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Resumo

Surgem diferentes fenémenos, geralmente nao lineares na intensidade do campo, quando
um campo eletromagnético perturba um sistema cristalino. E possivel utilizar uma abor-
dagem microscopica para descrever a resposta Otica nao linear em termos da densidade
de corrente, calculada através da matriz de densidade (DM), que descreve completamente
o estado do sistema e evolui no tempo sob o campo de radiagao externo. Um método
analitico frequentemente utilizado para calcular a evolugao temporal da DM para um
campo eletromagnético fraco é a teoria de perturbagoes dependentes do tempo. Quando
a perturbacao se torna suficientemente forte, a eficicia da expansao em poténcias do
campo diminui, obrigando ao desenvolvimento de técnicas alternativas. Como alternativa
a teoria de perturbacoes, usaremos o formalismo de Floquet para estudar a resposta otica
nao-linear. A premissa é tirar proveito da periodicidade temporal da perturbacdo com o
formalismo de Floquet. Como prova de conceito, consideramos a resposta de um modelo
semicondutor com duas bandas 1D a temperatura zero sob a influéncia de uma pertur-
bacao electromagnética periddica, com diferentes intensidade de campo. O problema foi
definido em welocity gauge, em que o campo elétrico é introduzido por um vetor potencial
uniforme e dependente do tempo. Neste caso as equagoes de evolucao da DM sao desaco-
pladas para cada momento k. Depois de resolver as equagoes de evolugao temporal para
cada k, somamos sobre a primeira zona de Brillouin para obter a resposta temporal em
corrente. Ao longo da tese, mostraremos como conseguimos calcular a corrente para cada
k e a corrente total no espaco de frequéncias, usando o formalismo de Floquet. Estuda-
mos o comportamento da corrente para cada k no regime perturbativo, e encontramos
uma limitacao da dinamica semiclassica. No que diz respeito a corrente total, vimos que
as unicas frequéncias que aparecem na resposta sao multiplos da frequéncia do campo e
relacionadas com os extremos do gap de Floquet. Como o formalismo de Floquet nao se
limita a campos fracos, calculamos as amplitudes das componentes da corrente nos trés
primeiros multiplos da frequéncia do campo até observarmos a quebra do comportamento
perturbativo.

Palavras-chave: Hamiltoniano peridédico no tempo; Formalismo de Floquet; Otica nao-
linear; Cristais unidimensionais
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Abstract

Different phenomena appear, generally nonlinear with the field intensity, when an electro-
magnetic field perturbs a crystalline system. It is possible to use a microscopic approach
to describe the nonlinear optical response in terms of the current density compute via
the density matrix (DM), which fully describes the state of the system and evolves in
time under the external radiation field. A frequently used analytical method to compute
the time evolution of DM for weak electromagnetic field is time-dependent perturbation
theory. When the perturbation become strong enough, the efficacy of the expansion in
powers of the field diminishes, necessitating the development of alternative techniques.
For the cases where the perturbation is time periodic, an alternative to perturbation the-
ory is Floquet formalism to study the nonlinear optical response. The premise is to take
advantage of the time periodicity of the perturbation to compute the time evolution of
the system with Floquet formalism. As a proof of concept, we considered the response
of a semiconductor model with two 1D bands at zero temperature under the influence
of a periodic electromagnetic perturbation, with different field intensities. The problem
was defined in velocity gauge, where the electric field is introduced by a time-dependent
and uniform vector potential. In this case the time evolution equations of the DM are
decoupled for each momentum k. After solving the time evolution equations for each k,
we summed over the first Brillouin zone to obtain the total current. Through this thesis,
we will show how we were able to compute the current for each k and the total current
in frequency space, using the Floquet formalism. We studied the behaviour of the cur-
rent for each k in the perturbative regime, and we found a limitation of the semiclassical
dynamics. Concerning the total current, we saw that the only frequencies that appear
in the response are multiples of the field frequency and related to the extremes of the
Floquet gap. Because the Floquet formalism is not limited to weak fields, we compute
the amplitudes of the current components at the first three multiples of the field frequency
until we observe the breakdown of the perturbative behaviour.

Keywords: Time periodic Hamiltonian; Floquet formalism; Non-linear Optics; One di-
mensional crystals
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Introduction

In 1875, Reverend John Kerr demonstrated that the refractive index of various solids and
liquids is slightly changed by applying a strong DC field [1]. This is known as the DC Kerr
effect and was the first nonlinear optical response observed. Later, in 1882, a similar effect,
known as the Pockels effect, was observed in crystalline materials with a lack of inversion
symmetry by Friedrich Pockels at the University of Gottingen [2]. Further progress had
to wait for the availability of lasers, a source of strong optical fields (1960), that allowed
the discovery of the second harmonic generation [3]. The authors propagated a ruby laser
beam at 6942 A through a quartz crystal and observed ultraviolet radiation from the
crystal at 3471 A, as represented in Fig. 1. This is considered by several authors [4,5] to
be the beginning of the field of nonlinear optics.

Nonlinear optics focuses on phenomena that occur when the optical response of matter
depends nonlinearly on the optical field’s strength. For sufficiently weak electromagnetic
fields, not only is the optical current response expected to behave linearly with the amp-
litude of the field, but it also displays the same frequency. With increasing field intensity,
more complex phenomena emerge [6-8]. One such phenomenon is harmonic generation,
which pertains to the current response displaying frequencies corresponding to multiples
of the frequency of the electromagnetic field. The second and third harmonic generation
are examples of these phenomena corresponding to a response with twice and three times
the original frequency. When the perturbations become sufficiently intense, the material
shows other responses, such as the stimulated Raman effect, self-induced transparency,
and electromagnetically-induced transparency [9)].

The current density 7, for example, is a typical quantity through which non-linear effects
manifest themselves. A common way to describe the current density evolution is to use
the density matrix (DM) formalism [10,11]. The DM is a powerful tool for describing the
quantum state of the system as well as its observable quantities. The current density is
given by the trace of the product of the current density with the density matrix [12].

According to the Liouville equation, the DM evolves in time under the external radiation
field. There are several analytical and numerical methods capable of solving the time
evolution of the DM. A commonly used analytical method is the time-dependent perturb-
ation theory. It consists of finding an approximate solution by expanding the Hamiltonian
and other operators around a known solution, usually the equilibrium, as a function of
powers of the perturbation [13]. To ensure the accuracy of the result, this method is
usually applied to small perturbations. In the context of optical responses, the results of
the time-dependent perturbation theory are limited to weak electromagnetic fields. When
the perturbations become sufficiently intense, the effectiveness of field power expansion
diminishes, necessitating the development of alternative techniques.
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Ruby laser Second
beam Harmonic
Crystal
A, = 6942 A Ay = 34714

Figure 1.: Schematic of the second harmonic generation of the experiment described
in [3]: propagation of a ruby laser beam at \; = 6942 A through a quartz crystal and
observation of light from the crystal at Agy = 3471 A.

Whether within the perturbation theory regime or not, numerical approaches are very
useful for computing the exact solution of the Liouville equation. Several numerical
methods, such as the Euler or the Runge Kutta methods, serve this purpose. In the
remainder of this thesis, we will use the fourth-order Runge-Kutta (RK4) method to
evolve the density matrix, an ordinary differential equation solver with an accuracy of
fourth order in the integration step and an error of fifth order [14].

Some problems in physics concern a system under time-periodic perturbations, which
means that the Hamiltonian is periodic in time. Since the 1930’s, several authors [15-17]
have applied a method using a rotating coordinate system to solve magnetic resonance
problems. Later, a method to solve the Schrodinger equation with a Hamiltonian that
is periodic in time was implemented [18]. This method is essentially the Floquet formal-
ism, initially developed by Achille Floquet [19] to solve linear differential equations with
periodic coefficients. It consists of transforming the time-dependent Hamiltonian into a
time-independent one and solving the eigenvalue problem to construct the time evolution
operator and perform the complete time evolution of the system from the application of
this operator to an initial state.

In the last decades, the Floquet formalism has been used to describe the non-equilibrium
steady state of a system under periodic driving perturbations. Under these perturbations,
the materials exhibit new characteristics. There are studies concerned with the topological
features of materials under these perturbations [20], exploring gapped Dirac and Weyl
materials [21], as the example of graphene [22]. New non-equilibrium topological states,
called Floquet isolators, were also discovered [23,24]. Other studies focused more on the
optical properties of these lighted-induced electronic Floquet states [25—28], in particular,
experiments with ultracold quantum gases in periodically driven optical lattices [29].

In nonlinear optical problems, the Floquet formalism can solve the Schrodinger equation of
a system perturbed by a time-periodic electromagnetic field. This leads to the construction
of the DM from the states of the system computed with Floquet formalism, and then
the current density can be calculated using the DM formalism. As mentioned above, the
evolution computed using the Floquet formalism implies the choice of an initial state from
which we evolve the system. This is equivalent to a sudden switching of the perturbation,
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as opposed to the usual conditions in which the time-dependent perturbation theory is
applied, where the perturbation is switched on adiabatically. This work aims to study the
use of the Floquet Formalism to directly solve the problem of a one-dimensional (1D) two-
band semiconductor model at zero temperature suddenly perturbed by a monochromatic
electromagnetic field suddenly switched and obtain its nonlinear optical current response.
This method has already been applied to solve the time evolution of atomic and nuclear
problems [30,31]. However, as far as we know, it has not been applied previously in the
context of nonlinear optics of crystals.

In Chapter 1, we review important concepts of Nonlinear Optics that are crucial to solve
the problem at hand. We discuss the difference between the length and the velocity
gauges and motivate our choice of the velocity gauge. Then, we briefly describe the time
perturbation theory as a tool used to compute the optical response of the system for weak
fields and then compare it to the Floquet results. In Chapter 2 we review the details of
the Floquet Formalism and apply it to two preliminary problems. In Chapter 3, we finally
approach the 1D two-band semiconductor model with the monochromatic electromagnetic
perturbation. We start by describing the system and compute the linear response using
time perturbation theory. After that, we define the Floquet Hamiltonian and compute the
system’s time evolution, comparing the results with the linear response for weak fields and
with RK4 for stronger fields. In Chapter 4, we present some numerical results that follow
the analysis of Chapter 3, searching for perturbative regimes by varying the frequency
and the intensity of the field. Finally, in Chapter 5, we present a summary of the work
and a reflection on future work.



1. Nonlinear Optics

In the universe of the nonlinear response in crystalline materials, a quantum description
of the time response of a crystal by an electromagnetic perturbation can be done in terms
of the current density, computed via density matrix formalism:

J(t)="Tr [3 p(t)], (1.1)

where j(t) is the density matrix of the system at time t and J = —N/Q|e| ¥ is the current
operator, where N is the number of particles, () is the volume and v is the velocity
operator. The density matrix evolves adiabatically in time through the Liouville equation

R EETIN
where H (t) is the system’s Hamiltonian at time ¢. Starting with a crystalline material
in equilibrium, with Hamiltonian H,, we need a gauge to describe an electromagnetic
perturbation. Among several possibilities, the analysis is usually done in the length or
the velocity gauges.

In this chapter, we have put together some concepts that will be useful in the analysis
of the problem proposed in the thesis. We start by motivating the choice of the gauge
that will be used to describe the electromagnetic perturbation, Section 1.1, and then we
present the equations and start point of the expansion in perturbation theory that will
be used to analyse the first order current of the system, Section 3.2.

1.1. Gauge choices

In length gauge, the Hamiltonian of the system in the presence of the perturbation is
written as

A(t) = Ho+ |e|#- B (1), (1.3)

where T is the position operator, e is the electron charge and E(t) is the electric field.
The velocity operator v is given by

v=—[i H(t), (1.4)
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which is equivalent to

PO S PR
V== [r, Ho} (1.5)
once the position operator commutes with itself, the velocity operator is time independent

in this gauge even in the presence of the E(t).

This gauge is incompatible with periodic boundary conditions. Setting periodic conditions
is equivalent to define ¥ = Ty, as we see in Fig. 1.1 for a 1D lattice with one atom per cell
in this boundary conditions. In the figure, we see that the position of each atom is defined
such that the position variation between consecutive cells is Az = ((n+1) —n)a = a.
However, the difference in the positions of the first and the last atom does not correspond
to the actual distance. The position operator is not well defined.

We can, however, proceed with this gauge if we consider the infinite-crystal limit of a
d-dimensional crystal. Using the periodicity of the lattice, we write the operators in the

Bloch vectors basis, E>> [32]
. dik .
A =3 / (3l 9k + 1€lB(1) D] (1.6)
o =L D7) (1.7)
_h ) ) :

where ¢ .and ¢, are the creation and annihilation operators and the indices s, s’ are the
indices for the system’s bands. The nonperturbed Hamiltonian is diagonal by blocks in
the reciprocal lattice. For this reason, we can describe the system by its block matrices

A

H(k), such that the total Hamiltonian is given by
7:[0 = Zf’q(k) (1.8)
k

and the band indices mentioned above correspond to the eigenbasis of those blocks with
the eigenvalue equation given by

A

H(k) |uks> = €ks |uks> 5 (19)

where |uys) and €, are the eigenstates and eigenenergies of the nonperturbed system,
respectively. The Dy operator that appears in the previous equation is the covariant
derivative operator

Dyss = 055 Vic — 1k, (1.10)
where & is the Berry connection defined by

Ekss = 1 (Uks| VUi ) = i/uc druy,(r) Vit (1) (1.11)
with the integral over the real space unit cell (uc). This operator is the representation of
the position operator in k basis, t — ¢Dy:

(thies| #[¥) = > iDygr P (k). (1.12)

5/
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X =

NDa o a
/
(N-2)a Ay =2 N 2a

A
/ \

\ /s
\ /

AN e

~—_—

3a

Figure 1.1.: Representation of a 1D lattice with periodic boundary conditions with the
evidence of a ill definition of the position in the lattice. Scheme adapted from [32].

where |¢)y) is the Bloch state and |¥) a general single particle state that can be expressed
as a linear combination of the Bloch functions with coefficients ®4(k) = (¢;s|V). As a
result, the density matrix evolution equation can be derived by writing Eq. (1.2) in the
eigenbasis |uy,) and entering Eq. (1.3) for the Hamiltonian [32]

0 . A,
[@hat - Aekssll pE ok t) =ile| B(t) - [Dk, pF (k, t)Ls/ ) (1.13)
with A€yss = €xs — €xs and pf (k, ) is the density matrix operator in the length gauge.
This is a partial derivative equation in quasi-momentum k. We cannot solve it for each
quasi-momentum k independently.

