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Resumo
As cordas cósmicas são objetos topológicos, hipotéticos, previstos por diversas Teorias

da Grande Unificação, que terão sido formadas no Universo primordial como resultado de

uma transição de fase. Durante a sua evolução as cordas cósmicas interagem levando

à criação de descontinuidades na tangente da corda, chamadas de kinks, e à formação

de loops de cordas cósmicas. É esperado que as redes de cordas sobrevivam ao longo

da história do Universo deixando marcas observacionais, tais como o Fundo Gravitaci-

onal Estocástico (FGE). Quando um loop se forma, separa-se da rede, oscila relativis-

tacamente sob o efeito da sua própria tensão e eventualmente decai, emitindo Ondas

Gravitacionais (OGs). A sobreposição de todas estas emissões gera o FGE. Também

se espera que os kinks decaiam, emitindo OGs, mas a sua contribuição é normalmente

desprezada em computações do espetro. Para além disso, a presença desta estrutura

de pequena escala deverá também ter um impacto na produção de loops e por conse-

guinte deverá impactar o FGE por eles gerado. No entanto, tal efeito nunca foi estudado,

o que poderá estar a resultar numa atual sobreestimação da amplitude do espetro do

FGE gerado por loops.

Nesta dissertação começamos por extender e adaptar modelos existentes na literatura

que descrevem a evolução de uma rede de cordas, com o propósito de desenvolver um

modelo efetivo que descreva a evolução da estrutura de pequena escala. Este modelo

é depois utilizado para estudar a evolução de uma rede de cordas cósmicas com kinks,

com o objetivo de perceber como é que a presença desta estrutura de pequena escala

afeta a produção de loops, para que, posteriormente, possamos então estudar de que

modo o espetro do FGE que estes geram é afetado.

Observamos que ignorar a presença da estrutura de pequena escala na rede de cordas

leva a uma sobreestimação da produção de loops, como previsto, e portanto a uma so-

breestimação da amplitude do espetro. É então essencial ter em conta a existência de

kinks na rede para a derivação de limites observacionais e/ou para serem feitas previsões

realistas sobre a forma e a amplitude do espetro. Verificamos também que, em geral, a

contribuição dos kinks para o espetro é subdominante, com a exceção do caso em que

os loops são consideravalmente pequenos, o que faz com que gerem um espetro com

menor amplitude, tornando a contribuição dos kinksmais relevante. No entanto, é possí-

vel que o espetro produzido por kinks domine na gama de baixas frequências do espetro,

levando ao aparecimento de um segundo pico, cuja forma não pode ser conhecida, visto
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ser ainda desconhecido o impacto do decaimento na forma dos kinks.

Palavras-chave: cosmologia, universo primordial, ondas gravitacionais, cordas cósmicas
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Abstract
Cosmic strings are hypothetical topological objects predicted by many Grand Unified The-

ories to have been produced as a result of a phase transition in the early Universe. Dur-

ing their evolution, cosmic strings interact, leading to the creation of discontinuities on

the string tangent, known as kinks, and to the formation of cosmic strings loops. Cosmic

strings networks are expected to survive throughout the cosmic history, leaving behind

observational imprints, such as the Stochastic Gravitational Wave Background (SGWB).

When a loop is formed, it detaches from the network, oscillates relativistically under its own

tension, and eventually decays, emitting Gravitational Waves (GWs). The superposition

of all loop emissions generates a SGWB. Kinks, are also expected to decay, by emitting

GWs, but their contribution to the spectrum is usually neglected in computations. More-

over, these small-scale structure must also have an impact on loop production, which, as

a consequence, must impact the SGWB generated by loops. Such effect has not been yet

studied and can possibly be resulting in an overestimation of the spectrum’s amplitude.

In this dissertation we begin by developing an effective model to describe the evolution

of small-scale structure, by extending and adapting existent models that describe the

evolution of a cosmic string network. This model will then be used to study the evolution

of a kinky cosmic string network in order to understand how the presence of kinks affects

loop production, so that afterwards, we are able to study how the spectrum of SGWB

generated by loops is impacted by the existence of kinks.

We observed that ignoring the existence of small-scale structure leads to an overestima-

tion of loop production, and, as a consequence, to an overestimation of the spectrum’s

amplitude, as expected. It is then essential to consider the presence of kinks on the cosmic

string network in order to derive observational limits and/or to make realistic predictions.

We have also verified that, in general, kink’s contribution to the SGWB is subdominant.

However, if loops are considerably small, the spectrum that they generate has a lower am-

plitude and kink’s contribution is more relevant. The spectrum generated by kinks may,

however, dominate in the lower frequency range, thus leading to a second peak in the

spectrum, whose form cannot be known until the effects of the gravitational backreaction

are well studied.

Keywords: cosmology, early universe, gravitational waves, cosmic strings





FCUP xi
Impact of Small-Scale Structure on the Stochastic Gravitational Wave Background Generated by Cosmic Strings

Table of Contents
Acknowledgements..............................................................................................................v

Resumo................................................................................................................................vii
Abstract ................................................................................................................................ix

Table of Contents .................................................................................................................xi
List of Figures.......................................................................................................................xiii
Notation and Conventions ...................................................................................................xv
List of Abbreviations.............................................................................................................xv

1. Introduction....................................................................................................................1
1.1. Standard Cosmological Model...............................................................................2

1.1.1. The Expansion of the Universe - Hubble Law .........................................2
1.1.2. The Dynamics of the Universe.................................................................4
1.1.3. Components of the Universe ...................................................................5

1.2. Gravitational Waves...............................................................................................8
1.2.1. Weak-Field Einstein Equations................................................................8
1.2.2. Wave-Like Solutions of the Einstein Field Equations ..............................9

1.3. Cosmic Strings.......................................................................................................9
1.3.1. Cosmic Strings Formation........................................................................9

1.4. Goal and Structure.................................................................................................13
2. Cosmological Evolution of a Cosmic String Network....................................................17

2.1. String Dynamics in an Expanding Universe ..........................................................18
2.2. Cosmic String Network Dynamic ...........................................................................19

2.2.1. Linear Scaling Regimes...........................................................................22
3. Evolution of Small-Scale Structure on Cosmic Strings.................................................25

3.1. Case 1: ℓ = αL ......................................................................................................29
3.1.1. Impact of Loop Production.......................................................................29
3.1.2. Impact of Non-Loop Forming Intercommutations ....................................32
3.1.3. Impact of Kink Decay ...............................................................................33

3.2. Case 2: ℓ = αklk .....................................................................................................38
3.2.1. Impact of Loop Production.......................................................................39
3.2.2. Impact of Non-Loop Forming Intercommutations ....................................40
3.2.3. Impact of Kink Decay ...............................................................................42

3.3. Summary................................................................................................................45



FCUP xii
Impact of Small-Scale Structure on the Stochastic Gravitational Wave Background Generated by Cosmic Strings

4. Impact of Small-Scale Structure on Cosmic String Network Evolution ........................49
4.1. Linear Scaling Regimes.........................................................................................49

4.1.1. Full Linear Scaling Regime......................................................................50
4.1.2. Partial Linear Scaling Regime .................................................................52

4.2. Evolution of a Cosmic String Network With Small-Scale Structure ......................53
4.2.1. Impact of the Relative “Kinkiness” and of the Gravitational Backreaction53
4.2.2. Impact of String Tension ..........................................................................55
4.2.3. Impact of Loop Size .................................................................................57
4.2.4. Impact of Non-Loop Forming Intercommutations ....................................58

4.3. Comparison with Existent Models .........................................................................60
4.4. Summary................................................................................................................62

5. Stochastic Gravitational Wave Background..................................................................65
5.1. SGWB Generated by Loops ..................................................................................65

5.1.1. Loop Number Density ..............................................................................66
5.1.2. Small-Loop Regime .................................................................................68
5.1.3. Analytical Approximations to the Spectrum.............................................69
5.1.4. Impact of Small-Scale Structure on the SGWB Generated by Loops.....72

5.2. SGWB Generated by Kinks ...................................................................................76
5.3. SGWB Generated by Cosmic Strings with Small-Scale Structure........................78
5.4. Summary................................................................................................................79

6. Conclusions and Future Work.......................................................................................81

Bibliography .........................................................................................................................82



FCUP xiii
Impact of Small-Scale Structure on the Stochastic Gravitational Wave Background Generated by Cosmic Strings

List of Figures
1.1. Visual representation of the meaning of physical and comoving coordinates..............3
1.2. Evolution of the density parameters for each component of the Universe...................7
1.3. Breaking of a global U(1) symmetry in the Goldstone Model. .....................................10
1.4. Formation of a global string...........................................................................................12
1.5.Cosmic Strings Interactions. .........................................................................................14

2.1. Evolution of v̄ and ξ in the VOS Model. ........................................................................22

3.1.Minimum value of the relative ”kinkiness” required for K to achieve a linear scaling
regime for Case 1..........................................................................................................31

3.2. Evolution of the linear kink density without kink decay for Case 1. ..............................32
3.3. Impact of a non-loop forming intercommutations on the linear kink density in Case 1.34
3.4.Case 1: Evolution of the Linear Kink Density for q higher and lower than qc. ..............37
3.5. Impact of the expansion of the Universe on kink decay for Case 1. ............................38
3.6. Value of the relative ”kinkiness” required for K to achieve a linear scaling regime for

Case 2. ..........................................................................................................................40
3.7.Case 2: Evolution of the Linear Kink Density for q higher and lower than qc. ..............44
3.8. Impact of the expansion of the Universe on kink decay for Case 2. ............................45

4.1. Impact of the relative “kinkiness” and of the gravitational backreaction on the networks
evolution (1)...................................................................................................................54

4.2. Impact of the relative “kinkiness” and of the gravitational backreaction on the networks
evolution (2)...................................................................................................................55

4.3. Impact of the string’s tension on the networks evolution. .............................................56
4.4. Impact of loop size on the networks evolution. .............................................................57
4.5. Impact of non-loop forming intercommutations on the network’s evolution (1). ...........58
4.6. Impact of non-loop forming intercommutations on the network’s evolution (2). ...........59
4.7. Evolution of the characteristic lengthscales of the Three-Scale Model. .......................61
4.8. VOS Model with a GBR term. .......................................................................................62

5.1.Contribution of loops to a given frequency....................................................................68
5.2. SGWB generated by loops: VOS vs Modified VOS (Full Linear Scaling Regime) ......73
5.3.Ratio between the radiation era plateau predicted by the VOSModel and the Modified

VOS Model for different loop sizes. ..............................................................................74
5.4. Impact of string tension on the SGWB generated by loops..........................................74
5.5. SGWB generated by loops: Modified VOS (Partial Linear Scaling Regime) ...............75
5.6. SGWB: VOS vs Modified VOS......................................................................................78
5.7. Impact of the presence of kinks on the radiation era plateau.......................................79





FCUP xv
Impact of Small-Scale Structure on the Stochastic Gravitational Wave Background Generated by Cosmic Strings

Notation and Conventions
Throughout this dissertation, we use the metric signature (+,−,−,−) and natural units,

where c = ℏ = kB = 1.

The subscript 0 is used to indicate when a certain quantity is being evaluated at the present

time.

Greek indices run over 0,1,2,3.

Aµ,ν ≡ ∂Aµ

∂xν expresses a partial derivative and Aµ
;ν ≡ ▽ν Aµ a covariant derivative.





FCUP xvii
Impact of Small-Scale Structure on the Stochastic Gravitational Wave Background Generated by Cosmic Strings

List of Abbreviations
GW Gravitational Wave

SGWB Stochastic Gravitational Wave Background

VOS Velocity-dependent One-Scale

RMS Root-mean-squared

CMB Cosmic Microwave Background





FCUP 1
Impact of Small-Scale Structure on the Stochastic Gravitational Wave Background Generated by Cosmic Strings

1. Introduction
In 1917, Einstein published a paper entitled Cosmological Considerations in the General

Theory of Relativity [1], which marks the beginning of the history of Modern Cosmology.

In it, he proposed an homogeneous, isotropic and static Universe as a solution for his field

equations.

Years later, in 1929, Edwin Hubble found that the Universe was, in fact, not static, but

expanding, by analyzing the shift in the spectral lines of several galaxies [2]. Hubble

showed that, not only were those galaxies receding from us, but also that there was a

linear relationship between their distance from Earth, and the velocity with which they

were retreating, expressed by the well known Hubble Law.

The idea that our Universe is isotropic, homogeneous and expanding is what sustains the

Standard Cosmological Model, currently the most widely accepted physical description

of the evolution of our Universe. Also known as the Hot Big Bang Model, this model

states that our Universe started in a hot dense state, and that it has been expanding

and cooling ever since. The assumption of isotropy and homogeneity of the Universe,

which is known as the Cosmological Principle, is supported by several galaxy surveys

showing that, in distances greater that ∼ 3 × 108 lightyears, the distribution of galaxies

is homogeneous [3] and by the discovery of the Cosmic Microwave Background (CMB)

by Arno Penzias and Robert Wilson in 1965 [4], a background of microwave radiation

almost perfectly isotropic. In fact, the most accurate determination of the temperature

of the CMB gives TCMB ≈ 2.72548 ± 0.00057K [5], with small fluctuations of order 10−5.

It is therefore important to make a small correction to our previous formulation of the

Cosmological Principle: the Universe is homogeneous and isotropic on sufficient large

scales.

In 1916, a year after the publication of the field equations that provide the foundation

for General Relativity, Einstein predicted the existence of Gravitational Waves (GWs), by

showing that the linearized weak-field equations had wave-like solutions [6]. These are

caused by accelerating massive objects, which disrupt space-time, creating waves that

travel in all directions away from its source, with little to no interaction with matter*. For

*They can, however, suffer gravitational lensing, similarly to what happens to electromagnetic waves.
Gravitational lensing occurs when the GW passes nearby an object massive enough to cause a significant
curvature in spacetime (for example, a galaxy or a star), bending the path of the wave. This changes the
amplitude of the wave, but has no effect on its frequency [7].
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this reason, detecting and studying GWs makes it possible to extract relevant information

about the sources that generated them.

One potential source of GWs are cosmic strings. Cosmic strings are hypothetical topologi-

cal objects, thought to be produced in the early Universe, as a result of symmetry breaking

phase transitions, in many Grand Unified Theories and other theories Beyond the Stan-

dard Model of particle physics [8, 9]. Throughout all their evolution, cosmic strings are

expected to emit GWs. The superposition of all these emissions generates the Stochas-

tic Gravitational Wave Background (SGWB).

In this chapter, we begin by briefly introducing the Standard Cosmological Model, by de-

riving the necessary equations to fully describe the evolution of the Universe from the

Einstein field equations (section 1.1). We then briefly explain how the wave-like solutions

occur in the Einstein Field Equations in section 1.2 and finally, in section 1.3, we show

how cosmic strings are formed.

1.1. Standard Cosmological Model

1.1.1 The Expansion of the Universe - Hubble Law

An uniformly expanding Universe makes it possible to define a set of comoving coordi-

nates, x, which move along with the expansion of the background. Thse are related to

the physical coordinates, r, as follows:

r = a(t)x , (1.1)

where a(t) is the scale factor, and is set to be 1 at the present time. Physical coordinates

are nothing more than a simply rescaling by a(t) of the comoving coordinates, which

depends on time (see Fig. 1.1).

We can also write the physical velocity, v, in terms of the comoving coordinates:

v = ṙ = ȧx+ aẋ

= Hr+ vpec .
(1.2)

The first term in Eq. (1.2) describes the impact of the expansion of the Universe on the

physical velocity. H is the Hubble Parameter, and it is defined as:

H =
ȧ
a

. (1.3)
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Figure 1.1: Visual representation of the definition of the scale factor, a. t2 is an instant in
time posterior to t1. The distance between points A and B only changes as a
consequence of the change in scale.

On the second term, we have defined a peculiar velocity vpec, which describes the inherent

motion of the observers (or objects) relative to the cosmological frame. Neglecting the

impact of peculiar velocities, Eq. (1.2) becomes:

v(t) = H(t)r(t) , (1.4)

which is known as the Hubble Law.

The present value of the Hubble Parameter, known as the Hubble Constant, is [10]:

H0 = 100h km s−1Mpc with h = 0.678 . (1.5)

It is straightforward to see that H0 has dimensions of the inverse of time. The unusual set

of units used has the purpose of emphasizing its meaning: if we consider a galaxy that is

1Mpc away from us, we will see it moving away with a velocity equal to 100h km s−1.

The Hubble Parameter allows us to define a characteristic timescale for the expansion of

the Universe, known as the Hubble time:

tH = H−1 . (1.6)

During an interval of time equal to tH, radiation traveling at the speed of light will reach

the Hubble radius:

rH = H−1 . (1.7)
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1.1.2 The Dynamics of the Universe

An homogeneous and isotropic expanding Universe is described by the Friedmann -

Lemaître - Robertson - Walker (FLRW) metric:

ds2 = a2(t)

(
dτ2 − dr2

1 − Kr2 − r2(dθ2 + sin2 θdϕ2)

)
, (1.8)

where r, θ and ϕ are comoving coordinates, K is the curvature of the 3-dimensional space

and τ is the conformal time, defined as:

τ =
∫ dt

a(t)
. (1.9)

The curvature parameter, K defines the geometry of space-time. If:

• K > 0, the Universe is closed and has a spherical topology;

• K = 0, the Universe is flat, and has an euclidean geometry;

• K < 0, the Universe is open, with an hyperbolic topology.

An open or flat Universe will expand forever as opposed to a closed Universe, that will

eventually collapse.

