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Abstract

Time series forecasting plays a crucial role in numerous real-world applications. While traditional
statistical methods have long been the standard, deep neural networks are increasingly demon-
strating strong performance on benchmark datasets and competitions.

Deep learning approaches have shown particular success in forecasting problems involving
multiple time series. These models can effectively learn patterns not only across time but also across
collections of time series. In real-world forecasting scenarios, datasets often contain heterogeneous
time series with varying characteristics such as distinct trend or seasonal patterns, or varying noise
and scale levels. This heterogeneity motivates research into new neural architectures that can
effectively handle such diversity. Additionally, having interpretable models that can explain their
predictions is also a desirable property.

A notable state-of-the-art architecture in deep learning-based time series forecasting is N-BEATS
(Neural Basis Expansion Analysis for Time Series). In its interpretable configuration, it is com-
posed of trend and seasonal stacks, each formed by sequentially connected blocks linked via a
residual structure. These blocks project the time series onto basis functions modelling the respec-
tive components, allowing the model to produce forecasts that are decomposable and, thus, more
interpretable.

In this work, we present N-BEATS-MOE, an extension of N-BEATS based on a Mixture-of-Experts
(MoE) layer. N-BEATS-MOE employs a dynamic block weighting strategy based on a gating network
which allows the model to better adapt to the characteristics of each time series. We also hypoth-
esize that the gating mechanism provides additional interpretability by identifying which expert is
most relevant for each series.

We evaluate the proposed approach, and some variations, by conducting experiments on
12 benchmark datasets comprising a total of 100.141 time series. The results indicate that
N-BEATS-MOE demonstrates competitive performance with N-BEATS, particularly on datasets com-
posed of heterogeneous time series. Moreover, a decomposition-based analysis of the results pro-
vided insights into the behaviour of the gating mechanism.

Keywords: Time series, Forecasting, Mixture-of-Experts, N-BEATS



Resumo

A previsdo de séries temporais é crucial em diversas aplicagoes praticas. Os métodos estatisticos
convencionais, que se mantiveram como o paradigma dominante por um extenso periodo, tém
sido superados pelas redes neurais profundas, que tém apresentado um desempenho cada vez mais
notavel em conjuntos de dados e competigoes de referéncia.

As abordagens baseadas em aprendizagem profunda tém revelado um desempenho particular-
mente eficaz em problemas de previsdo que envolvem multiplas séries temporais. Estes modelos
nao s6 conseguem aprender padroes ao longo do tempo, como também entre diferentes séries tem-
porais. Na pratica, os conjuntos de dados de previsdo frequentemente contém séries temporais
heterogéneas, com caracteristicas variadas, como diferentes tendéncias, padroes sazonais, niveis de
ruido e escalas distintas. Esta heterogeneidade motiva a investigacao de novas arquiteturas neurais
que consigam lidar de forma eficaz com tal diversidade. Além disso, é desejavel que os modelos
sejam interpretaveis, ou seja, capazes de explicar as suas previsoes.

Uma arquitetura de ponta notédvel na previsao de séries temporais com aprendizagem profunda
é o N-BEATS (Neural Basis Expansion Analysis for Time Series). Na sua configuracio interpretavel,
¢é composto por stacks de tendéncia e sazonalidade, cada uma formada por blocos sequencialmente
ligados por via de uma estrutura de residuos. Estes blocos sdo responsaveis por projetar as séries
em fungoes base que modelam esses componentes, permitindo gerar previsdes decomponiveis e, por
conseguinte, mais interpretaveis.

Neste trabalho, apresentamos o N-BEATS-MOE, uma extensao do N-BEATS baseada numa camada
Mixture-of-Experts (MoE). O N-BEATS-MOE recorre a uma estratégia dindmica de ponderagao dos
blocos, fundamentada numa rede de gating, que possibilita ao modelo adaptar-se de forma mais
precisa as caracteristicas de cada série temporal. Além disso, propoe-se a hipdtese de que o
mecanismo de gating proporciona uma interpretabilidade adicional, ao identificar qual bloco é
mais pertinente para cada série.

Procedeu-se a avaliacdo da abordagem proposta e de algumas das suas variagdes, por meio
de experimentos em 12 conjuntos de dados de referéncia, num total de 100.141 séries temporais.
Os resultados obtidos indicam que o N-BEATS-MOE apresenta um desempenho competitivo com
o N-BEATS, especialmente em conjuntos de dados compostos por séries temporais heterogéneas.
Adicionalmente, uma anélise & decomposicdo da previsdo do modelo forneceu uma compreenséo
aprofundada sobre o comportamento do mecanismo de gating.

Palavras-chave: Séries temporais, Previsao, Mistura de Especialistas, N-BEATS
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“Long enough have you dream’d contemptible dreams,
Now I wash the gum from your eyes,

You must habit yourself to the dazzle of the light

and of every moment of your life.”

Walt Whitman
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Chapter 1

Introduction

This chapter presents an overview of the context and motivation behind this thesis. Section 1.1
offers a concise introduction to the forecasting problem. Section 1.2 elaborates on the rationale
driving our research. Section 1.3 delineates the primary objectives and research questions of the

study. Lastly, section 1.5 outlines the structure and organization of the document.

1.1 Context . . . . o v v i
1.2 Motivation . . . . . . . . L L
1.3  Objectives and Research Questions . . . . . . .. .. .. ... ... ......
1.4  Contributions . . . . . . . .. L

W W W N -

1.5 Document Outline . . . . . . . . . . . . . . . . ...

1.1 Context

Artificial Intelligence (AI) is set to play a transformative role in the global economy, with the
potential to contribute an additional $13 trillion to global GDP by 2030 [6]. Its ability to auto-
mate complex tasks, analyse vast amounts of data and improve decision-making has far-reaching
implications for sectors ranging from healthcare to finance and manufacturing. By improving pro-
ductivity and driving innovation, Al is expected to reshape industries, optimise resource use, and
create new economic opportunities, making it a key driver of technological progress and economic
growth in the coming decades.

One of the most notable tasks in Al is Time Series Forecasting (TSF). A time series denotes a
collection of time-ordered observations. This data type can be used to represent various phenomena
in domains such as finance [16], healthcare [65], energy [67], and retail [41]. TSF involves using
historical time series data to predict the values of future observations. While traditional statistical
methods such as ARIMA [31] have long been the standard approach, deep neural networks are
increasingly showing their effectiveness in benchmark datasets and competitions [73].

When tackling forecasting problems, deep neural networks are typically trained on collections
of time series. The hypothesis is that, by integrating disparate time series datasets, it will be
possible to discern common patterns and intricate relationships [28]. Ultimately, this leads to
better forecasts. These types of models are called Global Forecasting Models (GFMs), and contrast
with local models that fit each time series individually (e.g. ARIMA [31]).
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However, in real-world forecasting scenarios, datasets often consist of heterogeneous time series
that display varying characteristics, such as distinct trend and seasonal patterns, as well as differ-
ences in noise levels and scale [57]. This diversity within the data can pose significant challenges to
traditional deep learning models, which may struggle to capture the unique characteristics of each
time series within a heterogeneous dataset and make incorrect generalizations. Montero-Manso and
Hyndman [64] show that regardless of the degree of heterogeneity in a given dataset, there exists
a GFM that can perform with equal or greater effectiveness than the collection of local models.
Furthermore, one of the key factors contributing to the performance and complexity of the model
is its efficiency in the partitioning of the dataset. Despite the advances in deep learning approaches
for time series forecasting, opportunities remain for improving how GFM handle diverse real-world

time series datasets [57].

1.2 Motivation

The challenges of real-world time series forecasting, particularly when dealing with multiple and
heterogeneous time series, often expose the limitations of traditional models in capturing diverse
patterns such as varying trends, seasonalities, noise levels, and scales.

In machine learning, a common approach to handle datasets with heterogeneous patterns is the
Mixture of Experts (MoE) framework. This method involves training multiple specialized models,
or “experts”, where each is tailored to handle specific patterns or characteristics in the data. MoE
also include a gating network that dynamically determines the most appropriate expert for each
input. While MoE approaches have been around for a while [33, 59], they have gained popularity
in the last few years, particularly in the context of Large Language Models (LLMs) [18, 35, 22],
where they improve model performance and reduce inference cost, especially when working with
large heterogeneous datasets [66, 95].

A notable state-of-the-art architecture in deep learning-based time series forecasting is Neural
Basis Expansion Analysis for Time Series (N-BEATS) [73, 1]. N-BEATS has been shown to
outperform various neural-based time series forecasting approaches, including architectures based
on transformers or recurrent neural networks [15]. In its interpretable configuration, N-BEATS
comprises trend and seasonal stacks, each consisting of sequentially connected blocks integrated
through a residual structure. These blocks compute basis coefficients, which are then used to
project the time series onto predefined basis functions that model the respective components.
This architecture enables the generation of forecasts that are decomposable and, consequently,
more interpretable. N-BEATS has been effectively applied to datasets involving multiple time
series [73, 15, 58].

Motivated by the need for models that can both adapt to heterogeneous time series and remain
interpretable, we propose extending the N-BEATS architecture with a MoE framework. Our
hypothesis is that this integration will allow different components of the model to specialize in
distinct structural patterns (e.g., different types of seasonality or trend), enhancing the model’s
flexibility and generalization capability. In this way, each expert can focus on distinct time series
patterns, with the gating mechanism learning how to best combine their outputs at inference time.

The successful development of this research will have practical implications for time series
forecasting in heterogeneous datasets. For instance, in organizations that operate across different
sectors or geographical regions, the ability to handle and adapt to diverse time series patterns

could significantly enhance planning and resource allocation without having to train and maintain
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multiple models. Overall, this adaptability could lead to more efficient and informed decision-
making processes in areas such as supply chain management, financial planning, and resource

allocation.

1.3 Objectives and Research Questions

The primary objective of this research is to extend the N-BEATS architecture by integrating a
MoE mechanism, with the goal of improving its performance on datasets composed of heteroge-
neous univariate time series. This objective is addressed through the following three key research

questions:

1. How can we augment the N-BEATS architecture with a MoE approach to better accommodate
the heterogeneous patterns (e.g., varying trends and seasonal profiles) inherent in datasets

comprising multiple univariate time series?

2. To what extent do N-BEATS MoE-augmented approaches achieve better performance in terms

of forecast accuracy?
3. How does the inclusion of a MoE layer improve the interpretability of N-BEATS?

The responses to these research questions will contribute to a deeper understanding of how MoEs
approaches can be applied in the context of univariate time series forecasting, particularly in

datasets composed of heterogeneous time series [57, 56].

1.4 Contributions

We address the research questions by proposing N-BEATS-MOE, an extension of N-BEATS that
features a MoE layer. According to the proposed method, the blocks in the N-BEATS stacks
act as experts, with a gating network controlling their combination. We validate the proposed
method on a set of 12 benchmark datasets, and show that it performs competitively with N-
BEATS, especially in datasets composed with heterogeneous time series. In summary, the main

contributions of this work are:

e A novel architecture combining N-BEATS with MoE for improved handling of heterogeneous

time series.

e A set of experiments' that show that N-BEATS-MOE performs competitively with N-
BEATS. These also include an analysis of the behaviour of the gating network in an attempt
to understand the behaviour of the introduced MoE layer.

1.5 Document Outline

This dissertation is organized into five chapters. Chapter 2 reviews the background and related
work, covering time series, forecasting methods, deep learning, and MoE, including their associated
challenges. This chapter focuses on presenting the fundamentals of the task, summarizing the

current state-of-the-art approaches, and discussing related work.

