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Resumo

Algoritmos Meméticos são Algoritmos de Optimização que têm por base a ideia de meme de

Richard Dawking. De facto, os algoritmos genéticos utilizam conceitos baseados na biologia e

na genética, enquanto os algoritmos meméticos incluem a aprendizagem como uma componente

importante da evolução, associando-a à evolução cultural.

Nos últimos anos a taxa de aumento da velocidade dos computadores tem vindo a diminuir, o

que por sua vez está a levar a um maior foco em usar algoritmos mais rápidos aos invés de haver

um foco unicamente na melhoria do hardware.

Frequentemente, a Optimização requer milhares de avaliações do modelo a analizar, cada uma

dessas avaliações pode demorar alguns segundos mas tembém pode demorar dias. Computação

Memética é uma forma de melhorar Algoritmos de Optimização através da diminuição do numéro

de avaliações necessárias para se chegar a um óptimo global.

Nesta tese começa-se por fazer uma revisão de conceitos básicos de optimização e do estado-da-

arte dos Algoritmos Meméticos. Depois uma revisão de algoritmos de optimização clássicos e de

algoritmos inspirados na Natureza, com ênfase em Algorimos Genéticos. De seguida são explorados

com maior profundidade os Algoritmos Meméticos. Finalmente, é desenvolvido um Algoritmo

Memético que é aplicado a três problemas de optimização, dos quais se obtêm resultados que serâo

analisados.

Com esta tese pretende-se entender melhor os Algoritmos Meméticos e incentivar o seu uso.
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Abstract

Memetic Algorithms are Optimization Algorithms based on Richard Dawkins idea of a meme.

In fact, genetic algorithms use concepts based on biology and genetics, while memetic algorithms

include learning as an important component of evolution, associating it with cultural evolution.

In the last years the rate of evolution of computers has been slowing down, no longer following

Moore’s Law. This is leading to a shift in the paradigm, no longer focused just on improving the

hardware but also the performance of the algorithms.

Optimization often requires thousands of model evaluations, each one of them taking seconds to

days to solve. Memetic Computing are one way to improve Optimization Algorithms by decreasing

the number of model evaluations necessary to reach the global optimum.

The thesis starts with a review of basic concepts of optimization and the state-of-the-art of

Memetic Algorithms. Then a review of some classical optimization algorithms general review of

Bio-inspired Algorithms with an emphasis on Genetic Algorithms. This is followed by a deeper

study of Memetic Algorithms. Finally is described the algorithm developed, it’s applied to three

optimization problems and the results are analyzed.

With this thesis it is expected to obtain a further understanding of Memetic Algorithms and

spread their use. It is also expected to learn how to better solve optimization algorithms at hand.
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“What is better – To be born good, or to overcome your evil nature through great effort?”

- Paarthurnax, The Elder Scrolls V: Skyrim
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Chapter 1

Introduction

In this work the author intents to study, develop and implement memetic models applied to the

optimization of mechanical systems.

Initially the need for this kind of model will be discussed, followed by a revision of the start of

the art of evolutionary algorithms and finally the development and application of such models to

test functions and optimization problems related to mechanical engineering.

The author will try to build upon what was previously made to address some of the problems

found in evolutionary algorithms that have been found over the years.

The programming language used in this work is FORTRAN.

Bio-inspired Algorithms, of which GAs and Particle Swarm stand-out the most, have been suc-

cessfully applied to all kind of problems: constrained/unconstrained, continuous/discrete/mixed,

combinatorial, engineering related, etc. Yet we yearn for more. We want a ”faster, better, stronger”

algorithm.

In 1989, Pablo Moscato proposed a new type of algorithm: the Memetic Algorithm. His algo-

rithm was based on the idea of a meme proposed by Richard Dawkins 15 years earlier, in 1974, in

his book The ”Selfish Gene”.

At this time GAs were very popular, with merit, as they were able to solve problems much faster

than the algorithms previously available, so naturally the original MA took heavy inspiration from

the GA.

Since then memetic algorithms concepts have been extended to other areas of problem solving,

outside of optimization, creating a new subject of computing:”Memetic Computing”.

1



2 CHAPTER 1. INTRODUCTION

1.1 Motivation

Anyone can build a bridge, but it takes an engineer to build one that barely stands -

Common saying

This saying summarizes one of engineering’s objectives: to do the most with the least resources

possible.

To build any mechanical component one could overdimension and make it out of the most

expensive materials, but we don’t, mostly due to cost but also because of environment issues,

weight and time constraints. Instead is used a combination of materials that have a good weigth

to load capacity ratio and are also cheap, mostly steel but also composite materials, and components

are designed in such a way that they have just enough material to carry the expected loads, with

an associated safety coefficient.

This is why Optimization Algorithms are needed, to build bridges with the minimum cost pos-

sible.

In 1997 Wolpert and Macready proved that any two optimization algorithms had the same

average performance across the set of all optimization problems[1]. They called it the No free

lunch theorem.

This might come as a shock, indeed, one might even ask himself: Then why should I bother

carefully choose an optimization algorithm?.

What this theorem means is that an algorithm that performs well in a particular class of

problems does so at the expense of performance in another class of problems.

The class of a problem refers to it’s features[2]:

1. the shape of the fitness landscape and it’s properties;

2. the presence of multiple local optima, i.e, unimodality vs multimodality;

3. the possibility of separating the problem into subproblems;

4. presence of noise, randomness in the objective function;

5. the dependence of time, i.e, the function is dynamic;

6. shape of the search domain, the presence of discontinuities and connectivity between different

search regions;
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1.2 Objectives and Organization

The scope of this work includes a further understanding of MAs, research recent developments in

such algorithms an then implement some of those techniques to common Mechanical Engineering

optimization problems.

To do so this thesis will start by reviewing basic optimization concepts. Then a state of the art

review will be done to understand what has been done recently in MAs and how to implement it.

Then Non-linear Programming methods, Bio-inspired Algorithmss (BiAs) and MAs will be pre-

sented justifying the emergence of one group after another.

Finally MA will be implemented in test problems and common engineering optimization prob-

lems, followed by a discussion of the results.

1.3 Basic principles of optimal design

1.3.1 Three columns

Usually, an optimization problem can be addressed by the Three-Column-Concept [3, 4, 5, 6, 7].

1st column - Model of the system

The first column of optimization concerns the making of an analysis model that will describe the

physical phenomena or technological process to be optimized. To do so the equations that govern

the system to be studied must be established.

In mechanical systems this equations establish relations between state variables such as stresses,

strains and displacements and the external loads.

The analysis model evaluates each project solution, to do this we must establish a direct or

indirect relation between the input and output variables.

Usually the objective of an optimization model is formulated in terms of a scalar function, but

can also be a vector in the case of multiobjective optimization. The evaluation can be done in

terms of the state variables or other kinds of variables than influence the project, like weight. Very

often the evaluation of the objective function doesn’t require the evaluation of the entire model,

what requires the evaluation of the entire model is the evaluation of the constraint violations. The

constraints are formulated in a vector of functions.
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The Finite Element Method (FEM) is often used in Mechanical Engineering to model structures,

components and other phenomena. In order to automatize the optimization process the object to

be analyzed must be well defined, either mathematically or numerically, by the analysis model.

Furthermore the project parameters should be defined independently of the mesh size and the

transformation between project parameters and analysis variables should be automatic. This way

the mesh can be generated automatically based on project parameters and some mesh quality

control parameters

2nd column - Optimization Algorithm

Real-world optimization problems are typically associated with non-linear objective functions

with constraints. Optimization algorithms solve those problems. They start with an initial solution

(or set of solutions) and apply a algorithm until the optimum (or a good enough solution ) is found.

Optimization algorithms can be divided in three groups: Mathematical Programming methods,

algorithms based on Optimality Criteria and Bio-inspired Algorithms.

Mathematical Programming are extensively used is non-linear optimization problems. They

often use gradients to compute search directions and step sizes, that are then applied to the

solutions to iteratively search for the optimum.

Algorithms based on Optimality Criteria use optimality conditions that ensure a minimum has

been achieved, commonly after an iterative procedure, such as verifying Karush-Kuhn-Tucker

Conditions (KKT) or other problem specific such as Fully Stressed Design (FSD).

For example, when sizing a shaft subject to torsion we know instinctively that the optimum

solution is the one that verifies the shear maximum stress constraint exactly.

Bio-inspired algorithms are a group of methods that had an increase in popularity in latter years.

They are based in evolution and group behaviour in Nature and don’t require gradients. From this

methods the GA is the one that stands out the most.

The performance of the method chosen depends on the problem.

3rd column - Optimization model

The optimization model establishes the bridge between the mathematical model and the opti-

mization algorithm. It describes the relation between the state variables and the design variables.

The state variables are the relevant quantities that change during the optimization process chosen

from the parameters of the model being analysed.
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The behaviour of the system is explicitly or implicitly defined with respect to the design variables.

Often the outputs need to processed so the objective function(s) and the constraints can be

evaluated, this is called post processing.

The design variables may be mapped into transformation variables to adapt the optimization

model to specific requirements of the optimization algorithm. For example, the genetic algorithm

uses binary encoding very often so we need transform real variables to bit-strings and vice-versa.

The parameterization concerns the design and analysis models and the transformation between

design variables and analysis variables.

The FEM is regularly used in structural optimization. Solving the system of linear equations

yields the displacements in most formulations. From these the forces can be obtained, stresses and

strains that are then used in to evaluate the constraints. If a GA were to be used to optimize a

truss structure being modeled by FEM:

� the analysis variables would be the lengths, cross section areas, the inclinations of the mem-

bers and the node displacements;

� the design variables would be lengths and cross sections of the members

� the state variables would be the stresses and displacements

� the transformation variables would be the bit-strings that encode the length and the cross

section of each member

1.3.2 Formulation

The general formulation of an optimization problem is given by:

minimize
x∈Ωn

(f(x)), (1.3.1)

subject to: hi(x) = 0, if i ∈ E

gj(x) ≥ 0, if j ∈ I

(1.3.2)

where f(x) is the objective function, hi(x) = 0 are the equality constraints, gi(x) ≥ 0 are the

inequality constraints and E,I are the respective set of constraint indexes.

1.3.3 Necessary and Sufficient Conditions for Optimality

In the formulation of the optimization problem we search for a global optimum in the domain

X, but in practice this is often not the case because we can’t ensure that a minimum is global.

Instead the designer should be satisfied by a good enough local optimum.
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1st order necessary conditions

x∗ is a global minimum if:

f(x∗) ≤ f(x) for ∀x ∈X. (1.3.3)

x∗ is a local minimum if:

f(x∗) ≤ f(x) for ∀x ∈X ∩U ε(x
∗). (1.3.4)

where U ε(x
∗) is a neighbourhood of radius ε centered around x∗.

In practice, it’s only possible to ensure that a certain point is a global minimum for some

functions with convexity properties that ensure that if a local minimum was found than it is also

a global minimum.

A search direction d is said to be admissible if, for a given x, (x + α · d) ∈ X, ∀α ∈ [0, ᾱ], in

other words a search direction is said to be admissible if, when starting in inside the search domain,

all points in that direction up to a finite distance fall into the search domain.

Theorem 1.1 (1st order necessary conditions). Let X be a subset of Rn and f ∈ C1 (1) be a

function defined in X. If x∗ is local minimum of f in X, then ∇f(x∗) · d ≥ 0 for any d ∈ Rn

that is an admissible direction in x∗.

A particular case of this theorem is when x falls inside X, in that case the following corollary

is obtained:

Corolary. Let X be a subset of Rn and f ∈ R a function defined in X. If x∗ is a local minimum

of f in X and x∗ is an interior point of X, then ∇f(x∗) = 0.2

2nd order necessary conditions

The previous condition is based on a first order approximation of the neighborhood of point x∗.

If instead a second order approximation is used a stronger condition is obtained.

Theorem 1.2 (2nd order necessary conditions). Let X be a subset of Rn and f ∈ C2 (3) a function

defined in X. If x∗ is local minimum of f in X, then, for any d ∈ Rn that is an admissible direction

in x∗, we get:

� ∇f(x∗) · d ≥ 0

� If ∇f(x∗) · d = 0, then dTHf (x
∗)d ≥ 0

1f has first order continuous derivatives.
2Note that this is a necessary condition for a local minimum but isn’t a sufficient condition, that is, a point can

have null gradient(stationary point) and not be a local minimum. Such is the case of maximum and saddle points.
3f has second order continuous derivatives.
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Theorem 1.3 (2nd order necessary conditions without constraints). Let x∗ be an interior point

of the set X and assume x∗ is a local minimum in X of f ∈ C2, then:

� ∇f(x∗) = 0

� dTHf (x
∗)d ≥ 0,∀d

where H is the Hessian matrix of f .

1st order necessary conditions for problems with constraints

Let x∗ be a point that satisfies:

h(x∗) = 0, g(x∗) ≤ 0, (1.3.5)

and let J be a set of indexes j such that gj(x
∗) = 0. Then x∗ is designated a regular point

with respect to the constraints 1.3.5 if the gradient vectors ∇hi(x
∗) and ∇gj(x∗)(i = 1, ....,m and

j ∈ J) are linearly independent.

Karush-Kuhn-Tucker conditions (KKT) Let x∗ be a local minimum of:

minimize
x∈Ωn

(f(x)), (1.3.6)

subject to: hi(x) = 0, if i ∈ E

gj(x) ≥ 0, if j ∈ I

(1.3.7)

and assume that x∗ is a regular point relative to the constraints. Then there is a vector λ ∈ Rm

and a vector µ ∈ Rp, where µ ≥ 0, such that:

∇f(x∗) + λT∇h(x∗) + µT∇g(x∗) = 0, (1.3.8)

and

µ · g(x∗) = 0. (1.3.9)

2nd order necessary conditions for problems with constraints

Assume the functions f, g,h ∈ C2 and x∗ is a regular point relative to the constraints 1.3.5.

If x∗ is a local minimum of 1.3.6 subject to 1.3.7, then there is a λ ∈ Rm and a µ ∈ Rp, where

µ ≥ 0, such that the KKT conditions are verified and:

HL(x
∗) = Hf (x

∗) + λTHh(x
∗) + µTHg(x

∗), (1.3.10)

is semi-defined positive in the subspace tangent to the active constraints in x∗, where Hf ,Hg and

Hh are the Hessian matrices of f, g,h
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2nd order sufficient conditions for problems with constraints

Let f, g,h ∈ C2. The sufficient conditions, so that a x∗ satisfying 1.3.5 is a local minimum of

1.3.6 subject to 1.3.7, are that there is a λ ∈ Rm and a µ ∈ Rp such that:

µ · g = 0, (1.3.11)

∇f(x∗) + λ · h(x∗) + µ · g(x∗) = 0, (1.3.12)

and:

HL(x
∗) = Hf (x

∗) + λTHh(x
∗) + µTHg(x

∗), (1.3.13)

be defined positive in the subspace:

M ′ = {y : ∇h(x∗) = 0,∇gj(x∗) = 0 for all j ∈ J}, (1.3.14)

where

J = {j : gj(x∗) = 0, µj < 0}. (1.3.15)



Chapter 2

State of the art

Multiple frameworks have been proposed since the canonical MA was created by Moscato in 1989

Some of those are: Meta-Lamarckian MA (Ong and Keane 2004) [8],Self-generation MA (Krasnogor

and Gustafson 2004)[9] , and Diffusion Memetic Algorithm (Nguyen, Ong et al. 2008)[10].

GAs,Hybrid Genetic Algorithms (HGAs) and MAs have been successfully applied to many ap-

plications ranging from structural optimization to image classification. Their success stems from

their flexibility, ease of use and ability to escape local minima.

2.1 Recent Developments

In 1999, ten years later after the initial proposal, Moscato [11] proposed a MA to address the

Traveling Salesman Problem (TSP). In this algorithm agents competed and cooperated interleaved

between local search stages.

In 2005, Fawaz, Xu and Behdinan [12] publish the use of an hybrid evolutionary algorithm with

a local search heuristic applied to a truss structure, showing that a significant reduction of number

evaluations can be achieved in such optimization problems.