Another possibility is the velocity gauge. In this gauge, there is no problem with periodic
boundary conditions. The electric field is introduced through a vector potential A(t)
which, following the Maxwell equations, satisfies E(t) = —0J;A(t). In this gauge, the
perturbed Hamiltonian is also block diagonal in the Bloch’s basis, where the blocks are
given by 7—A[A(k,t). Consequence of the gauge invariance of the electromagnetic field,
the Hamiltonian constructed this will be also gauge invariance. According to Noether’s
theorem, a generic current is always associated with the system’s symmetry. In this case,
associated to the gauge invariance is the current density given by

AA( ) _ laﬁA(t)

L OA(t)’

with L the size of the system. Since the Hamiltonian is block diagonal in k£ the density
current will be, too, such that it can be written as

JAt) =S Ik, 1), (1.15)

(1.14)
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where

Tk, 1) = 57 T4 (k, t) Jures) (usesr| - (1.16)

The velocity operator related to the current by
JA (k1) = —|e| ¥4 (k, 1) (1.17)

that is now time dependent, in contrast to the length gauge.

In this gauge, the density matrix equation evolves via the following equation [32]

[h; _ A] e (8) = [V(0), (0,1 (118)
with
V(t) = H" (k,t) — H (k,0). (1.19)

As a result of the fact that the Hamiltonian of the perturbed system is block diagonal in
base k and if the initial condition of the system is also block diagonal in k, Eq.(1.18) cor-
responds to a system of ordinary differential equations in ¢, decoupled in quasi-momenta
k, so it can be solved for each k individually. Throughout this thesis, we will define
the main problem in the velocity gauge to take advantage of the block diagonalization in
k-basis, despite the time dependency of the velocity and density current operator.

1.2. Perturbation theory

To compute the optical response as discussed before, we can either apply numerical meth-
ods such as Runge-Kutta or analytical approaches to address the problem. We can address
the problem using time-dependent perturbation theory in a weak electromagnetic perturb-
ation. In this condition, the conventional expansion in powers of the electromagnetic field
is applicable. Therefore, one can expand the current density J(¢) in a power series of E(t)

IO =IVO)+IDW) + .. +IW (1.20)

where, considering causality, the n-th term is given by [13]

t t
J(”)(t):/ dtl---/ dtao™ (t — b1, =) E(t1)... E(t) (1.21)

with o™ (t —t,,...,t —t,) is the n-th order conductivity.

The result of Eq. (1.20) is a consequence of the expansion of the density matrix solution
of Eq.(1.18), which uses the expanded Hamiltonian, and thus the operator V', in powers
of the electric field.
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The analysis of perturbative response can account for optical phenomena such as the
generation of harmonics. Still, outside the perturbation theory regime, new effects appear
that require other techniques to be described.

In the specific case where the perturbation is periodic in time, the time evolution of the
DM can be computed using the Floquet formalism. The main focus is to present an
alternative to the time-dependent perturbation theory for computing a crystal’s optical
response. In the title of proof of concept, we will analyse a 1D two-band semiconductor
perturbed with a monochromatic electromagnetic field at zero temperature.



2. Floquet formalism

In this chapter, we provide a detailed review of the Floquet formalism. We start by
exploring the main concepts of the formalism. We present a modification to the basic
formalism to solve more complex problems, and finally, we analyse two preliminary cases
that help gaining some intuition. The exposition follows closely the references [33,34]".

2.1. Fundamental concepts

The Floquet formalism addresses systems described by a time-dependent periodic Hamilto-
nian

. a t A A A

w0 iy ey, A ) = i), 2.)
where H(t) is the Hamiltonian that describes the system in study, |1(¢)) is a state of the
system and T = 27/ is the period of the Hamiltonian. Instead of choosing a basis of
stationary states, as would be the case if the system was independent of time, we can
choose a basis of states that can be seen, in analogy with spatial periodicity, as Bloch
states in time:

[Un(t)) = e fun(t)),  with [u(t)) = [ua(t +T)), (2.2)

and the evolution over one period from any other time is given by multiplying by the
exponential e~*»T/"a result of the time periodicity of the |u,(t))

[Yn(t +T)) = e DM, (4 T)) (2.3)
= T g ().
In the Floquet picture, the states |1, (t)) and the real value energies €, are called Floquet

states and quasienergies, respectively, with |u,(¢)) referred to as Floquet modes. A generic
state at a time ¢ is therefore expanded in terms of the Floquet states in the following way

[0(t) =D caltn(t)) = D cae™ ™ [un(t)). (2.5)

!There are other references with interesting approaches to the formalism, which have not been followed
in detail in this exposition [30,31,35-38]
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Note that the coefficients ¢, are time-independent since the periodic time-dependence
is already incorporated into the basis of Floquet states [¢,(t)). This means that each
Floquet state has a preserved occupation probability |c,|?, despite the time evolution.
Consequently, various concepts and techniques employed in time-independent quantum
systems can be analogously applied to periodically driven systems.

Setting t = 0 in Eq.(2.4) we obtain
[0u(T)) = e/ [1,(0)) (2.6)
which is equivalent to the application of the time evolution operator over one period
U(T,0) [¢n(0)) = e/ [10(0)) = ™"/ |us, (0)) . (2.7)

This leads to the conclusion that exp(—ie,T/h) are the eigenvalues of U(T) = U(T,0),
and the eigenvectors are |u,) = |u,(0)). Now we can define an effective Hamiltonian, the
Floquet Hamiltonian Hp, that governs the evolution of the system over one period

U(T) = e~ #HrT/n (2.8)
which is also diagonal in the |u,) basis with the eigenvalues equal to €,
Hp |un) = € |uy) . (2.9)

To compute the system state |1(¢)) from an initial state |¢)(0)), it is always possible to
construct a time evolution operator, U (t,0), that obeys the Schrodinger equation with an
initial condition U/(0) = 1. It is useful to define the time evolution operator, U(t), for any
time ¢ with an auxiliary operator p(t) and the Floquet Hamiltonian as:

U(t) = P(t)e Hri/h, (2.10)
where P(t) is unitary. Applying this operator to [1(0))

U(0) [9(0)) = P)e 1S e, fun) = 3 cae P (1) ). (2.11)

Comparing this equation with Eq.(2.5), we conclude that
|un(t)) = P(t) [un) , (2.12)

which means that the auxiliary operator has the same periodicity of the Hamiltonian

A A

P(t+T) = P(t), (2.13)

since the Floquet mode is periodic |, (t + T)) = |u,(t)). Once we know the operator P(t),
we only need to construct the Floquet Hamiltonian to compute the system’s evolution.

To compute the time evolution, we start by applying the unitary transformation that
freezes the P(t) part of time evolution

(1)) = PH(t) (1)), (2.14)

10



2.1 FUNDAMENTAL CONCEPTS

such that the evolution of the transformed state is then given by
[(t)) = e (0)). (2.15)

From Schrodinger’s equation for [ (t)):

d|ep(t . dP NP .
ihw = [—z‘hPT (t)ddit) + PT(t)H(t)P(t)] ¢(t)>, (2.16)
appears the definition of the Floquet Hamiltonian
N . R d] -
Hp = P(t) lH(t) — zhdt] P(t), (2.17)

which maybe shown to be time independent with a proper choice of p(t) After diagon-
alizing the Floquet Hamiltonian, the time evolution of the system is totally determined

by
[W(8) =D Pt) [un) e (un]1h(0)) (2.18)

where the index n takes values between 1 and d, the dimension of the original Hilbert
space, since the |u,) is the eigenbasis of U(T). Choosing any basis of the Hilbert space

{l¢a),a=1,...,d}:
W) =D 3 |a) (pal P() 195) (@alun) €™ (un|ips) (04]16(0)) (2.19)

noa,Byy

we can write the expression in matrix form as

e—ielt/h 0
W) =P(t)- Ug- 0o .0 UL (0), (2.20)
0 e—iedt/ﬁ

where

o (t) = (paltb(t)) 2.21

Pag(t) = (al P(t) |05) 2.29)
and

Uran = {#pltn) - (2.23)

In a few happy cases, we can, using a proper ansatz, guess an operator IS(t), that yields
a time-independent Floquet Hamiltonian via Eq.(2.17). This approach, however, is not
always possible without computing the time evolution operator itself because of the diffi-
culty of guessing P (t) by physical arguments.

11



CHAPTER 2 FLOQUET FORMALISM

2.2. Extended Floquet Hamiltonian

An alternative approach exploits the properties of Floquet states. Note that the Floquet
Hamiltonian, given by Eq. (2.8), is not uniquely defined. Its eigenvalues, the quasienergies
€n, are defined modulo h27 /T = hS), because of the invariance of the evolution operator

A

U(T), Eq. (2.7), under the transformation

€n — €, = €, + mh), m € Z. (2.24)

So, we can write a more general form of the Floquet Hamiltonian as

Hr =" |u) (e +mhQ) (u,| (2.25)

n

which, from Eq. (2.10), requires us to transform the operator P(t) as
P'(t) = P(t)e S nlunimiunl (2.26)

to capture the correct dynamic of the system with the evolution operator U (t). The
consequence of guessing the operator ]5(75) is to fix the factor m and consequently to fix
the Floquet Hamiltonian. As mentioned before, it is not always possible to choose IS(t),
so the Extended Floquet Hamiltonian is a method of constructing both P(t) and Hp.

Another property used in this approach is the time periodicity of the Floquet modes
|un(t)). To explore that, we write a simplified equation for their evolution. By incorpor-
ating the expansion of a system’s state, given by Eq. (2.5), into Eq. (2.1), we get:

0 (7 Mun(t)))

i = = H(t)e "t u, (1) . (2.27)

If we expand the derivative of the product and then divide both sides of the equation by
the exponential, we arrive at the simplified equation:

(ﬁ(t) - mi) lun(£)) = € [un(t)) | (2.28)

which is an eigenvalue equation for the Floquet modes. Using the time periodicity, we
can write the Floquet modes on any basis {|¢,),« = 1, ...,d} of the original Hilbert space
and expand the resulting components in a Fourier series in ¢

d

(1)) = jT S ale |5y, (2.29)

B=1p€eZ

By introducing the Fourier expansion in Eq. (2.28) and multiplying on the left by (pa/,
we obtain

d
S ((pal H(t) [95) + ph20as) eW%gQI =€, [Z ew%&?] , (2.30)

B=1 |peZ PEZL

12



2.2 EXTENDED FLOQUET HAMILTONIAN

and by multiplying both sides by exp (—ig{2t) /T and integrating over a period we get

Z (ﬂaq;,@p + ﬁpQ5q7p5a75> a(BT;) — enagfl), (2.31)
B.p
with
; L : p—
Foasn = 7 [ dt (oal HO)|pa) e 0P, (2:82)

where the «, [ indices refer to the original Hilbert space and p, ¢ run over Z. In Eq.
(2.31), we arrived at a stationary eigenvalue equation where the Fourier coefficients are

the coefficients of the eigenvectors of a time independent operator formally named the
Extended Floquet Hamiltonian (EFH):

Hie = >3 [@aq) (Hogsp + 100500) (00, (2.33)

a,B 4P

in a Hilbert space of the form {|¢.) ® |¢),a=1,...,d;q € Z}. Its eigenvalues can be
categorised into sets of the form {e, + mS2, m € Z} and the eigenvectors with eigenvalues
within the same set are equivalent to each other.

The proof of this conclusion starts by noting that the 7:10“1; 3p depends only on the difference
p — q, hence (2.31) is equivalent to

Z (7:[0“14‘7“;,313-"-7" + hpQélLPéaﬁ) ag;)-&—r = ( - th) aq+r (234)
B.p

where ¢ — ¢+ r and p — p + r. Since 7:[aq Bp = ﬁaqw;ﬁpw, just as the coefficient ag’fl) is

a solution with eigenvalue ¢,, the coefficient agq)Jr,, is also a solution of the same equation

with eigenvalue €, — hr€). Looking at two different eigenvectors of the same set, m = 0
and m = r, the resulting Floquet modes are:

u{m=0) (¢ ag ) P los) (2.35)
| >f;£
and
: (n) _ipQ
(1)) = T DD agy e [og). (2.36)
B=1pEZ
They are related to each other by
ur = (0)) = fZZ%@mw>2MWWW (2:37)
B=1peZ

where in the first equality, we take Eq. (2.36) and apply the transformation p — p — 7.

13



CHAPTER 2 FLOQUET FORMALISM

Since the two Floquet modes, m = 0 and m = r, with their respective energies producing
the same Floquet state |, (t)):

(1)) = e um=01)) (2.38)
_ e—i(en—rhﬁ)t/ﬁ . e—ier ‘uglm:()) (t)> _ e—i(sn—rﬁﬂ)t/h ‘uglm:r) (t>> : (239)

which is responsible for the system dynamics, Eq. (2.5), the two modes are redundant.
This shows that the dynamics remains unchanged when choosing of any the vector from
a set.

Therefore, all states of the system in the Floquet representation can be constructed using
the Floquet modes with quasienergies confined within the same interval of width A2, often
called the Brillouin zone [18, 36].

In conclusion, the EFH’s diagonalization completely solves the system dynamics. Choos-
ing any eigenvector from each set and the respective quasienergies, the solution for the
evolution of the states of the system follows naturally from Eq. (2.18):

9(0)) = 32 ) Galun()) e ) (ool 0) (2.40)
where

(al 10 = [0p(0)], = == S alge™ 2.41)

(unl ) = [UFO)] - p (2.42)

{l¢a) @ =1,....d} is a basis in the original Hilbert space and the a{2) coefficients are
obtained by diagonalization of EFH, Eq.(2.33). We can identify the equivalence between
this equation and Eq. (2.20) by

Ur(0)],, = [Url,, (2.43)
and
Ur(t)]  =[P(t)-Ugl,, (2.44)

Although this concept works, it requires the diagonalization of an infinite matrix, an
impractical proposition. Therefore, to implement a practical approach to solving the
dynamics, we need to truncate the values of p in Eq. (2.41) to a finite set.

The method presented here for the computation of time evolution has also been used
for atomic and nuclear methods, which we became aware of after we formulated the
method [30,31]. As far as we know it has not been used before in the context of nonlinear
optics of crystals, which is the subject of Chapters 3 and 4.

