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ARTICLE INFO ABSTRACT

Keywords: EN 196-1 states that the compressive strength result of testing of standard mortar specimens
Compressive strength corresponds to the average of the six individual measurements. If one of the six individual
Cement measurements varies more than +10 % from the average, it must be excluded, and a new average
Mortar is calculated with the five remaining values. This methodology might be interesting for quality
Outlier

control or characterization of cement; however, it may not be the best approach for research or
scientific purposes. Applying EN 196-1 to non-standard cement-based mortars with multiple and
even unconventional supplementary cementitious materials may induce even more variation in
the result. Also, mixtures with higher mechanical strength generally present the highest absolute
variation. The main goal of the present work is to compare different methodologies, such as Tails
of Normal Distribution, Thompson-Tau, Box-plot, T-test, Dixon Criteria, and other methods
provided by engineering standards, to evaluate the existence of discrepant values and the effect of
their exclusion (or not) on compressive strength experimental values, namely for science pur-
poses. A sample of compressive strength of 338 mortar specimens was used The main findings
revealed that excluding data points as a result of applying 8 of the 13 methods under study did not
affect the mechanical strength result by more than +5 %. The method described in the Brazilian
standard that guides preparation, control, receipt, and acceptance for Portland cement concrete,
would invalidate almost 46 % of all mixtures produced and did not prove to be reliable.
Simplified methods of excluding outliers in relative or absolute percentages of 6 % around the
average value can be considered an interesting option for professionals involved in laboratory
testing of building materials. Otherwise, the authors would recommend applying the either Dixon
Criteria or T test of the ASTM E178 for scientific purposes.

Test statistics

1. Introduction

According to ASTM E178, an “outlier” is one that appears to deviate markedly from other members of the sample in which it occurs
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[1]. Other authors define outlier ‘as a data point which is significantly different from the remaining data’ [2] or as ‘an observation
which deviates so much from the other observations as to arouse suspicions that it was generated by a different mechanism’ [3].

The ASTM E178 advises adopting a cautious attitude to identify outliers and comes with the purpose of orientation relative to the
overall problem of experimentation. The American Standard is precise in the position on the matter of screening samples for outlying
observations when the “physical reason known or discovered for the outlier(s)”. It recommends actions in this order: 1. reject
observation(s); 2. correct observation(s) on physical grounds; 3. reject it (them) and possibly take additional observation(s). However,
the Standard recalls that the statistical test may always be used to support a judgment that a physical reason does actually exist for an
outlier, or the statistical criterion may be used routinely as a basis to initiate action in order to find a physical cause. In the case of
“physical reason unknown” the use of statistical tests is recommended [1].

It is known that any experimental data set has an associated error, which may be systematic, random, or, in most cases, both.
Correct use of experimental data requires a careful analysis of the associated errors, which indicates the reproducibility, represen-
tativeness, and reliability of the data obtained. There are several procedures for the treatment and analysis of experimental data sets,
based on statistics or on the physics of the process, but these procedures are difficult to apply [4].

Even more complex analyses, such as Data Mining in Knowledge Discovery in Databases (KDD), include data clearings, such as
handling missing values and removal of noise or outliers. Several methods are explained in the handbook [5] which go from doing
nothing to becoming the major part (in terms of time consumed) of a KDD process in certain projects. The analysis may involve
complex statistical methods, or using specific Data Mining algorithms in this context.

Outlier detection methods have been suggested for numerous applications, for instance in credit card fraud detection, clinical trials,
voting irregularity analysis, data cleansing, network intrusion, severe weather prediction, geographic information systems, athlete
performance analysis, and other data-mining tasks [6]. In the context of civil engineering research and practice, there are many options
for dealing with outliers. With the wide range of options, the researchers adopt the most varied methods for detecting and disregarding
outliers, which, consequently, influence the results of data analysis [7-30]. In all of the criteria for testing outliers, the doubtful
observation is included in the calculation of the numerical value of the statistic obtained on the observed sample, which is then
compared with a critical value based on the theory of random sampling to determine whether the doubtful observation is to be retained
or tagged as an outlier [31].