The dynamics of the expansion of the Universe is assumed to be governed by the Einstein

Field Equations:

Gµν = Rµν −
1
2

gµνR = 8πGTµν , (1.10)

where gµν is the metric tensor,

Rµν = Rσ
µσν = Γλ

µν;λ − Γλ
µλ;ν + Γλ

ρλΓρ
µν − Γλ

ρνΓρ
µλ (1.11)

is the Ricci tensor, R = Rµ
µ is the Ricci Scalar, Γµ

λσ are the Christoffel symbols, defined as:

Γµ
λσ =

1
2

gµν(gµν,σ + gσµ,λ − gλσ,ν) . (1.12)

and Tµν is the stress-energy tensor. It is reasonable to assume that the background be-

haves as a perfect fluid, since isotropy implies the absence of heat conduction and of

viscosity forces. Therefore, Tµν may be expressed as:

Tµν = [pb(t) + ρb(t)]uµuν − pb(t)gµν , (1.13)

where uµ = dxµ/dt is the 4-velocity of the fluid, ρb is the energy density of the background

fluid and pb is its pressure. In the comoving frame, the fluid is at rest relative to the
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expansion, and so, u0 = 1 and ui = 0. Let us assume a linear equation of state:

pb = ωρb , (1.14)

where ω is the equation-of-state parameter and is determined by the constituents of the

Universe. Local conservation of energy-momentum, Tµν
;µ = 0, defines a continuity equa-

tion:
dρb

dt
+ 3H(ρb + pb) = 0 . (1.15)

The temporal components of Eqs. (1.10) and (1.13) allow us to write the Friedmann

equation:

H2 =
8πGρ

3
− K

a2 , (1.16)

which, together with Eqs. (1.14) - (1.15), provides a full description of the evolution of the

Universe in terms of its components and curvature.

1.1.3 Components of the Universe

Currently observational data shows that the Universe is spatially flat, and that it contains

radiation, matter and a cosmological constant [10]. The cosmological constant, usually

represented by the greek letter Λ, was first introduced by Einstein to assure that his field

equations described a static Universe [1], modifying them to be:

Gµν = Rµν −
1
2

gµνR = 8πGTµν + Λgµν . (1.17)

In the vacuum (in other words, assuming that there are no other components in the Uni-

verse), Eq. (1.17) is:

Rµν −
1
2

gµνR = Λgµν , (1.18)

which shows that the cosmological constant describes the energy of empty space and can

be interpreted as a perfect fluid with negative pressure. However, it is known, since 1929,

that the Universe is not static, but actually expanding, which raises the question: why

is the cosmological constant a part of the Standard Cosmological Model? In 1998, the

measure of the luminosity distances of supernovae, showed that the expansion of the Uni-

verse is, contrary to initial expectations, accelerating [11]. This acceleration is driven by

an exotic component of the energy density that provides a negative pressure, whose ori-

gin is unknown and is generally known as dark energy*. The cosmological constant is the

*Although the cosmological constant can be thought as the vacuum energy, the observationally measured
value differs of around 120 orders of magnitude from the theoretical predictions, which has yet to be explained,
and, therefore, there is still no explanation for the nature of dark energy [12].
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simplest way to describe this accelerated expansion within Einstein Equations. Planck’s

observational data [10] are perfectly consistent with the existence of a cosmological con-

stant.

Throughout this dissertation, we will assume that the Universe has the following com-

ponents: radiation, matter and a cosmological constant. This is known as the ΛCDM

model. As we shall see, the Universe first underwent a radiation-dominated era, then a

matter-dominated era, and is currently in a transition period, entering an era dominated

by the cosmological constant*.

It is useful to define a dimensionless density parameter,

Ωi0 =
ρi

ρc0
, (1.19)

with

∑
i

Ωi0 = 1 , (1.20)

where i = r, m, Λ and the subscripts label radiation, matter and a cosmological constant

(respectively). Here, ρc0 = 3H2
0 /(8πG) is the critical density at the present time and it

is defined as the density for K = 0. The critical density is a quantity of interest, since it

defines a threshold, above which, the Universe would be closed. Let us also write the

equation of state for each of the components of the Universe, and make use of Eq. (1.15)

to study how their energy density evolves with time.

• For a fluid of relativistic particles (radiation), ω = 1/3, and so,

ρr ∝ a−4 ; (1.21)

• For matter, ω = 0 and

ρm ∝ a−3 ; (1.22)

• The cosmological constant is, by definition, constant, and so:

ρΛ = constant . (1.23)

Fig. 1.2 shows the evolution of the density parameters for each of these components. It

becomes evident that it is possible to divide the history of the Universe into three eras,

*Before the radiation dominated era, it is thought that the Universe underwent a period of accelerated
expansion, named inflation. Inflation is currently the easier explanation for the fact that the Universe is
extremely flat and homogeneous at the present time [13].
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as we have already mentioned: an early period where radiation dominated the energy

budget, followed by a matter dominated era that lasted until approximately the present

time, and the Universe is now entering an era dominated by the cosmological constant.

Figure 1.2: Evolution of the energy density for each component of the universe:
radiation (Ωr), matter (Ωm) and a cosmological constant (ΩΛ). aequality = Ωr/Ωm is the
time of radiation and matter equality, and a0 = 1 is the scale factor at present time.

It is then useful to rewrite the Friedmann equation in terms of these density parameters:

H2 = H2
0 [Ωm0a−3 + Ωr0a−4 + ΩΛ0] . (1.24)

Observational data shows that [10]:

Ωr0 = 9.1476 × 10−5 (1.25)

Ωm0 = 0.308 (1.26)

ΩΛ0 = 1 − Ωr0 − Ωm0 . (1.27)

Eq. (1.24) allows us to notice that deep into the radiation and matter dominated eras, the

evolution of the Universe is ruled by a power law of the form:

a ∝ tβ , with constant 0 < β < 1 . (1.28)

This can easily be verified by approximating Eq. (1.24) to:

H = H0
√

Ωi0aj/2 , (1.29)

where i = r, m corresponding, respectively, to j = −4,−3 and solving the differential

equation to obtain the relationship between the scale factor and time. Solving Eq. (1.29)

for both eras, we obtain the power law solution in Eq. (1.28), with β = 1/2 in the radiation

dominated era, and β = 2/3 in the matter dominated era.
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In the period dominated by a cosmological constant, Eq. (1.24) can be written approxi-

mately as:

H = H0
√

ΩΛ0 , (1.30)

which has the following solution:

a ∝ eH0
√

ΩΛ0t , (1.31)

that represents, as expected, an accelerated expansion rate.

1.2. Gravitational Waves

1.2.1 Weak-Field Einstein Equations

We will now provide a brief derivation of the wave-like solutions of the Einstein Field Equa-

tions. Spacetime is flat in the absence of gravity, and so, it is fair to assume that the

presence of a weak gravitational field will make it “nearly flat”. In other words, its metric

may be written as:

gµν = ηµν + hµν , (1.32)

where ηµν = (+1,−1,−1,−1) is the Minkowski metric and |hµν| ≪ 1 is a small pertur-

bation. This is a linear expansion, and therefore, terms of order h2 or higher are being

neglected. Coordinates in which the metric may be expressed in this form are called

nearly Lorentz coordinates.

A Lorentz boost with velocity v along x direction in Special Relativity is defined by:

Λµ̄
ν =


γ −vγ 0 0

−vγ γ 0 0

0 0 1 0

0 0 0 1


, with γ =

1√
1 − v2

. (1.33)

For a weak gravitational field, we define a background Lorentz transformation, xµ̄ = Λµ̄
ν xν,

where Λµ̄
ν is identical to the matrix in Eq. (1.33), but with matrix elements that are constant

everywhere. Applying this transformation to Eq. (1.32), we see that hµν transforms as if

it were a tensor* in Special Relativity:

hµ̄ν̄ = Λµ
µ̄Λν

ν̄hµν , (1.34)

*Note that, as pointed by B. Schutz, hµν is not a tensor, but instead part of one, since it is a “piece” of gµν

[14].
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making it possible to rewrite the Ricci tensor in terms of hµν, and to think of the nearly flat

spacetime, as a flat one, where it is possible to define a “tensor” hµν.

Substituting Eq. (1.32) into Eq. (1.10), and keeping only the terms that are linear in hµν,

we can write the Weak-Field Einstein Equations, in the Lorentz gauge, as [14]:

□h̄µν = −16πTµν , (1.35)

where h̄µν is called the trace reverse of hµν, defined by h̄ ≡ h̄α
α = −h, and the operator

□ = ∂2

∂t2 −▽2 is the D’Alembertian.

1.2.2 Wave-Like Solutions of the Einstein Field Equations

The simplest solution we can find corresponds to solving the Weak-Field Einstein Equa-

tions in the vacuum, (or far from the source of the field) by setting Tµν = 0. Eq. (1.35)

then becomes: (
∂2

∂t2 +▽2

)
h̄µν = ηαβh̄µν

,αβ = 0 . (1.36)

Eq. (1.36) is a 3-dimensional wave equation, which has plane wave solutions of the form:

h̄µν = Aµνeikµxµ
, (1.37)

where kµ is the wave vector and Aµν represent the amplitude of the wave. This is a

Gravitational Wave! Substituting the above expression into Eq. (1.36), we obtain:

ηαβkαkβ = kβkβ = 0 , (1.38)

which is only true if kβ is a null four-vector, i.e., if it is tangent to the world line of a photon. If

we picture a photon traveling in the direction of the null-vector k, it will travel alongside the

GW with the same phase as it forever, which can be interpreted as the GW itself traveling

at the speed of light.

1.3. Cosmic Strings

1.3.1 Cosmic Strings Formation

Asmentioned before, the Standard Cosmological Model predicts that the Universe started

in an extremely hot and dense state, cooling down as it expands. Grand-Unified Theo-

ries and other Beyond the Standard Model of particle of physics scenarios for the early

Universe predict that, as the temperature decreases, several symmetry-breaking phase

transitions may occur. As a consequence, topological defects may be formed [15]. In
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particular, cosmic strings arise when a U(1) symmetry is broken. In Condensed Matter

Physics, spontaneous symmetry breaking is a well studied topic, with a common exam-

ple being the appearance of discrete magnetic dipole orientations in a ferromagnet, in

systems both in and out of thermal equilibrium.

In Cosmology, symmetry breaking is often described in terms of the Higgs Mechanism*,

the process by which gauge bosons acquire mass. The simplest theory in which cosmic

strings arise is the Goldstone Model [16] with a complex scalar field, described by the

Lagrangian density:

L = (∂µϕ̄)(∂µϕ)− V(ϕ) , (1.39)

where:

V(ϕ) = µ2(ϕ̄ϕ) + λ(ϕ̄ϕ)2 . (1.40)

The Lagrangian density in Eq. (1.39) is invariant under the group U(1) of global phase

transformations:

ϕ(x) → eiαϕ(x) . (1.41)

In order for the potential to have a finite minimum we should have that λ > 0. However,

there is no such restriction for µ2. Let us consider the cases in which µ2 is larger and

smaller than zero, which are represented in Fig. 1.3.

Figure 1.3: Goldstone Model potential in the case where: a) µ2 > 0 and there is no
symmetry breaking; b) µ2 < 0 and there is a spontaneous symmetry breaking. Figure
originally published in [17].

*There are other symmetry breaking processes, but for this specific situation, where we are studying the
formation of cosmic strings, we will focus on the Higgs Mechanism.
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• µ2 > 0

In this case, the potential only has one minima, at ϕ = 0. The vacuum state corre-

sponds to the case where the field is zero and the Lagrangian represents a scalar

particle with mass µ with a self interaction term proportional to the fourth power of

ϕ. The global U(1) symmetry is preserved.

• µ2 < 0

In this case, the potential has a set of minima that satisfy |ϕ| = ±
√
−µ2/λ =

±η. The system can now choose between several vacuum states, leading to a

spontaneous symmetry breaking: let us consider an arbitrary vacuum state, ϕ0 =

ηeiθ and let us apply the phase transformation in Eq. (1.41):

ϕ0 = ηeiθ → ϕ′
0 = ηei(θ+α) . (1.42)

ϕ0 and ϕ′
0 represent two distinct states and therefore the system no longer has a

U(1) symmetry once it acquires a vacuum expectation value. However, they both

lie in the circle of minima, |ϕ| = η. We can then write the field as:

ϕ =
1√
2
(ϕ1 + iϕ2) , (1.43)

and consider perturbations around the vacuum state:

ϕ =
1√
2
(ϕ1 + iϕ2) + δ . (1.44)

Introducing this expression in Eq. (1.39), we obtain:

L =
1
2
(∂ϕ1)

2 − 1
2

λδ2ϕ2
1 +

1
2
(∂ϕ2)

2 + Lint , (1.45)

where the last term includes cubic and higher order terms in ϕ1 and ϕ2. This La-

grangian Density represents a scalar field ϕ1 with mass mϕ1 = δ
√

λ and a massless

scalar field ϕ2. The excitations of ϕ1 happen in the direction where the potential is, in

first order, quartic. They are radial oscillations around a point in the circle of minima.

Moreover, ϕ2 corresponds to excitations in the direction where the potential does not

change. This massless scalar particle is known as a Goldstone Boson. Goldstone

bosons are a signature of the spontaneous breaking of a global symmetry.

The second situation in the example above, may occur, in certain models, when the Uni-

verse cools down below a certain critical temperature, TC. The Higgs field, ϕ will take on
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different vacuum expectation values in different regions of the Universe that are casually

disconnected (and therefore, cannot communicate). Since ϕ must vary continuously, in

the boundaries between these regions, there may be points in space where the field can-

not relax to a vacuum state, leading to a non-trivial configuration of the field, known as

a topological defect. In this particular case, this leads to a vortex-like configuration that

is known as a cosmic string. This mechanism for defect formation was first proposed by

Kibble in 1976 [15] and is known as the Kibble Mechanism.

To make this concept more clear, let us consider a curve, S, (see Fig. 1.4) that encloses

the circle of minima. As ϕ goes along that path, it spans the whole vacuum manifold.

Doing so, its phase varies by 2π and the field will take the approximate form, ϕ ≈ ηeiθ.

The number of times it takes for the field to go around the circle and return to the initial point

is called the winding number, and it is a conserved topological charge. If we start making

the path smaller it will eventually reduce to a point and the winding number becomes 0,

which breaks the conservation of charge.

Figure 1.4: Visual representation of the formation of a global string. Figure adapted
from [9].

Continuity then implies that there must be a point inside the curve where ϕ vanishes,

which means that there is a non-vanishing energy density at that point, an indicator that

a cosmic string was formed. Because these strings are associated with the breaking of

a U(1) global symmetry, they are known as global strings. These global strings have a

divergent mass per unit length, µ, since their energy is not localized within a small region

around the core.

This divergence does not arise in strings that originate from the breaking of a local U(1)

symmetry, ϕ(x) → eiα(x)ϕ(x), where α now depends on the spacetime coordinates, x. The

simplest model with local string solutions is the Abelian-Higgs model, with a Lagrangian
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density of the form:

L = (Dµϕ̄)(Dµϕ)− 1
4

FµνFµν − µ2ϕ̄ϕ − λ(ϕ̄ϕ)2 , (1.46)

where the covariant derivative is given by Dµ = ∂µ − ieAµ, with Aµ being the gauge

vector field, e the gauge coupling and Fµν = ∂µ Aν − ∂ν Aµ the antisymmetric tensor. In

the Lorentz gauge, ∂µ Aµ = 0 and the Higgs field takes the same form as the global strings

at large distances from the core: ϕ ≈ ηeinθ, where n is the winding number. The gauge

field will then, at large distances from the core, asymptotically approach [9]:

Aµ ≈ 1
ie

∂µln(ϕ) . (1.47)

These asymptotic forms lead to Dµϕ ≈ 0 and Fµν ≈ 0 far from the string core. The energy

density will then vanish rapidly away from the core, and the mass per unit length of the

string is now finite and given by µ ∼ η2.

In this dissertation, we will consider local strings, as it is expected that they are formed in

several relevant theories in cosmology.

1.4. Goal and Structure

It is predicted by several particle physics scenarios, that a cosmic string network is formed

in the early stages of the Universe. Such a network is generally expected to survive

throughout the cosmological history, potentially leaving behind observational imprints,

such as the SGWB. The SGWB is currently the most promising observational signature

to detect cosmic strings, or to derive observational constraints in models that predict their

formation. The Laser Interferometer Space Antenna (LISA), will be the first GW obser-

vatory in space, and will be able to probe cosmic strings with much lower tensions than

its currently possible [18]. Detecting cosmic strings would allow for a more complete un-

derstanding of the physics of the primordial Universe, since it would either validate an

existent model, or constrain it observationally.

In their cosmological evolution, cosmic strings often collide and interact with each other,

leading to the formation of closed loops of strings (or simply loops), and of small-scale

structure (or kinks), which are discontinuities in the derivative of the tangent vector along

the string. If two strings meet, they break at the point of contact, exchange partners

and reconnect, leading to the formation of two kinky strings (see Fig. 1.5 a)). If a string

self intersects, or if two curved strings intersect in more than one point, a closed loop of

string is formed (Figs. 1.5 b) and c) respectively). After creation, loops detach from the
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network, and eventually decay. Cosmic strings networks can then be thought as having

two constituents: long strings, which are larger than the horizon (but also closed), and

loops, which are usually subhorizon, and as a result, barely feel the effect of Hubble

expansion.

When a cosmic string loop is formed, it detaches from the network, oscillates relativistically

under its own tension and decays, emitting GWs in different directions. The superposition

of the emissions of the large number of loops that exist at any time, generates the SGWB.

Kinks, however, travel along the cosmic strings at the speed of light, and are expected to

collide quite often. As a result, they are generally expected to also decay, mainly by emit-

ting GWs. This radiation should also contribute to the SGWB, but is generally neglected

in computations of this spectrum. It should also affect loop production and have an impact

on the contribution of loops. Including the impact of small-scale structure on the evolution

of cosmic strings and on their gravitational emission may, therefore, be essential to make

accurate predictions of their SGWB.

The main goal of this dissertation is then to study the impact of kinks on the contribu-

tion of loops to the SGWB. Additionally, we would also like to make an estimation of the

contribution of kinks to the spectrum.

Figure 1.5: Possible interactions of cosmic strings (red dots represent kinks): a) Two
strings interact in one point, generating two kinky strings (intercommutation); b) A string
self interacts, leading to the formation of a loop and a kinky string; c) Two strings
interact in two different points, forming a loop and two kinky strings.