LAl implementations are available at https://github.com/zaai-ai/mixture_of_experts_time_series/tree/
main/models.


https://github.com/zaai-ai/mixture_of_experts_time_series/tree/main/models
https://github.com/zaai-ai/mixture_of_experts_time_series/tree/main/models
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Chapter 3 outlines the problem statement, formulates the research hypotheses, and details
the methodology applied. It restates the problem addressed in this dissertation and provides an
overview of the approach, and its variants, adopted to solve it.

Chapter 4 describes the experimental setup, presents the results, and analyses expert special-
ization and forecasting aspects, concluding with a discussion and considerations on validity. We
present the datasets, evaluation metrics, training procedure, hyperparameter configuration, and
experimental protocol. This is followed by an analysis of expert specialization along two dimen-
sions: its alignment with standard series decompositions and its impact as demonstrated in a case
study on the M1 dataset. Next, an aspect-based analysis is conducted to identify where our model
achieves improvements over N-BEATS. The chapter concludes with a discussion of all results and
potential threats to validity.

Chapter 5 summarizes the research contributions, answers the research questions, and outlines
directions for future work. Additional materials are included in the appendices, including the final

hyperparameter settings and examples of forecasts across different datasets and aspects.



Chapter 2

Background and State-of-the-Art

In this section, an overview of the main topics of this thesis is provided. Section 2.1 presents
a definition of the key concepts in time series. Section 2.2 addresses the problem of time series
forecasting, focusing on the framing and definition of the problem, as well as classical forecasting
methods and evaluation techniques. Section 2.3 offers a brief introduction to deep learning, high-
lighting notable deep learning architectures used for time series forecasting. Finally, Section 2.4

introduces the Mixture of Experts framework, with a discussion on relevant related works.

2.1 Time Series . . . . . . .. e
2.2 Time Series Forecasting . . . . . . . ... .. ... L.
2.3 Deep Learning . . . . . . ..o
2.4  Mixture of Experts . . . . . . . . ... 12

2.1 Time Series

A Time Series (TS) is a sequence of data points indexed in time order, typically measured at uniform
intervals. Formally, it can be represented as T'S = y1,y2,¥s,...ys, where t denotes increasingly
chronological time steps.

A univariate time series is characterized by having a single variable at each time step. It
opposes to multivariate time series which are characterized for having more than one variable per
each time step, for example y; = (at,b;) at each time step, where a; and by represent distinct time
series variables. Figures 2.1 and 2.2 illustrate examples of univariate and multivariate time series,
respectively. The former shows temperature alone over time, while the latter includes temperature,
humidity, and pressure evolving together.

In many scenarios, datasets are composed of multiple time series {T'S L., Ts% }, where Z is
the number of time series in the dataset. For example, retail organizations typically aim to forecast
the sales of various products simultaneously, where each product is represented as a time series.
In this work, we focus on datasets composed of multiple univariate time series.

A time series can be conceptualized as a combination of multiple underlying components, each

of which contributes to the formation of the overall pattern:
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Weather Time Series Data

a. Temperature
40

20 1

Temperature (°C)

T T T T T T
2017 2018 2019 2020 2021 2022

Figure 2.1: An example of a univariate time series of temperature, measured in degrees Celsius.

e Trend: represents the long-term, persistent movement or direction in the data level over
time. It captures the overall increase, decrease, or stability in the time series, reflecting
broad changes that occur gradually rather than in short bursts.

e Seasonality: occur when the time series data is influenced by recurring seasonal patterns
that are tied to specific, fixed intervals (e.g. monthly).

e Cyclic patterns: occur when the time series data exhibits repeating patterns but without
a regular interval.

e Noise or Remainder: refers to the random variation present in time series data. It reflects
the inexplicable or irregular fluctuations that do not conform to the trend, seasonality or
cyclical patterns.

Considering this, the series can be decomposed as follows:

yr =St+ T +Cr+ Iy (2.1)

Where y; represents the observed data, S; is the seasonal component, T} the trend component,
C the cycle component, and R; the remainder component, all at time ¢. Other forms of decom-
position, including the multiplicative and mixed decomposition, have their own set of advantages
and disadvantages [70].

2.2 Time Series Forecasting

This section provides an overview of the forecasting task. Section 2.2.1 offers a formal definition of
the forecasting problem, accompanied by a discussion of the challenges encountered in forecasting.
Section 2.2.2 introduces a range of classical methods commonly used in forecasting. Finally, Section
2.2.3 examines various evaluation methods and metrics used to assess the accuracy and effectiveness
of forecasts.

2.2.1 Definition and Challenges

Time Series Forecasting plays a crucial role in various domains, including business [24], financial
markets [4], weather prediction [40], and industrial manufacturing [62].

Univariate time series forecasting is the process of predicting future values in a single-variable
time series. Formally, given a historical time series X = {y; | i =0,...,t}, where X € R**? and
t denote the number of historical timestamps, the objective is to learn a function f such that
f(X)=Y with Y ={y; |i=t+1,...,h} € R™" where h is the prediction horizon (i.e., the
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Multivariate Weather Time Series

a. Temperature
10

b. Humidity

S
i=d
Z 60
E
==}

c. Pressure

1060 4

1040 4

1020 A1

1000 A

Pressure (hPa)

980 1

960 A

T T T T T T
2017 2018 2019 2020 2021 2022

Date

Figure 2.2: An example of a multivariate time series, where three variables, namely temperature,
humidity, and pressure, are modelled together.

number of future timestamps to forecast). The goal is to find the function f that minimizes a loss
function loss(Y,Y), where Y € RPX" represents the forecasted values.

For clarity and throughout this dissertation, in some models we make the distinction between
the input series, xg...x; that serve as input to the model, and the expected forecast values,
Yit1---Ye+n. When using a hat, we refer to the model forecast § or backcast &, how the model
predicts the future will be and how it comprehends the past.

Forecasts with a horizon of one, h = 1, referred to as one-step ahead forecasts. Conversely,
forecasts with a horizon of h = n are termed n-step ahead forecasts. Similarly, it is common
to distinguish between short-term forecasting, where the forecast horizon is relatively short, and
long-term forecasting for longer horizons [31].

When dealing with TSF, a model can be trained using two distinct approaches: local methods,
which model each time series in the dataset independently, and global methods, which model each
time series jointly [34]. Hybrids approaches, [81, 91, 89], try to leverage the specialization of local
methods with the generalization of GFMs.

TSF faces several challenges, including the non-stationarity of real-world data, meaning the
data can change in unpredictable ways over time, and the difficulty of distinguishing true causality
from correlations driven by coincidence or hidden variables [43]. The difficulty in capturing diverse
patterns across heterogeneous time series datasets [52]. And also, due to the inherent nature of
TS data, it is susceptible to noise, such as that introduced by sensors [29], or inconsistencies in the
data collection process such as missing and duplicated data [17].
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2.2.2 Classical Forecasting Methods

The term “classical forecasting method” is typically associated with statistical models [34]. The

following section presents a selection of classical forecasting methods.

Naive A naive forecast assumes that the value at the next time step is equal to the most recent

observed value:

Jt+1 = Yt, (2.2)

where ¢;41 denotes the forecast for time ¢+ 1, and y, is the observed value at time ¢. This simple
model, also known as a random walk forecast, has been extensively applied in financial contexts,
such as exchange rates [42, 61] and stock prices [8], where random walk tests are conducted to
determine whether future movements are unpredictable and independent of past behaviour.

Another example of a naive method is the seasonal naive forecast, which assumes that the
value at the next time step will be equal to the value from the same season in the previous cycle.

Formally, for a seasonal period m, the forecast is given by:

Yt+h = Yt+h—m(s+1)> (2.3)

where h is the forecast horizon, m is the length of the seasonal cycle, and s is the number of

complete seasonal cycles between the last observed value and the forecast period.

Autoregressive Models (AR) A model where the current value is a linear combination of its
past values, a regression of the variable itself. An Autoregressive Model (AR), of order p, can be

formally defined as:

P
yi=ct+ Y iyi—iter (2.4)

i=1
where ¢1,..., ¢, are the parameters of the model, ¢ a constant, and ¢; is white noise [31]. Also
referred as AR(p), an autoregressive model of order p. AR models are frequently used in time

series analysis [104, 107].

Moving Average (MA) Model A model that expresses the current value of a time series as a

linear combination of past random errors. Thus, MA(q):

q
Yt :M+Zeiat_i+st (2.5)
i=1
where 01, ...,0, are the parameters of the model, u is the mean of the series, and e¢,€4—1,...,6¢—q

are the error terms [31]. Moving Average Model (MA) models are also used for analysis and fore-
casting, with applications such as the prediction of tourist numbers [32], energy consumption [77],
and more [10, 44, 104].

Autoregressive Moving Average Models (ARMA) A commonly used model in time series
analysis that combines both AR and MA components to capture a wider range of temporal de-
pendencies [104]. An Autoregressive Moving Average Model (ARMA) of order (p,q) is denoted as
ARMA (p,q), where p is the AR order and ¢ the MA order. Formally:



2.3 Deep Learning 9

P q
Yyt = C+Et+zt,0iyt—z+zai€t—i (2.6)
i=1 i=1

Alternative methodologies include Autoregressive Integrated Moving Average Models (ARI-
MAs), which introduces differencing in ARMA to address non-stationary data [9]; Seasonal ARIMA
(SARIMA), which extends the aforementioned methodology and incorporates seasonal components
[74]; and Seasonal Autoregressive Integrated Moving-Average with Exogenous Variables (SARI-
MAX), which further extends the SARIMA and allows for the introduction of exogenous variables,

facilitating the utilization of external variables [2].

Exponential Smoothing Models A set of models that are weighted averages of past observa-
tions, with the weights decaying exponentially as the observations become less recent. The Simplest
Exponential Smoothing (SES) method can be defined as:

U1t = oyt + (1 — ) - Gyje—1 (2.7)

where 0 < o < 1 is a smoothing factor. An increase in the value of o will result in a reduction
in the influence of older values on the prediction of t+ 1. Decreasing o will have the opposite effect.
Holt’s Linear Trend method extends the SES to include a trend component [30]. The Holt-
Winters Seasonal method adds a seasonal component to the latter to handle data with both trend

and seasonality [100, 30]. Several other exponential smoothing variants also exist [25, 26].

2.2.3 Evaluating Forecasts

The evaluation of forecasts is of paramount importance for the assessment of a given model’s
performance and its relative positioning in comparison to other benchmark models.

Evaluation in TSF usually follows the same process of common Machine Learning (ML) algo-
rithms. First, it is essential to partition the data in validation and test sets, the Out-of-Sample
(OOS) evaluation. However, in contrast to conventional tasks, time series evaluation necessitates
the consideration of the temporal sequence of data, thereby ensuring that the training set is po-
sitioned prior to the validation and test sets [14]. This approach is undertaken to prevent data
leakage and overfitting.

Once the predictions have been generated by the models, the subsequent step is to compute
the errors associated with these predictions. A variety of metrics are used to evaluate point
forecasts, which can be classified into distinct categories, including scale-dependent and scale-
independent metrics, percentage errors, and relative metrics. Table 2.1 presents a selection of
the most pertinent metrics in the context of TSF. In this thesis, special attention is given to the
Symmetric Mean Absolute Percentage Error (sSMAPE) metric, which played a central role in the

evaluation framework of the M4 competition.