Some standards rely on rather simplified criteria for detecting outliers, in order to facilitate faster results. Among them, the Eu-
ropean Standard EN 206 [32] and the Brazilian Standard NBR 12655 [33], both for cement-based mixtures can be mentioned. The EN
206 guides that when two or more specimens are manufactured from a sample and the range of variation of the test results is greater
than 15 % of the mean, these results shall be disregarded, unless investigation shows that there is an acceptable reason justifying the
elimination of an individual test value. The NBR 12655 advises that the greatest of the two values obtained in the compressive strength
test should be taken as the strength of the sample. Although both standards adopt simplified procedures, the action to be undertaken
when one or more records are statistical outliers is a matter of engineering judgment, and any established method for assessing sta-
tistical outliers must be permitted [34].

Besides the aforementioned European and Brazilian standards, the methods used in the present study were: the Box-plot repre-
sentation; the Grubbs test, T-test, and Dixon Criteria from ASTM E178 [1]. The statistical analyses proposed in this work aim to
enhance data analysis for civil engineering researchers. By assessing the difference between the lowest or highest test result and the
distribution of all the test results, it is possible to determine if the lowest or the highest result is a statistical outlier, according to each
method. In fact, many standards do not care if a measured value is an outlier or not, they just define an approach to exclude measured
values.

Portland cement clinker is the most widely used binder for concrete production, and it is expected to be dominant for the fore-
seeable future. Last forecast of the International Energy Agency Cement Roadmap projects cement demand growth by 12%-23 % by
2050 [35] and the Organisation for Economic Co-operation and Development admits that its demand might double by 2060 [36].
Efforts have been made worldwide to reduce the environmental footprint of Portland cement, namely by using supplementary
cementitious materials as partial Portland cement replacements as well as the optimisation Portland cement dosage of in mortars and
concrete product-based [37]. Concrete nowadays is a multifarious material and its properties are significantly affected by the indi-
vidual properties of its constituents. Concrete ingredients have recently changed a lot by introducing various materials and admixtures
that either added before or during mixing. As such, the mix design of concrete materials has become more complex due to the number
of constituent raw materials and from different sources. Thus, the mixture design usually starts at paste or mortar levels, which are
easier and less timer and resources are needed. One of the most widely used tests to check cement based material’s performance is
mechanical strength according to EN 196-1 [38]. This standard describes a methodology to determine the compressive strength of
standard mortars. The standard mortar presents a mix ratio of 1:3:0.5 in mass, cement, aggregate and water, respectively. The sand is
standardized by CEN. EN 196-1 establishes that the compressive strength result corresponds to the average of the six individual
measurements. However, if one of the six individual results varies more than +10 % from the average, it must be excluded and a new
average is calculated with the five remaining values. Even though this methodology is very easy to apply, it is not scientific and does
not come with evidence of statistical support. Thus, the methodology might be interesting for quality control or characterization of
cement mortars, however, it may not be the best approach for research or scientific purposes. The application of EN 196-1 to
non-standard cement based mortars with multiple and even unconventional supplementary cementitious materials may induce more
variation in the result. Also, mixtures with higher mechanical strength generally present a larger absolute variation.
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2. Research significance and objectives

Being aware that different standards define distinct methodologies to detect and exclude values, here a general analysis is made for
the specific case of determining the compressive strength of nonstandard cement-based mortars. Even though, Standards for civil
engineering practice establish procedures to disregard measurements when testing specimens for concrete strength, there was a gap in
the literature regarding the investigation of the different approaches that these standards describe as well as the comparison of these
procedures with other established statistical methods for outlier detection. The present study intents to investigate the set of methods
found. Thus, the main goal of the present work is to compare methods like Tails of Normal Distribution, Thompson-Tau, Box-plot, T-
test, Dixon Criteria, and other methodologies contained in some engineering standards (EN 13791, EN 196-1, NBR 7215, NBR 13279,
EN 206, NBR 12655, NBR 7584) to calculate the representative value based on possible result exclusions and recommend the best
method for research purposes. As such, a compressive strength data set of 338 mortar specimens, performed in Laboratory of Building
Materials in Faculty of Engineering of the University of Porto, was used (a total of 2028 specimens). For each set of compressive
strength tests, 13 outlier detection approaches were applied with the outcome value of the compressive strength of the set being
determined accordingly.

The current work starts with a brief explanation of the data obtained in Section 3. Different outlier excluding methodologies are
presented in Section 4 and the application of such methods in the data set is shown in Section 5. Finally, Section 6 presents the main
conclusions.

3. Compressive strength data

3.1. Mechanical strength test

The compressive strength test of mortars in prismatic specimens 4 x 4 x 16 [cm®] is one of the most widely performed tests in
cement-based materials. In Europe, specifically in Portugal, the test method is described in EN 196-1 [38]. A few adaptations may
occur from one country to another but, summarily, three prismatic specimens with dimensions of 4 x 4 x 16 [em®] are moulded with
mortar. Afterward, specimens are cured at 20 °C under HR > 95 % until testing age.

