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Abstract

In recent years, we have witnessed the success of variational methods in image processing, par-
ticularly in optimization-based problem formulations. Simultaneously, mathematical morphology
(MM) is a well-established methodology for tackling various image-processing tasks. This re-
search bridges the gap between variational methods and MM by studying efficient ways to solve
the variational formulation, introduced in the work of Jean-Christophe Pesquet, Hugues Talbot,
and Laurent Najman[35]. This work includes variational dilation, erosion, opening, and closing.
The primary objective of this thesis is to propose an efficient algorithm for solving the variational
formulation of erosion and dilation operations for use on graph data.

Building upon the work of Jean-Christophe Pesquet, Hugues Talbot, and Laurent Najman[35],
this thesis continues studying the world of continuous calculus and convex analysis. This study
contributes with algorithms and their implementations, to solve the variational problem present in
[35]. This project enables, from one side, to efficiently solve, in different ways, the variational
formulation previously mentioned, and consequently the study of possible applications to these
new solutions.

This work offers a concise overview of the variational formulation of MM operations and pro-
poses efficient algorithms and their implementations for solving the variational formulation and
applying it to computer vision tasks such as denoising. Additionally, this delves into the sig-
nificance of splitting methods in convex optimization, since every solution is based in splitting
methods and logic, leveraging PyTorch[47] and OpenCV[13] capabilities. It explores one proxi-
mal splitting method, and various root-finding and zeroth order methods to address the variational
MM operations, advancing the field of morphological image processing with promising applica-
tions in computer vision.

Keywords: Algorithm, Convex Optimization, PyTorch, Variational Morphology, Computer vi-
sion, Mathematics, Image enhancement, Neural Networks, Optimization.

ACM Classification: Computing methodologies — Artificial intelligence — Computer vi-
sion — Computer vision problems, Mathematics of computing — Mathematical analysis —
Mathematical optimization — Continuous optimization
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“Concurrently, mathematical morphology (MM) is widely recognized a fundamental
methodology for solving image processing problems. It thus appears useful to build bridges
between these two fields.”

Jean-Christophe Pesquet
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Chapter 1

Introduction

1.1 Context

A paradigm shift towards integrating advanced mathematical techniques and optimization strate-
gies marks the contemporary landscape of image processing. As the demand for sophisticated
image analysis grows, traditional methods face challenges in accommodating the complexities
posed by diverse data structures and real-world noise. In this context, our exploration centers on
two key pillars: mathematical morphology (MM) and convex optimization.

Mathematical morphology, deeply based in theory, provides a unique lens for characterizing
and manipulating image shapes. Its operations, such as dilation, erosion, opening, and closing,
offer powerful tools for feature extraction and structural analysis[39]. Variational extensions of
these operations introduce a layer of adaptability, allowing work beyond choice of structuring
element. This proves to be particularly significant in scenarios where brightness contrasts vary,

necessitating asymmetry in the processing approach.

“Concurrently, mathematical morphology (MM) is widely recognized a fundamental
methodology for solving image processing problems. It thus appears useful to build

bridges between these two fields.”
Jean-Christophe Pesquet[35]

Moreover, convex optimization serves as a foundational framework tailored to tackle chal-
lenges arising from both differentiable and non-differentiable objectives. This is especially per-
tinent in domains such as sparse approximation and compressed sensing, where traditional opti-
mization approaches face limitations. By integrating variational MM operations basis with the
optimization capabilities of convex methods, this thesis ambitions to navigate the inherent com-
plexities in contemporary image processing.

This research bridges the gap between mathematical morphology and convex optimization,
aiming to form innovative solutions in modern image processing. The goal is to enhance the

understanding of how these two fields interact, tapping into their combined potential to address



Introduction 2

modern challenges in image analysis and manipulation. The project seeks to contribute to the
ongoing development of image processing methods, aligning with the demands of today’s complex

visual data domain.

1.2 Mathematical Morphology and Image Processing

Image processing has experienced an evolution marked by a heightened focus on variational for-
mulations of problems[35] and iterative methods to solve them. The versatility and efficacy of
these approaches have elevated them to a prominent position in tackling a broad spectrum of sig-
nal and image processing tasks. These tasks involve reducing noise, inpainting, segmentation, and
additional tasks.

Mathematical morphology (MM)[35] is a fundamental solution for many image processing
problems. In this area of work, morphology refers to depicting the shape and structure of objects
within an image. MM operations work on the principles of set theory, emphasizing the relative
ordering of pixels, such as in a graph, rather than their numerical values. This distinctive feature
enhances their utility in image processing compared to other methodologies. While these oper-
ations are explicitly defined for binary images, they prove equally beneficial when extended to
grayscale images.

To understand and work with this concept, it is necessary to start studying and analyzing the
basics of MM operations and image processing operators[39]: dilation, erosion, opening, and

closing.

1.2.1 Morphological Operations for Image Processing

Morphological image processing encompasses the use of a set of non-linear operations associated
with the shape or morphology of features within an image[58]. These operations are exclusively
dependent on the relative ordering of pixel values, disregarding their numerical values. As a
result, morphological operations are well-suited for manipulating binary images. In addition to
their utility for binary images, they are also useful for grayscale images and can be extended to
color images, showing the flexibility and overall utility and applicability of these operations.
While morphological operations are rooted in set theory, many fundamentally rely on logical
operations, making them straightforward to apply. The core of morphological operations, namely
erosion, and dilation, are the foundation for the additional operations discussed in this chapter,
opening and closing operations, which are based on compositions of the previous operations. The
subsequent explanation elaborates on the concept of the structuring element and several other

morphological operations[33].

1.2.1.1 Structuring Element

Structuring elements[46] or STs, as it is referred to in this thesis, are fundamental in morphological

image processing, representing small matrix sets or sub-images that interact dynamically with the
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image under examination. Their crucial role is defining neighborhood structures and facilitating
the execution of morphological operations[58].

Typically represented by rectangular matrices of odd dimensions, structuring elements con-
ventionally position the origin at the matrix center. However, variations exist where the origin
is strategically placed outside the matrix, showcasing the adaptability of these elements. Binary
structuring elements, comprising zeros and ones, play a pivotal role. The matrix arrangement of
0Os and 1s reflects active and inactive areas in the image, with some representations focusing solely
on the active elements.

The application of an MM operation involves translating the structuring element’s origin to
all possible pixel locations in the image and comparing image pixels and the structuring element.
This dynamic process ensures adaptability to various image regions[39]. Two-dimensional struc-
turing elements broadly fall into flat and non-flat categories, usually called textures. The former
maintains a constant value throughout its domain, while the latter exhibits varying values. Analo-
gous to convolution kernels in linear image filtering, structuring elements in morphological image
processing form the basis for shaping outcomes in morphological operations. The following image

(sourced from [65]) shows a simple representation of different structuring elements.

1 111 1

Figure 1.1: Representation of structuring elements, being 1’s the neighborhood and the rest 0’s.

1.2.1.2 Flat structuring functions
It is common to use flat structuring elements in morphological applications. Flat structuring func-

tions are functions b(x) in the form

0, ifxeB,
b(x) = . (1.1)
—oo, otherwise

where B is a subset of the image E, denoted as B C E[39].

1.2.1.3 Dilation

Dilation (usually represented by &) is one of the basic operations in mathematical morphology.

The dilation operation usually uses a structuring element for probing and expanding the shapes
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contained in the input image. Therefore, it is dependent on the shape and nature of the structur-
ing element used. The operation of dilating a grayscale image f by a structuring element b is

represented as f & b, and the resulting image is denoted by the following formula[39]:

8(x) = (f &b)(x) = supl£(y) +bx—)] (1.2)
ye
When applied to a binary image, the transformed image g, pixels are assigned a value of 1 at
positions where the origin of the structuring element aligns with the corresponding region in the
input image f. More formally, g(x,y) equals 1 if b intersects with f at the location (x,y), and O
otherwise. This operation is applied to all pixel coordinates (x,y).

The following images show examples of this transformation.

Figure 1.2: A toy example image with concen-  Figure 1.3: Result of applying a dilation to the
tric diamonds. image in Fig. 1.2. with a square 3x3 ST.

Figure 1.5: Result of applying a dilation to the

Figure 1.4: A natural image (cat) image in Fig. 1.4. with a square 3x3 ST.
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1.2.1.4 Erosion

Erosion (usually represented by &) is one of two fundamental operations in morphological image
processing from which all other morphological operations are based. As dilation, it was originally
defined for binary images, later being extended to grayscale images, and subsequently to complete
lattices. The erosion operation usually uses a structuring element for probing and reducing the
shapes contained in the input image. That’s why this operation works, in a practical way, as
the opposite of dilation. To erode a grayscale image f with a structuring element b, denoted as
f©b[39], the resulting image is obtained with

gx) = (feb)x) Zyigg[f(X+y) —b(y)] (1.3)

When applied to a binary image, the transformed image g, pixels are assigned a value of 1 at
positions (x,y) where the structuring element’s origin aligns with the corresponding region in
the input image f. Formally, g(x,y) = 1 if b fits within f at the location (x,y), and g(x,y) =0
otherwise. This operation is repeatedly applied to all the pixel coordinates (x, y).

The following images show examples of this transformation.

Figure 1.6: A toy example image with concen-  Figure 1.7: Result of applying a erosion to the
tric diamonds. image in Fig. 1.6. with a square 3x3 ST.

Figure 1.9: Result of applying a erosion to the

Figure 1.8: A natural image (cat). image in Fig. 1.8. with a square 3x3 ST.
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1.2.1.5 Opening

In mathematical morphology, opening is the dilation of the erosion of an image g by a structuring

element b[39], creating what it is called an opened image:

gob=(gob)®db (1.4)

The opening operation serves in computer vision and image processing as a basic procedure of
morphological noise removal. Opening removes small objects from the foreground (usually taken
as the bright pixels) of an image, placing them in the background, while closing, which will be dis-
cussed in the following subsection, removes small holes in the foreground, changing small islands
of background into foreground[55]. These techniques can also be used to find specific shapes in
an image. Opening can be used to find things into which a specific structuring element can fit
(edges, corners, ...). The opening operation transforms the image by smoothing the outline of an
object, effectively removing narrow bridges and minor extensions in the original image f. This
operation helps refine the overall structure and appearance of the image, resulting in an improved
representation g, useful in detailed situations as blood-vessel images[28], where the representation

of thin vessels is improved. The following images show examples of this transformation.

Figure 1.10: A toy example image with con-  Figure 1.11: Result of applying a opening to
centric diamonds. the image in Fig. 1.10. with a square 3x3 ST.

Figure 1.13: Result of applying a opening to

Figure 1.12: A natural image (cat the image in Fig. 1.12. with a square 3x3 ST.
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1.2.1.6 Closing

In mathematical morphology, the closing of an image g by a structuring element b is the erosion

of the dilation of that set, creating what it is called a closed image:
geb=(gdb)Sbh (1.5)

This operation is, together with opening, the basic workhorse of morphological noise removal[55].
Opening removes small objects, while closing removes small holes. The closing operation can
help smooth some sections of contours but its main effect is to blend narrow breaks and thin gaps.
This feature proves to be effective in eliminating minuscule gaps and filling in the boundaries of

objects. The following images show examples of this transformation.

Figure 1.14: A toy example image with con-  Figure 1.15: Result of applying a closing to the
centric diamonds. image in Fig. 1.14. with a square 3x3 ST.

.\'

Figure 1.17: Result of applying a closing to the
image in Fig. 1.16. with a square 3x3 ST.

Figure 1.16: A natural image (cat).
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1.2.1.7 Boundaries and outlines

It’s possible to make use of the operations mentioned to identify outlines in a binary image. To do
this, it’s mandatory to have a clear definition of what we mean by ‘outline’.
The inner boundary may be defined as the foreground pixels that are adjacent to background

pixels. It’s possible to determine the inner boundary by the following procedure:
* duplicating the binary image;
* eroding with a 3x3 structuring element;

* subtracting the eroded image from the original.

The outer boundary may be defined as the background pixels that are adjacent to foreground

pixels. It’s possible to determine the outer boundary by the following procedure:
* duplicating the binary image;
* dilating with a 3x3 structuring element;

* subtracting the original image from the dilated image.

The following image (sourced from [9]) is an example of result boundaries got by MM opera-

tions.

(A) Binary image (B) Inner boundaries (radius=3) (C) Outer boundaries (radius=3)

Figure 1.18: Calculating inner and outer boundaries, using erosion or dilation. The radius of the
structuring element can be used to tune the boundary thickness.

1.2.2 Applications of morphological operations

The applications of these morphological operations are various. They provide a robust framework
for preprocessing and analyzing images, which is essential for improving the accuracy and effi-
ciency of subsequent image processing tasks[39]. For example, in automated medical diagnostics,
morphological operations can enhance the visibility of critical features, aiding in the detection and
classification of diseases[53]. In robotics, these techniques help in path planning and obstacle de-
tection by simplifying the environment representation[6]. Additionally, morphological operations

are pivotal in enhancing the performance of machine learning algorithms by providing clean and
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simplified input data. The ability to effectively clean up noise, fill in gaps, and extract meaning-
ful structural information from binary/grayscale images makes these operations indispensable in
a wide range of fields, including remote sensing, where they are used to analyze satellite images,

and in forensics, where they assist in fingerprint and pattern analysis.

1.3 Motivation

In the area of image processing, the escalating intricacies of visual data pose a challenge to con-
ventional methodologies. Linear approaches, practical in more straightforward contexts, confront
limitations in addressing the nuances of complex images, including intricate structures, varied
contrasts, and noise influences. The motivation for this research is grounded in the importance
to bridge these differences and explore innovative solutions that can robustly handle the evolving
demands of modern image-processing applications.

This journey unfolds with a deep dive into variational MM operations[35], a group of versatile
operations which are rooted on pixel order relations. Variational MM’s unique ability to capture
complex image shapes provides a promising avenue for overcoming obstacles encountered in tra-
ditional methods. Within this context, variational approaches emerge as pivotal tools, specifically
the most basic operations, like dilation, erosion, opening, and closing. Their asymmetric regular-
ization capabilities hold the potential to enhance image processing outcomes, favoring adaptability
in scenarios where brightness contrasts vary.

This project explores convex optimization, recognizing its contribution in addressing differen-
tiable tasks ubiquitous in sparse approximation, compressed sensing, and hard-constrained prob-
lems. The motivation behind this thesis is the quest for novel image-processing implementations
capable of seamlessly navigate through the core of contemporary visual data.

By combining the strengths of MM operations and approaches with the efficiency of convex
optimization, this research aims to design and analyze new adaptable and robust image processing

solutions that can target challenges of modern applications.

1.4 Objectives

The main goal of this thesis is to enhance image processing by introducing highly efficient nu-
merical algorithms to solve the optimization problem related to the variational formulation of MM
operations. Furthermore, this projects aims to leverage the power of the PyTorch framework[47]
to develop an efficient algorithm that can run on GPUs for faster processing. This increase in
efficiency will enable the application of the algorithm to high-dimensional data beyond typical
images, such as those with graph structure.

By progressing through this objective, this thesis aims to contribute to the theoretical under-
standing of variational morphological operations and efficient convex optimization methods that

compute them. Besides the theoretical contribution, there will also be a practical contribution in
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the form of efficient software implementations that will be available in an open-source fashion and
will be applicable to contemporary computer vision and image processing problems.
Furthermore, this project seeks to demonstrate the versatile nature of the proposed methods
and their potential impact on various domains within computer vision and signal processing. One
possible application of these operations is in neural networks for classification, potentially en-
hancing the network’s performance by incorporating advanced image processing techniques. Ad-
ditionally, the algorithm could be applied to graph signal denoising. To explore and validate these
potential applications, experiments and study cases were conducted, as discussed later in this the-
sis. These experiments aim to find practical applications for the solutions developed in this project,

studying and concluding their effectiveness in real-world scenarios.

1.5 Structure of Thesis

This thesis comprises five chapters: an introductory chapter, three main chapters, and a conclusion.

The opening chapter introduces the context, motivation, and organizational structure. The sec-
ond chapter gives a short background on convex optimization as it relates to the problem consid-
ered in the thesis and introduces variational MM operations. The third chapter deeply investigates
several iterative methods for solving the variational MM operations problem mentioned in this
project and evaluation of results. The fourth chapter is based on experiments/study cases of all the
work developed on this project.