Yun (2006) [13] proposed an hybrid genetic algorithm with adaptive local search scheme, i.e, an

Adaptive Memetic Algorithm (AMA). In this study, two types of adaptive local search techniques

are presented. The conditional local search method is the first mode, which can be used to measure

the average fitness values obtained from the continuous two generations of the a-hGA, while the

similarity coefficient method is the second mode, which can be used to gauge how similar the

members of the population of the a-hGA are to one another.

Nghia Le et al.(2009)[14] attempted to study the intrinsic properties of benchmark problems.

They introduce the concepts of “local optimum structure” and “connectivity structure”.

9
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The idea of ’constructive’/’obstructive’ local optimum structure is described as a characteristic

of the modified fitness landscape as a result of the individual learning process in MAs. ’Construc-

tive’/’obstructive’ connectivity is proposed as a trait for exposing the inner workings of an MA

solver in search.

It is shown that the connectivity and local optimum structure properties have a significant

impact on the search process and efficiency of MAs.

The results on common benchmark problems showed that the altered landscape structure pro-

posed is superior to the original.

The article titled ”Memetic algorithms based on local search chains for large scale continu-

ous optimization problems: MA-SSW-Chains” by Molina et al.(2011)[15] introduces a variant

of memetic algorithms called MA-SSW-Chains. The objective of MA-SSW-Chains is to address

large-scale continuous optimization problems. In a previous work [16] a MA with Local Search

(LS) chains that assigns each individual a LS sensitivity depending on its features was proposed

by the same authors. They define LS chain as act of initializing a LS operator using the final

configuration/state/result of a previous call of the LS operator.

In the model developed by these authors, a solution created by an LS invocation may subse-

quently serve as the starting point for another LS invocation, adopting the final values for the

former’s strategy parameters as its initial values. By adapting its strategy parameters to the

unique characteristics of the search zones in this way, the continuous LS technique can increase

the LS effort over the most promising solutions and regions.

To address the issue of large scale optimization a modified local searcher was proposed.

The results were similar to other state-of-the-art algorithms.

Zhang et al. (2013)[17] propose a Memetic Differential Evolution Algorithm with both Lamarck-

ian and Baldwinian learning procedures. The local search is done by the Hooke-Jeeves algorithm.

The intent of this algorithm is to obtain a better balance between exploration and exploitation.

They divide the population into subpopulations based on von Neumann’s topology and periodically

there is an exchange of information via migration.

António (2014)[18] suggests a memetic-based selfish gene algorithm (MA + SG), a mixed model

that employs a number of learning techniques to investigate the interplay between various cultural

transmission laws and the evolutionary process. This model applies the selfish gene algorithm

instead of a traditional local search operator.
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Feng et al. (2015)[19] , in their paper, propose a definition to local and global effectiveness of

a local search operator. Local effectiveness translates into a numerical value the improvements

in convergence made by local and global search operators based on composite objective. Global

effectiveness is the number of local search solutions divided by number of global search solutions

in the Pareto front.

Yan et al(2015) [20] present the GADEDHC, an adaptive memetic algorithm, which combines a

genetic algorithm and differential evolution algorithm. It uses a directional hill climbing algorithm

as local search method. Additionally, a novel approach is put forth to balance the intensity of

local and global search methods as well as the ratio between genetic and differential evolution.

Experiments on a variety of benchmark issues of varying complexity have demonstrated the new

approach’s ability to deliver results that are similar to other state-of-the-art algorithms

Zhang et al., (2016)[21] propose a multi-objective memetic algorithm based on decomposition

for big optimization problems (MOMA/DBigOpt) with a gradient based local searcher. They

compared it with other MOEA’s with satisfying results.

Wang et al. (2017)[22] propose an hybrid filter SQP-GA to tackle non-linear constrained op-

timization problems. They apply it to the minimization of the maximum vertical acceleration

of a auxetic 1 jounce bumper in the suspension of a vehicle. This filter transforms the single

optimization problem into a dual optimization problem to handle the constrains.

Shi et al. (2017)[23] propose a method to escape local minima. In this method the local search

is conducted with a penalized objective function.

The penalty function is applied to the candidate solution for every feature that is present in the

recorded elite. Every time the local search arrives at a local minimum the penalty is increased.

The Elite Based Guided Local Search(EB-GLS) proposed in this article reduces the penalties

near the recorded best to increase the search near this point hoping it is near the global optimum.

In order to characterize biological intelligence using the notions of useful and utility, Luca and

Craus (2018)[24] suggest three LS algorithms for hybridization with an existing Evolutionary Al-

gorithm (EA) with Pareto ranking. The hybridization meant to reach solutions that wouldn’t be

available otherwise.

According to their definition, biological intelligence refers to an individual’s capacity to directly

or indirectly access information using the ideas of utility and usefulness. Anything that helps

complex behaviors become better organized is useful, and anything that is profitable is utility.

1Auxetic materials expand transversely when under tension and have the opposite behaviour when under com-

pression, i.e, they have negative Poisson’s ratio.
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Liu, Yuen and Sung (2022)[25] developed a method to build a portfolio of algorithms that

perform well for a class of problems. According to their experimental results, this method of

choosing well-coordinated algorithms is effective, and the constructed portfolio has the highest

rank when compared to individual algorithms, elite portfolios, and comparative algorithms.

Chen et al. (2022)[26] propose a hybrid operator selection technique based on feedback and

support vector machine classification. They apply it to the multiobjective optimization algorithm’s

decomposition-based framework. The technique chooses the operator with the highest promising

performance at various phases of evolution, using this operator to produce children based on the

past performance of various operators.



Chapter 3

Non-linear programming

3.1 Descent Methods

Classical methods were the first(as the name suggests) try to address minimization problems.

They have solid mathematical foundations in algebra and calculus. These methods use derivatives

and pseudo-derivatives to move from one point to another with a lower cost/objective function

value. This can be interpreted as someone moving down a hill using the slope to guide itself.

In general way in this kind of method the search starts with an initial point, a search direction

is computed based on values of the function, derivatives and/ or second order derivatives, then

a step size is found in the search direction that ensures the function is being minimized. This is

repeated until stopping criteria is achieved.

Algorithm 1 Generic Descent Method

Choose an x0. k ← 0.

while Stopping criteria not met do

Compute dk

Find an αk that minimizes f along dk via linear search

xk+1 = xk + αk · dk

k ← k + 1

end while

3.1.1 Steepest Descent Method - Pure Gradient Method

This is the simplest first-order method, simply taking finite steps in the opposite direction of

the gradient.

13
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Algorithm 2 Steepest Descent Method

Choose an x0. k ← 0.

while Stopping criteria not met do

dk = −∇f(xk)

Find an αk that minimizes f along dk via linear search

xk+1 = xk + αk · dk

k ← k + 1

end while

3.1.2 Conjugate Gradient Method

The conjugate gradient method is an iterative numerical algorithm for solving systems of linear

equations. It is commonly used for solving large systems of linear equations that arise in various

fields such as engineering, physics, and computer science.

The basic idea of the conjugate gradient method is to iteratively improve an initial guess of the

solution to a linear system by searching for the solution in a Krylov subspace 1 , which is a vector

space generated by the initial guess and a sequence of orthogonal vectors that are obtained by

multiplying the initial guess by the system matrix.

At each iteration, the method computes a new search direction by combining the residual of the

current solution estimate with the previous search direction in a way that ensures orthogonality.

The method then moves along this direction to obtain a new estimate of the solution. This process

is repeated until the desired accuracy is achieved or a maximum number of iterations is reached.

There are multiple ways to compute the residual. Two of those are the Fletcher-Reeves (Equation

3.1.1) and the Polack-Ribière (Equation 3.1.2) formulas[4].

βk
FR =

∥∥∇f(xk+1)
∥∥2

∥∇f(xk)∥2
(3.1.1)

βk
PR =

∇f(xk+1) · (∇f(xk+1)−∇f(xk))

∥∇f(xk)∥2
(3.1.2)

1In linear algebra, the order-r Krylov subspace generated by an n-by-n matrix A and a vector b of dimension n

is the linear subspace obtained by sequentially multiplying r times the vector b by the matrix A (starting from A0)

[27].
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The conjugate gradient method can be extended to handle non-linear equations and can also be

used for optimization problems where the goal is to minimize a quadratic objective function.

Algorithm 3 Conjugate Gradient Method

Choose an x0. k ← 0

while Stopping criteria not met do

if k = 0 then

dk = −∇f(xk)

else

dk = −∇f(xk) + βk−1dk−1

end if

Find an αk that minimizes f along dk via linear search

xk+1 ← xk + αk · dk

Compute βk either according to 3.1.1 or 3.1.2

k ← k + 1

end while

3.1.3 Newton’s Method

Newton’s Method is an iterative method based in the quadratic approximation of the function

using a Taylor’s Polynomial. It yields the exact result for quadratic polynomials in a single iteration

but can be extended to other functions with the addition of linear search.

The second order Taylor series approximation of a function f with a single variable around point

a is[4]:

f(x) ≈ f(a) + (x− a)f ′(a) +
1

2
(x− a)2f ′′(a) (3.1.3)

The second order Taylor series approximation of a multivariable function f around point x0 is:

f(x) ≈ f(x0) +∇fT
0 (x− x0) +

1

2
(x− x0)

TH0(x− x0) (3.1.4)

where ∇f0 and H0 are the gradient and the hessian matrix evaluated at x0.

At a stationary point of f the first order partial derivatives are null:

δf(x∗)

δxj
= 0, j = 1, 2, ..., n (3.1.5)

differentiating 3.1.4 and setting ∇f to 0 we get:

∇f ≈ ∇f0 +Hi(x
∗ − x0) = 0 (3.1.6)

rearranging the equation and assuming that H is nonsingular we get:

x∗ ≈ x0 −H−1∇fi (3.1.7)

which leads to the iterative step:

xk+1 = xk −H−1
k ∇f

k (3.1.8)
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If f is a quadratic polynomial it can be written as:

f(x) =
1

2
xTAx+ bTx+ c (3.1.9)

The minimum of this function is given by:

∇f = Ax+ b = 0 (3.1.10)

or

x∗ = −A−1b (3.1.11)

By applying 3.1.8 to a quadratic function we get:

xk+1 = A−1(Axk + b) = −A−1b (3.1.12)

, i.e, the exact solution.

On average, Newton’s Method has a better performance than 1st order methods, apparently

contradicting the No Free Lunch Theorem (NFL). This can be easily justified by the fact that it

uses extra information in the form of second order derivatives, the lunch isn’t free.

One must be aware that this method not always converges to a minimum, it may converge to a

maximum or a saddle point, i.e, a stationary point.

One way to ensure that the method leads to a minimum is to impose the monotonous decrease

of the function. Algorithm 4 is one way to implement this method.

Algorithm 4 Newton’s Method based on linear search

Input: c1 ≥ 0, c2 ≥ 0, p ≥ 2,≥ 3

Choose xk. k ← 0

while Stopping criteria not met do

if dk
N is a solution to the system of linear equations H(xk)dN = −∇f(xk)

and satisfies the conditions ∇f(xk) · dk
N ≤ −c1

∥∥∇f(xk)
∥∥q, ∥∥∥dk

N

∥∥∥p ≤ c2
∥∥∇f(xk)

∥∥ then

dk = dk
N

else

dk = −∇f(xk)

end if

Find an αk that minimizes f along dk via linear search

xk+1 = xk + αk · dk

k ← k + 1

end while
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3.1.4 Quasi-Newton Methods

As said previously, a disadvantage of Newton’s Method is that it requires second order deriva-

tives, in an effort to fight this there were created the Quasi-Newton Methods that try to approx-

imate the (inverse of the) Hessian matrix iterativelly with the history of the search direction and

information of the gradient in the previous points of the method.

The following equations define the Quasi-Newton methods:2

δk = xk+1 − xk, yk = ∇f(xk+1)−∇f(xk) (3.1.13)

Hk+1 = Hk +∆Hk (3.1.14)

Many methods to update the approximate Hessian matrix (Bk) were created, but they can be

divided in two types: class 1 and class 2 based on the updating formula. In this work will be used

class 2 Broyden’s methods (the most used). The updating formula is given by[3, 4, 5]:

∆Hk =
δk(δk)T

δk · yk
− Hkyk(Hkyk)T

(yk)THkyk
+ c(yk)THkykvk(vk)T (3.1.15)

where:

vk =
δk

δk · yk
− Hkyk(Hkyk)T

(yk)THkyk
, (3.1.16)

and c is a non-negative scalar. For c = 0 the equation degenerates to the Davidon-Fletcher-Powell

(DFP) formula and c = 1 we get the Broyden-Fletcher-Goldfarb-Shanno (BFGS) formula.

Similarly to Newton’s Method, precautionary steps must be taken to ensure the method con-

verges to a minimum. To do this one can take advantage of one of this methods properties: if H0

is positive defined 3 (it usually is set as the identity matrix, ensuring this condition) and, at each

iteration, δk · yk ≥ 0 then Hk is positive defined for all iterations. 4 A generic Quasi-Newton

method can be given by:

Quadratic Programming

Quadratic programming deals with a particular set of non-linear problems, the ones that have a

quadratic objective function[28].

2In this section the inverse of the approximate Hessian matrix is denoted as H, an unfortunate naming convention

in the opinion of the author.
3A positive definite matrix is a square matrix where all its eigenvalues are positive.
4If Hk isn’t defined then it doesn’t make sense to talk about an approximation of the inverse of the Hessian

matrix, on the other and if Hk isn’t positive we get that dk · ∇f(xk) > 0, indicating that we might be moving to

a maximum instead of a minimum.
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Algorithm 5 Generic Quasi-Newton Method

Choose an xk.H0 = I, k ← 0

while Stopping criteria not met do

dk = −Hk∇f(xk)

Find an αk that minimizes f along dk via linear search

xk+1 = xk + αk · dk

Compute ∆Hk

Hk+1 = Hk +∆Hk

k ← k + 1

end while

A generic Quadratic Programming (QP) can be stated as:

minimize
x

(f(x) =
1

2
xTGx+ xT c) (3.1.17)

subject to: aT
i x = bi, i ∈ E

aT
j x ≥ bj , j ∈ I

(3.1.18)

where G is a symmetric matrix, c is a vector of constants, E and I are the indices of the constraints

and ai,aj are constraint related constants.

Methods have been developed to solve this kind of problems, both constrained and unconstrained.

Sequential Quadratic Programming

The point of sequential quadratic programming is to approximate the objective function in the

vicinity of the current point by a quadratic problem and solve that subproblem using Quadratic

Programming. It differs from the Newton’s and Quasi-Newton’s methods referred previously by

the inclusion of restriction in it’s formulation in the form of Lagrange Multipliers. That being said,

for an unconstrained problem, Quadratic Programming methods degenerate into Newton’s (and

Quasi-Newton’s) methods[28].

The Sequential Quadratic Programming (SQP) framework to solve optimization problem in the

presence of equality and inequality constraints is:

minimize
x

(f(x)) (3.1.19)

subject to: hi(x) = 0, i ∈ E

gi(x) ≥ 0, i ∈ I

(3.1.20)
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By linearizing the constraints we can transform our problem into:

minimize
p

(fk +∇fT
k p+

1

2
pT∇2Lkp) (3.1.21)

where L(x,λ) = f(x)+λh(x)+max(0,µg(x)) is the Lagrangian function of the problem, subject

to: ∇hi(x
k)T p+ hi(xk) = 0, i ∈ E

∇gj(xk)T p+ gj(xk) ≥ 0, j ∈ I

(3.1.22)

where E and I are the sets of equality and inequality constraint indexes.

3.2 Constraint Handling

3.2.1 Side Constraints

The most common way to implement side constrains in non-linear programming is during line

search. Before enacting any kind of function evaluation it’s possible to backtrack the search until

it lands inside the search space.

3.2.2 Linear Equality Constraints

Linear Equality Constraints can be easily included by solving them with respect to one variable,

therefore that variable can be obtained knowing the value of the other, effectively reducing the

complexity of the problem.

