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Introduction

One of the questions in finite group theory is to determine the minimal number of gener-

ators of a finite group.

For a finite group H, the minimal number of generators d(H) = min
{
|X||⟨X⟩ = H

}
always exists. This is so because H is always generated by itself, a finite set. On the other

hand there are infinite groups that do not have a minimal number of generators. One such

example is ZN, the infinite direct product of copies of Z.

It is not generally true that given a group H and a subgroup K ≤ H, d(K) ≤ d(H).

In fact, the evidence suggests that there is very little we can say in general about the

relationship between d(H) and d(K) for some subgroup K of H. By Cayley’s Theorem [2,

Theorem 3.12], every finite group can be embedded in a symmetric group Sn, given a large

enough integer n. It is also well known that d(Sn) = 2 [2, Exercise 2.9 (iii)]. In addition

there are finite groups with any minimal number of generators. The group (Z2)d, the

direct product of d copies of the additive group of integers modulo 2, is generated by

d elements for any positive integer d. Thus, any result about the minimal number of

generators of subgroups has to account for the fact that any finite group can be embedded

in a finite group generated by two elements.

On the other hand, it is easily verifiable that for any N ◁ H, d(H/N) ≤ d(H). This is

so as the generators h1, . . . , hn of H, induce generators of H/N, namely h1N, . . . , hnN.

It has been shown [3] that two generators are sufficient to generate any finite simple

group. With our current understanding, we can already break down the problem and

make meaningful progress in addressing the issue for generic finite groups.

In fact for a generic finite group H, either d(H) > d(H/K) for all non-trivial subgroups

K ◁ H or there is some non-trivial K ◁ H such that d(H) = d(H/K). In the second case the

problem is reduced to that of determining the minimal number of generators of H/K, usu-

ally an easier task since H/K has a smaller order than that of H. Now the group H/K can

again have a non-trivial normal subgroup L/K such that d(H/K) = d((H/K)/(L/K))

1
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and if that is the case the problem can again be simplified. Proceeding in this manner, the

problem of determining the minimal number of generators of a generic finite group H can

be reduced to the problem of finding the minimal number of generators of finite groups

K which are generated by more elements than any of its proper non-trivial quotients i.e

the first case.

Spectacular results regarding this problem were presented in [1]. These results rely on

advanced group theory concepts and, although extremely valuable, have some omissions

in their explanation, which this dissertation aims to fill.



Chapter 1

Preliminaries

This section aims at laying out the necessary prerequisites for the results that follow in

this dissertation. Basic group theory concepts such as the notions of group, subgroup,

normal subgroup, group action and Sylow subgroups are assumed.

1.1 Normal closure

Similar to what is done for subgroups (for example in [2]) it is possible to define normal

subgroups generated by a set.

Definition 1.1. Let G be a group. If x, y ∈ G we will denote the conjugate of x by y,

namely yxy−1 by xy.

Theorem 1.2. The intersection of any family of normal subgroups of a group G is again a normal

subgroup of G.

Proof. Let
{

Si|i ∈ I
}

be a family of subgroups of G. It is well known that
⋂

i∈I Si is a

subgroup. Furthermore for any i ∈ I and g ∈ G, we have gSig−1 = Si and thus

g(
⋂

i∈I Si)g−1 =
⋂

i∈I gSig−1 =
⋂

i∈I Si.

Theorem 1.3. If X is a subset of a group G, then there is a smallest normal subgroup H of G

containing X; that is if X ⊆ S and S ◁ G, then H ◁ S.

Proof. There are normal subgroups of G containing X; for example, G itself is normal and

contains X; let us define H as the intersection of all the normal subgroups of G which

contain X. Also let us note that H is a normal subgroup, by Theorem 1.2, and X ⊆ H. If

S ◁ G and X ⊆ S, then S is one of the subgroups of G being intersected to form H; hence,

H ≤ S, and so H is the smallest such subgroup.

3



4 ON THE MINIMAL NUMBER OF GENERATORS OF A FINITE GROUP

Definition 1.4. If X is a subset of a group G, then the smallest normal subgroup of G con-

taining X, denoted by ⟨X⟩G, is called the normal closure of X in G. If X is a finite set, say

X = {a1, . . . , an} then we write ⟨X⟩G = ⟨a1, . . . , an⟩G instead of ⟨X⟩G = ⟨{a1, . . . , an}⟩G.

Theorem 1.5. Let G be a group and X a subset of G. The normal closure of X is the group

W = ⟨
{

gxg−1|g ∈ G, x ∈ X
}
⟩.

Proof. If y ∈ W then y is a word on elements of
{

gxg−1|g ∈ G, x ∈ X
}

, say y = w1 . . . wn.

Obviously for any g ∈ G, gyg−1 = gw1g−1 . . . gwng−1 is also a word on elements of{
gxg−1|g ∈ G, x ∈ X

}
. We have thus proved that W is a normal subgroup of G and since

⟨X⟩G is the smallest normal subgroup that contains X, we have that ⟨X⟩G ⊆ W.

On the other hand since ⟨X⟩G is a normal subgroup of G that contains X, it obviously

contains gxg−1 for any x ∈ X, g ∈ G. Thus W ⊆ ⟨X⟩G.

1.2 Semidirect Products

Definition 1.6. Let K be a subgroup of a group G. A subgroup Q ⊆ G is a complement of

K in G if K ∩ Q = {1} and KQ = G.

Definition 1.7. A group G is a semidirect product of K by Q, denoted by G = K ⋊ Q, if

K ◁ G and K has a complement Q′ ∼= Q.

The next theorem can be considered as transitivity for semidirect products.

Theorem 1.8. Let G ≤ H ≤ K be groups. Suppose that G is complemented in H, its complement

is normal in K and H is complemented in K then G is complemented in K.

Proof. Let H′ be the complement of H in K and G′ the complement of G in H. Since

by hypothesis G′ is normal in K we have that H′G′ is a group. Also by hypothesis we

have that: K = H′H = H′(G′G) = (H′G′)G. Furthermore H′G′ ∩ G = 1 because if

g ∈ G ∩ H′G′ then g = h′g′ for some h′ ∈ H′ and g′ ∈ G′. We have that gg′−1 = h′ ∈

H′ ∩ GG′ = H′ ∩ H = 1 and so it follows that h′ = 1 and that g = g′ ∈ G ∩ G′ = 1.

Theorem 1.9. Let G be a group, C1, . . . , Cn be a finite sequence of subgroups of G and A ≤ G

any subgroup. If C1 . . . Cn ∩ A = 1

n⋂
l=1

(ACl) = A(
n⋂

l=1

Cl).



1. PRELIMINARIES 5

Proof. We will do this proof by induction on n. Let n = 2.

We will start by proving AC1 ∩ AC2 ⊆ A(C1 ∩ C2). We have that x ∈ AC1 ∩ AC2 ⇐⇒

a1c1 = x = a2c2 for some a1, a2 ∈ A, c1 ∈ C1 and c2 ∈ C2. From this follows that

a−1
2 a1 = c2c−1

1 ∈ A ∩ C1C2 = 1. Thus we conclude that a1 = a2 and c1 = c2 ∈ C1 ∩ C2, that

is x = ac1 ∈ A(C1 ∩ C2) and the first inclusion is thus proved.

The other inclusion is trivial.

Let us assume now that the result holds for n. Then by the induction hypothesis,

n⋂
i=1

(ACi) ∩ ACn+1 = A(
n⋂

i=1

Ci) ∩ ACn+1.

The rest of the proof is now analogous to the case n = 2 with C1 =
⋂n

i=1 Ci and C2 =

Cn+1.
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1.3 Minimal Normal Subgroups

Definition 1.10. A normal subgroup M of a group G is said to be a minimal normal sub-

group if it is non-trivial and it does not contain any proper non-trivial normal subgroup.

That is M is a minimal normal subgroup if M ̸= 1 and there is no normal subgroup K of

G such that 1 < K < M.

There are groups without minimal normal subgroups. One example is the additive

group Z. Any subgroup of Z (all subgroups of Z are normal) is of the form mZ for

some positive integer m. Taking the subgroup 2mZ we get a non-trivial normal subgroup

contained in mZ.

On the other hand minimal normal subgroups always exist for non-trivial finite groups.

Let us suppose there is a non-trivial finite group H without a minimal normal subgroup.

Then we can construct the following chain of normal subgroups of H,

H > M1 > M2 > . . .

were each subgroup M is strictly contained in the one before. Since none of this groups

by assumption can be a minimal normal subgroup we can prolong this chain forever and

thus arise at a contradiction on the finiteness of H.

Theorem 1.11. Let G and H be groups. Given a surjective homomorphism α : G → H and M a

minimal normal subgroup of G, α(M) is either a minimal normal subgroup of H or 1.

Proof. Let us assume that α(M) is neither a minimal normal subgroup of H neither 1.

Since α is surjective, we have that α(M) is normal in H, and by assumption there is a

normal subgroup N strictly contained in α(M).

Obviously α−1(N) is normal in G. Considering now the normal subgroup α−1(N)∩ M

we see that it is non-trivial and strictly contained in M, contradicting the minimality of

M.

Definition 1.12. Let x and y be elements of a group G. We define the commutator of x

and y as

[x, y] = xyx−1y−1.

Let us notice that the commutator of two elements is the identity if and only if they

commute.

Similarly we can define the commutator of two subgroups.
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Definition 1.13. Let G be a group. If H, K ≤ G, then

[H, K] = ⟨
{

hkh−1k−1|h ∈ H and k ∈ K
}
⟩.

Likewise if H, K ≤ G, [H, K] = 1 if and only if all the elements of H commute with

all the elements of K. The set
{

hkh−1k−1|h ∈ H and k ∈ K
}

is not necessarily a subgroup,

an example is provided in [4], hence we take the smallest subgroup generated by the

commutators in the definition.

Theorem 1.14. If M1 and M2 are distinct minimal normal subgroups of a group then they cen-

tralize each other.

Proof. We have that [M1, M2] ≤ M1 ∩ M2 and as M1 ̸= M2, M1 ∩ M2 = 1.

1.4 Socle of a Group

Definition 1.15. The socle of a group G, henceforth denoted by soc(G), is the subgroup

generated by all its minimal subgroups.

If G has no minimal normal subgroups, then soc(G) = 1. This is so because the group

generated by the empty set is the trivial group.

The next Theorem is well-known and an alternative proof can be found in [5, p. 87].

Theorem 1.16. The socle of a finite group H is a direct product of minimal normal subgroups.

Proof. Let M1, . . . , Mk be the minimal normal subgroups of H. We know that soc(H) is the

product of its minimal normal subgroups, that is soc(H) = M1 . . . Mk.

Now we will construct the following subsequence

Mi1 = M1, Mi2 = M2, . . . , Mij

where Mil ∩ (M1 . . . Mil−1) = 1 for 1 ≤ l ≤ j and Mi ≤ (M1 . . . Ml) for all 1 ≤ i ≤ il .

Assuming we have Mil we can choose Mil+1 in the following way: il+1 is the small-

est number such that il+1 > il and Mil+1 ∩ M1 . . . Ml = 1; if no such number exists the

subsequence is completed.

We claim that a subsequence constructed in this way satisfies our conditions.

Obviously if i ≤ il we have by hypothesis

Mi ≤ Mi1 . . . Mil ≤ Mi1 . . . Mil Mil+1 .
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If il < i < il+1 we have by the construction of Mil+1 that Mi ∩ Mi1 . . . Mil ̸= 1 and since

Mi ∩ Mi1 . . . Mil is normal in H it must be Mi. Hence Mi ≤ Mi1 . . . Mil ≤ Mi1 . . . Mil+1 .

It is thus clear that soc(H) = Mi1 . . . Mij and since Mil ∩ (M1 . . . Mil−1) = 1 for 1 ≤ l ≤ j

we have soc(H) = Mi1 × . . . × Mij .

Our choice of the minimal normal subgroup M1 in the last theorem was completely

arbitrary, whence we can easily see that any minimal normal subgroup is complemented

in soc(H).