Usually, the test is performed at 28 days, but cement types “R”, according EN 196-1, require also 2 days compressive strength
assessment. However, it can be performed at any age, depending on the objective of the work. As such, at a pre-defined testing age, the
three specimens are firstly tested to the flexure strength (3-point bending, see Fig. 1-a). Six halves cross section of 4 x 4 cm? and with a
length of approximately 8 cm result from this procedure. The six halves are, subsequently, tested for compressive strength with the
load being applied in an area of 4 x 4 cm?, as can be seen in Fig. 1-b. Thus, from this test method, the obtained raw data are the six
compressive strength values. Typically, the users calculate the average value and display it as being the output from the test.
Sometimes the standard deviation or the coefficient of variation is reported too. In fact, there are several standards worldwide that rule
the compressive strength tests of mortars in prismatic specimens 4 x 4 x 16 [cm®], even though, usually they do not explicitly define
an approach to detect outliers. Typically, standards define an analysis to discharge values, but that is not an outlier analysis. When
inexplicable values are observed, usually it is based on the user experience that the value is accepted or rejected, without any statistical
support.

3.2. Tests results sample

A sample of 338 sets of six halves specimens, totalizing 2028 raw values for compressive strength was used and presented in Annex
A. The individual measurements that resulting from testing (collected data) are used in the current study. The tests were carried out in
the Laboratory of Building Materials of the University of Porto. For the outlier analysis, each mixture was analysed separately, since
different sets correspond to different mixtures. The specimens were tested for research purposes, as such, evaluating the effect of using
different cement types, supplementary cementitious materials (fly ash, metakaolin and silica fume) and admixtures.

Annex A presents the raw values obtained in the compressive strength tests which were used for the calculations, analyses and
detection of outliers. Those results are also illustrated in Fig. 2. Each marker in Fig. 2 represents the average value of six compressive

Fig. 1. Mechanical strength test of cement-based mortars according EN 196-1 [38]: a) Flexure; b) Compressive.
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Fig. 2. Compressive strength data set test results for different ages.

strength results (according to test method explained in section 3.1). As can be perceived, the compressive strength test was performed
at different ages, namely 24h, 72h, 7 and 28 days. Table 1 presents a statistic summary of the data set under study.

4. Approaches to obtain representative values

In many data analysis tasks, a large number of variables are being recorded or sampled. One of the first steps towards obtaining a
coherent analysis is the detection of outlying observations [6], that is data that differ drastically from all other records (see Fig. 3). In
other words, an outlier is a value that drastically deviates from remaining data and that can (and probably will) cause anomalies in the
results obtained through algorithms and systems analysis. For all the methodologies studied in this work, the compressive strength
representative value was the average of the remaining data.

One way to find outliers in data analysis is to find the statistical distribution that most closely matches the data and use statistical
methods to detect outliers.

The ISO/TR 22971 conceptualizes outlier as an observation which is sufficiently different from all others to warrant further
investigation. The standard states that, in tests used to determine the presence or absence of outliers, it is assumed that the results are
distributed in a Gaussian manner (normal distribution) or at least follow a single unimodal distribution [40].

The methods described below were applied to the data set introduced in section 3.2.

4.1. Tails of the normal distribution and the QQ plot

Errors in scientific measurements are generally well approximated by a normal distribution. Karl Friedrich Gauss derived his
equation from a study of errors in repeated measurements of the same quantity [41].

According to the normal distribution, it is expected that data that are around twice the standard deviation make up 95 % of all data;
the outliers represent, in this analysis, 5 % of all, falling in the tails of the distribution [41]. In practice, however, in large majority of
problems, the parameters p (expected value) and ¢ (standard deviation) of the underlying Gaussian distribution are not known. The
QQ-plot may help one find the outliers, but one should not rely on a test that simply uses the tails of the Gaussian distribution as if
parameters were known.

4.2. Thompson-Tau method

The Thompson-tau technique is a statistical method of deciding whether to keep or discard suspected outliers in a sample of a single
variable. The procedure considers the mean (x) and standard deviation (s) of the sample of size n. For each data point, the absolute
value of the deviation with respect to the mean is calculated, 8; = |x; — X |. The data point most suspected as a possible outlier is the data
point with the maximum value of &;. Thompson 7 is calculated from the T-Student distribution, as shown in Equation Eq. (1) [44].

