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Abstract

We study Poisson geometry and several other related geometric structures, with particular
interest in their local structure. It is well-known that understanding the local structure of
manifolds endowed with certain structures allows us to better comprehend the geometry in-
volved in said manifold, and, therefore, be better suited to tackle other problems concerning
these geometric structures. Thus, it is important for any geometer to be well-acquainted,
not only with these normal form results, but with the methods involved in their proofs as
well.

In that perspective, we start by introducing the notions of tangent distributions in order
to prove the Frobenius theorem in its local and global form and for both regular and sin-
gular distributions. Then, we proceed to study symplectic geometry and obtain Darboux’s
theorem, for which we prove the usual statement, using Moser’s trick, as well as a version
for foliated manifolds.

After these two structures, we are ready to understand Poisson manifolds. Being at
the centre of the thesis, we explore in most detail the different ways we may introduce
Poisson structures on a manifold and obtain Poisson and Hamiltonian automorphisms (as
well as their infinitesimal counterparts) along with the characteristic distribution arising in a
Poisson manifold. Then, we delve into the local structure of Poisson manifolds, starting with
the symplectic foliation of Poisson manifolds and finishing with the statement and proofs
of Weinstein’s splitting theorem for both its simplest statement as well as the one around
Poisson transversals.

Finally, we give an overview of Lie algebroids, Dirac manifolds and of a splitting the-
orem for anchored vector bundles, recently proposed in [1], which can be adapted for Lie
algebroids, Dirac and Poisson structures as well as generalised complex manifolds.

Key-words: Poisson Geometry; Symplectic Geometry; Foliation Theory; Lie Algebras
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Resumo

Estudamos geometria de Poisson e outras estruturas geométricas relacionadas, com in-
teresse particular nas suas estruturas locais. É bem sabido que o conhecimento da estrutura
local de variedades equipadas com certas estruturas permite-nos compreender melhor a geo-
metria envolvida nessa variedade e, portanto, estar melhor preparado para tratar outros
problemas que aparecem nessas estruras geométricas. Consequentemente, é importante que
qualquer investigador que trabalhe em geometria tenha conhecimento não apenas destes
resultados mas também dos métodos envolvidos nas suas demonstrações.

Nessa perspectiva, começamos por introduzir as noções de distribuições tangentes de
forma a demonstrar o teorema de Frobenius na sua forma local e global para ambas dis-
tribuiçoes regulares e singulares. Seguidamente, procedemos ao estudo de geometria sim-
pléctica e obtemos o teorema de Darboux, para o qual provamos o enunciado usual, usando
o truque de Moser, bem como uma versão para variedades foliadas.

Após estas duas estruturas, estamos preparados para tratar variedades de Poisson. Es-
tando no centro da presente tese, exploramos com maior detalhe as differentes formas de
introduzir estruturas de Poisson numa variedade, e obtemos os automorfismos de Poisson e
Hamiltonianos (tal como as suas versões infinitesimais) assim como a distribuição caracter-
ística de uma variedade de Poisson. Em seguida, estudamos a estrutura local de variedades
de Poisson, começando pela foliação simpléctica de variedades de Poisson e terminando com
o enunciado e demonstrações do teorema de separação de Weinstein para as sua versão mais
simples e também perto de transversais de Poisson.

Finalmente, damos uma visão geral de algebróides de Lie, variedades de Dirac e de
teoremas de separação para fibrados vectoriais ancorados proposto recentemente em [1],
que pode ser adaptado para algebróides de Lie, estruturas de Dirac e Poisson e ainda para
variedades complexas generalizadas.

Palavras-chave: Geometria de Poisson; Geometria Simpléctica; Teoria de Foliações;
Álgebras de Lie
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Chapter 1

Preliminaries

Since the inception of differential geometry, the problem of understanding the local struc-
ture of manifolds has been at the centre of the field. Theorems that give some kind of
local structure are usually called (local) normal form results and their study has given
many other useful results describing important geometries. Examples of such theorems are
Frobenius’ theorem for tangent distributions (1877), which shows how a distribution whose
sections form a Lie subalgebra defines a foliation of the base manifold, Darboux’s theorem
in symplectic geometry (1882), describing how, locally, any symplectic form has a canonical
form, and the Newlander-Nirenberg theorem (1957), which provides complex coordinates in
complex geometry.

One other example of a geometry where normal form results have been found is Poisson
geometry. This geometry, which shall be the focus of the present thesis, has developed into
an active research field in pure mathematics with plenty of applications to physics, and
can be seen as an amalgam of foliation theory (partition into leaves), symplectic geometry
(along the leaves), and Lie theory (transverse to the leaves). The most notable normal form
results for Poisson geometry are Weinstein’s splitting theorem (1983), showing how every
Poisson bivector at a point can be written as a sum of a non-degenerate Poisson structure
and a residual Poisson structure vanishing at the target point and also Conn’s theorem
(1985) which shows that, under certain conditions, Poisson bivectors vanishing at a point
are equivalent to the linear Poisson structure on the dual of the isotropy Lie algebra.

In other geometries related to the the ones mentioned previously, such as Lie algebroids,
Dirac structures or complex generalised structures, some normal form results are also known,
however much is still to be understood in these and more general geometries. Regardless,
all of the results above give a new perspective of the specific geometry they target and allow
for new geometry to be developed, thus justifying the intense work put into finding more
local normal forms for these different structures. In this thesis, we give a first introduction
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to some of the most notable normal form results as well as give an overview of a recent
splitting theorem for anchored vector bundles introduced by Bursztyn, et al. [1].

In this first chapter we introduce the basic concepts required for a smoother description
of later chapters. Therefore, in the first section, we quickly go through the basic notions
about differential manifolds in order to also fix the notation used throughout the rest of
the thesis. In the second section, we discuss fibre bundles, particularly the ones with vector
space structures on their fibres, i.e. vector bundles, their homogeneity structures as well as
double vector bundles, which are vector bundles with vector bundles as their base manifolds.
Section 1.3 gives a brief overview of the theory of Lie algebras, with particular emphasis on
the theory of graded algebras and graded Lie algebras as they form a central role in most
geometric descriptions. The fourth and last section deals with the extension of vector fields
to anti-symmetric contravariant tensors, the so-called multivector fields, and the extension
of the Lie bracket to such a space in order to endow this collection of multivector fields with
a graded Lie algebra structure essential when studying Poisson manifolds.

1.1 Brief Overview of Concepts in Differential Manifolds

In this first section we introduce the elementary concepts involved in differential geometry
and, in doing so, we shall follow very closely the similar treatment done in [2]. Moreover, we
shall assume the reader is familiarised with the most basic notions of differential geometry
so that the following section is simply a review of certain notion in order to fix notation that
will be used in subsequent chapters.

From now on, we will always assume that M is a smooth dimensional manifold and,
unless stated otherwise, shall be of dimension m ∈ Z⩾0. We shall denote a chart by (U,φ)

with U ⊆ M open and φ : U → φ(U) ⊆ Rm a diffeomorphism. Sometimes, in order to
emphasise the local coordinates, we may write a chart instead as (U,φ = (x1, . . . , xm)).

Differential Maps on a Manifold

From this we can define, differentiability at a point in the manifold:

Definition 1.1.1. A function f :M → Rm is said to be differentiable at p ∈M if, for some
chart (φ,U) at p, f ◦ φ−1 is differentiable at φ(p).

We state, as usual, that f is differentiable in M if it is differentiable for all p ∈M . Also,
we can easily extend this definition for any two manifolds M and N and a map f :M → N ,
by considering charts (φ,U) and (ψ, V ) in M and N , respectively, and letting ψ ◦f ◦φ−1 be
differentiable at φ(p). We call a map smooth when it is infinitely differentiable and denote
the set of all smooth maps as C∞(M,N) and, in particular, C∞(M)

def
= C∞(M,R).
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Remark 1.1.2. The introduction of smooth maps on manifolds allows us to define the
category of smooth manifolds, Man whose objects are smooth manifolds and whose objects
are smooth maps, so HomMan(M,N) = C∞(M,N).

Remark 1.1.3. For smooth functions, i.e. elements of C∞(M), given the algebraic structure
of the codomain, we can define the addition and multiplication of functions point-wise, which
gives a ring structure (in fact it gives an R-algebra structure) to C∞(M). As we shall later
see, this ring structure turns out to be quite important when dealing with vector fields and
differential forms. For the reader more familiarised with Algebraic Geometry, C∞(·,R) for
a manifold M is an example of a sheaf.

The definition of tangent vectors follows directly from the definition of a differentiable
map:

Definition 1.1.4. Let M be a smooth manifold, p ∈M and γ : ]− ϵ, ϵ[ →M be a smooth
map such that γ(0) = p. Construct an equivalence class ∼ on the set of these smooth maps
γ on M passing through p at t = 0 as follows

γ ∼ δ ⇐⇒ D(φ ◦ γ)(0) = D(φ ◦ δ)(0),

for given smooth curves γ, δ on M passing through p at t = 0 and a given chart φ on M

around p, where D is Euler’s notation for differentiation in R. A Tangent Vector at p is an
equivalence class [γ]p resulting from this equivalence relation.

Collecting all these tangent vectors at a point p yields a rather important space:

Definition 1.1.5. The Tangent Space at p is defined as the set of all the tangent vectors
at this point:

TpM
def
=
{
[γ]p

∣∣ γ : ]− ϵ, ϵ[ →M, γ(0) = p
}
. (1.1)

This tangent space is in fact a vector space over the reals, as the following proposition
shows:

Proposition 1.1.6. Given a manifold M and a point in the manifold, p ∈M , the tangent
space at p, TpM , has the structure of a real vector space.

Proof. In order to endow TpM with a canonical structure of a real vector space, we need to
make use of the vector structure of Rm. Let φ : U → φ(U) be a chart centred at p, with
U ⊆M a neighbourhood of p. Then, φ determines the following map

φ∗(p) : TpU −→ Rm

[γ]p 7−→ D(φ ◦ γ)(0)
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To conclude the result it is enough to show that φ∗(p) is bijective since, then, the vector
structure of TpM is inherited from the one in Rm and this structure is well-defined because,
given another chart (V, ψ), the coordinate changes ψ ◦ φ−1 : φ(U ∩ V ) → ψ(U ∩ V ) are
diffeomorphisms between open subsets of Rm. The injectivity comes directly from the defi-
nition of the tangent space TpM . As for the surjectivity, notice that equivalence classes, for
any v ∈ Rm, we may consider the curve γ : ]− ϵ, ϵ[ →M defined by γ(t) = φ−1(tv). Then,
γ(0) = p and

φ∗(p)([γ]p) = D(φ ◦ φ−1 ◦ µv)(0) = Dµv(0) = v,

where µv : R→ Rm is given by µv(t) = tv. Therefore, φ∗(p) is also surjective. Q.E.D.

Remark 1.1.7. Notice that any finite dimensional real vector space V has a natural struc-
ture of a smooth manifold. In fact, chosen a basis {e1, . . . , en} (n = dim(V )) of V , the

associated coordinates {x1, . . . , xn} (so that xi

(
m∑
j=1

vjej

)
= vi, for all i, j = 1, . . . , n) give

a smooth (global) chart (V, (x1, . . . , xn)) of V . Thus, the tangent space TpM also has an
induced smooth manifold structure.

For a differentiable map f :M → N between manifolds M and N , the derivative map is
defined as:

Definition 1.1.8. If f :M → N is differentiable, then the derivative of f at p is the map

f∗(p) : TpM −→ Tf(p)N

[γ]p 7−→ [f ◦ γ]f(p)
. (1.2)

Remark 1.1.9. Throughout the text, we shall make use of different notations for the
derivative of a map f :M → N at a point p ∈M , which we now explain:

– f∗(p) is the standard notation used and it is also used to denote the pushforward of
vector fields (when there is no mention of the point p);

– (df)p is used whenever we want to emphasise that the derivative can be seen as an
element of the dual of the tangent space at p, T ∗

pM ;

– Tpf is used whenever we intend to emphasise the functorial properties of the derivative
as well as to emphasise the fact that the derivative map is a vector bundle morphism
covering the map f (notions to be defined in Section 1.2).

One can check that the definition of the derivative map is well-defined and consistent
with the Chain Rule. In fact, given a point p ∈ M and f : M → N and g : N → P maps
between smooth manifolds differentiable at p and f(p), respectively, we have g ◦ f :M → P

and
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(g ◦ f)∗(p)([γ]p) = [(g ◦ f) ◦ γ](g◦f)(p) = [g ◦ (f ◦ γ)]g(f(p))
= g∗(f(p))([f ◦ γ]f(p)) =

(
g∗(f(p)) ◦ f∗(p)

)
([γ]p),

which can be written compactly as

(g ◦ f)∗(p) = g∗(f(p)) ◦ f∗(p). (1.3)

Furthermore, it is easily shown that, for a given (smooth) map f : M → N , the derivative
f∗(p) : TpM → Tf(p)N is linear (cf. [2, Proposition 2.2.1]).

Definition 1.1.10. The Tangent Bundle of a smooth manifold M is defined as the union
of all tangent spaces of M :

TM =
∐
p∈M

TpM, (1.4)

where
∐

represents the disjoint union. The canonical projection of the tangent bundle is the
map τM : TM →M which, to every element v ∈ TM associates the point p ∈M such that
v ∈ TpM .

Thus, given two manifolds M,N and smooth map f : M → N , the derivative map is
such that the following diagram commutes:

TM TN

M N

τM

Tf

τN

f

Because of this property, we say that Tf = f∗ is a bundle morphism covering f (this shall
be seen with more detail when we study vector bundles).

Remark 1.1.11. For the reader more well versed with category theory, by defining the
following two categories:

– the category of pointed manifolds Man∗ whose objects are pairs (M,p) where M is a
smooth manifold and p ∈ M is a point and whose morphisms between objects (M,p)

and (N, q) are smooth maps f ∈ C∞(M,N) such that f(p) = q;

– the category of real vector fields VectR whose objects are real vector fields and whose
morphisms are linear maps;

then we may define the tangent functor:

T : Man∗ −−−−→ VectR

(M,p)
Ob7−−−→ TpM

f
Mor7−−−→ Tpf = f∗(p)

where the second line denotes the assignment of objects and the third line the assignment
of morphisms.
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One very important result regarding this tangent bundle is the fact that it inherits a
smooth manifold structure from M :

Proposition 1.1.12. Given a (smooth) manifold M , the tangent bundle TM of M is a
smooth manifold.

Proof. Firstly, the necessary topological properties are directly inherited from the manifold
M as long as we find suitable charts for TM . With respect to these charts, we shall define
them as follows: let φ : U → V be a chart for M for open sets U ⊆M and V ⊆ Rm. Then,
define a map Φ by

Φ : TM
∣∣
U
−→ V × Rm (∗)

[γ]p 7−→
(
φ(p), φ∗(p)([γ]p)

)
,

where TM
∣∣
U
=
∐
p∈U

TpM . We shall show that Φ can be charts for TM . For that purpose,

we show that the coordinate change built from these maps is smooth. Let ψ : U ′ → V ′ be
another chart and Ψ : TM

∣∣
U ′ → V ′×Rm the associated map similar to the definition of (∗).

Then the coordinate change Θ = Ψ ◦ Φ−1 : φ(U ∩ U ′) × Rm → ψ(U ∩ U ′) × Rm, has the
following expression:

Θ(q, v) = Ψ ◦ Φ−1(q, v) = (θ(q), θ∗(q)(v)), for all (q, v) ∈ φ(U ∩ U ′)× Rm,

where θ = ψ◦φ−1 : φ(U ∩U ′ → ψ(U ∩U ′) is the coordinate change in M . Since θ is smooth,
so is Θ. Q.E.D.

For any point p of a manifold M , we shall also define the cotangent space as:

Definition 1.1.13. The Cotangent Space T ∗
pM to M at p is the dual of the tangent space

to M at p, TpM , i.e. the cotangent space is

T ∗
pM

def
=
{
α : TpM → R

∣∣α is linear
}
. (1.5)

Similarly, we define the Cotangent Bundle of M as

T ∗M
def
=
∐
p∈M

T ∗
pM (1.6)

and the canonical projection of the cotangent bundle as the map τ̂M : T ∗M →M which, to
every element α ∈ T ∗M associates the point p ∈M such that α ∈ T ∗

pM .
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Similarly to what was done in the case of the tangent bundle, for any smooth map
f :M → N between manifolds M and N we may define a bundle map between the cotangent
bundles:

Definition 1.1.14. The cotangent lift of a local diffeomorphism f :M → N at p is the map

T ∗
p f : T ∗

pM −→ T ∗
f(p)N

α 7−→ α ◦ Tf(p)f−1
(1.7)

which is such that the following diagram commutes:

T ∗M T ∗N

M N

τ̂M

T∗f

τ̂N

f

Remark 1.1.15. The requirement of f : M → N to be a local diffeomorphism in the
previous definition is important only to guarantee that the inverse map of f∗(p) : TpM →
Tf(p)M exists.

Submanifolds of a Manifold

In the study of manifolds, it is often important to understand the properties of certain
subsets. A special class of these sets are called submanifolds. Different types of submanifolds
exist but, for us, the interesting ones appear from the image of certain maps:

Definition 1.1.16. Let M,N be smooth manifolds and f : N →M a smooth map.

1) f is called an immersion if, for every p ∈ N , f∗(p) : TpN → Tf(p)M is injective. Then
f(N) or N are called an immersed submanifold on M ;

2) f is said to be an embedding if f is an immersion and if f : N → f(N) is a homeo-
morphism. Then f(N) or N is said to be an (embedded) submanifold on M .

Remark 1.1.17. In the literature, it is more common to simply call submanifolds to em-
bedded submanifolds, since these are the most common examples and also sufficient to most
purposes. We shall follow this nomenclature, only referencing the fact that a submanifold
is embedded to emphasise the necessity for the distinction with immersed submanifolds.

Remark 1.1.18. It is common practice to describe immersed submanifolds in two ways:
either by assuming that it is the image of an immersion i : N →M which is not necessarily
injective or to assume that it is a subset N ⊆M equipped not necessarily with the subspace
topology such that the inclusion ι : N ↪→M is an immersion (and, since it is the inclusion,
injective). Clearly, both descriptions are entirely analogous so, for our purposes, we shall
adopt the former description.



8
FCUP

Chapter 1. Preliminaries

Example 1.1.19. The most usual examples of (embedded) submanifolds come from the
pre-image of smooth maps f : N →M taking a regular value, i.e. a value p ∈M such that,
for every q ∈ f−1(p), dim(f∗(q)(TqN)) = dim(M). A few examples of this construction are
the following:

– Let ∥ · ∥ : Rn+1 → R≥0 represent the standard norm of Rn+1. Then, 1 ∈ R≥0 is a
regular value (in fact every element of R>0 is a regular value), hence the pre-image is
a submanifold which is, in fact, the n-sphere, Sn;

– Let Mn(R) be the set of n × n matrices with real entries, det : Mn(R) → R be the
determinant map and GLn(R) =

{
A ∈ Mn(R)

∣∣ det(A) ̸= 0
}

be the general linear
group of matrices. Then det : GLn(R)→ R× is a differentiable group homomorphism
(here R× represents the multiplicative group of real numbers) and 1 ∈ R is a real
value. Thus,

det−1(1) =
{
A ∈Mn(R)

∣∣ det(A) = 1
} def

= SLn(R),

the special linear group, is an embedded submanifold of GLn(R). ♮

Example 1.1.20. One other example of submanifolds are surfaces of revolution in R3.
Consider (s, ϑ, z) to be the cylindrical coordinates on R3. Then, considering any curve C on
R>0 × R, we obtain a 2-dimensional submanifold

SC =
{
(s, ϑ, z) ∈ R3

∣∣ϑ ∈ [0, 2π[ , (s, z) ∈ C
}
.

To check that SC is, in fact, a submanifold, let ϕ : R → R>0 × R be such that C = im(ϕ)

and ϕ(t) = (ϕs(t), ϕz(t)). Then, defining

Φ : R× [0, 2π[ −→ R3

(t, ϑ) 7−→ (ϕs(t), ϑ, ϕz(t))

we have that SC = im(Φ) and, clearly, Φ is a homeomorphism onto its image. Since Φ =

ς◦(ϕ×id[0,2π[ ), where ς : R3 → R3 switches the last two coordinates (so ς(s, z, ϑ) = (s, ϑ, z)),
the derivative map of Φ at a point (t, ϑ) ∈ R× [0, 2π[ is

Φ∗(t, ϑ) = ς∗(ϕ(t), ϑ) ◦ (ϕ∗(t)× (id[0,2π[ )∗(ϑ)) = ς ◦ (ϕ∗(t)× id[0,2π[ )

and, therefore, Φ∗(t, ϑ) is injective. Thus, Φ is an embedding and, hence, SC is an embedded
submanifold. ♮
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z

Figure 1.1: Solid of revolution with curve C =
{
(e−z

2

, 0, z) ∈ R3
∣∣ z ∈ R

}
.

Example 1.1.21. The usual example of an immersed manifold is the figure eight curve in
R2 (Fig. 1.2). This curve can be described by γ(t) = (sin(2πt), sin(4πt)) with t ∈ [0, 1], and,
since Dγ(t) = (2π sin(2πt), 4π sin(4πt)), which is injective for t ∈ [0, 1], γ is an immersion
and im(γ) is an immersed submanifold. ♮

x

y

Figure 1.2: Figure eight curve

Example 1.1.22. Another example of an immersed submanifold is the dense curve in the
torus T 2 = S1 × S1. This curve is can be parameterised by γα(t) = (eit, eiαt). Then,
Dγα(t) = (ieit, iαeiαt) is injective if and only if α ∈ R\Q (otherwise the curve closes and
and repeats), and so, im(γα) is an immersed submanifold. ♮

Definition 1.1.23. One says that two maps f1 : N1 →M and f2 : N2 →M are transverse
to each other, and denotes it by f1 ⋔ f2, if, for all pi ∈ Ni (i = 1, 2), with p = f1(p1) = f2(p2),
one gets that

TpM = (f1)∗(p1)(Tp1N1) + (f2)∗(p2)(Tp2N2). (1.8)

Remark 1.1.24. With this definition is possible to introduce the notion of a map f : L→M

transverse to an (immersed) submanifold N by saying that f and the immersion i : N →M

are transverse (to each other). Furthermore, we say that two smooth submanifolds N1, N2

of M intersect transversely and represent N1 ⋔ N2, if, the inclusion maps ιi : Ni ↪→ M

(i = 1, 2) are transverse, i.e. if, for every p ∈ N1 ∩N2, TpM = TpN1 + TpN2.
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Vector Fields and k-forms

Let τM : TM → M and τ̂M : T ∗M → M be the fibre projections of TM and T ∗M onto
M , respectively. Then, we may define

Definition 1.1.25. A smooth map X :M → TM such that τM ◦X = idM is called a vector
field on M . Similarly, a map ω : M → T ∗M such that τ̂M ◦ ω = idM is called a covector
field or 1-form on M .

Remark 1.1.26. With this definition, we assume that a vector field has to be smooth.
However, sometimes it is also useful to consider a vector field to be a (in principle non-
-smooth) map X :M → TM such that τM ◦X = idM . These non-smooth vector fields shall
be called rough vector fields, following the same nomenclature used in [3].

In the previous definition, idM is the identity map on M . The respective sets of vector
and covector fields are

X(M)
def
=
{
X :M → TM

∣∣X is a vector field
}

(1.9a)

Ω1(M)
def
=
{
ω :M → T ∗M

∣∣ω is a 1-form
}
. (1.9b)

In order to simplify notation, we will write a vector field and a 1-form evaluated at a point
p by notating said point in subscript, i.e. we shall notate Xp and ωp instead of X(p) and
ω(p).

A rather important interpretation of a vector field comes from the algebraic notion
of a derivation. Since the set of functions, C∞(M) forms an associative real algebra,
it makes sense to talk about the derivations of C∞(M), Der(C∞(M)), which are maps
D : C∞(M)→ C∞(M) satisfying the Leibniz rule, i.e. such that, for every f, g ∈ C∞(M),
D(fg) = D(f)g + fD(g). Then, we have the following result:

Proposition 1.1.27. There is a canonical one-to-one correspondence:{
Derivations on M

D ∈ Der(C∞(M))

}
1:1←−−−→

{
Vector Fields on M

X ∈ X(M)

}
, (1.10a)

established by the relation:

D(f)(p) = f∗(p)(Xp), for all f ∈ C∞(M) and p ∈M. (1.10b)

Proof. Firstly, let X ∈ X(M) be a vector field and define the map D : C∞(M) → C∞(M)

as per relation (1.10b). Then, we need to check that D is a derivation. For that, we take
f, g ∈ C∞(M) and p ∈M and notice that, given a curve γ : ]− ϵ, ϵ[→M such that γ(0) = p
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and [γ]p = Xp, one gets that (fg) ◦ γ : ]− ϵ, ϵ[ → R, thus

D(fg)(p) = (fg)∗(p)(Xp) = (fg)∗(p)([γ]p) = [(fg) ◦ γ]f(p)g(p) = D((fg) ◦ γ)(0)

= D((f ◦ γ)(g ◦ γ))(0) = D(f ◦ γ)(0) (g ◦ γ)(0) + (f ◦ γ)(0)D(g ◦ γ)(0)

= [f ◦ γ]f(p)g(p) + f(p)[g ◦ γ]g(p) = f∗(p)([γ]p)g(p) + f(p)g∗(p)([γ]p)

= (f∗(p)(Xp) g(p) + f(p) g∗(p)(Xp) = Df(p) g(p) + f(p)Dg(p)

Hence, by relation (1.10b), we get

D(fg)(p) = (fg)∗(p)(Xp) = f∗(p)(Xp)g(p) + f(p)g∗(p)(Xp)

= D(f)(p)g(p) + f(p)D(g)(p),

i.e. D is a derivation of the algebra of smooth functions.
Conversely, let D ∈ Der(C∞(M)) and let us first assume that exists X :M → TM such

that D(f)(p) = f∗(p)(Xp), for all f ∈ C∞(M) and p ∈M . We want to show that X defines
a vector field on M . The smoothness of X is guaranteed by the smoothness of D(f) and of
the linearity of the derivative map f∗(p). Moreover, by relation (1.10b), the definition of X
implies that Xp ∈ TpM , thus it is clear that (τM ◦X)(p) = p, i.e. X is a vector field. As for
the existence, the interested reader can check, for instance, Ref. [3, Propostion 8.15] Q.E.D.

Remark 1.1.28. From this proposition, since there is a one-to-one correspondence between
vector fields on M and derivations of the algebra of smooth functions of M , we shall some-
times consider X ∈ X(M) as a derivation of the algebra of smooth function on M . In that
case, we still denote said derivation by X and denote X(f) ∈ C∞(M) the action of the
derivation X on a function f ∈ C∞(M).

We will give more results about the set of vector fields in a subsequent paragraph.
Now, considering the set of 1-forms, from the interpretation of the cotangent bundle as

the dual of the tangent bundle, we can, in fact, rethink our view of any 1-form ω as a map
from vector fields to the ring of smooth functions C∞(M)

ω : X(M) −→ C∞(M)

X 7−→ [p 7→ ωp(Xp)]

Because each ωp is R-linear for each p ∈ M , we clearly obtain that a 1-form, in this view,
must be C∞(M)-linear. Thus, the set of 1-forms can also be thought as

Ω1(M) =
{
ω : X(M)→ C∞(M)

∣∣ω is C∞(M)-linear
}

(1.11)

The definitions of covectors and 1-forms can be extended to arbitrary alternating1 k-
-linear functions, whose set, defined at each point p ∈M is∧k T ∗

pM =
{
α : (TpM)×k → R

∣∣α is anti-symmetric and R-multilinear
}
, (1.12a)

1By alternating, we mean anti-symmetric in the exchange of any two arguments.
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which can be extended to all points as∧k T ∗M =
∐
p∈M

∧k T ∗
pM. (1.12b)

Now, by following the same procedure that gave rise to the notion of a 1-form, we could
define a k-form ϑ as a map ϑ :M →

∧
k T ∗M such that η ◦ϑ = idM where η :

∧
k T ∗M →M

sends α ∈
∧
k T ∗

pM to the point p ∈ M . However, it is much simpler to do the same
definition following instead the second view presented for 1-forms. In that perspective, we
should take k-forms as maps ϑ : X(M)×k → C∞(M) that are now C∞(M)-multilinear
and anti-symmetric to follow the properties of

∧
k T ∗M . Thus, we define the collection of

differential k-forms as

Ωk(M)
def
=
{
ϑ : X(M)×k → C∞(M)

∣∣ϑ is anti-symmetric and C∞(M)-multilinear
}
.

(1.13)
In fact, viewing the differential k-forms as these anti-symmetric, C∞(M)-multilinear

maps allows us to define a module structure for Ωk(M):

Proposition 1.1.29. The collection of differential k-forms on a manifold M , Ωk(M), has
the structure of a C∞(M)-module.

Proof. Since, for all p ∈ M ,
∧
k T ∗

pM has the structure of a real vector space (it is, in fact,
inherited from the real vector space structure of TpM), we define the addition of k-forms
pointwise2, i.e. for ω, θ ∈ Ωk(M), (ω + θ)p = ωp + θp. Additionally, we define the following
operation

ϱ : C∞(M)× Ωk(M) −→ Ωk(M)

(f, ω) 7−→ [p 7→ f(p)ωp]
(∗)

Again, from the real vector space structure of TpM for all p ∈M , we can easily check that
the operation (∗) obeys the necessary properties to endow Ωk(M) with the structure of a
C∞(M)-module:

(ϱ(fg, ω))(p) = (fg)(p)ωp = f(p)g(p)ωp = f(p)(ϱ(g, ω))(p)

= (ϱ(f, ϱ(g, ω)))(p)

(ϱ(f + g, ω))(p) = (f + g)(p)ωp = (f(p) + g(p))ωp = f(p)ωp + g(p)ωp

= (ϱ(f, ω))(p) + (ϱ(g, ω))(p)

(ϱ(f, ω + θ))(p) = f(p)(ω + θ)p = f(p)(ωp + θp) = f(p)ωp + f(p)θp

= (ϱ(f, ω))(p) + (ϱ(f, θ))(p)

(ϱ(1, ω))(p) = 1(p)ωp = ωp

2In fact, here one could also define the scalar multiplication so that, for λ ∈ R and ω ∈ Ωk(M), (λω)p =

λωp, for all p ∈ M . This scalar multiplication with the addition defined above gives Ωk(M) the structure
of a vector space over R.
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where 1 : M → R is just the function which assigns to any point of the manifold the real
number 1 ∈ R. Q.E.D.

Remark 1.1.30. As it is customary, instead of denoting the C∞(M)-module operation as
ϱ(f)(ω), we denote it simply as fω.

Remark 1.1.31. As we shall see in Section 1.2, this C∞(M)-module structure we obtained
for the set k-forms is the result of a more general proposition about an equivalent module
structure for sections of a vector bundle over a manifold M .

This module structure motivates the introduction of the set of all differential forms

Ω•(M) =

m⊕
k=0

Ωk(M), where, as usual, m = dim(M), which will be the central object of

study in the next subsection.

Exterior Product, Exterior Derivative and Interior Product

In the present subsection, we aim to study with more detail the collection of k-forms for
arbitrary k ∈ Z⩾0. We start by introducing the notion of the exterior product :

Definition 1.1.32. Let p ∈ M , ω ∈
∧
k T ∗

pM and θ ∈
∧
ℓ T ∗

pM . The exterior product or
wedge product of ω and θ is a (k + ℓ)-form, denoted by ω ∧ θ ∈

∧
k+ℓ T ∗

pM , such that, for
any v1, . . . , vk+ℓ ∈ TpM ,

(ω ∧ θ)(v1, . . . , vk+ℓ)
def
=

∑
σ∈Sk,ℓ

sgn(σ)ω(vσ(1), . . . , vσ(k)) θ(vσ(k+1), . . . , vσ(k+ℓ)), (1.14)

where Sk,ℓ represents the set of all (k, ℓ)-shuffles, i.e. permutations σ of {1, . . . , k + ℓ} such
that σ(1) < . . . < σ(k) and σ(k + 1) < . . . < σ(k + ℓ), and sgn(σ) is the sign ±1 of the
permutation σ.

Remark 1.1.33. Since differential k-forms are just maps M →
∧
k T ∗M , the previous

definition of the exterior product can be extended to a map

Ωk(M)× Ωℓ(M) −→ Ωk+ℓ(M)

(ω, θ) 7−→ ω ∧ θ

for any k, ℓ ∈ Z⩾0. In this context, we can also define the wedge product when one or both
entries are functions (elements of Ω0(M)

def
= C∞(M)). In this context, then, if f, g ∈ C∞(M)

and ω ∈ Ωk(M), f ∧ g def
= fg and f ∧ ω def

= fω, where, in this last expression, the product is
the one coming from the C∞(M)-module structure of Ωk(M).
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Proposition 1.1.34. The exterior product satisfies the following properties:

(i) it is associative: (ω∧ θ)∧η = ω∧ (θ∧η), for ω ∈ Ωk(M), θ ∈ Ωℓ(M) and η ∈ Ωh(M);

(ii) (ω + θ) ∧ η = ω ∧ η + θ ∧ η and (fω) ∧ θ = f(ω ∧ θ), with ω, θ ∈ Ωk(M), η ∈ Ωℓ(M)

and f ∈ C∞(M);

(iii) it is graded commutative: θ ∧ ω = (−1)kℓω ∧ θ, given ω ∈ Ωk(M) and θ ∈ Ωℓ(M).

Remark 1.1.35. From the previous proposition we conclude that, together with the exterior
product, the collection of differential forms Ω•(M) forms a graded C∞(M)-algebra and, in
particular,

∧• T ∗
pM , with this exterior product, forms a graded R-algebra for all p ∈ M . A

more detailed presentation of the notions of graded algebras is given in Section 1.3.

We have previously seen that, using the cotangent lift of a local diffeomorphism, it is
possible to define a form in another manifold. However, the more natural way of doing this
is by using the pull-back which we now define for arbitrary k-forms:

Definition 1.1.36. If φ : M → N is a smooth map of smooth manifolds M and N and
ω ∈ Ωk(N) is a k-form in N , we define the pull-back of ω by φ as the k-form φ∗ω ∈ Ωk(M)

such that, for p ∈M and v1, . . . , vk ∈ TpM ,

(φ∗ω)p(v1, . . . , vk)
def
= ωφ(p)(φ∗(p)(v1), . . . , φ∗(p)(vk)). (1.15)

For 0-forms f ∈ C∞(N), we define φ∗f
def
= f ◦ φ ∈ C∞(M).

Proposition 1.1.37. Given a smooth map φ :M → N , the map

φ∗ : Ω•(N) −→ Ω•(M)

ω 7−→ φ∗ω
(1.16)

is an algebra homomorphism. Additionally, given smooth maps f :M → N and g : N → P

and ω ∈ Ω•(P ), we have that (g ◦ f)∗ω = f∗(g∗ω).

Proof. By the definition of the pull-back, for all p ∈M and v1, . . . , vk ∈ TpM , given ω, ω′ ∈
Ωk(N) and a, a′ ∈ R, we have that

(φ∗(aω + a′ω′))p(v1, . . . , vk) = (aω + a′ω′)φ(p)(φ∗(p)(v1), . . . , φ∗(p)(vk))

= aωφ(p)(φ∗(p)(v1), . . . , φ∗(p)(vk))

+ a′ω′
φ(p)(φ∗(p)(v1), . . . , φ∗(p)(vk))

= a(φ∗ω)p(v1, . . . , vk) + a′(φ∗ω′)p(v1, . . . , vk)

= (aφ∗ω + a′φ∗ω′)p(v1, . . . , vk),
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i.e. φ∗ is R-linear. Moreover, given ω ∈ Ωk(N) and η ∈ Ωℓ(N) and arbitrary vectors
v1, . . . , vk+ℓ ∈ TpM ,

(φ∗(ω ∧ η))p(v1, . . . , vk+ℓ) = (ω ∧ η)φ(p)(φ∗(p)(v1), . . . , φ∗(p)(vk+ℓ))

=
∑

σ∈Sk,ℓ

sgn(σ)ωφ(p)(φ∗(p)(vσ(1)), . . . , φ∗(p)(vσ(k)))×
× ηφ(p)(φ∗(p)(vσ(k+1)), . . . , φ∗(p)(vσ(k+ℓ)))

=
∑

σ∈Sk,ℓ

sgn(σ) (φ∗ω)p(vσ(1), . . . , vσ(k))×
× (φ∗η)p(vσ(k+1), . . . , vσ(k+ℓ))

= (φ∗ω ∧ φ∗η)p(v1, . . . , vk+ℓ),

thus, φ∗ : Ω•(N) → Ω•(M) is an algebra homomorphism. To prove the last portion of the
Proposition, let p ∈M , ω ∈ Ωk(P ) and v1, . . . , vk ∈ TpM . Then,

((g ◦ f)∗ω)p(v1 . . . , vk) = ωg◦f(p)((g ◦ f)∗(p)(v1), . . . , (g ◦ f)∗(p)(vk))

= ωg(f(p))(g∗(f(p))(f∗(p)(v1)), . . . , g∗(f(p))(f∗(p)(vk)))

= (g∗ω)f(p)(f∗(p)(v1), . . . , f∗(p)(vk)) = (f∗(g∗ω))p(v1, . . . , vk)

which concludes the proof. Q.E.D.