Theorem 1.17. Let H be a finite group. Suppose that all its minimal normal subgroups are abelian

and complemented. Then soc(H) is complemented.

Proof. Let N1, . . . , Nr be the minimal normal subgroups of H and C1, . . . , Cr be its com-

plements respectively. We are going to construct a complement for soc(H) starting from

C1.

Let K1 be a subgroup of H such that (soc(H))K1 = H, say for example K1 = C1

since H = N1C1 = (soc(H))C1. We have that soc(H) is abelian as the minimal normal

subgroups are abelian and soc(H) is the direct product of some of them. Due to K1 ∩

soc(H) ◁K1 and K1 ∩ soc(H) ◁ soc(H), as soc(H) is abelian, K1 ∩ soc(H) ◁ H = (soc(H))K1.

If K1 ∩ soc(H) ̸= 1, since K1 ∩ soc(H) is normal it contains a minimal normal subgroup,

Ni say. We assert that K1 = Ni(Ci ∩ K1). The first inclusion follows as for any k1 ∈ K1 ⊆

NiCi, k1 = nici for some ni ∈ Ni, ci ∈ Ci and hence ci = n−1
i k1 ∈ K1 =⇒ ci ∈ K1 ∩ Ci. The

other inclusion is trivial. Hence we have

H = (soc(H))K1 = (soc(H))Ni(K1 ∩ Ci) = (soc(H))(K1 ∩ Ci)

We thus proved that if there exists a group K1 such that (soc(H))K1 = H and the inter-

section soc(H) ∩ K1 is nontrivial then there exists another group K2 = K1 ∩ Ci such that

(soc(H))K2 = H and soc(H) ∩ K2 is strictly contained in soc(H) ∩ K1. The inclusion of

soc(H) ∩ K2 in soc(H) ∩ K1 is strict since the latter contains Ni but by construction of K2

the former does not. Proceeding in this manner we can construct a Kj that complements

soc(H).
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1.5 Nilpotent Groups

We enumerate here some well known results about nilpotent groups that will be used

throughout. The proofs of these results can be found in [2], and are omitted here since the

exposition of this subject benefits immensely from a more comprehensive treatment.

Definition 1.18. Let G be a group. The groups γi(G) are defined by induction as:

γ1(G) = G; γi+1 =
[
γi(G), G

]
.

Definition 1.19. A group G is nilpotent if there is an integer c such that γc+1(G) = 1.

Theorem 1.20. [2, Theorem 5.39] A finite group H is nilpotent if and only if it is the direct

product of its Sylow subgroups.

Definition 1.21. Let G be a group. A subgroup K is said to be a maximal subgroup of G if

K < G and there is no subgroup M with K < M < G.

Theorem 1.22. [2, Theorem 5.40] If H is a finite p-group, then every maximal subgroup of H is

normal and has index p.

1.6 The Frattini Subgroup

Throughout this section, unless explicitly said otherwise H will always denote a finite

group.

For non-trivial finite groups, maximal subgroups always exist. Assuming otherwise,

let H be a non-trivial finite group without maximal subgroups. Then we can construct the

sequence 1 < K1 < K2 . . . where each group K is strictly contained in the one before. Since

none of this groups by assumption can be a maximal subgroup of H we can can prolong

this sequence forever and thus arise at a contradiction on the finiteness of H.

On the contrary maximal subgroups might not exist for infinite groups and an exam-

ple is provided in [2, p. 123].

Definition 1.23. The Frattini subgroup of H, denoted by Φ(H), is the intersection of all

maximal subgroups of H if H has a maximal subgroup, otherwise Φ(H) is set to be H.

Theorem 1.24. [2, Theorem 5.47] The Frattini subgroup of a nontrivial finite group H is the set

of all nongenerators, that is the set of those elements h ∈ H such that if H = ⟨Y, h⟩ then H = ⟨Y⟩

for any set Y ⊆ H.
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Proof. Let h ∈ Φ(H) and let Y ⊆ H be such that ⟨Y, h⟩ = H. If ⟨Y⟩ ̸= H, we have that

⟨Y⟩ ≤ M for some maximal subgroup M of H. Since h ∈ Φ(H), in particular h ∈ M. But

this implies that ⟨Y, h⟩ ≤ M ̸= H, a contradiction.

Conversely let z be a nongenerator and M a maximal subgroup of H. If z /∈ M then

H = ⟨z, M⟩ = ⟨M⟩ = M, which is a contradiction.

Theorem 1.25. [2, Theorem 5.48] Let H be a finite p-group. Then:

1. Φ(H) = H′Hp where Hp is the subgroup of H generated by all p-th powers,

2. H/Φ(H) ∼= (Zp)q for some positive integer q.

Proof. 1. Let M be a maximal subgroup of H. According to Theorem 1.22, M is a nor-

mal subgroup of H with index p. Hence, the quotient group H/M is abelian, im-

plying that the commutator subgroup H′ is contained in M. Furthermore, H/M has

exponent p, meaning every element of H raised to the p-th power lies in M. Thus

H′Hp ≤ Φ(H).

To show the reverse inclusion, consider the quotient group H/H′Hp. It is an abelian

group of exponent p, hence isomorphic to (Zp)q for some positive integer q and

thus can be regarded as a vector space over the field Fp. It is evident that its Frattini

subgroup is trivial. Now, if we have N ◁ H such that N ≤ Φ(H), it can be verified

easily that Φ(H) is in the preimage (under the natural quotient map π) of Φ(H/N),

as maximal subgroups correspond. Thus Φ(H) ⊆ π−1(Φ(H/(H′Hp))) = π−1(1) ⊆

H′Hp and we conclude that Φ(H) = H′Hp.

2. Since H′ ≤ H′Hp = Φ(H), H/Φ(H) is abelian. Furthermore since Hp ≤ Φ(H),

H/Φ(H) has exponent p. Thus H ∼= (Zp)q for some positive integer q.

Theorem 1.26. Let H be a finite group. Then d(H) = d(H/Φ(H)).

Proof. Let d = d(H/Φ(H)) and suppose H/Φ(H) = ⟨g1Φ(H), . . . , gdΦ(H)⟩. Then H =

⟨g1, . . . , gd, Φ(H)⟩ and since Φ(H) is the set of non-generators of H, that is the set of those

elements h ∈ H such that if H = ⟨Y, h⟩ then H = ⟨Y⟩ for any set Y ⊆ H, the result

follows.
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1.7 Gaschütz’s Lemma

Definition 1.27. For any finite group H, ϕH(m) will denote the number of ordered m-

tuples (x1, . . . , xm) of elements of H that generate H.

The last Theorem of this section was first proved by Gaschütz in [6]. We present here

an alternative proof from Roquette adapted from [7, Lemma 17.7.2].

Theorem 1.28. Let θ : G → H be a surjective homomorphism of finite groups with d(G) ≤ m.

Let h = (h1, . . . , hm) be a tuple that generates H. Then there exists a tuple of generators g =

(g1, . . . , gm) of G such that θ(gi) = hi, i = 1, . . . , m. Moreover the cardinality of the set

{
(g1, . . . , gm) ∈ Gm|⟨g1, . . . , gm⟩ = G and θ(gi) = hi

}
is independent of the choice of h1, . . . , hm.

Proof. For each subgroup C of G satisfying θ(C) = H and all tuples a = (a1, . . . , am) that

generate H denote the number of m-tuples c ∈ Cm that generate C and satisfy θ(c) = a by

φC(a).

Let a = (a1, . . . , am) ∈ Hm be such that H = ⟨a1, . . . , am⟩ and C a subgroup of G

satisfying θ(C) = H. We prove by induction on |C| that φC(a) is independent of a.

Let e = |C|
|H| . We first claim that if for every subgroup B of C, θ(B) ̸= H we have

φC(a) = em. Since |θ|−1
C ({ai})| = | ker θ|C| = |C|/|H| = e for all i there are em c =

(c1, . . . , cm) ∈ Cm tuples that satisfy θ(c) = a. In particular since the subgroup ⟨c1, . . . , cm⟩

generated by any such tuple is a subgroup that satisfies θ(⟨c1, . . . , cm⟩) = H, by the hy-

pothesis on C, it must be C.

Assume now that φB(a) is independent of a for every proper subgroup B of C satis-

fying θ(B) = H. Then there are exactly em elements b ∈ Cm with θ(b) = a. Each such b

generates a subgroup B of C satisfying θ(B) = H. Hence,

em = φC(a) + ∑
′

B<C φB(a)

where ∑
′

indicates a sum over groups with θ(B) = H. By assumption, the ∑
′

is indepen-

dent of a. Therefore, so is φC(a).

Now choose a tuple of generators g′ = (g′1, . . . , g′m) for G. Then θ(g′) = h′ generates

H. By the preceding paragraph, φG(h) = φG(h′) ≥ 1. Consequently, G has a tuple of
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generators g = (g1, . . . , gm) such that θ(g) = h. The cardinality of

{
(g1, . . . , gm) ∈ Gm|⟨g1, . . . , gm⟩ = G and θ(gi) = hi

}
is precisely φG(h) which is independent of the choice of h.

Theorem 1.29. Let N be a normal subgroup of a finite group G and let g1, . . . gm ∈ G be such

that G = ⟨g1, . . . , gm, N⟩. If d(G) ≤ m, then there exists elements u1, . . . , um of N such that

G = ⟨g1u1, . . . , gmum⟩. Moreover the cardinality of the set

{
(u1, . . . , um) ∈ Nm|G = ⟨g1u1, . . . , gmum⟩

}
is independent of the choice of g1, . . . , gm.

Proof. By applying Theorem 1.28, where H is taken to be the quotient group G/N, θ : G →

G/N is the natural projection, and hi = giN, we can find elements z1, . . . , zm ∈ G such

that θ(zi) = ziN = giN and ⟨z1, . . . , zm⟩ = G. Since ziN = giN, we have zi = giui for a

unique ui ∈ N for all i, which leads to the desired conclusion.

1.8 G-homomorphisms

As a reminder we enunciate here the definition of a G-set.

Definition 1.30. [2] If X is a set and G is a group, then X is a G-set if there is a function

α : G × X → X (called an action), denoted by α(g, x) 7→ gx, such that:

1. α(e, x) = x for all x ∈ X;

2. α(g, α(h, x)) = α(gh, x) for all g, h ∈ G and x ∈ X.

One also says that G acts on X. If |X| = n, then n is called the degree of the G-set X.

It is easy to check that the function

α : G × G → G

(g, h) 7→ ghg−1

is an action, and thus G is a G-set under conjugation.

Definition 1.31. Let G be a group and X a subgroup of G. The centralizer of X is the

subgroup

CG(X) =
{

g ∈ G|∀x ∈ X, xg = gx
}

.
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We claim that if X ◁ G then CG(X) ◁ G. For all g ∈ G, c ∈ CG(x) and x ∈ X,

gcg−1x = gc(g−1xg)g−1 = g(g−1xg)cg−1 = xgcg−1

where the second equality follows from g−1xg ∈ g−1Xg = X and the fact that c ∈ CG(x).

Definition 1.32. Let G be a group and X a subgroup of G. The normalizer of X is the

subgroup

NG(X) =
{

g ∈ G|gXg = X
}

.

A more profound exposition of G-homomorphisms is available on [2, Chapter 9], but

for our purposes just the definition suffices.

Definition 1.33. If X and Y are G-sets, a function f : X → Y is a G-homomorphism if

f (g · x) = g · f (x) for all x ∈ X and g ∈ G. If f is also a bijection, then f is called a

G-isomorphism.

1.9 Free Groups

This section offers a concise overview of fundamental properties of free groups, focusing

on the essential information required for our specific objectives. Once again the proofs

can be found in the cited references.

Definition 1.34. Let X be a subset of a group F. We say that F is a free group with basis X

if, for every group G and every function f : X → G, there exists a unique homomorphism

φ : F → G extending f (φ|X = f ).