3.2.3 Non-linear Constraints

Penalty Methods

Penalty methods are the simplest way of including constraints, they do so by penalizing non-

admissible points[3, 4].

Quadratic Penalty

This is the most used penalty method, the penalty function Ψ(x) is defined has:

Ψ(x) =

n∑
i=1

λi · gi(x2) (3.2.1)

where λi are constants defined by the designer (often all equal when the constraints are normalized).

Augmented Lagrangian Method

Because λi’s defined in the previous method don’t have a physical sense they are hard to define

when the user lacks knowledge about the problem.
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The Augmented Lagrangian Method circumvents this by updating the penalties based on the

constraint violations until they reach an acceptable value defined by the user. This value has a

physical sense so the designer can easily define it. The difference between the Lagrangian Method

and the Augmented Lagrangian Method is the addition of a quadratic penalty component.

When using this method the objective function, f , is replaced by the Augmented Lagrangian,

La, of the problem. When we have equality and inequality constraints the Augmented Lagrangian

can be given by[3]:

La(x,y,λ; ε) = f(x)+µ ·h(x)+ 1

ε
||h(x)||2 +λTmax{g,−ε

2
λ}+ 1

ε
||max{g(x),−ε

2
λ}||2 (3.2.2)

where

To update ε we can use a rule as simple as:

εk+1 = ρεk (3.2.3)

where ρ = 0 , if ||h(xk−1)||2 is small enough.

ρ < 1 , if ||h(xk−1)||2 otherwise.

(3.2.4)

To update the multipliers we can use a 1st order formula:

µk+1 = µk +
2

εk
h(xk) (3.2.5)

and:

λk+1 = max{0,λk +
2

εk
g(xk)} (3.2.6)



Chapter 4

Bio-inspired Algorithms

When dealing with Classical methods the first question arises almost immediately: What if I

can’t calculate the derivatives? either because they are too cumbersome or impossible to obtain

(as is the case of a blackbox objective function). That’s were Bio-inspired Algorithms come into

play.

These algorithms can be divided into two big categories:evolutionary and swarm intelligence-

based. The former is inspired Darwinism while the latter is inspired is Behavioural Biology. Two

examples of evolutionary algorithms are GA’ and Differential Evolution (DE); two examples of

swarm intelligence-based algorithms are Ant Colony Optimization (ACO) and Particle Swarm

Optimization (PSO).

In general, there are a couple of common characteristics to EAs:

� they are population based, i.e, they process a set of solutions in parallel

� they use recombination, taking two ore more solutions to produce a new one

� they are stochastic

The most important components of EAs are:

� Representation

� Fitness function

� Selection operator for mating

� Recombination

� Mutation

� Selection operator for survival

� Initialization and stopping criteria

21
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The term swarm is used for any aggregation of agents or individuals that interact as group. They

don’t have an hierarchy, each one of them acting using information obtained by other individuals.

Separated, each individual has low or no intelligence. The strength of this algorithms comes from

the group interactions.

Generally the group behaviour of swarm intelligence methods follows a set of properties[29]:

� Proximity - Agents should be able to interact between themselves directly or indirectly while

they process information about space-time.

� Quality - Agents should be able to evaluate their their own behaviour when answering to

quality factors in the ambient context.

� Response diversity - Allows the system to react to unexpected situations by not allocating

all the search resources to to a restricted search space.

� Stability - The system shouldn’t change it’s behaviour with any minor ambient fluctuation.

� Adaptability - The system should be able to adapt to ambient variations.

The basic characteristics of self organization are[30]:

� Positive feedback - The use of rules that encourage agents to pursue premising regions in the

search space.

� Negative feedback - To counterbalance positive feedback, stabilizing the system. Mechanisms

such as limiting the number of foragers, satiety, food exhaustion, competition for food,etc.

� Fluctuations - Randomness is essential to ensure diversity, creativity and innovation. They

allow the search of regions that wouldn’t be available by a greedy approach.

� Multiple interactions - Self organization requires a minimum population density of individuals

that tolerate each other just enough to take advantage of the results of their own activities

and their neighbour’s.

Bio-inspired algorithms are characterized by their ability to scan over a big search space making

it more unlikely that they will get stuck in local minima.

4.1 Particle Swarm Optimization (PSO)

From the family of of swarm intelligence algorithms, the particle swarm is the most popular.

An initial random population with small initial speeds is generated.
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Then at each step, for each agents, the speed is updated based on the speed in the last step, the

current position of the agent, the position of the best agent in the swarm and the best position

ever found by swarm:

vi(t+ 1) = ωvi(t) + c1 rand(.)(p
best
i − pti) + c2 rand(.)(pswarmbest − pti) (4.1.1)

where rand(.) is a function that generates a random number r ∈ [0, 1], and ω, c1 and c2 are

constants specified by the user.

The positions are then updated using:

pi(t+ 1) = pi(t) + vi(t) (4.1.2)

This two steps are repeated until a good enough solution is found. The simplicity of the algorithm

justifies it’s popularity.

4.2 Ant Colony Optimization (ACO)

The point of ACO is to mimic the cooperation between ants in Nature. The interest in their

behaviour comes from the fact that they can carry out complex tasks as a group while perform-

ing simple tasks as individuals. It was originally designed as an heuristic to solve TSP kind of

problems[31, 32].

The algorithm is composed by two steps:

1. Solution construction/Edge selection -This is achieved by a probabilistic state change.

Each ant/individual performs a greedy construction of a solution using stochastic mecha-

nisms, adding parts of a solution until they have a complete solution.

2. Pheromones update -This step is done using the generated solutions. It is divided into

two smaller steps:

(a) Evaporation phase -The pheromones of a trail decrease automatically with time. This

can be done with a fixed proportion:

τij = (1− ρ)τij , ∀i, j ∈ [1, n] (4.2.1)

(b) Reinforcement phase -The pheromones are updated according to the generated so-

lutions. This can be done using a variety of strategies.
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4.3 Differential Evolution (DE)

Differential evolution is part of the evolutionary category, it was first proposed by Storn and

Price[33].

It uses real encoding and it’s main selling point is that, in it most basic form, only needs three

parameters:population size-NP, scale factor-F and crossover rate-CR.

The basic search mechanisms of the original DE are as follows:

1. Mutation Two vectors,x1 and x2, from the population are randomly chosen. From these is

drawn a vector that is then multiplied by a constant between 0 and 2 and added to a third

vector,x3, from the population. If the newly generated solution,x′
3, is better than a fourth

randomly chosen vector from the population, x4, than it replaces it. This process is called

mutation, and can be written as: x′ = x3 + F · (x2 − x1), F ∈ [0, 2].

2. Crossover A vector obtained from mutation and another from the population are selected.

Parameters are taken from one vector or the other with a probability CR, Crossover Rate,

given by the user, while making sure that at least one parameter from the mutant vector is

chosen.

3. Selection To decide if the vector resultant from crossover should be included in the next

generation it is compared with the vector from the population that gave origin to it. If it

has a better fitness it is kept, otherwise the original vector is kept.

4.4 Genetic Algorithms (GA)

For over 3.5 billion years, life has evolved and thrived, constantly adapting to various environ-

ments and challenges. From the deep ocean trenches to the scorching deserts, living organisms

have developed ingenious solutions to survive and flourish. By studying and imitating nature’s

designs, engineers seek to harness the efficiency, resilience, and elegance found in biological sys-

tems. From mimicking the structure of bird wings to enhance aircraft aerodynamics, to replicating

the self-cleaning mechanism of lotus leaves for surface coatings, biomimetic engineering seeks to

unlock the secrets of nature and apply them in creating innovative and sustainable solutions for

the challenges we face today.

But why stop there? Why not imitate evolution itself?
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GAs draw inspiration from Darwin’s Theory of Evolution, they are intended to copy the mech-

anisms that lead to evolution of species and apply them to the evolution of solutions. Selection,

Mutation and Crossover are the operators common to all of them. The following flowchart show’s

a generic implementation:

Initial Population

Crossover

Mutation

Selection

Stopping criteria met?

Yes

No

End

Figure 4.1: Generic Genetic Algorithm

The stopping criteria may contain various metrics, such as:

� Maximum number of generations

� Maximum number of function evaluations

� Time since the search started

� Number of generations since an improvement has been found
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� Fitness threshold

� Diversity

4.4.1 Representation of the search space

After the project variables and the search space that represents the phenotype of the population

are obtained, one needs to represent the individuals/solutions with an appropriate encoding, the

genotype. In Nature, the genotype is encoded in the DNA .

There are many ways to represent the search space:

� Binary encoding

� Binary encoding real

� Integer encoding

� Real encoding

� Vectors, lists and matrices (of integers, characters, etc.)

Experimental studies have shown there isn’t a single best representation as it is problem de-

pendent. Furthermore, one representation might lead to the existence of local minima while other

representation doesn’t.

Following the example given by Moscato[34], let’s say we have the following problem:

minimize
x∈Ω

(f(x) = (x− 8)2) (4.4.1)

where:

Ω = {0, 1, 2, ..., 15} (4.4.2)

Now assume we use a representation where we connect 0 and 15 allow moves in one of two

directions:i + 1 and i − 1. We take the move that produces the best value of f . In this case, no

matter were we start, we will always reach x = 8(f(8) = 0), the global minimum.

If instead we choose a traditional binary representation where each integer is represented by a

4-bit string and allow moves by flipping one bit, at each point we get four possible moves. Our

first instinct would be to assume that having more moves would make it easier to not get stuck,

but that’s not the case
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The configuration 0111(7) (f(7) = 1) has the following neighbours:

� 1111(15) - f(15) = 49

� 0011(3) - f(3) = 25

� 0101(5) - f(5) = 9

� 0110(6) - f(6) = 4

As we can see, even tho the new representation introduces more possible moves, it also introduces

a local minimum, so we can’t easily choose a representation a priori.

The type of representation is usually chosen by it’s convenience.

Traditional binary encoding

Most GAs use a traditional binary encoding. This further exacerbates the problem of BiAs

having difficulties at arriving at the global optimum as it is very unlikely that whatever grid size

is chosen happens to have a point exactly at the global optimum.

Each solution is composed by a set of n project variables, xi,:

x = (x1, x2, ..., xn), xi ∈ Ωi ⊆ Rn (4.4.3)

which can be easily transformed into the genotype and vice-versa:

xi,bin =

li−1∑
k=0

2kbi,k (4.4.4)

xi = xinf
i +

xsup
i − xinf

i

2li − 1
xibin (4.4.5)

where bi,k are the values at the kth position of the ith sub-string, li is the length of the sub-string

and xsup
i , xinf

i are the upper and lower limits(size constraints) of each project variable.

Hamming Space

The Hamming Space uses a bit-string representation. In this space the distance, dh, is defined

as the number of moves(bit-flips) needed to go from one point to another:

dH(v, z) =

n∑
i=1

|vi − zi| (4.4.6)

For example, lets say v = (1, 0, 1, 0) and z = (1, 1, 0, 1), then the distance between v and z is 3

because we would need to flip the 2nd, 3rd and 4th bits to go from v to z, and vice versa.
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4.4.2 Exploration vs Exploitation

The balance between exploitation and exploration is a fundamental concept in the field of GAs.

Exploitation refers to the process of leveraging the current knowledge to exploit promising areas

of the search space. It involves intensifying the search in regions where good solutions have been

found, refining and improving them further. Exploitation is crucial for converging towards optimal

solutions efficiently and exploiting the knowledge gained during the search.

Relying solely on exploitation can lead to premature convergence and getting stuck in local

optima. This is where exploration comes into play. Exploration involves venturing into unexplored

regions of the search space to discover potentially better solutions. By promoting diversity and

allowing for the discovery of new and unexplored areas, exploration prevents the algorithm from

being trapped in suboptimal solutions.

Achieving the right balance between exploitation and exploration is a challenging task in genetic

algorithms. Initially, exploration should be prioritized to ensure a diverse exploration of the search

space. As the algorithm progresses and gains knowledge, exploitation should become more intense

to refine the solutions. Balancing these two strategies effectively allows genetic algorithms to escape

local optima while efficiently converging towards globally optimal solutions.

Various techniques can be employed to strike the exploitation-exploration balance, such as using

different selection mechanisms, employing mutation operators with varying exploration levels, and

incorporating adaptive strategies that dynamically adjust the balance based on the algorithm’s

performance.

Overall, finding the optimal trade-off between exploitation and exploration is essential in genetic

algorithms to ensure their robustness, adaptability, and ability to discover high-quality solutions

across a wide range of problem domains.

4.4.3 Operators

One operator, one landscape [35, 36]

There is an important aspect when selecting the operators: each operator produces it’s own

landscape. Because any two different operators produce a different mapping of input solutions

to output solutions with an associated probability, when we change one of the operators we also

change search procedure and therefore the landscape. What this implies is that the existence

of local minima under one operator does not imply the existence of local minima under another

operator, for example, if our mutation operator generates a completely random solution then any

individual can become any other solution, meaning that under this operator there are no local

minima.
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There is another fact that might fly under the radar, the concept of search landscape isn’t re-

stricted to mutation. Crossover, Selection and all the other type of operators also have an associated

search landscape, as they produce one or multiple solutions when given an input solution(s).

Selection Operators

Together with the fitness function they determine how likely it is that good or bad solutions

should keep existing and reproducing. If we only allow the best solutions to reproduce and survive

then the diversity of the population will decrease rapidly leading to premature convergence. On

the other hand if the probability of being selected of both good and bad solutions is too similar

the algorithm will struggle to converge.

Two approaches can be taken when selecting individuals for crossover and survival:

� Proportional selection- the individuals are selected with a probability calculated based on

their fitness.

� Sorting based selection- the individuals are sorted and then their selection probability is

calculated based on their ranking.

There are infinitely many ways to define the probability of selection an individual for crossover

and survival.

Mutation Operators

The operator is responsible to introduce new genetic information into the population ensuring

that, eventually, the algorithm will reach optimum solution.

Let’s say all the individuals in the population at some stage of the search had the same value in

the nth bit, 1 for example. If we didn’t have a way to randomly generate information then there

would be no way to get a 0 in that bit, so there would be no way to ensure we could reach the

global minimum. In fact half the search space couldn’t be searched.

Flip-Bit mutation

The simplest was to implement mutation is, after selecting a target individual, to go over each

bit and flip it with a given probability. That can be achieved by looping over the bits generating a

random numbers between 0 and 1, if the randomly generated number is smaller than the probability

then the bit is flipped.

Implicit mutation
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This is the extreme case of Flip-Bit mutation where every bit has a 50/50 chance to flip, essen-

tially creating a completely random solution.

Real Randomly Uniform Mutation

This kind of mutation generates and individual inside an hyper-cube centered around a target

individual. The size of the edges of the hyper-cube are given by the user.

Real Normally Distributed Mutation

This mutation applies a displacement to the target individual where the components of the

displacement vector are given by a Gaussian distribution with 0 mean and standard deviation

given by the user. This mutation ensures the new individual is more likely to be generated close

by the target individual than further away.

Real Polynomial Mutation

Similarly to Real Normal Distributed Polynomial Mutation also generates new individuals close

by with a higher probability, differing in the probability distribution function.

Crossover Operators

The crossover operator mainly affects how fast the algorithm converges to a solution. They

can have real or binary based encoding. This operators can take inputs like the number of cutoff

points, the bias towards one of the parents and the number of parents or children.

Single point crossover (1PX)

This algorithm uses binary encoding.

In this algorithm a random point in the genetic material is chosen, then the offspring is generated

taking genetic material from one parent to the first part and genetic material from the other parent

to the other part.

Algorithm 6 Single Point Crossover

Step 1: Generate a random number k between 1 and lc

Step 2: For i = 1 to lc

If i ≤k

s1,i = p1,i, s2,i = p2,i

Else

s1,i = p2,i, s2,i = p1,i

End If

End For
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where s and p1,p2 are the genome of the offspring and the parents, respectively. Algorithm 6

generates two children, one takes the genetic material from the first parent before the cutoff point

and the remaining genetic material comes from the second parent. The other child takes the

opposite approach, it takes the genetic material from the second point until the cut-off point and

the it takes from the first parent.