2.3 Deep Learning

Deep Learning (DL) is a subfield of Al and ML that tackles problems in many areas, such as
healthcare [53, 63, 85], generative ai [85, 36|, tasks in natural language processing [21, 35], agri-

culture [38], and many more. Unlike traditional machine learning methods that often rely on
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Table 2.1: Forecasting evaluation metrics

Category Name of Metric Formula
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Scale-Independent Mean Absolute Scaled Error (MASE)

handcrafted features, deep learning architectures automatically learn hierarchical and highly com-
plex representations directly from raw data, allowing them to tackle problems of unprecedented
scale and complexity [49]. This section begins with an introduction to the fundamentals of DL
and then explores deep learning architectures for TSF. Section 2.3.1 provides a brief overview of
the origins of Neural Networks (NNs). Section 2.3.2 explains the training process for NNs. Fi-
nally, Section 2.3.3 presents a historical overview and detailed explanation of the key deep learning
architectures used for TSF.

2.3.1 Neural Networks

The concept of artificial neurons, which form the basis of NNs, was first proposed in 1947 by
Warren McCullogh and Walter Harry Pitts [60]. They proposed a model that mimicked the firing
of neurons in the human brain. A set of signals, which in the biological context are gathered
by dendrites from synapses [7], are combined linearly. Subsequently, an activation function, a
threshold unit, is responsible for “firing” the neuron. Later, Frank Rosemblatt introduced a way to
learn from data [79] and Bernard Widrow introduced the idea of representing the threshold value
as a bias term [99].

NNs are no more than layers of artificial neurons interconnected. Every neuron is responsible
for calculating the weighted sum of the inputs, using a set of weights and bias as parameters, and
then applying a non-linear activation function. Non-linear activation functions play a crucial role in
neural networks, enhancing their performance and enabling the modeling of complex relationships

between inputs and outputs [47].

2.3.2 Training Neural networks

To evaluate the performance of a neural network, we compare the predicted output with the
expected output using a loss function. The loss function quantifies the difference, providing a

measure of how close the network’s current solution is to the desired outcome. The learning process
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input

hidden layer

Figure 2.3: Neural networks as Autoregressive models with non-linear hidden layers. In this
approach, the time lags x;_3...z¢t_¢ are used to predict future occurrences gsy1...J¢t+3.

involves two main steps: backpropagation, which calculates gradients of the loss with respect to
the network’s parameters, and optimization, which adjusts these parameters to minimize the loss.

The weights and biases are updated multiple times to allow the model to understand the
intricate relationships of the input data. Sometimes this results in overfitting. A number of
techniques exist to prevent overfitting, including dropout and regularization. Dropout consists in
randomly switching off some neurons [88]. Regularization is a term added to the loss function (L)

that aims at making the model generalize better [45].

2.3.3 Deep learning for Forecasting

Deep Learning approaches are effective in forecasting problems, as evidenced by the state-of-the-
art results on benchmark datasets and competitions such as M4 [57] and M5 [58]. NNs address
forecasting tasks via supervised learning typically following an auto-regressive modelling approach,
as illustrated in Figure 2.3. In effect, future values are modelled using past lags as input explanatory
variables.

Historically, most of the literature focus on MLPs [92] or recurrent approaches (e.g., LSTMs [86])
for time series forecasting using neural networks. More recently, the literature on deep learning
for forecasting has explored different architectures besides these, including convolutional neural
networks [101], transformers [51], among other approaches.

Despite varied solutions, recent advances have shown that purely feedforward, MLPs-based ar-
chitectures can achieve state-of-the-art forecasting accuracy [73, 15, 19]. A pioneering architecture
in this direction is N-BEATS [73].

Until the release of N-BEATS, pure DL and pure ML architectures had struggled to consistently
outperform classical statistical methods in standardized forecasting benchmarks such as M3 and
M4 [73, 57, 56]. This was mainly due to challenges with preprocessing and overfitting, which
limited their effectiveness [57]. The N-BEATS architecture addresses these issues with a simple,
general design that requires no feature engineering or input scaling [73].

N-BEATS consists of multiple stacks, each representing distinct basis functions, as illustrated in
Figure 2.4. Every stack comprises N MLP-based blocks, where every MLP computes and projects



Background and State-of-the-Art 12

the backward 8° and forward 67 expansion coefficients onto their respective basis functions. This
process produces, for each block ¢, the forecast and backcast outputs denoted by y, = gfc (0{ ) and
Xy = 95(02), respectively. Afterwards, the backcast Xy is subtracted from the block input signal xy,
and the resulting residual is passed to the subsequent block £+ 1. The forecast ¥, is aggregated
with previous forecasts as §1+y2+ -+ ¥s.

In its interpretable configuration, N-BEATS is composed of a trend and seasonal stacks. In the
trend stack, the model uses a polynomial basis B(t), while in the seasonal stack it uses a harmonic

Fourier basis F(t), both applied over normalized time windows [73]:

1
t=—100,1,2,.... H—2,H—1
H[Oaav ) ) ]7

B;.= [1 t; t2 .- tﬂ ,
H H
F;.= |1 cos(2mt;) --- cos (27r {2 + IJ ti) ,sin(27t;) -+ sin (27T {2 +1J tzﬂ

H-1
T} represents normalized

Here, i € {0,...,H—1} indexes the time steps, and t; € {0, %, e
time. The parameter d is the degree of the polynomial in the trend basis.

In contrast to the interpretable configuration, the generic configuration does not impose any
predefined time series feature—specific basis functions. Instead, it learns the basis functions directly
from the data within the FCs layers of the blocks. In this configuration, there is no need to
distinguish between stacks and blocks because each stack uses the same basis function. These stacks
are referred to as identity stacks since the basis function simply replicates the basis coefficients
from the block, allowing the block to learn how to decompose the forecast.

N-BEATS is primarily designed for univariate forecasting, which is the main focus of this
dissertation. In contrast, Neural Basis Expansion Analysis with Exogenous (N-BEATSx) extends
this framework by incorporating exogenous variables, enabling the model to account for external
factors that influence the time series [71].

Another architecture, built upon N-BEATS, is Neural Hierarchical Interpolation for Time
Series Forecasting (N-HITS). Incorporating hierarchical interpolation and multi-rate data sampling
techniques, this model addresses the issues of volatility and computational complexity associated
with long-term forecasts [15].

It is also pertinent to mention some other significant architectural styles. Temporal Fusion
Transformers (TFT) incorporates multi-head attention to highlight relevant features for inter-
pretability [51]. Although many transformer architectures have been proposed [84, 51, 105], their
effectiveness is debated [103]. Temporal Convolution Network (TCN) denotes the utilisation of
1D convolutional architectures in the context of temporal data. Empirical evidence suggests that
this approach yields superior outcomes compared to conventional recurrent networks, such as
LSTMs, in specific tasks and datasets [5]. Another notable approach is DeepAR, which trains an
autoregressive recurrent neural network on related time series to generate accurate probabilistic
forecasts [80].

2.4 Mixture of Experts

The MoE framework involves training several specialized models, or “experts”, each focused on

capturing different patterns within the data. Additionally, it incorporates a gating network that is
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Figure 2.4: Architecture of the N-BEATS interpretable configuration originally proposed by Ore-
shkin et al. [73]. In the original N-BEATS architecture, the identity stack is not included. However,
adding an identity stack can enhance forecasting performance in certain cases without compromis-
ing the interpretability of the results. Another important feature of this configuration is that the
parameters of the blocks are shared within each stack, which the authors argue contributes to
improved overall performance.

capable of dynamically determining the most appropriate expert for each input [33]. This approach
has recently been successfully applied in LLMs such as Mixtral-8x7B [35] and DeepSeek [18]. In
this section, MoE is introduced and discussed in the context of this thesis. Section 2.4.1 outlines
the key characteristics of MoE. Section 2.4.2 presents an overview of the taxonomy, focusing on
gating mechanisms and training paradigms. Section 2.4.3 provides a brief overview of how MoEs
are utilized in LLMs. Finally, Section 2.4.4 reviews related work, highlighting existing gaps in the

current research, while Section 2.4.5 addresses the routing collapse problem.

2.4.1 Background on MoE

MoE methods address machine learning problems using an ensemble-based approach. A MoE typ-
ically consists of N expert networks {f1,..., fxy} trained alongside a gating network G. Originally
proposed by Jacobs et al. [33], MoE aligns closely with the divide-and-conquer approach, a strategy
that breaks down a complex problem into smaller, more manageable subproblems that are easier to
solve. Unlike conventional models that activate all parameters for every input, MoEs dynamically
select the active parameters depending on the input. This enables the model to better adapt to
datasets that involve multiple domains such as time series datasets composed of heterogeneous

time series [57]. Consequently, the MoE framework can be defined as follows:

o Expert Models, {f1,...,fn}: A set of models, each of which specializes in learning and
solving a particular subset of the data. In most cases, the expert model can be any type of
model, although it is more commonly a neural network. Each expert is defined by a set of

parameters W; and generates a prediction for an input z, denoted as f;(x; W;).

o Gating Network, G: The Gating Network (GN) is responsible for redirecting the input,
x, to the appropriate experts. As such, it typically computes a linear-softmaz distribution

that assigns probabilities to all experts, N. While the gate is normally implemented as
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Figure 2.5: Training step in a Mixture of MLP-experts. In this particular example, the gating
network partitions the input space in response to the performance of the various experts, assigning
softmax-based weights to each expert. This gives the MLP-experts a competitive environment
in which to identify and specialize in different patterns. The training process is guided by two
loss functions: the main objective function Ej;g, which encourages experts to specialize based on
performance, and the auxiliary gating loss Eg, which aligns the gating network’s output O, with
the ideal gating targets h. Image adapted from [59].

a linear projection [35, 18], other approaches exist, such as domain-specific gating or non-
linear gating mechanisms [66]. GNs can be described as a set of parameters, ©, which take

an input, x, and produce an output, G(z;0).

e Loss Function, £: The loss function is responsible for quantifying how well the MoE is
performing in terms of its predictions. For MoE, the total loss is typically a combination of
the individual losses from each expert network weighted by the gating network’s output. The
loss function enables the GNs to learn how to route each input to the most relevant expert(s),
thereby allowing the experts to specialize in the subset. However, as discussed later, this

mechanism can lead to imbalances in expert utilization and requires special attention.

e Pooling method: The pooling methods refers to the mechanism used to combine the ex-
pert(s) output, f;(z;W;), and the GN output, G(z;0), in order to produce a prediction. The
pooling output, and thus the MoE prediction, can then be defined as FM°F(x;0, {W;} ¥ ).

In Figure 2.5, an example of the training process for a MoE is illustrated. Similarly, Figure

2.6 presents an example of the inference process.

2.4.2 Taxonomy of MoE

Masoudnia and Ebrahimpour [59] describe MoE as a data-dependent combining method where the
input directly influences the ensemble by determining the combining weights. In the context of
ensemble learning, they distinguish two main strategies: fusion, where all classifiers are trained

on the entire feature space, and selection, where each classifier is trained on a specific region or
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Gating Network}

)

Figure 2.6: Inference in a Mixture-of-Experts model. The input, x, is passed to each expert. The
gating network computes a softmax distribution over the gating values, and the output is obtained
by calculating the weighted average of the expert outputs. Image adapted from [59].

subset. MokE is presented as a hybrid of these approaches, combining aspects of both by dynamically
weighting classifier outputs according to their local competence for a given input.

Masoudnia and Ebrahimpour [59] further distinguish how the partitioning of subspaces is
performed. In the Mixture of Implicitly Localized Experts (MILE) approach, the problem space
is dynamically divided during training, with experts competing and adapting to different regions
based on the gating network’s decisions. Conversely, in Mixture of Explicitly Localized Experts
(MELE), the problem space is pre-partitioned using clustering techniques prior to training, and
each expert is assigned to a specific subspace based on this predefined division.

