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Abstract

In the last years, rapid advances in artificial intelligence, embedded systems, and commu-
nication technologies have led to computational network systems that require algorithms
to solve optimization problems with enormous physically distributed and /or private data
sets to achieve system level objectives such that every agent, represented by a node in the
network, has to agree on a common decision. To reach a consensus decision, optimiza-
tion techniques can be used to solve a consensus problem in a distributed manner by
employing only local computations and communication among neighboring nodes that
can directly communicate with each other.

In the first part of this thesis, we propose a distributed optimization approach, which
enjoys the advantages of both the primal and the dual domain methods, to solve the eco-
nomic dispatch problem in a distributed way over undirected networks. A key require-
ment point is that the convergence rate of the optimization method must be fast when
compared with recent state of the art distributed approaches. We show through simula-
tions that for the IEEE 14-bus and the IEEE 39-bus distribution test systems, the proposed
algorithm achieves indeed a significantly higher convergence rate effectively attaining
this goal.

In the second part of the thesis, we develop a fast row stochastic decentralized algo-
rithm, referred to as FRSD, to solve consensus optimization problems over directed com-
munication graphs. The proposed algorithm only utilizes row-stochastic weights, leading
to certain practical advantages in broadcast communication settings over those requiring
column-stochastic weights. In contrast to the existing methods for directed networks, we
show that FRSD enjoys linear convergence without employing a gradient tracking (GT)
technique explicitly. The key idea is that it implements a GT implicitly through a novel
momentum term, which leads to a significant reduction in communication and storage
overhead for each node. This is particularly remarkable when FRSD is implemented for
solving high-dimensional problems over small-to-medium scale networks. In the numeri-
cal tests, we compare FRSD with other state-of-the-art methods, which use row-stochastic
and/or column-stochastic weights showing that FRSD is indeed competitive with or out-

performs other recent approaches.






Resumo

Nos tltimos anos, com os rapidos avangos que se tém verificado na inteligéncia arti-
ficial e nas tecnologias de comunicacdo com especial relevo nos sistemas de redes com-
putacionais, é cada vez mais possivel enderecar problemas de otimiza¢do que envolvem
enormes conjuntos de dados que sdo fisicamente distribuidos e/ou privados, a fim de
atingir objetivos de desempenho ao nivel do sistema, em que cada agente, representado
por um no na rede, tem de chegar a acordo sobre uma decisdo comum. Para alcancar uma
decisdo de consenso ideal, podem ser utilizadas técnicas de otimizagdo descentralizadas
empregando apenas computagdes locais e comunicagdo entre nés vizinhos que possam
comunicar diretamente uns com os outros.

Nesta tese, comegamos em primeiro lugar por introduzir um método de otimizacao
distribuida que goza das vantagens dos métodos de dominio primario e dual, para re-
solver o problema de despacho econémico de uma forma distribuida sobre redes nao
direcionadas. Uma contribuigdo relevante é o projeto de um método de otimizagao dis-
tribuida, que exibe uma répida taxa de convergéncia. Com efeito, apresentamos através
de simulagdes que para os sistemas de teste de distribuicdo IEEE 14-bus e IEEE 39-bus,
o algoritmo proposto atinge uma taxa de convergéncia significativamente mais elevada
quando comparado com outras abordagens distribuidas recentemente desenvolvidas para
resolver o problema de despacho econémico proposto.

Na segunda parte da tese, desenvolvemos um algoritmo descentralizado e de rdpida
convergéncia, referido como FRSD, para resolver problemas de otimizacdo de consensos
sobre gréficos de comunicac¢do dirigida. O algoritmo proposto utiliza apenas pesos es-
tocdsticos em linha, conduzindo a certas vantagens praticas na abordagem da comunica¢do
quando comparado com técnicas que requerem pesos estocasticos em coluna. Em con-
traste com os métodos existentes para redes dirigidas, o FRSD goza de convergéncia li-
near sem empregar explicitamente uma técnica de seguimento de gradiente descendente
(GD), uma vez que utiliza o GD implicitamente com o emprego de um termo de mo-
mentum. Observa-se que este novo termo leva a uma reducao significativa na sobrecarga
de comunicacdo e armazenamento para cada né quando o FRSD é implementado para
resolver problemas de alta dimensdo em redes de pequena e média escala. Nos testes
numéricos, comparamos 0 FRSD com outros métodos de tltima geragdo, que utilizam

pesos de linha e ou de coluna.
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Chapter 1

Introduction

Over the past two decades, there has been a significant interest in optimization methods,
which aim to find the optimal decision among a large number of alternatives. In simple
terms, an optimization method can be described as the process of finding under a given
set, the element (or elements) of that set that minimize (or maximize) a given objective
function. Additionally, the decision variable may be subject to constraints. In general,
optimization methods are iterative starting with some initial condition, and under ade-
quate conditions, they should converge to an optimal solution as the number of iterations
grows. A particular class of optimization problems that arise in many significant practical
problems in a variety of fields, such as power systems, wireless networks, cyber-physical
systems, and machine learning processes to name a few, is when the minimization occurs
over a sum of (many) individual objective functions, and there is a significant amount of
data to deal with it. In this case, it is challenging to address this class of problems using
traditional approaches, which assume that all problem data are centralized and accessi-
ble to a central processor. Centralized methods, where datasets collected by devices are
uploaded to a data center and analyzed centrally, are in many cases not practical due to
the complexity of the network, the amount of data to address, and moreover it may not
obey to privacy requirements. To address these issues, especially on large-scale networks,
distributed optimization algorithms have been developed where each agent (node) in the
network typically has access to its own private local data and can only communicate di-

rectly with its neighbors. This thesis contributes to this field with the aim of developing
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distributed optimization approaches for minimizing the sum of individual costs associ-

ated with individual elements over undirected or directed large-scale networks !.

1.1 Context
Consider a general unconstrained optimization problem of the form:

min f(x), (1.1)

where the vector x € IR? is the decision variable, and it is assumed that the objective
function f : R? — R is continuously differentiable and (1.1) is well-posed, that is, there is
an optimal solution x* € R such that f(x*) = f* = infycrp f(x) is finite. In this setup, a
simple approach to solve (1.1) is to apply the gradient descent algorithm, which starts at

a given initial point x(0) € R? and generates a sequence according to
x(k+1) = x(k) —a(k)Vf(x(k)), k=0,1,.. (1.2)

where the scalar a(k) > 0 is the step-size coefficient that can be dependent on the iteration
k,and Vf = % denotes the gradient of f with respect to x. At this point, it is important
to stress that it is unclear whether the sequence x(k) can converge or even how large the
step-size must be to guarantee convergence.

Therefore, it is expected to assume that some certain regularity assumptions regarding
the objective function should be applied.. First, it is necessary to impose a restriction on
the magnitude of the gradient in order to ensure that there are step sizes such that gradient

descent converges, which in turn will have a direct impact on the convergence.

Definition 1.1. The function f is L-smooth, i.e., it is differentiable with a Lipschitz gradi-

ent, if there exists a positive constant L such that
IVF(x) = V) < LIx—¥], Vxx €RP. (13)

Next, we consider that f is convex, which will ensure that all local minima are global
minima.
Definition 1.2. A differentiable function f is called to be convex when the following holds

flx) > f(X)+VfQx)(x—«), Vaxx R (1.4)

1 A graph (or network) whose edges are all bidirectional is known as an undirected graph, whereas a
directed graph has at least one edge pointing only one direction.
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Next, we present an additional restriction that can significantly improve the conver-

gence rate of the gradient descent algorithm.

Definition 1.3. A differentiable function f is u-strongly convex, if there is a positive con-

stant u such that for all x,x" € R?,
f(*) = fx) + V)T —x)+ 5| == (15)
We can now state the following result whose proof can be found, for instance, in [1, 2].

Proposition 1.4. Consider the unconstrained optimization problem (1.1) and let the objective
function f be continuously differentiable, L—smooth, and y—strongly convex. Then, the optimal
solution is unique and for any initial condition x(0) € RP, the gradient descent method (1.2)
generates a sequence that converges to the optimal. Moreover, the convergence rate can be improved

to a linear rate.

There are some accelerated first-order methods! that improve convergence rate based
on the same prior assumptions. The most popular is the Nesterov acceleration [1], which

is written in the following form

1

x(k+1) = y(k) — 7 Vf(y(k), (1.6)

y(k+1) :x(k+1)+1_\/\/g(x(k+1) —x(k)), (1.7)

1+

where x(0) and y(0) are arbitrary starting points, and x; = % Heavy Ball Acceleration is
another accelerated first-order method proposed by the author in [3], but it has a lower
convergence rate than Nesterov acceleration in general. The accelerated methods improve
the convergence rate of first-order methods by a significant amount; for details, see [4].
In the rest of the thesis, we consider a specific objective function which is a finite sum
problem
n

min f(x)21 ) fi(x) (1.9

x€R? i—

where each f; : R — R is differentiable and L—smooth. One direct approach is to

solve the problem (1.8) by directly applying the gradient method (1.2) using Vf(x) =

% i V fi(x). However, in this thesis, the goal is to find a minimizer of the objective func-
i=1

tion (1.8) in a distributed way, which will be discussed in the following sections. Before

IFirst-Order methods are iterative algorithms that only utilize the objective function and the
gradient/sub-gradient information.
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FIGURE 1.1: Microgrid structure. ©[5]

this, we first show that the problem (1.8) is quite prevalent among a diversity of applica-

tions through some illustrative examples.

1.1.1 Examples

In the sequel, we introduce a set of applications that can be formulated as an optimization

problem with objective functions being composed of a finite sum of local functions (1.8).

1.1.1.1 Economic Dispatch Problem

In power systems, a typical problem termed an Economic Dispatch Problem (EDP) [6, 7],
as illustrated in Figure 1.1, consists in finding the operation of generation facilities, that
is, obtaining the best power output combination of all generators, to produce energy at
the lowest operating cost while satisfying several constraints including the total power
demand. It turns out, that this problem can be cast in the form (1.8). More precisely, in

this thesis, the EDP is formulated as follows:

(P): n}inZCi(Pi) (19)
i

s.t. Z pi=D (1.10)
i=1

pln < pi < pi'* (1.11)

where 7 is the number of generators, the decision variable p; is the power generated by

generator i, C;(p;) is the cost function, D is the total demand, and plmi”

and p"**

79% are the
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upper and lower power limits of the generators. We will provide a fast algorithm for

solving this formulation in Chapter 2.

1.1.1.2 Empirical Risk Minimization

In machine learning, Empirical Risk Minimization (ERM) [8, 9], covers a family of learn-
ing algorithms. Given a model b = hy(M), where b € RPt, M € RPM, and h is a given map
parameterized by x € IR?, a training dataset composed by pairs of input-output samples,
and a loss function L, where L(h(M, x),b) captures the error made by the model & when
predicting a given input-output sample (M, b), the goal is to obtain the model (by select-
ing conveniently x) that achieves the lowest error on the training dataset. If we define the
global objective function f as the average of the component functions f;, and each node i
has access to a set of data samples (M;, b;), then the empirical risk minimization is written
as follows:

N n Ly
min Ei;fi(x):mm E;C(h(Mi'x)'bi)

X X

The ERM formulation addresses a multitude of significant machine learning problems,
for example, by letting £(h(M, x),b) = log(1 + exp(—b.M"x)), we can obtain the logistic
regression problem, or when £(h(M, x),b) = 1(b — MTx)?, we have the least-squares

regression problem, which we consider in the numerical experiments in Chapter 3.

1.2 Distributed Architectures

In this section, we discuss how the gradient descent method may be implemented in a
distributed manner. To find a minimizer of f(x) = % ‘é fi(x) in the distributed form,
we consider that there is an underline communication r{e_ztwork which is represented for
simplicity as an undirected graph G = (V, &), where V £ {1,2,...,n} is the set of nodes
(agents), and & is the set of directed communication links between the nodes. The cost
function f; : R? — IR represents the cost function of agent i, which is only known to
agent i, and x is a global decision vector that the agents are trying to determine with local
information. Each network agent generates and maintains estimates of the optimal deci-

sion vector based on its own cost function f;, and exchanges these estimates with other
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FIGURE 1.2: Master-slave architecture

agents. Eventually, the optimal global solution is achieved using only local communica-
tions and computations. Given this setup, we will discuss two widely used distributed

architectures: 1) master-slave architecture, and 2) distributed connected architecture.

1.2.1 Master-slave architecture

In a master-slave architecture, as depicted in Figure 1.2, one node performs as the master
and maintains the optimization variable. By starting at some initial value x(0), at each
iteration, the master node sends the current parameter x(k) to each agent, followed by
each agent sending V f;(x(k)) to the master. Before beginning a new iteration, the master

node calculates its averages and updates each agent with the following configuration:
1 n
x(k+1) = x(k) — a(k) (n ) Vﬂ(x(k))> k=0,1,.. (1.12)
i=1

where step-size a(k) is positive scalar. The implementation of the master-slave archi-
tecture is simple and straightforward; however, there are drawbacks that make this ar-
chitecture difficult or impossible to use in practice. First, if the number of nodes N is
exceedingly high, it may be impracticable for the master to communicate with each node
due to bandwidth limitations in the communication resources. In addition, the compu-
tation of )/ ; V fi(x(k)) may become quite large and may be impossible to perform on a
single computer. Second, the entire network may fail if the master node becomes a bottle-
neck and fails. Therefore, it may not be practical to have a master node that communicates

with all agents in numerous applications.



1. INTRODUCTION 7

FIGURE 1.3: Distributed connected architecture

1.2.2 Distributed connected architecture

In this case, there is no master node, and therefore the issues of the master-slave archi-
tecture do not appear, resulting in a distributed connected architecture where each node
communicates directly with some but not necessarily all of the other nodes, see Figure
1.3. More precisely, each node i = 1, ..., n maintain the optimization variable x;(k), and a

list of nodes that sends information to node i, which is denoted by
Ni2{jeV: (ji)e&yu{i} (1.13)

If we use a similar approach in master-slave architecture, and assuming that x(0) is ini-
tialized to the same value on all nodes, each node i computes its local gradient V f;(x;(k))
and sends it and receive V fj(x;(k)) from its neighbors j € A;. Once a node i has received
the gradients from its neighbors, it can average them and update a new value for x;(k+ 1)
by gradient descent in a decentralized manner as follows

xi(k+1) = x;(k) — <W|ZNVf] x;(k ) k=0,1,.. (1.14)
j€

where || is the size of N;. In this method, the agent i only averages the gradients re-
ceived from its neighbors, and the communication topology network among agents may
be static or it may vary from iteration to iteration.

Note that in the distributed connected architecture, if each node connects to every

other node in the network, then we have a full-connected architecture, and node i is
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updated according to:
1 n
xi(k+1) = x;(k) —(x(k)<nZij(xj(k))> k=0,1,.. (1.15)
j=1

where each node acts like a master in the master-slave architecture. In this case, it can
be shown that the values x;(k) are identical at all nodes and the convergence results for
the centralized case can be straightforwardly applied. However, in this case, as in the
master-slave architecture, the fully-connected architecture suffers from high computation
costs.

For the distributed connected architecture described in 1.14, there is a significant dif-
ference when compared with the gradient descent method, as only the average of a subset
of the gradient is used. Note that

1
(a7 & VA0 # Vrt(e) 116
JEN
Therefore, one needs to investigate under which conditions the distributed connected
method is guaranteed to converge to an optimal solution. The following sections address
this point, where it will be clear that the communications network between agents has a

major impact on the convergence rate of the distributed optimization methods.

1.3 Distributed Optimization Methods

In this section, we outline the distributed optimization methods over undirected and di-

rected graphs. The goal is to minimize the average objective function
1 n
mxmf(x) = min ;fl(x) (1.17)

in a distributed way where n is the total number of agents. In this setup, each agent i
does not share its local function f; : R? — R with other agents, and the information is
not accessible to the general public. Moreover, every agent is aware of its graph’s local
connectivity. In a nutshell, we must find the minimum of the objective function by taking
into account the cooperation between agents, despite the agents’ limited knowledge and

connectivity.
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1.3.1 Distributed optimization methods for undirected graphs

In this section, we consider that the nodes are connected over undirected graphs, in which
node i receives information from node j if and only if node j also receives information
from node i. Let G = (V, &) be a given undirected graph, where V 2 {1,2,...,n} is the
set of nodes (agents), and & is the set of edges. The aim is to solve the problem (1.17)
in a distributed way taking into account that each agent i does not share its data and its
loss functions f; but it intends to collaborate and share some estimated value with only its
neighborhood N;, defined in (1.13), which includes the list of nodes connected with i for
i =1,...,ndirectly — and agent i itself.