The thesis concludes summarizing the contributions made in these directions and proposing

some possible future work.




Chapter 2

Variational Mathematical Morphology

and Convex Optimization

2.1 Introduction

The intersection of Convex Analysis and Mathematical Morphology within graph structures rep-
resents a novel and promising frontier in image processing and computational geometry. While
various formulations exist in the literature for expressing morphological operations, integrating
convex optimization principles with graph-based structures provides a unique and conceptually
more straightforward approach. This synthesis addresses continuous and discrete aspects, offering
a comprehensive framework for implementing variational morphological operations on graphs and
images.

Traditionally, dilation, erosion, opening, and closing operations have been explored through
partial differential equations (PDEs) in continuous settings. Noteworthy contributions by Alvarez
et al.[2, 3], Brockett and Maragos[14] and Boomgaard and Smeulders[60], and others have laid
the foundation for the formulations presented in [35] which form the foundation for the research
in this thesis. In fact, the extension of these ideas to graph-based variational frameworks has been
largely unexplored until now, leveling the work in this thesis.

In contrast to continuous settings, where challenges exist in defining combined operations
like openings and closings in a separable way, the discrete nature of graph structures allows for a
complete and well-defined treatment of these operators. This paper explores a graph-based varia-
tional framework for mathematical morphology, showcasing its potential to overcome difficulties
encountered in the continuous domain. Notably, the framework facilitates the definition of mor-
phological operators in a conceptually clear and computationally efficient manner.

This chapter dives into the main topic of this thesis, variational MM operations and the funda-
mental explanation of their formulations and propositions. This section works as an introduction
to the main problem, followed by possible solution paths. On the other hand, this chapter explains

the importance of convex optimization and its relation with variational MM operations.

11
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2.2 Evolution of Image Processing through Convex Optimization

The landscape of image processing has undergone a significant transformation, moving away from
its earlier linear methodologies grounded in classical functional analysis and linear algebra. This
evolution can be attributed to the advancements in convex optimization[35], a field that emerged as
a powerful tool in mathematical modeling and computation[12]. Convex optimization techniques,
rooted in convex analysis, have revolutionized how problems in image processing are formulated
and solved.

This transformation was instigated by the development of nonlinear analysis in mathematics
during the late 1950s and early 1960s[48]. The advent of faster computers coincided with this
mathematical progression, enabling the gradual rise of nonlinear techniques. Convex optimization
played a pivotal role in this paradigm shift by introducing a robust framework that has demon-
strated remarkable efficiency in computing reliable solutions across an expanding spectrum of
applications.

The core of numerous challenges in image processing lies in formulating problems in a way
that is amenable to convex optimization. These problems involve minimizing sums of convex
functions, expressed as fi(x) + -+ fiu(x), where fi,..., fi, are convex functions mapping from
RN to R.

2.2.1 Projection to proximity operators

In the realm of signal processing, the Projection Onto Convex Sets (POCS) algorithm[48, 15]
stands as one of the pioneering convex optimization splitting methods. This algorithm plays a
crucial role in recovering or synthesizing signals that adhere to multiple convex constraints si-
multaneously. The formalization of such a problem aligns within the framework of a convex

optimization problem:

min (f1(x) 4 ...+ fin(x)) (2.1)

XERN

where fi,..., f,, are convex functions from RY to | — oo, +o0].,

Let C be a nonempty subset of R", its indicator function is:

1 ifxeC
le(x) = 2.2)
+oo ifx¢C

This formulation transforms 2.1 into the classical convex feasibility problem:

findx € ()G (2.3)
i=1

The POCS algorithm engages each set C; individually through its projection operator PC;. The

iterative updating rule driving the algorithm is expressed as:
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Xpi1 = PCY ... PCpxy 2.4)

When the intersection of the sets ()i, C; is nonempty (()i~; C; # 0), the sequence (x,)nen
produced by the algorithm converges to a solution of the convex feasibility problem. The problem
can be formulated as finding the point x that minimizes the sum of the indicator function 1¢(x)

and the squared distance from an initial guess x:

1
min <1C(x) + = ||x0 —x”2> (2.5)
XERN 2

Projection algorithms, including the POCS algorithm, have witnessed enrichments and exten-
sions to address a broader spectrum of convex optimization problems. Variants have been pro-
posed to tackle more complex problems, such as solving inverse problems in image reconstruction
or signal processing, where the objective is to find the best approximation of an original signal or
image from noisy or incomplete observations. However, in scenarios extending beyond the scope
of projection methods, where more general operators are required to handle convex optimization
problems, proximity operators emerge as a well-suited tool.

Under certain hypotheses, where the indicator function f belongs to the class I'o(RY), the
proximity operator, denoted as proxy, generalizes the concept of a projection operator. Specifi-
cally, for a function f € T'o(R"), the proximity operator is defined by the unique solution to the
minimization problem.

The prox computed for each i corresponds and follows the basic operations with proximal

algorithms and converges to this formula[49]:

min (709 + 1P 26

YERN

The proximity operator proxy : R¥ — RV exhibits attractive properties, making it useful for
iterative minimization algorithms. Notably, proxy is firmly nonexpansive, as expressed by the

equality:

proxse(x;) = (Id+ SV )" (x;) (2.7)

where /d corresponds to the identity matrix and S to a scale value.

Proximity operators thus offer a promising avenue for developing algorithms to solve convex
optimization problems, akin to the role played by projection operators in convex feasibility al-
gorithms. The attractive properties of proximity operators position them as valuable tools in the
context of signal processing, providing a natural interpretation in denoising problems and present-

ing a versatile framework for addressing a diverse array of convex optimization challenges[38].
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2.2.2 Minimization with Proximal Algorithms

Navigating the landscape of convex optimization becomes notably intricate when faced with prob-
lems involving more than two functions. The core challenge lies in the formulation of a general
minimization problem represented as fj(x) + --- + fu(x), where fi,..., f,, are convex functions
mapping from R to R. Convex optimization algorithms for differentiable functions typically re-
quire that the gradient of the objective function is Lipschitz-continuous[5], which is not always
satisfied even if the function is continuously differentiable.

However, the existing methodologies are tailored for scenarios involving only two functions.
To overcome this limitation, a reformation is proposed, treating the problem as a 2-function chal-

lenge in the m-fold product space H = R" x --- x RN, This leads to an equivalent problem:

min Hfl(x1)+"'+fm(xm) (28)

(%1 yeerim ) €
which can be expressed as
mintp (x) + f(x) (2.9)

where D = {(x1,...,xy) EH | x; €R,i=1,....N}and f:x— fi(x1)+ -+ fin(Xm).

Addressing this complex problem involves specialized algorithms. For example, the Paral-
lel Proximal Point Algorithm (PPXA)[21, 48], derived from the Douglas—Rachford algorithm
[10, 48], stands out. It employs a parallelized strategy, converging to solutions for the extended
problem, an approach that will be discussed and applied in more detail in a later chapter.

The challenges posed by problems with more than two convex functions find applications in
various domains. In scenarios like image recovery, where the goal is to minimize multiple convex
functions, the PPXA algorithm proves its significance. This approach is particularly effective
in solving numerical problems, providing solutions to complex situations in imaging and signal
processing.

Furthermore, a product space strategy is introduced to handle extensions of the problem and
composite challenges, showcasing the adaptability of convex optimization methods to intricate
scenarios.

In conclusion, delving into convex optimization problems with multiple convex functions (m >
2) reveals many challenges and algorithmic solutions crucial for addressing complex scenarios in

signal processing and related fields.

2.3 Variational Mathematical Morphology

Within mathematical morphology, there are many operations, as seen in the previous chapter.
However, a few fundamental operations stand out, namely erosion and dilation, since the more
sophisticated MM operations are compositions of these two. Traditionally approached as separate
entities with distinct mathematical representations, recent advances in convex optimization have

led to a unified variational formulation, providing a cohesive framework for these operations.
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Building on the variational formulations of MM operations given in [35], it is possible to use
the following formula to define the most basic variational MM operations: erosion and dilation.
For every i € {1,...,n}, let U; be a nonempty subset of V (although it may be any subset, we will
be mainly interested in the case when it corresponds to a neighborhood or reciprocal neighborhood

of node 7). We will first consider the following convex minimization problem:

n

min Z Z ¢i(oq, (xi—yj—wi;)) (2.10)

=< €R" [ 2 T,

Here, (w;;)jcu, € Rl is a vector of shift parameters and ¢; : [0,+oo[— R is a (strictly) in-
creasing lower-semicontinuous convex function[17], which means it is one that is continuous from
above, meaning that for every € > 0, there exists 6 > 0 such that ¢;(x) > ¢;(y) — € whenever x >y
and |x —y| < 8. Q; is a closed real interval, and og, denotes the support function of €;, which is

defined as:

o v ifv<0
(VWWER) og,(v)=supvE=10 ifv=0 (2.11)
o atv ifv>0
where o, = infQ; and 0" = supQ;.
The solution to this optimization problem provides a vector of node weights, interpreted as
the outcome of nonlinear processing applied to the original node weights y. The dependence of
the solution on the choice of intervals ; is a significant aspect requiring further investigation.

Throughout the thesis, we will make the following assumption:
Assumption 1: Forevery i € {1,...,n}, —o < a; <0< ot < +oowith (0t ,04") # (—oo, +o0)

Note: The values ¢, and ;" may be equal to —oo and +oo, respectively, which is advanta-
geous for subsequent discussions.
This assumption defines the possible values for the variables & and ', ensuring that they

are within valid ranges for the problem to be convex and well-defined.

2.3.1 Fundamental Propositions

The following propositions are formulated in [35] and also explained with more detail. Their
numerical demonstrations come from the Python implementation developed within this project

and explained in the upcoming chapter 3.

2.3.1.1 Proposition 1

Proposition 1 addresses the existence of a solution to the minimization problem under certain

assumptions. Let’s delve into the proposition and its corresponding formulas:
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This formulation assures us that a solution exists for the minimization problem under the

specified conditions.

(i) If o = +oo:

Xi = lj’l’éllgll(y] +W,',j) (2.12)
(ii) If 0 = —oo:

Xi = Ijré%f(yj +wij) (2.13)

(iii) If ¢; 1s strictly convex, then x; is uniquely defined.

These properties characterize the behavior of the solution depending on the range limits of ¢;"
and o, and the convexity of the function ¢;.

In summary, Proposition 1 provides valuable insights, showing that the variational formulation
agrees with the vanilla MM operations in the limit, i.e., when o™ or &~ is equal to +o or —co
respectively, laying the groundwork for further analysis and understanding of the optimization
process.

All the following numerical results are based on operations envolving a U; of a square with

shape 3x3.

Figure 2.1: A toy example im-Figure 2.2: Result of (i) in Fig. Figure 2.3: Result of (ii) in Fig.
age with concentric diamonds. 2.1. with ¢ = +oo. 2.1. with @ = —co.

Figure 2.4: A natural imageFigure 2.5: Result of (i) in Fig. Figure 2.6: Result of (ii) in Fig.
(cat). 2.4. with o = +oo. 2.4. with @ = —co.
2.3.1.2 Proposition 2

Proposition 2 presents a closed-form solution to the variational formulation 2.10 for a particular

choice of ¢;. It computes the optimal values of x;, the i-th component of the optimal solution to the
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optimization problem. Let i € {1,...,n} and let x; be the i-th component of the optimal solution
to 2.10 where @; : [0,-+oo[— R is defined as & — &2. Denote by (z;)1<j<|u;| the coefficients
(vj+Wwij) jeu; which have been re-indexed in increasing order, and set z;0 = —oo and z; |y 1 = +oo.
If (o, ;") € R?, then x; is the unique value in [z; j, |,z ;] with j; € {1,...,|Ui| + 1} such that:
(06" X)) 2+ (0 )L
(i = 1)(0")* + (Ui = i+ 1) (g )?

i,

X = (2.14)

where:

* a; and o;" represent the lower and upper bounds of the interval Q; respectively;

|U;| denotes the cardinality of the set U;, representing the number of elements in the subset
Ui

* z;; are coefficients calculated as y; +w; ;, where w; ; are the shift parameters;

* j; represents the index within the set U; such that x; lies in the interval [z; j,—1,z; j,]-

This formula provides a useful expression for computing the optimal value of x;, without
being necessary to solve the optimization problem using an iterative algorithm taking into account
the bounds of a™ and o~. It offers a practical tool for implementing algorithms to solve the
optimization problem 2.10 and enables a deeper understanding of the behavior of the optimal
solution in relation to the problem parameters.

All the upcoming implementations are based on operations envolving a U; of a square with
shape 3x3 on images 2.7 and 2.8.

Figure 2.7: A toy example image with concen-

tric diamonds. Figure 2.8: A natural image (cat).

Letp =—a" /a, the following images (image 2.9) show some examples of implementations

of proposition 2 with different values of p:
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) p=1/24

©p=1 Hp=1 (9) p =24 (h) p = 24

@p=1° Gp=1°

Figure 2.9: Demonstration of Proposition 2 implementation with different values of p.

2.3.1.3 Proposition 3

In this proposition, i belongs to the set {1,...,n}, and x; represents the i-th component of an
optimal solution to problem 2.10. Here, @; : [0,4+o[— R : & — & is the function for each pixel
i. The coefficients (z;, j)‘jli'l represent the re-indexed sums (y; +w; j) over the neighborhood U;,

sorted in increasing order. The algorithm calculates the value j; as per the given formula:

o \Ui|
e i e

1

S IS
Then, if 1_((ai+)/(ai—)) gN, Xi = Zi, j;-

If #f‘/(“ﬁ)) € N, then x; can be chosen equal to any value in [z; j,—1,%;j,]-
Using the same images as in Proposition 2 (images 2.7 and 2.8), all the following implemen-

tations (image 2.10) are based on operations envolving a U; of a square with shape 3x3.




2.4 Conclusion 19

@p=1-° byp=1° ©p=1/24 dp=1/24

@p=1 Hp=1

(h) p =24

(i)p=16 GHp=1°

Figure 2.10: Demonstration of Proposition 3 implementation with different values of p.

2.4 Conclusion

This chapter explored the intersection of convex optimization and variational mathematical mor-
phology within graph structures, offering the basics formulations of variational MM, their relation
with the vanilla MM operations and examples of their respective implementation. On the other
hand, it was explored the differences between traditional MM operations and the variational ones
presented on this chapter and examined their formulations through convex optimization.

Furthermore, we presented key propositions that underpin the variational MM operations and
also this all project, demonstrating the practical implementation of these concepts through detailed
examples and visualizations. These propositions lay the groundwork for a deeper understanding
of the optimization processes and the behavior of solutions under various conditions.

In the next chapter, we will delve into the methods developed for implementing the proposed
framework, providing a thorough explanation of the algorithms and their practical applications.
This will include a detailed discussion on the implementation of variational MM operations using

the principles outlined in this chapter, supported by empirical results and performance analysis.




Chapter 3

Algorithms to compute variational
mathematical morphological operations

3.1 Introduction

Using 2.10 presented in chapter 2, the first and main goal of this project was to explore practical

and efficient ways to solve the following minimization problem:

n

min Y Y ¢i(00,(xi—y;—wij))} (3.1)

x=(i)1<i<n€R" ;57 jE,

The main goal of this chapter is to show the algorithms developed to solve this minimization
problem while having a really strong implementation in terms of efficiency and performance.
The operations we use to solve 3.1 are vectorized over all pixels in an image or all nodes in a
graph, so that we do not have to loop over the pixels or nodes respectively. With this, a really
good performance could be achieved and, consequently, have implementations that could be used
everyday in an open-source way.

Furthermore, another important goal achieved was the versatility of the process/algorithm de-
veloped, being able to process and work with different values of U; (also known as neighborhood
of each pixel). Using different neighborhood shapes U;, the variational mathematical morpholog-
ical operation can be designed to extract specific features from an image, for instance geometric
shapes like lines or crosses can be emphasized by choosing a neighborhood U; with this shape.

Examples of this implementation on images 3.1 and 3.2 are illustrated in the following image 3.3.

Figure 3.1: A toy example image with concen-

tric diamonds. Figure 3.2: A natural image (cat).