In regard to the pooling method, two principal approaches can be identified:

e Dense MoE: In this approach, all experts are activated for each input and their outputs are
aggregated without any selection. Dense MoE models tend to be computationally expensive
because they use the full capacity of all experts at each forward pass [82]. As a result, the

output of a dense MoE can be considered as:

N
Flonse(x:0, AW 1) = " G(x;0)i fi(x; W5)

i=1

where G(x;0); represents the linear-softmaz of the gating values for input x, while f;(x; W)

represents the output of expert ¢ for input x.

e Sparse MokE: In Sparse MoE, the gating network selects only a subset of experts to activate
for each input, typically the top-k experts with the highest gating values. This approach
significantly reduces computational cost while maintaining performance by focusing on the
most relevant experts for a given input [35, 18, 82]. The output of a Sparse MoE can be
expressed as:

Foparee (0, WL 1) =3 G(x:0)i fil(x; W),
1€S
where S denotes the set of selected top-k experts based on their pre-softmax gating values,

and f;(x; W) represents the output of expert ¢ for the input x.
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Figure 2.7: A sparse MoE consisting of 3 experts. The gating mechanism first selects the 2 most
appropriate experts for the input based on their gate function scores. Then, a linear combination
is performed, using the softmax values of the gating scores as weights. The key distinction between
sparse MoE and dense MoE is that, as shown in the image, not all experts are activated.

While the previous two approaches are the most well-known and widely used, there are several
other combination methods worth highlighting. For instance, Soft MoE addresses the scalability,
training stability, and related challenges faced by Sparse MoE. It performs an implicit soft assign-
ment by passing different weighted combinations of all input tokens to each expert, making the
entire operation continuous and differentiable [75]. Another variant, Hierarchical MoE, extends
MoE models into a tree-structured form where inputs are routed through multiple gating levels
to selectively activate specialized experts [50, 37]. Additionally, there are methods such as Shared
MOoE that ensure one or more experts are always used for all inputs [18].

Figure 2.7 illustrates the core process and motivation behind sparse MoE.

2.4.3 Scaling LLMs with MoE architectures

In recent years, LLMs have gained widespread popularity and have become important tools for
productivity, knowledge retrieval, code assistance, and a variety of other applications. As the
demand for larger and more capable models intensifies, the need for more efficient architectures
poses an increasingly significant challenge.

In conventional dense LLMs, performance typically exhibits a log-linear relationship with in-
creases in dataset size, model size, and the amount of compute utilised for training [39]. This
indicates that to achieve substantially superior models, there is a necessity for exponentially more
parameters and computational resources. However, scaling the model parameters typically results
in an increased inference latency and higher computational costs.

To address this issue some architectures, [35] [18], decided to switch the feed-forward layer of
their models with a sparse MoE layer. This modification enabled computational costs to remain
manageable as model size increased and performance improved.

In a sparse MoE layer, only a subset of available experts is activated for each input token,

typically selected via a gating mechanism. This design allows the model to scale up the total
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number of parameters without proportionally increasing the computational burden during infer-
ence or training [35]. A critical component of making this architecture viable at scale is the use
of all-to-all dispatch and combine operations, which facilitate the dynamic routing of tokens to
the appropriate experts across distributed hardware [11]. Although this approach introduces addi-
tional communication overhead, it enables substantial gains in efficiency and scalability. However,
the effectiveness of communication depends on various factors, such as hardware configurations,
bandwidth limitations of communication channels, and potential load imbalances [11, 66]. These
imbalances, which are inherent to MoE architectures, can exacerbate inefficiencies by introducing
synchronization delays [11, 66].

To mitigate this, DeepSeek-V3, a recently popularized model, employs a DualPipe algorithm,
which overlaps communication with computation to minimize pipeline stalls and hide most of the
all-to-all overhead [20]. Other researchers have also proposed different strategies to address this
problem [76, 83]. Although this issue is not encountered in this dissertation, managing all-to-all

communication remains a crucial challenge when training LL.Ms based on MoE.

2.4.4 Considerations on MoE for TSF

The interplay between global and local modeling approaches is a recurring topic in the field of
time series forecasting. Global models, such as NNs, have shown strong performance in capturing
complex patterns, especially with limited data [94, 28]. However, this superiority depends on a
set of factors, such as heterogeneity of the dataset, complexity of patterns and techniques, and
the amount of data [64, 28]. In order to achieve a balance between globality and locality, a
number of hybrid approaches have been developed. Some of the most notable applications of this
technique, which have produced state-of-the-art results, include MCNet [89] for long-term time
series forecasting, DeepGLO [81] for high-dimensional time series, and LGnet [91] for multivariate
time series with missing values.

Although the potential of this hybrid approach has been demonstrated, further research is
required to determine how MoE frameworks can be used to improve the performance of hybrid
models. More recently, foundational models based on the MoE framework have proven state-of-
the-art performance in zero-shot forecasting and in-distribution forecasting [54, 84]. Despite their
notable success, these foundational models possess a considerable number of parameters, reaching
the order of billions. Moreover, given their recent publications, the accuracy of these models in
real-world scenarios and their respective inference costs remain uncertain [93, 102].

Also recently, Ni et al. proposed a MoE framework, named MoLE, that can augment long-term
linear forecasting models to address non-stationary and seasonal patterns [69]. While the authors
demonstrated a clear improvement in the addition of MoE, several questions remained unanswered.
Firstly, it would be beneficial to ascertain whether the technique can be adapted for use in other
forecasting horizons. Secondly, as alluded to in the paper, in what types of datasets does the MoLE
framework have the potential to be beneficial? In this regard, Ni et al. hypothesis that this is
related to the heterogeneity of the dataset [69)].

The field of traffic flow prediction is a widely studied area of research, characterized by sub-
stantial heterogeneity and complex patterns. Wang et al. put forth a heterogeneous MoE model for
traffic flow prediction, which demonstrates state-of-the-art performance by employing five distinct
experts to address the intricacies of the task domain [96]. Another research problem where MoE is

successfully employed to tackle data heterogeneity is in addressing sudden or gradual shifts in time
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series data [90]. Finally, using a MoE framework, pre-trained experts and an arbitrated approach

as the routing mechanism has also been explored for time series forecasting [13].

2.4.5 Considerations on the routing collapse problem

In sparsely activated neural networks, such as sparse MoE architectures, it is common for the gating
mechanism to assign disproportionately high probabilities to a single expert, thus neglecting the
remaining experts. This imbalance can significantly restrict training opportunities for underutilized
experts, further degrading the problem known as routing collapse [82].

To address this issue, it is common to introduce an auxiliary loss function term, as proposed
by Dai et al. [18] and later adapted for T'SF by Shi et al. [84]. This term promotes load balancing
among experts by penalizing uneven expert utilization.

However, this latter approach introduces significant instability during training and may result
in suboptimal solutions that hinder expert specialization. A common strategy to address this
limitation is the introduction of a shared expert, which is responsible for capturing general or
“common sense” knowledge, thereby allowing the remaining experts to specialize more effectively
across distinct domains [18].

Another alternative involves the use of loss-free balancing strategies, which aim to achieve
expert balancing without relying on auxiliary loss terms. For example, Zhou et al. [106] propose
to reverse the traditional routing mechanism by allowing experts to select top-k tokens, rather than
having a gate select the top-k experts. More recently, Wang et al. [97] introduce expert-wise biases
applied directly to the routing scores, promoting balanced expert selection through architectural
modifications rather than explicit loss penalties.

Although a number of strategies have been proposed to address this issue, as discussed above,
there remains limited research on how load balancing mechanisms can be effectively applied within
the context of TSF. Existing approaches are predominantly designed for Transformer-based ar-
chitectures, such as those presented in [84] and [35], which are not inherently well-suited for the
forecasting task [103]. Furthermore, in these cases, the gating mechanisms typically operate on rich,
high-dimensional embedding representations, the interpretability of which remains challenging.

At first glance, it may seem intuitive to assume that the MoE gating mechanism learns to route
different domains (e.g. coding question, healthcare question) to corresponding experts. However,
in practice, the gating function dynamically routes inputs based on latent similarities within the

data, which may, but do not necessarily, align with predefined domains [11].



Chapter 3

Methodology

This chapter restates the problem addressed in the dissertation and provides an overview of our
approach to solving it. Section 3.1 briefly revisits the problem definition. Section 3.2 presents
the hypothesis and research questions. Finally, section 3.3 presents the proposed approach and

section 3.4 its variants.
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3.1 Problem Definition

Univariate time series forecasting involves predicting future values of a single observed variable
over time. When addressing forecasting problems, deep neural networks are typically trained on
collections of univariate time series. The underlying hypothesis is that by jointly learning from
multiple series, the model can discover common patterns and complex relationships that improve
overall predictive performance [28].

However, real-world datasets often contain heterogeneous collections of time series exhibiting
diverse behaviours, dynamics, and noise levels. This heterogeneity poses significant challenges for
traditional deep learning models, which may struggle to adequately capture the unique characteris-
tics of each individual series within the dataset [28]. Consequently, models risk making inaccurate
generalizations by failing to account for the varying temporal patterns and statistical properties
present.

The key difficulty arises when a single global model attempts to simultaneously represent series
with differing trends, seasonalities, variances, and noise characteristics. This can lead to a trade-
off where the model overfits dominant patterns shared by many series while underfitting rare or
atypical behaviours exhibited by particular time series. As a result, forecasting accuracy for less
common time series deteriorates, undermining the model’s overall utility.

For example, consider a large-scale retail platform [23], which maintains demand histories for

millions of products. Each product’s sales data forms a univariate time series. Some products,

19
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such as everyday essentials, may have stable and non-seasonal demand patterns, whereas others,
such as holiday items or seasonal apparel, exhibit strong seasonal fluctuations. Moreover, niche
products may show irregular, bursty sales with limited historical data. While it is impractical to
model each series independently, a global model that ignores these heterogeneities may perform
well on typical products but poorly on seasonal or niche items.

This research addresses the challenge of modelling heterogeneous univariate time series datasets
by coupling the state-of-the-art N-BEATS model with a MoE, enabling expert specialization and

adaptive pattern combination across diverse series.

3.2 Research Hypothesis

As previously discussed, to improve the generalization of GFM in TSF, we propose to augment
N-BEATS with a MoE architecture. Based on the problem outlined in the preceding section, the

following hypothesis can be formulated:

By coupling N-BEATS with a MoE, we can further improve its accuracy and interpretability,

especially on heterogeneous datasets comprising multiple univariate time series.

To address this hypothesis, it is essential to explore how a MoE approach can be incorporated
into N-BEATS. What specific challenges arise compared to other MoE implementations, and what
advantages might this integration offer in terms of forecast accuracy?

As mentioned previously, one of our motivations for this research comes from the effective use
of MoE in LLMs, where they improve model performance and reduce inference cost, especially
when working with large heterogeneous datasets [66, 95]. It is also important to acknowledge the
difference between the forecasting domain and natural language.

For instance, current MoE approaches in the literature are typically trained on tokens and
mostly within transformer architectures [35, 18]. The load balancing mechanism, as discussed
earlier, distributes these tokens across the experts, enabling them to maintain a “global” view of
the data while also allowing each expert to specialize. In LLMs, this poses no significant challenge,
as individual tokens can be routed to multiple experts according to their contextual embeddings,
effectively capturing the variability of word usage across diverse domains and semantic meanings.