Let us note that if F is a free group with basis X and denoting by i : X → F the

inclusion, then the following diagram commutes

X G

F

f

i
φ

.

Theorem 1.35. [2, Theorem 11.1] Given a set X, there exists a free group with basis X.

Theorem 1.36. [2, Theorem 11.4] Let F and G be free groups with bases X and Y, respectively.

Then F ∼= G if and only if |X| = |Y|.

Taking G as F it easily follows from the last theorem that any basis X of a free group F

has the same number of elements.
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Definition 1.37. The rank of a free group F, denoted by rank(F), is the number of ele-

ments in a basis of F.

1.10 Primitive Groups

An extensive exposition of primitive groups is available on [8].

Definition 1.38. Let G be a group and L a subgroup of G. The core of L, is the group

coreG(L) =
⋂

g∈G gLg−1. When the ambient group G is clear from the context, we may

drop the subscript and simply write core(L).

Theorem 1.39. Let G be a group and L a subgroup of G. The group core(L) is the biggest normal

subgroup of G contained in L, i.e if N ◁ G and N ⊆ L then N ⊆ core(L).

Proof. That core(L) ⊆ L is obvious since
⋂

g∈G gLg−1 ⊆ 1L1−1 = L. Now let N ◁ G and

N ⊆ L. We have that for all g ∈ G, N = gNg−1 ⊆ gLg−1 and thus it follows that

N =
⋂

g∈G

gNg−1 ⊆
⋂

g∈G

gLg−1 = core(L).

Definition 1.40. A group G is primitive if it has a maximal subgroup with trivial core.



Chapter 2

The groups Lk

In this section L will always denote a finite group with a unique minimal normal subgroup

M. Furthermore if M is abelian, we also assume that M is complemented in L.

Given a positive integer k we will denote by Lk the k-fold direct power of L and by

diag(Lk) the subgroup {(l1, . . . , lk) ∈ Lk|l1 = l2 = . . . = lk}. If not explicitly said other-

wise, we will assume throughout this section that k is a positive integer.

Also πi will denote the projection of the i-th coordinate from Lk onto L and Mi =

1 × . . . × M × . . . × 1 the subgroup of Lk whose elements have some m ∈ M for the i-th

coordinate and 1 for the rest.

Definition 2.1. Given a positive integer k, the group Lk is a subgroup of Lk defined by:

Lk = {(l1, . . . , lk) ∈ Lk|l1M = . . . = lk M}.

Let k be a positive integer. We will often simply write πi to denote πi|Lk , the restriction

of πi to Lk. One property of the functions πi|Lk is that given S ⊆ L,

πi|−1
Lk
(S) = π−1

i (S) ∩ Lk.

Thus it follows that πi|−1
Lk
(M) = π−1

i (M) ∩ Lk = (L × . . . L × M × L . . . . × L) ∩ Lk = Mk.

2.1 Some basic properties

The properties of the groups Lk will be referenced implicitly throughout.

Theorem 2.2. The group Lk can be described as diag(Lk)Mk.

15
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Proof. For any (l1, . . . , lk) ∈ Lk, we have that for any 1 ≤ i ≤ k, l1M = li M. Hence it

follows li = l1mi for some mi ∈ M. We thus have (l1, . . . , lk) = (l1, l1, . . . , l1)(1, m2, . . . , mk)

as pretended.

For the other inclusion it suffices to notice that Mk, diag(Lk) ⊆ Lk, hence diag(Lk)Mk ⊆

Lk.

Theorem 2.3. The socle of Lk is Mk.

Proof. We have by Theorem 1.11 that: if N is a minimal normal subgroup of Lk then for

all 1 ≤ i ≤ k, πi(N) is either equal to 1 or a minimal normal subgroup of L. Since L has a

unique minimal normal subgroup πi(N) = 1 or πi(N) = M.

We thus have N ⊆ ⋂k
i=1 πi|−1

Lk
(M) = Mk. Since the last inclusion holds for any mini-

mal normal subgroup N, it easily follows that soc(Lk) ⊆ Mk.

Since the groups Mi are minimal normal subgroups of Lk, we obviously have Mk =

M1 . . . Mk ⊆ soc(Lk).

Theorem 2.4. The group Lk/Mk is isomorphic to L/M.

Proof. We have that:
Lk

Mk =
diag(Lk)Mk

Mk
∼=

diag(Lk)

diag(Lk) ∩ Mk

by the Second Isomorphism Theorem and by Theorem 2.2.

Evidently, diag(Lk)∩ Mk = diag(Mk) and thus is easy to verify that diag(Lk)/diag(Mk) ∼=

L/M.

Theorem 2.5. If M is abelian and complemented by C in L, then Mk is complemented by diag(Ck)

in Lk.

Proof. We have that diag(Lk) = diag((CM)k) = diag(Ck)diag(Mk). Then by Theorem

2.2, Lk = diag(Lk)Mk = diag(Ck)diag(Mk)Mk = diag(Ck)Mk. Furthermore for all x ∈

diag(Ck) ∩ Mk and all 1 ≤ i ≤ k, πi(x) ∈ πi(diag(Ck)) ∩ πi(Mk) = C ∩ M = 1. This

means that all the coordinates of x are 1 and consequently that x = 1. The proof is thus

complete.

2.2 The minimal normal subgroups of Lk

Theorem 2.6. If M is not abelian, any minimal normal subgroup of Lk is of the form Mi for some

i.
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Proof. Let N be a minimal normal subgroup of Lk. Once again by Theorem 1.11, for each

1 ≤ i ≤ k, πi(N) is either 1 or M. We also have that πj(N) = M for some j otherwise N

would be the trivial subgroup which is a contradiction.

Let j be such that πj(N) = M. Now we will prove that for any 1 ≤ i ≤ k different

from j, πi(N) = 1 which gives us the result.

Suppose on the contrary that exists some 1 ≤ i ≤ k different from j such that πi(N) =

M. By Theorem 1.14 we obtain [N, Mi] = 1. Since M is not abelian we can choose elements

m1, m2 ∈ M such that m1m2 ̸= m2m1. Besides we have by hypothesis that m1 = πi(n1)

and m2 = πi(n2) for some n1 ∈ N and some n2 ∈ Mi. It thus follows that:

m1m2 = πi(n1)πi(n2)

= πi(n1n2)

= πi(n2n1), by [N, Mi] = 1

= πi(n2)πi(n1) = m2m1, a contradiction.

With the previous theorem, the minimal normal subgroups in the case where M is non

abelian are fully characterized. What can we say about the minimal normal subgroups of

Lk in general? The next theorems provide some nice properties.

Theorem 2.7. Let N be a minimal normal subgroup of Lk. Then N has order |M|.

Proof. We have once more that πi(N) = M for some 1 ≤ i ≤ k. Considering the appropri-

ate restriction of πi, by the First Isomorphism Theorem we get that |N| = |M| · | ker πi|N |

which implies |N| ≥ |M|.

Let us assume that |N| > |M|. Then there is some n ∈ ker πi|N with not all coordinates

1 (obviously the i-th coordinate must be 1).

Consider ⟨n⟩Lk contained in ker πi|N . Since n ∈ N, and ⟨n⟩Lk is the smallest normal

subgroup generated by n we must have ⟨n⟩Lk ⊆ N. Since πi(⟨n⟩Lk) = ⟨πi(n)⟩L = 1 and

not all elements of N are in ker πi|N we obtain that ⟨n⟩Lk is a non-trivial group strictly

contained in N. This is a contradiction since N is a minimal normal subgroup.

Definition 2.8. Given l ∈ L and a positive integer q, let l̇ denote the element of diag(Lq)

with all coordinates equal to l.
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The previous definition depends on which power of the group L we are considering,

and often the only way to decide the ambient group is through context, but what we lose

in formal rigor we gain in readability. Such an example of improved readability is the

statement of the next theorem.

Theorem 2.9. Let N be a minimal normal subgroup of Lk. Then there exists a complement C ◁ Lk

of N in soc(Lk) and an isomorphism ϕ : C → Mk−1 that satisfies ϕ(cl̇) = ϕ(c)l̇ for any c ∈ C

and l ∈ L.

Proof. We have once more that πi(N) = M for some 1 ≤ i ≤ k.

Let C = M1 . . . Mi−1Mi+1 . . . Mk. We claim that N ∩ C = 1. Let us note first that any

element of N ∩ C ⊆ C has i-th coordinate 1. Thus N ∩ C ◁ Lk is strictly contained in the

minimal normal subgroup N. So it must be 1.

From the Second Isomorphism Theorem we get that |NC|/|N| = |C|/|N ∩ C|. We

obtain |NC| = |N||C| · 1 and since |N| = |M| by Theorem 2.7, |NC| = |M||C| = |M|k =

|soc(Lk)|. Obviously NC ⊆ soc(Lk) as N, C ⊆ soc(Lk). We thus conclude that NC =

soc(Lk).

The expected isomorphism

ϕ : C = M × . . . × M×1 × M × . . . × M −→ Mk−1

(m1, . . . , mi,1, mi+1, . . . , mk) 7→ (m1, . . . , mi, mi+1, . . . , mk)

works.

The property is easily verified since for any l ∈ L, (m1, . . . , mi, 1, mi+1, . . . , mk) ∈ C:

ϕ(lm1l−1, . . . , lmil−1, l1l−1, lmi+1l−1, . . . , lmkl−1) =

(lm1l−1, . . . , lmil−1, lmi+1l−1, . . . , lmkl−1) =

(l, . . . , l)(m1, . . . , mi, mi+1, . . . , mk)(l−1, . . . , l−1) =

(l, . . . , l)ϕ(m1, . . . , mi, 1, mi+1, . . . , mk)(l, . . . , l)−1

2.3 Normal subgroups and quotients of Lk

Theorem 2.10. The quotient of Lk+1 by any of its minimal normal subgroups is isomorphic to Lk.

Proof. Let N be a minimal normal subgroup of Lk+1.
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If M is not abelian, by Theorem 2.6, N = Mi for some 1 ≤ i ≤ k + 1. It is trivial to

verify that

ψ : Lk+1 −→ Lk

(l1, ..., lk+1) 7→ (l1, . . . , li−1, li+1, . . . , lk+1)

is a surjective homomorphism. We will now verify that ker ψ = Mi = N. Obviously

Mi ⊆ ker ψ as the i-th coordinate is ”forgotten” and that is the only non 1 coordinate in

Mi. For the other inclusion, we first have by Theorem 2.4 that |Lk| = |L/M||M|k. By the

First Isomorphism Theorem, |Lk+1|/| ker ψ| = |Lk|. From this two equalities, it follows

that | ker ψ| = |Mi| = |N|. Therefore ker ψ = Mi = N and consequently Lk+1/N =

Lk+1/ ker ψ ∼= Lk by the First Isomorphism Theorem.

If M is abelian, by hypothesis we have that M is complemented in L say by CL. By

Theorem 2.5, diag(Cq
L) is a complement of Mq in Lq.

By Theorem 2.9, we have that N is complemented in Mk+1 and that its complement,

say Csoc(Lk+1), is normal in Lk+1 and isomorphic to Mk. As diag(Ck+1
L ) complements Mk+1,

by Theorem 1.8 we have that N is complemented in Lk+1 by C = diag(Ck+1
L )Csoc(Lk+1).

Then we obtain:

Lk+1/N = CN/N ∼= C/(C ∩ N) = C/1 ∼= C,

using the Second Isomorphism Theorem.

Now we need to show that C = diag(Ck+1
L )Csoc(Lk+1)

∼= Lk. Let ψ be the function

defined by

ψ : C → Lk = diag(Ck
L)Mk

l̇s 7→ l̇ϕ(s)

where l ∈ CL and s ∈ Csoc(Lk+1) and ϕ : Csoc(Lk+1) → Mk is the isomorphism from Theorem

2.9.