Table 1
Statistic summary of compressive strength test data set.
Testing age Min (MPa) Max (MPa) Overall Average (MPa) Mean of Std Dev (MPa) Mean of Coef. Variation (%)
24 h 1.80 80.34 55.43 1.34 2.49
72h 23.10 97.15 62.39 1.85 2.52
7 days 14.40 81.56 57.70 1.58 2.59
28 days 26.40 99.90 71.80 2.14 2.87
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Fig. 3. Outlier Detection graphically.
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where t /7 is the critical Student’s T-value which corresponds to having an area under the curve to the left of point t o/ equal to a/,.
Very often one takes a = 0.05. If §; > t-s then the tested data should be considered an outlier; otherwise, it is not. With the Thompson-
tau method, one can only detect a maximum deviation §; which gives data x; as a suspected outlier. If §; is detected as abnormal, then x;
will be singled out, and then re-start a new round of search. This process continues until there are no abnormal data found [42].

4.3. Turkey’s method (box-plot)

Boxplots are a popular and easy tool for identifying outliers. Values above (Q3 + 1.5 x IQR) or below (Q; - 1.5 x IQR) can be
considered outliers, where Q; and Qs are the first and third quartiles, respectively. IQR is the interquartile range (IQR = Q3 - Q;). Fig. 4
illustrates the box-plot representation.
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Fig. 4. Boxplot method to identify outliers [39].
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4.4. ASTM E178 - Standard practice for dealing with outlying observations - Tstat

This method is presented in item 6.2 of ASTM E178 Standard [1]. The hypothesis is that all observations in the sample come from
the same normal population. The work considered possible outliers occurring on either side, simultaneously. It uses the statistic shown
in Equation Eq. (2).

(%_X)

X) — X
T,= S andle()T1

(2)

where X is the average and s is the estimate of the standard deviation, o, based on the sample data, and x; and x, are the smallest and
the largest value in the data, respectively. The values obtained for the statistics T, and T; are compared with the corresponding critical
values, for a given significance level. In the present work, the sample size is 6 for each set/mixture. A level of significance of 5 % is set,
which gives a critical value as red on Table 1 of ASTM E178 [1]. The largest value x;, is marked as an outlier if T,, overtakes the critical
value and a similar reasoning is applied for x;.

4.5. ASTM E178 - Standard practice for dealing with outlying observations - Dixon Criteria

The Dixon criteria is based entirely on ratios of differences between the observations and may be used in cases where avoiding
calculation of the estimate of the standard deviation s is desirable or where quick judgment is required [1]. Table 2 from ASTM E178
gives the appropriate statistics and also the critical values for the 1, 5, and 10 % levels of significance [1]. The Standard reminds one
that the T-statistic discussed above is the best to be used for the single-outlier case, and the final statistical judgment should be based on
it.

In this work, the sample size is 6 for each set/mixture and a 5 % level of significance is considered. The outlier analysis was carried
out according to Equation Eq. (3).

Xo — X1 . .
rio = ——— if smallest value is suspected,
Xn — X1
(3
Xn — Xp-1 . .
rio = —— if largest value is suspected.
Xn — X1

If r19 > r* with r* given by Table 2 from ASTM E178 [1], then the suspected value should be considered as an outlier.

4.6. EN 13791 - assessment of in-situ compressive strength in structures and precast concrete components - Grubbs test

Grubbs’ test [43] is used to detect a single outlier in a univariate data set that follows an approximately normal distribution. The
Grubbs test is also known as the maximum normalized residual test. The standard EN 13791 alerts to the fact that in the case of possible
outliers at both extremes, the described technique should be first applied to the value that deviates most from the mean. Each outlier
shall be documented and evaluated individually. If more than two records are outliers, this may be an indication that the test sample
comprises at least two concretes and this possibility should be examined [44].

The highest test value of n consecutive test values should be considered an outlier when the inequality (Equation Eq. (4)) holds true.
The same occurs with the lowest test value (Equation Eq. (5)).

