(since P is a projection), for a suitable constant Ky > 0,
1
1PN = 1P flls < SIP2flls + K[ P2l

which implies ||P2f|ls < Kol P2 f]|w-

. We will make use of the following result, the proof of which can be found in Section

I1.1 of [12].

Theorem 3.3.9. Let X, .1 be any (n + 1)-dimensional subspace of a normed space X

and let S(X,41) denote the unit ball of X, 1. Then
de(S(Xps1; X) =1, k=0,1,...,n,
where, for a subset A C X, di(A; X) is defined as
di(A; X) = inf inf ||z —yll,
k(4 X) =il sup inf |z =yl

where the infimum is taken over all k-dimensional subspaces Xy of X.

Let n > 1 and V,, be an artbitrary n-dimensional subspace of PA(B). By 1, we can

choose € and § small enough such that ||P} — P, < ﬁ For f € V,,, we have

1 1
1f = Pllw = 1P f = B3 fllo < 57 £1ls < 511 F s
2K,

where we used 2 to obtain the last inequality. By the Theorem we just stated above,
we obtain n < rank(Py). Since n is arbitrary, then rank(P2) < rank(P;). Switching

the roles of P> and P;, we have the reverse inequality.



Chapter 4

Tent maps

The main goal of this chapter is to exhibit an explicit family of tent maps which lacks linear
response. In the first section, we follow Sections 3.1 and 3.2 of [15] and we show that a
certain class of maps admits an invariant density (in particular, tent maps). We also obtain
a decomposition of the spectrum of the transfer operator acting on the space of functions of
bounded variation, which will prove itself useful in the last chapter. In the second section of

this chapter, we follow [B] to conclude the lack of linear response for the family of tent maps.

4.1 Topological mixing, existence and uniqueness of
acip

We will work with I = [0, 1], although of course the theory could be developed considering
an arbitrary interval. Given a partition P, 0 = a9 < a1 < -+ < a, = 1, and a map
T : I — I, we define the partition P™ by P (z) = PM(y) < P(TI(z)) = P(T’(y)),
for all 0 < j < n (where P(x) denotes the interval of the partition P that contains x). As in

the proof of Theorem BT 13, we will use the notation I; = [a;_1,a;),1 <1i < k, I;, = [ay_1, ag]

(n) _ 1
y =

and assume that 7 is right-continuous. Moreover, for J € P denote g X2

Definition 4.1.1 (Piecewise expanding map). A map 7' : I — [ is said to be piecewise

expanding if:

(a) there exists a partition P, 0 = ag < a3 < -+- < ax = 1 such that T, =T

(ai_1,a;) is Of

41
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class C1, with |T/| > 0,i=1,...,k;

(b) the function g;(z) = is of bounded variation;

_1
|T; (z)]

(c¢) There exist constants C; > 0 and K; < 1 such that sup g§”> < O1K7, for all J € P™)

and all n > 1.

Example 4.1.2. Let 0 = ag < a1 < --- < ar = 1 and T : [0,1] — [0,1] be a map such that
each T; admits a C? extension to [a;_1,a;] satisfying |T"(x)| > K > 1, for any x € [a;_1, a;].

Then T is a piecewise expanding map.

Our aim will be to arrive at some conditions that guarantee the existence and uniqueness

of an absolutely continuous invariant probability measure.

Lemma 4.1.3. There exist constants Cy > 0 and Ko < 1 such that, for all J € P™ and all

n>1,
Vgl < CoKY

Proof. Let Cy > 0 be large enough that V,, , 4,9 < Ci, for all 1 <i < k. Given J € P™
and 0 < j < n, let a; € PYU). B, € P and v; € P™~Y be defined by J C «aj, T/(J) C B;
and Tt (.J) C ;. Then

n—1

Vgl < supglt 7Y Vg, -supgl)
=0

n—1
. . C3n K™
<Y GETTT G Ok = L
1

J=0

Let Ky € (K1,1) and Cy = sup{(C}/K1)n(K,/K3)" : n > 1}. Then

Vg < CuKp, VI eP™ Vn> 1.

Lemma 4.1.4. There exist constants Cy > 0 and Ky < 1 such that
Vi(Lyf) < CoKyVif + Col fl1,

for all n > 1 and for every function f of bounded variation.
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Proof. Since T is piecewise monotonic, we have, for each n > 1,

L%f = Z ggn)f o (Tn|J)_1XTn(J).
Jep®)

By the properties of functions of bounded variation and noting that Vx5 = 2, we have

Vs < >0 ((vVel” +2supgl”) - sup |1yl +sup g - Vaf).
Jep®)

By the mean value theorem for integrals, there exists y € J such that

1
16)| = 7255 / £l dm.