Multi-point crossover (MPX)

This algorithm takes a similar approach to Single Point Crossover, but instead generates multiple

cutoff points.

Uniform crossover (UX)

In the extreme case of a multi-point crossover where every point has a 50% probability of

becoming a cutoff point we have a uniform crossover, where each gene has a probability of being

chosen form one individual or the other.

Segmented Crossover (SX)

Segmented Crossover is similar to Multipoint Crossover but the number of cutoff points is ran-

domly generated, we do so by deciding if each gene should become a cutoff point given a segment

switching rate.

Crossover based on real encoding

Usually one of two approaches is taken:

1. Mean-centric recombination The offspring is generated near the centroid of the two parents

plus a variation.

2. Parent-centric recombination The offspring is generated around the parents based on some

probability distribution that ensure a higher probability of the offprinsg being generated near

the parents.

Similarity control

Elitist strategies (or any other that has an heavy exploitation component) have a serious risk of

converging too early to a local minimum. Similarity control is a family of operators that remove

or penalize solutions that are too alike.

The similarity can be of variables or objective function(in the case of multi-objective optimiza-

tion).
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The measure of difference may be done using any convenient distance that is appropriate to the

optimization problem(euclidean distance, Hamming distance or any other).

An extreme case of similarity control is when only clones (all the variables/bits are the same)

are eliminated.

4.5 Constraint handling

4.5.1 Side constraints

Side constrains are included naturally in the encoding when the domain intervals for each design

variable are defined.

4.5.2 Penalty

The same methods that are used in classical methods to handle constraints can also be used in

GA’s(See section 3.2). Beyond these some other can also be used.

Feasibility based penalty

In this kind of penalty any feasible solution has a better fitness than one that isn’t this can be

easily achieved by adding a penalty to the unfeasible solutions with the same numerical value as

the worst feasible solution in the populations.

4.5.3 Repair

Individuals outside the feasible space are very likely to have a terrible fitness making it improb-

able they will be selected to crossover and/or survive until the next generation. So, across the

years, many attempts have been done to recover part of the information of such solutions.

The repair can be partial, if the constraint violations are reduced, or total, if the constraints are

completely eliminated.

We can take a Lamarckian approach, if we correct the genome, or a Baldwiniam approach if we

only change the fitness.

4.5.4 Lagrangian Method

The Lagrangian Method can be used together with GAs. Adeli and Cheng [37] propose a

schedule were the mean constraint violation after a fixed amount of generations is used to update

the multipliers (in a similar fashion of what was discussed in 3.2.3). Their algorithm can be

interpreted as a Lagrangian Method that uses a GA as the minimizer.
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This method has the advantage of having meaningful penalties and not requiring the setting

of penalty parameters but has the disadvantage of requiring parameters to update the Lagrange

Multipliers. If the update schedule is too aggressive the algorithm won’t be able to converge

because the fitness landscape will constantly change, if on the other hand the update schedule is

to soft the search will be too slow.
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Chapter 5

Memetic Algorithms

Most of what in unusual about man can be summed up in one word:”culture”.

- Richard D.

5.1 Prisoners Dilemma

Imagine that two people,A and B, are arrested. They are being held in custody and interrogated

in two different rooms with no way of communicating with each other. They are offered the same

conditions: if no one speaks (the prisoners cooperate with each other) then they both serve 2

years in prison, if one of them defects then he is free (the best reward) and the others serves 10

years in prison(the worst outcome), if both speak then they will both serve 5 years.

The rules are set, then, the question is ”What is the best move?”

To answer this question we will take A’s point of view, the answer is the same regardless of the

prisoner we choose as they were given the same conditions.

If B doesn’t speak than our 2 options are:

� remain silent and serve 2 years

� defect and be free

So if B remains silent our best move is to defect.

If B defects our 2 options are:

� remain silent and serve 10 years

� defect and serve 5 years

35
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So regardless of B’s move our best move is to defect.

Cooperate Defect

Cooperate
Good Outcome


(We both serve 2 years)


Worst Outcome

(I serve 10 years and
the other prisoner is

free)


Defect

Best Outcome

(I'm free and the other

prisoner serves 10
years)


Bad Outcome

(We both serve 5 years)


What I do

What the other prisoner does

Figure 5.1: Prisoner’s Dilemma Payoffs

Therefore the best move is for both prisoners to defect and serve 5 years. This comes as a

paradox, because if they both remained silent they would only serve 2 years, a better outcome for

both.

This is the standard Prisoner’s Dilemma, but there is variation of this problem: the Iterated or

Repeated Prisoner’s Dilemma.

In this second version the players play the game an indefinite amount of times.

Axelrod[38, 39] showed experimentally that the best strategy in this situation would be one of

”Tit for Tat”, a strategy that reciprocates whatever the other players last move was. This kind of

strategy encourages other players to cooperate and penalizes the ones that defect.

A parallel can be drawn with our optimization algorithms, where a strategy that includes not

only competition but also cooperation should yield better results.

5.2 No free lunch theorem

Any two [optimization] algorithms are equivalent

when their performance is averaged over all possible problems.

This theorem was deduced by Wolpert and Macready in 1997[1]. In a simple manner, we cannot

say that a single search heuristic is better than any other(such as random sampling) when they

are given the same information. We already had a hint of this in 4.4.1 when we saw that changing

our representation doesn’t ensure a better outcome.
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Two reactions can arise when reading the NFL[40]:

1. Some researchers argue that the NFL concerns to the set of all possible discrete problems but

not to real-world problems. Others point out that the set of all possible discrete functions is

infinitely large and most functions are incompressible in the sense that there is not a repre-

sentation whose size is significantly less than the size of the function when fully enumerated.

This is the case for two reasons:

� There are more random functions than non-random functions.

� The set of all possible programs is countable infinite while the set of all possible cost

functions is uncountable infinite. Therefore the set of possible functions that can be

implemented in a program is much smaller than the set of all possible cost functions.

2. The other reaction is to accept the NFL, and that there isn’t an efficient black-box solution for

all problems. Instead problem specific knowledge must be used to improve the performance

when solving such problem.

Both points of view hold some truth.

One one hand, the NFL looks at search as a blind process, that is, the only information we get

when evaluating a point is the value of the function at that point. In fact, we can only be sure

that we reached the global optimum after evaluating all the possible solutions.

On the other hand search is often not a blind process, we do not sample a function randomly

until we find a good enough solution. When we build an algorithm to solve a particular type of

problem the operators and encoding used take that problem into account.

In engineering we are concerned about real-world problems. In engineering problems we can

make some assumptions such as non-randomness and the presence of some kind of continuity, i.e,

we expect that two points close by each other in space have a similar cost. Plus, if we include

whatever knowledge we have about that problem we can simplify the search procedure.

In summary, instead of stifling the search for better algorithms this theorem showed that if we

wanted to improve the optimization process we must find more ways to include information about

the problem in the process.

5.3 Double optimization problem

Anyone that has ever tried to use an optimization algorithm has faced at least one (hyper)

parameter that affects the convergence of the algorithm but can’t be calculated a priori as a

consequence of the NFL. The choice of this parameter(s) is usually based on past experience or,

in the case of an inexperienced designer, some kind of average value.
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In Machine Learning this is called Hyperparameter Optimization[41]. In this area many steps

have been taken in order to use data/knowledge from previous learning runs to improve the speed

and robustness of future runs.

Methods for Hyperparameter Optimization include[42]:

� Grid Search

� Random search

� Bayesian optimization

� Gradient-based optimization

� Evolutionary optimization

� Population-based training

� Early stopping-based training

5.4 Cultural Evolution

Killer whales (Orcinus Orca) of Patagonia, and their behavior of intentional stranding while

hunting nearshore[43]

The killer whales of Punta Norte, Penisula Valdes, Argentina have developed a unique behaviour.

Typically, the individual preparing to beach itself swam purposefully towards the shore, actively

guiding itself towards the prey, occasionally riding on an advancing wave. At times, other whales

congregated beside the beaching whale, potentially to prevent the prey from escaping in their

direction. The whale seized the prey within the tumultuous surf zone or within the forward

motion of a wave on the beach, often while the prey was still in the water. Due to the killer whale’s

substantial size in comparison to the prey, the killer whale would become ”beached” or grounded

with water still flowing around it, and the prey still capable of swimming. Once grounded, the

whale contorted its body, raising the head and tail, and swayed laterally. This movement typically

aligned it parallel to the beach, with subsequent waves aiding in lifting it off the seabed. It would

then swim back into deeper waters, carrying the prey in its mouth if it had successfully captured

it.

Sea lions and elephant seals are uncoordinated on land and struggle during the transition from

swimming to walking in shallow, particularly turbulent waters. This hunting strategy takes ad-

vantage of this weakness.
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This is a great example of cultural evolution within Nature where the hunting strategy is the

meme. This behaviour isn’t intrinsic to the genetic material, but is allowed by it, that is, killer

whales are some of the smartest beings in the animal kingdom granting them the ability to learn

new hunting strategies.

Juvenile orcas mimic adults, stranding themselves but often missing their target. As they get

older they refine their hunting skills, becoming more effective.

It’s reasonable to assume the first killer whales that tried this approach weren’t very effective

either and over time their procedure was improved. It is also reasonable to assume that if the

juvenile whales didn’t have adult examples to teach them they either wouldn’t use this strategy or

would have to develop it from scratch.

5.5 Foundations

5.5.1 Memes

The term meme was first coined by Richard Dawkins in his book ”The Selfish Gene”[44]. It

meant ”a unit of cultural transmission, or a unit of imitation”, drawing inspiration from the Greek

word mı̄mēma (µιµηµα) which means ”imitated thing”.

Dawkins gives examples of memes as ”tunes, ideas, catch-phrases,clothes fashions, ways of mak-

ing pots or of building arches. ”He draws a parallelism between cultural evolution and genetic

evolution, showing that this kind of ”ideas” also undertake evolution, adapting to the region they

are inserted and the passage of time.

5.5.2 Classification of Memetic Algorithms

Hyper-heuristics are the way we decide which low-level heuristics to use to find the optimum

solution, i.e, they try to improve the performance of the algorithm itself rather than improving the

solutions.

MAs can be interpreted as evolutionary algorithms that includes in the evolutionary cycle of

crossover-mutation-selection a local search stage.

Multimeme Memetic Algorithms (MMAs) distinguish themselves by the use of multiple local

searchers.
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AMAs use multiple memes in the search which are chosen at the same time as the search.

Algorithm 7 Generic AMA

Generate an initial GA population

while Stoping criteria not met do

Evaluate all individuals

for Each individual do

Select memes

Local search

end forApply regular GA operators - crossover, mutation, selection

end while

Ong et al. [45] classified AMAs based on their taxonomy:

1. Hyperheuristic Adaptive Memetic Algorithm (HAMA) Multiple memes are considered during

the search process. Cowling et al. [46] subdivide HAMAs into:

(a) random - the memes used in local search are chosen at random and the probability is

kept constant during the whole search process.

(b) greedy - every memes is tried during local search and the one that produces the biggest

improvement is chosen.

(c) choice-function - the memes are chosen based on their previous performance during

the search. The probability is calculated with a choice function that uses goodness

metrics that access how well the meme is doing. Usually these choice functions have

three components: f1 indicates the recent performance of the meme; f2 relates to the

improvement brought about by the subsequent pairings of memes; f3 indicates the time

since the meme was used.

2. Multimemes and Co-Evolving MAs As proposed by Krasnogor, each individual carries genetic

and memetic material. The genetic material relates to the design solution and the memetic

material indicates what meme to use during local search.

3. Meta-Lamarckian Learning The meme used in local search is chosen based on past experiences

when searching in that region. This way the memes work together by improving the solutions

in the regions they are the most effective.

They also propose a classification based on the adaptation type:

1. External - The knowledge obtained during the search process is not used to chose the meme,

i.e, there is no online knowledge about what memes are the most effective. Instead the memes

are chosen a priori by user based on previous experience when solving similar problems.
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2. Local - These AMA use part of the historical knowledge (usually the most recent one) to

decide which meme to use.

3. Global - They take the entire historical knowledge into consideration.

Meuth et al.[47] propose a generational classification of MAs, see Table 5.1. The authors did so

because they identified that MAs followed a trend of increasing complexity, and in the end they

propose a new generation that included more knowledge about the problem than all the previous

generations.

Table 5.1: Generation description of MAs

Classes Characteristics Examples

1st generation Global search combined with local search.

Canonical MA

Adaptive

global/local search

Evolutionary search

with gradient infor-

mation

2nd generation

Global search with multiple local optimizers.

The memetic information used in the choice of

the optimizer is passed down to the offspring.

Hyper-heuristic MA

Meta-Lamarckian

MA

Multimeme MA

3rd generation

All of the above.

Mapping between the evolutionary trajectory and

the choice of the local optimizer is learned.

Co-evolution MA

Self-generation MA

4th generation
Mechanisms of recognition, generalization, opti-

mization and memory.
Unknown
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5.5.3 Local Search

In this work the genetic algorithm will be hybridized with local search. Hybridizations of GAs

and LS operators were the first attempt of MAs pioneers. Their objective was to refine decent

solutions and nudge the search into better regions. Usually, the operator where chosen/created

based on the landscape of the problem.

What is local search?

Local search, or hill-climbing, refers to the group of methods that are used together with evolu-

tionary algorithms to perform an intensification of the search in a set of promising solutions.1

The search can be exhaustive or random in the neighborhood (we will talk about this concept

later) or directed based on some kind of information about the problem (restriction violation,

gradients, etc.).

Why use local search?

Pure GAs are very good at identifying promising regions and dealing with multimodal landscapes

but struggle to refine good solutions and reach the optimum solution at a high precision. That’s

were local search methods excel.

Local search methods are often based on classical methods that make assumptions about the

convexity and unimodality of the objective function which are not true for real world problems.

This problem can be circumvented if we restrict ourselves to a small neighborhood.

How do I apply local search?

When performing local search the first thing to define is where to look. [When blindly searching

for the tallest building you would expect it to be close to other tall buildings, let’s say 100m

away, and not 10km away]. This leads to the definition of the first parameter of local search: the

neighborhood function.

Typically defined as a n-ball or a n-cube, the radius of the neighborhood depends on the problem

and the phase of search leading the parameter to be a perfect case of value that can be controlled

by a meme. If you are close to the optimum solution you need smaller steps to refine your solution,

on the other hand, if you are in an initial phase of the search you can afford to take bigger steps

in order to push your solution to a more favourable search zone.

1Typically, local search methods minimize the function while we are trying to maximize the fitness function, this

can be easily circumvented by passing in the symmetric of the function (and it’s respective derivatives) to the local

search methods.
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The other parameter to define is how many points do we want to evaluate. If we search all

the points we would be spending a lot of CPU time searching a zone that might not be the most

promising. Therefore we must choose, a priori , the depth. The depth of search will also increase

the exploitation and, if it’s done on multiple points, tend to lead them to the same region decreasing

exploration.

There is another important concept about local search, the pivot rule. This rule defines the

criteria to accept a new point. Is it enough to simply find a better solution or must we find the

best? If we simply accept a better solution, how much better should it be?

These three concept are intertwined: if we decide to find the best solution in the neighborhood

we need a deeper search but in that case the search might be unfeasible for a bigger neighborhood.

Besides these three concepts there is another question that remains to answer. What individuals

should be improved? Houck et al.[48] have shown that we shouldn’t apply local search to all

individuals, instead we should choose a small, random fraction. In the case of their paper the

operator was applied to the offspring.

Lamarckian Learning and the Baldwin Effect

Two approaches can be taken when performing local search. Either the improved version replaces

the original one or only the fitness is affected. To the former we refer as Lamarckism and to the

latter we refer as Baldwinism (Baldwin Effect).

