
Faculdade de Engenharia da Universidade do Porto 

 

 
 
 

Surrogate Modeling of Constitutive Models for 
Arterial Wall Behaviour 

 
 

João Carlos Moutinho Gonçalves 
 

 

 

 

Thesis work carried out in 

KU Leuven Department of Mechanical Engineering  

Soft Tissue Biomechanics Group 

 

 
 Master’s in Mechanical Engineering 

General Mechanical Engineering Branch  
 
 

FEUP Supervisor: Prof. Dr. Marco Parente 
KU Leuven Supervisors: Prof. Dr. Nele Famaey and Dr. Hadi Shirazi 

 
 
 
 
 

07/2024  



 

 

 

 

ii 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

 

 
 
 
 
 
 
 
 
 
 
 

© João Carlos Moutinho Gonçalves, 2024 



 

 

 

 

iii 

Resumo 

O relatório seguinte foi criado no âmbito da unidade curricular de Dissertação, para 

obtenção do grau académico de Mestre em Engenharia Mecânica na FEUP (Faculdade de 

Engenharia da Universidade do Porto). Serve, assim, para documentar abordagens, 

metodologias, e conhecimentos de base e teóricos por de trás do projeto. 

 Surrogate modeling (modelação por substituição) é um método emergente em 

diferentes ramos da engenharia devido ao seu potencial na aproximação de sistemas 

complexos, especialmente quando não há possibilidade de avaliar estes sistemas com facilidade 

(quer seja computacionalmente ou experimentalmente). Em particular na medicina, 

determinar o momento apropriado para uma intervenção cirúrgica num paciente não é uma 

tarefa fácil, especialmente quando se fala de enfermidades arteriais, a intervenção nas quais 

depende de critérios voláteis. Adicionalmente, modelos biomecânicos não só são muitas vezes 

computacionalmente caros de executar, mas também a sua execução pode ser demasiado 

demorada e, por isso, desapropriada para situações de urgência. Modelos substitutos, quando 

treinados em dados fidedignos e perante, por exemplo, informação biométrica de um paciente, 

aparentam potencial para resolver as dificuldades descritas acima. Por isso, este projeto serve 

para aplicar este método de engenharia na replicação do comportamento arterial, através de 

dados extraídos de diferentes modelos constitutivos da biomecânica. 

O presente relatório inicia-se com uma breve introdução que contextualiza a 

aplicabilidade de modelos de substituição na medicina, seguida por uma revisão bibliográfica 

de artérias de um ponto de vista anatómico, de mecânica dos meios contínuos, de modelação 

por substituição, e de quantificação de incerteza para modelos computacionais. Após esta 

revisão, a metodologia é apresentada, começando pela definição de modelos constitutivos para 

o comportamento arterial (WSE1, um modelo Neo-Hookeano, WSE2, um modelo GOH, e WSE3, 

um modelo que envolve Crescimento e Remodelação), seguido pela conceção de um desenho 

experimental para extrair dados dos modelos arteriais, e, por fim, o treino e avaliação de 

desempenho dos modelos substitutos. Observações acerca do trabalho desenvolvido e de 

eventuais aplicabilidades em situações de maior complexidade são providenciadas no final do 

relatório. 

Em termos de notação matemática usada, símbolos em itálico e negrito representam 

vetores, símbolos em apenas negrito representam matrizes, e símbolos apenas em itálico 

representam escalares. Ao longo do relatório, as referências encontram-se posicionadas nos 

finais de frase e cumprem a formatação IEEE. O código desenvolvido encontra-se disponível em 

https://gitlab.com/joaojcmgsgroup/Thesis. 

 



 

 

 

 

iv 

 

 

 

 

 

 

 



 

 

 

 

v 

Abstract 

The following report was created within the scope of the Dissertation course, to obtain 

the academic degree of Master in Mechanical Engineering at FEUP (Faculty of Engineering of 

the University of Porto). It serves to document the background, reasonings, methodology and 

theoretical knowledge associated with the project. 

Surrogate modeling has become an increasingly important aspect in engineering fields 

for the approximation of complex systems, especially when these cannot be easily evaluated 

(be it computationally or be it experimentally). Particularly in the medical field, deciding when 

to perform a surgical intervention is not always an easy task, especially when it comes to 

arterial conditions, which depend on volatile criteria. Additionally, biomechanical 

mathematical models can be computationally costly to run, and take too long to output results 

for a tight time window. Surrogate models, when trained on reliable data and when given easily 

obtainable patient biomarkers as inputs, can be a potential solution for these problems. As 

such, this project serves to apply this engineering method in the depiction of arterial wall 

behaviour, with data extracted from different biomechanical constitutive models. 

The report starts with a brief introduction regarding the context of surrogate modeling 

for medicine, followed by a literature review on arteries from an anatomical point of view, 

continuum mechanics, surrogate modeling and uncertainty quantification of computational 

models. After this, the methodology is presented, where the arterial constitutive models that 

we wanted to emulate via surrogates are defined (WSE1, a Neo-Hookean model, WSE2, a GOH 

model, and WSE3, a Growth and Remodeling type of model), followed by the conception of a 

design of experiments, the main aim of which was to extract data from the constitutive models, 

and finally, the training and posterior evaluation of the surrogates. A reflection on the 

difficulties of creating these metamodels and on their potential use in more elaborate scenarios 

is also provided in the end of the report. 

Regarding mathematical notation conventions, vectors are represented by bold italic 

letters, matrices are represented by bold non-italic letters, and scalars are represented by 

italic non-bold letters. Throughout the report, references are located at the end of sentences 

and follow the IEEE style. All the code that was developed is freely available in 

https://gitlab.com/joaojcmgsgroup/Thesis. 
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1. Introduction 

In today’s world, an increasing number of industries seek to embrace technology with the 

purpose of improving current processes, bringing about innovation and increasing competition 

in their respective sectors.  

This process is called Digital Transformation (DT) and can be generally described as an 

organizational transfiguration through the implementation of digital technologies [1]. In 

service-type industries such as entertainment, healthcare, education or transportation, DT 

serves as an approach to improve the quality that is delivered by a given service, benefiting 

the service providers by boosting agility, flexibility and improved organizational performance, 

and also empowering the consumer by fulfilling their demands and enhancing their experience 

with said service [1, 2]. Exemplary implementations of DT, across different industries, are 

online banking, telemedicine, patient-specific diagnosing, subscription-based platforms, 

mobile applications, etc. [2]. 

Delving deeper into DT for healthcare, it specifically aims to improve healthcare delivery 

and to provide solutions for medical problems in better and more innovative ways. According 

to [3], papers in this area of research tend to be focused on the following aspects:  

• information technology (employment of real-life data to create, for example, 

patient specific medicine) 

• e-health (broad term for improved digital medical technology) 

• telemedicine (improved accessibility of healthcare services and providers) 

• security in e-health (technologies to ensure sensitive medical information is 

preserved when stored in the cloud) 

• education in e-health (improving transmission of knowledge in medicine) 

 

The scope of this project is related to the first of these five topics: by leveraging in silico 

(computational) modeling and the creation of digital representation of real life systems (such 

as clinical specimens, or human subsystems), it is possible to contribute to improved medical 

diagnosis and the development of innovative medical solutions (by means of new drugs, surgery 

techniques, etc.) [4, 5]. 

However, these high-fidelity virtual representations of large, multiscale systems often 

involve highly complex differential equations, resulting in high computational resources and 

high processing times which deter from performing different computational methods such as 

sensitivity analysis, optimizations or uncertainty quantification. As such, surrogates (or 

metamodels) surge as a way to bypass these difficulties by mapping the relation between inputs 

and outputs provided by the digital twin itself, providing a tradeoff between accuracy and 
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speed. This results in a model which acts as a supplementary tool for the computational analysis 

of the digital twin in question [6, 7]. 

Given this, this project was developed with the potential use of surrogates for biomedical 

applications in mind, particularly, for arterial modeling, given the uncertain nature of the 

illnesses that afflict these structures, requiring well-informed decision-making on how/when 

to perform high risk interventions to improve the patient’s health. Such is the case with, for 

example, aneurysms, which, not only present high mortality rates, but whose intervention 

criteria aren’t infallible in predicting when rupture occurs, leading researchers to new 

approaches to decision-making in aneurysm management [8]. 

In this project specifically, the aim was to employ the potential capabilities of surrogate 

modeling in the approximation of arterial wall constitutive models, and their uncertainty 

analysis. These constitutive models, though not as elaborate as digital twins, still possess 

enough complexity to challenge the modeling capabilities of surrogates.  

Through this work, the goal is not only to develop technical skills in computational modeling 

for biomechanics, but also to gain insights into the critical steps involved in such modeling 

processes. This includes understanding how to develop continuum mechanics models, handle 

data, implement effective computational techniques, and address the challenges associated 

with uncertainty quantification in biomechanical simulations. 
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2. Literature Review 

In the following section, a revision of the theoretical background is provided to the reader 

for a better understanding of the project at hand. As such, it is possible to define the following 

subsections: 

• 1. Medical Background on Arteries  

• 2. Constitutive Modeling  

• 3. Surrogate Modeling 

• 4. Uncertainty Quantification 

Each one starts with a contextualization that serves to justify its insertion within the 

project at hand. Followed by this are the due specifications and detailing of the subtheme. 

In certain instances, it is assumed that the reader is knowledgeable in what is being 

addressed, and not much background specifications may be given (for example, given the 

placement of this report within engineering studies, some aspects of continuum mechanics are 

assumed to be known by the reader). 
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2.1. Medical Background on Arteries 

Blood vessels serve as important structures in the human body given their role of 

transporting blood to and from the cells in the body in order to ensure that all the necessary 

biophysical exchanges are executed (such as giving oxygen and nutrients to cells and receiving 

from them carbon dioxide). These channels form a closed circuit (the circulatory system), at 

the center of which the heart is located, responsible for cyclically pumping the blood through 

these channels  [9, 10]. 

In terms of categorization, there are three types of blood vessels: arteries (carry blood 

away from the heart), arterioles (ramifications of arteries), veins (carry blood toward the 

heart), venules (ramifications of veins) and capillaries (thin walled vessels that act as a bridge 

between venules and arterioles and allow for oxygen/nutrients to be traded with carbon 

dioxide/waste products) [10, 11]. 

Due to their critical importance in maintaining good health, conditions and disorders 

associated with the vascular system are seen as major concerns that require effective 

treatment in order to prevent further complications that may put the life of a patient at risk 

[9]. Common conditions of this nature include aneurysms (bulging in weak/damaged areas of 

the vessel which may lead to rupture), atherosclerosis (buildup of plaque which is responsible 

for lack of blood flow in critical organs such as the heart or brain), vasculitis (inflammation of 

the blood vessel and subsequent narrowing of the flow), etc. [9, 10]. 

When delving into these illnesses in more detail, it is possible to highlight one in particular: 

the rupture of an AAA (ascending aortic aneurysm). By carrying a mortality rate of 80-90% and 

since 50% of patients die before reaching the hospital, AAA garners reputation of being one of 

the most life-threatening arterial conditions and the cause of about 4-5% of sudden deaths [12-

14]. This is due to the silent nature of the condition, since its development goes unnoticed for 

a long time, and also due to the proximity of the aorta to the heart, leading to mass internal 

bleeding when the rupture occurs [14]. 

As such, to better understand this condition and how it occurs, it is important to have a 

basic knowledge on the medical/anatomical concepts that characterize arteries, which is the 

purpose of the following subsections. 

 

2.1.1. Constituent Tissues 

Arteries are made up of different types of tissues which grant them properties to perform 

different functions. In animals, soft tissues can be grouped as either epithelial, muscle, nervous 

or connective tissue. Arteries are mostly made up of muscle (smooth muscle cells) and 

connective tissues (collagen and elastin) [15].  
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2.1.1.1. Smooth Muscle 

In the case of smooth muscle, it plays a vital role in blood pressure regulation and tissue 

oxygenation. More specifically, its primary function is in contraction based on the presence of 

calcium (higher presence of this ion leads to higher strength in contraction), which allows for 

the regulation of the blood flow and pressure via vascular resistance. Additionally, it is also 

present in multiple other soft tissues (in the gastrointestinal tract, the bladder, the respiratory 

tract, etc.) where it plays just as important roles. If one delves deeper on the issue, it is 

possible to differentiate between single-unit (allows for synchronous contraction of the cells 

based on a singular stimulus from a nerve) and multi-unit smooth muscle (each muscle cell 

activated by a different nerve, allowing finer control), the latter of which is the one that is 

prevalent in arteries [16]. 

 

2.1.1.2. Connective Tissue 

On the other hand, connective tissue can be divided into two components: cells and the 

extracellular matrix. The former consists of macrophages, leukocytes, etc., while the latter is 

made of a ground substance (gelatinous material that acts as a glue between the matrix and 

the cells and allows for nutrient exchange between cells and blood vessels), and of fibers, 

which can be of two types in arteries: 

• Collagenous fiber (collagen): large, flexible and strong fibers that provide 

resistance to tension and strain to the matrix. 

• Elastic fibers (elastin): thin fibers that allow for stretching and recoil (elasticity) 

in the artery. 

Just as the smooth muscle, connective tissue is present all over the body, throughout all organs 

[15].  

 

2.1.2. Structure 

Arteries, as previously said, carry blood away from the heart to the rest of the body. 

Two arteries branch off from the heart: the pulmonary artery and the aorta. The latter is the 

largest artery of the body, carrying large amounts of oxygenated blood to the cells through its 

ramifications (arterioles and capillaries) [17]. In terms of structure, arteries have three main 

layers, as suggested by Figure 1. 

 

2.1.2.1. Tunica Intima 

The innermost layer, the tunica intima, interacts with the contents of the lumen (inside 

volume of the artery), and it is made up of endothelial cells (thin layer that regulates exchanges 

between blood and surrounding tissues) and a supporting layer made up of muscle, collagen 

and elastic fibers. The boundary that separates the tunica intima from the tunica media is 

named tunica interna and is mostly elastic [9]. 
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2.1.2.2. Tunica Media 

The following layer, the tunica media, is significantly thicker than the surrounding ones. 

Due to its composition being mostly smooth muscle fibers (orientated mostly 

circumferentially), it can change the internal diameter of the vessel through dilations or 

constrictions, and, subsequently, the pressure in the interior (higher diameter leads to lower 

pressure, and vice versa) [9, 18, 19]. 

 

2.1.2.3. Tunica Adventitia 

Finally, the tunica adventitia is the outermost layer and is responsible for the integrity of 

the vessel and its ability to sustain wall strains, and is made up primarily of elastic and 

collagenous fibers [9]. 

 
Figure 1 - Transverse section of an artery [17] 
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It should be noted that slight variations in the layers occur depending on the type of 

artery. Larger arteries (such as the aorta), also called elastic arteries,  possess thicker tunicae 

intimae, thinner tunicae adventitiae, larger diameters and are closer to the heart, while 

medium sized arteries (or muscular arteries) are in the periphery and possess high density of 

smooth muscle in the tunica media [9, 20]. 

 

2.1.3. Material Behaviour 

When describing arteries under a biomechanical lens, it is possible to identify a set of 

characteristics and phenomena that make up their behaviour as a biological material. 

The first one, which has been previously mentioned, is its nonlinear elasticity 

(hyperelasticity). The ability to be loaded and, when unloaded, return to an undeformed shape 

is granted by the presence of elastin and collagen fibers. More specifically, there is a consensus 

that arteries possess cylindrical orthotropy, i.e. its stress-strain response varies depending on 

whether it is being loaded radially, circumferentially or axially [20, 21]. 

