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Introduction

One of the questions in finite group theory is to determine the minimal number of gener-
ators of a finite group.

For a finite group H, the minimal number of generators d(H) = min {|X||(X) = H}
always exists. This is so because H is always generated by itself, a finite set. On the other
hand there are infinite groups that do not have a minimal number of generators. One such
example is ZN, the infinite direct product of copies of Z.

It is not generally true that given a group H and a subgroup K < H, d(K) < d(H).
In fact, the evidence suggests that there is very little we can say in general about the
relationship between d(H) and d(K) for some subgroup K of H. By Cayley’s Theorem |[2,
Theorem 3.12], every finite group can be embedded in a symmetric group S, given a large
enough integer n. It is also well known that d(S,,) = 2 [2, Exercise 2.9 (iii)]. In addition
there are finite groups with any minimal number of generators. The group (Z,)?, the
direct product of d copies of the additive group of integers modulo 2, is generated by
d elements for any positive integer d. Thus, any result about the minimal number of
generators of subgroups has to account for the fact that any finite group can be embedded
in a finite group generated by two elements.

On the other hand, it is easily verifiable that for any N < H, d(H/N) < d(H). This is
so as the generators hy, ..., h, of H, induce generators of H/N, namely N, ..., h;N.

It has been shown [3] that two generators are sufficient to generate any finite simple
group. With our current understanding, we can already break down the problem and
make meaningful progress in addressing the issue for generic finite groups.

In fact for a generic finite group H, either d(H) > d(H/K) for all non-trivial subgroups
K < H or there is some non-trivial K < H such that d(H) = d(H/K). In the second case the
problem is reduced to that of determining the minimal number of generators of H/K, usu-
ally an easier task since H/K has a smaller order than that of H. Now the group H/K can
again have a non-trivial normal subgroup L/K such that d(H/K) = d((H/K)/(L/K))
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and if that is the case the problem can again be simplified. Proceeding in this manner, the
problem of determining the minimal number of generators of a generic finite group H can
be reduced to the problem of finding the minimal number of generators of finite groups
K which are generated by more elements than any of its proper non-trivial quotients i.e
the first case.

Spectacular results regarding this problem were presented in [1]. These results rely on
advanced group theory concepts and, although extremely valuable, have some omissions

in their explanation, which this dissertation aims to fill.



Chapter 1

Preliminaries

This section aims at laying out the necessary prerequisites for the results that follow in
this dissertation. Basic group theory concepts such as the notions of group, subgroup,

normal subgroup, group action and Sylow subgroups are assumed.

1.1 Normal closure

Similar to what is done for subgroups (for example in [2]) it is possible to define normal

subgroups generated by a set.

Definition 1.1. Let G be a group. If x,y € G we will denote the conjugate of x by y,
namely yxy ! by xV.

Theorem 1.2. The intersection of any family of normal subgroups of a group G is again a normal

subgroup of G.

Proof. Let {S;|i € I} be a family of subgroups of G. It is well known that N;c; S; is a

subgroup. Furthermore for any i € I and ¢ € G, we have gS;¢~! = S; and thus
8(Nier$)g™" = Nic18Sig™" = Nier Si- O

Theorem 1.3. If X is a subset of a group G, then there is a smallest normal subgroup H of G
containing X; that is if X C Sand S< G, then H < S.

Proof. There are normal subgroups of G containing X; for example, G itself is normal and
contains X; let us define H as the intersection of all the normal subgroups of G which
contain X. Also let us note that H is a normal subgroup, by Theorem 1.2, and X C H. If
S<aGand X C S, then S is one of the subgroups of G being intersected to form H; hence,

H < S, and so H is the smallest such subgroup. O

3
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Definition 1.4. If X is a subset of a group G, then the smallest normal subgroup of G con-
taining X, denoted by (X), is called the normal closure of X in G. If X is a finite set, say

X ={ay,...,a,} then we write (X)g = (a3, ...,a,)c instead of (X)g = ({a1,...,an})c-

Theorem 1.5. Let G be a group and X a subset of G. The normal closure of X is the group
W= ({gxg_1|g EGxE€ X})

Proof. If y € W then y is a word on elements of {gxg*1|g €Gxe X}, say y = wy...Wy,.
Obviously for any ¢ € G, gyg™! = gwig™'...gw,g ! is also a word on elements of
{ gxgllgeGx e X} We have thus proved that W is a normal subgroup of G and since
(X) is the smallest normal subgroup that contains X, we have that (X)c C W.

On the other hand since (X)¢ is a normal subgroup of G that contains X, it obviously

contains gxg~! forany x € X, g € G. Thus W C (X)¢. O

1.2 Semidirect Products

Definition 1.6. Let K be a subgroup of a group G. A subgroup Q C G is a complement of
KinGif KNQ = {1} and KQ = G.

Definition 1.7. A group G is a semidirect product of K by Q, denoted by G = K x Q, if
K <G and K has a complement Q' = Q.

The next theorem can be considered as transitivity for semidirect products.

Theorem 1.8. Let G < H < K be groups. Suppose that G is complemented in H, its complement

is normal in K and H is complemented in K then G is complemented in K.

Proof. Let H' be the complement of H in K and G’ the complement of G in H. Since
by hypothesis G’ is normal in K we have that H'G’ is a group. Also by hypothesis we
have that: K = H'H = H'(G'G) = (H'G’)G. Furthermore H'G' N G = 1 because if
¢ € GNH'G then g = I'g’ for some i/ € H' and ¢’ € G'. We have that g¢'"! = I’ €
H'NGG' = H'NH =1andsoit follows thath’ = 1and thatg =¢' € GNG = 1. O

Theorem 1.9. Let G be a group, Cy,...,C, be a finite sequence of subgroups of G and A < G
any subgroup. If C;...C, N A =1
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Proof. We will do this proof by induction on n. Let n = 2.

We will start by proving AC; N AC, € A(C1 N Cy). We have that x € AC; NAC, <
aic1 = x = apcy for some ay,ap € A, ¢c1 € C; and ¢ € Cp. From this follows that
az_lul = czcl_1 € ANCyCy, = 1. Thus we conclude that a; = a, and ¢; = ¢, € C; N Cy, that
is x = ac; € A(C; N Cy) and the first inclusion is thus proved.

The other inclusion is trivial.

Let us assume now that the result holds for n. Then by the induction hypothesis,

n n
(N(AC)) NACyi1 = A([) Ci) N ACy 1.

i=1 i=1
The rest of the proof is now analogous to the case n = 2 with C; = (.1 C; and C; =

Cn+1- O
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1.3 Minimal Normal Subgroups

Definition 1.10. A normal subgroup M of a group G is said to be a minimal normal sub-
group if it is non-trivial and it does not contain any proper non-trivial normal subgroup.
That is M is a minimal normal subgroup if M # 1 and there is no normal subgroup K of

Gsuchthatl < K < M.

There are groups without minimal normal subgroups. One example is the additive
group Z. Any subgroup of Z (all subgroups of Z are normal) is of the form mZ for
some positive integer m. Taking the subgroup 2mZ we get a non-trivial normal subgroup
contained in mZ.

On the other hand minimal normal subgroups always exist for non-trivial finite groups.
Let us suppose there is a non-trivial finite group H without a minimal normal subgroup.

Then we can construct the following chain of normal subgroups of H,
H>M;>M; > ...

were each subgroup M is strictly contained in the one before. Since none of this groups
by assumption can be a minimal normal subgroup we can prolong this chain forever and

thus arise at a contradiction on the finiteness of H.

Theorem 1.11. Let G and H be groups. Given a surjective homomorphism «: G — H and M a

minimal normal subgroup of G, a(M) is either a minimal normal subgroup of H or 1.

Proof. Let us assume that a(M) is neither a minimal normal subgroup of H neither 1.
Since « is surjective, we have that a(M) is normal in H, and by assumption there is a
normal subgroup N strictly contained in a(M).
Obviously « 71 (N) isnormal in G. Considering now the normal subgroup «~1(N) N M
we see that it is non-trivial and strictly contained in M, contradicting the minimality of

M. O

Definition 1.12. Let x and y be elements of a group G. We define the commutator of x

and y as
[ y] = xyx Tty
Let us notice that the commutator of two elements is the identity if and only if they

commute.

Similarly we can define the commutator of two subgroups.
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Definition 1.13. Let G be a group. If H,K < G, then
[H,K] = ({hkh—lk—1|h € Hand k € K}).

Likewise if H,K < G, [H,K] = 1 if and only if all the elements of H commute with
all the elements of K. The set {hkiflk*1 |he Hand k € K} is not necessarily a subgroup,
an example is provided in [4], hence we take the smallest subgroup generated by the

commutators in the definition.

Theorem 1.14. If My and M, are distinct minimal normal subgroups of a group then they cen-

tralize each other.

Proof. We have that [M;, My] < M1 N M; and as My # My, My N M, = 1. O

1.4 Socle of a Group

Definition 1.15. The socle of a group G, henceforth denoted by soc(G), is the subgroup

generated by all its minimal subgroups.

If G has no minimal normal subgroups, then soc(G) = 1. This is so because the group
generated by the empty set is the trivial group.

The next Theorem is well-known and an alternative proof can be found in [5, p. 87].
Theorem 1.16. The socle of a finite group H is a direct product of minimal normal subgroups.

Proof. Let My, ..., M be the minimal normal subgroups of H. We know that soc(H) is the
product of its minimal normal subgroups, that is soc(H) = M ... M.

Now we will construct the following subsequence

M;, = My, M;, = My, ..., M;

]

where M; N (M;...M;, ;) =1for1 <l <jand M; < (M;... M) foralll <i<i.

Assuming we have M; we can choose M;, , in the following way: i, is the small-

i1

est number such that i;,1 > 7; and M;, . N M;...M; = 1; if no such number exists the

141
subsequence is completed.

We claim that a subsequence constructed in this way satisfies our conditions.