Let l1, l2 ∈ CL and s1, s2 ∈ Csoc(Lk+1). To see that ψ is well defined it suffices to notice

that if l̇1s1 = l̇2s2 then:

l̇−1
2 l̇1 = s2s−1

1 ∈ Ck+1
L ∩ Csoc(Lk+1) = 1

=⇒ l̇2 = l̇1, s1 = s2

=⇒ l̇1ϕ(s1) = l̇2ϕ(s2)
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Knowing that ϕ is an isomorphism, is easy to see that ψ is surjective since every ele-

ment l̇m ∈ Lk (where l̇ ∈ diag(Ck
L) and m ∈ Mk) is the image by ψ of l̇ϕ−1(m).

Injectivity follows comparing the orders of C and Lk. We have

|C| = |Lk+1|/|N| = |Lk|

remembering that C complements N in Lk+1 and that |N| = |M|. We thus conclude that

ψ is a bijection, since it is a surjection between finite groups of equal orders.

Now we need only to check that ψ is a homomorphism, which follows from:

ψ(l̇1s1 l̇2s2) = ψ(l̇1 l̇2sl̇−1
2

1 s2)

= l̇1 l̇2ϕ(sl̇−1
2

1 s2)

= l̇1 l̇2ϕ(sl̇−1
2

1 )ϕ(s2)

= l̇1 l̇2ϕ(s1)
l̇−1
2 ϕ(s2)

= l̇1ϕ(s1)l̇2ϕ(s2)

= ψ(l̇1s1)ψ(l̇2s2).

Theorem 2.11. Let N be a normal group of Lk. Then either soc(Lk) ≤ N or N ≤ soc(Lk).

Proof. The proof will be done by induction on k.

Since L has a unique minimal normal subgroup the proposition is easily seen to be

true for k = 1.

Suppose now that the result holds for k and that N is not a subgroup of soc(Lk+1).

Then there exists a minimal normal subgroup U of Lk+1 such that U ⊆ N. We have

that Lk+1/U ∼= Lk by some isomorphism f . By induction either soc(Lk) ≤ f (N/U)

or f (N/U) ≤ soc(Lk). Since N is not a subgroup of soc(Lk+1) we have that N/U ⩽̸

soc(Lk+1)/U which implies that soc(Lk) = f (soc(Lk+1/U)) ≤ f (N/U) and thus the first

case holds.

Now considering the natural projection π : Lk+1 −→ Lk+1/U we obtain, by Theorem

1.11, that soc(Lk+1)/N = π(soc(Lk+1)) ⊆ soc(Lk+1/N).

Applying f−1 to soc(Lk) ≤ f (N/U) we get soc(Lk+1)/U ⊆ soc(Lk+1/U) ≤ N/U.

Hence as U ⊆ soc(Lk+1), N we obtain soc(Lk+1) = π−1(soc(Lk+1/U)) ≤ π−1(N/U) =

N.
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2.4 The Sequence d(Lk)k∈N

Throughout we assume that N is the set of positive integers, i.e does not contain 0. The

sequence d(Lk)k∈N is called the growth sequence and has been studied in [9–12]. Here we

study the sequence d(Lk)k∈N given the importance that the groups Lk assume in the study

of the minimal number of generators of finite groups.

Theorem 2.12. The sequence d(Lk)k∈N is non-decreasing.

Proof. Let us assume to obtain a contradiction that there is some positive integer k such

that d(Lk+1) < d(Lk).

Let us consider the function ρ : Lk+1 → Lk that drops the last coordinate. That is given

(x1, . . . , xk+1) ∈ Lk+1, ρ((x1, . . . , xk+1)) = (x1, . . . , xk).

Now let l1, . . . , lm be a minimal generating set of Lk+1, that is ⟨l1, . . . , lm⟩ = Lk+1 and

d(Lk+1) = m. Obviously ρ is surjective and thus we obtain that

Lk = ρ(Lk+1) = ρ(⟨l1, . . . , lm⟩) = ⟨ρ(l1), . . . , ρ(lm)⟩.

This is of course a contradiction since we assumed that m = d(Lk+1) < d(Lk).

Theorem 2.13. For all positive integers k, d(Lk+1) ≤ d(Lk) + 1.

Proof. Let d(Lk) = d, then there are l1, l2, . . . ld ∈ Lk such that ⟨l1, l2, . . . ld⟩ = Lk. By abuse

of notation, given l ∈ Lk let ℓ ∈ Lk+1 be the k + 1-tuples whose first k coordinates are the

coordinates of l and whose last two coordinates are equal, that is πk(ℓ) = πk+1(ℓ).

Let m ∈ 1 × . . . × 1 × M ≤ Lk+1 and consider

H = ⟨mℓ|l ∈ Lk⟩ ≤ Lk+1.

For all i ∈ {1, . . . , k}, πi(H) = 1, because

πi(⟨mℓ|l ∈ Lk⟩) = ⟨πi(m)πi(ℓ)|l ∈ Lk⟩ = ⟨1πi(ℓ)|l ∈ Lk⟩ = 1.

And πk+1(H) = M since

πk+1(⟨mℓ|l ∈ Lk⟩) = ⟨πk+1(m)πk+1(ℓ)|l ∈ Lk⟩ = ⟨πk+1(m)⟩L.

We thus have that πk+1(H) is a nontrivial normal subgroup of L that is contained in M,

thus πk+1(H) = M due to the minimality of M. We thus have that H = 1 × . . . × 1 × M.
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Now Lk+1 =
{
ℓ|l ∈ Lk

}
(1 × . . . × 1 × M) =

{
ℓ|l ∈ Lk

}
H = ⟨ℓ1, ℓ2, . . . , ℓd, m⟩ and the

result is proved.

Theorem 2.14. The sequence d(L1), . . . , d(Lk), . . . . is unlimited.

Proof. Suppose for the sake of obtaining a contradiction that there exists a natural number

m such that d(Lk) < m for all k ∈ N. Let F be a free group of rank m and K be the set of

positive integers k such that there exists a surjective homomorphism from F to Lk. It will

be proved that K is a finite set, a contradiction from which the result will follow.

Let k > 1 ∈ K, then there exists a surjective homomorphism Ψ : F → Lk. For 1 ≤ i ≤ k,

let γi = πi ◦ Ψ : F → Lk → L and let π : L → L/M be the natural projection. For all x ∈ F,

Ψ(x) = (l1, . . . , lk) for some (l1, . . . , lk) ∈ Lk thus:

Ml1 = Ml2 = . . . = Mlk and

πγ1(x) = Ml1, . . . ., πγk(x) = Mlk

=⇒ πγ1 = πγ2 = . . . = πγk.

Let i1, i2 ∈ {1, . . . , k} and let (m1, . . . , mk) ∈ Mk ≤ Lk with mi1 = 1, mi2 ̸= 1. Since Ψ : F →

Lk is surjective there exists an x ∈ F such that Ψ(x) = (m1, . . . , mk). We then have that

γi1(x) = mi1 = 1 and γi2(x) = mi2 ̸= 1, and thus x ∈ ker γi1 and x /∈ ker γi2 and hence

ker γi1 ̸= ker γi2 . We thus have that | {ker γ1, . . . , ker γk} | = k.

By Theorem 4.12 below, taking β as πγi for any i (it was proved that these functions

were all equal) and seeing {ker γ1, . . . , ker γk} as a subset of the appropriate R, the set of

normal subgroups N of F arising as kernels of those homomorphisms of F onto L which

composed with π yield the given β, we get that k ≤ ϕL(m)/|Γ|ϕL/M(m) and thus |K| ≤

ϕL(m)/|Γ|ϕL/M(m). In particular K is finite.

2.5 The function f

We are now in conditions to define the function f . This function will play a key role in

finding out the minimal number of generators of a finite group.

Before providing the definition, let us remember that we are assuming L to always

denote a finite group with a unique minimal normal subgroup M, complemented if M is

abelian. Furthermore we will define L0 as L/M.
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Definition 2.15. Given a group L we define f (L, m) = k + 1 if and only if d(Lk) = m <

d(Lk+1). When L can be identified from the context, we denote f (L, m) as f (m).

The function f gives us the integer k + 1 for which d(Lk+1) = m + 1 is bigger than any

d(Lq) for q < k + 1 (we are implicitly using Theorem 2.13 in this claim).

We claim that any proper quotient of Lk+1 has a minimal number of generators smaller

than or equal to m. Let N be a non-trivial normal subgroup of Lk+1. There is a minimal

normal subgroup M contained in N and thus by Theorem 2.10 we obtain that d(Lk+1/M) =

d(Lk) ≤ m. Now using the Third Isomorphism Theorem and the fact that the minimal

number of generators of a quotient is always smaller or equal than the ambient group we

obtain

d(Lk+1/N) = d(
Lk+1/M

N/M
) ≤ d(Lk+1/M) = d(Lk) = m.

Thus the function f gives us the integer k+ 1 for which any proper quotient of Lk+1 has minimal

number of generators smaller or equal to m but d(Lk+1) > m.

In light of this new characterization of the function f , our reason for our definition of

L0 is now justified, that is f (m) = 1 iff d(L0) = d(L/M) < d(L).

Let us notice that this function of course depends on the group L being considered

and that the domain of this function is the positive integers.





Chapter 3

Minimal number of generators of a

group

In this section we study the structure of finite groups with the following property: any

proper non-trivial group quotient is generated by less elements than the group itself. We

will start with the simpler case of when d(H) > 1 but d(H/N) ≤ 1 for every non-trivial

normal subgroup N of H. Later we will provide a more detailed account of a Theorem

mostly proved in [1], the generalization to the case in which d(H) > m but d(H/N) ≤ m

for every positive integer m and every non-trivial normal subgroup N.

3.1 The case m = 1

Theorem 3.1. Let H be a finite nilpotent group such that d(H/N) ≤ 1 for every non-trivial

normal subgroup N, but d(H) > 1. Then H ∼= Zp × Zp for some prime p.

Proof. Since H is nilpotent we have that H = P1 × . . .× Pn where Pi is a Sylow pi-subgroup

for 1 ≤ i ≤ n and p1, . . . , pn are distinct primes.

Let us remember that for any positive integers a, b if (a, b) = 1 then Za × Zb
∼= Zab.

If P1, . . . , Pr are cyclic, we obtain H ∼= Zp1 ...pn which contradicts d(H) > 1.Without loss of

generality we can thus assume that P1 is not cyclic.

If n ≥ 2, P1
∼= H/(1 × P2 . . . × Pn) and thus d(P1) = d(H/(1 × P2 . . . × Pn)) = 1, a

contradiction. We can then conclude that H = P1.

By Theorem 1.26, Φ(H) = 1 hence H = (Zp1)
q by Theorem 1.25. In fact q = 2 since

q − 1 = d((Zp1)
q−1) = d(H/(Zp1 × 1 × . . . × 1)) = 1.

25
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Theorem 3.2. Let H be a finite group such that d(H/N) ≤ 1 for every non-trivial normal

subgroup N, but d(H) > 1. Then either H ∼= Zp × Zp or H is a primitive monolithic group i.e.

primitive and has a unique minimal normal subgroup.

Proof. If H is nilpotent by Theorem 3.1 we have that H ∼= Zp × Zp. We can thus assume

that H is not nilpotent.

Since H is not nilpotent there exists a maximal subgroup L of H such that L is not

normal in H. We will prove that core(L) = 1, and thus that H is primitive.

Let us suppose to obtain a contradiction that core(L) ̸= 1. Then by hypothesis H/core(L)

is cyclic. Now all subgroups of an abelian group are normal and thus L/core(L) is a nor-

mal subgroup of H/core(L). This implies that L is a normal subgroup of H and thus

contradicts the assumptions made on L. We have proved that H is primitive.

It remains to show that H is monolithic, i.e. H has a single minimal normal subgroup.

To obtain a contradiction, let us suppose H has at least two different minimal normal sub-

groups (minimal normal subgroups of a non-trivial finite group always exist). We claim

that any minimal normal subgroup N of H is abelian; letting J be a minimal normal sub-

group different from N we obtain the following isomorphism between N and a subgroup

of the cyclic group H/J

NJ/J ∼= N/(J ∩ N) ∼= N.