Though the elastic aspect is typically the one that is mostly focused on when 

characterizing their material behaviour, arteries also possess inelastic responses that are 

typically neglected in studies, as they complicate significantly problem formulation [20]. One 

of those inelastic components is viscoelasticity. This means that the stress-strain relation has 

a dependency on time which can be of three types: creep (variable strain in time under 

constant stress), relaxation (variable stress in time under constant strain) and hysteresis 

(differences in loading and unloading under a cyclical pattern). This last aspect is particularly 

interesting when we consider that arteries are cyclically loaded in real-time due to the 

intraluminal pressure that blood exerts on the inner walls wall during heart pumping cycles; 

Figure 2 illustrates the pressure-time (stress) and diameter-time (strain) relations during one 

heart cycle [20, 22]. It is believed that smooth muscle is the main responsible for this type of 

response and, thus, more noticeable in medium-sized arteries [19]. 

 

 
Figure 2 - Typical pressure and diameter waveforms for a time delay TD for a medium-sized 

artery [22] 
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An additional inelastic feature has to do with the ability of remodeling that the 

constituents of arteries have. In other words, arterial remodeling refers to functional and 

structural changes in their microstructure due to interactions with the surrounding environment 

and other biological factors (namely, disease, injury, ageing, hypertension, inflammation, etc.) 

that cause a change in the lumen dimensions of a vessel, compared to standard conditions. The 

remodeling of the artery can be inward (decrease of the lumen) or outward (increase of lumen), 

and can also be hypotrophic, eutrophic or hypertrophic when accompanied by decreasing, 

constant or increasing wall thickness, respectively (Figure 3). This phenomenon occurs mostly 

in larger arteries, especially the inwardly eutrophic or hypertrophic types [23]. 

 

 
Figure 3 - Schematic representation for the adaptation of these changes in different 

pathologies [24] 

 

The remodeling of arterial tissue leads to residual stresses, meaning that, if an arterial 

transverse arterial segment were cut radially, it would recoil at an angle. The residual stresses 

serve to lower transmural gradients, i.e. it acts as a means to uniformize circumferential strain 

and stress along the wall thickness for a mean arterial pressure [19, 23].  

Another aspect of arteries has to do with their water content. The composite-like 

structure of elastin, smooth muscle and collagen, along with the high water contents typical 

of soft tissues (70-80% water) justify formulations that consider their full incompressibility 

(resistance to volume change when loaded) [19, 20, 25]. 
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2.1.4. Relevant Illnesses 

2.1.4.1. Atherosclerosis 

When it comes medical conditions that affect arteries, one should mention 

atherosclerosis. It consists in the buildup of plaque (specifically, lipoproteins) inside the tunica 

intima. The stages of development of atherosclerosis are [26]: 

• Endothelial damage: inflammation is generated as an immune response to damage. 

• Fatty streak formation: first visible sign of atherosclerosis, consisting of dead cells 

in the endothelium. 

• Plaque accumulation: when the plaque grows sufficiently, fibrous layers form 

around it to avoid bits from breaking off into the bloodstream. 

• Plaque rupture: the fibrous layer breaks, generating blood clots which obstruct the 

lumen even more 

The main complications that arise from this illness are related to the occlusion of the 

lumen, affecting normal blood flow and the oxygenation of bodily tissues, and blood clotting 

that breaks off and ends up obstructing other parts of the body, such as coronary (heart) 

arteries or brain arteries [26]. Mechanically, the accumulation of plaque generates a 

mechanical stimulus for remodeling of the vessel structure, as Figure 3 suggests (hypertrophic 

remodeling). 

The most common risk factors include genetics, age, sex, and lifestyle factors (such as 

smoking, alcoholism, diet, etc.). In terms of mortality rates, it is the underlying cause of about 

50% of all deaths in western society, and, yearly, 1 in every 4 deaths in the United States are 

due to heart disease (mediated by atherosclerosis). Its asymptomatic development, allied with 

lifestyle habits, is one of the reasons for the big impact it has [26]. 

 

2.1.4.2. Aneurysms 

 Aneurysms are another type of condition that commonly affects arteries, being defined 

as permanent localized dilatations of the vessel diameter by at least 50%. When occurring in 

the aorta, life threatening situations arise and, when diagnosed, require prompt treatment 

[27]. 

 The development of the illness can be explained by the fragmentation of elastin and 

smooth muscle fibers and replacement by amorphous material, which occurs with age, and 

leads to increased stiffness and weakening of the vessel wall. Furthermore, mechanically, the 

dilation leads to higher wall stresses, inducing arterial remodeling (specifically, hypotrophic 

remodeling of the vessel, Figure 3) which causes even more aortic dilation [28]. Once the peak 

wall stress exceeds the local strength, rupture followed by massive bleeding occurs. 

The most common risk factors are similar to those of atherosclerosis and atherosclerosis 

itself can also cause aneurysms. Once again, due to its silent nature, but also because of the 

severity of bleeding after rupture, mortality reaches 80% in some studies [27].  
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When a patient has been diagnosed in a timely manner with AAA, there are two used 

criteria that are taken into account when deciding surgical intervention: a geometric criterion 

that indicates a danger zone when the dilation diameter is higher than 55m, and a growth 

criterion that advises surgical intervention if the rate of increase of the dilation diameter 

exceeds 1 cm/year, approximately. However, ruptures don’t always occur when these criteria 

indicate so, leading to their low reliability. Other criteria have been suggested, such as using 

the peak wall stress; however, difficulties in obtaining the peak wall stress (either through in 

vivo measuring or computational simulations) and the fact that wall strength is patient-specific 

don’t facilitate the usage of this method [8]. 
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2.2. Constitutive Modeling 

Constitutive modeling is essential in problem formulation for biomechanics, since it allows 

for the mathematical representation and recreation of real-life mechanical behaviours. 

Choosing a particular constitutive framework serves to reflect specific behaviours of the tissue 

at hand. This, however, involves decision making in terms of the complexity/realism that one 

wants to implement into the model and, thus, one should always weigh the trade-offs of having 

more intricate but computationally heavy models, or simple but not so very realistic models.  

This subsection on constitutive modeling starts with equations from a continuum mechanics 

background, and, subsequently, relevant constitutive models are explained. Next, equations 

that explain the kinematics of hollow tubes are listed and finally, a brief overview of the finite 

element method and on Abaqus UMAT building is given to the reader.  

 

2.2.1. Continuum Mechanics Principles 

Stress-strain makes up the most important relation in continuum mechanics and, 

therefore, in constitutive modeling. The presented equations are base expressions for finite 

deformations, commonly enunciated in all types of reports in the biomechanics field and can 

be found in more details in references such as [29, 30]. 

 

 
Figure 4 - Schematic that represents the state of finite deformation [29] 

 

In finite deformation, one must start by defining the deformation gradient, 𝐅: 

 

𝒙 = Φ(𝑿, 𝑡) = (𝑿, 𝑡) + 𝑿 
( 1 ) 

𝐅 = 𝒙⊗𝜵 =
𝜕𝒙

𝜕𝑿
 

( 2 ) 

  

where 𝒙 is the position vector in the deformed configuration, 𝑿 is the deformation vector in 

the undeformed configuration, 𝑡 is the time variable and 𝜵 is the Nabla operator. 
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Deformation gradients, in many biomechanical problems, are of the following type: 

 

𝐅 = [

𝜆11 0 0
0 𝜆22 0
0 0 𝜆33

] ( 3 ) 

 

where 𝜆𝑖𝑖 is the stretch in direction 𝑖𝑖. 

If the coordinate system used is rectangular, the subscripts of the stretches in ( 3 ) are 

actually (1,2,3) = (𝑥, 𝑦, 𝑧). On the other hand, if the coordinate system is cylindrical, the 

subscripts are (1,2,3) = (𝑟, 𝜃, 𝑧). 

The importance of the deformation gradient lies in its mathematical representation of 

loading scenarios. Some exemplary gradients used in biomechanical applications are: 

 

Uniaxial loading with stretch 𝜆 

along direction 1, with volume 

preservation, and isotropic 

behaviour 

𝜆11 = 𝜆 

𝜆22 =
1

√𝜆
 

𝜆33 =
1

√𝜆
 

 

( 4 ) 

Biaxial loading with stretch 𝜆 along 

directions 1 and 2, with volume 

preservation and isotropic 

behaviour 

𝜆11 = 𝜆 

𝜆22 = 𝜆 

𝜆33 =
1

𝜆2
 

 

( 5 ) 

Biaxial loading with stretch 𝜆 along 

direction 1 and direction 2 is 

constrained, with volume 

preservation and isotropic 

behaviour 

𝜆11 = 𝜆 

𝜆22 = 1 

𝜆33 =
1

𝜆
 

( 6 ) 

 

with volume preservation being ensured when det(𝐅) = 𝐽 = 𝜆11𝜆22𝜆33 = 1.  

After having defined our deformation gradient, it is necessary to define the 

deformation tensors. However, it is necessary to decide whether the model being built should 

follow a fully incompressible (zero volume change) or a near incompressible approach (near 

zero volume change). In case of the former, Poisson’s ratio becomes 𝜈 = 0.5, leading to an 

infinite bulk modulus 𝐾 and an increased stiffness and complexity of the model which is added 

at the end. In case of the latter, the deformation tensors used in the computations need to be 

their isochoric components (deformations without changes in volume, represented with a slash 

above the tensor in mathematical notation) and a volumetric component needs to be added to 

the strain energy density function in order to enforce incompressibility [31].  
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Mathematically speaking, this is translated as: 

 

𝐂 = 𝐅T𝐅 / 𝐂̅ = 𝐽−
2
3⁄ 𝐂 

( 7 ) 

𝐛 = 𝐅𝐅T / 𝐛̅ = 𝐽−
2
3⁄ 𝐛 

( 8 ) 

 

where 𝐂 and 𝐛 are the Right and Left Cauchy-Green deformation tensors, respectively, and 𝐂̅ 

and 𝐛̅ their deviatoric components. Their respective invariants (𝐼𝑖 and 𝐼𝑖̅) are defined as: 

 

𝐼1 = tr(𝐂) / 𝐼1̅ = tr(𝐂̅) 
( 9 ) 

𝐼2 =
𝟏

𝟐
[(tr(𝐂))𝟐 + tr(𝐂𝟐)] / 𝐼2̅ =

𝟏

𝟐
[(tr(𝐂̅))𝟐 + tr(𝐂̅𝟐)] ( 10 ) 

𝐼3 = det(𝐂) = 𝐽
2 = 1 / 𝐼3̅ = det(𝐂̅) = (𝐽−

2
3⁄ )
2

 
( 11 ) 

 

and the subsequent strain tensors, 

 

𝐄 =
1

2
(𝐂 − 𝐈) / 𝐄̅ =

1

2
(𝐂̅ − 𝐈) ( 12 ) 

𝐞 =
1

2
(𝐈 − 𝐛−1) / 𝐞̅ =

1

2
(𝐈 − 𝐛̅−1) ( 13 ) 

𝛆 = ln (𝐂
1
2⁄ ) / 𝛆̅ = ln (𝐂̅

1
2⁄ ) ( 14 ) 

 

where 𝐄, 𝐞 and 𝛆 are the Green-Lagrange, Euler-Almansi and Logarithmic strain tensors, 

respectively, and 𝐄̅, 𝐞̅ and 𝛆̅ their deviatoric components. 

 The next step is to compute the stress tensor. To do this, a strain energy density 

function (SEDF) 𝑊 is defined in function of the deformation gradient (and its stretches) or in 

function of a deformation tensor (and its invariants), and, by differentiating the SEDF in 

reference to said tensor, different stress tensors are obtained. The conjugate stress-strain pairs 

are: 

 

𝐒 =
∂W

∂𝐄
 ( 15 ) 

𝐏 =
∂W

∂𝐅
 ( 16 ) 

𝛔 =
∂W

∂𝛆
 ( 17 ) 

 

where 𝐒, 𝐏 and 𝛔 are the Second Piola-Kirchhoff, First Piola-Kirchhoff and Cauchy stress 

tensors, respectively. The relations between the stress tensor are:  

 

𝐏 = 𝐅𝐒 
( 18 ) 

𝛔 =
1

𝐽
𝐅𝐒𝐅T ( 19 ) 
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In the case of incompressibility, an extra component gets added to the stress tensor, 

−𝑝𝐈, where 𝑝 is a Lagrange Multiplier which needs to be calculated based on the boundary 

conditions of the problem. For near incompressibility, a volumetric component, 𝑊𝑣𝑜𝑙, gets 

added to the SEDF, which depends on the volume change ratio 𝐽, and only after does it go 

through differentiation. 

 

2.2.2. Material Models 

Material models serve to define the previously mentioned SEDF, allowing the 

computation of the stress tensor. To put it in another way, it is an expression that relates the 

stress response of tissue under specific strain conditions, which is dependent on the relevant 

material properties. 

There are many different material models that are meant to capture specific 

behaviours of soft tissues. The ones that are described below are the ones which were relevant 

for the project at hand. 

 

2.2.2.1. Neo-Hookean (Hyperelasticity) 

The Neo-Hookean material model is a very simple hyperelastic material model which 

is widely used in behavioural studies of rubber-like materials. It requires only one material 

parameter (𝐶10) and is defined as [31]: 

 

𝑊 = 𝐶10(𝐼1 − 3) 
( 20 ) 

 

2.2.2.2. Gasser-Ogden-Holzapfel (Anisotropy) 

The Gasser-Ogden-Holzapfel (GOH) material model was proposed by T. C. Gasser, R. 

W. Ogden and G. A. Holzapfel in 2005 and serves as a generalization of the Holzapfel-Gasser-

Ogden (HGO) model (proposed in 2000, [32]), and is described in detail in reference [20]. This 

model seeks to capture the hyperelastic isotropic behaviour of an elastin matrix and the 

anisotropic behaviour of dispersed collagen fibers within arterial layers. This is done by 

introducing an extra component to the Neo-Hookean model, which depends on pseudo-

invariants of the deformation tensors and captures the influence of fiber families in the tissue. 

The difference from the HGO model lies in the presence of the 𝜅 material parameter, which 

characterizes the dispersion of the fiber families. It is defined as: 

 

𝑊 = 𝑊𝑖𝑠𝑜 +𝑊𝑎𝑛𝑖𝑠 = 𝐶10(𝐼1 − 3) +
𝑘1
2𝑘2

∑[exp(𝑘2〈𝐸𝑖〉
2) − 1]

𝑖

 ( 21 ) 

𝐸𝑖 = 𝜅𝐼1 + (1 − 3𝜅)𝐼𝑖 − 1 
( 22 ) 

𝐼𝑖 = 𝐂 ∶ (𝑴𝑖⨂𝑴𝑖) 
( 23 ) 
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where 𝐶10, 𝑘1, 𝑘2 and 𝜅 are material parameters, 𝑀𝑖 is the fiber orientation of the 𝑖-th family 

and 𝐼𝑖 is the pseudo-invariant. 

 The most exemplary use of this model involves two collagen fiber families (designated 

by 𝑖 = 4 and 𝑖 = 6), the orientation of which is defined by the orientation vectors 𝑴4 =

[0 cos(𝛼) sin(𝛼)]′ and 𝑴6 = [0 cos(𝛼) sin(−𝛼)]′, where 𝛼 is the slope of the orientation 

of one of the families. For the case of arteries, this fiber structure provides them with 

anisotropic (more specifically, transversely isotropic) behaviour in the 𝜃 − 𝑧 plane (normal to 

the radial direction 𝑟) (represented in Figure 5). 

 

 
Figure 5 - Visual representation of the orientation of the fiber families on a hollow cylinder 

(𝒂𝒊 are the orientation vectors and 𝛾 is the slope angle) [20] 

 

2.2.2.3. Homogenized Constrained Mixture Theory (Growth and Remodeling) 

The Homogenized Constrained Mixture Theory (HCMT), proposed in 2016 by C. J. Cyron, 

R. C. Aydin and J. D. Humphrey (reference [33]), is a more computationally efficient adaptation 

of the Constrained Mixture Theory, proposed in 2002 by J. D. Humphrey and K. R. Rajagopal 

(reference [34]), both used to model growth and remodeling (G&R) behaviour of soft tissues. 