To achieve this, we will begin, in Chapter 2, by providing an overview of the VOSModel. In

Chapter 3, we will develop, using different models proposed in the literature, an effective

model to describe the evolution of small-scale structure, and afterwards, in Chapter 4,
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we extend the VOS Model to include the impact of small-scale structure, so that we can

study how the existence of kinks affects the evolution of the long string network. Finally,

in Chapter 5, we will study the SGWB spectrum with our new Modified VOS Model, and

compare the results with the ones obtainedwith the predictions in the literature that neglect

small-scale structure to verify if this structure has a significant impact on the spectrum.
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2. Cosmological Evolution of a Cosmic String
Network

First attempts to describe the dynamics of a cosmic string network assumed that only a

dynamical variable was needed: the characteristic lengthscale of the network, which rep-

resents the average distance between two neighboring strings. This description is known

as the One-Scale Model, and was first proposed by Kibble [19] in 1985. This model as-

sumes that the cosmic string network will eventually achieve a linear scaling regime, in

which the energy density of the network remains constant relative to the background en-

ergy density. The first numerical simulations [20] confirmed the existence and stability of

such regime. However, subsequent simulations showed the existence of important phys-

ical phenomena at small scales that cannot be explained by this One-Scale model, and

that can have a very relevant impact on their observational signatures [21]. In 1991, Allen

and Caldwell constructed an analytic model to describe the evolution of the small-scale

structure on the cosmic string network, by effectively adding a second lengthscale to the

One-Scale Model [22] to describe the distance between kinks. On the same year, Quash-

nock and Piran propose a model with two scales (the characteristic lengthscale and the

mean inter-kink distance) [23], where the gravitational back-reaction plays a significant

role on the evolution of small-scale structure. Later, Kibble and Copeland [24], motivated

by numerical simulations [25], also developed an analytical model with two character-

istic lengthscales – the interstring distance and the persistence length – later extended

by the same authors, alongside Austin, to include a third lengthscale, describing small-

scale structure [26]. This Three-Scale Model confirms the predictions of the One-Scale

model for the large-scale properties of the network. It also suggests, that in order for

the third lenghtscale to achieve a linear scaling regime as well, the effects of the gravita-

tional back-reaction must be taken into account. Although this model seems to provide

a fairly complete description of the evolution of the network, it has an excessive num-

ber of unspecified parameters, which makes it quite unappealing. A more recent model,

known as the Velocity-dependent One-Scale (VOS) Model, describes the dynamics of the

network by also only one characteristic lenghtscale, but in addition, it includes the root-

mean-squared (RMS) velocity as a dynamical variable [27]. The VOS model allows for a

description of the evolution of the network throughout the cosmological history, including

the effects of friction forces, which are relevant very early on. At first, it did not include

the effects of the small-scale structure. However, it was later extended by the authors to
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include a phenomenological parameter, k(v̄), attempting, to some extent, to describe its

effects [28].

2.1. String Dynamics in an Expanding Universe

Let us assume that the radius of curvature of the cosmic string is much larger than its thick-

ness and that the string does not have internal degrees of freedom, so that we can treat

it as a 1-dimensional object. Its world-history can be represented by a 1 + 1- dimensional

worldsheet, xµ = xµ(ζa) (where a = 0, 1), which obeys the Nambu-Goto action:

S = −µ
∫ √

−γd2ζ , (2.1)

where ζ0 and ζ1 are a time-like and a space-like worldsheet parameter, respectively, and

γ is the determinant of the worldsheet metric, γσλ, which is related to the 4-dimensional

metric gµν by γσλ = gµνxµ
,σxν

,λ.

By varying the action in Eq. (2.1) with respect to xµ, we obtain the following equation of

motion:
1√
−γ

∂σ(
√
−γγσλxµ

,λ) + Γµ
νδγσλxν

,σxδ
,λ = 0 . (2.2)

Let us consider a flat FLRW Universe, whose line element is given by:

ds2 = a2(τ)(d2τ − dy · dy) , (2.3)

where t and τ are the physical and conformal times, respectively and y is a 3-vector

whose components are comoving cartesian coordinates. Since the action in Eq. (2.1) is

invariant under worldsheet reparametrizations, in this background it is common to impose

the following temporal-transverse gauge conditions: ζ0 = τ and ẋ · x′ = 0, where x(τ, ζ1)

is the 3-vector that represents the string trajectory. Here, dots and primes represent,

respectively, derivatives with respect to τ and ζ1. We can then rewrite Eq.( 2.2) as:

ẍ + 2H(1 − ẋ2)ẏ = ϵ−1(ϵ−1x′)′ (2.4)

ϵ̇ = −2Hϵẋ2 , (2.5)

where ϵ = [x
′2/(1− ẋ2)]1/2 is the coordinate length per unit length, ζ1, related to the total

string energy by:

E = µa(τ)
∫

ϵdζ1 , (2.6)

and H = aH, where H is the Hubble parameter, defined in Eq. (1.3).
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2.2. Cosmic String Network Dynamic

The work in this dissertation will be based on the VOSModel, which we intend to extend to

include an effective description of small-scale structure. The VOSModel assumes that the

cosmic string network is also homogeneous and isotropic on sufficient large scales, and,

therefore, its dynamics can be describedmacroscopically. To do so, this model makes use

of two dynamic variables: the root-mean-squared (RMS) velocity, v̄, and the characteristic

lenghtscale, L, which can be interpreted as the mean distance between two neighboring

strings, or as their typical curvature radius. In an average sense and on sufficient large

scales, we can think of the network as a collection of string segments, each with length L

and in a volume L3.

Evolution equations for these macroscopic variables may be obtained by averaging the

Nambu-Goto equations of motion (Eqs. (2.4) and (2.5)) over the whole network. There

are, however, two important aspects to take into account before doing so.

Strings interact with each other. Depending on the type of interaction that occurs, there

can be some energy loss. When two strings simply exchange partners and reconnect,

there is no immediate energy loss by the network. However, when a loop is formed,

it detaches from the network, evolving separately, and decays, emitting radiation in the

process, therefore resulting in an energy loss. This energy loss must then be taken into

account when describing the dynamics of the string network. The rate of loop production

has been estimated by Kibble in [15]. The probability of a segment with length ℓ, moving

with velocity v̄, colliding with other segment within a time δt is approximately:

ℓv̄
δt
L2 . (2.7)

Keeping the one-scale assumption, the probability of creating a loop with a length between

ℓ and ℓ+ dℓ can be described by a scale-invariant function, w(ℓ/L). The rate of energy

loss into loops is then given by:(
dρ

dt

)
loops

= −ρ
v̄
L

∫
w(ℓ/L)

ℓ

L
dℓ
L

≡ −c̃v̄
ρ

L
, (2.8)

where we introduced the energy-loss parameter c̃, which is assumed to be a constant.

Note that in the context of the One-Scale Model (in which the line of thought above was

proposed), v̄ was absorbed in the definition of c̃, since it was assumed to remain constant.

The second aspect to consider is that, during their evolution, cosmic strings will scatter

off the relativistic particles of the background plasma, resulting in a frictional force per unit
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length that may lead to additional energy loss and effectively decelerate the strings in the

early stages of the Universe.

We can now derive the VOS model equations for the evolution of L and v̄. We will first

derive them assuming that there are no frictional forces or energy loss into loop produc-

tions.

The total string energy density, ρ, scales as E/a3. By differentiating Eq. (2.6) and using

Eq. (2.5), we obtain:
dρ

dt
+ 2Hρ(1 + v̄2) = 0 , (2.9)

where we have defined:

v̄2 ≡< ẋ2 >=

∫
ẋ2ϵdζ1∫
ϵdζ1 (2.10)

as the RMS velocity of the string. The characteristic length, L, can be defined in terms of

the energy density

ρ ≡ µL
L3 =

µ

L2 . (2.11)

Introducing this expression into Eq. (2.9), we obtain the following expression for the time

evolution of L:
dL
dt

= HL(1 + v̄2) , (2.12)

where we may see that the dilution of the network caused by expansion leads to an in-

crease of the characteristic lengthscale. To obtain the evolution equation for the RMS

velocity, we average Eq. (2.4) and use Eq. (2.10):

dv̄
dt

= (1 − v̄2)

[
k
R̄
− 2H

]
, (2.13)

which is exact up to second order terms [27] and where we have assumed that< ẋ4 >=<

ẋ2 >2. R̄ is the average radius of curvature, defined by:

a(η)
R̄

û =
d2x
ds2 , (2.14)

where û is the unitary curvature vector and ds is the physical length along the string. In this

context, for a long string network, it is generally assumed that R̄ = L. However, if there

is a considerable amount of small-scale structure, this might not be true. We have also

introduced the dimensionless curvature parameter k, which measures the angle between

the curvature vector and the velocity of the strings, and is defined as:

k ≡ < (1 − ẋ2)(ẋ · û) >
v̄(1 − v̄2)

. (2.15)
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We may see from Eq. (2.13) that curvature accelerates strings since, as a result of their

tension, cosmic strings have a tendency to straighten, while the expansion of the back-

ground dampens their movement and slows then down. In [28], the following ansatz for

k(v̄) was proposed:

k(v̄) =
2
√

2
π

(1 − v̄2)(1 + 2
√

2v̄3)
1 − 8v̄6

1 + 8v̄6 . (2.16)

in order to provide a phenomenological description of the effect of small-scale structure

on the dynamics. However, as we shall see, introducing other lengthscales may be nec-

essary in order to achieve a more precise description of its effects.

The final step to achieve a complete description of the evolution of the L and the v̄ is to

add the effects of the loop production and of friction, as mentioned above. From Eq. (2.8),

and using the relationship from Eq. (2.11), we find that:(
dL
dt

)
loops

=
1
2

c̃v̄ . (2.17)

The impact of friction can be described by adding a characteristic frictional length, l f ∝ a3.

Its effect surges in Eqs. (2.4) and (2.5) by replacing the Hubble damping term by 2H + a/l f

[29].

The VOS Model equations are then:

dL
dt

=

(
H +

1
2

v̄2

ld

)
L +

1
2

c̃v̄ (2.18)

dv̄
dt

= (1 − v̄2)

[
k(v̄)

L
− v̄

ld

]
, (2.19)

where we defined the damping lenghtscale, ld as l−1
d = 2H + l−1

f . Eqs. (2.18) and (2.19)

allow us to describe the evolution of the cosmic strings networks throughout the cosmo-

logical history. Frictional forces become negligible as the Universe expands and becomes

less dense, because l f ∝ a3, and therefore the friction lengthscale grows faster than L.

Since it only affects the dynamics of the network very early on, from now on, we will

assume that l f → ∞, and so Eqs. (2.18) and (2.19) can be rewritten as:

dL
dt

= (1 + v̄2)HL +
1
2

c̃v̄ (2.20)

dv̄
dt

= (1 − v̄2)

[
k(v̄)

L
− 2v̄H

]
. (2.21)
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Numerical simulations show that c̃ = 0.23 ± 0.04 is a good fit in both radiation and matter

dominated eras [28].

2.2.1 Linear Scaling Regimes

The VOS Model predicts the existence of two transient linear scaling regimes, i.e., two

time periods where the energy density of the network remains constant relative to the

background energy density. Let us characterize these linear scaling regimes, by looking

for solutions of the form:

L = ξt and v̄ = constant , (2.22)

and by assuming that the evolution of the Universe is ruled by the power law of the form

of Eq. (1.28).

Substituting the above expressions into Eqs. (2.20) and (2.21), we find the following linear

attractor solution:

ξ =

√
k(k + c̃)

4β(1 − β)
and v̄ =

√
k(1 − β)

(k + c̃)β
. (2.23)
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Figure 2.1: Cosmological evolution of v̄ (top panel) and ξ = L/t (bottom panel), as
predicted by the VOS Model, in a ΛCDM Universe.
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It is clear that a linear scaling solution only occurs for a constant value of β, meaning that

a linear scaling regime is only attainable either deep into the radiation dominated era or

deep into the matter dominated era, breaking off during the radiation-matter transition and

once the cosmological constant starts to become relevant to the dynamics of the Universe.

Fig. 2.1 shows the evolution of ξ and v̄, in a ΛCDM Universe with an expansion dictated

by Eq. (1.24). We can clearly see the scaling regime being achieved during the radiation

era. However, it seems that the network never fully achieves a new scaling regime during

the matter era. This epoch does not last enough for the network to achieve scaling before

the cosmological constant starts dominating the energy density of the Universe.
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3. Evolution of Small-Scale Structure on Cos-
mic Strings

The first step to achieve our end goal is to develop an analytical model that describes the

rate at which kinks are created and removed from the network, in order to understand how

the linear kink density evolves with time. In this chapter, we will review the work done by

Allen and Caldwell [22, 30], Quashnock and Piran [23] and by Kibble and Copeland [31]

(and Austin [26]) on modeling analytically the linear kink density. We will study the impact

of each of the physical processes that affect the evolution of the linear density of kinks, in

order to develop an effective model to describe it, which will be used, in the next Chapter,

to develop an extension of the VOS Model, that will allow the study of the cosmological

evolution of a cosmic string network with small-scale structure.

Kinks are added to the cosmic string network when intercommutations occur — inde-

pendently of loops being produced or not — and decay by emitting GWs and due to the

stretching caused by the expansion of the Universe. In addition, kinks are also removed

from the network when a loop detaches. It is then clear that the loop production rate will

play an important role in the development of our model. Throughout this dissertation, we

will assume that loops are all created with the same length*. Let nloop be the total number

density of loops produced until a time t. The loop production rate is given by:

dnloop

dt
=

1
Eloop

(
dρ

dt

)
loops

, (3.1)

where dρloop/dt is given by Eq. (2.8) and Eloop is the energy with which loops are formed

(which is determined by their physical length at the moment of creation). In this disserta-

tion we will consider two possibilities for the loop length that have been discussed in the

literature:

Case 1: Loops are formed with a physical length, ℓ, that is a fixed fraction of the char-

acteristic lengthscale, that is: ℓ = αL, where α is a constant between 0 and 1. This is

the hypothesis used in studies of the SGWB generated by loops, since it is expected to

provide an accurate description of the length of loops being created throughout cosmic

history. This hypothesis is supported by the results of numerical simulations of Nambu-

Goto strings, where it was shown that large loops are formed with α ∼ 0.34 [33]. It is,

*Overall, it is not expected for this to be true. However, the results obtained by making this assumption
can be used to get results in situations where the length of loops at birth follows some distribution [32].
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however, common to find in the literature ℓ written in terms of the time of formation of the

loop, t, instead of the characteristic lengthscale at that instant, L(t), since it is usually

assumed that the network is in a linear scaling regime. This simply leads to a redefinition

of α: ℓ = αL = αξt = α′t, since in this scaling regime, ξ is constant. However, since

we want our study to apply to networks both in and out of the linear scaling regimes,

we will express ℓ in terms of the characteristic lengthscale, making α a constant in every

situation*.

Case 2: Loops are formed with a physical length, ℓ, that is a fixed fraction of the char-

acteristic length of small-scale structure, given by the mean inter-kink distance, lk, that

is: ℓ = αklk, where αk > 0 is a constant. This case is motivated by the fact that loop

production and small-scale structure are intrinsically related, and was first proposed in

[30].

Every time a loop detaches from the network, a length of ℓ is removed, alongside Nr = Kℓ

kinks, where K = 1/lk is the linear kink density, describing the number of kinks per unit

of length of string. Therefore, in Case 1, every time a loop detaches, Nr = αL/lk kinks

are removed from the network and, in Case 2, the network loses Nr = αk kinks per loop

removed.

We will study the evolution of the linear kink density for both cases separately, according

to the following approach:

1. Study the impact of loop production on the number of kinks that are added to the

network;

2. Study the impact of non-loop forming intercommutations on the number of kinks

added to the network;

3. Study the impact of the kink decay mechanisms.

For each of these steps, we will verify if it is possible – and if it is, under which conditions

– for the the lengthscale of small-scale structure, lk, to reach a linear scaling regime.

Before starting to study each case separately, let us first define how we will model each

of these effects.

*Out of scaling, ξ = ξ(t) and we would either need to have a time dependent α — α = α(t) = α′/ξ(t) —
or describe the size of loops produced when the network is out of scaling incorrectly.
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1. Impact of Loop Production

In [22], the authors propose that the rate of kink creation is proportional to the rate of loop

production:
dnc

dt
= C

dnloop

dt
, (3.2)

where nc is the number density of kinks created and the proportionality constant, C, is the

average number of kinks created on the long string network for each loop formed. Since

per intercommutation, each string gains two kinks, and, for a loop to be formed, we need

at least one (but probably several) intercommutation, C ≥ 2.

When a loop detaches, a length of ℓ is removed, and, as a consequence, kinks are carried

away. Let nr be the number density of removed kinks. The rate at which they are removed

from the network is then:
dnr

dt
= ℓK(t)

dnloop

dt
, (3.3)

where K(t) is given by:

K(t) = (nc − nr)L2 , (3.4)

Differentiating Eq. (3.4) with respect to time, we obtain the following differential equation:

d
dt
[KL−2] = [C − ℓK]

dnloop

dt
. (3.5)

In [31], the authors proposed that loop production could be more likely in regions that

have a larger density of kinks – since strings are more curved in these regions and move

with higher speeds – and, as a result, loops may carry away more kinks. This effect is

modeled by introducing a parameter, q, that characterizes the relative “kinkiness” between

the loop and the long string. This means that, when a loop detaches from the network, it

will remove qKℓ kinks, instead of Kℓ, and Eq. (3.5) becomes:

d
dt
[KL−2] = [C − qℓK]

dnloop

dt
. (3.6)

We will verify how the linear kink density, K, is affected by loop production, and study

whether a linear scaling regime for lk can be achieved.

2. Impact of Non-Loop Forming Intercommutations

Wementioned in Chapter 1 that kinks are formed in the network every time strings interact,

even when that interaction does not lead to the creation of a loop. So, the next question

that arises is: do intercommutations that do not form loops have a significant contribution

to the amount of kinks that are created in the network? In other words, what happens to
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the linear kink density when we vary the parameter C. Let us recall its definition:

C =
Number of kinks in the long string

One Intercommutation
× Number of Intercommutations

One Loop
. (3.7)

The first term is equal to 2: When two strings meet, they break at the point of contact,

exchange partners and reconnect, leading to the formation of two strings with two kinks

each. The second termmust be equal to larger than 1, since at least one intercommutation

is needed to form a loop. If more than one intercommutation must occur to create a loop

(which is likely), then the network should have a higher linear kink density, since there are

extra kinks being added to the network that are not being removed when a loop detaches.

