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Resumo

Nesta dissertacdo, abordamos um jogo de Stackelberg entre uma firma lider e uma firma se-
cunddria em que a firma lider tem incerteza sobre a procura. Consideramos a procura como
uma varidvel aleatdria discreta que toma um de dois valores - alto ou baixo. A novidade con-
siste no uso da maximizacdo de um tipo de preferéncia relativa a média-variancia, comum em
matemadtica financeira, em vez da maximizacao da utilidade esperada como € usual em teoria de
jogos. Mais especificamente, usamos uma preferéncia dealing média-desvio padrao. A melhor
resposta para a firma secundéria é abordada. Caracterizamos a melhor resposta da firma lider
usando maximizagdo da utilidade esperada e mostramos como tal resposta depende das quanti-
dades econdmicas. Apresentamos exemplos de quantidades econdmicas em que a vantagem da
firma lider desaparece. Sob maximizacdo da preferéncia média-desvio padrdo, caracterizamos
completamente a melhor resposta da firma lider como funcdo de um parametro de aversao ao
risco. Mostramos como para o mesmo nivel de aversdo ao risco, a melhor resposta da firma
lider depende das quantidades econémicas. Uma andlise ex-ante e ex-post € apresentada para
um dominio especifico das quantidades econdémicas e apresentamos condi¢des suficientes para
que a empresa secunddria tenha um lucro maior. O caso em que a firma lider nao arrisca praticar

dumping ¢ analisado.

Palavras-chave: Stackelberg, Teoria de Jogos, Risco, Incerteza, Preferéncia Média-Desvio

Padrao
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Abstract

We discuss a Stackelberg game between a leading and a follower firm with demand uncertainty
for the leader firm. We consider the demand as a discrete random variable that takes one of two
values - low or high. The novelty consists in using a type of mean-variance utility maximization,
common in mathematical finance, instead of the expected value maximization as is usual in the
game theory literature. More specially, we use a mean-standard deviation preference. The best
response for the follower firm is determined. We characterize the leading firm’s best response
for expected utility maximization and show that it depends on the economical quantities. We
present examples in which the leading firms’s first mover advantage disappears. Under mean-
standard deviation, we characterize completely the leading firm’s best response as a function of
a risk aversion parameter. We show that for the same level of risk aversion, the leading firm’s
best response depends on the economical quantities. An ex-ante and ex-post static analysis is
presented for a specific domain of the economical quantities and we present sufficient conditions
for the follower firm to have a higher payoff. The case where the leading firm does not incur in

dumping is analyzed.

Keywords: Stackelberg, Game Theory, Risk, Uncertainty, Mean-Standard Deviation Pref-

€rence
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CHAPTER 1

Introduction

The Stackelberg duopoly model is one of the most used models in industrial organization. It
was proposed by [Stackelberg, 1934], and consists of a game where a leader firm moves first
(pioneer) and a follower firm moves second. In it’s classical setting, each firm chooses the
quantity of a certain good to be produced in a given market. It belongs to the category of
dynamic games with complete and perfect information. In equilibrium, the leading firm obtains
a higher profit than the follower, reflecting the advantage it has from moving first.

The success of pioneering firms has often been attributed to the advantage they have due to
being the first on the market. Dell is an example of a successful pioneering firm. It was the
first to introduce the direct sale business model into the PC market with great success. Other
such example is Amazon. It was the first to introduce an online bookstore and is still able to
maintain its number one status on the market. However, many cases of pioneering firms that
were not able to sustain a business have ocurred along the years. Examples of this are Pets.com,
Webvan, Garden.com and eToys, that were first movers in their respective markets during the
dotcom booming era but failed. (see [Liu, 2005] and references within)

Questions about the pioneering firm’s success being solely due to first mover advantage
arise. Other factors influence the probability of success of the pioneering firm, such as private
information, uncertainty and product differentiation.

Studies about the influence of these and other factors have been conducted. For exam-
ple, [Gal-Or, 1987] studies the first mover disadvantages when there’s private information about
stochastic demand. The author found a range of parameter values over which the follower is
better off compared to the leader. [Liu, 2005] considers a Stackelberg model with demand un-
certainty for the first mover only, where the demand follows a uniform distribution. Liu finds
that if the realized demand is far from it’s expected value, the leadership advantage is overpow-
ered by the follower firm’s benefits due to flexibility. [Ferreira et al., 2015] generalizes Liu’s
model to include product differentiation. A parameter is used that measures to which degree
the good produced by each firm is a substitute for the other. They conclude that if the products
are differentiated enough, then even with low uncertainty the follower firm can achieve a higher

profit.
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We consider a Stackelberg game with asymmetric demand uncertainty for the leading firm.
The demand is a discrete random variable that can take one of two values - high or low. In a
first instance, we use expected utility maximization for the leading firm and find the subgame
perfect Nash equilibrium depending on the economical quantities. This equilibrium is found
by the method of backwards induction. We then consider a mean-standard deviation preference
for the leading firm. This preference reflects the leading firm’s risk aversion with a parameter.
We find the leading firm’s best response as a function of the economical quantities and the risk
aversion parameter.

Expected utility theory has been central in the analysis of decision making under risk. In util-
ity theory, the utilities of outcomes are weighted by their probabilities. It is also the usual setting
in game theory, used by the agents to find their best response. Thus it is assumed that a rational
agent would obey the axioms of the theory. However, several critiques of expected utility the-
ory appeared along the years with perhaps the most well known being a counter-example given
by [Allais, 1953]. A variation of Allais’ example is found on [Kai-Ineman and Tversky, 1979].
The authors conduct an empirical study where a significant amount of agents were exposed to a
set of problems. The answers gathered reflected consistent violations of the axioms of expected
utility theory. They present an alternative to expected utility maximization called Prospect The-
ory. One of the authors, Daniel Kahneman, won the Nobel Memorial Prize in Economics for his
work developing that theory.

Such critiques motivate us to search for an alternative that better reflects the degree of risk
aversion of an agent. We replace the expected value maximization with a type of mean-variance
utility, common in mathematical finance. More specifically we use a mean-standard deviation
preference. The agent will choose the strategy that maximizes that preference, which we define
below. Let 7 be a utility function depending on a set of parameters ¢, § > 0 and o|[n] the
standard deviation.

Definition 1 (Mean-standard deviation preference). The mean-standard deviation preference for

an agent with utility function 7t(q) is
E[r(q,6)] = E[r(q)] - 60|n]
where & is the risk aversion degree.

Remark. Although we write E[n(q,0)], the function that depends on § is the mean-standard
deviation function and not m. Moreover, we will sometimes write E[rt(q)] or E[n(8)], according

to the dependence we want to emphasize. The dependence on the other variable is implicit.

Mean-variance preference has been used in the context of game theory before. For example,
in [Kopanyi, 2013] the author considers a game in which two firms simultaneously decide on
both the price and the production level of a homogeneous product. Both firms have conjectures
about the actions of the other. Our model differs by being a dynamic game in which we use

mean-standard deviation preference instead of mean-variance utility.
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1.1 The classical Stackelberg duopoly

We also use mean-standard deviation preference instead of variance to avoid the inflation
effect that comes with using the variance. This effect is corrected by using the standard devia-
tion. Moreover, there is a more intuitive interpretation with standard deviation, due to it being

measured in terms of the units we are dealing with.

1.1 The classical Stackelberg duopoly

We now briefly present the classical Stackelberg duopoly. Our goal is twofold. On one hand, we
have a base model that will function as a particular case of the models we consider in this dis-
sertation. On the other hand, with the exposure of the classical version, we introduce important
notation that will be used and generalized when considering said models. The presentation in
this section follows closely the one found on [Gibbons, 1992].

We start by defining the normal form of a static game.! A static game is a game where both

players act at the same time. The normal form of a static game specifies:
(1) The strategies available to each player
(i) The payoff received by the players for each combination of strategies

Let S; denote the strategy space of player i and let s; be any element in S;. Denote by (s1,s2) a
combination of strategies for player 1 and player 2 respectively. Furthermore, let m;(s;,s2) be
the payoff function for player i when the combination of strategies (s1,s2) is played. We are now

ready to define the normal form.