Table 2
Summary of the results of applying the different methods considered in this work.
Method/Standard Type of specimen Brief description of Number of mixtures Number of
detection criteria with detected outliers outliers detected
Tails of the Normal All Tails of the Gaussian 2 2
Distribution Curve (2 Sd)
Thompson-Tau All Tau Statistic 111 111
Turkey’s procedure All Box-plot analysis 5 5
ASTM E178 All T Stat 43 43
ASTM E178 All Dixon Criteria 51 51
EN 13791 All Grubbs test 9 9
EN 196-1 - Cement strength Prismatic 4 x 4 x 16 cm Max variation around the 10 12
mean (10 %)
NBR 7215 - Cement strength Cylindrical @5 x 10 cm Mas relative deviation to 39 46
the mean (6 %)
NBR 13279 - Mortar strength Prismatic 4 x 4 x 16 cm Max. variation around the 317 1358
mean (0.5 MPa)
EN 206 - Concrete strength Cubic 150 mm or cylindrical 15 cm x 30 cm  Max. variation around the 10 12
mean (15 %)
NBR 12655 - Concrete strength ~ Cylindrical @10 x 20 cm (more usual) Max. of the two 338 1014
specimens
NBR 7584 - Hardened concrete  In situ Max. deviation around 10 12
- reflection hammer the mean (10 %)
EN 13791 - Prefabricated Cylindric or cubic cores, with length: diameter ~ No outlier detection 0 0
concrete strength ratio of 2:1 or 1:1 and a diameter >75 mm criteria
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(fc, is, highest — fc, m(n)is)
s

> Gp (©)]

fe,m(n)is — fc, is, lowest
s

> Gp ()]

where fc,m(n),is is the mean of the in-situ compressive strength; the sample standard deviation is represented by s; and G, is the critical
value of the test, given in EN 13791 [44], which corresponds to a significance level of 1 %.

4.7. EN 196-1 - methods of testing cement - Determination of strength

The EN 196-1 [38] establishes that the result of the compressive strength test will be the arithmetic mean of the six individual
results, executed as presented in Section 2 of this work. If one of the six individual results deviates more than +10 % from the mean,
this result must be deleted and a new mean must be calculated with the five remaining values. The final result is the new average
strength. If a result among the remaining five varies by more than +10 % from the new mean, the entire series of results is discarded
and the testing is repeated.

4.8. NBR 7215 - Portland cement - Determination of compressive strength

Brazilian standard NBR 7215 [45] establishes the calculation of the maximum relative deviation of the series of four results,
dividing the absolute value of the difference between the average strength and the individual strength that is most distant from this
average, by the average strength and multiplying the quotient by 100 %. When the maximum relative deviation is greater than 6 %, a
new mean must be calculated, disregarding the outlier. The final result is the new average strength.

4.9. NBR 13279 - mortar for laying and coating walls and ceilings

The Brazilian standard, NBR 13279 [46], deals, specifically, with testing the tensile and compressive strength of mortars in
prismatic specimens. The standard advises that when the maximum absolute deviation to the mean is greater than 0.5 MPa, a new
average must be calculated, disregarding outliers. The test is considered valid only when the result consists of the average of at least
four specimens.

4.10. NP EN 206 - concrete - Specification, performance, production, and compliance

EN 206 [32] directs that, when two or more specimens are manufactured from a sample and the range of variation of the individual
test results is greater than 15 % of the average, the entire set must be discarded, unless an investigation shows that there is an
acceptable reason that justifies the dismiss of an individual test value.

4.11. NBR 12655 - Portland cement concrete - preparation, control, receipt and acceptance - procedure

NBR 12655 (ABNT, 2015a), is a Brazilian Standard that specifies the method for determining the compressive strength of cylin-
drical concrete specimens, tested as performed in NBR 5739 [47]. According to NBR 12655, the samples must be collected randomly
during the concreting operation and each sub-sample must consist of two cylindric specimens of the same mixture, according to ABNT
NBR 5738 [48], for each failure age, moulded in the same act. The greater of the two values obtained in the compressive strength test is
taken as representative of the strength of the sub-sample.

For the present work, each of the 3 prismatic specimen were considered to be a sample, and the two halves of the a prismatic
specimen form a sub-sample. Therefore, the detected discrepant values were, from the engineering point of view, the smallest value in
the sub-sample formed by each prismatic specimen, although such records would not be immediately classified as “outliers” from a
statistical point of view.

4.12. EN 13791 - evaluation of the strength of concrete in structures and prefabricated products

EN 13791 [44]allows the assessment of the compressive strength class of concrete and permits to follow up the construction of a
structure where there is doubt about the compressive strength based on results of standard tests or there is doubt about the quality of
execution. The standard aims at estimating in situ characteristic compressive strength of a test region and/or in situ strength at specific
locations (areas).