Therefore, we have

1

sup |f15] < Vol f| + 1)) = Valf| + ﬁj) / ldm < V(1) + sl

and so

viern < 3 ((Carg v 2o - (V) + sl ) + Gavir))

Jep() m(J)

1
<ACKE Y V(fl) +3CK5 Y ——=|flh

Jepm septn M)

< CsKgV f+ M)l f]lh,

where C5 = 4Cy, K3 = Ky and M(n) = BC'QKS(#'P(”))sup{ﬁ J e 79(”)}. All that
remains is to remove the dependence on n of M(n). To this effect, let N > 1 such that
CsKY < 1/2 and let M = max{M(n): 1 <n < N}. Forn > 1, we can write n = gN + r,

with ¢ > 0,1 <r < N, and thus
V(L3f) < M / LNl dm + Co KNV (LN )

< Nl + V(LN )

< (100 g ) WIS+ VD

2q-1

1\ - 1
< (1+---+ 2—) Ml + - CEV S

Choosing Cy > max{2M, C5},1 < Ko < max{2 /N K3} gives us the desired result. O
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We have all the necessary tools to deduce the desired existence of an invariant density

(of bounded variation) for piecewise expanding maps.

Theorem 4.1.5. If T : I — I is a piecewise expanding map, then T admits an absolutely
continuous invariant measure, whose density is of bounded variation. Additionally, if u is
an absolutely continuous invariant probability measure, then p = fm, where f is a function

of bounded variation.

Proof. Consider the sequence
1 n—1 A
fn = n Z Lyxr.
5=0

We wish to apply Helly’s theorem to this sequence. We have

n—1

1 .
Vi< EZOV(L%XI) < Cp.
]:

Since || fn||1 = 1, for all n > 1, we also have

We can thus apply Helly’s theorem to this sequence to extract a subsequence (f,, ), that

converges in L'(I) to some function f* of bounded variation. Notice that

1 n
LTfnk = fnk + _(LTkXI - XI)
ng
Recall that the transfer operator is continuous in L*(I) and that || L} x/|l: = 1, for all n > 1.

Therefore, taking the limit £ — 400 in the equality above, we obtain
Lyf*= [~

where f* is such that f* > 0 and ||f*||; = 1. Therefore, the measure y = f*m is an acip.

Now suppose that ¢ = h-m is an acip. Then ||h|; = 1 and Lyh = h. Since functions
of bounded variation are dense in L'(I), let (hi)r be a sequence of functions of bounded
variation converging to h in L'(I). We may suppose that ||h|; < 2, for all & > 1. We have,
by lemma =14,

n—1

n—1
. 1 ;
1% < 3 LJThk> < > Co (KJVh + | hlly) -

j— j=0

S|
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Letting n — 400 above, the right-hand side converges to Cyl|hx|l1 < 2C,. Moreover,

n—1
1 .
EZLJThk < [y < 2.
=0

1

Therefore, for each fixed k, we can apply Helly’s theorem to the sequence (711 Z;L;ol L?Fhk>

to conclude that, for each k, there exists a function Ay, and a subsequence (n% Z;”: Bl L‘;hk>
!

that converges to hy in LY(I), where Vhy, < 2C, and HﬁkHl < 2, for all & > 1. We are free to
apply Helly’s theorem again, this time to the sequence (f;)g, to obtain a subsequence (hy, )

that converges in L'(I) to some function f* with V f* < 2C,;. We also have

n;—1

1 .
.l E :LJ _
n T(hk h)

J=0

|he — bl = lim

=400

< |lhw = hlf1.

1

Recall that (hy,) converges to h in L'(I), so (ﬁk) also converges to h in L'(I), which implies
f*=hae.,andsou=h-m= f*-m. 0

Corollary 4.1.6. The map T has only finitely many ergodic absolutely continuous invariant

probability measures.

Proof. Suppose u is an ergodic acip. By the previous result, there exists h € BV such that
i = h -m and there also exists an interval J such that A > 0 on J: indeed, since h has
only countably many discontinuities and m({z € I : h(z) > 0} > 0, we conclude that the
set of points z such that h is continuous on x and h(z) > 0 has positive Lebesgue measure.
Therefore, such an interval J exists. Notice that h is thus also positive on T"(J), for all
n > 0: since h = Lh and

Lih(z) = Z K}L&

Tn) ’
L Ty
then if x € J and applying this to 7" (z), we have

M) h)
@) ()] = T ()

Lyn(T"(x)) =

yeT—(T"(z))

>0,

and so h(T™(x)) = Lph(T"(x)) > 0. This implies that m < p on T"(J), hence m and u are

equivalent measures on 7™ (J), for all n > 0. By Birkhoft’s Ergodic Theorem, we know that,
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for every continuous function ¢, %Z;:(} ©(T7(x)) converges to [ pdpu, p-a.e. and thus this
convergence also holds Lebesgue-a.e.

Recall the partition P, ag < a; < ...ax (from the definition of a piecewise expanding
map). There must exist an 1 < ¢ < k — 1 and an N such that a; € TV(J), since if
that were not the case, m(7™(J)) would be unbounded (since the map is expanding on
each monotonicity interval). Since intervals TV (J) obtained this way, for different ergodic
measures, are necessarily disjoint. Therefore, there are at most k — 1 ergodic acips.

