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On the Energy of gravitational waves in a De Sitter background

by José QUEIROS

This thesis is a small step forward in the complicated endeavour of building a complete
framework isolating in a full non-linear way the gravitational degrees of freedom of an
asymptotically De Sitter spacetime. We study the much simpler problem of a linearized
gravitational field in a De Sitter background, computing its energy flux on the cosmological
horizon and relating it to the quadrupole moments of a source described by a sufficiently
general energy-momentum tensor.

We start by reviewing a framework in chapter 2, the covariant phase space formalism
following [1, 2], since it gives us a method to define the energy and its flux, deriving
formulas for conserved charges generated by asymptotic symetries and respective fluxes at
a spacetime boundary. In Chapters 3 and 4, we review the work of Chandrasekaran et al
who in [3] applied the work of Wald and Zoupas [2] to a general null surface, and derived
expressions for charges and fluxes in terms of intrinsic objects on the null surface.

Since we’ll be interested in the weak field regime, where we take perturbations to De
Sitter, in chapter 5, we review the fundamentals of De Sitter spacetime, and use these
to, in chapter 6, study linear perturbations to De Sitter. We compute the energy of our
solutions in the cosmological horizon, and relate them to the quadrupole moments of the

source, generalizing the Einstein’s Quadrupole formula.
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Sobre o fluxo de energia de ondas gravitacionais num background de De Sitter

por José QUEIROS

Esta tese representa um pequeno avango na complicada tarefa de construir um for-
malism que isole de forma nao linear os graus de liberdade do campo gravitacional num
espago-tempo assintoticamente De Sitter. Estudamos o problema mais simples de um
campo gravitacional linearizado num background de De Sitter, calculamos o seu fluxo de
energia no horizonte cosmolégico e relacionamos com os momentos do quadrupolo de uma
fonte descrita por um tensor de energia-momento suficientemente geral.

Comegamos por rever no capitulo 2, o formalismo do espaco de fase covariante seguindo
[1, 2], uma vez que nos proporciona um método para definir a energia e o seu fluxo, de-
rivando féormulas para cargas conservadas geradas por simetrias assintéticas e respetivos
fluxos numa fronteira do espaco-tempo. Nos Capitulos 3 e 4, revimos o trabalho de Chan-
drasekaran et al, que em [3] aplicou o trabalho de Wald e Zoupas [2] a uma superficie nula,
e obteve expressdes para cargas e fluxos em termos de objetos intrinsecos na superficie
nula.

Dado que estamos interessados no regime de campo fraco, onde efetuamos perturbacgoes
em De Sitter, no capitulo 5, revimos alguns conceitos importantes do espaco-tempo de
De Sitter e usamo-los para, no capitulo 6, estudar perturbacoes lineares em De Sitter.
Calculamos a energia das nossas solu¢ées no horizonte cosmolégico e relacionamo-las com

os momentos de quadrupolo da fonte, generalizando a férmula do Quadrupolo de Einstein.
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Chapter 1

Introduction

It is an established fact since [4] was published, that the expansion of the universe is
accelerating, which can be best modeled by a positive cosmological constant A. Motivated
by this, in recent years, the study of gravitational waves in the presence of a positive A
has received a lot of attention.

Gravitational waves were first predicted in 1916 by Einstein, who was able to isolate the
gravitational degrees of freedom in the weak field approximation and derive the quadrupole
formula, relating the energy of these waves to the dynamics of the source. There was, for
many years, a lot of debate concerning the physics of these results: were these just a
coordinate artifact and a product of the linear regime, or did they indeed describe physical
waves? The debate was put to an end in the 1950s when Trautman [5] obtained expressions
for energy and and momentum of gravitational waves in full non-linear General Relativity
and in the early 1960’s with the pioneering work of Bondi et al [6]. They studied the
asymptotics of a metric in full non-linear GR as it approached null infinity, and were
able to isolate the gravitational degrees of freedom via a second rank, trace free, transverse
tensor field Ny, which provided an invariant characterization of the gravitational degrees of
freedom. Later, Penrose and Newman [7] extended their work, using conformal techniques.
Both of these works provide nowadays the theoretical foundation for computations in the
study of gravitational waves in Numerical Relativity.

Independently, in the 1980s a sympletic approach to GR was applied to the study of
gravitational waves, and in [8] the results of Trautmann, Bondi and others were recovered.
Later, Wald and Zoupas in [2] provided a general algorithm to compute fluxes of charges

at an asymptotic boundary for diffeomorphism covariant theories in the context of the
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covariant phase space formalism, and by carefully choosing the sympletic potential ©, also
recovered the results in earlier works.

These works are valid in the context of asymptotically flat spacetimes, where no cos-
mological constant is present. Since observations [4] have established the existence of a
positive A, it is important to construct a similar framework in this context. Recently, in a
series of papers [9-11], Ashtekar and collaborators started the endeavor of trying to extend
the previous framework to asymptotically de Sitter spacetimes, but have encountered some
fundamental difficulties. In asymptotically flat space, one is able to define energy via a
charge generated by an asymptotic symmetry which is timelike in a neighborhood of null
infinity Z, but in asymptotically de Sitter spacetimes null infinity is a space-like hypersur-
face, and hence all symmetry vector fields will be spacelike in a neighborhood of Z; this
implies that not only is it not obvious how to define energy but also that any definition
will not be bounded by below. Also, in the case A = 0, infinity Z has some structure which
is preserved for all asyntoptically flat spacetimes, and the group of transformations which
preserves this structure (BMS group) can be used to define charges at infinity. Here Z
has virtually no universal structure, and the asymptotic symmetry group is the full dif-
feomorphism group [9]. In [11] a more restrictive boundary condition was studied but it
was shown to be too restrictive. In subsequent papers gravitational radiation was studied
in the weak field regime; expressions for fluxes in the presence of A were proposed and
a quadrupole formula was derived. Different arguments, proposals, definitions and ideas
have been been brought out in the last few years by many authors, namely [12, 13].

In [10, 11] it was suggested that a more appropriate arena for these calculations might
be the cosmological horizon H of De Sitter, since it is a null surface and for realistic physical
situations, the flux on H should equal the flux on Z. The goal of this thesis is to generalize
the quadrupole formula in the cosmological horizon of a De Sitter background. Recently,
this calculation was done in [14], and for that reason our aim is to reproduce and clarify
the results of [14].

We will start by briefly introducing linearized gravity without a cosmological constant.
A much more detailed discussion will be made in chapter 6, when we treat the case of a
linearized perturbation in a de Sitter background. Here our aim is to give a very short
review of some of the standard results, to give motivation for what follows. A more

thorough treatment of this subject can be for example found in [15] and [16].
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1.1 Linearized gravity without a cosmological constant

When gravity is very weak, it can be useful to regard spacetime as a perturbation to
Minkowski spacetime. Here, we assume that the spacetime manifold is such that one can
find a set of ’almost inertial’ coordinates {z®} in which the metric can be written as a

small deviation h,, to Minkowski

Gab = Mab + hab (11)

Since we don’t have any natural metric from which to measure the smallness of hgp,
here we assume that the components of h,, are much smaller than 1 in this almost inertial

frame. In this context the Einstein equations are given by

1. - _ 1 _
GWn) = 50 0chay + 00y — §nab808dh0d — 87Ty (1.2)

where it was defined the trace reversed perturbation hap = hap — %nabh, and Gg? is only

first order in hgp. Since GR is a diffeomorphism invariant theory, a space time and a stress
energy tensor (M, g,T) are physically equivalent to another (M, ¢.g, ¢ T) if ¢ : M — M is
a diffeomorphism. In the context of Linearized gravity this leads to a gauge freedom: two
perturbations h and h + L¢n are physically equivalent perturbations. This freedom can be
used to simplify the Einstein equations, in particular one can always find some & so that
the corresponding gauge transformed h obeys the gauge condition 9%hy, = 0. This is the

Lorentz gauge, and in this gauge the Einstein’s equations simplify to

0°Ophay = —167T, (1.3)

In vacuum, the linearized Einstein’s equations reduce to a source-free wave equation,
which means the theory admits gravitational waves. An arbitrary well behaved solution to

the vacuum Finstein equations will be a superposition of plane waves

Bab = Habeik.x (1.4)

where H,p is a constant tensor field which describes the polarization of the waves. The
vacuum Einstein’s equations restrict £* to be null, which implies that gravitational waves
travel at the speed of light relative to the background Minkowski field, and the Lorentz

gauge restricts the waves to be transverse. The remaining gauge freedom can be used to
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show that Hg,, only has two independent components, which is a way of seeing that the

gravitational field has two degrees of freedom.

1.2 The Quadrupole Formula

In order for these wave like solutions to be produced, some strong gravity phenomena
is needed, where the linear approximation is not valid, and the full nonlinear Einstein
equations must be used. It is however still instructive to study the problem of a linear
perturbation sourced by some energy momentum tensor 7,y .

We then return to equation (1.3). Since each component of h satisfies a sourced scalar
wave equation, its solution can be given by the same retarded Green’s function we know
for a scalar field in electromagnetism

(t — |z —a'],2")
’

- T,
o (2, ) :4/d3x’ ab (1.5)

|z — =z
We assume that the matter is confined in a compact region near the origin of size d < r

and that it moves non-relativistically. Then far from the source we have

- 4
Ral,t) = / B2 T (2 tret) (1.6)

where .ot = t—r. At linear order, Boo and B()i are related to the energy and momentum
of the source which will be conserved (at linear order only) and hence do not capture the

dynamics we are interested in. Let’s take a look at Bij

/ B/ T = / &[0 (T™27) — (9,T*)2]
o (1.7)

= 30/d3:n'80T10x3

where we dropped a surface term a used the conservation of T%. Symmetrizing now

gives

y 1 o o
/d?’a:’T” = 80/d3:c'§[8k(T0kx’xJ) — (R T%) 227
1 (1.8)
_ *82 ij

50¢
where again we dropped a surface term a used the conservation of 7%. In the end, we

defined the quadrupole moment of the source
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QY = /dgfb/Tool'il'j (1.9)

which is the second moment of the energy density (the zeroth being the total energy,

and the first the energy dipole). We hence see that gravitational waves will appear when
(Qi; has a time dependence.

Now, since it is expected that the source will lose energy, and the gravitational waves
should carry such energy to null infinity, we move on to try to compute such flux. Such
calculation is more subtle than one might assume. Since in GR the dynamical field is g
itself, one could expect the energy density of the gravitational field to be related to some
quadratic function of first derivatives of g. But we know, that at any point, one can always
find coordinates for which these vanish. As we’ll see, one can define gravitational energy,
but not in a local sense. Here, we will follow a very short and direct path to compute the
energy. Its not the most rigorous, but it will be enough for the purposes of this section.

To do this we go to second order in perturbation theory. At second order 1+ h fails to

satisfy the Einstein equation, hence we consider

Gab = Tab + hap + hEY) (1.10)

where the components of h(?) will be O(€?) if we assume the components of h to be
O(e). In second order the Einstein tensor will be composed of terms linear in h and h(?)

and a term quadratic in h

Galg] = G0 + G (P + G ) (1.11)

We assume that no matter is present. This implies that G((l? [h] = 0 as we’ve seen before

and we are left with

GhP)] = 8rt oy [h] (1.12)
where

talh] = —— G2 (1.13)

a - 87 ab .

In fact, the contracted Bianchi identity ¢*‘V .G, at first order, and the equations of

motion GV = 0 immediately imply the conservation of ¢
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8ty =0 (1.14)

Hence, we have a symmetric tensor (in the background spacetime) that is quadratic in A,
conserved, and that sources the Einstein equation for the second order perturbation. This
would be a very nice candidate for a local energy momentum tensor for the gravitational
field, but unfortunately it it is not gauge invariant. This is again a way of seeing the
impossibility of defining a local notion of energy in GR.

However, one can define the total energy on a spacelike hypersurface >

E = /d%too (1.15)

and this is in fact gauge invariant, provided the field h and its derivatives decay sufficiently
rapidly as 7 — oo (asymptotic flatness), and we restrict to gauge transformations which
obey the same boundary conditions.

In [15], it was shown that if we average ¢, in a certain way, over a region much larger
than the wavelength of the gravitational wave, we obtain a gauge invariant object. They
used this object to define the flux of energy and the power of the gravitational wave. Here

we take a more direct approach, we consider

F:-/mmm (1.16)
S

In a time-dependent spacetime which is stationary initially and at later stages, this is
gauge invariant and naturally defines the flux of energy of gravitational waves. Here S
is a timelike surface bounded by two asymptotically null surfaces assumed to be in the
future and past stationary regions, and where asymptotic flatness is again assumed. Using

1.13and 1.16 and after a very lengthy calculation one obtains

1
F= 5/dt%:( q'3;)" (tret) (1.17)

where ¢;; = Qi — %%Q is the trace-free quadrupole moment tensor. This is the
quadrupole formula for energy lost via gravitational waves by a time-varying quadrupole.The
main goal of these thesis will be to derive a generalization of this formula to the case of a

perturbation to de Sitter spacetime.



Chapter 2

Covariant phase space for field

theories

In diffeomorphism covariant theories such as GR, there is no local notion of stress-energy
tensor for the gravitational field. Nevertheless, in asymptotically flat spacetimes charges
associated with asymptotic symmetries have been defined at spatial and null infinity [6, 17].
Most recent approaches to the problem of defining energy in asymptotically de Sitter
spacetimes use results from the so called covariant phase space formalism. This chapter is

a gentle introduction to some of these results, following [1, 2]

2.1 Hamiltonian formalism

In classical mechanics, the phase space is a 2-dimensional differential manifold parameter-
ized by position and momentum coordinates (g;, p;) with (¢ = 0, ...,d—1). The Hamiltonian
is a scalar function on this manifold that generates dynamics via the Hamilton’s equations

(indices will be omitted for simplicity of exposition)

. OH
OH
)= —— 2.2
p 9 (2.2)

There is a geometric manner to present this subject which will allows us to generalize to
field theories. The idea is that phase space can be characterized as a sympletic manifold,

that is a manifold equipped with a closed, non-degenerate two form w, which we call a
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sympletic form. Given this structure, one is able to produce a vector field Xz out of H,
and as we will see, particles just follow the flow of Xz. Any two-form provides a map from
vectors to one forms, via the interior product Xy - w . Since the two form is assumed to
be degenerate, this map has an inverse. We can then take a function H, build a one form

out of it dH and use this inverse to construct a vector field

XH cw=—dH (23)

If we introduce local coordinates = = (q,p), and invert the previous expression, one

obtains the equations for the internal curves of Xg

m
% = XU = w9, H (2.4)

Hamilton’s equations are recovered if we take w = dp A dg. Given two functions on M

one can play the same game and recover the usual Poisson bracket

{f.9} = w(Xy, Xy) = w™'(df, dg) (2.5)

in terms of which we have the time evolution

f={fH}Y=Xu(f)=Lx,f (2.6)

It is clear why the form is required to be degenerate. The requirement that it is a
closed form ensures that the poisson bracket is invariant under the Hamiltonian flow, or

equivalently that the form itself is invariant

:XH-dw+d(X-w)
=Xy -dw

which vanishes for arbitrary H if dw = 0.