EN 13791 [44] prescribes that the number of cores to be extracted from a test area must be determined by the volume of concrete
involved and the purpose of testing the cores. Each test area comprises a core at least. For the evaluation of in situ compressive
strength, for statistical and safety reasons, as many cores as practicable should be used. An in situ compressive strength assessment for a
particular test zone should be based on at least 3 cores. These standards do not consider a specific method for detecting outliers. All
data are considered in the computation of the average value which stands as the definition of precast concrete strength.

4.13. NBR 7584 - Hardened concrete - evaluation of surface hardness by reflection hammer

To estimate the surface hardness of concrete using a reflection hammer, NBR 7584 [49] recommends calculating the mean of the
(9-16) individual values of the hammer index corresponding to a single test area. Any individual value that is more than 10 % away
from the mean value obtained is considered an outlier and discarded determining that a new mean must be calculated. The final
average index must be obtained with at least 5 individual records and, when this is not possible, the test in that area must be aban-
doned. None of the remaining individual measurements should differ by more than 10 % from the final mean.
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5. Identification of outliers

When carrying out the outlier detection tests, it should be stressed that an outlier must not be discarded or rejected purely from a
statistical point of view. For each specimen, the reason why the suspicious result is different from all the others should be investigated
and identified [40].

In addition to conventional statistical procedures (Tails and QQplot, Thompson-Tau method, Turkey’s Box-plot method, Tstat test,
Dixon Criteria, Grubbs test), the other procedures studied here are specific for different materials, which have in common that they are
cement-based composite materials. In these cases, the detection of discrepant values recommended in the standards consists on
simplified cautions.

Comparing the two types of analyses (statistical and simplified), it can be seen that by applying statistical methods, no abnormal
measurements were found in 227 mixtures (67.2 %), while simplified methods detected discrepant values in some of those. It is
important to notice that, among the methods for obtaining final compressive strength results, the methodology described in EN 13791
[44] does not consider exclusions, only considers the average of the values found. Furthermore, the guidelines described in NBR 12655
always reject three of a total of six values found in the tests.

The procedures reviewed in the previous section were applied to the database described in section 2. Annex B presents the number
of outliers found in each mixture as well as the variation of compressive strength (in percentage), when compared to the difference
between the initial and final compressive strength values.

Table 2 shows differences among the methods investigated, such as type of specimen that the method/standard refers and a brief
description of each detection criteria. The table also informs the number of outliers detected in all database, by each method and the
number of mixtures that had some influence of detecting outliers.

With the results in hand, it is clear that the Thompson-Tau, NBR 13279, and NBR 12655 methods detected a larger number of
outliers. On the other hand, the tails of the Normal distribution (using twice the standard deviation to define the tails), Turkey’s
method, Grubbs test, EN 206, NBR 7584, and EN 13791 were not very strict in detecting outliers. Three methods proved to be moderate
in terms of the number of outliers: T Stat and Grubbs Test, from ASTM E178, and NBR 7215. In this study, 85 % of the outliers detected
by both methods were coincident, that is, only 14 of the 94 outliers detected were different in the two methods. Despite the moderate
number of outliers detected by the NBR 7215 method (maximum variation of 6 %), 59 % of the detected outliers do not coincide with
the outliers found in at least one of the ASTM E178 methods (T Stat or Grubbs).

Table 3 presents the number of mixtures for which the lowest/highest value has been identified in this work as an abnormal value,
as a function of the number of outliers detected. For example, 37 sets/mixtures (around 11 % of all 338 mixtures) saw 3 lowest values
excluded. Also, 10 sets (3 %) had 3 highest values dismissed as discrepant values.

Of all excluded values, two were detected by a greater number of methods, among all methods used. The lowest value found in
mixture #126, fc = 64.81 MPa (individual compressive strength value), was excluded 11 times, that means, only 2 methods did not
detect it for exclusion: EN 206 [32] which excludes measurements situated 15 % beyond the mean, and EN 13791 [44], that does not
look for any outlier. The coefficient of variation, Cv, of the mixture was 6 %. Also, the value fc = 58.14 MPa found in mixture #133 was
excluded in 11 of the 13 analysed procedures. The Cv of this mixture was 8 %. Apart from the EN 13791 the method that failed to detect
any outlier was Turkey’s method (Box-plot).