]

Uniqueness of this acip is not guaranteed with the current assumptions. With an addi-

tional hypothesis on the map 7', we can achieve the uniqueness of such an ergodic acip.

Definition 4.1.7 (topological mixing). A map T : I — [ is said to be topologically mixing

if there exists an interval I* C I such that:
(a) T(I*) = I7;
(b) every orbit T"(x),0 < x < 1, eventually enters I*;
(c) for every interval J C I*, there exists n > 1 such that 7"(J) = I*.

Ezample 4.1.8. Consider f; : I — I be a tent map defined by f(z) = tz, if 0 < z < 1/2,
filz) =t(1—2),if 1/2 <x <1, with ¢t > /2. Let I* = [f2(1/2), fi(1/2)]. Tt is easy to check
that f;(I*) = I* and that any orbit f;*(z), with 0 < z < 1 eventually enters I*.

We check condition (c). Let J C I* be an interval and let z; € (1/2,1) be the fixed point
of f;. Then f}*(J) must eventually contain z;. Suppose this is not the case and let Jy = J

and define the intervals J,, by induction:

o if f"*(Ju_1) does not contain 1/2, define .J,, = J,,_;. In this case, we have

m(f(Jn)) = tm(f"" (Jn-1));

o if f'(J,_1) contains 1/2, then define .J, C J,_; such that f*"*(J,) is equal to the
largest of the two intervals f;"*(J,_1) N [f2(1/2),1/2]) or f* Y (J,_1)N[1/2, f(1/2)]. In
this case, we have m(f{"(J,)) > sm(f"(Jp-1).
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Furthermore, f;*(J,) does not contain 1/2, since we are supposing that z; ¢ f"*'(.J,,). Thus,

Jny1 = Jn, which implies

m(f; (Jnsa)) 2 tm(f () = Zm(f" ().

Since t > v/2, the sequence (m(f*(J,,))),, would be unbounded, which cannot happen. There-
fore, there exists some ny such that z; € " (J,,) and hence z; € f*(J), for all n > ny. It
also follows that [1/2, z,] C f"*(.J), for some ny > ny, and that [f3(1/2), f,(1/2)] C £ (J).
We have f3(1/2) < ay, for all t > /2. If f3(1/2) < 1/2, then [f2(1/2), f(c)] C fi>*(J)
and we have (c). If f3(1/2) > 1/2, then there must exist some odd number p > 3 such that
fP(1/2) < 1/2 and [££(1/2), f(1/2)] € f*7(J). In this case, [f7(c), f(c)] € f7*"*1(J) and

we have (c).

Theorem 4.1.9. If T : [ — I is piecewise expanding and topologically mizing, then there
exists a unique absolutely continuous invariant probability measure p, which is ergodic and

whose support is I*.

Proof. Suppose that hy and hy are such that [, hy = [, hy = 1,hy > 0,hy > 0 and Lyhy =
h1, Lthy = hy. We wish to show that h; = hy a.e. Consider the sets

Xi=A{xel:h(x)>hy(x)}, Xo={xel:h(x)<h(x)}

and define the measures p11 = (hy — ha)xx, - m, p2 = (he — h1)xx, - m. We have

/ (hl — h2) dm = / LT(hl — hg) dm = / (hl — h2) dm
X1 X1 T-1(X1)

< / (h1 — hy) dm < / (h1 — hy) dm.
Tﬁl(X1)ﬂX1 X1

Hence m (T71(X1) N X;) = m(X;) = m(T7*(X;)). Analogously, one arrives at a similar
conclusion for X,. This implies that the measures p; and po are T-invariant. By Theorem
A5, we know that (hy — ho)xx, and (ha — h1)xx, are functions of bounded variation.
Assume that (hy — he)xx, # 0 a.e. Then there exists an interval J € I* such that
(h1 — h2)xx,(x) > 0, for all z € J. By topological mixing, J = I*, which means that the
support of p; must contain I*. Notice that the supports of u; and us are disjoint, so this

would imply that (ho — h1)xx, is identically null, so hy > hy a.e. and since [, hydm =
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f[ ho dm, we conclude that hy = hy a.e. The case (he — h1)xx, # 0 is entirely analogous and
one reaches the same conclusion h; = hs.
It remains to check that p is ergodic. Let A C I* be a measurable set with p(A) > 0 and

T(A) = A. Given B measurable, we define a new measure

_ u(BNA)
Ty

Notice that then v is an absolutely continuous probability measure and it is T-invariant, as

we have
gy o MITHB)NA)  p(TTH(BNA)
=T T i W
By uniqueness, 1 = v and so u(A) =v(A) = 1. O

We conclude this section with a fact about the spectrum of the transfer operator when

acting on the space BV ([0,1]). We have the following result.

Theorem 4.1.10. The spectrum of Ly : BV ([0, 1]) — BV ([0, 1]) may be written as o(Ly) =
{1}YUXy, where X is contained in a disc of radius A < 1 and 1 is an eigenvalue with algebraic
multiplicity 1. Furthermore, we have the spectral splitting BV = Rh & BV,, where h is the
invariant density and BVy = {f € BV : [ fdm = 0}.

