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Abstract
Composite materials have been increasingly used in aircraft structures as they allow for significant weight
savings, leading to higher efficiency. The design of composite structures has been guided by a set of rules
which have made the design and manufacturing processes complex. Double-Double (DD) laminates
present a new approach to composite laminates. Through a continuous field based approach based on
laminate homogenisation, DD seek to enable simpler composite design, optimisation and manufacture.
As a new concept, Double-Double still requires significant research to be fully understood and applied
to aircraft structural design. Modern commercial aircraft have lightweight flexible structures which can
deform significantly in flight. The field of aeroelasticity studies the interaction of aircraft flexibility
and inertia with the aerodynamic forces and plays a significant role in aircraft design and certification.
Aeroelastically tailored aircraft structures are achieved through optimisation the stiffness distribution of
the structure to enable increased aircraft efficiency.

The current work seeks to explore the effect of Double-Double laminates on the aeroelastic behaviour
of composite structures and provide insights on their potential use in aeroelastic tailoring. An aeroe-
lastic model of a cantilevered plate is developed and used to evaluate Double-Double laminates with
respect to a static aeroelastic condition and aeroelastic instabilities. This model is then introduced in
a multi-objective optimisation framework, that considers both aeroelastic metrics, using a genetic algo-
rithm. First, the aeroelastic objective space and the effect of homogenisation on aeroelastic behaviour are
explored for a unidirectional DD laminate with constant thickness. Two configurations with thickness ta-
pering are evaluated to understand their impact on the objective space. Several single and multi-objective
optimisation studies considering both the static aeroelastic condition and the aeroelastic instability are
performed, comparing Double-Double laminates to typical laminates used for aeroelastic tailoring. In
the context of these optimisation studies, tow-steered DD laminates are also explored. Finally, a base-
line aeroelastic model of a wingbox is developed to allow for the extension of the current work to more
realistic aircraft structures.

The aeroelastic behaviour of Double-Double laminates is independent of laminate homogenisation.
The drawbacks of unidirectional Double-Double laminates are easily addressed by thickness tapering
and the introduction of tow steering. Through easier design and optimisation, Double-Double laminates
are promising for aeroelastic tailoring of composite structures. Ultimately, the present work constitutes
a valuable contribution to the understanding of aeroelastic behaviour of Double-Double laminates.

Keywords: Double-Double, Composite materials, Aircraft structures, Aeroelasticitity, Aeroelastic tai-
loring
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Resumo
Os materiais compósitos têm sido cada vez mais utilizados em estruturas aeronáuticas, uma vez que per-
mitem poupanças de peso significativas, conduzindo a uma maior eficiência. A conceção de estruturas
em materiais compósitos tem sido orientada por um conjunto de regras que tornaram complexos os pro-
cessos de conceção e fabrico. Os laminados ’Double-Double’ (DD) apresentam uma nova perspetiva de
laminados compósitos. Através de uma abordagem de campo contínuo baseada na homogeneização de
laminados, os DD procuram permitir uma conceção, otimização e fabrico de compósitos mais simples.
Sendo um novo conceito, Double-Double ainda requer uma investigação significativa para ser compre-
endido e aplicado ao projeto estrutural de aeronaves. As aeronaves comerciais modernas têm estruturas
leves e flexíveis capazes de suster deformações significativas em voo. O campo da aeroelasticidade es-
tuda a interação da flexibilidade e inércia da aeronave com as forças aerodinâmicas e desempenha um
papel importante nos processos de conceção e certificação. As estruturas de aeronaves aeroelasticamente
adaptadas são obtidas através da otimização da distribuição da rigidez da estrutura para permitir um
aumento da eficiência da aeronave.

O presente trabalho procura explorar o efeito dos laminados Double-Double no comportamento aero-
elástico de estruturas em materiais compósitos e fornecer informações sobre a sua potencial utilização na
adaptação aeroelástica. Um modelo aeroelástico de uma placa encastrada é desenvolvido e utilizado para
avaliar os laminados Double-Double em relação a uma condição aeroelástica estática e instabilidades
aeroelásticas. Este modelo é depois introduzido numa estrutura de otimização multi-objetivo, que con-
sidera ambas as métricas aeroelásticas, utilizando um algoritmo genético. Em primeiro lugar, o espaço
objetivo aeroelástico e o efeito da homogeneização no comportamento aeroelástico são explorados para
um laminado DD unidirecional com espessura constante. Duas configurações com variação de espessura
são avaliadas para compreender o seu impacto no espaço objetivo. Vários estudos de otimização simples
e multi-objetivo são realizados, considerando tanto a condição aeroelástica estática como a instabilidade
aeroelástica, comparando os laminados Double-Double com laminados tipicamente utilizados para a
adaptação aeroelástica. No contexto destes estudos de otimização, são também explorados os laminados
DD com fibras curvilíneas. Finalmente, é desenvolvido um modelo aeroelástico de uma estrutura de uma
asa representativa de uma configuração atual de aeronave para permitir a extensão do trabalho atual a
estruturas aeronáuticas mais realistas.

O comportamento aeroelástico dos laminados Double-Double é independente da homogeneização do
laminado. As desvantagens encontradas para laminados Double-Double unidirecionais são facilmente
ultrapassadas através da variação de espessura e da introdução de fibras curvilíneas. Através de uma
conceção e otimização simples, os laminados Double-Doubles são promissores para a adaptação aero-
elástica de estruturas compósitas. Em última análise, o presente trabalho constitui uma contribuição
valiosa para a compreensão do comportamento aeroelástico dos laminados Double-Double.

Palavras-chave: Double-Double, Materiais compósitos, Estruturas aeronáuticas, Aeroelasticidade, Adap-
tação aeroelástica

iii





Contents
List of Figures vii

List of Tables ix

Acronyms xi

1. Introduction 1
1.1. Background and Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2. Research Question and Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.3. Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2. Literature Review 3
2.1. Composite Materials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1.1. Classical Lamination Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.1.1.1. Lamination Parameters . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.1.1.2. Tsai’s Modulus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1.2. Traditional Aerospace Composites . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.1.3. Double-Double . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.3.1. Simplified Laminate Optimisation . . . . . . . . . . . . . . . . . . . 11
2.2. Aeroelastic Tailoring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2.1. Aircraft Aeroelasticity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2.2. Aeroelastic Tailoring: Concept and Studies . . . . . . . . . . . . . . . . . . . . 14

3. Aeroelastic Model of a Cantilevered Plate 17
3.1. Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.2. Modelling Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.2.1. Flutter Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.2.2. Static Aeroelastic Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.2.3. Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.3. Optimisation Procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.3.1. Basic Concepts of Multi-objective Optimisation . . . . . . . . . . . . . . . . . . 28
3.3.2. Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.3.3. Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4. Double-Double Cantilevered Plate Results 35
4.1. Sensitivity Analysis on Constant Thickness Plate . . . . . . . . . . . . . . . . . . . . . 35

4.1.1. Static Aeroelastic Condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.1.2. Critical Aeroelastic Velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.2. Sensitivity Analysis on Thickness Tapered Plates . . . . . . . . . . . . . . . . . . . . . 41
4.2.1. Spanwise Thickness Tapering . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.2.2. Chordwise Thickness Tapering . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

v



vi Contents

4.3. Optimisation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.3.1. Static Aeroelastic Condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.3.2. Critical Aeroelastic Velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.3.3. Multi-Objective optimisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.4. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

5. Baseline Model for Aeroelastic Tailoring of Representative Wingbox 57
5.1. Wingbox Aeroelastic Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
5.2. An Approach to Aeroelastic Tailoring of the Wingbox Structure . . . . . . . . . . . . . 62

6. Conclusions and Future Work 63
6.1. Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
6.2. Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

A. Aeroelastic Modelling 65
A.1. Doublet-Lattice Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

A.1.1. Aerodynamic Corrections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
A.2. Finite Plate Spline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

References 71



List of Figures
2.1. Generic N ply laminate and ply numbering system for Classical Lamination Theory . . . 6
2.2. Double-Double feasible domain in lamination parameter space . . . . . . . . . . . . . . 11
2.3. Collar’s aeroelastic triangle (adapted from [15]) . . . . . . . . . . . . . . . . . . . . . . 13
2.4. Loads triangle (adapted from [15]) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.5. Benefits of aeroelastic tailoring based on the location of the primary stiffness direction

(adapted from [20, 21]) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.1. Plate problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.2. Plate mesh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.3. Eigenvalue migration for laminate [39.3/ − 46.8/ − 50.7]S . . . . . . . . . . . . . . . . 28
3.4. Multi-objective optimisation concepts . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.5. Pareto front for multi-objective optimisation validation . . . . . . . . . . . . . . . . . . 33

4.1. Double-Double stacking sequence selection based on lamination parameters to meet 2%
Tsai’s modulus homogenisation threshold with 4 repeats . . . . . . . . . . . . . . . . . 37

4.2. Sensitivity analysis results for static aeroelastic condition of untapered plate. Tsai-Wu
failure index≥ 1 means laminate failure . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.3. Sensitivity analysis for critical aeroelastic velocity of untapered plate . . . . . . . . . . . 39
4.4. Critical aeroelastic velocity for 8 repeats with angle step of 2.5◦ . . . . . . . . . . . . . 40
4.5. Instability frequency for 8 repeats with angle step of 2.5◦ . . . . . . . . . . . . . . . . . 41
4.6. Critical mode for 8 repeats with angle step of 2.5◦ . . . . . . . . . . . . . . . . . . . . . 41
4.7. Tsai-Wu failure index for the spanwise tapered configuration. Tsai-Wu failure index≥ 1

means laminate failure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.8. Aeroelastic instability for the spanwise tapered configuration . . . . . . . . . . . . . . . 43
4.9. Critical mode for the spanwise tapered configuration . . . . . . . . . . . . . . . . . . . 43
4.10. Eigenvalue migration of 3 Double-Double laminates in the spanwise tapered configuration 44
4.11. Tsai-Wu failure index for the chordwise tapered configuration. Tsai-Wu failure index≥ 1

means laminate failure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.12. Aeroelastic instability for the chordwise tapered configuration . . . . . . . . . . . . . . 45
4.13. Critical mode for the chordwise tapered configuration . . . . . . . . . . . . . . . . . . . 46
4.14. Comparison of normalised stiffness matrices of optimal DD and 6-ply symmetric lami-

nates for static aeroelastic condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.15. Normalised stiffness terms for optimal tow steered Double-Double for static aeroelastic

condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.16. Normalised stiffness terms for optimal tow steered Double-Double for critical aeroelastic

velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.17. Eigenvalue migration of optimal laminates for critical aeroelastic velocity . . . . . . . . 52
4.18. Natural vibration modes of optimal Double-Double for critical aeroelastic velocity: Φ =

25 Ψ = 35 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.19. Flutter mode shape of optimal Double-Double for critical aeroelastic velocity: Φ = 25

Ψ = 35 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

vii



viii List of Figures

4.20. Pareto fronts of aeroelastic optimisation . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5.1. uCRM wingbox (with stringers and rib positions outline) including concentrated point
masses of control surfaces, fuel and engine . . . . . . . . . . . . . . . . . . . . . . . . . 59

5.2. uCRM wingbox outline integrated with rigid elements for fuselage and HTP . . . . . . . 60
5.3. uCRM wing and tail DLM mesh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
5.4. Airfoils and corresponding camber line of uCRM wing sections . . . . . . . . . . . . . 61

A.1. Doublet-Lattice Method discretisation of lifting surface with trapezoidal boxes (adapted
from [58]) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

A.2. Finite Plate Spline mesh with arbitrary structural and aerodynamic points (adapted from
[62]) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68



List of Tables
3.1. Ply properties for composite plate problem . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.2. Set of reduced frequencies for calculation of aerodynamic matrices . . . . . . . . . . . . 24
3.3. Flutter velocities for model validation with Refs. [27] and [28] . . . . . . . . . . . . . . 27
3.4. Divergence velocities for model validation with Refs. [27] and [28] . . . . . . . . . . . 27
3.5. Validation of static aeroelastic and flutter analyses with Ref. [31] . . . . . . . . . . . . . 27
3.6. Parameters for optimisation algorithm termination . . . . . . . . . . . . . . . . . . . . . 31
3.7. Validation of static aeroelastic single-objective optimisation . . . . . . . . . . . . . . . . 32
3.8. Validation of critical aeroelastic velocity single-objective optimisation . . . . . . . . . . 32

4.1. Ply thicknesses for sensitivity analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.2. Double-Double laminates with lowest Tsai-Wu failure index in sensitivity analysis of

untapered plate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
4.3. Double-Double laminates with highest critical aeroelastic velocity in sensitivity analysis

of untapered plate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.4. Static aeroelastic condition optimisation results . . . . . . . . . . . . . . . . . . . . . . 48
4.5. Critical aeroelastic velocity optimisation results . . . . . . . . . . . . . . . . . . . . . . 50

5.1. Material properties for baseline wingbox model . . . . . . . . . . . . . . . . . . . . . . 58

ix





Acronyms
AIC Aerodynamic Influence Coefficient.

CFRP Carbon Fibre-Reinforced Plastic.

CLT Classical Lamination Theory.

CRM Common Research Model.

DD Double-Double.

DLM Doublet-Lattice Method.

FPS Finite Plate Spline.

GA Genetic Algorithm.

HTP Horizontal Tailplane.

MAC Mean Aerodynamic Chord.

NSGA-II Non-dominated Sorting Genetic Algorithm II.

SBX Simulated Binary Crossover.

uCRM undeflected Common Research Model.

xi





1
Introduction

1.1. Background and Motivation

Composite materials, in particular carbon fibre-reinforced polymers, have occupied an increasingly sig-
nificant role in the aerospace and aeronautical industries, with some modern aircraft having over 50%
of their structural weight in composite components. Compared to traditional aircraft materials like alu-
minium, composites allow for lighter structures leading to significant benefits in terms of fuel burn or
aircraft range. However, while composite usage has developed, the way in which composites are de-
signed has not changed significantly. Composite laminates are still bound by a set of rules developed
decades ago that complicate their design and integration in complex structures. Current composite lam-
inates are still limited by these guidelines for two main reasons: most experimental data available is of
these laminates, and they are currently certified for aircraft structures.

The Double-Double family of laminates provides a new outlook on composite design that makes these
rules unnecessary. It uses a novel continuous field based approach, grounded on laminate homogenisa-
tion through sublaminate repetition, to enable simplified laminate design, optimisation and manufacture.
Being a new approach to composite design, Double-Double cannot be immediately implemented in struc-
tural design as they are not yet certified and still require significant research.

Modern aircraft structures are flexible, with wings capable of withstanding wingtip displacements of
several metres. The effect of aircraft flexibility on aircraft behaviour has repercussions in terms of in-
flight loads and structural failure and instability. These issues are studied by the field of aeroelasticity,
which considers the interaction of aerodynamic, inertial and elastic forces. Aeroelastic behaviour is
dominated by the stiffness of the structure, which in turn is highly influenced by the materials used. Given
its significance in aircraft behaviour and the flexibility of modern aircraft, aeroelasticity and aeroelastic
phenomena have now become mandatory points of evaluation for aircraft certification.

Composite materials have widely been studied to find optimal structural stiffness distribution with
aeroelastic considerations, in what is known as aeroelastic tailoring. Aeroelastically tailored aircraft
structures have been shown to provide significant benefits, allowing for lower weight, increased aerody-
namic and fuel consumption efficiency as well as load reduction.

1.2. Research Question and Contributions

This thesis is driven by the need to understand the aeroelastic behaviour of composite structures using
Double-Double laminates. Therefore, this work seeks to answer the following questions:

1



2 1. Introduction

What effects do Double-Double laminates have on the aeroelastic response of
composite structures?
How can Double-Double laminates be used for aeroelastic tailoring?

The main contributions of the thesis are the following:

• Integration of the finite element solver MSC Nastran in an automated optimisation framework
based on the Python programming language

• Assessment of the impact of Double-Double laminates on static aeroelasticity and aeroelastic in-
stability phenomena

• Establishment of a baseline aeroelastic model of a representative wingbox structure for aeroelastic
tailoring studies

1.3. Thesis Outline

The thesis is structured as follows. In chapter 2 the relevant topics to the work developed are reviewed.
Essential composite laminate mechanics are introduced and the design rules for conventional aerospace
composites are explained. Double-Double laminates are presented, discussing their biggest differences to
traditional laminates and their potential. Aircraft aeroelasticity and aeroelastic tailoring are also explored.

Chapter 3 presents the fundamental problem of the work developed: aeroelastic analysis of a can-
tilevered composite plate. An aeroelastic model, based on the finite element method with linearised
potential flow aerodynamics, that allows for both static aeroelastic and flutter analysis is developed in the
MSC Nastran solver and validated with available literature. The model is integrated in a multi-objective
optimisation framework with a genetic algorithm in the python programming language and this frame-
work is also validated.