To this effect, we start to note that there is an alternative formulation of the problem
(1.17), in which each f; depends on its own variable x;; however, these variables are cou-
pled through the constraint x; = x; for all (i,j) € &, that s,

. 1 ¢
{min ) filx)

st xp=x; V(i,j)e& (1.18)

This reformulation is derived from (1.17), by considering x; for each node i, and requiring
x; to be identical to x for all agents. Therefore, when the graph is connected, the previous
equations x; = x for i = 1,...n is equivalent to the constraint x; = x; for all (7,j) € £ in the
problem (1.18) which enforces all local variables be equal (x; = x;j,Vi,j € V). Hence, both
problems (1.17) and (1.18) have the same objective.

Note that the objective function of the problem (1.18) is separable, although the vari-
ables x; are connected to each other through the constraint (1.18). Thus, the overall prob-
lem can be solved in a distributed way by allowing each agent to know their network
neighbors so that they can apply a consensus mechanism, and then solve its own local

portion.

1.3.1.1 The consensus distributed method

We now present the consensus algorithm used to design a distributed optimization method
for solving the problem (1.18) in a distributed way, in which the agents determine the vec-
tor x collectively while satisfying the constraint (1.18). The idea is that the agents must

asymptotically agree on a decision vector while exchanging information with only their
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neighbors on the graph[10-12]. More precisely, each agent i has a variable x;(k) at itera-
tion k, that is sent to each agent j, which is in neighborhood Vj, and receives x; from them.

Then, every agent i performs the update step
n
xi(k+1) =Y wjjxj(k) (1.19)
i=1

where w;; > 0, for j € N, otherwise w;; = 0,j # i,j ¢ N;. To guarantee the convergence
of the consensus approach, we first need to introduce some basic concepts.

Strongly connected graph: a graph is considered to be a strongly connected graph: if
every node in the network can be reached from every other node in the graph.

Doubly/Column/Row-stochastic matrix: A square matrix of nonnegative real num-
bers W € R"*" is said to be a doubly-stochastic matrix if each row and column sum to
one. In that case, both the left and right eigenvectors corresponding to eigenvalue 1 are
an all-one-vector, i.e.,

1,w=1), WwW1,=1, (1.20)

where W € R"*" is a doubly-stochastic matrix and 1, € IR" is the n—dimensional all-one
vector. In addition, a column-stochastic matrix B € R"*", is defined as a real square matrix

satisfying the criterion that the sum of each column is 1. In this case, we have
1)B=1), Bm=m (1.21)

where 71, € R" is not necessary equals to 1,. Similarly, a real square stochastic matrix

R € R™ " is known as row-stochastic matrix, if the sum of each row is 1, and in this case
7'R=mx', R1,=1, (1.22)

where T € R".

Returning now to the consensus update step (1.19), note that it is required to consider
W € R"™" with entries w;; as a row-stochastic matrix. More specifically, if the graph is
undirected as it is here, then matrix W should be a doubly stochastic matrix. If W is a row
stochastic matrix and w;; = 0,j # i,j ¢ N, the consensus algorithm (1.19) converge to a
limit point, called consensus point, and we denote it by £ [10-12]. If we denote vector 7
as the unique left eigenvector of matrix W corresponding to the eigenvalue A = 1, then

we have

% = 1,7x(0) (1.23)
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where k= [%, ..., £], and x(0) = [x1(0), ..., x,(0)] is the vector of the initial values . When the
graph is undirected, 7t is the n-dimensional vector of all entries %, hence, the consensus
method (1.19) converge to £ = % Y1 xi(0) for each agent i.

We now explain how to solve the problem (1.18) using a distributed algorithm. On
each iteration k, each agent i retains two variables, x;(k) and y;(k), and sends x;(k) to its
neighbors j € Nj; consequently, each agent receives x;(k) from the agent j € Jj, then by

initializing x;(0) for all i, we have the following steps for each agent i:
yi(k) = ) wijx;(k)
j=1
xi(k+1) = yi(k) — a(k)V fi(yi(k)) (1.24)

where a(k) > 0is a positive step-size, and the weights w;; satisfies the consensus assump-
tions, that is, W is a double stochastic matrix, and w;; = 0 for j ¢ N;. Since each agent
performs its own updates using the gradient of its own private function, the algorithm in
(1.24) is a distributed method. Moreover, the information is exchanged only between the
neighbors.

The iterative method (1.24) that employs a consensus algorithm with stochastic ma-
trices is also known as a weighted-averaging method because, if we take the average of

equation (1.24), we obtain:

s Ll 1) = 1320 - el 1 VAG(k)
= o L L)~ e, 1 VA (0) (1.25)
i=1j= i=

Since W is a double stochastic matrix, we have Y , wij = 1, then the first term (1.25) can
be simplified to 1 Y1, Y wijxj(k) = 1 Y (2?:1 wij) xj(k) =1 Y1 x(k), hence, we

have
LY k1) = Y x(k) —a(h) Y VAK) (126)
Denoting

#(k) = % Z (k) (127)
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then, we can rewrite (1.26) as follows:
1 n
£k +1) = 2(k) — a(k)- 3 V(i(h) (128)
i=1

As can be seen, the only difference between the term (1.28) and a centralized gradient
method for solving the problem (1.18) is that the term (1.28) uses V f;(y;(k)) rather than
Vfi(x(k)). Hence, by adding an error €(k) to the equation (1.28), we can have the central-

ized gradient method as follows
1 n
x(k+1) = x(k) —(x(k)EEVfi(x(k)) + e(k) (1.29)
i=1

where

(ZVﬁ ZVflf )) (1.30)

Based on some additional assumptions on the objective function and step-size a(k), it can
be proved that the error e(k) can be small, and the average iteration X(k + 1) in (1.28)
follows the centralized gradient method, i.e. the average iteration %(k) converges to the
optimal solution and ||x;(k) — %(k) || goes to zero for each agent i. The consensus method,
the matrix W and the gradient of the objective function have an important role in forcing
each agent to converge to the same optimal solution x*, for more details see [13-17]. In
the paper [16], the authors utilized a subgradient of the objective function instead of the

gradient as follows:
i(k+1) Z wjjx;(k) — a(k)gi(k) (1.31)

where g;(k) is subgradient of f;(x;(k)) which is convex and possibly non-differentiable.
For the distributed method (1.24), convergence is guaranteed if « is a diminishing

step-size satisfying the following conditions:
Y a(k) = oo, Y a?(k) < oo (1.32)

Since there is a difference between the convergence rates, the distributed algorithm (1.24),
which solves convex optimization problems, has a slower convergence rate compared to
a centralized method with diminishing step size; the distributed method has the converge

rate of the order of O(IOg( ) ), but the centralized one converges in the order of O(}).
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The order of equations in the distributed method in (1.24) can be exchanged as follows:

yi(k) = xi(k) — a(k)V fi(yi(k))

Xz'<k + 1) = i wz]x/(k) (133)
j=1

In this case, the algorithm in (1.33) is known as adapt-then-combine because it first adjusts
the gradient step and then combines the local information, as contrasted to the algorithm
in (1.24), which is referred to as combine-then-adapt [17].

The distributed methods in (1.24) and (1.33) solve the problem (1.18) in a fully dis-
tributed way, and the use of diminishing step-size has advantages over constant step-size
in certain circumstances, such as when solving problems involving noises caused by link

1 is an evident disad-

failure. However, slow convergence or lack of linear convergence
vantage of the algorithm with a diminishing step-size. In [18], algorithms based on dual
averaging of subgradients are studied for solving (1.18). In [19], under the assumption
that the gradients are bounded and Lipschitz, an improved convergence rate is obtained
by employing Nesterov acceleration. In the following section, we present discrete-time

algorithms with linear convergence rates by eliminating the diminishing step-size and

substituting it with a constant step-size.

1.3.1.2 The distributed methods with a linear convergence

In this section, we present a variety of distributed algorithms with constant step-size that
converge linearly to the optimal solution.

EXTRA [20]. The authors proposed EXTRA (exact first order algorithm), a distributed
optimization algorithm with a constant step size that converges linearly to the global opti-
mum when the global objective function is strongly convex and has Lipschitz continuous
gradients. EXTRA contains two consecutive steps with constant step-size « and two dif-

ferent matrices W and W which is updated as follows

x(k+2)=Wx(k+1) —aVf(x(k+1)) (1.34)

x(k+1) = Wx(k) —aV f(x(k)) (1.35)

1 Assume that a sequence x(k) converges to x* in a certain norm ||-||. We say that the sequence converges
Hx(k+1)7x‘H

linearly if 0 < A < 1 exist such that limy_,, <A

(x|
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where

L+ W

W =
2

(1.36)

and W is double stochastic matrix and its entries w;; might be chosen as a Metropolis

matrix:
wi]- =<0 if (l,]) ¢& i 75] (1.37)
1-— Z Wik ifi = ]

key

where € > 0 and d; is the degree of agent i, see [20].
Notice that by taking the difference of the two steps (1.34) and (1.35), we have the

following second-order recursion:
2(k+2) = (I + W)x(k +1) — Wx(k) — oc(Vf(x(k +1) - Vf(x(k))) (1.38)

where x(0) is the initial condition and x(1) is given as
x(1) = Wx(0) — aV £(x(0)) (1.39)

Compared to the distributed algorithm in (1.24), which uses the gradient at the previous
iteration, EXTRA utilizes the difference of the gradients at the previous two iterations.
The gradient difference scheme gets rid of the steady-state error that occurs in the al-
gorithm in (1.24), and when the objective function is strongly convex, EXTRA reaches
a geometric convergence; when the objective function is only convex, the convergence
rate is O(}). In [21], the authors interpreted EXTRA as a primal-dual algorithm, and a
proximal gradient exact first-order algorithm (PG-EXTRA) has been proposed when the
local objective functions have the nonsmooth composite convex [22]. In [23], a distributed
augmented Lagrangian algorithm along with a double-loop structure was proposed. Fur-
thermore, the authors in [24] developed a distributed proximal gradient algorithm with
only a single-loop; see also [25, 26] for more proximal algorithms for composite optimiza-
tion.

Gradient Tracking. Unlike EXTRA, which corrects the fixed point of the iterations

directly, gradient tracking methods try to manage a way to apply the following iteration:

x(k+1) = Wax(k) — %1n1;v]f(x(k)) (1.40)
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Here, the term 1,1,) V f(x(k)) cannot be computed in a distributed way, hence, instead of

the average gradient, gradient tracking methods utilize a variable y as follows:
y(k+1) =Wy(k) + Vf(x(k+1)) = Vf(x(k)) (1.41)

In [27, 28], the authors independently introduced the AUG-DGM algorithm and the NEXT
algorithm for the first time using the gradient tracking technique. In [29], the authors
address the case of time-varying networks, by combining the distributed inexact gradient
method and the gradient tracking technique. The iterative equations, called the Diging

method, are of the form

x(k+1) = Wx(k) — ay(k) (1.42)
y(k+1) =Wy(k) + Vf(x(k+1)) — Vf(x(k)) (1.43)

The Diging method is initialized with a arbitrary vector x(0) and y(0) = Vf(x(0)). In
(1.42), 1,1} V f(x(k)) in (1.40) is replaced by the variable y, and a track of average gradient
is used in (1.43) by employing dynamic average consensus.

When the local objective functions are smooth and strongly convex, the Diging algo-
rithm for undirected graphs achieves linear convergence. In [29], the authors provide an
explanation of a primal-dual interpretation of Diging based on the augmented Lagrangian
function. By selecting the appropriate two mixing matrices, they also demonstrated how
Diging was derived from EXTRA.

In [30], the authors extended the Diging method under uncoordinated step-sizes with

a Adapt-Then-Combine structure of the DIGing algorithm, which is given as

x(k+1) = w(x(k) —zx(k)y(k)) (1.44)

y(k+1) = W(y(k) + Vf(x(k+1) = VF(x(K)) (1.45)

where «(k) is the uncoordinated step-size. In addition, the works in [31, 32] improved
convergence rates over an undirected graph.

The distributed methods over undirected networks require the use of a doubly
stochastic matrix W to solve the problem (1.17). Due to nonuniform communication
among agents or unexpected loss of communication between the agents, the informa-
tion exchange may be unidirectional and the network topology may be (time-varying)

directed; hence, ensuring a structure of a double stochastic matrix is not an easy task [33],
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and therefore the previous algorithms in section (1.3.1) can not be directly implemented.
To handle this issue, we next present distributed methods, which work without a double

stochastic matrix.

1.3.2 Distributed optimization methods for directed graphs

In this section, we briefly present two classes of the most relevant existing discrete-time
distributed methods over networks in which the communications among agents are (po-
tentially time-varying) directed. In Chapter 3, we will present the distributed optimiza-
tion methods for directed graphs in greater detail.

Gradient-push method. We explained in the previous section that distributed meth-
ods for undirected graphs require a doubly stochastic matrix. However, the implementa-
tion of a doubly stochastic matrix is computationally expensive when graphs are directed.
In [34], a different consensus algorithm, called the push-sum method, that utilized a col-
umn stochastic matrix was introduced for the first time to help circumvent this issue. In
the push-sum method, each agent simultaneously implements two linear iterations with
a column stochastic matrix, and the ratio between the two states converges to the initial

average for strongly connected directed graphs. The push-sum is formulated as follows,

xi(k+1) Z bl]x] (1.46)
JGNZH
yik+1) = Y byy;(k) (1.47)
]ENU’I
xi(k—i—l)
(k1) = D) 1.48
oilk+1) vi(k+1) (1.48)

where ./\/'ii" is in-neighbors of agent i, that is,
Nt ={jeV: (ji)eEIu{i} (1.49)

and b;; are the entries of the a column stochastic matrix B, which have the following prop-

erties:

Z bij =1, bi]' >0 (1.50)
ie/\/jaut

by=0 i¢g N (1.51)
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where /\/'i””t is out-neighbors of agent i, that is,
N =1ieV: (i,j) € £y Ui} (1.52)

In (1.46) and (1.47), the variables x, y are initialized with an arbitrary vector x(0) and a
scalar y(0) = 1, and in (1.48), the ratio of x and y, reaches a consensus at each agent
when the directed graph is strongly connected. The algorithm, also called ratio consen-
sus, has been developed for time-varying graphs in [35-38]. The push-sum method and
dual averaging distributed method are used in [39] to address a distributed optimization
method for fixed-directed graphs. In addition, the push-sum method for general cases
over time-varying directed graphs has been developed in [40] to solve the problem (1.17).

It is referred to as the gradient—push method and its formulation is as follows:

i(k+1) =Y bix;(k)

]EN”’[
yi(k+1) Z bijy;(k)
]eNlTl
zi(k+1)
k+1 :
D= )
xi(k+1) =zi(k+1) —a(k)gi(k+1) (1.53)

where a(k) is a diminishing step-size and g;(k + 1) is subgradient of f;(v;(k +1)).

The gradient—push method, like the undirected distributed methods which used a
diminishing step-size, has a slow convergence rate. In addition, when the step-size is
constant, the algorithm (1.53) fails to converge. Next, we describe the algorithms based
on gradient tracking with a constant step-size that have a better convergence rate.

Gradient Tracking. Using the gradient tracking method (1.42) and (1.43) and the gra-
dient push-sum method (1.53), Push-Diging, a gradient-based distributed optimization
method, was proposed in [29],

zi(k+1) ]e%m bij (z] ucy]->

i(k+1) Z bl]v]

jENIn
(k) = 20
k+1 2 buyz +vfz(xz(k+1>) _vfi<xi(k)> (1‘54)

]eNlYl
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where B = [b;j] is a column stochastic matrix, and the objective function f; is strongly
convex and Lipschitz continuous of the gradients.In addition, the authors in [41] proposed
the same type of algorithm, ADD-OPT, with only using combine-then-adapt variant,
zi(k+1) = Z bijzi(k) — ay;
jEN
In addition, algorithms based on the gradient tracking technique for directed graphs

have been developed and will be explained in chapter 3.

1.4 Challenges

As discussed in the preceding section, there are a variety of distributed optimization al-
gorithms that perform properly on both undirected and directed networks. The research
challenge that this thesis aims to tackle is the improvement of distributed optimization
algorithms for undirected and directed graphs. To be more specific, the key research
question addressed is the following;:

Given the current state-of-the-art, is it possible to design and demonstrate with mathematical guar-
antees or at least through numerical computations by comparing with the existing methods, dis-
tributed algorithms that require less storage and communication for each node per iteration while
achieving a higher convergence rate?