In order to prove this theorem, we will state the following fact, the proof of which can

be found in Section 3.2 of [IA]:

Proposition 4.1.11. If T : I — I is piecewise expanding and topologically mixing, then the

acip [ is miring.
We also have the following lemma.

Lemma 4.1.12. The spectrum of Ly : BV — BV is of the form o(Ly) = {\o = 1, A1, ..., AU
Y0, where ¥ is in the conditions of the theorem and where each \; is an eigenvalue on the

unit circle with finite algebraic multiplicity.

Proof. By lemma BT, there exist Cy > 0, Ky < 1 such that, given f € BV, we have

Lz fllsv =V (Lrf) +[[f]ls £ CoKoV f + (Co + 1|f |1
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Since BV (I) is compactly embedded in L'(I), we are free to apply Proposition B=27 to
conclude that Ly : BV — BV is quasi-compact, with essential spectral radius r.(Ly) <
Ky < 1. Since the transfer operator cannot have eigenvalues with modulus larger than 1,

the result follows by definition of a quasi-compact operator. Il

Proof of Theorem F-1-10. Suppose that \; € C is an eigenvalue with |\;| = 1 and there exists
some @; € BV such that L, = \;p;. Taking h to be the invariant density, recall that A is
supported on I*, so ¢/h is defined a.e. on I* and ¢;/h € L*(I, ), since

Ji
h

Since p is mixing, for every ¢ € L®(I, 1), by duality, we have

du = / i dm < +o0.

/g0~(L%<pi) dm = /(gpoT”)gpidm - /((poT")% dy.

Taking the limit n — 400, since p is mixing, we obtain

/(SOOTn)%dM—)/@dM/%dM:/QO(h/goidm> dm.

Therefore, L.p; = APp; converges (pointwise) to A [ ¢; dm, which can only happen if \; = 1
and ¢; = h [ ;dm, so 1 is the only eigenvalue on the unit circle.

Regarding the algebraic multiplicity of 1, if it were not equal to 1, then there would exist
some g € BV such that L}.g = h + ng, for every n > 1. But we know that ||L%| gy is

uniformly bounded, so such a g cannot exist.

It remains to check the last statement, but it is easy to see that both Rh and X, are

invariant under L, and so we must have
o(Lr) = {1} Uo(Lr|x,)

and thus o(Lx,) = Xo.
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4.2 Lack of linear response for tent maps

We now present a classical example of lack of linear response. Let 1 < ¢ < 2 and consider

ft :10,1] — [0, 1] be defined by

tx T € [O, %}

Let ¢,,(t) = f(3)- A few remarks are worth mentioning. Notice that the interval [cs(¢), ¢1(t)]
is invariant by f; and, for any x € (0, 1), there exists some n such that fj*(z) € [ca(t), c1(t)],
so any invariant density must be supported on [cy(t), ¢1(t)]. Furthermore, by Corollary 18,
there is only one ergodic acip.

We can say more about the invariant density of f;, call it hy. Let {z,} be a finite or
countable subset of [0,1]. Then the series S(z) = > H,(z), where H,(z) = 0, if z < x,,
H,(z,) = un, Hy(x) = uy + vy, if x > x,, converges (assuming »  u, and > v, converge
absolutely) and S is known as a saltus function.

A general fact about functions of bounded variation is that they can be written as
hy = hj + h{, where hj is a saltus function and hj is continuous, with both hj and hf
being functions of bounded variation (see section 7 of [I3]). Let ¢ = mX[cg(t)m(tﬂ.
By what we saw in the previous chapter, we know that L}‘t(go) converges, in the BV norm,
to h;. Moreover, |f{| is constant, and so for each n, L% (o) is also a saltus function, with
discontinuities at the points ¢;, for 1 < j < n. It follows that h, will also be a saltus function,
with discontinuities at the points (c;)32,. Notice that if 1/2 is preperiodic, then the set of
discontinuities is finite and h; is piecewise constant, with discontinuities at the finite set of

points ¢;.

Theorem 4.2.1. There exists a C' function ¢, with ¢(0) = p(1) = 0, a sequence (ty)y, with
1 <t <2 and limg_, oty = 2, such that cpya(ty) is a fized point of fi,. Moreover, there

exists a constant C' > 0 such that

/gohtk dx — /gphg dr > Ck(2 —ty), VEk,

where hy, is the unique invariant density of fi, .
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Proof. We know that f; (ILH) = 1L+t > % Denote the fixed point 1L+t by x, its preimage in

[0, %] by y; = %th and the preimage of y; in [O, %} by 2z = 4.

Notice that ¢;(t) = t/2 > 1/2 and thus ¢y(t) = (Q;)t. If t =2, then ¢1(2) = 1,¢2(2) =

c3(2) = 0 and hy is constant equal to 1 on [0, 1].
If 1 <t <2, we wish to find ¢, such that cy4o(t;) = z,. We can achieve this by finding
t such that ¢y (tx) = yp,. This will be the case if

(L4 ty)
We know that the invariant density hy, is supported on [f2 (1/2), f;,(1/2)] = [ca(ts), c1(ts)].
By what was observed immediately before this theorem, h,, is constant on (cji1,¢j42), for
1 <j <k, and on (cgi2,c1).