To finalise this brief study of the operations/structures on the collection of differential
forms, we introduce two operators that allow to increase or decrease the degree of a certain
k-form.

Definition 1.1.38. GivenX ∈ X(M), the interior product by X is the map (for all k ∈ Z⩾0)

iX : Ωk(M) −→ Ωk−1(M)

ω 7−→ iXω
(1.17a)

such that, for k = 0, ω = f ∈ C∞(M) and iXf
def
= 0 and, for k ≥ 1, given X1, . . . , Xk−1 ∈

X(M),
(iXω)(X1, . . . , Xk−1) = ω(X,X1, . . . , Xk−1). (1.17b)

Remark 1.1.39. As we shall see in Section 1.3, by introducing the notion of graded al-
gebras and the shift, we may rewrite the definition of the interior product as the map
iX : Ω•(M)→ Ω•(M)[−1] such that, for any homogeneous element of degree k, ω ∈ Ωk(M),
iXω ∈ Ωk−1(M) and (iXω)(X1, . . . , Xk−1) = ω(X,X1, . . . , Xk−1), for any X1, . . . , Xk−1 ∈
X(M).
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Proposition 1.1.40. Let X ∈ X(M). Then iX is a degree −1 graded derivation of
(Ω•(M),∧), i.e., for ω ∈ Ωk(M) and θ ∈ Ωℓ(M), iX(ω ∧ θ) = (iXω) ∧ θ + (−1)kω ∧ (iXθ).

Proof. To obtain the result, let X2, . . . , Xk+ℓ ∈ X(M). Then, by identifying X1 = X, we
have that

(iX(ω ∧ θ))(X2, . . . , Xk+ℓ) = (ω ∧ θ)(X,X2, . . . , Xk+ℓ)

=
∑

σ∈Sk,ℓ

sgn(σ)ω(Xσ(1), . . . , Xσ(k))θ(Xσ(k+1), . . . , Xσ(k+ℓ))

=
∑

σ∈Sk,ℓ

σ(1)=1

sgn(σ)ω(Xσ(1)=1, . . . , Xσ(k))θ(Xσ(k+1), . . . , Xσ(k+ℓ))

+
∑

σ∈Sk,ℓ

σ(k+1)=1

sgn(σ)ω(Xσ(1), . . . , Xσ(k))θ(Xσ(k+1), . . . , Xσ(k+ℓ))

(∗)

Noticing that a (k, ℓ)-shuffle with the first entry fixed is just a (k − 1, ℓ)-shuffle and that
a (k, ℓ)-shuffle with the (k + 1)-th entry fixed is just a (k, ℓ − 1)-shuffle (but whose sign is
(−1)k of the original shuffle due to the permutation of that fixed entry), we get that

(∗) =
∑

σ∈Sk−1,ℓ

sgn(σ)ω(X1, Xσ(1)+1 . . . , Xσ(k−1)+1)θ(Xσ(k)+1, . . . , Xσ(k−1+ℓ)+1)

+ (−1)k
∑

σ∈Sk,ℓ−1

sgn(σ)ω(Xσ(1)+1 . . . , Xσ(k)+1)θ(X1, Xσ(k+1)+1, . . . , Xσ(k+ℓ−1)+1)

= ((iXω) ∧ θ)(X2, . . . , Xk+ℓ) + (−1)k(ω ∧ (iXθ))(X2, . . . , Xk+ℓ).

Thus, we obtain the result. Q.E.D.

Definition 1.1.41. The exterior derivative on Ω•(M) or the de Rham differential is the
operator

d : Ωk(M) −→ Ωk+1(M) (1.18a)

such that, for k = 0, ω = f ∈ C∞(M) and (df)p = f∗(p), for any p ∈M and, for k ≥ 1 and
ω ∈ Ωk(M), given X1, . . . , Xk+1 ∈ X(M):

(dω)(X1, . . . , Xk+1) =

k+1∑
i=1

(−1)i−1Xi(ω(X1, . . . , X̂i, . . . , Xk+1)) (1.18b)

+

k+1∑
i,j=1
i<j

(−1)i+jω([Xi, Xj ], X1, . . . , X̂i, . . . , X̂j , . . . , Xk+1),

where the notation X̂i means that we omit the entry Xi from ω.
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Remark 1.1.42. The exterior derivative could be seen as a local operator. In fact, given a
coordinate chart (U, (x1, . . . , xm)) of M , we may write any k-form ω ∈ Ωk(M) as

ω|U =
∑

1≤i1<...<ik≤m
ai1···ikdx

i1 ∧ · · · ∧ dxik .

Then, we can write dω as

(dω)|U =
∑

1≤i1<...<ik≤m
dai1···ik ∧ dxi1 ∧ · · · ∧ dxik (1.18c)

Remark 1.1.43. Similar to the case of the interior product, the exterior derivative can be
thought as a map d : Ω•(M) → Ω•(M)[1], which, for every k-form, ω ∈ Ωk(M), associates
a (k + 1)-form dω ∈ Ωk+1(M).

Proposition 1.1.44. The exterior derivative satisfies the following properties

(i) d is R-linear;

(ii) d is a degree 1 graded derivation on (Ω•(M),∧), i.e. it satisfies the graded Leibniz rule

d(ω ∧ θ) = (dω) ∧ θ + (−1)kω ∧ (dθ)

for all ω ∈ Ωk(M) and θ ∈ Ωℓ(M);

(iii) d(dω) = 0 for any ω ∈ Ω•(M);

(iv) for any smooth map φ :M → N and ω ∈ Ω•(N), d(φ∗ω) = φ∗(dω).

Definition 1.1.45. A k-form ω ∈ Ωk(M) is said to be

1) closed if dω = 0. The collection of closed k-forms is denoted by Ωkcl(M);

2) exact if exists η ∈ Ωk−1(M) such that ω = dη. The collection of exact k-forms is
denoted by dΩk−1(M).

Lemma 1.1.46. If ω is an exact k-form, then it is closed.

Proof. For an exact k-form ω ∈ Ωk(M), let η ∈ Ωk−1(M) be such that ω = dη. Then,
dω = d(dη) = 0, therefore ω ∈ Ωk(M) is closed. Q.E.D.

We could now question when is the opposite relation valid, i.e. when a closed form is
exact. This problem leads to the notion of the de Rham cohomology groups, which we
briefly introduce.

Definition 1.1.47. Let M be a smooth manifold. The k-th de Rham cohomology group of
M is the quotient space

Hk
dR(M)

def
=

ker(d : Ωk(M)→ Ωk+1(M))

im(d : Ωk−1(M)→ Ωk(M))
= Ωkcl(M)/dΩk−1(M) (1.19)
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One of the most important results when dealing with the previously posed question comes
in the form of the Poincaré lemma, which states that every closed form is locally exact.

Lemma 1.1.48 (Poincaré). Let M be a smooth manifold and ω ∈ Ωkcl(M). Then, for any
p ∈ M , there exists an open neighbourhood U of p and a (k − 1)-form η ∈ Ωk−1(U) such
that ω|U = dη.

The proof of this concept is beyond the scope of the present document. For the interested
reader, we refer to [4, Section 9.10].

More on the Structure of X(M)

We now return to the study of vector fields and, in particular, the different structures one
can define in X(M). The first of these is the C∞(M)-module structure:

Proposition 1.1.49. The collection of vector fields on a manifold M , X(M), has the struc-
ture of a C∞(M)-module, given by (fX)p = f(p)Xp, for all p ∈ M , f ∈ C∞(M) and
X ∈ X(M).

Proof. The proof of this result is entirely analogous to the homologous result for the module
of Ωk(M), Proposition 1.1.29. Q.E.D.

Remark 1.1.50. Similarly to how it was done in the case of k-forms, we shall denote the
C∞(M)-module operation as fX.

Remark 1.1.51. Since the ring of smooth functions assumes as operations the pointwise
addition and multiplication of functions, if we had only considered the sub-ring of constant
functions, we would have obtained a real vector space structure for X(M). As we shall see,
in some of the structures that we will add to X(M) it is not possible to consider the full
C∞(M)-module structure but rather just the real vector space structure.

One other rather important use of vector fields has to do with differential equations.
This application comes by considering the vector fields as generators of flows on a manifold:

Definition 1.1.52. Let M be a smooth manifold, p ∈ M and X ∈ X(M). A curve
γ : I → M , with I ⊆ R is an open interval containing 0, is called an integral curve of X at
the point p if γ(0) = p and d

dtγ(t) = Xγ(t). More generally, the map

FlX : D ⊆ R×M −→M

(t, p) 7−→ FltX(p)
(1.20)

such that t 7→ FltX(p) is an integral curve of X starting from p, is called the flow of the
vector field X.
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Proposition 1.1.53. Let M be a smooth manifold, X ∈ X(M) and FltX :M →M the local
flow generated by X. Then,

(i) Fl0X = idM ;

(ii) FltX ◦ Fl
s
X = Flt+sX for t and s in suitable intervals;

(iii) FltX is a diffeomorphism between open subsets of M , for each t ∈ R.

Proof. (i) Given p ∈M , we have that Fl0X(p) = p;

(ii) Let p ∈ M , q = FlsX(p), γ(t) the integral curve of X passing through p and γ̃(t)

the integral curve of X passing through q. Define the curve δ by δ(t) = γ(t + s).
Then δ(0) = γ(s) = q and d

dtδ(t) = d
dτ γ(τ)|τ=t+s = Xγ(t+s) = Xδ(t), i.e. δ is the

integral curve of X passing through q. By the existence and uniqueness of solutions
of differential equations, δ = γ̃, i.e. γ̃(t) = γ(t+ s) ⇐⇒ FltX(FlsX(p)) = Flt+sX . Thus,
since p ∈M is arbitrary, we get that FltX ◦ Fl

s
X = Flt+sX .

(iii) It is clear that FltX is differentiable and, by (i) and (ii), (FltX)−1 = Fl−tX . Therefore,
(FltX)−1 is also differentiable and we conclude that FltX is a local diffeomorphism.

Q.E.D.

Definition 1.1.54. A vector field X ∈ X(M) on a manifold M is said to be complete if D,
the domain of maximal flow of X, is D = R×M , i.e. if dom(FltX) =M , for all t ∈ R.

Having now defined the set of vector fields, X(M), we are now able to introduce additional
structures to this collection. The first of these structures is a Lie bracket:

Definition 1.1.55. The Lie bracket of two vector fields X,Y ∈ X(M) is the unique vector
field [X,Y ] ∈ X(M) defined by

[X,Y ](f)
def
= X(Y (f))− Y (X(f)), ∀ f ∈ C∞(M). (1.21)

Lemma 1.1.56. The Lie bracket has the following properties for X,Y, Z ∈ X(M) and
λ ∈ R:

(i) [X,Y + Z] = [X,Y ] + [X,Z] and [X,λY ] = λ[X,Y ];

(ii) [X,Y ] = −[Y,X];

(iii) [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0 (Jacobi identity).
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Proof. The first two properties are clear from the definition of the Lie bracket. As for the
Jacobi identity, let f ∈ C∞(M). Then,

[X, [Y,Z]](f) = X(Y (Z(f))−X(Z(Y (f)))− Y (Z(X(f)) + Z(Y (X(f)),

[Y, [Z,X]](f) = Y (Z(X(f))− Y (X(Z(f)))− Z(X(Y (f)) +X(Z(Y (f)),

[Z, [X,Y ]](f) = Z(X(Y (f))− Z(Y (X(f)))−X(Y (Z(f)) + Y (X(Z(f)).

Thus, by adding the three terms on the LHS, noticing the common tones of black, red, blue,
teal, violet and orange, we obtain the result. Q.E.D.

From this lemma, we get that (X(M), [·, ·]) is a real Lie algebra where we consider only
the real vector space structure of X(M) and not the full C∞(M)-module structure.

The final concept we shall introduce in this section is the notion of the Lie derivative.
For that, however, we must first extend the notion of the pull-back of forms to the setting
of vector fields:

Definition 1.1.57. Let φ : M → N be a diffeomorphism and X ∈ X(N) a vector field.
The pull-back of the vector field X along φ is the vector field φ∗X ∈ X(M) on M given by:

φ∗X = φ−1
∗ ◦X ◦ φ, (1.22a)

or, at a point p ∈M :

(φ∗X)p = φ−1
∗ (φ(p))(Xφ(p)). (1.22b)

Remark 1.1.58. This definition of the pull-back of vector fields motivates us to introduce
the notion of related vector fields. Given X ∈ X(M) and Y ∈ X(N) and a smooth map
f :M → N , X and Y are said to be f -related if f∗(p)(Xp) = Yf(p), for all p ∈M .

Lemma 1.1.59. Let φ : M → N be a diffeomorphism, f ∈ C∞(M) and X ∈ X(N). Then
(φ∗X)(f) = X(f ◦ φ−1) ◦ φ.

Proof. Let p ∈M . Then,

(φ∗X)(f)(p) = f∗(p)((φ
∗X)p) = f∗(p)(φ

−1
∗ (φ(p))(Xφ(p)))

= (f ◦ φ−1)∗(φ(p))(Xφ(p)) = X(f ◦ φ−1)(φ(p)),

which is the intended result. Q.E.D.
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We are now ready to introduce the notion of the Lie derivative:

Definition 1.1.60. Let X ∈ X(M) be a vector field and FltX its flow at time t. We define

1) the Lie derivative of f ∈ C∞(M) along X to be LXf ∈ C∞(M) such that

(LXf)(p) =
d

dt
((FltX)∗f)(p)

∣∣∣
t=0

; (1.23)

2) the Lie derivative of ω ∈ Ωk(M) along X to be LXω ∈ Ωk(M) such that

(LXω)p(v1, . . . , vk) =
d

dt
((FltX)∗ω)p(v1, . . . , vk)

∣∣∣
t=0

; (1.24)

3) the Lie derivative of Y ∈ X(M) along X to be LXY ∈ X(M) such that

(LXY )(f)(p) =
d

dt
((FltX)∗Y )(f)(p)

∣∣∣
t=0

. (1.25)

In reality, it is much more useful to use the following results:

Proposition 1.1.61. Let X ∈ X(M). Then, the Lie derivative along X satisfies the fol-
lowing properties:

(i) LXf = X(f), ∀ f ∈ C∞(M);

(ii) LXY = [X,Y ], ∀Y ∈ X(M).

Proposition 1.1.62. Given vector fields X1, X2 ∈ X(M) and a k-form ω ∈ Ωk(M), we
have the following:

i[X1,X2]ω = LX1
iX2

ω − iX2
LX1

ω. (1.26)

Theorem 1.1.63 (Cartan’s magic formula). Given a vector field X ∈ X(M) and a k-form,
ω ∈ Ωk(M), we have that

LXω = d(iXω) + iX(dω). (1.27)
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1.2 Vector Bundles and Double Vector Bundles

A fundamental concept that shall be of extreme importance in later chapters is that of
fibre bundles and, in particular, vector bundles. In this section, we give a brief overview of
the ideas present when one studies such objects.

The study of fibre bundles comes about as a generalisation (and in some sense an ab-
straction) of the construction made previously for the tangent and cotangent bundles TM
and T ∗M . These appear to be a product of topological spaces and, in fact, the definition of
a fibre bundle embodies this notion (even though only locally):

Definition 1.2.1. A locally trivial fibration is a quadruple (E,B, pr, F ), where E,B, F are
topological spaces and pr : E → B is a continuous surjective map such that, for every p ∈ B,
exists a neighbourhood U ⊆ B of p and a homeomorphism φ : pr−1(U)→ U × F such that
the following diagram commutes:

pr−1(U) U × F

U

pr

φ

proj1

(1.28)

where proj1 : U × F → U is the projection onto the first factor.

Relative to the quadruple (E,B, pr, F ) we call E the total space, B the base space, pr
the projection map of the fibration and F the fibre. If the neighbourhood U in the definition
above is actually the whole base space B, the map φ is called a (global) trivialisation of the
fibration since it identifies (preserving the fibres) E with B × F .

Remark 1.2.2. It is often easier to denote a locally trivial fibration as E pr−−→ B or,
simply, E and we denote the fibre at p ∈ B by Ep or pr−1(p). If E,B can be taken as
smooth manifolds, pr a smooth map and φ in Definition 1.2.1 a diffeomorphism, then we
call E pr−−→ B a smooth locally trivial fibration.

Remark 1.2.3. In parts of the literature, the object we here called a locally trivial fibration
is also called a fibre bundle. However, in others, the name fibre bundle is kept for a locally
trivial fibration for which there exists a topological group G (usually called the structure
group) which acts on the fibres F of the locally trivial fibration (E,B,pr, F ).

Example 1.2.4. The simplest example of a locally trivial fibration is that of the trivial
bundle, which is the case in which we take two topological spaces B,F , and define E = B×F
and take pr : B × F → B the projection onto the first factor. ♮

Example 1.2.5. Both the tangent and cotangent bundles are examples of locally trivial
fibrations (more specifically, they correspond to vector bundles) and shall be described in
more detail below. ♮
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Example 1.2.6. Another less trivial example is that of the Möbius strip, for which we
take B = S1, the circle, and F = R. Then, by defining the equivalence relation ∼ in R2

by (x1, y1) ∼ (x2, y2) ⇐⇒ ∃n ∈ Z : (x2, y2) = (x + n, (−1)ny), we take E = R2/ ∼ and
pr : E → S1 defined by pr([(x, y)]) = e2πix (identifying S1 with the complex unit circle). ♮

Since we are more interested in dealing with vector bundles, we now turn our attention
to these objects and, when necessary, we add a remark to invoke the same underlying fibre
bundle structure. A vector bundle comes as a particular interesting case of fibre bundles,
since it adds a structure of a vector space over a field K (which we shall always take as the
reals R). As we shall also see, this is precisely the case for the tangent bundle.

Definition 1.2.7. A locally trivial fibration E
pr−−→ B is called a real vector bundle if, for

each p ∈ B, the fibre Ep
def
= pr−1(p) is endowed with the structure of a real vector space

and if each local trivialisation φ : pr−1(U) → U × F restricts at each p ∈ U to a linear
isomorphism between Ep and {p} × F ∼= F .

Remark 1.2.8. In all the cases we shall study, the fibres of a vector bundle E pr−−→ B shall
be finite-dimensional. To the dimension of these fibres — which equals the difference of the
dimensions of the total space and the base space —, we shall give the name rank of the
vector bundle, and denote it by rank(E) = dim(E)− dim(B).

The following result proves that the tangent bundle is, indeed, a vector bundle:

Proposition 1.2.9. Let M be an m-dimensional smooth manifold and TM its tangent
bundle. With respect to the natural projection τM : TM → M , TM has the structure of a
vector bundle.

Proof. Let U ⊆ M and φ : U → V ⊆ Rm be a chart for M . Then, since the map
Φ : TM |U → V × Rm defined in the proof of Proposition 1.1.12 is a linear isomorphism on
the fibres of TM , it is enough to show that the following diagram commutes:

TM |U φ(U)× Rm

U U × Rm

τM

Φ

φ×idRm

proj1

since, in this case, the φ appearing in Definition 1.2.1 is Φ ◦ (φ× idRm)−1. However, given
p ∈ U and [γ]p ∈ TpM ,

(proj1 ◦ (φ× idRm)−1 ◦ Φ)([γ]p) = (proj1 ◦ (φ× idRm)−1)(φ(p), φ∗(p)([γ]p))

= proj1(p, φ∗(p)([γ]p)) = p = τM ([γ]p),

which concludes the proof. Q.E.D.
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Definition 1.2.10. A bundle morphism between locally trivial fibrations E pr−−→ B and
E′ pr′−−−→ B′ is a pair (f̃ , f) of maps f̃ : E → E′ and f : B → B′ such that the induced map
on the fibres f̃p : Ep → E′

f(p), for p ∈ B, is a homeomorphism and the following diagram
commutes:

E E′

B B′

f̃

pr pr′

f

(1.29)

If E pr−−→ B and E′ pr′−−−→ B′ are vector bundles, we call the pair (f̃ , f) a vector bundle
morphism if, additionally, for every p ∈ B, the map Ep → E′

f(p) is homomorphism of real
vector spaces, i.e. f̃ is fibre-wise linear.

This definition allows us to define the category of vector bundles, denoted as VB, whose
objects are vector bundles and morphisms are vector bundle morphisms.

Remark 1.2.11. Usually, we will denote a (vector) bundle morphism (f̃ , f) simply as f̃ .
In this case, we say that f̃ : E → E′ is a (vector) bundle morphism covering f : B → B′.

Additionally, given a smooth map f : B → B′, it is always possible to extend it to a
bundle map f̃ : E → E′ between the two vector bundles E pr−−→ B and E′ pr′−−−→ B′, by
taking, for instance, f̃ = 0·E′ ◦ f ◦ pr, where 0·E′ : B′ → E′ associates every point p′ ∈ B′ to
the zero vector of the fibre E′

p′ .

Homogeneity Structures

Having introduced the notions of vector bundles and morphisms, we now give an alterna-
tive characterisation of vector bundles using the notion of actions on a manifold:

Definition 1.2.12. Let X be a topological space and G an topological group (i.e. a group
(G, ·) with a topology structure such that both · : G × G → G and −1 : G → G are
continuous). An action of (G, ·) in X is a continuous map

ϕ : G×X −→ X

(g, x) 7−→ ϕg(x)

satisfying the following conditions

1) ϕg : X → X is a homeomorphism for all g ∈ G;

2) for all g, h ∈ G, ϕg ◦ ϕh = ϕg·h;

3) if e ∈ G is the neutral element of G, then ϕe = idX .

To the pair (X,ϕ) we call a G-set.
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Remark 1.2.13. If X is a smooth manifold, the action is said to be smooth if G×X → X

is smooth and ϕg is a diffeomorphism for all g ∈ G.

Definition 1.2.14. Let X,Y be topological spaces and (G, ·) a topological group acting on
X and Y . A G-equivariant map or a G-morphism between G-sets (X,ϕ) and (Y, ψ) is a
continuous map f : X → Y such that, for all g ∈ G and x ∈ X, f(ϕg(x)) = ψg(f(x)) or,
equivalently, such that the following diagram commutes:

G×X G× Y

X Y

ϕ

idG×f

ψ

f

Remark 1.2.15. With the introduction of G-equivariant maps, it is now possible to intro-
duce the category of G-actions, Act(G,·), whose objects are G-sets (X,ϕ) and morphisms
are G-morphisms.

From now on, we shall always consider the manifold M above to be a vector bundle
E

pr−−→M and, given the natural real structure of the manifold, we shall take3 G = R≥0.

Definition 1.2.16. The vertical lift associated to an action ϕ : R≥0 × E → E on a vector
bundle E pr−−→M is the map

vlϕ : E −→ TE|ϕ0(E)

e 7−→ [γe] ∈ Tϕ0(e)E,

where, for all t ∈ R≥0, γe(t) = ϕt(e).

Then, we may define a homogeneity structure on a vector bundle as follows:

Definition 1.2.17. An action h : R≥0 × E → E on a vector bundle E pr−−→ M is called a
homogeneity structure on E if given any e ∈ E, vlh(e) = 0 if and only if e ∈ h0(E).

Remark 1.2.18. Notice that, in the definition of homogeneity structure, the implication
from right to left (i.e. the implication e ∈ h0(E) =⇒ vlh(e) = 0) is always satisfied. In
fact, we have that, if e = h0(ϵ) for some ϵ ∈ E,

ht(e) = (ht ◦ h0)(ϵ) = ht×0(ϵ) = h0(ϵ) = e.

Thus vlh(e) = [γe] = [h0(e)] = 0, where, in the last equality, we simply note that the element
on TeE ∼= Th0(e)E associated to the equivalence class of constant curves γe(t) = h0(e) is the
null vector.

3Clearly, (R≥0, ·) is a monoid and not a group. In this case, the action of R≥0 is called a monoid action.
The following results are still valid for a monoid action instead of a group one.
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For every vector bundle E pr−−→M , there always exists a homogeneity structure on E. In
fact, given a chart (U, (x1, . . . , xm)) of M (m = dim(M)) and adapted coordinates (xi, ea)

on E, the action
hE : R≥0 × E −→ E

(t, (xi, ϵa)) 7−→ (xi, t ϵa)
(1.30)

is a homogeneity structure on E. This fact is easy to check, since vlhE
(xi, ϵa) = [(xi, t ϵa)]

and this equivalence class gives, locally, the vector ϵa ∂
∂ea

∣∣
ϵ
. Thus, if vlhE

(xi, ϵa) = 0, then
ϵ has coordinates (xi, 0) = h0(x

i, ea), for some e ∈ E with coordinates (xi, ea).
The existence of this homogeneity structure allows us to obtain a functor H : VB →

ActR≥0
mapping a vector bundle E pr−−→ M to the R≥0-set (E, hE) (and mapping vector

bundle morphisms to themselves). However, given any R≥0-set, we can also construct the
following functor:

V : ActR≥0
−−−−→ VB

(M,h)
Ob7−−−→ ker(Th0)

f
Mor7−−−→ (Vf, f0)

where the vector bundle morphism (Vf, f0) is obtained from f : (M,hM )→ (N,hN ) by the
following commutative diagram:

VM TM M (hM )0(M)

VN TN N (hN )0(N)

Vf

τM

Tf

(hM )0

f f0

τN (hN )0

This functor allows us to obtain the following result

Theorem 1.2.19. Given a homogeneity structure h : R≥0×E → E on a manifold E, there
exists a unique vector bundle structure on E such that h has the local expression (1.30).

Remark 1.2.20. We can rewrite the previous discussion using the language of category
theory in a more compact way. First, we define a subcategory rActR≥0

⊆ ActR≥0
whose

objects are pairs (E, h) where h is a homogeneity structure on E. Then, Theorem 1.2.19
and the discussion prior give that the functors H and V|rActR≥0

are inverse, in the sense
that H ◦ V|rActR≥0

∼= idrActR≥0
and V|rActR≥0

◦ H ∼= idVB. Thus, we obtain an equivalence
of categories rActR≥0

≃ VB.

The proof of Theorem 1.2.19 (or of the claim in the Remark above) is rather long and
so, we shall omit it from the current work. The proof for these results can be found, for
instance, in [5, 6].
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Subbundles and Pull-back Bundle

We now fully focus on vector bundles and on particular construction of vector bundles
from a given one. The first of these constructions is of a vector subbundle:

Definition 1.2.21. Let E pr−−→ B be a vector bundle. A (vector) subbundle of E is a vector
bundle F

prF−−−→ B such that F ⊆ E is a subset of E, pr|F = prF and, for every p ∈ B,
pr−1
F (p) = Fp = F ∩Ep = F ∩ pr−1(p) is a vector subspace of Ep and its vector structure is

the one inherited from Ep.

Remark 1.2.22. An equivalent way to define a vector subbundle is to consider a subma-
nifold F ⊆ E such that, for all p ∈M , Fp

def
= F ∩ Ep is a vector subspace of Ep of constant

dimension with respect to p. With this notion, one clear obtains that F
pr|F−−−−→M becomes

a vector bundle.

Example 1.2.23. If M is a smooth manifold and v1, . . . , vk ∈ X(M) are point-wise linearly
independent vector fields on M , then

D =
∐
p∈M

span
{
(v1)p, . . . , (vk)p

}
⊆ TM

is a vector subbundle of the tangent bundle TM . ♮

Example 1.2.24. Given a smooth manifoldM and a submanifold N ⊆M , then the tangent
bundle to N , TN , is a vector subbundle of TM |N . ♮

Next, we introduce the notion of an induced bundle, which is a particular important
construction which essentially keeps the fibres unchanged but changes the base space:

Definition 1.2.25. Let E pr−−→ B be a vector bundle and f : B′ → B a continuous map.
The induced bundle by f or pull-back bundle is the bundle

f∗E
def
=
{
(b′, e) ∈ B′ × E

∣∣ f(b′) = pr(e)
}
, (1.31)

equipped with the subspace topology and the projection map π : f∗E → B′ given by
π(b′, e) = b′. The projection onto the second factor gives a map proj2 : f∗E → E such that
the following diagram commutes:

f∗E E

B′ B

proj2

π pr

f

Example 1.2.26. If, for instance, we take E = TB the tangent bundle of B, we get

φ∗TB =
{
(b′, v) ∈ B′ × TB

∣∣ f(b′) = τB(v)
} ∼= TB|f(B′). ♮
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Example 1.2.27. Considering B′ to be a submanifold of B and f = ιB′ : B′ ↪→ B to be
the inclusion map, then

ι∗B′E =
{
(b′, e) ∈ B′ × E

∣∣ ιB′(b′) = pr(e)
}

=
{
(b′, e) ∈ B′ × E

∣∣ pr(e) = b′
}

∼= pr−1(B′)
def
= E|B′ . ♮

Example 1.2.28. Let F
prF−−−→ M be a vector bundle and f = prF and denote the prE :

E →M to be the projection of E onto M . Therefore,

pr∗FE =
{
(f, e) ∈ F × E

∣∣prF (f) = prE(e)
} ∼= F ⊕ E,

where we take this fibre-product to be a vector bundle over F with the projection being the
projection onto the first factor. In particular, taking the simpler case of F = M ×N with
N a smooth manifold, then

pr∗FE =
{
((p, q), e) ∈ (M ×N)× E

∣∣ p = prE(e)
} ∼= N × E. ♮

The construction of an induced bundle shall be of significance when we deal with the
pull-back of vector fields or, more generally, of smooth sections.

Local and Global Sections on a Bundle

Before concluding this preliminary discussion of vector bundles with the description of
associated bundles, we now generalise the notions of vector fields and 1-forms to the general
setting of a local trivial fibration:

Definition 1.2.29. A (smooth) section on a locally trivial fibration E pr−−→ B is a (smooth)
map σ : B → E satisfying pr ◦ σ = idB . The collection of sections in E

pr−−→ B is denoted
by Γ(E).

Example 1.2.30. The most clear examples of a section are precisely the vector fields and

k-forms which are the smooth sections on TM τM−−−→M and
∧
k T ∗M

τ̂∧k
M−−−→M , respectively.

♮

Example 1.2.31. One example of a rather important section on a vector bundle E pr−−→ B

is the so-called zero section, which is the map 0·E : B → E assigning every point in B to
the null vector of the fibres of E (this can be effectively thought as the inclusion of the base
space B into the total space E). ♮

Definition 1.2.32. For a locally trivial fibration E pr−−→ B and an open neighbourhood U
of p ∈ B on B, a (smooth) local section is a (smooth) map ς : U → E such that pr ◦ ς = idU .
We shall denote the collection of all local sections in E pr−−→ B by Γloc(E).
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Remark 1.2.33. When confusion may arise between local sections and sections as in De-
finition 1.2.29, one usually calls the latter by global sections.

As seen in the previous section, both the collection of vector fields and the set of k-forms
form a module over the ring of smooth functions. This result was actually a special case of
the module structure on the set of global sections of a vector bundle.

Proposition 1.2.34. Let E pr−−→ B be a vector bundle. Then Γ(E) has the structure of a
C∞(B)-module.

Proof. Defining the addition on the set of sections to be pointwise, so that, for any p ∈ B
and σ, ς ∈ Γ(E), (σ + ς)(p) = σ(p) + ς(p), we may define the following operation

ϱ : C∞(B)× Γ(E) −→ Γ(E)

(f, σ) 7−→ [p 7→ f(p)σ(p)]
(∗)

Now, we may check that this operation obeys the necessary properties to endow Γ(E) with
the structure of a C∞(B)-module. Let f, g ∈ C∞(B) and σ, ς ∈ Γ(E), then

(ϱ(fg, σ))(p) = (fg)(p)σ(p) = f(p)g(p)σ(p) = f(p)(ϱ(g, σ))(p)

= (ϱ(f, ϱ(g, σ)))(p)

(ϱ(f + g, σ))(p) = (f + g)(p)σ(p) = (f(p) + g(p))σ(p) = f(p)σ(p) + g(p)σ(p)

= (ϱ(f, σ))(p) + (ϱ(g, σ))(p)

(ϱ(f, σ + ς))(p) = f(p)(σ + ς)(p) = f(p)(σ(p) + ς(p)) = f(p)σ(p) + f(p)ς(p)

= (ϱ(f, σ))(p) + (ϱ(f, ς))(p)

(ϱ(1, σ))(p) = 1(p)σ(p) = σ(p)

where 1 : B → R is just the function assigning the real number 1 ∈ R to every point of
B. Q.E.D.

For local sections, however, we still obtain the following result:

Proposition 1.2.35. Let E pr−−→ B be a vector bundle. Then, if U1, U2 are neighbourhoods
of a point in B and ς1, ς2 ∈ Γloc(E) are local sections defined on U1, U2, respectively, then,
for all f1, f2 ∈ C∞(U1 ∩ U2), f1ς1 + f2ς2 is a local section defined on U1 ∩ U2.

Proof. For the case of local smooth sections, the sum f1ς1+f2ς2 only makes sense for points
in the intersection U

def
= U1 ∩ U2 (thus we may define f1, f2 only on U1 ∩ U2). Therefore,

it is enough to show that pr ◦ (f1ς1 + f2ς2) = idU . Given p ∈ U , since (f1ς1 + f2ς2)(p) =

f1(p)ς1(p) + f2(p)ς2(p) ∈ Ep,

pr ◦ (f1ς1 + f2ς2)(p) = pr(f1(p)ς1(p) + f2(p)ς2(p)) = p = idU (p),

which concludes the proof. Q.E.D.
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For the case of an induced bundle by a map f , for every section σ ∈ Γ(E), we also have
an induced section f∗σ ∈ Γ(f∗E), defined in f∗E as

(f∗σ)(b′)
def
= (b′, σ(f(b′))), for all b′ ∈ B′.

The set of these induced sections is denoted by f∗Γ(E). In fact, these pull-back sections are
enough to describe all sections of the induced bundle as the following proposition shows.

Proposition 1.2.36. Let B,B′ be smooth manifolds, E pr−−→ B be a vector bundle and
f : B′ → B a smooth map. Then, the space of smooth sections of f∗E is generated as a
C∞(B)-module by the space of induced sections f∗Γ(E), i.e.

Γ(f∗E) ∼= f∗Γ(E)⊗f∗C∞(B) C
∞(B′). (1.32)

Proof. Since we can extend any local section on a vector bundle to a global one, it is enough
to prove this result locally. Let U ⊆ M be an open subset of M and φ : E|U = pr−1(U)→
U × Rr be a local trivialisation, where r ∈ Z>0 is the rank of the vector bundle and let
{e1, . . . , er} be a basis of Rr. Then, consider the following local section

σi : U −→ E|U

p 7−→ φ−1(p, ei)

Notice that, by the trivialisation above, we obtain a local trivialisation
ϕ : f∗E|f−1(U)

∼=−−→ f−1(U)× Rr constructed as follows

f∗E|f−1(U) f−1(U)× Rr

E|U U × Rr

ϕ

proj2 f×idRr

φ

where proj2 : f∗E → E represents the projection onto the second factor of f∗E. Thus,
the pull-back section f∗σi is such that f∗σi(q) = ϕ−1(q, ei), for all q ∈ f−1(U). With
this pull-back section, it is clear that any other local section ς ∈ Γ(f∗E) can be written as

ς =
r∑
i=1

λi f
∗σi for some λi ∈ C∞(f−1(U)) and i = 1, . . . , r. Q.E.D.
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Associated Vector Bundles

To finish this preliminary discussion of vector bundles, we now move on to the construction
of associated vector bundles. These, in general, require a vector bundle E pr−−→ B and a
functor, F : VectR → VectR, from the category of (finite) real vector spaces to itself. For
our intents and purposes, it is sufficient to talk about the associated bundles coming from
tensor products and quotients by ideals of the tensor algebra.

Definition 1.2.37. Let E pr−−→ B and E′ pr′−−−→ B be vector bundles.

1) The direct sum bundle is the vector bundle E⊕E′ −→ B defined fibre-wise as E⊕E′ def
=∐

p∈B(Ep ⊕ E′
p);

2) The dual bundle is the vector bundle E∗ p̂r−−→ B such that E∗ =
∐
p∈B E

∗
p , where E∗

p

is the dual vector space to Ep, for all p ∈ B;

3) The vector bundle of tensors of type
(
r
s

)
is the vector bundle E⊗r ⊗ (E∗)⊗s (also

denoted as
⊗

r E ⊗
⊗

sE∗) defined fibre-wise by

E⊗r ⊗ (E∗)⊗s
def
=
∐
p∈B

E⊗r
p ⊗ (E∗

p)
⊗s,

where, by convention, E⊗0 = (E∗)⊗0 = R;

4) The tensor bundle is the vector bundle
⊗•E such that

⊗•E =
∐
p∈B

⊗•Ep, where⊗•Ep =
⊕

k∈Z⩾0
E⊗k
p is the tensor algebra of Ep for all p ∈ B.

Example 1.2.38. Since the cotangent bundle is defined from the cotangent spaces which
are, in effect, the dual to the tangent spaces, T ∗M

τ̂M−−−→ M is the dual vector bundle to
TM

τM−−−→M . ♮

As mentioned above, the fact that all the interesting algebras for a given vector space
come from some quotient of the tensor algebra, allows us to define a plenitude of associated
vector bundles. For us, the more interesting is, naturally, the one arising from the exterior
algebra. To construct this algebra, we consider a vector space V and its tensor algebra⊗• V . Then, by defining the ideal I generated (as an algebra) by elements of the form v⊗v
for all v ∈ V , i.e.