To address this challenge, we first present a distributed optimization algorithm for
solving an economic dispatch problem in a distributed way and indicate the method’s
fast convergence in practice. In the second part, we develop a fast row-stochastic decen-
tralized algorithm for solving distributed consensus optimization problems on directed
graphs. The proposed method reduces the data stored and the data broadcast for each
node by employing a novel momentum term. We also show under which conditions the
method converges to the optimal solution at a linear rate. Moreover, in the numerical
tests, we empirically show that the method is competitive against the other state-of-the-

art methods.

1.5 Thesis outline and contributions

This section highlights the contributions of this thesis.
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In chapter 2, we propose a distributed optimization method, which enjoys the advan-
tages of both the primal and the dual domain methods, to address the distributed energy
management problem of the economic dispatch of grids in order to balance the power de-
mand and supply. By manipulating the primal problem, we show that the resulting dual
problem can be solved by using a decentralized linearized alternating direction method
of multipliers. Contrary to the Alternating Direction Method of Multipliers (ADMM),
the proposed algorithm exhibits a lower computational cost not requiring at each main
step iteration an explicit resolution of a local optimization problem. Moreover, we show
through computer simulations that for the IEEE 14-bus and the IEEE 39-bus distribution
test system the proposed algorithm achieves a significantly higher convergence rate when
compared with recent distributed approaches to solve the proposed economic dispatch
problem.

In chapter 3, we introduce a fast row stochastic decentralized algorithm, referred to as
FRSD, to solve consensus optimization problems over directed communication graphs.
The proposed algorithm only utilizes row-stochastic weights, leading to certain practical
advantages in broadcast communication settings over those requiring column-stochastic
weights. Under the assumption that each node-specific function is smooth and strongly
convex, we show that the FRSD iterate sequence converges with a linear rate to the
optimal consensus solution. In contrast to the existing methods for directed networks,
FRSD enjoys linear convergence without employing a gradient tracking (GT) technique
explicitly, rather it implements GT implicitly with the use of a novel momentum term,
which leads to a significant reduction in communication and storage overhead for
each node when FRSD is implemented for solving high-dimensional problems over
small-to-medium scale networks. In the numerical tests, we compare FRSD with other
state-of-the-art methods, which use row-stochastic and/or column-stochastic weights.

The research developed over this thesis has been published in the following journals.
[1]. Diyako Ghaderyan , Fernando Lobo Pereira, and A Pedro Aguiar. A fully distributed
method for distributed multiagent system in a microgrid. Energy Reports, volume 7,

pages 2294-2301. Elsevier, 2021. DOI: 10.1109/TAC.2023.3275927.

[2]. Diyako Ghaderyan , Necdet Serhat Aybat, A Pedro Aguiar, and Fernando
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Lobo Pereira. A Fast Row-Stochastic Decentralized Method for Distributed Optimiza-
tion Over Directed Graphs. IEEE Transactions on Automatic Control, 2023. DOI:
10.1016/j.egyr.2021.03.035



Chapter 2

Distributed Optimization for Power

systems

2.1 Introduction

In recent years, intelligent electrical devices and advanced communication contributed to
the existence of electrical power system configurations composed of strongly distributed
components in terms of generation, storage, and load. As a consequence, the management
of these types of networks grew in complexity and cannot be done through the traditional
centralized approach because it would require complete information about the system,
which is difficult to handle, even, with very high computational cost and time. Moreover,
there are also limitations of flexibility and disregard of privacy. Hence, to deal with these
issues, the management of the electrical power system should avoid centralized solutions
also because communication among subsystems is more robust in distributed approaches
than in centralized cases, requiring lower computational complexity.

Microgrids also play a crucial role in future grids. A microgrid can be disconnected
from the main grid and supply the local grids, see more details in [42] and[43]. The main
challenge in this type of systems is how to meet the balance between demand and gener-
ation efficiently. As mentioned before, the approach for the energy management system
can be centralized and decentralized. In the centralized approach, the main grid and other
buses are connected to the central entity in order to solve an optimization problem [44]. In
the decentralized approach, agents can communicate with some neighbor agents, and the
operational information is not shared among all agents. Hence, it is resilient to possible

failures of one or more agents. One of the essential research priorities on microgrids is to

21
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investigate frameworks to operate on a multi-agent system in which their participation is
coordinated in a distributed way [45].

In this chapter, we present a fully distributed algorithm that does not require any
central coordinators or leader agents. In the literature, one can find several works ad-
dressing the same goal, usually relying on distributed consensus approaches. In [46], the
authors consider a leader node in order to meet a balance between the power generation
and the load in a decentralized dispatch. In [47], an incremental cost consensus algo-
rithm was proposed to solve the conventional centralized economic dispatch problem in
a distributed manner. It is however not fully distributed because it needs a leader agent
to collect the power requests from all agents to determine the mismatch. The authors in
[6] proposed a fully distributed consensus algorithm to maintain the balance of the de-
mand and the supply without considering transmission loss. In [48, 49], the Consensus
+ Innovations method was proposed to solve a single or a multistep economic dispatch
problem in a fully distributed way for an undirected system. In [50], the author proposed
a minimum-time consensus-based algorithm to solve the economic dispatch problem in
a minimum number of time steps. The authors in [51] describe a distributed algorithm
based on the push-sum and gradient method for solving the optimal distributed energy
resources problem where directed networks are both time-varying and communication
time delays, and in [52], an extension was done for lossy communication networks. The
authors in [53], accelerate the convergence of the algorithm of [51], by proposing the dis-
tributed algorithm with a fixed step size based on the push-sum and gradient method to
solve the optimal distributed energy resources over a time-varying directed network. In
[54], a consensus-based algorithm was proposed to solve the energy management prob-
lem over undirected graphs with a noticeable convergence rate, and some recent papers
on economic dispatch in a distributed way were presented in [55-57] .

In this chapter, by the decentralized linearized alternating direction method DLM [58],
we propose an approach to solve the economic dispatch problem that achieves a signifi-
cantly higher convergence rate when compared with the mentioned ones in the literature.
Simulation results are based on the IEEE 14-bus and the IEEE 39-bus distribution test
system, which consists 14 and 39 components respectively. The networks include dis-
patchable generators, wind generators, storage device, and loads, and the connections
show communication lines between components in the microgrid.

Main Contributions of this chapter: We propose a fully distributed algorithm, which
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is novel for power system applications, for solving an economic dispatch problem in
an undirected communication network. Comprehensive numerical experiments are per-
formed to compare state-of-the-art methods with the proposed algorithm in terms of com-
putational effort. In particular, for the IEEE 14-bus and the IEEE 39-bus distribution test
systems, we show that the proposed algorithm has a fast convergence rate in practice
when compared with other existing algorithms with fixed step-sizes or diminishing step-

sizes, which illustrates the effectiveness of the proposed approach.

2.2 Problem Formulation

We consider an electrical microgrid with L > 1 buses (agents) formed by nondispatch-
able and dispatchable generators, storage devices, and flexible loads. We formulate this
network as a bidirectional connected graph G = (V, E), where V is the set of L nodes and
E = {ey, ... en} is the set of edges which is required to not contain self-loops. We define
N;:={j: (i,j) € E} U{i} as the collection of neighbors of agent i and its cardinality is
represented by d; = |V;|. From [48], we consider a power network with L = N+ M + Q
Distributed Energy Resources (DERs) where N is the number of generators, M the num-
ber of energy devices and Q the number of loads. For a finite-time horizon T, the goal of
the economic dispatch problem is to determine the optimal power of each agent that maxi-
mizes the economic benefits subject to the power balance and other constraints during the

time periods 7 = {1,2, ..., T}. More precisely, we formulate the following optimization

problem:
T L

(P) : rr;ax Z Z Cz pzt (2.1)

Wop=1 =
st Z pir=0 VteT 2.2)

i=1

Pt < pie < pit VteT, i€l (23)
ABi S Pi,t — Pi,t—l S A?i’ Vt S T i € N (24)
Ei,t = Ei,tfl — pi,tAT VteT, ieM (2.5)
0< Ei,t < Ei VteT, ieM (2.6)
Ei,T = Ei,O/ Vie M (2.7)

where for each agent i and period t, C;(p; ) is the cost function, p; ; is the power from the

max min

loads, generators or storages and p"™* and p!"" are the upper and lower power limits of
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the loads, generators, or storages, respectively. Constraint (2.2) corresponds to the power
balance at each time step. Given the sets N' = {1,2,.., N}, M = {N+1,N+2,.., N+
M}, L ={1,2,.,N+ M+ Q}, Ap;, and Ap, are the upper and lower bounds of ramping
rates of generator i, respectively; E;; is the energy stored in storage i at the end of time
period t, AT is the period size, and E; is the energy capacity of storage i. As in (2.7) we
consider that the energy stored in storage i at the end of the period is equal to the initial
energy state. Following [48], the cost function for each agent i is assumed to be quadratic
Ci(pit) = %aipi,tz + bipi + ¢ where a; > 0, b;, c; > 0 are constants. In particular, p;; > 0
if the power is generated into the system and p;; < 0 if it is consumed from the system.
For the case of a storage device, p;; > 0 if storage is discharging and p;; < 0 when it is
charging. The constraints of the power balance (2.2) must satisfy the local capacity limits
(2.3), where pi"in, pin#x < 0 for loads, p"", pi"** > 0 for generators and p"" < 0, p/"™* > 0
for the storage case.

The dispatch problem can also be expressed in a way that is slightly different from the
problem (P). In this form, the formulation only takes into account the generators and the
total loads. The objective function is to minimize the total generation cost while meeting

the total demand. The problem is expressed as follows:

T N+M

(P1): mind, ) Cilpir) 28)
N+M
s.t. Z pit=D¢ VteT (2.9)
=1
prin < piy < pMY Vte T, i€ NUM (2.10)
Ap, < pit — pig—1 < AP, VteT ieN (2.11)
Eiy=Ej 1—piyAT VteT, ieM (2.12)
0<E;<E VteT, ieM (2.13)
Eir = Ejp, Vie M (2.14)

where D is the total demand of the period t. The total demand of any period t is assumed

to be
N N
Zp:nm S Dt S Zplmax
i=1 i=1
For more details on this optimization formulation, see [51, 53]. In this thesis, we focus

only on the dispatch problem (P).
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2.3 Distributed Scheduling

We describe some distributed methods that solve the problem (P) and (P’) in a distributed

way.

2.3.1 Consensus+Innovations

In this section, the dispatch problem (P) is solved using a fully distributed approach,
where it is assumed that the cost function C;(p;;) is quadratic. We derive the Lagrange

function from (P) as follows:

L=

T L
t=1

T L
Y Cilpir) = Y_ A Y pig (2.15)
i=1 t=1 i=1

where p;; satisfy the constraints (2.2)-(2.7). If none of the constraints (2.3)-(2.7) become
binding!, we then draw the following conclusion from the first order optimality condi-
tions:

pp= BGPs) e i 1,N, b=, T 2.16)

dpis

i.e., at the optimal solution, marginal costs for all components i have to be equal to the
same value, that is the price A}, and the optimal solution is also required to satisfy the
power balance constraint (2.2). If the component maximum constraint is binding, then
its marginal cost is lower than A}, and If the component minimum constraint is binding,
then its marginal cost is greater than A}, i.e., The value of the Lagrange multipliers for
the corresponding binding constraints affects the marginal cost from A*. Let use define
A* = (A},...,A%) " and the power outputs P; = (p;1, ..., pi 1), then the optimal setting P/ is
given by

= argmin ||P; — (2.17)

aj PeQ); ai

Pi* — 7)1' |:)\ - Bz:|

=

where P; is a projection operation that projects the argument into the feasible sets ();,
B; = (b;,..,b;) ", and (; is the set of constraints (2.3 — 2.7), where (); is the constraint (2.3)
if it is a load, (2.3) and (2.4) if it is a generator or (2.3)-(2.7) if it is a storage. The optimal
power setting should also satisfy the power balanced (2.2) [49], which means that

ipi* = iPi [’\*_BZ} =0 (2.18)

a;

LA constraint is binding if the constraint function satisfies equality at the optimal solution.
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The equality constraint (2.18), however, cannot be resolved in a directed way because a
distributed approach is required, in which each agent only has access to local data.
Therefore, in [48, 49], the authors proposed a fully distributed method known as Con-
sensus+Innovations for solving the dispatch problem (P) in a distributed way that reaches
an agreement on A* that satisfies the equality condition (2.18). In this case, every gener-
ator, load, and storage connected to the microgrid is assumed to be an agent, and each
agent is only aware of its local information and can only communicate with its neighbors
to achieve a global solution to the problem. Denote A; = (A;1,...,A;r)’, then the Consen-

sus+Innovations approach is updated in k-th step as follows:

Alk+1) = A(K) = B Y (k) = A,(K) - ¥ (k) 219)
JEN; leN;
pk+1)=p, | MELU B Bl’] (2.20)

where N is the communication neighborhood of agent i. The step-sizes B; and «; are

positive diminish step-sizes and satisfy the conditions:

a) lei = Z,Bi = o,
b P

aj

(2.21)
— 00 if n; — 00

For more details, see [49].

2.3.2 DLMC

This section describes the main contribution of this chapter. Following the approach in
[63] and [51], we start with the derivation of the dual problem. Since the objective func-
tion in (2.1) is strictly concave, the constraint in (2.2) is affine, and (2.3)-(2.7) is a polyhe-
dral set, one can conclude that the duality problem has a zero duality gap [2]. Moreover,
the dual optimal set is nonempty. Therefore, solutions to the problem (P) can be ob-
tained by solving its dual problem. To this end, we introduce the Lagrange multiplier

A = (A1,...,Ar)T > 0and define the corresponding Lagrange dual function

(D) mAin;‘Ifi(/\) (2.22)

where
T

Y;(A) = max
pi

. ~Ci(pis) + A pi (2.23)
=1
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and p; = (pi1,..,pir) ' satisfies the constraint (2.3) if is a load, (2.3) and (2.4) if it is a
generator or (2.3)-(2.7) if it is a storage. Due to the strict convexity of C;(p;;), the right-
hand side of (2.23) has a unique maximizer for every A as follows [2].
T
pi(A) = argprinin; Ci(pis) — AT p; (2.24)
Since the cost function is strictly convex, then following from [59], one can conclude that
the function ¥;(A) is continuously differentiable and the gradient satisfies

— B,
ai

A
pi—

VY¥i(A) = pi(A) =P [A — Bl} = arg min
i i€y

' (2.25)

where B; = (b;,..,b;) " and Q, is the set of constraints (2.3 —2.7).

In addition, there is at least one optimal solution to the dual problem (2.22), and the
unique optimal solution to the primal problem (2.1) can be obtained by solving the local
optimization problem (2.23), which is given by p;(A*) where A* is any dual optimal
solution [2].

Note that the dual problem (2.22) is an unconstrained problem and can be solved using
the Decentralized Linearized Alternating Direction Method (DLM) [58] which solves
(2.22) in a fully distributed way:.

To apply the DLM algorithm, we need first to conclude that the Assumptions 2.1 and 2.2
below hold, see [58].

Assumption 2.1. The local cost functions ¥; are convex and differentiable.

Assumption 2.2. Each local cost function Y¥; has Lipschitz continuous gradients. Moreover,
there is a positive constant M > 0 such that for all i € L and for any pair of points x and y , the
following holds

[V¥i(x) = V¥i(y) [, < M|lx —y]|, (2.26)

Assumption 2.1 can be easily verified because the C;(P) is strictly convex, and there-
fore dual convex problem V¥; is differentiable. Assumption 2.2 is also satisfied as follows

(see [60], Theorem 1.5.5 in [61]): given x and y

(%) -7 (%)

We are now ready to apply the DLM algorithm [58] where each agent i only knows its

1
<~ Jx—yl, (2.27)
2 i

local cost function and capacity limits as well as the ones from the neighbors, and obtain
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the following iterative equations:

1 Ai(t) — b
Ai(t+1) = Ai(t) — = | P [Z() +c Y [Ai(t) = Aj(B)] + it (2.28)
4 i jex
Gi(t+1) = ¢i(t) +c Y [Ai(t+1) — Aj(t+1)] (2.29)
JEN;
where d; = 2cd; + p with ¢, p being positive constant, and d; is such that D =

diag(dy,...dy). Algorithm 1 shows the pseudo-code of the distributed proposed algo-

Algorithm 1 Distributed algorithm ( DLMC )

Input: The bidirectional graph G = (V, E), the step sizec, d, and picks the initial variables
AI(O) and 4)1(0) =0.
Ouput: The optimal incremental cost A* and the optimal power p;.