In this subsection, the equations that define the model are listed and briefly explained, but for 

a more comprehensive understanding, the reader is redirected to references [33-37]. 

At its core, this framework to mathematically depict growth (changes in mass) and 

remodeling (changes in structure) of arteries involves tracking creation and degradation of 

constituents by means of a series of mass balance equations and deformation gradients over a 

period of time [34].  

To explain in other words, one may define the reference configuration as a mixture of 

arterial constituents (such as collagen) which suffers a process of continuous mass deposition 

and degradation called turnover, and which is also subjected to different boundary conditions. 

The process of constituent turnover leads to remodeling due to the difference in stress states 

between the newly deposited and the extant constituents. The homogenized aspect of the 

model comes from the fact that the model captures the stress-free configurations of the mass 

increments in a temporally homogenized way by using an adaptation of the extant stress-free 

configuration of the constituent, avoiding the more computationally intensive task of tracking 

these configurations for each new cohort of constituent that joins the mixture (as is depicted 

in Figure 6) [37]. 
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The growth component of the model refers to a type of inelastic deformation that 

causes volume change due to mass increase or decrease. This is once again achieved by usage 

of a growth deformation gradient that is dependent on the time and on the constituent it 

applies to. 

One aspect that should be highlighted, however, is that this model was developed for 

specific mixtures where remodeling occurs only in unidimensional constituents (anisotropic 

fibers) that are in mixture with a three-dimensional constituent (isotropic matrix). Although 

possible to depict remodeling of the matrix, the computations are not as direct as the fiber 

remodeling case [35, 38]. 

  

 
Figure 6 - Schematic for the HCMT material model [37] 

 

 Given this brief clarification, one may start by listing the mass balance equations: 

 

𝜌𝑡𝑜𝑡(𝑠) = ∑𝜌𝑖(𝑠)

𝑖

 ( 24 ) 

𝜙𝑖(𝑠) =
𝜌𝑖(𝑠)

𝜌𝑡𝑜𝑡(𝑠)
 ( 25 ) 

 

where 𝜌𝑖 is the mass density of constituent 𝑖, 𝜙𝑖 is the mass fraction of constituent 𝑖, and 𝜌𝑡𝑜𝑡 

is the total mass density of the mixture, and all the variables are in function of the time 

variable 𝑠. 

 The stress state of the mixture, 𝛔𝑡𝑜𝑡(𝑠), is defined as: 

  

𝛔𝑡𝑜𝑡(𝑠) =∑𝜙𝑖(𝑠)𝛔𝑖(𝑠)

𝑖

 ( 26 ) 

 

where 𝛔𝑖 is the Cauchy stress tensor of constituent 𝑖. The computation of 𝛔𝑖 involves 

the typical algorithm that has been previously mentioned.  
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For the matrix, an isotropic material model is chosen and then differentiated in 

reference to the deformation gradient, while, for the fibers, the chosen material model is 

anisotropic. The difference here lies in the deformation gradient that is used to differentiate 

in reference to; that is, the gradient in question is the elastic deformation gradient of 

constituent 𝑖, 𝐅𝑒
𝑖, defined as: 

 

𝐅𝑒
𝑖(𝑠) = 𝐅(𝑠)𝐅𝑔(𝑠)

−1𝐅𝑟
𝑖(𝑠)−1 

( 27 ) 

 

where 𝐅𝑔 is the growth deformation gradient, 𝐅𝑟
𝑖 is the remodeling deformation gradient for 

constituent 𝑖, and 𝐅 is the deformation gradient for the whole mixture. The first of these 

gradients is dependent on the growth direction and the constituent mass densities, being 

defined as: 

 

𝐅𝑔(𝑠) =
𝜌𝑡𝑜𝑡(𝑠)

𝜌𝑡𝑜𝑡(0)
𝒂𝑔⨂𝒂𝑔 + (𝐈 − 𝒂𝑔⨂𝒂𝑔) 

( 28 ) 

 

where 𝒂𝒈 is the preferred direction of growth. Notice that for the specific case of 𝒂𝒈 =

[1 1 1], there is isotropic growth, while for any other case there is anisotropic (transversely 

isotropic) growth. 

 Defining the remodeling deformation gradient of constituent 𝑖, 𝐅𝑟
𝑖(s), depends on 

whether remodeling is occurring in the matrix or in the fibers of the mixture. For the former, 

there is no direct equation for the gradient, meaning that assumptions need to be made in 

order to have enough independent equations for the number of unknowns, which must be solved 

numerically (the reader is redirected to reference [35] for more information on this 

implementation). Remodeling of the fibers is simpler, since the gradient can be defined as: 

 

𝐅𝑟
𝑖(s) = 𝜆𝑟

𝑖 (𝑠)𝑴𝑖⨂𝑴𝑖 +
1

√𝜆𝑟
𝑖 (𝑠)

(𝐈 −𝑴𝑖⨂𝑴𝑖) ( 29 ) 

 

where 𝜆𝑟
𝑖  is the remodeling stretch for the one-directional fiber family 𝑖 and 𝑴𝑖 is the direction 

of the fiber family 𝑖. 

As previously mentioned, the model implies a dependency on the time variable 𝑠, which 

means that all time dependent variables need to be iteratively updated using, for example, 

the forward Euler method. When going through the equations above, it is possible to say that 

time dependency in the equations is originated in the constituent mass density of constituent 

𝑖, 𝜌𝑖, and the remodeling stretch of constituent 𝑖, 𝜆𝑟
𝑖 , which means: 

 

𝜌𝑖(𝑠 + 𝛥𝑠) = 𝜌𝑖(𝑠) + 𝜌̇𝑖(𝑠)𝛥𝑠 
( 30 ) 

𝜆𝑟
𝑖 (𝑠 + 𝛥𝑠) = 𝜆𝑟

𝑖 (𝑠) + 𝜆̇𝑟
𝑖 (𝑠)𝛥𝑠 

( 31 ) 
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where 𝛥𝑠 is an arbitrarily chosen time increment, 𝜌̇𝑖 is the mass density rate of constituent 𝑖 

and 𝜆̇𝑟
𝑖  is the remodeling stretch rate of constituent 𝑖.  

The mass density rate is defined as: 

 

𝜌̇𝑖(𝑠) = 𝜌̇+
𝑖 (𝑠) + 𝜌̇−

𝑖 (𝑠) 
( 32 ) 

𝜌̇+
𝑖 (𝑠) =

𝜌𝑖(𝑠)

𝑇𝑖
(1 + 𝑘𝜎+

𝜎𝑓
𝑖(𝑠) − 𝜎𝑓

𝑖(0)

𝜎𝑓
𝑖(0)

) ( 33 ) 

𝜌̇−
𝑖 (𝑠) = −

𝜌𝑖(𝑠)

𝑇𝑖
(1 + 𝑘𝜎−

𝜎𝑓
𝑖(𝑠) − 𝜎𝑓

𝑖(0)

𝜎𝑓
𝑖(0)

) ( 34 ) 

 

With 𝜌̇+
𝑖  being the rate of mass density deposition of constituent 𝑖, 𝜌̇−

𝑖  being the rate of mass 

density degradation of constituent 𝑖, 𝑇𝑖 being the characteristic decay time of constituent 𝑖,  

𝜎𝑓
𝑖 being a scalarized version of the Cauchy stress, and 𝑘𝜎− and 𝑘𝜎+ being material parameters. 

Note that expression ( 32 ) stands for nonhomeostatic growth, since homeostasis represents a 

state where 𝜌̇𝑖(𝑠) = 0. Also note that, when 𝜎𝑓
𝑖(0) = 0, the denominator in expressions ( 33 ) 

and ( 34 ) is ignored. 

 On the other hand, the remodeling stretch rate for a fiber constituent 𝑖, 𝜆̇𝑟
𝑖 , is defined 

as: 

 

𝜆̇𝑟
𝑖 (𝑠) =

𝜌̇+
𝑖 (𝑠)
𝜌𝑖(𝑠)

(𝜎𝑓
𝑖(𝑠) − 𝜎𝑝𝑟𝑒,𝑓

𝑖 (𝑠))
𝐽𝜙𝑖(𝑠)
4𝜌𝑖(𝑠)

𝜆𝑟
𝑖 (𝑠)

𝜕2𝑊𝑖(𝑠)

(𝜕𝐼4
𝑖)
2 (𝐼4

𝑖(𝑠))
2

+
𝜕𝑊𝑖(𝑠)

𝜕𝐼4
𝑖 𝐼4

𝑖(𝑠)
 ( 35 ) 

 

where 𝜎𝑝𝑟𝑒,𝑓
𝑖  is the scalarized version of the homeostatic Cauchy stress 𝛔𝑝𝑟𝑒

𝑖 (𝑠) =

𝐑(𝑠)𝛔𝑖(0)𝐑(𝑠)𝑇, such that 𝐅(𝑠) = 𝐑(𝑠)𝐔(𝑠), where 𝐑 is an orthonormal tensor representing the 

rotational part of 𝐅, calculated via polar decomposition, and 𝐔 is the right stretch tensor. 

 

2.2.3. Force Balance of a Hollow Cylinder 

After having defined the constitutive models for the materials, it is now necessary to 

perform an equilibrium analysis on the geometry to which the constitutive model is going to be 

applied. The following analysis is based on references [39, 40]. 

Thus, let us approximate the geometry of an artery as a hollow thick-walled cylinder 

of length 𝐿, wall thickness 𝐻, and inner radius 𝑅𝑖, as Figure 7 indicates. This geometry can be 

referred to as the reference configuration of the artery, and it is defined in a cylindrical 

coordinate system. 
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Figure 7 - Schematic of a hollow cylinder [40] 

 

One can start by enunciating the equilibrium equation for solids as: 

 

div(𝛔) + 𝜌𝒃 = 𝟎 
( 36 ) 

 

Note that equation ( 36 ) defines the force balance on the cylinder under a specific 

stress state, i.e. in the current configuration (indicated by the lower-case variables, opposed 

to the upper-case variables of the reference configuration). By neglecting the influence of body 

forces (𝒃 = 𝟎), it is possible to obtain:  

 

div(𝛔) = 𝟎 ⟺

{
 
 

 
 
𝜎𝑟𝑟
𝑟
+
𝜕𝜎𝑟𝑟
𝜕𝑟

+
1

𝑟

𝜕𝜎𝑟𝜃
𝜕𝜃

+
𝜕𝜎𝑟𝑧
𝜕𝑧

−
𝜎𝜃𝜃
𝑟
= 0

2𝜎𝑟𝜃
𝑟

+
𝜕𝜎𝑟𝜃
𝜕𝑟

+
1

𝑟

𝜕𝜎𝜃𝜃
𝜕𝜃

+
𝜕𝜎𝜃𝑧
𝜕𝑧

= 0

𝜎𝑟𝑧
𝑟
+
𝜕𝜎𝑟𝑧
𝜕𝑟

+
1

𝑟

𝜕𝜎𝜃𝑧
𝜕𝜃

+
𝜕𝜎𝑧𝑧
𝜕𝑧

= 0

 ( 37 ) 

 

 Then, by assuming axisymmetry of the stresses, one gets the simplified expression: 

 

𝑑𝜎𝑟𝑟
𝑑𝑟

=
𝜎𝜃𝜃 − 𝜎𝑟𝑟

𝑟
 ( 38 ) 

 

 Another way of reaching the balance equation above is by directly performing a stress 

balance on an infinitesimal section of a cylinder in the radial direction, as is depicted in Figure 

8. 

 
Figure 8 -  Infinitesimal part of thick-walled cylinder and corresponding differential stresses 

[40] 
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 By integrating equation ( 38 ) in reference to 𝑟, one obtains: 

 

𝑃 = ∫
𝜎𝜃𝜃 − 𝜎𝑟𝑟

𝑟
𝑑𝑟

𝑟𝑜

𝑟𝑖

 ( 39 ) 

 

where 𝑃 = 𝑝𝑖 − 𝑝𝑜, which is the difference between the pressured being applied on the interior 

and exterior of the cylinder wall. Note that, in truth, 𝑃 can also be interpreted as the difference 

between the symmetric values of the radial stresses being applied on both sides of the wall; in 

other words, 𝑝𝑖 = −𝜎𝑟𝑟(𝑟𝑖) and 𝑝𝑜 = −𝜎𝑟𝑟(𝑟𝑜) since the radial stresses at the boundary 

conditions are a reaction to the pressure being applied. 

 With these equations, it is now possible to start establishing a relation between the 

undeformed and the deformed/stressed geometry. For example, let us assume biaxial loading 

(pressure and axial stretch) of the cylinder, then the deformation gradient 𝐅 is defined similarly 

as in equation ( 5 ): 

 

𝐅 = [

𝜆𝑟𝑟 0 0
0 𝜆𝜃𝜃 0
0 0 𝜆𝑧𝑧

] 
( 40 ) 

 

where, by the definition of deformation stretch, and, assuming incompressibility (𝜆𝑧𝑧𝜆𝜃𝜃𝜆𝑟𝑟 =

1), we have: 

𝜆𝑧𝑧 =
𝑙

𝐿
 ( 41 ) 

𝜆𝜃𝜃 =
𝑟

𝑅
 ( 42 ) 

𝜆𝑟𝑟 =
1

𝜆𝜃𝜃𝜆𝑧𝑧
 ( 43 ) 

 

 In expression ( 42 ), there is a relation between the undeformed and deformed radii 

which cannot be discarded, which is revealed via the volume balance between the two 

configurations: 

  

𝑉 = 𝑣 ⟺ 𝑟 = √𝜆𝜃𝜃,𝑖
2 𝑅𝑖

2 +
𝑅2 − 𝑅𝑖

2

𝜆𝑧𝑧
⟺ 𝑅 = √𝑅𝑖

2 + 𝜆𝑧𝑧(𝑟
2 − 𝜆𝜃𝜃,𝑖

2 𝑅𝑖
2) ( 44 ) 

 

 With equation ( 44 ), an unknown is reached, which is the circumferential stretch at 

the inner wall of the cylinder 𝜆𝜃𝜃,𝑖. This parameter is obtained via expression ( 39 ), through 

an optimization procedure of the following objective function: 
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min
𝜆𝜃𝜃,𝑖

 𝑃𝑚𝑜𝑑𝑒𝑙(𝜆𝜃𝜃,𝑖) − 𝑃 = ∫
𝜎𝜃𝜃(𝜆𝜃𝜃,𝑖) − 𝜎𝑟𝑟(𝜆𝜃𝜃,𝑖)

𝑟
𝑑𝑟

𝑟𝑜

𝑟𝑖

− 𝑃 ( 45 ) 

 

 Considering this, the deformation gradient has now been fully defined and is ready to 

be used in the computation of the stress tensors. It is worth noting that, since an incompressible 

formulation was assumed, the additional stiffness component that was mentioned in the 

previous subsection needs to be added to the stress tensor. In order to calculate the Lagrange 

multiplier, one needs to start by revisiting equation ( 39 ) and rewriting the integral from a 

definite to an indefinite form: 

 

(𝜎𝑟𝑟
𝑝𝑟𝑒(𝑟) − 𝑝(𝑟)) − (𝜎𝑟𝑟

𝑝𝑟𝑒(𝑟𝑖) − 𝑝(𝑟𝑖)) = ∫
(𝜎𝜃𝜃

𝑝𝑟𝑒 − 𝑝) − (𝜎𝑟𝑟
𝑝𝑟𝑒 − 𝑝)

𝜌
𝑑𝜌

𝑟

𝑟𝑖

 ( 46 ) 

 

where 𝜌 is simply an auxiliary integration variable and “pre” indicates the stresses before they 

are combined with the Lagrange multiplier. Since it is known that 𝜎𝑟𝑟
𝑝𝑟𝑒(𝑟𝑖) − 𝑝(𝑟𝑖) = 𝜎𝑟𝑟(𝑟𝑖) =

−𝑝𝑖, then, the Lagrange multiplier gets defined in function of the deformed radius as: 

 

𝑝(𝑟) = ∫
𝜎𝜃𝜃

𝑝𝑟𝑒 − 𝜎𝑟𝑟
𝑝𝑟𝑒

𝜌
𝑑𝜌

𝑟

𝑟𝑖

−𝑝𝑖 ( 47 ) 

 

2.2.4. Finite Element Method 

2.2.4.1. Algorithm 

Before finalizing the subsection on constitutive modeling, and since the project at hand 

also involved the usage of the Abaqus software, it is important to refer the basic theory behind 

one of the most widely used numerical methods for solving continuum mechanics problems: 

the Finite Element Method (FEM). The following clarifications on the employment of this 

method for hyperelasticity were extracted from reference [41]. 