Definition 2. The normal form representation of a 2 player game specifies the strategy spaces

S| and Sy and their payoff functions m; and m,. We denote the game by G = {S1,S2; 7,7 }.

The most important concept in game theory is perhaps the concept of Nash Equilibrium,

which we define next.

Definition 3. In the 2-player normal form game G = {S1,S2; 1, M}, the strategies (s},s5) are
a Nash equilibrium if, for player 1, we have

s] = argmax T (s1,55)
S1ES]
And for player 2 we have

s, = argmax m(s],s2)
$2ESH

So a pair of strategies is a Nash equilibrium if each player’s strategy is the response that
maximizes its utility given the other player’s strategy.
In contrast with static games, the classical Stackelberg duopoly is a dynamic game. In a

dynamic game, players act sequentially. It belongs to the category of games with complete and

I'We will give the definitions and notation for games with only 2 players. We do this for simplicity and given that
the models we discuss are of that nature.
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1.1 The classical Stackelberg duopoly

perfect information. With complete information, each player knows the payoff function of the
other. Perfect information means that each player knows exactly the state of the game at their
time of play.

The usual way used to find the Nash equilibrium in dynamic games is backwards induction.

It goes as follows:

(i) We compute the second mover’s best response to an arbitrary strategy s; of the first mover,

and denote this best response by s3(s;)

(i) The first mover maximizes it’s utility function taking into account the second mover’s best
response, i.e., it’s strategy is
s1 = max m (s1,55(s1))
S1E€S8]
(iii) The second player then plays s3(s7)

The Nash equilibrium is (s7,s3). Once we are dealing with dynamic games, this equilibrium is

usually called the backwards induction outcome.
The players in a Stackelberg game are firms and their strategy is the quantity of a homoge-
neous good they will produce. Player i’s strategy space is, then, S; = [0,00). The timing of the

game is as follows:
1. Firm 1 (the leading firm) chooses a quantity g;
2. Firm 2 (the follower firm) observes g; and chooses it’s quantity g,

3. The payoft to firm i is given by the profit function
mi(q1,92) = 4i(P(Q) — ¢)

where P(Q) = o — Q is the market-clearing price when the aggregated quantity on the market is
0 = q1+ q>. The parameter « is the market demand and c is the production cost, equal for both
firms. The normal form of this game is given by

G = ([0,%0),[0,%); g1 (P(Q) — ¢),q2(P(Q) —¢))

Using backwards induction to find the equilibrium, we start by computing firm 2’s best response

to an arbitrary ¢:

* T — o— _ _
9> = max m(q1,42) = max q2(¢ — g1 = g2 = )
which, by the first order condition, yields

oad—q)—c¢

7 (q1) = >

provided that g; < & — ¢ which we assume, otherwise firm 1 would necessarily sell at a price

lower than the production cost. We now compute the leading firm’s best response taking into
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account ¢3(q1). Firm 1 wants to find

oad—q)—c¢

* T * _
q1 = max 1(q1,95(q1)) max gy ——

which yields
f_o—c a *):a—c
a1 ) D\ = T

Given that the price is the same for both firms, the one that produces more has a higher payoff>.
And so the leading firm has a higher payoff than the follower firm, which reflects the first mover
advantage under complete and perfect information.

We now define some concepts that will be used in the following chapters.

Definition 4. An information set for player i is a collection of sets containing the possible states

of the game that i can experience at their time of play.

In a game with perfect information, each set on the information set of any player contains
only sets with one node (i.e., i knows exactly the state of the game). If the information set
contains a set with more than one element, then the player is uncertain about the state of the
game at their time of play (for example, the follower firm might not know the exact quantity
produced by the leading firm).

We will consider a refinement for the Nash equilibrium in the context of dynamic games.

For that, we must give the definition of subgame, which pertains dynamic games.

Definition 5. A subgame begins at any singleton information set, and includes all the other

game stages that go from that set onwards.

In other words, a subgame is the game that starts at a player’s time of play (other than the

first) in which he knows exactly the state of the game. We now define the refinement.

Definition 6. A Nash equilibrium is subgame perfect if the player’s strategies constitute a Nash

equilibrium in every subgame.

This refinement eliminates Nash equilibrium in which one of the players makes non-credible
threats, and is a subset of the set of Nash equilibria. To illustrate, let Y > 0. Suppose the follower
firm’s strategy is: if the leading firm produces g; > 7, then the follower will produce a quantity
q>,u that makes the selling price dip below production cost; if the leading firm produces g; < ¥,
then the follower firm plays its optimal quantity. Here, the follower firm makes a non-credible
threat in case the leading firm plays g; > 7. If we consider the subgame that starts after the
leading firm plays g > ¥, then playing g» y would not be the follower firm’s best response, and
thus its strategy is not subgame perfect.

After analyzing the classical Stackelberg game and providing the necessary definitions and

notation, we present our model.

ZProvided that the price is positive, which does happen here.






CHAPTER 2

Stackelberg duopoly with uncertainty

We consider a Stackelberg Duopoly with asymmetric uncertainty about the demand level for
the leader firm. The leader does not know the exact demand at their time of play - to them,
the demand is a random variable following a certain distribution. In our model, the demand
is a discrete random variable o that takes one of two values: P(a = f —¢) = yz, and P(a =
Bu —¢) = pup. The parameters B, and By are the possible levels of demand: low or high,
respectively. We consider 0 < B; < By. For simplicity, we set o, = B, —cand ay = By — ¢

In this chapter, we will use the principle of expected utility maximization for the leader
firm. Backwards induction will be used to find the subgame perfect nash equilibrium. This
model belongs to the category of dynamic games with complete but imperfect information. The
information is imperfect in an asymmetric way, given that the only information set containing

more than one state belongs to the leading firm.

2.1 Notation and the normal form

A normal form representation of this game can be given as follows. The set of players is P =
{F1,F}, where F) is the leader firm and F> is the follower firm. This notation should bring no
ambiguity: think of the subscript as the time of play of each firm. The set of actions is the same
for each player: S; = S, = [0, o). We denote an action taken by player i as g; € S;.

Each player has an information set at their time of play. Player 1’s information set, I,
contains one element (representing the asymmetry in information) and Player 2’s information

set, I, contains 2 elements, as follows:

L ={{a,an}} L={{(q1,)},{(q1,0m)}}

A strategy for the leader firm consists of a choice of quantity from its action set, while a
strategy for the follower firm consists of a choice of quantity for each of the possible sets it
can receive. Thus, a strategy for F is a single element g; € S| while a strategy for F; is a pair
of choices (q2.1,q2.1) € S2xS2. The follower firm chooses ¢ in case the information set it

receives is (g1, 07) and chooses ¢ g if the information set it receives is (g1, 0t).

7
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2.2 Backwards induction and expected utility maximization

The only thing left to specify are the payoff functions. Both of these are given by the profit
of each firm and are equal to the amount produced multiplied by the price of the good. Before
writing these functions explicitly, we need to specify how the price is determined. Let Q¢ = g1 +
q2(q1, @) denote the aggregated quantity produced at the end of the game. Note the subscript
a: the aggregated quantity depends on the realization of the random variable o because the
choice of quantity by F, depends on that realization. The price is then given as in the classical
Stackelberg Game, by the linear inverse demand function Py, = &t — Qg = &t — g1 — q2(q1, Q).

The utility functions for the leader and the follower firm respectively are given by:

m(q1,92(q1,0)) = q1Py  and  m(q1,92(q1,¢)) = q2Pa

We should note that the model we study in this chapter is a particular case of the one to be
studied in the next chapter. However, we find it appropriate to treat it separately, as it is the usual
setting in game theory, i.e., expected utility maximization. In the next section, we characterize

both firm’s best response using backwards induction.

2.2 Backwards induction and expected utility maximization

The first step towards finding equilibria using backwards induction is to find the best response
from the last player to each of their sets of information. In our model, this means finding the
best response of the follower firm once it realizes the level of demand and the quantity chosen

by the leader firm. Denote this best response by ¢5 (g1, ¢t).