20
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Letp=le—6(p=—a"/a):

(a) U; - Square 5x5 (b) U; - Square 5x5 (c) U; - Rectangle 2x5  (d) U; - Rectangle 2x5

(e) U; - Horizontal line - (f) U; - Horizontal line - (g) U; - Vertical line - (h) U; - Vertical line -
Size 5 Size 5 Size 5 Size 5

(i) U; - Diagonal right (j) U; - Diagonal right (k) U; - Diagonal left (1) U; - Diagonal left line
line - Size 5 line - Size 5 line - Size 5 - Size 5

(m) U; - Diagonal cross - (n) U; - Diagonal cross - (0) U; - Non Diagonal (p) U; - Non Diagonal
Size 5 Size 5 cross - Size 5 cross - Size 5

Figure 3.3: Results of solving 3.1 with different U; on image 3.1 and 3.2.

With all of this, a fast Python Implementation of the three propositions formulated in [35] and
introduced on previous chapter 3 was possible and examples of the results are illustrated in 3.4 to
3.7.
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(¢) U; - Horizontal line - (d) U; - Horizontal line -
(a) U; - Square 5x5 (b) U; - Square 5x5  Size 5 Size 5

(e) U; - Diagonal right (f) U; - Diagonal right (g) U; - Diagonal cross - (h) U; - Diagonal cross -
line - Size 5 line - Size 5 Size 5 Size 5

Figure 3.4: Demonstration of the closed form solution given in Proposition 1 with o = o and
different U;’s on image 4.1 and 4.2

(¢) U; - Horizontal line - (d) U; - Horizontal line -
(a) U; - Square 5x5 (b) U; - Square 5x5  Size 5 Size 5

(e) U; - Diagonal right (f) U; - Diagonal right (g) U; - Diagonal cross - (h) U; - Diagonal cross -
line - Size 5 line - Size 5 Size 5 Size 5

Figure 3.5: Demonstration of the closed form solution given in Proposition 1 implementation with
o~ = —oo and different U;’s on images 3.1 and 3.2.
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(@ p= 17° U - Square (b) p = 1% U - Square (¢) p = 1/24 U; - Vertical
7x7 Line - Size 7

2

(d)p=1/24 U; - Vertical (¢) p =1 U; - Diagonal (f) p =1 U; - Diagonal
Line - Size 7 Left Line - Size 7 Left Line - Size 7

." .

(g) p =24 U, - Diagonal (h) p =24 U; - Diagonal (i) p = 1° U; - Non Diag-
Cross - Size 7 Cross - Size 7 onal Cross - Size 7

() p = 1° U; - Non Diag-
onal Cross - Size 7

Figure 3.6: Demonstration of the closed form solution given in Proposition 2 with different values
of p and different U; on images 3.1 and 3.2.
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(@) p =179 U; - Square (b) p = 17® U; - Square (c) p = 1/24 U; - Vertical
Line - Size 7

(d)p=1/24 U; - Vertical (e) p =1 U; - Diagonal (f) p =1 U; - Diagonal
Line - Size 7 Left Line - Size 7 Left Line - Size 7

."

(g) p =24 U; - Diagonal (h) p = 24 U; - Diagonal (i) p = 1¢ U; - Non Diag-
Cross - Size 7 Cross - Size 7 onal Cross - Size 7

(G) p = 1° U; - Non Diag-
onal Cross - Size 7

Figure 3.7: Demonstration of the closed form solution given in Proposition 3 with different values

of p and different U; on images 3.1 and 3.2.
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3.2 Methods Developed

In this section, it is presented all the algorithms that we tested for solving 3.1 and their respective
explanations and results. Not only that, but also it is presented their validations tests.

This project has as its main goal, the development of efficient solutions for the minimization
problem in 3.1. Throughout this thesis, we will only consider 3.1 under the assumption that ¢; has

the following form, uniformly in i,

0i(zi,p) = (zi)P,  with  z; = (0q,(xi —y; —wi)) (3.2)

and p belonging to the interval |1, co[. With this assumption, the minimization problem 3.1 can

be written in a more detailed way as the following:

min Y} (00 (xi—y;—wi;))’ (3.3)

x=(ih<i<n€R" (3 j T,

With a more detailed analysis of the minimization problem, 3.3 is parametrized by the indices
i, j, where i corresponds to the pixel of the image and j to the neighbors of that specific pixel.
Based on this, it’s possible to conclude that 3.3 is separable on each pixel of the image, so that

each output pixel is the solution of the following subproblem:

min 3 Fal), beingFi(x) = (00,(si =3 = i) (3.4)
Because the whole problem 3.3 can be separated into subproblems for each pixel, we vectorize

a solver for the 1D subproblem and apply this in a parallel way.
The algorithms that we will consider to solve 3.3 can be divided in the following groups: root-
finding algorithms[26] applied to finding a zero of the first derivative, zeroth-order search[41, 8]

applied to the objective function of 3.3 or based on a parallel proximal point algorithm[49].

3.2.1 Root-Finding algorithms for solving 3.3

To determine the solution to our problem, we apply Fermat’s rule[11], which states that the mini-
mum of a differentiable function occurs at points where the derivative is zero. Therefore, we need
to find the zeros of the derivative of our function F; ;, to find the optimal value for the problem 3.3.
So, the methods implemented in this section, try to root-finding the following equation:

poy (o (xi—yj—wip)P~t, if x <yj+w

JoF; ;
W"i’(xi)z 0, it x=yj+w;j (3.5)
poi (o (xi—y;—wi )P~ i x>y 4w

corresponding to the first derivative of F;;(x;) presented in 3.4.
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As it is illustrated in image 3.8, the plot of the equation 3.5 for a random pixel of image 3.1
can be characterized as continuous. Following this conclusion, the methods implemented in this
section are Bisection Algorithm[56], ITP Algorithm[4, 44] and Newton’s Method[63].

Despite the possibility of derivation of 3.4 this same equation can’t have a second derivative:

0°F
8xi2

at every point, since the first derivative has some vertical sections. In image 3.9, it’s possible

(3.6)

to visualize the inverse of the second derivative of 3.3, where each spike to zero corresponds to a

spike to +oo on the second derivative.

40

20

-60

25 30 35 40 45 50 55 60

Figure 3.8: First derivative plot (equation 3.5) of random pixel of image 3.1 showing the solution
to the optimality condition of 3.5.

25 30 35 40 45 50 55 60

Figure 3.9: Inverse of second derivative plot of random pixel of Fig. 3.8 .

3.2.1.1 Bisection Algorithm

The bisection algorithm is a common method for finding the roots of one-dimensional functions.
Its simplicity and robustness make it a popular choice, especially when dealing with continuous

functions where the root lies within a known interval.
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This algorithm guarantees the existence of a root within an interval where the function takes on
values of opposite signs at the endpoints[56]. The algorithm starts with such an interval, iteratively
bisects it, and narrows down to a smaller interval containing the root.

We summarize the bisection algorithm below.

1. Initialization: Start with an interval [a,b] where f(a) and f(b) have opposite signs, indi-

cating that the root lies within this interval.

2. Iteration: Compute the midpoint ¢ = # of the interval.

3. Update Interval: If f(c) = 0, the algorithm terminates as c is the root. Otherwise, update
the interval:

* If f(a) and f(c) have opposite signs, set b = c.
* If f(b) and f(c) have opposite signs, set a = c.

4. Convergence: Repeat the iteration until the interval becomes sufficiently small.

A visual example of this process is illustrated in image 3.10, which is sourced from [18],

followed by a pseudocode example.

F(x)

Figure 3.10: Bisection Algorithm’s Example
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Algorithm 1 Bisection Algorithm

1: Input:
2 f: a continuous function
3 a,b: endpoints of the interval [a, b]
4 tol: tolerance for stopping criterion
5: max_iter: maximum number of iterations
6: Output:
7 c¢: approximate root of f
8: procedure BISECTION(f,a,b,tol,max_iter)
9 if f(a)- f(b) > 0 then
10 print("The function must have different signs at endpoints a and b.")
11: return None
12: end if
13: iter <0
14: while (b —a)/2 > tol and iter < max_iter do
15: c(a+b)/2 > Midpoint
16: if f(c) == 0 then
17: return c > ¢ is the root
18: else if f(a)- f(c) <0 then
19: b+c > The root is in the left half [a, c]
20: else
21 a<+c > The root is in the right half [c, b]
22: end if
23: iter < iter+1
24: end while
25: return (a+b)/2 > Return the midpoint as the best approximation

26: end procedure

As we discussed in the introduction of this chapter, it was developed a vectorized Bisection
based algorithm with the objective of finding the root of the first derivative of the formula 3.3.
In this approach, the interval used for every pixel is determined by the overall minimum and
maximum values of all the pixels in the image. Specifically, we find the global minimum and
maximum pixel values across the entire image. The interval for each pixel is then defined as the
range between these two values. This means that the same interval, corresponding to the global
range of pixel values, is applied uniformly to all pixels in the image. This algorithm converges to
the optimal value of the minimization and evaluation tests are shown next in section 3.3.

Using the bisection algorithm, one can solve 3.3 and compute various variational MM opera-
tions and some examples of results are illustrated on Figure 3.11. More examples can be seen on

the appendix section.




3.2 Methods Developed 29

(byp=17° ©p=1/24

(dp=1/24 ep=1 Hp=1

GHp=1°

Figure 3.11: Demonstration of Bisection root finding implementation while p = 1.2 and U; of
Square 7x7 on images 3.1 and 3.2.
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3.2.1.2 ITP Algorithm

The ITP (Interpolate Truncate and Project) algorithm is another root-finding algorithm similar to
the bisection method[4, 44].

The ITP method builds upon the foundations of bisection method, incorporating elements of
each to achieve a superior convergence rate while maintaining optimal worst-case performance.

We summarize the ITP algorithm below:

* Interpolation Step: The algorithm starts by calculating two points within the current inter-

val: the midpoint, determined via bisection as:

a+b
ap=" (37)

and another point using the regula falsi[20] method as:

_ bf(a)—af(b)

Xr= (3.8)
T )~ ()
These points serve as initial estimates for the location of the root.
* Truncation Step: Perturb the estimator towards the center:
N =xp 408 (3.9)
where,
o =sign(x;/, —xy) (3.10)
and
6 = min{x[b—al™, |x;» — x|} (3.11)
* Projection Step: Project the estimator to minmax[40] interval:
XITP = X1/2 — OPk (3.12)
where,
I ny p+no—j b—a
Px = min{g2™"/2TM07) — 5 e —x1 01} (3.13)

By iteratively applying these steps, the ITP method progressively narrows down the interval

containing the root, ultimately converging to a solution with high accuracy and efficiency. A
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visual example of this process is illustrated in image 3.12, which is sourced from [59], followed

by a pseudocode example.

y y
o f(b) o f(b)
/
a b X a b X
/ /—’
f(a)e [Interpolation Step] f(a)e [Truncation Step]
(a) Step 1 of the ITP method. (b) Step 2 of the ITP method.
y
y
of(b) o f(b)
3 {€ >} > " a v o b X
- f(a)e
f(a)e [Projection Step] [Full ITP method]
(c) Step 3 of the ITP method. (d) Result of the three steps of ITP method.

Figure 3.12: Graphic Examples of ITP Algorithm Steps.
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Algorithm 2 ITP Algorithm

1: Input: a,b,€, K1, K,n9, f

2: Preprocessing:

3 nyj = [logy 5]

4 Nmax = 11/2 +no

5: j=0

6: while b —a > 2¢ do

7 Calculating Parameters:
8
9

X1/2 = %

: F = g2lmax—Jj _ %
10: o0=kKi(b—a)®
11: Interpolation:
12: Xf= %
13: Truncation:
14: o = sign(x;/, — xy)
15: if 6 < |x1/2—xf| then
16: X =Xx;+00
17: else
18: Xt — X1/2
19: end if
20: Projection:
21 if [x, — x; 5| < r then
22: XITP = X
23: else
24 XITP :xl/z—cr
25: end if

26: Updating Interval:
27: yrre = f(xrrp)

28: if yrrp > O then
29: b = x1Tp

30: Yb = YITP
31: else if yirp < 0 then
32: a = X[Tp

33: Ya = YITP
34: else

35: a = X[Tp

36: b = xiTp

37: end if

38: j=Jj+1

39: end while
40: Output: £ = “t2

As discussed in the introduction to this chapter, it was developed a vectorized ITP based algo-
rithm with the objective of finding the root of the first derivative of the formula 3.3. As discussed
in the subsection on the bisection method, we have a root bracket given by [a,b] with a = global
minimum value of a pixel, b = global maximum value of a pixel. This algorithm converges to the

optimal value of the minimization and evaluation tests are shown next section 3.3.
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Because the problem 3.3 is strictly convex with a unique minimizer, any algorithm we use to
solve it will produce the same output up to numerical precision. However, demonstrations of each

method developed are illustrated on appendix.

3.2.1.3 Newton’s Algorithm

Newton’s method, also known as the Newton—Raphson method, is a powerful root-finding al-
gorithm named after Isaac Newton and Joseph Raphson[63]. This iterative technique is used to
produce successively better approximations to the roots (or zeroes) of a real-valued function.

The basic version of Newton’s method begins with a real-valued function f, its derivative
f’, and an initial guess x( for a root of f. Given that f satisfies certain conditions and that the
initial guess xg is sufficiently close to the actual root r, the method iteratively provides improved

approximations using the formula:

f(xo)
1" (x0)

Geometrically, this implies that the point (x;,0) is the x-intercept of the tangent line to the

(3.14)

X1 = X0 —

graph of f at the point (xo, f(x0)). In other words, the improved guess x; is the unique root of the
linear approximation of f at the initial guess xo.

The process is iteratively applied, updating the approximation with each step as follows:

_ S (xn)
1 (xn)

This iteration continues until the sequence {x, } converges to a sufficiently precise value. For-

(3.15)

Xn+1 = Xn

mally, if the initial guess xg is chosen such that |xo — r| < 0 for some small § > 0, the sequence
generated by Newton’s method will converge to the root r. This ensures that the error decreases
as the iterations progress, given that the initial guess xo is within the convergence radius 6. To

summarize the iterative process of Newton’s method:

1. Initial Guess: Start with an initial guess xy. The closer this guess is to the actual root, the
better the method performs. In the absence of a good guess, the intermediate value theorem

might help narrow down a reasonable interval.
2. Compute Tangent: Approximate the function f by its tangent line at x;,.

3. Update Approximation: Compute the x-intercept of this tangent line to get a new approx-

imation with equation 3.3

4. Iterate: Repeat the process with the new approximation until the result is accurate enough.

A visual example of this process is illustrated in image 3.13, which is sourced from [42],

followed by a pseudocode example.
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O, f(X0)),

y=fx

/‘n +1 Xn

Figure 3.13: Newton’s Method Visual Example.

Algorithm 3 Newton’s Method

1: Input: Initial guess xo, tolerance €, maximum iterations N, function f, derivative f”
2: Qutput: Approximate root x
3: X< X

4: fori=0toN—1do
5 fo = f(x)
6.
7
8
9

fl e f1(x)
if | x| < € then
return x

: end if
1. if f{ =0 then
11: Error: Derivative is zero. No convergence.
12: return x
13: end if
4 xex—k
15: end for
16: Error: Maximum iterations reached. No convergence.
17: return x

In contrast to the bisection and ITP algorithms, it was possible to develop a vectorized New-
ton’s Method based algorithm with the objective of finding the root of the first derivative of the
formula 3.3, but this implementation does not have theoretical convergence guarantees because
our function does not satisfy the hypotheses of the theorems for newton’s method[63]. This state-
ment implies that the function that has been used possesses at least one derivative, which is a
prerequisite for applying mathematical methods like Newton’s Method[63], where derivatives are
essential for determining convergence and making iterative improvements. The objective of this
implementation is to locate the root of the first derivative pertaining to the minimization problem
described in equation 3.3. This means that for Newton’s Method to work, it would be necessary
to be possible to derivate twice the equation 3.3, what is not possible at every point as explained

previously on image 3.9.
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3.2.2 Zeroth order Algorithms

Zeroth-order algorithms[54] are optimization methods that do not require any derivative informa-
tion about the objective function. They rely solely on function evaluations to guide the search
for the optimum. These methods are sometimes called "black-box" optimization methods because
they treat the objective function as a black box that can be queried for function values at various
points.

Zeroth-order algorithms are particularly useful when the objective function is complex, non-
differentiable, or when derivative information is difficult or expensive to obtain. By only using
function evaluations, these methods provide a versatile and robust approach to optimization.

This section explores the implementation of two zeroth-order algorithms: Golden-section
Search [41] and Ternary Search [8]. Both methods are designed to find the minimum of the

function on 3.3 and, consequently, find the optimal value for the minimization problem.