Let v; > 0 be the value of h, on (¢;41, ¢j42) and vg41 > 0 be the value of hy, on (cxi2,c1).

Then we must have

Up41 = vy,
Vj + Vpy1 = vy, 1 < J <k —1,

20, = Uk 1

We can then obtain that the sequence (v;); is strictly increasing. In fact, we have

Vg
— > Vg

) =2
k1 .

and now we proceed by descending induction. Taking £k — 1 > j > 1, then we wish to show

that v;41 > v;. We have

_ U Uk Yt Ok U U
Vjt1 = > > )
t 2 2

where we used the induction hypothesis in the last inequality, and so v > v;. We conclude
that (v;); is strictly increasing.
Now take a C! function ¢ supported in (2/3,3/4). For all k sufficiently large, ¢ is also

supported in (cgi2,c1). We may suppose that

[ewm@ i = [o@a=1
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To obtain the desired result, it is enough to show that there exists a constant D > 0 such
that

Dk
/go(a:)htk(x) o214

since t;, satisfies

2

R N S—
T+t

Notice that

/ o(2)hy, (2) dz = Ve / o(2) dz = vesn,
Chk+2

so we need to bound vi,; from below. We have f hi, dx = 1 and, since hy, is piecewise

constant, we get the equality

/htk(a:) dr = ‘

J

(¢j+2 = ¢i1)Vj + Vi (Chr2 — 1),
1

k
which can be rewritten as
k
V(1 — ca) — Z(Cj+2 — Cjt1) (Vkg1 — vj).
j=1
Firstly, notice that ¢jio —¢jy1 = tifl(cg — o) and ¢3 — ¢y > At,;k (where A does not depend
on k). Furthermore, we have

k—j
Uk+1tk (2—tk) 1 .
Vg1 — Vi) > (Vip] —v;) = > — , for 1 <j<k-—1,
(Vkt1 ]) > ( j+1 ]) 5 = tfjl(l—i-tk) J

The first inequality is immediate from the fact that the sequence (v;); is increasing and the

equality is obtained by using
Vi + Vg1 = Ui

with ¢ = j and © = j + 1, repeating this £ — j — 1 times and finally applying 2v;, = tvg11.
By the inequalities for ¢jo — ¢j41 and vg1 — v; we just deduced, there exists a constant £

such that
k

> (¢je = 1) (Vrpr — v5) = Bkt !

=1
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and therefore
1 S ’Uk+1(01 — Cg) — Ek‘t’;k_l

which implies

1+ Bt
Vg1 > a7 > 1+ Bt
C1 — Co
This gives us the desired inequality and proves the result. Il

Letting ¢ = 2 —t,e, = 2 — tx, g- = fo—¢ and if H. is the unique invariant density of
g, this shows that we cannot write H. = Hy + €q + o(e), where ¢ € L' and o is in the L!
topology, for 0 < & < &g, for some gy. In fact, if this were the case for some small gy, then

we would have, for ¢ as in the theorem and 0 < ¢ < ¢,

[ loHz dm — [ oHy|dm _ [|p- (H. — Hy)| dm

_ Jlp-(ea+ ofe))dm /del/w@

The first integral is bounded and the second integral goes to 0, as ¢ — 0, so this quantity

dm.

would be bounded, for sufficiently small e, which is a contradiction, given the sequence

exhibited in the theorem.

Remark 4.2.2. In fact, this is enough to show lack of linear response even in the weaker sense
for the observable ¢, though proving this requires a bit more work. We refer to 3] for the

details.
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Chapter 5

Tent-like maps with a cusp singularity

We have seen that the family of tent maps with bounded derivative obtained by changing
the turning point does not have linear response. We wish to alter this family of functions in
order to achieve linear response. The main change is the introduction of a cusp singularity at
the turning point, which will provide a certain regularization of the action of the associated
transfer operator. We follow the approach taken in [2].

Let § > 0 and, for € € [0,0), let T. : I — I (where I = [0,1]) be a family of nonsingular
maps with respect to the Lebesgue measure m. Let C > 0,¢ € (0,1),5 € (—1, —§).

4

Suppose that:

(H1) T¢|jo,¢) and 17|, are injective;

(H2) T.(0) = 0, To(1) = 0, lim, o= 7. = a. € [0,1];
(H3) Tooange € C%

(H4) sup.cjo5) infaep e [T2(7)] > 0 > 1;

(H5) T is topologically mixing;

(H6) Ve €10,9), lim, .+ T!(z) = £oo and lim, _,.+ @] Cen;

lz—c|?

(H7) Ve € [0,0), limy_pe =y = Cey and lim, e 2ol = Cuy;

95
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(H8)

Ts(i-‘rl) (93)
(x —c)f—

Ti(x)
(x —¢)?