I = ⟨v ⊗ v | v ∈ V ⟩ =
{
α⊗ (v ⊗ v)⊗ β

∣∣α, β ∈⊗• V, v ∈ V
}
⊴
⊗• V,

we obtain the exterior algebra as the quotient of the tensor algebra by I. Since the exterior
algebra can be written as the direct sum of tensors with a fixed rank, when doing the
quotient, we obtain that the exterior algebra can also be written as the direct sum:∧• V

def
=
⊗• V/I =

⊕
k≥0

∧k V. (1.33)

The elements of each
∧
k V are called (algebraic) k-forms.
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Definition 1.2.39. Let E pr−−→ B a vector bundle. The vector bundle of (algebraic) k-forms
is
∧
k E =

∐
p∈B

∧
k Ep.

Example 1.2.40. Taking B =M and E = T ∗M , we get the bundle of (algebraic) k-forms
on a manifold,

∧
k T ∗M → M . The set of sections is the set of k-forms, Γ(

∧
k T ∗M) =

Ωk(M). ♮

Example 1.2.41. Similarly, taking E = TM , we obtain the bundle of k-vectors
∧
k TM →

M , whose sections are the multivector fields Γ(
∧
k TM) = Xk(M), to be explored in Sec-

tion 1.4. ♮

Double Vector Bundles

As we have seen, the introduction of vector bundles generalises the idea of the tangent
and cotangent bundles and allows for a rather large class of examples of manifolds with quite
interesting properties. We could now question: ‘What additional interesting properties do
the tangent (and cotangent) bundle(s) of vector bundles have?’ Well, this question motivates
the following notion of double vector bundles:

Definition 1.2.42. Let A
prA−−−→M and B

prB−−−→M vector bundles. A double vector bundle
is a quadruple (E,A,B,M) such that E πA−−−→ A and E

πB−−−→ B are vector bundles and, if
hA : R× E → E and hB : R× E → E are the homogeneity structures encoding the vector
bundle structures of E → A and E → B, respectively, then (hA)r ◦ (hB)s = (hB)s ◦ (hA)r,
for all r, s ∈ R.

E A

B M

πA

πB prA

prB

Remark 1.2.43. Equivalently, the double vector bundle structure can be defined so that
the projections, the operations of addition and scalar product and the zero sections of E are
vector bundle morphisms.

Definition 1.2.44. A morphism of double vector bundles between (E,A,B,M) and (F,C,D,N)

is a quadruple (Φ, ϕCA, ϕDB , φ) such that (Φ, ϕCA), (Φ, ϕDB), (ϕCA, φ) and (ϕDB , φ) are
vector bundle morphisms and the following diagram is commutative

F C

E A

D N

B M

Φ

ϕCA

ϕDB

φ

(1.34)
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Remark 1.2.45. This definition allows us to define the category of double vector bundles
DVB whose objects are double vector bundles (E,A,B,M) and whose morphisms are
morphisms of double vector bundles (Φ, ϕCA, ϕDB , φ).

Example 1.2.46. For any vector bundle E pr−−→M , the tangent bundle TE has a natural
structure of a vector bundle over TM with projection given by the derivative map pr∗ = Tpr.
Then, we obtain a double vector bundle (TE, TM,E,M) as in the following diagram

TE TM

E M

Tpr

τE τM

pr

Choosing a chart (U,φ = (x1, . . . , xm)) in M and adapted coordinates (xi, ea) in E, we
get that an element in ϵ ∈ TE can be written with local coordinates (xi, ea, vi, ϵa) or, by
denoting Tpr(ϵ) = v = vi ∂

∂xi

∣∣
p
∈ TpM , τE(ϵ) = e = (xi, ea) ∈ Ep and p = pr(e) = τM (v),

we may write

ϵ = vi
∂

∂xi

∣∣∣∣
p

+ ϵa
∂

∂ea

∣∣∣∣
e

. ♮

Example 1.2.47. A particular case of the previous example is to take E = TM . Then, we
get the so-called double tangent bundle, denoted TTM or T 2M which can be represented
by the following commutative diagram:

T 2M TM

TM M

TτM

τTM τM

τM

Locally, given a chart (U,φ = (x1, . . . , xm)) of M , the adapted coordinates on TM can be
written as (xi, vi) (which correspond to the vector v = vi ∂

∂xi

∣∣
p
∈ TpM , where p ∈ U has

coordinates xi). Thus, the adapted coordinates on T 2M are (xi, vi, ui, wi) or, equivalently,
writing the local coordinates of p ∈ M and v ∈ TpM as before, we may write W ∈ T 2M

with the previous coordinates as W = ui ∂
∂xi

∣∣
p
+ wi ∂

∂vi

∣∣
v
. ♮

We now move on to explore in more detail the example of the double tangent bundle
(T 2M,TM,TM,M) of a manifoldM . Since both the horizontal and vertical bundle T 2M

TτM−−−−→
TM and T 2M

τTM−−−−→ TM are bundles over TM , it is possible to convert between them:

Proposition 1.2.48. Given any manifold M , there is a unique isomorphism J : T 2M →
T 2M such that, for a coordinate system xi on M ,

J(xi, vi, ui, wi) = (xi, ui, vi, wi), (1.35)

where (xi, vi) denote the local coordinates on TM and (xi, vi, ui, wi) are the coordinates on
T 2M . Additionally, J is an involution, i.e. J2 = idT 2M .
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Remark 1.2.49. To the map introduced in the previous proposition, we call the canonical
flip and it is a double vector bundle morphism satisfying the diagram:

T 2M TM

T 2M TM

TM M

TM M

τTM

TτM

J

τM
TτM

τTM

The introduction of the double tangent bundle, allows us to look again at vector fields on
a manifold. Considering vector fields as mapsM → TM , it is possible to define the derivative
map TX : TM → T 2M . Locally, if a point p ∈ M has local coordinates (x1, . . . , xm), we
may write Xp = Xi(p) ∂

∂xi

∣∣
p
, where Xi ∈ C∞

loc(M) are local smooth functions on M , i.e.
smooth functions defined on arbitrary open subsets of M , for all i = 1, . . . ,m. Then, for
v = vi ∂

∂xi

∣∣
p
∈ TpM ,

TX(v) = vi
∂

∂xi

∣∣∣∣
p

+ vi
∂Xj

∂xi
(p)

∂

∂vj

∣∣∣∣
Xp

.

Definition 1.2.50. The tangent lift of a vector field X ∈ X(M) on a smooth manifold
M is the vector field T ♮X ∈ X(TM), i.e. the smooth map T ♮X : TM → T 2M such that
τTM ◦ T ♮X = idTM , given by T ♮X def

= J ◦ TX. Locally, given adapted coordinates (xi, vi)

on TM and writing X = Xi ∂
∂xi , we get that

T ♮X
(
vi

∂

∂xi

∣∣∣∣
p

)
= Xi(p)

∂

∂xi

∣∣∣∣
p

+ vi
∂Xj

∂xi
(p)

∂

∂vj

∣∣∣∣
v

. (1.36)

Proposition 1.2.51. The flow of the tangent lift T ♮X of X ∈ X(M) is

FltT ♮X = TFltX . (1.37)

Proof. To check that TFltX is the flow of T ♮X, it is enough to see that it obeys the same
differential equation with the same initial conditions as FltT ♮X . For that, let p ∈ M and
v ∈ TpM . Then, clearly, we have that

TpFl
0
X(v) = (Fl0X)∗(p)(v) = idTM (v) = v = Fl0T ♮X(v).

Choosing a chart (U,φ = (x1, . . . , xm)) on M and local adapted coordinates (xi, vi) on
TM |U , we may write, for each p ∈ U ∩ dom(FltX) and u = ui ∂

∂xi

∣∣
p
∈ TpU , noting that we

may write

TpFl
t
X(u) = (FltX(p))i

∂

∂xi

∣∣∣∣
p

+ uj
∂(FltX)i

∂xj
(p)

∂

∂vi

∣∣∣∣
u

,
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where (FltX)i is the i-th entry of the flow of X = Xi ∂
∂xi . Then, differentiating TpFltX(u)

with respect to t, we get

d

dt
TpFl

t
X(u) =

(
d

dt
FltX(p)

)i
∂

∂xi

∣∣∣∣
p

+ vi
∂

∂xi

(
d

dt
FltX(x)

)
j

∣∣∣∣
x=p

∂

∂vj

∣∣∣∣
TpFltX(u)

= Xi(p)
∂

∂xi

∣∣∣∣
p

+ vi
∂Xj

∂xi
(p)

∂

∂vj

∣∣∣∣
TpFltX(v)

= (T ♮X)TpFltX(u),

which shows that TFltX obeys the same differential equation as FltT ♮X . By the uniqueness
of the solution of differential equations, we conclude the result. Q.E.D.

1.3 Brief Overview of the Theory of Lie Algebras

We now look carefully at the concept of graded algebras and Lie algebras, as they will
arise whenever we study the different class of geometries in the following chapters. For
that, we start with a quick review of the notion of an algebra and relative concepts but we
still assume the reader is familiarised with certain concepts one would study in elementary
courses on Algebra.

Definition 1.3.1. Given a ring R, an R-algebra structure on an R-module A is an R-bilinear
map µ : A×A→ A called the product. Then, the pair (A,µ) is called an R-algebra.

Notice that we do not require µ : A × A → A to satisfy any particular properties. In
fact, the addition of certain properties to this map yields special kind of algebras. For us,
we shall upgrade the ring R to a field K and, depending on the type of algebra we will study,
assume that the algebra A satisfies (some) of the following properties:

(i) Associative: for any a, b, c ∈ A, µ(a, µ(b, c)) = µ(µ(a, b), c);

(ii) Commutative: for any a, b ∈ A, µ(a, b) = µ(b, a);

(iii) Anti-symmetry: for any a, b ∈ A, µ(a, b) = −µ(a, b);

(iv) Unital: there exists an element u ∈ A such that µ(u, a) = µ(a, u) = a, for all a ∈ A;

(v) Jacobi identity: for any a, b, c ∈ A, µ(a, µ(b, c))+µ(b, µ(c, a))+µ(c, µ(a, b)) = 0, where
0 ∈ A is the zero for the module structure in A.

Remark 1.3.2. From now on, for a K-algebra A, we shall denote the product of two
elements a, b ∈ A simply by a · b or even ab instead of µ(a, b). Moreover, when the product
is understood, we shall say simply that A is a K-algebra
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Definition 1.3.3. A map f : A → B between K-algebras (A, ·A) and (B, ·B) is called a
K-algebra homomorphism if, for any a, b ∈ A, f(a ·A b) = f(a) ·B f(b). The set of K-algebra
homomorphisms between A and B is denoted by HomAlgK(A,B).

Remark 1.3.4. With this notion of homomorphism we can construct the category of K-
algebras, AlgK, whose objects are K-algebras (A, ·A) and the morphisms are K-algebra
homomorphisms.

Definition 1.3.5. Let A be a K-algebra and S, I ⊆ A submodules of A.

1) S is said to be a subalgebra of A if, for all r, s ∈ S, r · s ∈ S, i.e. if S · S ⊆ S;

2) I is called a left ideal (respectively a right ideal) of A if, for all i ∈ I and a ∈ A,
a · i ∈ I, i.e. if A · I ⊆ I (resp. i · a ∈ I, i.e. I ·A ⊆ I).

We shall denote S ≤ A if S is a subalgebra of A and I ⊴ A if I is an ideal of A.

Remark 1.3.6. If A is an associative commutative/anti-symmetric algebra, there is no
difference between left and right ideals and, thus, they are simply called ideals of A.

Proposition 1.3.7. If A is a K-algebra, then I ⊴ A is an ideal of A if and only if there is
an algebra homomorphism f : A→ B (for some K-algebra B) such that I = ker(f).

Definition 1.3.8. A derivation on a K-algebra A is a K-linear homomorphism d : A → A

obeying the Leibniz rule, i.e. for every a, b ∈ A,

d(ab) = d(a)b+ ad(b). (1.38)

The collection of all derivations on A is denoted Der(A). Moreover, for a non-zero positive
integer k ∈ Z>0, a k-derivation is a map d : A×k → A which is a derivation in every entry,
i.e. it is a K-multilinear map such that for any a1, . . . , b, c, . . . , ak ∈ A,

d(a1, . . . , b c, . . . , ak) = d(a1, . . . , b, . . . , ak) c+ bd(a1, . . . , c, . . . , ak).

Then we may define the notion of a differential algebra the following way:

Definition 1.3.9. A differential algebra is an associative K-algebra A equipped with a
derivation d ∈ Der(A).

There are many examples of differential algebras, although we shall delay such examples
to the case of differential graded algebras, since those are the ones that are more useful for
our study in latter chapters.
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Graded Algebras

Definition 1.3.10. Let G be a monoid and A a (associative) K-algebra. Then A is called
a G-graded algebra if A can be written as a direct sum of subspaces, A =

⊕
g∈G

Ag, and, for

any g, h ∈ G, AgAh ⊆ Agh.

If A is a Z⩾0-graded algebra, as is the case, for instance, for
⊗• V for a vector space V ,

it is common to simply call A a graded algebra.

Definition 1.3.11. Let A be a G-graded algebra. A homogeneous element of degree g is
an element a ∈ A such that a ∈ Ag. The degree of a homogeneous element is denoted by
deg(a).4

Example 1.3.12. Let V be a vector space over a field K, v, w ∈ V and consider
⊗• V =⊕

k≥0

(
⊗

k V . Then

deg(1K) = 0, since 1K ∈ K =
⊗0 V ⊆

⊗• V

deg(v) = deg(w) = 1, because v, w ∈ V =
⊗1 V ⊆

⊗• V

deg(v ⊗ w) = 2, as v ⊗ w ∈ V ⊗ V ⊆
⊗• V. ♮

Remark 1.3.13. Similarly to the case of algebras, G-graded algebras form a category, de-
noted by GAlgK, by considering morphisms as algebra homomorphisms f : A→ B between
G-graded algebras, such that f(Ag) ⊆ Bg and we shall denote f ∈ Hom

GAlgK(A,B). Addi-
tionally, for a given g ∈ G, it is possible to define homogeneous maps of degree g, which are
those maps f : A→ B such that f(Ah) ⊆ Bgh, for all h ∈ G. The collection of these maps
is denoted by Homg

GAlgK
(A,B).

Since we introduce a grading in our algebra, we also have to extend our notions of com-
mutative and anti-commutative product. This is done by assigning the notion of ‘evenness’
and ‘oddness’ to the elements G that grade our algebra. More specifically, that is done by
introducing a homomorphism from G to Z2 = Z/2Z.

Definition 1.3.14. A signed monoid is a pair (G, ς), where G is a monoid and ς : G→ Z/2Z
is a monoid homomorphism.

Remark 1.3.15. When we take G = Z, we shall always take ς : Z → Z/2Z to be the
canonical projection. This connection between the integers and Z/2Z is precisely what we
previously meant by the ‘evenness’ or ‘oddness’ of the elements of G.

Then, we can extend the notions of commutativity, anti-commutativity and the Jacobi
identity to the general setting of graded algebras.

4In other words, deg :
⋃

g∈G
Ag \{0} → G such that, ∀ 0 ̸= a ∈

⋃
g∈G

Ag : a ∈ Adeg(a), where
⋃

g∈G
Ag \{0} ⊆

A is the set of homogeneous elements of A.
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Definition 1.3.16. Let (G, ς) be a signed monoid and A an (associative) G-graded K-
-algebra.

1) A is said to be a commutative G-graded algebra if, for any homogeneous elements
a, b ∈ A

a b = (−1)ς(deg(a))ς(deg(b))b a; (1.39)

2) A is said to be an anti-commutative G-graded algebra if

a b = −(−1)ς(deg(a))ς(deg(b))b a, (1.40)

for all homogeneous elements a, b ∈ A.

3) A satisfies the graded Jacobi identity if, for every homogeneous a, b, c ∈ A we have that

(−1)ς(deg(a))ς(deg(c))a (b c) + (−1)ς(deg(a))ς(deg(b))b (c a) + (−1)ς(deg(b))ς(deg(c))c (a b) = 0.

(1.41)

Now we merge the notions of a differential algebra and of a graded algebra:

Definition 1.3.17. A differential graded algebra or dg-algebra is a graded algebraA equipped
with a homogeneous map of degree ±1, d : A → A, such that d ◦ d = 0 and satisfying the
graded Leibniz rule, i.e. for every homogeneous a, b ∈ A:

d(a b) = d(a)b+ (−1)ς(deg(a))ad(b). (1.42)

Example 1.3.18. The two examples that we have already seen in previous sections are
that of the algebra (Ω•(M),∧) with the exterior derivative d, which is a homogeneous map
of degree 1, or with the interior product by a vector field X, iX , which is a homogeneous
map of degree −1. ♮

Example 1.3.19. As we shall see in the subsequent section, there is a bilinear bracket
operation in the set of multivector fields, the Schouten-Nijenhuis bracket [·, ·]SN, which is
such that, for a given bivector π ∈ X2(M), [π, ·]SN : Xk(M) → Xk+1(M) is a homogeneous
map of degree 1, thus making this a dg-algebra whenever [π, π]SN = 0. ♮

To conclude this discussion about graded algebras, we now define the shift which is valid
for (Z-)graded algebras:

Definition 1.3.20. Let V be a graded vector space over K, i.e. V =
⊕

n∈Z Vn, and
k ∈ Z. The k-shifted vector space V [k] is the graded vector space such that, for n ∈ Z,
(V [k])n = Vn+k.
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Remark 1.3.21. Given a graded K-algebra A, considering the vector space structure of A,
it is possible to define the k-shifted graded vector space A[k]. Then, we may define a bilinear
map · : A[k]× A[k]→ A[k] such that An+k · Am+k ⊆ An+m+k for all n,m ∈ Z. Then, A[k]
with this operation is the k-shifted graded algebra.

Remark 1.3.22. A differential graded algebra can be defined, using the shift, by a graded
algebra equipped with a homogeneous map (of degree 0) d : A → A[1] satisfying rela-
tion (1.42).

Lie Algebras

Now we shift our attention to the study to a particular kind of non-associative algebras:
the Lie algebras. These algebras are of extreme importance in a diverse range of topics in
Mathematics as well as in physics. Naturally, we start with the definition of such algebras:

Definition 1.3.23. An R-algebra (A,µ) is called a Lie algebra if µ is anti-symmetric and
satisfies the Jacobi identity, i.e. for a, b, c ∈ A

µ(a, µ(b, c)) + µ(b, µ(c, a)) + µ(c, µ(a, b)) = 0. (1.43)

For a Lie algebra, it is usual to denote the product as a bracket [·, ·] which is called the Lie
bracket.

Example 1.3.24. An important example comes from the linear maps of a vector space V .
Denoting, HomVectK(V,W ) to be the set of linear maps between vector spaces V , W over a
field K (thus, the set of morphism in the category of vector spaces over K, VectK), we shall
call GL(V ) = AutVectK(V ) the group of linear automorphisms of V . Defining

[f, g]
def
= f ◦ g − g ◦ f, ∀f, g ∈ HomVectK(V, V ),

we obtain the Lie algebra of endomorphisms of V , denoted by gl(V ).

More generally, given an associative K-algebra (A, ·), we can define the commutator

[·, ·] : A×A −→ A

(x, y) 7−→ x · y − y · x

Then, it is easy to verify that (A, [·, ·]) has the structure of a Lie algebra. In fact, the K-
-bilinearity and anti-symmetry are obvious, whilst the Jacobi identity comes directly from
the associativity of the product ·. ♮
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Example 1.3.25. The most usual cases of Lie algebras come from groups of matrices with
the Lie bracket being the commutator of matrices

Matrix Group Associated Lie Algebra

GLn(R) =
{
A ∈Mn(R)

∣∣ det(A) ̸= 0
}

gln(R) =Mn(R)

SLn(R) =
{
A ∈Mn(R)

∣∣ det(A) = 1
}

sln(R) =
{
A ∈Mn(R)

∣∣ tr(A) = 0
}

On(R) =
{
A ∈Mn(R)

∣∣A⊺A = In
}

on(R) =
{
A ∈Mn(R)

∣∣A⊺ = −A
}

SOn(R) =
{
A ∈ On(R)

∣∣ det(A) = 1
}

son(R) = on(R)

Spn(R) =
{
A ∈M2n(R)

∣∣A⊺JA = J
}

spn(R) =
{
A ∈Mn(R)

∣∣A⊺J + JA = 0
}

U(n) =
{
A ∈Mn(C)

∣∣A†A = In
}

u(n) =
{
A ∈Mn(C)

∣∣A† = −A
}

SU(n) =
{
A ∈ U(n)

∣∣ det(A) = 1
}

su(n) =
{
A ∈ u(n)

∣∣ tr(A) = 0
}

H =
{(

1 a b
0 1 c
0 0 1

)
∈M3(R)

∣∣∣ a, b, c ∈ R
}

h =
{(

0 a b
0 0 c
0 0 0

)
∈M3(R)

∣∣∣ a, b, c ∈ R
}

Table 1.1: Examples of matrix groups and their associated Lie algebras

In Table 1.1 we have denoted In to be the n×n identity matrix, J =
(
0n −In
In 0n

)
to be the

symplectic matrix and A† to be the conjugate transpose matrix of A. ♮

Remark 1.3.26. The previous notion of algebra homomorphisms, subalgebras and ideals
have a natural application to Lie algebras but now with the Lie bracket instead of the general
product introduced earlier:

– Lie algebra homomorphisms: f : g→ L such that f([ℓ1, ℓ2]g) = [f(ℓ1), f(ℓ2)]L, for any
ℓ1, ℓ2 ∈ g;

– Lie subalgebra: L ≤ g ⇐⇒ [L,L]g ⊆ L;

– Lie ideal: I ⊴ g ⇐⇒ [I, g]g ⊆ I.

As previously, the introduction of Lie algebra homomorphisms allows us to define the ca-
tegory of Lie algebras over a field K, LieAlgK.

One other important characteristic feature of Lie algebras is their structure constants.
Since each Lie algebra g is also a (possibly infinite-dimensional) vector space — or, more
generally, a free module —, we may consider a basis

{
ea ∈ g

∣∣ a = 1, . . . , n = dim(g)
}

of g.
Then, we define the structure constants of the Lie algebra (g, [·, ·]) as the coefficients f cab in

[ea, eb] = f cab ec, (1.44)
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where we also employed Einstein’s summation convention5. Since any two elements ℓ1, ℓ2 ∈ g

of the Lie algebra can be written from the given basis as ℓi = ℓai ea (ℓai ∈ K and i = 1, 2),
we may simply write the Lie bracket of these elements as

[ℓ1, ℓ2] = [ℓa1 ea, ℓ
b
1 eb] = ℓa1ℓ

b
2 [ea, eb] = ℓa1ℓ

b
2f
c
ab ec.

Thus, we may write the properties of the Lie algebra solely from this basis. Given that the
Lie algebra is anti-symmetric and satisfies the Jacoby identity, by the former, f cba = −f cab
and, moreover,

[ea, [eb, ec]] = [ea, f
d
bc ed] = fdbcf

e
ad ee.

Therefore, the Jacobi identity boils down to

fdbcf
e
ad + fdcaf

e
bd + fdabf

e
cd = 0, (1.45)

for all a, b, c = 1, . . . ,dim(g).

Lie Group of a Lie algebra: Even though Lie algebras can be treated as we have been
doing so far, they are much more interesting when thought of as the tangent spaces to some
specific manifolds: the Lie groups. We now give a quick look to these manifolds:

Definition 1.3.27. A Lie group G is a smooth manifold which is also a group such that
the operations (which are the group structure maps)

G×G −→ G

(g, h) 7−→ g h
and

G −→ G

g 7−→ g−1

are smooth.

Example 1.3.28. The matrix groups given in Example 1.3.25 are all examples of Lie
groups. ♮

Theorem 1.3.29. If G is a connected topological group and U ⊆ G is a neighbourhood of
the neutral element e ∈ G, then G is generated by U .

Proof. We may assume, without loss of generality, that U is open and U = U−1 =
{
g−1 ∈

G
∣∣ g ∈ U} (if that is not the case, we restrict U to be U ∩U−1 ⊇ {e} ≠ ∅). Let H =

⋃
n≥1

Un

which is clearly open. Given g ∈ G\H, gU is an open neighbourhood of g such that
gU ∩ H = ∅, otherwise it would exist u ∈ U such that gu ∈ H, i.e. g ∈ H. Thus G\H is
open. Since G is connected and H is both open and closed, H = G. Q.E.D.

5This convention essentially states that, in a product, whenever there are two repeating indices, one in
subscript and another in superscript, then there is an implied summation over all the possible values for
that index.
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Since, by the previous theorem, if a Lie Group G is connected (which we shall assume
from now on), it is generated by a neighbourhood of the neutral element, the left translation
by an element g ∈ G, defined by

Lg : G −→ G

h 7−→ g h
(1.46)

is a diffeomorphism. Therefore, its differential for an arbitrary element h ∈ G,

(Lg)∗(h) : ThG
∼=−−→ TghG,

is an isomorphism. This motivates the definition of the Lie algebra of the Lie group G to
be TeG. However, we still have no definition of the Lie bracket. To obtain such a bracket,
firstly notice that the set of vector fields of G forms a Lie algebra with the Lie bracket of
said vector fields. Thus, the natural way to realise the notion of a Lie bracket for TeG is by
introducing the notion of left-invariant vector fields:

Definition 1.3.30. LetG be a Lie group. A vector fieldX ∈ X(G) is said to be left-invariant
if, for every g ∈ G, (Lg)∗X = X or, equivalently, for every g, h ∈ G, (Lg)∗(h)(Xh) = Xgh.
The set of left-invariant vector fields of G is denoted Lie(G).

Clearly, a left-invariant vector field is entirely defined by its value on e ∈ G, i.e., as sets,
Lie(G) ∼= TeG. Hence, given the inherited Lie algebra structure on Lie(G), we may now
define a Lie bracket on TeG by:

Ju, vK def
= [X,Y ]e, (1.47)

where X,Y ∈ Lie(G) are left-invariant vector fields such that Xe = u and Ye = v. To see
that this Lie bracket is well-defined, it is enough to show that the following map is bijective

Lie(G) −→ TeG

X 7−→ Xe

Clearly, this assignment is surjective, hence, we need only to show that it is injective. For
that, takeX, X̂ ∈ Lie(G) such that X̂e = Xe. Then, by the defining property of left-invariant
vector fields, for any g ∈ G,

X̂g = (Lg)∗(e)(X̂e) = (Lg)∗(e)(Xe) = Xg,

thus X̂ = X, which proves the injectivity of the map above. In reality, given this bijection,
we get that, for every u ∈ TeG, we may write X ∈ Lie(G) used in Eq. (1.47) to be such that,
for every g ∈ G, Xg = (Lg)∗(e)(u).
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Therefore, we may now define a finite-dimensional (real) Lie algebra associated to any
Lie group by:

Definition 1.3.31. The Lie algebra associated to a Lie group G is g = TeG, with the
bracket J·, ·K : g× g→ g defined in Eq. (1.47)

Remark 1.3.32. From the way we have defined the Lie bracket on TeG, it is clear that the
Lie algebra of G could have been taken as Lie(G) instead of TeG since these are isomorphic
as Lie algebras. In the sequel, we shall treat Lie(G) and TeG interchangeably.

Now that we have seen that every Lie group has an associated Lie algebra, one could ask
if the opposite is also true. It turns out it is as long as the Lie algebra is finite-dimensional
(and real):

Theorem 1.3.33. Let g be a finite-dimensional real Lie algebra. Then there exists a con-
nected Lie group G, such that Lie(G) = g.

Representations of a Lie Group/Algebra: An important application of the theory of
Lie groups and algebras comes in the study of symmetries in certain spaces. To properly
solve these problems, it is necessary to understand the notion of a representation of these
Lie groups and algebras. This is the purpose of this small paragraph. We start by defining
what a representation is in this context:

Definition 1.3.34. Let G be a Lie group, g a Lie algebra over K and V a vector space over
K.

1) A representation of G on V is a Lie group homomorphism ρ : G→ GL(V );

2) A representation of g on V is Lie algebra homomorphism ϱ : g→ gl(V ).

Remark 1.3.35. For the reader who is more familiarised with the language of modules,
saying that (V, ρ) is a representation of the Lie group G is nothing more than saying that
V is a K[G]-module, where K[G] is the group ring of G over K. As for the representation of
the Lie algebra, if we restate the definition of the map ϱ to be as a map

ϱ̃ : g× V −→ V,

(ℓ, v) 7−→ ϱ(ℓ)(v)
def
= ℓ · v

we can show that a representation of a Lie algebra satisfies the same properties as a module
over an algebra and, additionally,

Jℓ1, ℓ2K · v = ℓ1 · (ℓ2 · v)− ℓ2 · (ℓ1 · v).

In these circumstances we say, in agreement with the notion of a module, that V is a g-
-module.
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There are innumerous different examples of representations of both Lie groups and Lie
algebras. For us, though, the important ones are the adjoint and coadjoint representations
of the Lie group and Lie algebras. These are representations of either a Lie group or Lie
algebra on the Lie algebra or its dual:

– Adjoint representation of G: Let, for every g ∈ G, Cg : G→ G be the conjugation
map, so that Cg(h) = ghg−1, for all h ∈ G. Then, the adjoint representation Ad :

G→ GL(g) is defined by:

Adg = (Cg)∗(e) : g −→ g

ℓ 7−→ d

dt

(
Cg(exp(tℓ)

)∣∣∣
t=0

(1.48)

where exp : g→ G is the exponential map which is such that exp(tℓ) = FltX(e), where
X ∈ Lie(G) is such that Xe = ℓ.

– Adjoint representation of g: Given ℓ1, ℓ2 ∈ g, there are two equivalent ways to
define the adjoint representation of g, ad : g→ gl(g): either as the map

adℓ1 : g −→ g

ℓ2 7−→ Jℓ1, ℓ2K
(1.49)

or, simply as ad = Ad∗(e) : TeG ∼= g → Tidg
(GL(g)) ∼= gl(g). To show that these

definitions are equivalent, let ℓ1, ℓ2 ∈ g and X1, X2 ∈ Lie(G) such that (Xi)e = ℓi

(i = 1, 2). Then,

Ad∗(ℓ1)(ℓ2) =
d

dt
Adexp(tℓ1)(ℓ2)

∣∣∣∣
t=0

=
d

dt

d

ds
Cexp(tℓ1)(exp(sℓ2))

∣∣∣∣
s,t=0

=
d

dt

d

ds
exp(tℓ1) exp(sℓ2) exp(−tℓ1)

∣∣∣∣
s,t=0

=
d

dt

d

ds
Fl−tX1

◦ FlsX2
(exp(tℓ1))

∣∣∣∣
s,t=0

=
d

dt
(Fl−tX1

)∗(exp(tℓ1))
(
(X2

)
exp(tℓ1)

)∣∣∣∣
t=0

=
d

dt

(
(FltX1

)∗X2

)
e

∣∣∣∣
t=0

=
(
LX1X2

)
e
= Jℓ1, ℓ2K = adℓ1(ℓ2),

where we used the fact that (exp(tℓi))
−1 = exp(−tℓi) and FltXi

(g) = g exp(tℓi) for all
g ∈ G and i = 1, 2.

– Coadjoint representation of G: Let g∗ be the dual of the Lie algebra g. Then, we
define the coadjoint representation of G to be the map Ad∗ : G → GL(g∗) such that,
for g ∈ G, ℓ ∈ g and λ ∈ g∗,

(Ad∗g(λ))(ℓ) = λ
(
Adg−1(ℓ)

)
. (1.50)
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– Coadjoint representation of g: In this case, given ℓ1, ℓ2 ∈ g and λ ∈ g∗, the
coadjoint representation of the Lie algebra is the map ad∗ : g→ gl(g∗) such that

(ad∗ℓ1(λ))(ℓ2) = −λ
(
adℓ1(ℓ2)

)
= −λ

(
Jℓ1, ℓ2K

)
. (1.51)

These last two representations of the Lie group and Lie algebra will prove to be of particular
interest once we study the symplectic foliation of certain Poisson manifolds.

Graded Lie algebras

Definition 1.3.36. A graded Lie algebra is a graded algebra which is also a Lie algebra,
i.e. for a signed monoid (G, ς), it is a pair (L, [·, ·]) such that L =

⊕
g∈G

Lg is an algebra with

respect to [·, ·] : L× L→ L, satisfying:

– [Lg, Lh] ⊆ Lgh;

– Graded anti-commutativity: [ℓ1, ℓ2] = −(−1)ς(deg(ℓ1))ς(deg(ℓ2))[ℓ2, ℓ1] for any ℓ1, ℓ2 ∈ L;

– Graded Jacobi identity: for ℓ1, ℓ2, ℓ3 ∈ L and ij = ς(deg(ℓj)) (j = 1, 2, 3)

(−1)i1i3 [ℓ1, [ℓ2, ℓ3]] + (−1)i1i2 [ℓ2, [ℓ3, ℓ1]] + (−1)i2i3 [ℓ3, [ℓ1, ℓ2]] = 0.

A differential graded Lie algebra is a graded Lie algebra L with a graded derivation d : L→ L,
i.e. a homogeneous degree 0 graded map d : L→ L[1] such that d◦d = 0 and , for ℓ1, ℓ2 ∈ L,

d([ℓ1, ℓ2]) = [dℓ1, ℓ2] + (−1)ς(deg(ℓ1))[ℓ1,dℓ2].

Example 1.3.37. A graded Lie algebra that is not often thought as one is sl2(R). In
fact, calling E = ( 0 1

0 0 ), F = ( 0 0
1 0 ) and E =

(
1 0
0 −1

)
, and defining the Lie bracket as the

commutator of matrices, we get that

[E,F ] = H, [H,E] = 2E, [H,F ] = −2F.

Thus, if we call L0 = span{H}, L1 = span{E} and L2 = span{F}, we get that sl2(R) =

L0 ⊕ L1 ⊕ L2 is a Z/3Z-graded Lie algebra. ♮

Example 1.3.38. Let V be a dg-algebra, equipped with derivation d. Then, it is easy to
check that the algebra Hom•

ZAlgR
(V, V ) =

⊕
n∈Z

Homg

ZAlgR
(V, V ) equipped with the bracket

and derivation

[f, g] = f ◦ g − (−1)deg(f) deg(g) g ◦ f,

∂f = [d, f ],

for all f, g ∈ Hom•
ZAlgR

(V, V ), is a differential graded Lie algebra. ♮
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1.4 Multivectors and their Lie Algebra Structure

In Section 1.1, we have introduced the essential definitions of vector fields, k-forms and
the wedge product of these forms. But a question arises: is it possible (or even useful) to
define alternating k-vectors? As we have seen in Section 1.2, the answer turns out to be
positive and makes use of the exterior algebra of a vector space to be able to define such
k-vectors. These are rather useful, for example, in the study of Poisson manifolds since,
as we shall see in Chapter 5, the Poisson structure can be defined using these alternating
multivector fields6.