In contrast, TSF typically deals with continuous windows of data rather than discrete tokens.
Unlike language, where words can be flexibly rearranged or substituted, time series data depends
on preserving sequential patterns. This makes it less straightforward to route parts of the input
independently, as doing so may disrupt the temporal coherence needed for accurate prediction.
As a result, applying MoE models to time series requires careful consideration of how expert
specialization interacts with temporal structure.

Another important aspect is the gating network. In current MoE approaches [35, 18, 84], the
gating network typically consists of a simple linear layer. However, its suitability for the forecasting
task can be different. This concern comes from the fact that, in transformer-based models, the
gating mechanism usually operates on highly expressive embeddings that are more amenable to
linear separability [68]. In contrast, non-transformer models such as N-BEATS often rely on
raw windowed inputs or representations that lack the richness of transformer-derived embeddings,

which may impair the effectiveness of a simple linear gate.
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Finally, it is important to acknowledge the difficulty of the forecasting task, where unrelated
and unpredictable events (e.g., pandemics or wars) can significantly impact the series predictions.
This contrasts with the natural language domain, where, even without exposure to the most recent
data, models can still convincingly mimic conversation. These factors make the application of MoE
approaches more challenging in the forecasting domain and have not been thoroughly addressed

in previous literature.

3.3 Approach

Our proposed approach, dubbed N-BEATS-MOE, aims to improve N-BEATS by introducing an adap-
tive weighting mechanism that learns to combine the outputs of these stacks.

In our proposed method (Figure 3.1), we replace the standard summation of block outputs in
N-BEATS with a MoE layer. In the original N-BEATS architecture, each block generates a backcast
and a forecast by projecting learned coefficients onto predefined basis functions, and the final
output is obtained by summing the forecasts from all blocks. In this setup, each block acts as an
expert, and the gating mechanism learns to determine the appropriate contribution or importance
of each to the final output.

Formally, let the outputs of each of the B blocks in the model be denoted by y,, where
e {1,...,B}, corresponding to forecast contributions from stacks such as identity, trend, and
seasonal. In the original N-BEATS architecture, these outputs are simply summed to produce the

final forecast:

B
y=> ¥ (3.1)
=

In our proposed N-BEATS-MOE approach, this summation is replaced by a weighted combination

using a learned gating mechanism, yielding:

B
y=> G ¥u, (32)
=1
where the block gating weights Gg are defined as:

Gy = softmaxy (LINEAR(LayerNorm(xg))) . (3.3)

Here, LINEAR, denotes a learnable affine transformation applied to the model input xg, which
is first normalized through a LayerNorm to prevent mode collapse. The gating weights assign
different importance to each block output, allowing the model to adaptively combine them.

This dynamic weighting mechanism enables the model to prioritize stack types based on the
characteristics of the input series aiming at improving performance on heterogeneous datasets with
diverse temporal patterns. Besides a better adaptability, this approach also allows for a better
interpretability and explainability, since the output of the gating network can provide insights

about which stack types are most important for a given input.
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Seasonality Stack

Stack Residual

Figure 3.1: The proposed architecture, N-BEATS-MOE. The gate G is responsible for determining
the importance of each block based on the input data.

3.4 Method Variants

The MoE layer can be integrated with N-BEATS in several different ways. In this section, we
introduce a few possible variants, illustrated in Figure 3.2, of our approach, which are evaluated

and compared in detail in the following chapter:

N-BEATS-(MoEBlock): In this architecture, we replace the Fully Connected (FC) layer in the
N-BEATS basic building blocks, shown on the left of Figure 2.4, with a MoE layer consisting of n
expert FC layers, where each expert models different basis coefficients corresponding to subsets of
series patterns.

Formally, and following the definition in the original N-BEATS paper [73], the operations of
the ¢-th block can be described as consisting of two parts. The first part, where this approach
diverges from the original, computes the forward 0{ and backward 02 basis expansion coefficients
from the input xy. The second part projects these coefficients through the backward basis layer gf
and the forward basis layer gfc onto the corresponding basis functions to generate the backcast X,
and the forecast y,.

Afterwards, the backcast %X, is subtracted from the input signal x4, and the resulting residual
is passed to the subsequent block £+ 1. The forecast y, is aggregated with previous forecasts as
Vyi+y2+-+Ye.

The modified operations in the first stage, based on a sparse MoE, are defined as follows':

N
my = G- Ei(x0), (3.4)
=1

1See [73] for the original basis coefficient computation, which can be roughly seen as using a single expert instead
of a mixture.
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where each expert & ; is a stack of FC layers with ReLU non-linearity:

&4(x0) =FC() (FCf) (PO (Pl (x0)) ). (3.5)

and the gating weights Gy ; are defined by:

sp4, ifsp;€TopK({sp;|1<j<N}LK),
ggi: (3 K3 ({ j‘ } ) (36)

7 0, otherwise,
with softmax gating scores computed as:
S¢,; = softmax; (LINEAR%aite (LayerNorm(Xg))) . (3.7)

The resulting mixture output my is then separated into forward and backward expansion
coefficients:
0,=my, 65=0,0:D], 6]=6,D] (3.8)

where D is the dimension of either the polynomial or harmonic basis used for the backward
and forward expansion coeflicients, respectively.

After that, the basis coefficients are projected onto the corresponding basis functions using
the basis layers, yielding the forecast and backcast outputs: y, = gf@ (0{ ) and %Xy = gf (02). This

projection can be expressed explicitly as a linear combination over fixed basis vectors [73]:

dim(6}) dim(8%)
ye= Y ol vl %= > 0p,vh (3.9)
=1 =1

.. where {vf } and {v?} are fixed basis functions defined by the architecture, and dim(0£ ) and
dim(ﬁg ) denote the sizes of the forecast and backcast parameter vectors, respectively. Different
stacks, shown at the center of Figure 2.4, represent distinct basis functions. For this study we use

the identity, trend and seasonal stacks.

N-BEATS-(MoEShared): Inspired by DeepSeek’s approach [18], this variant uses one shared
expert for all inputs, together with specialized experts that the gating network activates based on
the input data.

Formally, the definition of the MoEShared architecture is identical to that of the MoEBlock,
with the only difference being the replacement of the sparse MoE in the latter by a shared MoE

in the former. Consequently, the only modification occurs in equation 3.4:

N
my = SEp(x¢) + Zggﬂ' ~527i(X4), (3.10)

=1
where SE, is a shared expert common to all inputs that pass the block, capturing general

knowledge, while & ; represents specialized experts focusing on specific inputs or patterns.

N-BEATS-(MoEScaled): This architecture is similar to MoEBlock, with the key difference that
the experts in the MoE layer have varying model sizes, enabling scalability and flexibility in model

complexity.
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Let the list of MLP layers, previously used in MoEBlock, dimensions be defined as:
M ={[uj,...,v;] EN? | j=1,2,...,n}

where each pair [uj,...,v;] represents the hidden layer sizes of the j-th stack, and n is the total
number of stacks.”

Let i € Ng be a fixed non-negative integer representing the index of expert 4, used for scaling
the corresponding expert’s model size.

Define a transformation 7} : N> — N? such that:

Ti([ugs s v5]) = [[ij?1W’[ijf1W]

where [-] denotes the ceiling function.

Then, the transformed list of MLP units is given by:
M = {Ti([uj,“wvj]) | [uja ~~-7Uj] € M}

For example, if in the MoEBlock we have experts with a hidden size of 512 (in the FC layer),
then with scaling applied and considering 4 experts, these become:
. . 512 .
Hidden Sizes = ] |i=0,1,2,3 = {512,256,171,128}
i
With this approach, we aim to investigate whether it is possible to specialize models based on
the complexity of the time series, and to assess whether such specialization aligns with improved

model performance.

Block Input Block Input Block Input

( ¢ N\ ( ¢ N\
( N\

,

Shared Expert Expert 1

| 2@ || /0 | | 2@ || #0) |
& J S J & J
\ \{ \ \{ \ \{
Backcast Forecast Backcast Forecast Backcast Forecast
2) MoEBlock 3) MoEShared 4) MoEScaled

Figure 3.2: N-BEATS-MOE variations. In these variations, we focus on applying the MoE at the
block level. For clarity, the gating mechanism—a simple linear layer—is omitted.

2In the interpretable configuration of N-BEAT'S, blocks weights are shared within stacks; therefore, we refer to
stacks rather than individual blocks. Additionally, in our configuration, we use only four hidden layers, so n = 4.



Chapter 4

Experiments

This chapter outlines the experimental design and presents the empirical results of our experiments.
We compare various model variants across a range of benchmark datasets and frequency groups
to evaluate their effectiveness in terms of forecast accuracy. In addition to standard performance
metrics, we provide detailed analyses of expert specialization and examine model outcomes across

multiple dimensions.
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4.1 Experimental Design

To effectively address the research questions presented in Section 3.2, it is essential to establish a
well-structured experimental setup that supports and validates the findings of this study. To ensure
the research is both structured and reproducible, we utilize the niztla' NeuralForecast package.
The complete implementation of the experiments can be accessed through the following GitHub
repository?. This section provides a detailed description of the experimental setup, including the
data used, model configurations, evaluation metrics, and the procedures followed to conduct and

analyze the experiments.

4.1.1 Datasets and Evaluation

We evaluate forecasting performance using 12 time series datasets originating from 4 forecasting
competitions: M1 [55], Tourism [3], M3 [56], and M4 [57]. These cover three frequencies: monthly,

Thttps:/ /nixtlaverse.nixtla.io/
2Code available at https://github.com/zaai-ai/mixture_of experts_time_ series/tree/main
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quarterly, and yearly. The M1, M3 and M4 datasets are from the Makridakis forecasting competi-
tions, which contain time series from domains such as industry, finance, and demographics. Table

4.1 summarizes the datasets used in this study.

Table 4.1: Summary of datasets by frequency

Dataset Frequency # Series Domains

Yearly 181

M1 Quarterly 203 Mixed
Monthly 617
Yearly 518

Tourism  Quarterly 427 Tourism
Monthly 366
Yearly 645

M3 Quarterly 756 Mixed
Monthly 1428
Yearly 23000

M4 Quarterly 24000 Mixed

Monthly 48000

Three of these four sources contain time series from varied application domains, which pro-
vide an adequate test bed for evaluating the performance of the proposed approach in handling
heterogeneous time series.

To validate and test the performance of our approach, we exclude the last observations of
each time series, as described in Section 2.2.3. Each dataset was divided into training, validation,
and test subsets. The test set is composed of the last H observations of each time series in a
given dataset. The validation set is partitioned in the same way, being composed of the last H
observations of each time series before the test set. We use sMAPE as the evaluation metric, which

is defined as follows:

|
T2

T=t+1

lyr |+ 13r]

where H represents the forecasting horizon, y, is the actual value at time 7, and ¢, is the
predicted value. This metric is expressed as a percentage error, providing a normalized measure

of forecast accuracy.

4.1.2 Training Procedure

When conducting a comparative analysis between models, it is important to ensure that both are
provided with an equitable and optimized training configuration. Given that the models under
investigation exhibit comparable architectural characteristics, a consistent experimental baseline
was established. To maximize the effectiveness of the training process, several loss functions —
including sMAPE, MAE, and Huber — were evaluated to determine which was the most suitable for
each model. As the observed differences in performance across these loss functions were minimal,

MAE was ultimately selected as the loss function for subsequent experiments.
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For optimization, the Adaptive Moment Estimation (ADAM) optimizer was employed with its
default parameters and an initial learning rate of 0.001, consistent with the configuration used in N-
BEATS paper. As a learning rate scheduler, we adopted the StepLR strategy with a gamma value
of 0.5. Alternative scheduling approaches, such as Warm-Up combined with cosine exponential de-
cay, were also evaluated. However, these alternatives did not yield performance improvements and
introduced additional hyperparameters requiring fine-tuning. Consequently, the simpler StepLR
scheduler was retained. It is important to acknowledge, however, that the chosen scheduler con-
figuration may result in extended training durations.