Lemma 2.2.1. The best response for the follower firm is

* o —
¢ (q1,a) :max{ 2q1 ,O}

Proof. We are going to solve this generally, thinking about {a,q; } as any of F>’s possible sets

of information. F, wants to maximize it’s utility function, i.e., wants to find

q>(q1, ) = arg max m = arg max ¢2(0&t — q1 — q2)
GRES? G218
As a function of ¢, this is a quadratic polynomial with negative second derivative. To find its
maximizer we differentiate the expression with respect to ¢», equate it to zero and solve for g;.

This yields
o —qi
2

If & < g1, the best response for F>, would be to produce a negative quantity. In the context of our

QZ (ql ) OC) =
model, this does not make sense. So the best response for F; is set to be

a_
4 (q1,Q) :max{ qu ,O}
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2.3 Leading firm’s best response

Once analyzed, this expression for the best response makes sense: F, will only enter the
market if ] produces less than the realized demand.
Given that F] can solve F>’s maximization problem as well, it should anticipate that F, will

play ¢5(g1, o) and choose ¢; to maximize its expected utility accordingly. F; wants to find

g7 := arg max E[7(q1,45(q1,))]
q1€S8)

If ¢ < oy, F> always enters the market. But if o < g1 < ay, F> only enters the market if

the realized demand is ay. Taking into account F>’s best response, the price is then given by

x—qi
1 <o
Pa — 2 q
a—q1 o<q <oy

Both P, and ;! are themselves random variables because they depend on the value of the
demand. E[m (q1)] is a piecewise function with 2 pieces. Each piece is the restriction of a

different quadratic polynomial of ¢; € IR, defined as follows:?
oL —q1

OCH—m)
2

)+ uagi( >

m.0(q1) = kg (

a —_
mu(q) = g (o —q1) + taq (HT‘“)

The expression for E[m;] is

m(q)) 0<qi <oy
E[m(q1)] =
mua(q) or<q <oy
We observe 7y 1.(¢1) and 7y (g1) are both differentiable with negative second derivative. This
implies that E[7r; (¢1)] is piecewise differentiable. Moreover, ) z(0r) = m g(0.) and so E[m;(g1)]
is continuous. Next, we characterize the leading firm’s best response given the follower firm’s

best response.

2.3 Leading firm’s best response

In this section, we start by finding the quantity that maximizes each of m; ;(g;) and 7w 5 (q1).
We then investigate the position of these maximizers relative to each other and determine the
maximizer of each of m 1(q1) and 7m; y(g1) as a function of g; € [0,az) and g; € [or, 0tx]
respectively. We will often refer to these intervals for ¢g; as the domain in which 7; 1(¢1) and
71,1 (g1) are valid, respectively. Lastly, we characterize the maximizer of E[m] (i.e., the leading

firm’s best response) under three hypothesis that cover all possible cases.

ITo avoid an overcomplex notation, we will sometimes write, for example, 7; instead of 7 (q1,95(q1,@)) or
q; instead of ¢3(g1,0r). At times, we write the dependence on one or two of the variables only with the goal of
emphasizing the dependence on them.

ZRecall that py and py are the probabilities of low and high demand respectively, and pz + g = 1.
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2.3 Leading firm’s best response

We will use qll‘{L and q’}"’H to denote the maximizers of 7y 1 (¢1) and 7 z(q1) for ¢ € R.

Theorem 2.3.1. The maximizers of 7 1(q1) and m g (q1) are, respectively:

. M _ Ela

(i) 91 = %

.. Elo] |- Hidt
(ii) ity = "5

Proof. We proceed analogously for both maximizers: differentiate each function with respect to

q1, equate to zero and solve for ¢;.

@

dm o oL—q1  qi g —4q1 41
£y (- (-1,

dg1 Y2 2 2 2

o —2q1 oy —2q1
3 )+ ta( 3 )

)+ Uy

= p(
2.1)

1
= E(MLOCI + ug oy —2q1 (U + Up))

= 5 (E[a] —2q1)

DN =

(i)

dﬂ,'l H

B

dqi

OCH—26]1)

= pr(or —2q1) + pa( >

a,
= (UroL + pgag) — R _ 2Urg1 — HHG) (2.2)

2
_ HHOH

— Blo - B2 gy (14 )

Now we solve for ¢;:

2
T ivm 23)
Hu 0

Ela] !~ 55

_ Bu
2 2

O]

We express it as a multiple of E[ct]/2 for an easier comparison to qll"{L. Regarding this

comparison, their position is always the same relative to each other, as the next lemma states.
M
Lemma 2.3.2. ¢y, < qjl‘/{L

Proof.
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2.3 Leading firm’s best response

Noting that oy /E[ct] > 1, the inequality above holds as long as py, . are different from zero,

which we are assuming. O

We can only consider qll"{ ; as a candidate to be the maximizer of E[r] if qjl‘{L belongs to the
domain for which E[m;(g;)] = m1.2(g1). Analogously for qzl"{H(ql). The next lemma presents

conditions for each of the maximizers to be valid candidates to the maximizer of E[;].

Lemma 2.3.3. The conditions for qII‘{L and qll"{ 1o be valid candidates to the maximizer of E[m |

are, respectively:
(i) B <o
(ii) oy < B
Proof. We prove one point at a time.
(i) This statement follows directly from the expression of q’l"{ -

(i) We would like oz < g, and

OCLSQJKH

_ Moy
o < o1~ o]
S
| Mot 0 — b2
B 2—pu (2.4)
Hu Oy
a 1 T
o < MLt Ty
I+u
o
op(1+pp) < ppog + PHOH
04
oy < Uy Oy

O
We state another result that will be important to determine the leading firm’s best response.
Lemma 2.3.4. Regarding the conditions for the maximizers to be valid candidates, we have

Huom _ Ela]
2 = 2

Proof. We just substitute E[a] for its expression:

Hg O < E[(X]
2 7 2

Moy < Upoy + Uy oy

(2.5)

0<urop
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2.3 Leading firm’s best response

We are now ready to compute the quantity that maximizes E[r; |, which we will denote by

q;. Before that, we have the following lemma.

Lemma 2.3.5. The maximizers of my 1 for q1 € [0,ar) and 7 g for q1 € [0, 0| are, respec-

tively:
(i) g, := min{q\';, o0}
(ii) gy := max{q’l"{H, o}

Proof. Both statements follow from the fact that 7y ; and 7; i are quadratic polynomials with

negative second derivative and given the domain for which they define E[m;]. O

We present three hypothesis that cover all the possible cases and compute g} for each one.

Hypothesis 1: E[a] <20y (Large low intersect demand)

Recall that this implies qjl‘{ ;. < oy and, according to Lemma 2.3.4, that uyoy < Ela] <20.

Theorem 2.3.6. Under the conditions of Hypothesis 1,

Proof. Hypothesis 1 implies that qll"{H <oy, ie, gy =0 E[m,] being continuous at g; = o,
together with the fact that both 7 (g1) and 7 5(g;) are quadratic polynomials with negative
second derivative implies that g} ; = ¢, and that ¢} = ¢1 ; = ¢}, = E[a]/2. O

Under Hypothesis 1, F; competes for both low and high demand. Its best response is given

in the following lemma.

Lemma 2.3.7. Under hypothesis 1, the follower firm’s best response is:

() a3, =457

(ii) g3 = 57

Proof. Follows directly from substituting the expression of g} under hypothesis 1 into the ex-

pression for g5 ; and ¢; . O

The subgame perfect Nash equilibrium is

(i st = (P12, (P Ele 20 Bl )
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Hypothesis 2: uyoy < 20y, < E[c] (Intermediate low intersect demand)

When hypothesis 2 holds, get a frontier case:
Theorem 2.3.8. Under hypothesis 2, the leading firm’s best response is q] = 0.

Proof. From hypothesis 2, we get immediately that g7 ; = o and qi = 0. This implies that
q) = o O

Under hypothesis 2, F; stays out of the market if the realized demand is low but competes if

the realized demand is high. Its best response is stated in the following lemma.