Chapter 4 discusses the effects of Double-Double laminates on the aeroelastic behaviour of the plate.
Static aeroelasticity and aeroelastic instabilities (divergence and flutter) are considered both individually
and simultaneously. Both unidirectional and tow steered Double-Double laminates are explored.

In chapter 5, an aeroelastic model of a wingbox structure representative of a modern, long range
commercial aircraft is developed to allow for the extension of the current work to more realistic aircraft
structures.

Chapter 6 summarises the conclusions drawn throughout the thesis and provides recommendations for
future work on this topic.



2
Literature Review

In this chapter, literature relevant to the subject areas of the work conducted in this thesis is reviewed.
First, the mechanics of composite laminates are introduced through Classical Lamination Theory, lam-
ination parameters and Tsai’s modulus. This is followed by a brief review of design guidelines for
aerospace composites. Double-Double laminates are then presented, highlighting their potential advan-
tages in terms of laminate design and optimisation. Aircraft aeroelasticity, the most significant phenom-
ena and its importance in current aircraft design and certification are discussed. Finally, the concept of
aeroelastic tailoring is presented and several studies in this field are reviewed.

2.1. Composite Materials

Since their first introduction into primary structures of commercial aircraft in the 1980s, composite ma-
terials have been increasingly used in aircraft structures. Modern aircraft designs such as the Boeing 787
and Airbus A-350 have over 50% of their structural weight in composite materials [1]. The increased
popularity of composite materials is mostly due to their attractive stiffness- and strength-to-weight ra-
tios when compared to more traditional aircraft structural materials like aluminium [2]. Furthermore,
by taking advantage of the anisotropy of composites, structural components can be tailored with more
directional strength and stiffness.

A composite material can be defined as any material that consists of a combination of two or more
materials/constituents. The focus of this work is on laminated fibre-reinforced composite materials. The
basic building block of this type of composite is a ply (or lamina), where fibres, the reinforcement, are
embedded in a polymer matrix. These plies are then stacked together in different orientations to form a
laminate. It should be noted that laminates are not restricted to having plies with the same combination
of fibre and matrix, or even to have all plies of composite material. An example of such laminated
composite is GLARE, a composite laminate with aluminium plies interspersed with glass fibre plies,
used in the upper fuselage of the Airbus A-380 aircraft [1, 2]. In aircraft primary structures, Carbon
Fibre-Reinforced Plastics (CFRPs) with an epoxy matrix are widely used.

2.1.1. Classical Lamination Theory

The relation between the stresses and strains for a generally anisotropic linear elastic material is given
by generalised Hooke’s law as [1–3]:

σi = Cijεj i, j ∈ [1, 6] (2.1)

3



4 2. Literature Review

where σi are the stress components, Cij is the stiffness matrix and εj are the strain components. In
fibre-reinforced composite plies there are three mutually perpendicular symmetry planes and therefore
they are orthotropic. For orthotropic materials, the stiffness matrix is defined by 9 independent terms and
the stress-strain relation is expressed by Equation 2.2:

σ1
σ2
σ3
τ23
τ13
τ12


=



C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66





ε1
ε2
ε3
γ23
γ13
γ12


(2.2)

Under a plane stress assumption (σ3 = τ13 = τ23 = 0), Equation 2.2 can be further reduced to
σ1
σ2
τ12

 =

Q11 Q12 0
Q12 Q22 0
0 0 Q66




ε1
ε2
γ12

 (2.3)

where Qij are the plane stress reduced stiffness terms given by:

Qij = Cij − Ci3Cj3
C33

i, j = 1, 2, 6 (2.4)

The plane stress stiffness terms can also be expressed in terms of the longitudinal Young’s modulus E1,
the transverse Young’s modulus E2, the shear modulus G12 and the Poisson’s ratios ν12, ν21 as:

Q11 = E1
1 − ν12ν21

Q22 = E2
1 − ν12ν21

Q12 = ν12E2
1 − ν12ν21

= ν21E1
1 − ν12ν21

Q66 = G12

(2.5)

It should be noted that ν12 and ν21 are related by:

ν12
E1

= ν21
E2

(2.6)

The previous equations have all been expressed in terms of the principal coordinate axis of a ply.
However, in most laminates there are rotated plies whose axis do not coincide with the laminate axis.
The in-plane stresses and strains in the global laminate axis system (xy) are related to the stresses and
strains in the local ply coordinated system (1−2) by Equations 2.7 and 2.8, respectively.

σ1
σ2
τ12

 = [T]


σx

σy

τxy

 (2.7)


ε1
ε2
γ12

 = [R] [T] [R]−1


εx

εy

γxy

 (2.8)

where the transformation matrix [T] is given by:

T =

 cos2 θ sin2 θ 2 sin θ cos θ
sin2 θ cos2 θ −2 sin θ cos θ

− sin θ cos θ sin θ cos θ cos2 θ − sin2 θ

 (2.9)
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where θ is the angle between the 1-axis and the x-axis, i.e. the ply angle. The matrix [R] is used since
engineering strain is being considered and is defined as:

R =

1 0 0
0 1 0
0 0 2

 (2.10)

It is then possible to show that the transformed stiffness matrix,
[
Q

]
, is given by Equation 2.11.[

Q
]

= [T]−1 [Q] [T]−T (2.11)

A laminate is composed of several plies, each with its own individual orientation, stacked on top of
each other. Under Classical Lamination Theory (CLT) several assumptions are made [1–3]:

• the laminate is made up of perfectly bonded plies and the bonds are assumed infinitesimally thin
and non-shear-deformable, i.e. the displacements are continuous across ply boundaries;

• sections normal to the middle surface remain straight and normal under deformation (γxz = γyz =
0);

• sections normal to the middle surface maintain a constant length (εz = 0);

• the thickness of the laminate is small compared to the other dimensions.

With these hypotheses, the stress of a given k layer can be related with the laminate middle surface
strains and curvatures as:

σx

σy

τxy


k

=


Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66


k




ε0
x

ε0
y

γ0
xy

 + z


κx

κy

κxy


 (2.12)

where ε0
x, ε0

y, γ0
xy are the laminate mid-surface strains and κx, κy, κxy are the mid-surface curvatures.

The force and moment resultants, N and M respectively, are defined by integrating the stresses over
laminate thickness h as:

Nx =
∫ h

2

− h
2

σx dz Ny =
∫ h

2

− h
2

σy dz Nxy =
∫ h

2

− h
2

τxy dz (2.13)

Mx =
∫ h

2

− h
2

σxz dz My =
∫ h

2

− h
2

σyz dz Mxy =
∫ h

2

− h
2

τxyz dz (2.14)

Given that each ply can have its own orientation, the ply stiffnesses, although constant within each ply,
are not necessarily the same from one ply to another. Therefore, the integrals of Equations 2.13 and 2.14
become summations over all N laminate plies. The force and moment resultants are then expressed as:

Nx

Ny

Nxy

 =


A11 A12 A16

A12 A22 A26

A16 A26 A66




ε0
x

ε0
y

γ0
xy

 +


B11 B12 B16

B12 B22 B26

B16 B26 B66




κx

κy

κxy

 (2.15)


Mx

My

Mxy

 =


B11 B12 B16

B12 B22 B26

B16 B26 B66




ε0
x

ε0
y

γ0
xy

 +


D11 D12 D16

d12 D22 D26

D16 D26 D66




κx

κy

κxy

 (2.16)
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where

Aij =
N∑

k=1

(
Qij

)
k

(zk − zk−1) (2.17)

Bij = 1
2

N∑
k=1

(
Qij

)
k

(
z2

k − z2
k−1

)
(2.18)

Dij = 1
3

N∑
k=1

(
Qij

)
k

(
z3

k − z3
k−1

)
(2.19)

where i, j = 1, 2, 6 and zk, zk−1 are the upper and lower coordinates of ply k as shown in Figure 2.1.
Equations 2.15 and 2.16 can be expressed in a condensed form as:N

M

 =

[A] [B]
[B] [D]

 ε0

κ

 (2.20)

In the previous equation, A is the in-plane (or membrane or extension) stiffness matrix, D is the
bending (or flexural) stiffness matrix and B is the bending-extension coupling stiffness matrix. It is
useful and convenient to normalise these stiffness matrices with respect to the laminate thickness h as:

[A∗] = [A]
h

[B∗] = 2[B]
h2 [D∗] = 12[D]

h3 (2.21)

These normalised stiffness matrices are expressed in consistent units, such as GPa, allowing for a
better comparison between the elements of the different matrices. Furthermore, as they are normalised
with respect to the thickness they also facilitate the comparison between different laminates.

Laminate
mid-surface

ply 1

2

Bottom

Top

Figure 2.1: Generic N ply laminate and ply numbering system for Classical Lamination Theory
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2.1.1.1. Lamination Parameters

Tsai and Pagano [4] proposed an alternative formulation for the laminate stiffness matrices where the
stiffness matrix terms are functions of five material parameters, {U}, and twelve lamination parameters
(ξA

i , ξB
i , ξD

i where i = 1, . . . , 4), given by:

A11

A22

A12

A66

A16

A26


= h



1 ξA
1 ξA

2 0 0
1 −ξA

1 ξA
2 0 0

0 0 −ξA
2 1 0

0 0 −ξA
2 0 1

0 ξA
3 /2 ξA

4 0 0
0 ξA

3 /2 −ξA
4 0 0





U1

U2

U3

U4

U5


(2.22)



B11

B22

B12

B66

B16

B26


= h2

2



1 ξB
1 ξB

2 0 0
1 −ξB

1 ξB
2 0 0

0 0 −ξB
2 1 0

0 0 −ξB
2 0 1

0 ξB
3 /2 ξB

4 0 0
0 ξB

3 /2 −ξB
4 0 0





U1

U2

U3

U4

U5


(2.23)



D11

D22

D12

D66

D16

D26


= h3

12



1 ξD
1 ξD

2 0 0
1 −ξD

1 ξD
2 0 0

0 0 −ξD
2 1 0

0 0 −ξD
2 0 1

0 ξD
3 /2 ξD

4 0 0
0 ξD

3 /2 −ξD
4 0 0





U1

U2

U3

U4

U5


(2.24)

The material parameters are functions of the reduced stiffness matrix terms, previously defined in
Equations 2.3, 2.4, 2.5, and are given by:

U1 = (3Q11 + 3Q22 + 2Q12 + 4Q66) /8
U2 = (Q11 − Q22) /2
U3 = (Q11 + Q22 − 2Q12 − 4Q66) /8
U4 = (Q11 + Q22 + 6Q12 − 4Q66) /8
U3 = (Q11 + Q22 − 2Q12 + 4Q66) /8

(2.25)

The in-plane, ξA
[1,2,3,4], coupling, ξB

[1,2,3,4], and out-of-plane, ξD
[1,2,3,4], lamination parameters are calcu-

lated as:

ξA
[1,2,3,4] = 1

h

∫ h
2

− h
2

[cos 2θ, sin 2θ, cos 4θ, sin 4θ] dz (2.26)

ξB
[1,2,3,4] = 4

h2

∫ h
2

− h
2

[cos 2θ, sin 2θ, cos 4θ, sin 4θ] z dz (2.27)

ξD
[1,2,3,4] = 12

h3

∫ h
2

− h
2

[cos 2θ, sin 2θ, cos 4θ, sin 4θ] z2 dz (2.28)
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where h is the laminate thickness.

2.1.1.2. Tsai’s Modulus

Tsai and Melo [5] proposed a new approach to characterise the stiffness of composite plies and laminates
based on invariants, taking the trace of the in-plane stiffness matrix (tr(Q)) as a material property. If
tensorial strains are considered instead of engineering strains, then Equation 2.3 is rewritten as:

σ1
σ2
τ12

 =

Q11 Q12 0
Q12 Q22 0
0 0 2Q66




ε1
ε2
ε12

 (2.29)

where ε12 = γ12/2 is the tensorial shear strain and the in-plane stiffness matrix is:

[Q] =

Q11 Q12 0
Q12 Q22 0
0 0 2Q66

 (2.30)

The trace of Q is then defined by:

tr(Q) = Q11 + Q22 + 2Q66 (2.31)

As trace is an invariant, it is independent of coordinate system and tr(Q) will always be the same
independently of ply orientation. In fact, the trace of the normalised in-plane and flexural matrices
of a laminate is the same as the trace of the in-plane stiffness matrix of a ply, as shown in Equation
2.32. Therefore, trace becomes a relevant property of the material being independent of coordinate
system, material symmetry, loading condition (in-plane or flexural) and stacking sequence. Trace then
represents the maximum stiffness of a composite. It has been proposed to name tr(Q) as Tsai’s Modulus
to recognise prof. Stephen W. Tsai’s work in composite materials and on the discovery of this property
[6].

tr(Q) = tr(A∗) = tr(D∗) (2.32)

In Refs. [5, 6] the potential of Tsai’s modulus as a scaling property in composite analysis, testing and
design is explored. Furthermore, the concept of a ‘Master Ply’ for CFRP laminates using Tsai’s modulus
is presented.

2.1.2. Traditional Aerospace Composites

Conventional laminates used in aerospace and aeronautical industries follow a set of design rules. These
guidelines were established to provided confidence in composite design for aircraft structures. These
‘traditional’ laminates, which have their ply angles restricted to 0◦, ±45◦ and 90◦, will be referred to
as Legacy Quad laminates. Legacy Quad laminates are still widely used mostly for two reasons: the
majority of available experimental data is restricted to these laminates and these laminates are certified
for use in aircraft structures. The most important design guidelines, which are available in literature such
as Refs. [1, 7], are provided below:

1. Laminates should be symmetric. This uncouples the membrane and bending behaviour ([B] = 0)
and reduces warping under thermal loads.
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2. Laminates should be balanced, that is for every +θ ply in the laminate there should be a −θ ply.
This removes the extension-shear coupling (A16 = A26 = 0).

3. 10% rule. At least 10% of the plies in a laminate should be aligned with each of the four ply
angle directions (0◦, ±45◦ and 90◦) to account for secondary load conditions. Although 10% is a
common value, other values are also used (7%, 12%, 15%).

4. Maximum ply grouping of 4 plies. No more than 4 plies with the same orientation should be
placed together in the laminate to prevent rapid growth of matrix cracks.

5. Maximum inter-ply angle of 45◦. The difference in the angle between two adjacent plies should
be less than or equal to 45◦ to minimise interlaminar shear stresses.

2.1.3. Double-Double

Double-Double (DD) is a new family of laminates recently proposed by Tsai [8] as an alternative to
Legacy Quad laminates. DD laminates are based on the repetition of a 4-ply building block and are
characterised by two angles, Φ and Ψ, which can vary between 0◦ and 90◦ and where the building block
has two plies of each angle (one with positive angle and one with the negative). They can be defined
in a condensed notation as [±Φ/ ± Ψ]rT or by explicitly defining the building block stacking sequence
with the rT subscript, where r is the number of building block repetitions and T stands for total number
of plies. From this small definition already a significant difference can be found between Legacy Quad
and DD laminates: while quads are discrete as they consist of permutations of 0◦, ±45◦ and 90◦ plies,
Double-Double are continuous. As DD laminates are made of ± pairs of ply angles, they are naturally
balanced and therefore do not have extension-shear coupling (A∗

16 = A∗
26 = 0).

Homogenisation is a key concept for Double-Double. A laminate is considered homogenised if it has
equal and uncoupled normalised in-plane and flexural stiffness as shown in Equation 2.33. Homogenisa-
tion removes the need for some of the design rules of Quad laminates. The in-plane and flexural stiffness
behaviours are naturally uncoupled, meaning mid-plane symmetry does not need to be enforced. Sub-
laminate repetition increases laminate homogenisation. DD laminates have thin 4-ply building blocks,
making it easier to achieve laminate homogenisation [9].