In the FEM, compared to a standard analysis of a continuum mechanics problem, the stress 

equilibrium equation gets replaced by the equivalent principle of virtual work. Therefore, the 

equation for virtual work defined in terms of the Kirchoff stress (in Einstein notation) states 

that: 

 

∫𝜏𝑖𝑗𝛿𝐿𝑖𝑗𝑑𝑉0

 

𝑅0

− ∫𝜌0𝑏𝑖𝛿𝑣𝑖𝑑𝑉0

 

𝑅0

− ∫𝑡𝑖
∗𝛿𝑣𝑖𝑑𝐴0

 

𝜕𝑅

= 0 ( 48 ) 

 

where 𝜏𝑖𝑗 = 𝐽𝜎𝑖𝑗 is the Kirchoff stress, 𝛿𝑣𝑖 is the virtual velocity fields, 𝛿𝐿𝑖𝑗 is the virtual velocity 

gradients, 𝜌0 is the mass density in the reference configuration, ∫  
 

𝑅0
 is a volume integral in the 

reference configuration and ∫  
 

𝜕𝑅
 is an area integral in the deformed configuration and 𝑡𝑖

∗ is the 

traction (force per unit of deformed area). 
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 The procedure for hyperelasticity follows the typical FEM workflow. First, the 

displacement and virtual velocity fields for an arbitrary point is defined via interpolation 

between nodes: 

  

𝑢𝑖(𝒙) = ∑𝑁𝑎(𝒙)𝑢𝑖
𝑎

𝑛

𝑎=1

 ( 49 ) 

𝛿𝑣𝑖(𝒙) = ∑𝑁𝑎(𝒙)𝛿𝑣𝑖
𝑎

𝑛

𝑎=1

 ( 50 ) 

 

where 𝑛 is the number of nodes that the model has, 𝒙 is an arbitrary point in the reference 

configuration, and 𝑁𝑎(𝒙) are the nodal shape functions. The deformation for a given 

displacement is defined as: 

 

𝐹𝑖𝑗 = 𝛿𝑖𝑗 +
𝜕𝑢𝑖
𝜕𝑥𝑗

= 𝛿𝑖𝑗 +∑
𝜕𝑁𝑎

𝜕𝑥𝑗
𝑢𝑖
𝑎

𝑛

𝑎=1

 ( 51 ) 

 

Let us now compute the derivatives of the shape functions in terms of the local element 

coordinates 𝜉𝑖. To do this, we have that: 

 

𝑥𝑖 =∑𝑁𝑎(𝜉𝑗)𝑥𝑖
𝑎

𝑁𝑒

𝑎=1

 ( 52 ) 

𝜂𝑖𝑗 =
𝜕𝑥𝑖
𝜕𝜉𝑗

=∑
𝜕𝑁𝑎

𝜕𝜉𝑗

𝑁𝑒

𝑎=1

𝑥𝑖
𝑎 ⟺

𝜕𝑁𝑎

𝜕𝑥𝑗
=
𝜕𝑁𝑎

𝜕𝜉𝑗
𝜂𝑘𝑗
−1 ( 53 ) 

 

where 𝜂𝑖𝑗 is the Jacobian matrix, and 𝑁𝑒 is the number of elements. Then one computes the 

virtual velocity gradient as: 

 

𝛿𝐿𝑖𝑗 =
𝜕𝛿𝑣𝑖
𝜕𝑦𝑗

=
𝜕𝛿𝑣𝑖
𝜕𝑥𝑘

𝜕𝑥𝑘
𝜕𝑦𝑗

=
𝜕𝛿𝑣𝑖
𝜕𝑥𝑘

𝐹𝑘𝑗
−1 = ∑

𝜕𝑁𝑎

𝜕𝑥𝑘
𝐹𝑘𝑗
−1𝛿𝑣𝑖

𝑎

𝑛

𝑎=1

 ( 54 ) 

 

where 𝑦𝑗 is the coordinates of an arbitrary point in the current configuration. 

 When replacing all these equations into ( 48 ), we obtain a set of 𝑛 nonlinear equations 

in 𝑛 unknowns that must hold for every 𝛿𝑣𝑖
𝑎, which can be solved via an iterative method such 

as the Newton-Raphson method (equation ( 55 )). 

 

{∫𝜏𝑖𝑗[𝐹𝑝𝑘(𝑢𝑘
𝑏)]

𝜕𝑁𝑎

𝜕𝑥𝑚
𝐹𝑚𝑗
−1𝑑𝑉0

 

𝑅0

− ∫𝜌0𝑏𝑖𝑁
𝑎𝑑𝑉0

 

𝑉0

− ∫ 𝑡𝑖
∗𝑁𝑎𝜂𝑑𝐴0

 

𝜕2𝑅0

}𝛿𝑣𝑖
𝑎 = 0 ( 55 ) 
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 The Newton-Raphson method starts with an initial estimate for 𝑢𝑖
𝑎, which we can call 

𝑤𝑖
𝑎 . Then, an attempt is made to bring 𝑤𝑖

𝑎 closer to 𝑢𝑖
𝑎 by an increment, 𝑤𝑖

𝑎 ⟶𝑤𝑖
𝑎 + 𝑑𝑤𝑖

𝑎, 

which needs to satisfy: 

 

∫𝜏𝑖𝑗[𝐹𝑝𝑘(𝑤𝑘
𝑏 + 𝑑𝑤𝑘

𝑏)]
𝜕𝑁𝑎

𝜕𝑥𝑚
(𝐹 + 𝑑𝐹)𝑚𝑗

−1𝑑𝑉0

 

𝑉0

− ∫𝜌0𝑏𝑖𝑁
𝑎𝑑𝑉0

 

𝑉0

− ∫ 𝑡𝑖
∗𝑁𝑎(𝜂 + 𝑑𝜂)𝑑𝐴0

 

𝜕2𝑉0

= 0 ( 56 ) 

 

Since it’s not possible to solve the above equation in reference to 𝑑𝑤𝑘
𝑏, it needs to be linearized 

(which is explained in [41]), obtaining an expression of the type: 

 

𝐾𝑎𝑖𝑏𝑘𝑑𝑤𝑖
𝑎 + 𝑅𝑖

𝑎 − 𝐹𝑖
𝑎 = 0 

( 57 ) 

 

where 𝐾𝑎𝑖𝑏𝑘 is the stiffness matrix and 𝑅𝑖
𝑎 is the force vector, defined as: 

 

𝐾𝑎𝑖𝑏𝑘 = ∫𝐶𝑖𝑗𝑘𝑙
𝑒

 

𝑉0

𝜕𝑁𝑎

𝜕𝑦𝑗

𝜕𝑁𝑏

𝜕𝑦𝑙
𝑑𝑉0 − ∫𝜏𝑖𝑗

 

𝑉0

𝜕𝑁𝑎

𝜕𝑦𝑘

𝜕𝑁𝑏

𝜕𝑦𝑗
𝑑𝑉0 − ∫ 𝑡𝑖

∗

 

𝜕2𝑉0

𝑁𝑎
𝜕𝜂

𝜕𝑤𝑘
𝑏 𝑑𝐴0 ( 58 ) 

𝑅𝑖
𝑎 = ∫𝜏𝑖𝑗

 

𝑉0

𝜕𝑁𝑎

𝜕𝑦𝑗
𝑑𝑉0 ( 59 ) 

 

where 𝐶𝑖𝑗𝑘𝑙
𝑒  is the tangent stiffness tensor, defined as: 

 

𝐶𝑖𝑗𝑘𝑙
𝑒 =

𝜕𝜏𝑖𝑗

𝜕𝐹𝑘𝑚
𝐹𝑙𝑚 = 𝐽𝜎𝑖𝑗𝛿𝑘𝑙 + 𝐽

𝜕𝜎𝑖𝑗

𝜕𝐹𝑘𝑚
𝐹𝑙𝑚 ( 60 ) 

 

This is where the material model chosen comes into play, as it allows for the definition of 𝜎𝑖𝑗 

and the computation of its derivative. 

 The algorithm ends by evaluating the convergence via a metric (for example, the 

magnitude of 𝑑𝑤𝑘
𝑏). If the solution has yet to converge, then one must return to equation ( 57 

) and repeat the process. 

 

2.2.4.2. UMAT and .inp file 

 Another important aspect worth mentioning in relation to Abaqus is the .inp file. This 

text document provides all the necessary information associated with an Abaqus Job, including 

model geometry, material model, boundary conditions, pretended outputs, meshing, section 

orientation, etc. Through the material definition, it is possible to implement UMATs (User-

Defined Materials) into the Job, which is a Fortran subroutine that allows for the 

implementation of material models that the standard Abaqus environment does not offer. The 

main inputs and outputs of the subroutine are listed in Table 1:  
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Table 1 - Overview of the most important input and output variables in a UMAT subroutine 
[42] 

Input Description 

PROPS 
Array of size 1 × 𝑛 containing 𝑛 material properties that are specified via the 

Abaqus .inp file 

DFGRD0 
Array of size 3 × 3 that contains the deformation gradient at the beginning of 

the increment (equal to DFGRD1 of the previous increment) 

DFGRD1 
Array of size 3 × 3 that contains the deformation gradient at the end of the 

increment (equal to DFGRD0 of the following increment) 

Output Description 

STRESS 

Array of size 1 × 𝑑 containing the stress tensor components at the beginning of 

the increment and which is updated in the subroutine to contain the stress at 

the end of the increment. For solid elements, 𝑑 = 6. 

DDSDDE 

Array of size 𝑑 × 𝑑 containing the tangent stiffness tensor components which is 

calculated for the given constitutive model (as seen in ( 60 )). For solid 

elements, 𝑑 = 6. 

 

Another aspect of the UMAT that should be highlighted is the use of coordinate systems. 

All deformation gradients map position vectors from one configuration to another. Since these 

vectors are defined in reference to coordinate systems (the same one for both or two different 

systems), then the deformation gradient will depend on these coordinate systems as well. In 

Abaqus, for solid continuum elements, each increment passes a deformation gradient that maps 

vectors from the undeformed configuration in the current local coordinate system to vectors 

from the deformed configuration in the same coordinate system. This means that, if the 

*orientation keyword is not present in the .inp file, then the computed outputs of the UMAT 

must be done so in reference to the global coordinate system of the mode, requiring an 

intermediate step to execute the conversion of the deformation gradient explained in [42, 43]. 

Otherwise, if *orientation keyword is present in that file, then no intermediate step is 

needed since the computed outputs need to be in the current local coordinate system (Figure 

9). 
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Figure 9 - The three considered coordinate systems. XYZ denotes the global coordinate 
system, xyz the initial local coordinate system and x’y’z’ the current local coordinate 

system. [42] 

 

2.2.4.3. Hybrid Elements 

One final aspect of the FEM that should be mentioned is the type of elements. As previously 

mentioned, soft tissues possess a highly incompressible behaviour, which can be modeled via a 

fully incompressible formulation or a near incompressible formulation. In the FEM, the latter 

involves the already addressed method of adding a volumetric component to the strain energy 

density function (for example, 1 𝐷⁄ (𝐽 − 1)2), but to employ the former, one must use what are 

called hybrid elements. Due to the volume not changing under loading (0.5 ≥ 𝑣 ≥ 0.475), the 

pressure stress cannot be computed from the displacements of the nodes and, therefore, a 

pure displacement formulation is inadequate to depict incompressibility, so this type of 

element needs to be used for fully incompressible behaviour [44]. 
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2.3. Surrogate Modeling 

Surrogate Models (SM, or metamodels) serve as approximations to more complex, time 

consuming and/or computationally intensive models; in other words, they map inputs to their 

corresponding outputs when the relationship between them is either unknown or too 

computationally expensive to obtain at higher runtimes [45].  

The implementation of surrogates for material models of soft tissues, which is the case in 

study, has important value in the Uncertainty Quantification (UQ) of said models. When a 

material model is developed, there are multiple components that possess uncertainty, such as 

uncertainty derived from approximations and assumptions from the model itself, or from the 

inputs that go into the model. By knowing the sources, magnitude and propagation of the 

uncertainty of a model, it is possible to provide guidance in decision-making processes [46]. As 

such, it is only in an engineer’s best interest to be able to perform a UQ framework as efficiently 

as possible, and, by using a surrogate, it is able to do just that, since it allows to save up 

computational resources and bypass slow runtimes.  

Besides UQ, other applications of surrogates are, for example, in parameter sensitivity 

analysis, in model calibration, and in decision making [47]. In the latter case, in the medical 

field, there is interest in creating surrogate models capable of predicting certain outcomes or 

aiding doctors in reaching a diagnosis, all based on patient data that is readily available at that 

specific moment. In the particular case of AAA, there have been attempts of creating surrogate 

models capable of predicting mortality after surgical intervention [13]. 

According to [48], it is possible to classify surrogate models based on their mathematical 

structure into three types; data-driven surrogates capture the dominant behaviour of a model 

by means of input-output samples; in projection-based surrogates the original model is 

projected into a lower dimensional subspace defined by orthonormal vectors; the third one, 

multifidelity surrogates, works by reducing the resolution of the outputs, increasing tolerances 

and overall just simplify the underlying physics behind the model [47]. 

Delving deeper into data-driven (or machine learned) surrogates, these can be 

mathematically expressed as: 

 

𝑦𝑆𝑀 = 𝑆𝑀(𝒙,𝝓) ≈ 𝑦 = 𝑓(𝒙) 
( 61 ) 

 

where 𝑆𝑀 is the surrogate model function that can approximates its outputs, 𝒚𝑆𝑀, with the 

outputs of a constitutive model, 𝒚, 𝒙 is the input set and 𝝓 is the hyperaparameter (parameters 

specific to the model structure) set that creates the best approximation. 
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The general steps of a constructing a metamodel consist of [49, 50]: 

• Choosing the design of experiments to create the training and testing data 

• Choosing the model architecture (what type of model to build) 

• Mapping the inputs to the outputs of the database (training and validation of the 

model) 

• Assessing the model’s quality to replicate the original constitutive model (testing 

the model) 

• Employing the surrogate in the statistical task at hand (i.e., Uncertainty 

Quantification) 

The sections below delve into the process of defining 𝑆𝑀 by following these general steps. 

 

2.3.1. Design of Experiments 

The accuracy of a model is dependent on the method of sampling used in the DoE. 

Thus, it is important to choose an approach that is simultaneously computationally efficient 

and allows for a good depiction of the empirical relations of the constitutive model throughout 

the input variable space. 

A commonly used technique is Latin Hypercube Design (LHC), which is a stratified-

sampling space-filling type of technique. It is of the former type because it involves the 

subdivision of the input variables space, and it is also of the latter type because there is a 

criterion involved in the selection of the sample points [49].  

In other words, for an input variable space of size 𝑛 that is the domain of a given 

function, and if one wants 𝑚 samples from said function, then each of the 𝑛 intervals that 

define the space are divided into 𝑚 equal length subintervals, generating 𝑚𝑛 hypercubes 

(subspaces). The criterion for the input selection is such that no two sample points can share 

a hypercube, nor can the hypercube in which a sample point is inserted share the same  

subinterval for a given input variable [51, 52]. Adaptations for this method exist such that the 

length of the subintervals are generated in order to reflect the probability distributions 

associated with the variables [53]. This method can be visualized better in Figure 10. 