3.2.2.1 Golden-section Search Algorithm

The Golden-section Search[41] is a technique for finding a minimum of a function within a spec-
ified interval. For a convex function with a minimum in an interval, this method will always
converge to the minimizer. In cases where the interval contains multiple extrema, including pos-
sible extrema at the interval boundaries, the method will converge to one of these points. If the
only minimum within the interval is at a boundary, the algorithm will converge to that boundary
point[51].

Mathematically, this can be expressed as:

Let f(x) be a function defined on the interval [a,b]. If f(x) has a local minimum at x = a or
x = b, and there are no other local minima of f(x) within the interval (a,b), then any optimiza-
tion algorithm aiming to find the minimum of f(x) within [a,b] will converge to x = a or x = b,
depending on which boundary contains the minimum/[51].

The Golden-section Search operates by successively narrowing the range of values within the
specified interval. The technique derives its name from the fact that the algorithm maintains the
function values for four points such that the three interval widths are in the ratio ¢ : 1 : @, where
¢ is the golden ratio. These ratios are maintained throughout each iteration, ensuring maximal
efficiency.

To illustrate the technique, it’s necessary to evaluate the function f(x) at three points: xi, x2,
and x3, where f(x;) > f(x2) < f(x3). This configuration ensures that a minimum lies between
x1 and x3. The next step is to evaluate the function at a new point, x4, chosen inside the largest
interval, typically between x; and x3.

If f(x4) > f(x2), the minimum lies between x; and x4, updating our triplet to xj, x, and x4.
Conversely, if f(x4) < f(x2), the minimum lies between x, and x3, updating our triplet to x;, x4,
and x3. In either case, the new search interval is guaranteed to contain the minimum.

To ensure the intervals are proportionally reduced, the Golden-section Search algorithm chooses

the point x4 such that the resulting intervals maintain the golden ratio ¢ ~ 1.618. Mathematically,
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this means setting the intervals to be equal, ensuring that » = a + ¢, where b is the larger interval
and a and c are the smaller intervals.

The golden ratio ¢ ensures that the spacing between evaluation points remains proportional[41],
avoiding situations where points are too close together and ensuring the interval width shrinks con-
sistently by the same proportion in each step. The golden ratio is defined as:

0= ”2\5 ~ 1618 (3.16)

The algorithm terminates when the interval Ax = x4 — x is sufficiently small, indicating an
accurate estimation of the minimum. A visual example of this process is illustrated in image 3.14,

which is sourced from [45], followed by a pseudocode example.

i 4 |
éf4a * f3
<';> f4b
-
. - C L.
a b

Figure 3.14: Diagram of a Golden-section Search. The initial triplet of x values is xj, xp, x3. If
f(x4) = fiq, the triplet x, x2, x4 is chosen for the next iteration. If f(x4) = fip, the triplet xp, x4, X3
is chosen.
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Algorithm 4 Golden-section Search

1: Input: Function f, interval [a, b], tolerance T

2: Output: Approximate minimum x

3 Q<+ HT‘E > Golden ratio
4 c+—b—(b—a)/e

s55d<«a+((b—a)/e
6:
7:
8:
9

Je = f(e)
Ja <+ f(d)
while |b—a| > t(|c|+|d|) do
if f. < f; then
10: b+d
11: d+c
12: c«b—(b—a)le
13: fa+ fe
14: fc<_f(c)
15: else
16: a<c
17: c+d
18: d<—a+((b—-a)/e
19: fe < fa
20: Ja+ f(d)
21: end if

22: end while
23: return (b+a)/2

Following the requirements of this zeroth order algorithm, it was possible to develop a vec-
torized Golden-section Search based algorithm with the objective of finding the minimum of the
equation shown in 3.3. In this approach, the first interval follows the same strategy as explained
in Bisection approach section. This algorithm converges to the optimal value of the minimization
and evaluation tests are shown next section 3.3.

Like in the ITP approach section about the ITP method, although this algorithm computes the
same result as the others, in appendix it is possible to see some demonstrations of the Golden-

section Search approach.

3.2.2.2 Ternary Search Algorithm

The Ternary Search algorithm[8] is another technique in computer science for finding the mini-
mum of a function.
Assume we are looking for a minimum of f(x) and we know the minimum lies somewhere

between A and B. For the algorithm to be applicable, there must exist some value x such that:

e Forall a,b withA <a < b < x, we have f(a) > f(b), and

* Forall a,b withx < a < b < B, we have f(a) < f(b).
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Let f(x) be a function on some interval [/, r]. Take any two points m; and m in this segment:

[ < my < my < r. Then there are three possibilities:

o If f(m) > f(my), then the required minimum cannot be located on the left side [/,m;].

Therefore, it makes sense to look only in the interval [my,r].

o If f(m;) < f(my), then the situation is similar to the previous case, but symmetrically re-
versed. Now, the required minimum cannot be on the right side [m2,r], so the search con-

tinues in the segment [/, m;].

o If f(m;) = f(my), then the search should be conducted in [m,m;]. This case can be handled
similarly to either of the previous two scenarios for simplicity in implementation. Eventu-

ally, as the segment length becomes sufficiently small, the process can be terminated.

The points m; and m, are chosen as follows:

my=r— —— (3.18)

These points m; and m; divide the interval [/, ] into three equal parts, allowing for the system-
atic narrowing down towards the location of the minimum.
A visual example of this process is illustrated in image 3.15 (image got from[64]) followed by

a pseudocode example.

~H(x)

Amim2B

Figure 3.15: Graphic Example of Ternary Search Algorithm

Following the requirements of the method explained in this section, it was possible to develop
a vectorized Ternary Search based algorithm with the objective of finding the minimum of the
equation shown in 3.3. In this approach, the first interval follows the same strategy as other ex-
plained earlier. This algorithm converges to the optimal value of the minimization and evaluation

tests are shown next section 3.3.
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Algorithm 5 Ternary Search

1: Input: Function f, interval [/, r], tolerance ©
2: Output: Approximate maximum x
3: while |r—1| >t do

4: ml «—1+(r—1)/3

5: m2<«—r—(r—1)/3

6: if f(ml) < f(m2) then

7: [+ ml

8: else

9: r<—m2

10: end if

11: end while

—_
[\

: return ([ +7r)/2

Like in the Golden-section Search approach section about the Golden-section Search method,
although this algorithm computes the same result as the others, in appendix it is possible to see

some demonstrations of the Ternary Search approach.

3.2.3 Parallel Proximal Point Algorithm

Although proximal methods are not new work as have been contributions written on various as-
pects of this topic over the years, as Lemaire[37] in 1989 or Tusem[30] in 1994, their integration
into the signal-processing domain is relatively recent. Nonetheless, their adoption has gained rapid
traction due to their efficacy and versatility.

The primary objective of this section is to introduce proximity operators, elucidating their
fundamental properties and exploring in more detail the solution implemented based on parallel

proximal.

3.2.3.1 Concept of Proximal Algorithms

A proximal algorithm is a versatile optimization tool offering a practical approach to solving
convex optimization problems[16]. At its essence, a proximal algorithm relies on the proximal
operators of the objective terms to efficiently navigate the optimization landscape. For instance,
consider the proximal minimization algorithm, which iteratively minimizes a convex function f

by repeatedly applying its proximal operator to an initial point xo.

3.2.3.2 Implementation

This algorithm is an implementation of the following Parallel Proximal Point Algorithm (PPXA)
with the goal of minimizing the problem in 3.3.

The differentiability of the objective function in 3.3 is ensured since the function ¢; and the
support function ogq, are both differentiable themselves. As introduced in 3.1, the objective func-

tion 18 defined as:
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min )’ Y 9i(0g,(xi —y; —wi;)) (3.19)

i=1 jey;
where U; represents a nonempty subset of V, w; ; is a vector of shift parameters, and ¢; :
[0,4+o00[— R is a strictly increasing lower-semicontinuous convex function. Additionally, og, de-

notes the support function of the closed interval Q;, given by:

o v ifv<0
00, (V) =140 ifv=0 (3.20)
atv ifv>0
where o, = infQ; and O‘i+ =supQ;.
As mentioned before, the minimization problem in 3.3 can be vectorized over all pixels in a

image or all nodes in a graph, so taking this procedure in consideration the equation to minimize

using the algorithm PPXA ends up being the following one:
min Z F}j(xi), where E‘j(xl') = (GQI.()C,' —Yj *W,‘}j))p (321)

The prox computed for each j corresponds and follows the basic operations with proximal

algorithms and converges to this formula:

proxsr, ;(xi) = (Id—i—SVF,-j)_1 (x:) (3.22)

Let S be a scale, Id the identity matrix and VF;; the gradient of function F;;. The gradient of F

is computed using the following closed formula:

pSo; (a7 v )Pl ifv<0
0 ifv=0 (3.23)

pSa; (0" vT)Pl ifv >0

9 _
v

Based on this and in the formula of 3.22 is possible to get the formula of prox for each i:

v;', suchthat v; +pSe; (o v )P ' —x;=0 ifx; <0

proxsg,(xi) =1 0 ifx;=0 (3.24)

v, such that v + pSot (v )P —x,=0 ifx; >0

Notice that to compute the function proxsg(x;) it is necessary to solve a root-finding problem,
which must be done iteratively.

However, this is not yet complete, since the main goal is not getting the value of the prox for
a specific i but for a specific pair of i, j, corresponding two a pair of pixels, a specific pixel and its

neighbor. So, to achieve that goal and using the following property of proximal operations:
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proxsr, ;(Xi) = proxsg,; (Xi — yi —wij) + i +wij (3.25)

the final formula to calculate the prox for a specific pair i, j is the following:

v, FYit+wi, v +pSOC;(OC;v;)p71 —Xxityitwij= 0 ifx; <y +wij
proxsg, ;(Xi) =  yi+wij if x; = yi+wij
Vi yi+wi v+ pSet (v )P —xi+yi+wij =0 if x> yi 4 wij

(3.26)

Based on this formula, it is possible to minimize 3.21, computing the prox for each pair of
neighbors inside the neighborhood decided[48].

v, +yj+wij, if vi_+pSai_(oci_vi—)P_1—xi+yj+wij:0, Xi <Yyj+wij

proxsr,;(xi) = q y;+ wij, if xp=yj+w;
v;r—l—yj—i—wij, if vf—I—pSai*(ai*vi*)p*l—xi+yj+wij:0, X >yj+wij
(3.27)

A pseudocode example of this algorithm is illustrated on image 3.16, which is sourced from
[48].
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Figure 3.16: Parallel proximal algorithm (PPXA).

Following the parallel proximal algorithm explanation, it was developed a vectorized PPXA
based algorithm with the objective of finding the minimum of the equation shown in 3.21. This
algorithm converges to the optimal value of the minimization and evaluation tests are shown next
section 3.3.

With this implementation was possible to generate various variational MM operations and

demonstrations of results are illustrated on appendix.
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3.3 Comparison of algorithms

Validation testing is a crucial aspect of any project to ensure that the methods and algorithms used
produce accurate and reliable results. We are primarily interested in validating the performance
of our methods in terms of execution time. The results of these operations are highly specific and
unique to the problem at hand, making it difficult to compare them directly to a ground truth. All

the tests here in this section are made with image 3.1.

3.3.1 Performance Testing

Before we begin to describe the performance testing of the various algorithms we have imple-
mented to solve 3.3, we note that we have verified that all the algorithms applied to a given image
produce the same output pixels, i.e., each algorithm is correctly solving 3.3 (see appendix).

Now we will present the performance of the various algorithms to solve 3.3 on some example
images. We will consider the execution time as a function of the size of the image and as a function

of the radius of the neighborhood U;, respectively.

3.3.1.1 Increasing Image Size
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Figure 3.17: Performance results with PPXA method using U; Square 3x3.
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Figure 3.18: Performance results without PPXA method using U; Square 3x3.
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From these results it’s clear that PPXA is too slow to converge compared to the other algorithms,

taking more than 100 times as long in terms of execution time.

3.3.1.2 Increasing ST Size

The tests in this section were developed always using a U; square.
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Figure 3.19: Performance results with PPXA method using U; Square 3x3 on a image 200x200.
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Figure 3.20: Performance results without PPXA method using U; Square 3x3 on a image 200x200.

From these results, it’s possible to conclude the same as in the previous performance testing:
it’s clear that PPXA is too slow to converge compared to the other algorithms, taking more than

100 times as long in terms of execution time.

3.4 Pytorch Implementation

PyTorch[47] is a versatile machine learning library that originated from the Torch library and is
widely used in applications such as computer vision and natural language processing. Originally
developed by Meta Al and now under the Linux Foundation umbrella, PyTorch[47] has become
one of the leading machine learning frameworks alongside TensorFlow[1]. It offers free and open-
source software, released under the modified BSD license, making it accessible to developers

worldwide.
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One of PyTorch’s key features is its tensor computing capabilities, which are similar to NumPy[43,
27] but with strong GPU acceleration. This enables efficient computation on large-scale datasets
and complex neural network architectures. Additionally, PyTorch provides a tape-based auto-
matic differentiation system, facilitating the implementation of deep neural networks and enabling
seamless training and optimization.

Overall, PyTorch’s rich set of features, active community, and ongoing development efforts
make it a powerful tool for researchers, developers, and practitioners in the field of machine learn-

ing and artificial intelligence.

3.4.1 PyTorch Performance Testing

In order to be able to apply variational MM operations to large-scale datasets, like graphs repre-
senting point-clouds or large images, we extended our implementation of algorithms to solve 3.3
to include GPU implementations using the PyTorch framework[47].

PyTorch enables us to parallelize algorithms for solving equation 3.3 more efficiently by lever-
aging GPU acceleration. This capability significantly speeds up the computation process, making
it ideal for handling large-scale optimization tasks and neural network training where computation

speed is crucial.

3.5 Performance of GPU implementation

Tests were realized to compare approaches and achieve a conclusion on the upgrade that the usage

of Pytorch and GPU could have in terms of performance.
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Figure 3.21: PyTorch vs Non-Pytorch Performance changes while increasing image size - PPXA
Approach.
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Figure 3.22: PyTorch vs Non-Pytorch Performance changes while increasing image size - Bisec-
tion Approach.

In this comparative study, it was evaluated the performance of the Proximal Proximal Point
Algorithm (PPXA) approach and Bisection approach (the worst method developed in terms of per-
formance and one of the bests, respectively), implemented in both PyTorch and non-PyTorch envi-
ronments across a dataset of eight images with varying sizes. The aim was to assess the efficiency
and effectiveness of the PyTorch-based approach compared to the traditional implementation.

Across all image sizes, ranging from small to large, the PyTorch implementation consistently
demonstrated superior performance metrics compared to its non-PyTorch counterpart. Specifi-
cally, we observed significant reductions in computation time and resource utilization when exe-
cuting the algorithm using PyTorch.

Furthermore, the PyTorch implementation showcased enhanced scalability, effectively han-
dling larger image sizes without compromising performance. This scalability is attributed to Py-
Torch’s efficient tensor computations and optimization techniques, which leverage GPU accelera-
tion where available.

Overall, these findings suggest that adopting PyTorch for implementing PPXA algorithm of-
fers clear benefits in terms of performance, scalability, and development efficiency. These ad-
vantages make PyTorch a compelling choice for researchers and practitioners seeking to optimize

their image processing algorithms for real-world applications.

3.6 Practical Application and Image Processing Illustrations

The methods explored and developed in this chapter are capable of solving 3.3, with many of
them being parallelizable in a vectorized way. This results in very efficient solvers, except for
the PPXA algorithm, that allow one to apply the variational MM operations to large images in
a short amount of time. This was further emphasized by porting the algorithms to PyTorch[47]

and using a GPU to maximize the vectorization of the algorithms discussed, such that one can




Algorithms to compute variational mathematical morphological operations 46

apply a variational MM operation to a 1750x1750 image in under 20 seconds. By manipulating
the parameters and characteristics of the convex function involved, the formulation allows for
the creation of customized operations that can mimic and go beyond the vanilla MM operations
presented on the previous chapter. The adaptability of this framework is demonstrated through
image examples, showcasing the versatility of the variational MM operations in handling diverse

spatial neighborhoods and different parameters.