14



2.3 PRELIMINARY EXAMPLES

2.3. Preliminary examples

To illustrate the concepts described before, we present two examples of two-level systems
perturbed by a periodic field that will be solved using the Floquet formalism, one by fixing

A

P(t) based on physical arguments and the other using the extended Floquet formalism [33].

2.3.1. Two-level system pumped with a circularly polarized field

A

A solvable example, where we can guess P(t) on physical grounds, is a two-level system
pumped with a circularly polarized field

. A F
H= 562 teg (67 cos(Q2t) 4+ 6¥sin(Qt)) , (2.45)

where 6%, i = x,y,2 are the usual 2D Pauli matrices [39], A denotes the energy gap
between the two states of the undriven system, and the parameters F' and () specify the
strength and the frequency of the driving field, respectively. The numerical results below
will be shown in natural units (e = h = 1) and A as energy unit.

In this case, the operator P(t) is built as
P(t) = 1-7)1/2, (2.46)

to transition to a frame of reference that co-rotates with the circularly polarized field with
the same period, where the field appears time-independent. The Floquet Hamiltonian is
computed from Eq. (2.17) as

Fa iO(T —52 A F d O (f 52
Hp = e71=07)t/2 [262 + es (6% cos(Q2t) + Y sin(§2t)) — ih% M=/ (9 47)

If we choose the eigenbasis of 0%, |o) = {|—1),|+1)}, to write the operators, the terms of
the previous expression can be written as

0 efiQt
6% cos (Qt) + 6¥sin () = [ TR ] (2.48)

and

it
iod-ssy2 _ | €7 0
e - [ 01 ] . (2.49)

The Floquet Hamiltonian then turns out to be
A é eE
—| 2 2
Hp l g _aln0 ] . (2.50)

€ 2

15



CHAPTER 2 FLOQUET FORMALISM

From its diagonalization, the eigenvalues are obtained as

hQ  hwg
=—+ —— 2.51
€4+ 9 9 ) ( )
where wp is known as Rabi frequency
A 2 e2f2
WR — <h - Q) + F, (252)
and the eigenvectors, the Floquet modes at ¢t = 0,
us) =xx (A — A £ hwg) [=1) + eF |+1)), (2.53)
with
1
(2.54)

e V(A — A+ hwg)® + (eF)*

Here we get two results that call our attention. The first one is that the Floquet Hamilto-
nian has a quasienergy gap

Ap=le, —e_], (2.55)

called Floquet gap, that is equal to wg instead of the original energy gap of the unper-
turbed system, A. The other interesting thing is that when A = h{2, the Floquet modes
are equally weighted superpositions of |o), and vice versa.

From Eq. (2.2) and using the evolution of the Floquet modes on Eq. (2.12), we obtain
the Floquet states for this problem

(e (t)) = e Eonm D2 Tfug) |[—1) 4 e EREDYZ (11 |uy) |+1) (2.56)

and observe that the amplitudes of the Floquet states rotate with €.
Substituting the respective factors in Eq. (2.20), the evolution of the system is given by

[ e efie_t/h 0
To=[ 1| Ty e | UR RO (2.57)
or rewriting the product of the first three matrices,
[ pif2t/2 0 ciwrt/2 0 _
T =" e | U | Ty iz | Uk R(O) (2.58)
with [Up|_, = (o|u,) which in this case is equal to
WM—A+hwr hWM—A—hwr
Uy = \/(thA+ehx;R)2+(eF)2 \/(thAfeh%uRer(eF)Q (2.59)

V(M —A—hwp)?+(eF)?
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Figure 2.1.: Representation of the time evolution with Floquet formalism (solid lines)
of the levels’ populations, |p|2, of the two-level system pumped with a circularly polarized
field with eF'/A = 0.1, and |¢(0)) = |—1), compared with RK4 (black dashed lines).

To illustrate these results, we set a system with field strength eF'/A = 0.1 and calculate
the time evolution of the system from the initial state [)(0)) = |—1) for four fields with
different frequencies, h{2/A = {0.7,0.95,1,1.05}. The time evolution of the probability
of the system being in one of the states |o), mentioned below as the levels’ populations
of the system, is represented in Fig. 2.1, for both states |[+1) and |-1). The evolution
was computed using the Floquet formalism and also using a numerical method to solve

ordinary differential equations, the fourth-order Runge-Kutta [14], that solve directly the
equation

0 (AP
5 ) =~ H{) [9(t)). (2.60)

As we see in the figure, the results are in perfect agreement, which validates the Floquet
formalism.

In the graphs of Fig. 2.1, we represent the time evolution of the populations as function
of t/Tgr, with Tr = 27w /wg the period associated to the Rabi frequency. So, we verify
that the level’s populations oscillate with Rabi frequency, wg. It is interesting to note
that despite the Floquet states rotate with external frequency €2 the level’s populations
oscillate with the Floquet energy gap, so the quantities with non-diagonal elements, such
as the z—component of the spin 6% will oscillate with both Floquet gap and the driven

frequency. This is a result that follows from the fact that the operator ﬁ’(t) is diagonal
in |o) basis.
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As aforementioned, when A2 = A the states |o) are equally weighted superposition of
the Floquet states and because of the phase exp (—iwgt), the populations vary between 1
and 0 at Rabi frequency (Fig. 2.1 ¢)). In the scenario where h{) < A, the states |o) are
superpositions of the Floquet states with one principal amplitude, and the result is that
the populations oscillate around the initial configuration (Fig. 2.1 a)).

2.3.2. Two-level system pumped with a linearly polarized field

The following example is similar to the previous one, but there is no obvious choice for
the auxiliary operator ]S(t) So, we will compute the results in the extended space. The
case considered is a two-level system driven by a linear polarized field. The nonperturbed
system has a gap A and the field has an intensity F' and frequency €2:

A

A
H = 562 + eF'6° cos(Qt), (2.61)

All numerical results were obtained using natural units (e = h = 1) and A as energy unit.

We first compute the EFH. Substituting the Hamiltonian of the problem in Eq. (2.32),
we get

A

1 (T A -
Ho‘m;o"p = T / dt <0'| 55"2 + eFﬁm COS(Qt) |O'/> e—z(m—p)Qt’ (262)
0

and rewriting cos (2t) using the complex exponentials, the only non-zero matrix elements
are

3 A

?—lm;m :Ea-za (263)
. F
Honmit 62 5 (2.64)
5 F
Hom1 —%0 (2.65)

The EFH is a sparse matrix with the principal and the secondary diagonals filled with
2 x 2 blocks. Then the eigenvalue equation, Eq. (2.31), becomes

A el n n
( S0 hpm> a4 5 (Al +a0) =), (2.66)

We need to diagonalise this matrix to compute the system’s time evolution. The EFH gives
the exact solution of the time evolution equation in the limit of infinitely extended Hilbert
space. Computationally, we need to truncate the dimension of the space to perform the
calculations. For this system, we truncate the indices in Fourier expansion, Eq. (2.29),
between —M and M with M = 12. The time evolution is then given by

=7 Z Z > lpa) ale® e Mal) (palub(0)), M =12, (2.67)

—M q=—M n,a,B
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where the coefficients ag;) are the coefficients of the selected eigenvectors of Hamilto-
nian from Eq. (2.62). As mentioned before, to solve the time evolution problem, it
is only necessary to select d eigenvectors with energies in different sets of the form
{€n +mhQ, m € Z}, since the eigenvectors with eigenvectors from the same set of quasi-
energies are redundant. For this system with only two levels, the dimension of the original
Hilbert space, we only need to choose two eigenvectors.

The consequence of truncating the Hamiltonian is that the obtained result is an approx-
imation to the exact result. In Fig. 2.2, we represent the absolute value of the entries
indexing by (j,7) of the matrix which each column is an eigenvector of the EFH, i.e. the
absolute value of the coefficients of the eigenvectors of Eq. (2.62), al®). As we can see,
the matrix is sparse, i.e., most of the coefficients of the eigenvectors are zero, and the
nonzero coefficients are together. This means we can choose a truncation that preserves
the nonzero indices of at least two eigenvectors and does not introduce significant errors.

We can see from Fig. 2.2 a) that not all eigenvectors are good choices. The eigenvectors
with finite elements close to where truncation takes place will introduce more approxim-
ation errors. This effect is reflected in the value of the Floquet quasi-energies. In Fig. 2.2
b), we represent the value of the Floquet energies mapped into the first Brillouin zone in
time, —hQ2/2 <€, < hQ2/2. Related to the observation done before, the quasi-energies
that correspond to the edge vectors (m = —12 e m = 12) are far from the correct value.
The dark blue dot should correspond to a negative Floquet energy, and the red dot should
be positive.

To see the effect of the truncation in the system’s time evolution, we compare the time
evolution of the system when choosing the vectors with less influence of the truncation
(most central eigenvectors) against those with more influence (closer to the truncation),
in Fig. 2.3 a). The plot has the level occupation of the system for both cases. To have
a reference for the correct evolution, we computed the evolution using the RK4. As we
can see, the evolution using the central vectors matches the RK4 very well, while the
evolution using the edge vectors is entirely incorrect.

To select the adequate vectors numerically, we think of a way to look for the two vectors
with the non-zero coefficients located far away from the limits of the matrix. We opt
to calculate the average of the square value of the index, —M < m < M, weighted by
the absolute value of the coefficients of the eigenvectors and choose the two vectors whose
average is closest to 0. The only care we have to take is that the corresponding eigenvalues
cannot be part of the same set of energies {¢, +m&, m € Z}.

In Fig. 2.4 from a) to d), we plot the evolution of the levels’ populations for a system with
field intensity eF'/A = 0.1 and four different frequencies, AQ/A = {0.7,0.95,1,1.05}. The
system is perturbed from its initial state |—1). From the results, we see some similarities
with the previous example. When Af) < A the populations oscillate around the initial
state. In other words, the probability of the system being in the state |—1) oscillates close
to 1 and the opposite probability oscillates close to 0 (Fig. 2.4 a)). With the increasing
frequency of the field, the amplitude of the main oscillation also increases until Q) = A,
when the populations oscillate between 0 and 1 (Fig. 2.4 ¢)).
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Figure 2.2.: Representation of a) the absolute value of the entries indexing by (j, ) of the
matrix which each column is an eigenvector of the EFH and b) the respective eigenvalues
mapped into the first Brillouin zone in time, —hAQ/2 <, < h)/2. The z-axis of the plot
b) is the index of each pair of energies between —M and M inclusive.

Regarding to the response for h{) = A, we can notice that the system pumped with a
circularly polarized field approximates the one pumped with a linearly polarized field.
The linear polarized field can be written as a sum of two counter-rotating fields:

E = cos ()€, = (cos (Qt) €, + sin (Qt) E)y)

1

(2.68)
5 (cos (-0 B +sin (-0 @,)

1
2
+

In the rotating frame used in the previous example, the perturbation that rotates in the
same direction becomes stationary, and the other rotates with twice the frequency 2. In
resonance, the intensity of the response at frequency {2 is strong, and we can neglect the 22
component, such that the evolution is approximately the evolution of the system pumped
with a circularly polarized field. This is called the Rotating Wave Approximation. In Fig.
2.4 1), we see that the lower frequency of the linear solution corresponds to the frequency
of the response of the system pumped with a circularly polarized field, in contrast to in
Fig. 2.4 e).

To analyse the frequencies present in the time evolution of the occupation of level |—1),
we compute the Fourier transform and represent in Fig. 2.5 and explicitly point out the
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Figure 2.3.: Illustration of the truncation effect on the edge eigenvectors of the EFH
through the time evolution of the level’s population of the two-level system pumped with
a linearly polarized field, with eF'/A = 0.1, AQ2/A = 0.95, and [¢(0)) = |—1), comparing
the result with Floquet formalism (coloured solid lines) with RK4 (black dashed lines).
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Figure 2.4.: Representation of the time evolution with Extended Floquet Hamiltonian
formalism (M = 12) of the levels’ populations, ]p|2, of the two-level system with Hamilto-
nian from Eq.(2.45), with eF//A = 0.1, and [¢(0)) = |—1)(from a) to d)). The calculation
was performed with Extended Floquet Hamiltonian formalism with truncation M = 12.
Comparison of the time evolution of the levels’ populations, | p|2, of the two-level system
pumped with a circularly polarized field and the system pumped with a linearly polarized

field (plots e) and f)). 921
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frequencies related to the Floquet gap Ap, defined similarly to the previous example as
the difference between the two Floquet quasienergies. From this analysis, we can see
that only appear frequencies that are £Ar/h modulo Q and multiples of the external
frequency €. This agrees with the result of Egs. (2.40) and (2.41) that show that the
components of the system’s state are linear combinations of complex exponentials with
frequency (€, — €,,) /h— (p — s)

(=1l (1) TQZZ ") agn a1 0y (ol (0)) e e/ m IRl (2,69)

nmog

7‘8

When n = m the frequency that appears is a multiple of the external frequency, but when
m # n the frequency is £Ar/h modulo €.

These two examples were useful for gaining intuition on applying the Floquet formalism
in calculating the optical response of the 1D two-band semiconductor that we will do in
Chapters 3 and 4. As explained before, the main problem can be described in velocity
gauge, and using the Bloch vectors basis, the operators are diagonal in k& by blocks. These
blocks are two dimensional from the two-band of the semiconductor. This means that
for each vector k, the problem is the evolution of a two-level system pumped with a time
periodic electromagnetic field. The solution will be addressed in the same way we did for
this second example, and we expect that the optical response will have frequencies related
to the Floquet gap and the integer multiples of the frequency of the field. An important
aspect of applying the Floquet formalism is the need to choose an initial time, Eqs. (2.18)
and (2.40). By doing this, we are fixing the system to that state regardless of the history
of the system, as we did in these two examples, fixing the systems at |—1) at ¢ = 0. This
is equivalent to switching the perturbation suddenly.
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Figure 2.5.: Discrete Fourier transform of initial state’s occupation of the two-level
system pumped with a linearly polarized field, |(—1|¢(t))|?, represented as a function of
the ratio between the response frequency and the Rabi frequency.
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3. Optical response of a 1D two-band
semiconductor

This work aims to study the utility of the Floquet Formalism to compute the nonlinear
optical response of a crystal system under a periodic electromagnetic perturbation beyond
the range of validity of perturbation theory. In this chapter, we begin to study the
optical response of the 1D two-band semiconductor at zero temperature under a periodic
electromagnetic perturbation. First, in Section 3.1, we introduce the model and the
time evolution equations. Then, in Section 3.2, we compute the first order current in
perturbation theory, closely following the notes [34]. In the end, we construct the EFH
for this problem following the reasoning of the Chapter 2 to perform the time evolution
of the system using the Floquet formalism and to obtain the response of the system to
the perturbation by computing the current in time and frequency space, Section 3.3.