In practice as been shown that a Lamarckian approach can be faster, specially at earlier stages

of evolution, but has a propensity to fall to local optima while a Baldwinian approach can be much

more stable despite being slower at earlier stages[49]. Recent studies have a tendency to take pure

Lamarckian approach or a partial Lamarckian approach where only a fraction of the population

undertakes local search.

In a Baldwinian approach individuals that exist in a promising region, i.e, have a high innate

fitness, can more easily have their lifetime fitness improved making it more likely that they will

survive and be selected for crossover, and thus spread the genes that have the potential to improve.

This will drive the search to those regions.

The Baldwin effect has been demonstrated to happen mathematically and in Nature. The notion

of Baldwin effect is intertwined with the notion of phenotypic plasticity.

In Nature, the phenotype of an individual depends on other factors beyond it’s genotype, such

as the environment, random events, learning, adaptation, etc. How much the phenotype is affected

by this external factor is defined as phenotypic plasticity.
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We can say that plasticity changes the way genotype maps into the phenotype. Therefore we

can conclude that a change on plasticity may induce a change in this mapping. This change may

magnify the effect of the genotype in the phenotype, thus increasing the evolutionary pressure, or

do the opposite.

Baldwin argued that learning could ”guide” evolution. If a change in the environment were

to occur, individuals with the potential to learn and adapt to the new environment could do so

within their lifetimes, becoming fitter than those who weren’t able to adapt. This would cause

an evolutionary pressure towards individuals that can more easily adapt to such situation. This

means that eventually, the only individuals to survive (or a big part of them) would be the ones

that had the genes that allowed them to adapt to that environment[50, 51].

Baldwin hypothesised that this process would lead to a new behaviour faster than natural se-

lection based only in genetic material.

Mery and Kawecki [52] showed that learning can accelerate or slow down evolution. They did

so by selecting which medium fruit flies were allowed to lay their eggs, and comparing the results

when they were allowed to learn and when they weren’t. They concluded that learning can have

any of the two effects depending on the medium.

Paenke, Sendhoff and Kawecki [53] developed a general framework to study the effect of plasticity

and other similar effect in the speed of evolution under directional selection.

When discussing the Baldwin effect we should keep in our heads four metrics:

1. lifetime fitness - fitness calculated after the learning process

2. innate fitness - potential fitness before learning

3. phenotypic plasticity - proportion of plastic phenotypes in the population

4. phenotypic variation - absolute difference in phenotypic values before and after the learning

process

Suziki and Arita [54] show how the Baldwin Effect affects the evolutionary process. In the paper

they describe the ”Three-Step Evolution through the Baldwin Effect” as follows:

� Step 1 - There is an increase in lifetime fitness and phenotypic plasticity, caused by the

benefit of learning.

� Step 2 - Decrease in plasticity, most likely due to the implicit cost of learning caused epistatic

relations.2

2Epistatesis - When the effect of a gene depends on the presence/absence of other genes.
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� Step 3 - Genetic assimilation in the remaining phenotypes.

Table 5.2: Three step evolution through the Baldwin effect characterized by four the indices[54].

Step Lifetime

fitness

Innate fitness Phenotypic

plasticity

Phenotypic

variation

1st Increasing Steady Increasing Steady

2nd Increasing Steady Decreasing Increasing

3rd Increasing

slowly

Increasing Steady Decreasing

Table 5.3: The benefits and costs of learning that caused three-step evolution through the

Baldwin effect[54].

Step Benefit of learning Cost of learning

1st Search for plastic individuals

in every direction by adjusting many pheno-

typic values

-

2nd Directional and long-distance search by ad-

justing a small number of phenotypic values

Epistatic interactions among

plastic phenotypes and limi-

tation of learning ability

3rd Genetic robustness against mutations Limitation of learning ability

Equilibrium Genetic robustness against mutations -

In the first stages individuals that aren’t innately fit and can’t adapt are eliminated and the

evolutionary pressure occurs mostly in the direction of creating individuals that can adapt to the

new situation because that is cheaper than evolution towards individuals that are innately fit. As

the the average fitness of the population rises the evolutionary pressure shifts towards individuals

that are innately fit in detriment of individuals that have the ability to learn because of the innate

cost of learning.

When a population reaches it’s maximum potential the individuals still keep some ability to

learn that ensures that any deviation of the optimum can be corrected.

5.5.4 Preserving Diversity

A crucial point about applying GAs is to keep diversity, and the same applies to MAs.
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If local search is applied to all individuals in an exhaustive manner they will all converge to local

optima leading to a loss in diversity.

Additionally, even if the local search is stopped before arriving at the exact local optima, if it

was applied to individuals present in a big bay of attraction, the process may also converge too

early to a sub-optimal solution. To circumvent this problem a few strategies can be undertaken:

1. when creating an initial population, include only a small percentage of known individuals

with good fitness

2. apply local search only to a small fraction of the population

3. use crossover operator built to preserve diversity, for example take one parent from the worst

performing individuals already present in the population

4. use multiple local search operators, each one with a different search space with different local

optima

5. modify the selection operator to prevent duplication of individuals

6. use a criteria that controls diversity explicitly as a pivot rule, for example a LS operator than

stops if the solution generated is too similar to a solution already present in the population

7. modify the selection operator and the stooping criteria of local search based on Boltzmann’s

method in order to preserve diversity

5.5.5 Choosing Candidate Operators

We have talked a lot about the importance of the operator chosen how it can significantly affect

the search speed, how it can help or disrupt evolution, but we haven’t discussed how.

It has been shown both formally and empirically that different operators should be chosen in

the local and global search[55, 56]. Doing so ensures a distinct search at both search levels, this

leads to a more robust algorithm.

By using multiple different operators each one of them introduces a new search area , with it’s

own local minima, this helps the algorithm avoiding getting stuck in a local minimum.

At this point we should remenber what was discussed in 4.4.3.
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The way the operator is chosen may depend on how elaborate the MA is. If we take it in it’s

the most basic form we might just choose a priori a local search algorithm with a different move

operator3 than global search. If on the other hand we use a Multimeme Algorithm the fact that

we are using different local search operators in parallel might be enough to avoid the problems of

having the same move operator in the two phases of the algorithm.

As described in section 5.5.2, the probability each operator is chosen may be static along all the

search process, change according to some predefined schedule/function of the search state or even

be tied to evolution as a meme.

5.5.6 Hybridization and use of previous knowledge

The only way to get a free lunch is to bring your own.

When designing a MA for a particular problem one should take in consideration previous expe-

rience when solving similar problems. This is one of the most important aspects of MAs.

As we have discussed previously if we try to build an black-box algorithm capable of solving

every optimization problem quickly we will fail, but if we have specific knowledge about the prob-

lem: symmetry, derivatives, previous known solutions obtained by experience, efficient operators,

particular ways to deal with constraints,etc. we can ”cheat” the NFL by giving that knowledge to

our algorithm that wouldn’t be available to a black-box algorithm.

The inclusion of known good solutions in the initial population has it’s benefits:

� It avoids reinventing the wheel by avoiding terrible solutions and replacing them with decent

ones, reducing computational power that would be wasted in those individuals.

� By generating the population in a non random process we can direct the search to the most

promising regions, accelerating the convergence, thus increasing the efficacy of the algorithm

or the quality of the final solution.

In short, for a given computational effort, the combination of an initialization heuristic with the

evolutionary search can provide better results than a pure evolutionary search.

3Move operator refers to the step of generating a point or set of points from another. By type move operator we

mean what points may be generated. Each type of move operator has has it’s own definition of neighbourhood(for

example Hamming space vs Euclidean space ). By using diferente types of move operator we can search diferente

regions.
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Figure 5.2: Possible ways to incorporate knowledge or other operators

Some alternatives to initialize the population are:

� Introducing seeds in the population that relate to good solutions previously known or ob-

tained from other techniques

� Creating a big set of random solutions and make a selection from these, based in the fitness

and/or other metrics such as diversity

� Applying a local search operator to each one of the initial solutions

� Using one or more of the described above and select one or more good solutions. Then clone

and mutate them.

Once again we must pay attention to the importance of diversity, if the solutions produced by

the methods above are too similar all that computational power might have been wasted.

Ideally at the end of the search procedure the MA would give information about the most

successful memes so they can be reused in future runs of similar problems. This is yet to be widely

applied in MAs. Figure 5.3 shows the intended flow of information.
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Figure 5.3: Information flow

5.5.7 Controlled crossover and mutation

Controlled crossover and mutation are a way of including knowledge about the problem. This

is the one of best ways for the user to put his expertise about the problem in action.

Multiple authors have proposed and incorporated such mechanisms[57, 58].

Gutkowski , Iwanow and Bauer [59], in the minimization of the weight of a truss structure,

propose a mutation operator that takes into account the cross section area and the constraint

violation to decide the direction and in which member should the mutation be made.

5.6 Local search operators

When performing LS different operators can be applied. We are not restricted to Classical

Methods or using geometric distance to establish the neighborhood, we could instead use a 0

Order method that uses the Hamming Distance to establish the neighborhood.

Classical Methods

If the objective function allows so, we can use classical methods in the local search. As was

said previously we shouldn’t spend to much CPU time performing local search leading to Order 1

classical methods (Pure Gradient and Conjugated Gradient) or Quasi-Newton methods to be the

most common methods when performing this kind of search. Some researchers have used Newton’s

Method and Sequential Quadratic Programming[22].

Bio-inspired algorithms

We can also apply evolutionary and swarm intelligence based algorithms at the local search

level. The initial population of this level can be a part of the population form the global search or

generated randomly from a solution. It must be emphasized again that the operator used at the

local search must be different than the ones used at the global level[55].
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0 Order Methods

This methods sample random points in the neighborhood of an individual and accept/reject

them given an heuristic. Some examples are Random Walk, Simmulated Annealing, Licthenberg

Algorithm, Hill Climbing and the Hooke-Jeeves Method.

5.7 Selection Hyper-heuristics

Naturally when using an AMA one of the first questions to arise is How do I decide what

heuristics to use at each moment?. Hyper heuristics are the way we decide what low-level heuristic

we choose.

Recently, Drake, Kheiri and Özca[60] compiled and classified selection hyper-heuristics based on

multiple characteristics:

� Feedback

� Low-Level Heuristics

� Solutions

� Objectives

� Move acceptance

� Parameter Setting

5.7.1 Feedback

When discussing the classification of MAs in 5.5.2 we have talked a little bit of the nature of

feedback.

Simple operators, metaheuristics or even simple hyper-heuristics might be considered low-level

heuristics when designing an hyper-heuristic approach[60]. They were initially categorized accord-

ing to the type of search-related feedback that was given.

In order to process input throughout the search process selection hyper-heuristics integrate either

no learning mechanism or online learning mechanisms influencing subsequent judgments made at

the hyper-heuristic level.

Additionally, there are hyper-heuristics for offline learning that are frequently applied to gener-

ational problems. This kind of method receives feedback before the search in order to develop new

heuristics that are applicable to previously unknown problem situations. The method is trained

on sample problem instances.
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5.7.2 Low-level Heuristics

When discussing analyzing the low-level heuristics we can further divide our classification into

the type/structure of low-level heuristics, the kind of set and how the heuristics are grouped chosen

and applied.

Search structure

Two categories of low-level heuristics inside selection hyper-heuristics can be distinguished based

on the search structure used: construction and perturbation heuristics[60].

Constructive heuristics start with nothing and work their way up to a complete solution by

choosing which of a number of low-level heuristics to use at each stage.

Perturbation heuristics execute local search operations utilizing pre-defined neighborhood struc-

tures on complete solutions.

Low-level heuristic set

When building a MA the designer must establish a finite set of low-level heuristics: different

types of mutation, crossover, local search, etc.

The designer must then select which low-level heuristics the hyper-heuristic can manage.

The hyper-heuristic can operate with the entire set of low-level heuristics, a reduced set or even

an augmented set via hybridization of different low-level heuristics.

How heuristics are grouped, chosen and applied

A common way to approach is to select and apply low-level heuristics without grouping them.

Other approaches group them and select them based on this grouping.

Other approaches group them and select them based on this grouping. One possibility is to fix

them and then applied them according to a predefined sequence. To select the heuristic types used

during the search, one may employ one or more selection hyper-heuristics.

Another alternative is to use hyper-heuristics that operate in a stage-based manner, selecting a

group of low-level heuristics to apply at each stage, either with an fixed or an adaptive schedule[60].

5.7.3 Solutions and Objectives

Hyper-heuristics can use a single solution, multiple solutions or a mixed approach in a phased

manner.
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The hyper-heuristics can have one objective or multiple objectives(diversity preservation, ex-

pected fitness gain, etc.)

5.7.4 Move acceptance

The move acceptance can be stochastic, if there is a probability of accepting/rejecting bad/good

moves based on a probabilistic framework, or non-stochastic. The latter can be further divided

into accepting all moves, accepting equal or improving moves, accepting only improving moves and

accepting moves based on a threshold.

5.7.5 Parameter setting

Both the overall search algorithm and the the low-level heuristics require parameters. Durillo et

al.[61] divide parameter control into three groups: deterministic, adaptive and self-adaptive.

The parameter can be defined by the user at the beginning of the search process, dynami-

cally(following a predefined rule) or adaptively(reacting to the search state). The latter can be

stated as search of the optimum solution and the optimal parameter, i.e, solving the double

optimization problem.



Chapter 6

Implementation of a Memetic

Algorithm

Like the early MAs, a GA will be taken as a base algorithm and we will try improve upon it.

6.1 Genetic Algorithm

The base algorithm is inspired by the GA proposed by António, C.[62]It has a strong elitist

component coupled with a similarity control, this characteristics make it so it can converge to a

good solution even with small populations, while at the same time avoiding early convergence to

a local minimum. It has been tested and validated against multiple optimization problems.
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Figure 6.1: GA implemented. Adapted from [62].

The operators applied are as follows:

53
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Step 1 Initialization

The initial population is randomly generated.

Step 2 Selection

The population is ranked based on a fitness function. The elite group is a fraction of the

population with the most fit individuals. Pairs of parents from the elite group and the remaining

of the population are selected for the next step. The probability any individual being selected(inside

each group) is proportional to the fitness.

Step 3 Crossover

An offspring is generated for each pair of parents. To generate the genetic material a parameter-

ized uniform crossover operator is used. The operator has a higher probability of selecting genetic

material from the best parent with a given bias[62].

Step 4 Elimination & Replacement

The offspring group is added to the population generating a new enlarged population. This new

population is ranked based on the fitness function. Clones are replaced by randomly generated

individuals and the solutions are ranked once again. The worst solutions are discarded in order to

recover the initial population size.

Step 5 Mutation

A small fraction of the worst individuals are replaced by randomly generated ones(implicit

mutation).

Step 6

The stopping criteria used is the maximum number of generations. This can be justified by the

fact that in practical problems users doesn’t have a clear idea of what the optimum solution looks

like or how much time it takes to achieve, instead they are limited to how much time(or money)

we can dedicate to the search.
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The parameter used in all examples the algorithm were:1

Table 6.1: Base GA’s parameters

Parameter Value

Population Size 30

Offspring Size 18

Crossover bias 0.7

Nr. of individuals in the elite 10

Nr. of individuals mutated 2

Maximum generations 20,000

Nr. of bit per variable 8

6.2 Memetic model

The crossover and mutation operator will be acted upon and a local search operator will be

implemented. In the following sections the general ideas behind the specific operators developed

will be discussed.2

6.2.1 Local Optimizer

In problems that allow so, local search using gradient based methods can be quite powerful.

As a generic algorithm, the local search was implemented as follows:

Algorithm 8 Local Optimizer

Select an individual(x0). k ← 0.

repeat

Compute dk using a Gradient Based Method.