Lemma 2.3.9. The follower firm’s best response under hypothesis 2 is:

(i) 45, =0

.. op—o,
(ii) QE’H: H2 L

Proof. If oo = oy then
« _ oL—0r 0
L= ) =

The case where o = ay follows similarly. O

This is a specially interesting case, given that the optimal quantity for Fj is the quantity
that keeps F> out of the market in case the demand is low (the monopoly quantity). In these
conditions, the subgame perfect Nash equilibria is

Oy — O,

)

(QT7 (q;.,LWI;,H)) = (aLa (07

Hypothesis 3: 20y, < uyoy < E[a] (Small low intersect demand)

The optimal quantity for Fj if hypothesis 3 holds is given by qll"’[H. We state and prove this in the

following theorem.
Theorem 2.3.10. Under hypothesis 3, the leading firm’s best response

E [ Ot] _ ﬂHZUCH

*x _ M —
91 =9 .H 2—

Proof. The thought process is entirely analogous to the previous cases. Hypothesis 3 implies
that o, < ¢!, , so ¢} ; = oy Tt also implies that oy, < ¢, which means that g} ,; = ¢}, and

SO q’l‘:q’LH:q/l"fH. O

The follower firm is out of the market if the observed demand is low and competes if the

observed demand is high. Its best response is given in the following lemma.
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Lemma 2.3.11. If hypothesis 3 holds, then the best response for the follower firm is:

(i) qu =0
.. . E[o]— 21
(i) &5 =% = =g
Proof. The proof is entirely analogous to the one in Lemma 2.3.9. O

The subgame perfect Nash equilibrium is

E[a]—’“’f"j(ovafl E[a]—’“’f‘”))

(QI’(QLLvQZ,H)) = ( 2—up 2

2 2Q2—pn)

In the next section, we conduct an ex-post analysis.

2.4 Ex-post analysis

We conduct an ex-post analysis for each of the hypothesis. We show that the follower firm
cannot earn more than the leading firm under low demand in hypothesis 1. Under high demand,
we provide an example illustrating 7, > 71 under each hypothesis. Our goal is to emphasize that
when uncertainty is present and the demand is high, the first mover advantage vanishes under

certain economical quantities.

Hypothesis 1

Here, g7 < ag and F> competes in both low and high demand. However, with low demand the

follower firm cannot have a profit higher than the leading firm.

Lemma 2.4.1. If hypothesis 1 holds and the realized demand is low, F, never has a higher payoff
than F.

Proof. Given that the price is the same for both firms, the one that produces more has the higher

profit:
B> q)
20; — E[a] - Ela]
4 2
o > EIE[oc]
)
Which is impossible, given that o, < E[o] < (3/2)E[c]. O

The following example shows that when the demand is high, the follower firm can earn more

than the leading firm under hypothesis 1.
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Example 2.4.1. We consider the following economical quantities: nup =2/3,uy = 1/3,04 =
3/2,ay = 4. First we check that with these, we are under hypothesis 1, i.e., that E[at] /2 < ay.:

4 7
Elo] <20 <= 1+§§3 = 533

Now we check that the quantity produced by the follower firm is higher:

9 <4

Ela] - 20 —Ela]
2 4

8 —
4

< 17
12

(SSIEN

<

(o) NIEN Ne NN

Given that the price is the same for both firms, F, has a higher payoff.

Hypothesis 2

Here, the leading firm produces the monopoly quantity o,

If the realized demand is o, then F> does not compete. Fj sells at cost price and has a payoff
of 0. For & = ay, we provide a set of economical quantities such that hypothesis 2 holds and
the follower firm has a higher payoff.

Example 2.4.2. We consider p, = g = 1/2,04, = 6, 0y = 20. We check that with these param-

eters, we are under hypothesis 2. We verify one inequality of the hypothesis at a time:

(i)
U Oy <20 <— 10< 12

(ii)
200 <E[a] <= 12<13

We notice that
oy — o,

G <q = a< = 6<7

Once the price is the same for both firms, F, has a higher profit.

Hypothesis 3

Under hypothesis 3, the leading firm produces a quantity higher than ¢;. If o = 0y, this implies
that it will sell at a price lower than what it costs to produce and incurs in dumping.

If the realized demand is o, then F> competes. We provide an example in which the fol-
lower firm has a higher payoft.
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Example 2.4.3. We consider u;, = uy = 1/2,040, = 1/2, 0y = 4. To verify that we are under
hypothesis 3, it is enough to check that Ugoy > 20:

Ugog >20p <— 2>1

Comparing the quantities produced, we have:

q1 < 4>
2E[a] —puo oy 2E[o] — upon
2(1+up) 2 4(1+4 )

6E[o] —3ugom < o (2+2uz)
6E[(X] < OCH(4+[JH)
6E[]

— <
Gtpm)

Substituting with the economical quantities given in the example, we get 3 < 4. So we have
m < M.

2.5 Dumping aversion

We consider now what happens if the leading firm decides it will not produce more than oy,
under any of the hypothesis to avoid dumping. The situation under hypothesis 1 and 2 remains
unchanged because Fj produced at most ¢y, under these. We consider what happens under

hypothesis 3 both ex-ante and ex-post in the no-dumping case.

Ex-ante analysis with dumping aversion
We compute E[m] and E[m,], respectively.

OCH—OCL)
2

E[m] = proy(

Elm] = (2 55)?

Next, we derive conditions for the expected profit of the follower firm to be higher than the

expected profit from the leading firm.

oy — o,
2

(XH—(XL)

Elm| < E[m] <= ugoy( 5 1 ( )?

oy — o
2

o < <~ 30 < oy

We have the following lemma.
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Lemma 2.5.1. Under hypothesis 3 and dumping aversion, if uy < 2/3 then F, has a higher
expected payoff than F.

Proof. The condition for F;’s higher profit is equivalent to

o, 1

oy 3
On the other hand, the condition for Hj is equivalent to
LAY}
oy~ 2
So if we we choose g such that |
<3

then the condition for F;’s higher profit is guaranteed under hypothesis 3. But for that we only
need to consider uy < 2/3. O

Ex-post analysis with dumping aversion

In case the realized demand is o, F> stays out of the market and F sells at cost price with a

payoff of 0. If the realized demand is &y, then the follower firm competes and the payoffs are:

(XH—(XL)
2
Oy — 0O, Oy — 0O

m = (M

T = OZL(

Comparing the quantities produced:

ag — o,
aL<% <~ 30y < oy

which is the same condition as in the ex-ante analysis in the dump aversion case, above. We

have the following lemma.

Lemma 2.5.2. Under hypothesis 3 and dumping aversion, if the realized demand is o0 = oy and
Up < 2/3 then F; has a higher expected payoff than Fj.

Proof. The proof is analogous to the proof of Lemma 2.5.1. O

Under hypothesis 3 and dumping aversion, if gy < 2/3 then F; knows that F> has a higher
expected payoff. In ex-post, the leading firm could either earn O or have a lower payoff when
compared to the follower firm. So there is no incentive for a firm to enter the market as a leading

firm.






CHAPTER 3

Generalized Stackelberg duopoly with

uncertainty

In this chapter, we study the leading firm’s best response under mean-standard deviation prefer-
ence. It is structured as follows. First, we compute the standard deviation for each of the pieces
of E[m;], with the goal of writing an expression for E[r;(8)] explicitly. Secondly, we compute
the maximizer of each piece of E[m; ()] as a function of ¢; € R. A series of lemmas and theo-
rems is presented in which we fully characterize the leading firm’s best response depending on
different cases for the economical quantities. We conduct an ex-ante and ex-post static analysis
of a specific case of the economical quantities and consider, for the same case, the leading firm’s

best response under dumping aversion, comparing them.

3.1 Mean-standard deviation preference
To emphasize the dependence of E[m;] — §o[m;] on &, we will denote
E[m(8)] = E[m] — do[m]

We note that E[m; (0)] = E[m], and so the previous chapter corresponds to a particular case of
the one we analyze now.