Let M be a (smooth) manifold and k ∈ Z>0 a non-zero positive integer. We have
previously studied what happens when we take elements from

∧
k T ∗M or even (differential)

k-forms, Ωk(M)
def
= Γ(

∧
k T ∗M), however, we now give the same treatment to the vector

bundle
∧
k TM → M and its set of sections Xk(M)

def
= Γ(

∧
k TM). Firstly, recall that a

k-form ω ∈ Ωk(M) can be identified with a C∞(M)-multilinear alternating map of degree
k on the space of vector fields X(M) of M . Hence, we may consider a k-vector field to be a
C∞(M)-multilinear alternating map of degree k on the space of 1-forms Ω1(M) of M , i.e.
if θ ∈ Xk(M), then we may consider this multivector field to be a map θ : Ω1(M) × · · · ×
Ω1(M) → C∞(M). Locally, for a chart (U,φ = (x1, . . . , xm)) centred at a point p ∈ M ,
this essentially means that

{
∂

∂xi1
∧ · · · ∧ ∂

∂xik

∣∣ 1 ≤ i1 < . . . < ik ≤ m
}

is a local frame of∧
k TM →M and, thus, any k-vector field θ can be expressed as

θ|U =
∑

i1<...<ik

θi1···ik
∂

∂xi1
∧ · · · ∧ ∂

∂xik
, (1.52)

where θi1···ik ∈ C∞(U) are smooth maps and the wedge product ∧ is thought as the anti-
-symmetric operations arising from the quotient of the tensor algebra

⊗
k TM with the

ideal generated by the elements ∂
∂xi ⊗ ∂

∂xi for all i = 1, . . . ,m. As it turns out, this wedge
product satisfies the same properties as the exterior product defined in Section 1.1 and, thus,
we shall treat them as indistinguishable. From the graded commutativity of this exterior
product, the coefficients θi1···ik are also anti-symmetric in the exchange of any two indices:
θi1i2···ik = −θi2i1···ik . The natural identification of k-vector fields and alternating derivations
comes by considering the following map, associated with each a k-vector field θ ∈ Xk(M):

Dθ : C
∞(M)×k −→ C∞(M)

(f1, . . . , fk) 7−→ θ(df1, . . . ,dfk).
(1.53)

6The standard way of thinking about multivector fields on a manifold and of multiderivations of C∞(M)

is by assuming that they are always alternating. Thus, we shall omit the word ‘alternating’ whenever dealing
with alternating multivectors and/or multiderivations.
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It is quite clear that this map is a multi-derivation since

Dθ(f1, . . . , gh, . . . , fk) = θ(df1, . . . ,d(gh), . . . ,dfk)

= θ(df1, . . . , (dg)h+ g dh, . . . ,dfk)

= θ(df1, . . . , (dg)h, . . . ,dfk) + θ(df1, . . . , g dh, . . . ,dfk)

= θ(df1, . . . ,dg, . . . , dfk)h+ g θ(df1, . . . ,dh, . . . ,dfk)

= Dθ(f1, . . . , g, . . . , fk)h+ gDθ(f1, . . . , h, . . . , fk),

where, in the third and fourth equalities we used the fact that θ ∈ Xk(M) is C∞(M)-
-multilinear map from Ω1(M)×k to C∞(M). Furthermore, Dθ is alternating because θ is
a k-vector field. The reciprocal of this result is also valid, thus leading us to the following
result:

Proposition 1.4.1. The map θ 7→ Dθ generates a one-to-one correspondence:{
Multivector fields

θ ∈ Xk(M)

}
1:1←−−−→

{
Alternating multi-derivations
D : C∞(M)×k → C∞(M)

}
, (1.54)

Proof. We have already seen that every multivector field has an associated alternating multi-
derivation from the map θ 7→ Dθ. Conversely, let D : C∞(M)×k → C∞(M) be an alterna-
ting k-derivation. Assuming that there exists a map θ :M →

∧
k TM such that

D(f1, . . . , fk)(p) = θp((df1)p, . . . , (dfk)p), (∗)

it is clear that such θ must be a section of
∧
k TM → M , since by the definition of θ,

θp ∈
∧
k TpM . As for the existence, following a similar procedure as the one used for the

case of vector fields, taking a chart (U, (x1, . . . , xm)) of M centred at p ∈ M , for functions
f1, . . . , fk ∈ C∞(M), we have that

D(f1, . . . , fk)(q) =
1

k!

m∑
i1,...,ik=1

ai1···ik(q)
∂f1
∂xi1

∣∣∣∣
q

· · · ∂fk
∂xik

∣∣∣∣
q

,

where q ∈ U and ai1···ik ∈ C∞(U) is alternating for all (i1, . . . , ik) ∈ {1, . . . ,m}×k. Then,
we may define θ : U →

∧
k TU by

θq =
∑

1≤i1<...<ik≤m
ai1···ik(q)

∂

∂xi1

∣∣∣∣
q

∧ · · · ∧ ∂

∂xik

∣∣∣∣
q

,

and extend this definition to a map θ : M →
∧
k TM satisfying property (∗), by using

coordinate charts. Q.E.D.
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As expressed in Eq. (1.52), a multivector field can be expressed locally using the exter-
ior product. Naturally, one can also use this product with multivector fields of different
degree to obtain another multivector field. Therefore, given θ ∈ Xk(M) and η ∈ Xℓ(M),
∧ : Xk(M)× Xℓ(M)→ Xk+ℓ(M), and, for α1, . . . , αk+ℓ ∈ Ω1(M), we have the following:

(θ ∧ η)(α1, . . . , αk+ℓ) =
∑

σ∈Sk,ℓ

sgn(σ)θ(ασ(1), . . . , ασ(k))η(ασ(k+1), . . . , ασ(k+ℓ)),

where the sum is taken over all the (k, ℓ)-shuffles. In particular, for k = 0, we have X0(M) =

C∞(M) and f ∧ θ = fθ, for any f ∈ C∞(M). Also, from the way we defined the bundle of
k-forms of a vector bundle E pr−−→ M on Section 1.2 (here, taking E = TM), the exterior
product for multivectors satisfies the same properties as the exterior product for forms
(cf. Proposition 1.1.34). Hence, we may define the space of multivectors as

X•(M)
def
=

m⊕
k=0

Xk(M) = Γ(
∧• TM), (1.55)

which, together with the exterior product, the addition of k-vectors and the scalar multi-
plication, forms a graded commutative algebra.

An additional structure X(M) has that Ω1(M) does not is that of the Lie bracket of vector
fields. To obtain a similar structure now in X•(M) we introduce the following properties
that uniquely extend the Lie bracket structure in X(M):

Definition 1.4.2. The Schouten-Nijenhuis bracket (also just Schouten bracket) on X•(M),
denoted [·, ·]SN, is uniquely determined by

1) [·, ·]SN is a graded Lie bracket on X•(M)[1];

2) [·, ·]SN is a graded derivation of the graded algebra (X•(M),∧) in each entry separately,
i.e., ∀ θ ∈ Xk+1(M), λ ∈ Xℓ+1(M), η ∈ Xh+1(M):

[θ, λ ∧ η]SN = [θ, λ]SN ∧ η + (−1)k(ℓ+1) λ ∧ [θ, η]SN;

3) action on degree 0 and degree 1 elements:

[X,Y ]SN = [X,Y ], [X, f ]SN = X(f).

Remark 1.4.3. The previous definition implies that the Schouten bracket is such that
[Xk(M),Xℓ(M)]SN ⊆ Xk+ℓ−1(M), for all k, ℓ ∈ Z⩾0 and, thus, since X−1(M) = 0, for any
f, g ∈ X(M) = C∞(M), [f, g]SN = 0.

In the following text, since the Schouten bracket is the unique bracket that obeys the
above properties (which are the natural properties to expect from an extension of the Lie
bracket of vector fields) we shall drop the subscript ‘SN’ in the notation of said bracket,
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whenever no confusion with other objects arise. With these properties, the Schouten bracket
of the multivector fields θ ∈ Xk(M) and ζ ∈ Xℓ(M), [θ, ζ] ∈ Xk+ℓ−1(M) is the unique
multivector field satisfying:

D[θ,ζ] = DθDζ − (−1)(k−1)(ℓ−1)DζDθ, (1.56)

where Dθ represents the (alternating) multi-derivation of C∞(M) associated with the mul-
tivector field θ as in Eq. (1.53) and the map DθDζ : C

∞(M)×(k+ℓ−1) → C∞(M) is defined
by

DθDζ(f1, . . . , fk+ℓ−1) =
∑

σ∈Sk−1,ℓ

sgn(σ)Dθ(fσ(1), . . . , fσ(k−1),Dζ(fσ(k), . . . , fσ(k+ℓ−1))),

(1.57)
for all f1, . . . , fk+ℓ−1 ∈ C∞(M). We also define the map DζDθ : C∞(M)×(k+ℓ−1) →
C∞(M) in a similar manner.

With this Schouten bracket, the algebra (X•(M),∧, [·, ·]SN) is, in fact, what is called a
Gerstenhaber algebra (cf. for instance, [7]). In the following chapters, we shall deal more
with these multivectors and analyse the importance they have in several types of geometries.





Chapter 2

Tangent Distributions and

Foliations

Tangent distributions arise as a natural generalisation of the integral curves of a certain
vector field to some higher-dimensional structure. It is in the study of the integrability of
these spaces that we obtain one of the most important normal form results of differential
geometry: Frobenius’ Theorem. In general, normal form theorems give a local description of
a geometric structure that makes the study of such a geometry to be, simpler. In the case of
Frobenius, the statement gives an equivalence between an algebraic condition (involutivity of
a distribution) and a geometrical one (existence of a foliation), that simplifies the structure
of a manifold into submanifolds whose tangent spaces inherit this simpler structure of the
distribution. The statement and proof of this theorem in their multiple forms will be the
fundamental problem to be developed throughout the present chapter.

The chapter is organised the following way: a first section where we describe the basic
notions of a distribution as well as involutivity and integrability. In the second section,
we develop the theory in order to prove the local version of Frobenius theorem for regular
distributions. The third section delves into the notion of regular foliations and gives an
equivalence between involutive distributions and foliations which is the global version of
Frobenius theorem. In the fourth and final section, we consider singular distributions to
obtain a generalised version of Frobenius theorem in this context. This latter result shall be
of extreme importance as it is allows us to properly study Poisson manifolds in Chapters 5
and 6.

51
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2.1 Smoothness, Integrability and Involutivity of Distri-

butions

We start our discussion of tangent distributions with the basic definitions that will ac-
company us for the rest of the chapter. First and foremost, we give the precise definition of
a tangent distribution:

Definition 2.1.1. Let M be a smooth manifold.

1) A (tangent) distribution D on M is a subset of TM such that D =
∐
p∈M
Dp, where

Dp ⊆ TpM is a linear subspace of TpM , for all p ∈M ;

2) A tangent distribution D is called k-dimensional or said to be of constant rank k if,
dimDp = k, for all p ∈M .

For a tangent distribution D ⊆ TM , it is usual to call the linear subspace Dp (p ∈M) a
fibre of D.

Remark 2.1.2. In the rest of the present thesis, we will omit the word tangent for tangent
distributions.

Definition 2.1.3. For a smooth manifold M , a distribution D ⊆ TM is said to be smooth
if and only if there exists a family of vector fields

{
Xλ

∣∣λ ∈ Λ
}
⊆ X(M) such that, Dp =

span
{
(Xλ)p

∣∣λ ∈ Λ
}
, for all p ∈M .

In particular, a k-dimensional distribution D is smooth if, for any p ∈ M , there is a
neighbourhood U of p in M and X1, . . . , Xk ∈ X(U) such that {(X1)q, . . . , (Xk)q} is a basis
of Dq, for all q ∈ U .

Lemma 2.1.4. Let M be a smooth manifold and D ⊆ TM k-dimensional distribution.
Then D is smooth if and only if it has the structure of a vector subbundle.

Proof. =⇒) Since D is smooth, we may take a neighbourhood U of p ∈M in M for which
there exist X1, . . . , Xk ∈ X(U) such that {(X1)q, . . . , (Xk)q} is a basis of Dq, for all
q ∈ U , in particular for p itself. Thus, Dp = span

{
(X1)p, . . . , (Xk)p

}
⊆ TpM is a

vector subspace of TpM . Then, by recalling Definition 1.2.21, we get that D τM |D−−−→M

is a vector subbundle of TM τM−−→M .

⇐=) If D ⊆ TM is a vector subbundle, in particular, D is a vector bundle so, for each point
p ∈M we may consider an open neighbourhood Up ⊆M of p in M and a smooth local
trivialisation φp : D|Up

∼=−−→ Up × Rk. Let {e1, . . . , ek} be a basis of Rk and construct
the smooth sections ẽi : Up → Up × Rk such that ẽi(q) = (q, ei), for all q ∈ Up and
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i = 1, . . . , k. Then, since φ is a diffeomorphism, we may construct vector fields on Up,
X(p,i) making the following diagram commutative:

D|Up
Up × Rk

Up

φp

τM proj1

X(p,i) ẽi

where proj1 is the projection onto Up. Let λp : M → M be a bump function sup-
ported on Up. Then, λpX(p,i) is a vector field on M and it is easy to see that the
family

{
λpX(p,i) ∈ X(M)

∣∣ (p, i) ∈ M × {1, . . . , k}
}

is such that, for all p ∈ M ,
Dp = span

{(
λqX(q,i)

)
p

∣∣ (q, i) ∈M × {1, . . . , k}}. Q.E.D.

Definition 2.1.5. A smooth distribution that has constant rank is called regular. Other-
wise, the distribution is called singular, generalised or Stefan-Sussmann

Remark 2.1.6. In the following, we shall omit the word singular when dealing with singular
distributions, whenever no confusion arises to the regularity of such a distribution.

Definition 2.1.7. An immersed submanifold N
i−−→ M is called an integral (sub)manifold

of the distribution D if i∗(p)(TpN) ⊆ Di(p), for all p ∈ N . If the equality takes place at any
point p ∈ N (respectively, at every point of N), then N is called an integral (sub)manifold
of maximal dimension at p (resp. everywhere).

Definition 2.1.8. A smooth distribution D is called integrable if any point of M is in some
integral submanifold of maximal dimension everywhere of D.

Remark 2.1.9. In the rest of this document, whenever we consider integral submanifolds,
we shall always consider them to be of maximal dimension everywhere. Thus, we shall omit
this final part and always call ‘integral submanifolds of maximal dimension everywhere’
simply by ‘integral submanifolds’.

Example 2.1.10. If V ∈ X(M) is a vector field in M , we may define Dp = span
{
Vp
}
, ∀ p ∈

M and D =
∐
p∈M
Dp is a smooth distribution. With this distribution, the image of an integral

curve of V is an integral manifold of D. Hence, this distribution is integrable. Moreover,
if the vector field V is non-vanishing, then the distribution is one-dimensional (and so,
regular). ♮

Example 2.1.11. For M = Rm, Dp = span

{
∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xk

∣∣∣∣
p

}
are the fibres of a k-

-dimensional distribution. The integral submanifolds (of maximal dimension everywhere) of
this distribution are of the form

Nc =
{
(x1, . . . , xm) ∈M

∣∣xk+1 = ck+1, . . . , xm = cm
}
,

where ck+1, . . . , cm ∈ R are arbitrary real numbers. Hence, this distribution is integrable. ♮
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Example 2.1.12. Let D be the smooth regular 2-dimensional distribution in R3 spanned

by X =
∂

∂x
+ y

∂

∂z
and Y =

∂

∂y
. We shall now see that D is not integrable. Suppose N

is an integral manifold (of maximal dimension everywhere) of D passing through the origin.
Since X, Y are tangents to N , any integral curve of these vector fields starting in N must
remain in N at least for small enough times. Thus, N contains an open subset of the x-axis
and it must also contain an open subset of the line parallel to the y-axis passing through
(x, 0, 0). So, N contains a subset of the (x, y)-plane. However, the tangent plane to the
(x, y)-plane at any point p outside the x-axis is not equal to Dp. This shows that there
exists no integral submanifold (of maximal dimension everywhere) of D passing through 0
and, so, D is not integrable. ♮

Example 2.1.13. For M = R4, the Engel distribution is the distribution D spanned by the

vector fields
∂

∂x
+ z

∂

∂y
+w

∂

∂z
and

∂

∂w
. Following the same argument as of the previous

example, it is easy to check that this distribution is not integrable. ♮

Following the definition and notations given for vector bundles, consider local and global
sections of a distribution D to be the following sets:

Γ(D) def
=
{
X ∈ X(M)

∣∣Xp ∈ Dp, ∀ p ∈M
}

Γloc(D)
def
=

⋃
U⊆M open

{
X ∈ X(U)

∣∣Xp ∈ Dp, ∀ p ∈ U
}

Then, certain properties of these sections yield rather important features for distributions:

Definition 2.1.14. A smooth distributionD on a smooth manifoldM is said to be involutive
if, given any two local sections of D, their Lie bracket is also a local section of D, i.e.
[Γloc(D),Γloc(D)] ⊆ Γloc(D).

A direct consequence of the notion of involutivity comes is that it is actually not a local
property, as the following proposition shows:

Proposition 2.1.15. Let D be a smooth distribution in a manifold M . Then D is involutive
if and only if Γ(D) is a Lie subalgebra of X(M), i.e. , [Γ(D),Γ(D)] ⊆ Γ(D).

Proof. ⇐=) Let X ∈ X(U) and Y ∈ X(V ) be local sections of D, we want to show that
[X,Y ] ∈ X(U ∩ V ) is also a local section of D. Fix p ∈ U ∩ V arbitrary and let
λ be a bump function on M taking the value 1 on an open neighbourhood W of p
with supp(λ) ⊆ U ∩ V . Then λX, λY ∈ Γ(D) and, by hypothesis, [λX, λY ] ∈ Γ(D).
However,

[λX, λY ]|W =
(
λX(λY )− λY (λX)

)∣∣
W

=
(
λ2[X,Y ] + λX(λ)Y − λY (λ)X

)∣∣
W

= (λ|W )2[X,Y ]|W + λ|W (X(λ))|WY |W − λ|W (Y (λ))|WX|W

= [X,Y ]|W .

Thus, locally we have that [X,Y ]p = [λX, λY ]p ∈ Dp.
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=⇒) Let X,Y ∈ Γ(D). Since every global section of D is, in particular, a local section
(defined on the whole space M), i.e. Γ(D) ⊆ Γloc(D), we have that X,Y ⊆ Γloc(D).
Additionally, because D is involutive (so [Γloc(D),Γloc(D)] ⊆ Γloc(D)), [X,Y ] ⊆
Γloc(D). Since X,Y ∈ Γ(D), [X,Y ] is defined on the entire M . Because Γ(D) con-
sists exactly of those elements in Γloc(D) whose domain is the entire manifold M , we
conclude that [X,Y ] ∈ Γ(D). Q.E.D.

Theorem 2.1.16. Any integrable distribution is involutive.

Proof. Let X,Y be smooth local sections of an integrable distribution D defined on an open
subset U ⊆ M and let p ∈ U be an arbitrary point. Then, by hypothesis, there exists an
immersed submanifold N

i−−→ M which is an integral submanifold (of maximal dimension
everywhere) of D with p ∈ i(N) ⊆ U . Since, Xi(q), Yi(q) ∈ i∗(q)(TqN) = Di(q), for any
q ∈ N , there exist vector fields X̃, Ỹ ∈ X(N) which are i-related to X,Y , respectively.
Then, because i∗(q)([X̃, Ỹ ]q) = [X,Y ]i(q), for any q ∈ N (i.e. [X̃, Ỹ ] is i-related to [X,Y ])
and [X̃, Ỹ ]q ∈ TqN , we get that [X,Y ]i(q) ∈ i∗(q)(TqN) = Di(q), for any q ∈ N , and,
particularly since p ∈ i(N), [X,Y ]p ∈ Dp. Q.E.D.

2.1.1 Regularity of Distributions using Differential forms

So far, we have been dealing with distributions from the point of view of vector fields.
However, it is also possible to have a similar discussion of the theory of distributions from
the perspective of forms, as long as are comfortable with more algebraic terminology. Un-
fortunately, the price to pay for switching the treatment to differential forms is that we now
can only work with regular distributions and not singular ones. Regardless, we shall still
see that this way of dealing with distributions has its benefits and, so, before we discuss the
Frobenius’ theorem, let us give a quick look at this alternative description.

Definition 2.1.17. A k-form ω ∈ Ωk(M), 0 ≤ k ≤ dimM , annihilates a distribution D
in an open subset U ⊆ M if (ω(X1, . . . , Xk))|U = 0 for any local sections X1, . . . , Xk of D
supported on U .

In the case of 1-forms, if ω annihilates D, we denote ker(ωp) ⊇ Dp, for any p ∈ U .
Given this notion of annihilating forms, we can now introduce smoothness and involuti-

vity of a distribution for this equivalent description.

Proposition 2.1.18. Let M be a smooth manifold and D ⊆ TM a k-dimensional distribu-
tion and denote

D◦ =
{
η ∈ Ω1(M)

∣∣ ker(η|U ) ⊇ D|U for some U ⊆M
}
.

Then D is smooth if and only if, for all p ∈M ,

Dp =
⋂
η∈D◦

ker(ηp).
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Proof. =⇒) Firstly, it is clear that Dp ⊆
⋂
η∈D◦ ker(ηp), for all p ∈ M . Since D is smooth,

there exist X1, . . . , Xk ∈ X(M), such that Dp = span{(X1)p, . . . , (Xk)p}, for all p ∈
M . Considering vector fields Xk+1, . . . , Xm ∈ X(M) such that {(X1)p, . . . , (Xm)p}
form a basis of TpM and the corresponding dual basis {(ω1)p, . . . , (ωm)p} of T ∗

pM

(which is such that, for i, j = 1, . . . ,m, ωi(Xj) = δij idM , where δij is the Kroenecker
delta), we conclude that

⋂
η∈D◦ ker(ηp) = ker((ωk+1)p) ∩ . . . ∩ ker((ωm)p) and, thus

dim
(⋂

η∈D◦ ker(ηp)
)
= k = dim(Dp), giving the equality of the statement.

⇐=) Since dim(Dp) = k, by a similar argument done for the previous implication, we may
find ω1, . . . , ωm−k ∈ Ω1(M) such that Dp = ker((ω1)p) ∩ . . . ∩ ker((ωm−k)p). Then.
completing the basis of T ∗

pM with forms ωm−k+1, . . . , ωm ∈ Ω1(M), we can obtain the
dual basis of TpM with vector fields X1, . . . , Xm ∈ X(M) such that ωi(Xj) = δij idM ,
for all i, j = 1, . . . ,m. To conclude the proof, simply note that {(Xm−k+1)p, . . . , (Xm)p}
form a basis of Dp, which gives the definition of smoothness of distributions. Q.E.D.

Remark 2.1.19. Since we are dealing with k-dimensional distributions, the previous pro-
position is equivalently stated the following way: D is smooth if and only if there are 1-forms
ω1, . . . , ωm−k ∈ Ω1(M) defined in U ⊆M such that, for every p ∈ U ,

Dp = ker((ω1)p) ∩ . . . ∩ ker((ωm−k)p).

Proposition 2.1.20. Let D ⊆ TM be a regular distribution. Then D is involutive if and
only if, given any 1-form η that annihilates D in an open subset U ⊆M , dη also annihilates
D in U .

Proof. =⇒) Let η ∈ Ω1(M) be a 1-form that annihilates D on open set U ⊆ M and let
X1, X2 be local sections of D defined on U . Then, since D is involutive, [X1, X2] ∈
Γloc(D) defined on U . Thus, by using the definition of the exterior derivative and the
fact that η annihilates D:

dη(X1, X2) = X1(η(X2))−X2(η(X1))− η([X1, X2]) = 0,

which shows that dη also annihilates D on U .

⇐=) Take η ∈ Ω1(M) a 1-form such that both η and dη annihilate D on open set U ⊆M .
Let X1, X2 ∈ Γloc(D) be local sections defined on U . Then

0 = dη(X1, X2) = X1(η(X2))−X2(η(X1))− η([X1, X2]) = −η([X1, X2]),

where, in the third equality, we use the fact that η annihilates D in U . Therefore, we
conclude that [X1, X2]p ∈ ker(ηp) ⊇ Dp and, since η ∈ Ω1(M) is an arbitrary 1-form
annihilating D, we get that [X,Y ]p ∈

⋂
η∈D◦

ker(ηp), where

D◦ =
{
η ∈ Ω1(M)

∣∣ ker(η|U ) ⊇ D|U for a neighbourhood U of p
}
.

By the previous proposition, Dp =
⋂
η∈D◦ ker(ηp), thus we conclude that [X,Y ]p ∈ Dp,

as required. Q.E.D.
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Introducing more algebraic terminology, we can express, elegantly, the involutivity in
terms of differential forms. Firstly, recalling the notions given in Section 1.3, the algebra of
differential forms in a smooth manifold M (with dim(M) = m) is

Ω•(M) =

m⊕
k=0

Ωk(M).

Then, we can define the notions of graded ideal for this algebra:

Definition 2.1.21. A graded ideal of Ω•(M) is a graded linear subspace I ⊆ Ω•(M) such
that, for any ω ∈ I and η ∈ Ω•(M), ω ∧ η ∈ I or, equivalently, such that I ∧ Ω•(M) ⊆ I.
As usual, we denote I ⊴ Ω•(M) for a graded ideal I of Ω•(M).

Since we have an additional structure on the set of forms (the exterior derivative), it is
important to also distinguish graded ideals which are closed with respect to this additional
operation on Ω•(M):

Definition 2.1.22. A graded ideal I ⊴ Ω•(M) is called a differential ideal if, for any ω ∈ I,
dω ∈ I, or, equivalently, if dI ⊆ I.

We now return to dealing with distributions:

Proposition 2.1.23. Let D be a regular distribution on a manifold M , Ik(D) ⊆ Ωk(M)

the space of k-forms that annihilate D (with I0(D) = 0) and

I•(D) =
m⊕
k=0

Ik(D) ⊆ Ω•(M).

Then I•(D) ⊴ Ω•(M) is a graded ideal of Ω•(M).

Proof. Since I•(D) ⊆ Ω•(M) is a graded vector space, it is enough to show that I•(D) is
closed under the exterior product. Let ω ∈ Ωk(D) be an arbitrary k-form, η ∈ Iℓ(D) be an
ℓ-form that annihilates the distribution D and let X1, . . . , Xk+ℓ ∈ Γloc(D) be local sections
of D supported on an open subset U ⊆M . Then, by the definition of the wedge product,

(ω ∧ η)(X1, . . . , Xk+ℓ) =
∑

σ∈Sk,ℓ

sgn(σ)ω(Xσ(1), . . . , Xσ(k)) η(Xσ(k+1), . . . , Xσ(k+ℓ)) = 0

since η annihilates D. Therefore, ω ∧ η annihilates the distribution D, i.e. ω ∧ η ∈ Ik+ℓ(D).
Q.E.D.

Definition 2.1.24. The graded ideal I•(D) ⊴ Ω•(M) of forms annihilating the distribution
D is called a Pfaffian system of D.

Remark 2.1.25. For a regular k-dimensional distribution D on an m-dimensional smooth
manifold M , since, at every point p ∈ M , there is a local frame X1, . . . , Xk ∈ X(M) of D,
the Pfaffian system of D is such that In(D) = Ωn(M) for all n ∈ {k + 1, . . . ,m}.
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Theorem 2.1.26. Given a regular distribution D on M , D is involutive if and only if the
Pfaffian system for D, I•(D), is a differential ideal of Ω•(M).

Proof. =⇒) Let ω ∈ In(D) be an n-form that annihilates D and X0, X1, . . . , Xn ∈ Γloc(D)
local sections of D supported on an open subset U ⊆M . Then, using Eq. (1.18b) for
the exterior derivative,

dω(X0, . . . , Xn) =
∑
k

(−1)kXk(ω(X0, . . . , X̂k, . . . , Xn))

+
∑
k<ℓ

(−1)k+ℓω([Xk, Xℓ], X0, . . . , X̂k, . . . , X̂ℓ, . . . , Xn)

and noting that ω annihilates D and, because D is involutive, [Xk, Xℓ] ∈ Γloc(D), we
conclude that dω(X0, . . . , Xn) = 0, i.e. dω annihilates D and so, dω ∈ In+1(D).

⇐=) If I•(D) is a differential ideal, in particular, dI1(D) ⊆ I2(D), thus, by Proposi-
tion 2.1.20, D is involutive. Q.E.D.

2.2 Frobenius Theorem for Regular Distributions

In this section and the following one, we shall always consider that a tangent distribution
D is regular, unless stated otherwise.

Definition 2.2.1. Let M be a smooth m-dimensional manifold and D ⊆ TM a smooth
k-dimensional distribution.

1) A chart (U,φ = (x1, . . . , xm)) in M is said to be flat for D if φ(U) is a ‘cube’ in Rm

and,

D
∣∣
U
= span

{
∂

∂x1

∣∣∣∣
U

,
∂

∂x2

∣∣∣∣
U

, . . . ,
∂

∂xk

∣∣∣∣
U

}
. (2.1)

2) A distribution D is called completely integrable if there is a flat chart for D in a
neighbourhood of any point p ∈M .

Remark 2.2.2. In the definition, the notion of a ‘cube’ is the usual notion that φ(U) can
be written as the

{
(x1, . . . , xm) ∈ U

∣∣mi ≤ xi ≤ Mi, i = 1, . . . ,m
}

for mi,Mi ∈ R for all
i = 1, . . . ,m. Then, if (U,φ = (x1, . . . , xm)) is a flat chart for D, we can represent integral
manifolds of D, locally, as slices of the form{

(x1, . . . , xm) ∈ U
∣∣xk+1 = ck+1, . . . , xm = cm

}
,

for some ck+1, . . . , cm ∈ R. Therefore, any completely integrable distribution is integrable.
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Hence, we have the following:

completely integrable =⇒ integrable =⇒ involutive (2.2)

It is clear that the definition given for complete integrability is only valid for regular
distributions. In fact, this definition is only useful in the study of regular distributions, as
it makes it simpler to close the cycle of implications in Eq. (2.2).

Before we introduce the actual result that gives name to the present section, we present
the following lemma which will make the proof of Frobenius theorem much simpler:

Lemma 2.2.3. Let M be a smooth m-dimensional manifold and X1, . . . , Xk be linearly
independent vector fields defined on a neighbourhood V of p ∈M such that

[Xi, Xj ] = 0, 1 ≤ i, j ≤ k.

Then there exists a chart (U ⊆ V ; (x1, . . . , xm)) on M centred at p, such that

Xi

∣∣
U
=

∂

∂xi
, 1 ≤ i ≤ k.

Proof. Let Flti be the flow of Xi and (U ⊆ V ; (x1, . . . , xm)) be a chart (containing p) such
that

{
(X1)p, . . . , (Xk)p,

∂
∂xk+1

∣∣∣
p
, . . . , ∂

∂xm

∣∣∣
p

}
spans TpV . Since the lemma is purely local,

we can assume, without loss of generality, that U ⊆ Rm is a neighbourhood of p = 0. Let
ε > 0 and let W be a neighbourhood of 0 in U such that Flt11 ◦ · · · ◦Fl

tk
k :W → U if |ti| < ε,

for all i = 1, . . . , k. Then, define

Ω
def
=
{
(xk+1, . . . , xm) ∈ Rm−k ∣∣ (0, . . . , 0, xk+1, . . . , xm) ∈W

}
and Φ : ]− ε, ε[ ×k × Ω→ U such that

Φ(x1, . . . , xm) = (Flx1
1 ◦ · · · ◦ Fl

xk

k )(0, . . . , 0, xk+1, . . . , xm).

Thus, denoting x = (x1, . . . , xm) and taking f ∈ C∞(U), we get that, for all i = 1, . . . , k,

Φ∗(x)

(
∂

∂xi

∣∣∣∣
x

)
(f) =

∂

∂xi

(
f ◦ Φ

)∣∣∣∣
x

=
∂

∂xi

(
f ◦ Flx1

1 ◦ · · · ◦ Fl
xk

k (0, . . . , 0, xk+1, . . . , xm)
)∣∣∣∣
x

=
∂

∂xi

(
f ◦ Flxi

i ◦ Fl
x1
1 ◦ · · · ◦ F̂l

xi
i ◦ · · · ◦ Fl

xk

k )(0, . . . , 0, xk+1, . . . , xm)
)∣∣∣∣
x

= (Xi(f))(Fl
xi
i ◦ Fl

x1
1 ◦ · · · ◦ F̂l

xi
i ◦ · · · ◦ Fl

xk

k )(0, . . . , 0, xk+1, . . . , xm))

= (Xi(f))(Φ(x)),

where, in the third equality we used the fact that, since the vector fields Xi, Xj commute,
the flows of these fields also commute, i.e. Flti ◦ Fl

s
j = Flsj ◦ Fl

t
i.
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Therefore,

Φ∗(0)

(
∂

∂xi

∣∣∣∣
0

)
=


(Xi)p, i = 1, . . . , k

∂

∂xi

∣∣∣∣
p

, i = k + 1, . . . ,m
,

and, by the Inverse Function Theorem Φ is a diffeomorphism at 0 with Φ(0) = p and
Φ−1

∗ ( ∂
∂xi

) = Xi. Q.E.D.

We now arrive at the central theorem, whose different versions are the central focus of
this chapter. In simple terms, the point of Frobenius theorem is to take into account the
implications presented in (2.2) and close the cycle, making all the definitions equivalent:

Theorem 2.2.4 (Local Frobenius). Any involutive distribution is completely integrable.

Proof. Since Lemma 2.2.3 guarantees that any distribution locally spanned by independent
smooth commuting vector fields is completely integrable (the chart given by the Lemma is
flat), it suffices to show that if a distribution D is involutive, then D is the local span of
independent commuting vector fields.

Therefore, let (U ; (x1, . . . , xm)) be a chart on M centred at a point p ∈ M and, up to
permuting x1, . . . , xm if necessary, we can always assume that the following set

span

{
∂

∂xk+1

∣∣∣∣
p

, . . . ,
∂

∂xm

∣∣∣∣
p

}
⊆ TpM

is complementary to Dp. Then, there is an open neighbourhood W of 0 in U such that, for
all q ∈W ,

TqM = Dq ⊕ span

{
∂

∂xk+1

∣∣∣∣
q

, . . . ,
∂

∂xm

∣∣∣∣
q

}
.

If we take π : Rm → Rk to be projection onto the first k coordinates, it is clear that
π∗|D : D|W → TRk, defined as the composition π∗ ◦ i of the inclusion D|W

i
↪−→ TW and

π∗ : TW =W × Rm −→W × Rk

(x, (v1, . . . , vm)) 7−→ (x, (v1, . . . , vk)),

is a vector bundle isomorphism. Thus, considering a neighbourhood W of p and a point
q ∈W , we define

(Xi)q = (π∗|Dq
)−1(π(q))

(
∂

∂xi

∣∣∣∣
π(q)

)
∈ Dq,

which are local sections of D τM |D−−−→ M . The proof is concluded if [Xi, Xj ] = 0, for all
i, j = 1, . . . , k. However, because D is involutive and X1, . . . , Xk are local sections of D,
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[Xi, Xj ] ∈ Γloc(D) and

π∗(q)([Xi, Xj ]q) = π∗(q)

[(π∗|Dq
)−1(π(q))

(
∂

∂xi

∣∣∣∣
π(q)

)
, (π∗|Dq

)−1(π(q))

(
∂

∂xj

∣∣∣∣
π(q)

)]
q


= π∗(q)

(
(π∗|Dq

)−1(π(q))

([
∂

∂xi

∣∣∣∣
π(q)

,
∂

∂xj

∣∣∣∣
π(q)

]
π(q)

))

= (π∗ ◦ (π∗|Dq )
−1)(π(q))

([
∂

∂xi

∣∣∣∣
π(q)

,
∂

∂xj

∣∣∣∣
π(q)

]
π(q)

)

=

[
∂

∂xi
,
∂

∂xj

]
π(q)

= 0.

Since π∗(q)|Dq
: Dq ↪→ Tπ(q)Rk is injective, we conclude that [Xi, Xj ]q = 0, for all q ∈ W ,

concluding the proof. Q.E.D.

Notice that the proof of Frobenius theorem gives a technique to find integral submani-
folds. The idea of such a method is to use the projection to find commuting vector fields
spanning the same distribution. The following example illustrates this idea.

Example 2.2.5. Let D ⊆ TR3 be the distribution spanned by the vector fields X = x ∂
∂x +

xy ∂
∂z and Y = xe−y

2 ∂
∂x +

∂
∂y +

x2

2 (1+2ye−y
2

) ∂
∂z . Then, by an easy computation, we obtain

that [X,Y ] = e−y
2

X and, so, D is an involutive distribution. Since, for all (x, y, z) ∈ R3,
T(x,y,z)R3 = D(x,y,z) ⊕ R ∂

∂z , we obtain that the projection proj : R3 → R2 such that
proj(x, y, z) = (x, y) gives an isomorphism proj∗|D(x,y,z)

: D(x,y,z) → T(x,y)R2 ∼= R2. By the
proof of the Frobenius theorem, there exist commuting sections V,W ∈ Γ(D) that generate
D such that

proj∗(x, y, z)(V(x,y,z)) =
∂

∂x

∣∣∣∣
(x,y)

and proj∗(x, y, z)(W(x,y,z)) =
∂

∂y

∣∣∣∣
(x,y)

.

It is straightforward that V = ∂
∂x + v(x, y) ∂

∂z and W = ∂
∂y + w(x, y) ∂

∂z for some smooth
functions v, w ∈ C∞(R3). By analysing combinations of X and Y , we may take V = X

and W = Y − xe−y2X = ∂
∂y + x2

2
∂
∂z . By (the proof of) Lemma 2.2.3, a flat chart of D is

obtained by considering the inverse of the map Φ : R3 → R3 (in this particular case, we can
extend the domain and codomain to all of R3) given by

Φ(t1, t2, τ) = (Flt1V ◦ Fl
t2
W )(0, 0, τ).

The flows of V and W are quite simply to compute and give

FltV (x, y, z) =

(
x+ t, y, z + yt

(
x+

t

2

))
FltW (x, y, z) =

(
x, y + t, z +

x2

2
t

)
,
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Thus, Φ(t1, t2, τ) =
(
t1, t2, τ +

1
2 t1t

2
2

)
and its inverse gives

Φ−1(x, y, z) =

(
x, y, z − 1

2
yx2
)
.

The integral manifolds of D are, then, the level sets ϕ(x, y, z) = z − 1
2yx

2. ♮

To conclude the present section, we simply include the following proposition which gives
a description of the local structure of integral submanifolds of a certain regular distribution
D that is involutive (or, equivalently, integrable).

Proposition 2.2.6 (Local structure of Integral Manifolds). Let D be an involutive k-
-dimensional distribution in M and (U,φ = (x1, . . . , xm)) a flat chart for D. If N is an
integral manifold of D, then N ∩ U is a disjoint union of k-dimensional parallel open sets
of U of the form {xk+1 = ck+1, . . . , xm = cm} with ck+1, . . . , cm ∈ R, each of them being an
open set in N embedded in M .

Proof. Let N be an integral manifold of D with inclusion map ι : N ↪→ M . Since ι is
continuous, N ∩U = ι−1(U) is open in N , thus is a (countable) disjoint union of connected
components, each of these open in N .

Moreover, since N is an integral manifold and (U,φ = (x1, . . . , xm)) is a flat chart for
D, N ∩ U consists of slices Si of the form

Si =
{
(x1, . . . , xm) ∈ N ∩ U

∣∣xk+1 = cik+1, . . . , xm = cim
}
,

for some cik+1, . . . , c
i
m ∈ R. Additionally, considering V to be one of the disjoint components

of N ∩ U , since the 1-forms dxk+1, . . . ,dxm annihilate the distribution D, they vanish in V
and, so, V must lie in a single slice of N ∩ U .