To ensure that the models were neither overfit nor overtrained, an early stopping callback was
used, and subsequently the model that achieved the best validation performance during training
was used for evaluation. Furthermore, in specific instances aimed at improving the interpretability
of the results, additional custom callbacks were introduced to capture crucial information, such as

gate values and other relevant metrics.

4.1.3 Hyperparameter Configuration

To tune hyperparameters, we use the train and validation subsets. The test subset is only used
to report results of the model. We used a Bayesian Hyperparameter search algorithm [87] named
Tree-structured Parzen Estimator (TPE), in optuna, as it efficiently balances exploration and
exploitation, allowing us to identify optimal hyperparameter configurations with fewer evaluations
compared to grid or random search.

The number of trials was set to 20. We also experimented with 100 trials but observed minimal
differences in the results. Regarding the hyperparameters to be searched, these included the
mlp__units, referring to the size of the hidden layers in the Feed-Forward Neural Network (FNN)
components. In this case, we set the possible sizes as powers of two, giving the N-BEATS model
the option to use more units to compensate for its lower number of parameters compared to the
MoE adaptations. Other hyperparameters included in the search space were the number of blocks
per stack, number of lags, and additional architectural parameters. For the MoE models, we also
allowed the search to determine the optimal number of experts and top_k strategy. Table 4.2
presents the hyperparameter search configurations used in our experiments. The hyperparameters

obtained from the search are detailed in Annex A.

4.1.4 Experimental Protocol

To fully evaluate the advantages of employing a MoE approach, it is essential to benchmark
this methodology against established datasets and architectures. We compare N-BEATS-MOE with
N-BEATS, seasonal naive, and several N-BEATS-MOE variants that add a MoE layer to N-BEATS using
different strategies, previously presented at section 3.4. To ensure both fairness and reproducibility
of the results, each model is trained ten times on each dataset frequency using the optimal set of
hyperparameters identified during the tuning phase. We report median results over ten trials to
account for variability due to random initialization and data sampling.

In addition, the results of the hyperparameter optimization process are preserved. This was
made possible through a modification of the niztla package, a critical step in enabling a subsequent

analysis of the influence of various hyperparameters on model performance.
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Table 4.2: Hyperparameter search space configuration used in experiments.

Parameter Search Space Values

Model Structure

Number of Lags (input size) 1h, 2h, 3h, 4h, 5h

Forecast horizon (h) Dataset-dependent
Stack types [“identity”, “trend”, “seasonality”]
MLP units [2¢,27] for i € {2,3,...,9}*
Number of blocks [n,n,n] for n € {1,3,6,9}
Scaler type “identity”

Shared weights True

Polynomial degree (d) 2

Number of experts 27 for j € {1,2,3}"

Top-k experts 2! for 1 € {0,1,2,3}>
Training Parameters

Max training steps 1000, 2500, 5000, 10000
Batch size 32, 64, 128, 256

Windows batch size 128, 256, 512, 1024
Early stopping patience 10, 20

® For N-BEATS and N-BEATS-MOE models, i € {2,3,...,10}.
" Not applicable for N-BEATS and N-BEATS-MOE (set to 0).

The experimental outcomes are further analysed to compare the performance differences be-
tween models. The gate is examined to determine whether its behaviour aligns with the corre-
sponding time series decompositions. Subsequently, the models are evaluated across a range of

aspects.

4.2 Results

Table 4.3 summarizes the sMAPE scores across all datasets and frequency groups, comparing
N-BEATS-MOE with other variants, seasonal naive, and also the original N-BEATS method.

Table 4.3: SMAPE across datasets, models, and frequency groups. Values in bold (red) represent
the best (second best) approach.

Dataset Freq./H. N-BEATS N-BEATS-MOE MoEBlock MoEShared MoEScaled Seas.Naive

Yearly/2 10.87 9.76 10.90 9.97 11.62 11.89
M1 Quarterly/2 11.92 11.36 11.60 11.28 11.44 16.54
Monthly/8 15.53 14.84 15.17 15.57 15.49 16.57
Yearly/4 26.48 26.51 27.46 26.77 29.78 27.66
Tourism  Quarterly/8 19.29 20.96 19.28 19.95 19.45 21.10
Monthly/18 24.39 25.13 24.77 24.64 24.76 27.30
Yearly /6 16.13 16.27 16.29 16.17 16.28 17.87
M3 Quarterly/8 9.01 9.03 9.12 9.68 9.38 11.07
Monthly/18 14.03 13.96 14.08 14.07 13.99 17.24
Yearly/6 13.45 13.31 13.48 13.36 13.34 16.34
M4 Quarterly/8 9.92 9.82 9.87 10.02 9.93 12.52

Monthly/18 12.79 12.99 13.10 13.12 12.95 15.99
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Within the M1 dataset, the N-BEATS-MOE model consistently achieved the best overall per-
formance, achieving the lowest SMAPE in both the Yearly (9.76%) and Monthly (14.84%) fre-
quencies, and securing the second-best performance in the Quarterly category (11.36%). Notably,
the MoEShared model also demonstrated strong performance, particularly in the Yearly frequency,
where it achieved the second-lowest sMAPE (9.97%), and in the Quarterly group, where it delivered
the best SMAPE (11.28%). Most of MoE-based models perform better than N-BEATS.

Turning to the Tourism dataset, the original N-BEATS architecture remained highly competitive,
yielding the best scores in the Yearly (26.48%) and Monthly (24.39%) frequencies, and the second-
best in the Quarterly segment (19.29%). All MoE-based models perform worse than N-BEATS.

In the M3 dataset, the standard N-BEATS model achieved the best performance in both the
Yearly (16.13%) and Quarterly (9.01%) frequency groups. In contrast, N-BEATS-MOE delivered the
strongest result in the Monthly category (13.96%) and attained the second-best performance in
the Quarterly group (9.03%). Although certain mixture-based architectures demonstrated isolated
improvements, none exhibited consistent gains across all frequency groups. In several instances,
their performance was comparable to, or marginally inferior to, that of the benchmark model.

In the M4 dataset, N-BEATS-MOE once again delivered strong results, achieving the best scores
in both the Yearly (13.31%) and Quarterly (9.82%) frequencies. The standard N-BEATS model
attained the lowest error in the Monthly group (12.79%), followed by MoEScaled (12.95%).

4.3 Expert Specialization Analysis

By focusing on the interpretable variant of N-BEATS, which consists of trend and seasonal stacks,
our approach enables a clear decomposition of forecasts into their trend and seasonal components.
To understand how N-BEATS-MOE makes decisions, we look at how its stacks/experts specialize in
different parts of a time series—Ilike trend, seasonality, and noise. We ask: Are certain experts con-
sistently chosen for specific structures? And do these choices match known signal decompositions
like Seasonal-Trend decomposition using LOESS (STL)?

We explore this by analysing how the model routes inputs through its experts and how these
routing decisions correspond to the underlying signal structure. This analysis sheds light on the
roles each expert learns and offers insight into the model’s internal workings and potential areas
for improvement. In particular, we examine how expert selection aligns with the trend, seasonal,
and residual components identified by STL decomposition, and we present case studies where
N-BEATS-MOE outperforms N-BEATS, highlighting how expert specialization contributes to im-

proved performance.

4.3.1 Specialization Analysis via STL Decomposition

To understand how each expert specializes and how the gating mechanism chooses among dif-
ferent time series—especially within the N-BEATS-MOE approach—we carried out a structured ex-
periment illustrated in Figure 4.1. First, we trained a N-BEATS-MOE model composed of three
stacks— “identity”, “trend”, and “seasonal”—each consisting of a single block on a chosen dataset
(for example, M1 or M3), and saved the resulting parameters. Next, we applied STL decomposi-
tion to that same dataset to separate it into trend, seasonal, and residual components. Finally, we
input each of these decomposed components into the pre-trained N-BEATS-MOE model and recorded

several critical statistics for each expert (or expert stack): (a) the average posterior probability



Experiments 30

Dataset

1) Train 4) Record

statistics

N-BEATS-MOE

AN

2) Decompose

3) Test on
pre-trained model
L with validation and

test subsets

Trend Seasonal Residual

Figure 4.1: Experimental setup to analyse specialization in N-BEATS-MOE. We train the model
on full time series, decompose the same data using STL, feed decomposed components into the
pretrained model, and record how the gating mechanism assigns responsibility to each expert.

assigned to each expert across all series, (b) the number of times an expert’s probability exceeded
0.5 (indicating a “dominant” assignment), and (c) how often (in %) each expert achieved the
highest gating probability overall. For brevity, we present only the expert selection ratios. When
analysing the results, it is important to focus on the differences in selection percentages across the
decomposed components and how they change relative to each other.

The results of the expert selection analysis are summarized in Table 4.4.

In the M3 dataset, the gating aligns well with the decomposition. The trend component
mainly selects the trend expert (55%), while the seasonal component favors the seasonal expert
(45%), though differences are smaller. The residual component is mostly assigned to the trend
expert (52%), with contributions from all experts.

For the M4 dataset, the trend expert dominates the trend component (60%). In the sea-
sonal component, the trend expert still leads (50%), with the seasonal expert less favoured (10%),
suggesting some seasonal patterns are captured by the trend and identity experts. The residual
component shows a similar trend to M3.

In the M1 dataset, the pattern deviates: the trend component is mostly assigned to the
seasonal expert (68%). For the seasonal component, the identity expert leads (44%), followed by
trend and seasonal experts. This indicates weaker alignment with decomposition and may reflect
dataset-specific gating behaviour. Notably, N-BEATS-MOE performs better here, suggesting the gate
adapts beyond strict decomposition.

These results indicate that expert assignment is consistent with the intended decomposition
in M3 and, to a lesser extent, M4. In contrast, the M1 results reflect different gating behavior,

possibly influenced by dataset properties or the model’s adaptation strategy.
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Table 4.4: Expert selection ratios by dataset and decomposition component for the monthly fre-
quency. Values show the proportion of times each MoE expert block was selected as most relevant
for a given input.

Dataset Component Identity Trend Seasonal

Trend 0.19 0.55 0.26
M3 Seasonal 0.18 0.37 0.45
Residual 0.23 0.52 0.25
Trend 0.31 0.01 0.68
M1 Seasonal 0.44 0.25 0.31
Residual 0.48 0.24 0.28
Trend 0.40 0.60 0.00
M4 Seasonal 0.40 0.50 0.10
Residual 0.36 0.48 0.16

4.3.2 Forecast Decomposition in the M1 dataset

To understand what contributes to the performance of N-BEATS-MOE on the M1 dataset, we analyze
the decomposition of its three output stacks on the monthly frequency group. We then compute the
sMAPE on these series and compare the results with both the decomposition and the performance
of a comparable N-BEATS model. Finally, we examine where our approach achieves better results
and explore possible reasons for this difference.