Since E[m;] is defined piecewise depending on the value of ¢, then so will E[m;(8)]. In
particular, the standard deviation of 7m; is also going to be defined piecewise. To make the
notation clear and in an effort to generalize the notation used in the previous chapter, we will
use the following notation. Let oy [m;] denote the standard deviation of m; for g; € [0,0y,) and
oy [m1] denote the standard deviation of 7 for ¢; € [, ). Analogous for the variance, where

we will write V)] and Vi [m;]. E[m;(8)] is, then, given By

E[ﬂ'[(S)] _ 7T1,L(6) =T — 6GL[T[1] 0< g1 < og
ﬂl,H(a) =T H— 56].1[7‘[1] oy < q1 <oy

19
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3.1 Mean-standard deviation preference

Our goal is to find the maximizer of m; () and 7y (J) as functions of ¢; € R, similarly to
what we did in the previous chapter. The analysis is divided in two cases. In each case we start
by computing the variance of each piece, and then compute their maximizer as a function of
q1 € R.

Previously, q11” ; and qll‘{  were depending on the economical quantities. Now, the maximizers
will also depend on §. Let qll"{L(S) and q’l"{H(é) denote the maximizers of 7 £(8) and 7y ;(0)
for g1 € R, respectively. The next subsection starts with the analysis of the first case.

3.1.1 Case0<gqg; <o

Here we have
oL —qi On —q1
5 )+ uaqi( 5 )

In the next theorem, we state the expression of oy 7] explicitly.

Elm] =m = g (

Lemma 3.1.1. If0 < g1 < o4, the standard deviation of 7, is

OCH (079

oLlm] = VuLaq (———)

Proof. We compute the variance of 7; in this case directly. We will denote

oy — oy —
L — 41 and B:H q1

A=
2 2

to make the computation simpler, as follows:

Vi[m] =E[m]* - E[x7]
= WqiA® + tnqiB® — (1rgi (A) + prqi (B))?
= UrgiA® + uu g B — P qiA® — UjqiB® — 21 i g AB
= prgiA* (1 — ) + gt B (1 — i) — ZMLqu%AB
= UL HpqiA* + W rgiB® — 2 i qiA

= rpngi(B—A)?

O — @
= Ubngi (——5— 7 =)?

As such, the standard deviation is

oy —OCL

Lim] =/ Vi[m] \/.UL.UHCI] )Q_VHLHHCH( )

O]

Here, the standard deviation increases as the quantity produced increases. Substituting into

the expression for the first piece of E[m; (5)], we get

751,L(5)—7T1L—5\/LTMH6]1( )
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The next theorem characterizes g%, (8).

Theorem 3.1.2. The maximizer of my 1(8) for 1 € Ris

oy — O,

g (8) =" 5 (41O

2

Proof. We take the derivative of n{‘{L(S ) with respect to ¢; and solve for g;:

d(m L —8Hrlngi(**5*)) _ omy  9(8/HLpngi(*"5*))

dq dqi aq
_87117L oy — og,
~ o — O/Heta ( 3 )
1 Oy — o,

= 5 (Ela] =2q1) = 6/l ptry (———)
Equating this to zero and solving for ¢, we get that

Elo] Oy — 0

q'(8) = — —OVHLHH (—5—)

O
We observe that ¢}, (8) < ¢1";(0) = g{'; for any & > 0. So the more risk adverse the leading

firm is, the less the maximizer of 7; (&) is. We characterize ¢}?;;(8) in the next section.

3.1.2 Case o < q1 <og
We proceed in the same manner as in the previous case. The next theorem gives the expression
for oy (7).

Lemma 3.1.3. If o < q1 < Qy, the standard deviation of m| is given by

ag —20p +q1

o (my) = /B (P

Proof. We will denote
0y —q1
2

to make the computations simpler. We proceed similarly to the case oy (7). In fact, the calcula-

A=0a,—q and B=

tions are the same up to the point where we compute B — A. We have:

Vi [m] = E[m]* - E[x7]
= ULqiA® + uugiB® — (Heqi(A) + g1 (B))?
= UrqgiA® + Unqi B — Wi A® — Ui qiB® — 2 g TAB
= WgiA* (1 — Hp) + Higi B (1 — fir) — 2K g iAB
= W lpgiA” + UL ey B® — 21 i T AB

= W lngi(B—A)?
ag —201+q

= U iuqi( 7 )?
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As such, the standard deviation is
o — 204+ qi oy — 204 + g1
_ 2 _
oylm] = \//JL.UH%( > )2 = VHLEHG: 5 )
]

Regarding oy [m], if ay — 20, + g1 < 0, the expression would be negative. This would not
make sense, as the standard deviation is always either positive or 0. However, oy|[m;] is only
defined for o7 < g1 < o, and as such

ag —20r+q1 > og —20p+ 0 > g —op >0

therefore this poses no problem for our analysis.

The next theorem characterizes i1, (8).

Theorem 3.1.4. The maximizer of my (8) for g1 € Ris

Elo] + urog — 6/urpy (o —20ar)
2(1+pp + 6\ /ULltn)

qu(8) =
Proof. As before, we differentiate ; () with respect to g; and solve for ¢;:

9(mp — 8 /HLlgi (F)) _ omu  O(8y/Hbuqi(“—5)))
dq dq aq

Q, oy — 20,
=E[a] - “Hz T g1+ ) —&/uum(% +q1)
We now solve for ¢g;:
0= ZE[(X] — U Oy — qu(l —I—[.LL) — 5\/‘LLL‘LLH<(XH — 2OCL—|—2q1)
0=E[a]+uror —2q1(1+ur) — 6/t (o — 200, +241)
@12(1 4+ up + 6/ pn) = Elo] + prop — 0/ e (ot — 20)
Ela] +uroy — 6 /irpy (o — 20
q'u(8) =
2(1+ p+ 8\ /ULpn)
O]

The next section studies the function 7; £(6) in more detail.

3.1.3 Some properties of 7; 1(J)

In this section, we will study the quantities g; for which 7 1(0,q1) is zero for each 8. This
section will allow us to make a brief remark after Theorem 3.2.3.
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Lemma 3.1.5. For a given 0, the quantities q, € R for which m) 1.(8,q1) is zero are
(i) 901=0
(ii) qo2 =Ela]—6\/opon(om —oy)

Furthermore, if
Elo]

o>
VELHE (0 — o)

then qo > is negative.
Proof. We may write m; 1(8,¢1) =0 as

oL —q o — o

5 )"‘NH(OCHZ_QI)_\/”LHH( =) =0

q1(pe(

from which we get that either g; = 0 (i.e., go,1) or

oL —q O —¢q oy — O,
ur( L2 1)+MH(HTI)—\/HLHH( H2 By=0

— ULt — MHq1 + U0 + Ua O = 8+/UL e (0 — o)
q1(=1) +Ela] = 6/ urpn (o — o)
q1 = Ela] - 6/ i (o — o)

which is ¢g . The second part of the lemma comes from solving ¢, < 0 for §:

0> E[at] — 0/ UL (o — o)
5> Elo]
VHLIH (0 — o)

In the next section, we characterize the leading firm’s best response.

3.2 Leading firm’s best response

In this section, we are going to characterize the best response for the leading firm. We will
separate the results depending on the economical quantities present in the model. To avoid
clutter in the computations, we will write X = /i ty.

The position of qll"{ .(0) and qjl‘{ 7 (0) relative to oy, is of special importance when determining
q;(8). Given that these maximizers are a function of &, we would like to find for which values

of J this relative position changes. With that in mind, we give the following definition.
Definition 7. &y, Oy and Oy are thresholds for 6 defined by:
(i) & is the minimum 6 > 0 such that qll‘/{L(S) <0

(ii) O is the minimum & > 0 such that q’{{L(S) <o
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(iii) Oy is the minimum & > 0 such that qll"{H(S) <o

Remark: If qll‘{L(O) < oy, then o = 0. We have an analogous result for the other cases.

Once these thresholds are defined, we can express the maximizers of 77y ; and 7y # in the do-

main in which they are valid. We denote these maximizers by ¢7 ; (6) and g ;(8), respectively.