1: forall £t =0,1,...do

2. forall i=0,1,..,Ndo

3: Update the variable A;(t + 1) according to (2.28)
4: Update the variable ¢;(f + 1) according to (2.29)

Update the variable p; = P; [A ; bi
i

a9

6: end for
7: end for

rithm, which consists of two steps: In the first step, each agent updates the marginal cost
by communicating with the neighbors and using the variable ¢; that plays a role as a dual
variable for the problem (2.22); In the second step, the dual variable ¢; is updated by the
integration of the past integrating ¢ Z [Ai(t +1) — Aj(t + 1)] between local variable A;
and its neighborhood A;. o

The convergence of the proposed algorithm follows directly from [58] and equalities

(2.22)-(2.25). As stated in [58], there is a guarantee of convergence, if ¢y, + p > 2, where

7Yu is the smallest eigenvalue of matrix L.

Remark 2.3. The authors of [48] and [54] solve the optimization problem (P) (2.1)-(2.7) by
converting it to a restricted agreement problem that arises from the first-order optimality
conditions along with the power balance constraint. We show that by exploiting the dual
problem and applying the DLM algorithm we obtain considerable performance advan-
tages because the DLM approach enjoys the advantages of both the primal and the dual

methods, i.e., low computation burden and fast convergence.
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2.3.3 Push-Sum

In [51], the author proposed a distributed optimization method called Push-Sum from the
method in [40]. In this paper, the problem (P ") (2.8)- (2.14) has been solved in a distributed
way instead of the problem (P). In order to make the Lagrange dual function in a sum of
distributed functions, they assumed virtual local demands D;; such that
N+M
Y Diy=Dy t=1,.,T
i=1

The corresponding Lagrange dual function can be written

L
(D) max Y ¥i(A) (2.30)
i=1
where .
Yi(A) = n;in Y Ci(pir) + AT (pi— D) (2.31)
bot=1

and D' = (Di1, -y Dl-,T)T. However, we adjust Push-Sum to solve the problem (P) and we

can write the method as follows

, _oi(t)

wi(t+1) = | +j€M 741 (2.32)
, () yj(t)

yi(t+1) = A +j€M 31 (2.33)
' - wi(t+1)

Ai(t+1) = I (ES)) (2.34)
vi(t+1) =wi(t+1) —aP; Al(“r;)_bl] (2.35)

2.34 EXTRAC

In [54], the authors proposed a consensus-based method from [20] to solve the problem (P)
in a distributed fully way. The approach is a first-order decentralized algorithm written

as follows:

Ai(t+1) = +qu 2 i(t—=1)
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where W = (w;;) € RE*L is a the topology of the graph which w;j = wj; > 0 if the node i
L L
connect to the node j. The entries of the matrix W satisfy }° w;; <1l w;=1- Y w;;
j=Lj# j=1j#i

and W = (Zf)l]> = #

2.4 Performance Assessment

This section illustrates through computer simulations the performance of the proposed
approach. In particular, we compare its convergence with that of four methods presented

in the literature in two case studies: single time step (T = 1) and multiple time steps.

2.4.1 Single Time Step

We compare the rate of convergence of the proposed algorithm for the following two
systems: an IEEE 14-bus system and an IEEE 39-bus system. In order to facilitate the
reference to the algorithms, we name our approach by DLMC, and the algorithm in [54]
EXTRAC which is from the EXTRA algorithm in [20].

24.1.1 Case Study1

In this case study, we test the algorithms for the IEEE 14-bus system displayed in Fig.2.1
that is formed by five dispatchable generators located at buses 1,2,3,6 and 8; a storage
device at bus 7 and a wind generator at bus 9. The parameters of generators, loads, and
ES are given in Table 2.1 - 2.3, respectively. The remaining buses are load buses. In this
case study, the communication network is the same as the physical grid.

We consider ¢ = 54, ¢ = 6 and p = 4 in DLMC approach, « = 0.015 in EXTRAC
approach [54], a; = (0.055/i%%), B; = (0.2/i%%) in Consensus + Innovation approach

[48], y(i) = : j 5 in Push-Sum approach in [51]. These parameters are held for all case
studies unless we mention the changes.

Fig.2.2 shows the output of the computation of the active power of the proposed algorithm
along the iterations. It can be seen that the proposed approach converges to the final value

after 25 iterations. [t]

Ip(t) —p*||,

lp(0) = |l
where p(t) = [p1(f),..., p1a(t)] and p* = [p], ..., pi,] is the global optimal solution. From

In Fig.2.3, we show the evolution of the residual, which is defined as
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FIGURE 2.1: IEEE 14-bus System

TABLE 2.1: Generator Parameters (mu = Monetary Units)

Bus | a;[mu/pu?] | bijimu/pu] | Ap;[mu/5min] | p*[pu]
1 0.084 2 20 100
2 0.056 3 5 105
3 0.070 4 10 100
6 0.060 4 15 90
8 0.080 2.5 15 80

TABLE 2.2: Load Parameters (mu = Monetary Units)

Bus | ajfmu/pu?] | bi[mu/pu] | p{"™"[pu] | p/"~[pu]
4 0.070 8 -80 -6
5 0.064 6.5 -30 2

10 0.076 7 -40 5

11 0.070 7.5 25 2

12 0.080 8 -90 -8

13 0.070 7 -30 2

14 0.084 8 -80 -10

TABLE 2.3: Storage Parameters (mu = Monetary Units)

Bus

a;[mu/ pu?]

Ap;[mu/5min] | p;

max

[pu]

Ei[puh]

7

0.02

50

50

20

a problem, especially for large systems is quite significant.

the figure, it can be seen that for an accuracy level € = 10~?(green horizontal line), our
approach has a faster convergence rate than the other two approaches, and in the accuracy
level € = 104, the convergence rate of DLMC approach is faster than EXTRAC algorithm.
It is important to stress that reducing such numbers of iterations in the convergence of
In Fig. 2.4, we show the

convergence of the marginal cost of the four approaches. As shown, EXTRAC requires
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FIGURE 2.3: Residual for the four approaches

more the number of iterations to reach an equal marginal cost value rather than DLMC.

2.4.1.2 Case Study 2

In this case study, as in [54], we show that the convergence rate improves when additional
edges are added to the communication network. In this particular experiment, we include
the following bidirectional communication links buses 3 and 7, buses 4 and 10, buses 5 and
10, buses 8 and 9, and bus 11 and 14. In Fig.2.5, it can be seen that the convergence rate
DLMC is faster than EXTRAC. We consider ¢ = 4.5 for DLMC approach in order to avoid

the zigzag process.
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FIGURE 2.5: Residual for the topology which is added by some links

2.4.1.3 Case Study 3

In this section, we compare our method with a known distributed method to solve

distributed optimization problem, called Alternating Direction Method of Multipliers

(ADMM), which is applied in extensive applications, i.e. see [62-64]. In ADMM method,

each agent n maintains a local estimate p,, and the quantity y which is available to all
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FIGURE 2.6: IEEE 39-bus

agents, and the algorithm is updated as follows:
(t+1) = in Cu(pu) + y(pu + Ll pn — (pult) — pu()) |12
Pn argmin Ly \Pr) + Y\L)Pn > Pn Pn Pn
Pn

y(t+1) =y(t) +ppalt+1)

where p is a step size, and p,(t) = &4 i pn is the average of p;,, see [64].

Unlike the proposed method, the ADnl\z/Ill\/[ is not a fully distributed method since the lo-
cal variables include components of the global variable. Moreover, it also has a high
computational burden since each agent needs to solve an optimization problem at each
iteration. In contrast, the proposed method requires at each iteration a (sub)gradient step,
and, hence, the computational cost is lower. Fig.2.7 and Fig.2.8 illustrate this aspect for
the IEEE 14-bus system, where one can see the evolution of the residual with the number
of iterations and the runtime in a single step, respectively. As shown, the ADMM has a

high computational cost when compared with the proposed method.

2414 Case Study 4

In this case study, we test the algorithm for a larger system, the IEEE 39-bus, which con-
sists of 39 buses; 10 dispatchable generators, 2 wind generators, 2 storages and 25 loads
as shown in Fig.2.6. Dispatchable generators are located in buses 30-39, wind generators

are placed in buses 14 and 17, and storages are located in buses 8 and 20. As in the case of
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the IEEE 14-bus, we consider the physical electrical connections between buses, as shown
in Fig.2.6. As case study 1, the simulation is performed for 5 min a single time step, and
we have the ramp up and down limits for dispatchable generators and storages, and the
ramp up and down limits are equal Ap. = -Ap;. The parameters for generators, loads, and
storages are in Table 2.4-2.6. The values of the upper bound of active power for wind
generator buses 14 and 17 are 40 and 50[pu| respectively. The rationale for the values of
the upper and lower constraints for generators, loads, and storage given in Table 2.4 are
in [48].

In this case study, we compare four approaches. The residual evolution along the
number of iterations is shown in Fig. 2.9. We consider the best constants c = 12.9, p = 4
for DLMC, a = 0.010 for EXTRAC, and the same a and  for Consensus + innovations
approach, 7 for Push-Sum approach in case study 1. One can see that DLMC and
EXTRAC algorithm converge fast, but clearly, the convergence rate of DLMC is higher
than EXTRAC. As shown in Fig. 2.10, the marginal cost of both algorithms converges to

the same value, but EXTRAC algorithm requires 71 iterations to obtain the same value
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TABLE 2.4: Load Parameters (mu = Monetary Units)

Bus | a[mu/ pi] | bifmu/pul | prlpul | pi[pu]
1 0.084 8 -80 -6
2 0.056 6.5 -30 -2
3 0.070 6.5 -50 -5
4 0.075 7 -55 -7
5 0.064 7.5 -40 -8
6 0.061 8 -25 -2
7 0.066 7 -90 -18
9 0.073 8 -75 -9
10 0.064 6.5 -80 -5
11 0.078 6.5 -30 -6
12 0.077 7 -60 -8
13 0.084 7.5 -50 -4
15 0.070 7 -35 -6
16 0.063 6.5 -95 -14
18 0.065 7 -80 -12
19 0.073 8.5 -45 -8
21 0.074 8 -30 -10
22 0.067 7 -100 -17
23 0.090 8 -50 -6
24 0.082 6.5 -60 -9
25 0.088 8 -40 -5
26 0.071 6.5 -65 -11
27 0.069 6.5 -100 -16
28 0.064 7 -25 -2
29 0.060 7.5 -85 -5

TABLE 2.5: Generator Parameters (mu = Monetary Units)

Bus | a;[mu/pu®] | bjmu/pu] | Ap,[mu/5min] | p"*[pu]
30 0.080 3 25 100
31 0.076 2 30 105
32 0.070 3 25 110
33 0.091 4 15 120
34 0.087 3 20 125
35 0.084 4 25 135
36 0.075 2.5 20 80
37 0.078 3 15 95
38 0.082 4 20 90
39 0.077 3.5 25 100

TABLE 2.6: Storage Parameters (mu = Monetary Units)

Bus | a;[mu/pu®] | Ap;[mu/5min] | p"*[pu] | E;[puh]
8 0.02 50 50 20
20 0.03 40 60 20
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of our case at incremental cost 44. As it is clear, both algorithms are very efficient in

solving a large system with a low number of iterations. In Fig.2.11, we show the out-

put of the computation of the active power of the proposed algorithm along the iterations.
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FIGURE 2.11: Active power of 39 bus

2.4.2 Multiple Time Steps

In this section, we consider an optimal distributed coordination of distributed generators
with energy storage (ES) over multiple-time periods for a dispatch problem considered in
the previous section. When we have storage in the system, in which not only power but
also energy is limited, it is required to be optimized over multiple time steps simultane-
ously. In this case study, charging/discharging the ES are modeled efficiently, see [48]. In
[51] and [65], they have also considered charging/discharging losess equation separately

in the problem for multiple time steps.

24.21 Case Study 5

We use the same IEEE 14-bus network system in Fig. 2.1. The upper and lower power
limits of generators and storage stay the same over a longer time period but the load’s
parameters change over a day. We use the data for one day with 30 minutes time-step for

our simulation.

The parameters of generators, loads, and ES are given in Table 2.1 - 2.3 respectively.
The ramp down and up is equal, Ap; = —Ap.. To solve the dual problem (D) in a dis-
tributed way over 24 hours, the value of parameters ¢ = 7 and p = 12 are considered for
DLMC algorithm, and « = 0.012 for EXTRAC approach. All A; r converge to the optimal
incremental cost and we show the A;;, which converge to A] = 4.8581 in Fig. 2.12 for

DLMC and EXTRAC algorithms.The marginal cost of both algorithms converges to the
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same value, but EXTRAC algorithm requires 157 iterations to obtain the same value of
our case at incremental cost 115. The storage works efficiently and the charging and dis-
charging power. Note that for ES over 24 hours are shown in Fig.2.13, and we can see the
state of charge is the same at the beginning and at the end of the scheduling period. In Fig.
2.14, we can see the optimal power for generators and storage over one day for DLMC
approach. We also show the optimal loads in Fig. 2.15. It can be seen that both algo-
rithms converge to the optimal generation in less 250 steps efficiently even though DLMC
converges faster than EXTRAC. The simulation result of residual for both approaches at

period 1 is shown in Fig. 2.16.

a)
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FIGURE 2.12: Marginal cost a)DLMC approach b)EXTRAC approach
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Chapter 3

A Fast Row-Stochastic Decentralized
Method for Distributed Optimization
Over Directed Graphs

3.1 Introduction

In this chapter, we focus on the classic consensus optimization problem formulated in the
form

x* €arg minf_(x)é% ifi(x), (3.1)

xeRP i=1

where the objective function f is the average of all individual cost functions {f;}",,
fi + RP — R is the private function of agent i. This problem appears in a variety of
applications, e.g., sensor networks [66, 67], distributed control [68], large-scale machine
learning [39, 64, 69-73], distributed estimation [74].

Next, we first discuss the previous work focusing on undirected networks, and then
we summarize some related methods proposed for distributed consensus optimization
over directed networks. Let G = (V, ) be the network of collaborative agents, and ¥;
denote a local estimate of the optimal decision for i € V. For merely convex objectives,
we call X = [%];ep an e-solution if |1 Yoy, (%) — f*| < € and the consensus violation
satisfies max{Hici — 5c]H : (i,j) € £} < efori € V, where f* denotes the optimal value
of (3.1). On the other hand, for strongly convex problems, we say that X is e-optimal, if

|% —x*|| < eforallie V.

41
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Inspired by the seminal work in [13], the authors in [16] proposed a distributed
(sub)gradient method for solving (3.1). When each f; is closed convex, the method in [16]
is shown to have a sublinear convergence rate, i.e., to compute an e-optimal solution, one
needs to evaluate O(1/€?) subgradients — in contrast to linear or O(1/¢) sublinear con-
vergence rates. Note that the slower rate of subgradient methods is due to their use of a
diminishing step-size sequence or of a small fixed step size « = O(e). Moreover, when
agents have simply closed convex constraint sets, several distributed projected subgradi-

ent methods have been proposed for solving
min{f(x): x € X}; (3.2)

e.g., the method in [60] solves (3.2) employing exact subgradient evaluations, while the
method in [75] can handle subgradients corrupted by stochastic noise. In [18], algorithms
based on dual averaging of subgradients are studied for solving (3.2) assuming 0 € &". In
[75], it is shown that an e-optimal solution can be computed with O (n3/¢€?) iteration com-
plexity that is independent of the network topology, whereas the algorithm proposed in
[18] requires iteration complexity of O(n?/€?) for paths or simple cycle graphs, O(n/¢€?)
for 2-d grids, and O(1/¢€?) for bounded degree expander graphs.

The authors in [76] propose a primal-dual subgradient algorithm to solve problems
with a global constraint set defined as the intersection of local ones, ie, X = AN
(NiZq)A; in (3.2) such that each agent-i only knows f;, &; and Ap. In [19], under the as-
sumption that the gradients are bounded and Lipschitz, an improved convergence rate of
O(log(k)/k?) is obtained by employing Nesterov acceleration. In a similar setting, assum-
ing convex functions with Lipschitz gradients, the EXTRA method [20], using a fixed step
size and utilizing the difference of two consecutive gradients in each update, is shown
to generate a sequence that converges with a O(1/k) rate, which improves to linear con-
vergence under the additional assumption of strong convexity. There are also distributed
algorithms based on alternating direction method of multipliers (ADMM) and the aug-
mented Lagrangian method achieving similar rates, e.g., [77-80] -some handling compos-
ite convex functions [23, 24], and some even handling complicated constraints [81, 82].