Now since soc(H) is the product of abelian minimal normal subgroups, it is itself abelian.

We thus obtain that, L ∩ soc(H) ◁ soc(H). Also L ∩ soc(H) ◁ L. Consequently L ∩ soc(H) ◁

soc(H)L = H, since L is maximal with trivial core. Since core(L) = 1 we have that

L ∩ soc(H) = 1. Similarly for any minimal normal subgroup N, LN = H and L ∩ N = 1.

What we obtained was that L is a complement for both any minimal normal subgroup N

of H and soc(H) in H.

Now since N ⊆ soc(H) and |L||soc(H)| = |H| = |L||N| =⇒ |soc(H)| = |N|

we obtain that N = soc(H), that is N is the unique minimal normal subgroup of H, a

contradiction.

3.2 An important structural Theorem

Theorem 3.3. Let H be a finite group and N1, Nr two different minimal normal subgroups of H

complemented by Kr. If the projections πr : Kr ∩ (N1 × Nr) → N1, ρr : Kr ∩ (N1 × Nr) → Nr
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are isomorphisms then Kr ∩ (N1 × Nr) =
{

xϕr(x)|x ∈ N1
}

where ϕr = ρrπ−1
r .

Proof. For the inclusion Kr ∩ (N1 × Nr) ⊆
{

xϕr(x)|x ∈ N1
}

let n1nr ∈ Kr ∩ (N1 × Nr)

where n1 ∈ N1 and nr ∈ Nr. Since πr is one-to-one, π−1
r (n1) = n1nr, and thus ϕr(n1) =

ρr(π−1
r (n1)) = ρr(n1nr) = nr. We obtain that n1nr = n1ϕr(n1) ∈

{
xϕr(x)|x ∈ N1

}
.

For the other inclusion, let x ∈ N1. Obviously π−1
r (x) ∈ Kr ∩ (N1 × Nr). We thus have

π−1
r (x) = n1nr ∈ Kr ∩ (N1 × Nr) where n1 ∈ N1 and nr ∈ Nr. Now x = πr(π−1

r (x)) =

πr(n1nr) = n1. Furthermore ϕr(x) = ρr(π−1
r (x)) = ρr(n1nr) = nr. Thus we conclude

xϕr(x) = n1nr ∈ Kr ∩ (N1 × Nr).

Theorem 3.4. Let H be a finite group and N1 be a non-abelian minimal normal subgroup of H.

Let also α1 : H → Aut N1 be the homomorphism that sends h to the function

γh : N1 → N1

x 7→ hxh−1,

and L be the image of α1. Then L has a unique minimal normal subgroup, namely Inn N1.

Proof. By Theorem 1.11 we have that Inn N1 =
{

γx : N1 → N1|x ∈ N1
}
= α1(N1) is either

a minimal normal subgroup of L or 1.

Since N1 is non abelian there are n1, n2 ∈ N1 such that n1n2 ̸= n2n1. Therefore we have

that α1(n1) = γn1 ̸= 1 as 1(n2) = n2 ̸= n1n2n−1
1 = γn1(n2). Thus Inn N1 is not 1, and

hence is a minimal normal subgroup of L.

To check that Inn N1 is the unique minimal normal subgroup of L we will verify that

for every non-trivial normal subgroup N of L, Inn N1 ⊆ N.

Let N be a subgroup in the above conditions. Then α−1
1 (N) is normal in H. Further-

more since N1 is a minimal normal subgroup, α−1
1 (N)∩ N1 is either 1 or N1. We will check

that α−1
1 (N) ∩ N1 must be N1.

If α−1
1 (N) ∩ N1 = 1 then [α−1

1 (N), N1] ≤ α−1
1 (N) ∩ N1 = 1, that is the elements of

N1 commute with the elements of α−1
1 (N). Thus for all h ∈ α−1

1 (N), γh(x) = hxh−1 =

hh−1x = x. Therefore N = α1(α
−1
1 (N)) = 1. This is a contradiction, and so α−1

1 (N)∩ N1 =

N1. Obviously it now follows from N1 ⊆ α−1
1 (N) that α1(N1) ⊆ α1(α

−1
1 (N)) = N as we

wanted to prove.

Theorem 3.5. Let m be an integer with m ≥ 1 and H a finite group such that d(H/N) ≤ m for

every non-trivial normal subgroup N, but d(H) > m. Then there exists a group L which has a



28 ON THE MINIMAL NUMBER OF GENERATORS OF A FINITE GROUP

unique minimal normal subgroup M and is such that M is either non-abelian or complemented in

L and H ∼= L f (L,m).

Proof. Since d(H/N) ≤ m for every non-trivial normal subgroup N, by Theorem 1.26 we

have that Φ(H) = 1.

We are going to consider two cases: first the case where H has only one minimal nor-

mal subgroup and later the case where H has more than one minimal normal subgroup.

Furthermore each such case will be divided into the case where those minimal subgroups

are abelian and the case where they are not abelian (as will be seen these are the only

possible cases).

H has a unique minimal normal subgroup:

Consider the case in which H has a unique minimal normal subgroup, say M. Taking

L as H gives the result for the subcase in which M is non-abelian. If M is abelian since

Φ(H) = 1, there exists a maximal subgroup K of H such that K does not contain M. Since

K is maximal and does not contain M, KM = H. Furthermore by the hypothesis on K,

K ∩ M is a strictly contained normal subgroup of M (M is abelian). Obviously since M

is normal in H, K ∩ M is normal in K. We thus have K ∩ M is normal in KM and thus

in H = KM. We have obtained that K ∩ M is normal in H and strictly contained in the

minimal normal subgroup M, so we conclude that K ∩ M = 1. It was thus proved that K

is the desired complement and we can take L as H.

H has more than one minimal normal subgroup:

We can now assume that H contains at least two different minimal normal subgroups.

Let us denote these minimal normal subgroups as N1, . . . , Nr, . . .. Since d(H/N1) ≤ m by

assumption, there exist m elements h1, . . . , hm of H such that H = ⟨h1, . . . hm, N1⟩. Now

consider Nr with r ̸= 1. Certainly, H = ⟨h1, . . . , hm, N1Nr⟩. Moreover as H/N1Nr is

isomorphic to the quotient (H/Nr)/(N1Nr/Nr) of H/Nr and H/Nr is generated by at

most m elements, by Theorem 1.29 there exists m elements x1, . . . , xm ∈ N1 such that

⟨h1x1, . . . , hmxm, Nr⟩ = H.

Consider the subgroup Kr = ⟨h1x1, . . . , hmxm⟩. We assert that N1 and Nr both serve as

complements for Kr within H.
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Clearly, H = Kr N1 = Kr Nr; hence, we only need to show that Kr ∩ N1 = Kr ∩ Nr = 1.

We claim that the intersection Kr ∩ N1 is a normal subgroup of Kr Nr = H. In fact as

[N1, Nr] ≤ N1 ∩ Nr = 1, for any kr ∈ Kr, nr ∈ Nr:

krnr(Kr ∩ N1)n−1
r k−1

r = krnrn−1
r (Kr ∩ N1)k−1

r = Kr ∩ N1

where the first equality follows from the commutativity between the elements of N1 and

Nr and the second from the normality of Kr ∩ N1 in Kr. As the normal subgroup Kr ∩ N1

is contained in the minimal normal subgroup N1 of H, if Kr ∩ N1 ̸= 1 then N1 ∩ Kr = N1.

And consequently H = Kr N1 = Kr is m-generated, which contradicts our hypothesis. The

claim Kr ∩ Nr = 1 is proved similarly.

We can now prove that the projections πr : Kr ∩ (N1 × Nr) → N1 and ρr : Kr ∩ (N1 ×

Nr) → Nr are isomorphisms. Let us start with πr: The kernel of πr is a subgroup of

Nr ∩Kr, which is trivial since Nr and Kr have trivial intersection. Therefore, πr is injective.

Furthermore, for any n1 ∈ N1, there exists t ∈ Kr and nr ∈ Nr such that n1 = tnr.

Thus, t = n1n−1
r ∈ (N1 × Nr) ∩ Kr, and πr(t) = n1. Hence, πr is also surjective. Similar

arguments can be applied to ρr.

What we conclude from this is that for each r > 1, there exists a subgroup Kr which

serves as a complement for both N1 and Nr, and there exists an isomorphism ϕr : N1 → Nr

(specifically, ϕr = ρrπ−1
r ) such that Kr ∩ (N1 × Nr) =

{
xϕr(x)|x ∈ N1

}
. Furthermore

we will define ϕ1 : N1 → N1 as the identity function. The equality Kr ∩ (N1 × Nr) ={
xϕr(x)|x ∈ N1

}
follows from Theorem 3.3. Using the fact that this intersection is normal

in Kr, we claim that ϕr is a Kr-isomorphism, that is for any k ∈ Kr, k ·ϕr(x) = ϕr(k · x) ⇐⇒

kϕr(x)k−1 = ϕr(kxk−1) . We have that for any k ∈ Kr, x ∈ N1, kxϕr(x)k−1 = yϕr(y) for

some y ∈ N1 hence:

kxk−1kϕr(x)k−1 = yϕr(y)

⇐⇒ y−1kxk−1 = ϕr(y)kϕr(x)−1k−1 ∈ N1 ∩ Nr = 1

=⇒ y = kxk−1 and kϕr(x)k−1 = ϕr(y) = ϕr(kxk−1)

Abelian minimal normal subgroups sub-case:

Suppose now that N1 (and consequently any minimal normal subgroup since they are

isomorphic) is abelian. We are now going to construct an isomorphism Ψ from H to a



30 ON THE MINIMAL NUMBER OF GENERATORS OF A FINITE GROUP

group Lq.

By Theorem 1.17, soc(H) is complemented in H say by K. Knowing also that soc(H)

is the direct product of some minimal normal subgroups, say soc(H) = N1 × . . . × Nq, for

1 ≤ i ≤ q, Ni is complemented in soc(H) by Ci = N1 × . . . × Ni−1 × 1 × Ni+1 × . . . × Nq.

Consider the functions χi : soc(H) → Ni that send nici to ni for any ni ∈ Ni, ci ∈ Ci. It is

routine to prove that for any i, χi is a surjective H-homomorphism with ker χi = Ci. Also

ϕi is a H-homomorphism.

We prove only the H-homomorphism claims. For any h ∈ H = NiKi, h can be written

as kivi where ki ∈ Ki and vi ∈ Ni. Thus for any nici ∈ NiCi = soc(H)

χi(hnicih−1) = χi(kiviniciv−1
i k−1

i )

= χi(kinicik−1
i ), since soc(H) is abelian and vi ∈ soc(H)

= χi(kinik−1
i kicik−1

i ), let us notice that kicik−1
i ∈ Ci since Ci is normal

= kinik−1
i = ki(viv−1

i )nik−1
i = kiviniv−1

i k−1
i

= hχi(nici)h−1.

Similarly for ϕi:

ϕi(hnih−1) = ϕi(kiviniv−1
i k−1

i )

= ϕi(kinik−1
i )

= kiϕi(ni)k−1
i , since ϕi is a Ki-isomorphism

= ki(viv−1
i )ϕi(ni)k−1

i

= kiviϕi(ni)v−1
i k−1

i = hϕi(ni)h−1.