Taking into account the differences between the compressive strength results before and after exclusion by each method, a
calculation was performed to measure the variation in the final compressive strength result (Afcm). Due to the fact that some
discrepant value was not detected in many mixtures, as shown in, Table 2 the total average of the variations of the compressive
strength results did not reach high values (see Table 4). However, fcm variations obtained reached 11 %, as can be seen on Table 4. It

Table 3
Coincident detection of outliers (either lowest or highest values).
Number of outliers that coincide in different methods Number of mixtures
Outlier: lowest value Outlier: highest value
Number Proportion Number Proportion
0 0.0 % 21 6.2 %
1 15 4.4 % 251 74.3 %
2 252 74.6 % 38 11.2%
Example: 3 37 10.9 % 10 3.0%
4 8 2.4 % 10 3.0 %
5 8 2.4 % 6 1.8 %
6 8 2.4 % 1 0.3 %
7 4 1.2% 0 0.0 %
8 0 0.0 % 1 0.3 %
9 2 0.6 % 0 0.0 %
10 2 0.6 % 0 0.0 %
11 0 0.0 % 0 0.0 %
12 2 0.6 % 0 0.0 %
13 0 0.0 % 0 0.0 %
Total 338 100.0 % 338 100.0 %
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Table 4

Variation of the fcm result after excluding outliers in the 338 mixes.
Method/Standard Afem

Mininum Maximun

Tails of the Normal distribution 0.0 % 2.6 %
Thompson-Tau 0.0 % 7.1 %
Turkey’s Box-Plot 0.0 % 2.6 %
ASTM E178 - T Stat 0.0 % 5.2%
ASTM E178 - Dixon Criteria 0.0 % 5.2 %
EN 13791 - Grubbs test 0.0 % 3.2%
NP 196-1 - Cement strength 0.0 % 3.8%
NBR 7215 - Cement strength 0.0 % 3.8%
NBR 13279 - Mortar strength 0.0 % 2.4 %
NP EN 206 - Concrete strength 0.0 % 6.6 %
NBR 12655 - Concrete strength 0.2 % 11.0%
NBR 7584 - Hardened concrete - reflection hammer 0.0 % 3.8%
NP EN 13791 - Prefabricated concrete strength 0.0 % 0.0 %

involved the method described in NBR 12655.

NBR 13279 [46] - Mortar for laying and coating walls and ceilings - Determination of tensile strength in flexion and compression - is
the specific Brazilian standard for the test carried out in this research. This Brazilian standard takes into account an allowed maximum
absolute deviation from the mean (difference between the mean and the individual compressive strength that is farthest from the
mean) equal to 0.5 MPa. According to this Standard, the test will be considered valid only when the final result consists of the average
of at least four test records. Otherwise, the procedure must be redone. In the present situation, considering the guidelines established in
NBR 13279, it can be seen that 155 mixtures (46 %) would be considered invalid, and the tests would be redone. As seen before, the EN
13791 does not provide for the exclusion of abnormal values.

Although there were several outliers detected in the database by each method (see Table 2), compressive strength variations greater
than 5 % were not frequent, except for NBR 13279 [46], as can be seen on Table 5.

Analysing the methods that detected the highest number of outliers, except for the previously mentioned NBR 13279, Thompson
Tau-method (111 outliers), and NBR 12655 (1014 discrepant values), it was possible to notice that, even excluding a higher number of
values, just 2 mixtures (0,6 %) exhibited variation of compressive strength (Afcm) greater than 5 %.

Application of the Thompson Tau-method to the 2 mixtures just mentioned resulted in Afcm = —7.1 % (compressive strength at
24h) and 5.2 % (28 d). For the NBR 12655, respectively Afcm = 11,0 % (24h) and 6.4 % (7 d) were obtained. Apparently, the high
variations are not related to the age of the specimen. As shown in Table 5, after excluding the outliers detected by each procedure, eight
of the 13 procedures did not show variations in their strength results greater than 5 %.

This study, and taking into account the importance of detecting outliers or reject discrepant values, reveals to which extent pro-
cedures that disregard the existence of outliers are not recommended, as is the case of NP EN 13791. Scientific methods for detecting
outliers, on the other hand, demand specific knowledge of statistical methodologies, using more robust formulas, non-elementary
computations, etc.

The methodology set in NBR 13279, which restricts measurement values to 0.5 MPa around the average, puts some practical
problems, since it resulted in almost 46 % of the mixtures invalid. On the other hand, working with a semi-amplitude equal to twice the
standard deviation was very comprehensive and detected few outliers. The method described in NBR 12655 works differently from the
others in that it excludes the highest value of each pair of samples. This method was the one that presented the greatest variation
compared to the results of the other methods.