 

 
Figure 10 – Examples of random LHC for 𝑛 = 2 and 𝑚 = 4 (left), and gaussian LHC for 𝑛 = 2 

and 𝑚 = 8 (right) [52, 54] 
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Other types of sampling designs include Monte Carlo sampling, Orthogonal design, 

Quasi-Monte Carlo sampling (and its subvarieties), etc. [49, 51]. 

 

2.3.2. Data-driven Model Formats  

Many different types of surrogate model formats exist, such as polynomial chaos 

functions, gaussian process regressions, neural networks, etc. [50]. For this project, neural 

networks were and gaussian processes were used, and are explained below. 

 

2.3.2.1. Deep Neural Networks 

Neural networks are a type of machine learning format based on the way human 

neurons behave. They are made up of an input layer, a hidden layer and an output layer; each 

layer performs a linear combination between the input, weights and biases, followed by an 

activation function that confers nonlinear capabilities to the network. Deep Neural Networks 

(DNN) are a more robust version of NN that contain multiple hidden layers, allowing for the 

mapping of more complex problems [55, 56]. The two main uses of NN are for regression 

(mapping a set of inputs to a real number), or classification problems (mapping a set of inputs 

to a categorical label). 

A NN architecture can be generalized by the expression [57]: 

 

𝒉𝑖 = 𝑔𝑖(𝐖𝑖𝒉𝑖−1 + 𝒃𝑖) 
( 62 ) 

 

where, for a given layer 𝑖 of the network, 𝒉𝑖 is its output, 𝒉𝑖−1 is the output of the previous 

layer that serves as the input of the current layer, 𝐖𝑖 and 𝒃𝑖 are the weights and bias of the 

layer, respectively, and 𝑔𝑖 is the nonlinear activation function of the layer. For the case of 𝑖 =

1, 𝒉𝑖−1 is the input vector of the model, 𝒙 (Figure 11), and for the last layer, 𝒉𝑖 is the output 

of the surrogate, 𝑦𝑆𝑀. 

 

 
Figure 11 - Typical Neural Network architecture[58] 
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 As such, weights and biases are the attributes of NN that need to be taught in order to 

perfect the mapping between inputs and the outputs of the dataset (also called collectively as 

the learnable parameters, 𝜽). This is named the Training of the NN, and, for regression 

problems (such as ours), it occurs in three phases: forward propagation, Loss computation, and 

backward propagation (Figure 12) [56, 59]. 

 

 
Figure 12 - Framework of NN Training [59] 

 

The first phase involves sending a data batch of size 𝑛 through the NN in order to 

compute 𝐘𝑆𝑀 for the given 𝐗 of the batch. The second one involves calculating the loss function, 

which indicates how distant the predictions are from the real values. A typical loss function for 

regression NN is the Mean Squared Error (MSE): 

 

𝐿 = 𝑀𝑆𝐸(𝐘𝑆𝑀, 𝐘) = ∑(𝑦𝑆𝑀𝑖 − 𝑦𝑖)
2

𝑛

𝑖=1

 ( 63 ) 

 

where 𝑛 is the batch size and 𝑦𝑖 is the output for instance 𝑖 of the batch. After this, the gradient 

of the loss function in reference to the learnable parameters is calculated via automatic 

differentiation. Finally, in the backward propagation phase, the learnable parameters are 

updated through an algorithm that minimizes the loss function based on the computed 

gradients. One common algorithm to update the learnables is the ADAM (Adaptive moment 

estimation) [59, 60]. This process repeats itself through multiple iterations. When the entire 

dataset has been processed, it is said that one epoch has passed in training of the model. 

The hyperparameters of NN include every variable involved in its architecture, such as 

the number of hidden layers, the output size of the layers/number of neurons per layer (which 

is behind the size of the weights and biases), but also involves variables on how the model is 

trained (such as learning rate) [57]. 

 One final important aspect of neural networks is weight regularization. This consists in 

a set of processes that penalize larger weights, allow for a better convergence of the training 

process and for reduced overfitting (when the model is extremely constricted to predict values 
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using inputs from the training database and is not flexible enough to predict using unseen 

inputs). Two common ways to apply weight regularization is through input and/or output 

standardization (transforming these values into a common range), and weight penalties, such 

as the L2 penalty [61]. 

 

2.3.2.2. Physics-Informed 

Physics-Informed Neural Networks are a subsect of NN that have been explored and 

various papers such as [62-64]. The main way to implement physics into the model training is 

by adding and extra term to the loss function: 

 

𝐿 = (1 − 𝜀)∑(𝑦𝑆𝑀𝑖 − 𝑦𝑖)
2

𝑛

𝑖=1

+ 𝜀∑(𝑝𝑆𝑀𝑖 − 𝑝𝑖)
2

𝑛𝑃𝐼

𝑖=1

 ( 64 ) 

 

where 𝜀 is a parameter that weighs the two terms of the loss, 𝑝𝑖 is the value of a physics law 

to which the surrogate must obey, 𝑝𝑆𝑀𝑖 is the actual value for the same physics law obtained 

via the surrogate, and 𝑛𝑃𝐼 is the arbitrary number of data instances which were artificially 

generated to evaluate the physics relation. The interesting aspect about this type of NN is this 

concept of quickly evaluating artificial inputs during training, generating artificial loss based 

on a real equation that the model needs to obey. 

 

2.3.2.3. Variational Inference Bayesian Neural Network 

Variational Inference Bayesian Neural Networks (VIBNN) are a specific type of Bayesian 

Neural Networks (BNN), which is used for the purpose of Uncertainty Quantification. Bayesian 

Neural Networks are a theoretical type of NN based on Bayesian Inference, which states that: 

 

𝑝(𝐻|𝐷) =
𝑝(𝐷|𝐻)𝑝(𝐻)

𝑝(𝐷)
 ( 65 ) 

 

Where 𝑝(𝐻|𝐷) is the posterior distribution, 𝑝(𝐻) is the prior distribution,  𝑝(𝐷|𝐻) is the 

likelihood distribution, 𝐻 is the parameter set on which we intend to infer, and 𝐷 is empirical 

knowledge that informs our belief about 𝐻. In theory, for BNN, 𝐻 would consist of the network 

weights and biases and 𝐷 would be the training dataset, but, due to the high dimensionality of 

the problem (neural networks have thousands of learnable parameters), and since the posterior 

distribution is extremely complex to sample from, the alternative solution is the so called 

(Stochastic) Variational Inference Bayesian Neural Network. In these metamodels, the 

learnables are actually the means and variances of the weights and biases that make up the 

NN, which are sampled from in each run. This generates a family of distributions, 𝑄, and, to 

find the closest member of the family, 𝑞∗(𝜽), that resembles the posterior distribution, 𝑝(𝜽|𝐷), 
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the most, one needs to maximize the negative ELBO loss (which is based on the Kullback-Leibler 

divergence between distributions): 

 

𝐿(𝑞∗(𝜽)) = −𝐸𝐿𝐵𝑂(𝑞∗(𝜽)) = 𝐸𝑞∗(𝜽)[log(𝑝(𝒀|𝜽, 𝑿)𝑝(𝜽))] − 𝐸𝑞∗(𝜽)[log(𝑞
∗(𝜽))] 

( 66 ) 

 

UQ is possible using this type of model since, if the model processes the same input 

multiple times, it is possible to obtain a probability distribution of the output (each time the 

input is processed, the weights get resampled, thus generating a different output each turn) 

[65-67]. 

 

2.3.2.4. Gaussian Process Regression 

Gaussian Process Regressions (GPR, also called kriging) are a format of metamodels of 

the type: 

 

𝑦𝑆𝑀 = ℎ(𝒙)
𝑇𝛽 + 𝑓(𝒙) 

( 67 ) 

 

where 𝑓(𝒙) is a Gaussian Process (meaning that the joint distribution of 𝑓(𝒙1), 𝑓(𝒙2), …, 𝑓(𝒙𝑛), 

where n is the number of input sets of the training database, is normal with mean zero)), ℎ(𝒙) 

is a vector of basis functions and 𝛽 the base function coefficients. The key aspect about GP is 

its stochastic nature, meaning it that given an input set, the GP provides the output mean, as 

well as its variance (and thus a probability density function for the output) [47, 68, 69]. The 

hyperparameters of this model include the kernel function (also called the covariance 

function), the basis functions, or the kernel scale. 

 

2.3.3. Performance Metrics 

Following the training, as previously said, the surrogate needs to undergo an evaluation of 

its mapping performance. A common evaluation metric when evaluation a surrogate model 

(either after or during training) is the Root Mean Square Error: 

 

𝑅𝑀𝑆𝐸 =
1

𝑛
√∑(𝑦𝑆𝑀𝑖 − 𝑦𝑖)

2
𝑛

𝑖=1

 ( 68 ) 
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The most important metric to evaluate the surrogate’s capabilities is the R-Squared (or 

Coefficient of determination) metric, defined between zero and one. Although there is no 

standardized consensus, references point towards 𝑅2 ≥ 0.7 or 0.8  and higher as good values 

for the surrogate [70]: 

 

𝑅2 = 1 −
∑ (𝑦𝑆𝑀𝑖 − 𝑦𝑖)

2𝑛
𝑖=1

∑ (𝑦̅ − 𝑦𝑖)
2𝑛

𝑖=1

 
( 69 ) 

 

where 𝑦̅ is the average of the true value of the true response and 𝑛 is the number of instances 

in the training dataset. 
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2.4. Uncertainty Quantification 

Computational modeling has become extremely relevant in engineering fields in order to 

represent real-life physics phenomena, as it has been mentioned previously. But these models, 

after being formulated, present challenges. When formulating these models, assumptions 

might have been made, or parameters were incorporated without much information on their 

accuracy. In other words, there is a necessity to increase the reliability of computational 

models, since they don’t always faithfully describe the behaviour exhibited by experimental 

setups. Therefore, Uncertainty Quantification seeks to assess the credibility of in silico models 

by means of identifying the sources of uncertainty, developing evaluation metrics, and 

quantifying their impact in the model’s outcomes [50]. 

When it comes to types of uncertainty, one can identify the following ones [46]: 

• Aleatoric uncertainty: originates due to the random nature of the event/variable. 

This means that, by sampling the given variable a sufficient number of times, the 

uncertainty associated with it is decreased. It is characterized by a probability 

density function, or a cumulative distribution function (CDF). 

• Epistemic uncertainty: derives from lack of knowledge on the variable/event. By 

increasing the information behind the variable, it is possible to decrease the 

uncertainty, in theory. It is characterized in the form of an interval, where no value 

within it is more likely to occur than the other. 

This classification the relation between these types of uncertainty can be visualized in 

Figure 13. The interesting aspect to note is that, when parameters possess both types of 

uncertainty, then that implies that there is uncertainty behind the probability distribution that 

should define it (imprecise probability) [50]. 

 

 
Figure 13 - Categorization of parameters according to different types of uncertainty [50] 
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 When it comes to uncertainty sources, they may arise from all different kinds of 

components that are incorporated into the computational model, such as inputs (geometry, 

loading, material parameters, etc.), numerical approximations (due to rounding errors or the 

computer’s rounding capabilities), or from the model form (assumptions adopted to formulate 

the model, such as numerical iterations to solve complex equations) [46]. 

 But, performing UQ frameworks in heavy and expensive to evaluate constitutive models 

may be practically impossible, which is why, as it was previously mentioned, metamodels have 

gained popularity to replicate the behaviour of the original models, and thus, replace them in 

the analysis of their uncertainty [49]. 
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3. Methodology 

This section focuses on the decision-making process of the project, as well as the design of 

experiments (DoE) behind the obtained results in the following section. In this way, it is divided 

into a first subsection that describes the constitutive models (CM) used to represent the 

mechanical behaviour of an artery under loading, and a second subsection that details how 

data was extracted from said models and employed for the training of the surrogates. The third 

subsection lists the models that were trained in the scope of the surrogate training and the 

quantification of their uncertainty. 

It should also be highlighted that the developed code was done so with the support of the 

MATLAB Documentation, which is available in [71-76], and the Abaqus Documentation, 

available in [44, 77]. 
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3.1. Constitutive Models 

3.1.1. MATLAB Models 

For the project at hand, two types of MATLAB models were created to represent arterial 

behaviour. For each one, code was created to extract the stresses and deformed radii given a 

set of geometric, material, structural and loading inputs. 

The models themselves are based on the formulation presented in section 2.2.3. All models 

are called WSE (Wall Stress Estimator) and are numbered from 1 to 3 in order of complexity, 

and, additionally, the following assumptions are common to all of them: 

• Cylindrical coordinate system (𝑟 − 𝜃 − 𝑧). 

• Axisymmetry 

• Incompressibility 

• Thick-walled cylinder 

• The pressure on the outer wall is null (𝑝𝑜 = 0) 

 

3.1.1.1. WSE1 

The first of the models pretends to model the stress behaviour of an artery as a thick-

walled cylinder under biaxial loading using a Neo-Hookean material model. Tables 2 and 3 list 

the inputs and outputs of the model, Figure 14 portrays the loading the cylinder is under, and 

equation ( 70 ) represents the deformation gradient representative of said loading. 

 

 
Figure 14 - Schematic for WSE1 

𝐅 =

[
 
 
 

1

𝜆𝜃𝜃𝜆𝑧𝑧
0 0

0 𝜆𝜃𝜃 0
0 0 𝜆𝑧𝑧]

 
 
 

 ( 70 ) 

 

 
Table 2 - Listing of inputs for WSE1 

Input Name Type 

𝐻 [mm] Undeformed wall thickness Geometric 

𝑅𝑖 [mm] Undeformed inner radius Geometric 

𝜆𝑧𝑧 [-] Axial stretch Loading 

𝐶10 [MPa] Neo-Hookean parameter Material 

𝑝𝑖 [MPa] Pressure exerted on inner wall  Loading 
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Table 3 - Listing of outputs for WSE2 

Output Name 

𝛔 [MPa] Cauchy stress tensor 

𝑟𝑖 [mm] Deformed inner radius  

𝑟𝑜 [mm] Deformed outer radius  

 

3.1.1.2. WSE2 

The second model predicts the stress behaviour of an artery as a thick-walled, two-

layered cylinder (tunica media and adventitia) under biaxial loading using a GOH material 

model, with two fiber families. Tables 4 and 5 list the inputs and outputs of the model, Figure 

15 portrays the loading the cylinder is under, and equation ( 72 ) represents the deformation 

gradient representative of said loading. 

 

 

Figure 15 - Schematic for WSE2 

𝐅 =

[
 
 
 

1

𝜆𝜃𝜃𝜆𝑧𝑧
0 0

0 𝜆𝜃𝜃 0
0 0 𝜆𝑧𝑧]

 
 
 

 ( 71 ) 

 

 
Table 4 - Listing of inputs for WSE2 

Input Name Type Layer 

𝐻𝑀 [mm] Undeformed thickness Geometric Tunica Media 

𝐻𝐴 [mm] Undeformed thickness Geometric Tunica Adventitia 

𝑅𝑖 [mm] Undeformed inner radius Geometric - 

𝜆𝑧𝑧 [-] Axial stretch Loading - 

𝐶10𝑀 [MPa] Neo-Hookean parameter Material Tunica Media 

𝜅𝑀 [-] GOH parameter Material Tunica Media 

𝑘1𝑀 [MPa] GOH parameter Material Tunica Media 

𝑘2𝑀 [-] GOH parameter Material Tunica Media 

𝛼𝑀 [rad] Fiber family orientation angle Structural Tunica Media 

𝐶10𝐴 [MPa]  Neo-Hookean parameter Material Tunica Adventitia 

𝜅𝐴 [-] GOH parameter Material Tunica Adventitia 

𝑘1𝐴 [MPa]  GOH parameter Material Tunica Adventitia 
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𝑘2𝐴 [-] GOH parameter Material Tunica Adventitia 

𝛼𝐴 [rad] Fiber family orientation angle Structural Tunica Adventitia 

𝑝𝑖 [MPa] Pressure exerted on inner wall  Loading - 

 
Table 5 – Listing of outputs for WSE2 

Output Name Layer 

𝛔𝑀 [MPa] Cauchy stress tensor Tunica Media 

𝛔𝐴 [MPa] Cauchy stress tensor Tunica Adventitia 

𝑟𝑖 [mm] Deformed inner radius  - 

𝑟𝑚 [mm] Deformed middle radius  - 

𝑟𝑜 [mm] Deformed outer radius  - 

 

3.1.2. Abaqus Models 

Besides the MATLAB code, Abaqus python scripts were also developed to simulate 

arterial behaviour. Three types of arterial models for Abaqus were created: the first two are 

identical in terms of formulation to the WSE1 and WSE2 previously explained, with the added 

material parameter 𝐷 = 0 since we assume incompressibility. In more detailed terms, these 

Abaqus models involve a 3D axisymmetric model of a tube quarter, where pressure is applied 

in a surface defined by the inner wall, axial extension is applied in one of the axial sides, and 

the remaining sides of the artery have their displacements constrained in their perpendicular. 