Figure 4.2 presents a selection of time series in which our proposed method demonstrates a
marked improvement over the baseline model. From it, it is possible to conclude the following:
(1) Our approach is more capable of understanding the appropriated scaling/significance of each
stack output. For instance, in the IDI series, our approach correctly identified that the Trend
component was not relevant in this case, attributing it a score of 16.93% and scaling it down to an
interval of [~0.4,~0.9]. In contrast, the baseline model wrongly overestimates the impact of this
component, [~1,~3], probably due to wrong generalizations. (2) Our model demonstrates superior
capability in capturing seasonal fluctuations, including both drops and spikes, as exemplified by
series ID1, ID121, and ID2/1. And the improved performance of the model can be attributed to its
accuracy on these groups of series. (3) A stack with a high gate softmax value does not necessarily
correspond to a larger scale of the output, but instead indicates a significant contribution, in %,
to the output quality.

The previous analysis can be extended to other series (e.g., ID110, ID112, ID113, ID115,
ID119, ID120, ID123, ID242, ID268, ...), and the conclusions would still hold.

4.4 Aspect-based Analysis

Traditional evaluation of forecasting models usually depends on aggregate metrics calculated across
the entire dataset. While convenient, these metrics can obscure important variations in model
behaviour under different data characteristics or forecast scenarios.

To address this limitation, we utilize ModelRadar [12], a recently proposed aspect-based eval-
uation framework for univariate time series forecasting. ModelRadar enables detailed performance
assessment across multiple dimensions, such as stationarity, presence of anomalies, forecasting hori-

zon, and problem difficulty. It also incorporates advanced comparison tools, including expected
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Figure 4.2: Forecast decomposition in the M1 monthly dataset for series ID1, ID121, ID241,
and ID282 using the N-BEATS-MOE and N-BEATS models stack outputs. The gating values at-
tributed by the N-BEATS-MOE model are approximately [0.275,0.169,0.556], [0.319,0.251,0.430],
[0.196,0.193,0.611], and [0.366,0.232,0.402], respectively. Corresponding SMAPE values for
N-BEATS-MOE are 2.68%, 3.31%, 4.40%, and 10.15%, while for N-BEATS they are 7.34%, 8.03%,
10.26%, and 22.86%. These results illustrate that a high gate softmax value does not necessarily
imply greater output numeric scaling but indicates a greater contribution, in %, to the output
quality. To align with the niztla decomposition function, the Naivel prediction was added to the
identity stack, causing its larger numerical scale.

shortfall analysis and win/loss ratio evaluation, to support a more nuanced understanding of model
robustness and suitability under varying conditions.

In this analysis, SMAPE is used as the evaluation metric. For the expected shortfall analysis,
the Conditional Value at Risk (CVar) quantile is set to 75%, which means we focus on the worst
25% of time series results. Borrowed from financial risk analysis, expected shortfall measures how
a model performs on its most difficult cases. In our study, it shows the average forecasting error
on the time series where the model does the worst. Likewise, the hardness quantile threshold
is set to 75%, where problem difficulty is defined based on the forecasting error of the seasonal
naive baseline. Specifically, a time series is considered hard if its Seasonal Naive loss ranks in the
top 25% across all series, indicating that such series are more challenging to model accurately.
Anomalies are defined using the 99% prediction interval from the Seasonal Naive model. If the
actual observed value falls outside this interval—either below the lower bound or above the upper
bound—it is labelled as an anomaly. For stationarity and seasonality, the same method proposed
by Cerqueira et al. [12] is used, respectively the Kwiatkowski—Phillips—Schmidt—Shin test [48] and
Wang et al. [98].

All results are presented in Figure 4.3 and summarized as ranking averages across all datasets
in Table 4.5. Annex B presents selected forecasts illustrating the different aspects of the analy-
sis. Overall, N-BEATS-MOE achieved the best performance, with an average ranking of 1.58 across
datasets.
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In most aspects, N-BEATS and N-BEATS-MOE showed similar results. In particular, the expected
shortfall, first and last horizon, and hardness showed almost no difference between the models. In
seasonal series, our approach was slightly better than N-BEATS, particularly on the M1 dataset. In
contrast, it performed slightly worse in the presence of anomalies. With respect to stationarity,

none of the models demonstrated a clear advantage.

Table 4.5: Mean Rank across aspect-evaluation metric. Values in bold (red) represent the best
(second best) approach.

Anomalies Exp. Shortfall First horizon Last horizon On Hard Seasonal Stationary Overall

MoEBlock 2.50 2.58 2.75 2.42 2.08 2.67 2.67 2.67
N-BEATS 1.67 2.08 1.83 2.00 1.83 1.83 2.33 1.83
N-BEATS-MOE 1.83 1.83 1.83 1.92 2.08 1.58 2.00 1.58
SeasonalNaive 4.00 3.50 3.58 3.67 4.00 3.92 3.00 3.92

4.5 Discussion

Several approaches and architectures were tested in the course of this study. In particular, adapta-
tions were made to notable models such as Informer [105], N-BEATS [73], Time-MoE [84], among
others. Following preliminary experiments, the focus was placed on adaptations of N-BEATS, as
these not only yielded the most promising results in this context, but the original architecture itself
has a well-established track record of strong performance on heterogeneous datasets.

For the MoE-based models, we used a linear gating mechanism. We also experimented with
other types of gates, but none showed consistent improvements over the linear gate. For load
balancing, we chose not to incorporate any explicit mechanism. We experimented with several
approaches from the literature, including the DeepSeek loss-free method [97], Time-MoE [84] aux-
iliary loss, and a Kullback—Leibler divergence-based regularization [46]. However, these techniques
generally led to a decrease in performance, and we observed that adding a simple LayerNorm before
the input gate was enough to prevent mode collapse and guarantee a balanced use, which further
supported our decision.

The results of this study give several insights into the potential applicability of MoE for time
series forecasting, particularly in the context of heterogeneous datasets.

On a suite of 12 benchmark datasets, the results show that the proposed approach N-BEATS-MOE
can improve the baseline in some datasets. Overall, the results suggest that our approach provides
consistent improvements over N-BEATS, especially in datasets composed of heterogeneous time series
(i.e. time series from various domains). In these (M1, M3, and M4), N-BEATS-MOE outperforms
N-BEATS in 6 out of 9 cases. However, in the Turism datasets, composed of time series from a
single domain, the proposed approach loses in all three frequency variants. Besides these results,
N-BEATS-MOE outperforms seasonal naive in all cases, validating its forecasting accuracy. Except
for a few cases, the proposed method also shows better performance than its variants that employ
a MoE layer differently.

On the other hand, MoEs on the block level did not seem to bring improvements over the
baseline. To this matter, it is worth considering the implications of scaling laws, which have
been extensively studied in the context of LLMs. In such settings, MoEs are mainly employed
as a means to efficiently increase the capacity of the model [18, 35], enabling scaling to larger

datasets and parameter counts without a proportional increase in computational cost. However, the
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Figure 4.3: Model ranks across datasets—farther from center indicates better performance.

application considered here is fundamentally different: scaling capacity is not necessarily the main

objective, nor is the training data sufficiently large to benefit from the conditional computation

and specialization that MoEs provide. This mismatch in assumptions may partially explain the

lack of gains observed at the block level, as the conditions under which MoEs tend to be most

effective are not fully met in this scenario. So, in this matter, in most cases we are only scaling up

the number of parameters, without increasing the dataset size.

Regarding interpretability, with this extension we add another layer of interpretability to

N-BEATS. By looking at the weights assigned by the gate, it is possible to understand which stack

the gate considers most important for the series, as demonstrated in section 4.3.2. However, the
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behaviour of the gate and how it aligns with the pre-defined STL decomposition is still not well
understood. By looking at the M1 decomposition for the monthly set, it was possible to observe
that the model recognizes the importance of the seasonal stack for this dataset. Furthermore, the
aspect-based evaluation performed in Section 4.4 supports this observation, as the proposed ap-
proach N-BEATS-MOE is able to outperform the baseline in the seasonal time series group. However,
when presented with the seasonal component (from the STL decomposition), the gate struggled to
assign the correct stack. We can only speculate why: perhaps the gate is overfitted to the original
time series and does not know how to behave in the presence of different data scales (which may
result from the data scale shift introduced by the normalization layer). Or, as observed in some
trials, the identity stack can also act like a seasonal naive model. And because the STL seasonal
component can exhibit deterministic seasonality (that strictly repeats), it becomes very similar
to a periodic time series, and is thus assigned to the identity stack. The misalignment between
the trend component and the expected gate values may stem from a similar cause. Notably, the
proportion of non-seasonal series identified through the aspect-based evaluation is relatively low
(around 20%). Given that monthly datasets in these competitions typically exhibit strong sea-
sonality [27], this observation may suggest that the trend component holds limited significance,
particularly in the case of the M1 dataset.

Finally, the aspect-based analysis allowed us to better understand the differences in perfor-
mance between the models. While N-BEATS and N-BEATS-MOE exhibited similar behaviour across
most dimensions, notable differences emerged in the seasonal component. This indicates that our
model is better able to forecast such series. While this analysis is presented, it is important to
acknowledge potential threats to its validity. In particular, the use of average ranks across different
datasets may not accurately reflect the true performance differences between models. For instance,
even when differences in performance are negligible, a model may still be ranked higher and con-
sequently perceived as superior, despite the lack of statistical significance. Furthermore, in this
analysis, we run the model only once, so its results heavily depend on the random initialization

and data sampling.

4.6 Threats to Validity

While we tried to conduct a well-structured experiment, the findings in this study are subject to

validity threats that may affect the strength of our conclusions. These threats include:

o Dataset Bias: Our evaluation is conducted on a considerable number of datasets. From the
12 datasets used, 9 are heterogeneous. Prior work has shown that cherry-picking datasets
can distort the perceived performance of a model [78], concluding that using around 3 to
6 datasets helps reduce the risk of incorrectly identifying an algorithm as the best one.
This provides partial validation for our experimental setup, although additional experiments
would be necessary to fully assess the performance of the approach under varying time series
conditions.

o« Hyperparameter Optimization: As we report results for a single tuned model, a hyper-
parameter search was necessary to ensure optimal performance. As discussed in Section 4.1.3,
some choices—such as the stack types or loss function—were fixed during this process, po-
tentially introducing bias into the results. Additionally, since hyperparameters were selected

based on a simple training-validation split, there is a risk of overfitting to the validation set.
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o Ensemble results: Oreshkin et al. [73] demonstrate the significant impact of ensembling
on the overall performance of the N-BEATS model. While our approach achieves superior
results on heterogeneous datasets when comparing individual models, ensembling remains a

powerful technique for further improving model accuracy.

¢ Reproducibility: Ensuring that results are reproducible is essential for validating findings,
maintaining transparency, and allowing others to build on the work with confidence. We
made efforts to achieve reproducibility by controlling hyperparameters, fixing random seeds,
and using fully reproducible software. However, differences in computational environments

and software versions can still cause slight variations in the results.

To conclude, while our experimental design aimed to be rigorous and our efforts toward re-
producibility were thorough, these identified threats to validity highlight the need for cautious

interpretation of the results.



Chapter 5

Conclusion

This chapter marks the conclusion of this thesis. It begins by revisiting the research questions posed

in Chapter 1 and the main hypothesis, followed by a summary of the key findings. Subsequently,

the main contributions of this work are highlighted. Finally, potential directions for future research

building upon these findings are discussed.
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5.3 Future Work . . . . . . . . . e 38

5.1

Research Questions

We are now in a position to answer the research questions outlined earlier:

RQ1:

RQ2:

How can we augment the N-BEATS architecture with a MoE approach to better accommodate
the heterogeneous patterns (e.g., varying trends and seasonal profiles) inherent in datasets
comprising multiple univariate time series?