The works that we have discussed above are designed for undirected networks; hence,
they correspond to balanced graphs ! if we treat undirected networks as a special case of

directed networks. However, directed networks may well be unbalanced; this situation

LA directed graph is a balanced graph when the incoming and outgoing edges at each vertex are equal.
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arises especially for directed time-varying networks. For general directed networks, the
first works to employ push-sum consensus protocol [83] (for computing an average over
directed networks) within the distributed optimization framework (using the dual aver-
aging method) are [39, 73]. A follow-up work in this direction is the subgradient-push
method proposed in [40] that combines the push-sum protocol with the distributed sub-
gradient method [16] (for minimization of convex functions). More precisely, the method
in [40] applies to (3.1) when each f; is a closed convex function and the directed commu-
nication network is time-varying, and achieves a sublinear rate of O(log(k)/vk) using
a column-stochastic weight matrix and a diminishing step-size sequence. On the other
hand, when each f; is smooth (i.e., V f; is Lipschitz continuous) and strongly convex, the
DEXTRA algorithm proposed in [84], which is a distributed method for directed graphs,
achieves R-linear convergence rate 1. it combines EXTRA [20] with push-sum approach
[83]. The step-size in DEXTRA is constant and should be carefully chosen belonging to
a specific interval that may be unknown to the agents. Compared to DEXTRA, Push-
DIGing [29] and ADD-OPT [85] have a simpler step-size rule and can achieve R-linear
rate on directed graphs with time-varying and static topology, respectively, using suffi-
ciently small constant step-size. These approaches employ a column-stochastic weight
matrix to achieve R-linear rate over strongly connected networks. Unlike the previous
methods that are based on push-sum, there are other works achieving linear convergence
for the smooth and strongly convex setting by employing both column-stochastic and
row-stochastic weights, e.g., AB, ABm and Push-Pull [86-88]. Later, ABN method is
proposed in [89] which incorporates Nesterov’s momentum term into A5.

It is important to note that designing column-stochastic weights requires the knowl-
edge of neighbors’ out-degree for each node; this requirement is impractical within
broadcast-based communication systems. To address this issue, in [41], the authors pro-
posed a method that only uses the row-stochastic weights. This line of research, i.e., using
only row-stochastic weights, has attracted attention, and in follow-up papers, the algo-
rithm in [41] is extended to handle uncoordinated step-sizes in the FROST algorithm [90]
and to incorporate Nesterov acceleration leading to the FROZEN algorithm [89]. Finally,
the D-DNGT algorithm proposed in [91] employs heavy-ball momentum and can handle

nonuniform step-sizes. Some recent work extended the synchronous methods for directed

1 Assume that a sequence x(k) converges to x* in a certain norm |-||. We say that convergence is R-linear
if 0 < A < 1and some positive constant y exist such that||x(k) — x*|| < uAk for all k.
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networks to the asynchronous computation setting, in which agents asynchronously up-
date their iterates by using the currently available (possibly old) information, and they do
not wait for the other agents to update in order to proceed to the next update, i.e., there is
no global clock, e.g., [92-94].

Main contributions of this chapter: In this chapter, we propose a fast row-stochastic de-
centralized algorithm, referred to as FRSD, to solve distributed consensus optimization
problems over directed communication networks. FRSD employs only row-stochastic
weights, and we show that when {f;}/ ; are strongly convex and smooth, FRSD iterate
sequence corresponding to a constant stepsize converges to the optimal consensus deci-
sion with a linear rate. While previous row-stochastic methods [41, 89-91] crucially de-
pend on the gradient tracking technique to establish linear rate, in this chapter we achieve
the same result through introducing a novel momentum term which leads to implicit gra-
dient tracking, i.e., FRSD does not employ gradient tracking explicitly at the node level-
hence, it does not require any computation simultaneously involving V f;(x;(k + 1)) and
Vfi(xi(k)) for any node i € V in the k-th iteration; but, it still manages to implement gra-
dient tracking in an implicit manner. This new dynamics proposed in this chapter leads
to: (i) reduction in the data stored, and (ii) reduction in the data broadcast, for each node.
More precisely, FRSD does not need to store x iterate from the previous iteration while it
is needed for all other methods explicitly using the gradient tracking term; furthermore,
FRSD also eliminates the need for broadcasting a variable related to gradient tracking. In
summary, in FRSD any agent-i only needs to store a 2p + n-dimensional vector and to
broadcast n + p-dimensional vector. Compared with the other row-stochastic methods
Xi-row, FROZEN, and D-DNGT, communication requirement decreases from 2p + n to
p + n. For settings where p > n, e.g., n = 100 nodes collectively solving an image/video
processing problem with p ~ 10°, this reduction is significant. The reduction in storage
requirement is even more significant, see Table 3.1. In the numerical tests, we empirically
show that FRSD is competitive against the other state-of-the-art methods: Xi-row [41],
D-DNGT [91], FROZEN and ABN [89], AB [86], ABm [87], Push-DIGing [29] and Push-
Pull [88].

Notation: In this chapter, the bold letters denote vectors, e.g., x € R?, and [x] j denotes
the j-th element of x. The vector 0, and 1, represent the n-dimensional vectors of all
zeros and ones. The uppercase of letters are reserved for matrices; given X € R"*",

diag(X) € R"*" denotes the diagonal matrix of which diagonal is equal to that of X €
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R™*". Moreover, given v € R", diag(v) is a diagonal matrix with its diagonal equal to v.
I, = [eq,...e,]! | denotes the n x n identity matrix, where e; denotes the i-th unit vector.
Throughout || - || denotes the Euclidean and the spectral norms depending on whether the

argument is a vector or a matrix.

3.2 Design, Comparison and analysis of FRSD

Consider the consensus optimization problem (3.1) over a communication network which
is represented as a directed graph G = (V, &), where V £ {1,2,...,n} is the set of nodes
(agents), and £ is the set of directed communication links between the nodes. Each node
i € V has a private cost function f; : R — R, only known to node i. Furthermore, for
each node i € V, we define its in-neighbors as the set of nodes that can send information
tonode i, ie., Ni" £ {j € V: (j,i) € £} U{i}. Since FRSD is a row-stochastic method,
any node i € V does not need to know its out-neighbors, i.e., the set of nodes receiv-
ing information from node i, which makes FRSD suitable for broadcast communication
systems.

We make the following assumptions throughout this chapter.
Assumption 3.1. G is directed and strongly connected.

Assumption 3.2. For every i € V, the local function f; is L-smooth, i.e., it is differentiable with
a Lipschitz gradient:

Vfi(x) = Vfi(x)]| < Lllx—%|, Vxx €RP. (3.3)
Assumption 3.3. Foralli €V, f; is y-strongly convex, i.e.,
fid) = fix) + V) (& = x) + 5|2 = x]? (34)

forall x,x" € RP.
Remark 3.4. Under Assumption 3.3, the optimal solution to (3.1) is unique, denoted by x*.
T T
Definition 3.5. Define x = [xlT, ... ,an} € R andy £ [le, .. .,ynT} € R"P, where
x;, ¥i € R? are the local variables of agent-i fori € V £ {1,...,n}, and in an algorithmic
framework, their values at iteration k > 0 are denoted by x;(k) and y;(k) fori € V. Let
f : R"” — R be a function of local variables {x;};cy such that f(x) £ Y,cy fi(x;) for
T

x € R" and Vf(x) £ [Vf1(x1)T, - an(xn)q € R, where Vf;(x;) € R? denotes the
gradient of f; at x; € R”.
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We next propose our decentralized optimization algorithm FRSD to solve the consen-

sus optimization problem in (3.1).

Algorithm 2 Fast row-stochastic decentralized algorithm (FRSD)
Input: x;(0) € R?,Vi € V, o, > Osuch that ap < 1, R = [r;j] € R"™" satisfies
(3.5).

1: yi(O) — Op, "U,'(O) —e eR" fori eV

2: forall k=0,1,..do

3. Eachi € NV independently performs:

4: J_Cl(k) — Z T’Z]x](k)

v
5 ifk>0 t]hen

6: yi(k) < yi(k —1) + B (xi(k) — x:(k))

7. end if

R L

9: vi(k+ 1) —~ Y T,]U](k)
]‘e./\/’iin
10: end for

3.2.1 FRSD Algorithm

Consider FRSD displayed in Algorithm 2, at each iteration k > 0, every agent i €
V updates three variables x;(k), y;(k) € R? and v;(k) € R", where «, > 0 and
R = [rjj] € R"*" are the parameters of the algorithm: « is the constant step-size and f
is a momentum parameter such that «f < 1, and R is a row-stochastic matrix such that
>0, jeEN™,
rij = = Y =1, VieV. (3.5)
0, otherwise;  jev
Remark 3.6. Since § is strongly connected and has finitely many nodes, the Markov chain
corresponding to the transition probability matrix R is irreducible and positive recurrent;
moreover, since R has a positive diagonal, it is also aperiodic; therefore, there exists a

stationary distribution 7= € R", i.e.,, r > 0 and l;lrn' =1suchthat t'"R=m".

Definition 3.7. Each node i € V), initialized with v;(0) = e;, generates a sequence
{vi(k) }x>0 initialized from v;(0) = e;, using the recursion in line 9 of the FRSD algo-
rithm. Define R = R® I, V(k) = [v1(k), ..., va(k)] T e R e, v;(k) is the i-th row of
V(k),set V(k) £V (k) ® I, and V (k) £ diag(V(k)).



3. A FAST ROW-STOCHASTIC DECENTRALIZED METHOD FOR DISTRIBUTED
OPTIMIZATION OVER DIRECTED GRAPHS 47

Given arbitrary x(0) € R"?, we initialize y(0) € R"” such that y;(0) = 0, fori € V

and V(0) = I,. We present FRSD stated in Algorithm 2 in a compact form as follows:

x(k+1) = Rx(k) — « (y(k) + VOV f(x(k))) , (3.6a)
y(k+1) = y(k) + B (I, — R) x(k + 1), (3.6b)
V(k+1) =RV(k). (3.6¢)

Remark 3.8. In the numerical section (Section 3.4), we also considered a corrected step vari-
ant of FRSD, called FRSD-CS, which is only different from FRSD in the step size choice,
i.e., FRSD-CS is obtained by replacing (3.6a) with

x(k+1) = Rx(k) — aV (k) (y(k) + V)V f(x(k))) .

We empirically observed that FRSD parameter tuning is pretty stable: once the pa-
rameters are tuned, the performance of the algorithm is robust to slight changes to the
problem parameters, e.g., changes in the graph topology (through adding/deleting an
edge), in the number of agents (increase/decrease), in convexity modulus and Lipschitz
constants. For instance, in the Huber-loss minimization and logistic regression problems
we tested in the numerical section, fixing &, B > 0 such that af = 0.05 worked very well;
thus, tuning hyper-parameters can be treated as one-dimensional search as in Xi-row,
AB, Push-DIGing, which are using a single parameter « > 0. Furthermore, if the problem
in (3.1) will be solved repetitively with slightly changing data, then having an additional
parameter might be helpful as it gives the practitioner an extra degree of freedom to opti-
mize the performance given that one time parameter tuning would work fairly well under
slight changes.

In the rest, we focus on comparing our method with other related ones and establish-

ing asymptotic convergence guarantees for FRSD.

3.2.2 Related Methods

Next, we discuss the existing distributed optimization methods for a directed graph G
satisfying Assumption 3.1. In particular, Push-DIGing using column-stochastic weights,
AB, ABm, ABN and Push-Pull using both row- and column-stochastic weights, and
Xi-row, FROZEN, D-DGNT using only row-stochastic weights are closely related to our
FRSD method and are described below in detail.
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3.2.21 Push-DIGing

The Push-DIGing algorithm, proposed in [29], achieves a linear convergence rate for solv-
ing (3.1) over directed graphs (possibly time-varying) with a constant step-size under As-
sumptions 3.1-3.3. Given G, Push-DIGing updates four variables x;(k), y;(k), z;(k) € R?
and v;(k) € R for each agenti € V as follows:

vi(k+1) Z szv]
]eN”’l

xi(k+1) = Y by (x(0) —ay;(k),
JENTT

zilk+1) =xi(k+1)/vi(k+1),

yik+1) = ) biy;(k) + Vfi(zi(k+1)) = Vfi(zi(k)),
jEN
where « > 0 is the step size and B = {bi]} € R is a column-stochastic matrix compat-
ible with G. The Push-DIGing algorithm is initialized with v;(0) = 1, y;(0) = V fi(z;(0))
and from an arbitrary x;(0) for each i € V. Since directed graphs are not balanced in gen-
eral, Push-DIGing adopts a push-sum strategy, which utilizes column-stochastic weights,
requiring each agent to know its out-degree —this may not be practical within broadcast-
based communication systems. Compared to using column-stochastic weights, adopting
row-stochastic weights might be preferred in such a distributed environment where each

agent only manages the weights of information pertaining to its in-neighbors.

3.2.2.2 AB/ABm/Push-Pull

In contrast to Push-DIGing, AB [86] and ABm [87] algorithms could get away with the
nonlinear update due to eigenvector estimation. The AB and ABm! methods use both
row-stochastic and column-stochastic weights simultaneously. At each iteration k > 0,
they update two variables x;(k), y;(k) € R? for each agenti € V:

xi(k+1) = Y rixj(k) —ay;(k)+pB (xi(k) — xi(k— 1)),
jENIN

yi(k+1) = Y bij(yj(k) + Vfi(xj(k+ 1)) — Vfi(x(k))),
jEN

ITo present AB and .ABm in a unified manner, we use an adapt-then-combine update for y; in .ABm sim-
ilar to AB [86]. In [87], it is mentioned that the ABm method also works with this update; but, the originally
stated version of ABm uses an combine-then-adapt update: y;(k+ 1) = Lienn bijy;(k) + Vfi(x;(k+1)) —
Vfi(x;(k)) -we also considered the original version for our numerical tests.
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where « > 0 is the step-size, f > 0 is the momentum parameter, R = [r;;] € R"*" and
B= {bi]} € R"*" denote the row-stochastic and column-stochastic weights, respectively,
compatible with G. For the AB method. the momentum parameter B = 0, and the iter-
ate sequence, initialized with an arbitrary x;(0) and y;(0) = Vfi(x;(0)) for each i € V,
converges with a linear rate to the optimal solution under Assumptions 3.1-3.3. Setting
B > 0, ABm [87] combines the gradient tracking with a momentum term and can deal
with nonuniform step-sizes, i.e., each agent-i can pick «; and ;.

Push-Pull, proposed in [88], is related to AB, it is only different in its x;(k 4+ 1) update:

xi(k+1) =Y 7 (x] txy]-(k)>,
jenn

while y;(k 4+ 1) update is the same with AB. AB approach is based on the Combine-
And-Adapt based scheme; on the other hand, Push-Pull method can be considered as an
Adapt-Then-Combine based approach —for more details see [17].

3.2.2.3 Xi-row

The method proposed in [41], which we call as Xi-row in this thesis, can solve (3.1) over
directed networks with a linear convergence rate using a constant step-size uniform across
the agents. Similar to our FRSD method, it only employs row-stochastic weights. Each

agent i € V updates three variables x;(k), y;(k), vi(k) € R? as follows:

xi(k+1) =Y rixi(k) —ayi(k),

jEN
i(k+1) Z 7’1]7)]
JENIM
- Viixi(k+1)  Vfi(xi(k))
yi(k+1) _jgf;m rijyi (k) wi(k+1)]; o]

where a > 0 is the step-size and R = {ri]} € R"*" is a row-stochastic matrix compatible
with G. The Xi-row iterates are initialized with arbitrary x;(0), v;(0) = e; and y;(0) =
Vfi(x;(0)) for each i € V. A variant of the Xi-row method, FROST [90] extends Xi-row to

handle nonuniform step-sizes.