Obviously if i < i; we have by hypothesis

M; < My, ... My, < My, ... My M.
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If iy < i < 1141 we have by the construction of M;,, that M; N M;, ... M;, # 1 and since
M; N M;, ... M; isnormal in H it must be M;. Hence M; < M;, ... M; < M;, ... M; ..
Itis thus clear thatsoc(H) = M;, ... M;; and since M;; N (My...M; ) =1for1 <1<

we have soc(H) = Mj, x ... x M;,. O

Our choice of the minimal normal subgroup M; in the last theorem was completely
arbitrary, whence we can easily see that any minimal normal subgroup is complemented

in soc(H).

Theorem 1.17. Let H be a finite group. Suppose that all its minimal normal subgroups are abelian

and complemented. Then soc(H) is complemented.

Proof. Let Ny, ..., Ny be the minimal normal subgroups of H and Cy,...,C, be its com-
plements respectively. We are going to construct a complement for soc(H) starting from
Cy.

Let K; be a subgroup of H such that (soc(H))K; = H, say for example K; = C;
since H = N;C; = (soc(H))C;. We have that soc(H) is abelian as the minimal normal
subgroups are abelian and soc(H) is the direct product of some of them. Due to K; N
soc(H) < K7 and Ky Nsoc(H) <soc(H), as soc(H) is abelian, K Nsoc(H) <H = (soc(H))Kj.

If K1 Nsoc(H) # 1, since K3 Nsoc(H) is normal it contains a minimal normal subgroup,
N; say. We assert that K1 = N;(C; N Kj). The first inclusion follows as for any k; € K3 C
N;C;, k1 = n;c; for some n; € N;, ¢; € C; and hence ¢; = ni’lkl €Ki = ¢; € KiNC;. The

other inclusion is trivial. Hence we have
H = (soc(H))K; = (soc(H))N;(Ky N C;) = (soc(H))(Ky N C;)

We thus proved that if there exists a group Kj such that (soc(H))K; = H and the inter-
section soc(H) N Kj is nontrivial then there exists another group K, = K; N C; such that
(soc(H))K, = H and soc(H) N K, is strictly contained in soc(H) N K;. The inclusion of
soc(H) N Ky in soc(H) N K; is strict since the latter contains N; but by construction of Kj
the former does not. Proceeding in this manner we can construct a K; that complements

soc(H).
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1.5 Nilpotent Groups

We enumerate here some well known results about nilpotent groups that will be used
throughout. The proofs of these results can be found in [2], and are omitted here since the

exposition of this subject benefits immensely from a more comprehensive treatment.

Definition 1.18. Let G be a group. The groups 7;(G) are defined by induction as:

1(G) =G; 71 = [1(G),G].
Definition 1.19. A group G is nilpotent if there is an integer ¢ such that y.4+1(G) = 1.

Theorem 1.20. [2, Theorem 5.39] A finite group H is nilpotent if and only if it is the direct
product of its Sylow subgroups.

Definition 1.21. Let G be a group. A subgroup K is said to be a maximal subgroup of G if
K < G and there is no subgroup M with K < M < G.

Theorem 1.22. [2, Theorem 5.40] If H is a finite p-group, then every maximal subgroup of H is

normal and has index p.

1.6 The Frattini Subgroup

Throughout this section, unless explicitly said otherwise H will always denote a finite
group.

For non-trivial finite groups, maximal subgroups always exist. Assuming otherwise,
let H be a non-trivial finite group without maximal subgroups. Then we can construct the
sequence 1 < Ky < K3 ... where each group K is strictly contained in the one before. Since
none of this groups by assumption can be a maximal subgroup of H we can can prolong
this sequence forever and thus arise at a contradiction on the finiteness of H.

On the contrary maximal subgroups might not exist for infinite groups and an exam-

ple is provided in [2, p. 123].

Definition 1.23. The Frattini subgroup of H, denoted by ®(H), is the intersection of all

maximal subgroups of H if H has a maximal subgroup, otherwise ®(H) is set to be H.

Theorem 1.24. [2, Theorem 5.47] The Frattini subgroup of a nontrivial finite group H is the set
of all nongenerators, that is the set of those elements h € H such that if H = (Y, h) then H = (Y)
forany set Y C H.
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Proof. Leth € ®(H) and let Y C H be such that (Y,h) = H. If (Y) # H, we have that
(Y) < M for some maximal subgroup M of H. Since h € ®(H), in particular 1 € M. But
this implies that (Y, h) < M # H, a contradiction.

Conversely let z be a nongenerator and M a maximal subgroup of H. If z ¢ M then

H = (z, M) = (M) = M, which is a contradiction. O
Theorem 1.25. [2, Theorem 5.48] Let H be a finite p-group. Then:

1. ®(H) = H'HP where HP is the subgroup of H generated by all p-th powers,

2. H/®(H) = (Zp)7 for some positive integer q.

Proof. 1. Let M be a maximal subgroup of H. According to Theorem 1.22, M is a nor-

mal subgroup of H with index p. Hence, the quotient group H/M is abelian, im-
plying that the commutator subgroup H’ is contained in M. Furthermore, H/M has
exponent p, meaning every element of H raised to the p-th power lies in M. Thus
H'H? < ®(H).
To show the reverse inclusion, consider the quotient group H/H'HP. It is an abelian
group of exponent p, hence isomorphic to (Z,)7 for some positive integer g4 and
thus can be regarded as a vector space over the field IF,,. It is evident that its Frattini
subgroup is trivial. Now, if we have N < H such that N < ®(H), it can be verified
easily that ®(H) is in the preimage (under the natural quotient map 1) of ®(H/N),
as maximal subgroups correspond. Thus ®(H) C 7w~ }(®(H/(H'HP))) = 7 1(1) C
H'HP and we conclude that ®(H) = H'H?.

2. Since H' < H'HP = ®(H), H/®(H) is abelian. Furthermore since H? < ®(H),
H/®(H) has exponent p. Thus H = (Z,)7 for some positive integer g.

Theorem 1.26. Let H be a finite group. Then d(H) = d(H/®(H)).

Proof. Letd = d(H/®(H)) and suppose H/®(H) = (¢1P(H),...,24P(H)). Then H =
(1,--.,84,P(H)) and since ®(H) is the set of non-generators of H, that is the set of those
elements h € H such that if H = (Y, h) then H = (Y) for any set Y C H, the result
follows. O
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1.7 Gaschiitz’s Lemma

Definition 1.27. For any finite group H, ¢ (m) will denote the number of ordered m-

tuples (x1,...,x,) of elements of H that generate H.

The last Theorem of this section was first proved by Gaschiitz in [6]. We present here

an alternative proof from Roquette adapted from [7, Lemma 17.7.2].

Theorem 1.28. Let 6 : G — H be a surjective homomorphism of finite groups with d(G) < m.
Let h = (hy,...,hy) be a tuple that generates H. Then there exists a tuple of generators g =
(g1,---,8m) of Gsuch that 0(g;) = h;, i =1,...,m. Moreover the cardinality of the set

{(g1,--.,8m) € G"|{(g1,.-.,&m) = Gand 0(g;) = h;}
is independent of the choice of hy, . .., hy,.

Proof. For each subgroup C of G satisfying 6(C) = H and all tuples a = (a3, ...,4,,) that
generate H denote the number of m-tuples ¢ € C™ that generate C and satisfy 6(c) = a by
pc(a).

Leta = (a1,...,a,) € H" be such that H = (ay,...,a,) and C a subgroup of G
satisfying 6(C) = H. We prove by induction on |C| that ¢¢(a) is independent of a.

Let e = ‘% We first claim that if for every subgroup B of C, 6(B) # H we have
pc(a) = e". Since |0|c'({a;})| = |kerf|c| = |C|/|H| = e for all i there are e” ¢ =
(c1,.-.,cm) € C™ tuples that satisfy 0(c) = a. In particular since the subgroup (c1, ..., Cm)
generated by any such tuple is a subgroup that satisfies 0({c1,...,cm)) = H, by the hy-
pothesis on C, it must be C.

Assume now that ¢p(a) is independent of a for every proper subgroup B of C satis-

fying 6(B) = H. Then there are exactly " elements b € C” with 6(b) = a. Each such b
generates a subgroup B of C satisfying 6(B) = H. Hence,

e" = ¢c(a) + 2;9<c ¢5(a)

where Y’ indicates a sum over groups with 6(B) = H. By assumption, the Y is indepen-
dent of a. Therefore, so is ¢c(a).

Now choose a tuple of generators g’ = (g7,...,4,,) for G. Then 6(g’) = h’ generates
H. By the preceding paragraph, ¢g(h) = ¢g(h’) > 1. Consequently, G has a tuple of
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generators g = (g1, ...,9m) such that 6(g) = h. The cardinality of

{(g1,--.,9m) € G"|(g1,...,gm) = Gand 0(g;) = h;}

is precisely ¢¢(h) which is independent of the choice of h. O

Theorem 1.29. Let N be a normal subgroup of a finite group G and let g1,...gm € G be such
that G = (g1,...,8m, N). If d(G) < m, then there exists elements uy, ..., Uy of N such that
G = (g1u1, ..., YmUm). Moreover the cardinality of the set

{(u1,..., um) € N"|G = (111, ..., gmlim) }

is independent of the choice of g1, ..., m-

Proof. By applying Theorem 1.28, where H is taken to be the quotient group G/N,0: G —
G/ N is the natural projection, and h; = g;N, we can find elements z;,...,z, € G such
that 6(z;) = z;N = ¢;N and (z1,...,z») = G. Since z;N = ¢;N, we have z; = g;u; for a

unique u; € N for all i, which leads to the desired conclusion. O

1.8 G-homomorphisms

As a reminder we enunciate here the definition of a G-set.

Definition 1.30. [2] If X is a set and G is a group, then X is a G-set if there is a function
a: G x X — X (called an action), denoted by «(g, x) — gx, such that:

1. a(e,x) = xforallx € X;
2. (g, a(h,x)) =a(gh,x) forallg,h € Gand x € X.
One also says that G acts on X. If | X| = n, then n is called the degree of the G-set X.

It is easy to check that the function

x:GxG—G
(g/h) = ghg ™!
is an action, and thus G is a G-set under conjugation.