Before going further to the fields, a few important remarks are in order.

e The phase space of a dynamical system is usually seen as the set of initial data on
a time slice, which makes it a non-covariant construction. Fortunately, there is an
isomorphism between these to the space of solutions. We have just seen that the

sympletic form is invariant under the flow of the Hamiltonian, hence the sympletic
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structure that we pullback to space of solutions is independent of the choice of ini-
tial time slice. Being also a manifold, the space of solutions is in fact a sympletic
manifold, one which we will call the covariant phase space of the system. This is the

construction that we will be able to apply also for fields.

e In this new setting, an important question arises, how do we talk about dynamics
in this construction? If a point in the phase space is one allowed history, what does
‘time translation’ look like in here? This notion can be introduced as follows: given
a solution with some in initial data at ¢, we map it to another solution whose initial

data at tg is the same as the initial data of the previous solution at ¢;.

2.2 The pre-sympletic form

We consider a d-dimensional differential manifold M, with boundary OM and some dy-
namical fields defined on it which we collectively denote as ¢ (background fields v are also
allowed, the Lagrangian can in general depend on them, but its dependence on them will
be neglected for simplicity). The boundary of the manifold M will in general be a number
of different components OM = |J; B;, where B; may be at a finite location for example a
cosmological horizon (our case of interest), or an asymptotic boundary, in which case our
manifold of interest will be the conformal completion of some physical spacetime.

We define a space of configurations C (an infinite dimensional manifold) of dynamical
fields on M that satisfy suitable smoothness and boundary conditions on each B; and their
intersections. These will depend on the specific theories, and for now we only assume that
these were specified.

We assume that the dynamics of the theory are specified by a Lagrangian d-form L
which depends locally on the fields ¢ = (¢, 7).

Consider variations of the fields ¢ — ¢ + d¢ that obey the boundary conditions. These

will induce a variation on the Lagrangian

5L = E*(6)3¢" + d8(", 54") (2.8)

where E is a d-form on spacetime that implies the equations of motion £ = 0. The (d-1)
form @ arises in the usual integration by parts, and is required to be constructed locally

and covariantly out of ¢ and d¢.
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Before going further, we should take a detour to discuss some notation. Consider a
smooth one-parameter family of solutions ¢, that obey the boundary conditions; a variation

is usually seen as d¢ = O\¢x|r=0. Similarly, given a function L on C, its variation is just

5L
oo

Variations d¢® can then be seen as components of elements X of the tangent space T4C.

O\L|x=0 = —0\dxr|r=0 (2.9)

The action of the tangent vector X on functions f : C — R is just

x(n=/ eX“(qs,x)fq;; (2.10)

What about the dual space (T4C)*? Elements of the dual space will be one-forms that
map X to the real numbers. In order to describe its elements, we would like to see the
quantity d¢ not as a variation, but as coordinate differential, so that ¢ is now an exterior

derivative on forms on C. Its action on tangent vectors X is given by

of
3¢

If we wish to convert d¢ back to a variation we can act with it on a vector whose

56 [ X?(6,4)500) = X*(6,) (211)
components X are the desired variation. A 1-form in the configuration space can in

general be written

w= /ewadqﬁ“ (2.12)

Note that the potential 6, being a function of X = §¢® can be seen as a 1-form on C.
The Lagrangian L is a scalar function on C and hence in this new way, 6L is a one-form.
We can recover the old variation as the action of a vector field on it X(L) = X - 0L.

To set up the Hamiltonian formalism we now introduce the pre-phase space and the
pre-sympletic form. We define the pre-phase space F as the elements of the configuration
space C that also obey the equations of motion F(¢) = 0. As we will see later, for theories
with continuous local symmetries this space is still too ’big’ for our purposes. We now

define the pre-sympletic current on F as

w = 60| (2.13)

By construction, it is a closed 2-form on F , and we can show that is also also a closed

(d-1) form on the manifold M



2. COVARIANT PHASE SPACE FOR FIELD THEORIES 11

dw = d(60)
= §(6L — Ed¢)
(2.14)
=62L —6E A 6¢
=0

since [0,d] = 0, E| z=0and 62 is an identity. Hence the pre-sympletic current, is also

a conserved current on spacetime. Its action on variations X% = §1¢% and Y = §1¢% is

W(X,Y) =60(X,Y)
=X@(Y)) -Y(O(X))+[X,Y] (2.15)
—X(0(Y)) ~ Y (0(X))

In the last equality, we followed the practice adopted in the literature and consider
only vector fields X that commute with any vector field Y on the tangent space. We then
recover the usual definition of the pre-sympletic current.

Note that elements X of the tangent to F will satisfy the linearized field equations.
We can see this as follows: if X% = §¢* is tangent to F , then there exists a one-parameter
family of solutions ¢ in F such that §¢® = OrP|r=0- Since ¢ € F, we have E(p)) =0
for all A, so that dE(¢y)/dAx=0 = F(d¢) = 0 which are the linearized equations of motion
for X% = §o°.

Consider now a slice 3, that is a closed, embedded (d-1) dimensional submanifold of

M. We define the pre-sympletic form 2y on F as

Qs :/Zw (2.16)

Consider now a spacetime volume V' bounded by two slices 3; and ¥5. Using Stokes

theorem we have

OZ/dw
v

= w—/ w + w
¥ P Bia

where Bis is a subset of one of the boundary elements bounded by 0¥1 and 0%s. This

(2.17)

shows that in general Qs will depend on ¥. Now, if the slices are compact or are required
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to be Cauchy surfaces so that By C ¥ then Qs; will not depend on X provided suitable

asymptotic conditions are imposed on the fields.

2.3 The sympletic form and the covariant phase space

For theories with continuous local symmetries, a problem will arise. The redundancy in
the description of the solutions appears as a degeneracy of the pre-sympletic form. This
is solved by quotienting F by the action of the group of zero modes of the pre-sympletic
form.

Take two vector fields X,Y for which X - Q =Y - Q = 0; its commutator [X, Y] also

annihilates Q

=Y (X -60+6X-Q)) (2.18)

which shows that the zero modes form a Lie algebra. Frobenius’s theorem then implies
that the zero modes are jointly tangent to a set of submanifolds which foliate F. These
are just the orbits of the degeneracy group G whose Lie algebra are just the zero modes of

Q. The covariant phase space is then defined as the quotient

F=F|G (2.19)

We now need to define a sympletic form Q in F and show that it is in fact non-
degenerate. For this purpose, let 7 : F — F be the map that projects each point p in F to
its G-orbit, p a point in F and vectors X, Y in T, »F. It is always possible to find a point
P in F and vectors X, Y in Tﬁj’:" such that X, Y are the pushforwards of X, Y by n. We

define the sympletic form € for such that

QX,Y)=Q(X,Y) (2.20)

Is it well defined? Well, take two vectors X, X’ in Tf,f" that both project to the same
X € T,F; by construction they can only differ by a zero mode of Q, hence not affecting
the definition of Q. Also, since for some § € G we have 7o § = m, and any two points

p,p’ € F which project to the same p € F should be related by the action of one such g,
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we have that the pushforward X’ of X by § should map via pushforward by 7 to the same
X. The form € is then well defined.

Is it non-degenerate? Well, assume that for some p € F there is some X # 0 in
T,F that annihilates €2. This vector is the pushforward of some other X e Tﬁ]:" which
annihilates Q. Extending X throughout F we get a vector field that annihilates Q and
hence by construction its pushforward via 7 should vanish, contracting our assumption.
We see that our definition is in fact unique and non-degenerate, hence defining a sympetic

form on F.

2.4 Symmetries and diffeomorphism covariance

The formalism we are developing is especially useful for theories whose dynamics are invari-
ant under at least some subgroup of spacetime diffeomorphisms. These diffeomorphisms
will be described on phase space by some vector field X that will generate the flow for the
dynamical fields.

We define a continuous symmetry of a Lagrangian field theory to be a vector field X

tangent to the configuration space C, such that

X 6L = da (2.21)

where « is a (d-1) form locally constructed out of the fields ¢. Note that two La-
grangians are equivalent if they differ by some boundary term dc, and we are essentially
saying that the vector field X is a symmetry if its action on the Lagrangian leaves it
invariant up to these boundary terms.

Consider now infinitesimal diffeomorphisms M — M, that preserve the boundary dM.
These will be generated by a vector field £, and induce variations on the dynamical fields
¢ — ¢+ ¢ with 6¢¢p = L¢p (which is the usual Lie derivative on a manifold M). We
call X¢ the vector field on T'C whose components are L¢¢, and that generates the £ flow

in phase space

o= Ledp = X¢ - 0¢ = Xe(d) = Lx ¢ (2.22)

In order for X¢ to be a continuous symmetry, that is in order for it to leave the
Lagrangian invariant, it should map solutions to solutions. Hence, let D(B) to be the

group of diffeomorphisms in M that preserve the boundary B and map F to F, and
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Dy(B) the group of diffecomorphisms that are the identity on B; we define the symmetry
group G as

G = D(G)/Do(G) (2.23)

The Lie algebra g of this group is obtained by modding out from the set of represen-
tatives of infinitesimal diffeomoprhisms £ the ones which correspond to the trivial diffeo-
morphisms (whose charges vanish). An example of this, is the well known BMS algebra at
null infinity.

Note that if £ € G, one can show, using the same argument we used before for tangent
vectors to F, that L¢¢ obeys the linearized equations of motion and hence X¢ is tangent
to F.

As previously mentioned, a vector field X¢ will evolve the dynamical fields, but this is
not the case for a general infinitesimal diffeomorphism represented by & on M; these will
also act on the background fields.

Consider a configuration space tensor ¢ that is also a spacetime tensor locally con-

structed out of dynamical and backgroulNd fields; one says that o is covariant under &

if

Lx.¢=Leo (2.24)

The Lagrangian will be covariant under &; if £ is either a symmetry of the background
fields that is if L¢y = 0, or the Lagrangian is built in such a way that any background fields
enter in combinations that are invariant under £. An extreme case is if the Lagrangian does
not depend in any background fields, like for example the Einstein-Hilbert Lagrangian. In
fact, it was shown in [18] that this is the only way for a Lagrangian to be covariant under

arbitrary diffeomorphisms.

2.5 Existence of an Hamiltonian

In the first section we tried to construct a vector field out of an Hamiltonian on phase
space. Now, we need to do the exact opposite: given some representative £ of an asymptotic
symmetry, we would like to construct the corresponding Hamiltonian H,.

In other words, given the pre-sympletic form Q on pre-space F, we would like to find

a function such that
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§He = —X¢ - Q (2.25)

Since for any zero mode X of  we have

X -0He = Q(X, X¢) =0 (2.26)

the function H¢ will be a well defined one on the phase space. This is the analogue of
Hamilton’s equations on the covariant phase space; if such function exists one F we will

call it the Hamiltonian H¢. Applied to a variation d¢ € TyF we read

SHe = (0,00, Le6) = [ (6,06, Led) (2.27)

Suppose that such function exists, then assuming that F is connected, its value on
F will be uniquely determined by 2.27 up to an arbitrary constant, that can be fixed by
requiring that H¢ vanishes for some reference solution, for example Minkowski spacetime.

It is convenient to define the Noether current

je=Xe-0—¢€- L (2.28)

This is a scalar function on C and a (d-1)-form on M. Note that

dje = d(X¢ - 0) —d(§ - L)
— X¢ - (6L — BO¢) — LeL (2.29)
— 6L — LcL— ELed
— —ELeo

and we see that, when the equations of motion of the theory are satisfied, j¢ is a closed
form. Assume, for now that the Lagrangian is covariant under arbitrary diffeomorphisms
(hence prohibiting any background fields); that is if f is a diffeomorphism f : M — M
then L(f*¢) = f*L(¢). Theories arising from these Lagrangians will be diffeomorphism
covariant.

It can be shown (see [19]) that for diffeomorphism covariant Lagrangians, je is exact

as well. That is, there is a Noether potential Q)¢ so that

Jg = dQ¢ (2.30)
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If the equations of motion of the theory are not satisfied, it was shown that that there

is a d-form C so that

Je = dQe +&-C (2.31)

In fact, C' = 0 will be equal to zero whenever E = 0; it corresponds to the constraints

of the theory. Let’s now look at the variation of j¢

0je = 0(X¢-0) = 6(¢- L)
=Lx0— X¢- 00— & Ed¢p—¢€-do (2.32)
:—X§~w+d(§-9)

Hence, we get

5H:—/X-w
3 EE

(2.33)
— [sie~ [ €0
b %
If we assume a diffeomorphism covariant Lagrangian, we’ll have
5He = [ (6Qe—¢-0) (2.34)
ox

Hence, we see that if H¢ exists, when evaluated on F it is only a surface term. A

necessary condition for existence of H¢ immediately arises: since 8% = 0 is an identity

0=0>H
(2.35)
[2)>

Hence, a solution will only exist, if the previous integral vanishes. In fact, it was shown
in [2] that it is also a sufficient condition for the existence of H. If the integrand vanishes

on 9%, the condition will automatically be satisfied. This can happen in two ways:
e cither the pullback of w to % vanishes

e or £ is tangent to 0%, so that the pullback of £ - w to 9% will be zero



2. COVARIANT PHASE SPACE FOR FIELD THEORIES 17

2.6 Generalized Wald-Zoupas charges

As we've seen in the last section, the consistency condition may not always be satisfied.
so that an Hamiltonian cannot be defined. In fact, this will be true, in many interesting
situations. In this section, we wish to give a prescription to define conserved quantities
even when no Hamiltonian can be defined.

First of all, some terminology and assumptions should be clarified. We assume a mani-
fold M with boundary 0M = B. If no boundary exists, a boundary B may be attached by
conformal compactification, so that M |J B is a manifold with boundary. The boundary
conditions will be specified by requiring certain limiting behavior of the dynamical fields ¢
as one approaches B. In general, M |J B will be equipped with additional structure, that
will enter into the specification of the limiting behavior of the fields, and will be part of

the definition of C and F. We further assume:

e C has been defined so that in F, w extends continuously to B

e slices ¥ extend smoothly to B and intersect B in a (d — 2)-dimensional submanifold

0Y, that we will call a cross-section of B

Consider now an infinitesimal asymptotic symmetry, represented by a vector field &, and a

slice . Two situations will arise.

e The pullback of w to B vanishes, in which case an Hamiltonian exists. In this
situation, one can show that the Hy is in fact a conserved quantity, that is, it doesn’t
depend on the choice of slice X. Consider two slices 21 and X9 which intersect B in

two cross-sections 031 and 039 that bound a region Bis C B. We have

0H¢|s, — 6He|x, = (/(92 7/32 )(6Q¢ — & -0)

= /s d(6Q¢ — £ -0) (2.36)

= — Xe-w
Bi2 ¢

which shows that 0H¢ is independent of the cross-section. If a reference solution is
chosen so that H¢ is zero for any cross-section, then H¢ will also be independent of the

choice of cross-section.

e The pullback of w to B is nonzero, so that in general H¢ cannot be defined. The
exception will be when ¢ is tangent to 0%. In this case, even tough an Hamiltonian

can be defined, it will not be conserved since
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5H§|21 — 5H§|22 = —/B Xg W (237)
12

will not vanish in general.