The simulation is computed in one Abaqus/Standard step, with Nlgeom turned on. For WSE2, a 

partition is made to differentiate between the tunica media and adventitia layers, to allow the 

assignment of sections with different material properties. The elements used were C3D8H and 

the element size of 0.1 mm. 

 
Figure 16 - Quarter Artery of the Abaqus model. Region in red is the Set where axial 

displacement is applied; region in yellow is the Surface where pressure is applied; region in 
orange is the Set where displacement in XX is constrained. Not seen: the Sets where 

displacements in YY and ZZ are constrained. 

 𝑥 

 𝑧 

𝑦 
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The third model (called WSE3) is a growth and remodeling UMAT that holds the same 

assumptions that were mentioned at the beginning of subsection 3.1.1, with the exception of 

incompressibility, since near-incompressibility is assumed (Figure 17). It is divided into three 

steps: a first one that serves to apply a homeostatic stress to the inner wall of the cylinder, a 

second one where a prestressing algorithm is executed to find the homeostatic configuration 

(configuration at which the cylinder is not deformed but possesses residual stresses due to the 

first step), and a third step where non-homeostatic growth and remodeling of four fiber families 

is considered for 100 time increments. The type of element used in the simulation is the C3D8. 

The reasoning behind this UMAT is explained in more detail in [35, 78]. 

 

 
Figure 17 - Schematic of WSE3 

 

3.1.1. Abaqus Mesh Size Convergence 

For all three Abaqus models, a mesh size convergence test was performed. In this test, 

the size of the elements in the radial direction was varied between 0.025 and 0.4 mm, from 

the initial reference of 0.1 mm. The percentage of variation of the radial and tangential 

stresses at the extremity of the model was registered (Figure 18). Results are presented in 

subsection 4.1.1. 

 

 
Figure 18 – In red is the node where the stresses were extracted from for the mesh 

convergence test, and in green are the Sets where bias seeding was applied to obtain the 
pretended element size in the radial direction 
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3.1.2. MATLAB & Abaqus Comparison 

In order to cross validate the code formulated in MATLAB and Abaqus, a comparison 

between the stress outputs from both types of models was made. Tables 6 and 7 list the input 

sets for WSE1 and WSE2 that were used for the comparison. Results are presented in subsection 

4.1.2. 

 
Table 6 - Input values for WSE1 

Input Value 

𝐻 [mm] 2.5 

𝑅𝑖 [mm] 15 

𝜆𝑧 [-] 1.4 

𝐶10 [MPa] 0.5 

𝑝𝑖 [MPa] 0.02 

 

Table 7 - Input values for WSE2 

Input Value 

𝐻𝑀 [mm] 1.25 

𝐻𝐴 [mm] 1.25 

𝑅𝑖 [mm] 15 

𝜆𝑧 [-] 1.4 

𝐶10𝑀 [MPa] 0.05 

𝑘1𝑀 [MPa] 0.34 

𝑘2𝑀 [-] 7.2 

𝜅𝑀 [-] 0.8 

𝛼𝑀 [rad] 
𝜋
8⁄  

𝐶10𝐴 [MPa] 0.06 

𝑘1𝐴 [MPa] 0.27 

𝑘2𝐴 [-] 13.4 

𝜅𝐴 [-] 0.29 

𝛼𝐴 [rad] 
𝜋
4⁄  

𝑝𝑖 [MPa] 0.02 
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3.2. Design of Experiments 

After having the models defined, one needs to establish a discrete correspondence between 

different input sets and their outputs, which will allow for an empirical description of the 

models. This procedure is called sampling, and it serves to generate the data necessary to train 

the data-driven surrogates.  

In this project, two ways of collecting the necessary data were defined: one for WSE1 & 

WSE2 and another for WSE3. For the former, the MATLAB version of the models was used for 

sampling due to lower processing time compared to Abaqus, and two types of outputs were 

considered to be sampled: the deformed inner radius, 𝑟𝑖, and the stress tensor, 𝛔. In the case 

of WSE3, the Abaqus model was used, and the output considered to be sampled was the 

tangential stress, 𝜎𝜃. These approaches are explained in more detail below.  

 

3.2.1. Sampling the Deformed inner radius for WSE1 & 

WSE2 

Firstly, one needs to define the input variable space (IVS) for each constitutive model. In 

other words, to define the upper and lower boundaries of each possible input, the following 

expressions were used: 

 

𝑙𝑏𝑖 = 𝑟𝑒𝑓𝑣𝑎𝑙𝑖 × (1 − 𝑣𝑎𝑙) 
( 72 ) 

𝑢𝑏𝑖 = 𝑟𝑒𝑓𝑣𝑎𝑙𝑖 × (1 + 𝑣𝑎𝑙) 
( 73 ) 

 

where, for each input 𝑖, 𝑙𝑏𝑖 is the lower boundary, 𝑢𝑏𝑖 is the upper boundary, 𝑟𝑒𝑓𝑣𝑎𝑙𝑖 is a 

reference value based on literature of the different inputs ([79-83]) and 𝑣𝑎𝑙 is an arbitrary 

value. For all variables, it was postulated 𝑣𝑎𝑙 = 0.2, which means the upper and lower 

boundaries are a mere percentual increase and decrease of 20% from the reference value, 

respectively.  

 The next step requires the definition of an expanded input variable space (EIVS), and 

an unseen input variable space (UIVS), which will be used for testing the surrogate. Testing the 

surrogate on inputs it was not trained with allows for a better understanding of its capability 

for generalization and of how well it depicts the constitutive model relations between inputs. 

For the case of the EIVS boundaries, we have: 

 

𝑒𝑙𝑏𝑖 = 𝑙𝑏𝑖 −
𝑢𝑏𝑖 − 𝑙𝑏𝑖

2
× 𝑝𝑒𝑟𝑐 = 𝑙𝑏𝑖 − 𝑟𝑒𝑓𝑣𝑎𝑙𝑖 × 𝑣𝑎𝑙 × 𝑝𝑒𝑟𝑐 

( 74 ) 

𝑒𝑢𝑏𝑖 = 𝑢𝑏𝑖 +
𝑢𝑏𝑖 − 𝑙𝑏𝑖

2
× 𝑝𝑒𝑟𝑐 = 𝑢𝑏𝑖 + 𝑟𝑒𝑓𝑣𝑎𝑙𝜃2 × 𝑣𝑎𝑙 × 𝑝𝑒𝑟𝑐 

( 75 ) 

 



 

 

 

43 

where 𝑝𝑒𝑟𝑐 is a parameter that serves to expand the boundaries, 𝑒𝑙𝑏𝑖 is the expanded lower 

boundary and 𝑒𝑢𝑏𝑖 is the expanded upper boundary. This implies that the UIVS boundaries are 

defined as: 

 

𝑢𝑙𝑏1𝑖 = 𝑒𝑙𝑏𝑖 
( 76 ) 

𝑢𝑢𝑏1𝑖 = 𝑙𝑏𝑖 
( 77 ) 

𝑢𝑙𝑏2𝑖 = 𝑢𝑏𝑖 
( 78 ) 

𝑢𝑢𝑏2𝑖 = 𝑒𝑢𝑏𝑖 
( 79 ) 

 

where 𝑢𝑙𝑏1𝑖 and 𝑢𝑢𝑏1𝑖 are the unseen lower and upper boundaries on one side, respectively, 

and 𝑢𝑙𝑏2𝑖 and 𝑢𝑢𝑏2𝑖 are the unseen lower and upper boundaries on the other side, respectively. 

For this project, three values of 𝑝𝑒𝑟𝑐 were chosen (5, 2, and 1), meaning that three 

datasets were created for UIVS and EIVS. 

To better understand the expressions presented, a simple example is presented: let 𝑓 be 

the function that mathematically represents a certain constitutive model such that:  

 

𝑦 = 𝑓(𝜽) 
( 80 ) 

 

where 𝜽 = [𝜃1 𝜃2] is the input vector made up of two scalars. This means that the input 

variable space 𝐼𝑉𝑆 ⊂ ℝ2 and that the expanded input variable space 𝐸𝐼𝑉𝑆 ⊂ ℝ2. Let us assume 

𝑟𝑒𝑓𝑣𝑎𝑙𝜃1 = 1 and 𝑟𝑒𝑓𝑣𝑎𝑙𝜃2 = 0.4, and, for 𝑝𝑒𝑟𝑐 = 1, 𝐼𝑉𝑆 and 𝐸𝐼𝑉𝑆 can be visually represented 

as Figure 19 suggests.  

 

 
Figure 19 - Input variable spaces, where green is EIVS, purple is UIVS and red is IVS (𝐼𝑉𝑆 ⊂

𝐸𝐼𝑉𝑆 ⊂ ℝ2, 𝑈𝐼𝑉𝑆 ⊂ 𝐸𝐼𝑉𝑆 ⊂ ℝ2) (image created with Desmos) 

𝜃2 

𝜃1 
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The above train of thought can be generalized for ℝ𝑛, where 𝑛 is the size of the input 

variable vector. As such, the reference values that were used for WSE1 and WSE2 are presented 

in Tables 8 and 9. 

 
Table 8 - Reference values for the inputs of WSE1 

Input Reference values,  𝒓𝒆𝒇𝒗𝒂𝒍 

𝐻 [mm] 1 

𝑅𝑖 [mm] 13 

𝜆𝑧 [-] 1.1 

𝐶10 [MPa] 0.5 

𝑝𝑖 [MPa] 0.03  

 
Table 9 - Reference values for the inputs of WSE2 

Input Reference values,  𝒓𝒆𝒇𝒗𝒂𝒍  

𝐻𝑀 [mm] 1 

𝐻𝐴 [mm] 1 

𝑅𝑖 [mm] 13 

𝜆𝑧 [-] 1.1 

𝐶10𝑀 [MPa] 0.05 

𝑘1𝑀 [MPa] 0.2 

𝑘2𝑀 [-] 0.3 

𝜅𝑀 [-] 6 

𝛼𝑀 [rad] 
𝜋
8⁄  

𝐶10𝐴 [MPa]  0.05 

𝑘1𝐴 [MPa] 0.2 

𝑘2𝐴 [-]  0.3 

𝜅𝐴 [-] 14 

𝛼𝐴 [rad] 
𝜋
4⁄  

𝑝𝑖 [MPa] 0.03  

 

With the input spaces defined, one needs to adopt an algorithm that chooses points from 

the defined variable spaces, which, for this project, was Random Latin Hypercube. Applying 

this method to sample from IVS and EIVS is straightforward; to sample from UIVS, however, the 

adopted approach was to sample from the region defined by 𝑢𝑙𝑏1𝑖 and 𝑢𝑢𝑏1𝑖 (in the previous 
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example, it would be the lower left purple square), and by 𝑢𝑙𝑏2𝑖 and 𝑢𝑢𝑏2𝑖 (upper right purple 

square), and then randomly permute the sampled values for the inputs in order to achieve 

sampling of the remaining UIVS (upper left and lower right purple squares). For all datasets, 

the number of sampled instances was 1000. 

 

3.2.2. Sampling the Stress Tensor for WSE1 & WSE2 

When it comes to the stress tensor, another input arises, which is the 𝑟 where we want to 

extract the stresses from. Since this parameter will vary depending on the geometry, a 

normalized version of the model was adopted: 

 

𝑟𝑛𝑜𝑟𝑚 =
𝑟 − 𝑟𝑙
𝑟ℎ − 𝑟𝑙

∈ [0 1] ( 81 ) 

 

where 𝑟𝑙 is the lower deformed radius of the layer, and 𝑟ℎ is the higher deformed radius of the 

layer. Keep in mind that, since WSE2 incorporates two material layers, two stress tensors need 

to be extracted, which means that, for the tunica media, 𝑟𝑙 = 𝑟𝑖 and 𝑟ℎ = 𝑟𝑚, while for the 

tunica adventitia, 𝑟𝑙 = 𝑟𝑚 and 𝑟ℎ = 𝑟𝑜. The reference value for 𝑟𝑛𝑜𝑟𝑚 was adopted as 0.5. 

 

3.2.3. Sample Rejection in WSE1 & WSE2 

During sampling, especially when sampling from the EIVS and the UIVS, certain input 

sets produce unrealistic and/or problematic results that contaminate the dataset. Thus, it is 

important to remove these instances based on a set of criteria. For this reason, if, for a given 

input set… 

• Outputs took longer than 30 seconds to compute 

• No numerical solution of equation ( 45 ) for the variable 𝜆𝜃𝜃,𝑖 within the range 

[1 3⁄ 3] was found 

• Boundary conditions were not met (i.e., 𝜎𝑟𝑟(𝑟𝑜) = 0, and 𝜎𝑟𝑟(𝑟𝑖) = −𝑝𝑖) 

• The computed deformed inner radius, 𝑟𝑖, is bigger than 60 mm 

• No solution for the Lagrange Multiplier was found 

…then the input set was rejected. The amount of rejected inputs is detailed in subsection 

4.2.1. It should be noted that no samples were rejected when sampling for the IVS (i.e., all 

instances in the IVS fulfilled the above criteria). 

 

3.2.4. Output Statistics in WSE1 & WSE2 

After obtaining the datasets, a general view of the distribution of the outputs is 

provided in subsection 4.2.2. 

 



 

 

 

46 

3.2.5. Sampling in WSE3 

In terms of sampling in WSE3, the approach was more unorthodox. Instead of using an 

LHC framework using a MATLAB model, the G&R simulation was executed in Abaqus with 

specific material and geometric parameters listed in Table 10, based on [35]: 

 
Table 10 – Set of parameters used in the Abaqus simulation of WSE3 

Input Values  

𝐶10 [MPa] 0.0305/0.8 

𝑘1 [MPa] 0.0289/0.05 

𝑅𝑖 [mm] 5 

𝑘2 [-] 1.23 

𝛼 [rad] 
𝜋
8⁄  

𝐻 [mm] 1.3 

𝜌𝑒𝑙𝑎𝑠𝑡𝑖𝑛(0) [-] 0.8 

𝜌𝑐𝑜𝑙𝑙𝑎𝑔𝑒𝑛,𝑗(0) [-] 0.05 

𝑔𝑧𝑧
𝑒𝑙𝑎𝑠𝑡𝑖𝑛 [-] 1.2 

𝑔𝑐𝑜𝑙𝑙𝑎𝑔𝑒𝑛,𝑗 [-] 1.1 

𝑇𝑐𝑜𝑙𝑙𝑎𝑔𝑒𝑛,𝑗 [days] 101 

𝑘𝜎+
𝑐𝑜𝑙𝑙𝑎𝑔𝑒𝑛,𝑗

 [-] or [MPa-1] 0.1 

𝑘𝜎−
𝑐𝑜𝑙𝑙𝑎𝑔𝑒𝑛,𝑗

 [-] or [MPa-1] 0.0 

𝑝𝑖 [MPa] 0.03  

 

The resulting .odb file contains, in its third time step, the G&R phase over the course of 

100 time increments (equivalent to 1000 days of G&R). The sampling procedure consisted in 

extracting the values for the tangential stress for each increment for each radial position; in 

other words, the resulting data set had as inputs the radius and the day, and as the output the 

tangential stress. Finally, the data was partitioned into two: one that contained all data 

regarding the first 30 increments (first 300 days) for training, and the remaining data for 

testing. 
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3.3. Surrogate Models 

To provide the reader with a better overview of the created figures, Tables 11 to 13 list all 

the surrogates that were built and the studies that were executed with them, along with the 

associated figures in section 4. 