Definition 1.31. Let G be a group and X a subgroup of G. The centralizer of X is the
subgroup
Co(X) ={g€GlvVx e X,xg =gx}.
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We claim that if X < G then Cg(X) < G. Forallg € G, c € Cg(x) and x € X,

geg x = ge(glxg)g ! = g(g xg)eg ! = xgeg™
where the second equality follows from ¢~ !xg € ¢71X¢ = X and the fact that ¢ € Cg(x).

Definition 1.32. Let G be a group and X a subgroup of G. The normalizer of X is the
subgroup
Ng(X) = {g € GlgXg = X}.

A more profound exposition of G-homomorphisms is available on [2, Chapter 9], but

for our purposes just the definition suffices.

Definition 1.33. If X and Y are G-sets, a function f : X — Y is a G-homomorphism if
flg-x) = g-f(x) forall x € X and g € G. If f is also a bijection, then f is called a

G-isomorphism.

1.9 Free Groups

This section offers a concise overview of fundamental properties of free groups, focusing
on the essential information required for our specific objectives. Once again the proofs

can be found in the cited references.

Definition 1.34. Let X be a subset of a group F. We say that F is a free group with basis X
if, for every group G and every function f: X — G, there exists a unique homomorphism

¢: F — G extending f (¢|x = f).

Let us note that if F is a free group with basis X and denoting by i: X — F the

inclusion, then the following diagram commutes
L G
A

Theorem 1.35. [2, Theorem 11.1] Given a set X, there exists a free group with basis X.

B

1

Theorem 1.36. [2, Theorem 11.4] Let F and G be free groups with bases X and Y, respectively.
Then F = G if and only if | X| = |Y].

Taking G as F it easily follows from the last theorem that any basis X of a free group F

has the same number of elements.
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Definition 1.37. The rank of a free group F, denoted by rank(F), is the number of ele-

ments in a basis of F.

1.10 Primitive Groups

An extensive exposition of primitive groups is available on [8].

Definition 1.38. Let G be a group and L a subgroup of G. The core of L, is the group
coreg(L) = Ngeq ¢Lg™!. When the ambient group G is clear from the context, we may

drop the subscript and simply write core(L).

Theorem 1.39. Let G be a group and L a subgroup of G. The group core (L) is the biggest normal
subgroup of G contained in L, i.e if N< G and N C L then N C core(L).

Proof. That core(L) C L is obvious since (geg gLg™ € 11171 = L. Now let N <G and
N C L. We have that forall ¢ € G, N = ¢gNg~! C ¢Lg~! and thus it follows that

N=()gNg ' C()glg "' =core(L).
g€G g€G

Definition 1.40. A group G is primitive if it has a maximal subgroup with trivial core.



Chapter 2

The groups L;

In this section L will always denote a finite group with a unique minimal normal subgroup
M. Furthermore if M is abelian, we also assume that M is complemented in L.

Given a positive integer k we will denote by L* the k-fold direct power of L and by
diag(L¥) the subgroup {(l1,...,Iy) € LKl = I, = ... = I;}. If not explicitly said other-
wise, we will assume throughout this section that k is a positive integer.

Also 7; will denote the projection of the i-th coordinate from L¥ onto L and M; =
1X...x Mx...x 1 the subgroup of L¥ whose elements have some m € M for the i-th

coordinate and 1 for the rest.

Definition 2.1. Given a positive integer k, the group Ly is a subgroup of Lk defined by:
Ly = {(ll,. . -/lk) € Lk‘llM =...= lkM}

Let k be a positive integer. We will often simply write 77; to denote 7;|,, the restriction

of 71; to L. One property of the functions 7|y, is that given S C L,
|1 (S) = 771 () N Ly

Thus it follows that 7z;|; ' (M) = 7t

1

IM)NLy=(Lx...LxMxL....xL)N L = M.

2.1 Some basic properties

The properties of the groups Ly will be referenced implicitly throughout.

Theorem 2.2. The group Ly can be described as diag(LF) MF.

15



16 ON THE MINIMAL NUMBER OF GENERATORS OF A FINITE GROUP

Proof. For any (l4,...,lx) € Ly, we have that forany 1 < i < k, 1M = ;M. Hence it
follows I; = Iym; for some m; € M. We thus have (I3, ...,Ix) = (I1,1h,...,11) (1, ma, ..., my)
as pretended.

For the other inclusion it suffices to notice that M*, dia g(Lk ) C Ly, hence diag(Lk YMFK C
L. 0

Theorem 2.3. The socle of Ly is MF.

Proof. We have by Theorem 1.11 that: if N is a minimal normal subgroup of L then for
all1 <i <k, 7;(N) is either equal to 1 or a minimal normal subgroup of L. Since L has a
unique minimal normal subgroup 7;(N) = 1 or 7;(N) = M.

We thus have N C 0¥, 7T1-|Ek1 (M) = MF. Since the last inclusion holds for any mini-
mal normal subgroup N, it easily follows that soc(L) C M.

Since the groups M; are minimal normal subgroups of L;, we obviously have M =

M ... My C soc(Ly). O
Theorem 2.4. The group L/ M* is isomorphic to L/ M.
Proof. We have that:

Ly diag(L*)M* _  diag(LF)
Mk Mk ~ diag(Lk) N MK

by the Second Isomorphism Theorem and by Theorem 2.2.
Evidently, diag(LF) N M* = diag(MF) and thus is easy to verify that diag(L¥) /diag(MF)
L/M. O

Theorem 2.5. If M is abelian and complemented by C in L, then M is complemented by diag(CF)

in Lk.

Proof. We have that diag(L*) = diag((CM)*) = diag(C*)diag(M*). Then by Theorem
2.2, Ly = diag(LF)M* = diag(C*)diag(M*)M* = diag(C*)M*. Furthermore for all x €
diag(CK)NMFand all 1 < i < k, mi(x) € mi(diag(CK)) N (M) = CN M = 1. This
means that all the coordinates of x are 1 and consequently that x = 1. The proof is thus

complete. O

2.2 The minimal normal subgroups of L;

Theorem 2.6. If M is not abelian, any minimal normal subgroup of Ly is of the form M,; for some

i

~
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Proof. Let N be a minimal normal subgroup of L. Once again by Theorem 1.11, for each
1 <i <k, mi(N) is either 1 or M. We also have that 77;(N) = M for some j otherwise N
would be the trivial subgroup which is a contradiction.

Let j be such that 77;(N) = M. Now we will prove that for any 1 < i < k different
from j, 71;(N) = 1 which gives us the result.

Suppose on the contrary that exists some 1 < i < k different from j such that 7;(N) =
M. By Theorem 1.14 we obtain [N, M;] = 1. Since M is not abelian we can choose elements
mq,my € M such that mymy # mym,. Besides we have by hypothesis that m; = 7;(n7)

and my = 7;(ny) for some n; € N and some 1, € M;. It thus follows that:

O

With the previous theorem, the minimal normal subgroups in the case where M is non
abelian are fully characterized. What can we say about the minimal normal subgroups of

Ly in general? The next theorems provide some nice properties.
Theorem 2.7. Let N be a minimal normal subgroup of Ly. Then N has order | M]|.

Proof. We have once more that 77;(N) = M for some 1 < i < k. Considering the appropri-
ate restriction of 77;, by the First Isomorphism Theorem we get that |[N| = |M| - | ker 77;|n|
which implies |N| > |M]|.

Let us assume that [N| > |M|. Then there is some n € ker 71;|y with not all coordinates
1 (obviously the i-th coordinate must be 1).

Consider (n)p, contained in ker 77;|n. Since n € N, and (n);, is the smallest normal
subgroup generated by n we must have (1), € N. Since 7;((n)r,) = (m;j(n))r = 1 and
not all elements of N are in ker 77;|;y we obtain that (1), is a non-trivial group strictly

contained in N. This is a contradiction since N is a minimal normal subgroup. O

Definition 2.8. Given ! € L and a positive integer g, let | denote the element of diag(L7)

with all coordinates equal to I.
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The previous definition depends on which power of the group L we are considering,
and often the only way to decide the ambient group is through context, but what we lose
in formal rigor we gain in readability. Such an example of improved readability is the

statement of the next theorem.

Theorem 2.9. Let N be a minimal normal subgroup of Ly. Then there exists a complement C < Ly
of N in soc(Ly) and an isomorphism ¢: C — M*=1 that satisfies ¢(c!) = ¢(c)! forany c € C
andl € L.

Proof. We have once more that 77;(N) = M for some 1 < i < k.

LetC = M;...M;_1M;;q ... My. We claim that N N C = 1. Let us note first that any
element of NN C C C has i-th coordinate 1. Thus N N C < Ly is strictly contained in the
minimal normal subgroup N. So it must be 1.

From the Second Isomorphism Theorem we get that |[NC|/|N| = |C|/|[N N C|. We
obtain |NC| = |N||C| - 1 and since |[N| = |M| by Theorem 2.7, INC| = |M||C| = |M|} =
|soc(Lg)|. Obviously NC C soc(Lg) as N,C C soc(Lg). We thus conclude that NC =
soc(Lg).

The expected isomorphism

¢p:C=Mx...x MXIx M x...x M — M1

(ml,...,mi,l,miﬂ,...,mk) — (m1,...,mi,mi+1,...,mk)

works.

The property is easily verified since forany ! € L, (my,...,m;,1,mjq,...,mg) € C:

o(lmyl =L, Il 10 Iy 1Y, L T Y =
(lmll_l,...,lmil_l,lmi+1l_1,...,lmkl_l) =
(l,. . .,l)(ml,. ce, My, Miy, .. .,mk)(l_l,. . .,l_l) =

(l,...,l)4>(m1,...,mi,l,mi+1,...,mk)(l,...,l)_l

2.3 Normal subgroups and quotients of L

Theorem 2.10. The quotient of Ly by any of its minimal normal subgroups is isomorphic to Ly.

Proof. Let N be a minimal normal subgroup of Ly .
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If M is not abelian, by Theorem 2.6, N = M,; for some 1 < i < k+ 1. It is trivial to

verify that

P Ly — Ly

(e liegr) = (e s diga, oo )

is a surjective homomorphism. We will now verify that keryp = M; = N. Obviously
M; C ker ¢ as the i-th coordinate is “forgotten” and that is the only non 1 coordinate in
M;. For the other inclusion, we first have by Theorem 2.4 that |Ly| = |L/M||M|*. By the
First Isomorphism Theorem, |Ly1|/|ker| = |Lg|. From this two equalities, it follows
that | kery| = |M;| = |N|. Therefore kerp = M; = N and consequently Li,1/N =
Lyy1/ ker ¢ = Ly by the First Isomorphism Theorem.