3.1. Introduction to the model

In this work, we consider a 1D lattice structure with periodic boundary conditions where
each unit cell contains two different orbitals, in other words, a linear chain of alternating
A and B orbitals, with respective on-site energies A/2 and —A/2, within each unit cell,
Fig. 3.1.

We consider the crystal to be described by the tight binding model, i.e. the electrons
are tightly bound to the respective orbital. In this model, only transitions between the
nearest neighbour orbitals are allowed, with the intercell and the intracell hopping having
the same real value. Therefore, the tight binding Hamiltonian that describes the system
in equilibrium is given by:

Ay =35 (In 4) (0. 4] = | B) {n, B])
" (3.1)
— thzon, B) (n,A|+ |n—1,B) (n, A| + h.c.).
Here |n, A) is the single particle state in the position basis for the A orbital in the n-th
unit cell, while |n, B) is the corresponding states for the B orbital. The parameter A
represents the energy gap between the two orbitals and ¢, denotes the hopping amplitude
between the two orbitals so that ¢7 is the transition probability. The numerical results
that follow will be shown in natural units (e = h = 1) and with ¢, as energy and a as
length units.
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3.1 INTRODUCTION TO THE MODEL

—tp —tp a
S TN N
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—@ @- o o—
n—1 n n+1

Figure 3.1.: Scheme of a 1D lattice with two orbitals A and B. The index n is the
numbering of the unit cells, ¢, is the hopping between nearest orbitals and a is the lattice
parameter.

Since we aim to study the application of Floquet’s formalism to calculating the optical
response of a material, in this case, a crystal, we have to respect certain requirements
of the formalism. The most important is that the problem must be periodic in time.
This means that the field with which we perturb the system has to be periodic along the
time interval in which we calculate the evolution of the system; in other words, it cannot
be switched adiabatically, nor can it have damping. The other requirement we find in
Chapter 2 is that we have to choose an initial state to calculate the time evolution, which
is equivalent to imposing that the field is suddenly switched on at that moment.

So, as proof of concept, we chose to study the optical response of the AB chain under the
perturbation of a monochromatic and uniform electromagnetic field suddenly switched on
at the initial time ¢t = 0. The assumption is that the system is at 0 temperature before
applying the field, i.e. the system evolves from a full valence band.

As discussed in Chapter 1, when the problem is described in the velocity gauge, the
Hamiltonian, the DM and other operators are block-diagonal in the Bloch basis. This
simplifies the solution of the time evolution once the time evolution equations for the DM
are independent for each k. For this specific problem, those equations are two dimensional
(2D) due to the two orbitals in each unit cell. For these reasons, we studied the nonlinear
optical response introducing the electromagnetic field using a vector potential (velocity
gauge) defined by

A(t) = Agsin (2t). (3.2)
We introduce the perturbation in the system via the Peierls substitution, which consists
of adding a phase to the bond between orbitals in the lattice as
R, -
—i(e/n) [S57dT-A(T 1)
tij — tize ' fﬁf

= =
where t;; is the hopping between positions R; and R;. This integral is calculated with

_>
the minimum path between R; and R;, and in this problem since we only work in one
dimension and uniform electric field

A(T,t) = A(t), (3.4)

25



CHAPTER 3 OPTICAL RESPONSE OF A 1D TWO-BAND SEMICONDUCTOR

the new hopping takes the form

fye ieMBe AW ApA(f) = / Y drA(). (3.5)

So, to apply the electromagnetic field in the 1D semiconductor, we have to define the
positions of the orbitals in the unit cell.

3.1.1. Two descriptions of the 1D two-band chain

There are two possibilities to define the positions z;, represented in Fig. 3.2. The first
one, Fig. 3.2a, where the two orbitals take two different positions in the unit cell, and
other case, Fig. 3.2b, where the two orbitals are in the same positions in each unit cell.

In the first possibility, the position operator is defined as

#0 = 5 ((na+ r4) In, 4) (m, A] + (na 4 75) o, B) {m, B (3.6)

n

where a is the lattice parameter, and r4 and rg are the positions of each orbital in the unit
cell. To simplify the calculation, we defined 74 = 0 and rp = a/2. With this definition,
the perturbed Hamiltonian is

A

A0 =35 (I, A) (0, Al = 0. B) (n. B

" (3.7)
— 1, Z(e‘i‘s(t) in, B) (n, A| + ¢ |n — 1, B) (n, A| + h.c.>
where
ea
ot) = -ZAlt 3.8
() = S5 A), (38)
is the Peierls phase, and the DM evolves as
O
— Dy 5D
ih=p s = (HD @), fD(1)] (3.9)
The other choice corresponds to the following position operator
pID = Z(na In, A) (n, A| + na|n, B) (n, B\), (3.10)

n

which leads to the following Hamiltonian

000 =32 5 (1n,4) 0. 41 = 0, B) (.5
" (3.11)
— Z(\n, B) (n, Al + €O [n — 1, BY (n, A| + h.c.)
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3.1 INTRODUCTION TO THE MODEL

O g, emid0)
P
B A B A B A B
—@ @ L4 @
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n—1 n n+1

(a) Scheme of the AB chain where the two orbitals are in two different and equidistant
positions in the same unit cell: the orbital A is in the centre of the unit cell, r4 = 0,
and the orbital B is on the right edge, rg = a/2.

A _t i26(t) A A
h€ A ¢
h
\ A A )
n—1 n n+1
(b) Scheme of the AB chain where the two orbitals are in the same position in each

unit cell.

Figure 3.2.: Scheme of the chain of the two orbitals A and B with two different descrip-
tions for the position of each orbital in a unit cell. The index n is the numbering of the
unit cells, ¢, is the hopping of the unperturbed system and d(¢) is the Peierls phase.

and the evolution of the DM is

L opID (¢ N R
mpat” = [AD (), 1D (1)) (3.12)

There is a unitary transformation that transforms H® (¢) into H® () that is written as:

D) = DA T (1), O@) =Y (In,A) {n, Al + €O |, B) (n, B]) . (3.13)

n

As the transformation is time-dependent, the evolution of the two systems is not equivalent
to that described in Egs. (3.9) and (3.12). If we start from the time evolution equation of
the system (1), Eq. (3.9), and write the transformed equation, we will see that the time
evolution of the transformed DM:

pt) = U0 ()0 (8), (3.14)

is not the same as the evolution of p//)(¢). Inverting unitary transformation and rewriting
the DM operator p)(¢) in terms of p(t), the evolution equation (3.9) takes the form:

o (UmpT1 (1))
ih = [
ot

A

HO @), U)p6U! ()] (3.15)

Expanding the derivative of the product and multiplying with U/ f(t) on the left and U (t)
on the right, the evolution equation can be written as:

ih (UT (t)a[git)ﬁ(t) + ‘92(:) + /(1) aUat(t) U(t)) = [H"D@), 5(1)] - (3.16)
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CHAPTER 3 OPTICAL RESPONSE OF A 1D TWO-BAND SEMICONDUCTOR

If, at this point, we use the following equality
Utha0 () = - (a.01) U(t), (3.17)

consequence of the unitarity of the transformation, UT(¢)U(t) = 1, the evolution equation
becomes

ma’();(:) = lfﬂ”) (t) — Ut (t)—=, ﬁ(t)] . (3.18)

With this equation, the DM p(t) describes a systems equivalent to pV). This means that
for the two systems to be equivalent, we needed to do the correction

—UT(t)agit) (3.19)

in the Hamiltonian HUD(¢).

Beyond the differences in dynamics, there is an important contrast between the two de-
scriptions. The first one, Fig. 3.2a, has inversion symmetry, while the second description,
Fig. 3.2b, does not.

Regarding the description (1), if we apply the inversion transformation P (see Appendix
A for explicit calculation), the Hamiltonian of the system becomes:

A

PO P =Y 2 (1n.4) 0. A 0. B) (n. B
z | | (3.20)
_ thz<e_“5(t) n — 1, B) (n, A| + €9 |n, B) (n, A| + h.c.)

The scheme of the transformed system is represented in Fig. 3.3 where it is possible
to see that by changing the direction of the field in the Hamiltonian, i.e. changing the
direction of the purple and green arrows, the system remains unchanged. This means
that (Appendix A):

PHD (A)pT - ]f[(l)(_A) (3.21)
and we can conclude that the system described by (I) has inversion symmetry.

For description (/7), this is not the case. Applying the inversion transformation P (see
Appendix A for explicit calculation), the system is described as

A A

PHID(HPT =3 §<|n,A> (0, Al =1, B) (n, B
! (3.22)
—t Z(m, B) (n, A| + €2® |n + 1, B) (n, A| + h.c.)

n

It is clear from the representation of the transformation in Fig. 3.4 that if we change the
direction of vector potential, i.e. changing the direction of the purple arrows, the system
is not the same:

PHID(A)PT £ AUID(—A) (3.23)
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o=
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B B
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\ A

n—1 n n+1

(a) 1D two-band chain with the orbitals A and B in different positions in the
unit cell without the inversion transformation.

A A

B B
o o
A )
n—1 n n+1
(b) 1D two-band chain with the orbitals A and B in different positions in

the unit cell after the application inversion transformation around the centre
of n-th cell.

B B
[ [
\ A

Figure 3.3.: Scheme of the application of the inversion transformation in the 1D two-
band chain with the orbitals A and B in different positions. The green arrows represent
the hopping between two orbitals in the same unit cell, and the purple arrows represent
the hopping between two orbitals in different unit cells. The hopping in the scheme
corresponds to the transitions from orbitals B to A.

The original lattice has a hopping between the less energetic orbital and the more ener-
getic orbital inside the unit cell and between the cells n and n + 1. As a result of the
transformation, the same hopping is observed between two orbitals in the same unit cell
and between the cells n and n — 1. This shows that the system described in this way does
not have inversion symmetry, which means we expect that the optical response of the
system (I7) has even order harmonic generation (Appendix A), in contrast to the system

(1)-

3.1.2. Bloch’s basis and current operator

As mentioned before, the Hamiltonian written in velocity gauge is block-diagonal in k-
basis; Considering that the system has periodic boundary conditions we use the Bloch’s
theorem

In, A) e~ kna|k A), (3.24)

In, B) e~ a1k B) (3.25)

-

*
>
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A A A

B£/ Bi/ Bﬁ
A A

n—1 n n+1

(a) Two 2D bands chain with the orbitals A and B in the same position in
the unit cell without the inversion transformation.

A A A

OB B B
A A

n—1 n n+1

(b) Two 1D bands chain with the orbitals A and B in the same position
in the unit cell after the application inversion transformation around the
centre of n-th cell.

Figure 3.4.: Scheme of the application of the inversion transformation in the two 1D
bands chain with the orbitals A and B in the same position in the unit cell. The green
arrows represent the hopping between two orbitals in the same unit cell, and the purple
arrows represent the hopping between two orbitals in different unit cells. The hopping in
the scheme corresponds to the transitions from orbitals B to A.

where k = 2w /(Na) ki, with Na the length of the system and k;,; € Z, and substituting
this in the previous Hamiltonians (Eqgs. (3.7) and (3.11)), we obtain

A0 =3 {5 (10 (5.1 - 163 0. 51)

k (3.26)

=t [0 4 RO e, B) (k, Al + ]},
and

FID (1) =Z{§(|k‘,f1> (k, A| — |k, B) <k:,B|> (3.27)

k
— b [(1 4+ €O By Gk, A] + hud] |

As expected, the Hamiltonians are block-diagonal in k, i.e. the terms of the sum in k are
independent from each other. We will focus on each term independently, A )(k,t) and
7:1(11)(14:, t). Factoring out the complex exponentials exp (ika/2) and exp (ika/2 + id(t)) in
the previous equations, respectively, we obtain

O (1, 1) :§(|k,A> (k, A| — |k, B) <k:,B\>
(3.28)
— 2t), cos (l‘“(?“> €™/ |k, B) (k, A| + h.c|
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3.1 INTRODUCTION TO THE MODEL

and
AN (1) =5 (18, 4) (k. A~ [k B) (5, B]) (3.20)
— 2ty cos (kj(;)a> [eik(t)a/Q |k, B) (k, A| + h.c} ;

with k(t) = k+26(t)/a.

These two operators can be represented by matrix notation

HO (K, t) = Rge_ 2ty cos (k(t)“> 5! (’“Z) , (3.30)
2 2 2
HO (K, t) = éﬁ — 2ty cos (k(t)a) &t <k(t)a> : (3.31)
2 2 2
where
61 (k) = cos (k) 6" + sin (k) 67, (3.32)

and o, and o, are the usual Pauli matrices [39].

Without perturbation, A; = 0, both Hamiltonian are equal and the energy bands are
represented in Fig. 3.5. As can be seen, this model exhibits a gap of value A.

Recalling to the Chapter 1, in velocity gauge, the current operator is given by
R 1 0H(t)
t)=— ——F= L = Na. 3.33
I0=-1 540 a (33
For the present problem, we have

T () = —;G 3 sin (k;%)a> o! (2“) , (3.34)

k

and
5(11) _etp . (k()a) ; [(k(t)a
JV(t) AN 2 [Sm ( 5 |7 5
(3.35)
B k(t)a\ o (k(t)a
COoS 5 o 5 ,
where
1
52(k) = %az(ck) — —sin (k) 6" + cos (k) 6Y. (3.36)
Note that the second current can also be written as
A 1 'y (11)
JUD () = _7587—[7@)_ (3.37)

Lh Ok
In the following section, we will compute the first order current of the semiconductor
described by (I7) under the monochromatic electromagnetic field. We choose the second
description because of the lack of inversion symmetry, which will allows to see second
order effects.
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Figure 3.5.: Illustration of the energy bands of the unperturbed 1D lattice with two
orbitals in each unit cell setting the parameters as A/t, = 1.1.