We will, therefore, verify what the effect of varying C is on the behavior of the linear kink

density.

Another way to approach this, is to fix C = 2 and add a new term to Eq. (3.5) to charac-

terize these additional intercommutations. In [31] and in [26], the authors model the effect

of these non-loop forming intercommutations with a term with the following form:

dnint

dt
=

χ(v̄)
L4 , (3.8)

where nint is the number density of kinks added to the network by non-loop forming inter-

commutations, and χ(v̄) = 2v̄(1 − v̄2)/π. Eq. (3.2) then has an additional term:

dnc

dt
= C

dnloop

dt
+

dnint

dt
. (3.9)

In the context of the Three-Scale Model, χ is a constant because linear scaling is as-

sumed. However, here we will treat v̄ as a dynamical variable, since we intend to develop

a model that describes the evolution of small-scale structure throughout cosmic history,

so this is no longer true. Adding this term to Eq. (3.6), it becomes:

d
dt
[KL−2] = [2 − qℓK]

dnloop

dt
+

χ(v̄)
L4 . (3.10)

We would then like to answer the following question: is the inclusion of this term really

necessary or can these intercommutations that do not lead to loop formation be described

by increasing C?

3. Impact of Kink Decay

Let nGW and nH be, respectively, the number density of kinks lost by the network due

to the emission of gravitational radiation and by being stretched by the expansion of the



FCUP 29
Impact of Small-Scale Structure on the Stochastic Gravitational Wave Background Generated by Cosmic Strings

background. The rate at which kinks decay by emitting GWs is given by [23, 30]:

dnGW

dt
= −ΓĈGµK2L−2 = −Γ̂GµK2L−2 , (3.11)

where Γ̂ = ΓĈ, Γ describes the efficiency of emission of GWs and Ĉ > 1 was introduced to

account for the impact of gravitational backreaction, which should lead to a smoothing of

the kinks as they emit GWs and may make their decay more efficient [26]. The larger the

value of Ĉ considered, the faster kinks are expected to be smoothed out, and, therefore,

Γ̂ could be regarded as an effective value for the GW emission efficiency, accounting for

the effects of gravitational backreaction.

The rate at which the number density of kinks decreases due to being Hubble stretched

is given by [31]:
dnH

dt
= −2H(1 − 2v̄2)KL−2 . (3.12)

Eq. (3.3) has now two new extra terms:

dnr

dt
= ℓK

dnloop

dt
+

dnGW

dt
+

dnH

dt
, (3.13)

and so, Eq. (3.6) becomes:

d
dt
[KL−2] = [C − qℓK]

dnloop

dt
+

χ(v̄)
L4 − Γ̂GµK2L−2 − 2H(1 − 2v̄2)KL−2 . (3.14)

We will now see how each of the above mentioned effects impacts the evolution of the

linear kink density and its ability to reach a linear scaling regime. Eqs. (3.6), (3.10) and

(3.14) can be solved analytically if we assume that the the expansion of the Universe is

ruled by the power law in Eq. (1.28), so that the network is in a linear scaling regime,

with scaling values given by Eq. (2.23)). We can also solve them numerically, alongside

the Friedmann Equation, (1.24), to see how the linear kink density evolves in a ΛCDM

Universe.

3.1. Case 1: ℓ = αL

Let us begin by assuming that loops are formed with a size that is a fixed fraction of the

characteristic lengthscale, ℓ = αL. They each will be formed with energy, Eloop = µαL.

3.1.1 Impact of Loop Production

Setting q = 1 for now, the loop production rate per unit volume is [34]:

dnloop

dt
=

1
Eloop

(
dρ

dt

)
loops

=
c̃v̄

αL4 , (3.15)
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and the rate at which kinks are removed from the network is:

dnr

dt
= αLK

dnloop

dt
. (3.16)

When a loop detaches from the network, a length of αL is removed. We can then rewrite

Eq. (3.6) as:
d
dt
[KL−2] = [C − αLK]

c̃v̄
αL4 , (3.17)

which has the following analytical solution, when assuming linear scaling conditions, and

that the network is formed at the instant ti without kinks (that is, K(ti) = 0):

K(t) =
c̃v̄C

αξ2(3 − c̃v̄
ξ )

1
t

( t
ti

)3− c̃v̄
ξ

− 1

 , (3.18)

for 3 − c̃v̄/ξ ̸= 0. In order for the characteristic lengthscale of small-scale structure to

achieve a linear scaling regime, we must have lk ∝ t (or, equivalently, K(t) ∝ 1/t), which

only happens if 3 − c̃v̄/ξ < 0. Substituting v̄ and ξ by their scaling values given by the

expressions in Eq. (2.23), we obtain that:

β < −1
2

(
1 +

3k(v̄)
c̃

)
. (3.19)

Both k(v̄) and c̃ are, by definition, positive*, and therefore, Eq. (3.19) implies β < 0, which

is not possible in an expanding Universe (as is our own). Therefore, 3 − c̃v̄/ξ must be

larger than 0, which means that K never stops increasing as time moves forward. More

kinks need then to be removed from the network for the small-scale structure lengthscale

to reach a linear scaling regime. Let us then consider q > 1 and verify if the linear scaling

regime is possible if loops remove enough kinks. Rewriting Eq. (3.18) as:

K(t) =
c̃v̄C

αξ2(3 − c̃v̄q
ξ )

1
t

( t
ti

)(3− qc̃v̄
ξ )

− 1

 , (3.20)

and once again imposing K ∝ t−1, we now have that 3 − c̃qv̄/ξ < 0. The linear kink

density will then reach linear scaling if q is higher than a critical value, q1
c , equal to:

q1
c =

3ξ

c̃v̄
=

3
2c̃

k(v̄) + c̃
1 − β

, (3.21)

where, once again, we replaced v̄ and ξ by their scaling solutions. Let us consider some

arbitrary value of q for which scaling occurs, i.e., q = q1
c + δ, δ > 0. Substituting this value

*This is not true for v̄2 ≥ 1/2. However, for an expanding Universe, it is not expected for the velocity to
have such values.
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in Eq. (3.20), we obtain the following linear scaling value for K:

Kscaling(t) =
C

αξtδ
=

C
ℓδ

, (3.22)

which means that the average inter-kink distance in scaling is determined by the physical

length of loops:

lk =
δ

C
ℓ . (3.23)

For q < q1
c , K never reaches a linear scaling regime and always increases with time. If

we now consider q = q1
c − δ, for q1

c > δ > 0, we have that the linear kink density evolves

with time as follows:

Kout of scaling(t) =
C
δℓ

[(
t
ti

)c̃v̄δ/ξ

− 1

]
. (3.24)

This growth is faster for smaller q, since more small-scale structure builds up in the net-

work. Finally, let us see what happens in the critical case.

Solving Eq. (3.17) but this time with q = q1
c , we obtain

Kcritical(t) =
Cc̃v̄
αξ2

log(t/ti)

t
, (3.25)

and linear scaling is also not possible in this situation. There is an initial increase in the

linear kink density which then decreases and will tend to zero as time goes on. The value

of Kt will grow logarithmically.
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Figure 3.1: Minimum value of q required for the small-scale structure lengthscale to
achieve a linear scaling regime, as a function of β. In the radiation dominated era,
β = 1/2 and q1

c ∼ 5. In the matter dominated era, β = 2/3 and q1
c ∼ 15.

Solving Eq. (3.21) alongside Eqs. (2.23) and (2.16), we may study the dependence of

q1
c on β. The results are plotted in Fig. 3.1, and therein one may see that q1

c ∼ 5 in the
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radiation dominated era, while q1
c ∼ 15 in the matter dominated era.
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Figure 3.2: Evolution of the linear kink density, K = ζ/t, in a ΛCDM Universe for
q > q1

cr , q1
cm and for q = 1 < q1

cr, where q1
cr and q1

cm are the critical values of q in the
radiation and in the matter era, respectively. Solid lines represent the numerical
solution, and dashed lines the solution obtained analytically for the radiation era.
Dashed and solid lines match during the radiation dominated era for r q > q1

cr , q1
cm (i.e.,

when the linear kink density is in a linear scaling regime.

Solving nowEq. (3.17) alongside Eqs. (2.18), (2.19) and (1.24), we can see how the linear

kink density evolves in a realistic background. The plot in Fig. 3.2 shows the evolution of

ζ = Kt for q > q1
cr , q1

cm and for q = 1 < q1
cr, where q1

cr and q1
cm are the critical values of q

in the radiation and in the matter era, respectively. As expected, the linear scaling regime

cannot be achieved for q = 1; loops do not remove enough kinks and the linear kink

density increases quickly. For a value of q > q1
cm, K does reach a linear scaling regime in

the radiation era, since q1
cm > q1

cr, but, never reaches it in the matter dominated era. Once

again, this epoch does not last long enough for that to happen, and the energy density

of the Universe starts being dominated by a cosmological constant. The growth is much

smaller during the matter era. Kt is simply evolving towards the new scaling constant

until Λ starts dominating. When the Universe enters this Λ-dominated epoch, which is

equivalent of having β −→ 1, it is not possible for the linear kink density to achieve a linear

scaling regime, as in this limit, q1
c −→ ∞ (as we can see by looking at Eq. (3.21)).

3.1.2 Impact of Non-Loop Forming Intercommutations

Let us now study the effect of intercommutations that do not form loops on the number

density of kinks.
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We will begin by comparing the linear kink density for some arbitrary value of C > 2, KC,

with the linear kink density for C = 2, K2, in order to verify if these extra intercommutations

lead to an increase in the linear kink density. We can assume that v̄ and L are in a linear

scaling regime, since their scaling values are independent of C, and therefore, so is qc1,

which means that varying C also has no impact on the linear scaling condition for K. Let

us consider some arbitrary value of q and use the analytical expression in Eq. (3.18) to

make the comparison. For a given time instant, and a fixed value of α, we have that:

KC

K2
=

C
2

. (3.26)

Let us now see if we can model the effect of these non-loop forming intercommutations

by fix C = 2, and instead add the term in Eq. (3.8) to Eq. (3.6).

Assuming that v̄ and L are in a linear scaling regime, we obtain the same analytical solution

as in Eq. (3.20) but with :

C −→ 2

[
1 +

χ(v̄)α
2v̄πc̃

]
∼


2 , α ≪ 1

2
[

1 + χ(v̄β)
2v̄βπc̃

]
, α ∼ 1 ,

(3.27)

where v̄β = v̄r, v̄m, for β = 1/2, 2/3, are the scaling values of the RMS velocity for

the radiation and the matter dominated eras respectively. Since q1
c is independent of

C, considering a term of the form of Eq. (3.8) has no impact on the critical value of

q. We then have that, if the loops produced are small – and then many loop-forming

intercommutations occur –, non-loop forming intercommutations have a negligible impact

on the kink number density, and may be approximately described by setting C = 2. The

maximum effect occurs in the limit where α −→ 1, i.e., when loops are large. This may

be seen in the plot in Fig. 3.3: the presence of this term causes the linear kink density to

increase by a factor of at most 1.78, and can therefore be described by setting C ∼ 4. This

value depends on β, i.e., depends whether the Universe is in a radiation or in a matter

dominated era, but, as we can see in Fig. 3.3, this dependence is weak and does not

have a significant impact in the results.

3.1.3 Impact of Kink Decay

Finally, let us add the effects of kink decay, and see how they affect the evolution of the

linear kink density and the attainability of the linear scaling regime. Let us solve Eq. (3.14)

both analytically, by assuming that v̄ and L are in linear scaling regimes, and numerically,
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Figure 3.3: Impact of the non-loop forming intercommutations. Solid lines correspond to
a value of q > q1

cr and dashed lines correspond to a value of q < q1
cr, where q1

cr is the
critical value of q in the radiation dominated era. Dashed and solid lines match, for their
respective value of α. The black doted line represents the analytical value for the ratio
between the linear kink density for C = 2 with a non-loop forming intercommutation
term, K̄, and the linear kink density without a non-loop forming intercommutation term
and C = 2, K2 for α = 1, in the radiation era. It matches the numerical solutions.
aequality = Ωr/Ωm is the scale factor at the time of radiation-matter equality.

by solving it alongside the VOS Model and Friedmann Equations. This is a Riccati Differ-

ential Equation:

dK
dt

= −Γ̂GµK2 −
[

qc̃v̄
ξ

+ 2β(1 − v̄2)

]
K
t
+

Cc̃v̄
αξ2t2 , (3.28)

which can be solved by making the following change of variable, that reduces it to a

Cauchy-Euler Differential Equation:

u = e−
∫

f (t)K(t)dt , where f (t) = −Γ̂Gµ . (3.29)

We then find the following solution (once again considering that the network is formed at

a time ti without small-scale structure):

K(t) =
N(1 − M)

2Γ̂Gµt

[
1 −

(
t
ti

)NM
]

1 +
(

M−1
M+1

) (
t
ti

)NM , (3.30)

for N ̸= 0, where N = M2 + 1, M =
√

1 + 4Γ̂GµM1/N2 and M1 = Cc̃v̄/(αξ2) and

M2 = 2 − qc̃v̄/ξ − 2β(1 − 2v̄2). Once again, it is possible to define a critical value of q,

corresponding to having N = 0:

q̄1
c =

ξ

c̃v̄
[3 − 2β(1 − 2v̄2)] =

(k(v̄) + c̃)(3 − 2β)

c̃(1 − β)
+

2k(v̄)
c̃

. (3.31)
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There are now two possible situations that lead to a linear scaling regime:

1. N > 0 ⇒ q < q̄1
c

In this case, K(t) −→ N(M+1)
2Γ̂Gµt

as t −→ ∞.

Considering an arbitrary value of q = q̄1
c − δ, with q̄1

c > δ > 0, and that α ≫ Γ̂Gµ*,

we have that:

K(t) ≈ δc̃v̄
Γ̂GµL

−→ lk(t) ≈
1

δc̃v̄
Γ̂GµL . (3.32)

In this case, loops alone cannot remove enough kinks to ensure scaling. This regime

is maintained mostly by kink decay and the scaling value of the mean inter-kink

distance is then determined by the characteristic lengthscale of the gravitational

backreaction.

2. N < 0 ⇒ q > q̄1
c

In this case, K(t) −→ N(1−M)

2Γ̂Gµt
as t −→ ∞.

Considering now a value of q = q̄1
c + δ, with δ > 0, we have, to first order in Γ̂Gµ/α,

that:

K(t) ≈ C
δℓ

−→ lk(t) ≈
δ

C
ℓ . (3.33)

Loop production is now sufficient to guarantee the attainment of the linear scaling

regime. The scaling value of the mean-inter kink distance is determined by the

physical length of loops, similarly to what happens when there are no decay mech-

anisms.

Eq. (3.30) is not well defined for q = q̄1
c , since for N = 0, we have:

M =

√
1 +

4Γ̂GµM1

N2 −→

√
1 +

4Γ̂GµM1

∞
. (3.34)

To see what happens in this case, let us replace q for q̄1
c in Eq. (3.14) and try to find an

analytical solution. In this critical case, we have that:

Kcritical(t) =
√

M1

t
tanh

[√
M1 log

(
t
ti

)]
, (3.35)

and linear scaling is not possible.

Let us now solve Eq. (3.14) — without the term associated with the non-loop forming

intercommutations given the results of the previous section — alongside Eqs. (1.24),

*It is expected for α to always be larger than Γ̂Gµ, since gravitational backreaction smooths out cosmic
strings on scales smaller than this gravitational backreaction.
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(2.20) and (2.21) to see how K evolves in a realistic background. The plot on Fig. 3.4

shows the evolution of the linear kink density in a ΛCDM Universe, for q < q̄1
cr, q = q̄1

cr,

q̄1
cm > q > q̄1

cr and for q > q̄1
cm, where q̄1

cr and q̄1
cm correspond to the critical value of q

in the radiation and in the matter dominated eras, respectively. We also include the two

analytically predicted linear scaling situations, for q both smaller and larger than its critical

value for the radiation era. We can see that for q > q̄1
c , i.e., when loop production assures

scaling, this regime is achieved significantly faster than in the opposite case, since the

scaling value of ζ in this case is smaller (because lk is determined by the length of loops).

For a value of q lower than the critical value, this regime, as we have seen, is maintained

mostly by kink decay, and so, K takes some time to reach scaling and strings have a large

number density of kinks. This is exactly the same behavior found by Allen and Caldwell

in ([30]) (although the authors did not take into consideration the effects of expansion).

For q = q̄c1r, we observe, as expected, that the linear kink density cannot achieve a

linear scaling regime. The linear kink density does not reach a linear scaling regime for

q > q̄1
cm in the matter era, since, once again, this epoch does not last long enough for

that to happen. We also see that for values of q smaller than the critical value in the

matter dominated era, in situations where scaling occurs in the radiation era, the linear

kink density approaches values close to Γ̂Gµ soon after the beginning of the radiation-

matter transition. For q > q̄1
cm, however, this growth is much slower, because there is a

linear scaling regime in the matter era, characterized by a low kink density.

It seems, however, that, as soon as the cosmological constant starts dominating the en-

ergy density of the Universe, K enters a new linear scaling regime, independently of the

value of q. When Λ starts dominating the energy density of the Universe, v̄ −→ 0, and

so, we can rewrite Eq. (2.18) as follows:

dL
dt

= HL → L ∝ a . (3.36)

In this limit, where v̄ = 0 and L ∝ a, Eq. (3.14) becomes :

d
dt
[Ka−2] = −Γ̂GµK2a−2 − 2HKa−2 → K ∝

1
Γ̂Gµt

. (3.37)

Therefore, as the energy density of the Universe starts being dominated by a cosmo-

logical constant, the only decay mechanism that is relevant is gravitational backreaction,

and the characteristic lenghtscale of small-scale structure enters a linear scaling regime

characterized by a high density of kinks. Once again, when the energy density of the Uni-

verse begins to be Λ dominated, (i.e., when β −→ 1), q̄1
c −→ ∞. Therefore, it will always
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be the scale of the gravitational backreaction to determine the length of the small-scale

structure. We have verified numerically that both the red and gray lines in the plot of Fig.

3.4 will evolve towards the regime in Eq. (3.37). However, since they represent situations

which during the matter era were in a linear scaling regime with a lower linear kink density

(determined by loop size), they take a longer time to reach this new regime.