[A∗] = [D∗]
[B∗] = 0

(2.33)

Homogenisation also facilitates ply drop-offs, enabling easier laminate tapering and potential weight
savings. In Legacy Quad laminates, when plies are dropped, they need to be removed in symmetric pairs
to maintain mid-plane symmetry. However, by dropping plies the percentage of each Quad ply angle
change and this results in a discrete change of the in-plane and bending stiffnesses between the zones
of the tapered laminate. With Double-Double tapering can easily be achieved by removal or addition
of building blocks, modifying the overall stiffness by changing the thickness, similarly to metals, but
the laminate stiffness matrices do not change between zones with different thicknesses [9]. Additional
benefits of homogenisation in DD, particularly concerning manufacturing, exist and are explored more
in depth in Refs. [8, 9]. True homogenisation is, nevertheless, difficult to achieve when manufacturing
is considered. Therefore, a more practical homogenisation criterion using Tsai’s modulus has been
proposed by Zhao et al. [10] as: ∣∣∣[A∗

ij

]
−

[
D∗

ij

]∣∣∣ < 2% Tsai’s modulus∣∣∣[B∗
ij

]∣∣∣ < 2% Tsai’s modulus
(2.34)
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Double-Double laminates allow only six possible building block stacking sequences [9]:

• Staggered 1: [Φ/−Ψ/−Φ/Ψ]rT

• Staggered 2: [Φ/Ψ/−Φ/−Ψ]rT

• Staggered 3: [Φ/−Ψ/Ψ/−Φ]rT

• Staggered 4: [Φ/Ψ/−Ψ/−Φ]rT

• Paired 1: [Φ/−Φ/Ψ/−Ψ]rT

• Paired 2: [Φ/−Φ/−Φ/Ψ]rT

Recalling the definition of lamination parameters in Equations 2.26, 2.27 and 2.28, it can be seen that
the lamination parameters of the in-plane stiffness matrix are independent of the stacking sequence as
there is no z in the integral. In fact, the ξA

i lamination parameters depend only on the percentage of
each unique ply angle inside a laminate, which for DD laminates is the same regardless of building block
stacking sequence and repetitions. These parameters can then be calculated for any DD laminate from a
building block stacking sequence, for instance Staggered 1, as:

ξA
1 = cos 2Φ + cos (−2Φ) + cos (−2Ψ) + cos 2Ψ

4 = cos 2Φ + cos 2Ψ
2 (2.35)

ξA
2 = cos 4Φ + cos (−4Φ) + cos (−4Ψ) + cos 4Ψ

4 = cos 4Φ + cos 4Ψ
2 (2.36)

ξA
3 = sin 2Φ + sin (−2Φ) + sin (−2Ψ) + sin 2Ψ

4 = 0 (2.37)

ξA
4 = sin 4Φ + sin (−4Φ) + sin (−4Ψ) + sin 4Ψ

4 = 0 (2.38)

If we combine the four previous equations with the definition for laminate homogenisation and how
the laminate stiffness matrices can be obtained from lamination parameters, it becomes clear that for
Double-Double only the two lamination parameters ξA

1 = ξD
1 and ξA

2 = ξD
2 are necessary to describe

a laminate. The expressions for the calculation of these parameters as a function of the DD angles are
repeated below for completeness.

ξA
1 = (cos 2Φ + cos 2Ψ) /2 (2.39)

ξA
2 = (cos 4Φ + cos 4Ψ) /2 (2.40)

The reciprocal relations establishing the angles from the lamination parameters can be obtained from the
previous equations as:

cos 2Ψ = ξA
1 +

√
−ξA

1
2 + ξA

2 /2 + 0.5 (2.41)

cos 2Φ = 2ξA
1 − cos 2Ψ (2.42)

Zhao et al. [10] derived, based on Lagrange multipliers, the feasible space of DD in terms of these
lamination parameters, as shown in Figure 2.2, and further confirmed that ξA

1 = ξD
1 and ξA

2 = ξD
2 .

Selecting a Double-Double stacking sequence from the six ones shown above is simple: as long as the
number of repeats is sufficient to ensure homogenisation any of the stacking sequences can be used. As
lightweight structures are an ever present need in aerospace and aircraft structures and efficient laminate
tapering can lead to significant weight savings, it is of interest to know which stacking sequences allow
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for homogenisation with the lowest number of repeats. Zhao et al. [10] found that through a combination
of Staggered 1 and Staggered 3 the homogenisation criterion of Equation 2.34 can be met in the entire
Double-Double domain. The choice between these two stacking sequences is done based on lamination
parameters and is explained in further detail in section 4.1.

Double-Double
Feasible Space

Figure 2.2: Double-Double feasible domain in lamination parameter space

Overall, Double-Double laminates offer the following advantages [8, 9]:

• Simpler laminate design due to a continuous field without unnecessary design rules;

• Simpler laminate characterisation: laminates are described only with two parameters (angles or
lamination parameters) and the number of building block repeats

• Homogenisation:

– Only one laminate stiffness matrix ([A∗]) needs to be calculated;

– Easier thickness tapering, leading to higher weight savings;

• Low number of possible stacking sequences: maximum of 6, with 2 preferable for faster ho-
mogenisation.

2.1.3.1. Simplified Laminate Optimisation

The optimisation of composite structures is inherently connected with obtaining the ideal laminate stack-
ing sequence. The complexity of a composite optimisation problem is related to the scale of the problem
and the chosen design variables, with the latter usually determining the type of optimisation performed.
A review of optimisation strategies for composite laminates can be found in Refs. [11, 12]. In lam-
inate optimisation, the stacking sequence can be obtained by considering the individual ply angles or
lamination parameters as design variables.
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In the first approach, by considering ply angles as discrete design variables the laminate stacking
sequence can be directly obtained from the optimisation process. Heuristic optimisation approaches,
such as Genetic Algorithms (GAs), are particularly well suited for these discrete optimisation problems.
However, if the optimisation problems are of a large scale, such as typical aircraft structures, these
optimisers become computationally expensive as they require a high number of function evaluations and
laminates have a high number of plies leading to high dimensional problems [13].

On the other hand, lamination parameters are continuous and convex [14] making them ideal for gradi-
ent based optimisers. Furthermore, a given laminate is always described by a fixed number of variables:
the 12 lamination parameters and the laminate thickness, meaning the problem dimension can be easily
controlled and is defined by the number of regions or individual laminates to optimise. Gradient based
optimisers are better suited for large scale applications where function evaluations are more computa-
tionally expensive, as they require fewer iterations for convergence. However, these solutions do not
obtain final stacking sequences. Therefore, an additional discrete optimisation process needs to be per-
formed to recover stacking sequences from the set of lamination parameters and laminate thickness [13].
The process of obtaining stacking sequences from lamination parameters is complex since with Quad
laminates there are multiple laminates that can have the same lamination parameters [9]. Additional
manufacturing constraints such as laminate blending between adjacent zones of the same component add
to this complexity [13].

It is then possible to conclude that optimisation of large structures with Legacy Quad laminates is a
complex task. With Double-Double, however, these problems are simplified. First, DD is continuous so
efficient gradient based optimisers can be used. As was shown in the previous section, the DD angles
and lamination parameters are directly related, so there is little difference between choosing one or the
other as optimisation design variables. In fact, there is only a small advantage in choosing the angles as
design variables, since, besides lower and upper bounds, lamination parameters require the imposition of
the feasible region of Figure 2.2 as a design constraint. Finally, if stacking sequence is selected between
Staggered 1 and Staggered 3 based on lamination parameters as proposed by Zhao et al. [10], it can be
obtained directly as a consequence of the optimisation process.

2.2. Aeroelastic Tailoring

2.2.1. Aircraft Aeroelasticity

The field of aeroelasticity studies the interaction between aerodynamic, inertial, and elastic forces for
a flexible structure and the phenomena it can lead to [15, 16]. It is applied in the design of several
structures such as helicopters, wind turbine blades, bridges, etc., playing a significant role in modern
aircraft structures. The field of aeroelasticity is famously summarised in Collar’s aeroelastic triangle [15–
17], shown in Figure 2.3, showing how different branches of aeroelastic study result from the interaction
of the three types of forces. Static aeroelasticity, stability and control, and mechanical vibrations result
from the two of the three forces interacting. Dynamic aeroelasticity, on the other hand, requires the
interaction of all three forces.

Static aeroelasticity addresses the interaction of the flexible structure with aerodynamic loads in a
steady state condition, i.e. with forces and movements being time independent. Aerodynamic load
distribution in steady/equilibrium manoeuvres and the deformed wing shape are directly affected by the
flexibility of the wing structure. Inadequate structural stiffness can lead to penalties in drag, control
surface effectiveness, and aircraft trim and stability behaviour. The two critical phenomena in static
aeroelasticity are divergence and control reversal. Divergence happens when the moments resulting
from the aerodynamic loads overcome the restoring moments due to structural stiffness, resulting in
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Figure 2.3: Collar’s aeroelastic triangle (adapted from [15])

structural failure. The most common type is wing torsional divergence [15, 16]. One of the earliest known
failures attributed to divergence was that of Langley’s monoplane flying machine a few days before the
Wright brothers’ flight [16, 17]. The failure was due to insufficient torsional stiffness. When the machine
was rebuilt a few years later with different wing trussing, significantly increasing the stiffness, it flew
successfully. Control reversal happens when the aircraft velocity is higher than a critical velocity. As the
aircraft speed increases, control effectiveness decreases until a critical speed, the control reversal speed,
where the application of control surface has no effect. Beyond this speed, applying control surface has
the opposite effect of what is intended [15, 16]. Even though control reversal may not result in failure,
it is not acceptable to have very slow or no response near the reversal velocity, and the reverse effect
beyond it. Some military aircraft use an active control system to take advantage of control reversal and
achieve high manoeuvrability [15].

Dynamic aeroelasticity deals with the oscillatory effects of the interaction between the elastic, aero-
dynamic, and inertia forces. The main phenomenon of interest is flutter, a dynamic instability that results
from the unfavourable coupling of the three forces and involves multiple modes of vibration. Flutter is
a self-excited unstable vibration, where the structure effectively extracts energy from the airflow, and
can often lead to structural failure. The unsteady nature of the aerodynamic forces and moments created
by the oscillatory motion of the structure is the biggest difficulty in flutter analysis, particularly in the
transonic regime [15, 16].

Aeroelastic considerations play a vital role in the design and certification process of modern aircraft.
Regulatory agencies require that aircraft be free of any aeroelastic instability (flutter, divergence, con-
trol reversal) and are fully stable and controllable within the design flight envelope. For the accurate
calculation of aircraft loads, both static and dynamic, it is also necessary to include relevant aeroelastic
effects [15, 18, 19]. The relation between the three force types considered in aeroelasticity and the loads
an aircraft experiences can be summarised by modifying Collar’s triangle into a loads triangle, shown in
Figure 2.4 [15].

Equilibrium (or trimmed/steady) manoeuvres consider the aircraft under longitudinal or lateral
manoeuvres, experiencing accelerations normal to the flight path and pitching at a steady pitch rate. For
example, steady banked turn and a pull-up from a dive are considered equilibrium manoeuvres. Dynamic
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manoeuvres are the time-varying (dynamic) responses an aircraft experiences as the results of failure
conditions or transient pilot control inputs. Ground manoeuvre loads consider all the conditions an
aircraft is in contact with the ground through the landing gear. The load conditions can be both steady
and dynamic, e.g. turning, taxiing, landing, braking. Gust and turbulence deal with the aircraft passing
through moving air, responding to continuous turbulence or discrete gusts [15].

It is then clear that new structural designs (with new materials in a significant part of the structure,
different aircraft layout/configuration, etc.) and new control configurations need to be studied for their
impact on aeroelastic effects. The purpose of this thesis is to analyse the impact of using Double-Double
laminates on aeroelastic behaviour.

Gust and
Turbulence Loads

Elastic
Forces

Aerodynamic
Forces

Inertia
Forces

Equilibrium/steady
Manoeuvre Loads

Ground
Manoeuvre Loads

Stability and Control/
Dynamic Flight

Manoeuvre Loads

Figure 2.4: Loads triangle (adapted from [15])

2.2.2. Aeroelastic Tailoring: Concept and Studies

The structural design of modern aircraft is driven by a need for minimum weight to achieve higher per-
formance and efficiency. Shirk et al. [20] defined aeroelastic tailoring as “the embodiment of directional
stiffness into an aircraft structural design to control aeroelastic deformation, static or dynamic, in such
a fashion as to affect the aerodynamic and structural performance of that aircraft in a beneficial way”.
Typical performance metrics considered in aeroelastic tailoring research include: lower weight airframes
through manoeuvre and gust load alleviation, increase of critical aeroelastic velocity, lower fuel con-
sumption, improved aerodynamic performance, etc. Composite materials have been prominently used
in aeroelastic tailoring as their anisotropic nature allows for a higher control of the stiffness distribution
and overall bending-twist coupling.

Note that aeroelastic tailoring can be achieved in a passive way, that is by modifying the stiffness
distribution of the structure, or with an active approach combining the stiffness distribution modification
with control surface augmentation and/or morphing structures [21–23]. This dissertation will focus on
passive aeroelastic tailoring.

Aeroelastic tailoring effectively results in a modification of the structure’s primary stiffness direction,
as shown in Figure 2.5, changing the bending and torsional stiffness of the structure as well as the
coupling between the two [21, 22]. The wing’s primary stiffness direction is defined as “the locus of
points where the structure exhibits the most resistance to bending deformation”, whereas the structural
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reference axis is “the conventional wing structure elastic axis” [21]. When the primary stiffness direction
is forward of the reference axis, the upwards bending of the wing results in a leading edge down twist,
or wash-out behaviour. An aft primary stiffness direction results in a bending-twist coupling that causes
a leading edge upwards twist with an upwards bending, or wash-in behaviour [20, 21]. Although both
wash-out and wash-in cause improvements on wing performance, as shown in Figure 2.5, there is a clear
compromise with one another. While wash-out results in higher divergence velocity is it accompanied
by a lower flutter velocity, with the opposite being true for wash-in [22, 24].

Divergence
Prevention

Manoeuvre
Load Relief

Induced Drag
Reduction

Lift
Effectivenes

Control
Effectiveness Flutter

Prevention

Wash-out

Wash-in Structural
Reference axis

Primary Stiffness
Direction Forward

Primary Stiffness
Direction Aft

Airflow

Figure 2.5: Benefits of aeroelastic tailoring based on the location of the primary stiffness direction
(adapted from [20, 21])

Given its definition, aeroelastic tailoring is intrinsically a multidisciplinary problem involving the
structural, control and aerodynamic behaviour of the aircraft. One of the best known applications of
aeroelastic tailoring is the Grumman X-29 forward-swept wing demonstrator, where tailored composite
materials were used to produce a bending-twist coupling that would limit the wing twist and prevent
divergence [20].

The studies of Weisshaar [25, 26] and Shirk et al. [20] are among the first works on aeroelastic tai-
loring. Weisshaar [25] studied the effect of modifying fibre orientation of swept wings on the static
aeroelastic metrics of divergence velocity, spanwise centre of pressure location, lift effectiveness, and
lateral control effectiveness. Shirk et al. [20] formally defined aeroelastic tailoring and performed an
historical review of its use, identifying relevant design trends. In Ref. [26], Weisshaar also performed a
review of the work conducted about aeroelastic tailoring both for static and dynamic aeroelasticity with a
focus on composite laminates. Weisshaar presented conceptual models used in some aeroelastic studies
along with relevant equations and highlighted design trade-offs that might require consideration.

Hollowell and Dugundji [27] investigated the effect of bending-twist coupling on divergence and flut-
ter behaviour of unswept rectangular wings idealised by cantilevered plates of graphite/epoxy laminates.
Experimental and analytical studies with a Rayleigh-Ritz approach and unsteady, two-dimensional aero-
dynamics were performed on laminate plates with several amounts of bending-twist coupling and ply
angles limited to 0◦, ±30◦, ±45◦ and 90◦. At low angles of attack, plates with negative stiffness cou-
pling, that is with a positive bending also resulting in upward leading edge twist, experienced divergence.
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Plates with positive bending-twist coupling exhibited flutter, with high positive coupling values allowing
for the delay of stall flutter at higher angles of attack.

Kameyama and Fukunaga [28] studied the effect of laminate configuration and sweep angle on the
flutter and divergence behaviour of composite plates. The impact of laminate configuration was analysed
through a representation of the flutter and divergence velocities in the lamination parameter space. It was
found that there is a discontinuity of the critical velocity due to a switch in the critical flutter mode. A
minimum weight aeroelastic tailoring optimisation of a composite plate subjected to flutter and diver-
gence constraints was performed using a genetic algorithm with the lamination parameters as the design
variables.

A recent trend on aeroelastic tailoring studies has been on the use of tow steered laminates. Stodieck
et al. [29, 30] examined the effect of tow steered laminates on the vibration behaviour, flexural axis
position, flutter and divergence velocities, and gust loads of a cantilevered plate wing. It was found that
tow steered laminates increase the design space and allowed for higher flutter velocities and significant
load reduction. Stanford et al. [31] performed studies on similar cantilevered composite plate considering
a static aeroelastic condition, and flutter and divergence behaviour. They reached similar conclusions in
terms of potential for load reduction with tow steered laminates. Furthermore, it was also found that even
when a more limited steering concept was used, where instead of allowing individual ply steering a fixed
core laminated was rotated along a given path, it was still possible to obtain improvements in terms of
load response.