A: To explore this, we modified the original architecture of N-BEATS at both the block
and stack levels. Our results indicate that the most effective way to handle heterogeneous
patterns is to replace the standard sum aggregation of block outputs with a MoE mechanism.
This allows the model to dynamically select and weight specialized blocks/stacks, leading

to improved adaptability across diverse time series behaviours.

By analysing the gate behaviour and the approach results across multiple aspects, our
results indicate that the proposed approach N-BEATS-MOE is better able to understand the

different seasonal profiles of the series.

To what extent do N-BEATS MoE-augmented approaches achieve better performance in

terms of forecast accuracy?

A: The results show that the proposed approach improves upon N-BEATS, particularly on
datasets composed of heterogeneous time series (M1, M3, M4), where our approach achieved

the best performance on 6 out of 9 datasets.

37
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However, in the Tourism datasets, composed of time series from a single domain, the pro-
posed approach loses in all three frequency variants. Besides these results, N-BEATS-MOE
outperforms seasonal naive in all cases, validating its forecasting accuracy. Except for a few
cases, the proposed method also shows better performance than its variants that employ a
MoE layer differently.

Specifically, we evaluated alternative designs in which the fully connected layer within each
N-BEATS block was replaced by different kinds of MoEs layers. Nevertheless, the variants

in question did not demonstrate superior performance.

RQ3: How does the inclusion of a MoE layer improve the interpretability of N-BEATS?

A: The inclusion of a MoE layer provides hints about which stack is more important for
accurately predicting a given time series. This adds a layer of interpretability by showing
how the model dynamically assigns importance across stacks. However, in terms of align-
ment with the STL decomposition, the results were inconclusive. While expert assignments
sometimes aligned with the corresponding component (e.g., trend or seasonality), in other

cases they did not.

5.2 Main Contributions

This thesis has made several contributions to the field of time series forecasting and to the appli-
cation of MoEs within it. These contributions not only advance current research in the field, but

also open up new avenues and raise important questions for future investigation:

1. Novel approach for TSF with MoEs: A novel architecture, N-BEATS-MOE, combining
N-BEATS with MoE for improved handling of heterogeneous time series. Alongside the
main approach, several alternative variants were proposed that, while not outperforming the

primary approach, could offer advantages in different application settings.

2. Set of experiments: A set of experiments that show that N-BEATS-MOE performs competi-
tively with N-BEATS. These also include an analysis of the behaviour of the gating network

in an attempt to understand the behaviour of the introduced MoE layer.

In addition to these two main contributions, this work also resulted in a set of software exten-
sions to the niztla package, integrating our models, mixture-of-experts layers, balancing strategies,
and training callbacks. The software is publicly available and ready to use'. A research paper sum-
marizing the work has also been submitted to the ECML 2nd TempXAI Workshop for Explainable

AT in Time Series and Data Streams 2 and is currently under review.

5.3 Future Work

While this thesis has demonstrated the potential of MoE architectures in time series forecasting,

several directions remain open for future exploration:

LAl implementations are available at https://github.com/zaai-ai/mixture_of_experts_time_series.
2https://lamarr-institute.github.io/tempxai25/


https://github.com/zaai-ai/mixture_of_experts_time_series
https://lamarr-institute.github.io/tempxai25/
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1. Transfer learning with MoEs: The N-BEATS architecture has been shown to be relevant
for transfer learning, where it outperforms a variety of models even though it was not trained
on them (zero-shot learning), as shown by Oreshkin et al. [72]. Building on this idea,
we believe that MoEs present a promising avenue for further improving transfer learning
capabilities in time series forecasting. In particular, our proposed MoEBlock framework
allows for the integration of multiple pre-trained models by combining their respective blocks

and introducing appropriate gating mechanisms at each block level.

This approach could be extended to build a unified model that leverages pre-trained com-
ponents across different temporal resolutions, input frequencies, and source domains, thus

supporting more flexible and generalizable forecasting systems.

2. Train on bigger heterogeneous datasets: As previously mentioned, it may be worth-
while to test the MoEBlock variation on larger datasets. While in the context of LLMs, MoEs
are primarily used as a way to efficiently scale model capacity to handle larger datasets and
more complex data distributions [18, 35], in our case, the model size is increased without a

corresponding increase in dataset size.

3. Check our approach on the generic N-BEATS configuration: The generic configu-
ration of N-BEATS, unlike the interpretable variant, does not enforce predefined basis func-
tions and instead learns them directly from the data. This flexibility allows it to potentially

capture more complex patterns, particularly important in heterogeneous datasets [73].

While the interpretable configuration of N-BEATS has shown comparable results against
its generic counterpart, we believe it is worth investigating the performance of the generic
architecture augmented with the proposed MoE layer. The main reason we did not test this
variant was our focus on interpretability. Additionally, the generic configuration typically
requires significantly more computational resources (over 30 stacks), making it computation-

ally unfeasible to study during the dissertation period.
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Appendix A

Hyperparameter Sensitivity and

Findings

This annex presents and analyses the results of the hyperparameter search mentioned in sec-
tion 4.1.3. We look deeper at the most important hyperparameters and how they change across
different datasets and frequencies. Table A.1 presents the resulting hyperparameters after the

search. The main key findings are the following:

¢ Input Size Patterns

Yearly Data:
* Typical input size range: 3-6 time steps

* Reflects limited historical context

Quarterly Data:
x Typical input size range: 4-8 time steps
* Accounts for seasonal context

— Monthly Data:

* Typical input size range: 12-54 time steps

* Reflects larger available historical context

Overall, the M4 dataset favors larger input sizes relative to other datasets, likely due
to the availability of richer temporal context and/or more complex seasonal patterns.
Apart from that, the input sizes reflect the expected values and does not change much

across models.
« MLP Hidden Size Patterns

— The hidden size of the MLP layers shows notable variation across models and datasets.

— The MoEBlock and or MoEShared models tend to use smaller hidden sizes, possibly to

compensate for the number of experts.

— In contrast, models without MoE components at the block level, such as standard
N-BEATS and N-BEATS-MOE, often use substantially larger hidden sizes.

Overall, higher hidden sizes appear to correlate with harder and larger datasets.

48
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e Sparsity vs Density

— In terms of sparsity versus density within the MoE approach at the block level, a larger
number of experts is generally preferred in conjunction with sparse selection (i.e., top-k
less than 2), rather than adopting a dense configuration. These experts also tend to
have smaller individual capacities, which translates into smaller active parameters per

input.

Table A.1: Optimized Hyperparameters for N-BEATS and variants across datasets

Dataset Fq. Model Inp. Size MLP Blocks Steps Batch WinBatch Exp. Top-k
N-BEATS 12 16 9 2500 32 256 - -
M MoEBlock 12 128 3 2500 32 1024 8 2
MoEShared 12 4 6 5000 32 512 8 4
N-BEATS-MOE 12 128 6 1000 32 128 - -
MoEScaled 12 16 9 10000 32 128 8 8
—
= N-BEATS 4 128 9 10000 64 256 - -
MoEBlock 4 128 1 2500 64 1024 8 4
Q MoEShared 4 8 3 2500 64 1024 4 2
N-BEATS-MOE 4 64 1 2500 32 512 - -
MoEScaled 4 128 3 2500 64 1024 8 4
N-BEATS 3 512 9 10000 32 512 - -
3% MoEBIlock 3 4 6 2500 128 128 8 2
MoEShared 3 8 6 10000 128 128 2 1
N-BEATS-MOE 3 4 6 2500 64 512 - -
MoEScaled 3 32 3 2500 32 1024 8 4
N-BEATS 24 256 6 1000 64 1024 - -
M MoEBlock 24 64 6 10000 64 1024 4 4
MoEShared 24 128 6 10000 64 512 8 8
N-BEATS-MOE 24 1024 6 10000 128 512 - -
E MoEScaled 24 512 1 1000 32 1024 8 2
L N-BEATS 4 8 9 5000 32 512 - -
FO Q MoEBlock 4 64 9 10000 32 128 4 2
MoEShared 4 64 9 5000 32 512 8 2
N-BEATS-MOE 4 64 6 10000 256 128 - -
MoEScaled 4 256 6 10000 256 256 2 2
N-BEATS 3 512 1 1000 256 256 - -
3% MoEBIlock 3 128 3 2500 256 1024 8 2
MoEShared 3 8 6 5000 256 256 8 1
N-BEATS-MOE 3 128 6 1000 128 1024 - -
MoEScaled 3 128 6 5000 256 512 4 4
N-BEATS 36 128 9 2500 128 256 - -
M MoEBlock 18 32 9 2500 256 512 4 4
MoEShared 36 256 1 1000 256 1024 2 2
N-BEATS-MOE 54 256 9 1000 256 512 - -
MoEScaled 18 512 1 1000 128 1024 8 2
2}
= N-BEATS 8 256 3 1000 32 256 - -
MoEBlock 8 4 6 5000 128 1024 8 8
Q  MoEShared 16 32 3 10000 32 512 2 1
N-BEATS-MOE 8 32 9 2500 128 1024 - -
MoEScaled 16 64 1 1000 128 1024 4 2
N-BEATS 6 8 6 5000 256 256 - -
v MoEBlock 6 4 1 1000 128 512 8 1
MoEShared 6 8 6 2500 128 128 8 2
N-BEATS-MOE 6 16 6 10000 32 1024 - -
MoEScaled 6 4 9 5000 256 128 8 1
N-BEATS 36 128 6 5000 64 512 - -
M MoEBlock 54 32 1 10000 256 512 8 2
MoEShared 36 64 1 5000 32 256 8 8
N-BEATS-MOE 54 1024 9 10000 32 1024 - -
MoEScaled 36 256 6 5000 64 128 8 4
<
= N-BEATS 40 128 6 2500 32 512 - -
MoEBlock 16 64 9 10000 128 128 8 8
Q MoEShared 32 512 3 10000 128 512 8 1
N-BEATS-MOE 16 256 9 5000 64 512 - -
MoEScaled 32 512 3 2500 128 1024 8 8
N-BEATS 18 512 6 5000 256 512 - -
v MoEBlock 12 8 1 10000 128 128 2 2
MoEShared 30 256 3 2500 256 128 8 2
N-BEATS-MOE 18 512 1 5000 128 512 - -
MoEScaled 30 256 3 2500 256 128 8 2

Note: Fq. = Frequency. Inp Size = Input size (or number of auto-regressive lags). MLP = hidden size of the mlp.
Blocks = number of blocks per stack. Exp. = Experts. Models with "-" do not use MoE on block level. All models use:
shared_weights=True, scaler_type="identity", early_stop_patience_steps=10-20, start_padding_enabled=True.
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Forecast on Aspect-based Series
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Figure B.1: Aspect-based forecast on the M1 monthly dataset
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Figure B.2: Aspect-based forecast on the M1 quarterly dataset
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Figure B.3: Aspect-based forecast on the M1 yearly dataset
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Figure B.4

: Aspect-based forecast

on the Tourism monthly dataset
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Figure B.6: Aspect-based forecast on the Tourism yearly dataset
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Figure B.7: Aspect-based forecast on the M3 monthly dataset
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Figure B.8: Aspect-based forecast on the M3 quarterly dataset
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Figure B.9:

Aspect-based forecast on the M3 yearly dataset
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Figure B.10: Aspect-based forecast on the M4 monthly dataset
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Figure B.11: Aspect-based forecast on the M4 quarterly dataset
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Figure B.12: Aspect-based forecast on the M4 yearly dataset
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