Table 5

Number of mixtures with Afcm > + 5 % for each method.
Method/Standard Number of mixtures (and percentage) with Afcm > + 5 %
Tails of the Normal distribution 0 (0.0 %)
Thompson-Tau 2 (0.6 %)
Turkey’s Box-Plot 0 (0.0 %)
ASTM E178 - T Stat 1 (0.3 %)
ASTM E178 - Dixon Criteria 1 (0.3 %)
EN 13791 - Grubbs test 0 (0.0 %)
NP 196-1 - Cement strength 0 (0.0 %)
NBR 7215 - Cement strength 0 (0.0 %)
NBR 13279 - Mortar strength 0 (0.0 %)*
NP EN 206 — Concrete strength 1 (0.3 %)
NBR 12655 — Concrete strength 2 (0.6 %)
NBR 7584 — Hardened concrete — reflection hammer 0 (0.0 %)
NP EN 13791 - Prefabricated concrete strength 0 (0.0 %)

Legend:

@ 17.2 % of mixtures were not considered, because all 6 values were excluded, considering NBR 13279 [46].
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Among the remaining simplified procedures for the exclusion of discrepant values recommended for use by engineers and pro-
fessionals involved in laboratory tests for the analysis of cement mixtures, four of them (NP 196-1, NBR 7215, NP EN 206, and NBR
7584) involve tolerance percentages around the mean. From the methods under consideration, it was noticed that the limit of 10 % (or
greater) around the mean (NP 196-1, NP EN 206, and NBR 7584) detects a small number of outliers, compared to the scientific methods
included in ASTM E178. On the other hand, the results obtained when applying NBR 7215 were close to those obtained when applying
the ASTM. The NBR 12655 simplified method proved to be reasonably interesting, given its ease of application.

Based on the previous findings one may propose to divide the evaluated methods in the following groups.

(a) Group A: methods that apparently dismiss a high number of measurements without statistical justification - NBR 13279 and
NBR 12655.

(b) Group B: methods that apparently dismiss dozens of measurements, possibly to many - Thompson-Tau method, ASTM E178 - T
Stat, ASTM E178 - Dixon Criteria, and NBR 7215.

(c) Group C: methods that apparently dismiss only a few measurements - EN 13791 — Grubbs test, EN 196-1, EN 206, NBR 7584.

(d) Group D: methods that apparently dismiss one or just a couple of measurements, possibly too few — Tails of the Normal dis-
tribution, Turkey’s method, and EN 13791.

Looking at the results and into the outliers that were excluded, one would argue that, for scientific purposes, the methods in the
Group B are the most appropriate. The methods of Group A are out of sense for scientific purposes. The methods in Group D are too
permissive. Looking at Group B it is observed that the NBR 7215 shall stand out from the other methods. One also finds that the
methods Thompson-Tau, ASTM E178 - T Stat, ASTM E178 — Dixon Criteria work reasonably well while being statistically based and
adequate for scientific purposes. Among the methods investigated, the authors of this paper recommend the methods Dixon Criteria
and T Stat of the ASTM E178 as being the most adequate.

6. Conclusions

This work sought to analyse different ways of detecting and excluding outliers to compressive strength tests of cementitious mixes
tested according to the EN 196-1. Different methodologies were applied both from standards and the statistical literature of outlier
detection. Main findings of the current work are drawn as follows.

- The testing age did not seem to influence the detection of outliers;

- After excluding the discrepant values, most of the procedures did not show significant variations (+5 %) around the initial average
value;

- The method described in NBR 13279 tends to invalidate a large proportion of mixtures produced and does not prove to be reliable;

- The method of excluding the lowest value of each pair of specimens proved to be easy and reliable to some extent; however a large
number of exclusions occurred. It also led to the greatest discrepancy in the final results;

- Simplified methods of excluding outliers, such as the exclusion of values when deviating more than 6 % of the average, can be
considered an interesting option for professionals involved in laboratory testing of building materials for cementitious mixtures,
who request fast repeating;

- For scientific purposes, the researchers would better use statistical methods to detect outliers. Based on the data set used in the
current work, the authors would recommend applying the Dixon Criteria (or T Stat) of the ASTM E178.

Future work should investigate in more detail application of all these methods to sets of specimens which include a discrepant
measurement previously and intentionally mixed with the other specimens. Different degrees of discrepancy should be simulated.
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