10 22 10 18 10 14 10 10 10 6 10 2 102 106

a

101

103

105

107

109

=
Kt

q < q1
cr

q = q1
cr

q1
cm > q > q1

cr

q > q1
cm

aequality

a0

Figure 3.4: Case 1: Evolution of the linear kink density, K = ζ/t, in a ΛCDM Universe
for q < q̄1

cr, q = q̄1
cr, q̄1

cm > q > q̄1
cr and for q > q̄1

cm, where q̄1
cr and q̄1

cm correspond to the
critical value of q in the radiation and in the matter dominated eras, respectively (solid
lines). Dashed lines represent the analytical solutions for the first three situations (i.e.,
for β = 1/2). Solid and dashed lines match in the radiation dominated era when K
reaches scaling. Parameters used: C = 2, α = 0.3, Γ̂ = 50 and Gµ = 10−10. Ωi0, where
i = r, m, Λ are given by Eqs. (1.25) - (1.27).

The similarity between our results and those in [30], where expansion is not considered,

raises the question: are the effects of expansion negligible? To answer this question, let

us once again solve Eq. (3.14) (alongside Eqs. (1.24), (2.20) and (2.21)), but without its

last term, that accounts for the kinks that are lost by the network due to Hubble stretching.

By looking at Eq. (3.31), we can see that expansion decreases the value of q̄1
c . It is also

safe to assume that the presence of an extra decay mechanism will lead to a lower linear

kink density. But is it significant?

The plot in Fig. 3.5 shows the ratio between the linear kink density when both kink decay

mechanisms are present and when only gravitational backreaction is considered, for dif-

ferent values of the string tension, ϵ = Gµ, in a ΛCDM Universe. We can see that the

Hubble expansion’s impact on the linear kink density increases as ϵ decreases, that is, as

the gravitational backreaction loses strength. This effect gets more evident on the matter

dominated era, where the rate of expansion is faster and we have verified that it increases

substantially in an epoch dominated by a cosmological constant, where the expansion is
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accelerated. Let us also point out, that the linear scaling regime described in Eq. (3.37)

is only possible when considering decay by Hubble stretching, since the growth of L bal-

ances exactly the decay, and so, only the emission of GWs will be relevant. However,

without Hubble stretching as a decay mechanism, the same does not occur, Kt will con-

tinue to grow, and there won’t be a linear scaling regime. This explains the accentuated

differences in the cosmological constant era.

Since values of tension higher than ϵ ∼ 10−7 have already been excluded observationally

using CMB data [35], scenarios of interest will correspond to situations where the gravita-

tional backreaction is weak enough for the Hubble expansion to be relevant. Throughout

this dissertation, we will, therefore, not neglect the expansion of the Universe as a mech-

anism of kink decay.

Figure 3.5: Case 1: Comparison between the evolution of the linear kink density when
both kink decay to GWs and due to Hubble stretching are present, ζGW+Exp and its
evolution when the only mechanism of kink decay considered is the gravitational
backreaction, ζGW , where ζ = Kt, in a ΛCDM Universe. Parameters used: C = 2,
α = 0.3, q = 1, Γ̂ = 50. Ωi0, where i = r, m, Λ are given by Eqs. (1.25) - (1.27).

3.2. Case 2: ℓ = αklk

Let us now assume that loops are created with a size that is a fixed fraction of the char-

acteristic lengthscale of small-scale structure, i.e., ℓ = αklk = αk/K. Each loop is then

formed with energy Eloop = µαk/K.
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3.2.1 Impact of Loop Production

The rate of loop production is now given by:

dnloop

dt
=

c̃v̄ρ/L
µαK/K

=
c̃v̄K
αkL3 , (3.38)

and the rate at which kinks are removed from the network is :

dnr

dt
= qαk

dnloop

dt
. (3.39)

Eq. (3.6) now becomes:
d
dt
[KL−2] = [C − qαk]

c̃v̄K
αkL3 , (3.40)

and has the following analytical solution, when considering that both v̄ and L are in linear

scaling and by assuming that the network is formed at an instant ti with an initial linear

kink density Ki ≡ K(ti):

K(t) = Ki

(
t
ti

)(C−qαk)
c̃v̄

αkξ +2

. (3.41)

Unlike the previous case, the network must now be formed with a non-vanishing initial

kink number density, Ki, since otherwise loops would be created with an infinite length.

To have K ∝ t−1, we must have that (C − qαk)c̃v̄)/(αkξ) + 2 = −1, which implies that q

must be equal to the following critical value, q2
c :

q2
c =

C
αk

+
3ξ

c̃v̄
=

C
αk

+
3
2c̃

k(v̄) + c̃
1 − β

. (3.42)

This critical value is now highly dependent on the values of C and αk, and similarly to

Case 1, it is not possible to reach scaling if loops are not created in places which have

more kinks than the average in the long string, i.e., if q = 1, since that would imply β > 1.

We are, in this case, removing a fixed number of kinks so, scaling is only possible if

we remove exactly the needed number of loops to compensate the number of created

kinks and the changes in the characteristic lengthscale. If q < q2
c , the linear kink density

will always increase with time; if q > q2
c , the strings will eventually lose all the small-

scale structure. The plots in Fig. 3.6 show the values that q must take, as a function

of loop size (αk), for several values of C in the radiation dominated era. We observe

that increasing the value of C causes q2
c to be larger. Increasing C means increasing the

number of intercommutations needed to form a loop, therefore, increasing the number of

kinks in the long string, and, as a consequence, loops need to remove more kinks for the

linear kink density to reach scaling. We also observe that as loop size increases, which
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is equivalent to say, as C/αk −→ 0, q2
c evolves towards 3ξ/(c̃v̄), the same value we have

in Case 1.

Figure 3.6: Value of q necessary to achieve a linear scaling regime in Case 2, as a
function of loop size, αk, for different values of C, in the radiation dominated era. ξr and
v̄r are the linear scaling values of the characteristic lengthscale and of the RMS velocity
in the radiation dominated era.

3.2.2 Impact of Non-Loop Forming Intercommutations

Let us now see what the effects of varying the parameter C are in the linear kink density.

Contrary to Case 1, the linear scaling condition is now dependent on the value of C. The

linear scaling values of v̄ and L are not, and, once again, we can assume that both these

dynamical variables are in a linear scaling regime, and look for analytical solutions.

As may be seen from Eq. (3.41),
KC

K2
= 1 , (3.43)

and therefore, the linear kink density has no dependence on the number of intercommu-

tations that are needed to create a loop. However, since increasing C changes the value

of q2
c , this may cause K to no longer achieve scaling.

Let us now set C to be 2 and see if the same happens when we model the effect of non-

loop forming intercommutations with the term in Eq. (3.8). When v̄ and L are in linear

scaling, Eq. (3.10) has the following analytical solution (once again, we assumed that the
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network was created at the time ti with a linear kink density of Ki):

K̄(t) =

[
Ki +

χ(v̄)
ξ2[(2 − qαk)c̃v̄/(αkξ) + 3]ti

](
t
ti

)(2−qαk)c̃v̄/(αkξ)+2

−

χ(v̄)
ξ2[(2 − qαk)c̃v̄/(αkξ) + 3]

1
t

.

(3.44)

The critical value of q is still given by Eq. (3.42), with C = 2, but note that Eq. (3.44) is

not defined for q = q2
c . Let us see what happens when q is either larger or smaller than

its critical value:

1. q > q2
c

Let us consider some arbitrary value of q = q2
c + δ, where δ > 0. We then have that:

K̄(t) −→ χ(v̄)
ξ c̃v̄δ

1
t
⇒ lk −→

c̃v̄δ

χ(v̄)
L . (3.45)

The small-scale structure lengthscale reaches a linear scaling regime and the mean

inter-kink distance is determined by the characteristic lengthscale of the network.

This is precisely what we have in Case 1 and, if we compare the above equation

with Eq. (3.23), we see that for c̃v̄/(χ(v̄)) = α/C, we recover exactly the result in

Eq.(3.8).

2. q < q2
c

Let us now consider some arbitrary value of q = q2
c − δ, where q2

c > δ > 0. We now

have that:

K̄(t) =
χ(v̄)
c̃v̄ξδt

[(
t
ti

)c̃v̄δ/ξ−1

− 1

]
+ Ki

(
t
ti

)c̃v̄δ/ξ

, (3.46)

and, therefore, the linear kink density will always increase with time, and it will never

reach a linear scaling regime.

For the case where q is equal to its critical value, Eq. (3.10), has the following analytical

solution when we set q = q2
c :

K̄critical(t) =
χ(v̄)
ξ2t

log
(

t
ti

)
+ Kiti , (3.47)

and therefore, the linear kink density does not reach a linear scaling regime in this case

either.

It seems that modeling non-loop forming intercommutations by varying C or by adding an

additional term and fixing C = 2 does not represent the same physical situation. While
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simply varying the value of C does not seem to cause a significant impact on the linear

kink density, the presence of the term in Eq. (3.8) does, which indicates that in Case 2,

this term is necessary. We will then keep it for the remaining of this chapter. It is also

interesting to point out that including this term in Case 2 makes it qualitatively (although

not quantitatively) identical to Case 1, and both describe a very similar physical situation.

3.2.3 Impact of Kink Decay

Finally, let us add the effects of the kink decay mechanisms.

Considering once again that the network is in a linear scaling regime and that it is created

at a time ti, with K(ti) = Ki, we have a differential equation with the same form as Eq.

(3.28), which has the same solution, given by Eq. (3.30), but with the following redefinition

of the constants:

M1 −→ χ(v̄)
ξ2 (3.48)

M2 −→ c̃v̄(C − αk)

ξαk
− 2β(1 − 2v̄2) + 2 (3.49)

The critical value of q is now given by:

q̄2
c =

C
αk

+
ξ

c̃v̄
[3 − 2β(1 − 2v̄2)] =

C
αk

+ q̄1
c , (3.50)

where q̄1
c is given by Eq. (3.31). So, if C/αk −→ 0, both Case 1 and Case 2 represent

the same physical situation. Let us what happens for both q larger and smaller than q̄2
c :

1. q > q̄2
c

Let us consider some arbitrary value of q = q̄2
c + δ, with δ > 0. When t −→ ∞, we

have that:

K(t) −→ c̃v̄δ

2ξΓ̂Gµt


√

4Γ̂Gµχ(v̄)ξ
c̃2v̄2δ2 + 1 − 1

 ≈ χ(v̄)
c̃v̄δξt

, (3.51)

if 4Γ̂Gµχ(v̄)ξ/(c̃2v̄2δ2) ≪ 1, which is true provided that δ is not extremely small.

Therefore, in the linear scaling regime, the mean inter-kink distance is determined

by the characteristic lengthscale:

lk ≈
c̃v̄δ

χ(v̄)
L , (3.52)

which is, qualitatively, same behavior found in Case 1, when considering kink decay

but neglecting the term in Eq. (3.8).
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2. q < q̄2
c

Let us now consider some arbitrary value of q = q̄2
c − δ, with q̄2

c > δ > 0. We know

have that, as t −→ ∞:

K(t) −→ c̃v̄δ

2ξΓ̂Gµt


√

4Γ̂Gµχ(v̄)ξ
c̃2v̄2δ2 + 1 + 1

 ≈ c̃v̄δ

Γ̂Gµξt
, (3.53)

if, once again, we consider 4Γ̂Gµχ(v̄)ξ/(c̃2v̄2δ2) ≪ 1, and the mean inter-kink dis-

tance is now determined by the characteristic lengthscale of the gravitational back-

reaction:

lk ≈
1

δc̃v̄
Γ̂GµL , (3.54)

which is exactly the same result found in Case 1.

Similar to the previous case, when q = q̄2
c , the evolution of K is given by Eq. (3.35), but

with the constant M1 given by Eq. (3.48).

Finally, let us study what happens when the Universe enters an era dominated by Λ,

characterized by v̄ −→ 0 and L ∝ a. In this limit, Eq. (3.14) turns into Eq. (3.37), and,

therefore, as found in Case 1, as soon as the cosmological constant starts dominating

the energy density of the Universe, the only decay mechanism that is relevant is the

gravitational backreaction and K will enter a linear scaling regime characterized by a high

density of kinks.

Solving nowEq. (3.14) alongside Eqs. (1.24), (2.21) and (2.20), we can see how the linear

kink density evolves in a realistic background. The plot in Fig. 3.7 shows the evolution of

ζ = Kt, for q = q̄2
cr, q < q̄2

cr, q̄2
cm < q < q̄2

cr and q > q̄2
cm, where q̄2

cr and q2
cm are the critical

values of q in the radiation and in the matter dominated eras, respectively. We observe,

as expected, a behavior that is similar to that found in Case 1: when q < q̄2
cr, the linear

scaling regime is determined by the gravitational backreaction, whereas for q̄2
cm < q < q̄2

cr

and for q > q̄2
cm it is the loop production that assures scaling. Soon after the radiation-

matter transition, K starts approaching values close to Γ̂Gµ in the former case, but has

a growth considerably smaller in the latter, because there is still a linear scaling regime

determined by the characteristic lengthscale during the matter era. When q = q̄1
cr, K never

reaches a linear scaling regime. In all cases, when the energy density of the Universe

starts being dominated by a cosmological constant, the linear kink density starts again

approaching the new linear scaling regime described in the previous paragraph.
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Figure 3.7: Case 2: Evolution of the linear kink density, K = ζ/t, in a ΛCDM Universe
for q < q̄1

cr, q = q̄1
cr, q̄1

cm > q > q̄1
cr and for q > q̄1

cm, where q̄1
cr and q̄1

cm correspond to the
critical value of q in the radiation and in the matter dominated eras, respectively (solid
lines). Dashed lines represent the analytical solutions for the first three situations (i.e.,
for β = 1/2). Solid and dashed lines match in the radiation dominated era when K
reaches scaling. Parameters used: C = 2, αk = 2, Γ̂ = 50 and Gµ = 10−10. Ωi0, where
i = r, m, Λ are given by Eqs. (1.25) - (1.27).

Finally, let us once again evaluate the effects of the Hubble expansion on the characteristic

lengthscale of small-scale structure. Considering all the above conclusions, one would

expect to once again find a similar behavior to Case 1. The plot in Fig. 3.8 shows a

comparison of the values of K, in a ΛCDM Universe, when both decay mechanisms are

present and when only the gravitational backreaction is considered. We can see that, in

fact, we observe the same behavior as in Fig. 3.5.

We can then conclude that Case 2, with an additional term modeling the effects of non-

loop forming intercommutations, is qualitatively identical to Case 1. In fact, one may see

that:

ℓ = αklk =
αk

K
= αk

t
ζ
=

αk

ζξ
L , (3.55)

which shows that Case 2 is nothing more than Case 1, but with a time-dependent α, equal

to α(t) = αk/(ζξ). In a linear scaling regime, both ζ and ξ are constants, and, therefore,

there is no need to study these two cases separately.
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Figure 3.8: Case 2: Comparison between the evolution of the linear kink density when
both kink decay to GWs and due to Hubble stretching are present, ζGW+Exp and its
evolution when the only mechanism of kink decay considered is the gravitational
backreaction, ζGW , where ζ = Kt, in a ΛCDM Universe. Parameters used: C = 2,
αk = 2, q = 1, Γ̂ = 50. Ωi0, where i = r, m, Λ are given by Eqs. (1.25) - (1.27).

3.3. Summary

In this chapter, we adapted and extended analytical models existing in the literature to

characterize the evolution of the linear kink density, to describe the evolution in a realistic

cosmological background. We studied the impact of loop production, non-loop forming

intercommutations, gravitational backreaction and Hubble expansion on the evolution of

the small-scale structure lengthscale, to understand which of these physical processes

are relevant to accurately describe the small-scale structure lengthscale.

Two possible cases were considered for the physical length with which a loop is formed:

Case 1, where loops are formed with a size that is a fixed fraction of the characteristic

lengthscale, ℓ = αL; andCase 2, where loops are formed with a size that is a fixed fraction

of the mean inter-kink distance, ℓ = αklk.

We began by ignoring the mechanisms of kink decay, and studied the possibility of the

small-scale structure lenghtscale achieving a linear scaling regime when only loops re-

move kinks from the network. We considered that loop production could be more likely in

regions with a larger density of small-scale structure, therefore making them carry away

more kinks when detaching from the network. We modeled this effect by introducing

the parameter q, which characterizes the relative “kinkiness” between the loop and the

long string. We observed that the mean inter-kink distance only achieved a linear scaling
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regime provided that loops are kinky enough and carry away enough kinks to compen-

sate for the kinks that are created in the loop production process and for the impact of the

change of the characteristic lengthscale (i.e., if q > qc1, given by Eq. (3.21) in Case 1).

In Case 2, the achievement of a linear scaling regime is more difficult, as the number of

kinks removed is fixed, thus q has to be exactly equal to the critical value.

The impact of non-loop forming intercommutations on the kink number density was stud-

ied in two different ways: by varying the parameter C, which parameterizes how many

intercommutations are necessary to form a loop and by fixing C = 2 (i.e., fixing the num-

ber of intercommutations needed to form a loop to 1) and introducing the term in Eq. (3.8).

We observed, that for Case 1, the impact of these intercommutations can be modeled by

setting C ∼ 4, without the need to introduce this additional term, while in Case 2, varying

C has no effect on the evolution of K, but, the term in Eq. (3.8) has, so, we cannot ignore

this additional term. Interestingly, however, adding this term makes Case 2 qualitatively

similar to Case 1, as it ensures that scaling can be reached for all values of q larger than

a critical value.

Finally, we studied the impact of the kink decay mechanisms. We began by including both

the gravitational backreaction and the Hubble expansion, and afterwards, verified if the

Hubble expansion had a non-negligible effect. We observed, in Case 1, that the small-

scale structure lengthscale only achieved a linear scaling regime if q was either higher or

lower than its critical value, given by Eq. (3.31): when q > q̄1
c , the scaling value of the

mean inter-kink density is determined by the physical length of loops, while for q < q̄1
c is

determined by the characteristic lengthscale of the gravitational backreaction. We also

observed that once the cosmological constant starts to become relevant to the evolution of

the Universe, the linear kink density starts growing towards values of order Γ̂Gµ. In fact,

during this stage, the only decay mechanism that remains relevant is the gravitational

backreaction and the characteristic lengthscale of small-scale structure enters a linear

scaling regime characterized by a high density of kinks. We studied the importance of

Hubble stretching as a decay mechanism, and verified that for values of string tension

lower than 10−7, it cannot be neglected, as it has a considerable impact on the evolution

of the linear kink density.