Obviously the composition ϕ−1
i ◦ χi : soc(H) → N1 is a surjective H-homomorphism with

ker χi = Ci for any i. Setting L = KN1 we can define the following functions:

Ψi : H −→ KN1 = L

ks 7→ kϕ−1
i ◦ χi(s)

where k ∈ K and s ∈ soc(H). These functions are well defined since for all k1, k2 ∈ K and

s1, s2 ∈ soc(H), if k1s1 = k2s2 then k−1
2 k1 = s2s−1

1 ∈ K ∩ soc(H) = 1. This implies k1 = k2

and s1 = s2. Consequently for any i, ϕ−1
i ◦ χi(s1) = ϕ−1

i ◦ χi(s2), therefore

Ψi(k1s1) = k1ϕ−1
i ◦ χi(s1) = k2ϕ−1

i ◦ χi(s2) = Ψi(k2s2).
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These functions are homomorphisms since

Ψi(k1s1k2s2) = Ψi(k1(k2k−1
2 )s1k2s2)

= Ψi(k1k2sk−1
2

1 s2)

= k1k2ϕ−1
i ◦ χi(s

k−1
2

1 s2)

= k1k2ϕ−1
i ◦ χi(s1)

k−1
2 ϕ−1

i ◦ χi(s2)

= k1ϕ−1
i ◦ χi(s1)k2ϕ−1

i ◦ χi(s2)

= Ψi(k1s1)Ψi(k2s2).

Since ϕ−1
i ◦ χi is an isomorphism, Ψi is surjective. Furthermore we also easily obtain

that ker Ψi = Ci, as

Ψi(k1s1) = 1 ⇐⇒ ϕ−1
i ◦χi(s1) = k−1 ∈ N1 ∩K = 1 ⇐⇒ k1 = 1 and s1 ∈ ker ϕ−1

i ◦ χi = Ci.

Now by Theorem 1.11, N1 = Ψ1(N1) is a minimal normal subgroup of L. We claim it

is the only minimal normal subgroup of L.

We will start by proving that coreL(K) = 1. To obtain a contradiction, let us assume

that coreL(K) ̸= 1. Then there exists a non-trivial subgroup A ◁ L contained in K. Now it

is not difficult to see that Ψ−1
i (A) = ACi and that these groups are normal subgroups of

H. Furthermore C1 . . . Cq ∩ A ⊆ C1 . . . Cq ∩ K ⊆ soc(H) ∩ K = 1 and thus by Theorem 1.2,⋂q
i=1 ACi = A(

⋂q
i=1 Ci). We thus obtain that

A = A(
q⋂

i=1

Ci) =
q⋂

i=1

ACi =
q⋂

i=1

Ψ−1
i (A) ◁ H.

But this is a contradiction since A ∩ soc(H) ⊆ K ∩ soc(H) = 1, that is A is a non-trivial a

normal subgroup of H that does not contain any minimal normal subgroup.

Now we claim that CL(N1) = N1. To obtain a contradiction let us suppose that there

exists elements k ∈ K and n1 ∈ N1 such that kn1 /∈ N1 (that is k ̸= 1) and kn1 ∈ CL(N1).

Since N1 is abelian, n−1
1 ∈ CL(N1) and thus k = (kn1)n−1

1 ∈ CL(N1). What we proved until

now was that CL(N1) ∩ K ̸= 1. Now since CL(N1) is normal in L, K ≤ NL(CL(N1) ∩ K)

and since N1 is abelian, N1 ≤ NL(CL(N1) ∩ K). Thus L = KN1 ≤ NL(CL(N1) ∩ K). What

we conclude is that CL(N1) ∩ K is a non-trivial normal subgroup of L fully contained in

K, but this contradicts the fact that coreL(K) = 1.

Now suppose that there exists a minimal normal subgroup A ̸= N1 of L. Since A is

different from N1, [A, N1] = 1 and thus A ≤ CL(N1) = N1, a contradiction. Therefore N1
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is the only minimal normal subgroup of L.

Setting L = KN1 we can define the following function:

Ψ : H −→ Lq

ks 7→ (Ψ1(ks), Ψ2(ks), . . . , Ψq(ks))

where k ∈ K and s ∈ soc(H). It is obvious that this function is well defined, furthermore

it is injective since

x ∈ ker Ψ ⇐⇒ x ∈
q⋂

i=1

ker Ψi ⇐⇒ x ∈
q⋂

i=1

Ci = 1.

Comparing orders we get surjectivity since

|H| = |K||soc(H)| = |K||N1|q = |Lq|.

The abelian case is thus finished.

Non-abelian minimal normal subgroups sub-case:

We assume that N1 is non-abelian.

Consider the homomorphism α1 : H → Aut N1 that sends each h ∈ H to

α1(h) : N1 → N1

x 7→ hxh−1.

We will denote by L the image of α1. By Theorem 3.4, L has a unique minimal normal

subgroup M = Inn N1. For r > 1, we define αr : H → Aut N1 as the homomorphism that

sends h ∈ H to

αr(h) : N1 → N1

x 7→ ϕ−1
r (hϕr(x)h−1).

Given that H = Kr N1, we can represent each h ∈ H as h = uv where u ∈ Kr and

v ∈ N1. Consequently,

ϕ−1
r (hϕr(x)h−1) = ϕ−1

r (uvϕr(x)v−1u−1) = ϕ−1
r (uvv−1ϕr(x)u−1)

= ϕ−1
r (ϕr(xu)) = xu = (xh)v−1

.
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Here, the second equality holds because N1 centralizes Nr, and the third equality due to

the fact that ϕr is a Kr-isomorphism. We thus have that αr(h) = γv−1(α1(h)) where γv−1 is

conjugation by v−1.

We obtain that

α1(h)M = . . . = αr(h)M.

It thus follows that for any 1 ≤ i ≤ r, L = α1(H) = α1(H)M = αi(H)M = αi(H).

Taking q as the number of minimal normal subgroups of H, let us consider now the

function

Ψ : H → Lq

h 7→ (α1(h), . . . , αq(h)).

We will prove that this function is an isomorphism. Obviously it is well defined and is an

homomorphism since the αr are homomorphisms. To check injectivity let us first notice

that the kernel of Ψ is the intersection of the kernels of the αr.

If h ∈ ker αr then for all x ∈ N1, ϕ−1
r (hϕr(x)h−1) = x ⇐⇒ hϕr(x) = ϕr(x)h. Since

ϕr is an isomorphism this means that h centralizes Nr. Obviously if h centralizes Nr,

h ∈ ker αr and thus we conclude that ker αr is the centralizer of Nr.

Since the minimal normal subgroups Nr are not contained in their own centralizers,

ker Ψ is a normal subgroup of H that does not contain any minimal normal subgroup. We

obtain that ker Ψ = 1 and injectivity is thus proved.

It is now at last only necessary to prove surjectivity. Given h ∈ H we will use the

auxiliary notation γh to denote the function

γh : N1 → N1

x 7→ hxh−1

and ϕ1 : N1 → N1 to denote the identity function. Let (γm1 γk, . . . , γmq γk) ∈ Lq where

k ∈ Kr and m1, . . . , mq ∈ N1. Consider the element

kϕ1(m1)ϕ2(m2) . . . ϕq(mq) ∈ H.
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Now for 1 ≤ r ≤ q and x ∈ N1

αr(kϕ1(m1)ϕ2(m2) . . . ϕq(mq))(x) = ϕ−1
r (ϕr(x)kϕ1(m1)ϕ2(m2)...ϕq(mq))

= ϕ−1
r (ϕr(x)kϕr(mr))

= ϕ−1
r (ϕr(xk)ϕr(mr))

= ϕ−1
r (ϕr(xk))ϕ−1

r (ϕr(mr))

= mrkxk−1m−1
r = γmr ◦ γk(x)

where the second equality follows from the fact that N1, . . . , Nr−1, Nr+1 . . . , Nq centralize

Nr and the third from ϕr being a Kr-isomorphism. We thus conclude that

Ψ(kϕ1(m1)ϕ2(m2) . . . ϕq(mq)) = (γm1 γk, . . . , γmq γk)

and surjectivity is proved.

The non-abelian subcase is thus completed.

Regardless of which case we consider, what was proved was that H ∼= Lq for some

positive integer q by some isomorphism Ψ. Since the image of a minimal normal subgroup

by an isomorphism is again a minimal normal subgroup we obtain that for any minimal

normal subgroup Nr of H, H/Nr ∼= Lq/Ψ(Nr) and applying Theorem 2.10 H/Nr ∼= Lq−1.

Since H/Nr is a proper non-trivial quotient of H we get that

d(Lq−1) = d(H/Nr) < d(H) = d(Lq).

This is precisely the definition of the function f , that is f (L, m) = q and the proof of the

theorem is complete.



Chapter 4

The Function f

The purpose of this section is to determine a way to calculate f (L, m). Once again, most

of the ideas in this section were originally exposed in [1] and more detail is provided here.

To aid us in this end, we will denote by πLk the surjective homomorphism

πLk : Lk → L/M

x 7→ π1(x)M.

It is easy to verify that such a function is well defined and is a surjective homomorphism.

Furthermore let us notice that the choice of π1 in the definition of πLk is completely arbi-

trary; any of the πi functions serve as from the definition of Lk, π1(x)M = . . . = πk(x)M.

The following definition will prove to be crucial to the calculation of f (L, m).

Definition 4.1. Given a surjective homomorphism β : Lk → L/M, we define the set Sβ

as the set of normal subgroups N of Lk arising as kernels of those homomorphisms of Lk

onto L which composed with the natural projection πL : L → L/M yield β.

Theorem 4.2. Given a surjective homomorphism β : Lk → L/M, ker β = Mk.

Proof. We have that |Lk|/| ker β| = |L|/|M| =⇒ | ker β| = |Mk| and hence by Theorem

2.11 we have ker β = soc(Lk).

Going forwards we are going to divide the study of the function f in two cases: the

case where M is abelian and the case where M is not abelian.

35
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4.1 The M abelian case

If M is abelian then it is complemented by C in L. Furthermore it was already proved

that diag(Ck) complements Mk in Lk. To simplify notation, given l ∈ L we will denote by

l̇ ∈ diag(Lk) the element with all coordinates equal to l and by Ċ = diag(Ck).

Now we can define the following group action:

· : L/M × Mk → Mk

(lM, m) 7→ l̇−1ml̇.

We claim this action is well defined. Let (l1M, m1) = (l2M, m2) where l1M, l2M ∈

L/M and m1, m2 ∈ Mk. Then l−1
1 M = l−1

2 M and thus l̇1
−1

= l̇2
−1 ẋ for some x ∈ M. We

then obtain

l̇1
−1m1 l̇1 = l̇2

−1 ẋm1 ẋ−1 l̇2 = l̇2
−1 ẋẋ−1m1 l̇2 = l̇2

−1m1 l̇2,

where the third equality follows since M is abelian.

Now let us consider

ρ : C → L/M

c 7→ cM.

Obviously ρ is well defined and is an homomorphism. It is also injective since for all

c1, c2 ∈ C, such that c1M = c2M then c−1
2 c1 ∈ M ∩ C = 1 and consequently c1 = c2.

Furthermore by the First Isomorphism Theorem |L/M| = |CM/M| = |C||M|/|M| =

|C| = |C/ ker ρ| = |ρ(C)|. Then since ρ(C) ⊆ L/M we conclude that ρ(C) = L/M. In

other words ρ is a surjective function. We proved that ρ is an isomorphism, and so we can

define Ψ = ρ−1 : L/M → C.

Also, let β : Lk → L/M be a surjective homomorphism.

We have now all the necessary conditions to define the group action:

· : L/M × M → M

(lM, m) 7→ Ψ(β(l̇))−1mΨ(β(l̇)).
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We claim that this function is well defined. Let (l1M, m1) = (l2M, m2) where l1M, l2M ∈

L/M and m1, m2 ∈ M. Then since l1M = l2M ⇐⇒ l−1
2 l1 ∈ M, l̇2

−1 l̇1 ∈ Mk (= ker β by

Theorem 4.2), β(l̇2
−1 l̇1) = 1. This in turn implies β(l̇2)−1β(l̇1) = 1 =⇒ β(l̇1) = β(l̇2).

Thus

l1M · m1 = Ψ(β(l̇1))−1m1Ψ(β(l̇1)) = Ψ(β(l̇2))−1m2Ψ(β(l̇2)) = l2M · m2.

Theorem 4.3. Let us assume M is abelian. Given a surjective homomorphism β : Lk → L/M,

the set Sβ is identical to the set of kernels of surjective L/M-homomorphisms ν : Mk → M with

the above group actions.