3.7 Conclusions

In this chapter, several iterative algorithms to solve 3.1 for computing variational Mathematical
Morphology (MM) operations were presented. From algorithmic implementations to practical
demonstrations, this chapter provides a comprehensive overview of the methodologies employed,
their theoretical underpinnings, and their practical outcomes. These variational MM operations
are defined through the support functions of closed real intervals and increasing convex functions,
making them applicable in diverse domains such as graph processing. The inherent flexibility of
these operators, achieved by adjusting parameters, allows for the creation of a diverse class of
operations, offering significant versatility in their applications.

Importantly, the study has established that the introduced variational MM operations encom-
pass standard morphological dilation and erosion as special cases, thereby providing a unified
perspective on these traditional operations. This unification not only enhances our theoretical un-
derstanding but also opens new avenues for practical applications within the scope of this chapter.

Furthermore, the approaches developed in this chapter hold potential due to their open-source
nature. By making these algorithms accessible to the community, we facilitate collaborative de-
velopment and adoption across various fields. This democratization of tools enables researchers
and practitioners to tailor variational MM operations to specific needs, fostering innovation and
advancing the state of the art in image processing and beyond.

Performance testing conducted in this chapter underscores the practical viability of our ap-
proaches. By rigorously benchmarking against existing methods, we demonstrate the efficiency
and scalability of our open-source implementations. These results underscore our commitment to
delivering high-performance solutions that meet the demands of real-world applications, ensuring
that variational MM operations can be computed accurately and efficiently.

The potential applications of these variational MM operations are explored next chapter. They
extend to strong graph, image and mesh denoising, as well their applicability inside a segmentation
neural network as a variational morphological layer. This functionality makes them valuable tools

for addressing image processing needs and tailoring solutions to different scenarios.




Chapter 4

Applications of variational MM
operations to graph denoising and

neural networks

4.1 Graphs and mesh denoising

4.1.1 Introduction

The significance of high-quality 3D models has grown a lot in various fields, such as computer
graphics, medical imaging, virtual reality, and computer-aided design. Graphs and meshes are
typically used to represent these models, capturing their geometric and topological information.

However, a common challenge in processing these representations is the presence of noise,
which can greatly reduce the quality and accuracy of the models. Denoising plays a crucial role in
eliminating noise while preserving important features like edges and corners. Effective denoising
improves the visual fidelity and structural integrity of 3D models, making them more suitable
for subsequent analysis and applications. Traditional denoising techniques often struggle to find
a balance between noise removal and feature preservation, particularly in complex models with
intricate details.

Variational morphological operations provide a possible solution to address this challenge.
By leveraging the principles of mathematical morphology, these operations can effectively distin-
guish between noise and significant features within graph and mesh structures. This capability is
invaluable for applications that require high precision and accuracy in 3D modeling.

This section explores the application of variational morphological operations to address the
issue of 3D denoising in graphs and meshes. We delve into the methodology for applying these
operations to 3D structures and present experimental results showcasing their effectiveness. The
use of variational morphological operations in this context not only enhances the quality of 3D
models but also highlights the versatility and power of these operations in solving practical prob-

lems. Subsequent sections provide detailed explanations of the techniques and algorithms used,

47
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the experimental setup, and the results of applying variational morphological operations to graph
and mesh denoising. Through this exploration, we aim to demonstrate the potential of these op-
erations to significantly enhance the quality of 3D models, leading to more accurate and reliable

applications in various fields.

4.1.1.1 Conversion Implementation

The objective in this section is use the methods from chapter 3 and implement them on graphs and
mesh3D. To be possible to do that, this project needed an effective way of converting graphs and
3D meshes. Consequently, that was the first step in this implementation, be possible to transform
from graph to the neighborhood 2D array/tensor. In case of 3D mesh, the conversion steps are
from mesh to graph and from graph to array/tensor. All the reverse processes of turning back to
graph or mesh were achieved too. This way, the implementation developed is capable of working
with any graph or mesh as it is illustrated next image.

In terms of computational efficiency and performance, this implementation aims to optimize
execution times and resource utilization. The following images 4.1 and 4.2 illustrate examples of
the implemented approach in action (the models used have as source[23] and[62] respectively).
Notably, the method achieves impressive results, computing operations on a 4719-node graph
(teapot) in less than 1 second and handling a 17858-node graph (virus) in approximately 2 sec-
onds. These benchmarks underscore the effectiveness and scalability of the algorithm in process-

ing large-scale data sets efficiently.

Figure 4.1: Mesh/Graph Implementation Teapot example
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Figure 4.2: Mesh/Graph Implementation Virus example

4.1.2 NetworkX Library: A Comprehensive Tool for Graph and Network Analysis

NetworkX[24] is a versatile Python package designed for creating, manipulating, and analyzing

complex networks, making it essential for researchers and developers across various fields.

4.1.2.1 Graph signal denoising

Value graph denoising involves applying techniques in graph-based data structures to smooth or
denoise the values associated with each node. This process is essential in scenarios where node
values are susceptible to noise or fluctuations due to measurement errors, data transmission issues,
or other external factors. The denoising process aims to enhance the accuracy and reliability of
node values, thereby improving the quality and robustness of subsequent analyses or operations

performed on the graph. Here are some critical characteristics of value denoising:

* Node Value Smoothing: This process entails the application of algorithms that adjust the
nodes’ values based on the values of their neighbors. The objective is to minimize abrupt
changes or inconsistencies in node values, resulting in a smoother and more coherent distri-

bution across the graph.

* Application Areas: Value graph denoising finds applications in various fields, including
signal processing, social network analysis, and biological networks. For example, denoising
the measured values at each sensor node in sensor networks can eliminate random noise,

leading to more accurate environmental monitoring.
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In brief, value graph denoising improves the quality of node-associated values in a graph by
smoothing and reducing noise, thus enhancing the reliability of data-driven decisions and analyses

across diverse applications.

4.1.2.2 Graphs 2D

The following images show the variational MM operation applied on a 2D example graph, created
by NetworkX[24].
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Figure 4.3: 2D Graph generated by NetworkX
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4.1.2.3 Graphs 3D

The following images show the variational MM operation applied on a 3D example graph, created
by NetworkX[24].

Figure 4.5: 3D Graph generated by NetworkX

Figure 4.6: Demonstration of the application of Bisection approach on graph represented in Fig.
with p=1.4
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4.1.3 Mesh 3D and Trimesh Library: An Overview

Trimesh[19] is a Python library designed for efficient loading, manipulation, and analysis of tri-
angular meshes, especially those with watertight surfaces. Compatible with Python 3.7[61] and

above, it provides a comprehensive Trimesh object for streamlined 3D model handling.

* Mesh Visualization and Previewing: Allows easy previewing using Pyglet or Jupyter note-
books via three.js, facilitating quick inspection of 3D models.

* Advanced Mesh Analysis and Manipulation: Provides tools for calculating face adjacen-
cies, angles, vertex defects, cross-sectional slicing, and repairing mesh issues like triangle

winding errors and filling holes.

* Geometric and Topological Operations: Supports convex hulls, boolean operations, meshes,

and generating volume meshes, and can split meshes based on face connectivity.

* Caching and Performance Optimization: Utilizes internal caching of computed values to

enhance performance, avoiding redundant calculations.

 Utility Functions and Change Tracking: Provides various utility functions for efficient

mesh data handling and manipulation.

In summary, Trimesh[19] is a powerful library for working with 3D triangular meshes in
Python. Its support for various file formats, advanced analysis tools, and robust visualization
capabilities make it indispensable for developers, researchers, and engineers working with 3D

models.

4.1.3.1 Graph signal denoising

As previously elaborated, value graph denoising focuses on smoothing or eliminating the noise
associated with each node’s values within a graph. Extending these principles to 3D meshes

involves several critical operations:

* Node Value Smoothing: Within 3D meshes, this procedure entails applying the algorithms
formulated previous chapter to adjust the values tied to vertices, considering the values of
neighboring vertices. This strategy minimizes abrupt changes or inconsistencies, ensuring a

smoother and more consistent value distribution throughout the mesh.

» Application Areas: The application of value graph denoising in 3D meshes proves espe-
cially beneficial in sectors such as computer graphics, medical imaging, and 3D modeling.
Specifically, denoising vertex values in 3D models can significantly enhance texture map-

ping and surface evenness, ultimately elevating visual fidelity.

By instituting value graph denoising within 3D meshes, the quality and dependability of
vertex-associated values receive substantial enhancement, a pivotal factor for conducting high-

fidelity 3D analysis and applications.
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This method developed can be applied to model files, making it easy to use. The resulting
transformed graph after applying the variational MM operation is outputted into an interactive
HTML file. This is illustrated in the following images using the same teapot model[23] as previ-
ously:

Figure 4.7: 3D Teapot Mesh

(a) p = le6 b)p=1le—6
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Figure 4.8: Results of the application of Bisection on mesh represented in Fig. with p =1.5
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4.1.4 Rank Filter

Rank filters are a powerful tool in signal processing, utilized to manage and clean data by sorting
a set of n input values and selecting the kth value as the output[57]. This selection is guided by a
single parameter, ranging between 0 and 1, which determines the value of k for any given n. For
instance, a rank of 1 corresponds to taking the maximum value from the set, while a rank of 0.5
represents a median filter.

These filters are particularly effective in eliminating impulsive noise, which is common in
various signal processing applications such as 2-photon laser scanning microscopy (2P-LSM)[50].
By limiting the influence of individual input values on the overall signal estimation, rank filters
help in reducing noise without significantly affecting the integrity of the original data.

Unlike other noise reduction techniques that may bluntly remove high spatial frequencies,
rank filters are adept at preserving sharp edges and other crucial details. This quality is vital
for maintaining the fidelity of human visual perception and enhancing the accuracy of automated
object detection systems. Consequently, rank filters serve as a versatile and robust method for
improving signal quality while retaining important structural features in the data.

Other application for the Variational MM operations explained and implemented in this project
would be Rank filters on a 3D mesh. With the variational MM operations it’s possible to achieve
a variational Rank Filter implementation, corresponding to a variational erosion followed the rank
filter. In the following images 4.9 to 4.11 are illustrated results of applying the variational Rank
Filter to a adaption of the teapot 3D mesh used previously, where the goal is denoising a 20%

noisy mesh in order to recover the yellow line, which correspond to nodes that were given a

specific value to have a big contrast with the rest of the mesh.

ol

Figure 4.9: Generated 3D Teapot mesh

Figure 4.10: Noisy 3D Teapot mesh
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(a) rank = 0.8 (b) rank =0.4

(c) rank = 0.1

Figure 4.11: Results of the application of Rank Filter on graph represented in Fig. with p = 1.4

With this study case, it’s possible to see different outcomes depending on the value of rank.
The results are better with lower values of rank. With rank = 0.8, it’s possible to see the denoising
of the yellow line, however it kept most noise for the rest of the mesh object. The best result is
with rank = 0.4, having almost full recovery of the target and all noise from the object removed.
Meanwhile, for rank = 0.1 it’s possible to see a more poor result on recovering the target if com-
pared with the previous case, despite a similar denoising result on the rest of the mesh as the best
case.

Variational rank filters hold significant potential for image processing in medical environ-
ments. Their ability to effectively eliminate noise while preserving crucial details makes them
potentially useful in medical imaging applications, where clarity and precision are paramount. By
integrating variational rank filters, medical professionals might enhance image quality, facilitating

better diagnosis and treatment planning.

4.1.5 Conclusion

In the experiments conducted with the application of variational denoising and rank filters on
graphs 2D/3D, and 3D meshes, enhancements were observed in their utility across various do-
mains, as it’s seen in the last experiment, graph signal denoising.

In medical imaging, for example, these techniques could improve the accuracy of anatomical

models derived from MRI or CT scans[22], aiding in surgical planning and treatment simulations.
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In engineering and architecture, variational denoising in meshes ensures that structural designs are
robust and reliable, minimizing errors in fabrication and construction phases.

Moreover, these advancements facilitate more accurate data-driven decision-making in fields
such as environmental science, finance, and social network analysis. By enhancing the fidelity of
data representation and analysis, variational techniques contribute to better insights, predictions,
and innovations.

In summary, the implementations of variational denoising techniques in graphs and meshes,
alongside variational rank filters, represent advancements in computational and analytical method-
ologies. These techniques not only improve data quality but also expand the capabilities of appli-
cations across diverse fields, ultimately driving innovation and progress in scientific and industrial

domains.

4.2 Neural Networks and Variational MM layers

4.2.1 Introduction

Neural networks represent an influential class of machine learning models that emulate the decision-
making processes of the human brain, replicating the interconnected nature of biological neurons

to identify patterns, evaluate options, and draw conclusions. These models consist of layers of

nodes or artificial neurons, including an input layer, one or more hidden layers, and an output

layer. Each node in a neural network is linked to others through associated weights and thresh-

olds. Activation of a node occurs when its output surpasses a specified threshold, leading to the

transmission of data to the subsequent layer in the network.

Training data plays a pivotal role in enabling neural networks to learn and enhance their ac-
curacy over time. Once optimized, these networks become potent tools in the fields of computer
science and artificial intelligence, facilitating swift data classification and clustering. Tasks such
as speech recognition and image recognition, which would require hours if performed manually
by human experts, can be executed in mere minutes. Google’s search algorithm is one of the most
renowned demonstrations of a neural network.

Neural networks, referred to as artificial neural networks (ANNSs) or simulated neural networks
(SNNs), represent a subset of machine learning and serve as the cornerstone of deep learning
models. Leveraging an array of mathematical principles and algorithms, these networks are adept

at processing and analyzing data.

4.2.1.1 How Do Neural Networks Work?

Within a neural network, each node functions akin to an independent linear regression model,
comprising input data x;, weights w;, a bias (or threshold) b, and an output. The governing formula

for a single node is as follows:

Zwix,-+b:w1x1 +woxy +wsxz+b “4.1)
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The output of the node is determined by the ReL.U (Rectified Linear Unit) activation function:

output = max(0, Zwixi +Db) 4.2)

In the context of ReLLU[7], the activation function outputs the result of the linear combination
Y wix; + b if it is positive, and outputs O otherwise. This function is crucial in neural networks as
it introduces non-linearity, allowing the network to learn complex patterns and relationships in the
data.

4.2.2 Learn parameters from minimization problem
4.2.2.1 Introduction to Implicit and Explicit Layers

In neural networks, layers can generally be classified into two categories: implicit layers[31, 29]
and explicit layers[32]. Understanding these concepts is fundamental to comprehending the struc-

ture and functionality of complex neural network architectures.

4.2.2.2 Implicit Layers

Implicit layers, often referred to as implicit function layers[31, 29], are defined by functions that
determine the output by solving an equation involving both the input and the output. Instead of
providing a direct formula, implicit layers determine the output through a relationship or constraint
that must be satisfied. For instance, given an implicit function f(x,y) = 0, where y is the output
and x is the input, the output y is computed such that this equation holds true. These layers
are particularly useful for problems where the relationships between inputs and outputs are best
described by constraints or equilibrium conditions.

Implicit layers allow neural networks to handle scenarios where the relationship between in-
puts and outputs is implicitly defined by complex equations or constraints, such as optimization
problems or physics-based simulations. They extend the network’s capability beyond standard
layers by incorporating constraints that shape the output based on the input, ensuring solutions

satisfy intricate conditions without explicit formulation.

4.2.2.3 Explicit Layers

Explicit layers provide a direct mapping from inputs to outputs through well-defined functions.
Examples of explicit layers include convolutional layers, fully connected layers, and activation
functions in neural networks. These layers apply straightforward, often linear or nonlinear, trans-
formations directly to the input data. The output of an explicit layer is calculated by applying a

specific function to the input, such as:

y=f(x) (4.3)

where y is the output, x is the input, and f is the explicit function defining the layer.
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Explicit layers are typically easier to implement and understand due to their straightforward
nature[32]. They are widely used in various neural network architectures for tasks such as feature
extraction, classification, and regression.

Understanding the distinction between implicit and explicit layers allows for better design and
optimization of neural network models, particularly when dealing with complex data dependencies
and constraints.

In the context of neural networks, while a concept as implicit layers[31, 29] offer a potent
methodology for addressing complex issues by applying the implicit function theorem[34], there
are instances where adopting an explicit layer strategy yields greater efficiency and simplicity.
This is especially true when parameter p = 2 permits exploiting a closed-form solution for the
minimization problem.