3.2. Solution in first order in perturbation theory

The calculations done in this section are based on reference [40]. To simplify the calcula-
tions, we will use the fact that all operators are block-diagonal in k& and write them as a
sum over k of auxiliary operators, as we did for the Hamiltonian in the previous section.
The current operator! is

J(t) = ;,%:5(1@ t), (3.38)

where

Gk, ) = — e;h [Sm (k(t>a> 1 (k(t)a>

2 2
k(t)a\ o (k(t)a
(0 (00
The same thinking is applied to the DM

Py = 3 (k. 1), (3.40)

(3.39)

where the operator p(k,t) obeys
ihdyp(k,t) = [H(k, 1), p(k, 1)), (3.41)

in which 7:[(15,15) is given by Eq. (3.31). Note that these auxiliary operators are 2D,
resulting from the system’s number of bands (internal degrees of freedom).

In what follows, we will refer the quantities relative to the system (II) without the superior index, for
example OUD = O,
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3.2 SOLUTION IN FIRST ORDER IN PERTURBATION THEORY

As seen in Chapter 1, the current of any system can be defined as a function of the velocity
operator

J(t) = ed(t), (3.42)

o(t) =D _0(k,t), (3.43)

with

3.44
() )1 -
— Cos
With this in mind, the average value of the current is given by
. 1 .
(1) =+ > (k1)) (3.45)
€ N ~
= zk: Tr[o(k, t)p(k,t)]. (3.46)

To find the linear order response in A(t) we expand the velocity in the first order

ok, t) =0k 1)+ 532) Alt) + 0 (A4%(1)) .
0=0 A9=0 3.47
= o(k) + 2‘92(]{’“)14@) +0 (A1),
as well as the density matrix
Pk, t) = pO (k) + pM (k,t) + O (A%(1)) . (3.48)

We fixed the initial conditions (to = 0) as

pss’(k7 0) - pgs ( ) - 555 szs (349)

written in the unperturbed Hamiltonian eigenbasis

2538165 )|k, s) (k, s, (3.50)

where s, s’ = {c,v} are the conduction and valence bands, respectively, and where fy is
the Fermi-Dirac distribution:

B 1
Tvs = e@miiaT +1

(3.51)
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with p the chemical potential, kg the Boltzmann constant and 7' the temperature.

So, we get the following expression for the expected value of the operator i(k, t)

(k) = = T [o() (k)] — T [322’“)

- ﬁw)] A1)

(3.52)
— €Tr [(k)p" (k, 1)),

where the first term is the zero order, the second term is the diamagnetic term, J4(k,t),
and the last term is the paramagnetic term, ip(k,t). The first two terms are equal to
the semiclassical approximation (Appendix (B)), so they are related to the intraband
dynamics. At the same time the paramagnetic component is the response resulting from
the interband virtual transitions, as we will show in the following calculations.

To compute the current, we first start by computing the first order of the density matrix,
P (k,t). We expand the Hamiltonian

A=0 (3.53)

Retaining the first order terms in the Liouville equation, we get

ihd,p ™M (k,t) = [Ho(k, 1), 0O (k,1)] + e [0(k), 5O (k)] A). (3.54)

=

Because Ho(k,t) and p© (k) are diagonal, the commutators in the Eq. (3.54) are given
by

[Ho(k, ), 0V (K, 1)] = As (k) p) (K, ), (3.55)
where

Asy (k) = €5(k) — €5 (k) (3.56)
is the difference between the valence and conduction bands at each point k£ and

[6(k), 5O (k)| = (frs — Fisr) Vs (R), (3.57)

which results in
(110, — Do (k)] L0 (k. 1) = € (k) (fis — Frr) D). (3.58)
Defining a new operator p(k,t) as

plo (ke t) = e 8o (k. 1), (3.59)
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3.2 SOLUTION IN FIRST ORDER IN PERTURBATION THEORY

the Eq. (3.58) takes the form

[Zhat - Ass’(k)] —4 /t/hpss (k7 t) = evss’(k) (fks - fks’) A(t) (360)

By expanding the temporal derivative and simplifying the equation, the terms with
pss'(k,t) cancel, and it reduces to an equation whose solution is

plk,t) = =iz (k) (fuo = fuo) [ dt/e®" A, (3.61)
0

The solution to the first order contribution to the DM is, therefore

t

.€ 1 —iA (=t 4

PRk ) = =i (R) (fu = fiw) [ dt'em ST AGR), (3.62)
0

In this problem, the field that perturbs the semiconductor is a monochromatic field de-
scribed by A(t) = Agsin (Qt). If we look closer at the integral

Ao, t) _z/ dt' e 18 =0 gin (Qt') (3.63)

we can expand the sin({2t') with complex exponentials and solve the integral, obtaining
the solution

1 it i 9()e—iBsst/h
G Assl,t - - - 364
( ) 21 (ASS//h—i—Q ASS//h—Q+ (Assl/h)Q— > ( )
We can write the paramagnetic term as
—eTr [0(k)p™M (k,1)] = - eZvSS )(k,t) (3.65)
*AO Z Uss Us s (fks’ - fks) ( ss’y t) (366)

The terms in the sum with s = s’ are null as the paramagnetic term only has contributions
interband interactions, and because of that the sum can be rewritten as follows

62

= 7A0/ch( )Ucv( ) (fkc fkv) (G(Acm t) - G<Avca t)) (367)

—eTr [0(k)p™M (k1)) -

Now, simplifying the difference of the integrals using the relations between complex ex-
ponentials and trigonometric functions, we obtain

(Agy/Bisin (Q) — Qsin (Agt /1))
(Aey/B)* — Q2

G(Au,t) — G(Ayest) =2 , (3.68)
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and the paramagnetic component is written as

—eTr [@(k)ﬁ(l)(k:, t)] :2€;onvc( k)Veo(K) (fre = frw)
(Ao /hisin (1) — Qsin (Aut/h))
(Acv/h)2 - .

(3.69)

The next step is to sum over the first Brillouin zone (FBZ) to obtain the total current.
Observing the average value of the velocity operator, Fig. (3.6), with Ay = 0 we see that
it is periodic in k, so the sum over the FBZ of the zero order term is null.

So, the total current to first order in the electric field is written as

0= X (-5 [ w] a0
ZQA (Acv/h sin (Qt) — (sin (Acvt/h)) (370)
+2% 0Voe(K)Veo () (fre = fro) - (Acv/h)2 B > |

In the limit of an infinite system (L — +00), this sum turns into an integral. In the first
two terms, the time dependency is only a sin (2¢) function:

2 w/a 0
Ja(t) :_Aoiﬂ/ dk( l b(k )A(o)< )]
Ac(k)/h
(Aeu(k)/R)* =
while the last term is a little more curious since it depends on the gap energy between
the conductance and valence band at each point k of the FBZ.

20 l)8) (e~ o) 5 ) s 0 3.7

2 w/a
JA(t) = - AO%% /Tl'//CL dk (QQUUC( )vcv( ) (fkc fkv)

A/
(Acv<k)/h)2 -

sm( o (k )t/h)) (3.72)

It depends on the gap energy between the conductance and valence band in each k. This
integral can be estimated within the long time limit using the Stationary Phase Method.
We can write this term as

e a ™/a ,
Ja(t) = Ao5 59 mdk f(k)eiBerRIt/n (3.73)

at long times after turning on the perturbation (¢ > h/A.,), where f(k) is

Acv(k>/h
(Aco(k)/R)* = 02

f(k) = 2QUUC( )UCU( ) (fkc fkv) (374>
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Figure 3.6.: Representation of the average value of the unperturbed velocity operator of
the AB chain in equilibrium state, Tr {@(k‘)ﬁ(o)(k:)}, setting A/t = 1.1.

Since we are in the perturbative regime, meaning small perturbations and small responses,
we only consider field frequencies below the gap (Ae(k)/B)> — Q2 > 0 and the current
contribution from Eq. (3.72) does not diverge, such that the function f(k) is a real
function of the Bloch vector k& and takes finite values.

In long time limit, there is a strong oscillation of the integrand, coming from the exponen-
tial, so we can use the Stationary Phase Method to solve this integral. This means that
the value of the integral is dominated by the vicinity of the extrema of A.,(k), because
at these points the phase is stationary up to quadratic corrections

Bes(k) = A(ho) + SAL (B)K? + O () (3.75)

with ko the extrema of the function A.,(k) and A” (k) the second derivative in order of
k. Since A, (k) is the energy difference between the valence and the conduction bands,
it will have a minimum at ka = +7 and a maximum at k£ = 0 (see Fig. 3.5). So if we
rewrite the integral as

6 a w/(2a) 3n/(2a)

Jalt) = Ag75=S dk f(k)eider B/ | /

dk f(k)e et/ (3 76
h 27 J-n/2a) 7/(2a) (k)e ( )

it is possible to approximate its value to

. + 1
i [%f(o)ezAcv(O)t/h /_OO dk ezA (0)k2t/h (3 77)
+%f <7T eiAw(ﬂ/a)t/h /+OO dk 6iA'C’U(7r/a)l<:2t‘/7i ) ‘
a —00
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Figure 3.7.: Representation of the term Ja(t) with A/t;, = 1.1 under a monochromatic
electromagnetic field with frequency h€2/t;, = 0.2 and the amplitude of vector potential
equal to e/h - aAy = 0.01.

Now the problem is reduced to the calculation of the complex gaussian integral:

62a

2rth . (AL 0)t 7
710 =g 1O o (S5 + 7))+

o (O e (0 7))

This part of the linear response decays very slowly at a rate of t~"/?, as shown in the left
panel of Fig. 3.7.

(3.78)

The final current is the sum of the terms Jo(t) and Ja(t). This is written as a sum of
three sine functions with frequencies Q, A.,(0)/h and A.,(7/a)/h:

J(t) == Ao V” dk (T lag( ) A(O)(k)]

™

—20ye(K)Vew (k) (fre = fio)

(Ao (k) /) — 2
2mh m,(O T
/0 |A~<>|t ( h 4)

+ (5 )\/ AL 7r/a (Aw - )]

which is represented in Fig. 3.8.

(3.79)

In the left panel, we see the transient expressed by the current component with time
dependent amplitude. This is a consequence of the sudden switching of the field. As
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Figure 3.8.: Representation of the first order current of the system with A /¢, = 1.1 under
a monochromatic electromagnetic field with frequency A€2/t, = 0.2 and the amplitude of
vector potential e/h - aAy = 0.01. The plot a) illustrates the time response for initial
times until ¢ - ¢, /h = 450 and the response in a time interval for long times. The plot b)
shows the Fourier transform of the current with the three frequencies: the field frequency
) and the frequencies corresponding to extremes of the gap between the energy bands

A(k = £1)/h and A0)/h.

the amplitude of this component decays with 1/ VT, the effect of suddenly switch the
field almost disappeared. In the right panel are represented the three frequencies that
we expect from Eq. (3.79): the field frequency, €2, and the frequencies corresponding to
extremes of the gap between the energy bands, Fig. 3.5, A(k = £7)/h and A(0)/h. Note
that the peaks corresponding to the extremes of the gap also appear in the right panel in
Fig. 3.7.

In this section, we arrive at an expression of the first order current in perturbation theory,
Eq. (3.79). In the following section, we will compute the current using Floquet formalism
in time and frequency space. Further in the work, Chapter 4, we will compute these two
results numerically and compare them.

3.3. Solution in Floquet formalism

Similar to what we have done in Section 2.3.2, to apply the Floquet formalism to the
nonlinear optical problem, we start by constructing the EFH. At this point, it is useful
to recall its form

AP =33 |am) (Hamgp + 0Q0mp00.) (@, (3.80)
a,B m,pEL
where
LT & —i(m—p)Qt
Homn = 7 | dt (@al H105) e (3.81)
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with T' = 27/Q.

As discussed before, the Hamiltonian of this problem is diagonal in k-basis by blocks, and
we can write the evolution equation for each k£ independently. We will use this fact to
compute the evolution of the equations of each k individually, which are 2D problems,
and then get the full evolution summing over the FBZ. Choosing the |¢,) = |£1) as the
eigenbasis of the Pauli matrix 6%, the EFH for each k is given by

N A
H’Ext :Z Z |90am> {(2025 + mQ(Sa/j) 5pm

a’B m,pEZ

I k k ,
—2th?/0 dt cos (2(1 + 5(t)> oog (2(1 + 5(t)> e_’(p_m)m} (sl (3.82)

We can use trigonometric identities to isolate the time dependent factors in the integral
and write the Hamiltonian in an easier way to compute it

ap,fm

HEXt — éo-z + mQ(S 3 5 _ chl /T dt}o.x e—i(p_m)Qt+ (383)
9 op op ) em T Jo 27°9F
1 /T .
+ / dt (cos (20(t)) ol g (ka) + sin (20(t)) 02 (ka)) e "M (3.84)
T Jo

where 6'(k) and 6%(k) are given by Egs. (3.32) and (3.36).

In this way, to compute the Hamiltonian, we need to calculate the three integrals above.
The first one has a trivial result

e —i(p—m)Qt
?Acm = 5y (3.85)

In the other two, we start by doing a change of variable ¢t — ¢ = Qt and then we
expand the complex exponential in real and imaginary parts. The integral with the
cosine simplifies as

1 T . 1 27
= / dt cos (qaasin (Qt)) e~ P=mI% — dt' cos (qaasin (') cos ((p — m)t')
T Jo 2m Jo

= C(p - m, qAa)v

(3.86)

where only the real part remains, because the imaginary part is the integral of an odd
function. Conversely, for the sine integral, we get:

1 T . 1 2
—/ dt sin (qaasin (Qt)) e~ @ — _; — dt' sin (qaasin (') sin ((p — m)t")
T Jo 2m Jo

= —i s(p—m,qaa).