3.2.24 ABN/FROZEN/D-DNGT

ABN and FROZEN, proposed in [89], extend AB and Xi-row to incorporate Nesterov’s

momentum term. Similar to AB, ABN uses both row-stochastic and column-stochastic
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weights, while FROZEN only requires row-stochastic weights. At each iteration k > 0,
ABN updates three variables x;(k), y;(k), s;(k) € RP for each agenti € V:

ik+1) =Y rixi(k) — ay;(k) (3.7a)
jenn
xi(k+1) =si(k+1)+ B (si(k+1) —si(k)), (3.7b)
yi(k+1) Z bijyi(k) + Vfi(xj(k+1)) — Vfi(xi(k)),
JENI

and FROZEN updates x;(k),y;(k),si(k) € R?, and v;(k) € R", such that for each agent
i €V, si(k+1)and x;(k+ 1) are updated according to (3.7a) and (3.7b), respectively,
vi(k+1) and y;(k + 1) are updated according to

vi(k+1) Z rljv]

jeN
)= T ro) 4 VD) V()
yl(kﬂ)_fe%ﬁy’(k” o+ D o0l

where a > 0 is the step-size, B > 0 is the momentum parameter in both methods, R =
[ri]} € R"™" and B = [bi]} € R denote row-stochastic and column-stochastic weight
matrices. For both methods, x;(0) and s;(0) are arbitrary, and the other variables are
initialized as v;(0) = e;, y;(0) = Vfi(x;(0)) for eachi € V.
Another momentum-based method is D-DNGT, proposed in [91]. D-DNGT is related
to both FROZEN and ABm:
si(k+1) = ) rixj(k) + B (si(k) — si(k — 1)) — ayi (k)
jENIN
xi(k+1) =si(k+1)+p8 (si(k +1) —si(k)),
vi(k+1) Z rl]v]

jEN
' B o Vfilxi(k+1))  Vfi(xi(k))
R ) R 0T

where the initial variables are set as in the FROZEN method.

3.2.2.5 Comparison of different dynamics

Relaxing the assumption that all nodes need to know their out-degree (a requirement for
column-stochastic methods) comes at a cost. Indeed, to be able to implement FRSD or

any other row-stochastic method, e.g., Xi-row, FROZEN, D-DNGT, one needs each agent
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i € V to know the total number of agents in the network as well as its own rank in order
to construct v; € R". Finally, while push-sum based methods only require an extra scalar
to be stored for “debiasing,” row-stochastic methods, including FRSD, require storing an
n-dimensional vector, which grows linearly with the number of agents in the network.
Next, to get a better insight about the FRSD update rule, we write x(k + 2) in a recur-
sive manner for FRSD and compare it against AB and ABm methods, which use both
row- and column-stochastic matrices, and also with Xi-row which uses row-stochastic

weights.

ABI/ ABm: For k > 0,

x(k+2) =(R + B)x(k + 1) — BRx(k) — aB (Vf(x(k +1)) - Vf(x(k)))
+B(x(k+1) = x(k)) = BB(x(k) = x(k —1)).
AB/ ABm recursion using column-stochastic weights for the gradient tracking term,

B <V f(x(k+1))=Vf (x(k))), is fundamentally different from the row-stochastic meth-

ods.

Xi-row: For k > 0,

x(k +2) =2Rx(k + 1) — R*>x(k)

—a (VN k+ )V (x(k+1) = VR Vx(K)) ),

where for k > 0, V(k) £ diag(V(k)) and V(k) £ [v1(k), ..., vn(k)]T € R™" —see Defini-
tion 3.7. Except for the difference in how gradient tracking is handled, AB and Xi-row
are closely related in terms of consensus dynamics, i.e., say R = B = W for some doubly-
stochastic mixing matrix W compatible with G, then both AB ( = 0) and Xi-row updates
take the same form: x(k +2) = 2Wx(k) — W?x(k) + G(k), where G(k) is the term related

to gradient tracking. In contrast, FRSD has different consensus dynamics.

FRSD: For k > 0,

x(k+2) = ((1 +aB)R+ (1— oc,B)Inp)x(k +1) — Rx(k)

- zx(\7’1(k FDVF(x(k+1)) — V*l(k)Vﬂx(k))).



DISTRIBUTED OPTIMIZATION ALGORITHMS OVER LARGE-SCALE NETWORKS WITH
52 APPLICATIONS TO MICROGRIDS

For FRSD, we can set B = ¢/a for any ¢ € (0,1), and using this choice, FRSD updates

reduces to

x(k +2) =2Rx(k + 1) — R*x(k) + A.(k)
— (VN k+ ) VF(x(k+1) = VR VFx(K)) ),

where Ac(k) £ (1 —¢)(I — R)x(k+1) — R(I — R)x(k) is the difference term between FRSD
and the other two recursion rules. Indeed, for R = W as above, FRSD recursion takes the
form: x(k +2) = 2Wx(k) — W?x(k) + G(k) + Ac(k), where G(k) is the FRSD gradient
tracking term same with Xi-row.

Clearly, for arbitrary R and B that are compatible with a non-trivial directed graph G,

AB, ABm, Xi-row and FRSD are not the same, they generate distinct iterate sequences.

3.2.2.6 Implicit Gradient Tracking

It is important to emphasize that the gradient tracking component
Vo k+ D)V f(x(k+1)) = V7 (k) Vf(x(K))

indeed appears in the FRSD recursion when written using only in x variables. That is why
we are able to obtain the linear convergence for the FRSD iterate sequence. However, it
is also worth mentioning that the implementation of the FRSD algorithm in practice does
not require gradient tracking for computations at the node level, unlike the other methods
in the literature — as all other methods explicitly use the gradient tracking, e.g., Xi-row, AB,
Push-Pull, Push-DIGing. Using an implicit gradient tracking mechanism, FRSD does not
need to store the previous iterates for neither x; nor y; variables, i.e., each agent-i needs
to store only x;(k), y;(k — 1) and v;(k) to be able to update these iterates to x;(k + 1), y; (k)
and v;(k + 1); hence, to implement FRSD, agent-i needs to store a 2p + n-dimensional
vector. Moreover, the novel y-update (see 1ine 6 of Algorithm 2), leading to implicit
gradient-tracking, also results in a significant reduction in communication overhead; in-
deed, in order to implement FRSD, the agent-j needs to only broadcast x;(k) € R” and
vi(k) € R"; thus, j € V needs to only transmit n + p-dimensional vector — note that for
small networks, i.e., when 7 is small, this is a significant reduction compared to 2p + 1 re-
quired by both Push-DIGing and .AB/Push Pull. Furthermore, comparing FRSD with the
other row-stochastic methods Xi-row, FROZEN, and D-DNGT communication require-

ment decreases from 2p + n to p + n. Therefore, for solving high-dimensional problems
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over small-to-medium size networks, i.e., p > n, FRSD becomes the method of choice —

see Table 3.1.

| Methods || Variables | Memory | Comm. | Row S. | Col. S. |
AB x,xP,y 3p 2p v v
Push-Pull x,xF,y 3p 2p 4 v/
ABN x,xP,y,s 4p 2p v v
ABm x,xF,y 3p 2p v v
Push-Ding x,xP,y,0 3p+1 | 2p+1 X v/
Xi-row x,xP,y,v 3p+n 2p+n v X
D-DNGT || x,x?,y,s,s”,v | 5p+n 2p+n v X
FROZEN x,xP,y,s,v dp+n | 2p+n v X
FRSD X,Y,0 2p+n p+n v X
FRSD-CS X,Y,0 2p+n p+n v X

TABLE 3.1: Comparison of methods for directed graphs in terms of storage and commu-
nication requirements.

3.2.3 Primal-Dual Algorithm Motivation

In a similar spirit with the discussion in [95], we can argue that FRSD is closely related to
the primal-dual algorithms for saddle point problems studied within the optimization lit-
erature. More precisely, consider an equivalent formulation of the main problem in (3.1):

min {)_ fi(xi) : x £ [xi]icy € C},

{xitiev [y

where C £ {x : x; = xp = ... = x,}. Using the Fenchel duality, this problem can be

written equivalently as
minmax Y fi(x;) + v, xi, (3.8)
X yetticy
where C* is the orthogonal complement of the subspace C, i.e,, y € C* if and only if
Yicvyi = 0,. After switching the roles of x and y through multiplying (3.8) with —1, if
one naively implements a variant! of the primal-dual algorithm proposed by Chambolle

& Pock [97], we get

m;(k) < (1+0)y;(k) —0y;(k—1), i€V, (3.9a)
x,-(k + 1) — xi(k) — X (Vfl(x,(k)) + ml(k)> , 1€, (39b)
y(k+1) « IT., <y(k) + Bx(k + 1)), (3.90)

IThe variant we discussed here is proposed in [96] - see Eq (5) therein.
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where «, B > 0 are primal and dual step sizes, respectively, and 6 > 0 is the momentum
parameter — here, I1,. (-) denotes the Euclidean projection onto C*, i.e., for simplicity of
the notation, assume p = 1; then, for any y, I[1-. (y) = y — 11"y/n. This explicit form of
I1,.(+) and y(0) = 0, initialization imply that (3.9¢c) is equivalent to y(k + 1) < y(k) +
ITo (x(k+1)). This method is known to converge with a linear rate for appropriately
chosen «, 8,0 > 0; however, due to I, () in (3.9¢), this algorithm is not decentralized.
To motivate FRSD through an analogy, suppose the underlying network G = (V,€)
is undirected and we are given a doubly stochastic mixing matrix W € R"*" such that
W=W"and W;; > 0if and only if (i,j) € £. Let W £ limy_,o, W* = 1,1,] /n. Note that
ITo1 (y) = (I — We)y. For decentralized implementation, consider approximating I, (-)
with (I — W)(-). Thus, we will approximate the update in (3.9c) with y(k 4+ 1) < y(k) +
(I — W)x(k + 1), and with this approximation, the recursion in (3.9) takes the following

form:
y(k) — y(k — 1) -+ ,B(I — W)x(k), (3.10a)
x(k+1)  x(k) <Vf(><(k)) y(k) + 6B(1 - w>x<k>), (3.10b)

where Vf(x) = [Vfi(x1)",...,Vfu(x,)"]". Hence, adding and subtracting Wx(k) to
(3.10b), we get

x(k+1) < Wx(k) — 0c<Vf(x(k)) +y(k)> + (1 —apo)(I — W)x(k). (3.11)

Therefore, given the primal, dual step sizes a, § > 0 such that af < 1, setting the mo-
mentum parameter § = (af)~! > 1, the last term in (3.11) disappears as 1 — a6 = 0, the

primal-dual algorithm with approximate averaging in (3.10) reduces to

y(k) <~ y(k—1)+p (x(k) - Wx(k)), (3.12a)
x(k+1) + Wx(k) —« <Vf(x(k)) + y(k)). (3.12b)

It can be clearly seen that the FRSD algorithm for directed networks can be obtained from
(3.12) by replacing the doubly stochastic mixing matrix W with a row stochastic R and by
“debiasing” through introducing {v(k)}; C IR" sequence since Res = limy_,oo RF = 1,7t "

for some 7t € R" such that = > 0, and 1, = = 1.
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3.3 Convergence Results

In this section, we will show that the iterate sequence generated by the algorithm FRSD
as stated in (3.6) converges to the optimal solution x* with a linear rate. This result only
applies to the FRSD method, theoretical analysis of FRSD-CS is not considered in this

thesis.

Remark 3.9. Assumptions 3.2 and 3.3 imply that f is L-smooth, i.e.,

LHx—x/

Vi) = V)| <

, and pu-strongly convex.

Remark 3.10. Since R is row-stochastic, the spectral radius of R is 1, p(R) = 1; thus,
limy_ o0 R" exists. In particular, since R corresponds to an ergodic Markov chain, we get

limy e R = 1,7" - see Remark 3.6.

Definition 3.11. Define Voo £ lim;_,o, V(k) and V2 diag(Vs). Furthermore, let v £

sup |V (k)| and 3 £ sup ||V~ (k)]].
k>0 k>0

Remark 3.12. Since V(0) = I, limy_ R = 1,7t", we get Voo = (1,m") ® I, and Voo =
diag(Ve) = m®1,. Note {V(k)}, is convergent; hence, it is bounded, implying that

v € R exists. Furthermore, Remark 3.6 shows that 7t > 0; therefore, 7 € R also exists.

Remark 3.13. Since R corresponds to an Ergodic Markov chain, Remarks 3.6 and 3.10 im-
ply that VioR = RVe = VoV = V. Moreover, the spectral radius of R — V, satisfies
p(R - Vs) = p(R—1,7") < 1, which is proved as follow:

Spectral radius of R equal to 1 follows from [98, Lemma 3.4]. Assume that we have
vT(ﬁ -1, n'T) = Ao for some A,v # 0. Since 1, is a right eigenvector of (R — 1, 7rT)
corresponding to eigenvalue 0, v'1, = 0 according to [99, Theorem 1.4.7]. Therefore, A
is also an eigenvalue of Rduetov'R = Av'. From remark 3.6, we have 7' 1, = 1, and
thenv' # 7r", hence A < 1. As a consequence, p(R —1,t") < 1.

Next, we define some auxiliary sequences that will be used in the analy-
sis. For k > 0, let X(k)2Vex(k) = (1, @ L) (" ® L,)x(k) = (1, ® I,)x(k) € R,
where %(k)=(m" @ I,)x(k)e R?, ie., %(k) = 1, ® (k). Let x*£1,8x* where
x* € [P is the unique optimal solution to (3.1). Thus, Definition 3.5 im-
plies that Vf(x(k)) = [v AG&ERE)T,...,V fn(fc(k))T] "eR™ and Vf(x') =
VAT, V)] R

Remark 3.14. From the optimality condition for (3.1), (1, ® I,)Vf(x*) = 0.
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The structure of our proof was inspired by [41] and [31]. In particular, we construct
a linear system of inequalities and use the deterministic version of the celebrated super-
martingale convergence theorem [100] to prove the convergence results. We were able to
show that FRSD iterates converge to the optimal consensus solution with a linear rate as
in [86, 88, 91].

In the rest of this section, we establish the linear convergence; but, first, we state some

preliminary results which will be used later.

Definition 3.15. Given &, 8 > 0 such thatap € (0,1),letC =C ® I, and cC2(1- aB)I, +

aBR, where R = [r;j] € R"*" is the row-stochastic matrix as given in (3.5).

The Markov chain associated with C is the lazy version of the Markov chain corre-
. - . . e . . . —k . —k
sponding to R; thus, it has the same stationary distribution, i.e., limy_,o,, C° = limj_,oc R* =

1,7t ". Next, we state two technical results that will help us derive our main result.

Lemma 3.16. Given R and C as defined above, there exist vector norms ||-||g, ||-||c such that

-l < |I-lg and ||-|| < ||-||c, and there exist constants og, ¢ € (0,1) such that

IRx — %||r < or|[x — %||r, (3.13)

[Cx = %[|c < oclx—%]lc, (3.14)
for any x€ R" and X = Veox.

Proof. Since R is irreducible, row-stochastic, and has positive diagonals, the Perron-
Frobenius theorem states that p(R) = 1, every eigenvalue of R other than 1 is strictly
less than p(R) = 1, and 7t is a strictly positive left eigenvector corresponding to the eigen-

. . —=k
value 1 where 1; 7t = 1 obtains. Therefore, lim;_,oo R = 1,7t . Moreover, we have

lim RF = ( lim Rk> ® I, = (lnnT> ® 1y = Voo

k—0c0 k— o0

As a result,

RV, = <R® 1p> <(1nnT) ®1p> - <(1nnT) ®1p> ~ Vs
Vo Vo = <<1nrcT) ® 1p> ((1,17#) ® Ip) - ((wﬂ) ® Ip) = Va

Therefore,

Rx — & = Rx — Viox = (R - Voo) <x - wa) (3.15)
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Indeed, since

p(R—VOO) :p<R— <(1nnT) ®1p>> :p<(R— (wﬂ)) ®1p> <1,

according to Lemma 5.6.10 in [99], there exists a matrix norm, let’s call it ||-[|, such that
o = IR~ Voo < 1

Moreover, according to Theorem 5.7.13 in [99], for any matrix norm, ||-I, there exists a
compatible vector norm, |||, such that ||Bx|| < ||B|| |Ix|/x for all matrices, B, and all

vectors, x; therefore, Equation (3.15) leads to

[Rx = = [|(R = Ve ) (3= Veox) |

< IR = Vool IIx = Veox[[
= R [[x = X[|g

,and (3.14) can be shown similarly since limy_,, C* = limy_,o, R¥ = (1,77) ® I,, and

same arguments can be used for showing (3.14) as we also have p(C — V) < 1. O
Remark 3.17. Let ||-|| represent the matrix norm induced by ||-|| ;. According to [99, Lemma
5.6.10], the constant og € (0,1) in Lemma 3.16 has an explicit form, og = ||R — V|
First, we remark that all vector norms on a finite dimensional vector space are equiv-
alent, i.e., there exist k1, k2, k3, k4 > 0 such that
[-Ir <mall-llc, I~ llc < ®ll - lIr,

g <l - lle < wall - I

(3.16)

Similar to the results in [40], we also have ||V (k) — Va|| < AAF for some 0 < A € R

and A € (0,1). Below we analyze the dependence of A and A on R.