If M is abelian, by hypothesis we have that M is complemented in L say by Cr. By
Theorem 2.5, diag(C]) is a complement of M1 in L,,.

By Theorem 2.9, we have that N is complemented in M**! and that its complement,
say Csoe(L,,,), is normal in Ly and isomorphic to MF. As dia g(C’iH) complements M**1,
by Theorem 1.8 we have that N is complemented in Ly, 1 by C = diag(Clz“)Csoc(Lm).

Then we obtain:
Ly,1/N=CN/N=C/(CNN)=C/1=C,

using the Second Isomorphism Theorem.
Now we need to show that C = diag(CIEH)CSOC(LkH) = L. Let ¢ be the function
defined by

¥: C — Ly = diag(CH)M*

Is s I(s)

where ] € Cp and s € Cqp
2.9.

yand ¢: C( — MF is the isomorphism from Theorem

Liy1 L)

Letl1,l, € Cr and s1,s, € Cooc( . To see that ¢ is well defined it suffices to notice

Lyy1)
that if ;s = Ips, then:
I =sos7! € CFP N Copery,y) = 1
—— iz = I1,51 =S

— l1¢(s1) = Lp(s2)
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Knowing that ¢ is an isomorphism, is easy to see that i is surjective since every ele-
ment [m € Ly (where [ € diag(Ck) and m € MF) is the image by ¢ of ip~1 (m).

Injectivity follows comparing the orders of C and L;. We have
|Cl = |Lisa| /IN| = [ Lg|

remembering that C complements N in L, and that [N| = |M|. We thus conclude that
1 is a bijection, since it is a surjection between finite groups of equal orders.

Now we need only to check that i is a homomorphism, which follows from:

Pliisilasz) = P(irhas? s2)
= hhg(s? 52)
= Liap(sp )9(s2)
= hb¢(s1)" ¢(s2)
= hip(s1)lag(s2)
= P(lis1)9(Ds2).

Theorem 2.11. Let N be a normal group of Ly. Then either soc(Ly) < N or N < soc(Ly).

Proof. The proof will be done by induction on k.

Since L has a unique minimal normal subgroup the proposition is easily seen to be
true for k = 1.

Suppose now that the result holds for k and that N is not a subgroup of soc(Ly1).
Then there exists a minimal normal subgroup U of Ly, such that U C N. We have
that Lyy1 /U = L; by some isomorphism f. By induction either soc(Ly) < f(N/U)
or f(N/U) < soc(Ly). Since N is not a subgroup of soc(L.1) we have that N/U &
soc(Ly11)/U which implies that soc(Ly) = f(soc(Lgy1/U)) < f(N/U) and thus the first
case holds.

Now considering the natural projection 7t: Ly ; — Li;1/U we obtain, by Theorem
1.11, that soc(Lgy1)/N = rt(soc(Lig11)) C soc(Lgy1/N).

Applying f~! to soc(Ly) < f(N/U) we get soc(Liy1)/U C soc(Lyy1/U) < N/U.
Hence as U C soc(Li,1), N we obtain soc(Lgy1) = 7 (soc(Lisr/U)) < 7Y (N/U) =
N. O
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2.4 The Sequence d(Ly)xen

Throughout we assume that IN is the set of positive integers, i.e does not contain 0. The
sequence d( Lk ke is called the growth sequence and has been studied in [9-12]. Here we
study the sequence d(Ly)ren given the importance that the groups Ly assume in the study

of the minimal number of generators of finite groups.
Theorem 2.12. The sequence d(Ly)xeN is non-decreasing.

Proof. Let us assume to obtain a contradiction that there is some positive integer k such
that d(Lk—H) < d(Lk)

Let us consider the function p : Lyyq — Lj that drops the last coordinate. That is given

(xl, .. .,xk+1) € Liiq, p((xl, .. .,xk+1)) = (xl, cee ,xk).
Now let Iy, ..., I, be a minimal generating set of Ly, thatis (I;,...,l,,) = L1 and

d(Lx41) = m. Obviously p is surjective and thus we obtain that

Ly = p(Liyr) = p((ly - 1)) = (o(la), - -, p(Lm))-
This is of course a contradiction since we assumed that m = d(Ly,q1) < d(Ly). O
Theorem 2.13. For all positive integers k, d(Lx.1) < d(L) + 1.

Proof. Letd(Ly) = d, then there are I1, 1y, ...1; € Ly such that (I1,1»,...1;) = Li. By abuse
of notation, given I € Ly let £ € Ly, be the k 4 1-tuples whose first k coordinates are the
coordinates of I and whose last two coordinates are equal, that is 7 () = 7341 (£).

Letmelx...x1xM < Ly and consider
H = (m'|l € Lt) < Ly
Foralli € {1,...,k}, mi(H) = 1, because
mi((m']l € L)) = (mi(m)™ 0|1 € L) = (17O]1 € Ly) = 1.
And 71 (H) = M since
e ((m]1 € L)) = (mica (m) ™ Ol € Ly) = (mega(m)) 1

We thus have that 71, 1(H) is a nontrivial normal subgroup of L that is contained in M,

thus 71,1 (H) = M due to the minimality of M. We thus have that H =1 x ... x 1 x M.
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Now Liyy = {{|le Ly} (I1x...x1xM) = {{|le Ly} H= (ls,0,,...,4;5,m) and the

result is proved.

Theorem 2.14. The sequence d(L1),...,d(Ly),. ... is unlimited.

Proof. Suppose for the sake of obtaining a contradiction that there exists a natural number
m such that d(Ly) < m for all k € IN. Let F be a free group of rank m and K be the set of
positive integers k such that there exists a surjective homomorphism from F to L. It will
be proved that K is a finite set, a contradiction from which the result will follow.

Letk > 1 € K, then there exists a surjective homomorphism ¥ : F — L. For1 <i <k,
lety; =mo¥Y:F — Ly — Landlet r : L — L/M be the natural projection. For all x € F,
¥(x) = (h,...,I) for some (I4,...,Ilx) € Ly thus:

Mll :Mlzz :Mlkand
ty1(x) = Mly, . ..., tyr(x) = Ml

= 7Tyl =TTy = ... = TT%k-.

Letiy,ip € {1,...,k} and let (my,...,mg) € My < Ly withm; =1,m;, # 1.Since ¥ : F —
Ly is surjective there exists an x € F such that ¥(x) = (my, ..., my). We then have that
¥i,(x) = my, = 1and 7;,(x) = mjp # 1, and thus x € kerv;, and x ¢ ker ;, and hence
ker y;, # kery;,. We thus have that | {ker vy, ..., ker v} | = k.

By Theorem 4.12 below, taking 8 as 7t7y; for any i (it was proved that these functions
were all equal) and seeing {ker 1, ..., ker 7} as a subset of the appropriate R, the set of
normal subgroups N of F arising as kernels of those homomorphisms of F onto L which
composed with 7t yield the given B, we get that k < ¢r(m)/|T|¢pr,/m(m) and thus |K| <
¢r(m)/|T|¢r/pm(m). In particular K is finite. O

2.5 The function f

We are now in conditions to define the function f. This function will play a key role in
finding out the minimal number of generators of a finite group.

Before providing the definition, let us remember that we are assuming L to always
denote a finite group with a unique minimal normal subgroup M, complemented if M is

abelian. Furthermore we will define Ly as L/ M.
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Definition 2.15. Given a group L we define f(L,m) = k+ 1 if and only if d(Ly) = m <
d(Lgy1). When L can be identified from the context, we denote f(L,m) as f(m).

The function f gives us the integer k + 1 for which d(Ly;1) = m + 1 is bigger than any
d(Ly) for g < k +1 (we are implicitly using Theorem 2.13 in this claim).

We claim that any proper quotient of Ly 1 has a minimal number of generators smaller
than or equal to m. Let N be a non-trivial normal subgroup of L; ;. There is a minimal
normal subgroup M contained in N and thus by Theorem 2.10 we obtain thatd(Lyy1/M) =
d(Ly) < m. Now using the Third Isomorphism Theorem and the fact that the minimal
number of generators of a quotient is always smaller or equal than the ambient group we

obtain

L M
k1) < AL/ M) = d(Lg) = m

Thus the function f gives us the integer k + 1 for which any proper quotient of Ly 1 has minimal

d(Lis1/N) = d(

number of generators smaller or equal to m but d(Ly, 1) > m.

In light of this new characterization of the function f, our reason for our definition of
Ly is now justified, thatis f(m) = 1iff d(Ly) = d(L/M) < d(L).

Let us notice that this function of course depends on the group L being considered

and that the domain of this function is the positive integers.






Chapter 3

Minimal number of generators of a

group

In this section we study the structure of finite groups with the following property: any
proper non-trivial group quotient is generated by less elements than the group itself. We
will start with the simpler case of when d(H) > 1 butd(H/N) < 1 for every non-trivial
normal subgroup N of H. Later we will provide a more detailed account of a Theorem
mostly proved in [1], the generalization to the case in which d(H) > mbutd(H/N) < m

for every positive integer m and every non-trivial normal subgroup N.

3.1 Thecasem =1

Theorem 3.1. Let H be a finite nilpotent group such that d(H/N) < 1 for every non-trivial
normal subgroup N, but d(H) > 1. Then H = Z,, x Z,, for some prime p.

Proof. Since H is nilpotent we have that H = P; x ... X P, where P, is a Sylow p;-subgroup
forl <i <mandpjy,...,p, are distinct primes.

Let us remember that for any positive integers a,b if (a,b) = 1 then Z, x Z;, = Z,.
If Py,..., P are cyclic, we obtain H = Z,, _,,, which contradicts d(H) > 1.Without loss of
generality we can thus assume that P; is not cyclic.

Ifn>2 P =H/(1xP,...xP,) and thus d(P;) = d(H/(1 X P,...xP,)) =1,a
contradiction. We can then conclude that H = P;.