One now wishes to provide a prescription to define charges in this second situation. We
do that by trying to find a term that compensates the offending term in the consistency
equation (2.35).

Consider the pullback @ of w to B. Let 8 be a potential for this sympletic current so
that on B we have @ = 60. This potential is required to be locally constructed from the
fields in B and to be independent of the choices of universal structure on B [2]. Note that
a potential  will be defined up to § — 6 + §W for some 3-form suitably constructed from

the fields on B. We then define a conserved quantity H¢ by

(mg:/ (5Q£—§.9)+/ €6 (2.38)
ox 0%
It is easy to check that this quantity satisfies the consistency condition (2.35), and hence

there will be some function H¢ that defines a ’conserved quantity’ It will not actually be

conserved since

SHels, — oHels, = ([ = [ )6Qc—€-0+€-0)
:/B d(6Qe — €0+ ¢ - ) (2.39)

= | (XewtdE-0)= [ df
B12 Bl?

which in general does not vanish. This is to be expected due to the possible presence
of radiation at B. Hence, we will have a (3-form) f¢ at B that describes the flux of H¢ on
B.

Note however, that the potential is not uniquely defined. We can fix it by demanding
that f¢ vanishes when no radiation is present. This is expected to happen when ¢ is a
stationary solution, that is, when there is a nonzero infinitesimal asymptotic symmetry
represented by an exact symmetry t* which is timelike in a neighborhood of B. We then
require that f¢ vanishes for any asymptotic symmetry {% on a stationary solution.

To see what condition on @ will ensure that this happens, we first note
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0f¢=—Xe @ +d(&-0)
=—Xe -0+ Lt —¢-d (2.40)
=— X¢ -0+ Leb

where we used that & - df = 0 since ¢ is tangent to B. Now, since we assume 6 to be

covariant, we have

Lel = Lx,0 = 6(X¢ - 0) + X¢ - 00 (2.41)

to finally get

5fe = 6(Xe - 0) (2.42)

Note that while defining H¢ we assumed that there was some reference solution ¢q
on which H¢ should vanish for all cross-sections; this immediately implies that fe also
vanishes on this reference solution. We assume that this solution is stationary, and impose
the requirement that 6 vanishes on stationary solutions. Since both 6 and f¢ vanish on ¢q
we get

fe=X¢ -0 (2.43)

The requirement that 6 vanishes on all stationary solutions, then immediately implies
the flux f¢ is zero as desired.

A quick summary of what we’ve done:

e given a representative § of an asymptotic symmetry, we defined a charge H¢ on a

cross-section of S of B as a solution of

57{5:/&(5%_5-0%-5) (2.44)

with H¢ defined by requiring that it vanishes on a reference solution (that is assumed

to be stationary) on all cross-sections S and for all £

e Also, we required that 6 vanishes on all stationary solutions, fixing its ambiguity.
The charge H¢ will then not be conserved, since in general there will be non-zero flux

of He on B

He(S) = He(S2) = [ fe= P (2.45)
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A very well known example of spacetimes where the consistency condition (2.35) is not
satisfied is that of asyntotically flat spacetimes when gravitational radiation is present at
Z+. In [2] it was shown that the above prescription gives the flux

1

fo=Xe-0= —%Nabxabg (2.46)

where Ny is the News tensor which encodes the gravitational degrees of freedom, € is
the volume form on Z7 and Y = QL¢gap where Q is the conformal factor chosen in the
conformal compactification of M and g, is the metric on M. The given formula for the

flux was shown to match the one derived previously in [8].

2.7 Theories with a background (non-dynamical) metric

In the analysis of the last few sections, we assumed that the Lagrangian was diffeomorphism
covariant, which implied that background fields x were forbidden in the Lagrangian. In
this section will derive a few important results in the presence of a background metric g.
We then assume a Lagrangian dependent on some dynamical fields ¢ and non-dynamical
metric g. We will for now assume that the metric is dynamical so that a general variation

of the Lagrangian is of the form

0L = (Eg)™6ga + Eyd) + db (2.47)

We define a symmetric stress-energy tensor of the fields ¢ by

1
e§T“b = (E,)® (2.48)

Let’s now look at the behavior of the Lagrangian under the action of an infinitesimal

diffeomorphism &

Xe - L = (Eg)™dcgan + Eodct + d(Xe - )
1
= €§Tab£§gab + Eybe + d(X¢ - 0) (2.49)
= TV &+ Eybep + d(Xe - 0)

We can fix the metric and impose the matter field equations Ey4 so that we are now

on-shell in the original theory. We have
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Xe - L=eT"Vo& + d(Xe - 0)
= e(VaT%€, — Vo(T%€,) + d(X¢ - 0) (2.50)

= eV T, +d(Xe -0 — ke - €)

where we've defined k¢ = V. T%¢, and noted that for a vector field S we have d(S-¢) =
VaS5%. We've defined previously a symmetry as a vector field X that left the Lagrangian

invariant up to boundary terms

X L=do (2.51)

Since ¢ is arbitrary, it follows that

VT =0 (2.52)

We’ve hence, shown that covariance of the Lagrangian implies the conservation of the
stress-energy tensor. Again, if we allow the metric g to be varied, the Noether current j¢

will no longer be conserved when the ¢p—field equations are obeyed since

1
djg = —6§Tab£§gab
= —eT™V,&, (2.53)

= —d(k¢ - €) + eV, T,

By inspection of the last equality, we see that eV,T%&, should be exact for arbitrary

&. But this is only possible unless

Vo T =0 (2.54)

and we again recover the conservation of the stress energy tensor. Note that from this,

(2.53) yields

d(je +ke-€) =0 (2.55)

from which it follows that

Je +ke-e=dKe (2.56)
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for some 2-form K¢ locally constructed out of ggp, ¢, £ and their derivatives. In other
words, we've shown that, apart from a surface term K¢, the Noether current j¢ is just
_Tabg,.

As we've seen above, to a slice ¥ and a symmetry X, is associated an Hamiltonian H

that solves

sHe = [ dic— [ (€-0) (2.57)

Note that such an Hamiltonian exists if we can find an (n-1) form B such that

5[ €)= (€0 (2.58)

and

H»s:/zjs—/az(é-B) (2.59)

We see that apart from a surface term (which will vanish for the most commonly
considered theories) the Hamiltonian is the integral of j¢ over a slice 3. Note that since
we now longer have je = dQ¢, the Hamiltonian will not be a surface integral, and it will
depend on representative £ of the infinitesimal symmetry X,. Also, since j¢ is no longer

closed, H¢ will depend on the choice of slice . Using (2.56) we have

Hsz—/zké'ﬁ/az(ffs—&ﬂ)

(2.60)
:/E€Tabnb§b+/82(K§—§~B)

where n is the future directed unit normal to 3 and € = n- € is the volume form induced
on X by M. In particular if £ = ¢ is timelike, we define the canonical energy as £ = Hy, and
see that apart from possible contributions at ’infinity’, the canonical energy is the usual
formula for the energy of some field ¢.

Now, if £ is an isometry of the background metric g, j¢ is closed and so is k¢ - €. Then,
in the case where X is a Cauchy surface, the fields ¢ decay sufficiently rapidly to infinity,
and Blpy, = 0 (as it usually happens); H¢ will not depend on X.

Suppose now that ¢ is stationary (there is a timelike Killing vector), and consider a
one-parameter family of solutions ¢y in the phase space F such that ¢ is also stationary

(Lipo = 0 for the timelike Killing field ¢%).
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Let &£, be the canonical energy on the solutions ¢,. Consider now its derivative d/d\ =

Y)

d€é
cT)\A =YA(Ex) = Yo 06 = — (X - Q)(Y))
do (2.61)
A
= Q¢)\(Ka Et@)
Since we assumed that L:9 = 0 we have
i<9| =Y. .5=0 (2.62)
a0 - ‘

Consider now the second derivative of £ with respect to A. A nonzero contribution will
occur only when the derivative acts on L;¢). Hence we find
d2

5E e = 504(06, £:59) (263)
We showed that given a 1-parameter family of solutions ¢y with L:¢9 = 0, the second
order change to the energy of ¢ due to a perturbation d¢ is just (up to a factor of 1/2) the
integral of the sympletic form acting on d¢ and L;5¢ .
In particular one can establish the following result. Let g be a non-dynamical spacetime
metric so that £;g = 0, and gy a 1-parameter family of metrics with gx—g = g. As we've

shown in section 2.2, g will be a solution of the linearized field equations. Given a slice

Y., the energy of a perturbation dg on X, to first order in dg is

1
£19= 5 /E (69, £:59) (2.64)

where w is the pre-sympletic current of the original non-perturbed theory.






Chapter 3

Geometry of null hypersurfaces

In the last chapter, given some dynamical fields defined on a manifold M, we learned how
to compute the flux of energy of these fields, which is defined on the boundary dM of
the manifold. In this thesis we will use that same prescription to compute the flux of
gravitational fields on a null surface (the cosmological horizon) in a de Sitter spacetime.
In this chapter we will review some of the fundamentals of the geometry of null surfaces,
following mainly [3].

As we’ve discussed, charges will in general be associated with asymptotic symmetries.
In asymptotical flat spacetimes (spacetimes that "look like’ Minkowski at infinity), asymp-
totic symmetries at null infinity can be introduced as vectors fields £ such that Killing’s
equation is approximately satisfied as one approaches null infinity. This gives rise to the
asymptotic symmetric group, the BMS group, which is universal in the sense that it is
shared by all asymptotical flat spacetimes. Here, we are interested not in asymptotical
flat spacetimes, but in spacetimes with a general null boundary. Hence, instead of the
BMS group, we will find the symmetry group of a null hypersurface; not surprisingly its
structure will actually be similar to that of the BMS group, and will provide us with the

symmetries which will generate our charges.

3.1 Basic definitions

Given a d-dimensional spacetime (M, gq), an hypersurface can be defined as the image
of the embedding IT : N' — M, where N is a (d — 1)-dim manifold. Vectors in N can

be mapped to vectors in M via push-forward Il.. Similarly, forms in M are mapped to

25
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forms in NV via pull-back IT*, in particular the spacetime M will induce a metric g on N,
q=1I"g.

We define a null hypersurface, as an hypersurface A/ whose normal % is null, that is
gapl®1®|;r = 0. Locally, an embedded hypersurface can be described as the zero sets of a
scalar function f on M, which implies that I, = e”df, where I, = gql°. Note the the null
vector [% is defined only on the null surface /. The vector field [ can be extended in a
neighborhood of A in an arbitrary way; we define this extension by considering A/ as an
element of a foliation Ny of M which are level sets of f, so that [ is defined to be null and
normal to each Ny, and p is now also a scalar field on an open region of M around N.
This allows us to define the covariant derivative of [.

Now, one can show that the null hypersurface is ruled by null geodesics, that is the

integral curves of [ are null geodesics. First note that

dl=dpnl (3.1)

which can be seen by applying the exterior derivative on I = edf. Now, since gq*1° = 0

we have

1-dl = (1 dp)l (3.2)

Noting that

(1-dl)y = I°Vyly — 1PV aly = 1PVl (3.3)

where we used I°V I, = 1/2V,(I%1,) = 0; we get the geodesic equation for a non-affinelly

parameterized geodesic

19V ol = ki, (3.4)

with k =1 - dp, the non-affinity coefficient.
Note that a choice of null normal [, is not unique, a rescaling of the following form

gives a new null vector

lg — €%lg (3.5)

where ¢ is smooth function on M. Under a rescaling the non-affinity transforms as
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k— e’ (k+ Lio) (3.6)

We will say that a function that transforms as f — e f under a rescaling of the null
normals, has scaling weight n.

The tangent space T'(N') will be those vectors that satisfy v®l, = 0. Since [* lies in this
subspace, we identify it with a vector field I* on N. Covectors w, on M are mapped to

covectors w; on N via pullback

wa — w; = Hw, (3.7)

The pullback of the normal I, is identically null since ;v* = 0 for all v
lg = 1;=111,=0 (3.8)

3.2 Geometric fields on a null surface

The metric g on M induces a metric ¢ on N via the pullback, which in local coordinates

is just

gi; = T gy (3.9)

The pullback of I, = ggl° is

li = qijlj =0 (3.10)

which shows that [’ is an eigenvector of the induced metric with eigenvalue zero, and
the metric g;; has signature (0,+,+). We denote by W, the two-dimensional subspace of
T,(N)* consisting of covectors w; that satisfy w;l’ = 0. Tensors built on W, will be denoted
by indices A, B. Note that ¢;; can be regarded as a tensor on W, ® W,,, which we write
as qap. Its inverse is written as ¢“Z, and we’ll use these to raise and lower capital letter
indices.

The bending of N in M is described by the Weingarten map. Consider the map
K(X) = X - VI, which is a map between vectors on T'(M) to vectors on T(M); and its
pullback to T'(N)
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(IT*E)(X) = K(II.X) = XTI¢V,I (3.11)

In local coordinates, we write its components as K¢. Note that X‘K¢ is a vector field
on N since

1S = 1,110V, = TPV, (1%,) /2 = 0 (3.12)

where we used [,l*|xr = 0 and the fact that the derivative is along the surface. Hence
K maps vector fields on A to vector fields on A/, and it is an intrinsic tensor that we write
in local coordinates as ICg . This is the Weingarten map and it associates with each vector
tangent to A the variation of the normal along that vector, with respect to the spacetime
connection.

It follows immediately that

K] =kl (3.13)

that is, the non-affinity coefficient x is an eigenvalue of the Weingarten map.

We now define a map on TM ® TM

K(X,Y) = (VxD)(Y) = XY’V,l, = XY°K,, (3.14)

where we’ve defined its components Kgp. Its pullback to N K;; = H?H?Valb is the
second fundamental form of N.