Lemma 3.18. Let V (k) = R for k > 0 and Vo = limy_,o, R¥. Then, for k3 > 0 defined in (3.16)
and o € (0,1) given in Remark 3.17, the following bound holds:

|V (k) = 1,7t || =||V (k) — Vo|| < K30%, Vk>0. (3.17)
Proof. It immediately follows from Remark 3.13 that

e T E L B



DISTRIBUTED OPTIMIZATION ALGORITHMS OVER LARGE-SCALE NETWORKS WITH
58 APPLICATIONS TO MICROGRIDS

holds for k > 1, where the second inequality follows from

All = max ||Av|| < max ||Av|l, = k3 ||All,
|41 = max | 4e] < max Aoy = [lA]

for all A € R"*"? and the third inequality is due to ||-|| being submultiplicative as it is
an induced norm. Finally, the equality in (3.17) follows from the fact that singular values

of V(k) — 1,7 " and V (k) — Vi are the same. O
Lemma 3.19. The following inequalities hold for all k > 0:

IV (k) = VG| < 7 V/niaog (3.18a)
[V (k) = V k= 1)|| < 26/ nks0%. (3.18b)

Proof. The proof follows from [41, Lemma 3]. Indeed, note that V~!(k) —
Vsl = V1 (k)(V(k) — Veo)V5; hence, V*l(k)—V;H < o | diag (V(k) — Vo) || <
2\/n||V(k) — 1,7t "||, where we used ||A|; < v/n|A|, for any A € R"™". Thus, the

result follows from Lemma 3.18. O
Lemma 3.20. The following inequality holds for all k > 0:

(@) ||V VT (k) Vf(x(K))|| < 00 Vmicsog |V f (x(k)) || + nLl|x(k) = %(k) | +nL|[x(k) = x|
(®) VeV (k= D)V f(x(K))|| < 305 V/nxs30 |V f(x(k))[| + nL[x(k) = &(k)]|c
+ nL||%(k) — x*||
() [I%(k) = %(k = | < avdL |[x(k) —x(k —1)||r + a30* k30 | V £ (x(k)) |
+ anL|[x(k) — x(k)||c + anL|%(k) — x|
@ VIR VF(x(k) =V k= 1)V f(x(k=1))|| < oL|x(k) —x(k = 1)
+20%y/nrsog |V £ (x(k)) |-

Proof. First, we prove the part (a).

VeV (R)V £ (x(K)) |

IN

Ve VHR)V £ (x(R)) = Veo Vig 'V £ (x()) | + || Veo Vis 'V £ (x(K)) I
< Ve IV R) = VSTV DI+ Ve VTV F (x(K)) = (10 @ 1) (1, @ L) V(<) |
< 00t V/nkso ||V (x(k)) || + nL|x(k) = x|

which together with triangular inequality implies (a), where Vi, = diag(Vs) —see Def-

inition 3.11. In the second inequality, we use Remark 3.14, and the third inequality
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follows from (3.18a) in Lemma 3.19 and we also use Remark 3.9 along with VoV =

(1, ®1,)(1, ®I,) = (1,1, ) ® I,; hence,

(1,1)) ® IpH = n. Next, we prove part (b):

VeV (k = 1)V £ (x(K)) |

IN

Ve V71 (k = 1)V (x(K)) = Vo VT (K)V F(x(R)) | + Ve VT (K) V£ (x(K))
Vo IV (R) = VR = DIV D+ VooV RV f (x(K)) ]

IN

hence, the part (b) follows from (3.18b) in Lemma 3.19 and from part (a) of Lemma 3.20.

Now we consider part (c). Since y(0) = 0,, it follows from (3.6b) that y (k) = B(I., —
R)YX_, x(¢). Since VR = Vi, — see Remark 3.13, we have Vioy(k) = 0, forallk > 0 as
Veo(Inp — R) = 0ypxnp. Hence, using X(k) = Veox(k) for k > 0, when we multiply Vi, on
both side of (3.6a), we get

%(k) = &(k—1) — aVoo V" 1k — 1)V (x(k — 1)).

Therefore, the part (¢) immediately follows from using Remark 3.9 and the part (b) of

Lemma 3.20 on
(k) — %(k— 1)
< aVeT (k- 1) (Vf(x(k 1) Vf<x<k>>) |+ o Ve VL (k = DV F(x(R))]]
Finally, we consider part (d).
17 () F(x(K) — Tk — 1)V F(x(k — 1))
171 (k= )V F(x(k) — VA (k— 1)V F(x(k— 1)

IV R VE(x(k) = VK= 1)V f(x(K))]|
< VR =DIVx(K) = VFxk =)+ [V k) = VK= DIV F(x(k))].

IN

Hence, the part (d) follows from (3.18b) of Lemma 3.19 and Remark 3.9. O

For the sake of completeness we provide another technical result —for its proof, see

[31, Lemma 10].

A

Lemma 3.21. Given « € (0,-%), let n = max {|1 —nLal|,|1 —nua|}. If Assumptions 3.2
and 3.3 hold, then for all x € R, one has

lx =} Vfilx) = 2| < 7llx — 7).
%
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Next, we will obtain bounds on ||x(k +1) — %(k+1)||c, [|[%X(k+ 1) — x*|| and ||x(k +
1) — x(k)||r. Combining these results will help us establish the linear rate for FRSD.

Lemma 3.22. The following inequality holds for all k > 0:

[x(k+1) = %(k+1)||c
< (o +argnL)[x(k) = %(K) ¢ + (k2 |R]| + axsdL) [x(k) —x(k — 1)][&
+ aranL|[R(k) — x| + ara (2 + 0) 52 nks ok |V F(x(K)) ),

where ||-|| denotes the induced matrix norm corresponding to the vector norm ||-|| .

Proof. Using (3.6a) twice, one for x(k 4+ 1) and one for X(k + 1) = Veox(k + 1), and using
VeoR = Vi, together with Vioy(k) = 0, we get the first equality below:

Ix(k+1) = x(k+1)]|c

= |[Rx(k) = ay (k) = V= (k) V£ (x(k))=%(K) + Ve V" (k) V£ (x(0)) |

= ||IRx(k) — Rx(k — 1) + x(k) — &(k) — aB(L, — R)x(k) + aV 1 (k — 1)V f(x(k — 1))
— VT (k) VF(x(K)) + aVe V() VF (x(K))

(1= )L + aBR)x(K) = X(k) e + 2| Rx(K) — Rx(k = 1)

+arg [V )V F(x(k) = VT (k= 1)V (x(k = 1) || + arca|| Ve V1 (k) V £ (x (k)]
(3.19)

IN

where in the second equality we first use (3.6b) to represent y(k) in terms of x(k) and
y(k — 1), and next we use (3.6a) to get rid of the term —ay(k —1).

Next, using (3.14) of Lemma 3.1, we can bound the first term on the right-hand-side of
(3.19) as follows:

1((1 = &)+ apR)x(K) = %(0) | = [[Cx(K) = 2(0)l|e < oelx(K) = %(6) e,

where C is given in Definition 3.15. Clearly, we can also bound the second term in (3.19)
with || R]| Hx( —x(k — H - Finally, using parts (d) and (a) of Lemma 3.20 for the third

and the fourth terms, respectively, we get the desired result. O

Remark 3.23. For FRSD the step size « = O( nlL) i.e., there exists np and C > 0 such that
a < C/(nL) for all n > ny, this bound is comparable to the step size bounds used in other

related works, e.g., the AB, Push-DIGing, Xi-row methods.
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Lemma 3.24. When 0 < o < nZ—L, it holds that for k > 0:
[%(k+1) —x*|
< yl|x(k) = x*|| + anL||x(k) — %(k)||c + avt*/nicaog||V £ (x(K)) .

Proof. Using (3.6a) for X(k + 1) = Viex(k + 1) together with VooR = Vo and Vooy(k) = 0,

we get

I&(k+1) = x|
= |%(6) = aVe VT () VF(x(K)) = x|
< afl (L) @ L) VAR(K) = Ve VRV F(x(k)) |
+|I&(k) — ,x((lnl,j ) ® zp)v FEK)) =X (3.20)

Now, we bound the first term on the right-hand-side of (3.20):

(1)) @ 1) VAR(0) — VoV () V £(x(0))|

< () @ 1) V() = VeV VF(x(K))
+ VeV 1R VF(x(K)) = VeV V F(x(K)) |
< uL|x(k) = %(k)||c + 00*/nxsok |V £ (x(K))]|, (3.21)

where we used Vo, V3! = (1,1)) ® I,, Assumption 3.2 and Lemma 3.19. Next, the second

term on the right-hand-side of (3.20) can be bounded using Lemma 3.21:
1500 (1)) 1) VA x0) =X | =1 & (50 -5~ 2 ¥ VAGE) )|
i=1
<l e (3060 2 )| = ylix) - x'l, (22

where 7 = max {|1 —nLa|,|1 — npal}, x* = 1, ® x*, and 2(k) = (7' @ I,)x(k), ie.,
x(k) =1, ® 2(k). Finally, Lemma 3.24 follows from (3.20)-(3.22). O

Lemma 3.25. The following inequality holds for all k > 0:
x(k +1) = x(k)|[r
< (or+a(l+ )58l ) x(k+ 1) = x() [ + a(Brr || = RJ| + snL) [x(k) = %(k)||c

+aranL||%(k) —x*|| + k3a (30 + 2)5%v/nof |V (x(k))]].
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Proof. We use (3.6a) and (3.6b) for rewriting x(k + 1) and y(k) respectively, to derive the

first two equations:
[x(k+1) —x(k)|[r (3.23)

= |[Rx(k) — ay(k) — aV~ (k) V £ (x(k)) — x(k)||r
= |[Rx(k) —ay(k — 1) = ap(Ly — R)x(k) — aV " (k) V f (x(k)) —x(K)||r

= |R(x(k) =x(k—1)) +aV (k= 1)Vf(x(k —1)) = ap(L — R)x(k) —aV (k) Vf(x(k))|[r

< [[Rx(k) = Rx(k = 1) = %(k) + %(k = 1)[|r + x3[%(k) = %(k = 1)|| + ap|| (I, — R)x(k)[[r
+ars |V K)Vf(x(K) = V7 (k= 1)V f(x(k = 1))

where in the third equation, we use (3.6a) to get rid of the term —ay(k — 1) as we did

previously to derive (3.19). We bound the first term above using Remark 3.17, i.e.,

|Rx(k) — Rx(k — 1) — &(k) +%(k — 1) |r
= (R =Veo)(x(k) =x(k = 1))[|Ir < orl[x(k) = x(k —=1)[[r. (3.24)

We can use Lemma 3.20 (c) to bound ||%(k) —%(k — 1)||, and Lemma 3.20 (d) to bound the

fourth term. Then, the remaining third term in (3.23) can be bounded as

I(Le = R)x(K) [[r

[[(Lx = R) (x(k) = %(k))[r
120 = R [x(k) —%(k) | x
w1 |1 = R x(k) = %(k)llc,

IN

IN

where the fist equality follows from (I, — R)V = 0 due to RV = Vi, hence, we can add
(I, — R)x(k) to (I, — R)x(k). Combining all bounds gives the desired result. O

Combining the results of Lemmas 3.22, 3.24 and 3.25, we will construct a linear dy-
namical system to prove the linear convergence of the proposed algorithm. For the sake

of notational simplicity, we define some constants below:

A A ~ A
S1=Ky4nlL, Sp=K4TL, s3=nlL,

7

p1=KsKg (2 4 0)52 /1, pa=K300°/1, p3=K3 (30 + 2)9%/n.

sy213nL, ss=x3(1 +v)dL, s(B) = Bra ||I, — R
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For « € (0,3) and B > 0 such that af < 1, FRSD sequence {x(k)}(=o satisfies the

following system:
Orr1 < Yo Ok + Pk¥r, Yk =0, (3.25)

where 0y, &, Yi and Y, 4 2 Y (a, B) + &Y, are defined as

[Ix(k) = x(k)llc p1 00 IV f(x(k)) |
O = Ix(k) x| |,  @x=cka|p 0 0|, ¥i= 0 ,
[x(k) = x(k = 1)|& ps 0 0 0
oc 0 xR s1 S1 S
Yi(w,B)=1| 0 1 0 |, Ya=|sg —nu 0
as(B) 0 OR S4 S4 S5

Theorem 3.26. Suppose Assumptions 3.1-3.3 holds. Let o, > 0 such that « € (0,&) and

ap < 1, where & > 0 is defined as

s1(1+61) + 5200 " s4(1+01) + s562+s(B) " nL

L 1—o0;
s.t. — < dy, 0< by < ——17.
z w2 [|R]|

% :supmin{(l_ac> — K2 |||R||| ‘52’ (1—0r)d2 1}

(3.26)

Then, the spectral radius satisfies p(Y,,5) < 1.

Proof. Given a € (0,-%) and B > 0 such that ap < 1, it follows from Lemmas 3.22-3.25
that (3.25) holds for k > 0. Next, we show p(Y, ) < 1. Since Y, 4 has all non-negative
entries, it is sufficient to show that Y, 53 7 < < for some positive v = [71,72, ’)/3]T € R
—see [99, Corollary 8.1.29]. Since L > u, according to the definition of 7 in Lemma 3.21,

n=1—anpfora € (0,;}). Hence, Y, g v < 7 is equivalent to

(5171 + 5172 +5273)a < y1(1 —0¢) — 2 || R|| 73, (3.27a)
s3y10 — yonpa < 0, (3.27b)
((54+5(/5))71 + 5472+ 5573)06 < 73(1 = 0or). (3.27¢)

Clearly, (3.27) holds for all « € (0,&) and v € R® such that 5 = ;71 and 73 = &7 for
any 1 > 0 and 61, 0> > 0 satisfying (3.26); thus, we get p(Y,5) < 1. O



DISTRIBUTED OPTIMIZATION ALGORITHMS OVER LARGE-SCALE NETWORKS WITH
64 APPLICATIONS TO MICROGRIDS

Remark 3.27. Note 61 and &, are only required to satisfy (3.26). To provide a lower bound
on an admissible &, we compute a lower bound on & by setting J, = ﬁ satisfying
(3.26). The supremum over ¢; subject to (3.26) is achieved at ; = % For this particular

choice we get & < an and & > min{aq, ay }, where

-1
alé[ 24 (gL Bor|
1—oc'pu K2
-1
%) é(l — 0R) ["2"3H|R|H(L +1)nL + e |||R||| |||I R'” ﬁ k3(1+0)oL|
1—0’C l_‘7'C

Finally, in the next theorem, we prove that FRSD iterate sequence converges with a
linear rate through showing a linear decay for {®y}. First, we state a classic result that

will be useful in our analysis; for its proof, see [100, 101].

(o]
Lemma 3.28. Let {ay}, {bx}, {cx} and {dy} be non-negative sequences such that Y ¢ < oo,
k=0

(o)
Y di < oo, and
k=0

a1 < (T +cp)ag — b +di, Vk>0.

Then {ay} converges and Y by < oo.
k=0

Theorem 3.29. Let Assumptions 3.1-3.3 hold.  For any step-size o« € (0,&), the se-
quence {x(k)} converges with a linear rate to x* = 1, ® x* with a rate arbitrarily close to

Pop = max{p( 0p),0R} € (0,1), where & is defined in the Theorem 3.26, and or =

| (=)o

Proof. The proof follows from similar arguments as in the proof of [41, Lemma 5]. The-

<L

orem 3.26 shows that p(Y,p) < 1; hence, from [99, Lemma 5.6.10], given any positive

{ < 1— @up, there exists a matrix norm ||-|| ;) such that ‘ < p(Yap) + % Since

norms are equivalent in finite-dimensional spaces, we conclude that there exists some

I' > 0 such that we have

k—j—1

Y36l <TAS, |IY, @l < TAY, (3.28)
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forall 0 < j < k—1, where A £ max{og, p(Yop) + %} < 1. By writing (3.25) recursively,

we get, for all k > 0,
= ki
O < Yyp0+ ) Y, DY) (3.29)
j=0

Since all the terms in (3.29) have non-negative entries, using (3.28), we get for all k > 0,

k-1 k=1

k—j—1 3

6kl < IIYRgllll6oll + Y 1Y,/ @illlI¥;1 < FA"(HGoH+ZH‘YjH)- (3.30)
j=0 j=0

For any k > 0, we can bound ||'¥,|| as follows:
¥l < IVA(E) = VO + VO

Lix(k) = x(k) || + L{[%(k) =x*[| + [[V ()|
< 2L[[6][ + VO - (3.31)

IN

Thus, for all k > 0, combining (3.30) and (3.31) we get

k—1
[16k]] < (90+2L 9j+ka(X*))F/\k~
j=0

k=1 .
Fork >0, letay = Y [|6j], by =0, £ 2LT, and dj £ T'||6p|| + kT'||V f(x*) ||; hence, we get
j=0

16k]| = a1 — ax < (Gap+d)A*, Vi >0. (3.32)

Define ¢, = éAF > 0and dy £ dy A% > 0 for k > 0. Since A € (0,1), we have Y3 cx + di <
co; therefore, Lemma 3.28 implies that {4y} converges. Furthermore, our choice of { > 0
and the definition of A imply that A + § € (0,1); therefore, since {a;} is bounded, (3.32)

leads to

« 7\
lim ~”9"! < (C”’f“é"))‘ —o. (3.33)
k—rc0 ()\'f’j)k (/\+§)k

Thus, there exist ¢ > 0 such that
16l < c(A+5)F, Vk>0, (3.34)
Thus, we get the desired result since for all k > 0,

Ix(k) =x < llx(k) = %K) |+ 1%(k) =x7[| < 2016k]] < 2e(A+ 5)F< 2¢(@ap + ),
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and we clearly have ¢, 5+ < 1. O

3.4 Numerical Results

In this section, we provide some numerical results to demonstrate the performance of the
proposed method against the state-of-the-art competitive algorithms designed for con-
sensus optimization over directed graphs. In our experiments, we considered two types
of distributed regression problems of the form given in (3.1) to test FRSD method: (a) re-
gression with Huber loss, (b) the logistic regression, which are described in Sections 3.4.1
and 3.4.2, respectively. Throughout the experiments, we use the uniform weights for the
row-stochastic matrix defined in (3.5), i.e., r;j = 1/ \/\/’Zf”| for all i € V, and we use coordi-
nated step-size and momentum parameters for ABm, ABN, FROZEN and D-DNGT to
have a fair comparison with other methods.