Regarding more realistic wingbox structures, the NASA Common Research Model (CRM) configu-
ration has been used in several aeroelastic tailoring studies. Stodieck et al. [32] explored mass minimi-
sation aeroelastic tailoring with one and two-dimensional tow steered laminates considering manoeuvre
(strains and buckling), flutter, gust and control effectiveness constraints. Compared with unidirectional
laminates it was found that 2D steering allowed for a 10.5% mass reduction. Stanford et al. [33] per-
formed mass optimisation studies of the CRM wingbox with different tailoring approaches using metallic
materials, functionally graded materials, balanced and unbalanced composites (both unidirectional and
tow steered), and trailing edge control surfaces. Stress and panel buckling under trimmed manoeuvres
and a transonic flutter constraint were considered. Tow steered laminates allowed for a mass reduction
of 6% when compared to the design with balanced unidirectional laminates. Jutte et al. [34] also per-
formed mass minimisation tailoring considering tow steered composites, functionally graded materials
and curvilinear structural elements (spars, ribs, stringers).

Kenway et al. [35] performed aerostructural optimisation of the CRM configuration with higher fi-
delity aerodynamics with the objective of minimising fuel burn. The optimisation procedure was limited
to metallic wingbox structures but allowed for changes in the wing planform and airfoils while main-
taining the same initial wing area. The optimal design found an increased aspect ratio from 9 to 12.6
and achieved an 8.8% fuel burn reduction. More recently, Brooks et al. [36] carried out an optimisation
study on this higher aspect ratio version of the CRM with respect to fuel burn considering aluminium,
conventional composite and tow steered composite designs. The optimal conventional composite design
achieved an 8.7% improvement of fuel burn and a structural mass reduction of 39% in relation to the
optimal aluminium structure. Compared to conventional composites, the tow steered design achieved a
reduction of 10% in mass and 0.4% in fuel burn.



3
Aeroelastic Model of a Cantilevered

Plate

In this thesis we aim to evaluate the effect of Double-Double laminates on the aeroelastic behaviour of
composite structures. With this objective in mind, and given that Double-Double were only recently
proposed, first, the aeroelastic analysis of a simple structure is performed. This chapter presents the
problem of aeroelastic analysis of a cantilevered composite plate wing. An aeroelastic model based on
the finite element method and linearised potential flow aerodynamics that evaluates a static aeroelastic
condition and the instability (flutter or divergence) behaviour of the structure is developed and validated
against available literature. For the evaluation of the plate in the static aeroelastic condition, a theory
for the mechanical failure of composite laminates is explained and used. Furthermore, an optimisation
framework to determine and evaluate the optimal Double-Double laminates considering both aeroelastic
metrics is also implemented and validated.

3.1. Problem Statement

The problem was adapted from Refs. [27, 31] and consists of the analysis of a cantilevered (fully clamped
at the root) composite plate of chord c = 76.2 mm and span s = 305 mm, as shown in Figure 3.1,
under subsonic airflow. This geometrical configuration is well-known and has been used for the study of
aeroelastic behaviour with composites and other materials [27–31, 37]. First, the model will be described
and validated and will then be used to compare the aeroelastic behaviour of Double-Double laminates
with those from literature. The composite ply properties of the plate are listed in Table 3.1, where E1 and
E2 are the longitudinal and transverse Young’s Modulus, respectively, ν12 is the Poisson’s ratio, G12 is
the shear modulus and ρ is the density. The previously mentioned works with composite materials have
mostly used 6-ply symmetric laminates with a ply thickness of 0.134 mm since that was the original
configuration given in Ref. [27]. As Double-Double laminates are based on the repetition of a 4-ply
building block, the number of plies and the ply thickness were adjusted to maintain the same total mass.
For a plate with constant thickness, this translates to adjusting the number of plies and ply thickness
so that the total laminate thickness of 0.804 mm is maintained. The exact values used in the different
analyses conducted are detailed in the relevant sections.

The aeroelastic behaviour is assessed through a static aeroelastic condition and the critical aeroelas-
tic velocity, i.e. the lowest velocity at which either flutter or divergence occurs. For the static aeroelastic
load case, the plate is considered with a 5◦ angle of attack and an airflow velocity of 20 m/s as in Ref.
[31]. As the air flows around the plate, aerodynamic loads are generated, causing the plate to deform.

17
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AIRFLOW

Figure 3.1: Plate problem

Table 3.1: Ply properties for composite plate problem
Property Value Property Value

E1 98.0 GPa XT 1314 MPa
E2 7.9 GPa XC 1220 MPa
ν12 0.28 YT 43 MPa
G12 5.6 GPa YC 168 MPa
ρ 1520 kg/m3 S12 48 MPa

The deformation of the plate leads to a change in the aerodynamic loads. This is an iterative process
until a final deformed configuration of the plate is found, at which the aerodynamic loads are balanced
by internal elastic loads. The failure condition of the laminate is evaluated with the Tsai-Wu failure cri-
terion. This criterion is a non-phenomenological ply-by-ply failure analysis implemented for composite
materials with unidirectional plies which describes the plane stress failure envelope by the following
scalar valued tensorial quadratic function [38, 39]:

f (σ) = F1σ1 + F2σ2 + F11σ2
1 + F22σ2

2 + F66τ2
12 + 2F12σ1σ2 = 1 (3.1)

where

F1 =
( 1

XT
− 1

XC

)
F2 =

( 1
YT

− 1
YC

)
F11 = − 1

XT XC

F22 = − 1
YT YC

F66 = 1
S2

12
F12 = F ∗

12√
XT XCYT YC

with

• XT , XC - allowable stress in the longitudinal (fibre) direction for tension and compression, re-
spectively

• YT , YC - allowable stress in the transverse direction for tension and compression, respectively

• S12 - allowable stress in shear

• F ∗
12 (normalised interaction factor) can be determined from combined-stress tests. Typical values

are generally between -1 and 0. If this term is equal to −1/2 the Tsai-Wu criterion can be reduced
to the von Mises criterion for an isotropic material with equal tensile and compressive strengths.
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A value of f (σ) ≥ 1 indicates that a ply has failed. While f (σ) allows the determination if a ply
has failed, it provides no information regarding how close that ply is to failure. It is possible to define
a strength ratio, R as the ratio between ultimate strength and the applied stresses. Noting that Equation
3.1 is the expanded form of:

Fijσiσj + Fiσi = 1 (3.2)

By allowing the stress components, σi, to reach their ultimate values, σult
i , and replacing with the strength

ratio as σult
i = Rσapplied

i , the previous equation can be rewritten as [39]:

[Fijσiσj ] R2 + [Fiσi] R − 1 = 0 (3.3)

The strength ratio is then the positive root of this quadratic equation:

R = −
(

b

2a

)
+

√(
b

2a

)2
+ 1

a
(3.4)

with
a = Fijσiσj b = Fiσi

This ratio can assume any positive value with the following interpretation:

• When R = 1, failure happens

• When R > 1, the applied stress can be increased by a factor equal to R to reach the failure
condition

• When R < 1, the applied stress passed the strength by a factor equal to 1/R

It is also possible to establish a failure index as the inverse of the strength ratio [39], k = 1/R, which
can also take any positive value and has the inverse interpretation of R:

• When k = 1, failure happens

• When k > 1, the applied stress passed the strength by a factor equal to k

• When k < 1, the applied stress can be increased by a factor equal 1/k to reach the failure condition

The critical aeroelastic velocity was found through a flutter analysis. The airflow velocity was in-
creased from 5 m/s to 100 m/s and the lowest velocity at which the plate became unstable, either dy-
namically (flutter) or statically (divergence), was determined.

To evaluate Double-Double laminates, the following analyses using the previously mentioned aeroe-
lastic metrics (Tsai-Wu failure index for static aeroelastic load case and critical aeroelastic velocity) were
performed:

• Sensitivity analysis of the effect of homogenisation and Double-Double angles on the objective
space defined by the two metrics;

• Single-objective optimisation to minimise the Tsai-Wu failure index under the static aeroelastic
load case;

• Single-objective optimisation to maximise the critical aeroelastic velocity;

• Multi-objective optimisation considering the objectives for the single-objective optimisation pro-
cedures, i.e. minimising Tsai-Wu failure index and maximising critical aeroelastic velocity.
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3.2. Modelling Approach

To perform the aeroelastic analysis, the MSC Nastran finite element solver was used. The plate was
discretised with 6 degree-of-freedom triangular shell elements (CTRIAR) with a mesh of 12x48 elements
in the chordwise and spanwise direction, respectively, as shown in Figure 3.2a. The laminate stacking
sequences were input with PCOMP cards and the coordinate system used for ply orientation is the one
shown in Figure 3.1, with 0◦ plies spanwise and 90◦ plies chordwise.

Aerodynamics were modelled using the Doublet-Lattice Method (DLM) which is internally imple-
mented in MSC Nastran. The DLM is based on linearised potential flow aerodynamics and is an ex-
tension of the steady Vortex-Lattice method to unsteady flow. It considers that the undisturbed flow is
uniform and is either steady or varying harmonically [40]. The fundamentals of DLM and its modelling
in MSC Nastran are presented in Appendix A.1. A mesh of 12x48 boxes (Figure 3.2b) in the chordwise
and spanwise direction, respectively, was used. The connection between the structural and aerodynamic
models was done with a Finite Plate Spline (FPS) mesh of 18x72 elements in the chordwise and spanwise
direction, respectively, to transfer loads and displacements. The spline was specified with a SPLINE1
card and the set of 7x25 nodes highlighted in Figure 3.2a was used for the interpolation. The theory
behind the use of FPS is explained in Appendix A.2.

(a) Structural mesh with spline nodes highlighted

(b) Aerodynamic mesh

Figure 3.2: Plate mesh

3.2.1. Flutter Analysis

The equation of motion of an N degree-of-freedom aeroelastic system is given by [15]:

Aq̈ + (ρV B + D) q̇ +
(
ρV 2C + E

)
q = 0 (3.5)

where

• A is the structural inertia (mass) matrix

• B is the aerodynamic damping matrix

• D is the structural damping matrix
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• C is the aerodynamic stiffness matrix

• E is the structural stiffness matrix

• q are the generalised coordinates

The system frequencies and damping ratios at a given flight condition (air speed and altitude) can be
found by an eigenvalue solution by combining the expression Iq̇−Iq̇ = 0, where I is the N ×N identity
matrix, with the previous equation into:[

I 0
0 A

] {
q̇
q̈

}
−

[
0 I

−
(
ρV 2C + E

)
− (ρV B + D)

] {
q
q̇

}
= 0 (3.6)

which can be rewritten as:{
q̇
q̈

}
−

[
0 I

−A−1 (
ρV 2C + E

)
−A−1 (ρV B + D)

] {
q
q̇

}
= 0 (3.7)

The simplified form of this equation is given by:

ẋ − Qx = 0 (3.8)

whose solution can be found by assuming x = x0eλt with Equation 3.8 becoming:

(Iλ − Q) x0 = 0 or (Q − Iλ) x0 = 0 (3.9)

which is in the classic eigenvalue problem form (A − Iλ) x = 0. The eigenvalues λ of the system are
given in complex conjugate pairs as:

λj = −ξjωj ± iωj

√
1 − ξ2

j , j = 1, 2, . . . , N (3.10)

where ωj and ξj are the natural frequencies and the damping ratios, respectively.
Due to the unsteady nature of the aerodynamics, the aerodynamic matrices B and C depend on the

reduced frequency:

k = ωc

2V
(3.11)

where c is the chord. The eigenvalue problem of Equations 3.7 and 3.8 can be solved if the B and C
matrices are known. However, to determine these matrices, the reduced frequency of interest is required,
which can only be found if the eigenproblem is solved. Therefore, it is not possible to solve the flutter
problem in a direct manner. To address this issue, frequency matching methods such as the ‘k’ or ‘p-k’
methods were developed [15].

In the ‘p-k’ method, for each air speed of interest, an initial guess of the frequency of the mode is
made and the corresponding reduced frequency is calculated. The aerodynamic matrices B and C are
calculated for that reduced frequency. The frequencies for the system are determined from equation 3.8
and the frequency solution closest to the initial guess is taken as the next guess. This process is repeated
until the frequencies converge and the corresponding damping is extracted. This process is repeated
for all modes, for all air speeds (flight conditions) of interest. The set of frequency, damping and air
speed values are assembled and typically plotted in the so-called V g and V ω plots, and the aeroelastic
instability speed is found when the damping is zero.
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In MSC Nastran1, flutter analysis is available in SOL 145 and the fundamental flutter equation for
the ‘p-k’ method is given by [40]:[

Mhhp2 +
(

Bhh − 1
4ρcV QI

hh/k

)
p +

(
khh − 1

2ρV 2QR
hh

)]
{uh} = 0 (3.12)

where

• Mhh is the modal mass matrix

• Bhh is the modal damping matrix

• Khh is the modal stiffness matrix

• QI
hh is the modal aerodynamic damping matrix, a function of Mach number, m, and reduced

frequency, k. Imaginary part of Qhh.

• QR
hh is the modal aerodynamic stiffness matrix, function of Mach number, m, and reduced fre-

quency, k. Real part of Qhh.

• Qhh = QR
hh + iQI

hh = Aerodynamic Influence Coefficient (AIC) matrix

• p = ω(γ ± i) is the eigenvalue

• γ is the transient decay rate coefficient

• ω = 2πf is the circular frequency

• c is the reference length

• ρ is the fluid density

• V is the velocity

• uh is the modal amplitude vector

Note that the reduced frequency and the circular frequency are not independent, as:

k = ωc

2V
= c

2V
Im (p) (3.13)

The eigenvalues p are either complex conjugate pairs or real. The damping g is given by:

g =
{

2γ if p is complex
γ = pc

V ln 2 if p is real
(3.14)

An instability is detected when the damping crosses from negative to positive, and the corresponding
critical velocity for that instability is the velocity at which g = 0. Note that both the damping, g, and the
damping ratio, ξ, can be used to analyse the occurrence of instability. However, they require different
interpretation, particularly in the flutter plots. While the critical velocity for an instability is also found
at ξ = 0, ξ and g have opposing signs, therefore when using the damping ratio an instability is found

1In this document whenever the methods implemented in MSC Nastran are presented the notation used in the corresponding
documentation [40] is adopted to avoid introducing any source of conflict or confusion for the reader
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when ξ crosses from positive to negative [15]. For the ’p-k’ method the damping ratio can be calculated
from the obtained eigenvalue as [41]:

ξ = −Re(p)√
Re(p)2 + Im(p)2

(3.15)

where Re and Im stand for the amplitude of the real and imaginary part, respectively. Unless explicitly
stated otherwise, when damping is mentioned in the context of flutter in this work it refers to the damping
g.

The type of instability is determined based on the nature of the eigenvalue: for complex eigenvalues,
the instability is flutter and for real eigenvalues, which have a null complex component corresponding to
zero frequency, i.e. non-oscillatory motion, the instability is divergence.

The Qhh matrix is obtained as follows [40]. Two transformations need to be applied to the Aerody-
namic Influence Coefficient (AIC) matrix Qkk, defined in Equation A.7, so it can be used in the flutter
analysis:

1. The matrix has to be applied to the structural model using a spline technique

2. A modal reduction has to be applied to obtain the matrices in generalised form

These transformations are expressed as:

[Qii] = [ϕai]T [Gka]T [WTFACT ] [Qkk] [Gka] [ϕai] (3.16)

where

1. Qii is the generalised aerodynamic matrix

2. ϕai is a matrix of i-set normal mode vectors in the physical a-set

3. Gka is the spline matrix defined in Equation A.10 reduced to the a-set

4. WTFACT is the same weighting matrix as Wkk defined in Equation A.9

If extra points used for the representation of control systems, required in aeroservoelastic analysis, are
included in the flutter analysis and the deflections of the extra points result in displacements in the
aerodynamic model, then the downwash information needs to be explicitly provided in two DMI entries:

{wj} = [D1JE + ikD2JE] {ue} (3.17)

where {ue} is a vector of extra point displacements, D1JE and D2JE are the required entries, and
{wj} is the resulting downwash. Generalised aerodynamics for the extra points are computed as:

[Qie] = [ϕai]T [Gka]T [WTFACT ] [Qke] (3.18)

where Qke is defined similarly to Qkk as:

[Qke] = [WTFACT ] [Skj ] [Ajj ]−1 [D1JE + ikD2JE] (3.19)

The Qhh matrix used in the flutter analysis is a merged matrix defined as:

[Qhh] =
[
Qii Qie

0 0

]
(3.20)
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where the h-set is a combination of the i-set normal modes and the e-set extra points.
In flutter analysis, the calculation of the aerodynamic matrices and their transformation into gener-

alised aerodynamic matrices are computationally expensive. To save resources, these matrices are com-
puted for specific sets of reduced frequency and Mach number and are interpolated from the calculated
values for all other combinations of reduced frequency and Mach number.