Since [, is hypersurface-orthogonal it follows from Frobenius theorem that Vil = l[,wy)
for some 1-form w in N. Hence, even though K, is not symmetric, its pullback to A is,

since

attb
Kpyy) = GV gl

= lwj) (3.15)
=0

where the last equality follows since [; = II¢l, = 0. Also, note that K(X,Y) =

q(X,K(Y)). Hence, in local coordinates we’ll have

K, = qz‘j/Cf (3.16)

Similarly from the pullback of V41, = ki it follows that K;; is degenerate since
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I'Kij =0 (3.17)

We see that K;; lies in the subspace W, ® W, and so we can write its components as

Kap. We can uniquely decompose the second fundamental form as

1
KAB = §QQAB +04AB (318)

where 0 is called the expansion and is the trace of K and o4p is the shear, and is
the traceless part of K 4p. There is another nice way to compute the second fundamental
form. We first note that L9, = 2V (4ly), then taking the pullback to N and noting that

the pullback commutes with the Lie derivative we obtain

1
Kij = 5[,[(]7;]’ (319)

We will say that a region of a null surface is stationary if there is a choice of normal
vector T which satisfies the Killing equation on the surface and to first order in deviations

from the surface, that is

Lrgap|nv =0 (3.20)

vc(ﬁTgab)‘N’ =0 (321)

We will call the non-affinity of T as k7, the surface gravity. Taking the pullback to
N of the previous equations and using the fact that the pullback commutes with the Lie

derivate we have

Kij =0 (3.22)

that is, the surface is shear free and expansion free.

3.3 Universal intrinsic structure of a null hypersurface

Consider a manifold A/ which is equipped with a smooth, nowhere vanishing vector field
I and a smooth function k. We define the base space Z as the space of integral curves of
I', and assume that N is diffeomorphic to Z x R. We will say that two pairs (I%,x) are

equivalent if they are related by
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I' — el
(3.23)
Kk — €% (k+ L0)

where o is a smooth function on N. This leads to the equivalence class u = {I*, x} of
pairs related by (3.23), which we call the intrinsic structure of N.

Suppose now that the surface N is part of the boundary of a spacetime (M, g). The
spacetime will then induce a structure u in the following way: the metric g will determine
I’ by raising the index of a choice of normal covector;  is just the non-affinity of I’ as
defined in the previous section.

The intrinsic structure determines a foliation and a coordinate system on A as follows:

Pick a cross-section S of N

Pick a member of u for which  vanishes, (I, k = 0)

Lie drag S along integral curves of [* to get a foliation of A

Take a function u : N' — R, which satisfies u|g = 0 and L£;u = 1; the function u will

be constant on the foliation we just defined and we’ll have I = (9,

Pick any coordinates 4 on S and extend them to A requiring that £;64 = 0

{u,64} is then a coordinate system on A adapted to the foliation {S}. We will say that
an intrinsic structure is complete if the generators I° are complete, that is if their affine
parameters can be extended arbitrarily. In the coordinate system we just discussed, this
means that the range of u is (—o00,00). The equivalence class u is intrinsic in the sense

that if we have two different complete intrinsic structures, they should be diffeomorphic.

3.4 Symmetry group of an intrinsic structure

The symmetry group Gy, of a complete intrinsic structure is the group of diffeomorphisms
¢ : N — N which send an element of u to another one. Hence, ¢ € G, iff for any choice

of representative, there is a smooth function 3, so that

()l = ePell

(p)sk = €72 (k + L1B,)

(3.24)
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In fact, if this holds for one choice of representative (1%, x) it will hold for any (I’ 'K )
with B,(e71) = B,(l) + (¢)«o — o where o is such that I = e7l.

The Lie algebra g, of G, are the vector fields ¢ on N whose flow gives the diffeo-
morphisms . Their Lie derivative on the pair (I, k) can be worked out explicitly, and

gives

Lel = Bel
e (3.25)
Lek = Pe + Lif
where 3, is another function on N. Its dependence on the normal [ is
Be(e?l) = Be(l) + Leo (3.26)

Pick now a representative (I’,x = 0) and coordinates ' = (u,04) : N' — U C R? for
which I* = (9,)?. We consider diffeomorphisms ¢ that map a representative I* = (3,)" to
a representative I = (9z)". The action of such diffeomorphism on the coordinates can be

given in general by (¢*z)’ = z' where z are given by

u(u, 04) = a(04) + e POy
- B (3.27)
0 (u,07) = 74(6")
The symmetry algebra of these transformations, are solutions of (3.24) and its explicit

form can be worked out quite easily by linearizing the transformation (3.27), which yields

the vector field

€ = [a(0?) — B(0N)u]d, + XA (0P)8,4 (3.28)

for arbitrary X4(0%).
The group is parameterized by the three functions «, 3,6, and its subgroups can be

characterized as follows:

1. 04 =04, a = 0,8 = 0 are the diffeomorphisms on the base space Z. In most cases,

Z will be diffeomorphic to a S?

2. 04 = 04,0 = a(0?), 3 = B(6*) which are reparametrizations of the null generators
and are called supertranslations (analog to the supertranslations of the BMS group

at null infinity)
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3. 04 = 04, a(64),3 = 0 are the affine supertranslations since they are just angle

dependent displacements in affine parameter
4. 64 = 04,0 =0, 5(1) are angle dependent rescaling of the affine parameter

The Lie algebra g, was already defined. It inherits the Lie bracket structure of the space of
vector fields on N. From the definition of G, as a subgroup of the group of diffeomoprhisms
in NV, it follows that g, is closed under the Lie bracket. In [3] its structure was worked
out in detail. Because its derivation is out of the scope of this thesis, we will only briefly
describe it.

In [3],it was argued that

gy = diff(Z2) x (b x 50) (3.29)

where diff(Z) is the algebra of linearized diffeomorphism of Z; s¢ is an abelian algebra
of linearized affine supertranslations with its elements satisfying x* = fI* and £;f +xf = 0;
finally b is an abelian algebra of linearized rescaling and its elements x* = fI° with £;(L;f+

kf) = 0. The semi-direct product b x 9 = s is the algebra of linearized supertranslations.



Chapter 4

General Relativity with a null

boundary

After discussing charges on covariant phase spaces and a bit of geometry of null surfaces,
now it’s time to discuss the case of General relativity with a null boundary.

We will consider a manifold M, for which a null hypersurface N is a portion of its
boundary. The pre-phase space F is the space of smooth metrics g on M for which the
boundary N is null, and the induced boundary structure is complete. After we get rid of
the diffeomorphism redundancy we discussed before, we get our covariant phase space F.
In [3] this was done in detail, and it was shown that the symmetry group associated with
this phase space coincide with the one of the universal intrinsic structure of \.

We will end this chapter with a formula for the flux corresponding to a generalized

charge due to a perturbation at linear order in a null boundary.

4.1 Lagrangian, pre-sympletic and Noether potentials in GGen-

eral Relativity

Given a Lagrangian d-form L, all the quantities we introduced in chapter 2 can be easily
computed by varying L. Here, we will review a method to do so, and derive expressions
for all the relevant quantities.

The Einstein-Hilbert Lagrangian is

33
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where R is the Ricci scalar. Consider a one parameter family of metrics gy in the

configuration space C, with gy = g. A variation § = 0)| = of L is

0L = dRe + Roe (4.2)

In order for us to compute the variation of the Ricci scalar, we will consider two affine

connections V and V on M and the map

C(X,Y) = (Vx = Vx)(Y) (4.3)

which is a map from T, M x T,M to T,M. Linearity in X follows from the definition

of a connection. For the linearity in Y note

C(X,gY + fZ)=(Vx = Vx)(gY + fZ)
=(Vx = Vx)(@Y)+ (Vx = Vx)(fZ) (4.4)
=9(Vx = Vx)(Y) + f(Vx — Vx)(2)

Hence, C is a (2,1) tensor. If both connections are torsion-free we’ll have

ny—VyXZ@XY—@yX: [X,Y] (4.5)
and hence
0= (VxY —VyX)— (VxY — VyX)

(4.6)
— C(X,Y) - O(Y, X)

which implies that C' is symmetric. Its components are defined by C(0q4,0p) = C5,0. =

a

(I, — I'%)0, and we write

VoYl =V, Y+t ye (4.7)

We may also define another map C

C(X,a) = (Vx — Vx)(a) (4.8)
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which similarly is a (1,2) tensor. It can easily be checked that its components are

C’gb = —(Cf,. For any tensor, the relation between the two connections can be easily

derived using the Leibniz rule. For example

VoIl = VI + Ctrt, — el b, — of 18 (4.9)
Assume now that V is compatible with g so that Vg = 0. Then we have

0= vagbc (4 10)
= VaGbe — Cfbgfc - C({cgbf

By subtracting this from its two cyclic permutations, one can easily obtain

1
ab = §ch(vagbf + Vigar — Vigap) (4.11)

In order for us to compare the Riemann tensors of the two connections note

VaVY© = VoY = Vo (VY + Cp YY)
= Vo VY + CL VYo — vy o (4.12)
+ (VaCip)Y T + C (VoY) + CL.Cip YT — 0087 T

so that

RS Y= VoV — ViV YO)Y© 13)
4.13
= (Ripq + VoG5 — VoC5y + CL,Crp — CiCop)Y T
Note that the usual expressions for the Christoffell symbols and the Riemann tensor

are recovered when V, = 0,.

The variation of the Ricci scalar can now be easily computed. First, note

6CS = =g (Vaudagvr + Vidgas — V 1ga)

(4.14)

N~ DN~

(Vadgy + Vidge — Vogap)

where we used the fact that all indices are raised and lowered using g. Note that §gu

is the variation of g,p, and we can use g to raise its indices, but we need to be careful. For



36 ON THE ENERGY OF GRAVITATIONAL WAVES IN A DE SITTER BACKGROUND

example, one might naively think that dg® = ¢%¢*%5g.q is the variation of ¢°® but since

Gapg" = d; one has

5(9ab) 9" = —gard(g™) (4.15)

so that

3(9°") = —9"9"69ap = —39° (4.16)

The variation of the Riemann tensor is just

SRGyy = VabCys — Viy8CS, (4.17)

The variation of the Ricci tensor follows by contracting indices

R =V §Ch, — Va0CY,

1 ; ; ; 1 ; (4.18)
— 5Vf(Vaégb + Vg, — V7 oga) — §Vavb6gf
The Ricci scalar can then be varied:
R = 6(gabRab) = gab(SRab + 6gabRab
(4.19)

= V0% — §gup RY

where we've defined 0% = g®*V6gp. — g?V?6gep, and used —g*g*5gq, = 6g°?. Using

the well known result de = % g™8gape, one concludes

5L = §Re + Rée
= e(—G®5gqp + V,0%) (4.20)

= E%(g)0gay + V0%

where G% is the Einstein tensor. Now, note that if § = © - €, one can show that

df = V,0%. Hence

5L = E®(9)dgas + d6(g, 59) (4.21)

with
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0=0- ¢ (4.22)

We have then obtained an expression for the pre-sympletic potential §. The Noether

current je was defined as je = X¢ -0 — £ - L, and using the previous result one has

je=Je e (4.23)

with

J¢ = v, Vel — pebg, (4.24)

As we've noted previously, on pre-phase space where E% = 0 there is a Noether po-

tential so that je = dQ¢. Indeed, note that for any 2-form s one has

dxs=>5-¢ (4.25)
with
5% = V5% (4.26)
Hence, one immediately obtains
Qe = — =+ dg (4.27)
with components
(Qf)ab = _eabcdvcgd (428)

4.2 Noether potential on a null surface

In order for us to compute the charges H and their fluxes F¢, one needs to compute first
the Noether potential Q¢ and its variation Q¢ on a null surface N. Its pullback to N is
given by
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(Qe)ij = —T¢T epea VEE
= —II{T1Y [€apela — Edavle + Ecdals — Epcala] VOE (4.29)
= —II{T1%Eapeq”
where we used IIfl, = 0 and defined ¢¢ = 2, Vleed Note that we have l.¢¢ =

2.14VIeed = 0, since the contraction of anti-symmetric and symmetric indices yields zero,

and then ¢¢ € TN. Hence, one should have

(Qe)ij = —éijnd" (4.30)

The vector ¢¢ can be rewritten as

qc _ ldvcgd _ ldvdgc
= Lel 4 " Lel, — 267V 41 (4.31)
= 20,1° — 267V 4l

where we’ve used the definition of 5. Now, its straightforward to write Q¢ in terms of

intrinsic objects

(Qe)ij = 2€j1(E°KL — Bel¥) (4.32)

Note that Q¢ is invariant under the scaling transformation | — e“l.
We now turn to the computation of the variation of the Noether potential. In order for

us to do so, one needs to know d¢ and 6K, since

(0Q¢)ij = 20€;u(EPKCE — Bel®) + 2¢;1,(£P5KCE) (4.33)

We already know that de = %eg“bégab, so that € = %ééq with 6¢ = ¢*B8qap = h. From

now on, we’ll denote §g and dq as h. Hence

(0Q¢)i; = €ji(hEPKE — hpelF + 26P5KC)) (4.34)

Let’s now look at the variation of IC? . In order to define it, we first introduced a map

K :TM — TM with tensor components X2 = V,I°, and noticed that the pull back TI?%
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defined a map TN — TN and hence the tensor with intrinsic coordinates IC{ . Hence we
need to compute the variation of TI¢XY .

Notice that, given two connections V and V we’ll have

Kb = Kb+ Cbie (4.35)

so that TI¢5KY can be seen immediately from 6C¢,

46K = TI¢6C2, 1
|, b b b c (4.36)
= 1 (Vahe + Vehg = VPhae)l

The first and last terms can be rewritten using the definition of the 1-form I'; which
was defined as

d(ha) = I AT with he = I.hS. Note

Vahl — VPhe = Voh? — VPhg + hVP, — hPV 1.
= 26", D + RSV, — RV 4l (4.37)
= 1,1 = Tl° + eV, — hb°V 1.

The second term can be rewritten noticing £;h% = 1°V .S + h8V,1¢ — hSV 1P, Since

l; =0 we get

LKL = TN (—Tol® + L1h8 + 2hEV 1% — 2R0V 1) (4.38)

Notice that every term is orthogonal to I, so that they give rise to tensors intrinsic to

N. Hence

. 1 1 . : .
0K = =g Till + S Lih] + hEIC] — n Kk (4.39)

This finishes the job and we finally obtain a full expression for the variation of the

pullback of the Noether potential 2-form

1. .. 1 . A )
(0Q¢)ij = EijilhEPICy — hBel® + 267 (=S Til! + S Lih] + hiKj, — hKCY)] (4.40)
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4.3 Hamiltonian

As we’ve seen previously, to a generator £ of an asymptotic symmetry, and a slice X, it is

associated an Hamiltonian H¢ that we’'ve shown to be the solution of

e = [ (6Qe=¢-0) (4.41)

We now assume that a cross-section S of A is a component of the boundary 93 so that

§H = [S(an )+ (.) (4.42)

where (...) are the contributions from the other components of 9¥. We've already
computed the pullback of 6Q¢ to N, and the remaining contribution is from £°0.q, where

Oape is given by

Oabe = 6obbcalgd (443)

with ©¢ = g*/Veh,; — g9V/ hes. The pullback of this to A is

I TIOTTG g = TSI  €0ca©
= T TIOTI TG € el g ©° (4.44)
= &ula®"
since [; = 0. Since —lfVeh? = hjcvelf and using the definition of the Weingarten map

we get

0 = &[Lih + B K]
1 (4.45)
= &Lih + hAB(§quB + 048]
Combining everything we get a full expression for the component in A of the variation
of the Hamiltonian. In general, given the conditions prescribed on the boundary, there

might be no solution to (4.42). This can be seen explicitly by computing the pre-sympletic
form explicitly and showing that the

/Sf'wzo (4.46)

may not be satisfied in general. This was done in [3].
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4.4 Generalized charges and corresponding fluxes

Since, as we’ve just seen an Hamiltonian H¢ may not exist, we now turn to the calculation
of the generalized charges H¢ and respective fluxes F¢. To this end one needs to compute a
pre-sympletic potential 6 for the pullback of w to /. This potential is not unique, and we
required that it should be such that the flux vanishes for stationary solutions. In general,

a choice of a potential can be parameterized as

6 = (IT*) — dx (4.47)
where « is a 3-form on N locally constructed from the pullback of the fields to N. Its
components are

Oijr = i — dcvijp (4.48)

With this choice of #', H,¢ takes the form

He = /S(Qs -§-a) (4.49)

up to an overall constant of integration on phase space, that can be fixed by fixing the
value of H¢ on a reference solution.