To finish the proof, we need only prove that V is embedded in N . However, since each
slice Si of N∩U is embedded in M and the inclusion V ↪→ Si is a smooth injective immersion
of manifolds with the same dimension, it is a local diffeomorphism (thus a homeomorphism
onto its image), therefore it is an embedding. Composing the inclusions V ↪→ Si and
Si ↪→M , we conclude that V is a smooth embedding. Q.E.D.
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2.3 Foliations

We have seen how the Frobenius theorem is a powerful tool to describe the properties
of a manifold endowed with an involutive distribution locally. However, it would also be
of interest to be able to describe a manifold (endowed with an involutive distribution) in a
more global way. This can be done by understanding a bit more about the nature of the
integral manifolds arising from a given involutive regular distribution D. To arrive at this
non-local description of Frobenius theorem, we need to introduce the notion of a foliation
and, in particular, of a flat chart for a partition F of a manifold M :

Definition 2.3.1. Let F = {Fλ}λ∈Λ be a partition of an m-dimensional manifold M in
smooth immersed submanifolds. Then, a flat chart for F is a chart (U,φ) such that φ(U)

is a ‘cube’ and, for each λ ∈ Λ, either Fλ ∩ U = ∅, or

Fλ ∩ U =
⋃
η∈H

φ−1
(
Rk × {η}

)
,

where H is a countable subset of Rm−k.

The previous definition of a flat chart allows us now to define a foliation:

Definition 2.3.2. A foliation of dimension k in M is a collection F of immersed non-empty
connected disjoint k-dimensional submanifolds of M , called the leaves of the foliation F ,
whose union is M such that, around each p ∈M , there is a flat chart for F .

Remark 2.3.3. An equivalent way of expressing Definition 2.3.2 would be the following: A
foliation is a partition F = {Fλ}λ∈Λ of M in (immersed) k-dimensional submanifolds that
locally ‘looks like’ {Rk × {α}}α∈Rm−k .

Example 2.3.4. From the previous observation, it is clear that {Rk × {α}}α∈Rm−k is a
k-dimensional foliation of Rk. ♮

Example 2.3.5.
{
λx
∣∣λ > 0

}
x∈Rm\{0} is a one-dimensional foliation of Rm\{0}. Similarly,

the collection of the spheres centred at 0 forms an (m−1)-dimensional foliation of Rm\{0}. ♮

Example 2.3.6. Let M,N be connected manifolds, then the collections {M × {q}}q∈N
and {{p} × N}p∈M are foliations of M × N whose leaves are diffeomorphic to M and N ,
respectively. If M = N = S1, then {S1 × {q}}q∈S1 and {{p} × S1}p∈S1 are the foliations
(a) and (b) of the torus T 2 = S1 × S1, respectively, represented in Fig 2.1. ♮

Example 2.3.7. Still considering the torus T 2, if α ∈ R, the image of the curves γθ(t) =
(eit, ei(αt+θ)) (θ ∈ R) generates a one-dimensional foliation of the torus ((c) in Fig 2.1). If
α ∈ Q, each leaf is submersed on (and diffeomorphic to) S1, whilst if α ∈ R\Q, each leaf is
diffeomorphic to R and is dense in T 2. ♮
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(a) (b) (c)

Figure 2.1: Representation of different foliations of the torus.

Proposition 2.3.8. Let F = {Fλ}λ∈Λ a foliation of a manifold M . The collection of
tangent spaces to the leaves of F forms an involutive regular distribution D ⊆ TM (also
denoted by TF) on M given by Dp

def
= TpFλ, for all p ∈M and λ ∈ Λ such that p ∈ Fλ.

Proof. The fact that the collection of the tangent leaves to the foliation F is a distribution
comes directly from the definition of a foliation (use flat charts). Therefore, we only need to
show that TF is involutive. Let p ∈M and λ ∈ Λ such that p ∈ Fλ and take X,Y ∈ X(M)

local sections of TF . Since F is a foliation, Fλ is an immersed submanifold and, once
again, since X and Y are tangent to Fλ, [X,Y ] is tangent to Fλ and so, in particular,
[X,Y ]p ∈ TpFλ = TpF . Hence, TF is an involutive regular distribution. Q.E.D.

Remark 2.3.9. An alternative way to prove the previous result comes from the fact that,
if D = TF and F is a foliation, then we can take a flat chart (U,φ) which is a ‘cube’ and
U ∩Fλ is either empty or a countable union of sets of the form

{
xi = ci

∣∣ i = k+1, . . . ,m
}
,

for (ck+1, . . . , cm) ∈ Rm−k. Thus,

D|U = TF|U =
⋃
λ∈Λ

T (Fλ ∩ U) =
⋃
λ∈Λ̂

⋃
η∈Hλ

T
{
xi = ciη

∣∣ ciη ∈ R, i = k + 1, . . . ,m
}

=
⋃
λ∈Λ̂

⋃
η∈Hλ

span

{
∂

∂xk+1

∣∣∣∣
U

, . . . ,
∂

∂xm

∣∣∣∣
U

}
= span

{
∂

∂xk+1

∣∣∣∣
U

, . . . ,
∂

∂xm

∣∣∣∣
U

}
,

where Λ̂ ⊆ Λ represents the set of indices for which Fλ ∩ U ̸= ∅. So, we conclude that the
distribution is completely integrable and, by Equation (2.2), that is, in fact, involutive.

To arrive at the global version of Frobenius theorem, we need to introduce the following
lemma:

Lemma 2.3.10. Let D ⊆ TM be a distribution and {Nλ}λ∈Λ a collection of connected
integral manifolds of D such that

⋂
λ∈Λ

Nλ ̸= ∅. Then N =
⋃
λ∈ΛNλ has a unique manifold

structure that makes it a connected integral manifold of maximal dimension of D.

The proof of this result essentially entails the construction of a topological structure and
a manifold structure on N making N an integral manifold of D. Since this proof is rather
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long and intricate, we leave it out of the current text. For the interested reader, a complete
proof can be found in [3, Lemma 19.22].

Remark 2.3.11. Notice that, given a distribution D onM , if we takeNp to be the collection
of all connected integral manifolds containing a certain point p ∈M then, assuming that Np
is non-empty, by the previous lemma, there is a maximal element S ∈ Np in the sense that
any other N ∈ Np is contained in S. Again using the previous lemma, it is easy to discover
what is this integral manifold: it must be the union of all connected integral manifolds of D
containing p,

⋃
N∈Np

N .

Theorem 2.3.12 (Global Frobenius). Let D be an involutive distribution on a manifold M .
Then, the collection of all connected integral manifold of D constitutes a foliation of M .

Proof. Let p ∈ M and Np be the union of all connected integral manifolds of D containing
p. Then, by the previous lemma, Np is a (maximal) integral manifold of D containing p. To
conclude the proof, it is enough to show that {Np}p∈M is a foliation of M .

Let (U,φ) be a flat chart for D. Then, by Proposition 2.2.6, for each p ∈ M , Np ∩ U is
a countable disjoint union of k-dimensional open sets (parallel in U). Taking S to be such
a slice of Np ∩ U , then Np ∩ S = S since, otherwise, we could take Np ∪ S to be an integral
manifold of D, contradicting the fact that Np is maximal. Therefore, Np ∩U is a countable
union of slices and, hence, {Np}p∈M is a foliation of M . Q.E.D.
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2.4 The case of Singular Distributions

We have previously seen the case of regular distributions and how important Frobenius
Theorem is for these distributions. However, the theorem is not valid for the more general
singular distributions as the following example shows:

Example 2.4.1. Let M = R2 and D be a smooth distribution defined by setting, for all

(x, y) ∈ R2, D(x,y) = span
{ ∂

∂x
, ϕ(x)

∂

∂y

}
, where

ϕ(y) =

{
0, x ≤ 0

e−1/x2

, x > 0
.

This distribution is involutive since[
∂

∂x
, ϕ(x)

∂

∂y

]
(x,y)

=

 0 x ≤ 0

Dϕ(x)ϕ(x) ∂
∂y

∣∣∣
(x,y)

x > 0
,

where Dϕ(x) denotes the derivative of ϕ. Thus, we cannot construct a partition of R2 by
integral manifolds of D because no integral manifold of D contains points on the y-axis.
Additionally, it is easy to verify that, for y ∈ R and U a neighbourhood of (0, y) ∈ R2, there
are points (−ε, y) and (ε, y) such that dimD(−ε,y) = 1 ̸= 2 = dimD(ε,y), which shows that
it is not possible to define a flat chart for every neighbourhood of each point in R2. ♮

x

y

Figure 2.2: Integral manifolds of the distribution from Example 2.4.1

Thus, for a ‘Frobenius-like’ theorem to be valid, we need to add some conditions that
should be trivially satisfied by regular k-dimensional distributions.
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With this in mind, we introduce the following definition:

Definition 2.4.2. Let D ⊆ X(M). A (singular) distribution D ⊆ TM is said to be D-
-invariant if both conditions apply:

1) Dp = span
{
Xp

∣∣X ∈ D
}
, for all p ∈M ;

2) (FltX)∗(p)(Dp) = DFltX(p), for all X ∈ D, t ∈ R and p ∈ dom(FltX).

As explained previously, even though the definitions of involutivity and integrability
are valid for any distribution, the definition of complete integrability is not. Thus, in our
study of general distributions, we only deal with the notion of an integrable distribution. In
this case, we can introduce the following theorem that can already be considered to be the
generalisation of Frobenius theorem for singular distributions:

Theorem 2.4.3 (Stefan-Sussmann). A smooth distribution is integrable if and only if there
exists D ⊆ X(M) such that D is a D-invariant distribution.

Proof. =⇒) If D is an integrable distribution, then we can check that D is a Γ(D)-invariant
distribution. In fact, taking

D
def
= Γ(D) =

{
X ∈ X(M)

∣∣ im(X) ⊆ D
}

(∗)

in Definition 2.4.2, condition 1) is clearly satisfied, because D is smooth. For condition
2), since an arbitrary element of Dp can be written as

∑
λ∈Λ

aλ (Xλ)p, with Λ a set of

indices, aλ ∈ R, ∀λ ∈ Λ and Xλ ∈ Γ(D) a set of generators of D, using the linearity
of the derivative (FltX)∗(p), it is enough to show that{

(FltX)∗(p)(Yp)
∣∣Y ∈ Γ(D)

}
=
{
YFltX(p)

∣∣Y ∈ Γ(D)
}
. (†)

Let i : N → M be an integral manifold of D, let p ∈ i(N) and X ∈ Γ(D). Since
Tpi(N) = span

{
Yp
∣∣Y ∈ Γ(D)

}
, Xp ∈ Tpi(N) and FltX(p) ∈ i(N) for all t. Thus,

because FltX is a local diffeomorphism, (FltX)∗(p) : Tpi(N) → TFltX(p)i(N) is a local
isomorphism and, so given Y ∈ Γ(D) exists Z ∈ Γloc(D) supported in a neighbourhood
of p such that (FltX)∗(p)(Yp) = ZFltX(p) (and, similarly, exists Z ′ ∈ Γloc(D) such that
YFltX(p) = (FltX)∗(p)(Z ′

p)). Finally, using bump functions, we can guarantee that booth
Z,Z ′ are defined globally, showing the equality (†).

⇐=) Given p ∈ M and k = dimDp, take X1, . . . , Xk ∈ D such that (X1)p, . . . , (Xk)p form
a basis of Dp. Let W be an open neighbourhood of 0 ∈ Rk such that

η :W −→M

(t1, . . . , tk) 7−→ (Flt1X1
◦ · · · ◦ FltkXk

)(p)
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is well-defined. Furthermore, because η is the composition of (local) integral curves, η
is differentiable and

η∗(0)

(
∂

∂ti

∣∣∣∣
0

)
=

d

ds

(
η(0, . . . , 0, s, 0, . . . , 0)

)∣∣∣
s=0

=
d

ds

(
(Fl0X1

◦ · · · ◦ Fl0Xi−1
◦ FlsXi

◦ Fl0Xi+1
◦ · · · ◦ Fl0Xk

)(p)
)∣∣∣
s=0

=
d

ds

(
FlsXi

(p)
)∣∣∣
s=0

= (Xi)FlsXi
(p)

∣∣∣
s=0

= (Xi)p

therefore, η∗(0) is injective, so, up to shrinking W around 0, we get that η is an
immersion and, thus im(η) = η(W ) is an immersed submanifold of M . Moreover, we
get that

Tη(t1,...,tk)
(
im(η)

)
= η∗(t1, . . . , tk)(T(t1,...,tk)W )

= η∗(t1, . . . , tk)

(
span

{
∂

∂t1

∣∣∣∣
(t1,...,tk)

, . . . ,
∂

∂tk

∣∣∣∣
(t1,...,tk)

})

= span

{
η∗(t1, . . . , tk)

(
∂

∂ti

∣∣∣∣
(t1,...,tk)

)∣∣∣∣∣ i = 1, . . . , k

}
= span

{(
(Flt1X1

)∗ ◦ · · · ◦ (FltiXi
)∗ ◦Xi

)
(Fl

ti+1

Xi+1
◦ · · · ◦ FltkXk

(p))
∣∣∣ i = 1, . . . , k

}
⊆ Dη(t1,...,tk),

where, to conclude the last inclusion, we used the hypothesis and condition 2) of
Definition 2.4.2. Also by these conditions, we get that dim(Dη(t1,...,tk)) = dim(Dp) = k,
for all t1, . . . , tk. Thus, we conclude that Tη(t1,...,k)(im(η)) = Dη(t1,...,tk) and, therefore,
im(η) is an integral manifold of D, i.e. D is integrable. Q.E.D.

We may now rephrase the previous theorem to have a statement that more closely re-
sembles that of the Frobenius theorem for regular distributions:

Theorem 2.4.4 (Generalised Frobenius). A distribution D is integrable if and only if there
exists a Lie subalgebra L of X(M) such that, for all p ∈M :

(i) Dp = span
{
Xp

∣∣X ∈ L
}
;

(ii) for all X ∈ L, we have that dimDFltX(p) = dimDp (t ∈ R).

Proof. =⇒) Firstly, we have seen in Section 2.1 that any integrable distribution is involutive,
so we know that Γ(D) is a Lie subalgebra (Proposition 2.1.16). Therefore, we may
take L = Γ(D) and (i) is trivially satisfied.

To prove the second condition, similarly to the proof of Stefan-Sussmann theorem,
we note that D is a Γ(D)-invariant distribution. Thus, if dimDp = k, for any X ∈
Γ(D), p ∈ M and t ∈ R such that p ∈ dom(FltX), we get that (FltX)∗(p) : TpM →
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TFltX(p)M is a linear isomorphism and (FltX)∗(p)(Dp) = DFltX(p). Therefore, dim(Dp) =
dim(DFltX(p)), for all X ∈ Γ(D), p ∈ M and t ∈ R such that p ∈ dom(FltX), proving
condition (ii).

⇐=) Let p ∈ M , X ∈ L and FltX be the flow of X at time t ∈ R. Then, once again,
since (FltX)∗(p) : TpM → TFltX(p)M is a linear isomorphism, we get that dimDp =

dim(FltX)∗Dp and, by hypothesis (ii), dimDFltX(p) = dim(FltX)∗Dp. Since the fibres of
D are vector spaces, to show that (FltX)∗(p)(Dp) = DFltX(p) it is enough to show one
of the inclusions. Let us then show that

(FltX)∗(p)(Dp) ⊇ DFltX(p),

or equivalently, since (FltX)∗(p) : TpM → TFltX(p)M is a linear isomorphism,

Dp ⊇ (Fl−tX )∗(Fl
t
X(p))(DFltX(p)).

Take Y1, . . . , Yk ∈ L such that {(Y1)p, . . . , (Yk)p} is a basis of Dp. By hypothesis
(ii), dimDFltX(p) = k, thus {(Y1)FltX(p), . . . , (Yk)FltX(p)} is also a basis of DFltX(p) for
t ∈ ]−ϵ, ϵ[ . Because L is a Lie subalgebra,

(
[X,Yi]

)
FltX(p)

∈ DFltX(p), for all t ∈ ]−ϵ, ϵ[
and, therefore, there exist fij ∈ C∞( ]− ϵ, ϵ[ ) (i, j = 1, . . . , k) such that

(
[X,Yi]

)
FltX(p)

=

k∑
j=1

fij(t)(Yj)FltX(p).

Well,
((
(FltX)∗Yi

)
p

)
i=1,...,k

is a smooth curve in (TpM)×k satisfying the linear first
order ODE

d

dt

(
(FltX)∗Yi

)
p
= (FltX)∗

(
[X,Yi]

)
p
=

k∑
j=1

fij(t)
(
(FltX)∗Yj

)
p
,

with initial value
((
(Fl0X)∗Yi

)
p

)
i=1,...,k

=
(
(Y1)p, . . . , (Yk)p

)
∈ Dp. Thus, by existence

and uniqueness of solutions of ODE’s, the integral curve
((
(FltX)∗Yi

)
p

)
i=1,...,k

is also in
D×k
p , therefore

(
(FltX)∗Yi

)
p
∈ Dp. Hence, we conclude that DFltX(p) ⊆ (FltX)∗(p)(Dp),

finishing the proof. Q.E.D.

Remark 2.4.5. Following this version of the generalised Frobenius theorem, we may extend
the notion of involutivity to include condition (ii) of Theorem 2.4.4. We, however. will stick
with the notion of involutivity from Definition 2.1.14 and, when necessary, prove that a
distribution has local constant rank, i.e. it satisfies condition (ii) of Theorem 2.4.4.

Remark 2.4.6. If the distribution D is regular, then condition (ii) of Theorem 2.4.4 is
trivially satisfied. Therefore, we may take L = Γ(D) and, therefore, the general Frobenius
theorem reduces to its local version, Theorem 2.2.4.
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From the procedure we described in Section 2.3, we could now obtain a global version
of the generalised Frobenius theorem. However, as seen in Example 2.4.1, the integral
submanifolds of a singular distribution need not be of the same dimension. Regardless, we
still obtain a partition of the manifold by integral manifolds of maximal dimension of a
singular distribution D. To the collection of all of these submanifolds we shall still call the
integral foliation of D. This foliation is not in the same sense as in Definition 2.3.2 but in
the sense of a singular foliation, which is defined the following way:

Definition 2.4.7. A singular foliation on a manifold M is a C∞(M)-submodule F ⊆ X(M)

which is

1) closed under the Lie bracket, i.e. [F ,F ] ⊆ F ;

2) locally finitely generated as a C∞(M)-module, i.e. there exists an open cover {Uλ}λ∈Λ

of M and, for any λ ∈ Λ, vector fields X1, . . . , Xk ∈ Γ(Uλ,F), for some k ∈ Z⩾0, such
that

Γ(Uλ,F) = C∞(Uλ)X1 + · · ·+ C∞(Uλ)Xk,

where Γ(Uλ,F) represents the local sections of F supported by Uλ.

One can show that regular foliations, in the sense of Definition 2.3.2 are also singular
foliations. To a singular distribution F , we can always associate a tangent distribution,
denoted by TF :

TF =
∐
p∈M

TpF =
∐
p∈M

{
Xp

∣∣X ∈ F} ⊆ TM.

This distribution is, in general, singular, and we obtain the following result:

Proposition 2.4.8. For a manifold M , a singular distribution D in M is integrable if and
only if there exists a singular foliation F such that D = TF .

The study of singular foliations is still quite in its infancy, and many results that are
valid for regular foliations are still unknown for the singular case. For the interested reader,
we refer to [8, 9] and references therein.



Chapter 3

Lie Algebroids

As we have seen, a vector bundle can be thought of an extension of the idea of a vector
space to a sort of family of vector spaces (one for each point of a manifold) ‘glued’ in a some
smooth way. Similarly, we could think if there is an equivalent construction for the case
of Lie algebras. The answer to this problem is a Lie algebroid. However, the construction
of such a geometrical structure is more complicated that the one done for vector bundles
and require a more careful treatment. These Lie algebroids came to be as the infinitesimal
versions of Lie groupoids, similarly to how Lie algebras are the infinitesimal version of a Lie
group and, also similarly to Lie algebras, can be entirely described independently of their
global versions and, so, we shall focus on these Lie algebroids the present chapter. Beyond
their usage in mathematics, Lie algebroids are also extremely important in several different
areas of physics since the integrability problem for Lie algebroids can be relevant in the
quantisation procedures of pre-symplectic manifolds, as sections of Lie algebroids can be
seen as the Yang-Mills fields appearing in field theories.

The present chapter starts by discussing anchored vector bundles, i.e. vector bundles for
which we may define a vector bundle morphism with codomain the tangent bundle of the
base manifold. The present of this anchor adds additional structure and so certain concepts
such as infinitesimal automorphisms, or the pull-back bundle have to be redefined to include
this new vector bundle morphism. In the second section, we further introduce structure
in anchored vector bundles, giving Lie algebroids and also study the morphisms for these
algebroids as well as generalise the notion of the Schouten-Nijenhuis bracket to the setting
of Lie algebroids.

71
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3.1 Anchored Vector Bundles

In Section 1.2, we gave a brief overview of the theory of vector bundles as a way to extend
the ideas of vector spaces to a manifold/bundle setting. However, the true interest of the
study of vector bundles come from the innumerous constructions that arise from this type
of fibre bundles. One such construction is of Anchored Vector bundles (which later serve as
the basis for the definition of Lie algebroids) that we shall now introduce.

Definition 3.1.1. Let E pr−→ M be a vector bundle and a : E → TM be a vector bundle
morphism covering the identity map idM . Then the pair (E

pr−→ M, a) or, more usually,
(E, a) is called an anchored vector bundle (AVB) over M and a is called the anchor.

Example 3.1.2. The simplest example of an anchored vector bundle is the tangent bundle
TM to a manifold M . Clearly, TM τM−−−→ M is a vector bundle and we simply take the
anchor as the identity a = idTM . ♮

Example 3.1.3. If the anchor a is injective, then we may consider E to be a vector sub-
bundle of TM . This implies that E is a regular tangent distribution. ♮

Example 3.1.4. For a Poisson manifold (M,π), the cotangent bundle T ∗M is an anchored
vector bundle with anchor a = π♯ : T ∗M → TM . ♮

Example 3.1.5. Let V be a K-vector space, A an associative K-algebra and ρ : A →
EndK(V ) a representation of A on V . Then (V × A pr1−−−→ V, a) (with pr1 the projection
onto the first factor) is an anchored vector bundle with anchor a(v, a) = (v, ρ(a)(v)) ∈ TV ,
where, for all v ∈ V , we identify TvV ∼= V . ♮

As usual in mathematical constructions, it is important to introduce the notion of maps
between anchored vector bundles that preserve this structure:

Definition 3.1.6. A morphism of anchored vector bundles (E
prE−−−→ M, aE) and (F

prF−−−→
N, aF ) is a vector bundle morphism (Φ, φ) from E to F such that the following diagram
commutes:

E F

TM TN

aE

Φ

aF

Tφ

(3.1)

With this definition of a morphism of anchored vector bundles, we can conclude that the
anchored vector bundles with their morphisms form a category, denoted AVB.
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3.1.1 Anchored Vector Bundle (Infinitesimal) Automorphisms

The introduction of the anchor on a vector bundle allows us to not only link vector fields
on a vector bundle to a vector field on the base manifold but also with its tangent lift.
Firstly, we introduce the notion of an infinitesimal AVB automorphism:

Definition 3.1.7. Let (E
pr−−→ M, a) be and anchored vector bundle. An infinitesimal

anchored vector bundle automorphisms is vector field X ∈ X(E) on E such that its flow is
an automorphism of anchored vector bundles, FltX ∈ AutAVB(E), for all t. The collection
of infinitesimal anchored vector bundle automorphisms is denoted by autAVB(E).

The next result is valid even in the case where we do not have an anchor (i.e. for a vector
bundle) and links any vector bundle morphism of E to a diffeomorphism of M :

Lemma 3.1.8. Let Φ ∈ AutVB(E) be an automorphism of a vector bundle E
pr−−→ M .

Then Φ restricts to a diffeomorphism φ ∈ Diff(M) satisfying

pr ◦ Φ = φ ◦ pr.

Likewise, any infinitesimal vector bundle morphism X̂ ∈ autVB(E) restricts to a vector field
X ∈ X(M) such that Tpr ◦ X̂ = X ◦ pr.

Proof. By the definition of a vector bundle morphism, Φ : E → E (which is smooth) restricts
to a smooth map φ :M →M satisfying pr◦Φ = φ◦pr. Since pr is surjective Φ : Ep → Eφ(p)

is linear, φ is bijective if and only if Φ is bijective. Then, there exists the inverse φ−1 of φ
which is smooth by the smoothness of Φ−1.

For the case of X̂ ∈ autVB(E), Flt
X̂
∈ AutVB(E) so, by the previous argument, for all

t, there are φt ∈ Diff(M) such that pr ◦Flt
X̂
◦ pr. Firstly, notice that φt define the flow of a

vector field since, for any e ∈ E,

d

dt
(φt ◦ pr)(e) = d

dt
(pr ◦ Flt

X̂
)(e) = pr∗(Fl

t
X̂
(e))

(
d

dt
Flt
X̂
(e)

)
= pr∗(Fl

t
X̂
(e))

(
X̂Flt

X̂
(e)

)
=
(
pr∗X̂

)
(pr◦Flt

X̂
)(e)

=
(
pr∗X̂

)
(φt◦pr)(e).

Calling X = pr∗X̂, the previous equation gives pr∗ ◦ X̂ = X ◦ pr. By the uniqueness of
solution of ODE’s, since φ0 = idM = Fl0X and both φt and FltX satisfy the same differential
equation, we obtain that φt = FltX . Q.E.D.
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Moreover, to every infinitesimal vector bundle automorphism, we may introduce a de-
rivation on E:

Definition 3.1.9. Let X̂ ∈ autVB(E) be an infinitesimal vector bundle automorphism
restricting to a vector field X ∈ X(M) on M . Then, the derivation of Γ(E) associated to X̂
is

DX̂ : Γ(E) −→ Γ(E)

σ 7−→ d

dt

(
Fl−t
X̂
◦ σ ◦ FltX

)∣∣∣∣
t=0

.

By introducing the anchor, we obtain another link, now to the derivative of the base
diffeomorphism:

Proposition 3.1.10. Let (E pr−−→M, a) be an anchored vector bundle. If X̂ ∈ autAVB(E)

restricts to X ∈ X(M), the following diagram commutes:

E TE

TM T 2M

a

X

T a

T ♮X

Proof. By the same type of argument of Lemma 3.1.8, since the flow Flt
X̂

of X̂ restricts
to the flow FltX of X and Flt

X̂
is an anchored vector bundle automorphism, we get that

a ◦Flt
X̂

= TFltX ◦ a, by the definition of morphism of anchored vector bundles. Thus, noting
that, by Proposition 1.2.51, TFltX = FltT ♮X , differentiating both sides with respect to t at
t = 0, we get

Ta ◦ X̂ = T ♮X ◦ a. Q.E.D.

3.1.2 Pull-back of Anchored Vector Bundles

An important construction when studying differential geometry is that of the pullback by
a map φ : M → N between manifolds M and N . However, the introduction of the anchor
makes the previous condition of an induced bundle not enough. To extend the notion of a
induced anchored bundle we recall the definition of transverse maps:

Definition 1.1.23. One says that two maps f1 : N1 →M and f2 : N2 →M are transverse
to each other, and denotes it by f1 ⋔ f2, if, for all pi ∈ Ni (i = 1, 2), with p = f1(p1) =

f2(p2), one gets that

TpM = (f1)∗(p1)(Tp1N1) + (f2)∗(p2)(Tp2N2). (1.8)

Then, we can adapt this definition for the case in which one of the maps is the anchor
of an AVB (E

pr−→M, a) as follows
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Definition 3.1.11. Let (E, a) be an anchored vector bundle over M .

1) A smooth map f : N →M is transverse to the anchor a if for all p ∈ N :

f∗(p)(TpN) + a(Ef(p)) = Tf(p)M ;

2) A submanifold N of M is transverse to the anchor a if the inclusion map i : N ↪→M

is transverse to the anchor, i.e. if for all p ∈ N ,

TpN + a(Ep) = TpM.

A submanifold transverse to the anchor is also called a transversal for the anchored
vector bundle (E

pr−→M, a).

Proposition 3.1.12. Let (E
pr−→ M, a) be an anchored vector bundle and φ : N → M be

a smooth map. Define a vector bundle morphism Φ : TN ⊕ φ∗E → φ∗TM covering the
identity idN : N → N by setting (for all p ∈ N)

Φ
(
vp, (p, eφ(p))

)
=
(
p, φ∗(p)(vp)− a(eφ(p))

)
.

Then the map φ is transverse to the anchor a if and only if Φ is surjective in each fibre.

Proof. =⇒) Since Φ is a vector bundle morphism, it is fibre-wise linear, thus, to show that Φ
is fibre-wise surjective it is enough to show that dim(im(Φ|TpN⊕Eφ(p)

)) = dim(Tφ(p)M),
for all p ∈ N . Given the definition of the map Φ, we get that

dim
(
im(Φ|TpN⊕Eφ(p)

)
)
= dim

(
φ∗(p)(TpN) + a(Eφ(p))

)
= dim(Tφ(p)M),

where, in the second equality, we used the fact that φ is transverse to the anchor.

⇐=) Because Φ is fibre-wise surjective, we have that

dim(Tφ(p)M) = dim
(
im(Φ|TpN⊕Eφ(p)

)
)
= dim

(
φ∗(p)(TpN) + a(Eφ(p))

)
.

Since φ∗(p)(TpN) + a(Eφ(p)) ⊆ Tφ(p)M , we conclude the result. Q.E.D.

Thus, we finally arrive at the definition of the induced anchored bundle:

Definition 3.1.13. Let (E
pr−→ M, a) be an anchored vector bundle and φ : N → M

a smooth map transverse to the anchor a. The anchored vector bundle induced by φ or,
simply the pull-back bundle, is

φ!E
def
=
{
(v, (p, e)) ∈ TN ⊕ φ∗E

∣∣ τN (v) = p and φ∗(p)(v) = a(e)
}

(3.2)

= ker
(
Φ : TN ⊕ φ∗E → φ∗TM

)
,

with anchor φ!a : φ!E → TN given by the projection onto the first factor.
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Remark 3.1.14. The requirement of φ : N → M to be transverse to the anchor is to
guarantee that φ!E is, in fact, a vector subbundle of TN ⊕ φ∗E. Had we not imposed
this condition on φ, analysing Definition 1.2.1, it would be possible not to have a unique
topological space F such that, for any open set U ⊆ N , (φ!pr)−1(U) is homeomorphic to
U × F (essentially, for each U we could have a different topological space FU satisfying
this property, so φ!E is not a locally trivial fibration). The transversality then implies that
(φ!pr)−1(U) ∼= TM |φ(U)

∼= φ(U)× Rm, which solves this issue.

Example 3.1.15. Taking E = TM we get

φ!TM =
{
(v, (p, u)) ∈ TN ⊕ φ∗TM

∣∣ τN (v) = p and φ∗(p)(v) = u
}

=
{
(v, (p, φ∗(p)(v))) ∈ TN ⊕ φ∗TM

∣∣ τN (v) = p
}

∼= {(v, φ∗(v)) ∈ TN ⊕ TM |φ(N)} ∼= TN,

where, in the third equality we used the known relation that φ∗TM ∼= TM |φ(N). ♮

Example 3.1.16. Taking N ⊆ M to be a submanifold of M and φ = ιN : N ↪→ M to be
the inclusion map, then

ι!NE =
{
(v, (p, e)) ∈ TN ⊕ ι∗NE

∣∣ τN (v) = p and (ιN )∗(p)(v) = a(e)
}

= {(a(e), (p, e)) ∈ TN ⊕ ι∗NE} = {(a(e), (p, e)) ∈ TN ⊕ E|N} ∼= a−1(TN),

where in the second equality we used that, for all p ∈ N , (ιN )∗(p) = ιTN , where ιTN : TN ↪→
TM is the inclusion of TN on TM and, in the third equality, that ι∗NE = E|N = pr−1(N). ♮

Example 3.1.17. Let F
prF−−−→ M be a vector bundle and φ = prF . Then, recalling that

pr∗FE = F ⊕ E as a bundle over F , we obtain

pr!FE =
{
(ϕ, (f, e)) ∈ TF ⊕ pr∗FE

∣∣ τF (ϕ) = f, (prF )∗(f)(ϕ) = a(e)
}

=
{
(ϕ, e) ∈ TF × E

∣∣prF ◦ τF (ϕ) = prE(e), (prF )∗ϕ = a(e)
}

In particular, for F =M ×N with N a smooth manifold, we get that

pr!FE =
{
((u, v), e) ∈ (TM × TN)× E

∣∣ τM (u) = prE(e), u = a(e)
}

= {((a(e), v), e) ∈ (TM × TN)× E} ∼= TN × E. ♮

Definition 3.1.18. An anchored vector bundle (E
pr−→ M, a) is said to be involutive if

a(Γ(E)) ≤ X(M) is a Lie subalgebra, i.e.

[a(Γ(E)), a(Γ(E))] ⊆ a(Γ(E))

Proposition 3.1.19. Let (E
pr−−→ M, a) be an anchored vector bundle and φ : N → M

a smooth map transverse to the anchor. If E is involutive, the anchored vector bundle
(φ!E → N,φ!a) is involutive.



FCUP
3.2. Lie Algebroids, morphisms and Isotropy Lie algebra 77

Proof. As we have seen previously, the anchored vector bundle φ!E can be identified with
ker(Φ : TN ⊕ φ∗E → φ∗TM). So, to show that φ!E is involutive, let σ1, σ2 ∈ Γ(φ!E) and
choose ς1, ς2 ∈ Γ(TN ⊕ φ∗E) to be extensions of σ1, σ2 to TN ⊕ φ∗E, respectively.

Notice that Γ(TN ⊕ φ∗E) = X(N)⊕ Γ(φ∗E) and the anchor map of TN ⊕ φ∗E is just
the projection onto the first factor, proj1 : TN ⊕ φ∗E → TN . Thus, given any section
s ∈ Γ(φ∗E), the section [proj1(ς1),proj1(ς2)] + s ∈ Γ(TN ⊕ φ∗E) is such that

proj1
(
[proj1(ς1),proj1(ς2)] + s

)
= [proj1(ς1),proj1(ς2)],

i.e. TN ⊕ φ∗E is involutive. Restricting [proj1(ς1),proj1(ς2)] + s to φ!E gives a section
[φ!a(σ1), φ

!a(σ2)] + s′ that gives satisfying the necessary properties. Q.E.D.

3.2 Lie Algebroids, morphisms and Isotropy Lie algebra

Now we shall properly introduce Lie algebroids.

Definition 3.2.1. A Lie algebroid over a manifold M is a triplet (A pr−→M, [·, ·]A, a), where
(A

pr−→M, a) is an anchored vector bundle and [·, ·]A is a Lie algebra structure in the space
of sections Γ(A), subject to the following condition:

[σ, fς]A = f [σ, ς]A + a(σ)(f)ς, for all σ, ς ∈ Γ(A) and f ∈ C∞(M). (3.3)

Proposition 3.2.2. Given a Lie algebroid (A
pr−→ M, [·, ·]A, a), the map induced by the

anchor a : Γ(A)→ X(M) is a Lie algebra homomorphism.

Proof. Let us consider the following R-bilinear anti-symmetric bracket:

⟨·, ·⟩ : Γ(A)× Γ(A) −→ Γ(A)

(σ1, σ2) 7−→ [a(σ1), a(σ2)]− a
(
[σ1, σ2]A

)
Then, using Eq. (3.3), for sections σ1, σ2, σ3 ∈ Γ(A) and f ∈ C∞(M), we get:

[σ1, [σ2, fσ3]A]A = [σ1, f [σ2, σ3]A]A + [σ1, (a(σ2)(f))σ3]A

= f [σ1, [σ2, σ3]A]A + a(σ1)(f)[σ2, σ3]A + a(σ2)(f)[σ1, σ3]A

+ a(σ1)(a(σ2)(f))σ3,

[σ2, [fσ3, σ1]A]A = f [σ2, [σ3, σ1]A]A + a(σ2)(f)[σ3, σ1]A − a(σ1)(f)[σ2, σ3]A

− a(σ2)(a(σ1)(f))σ3,

[fσ3, [σ1, σ2]A]A = f [σ3, [σ1, σ2]A]A − a([σ1, σ2]A).(f)σ3
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So, adding the three expressions above, we get

[σ1, [σ2, fσ3]A]A + [σ2, [fσ3, σ1]A]A + [fσ3, [σ1, σ2]A]A

= f
(
[σ1, [σ2, σ3]A]A + [σ2, [σ3, σ1]A]A + [σ3, [σ1, σ2]A]A

)
+ ⟨σ1, σ2⟩(f)σ3.

By the Jacobi property of [·, ·]A we conclude that ⟨σ1, σ2⟩(f)σ3 = 0 and, since σ3 ∈ Γ(A)

and f ∈ C∞(M) are arbitrary, we conclude that ⟨σ1, σ2⟩ = 0, for all σ1, σ2 ∈ Γ(A), i.e.
a : Γ(A)→ X(M) is a Lie algebra homomorphism. Q.E.D.

The simplest examples of these structures follow from the similar cases for anchored
vector bundles.