For the flutter analysis setup with the ‘p-k’ method in MSC Nastran, a total of 8 modes were specified,
although only the results of the first 4 modes were output as from other works in identical plates the
instability happened within these modes [27–31] and it allowed for faster post-processing of the results.
The sea level air density of ρ = 1.225 kg/m3 was used and the airflow velocity was varied from 5 m/s to
100 m/s with increments of 0.5 m/s. The Mach number was kept constant at M = 0 as compressibility
effects are negligible in this velocity range. The set of reduced frequencies used for the calculation of
the aerodynamic matrices is shown in Table 3.2. This set was selected to allow sufficient accuracy in the
interpolation of the aerodynamic matrices in a wide range of reduced frequencies. The critical aeroelastic
velocity was determined by finding the lowest velocities at which the real part of the eigenvalue of a given
mode crossed from negative to positive, and determining the corresponding velocity at which Re(p) = 0
by linear interpolation. Note that Re(p) = 0 =⇒ g = 0.

Table 3.2: Set of reduced frequencies for calculation of aerodynamic matrices
Reduced Frequency, k

0.005 0.25
0.01 0.275
0.025 0.3
0.05 0.5
0.075 0.75

0.1 1
0.125 2
0.15 5
0.175 10

0.2

3.2.2. Static Aeroelastic Analysis

Static aeroelastic analysis is available in MSC Nastran through SOL 144 and it employs a quasi-steady
trim approach, with the following set of equations [40]:

[Kaa − qQaa] {ua} + [Maa]
{

Üaa

}
= q [Qax] {ux} + {Pa} (3.21)

where

• q is the dynamic pressure

• Kaa is the structural stiffness matrix

• Maa is the structural mass matrix

• {ua} is the vector of nodal deflections

•
{

Üaa

}
is the vector of nodal accelerations
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• {Pa} is the vector of applied loads (for example, gravity) plus aerodynamic loads due to user input
pressures and/or downwash velocities (e.g. jig-twist distribution, incidence)

• {ux} is the vector of extra aerodynamic points used to describe trim variables such as control
surfaces rotation

• Qaa is the aerodynamic influence coefficient matrix which provides the forces at the structural grid
points due to structural deformations

• Qax is the aerodynamic influence coefficient matrix which provides the forces at the structural grid
points due to unit deflections of the aerodynamic extra points

The aerodynamic influence coefficient matrices Qaa and Qax are obtained as follows. The downwash
equation A.4 for static aeroelasticity becomes:

{wj} = [Djk] {uk} + [Djx] {ux} +
{

wg
j

}
(3.22)

where

• {wj} is the downwash vector (for example, angles of attack)

• uk is the vector of aerodynamic displacements (deformations)

• wg
j represents an initial static aerodynamic downwash. It includes, primarily, the static incidence

distribution that may arise from an initial angle of attack, camber, or twist

• [Djk] is the substantial derivative matrix for the aerodynamic displacements. (This term is the D1
jk

of Equation A.4. The D2
jk is not used for the quasi-steady analysis)

• [Djx] is the substantial derivative matrix for the extra aerodynamic points

The theoretical aerodynamic pressures are taken from Equation A.8 as:

{fj} = q [Ajj ]−1 {wj} (3.23)

and the aerodynamic forces given by Equation A.9 can be rewritten as:

{Pk} = q [Wkk] [Skj ] [Ajj ]−1 {wj} + q [Skj ]
{

fe
j /q

}
(3.24)

The vector of aerodynamic extra points {ux} specifies the values of aerodynamic trim variables. MSC
Nastran has several predefined variables including incidence angles (angle of attack and sideslip angle),
roll, pitch and yaw rates, two translational (vertical and lateral) and three rotational accelerations. There
are also variables for control surface deflection. The [Djx] matrix provides the downwash velocities of
unit values of the aerodynamic extra points. Under the quasi-steady assumption, accelerations do not
result in any downwash.

The aerodynamic forces are transferred to the structure with the spline matrix of Equation A.10 re-
duced to the a-set, giving the Qaa and Qax matrices, respectively, as:

[Qaa] = [Gka]T [Wkk] [Skj ] [Ajj ]−1 [Djk] [Gka] (3.25)

[Qax] = [Gka]T [Wkk] [Skj ] [Ajj ]−1 [Djx] (3.26)
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MSC Nastran’s static aeroelastic solution allows for free (unrestrained) rigid body motion degrees of
freedom used to calculate adequate trim conditions, such as angle of attack, for a given flight condition.
Stability and speed derivatives can also be determined from this solution. The implementation of the
different analyses and the separation between the free body motion degrees of freedom and the restrained
ones is done from Equation 3.21 and can be found in the relevant documentation [40].

From the static aeroelastic analysis, it is also possible to determine the divergence dynamic pressure
for restrained components. Divergence is a static instability, therefore considering only the displacement
terms, Equation 3.5 of the aeroelastic system becomes [15]:(

ρV 2C + E
)

q = 0 (3.27)

and divergence happens at the non-trivial solution:∣∣∣ρV 2C + E
∣∣∣ = 0 (3.28)

which can also be expressed as an eigenvalue problem. MSC Nastran implements this solution with the
eigenvalue approach, considering only the displacement terms of Equation 3.21 [40]:

[Kll − λQll] {ul} = 0 (3.29)

where the l subscript denotes the restrained degrees of freedom. Only roots that are purely imaginary
and positive are physically meaningful, and the divergence dynamic pressure is given by:

qd = −λ2 (3.30)

While this is not used to evaluate the divergence behaviour of the plate directly, it is used as a constraint
in the optimisation process, as will be explained further in the document.

The Mach number, dynamic pressure and trim parameters of the condition of interest are provided to
the solver as a TRIM entry. The Mach number was set to M = 0 as in the flutter analysis and the dynamic
pressure corresponding to 20 m/s with a sea level air density of 1.225 kg/m3 is q = ρV 2/2 = 245 Pa.
The 5◦ angle of attack was input in the trim parameter ANGLEA as 0.0872665 rad. A zero pitch rate
also needs to be specified in the trim parameter PITCH which is defined as qc/2V where q is the pitch
rate (not to be confused with dynamic pressure) in rad/s. From the deformed shape of the plate, MSC
Nastran computes the strength ratios for each ply of each element of the structural mesh, which were
then post-processed externally to calculate the corresponding failure index.

3.2.3. Validation

To validate the flutter analysis, flutter and divergence velocities were determined for the layups in the
experimental and computational results reported in Refs. [27, 28]. All the laminates are 6-ply symmetric
laminates with a ply thickness of 0.134 mm. The comparison of the obtained flutter and divergence ve-
locities is done in Tables 3.3 and 3.4, respectively. The tables show that the obtained results have a good
agreement with the experimental values of Ref. [27] and the computational results of Ref. [28]. The ob-
served differences with respect to the computational results are to be attributed to the different numerical
method used for evaluating unsteady aerodynamics in Ref. [27] and by different mesh densities used in
Ref. [28]. Nevertheless, there is a good agreement of the aeroelastic behaviour of the plate.

A comparison was also made in Table 3.5 with the optimal laminates found in Ref. [31] for the
static aeroelastic case and the instability velocity. The laminates have the same ply thickness as the
one previously described. It should be noted that in Ref. [31] a different coordinate system for ply
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Table 3.3: Flutter velocities for model validation with Refs. [27] and [28]

Laminate
Flutter Speed m/s

Current Work Ref. [27] Exp. Ref. [27] Comp. Ref. [28]
[02/90]S 25.21 25 21.0 23.0

[+45/ − 45/0]S 40.75 > 32 39.0 40.1
[+452/90]S 28.24 28 27.8 27.5
[−452/90]S 28.81 Divergence 27.8 27.8
[+302/90]S 27.88 27 27.8 27.1
[−302/90]S 30.98 Divergence 30.0 37.3

Table 3.4: Divergence velocities for model validation with Refs. [27] and [28]

Laminate
Divergence Speed m/s

Current Work Ref. [27] Exp. Ref. [27] Comp. Ref. [28]
[02/90]S 30.36 Flutter 25.0 30.6

[+45/ − 45/0]S
∗ 82.10 > 32 No divergence No divergence

[+452/90]S
∗ 67.16 Flutter No divergence No divergence

[−452/90]S 12.47 12.5 11.1 13.7
[+302/90]S

∗ 74.66 Flutter No divergence No divergence
[−302/90]S 13.32 11.7 11.5 13.8

∗The divergence velocity was calculated in Refs. [27, 28] with the eigenvalue approach described in the previous

section. This method should give the same result as analysing the damping in the flutter analysis. It is unclear why

this difference happened. Nevertheless, this did not affect the determination of the critical aeroelastic velocity for

these laminates, which was due to flutter. This behaviour was not found to compromise the analyses conducted

in this work.

orientation was used, therefore the ply angles were adjusted to the coordinate system used in this work.
The obtained results are close to the ones reported in Ref. [31] with the highest difference of 3.7% in the
Tsai-Wu failure index. The current work also does not overpredict the behaviour of the laminates as a
higher failure index and a lower critical velocity were found. The small differences are possibly due to
different nodes being used for the spline, as all the remaining mesh densities are identical. Furthermore,
the eigenvalue migration in the flutter analysis of the corresponding optimal laminate shown in Figure
3.3a is similar to the one from Ref. [31], Figure 3.3b. Note that the frequency in Hz corresponds to
the imaginary part of the eigenvalue, which is the frequency in rad/s, divided by 2π. Therefore, it is
possible to conclude that the implemented model is capable of predicting with a good level of accuracy
the aeroelastic behaviour of the cantilevered plate.

Table 3.5: Validation of static aeroelastic and flutter analyses with Ref. [31]
Analysis Laminate Metric Current Work Ref. [31]

Static
Aeroelastic

[4.3/12.2/ − 7.6]S
Tsai-Wu

failure index
0.0359 0.0346

Flutter [39.3/ − 46.8/ − 50.7]S
Instability velocity

m/s 45.17 45.98
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Figure 3.3: Eigenvalue migration for laminate [39.3/ − 46.8/ − 50.7]S

3.3. Optimisation Procedure

The optimisation procedures were conducted in the Python programming language. In particular, the
pymoo framework was used [42]. A Genetic Algorithm (GA) was used for the optimisation as the MSC
Nastran simulations were not computationally expensive, the number of variables was low, and there was
a possibility of discontinuous objective space. The selected algorithm was the Non-dominated Sorting
Genetic Algorithm II (NSGA-II), an elitist multi-objective optimisation algorithm, which has been used
as a benchmark to evaluate other multi-objective evolutionary algorithms. Its biggest difference from a
simple genetic algorithm lies in the survival and mating selection operators [43].

3.3.1. Basic Concepts of Multi-objective Optimisation

It is necessary to introduce some basic concepts of multi-objective optimisation before a more detailed
description of the implementation. These concepts are widely available in optimisation literature and
are typically presented considering a multi-objective optimisation problem that seeks to minimise all the
objectives [44]. Specialising them to the current bi-objective optimisation study that seeks to minimise
one objective while maximising a second one, the mathematical problem can be reformulated as follows:

minf1(x) ∧ maxf2(x) , x ∈ S (3.31)
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where x = (x1, x2) is the vector that represents the design variables and S is the space of admissible
solutions, i.e. the design space. A vector of the objectives to optimise can also be defined as: F(x) =
(f1(x), f2(x)). The set Y = F(S) is the objective space.

In multi-objective optimisation, the objectives tend to conflict with each other, as improving one tends
to worsen the others. The solution of multi-objective optimisation problems is not a single design but
the set of designs with the best compromise between objectives. To compare the solutions taking into
account this compromise, the concept of Dominance is of particular importance:

An objective vector u = (u1, u2) dominates v = (v1, v2) (represented by
u ≺ v) if and only if

u1 ≤ v1 ∧ u2 ≥ v2 ∧ (u1 < v1 ∨ u2 > v2) (3.32)

A Pareto optimum can then be defined as any solution where it is impossible to improve one objec-
tive without the other becoming worse, that is, a Pareto optimum is a non-dominated solution. This is
formally defined as:

A solution x∗ ∈ S is a Pareto optimum if

∀x ∈ S : F(x) ⊀ F(x∗) (3.33)

The set of Pareto optima is then given by:

P∗ =
{

x ∈ S|∄x′ ∈ S, F(x′) ≺ F(x)
}

(3.34)

The Pareto front is then the image of the set of Pareto optima in the objective space, that is the Pareto
front is composed of the corresponding objective values for each solution in the set of Pareto optima. It
is the Pareto front that provides an idea of the compromise between the objectives, and obtaining it is the
main task of a multi-objective optimisation and it is defined as:

PF∗ = {F(x), x ∈ P∗} (3.35)

It is also possible to introduce two points that provide information about the range of values in the
Pareto Front: the ideal point and the Nadir point (or worst point). The ideal point is the point that
optimises all objectives and is a utopian solution as it is infeasible in the design space. The Nadir is the
point that has the worst value for all objectives over the Pareto set.
A point y∗ = (y∗

1, y∗
2) is an ideal point if it minimises f1 (x) and maximises f2 (x):

y∗ = (min (f1 (x)) , max (f2 (x))) , x ∈ S (3.36)

A point y∗ = (y∗
1, y∗

2) is the Nadir point if it maximises f1 (x) and minimises f2 (x) over the Pareto set:

y∗ = (max (f1 (x)) , min (f2 (x))) , x ∈ P∗ (3.37)

Figure 3.4 shows a representation of these concepts for the presented problem.
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Figure 3.4: Multi-objective optimisation concepts

3.3.2. Implementation

In the present work, we seek to study the aeroelastic behaviour of composite plates. In particular, the
use of Double-Double laminates is analysed. For that purpose, several optimisation studies will be per-
formed. As previously mentioned, it was chosen to perform the optimisation using a genetic algorithm.
In particular, the implementation of the NSGA-II in the pymoo framework was used.

Throughout the analyses the only variables used were angles, discretised by lower and upper bounds,
θmin and θmax, respectively, and an angle step, θstep. Treating the angles this way allowed for discrete
angle problems, with larger θstep such as 5◦ and 10◦ for example, and, by considering small values of
θstep, problems where the angles are close to continuous. The angles were mapped into integers which
were used as variables in the algorithm. All the angles from θmin to θmax with the step θstep were stored
in a vector. The algorithm variable was the index of the vector element, ranging from 0 to n − 1, where
n is the number of elements in the vector determined by θmin, θmax, and θstep.

The modification of the MSC Nastran input files (.bdf files) and the post-processing of simulation
results were done with in-house built code using common Python packages as well as pyNastran [45],
which allows for an easier interface with several of Nastran’s input and output files. When evaluating
the static aeroelastic load case, the highest Tsai-Wu failure index, considering all plies in all elements,
was used as the objective value. The divergence dynamic pressure was also determined as explained in
section 3.2.2. Since divergence can result in structural failure, if the divergence dynamic pressure was
equal or lower than the one in the static aeroelastic load case (245 Pa) it was considered that the laminate
had failed and a failure index of 10 was assigned to the objective. pymoo’s implementation considers
the minimisation of all objectives, therefore the negative of the critical aeroelastic velocity was used
as the objective in the algorithm, as minimising the negative results in the maximisation of the critical
aeroelastic velocity.

The survival selection operator in NSGA-II is based on two parameters: non-domination and crowding
distance. First, a combined population of parent and offspring solutions is ranked into non-dominated
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fronts, where all solutions within each front are dominated by the same number of solutions. Low rank
fronts are preferred, with the first front having all non-dominated solutions. These fronts are added
sequentially to the next generation’s population, until a front is reached where adding all solutions from
that front would surpass the allowed number of solutions in the population. The solutions to be kept are
selected by sorting the solutions in that population by crowding distance. The crowding distance gives
an estimate of the density of solutions surrounding a particular solution and is used to ensure diversity
in the population. The solutions with the extreme values of each objective (maximum and minimum)
are assigned a crowding distance of infinity as it is desired they are always kept. For all other solutions
the crowding distance is the sum of the absolute normalised difference in function values for the two
adjacent solutions in every objective. The solutions with higher crowding distance are chosen for the
next population [43].

In NSGA-II mating selection is done with a modified tournament selection. Two solutions are ran-
domly selected from the population and compared based on domination. If one solution dominates the
other, it is selected for crossover. In case neither solution is dominant, the one with the higher crowding
distance is selected. The crossover operator used was Simulated Binary Crossover (SBX) [46, 47] with a
distribution index ηc = 3. The crossover probability was set to 100% so that every time two parents were
selected crossover happened. For the mutation operator, polynomial mutation [48] with a distribution
index ηc = 20 and a mutation probability of 15% was used. The populations had 20 individuals and the
same number of offspring were generated.