As previously mentioned, we say that a solution ¢ is stationary, when there is a nonzero
infinitesimal asymptotic symmetry represented by an exact symmetry 7" which is timelike
in a neighborhood of B. This implies that T' satisfies Killing’s equation on . We’ve also
showed that if £ represents an asymptotic boundary symmetry, we have £,l¢. Hence, from
our previous discussion this implies that A is shear and expansion free on a stationary
solution. Hence, since fe = X¢- 0, the requirement of vanishing flux on stationary solutions

amounts to the requirement that 6 = 0 when 0 = 045 = 0. Note that Qi = €jro for

some function on NV, and then

~ 1
0 = elLih + hAB(gquB + 048y — 6a] (4.50)

We are then looking for a choice of a function «a locally constructed from the fields so

that da = Lih+ (0, 04p) for some function f which vanishes when § = o = 0. We'll choose

o = 208 (4.51)
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and show that in fact it fits our requirements. One easily obtains §6 = %Elh and

o = &(Lih + h) (4.52)
so that
0 ~ 1 AB AB
0 = €éhap(=0q”" + o”7)
2 (4.53)
= €(h]K’, — ho)

which vanishes when 6 = 045 = 0. With this choice of a, H¢ becomes

He = /S he - (4.54)

with

he = K(§) — 0 — Bel (4.55)

One can show explicitly that h’g - € is invariant under a rescaling of the null normal.

We now compute fr = X¢ - 0 = é(ﬁggab). Note that

0 = &(h K — ho))
(4.56)
= Ehgy, (V° — g°%0)
so that hap = Legap = V(4&p) implies
1
fe = —EVa&(VY) — g™0) (4.57)
8T
One can similarly compute f¢ by noting that f¢ = d(h¢ - €) = €Dihé or
1 m
fe = < EDy(EKCh, — 67 — Belr) (4.58)

4.5 Flux for a supertranslation

Take a now a supertranslation £ = fl, which are the ones we will be interested in. The

flux Fy is then given by
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Fe= o [eny(emi, - o — )
- 817T/€Dp(f/<;—0f—|—£lf)lp
1
= g/af(m) — 6% — L)6)

_ 1o aB 1o

(4.59)

where in the last equality we used the Raychaduri’s equation.

Consider now a 1-parameter family of metrics gy € F (that depend smoothly on M), so
that gy = ¢g. In particular we will be interested in the case of a spacetime M and a metric
go for which the boundary of interest is expansion and shear free. A Taylor expansion

around A = 0 gives

9ab(A) = gab + Map (4.60)

where 0gqay = dgap/dA|a=o is a first order perturbation. Charges will also depend
smoothly on A so that

feA) = fe + Aofe + %Véfg (4.61)

The first variation is trivially zero if both zero if # and 0 4p vanish. The second variation

is

&% fe = Sie[zaaAB(saAB — 5066) (4.62)
T
The variation of 6 is
1 1 AB

and the variation of o4p is

1
501']' = (5Kij — 5(59%‘]'
1
= II¢TI56 K o — 5 (Leh)ai; (4.64)

1
= Lehij — 5 (Leh)ai;
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In terms of these we have the final result

1 1
552.]% = ?QiﬂquBqCD<£§hAcﬁghBD — ﬁghADﬁgth) (4.65)

which describes the flux corresponding to a generalized charge due to a perturbation
dg in a null surface. For the purpose of these thesis, this is the main result of this chapter.
In chapter 6, we will use it to compute the flux of energy of gravitational waves in the

cosmological horizon of a de Sitter background.



Chapter 5

De Sitter space

With the machinery developed in the last chapters, we now turn to the discussion of the
main setting of our problem: de Sitter spacetime. We will construct de Sitter spacetime,
and describe its main features. We will discuss several coordinate systems which will help

uncover many of the different masks of de Sitter, and also gain some intuition on them.

5.1 De Sitter as an embedding

The D-dimensional De Sitter spacetime dSp is the maximally symmetric solution to Ein-

stein’s equations

Gap +Agap =0 (5.1)

A maximally-symmetric space is a space with a maximal number of Killing vectors,

which in a D-dim manifold is D(D + 1)/2. Locally, a maximally symmetric space is fully

specified by its scalar curvature R which is constant, and its Riemann tensor has the simple
form

Rabcd = )(gacgbd - gdagbc) (52)

__E
D(D -1

Anticipating the definition of [ as the de Sitter radius we will have

D -1 D(D -1
Rop = (lg)gab; R = (12) (5.3)

D-dimensional de Sitter can be viewed as a timelike hyperboloid, embedded in a (D+1)-

dim Minkowski spacetime M p with metric

45
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D
n = napde’de® = —dX2 + ZdXiQ (5.4)
i=1

where nap is the (D + 1)-dim Minkowski metric. and A,B = 0,...,D. In M p, de
Sitter is the defined as the hypersurface H;

D
napXAXP = - X2 + doxP="r (5.5)
=1

where [ is the de Sitter radius introduced earlier. Given this description, it’s easy to
find coordinates for dSp. It’s clear that cross-sections of dSp at constant X, are spheres

SP=1 The hyperboloid can be parametrized by

Xo = Isinh(t/l), X; =lcosh(t/l)z (5.6)

where i = 1, ..., D and z; are constrained to the unit sphere SlD -1 S %2 = 1. Coordi-

nates on the sphere can be built in the usual way (61, ...,0p_1)

z1 = cos 64

29 = sin 6 cos Oy

zZp—1 =sinfy...sinfp_scosOp_q

Zp—1 =sinfy...sinfp_ssinfp_1

The de Sitter metric is then the pull back of g to H;

g = —dt* + 1> cosh?(t/1)dQ%,_, (5.7)

where dQ2, | is the metric on a unit sphere SP'~! in coordinates (61, ..., 0p_1). These are
called global coordinates since they cover the entire de Sitter space. In these coordinates,
de Sitter can be seen as a contracting and expanding sphere.

One can compute the Riemann tensor, Ricci tensor and Ricci scalar and recover the

formulas introduced before. By plugging them in the Einstein’s equations one gets

L (D= 12)z(2D —9) .9
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Since a maximally symmetric space is uniquely defined by the constant value of R, the

metric we introduced describes in fact the geometry of de Sitter.

5.2 Isometries of de Sitter

In this embedding, the isometries of de Sitter can be seen as the isometries of M; p that
preserve H;. By our knowledge of Minkowski spacetime, we know that the group of these
isometries is just the Lorentz group SO(D,1) of the embedding in the (D+1)-dim space.
The D(D + 1)/2 generators of SO(D, 1) can be written as

Jap =nac X5 — npcXCoa (5.9)

with Jap = —Jpa. Its Lie algebra is

[JaB,Jep) = napJec + necJap —nacJsp —nepJac (5.10)

These D(D + 1)/2 generators naturally decompose in D(D — 1)/2 rotations

Jij = Xiaj — Xjai (5.11)

and D boosts

K; = Joi = X00; + X;09 (5.12)

5.3 Penrose Diagram

In order for us to better understand the causal structure of dSp we will build its Penrose
diagram. A Penrose diagram is a compactified representation of a spacetime as a bounded
subset of R? endowed with a Lorentzian metric, so that light rays travel at 45°. ’Infinity’
will be at finite coordinates and hence part of the boundary of this region. In order for us

to do so, one needs to design a new coordinate system that
1. covers the whole spacetime

2. makes massless particles travel at 45° (that is, makes null geodesics where we fix all

but one timelike and spacelike coordinates travel at 45°)
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3. has finite range, so that one is able to fit it inside R?

Note that given a spacetime (M, g) one can define a new spacetime (M, §) where g = Q%g
and (2 is a smooth positive function on M. Given two vectors X,Y it’s easy to see that
g9(X,Y) and g(X,Y) have the same sign; in particular null curves on (M, g) will also be
null curves on (M, g) (similarly for spacelike or timelike curves). Then, these spacetimes
will have the same light cones, and hence the same causal structure. Noticing this, we only
need to find coordinates for which the metric is conformally related to one where we know
that light rays travel at 45° .

Notice that in general, by using coordinates where ’infinity’ is at finite coordinates, the
metric g will be singular at these coordinates, and we will need @ — 0 so that Q2g is regular
at ’infinity’. Then the spacetime (M, g) will be extendible, that is it will be isometric to a
proper subset of a larger spacetime (M, g) where OM corresponds to ’infinity’ in M. We
call (M, ) the conformal compactification of (M, g). Our conformal diagram will be the
projection of (M, §) to a plane.

The global coordinates that we introduced in the last section fit the first requirement.
In order to achieve the other two note that we can expand the spherical part of the metric

as

g = —dt* + 1% cosh?(t/1)(d6? + sin® Op_»dQ% _,) (5.13)

Any 6; but ; = 0 and 6; = 7 are (D — 2)-spheres. These two values of 6; are just
points, and we call them the north and south pole respectively. Note that null geodesics
in the (¢,0;) plane (geodesics where we fix all other 6;’s) do not travel at 45° .

We wish to make a transformation t — o(¢) that transform the metric as

—dt? + 1 cosh?(t/1)do? = Q™ 2(0)[—do? + db?] (5.14)

This can happen if we make the transformation

dt = Q ldo

with Q~! = [ cosh(t/l) and solution

cos(o) = 1/ cosh(t/l) (5.15)
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This accomplishes our second requirement. For the last one, note that ¢ € (—o0, c0)
corresponds to o € (—7/2,7/2), so that it is also automatically satisfied.

The metric in the new coordinates is then

g=Q"%(0)[—do? + db? + sin? 0,dQ% ) (5.16)

with Q(o) = Cosl(g). Note that this metric is in fact singular for o € {—7/2,7/2}, but

g = Q2g is not, and (M, g) is a viable conformal compactification of our spacetime. Then
our conformal diagram is just the projection of (M, g) to the plane (o, 0;). A few comments

about it

e It’s a square in the (o,6;) plane, since o and #; have coordinate range m

Slices of constant care the constant Sp_1’s

Points in the diagram are Sp_s’s. The exception are the points o € {—m/2,7/2},

(right and left boundaries) which are the poles of the Sp_;’s

The top and bottom boundaries are just past and future conformal infinities Z%.

Every causal curve reaches it but it takes infinite affine parameter to do so

Null geodesics restricted to the (t,0) plane on the physical spacetime will travel at
45° . Null geodesics with nontrivial motion on the Sp_o’s (other spherical coordinates

not fixed along the motion) will not

No single observer can access the entire spacetime. Take for example an observer at
the north pole: this observer will not be able to receive signals from points outside
the region O~ (figure 5.1). The boundary of this region, the line that stretches from
the south pole at Z~ to the north pole at ZT, is called the event horizon of this
observer. It is similar to the event horizon of a black hole, since signals beyond it
will not be able to reach her. However, it is an observer dependent horizon, other

observer will have different horizons. We call them cosmological horizons.

e Similarly, this observer at the north pole will only able to send signals to another
half of the spacetime OT. The boundary of this region, the line that stretches from
the north pole at Z~ to the south pole at Z™, is called the particle horizon of this

observer.
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e The intersection of these two regions O+t NO~ is called the (northern) causal diamond.
It is the region fully accessible to the observer at the north pole, one is able to send
a signal to someone in this region and receive it before we reach Z. Note that the
causal diamond of an observer at the south pole is causally disconnected from the

northern diamond.

SD—l

global slices%

south pole
north pole

7=

FIGURE 5.1: Conformal diagram of De Sitter. Diagram taken from [20]

5.4 Other coordinates on de Sitter

We introduced de Sitter as an hyperboloid on an higher dimension Minkowski space. We
used this embedding to introduce a set of coordinates that cover the whole de Sitter space.
In these coordinates, de Sitter is seen as an expanding and contracting Sp_1. Given the
high degree of symmetry of de Sitter, different sets of coordinates, and hence different
foliations will uncover very different perspectives on it. We’ll introduce two of them, which

will cover different parts of de Sitter.

5.4.1 Flat slicing

Again, we use the embedding on M p. In terms of the coordinates X4 we define the

coordinates (t,x;) as
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2
Xo = Isinh(t/1) + %et/l X1 = lcosh(t/l) — %et/l X; = et

with 4 = 2,...,D and r? = Y,22. One can verify that in fact napX4XB = I? as

required. In the new coordinates the metric of de Sitter is just

g = —dt?® + */lda? (5.17)

where dr? = Y dx? is just the flat metric of RP~1in the coordinates x;. It’s clear that
this t is a different time from the time used in the global coordinates. These are the planar
coordinates of de Sitter, or the flat slicing coordinates.

Note that

Xo + X1 = l(cosh(t/l) + sinh(¢/1)) > 0 (5.18)

for all ¢.Since we have in global coordinates

Xo = Isinh(t/l), X; = lcosh(t/l)cosb; (5.19)
Xo = —X; will be in conformal coordinates
sinc = —costhy = o=—(6—7/2)

This is the diagonal line that goes from the north pole at Z* to the south pole at Z~.
Hence we see that these coordinates only cover the upper triangle (figure 5.1). Similar
coordinates can be chosen to cover the lower triangle. Since flat slicing covers only a
part of dSp, the spacetime described by these coordinates (M, g) will be past geodesically
incomplete, since all timelike geodesics will exit this region in the past, in finite affine
parameter (unless we restrict them to sit at the south pole).