By Theorem 1.26, ®(H) = 1 hence H = (Z,, )7 by Theorem 1.25. In fact 4 = 2 since

g—1=d((Z2,)" ") =dH/(Zp, x 1 x...x 1)) =1

25
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O]

Theorem 3.2. Let H be a finite group such that d(H/N) < 1 for every non-trivial normal
subgroup N, but d(H) > 1. Then either H = Z, x Z,, or H is a primitive monolithic group i.e.

primitive and has a unique minimal normal subgroup.

Proof. If H is nilpotent by Theorem 3.1 we have that H = Z,, x Z,. We can thus assume
that H is not nilpotent.

Since H is not nilpotent there exists a maximal subgroup L of H such that L is not
normal in H. We will prove that core(L) = 1, and thus that H is primitive.

Let us suppose to obtain a contradiction that core(L) # 1. Then by hypothesis H/core(L)
is cyclic. Now all subgroups of an abelian group are normal and thus L/core(L) is a nor-
mal subgroup of H/core(L). This implies that L is a normal subgroup of H and thus
contradicts the assumptions made on L. We have proved that H is primitive.

It remains to show that H is monolithic, i.e. H has a single minimal normal subgroup.
To obtain a contradiction, let us suppose H has at least two different minimal normal sub-
groups (minimal normal subgroups of a non-trivial finite group always exist). We claim
that any minimal normal subgroup N of H is abelian; letting | be a minimal normal sub-
group different from N we obtain the following isomorphism between N and a subgroup
of the cyclic group H/]

NJ/J=N/(JNN) = N.

Now since soc(H) is the product of abelian minimal normal subgroups, it is itself abelian.
We thus obtain that, L N soc(H) <soc(H). Also L Nsoc(H) < L. Consequently L Nsoc(H) <
soc(H)L = H, since L is maximal with trivial core. Since core(L) = 1 we have that
LNsoc(H) = 1. Similarly for any minimal normal subgroup N, LN = Hand LN N = 1.
What we obtained was that L is a complement for both any minimal normal subgroup N
of H and soc(H) in H.

Now since N C soc(H) and |L|[soc(H)| = |H| = |L||[N|] = |[soc(H)| = |N]|
we obtain that N = soc(H), that is N is the unique minimal normal subgroup of H, a

contradiction. ]

3.2 An important structural Theorem

Theorem 3.3. Let H be a finite group and Ny, N, two different minimal normal subgroups of H
complemented by K,. If the projections 1t, : K, N (N1 X N;) — Ny, pr : K, N (N; X N;) — N,
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are isomorphisms then K, N (N1 X N;) = {x¢,(x)|x € Ny } where ¢, = p, 7, L.

Proof. For the inclusion K, N (N3 x N;) € {x¢,(x)|x € N1} let min, € K, N (Ny x Ny)
where n; € Ny and n, € N,. Since 7, is one-to-one, 71, ! (1) = nn,, and thus ¢,(n1) =
o, (7t Y (n1)) = pr(n1n,) = n,. We obtain that nyn, = ny¢,(n1) € {x¢r(x)|x € Np }.

For the other inclusion, let x € Nj. Obviously 7, }(x) € K, N (N; x N,). We thus have
7, (x) = mn, € K, N (Ny X N;) where n; € Ny and n, € N,. Now x = 71,(7r, 1(x)) =
mt,(nin,) = ny. Furthermore ¢,(x) = p,(7r;}(x)) = p,(n1n,) = n,. Thus we conclude

Theorem 3.4. Let H be a finite group and Ny be a non-abelian minimal normal subgroup of H.

Let also ay : H — Aut Ny be the homomorphism that sends h to the function

Yn: N1 — N1

x — hxh™t,

and L be the image of a1. Then L has a unique minimal normal subgroup, namely Inn Nj.

Proof. By Theorem 1.11 we have that Inn Ny = {’yx: N; — Np|x € N1} = w1(Ny) is either
a minimal normal subgroup of L or 1.

Since Nj is non abelian there are 111, 1y € Nj such that nin, # nynq. Therefore we have
that aq(n1) = n, # las 1(np) = np # nlnznl_l = 9, (n2). Thus Inn Nj is not 1, and
hence is a minimal normal subgroup of L.

To check that Inn Nj is the unique minimal normal subgroup of L we will verify that
for every non-trivial normal subgroup N of L, Inn N; C N.

Let N be a subgroup in the above conditions. Then «; 1(N) is normal in H. Further-
more since Nj is a minimal normal subgroup, a; 1 (N) N Ny is either 1 or N7. We will check
that a; ' (N) N Ny must be Nj.

If a;'(N) NNy = 1 then [a;'(N),Ni] < a;'(N) NNy = 1, that is the elements of
N; commute with the elements of a;*(N). Thus for all h € a;*(N), v;,(x) = hxh™! =
hh~'x = x. Therefore N = a1 (a; ' (N)) = 1. This is a contradiction, and so a; ' (N) " N; =
Nj. Obviously it now follows from N; C al_l (N) that a1 (N7) C a4 (ucl_l(N)) = N as we

wanted to prove. O

Theorem 3.5. Let m be an integer with m > 1 and H a finite group such that d(H/N) < m for

every non-trivial normal subgroup N, but d(H) > m. Then there exists a group L which has a
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unique minimal normal subgroup M and is such that M is either non-abelian or complemented in

Land H = L¢(p ).

Proof. Since d(H/N) < m for every non-trivial normal subgroup N, by Theorem 1.26 we
have that ®(H) = 1.

We are going to consider two cases: first the case where H has only one minimal nor-
mal subgroup and later the case where H has more than one minimal normal subgroup.
Furthermore each such case will be divided into the case where those minimal subgroups
are abelian and the case where they are not abelian (as will be seen these are the only

possible cases).

H has a unique minimal normal subgroup:

Consider the case in which H has a unique minimal normal subgroup, say M. Taking
L as H gives the result for the subcase in which M is non-abelian. If M is abelian since
®(H) = 1, there exists a maximal subgroup K of H such that K does not contain M. Since
K is maximal and does not contain M, KM = H. Furthermore by the hypothesis on K,
KN M is a strictly contained normal subgroup of M (M is abelian). Obviously since M
is normal in H, KN M is normal in K. We thus have K N M is normal in KM and thus
in H = KM. We have obtained that KN M is normal in H and strictly contained in the
minimal normal subgroup M, so we conclude that KN M = 1. It was thus proved that K

is the desired complement and we can take L as H.

H has more than one minimal normal subgroup:

We can now assume that H contains at least two different minimal normal subgroups.
Let us denote these minimal normal subgroups as Ny, ..., N, .... Since d(H/N;) < m by
assumption, there exist m elements hy, ..., hy, of H such that H = (hy,...hy, N7). Now
consider N, with r # 1. Certainly, H = (hy,...,hy, N1N;). Moreover as H/ NN, is
isomorphic to the quotient (H/N,)/(NiN;/N;) of H/N, and H/N, is generated by at
most m elements, by Theorem 1.29 there exists m elements xq,...,x,; € Nj such that
(hix1, ..., WX, Ny) = H.

Consider the subgroup K, = (h1x1, ..., hux;). We assert that N; and N, both serve as

complements for K, within H.
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Clearly, H = K,N; = K;N,; hence, we only need to show that K, "N; = K, "N, = 1.
We claim that the intersection K, N Nj is a normal subgroup of K;N, = H. In fact as

[N1,N;] < N;NN, =1, forany k, € K, n, € N;:
ken (K O Ny e = konn, YK NINDK = Ko NNy

where the first equality follows from the commutativity between the elements of N; and
N, and the second from the normality of K, N Nj in K;. As the normal subgroup K, N Nj
is contained in the minimal normal subgroup N of H, if K, N Ny # 1 then Ny N K, = Nj.
And consequently H = K;N; = K, is m-generated, which contradicts our hypothesis. The
claim K; N N, = 1is proved similarly.

We can now prove that the projections 7, : K, N (N7 x N;) — Nj and p, : K, N (N7 X
N,) — N, are isomorphisms. Let us start with 77,: The kernel of 7, is a subgroup of
N, N K;, which is trivial since N, and K, have trivial intersection. Therefore, 71, is injective.
Furthermore, for any n; € Nj, there exists t € K, and n, € N, such that n; = tn,.
Thus, t = nin, ' € (N; x N;) NK,, and 7,(t) = ny. Hence, 7, is also surjective. Similar
arguments can be applied to p;,.

What we conclude from this is that for each r > 1, there exists a subgroup K, which
serves as a complement for both N; and N;, and there exists an isomorphism ¢, : Ny — N,
(specifically, ¢, = p,7;!) such that K, N (N7 x N;) = {x¢(x)|x € N1 }. Furthermore
we will define ¢;: N; — Nj as the identity function. The equality K, N (N; X N;) =
{x¢,(x)|x € Ny} follows from Theorem 3.3. Using the fact that this intersection is normal
in K,, we claim that ¢, is a K;-isomorphism, thatis forany k € K;, k- ¢, (x) = ¢.(k-x) <=
ke (x)k~! = ¢, (kxk=') . We have that for any k € K,, x € Ny, kx¢,(x)k~! = y¢,(y) for

some iy € Nj hence:

kxk™ ke ()K= yor (y)
— y k™t = ¢, (Y)ker(x) kT E NN, =1
= y = kxk ' and k¢, (x)k™! = ¢,(y) = ¢, (kxk ™)

Abelian minimal normal subgroups sub-case:

Suppose now that N; (and consequently any minimal normal subgroup since they are

isomorphic) is abelian. We are now going to construct an isomorphism ¥ from H to a
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group L.

By Theorem 1.17, soc(H) is complemented in H say by K. Knowing also that soc(H)
is the direct product of some minimal normal subgroups, say soc(H) = Np x ... X Ny, for
1 <i < g, N;is complemented in soc(H) by C; = Ni X ... X Nj_1 x 1 x Njyq X ... X Nj.
Consider the functions y; : soc(H) — N; that send n;c; to n; for any n; € N;, ¢; € C;. Itis
routine to prove that for any i, x; is a surjective H-homomorphism with ker x; = C;. Also
¢; is a H-homomorphism.