Lemma 3.2.1. The possible cases for the maximizer of 7\ 1 and Ty p are, respectively:

(i)
(073 1) < 5L
‘ﬁ,L(ﬁ) = qlf/{L(5) op <6<y
0 0 <o
(ii)
M
. g’y (0) 6 <y
gin(8) ="
(078 5]-1 < 1)
Proof. Follows from Definition 7 directly. O

We compute these thresholds and state the results in the following lemma.

Lemma 3.2.2. The values for &y, 6, and Oy are:

(i)
__Elqd]
_X(OCH—OCL)
(ii)
B Ela] —2a;
6L—max{X(aH_aL), }
(iii)

Oy = max{E[a] i ACRT)) ,0}
Xoy

Proof. (i) We solve g, (8) <0 for &:

q1'L(8) <0
Elo] oy — oy
5 — 06X 5 <0
_ Bl _
X(OCH—OCL) -

The result follows from Definition 7 and this inequality.
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(ii) Solving qll"{L(S) < oy, for 8, we get:

9L (8) <o

Ela] oy — oy,
- <
5 60X 5 < o
Elo] —2ay, <5
X(OCH — OCL)

This expression can be negative, and that happens if qll"{ 1(0) < 0. Then by Definition 7,

g —max { =2 o}

X (O!H — O!L) ’
(iii) Analogously, we solve g} (8) < oy, for & :

A () <o

Elo] + ppoyp — 0X (o —20y)
2(1+ur +6X)

Elo] + urop — 0X oy +28X 0y, <20y +2up0p +26X oy,

Ela] — o2+ p)

<o

<
Xoy o
This expression is negative if the numerator is:
Ela
Elo) —ar(2+ ) <0 <~ [2] <og(l+ %)

and for that to occur it is sufficient that q’l"{ 1(0) < ar. Following Definition 7, we then have

5].1 = max { E[a] _ aL(2+.uL) ,0}
Xoy

O

From this lemma we note that the fist piece of g7 ; () and gj 4(6) in Lemma 3.2.1 can
disappear if 6, = 0 and 8y = 0, respectively.
We now state and prove a theorem about the position of the thresholds relative to each other

that will be important when characterizing g;(5).

Theorem 3.2.3. The position of the thresholds relative to each other is

5H < 5L < 5()
(ORNC))

Proof. We prove one inequality at a time.

(i) The proof given is by contradiction. Suppose 36 : 8, < 0 < dy. By the definition of &, oy,
for such 8 we would have ¢}/, (8) < oy < ¢, (5). We develop one inequality at a time:
’ (@ ()
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(@ E[o]
o oy — o,

—— —06X <a

Ela] —dayX < ap(2—6X) (3.1)
(b)

E[(X] + U0y — SX((XH — ZOCL)
oy <
2(1+uz +6X)
OCL(Z(I + ur + SX) — UL — 25X) < E[OC] —dayX

(24 ) < E[a] — SauX (3.2)

But Eq. (3.1) and Eq. (3.2) imply
o2+ u) <E[o] —dopX < 04,(2—8X)
which is not possible given that 2 — 6X < 2+ ;.
(ii) We can re-write &y, as
Ela] -2« 20,
8 = Efa] — 201 =8 —

X(OCH—OCL> X(OCH—OCL)

and the inequality follows.
O

Inequality (i) in Theorem 3.2.3 implies in particular that q’l"{L(B) <o < q’KH(S) cannot
happen. For example, if we find 0 such that o < q’l"{ 7(8), then by Theorem 3.2.3 together with
the continuity of E[m;(6)] at oz, we immediately get that g7 (6) = qjlt’{ 1 (0).

Theorem 3.2.3 also implies that 8y < &. This means that for & such that c/l"{L(S) <0, we
have qll"fH(5 ) < oy, which implies g7 ;;(8) = oy Again by continuity of E[7 ()] at oy, for such
0 this means that ¢ (0) = 0, and so the leading firm chooses not to compete, i.e., the game does
not happen. Furthermore, by Lemma 3.1.5, if F] decided to enter the game, not only would it not
be its optimal response but it would also have a negative payoff no matter the quantity produced.
Thus, we will set the maximum value for d in our analysis to be &y, and call it the ”game ending
threshold” for the risk aversion.

We are now ready to characterize the leading firm’s best response in each case.

3.2.1 Case oy <204,

Theorem 3.2.4. If ay < 20y, then:
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Proof. We prove qll"{H(S) < @y for all 6 (which means that g} ;(6) = o) and q’}’{L(O) < oy.
The cases stated in the theorem follow from these and the consideration in the begining of the
chapter.

Recall that from the last chapter we get ¢}’ (0) < g}'; (0). We have

Elo]+uror  pgog+2upop (1 —pp)200 +2up00 or

M
0) = = < <o
QI,H( ) 2(1+,LLL) 2(1+“L) 2(1“‘.“L) 1+u L
On the other hand, 5
o — o,
lim g, (8) = =2 < o
0—o0 2

A condition stronger than the two above holds, however. In fact, we have

qiy(8) <oy
Elo] + prop — 0X (o —20y) < 0,(2+2u;, +20X)
Elo] 4+ prop — 06X oy + 28X 0oy, <20y + 200 +26X 0y,
Mo+ o — 60X oy < 20y + Ur o

OZH(,LLH — 5X) <204

which is true given that ay < 20y and uy — 6X < 1. This means that qII‘{H(E) is not a valid
choice for any ¢ and thus the maximizer for 7y ;(0) is 0. This, together with the consideration

in the beginning of the chapter, gives:

o 0<6<§
q1(0) = CI[]V{L o <6<
0 & <6

Under the hypothesis we are working with, i.e., ay < 20y, we have

Elo] _ pueow+pnon _ puop+(1— )20 _ 20— oy

M
O =

< oy,

And so &, = 0 which means that ¢} () = qll"{L(S) for 6 € (0,0), and the first case disappears.
O

We could have proven this theorem in another way: the result follows from Theorem 3.2.3
after noting that ¢{’; (6) < . for & € [0,8.). However, we find the characterization of the
behavior of ¢}’;(8) to be of notice in its own right.
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3.2.2 Case ayg =2qp

In this case,

q‘lle(é) _ E[Ot} + Uupoy, — 5\/,‘THH(OCH — Z(XL)

T 2(1 4 pr + 8+/HLin)
_ Elo] + urou
2(1 4+ 6X)

So qﬁ"{ ;7(0) is decreasing as & increases. The following lemma states that qfl"{ 1(0) is not a valid

choice under this hypothesis.
Lemma 3.2.5. If oy = 20y then ¢Y'(8) < oy for all § > 0.

Proof. We develop the expression for q’l‘{ 1 (0).

Ela]+ uron

M (o) =

_ 200y + M Oy
2(1+ )

_ 2upop +2ug oy
2(14ur)

. 2OCL

2(1 4 )
< 0y,

The result now follows after noting that ¢}’ (8) is decreasing as & increases. O
The next theorem gives F’s best response in this case.

Theorem 3.2.6. If ay = 20y, then

1(8) =
0 o <é
Proof. We prove that g’} (0) < o.:
Elo]
QQ{L(O) ~ Ty
_ Mo + Up Oy
2
_ Heouw+pn2oy
2
_ (I +pn)
2
< o,

given that (1+ py)/2 < 1. The result then follows. O
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So if ay =204, the leading firm either produces qjl‘{ 1(0) or has enough risk aversion that the
game does not happen.

3.2.3 Case oy > 204,

If ay > 20y, there Iy > 1 such that oy = 2yay.. Equivalently, 38 > 0 such that y= (14 /(1 —

[.iL)), and thus oy = 2(1 +,B/(1 — ,UL))OCL.
In this case, q’l"{H(S ) is decreasing in 8. Asymptotically, we have

—X(OCH — ZOCL) . 20y — oy

0
2X 2 <

§—ro0
On the other extreme, we have

M(0) = Ela] +uor  (1—pp)oy +2uc0r

na 20 rp) 20+
(I —) 2+ e+ 20
2(14+ )
1
1+ uy

If B > uy then q’l"{H(O) > ap, and if B < y;, then qjl"{H(O) < ay. We divide the analysis of the
case oy > 20y into these two subcases.