In order for us to relate these coordinates to the global ones we introduces before let’s

write the metric as

g = —dt® + /1 (dr? + r2d0% ) (5.20)
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where we put spherical coordinates on the flat slices. From this it’s clear that we need
to map (tg4,61) to (¢,7). Using the definitions of both of these coordinates in terms of the

embedding coordinates X 4, with a lit bit of algebra, we get

et/ = cos 6, cosh(ty/l) + sinh(t,/1), %et/l = sin 6 cosh(ty/1) (5.21)

Note in particular that for large times one has t ~ t, and cosht/l ~ e/l
It will be also useful to transform the flat slicing coordinates (¢, x;) to conformal flat

slicing coordinates (1, x;). Again these will be defined so that

g = —dt* + ez

(5.22)
= Q(t)"*(—dn + da®)
where 7 was defined by Q~'dn = dt with Q1 = et/!. We get
? - Q) (5.23)

so that t € (—o0, 00) corresponds to 77 € (—00,0). The metric in these coordinates is

9= (U/n)*(~dn’ + da?) (5.24)

5.4.2 Flat vs global in cosmology

In an introductory cosmology course one showed that an homogeneous and isotropic uni-

verse could be described by a FRW metric

grrw = —dt* + a(t)*d%? (5.25)

where a(t) is a scale factor, and dX? is the metric for a maximally symmetric (D-1)-
dimensional slice ¥ which could be closed with positive curvature (Sp_1), flat with zero
curvature (RP~1) or open with negative curvature (hyperbolas Hp_1).

In global coordinates we wrote the metric of dSp as

g = —dt* + 12 cosh?(t/1)d0%_, (5.26)
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It’s clear that in this coordinates dSp can be seen as closed FRW universe with a(t) =
lcosh(t/l) and ¥ = Sp_1; as we've mentioned, it describes an exponentially decreasing
Sp_1 until £ = 0 which then expands.

But also note that in flat slicing we got

g = —dt* + /' da? (5.27)

which describes an expanding flat FRW universe with ¥ = RP~1 and a(t) = e/*.

In Cosmology one usually assumes that matter has a preferred rest frame - the average
rest frame of the galaxies - so that one assumes all the matter to be comoving in some fixed
coordinate. In the case of global de Sitter we have an universe where matter is comoving at
fixed 0 coordinates, where proper distances first shrink and then expand. In the flat slicing
de Sitter, matter is comoving at a fixed x coordinate, and proper distances are expanding
exponentially.

Even tough one hasn’t included any matter in the Einstein’s equations, this will be a
good approximation when the energy density of the cosmological constant dominates over
all the other components.

Note that we got two different FRW universes from the same de Sitter spacetime. This
happens because de Sitter has no preferred coordinate system and hence no preferred rest
frame. However, in the context of cosmology, matter will set an average rest frame. When
we specify different coordinates, one is setting a different rest frame for the matter, and
hence describing different universes. This amounts to a choice of different initial conditions
on the matter distribution. Note however that for asymptotic times, as the sphere becomes

larger, the two spaces become the same.

5.4.3 Static coordinates

Has we’ve seen de Sitter we’ll have a bunch of timelike isometries, but in the coordinates
we've seen the metric was always dependent on the timelike coordinate. One wishes to
construct a coordinate system where the timelike coordinate does not appear in the metric.
This amounts to picking a coordinate system where 0; is proportional to one of the timelike
isometries, for example K3

00Xy 00X,

= — B — K = X, X 2
Oy ot Oy + ot O x Ky 001 + X10p (5 8)

Take for example Rindler (p,¢) coordinates in the (Xo, X1) plane
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Xo = psinh(¢/l) Xy = pcosh(t/]) (5.29)

with p > 0 which covers X; > 0 . In these coordinates we have

g=— (%)2dt2 +dp? (5.30)

and using (5.28) and (5.29) we have

Oy = %Kl (5.31)

One can generalize this to build coordinates on the hyperbola napX4X?B = [2. Take

the following parametrization of the hyperbola inspired by the Rindler coordinates

Xo = V12 —r2sinh(t/l) X1 =+I%?—r2cosh(t/l) X;=rz

in terms of coordinates (t,7,2;) with i = 2,..,D, 7 < l and };22 = 1. In terms of

these coordinates, the de Sitter metric is just

dr?

— (1 — 2122
g ( r/1%)dt +1—r2/l2

+r2d0% (5.32)

The metric is independent of ¢ as we intended. In fact, one can repeat the steps that
let to (5.31) to get 9y = %K 1. These are then called the static patch coordinates.Note that
the metric is singular when r — [. What happens when r — {7 Looking at the embedding
coordinates one might assume that X%, X* — 0, but we can do a little bit better. Close to

I we write r = [(1 — ¢2/2) with € < 1 so that r — [ is equivalent to ¢ — 0 and X“ becomes

Xo ~ esinh(t/l) X3 ~ ecosh(t/])

The limit € — 0 can now be done while fixing X4 if we also send t — +0o and keep
ee*t/! finite. Hence we see that we can identify the surface r = [ with Xy = +X;, which
corresponds to the boundary of the southern causal diamond. Hence this set of coordinates
only cover the causal diamond of an observer at the south pole; a similar coordinate system
can be designed to cover the northern causal diamond as well as the future and past causal

diamonds. In fact note that when r — [ we have
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at 0.8 60 — 81 (5.33)

which implies that it is null in the horizon. In fact it will be normal to it. Hence we
see that the cosmological horizon of an observer sitting at the north pole is a bifurcate
Killing horizon for 0; and the bifurcation sphere is Sp_o at the middle of the Penrose
diagram. One could use this timelike Killing vector to define a notion of energy on dSp,
but unfortunately the situation is a bit more tricky. One can see explicitly that K is
timelike in the southern and northern causal diamonds but spacelike in the future and past
causal diamonds. Crucially it will be spacelike in a neighborhood of Z*. In fact any Killing
field will since they should be tangent to it, and Z in de Sitter is spacelike. More generally

there is no asymptotic symmetry which is timelike in a neighborhood of 7.






Chapter 6

Linearized gravity with a

cosmological constant

In this chapter, we will use all the machinery developed so far to try and compute the flux
of energy of gravitational waves in the cosmological horizon of a de Sitter background in
the linear approximation, and generalize the quadrupole formula of [10] to the cosmological

horizon.

6.1 De Sitter in a Poincaré Patch

When a cosmological constant is not present, gravitational waves can be studied as linear
perturbations to Minkowski spacetime as we’ve seen in 1.2. They are solutions to the
linearized Einstein equations. In the presence of a cosmological constant, one wishes to
study linear perturbations to de Sitter spacetime. Since the de Sitter causal structure is
quite different from the one of Minkowski, a few considerations need to be made.
Consider a situation where matter fields are bounded to some region >, with fixed
physical size. What we mean by this is that given some some foliation of de Sitter in
spacelike hypersurfaces (for example the Sp_1 spheres in the global chart or the RP~!
in flat slicing) the matter fields should be bounded by some constant proper distance. If
this is the case, region ¥ will have future and past endpoints in i* (see Figure 6.1), since
the spacelike hypersurfaces will be expanding (or contracting in the limit to Z—). To see
this just take conformal coordinates, and notice that in order for proper distance to be

preserved as 0 — +7/2 (t — £o0) we need 6 — 0.

o7
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Note also that, as we’'ve discussed earlier, in contrast to Minkowski, in de Sitter there is
an observer dependent horizon. In particular in Minkowski £ (i) is the whole Minkowski
space, but in de Sitter it is only O, which we call the Poincaré Patch.

Hence, in order to study the radiation emitted by matter confined to the the region
>, we can restrict ourselves to this region, since any observer whose wordline is confined
outside this region will never be able to measure the radiation.

Following the remarks made in the end of chapter 5, we know that there is no asymptotic
symmetry which is timelike in a neighborhood of Z, which makes a definition of energy in
its neighborhood slightly sloppy. Note that in the linear case, if we impose no incoming
radiation across ET(i7), the flux across E~(i1) will equal that across Z. Also, the time
translation Killing field we will consider is future pointing and timelike inside the region
bounded by these surfaces, and null on both surfaces. This seems to mimic the behavior of
the time translation field on Minkowski spacetime. For these reasons, and since E~ (i) is
null and could be taken to be in the 'far zone’, it was suggested in [10, 11] that its analog

in the non-linear theory could be the appropriate arena to study gravitational waves.

it It 3
§5\\E—(i+>
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%9 \\\

I
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FIGURE 6.1: Conformal diagram of De Sitter. Diagram taken from [10]

In O, we already know that the metric can be written in flat coordinates as

g = —dt* + e*/'da? (6.1)

or in conformal coordinates
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9= (i + da?) (62)

We will be mostly using the conformal metric, but notice that these coordinates are
not well suited for A — 0 (1/] — 0) limit. To do that, we need to go back to flat slicing.
Hence, when making comparisons with Minkowski, we should use the differential structure
induced by (t,x).

As discussed before, the flat slicing metric is past geodesically incomplete, since all
timelike geodesics will exit this region in the past, in finite affine parameter (unless we
restrict them to sit at the south pole). Because of this, even though this metric admits 10
Killing vectors locally, only 7 preserve the boundary of the Poincaré Patch and are hence
global exact symmetries of (OT,g): 3 spatial translations T}, 3 spatial rotations R; and a
dilation T' = —H [nd, + 6 2'9;).

Note that if we take the limit as the mass goes to zero of the dilation T" we get the
time translation in the Schwarzschild de Sitter spacetime. Also, the limit 2 — 0 takes the
dilation to time translation in Minkowski. For these reasons, and since it is future pointing
and timelike inside the southern causal diamond, we will refer to T" as the time translation.

These Killing vectors form a Lie algebra, the Lie algebra of symmetries of the poincare

patch OF.

6.2 Linearized theory

In order for us to study gravitational perturbations of de Sitter spacetime, we consider a

1-parameter family of metrics g

gr =g+ dgA
(6.3)

=g+ ha

with g9 = ¢g and where g is the de Sitter metric, dg = %\‘)\:0 and A < 1 since we
are interested in metrics close to the de Sitter metric (small perturbations). We omit the

dependence on A for simplicity of notation and will write in general

Jab = YGab t+ hab (64)
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The components of h are of O(e) where ¢ < 1, and h will be treated as a first order

quantity. Indices will be raised and lowered using g and we’ll have

gab _ gab o hab (65)

where h® = g*gb@h ;. The physical spacetime (M, g) can then be described in terms
of a background spacetime with a dynamical field on it (M, g, h).

As we’ve mentioned before, GR is a diffeomorphism invariant theory. This means
that a space time and a stress energy tensor (M, g,T) is physically equivalent to another
(M, ¢psg, d.T) if ¢ : M — M is a diffeomorphism. Now we are restricting our attention to
metrics of the form (6.4), and are hence interested in diffeomorphisms that preserve this
form. Given a 1-parameter family of diffeomorphisms ¢; generated by a vector field X, for

t < 1 we'll have for any tensor T

(6.6)
=T+ [{T

where £ = tX is assumed to be a first order quantity. In particular for the metric we

have

(¢—t)sg =g+ h+ Leg (6.7)

where L¢h was neglected since it is a higher order quantity. Since (¢_;).g and g are
physically equivalent, we see that linearized gravity has a gauge freedom: two perturbations
h and h + L¢g will describe the same physics. Note also that any spacetime tensor T) =
T + A§T which vanishes in the unperturbed theory will be gauge invariant to first order

since

(@—t)sTh =Tx + LT =Ty (6.8)

The metric g = gy will be a solution of Einstein equations

Gab()\) + Agab(/\) = 871'Tab()\) (6.9)

and hence perturbation h = Adg will be a solution of the linearized Einstein equations
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0Gap + Nogap = 8Ty

1
dRay — §(R59ab + 0Rgap) + Aogay = 87Ty

Note that since T,(0) = 0 we will just denote d7,; by Typ. We can use the results from

section 4.1 to write

1
—§(DdDdhab + DoDyh) + DDy hy)—

1
—59ab(=DaD"h + DD% g — Ah) = 87T,

where D is the connection of the background metric g. The field equations simplify
considerably if one considers the trace reversed perturbations hgp = hap — %gabﬁab with

h=—h
1 _ _ _ _
—i(DdDdhab + 9ab D D) + DDy lyg — Ay = 87T (6.10)

6.3 Solving the Einstein equations

Now, pick a coordinate system for OF. We take the conformal flat coordinates introduced

before so that

9ab = Jab + hap
) (6.11)
= (=)*(Tab + Vab)
n
where we introduced v = a(n)~2h with a(n) = I/n. Consider now the coordinate basis
(Op, 0;). The 0; will be tangent to the slices of constant 7, and 9, will be orthogonal. Since
9(8y, 8y) = —(1/n)%, n = —(n/1)d, is the future pointing unit normal to these slices (note
that 7 is negative in O7).

6.3.1 Source-free Einstein equations

As noted before, there is a gauge freedom in linearized gravity. One can use this freedom

to impose conditions on the perturbations h that simplify the equations. In Minkowski
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spacetime its common to impose the Lorentz and radiation gauge where 9%hgp, = 0, n%hgp =
0 and ho, = 0. In this case, these will be similarly useful.

It’s easy to note that (6.10) simplifies to

VeV hay — 2H?hgy = 0 (6.12)

if one imposes
Vhap =0 (6.13)
This can always be done, since one can pick &, so that V¢V, = —V®hy, (which can

be solved using a Green function) and we get the gauge (6.13). Note that (6.13) does
not restrict completely our gauge freedom, one can further gauge transform h provided
that (6.13) is still satisfied. One can do so by choosing an additional &, that satisfies
VWVp€e = 0, which gives us four additional residual gauge transformations to work with.

With this one can further impose

gabﬁab a?];bab =0

which is the natural generalization of the Lorentz and radiation gauge. We started with
a field hqp, with 10 independent components; the condition (6.13) gave us 4 restrictions, and
we further imposed 4 residual transformations, ending up with a field i with 2 independent
components, describing the polarization components of the gravitational field. In terms of

the field ~,4p, (6.12) becomes even simpler. In fact, the gauge conditions will be

D™y =0 702 =0 Yan™ =0

where D is the connection compatible to 7,; and the Einstein equations simplify to

a'(n) 2
Do D%y, — 2 ) Ao = Do D%qp + 57‘/"’ =0 (6.14)

with Dy D* = "Dy Dy and f' = 82D, f.
These are just the equations satisfied by a linear perturbation h in Minkowski space,
with the exception of the term %’y&b. General solutions on OF can be easily found in

Fourier space (see for example [10]).
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6.3.2 Einstein equations with a source

If a nonzero energy momentum tensor is considered, the previous gauge choice is also pos-

sible, but not as useful (see [21]). A generalization of the Lorentz gauge will be considered

Ve = By (6.15)

with B, = %naﬁab. Note that such a choice is also always possible, provided that we
pick &,

so that VoV&, = —V%hg, + By. If we take the field Yop = 0~ 2hgp and decompose it in
components adapted to the cosmological slices 7 = const the Einstein equations simplify

significantly. Take

X =+ ) Xab  Xa = 16 Xbe Xab = G500 Xde

T=0""+d"Tw To=n"6Te T = ddiTac

where ¢ is the pullback of the metric 7, to the cosmological slices. Note that in the
previous decomposition, one took the pullback of a=2¢g = 1 and not gitself. In fact, like in
the previous case, the Einstein equations are more easily written in terms of the derivative
operators of 74,. Hence, the fields y,; are thought to be living in a spacetime (O, 7).
In the gauge we introduced, and using this decomposition, the Einstein equations are split

as follows (see [21])

D*(=x)=—-—T
n n
oo 1 167
D?(=y,) = ——T, 6.16
(nx ) " (6.16)

o 2
wﬂqmm@:4wnb

where again D is the compatible with 74y, D? = n“blo)alo)b , and the gauge condition
(6.15) becomes
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. 2
D*ap = Oyxp — 5Xb (6.17)

D% = 9y(X — X) — —X

S|

In the foliation of (O, n4,) induced by the coordinates (1,x), it can be seen explicitly
that (—1/4n)Y is the perturbed lapse function and (1/1)2¢®x is the perturbed shift field.
These are just gauge fields, that depend on the specific foliation considered and hence do
not contain any physical information (for an introduction to the 3+1 formalism in General
Relativity and further information on these objects please consult [22]). We thus see that
the physical degrees of freedom are only encoded in the spatial projection xgp.