We prove only the H-homomorphism claims. For any h € H = N;K;, h can be written

as k;v; where k; € K; and v; € N;. Thus for any n;c; € N;C; = soc(H)

Xi(hnicih ™) = xi(komicio; k')
= xi(kinicik; '), since soc(H) is abelian and v; € soc(H)
= Xi(kiniki_lkiciki_l), let us notice that k;c;k;" 1 e C; since C; is normal
= kinik; * = ki(vio; ikt = koo k!

= hxi(nic;)h ™.
Similarly for ¢;:

¢i(hnih 1) = ¢i(kioimio; ki)
= ¢;(kinik; )
= ki(pi(ni)ki_l, since ¢; is a Kj-isomorphism
= ki(vio; )i (mi ki
= kvipi(ni)o; 'k = hepi(ni)h 1
Obviously the composition ¢; * o x;: soc(H) — Nj is a surjective H-homomorphism with

ker x; = C; for any i. Setting L = KN; we can define the following functions:

Y;:H— KN =L
ks — ko xi(s)
where k € K and s € soc(H). These functions are well defined since for all k1, k, € K and

S1,82 € SOC(H), if k1s1 = kps, then k;lkl = 525171 € KN SOC(H) = 1. This implies ki =ky

and s; = s,. Consequently for any i, ¢; ' o x;(s1) = ¢; * o xi(s2), therefore

¥i(kis1) = ki o xi(s1) = ka0 xi(s2) = Yi(koso).
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These functions are homomorphisms since

1Fi(leﬂCzSz) = ‘Pi(kl (kzkz_l)slkzsz)
= ‘Fi(k1k2511c2_152)
1 k!
= k1k2¢i o X,‘(Sl Sz)
= kikog; ! OXi(Sl)k£1¢;1 o Xi(s2)
= ki, o xi(s1)kaop; ! 0 xi(s2)
= ‘Fi(klsl)‘I’i(kzsz).

Since ¢, Lo x; is an isomorphism, ¥; is surjective. Furthermore we also easily obtain

that ker¥Y; = C;, as
Yi(k1s1) =1 <— cpfloxi(sl) —k'eNNK=1 <= ky=1ands; € kercplf1 ox; =Ci.

Now by Theorem 1.11, N; = ¥;(Nj) is a minimal normal subgroup of L. We claim it
is the only minimal normal subgroup of L.

We will start by proving that corer(K) = 1. To obtain a contradiction, let us assume
that core (K) # 1. Then there exists a non-trivial subgroup A < L contained in K. Now it
is not difficult to see that ‘I’i’l (A) = AC; and that these groups are normal subgroups of
H. Furthermore C;...C;,NA C Cy...C;NK C soc(H) NK = 1 and thus by Theorem 1.2,
N, AC; = A(NL_, C;). We thus obtain that

But this is a contradiction since A Nsoc(H) C KNsoc(H) = 1, thatis A is a non-trivial a
normal subgroup of H that does not contain any minimal normal subgroup.

Now we claim that C;.(N7) = Nj. To obtain a contradiction let us suppose that there
exists elements k € K and n; € Nj such that kny ¢ Nj (thatis k # 1) and kny € Cp(Ny).
Since Nj is abelian, ;' € Cp(N7) and thus k = (knq)n; ' € C(N;). What we proved until
now was that C; (N;) N K # 1. Now since C;(Nj) is normal in L, K < N (Cr(N7) N K)
and since Nj is abelian, Ny < N (Cr(N;) NK). Thus L = KN; < N1 (Cp(N;) NK). What
we conclude is that C.(N7) N K is a non-trivial normal subgroup of L fully contained in
K, but this contradicts the fact that corer (K) = 1.

Now suppose that there exists a minimal normal subgroup A # N of L. Since A is

different from Nj, [A, N;] = 1 and thus A < C(N;) = Nj, a contradiction. Therefore Ny
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is the only minimal normal subgroup of L.

Setting L = KN; we can define the following function:
Y:H— L,
ks — (¥1(ks), ¥a(ks),..., ¥4(ks))
where k € Kand s € soc(H). It is obvious that this function is well defined, furthermore
it is injective since
q q

xeker¥ < xe(ker¥; < xe[)C=1
i=1 i=1

Comparing orders we get surjectivity since
[H| = |K]|soc(H)| = [K[IN1[T = [Lg].

The abelian case is thus finished.
Non-abelian minimal normal subgroups sub-case:

We assume that Nj is non-abelian.

Consider the homomorphism a1: H — Aut N; that sends each i € H to

0q (h) N1 — Ny
x — hxh™ L.

We will denote by L the image of ;. By Theorem 3.4, L has a unique minimal normal
subgroup M = Inn Nj. For r > 1, we define a,: H — Aut N; as the homomorphism that
sends h € H to

1.2 (l’l) Ny — Np
x = ¢ (hpy ()1 ).

Given that H = K,;N;, we can represent each h € H as h = uv where u € K, and

v € N;. Consequently,

97 (hgr (x)h™") = ¢ (o (x)o " u™") = ¢ (oo (x)u )
= 97 (9r(x) = x* = ()"
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Here, the second equality holds because N centralizes N,, and the third equality due to
the fact that ¢, is a K;-isomorphism. We thus have that a,(h) = ,-1(a1(h)) where 7,1 is
conjugation by v~ 1.

We obtain that

a(h)M = ... =, (h)M.

It thus follows that forany 1 <i <r,L =way(H) = a1 (H)M = a;(H)M = a;(H).
Taking g as the number of minimal normal subgroups of H, let us consider now the

function

¥:H— L,

s (ar(h), ..., aq(h)).

We will prove that this function is an isomorphism. Obviously it is well defined and is an
homomorphism since the a, are homomorphisms. To check injectivity let us first notice
that the kernel of ¥ is the intersection of the kernels of the «;.

If h € kera, then for all x € Ny, ¢, (h¢p,(x)h™!) = x <= he,(x) = ¢,(x)h. Since
¢, is an isomorphism this means that /i centralizes N,. Obviously if i centralizes N,
h € ker «, and thus we conclude that ker «, is the centralizer of N,.

Since the minimal normal subgroups N, are not contained in their own centralizers,
ker ¥ is a normal subgroup of H that does not contain any minimal normal subgroup. We
obtain that ker ¥ = 1 and injectivity is thus proved.

It is now at last only necessary to prove surjectivity. Given i € H we will use the

auxiliary notation 7y}, to denote the function

Yh: N1 — N1

x — hxh™!

and ¢;: N1 — Nj to denote the identity function. Let (’ymlf)/k,...,’qu'yk) € L; where

k € K; and my, ..., m; € Ni. Consider the element

k¢1(7ﬂ1)¢2(ﬂ12) .. .(pq(mq) € H.



34 ON THE MINIMAL NUMBER OF GENERATORS OF A FINITE GROUP

Now forl <r <gandx € N

kepr (m1)</>2(m2)~~~47q(mq))

=
ks
»
g
3
S
<
N
3
N
<
-
3
N
=
|
=
AN
<
~

k‘PV(mr))

= mkxk™ = Y, 0 me(%)

where the second equality follows from the fact that Ny, ..., N,_1, N, 1 ..., N, centralize

N, and the third from ¢, being a K,-isomorphism. We thus conclude that

Y (kg (m1) 2 (m2) . ... pg(mg)) = (Vi Yier - - - Yy Vi)

and surjectivity is proved.

The non-abelian subcase is thus completed.

Regardless of which case we consider, what was proved was that H = L, for some
positive integer g by some isomorphism Y. Since the image of a minimal normal subgroup
by an isomorphism is again a minimal normal subgroup we obtain that for any minimal
normal subgroup N, of H, H/N, = L,;/Y¥(N,) and applying Theorem 2.10 H/N, = L, 1.

Since H/ N, is a proper non-trivial quotient of H we get that
d(Lq_l) =d(H/N,) <d(H) = d(Lq).

This is precisely the definition of the function f, thatis f(L,m) = g and the proof of the

theorem is complete.



Chapter 4

The Function f

The purpose of this section is to determine a way to calculate f(L,m). Once again, most
of the ideas in this section were originally exposed in [1] and more detail is provided here.

To aid us in this end, we will denote by 717, the surjective homomorphism
L, - Ly — L /M
x — 711 (x) M.
It is easy to verify that such a function is well defined and is a surjective homomorphism.
Furthermore let us notice that the choice of 711 in the definition of 717, is completely arbi-

trary; any of the 7; functions serve as from the definition of Ly, 711 (x)M = ... = mx(x) M.

The following definition will prove to be crucial to the calculation of f(L,m).

Definition 4.1. Given a surjective homomorphism B: Ly — L/M, we define the set .3
as the set of normal subgroups N of L arising as kernels of those homomorphisms of L

onto L which composed with the natural projection 77;.: L — L/M yield B.
Theorem 4.2. Given a surjective homomorphism B: Ly — L/ M, ker p = MF.

Proof. We have that |L;|/|ker B| = |L|/|M| = |kerB| = |[M*| and hence by Theorem
2.11 we have ker B = soc(Ly). O

Going forwards we are going to divide the study of the function f in two cases: the

case where M is abelian and the case where M is not abelian.

35
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4.1 The M abelian case

If M is abelian then it is complemented by C in L. Furthermore it was already proved
that diag(C*) complements M in Ly. To simplify notation, given | € L we will denote by
I € diag(L¥) the element with all coordinates equal to [ and by C = diag(C¥).

Now we can define the following group action:

i L/M x MK — MK

(IM, m) s [7tml.

We claim this action is well defined. Let (I;M,m1) = (oM, my) where H1M,[bM €
L/M and mq,my € M*. Then ll_lM = lz_lM and thus l.fl = l'zfla'c for some x € M. We

then obtain
.1 . .1 . .1 . -1 .
L mh=0h Xmlx_llz =1 Xx_lmllg =1L mly,

where the third equality follows since M is abelian.

Now let us consider

p:C—L/M

c— cM.