The algorithm terminated when one of two criteria was verified: a maximum number of generations
was reached or the objective did not improve more than a specified tolerance over the last 20 generations.
For the single-objective optimisation problems, the evolution of the objective value is simply done by
comparing the objective value of the single best solution of the current generation with the ones from the
previous generations. For multi-objective problems, pymoo’s implementation of the criterion proposed
in Ref. [49] was used. This criterion considers the evolution of the ideal and Nadir points through
the generations. Once they have stabilised, these points are used to normalise the objectives and an
evaluation of the evolution of the solutions in the Pareto front is performed. A detailed explanation of the
criterion can be found in Ref. [49]. Table 3.6 shows the maximum number of generations and objective
tolerance considered for the different optimisation problems.

Table 3.6: Parameters for optimisation algorithm termination
Optimisation

Problem
Objective
Tolerance

Maximum No
Generations

Static
Aeroelastic

1 × 10−5 120

Aeroelastic
Instability

0.001 120

Multi-objective 0.025 200

3.3.3. Validation

To validate the implementation, the optimisation of 6-ply symmetric unidirectional laminates with a ply
thickness of 0.134 mm, as in Ref. [31], was performed. The optimisation variables were the angles for
three plies, discretised between −90◦ and 90◦ with a step of 0.1◦. For the single-objective optimisations,
the algorithm was executed for five different seeds to verify proper convergence. Tables 3.7 and 3.8
show the results of the optimisation for the Tsai-Wu failure index in the static aeroelastic case and for the
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critical aeroelastic velocity, respectively. The results show that the algorithm converged consistently for
similar values of the objectives, despite some differences in the optimal ply angles. The obtained optimal
laminates and objective values are also consistent with the ones found in Ref. [31], previously shown in
Table 3.5.

A multi-objective optimisation was also performed. The obtained Pareto front is shown in Figure 3.5a
and the corresponding front from Ref. [31] is the red one in Figure 3.5b. The algorithm was able to
find a similar front to Ref. [31] with well distributed solutions along the front. Overall, the implemented
optimisation procedure is effective in finding optimal laminates for aeroelastic response both for single
and multi-objective optimisation. The results obtained in this section will later be used for comparison
with Double-Double laminates.

Table 3.7: Validation of static aeroelastic single-objective optimisation
Algorithm

Seed
Optimal
Laminate

Tsai-Wu failure
index

Current
Work

1 [4.4/13.0/13.1]S 0.03401
73 [3.9/15.0/12.2]S 0.03399
163 [4.0/14.4/12.6]S 0.03398
387 [4.6/12.9/12.9]S 0.03403
500 [3.5/16.9/11.4]S 0.03405

Reference [31] —– [4.3/12.2/ − 7.6]S 0.0359*
∗Value found with current work simulations (see Table 3.5)

Table 3.8: Validation of critical aeroelastic velocity single-objective optimisation
Algorithm

Seed
Optimal
Laminate

Critical Aeroelastic
Velocity (m/s)

Current
Work

1 [36.6/ − 41.2/ − 37.7]S 45.60
73 [36.9/ − 40.7/ − 47.5]S 45.56

163 [37.4/ − 40.6/ − 9.6]S 45.17
387 [−46.1/25.9/48.8]S 43.35
500 [35.6/ − 36.0/ − 36.2]S 45.53

Reference [31] —– [39.3/ − 46.8/ − 50.7]S 45.17*
∗Value found with current work simulations (see Table 3.5)
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Figure 3.5: Pareto front for multi-objective optimisation validation





4
Double-Double Cantilevered Plate

Results

This chapter explores the effect of Double-Double laminates on the aeroelastic behaviour of a can-
tilevered composite plate. First, a sensitivity analysis is performed on constant thickness plates. This
analysis allows for an investigation of the objective space as a function of our design variables: the two
Double-Double angles Φ and Ψ. Moreover, in this analysis the effect of homogenisation on the aeroe-
lastic metrics is also studied. Secondly, a sensitivity analysis of two plates with thickness tapering is
done to understand the effect of these configurations on the objective space of both aeroelastic metrics
considered. Finally, several optimisation studies are conducted in order to compare unidirectional and
tow steered Double-Double laminates with other laminates used in similar studies.

4.1. Sensitivity Analysis on Constant Thickness Plate

To understand the effect of the degree of homogenisation of Double-Double laminates on the aeroelastic
behaviour, a sensitivity analysis was performed considering 4 different number of repeats of the Double-
Double building block: 4, 6, 8 and 10 repeats. To maintain consistency and allow for a direct comparison
between the different number of repeats and with available literature, the ply thicknesses were calculated
to maintain the same mass as 6-ply laminates with ply thickness of 0.134 mm, as mentioned in chapter 3.
The laminates considered for this sensitivity analysis were chosen to have constant thickness. Therefore,
the ply thickness for each number of repeats was determined to maintain the total laminate thickness
of 0.804 mm. The obtained ply thickness for each number of repeats is shown in Table 4.1. Note that
this results in thin-ply laminates which are currently not used in commercial aircraft structures due to
production difficulties. As the objective of this work was simply to explore the effect of Double-Double
laminates on the aeroelastic behaviour, this aspect of manufacturability was not taken into account in this
problem.

Table 4.1: Ply thicknesses for sensitivity analysis
Number of repeats Ply thickness

r = 4 t = 50.25 µm
r = 6 t = 33.5 µm
r = 8 t = 25.125 µm
r = 10 t = 20.1 µm

35
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The sensitivity analysis was performed with a ‘brute force’ approach, evaluating all possible com-
binations of the Double-Double angles Φ and Ψ, where 0◦ ≤ Φ, Ψ ≤ 90◦, with an angle step of 5◦.
Double-Double is intended to be used in a homogenised state. Homogenisation of a laminate is defined
when the laminate has equal normalised membrane and bending stiffness matrices and a null normalised
bending-extension coupling matrix:

[A∗] = [D∗]
[B∗] = 0

(4.1)

In reality, achieving true homogenisation is not feasible taking manufacturing into account. Therefore,
a laminate is considered homogenised when the terms of the normalised bending-extension coupling
matrix and the difference between the terms of the normalised membrane and bending stiffness matrices
are small. It has been proposed using 2% of Tsai’s modulus as a threshold for homogenisation criterion,
considering the largest absolute component of [B∗] and [A∗] − [D∗] [8]. The homogenisation criterion
is then defined as: ∣∣∣[A∗

ij

]
−

[
D∗

ij

]∣∣∣ < 2% Tsai’s modulus∣∣∣[B∗
ij

]∣∣∣ < 2% Tsai’s modulus
(4.2)

Increasing the number of repeats of a sub-laminate increases how homogeneous a laminate is. There-
fore, if the stacking sequence is chosen so that homogenisation is guaranteed for 4 repeats, the laminates
with higher repeats will also be homogeneous. It has been shown in Ref. [10] that the homogenisa-
tion criterion of Equation 4.2 can be met by choosing between two stacking sequences: Staggered 1 -
[Φ/ − Ψ/ − Φ/Ψ] and Staggered 3 - [Φ/ − Ψ/Ψ/ − Φ]. The stacking sequence is based on the in-plane
lamination parameters ξA

1 and ξA
2 as shown in Figure 4.1. The expression for the two coloured parabolas

were taken from Ref. [50]. ξA
1 and ξA

2 are related to the Double-Double angles Φ and Ψ by Equations
4.3 and 4.4, previously shown in section 2.1.3, respectively.

ξA
1 = (cos 2Φ + cos 2Ψ) /2 (4.3)

ξA
2 = (cos 4Φ + cos 4Ψ) /2 (4.4)

It should be noted that for Staggered 3 it is important whether Φ ≥ Ψ or Φ < Ψ. For this stacking
sequence the requirement related to the bending-extension coupling matrix is the most restrictive and the
terms of [B∗] vary depending on whether Φ ≥ Ψ or Φ < Ψ [51].

It is known that in thin-ply laminates an in situ effect occurs, where some of the ply strengths increase
with decreasing ply thickness [52]. The Tsai-Wu failure index is used in the static aeroelastic condition
as a measure as the overall stress level on the plate. Therefore, as the objective is to obtain a notion of the
stresses on the plate and the Tsai-Wu failure index depends on the ply strengths, the in situ effect was not
considered as to not influence the failure index and allow for a direct comparison between the different
Double-Double laminates and with available literature.

4.1.1. Static Aeroelastic Condition

The results of the sensitivity analysis for the static aeroelastic condition are shown in Figure 4.2. The ob-
jective space is well-defined without any discontinuities and seems insensitive to the number of repeats.
The majority of laminates do not fail under the static aeroelastic condition, that is they have a failure
index lower than 1. The region of lower failure index is where the Double-Double angles are closer to
the spanwise direction (0◦), which is consistent as the loading condition is of combined bending-torsion
but dominated by bending and requires higher stiffness in this direction. Table 4.2 shows that the lowest
failure index was found for the same Double-Double angles independently of the number of repeats.
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Staggered 1

Staggered 3

Staggered 3

Figure 4.1: Double-Double stacking sequence selection based on lamination parameters to meet 2%
Tsai’s modulus homogenisation threshold with 4 repeats

The failure index of the best laminate increased with the number of repeats. This increase in the failure
index is likely explained by the decrease of the bending-twist coupling terms with higher building block
repeats.

Table 4.2: Double-Double laminates with lowest Tsai-Wu failure index in sensitivity analysis of unta-
pered plate

Number of repeats Double-Double angles Stacking sequence Tsai-Wu failure index

r = 4 Φ = 10◦, Ψ = 5◦ [10/ − 5/ − 10/5]4T 0.067578
r = 6 Φ = 10◦, Ψ = 5◦ [10/ − 5/ − 10/5]6T 0.071734
r = 8 Φ = 10◦, Ψ = 5◦ [10/ − 5/ − 10/5]8T 0.074462
r = 10 Φ = 10◦, Ψ = 5◦ [10/ − 5/ − 10/5]10T 0.076029
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Figure 4.2: Sensitivity analysis results for static aeroelastic condition of untapered plate. Tsai-Wu failure
index≥ 1 means laminate failure

4.1.2. Critical Aeroelastic Velocity

The values obtained from the critical aeroelastic velocity sensitivity analysis are shown in Figure 4.3.
There is a clear discontinuity in the objective space which becomes more similar as the number of repeats
increases. This discontinuity is caused by a change in the critical aeroelastic mode between the 2nd and
3rd modes, as will be explained further below. Outside the discontinuity, the objective space shows no
significant changes with the number of repeats. The highest instability velocity is always found near
the discontinuity. The laminates with highest critical aeroelastic velocity for each number of repeats are
shown in Table 4.3. Although there are some differences in the angles, they are small and the angles
are close, therefore the laminate stiffness is similar. The changes in critical velocity are small as the
difference between the highest and lowest velocity is of 2.73%.

The fact that the best laminates are found near the discontinuity poses a potential challenge in the
aeroelastic tailoring of the plate. Small simulation errors or a slight change in Double-Double angles of
the solutions in this region, caused for instance by manufacturing tolerances, can result in a significant
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drop of the critical velocity, which is undesirable in terms of structural stability.
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Figure 4.3: Sensitivity analysis for critical aeroelastic velocity of untapered plate

Table 4.3: Double-Double laminates with highest critical aeroelastic velocity in sensitivity analysis of
untapered plate

Number of repeats Double-Double angles Stacking sequence
Critical Aeroelastic

Velocity (m/s)
r = 4 Φ = 30◦, Ψ = 30◦ [30/ − 30/ − 30/30]4T 46.73
r = 6 Φ = 25◦, Ψ = 35◦ [25/ − 35/ − 25/35]6T 46.57
r = 8 Φ = 25◦, Ψ = 35◦ [25/ − 35/ − 25/35]8T 46.68
r = 10 Φ = 20◦, Ψ = 40◦ [20/ − 40/ − 20/40]10T 45.49

Since the critical aeroelastic velocity is insensitive to the number of repeats of the building block,
the discontinuity in the objective space was further explored considering 8 repeats. For that purpose,
the simulations were repeated for all Double-Double angles with an angle step of 2.5◦. Figure 4.4
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shows that the discontinuity became better defined by decreasing the angle step. The highest velocity is
found near the discontinuity and it can be observed that on both sides of the discontinuity the objective
space is smooth and well-defined. Analysing the instability frequency shown in Figure 4.5, a similar
behaviour is found. There is a large discontinuity in frequency in the same region and the space on
both sides of the discontinuity is smooth. This large change in frequency indicates that the critical mode
changes. In Figure 4.6 it can be seen that the aeroelastic instability is dominated by the 2nd and 3rd
modes, and the change in critical mode is the cause of the previously discussed discontinuity in the
critical velocity and frequency spaces. It should be noted that no Double-Double laminate was found for
which divergence was the critical aeroelastic instability, as can be seen in Figure 4.5, since there are no 0
frequency points. As Double-Double is used in a homogenised state, the bending-twisting coupling terms
of the [D] are small compared to the remaining terms and therefore, there is no significant unfavourable
bending-twisting coupling that could result in early torsional divergence.
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Figure 4.4: Critical aeroelastic velocity for 8 repeats with angle step of 2.5◦
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Figure 4.5: Instability frequency for 8 repeats with angle step of 2.5◦
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Figure 4.6: Critical mode for 8 repeats with angle step of 2.5◦

4.2. Sensitivity Analysis on Thickness Tapered Plates

One of the main advantages proposed by Double-Double is higher weight savings by easier thickness ta-
pering compared to traditional quad laminates. With this in mind, additional analyses were performed for
two configurations with thickness variation: one configuration with thickness changing in the spanwise
direction, decreasing from root to tip, and another with thickness tapering in the chordwise direction,
decreasing from leading to trailing edge. These configurations were selected as each is expected to im-
prove one of the aeroelastic behaviour metrics used in this work. In the static aeroelastic condition the
loading is dominated by bending and, therefore, the higher stresses will be found at the root of the plate.
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By having a higher thickness at the root in the spanwise tapered configuration, a lower stress level is
expected which will translate in lower Tsai-Wu failure index. The chordwise tapered configuration seeks
to take advantage of a known mass balancing effect, where moving the mass axis forward, accomplished
here by having higher thickness near the leading edge, increases the flutter velocity [15, 16].

For the tapering, the plate was divided in 4 section spanwise and chordwise for each respective con-
figuration. The number of Double-Double building block repeats for each section went from 10 to 4 in
steps of 2, from higher to lower thickness respectively. A ply thickness of 28.71 µm was used for both
configurations, in order to maintain the same mass as laminate with a constant thickness of 0.804 mm,
as in the previous studies. The Φ and Ψ angles are maintained for each section. The simulations were
performed for all Double-Double angles with an angle step of 5◦.

4.2.1. Spanwise Thickness Tapering

Figure 4.7 shows the Tsai-Wu failure index for the spanwise tapered configuration. As expected, in-
creasing the laminate thickness at the root allowed for a reduction of the stress level and the failure index
decreased significantly. No laminate fails under the static aeroelastic condition as the highest failure
index is of 0.7878. The lowest failure index was found for the same Double-Double laminate as in the
sensitivity analysis of the plate with constant thickness: [±10◦/ ± 5◦] with a failure index of 0.033694,
less than half of the lowest one found in Table 4.2 for the sensitivity analysis of the untapered plate. It
can be seen, in Figure 4.8, that this configuration also resulted in an increase of the critical aeroelastic
velocity, when compared to the untapered laminates of section 4.1.2. The highest critical velocity found
was of 52.95 m/s for the Single-Double laminate [±45]. The critical instability is also always flutter as
there is no laminate with 0 instability frequency. Regarding the critical instability mode, it can be seen
in Figure 4.9 that the instability is dominated by the 2nd, 3rd and 4th modes.

Figure 4.10 shows the eigenvalue evolution of 3 laminates of the spanwise tapered configuration, each
with a different critical mode. It should be noted that for the Single-Double laminate with Φ = Ψ = 60◦

in Figure 4.10b, the 4th mode is the critical one and it is a hump mode that barely passes to the unstable
region (Re(p) ≥ 0) and quickly restabilises.