Proof. To prove the first inclusion, let N ∈ Sβ. Then there exists a surjective homomor-

phism φ such that ker φ = N and πL ◦ φ = β. We will now prove that the restriction of φ

to Mk is a L/M-homomorphism with kernel N.

Since φ is surjective we obtain that φ|Mk(soc(Lk)) ⊆ soc(L) = M by Theorem 1.11.

Furthermore since πL ◦ φ = β, ker φ is contained in ker β = Mk. We also claim that

this inclusion is strict, since if it were otherwise then |L| = |Lk|/| ker φ| = |Lk|/|Mk| =

|L|/|M| but this is a contradiction. Thus φ(Mk) is a non-trivial normal subgroup in L.

Since M is a minimal normal subgroup we conclude that φ(Mk) = M.

That ker φ|Mk = N is obvious, since N = ker φ ⊆ ker β = Mk.

Now for any lM ∈ L/M and any m ∈ Mk, we have that φ(l̇)M = πL ◦ φ(l̇) = β(l̇) =

ρ(Ψ(β(l̇))) = Ψ(β(l̇))M =⇒ φ(l̇)−1M = Ψ(β(l̇))−1M. Thus there exists an x ∈ M such

that φ(l̇)−1 = Ψ(β(l̇))−1x−1 =⇒ φ(l̇) = xΨ(β(l̇)). It then follows that

φ|Mk(lM · m) = φ(l̇−1ml̇)

= φ(l̇)−1φ(m)φ(l̇)

= Ψ(β(l̇))−1x−1φ(m)xΨ(β(l̇))

= Ψ(β(l̇))−1x−1xφ(m)Ψ(β(l̇)), since M is abelian

= lM · φ|Mk(m)

and the proof of this inclusion is complete.

To prove the other inclusion, let ν be a L/M-homomorphism. Let us first define

ψ : Lk → L

ċm 7→ Ψ(β(ċ))ν(m),
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where ċ ∈ Ċ and m ∈ Mk. This function is well-defined since Ċ and Mk are complements.

It is a homomorphism since for any ċ1, ċ2 ∈ Ċ and m1, m2 ∈ Mk,

ψ(ċ1m1ċ2m2) = ψ(ċ1ċ2mċ−1
2

1 m2)

= Ψ(β(ċ1ċ2))ν(m
ċ−1

2
1 )ν(m2)

= Ψ(β(ċ1))Ψ(β(ċ2))ν(ċ2M · m1)ν(m2)

= Ψ(β(ċ1))Ψ(β(ċ2))(ċ2M · ν(m1))ν(m2)

= Ψ(β(ċ1))Ψ(β(ċ2))ν(m1)
Ψ(β(ċ2))

−1
ν(m2)

= Ψ(β(ċ1))ν(m1)Ψ(β(ċ2))ν(m2)

= ψ(ċ1m1)ψ(ċ2m2).

We claim that ker ψ = ker ν. Let ċ ∈ Ċ and m ∈ Mk be such that ψ(ċm) = 1. Then

Ψ(β(ċ)) = ν(m)−1 ∈ M ∩ C = 1. Thus ċ ∈ ker β ∩ Ċ = Mk ∩ Ċ = 1 and m ∈ ker ν. What

we conclude from this is that if ψ(ċm) = 1 then ċ = 1 and m ∈ ker ψ, that is ker ψ = ker ν.

Since ψ(Lk) ⊆ L, applying the First Isomorphism Theorem we obtain

|L| = |Lk|/|M|k−1 = |Lk|/| ker ψ| = |ψ(Lk)|

and thus surjectivity follows.

We also easily verify that for any ċ ∈ Ċ and m ∈ Mk

πL ◦ ψ(ċm) = πL(ψ(ċ))πL(ψ(m))

= πL(Ψ(β(ċ)))M

= Ψ(β(ċ))M

= β(ċ)M, since ρ(Ψ(β(ċ))) = β(ċ) =⇒ Ψ(β(ċ))M = β(ċ)

= β(ċ)β(m)

= β(ċm)

Theorem 4.4. Let us assume that M is abelian. Given a surjective homomorphism β : Lk →

L/M, the cardinality of the set Sβ is k when M is non-abelian; it is (qk − 1)/(q − 1) when M is

abelian and q is the number of (L/M)-endomorphisms of M.
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Proof. If M is abelian, by Theorem 4.3 we have to count the kernels of surjective (L/M)-

homomorphisms from Mk to M. It is claimed on [1, Lemma 2.5] that this number is

(qk − 1)/(q − 1) where q is the number of (L/M)-endomorphisms of M.

4.2 The M not abelian case

Theorem 4.5. Let us assume that M is not abelian. If N ◁ Lk and N ⊆ soc(Lk), then N is a

direct product of some M1, . . . , Mk.

Proof. Let Ni = πi(N). Since Ni = πi(N) ⊆ πi(Mk) = M, M is a minimal normal

subgroup of L and πi(N) is normal in L we have that πi(N) is either 1 or M. Furthermore

we have that πi|−1
Lk
(1) = π−1

i (1)∩ Lk = (L× . . .× 1× . . .× L)∩ Lk = (M × . . .× 1× . . .×

M) and that πi|−1
Lk
(M) = Mk and so π−1

i (Ni) is either πi|−1
Lk
(1) = (M × . . . × 1 × . . . × M)

or πi|−1
Lk
(M) = Mk. Thus N ⊆ ∩k

i=1π−1
i (Ni) = ∏{j|Nj=M} Mj, that is N is contained in

the set whose coordinate i is M iff πi(N) = M otherwise is 1. The first inclusion is thus

complete.

Now we will prove by reduction to absurd that for any 1 ≤ i ≤ k, πi(N) = M implies

Mi ⊆ N. Since Mi is a minimal normal subgroup N ∩ Mi is either 1 or Mi. If N ∩ Mi = 1

then [N, Mi] ≤ N ∩ Mi = 1, that is the elements of N and Mi commute. Furthermore since

M is non-abelian there exists x, y ∈ M such that xy ̸= yx. Since πi is a surjective function,

there are mi ∈ Mi and n ∈ N such that y = π(mi) and x = πi(n). We thus obtain

xy = πi(n)πi(mi)

= πi(nmi)

= πi(min)

= πi(mi)πi(n)

= yx,

a contradiction. From the claim just proven it easily follows that ∏{j|Nj=M} Mj ⊆ N and

the proof is thus complete.

Theorem 4.6. Let us assume that M is not abelian. If Lk/N ∼= L then N is a direct product of

k − 1 factors Mi.
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Proof. Since |Lk/N| = |Lk|/|N| = |L| we obtain that |N| = |M|k−1. It thus follows by

Theorem 2.11 that N ⊆ Mk. Now by Theorem 4.5 N is a direct product of some factors Mi

and since it has order |M|k−1 it must be of k − 1 of them.

Theorem 4.7. Let us assume that M is not abelian. The cardinality of the set

N =
{

N ◁ Lk|N ≤ soc(Lk) and Lk/N ∼= L
}

is k.

Proof. By Theorem 4.6, if N ∈ N it is a direct product of k − 1 factors Mi. Since there are

exactly k direct products of k − 1 Mi factors, we obtain that |N | = k.

Theorem 4.8. Let us assume that M is not abelian. Given a surjective homomorphism β : Lk →

L/M, the cardinality of the set Sβ is k.

Proof. It is claimed on [1, Lemma 2.5] that the normal subgroups we have to count are

precisely the normal subgroups of Lk contained in soc(L) and such that Lk/N ∼= L. By

Theorem 4.7 there are exactly k such subgroups.

4.3 Putting It All Together

Definition 4.9. Let F be a free group of rank m. Given a surjective homomorphism β : F →

L/M, we define the set Rβ as the set of normal subgroups N of F arising as kernels of those

homomorphisms of F onto L which composed with the natural projection πL : L → L/M

yield β.

Definition 4.10. Given an automorphism α of L we say that α acts trivially on L/M if and

only if for all lM ∈ L/M

α(lM) = lM.

Since L has a unique minimal normal subgroup and minimal normal subgroups are

sent into minimal normal subgroups via isomorphisms, we have that

α(lM) = lM ⇐⇒ α(l)α(M) = lM ⇐⇒ α(l)M = lM.

Definition 4.11. We will denote by Γ the set of all automorphisms of L that act trivially

on L/M.
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Let us remember Definition 1.27, which says that ϕL(m) is the number of m tuples

(x1, . . . , xm) of elements of L that generate L.

Theorem 4.12. Let F be a free group of rank m ≥ d(L). Given a surjective homomorphism

β : F → L/M, the cardinality of the set Rβ is ϕL(m)/|Γ|ϕL/M(m).

Proof. Let x1, . . . , xn be the canonical basis of F. A surjective homomorphism β : F −→

L/M is uniquely determined by β(x1) = l1M, . . . , β(xm) = xm M, where L = ⟨l1, . . . , lm, M⟩.

Now let γ : F −→ L be a surjective homomorphism which composed with the the pro-

jection πL : L −→ L/M yields β; we must have γ(x1) = l1z1, . . . , γ(xm) = lmzm with

z1, . . . , zm ∈ M and L = ⟨l1z1, . . . , lmzm⟩.

We claim that the number of possible choices for (z1, . . . , zm) is ϕL(m)/ϕL/M(m). To

prove so let R be a left transversal of M in L. Also for any lM ∈ L/M we will denote by

rlM the unique element r ∈ R such that rM = lM. For any m-tuple (t1M, . . . , tm M) that

generates L/M let us define Z(t1M, . . . , tm M) as

{
(z1, . . . , zm) ∈ Mm|L = ⟨rt1 Mz1, . . . , rtm Mzm⟩

}
.

Let us also denote by T the set

{
(t1M, . . . tm M) ∈ (L/M)m|⟨t1M, . . . tm M⟩ = L/M

}
.

We can now define the function

b :
⋃

(t1 M,...tm M)∈T

{(t1M, . . . tm M)} × Z(t1M, . . . tm M) →
{
(g1, . . . gm) ∈ Lm|⟨g1, . . . gm⟩ = L

}
(t1M, . . . , tm M, z1, . . . , zm) 7→ (rt1 Mz1, . . . , rtm Mzm).

Obviously b is well defined. Also for any g ∈ L, g ∈ gM = rgM M and thus we have that

g = rgMh for some h ∈ M. So for any (g1, . . . gm) ∈ Lm with the property that ⟨g1, . . . gm⟩ =

L we can find (h1, . . . , hm) ∈ Mm such that (g1, . . . gm) = (rg1 Mh1, . . . , rgm Mhm). Thus

b(rg1 M, . . . rgm M, h1 . . . hm) = (g1, . . . gm) and the surjectivity of b is proven. For the injec-

tivity of b it suffices to prove that given r1, r2 ∈ R and z1, z2 ∈ M if r1z1 = r2z2 then

r1M = r2M and z1 = z2, since then it easily follows that for any d1, d2 in the domain

of b, b(d1) = b(d2) =⇒ d1 = d2. Let r1, r2 ∈ R and z1, z2 ∈ M if r1z1 = r2z2 then

r−1
2 r1 = z2z1 ∈ M. That is r2M = r1M and since r1, r2 belong to the left transversal R,

r1 = r2. Thus z1 = r−1
1 r2z2 = r−1

2 r2z2 = z2 and injectivity is proven. We just proved that b

is a bijection.
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By Theorem 1.29, |Z(t1M, . . . , tm M)| is independent of the choice of rt1 M, . . . rtm M and

thus the sets Z all have the same cardinality.Thus

ϕL/M(m)|Z(l1M, . . . , lm M)| = |T||Z(l1M, . . . , lm M)|

=|
⋃

(t1 M,...tm M)∈T

{(t1M, . . . tm M)} × Z(t1M, . . . tm M)|

=|
{
(g1, . . . gm) ∈ Lm|⟨g1, . . . gm⟩ = L

}
| = ϕL(m)

and the proof of the claim that the number of possible choices for (z1, . . . , zm) is ϕL(m)/ϕL/M(m)

is complete.