< 00 and inf

Ssu
p €€[0,8],x€[0,1]

€€[0,0),i€{0,1,2},2€[0,1]

‘>0;

(H9) For f e Wt

sup  ||(Ly, — Lz.)fllz2 — 0, as € — 0;

1fllypr1,1<1

(H10) For f € W?!, there exists %\szo € Wt such that
oL
‘LTsf_LTof_€< 2./ = 0>H
wiil

We will first show that, for sufficiently small £, the map T, admits a unique invariant density

in h, € W2(I) and then we will show that the function & — h,. is differentiable at ¢ = 0 in
LY(I).

5.1 Existence and uniqueness of acip

To prove the existence and uniqueness of such a density h., we will make of use of the
spectral gap results developed in the previous chapter. We begin by showing that the transfer

operators L7, are quasi-compact.

Lemma 5.1.1. There exist 0 < X\ < 1, M > 0 such that for any ¢ € [0,0), f € WH(I) we

have

Lz, fllwrr < Allfllwer + M f]]2

Proof. By Theorem B3, given f € Wbl Ly f can be written as

ZyeTfl(fC) 7{’((1/@/)) z € [0, ac]

0 z € (ae, 1]

Lt f(z) =

Differentiating, we obtain

f’() T// )
e ot — el ) @€ e

0 x €lag, 1].

(L. f) (z) =
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Notice that Ly, f is continuous, since lim,_,,_ L7, f = 0. Furthermore, it is differentiable a.e.;
when z — a., we have y — ¢ and (by hypothesis (H7))

. T7(y) . . —28-1
SRR vy e

ly — P

Hence L7, f € Wht. Notice that (L. f) = Lt (f—,> — Lr. <‘T:CTNT, f) and so

TZ

f/ T//
ey < e (5)| + e (o)
2/ 1l (12?7 ) 1ly
f/ T//
< T 1 - ‘(TE’)T]C 1 (by proposition BT 8)
1 T//
< I / £
= [z M |z 1
T//
< Af'1h + H (Tf)2 || f]l2 (by Holder’s inequality),
€ 2
where A\, = % < 1 and H% , < By hypothesis (H4) and (HS8), % N and H% )
can be bounded uniformly for e € [0,4), say by A < 1 and C, respectively.
This inequality is enough to conclude what we need. In fact,
1Lz fllwra = Lo fll + [1(Lz. f) L
< [Ifli+Af N+ ClA
= Afll+ AN+ (=M1l + Cll ]l
< Ml fllwer + (L= M fll2 + Cll 2
Therefore there exists a constant M > 0 such that
[ Lz, fllwrr < Al fllwer + M £l
O
This establishes the first Lasota Yorke inequality with || - ||2 as the weak norm. We now
prove another Lasota Yorke inequality, but this time with || - |[j21 as the strong norm and

| - [lwi1 as the weak norm.

Lemma 5.1.2. There exists M > 0 such that, for each e € [0,6),

1Lz, fllwzs < NI fllwes + M| fllwr,

where X\ is the same as in lemma b1 .
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Proof. For f € W1 we differentiate (L7, f)' = Lz, < ) Lr. <|T,|T, f) to obtain

"_ f 7 '
(LTsf) - (LTE <TE,> - LTE <Wf>>
B f/ / T// !
- (4 (7)) - (= ()
~e((5) ) - (i)
T\ S\

1 T" / T" T"
—|L — £ — L = £ )
{ " (Tg (|T;|T;f )) " (|T;|T; T ﬂ
Moreover, we have

f ' Te// f ' _ 1 _Te// / 1 " T//
(5 () ) - (i) = (5 (s 7)) - ()

[T T

1\, o1,
—hn ((7) I ) i () 7))
Also
117\ 1 T\ T\ .
v (i (ie!) ) = o (2 (i) 7+ (i) )

T/l/’T/‘T/ _ 2(|T"T”)T” 1 Tl/
=T . € el”e el”e € . € / )
; (Tg S o\mm) !

Using the fact that g € (—1, —%) and the various hypothesis we obtain:

2
1. (%) e L, by (H4);

Using the notation f ~ g to mean lim,_,. H = K, with 0 < K < +o00, (2)-(6) follow

from hypothesis (H6) and (H7):

T// .
2. 1a= ‘T,‘T, T, € L™, since

™ 1
T T T!

~ly — 7P

3. qip = (g,)2 77 € L, since

" 1
(T)>T!

~y =7
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S

1 <T€///\Té|T£) ~ g — |22

T\ (1)

5. g3 = % (%) € L?, since

L 2(1)TY | Py

T\ )l

VAN VT
6. g4y = T2 T2 T T2 el , since

T// T//
[T TLT|T

~ly — o772

By (H8), all the norms ||g1,al|o0: [|g1,6/l0c: lg2]l2: [|g3]l2 and [|gal[> are uniformly bounded for
e € [0,6). This shows that L. f € W' if f € W?!. We can write, using the notation and
calculations above,

(Lr.f)" = Lz, ((Ti) f") — L1 ([91.0 + 910) /") — L1.([92 — 93] f) — L1 (91.0af") + L. (94 f)

= Lg, ((%) f") — L1.([291.0 + 915]f") — L1.([92 — 93 — 94l )

It follows that
1\2
Lﬂ((ﬁ))

< NI+ 112910 + grallocllf Nl + llgz — g5 — gallall £ 1l2.