Theorem 3.2.7. If oy > 20 and B > yy then:

,

#,(8) 05 < 8y
N o, 5H§6<6L
ai®)={"

a7 (6) <6<

0 0 <0

Proof. 1f 0 < 6 < dy, then qzl‘{H(S) > oy, and we conclude ¢} (0) = qzl‘{H(S) by applying Theo-
rem 3.2.3. If 8y < 6, then q’LH(S) = oy.. Again by Theorem 3.2.3, for each 6 € [0, J), we have
q1'(8) > oy, which implies ¢} ; (8) = oy Thus, for § € [8y,8.), ¢}(6) = ar. If § € [8;,8),
then CIT,H(5> = oy as before (and will be as 0 increases), and q’f’M(ﬁ) < oy, which implies
4i(8) = a1, (6). m

Now if < uy then qfl"{H(O) < o, and it will be less than o, as 6 increases, i.e., qu(S) =0
for any 6 > 0. We now check if ¢} (0) is oy, qll‘{L(S ), or 0. To evaluate that, we want to know if

qlll’{ 1(0) is higher or lower than ¢. The next lemma deals with this question.

Lemma 3.2.8. Under the hypothesis ay > 20y and B < U, have that qll"{L(O) >oypifup/2 <
B <z and ¢\ (0) < oy if B < pr/2.

Proof. Making the substitution oy = 2(1+ /(1 — ur))oy, into qfl"{ 1(0) we have:
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" Ela]  ppop +pgoy  Heow+(1—pp)2(1+ fuL)O‘L
q1..(0) = = = =
2 2 2
Mo +(2-2u+2B)oy  (2—p+2B)oy
2 2
And this is higher than oy if:
Q- +2B)o >20y = L +2>0 = B> %
And so q’l"{ 1(0)>ogif B> %, and lower than oy, otherwise. O

The following two theorems present the leading firm’s best response for f < u;/2 and

ur/2 < B < ug respectively.

Theorem 3.2.9. If B < /2, then:

q11.(8) 0<8<d
0 0 <9d

Proof. If B < /2 then g7 5 (6) = ar. From Lemma 3.2.8, for f < 11, /2 we have qll"{L(O) <o
and this implies ¢} (8) = ¢}/, () for & € [0, &). O

Theorem 3.2.10. If 1, /2 < B < py, then:

oy 0<6< 6
GO =L (6) &<5<5
0 0 <9

Proof. By Lemma 3.2.8, B > /2 implies ¢}, (0) > oz So for § € [0,8;] we have ¢}, (5) >
0. Given that g} ;;(8) = oy under if B < ., we have g7 (6) = oy, for § € [0,8;). Recall that
here gj ;(8) is a decreasing function of &, so in fact gj ;(8) = oy, for any & € [0,0). As a
consequence, if 8, < § < &, then ¢j(6) = qll"{L(ﬁ). O

The leading firm’s best response gj (6) is then fully characterized. Note that in each situation,
q;(8) decreases as the risk aversion parameter 6 increases. We now give possible economical
interpretations for the results.

There’s only one case of the economical quantities under which Fj’s best response is to play
qfl"{H(S) and risk losing in case the realized demand is og. This happens when oy > 20y and
B > uy, which is the case where oy is the highest when compared to o. The attractiveness
that comes with the value for high-demand being higher compensates for the risk of the loss that
happens if a = 0.

If ay < 204, the value for high demand is not attractive enough for Fj to ignore the risk of

losing in case & = . The same happens when oy > 204, and 8 < % for the same reason. If



FCUP

3.3 Static analysis - Case o, > 20y, f > g

ur/2 < B < g, there are values of the risk aversion parameter d for which F;’s best response is
to play the monopoly quantity oy and risk not having a profit in case & = o - the higher value
for B implies a higher value for oy when compared to oy, which is just enough to cause this

choice.

3.3 Static analysis - Case o7 > 204, B > Uy,

We conduct a static analysis, comparing the ex-post profits of both firms in the case oy >
20y, B > pi. Recall that the best response for the follower firm, once it realizes the demand
and the quantity produced by the leading firm, is g5 = (& —¢1(8))/2. Recall also that when
F> competes, the price is the same for both firms which means we only need to compare the
quantities produced.

This section is divided in two cases, each divided into the intervals for 0 defined in Theo-

rem 3.2.7. We characterize F>’s best response and compare the profits in each case.

3.3.1 Case o=

We state the results in the following lemma.

Lemma 3.3.1. If oy > 20y, B > U and the realized demand is & = oy, the follower firm has a

higher payoff if
204,
o€ (60_ 3X(05H—05L)’60>

Proof. For 0 < § < &, we have ¢;(8) > oy, so the follower firm stays out of the market. If
0 < 6 < 9y, Fy sells at a price lower than its production cost, and thus incurs in dumping. If
Oy < 0 < §, then F) produces the monopoly quantity oy, and sells the product at production
cost, obtaining a profit of m;(8) = 0. If & < &, the game does not happen, so it is only left to
check &, < & < &. In this case, ¢j(6) = ¢}", () and the follower firm competes. The quantity

it produces is:

. oL —q\'1(8) 20y —E[o)] + 6X (o — )
q5(8) = 5 = 1

We compare this quantity with ¢;(0) and solve for §. Our goal is to investigate if there is
0 € [0, 80) such that F, has a higher profit.

T <m
oy — oy, 200 — Ela] + 6X (o — )
) <
2 4
2E[o] — 28X (o — o) < 2ap —Ela] + 86X (ay — o)
3E[a] —2ar < 30X (o — o)
3E[a] — 20
3X(OCH — OCL)

E[o]

58X (

<6

But this last expression is equal to
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Elo] 20p 200
o> — =0 —o——— 3.3
X(OCH — OCL) 3X<OZH — OZL) 60 3X(OZH — OZL) ( )
which is strictly less than &. It is also higher than & :
ZOlL
oL<8—o——
L 60 3X(O€H — OCL)
200 204
Y T .
X(OCH—OCL) 3X((XH—OCL)
204, < 204,
3X((XH — (XL) X((XH — (XL)
So for 6 € (50 - m7 60), the follower firm has a higher profit. O

This theorem implies that even if the realized demand is low, the follower firm can still

achieve a higher profit if the leading firm has enough aversion to risk.

3.3.2 Case o= oy

In this case, F> competes in every 0 < 8. We have the following lemma.

Lemma 3.3.2. If oy > 20y, B > yp and the realized demand is o« = oy, we have the following

cases:
(i) For 6 €10,8y): if ur > 1/3 there are values for § such that F» has a higher payoff
(ii) For 6y < 6 < Op: if Uy > 1/3 then F, has a higher payoff

(iii) For 8y < & < 8: F> has a higher payoff if

o0c <max{5L,50—3X(026:HaL)}750>

Proof. (i) Here, ¢;(8) = q{';(5), and ¢5(8) is:

7(6) = B qulv,lH(S)
We compare the quantities produced:
* * (01 1
4i(8) < 43(8) = qily(8) < L~ Jqllu(8) = 34l (8) < an

Elo] 4+ pror — 6X (o —20y)

3
2(1+ . +6X)

< Oy

3(Ela] + urog) — 6X (3o —60r) < 20y (14 ) + 6X20y
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3(E[(X] +,UL(XL) — 2061-1(1 +[JL) < SX(SOCH — 6OCL)

3(Efo] 4 prog) — 20 (1 + pz)

X(SOCH—606L) <9

We would like to know if

3(E[of] + prow) — 20 (1 + i)
X(SOCH — 6OCL)

[O,5H)m< ,5o>7é@

and for that we check if

3(Elo] +prog) — 20 (1+ pur)

0,
X(S(XH —6(XL) < OH

3(Ela] +proy) —20(1+p) _ Elo] —or(2+p)
X(S(XH —6OCL) Xoy

(3.4)

We prove that there are values for the economical quantities such that the expression above
is true. Note that the denominator on the LHS of Eq. (3.4) is bigger than the denominator
on the RHS:

X(SO!H —6(XL) > X5H <— 4oy — 60y >0 (35)

We are under the hypothesis that oy > 20z, and by substituting we get

8ap —60; >0 <— 20, >0

which is enough to prove Eq. (3.5). Now we derive conditions for the LHS numerator of
Eq. (3.4) to be smaller than the numerator on the RHS.