Example 3.2.3. The tangent bundle to a manifold M , TM , is clearly the case of a Lie
algebroid taking the anchor to be the identity and the bracket structure to be the usual Lie
bracket of vector fields. ♮

Example 3.2.4. As we shall see in Chapter 5, given a bivector π ∈ X2(M) satisfying
[π, π]SN = 0, the pair (T ∗M,π♯), where π♯ : T ∗M → TM is the induced map from π, is an
anchored vector bundle. Moreover, the fact that [π, π]SN = 0 allows us to define a bracket
structure satisfying Eq. (3.3) in the space of 1-forms. Thus, for Poisson manifolds (which
can be described by pairs (M,π) with [π, π]SN = 0), the cotangent bundle is an example of
a Lie algebroid. ♮

Example 3.2.5. One interesting example is that of a Lie algebra bundle. This object is
a vector bundle A pr−−→ M together with a bracket [·, ·] : Γ(A) × Γ(A) → Γ(A) such that,
for every p ∈ M , there is an open neighbourhood U of p in M , a Lie algebra g and a
trivialisation φ : pr−1(U)→ U × g where φ|Ap

: Ap → {p}× g is a Lie algebra isomorphism.
Similar to a Lie algebra bundle is a field of Lie algebras. The latter correspond to the

case of a vector bundle A pr−−→ M together with Lie algebra structures [·, ·]p on each fibre
Ap varying smoothly on M and such that, for every σ1, σ2 ∈ Γ(A), [σ1, σ2] ∈ Γ(A) and
[σ1, σ2](p) = [σ1(p), σ2(p)]p. In the case where the manifold M is just a singleton {∗}, then
this structure ‘collapses’ and we get that a Lie algebra is also an example of a Lie algebroid.

Both examples above are cases of intransitive Lie algebroids, i.e. Lie algebroids with a
vanishing anchor map. ♮
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Lie algebroid morphisms

We now introduce the notion of morphisms in a Lie algebroid.

Definition 3.2.6. Let (A, [·, ·]A, aA) and (L, [·, ·]L, aL) be Lie algebroids over the same
base manifold M . A morphism of Lie algebroids over M is an anchored vector bundle
morphism Φ : A → L covering the identity idM that is also a Lie algebra homomorphism
from (Γ(A), [·, ·]A) to (Γ(L), [·, ·]L). In more detail, Φ : A → L is a Lie algebroid morphism
if, for all σ, ς ∈ Γ(A), we have that Φ([σ, ς]A) = [Φ(σ),Φ(ς)]L and the following diagrams
commute:

A L

TM TM

Φ

aA aL

idTM

and

A L

M M

Φ

aA aL

idM

For the case of a morphism between Lie algebroids over different base manifolds, the
definition is not as straightforward, since it is not always possible for sections of A to
be pushed forward to sections of L. Thus, the definition of these morphisms are usually
expressed in two ways:

– Given a Lie algebroid A, by defining A-forms to be elements of Γ(
∧•A∗), we may

introduce the A-differential, dA : Γ(
∧•A∗)→ Γ(

∧•A∗) to be a graded 1 derivation of
Γ(
∧•A∗), satisfying a similar expression to that of the forms on a manifold (1.18b).

Then, a Lie algebroid morphism from (A
prA−−→M, [·, ·]A, aA) to (L

prL−−→ N, [·, ·]L, aL) is
an anchored vector bundle morphism Φ : A → L covering a smooth map φ : M → N

such that
Φ∗dB = dAΦ

∗;

– Given A
prA−−→ M and L

prL−−→ N to be Lie algebroids, one defines the direct product
algebroid A×L to be the anchored vector bundle A×L→M ×N with anchor given
by aA ⊕ aL : A× L→ TM ⊕ TN , and such that

Γ(A)⊕ Γ(L) −→ Γ(A× L)

(σ, ς) 7−→ pr∗Aσ + pr∗Lς.

Then, Φ : A→ L is a Lie algebroid morphism if gr(Φ) is a Lie subalgebroid of A× L,
i.e. it is a vector subbundle gr(Φ) → P ⊆ M × N , such that (aA ⊕ aL)|gr(Φ) takes
values on TP and, given any sections σ, ς ∈ Γ(A×L) such that σ|P , ς|P ∈ gr(Φ), then
[σ, ς]A×L|P ∈ gr(Φ).

By introducing this notion of morphisms of Lie algebroids, together with Lie algebroids, we
now get a category LA. We shall not explore these concepts further so, the interested reader
can find more about these results in, for instance, [10, 11, 12].
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Isotropy Lie algebra and Characteristic Distribution of Lie algebroids

The introduction of a Lie algebra structure on the space of sections give the anchor
special properties. In particular, the kernel and images of the anchor gives rise to interesting
features, we now introduce.

Definition 3.2.7. Given a Lie algebroid (A
pr−→M, [·, ·]A, a) and a point p ∈M , the isotropy

Lie algebra of A at p is gp(A)
def
= ker(ap : Ap → TpM).

Proposition 3.2.8. The isotropy Lie algebra at a point p ∈M of a Lie algebroid A has an
induced Lie bracket [·, ·]gp(A) such that, for any σ, ς ∈ Γ(A) with σ(p), ς(p) ∈ gp(A),

[σ, ς]A(p) = [σ(p), ς(p)]gp(A). (3.4)

Proof. Given σ, ς ∈ Γ(A) with σ(p), ς(p) ∈ gp(A) for p ∈M , the Leibniz property of the Lie
algebroid implies that, for f ∈ C∞(M),

[σ, fς]A(p) = f(p)[σ, ς]A(p). (∗)

Thus, we may define a bracket [·, ·]gp(A) in gp(A) such that

[σ(p), ς(p)]gp(A) = [σ, ς]A(p).

By (∗), [·, ·]gp(A) is R-linear and, by the properties of [·, ·]A, it is anti-symmetric and satisfies
the Jacobi identity. Hence, [·, ·]gp(A) is a Lie bracket on gp(A). Q.E.D.

Remark 3.2.9. With the result of the previous proposition, we conclude that the isotropy
Lie algebra ker(a) = g(A) is a Lie algebra bundle, usually called the isotropy Lie algebra
bundle.

As for the image of the anchor, we have the following:

Definition 3.2.10. Let (A
pr−→ M, [·, ·]A, a) be a Lie algebroid and p ∈ M a point. The

characteristic distribution of A at p is im(ap) ⊆ TpM .

Proposition 3.2.11. If (A, [·, ·], a) is a Lie algebroid, then im(a) is an involutive distribu-
tion.

Proof. It is clear that im(a) is a distribution, since a is a vector bundle morphism, which is
linear on the fibres. To check that this distribution is involutive, we need only show that
Γ(a(A)) is a Lie subalgebra of X(M).

Firstly, note that, for any vector field X ∈ Γ(a(A)), we can always find a section σ ∈ Γ(A)

such that X = a(σ) (this section is not unique as it can differ by a section ς ∈ Γ(A) such
that im(ς) ⊆ ker(a)). Thus, a(Γ(A)) is a generator of Γ(a(A)) and it is enough to check that
the former space is a Lie subalgebra of X(M).



FCUP
3.2. Lie Algebroids, morphisms and Isotropy Lie algebra 81

To check a(Γ(A)) ≤ X(M), we take two sections σ, ς ∈ Γ(A). Then, since a is a Lie
algebra homomorphism of Lie algebras, [a(σ), a(ς)] = a([σ, ς]A). Thus a(Γ(A)) is a Lie
subalgebra of X(M). Q.E.D.

Proposition 3.2.12. If (A, [·, ·], a) is a regular Lie algebroid (i.e. if a has constant rank),
then im(a) is integrable.

Proof. By the previous proposition, we know that Γ(a(E)) is a Lie subalgebra and, clearly,
for all p ∈M ,

a(A)p = span
{
a(σ)p ∈ TpM

}
σ ∈ Γ(A) = span

{
Xp

}
X ∈ Γ(a(A)).

Moreover, since A is a vector bundle, the dimensions of the fibres are the same, thus, for
every σ ∈ Γ(A),

dim(a(A)Flt
a(σ)

(p)) = dim(a(AFlt
a(σ)

(p))) = dim(a(Ap)) = dim(a(A)p),

where, in the second equality we used the fact that a has constant rank. Therefore, by the
generalised Frobenius theorem 2.4.4, a(A) is integrable. Q.E.D.

Remark 3.2.13. The previous Proposition guarantees that, if (A, [·, ·], a) is a regular Lie
algebroid, then M is foliated by immersed submanifolds FA =

{
FA,λ

∣∣λ ∈ Λ
}

(Λ a set of
indices) such that TpFA,λ = im ap, for all p ∈ FA,λ and λ ∈ Λ. As we shall see in Chapter 6,
this foliation gives us an equivalent way to describe Poisson manifolds.

Pull-Backs of Lie algebroids

Following the construction of the induced anchored bundle, it is possible to define the pull-
-back Lie algebroid by defining the Lie bracket structure on the induced anchored bundle.

Definition 3.2.14. Let φ : N → M be a smooth map and (A
pr−→ M, [·, ·]A, a) be a

Lie algebroid. Then the Lie bracket structure in φ!A is defined, for σ1, σ2 ∈ Γ(A) and
X1, X2 ∈ X(N), as

[(X1, σ1), (X2, σ2)]φ!A = ([X1, X2], [σ1, σ2]A). (3.5)

Remember that the elements of the pull-back anchored bundle are of the form (v, α) ∈
TN ×φ∗A such that a(α) = φ∗v so that the sections are generated by elements of the form
(X,σ) ∈ X(N)× Γ(A) with X φ-related to a(σ).
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Schouten Brackets of Lie algebroids

Similarly to what was done in Section 1.4, given a Lie algebroid (A
pr−→ M, [·, ·]A, a),

because of the Lie algebra structure introduced in Γ(A), it is possible to define a Schouten
bracket (and thus a Gerstenhaber algebra) on the set of sections of the exterior powers of
A.

Definition 3.2.15. The Schouten-Nijenhuis bracket on a Lie algebroid (A
pr−→M, [·, ·]A, a)

is uniquely determined by

1) [·, ·]SN endows Γ(
∧•A)[1] with a graded Lie algebra structure;

2) [·, ·]SN is a graded derivation of (Γ(
∧•A),∧);

3) its action on degree 0 and degree 1 elements:

[σ, ς]SN = [σ, ς]A, [σ, f ]SN = a(σ)(f), [f, g]SN = 0,

for σ, ς ∈ Γ(A) and f, g ∈ C∞(M).

Similar to the case of the multivector fields, we could now find a particular formal
expression for the Schouten bracket of a Lie algebroid using derivations. However, unlike the
case for multivector fields, such a expression does not allows us to recuperate the Schouten
bracket of two sections of the exterior algebra of A. Thus, we introduce the following
proposition:

Proposition 3.2.16. Let
∧• a :

∧•A →
∧• TM be the map such that, for α ∈

∧
k A and

η1, . . . , ηk ∈ T ∗M , (∧• a(α)
)
(η1, . . . , ηk) = α(η1 ◦ a, . . . , ηk ◦ a).

Then,
∧• a is a vector bundle morphism covering the identity idM that preserves the exterior

product and brackets in
∧•A and

∧• TM .

Proof. The fact that
∧• a is a vector bundle morphism covering the identity comes directly

from the definition of the anchor a and of the construction of associated vector bundles.
As for the preservation of the exterior product, we note that, for σ1, σ2 ∈ Γ(A) and

η1, η2 ∈ Ω1(M), by using the definition of
∧• a and the fact that a is a vector bundle

morphism, we get that

(
∧• a)(σ1 ∧ σ2)(η1, η2) = (σ1 ∧ σ2)(η1 ◦ a, η2 ◦ a)

=
∑
τ∈S2

(−1)τ (ητ(1) ◦ a)(σ1)((ητ(2) ◦ a)(σ2)

=
∑
τ∈S2

(−1)τητ(1)(a(σ1))ητ(2)(a(σ2))

= (a(σ1) ∧ a(σ2))(η1, η2).
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For a general element of γ(
∧•A), let p ∈ M such that dimAp = k and {e1, . . . , ek} be a

basis of Ap. Then, any σ ∈ Γ(A) and ϑ ∈ Γ(
∧
ℓA) can be written, at p, as

σp =

k∑
a=1

σa(p) ea, ϑp =
∑

1≤a1<...<aℓ≤k
ϑa1···aℓ(p) ea1 ∧ . . . ∧ eaℓ .

Then, we simply get that(∧• a
)
p
(ϑp) =

∑
1≤a1<...<aℓ≤k

ϑa1···aℓ(p)
(∧• a

)
p
(ea1 ∧ . . . ∧ eaℓ)

=
∑

1≤a1<...<aℓ≤k
ϑa1···aℓ(p)

(
ap(ea1) ∧ . . . ∧ ap(eaℓ)

)
,

so, given ϑ ∈ Γ(
∧
ℓA) and ς ∈ Γ(

∧
hA),(∧• a

)
p
(ϑp ∧ ςp) =

∑
1≤a1<...<aℓ≤k
1≤b1<...<bh≤k

ϑa1···aℓ(p)ςb1···bh(p)
(∧• a

)
p
(ea1 ∧ . . . ∧ eaℓ ∧ eb1 ∧ . . . ∧ ebh)

=
∑

1≤a1<...<aℓ≤k
1≤b1<...<bh≤k

ϑa1···aℓ(p)ςb1···bh(p) (ap(ea1) ∧ . . . ∧ ap(eaℓ) ∧ ap(eb1) ∧ . . . ∧ ap(ebh))

=
(∧• a

)
p
(ϑp) ∧

(∧• a
)
p
(ςp).

Finally, for the fact that
∧• a preserves the bracket structures, since the Schouten bracket

is a graded derivation of (Γ(
∧•A),∧) and its action of degree 1 elements is just the bracket

[·, ·]A of the Lie algebroid, we can use the local expression of elements of Γ(
∧•A) to conclude

that
(
∧• a)

(
[ϑ, ς]SN

)
= [(

∧• a)(ϑ), (
∧• a)(ς)]SN. Q.E.D.

Remark 3.2.17. As explained at the end of Section 1.4, (X•(M),∧, [·, ·]SN) is the example
of an Gerstenhaber algebra. With the introduction of this Schouten bracket to Γ(

∧•A), we
obtain another class of examples of these algebras. Then, Proposition 3.2.16 says that

∧• a

is what is called an Gerstenhaber algebra homomorphism.





Chapter 4

Symplectic Manifolds

Since its conception in the XVI and XVII centuries with Newton, Galileo, Huygens and
others, Mechanics has been deeply interconnected with geometric structures. This connec-
tion only rose with the inception of Analytical Mechanics with Euler, Lagrange, Hamilton
and Jacobi one century later and gave birth to the way physics is done today. Naturally, it
became essential to understand the mathematics involved in these physical theories. Sym-
plectic geometry came as the solution to this search and has shown to be one of the most
important branches of differential geometry and topology. Symplectic manifolds can be
defined simply by adding a new structure to the tangent bundle of a manifold, a 2-form,
which gave a simple way to understand all of Hamiltonian mechanics as the solution of the
flow of a vector field associated with the Hamiltonian of the system (which is identified with
the energy of that system).

We start this chapter by giving the physical motivation for the introduction of symplectic
geometry. In the second section, we introduce the notions of (pre-)symplectic manifolds as
well as we study the maps that preserve this structure and the most important types of
submanifolds we may define in this geometry. The third and last section deals with the
normal form theorems arising once we introduce a symplectic structure on a manifold, in
particular, Darboux’s theorem shows that every symplectic manifold is locally isomorphic
to a canonical symplectic structure. To understand this theorem, one needs to use Moser’s
method which also involves the concept of time-dependent vector fields. All of these nuances
are explored in this last section of the chapter.

85
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4.1 Introduction and Motivation from Physics

As it is well-known, symplectic geometry arises from classical mechanics as a generalisation
of the geometrical models employed to obtain the classical motion of particles. In this section,
we intend to give a brief overview of how these concepts came to be and how they are applied
to the physics of classical mechanics.

Let us consider a system of N particles moving in the so-called configuration space
Q ⊆ R3N , which is a submanifold of the Euclidean space R3N . Then, the motion of the
particles is obtained from a variational problem, i.e. they are the solutions of a system of
ordinary differential equations (the Euler-Lagrange equations) which are obtained from the
minimisation of the action functional :

S[q(t)] =

∫
[t0,t1]

L(q(t), q̇(t), t) dt, (4.1)

where q̇(t) represents the time-derivative of the map q(t) ∈ C2(R, Q) and L(q(t), q̇(t), t) is
an at-least C2 function, called the Lagrangian of the system.

Remark 4.1.1. Notice that the Lagrangian of the system L(q, q̇, t) can be thought as a
map L : TQ× R→ R from velocity space (+ time) to the real numbers.

From the action functional, the equations of motion for the system are as follows:

Proposition 4.1.2. Let q(t) = (q1(t), . . . , qn(t)) ∈ Q be the position of a particle at a time
t ∈ R with respect to some local chart on Q. The equations of motion for the particle are
the Euler-Lagrange equations:

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
= 0, i = 1, . . . , n (4.2)

When the system satisfies the Legendre condition:

det

(
∂2L

∂q̇i∂q̇j

)
̸= 0, (4.3)

then, the Euler-Lagrange equations form a regular system of n 2nd-order ordinary differential
equations and it is possible to invert the equations

pi =
∂L

∂q̇i
, (4.4)

which define the canonical momenta of the system. For the case of symplectic and Poisson
geometry, we will always consider that the Legendre condition is satisfied. Whenever such
a condition is not satisfied, we are in the realm of Hamiltonian mechanics with constraints
which can be solved using Dirac’s theory of constraints. More abstractly, the Dirac theory
of constraints gives rise to Dirac geometry, which we shall study in Chapter 7.
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Performing a Legendre transformation, we obtain the Hamiltonian of the system,

H(q, p, t) =

n∑
i=1

piq̇
i − L(q, q̇, t), (4.5)

and the Euler Lagrange equations give way to the Hamilton canonical equations,

ṗi = −
∂H

∂qi
, q̇i =

∂H

∂pi
, (4.6)

which are a set of 2n 1st-order differential equations.

Remark 4.1.3. Since the Hamiltonian of the system is obtained from the Lagrangian of
the system by a Legendre transformation, we may consider the pair (q, p) to be an element
of the cotangent bundle T ∗Q of Q, which is called the phase space of the system. This
identification is what allows us to define symplectic manifolds in their generality and, as we
shall see in more detail later, the symplectic manifolds built from the cotangent bundle are
a special class of symplectic manifolds.

Once again, these equations arise from a variational problem, for which the action can
be written as

S[q(t), p(t)] =

∫
[t0,t1]

(
n∑
i=1

pi(t) dq
i(t)−H(q(t), p(t), t) dt

)
. (4.7)

Moreover, when considering ξ = (q, p) ∈ T ∗Q to be adapted coordinates on T ∗Q associated
to a chart of coordinates q ∈ Q, Eq. (4.6) can be written in a special way:

ξ̇ = −J ∂H
∂ξ

, (4.8)

where

J =

(
0n −In
In 0n

)
,

∂H

∂ξ
=

(
∂H

∂q1
· · · ∂H

∂qn
∂H

∂p1
· · · ∂H

∂pn

)⊺

and 0n and In represent, respectively, the zero and identity n × n matrices. Recalling
the study made in Section 1.1 of vector fields, defining a vector field associated to the
Hamiltonian H by

XH = −J ∂H
∂ξ

, (4.9)

the Hamilton canonical equations essentially become the equations for the flow of this vector
field, FltXH

(q0, p0) for initial conditions (q0, p0). This is, in essence, the motivation that lead
to the introduction of symplectic manifolds. When shifting our attention to the mathematics
side of this question, we are interested in solving this (and other) problem(s) for an arbitrary
manifold M (in our previous discussion we would have taken M = T ∗Q). Thus, we need to,
somehow, transform Eq. (4.9) into an expression valid on M . That is done by converting
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∂H
∂ξ into dH and by changing −J into some map M → TM ⊗ TM ∼= Hom(T ∗M,TM). It
turns out that it is more natural to multiply both sides of (4.9) by J and deal with a map
ω : M → T ∗M ⊗ T ∗M such that, for every p ∈ M , the induced map ω♭(p) : TpM → T ∗

pM

must be an isomorphism of vector spaces and ωp ∈ T ∗
pM ⊗ T ∗

pM must be anti-symmetric,
by the properties of J . Thus, ω ∈ Ω2(M) and Eq. (4.9) becomes

iXH
ω = dH.

Finally, the fact that the J does not change along the motion of the particle implies that ω
does not change along flow lines, i.e. LXH

ω = 0. Applying Cartan’s formula, we conclude
that dω = 0, i.e. ω is a closed 2-form. Therefore, as we shall introduce in the next section,
the natural way to introduce symplectic manifolds is by considering a pair (M,ω), where
ω ∈ Ω2(M) is a closed non-degenerate 2-form.

Returning to the physics, in many mechanical problems, it is more important to know
conserved quantities, i.e. quantities whose time-derivative is zero, rather than the solutions
to the equations of motion. Thus, we may take a map f : T ∗Q×R→ A (where A can be, for
instance, R, Q— in general, any tensor of type

(
r
s

)
of TQ, i.e. elements of (TQ)⊗r⊗(T ∗Q)⊗s)

and check if its time-derivative evaluated at the motion vanishes. Sticking with the case when
A = R, we want to check if, given the Hamiltonian H and initial conditions (q0, p0),

d

dt
(f ◦ (FltXH

× idR))(q0, p0, t) = 0. (4.10)

Expanding this expression, using chain rule and (4.6)

d

dt
(f(FltXH

× idR))(q0, p0, t) =
d

dt
f(q(t), p(t), t) =

∂f

∂t
+

n∑
i=1

(
dqi
dt

∂f

∂qi
+

dpi
dt

∂f

∂pi

)

=
∂f

∂t
+

n∑
i=1

(
∂H

∂pi

∂f

∂qi
− ∂H

∂qi
∂f

∂pi

)
=
∂f

∂t
+ {H, f} ,

where we define the Poisson bracket of the maps H and f by

{H, f} def
=

n∑
i=1

(
∂H

∂pi

∂f

∂qi
− ∂H

∂qi
∂f

∂pi

)
. (4.11)

Remark 4.1.4. In physics textbooks, it is more common for the definition of the Poisson
bracket to have the opposite sign to Eq. (4.11). As we shall see, particularly when we study
Poisson manifolds, it is more useful to define the Poisson brackets in this way as it makes
simpler the discussion of these brackets in Chapters 5 and 6.

Thus, a map f : T ∗Q → R that does not depend (explicitly) on time is a conserved
quantity if and only if its Poisson bracket with the Hamiltonian vanishes on FltXH

(q0, p0) =
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(q(t), p(t)) ∈ T ∗Q, for all t. Moreover, the Poisson bracket, turns out to have the following
properties:

(i) Anti-symmetry:

{f, g} =
n∑
i=1

(
∂f

∂pi

∂g

∂qi
− ∂f

∂qi
∂g

∂pi

)
= −

n∑
i=1

(
∂g

∂pi

∂f

∂qi
− ∂g

∂qi
∂f

∂pi

)
= −{g, f}

(ii) Bilinearity: It is enough to show linearity on the first argument. Hence,

{af1 + bf2, g} =
n∑
i=1

((
a
∂f1
∂pi

+ b
∂f2
∂p1

) ∂g
∂qi
−
(
a
∂f1
∂qi

+ b
∂f2
∂qi

) ∂g
∂pi

)

= a

n∑
i=1

(
∂f1
∂pi

∂g

∂qi
− ∂f1
∂qi

∂g

∂pi

)
+ b

n∑
i=1

(
∂f2
∂pi

∂g

∂qi
− ∂f2
∂qi

∂g

∂pi

)
= a {f1, g}+ b {f2, g}

(iii) Jacobi Identity:

{f, {g, h}} =
n∑
j=1

∂f

∂pj

∂

∂qj

(
n∑
i=1

∂g

∂pi

∂h

∂qi
− ∂g

∂qi
∂h

∂pi

)
− ∂f

∂qj
∂

∂pj

(
n∑
i=1

∂g

∂pi

∂h

∂qi
− ∂g

∂qi
∂h

∂pi

)

=

n∑
i,j=1

∂f

∂pj

∂2g

∂qj∂pi

∂h

∂qi
+
∂f

∂pj

∂g

∂pi

∂2h

∂qj∂qi
− ∂f

∂pj

∂2g

∂qj∂qi
∂h

∂pi
− ∂f

∂pj

∂g

∂qi
∂2h

∂qj∂pi

− ∂f

∂qj
∂2g

∂pj∂pi

∂h

∂qi
− ∂f

∂qj
∂g

∂pi

∂2h

∂pj∂qi
+
∂f

∂qj
∂2g

∂pj∂qi
∂h

∂pi
+
∂f

∂qj
∂g

∂qi
∂2h

∂pj∂pi

{g, {h, f}} =
n∑

i,j=1

∂g

∂pj

∂2h

∂qj∂pi

∂f

∂qi
+

∂g

∂pj

∂h

∂pi

∂2f

∂qj∂qi
− ∂g

∂pj

∂2h

∂qj∂qi
∂f

∂pi
− ∂g

∂pj

∂h

∂qi
∂2f

∂qj∂pi

− ∂g

∂qj
∂2h

∂pj∂pi

∂f

∂qi
− ∂g

∂qj
∂h

∂pi

∂2f

∂pj∂qi
+

∂g

∂qj
∂2h

∂pj∂qi
∂f

∂pi
+

∂g

∂qj
∂h

∂qi
∂2f

∂pj∂pi

{h, {f, g}} =
n∑

i,j=1

∂h

∂pj

∂2f

∂qj∂pi

∂g

∂qi
+
∂h

∂pj

∂f

∂pi

∂2g

∂qj∂qi
− ∂h

∂pj

∂2f

∂qj∂qi
∂g

∂pi
− ∂h

∂pj

∂f

∂qi
∂2g

∂qj∂pi

− ∂h

∂qj
∂2f

∂pj∂pi

∂g

∂qi
− ∂h

∂qj
∂f

∂pi

∂2g

∂pj∂qi
+
∂h

∂qj
∂2f

∂pj∂qi
∂g

∂pi
+
∂h

∂qj
∂f

∂qi
∂2g

∂pj∂pi

Adding the three terms on the left-hand side of the previous expressions and using the
fact that f, g, h are at least C2 functions, the terms in black, red, blue, violet, orange,
lime, brown, light blue, pink, dark red and grey cancel out and we obtain that

{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0.
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(iv) Leibniz rule:

{f, gh} =
n∑
i=1

(
∂f

∂pi

∂gh

∂qi
− ∂f

∂qi
∂gh

∂pi

)
=

n∑
i=1

[
∂f

∂pi

(
∂g

∂qi
h+ g

∂h

∂qi

)
− ∂f

∂qi

(
∂g

∂p1i
h+ g

∂h

∂pi

)]

=

n∑
i=1

(
∂f

∂pi

∂g

∂qi
− ∂f

∂qi
∂g

∂pi

)
h+ g

n∑
i=1

(
∂f

∂pi

∂h

∂qi
− ∂f

∂qi
∂h

∂pi

)
= {f, g}h+ g {f, h} .

Given a general manifold, the study of R-bilinear maps {·, ·} : C∞(M)×C∞(M)→ C∞(M)

satisfying properties (i)–(iv) above on such a manifold yields Poisson geometry and is the
subject of Chapters 5 and 6.

4.2 Symplectic forms, manifolds

Having introduced the physical motivation for the introduction of an additional anti-
-symmetric structure on a manifold, we now look more closely at the actual mathematical
construction of such a theory so that, whenever possible, we come back to connect with the
physical world where we introduce a symplectic form in the phase space, i.e. the cotangent
bundle of a particular configuration space.

Naturally, we start by introducing the relevant notion of a symplectic form and a sym-
plectic manifold:

Definition 4.2.1. Let M be a smooth manifold and ω ∈ Ω2(M) a 2-form.

1) ω is called a symplectic form on M if it is closed, i.e. dω = 0 and non-degenerate, i.e.
for any p ∈M , given v ∈ TpM , if ωp(v, u) = 0, for all u ∈ TpM , then v = 0;

2) a symplectic manifold is a pair (M,ω), where ω is a symplectic form.

Remark 4.2.2. If we relax the condition of non-degeneracy, i.e. if ω ∈ Ω2(M) is closed,
the pair (M,ω) is called a pre-symplectic manifold.

Lemma 4.2.3. If (M,ω) is a symplectic manifold, then the dimension of M is even.

Proof. To prove that the dimension of M is even, we shall prove that the dimension of
the tangent spaces TpM must be even for every p ∈ M . Since TpM is a vector space, let
(e1, . . . , en) be a basis of TpM (and, let n = dim(TpM)). Then, we may write ωp(u, v) =

v⊺Ju, where J ∈ Mn(R) is an n × n matrix with real entries and we identify u = u1e1 +

. . .+ unen with the column vector u = (u1 · · · un)⊺, with v⊺ denoting the transpose of v.
Since ωp is anti-symmetric, it is clear that J is an anti-symmetric matrix. Thus,

det(J) = det(J⊺) = det(−J) = (−1)n det(J),
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i.e. either det(J) = 0 or n is even. However, the former cannot occur otherwise we would
be able to find u ∈ TpM such that Ju = 0, i.e. ω(u, v) = v⊺Ju = 0, for all v ∈ TpM ,
contradicting the non-degeneracy of ωp. Hence, we conclude that n is even. Q.E.D.

Example 4.2.4. The simplest case of a symplectic manifold occurs by taking M = R2s,
consider the coordinates {x1, . . . , xs, y1, . . . , ys} and define the canonical symplectic form:

ωcan =

s∑
i=1

dxi ∧ dyi. (4.12)

Then, one can quickly show that ωcan is closed and non-degenerate. ♮

Example 4.2.5. Given any two-dimensional oriented submanifold M ⊆ R3, considering
ν(p) to be the normal vector to M at p, we may define a symplectic form on M by

ωp(u, v) = ν(p) · (u× v), for all u, v ∈ TpM

where · and × denote the dot and vector products, respectively. The fact that ω is closed
comes directly from the fact that dω ∈ Ω3(M) and dim(M) = 2. As for the non-degeneracy,
if u ∈ TpM is such that ωp(u, v) = 0, for all v ∈ TpM , then, by the properties of the dot
product, this means that ν(p) and u×v are perpendicular, i.e. u×v ∈ TpM , for all v ∈ TpM .
However, ν(p) is parallel to u × v by the properties of the vector product. Thus u × v = 0

for all v ∈ TpM and, therefore, u is parallel to all v ∈ TpM . So, we conclude that u = 0. ♮

Example 4.2.6. The example that is most important for a physicist is the case where
the symplectic manifold is the cotangent bundle T ∗Q of the configuration space Q. In this
bundle, we define the Liouville 1-form λ ∈ Ω1(T ∗Q) as

λpq (v) = pq
(
(τ̂Q)∗(pq)(v)

)
, (4.13)

where q ∈ Q, pq ∈ T ∗
qQ and v ∈ Tpq (T ∗Q).

Theorem 4.2.7. The pair (T ∗Q,−dλ), where Q is a smooth manifold and λ ∈ Ω1(T ∗Q)

its Liouville 1-form, is a symplectic manifold.

Proof. Clearly, −dλ is closed, thus we need only show that −dλ is non-degenerate. Let
(U,Φ = (x1, . . . , xm, y1, . . . , ym)) be a chart of T ∗

qQ containing pq. Then,{
∂

∂x1
, . . .

∂

∂xm
,
∂

∂y1
, . . . ,

∂

∂ym

}
and

{
dx1, . . . ,dxm,dy1, . . . ,dym

}
are local frames of T (T ∗Q)|U and T ∗(T ∗Q)|U , respectively. Without loss of generality, we
may assume there is a chart (V, φ) of Q such that the following diagram commutes:

T ∗Q ⊇ U R2m (x, y)

Q ⊇ V Rm x

Φ

τ̂Q

φ
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Moreover, there exist functions ai, bi ∈ C∞(U) such that

λ|U =

m∑
i=1

ai dx
i + bi dyi.

Thus, for a local vector field V =
m∑
i=1

vi ∂
∂xi +υi

∂
∂yi
∈ X(U) and Φ(pq) = (q1, . . . , qm, p1, . . . , pm)

or, equivalently, pq =
∑m
i=1 pi(dx

i)xj=qj ∈ T ∗
qQ,

λpq (Vpq ) =

m∑
i=1

ai(pq)v
i(pq) + bi(pq)υi(pq)

= pq
(
(τ̂Q)∗(pq)(Vpq )

)
= pq

(
m∑
i=1

vi(pq)
∂

∂xi

∣∣∣∣
pq

)
=

m∑
i=1

pi v
i(pq).

Thus, by successively choosing only one of vi or υi to be non-zero, we conclude that λ|U =
m∑
i=1

yi dx
i. Therefore, dλ|U =

∑m
i=1 dyi ∧ dxi, i.e. in this chart, −dλ|U is the canonical

symplectic form on Φ(U), which is non-degenerate. Q.E.D.

Moreover, the Liouville 1-form satisfies a characteristic property:

Proposition 4.2.8. Let Q be a smooth manifold and λ ∈ Ω1(T ∗Q) a 1-form on its cotangent
bundle. Then, λ is the Liouville 1-form of Q if and only if, for all η ∈ Ω1(Q), η∗λ = η.

Proof. Let q ∈ Q and v ∈ TqQ. Then, by taking a 1-form η ∈ Ω1(Q) and treating it as a
map η : Q→M = T ∗Q (with the additional property τ̂Q ◦η = idQ), it makes sense to apply
the tangent, cotangent and section functors:

TQ Q Ω1(Q)

T (T ∗Q) T ∗Q Ω1(T ∗Q)

Tη=η∗ η

Γ◦T∗T

Γ◦T∗T

Γ(T∗η)=η∗

Thus, we obtain,

(η∗λ)q(v) = ληq (η∗(q)(v)) = ηq
(
(τ̂Q)∗(ηq)(η∗(q)(v))

)
= ηq

(
(τ̂Q ◦ η)∗(q)(v))

)
= ηq

(
(idQ)∗(q)(v))

)
= ηq(v),

which proves the statement. Q.E.D.

In the rest of the chapter, due to its importance, we shall return to this example whenever
possible. ♮
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Given two symplectic manifolds it is also possible to define a symplectic manifold from
the product of the original two manifolds:

Proposition 4.2.9. Let (M1, ω1) and (M2, ω2) be symplectic manifolds and M =M1×M2

be the product manifold. Then the 2-form Ω ∈ Ω2(M) defined by

Ω = λ1 π
∗
1ω1 + λ2 π

∗
2ω2 (4.14)

where πi : M ↠ Mi (i = 1, 2) is the canonical projection, is a symplectic form in M , for
any λ1, λ2 ∈ R\{0}.

Proof. The fact that Ω is a 2-form on M is clear. Also, given that both ω1, ω2 are symplectic
forms, we have that

dΩ = d(λ1 π
∗
1ω1 + λ2 π

∗
2ω2) = λ1 π

∗
1dω1 + λ2 π

∗
2dω2 = 0.

As for the non-degeneracy, let p = (p1, p2) ∈ M and v ∈ TpM such that Ωp(v, u) = 0, for
all u ∈ TpM . Since TpM ∼= Tp1M1 ⊕ Tp2M2, we may write v = v1 + v2 and u = u1 + u2 for
vi, ui ∈ TpiMi (i = 1, 2) and obtain

Ωp(v, u) = λ1(π
∗
1ω1)p(v, u) + λ2(π

∗
2ω2)p(v, u) = λ1(ω1)p1(v1, u1) + λ2(ω2)p2(v2, u2).

Given that this expression is valid for all u ∈ TpM , in particular it is valid for the cases
when u1 = 0 and u2 = 0. Thus, by the non-degeneracy of ω1 and ω2,

u1 = 0 =⇒ λ2(ω2)p2(v2, u2) = 0, ∀u2 ∈ Tp2M2 =⇒ v2 = 0 or λ2 = 0

u2 = 0 =⇒ λ1(ω1)p1(v1, u1) = 0, ∀u1 ∈ Tp1M1 =⇒ v1 = 0 or λ1 = 0

Therefore, because λ1, λ2 ∈ R\{0}, we get that v = v1 + v2 = 0 ∈ TpM . Q.E.D.

Proposition 4.2.10. Any symplectic manifold (M,ω) determines a vector bundle isomor-
phism between TM and T ∗M by

ω♭ : TM
∼=−−→ T ∗M

v 7−−→ ivω
(4.15)

where iv is the interior product defined in Definition 1.1.38.

Proof. Given the definition of ω♭, it is clear that it is a vector bundle morphism covering
the identity idM . To check that it is in fact an isomorphism, it is enough to show that
ω♭p : TpM → T ∗

pM is a vector isomorphism, for all p ∈M . However,

ker(ω♭p) =
{
v ∈ TpM

∣∣ω♭p(v) = 0
}
=
{
v ∈ TpM

∣∣ωp(v, u) = 0, ∀u ∈ TpM
}
= {0},

where, in the last equality, we used the fact that ω is a symplectic form, thus, is non-
-degenerate, so ω♭p is injective. To conclude the surjectivity of ω♭p, we simply note that
im(ω♭p) ⊆ T ∗

pM and

dim(T ∗
pM) = dim(im(ω♭p)) + dim(ker(ω♭p)) = dim(im(ω♭p)).

Hence, we conclude that im(ω♭p) = T ∗
pM and, therefore, that ω♭ is a vector bundle isomor-

phism. Q.E.D.
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Definition 4.2.11. A map φ : M1 → M2 between symplectic manifolds (M1, ω1) and
(M2, ω2) is called a symplectic map or symplectic morphism if

φ∗ω2 = ω1.