With p = 2, the output of the variational MM reduces to the closed form solution given in
2.3.1.2 as it can be seen in section 2.14, facilitating the derivation of an explicit solution. It
becomes possible to differentiate the solution directly, bypassing the need for iterative solvers
or reliance on the implicit function theorem. This explicit layer methodology capitalizes on the
closed-form solution, enhancing computational efficiency and simplifying implementation within
a neural network framework.

Adopting this explicit solution enables the direct computation of gradients, facilitating straight-
forward backpropagation during neural network training. Capitalizing on this closed-form solu-
tion ensures that the variational MM operation is piecewise linear in this case and so there is no
problem to differentiate it in PyTorch.

In conclusion, when p =2, utilizing an explicit layer approach with a closed-form solution for
the minimization problem simplifies the differentiation process, boosts computational efficiency,
and facilitates seamless integration into neural network architectures. This methodology proves
particularly beneficial in scenarios dominated by quadratic forms, offering a viable alternative to
the implicit layer approach.

So, using this explicit layer concept in the next section we will show how to use variational
MM operations as a layer in a neural network. We will show not only that is possible to learn a set
of parameters from the minimization problem given a dataset of images as used to test the impact

of variational MM layers on neural networks.

4.2.3 Introduction to Variational Morphological Layers in Neural Networks

In the evolving field of neural networks, particularly for tasks involving image classification, tra-
ditional layers such as convolutional have long constituted the foundation of model architectures.
These layers excel in capturing spatial hierarchies and reducing dimensionality. However, the
introduction of variational morphological layers represents a significant advancement, offering
unique advantages that could substantially enhance the performance of neural networks in classi-

fication tasks.
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4.2.3.1 Variational Morphological Layers

Inspired by the principles of mathematical morphology, a theory dedicated to analyzing and pro-
cessing geometrical structures, variational morphological layers are tailored to focus on the mor-
phological attributes of input data, such as shapes and contours. This focus renders them optimally

suited for classification tasks, where the precise delineation of object boundaries is paramount.

4.2.3.2 Comparison to convolution layers

A comparison with convolutional layers is imperative to evaluate the efficacy of variational mor-
phological layers, especially in the context of neural network performance on tasks such as image

classification.

4.2.3.3 Convolutional Layers

These layers, applying linear filters to the input data, are pivotal in capturing local patterns like
edges and textures. While instrumental for feature extraction, they may need more capacity to

capture global shape properties as efficiently as morphological layers.

4.2.3.4 Evaluating Performance on MNIST classification

Considering the application of variational morphological layers in a neural network designed for
the MNIST classification task highlights their impact. The MNIST dataset[36], with its simplicity
and apparent shape-based features, serves as an optimal benchmark for evaluating classification
performance. The dataset contains 60,000 training images and 10,000 testing images of hand-
written digits. The images are grayscale and each has a size of 28x28 pixels. These images are
normalized to fit into a 28x28 pixel bounding box and are anti-aliased, introducing grayscale lev-
els. MNIST[36] is widely used for training and testing in the field of machine learning, especially
for image classification tasks. The structure and content of the MNIST dataset make it efficient for
tasks involving image recognition and classification, offering a standard and widely recognized
benchmark for performance assessment. The following image 4.12 show an example for all digits

presented on MNIST dataset and work as input in the neural networks for every experiment.

Digit: 0 Digit: 1 Digit: 2 Digit: 3 Digit: 4 Digit: 5 Digit: 6 Digit: 7 Digit: 8 Digit: 9

Figure 4.12: Example of all digits presented in MNIST dataset

4.2.4 Neural Network Study Case - 8 Square Filters

The experiment involves training a Convolutional Neural Network (CNN) and other 9 different

version where the first convolutional layer is replaced for a variational MM layer, which is building
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upon 8 Square kernels all with the same size (3x3) on the MNIST dataset to classify handwritten
digits. This section provides an overview of the model architecture, data preparation steps, training

process, evaluation metrics, and visualizations of the learned features.

4.2.4.1 Model Architecture

Both CNN architecture and all variational MM neural networks used for this experiment are de-

signed to process grayscale images of size 28 x 28. These archictures consist in:

4.2.4.2 CNN Architecture

* Two convolutional layers (‘Convl‘ and ‘Conv2‘) with ReLU activation followed by max

pooling layers.
* Dropout layer with probability p = 0.5 to prevent overfitting.

* Two fully connected layers (‘Fully Connected Layer 1° and ‘Fully Connected Layer 2¢) with
ReLU activation.

* Qutput layer (‘Output‘) with logits for classification into 10 classes (digits 0-9).

4.2.4.3 Variational MM neural networks Architecture

* One variational MM layer with ReL.U activation followed by a max pooling layer.
* One convolutional layer (‘Conv2°) with ReLU activation followed by a max pooling layers.
* Dropout layer with probability p = 0.5 to prevent overfitting.

* Two fully connected layers (‘Fully Connected Layer 1° and ‘Fully Connected Layer 2°) with
ReLU activation.

e Qutput layer (‘Output‘) with logits for classification into 10 classes (digits 0-9).

4.2.4.4 Data Preparation

The MNIST dataset is used, which consists of 60,000 training images and 10,000 test images of

handwritten digits. The following transformations are applied to each image:
* Conversion to grayscale.
* Conversion to PyTorch tensors.
* Normalization based on MNIST dataset statistics.

A subset of 1024 samples is used for both training and testing to expedite experimentation. Using a

consistent subset size for training and testing significantly reduces the computation power needed.
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4.2.4.5 Training
The model is trained using:
* Cross-entropy loss function for multi-class classification.
* Adam optimizer with a learning rate of 0.01.
* Learning rate scheduler to adjust learning rate based on validation loss.
* Training for 35 epochs with batch size 512.

During training, the model’s performance metrics (loss and accuracy) are monitored on both train-

ing and validation sets.

4.2.4.6 Evaluation

After training, the model is evaluated on the test set to assess its generalization ability. Evaluation

metrics include:
» Confusion matrix to visualize predicted vs actual class distributions.
* Classification report showing precision, recall, and F1-score for each class.

These metrics provide insights into the model’s performance across different digits.

4.2.4.7 Visualizations

Several visualizations are generated to analyze the model’s behavior and learned features:
* Training history plots showing loss and accuracy over epochs.
* Visualization of learned filters in the first convolutional layer.
* Output of learned filters applied to example images.

These visualizations aid in understanding how the model processes and distinguishes between
different digits.

The structure of the CNN neural network is illustrated in the following pseudocode:




Applications of variational MM operations to graph denoising and neural networks 62

Algorithm 6 CNNModel class definition

1: Input: Number of classes num_classes
2: Output: CNN model with specified architecture
class CNNModel(nn.Module) {
function __init_ (num_classes = 10) {
super(CNNModel, self).__init__ ()
sel f.convl = nn.Conv2d (1,8, kernel_size = (3,3), padding = 1) *[r]Changed in-
put channels to 1
sel f.pooll = nn.MaxPool2d(kernel_size = (2,2),stride = (2,2))
sel f.conv2 = nn.Conv2d (8,8, kernel_size = (3,3), padding = 1) *[r]Changed in-
put channels to 8
sel f.pool2 = nn.MaxPool2d(kernel_size = (2,2),stride = (2,2))
self.flatten = nn.Flatten()
sel f.dropout = nn.Dropout(p = 0.5)
self.fcl = nn.Linear(8*7x7,128)
self.fc2 = nn.Linear(128,num_classes)
}
function forward(x) {
x = torch.relu(sel f.conv1(x))
x = sel f.pool1(x)
x = torch.relu(sel f.conv2(x))
x = sel f.pool2(x)
x = self.flatten(x)
x = sel f.dropout (x)
x = torch.relu(sel f.fcl(x))
x=self.fc2(x)

return x

To study the effectiveness of variational MM operations as neural network layers, we will re-
place the first convolution layer ("conv1’) with one of the following 9 variational MM operations,
one for each experiment and test whether the accuracy obtained in the classification problem im-
proves. These variational operations include the less complex ones that were already mentioned
and explained previously: variational Dilation, variational Erosion, Opening[39] and Clos-
ing[39]. Not only those but also a Gradient[52, 66], corresponding to the difference between the
dilation and the erosion on a target image, a Internal Gradient[52], corresponding to the differ-
ence between the erosion and the original image, a External Gradient[52], corresponding to the
difference between the dilation and the original image. Furthermore, this experiment also includes
Top Hat Closing[25] and Top Hat Opening[25], corresponding, respectively, to the difference
between the original image and the closing/opening. All these operations are considered varia-
tional since they are all compositions of variational MM operations. Each of following results are
illustrated with a explanation about the initialization of the layer’s parameters, the result Confusion

Matrix, the filters learned, the output filters and the graphics for loss and accuracy. All confusion
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matrix plots can be seen on appendix section.

4.2.4.8 Convolution Layer
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4.2.4.9 Variational Dilation Layer

In this layer, the initialization of parameters in the variational MM layer is crucial for stable train-
ing and effective pattern recognition. Positive influence parameters (each filter’s o*) are initialized
between 0.5 and 1.5. Negative influence parameters (each filter’'s &™) are set between -1e8 and
-1e7. Weight parameters (each filter’s w; ;) range from 0.0 to 100.0, allowing for varying impor-
tance across different patterns. A constant parameter p is initialized to 2.0, as it was explained
before. These initialization ranges collectively make the layer be initialized as a variational dila-

tion layer.
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Figure 4.16: Loss and Validation Accuracy of variational Dilation Layer
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4.2.4.10 Variational Erosion Layer

In this layer, the initialization of parameters in the variational MM layer is crucial for stable train-
ing and effective pattern recognition. Positive influence parameters (each filter’s o*) are initialized
between 1e7 and 1e8. Negative influence parameters (each filter’'s @ ™) are set between -1.5 and -
0.5. Weight parameters (each filter’s w; ;) range from 0.0 to 100.0, allowing for varying importance
across different patterns. A constant parameter p is initialized to 2.0, as it was explained before.

These initialization ranges collectively make the layer be initialized as a variational erosion layer.
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4.2.4.11 Variational Opening Layer

The morphological opening operation[39] given a set A and a structuring element B, is defined
as:
Opening(A) = (A6B)® B (4.4)

where © denotes the erosion operation and @ denotes the dilation operation.

In this layer, the initialization of parameters in the variational MM layer is designed to facilitate
effective learning and pattern extraction. Positive erosion influence parameters (each filter’s o™
for erosion operation) are initialized between 1e7 and 1e8. Negative erosion influence parameters
(each filter’s o~ for erosion operation) are set between -1.5 and -0.5. Positive dilation influence
parameters (each filter’s ™ for dilation operation) are initialized between 0.5 and 1.5. Negative
dilation influence parameters(each filter’s @~ for dilation operation) range from -1e8 to -1e7. A
constant parameter p is set to 2.0, as explained earlier. Weight parameters (each filter’s w; ;) range
from 0.0 to 100.0, allowing for varying importance across different patterns. These initialization

ranges collectively make the layer be initialized as a variational opening layer.
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4.2.4.12 Variational Closing Layer

The morphological closing operation[39], given a set A and a structuring element B, is defined
as:
Closing(A) = (A®B)©B (4.5)

where @ denotes the dilation operation and © denotes the erosion operation.

In this layer, the initialization of parameters in the variational MM layer is designed to facilitate
effective learning and pattern extraction. Positive erosion influence parameters (each filter’s o™
for erosion operation) are initialized between 1e7 and 1e8. Negative erosion influence parameters
(each filter’s o~ for erosion operation) are set between -1.5 and -0.5. Positive dilation influence
parameters (each filter’s ™ for dilation operation) are initialized between 0.5 and 1.5. Negative
dilation influence parameters(each filter’s @~ for dilation operation) range from -1e8 to -1e7. A
constant parameter p is set to 2.0, as explained earlier. Weight parameters (each filter’s w; ;) range
from 0.0 to 100.0, allowing for varying importance across different patterns. These initialization

ranges collectively make the layer be initialized as a variational closing layer.
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4.2.4.13 Variational Gradient Layer

The morphological gradient[52, 66] of a set A with respect to a structuring element B is defined

as the difference between the dilation and the erosion of A:
Gradient(A) = (A& B) — (ASB) (4.6)

where @ denotes the dilation operation and & denotes the erosion operation.

In this layer, the initialization of parameters in the variational MM layer is designed to facilitate
effective learning and pattern extraction. Positive erosion influence parameters (each filter’s o™
for erosion operation) are initialized between 1e7 and 1e8. Negative erosion influence parameters
(each filter’s o~ for erosion operation) are set between -1.5 and -0.5. Positive dilation influence
parameters (each filter’s o™ for dilation operation) are initialized between 0.5 and 1.5. Negative
dilation influence parameters(each filter’s @~ for dilation operation) range from -1e8 to -1e7. A
constant parameter p is set to 2.0, as explained earlier. Weight parameters (each filter’s w; ;) range
from 0.0 to 100.0, allowing for varying importance across different patterns. These initialization

ranges collectively make the layer be initialized as a variational gradient layer.
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Figure 4.28: Loss and Validation Accuracy of variational Gradient Layer
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Figure 4.29: Learned Filters - variational Gradient layer
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Output of Learned Filters for an example

EEEEE

Figure 4.30: Output Filters - variational Gradient Layer

4.2.4.14 Variational Internal Gradient Layer

The internal gradient[52] of a set A with respect to a structuring element B is defined as the
difference between the set A and its erosion:

Internal Gradient(A) =A — (A© B) 4.7)

where © denotes the erosion operation.

In this layer, the initialization of parameters in the variational MM layer is designed to facilitate
effective learning and pattern extraction. Positive erosion influence parameters (each filter’s o+
for erosion operation) are initialized between 1e7 and 1e8. Negative erosion influence parameters
(each filter’s 0.~ for erosion operation) are set between -1.5 and -0.5. A constant parameter p is set
to 2.0, as explained earlier. Weight parameters (each filter’s w; ;) range from 0.0 to 100.0, allowing
for varying importance across different patterns. These initialization ranges collectively make the

layer be initialized as a variational internal gradient layer.
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Figure 4.31: Loss and Validation Accuracy of variational Internal Gradient Layer
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Output of Learned Filters for an example
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Figure 4.33: Output Filters - variational Internal Gradient Layer

4.2.4.15 Variational External Gradient Layer

The external gradient[52] of a set A with respect to a structuring element B is defined as the
difference between the dilation of A and the set A:

External Gradient(A) = (A®B) — A (4.8)

where @& denotes the dilation operation.

In this layer, the initialization of parameters in the variational MM layer is designed to facil-
itate effective learning and pattern extraction. Positive dilation influence parameters (each filter’s
ot for dilation operation) are initialized between 0.5 and 1.5. Negative dilation influence parame-
ters(each filter’s a™ for dilation operation) range from -1e8 to -1e7. A constant parameter p is set
to 2.0, as explained earlier. Weight parameters (each filter’s w; ;) range from 0.0 to 100.0, allowing
for varying importance across different patterns. These initialization ranges collectively make the

layer be initialized as a variational external gradient layer.
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Figure 4.34: Loss and Validation Accuracy of variational External Gradient Layer
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Figure 4.35: Learned Filters - variational External Gradient layer
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Output of Learned Filters for an example
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Figure 4.36: Output Filters - variational External Gradient Layer

4.2.4.16 Variational TopHat Opening Layer

The top-hat (opening) transform[25] of a set A with respect to a structuring element B is defined
as the difference between the set A and its opening:

Top-Hat(A) =A — (Ao B) (4.9)
where o denotes the opening operation, which is the erosion followed by dilation:
AoB=(A©SB)®B (4.10)

In this layer, the initialization of parameters in the variational MM layer is designed to facilitate
effective learning and pattern extraction. Positive erosion influence parameters (each filter’s o™
for erosion operation) are initialized between 1e7 and 1e8. Negative erosion influence parameters
(each filter’s ¢~ for erosion operation) are set between -1.5 and -0.5. Positive dilation influence
parameters (each filter’s ™ for dilation operation) are initialized between 0.5 and 1.5. Negative
dilation influence parameters(each filter’s @~ for dilation operation) range from -1e8 to -1e7. A
constant parameter p is set to 2.0, as explained earlier. Weight parameters (each filter’s w; ;) range
from 0.0 to 100.0, allowing for varying importance across different patterns. These initialization

ranges collectively make the layer be initialized as a variational tophat opening layer.
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Figure 4.37: Loss and Validation Accuracy of variational TopHat Opening Layer
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Figure 4.38: Learned Filters - variational TopHat Opening layer

Figure 4.39: Output Filters - variational TopHat Opening Layer

4.2.4.17 Variational TopHat Closing Layer

The top-hat (closing) transform[25] of a set A with respect to a structuring element B is defined

as the difference between the closing of A and the set A:
Top-Hat(A) = (AeB) —A (4.11)
where e denotes the closing operation, which is the dilation followed by erosion:
AeB=(A®B)SB (4.12)

In this layer, the initialization of parameters in the variational MM layer is designed to facilitate
effective learning and pattern extraction. Positive erosion influence parameters (each filter’s o*
for erosion operation) are initialized between 1e7 and 1e8. Negative erosion influence parameters
(each filter’s o~ for erosion operation) are set between -1.5 and -0.5. Positive dilation influence
parameters (each filter’s a™ for dilation operation) are initialized between 0.5 and 1.5. Negative
dilation influence parameters(each filter’s ™ for dilation operation) range from -1e8 to -1e7. A
constant parameter p is set to 2.0, as explained earlier. Weight parameters (each filter’s w; ;) range
from 0.0 to 100.0, allowing for varying importance across different patterns. These initialization

ranges collectively make the layer be initialized as a variational tophat closing layer.
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Figure 4.40: Loss and Validation Accuracy of variational TopHat Opening Layer
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Figure 4.42: Output Filters - variational TopHat Closing Layer
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4.2.4.18 Comparing Results
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Figure 4.43: Accuraccy Plot - All methods

With the analysis of Figure 4.43, it’s possible to see the validation accuracy of all methods and
compare them between each other and compare them with the Convolution Layer. It’s possible to
understand that, unfortunately none of the variational MM layers managed to have better results
than the target on, the Convolution layer. Nonetheless, this results show that is possible to use
variational MM operations to have decent results, as with the variational Erosion layer.