(Lo f)"llx < + L7 (2910 + 91,01 ) 1 + (L1 ([92 — 95 — 94l )

1

Notice that the injection W (I) — L*(I) is compact (Theorem P24 and so, in particular,
it is continuous, thus there exists a constant K such that ||f|ls < K||f||w1.1. We can then

conclude the following:

1Lz fllwzs = Lo fll + 1 (Lr )l + (L2 £)" 12
< Al fllwor + MIIfllz + A7+ Cull 1l + Call £ 112
= AlFI + AL+ X2+ Cullf e+ Csl 2
= M fllwar + A= )£l + A= M) F I+ Cill £l + Csl1 £l

= N\ fllwar + M| fllwrs,

for some constants C, Cy, C3, M > 0 independent of €. O
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Proposition 5.1.3. Considering the transfer operator Ly, : Wbt — W there exists X < 1

such that ro(L1.) < A.

Proof. Given the tools we have previously developed, we aim to use Proposition B274. Using
the notation of the proposition, we take (B, | - ||s) to be (W™(I), ] - |[w11) and || - ||, to be
I o

Moreover, since the injection W1(I) — L?*(I) is compact (Theorem P224), then any
sequence satisfying ||x,|w11 < 1 contains a Cauchy subsequence for || - ||o. It is also clear
that Ly, is a bounded linear operator on (W' || - ||1.1) and by lemma BT we get the

desired Lasota-Yorke inequality:

Lz fllwes < A fllwes + M|l
Since A < 1, we conclude that the essential spectral radius satisfies 7.(Lz,) < A < 1. O

This proposition establishes that there exists only a finite number of eigenvalues (with

finite algebraic multiplicity) A\; € o(Lz.) such that |\;| > .

Proposition 5.1.4. Consider Ly, : WYt — Wl Then r(Lr.) = 1 and there exists some
g9 > 0 such that, for all 0 < e < g9, 1 is the only eigenvalue on the unit circle and it has

algebraic multiplicity 1.

Proof. First, notice that x; o 7. = xy, so 1 € o(Lz.). As we have just noticed, the only
possible elements z € o(Lr.) with |z] > 1 are isolated eigenvalues and we know that the
transfer operator cannot have eigenvalues with modulus larger than 1. This shows that
r(Lr.) = 1.

We must now show that there are no other eigenvalues on the unit circle and that 1
has algebraic multiplicity 1. As we have previously seen, this is the case for Lrp,, since
we assumed in (H5) that 7§ is topologically mixing: indeed, notice that the change from
the space BV to Wh! is not a problem, since if there was a function ¢ € W' and some
1 # z € C,|z] = 1, such that Lrg = zg, then certainly z would be an eigenvalue of
the operator Ly : BV — BV, but we know there are no such eigenvalues. Now we use

Corollary BZ37, more precisely, remark BZ38. Since 1 has algebraic multiplicity 1 for Ly,
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then (for 0 < & < gy and ¢’ small enough) o(Lz.) N By (1) consists of eigenvalues 2% such

j
that Z](;) — 1 as € — 0 and the total multiplicity of the zj(s) equals the multiplicity of 1. But
we already know that 1 is an eigenvalue of L, and that the algebraic multiplicity of 1 when
seen as an eigenvalue of Ly, is 1. This means that 1 is the only eigenvalue on the unit circle

of Ly, and that it has multiplicity 1 (when seen as an eigenvalue of Lr.). O

We have all the necessary tools to show the existence and uniqueness of an invariant

probability density h. € Wt for T. (for € sufficiently small).

Theorem 5.1.5. There exists e > 0 such that, for all 0 < ¢ < gy, T. admits a unique

invariant probability density h. € W1,

Proof. Let g be the one given in Proposition 514. We wish to show that Ly, : Wbt — Wit
has spectral gap and from there deduce the desired result. The previous two propositions
allow us to conclude that Ly : Wt — Wl is quasi-compact, since r.(Lz,) < A < 1 =
r(Lz,). Together with the fact that, for 0 < e < gq, 1 is the only eigenvalue on the unit circle
and it has multiplicity 1, we obtain (by Theorem B=Z®) that Ly, : Wt — Wbl 0 <e < g,
has spectral gap and so we can write Ly = P. + N..

Now fix 0 < e < ¢ and consider the sequence (L% (x 1))n By remark B=22, this sequence
converges in W to P.(x;) € Whl. Notice that this sequence also converges in L'(I) and
so, since L7, (x7) > 0 and [ L7} (x;)dm = 1, for all n > 1, we get that P.(x;) > 0; letting
he = P.(xr), we have h. > 0, [h.dm = 1 and Ly h. = h.. Therefore h. is an invariant
probability density for T, with 0 < ¢ < ¢3. Uniqueness follows from the fact that the

eigenspace associated to 1 is one dimensional. O]

Corollary 5.1.6. There exists a unique invariant probability density h. € W2 for T., with

0<e<egy.