If, additionally, φ is a diffeomorphism, we call φ : M1 → M2 a symplectomorphism or
symplectic isomorphism.

Remark 4.2.12. By introducing the notion of a symplectic morphism, we are able to define
the category of symplectic manifolds, SympMan whose objects are symplectic manifolds
(M,ω) and morphisms are, precisely, symplectic morphisms φ :M1 →M2.

An interesting result pertaining to the symplectic structure of the tangent bundle is the
following:

Proposition 4.2.13. Let Q1, Q2 be smooth manifolds and let λ1 ∈ Ω1(T ∗Q1) and λ2 ∈
Ω1(T ∗Q2) be the Liouville 1-forms on T ∗Q1 and T ∗Q2, respectively. Then, if φ : Q1 → Q2

is a (local) diffeomorphism, its cotangent lift T ∗φ : T ∗Q1 → T ∗Q2 is a symplectic morphism
between (T ∗Q1,−dλ1) and (T ∗Q2,−dλ2).

Proof. Recall that, given q ∈ Q1 and pq ∈ T ∗
qQ1, T ∗

q φ(pq) = pq ◦ φ−1
∗ (φ(q)) ∈ Tφ(q)Q2, i.e.

T ∗φ is a vector bundle morphism (between the cotangent bundles of Q1 and Q2) covering
φ : Q1 → Q2. Therefore, for v ∈ Tpq (T ∗

qQ1), we obtain

((T ∗φ)∗λ2)pq (v) = (λ2)T∗φ(pq)

(
(T ∗φ)∗(pq)(v)

)
= (T ∗φ(pq))

(
(τ̂Q2)∗(T

∗φ(pq))
(
(T ∗φ)∗(pq)(v)

))
=
(
pq ◦ φ−1

∗ (φ(q))
)(

(τ̂Q2 ◦ T ∗φ)∗(pq)(v)
)

= pq

(
φ−1
∗ (φ(q))

(
(φ ◦ τ̂Q1)∗(pq)(v)

))
= pq

(
φ−1
∗ (φ(q)) ◦ φ∗(q) ◦ (τ̂Q1)∗(pq)(v)

)
= pq

(
(τ̂Q1)∗(pq)(v)

)
= (λ1)pq (v).

Thus, (T ∗φ)∗λ2 = λ1 and so (T ∗φ)∗(−dλ2) = −dλ1, i.e. T ∗φ is a symplectic morphism.
Q.E.D.
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4.2.1 Submanifolds of a Symplectic Manifold

As noted in Section 1.1, beyond understanding the structures of certain manifolds, it is also
quite important to understand the submanifolds and the induced structures obtained in those
submanifolds. In the case of symplectic manifolds, unfortunately, a general submanifold does
not inherit a symplectic structure but a pre-symplectic one.

Proposition 4.2.14. Let (M,ω) be a symplectic manifold and i : N → M and immersed
submanifold. Then (N, i∗ω) is a pre-symplectic manifold.

Proof. To show the result, it is enough to show that i∗ω ∈ Ω2(M) is closed. By the properties
of the exterior derivative and pull-back, it is easy to show that, since ω is symplectic, it is
closed, hence,

d(i∗ω) = i∗dω = 0.

Therefore, i∗ω ∈ Ω2
cl(N) and (N, i∗ω) is a pre-symplectic manifold. Q.E.D.

Remark 4.2.15. Using the same notations as above, we can clearly see that, in general, i∗ω
is not non-degenerate. Let q ∈ N and v ∈ TqN such that (i∗ω)p(v, w) = 0, for all w ∈ TqN .
Then, by the definition of the pull-back, we get that

ωi(q)
(
i∗(q)(v), i∗(q)(w)

)
= 0, for all w ∈ TqN.

Since i : N → M is an immersion, dim(im(i∗(q))) = dim(N) which, in general, is different
from m = dim(M). Thus, there could be u ∈ Ti(q)M such that ωi(q)

(
i∗(q)(v), u

)
̸= 0,

meaning we cannot use the non-degeneracy of ω to guarantee the non-degeneracy of i∗ω.
One such way to guarantee the non-degeneracy would be if i∗(q) : TqN → Ti(q)M was
surjective, for all q ∈ N , i.e. if we guarantee that i : N →M is a local diffeomorphism.

To understand the special kinds of embedded manifolds, we must first study the special
types of vector subspaces that arise in linear symplectic structures. These will then be used
to define certain embedded submanifolds on a symplectic manifold (M,ω).

Definition 4.2.16. Let (M,ω) be a symplectic manifold and V ≤ TpM a vector subspace
of the tangent space at a point p. The symplectic orthogonal to V is the vector subspace
V ⊥ωp defined as

V ⊥ωp
def
=
{
u ∈ TpM

∣∣ωp(u, v) = 0, ∀ v ∈ V
}
. (4.16)
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Remark 4.2.17. For the previous definition, instead of choosing a symplectic manifold
(M,ω), we could have simply taken a vector space W equipped with a non-degenerate
2-form ω ∈

∧
2W ∗. The pair (W,ω) is then called a symplectic vector space. Thus, to

define the symplectic orthogonal, one just considers a vector subspace V ≤ W and define
V ⊥ω =

{
u ∈ W

∣∣ω(u, v) = 0, ∀ v ∈ V
}
. This approach is a simplification of our definition

by taking M =W and ω ∈ Ω2(W ) to be constant, i.e. such that

ω :W −→
∧2 T ∗W ∼=W ×

∧2W ∗

p 7−→ (p,ϖ),

with ϖ ∈
∧
2W ∗ non-degenerate.

This definition is essential to define the four distinct types of vector subspaces that will
be essential for the different types of submanifolds we shall define in a symplectic manifold.
Before that, though, we consider the following result:

Proposition 4.2.18. Let (M,ω) be a symplectic manifold and V ≤ TpM be a vector sub-
space for a given p ∈M . Then,

(i) dim(V ) + dim(V ⊥ωp ) = dim(M);

(ii) (V ⊥ωp )⊥ωp = V .

Proof. (i) Firstly, note that

ω♭p(V
⊥ωp ) =

{
ω♭p(u) ∈ T ∗

pM
∣∣ωp(u, v) = 0, ∀ v ∈ V

}
⊆ V ◦,

where V ◦ ⊆ T ∗
pM is the annihilator of V in TpM . Since ω♭p is an isomorphism by

Proposition 4.2.10, for every α ∈ V ◦, there is u ∈ TpM such that α = ω♭p(u) and,
moreover, because α ∈ V ◦, for every v ∈ V , ωp(u, v) = ω♭p(u)(v) = α(v) = 0, i.e.
u ∈ V ⊥ωp . Therefore, V ◦ = ω♭p(V

⊥ωp ). It is common knowledge that dim(V ◦) =

dim(TpM)− dim(V ), thus, we get the result.

(ii) By (i), we have that

dim(V ⊥ωp ) + dim((V ⊥ωp )⊥ωp ) = dim(M) = dim(V ) + dim(V ⊥ωp ),

so, dim((V ⊥ωp )⊥ωp ) = dim(V ). Moreover, given u ∈ V and v ∈ V ⊥ωp , ωp(u, v) = 0

since, v is in the symplectic orthogonal of V . But, because this expression is valid for
any v ∈ V ⊥ωp , u must be in the symplectic orthogonal of (V ⊥ωp ), i.e. V ⊆ (V ⊥ωp )⊥ωp .
By the dimension argument, we obtain the equality V = (V ⊥ωp )⊥ωp . Q.E.D.
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Definition 4.2.19. Let (M,ω) be a symplectic manifold and V ≤ TpM a vector subspace
of the tangent space at a point p. Then V is called

1) isotropic, if V ⊆ V ⊥ωp ;

2) co-isotropic, if V ⊇ V ⊥ωp ;

3) Lagrangian, if V = V ⊥ωp ;

4) symplectic, if V ∩ V ⊥ωp = 0.

Proposition 4.2.20. For a symplectic manifold (M,ω), given a point p ∈M , V ≤ TpM is
a symplectic vector subspace if and only if

TpM = V ⊕ V ⊥ωp . (4.17)

Proof. Since, by Proposition 4.2.18(i), the dimensions of V and V ⊥ωp sum to the dimension
of TpM and, furthermore, V is symplectic (i.e. V ∩V ⊥ωp = 0), we obtain the result. Q.E.D.

We now turn our attention to the actual submanifolds of a symplectic manifold, instead
of the vector subspaces of a particular tangent space.

Definition 4.2.21. Let (M,ω) be a symplectic manifold. Then, an embedded submanifold
N of M is called:

1) isotropic, if TpN ≤ TpM is an isotropic vector subspace for all p ∈ N , i.e. if

TpN ⊆ (TpN)⊥ωp , for all p ∈ N ; (4.18a)

2) co-isotropic, if TpN ≤ TpM is a co-isotropic vector subspace for all p ∈ N , i.e. if

TpN ⊇ (TpN)⊥ωp , for all p ∈ N ; (4.18b)

3) Lagrangian, if TpN ≤ TpM is a Lagrangian vector subspace for all p ∈ N , i.e. if

TpN = (TpN)⊥ωp , for all p ∈ N ; (4.18c)

4) symplectic, if TpN ≤ TpM is a symplectic vector subspace for all p ∈ N , i.e. if

TpN ∩ (TpN)⊥ωp = 0 or TpM = TpN ⊕ (TpN)⊥ωp , for all p ∈ N. (4.18d)

Proposition 4.2.22. Let (M,ω) be a symplectic manifold and N be an (embedded) subma-
nifold of M . Then,

(i) N is isotropic if and only if ω|N = i∗ω = 0;

(ii) N is Lagrangian if and only if ω|N = 0 and dim(N) = 1
2 dim(M);

(iii) N is symplectic if and only if (N,ω|N ) is a symplectic manifold.



98
FCUP

Chapter 4. Symplectic Manifolds

Proof. (i) Let p ∈ N . Assuming first that N is isotropic, since TpN ⊆ (TpN)⊥ωp , given
v ∈ TpN , ωp(v, u) = 0, for all u ∈ TpN , thus ωp|TpN = 0. Thus, since p is arbitrary,
we get that ω|N = 0.

Reciprocally, if, for every p ∈ N , ωp(u, v) = 0, for all u, v ∈ TpN , in particular, for
a fixed v ∈ TpN , ωp(u, v) = 0, for all u ∈ TpN . Thus, v ∈ (TpN)⊥ωp and, therefore,
TpN ⊆ (TpN)⊥ωp , i.e. N is isotropic.

(ii) If N is Lagrangian, by (i), ω|N = 0. Moreover, by Proposition 4.2.18(i),

dim(M) = dim(TpM) = dim(TpN) + dim((TpN)⊥ωp )

= dim(TpN) + dim(TpN) = 2 dim(N).

On the other hand, since ω|N = 0, by (i), N is isotropic. To show that, for all p ∈ N ,
(TpN)⊥ωp = TpN , because dim(N) = 1

2 dim(M),

dim((TpN)⊥ωp ) = dim(M)− dim(N) = dim(N) = dim(TpN).

Thus, N is also co-isotropic, so N is Lagrangian.

(iii) The fact that ω|N is closed comes directly from the fact that ω is symplectic. As
for the non-degeneracy, let p ∈ N and let v ∈ TpN such that ωp(v, u) = 0, for all
u ∈ TpN . Then, v ∈ (TpN)⊥ωp and, because N is symplectic, TpN ∩ (TpN)⊥ωp = 0,
thus v = 0. Q.E.D.

Example 4.2.23. Let us begin by giving a few examples of isotropic, co-isotropic, Lag-
rangian and symplectic vector subspaces of TpM for a given p ∈M . Taking M = R2s with

coordinates (x1, . . . , xs, y1, . . . , ys) and ωcan =
s∑
i=1

dxi ∧ dyi, it is easy to show that, for all

k ≤ s:

– V = span
{

∂
∂x1

∣∣
p
, . . . , ∂

∂xk

∣∣
p

}
is an isotropic vector subspace, since

V ⊥(ωcan)p = span

{
∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xs

∣∣∣∣
p

,
∂

∂yk+1

∣∣∣∣
p

,
∂

∂ys

∣∣∣∣
p

}
⊇ V ;

– V = span
{

∂
∂x1

∣∣
p
, . . . , ∂

∂xs

∣∣
p

}
is a Lagrangian vector subspace, because

V ⊥(ωcan)p = span

{
∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xs

∣∣∣∣
p

}
= V ;

– V = span

{
∂
∂x1

∣∣
p
, . . . , ∂

∂xs

∣∣
p
, ∂
∂y1

∣∣∣
p
, . . . , ∂

∂yk

∣∣∣
p

}
is a co-isotropic vector subspace, as

V ⊥(ωcan)p = span

{
∂

∂xk+1

∣∣∣∣
p

, . . . ,
∂

∂xs

∣∣∣∣
p

}
⊆ V ;
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– V = span

{
∂
∂x1

∣∣
p
, . . . , ∂

∂xk

∣∣
p
, ∂
∂y1

∣∣∣
p
. . . , ∂

∂yk

∣∣∣
p

}
is a symplectic vector subspace, due

to

V ⊥(ωcan)p = span

{
∂

∂xk+1

∣∣∣∣
p

, . . . ,
∂

∂xs

∣∣∣∣
p

,
∂

∂yk+1

∣∣∣∣
p

, . . . ,
∂

∂ys

∣∣∣∣
p

}
,

so that V ∩ V ⊥(ωcan)p = {0}); ♮

Example 4.2.24. Considering the same symplectic manifold as in the previous example,
we can describe the following submanifolds N ⊆ R2s:

– N =
{
(x1, . . . , xk, 0, . . . , 0) ∈ R2s

∣∣x1, . . . , xk ∈ R
}

is an isotropic submanifold since,
for any p ∈ N , TpN = span

{
∂
∂x1

∣∣
p
, . . . , ∂

∂xk

∣∣
p

}
which is an isotropic vector subspace

of TpR2s ∼= R2s;

– N =
{
(x1, . . . , xs, y1, . . . , ys) ∈ R2s

∣∣ y21 + . . . + y2s = 1
}

is a co-isotropic submanifold
because, for any p = (q1, . . . , qs, p1, . . . , ps) ∈ N ,

TpN = span

{
∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xs

∣∣∣∣
p

,
∂

∂y1

∣∣∣∣
p

− p1
∂

∂ys

∣∣∣∣
p

, . . . ,
∂

∂ys−1

∣∣∣∣
p

− ps−1
∂

∂ys

∣∣∣∣
p

}

and (TpN)⊥(ωcan)p = span
{
p1

∂
∂x1

∣∣
p
+ . . .+ ps

∂
∂xs

∣∣
p

}
⊆ TpN ;

– N =
{
(x1, . . . , xs, y1, . . . , ys) ∈ R2s

∣∣ (xi)2 + y2i = 1, for all i = 1, . . . , s
}

is a Lag-
rangian submanifold as, for any p = (q1, . . . , qs, p1, . . . , ps) ∈ N ,

TpN = span

{
pi

∂

∂xi

∣∣∣∣
p

− qi ∂

∂yi

∣∣∣∣
p

∣∣∣∣∣ i = 1, . . . , s

}
= (TpN)⊥(ωcan)p

– N =
{
(x1, . . . , xk, 0, . . . , 0, y1, . . . , yk, 0, . . . , 0) ∈ R2s

∣∣x1, . . . , xk, y1, . . . , yk ∈ R
}

is a
symplectic submanifold given that (N,ωcan|N ) ∼= (R2k, ω′

can), where, clearly ω′
can =

k∑
i=1

dxi ∧ dyi is a symplectic form. ♮

Example 4.2.25. Returning to the example of a symplectic manifold on the cotangent
bundle of Q, we have the following result:

Proposition 4.2.26. Let η ∈ Ω1(Q) be a 1-form. Then, η is closed if and only if, when
considering η to be a map from Q to T ∗Q, im(η) is a Lagrangian submanifold of (T ∗Q,−dλ).

Proof. Firstly, note that, by treating η ∈ Ω1(Q) as a map from Q to T ∗Q, η is an immersion
(Tη = η∗ is injective) and, thus dim(im(η)) = dim(Q) = 1

2 dim(T ∗Q). Hence, by Proposi-
tion 4.2.22, it is sufficient to show that η is closed if and only if −dλ|im(η) = 0. This latter
expression is equivalent to say that η∗(−dλ) = 0, which, by Proposition 4.2.8, is equivalent
to dη = 0. Q.E.D.
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This proposition implies, in particular, that the image of the zero section 0·T∗Q is a
Lagrangian submanifold of (T ∗Q,−dλ). One other example of a Lagrangian submanifold
that is not necessarily included in the previous Proposition is that of the fibres at a certain
point, i.e. the cotangent spaces T ∗

qQ for every q ∈ Q. Clearly, dim(T ∗
qQ) = 1

2 dim(T ∗Q)

and, considering the inclusion ι : T ∗
qQ ↪→ T ∗Q (which is an embedding),

−dλ|ι(T∗
q Q) = 0 ⇐⇒ ι∗(−dλ) = 0 ⇐⇒ d(ι∗λ) = 0.

However, given pq ∈ T ∗
qQ and v ∈ Tpq (T ∗

qQ), we get that

(ι∗λ)pq (v) = λpq (ι∗(pq)(v)) = pq
(
(τ̂Q)∗(pq)(ι∗(pq)(v))

)
= pq

(
(τ̂◦ι)∗(pq)(v)

)
= 0,

since in our case, τ̂Q ◦ ι = q (the constant function assigning the point q). Hence, T ∗
qQ is a

Lagrangian submanifold of (T ∗Q,−dλ) for all q ∈ Q. ♮

Proposition 4.2.27. Let (M,ω) be a symplectic manifold and φ : M → M be a diffeo-
morphism. Then φ is a symplectic diffeomorphism if and only if its graph

gr(φ) =
{
(p, φ(p))

∣∣ p ∈M} ⊆M ×M (4.19)

is a Lagrangian submanifold of (M ×M, (−ω)⊕ ω).

Proof. Firstly, notice that gr(φ) is an embedded submanifold of M ×M (it is the image of
f = (idM×φ)◦δ, where δ(p) = (p, p) ∈ ∆ ⊆M×M). It is clear that dim(gr(φ)) = dim(M) =
1
2 dim(M ×M), thus it is sufficient to prove that φ is a symplectic diffeomorphism if and
only if (−ω)⊕ω|gr(φ) = 0. Let p ∈M and v1, v2 ∈ T(p,φ(p))gr(φ). Then, since gr(φ) = im(f),

T(p,φ(p))gr(φ) = Tf(p) im(f) = im(Tpf)

and, so we may simply take vi = f∗(p)(ui) for some ui ∈ TpM for all i = 1, 2. Thus,

((−ω)⊕ ω)(p.φ(p)(v1, v2) = ((−ω)⊕ ω)f(p)(f∗(p)(u1), f∗(p)(u2))

= (f∗((−ω)⊕ ω))p(u1, u2) = (−f∗π∗
1ω + f∗π∗

2ω)p(u1, u2)

= (−(π1 ◦ f)∗ω + (π2 ◦ f)∗ω)p(u1, u2)

= (−id∗Mω + φ∗ω)p(u1, u2) = (−ω + φ∗ω)p(u1, u2),

which vanishes for all u1, u2 ∈ TpM if and only if φ∗ω = ω, i.e. if φ is a symplectic
isomorphism. Q.E.D.
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4.2.2 Symplectic and Hamiltonian (Infinitesimal) Automorphisms

We now return to the study of certain morphisms in the category of symplectic mani-
folds and, in particular, their infinitesimal counterparts. In many applications, it is rather
important to understand the symplectomorphisms between the same manifold. Borrowing
the nomenclature employed in category theory, we shall call these such maps by symplectic
automorphisms and denote

Aut(M,ω) =
{
Φ ∈ Diff(M)

∣∣Φ∗ω = ω
}
. (4.20)

Proposition 4.2.28. The pair (Aut(M,ω), ◦) forms a group and it is a subgroup of (Diff(M), ◦),
the group of diffeomorphisms of a manifold M .

Proof. It is clear that idM ∈ Aut(M,ω). To check that (Aut(M,ω), ◦) forms a (sub)group (of
(Diff(M), ◦)) it is enough to show that it is closed under the composition and the inversion
map Diff(M)→ Diff(M), Φ 7→ Φ−1. Let Φ,Ψ ∈ Aut(M,ω). Then,

(Φ ◦Ψ)∗ω = Ψ∗Φ∗ω = Ψ∗ω = ω.

Thus Φ ◦Ψ ∈ Aut(M,ω). Q.E.D.

Similar to how the vector fields are the infinitesimal version of the diffeomorphisms of a
manifold, we can now consider the infinitesimal version of these symplectic automorphisms:

Definition 4.2.29. A vector field X ∈ X(M) on a symplectic manifold (M,ω) is said to be
locally Hamiltonian or called an infinitesimal symplectic automorphism if its flow FltX is a
symplectic automorphism, i.e. for all t ∈ R:

(FltX)∗ω = ω, on dom(FltX).

Remark 4.2.30. Notice that, since symplectic automorphisms form a Lie group, there is no
problem in calling the elements of its Lie algebra by infinitesimal symplectic automorphisms.
In the sequel we shall adopt this nomenclature for a locally Hamiltonian vector field X ∈
X(M) and denote

aut(M,ω) =
{
X ∈ X(M)

∣∣X is a locally Hamiltonian vector field of (M,ω)
}
. (4.21)

Definition 4.2.31. Let (M,ω) be a symplectic manifold. Then, a vector field X ∈ X(M)

is called a

1) symplectic vector field if d(iXω) = 0;

2) Hamiltonian vector field if there exists H ∈ C∞(M) such that iXω = dH.
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Remark 4.2.32. From the definition of a Hamiltonian vector field, it is clear that, if a
vector field X is Hamiltonian, then the function H is not unique (we could add any constant
function to H). However, the opposite is not true. In fact, since ω♭ is a vector bundle
isomorphism covering the identity idM , for any α ∈ Ω1(M), there is a unique X ∈ X(M)

such that α = ω♭(X). In particular, this is valid for exact 1-forms.

The previous remark motivates the following definition:

Definition 4.2.33. For a symplectic manifold (M,ω), the Hamiltonian vector field associ-
ated to H ∈ C∞(M) is the unique vector field XH ∈ X(M) satisfying

iXH
ω = dH. (4.22)

Therefore we shall denote this collection of Hamiltonian vector fields of a symplectic
manifold by:

ham(M,ω) =
{
X ∈ X(M)

∣∣X is a Hamiltonian vector field of (M,ω)
}

(4.23)

= (ω♭)−1(dC∞(M)).

This notation will be justified later.
As for symplectic vector fields, we have the following:

Lemma 4.2.34. Let (M,ω) be a symplectic manifold and X ∈ X(M). Then X is a sym-
plectic vector field if an only if X is an infinitesimal symplectic automorphism.

Proof. =⇒) For a symplectic vector field X, given its flow FltX , we obtain,

d

dt
(FltX)∗ω =

d

ds
(FlsX)∗ω

∣∣∣∣
s=t

=
d

ds
(Fls+tX )∗ω

∣∣∣∣
s=0

=
d

ds
(FltX)∗(FlsX)∗ω

∣∣∣∣
s=0

= (FltX)∗
d

ds
(FlsX)∗ω

∣∣∣∣
s=0

= (FltX)∗LXω = (FltX)∗(d(iXω) + iXdω) = 0.

Thus, (FltX)∗ω = (Fl0X)∗ω = ω, i.e. X is an infinitesimal symplectic automorphism.

⇐=) If X is an infinitesimal symplectic automorphism, since (FltX)∗ω = ω, on dom(FltX),
we have that d

dt (Fl
t
X)∗ω = 0. Thus, in particular, we get

0 =
d

dt
(FltX)∗ω

∣∣∣∣
t=0

= LXω = d(iXω) + iXdω = d(iXω).

Hence, X is a symplectic vector field.
Q.E.D.

Theorem 4.2.35. Let (M,ω) be a symplectic manifold. Then, given X,Y ∈ aut(M,ω), we
have that

i[X,Y ]ω = −d(ω(X,Y )).
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Proof. Let Z ∈ X(M). By the definition of the exterior derivative, we have that

d(iXω)(Y,Z) = Y (ω(X,Z))− Z(ω(X,Y ))− ω(X, [Y,Z]),

dω(X,Y, Z) = X(ω(Y,Z))− Y (ω(X,Z)) + Z(ω(X,Y ))− ω([X,Y ], Z)

+ ω([X,Z], Y )− ω([Y,Z], X),

and similarly for d(iY ω)(X,Z). Then, since ω is a symplectic form and X,Y are infinitesimal
symplectic automorphisms, ω, iXω and iY ω are closed and, therefore,

0 = X(ω(Y,Z))− Y (ω(X.Z)) + Z(ω(X,Y ))− ω([X,Y ], Z) + d(iY ω)(X,Z)

−X(ω(Y,Z)) + Z(ω(Y,X))− d(iXω)(Y, Z) + Y (ω(X,Z))− Z(ω(X,Y ))

= −ω([X,Y ], Z)− Z(ω(X,Y )) = −
(
i[X,Y ]ω + d(ω(X,Y ))

)
(Z)

where the terms in red, blue and teal cancel out. Thus, since Z ∈ X(M) is an arbitrary
vector field, we conclude that i[X,Y ]ω + d(ω(X,Y )) = 0. Q.E.D.

From Theorem 4.2.35, we can organise the different Lie algebras of vector fields the
following way: both Lie algebras of Hamiltonian and symplectic vector fields are Lie sub-
algebras of the algebra of vector fields and, furthermore, the algebra of Hamiltonian vector
fields is a Lie ideal of the algebra of symplectic vector fields. More compactly, we write:

ham(M,ω) ⊴ aut(M,ω) ≤ X(M) as Lie algebras. (4.24)

Additionally, Theorem 4.2.35 motivates the introduction of the Poisson bracket:

Definition 4.2.36. The Poisson bracket of two functions f, g ∈ C∞(M) on a symplectic
manifold (M,ω) is the bracket

{f, g} = −ω(Xf , Xg), (4.25)

where Xf , Xg ∈ ham(M,ω) are the Hamiltonian vector fields associated to the functions
f, g.

Remark 4.2.37. As mentioned previously, the addition of the sign on Eq. (4.25) follows
the convention used in Poisson geometry as it turns the discussion of said manifolds much
simpler. Alternatively, in other references such as [13], it is often preferred to use a minus
sign in the definition of the Lie bracket, so that [X,Y ] = Y X −XY . For a more detailed
discussion of sign convention in symplectic geometry, we redirect the reader to Remark 3.1.6
of [13].

Remark 4.2.38. With this definition of the Poisson bracket, Theorem 4.2.35 shows that,
given two functions f, g ∈ C∞(M),

[Xf , Xg] = X{f,g}. (4.26)
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Proposition 4.2.39. The Poisson bracket defined by

{·, ·} : C∞(M)× C∞(M) −→ C∞(M)

(f, g) 7−→ {f, g}
(4.27)

is anti-symmetric, R-bilinear and satisfies, for all f, g, h ∈ C∞(M):

{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0 (Jacobi identity)

{f, gh} = {f, g} h+ g {f, h} (Leibniz rule)

Proof. The anti-symmetry and bilinearity of the Poisson bracket come directly from the fact
that ω is a 2-form and that d is R-linear. As for the Leibniz rule, we have:

{f, gh} = −ω(Xf , Xgh) = (iXgh
ω)(Xf ) = d(gh)(Xf ) = dg(Xf )h+ gdh(Xf )

= −ω(Xf , Xg)h− gω(Xf , Xh) = {f, g}h+ g {f, h} .

Finally, to prove the Jacobi identity, since ω is closed,

0 = dω(Xf , Xg, Xh) = Xf (ω(Xg, Xh))−Xg(ω(Xf , Xh)) +Xh(ω(Xf , Xg))

− ω([Xf , Xg], Xh) + ω([Xf , Xh], Xg)− ω([Xg, Xh], Xf )

= −d {g, h} (Xf ) + d {f, h} (Xg)− d {f, g} (Xh)

− ω(X{f,g}, Xh) + ω(X{f,h}, Xg)− ω(X{g,h}, Xf )

= −ω(X{g,h}, Xf ) + ω(X{f,h}, Xg)− ω(X{f,g}, Xh)

− ω(X{f,g}, Xh) + ω(X{f,h}, Xg)− ω(X{g,h}, Xf )

= −2({f, {g, h}}+ {g, {h, f}}+ {h, {f, g}})

which concludes the proof. Q.E.D.

Remark 4.2.40. From the proposition we get that the pair (C∞(M), {·, ·}) is a (real
infinite-dimensional) Lie algebra.

Proposition 4.2.41. Let (M,ω) be a symplectic manifold.

(i) The following map is a Lie algebra homomorphism:

(C∞(M), {·, ·}) −→ (ham(M,ω), [·, ·])

f 7−→ Xf

(ii) If φ ∈ Aut(M,ω) and f ∈ C∞(M), then φ∗Xf = Xφ∗f .
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Proof. (i) By the properties of the exterior derivative, for a, b ∈ R and f, g ∈ C∞(M), we
simply get that

ω♭(Xaf+bg) = d(af + bg) = adf + bdg = aω♭(Xf ) + bω♭(Xg),

thus, since ω♭ is an isomorphism, Xaf+bg = aXf + bXg. Additionally, by Eq. (4.26),
we get that the assignment f 7→ Xf is a Lie algebra homomorphism.

(ii) In the conditions of the statement,

ω♭(Xφ∗f ) = iXφ∗f
ω = d(φ∗f) = φ∗df = φ∗(iXf

ω)

= iφ∗Xf
(φ∗ω) = iφ∗Xf

ω = ω♭(φ∗Xf ).

Since ω♭ is an isomorphism, we then conclude that Xφ∗f = φ∗Xf . Q.E.D.

Even though we started by defining the infinitesimal symplectic automorphisms from
their non-infinitesimal versions, such was not so evident to do for Hamiltonian vector fields.
We shall now remedy this fact by introducing the notion of Hamiltonian isotopies:

Definition 4.2.42. Let (M,ω) be a symplectic manifold.

1) A Hamiltonian isotopy is a smooth family
{
Φt
∣∣ t ∈ [0, 1]

}
of symplectic automorphisms

such that Φ0 = idM and

d

dt
Φt(p) = (XHt

)Φt(p), ∀ (p, t) ∈M × [0, 1],

where
{
Ht ∈ C∞(M)

∣∣ t ∈ [0, 1]
}

is a smooth family of smooth functions.

2) A symplectic automorphism ϕ : M → M is called a Hamiltonian automorphism if
there exists a Hamiltonian isotopy

{
Φt
∣∣ t ∈ [0, 1]

}
such that Φ1 = ϕ. The collection

of all Hamiltonian automorphisms is denoted by Ham(M,ω).

Proposition 4.2.43. The pair (Ham(M,ω), ◦) forms a group, which is a normal subgroup
of Aut(M,ω), which we shall denote as Ham(M,ω) ⊴ Aut(M,ω).

Proof. The fact that (Ham(M,ω), ◦) forms a group boils down to show that the composition
of two Hamiltonian automorphisms is still a Hamiltonian automorphism (the other necessary
group properties are evident). Therefore, let ϕ, ψ ∈ Ham(M,ω) with Hamiltonian isotopies{
Φt
∣∣ t ∈ [0, 1]

}
and

{
Ψt
∣∣ t ∈ [0, 1]

}
, respectively, such that d

dtΦ
t(p) = (XHt)Φt(p) and

d
dtΨ

t(p) = (XKt)Ψt(p). We want to show that
{
Φt ◦Ψt

∣∣ t ∈ [0, 1]
}

is a Hamiltonian isotopy
of ϕ ◦ ψ. For that, notice that, given a symplectic automorphism φ ∈ Aut(M,ω), by the
properties of the interior product,

i(XHt+φ
∗XKt )

ω = iXHt
ω + iφ∗XKt

ω = dHt + φ∗iXKt
(φ−1)∗ω

= dHt + φ∗iXKt
ω = dHt + φ∗dKt = d(Ht + φ∗Kt). (∗)
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Thus, we get,

d

dt
Φt ◦Ψt(p) = d

ds
Φs ◦Ψt(p)

∣∣∣∣
s=t

+ (Φt)∗(Ψ
t(p))

(
d

dt
Ψt(p)

)
= (XHt

)Φt◦Ψt(p) + (Φt∗XKt
)(Φt◦Ψt)(p) = (XHt

+Φt∗XKt
)(Φt◦Ψt)(p)

= (XHt + (Φ−t)∗XKt)(Φt◦Ψt)(p).

Then, by Eq. (∗), we obtain

d

dt
Φt ◦Ψt(p) = (X(Ht+(Φ−t)∗Kt))(Φt◦Ψt)(p),

hence
{
Φt ◦Ψt

∣∣ t ∈ [0, 1]
}

is a Hamiltonian isotopy and, therefore, Ham(M,ω) is a subgroup
of Aut(M,ω). To prove that it is normal, let ψ ∈ Aut(M,ω) and ϕ ∈ Ham(M,ω) such that{
Φt
∣∣ t ∈ [0, 1]

}
is its Hamiltonian isotopy with functions Ht. Then,

d

dt
ψ−1 ◦ Φt ◦ ψ(p) = ψ−1

∗ (Φt ◦ ψ(p))
(

d

dt
Φt ◦ ψ(p)

)
= ψ−1

∗ (Φt ◦ ψ(p))((XHt
)Φt◦ψ(p))

= (ψ−1
∗ XHt

)Φt◦ψ(p) = (ψ∗XHt
)ψ−1◦Φt◦ψ(p) = (Xψ∗Ht

)ψ−1◦Φt◦ψ(p),

thus, ψ−1 ◦ϕ◦ψ ∈ Ham(M,ω), i.e. Ham(M,ω) is a normal subgroup of Aut(M,ω). Q.E.D.

Therefore, similarly to what we have previously obtained for their infinitesimal counter-
part, we get

Ham(M,ω) ⊴ Aut(M,ω) ≤ Diff(M) as groups. (4.28)
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4.3 Darboux and Moser Theorems

The next step in our journey through symplectic manifolds is to obtain one of the most
important theorems of this geometry, Darboux’s Theorem:

Theorem 4.3.13. Let (M,ω) be a 2s-dimensional symplectic manifold. Then, given p ∈M ,
there exist an open neighbourhood U ⊆M of p and a diffeomorphism φ : U → V ⊆ R2s such
that φ∗(ωcan|V

)
= ω|U .

To prove such a result it is necessary to introduce the notion of Moser isotopy which
firstly requires to fully understand the concept of time-dependent vector fields, as well as a
similar result for symplectic vector spaces. Let us, then, start by the latter:

Theorem 4.3.1. Let (M,ω) be a 2s-dimensional symplectic manifold. Then, given p ∈M ,
there is a basis {χ1, . . . , χs, υ1, . . . , υs} of TpM such that, for all i, j = 1, . . . , s,

ωp(χi, χj) = ωp(υi, υj) = 0 and ωp(χi, υj) = δij ,

where δij is the Kroenecker delta. Moreover, there exists a (vector space) isomorphism
φ : TpM

∼=−−→ R2s such that
(ωcan)0 ◦

∧2 φ = ωp,

or, with more detail, for u, v ∈ TpM , ωp(u, v) = (ωcan)0(φ(u), φ(v)).

Proof. Induction over s: for s = 1, let {χ, υ} be an arbitrary basis of TpM . Since ω is
a symplectic form, it is non-degenerate and, so, ωp(χ, υ) ̸= 0. Thus, redefining the basis
elements to be χ, υ

ωp(χ,υ)
, we obtain the conditions of the theorem.

For the induction step, we simply note that, since ω is non-degenerate, we can always
find two linearly independent χ1, υ1 ∈ TpM such that ωp(χ1, υ1) ̸= 0 and, so, the subspace
spanned by

{
χ1,

υ1
ωp(χ1,υ1)

}
is a symplectic vector subspace of (TpM,ωp). Then, its sym-

plectic orthogonal is also symplectic and has dimension 2(s − 1), thus, by the induction
hypothesis, there is a basis {χ̄1, . . . , χ̄s−1, ῡ1, . . . , ῡs−1} such that

ωp(χ̄i, χ̄j) = ωp(ῡi, ῡj) = 0 and ωp(χ̄i, ῡj) = δij ,

for i, j = 1, . . . , s − 1. Therefore, {χ1, χ̄1, . . . , χ̄s−1,
υ1

ωp(χ1,υ1)
, ῡ1, . . . , ῡs−1} forms a basis of

TpM satisfying the conditions of the theorem.
Finally, we construct the linear map φ : TpM → R2s ∼= T0R2s such that

φ

(
s∑
i=1

(
vχi χi + vυi υi

))
=

s∑
i=1

(
vχi

∂

∂xi

∣∣∣∣
0

+ vυi
∂

∂yi

∣∣∣∣
0

)
,

where (x1, . . . , xs, y1, . . . , ys) are the standard coordinates on R2s such that the canonical

symplectic form takes the form ωcan =
s∑
i=1

dxi ∧ dyi. Then it is clear that φ is a vector

isomorphism it satisfies (ωcan)0 ◦
∧
2 φ = ωp. Q.E.D.
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This theorem is almost precisely what we require for Darboux theorem, however it is
not necessary that the bases for the tangent spaces glue well together. The response to this
problem is precisely what we shall discuss in the rest of this section.