Now, we wish to obtain solutions to the previous equations. To do so, we introduce the

Green’s function G(z,2') of the operator D? which obeys

D*G(x,2') = 6(x — 2) (6.18)

Given G(z, '), solutions to the first of the equations in (6.16) are written as

_ . T
W) = - [ Gleat) (6.19)
Since, we are studying solutions on (O, n4,) full translational invariance is assumed,
which implies G(z,2’) = G(z — 2’). In the physical context we are interested, radiation is
not expected to be present at ET(i™), since it would only be possible if emitted by events
outside of OT. Hence, the retarded green’s function provides us the correct boundary

conditions. In fact its solution is already well known from Electromagnetism

1

Gl —a') = =

(n—n"—|x—x|) (6.20)

The solutions are then written

- ¢ T(ng,x
X(T],X) — 477 - ( T )
by ‘X - X | Tlr
: Ta(n,x)
€ Ty
Xﬁ(nax) = 477/ !
|X - X ’ Tr

where 1, = n — |z — 2/|. Note however, that this solution is only valid for the cartesian

components xg of x4. In ([21]) the Green’s function satisfying
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o 2
(D2 + E&,)G(m,:ﬁ’) = —(?)25(1‘ — l’l) (621)
was computed, using methods from Quantum field theory. Given this solution, xg;
follows by
l
Xap(®) = /d“a:’G(a:,a:’)(n,)%;b (6.22)

where there we again have to define a function to impose the boundary conditions. The

retarded green’s function is given

/

GA%f)Z——ﬁl—ﬁf@—n“ﬂx—fD+

_n _ o~
Ar2x — x 0(n—n'—|x —x'|) (6.23)

472

where 6 is the usual step function. (6.23) can be simplified using the following identity

1 1
A (= )2G (2, 2") =( ﬁﬁm—#—m—f0+7ﬁm—ﬁ—k—#D

/ I
/ /
Z‘X7X,|5(n—77 —|x=x) - an ,( 0 —n' =[x —x]))
With this we have, for the cartesian components of xgp
Tb 777‘7
Xap(1 % —4/ Tx—x’\ —|—4/d77 — Oy / (', %) (6.25)

where we integrated by parts and discarded the boundary terms. Here, we see that
contrary to Minkowski, at first order the perturbation also has a term dependent on the
entire history of the source up to n,. This term which we call a tail term, is the result of
the back-scattering of the perturbation by the curvature of the background. Even though

it’s absent at first order, it also appears at higher orders in Minkowski.

6.4 Approximations

One now wishes to look at this solution in a region near H. In order to proceed, one will
need to sharpen and clarify our notion of isolated system. As noted before, the physical
size of the region Y will be assumed to be bounded by some distance d on all slices (which
implies that the source will intersect Z* at ¢*). We also assume that this region is very

small compared to a cosmological scale D < [. We will also need to assume stationarity of
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the source as it approaches i*; this can be done by assuming some fall-off of LT3, but to
avoid convergence issues one can use the stronger requirement that LpT,;, should vanish
outside some finite interval [n, n2].

Consider a cosmological slice, and pick cartesian coordinates on it such that the source
is at the origin. The sharp term can be treated just like in Minkowski. Since the source is
bounded to a region of proper size D and coordinate size d = D/a, far from the source we

have r = |x| > |x/| ~ d. So we can expand

2
x —xP=r—2x ¥ +x? =r*(1 - 2% - X'+ O(d?*/r?)) (6.26)
r
and
1 1 %%
s 2/ 2
x—xX|=r—-%-x'+00d*/r*) = m: 5
Inside the integral one can expand around 2’ = 0
Ta -%-x,x . 1 %X
o e ) (Tabees x) + & - X0, Top et X)) + 225 + 02 )
|x — x/| r
/ a /
%b(nreh ) +%- X//%b(nr;tyx ) 1% < n%b(nret, X ) n O(dQ/T2)
r r r
(6.27)
where et =1 — 7 and
’ 4 o X- Xl A
4/ T)b( nTX/‘ = IS /ZI é(Tap(Mret, x) + Tlﬁlb(nreta x')+%- X/anﬁb(nreta X/)) (6.28)

Now, let’s look at each term. Let 7 denote the time scale (measured in the 1 coordinate)
on which T is varying so that 0, Tap ~ Tap/7. Note that d is also the coordinate time it
takes for light to transverse the source so that % ~ v where v is the velocity of the source.

Hence we have

X)) 4 [ d d
4/ Tap (i, X) 7/ T X)(14+ 5+ %) (6.29)
>

|x — x/| r

and
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d Dng D n
—_— = =—=(1-- 6.30
T Il r l( r) ( )

Note that if we were interested in the behavior of the source near 7, in Minkowski
we would just take the limit of high r. Take any r, one can choose a cosmological slice
such that (1 — 1) is arbitrarily close to 1, so that has % ~ %. In the present case, we are
interested in the approach to the cosmological horizon at 7 = —r, so we immediately have
% ~ % which we assumed much smaller than one. We will also assume that v < 1 that is

the source moves non-relativistically. Hence, the second and third terms can be neglected

and

r, X 4 [,
4/ ab 77 - 7/2677112(7]1“%))(,) (631)

|x — x/ | r
One can repeat the same procedure for the tail term which will end up in the replace-

ment 7, — et and we have

Mret

4 [ . 1 .
Xab(777x) ~ ;/ € ab(nreta X/) +4 / dnli,an’ / € ab(nla X/) (632)
by e n b

6.5 Quadrupole moments

The goal of this section is to relate the perturbation y,, with certain properties of the
source, in particular we want to relate it to multipole moments of the source. First we
need to discuss the equation of the conservation of the energy momentum tensor in the de
Sitter background, which will be used extensively. At first order in the perturbation we

will have

VT, =0 (6.33)

where Ty, is the Energy momentum tensor that produces a first order perturbation.
We use planar coordinates (¢, ) and project (6.33) along d; and ¢? where § is the spatial
metric induced on a slice of constant t.

The time component of the conservation equation then reads

2t 1 _
9V Tap = —00Too + ¢ 10Ty — 7(3T00 + e 2TEN"Ty) (6.34)

i
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The spatial component reads

. 1
gcachm' = —0pTp; + 6_%837—‘]@' — 7(3T0i) (6.35)

And defining the matter density and pressures via

p=Tynn® and p' = T,0% %" (6.36)

it is easy to check that the previous two expressions can then be written in a coordinate

invariant fashion as

Orp — e SHLDoT 4 H(3p+ sz) =0
i (6.37)
O To — e DTy + 2HT, = 0

where D, is the derivative operative compatible with flat spatial metric ¢,5. Note that
in this chart, these equations reduce to their Minkowskian analogue for A — 0.

Quadrupole moments are defined for p and p; similarly as

Qab = /Gpiai’b (6.38)

by

Qab = /E(Zpi)fafb (6.39)
S

where Z, = a(t)x,. These should only depend on the slice considered and on the
physical geometry of the source.

One now wishes to write the integral [y, €7_; in terms of Qé’%) anng;—)) . First note that

(6.40)

where we used the vanishing of the boundary term that arises using Stokes Theorem,

since the stress-energy tensor has compact spatial support.
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/ T = — / ¢l (0 + 2H) Tz,
X b
1 o - o
- / ee™t (0, + 2H)[D*(Tewawy) — (D°T)way) (6.41)
P
_ % / e’ (9, + 2H)(D°T)war;
>

where we’ve used the spatial component of the conservation equation and dropped the
boundary term using the same argument. Now, we use the time component, and get an

expression for [5, €7 3 solely in terms of p and >, p;:

2

. L,
/ T = / e D2+ HOBp+ > pi) + 5H2(3p + > pi)lza, (6.42)
5 5 ‘ '

In terms of which we have

/ @) Tt ') = 2;@[83@2? —2H8,QY) + Ha,Q®(1) (6.43)
3

Here, the tensors components are written in the basis of the cartesian chart. In a
general chart we have
a b [ er 0 / 1 2~ (p) (p) (p)
eaey | E()Tg(t 2") = m[at Quy = 2HQqy + HOQgy |(1) (6.44)
b

where e are the basis 1-forms in cartesian coordinates. Note also that given any tensor

field Sqy and T' = —H (n0, + x£0;) = 0; — Hx0, we have

LrSay =T 0cSap —2H Sap
= T°DSap — 2H Sy (6.45)
= 01Qab — 2HQuap
In the first equality we used flat conformal coordinates (n),z), the second equality
follows trivially, but being a tensorial equality in (M;, n) it should be valid in any set of

coordinates. The last equality follows from the fact that Qgib) are only a function of the

slice ¥y = X,,. It follows
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a
eze

1 - .
: /67:—15 = E[L:T»CTQab +2HLrQap + HLTQap + 2H Q) (6.46)
>

The solution can then be written as

TMret
4 1, 1 .
Xab(nvx) ~ */ € ab(nretaxl)+4 / dnlf,an’/ € ab(nretaxl)
rJs n b
—00

2H - ~
== et [LrLTQab + 2HLTQap + HLTQup + 2H? Q) (ret) (6.47)

Tret

1 1
w2 [ ar Loy

o) [ £ Qb+ 2H L1 Qo+ H Ly Qay + 2H Qurl (1)

/

6.6 Energy on the horizon

Now, one turns to the main computation of these thesis: the computation of the flux
of a gravitational wave in a de Sitter background and its dependence on the quadrupole
moments.

With (6.47), we succeeded in relating a perturbation x4, with the quadrupole moments
(as defined in (6.38,6.39)); to finish the job one now wishes to use our work in chapter 4,
where we’ve computed the flux of a generalized charge in a null surface due to a perturbation
Pab-

Before we proceed, note that the null surface in question in chapter 4, was the boundary
of a spacetime M hence going forward we will keep only a subset @ of the Poincaré Patch
O, the lower triangle (the southern causal diamond) in figure 6.1, so that A0 is H. Our
framework is then a spacetime (@, g), where g is the unperturbed de Sitter metric. In
our formalism of chapters 2, 3 and 4, the energy was defined as a charge H¢ generated
by a timelike asymptotic symmetry . The flux of H¢ on the boundary could then be
computed using the Wald-Zoupas perscription. In our situation, we are presented with
7 exact symmetries of (0T, g), where we singled out the dilation T' for being timelike in
the southern causal diamond and going to the time translation in the Minkowski limit. In
fact, T is null on the cosmological horizon and hence is also an asymptotic symmetry of
(@, g) (in the language we introduced in chapter 3, it is easy to see that it is also an affine
supertranslation).

As expected, since H is expansion and shear free, the flux of energy Fr vanishes in our

smaller de Sitter (@, g), which makes sense as we do not have any gravitational radiation.
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The situation should change when we perturbe g as we did in this chapter, and since we
bump straight into section 4.5 assumptions, we should be able to use (4.65) without too
much trouble.

Note however that H does not necessarily remain null relative to the perturbed geome-
try. Fortunately, the condition (6.15) we imposed earlier didn’t exhaust our gauge freedom;
one can still chose an additional &, satisfying V*V&, = 0, which gives us four additional

residual gauge transformations to work with, and impose the additional gauge condition

T - h20 (6.48)

which does the job.
A direct calculation gives, using (4.65)
1

Fr=—— / eq”q?? (T - Ohoy)® — T - OhgoT - Ohyy] (6.49)
167 Ju

and after imposing 6.48, we get

1
167

1
= F/ €q99q<P<P[(T . ah9@)2 _ (T . 8h09)(T . 8h@@)]
T JH
LU
167

— (T - Ohypy ) (T - DLegpo))

- /H (FE8(T - Oh) XapXed + FPUT - 01, T - OLeg) Kb Xod)

/H eq”q??((T - O(hoy + Lego,))? — T - O(hop + Legon)T - O(hyy + Legpy)]

/H ed” ¢P9(2(T - Ohg,) (T - OLegoy) — (T - Dhag)(T - DLegy,)

(6.50)

Imposing (6.48) allowed us to work with (4.65) but it also made the resulting compu-
tation much more cumbersome. We’ll continue the computation only to leading order in
A. As we saw in the previous section, one knows how to relate x;; with the quadrupole
moments, but not the time components x,,,. In the next few sections we will proceed first
by using the gauge conditions we imposed earlier (6.17) to relate x,, to the quadrupole
moments (to leading order in A); after that we will solve (6.48) explicitly to express L¢gap

in terms of y;;and hence the quadrupole moments (to leading order in A).
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6.7 Time components

First, we take a closer look at the gauge conditions (6.17). We have

. 2
D% ap = Opxp — 5Xb

o . (6.51)
DaXa = an(jé - X) - ;X
with X = Xpn + 20 Xai and X = D, Xqi, so that
S T |
X — ;Xnn = D" + EX (6.52)

which is a first order linear differential equation of the form 0, f + P(n)f = Q(n) and

can be solved by

_ Ty ea X
Xm]:n[/ F(D Xa“‘ﬁ)"’cl]

. N (6.53)
= (-H / dt'(D%q + —-) + C
(—Hn)] (D*x 77(t,)) ]
Similarly we have
n dn/ ° 4
Xa = 772(/ 7,2D Xab + B/)
g (6.54)

= ([ s D+ B)
(—Hn(t))
Note that we imposed the vanishing of both ¥ and x,; (and hence x) on E™(i™), which
implies the vanishing of both C' and B.
We have

dt Y
) ey 65

Note that we have xap = 9(Qap(Mret)) = f(Qap(tret)) With mpet = 7 — 7 and ey =

—% In(—Hnyet)). It is hence convenient to compute the following derivatives

f)abeab) +

Ko = () [ a2 [
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o—Ht
8t [Qab(tret)] - (atQab)(tret)%
_ (8tQab)(tret)
Or[Qab(tret)] = T Hne (6.56)
- a a tre A a
D[ Qab(tret)] = (t%b)(t)xb = (01Qub) (tret)d
Tlret
where d* = H‘f}iet and £ = x*/r. For our main computation, we will only need (7"-0) Xy,

which is given by

_ t , , t dt" oo
(T 0)%n = Hn | ()| s D"D'xa) +

X
]
n(t)
3 tl dt” © ° b
— (Hn) / WD(ID Xab — HX (6.57)
N

8TX]
(—Hn(t"))

n(t')