Now let γ1, γ2 be two of these homomorphisms; we claim that ker γ1 = ker γ2 = N if

and only if there exists an automorphism α of L which acts trivially on L/M such that γ2

is equal to γ1 composed with α.

If ker γ1 = ker γ2 = N, then by the First isomorphism Theorem there exist isomor-

phisms γ̄1 : F/N → L and γ̄2 : F/N → L such that for all x ∈ F, γ̄1(xN) = γ1(x) and

γ̄2(xN) = γ2(x). Now let us consider the isomorphism α = γ̄2 ◦ γ̄1
−1 : L → L. For all

x ∈ F, we have that

(α ◦ γ1)(x) = γ̄2(γ̄1
−1 ◦ γ1(x))

= γ̄2(xN)

= γ2(x)

where the second equality follows from applying γ̄1
−1 to γ̄1(xN) = γ1(x). Furthermore

for all x ∈ F, πL ◦ γ̄1(xN) = πL ◦ γ1(x) = β(x) = πL ◦ γ2(x) = πL ◦ γ̄2(xN). Thus it

follows that for all l ∈ L, (πL ◦ α)(l) = πL ◦ γ̄2(γ̄1
−1(l)) = πL ◦ γ̄1(γ

−1
1 (l)) = πL(l) = lM

and hence α(l)M = (πL ◦ α)(l) = lM.

On the other hand if there exists an automorphism α of L which acts trivially on L/M

such that γ2 is equal to γ1 composed with α, then ker γ2 = ker α ◦ γ1 = ker γ1. Further-

more for all x ∈ F, πL ◦ γ2(x) = πL ◦ α ◦ γ1(x) = α(γ1(x))M = γ1(x)M = πL ◦ γ1(x) =

β(x)

We conclude that the cardinality of Rβ is ϕL(m)/|Γ|ϕL/M(m).

Theorem 4.13. Let F be a free group of rank m ≥ d(L) and β : F → L/M a surjective homomor-

phism. The group F/(
⋂

N∈Rβ
N) is isomorphic to Lq for some positive integer q. Furthermore q is
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the biggest integer for which there exists a surjective homomorphism Ψ : F → Lq such that

πLq ◦ Ψ = β.

Proof. By Theorem 4.12, Rβ is finite so we can assume that Rβ = {N1, . . . , Nr}.

Now given N ∈ Rβ, let γN : F → L be such that ker γN = N and πL ◦ γN = β. Let us

also consider the subsequence of N1, . . . , Nr:

Ni1 = N1, . . . , Niq

where
⋂j

n=1 Nin ⊈ Nij+1 for 1 ≤ j ≤ q − 1. Assuming we have Nij we choose Nij+1

in the following way: ij+1 is the smallest number such that ij+1 > ij and
⋂j

n=1 Nin ⊈

Nij+1 ; if no such number exists the subsequence is completed.Let us note that
⋂q

n=1 Nin =⋂
N∈Rβ

N. Through reindexing we can assume that the sequence just constructed is simply

N1, . . . , Nq.

We will prove by induction that for 1 ≤ s ≤ q the function

Ψs : F → Ls

x 7→ (γN1(x), . . . , γNs(x))

is a surjective homomorphism with kernel
⋂s

i=1 Ni. After this is proved we can easily

conclude that F/(
⋂

N∈Rβ
N) ∼= Lq due to

⋂
N∈Rβ

N =
⋂q

i=1 Ni and the First isomorphism

Theorem.

For s = 1, Ψs = γN1 and thus the hypothesis obviously holds. Let us assume now that

it holds for 1 ≤ s < q.

That Ψs+1 maps to Ls+1 is not obvious. For any 1 ≤ i, j ≤ q we have γNi(x)M =

β(x) = γNj(x)M by the definition of the γ functions. Thus γN1(x)M = . . . = γNs+1(x)M

and Ψs+1 maps to Ls+1.

This function is obviously well defined. We also easily obtain that ker Ψs+1 =
⋂s+1

i=1 Ni =⋂
N∈Rβ

N since for any 1 ≤ i ≤ q, ker γNi = Ni.

To check surjectivity let us first notice that,

M ⊆ γNs+1(
s⋂

i=1

Ni) and γNj(
s⋂

i=1

Ni) = 1 for 1 ≤ j ≤ s.

This holds because
⋂s

i=1 Ni is a normal subgroup in F not contained in ker γNs+1 = Ns+1

and as γNs+1 is surjective the image of
⋂s

i=1 Ni is a non-trivial normal group of L. Such

a normal subgroup must contain a minimal normal subgroup and M is the unique such
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subgroup, thus it contains it. Furthermore for 1 ≤ j ≤ s, γNj(
⋂s

i=1 Ni) = 1 since
⋂s

i=1 Ni ⊆

Nj = ker γNj .

Let us also notice that for all x ∈ F, Ψs+1(x) = (Ψs(x), γNs+1(x)).

Thus given (lm1, . . . , lms+1) ∈ Ls+1 by the induction hypothesis there is some x ∈ F

such that Ψs(x) = (lm1, . . . , lms). Since lM = γN1(x)M = γs+1(x)M, γs+1(x) = lmx for

some mx ∈ M. Consider now the element xy ∈ F where y ∈ ⋂s
i=1 Ni and γs+1(y) =

m−1
x ms+1 (such y exists due to M ⊆ γNs+1(

⋂s
i=1 Ni)). Then

Ψs+1(xy) = (Ψs(xy), γNs+1(xy))

= (γN1(xy), . . . , γNs+1(xy))

= (γN1(x)γN1(y), . . . , γNs+1(x)γNs+1(y))

= (γN1(x), . . . , γNs(x), γNs+1(x)γNs+1(y))

= (lm1, . . . , lms, lmxm−1
x ms+1) = (lm1, . . . , lms+1)

where the fourth equality follows from y ∈ ⋂s
i=1 Ni =

⋂s
i=1 ker γNi . Surjectivity and the

first part of the theorem is thus proved. It is now only necessary to prove that there is no

quotient of F isomorphic to some Lk for some k > q.

Let us suppose to obtain a contradiction that for some k > q there is a surjective

homomorphism Ψ between F and Lk such that πLk ◦ Ψ = β. Let us consider the natural

projection πL : L → L/M.

For 1 ≤ i ≤ k let us also consider the surjective homomorphisms γi = πi ◦ Ψ : F → L.

The following diagrams help to keep track of the homomorphisms

F Lk L/M F L/M

L L

Ψ

γi
πi

πLk α

γi
πL

πL .

Now obviously Ψ(x) = (γ1(x), . . . , γk(x)) and thus

K = ker Ψ =
q⋂

i=1

ker γi.

Furthermore for all 1 ≤ i ≤ k and all x ∈ F,

β(x) = πLk ◦ Ψ(x)

= πi(Ψ(x))M

= πL ◦ γi(x)
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and thus ker γi ∈ Rβ. We obtain that
⋂

N∈Rβ
N ⊆ ⋂q

i=1 ker γi = K and consequently

|F/(
⋂

N∈Rβ
N)| ≥ |F/K|. This is a contradiction since by the First Isomorphism Theorem

|F/(
⋂

N∈Rβ
N)| = |Lq| < |Lk| = |F/K|.

Theorem 4.14. Let m ≥ d(L) and q be the number of (L/M)-endomorphisms of M when M is

abelian. Then

f (m) = 1 +


ϕL(m)/(|Γ|ϕL/M(m)) if M is not abelian,

logq(1 + (q − 1)ϕL(m)/|Γ|ϕL/M(m)) if M is abelian.

Proof. Let F denote a free group with rank m. Since an homomorphism from F is totally

determined by the images of its canonical base and L/M is a finite group, there are a finite

number of surjective homomorphisms from F to L/M. By Theorem 4.13 each such surjec-

tive homomorphism α has an associated biggest integer s and surjective homomorphism

Ψ such that πLs ◦ Ψ = α and thus we can consider the finite set of all such integers s. We

can now set k as the maximum of such set, β : F → L/M and Ψk : F → Lk the associated

homomorphisms and R = ker Ψk = (
⋂

N∈Rβ
N).

Let us note that if for some K ◁ F, there exists an isomorphism ϕ between F/K and Li

for some i then ϕ induces a surjective homomorphism from F to L/M, namely πLi ◦ ϕ ◦ π

where π : F → F/K is the natural projection. By the remarks above and our choice of k,

F/R is the largest quotient of F isomorphic to Li for some i; since F is a free group of rank

m this means that

f (m) = 1 + k.

Now by the Correspondence Theorem the function υ : N 7→ N/R is a bijection from the

family of all those subgroups N of F which contain R to the family of all the subgroups

of F/R. Furthermore if we denote by ϕ the isomorphism F/R = F/ ker Ψk
∼= Lk resulting

from the First isomorphism Theorem, we can define the induced bijection ϕ̄ : N 7→ ϕ(N)

that maps subgroups of F/R to subgroups of Lk. Now consider the bijection σ = ϕ̄ ◦ υ

from the family of all those subgroups N of F which contain R to all subgroups of Lk.

We claim that the restriction of σ to Rβ is a bijection between Rβ and Sβ̄◦ϕ−1 . We need

only to prove that if N ∈ Rβ then σ(N) ∈ Sβ̄◦ϕ−1 and if K ∈ Sβ̄◦ϕ−1 then σ−1(K) ∈ Rβ. To
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do so let us first denote by π : F → F/R the natural projection and notice that

β̄ : F/R → L/M

xN 7→ β(x)

is a well defined (since R ⊆ ker β) surjective homomorphism that satisfies β̄ ◦ π = β.

Given a surjective homomorphism such that ker γN = N and πL ◦ γN = β, let us also

consider

γN/R : F/R → L

xN 7→ γN(x);

this is also a well defined (since R ⊆ ker γN) homomorphism with the property γN/R ◦

π = γN . Since π is surjective we also obtain

πL ◦ γN = β =⇒ πL ◦ γN/R ◦ π = β̄ ◦ π =⇒ πL ◦ γN/R = β̄.

The following diagram helps visualize the homomorphisms:

F

Lk F/R L/M

L
πL

β̄

γK

π
β

γN/R

ϕ

If N ∈ Rβ then there exists a surjective homomorphism γN : F → L such that ker γN =

N and πL ◦ γN = β. Now πL ◦ γN/R ◦ ϕ−1 = β̄ ◦ ϕ−1 and thus ker γN/R ◦ ϕ−1 ∈ Sβ̄◦ϕ−1 .

Since ϕ is an isomorphism ker γN/R ◦ ϕ−1 = ϕ(ker γN/R) = ϕ(N/R). We thus conclude

that

σ(N) = ϕ(N/R) = ker γN/R ◦ ϕ−1 ∈ Sβ̄◦ϕ−1 .

If K ∈ Sβ̄◦ϕ−1 then there exists a surjective homomorphism γK : Lk → L such that

ker γK = K and πL ◦ γK = β̄ ◦ ϕ−1. Now πL ◦ γK ◦ ϕ ◦ π = β̄ ◦ ϕ−1 ◦ ϕ ◦ π = β̄ ◦ π = β

and thus ker γK ◦ ϕ ◦ π ∈ Rβ. Also ker γK ◦ ϕ ◦ π = π−1(ϕ−1(ker γK)) = π−1(ϕ−1(K)).

We thus conclude that σ−1(K) = π−1(ϕ−1(K)) = ker γK ◦ ϕ ◦ π ∈ Rβ. It is thus proved

that there is a bijection between Rβ and Sβ̄◦ϕ−1 .
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Now by Theorems 4.8 and 4.12 we obtain:

ϕL(m)

|Γ|ϕL/M(m)
= |Rβ| = |Sβ̄◦ϕ−1 | =


k if M is not abelian,

(qk − 1)/(q − 1) if M is abelian.

Since k = f (m)− 1, the proof is complete.
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