 
Table 11 - Surrogates for WSE1 

Name Type Output Types of Figures & Tables Reference 

WSE1SM1 GPR 𝑟𝑖 

Predicted VS Real Values Plot  Figure 37 

𝑅2 VS 𝑝𝑒𝑟𝑐 Plot Figure 38 

PDF for UQ Figure 39 

Partial Dependence Plots Figures 40-42 

Hyperparameters Table 17 

WSE1SM2 NN 𝑟𝑖 

Predicted VS Real Values Plot  Figure 43 

𝑅2 VS 𝑝𝑒𝑟𝑐 Plot Figure 44 

Training Set Size VS 𝑅2 Plot Figure 45 

Hyperparameters Table 18 

 
Table 12 - Surrogates for WSE2 

Name Type Output Types of Figures & Tables Reference 

WSE2SM1 GPR 𝑟𝑖 

Predicted VS Real Values Plot Figure 46 

𝑅2 VS 𝑝𝑒𝑟𝑐 Plot Figure 47 

PDF for UQ Figure 48 

Partial Dependence Plots Figures 49-51 

Hyperparameters Table 19 

WSE2SM2 NN 𝑟𝑖 

Predicted VS Real Values Plot Figure 52 

𝑅2 VS 𝑝𝑒𝑟𝑐 Plot Figure 53 

Training Set Size VS 𝑅2 Plot Figure 54 

Hyperparameter Sensitivity Figures 55-57 

Hyperparameters Table 20 

WSE2SM3 NN 
𝑟𝑖, 𝑟𝑚, 𝑟𝑜, 𝜎𝑟𝑟𝑀, 

𝜎𝜃𝜃𝑀, 𝜎𝑟𝑟𝐴 , 𝜎𝑟𝑟𝑀 

Predicted VS Real Values Plot Figures 58-64 

𝑅2 VS 𝑝𝑒𝑟𝑐 Plot Figures 65 and 66 
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WSE2SM4 PINN 
𝑟𝑖, 𝑟𝑚, 𝑟𝑜, 𝜎𝑟𝑟𝑀, 

𝜎𝜃𝜃𝑀, 𝜎𝑟𝑟𝐴 , 𝜎𝑟𝑟𝑀 

Predicted VS Real Values Plot Figures 67-73 

𝑅2 VS 𝑝𝑒𝑟𝑐 Plot Figures 74 and 75 

𝜀 Sensitivity Figure 76 

WSE2SM5 VIBNN 𝑟𝑖 

Predicted VS Real Values Plot Figure 77 

PDF for UQ Figure 78 

Hyperparameters Table 20 

 
Table 13 - Surrogate for WSE3 

Name Type Output Study Figures & Tables 

WSE3SM1 GPR 𝜎𝜃𝜃𝑀 

Predicted VS Real Values 

Plot 
Figure 79 

Hyperparameters Table 24 

 

 Before proceeding with the results, a few clarifications should be made on the models. 

First, it should be noted that the GPRs and WSE1SM1 were trained using the built-in MATLAB 

Regression Learner app. Additionally, from WSE2SM4 through WSE2SM5, the same 

hyperparameters were used.  

In terms of standardization of the dataset, symmetric standardization (𝑥𝑖
𝑠𝑡𝑎𝑛𝑑 =

2 ×
𝑥𝑖−𝑙𝑏𝑖

𝑢𝑏𝑖−𝑙𝑏𝑖
− 1) was used for the inputs, while the outputs went through z-score standardization 

(𝑦𝑖
𝑠𝑡𝑎𝑛𝑑 =

𝑦𝑖−𝜇𝑖

𝜎𝑖
). 

 When it comes to the PINN, during training, 300 artificial inputs were generated: 100 

for random 𝑟𝑛𝑜𝑟𝑚, 100 for 𝑟𝑛𝑜𝑟𝑚 = 1 and 100 for 𝑟𝑛𝑜𝑟𝑚 = −1. The respective outputs were 

calculated by the NN and then their outputs were incorporated into the equations in the 

following way: 

 

𝐿1 = MSE(zscore ((
𝜎𝜃𝜃𝑀
𝑃𝐼𝑁𝑁 − 𝜎𝑟𝑟𝑀

𝑃𝐼𝑁𝑁

𝑟𝑀
−
𝑑𝜎𝑟𝑟𝑀

𝑃𝐼𝑁𝑁

𝑑𝑟𝑀
))) ( 82 ) 

𝐿2 = MSE(zscore ((
𝜎𝜃𝜃𝐴
𝑃𝐼𝑁𝑁 − 𝜎𝑟𝑟𝐴

𝑃𝐼𝑁𝑁

𝑟𝐴
−
𝑑𝜎𝑟𝑟𝐴

𝑃𝐼𝑁𝑁

𝑑𝑟𝐴
))) ( 83 ) 

𝐿3 = MSE (zscore(𝜎𝑟𝑟𝐴
𝑃𝐼𝑁𝑁 − 𝜎𝑟𝑟𝑀

𝑃𝐼𝑁𝑁)) ( 84 ) 

𝐿4 = MSE (zscore ((−𝜎𝑟𝑟𝐴
𝑃𝐼𝑁𝑁) − 0)) ( 85 ) 

𝐿5 = MSE (zscore ((−𝜎𝑟𝑟𝑀
𝑃𝐼𝑁𝑁) − 𝑝𝑖)) 

( 86 ) 

𝐿𝑃ℎ𝑦𝑠𝑖𝑐𝑠 =
1

5
∑𝐿𝑖

5

𝑖=1

 ( 87 ) 
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where equations ( 82 ) and ( 83 ) are applied to the 300 outputs, and ( 84 ) to ( 86 ) are applied 

to the outputs of PINN where the 𝑟𝑛𝑜𝑟𝑚 was 1 or -1 (since the stresses are being evaluated at 

the extremities of each layer). 

 When it comes to model validation during training, holdout validation was performed 

with a holdout percentage of 30%. 
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4. Results 

In this section, results are presented regarding the methodology previously explained. As 

such, it includes figures and comments associated with the validation of the constitutive 

models, the design of experiments and, finally, the performance of the metamodels. 
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4.1. Constitutive Models 

4.1.1. Abaqus Mesh Size Convergence 

 

 
Figure 20 - Mesh Size Convergence Test for WSE1 (blue 

for Radial Stress, orange for Tangential Stress) 

 
Figure 21 - Mesh Size Convergence Test for WSE2 (blue 

for Radial Stress, orange for Tangential Stress) 

 
Figure 22 - Mesh Size Convergence Test for WSE3 (blue for Radial Stress, orange for Tangential Stress) 

 

From Figures 20-22, it is possible to observe a linear relationship between the size of 

the elements in the radial direction and the percentual variation of the radial stress in all 

models. Given that the chosen node in analysis belongs to the outer wall of the model, as the 

size of the element becomes more refined and tends towards zero, the value for the radial 

stress percentual variation tends towards -100% (which means the actual value tends towards 

zero). It is also possible to see no dependency of the variation of the tangential stress in the 

size of the radial length of the element. 
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4.1.2. MATLAB & Abaqus Comparison 

 

 
Figure 23 - Comparison between radial stress for 
the MATLAB and Abaqus WSE1 for a certain IVS 

input 

 
Figure 24 - Comparison between tangential stress for 
the MATLAB and Abaqus WSE1 for a certain IVS input 

 
Figure 25 - Comparison between axial stress for the MATLAB and Abaqus WSE1 for a certain input 

 
Figure 26 - Comparison between radial stress for 
the MATLAB and Abaqus WSE2 for a certain IVS 

input 

 
Figure 27 - Comparison between tangential stress for 
the MATLAB and Abaqus WSE2 for a certain IVS input 

 
Figure 28 - Comparison between axial stress for the MATLAB and Abaqus WSE2 for a certain IVS input 
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Table 14 - CPU and Elapsed times (CPUT and ET) for example inputs in WSE1 

 CPUT [s] ET [s] 

MATLAB 1.8438  1.7996 

Abaqus 2.0625 56.4889 

 
Table 15 - CPU and Elapsed times (CPUT and ET) for example inputs in WSE2 

 CPUT [s] ET [s] 

MATLAB 3.7656  3.6976 

Abaqus 2.9531 53.1331 

 
Table 16 - CPU and Elapsed times (CPUT and ET) for example inputs in WSE3 

 CPUT [s] ET [s] 

Abaqus 516 449 

 

Since the MATLAB and Abaqus values coincide in Figures 23 to 28, it is safe to assume the 

scripts developed for both softwares are valid for use (it should be noted that, although the 

Abaqus and MATLAB values do not coincide in Figure 25, the difference between the two is in 

the order of 0.0001 MPa, which is negligible). Moreover, the much higher elapsed times for the 

Abaqus simulations of WSE1 and WSE2 (Tables 14 and 15) serve as justification to use MATLAB 

as the main formulation for sampling the datasets. 
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4.2. Design of Experiments 

4.2.1. Sample Rejection in WSE1 & WSE2 

 

 
Figure 29 - Number of samples left in the WSE1 EIVS and UIVS after rejection for different 

𝑝𝑒𝑟𝑐 

 

 
Figure 30 - Number of samples left in the WSE1 EIVS and UIVS after rejection for different 

𝑝𝑒𝑟𝑐 

 

Figures 29 and 30 indicate an expected decrease in obtained samples as one increases 

the 𝑝𝑒𝑟𝑐 parameter (the ideal number of samples, without rejection, would be 1000, as 

mentioned previously). It is interesting to note the higher number of rejections in the WSE1 

model compared to the WSE2. 
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4.2.2. Output Statistics 

 

 
Figure 31 - Boxplots of the WSE1 𝑟𝑖 for the 

different generated datasets 

 
Figure 32 - Boxplots of the WSE2 𝑟𝑖 for the 

different generated datasets 

 
Figure 33 - Boxplots of the WSE2 𝜎𝑟𝑟𝑀 for the 

different generated datasets 

 
Figure 34 - Boxplots of the WSE2 𝜎𝜃𝜃𝑀 for 

the different generated datasets 

 
Figure 35 - Boxplots of the WSE2 𝜎𝑟𝑟𝐴 for the 

different generated datasets 

 
Figure 36 - Boxplots of the WSE2 𝜎𝜃𝜃𝐴 for 

the different generated datasets 

 

The figures above show a clear increase in the number of outliers (represented by the red 

markers) and in the spread of the quartiles for all outputs as the 𝑝𝑒𝑟𝑐 increases. It should be 

mentioned that the stress outputs of WSE1 were not considered since no surrogate was built 

for these outputs.  
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4.3. Surrogate Models 

4.3.1. WSE1 

4.3.1.1. WSE1SM1 

 

 
Figure 37 - Predicted VS Real plot for 

WSE1SM1 for 𝑝𝑒𝑟𝑐 = 5 

 
Figure 38 - 𝑅2 VS perc for the UIVS and EIVS 

(𝑅2 = 1.00 for IVS) 

 

Figure 39 - PDF for an input set from 

dataset UIVS5 

 
Figure 40 - Partial Dependence Plot of 𝑟𝑖 on 
𝑅𝑖, with the remaining parameters being 

constant and equal to their 𝑟𝑒𝑓𝑣𝑎𝑙 
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Figure 41 - Partial Dependence Plot of 𝑟𝑖 
on 𝜆𝑧𝑧, with the remaining parameters 

being constant and equal to their 𝑟𝑒𝑓𝑣𝑎𝑙 

 

Figure 42 - Partial Dependence Plot of 𝑟𝑖 on 𝑅𝑖 

and 𝜆𝑧𝑧, with the remaining parameters being 

constant and equal to their refval 

 
Table 17 – Hyperparameters for WSE1SM1 

Hyperparameters Value 

Type GPR 

Output 𝑟𝑖 

Basis function zero 

Kernel function Isotropic rational quadratic 

Kernel scale 3.7661 

Sigma 0.0073 

Standardization yes 

 

Figure 37 shows that WSE1SM1 is able replicate the outputs fairly well for the testing 

IVS, and more or less so for the UIVS and EIVS, but it does overestimate the deformed inner 

radius value for lower real values of the CM, and it underestimates the deformed inner radius 

value for higher real values of the CM. Given that the coefficient of determination is higher 

than 0.7/0.8, one can say that this model is a suitable surrogate (Figure 38). The stochastic 

nature of the GPR allows for the quantification of the uncertainty of the inner deformed radius 

for a given input set (Figure 39). Figures 40, 41 and 42 show the variation of the inner deformed 

radius when one varies the undeformed inner radius, the axial stretch or both, respectively, 

while keeping the remaining inputs constant (the white square represents the projection of IVS 

into that two-dimensional plane).  
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4.3.1.2. WSE1SM2 

 

 
Figure 43 - Predicted VS Real plot for 

WSE1SM2 for 𝑝𝑒𝑟𝑐 = 5 

 
Figure 44 - 𝑅2 VS 𝑝𝑒𝑟𝑐 for the UIVS and EIVS 

(𝑅2 = 0.9586 for IVS) 

 

Figure 45 – 𝑅2 VS Training dataset size for IVS, UIVS and EIVS for 𝑝𝑒𝑟𝑐 = 5 

 
Table 18 - Hyperparameters of WSE1SM2 

Hyperparameter Value 

Type NN 

Output 𝑟𝑖 

Number of layers 3 

Activation function none 

Layer sizes  [85 19 1] 

Regularization 1.677e-7 

Standardization yes 

 

 Similarly to the previous model, the 𝑅2 values are above 0.7 for all testing datasets 

(Figure 44). However, Figure 43 shows an arch shape in the scatter plot for 𝑝𝑒𝑟𝑐 = 5 

(underestimation of the output when the real value is further away from the IVS region in 
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purple). It should also be noted that there is no dependency on the performance of the NN with 

the size of the training dataset (Figure 45). 