Regarding Case 2, we found that, keeping the non-loop forming intercommutation term

makes it represent the same physical situation as Case 1 (with different constants), and,

therefore, we found the same behaviors for the situations described above. Additionally,
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we also found that it simply corresponds to having a time-dependent α in Case 1: α(t) =

αk/(ζξ). Since in a linear scaling regime, both ζ and ξ are constants, both cases represent

the same physical situation.

With all the above considerations in mind, we conclude that we can discard Case 2, and

model the evolution of the linear kink density effectively, with the following equation:

d
dt
[KL−2] = [C − qℓK]

dnloop

dt
− Γ̂GµK2L−2 − 2H(1 − 2v̄2)KL−2 , (3.56)

where dnloop/dt is given by Eq. (3.15).
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4. Impact of Small-Scale Structure on Cosmic
String Network Evolution

So far, we have only studied how the evolution of the long string network affects the linear

kink density. However, to provide an accurate description of a cosmic string network with

small-scale structure, we must also study the impact of the presence of kinks on the large

scale dynamics of the string network as well (which will, as a consequence, also impact

the linear kink density). When deriving the VOS equations in Chapter 2, we pointed out

two import aspects to take into consideration: that friction forces are relevant early on in

the history of the Universe, and that the network loses energy when a loop detaches. A

third aspect surges now: the network will also lose energy density when kinks decay by

emitting GWs, at a rate given by [23, 36, 37]:(
dρ

dt

)
kinks

= −ΓGµρK . (4.1)

Eq. (2.20) then gets an additional term describing the impact of kink decay on the char-

acteristic lengthscale, becoming:

dL
dt

= (1 + v̄2)HL +
1
2

c̃v̄ +
1
2

ΓGµKL , (4.2)

and this equation, alongside Eqs. (2.21) and (3.56), provides a description of the cosmo-

logical evolution of a cosmic string network with small-scale structure.

Wewill begin this chapter by studying under which conditions the network can now achieve

a linear scaling regime. We concluded, at the end of the previous chapter, that Case 1

and Case 2 represent the same physical situations, and, therefore, we only need to con-

sider the first one from this point forward. However, we will not drop Case 2 for now, for

reasons that will soon become apparent.

We will end this chapter by comparing the predictions of the VOS Model with our new

Modified VOS Model, to study the impact of the presence of small-scale structure on the

cosmological evolution of a cosmic string network .

4.1. Linear Scaling Regimes

Let us then study the conditions necessary for a cosmic string network with small-scale

structure to achieve a linear scaling regime. We have verified numerically that there are
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now two possible linear scaling regimes: a full linear scaling regime, where all three dy-

namical variables reach scaling; a partial linear scaling regime, where the small-scale

structure lengthscale reaches scaling, but v̄ and L do not.

4.1.1 Full Linear Scaling Regime

Starting with the case where the network reaches a full linear scaling regime, let us as-

sume that the expansion of the Universe is governed by the power law in Eq. (1.28), and

look for linear scaling solutions of the form:

v̄ = constant , L = ξt and K =
ζ

t
, (4.3)

with ξ and ζ constants. Only when all these conditions are met, one may say that the

network is in a complete linear scaling regime. Introducing these expressions into Eqs.

(2.19) and (4.2), we obtain the following linear scaling solutions for the RMS velocity and

the characteristic lengthscale:

v̄ =

√
k(v̄)(1 − β − 1

2 ΓGµζ)

β[k(v̄) + c̃]
(4.4)

and ξ =

√
k(v̄)[k(v̄) + c̃]

4β(1 − β − 1
2 ΓGµζ)

. (4.5)

Imposing that ξ2 > 0 (or, equivalently, v̄2 > 0), we obtain the following restriction for the

values that ζ can take:

ζ <
2(1 − β)

ΓGµ
. (4.6)

Let us now find the linear scaling solution for ζ for both Case 1 and Case 2.

Introducing Eq. (4.2) into Eq. (3.56), and considering that ℓ = αL, we obtain the following

evolution equation for the linear kink density:

dK
dt

=
Cc̃v̄
αL2 + c̃(1 − q)

Kv̄
L

+ 6HKv̄2 − Γ̂′GµK2 , (4.7)

where Γ̂′ = (Ĉ − 1)Γ = Γ̂ − Γ.

Substituting the linear scaling solution for K into this equation, we obtain a rather compli-

cated equation, that cannot be solve analytically.

However, if we now consider Case 2 and assume that loops are created with a physical

length equal to ℓ = αklk, the evolution equation for K becomes:

f racdKdt =
[

C
αk

− q + 1
]

c̃v̄K
L

+ 6v̄2HK − Γ̂′GµK2 , (4.8)
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where once again, Γ̂′ = (Ĉ − 1)Γ.

Substituting the third expression in Eq. (4.3) into Eq (4.8), we find the following linear

scaling solution for ζ:

ζ =
1

ΓGµ

2D(1 − β) + B
D + (Ĉ − 1)B

, (4.9)

where D = Ac̃ + 3k(v̄), B = [k(v̄) + c̃] and A = C/αk − q + 1*.

If we now once more impose that ζ must be such that ξ2 > 0, we obtain the following

condition that Ĉ must satisfy to assure complete scaling of the cosmic string network:

Ĉ >
1

2(1 − β)
+ 1 (4.10)

which means that Ĉ > 2 in the radiation era and Ĉ > 2.5 in the matter era. Note that since

Ĉ − 1 > 0 for β < 1, ζ is always well defined. For lower values of Ĉ, the gravitational

backreaction cannot remove enough kinks from the network to assure scaling, and Hubble

stretching on its own is not enough to do so. Also, let us point out that this condition is

independent of q.

This is the reason why we decided not to drop Case 2 right away. Although both cases

represent the same physical situation in a linear scaling regime, the way that Case 2

is formulated allows us to obtain analytical conditions for linear scaling. From this point

forward, we will always assume that loops are formed with a physical length equal to

ℓ = αL, as described by Case 1.

If q is large enough so that Eq. (4.9) becomes negative, the condition in Eq. (4.10) no

longer needs to be respected for the network to achieve a linear scaling regime. In fact, in

such case, the network will always achieve linear scaling, and such regime is now main-

tained by loop production, and not by the gravitational backreaction. This is exactly the

behavior that we found in the previous chapter. If q is smaller than some critical value, qc,

loop production alone cannot guarantee scaling, and gravitational backreaction is neces-

sary to assure it. It is then the characteristic lengthscale of gravitational backreaction that

determines lk in this case. If, on the other hand, q is larger than its critical value, gravita-

tional backreaction is no longer needed for the network to reach linear scaling, and this

regime is sustained solely by loop production, that is, if q is sufficiently large, the network

can achieve a linear scaling regime, even for Ĉ = 1, i.e. scaling is also possible when

gravitational backreaction is not present as a decay mechanism. It is the physical length

*Besides the trivial solution, ζ = 0, where the network has no small-scale structure and its dynamics can
be described by the VOS Model.
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of loops that now determines the characteristic lengthscale of small-scale structure. This

critical value of q is not easily calculated analytically in this situation, unlike the previous

Chapter. It is, however, highly dependent on Ĉ: the smaller the efficiency of the gravi-

tational backreaction, the largest q must be in order for loop production to assure linear

scaling.

4.1.2 Partial Linear Scaling Regime

The partial linear scaling regime occurs when q is small, but Ĉ does not satisfy Eq. (4.10).

In this regime, lk may still reach linear scaling, but L and v̄ do not. This regime is charac-

terized by non-relativistic velocities, v̄ ≪ 1, and so, we can rewrite Eqs. (2.21), (4.2) and

(4.7) as follows:

dv̄
dt

≃ 0 ⇒ v̄ ≃ k(v̄)
2HL

(4.11)

dL
dt

≃ HL +
1
2

ΓGµKL (4.12)

dK
dt

≃ −(Ĉ − 1)ΓGµK2 . (4.13)

This system of equations admits solutions of the form L ∝ aη, v̄ ∝ a1/β−η and K = ζ/t,

with

ζ =
1

(Ĉ − 1)ΓGµ
, (4.14)

and

η = 1 + [2β(Ĉ − 1)]−1 > 0 . (4.15)

Note that the scaling value of ζ is, in this case, independent of β. The characteristic

lengthscale will increase with time, at a rate that is dependent of β, and, since:

1
β
− η = −

(
1 +

1 − β

β(Ĉ − 1)

)
< 0 , (4.16)

for β < 1, the RMS velocity will decrease with time. Finally, let us also note that, in this

non-relativistic partial linear scaling regime, the number of kinks per string does not remain

constant over time:

N = KL ∝ aη−1/β , (4.17)

i.e., it will increase with time. N is only constant when the network is in a full linear scaling

regime, described by Eq. (4.3).
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4.2. Evolution of a Cosmic String Network With Small-Scale Struc-
ture

We can now finally solve Eqs. (2.19), (4.2) and (4.7) numerically, alongside the Friedmann

Equation, and see how a cosmic string network with small-scale structure evolves in a

ΛCDM Universe. In this section, we shall study how the different parameters — q, Ĉ,

Gµ, α and C — affect the evolution of the network.

4.2.1 Impact of the Relative “Kinkiness” and of the Gravitational Backreaction

First, let us see how the relative “kinkiness”, that is, q, and the gravitational backreaction

efficiency, i.e., Ĉ, impact the evolution of the cosmic string network.

The plots in Fig. 4.1 show the evolution of the RMS velocity, of the characteristic length-

scale and of the linear kink density, in a ΛCDM Universe, for small q, that is, in the case

where gravitational backreaction is the mechanism that assures linear scaling. We ob-

serve both linear scaling regimes mentioned in the previous section: for Ĉ < 2, v̄ and L

do not reach linear scaling but, the small-scale structure lengthscale does, with a linear

scaling value independent of β, i.e., the linear scaling value of ζ remains constant over

time, and is given by Eq. (4.14); for Ĉ > 2, there is an initial rapid build-up of small-

scale structure, causing an increase in the linear kink density and a decrease in the RMS

velocity, comparative to the predictions of the VOS Model. Eventually, gravitational back-

reaction is able to compensate the rate of kink creation, and the network enters in a full

linear scaling regime during the radiation dominated era, given by Eq. (4.3). Once again,

it never reaches scaling during the matter dominated era when Ĉ > 2.5, since this epoch

does not last long enough, and soon the cosmological constant begins dominating the

energy density of the Universe. Regarding the characteristic lengthscale of the network,

it would be expected for it to be larger than the one predicted by the VOS Model, since

we are now considering that the network does not only lose energy density when loops

are removed, but also when kinks decay due to the gravitational backreaction, which is

exactly what we observe in Fig. 4.1.

In Fig. 4.2 we can see the evolution of all three dynamical variables of the Modified VOS

Model in the case where q is large enough for loop production to assure linear scaling.

As expected, we can see that, even for Ĉ < 2, the network always reaches a full linear

linear scaling regime in the radiation era.
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Figure 4.1: Evolution of v̄ (top panel), ξ = L/t (middle panel) and ζ = Kt (bottom panel)
in a ΛCDM Universe for q = 1 < qc. Full linear scaling occurs in the radiation
dominated era for Ĉ > 2. The blue line represents the situation where the network is in
a partial linear scaling regime. The black dashed line in the top and middle panel
represents the evolution of the RMS velocity and of the characteristic lengthscale,
respectively, as predicted by the VOS Model. We observe that, by increasing Ĉ, we
approach the VOS solution. Parameters used: α = ĈΓGµ, C = 4 and
ΓGµ = 50 × 10−10.

We also verify that increasing Ĉ, i.e., increasing the efficiency of the gravitational back-

reaction — in both the cases where q is small or large — causes the network to reach

a linear scaling regime faster, with a lower scaling value for ζ, comparative to the case

where the gravitational backreaction is weaker (as it would be expected). Since instanta-

neous emissions will always be proportional to K2, and since increasing Ĉ causes kinks

to decay faster, strings will collide less, causing the network to lose less energy density.

Therefore, in the full linear scaling regime, less energy density will be lost due to kink

decay by the network, resulting in a lower characteristic lengthscale. Also, both the RMS
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Figure 4.2: Evolution of v̄ (top panel), ξ = L/t (middle panel) and ζ = Kt (bottom panel)
in a ΛCDM Universe for q = 20 > qc. All three dynamical variables now reach a full
linear scaling regime, for all values of Ĉ. The black dashed line in the top and middle
panel represents the evolution of the RMS velocity and of the characteristic lengthscale,
respectively, as predicted by the VOS Model. Parameters used: α = ĈΓGµ, C = 4 and
ΓGµ = 50 × 10−10.

velocity and the characteristic lengthscale start approaching the VOS solution as Ĉ in-

creases, which happens quicker when q is large. The smallest the linear kink density,

the better the dynamics of the network can be described by a model which assumes it to

kinkless (as one would expect).

4.2.2 Impact of String Tension

Let us now verify what is the effect of varying the string’s tension, ϵ = Gµ, on the evolution

of the cosmic string network. The plots in Fig. 4.3 show the evolution of v̄, L and K, for
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different values of ϵ*, for large loops. We observe that varying the string tension has no

effect on the linear scaling values of v̄ and L, although higher tensions cause the network

to reach them faster. Regarding the impact of this parameter on the linear kink density,

as one would expect, higher values of ϵ lead to a lower linear kink density, as the network

loses more kinks due to GWs emission. We have verified this exactly behavior for small-

loops.
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Figure 4.3: Evolution of v̄ (top panel), ξ = L/t (middle panel) and ζ = Kt (bottom
panel), for different values of the string tension, ϵ = Gµ. The black dashed lines
represent the VOS solution for v̄ and ξ = L/t in the top and bottom panels,
respectively. Parameters used: Ĉ = 3, q = 1, α = 0.1 and Γ = 50.

*We have only used values of ϵ ≤ 10−7, because, as we have mentioned in Chapter 3, higher values of
string tension have already been excluded observationally.
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4.2.3 Impact of Loop Size

The plots in Fig. 4.4 show how the evolution of the network depends on loop size, i.e., on

the parameter α. We verify that a loop’s physical length starts having some impact on the

evolution of the network when α starts approaching the gravitational backreaction scale,

i.e., when α gets close to ĈΓGµ. In that case, loops will remove less kinks, and so, the

linear kink density is higher, comparative to what occurs when α is larger. Also, since that

the loop production rate per unit volume, given by Eq. (3.15) is inversely proportional to α,

there are more loops being produced in the small-loop regime, and so, the network loses

more energy density due to loops detaching, and the characteristic lengthscale is larger.
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Figure 4.4: Evolution of v̄ (top panel), ξ = L/t (middle panel) and ζ = Kt (bottom
panel), for different values of loop size, i.e., α. The black dashed lines represent the
VOS solution for v̄ and ξ = L/t in the top and bottom panels, respectively. Parameters
used: Ĉ = 4, C = 4, ΓGµ = 50 × 10−10 and q = 1.
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4.2.4 Impact of Non-Loop Forming Intercommutations

In Chapter 3, we verified that the effect of non-loop forming intercommutations could be

described by setting C ∼ 4. Let us verify the validity of this statement now. The plots in

Figs. 4.5 and 4.6 show the evolution, for large loops, of the RMS velocity, the characteristic

lengthscale and of the linear kink density, for C = 2 and C = 4, for small and large

q, respectively. We see that, when q is small, these extra intercommutations seem to

have no impact on the evolution of the network. For large q, however, seems that the

kinks added to the network due to these intercommutations lead to a slight increase in

the linear kink density, but cause no impact on the RMS velocity and on the characteristic

lengthscale.
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Figure 4.5: Evolution of v̄ (top panel), ξ = L/t (middle panel) and ζ = Kt (bottom
panel), for C = 2 , 4 and for small q. Parameters used: Ĉ = 4, α = 0.1,
ΓGµ = 50 × 10−10 and q = 1.
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Wehave verified, however, that, for small-loops, setting C = 2 leads to an underestimation

of the linear kink density, and therefore, to accurately describe this extra intercommuta-

tions, it is necessary for q to be 4.

Considering that the goal of this dissertation is to study the SGWB, we will, in the following

chapters, be interested in the cases where gravitational backreaction is the most relevant

decay mechanism, and therefore, we will always consider that q is small. Given that in the

large-loop regime, the behavior of the network is independent of C being 2 or 4 for small

q, and that in the small-loop regime there is a significant dependence on this parameter,

we will keep the conclusions of Chapter 3, and keep C = 4 from this point forward.
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Figure 4.6: Evolution of v̄ (top panel), ξ = L/t (middle panel) and ζ = Kt (bottom
panel), for C = 2 , 4 and for large q. Parameters used: Ĉ = 4, α = 0.1,
ΓGµ = 50 × 10−10 and q = 10.



FCUP 60
Impact of Small-Scale Structure on the Stochastic Gravitational Wave Background Generated by Cosmic Strings

4.3. Comparison with Existent Models

We mentioned, in Chapter 2, that the Three-Scale Model [26] provided a fairly complete

description of the evolution of a cosmic string network with small-scale structure, in a linear

scaling regime (since v̄ is taken to be constant). This model characterizes the network by

three different lengthscales:

• The characteristic lengthscale, ξ, which corresponds to the VOS Model character-

istic lengthscale, L;

• The persistence length, ξ̄, which gives us roughly the distance below which points

on a string are correlated;

• The mean-inter kink distance, ζ, which corresponds to lk in our extended version of

the VOS Model.

This model assumes, in general, that the RMS velocity remains constant and, therefore,

does not include an equation for v̂.

The plots in Fig. 4.7 show the evolution of all three lengthscales, published originally in

Ref. [38]*. We can see that our lengthscales, L and lk, behave in a similar manner to the

correspondent lengthscales of the Three-Scale Model. The persistence length seems to

have a very similar behavior to the characteristic lengthscale, therefore, not being strictly

necessary. The Three-Scale Model, however, seems to predict a short-lasting transient

linear scaling regime on the early stages of the network evolution, which we did not predict.