Compute xk+1

k ← k + 1

until ||x0 − xk|| ≥ ε or k = kmax

The neighbourhood function(||x0−xk|| ≥ ε) and the search depth(k = kmax) are included

in the stopping criteria. We should notice that xk is accepted even if it falls outside of the radius

ε.
1One could do many a study to find the best parameters for a given problem by testing them across multiple seeds,

but this has very little practical use because any problem has it’s own optimal parameters. Instead, parameters

that have shown to perform well across multiple problem should be used, and a bigger emphasis should be given to

problem specific operators.
2At this point might be valuable to go back to section 5.5.6 and review where information can be included.
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The computation of xk+1 was done using the following algorithm:

Algorithm 9 Computing xk+1

Given δ ∈ (0, 1).γ ∈ (0, 0.5), c ∈ (0, 1),xk and dk

Compute an initial αk such that: αk ≥ c
∇f(xk) · dk

||dk||2
while xk + αk · dk /∈ ΩSide do

αk ← δ · αk

end while

while f(xk + αk · dk) > f(xk) + γαk∇f(xk) · dk do

αk ← δ · αk

end while

xk+1 ← xk + αk · dk

The previous algorithm can be summarized to an Armijo line search coupled with a condition

to make sure the point never violates the side constraints.

When derivatives aren’t available it’s still possible to apply Local Search using 0th Order Meth-

ods.

The 0th Order Method applied was a Hookes-Jeeves method (see Algorithm 10) in a similar way

to how Moser and Chiong did[63].

Notice that the last successful search direction is preserved across runs of the local optimizer,

therefore there is cooperation between individuals that undergo local search.

The step size is chosen in such a way that the point generated always falls in the grid.

After performing local search using the local optimizer we have to look for the closest point in

the grid (the local search is done on a continuous domain while the global search is done on a

discrete domain).

The new individual is accepted if it’s fitness is is greater or equal to the original individual -

pivot rule.

The individual can be selected from various groups:

� the offspring

� individuals generated by mutation operators

� the worst in the elite
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Algorithm 10 Hookes-Jeeves Memetic Algorithm

Step 1 Select an individual from the population

Step 2 Set the base point as the selected individual

if There is a saved last successful sample direction then

Set the search direction as the last successful direction.

else

Set the search direction as a random direction.

end if

Step 3 Move the base point across the search direction.

if The trial point is inside the search space and isn’t already in the population then

Step 4 Evaluate the trial point.

if The trial point is better than the base point then

Step 5 Set trial point as the base point, save the current direction as the last successful

direction and go to Step 3

else

Go to Step 5

end if

else

Step 5 Move in the opposite direction.

if The trial point is inside the search space and isn’t already in the population then

Step 6 Evaluate the trial point.

if The trial point is better than the base point then

Step 7 Set trial point as the base point, save the current direction as the last successful

direction and go to Step 3

end if

end if

end if

if The stopping criteria haven’t been met then

if All directions have been depleated for the current step size then

Reduce the step size and go to Step 3.

else

Set the search direction as random direction that hasn’t been tried and go to Step 3.

end if

else

Stop

end if
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� the best in the elite

� the best outside the elite

� the entire population

from these we can improve all or a fraction.

In this thesis LS will be applied to a small amount of solutions, the three best individuals outside

the elite, this way it is intended that it won’t drive the search, instead it will nudge it into a slightly

better regions.

6.2.2 Controlled Mutation

Controlled Mutation (CM) is one way to include knowledge about the problem in the search

process.

In mechanical engineering problems it’s expect that increasing the size/thickness/diameter of a

part it’s stiffness will increase, therefore decreasing displacements, strains and stresses. So, when

we act in the direction of reducing the violation of one constraint we also expect a decrease on the

violation of the others that depend on the same state variables.

On the other hand, when no stress or displacement constraint is violated we can afford to reduce

the stiffness of the part by reducing it’s dimensions, thus reducing the cost.

Algorithm 11 Controlled Mutation Algorithm

Select a random individual, u, from the elite group.

Rank the constraints based on their values by decreasing order. ḡ(u) is the most violated and

g(u) is the least.

Identify variables that affect the ḡ(u), xsup, and g(u), xinf .

if ḡ(u) > 0 then

Mutate u in xsup in the direction the reduces ḡ(u) according to the Design Rules.

else

Do not implement mutation in xsup.

end if

if g(u) > 0 then

Do not implement mutation in xinf .

else

Mutate u in xinf in the direction the reduces f(u) according to the Design Rules.

end if
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The Design Rules for Controlled Mutation come from a preliminary study of how each variable

affects the constraints and the objective function. This can be done based on previous experience

or, in the case of this work, based on the equations that govern the problem.

In the implementation done the bit-string relative to the each of the variables is affected by 1

bit in whatever direction it’s intended to change that variable.

We have to take 4 cases into account: adding/subtracting and the bit in question has value 0/1.

The following schemes summarize what happens:

1 0 0 ... 0 0 0

1 0 0 ... 0 0 1

+1 bit

Figure 6.2: Add 1 bit

when the last bit is 0

1 0 0 ... 0 1 1

1 0 0 ... 1 0 0

+1 bit

Figure 6.3: Add 1 bit

when the last bit is 1

1 0 0 ... 1 0 1

1 0 0 ... 1 0 0

-1 bit

Figure 6.4: Subtract 1 bit

when the last bit is 1

1 0 0 ... 1 0 0

1 0 0 ... 0 1 1

-1 bit

Figure 6.5: Subtract 1 bit

when the last bit is 0

6.2.3 Hybrid Crossover

To improve the crossover operator we can allow it to do specific moves based on knowledge about

the problem.

Typically, a crossover operator blindly generates a child(or a set of children) in the space gen-

erated by the parents. The objective of the hybrid crossover implemented in this work [57] is to

approximate the region around the parents and apply a greedy, but quick, local search using that

approximation.

The search is done via Random Walk in the Hamming space.
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The operation can be summarized in 4 steps:

1. Select one parent from the elite group and one from the remaining group

2. Create n trial solutions inside the Hamming space generated by the two parent using a

traditional crossover operator

3. Estimate the trial solution’s fitness

4. Select the best candidate

Parent Selection

Ranking based fitness of the population

Divide the population into two groups: the elite group comprising of the nelite best individuals

and the rest grouping comprising of the remaining solutions.

Select a parent form each of the groups using an uniform distribution.

Hybrid crossover’s scheme

The concept of Hamming distance3 is used in the local optimization process to define the search

space and the an approximated local fitness is defined to rank the offspring candidates.

The local fitness function, Φ(x), is defined as[57]:

Φ(x) = C(x) + β ·Ψ(∆̄s) (6.2.1)

where C(x) is the cost calculated exactly and Ψ(∆̄s) is a constraint related component that is

calculated approximately using the Hamming distance between the candidate offspring and the

parents.

The use of an exact component and an approximated one can be justified by the fact that,

usually, the cost/weight of a structure doesn’t need a model evaluation. On the other hand, the

constraints usually require the calculation of stress states that are only obtainable with model

evaluations.

3At this point might be convenient to remind ourselves of the definition distance in the Hamming Space present

in 4.4.1.
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The estimation of the constraint violation based on the distance between the candidate and the

parents is given by the formula[57]:

∆̄s = (1− d1
d1 + d2

·∆p1 +
d1

d1 + d2
·∆p2) (6.2.2)

where ∆p1 and ∆p2 are the constraint violations associated with the parents p1 and p2 respectively.

With these constraint estimation we can obtain the penalty component:

Ψ(∆̄s) =

0 , if ∆̄s ≤ 0

Ks · (∆̄s)
qs , if ∆̄s > 0

(6.2.3)

where Ks is problem dependent constant and qs = 2
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Chapter 7

Applications

7.1 Welded Beam

7.1.1 Problem description

The welded beam problem is a classic test problem for optimization algorithms, the objective

is to minimize the cost of a welding subject to constraints on shear stress on the weld, bending

stress on the beam, buckling load on the bar, maximum deflection and size constrains . It’s very

non-linear both in it’s objective function and constraints.

7.1.2 Mathematical formulation

The cost of the welding is given by:

f(x) = (C1 + C3) · Vweld + C2 · Vbar [$] (7.1.1)

where:

Vweld = x2
1 · x2 [in

3] (7.1.2)

Vbar = x3 · x4 · (L+ x2) [in
3] (7.1.3)

The objective function is subject to:

g1(x) = τ(x)− τmax ≤ 0

g2(x) = σ(x)− σmax ≤ 0

g3(x) = x1 − x4 ≤ 0

g4(x) = C1 · x2
1 + C2 · x3 · x4 · (L+ x2)− 5 ≤ 0

g5(x) = x1 − 0.125 ≤ 0

g6(x) = δ(x)− δmax ≤ 0

g7(x) = P − Pc(x) ≤ 0

g8(x) to g11(x) : 0.1 ≤ xi ≤ 2.0, i = 1, 4

g12(x) to g15(x) : 0.1 ≤ xi ≤ 10.0, i = 2, 3

(7.1.4)
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where:

τ(x) =

√
(τ ′(x))2 + 2 · τ ′(x) · τ ′′(x) · x2

2R
+ (τ ′′(x))2 (7.1.5)

τ ′(x) =
P√

2 · x1 · x2

(7.1.6)

τ ′′(x) =
M(x) ·R(x)

J(x)
(7.1.7)

M(x) = P · (L+
x2

2
) (7.1.8)

R(x) =

√
x2
2

4
+ (

x1 + x3

2
)2 (7.1.9)

J(x) = 2(x1 · x2 ·
√
2 · (x

2
2

12
+ (

x1 + x3

2
)2)) (7.1.10)

σ(x) =
6 · P · L
x4 · x2

3

(7.1.11)

δ(x) =
4 · P · L3

E · x4 · x2
3

(7.1.12)

Pc(x) =
4.013 · E ·

√
x2
3 · x6

4

36
L2

· (1− x3

2 · L
·
√

E

4 ·G
) (7.1.13)

and

E = 30 · 106 psi

G = 12 · 106 psi

L = 14 in

τmax = 13600 psi

σmax = 30000 psi

δmax = 0.25 in

P = 6000 lb

C1 = 0.10471 $/in3

C2 = 0.04811 $/in3

C3 = 1

It’s well know that the solution to this problem is[64]:

x = (0.205729639770726, 3.47048866582864, 9.03662391069483, 0.205729639770726)

f(x) = 1.72485230854216631

7.1.3 Optimization model

It was decided to use a penalty function as mean to include the constraints in the optimization

model:

fitness(x) = C − (f(x) + λΓ(x)) (7.1.14)
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where f(x) is the cost, Γ(x) is a quadratic penalty function and C, λ are constants. After some

tuning it was established that C, λ should be 10 and 100 respectively.

It is easy to understand that restrictions g8(x) to g15(x) are side constraints, leaving us with

7 constraints and 8 side constraints. We could even combine g5(x) and g8((x)) to get rid of one

constraint.

Design Rules for Controlled Mutation

From the equations that govern the mathematical model we can derive the search direction we

have to take to reduce the value of each restriction and the objective function.

The following table 7.1 summarizes the rules: 1 means that in order to reduce the value of

the restriction we have to increase the value of the variable, -1 means we have to decrease and 0

means the restriction is unaffected by the variable. The same rules apply to the objective function.

It doesn’t take into account how much the restriction is violated neither how much the variable

influences that constraint.

Table 7.1: Design rules - Mutation Directions, Welded Beam

x1 x2 x3 x4

g1 1 1 1 0

g2 0 0 1 1

g3 -1 0 0 1

Constraints g4 1 0 0 0

g5 0 0 1 1

g6 0 0 -1 -1

g7 -1 -1 -1 -1

Objective Function -1 -1 -1 -1

7.1.4 Results

Mutation was the first operator to be modified. The following figures show the evolution of the

most fit individual over the generations. Both regular mutation and controlled mutation occur.
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Figure 7.1: Fitness of the

fittest individual, Controlled Mutation

- Welded Beam.

Figure 7.2: Fitness of the fittest individual

in the first 100 generations, Controlled Mutation

- Welded Beam.

Figure 7.3: Cost of the

fittest individual, Controlled Mutation

- Welded Beam.

Figure 7.4: Cost of the fittest individual

in the first 100 generations, Controlled

Mutation,

- Welded Beam.

The best individual obtained by each run was:

Table 7.2: Resulting points from controlled mutation

applied to the welded beam problem.

Run x1 [in] x2 [in] x3 [in] x4 [in]

Base GA 0.205882 3.47765 9.06824 0.205882

GA w/Controlled Mutation(1 individual) 0.205882 3.47765 9.06824 0.205882

GA w/Controlled Mutation(2 individuals) 0.205882 3.47765 9.06824 0.205882

GA w/Controlled Mutation(3 individuals) 0.242647 3.05059 8.33059 0.242647

GA w/Controlled Mutation(4 individuals) 0.205882 3.47765 9.06824 0.205882
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Table 7.3: Results from controlled mutation

applied to the welded beam problem.

Run Best fitness Cost [$] Generation

Base GA 8.26730 1.73270 11991

GA w/Controlled Mutation(1 individual) 8.26730 1.73270 6180

GA w/Controlled Mutation(2 individuals) 8.26730 1.73270 9631

GA w/Controlled Mutation(3 individuals) 8.13866 1.85657 11066

GA w/Controlled Mutation(4 individuals) 8.26730 1.73270 5415

With these preliminary results, we can conclude that Controlled Mutation has a great effect in

the performance and should be done carefully.

Hybrid crossover was tested alone and in conjunction with regular crossover:

Figure 7.5: Fitness of the

fittest individual, Hybrid Crossover

- Welded Beam.

Figure 7.6: Fitness of the fittest individual

in the first 100 generations, Hybrid Crossover

- Welded Beam.

Figure 7.7: Cost of the

fittest individual, Hybrid Crossover

- Welded Beam.

Figure 7.8: Cost of the fittest individual

in the first 100 generations, Hybrid Crossover

- Welded Beam.
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Table 7.4: Resulting points from controlled mutation

applied to the welded beam problem.

Run x1 [in] x2 [in] x3 [in] x4 [in]

Base GA 0.205882 3.47765 9.06824 0.205882

GA w/ Hybrid Crossover, pmut = 0.1 0.213235 3.36118 8.91294 0.213235

GA w/ both crossovers, pmut = 0.1 0.213235 3.36118 8.91294 0.213235

GA w/ Hybrid Crossover, pmut = 0.05 0.242647 3.05059 8.33059 0.242647

GA w/ both crossovers, pmut = 0.05 0.205882 3.47765 9.06824 0.205882

Table 7.5: Results from hybrid crossover applied to the welded beam problem.

Run Best fitness Cost [$] Generation

Base GA 8.26730 1.73270 11991

GA w/ Hybrid Crossover, pmut = 0.1 8.24358 1.75626 2345

GA w/ both crossovers, pmut = 0.1 8.24358 1.76032 14276

GA w/ Hybrid Crossover, pmut = 0.05 8.13866 1.85657 247

GA w/ both crossovers, pmut = 0.05 8.26730 1.73270 7720

Finally both modified operators were combined:

Figure 7.9: Fitness of the

fittest individual, Mixed Operators

- Welded beam.

Figure 7.10: Fitness of the fittest individual

in the first 100 generations, Mixed Operators

- Welded beam.
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Figure 7.11: Cost of the

fittest individual, Mixed Operators

- Welded beam.

Figure 7.12: Cost of the fittest individual

in the first 100 generations, Mixed Operators

- Welded beam.

Table 7.6: Resulting points from both modified operators applied to the welded beam problem.

Run x1 [in] x2 [in] x3 [in] x4 [in]

Base GA 0.205882 3.47765 9.06824 0.205882

GA w/ Hybrid Crossover & Controlled Mutation, pmut = 0.1 0.205882 3.47765 9.06824 0.205882

GA w/ both crossovers & Controlled Mutation, pmut = 0.1 0.205882 3.47765 9.06824 0.205882

GA w/ Hybrid Crossover & Controlled Mutation, pmut = 0.05 0.242647 3.05059 8.33059 0.242647

GA w/ both crossovers & Controlled Mutation, pmut = 0.05 0.205882 3.47765 9.06824 0.205882

Table 7.7: Results from both modified operators applied to the welded beam problem.