3E[O€] +3urop — 2061-1(1 + ‘LLL) < E[(X] — OCL(2+[J,L)
2upoq +2u oy +3upor + OCL(2 + ,LLL) < ZOCH(I + ,UL)
o (2up +3up + 24 pug) <20y (1 4 up — tg)

OCL(6[.LL —1—2) <202Ur
6 2
(XL< et > < Oy
4

We are working under the hypothesis that ay > 20y, and B > ;. The above inequality is




[APORTO FCUP |

O e 3.3 Static analysis - Case o, > 20y, f > g

guaranteed by these conditions if

(6m+2)<2<1+ Ur )
du, )~ 1L —puy

3uL+1 <14 UL
4ur 1—p
1 —puy < Hr
4ur L—py
(1—p)* < (2u)?

I —u <2up

1<
3_HL

So under the conditions oy > 20y and B > py, having yy > % guarantees that there are

values for d such that F> earns more.
(i) If 8y < & < &y, then ¢}(8) = oy and ¢5(8) = 7%

oy — O
4i(8) < g5(8) = o < 1+

<~ 30 < 0y

Since B >y, if 3 <2(14puz/(1—pz)) then 30y, < oy is guaranteed:

Hr 1 153 1
— < — <
I—HL) 2 1= 3k

So if yu; > 1/3, F, produces more and thus has a higher payoff.

3<2(1+

(iff) If 8, < & < &, then ¢;(8) = g, (&), and ¢3(8) is:

. (0771 —qlle((s) . 20y —E[(X] +5X(OCH — OCL)
= > =

7>(8) 2

We now check if there is & € [dr, 0p) such that g} (6) < g;(6).

IE[Zoz] _5X(ocH;ocL) - 20y — E[o] +46X(ocHocL)

2E[o] — 20X (o — o) < 20y —Ela]+ 6X (ag — o)

3E[a] —2ay < 36X (o — o)

3Elal -2,
3Elo] — 20y <é
3X (OCH — OCL)
And this expression is equivalent to
20y

5>50_3X(OCH—OCL)
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which is strictly smaller than &y. Furthermore, this lower bound for & is smaller than J if:

20y 204,
P 60 7=
3X(OCH—OCL) X(OCH —OCL)

20y 204,

— <
3X(OCH—OCL) X((XH—(XL)

60_

300 < ay

From the proof of (ii) and (i), we know this is guaranteed to happen if 1, > 1/3. So we need to

set the interval for & as the maximum of &; and the lower bound obtained, i.e.,

dc <max{5L,50—3X(02:1;m}750>

O]

From this lemma we get that if the value for high demand is significantly higher than low
demand (i.e., @y > 20y) and the probability of low demand is high enough (;, > 1/3), then the

only situation in which F> does not have a bigger payoff is when J is close to zero.

3.4 Dumping aversion

We study what happens in case the leading firm refuses to produce more than oy. The only
situation in which the leading firm’s best response is to play a quantity higher than oy is when
oy > 20, B> pp. Observing Theorem 3.2.7, we get that Fy’s best response under dumping

aversion is

(073 0< o< 8L
q1(8) = g}, (8) 8.<6<& (3.6)
0 &<d

We conduct an ex-post analysis under dumping aversion and compare the results with the ones

obtained on Section 3.3.

3.4.1 Casea =0y

Recall that in this case the follower firm’s best response is g5 = max((oz —g1)/2,0). We have

the following lemma.

Lemma 3.4.1. Under dumping aversion, oy > 204 and B > U, F>’s best response if o« = oy
is:
0 0<6< 5L

G3(8) = 4 — Blelotlan—a) 5 <5< 5 (3.7

0 0 <9
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Furthermore, the follower firm has a higher payoff if
204,
o€ T Ty S ——— 3.8
) 68

Proof. Equation (3.7) results from computing ¢5 = max((az — ¢7)/2,0) using Eq. (3.6).

The interval in (3.8) results from comparing the quantities produced. If 6 < oy or & < 9,
both firms earn a payoff of 0. If § € [8;,0), we use the proof of Lemma 3.3.1 to obtain the
stated interval for 8. O

3.4.2 Case o= oy
Here we have g5 = max((om —¢1)/2,0). We have the following lemma:

Lemma 3.4.2. Under dumping aversion, o > 20y, and B > Uy, F»’s best response if o = oy

is:

w 0§5<5L
33(8) = @ Eleltfana) 5 <5< 5 (3.9)
0 S <8

Furthermore:

(i) For o €[0,6.): if up > 1/3, then F; has a higher profit than Fy; if i < 1/3, then F> earns
a higher payoff if B > (1 —u.)/2

(ii) For 6 € [8.,8): F, earns a higher payoff if

oc (max{5L,5o—3X(02:I;m},5o>

Proof. Equation (3.9) results from computing ¢35 = max((ay — ¢})/2,0) using Eq. (3.6). Now

we compare the quantities produced.

(i) We compare the profits if 0 < § < 9

<M
Oy — O
2

oy <

300 < ay

Under the hypothesis of the lemma, this is guaranteed to happen if

3OCL<2<1+ B >OCL
1—p

-
2 <hb
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We know that B > p;, so F, is guaranteed to earn a higher payoff if (1 —p)/2 < py:

1 2HL§IJL

I —p <2y
1<IJL
3 S

which means that y; > % guarantees it.

If (1—pr)/2 > yg, then we need to add the extra condition 8 > (1 — pz)/2 to assure F»
has a higher payoff.

(ii) This statement follows directly from Lemma 3.3.2.
O

The main difference versus the case where F; produces a quantity higher than ¢ is that the
conditions for F, to earn a higher payoff than F; are less restrictive, i.e., F> can earn a higher

payoff for lower values of §.






CHAPTER 4

Conclusions and future work

4.1 Conclusions

In this dissertation, we studied two versions of the Stackelberg duopoly with asymmetric un-
certainty about the demand, where the uncertainty is only present for the leader firm. In both
versions, the demand is a discrete random variable that takes one of two values - high or low.

In Stackelberg with uncertainty, we used expected utility maximization for the leading firm
and characterized its best response under three hypothesis that cover all the possible cases for
the economical quantities. We derived the subgame perfect Nash equilibria for each of the
hypothesis. We concluded that there are values for the economical quantities for which the
follower firm has a higher payoff if the realized demand is high.

We analized the case where the leading firm does not incur in dumping. With no-dumping
we saw that under the hypothesis where the low demand is the smallest when compared to two
thresholds, if the probability of high demand is low enough then there is no incentive for a firm
to enter the market as the leading firm.

On Stackelberg with uncertainty and mean-standard deviation preference, we fully character-
ized the leading firm’s best response using a mean-standard deviation preference maximization.
This preference is given in terms of the economical quantities but also as a function of a risk
aversion parameter. We separate the analysis into cases and in each case we state the leading
firm’s best response for every valid value of the risk aversion parameter. For one of these cases,
we conducted an ex-post analysis both when the leading firm incurs in dumping and when it is
dumping averse. We concluded that if the leading firm is enough risk averse, then the follower
firm can earn a higher profit. We also concluded that under no-dumping, the follower firm earns

a higher profit than the leading firm for lower values of risk aversion.

4.2 Future work

We can extend our analysis by considering non-linear price functions. We considered a simple
distribution for the demand random variable. Our analysis can be further extended by consider-

ing different distributions for the demand random variable (see [Liu, 2005]). We can incorporate

39
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different costs for each firm in both versions presented, as well as uncertainty for each firm
about the costs of the other. Product differentiation ( [Ferreira et al., 2015]) can be added to both
versions of the model, as well as the component of technology innovation to reduce costs and
shorten the time of production.

Comparing the results obtained under mean-standard deviation preference with the results
that would have been obtained in a Cournot setting would be interesting. Different preference
functions can be considered, with the goal of further studying the impact of risk aversion on the

attitude of the leading firm.
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