With this training, it was possible to have the best values of accuracy for each layer, which it

helps the conclusion made from Fig. 4.43.
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75

* Linear Convolution: 0.9599609375
* Dilation: 0.91796875

* Erosion: 0.9443359375

* Opening: 0.8984375

* Closing: 0.890625

* Gradient: 0.923828125

* Internal Gradient: 0.8369140625

» External Gradient: 0.8818359375
» TopHat Opening: 0.9365234375

» TopHat Closing: 0.927734375
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4.2.5 Neural Network Study Case - 8 Filters with different U;

The experiment involves training a Convolutional Neural Network (CNN) and other 9 different
version where the first convolutional layer is replaced for a variational MM layer, which is building
upon 8 different filters, which will be explained later in this section, on the MNIST dataset to
classify handwritten digits. This section provides an overview of the model architecture, data

preparation steps, training process, evaluation metrics, and visualizations of the learned features.

4.2.5.1 Model Architecture

Both CNN architecture and all variational MM neural networks used for this experiment are de-

signed to process grayscale images of size 28 x 28. These archictures consist in:

4.2.5.2 CNN Architecture

* Two convolutional layers (‘Convl‘ and ‘Conv2‘) with ReLU activation followed by max

pooling layers.
* Dropout layer with probability p = 0.5 to prevent overfitting.

» Two fully connected layers (‘Fully Connected Layer 1° and ‘Fully Connected Layer 2°) with

ReLU activation.

* Output layer (‘Output) with logits for classification into 10 classes (digits 0-9).

4.2.5.3 Variational MM neural networks Architecture
* One variational MM layer with ReLU activation followed by a max pooling layer.
* One convolutional layer (‘Conv2°) with ReLU activation followed by a max pooling layers.
* Dropout layer with probability p = 0.5 to prevent overfitting.

* Two fully connected layers (‘Fully Connected Layer 1° and ‘Fully Connected Layer 2°) with
ReLU activation.

* Qutput layer (‘Output‘) with logits for classification into 10 classes (digits 0-9).

4.2.5.4 Data Preparation

The MNIST dataset is used, which consists of 60,000 training images and 10,000 test images of
handwritten digits. The following transformations are applied to each image:

» Conversion to grayscale.
* Conversion to PyTorch tensors.

¢ Normalization based on MNIST dataset statistics.
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A subset of 1024 samples is used for both training and testing to expedite experimentation. Using a

consistent subset size for training and testing significantly reduces the computation power needed.

4.2.5.5 Training

The model is trained using:
* Cross-entropy loss function for multi-class classification.
* Adam optimizer with a learning rate of 0.01.
» Learning rate scheduler to adjust learning rate based on validation loss.
* Training for 35 epochs with batch size 512.

During training, the model’s performance metrics (loss and accuracy) are monitored on both train-

ing and validation sets.

4.2.5.6 Evaluation

After training, the model is evaluated on the test set to assess its generalization ability. Evaluation

metrics include:
* Confusion matrix to visualize predicted vs actual class distributions.
¢ Classification report showing precision, recall, and F1-score for each class.

These metrics provide insights into the model’s performance across different digits.

4.2.5.7 Visualizations

Several visualizations are generated to analyze the model’s behavior and learned features:
* Training history plots showing loss and accuracy over epochs.
* Visualization of learned filters in the first convolutional layer.
* QOutput of learned filters applied to example images.

These visualizations aid in understanding how the model processes and distinguishes between
different digits.

As in the experiment of equal 8 square filters, the structure of the default convolutional neural
network is the same as in 6.

In this experiment, the objective is the same in last one but now each variational MM layer
has 8 different filters, using different values for U; (neighborhood). Instead of using 8 square 3x3
filters, now the first two filters work with U; being a square 3x3, the third and fourth use U; being an
horizontal line size 3 and last four use, respectively, diagonal right line, diagonal left line, diagonal
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cross and non-diagonal cross (examples of usage of these different structures for U; is shown in
earlier chapter 1 and 2). These different values used for U; can be seen in image 4.44.

Visualization of 8 Different U_i Filters

BE=-=" 0+

Figure 4.44: Different values of U; - neighborhood - ordered for each filter of variational MM
layer

Each following layer results are illustrated with the Confusion Matrix, the output filters and

the graphics for loss and accuracy. All confusion matrix plots can be seen on appendix section.

4.2.5.8 Convolution Layer
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Figure 4.45: Loss and Validation Accuracy of Convolution Layer
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4.2.5.9 Variational Dilation Layer

In this layer, the initialization of parameters in the variational MM layer is crucial for stable train-
ing and effective pattern recognition. Positive influence parameters (each filter’s o*) are initialized
between 0.5 and 1.5. Negative influence parameters (each filter’'s &™) are set between -1e8 and
-1e7. Weight parameters (each filter’s w; ;) range from 0.0 to 100.0, varying the structure of U; as
explained before. A constant parameter p is initialized to 2.0, as it was explained before. These

initialization ranges collectively make the layer be initialized as a variational dilation layer.
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Figure 4.47: Loss and Validation Accuracy of variational Dilation Layer
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4.2.5.10 Variational Erosion Layer

In this layer, the initialization of parameters in the variational MM layer is crucial for stable train-
ing and effective pattern recognition. Positive influence parameters (each filter’s o*) are initialized
between le7 and 1e8. Negative influence parameters (each filter’'s o) are set between -1.5 and
-0.5. Weight parameters (each filter’s w; ;) range from 0.0 to 100.0, varying the structure of U; as
explained before. A constant parameter p is initialized to 2.0, as it was explained before. These

initialization ranges collectively make the layer be initialized as a variational erosion layer.
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Figure 4.49: Loss and Validation Accuracy of variational Erosion Layer
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4.2.5.11 Variational Opening Layer

The morphological opening operation[39] given a set A and a structuring element B, is defined
as:
Opening(A) = (A6B)® B (4.13)

where © denotes the erosion operation and @ denotes the dilation operation.

In this layer, the initialization of parameters in the variational MM layer is designed to facilitate
effective learning and pattern extraction. Positive erosion influence parameters (each filter’s o™
for erosion operation) are initialized between 1e7 and 1e8. Negative erosion influence parameters
(each filter’s o~ for erosion operation) are set between -1.5 and -0.5. Positive dilation influence
parameters (each filter’s ™ for dilation operation) are initialized between 0.5 and 1.5. Negative
dilation influence parameters(each filter’s @~ for dilation operation) range from -1e8 to -1e7. A
constant parameter p is set to 2.0, as explained earlier. Weight parameters (each filter’s w; ;) range
from 0.0 to 100.0, varying the structure of U; as explained before. These initialization ranges

collectively make the layer be initialized as a variational opening layer.

— loss e
val_loss
20 +
08
15 4
Bu 06
w o
5 g
10 4 &
04 4
05
021 —— accuracy
s val_accuracy
!. 5‘ lID ]I5 2'0 2'5 EID ]‘5 ‘0 5‘ l‘B ll5 EIB 2‘5 3'0 3'5
Epochs Epochs
(a) Loss variational Opening Plot (b) Accuracy variational Opening Plot

Figure 4.51: Loss and Validation Accuracy of variational Opening Layer
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4.2.5.12 Variational Closing Layer

The morphological closing operation[39], given a set A and a structuring element B, is defined
as:
Closing(A) = (A®B)©B (4.14)

where @ denotes the dilation operation and © denotes the erosion operation.

In this layer, the initialization of parameters in the variational MM layer is designed to facilitate
effective learning and pattern extraction. Positive erosion influence parameters (each filter’s o™
for erosion operation) are initialized between 1e7 and 1e8. Negative erosion influence parameters
(each filter’s o~ for erosion operation) are set between -1.5 and -0.5. Positive dilation influence
parameters (each filter’s ™ for dilation operation) are initialized between 0.5 and 1.5. Negative
dilation influence parameters(each filter’s @~ for dilation operation) range from -1e8 to -1e7. A
constant parameter p is set to 2.0, as explained earlier. Weight parameters (each filter’s w; ;) range
from 0.0 to 100.0, varying the structure of U; as explained before. These initialization ranges

collectively make the layer be initialized as a variational closing layer.
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Figure 4.53: Loss and Validation Accuracy of variational Closing Layer
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4.2.5.13 Variational Gradient Layer

The morphological gradient[52, 66] of a set A with respect to a structuring element B is defined

as the difference between the dilation and the erosion of A:
Gradient(A) = (A& B) — (ASB) (4.15)

where @ denotes the dilation operation and & denotes the erosion operation.

In this layer, the initialization of parameters in the variational MM layer is designed to facilitate
effective learning and pattern extraction. Positive erosion influence parameters (each filter’s o™
for erosion operation) are initialized between 1e7 and 1e8. Negative erosion influence parameters
(each filter’s ¢~ for erosion operation) are set between -1.5 and -0.5. Positive dilation influence
parameters (each filter’s o™ for dilation operation) are initialized between 0.5 and 1.5. Negative
dilation influence parameters(each filter’s @~ for dilation operation) range from -1e8 to -1e7. A
constant parameter p is set to 2.0, as explained earlier. Weight parameters (each filter’s w; ;) range
from 0.0 to 100.0, varying the structure of U; as explained before. These initialization ranges

collectively make the layer be initialized as a variational gradient layer.
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Figure 4.55: Loss and Validation Accuracy of variational Gradient Layer
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4.2.5.14 Variational Internal Gradient Layer

The internal gradient[52] of a set A with respect to a structuring element B is defined as the

difference between the set A and its erosion:
Internal Gradient(A) =A — (A© B) (4.16)

where © denotes the erosion operation.

In this layer, the initialization of parameters in the variational MM layer is designed to facilitate
effective learning and pattern extraction. Positive erosion influence parameters (each filter’s o™
for erosion operation) are initialized between 1e7 and 1e8. Negative erosion influence parameters
(each filter’s ¢~ for erosion operation) are set between -1.5 and -0.5. A constant parameter p is set
to 2.0, as explained earlier. Weight parameters (each filter’s w; ;) range from 0.0 to 100.0, varying
the structure of U; as explained before. These initialization ranges collectively make the layer be

initialized as a variational internal gradient layer.
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Figure 4.57: Loss and Validation Accuracy of variational Internal Gradient Layer
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4.2.5.15 Variational External Gradient Layer

The external gradient[52] of a set A with respect to a structuring element B is defined as the

difference between the dilation of A and the set A:
External Gradient(A) = (A®B) — A 4.17)

where @ denotes the dilation operation.

In this layer, the initialization of parameters in the variational MM layer is designed to facil-
itate effective learning and pattern extraction. Positive dilation influence parameters (each filter’s
ot for dilation operation) are initialized between 0.5 and 1.5. Negative dilation influence parame-
ters(each filter’s o~ for dilation operation) range from -1e8 to -1e7. A constant parameter p is set
to 2.0, as explained earlier. Weight parameters (each filter’s w; ;) range from 0.0 to 100.0, varying
the structure of U; as explained before. These initialization ranges collectively make the layer be

initialized as a variational external gradient layer.
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Figure 4.59: Loss and Validation Accuracy of variational External Gradient Layer

Output of Learned Filters for an example
3 -
[ ~ I-"
E.;,.-J: <
E m - ﬁ “’I :‘(?
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4.2.5.16 Variational TopHat Opening Layer

The top-hat (opening) transform[25] of a set A with respect to a structuring element B is defined

as the difference between the set A and its opening:
Top-Hat(A) = A — (AoB) (4.18)
where o denotes the opening operation, which is the erosion followed by dilation:
AoB=(ASB)®B 4.19)

In this layer, the initialization of parameters in the variational MM layer is designed to facilitate
effective learning and pattern extraction. Positive erosion influence parameters (each filter’s o™
for erosion operation) are initialized between 1e7 and 1e8. Negative erosion influence parameters
(each filter’s o~ for erosion operation) are set between -1.5 and -0.5. Positive dilation influence
parameters (each filter’s ™ for dilation operation) are initialized between 0.5 and 1.5. Negative
dilation influence parameters(each filter’s @~ for dilation operation) range from -1e8 to -1e7. A
constant parameter p is set to 2.0, as explained earlier. Weight parameters (each filter’s w; ;) range
from 0.0 to 100.0, but with the structure explained earlier. These initialization ranges collectively

make the layer be initialized as a variational tophat opening layer.
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Figure 4.61: Loss and Validation Accuracy of variational TopHat Opening Layer
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4.2.5.17 Variational TopHat Closing Layer

The top-hat (closing) transform[25] of a set A with respect to a structuring element B is defined

as the difference between the closing of A and the set A:
Top-Hat(A) = (AeB) — A (4.20)
where e denotes the closing operation, which is the dilation followed by erosion:
AeB=(A®B)SB 4.21)

In this layer, the initialization of parameters in the variational MM layer is designed to facilitate
effective learning and pattern extraction. Positive erosion influence parameters (each filter’s o™
for erosion operation) are initialized between 1e7 and 1e8. Negative erosion influence parameters
(each filter’s ¢~ for erosion operation) are set between -1.5 and -0.5. Positive dilation influence
parameters (each filter’s ™ for dilation operation) are initialized between 0.5 and 1.5. Negative
dilation influence parameters(each filter’s @~ for dilation operation) range from -1e8 to -1e7. A
constant parameter p is set to 2.0, as explained earlier. Weight parameters (each filter’s w; ;) range
from 0.0 to 100.0, varying the structure of U; as explained before. These initialization ranges

collectively make the layer be initialized as a variational tophat closing layer.
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4.2.5.18 Comparing Results
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Figure 4.65: Accuraccy Plot - All methods

With the analysis of Figure 4.65, it’s possible to see the validation accuracy of all methods
and compare them between each other and compare them with the Convolution Layer. It’s possi-
ble to understand that, unlike the experiment with all filters being squares, this experiment show
improvement on many layers and, especially, on variational Erosion layer which has better results
then the Convolution layer and variational Opening layer which has better values than Convolution
layer for almost all training and finishes with a really similar value.

With this training, it was possible to have the best values of accuracy for each layer, which it

helps the conclusion made from Figure 4.65 and shows good improvement from the best accuracy
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values got from last experiment.

* Linear Convolution: 0.953125

* Dilation: 0.94921875

* Erosion: 0.9560546875

* Opening: 0.9443359375

* Closing: 0.8369140625

* Gradient: 0.94140625

* Internal Gradient: 0.884765625

» External Gradient: 0.8623046875
» TopHat Opening: 0.943359375

» TopHat Closing: 0.9345703125

Based on these results, it can be concluded that employing variational mathematical mor-
phology operations enhances the accuracy of image classification tasks within neural networks.
Furthermore, it’s the flexibility of processing the same image with different filters, that makes

those results possible and achievable.