(3.87)
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In the last two equations, we defined g4 = e/hAg and the two functions ¢ (p — m, gaa) and
s (p —m, qaa) that can be identified as the Bessel function of the first kind (Appendix C)
such that

J, -m ) -
clp— m,qaa) = | o @ae) o pmmeren (3.89)
0 , p—m odd
and
( ) 0 , p—m even (3.80)
s(p —m, qua) = ) .
b 14 Jp—m(QAa’) , P—Mm odd
where J,_,,(qaa) are the Bessel functions of the first kind.
Then we arrive at
HE = A 0, thots | 0,
ap,fm — 50-015 +m af — ho-aﬁ pm T
—ty (c (p—m,qaa)oly (ka) —is(p—m,qaa) oo, (ka)) . (3.90)

To obtain the time evolution of the system for each k we follow the same procedure
used to compute the time evolution of a two level system pumped with a periodic linearly
polarized field in Section 2.3.2. After calculating the EFH for this problem, we diagonalize
it. Since we are in the extended space, we choose two of the eigenvectors of the matrix
with coefficients described by Eq. (3.90) with eigenvalues of different sets of the form
{€n + mQ,m € Z}. In the numerical results presented in Chapter 4, we truncate the
matrix such that the indices p and m are limited between —M and M. To choose the
eigenvectors, we use the same criteria discussed in Section 2.3.2 that choose the two
vectors whose coefficients have less influence of the truncation.

From the two chosen eigenvectors of EFH, a general state of the system is, recalling to
Egs. (2.40) and (2.41), written as:

1 : n —i(en/h—
[k, 1)) = = 52 50 3" [a) aly) {unli(0)) e /M7, (3.91)
n=1p€eZ a,B
where ag;) are the coefficients of the chosen eigenvectors of the EFH, |u,) and ¢, the

respective Floquet mode at ¢ = 0 and the eigenvalue. As the EFH is different for each k,
the coefficients ag}) and the quasienergy ¢, are functions of k, as well as the Floquet gap
defined as the difference between the quasienergies ¢, will be dependent of k, Ag(k).

For the following calculations we use the result that we have just obtained for the system’s
time evolution, (3.91), and compute the total current in time and frequency space.
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3.3.1. Frequency analysis

A good characteristic of the Floquet formalism is that the frequencies of the response
are explicit in the expression of the evolution of the system’s state. If it is possible to
write the current operator as a linear combination of complex exponentials we can extract
the frequencies present in the optical response directly from the current computed with
Floquet formalism and the amplitude of each component.

In this problem, we can do that. We rewrite the current operator of Eq. (3.35) as

A e . 0 e 120(t) 0 je—120(t)
g(k,t) = _ﬁth [Sln (ka) ( £i26(1) 0 + cos (ka) _ji20(1) 0 , (3.92)

where the time dependency is exclusively in exp [£:2d(t)], with 0(t) = (a/2) (e/h) Ag sin (Qt).
This function can be expanded in complex exponentials using the Jacobi-Anger expan-
sion [41]:

zxsm (£Qt) __ Z J iznﬂt (393)

n=—oo

where x = a (e/h) Ay and J,,(z) are the Bessel functions of the first kind with the property
J_n(x) = (=1)" J,(z). Then, the current operator can be written as

. 0 (—1)" (sin (ka) +icos (ka)) \ ot
J(k, 1) =—*th Z I ((sin(ka)—icos(ka)) 0 )e .

n=—oo

(3.94)

Using the states of the system written as Eq. (3.91), the average value of the current is

(Gkt) = @@ 5k, 1) (1))
==ty > 3 {@Olun) a5 (95] Orléa) aly) (unlto)

Mo pgleZ o (3.95)
-exp [i ((em — €n) /A — (g — 1 —p) Q) 1]},
where

0 (—=1)" (sin (ka) + i cos (ka)) ) ' (3.96)

Or= () ( (sin (ka) — i cos (ka)) 0
This extensive definition can be resumed to

(k)= =7 3 fmmal) - epli(en—a) /h=(g=1-p)Q)#), (397

{mg;pj;l}

where the function f{m,.,} (k) is the amplitude of the frequency mode of the time response
defined as

Foms ey (k) = 3 (0(0) [um) ag™ (@5 Ot ) aly) (wnltho) (3.98)

a7ﬁ
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The notation {m;;p;;!} represents all the indices of the sum, where m; condenses the
indices of the Floquet states, {m,n}, and the p; condenses the indices {p, ¢}, that run
over Z.

If we rearrange the indices in Egs. (3.97) and (3.98), we can isolate the terms that
contribute to the response with the same frequency:

(Ge0) = =23 3 Fumu (k) - expli ((en =€) fh+ 1)1 (3.99)

T {mi;p;}

with

fomi iy (k) = Z,@ ((0)|um) @y (D5] Oriqp | Pa) ) (tnltbo) (3.100)

controlling only the indices of the Extended Floquet space, p and ¢, and the integer that
multiply the external frequency, r. However, with the aim of obtaining a function of the
current that we can plot for a range of frequencies, we did the Laplace transform:

+ .
j - __ Z Z Z f{mz ) /_ dt@() it , —i(w—in)t (3.101)

kesz T {m;ip;}

where w = (€, — €,) /h + ). The presence of the Heaviside function is because of the
need to fix the initial state of the system with the Floquet calculation, which means the
field is suddenly switched in ¢ = 0 and there has been no response before. Solving the
time integral, we obtain:

TJw)== > jlwk). (3.102)

__fz 3 —f{mzpﬂ (F) (3.103)

r {mz P]} n

In the limit  — 07, according to Sokhotski-Plemelj theorem, the result of this calculation
is

hmj w, k) = ——Z > fimiw) <7r5(&1 —w) +iP (@ i w)) : (3.104)

—0t
K " {mi;p;}

where § (0 — w) is the Dirac delta function and P (1/(w — w)) denotes the Cauchy prin-
cipal value, which is the Fourier transform of the current. So, if 7 is small enough we can
compute the value of the amplitude of the frequency mode exactly.

At this point, we have an expression of the current of the system that includes all the
frequencies that appear in the response without any restriction on the field intensity or
the frequency. In the next section, we compare this expression to n-th order of the current
expanded in powers of the vector potential amplitude for the condition of adiabatic and
sudden switching.
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3.3.2. Adiabatic vs sudden switching

As we can see from previous discussions, the Floquet formalism is limited to periodic
problems and fixes an initial state, so the formalism solves problems where the time
dependence is suddenly switched in the initial time. One of our interests is to relate the
response obtained by Floquet formalism to the solution of time dependent perturbation
theory with adiabatic switching of the perturbation, i.e. the perturbation is switched
slowly at t — —oc.

As we see in Section 1.2, the n-th order of perturbation theory can be given by
t t
T (k. ) :/ dtl---/ At ™ (kyt —t, ..t —t)A(t) .. A(t,),  (3.105)

where ™ is the response function.

For adiabatic switching, the vector potential takes de form
Aapa(t) = Age™ Qi) | Age UQ—im)t (3.106)
where A = iAg and for sudden switching

Aan(t) = (Age ™ + Ape™) O(t). (3.107)

The response function does not depend on vector potential, so supposing that the response
is discrete in frequencies, we can expand it in Fourier series for each time argument such
that

X (kyt —ty, ... t—ty) Zfé?;} e wmi(t=t) o iwm (t=tn) (3.108)
{m}

Introducing this in the expression of the current, for adiabatic switching, we have

adb (k,t) =) X{m} THomtectem )t
{m}

. /t dtl e /t dtn Z Aalge—i(glﬂ—wml—&-in)tl o AU7LQ6_i(U7LQ_w7”"+in)t",
—00 —00 (o}
(3.109)

where we define a variable o; = £1 such that we can write A%, = A+q. Solving the time
integral of the form
e—i(alﬂ—wml +in)t

t
7= / dty e~ @1 wm it _ , 3.110
—oo 1 ! (019 — Wy, +1i7) ( )

the current takes the form

T 1) = 3 R (R )

{m}
" e—i(ch—wml +in)t ” e—i(gnQ_wmn +in)t (3111)
. 1A, - . ) on y
% o (0192 — wp, +in) “ (0282 — Wy, + M)
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and by computing the multiplication and simplifying the expression, we arrive at an
expression for the time response for a perturbation with adiabatic switching of the form

:n o (1)
g (k)= 3 "Xy (F)Agia .- Ao
e (01 = Wiy i) (00 = Wi, 1) (3.112)

cexp (=i ((o1 + ... +0,)Q+1inn)t) .
For the sudden switching case, the current is

TG0k, t) = 30 R0 (ke (omtotenm)t
{m}

t t , ' (3.113)
[t [t 3T Agpe A e,
0 0 I
By performing the integrals of the form
t ] e—i(olﬂ—wml)t -1
T [ dneoemt — 3.114
o (0192 — wWiy) ( )
the current takes the form
HEDED SN
{m}
efi(olﬁfwml)t -1 efi(gnﬂfmel)t 1 (3115)
Y iA, 1A,
%Z ! (012 — win, ) {hone (00§ — wWin,,)
and after simplifications, the final expression is
n.o(n)
7 kYA, ... As,
Ik = ¥ dm® a0 -
ey (01 =Wy ) - (0nfd — win,,) (3.116)
. [(efi(olﬂ)t . efiwmlt) o (efi(crnQ)t . efiwmnt)}

Comparing Eqgs. (3.112) and (3.116), we can see that the terms that correspond to
a response with multiples of the frequency of the electromagnetic field proportional to
exp (=i ((o1 + ...+ 0,) Q) t):

"X () Aoy -+ Agyg

010 = wm,) - - (022 — Win,)

Jo(k,t)= >

( exp (=i (01 + ...+ ) Q) 1) (3.117)
{m,o}

are identical in both currents, apart from the in terms. Note that the response from a
field suddenly switched contains the information of the system’s response with adiabatic
switching. The terms that are left in Eq. (3.116) are related to the transient in the
current.
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Now, comparing these expressions with the current obtained with Floquet formalism,
Eq. (3.97), we can identify the terms with frequency multiple of the field frequency €2,
when €,, = ¢,, and the other frequencies present in the response. Regarding the terms in
multiples of €2 we can write an expression for the response function

o) (1) — fimi iy (K) (018 = Wiy ) -+ (0082 — Wiy, 3118

Xy (F) zq: Ao Ao (3.118)
that is valid only for the set of indices {¢} and {p,} such that

o1+...+o,=s—1—p. (3.119)

Note that, as these terms, Eq. (3.117), are common in adiabatic and sudden switching
responses, the adiabatic response can be extracted from the Floquet formalism, despite
the restriction of the Floquet formalism must be applied to a system suddenly perturbed.

Comparing Eqgs. (3.116) and (3.97) reveal that the remaining frequencies w,, are related
to the Floquet gap, Ap, so we can relate the transient to the Floquet spectrum.

Note that in Eq. (3.116) seems to have resonance when 0,2 — w,,, = 0. As shown above,
the frequency w,,, are related to the Floquet gap, which depends on the external frequency;,
Q, so if we change the frequency to match the Floquet gap, the system will have a new
Floquet gap, and there will not be resonance.
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4. Results

In this chapter, we discuss the results derived from the analysis done in Chapter 3. We
start by analysing the evolution of the average value of the current and DM auxiliary
operators. Then, summing over the FBZ, we study the response of the 1D two-band
semiconductor at zero temperature perturbed by a periodic electromagnetic field, focusing
on the variation of the intensity of the field in perturbative and nonperturbative regimes.

4.1. Partial current for each quasi-momentum £k

The final goal is to compute the response of the AB chain at zero temperature to a periodic
electromagnetic field. As we saw in Chapter 3, the problem is diagonal by blocks in k-basis
in velocity gauge so we can solve the time evolution of the system with Floquet formalism
for each vector k£ reducing the problem to a 2D problem. This is equivalent to solving a
problem of one particle in the two-level system perturbed with an electromagnetic field.

To understand which values of field intensity correspond to small perturbations, we can
start by thinking of the effect of the field in the quasi-momentum k. For this system, we
conclude, Eq. (3.31), that the perturbed Hamiltonian is equal to the original Hamiltonian
with the transformation k — k + 24(t)/a:

Tk, t) = o (k + zé(t)) . (4.1)

Remembering that

5(t) = <2 Aysin(Qt), (4.2)

h2
the translation in £ is periodic with a maximum deviation equal to e/h - Ag. So, we
consider that a small perturbation means that the amplitude of the translation of £ is

much smaller than the width of the FBZ:

e 2m
2-Ap K —. 4.3

ne a (4.3)
To compare the resulting current from Floquet formalism, Eq. (2.40), and the first order
response in perturbation theory calculated in Section 3.2, we compute the current for
different quasi-momentum k for a system with a gap A/t, = 1 and an electromagnetic
field with intensity e/h - aAy = 0.01 and frequency h€2/t;, = 0.2. In Fig. 4.1 from a) to
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Figure 4.1.: Time evolution of the system with A/t, = 1, e/h - aAy = 0.01 and
hQ/t, = 0.2, (plots from a) to d)) computed with Floquet formalism (blue lines) of
the partial current for a Bloch vector with quasi-momentum k as a function of the ratio
between the time instant ¢ and the period of the field T = 27/, compared with first
order response (black dashed line). Representation of the diamagnetic (red line) and para-
magnetic (orange line) components of the first order current. In plot e) is represented the
amplitude of the oscillation of the current in the field frequency, the first harmonic, for
all points of the FBZ for a range of fields frequencies.

d), we represent the current for the points of the FBZ ka = {0,7/4,2.22,7}. We see that
the results from Floquet formalism and perturbation theory overlap, which gives us two
pieces of informations:

o A field with intensity e/h-aAy = 0.01 is considered within the perturbative regime;

o With the Floquet formalism, we can obtain the correct current of the perturbed
system.

In Fig. 4.1, we also represent the diamagnetic component

ov(k) .
00(k)

ok

62
jd(k',t) = —%TI' [

<k>] A®) 4)

and paramagnetic component

2 (Auy/Bisin () — Qsin (Awt/h))

jp(k,t) = 26—140?}1;0(]{3)’1}(31;(]{?) (fkc - fkv) : (A /h)Q — QQ

; (4.5)

of the first order current j(k,t) = jo(k) + ja(k,t) + jp(k,t), with jo(k) the zero order
of the current. As mentioned in Section 3.2, the diamagnetic component represented
by the orange curve is related to the intraband effects and the paramagnetic component
represented by the red curve corresponds to the interband interactions. In the centre of the
FBZ, k = 0, the intraband effects are more important resulting in a stronger component.
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Figure 4.2.: Representation of the current response in frequency space for four differ-
ent points of the FBZ, in perturbative regime; The results were obtained with Floquet
formalism computed from Eq. (3.103) with n =1 x 107° .

As we move to the edge of the FBZ, the interband interactions become stronger. On the
edge of the FBZ, k = 7, the diamagnetic current is zero, and the current is only due to
interband effects. This is a consequence of a decrease in the energy gap as we go from the
centre to the edges of FBZ.