Obviously p is well defined and is an homomorphism. It is also injective since for all
¢1,¢c2 € C, such that c¢yM = oM then c;lcl € MNC = 1 and consequently ¢; = c».
Furthermore by the First Isomorphism Theorem |[L/M| = |CM/M| = |C||M|/|M| =
|C| = |C/kerp| = |p(C)|. Then since p(C) C L/M we conclude that p(C) = L/M. In
other words p is a surjective function. We proved that p is an isomorphism, and so we can
define¥ =p~': L/M — C.

Also, let B: Ly — L/ M be a surjective homomorphism.

We have now all the necessary conditions to define the group action:

L/ MxM—M

(IM,m) — ¥ (B(D))~'m¥ (B(1)).
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We claim that this function is well defined. Let (I;M, m1) = (M, my) where 1M, [bM €
L/M and mq,my € M. Then since |M = ,M <— 12_111 e M, 1'2711'1 e MF (= ker B by
Theorem 4.2), ﬁ(lé_lli) = 1. This in turn implies B(L)'8(l1) =1 = B(l) = B(L).
Thus

WM -my =¥ (B(1)) " m¥ (B(1)) = ¥ (B(2)) " 'm2¥ (B(l2)) = M - ma.

Theorem 4.3. Let us assume M is abelian. Given a surjective homomorphism B: Ly — L/ M,
the set /g is identical to the set of kernels of surjective L/ M-homomorphisms v MF — M with

the above group actions.

Proof. To prove the first inclusion, let N € .#3. Then there exists a surjective homomor-
phism ¢ such that ker ¢ = N and 711 0 ¢ = B. We will now prove that the restriction of ¢
to M¥ is a L/ M-homomorphism with kernel N.

Since ¢ is surjective we obtain that ¢|yx(soc(Ly)) C soc(L) = M by Theorem 1.11.
Furthermore since 77, o ¢ = B, ker ¢ is contained in ker 3 = M*. We also claim that
this inclusion is strict, since if it were otherwise then |L| = |Li|/|ker ¢| = |Li|/|MF| =
|L|/|M]| but this is a contradiction. Thus ¢(M¥) is a non-trivial normal subgroup in L.
Since M is a minimal normal subgroup we conclude that ¢(M*) = M.

That ker @|,;x = N is obvious, since N = ker ¢ C ker § = MF.

Now for any IM € L/M and any m € M, we have that (/)M = 7r; o ¢(I) = B(I) =

p(F(B()) =¥ (B())M = ¢(I)"'M = ¥(B(I)) ' M. Thus there exists an x € M such
that o(I)™! = ¥(B(I)) 'x! = ¢(i) = x¥(B(I)). It then follows that

and the proof of this inclusion is complete.
To prove the other inclusion, let v be a L/ M-homomorphism. Let us first define
l[): Ly — L

ém— ¥ (B(¢))v(m),
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where ¢ € C and m € M. This function is well-defined since C and M* are complements.
It is a homomorphism since for any ¢, ¢, € C and my, my € MF,

—1
(ermycamy) = P(éréampP my)

We claim that keryp = kerv. Let ¢ € C and m € MF* be such that ¥(¢m) = 1. Then
Y(B(¢)) =v(m)™' € MNC =1.Thus¢ € kerNC = M NC = 1and m € kerv. What
we conclude from this is that if ¢(¢m) = 1 then ¢ = 1 and m € ker ¢, that is ker ¢y = kerv.

Since ¢(Ly) C L, applying the First Isomorphism Theorem we obtain
IL| = Ll /|M[*! = [Lel /[ ker | = |9(L)]

and thus surjectivity follows.

We also easily verify that for any ¢ € C and m € M*

i o p(em) = (p(¢)) ey (m))
= (¥ (B(¢)))M
= Y(p(c))M
= B(¢)M, since p(Y(B(¢))) = B(¢) = ¥(B(¢))M = B(¢)
= B(¢)B(m)
= B(em)

O]

Theorem 4.4. Let us assume that M is abelian. Given a surjective homomorphism B: Ly —
L/ M, the cardinality of the set -/ is k when M is non-abelian; it is (g*—1)/(q — 1) when M is
abelian and q is the number of (L/ M)-endomorphisms of M.
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Proof. If M is abelian, by Theorem 4.3 we have to count the kernels of surjective (L/M)-
homomorphisms from MF to M. Tt is claimed on [1, Lemma 2.5] that this number is

(¥ —1)/(g — 1) where g is the number of (L/M)-endomorphisms of M. O

4.2 The M not abelian case

Theorem 4.5. Let us assume that M is not abelian. If N <Ly and N C soc(Ly), then N is a

direct product of some M, . .., M.

Proof. Let N; = m;(N). Since N; = m;(N) C m;(MF) = M, M is a minimal normal
subgroup of L and 71;(N) is normal in L we have that 77;(N) is either 1 or M. Furthermore
we have that 7| 1 (1) = 75 (1) MLy = (Lx ... X ITx ... X L) ML= (M X ... x 1 X... %
M) and that m\[kl(M) = MF and so 7i; *(N;) is either ni|£k1(1) =(Mx...x1x...x M)
or 7Ti|Ek1(M) = MFK. Thus N € nf_ 7 (N) = H{j‘Nj:M} M;, that is N is contained in
the set whose coordinate i is M iff 71;(N) = M otherwise is 1. The first inclusion is thus
complete.

Now we will prove by reduction to absurd that for any 1 < i < k, 77;(N) = M implies
M; C N. Since M, is a minimal normal subgroup N N M,; is either 1 or M;. I NN M; =1
then [N, M;] < NN M; = 1, that is the elements of N and M; commute. Furthermore since
M is non-abelian there exists x,y € M such that xy # yx. Since 71, is a surjective function,

there are m; € M; and n € N such that y = 7t(m;) and x = 7r;(n). We thus obtain

a contradiction. From the claim just proven it easily follows that [ ] {iiN=m} M; C N and
the proof is thus complete.

O

Theorem 4.6. Let us assume that M is not abelian. If L,/ N = L then N is a direct product of
k — 1 factors M;.
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Proof. Since |Ly/N| = |Lx|/|N| = |L| we obtain that |[N| = |M[*~1. It thus follows by
Theorem 2.11 that N C M. Now by Theorem 4.5 N is a direct product of some factors M;

and since it has order |[M|¥~! it must be of k — 1 of them. O

Theorem 4.7. Let us assume that M is not abelian. The cardinality of the set
N = {N< LN < soc(Ly) and Ly/N = L}
is k.

Proof. By Theorem 4.6, if N € N it is a direct product of k — 1 factors M;. Since there are
exactly k direct products of k — 1 M; factors, we obtain that || = k. O

Theorem 4.8. Let us assume that M is not abelian. Given a surjective homomorphism B: Ly —

L/ M, the cardinality of the set /g is k.

Proof. 1t is claimed on [1, Lemma 2.5] that the normal subgroups we have to count are
precisely the normal subgroups of Ly contained in soc(L) and such that Ly/N = L. By

Theorem 4.7 there are exactly k such subgroups.

4.3 Putting It All Together

Definition 4.9. Let F be a free group of rank m. Given a surjective homomorphism : F —
L/ M, we define the set % as the set of normal subgroups N of F arising as kernels of those
homomorphisms of F onto L which composed with the natural projection 7r;,: L — L/M

yield B.

Definition 4.10. Given an automorphism a of L we say that « acts trivially on L/ M if and
only if forall IM € L/M
a(IM) = IM.

Since L has a unique minimal normal subgroup and minimal normal subgroups are

sent into minimal normal subgroups via isomorphisms, we have that
a(IM) =IM = a(l)a(M) =IM <— «a(l)M = IM.

Definition 4.11. We will denote by I' the set of all automorphisms of L that act trivially
on L/M.
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Let us remember Definition 1.27, which says that ¢ (m) is the number of m tuples

(x1,...,xm) of elements of L that generate L.

Theorem 4.12. Let F be a free group of rank m > d(L). Given a surjective homomorphism

B: F — L/ M, the cardinality of the set Zg is ¢r.(m)/|T|¢pr/m(m).

Proof. Let xq,...,x, be the canonical basis of F. A surjective homomorphism g : F —
L/Mis uniquely determined by B(x1) = 1M, ..., B(xm) = xuM, where L = (I3, ..., 1,,, M).
Now let v : F — L be a surjective homomorphism which composed with the the pro-
jection 7tp: L — L/M yields B; we must have y(x1) = hz1,...,7(Xm) = lnzm with
21, .., 2Zm € Mand L = (lizy, ..., Lnzm).

We claim that the number of possible choices for (z1,...,2zm) is ¢r.(m)/¢r/a(m). To
prove so let R be a left transversal of M in L. Also for any IM € L/M we will denote by
r1m the unique element » € R such that rM = IM. For any m-tuple (1M, ..., t,M) that
generates L/ M let us define Z(H1 M, ..., t,,M) as

{(z1,...,zm) € M"|L = (rymz1, .- -, Tty MZm) } -
Let us also denote by T the set
{(tM,...t,M) € (L/M)"|(hM,...t,M)=L/M}.
We can now define the function
b: U {(tM,...tuM)} X Z(hM, ... tuM) = {(g1,..-gm) € L"|{g1,...gm) =L}

(1 M,...t,, M)ET

(UM, ... tuM,z1,. .., zm) = (TyMZ1, -« TE,MZm)-

Obviously b is well defined. Also forany ¢ € L, ¢ € ¢M = re\M and thus we have that
g = remh forsomeh € M. So forany (g1,...¢m) € L™ with the property that (g1,...gm) =
L we can find (hy,...,hy,) € M™ such that (g1,...8m) = (remh, ..., 7g,mHm). Thus
b(rgm,---Tgum ... hy) = (81, .. 8m) and the surjectivity of b is proven. For the injec-
tivity of b it suffices to prove that given ry,7, € R and z1,z0 € M if r1z; = 122y then
1M = roM and z; = z, since then it easily follows that for any d;,d; in the domain
of b, b(d1) = b(d) = dy = dy. Letry,ry € Rand z1,z0 € M if r1z1 = rzp then
ry ¥y = zpzy € M. Thatis M = ;M and since r1, 1> belong to the left transversal R,
r1 =ry. Thus zy = r Yyozy = Ty Yyozp = 25 and injectivity is proven. We just proved that b

is a bijection.
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By Theorem 1.29, |Z(t1 M, ..., t,,M)| is independent of the choice of r4ps, . .. 7, m and
thus the sets Z all have the same cardinality. Thus

b1/ a(m)|Z(LM, ..., 1uM)| = |T||1Z(LM, ..., 1, M)]

= U  ABM. M)} X Z(HM, .. tM))|
(0 M,..t;M)eT

={(g1/---&n) € L"|(81,...gm) = L} | = ¢r.(m)

and the proof of the claim that the number of possible choices for (z1, ..., zy) is ¢r.(m) / P /a(m)
is complete.