Run Best fitness Cost [$] Generation

Base GA 8.26730 1.73270 11991

GA w/ Hybrid Crossover & Controlled Mutation, pmut = 0.1 8.26730 1.73270 14725

GA w/ both crossovers & Controlled Mutation, pmut = 0.1 8.26730 1.73270 9809

GA w/ Hybrid Crossover & Controlled Mutation, pmut = 0.05 8.26730 1.73270 5946

GA w/ both crossovers & Controlled Mutation, pmut = 0.05 8.26730 1.73270 2774

In this last plot there is an increase there are increases in cost of the best solution between a

generation an the next. This happens because the solutions with low cost found at early did so at

the cost of violating constraints, showing the importance of looking not only at the cost but also

the fitness of the solutions found.

The previous ”upgrades” introduce very little computational cost at any generation when com-

pared to the base GA, but, when analyzing the results of implementing local search it’s important
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to take into account the number of function evaluations. This is particularly important when

the amount of variables is high because the maximum number of function evaluations when ap-

plying the Hokees-Jeeves method implemented is proportional to the number of variables(search

directions).

Figure 7.13: Fitness of the

fittest individual,

new operators & LS

- Welded Beam.

Figure 7.14: Fitness of the fittest individual

in the first 100 generations,

new operators & LS

- Welded Beam.

Figure 7.15: Cost of the

fittest individual,

new operators & LS

- Welded Beam.

Figure 7.16: Cost of the fittest individual

in the first 100 generations,

new operators & LS

- Welded Beam.
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Figure 7.17: Number of function evaluations over the generations,

new operators & LS

- Welded Beam.

With 4 variables, LS leads to an increase of about 50% function evaluations.

Figure 7.18: Fitness of the

fittest individual versus

the number of evaluations,

new operators & LS

- Welded Beam.

Figure 7.19: Fitness of the fittest individual

in 1000 evaluations,

new operators & LS

- Welded Beam.

Table 7.8: Resulting points from both modified operators applied to the welded beam problem.

Run x1 [in] x2 [in] x3 [in] x4 [in]

Base GA 0.205882 3.47765 9.06824 0.205882

Local Search 0.242647 3.05059 8.33059 0.242647

LS & HC 0.205882 3.47765 9.06824 0.205882

LS & CM 0.205882 3.47765 9.06824 0.205882
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Table 7.9: Results from both modified operators applied to the welded beam problem.

Run Best fitness Cost [$] Generation Evaluations

Base GA 8.26730 1.73270 11991 323251

Local Search 8.1357 1.8643 17882 765638

LS & HC 8.26730 1.73270 468 11068

LS & CM 8.26730 1.73270 6179 162833

Figure 7.20: Fitness of the

fittest individual,

new operators & LS

- Welded Beam.

Figure 7.21: Fitness of the fittest individual

in the first 100 generations,

mixed operators & LS

- Welded Beam.

Figure 7.22: Cost of the

fittest individual,

mixed operators & LS

- Welded Beam.

Figure 7.23: Cost of the fittest individual

in the first 100 generations,

mixed operators & LS

- Welded Beam.
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Figure 7.24: Number of function evaluations over the generations,

mixed operators & LS

- Welded Beam.

Figure 7.25: Fitness of the

fittest individual versus

the number of evaluations,

mixed operators & LS

- Welded Beam.

Figure 7.26: Fitness of the fittest individual

in 1000 evaluations,

mixed operators & LS

- Welded Beam.

Table 7.10: Resulting points from both modified operators applied to the welded beam problem.

Run x1 [in] x2 [in] x3 [in] x4 [in]

Base GA 0.205882 3.47765 9.06824 0.205882

Local Search 0.242647 3.05059 8.33059 0.242647

LS, HC & CM 0.205882 3.47765 9.06824 0.205882

LS & both crossovers 0.205882 3.47765 9.06824 0.205882

LS, CM & both crossovers 0.205882 3.47765 9.06824 0.205882
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Table 7.11: Results from both modified operators applied to the welded beam problem.

Run Best fitness Cost [$] Generation Evaluations

Base GA 8.26730 1.73270 11991 323251

Local Search 8.1357 1.8643 17882 765638

LS, HC & CM 8.26730 1.73270 468 11068

LS & both crossovers 8.26730 1.73270 7720 320392

LS, CM & both crossovers 8.26730 1.73270 2774 72544

When LS was applied by itself it happened to not achieve the global optimum, this might be

justified by a vary early convergence to a local minimum.

7.2 Welded Gusset

7.2.1 Problem description

An L 100 X 65 X 11 [mm] profile with a section of A = 1.7 · 10−3 m2, must be welded to a

1.4 · 10−3 m thick plate so that the section of the profile can be subject to tension in it’s totality

in Figure 7.27.To do that, each profile wing will be welded according to the fraction of the load it

should support. The material used for the beam is a St37 steel with σadm ≤ 137.34 MPa and the

flux of the weld has an admissible stress of σadm,weld ≤ 107.1.

𝑙1

𝑙2

𝑎1

𝑎2

b

65 𝑚𝑚

11 𝑚𝑚
𝑒1

𝑒2

𝑒𝑥

𝑃

Figure 7.27: Welded Gusset design problem

were b = 100 mm and e1 = 34mm.
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The welding will be analyzed according to the Portuguese Regulation of 1986 (REAE)[65]. The

objective is to minimize the cost of the welding.

7.2.2 Mathematical formulation

The cost is given by the volume of the welding multiplied by a constant that represents costs

with materials, manpower, etc. f(x) = k · (a1 · l1 + a2 · l2)[CU ](Cost Units). k doesn’t affect the

optimal point so we might as well set it to 1 for simplicity sake.

Calculation of the maximum admissible force P:

A = 1.7 · 10−3 m2 (7.2.1)

σadm = 137.31 MPa (7.2.2)

P = Aσadm = 1.7 · 10−3 · 137.34 · 106 = 233.478 kN (7.2.3)

Calculation of N1 and N2 using the moment equilibrium:

N1 · b− P · e2 = 0 ≡ N1 =
P · e2
b

(7.2.4)

N2 · b− P · e1 = 0 ≡ N2 =
P · e1
b

(7.2.5)

e2 = b− e1 = 0.066 m (7.2.6)

N1 = 154.095 kN (7.2.7)

N2 = 79.383 kN (7.2.8)

Maximum moment,Mmax:

Mmax = P · ex = 233.478 · 103 · 0.0237 = 5533.428N ·m (7.2.9)

According to REAE the flexural strength modulus, Zf , is given by:

Zf1 =
1

6
l21 · a1 (7.2.10)

Zf2 =
1

6
l22 · a2 (7.2.11)

Zf = Zf1 + Zf2 =
1

6
(l21 · a1 + l22 · a2) (7.2.12)

and the normal stress is given by:

n =
Mmax

Zf
=

Mmax

1

6
(l21 · a1 + l22 · a2)

(7.2.13)

The stress in the fillet welds, parallel to their axis, is given by:

t// =
P

l1 · a1 + l2 · a2
(7.2.14)
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The equivalent stress, σeq, can then be calculated using the two previous stresses:

σeq =
√

1.4n2 + 1.8t2// (7.2.15)

The equivalent stress must be less or equal than the admissible stress of the weld material,

σadm,weld, affected by a safety factor, ᾱ:

σeq ≤ ᾱ · σadm,weld (7.2.16)

REAE tells us this safety factor should be calculated using the following equations:

αi = 0.8(1 +
1

ai
), i = 1, 2ᾱ = Min(αi, i = 1, 2) (7.2.17)

where ai ≥ 3[mm],i = 1, 2

Lastly, we must establish an upper and lower bound for the variables:

3 ≤ a1 ≤ 20 [mm] (7.2.18)

3 ≤ a2 ≤ 20 [mm] (7.2.19)

20 ≤ l1 ≤ 400 [mm] (7.2.20)

20 ≤ l2 ≤ 250 [mm] (7.2.21)

In short, the optimization problem is:

minimize(l1 · a1 + l2 · a2) (7.2.22)

subject to: 

g1(x) = σeq − ᾱ · σadm,weld ≥ 0

g2(x) to g4(x) : 3 ≤ ai ≤ 20, i = 1, 2

g5(x) and g6(x) : 20 ≤ l1 ≤ 400

g7(x) and g8(x) : 20 ≤ l2 ≤ 250

(7.2.23)

7.2.3 Optimization model

Similarly to what was done with the previous example the constraints were included in the

optimization model through a quadratic penalty factor. A preliminary study to access the value

of the constants led to C = 104 and λ = 106 after normalizing the constraint. For this values the

optimal point is around1:

x = (4.93, 4.93, 400.0, 250.0) [mm] (7.2.24)

f(x) = 3210.7 [CU ] (7.2.25)

fitness(x) = 6789.3 (7.2.26)
1These values were obtained doing an intensive search using the Steepest Descent Method starting from a good

solution obtained from a GA
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Design rules for Controlled Mutation

In a similar fashion to what was done in the previous application, here the mutation direction

can also be obtained by analyzing the cost function and the constraint.

Table 7.12: Design rules - Mutation Directions, Welded Gusset.

a1 a2 l1 l2

Constraint g1 1 1 1 1

Objective Function -1 -1 -1 -1

7.2.4 Results

The results are presented below.

First the outcomes of including the modified operators by themselves:

Figure 7.28: Fitness of the

fittest individual,

new operators - Welded Gusset.

Figure 7.29: Fitness of the fittest individual

in the first 1000 generations,

new operators - Welded Gusset.
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Figure 7.30: Cost of the

fittest individual,

new operators & LS

- Welded Gusset.

Figure 7.31: Cost of the fittest individual

in the first 1000 generations,

new operators - Welded Gusset.

Table 7.13: Resulting points from modified operators applied to the welded gusset problem.

Run a1 [mm] a2 [mm] l1 [mm] l2 [mm]

Base GA 5.13333 5.13333 400.0 230.157

GA w/Controlled Mutation 5.13333 4.73333 400.0 248.196

GA w/Hybrid Crossover 5.13333 4.73333 400.0 248.196

Table 7.14: Results from modified operators applied to the welded gusset problem.

Run Best fitness Cost [CU ] Generation

Base GA 6763.30 3234.81 4180

GA w/Controlled Mutation 6770.71 3228.13 2738

GA w/Hybrid Crossover 6770.71 3228.13 8936

And the effects from using multiple operators:
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Figure 7.32: Fitness of the

fittest individual,

mixed operators - Welded Gusset.

Figure 7.33: Fitness of the fittest individual

in the first 1000 generations,

mixed operators - Welded Gusset.

Figure 7.34: Cost of the

fittest individual,

mixed operators - Welded Gusset.

Figure 7.35: Cost of the fittest individual

in the first 1000 generations,

mixed operators - Welded Gusset.

Table 7.15: Resulting points from multiple modified operators

applied to the welded gusset problem.

Run a1 [mm] a2 [mm] l1 [mm] l2 [mm]

Base GA 5.13333 5.13333 400.0 230.157

GA w/ both crossovers 5.13333 5.13333 400.0 230.157

GA w/ H. Cross. & Contr. Mut. 4.93333 4.93333 400.0 250.0

GA w/ both cross. & Contr. Mut. 5.13333 4.73333 400.0 248.196



80 CHAPTER 7. APPLICATIONS

Table 7.16: Results from multiple modified operators applied to the welded gusset problem.

Run Fitness Cost [CU ] Generation

Base GA 6763.30 3234.81 4180

GA w/ both crossovers 6763.30 3234.81 497

GA w/ H. Cross. & Contr. Mut. 6789.34 3206.67 10122

GA w/ both cross. & Contr. Mut. 6770.71 3228.13 3178

Variables a1 and a2 lack precision. Raising the number of bits that encode this variables would

increase precision but also increment the complexity and therefor slow down convergence. Alterna-

tively we could systematically reduce the search space by decreasing the amplitude of values they

can take. In practice however, it’s unlikely the welder is able to achieve such precision.

When introducing the LS operator the following results were obtained:

Figure 7.36: Fitness of the

fittest individual,

new operators & LS

- Welded Gusset.

Figure 7.37: Fitness of the fittest individual

in the first 1000 generations,

new operators & LS

- Welded Gusset.

Figure 7.38: Number of evaluations over the

generations,

new operators & LS

- Welded Gusset.

Figure 7.39: Cost of the fittest individual

in the first 1000 generations,

new operators & LS

- Welded Gusset.
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Figure 7.40: Cost of the fittest individual

in the first 1000 generations,

new operators & LS

- Welded Gusset.

Figure 7.41: Fitness of the

fittest individual,

new operators & LS

- Welded Gusset.

Figure 7.42: Fitness of the fittest individual

in the first 1000 generations,

new operators & LS

- Welded Gusset.

Table 7.17: Resulting points from local search and modified operators

applied to the welded gusset problem.

Run a1 [mm] a2 [mm] l1 [mm] l2 [mm]

Base GA 5.13333 5.13333 400.0 230.157

GA w/ Local Search 5.13333 4.86667 395.529 246.392

GA w/ LS & CM 5.13333 4.73333 400.0 248.196

GA w/ LS HC 5.13333 5.13333 400.0 230.157
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Table 7.18: Results from local search and modified operators applied to the welded gusset problem.

Run Best fitness Cost [CU ] Generation Evaluations

Base GA 6763.30 3234.81 4180 114936

GA w/ Local Search 6765.47 3229.49 19963 866604

GA w/ LS & CM 6770.71 3228.13 242 10425

GA w/ LS HC 6760.56 3239.44 605 24370

When applying LS and mixing operators the following was obtained:

Figure 7.43: Fitness of the

fittest individual,

mixed operators & LS

- Welded Gusset.

Figure 7.44: Fitness of the fittest individual

in the first 1000 generations,

mixed operators & LS

- Welded Gusset.

Figure 7.45: Cost of the

fittest individual,

mixed operators & LS

- Welded Gusset.

Figure 7.46: Cost of the fittest individual

in the first 1000 generations,

mixed operators & LS

- Welded Gusset.
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Figure 7.47: Number of function evaluations,

mixed operators & LS

- Welded Gusset.

Figure 7.48: Fitness of the

fittest individual,

mixed operators & LS

- Welded Gusset.

Figure 7.49: Fitness of the fittest individual

in the first 20000 evaluations,

mixed operators & LS

- Welded Gusset.

Table 7.19: Resulting points from local search and multiple operators

applied to the welded gusset problem.

Run a1 [mm] a2 [mm] l1 [mm] l2 [mm]

Base GA 5.13333 5.13333 400.0 230.157

GA w/ Local Search 5.13333 4.86667 395.529 246.392

GA w/ LS & 2C 4.86667 5.13333 400.0 250.0

GA w/ LS, CM & HC 5.13333 4.86667 400.0 250.0

GA w/ LS, CM & 2C 5.13333 5.13333 400.0 248.196
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Table 7.20: Results from local search and multiple operators applied to the welded gusset problem.

Run Best fitness Cost [CU ] Generation Evaluations

Base GA 6763.30 3234.81 4180 114936

GA w/ Local Search 6765.47 3229.49 19963 866604

GA w/ LS & 2C 6766.00 3230.00 1237 52262

GA w/ LS, CM & HC 6782.69 3216.67 19407 769576

GA w/ LS, CM & 2C 6770.71 3228.13 244 10289

7.3 Truss structure with 11 elements

A truss structure as depicted in fig 7.50 is subject to three loads at the same time. The objective

is to minimize it’s weight with respect to the cross sectional areas(x = {A1, A2, ..., A11}) while

making sure the displacements aren’t too excessive.

𝑢ଵ

𝑢ଶ

𝑢ଷ

𝑢ସ

𝑢ହ

𝑢଺

𝑢ଽ

𝑢ଵ଴

𝑢଻

𝑢଼

𝑢ଵଵ

𝑆

𝑄

𝑅

1 2 3

4 5

6 7 8 9 10 11

Figure 7.50: Truss structure.

The problem data is:

Table 7.21: Data for the truss structure problem.