As we saw in Section 3.2, the diamagnetic current has the same frequency as the field,
Eq. (3.52). The diamagnetic current and the component of the paramagnetic current
with the field frequency have opposite signs and interfere destructively. For example, for
hQ/t, = 0.2 and k = 2.22, they have the same amplitude and cancel out. The value of
the & where this is observed is solution of the equation

T [aﬁ(k)ﬁ(o) A (k) /R

W (k)‘| - Qch(k‘)vcv(k) (fkc - fkv) (Acv(k)/h)2 ey =0 (46)

resulting from the amplitude of the Q oscillation of the current, Eq. (3.71), to be null, so
it depends on the field frequency. In Fig. 4.1 ¢), we see that the partial current j(k,t)
does not oscillate with frequency €. In Fig. 4.1 e) are represented the amplitude of the
oscillation of the current in the field frequency, the first harmonic, for all points of the
FBZ for fields frequencies from hQ/t;, = 0.05 to A2/t, = 1.1. The two symmetric lines
correspond to the values of £k in the FBZ, where the amplitude of the first harmonic is

49



CHAPTER 4 RESULTS

0.2] @ ka=0.79 b) ka=3.14
1.0
. 00
-~
5 0.5
< -0.2
= 0.0
§—0.4
-0.5
-0.6
-1.0
0 20 40 60 80 100 120 0 20 40 60 80 100 120
t-ty/h t-tn/h
—— Floquet  ---- RK

Figure 4.3.: Evolution of the expected value of the current operator for ka: (1) 7/4, (2)
7. The results were obtained with Floquet formalism and RK4 for a system with gap
A/t = 1.1 perturbed with a field with intensity e/h-aAy = 1 and frequency AQ2/t, = 0.2.

null for each field frequency. With this, we observe that the effect of the second band is
not negligible even if there are no real band transitions, i.e. if the external frequency is
smaller than the gap, h{2 < A.

To analyse the frequencies that appear in the response for each k, we compute the current
response in frequency space for different quasi-momentum k with Floquet formalism, Eq.
(3.103), represented in Fig. 4.2. As expected from the Floquet formalism, the system
response with discrete frequencies:

o multiples of the external frequency, r§2, r € Z;
« Floquet gap plus multiples of field frequency, Ap(k)/h+1rQ, r € Z.

Note that despite not being visible in the plots of the time response observed in Fig. 4.1,
response in multiples of external frequency appears in the Fourier spectrum with much
lower intensity.

Looking at frequency plots (Fig. 4.2), we see that they have in common the peaks at mS2,
however, the peaks at Floquet gap plus multiples of field frequency depend on k. These
peaks are within a region between the maximum and the minimum of Ag(k) that are
Ap(m) and Agr(0) respectively.

After observing the response at perturbative regime, we increase the value of the field
intensity, e/h - aAy = 1, for two points of FBZ ka = {n/4, 7}, and computed the time
response via the Floquet Formalism, Eq. (2.40), and RK4. Remember that Ak = ¢e/h -
A(t), so that this field intensity corresponds to a maximum translation is about 1/3 of
the FBZ. Fig. 4.3 shows both results and we can see that they overlap. The choice of
the field intensity was not very large, so more frequencies are observed at the edge of the
FBZ (k = ) where the energy gap (A(k)) is smaller.

Until here, we analyse the current associated with each Bloch vector with quasi-momentum
k, computing the response for low and higher field intensity and comparing the result ob-
tained with Floquet formalism with the first order current and the solution obtained with
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4.2 TOTAL CURRENT

RK4. In the following section, we will sum over the FBZ to obtain the total current of
the system.

4.2. Total current

To obtain the total nonlinear optical response from the response of each quasi-momentum
k we sum over the FBZ. To simulate an infinite system, we take the limit used in Section
3.2 and transform the sum into an integral. We use the Simpson integration method to do
it numerically. There are some aspects to consider when we compute the sum. As we seen
in the previous section in Fig. 4.2, there are peaks in the response j(w,k) related to the
Floquet gap Ap(k) that depend on the quasi-momentum k, so that they are dislocated
from each other. As we said before, the current function in frequency space in the limit
of n — 0" is equal to the exact Fourier transform, which is a Dirac delta function plus a
Cauchy principal value. So, the width of the peak is in the order of . Considering two
consecutive points k, and k;, the partial current for each k will have peaks centred at
we = Ap(ky) +7Q and w, = Ap(ky) + rQ, respectively. If we want to obtain a continuum
function in frequency, instead of separated peaks, the separation between w, and w, must
be smaller than 7, so that

We —Wp <N <= AF(ka) — Ap(kb) <. (47)
Note that we can write k, = k, + Ak and if Ak < 1 we have

dAr(k)

Ap(k) = Ap(ka) + =5

(ky — ko) + O(K?) (4.8)
Fa

and we find a relation between Ak and the parameter n

dAR(k)\
Ak < . 4.9
o (19)
To compute the integration in the FBZ, we choose a number of points N that determines
Ak = 27 /N, which means that the number of points used to compute the integral must
be larger than N, given by

Nmin - ; < dk )max . (410)

To observe the effect of the number of points on the integral in FBZ, we compute the
total current for n = 0.1 for several numbers of points. The results are shown in Fig. 4.4.

As expected, the region where it takes more points to converge is between A(7) and
A(0). In this case, we obtain a smooth curve for N = 256, and computing the current for
different values of n we find smooth curves for N ~ 2/n as expected.
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Figure 4.4.: Representation of the dependency on the total current response with the
number of points used to compute the integral over the FBZ for a system with A/t, =1,
e/h-aAy = 0.01 and hQ/t;, = 0.2, computed with n =1 x 1071

Focusing on the choice of the parameter n, we can use it as a measurement of resolution.
In Fig. 4.5, we see that as we increase the parameter 1 the curve becomes less defined in
some regions, and some details disappear. Otherwise, when we decrease the value of the
parameter 17 we see more details of the function. Observe that in the two curves computed
with n = {1 x 1072, 1 x 1073} we cannot see the peak in w = 0.4 correspondent to the
second harmonic.

As we saw before, the number of the points needed to compute the integral in k depend
on the parameter n in a way that if we want more resolution, we will need to compute
the integral using more points. However, we can compute the curve using for different
regions of frequency different values of 1. With that in mind, we obtain the plot in Fig.
4.6, which represents the total current in frequency space for the interval fw/t, € [0, 5].

As we saw in Fig. 3.8, the Fourier transform of the first order current analysed in Section
3.2 also the first harmonic and in the site of the Floquet gap peaks are the unperturbed
energy gap ones. Because the field intensity is low the floquet gap and the unperturbed
gap are very close and the peaks coincide. With Floquet formalism, we can also observe
the presence of the second harmonic with much lower intensity.

From the Section 4.1, we see that the response for each k£ has discrete frequencies at r{2
and Ap +rQ as expected from the Eq. (3.95). After the sum over the FBZ, the majority
of the peaks in frequency space disappear. To understand this effect, we will discuss in
the following calculations the result of the integral over the FBZ around the peaks that
appear for each k.

First, we can rewrite the total current in frequency space, Egs. (3.102) and (3.103), as

e a /a F, - (k)
J() :_h27rZ/_w/adkn—i(go(k’)nLrQ—w)? (4.11)

r,o
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Figure 4.5.: Representation of the dependency of the total current response with the
parameter 7 for a system with A/t, =1, e/h - aAy = 0.01 and AQ2/t;, = 0.2, computed
with N = 256.

where F, ,(k) is the amplitude of the frequency g, (k) + 72 and ¢, (k) as a function that
takes the value of the Floquet gap or is null. When we evaluate the integrand function at
Ap(k) + rQ = w, the function diverges with 1/7 and in the limit 7 — 0% it is equal to a
Dirac delta function plus a Cauchy principal value. We can discuss the value of the total
current around these points dividing the calculation in three cases.

First case: Focusing in the terms of the integral where g, (k) = 0, the only part of the
integrand that depends on k is the amplitude function F, ,(k), so

Tr0) =45 /_W/a dk F, , (k). (4.12)

In the same way that the integrand function in Eq. (4.11) diverges, the current J(w) for
w = ) also diverges with 1/7. For a finite 1, we can obtain the value of the amplitude
of the current component with this frequency, by multiplying the computed current in
frequency space by the parameter n:

Ay = -S4 / " e By () — lim 1.7 (). (4.13)

h2m —7/a n—o0

In Fig. 4.7 a), we compute the amplitude A(w) for different values of 7 and we see that
for peaks w = () and w = 2}, the value of the amplitude is independent of 7.

Second case: Regarding the current at w = Ap(k)+7€2, the integrand function diverges
at the point k* where Ap (k*) = w —rQ, in the limit of  — 0%. In a small region around
k*, we can make the following approximation:

Ap(k)+1Q—wrak—k), K —-C<k<k +C, (4.14)
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Figure 4.6.: Representation of the current response in frequency space of the 1D two-
band semiconductor model at zero temperature with energy gap A/t, = 1 suddenly
perturbed by a monochromatic electromagnetic field with intensity e/A - aAg = 0.01 and
frequency h€2/t;, = 0.2.

where a is the first derivative of the Floquet gap evaluated in k* and C' < 1 delimits the
interval where this approximation is valid, considering C' > n. Now, we can compute the
integral using this approximation in this region (Appendix D) and obtain an expression
in powers of n:

ket Fr o (k O F, o (k*) +i18C F' (k*) +iC® E®)(k*
[ —— LS LA E U R e et
k—c  n—1i(Ap(k) +1rQ—w) 9

(4.15)

where F), (k) is the first derivative of the amplitude function and F")(k) is the n-th order
derivative. Note that the result is written as a series in C, such that these corrections
can be neglected in the limit where C' < 1. Given that n < C, we can take the limit
n — 07 and we see that the result of the integral is finite. Since the parts of the integral
outside of the interval £* — C' < k < k* + C are independent of 7, we can conclude that
the singularity in the integrand does not generate any singularity in the current J(w).

Third case: Following on from the previous case, we may ask about the points k* where
Ap (k*) = w — rQ and the first derivative of the Floquet gap is null. In those cases, we
must use the approximation:

b

Ap(k)+rQ—wz§(kz—k*)2, = C<k<k'+40C, (4.16)

where b in the second derivative of the Floquet gap at k*, and C' delimits the interval
where this approximation is valid, with ¢ > n.

Using a similar process we use in previous case to compute the integral in k around the
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Figure 4.7.: Representation of the collapse of a) the maximum of the peak J(r2) with
1/n and b) the maximum of the peaks J (Ap(7)) and J (Ap(0)) with 1/,/7. The plots in
the right panels are the zoom in around the frequencies marked with the vertical dashed
lines.

point k* (Appendix D) we get

/kk*JrC n Fr,a(k?) 1 (1 + i)ﬂ'Fr,a(/{Z*) Lo (170> .

o U —i(Ap(k)+rQ—w) \/m

(4.17)

This time the integral diverges with 1/,/5. In Fig. 4.7 b), we represent the current [J(w)
multiplied by /7 and we see that the curves coincide for iw = Ap(7) and Ap(0), where
we can see that the amplitude /77 (w) for the frequencies in the Floquet gap coincide.

We can conclude that after we sum over the FBZ the only peaks that does not disappear
are the multiples of the field frequency, 7€), and the peaks associated with the extremes
of the Floquet gap, as we saw in Fig. 4.6.

To analyse the appearance of the non-perturbative regime, we compute the amplitude for
the current response in frequency space for the first three harmonics as a function of the
field intensity, from e/h-aAg = 0.01 to e/h-aAy = 1. When we start to increase the value
of Ag we need a larger truncation to compute the EFH. As we saw in Section 2.3.2, to
obtain the correct solution of the system evolution, there must be at least two orthogonal
eigenvectors of the EFH unaffected by the truncation. To analyse the behaviour of the
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1.07 a2)

b2)

0.8 ¢2) |

Figure 4.8.: Schematic representation of the convergence of the eigenvectors of the EFH
with the increase of the truncation M and the dependency on the field intensity. The
results correspond to the eigenvectors of the EFH for the system with A$2/t, = 0.2 and
(a) e/h-aAy = 0.01; (b) e/h-aAy =0.5; (c) e/h-aAy = 1. Panels (1) representation
of the absolute value of the entries indexing by (7,4) of the matrix which each column is
an eigenvector of the EFH with M = 25 and size of the matrices with different trunca-
tion. Panels (2), representation of the pairs (with dashed and solid lines) chosen for each
truncation.

coefficients of the eigenvectors of the EFH with the increase of the field intensity, we
compute and diagonalize the EFH for different field intensity values. In Fig. 4.8, we see
the representation of the coefficients of eigenvectors of the EFH with the increase of the
truncation M and with the field intensity Ay. In panels (1), we represent the matrix
whose columns are the eigenvectors of the EFH with truncation M = 25. The coloured
squares delimit the places where the different truncations, M = {6, 12, 20,25}, take place.
From panels (1) to panels (2), we chose the two orthogonal eigenvectors with the most
minor influence on the truncation for each value of M.

Similarly to what we saw for the two levels system pumped with a linearly polarized
electromagnetic field, for a sufficiently large truncation, the matrix of the eigenvectors of
the EFH in columns is sparse (panels (1) Fig. 4.8). Note that with the increase of the field
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nigrQ)|

107! 2x107! 3x107'4x107!
e/h - aAgp

Figure 4.9.: Representation of the dependency of the amplitude of current response for
the first three harmonics, w = rQ, r = {1,2,3}, with the field intensity. The result
corresponds to the system with energy gap A/t, = 1 perturbed by an electromagnetic
field with frequency h€2/t;, = 0.2.

intensity from (a) to (c), the number of nonzero coefficients on the eigenvector increases.
We can use a smaller truncation for low field intensities and obtain the correct evolution.
For e/h - aAy = 0.01, the lines plotted in the panel (a2) in the Fig. 4.8 overlap, which
means that the coefficients of the eigenvectors of the EFH are the same for all truncations.
Besides that, the amplitudes of the edge coefficients are equal to zero, even for M = 6.
However, when we look at e/h - aAy = 2, panel (c2) in Fig. 4.8, the eigenvectors of the
EFH truncated at M = 6 and M = 12 depend highly on the edges, and the coefficients
do not match the results obtained for M = 20 and M = 25 (the lines do not overlap).