The plan is now to compute b“lo)bxab and Grlo)alc?bxab in terms of the quadrupole

arbaf)bXab) +

~ () [t (e

moments up to O(H?), and a direct but cumbersome computation will yield Xnn- We start

with

2 MNret d /
Xab = - (Hn(te)) Aa(t) +2 [ 0 (~Hol Ay ()
2 trct
= (= Hn(t)) Aab(tret) + 2H? / dt' H Ags(t) (6.58)
2
~ ;(_Hn(t))Aab(tret) + 2H2atQ££) (tret)

where Ay = 83@2‘;) —2H 875@2’;) + H 815@2’;) . We ought to ignore in the future terms
of higher order than O(H?). Since in the horizon we have r = e~f*/H we ignore terms of

order H™r~™ with (n +m) > 3. Now note that Dz® = §% and

15 L H el

bbr—nda _
rn-‘,—l Hnret rn rn—l—l

dozb = O(H™™) (6.59)

since d* ~ £% ~ O(H"). We get
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r

= 2 sa — 2 a  — a
DXap = — —52% T Anp(t)](tret) + ~dle Y8, A ()] (tret) + 2H2d*(O2Q)) (tret)

2 2
~ = 5% MR (1)) (ter) + S e O Aap (D) (trer) + 2H2d (O Q4f) (trer)

(6.60)
and
. 1 6% H 0 3 o miiasa(o)
D°D Xab ~ 2(72H7 + —d%d’ — 7d € )6 [825 Qab ](tret)
Thret r (661)
4 200 Ay her) + 2E 0 0PQY) 1)
and finally
oy 1 4% Hd'd® 3 .4 _
S T AR 2t
ded 2 _
+2H? t[a%z(”)}(tmo — Sd*d’e 07 Ay (trer) (6.62)
re
4H dvd® _ 2 dedb _
. Hn . Ht[é?tQAab] (tret) + *H.nit Ht[atgAab] (tret)
re re

where we’ve made extensive use of (6.56) and neglected higher order terms. To conclude
the computation one will need to integrate these terms. For that purpose we will use the

following

/ dt’ A% (0" Qab) (tres / dt' AP0 Qup(ther)) (— Hijlog ™)
HnretAaban 1Qab< ret) (663)
+ / O (2HY Hipyey A%) 0L Q)

where again we used (6.56) and integrated by parts. Note that in general the derivative
in the second term will increase the order of H by one. One also needs the trace of the
perturbation itself which in general will be multiplied by a term of O(H) and we will have
O(H)x ~ O(H)Z2e Hto2Q).

The first line will be
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Ezll)))] (tret)

= — 2H%292°(07Q
(6.64)
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t ! t, 1 o O !
_He—Ht/ dtl[e—QHt (/ dt//th DanXab) —H t X] e Htii‘afi‘ba?Qa’;) (tret)

3 o
3 89021 QI) )
Zd25be 210, A ) (tret) — 2H2d%e T [02Q)) (trer)
2H _
(tret) _ 76 HtatQQ(P)

The second line will be just
(p)

t Lo 1.y H
e 2 / dt' e D*Dbxgp — Hx ~ —2(—0" + —d"2" —
T r
ab

+ Hid")e* 07 Q
(6.65)

B T
i.a@b
= (—4H25% + TH?2°2")02 Q") (tret) + HE 2[00 A (tret)

—2H (2
.

OrX |
n(t')
(6.66)

and the third
t / t/ 1 ] ]
_e—QHt/ dt'[e~2H? (/ dt" e 9, DY Do) +
_ 1 H - H_ 3 ax
%% 2Ht((772 + 7)5(11) + (H2€Ht + 7)xadb _ 7xawb)3ng’;)(tret)
2H
7 adbth)Aab(tret)

+ 2672Ht(7AaAb _ 7‘%ai,bth +

xr T
-
- ;iadbe_QHtatAab(tret)
2 (—4H25% + 5H25°2")02Q") (trer) + HE 20, Agp(tret)
Finally, adding all the terms we get
(T - )Xy = (—8H?3% + 10H22*2")02Q%) (tyet) + 2H 2270, Agp (trer) (6.67)
(6.68)

and also
o, [t 0 HE P
Xa =€ (/ dt'e™ D%xap)

~ —2HP02QY) (trer)
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6.7.1 Gauge Fix

To impose the gauge fix (6.48), we use a new set of null coordinates v = n—r and u = n+r.

In these coordinates the metric is

— I{2(u1—H;)2(_4dUdv + (v — u)?d9?) (6.69)

with v = 0 the horizon. Note also that T' = —(ud, + vd,) and T'|yy = —ud, so that

9

T -h=0 = (hya + LeGua)azo =0 (6.70)

This condition implies a differential equation for the components of £

4 .
1
huo + (Fu)? (u?0,E% — 209€°) = 0 (6.71)
Py + (Hu)? (u? sin? 00,E% — 20,6Y) = 0

which can be solved by

e = T / W hyy dw
4
& = [(5008" = HPhug)dw (6:72)
1 2
& = rg | (a0~ HPhu)iu

Now, our goal is to express T - O(Le¢gap) in therms of x;;. First note that hapy =

hab - %gabh af}v Bua — huav and Euc = (%)2[\3/&22@()
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7

1

how = (ﬁ)Q(Xnn + #87xi5 — 1)

~ (237 x45)
1 nin aj o
hug = r(niH)Z(—QSUzaeﬂijij + 206" Xni)

1,
~ — (=2 0p% xi5)
1
nH

S

hu@ = ’I“( )2(—2ii8¢:ﬁjxij + 28¢:%ixm-)

~ =2 o7 Xij]

(6.73)

where the computation was done only to leading order in H. Let’s focus first focus on

the 0 component

where z"

and

Legop = (22 + 2H2?)E" + 2220,¢°

= et 27y = H™" and T - 9(2") = 0. We have

Ht
T (Legm) = 5 (22 + 2HZ)(H + T - 0)¢" + 2:3(T - 00y¢”)

8
T- 3(£5999)’H = E€72chuu + 46Htfv + 2th8§§” — 867Ht(99hu9

~ %huu — 80phyp = %(ilij + aG(f:ia@‘%j))Xij

The component 6y follows similarly

and

T- 8(6599@) = hgg + Z2a¢€0 + 22 sin? 00yE¥

T - O(Legoy)|lu = 2e710,008" — 271 (Dphug + Ophuy)

2 o ‘ .
~ =2(0phus + Ophuyp) = 77 (0p(2°0p2") + Dp(2°0p27) ) xis

Finally, we have for the ¢y component

(6.74)

(6.75)

(6.76)

(6.77)

(6.78)
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T - 0(Legpy) = hop + (22 4+ 2H 2%)E sin? € 4 227 sin 0 cos €Y + 222 sin? 09,69 (6.79)

and

T - (Legpy) |y = sin? e(%e—wthw + 4™ HtY) 4 4sin 0 cos O(etpe” — 2e Hthyg)
+ 4(6Htai£v _ 26_Ht8¢hu<p)
~ sin? Q%huu — 8sin 0 cos Ohy,g — 80,hug

= %(Sinz 03'37 + 8sin 0 cos 03" 0pd! + 80,(2'0,47))
6.7.2 Quadrupole Formula

Now, one needs to express T'- Oh4p in terms of x;;. We have

1 i 1
hap = (U*H)QAAA‘%[X@ = 505 (= + Z Xii)]
L .
=5 nH *[Xom ZAAN + me Ay — STALAL) 423 v (NG AL)] (6.80)
J#i i#£j

= (haB)™Xab

where AY = rda2' . Denoting T - Oh = h we have

hag = (haB)®Xab (6.81)

since (hap)® is of the form f(nLH)g(azA) and T - 9(hap)® = 0.
Finally, we are ready to compute the flux of energy of gravitational waves in the cos-
mological horizon. The final calculation is a bit long, but quite direct. First we look at

the first part of the flux formula

/H( abcd(T 8h)Xachd 48H2 /dt me —+ 22 QXZ] XnX]])
i#£]
1

- m/ dt / di / dOsin 0oy (X — 2887 X55)  (6.82)
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where we used the fact that x;; = Xij(tret), and all the remaining angular integrals
were done. Note that the integral containing x;, cannot be done immediately since these

will depend on z#. The second part is

/H (f{*UT - Oh, T - 0Leg)XabXea) = /H [F0(T . 0, T - OLeg))

_ A“jf’mkp(T <O, T - OLeq)|Xij Xpk (6.83)
15H /dt{2ZXnXu +6Z XijXij — XuX]J)}
i#]
(6.84)

where again we used the fact that x;; = xij(tret) and Xun = 2'27x;; + O(H?).From
these results, the quadrupole nature of gravitational waves becomes obvious, since it is

now a matter of substitution (using (6.47) and (6.67)) to get

Fr=o /dt{z QP +33 @07 - 40 a)

i#£] i#£]

—szQ QY +700) + 32630 +70P) - GGV + 10U
i#]

(6.85)
which can be put in a much simpler form if we introduce a trace-free quadrupole moment

tensor

Qo = Quy — 50Q" (6.86)

in terms of which the flux of energy can be simply written as

/dt (G + 20 G0 @G0 + 762 (6.87)

This is the proposed generalization of the Einstein quadrupole formula to first order in
H = /A, found in [14]. Note that in deriving these results, planar coordinates were used,
and hence the limit A — 0 is trivial, and we get the Einstein quadrupole formula (1.17).

A few comments about these results are in order. We note that even tough corrections
from the cosmological constant appear, it is still quadrupolar like in Minkowski. Contrary

to the Einstein formula, contributions from the pressure quadrupole moment appear. Note
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also that even though the perturbations themselves have sharp propagation already at
first order, this dependency disappears in the flux formula (that’s not the case for higher
orders).

The Einstein formula has received extensive validity from observation with very big
accuracy. Given how small A is assumed to be, one may suppose that the corrections can
be neglected. For most applications this is probably correct, but corrections can accumu-
late over cosmological distances. For example consider the merger of two supermassive
black holes in the center of two different galaxies. Since the time scale of such event is
cosmological, corrections can become significant. Its important to note though that such

events will not be detected in any foreseeable future.



Chapter 7

Conclusions and Outlook

One of the main goals of this line of research is to be able to define Bondi type charges and
respective fluxes in full non-linear General Relativity with a positive A at Z. Note that in
the linear case, since there is no incoming radiation across E*(i™), the flux across E~(i™)
will equal that across Z. Also the time translation killing field considered is future pointing
and timelike inside the region bounded by these surfaces, and null on both surfaces. This
seems to mimick the behaviour of the time translation field on Minkowski spacetime. For
these reasons, and since E~(i1) is null and could be taken to be in the far zone’, it was
suggested in [10, 11] that its analog in the non-linear theory could be the apropriate arena
to study gravitational waves. In this thesis we proposed to extend the works on [10, 11] in
the weak field regime to the cosmological horizon E~(i).

In order to do so, we started by reviewing the covariant phase space formalism following
[1, 2]. The formalism is quite general and gives a prescription to compute charges and their
fluxes in a boudary, for any symmetry vector field. We continued by reviewing the work
of Chandrasekaran et al who in [3] applied the work of Wald and Zoupas [2] to a general
null surface, and derived expressions for charges and fluxes in terms of intrinsic objects
on the null surface. With expressions for the energy and its flux on E~(i*) at hand, we
generalized the work of [11] to the computation of the energy flux of gravitational waves in
the cosmological horizon of a De Sitter background, and related this flux to the quadrupole
moments of a source.

To this end, we considerd a dynamic T, sourcing the Einstein’s equations with pos-
itive A. We studied the linear case, and constructed retarded solutions which obeyd our
boundary conditions. To apply the work of [11], some work had to be done. First, since

only the space components of our solutions relate to the quadrupoles, we used the gauge
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conditions we had imposed to relate the space and time components, which appear in our
flux formula. Also, the formalism of Chandrasekaran et al is valid only when the boundary
of our spacetime is null, hence a gauge fix had to be introduced, in order for us to ensure
that the cosmological horizon remained null even after perturbed. With these issues behind
our backs, we computed the generalized quadrupole formula to first order in vA. We took

the limit to Minkowski and obtained the well known Einstein’s Quadrupole formula.



Appendix A

Additional structures on a null

surface

The volume form €p of a non-null hypersurface N is defined as the unique 3-form on N
which gives 1 when applied to an orthonormal basis of T,N. Given a volume form e of M,

and a unit normal vector IV, one can define the form

E=N-e¢ (A1)

Given any orthonormal basis {X}, of T,N with the right orientation; {N; X}, will
constitute an orthonormal basis of T),M, so that € will be 1 when applied to it. This is

valid for any ponit p, and hence

E=N-e (A.2)

is the unique volume form induced by M. Note also that, given a volume form € on N

a volume form on M can be constructed by

e=NANE (A.3)

Consider now, the case where N is null. First,notice that there is no unit normal, but
in fact a class of null normals. Secondly, given a choice of null normal [, the pull back of
€ = [ - € is immediately zero since [ is tangent to N. We consifer then a class of forms that
satisfy e = [ A €. A choice of € is not unique, since € + a where « is a 3-form such that
I AN a = 0|n would also be permissible. Notice however that their pullback to A will be

unique. In coordinates it is given by
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€ijk = Hgngfnggabc (A.4)

One can see explicitly that this choice is the one that allows to prove the divergence

theorem. We also define the antisymetric tensor so that

gal...angalman =n! (A5)

and

~a1...450541...an

e Careaybysnn = (10— G50 (A.6)

with n = 3.

Given a non-degenerate metric g, we know that there is a unique connection connection
D which is compatible with ¢ , that is Dg = 0;we call it Levi-Civita connection. Since
the induced metric ¢ to N is degenerate, there will be a class of compatible connections.
Given a vector field X in M, and a connection V, one might define a connection in N,
by projection the (1,1) tensor VX, but since A is null, even tough one is able to define a
projector, such map depends on a choice of auxiliary vector field which is also not unique.

However, one knows how to define exterior derivatives of forms in N, and one can use
it to define a divergence operator. With a volume form, one can define the following maps

s QN (M) = Q= (M)

1.
(*S)a1~~~an—r = ﬁem...anfrbl...brsblmlh (A7)
and x: Q"(M) — Q" "(M)
1
(*w)al‘..anﬂ — ﬁgal...an,Tbl...brwblmbr (A.S)

A divergence operator can then be defined as

D X" =: xd(*X)
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where D is any connection on N. This obviously independent of the choice of D, and

in fact we have

1 .. 1 ..
5é“kDi(ej,me) = 5e“’fgjkmDiXm

=D, X*
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