However, for a high enough value of q, we have also verified a slower approach to the

linear scaling regime. Finally, the observed differences between the plots in Fig. 4.7 and

ours after the radiation-matter equality are explained by the fact that dark energy is not

considered by the authors in [38]. So, what is the advantage of the Modified VOS Model

compared to the already existent Three-Scale Model?

The Modified VOS Model describes the cosmic string network using only two character-

istic lengthscales and 5 unspecified parameters, with very clear physical meanings† —

c̃, α, q, Ĉ and Gµ — only 4 more than the usual VOS Model, one of them being the string

tension, which is a fundamental parameter that sets the energy scale. The Three-Scale

*This paper includes a plot for the evolution of the RMS velocity, but does not specify which equations
were used to calculate it.

†Γ can also be considered an additional parameter, but it is usually considered to have the same value
as for loops.
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Model, however, makes use of three lengthscales and has 10 unspecified parameters —

ᾱnl , F, c̃, Gµ, Ḡ, χ, ω, I, Ĉ and k —, which makes it much harder to understand from

the physical point of view, and use, for example, in computations of the SGWB spectrum.

Figure 4.7: Evolution of the characteristic lengthscale ξ = γt, the persistence
lengthscale ξ̄ = γ̄t and of the mean inter-kink distance, ζ = ϵt, as predicted by the
Three-Scale Model, for different values of Ĉ. Parameters used: ΓGµ = 10−8 and
c̃ = 0.15. This figure was originally published in [38].

In [39], the authors proposed that the VOS Model could describe the effects of the grav-

itational backreaction on the cosmic string network, by adding the following term to Eq.

(2.20): (
dL
dt

)
GBR

= 2ΓGµv̄6 . (4.18)

The plots in Fig. 4.8 show the evolution of the RMS velocity and of the characteristic

lengthscale as predicted by the VOS Model with and without the additional term in Eq.

(4.18), alongside the Modified VOS predictions. We can see that modeling the impact

of gravitational backreaction with this term is not sufficient: only for very high values of

string tension, completely excluded by observational data — ϵ = Gµ ∼ 10−2 — does
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it have some kind of impact on the network (although very small). Otherwise, it is com-

pletely negligible, and does not provide an accurate description of the effects of the gravi-

tational backreaction on the cosmic string network. This may be explained by the fact that

this does not take into consideration the accumulation of small-scale structure on cosmic

strings and how the gravitational wave emission depends on the number density of kinks.

Figure 4.8: Evolution of v̄ and ξ = L/t for different values of the string tension, ϵ = Gµ,
as predicted by (solid lines) the VOS Model with the additional term in Eq. (4.18) . Blue
dashed line represents the results obtained by the Modified VOS Model, with Ĉ = 3 and
ΓGµ = 50 × 10−10. The black doted line represents the results obtained by the VOS
Model. Solid lines match with the black doted line, for all values of ϵ except for ϵ = 10−2.

4.4. Summary

In this chapter, we studied how the presence of kinks affects the evolution of a cosmic

string network, by extending the VOS Model to include an additional lengthscale describ-

ing small-scale structure. The resulting Modified VOS Model consists of the following

three equations, which dictate the evolution of the RMS velocity (v̄), the characteristic
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lengthscale (L) and the linear kink density (K), respectively:

dv̄
dt

= (1 − v̄2)

[
k(v̄)

L
− 2v̄H

]
,

dL
dt

= (1 + v̄2)HL +
1
2

c̃v̄ +
1
2

ΓGµKL ,

dK
dt

=
4c̃v̄
αL2 + c̃(1 − q)

Kv̄
L

+ 6HKv̄2 − Γ̂′GµK2 ,

where Γ̂′ = (Ĉ − 1)Γ. The Modified VOS Model provides an effective description of the

evolution of a kinky cosmic string network in a ΛCDM Universe, predicting that the pres-

ence of small-scale structure causes the network to decelerate and the characteristic

lengthscale to increase (or, in other words, makes the network significantly less dense).

We expect that strings will then collide less often, due to the decrease in the velocity,

and, as a consequence, fewer loops will be produced. Therefore, ignoring the presence

of small-scale structure may lead to an overestimation of loop production, which can then

lead to an overestimation of the amplitude of the SGWB they generate. We will verify

this hypothesis in the next Chapter. We also expect that the network will be significantly

more affected when loops are less kinky, i.e., when q is small, since in that case, lk is

determined by the characteristic lengthscale of the gravitational backreaction, which, in

general, is much larger than L. In that case, the degree of efficiency of the gravitational

backreaction in smoothing kinks is essential to determine how affected the network will

be. When q is large enough, the effect will be, in general, smaller, and it is even pos-

sible for the network to reach full scaling without gravitational backreaction as a decay

mechanism.

We saw in the previous chapter that Case 1 and Case 2 represent the same physical

situation in a linear scaling regime, thus deciding to discard the last one. However, we

verified in this chapter that Case 2 allows us to determinate the linear scaling values of the

dynamical variables analytically, and therefore we will use it in future calculations where

those values might be necessary.

We have also concluded that setting C = 4 accurately describes the impact that non-loop

intercommutations have on the linear kink density, in agreement with the previous chapter

conclusions, and that the linear scaling values of v̄ and L are independent of the string

tension, ϵ = Gµ (although the network takes longer to achieve it for lower values of ϵ).

Finally, we compared our results with the ones from already existent models, and verified
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that our extended version of the VOS Model not only provides an accurate qualitative de-

scription of the cosmic string evolution, but has a lower number of unspecified parameters,

making it fairly easy to understand.
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5. Stochastic Gravitational Wave Background
Having developed the appropriate framework to characterize the evolution of a cosmic

string network with small-scale structure, we are now finally able to study how the pres-

ence of kinks will affect loop production, and, as a consequence the SGWB generated by

loops. We will additionally estimate the contribution of kinks to the spectrum.

The results of the previous chapter showed that the presence of small-scale structure

causes the network to decelerate and become less dense. This leads us to think that

strings will collide less, causing a decrease in loop formation. Therefore, we expect to

also see a decrease in the amplitude of the spectrum of the SGWB generated by loops.

We will begin this chapter by reviewing the existent formalism to calculate the SGWB

generated by loops [18, 40]. Afterwards, we will estimate the spectrum generated by

kinks and, in the final section, we will compare the spectrum obtained when assuming

that the cosmic string network dynamics is modeled by the VOS and by the Modified VOS

Model. We will also study the validity of the existent analytical approximations for the

SGWB generated by loops [32] when small-scale structure is included.

5.1. SGWB Generated by Loops

After formation, loops detach from the network, oscillate relativistically under their own

tension, and decay, by emitting GWs. While doing so, they lose energy at a constant rate,

given by:
dEloop

dt
= ΓGµ2 . (5.1)

Results from several analytical studies and from recent numerical simulations show that

Γ ∼ 50 [41–44]. A loop’s physical length will then decrease as GWs are emitted. Con-

sidering that a loop is created with a size ℓb, at the time of birth, tb, its physical length will

evolve in time as follows:

ℓ(t) = αL(tb)− ΓGµ(t − tb) . (5.2)

Loops emit GWs in a discrete set of frequencies, f j = 2j/ℓ, where ℓ is the physical length

of the loop at the time of emission, and f j is the frequency of the j-th harmonic mode. For

now, let us assume that loops emit all their energy in a single harmonic mode, i.e., let us

set j = 1.
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The amplitude of the SGWB is usually quantified by the energy density in GWs, ρGW , per

logarithmic frequency, in units of the critical density, ρc:

ΩGW =
1
ρc

dρGW

d log( f )
, (5.3)

where, for j = 1 [9]:

dρGW

d f dt
= 2π

(
a(t′)
a(t)

)3

× ΓGµ2
∫ ℓ

0
dℓn(ℓ, t′) . (5.4)

Here, n(ℓ, t′)dℓ is the number density of cosmic string loops with lengths between ℓ and

ℓ+ dℓ at time t. In order for loops to emit – in harmonic mode j – GWs that have frequency

f at the present time, at each instant t, they must have physical length equal to:

ℓj(t) =
2ja(t)

f a0
. (5.5)

We therefore have that the amplitude of the SGWB at the present time, t0, is given by:

Ωj=1
GW( f , ℓ) =

16πΓ(Gµ)2

3H2
0 f

∫ t0

ti

n(ℓ1(t′), t′)

(
a(t′)

a0

)5

dt′, (5.6)

where ti is the instant in time when loop production becomes significant. To account for

the contributions of all the harmonic modes, we have that:

ΩGW( f , p, n∗) =
∞

∑
j

j−p+1

ε
Ωj

GW( f , ℓj) , (5.7)

where Ωj
GW is the contribution of the j-th harmonic mode of emission to the SGWB,

ε = Σ∞
m m−p, and p is a constant dependent on the shape of the loop. If the emission

is dominated by cusps (a point in which the string moves instantaneously at the speed

of light), p = 4/3; if the emission is dominated by kinks, p = 5/3; if it is dominated by

collisions between kinks, p = 2 [9]. It is also straightforward to show that [45]:

Ωj
GM(j f ) = Ω1

GW( f ) , (5.8)

and, therefore, it is possible to construct Ωj
Gw for any harmonic mode, once Ω1

GW is com-

puted.

5.1.1 Loop Number Density

The most important step to compute the SGWB spectrum is then to characterize the loop

number density, n(ℓ, t), at all times, since GWs are emitted throughout the network history.

The loop number density can be inferred from numerical simulations [46, 47] or calculated
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analytically. The first analytical approach to compute n(ℓ, t) was proposed by Kibble, in

[48] and was later extended by [49–52]. Since we would like to study analytical approx-

imations to the spectrum, and simulations do not include the effect of the gravitational

backreaction, we will compute n(ℓ, t) semi-analytically, following the approach in [52]. At

a given time instant, t, the number density of loops with physical length ℓ, n(ℓ(t), t), will

have contributions from all preexisting loops with size ℓ(t) at time t. We therefore need

to find the time, tb, when such loops were created, since, as we have seen, one may infer

the number of loops that are produced from the evolution of the network. Considering that

loops are diluted away due to the background expansion, we then have that:

n(ℓj(t′), t′) = ∑
i

n(ℓj(ti
b), ti

b)

(
a(ti

b
a(t′)

)3

, (5.9)

where ti
b are the times of birth of the contributing loops to the loop number density, and:

n(ℓj(ti
b), ti

b) =
dnloop

dt

∣∣∣
t=ti

b

dt
dℓ

∣∣∣
t=ti

b

, (5.10)

where dnloop/dt is given by Eq. (3.15) and dt/dℓ can be calculated using Eq. (5.2). We

then have that:

n(ℓj(t′), t′) = ∑
i

1

α dL
dt

∣∣∣
t=ti

b

+ Γϵ

c̃v̄(ti
b)

αL4(ti
b)

(
a(ti

b)

a(t′)

)3

. (5.11)

Loop size at birth will always increase with time, and, therefore, the first frequency each

loop created at a time t will emit (i.e., the frequency that corresponds to the physical length

at the time of birth ℓb) will always be the smallest frequency emitted until that instant. There

won’t be any emissions from any preexisting loops with that frequency, only from loops

that will be created posteriorly can contribute to the SGWB in that range. So, we, in

general, may drop the summation over i in Eq. (5.11) in a ΛCDM background. In other

words, if a loop has a size αL at the time of its creation, it will radiate, at the present time,

GWs with frequencies*:

f ≥ fmin =
2j
αL

a(t)
a0

. (5.12)

The first contribution to a given frequency, f , corresponds to the instant in which there

are loops created with fmin = f , and all the following loops will also contribute to that

frequency (see Fig. 5.1).

*Eq. (5.12) shows that fmin also has a dependence on the scale factor, a. However, in a ΛCDM Universe,
the characteristic lengthscale, L grows faster than a.
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Figure 5.1: Contribution of loops to a given frequency. The first loop to be formed, ℓ1 is
the smallest loop possible. The first frequency it will emit, fmin1 is the smallest
frequency ever emitted at that time. That loop will emit all frequencies f > fmin1. All the
subsequent loops will be formed with increasingly larger physical lengths, and,
therefore, their minimum emitted frequency will decrease. Therefore, a loop formed with
a size ℓ2 > ℓ1, will radiate GWs with frequencies f > fmin2 and therefore, also larger
than fmin1.

5.1.2 Small-Loop Regime

In [40], the authors developed an alternative way to compute the spectrum of the SGWB

in the small-loop regime, characterized by α ≪ ΓGµ. In the small-loop regime, loops live

less than a Hubble time, tH, defined in Eq. (1.6), therefore radiating their energy in the

form of GWs effectively immediately after being formed. Once again, this energy is not

radiated in a single frequency, but the frequency will increase as the loop size decreases,

instead. However, in this case this occurs instantaneously in the cosmological timescale.

The energy density per frequency per time is given by:

dρGW

dtd f
=

(
dρ

dt

)
loops

p( f )

(
a(t)
a0

)4

, (5.13)

where (dρ/dt)loops is given by Eq. (2.8) and p( f ) is the probability distribution function

that describes the power radiated by small-loops over different frequencies, and is given

by:

p( f ) ≡ dE
d f

= p(ℓ)

∣∣∣∣∣ dℓ
d f

∣∣∣∣∣Θ( f − fmin) =
fmin

f 2 Θ( f − fmin) , (5.14)

and p(ℓ) = dE/dℓ. Inserting Eq. (5.13) into Eq. (5.3), we have that the SGWB spectrum

for a given harmonic mode, j, can be computed as:

Ωj
GW =

16jπG
3H2

0

∫ t0

tmin

(
dρ

dt

)
loops

a(t)5

α f L(t)
dt , (5.15)
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where tmin is the time of creation of loops that have fmin = f . The full spectrum can be

once again obtained by introducing this expression into Eq. (5.7).

5.1.3 Analytical Approximations to the Spectrum

Numerical computations of the spectrum can sometimes be quite slow. It is useful to

develop analytical approximations that accurately describe the spectrum to, for instance,

enable faster analysis of GW data. This can be done by assuming that the dynamics of the

Universe is governed by the power law in Eq. (1.28), so that the cosmic string network

is in a linear scaling regime, with L = ξit and v̄ = v̄i, with i = r, m for β = 1/2 , 2/3

during the radiation and matter eras, respectively. We will follow the work in [32], where

the authors developed an analytical approximation for the SGWB, both in the large and

small-loop regime.

In a linear scaling regime, we can rewrite Eq. (5.11) as:

n(ℓ, t) =
AβCβ(α)

t3β(ℓ+ ΓGµt)4−3β
, (5.16)

with:

Aβ =
c̃v̄β

ξ3
β

, (5.17)

and

Cβ(α) =
(αξβ + ΓGµ)3(β−1)

αξβ
, (5.18)

and Eq. (5.12) as:

f ≥ fmin =
2

αξβtb

a(tb)

a0
. (5.19)

Considering the contributions of loops that are formed in the radiation dominated era and

of loops that are formed in the matter dominated era separately, we can solve the integral

in Eq. (5.6).

Radiation Dominated Era

For the contributions of the loops produced in the radiation dominated era, we must con-

sider two possible situations: loops that decay during the radiation era, and loops that

are created in the radiation era but also decay in the matter era. For the first case, we

can obtain the loop number density by simply replacing β with 1/2 in Eq. (5.16). For the

second case, the number density of loops in the matter era that were produced in the

radiation era will result from the dilution and decay of the loops that existed at the time of
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the radiation-matter equality [53]. We therefore have:

nr(ℓ, t) =
ArCr(α)

t3/2(ℓ+ ΓGµt)5/2 (5.20)

nrm(ℓ, t) =
ArCr(α)(2H0

√
Ωr)3/2

(ℓ+ ΓGµt)5/2

(
a0

a(t)

)3

, (5.21)

where nr(ℓ, t) and nrm(ℓ, t) are the loop number densities of loops that are created and de-

cay in the radiation dominated era and of loops that are created in the radiation dominated

era but that decay in the matter era, respectively.

The dynamics of a radiation dominated Universe is governed by:

H =
1
a

da
dt

= H0
√

Ωroa−2 . (5.22)

The first loops that contribute to the spectrum are the ones created after*:

ar
min =

4H0
√

Ωr0

αξr f
, (5.23)

with f = fmin(tmin). To account for the contributions of the loops that are formed and

that decay in the radiation era, we have to consider the time interval [ar
min, aeq]. For the

loops that will only decay during the matter era. For the loops that will only decay in the

matter era, we must consider [aeq,, amax], where amax is the time of decay of the last loops

created in the radiation era. Since that, for large enough loops, amax = a0, this value is

usually taken in this approximation. When loops are small, this contribution is negligible

and should not be included in this approximation [32].

Matter Dominated Era

In the matter dominated era, Eq. (5.16) can be rewritten as:

nm(ℓ, t) =
AmCm(α)

t1/2(ℓ+ ΓGµt)2 . (5.24)

The dynamics of a matter dominated Universe is governed by:

H =
1
a

da
dt

= H0
√

Ωmoa−3/2 , (5.25)

*Actually, since our approximation assumes scaling, it is only valid when the loop production reaches a
linear scaling regime, i.e., when for a given instant t, there are loops in all stages of life, and the lower limit
should actually be: amin = (2H0

√
Ωr0(ϵr + 1)tpl)1/2/(Gµ), where ϵr = αξr/(ΓGµ) and tpl =

√
G is Planck

time [54].
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and so, the first loops that will contribute to the spectrum are formed after:

am
min =

√
3H0Ω1/2

m0
αξm f

. (5.26)

Total Spectrum

The total spectrum is then given by:

Ω̄GW = Ω̄r
GW + Ω̄rm

GW + Ω̄m
GW , (5.27)

where:

Ω̄r
GM =

128
9

πArΩr
Gµ

ϵr

( f (1 + ϵr)

BrΩm/Ωr + f

)3/2

−
(

f (ϵr + 1)
Bi + f

)3/2
 , (5.28)

with ϵr = αξr/(ΓGµ), Br = 4H0
√

Ωr/(ΓGµ) and Bi = 2[2H0
√

Ωr/(tpl(ϵr + 1))]1/2/Γ,

Ω̄rm
GW = 32

√
3π(ΩrΩm)

3/4H0
Ar(ϵr + 1)3/2

Γ f 1/2ϵr

{
(Ωm/Ωr)1/4

(Bm(Ωm/Ωr)1/2 + f )1/2×

[
2 +

f
Bm(Ωm/Ωr)1/2 + f

− 2 + f /(Bm + f )
(Bm + f )1/2

] , (5.29)

where Bm = 3H0
√

Ωm/(ΓGµ), and

Ω̄m
GM = 54πH0Ω3/2

m
Am(ϵm + 1)Bm

Γϵm f
× 2Bm + f

Bm(Bm + f )
− 2ϵm + 1

f ϵm(ϵm + 1)
+

2
f

log

(
Bm(ϵm + 1)
ϵm(Bm + f )

) ,
(5.30)

where ϵm = αξm/(ΓGµ).