Now let 71, 72 be two of these homomorphisms; we claim that ker y; = ker > = N if
and only if there exists an automorphism a of L which acts trivially on L/M such that 7,
is equal to 7y; composed with «.

If kery; = kerv, = N, then by the First isomorphism Theorem there exist isomor-
phisms 71: F/N — L and 7,2: F/N — L such that for all x € F, 71(xN) = 71(x) and
72(xN) = 72(x). Now let us consider the isomorphism & = 7, 043 "!: L — L. For all

x € F, we have that

(xom)(x) = Ta(7r " o m(x))

where the second equality follows from applying ;! to 71 (xN) = 1 (x). Furthermore
forall x € F, mrp o 71(xN) = mrp o y1(x) = B(x) = mpoy2(x) = 7mp o 72(xN). Thus it
follows that forall € L, (rr o a)(I) = o (7o 1(1)) = mr o7 (v; M (1) = (1) = IM
and hence a(I)M = (rtp oa)(l) = IM.

On the other hand if there exists an automorphism « of L which acts trivially on L/ M
such that 7, is equal to 1 composed with «, then ker 2 = kera o y; = ker ;. Further-
more forall x € F, rp o yp(x) = mpoaoy(x) = a(y1(x))M = y1(x)M = 71 o y1(x) =
B(x)

We conclude that the cardinality of % is ¢r.(m)/|T|¢r/am(m). O

Theorem 4.13. Let F be a free group of rank m > d(L) and p: F — L/ M a surjective homomor-

phism. The group F/(Nne a5 N ) is isomorphic to L, for some positive integer q. Furthermore q is
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the biggest integer for which there exists a surjective homomorphism ¥ : F — L, such that
s L, oY = :B

Proof. By Theorem 4.12, Zj is finite so we can assume that #Z = {Ny,..., N, }.
Now given N € %, let yn: F — L be such that keryy = N and 7rp o vy = B. Let us

also consider the subsequence of Ny, ..., N;:

N; =Ny,..., N

1 q

where ﬂiz:l N;, ¢ Nj,, for 1 < j < q—1. Assuming we have Nj we choose N;j,
in the following way: i;;; is the smallest number such that i;,; > i; and ﬂizl N;, ¢
NZ-], .,; if no such number exists the subsequence is completed.Let us note that ﬂzzl N;, =
Mnezs N Through reindexing we can assume that the sequence just constructed is simply
Ny, ..., Ny.

We will prove by induction that for 1 < s < g the function

Ys: F = L

X = (,YNl (.X‘), . '/’YNs(x))

is a surjective homomorphism with kernel N;_; N;. After this is proved we can easily
conclude that F/(Nye s N ) & L, due to Nneas N = N’_, N; and the First isomorphism
Theorem.

Fors =1, ¥s; = yn, and thus the hypothesis obviously holds. Let us assume now that
itholds for1 <s < g.

That ¥, maps to Ls;q is not obvious. For any 1 < 7,j < g we have yy,(x)M =
B(x) = yn;(x)M by the definition of the 7y functions. Thus yn, (x)M = ... = N, (x)M
and Y1 maps to Lg;.

This function is obviously well defined. We also easily obtain that ker Y51 = ﬂfill N; =
ﬂNE% N since for any 1 <i < g, keryn, = N;.

To check surjectivity let us first notice that,

S S

MC 'YNsH(ﬂ N;) and ’)’N/-(ﬂ N;j)=1for1<j<s.
i=1 i=1
This holds because (;_; N; is a normal subgroup in F not contained in keryn,,, = Ns41

and as yn,,, is surjective the image of N?_; N; is a non-trivial normal group of L. Such

a normal subgroup must contain a minimal normal subgroup and M is the unique such
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subgroup, thus it contains it. Furthermore for 1 < j <'s, yn;(Mi— Ni) = 1since Nj_; N; C
Nj = keryn;.

Let us also notice that forall x € F, ¥s41(x) = (¥s(x), YN, (¥))-

Thus given (Imy,...,Ims11) € Lgy1 by the induction hypothesis there is some x € F
such that ¥s(x) = (Imy,...,Ims). Since IM = vy, (x)M = vo41(x)M, Yys41(x) = Imy for
some my € M. Consider now the element xy € F where y € N;_; N; and 7541(y) =

my 'msq (such y exists due to M C yn,, (Ni=; Ni)). Then

Ysia(xy) = (Fs(xy), YN, (xy))

N (XY, - TN ()

(

= (

= (rn ()18 W)s- YNG () NG (V)
= (rn (x),-rn (0), TN (D) TN (1))
= (

Imy, ..., Ims, Imym, 1m5+1) (Imq, ..., Imgiq)

where the fourth equality follows from y € N;_; N; = (;_; ker yn,. Surjectivity and the
first part of the theorem is thus proved. It is now only necessary to prove that there is no
quotient of F isomorphic to some Ly for some k > g.

Let us suppose to obtain a contradiction that for some k > g there is a surjective
homomorphism ¥ between F and Ly such that 777, oY = B. Let us consider the natural
projection 7ty : L — L/ M.

For1 <1 < klet us also consider the surjective homomorphisms y; = ;o ¥: F — L.

The following diagrams help to keep track of the homomorphisms

FYy % L/M F—%% L/M
i ) X L
\ ln% %l /
L L
Now obviously ¥ (x) = (71(x),..., 7(x)) and thus

q
K=kerY = ﬂ ker v;.
i=1

Furthermore forall1 <i < kandall x € F,
B(x) = mp, o ¥(x)
= (¥ (x))M

= 711, 0 i (x)
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and thus kervy; € %g. We obtain that ﬂNe@ﬁ N C ﬂ?:1 kery; = K and consequently
|F/(Nnew , N )| > |F/K|. This is a contradiction since by the First Isomorphism Theorem
[F/(Nnesy N)| = |Lq| < [Li| = [F/K].

O

Theorem 4.14. Let m > d(L) and q be the number of (L/ M)-endomorphisms of M when M is

abelian. Then

¢r(m)/(IT|¢pr m(m)) if M is not abelian,

logs(14 (9 —1)¢pr(m)/|T|¢pr m(m)) if M is abelian.

fim) =1+

Proof. Let F denote a free group with rank m. Since an homomorphism from F is totally
determined by the images of its canonical base and L/ M is a finite group, there are a finite
number of surjective homomorphisms from F to L/ M. By Theorem 4.13 each such surjec-
tive homomorphism « has an associated biggest integer s and surjective homomorphism
Y such that 717, o ¥ = a and thus we can consider the finite set of all such integers s. We
can now set k as the maximum of such set, : F — L/M and Y;: F — Ly the associated
homomorphisms and R = ker ¥} = (N Neay N ).

Let us note that if for some K < F, there exists an isomorphism ¢ between F/K and L;
for some i then ¢ induces a surjective homomorphism from F to L/ M, namely 7t;, opo 7w
where 71: F — F/Kis the natural projection. By the remarks above and our choice of k,
F/R is the largest quotient of F isomorphic to L; for some i; since F is a free group of rank
m this means that

f(m)=1+k.

Now by the Correspondence Theorem the function v: N — N/R is a bijection from the
family of all those subgroups N of F which contain R to the family of all the subgroups
of F/R. Furthermore if we denote by ¢ the isomorphism F/R = F/ ker ¥y = L resulting
from the First isomorphism Theorem, we can define the induced bijection ¢: N — ¢(N)
that maps subgroups of F/R to subgroups of L. Now consider the bijection ¢ = ¢ ov
from the family of all those subgroups N of F which contain R to all subgroups of Ly.

We claim that the restriction of ¢ to % is a bijection between % and .%},,-1. We need
only to prove thatif N € %#p then o(N) € .41 and if K € .1 then o 1(K) € %p. To
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do so let us first denote by 7r: F — F/R the natural projection and notice that

B: F/R—L/M
xN — B(x)

is a well defined (since R C ker B) surjective homomorphism that satisfies o 7 = B.
Given a surjective homomorphism such that keryy = N and 7; o yny = B, let us also

consider

YN/R: F/R— L

XN — yn(x);

this is also a well defined (since R C ker yy) homomorphism with the property yn,r ©

7T = yN. Since 7T is surjective we also obtain

mpoyn =B = mpoyN/rROT=Ppon = mpoyN/R =P

The following diagram helps visualize the homomorphisms:

|1

Ly <> F/R 25 L/M
\ kV
YK s
L

If N € Zg then there exists a surjective homomorphism yn: F — L such thatker yy =
Nand 7ty oy = B. Now 7t o yn/r0 ¢! = Bop ! and thus ker yn,ro ¢! € S Bog1-
Since ¢ is an isomorphism ker yn/gr 0 ¢! = ¢p(ker yn/r) = ¢(N/R). We thus conclude
that

o(N) = ¢(N/R) =keryn/r0¢ ™' € Fpop1-

If K € 3,41 then there exists a surjective homomorphism yx: Ly — L such that
keryx = Kand mpoyx = Bo¢p™'. Now mpoygogpom = Bogp lopomr = Bomr =
and thus kerygopom € Zp. Alsokerygopom = (¢~ (keryg)) = m (¢~ 1(K)).
We thus conclude that 0! (K) = 7~ (¢p~!(K)) = keryx o pom € Zp. It is thus proved
that there is a bijection between %y and 7,41



4. THE FUNCTION f 47
Now by Theorems 4.8 and 4.12 we obtain:
k if M is not abelian
L\m ¢
|r‘iL(Mzm) = |%/5| = ‘y50¢*1| =
/ (7 =1)/(g—1) if Mis abelian.
Since k = f(m) — 1, the proof is complete. O
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