To decide which truncation value we were going to use to calculate the current amplitudes
for the first three harmonics (Fig. 4.9), we calculated the Floquet modes for a field
intensity e/h - aAy = 1 and checked from which value of M the modes were normalized.
We find that a suitable truncation was M = 17. Then, using the results from the EFH
with M = 17, we compute the current amplitudes for w = {2, 22, 3Q} using the function
of the current in the frequency space, Eq. (3.102), and multiply by 7 to obtain the
coefficients that multiply the complex exponentials in time response. In Fig. 4.9, we
see that for low fields, until e/h - aAy = 0.2, the optical response is perturbative as the
amplitude depends with the expected power law on the field intensity

J(rf2) oc Ag, (4.18)

with » = {1,2,3}. Recalling the result of 3.3.2, where we showed the equivalence between
the response of a system perturbed by a field with adiabatic switching and the compon-
ents of the response resulting from a suddenly switched field with multiples of the field
frequency in perturbative regime, the amplitudes of current for weak fields presented in
Fig. 4.9 computed for sudden switching are also valid for adiabatic switching. As we in-
crease the field intensity, nonperturbative behaviour starts to appear, i.e., the dependency
of the amplitudes on the field intensity changes drastically, expressing the perturbative
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behaviour breakdown. The study of the behaviour seen in Fig. 4.9 for larger e/h - aAy
shall be material for future work.
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5. Conclusion and Outlook

In this thesis we used the Floquet formalism to obtain the optical response of a 1D two
band semiconductor at zero temperature perturbed by a periodic electromagnetic field in
velocity gauge. We compute the system’s time evolution for each quasi-momentum k and
sum over the FBZ within perturbative and nonpertubative regime.

Regarding the system’s time evolution for each k we compared the result for low field
intensities to first order perturbation theory and the result for high field intensities with
RK4. In the regime of low field intensity and frequency h{2 < A, where there are no
real interband transitions, we found a limitation of the semiclassical dynamics. The
virtual interband transitions have a large effect on the amplitude of the first harmonic,
contributing to its significant decrease.

In what concerns the total current, we compute the current in frequency space for low
field intensity for hw/t;, = [0, 5] and observe that the only frequencies that survive after
summing over the FBZ are the multiples of the field frequency and the frequencies associ-
ated to the extremes of the Floquet gap. We studied the behaviour of the current around
these frequencies and observed that the limit towards the exact Fourier transform of the
current follows different laws for each one. We also observed how the amplitude of the
first three harmonics depend on the field intensity, observing nonperturbative responses.
Analysing the perturbation theory with adiabatic and sudden switching, we conclude that
the Floquet formalism can respond to both cases. Despite the formalism’s limitations,
which require the system’s perturbation to be periodic so that the perturbation must be
switched suddenly, we saw that the components of multiples of the perturbation frequency
are common for both adiabatic and sudden switches, i.e. the results obtained for the first
three harmonics for weak fields are valid not only for the system perturbed with sudden
switching as we formulated the problem but also for a system perturbed with a field switch
adiabatically.

To perform the numerical calculations, we numerically implemented the EFH for this
system and wrote a code to compute the time evolution with the Floquet formalism for
two-level systems, as well as the implementation of the density current for this problem
with Floquet formalism in frequency space. Concerning the way we opted to calculate
the current in the frequency space, we found some numerical issues. In order to be able
to calculate very small perturbations and high harmonics, it is necessary to consider the
response with high resolution, i.e. with low values of the parameter 7. This, as we saw
in Chapter 4, requires the use of a larger number of points to calculate the integral in
k. Another problem we found was the need to increase the truncation of the EFH as
we increase the field intensity. These two parameters of the calculation, the number of
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points to calculate the integral, N, and the truncation, M, are crucial to obtain the exact
response.

The results presented in this thesis are only preliminary, as there was no time to explore
the method further. We have a lot of open space for future work. As we saw in the
calculation of the optical response for high field intensities, the coefficients of the EFH
eigenvectors depend on the field intensity, and the truncation must be adapted to this and
any other parameters of the problem. Understanding the correct measure of convergence
of the Floquet states is essential to create a general way of implementing this formalism
in calculating optical responses that adapts the truncation of the EFH.

Specifically for this system, it would be interesting to analyse how the amplitude of the
harmonics of the response depends on other system parameters, such as the gap of the
unperturbed system or the external frequency. Another interesting analysis for future
work is how the frequency and amplitude of the transient, that appear after summing
over the FBZ, depend on the intensity and frequency of the field and the parameters of
the unperturbed system. Besides the analysis of the optical response of this system, we
also can using this method to compute the optical response of other materials such as 2D
materials or materials with more bands. An example is the other possible description of
this chain mentioned at the beginning of the 3, which, from the outset, differed from the
one explored in terms of inversion symmetry.
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A. Inversion symmetry

The idea is that a system has inversion symmetry if the system remains invariant under
the transformation of T — —T. In the problem of a system with an electromagnetic
perturbation, invertig the direction of the position implies the inversion of the direction
of vector potential, A. This means that if we characterise the inversion by the trans-
formation operator P, the system has inversion symmetry if the transformation of the
Hamiltonian of the system was

PA(A)P = A(—X) (A1)
and the transformation of the current operator was
PY &)t = -T(K) (A.2)

such that the transform current operator is odd in the vector potential:

A

5 = —

T(-K)=-T(&) (A.3)
Consequently the terms in perturbation theory that depend on even powers of the field
doesn’t exist.

Considering the problem of a chain with two orbital explored in Chapter 3 we start
by defining the actuation of the parity operator, P, in the basis of position for the
description of the two band in different positions in the same unit cell:

[n, A) — PU|n, A) = |-n, A), (A.4)
In, B) = PD|n,B) = |-n—1,B). (A.5)

So the transformation of the system Hamiltonian is computed by

: A
2

POAM PO Z 3 <|—n, A (=n, Al = |=n —1, B) (=n — 1, B|>

—tp Z<€i6(t) ‘_n -1, B> <_na A‘ + eié(t) ’_n? B> <_n7 A‘ + h.C.) )

n

= 25 (1) 0. 41 = By (. 1)

n——mn

—t, Z(e—i“” n =1, B) (n, A| + €9 |n, B) (n, A + h.c.).

(A.6)
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APPENDIX A INVERSION SYMMETRY

If we invert the direction of the vector potential in the original Hamiltonian, i.e. 6(t) —

—i(t):

O (<) = 5 (1n. 4) (n, 4] ~ In. B) (n. BI)

— tp, Z(ei(‘;(t)) In—1,B) (n, A + e |n, B (n, A| + h.c.) :

n

the equality is observed:

A

POAWD(A) PO = f1D(— 4), (A7)

For the second description, the actuation of the parity operator, pur ), is given by
’n705> _Ti p |n7 Oé> = |—n,a>7 (AS)

and the transformed Hamiltonian is computed by

PHI )P =% ? <|—n, A) (—=n, A| — |=n, B) (-n, B|>

n

- ch(I—n, B) (—n, Al + O |—n + 1, B) (—n, A| + h,c,)7
. (A.9)

n——mn

_ zn; ? <|n, A) (n, A — |n, BY (n, B|>

- ch(ﬁ% B) (n, Al +e®® |n + 1, B) (n, A| + h.c.).

n

In this case, if we change the direction of the field of the original Hamiltonian the symmetry
does not appear:

AU (<5() =3 5 (In. 4) (n. 4] ~ In. B) (n. B

n

—tn Z(In, B) (n, Al + e 2O |n — 1, B) (n, A| + h.c.>

n

such that

PHID() Pt +£ H(—A). (A.10)
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B. Semiclassical approximation
In a single band system, the electronic response to an applied electric field is given by [42]:

k(t) = k(0) — ]‘;/Ot A E(t) = k(0) + % (A(t) — A(0)) (B.1)

which coincides with the second semiclassical equation. The current of the system can be
written as

J(t, k) = ev (k(t)) , (B.2)
and by expanding in first order in vector potential A(t) we get

e Ov (k(0))

J(k,t) = ev (k(0)) + T ok

A(t). (B.3)

For a two bands system, we can take this approximation by considering that the interband
interactions are negligible. Suppose that the electron is in the band with lower energy,
the valence band, such that

J(t, k) = eTr [0 (k(t)) ],
= ey, (k(1)).

The current in first order for that system in semiclassical approximation is then

€2 9y, (K(0))

3k ) = e (K(O)) + S22

A(t). (B.4)
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C. Bessel function of the first kind

A definition of the Bessel function of the first kind is [43]

1 ™
Jn(x) = —/ cos (nT — xsinT) dr. (C.1)
7 Jo
Using trigonometric equalities we can rewrite it as
1 ™
In(z) = — / (cos (n1) cos (zsin7) + sin (n1) cos (zsin 1)) dr,
7 Jo

1 ™
=5 / (cos (nT) cos (zsin 7) + sin (n7) cos (zsin 7)) dr,
T J—7

where from the first line to the second line we use the fact that both terms of the integrand
are even functions. Note that the functions are invariant under the translation

ToT =7+27 (C2)
so the Bessel function can be finally written as
1 27
Jn(z) = 2—/ (cos (n7) cos (zsinT) + sin (n7) cos (zsin 1)) dr. (C.3)
7 Jo

Looking closely to the first term

1
2T
]_ 27

T or

(/07r cos (n7) cos (zsin7) dr + /7r
1

=— (/07r cos (nt) cos (zsinT) dr + /07r cos (n(1 — m)) cos (xsin (1 — 7)) dT)

2T

_ ! (/07r cos (nt) cos (zsinT) dr + /07r (—1)" cos (n7) cos (z sin (7)) dT)

2T

2m
/ cos (n7) cos (xsinT) dr
0

cos (nT) cos (zsin 7) dT)

if n is odd the integral is null.

21

1 2m
/ sin (n7) sin (zsin7) dr
0
=5 sin (n7) sin (z sin 7) dT)
2T

o
(/07r sin (n7) sin (xsin7) dr + /7T
1
=— (/07r sin (n7) sin (xsin7) dr — /OTr (—1)" sin (n7) sin (z sin (7)) dT)

For the other term
1
— (/7r sin (n7) sin (xsin7) dr + /7r sin (n(7 — 7)) sin (zsin (7 — 7)) dr)
0 0
1
2T
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BESSEL FUNCTION OF THE FIRST KIND

the integral is null when n is even.

So the Bessel function reduces to

To(z) = {gl,r J2™ cos (n7) cos (zsinT) dr  n is even

i fozw sin (n7)cos (xsin7)dr n is odd
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D. Integral of the partial current in &
around the singularities

In Chapter 4, we discuss the result of the total current in frequency space around the
frequencies where the partial current, j(w, k), has singularities. In this appendix, we
compute explicitly the integral around the point k* where Ap (k*) = w — rQ), i.e. we
compute the integral of j (w, k) between k* — C' and k* + C' for the case Al (k*) # 0 and
the case Al (k*) = 0.

/ *
Af (F*) # 0
In the region around £* we can use the following approximation:
Ap(k) +7rQ —w =~ AL (k= k), —-C<k<C (D.1)

with C' < 1 and C > 7. The integral take the form, redefining A’ (k*) = a:

/k*+c " F. ,(k) B /k*+c " F,. -(k)
o n—i(Ap(k)+rQ—w) Je—c T n—iAL (k- k)
Redefining A’ (k*) = a and making the change of variable
5=k — k) o)
a6 = dk '
we obtain
/k*JrC e Fr,o(k) C|a\/n Fr,cr (k* |a|5) (DB)
¢ n—i(Ap(k) +7Q - w) \a! Cla\/n — ind sign(a)
/C|a/TI k'* (5) (D 4)
~ Jaf J-clal/n - zéslgn( ) '

To compute the integral, we expand the amplitude function F;. (k:* + ﬁ@) in powers of ¢:

1 Fe (K@) B, () | SFL, (k)
a] 1—idsign(a) Jal(1—d0)  |a(1—d) "
S2F" (k> 53F(3) E*
L OO SR )
2|al?(1 —id) 6|al*(1 —d)

(D.5)
n’+0 (7}3)
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and we get
k*+C
/ g Tral®)
o n—1i(Ap(k)+rQ—w)
91 F, 5 (k) + sign(a)18iCF , (k*) + sign(a)iC? F?) (k*)
N 9lal
—2F, , (k*) + C (—sign(a)inF. , (k*)+ CFE/ (k*)
+ ( ’ ’ )n (D.6)
jal?C
12sign(a)ify , (k*) — 3nCF), (k*) — 2sign(a)ic?F3) (k%) 3
+ 6la|*C n°+0 (77 )
/ *\
AL (k%) =0

Following the same procedure used in section above, this time with the approximation:

"

A
Ap(k)+rQ—wz7F(k;—k*)2, —C<k<C (D.7)
The integral take the form:

k*+C k*+C
[ dr— Fra (k) = [k Frolk)
o n—i(Apk)+1rQ—w) —C o —iSE (k — k)

Now we can make the following change of variable

{‘5 — \/E“‘" — K (D.8)

2 a5 —
25 = d;

where we define b = A7, (k*) and the integral become
K C o |a|/277 (k:* + %5)
/ i / (D.9)
k*— — i (Ap(k) + r{) —w) |b \/|a|/217 — ind? sign(b)

Clal/ Fr o (k" + /216
/ " dk ( o ) (D.10)
2|b|77 —Clal/n 1 — 162 sign(b)

Now we expand the integrand function in powers of 9:

T Fro (B +/B0) 2iFy, (k) 1 20F, () D)
2(bln 1 —id%sign(b)  \|b] i+d2 o |b| (i +6?) ‘
iv/282F" (k) 2i03F ) (k)
s Vi e+ O (n7?)
b]3/2 (i + §2) 31b|% (i + 6?)

(D.12)
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and the result of the integral is given by

/k*Jerk Fr,g(k)
k—c  n—1i(Ap(k) +rQ—w)
(1 +sign(b)i) wF, , (k*) 1

3 Vi
[392 sign(b)i (—3600Fr70 (k*) + 1800 C*F, (k*)

+

1
|b[>C
+50 C*EY (k) + C°F®) (k*)) + Bsign(b)iC*F®) (k*) n

(1-— Sign(b)i)ﬁF,{fg (k*) 5
REE Vi +0 (i)
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