Small-Loop Regime

In the small-loop regime, since loops decay almost immediately after formation, we can

use the above approximation and simply ignore the term Ω̄rm in Eq. (5.27). However, as

we have seen in the previous section, the fact that small-loops decay almost immediately

after formation allows for a simplification in how the spectrum is calculated, therefore also



FCUP 72
Impact of Small-Scale Structure on the Stochastic Gravitational Wave Background Generated by Cosmic Strings

leading to a simplified expression of the analytical approximation [32]:

Ω̄small−loops( f ) =
64πGµΩr

3
Ar + 54π

H0Ω3/2
m

ϵmΓ
Am

f

[
1 − Bm

ϵm f

]
. (5.31)

5.1.4 Impact of Small-Scale Structure on the SGWB Generated by Loops

We are now finally able to study the impact that the presence of small-scale structure

has on the SGWB generated by loops. We will consider the following to situations, that

have been discusses in Chapter 4: the network reaches a full linear scaling regime, i.e.,

all three dynamical variables reach scaling; the network reaches a partial linear scaling

regime, that is, only the small-scale structure lengthscale, lk achieves scaling. We will

also take q = 1, as we are interested, as mentioned at the beginning of this Chapter, in

the case where the impact of the presence of small-scale structure is the highest.

Full Linear Scaling Regime

Let us start by considering that the network reaches a full linear scaling regime. The plots

in Fig. 5.2 show the spectrum of the SGWB generated by large and small-loops, as pre-

dicted by the VOS and the Modified VOS Model, calculated both numerically and by using

the analytical approximations developed in the previous section (but using the scaling val-

ues of v̄ and ξ obtained with the Modified VOS), for different values of Ĉ (larger than 2.5, to

assure full scaling both in the radiation and in the matter dominated eras). This spectrum

is characterized by a high frequency plateau, which corresponds to the contributions of

loops produced in the radiation dominated era, – as we would expect, since the analytical

approximations mentioned in the previous section show that the SGWB spectrum during

the radiation era is independent of f – followed by a peak in the lower frequencies.

It seems that our initial expectation was correct: ignoring the presence of kinks on the long

string network does in fact leads to an overestimation of loop production, and, therefore,

to an overestimation of the spectrum’s amplitude, which gets more significant for smaller

values of Ĉ, i.e., when the gravitational backreaction is weaker, and so the linear kink

density is higher. We also observe that, as we increase Ĉ, the amplitude of the spectrum

starts approaching the VOS solution: the gravitational backreaction is more efficient in re-

moving kinks, leading to a lower linear kink density. The shape of the spectrum, however,

is not significantly affected.

In Fig. 5.3, we can see the ratio between the radiation era plateau predicted by the VOS

Model and theModified VOSModel for different loop sizes. We see that the impact of kinks
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Figure 5.2: SGWB generated by small loops (upper panel) and large loops (lower
panel), as predicted by the VOS Model (black line) and the Modified VOS Model
(colored lines), for different values of the gravitational backreaction efficiency
parameter, Ĉ. Solid lines represent the spectrum obtained numerically and dashed lines
represent the analytical approximations. Dashed and solid lines coincide in the
radiation dominated era. Parameters used: Γ = 50, Gµ = 10−10 and α = 0.1 for the
large loop spectrum and α = ĈΓGµ for the small loop spectrum.

on the spectrum’s amplitude is more significant in the small-loop regime: in this regime,

there are more loops being formed, which, as a consequence, leads to a higher linear

kink density, and, therefore, the network will also lose more energy due to the emission

of GWs.

The plot in Fig. 5.4 shows the dependence of the spectrum on the string tension, ϵ = Gµ.

We observe that, as it would be expected, the more efficient the gravitational backreac-

tion, the higher the amplitude of the spectrum generated by loops, since the network is

less kinky. The ratio between the plateau predicted by the VOS Model, and the plateau

predicted by the Modified VOS Model, is however, independent of ϵ. We found the same
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Figure 5.3: Ratio between the radiation era plateau predicted by the VOS Model and
the Modified VOS Model, for different values of α. Parameters used: Γ = 50,
Gµ = 10−10, and Ĉ = 2.5

behavior in the large loop regime, which matches the results of the previous chapter,

where we verified that varying the string tension, had a similar effect on both small and

large-loops.
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Figure 5.4: SGWB spectrum generated by small-loops for different values of string
tension, ϵ = Gµ. Parameters used: Ĉ = 5, Γ = 50 and α = ĈΓGµ.

Regarding the quality of the analytical approximations, we can see by the plots in Fig.

5.2 that they accurately describe the shape and amplitude of the spectrum originated

by loops produced in the radiation dominated era. However, there seems to be a slight

underestimation of the contribution of loops in the matter dominated era (which was al-

ready reported in the original paper), which is more accentuated for higher values of Ĉ.

Our assumption of linear scaling, although realistic in the radiation dominated era, breaks

off during the radiation-matter transition, where scaling cannot be maintained, therefore
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resulting in an underestimation of the number of produced loops [32]. Nevertheless, it

accurately describes the SGWB spectrum and can be useful for fast computations of the

spectrum, specially in the large-loop regime, where numerical calculations can often be

quite slow.

Figure 5.5: SGWB generated by small loops (upper panel) and large loops (lower
panel), as predicted by the Modified VOS Model, for different values of the gravitational
backreaction efficiency parameter, Ĉ. For Ĉ = 1.5, both v̄ and L are out of the linear
scaling regime in the radiation and in the matter dominated eras. There is no higher
frequencies plateau. For Ĉ = 2.5, v̄ and L are in a linear scaling regime in the radiation
era (and we recover the high frequency plateau) but are out of scaling in the matter
dominated era. For Ĉ = 3.5, the network is in a full linear scaling regime. Parameters
used: Γ = 50, Gµ = 10−10 and α = 0.1 for the large loop spectrum and α = ĈΓGµ for
the small loop spectrum.

Partial Linear Scaling Regime

Finally, let us assume that K is in a linear scaling regime, but that v̄ and L are not. This

occurs when Ĉ < 2 in the radiation era, and Ĉ < 2.5 in the matter dominated era. The

plots in Fig. 5.5 show the SGWB spectrum, in the small and large loop regime, for three
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different possible scenarios: the network is in a partial linear scaling regime both in the

radiation and matter eras (Ĉ = 1.5); the network is in a partial linear scaling regime only in

the matter dominated era (Ĉ = 2.5); the network is in a full linear scaling regime (Ĉ = 3.5).

We can observe the absence of the high frequency plateau when the network is not in full

scaling in the radiation dominated era, and that the amplitude of the spectrum increases

with increasing frequency instead.

5.2. SGWB Generated by Kinks

As it has already been discussed, the presence of small-scale structure on cosmic strings

causes them to radiate GWs. Since this radiation is emitted directly by the long strings

and, therefore, instantaneous, we will describe this additional contribution to the SGWB

in a similar manner to what we did for small-loops in Subsection 5.1.2, with:(
dρ

dt

)
loops

−→
(

dρ

dt

)
kinks

p( f ) −→ pk( f )

f =
2a
ℓ

−→ f̄ =
2a
lk

= 2aK ,

where, (dρ/dt)kinks is given by Eq. (4.1), and pk( f ) is a probability distribution function

describing the distribution of power radiated by kinks over the different frequencies, and f̄

are the average frequencies of the GWs emitted by kinks. The question that now arises,

is: what is pk( f )? We know that, on average, it will be determined by the characteristic

lengthscale of small-scale structure, lk [9]. We also know that there should be a distribu-

tion of frequencies. As kinks decay, their sharpness decreases (i.e., their opening angle

increases) and their emission becomes less intense. The dominant frequency emitted

by kinks with a given sharpness should approximately be determined by the distance be-

tween kinks with that sharpness [55]. So, in order to determine pk( f ), we must know the

distribution of kinks per sharpness. In [56], the authors propose a distribution function

for kink sharpness, but without considering the decay of kinks due to gravitational wave

emission. In [55], this decay is included, but only how it impacts the number of existent

kinks, and not their opening angle. As a matter of fact, how the sharpness of kinks evolves

in their decay or when two kinks (that could have different sharpness) collide is not yet

entirely understood. This would require a full treatment of gravitational backreaction, as

it plays a crucial role in this process, but this has not yet been possible, even in simpler

cases, due to numerical limitations (although analytical approximations have been used

to study simple scenarios [57]). Given this, will then only consider the average frequency
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emitted by kinks, f̄ , i.e.:

pk( f ) = δ( f − f̄ ) . (5.32)

When the network is in a full linear scaling regime, kinks will also generate a plateau in the

radiation era. In that case, the shape of the spectrum is completely independent of the

probability distribution function, and we can, therefore, obtain an analytical approxima-

tion to describe the amplitude of this contribution assuming a Dirac-delta function. During

the matter era, there should be a peak, whose shape and slope should highly depend

on the unknown pk( f ). Therefore, we will not consider the contribution of kinks that de-

cay during the matter era in our estimation. In [55], the authors calculated the spectrum

generated by collisions between kinks, by using an expression to describe the individual

burst emitted in these collisions (which depend on the kink sharpness). Their resultant

spectrum has a plateau in the radiation dominated era and a peak in the matter era, but

since this work does not include the effect of the gravitational backreaction and makes

several simplifications, it also has some uncertainty associated with the peak.

With all the above considerations in mind, we can rewrite Eq. (5.15) as:

Ωk
GW( f ) =

8π(Gµ)2Γ
3H2

0
f
∫ Ka3

L2H(a)
δ( f − 2aK)da . (5.33)

This integral can be solved using the following property of the Dirac-delta distribution:∫
f (x)δ(g(x))dx = Σ

f (xi)

|g′(xi)|
, where xi are the zeros of g(x) , (5.34)

obtaining:

Ωk
GW( f ) =

4π(Gµ)2Γ
3H2

0

a3 f∣∣∣L2H(a)
[
1 + 1

HK
dK
dt

]∣∣∣ , (5.35)

where all quantities shall be evaluated at the instant t = t̄, i.e., at the instant in time

when kinks with frequency f̄ = f are created. This equation may be used to obtain an

expression for the radiation era plateau of the spectrum in the case where the network is

in a complete linear scaling regime, with v̄ = v̄r, L = ξrt and K = ζr/t, assuming that the

Friedmann Equation for the radiation era is given by Eq. (5.22). We then find that*:

Ωk
plateau( f ) =

64π(Gµ)2ΓΩrζr

3ξ2
r

. (5.36)

*We can obtain an expression for the kinks that decay in the matter era in the same manner, obtaining
Ωk

peak( f ) = 162π(Gµ)2H2
0 ζ3

mΓΩ2
m/(ξ2

m f 2), but, as discussed, we do not expect for it to be a fairly good
estimation.
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5.3. SGWBGenerated by Cosmic Strings with Small-Scale Structure

Having studied how the presence of small-scale structure affects the SGWB spectrum

generated by cosmic strings loops, and the potential contribution of the gravitational radi-

ation resulting from kink decay, we can now estimate the SGWB spectrum generated by

a kinky cosmic string network, by adding both these contributions. In this section, we will

focus on the cases in which the network is in a full linear scaling regime, since, because

the probability distribution function of kinks is not known, it is not possible to estimate their

contribution otherwise.
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Figure 5.6: SGWB predicted by the VOS Model (black line) and predicted by the
Modified VOS Model: blue line represents the contribution of loops, green dashed line
represents an estimation of the contribution of kinks to the radiation era plateau, and
red line represents an estimation of the total spectrum generated by a cosmic string
with small-scale structure. Parameters used: Ĉ = 4, ΓGµ = 50 × 10−10 and α = ĈΓGµ
for the small-loop regime case (top panel) and α = 0.1 for the large-loop regime case
(bottom panel).

The plots in Fig. 5.6 shows an estimation of the total SGWB spectrum generated by a

cosmic string with small-scale structure, in comparison with the spectrum predicted by the



FCUP 79
Impact of Small-Scale Structure on the Stochastic Gravitational Wave Background Generated by Cosmic Strings

VOS Model. It is important to point out, that our estimation, although fairly good for the

radiation dominated era, is quite conservative in the matter era, because, since the peak

is higher than the plateau, we are underestimating the contribution of kinks for the lower

frequencies. However, it allows us to conclude that the contribution of kinks to the SGWB

spectrum is not sufficient to compensate the decrease in the amplitude of the spectrum

generated by loops, caused by the presence of small-scale structure. It also seems that,

the contribution of kinks to the spectrum is only relevant in the small-loop regime. In

fact, by looking at the plot in Fig. 5.7, we can see exactly that. Kinks contribution to the

spectrum becomes more relevant as loops get smaller. This behavior was predicted by

the authors in [9], although they did not consider what impact could kinks have in loop

production: for very large loops, the radiation coming from loop decay dominates, but for

loops created with α ∼ ĈΓGµ, the contributions from loops and kinks are comparable.
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Figure 5.7: Comparison between the radiation era plateau of the SGWB with (Ωtotal and
without (Ωloops) kinks contribution. Parameters used: Ĉ = 4 and ΓGµ = 50 × 10−10.

5.4. Summary

In this final chapter, we accomplished the goal of this dissertation, proposed in Chapter 1

by studying the impact of small-scale structure on the SGWB generated by loops.

We began by reviewing the existent formalism to calculate the SGWB spectrum generated

by loops, both in the large and small-loop regime. Making use of the extension to the VOS

Model developed in Chapter 4, we computed the spectrum generated by loops, formed

in a cosmic string network with small-scale structure. We observed that the presence

of kinks causes a decrease in loop production, leading to a decrease in the spectrum’s

amplitude, comparative to the one predicted by the VOS Model. This difference is more
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significant in the small-loop regime. The shape of the spectrum, however, is not affected

by the presence of kinks.

Additionally, we estimated the contribution of kinks to verify if it could compensate this de-

crease. Our estimation provides good results in the radiation dominated era, where the

amplitude of the spectrum is not dependent on the kink probability distribution function,

and shows that, in general, the contribution of kinks is not sufficient to compensate the

decrease in the amplitude of the loop’s spectrum. In fact, for very large loops, the con-

tribution of kinks to the total spectrum is subdominant, getting more comparable to the

contribution of loops as we approach the small-loop regime.
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6. Conclusions and Future Work
In this dissertation we have developed a framework to study the cosmological evolution of

a cosmic string network with small-scale structure, which enables us to study this struc-

ture’s impact on the SGWB generated by the GWs emissions of cosmic string loops.

We began by developing, in Chapter 3, an effective model with two lengthscales, by

extending the VOS Model, to describe phenomenologically the evolution of small-scale

structure and its impact on the evolution of a cosmic string network. This model has fewer

undefined parameters than those currently found in the literature, with all of them having a

well defined physical interpretation, thus allowing for the study of which physical aspects

have a greater impact on the network’s evolution. Considering that it is still not possible

to include kink decay in simulations, this model is extremely useful to make observational

predictions. Not only can it be used to study the spectrum of the SGWB generated by a

cosmic string network with small-scale structure, but it can also be useful to study other

observational signatures, such as the anisotropies in the CMB generated by cosmic string

networks, since it has been shown that kinks may have a significant impact on them [58].

In Chapter 4, we used our extended VOS Model to study the evolution of a kinky cosmic

string network. We verified that the presence of small-scale structure causes the network

to decelerate and the characteristic lengthscale to increase, i.e., it makes the network less

dense, which should have as a consequence, a decrease in the number of strings colli-

sions, and, therefore, a decrease in loop production, which should translate into smaller

spectrum amplitudes than the ones currently predicted. However, to proper understand

the concrete effect of kink’s presence on the network, it would be necessary to know

how efficient the gravitational backreaction is and how kinky loops are, i.e., it would be

necessary to proper calibrate the parameters Ĉ and q, which is still not possible, since

simulations do not include, as mentioned above, gravitational backreaction.

Finally, in Chapter 5, we verified, that unless gravitational backreaction is very efficient,

or loops are extremely kinky, the spectrum may currently be overestimated, as predicted

in Chapter 4. Our results contradict current predictions, such as those in [59], where

the authors propose that kinks could actually increase the amplitude of the spectrum.

This disagreement may be explained by the fact that the model proposed in this paper is
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motivated by simulations, which, once again, do not take into account the effects of the

gravitational backreaction.

We also verified that, in general, kinks contribution to the spectrum is subdominant. How-

ever, the SGWB spectrum generated by the emissions of small-scale structure has a

peak in the lower frequencies, which might impact the shape and amplitude of the spec-

trum within that range, leaving a characteristic signature. However, the kink probability

function is still unknown, due to the current absence of a proper description of the effects

of the gravitational backreaction. We were then only able to provide an estimation of the

amplitude of the radiation era plateau, since it is independent of this function. However,

our results allow for an estimation of the range of the parameters within which kink con-

tribution may lead to changes in the shape of the spectrum, and so, it is left as future

work the study of the form of the kink probability distribution function. We can, however,

make some comments about this function: kinks with more sharpness (i.e., kinks with a

smaller opening angle), are those created more recently. Since the number of created

kinks decreases quickly with time, it is expected that most of the existent kinks have been

created at earlier times, therefore having smaller sharpness. The distance between re-

cently created kinks should be larger than the characteristic lengthscale of the small-scale

structure, lk, and so, it is expected for them to emit GWs with frequencies smaller than the

average frequency, f̄ . Therefore, there should be a distribution into lower frequencies.

As a consequence, the peak of the spectrum must get lower and wider, thus making the

slope at the end of the spectrum less abrupt.
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