Figure 4.7: Tsai-Wu failure index for the spanwise tapered configuration. Tsai-Wu failure index≥ 1
means laminate failure
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Figure 4.8: Aeroelastic instability for the spanwise tapered configuration
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Figure 4.9: Critical mode for the spanwise tapered configuration
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(b) Φ = 60◦ Ψ = 60◦ - 4th mode critical

10 20 30 40 50 60 70 80 90 100

Velocity (m/s)

0

20

40

60

80

F
re

q
u

en
cy

(H
z)

10 20 30 40 50 60 70 80 90 100

Velocity (m/s)

−50

−40

−30

−20

−10

0

10

20

30

40

R
ea

l
p

ar
t

of
ei

g
en

va
lu

e

1st mode 2nd mode 3rd mode 4th mode

(c) Φ = 80◦ Ψ = 45◦ - 3rd mode critical

Figure 4.10: Eigenvalue migration of 3 Double-Double laminates in the spanwise tapered configuration
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4.2.2. Chordwise Thickness Tapering

The Tsai-Wu failure index for the chordwise tapered configuration is shown in Figure 4.11. Compared
to the untapered laminates, the failure index decreased. All Double-Double laminates in the chordwise
tapered configuration have a failure index below 1. The lowest failure index is found for fibres in the
spanwise direction, that is for the Single-Double case with 0◦ plies, with a failure index of 0.042236. As
anticipated, by shifting the mass axis forward with higher leading edge thickness, the chordwise tapered
configuration increases the critical aeroelastic velocity, as can be seen in Figure 4.12. The Single-Double
[±50] achieves the highest velocity of 59.05 m/s. The discontinuity in the objective space is considerably
different from the previous ones. The critical aeroelastic modes are the 2nd and 3rd modes, with the 3rd
mode being the critical one for a larger region of the design space (see Figure 4.13).

Figure 4.11: Tsai-Wu failure index for the chordwise tapered configuration. Tsai-Wu failure index≥ 1
means laminate failure
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Figure 4.12: Aeroelastic instability for the chordwise tapered configuration
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Figure 4.13: Critical mode for the chordwise tapered configuration

4.3. Optimisation Results

To further explore the aeroelastic behaviour of the composite plate using Double-Double laminates sev-
eral optimisation studies were performed:

• Single-objective optimisation to minimise the Tsai-Wu failure index under the static aeroelastic
load case

• Single-objective optimisation to maximise the critical aeroelastic velocity

• Multi-objective optimisation considering the objectives for the single-objective optimisation pro-
cedures, i.e. minimising Tsai-Wu failure index and maximising critical aeroelastic velocity.

The results of these studies are here presented and compared with the ones of 6-ply symmetric laminates
shown in Section 3.3.3. Besides analysing unidirectional Double-Double laminates, the concept of tow
steered Double-Double was also explored. Unlike conventional unidirectional laminates, in tow steered
laminates the fibres in a ply can follow a curvilinear path. This way it is possible to obtain laminates with
variable stiffness, opening up the design space. In this work, it was considered that the fibre angle could
only change along the spanwise direction so that fibres are always parallel chordwise. In the current
work, the fibre angle was taken as changing linearly and the fibre angle θ at a given spanwise position is
determined as:

θ = (θtip − θroot) x

s
+ θroot (4.5)

where:

• x: position along the span

• s: plate span
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• θroot: fibre angle at the plate root

• θtip: fibre angle at the plate tip

This linear fibre angle variation results in a curvilinear fibre path defined by Equation 4.6, [53, 54].
Equations 4.5 and 4.6 are expressed according to the coordinate system presented in Figure 3.1, when
the problem was presented.

y = s

θtip − θroot

{
− ln

[
cos

((θtip − θroot) x

s
+ θroot

)]
+ ln [cos (θroot)]

}
(4.6)

The introduction of tow steering in the finite element model requires the calculation of the fibre angle,
for all plies, at the centre of each finite element. Given that the fibre angle variation in this work is
only in the spanwise direction, with the angle being the same along the chord, this requires evaluating
the fibre angle at the x coordinate of the centre of the element. Elements that are aligned chordwise,
i.e. their centres share the same x coordinate, have equal fibre angle. Furthermore, the difference in x
coordinate of the element centre of two adjacent triangular elements within the same chordwise column
of elements is minimal and results in insignificant angle change. Therefore, to introduce tow steering in
the finite element model, the angles were computed according to Equation 4.5 for each ply at the centre
x coordinate of each of the 48 chordwise columns of elements. The individual columns of elements were
then assigned their own stacking sequence (PCOMP entry).

For the tow steered laminates, the stacking sequence was not selected based on lamination parameters
as there would be a possibility of having Staggered 1 in one part of the plate and Staggered 3 in another,
which would cause a ply angle discontinuity and would not be manufacturable. To address this, stacking
sequence and number of repeats were selected so that the homogenisation criterion was met with only one
stacking sequence. It has been shown that with 8 repeats the 2% Tsai’s modulus homogenisation criterion
can be met in the entire Double-Double domain with Staggered 1 [10]. Therefore, for the optimisation
studies, all Double-Double laminates (unidirectional and steered) were considered with 8 repeats of the
building block and a ply thickness of 25.125 µm. The stacking sequence was chosen between Staggered
1 and Staggered 3, based on lamination parameters, for unidirectional laminates, and only Staggered 1
was used for steered laminates.

4.3.1. Static Aeroelastic Condition

The results of the single-objective optimisation of the Tsai-Wu failure index under the static aeroelastic
condition are presented in Table 4.4. In can be seen that both Double-Double laminates (unidirectional
and tow steered) have a higher failure index than the unbalanced 6-ply symmetric laminates. The failure
index of the unidirectional Double-Double is over twice that of the 6-ply laminates. Comparing the nor-
malised stiffness matrices of the optimal 6-ply symmetric and unidirectional Double-Double laminates
in Figure 4.14, the largest differences are found in the coupling terms A∗

16 and D∗
16. The bending-twist

coupling term D∗
16 is of particular interest. In our problem, if a laminate has a positive D∗

16 then when
the plate bends positively (upwards) it will also twist leading edge downwards. This results in a wash-
out effect, countering the aerodynamic loads. For the 6-ply laminate D∗

16 is over 60 times that of the
Double-Double laminate, thus it achieves a higher load reduction and a lower failure index.

It should be noted that even though the failure index of both the 6-ply unbalanced laminates and unidi-
rectional Double-Double laminates is low and far from failure, the most important factor is their relative
magnitude. If the stress levels were increased 5 times, so would the failure index. Therefore, Double-
Double laminates would fail for half the failure stresses of the 6-ply symmetric laminates, indicating a
significant drawback in the use of Double-Double laminates for this type of loading condition due to the
absence of bending-twist coupling.
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Table 4.4: Static aeroelastic condition optimisation results
Optimal
Laminate

Tsai-Wu
failure index

6-ply symmetric: [4.0/14.4/12.6]S 0.03398
Double-Double: Φ = 11.8 Ψ = 7.4 0.072642

Double-Double Tow Steering:
Root: Φ = 6.1 Ψ = 1.4
Tip: Φ = 42.4 Ψ = 38.4 0.056545

[A∗] =

92.29 5.1 14.19
8.52 1.63

8.47

 GPa [D∗] =

95.09 3.83 9.81
8.27 1.01

7.20

 GPa

[B∗] = [0] GPa

(a) 6-ply symmetric: [4.0/14.4/12.6]S

[A∗] =

93.73 4.47 0
8.35 0

7.85

 GPa [D∗] =

93.73 4.47 0.16
8.35 0.015

7.85

 GPa

[B∗] =

−0.065 0.030 0.18
0.006 0.028

0.030

 GPa

(b) Double-Double: Φ = 11.8 Ψ = 7.4

Figure 4.14: Comparison of normalised stiffness matrices of optimal DD and 6-ply symmetric laminates
for static aeroelastic condition

The introduction of tow steering in the Double-Double laminate allowed a reduction of the failure
index by 22.16%. In the tow steered solution, the Double-Double angles are closer to 0◦ at the root
and open to near 40◦ at the tip. Figure 4.15 shows the spanwise evolution of the normalised stiffness
terms of the tow steered Double-Double laminate. At the root the dominating stiffness terms are the ones
related to the spanwise direction A∗

11 and D∗
11. This is a result of the angles at the root being closer to

0◦, and is consistent with the loading condition which causes higher stresses at the root. The terms of the
bending-extension matrix and the bending-twist coupling terms of the flexural matrix, D∗

16 and D∗
26, are

small along the span, which is expected as the laminate is homogenised.



4.3. Optimisation Results 49

(a) [A∗] (b) [D∗]

(c) [B∗]

Figure 4.15: Normalised stiffness terms for optimal tow steered Double-Double for static aeroelastic
condition

4.3.2. Critical Aeroelastic Velocity

Table 4.5 shows the results of the optimisation study seeking to maximise the critical aeroelastic velocity.
There are no significant differences between the critical velocities for the three laminate types considered.
The critical velocity of the unidirectional Double-Double laminate is 2.35% higher than that of the 6-ply
laminate. The change in Double-Double angles in the tow steered laminate is smaller when compared
to the steered laminate of the static aeroelastic condition optimisation. The introduction of steering only
increased the critical velocity of the Double-Double laminate marginally by 0.51%. Figure 4.16 shows
the spanwise evolution of the normalised stiffness terms of the tow steered Double-Double.
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Table 4.5: Critical aeroelastic velocity optimisation results
Optimal
Laminate

Critical Aeroelastic
Velocity (m/s)

6-ply symmetric: [36.6/ − 41.2/ − 37.7]S 45.60
Double-Double: Φ = 25 Ψ = 35 46.68

Double-Double Tow Steering:
Root: Φ = 32.3 Ψ = 33.5

Tip: Φ = 45.8 Ψ = 9.7 46.92

The eigenvalue migration of all three laminates is shown in Figure 4.17. The critical mode for all
laminates is the second one and the instability is flutter. While for the 6-ply laminate the 3rd mode is a
hump mode, that is it goes unstable but eventually restabilises, this mode is always stable for the Double-
Double laminates, although it gets very close to being unstable. In all laminates, there is a clear approach
of the frequencies of the 2nd and 3rd modes, which indicates that these modes mix and are responsible
for flutter. There is a significant difference in the divergence behaviour between the unbalanced 6-ply
laminate and the Double-Double laminates. While the first one diverges only near 84 m/s, the Double-
Double laminates diverge shortly after flutter near 53-54m/s. The behaviour of eigenvalue of the tow
steered Double-Double laminate is similar to that of the unidirectional Double-Double.

The natural vibration modes of the optimal unidirectional Double-Double laminate are shown in Figure
4.18. The 3rd mode is a torsion mode while the remaining modes are of bending. As mentioned in the
previous paragraph, flutter is caused by the unfavourable coupling of the 2nd and 3rd modes. Therefore,
the flutter instability is a classical binary flutter of the bending-torsion type. The resulting flutter mode
shape is shown in Figure 4.19 and the corresponding frequency is of 33.91 Hz.
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(a) [A∗] (b) [D∗]

(c) [B∗]

Figure 4.16: Normalised stiffness terms for optimal tow steered Double-Double for critical aeroelastic
velocity
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(a) 6-ply symmetric
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(b) Double-Double
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(c) Double-Double Tow Steered

Figure 4.17: Eigenvalue migration of optimal laminates for critical aeroelastic velocity
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Figure 4.18: Natural vibration modes of optimal Double-Double for critical aeroelastic velocity: Φ = 25
Ψ = 35
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Figure 4.19: Flutter mode shape of optimal Double-Double for critical aeroelastic velocity: Φ = 25
Ψ = 35

4.3.3. Multi-Objective optimisation

The Pareto fronts obtained from the multi-objective optimisation are shown in Figure 4.20. The front
of the Double-Double laminates is dominated almost in its entirety by the front of the 6-ply symmetric
laminates. This lack of improvement of the Double-Double front is related to the Tsai-Wu failure index,
where Double-Double laminates have higher values. While introducing tow steering in Double-Double
laminates does not allow to obtain the same lowest Tsai-Wu failure index as the 6-ply laminates, as seen
in Section 4.3.1, it still allows for a reduction of the failure index in Double-Double laminates. In fact,
it can be seen even improving compared to the unbalanced 6-ply laminates. Additionally, the lowest
critical velocity found in the pareto front of the tow steered Double-Double laminates is higher than the
corresponding lowest velocity of the other fronts.

4.4. Discussion

Overall, Double-Double laminates are adequate for use in aeroelastic tailoring. When it comes to critical
aeroelastic velocity, the improvements offered by Double-Double laminates (both unidirectional and tow
steered) are small when compared to the unbalanced 6-ply laminates. However, a significant advantage
might come when production is considered. With homogenised laminates (Double-Double) the warping
caused by the thermal steps in the manufacturing process is greatly reduced. The biggest drawback in
the application of unidirectional Double-Double laminates lies in the static aeroelastic condition. At
high aerodynamic loading conditions, i.e. high dynamic pressure, the lack of bending-twist coupling in
unidirectional Double-Double laminates means they cannot create a sufficient wash-out behaviour that
counters and reduces the aerodynamic loads and, therefore they require higher thickness not to fail, when
compared to unbalanced symmetric laminates. This introduces additional structural weight, which is not
wanted in aircraft structures. Using tow-steering with linear fibre angle variation along one direction,
allows for a great reduction of this penalty, although it still cannot achieve the lowest failure index
values obtained by the 6-ply symmetric laminates. In fact, tow steered Double-Double laminates are
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Figure 4.20: Pareto fronts of aeroelastic optimisation

preferable to both unidirectional Double-Double and 6-ply unbalanced laminates in a significant portion
of the objective space (Figure 4.20). These results indicate that for aeroelastic tailoring applications,
tow steered Double-Double laminates can be beneficial. If the results from the sensitivity analysis with
tapered plates are considered, it is likely that the ideal Double-Double laminates for aeroelastic tailoring
are tow steered Double-Double with thickness tapering.





5
Baseline Model for Aeroelastic

Tailoring of Representative Wingbox

The study of a cantilevered composite plated allowed for a better understanding of the aeroelastic be-
haviour of Double-Double laminates and to identify the potential for use in aeroelastic tailoring. How-
ever, aircraft structures have far more complex stiffness and mass distributions that a simple plate and
are not made of one single component. Therefore, to fully understand Double-Double in the context of
aeroelastic tailoring it is necessary to explore its application to more realistic structures. To that end, in
this chapter a model of a wingbox structure representative of current commercial aircraft configurations
that can be used for the study of aeroelastic tailoring is developed. Recommendations are made for the
potential future use of this model to better understand the applicability of Double-Double to aeroelastic
tailoring.

5.1. Wingbox Aeroelastic Model

The wingbox model used in this study is based on the NASA Common Research Model (CRM) con-
figuration, developed as a benchmark model for computational aerodynamic studies [55]. The transonic
CRM wing is representative of modern commercial long range aircraft and is designed for cruise level
flight at Mach number M = 0.85.

The wing planform has an aspect ratio of 9, a wingspan of 58.76 m, a taper ratio of 0.275, a quarter
chord sweep angle of 35◦ and a Mean Aerodynamic Chord (MAC) of 7.01 m. The trailing edge has
a kink, known as yehudi break, at the 37% semi-span station. The fuselage intercepts the wing at the
10% semi-span position: the wing root. The wing can be dividied in three main sections: the centre
wing section, i.e. the portion of the wing inside the fuselage, the inner wing section, from the fuselage
interception up to the yehudi break, and the remaining wing is the outer wing section. The surface
files of the undeflected Common Research Model (uCRM) outer mold line and wingbox, available at
Ref. [56], were used for the geometry definition, and additional information was extracted for the readily
available finite element input files. The structural model was built in the MSC Nastran software, while the
aerodynamic and aeroelastic components were developed with pyNastran [45] and the Femap software.

The wingbox follows a conventional structural layout with two straight spars, ribs and stiffened skins.
The front spar is placed at the 10% local chord position in the root and tapers to the 35% local chord
at the tip, while the rear spar remains constantly at the 60% local chord position through the wingspan.
A total of 49 evenly spaced ribs are used, with the first 5 ribs at the centre wingbox being parallel to
the airflow and the remaining ribs perpendicular to the trailing edge spar. The upper and lower skins
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are stiffened with 6 T-shape stringers, which were placed so that they are equally spaced both at wing
root and wing tip. To include the stringers, the wingbox surface files were edited, removing all the ribs
except for the ones at the wingbox extremities. The stringer curves were then added in MSC Patran and
the internal ribs rebuilt. It should be noted that while the number of stringers used is consistent with
other work done in the CRM model [32, 33], typical reference aircraft designs have a higher number of
stringers, which means the skins of the model carry more loads when compared to more realistic designs.
This could result in excessively low buckling loads [32].

As the CRM was developed for validation of computational aerodynamics, its geometry represents a
1-g cruise condition deformed flying shape. Due to these built in deflections, the original CRM is not ad-
equate for aeroelastic analysis. To address this issue Kenway et al. [35] defined an undeflected Common
Research Model (uCRM) which deflects to the original CRM flying shape at the cruise condition. The
jig shape, i.e. wing twist distribution, found by Kenway et al. [35] was used for the development of the
model and the corresponding wingbox configuration was adapted.