 

4.3.2. WSE2 

4.3.2.1. WSE2SM1 

 

 
Figure 46 - Predicted VS Real plot for 

WSE2SM1 for 𝑝𝑒𝑟𝑐 = 5 

 
Figure 47 - 𝑅2 VS perc for the UIVS and EIVS 

(𝑅2 IVS=0.9999) 

 
Figure 48 - PDF for an input set from the 

dataset UIVS5 

 
Figure 49 - Partial Dependence Plot of 𝑟𝑖 on 

𝑅𝑖, with the remaining parameters being 

constant and equal to their 𝑟𝑒𝑓𝑣𝑎𝑙 

 
Figure 50 - Partial Dependence Plot of 𝑟𝑖 
on 𝜆𝑧𝑧, with the remaining parameters 

being constant and equal to their 𝑟𝑒𝑓𝑣𝑎𝑙 

 
Figure 51 - Partial Dependence Plot of 𝑟𝑖 on 𝑅𝑖 
and 𝜆𝑧𝑧, with the remaining parameters being 

constant and equal to their 𝑟𝑒𝑓𝑣𝑎𝑙 
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Table 19 - Hyperparameters of WSE2SM1 

Hyperparameter Value 

Type GPR 

Output 𝑟𝑖 

Basis function linear 

Kernel function Nonisotropic squared exponential 

Kernel scale 0.95556 

Sigma 0.0026056 

Standardization no 

 

 Compared to the previous GPR, this surrogate performs a lot better, and the predicted 

VS real relation is near linear (Figure 46 and 47). Once again, the output’s uncertainty is 

quantified by the PDF for each given input (Figure 48). When it comes to the dependency plots, 

the relationships between these inputs seem to be similar as the ones depicted by WSE1SM1, 

however with not as high values for the inner deformed radius (Figures 49-51). 
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4.3.2.2. WSE2SM2 

 

 
Figure 52 - Predicted VS Real plot for WSE2SM2 for 

𝑝𝑒𝑟𝑐 = 5 

 

 
Figure 53 - 𝑅2 VS perc for the UIVS and EIVS (𝑅2 

IVS=0.9614) 

 
Figure 54 - Study on the influence of the training 

set size on 𝑅2: 𝑅2VS Training dataset size for IVS, 
UIVS and EIVS for 𝑝𝑒𝑟𝑐 = 5 

 

 
Figure 55 - Sensitivity of 𝑅2 towards the Initial Learn 

Rate 

 
Figure 56 - Sensitivity of 𝑅2 towards the Output Size 

of the first layer 

 
Figure 57 - Sensitivity of 𝑅2 towards the Fully Connected 

layers 
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Table 20 - Hyperparameters of WSE1SM2 

Hyperparameter Value 

Type NN 

Output 𝑟𝑖 

Number of layers 5 

Activation function ReLu 

Layer sizes  [500 375 251 126 1] 

L2 Regularization 0.0001 

Epochs 10 

Batch size 32 

Initial learn rate  0.001 

Learn rate drop factor 0.5 

Learn rate drop period 2 

Standardization yes, for inputs (symmetric) 

 

Comparing Figures 43 and 52, it also seems the neural network for WSE2 possesses 

higher accuracy and better depiction of the output values. Figure 54-57 consist in a 

hyperparameter sensitivity study, that show a stagnation of the 𝑅2 after a given value for each 

parameter; additionally, lower values for number of neurons of the first layer cause sharper 

decrease in accuracy compared to lower values of the other hyperparameters. 
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4.3.2.3. WSE2SM3 

 

 

Figure 58 - 𝑟𝑖 Predicted VS Real plot for 

WSE2SM3 for 𝑝𝑒𝑟𝑐 = 5 

 

Figure 59 - 𝑟𝑚 Predicted VS Real plot for 

WSE2SM3 for 𝑝𝑒𝑟𝑐 = 5 

 

Figure 60 - 𝑟𝑜 Predicted VS Real plot for 

WSE2SM3 for 𝑝𝑒𝑟𝑐 = 5 

 

Figure 61 - 𝜎𝑟𝑟𝑀 Predicted VS Real plot for 

WSE2SM3 for 𝑝𝑒𝑟𝑐 = 5 

 

Figure 62 - 𝜎𝜃𝜃𝑀 Predicted VS Real plot for 

WSE2SM3 for 𝑝𝑒𝑟𝑐 = 5 

 

Figure 63 - 𝜎𝑟𝑟𝐴 Predicted VS Real plot for 

WSE2SM3 for 𝑝𝑒𝑟𝑐 = 5 

 



 

 

 

64 

 

Figure 64 - 𝜎𝜃𝜃𝐴 Predicted VS Real plot for 

WSE2SM3 for 𝑝𝑒𝑟𝑐 = 5 

 
Figure 65 - 𝑅2 VS perc for the UIVS  

 

Figure 66 - 𝑅2 VS perc for the EIVS 

 

Table 21 - Hyperparameters of WSE1SM3 

Hyperparameters Value 

Type NN 

Output 𝑟𝑖, 𝑟𝑚, 𝑟𝑜, 𝜎𝑟𝑟𝑀, 𝜎𝜃𝜃𝑀, 𝜎𝑟𝑟𝐴 , 𝜎𝑟𝑟𝑀 

Remaining Hyperparameters Same as WSE2SM2 

 

The important aspect of the WSE2SM3 is its attempt at emulating the values of the 

stress tensor for WSE2. When it comes to the prediction of the deformed radii (Figures 58-60), 

the surrogate performs well (𝑅2 above 0.7), while the stress outputs are very badly depicted 

by the model (𝑅2 below 0.4 for the UIVS and EIVS). From viewing Figures 61-64, it is possible 

to see that the predicted radial stresses cluster around the IVS region, while the tangential 

stresses are a lot more dispersed in their prediction. 
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4.3.2.4. WSE2SM4 

 
Figure 67 - 𝑟𝑖 Predicted VS Real plot for 

WSE2SM3 for 𝑝𝑒𝑟𝑐 = 5 

 
Figure 68 - 𝑟𝑚 Predicted VS Real plot for 

WSE2SM3 for 𝑝𝑒𝑟𝑐 = 5 

 
Figure 69 - 𝑟𝑜 Predicted VS Real plot for 

WSE2SM3 for 𝑝𝑒𝑟𝑐 = 5 

 
Figure 70 - 𝜎𝑟𝑟𝑀 Predicted VS Real plot for 

WSE2SM3 for 𝑝𝑒𝑟𝑐 = 5 

 
Figure 71 - 𝜎𝜃𝜃𝑀 Predicted VS Real plot for 

WSE2SM3 for 𝑝𝑒𝑟𝑐 = 5 

 
Figure 72 - 𝜎𝑟𝑟𝐴 Predicted VS Real plot for 

WSE2SM3 for 𝑝𝑒𝑟𝑐 = 5 
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Figure 73 - 𝜎𝜃𝜃𝐴 Predicted VS Real plot for 

WSE2SM3 for 𝑝𝑒𝑟𝑐 = 5 

 
Figure 74 - 𝑅2 VS perc for the UIVS 

 

 
Figure 75 - 𝑅2 VS perc for the EIVS 

 
Figure 76 -  𝑅2 VS 𝜀 for the UIVS 

 

 
Table 22 - Hyperparameters of WSE1SM4 

Hyperparameters Value 

Type PINN 

Output 𝑟𝑖, 𝑟𝑚, 𝑟𝑜, 𝜎𝑟𝑟𝑀, 𝜎𝜃𝜃𝑀, 𝜎𝑟𝑟𝐴 , 𝜎𝑟𝑟𝑀 

Remaining Hyperparameters Same as WSE2SM2 

 

For WSE2SM4, the objective was to implement physics equations into the loss function 

of the NN; however, from the analysis of Figures 67-75, it is safe to assume that there is no 

difference in performance to the WSE2SM3, which does not include physics. Additionally, from 

Figure 76, no impact on the accuracy is observed by varying the weight of the physics 

component in the loss function. 
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4.3.2.5. WSE2SM5 

 

 
Figure 77 - Predicted VS Real plot for 

WSE2SM5 for 𝑝𝑒𝑟𝑐 = 5 

 
Figure 78 - PDF for an input set from 

dataset UIVS5 

 

 
Table 23 - Hyperparameters dor WSE2SM5 

Hyperparameter Value 

Type VIBNN 

Output 𝑟𝑖 

Number of layers 2 

Activation function ReLu 

Layer sizes  [500 1] 

Epochs 50 

Batch size 32 

Standardization yes 

 

WSE2SM5 consists of a VIBNN, meaning it possesses the same uncertainty quantification 

capabilities of a GPR. Regarding the 𝑅2, it possesses a null value for all testing datasets, which 

is explained by Figure 77, which depicts scattered points that do not cluster around the 𝑦 = 𝑥 

line. However, it is interesting to note the way the plotted points cluster into squares (a smaller 

one for the IVS and bigger ones for the EIVS and UIVS testing datasets). 
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4.3.3. WSE3 

4.3.3.1. WSE3SM1 

 

 
Figure 79 - Predicted VS Real plot for WSE3SM1 

 
Table 24 - Hyperparameters for WSE3SM1 

Hyperparameters Value 

Type GPR 

Output 𝜎𝜃𝜃𝑀 

Basis function zero 

Kernel function Nonisotropic Matern 1/2 

Kernel scale 9.6857 

Sigma 0.0036076 

Standardization yes 

 

The final surrogate, WSESM1, serves to depict the relation between the tangential 

stress in the arterial wall and the inputs, time (days occurring after the start of growth and 

remodeling of the fibers) and space (radial point where the stress is being evaluated). Figure 

79 depicts an exponential/overestimation relation between the real and predicted values for 

the testing dataset. 
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5. Discussion 

Firstly, the mesh size convergence tests (Figures 20-22) exhibit the expected response from 

a formulation that assumes the radial stress at the outer extremity as null. Although a study 

regarding the size of the elements in the tangential direction was created, it was not presented 

in the report since there was practically no variation in the tangential or radial stresses in that 

regard, which is expected given the axisymmetric formulation of the models. 

By comparing the MATLAB and Abaqus stress outputs (Figures 23-28), it was possible to 

validate to cross validate the developed MATLAB code and the Abaqus model. However, one 

needs to keep in mind that the figures in question are for singular input sets, belonging to IVS. 

When computing the outputs for certain inputs from EIVS or UIVS, peculiar scenarios surged: 

boundary conditions not being fulfilled by Abaqus, a complete incompatibility between Abaqus 

and MATLAB, or similar deformations between the two models but very different stresses. The 

justification for these occurrences might lie in the extreme nature of some of the input 

parameters (layers of the arterial wall lower than 0.1 mm, internal wall pressures higher than 

0.1 MPa, etc.) which cause the Abaqus and MATLAB simulations to numerically reach different 

solutions. 

This aspect was the motive for the implementation of the rejection of certain samples, 

which is depicted in subsection 3.2.3. From Figures 29 and 30, as the value of 𝑝𝑒𝑟𝑐 increases 

(the EIVS and UIVS increase in size), more unusual variable combinations (when compared to 

values one could hypothetically measure from experimental setups) get sampled, and thus do 

not respect the rejection criteria. 

In subsection 4.2.2, the boxplots provide us with a good insight into the distribution of the 

model outputs. It is interesting to note that, regarding 𝑟𝑖, WSE1, the simpler model, possesses 

many more outliers than WSE2, which is more complex (Figures 31 and 32). This fact is 

intertwined, as well, with the fact that there was a higher number of rejections when sampling 

from WSE1 (Figure 29) compared to WSE2 (Figure 30). On another note, one should highlight 

the positive values shown in Figures 33 and 35 for the radial stress; these scenarios arise when 

the radial stress functions (media and adventitia) are not monotonic; i.e., the radial stress in 

the media rises from −𝑝𝑖 to a certain positive value, from which the radial stress in the 

adventitia descends to the value of 0, preserving the boundary conditions of the formulations. 

The last note on this aspect should be towards the values of the stresses in the adventitia 

(Figures 35 and 36), which seem more likely to have extreme outliers than the media stresses 

(Figures 33 and 34).  

Moving on to the surrogate models, the 𝑅2 VS 𝑝𝑒𝑟𝑐 plots show us that, as expected, the 𝑅2 

metric decreases with the increased size of the testing dataset, due to outliers that bypassed 

the rejection criteria, but also due to the inherent difficulty of predicting unseen inputs. 
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Though there is no significant difference in performance with decreasing sizes of the training 

set (Figure 54), throughout this work, it was possible to infer that the quality of the training 

dataset in its ability to capture different outputs in for the IVS greatly affected the 𝑅2 

performance metric (this includes the removal of outliers, the type of sampling method, the 

probability distribution of the input variables, etc.). 

When it comes to the Uncertainty Quantification of these models, the PDF examples serve 

to quantify the aleatoric uncertainty associated with the computed 𝑟𝑖.  

Regarding the partial dependence plots, only the influence of the variables 𝑅𝑖 and 𝜆𝑧𝑧  was 

presented, since all other dependence plots were mostly horizontal (meaning the surrogate 

detected no influence on the inner deformed radius when all other inputs remained constant). 

For both WSE1SM1 and WSE2SM1, there is a positive and negative proportional influence on the 

𝑟𝑖 by 𝑅𝑖 and 𝜆𝑧𝑧, respectively (Figures 40, 41, 49, 50); this is possibly due to the incompressibility 

condition which the constitutive models need to obey (equation ( 44 )) and which greatly 

influences the dataset outputs for the deformed inner radius. 

From the dual dependence plots (Figures 42 and 51), it is possible to see the contradicting 

information provided by the GPRs. The contour region inside the IVS space (white square) seems 

to indicate values in the same value range for the two models, but, outside of it, WSE1SM1 

assumes unusually high values for high 𝑅𝑖 and high 𝜆𝑧𝑧, while WSE2SM1 indicates high values 

(although not as high as the ones indicated by WSE1S1) for high 𝑅𝑖 and low 𝜆𝑧𝑧. 

Moving to the multioutput NN (WSE2SM3), there is a higher difficulty in the NN to predict 

tangential stresses in comparison to radial stresses, possibly due to the radial stresses being 

confined, most of the time, to the interval [−𝑝𝑖 0], while the sampled tangential stresses are 

scattered across different magnitudes (also see Figures 34 and 36). 

When it comes to the implementation of physics in NN (WSE2SM4, Figures 67-73), there is 

no difference between the PINN and the equivalent non-PI NN (WSE2SM3). On one hand, this 

may be because the physics loss had to be normalized (using zscore) in order to implement 

physics, since extremely high loss values were computed during training, making the learning 

process impossible. On the other hand, it may be also because of the complexity of the 

governing equation (equation ( 38 )): papers that reference the implementation of PINN [62, 

63] normally involve networks with one output that is differentiated (in reference to one or 

two inputs), and then these derivatives are evaluated in a PDE (Partial differential equation), 

which is simpler than the task at hand involving differentiation of multiple outputs in reference 

to an input which is not easy to sample from.  

Regarding the VIBNN (Figure 77), although there is no reliable deterministic mapping of the 

outputs, the network is capable of capturing the expected possible range of 𝑟𝑖 values for the 

different types of datasets, as previously said.  

Finally, the GPR for G&R captures an exponential relation between depicted and the real 

constitutive values of the tangential stress. It should be noted that the different appearance 
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of its Predicted VS Real Values plot in comparison to the previous ones is due to the “sampling” 

process adopted. Nonetheless, once aware of this relationship, one could adapt the surrogate 

to produce more accurate values (by introducing a transformation function that removes the 

exponentiality). 
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6. Conclusions 

With the completion of this project, it was possible to attain a range of skills related 

to computational biomechanics. Not only it was possible to develop technical competences 

related to code implementation (such as the creation of MATLAB scripts or Abaqus UMATs), but 

it was also possible to acquire essential knowledge in computational mechanics, related to 

modeling frameworks, quantification of uncertainty, and critical observation of obtained 

results. 

Concerning the possible implementation of these models in broader sense, one can 

infer that there is reliability in the prediction of deformation for arterial wall models similar 

to the ones represented by WSE1 and WSE2, and thus, there is potential use of these surrogates 

in computational studies associated with quantification of uncertainty, or global dynamic 

analysis. When it comes to stress prediction for WSE1 and WSE2, further studies would have to 

be conducted on how to improve the performance of the surrogates, knowing that the biggest 

challenge lies in detecting and filter out the high prevalence of outliers in the stress data, and 

also in the method adopted to sample the stresses at different geometric locations. Looking 

into the use of the WSE3, although the surrogate is more limited compared to the other ones 

(in terms of the range of inputs it can accept), there is promising use to predict the tangential 

stress for longer periods of growth and remodeling that may be unpractical to obtain through 

the constitutive model, due to processing times. 

Regarding future works, one may reference other approaches that should be attempted 

to map the stresses of arterial walls better. This includes the implementation of other surrogate 

formats such as tensor-based networks [84-86] or decoders [87], improved design of 

experiments (namely, including criteria for resampling and not rejection) or a more extensive 

application of the surrogates in the quantification of uncertainty as mentioned above. 

Additionally, the constitutive models could be enhanced in their depiction of real-life arterial 

behaviour, namely by including more realistic geometries, material models (including damage, 

for example), etc. 

Although this project was not always straightforward, and some implementations were 

not successful, and, therefore, not included in the report, the experience gained in handling 

various challenges will prove invaluable in possible future ventures within the scope of 

computational modeling for mechanical engineering. 
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