E σyeald Q R S l

210 GPa 210 MPa 300 kN 200 kN 50 kN 3 m

Even tho a structure can be modeled by a set of linear equations with the use of finite elements,

obtaining explicit equations for the displacements (and consequentially the constraints) is nigh

impossible. So they must be obtained numerically for a given x.
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7.3.1 Mathematical model

The displacements can be obtained by solving a system of linear equations. In the FEM this

equations are typically written in the form:

[K] {u} = {f} (7.3.1)

where [K] is the stiffness matrix, {u} the vector of nodal displacements and {f} the vector of

external forces. The stiffness matrix and the vector of external forces are shown in the Appendix.

To solve the linear system, Gaussian elimination with partial pivoting was implemented.

The weight of the structure can be obtained simply by adding the weight of each element:

W (x) =

11∑
i=1

ρixili (7.3.2)

By asserting that all the elements have the same length and are made of the same material the

objective function con be simplified to:

f(x) =

11∑
i=1

xi [CU ] (7.3.3)

The displacement constraints are:

gi(x) = |ui| − δ ≤ 0 [m], i = 1, 2, ..., 10 (7.3.4)

on top of these we should also include maximum stress constraints:

g11 to g21(x) = |σi| − σyeald ≤ 0 [MPa], i = 1, 2, ..., 11 (7.3.5)

where σi is the normal stress at a bar, i, given by:

σi =
xi,2 − xi,1

li
E (7.3.6)

As for size constraints we have:

g11 to g22 : 0.0001m2 ≥ xi ≥ 0.1m2, i = 1, 2, ..., 11 (7.3.7)

7.3.2 Optimization model

To ensure no constraint is violated the constants used in fitness function may be C = 1 and

λ = 100.

In this problem there is a physical meaning to controlled mutation. If a structure doesn’t violate

any constraint it’s possible to reduce the stiffness of at least one of it’s members, to do so we can

change the cross section of the members connected to the node with the lowest displacement and

therefor reduce the weight of the structure.
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If, on the other hand there is a node with too much displacement we must increase the stiffness

of the members connected to such node.

A similar logic can be applied to the stress constraints: if a member is too stressed then the cross

section must be increased, if instead the stress is very low then the cross section can be reduced.

7.3.3 Results

Once again, the results obtained after applying the modified operators by themselves were:

Figure 7.51: Fitness of the

fittest individual,

new operators - Truss Structure.

Figure 7.52: Fitness of the fittest individual

in the first 250 generations,

new operators - Truss Structure.

Figure 7.53: Cost of the

fittest individual,

new operators - Truss Structure.

Figure 7.54: Cost of the fittest individual

in the first 250 generations,

new operators - Truss Structure.
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Table 7.22: Resulting points from modified operators applied to the truss structure problem.

Variable Base GA GA w/ Controlled Mutation GA w/ Hybrid Crossover

x1 [m2] 3.23412 ∗ 10−3 3.23412 ∗ 10−3 3.62588 ∗ 10−3

x2 [m2] 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000 ∗ 10−3

x3 [m2] 4.91765 ∗ 10−4 4.91765 ∗ 10−4 1.66706 ∗ 10−3

x4 [m2] 1.00000 ∗ 10−4 1.27529 ∗ 10−3 1.27529 ∗ 10−3

x5 [m2] 4.80118 ∗ 10−3 6.36824 ∗ 10−3 5.19294 ∗ 10−3

x6 [m2] 2.05882 ∗ 10−3 6.36824 ∗ 10−3 6.36824 ∗ 10−3

x7 [m2] 3.62588 ∗ 10−3 3.23412 ∗ 10−3 3.23412 ∗ 10−3

x8 [m2] 3.23412 ∗ 10−3 1.27529 ∗ 10−3 2.05882 ∗ 10−3

x9 [m2] 1.66706 ∗ 10−3 1.66706 ∗ 10−3 3.23412 ∗ 10−3

x10 [m
2] 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000 ∗ 10−4

x11 [m
2] 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000 ∗ 10−4

Table 7.23: Results from modified operators applied to the truss structure problem.

Run Best fitness Cost [CU ] Generation

Base GA 0.980487 0.0195129 1005

GA w/ Controlled Mutation 0.975786 0.0242141 421

GA w/ Hybrid Crossover 0.973044 0.0269565 515

And when mixing operators:

Figure 7.55: Fitness of the

fittest individual,

mixed operators - Truss Structure.

Figure 7.56: Fitness of the fittest individual

in the first 250 generations,

mixed operators - Truss Structure.
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Figure 7.57: Fitness of the

fittest individual,

mixed operators - Welded Gusset.

Figure 7.58: Fitness of the fittest individual

in the first 250 generations,

mixed operators - Truss Structure.

Table 7.24: Resulting points from multiple operators applied to the truss structure problem.

Variable Base GA GA w/ both cross. GA w/ CM & HC GA w/ CM & both cross.

x1 [m2] 3.23412 ∗ 10−3 3.23412 ∗ 10−3 8.83529 ∗ 10−4 3.23412 ∗ 10−3

x2 [m2] 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000 ∗ 10−3 1.00000 ∗ 10−3

x3 [m2] 4.91765 ∗ 10−4 4.91765 ∗ 10−4 1.66706 ∗ 10−3 4.91765 ∗ 10−4

x4 [m2] 1.00000 ∗ 10−4 1.00000 ∗ 10−4 2.45059 ∗ 10−3 1.00000 ∗ 10−4

x5 [m2] 4.80118 ∗ 10−3 6.36824 ∗ 10−3 1.26365 ∗ 10−2 6.36824 ∗ 10−3

x6 [m2] 2.05882 ∗ 10−3 2.45059 ∗ 10−3 7.15176 ∗ 10−3 2.05882 ∗ 10−3

x7 [m2] 3.62588 ∗ 10−3 3.23412 ∗ 10−3 8.83529 ∗ 10−4 6.36824 ∗ 10−3

x8 [m2] 3.23412 ∗ 10−3 3.23412 ∗ 10−3 1.66706 ∗ 10−3 3.23412 ∗ 10−3

x9 [m2] 1.66706 ∗ 10−3 1.66706 ∗ 10−3 3.23412 ∗ 10−3 3.23412 ∗ 10−3

x10 [m
2] 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000 ∗ 10−4

x11 [m
2] 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000 ∗ 10−4

Table 7.25: Results from multiple operators applied to the truss structure problem.

Run Best fitness Cost [CU ] Generation

Base GA 0.980487 0.0195129 1005

GA w/ both crossovers 0.978920 0.0210800 1568

GA w/ CM & HC 0.969126 0.0308741 1054

GA w/ CM & both crossovers 0.974611 0.0253894 1548

We can see that the pure GA yielded the best results both when using the new operators by

themselves and when mixing multiple operators.
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When applying local search these results were found:

Figure 7.59: Fitness of the

fittest individual,

new operators & ls operators

- Truss Structure.

Figure 7.60: Fitness of the fittest individual

in the first 250 generations,

new operators & ls operators

- Truss Structure.

ls mix

Figure 7.61: Fitness of the

fittest individual,

new operators & ls operators

- Welded Gusset.

Figure 7.62: Fitness of the fittest individual

in the first 250 generations,

new operators & ls operators

- Truss Structure.
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Figure 7.63: Fitness of the fittest individual

in the first 250 generations,

new operators & ls operators

- Truss Structure.

Figure 7.64: Fitness of the

fittest individual,

new operators & ls operators

- Welded Gusset.

Figure 7.65: Fitness of the fittest individual

in the first 250 generations,

new operators & ls operators

- Truss Structure.

When applying the same operators with LS the results were:
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Table 7.26: Resulting points from local search and modified operators

applied to the truss structure problem.

Variable Base GA GA w/ LS GA w/ LS & CM GA w/ LS & HC

x1 [m2] 3.23412 ∗ 10−3 1.00000 ∗ 10−4 2.45059 ∗ 10−3 2.05882−3

x2 [m2] 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000−3

x3 [m2] 4.91765 ∗ 10−4 8.83529 ∗ 10−4 4.91765 ∗ 10−4 1.66706−3

x4 [m2] 1.00000 ∗ 10−4 1.30282 ∗ 10−2 1.00000 ∗ 10−4 1.66706−3

x5 [m2] 4.80118 ∗ 10−3 3.23412 ∗ 10−3 6.36824 ∗ 10−3 6.36824−3

x6 [m2] 2.05882 ∗ 10−3 3.23412 ∗ 10−3 3.23412 ∗ 10−3 6.36824−3

x7 [m2] 3.62588 ∗ 10−3 1.00000 ∗ 10−4 3.23412 ∗ 10−3 3.23412−3

x8 [m2] 3.23412 ∗ 10−3 1.00000 ∗ 10−4 2.84235 ∗ 10−3 2.05882−3

x9 [m2] 1.66706 ∗ 10−3 8.83529 ∗ 10−4 1.66706 ∗ 10−3 3.23412−3

x10 [m
2] 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000−4

x11 [m
2] 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000−4

Table 7.27: Results from local search and modified operators

applied to the truss structure problem.

Run Best fitness Cost [CU ] Generation N. evaluations

Base GA 0.980487 0.0195129 1005 28578

GA w/ Local Search 0.968342 0.0316576 210 46387

GA w/ LS & Controlled Mutation 0.978903 0.0210800 16870 3747194

GA w/ LS $ Hybrid Crossover 0.973435 0.0265647 5806 1271932

Figure 7.66: Fitness of the

fittest individual,

mixed operators & ls operators

- Truss Structure.

Figure 7.67: Fitness of the fittest individual

in the first 250 generations,

mixed operators & ls operators

- Truss Structure.



92 CHAPTER 7. APPLICATIONS

Figure 7.68: Fitness of the

fittest individual,

mixed operators & ls operators

- Welded Gusset.

Figure 7.69: Fitness of the fittest individual

in the first 250 generations,

mixed operators & ls operators

- Truss Structure.

Figure 7.70: Fitness of the fittest individual

in the first 250 generations,

mixed operators & ls operators

- Truss Structure.

Figure 7.71: Fitness of the

fittest individual,

mixed operators & ls operators

- Welded Gusset.

Figure 7.72: Fitness of the fittest individual

in the first 250 generations,

mixed operators & ls operators

- Truss Structure.
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When applying LS and multiple operators the following was found:

Table 7.28: Resulting points from local search and multiple operators

applied to the truss structure problem.

Variable Base GA LS LS & both cross. LS, CM & HC LS, CM & both cross.

x1 [m2] 3.23412 ∗ 10−3 1.00000 ∗ 10−4 3.23412 ∗ 10−3 2.45059 ∗ 10−3 2.05882−3

x2 [m2] 1.00000 ∗ 10−4 1.00000 ∗ 10−4 4.91765 ∗ 10−4 1.00000 ∗ 10−4 1.00000−4

x3 [m2] 4.91765 ∗ 10−4 8.83529 ∗ 10−4 4.91765 ∗ 10−4 1.66706 ∗ 10−3 8.83529−4

x4 [m2] 1.00000 ∗ 10−4 1.30282 ∗ 10−2 1.00000 ∗ 10−4 1.66706 ∗ 10−3 1.00000−4

x5 [m2] 4.80118 ∗ 10−3 3.23412 ∗ 10−3 6.36824 ∗ 10−3 6.36824 ∗ 10−3 6.36824−3

x6 [m2] 2.05882 ∗ 10−3 3.23412 ∗ 10−3 1.66706 ∗ 10−3 6.36824 ∗ 10−3 3.23412−3

x7 [m2] 3.62588 ∗ 10−3 1.00000 ∗ 10−4 6.36824 ∗ 10−3 2.05882 ∗ 10−3 2.45059−3

x8 [m2] 3.23412 ∗ 10−3 1.00000 ∗ 10−4 6.36824 ∗ 10−3 2.45059 ∗ 10−3 6.36824−3

x9 [m2] 1.66706 ∗ 10−3 8.83529 ∗ 10−4 1.66706 ∗ 10−3 3.23412 ∗ 10−3 1.66706−3

x10 [m
2] 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000−4

x11 [m
2] 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000 ∗ 10−4 1.00000−4

Table 7.29: Results from multiple modified operators applied to the truss structure problem.

Run Fitness Cost [CU ] Generation N. evaluations

Base GA 0.980487 0.0195129 1005 28578

GA w/ Local Search 0.968342 0.0316576 210 46387

GA w/ LS & both crossovers 0.973044 0.0269565 678 148536

GA w/ LS, H. Cross. & Contr. Mut. 0.979704 0.0202965 2514 58107

GA w/ LS, both cross. & Contr. Mut. 0.976569 0.0234306 1912 418667

In the past GAs have proven to be very successful at finding optimal solutions to truss structures,

so it’s no surprise that, even with an significant increase in the number of variables relative to the

previous problems explored, the algorithm converges very quickly. By analysing the first 250

generations we can see that the modified operators increase the speed of convergence, it just so

happens the basic GA was able to randomly generate a very good solution, as we can see by the

sudden jump in fitness. But even then, the best solution was found when using LS and both

crossovers at the same time.

Because there are 11 degrees of freedom the number of function evaluations increases drastically,

almost eight times.
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Chapter 8

Conclusions

The expected number of points sampled ,without resampling, until we find the optimal solution

for 32 (4 ∗ 8) bits is 231 + 0.5 = 2, 147, 483, 648.5 > 2 · 109 and for 88 (11 ∗ 8) bits is 287 + 0.5 =

154, 742, 504, 910, 672, 534, 362, 390, 528.5 > 1.5 · 1026, so it’s very likely that a GA is better than

random search for the problems analyzed.

To make sure the loss in exploration wasn’t too excessive, the number of individuals generated by

controlled mutation wasn’t discounted in the number of individuals that suffered implicit mutation.

Controlled mutation introduces a new individual that is similar to the elite one that gave it origin.

This appears to have an effect that reduces the speed of convergence in the initial generations but

allows for finer improvements in the later stages of the search.

The increase in the number of individuals that undergo controlled mutation must be done care-

fully as the marginal gains(increase in exploitation) gained with each new individual added decrease

while the marginal cost(decrease in exploration) increases. The increase can lead to an acceler-

ation in convergence but might also lead to too early convergence(see Controlled Mutation in 3

individuals).

The inclusion of Controlled Mutation in one individual always led to improvements in the per-

formance. Taking this is consideration it’s recommend that, for this base GA’s parameters, only

one individual should be generated by this operator.

Controlled Mutation showed to be the best way to include knowledge obtained when solving

past problems.

95
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The use of just hybrid crossover seems to have negative effects. Likely because it prevents the

possibility of crossover to happen between very similar parents, something that is necessary for

convergence to happen at the final stages of the search. The hybrid crossover is a greedy operator

as always takes the individual that it expects to be the best, this seams to lead to more elitist

algorithm than a regular crossover operator as seen by the typical fast convergence in the early

stages and slowing down later on.

When hybrid crossover and regular crossover were used together the results were better than

when they were used in separate.

Sometimes the new operators yielded worst results than the original ones, but they showed good

synergy when used together, highlighting the benefits of operators that perform different kind of

moves.

The best results were achieved when multiple operators were employed at various stages of each

generation.

The Hooke-Jeeves method implemented had good effects when applied to four dimensions both

speeding up the search in terms of generations and number of evaluations. When applied to

eleven dimensions however, the number of evaluations increased too much. Local search overtook

mutation and crossover as driving forces of search which decreases convergence speed and increases

the risk of falling into local minima, the algorithm became too elitist.

Sometimes local search lead to premature convergence, future work must be done to better

balance out that aspect.

Still, the fact that there is a share of information of the last successful search direction when

performing LS seems to be beneficial.

Summarizing: hybrid crossover should not be the only crossover operator, the Hooke-Jeeves

methods isn’t appropriate to problems with high dimensions and controlled mutation should always

be included in MAs because it’s the best way to include problem specific knowledge.

The knowledge obtained in this thesis can be used when solving future optimization problems,

we are in the presence of offline learning.
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8.1 Future works

This work explores a small part of MAs, in the future the following tasks can be done:

� Implement an adaptive scheme

� Quantify landscape properties

� Study the effectiveness of operators across different classes of problems

� Modify the Hooke-Jeeves method to handle high-dimension problems

� Use MA on surrogate models of complex problems
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