For both distributed regression problems, we compare FRSD with Xi-row [41],
FROZEN [89] and D-DNGT [91], which use only row-stochastic weights similar to our
method, with Push-DIGing [29], which utilizes column-stochastic weights, and also with
AB [86], ABm [87], ABN [89] and Push-Pull [88], which use both row-stochastic and
column-stochastic weights over six different time-invariant directed graphs with n = 10, 30
, 50,100 and 200 nodes (agents), see Figure 3.1.

Furthermore, in Section 3.4.2.2, we also conducted a numerical test over the random
graphs comparing the proposed method with the other row-stochastic methods, i.e., Xi-

row, FROZEN, and D-DNGT.

3.4.1 Distributed Regression with Huber Loss

Suppose ¥ € RR? is the unknown linear model, and for each i € V, let b; € R" be the
corresponding noisy measurement vector, i.e., b; = M;X 4 n; where n; € R™ is the mea-
surement noise vector. Given parameter ¢ > 0, the Huber loss function Hy : R — R is

defined as

1
=22, if |z] <¢

He(z) —
£(2) ¢ (\z| - ;C) otherwise.

For any m € Z, we also define Hy : R" — R™ such that Hg(z) = [Hg(z]-)]}”:l where

zZ = [Zj]}nzl e R™.
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In this experiment, the goal is to estimate ¥ with an optimal solution x* to the regres-

sion problem with Huber loss:
x* € argmin f(x) £ 1 Y Hg(Mix — b;). (3.35)

xERY niev

In the experiments, we solve (3.35) over the set of directed graphs shown in Figure 3.1.
We generate data as in [29] using p = 5 and m; = 10 for i € V. We set the Huber loss
parameter § = 2, and for each i € V, we generated f;(x) = Hz(M;x — b;) as described in
[29, Sec. 6] such that L; = 1. Moreover, we also initialized all the methods we tested from
x;(0) =0 foralli € V. In our experiments, n € {10,30,50,100,200}, m; = 10 for alli € V
and p = 5; therefore, f and f; for i € V are restricted strongly convex when the regression

error is small. In Fig. 3.2, we plot the residual sequence {r(k) };>o for all the methods

(E)

FIGURE 3.1: Strongly-connected digraphs tested in our experiments.

k _ ¥
where (k) = M To optimize the convergence rate, we tuned parameters for
[1%(0) —x*]]

all algorithms. In the appendix A, we present more details about how the step-sizes have

been chosen for the methods.
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FIGURE 3.2: Distributed Regression with Huber Loss
3.4.2 Distributed Logistic Regression

(D) {r(k)} for Fig.3.1(d) (E) {r(k)} for Fig.3.1(e)

We now consider the distributed binary classification problem using the logistic regres-
sion to train a linear classifier. Suppose each node (agent) i € V has access to (M;, b;)

R™>*P x {—1,+1}". Let L : R x {—1,1} — R such that L(u,v) = In(1 + exp(—uv));
and for any m € Z., we also define L : R" x {—1,1}" — R

" such that L(u,v) =
[L(uj,vj)]7L; where u = [uj]"

7iand v = = [v;]™ 7.1~ The linear classifier x* is computed by
solving the regularized logistic regression problem:

x* = argmin f(x) £ ! Y. (L(Mix, b;) + 3]|xH§> : (3.36)

x€RP niey

where using regularization parameter A > 0 improves the ststistical properties of x* —
see [102].
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3.4.2.1 Tests on Specific Graph Topologies

In the first set of experiments, we use the Australian-scale data set [103] with 790 data
points where each data point consists of a 14-dimensional feature vector, i.e.,, p = 15
to model the intercept, and the corresponding binary label. Suppose each agenti € V
samples m; = 10 data points uniformly at random from the training set with replacement.
Hence, for each i € V, we form M; € R™*? using m; data points with p — 1 features and
set the last column of M; to 1,,, in order to model the intercept. We test the proposed
method FRSD against the same methods that we compared with in Section 3.4.1. The

residual sequence {r(k)}¢>1 for all the methods are shown in Fig. 3.3, where r(k) is
defined in Section 3.4.1.
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FIGURE 3.3: Distributed Logistic Regression
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3.4.2.2 Tests on Random Graphs

In the second set of experiments, we tested FRSD and FRSD-CS over random graphs
against the other row-stochastic methods, i.e., Xi-row, FROZEN, and D-DGNT, to solve
the distributed logistic regression problem defined in Section 3.4.2. We considered two
scenarios: Scenario I n > p and Scenario Il p > n -recall that n and p denote the num-
ber of nodes in the network and the dimension of the decision variable, respectively. For
Scenario I, i.e., n > p, we looked at two cases: low connectivity ratio (sparser graphs) and
high connectivity ratio (denser graphs), where the connectivity ratio is defined as the ratio
of the number edges to n(n — 1) —note that n(n — 1) is equal to the number of all possi-
bles edges excluding self-loops. For each scenario, we ran all 5 algorithms on 20 different
randomly generated graphs. We reported the residual r(k) £ ||x(k) — x*|| / ||x(0) — x*||
against iteration counter k and we also reported the residual against the amount com-
munication per node by the end of iteration k -recall that at each iteration FRSD and
FRSD-CS require each node to broadcast only n + p-dimensional vector while the others,
i.e., Xi-row, FROZEN and D-DGNT, require each node to broadcast n + 2p-dimensional
vector. We have observed that both FRSD and FRSD-CS are competitive against the state
of the art row stochastic methods, and the performance of our algorithms is superior ei-
ther when n < p or when the graphs are sparse, which is indeed the case for most of the

real-life networks. Next, we describe how we generated the random graphs.

Random Graph Generation We used DGen code! to generate strongly connected ran-
dom graphs. The algorithm DGen, implemented in MATLAB, receives two inputs: the
number of nodes 7, and the connectivity ratio ¢ € (0,1]. Given n and ¢, DGen gen-
erates a strongly connected random graph with [€] = [¢n(n —1)] £ mye edges.
Let {p;}"_, be a permutation of [n] = {1,...,n} chosen uniformly at random, and let
T = {i € [n] : p; # i}. Then DGen creates a directed cycle C using the nodes {p;}icz.
Now consider a smaller dimensional graph with nodes {i : i € [n] \ Z} U {c*} where
c* is a “super-node” representing the cycle C. Note that this new graph has n — |Z| + 1
nodes; one can repeat the above process by setting n <— n — |Z| + 1, and whenever we
connect a node from [n] \ Z with ¢*, one randomly picks a node belonging to C. This
process ends when the smaller dimensional graph has only a single super-node with no

other nodes, which gives us a strongly connected graph. Say this graph has 77z nodes, then

IpGen code is written by Dr. W. Shi, see https://sites.google.com/view/wilburshi/home/research/
software-a-z-order/graph-tools/dgen
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the remaining 1, 4 — 7 edges are randomly added to obtain a strongly connected graph
with connectivity ratio ¢.

In the experiments with randomly generated strongly connected graphs, we only
tested row-stochastic methods. Indeed, being able to get away with the eigenvector es-
timation through employing both row- and column-stochastic mixing matrices, AB-type
methods, e.g., AB [86], ABm [87], Push-Pull [88] and ABN [89], perform better on these
experiments than the first-order methods using row-stochastic weights alone. That is why
we only reported the results for the row-stochastic methods to have a fair comparison

among equivalent methods.

Scenario I (n > p) We set n = 200 and generated 20 random graphs for each connec-
tivity ratio ¢ € {0.015,0.15}. We use the same dataset and same problem setup with
Section 3.4.2.1, i.e., p = 15 and the number of data points m; = 10 for all i € V. In Fig-
ures 3.4 and 3.5, we report the results for high connectivity ratio ¢ = 0.15 and the low one
¢ = 0.015, respectively. For Scenario ], i.e., when n > p, we observe that FRSD and FRSD-
CS are competitive against FROZEN and D-DGNT while performing better than Xi-row.
Furthermore, we also observe that the performances of FRSD and FRSD-CS improve as
the random graphs get sparser, i.e., they perform significantly better for ¢ = 0.015 when
compared to their performance for ¢ = 0.15. Finally, as expected, for n > p, the residual
shows the same decay patterns with respect to an increase in either iteration counter or

the amount of data broadcast per node.

100 . 100% - x
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g Z
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FIGURE 3.4: Distributed logistic regression problem (n = 200, p = 15) over 20 randomly
directed graphs with a high connectivity ratio ¢ = 0.15. Solid curves represent the aver-
age and the shaded region represents the range statistics.
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FIGURE 3.5: Distributed logistic regression problem (n = 200, p = 15) over 20 randomly
directed graphs with a low connectivity ratio ¢ = 0.015. Solid curves represent the aver-
age and the shaded region represents the range statistics.

Scenario II (n < p) We set n = 25 and generated 20 random graphs with connectivity
ratio ¢ = 0.1, i.e., each random graph has 60 edges. We used wia.t (testing) dataset [103]
with 47,272 data points with each data point consisting of 300 features vector — implying
p = 301 to model the intercept. For classification, we again used the binary logistic re-
gression model of Section 3.4.2.1 with p = 301 and m; = 400 for all i € V. In Figure 3.6,
we report the results for this scenario. Indeed, when n < p, we observe that FRSD and
FRSD-CS are competitive against FROZEN while performing better than both Xi-row and
D-DGNT. Finally, unlike Scenario I, when n < p, the advantage of FRSD and FRSD-CS
over the other row-stocastic method in terms of lower communication overhead becomes
more apparent: while the residuals for FRSD and FROZEN show the same decay pat-
terns as the iteration counter increases, one can observe that FRSD performs better than
FROZEN considering the amount of data broadcast per node since both FRSD and FRSD-
CS need each node to broadcast n + p-dimensional vector, i.e., = p as p > n, FROZEN
requires broadcasting n 4 2p-dimensional vector, i.e., &~ 2p; hence, almost twice the com-

munication overhead of FRSD.
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FIGURE 3.6: Distributed logistic regression problem (n = 25, p = 301) over 20 randomly
directed graphs with a low connectivity ratio ¢ = 0.1. Solid curves represent the average
and the shaded region represents the range statistics.






Chapter 4

Conclusions and Future Work

This thesis contains two types of contributions in the field of distributed optimization
with applications to large-scale networks.

In chapter 2, we proposed a distributed algorithm for microgrid, where the informa-
tion is only shared between local neighborhoods of the agents. The proposed algorithm,
which enjoys the advantages of both the primal and the dual domain methods, provides
the optimal solution to the distributed energy management problem of the economic dis-
patch of grids in order to balance the power demand and supply. All of the marginal
costs of the agents converge to the common value while fulfilling the power balance and
achieving usage of the available storage in a multistep economic dispatch. The advantage
of the proposed approach is the fast convergence rate while no centralized communica-
tion is required. The performances of the proposed algorithms have been tested on the
14-bus and the 39-bus system for single and multiple time steps.

In chapter 3, we proposed a distributed optimization algorithm, FRSD, for decentral-
ized consensus optimization over directed graphs. FRSD only employs a row-stochastic
matrix for local messaging with neighbors, making it desirable for broadcast-based com-
munication systems. The proposed algorithm achieves a geometric convergence to the
global optimal when agents” cost functions are strongly convex with Lipschitz continu-
ous gradients. Empirical results demonstrated the efficacy of the implicit gradient track-
ing technique employed by FRSD, which led to: (i) reduction in the data stored, and (ii)
reduction in the data broadcast, for each node. More precisely, FRSD does not need to
store x iterate from the previous iteration while it is needed for all other methods ex-
plicitly using the gradient tracking term; furthermore, FRSD also eliminates the need for

broadcasting a variable related to gradient tracking.
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We consider extending our results to the asynchronous computation setting over di-
rected communication graphs.

Future work. There are some distributed optimization methods, which use a column-
stochastic matrix such as Push-DIGing and the method proposed in [104] over time-vary
directed networks. However, there is no algorithm, that utilizes only row-stochastic
weights and converges linearly over a time-varying network. Note that the algorithms
Xi-row and FRSD do not converge linearly. Hence, it would be interesting to obtain a
method that only utilizes row-stochastic weights, and would work over time-varying di-
rected networks.

Another direction of research is to investigate second-order distributed optimization
methods for directed networks. To the best of our knowledge, presently there are no
second-order distributed optimization methods which has a fast convergence compared

to the first-order method in general.



Appendix A

In this appendix, we present more details about how the step-sizes have been chosen for
all methods and where FRSD may have a better convergence compared to the existing
methods. In our experiments, we have also observed that the row-stochastic methods
tend to converge faster when the graph is sparse and there are some communication bot-
tlenecks due to graph topology, e.g., in Fig. 3.1a, for node 3 to ping node 1, the message
bit should pass through all the nodes. Given a strongly connected di-graph G = (N, €),
let d;; be the length of the shortest directed path from i € N toj € N, and we de-
fine d £ Yijen: i+ dij/ (n?> — n), i.e., the average of all shortest directed path lengths
over all node pairs. We conjecture that for sparse graphs with high d, the performance
of row-stochastic methods compared to AB-type methods improves relative to their per-
formances on randomly generated graphs as in Section 3.4.2.2. The random di-graphs,
generated as described in Section 3.4.2.2 are similar to Erdos-Renyi graphs, and d value
turns out to be small for these random graphs compared to those in Fig. 3.1. This is why
we think our row-stochastic method, FRSD, performs well for the experiments illustrated
in Figure 3.2 and Figure 3.3 as all these numerical tests are conducted on specific graph
topologies shown in Figure 3.1. Most importantly, the step sizes for all methods have been
chosen very carefully using grid search. For instance, for each method using 2 parameters
(a, B), i-e., FRSD, ABm, ABN, D-DNGT and FROZEN, we carefully chose the limits of
search range &, f > 0 such that the algorithm behaves badly for («, 8) chosen outside the
parameter range [0, &] x [0, B]. After we grid the 2-dimensional search space [0, &] x [0, B],
we ran the algorithm for each grid point, i.e., for specific («, B) values, then we picked the
best performing (a, ) within the grid, and reported the results for these parameters. We
did this for each problem (Huber Loss and Logistic Regression), for each graph in Fig. 3.1,
and for each algorithm individually. Moreover, the chosen algorithm parameter values

for all methods in all figures so that the readers can simulate all experiments easily.
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To give some intuition on how ABm behaves for different parameter values, we plot
ABm for 36 different (a, ) choices including the best one we found based on the grid-
search (this one is indicated with “ * "), and we also plot FRSD as benchmark for all 6
graph topology given in Fig. 3.1. For illustrative purposes, we only provide residual-
vs-iteration curves for 36 best performing parameter choices within the grid, which is a
tiny fraction of all the grid points tested. Our experiment showed that the behavior of
ABm with respect to parameter choice is stable: as parameters slightly vary, its behavior
slightly changes as demonstrated in the plots below. Therefore, FRSD indeed performs
better than AB-type methods on specific graph topologies stated in Fig. 3.1.
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FIGURE A.2: Distributed Regression with Huber Loss for Fig. 3.1b
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