Proof. By lemma B2, we can apply lemma B2 with (B, | - ||s) = (W% | - |lw21) and
|l = || - [[wr1r. Using an entirely analogous procedure, we conclude that there exists
a unique acip in W', for sufficiently small e. Since W?! C W' then (by the previous

theorem) this acip must be equal to h.. O
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5.2 Linear response formula
Now we show that the function € — h. is differentiable in L' at ¢ = 0.
Lemma 5.2.1. For alle € [0,6), we have
| L[|z p2 < 2.

Proof. Recall that

ZyGTfl(m) ’ZJ:E/((y;) LS [07 CLE]
0 x € (ag,1]

and so we have

1.5 = (1) © Elo) @)t @)+ () o Telea) ™ (0) vy )

By the triangle inequality,

f
L <
Ixfle < | (i

We can now bound these norms. We have

/1(<\7€’\) ° (Telp.g) ™ (2) - XTE([o,c>)($))2 dz

) o (TEI[O,C))_l * XT:([0,c))

f) .
+ o (Tel(e1) " * X1u((et
> H(\Tg\ (et (et

2

1 1 2
_ (f (Teljo,) ™ ()))” da
/[o,as] Tg((Te\[o,c))‘l(l‘))( Ts’((Teho,c))‘l(x))‘ "
1 1 2
<|= (f (Telpe) (@) do
T oo/[;,as} Té((Te|[O,C))_1(x))‘ "
- [&] hms e,
< % Oo||f2-><[o,c>H1
1 2
<|m OOHsz-

Using a similar argument, one can also show that

o) o T T < ||
. @ o 5|]c,1}(x)-XTE(]C,1])(x) r< | )

. <1, we get the desired result. O

I1£13.

Since H %
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Lemma 5.2.2. Let W' = {f c whl: fol fdm = O}. There exists a constant C > 0 such

that, for all € € [0,g0] (where g¢ is the same as in Corollary BIA), we have

<C

0 = L) s <

Proof. We wish to apply Theorem B33, with (B, ||-[[s) = (Wy™, || [lwra ) and |||l = [|- 2.
Using the notation of said theorem, we will get our desired conclusion if z = 1. We check

that conditions (a) through (d) are verified:
(a) is verified by lemma B=21;
(b) is verified by the Lasota-Yorke inequality of lemma BT and lemma 5271
(¢) 1is not in the spectrum of Ly, : Wyt — Wy,
(d) is verified by assumption (H9).
Therefore, we conclude that there exists a constant C' > 0 such that, for any 0 < e < &,

(I = Ly, <C.

)7l
W(]1‘1—>L2

Theorem 5.2.3. The function € — h, is differentiable at € = 0 in L'. In particular,

he = ho + (I — Lz,) "' (q) + o(e),

where
LTO [A0h6 + B()h()](l’) T € [0, (10)
q(z) =
0 x € [ag, 1]
with
0.1, o.1.-T! 0.1
Ag—_Té, Be’;‘:A/g: T;Q _Ta{7

and o is in the L' topology.
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Proof. We first introduce some notation. Let

H.= Ly — Ly,

G.=(—Lg)™".
Notice that G. is defined only on W,"'. We have
he = G.H_hy + hy.
Since hg € W21, then (by (H10)) there exists 0. Lz, hg € W! such that
|| L1.ho — Lyho — €(0- L, hoje=o) || yyus = 0(€)
and so we can write
H.hy = eq+ o(e),

for some ¢ € W,'' and where o is in the W' topology.
In order to obtain a formula for ¢, we again introduce some notation. Let go. = (T%|j0,)) "

and g1 = (T%|(,1)) " Then, for j = 0,1, we have

O-(ho © gj<gj.) = O-(ho © gj)gj. + o © gje - O-g;.

= h6 OGje 8&9]',59;',& + hU ° gj,sasg;,a'
Since 1. o g, .(z) = =, differentiating with respect to ¢ gives us
Ts/ O 0Gje- asgj,s + aeTe ©Gje = 0.

Recall that

and so we get

Since
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we also obtain
8&93‘,5 = A:; O Gje - 93‘73 = B, o Gje - g;’75'

This gives us the desired formula for ¢. Finally, recalling lemma b=, we know that

G. : Wy — Wh! is uniformly bounded, hence we have
GeH:hy = eGeq + o(e),

where once again o is in the Wh! topology.

Applying the second conclusion of Theorem BZ3H, we get that, in particular,
I(7 = Lz.)"(q) = (I = L, ) (@)l = |G=(q) — Go(@) 1 — 0, as e — 0.
Therefore
he = ho +£Go(q) +o(¢) = ho + (I — L) (q) + o(e)

where o is in the L! topology, which is exactly what we wanted to show. Il
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