The structural components were made of aluminium with the properties listed in Table 5.1 and their
dimensions adapted from available literature [23, 32–35]. The current model was intended for optimisa-
tion of the skins only, therefore both spars and the ribs were kept with a constant thickness of 5 mm. The
T stringers were considered with equal height and width that decreased linearly from 140 mm at the wing
root to 60 mm at the wing tip and a constant thickness of 5 mm. The stringer dimensions at the centre
wingbox are constant and equal to the dimensions at the wing root. To allow for thickness variation,
each skin was divided into 12 patches made of 4 bays limited by spars and ribs that have independent
thickness. Given that this model is intended as a starting point for optimisation, all skin patches were
considered with 15 mm thickness. The structure was modelled with 6 degree-of-freedom shell elements
(CTRIAR and CQUADR) for the spars, skins and ribs and with beam elements (CBEAM) for the stringers
in a total of 49937 elements.

Table 5.1: Material properties for baseline wingbox model
Property Value

Young’s modulus, E 71.7 GPa
Density, ρ 2830 kg/m3

Poisson’s ratio, ν 0.33

Concentrated point masses rigidly connected (RBE3) to spar and rib nodes were added to represent
aircraft weight due to leading ang trailing edge control surfaces (1200 kg and 2500 kg respectively),
fuel (both maximum fuel capacity of 55 000 kg in half aircraft and 20% fuel) and engine/nacelle/pylon
structure (7500 kg), as shown in Figure 5.1. To allow for the calculation of trimmed manoeuvres a rigid
(RBE2) fuselage and trimmable Horizontal Tailplane (HTP), with the characteristics of the horizontal tail
in Ref. [55], were added and are displayed in Figure 5.2. The model boundary conditions are specified
at a single control point at the aircraft centre of gravity. The centre of gravity position was considered
at 25% fuselage height in the aircraft symmetry plane and at the 28% MAC position, since in Ref. [55]
it was found that for cruise condition with this centre of gravity position the tail incidence was of 0◦.
The rib at the aircraft symmetry plane is rigidly connected to this point in all degrees of freedom and
to simulate a fuselage connection with some small flexibility the remaining ribs at the centre wingbox
sections are rigidly connected in the longitudinal and vertical degrees of freedom.

For the aerodynamics the Doublet-Lattice Method (DLM) was used. As the DLM is based on lin-
earised potential flow it cannot accurately capture transonic aerodynamics so care must be taken with
the results. However, significant work on aeroelastic tailoring of the CRM with DLM has been done and
this method is still considered industry standard for flutter predictions. Furthermore, it is less compu-
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tationally expensive that more advanced computational fluid dynamics, making it ideal for optimisation
studies [23, 32, 33]. The aerodynamic panels are divided into two main surfaces: the wing and the tail.
For the wing a chordwise cosine distribution with 25 boxes was considered to more accurately predict
the pressure variation near the leading and trailing edges. The wing aerodynamic panel has a total of
2925 boxes. The tail surface has a mesh of 30 by 15 boxes in the spanwise and chordwise directions,
respectively, and is hinged about the 25% chord point at the root. The DLM mesh of the wing and tail is
shown in Figure 5.3.

To account for camber and twist, i.e. local angle of attack, aerodynamic downwash corrections were
input as W2GJ entries. For the horizontal tail plane there is no camber, but the twist increases linearly
by 3◦ from root to tip. On the wing however, both airfoil camber and twist are present. Using a Python
script, airfoils were extracted from the outer mold line of the uCRM at the centre spanwise coordinate of
the columns of boxes of the mesh. A spline for the airfoil camber line, as the half thickness line in the
airfoil were created. Then for each control point of the aerodynamic boxes, as defined in appendix A.1,
was projected onto the unrotated airfoil taking into account the local wing twist, and the local angle of
attack due to camber was calculated as the derivative of the camber spline at the control point projection.
This local angle of attack of each box was then added to the corresponding wing jig twist at its span
position and input into the downwash correction entries. Figure 5.4 shows some of the airfoil sections
and respective camber lines obtained.

Three-dimensional surface splines (SPLINE6) were used for the load and displacement transfer be-
tween the structural and aerodynamic meshes.

Figure 5.1: uCRM wingbox (with stringers and rib positions outline) including concentrated point masses
of control surfaces, fuel and engine
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Figure 5.2: uCRM wingbox outline integrated with rigid elements for fuselage and HTP

Figure 5.3: uCRM wing and tail DLM mesh
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Figure 5.4: Airfoils and corresponding camber line of uCRM wing sections
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5.2. An Approach to Aeroelastic Tailoring of the Wingbox
Structure

The previous model was developed with the intention of performing aeroelastic tailoring studies on the
wingbox structure to evaluate the potential benefits of Double-Double laminates for this purpose. With
this in mind, the model was implemented so that aeroelastic tailoring could be achieved by optimising the
thickness distribution of the skins, seeking to minimise the structural weight, subjected to several aeroe-
lastic constraints. As previously mentioned, the skins were each divided into 12 independent patches of
4 bays delimited by spars and ribs, for a total of 24 tailorable zones in terms of material and thickness.
In an ideal scenario the following optimisation studies can be performed:

1. Optimisation of all metallic wingbox to have a benchmark for comparison;

2. Optimisation of the wingbox with composite skins following the design guidelines for traditional
aerospace composites;

3. Optimisation of the wingbox with Double-Double skins, where the Double-Double angles are
constant throughout the skins;

4. Optimisation of the wingbox with Double-Double skins, where the Double-Double angles can
change throughout the skins in a tow-steered design.

These analyses would allow for a high level exploration of the thickness tapering opportunities brought
on by Double-Double. It would also be possible to understand how they compare with typical composite
laminates used in aircraft structures, by evaluating the final optimal weight and the aerodynamic load
distribution of the optimal configurations.



6
Conclusions and Future Work

6.1. Conclusions

The work of this thesis has been driven by the need to understand the impact of Double-Double (DD)
laminates on the aeroelastic behaviour of composite structures. While the use of composites in aircraft
structures has evolved, how they are designed has not changed significantly. New approaches to com-
posite design, like Double-Double, need to be studied and evaluated before they can be certified and
implemented in aircraft structures. In modern commercial aircraft, aeroelasticity plays a significant role
in aircraft design and certification. Therefore, Double-Double laminates need to be evaluated in this
context.

An aeroelastic model of a composite plate based on a commercial finite element code was implemented
and integrated in a multi-objective optimisation framework. Double-Double laminates were studied con-
sidering two aeroelastic conditions: a static aeroelastic load case and aeroelastic instability of divergence
or flutter.

Through the evaluation of unidirectional laminates, it was found that, when in a homogenised condi-
tion, the aeroelastic behaviour of Double-Double laminates was independent of the number of building
block repeats. The aeroelastic instability of Double-Double laminates was found to be flutter in the en-
tire domain, as these laminates do not have unfavourable bending-twist coupling that can lead to early
torsional divergence failure. By modifying the thickness distribution of the laminate, it was possible to
positively influence the aeroelastic behaviour, by decreasing the failure condition under the static case
and delaying the instability velocity.

The aeroelastic optimisation of both unbalanced and Double-Double laminates further clarified the
aeroelastic behaviour of DD. The homogenised condition of Double-Double layups implied low bending-
twist coupling unable to achieve significant load reduction under the static aeroelastic condition. Com-
pared with the optimal unbalanced configuration, DD highlighted a higher failure index. In terms of
aeroelastic instability, unidirectional Double-Double laminates showed small improvements of the criti-
cal aeroelastic velocity when compared to laminates that present higher couplings. The introduction of
tow-steering in DD brought promising results in terms of load reduction: the failure index of Double-
Double laminates was reduced by 20%. Despite still not being able to achieve as low a failure index as
unbalanced laminates, when considered in a multi-objective optimisation with both aeroelastic metrics
(static aeroelastic condition and aeroelastic instability), tow steered Double-Double laminates are a bet-
ter solution in a significant part of the objective space. With only a small penalty in the static aeroelastic
failure index, the critical velocity was increased considerably.

This work showed that, while the lack of bending-twist coupling in Double-Double laminates can be
severely penalising in some conditions, this drawback can be easily surpassed. Both thickness tapering
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and a simple tow steering approach with linear fibre angle variation were able to significantly improve
their aeroelastic behaviour. These results place a combination of these two approaches: laminate tapering
and tow steering as the ideal Double-Double laminates for aeroelastic applications.

Finally, in an effort to extend these studies to built-up aircraft structures intended for aeroelastic tai-
loring, an aeroelastic model of a wingbox structure representative of a modern, long range commercial
aircraft was developed.

6.2. Future Work

The current work allowed for a greater understanding of the aeroelastic behaviour of DD laminates and
their potential for aeroelastic tailoring applications considering both static aeroelastic conditions and
aeroelastic instability. However, a significant aeroelastic condition still requires study: gusts. Gust
encounters are critical for aircraft sizing and certification. Therefore, the response of Double-Double
laminates under gusts should be explored to identify any potential advantages or shortcomings of these
laminates. Additionally, different steering strategies that allow for more aggressive stiffness variation
can be explored to see if they further open the objective space.

An important evolution, would be to expand this work to realistic aircraft structures. Aircraft structures
have significantly more complex stiffness and mass distributions that can be influenced by a high number
of factors. The design and manufacture of these structures with typical aerospace composite laminates is
extremely complex. Double-Double laminates offer a possibility for a significant reduction of this level
of complexity. The application of Double-Double in aircraft structures is dependent on a comprehensive
understanding of how these laminates can be used to influence the aeroelastic response of these structures.



A
Aeroelastic Modelling

A.1. Doublet-Lattice Method

The Doublet-Lattice Method (DLM) was presented by Albano and Rodden [57], Giesing et al. [58] and
Kalman et al. [59]. It is based on linearised potential flow aerodynamics and is an extension of the steady
Vortex-Lattice method to unsteady flow. The theory considers that the undisturbed flow is uniform and
is either steady or varying harmonically.

In DLM, the lifting surfaces are divided into trapezoidal ’boxes’ or panels, in a way that the boxes are
aligned in columns parallel to the airflow. The 25% line of each box contains a distribution of potential
doublets of unknown uniform strength. The normal wash boundary condition is enforced at a control
point at the mid-span of the 75% line of each box [57–59]. The normal velocity at the surface and the
pressure difference across the surface are related by Equation A.1 [57, 60]:

w(x, s) =
∫∫

K(x, ξ; s, σ)p(ξ, σ)dξdσ (A.1)

where

• w is the normal velocity

• (x, s) are orthogonal coordinates on the lifting surface as shown in Figure A.1

• K is the Kernel function, explicitly defined in Refs. [57, 58, 60]

• p is the complex amplitude of the lifting pressure coefficient

The numerical form of Equation A.1 in matrix notation is given by [60]:

{w} = [D] {p} (A.2)

where the elements of the normalwash factor matrix, D, are given by:

Drs = ∆xs

8π

∫ e

−e
Kdη (A.3)

where

• ∆xs – chord at box mid-span

• e – panel semiwidth (semispan)
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Figure A.1: Doublet-Lattice Method discretisation of lifting surface with trapezoidal boxes (adapted
from [58])

In MSC Nastran, the downwash is obtained from the deflections, using the substantial differentiation
matrix, by Equation A.4 [40, 61]:

{wj} =
[
D1

jk + ikD2
jk

]
{uk} +

{
wg

j

}
(A.4)

The lifting pressures are related to the downwash, i.e. the dimensionless normal velocity induced by the
inclination of the surface relative to the airflow, by implementing Equation A.2 as:

{wj} = [Ajj ] {fj/q} (A.5)

The lifting pressures are then integrated over the lifting surface to obtain forces and moments as:

{Pk} = [Skj ] {fj} (A.6)

where:

• wj is the downwash

• wg
j is the static aeroelastic downwash. It includes, primarily, the static incidence distribution that

may arise from an initial angle of attack, camber, or twist

• fj is the pressure on lifting element j

• q is the flight dynamic pressure

• k is the reduced frequency

• Ajj (m, k) is the aerodynamic influence coefficient matrix, function of Mach number (m) and
reduced frequency (k)
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• uk, Pk are the displacements and forces at aerodynamic grid points, respectively

• D1
jk, D1

jk are the real and imaginary parts of substantial differentiation matrix, respectively

• Skj is the integration matrix

The aerodynamic influence coefficient matrix, Qkk, is obtained using the previously defined matrices
as:

[Qkk] = [Skj ] [Ajj ]−1
[
D1

jk + ikD2
jk

]
(A.7)

A.1.1. Aerodynamic Corrections

The theoretical aerodynamic pressures are obtained from Equation A.5 as:

{fj} = q[Ajj ]−1 {wj} (A.8)

It is possible to introduce two experimental corrections so that the force distribution of Equation A.6
becomes:

{Pk} = [Wkk] [Skj ] {fj} + q [Skj ]
{

fe
j /q

}
(A.9)

where

• [Wkk] is a matrix of empirical correction factors to adjust each theoretical aerodynamic box lift
and moment to agree with experimental data for incidence changes

•
{

fe
j /q

}
is a vector of experimental pressure coefficients at a reference incidence for each aerody-

namic element

A.2. Finite Plate Spline

Splines give an interpolation capability to couple the structural and aerodynamic meshes in aeroelastic
analysis. Splines are used for force interpolation, calculating a structurally equivalent force distribution
on the structure given a force distribution on the aerodynamic mesh, and for displacement interpolation
by calculating aerodynamic displacements from structural displacements. The force and deformation
interpolation are given respectively by [40]:

[Fs] = [Gsa] [Fa] (A.10)

[Ua] = [Gas] [Us] (A.11)

where G is the spline matrix, F and U are the forces and displacements, respectively, and the s and
a subscripts refer to structure and aerodynamics, respectively. Via the virtual works principals it can
be shown that: [Gsa] = [Gas]T . The spline [Gas] is obtained depending on the spline method used.
In MSC Nastran splines can be used to interpolate forces and displacements simultaneously or just for
displacements or force.

The Finite Plate Spline (FPS) uses a virtual mesh of quadrilateral or triangular plate elements to cal-
culate the interpolation. The interpolation is based on structural behaviour and compared to the Infinite
Plate Spline has the advantage of approximating the boundaries of the interpolation region more accu-
rately [40]. The theory of FPS was presented by Appa [62].

Figure A.2 shows a generic discretisation of a planar surface into finite elements. This mesh is used to
perform the interpolation between n structural points and m aerodynamic points which don’t need to have
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Structural Point
Aerodynamic Point

Figure A.2: Finite Plate Spline mesh with arbitrary structural and aerodynamic points (adapted from
[62])

a regular arrangement or coincide with the virtual mesh points. The normal displacements w = w(x, y)
and the rotations, θ = θ(x, y) about the x axis and ϕ = ϕ(x, y) about the y axis, in an element are given
by [40, 62]:

{r} = [Ω] {ue} (A.12)

{r} =


w
θ
ϕ

 [Ω] =


⌊ω⌋

⌊ω,x⌋
⌊ω,y⌋

 {ue} = ⌊w1 θ1 ϕ1 . . . w4 θ4 ϕ4⌋T (A.13)

where
θ = dw

dy
ϕ = dw

dx
(A.14)

and ⌊ω⌋ is a 1x12 row matrix of shape functions used to interpolate the displacement field in a four node
quadrilateral element in terms of the nodal displacements. A boolean connectivity matrix, [B], is defined
for each element of the virtual mesh to relate nodal displacements to the overall finite element mesh
displacements:

{ue}i = [B]i {u} (A.15)

Introducing Equation A.15 into Equation A.12, the displacement of the structural points and aerody-
namic points is related to the virtual mesh displacements, respectively, by the matrices:

[Ψs] =

[Φ]s1[B]1
...

[Φ]sn[B]n

 (A.16)

[Ψa] =

 [Φ]a1[B]1
...

[Φ]am[B]m

 (A.17)
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The structural points deflections and aerodynamic points deflection are then expressed as a function of
the virtual mesh displacements:

{us} = [Ψs] {u} (A.18)

{ua} = [Ψa] {u} (A.19)

The virtual surface define by the virtual finite element mesh is required to pass through the structural
points, which are the independent ones. Therefore, a penalty method is used to express the equilibrium
of the virtual mesh:

[K] {u} + [α] [Ψs]T ([Ψs] {u} − {us}) = 0 (A.20)

where [α] is an invertible diagonal weighting matrix and [K] is the stiffness of the plate. This equation
can be solved for the virtual mesh displacements, resulting in:

{u} =
{

[α]−1 [K] − [Ψs]T [Ψs]
}−1

[Ψs] {us} = [A]−1 [Ψs] {us} (A.21)

Replacing into Equation A.19, the spline matrix [Gas] is obtained:

[Gas] = [Ψa]
{

[α]−1 [K] − [Ψs]T [Ψs]
}−1

[Ψs]T (A.22)
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