4.2.6 Conclusion

Variational morphological layers, emerging as a novel development in neural network architecture,
present a promising complementary approach to traditional convolutional and max-pooling layers,
especially in image classification tasks like MNIST. By prioritizing shape and structural proper-
ties, these layers can potentially improve loss reduction and accuracy in classification models.
Future investigations will delve into their integration and potential advantages across more com-
plex and varied datasets, aiming to pave the path toward more robust and efficient neural network

architectures.




Chapter 5

Conclusion

This thesis has presented significant advancements in addressing the primary minimization prob-
lem within variational mathematical morphology (MM). By leveraging the principles of convex
optimization, we have developed robust solutions that effectively solve the core variational MM
problem. These solutions were not only theoretically validated but also empirically tested to en-
sure their convergence and performance.

One of the key goals and achievements of this work was the implementation of effective and
optimized solutions, as the Pytorch version of the solution developed in this thesis, a widely-used
deep learning framework. This implementation facilitated efficient computation and allowed for
extensive testing on various datasets. The empirical tests demonstrated that the solutions converge
reliably and perform efficiently, underscoring their practical applicability in real-world scenarios.
This performance goal was possible to achieve thanks to the all vectorized logic implemented
throughout the implementations.

Furthermore, it was successfully developed a variational MM layer that outperformed tra-
ditional convolutional layers. This new layer demonstrated superior results in preserving crucial
details and enhancing image quality, making it a valuable addition to neural network architectures.

Beyond solving the major variational MM problem presented here, this thesis explored the
integration of the solutions accomplished into advanced computational techniques such as 3D
meshes, graphs, neural networks, and rank filters. These methodologies offer substantial benefits,
particularly in enhancing the efficiency of data representation and analysis.

The application on 3D meshes, exemplified by the Trimesh library, has proven invaluable in the
manipulation and analysis of 3D models. The capacity to import, export, and visualize complex
geometries enables accurate modeling of real-world structures, important in fields like 3D printing
and medical imaging. The advanced tools for mesh repair, transformation, and analysis ensure the
maintenance of high-quality data, preserving essential details and facilitating robust analysis.

Graph-based approaches, as demonstrated by the NetworkX library, provide powerful tools
for handling complex network structures. The ability to analyze, model, and visualize intricate re-

lationships within data sets enhances the depth of analysis, particularly in fields requiring detailed
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structural insights. The versatility of graph algorithms in solving problems related to connectivity,
centrality, and clustering significantly contributes to informed decision-making processes.

Neural networks, integrated within the PyTorch framework, further extend the capabilities
of image processing by enabling sophisticated pattern recognition and data classification. The
combination of neural networks with variational methods enhances accuracy and precision, which
is particularly beneficial in medical imaging, where these characteristics are critical.

Additionally, the implementation of variational rank filters has been highlighted as a powerful
technique for eliminating impulsive noise without compromising high spatial frequencies. These
filters, by leveraging rank-based selection, maintain sharp edges and crucial details, which are
vital for both human perception and automated object detection. This makes them exceptionally
suitable for medical applications, where the integrity of image features is essential for accurate

diagnosis and treatment planning.

5.1 Future Work

Looking ahead, there are several avenues for future research to build upon the work presented in
this thesis. One promising direction is to continue exploring beyond the current neural network
applications. Specifically, it would be valuable to investigate the effects of changing the size
of the neighborhood (U;) in variational MM layers. Understanding how different sizes impact
performance could lead to optimized configurations for various tasks.

Additionally, an interesting extension would be to evaluate the effects of instead of replac-
ing the convolutional layer, it would be the max-pooling layer with a variational MM layer, for
example a variational dilation layer within neural network architectures. This approach could po-
tentially enhance feature extraction and retention, providing further improvements in image pro-
cessing and analysis tasks. These investigations could open new possibilities for refining neural
network designs and improving their applicability in diverse domains.

In conclusion, the solutions developed and presented in this thesis effectively address the pri-
mary minimization variational MM problem, demonstrating both theoretical soundness and prac-
tical applicability. The integration of 3D meshes, graphs, neural networks, and rank filters into
computational workflows provides a robust framework for achieving high-quality data representa-
tion and analysis. These advancements promise to drive further innovations, particularly in medi-
cal imaging, where the demands for accuracy and detail are ever-increasing. The work presented
in this thesis lays a solid foundation for future research and development, paving the way for more

sophisticated and effective computational tools in various domains.
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Appendix A

Demonstrations of different methods
developed

This appendix exclusively contains visual demonstrations of the methods developed and discussed
in Chapter 3. Each section showcases practical implementations through images, providing clear
visual representations of the outcomes achieved. These demonstrations serve to illustrate the ap-
plication and effectiveness of the methods discussed in the main text. Each method is presented
with annotated images that highlight key features and results, offering readers a comprehensive

overview of the practical aspects of the methodologies introduced in Chapter 3.
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A.1 Demonstration of Bisection Approach

d)p=1/24

Hp=1

(i)p=1°

(@p=24

GHp=1°

Figure A.1: Demonstration of Bisection root finding implementation while p = 1.5 and U; of
square 7x7 on images 3.1 and 3.2
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Figure A.2: Demonstration of Bisection root finding implementation while p = 1.8 and U; of
square 7x7 on images 3.1 and 3.2
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A.2 Demonstration of ITP Approach
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Figure A.3: Demonstration of ITP root finding implementation while p = 1.2 and U; of square

7x7 on images 3.1 and 3.2
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Figure A.4: Demonstration of ITP root finding implementation while p = 1.5 and U; of square
7x7 on images3.1 and 3.2
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©)p=1/24
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Figure A.5: Demonstration of ITP root finding implementation while p = 1.8 and U; of square
7x7 on images 3.1 and 3.2
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A.3 Demonstration of Golden-Section Search Approach

©)p=1/24

Hp=1°

Figure A.6: Demonstrations of Golden-Section Search zeroth order implementation while p = 1.2
and U; of square 7x7 on images 3.1 and 3.2
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c)p=1/24

(dp=1/24 MHp=1
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Figure A.7: Demonstrations of Golden-Section Search zeroth order implementation while p = 1.5

and U; of square 7x7 on images 3.1 and 3.2.
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Figure A.8: Demonstrations of Golden-Section Search zeroth order implementation while p = 1.8
and U; of square 7x7 on images 3.1 and 3.2.
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A.4 Demonstration of Ternary Search Approach

@p=1° b)p=1"°
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Figure A.9: Demonstration of Ternary Search zeroth order implementation while p = 1.2 and U;
of square 7x7 on images 3.1 and 3.2.
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Hp=1°

Figure A.10: Demonstration of Ternary Search zeroth order implementation while p = 1.5 and U;
of square 7x7 on images 3.1 and 3.2.
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Figure A.11: Demonstration of Ternary Search zeroth order implementation while p = 1.8 and U;
of square 7x7 on images 3.1 and 3.2.




A.5 Demonstration of PPXA Approach 109

A.5 Demonstration of PPXA Approach

(Hp=1°

Figure A.12: Demonstrations of PPXA implementation while p = 1.2 and U; of square 3x3 on
images 3.1 and 3.2.
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Figure A.13: Results of implementation of PPXA implementation while p = 1.5 and U; of square
3x3 on images 3.1 and 3.2.
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Figure A.14: Results of implementation of PPXA implementation while p = 1.8 and U; of square
3x3 on images 3.1 and 3.2.




Appendix B

Convergence Algorithms Testing

To address the challenge of comparing the different methods developed with this project, tests
were made to check convergence. Convergence testing involves comparing the results of different
methods to ensure they all converge to similar optimal values. Even though we cannot compare the
outcomes to a known ground truth, we expect that all robust and correctly implemented methods
will find similar optima when applied to the same problem. By comparing the convergence behav-
ior and final results of various methods, we can validate that each method is functioning correctly
and reliably converging towards an optimal solution. The following images illustrate the test of
convergence made: for each method, is tested by how close the output of every other method is
based on 11, 12 and infinity norm difference.

By comparing these norms, we have shown that despite the specific nature of variational MM
operations, all methods converge to similar optimal values. This convergence is crucial for vali-
dating the accuracy and reliability of our methods. Additionally, the performance testing ensured
that the methods are not only accurate but also efficient, making them suitable for practical appli-

cations. In these tests, all operations use a U; of a square size 3x3 and p = 1/4.

B.1 Bisection Method

e TESTWITHITP-p=1.5

— Inf Norm: 1.4210854715202004 x 10~ 14
— L2 Norm: 6.888967415955462 x 10~ !4
— L1 Norm: 5.115907697472721 x 1013

* TEST WITH GOLDEN_SEARCH - p=1.5

— Inf Norm: 1.1892013560554915 x 1079
— L2 Norm: 4.36583906644577 x 1079
— L1 Norm: 6.403350819539355 x 109

e TEST WITH TERNARY_SEARCH - p =1.5

112



B.2 ITP Method 113

— Inf Norm: 8.20619561636704 x 1097
— L2 Norm: 3.1614767571437927 x 10~
— L1 Norm: 4.658561879011813 x 109

* TEST WITH PPXA -p=1.5

— Inf Norm: 1.4779288903810084 x 1012
— L2 Norm: 1.0697090505847408 x 1011
— L1 Norm: 1.8072654484058148 x 1010

These results highlight the remarkable precision of the PPXA and ITP methods, which show
differences close to the order of 10~!'# and 10~!? respectively. The Golden-section Search and

Ternary Search methods also demonstrate solid performance with differences in the range of 107°.

B.2 ITP Method

» TEST WITH BISECTION - p =1.5

— Inf Norm: 2.842170943040401 x 1014
— L2 Norm: 7.418283949015283 x 10~ !4
— L1 Norm: 5.186961971048731 x 1013

* TEST WITH GOLDEN_SEARCH - p=1.5

— Inf Norm: 9.181002695868301 x 10797
— L2 Norm: 4.347653155335114 x 10~%
— L1 Norm: 6.761779040687088 x 10~

e TEST WITH TERNARY - p=1.5

— Inf Norm: 7.383183913134417 x 10~Y7
— L2 Norm: 3.3133939188398476 x 10~
— L1 Norm: 4.68744265660348 x 10~

* TEST WITH PPXA - p=1.5

— Inf Norm: 1.6200374375330284 x 1012
— L2 Norm: 1.1213145579864289 x 1011
— L1 Norm: 1.8753354424916324 x 10~10

These results highlight the remarkable precision of the PPXA and Bisection methods, which
show differences close to the order of 10~ and 10~!? respectively. The Golden-section Search
and Ternary Search methods also demonstrate solid performance with differences in the range of

10-°,
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B.3 Golden-Section Search Method

e TEST WITH BISECTION - p =1.5

— Inf Norm: 8.421572488259699 x 1097
— L2 Norm: 4.272749980794265 x 109
— L1 Norm: 6.691820806992155 x 109

e TESTWITHITP-p=1.5

— Inf Norm: 8.421572346151152 x 10797
— L2 Norm: 4.2727499801537045 x 10~
— L1 Norm: 6.691820806281612 x 109

* TEST WITH TERNARY_SEARCH - p=1.5

— Inf Norm: 8.835344829094538 x 1097
— L2 Norm: 4.735316549235579 x 10~%
— L1 Norm: 7.41732214919466 x 109

 TEST WITH PPXA -p=1.5

— Inf Norm: 8.421578598927226 x 10~
— L2 Norm: 4.272754377118525 x 10~
— L1 Norm: 6.691826601468165 x 10~ %
These results highlight the remarkable precision of the PPXA and ITP methods, which show

differences close to the order of 10~7 and 10~ respectively. The Golden-section Search and

Ternary Search methods also demonstrate solid performance with differences in the range of 107°.

B.4 Ternary Search Method

« TEST WITH BISECTION - p = 1.5
— Inf Norm: 8.079809390437731 x 1097

— L2 Norm: 3.482975423304626 x 109
— L1 Norm: 4.876768271344645 x 10~

e TESTWITHITP-p=1.5

— Inf Norm: 8.079809674654825 x 10~Y7
— L2 Norm: 3.4829754317516425 x 107
— L1 Norm: 4.8767682692130165 x 10~
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* TEST WITH GOLDEN_SEARCH - p=1.5

— Inf Norm: 1.178870945750532 x 10~
— L2 Norm: 4.370176332201267 x 109
— L1 Norm: 6.714487795989044 x 109

* TEST WITH PPXA - p=1.5

— Inf Norm: 8.079820759121503 x 1097
— L2 Norm: 3.482980685057956 x 109
— L1 Norm: 4.876775729911742 x 109

These results highlight the precision of the methods, with differences close to the order of 10~°
for most methods. The Bisection, ITP, and PPXA methods show differences in the range of 1070,
indicating consistent performance across these approaches. The Golden-section Search method
demonstrates slightly higher differences, still within 1075, showcasing robust performance across
all tested methods.

B.5 PPXA Method

TEST WITH BISECTION - p =1.5

— Inf Norm: 1.3926637620897964 x 1012
— L2 Norm: 1.038996202372254 x 10~ !
— L1 Norm: 1.765272372722393 x 1010

TEST WITHITP-p=1.5

— Inf Norm: 1.3926637620897964 x 1012
— L2 Norm: 1.0379234619720916 x 101!
— L1 Norm: 1.7627854731472326 x 10~10

TEST WITH GOLDEN_SEARCH - p=1.5

— Inf Norm: 9.335566915069649 x 10~%7
— L2 Norm: 4.003240076083606 x 10~%
— L1 Norm: 6.0261079326551226 x 1079

TEST WITH TERNARY_SEARCH - p=1.5

— Inf Norm: 7.678451368064998 x 10~%7
— L2 Norm: 3.33403540903373 x 1079
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— L1 Norm: 4.9412557103778454 x 10~

These results highlight the precision of the methods, with differences in the range of 10712
to 107%. The BISECTION and ITP methods exhibit exceptionally low differences close to 107'2,
showcasing their high precision. The Golden-section Search and Ternary Search methods also
demonstrate solid performance with differences in the range of 10~°, indicating consistent accu-

racy across these methods.




Appendix C

Confusion Matrix - Neural Network
Study Case

In this section, all confusion matrix are shown for both neural network study cases presented in
chapter 4:

Demonstration of Confusion Matrices for all different layers tested in experiment on section
4.2.4:

Confusion Matrix

o 2 4 6 a

Figure C.1: Confusion Matrix of Convolutional layer.
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Confusion Matrix

Figure C.2: Confusion Matrix of Variational Dilation layer.

Confusion Matrix

Figure C.3: Confusion Matrix of Variational Erosion layer.
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Confusion Matrix

Figure C.4: Confusion Matrix of Variational Opening layer.

Confusion Matrix

Figure C.5: Confusion Matrix of Variational Closing layer.
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Confusion Matrix

Figure C.6: Confusion Matrix of Variational Gradient layer.

Confusion Matrix

Figure C.7: Confusion Matrix of Variational Internal Gradient layer.
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Confusion Matrix

Figure C.8: Confusion Matrix of Variational External Gradient layer.

Confusion Matrix

Figure C.9: Confusion Matrix of Variational TopHat Opening layer.
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Confusion Matrix

Figure C.10: Confusion Matrix of Variational TopHat Closing layer.

Demonstration of Confusion Matrices for all different layers tested in experiment on section
4.2.5:

Confusion Matrix

Figure C.11: Confusion Matrix of Convolutional layer.
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Confusion Matrix

Figure C.12: Confusion Matrix of Variational Dilation layer.

Confusion Matrix

Figure C.13: Confusion Matrix of Variational Erosion layer.
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Confusion Matrix

0 2 4 G 8

Figure C.14: Confusion Matrix of Variational Opening layer.

Confusion Matrix

0 2 4 G 8

Figure C.15: Confusion Matrix of Variational Closing layer.
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Confusion Matrix

Figure C.16: Confusion Matrix of Variational Gradient layer.

Confusion Matrix

Figure C.17: Confusion Matrix of Variational Internal Gradient layer.
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Confusion Matrix

0 2 4 G 8

Figure C.18: Confusion Matrix of Variational External Gradient layer.

Confusion Matrix

0 2 4 G 8

Figure C.19: Confusion Matrix of Variational TopHat Opening layer.
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Confusion Matrix

0 2 4 G 8

Figure C.20: Confusion Matrix of Variational TopHat Closing layer.
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