4.3.1 Time-dependent vector fields

When we first dealt with vector fields, we learnt that they can be used in the setting of
differential equations for their flow/integral curves. However, in many scenarios, the ODE’s
describing certain processes are not autonomous, i.e. the process itself may depend on time.
This also motivates the extension of the notion of vector fields to allow them to depend on
time:

Definition 4.3.2. A time-dependent or non-autonomous vector field on a manifold M is
a smooth map X : Ω → TM , where Ω ⊆ R ×M is an open subset, such that X(t, p)

def
=

Xt(p) ∈ TpM , for all (t, p) ∈ Ω.

Remark 4.3.3. Notice that, in essence, a time-dependent vector field is nothing more than
a family of vector fields {Xt}t∈I (for I ⊆ R an open interval and Ω = I ×M) that glues
sufficiently well as we change the time t ∈ I.

Remark 4.3.4. Following the same notation introduced in Section 1.1, we shall denote the
time-dependent vector field at a time t, Xt, evaluated at a point p ∈M by (Xt)p.

Example 4.3.5. The simplest cases of time-dependent vector fields are, in fact, time-
-independent vector fields X ∈ X(M). Clearly, if we consider Ω = R×M and Xt = X, for
all t ∈ R, then Xt is a time-dependent vector field. ♮

Example 4.3.6. Let M = Rm. Then, for all t ∈ R>0 we can consider

Xt(x1, . . . , xm) =

m∑
i=1

1− x2i
t

∂

∂xi
,

which is a time-dependent vector field we shall discuss in more detail below. ♮

The discussion of time-dependent vector fields cannot be concluded without the notion
of their flows and integral curves.

Definition 4.3.7. Given a time-dependent vector field X on a manifold M , an integral
curve of X is a smooth curve γ : I → M such that d

dtγ(t) = X(t, γ(t)), for all t ∈ I with
(t, γ(t)) ∈ Ω.

We could define the flow of such a vector field as well, however to do so it is more useful to
think about time-dependent vector fields on M as time-independent vector fields on R×M .
In fact, for every non-autonomous vector field X, we may define an autonomous vector field
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on an open subset of R ×M (with domain Ω ⊆ R ×M) by X̃ = ∂
∂t +X, where ∂

∂t is the
vector field on R ×M obtained by the pullback by the projection R ×M ↠ R. Then, we
may define the flow of X̃ by

d

ds
Fls
X̃
(t, p) = X̃Fls

X̃
(t,p) and Fl0

X̃
(t, p) = (t, p) ∈ R×M.

Expanding the equation on the left by rewriting Fls
X̃
(t, p) = (τs(t, p), χs(t, p)), we get

d

ds
τs(t, p) =

∂

∂t

∣∣∣∣
τs(t,p)

and
d

ds
χs(t, p) = (Xτs(t,p))χs(t,p).

The first equation yields τs(t, p) = s+t (where we already use the initial condition τ0(t, p) =
t) and, thus, the second equation becomes

d

ds
χs(t, p) = (Xs+t)χs(t,p),

with the initial condition χ0(t, p) = p. Thus, to obtain an expression similar to an integral
curve for X, we perform a change in coordinates s→ s− t and call Fls,tX (p) = χs−t(t, p) the
flow of the non-autonomous vector field X (we shall prove the uniqueness of this map in a
subsequent proposition). This flow must satisfy

d

ds
Fls,tX (p) = (Xs)Fls,tX (p) and Flt,tX (p) = p. (4.29)

Proposition 4.3.8. Let M be a smooth manifold and X a time-dependent vector field.

(i) The map Fls,tX defined previously is unique and it is a diffeomorphism between two open
subsets of M , with inverse Flt,sX , for all s, t ∈ R;

(ii) If p ∈ dom(Flu,tX ) and Flu,tX (p) ∈ dom(Fls,uX ), then Fls,uX ◦ Fl
u,t
X (p) = Fls,tX (p).

Proof. (i) By construction, Fls,tX (p) = χs−t(t, p) is a local diffeomorphism since χs(t, p) is
the second component of the flow of ∂

∂t + X. Moreover, the inverse of the flow Fls
X̃

is (Fls
X̃
)−1 = Fl−s

X̃
, so, in order to compute the inverse of Fls,tX , take for p, q ∈ M and

s, t ∈ R such that p = Fls,tX (q) = χs−t(t, q). Then, we have that

(s, p) = Fls−t
X̃

(t, q) =⇒ (t, q) = Flt−s
X̃

(s, p) =⇒ q = χt−s(s, p) = Flt,s
X̃
(p).

Therefore, the inverse of the flow Fls,t
X̃

is (Fls,t
X̃
)−1 = Flt,s

X̃
.

As for the uniqueness of the flow, assuming that ϕs,t also gives the flow of X, it is
quite straightforward to prove that, for any p ∈ M , (s + t, ϕs+t,t(p)) gives the flow
of ∂

∂t +X at the point p. Thus, by the uniqueness of the flow of (time-independent)
vector fields, we conclude that ϕs,t = Fls,tX .
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(ii) In the conditions of the statement, we have that

Fls,uX ◦ Fl
u,t
X (p) = χs−u(u, χu−t(u, p)) = χs−u(u− t+ t, χu−t(t, p))

= χs−u(τu−t(t, p), χu−t(t, p)) = χs−u ◦ Flu−t
X̃

(t, p).

Since, from the properties of the flow of autonomous vector fields, Flt1
X̃
◦Flt2

X̃
= Flt1+t2

X̃

and χs is the ‘spatial’ component of the flow Fls
X̃

, we have that

χs−u ◦ Flu−t
X̃

(t, p) = χs−u+u−t(t, p) = χs−t(t, p) = Fls,tX (p). Q.E.D.

Example 4.3.9. For a time-independent vector fieldX ∈ X(M), constructing the associated
non-autonomous vector field X̂ as X̂t = X, for all t ∈ R, the flow of X̂ satisfies, for p ∈ M
and t, s ∈ R

d

ds
Fls,t
X̂
(p) = (X̂s)Fls,t

X̂
(p) = XFls,t

X̂
(p) and Flt,t

X̂
= idM

Thus Fls,t
X̂
(p) satisfies the same ODE as the flow of X, Fls−tX (p). By the uniqueness of

solutions of ODE’s, these two maps must be the same in a neighbourhood of p. In particular,
Fls,t
X̂

= Fls−tX for all triples (s, t, p) ∈
{
(s, t, p) ∈ R2 ×M

∣∣ (s− t, p) ∈ dom(FlX)
}
. ♮

Example 4.3.10. For the case of example 4.3.6, given the vector field Xt(x1, . . . , xm) =
m∑
i=1

1−x2
i

t
∂
∂xi

and writing the flow of this vector field as

Fls,tX (p) = (ϕ1(s, t, p), . . . , ϕm(s, t, p))

and p = (x1, . . . , xm), the conditions for the flow give, for all i = 1, . . . ,m,

d

ds
ϕi(s, t, p) =

1− (ϕi(s, t, p))
2

s
and ϕi(t, t, p) = xi.

Therefore, by solving the differential equation on the left, we get

∫ ϕi(s,t,p)

xi

dϕi
1− ϕ2i

=

∫ s

t

ds′

s′
=⇒ arctanh(ϕi(s, t, p))− arctanh(xi) = ln

∣∣∣s
t

∣∣∣
=⇒ ϕi(s, t, p) = tanh

(
ln
∣∣∣s
t

∣∣∣+ arctanh(xi)
)
,

where arctanh : ] − 1, 1[ → R is the hyperbolic arctangent function. Thus, the solution for
the flow of X is

Fls,tX (x1, . . . , xm) =

(
x1(s

2 + t2) + s2 − t2

x1(s2 − t2) + s2 + t2
, . . . ,

xm(s2 + t2) + s2 − t2

xm(s2 − t2) + s2 + t2

)
. ♮
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4.3.2 Moser Method

To more easily prove Darboux’s theorem, we shall utilise a method, first introduced by Moser
in Ref. [14], which essentially follows the proof of the following theorem:

Theorem 4.3.11 (Moser). Let M be a compact m-dimensional manifold, let {ωt}t∈[0,1] be
a family of symplectic forms such that

d

dt
ωt ∈ d

(
Ω1(M)

)
.

Then, there is a family of diffeomorphisms {ϕt}t∈[0,1] of M such that

ϕ∗tωt = ω0 and ϕ0 = idM . (4.30)

Proof. To obtain the intended result, let us instead obtain a time-dependent vector field
X such that ϕt = Flt,0X . Since ϕt must satisfy Eq. (4.30), differentiating both sides of this
equation yields:

0 =
d

dt
ϕ∗tωt = ϕ∗t

d

dt
ωt +

d

ds
ϕ∗sωt

∣∣∣∣
s=t

= ϕ∗t
d

dt
ωt +

d

ds

(
Fls,0X

)∗
ωt

∣∣∣∣
s=t

= ϕ∗t
d

dt
ωt +

d

ds

(
Fls+t,0X

)∗
ωt

∣∣∣∣
s=0

= ϕ∗t

(
d

dt
ωt + LXt

ωt

)
Taking ηt ∈ Ω1(M) such that dηt =

d
dtωt and using Cartan’s magic formula, we get that

d(ηt + iXt
ωt) = 0.

So, in particular, given some ft ∈ C∞(M), if ω♭t(Xt) = −ηt + dft, the equation above is
satisfied. Since ωt is a symplectic form for all t, there is a unique Xt satisfying this property.
Having now defined a vector field, to obtain the diffeomorphism ϕt required by the theorem
is just the process of solving the ODE determining the flow of X. The compactness of M
guarantees that X is complete and, so ϕt = Flt,0X is a symplectomorphism from (M,ω0) to
(M,ωt) for all t. Q.E.D.

Remark 4.3.12. The proof of this theorem gives a particular useful method to solve many
problems in differential geometry. This method, called Moser’s trick, even though only
entirely rigorous when we consider M to be compact (otherwise we would obtain that ϕ∗tωt =
ω0 only on dom(Flt,0X )), it can still be applied in general since we are only interested in finding
local diffeomorphisms.
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4.3.3 Darboux and Foliated Darboux Theorems

We are now ready to state and prove Darboux’s theorem:

Theorem 4.3.13 (Darboux). Let (M,ω) be a 2s-dimensional symplectic manifold. Then,
given p ∈M , there exist an open neighbourhood U ⊆M of p and a diffeomorphism φ : U →
V ⊆ R2s such that φ∗ωcan|V = ω|U .

Proof. Let U ⊆ M be an open neighbourhood of p ∈ M and ψ : U → V ⊆ R2s a chart.
Calling ω0 = ψ∗ωcan|V , we define, for all t ∈ [0, 1]

ωt = ω0 + t(ω|U − ω0).

Clearly, ωt defines a family of symplectic forms on U and, moreover, d
dtωt = ω|U −ω0 which

is closed. Consequently, by Poincaré’s lemma, up to shrinking U around p, we can assume
that d

dtωt is exact, i.e. d
dtωt = dηt for some ηt ∈ Ω1(U) for t ∈ [0, 1]. Thus, we may apply

Moser’s trick and obtain a family of local diffeomorphisms {ϕt}t∈[0,1] such that ϕ∗tωt = ω0

with ϕ0 = idM . In particular, for t = 1,

ψ∗ωcan|V = ω0 = ϕ∗1ω1 = ϕ∗1ω|U ,

or, reorganising the previous expression and defining φ = ψ ◦ ϕ−1
1 : U → V (which is a local

diffeomorphism),

φ∗ωcan|V = ω|U . Q.E.D.

Corollary 4.3.14. Let (M,ω) be a 2s-dimensional symplectic manifold and p ∈M . Then,
there is local chart (U,φ = (Q1, . . . , Qs, P1, . . . , Ps)) on M around p such that

ω|U =

s∑
i=1

dQi ∧ dPi. (4.31)

Remark 4.3.15. A chart satisfying this corollary is called a Darboux chart.

Having now obtained one of the most fundamental theorems in symplectic geometry, we
state certain important consequences of such a powerful theorem. One such consequence is,
in fact, an extension of Darboux’s theorem due to Weinstein:

Theorem 4.3.16 (Darboux-Weinstein). Let M be 2s-dimensional manifold, N ⊆ M a
compact submanifold and ω1, ω2 two symplectic forms on M such that (ω1)p = (ω2)p ∈∧
2 T ∗

pM , for all p ∈ N . Then, there exist open neighbourhoods U1 and U2 of N in M and a
diffeomorphism ϕ : U1 → U2 such that ϕ : (U1, ω1|U1

)→ (U2, ω2|U2
) is a symplectomorphism.
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The proof of this theorem uses a similar procedure as the one from Theorem 4.3.13 but also
uses the concepts of integration of fibres as well as of Riemannian metrics, both of which
are out of the scope of the current thesis. The interested reader can check the proof of this
result, for instance, in [13, Lemma 3.2.1].

We now look at specific types of submanifolds, as seen in the previous section.

Proposition 4.3.17. Let (M1, ω1) and (M2, ω2) be symplectic manifolds and let Ni ⊆ Mi

(i = 1, 2) be compact symplectic submanifolds. Suppose there is a diffeomorphism φ : N1 →
N2 covered by a symplectic vector bundle isomorphism φ̂ : TM1|N1 → TM2|N2 restricting to
φ∗ : TN1 → TN2. Then φ extends to a symplectic isomorphism ψ : U1 → U2 where Ui is a
neighbourhood of Ni in Mi for i = 1, 2.

This result is essentially a consequence of the Darboux-Weinstein theorem, as the proof of
this statement boils down to said theorem once we reduce to the case where M1 =M2 and
N1 = N2. For more details, cf. [13, Theorem 3.4.10], for instance.

Proposition 4.3.18. Let (M,ω) be a symplectic manifold and L ⊆ M a Lagrangian sub-
manifold. Then, there exist open neighbourhoods U and V of L ∼= im(0·T∗L) in M and T ∗L,
respectively, and a diffeomorphism ϕ : U → V such that

ϕ|L = 0·T∗L and ϕ∗(−dλL) = ω on U, (4.32)

where λL ∈ Ω1(T ∗L) is the Liouville form on T ∗L.

The proof of this result requires the usage of almost complex structures on a manifold,
which is out of the scope for the current text. The interested reader can check the proof of
this result, for instance, in [13, Theorem 3.4.13]. If we also add the requirement that the
Lagrangian submanifold is compact, the proof of this weaker statement uses the notion of
tubular neighbourhoods, that we shall introduce in Chapter 8. For the proof of this altered
statement, we redirect the interested reader to [15, Theorem 9.3]

Foliated Darboux theorem

To conclude this section, we shall give a look at foliated manifolds and foliated forms.

Definition 4.3.19. A k-dimensional foliated manifold is a pair (M,F), where M is a
manifold and F =

{
Fλ
∣∣λ ∈ Λ

}
is a k-dimensional foliation of M .

Given this additional structure of a foliation on the manifold, it is more natural to study
the forms relative to this foliation.
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Definition 4.3.20. Let (M,F) be a foliated manifold. Then, if we denote by X(F) = Γ(TF)
the space of vector fields tangent to the foliation F , we define the space of foliated k-forms
by Ωk(F) def

= Γ(
∧
k T ∗F).

Moreover, since, by Frobenius theorem, TF is involutive, the space X(F) is equipped
with a Lie algebra structure, so we may also define a foliated de Rham differential as

Definition 4.3.21. For a foliated manifold (M,F), the foliated de Rham differential dF

is a derivation in the algebra (Ω•(F),∧) which is also a homogeneous map of degree 1, i.e.
dF : Ωk(F)→ Ωk+1(F) such that, given ω ∈ Ωk(F) and X1, . . . , Xk+1 ∈ X(F),

dFω(X1, . . . , Xk+1) =

k+1∑
i=1

(−1)i−1Xi(ω(X1, . . . , X̂i, . . . , Xk+1)) (4.33)

+

k+1∑
i,j=1
i<j

(−1)i+jω([Xi, Xj ], X1, . . . , X̂i, . . . , X̂j , . . . , Xk+1),

where, once again, the notation X̂i means that we omit the entry Xi from ω.

The notions introduced in Section 1.1 can be generalised to the setting of foliated mani-
folds. In what concerns us, we are interested in the foliated Darboux theorem. To get to
that result, we must firstly generalise the Poincaré lemma in this context:

Lemma 4.3.22 (Foliated Poincaré). Let (M,F) be a k-dimensional foliated manifold and
let ω ∈ Ωℓ(F) such that dFω = 0. Then, for every p ∈ M , there exists a neighbourhood
U ⊆M of p and η ∈ Ωℓ−1(F|U ) such that ω|U = dF|U η.

Proof. Let (U,φ = (x1, . . . , xk, z1, . . . , zm−k)) be a chart centred at p ∈M such that TpF =

span
{

∂
∂xi

∣∣ i = 1, . . . , k
}

(it is possible to choose such a chart by the global Frobenius
theorem 2.3.12). Considering the map ψ : R×Rm → Rm such that ψ(t, (x, z)) = ψt(x, z) =

(tx, z), notice that ψet = FltX for X =
k∑
i=1

xi
∂
∂xi
∈ X(φ(U)). Then, for t > 0,

d

dt
ψ∗
t ω =

d

dt

(
Fl

ln(t)
X

)∗
ω =

1

t

(
Fl

ln(t)
X

)∗LXω =
1

t

(
Fl

ln(t)
X

)∗
(dF iXω + iXdFω)

=
1

t
dF
(
Fl

ln(t)
X

)∗
iXω =

1

t
dFψ

∗
t iXω

and, since (ψt)∗(x, z) = (t idRk)× idRm−k , given v2, . . . , vℓ ∈ T(x,z)F ,(
1

t
ψ∗
t iXω

)
(x,z)

(v2, . . . , vℓ) =
1

t
(iXω)(tx,z)(tv2, . . . , tvℓ)

=
1

t
ω(tx,z)(X(tx,z), tv2, . . . , tvℓ)

= tk−1ω(tx,z)(X(x,z), v2, . . . , vℓ)
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so we get that, for all ℓ ≥ 1, 1
tψ

∗
t iXω is a unique foliated ℓ-form of (M,F). Since ω ∈ Ωℓ(F),

it is clear that ψ∗
1ω = ω and ψ∗

0ω = 0. Thus,

ω = ψ∗
1ω − ψ∗

0ω =

∫ 1

0

d

dt
ψ∗
t ω dt =

∫ 1

0

1

t
dFψ

∗
t iXω dt

=

∫ 1

0

dF

(
1

t
ψ∗
t iXω

)
dt = dF

(∫ 1

0

1

t
ψ∗
t iXω dt

)
,

so, we define η =
∫ 1

0
1
tψ

∗
t iXω dt to obtain the result. Q.E.D.

Similarly to what is done in ‘regular’ symplectic geometry, we may now introduce the
notion of foliated symplectic manifold:

Definition 4.3.23. A (regular) symplectic foliation is a triple (M,F , ωF ), where (M,F) is
a foliated manifold and ωF ∈ Ω2(F) is a foliated 2-form which is leaf-wise symplectic, i.e.
such that for a every leaf Fλ of F , (Fλ, ωF |Fλ

) is a symplectic manifold.

This definition allows us to still define the Hamiltonian vector field of a map H ∈ C∞(M)

the same way as before by defining as the foliated vector field XH ∈ X(F) satisfying

iXH
ωF = dFH

and we also obtain an equivalent normal form theorem for these symplectic foliations:

Proposition 4.3.24 (Foliated Darboux). Let (M,F , ωF ) be a regular symplectic foliation
of dimension 2s and codimension n = m − 2s. Then, for every point p, there is a chart
(U,φ = (x1, . . . , xs, y1, . . . , ys, z

1, . . . , zn)) such that:

(i) TF = span

{
∂

∂x1
, . . . ,

∂

∂xs
,
∂

∂y1
, . . . ,

∂

∂ys

}
or, equivalently, the leafs of the foli-

ation are given by the level sets for which (z1, . . . , zn) are constant;

(ii) the leaf-wise symplectic form is given by ωF |U =

s∑
i=1

dFx
i ∧ dFyi.

Proof. Let (U,φ = (x1, . . . , xs, y1, . . . , ys, z
1, . . . , zn)) be a chart centred at a point p ∈

M such that φ∗(q)(TqF) = R2s ⊆ Rm ∼= Tφ(q)Rm, for all q ∈ U , which can be always
done by the global Frobenius theorem 2.3.12. Then, by Darboux theorem 4.3.13 applied to
T ∗
pφ(ωp) ∈

∧
2 T ∗

0R2s ⊆
∧
2 T ∗

0Rm, where T ∗
pφ denotes the cotangent lift of φ at p, we get a

diffeomorphism ψ : V ⊆ Rm → ψ(V ) ⊆ Rm such that

T ∗
p (ψ ◦ φ)(ωp) =

s∑
i=1

(dxi)0 ∧ (dyi)0.

Calling ω0 = ω|U and ω1 = (ψ ◦ φ)∗
(∑s

i=1 dx
i ∧ dyi

)
, it is clear that we have that (ω0)p =

(ω1)p ∈
∧
2 T ∗

pF . By the foliated Poincaré lemma 4.3.22, up to shrinking U , there exists a
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foliated 1-form η ∈ Ω1(F) such that ω1 − ω0 = dFη and ηp = 0 ∈ T ∗
pF . Now, we follow a

similar procedure as the proof of Darboux theorem, using a method that resembles Moser’s
trick. Defining a time-dependent 2-form

ωt = ω0 + t(ω1 − ω0) = ω|U + t

(
ω|U − (ψ ◦ φ)∗

( s∑
i=1

dxi ∧ dyi

))
,

it is clear that dFωt = 0 for all t ∈ R and, up to shrinking U around p, (ωt)p ∈
∧
2 T ∗

pF
is non-degenerate for all t ∈ [0, 1]. Then, there exists a unique time-dependent vector field
Xt ∈ X(F), depending smoothly on t ∈ [0, 1] such that iXtωt + η = 0, for all t ∈ [0, 1], by
the same argument as used in the proof of Moser’s theorem 4.3.11. Taking ϕt : Ut → ϕt(Ut)

to be the foliated local diffeomorphism of (M,F) describing the flow of Xt,

d

dt
ϕ∗tωt = ϕ∗t

(
LXt

ωt +
d

dt
ωt

)
= ϕ∗t (dF iXt

ωt + iXt
ωtdFωt + (ω1 − ω0))

= ϕ∗tdF (iXt
ωt + η) = 0,

therefore, (ϕ∗tωt)q = (ϕ∗0ω0)q for all t ∈ [0, 1] and q ∈ Ut. In particular, ϕ∗1ω1 = ω0 on
U1, which gives a local diffeomorphism such that (ϕ1)∗(q)(TqF) = Tϕ1(q)F for all q ∈ U1

and ϕ∗1ω1 = ω0 in U1. To conclude the result, notice that χ = ψ ◦ φ ◦ ϕ1 : U1 → Rm is a
coordinate chart on M centred at p such that

χ∗(TF) = span

{
∂

∂x1
, . . . ,

∂

∂xs
,
∂

∂y1
, . . . ,

∂

∂ys

}
and χ∗

(
s∑
i=1

dxi ∧ dyi

)
= ω|U1 .

Q.E.D.
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Chapter 5

Introduction to Poisson Structures

We now turn our sights to the study of Poisson geometry. This type of geometry arises
naturally when one studies classical mechanics, similarly to Symplectic geometry, as well
as Lie’s theory for solving partial differential equations (also very prominent in physics
problems). In fact, as we shall see in these and the next chapter, Poisson geometry is, in a
certain sense, like an organism with its core components (these being symplectic geometry,
Lie theory and foliation theory) working together to form a beautiful and cohesive geometry
that, in the last decades, has spewed an incredible amount of new research topics. In
this chapter, however, we lay the groundwork by exploring the direct consequences of the
definitions and by viewing Poisson manifolds in two distinct yet equivalent ways, using the
Poisson bracket, which appears more notably when studying physics, and using bivector
fields which turns out to be the more natural way of understanding Poisson geometry.

The chapter is divided into the following: we start in the first section by introducing
the Poisson manifolds using a bilinear anti-symmetric bracket as well as give the standard
examples of this class of manifolds. Section 5.2 deals with the morphism one can define on a
Poisson manifold as well as the special types of vector fields and their Lie algebra structures.
On Section 5.3, we introduce another way of looking at Poisson manifolds making use of
multivectors and consider the Lie algebroid structure arising on the cotangent bundle of
a Poisson manifold. The fourth and final section discusses the Poisson structure one can
define on the dual of a Lie algebroid as an extension of a classic example of the linear Poisson
structure on the dual of Lie algebras.
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5.1 Poisson brackets

Let us start by defining the essential operation that is at the centre of the discussion of
Poisson geometry:

Definition 5.1.1. Let M be a smooth manifold.

1) A bracket {·, ·} : C∞(M) × C∞(M) → C∞(M) that is an R-bilinear map, anti-
-symmetric, and obeys the following properties, ∀ f, g, h ∈ C∞(M):

{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0 (Jacobi identity) (5.1)

{f, gh} = {f, g} h+ g {f, h} (Leibniz rule) (5.2)

is called a Poisson bracket on the set C∞(M) of smooth maps on M ;

2) A Poisson manifold is a pair (M, {·, ·}) where {·, ·} : C∞(M)×C∞(M)→ C∞(M) is
a Poisson bracket.

Notice that, in the first definition, a Poisson bracket is nothing more than a Lie bracket
on the set C∞(M) with the additional property of it being a derivation in each entry. This
allows us to say that C∞(M) is a Poisson algebra which we define as follows:

Definition 5.1.2. A Poisson algebra is an R-algebra (where R is a commutative ring or
more usually a field) A together with a Lie bracket {·, ·} : A × A → A such that, for every
a ∈ A, {a, ·} : A→ A is a derivation of A, i.e. {·, ·} is a Poisson bracket.

As it is usual in constructions in Mathematics, it is useful, once introduced a space with
certain properties, to also introduce a type of maps that preserve the new structure we just
added to our spaces. For the case of Poisson manifolds, we introduce the notion of a Poisson
map/morphism:

Definition 5.1.3. A Poisson map or Poisson morphism between Poisson manifolds (M1, {·, ·}1)
and (M2, {·, ·}2) is a smooth map Φ :M1 →M2 inducing a Lie algebra homomorphism:

{f ◦ Φ, g ◦ Φ}1 = {f, g}2 ◦ Φ, ∀ f, g ∈ C∞(M2). (5.3)

Remark 5.1.4. With the introduction of Poisson morphisms, we can define the category
of Poisson manifolds, PoissMan, whose objects are Poisson manifolds (M, {·, ·}) and mor-
phisms are Poisson maps.
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We could now question whether it is possible to express the Poisson bracket locally in
an unique way. In fact that is possible by noticing that the Poisson bracket is local:

Proposition 5.1.5. A Poisson bracket {·, ·} on a manifold M is local, i.e. for all f, g ∈
C∞(M),

supp
(
{f, g}

)
⊆ supp(f) ∩ supp(g),

where the support of the map f is defined as supp(f)
def
=
{
p ∈M

∣∣ f(p) ̸= 0
}
. In equivalent

terms, a Poisson structure is such that, for any open subset U ⊆M and any f, g ∈ C∞(M),
if f |U = 0, then {f, g} |U = 0.

Proof. Given any p ∈ U , we may always find a function φ ∈ C∞(M) with compact support
such that supp(φ) ⊆ U and φ(p) = 1. Then, if f |U = 0 for a function f ∈ C∞(M), φf = 0

and, for any g ∈ C∞(M),

0 = {0, g} (p) = {φf, g} (p) = {φ, g} (p)f(p) + φ(p) {f, g} (p) = {f, g} (p),

where, in the third equality we used the fact that φ(p) = 1 and f(p) = 0. Since p ∈ U is
arbitrary, we conclude that {f, g} |U = 0. Q.E.D.

Remark 5.1.6. This local characteristic of the Poisson structure is nothing particular to a
Poisson structure. In fact, given any anchored vector bundle (E

pr−−→ M, a), an R-bilinear,
anti-symmetric bracket ⟨·, ·⟩ : Γ(E)×Γ(E)→ Γ(E) satisfying the Leibniz rule (with respect
to the anchor), i.e. such that, for σ1, σ2 ∈ Γ(E) and f ∈ C∞(M),

⟨σ1, fσ2⟩ = f⟨σ1, σ2⟩+ a(σ1)(f)σ2,

satisfies this local property (the proof is entirely analogous to the one given for the Poisson
structure). The triple (E

pr−−→M, a, ⟨·, ·⟩) as above is called a Leibniz algebroid.

Remark 5.1.7. Given an open subset U ⊆ M of a manifold M and a point p ∈ U , for
any function f ∈ C∞(U), we may always find a function f̃ ∈ C∞(M) such that f̃ |V = f |V
for some V ⊆ U and open neighbourhood of a point p ∈ U in U . In fact, by considering a
function φ ∈ C∞(M) with compact support such that supp(φ) ⊆ U , and φ|V = 1 for some
open neighbourhood V of p in U , with define f̃ at any q ∈M as

f̃(q) =

0, if q /∈ supp(φ)

φ(q)f(q), if q ∈ U
.

This construction allows us to finally define show that any Poisson structure can always
be expressed locally.
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Proposition 5.1.8. Let (M, {·, ·}) be a Poisson manifold. For any open subset U of
M , there exists a unique Poisson structure {·, ·}U on U such that the inclusion map ι :

(U, {·, ·}U ) ↪→ (M, {·, ·}) is a Poisson map or, equivalently, given any f, g ∈ C∞(M),

{f |U , g|U}U = {f, g} |U .

Proof. The previous Remark and the local character of the Poisson structure guarantee that
there exists a unique function {f, g}U ∈ C∞(U) such that, for all p ∈ U {f, g}U (p) ={
f̃ , g̃
}
(p) for some functions f̃ , g̃ ∈ C∞(M) such that f̃ |V = f |V and g̃|V = g|V for some

open neighbourhood V of p in U . Then, this property allows us to show that {·, ·}U is, in
fact, a Poisson structure on U . Q.E.D.

Thus, Proposition 5.1.8 essentially allows any Poisson bracket to be expressed (locally
for a chart (U,φ = (x1, . . . , xm))), for any two maps f, g ∈ C∞(U), as

{f, g}U =

m∑
i,j=1

πij
∂f

∂xi
∂g

∂xj
, (5.4)

for some smooth functions πij ∈ C∞(U) with i, j = 1, . . . ,m, where, the anti-symmetry of
the Poisson bracket reflects unto the anti-symmetry of the coefficients πij , i.e. for all i, j =
1, . . . ,m, πij = −πji. Moreover, we can show that, in order for the Poisson bracket (5.4) to
obey the Jacobi identity, one must have the following, for f, g, h ∈ C∞(U):

{f, {g, h}U}U =

f,
m∑

j,k=1

πjk ∂jg ∂kh


U

=

m∑
i,ℓ=1

πiℓ ∂if ∂ℓ

 m∑
j,k=1

πjk ∂jg ∂kh


=

m∑
i,j,k,ℓ=1

πiℓ ∂if
(
∂ℓπ

jk ∂jg ∂kh+ πjk (∂ℓ∂jg) ∂kh+ πjk ∂jg (∂ℓ∂kh)
)
,

where we used the simplified notation ∂i
def
= ∂

∂xi . Adding the corresponding terms cycling
the entries in the Poisson brackets and changing the indices when necessary, we get

0 = {f, {g, h}U}U + {g, {h, f}U}U + {h, {f, g}U}U

=

m∑
i,j,k,ℓ=1

(
πiℓ∂ℓπ

jk + πkℓ∂ℓπ
ij + πjℓ∂ℓπ

ki
)
∂if ∂jg ∂kh

+

m∑
i,j,k,ℓ=1

(
(∂ℓ∂if) ∂jg ∂kh(π

kℓπij + πjℓπki) + ∂if (∂ℓ∂jg) ∂kh(π
iℓπjk + πkℓπij)

+ ∂if ∂jg (∂ℓ∂kh)(π
iℓπjk + πjlπki)

)
where the terms in the second sum vanish since ∂ℓ∂if = ∂i∂ℓf (f ∈ C∞(U) ⊆ C2(U)) but
πkℓπij+πjℓπki = −πkiπℓj−πjiπkℓ, so each term contains the product of a symmetric matrix
with an anti-symmetric one, which always vanishes. Thus, the Jacobi identity implies that



FCUP
5.1. Poisson brackets 123

the matrices of smooth maps πij ∈ C∞(U) obey the following condition, for all i, j, k =

1, . . . ,m,
m∑
ℓ=1

(πiℓ∂ℓπ
jk + πkℓ∂ℓπ

ij + πjℓ∂ℓπ
ki) = 0. (5.5)

Let us now look at some important examples of Poisson manifolds that will follow us as
we expand our knowledge of this geometric theory:

Example 5.1.9. The simplest possible case of a Poisson manifold is one in which the Poisson
brackets are identically 0, i.e.

{f, g} = 0, ∀ f, g ∈ C∞(M).

Naturally, such a bracket obeys all the necessary properties for it to be a Poisson bracket
but, naturally, it is not an interesting case of a Poisson manifold. ♮

Example 5.1.10. A slightly more interesting example of a Poisson bracket is that of a
constant one, in which M = Rm and πij(p) = cij ∈ R, for all p ∈ Rm. Thus, we may write
the constant Poisson bracket of the maps f, g ∈ C∞(M) as

{f, g} =
m∑

i,j=1

cij
∂f

∂xi
∂g

∂xj
,

or, without mentioning any specific coordinate basis,

{f, g} = (∇f)tC∇g,

where C ∈Mm(R) is an arbitrary anti-symmetric m×m matrix with real entries cij . As one
can easily see, the bracket defined previously obeys all the properties necessary of a Poisson
bracket including Jacobi identity, since it trivially satisfies Eq. (5.5). ♮

Example 5.1.11. One other class of important examples of Poisson manifolds are precisely
symplectic manifolds. As seen in Chapter 4, it is possible to define Hamiltonian vector fields
by iXH

ω = dH for each H ∈ C∞(M) by this definition, the Lie bracket of two Hamiltonian
vector fields Xf and Xg is also a Hamiltonian vector field Xω(Xf ,Xg). This fact prompts us
to define the canonical Poisson bracket:

{f, g}can = −ω(Xf , Xg). (5.6)

In particular, for R2s with coordinates (q1, . . . , qs, p1, . . . , ps), the canonical symplectic struc-

ture takes the form ω =
s∑
i=1

dqi∧dpi. For this structure, we can show that the Poisson bracket

takes the canonical form:

{f, g} =
s∑
i=1

(
∂f

∂pi

∂g

∂qi
− ∂f

∂qi
∂g

∂pi

)
.

As we shall see in the future, symplectic structures are essential to the study of Poisson
structures as they are, in some sense, the building blocks of all the possible Poisson structures
we can introduce on a manifold. ♮
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Example 5.1.12. The final class of examples is that of linear Poisson brackets. This type of
Poisson brackets arises by considering a vector space V and a Poisson bracket {·, ·} on C∞(V )

that produces a linear function if both its entries are linear, i.e. since the linear functions
on V are just the elements of the dual of V (C∞

lin(V ) = V ∗), we have that {V ∗, V ∗} ⊆ V ∗.
Using the local definition of the brackets for a (global) coordinate chart (U, (x1, . . . , xm)) on

M such that, any element v ∈ V can be written as v =
m∑
i=1

xi ei for some basis {e1, . . . , em}

of V , we obtain that the coefficients appearing in Eq. (5.4) are of the form πij =
m∑
k=1

cijk x
k,

so the bracket for linear maps f, g ∈ V ∗ is just

{f, g} |U =

m∑
i,j,k=1

cijk x
k ∂f

∂xi
∂g

∂xj
.

Furthermore, if we look at the Jacobi identity that the bracket {·, ·} must obey or, equiva-
lently, the PDE in Eq. (5.5) that the given πij ’s must satisfy, we obtain a relation for the
constants cijk :

m∑
ℓ=1

(
ciℓp c

jk
ℓ + ckℓp cijℓ + cjℓp c

ki
ℓ

)
= 0,

which is the same relation obeyed by the structure constants of a Lie algebra on V ∗.

Conversely, and more generally, if (g, [·, ·]) is a real finite-dimensional Lie algebra, we
may associate to each element ℓ ∈ g to the evaluation map evℓ : g

∗ → R, defined by

evℓ : g
∗ −→ R

λ 7−→ λ(ℓ)

Then, for these evaluation maps, we may define a Poisson bracket {·, ·} on C∞(g∗) as

{evℓ1 , evℓ2}
def
= ev[ℓ1,ℓ2], ∀ ℓ1, ℓ2 ∈ g. (5.7)

For the general case of a map f ∈ C∞(g∗), we must consider the differential structure
present in g. Let λ ∈ g∗ and f∗(λ) : Tλg∗ → R be the derivative map of f . We may identify
Tλg

∗ ∼= g∗ and, so, f∗(λ) ∈ (g∗)∗ ∼= g which allows us to rewrite the Poisson bracket in (5.7)
as

{f, g} (λ) = λ([f∗(λ), g∗(λ)]), ∀λ ∈ g∗. (5.8)

If we give a basis {e1, . . . , en} to the Lie algebra g, with associate coordinates in g∗ given
by {x1, . . . , xn}, then it is possible to rewrite Eq. (5.8) in a local form since, now,

λ =

n∑
a=1

λa x
a, f∗(λ) =

n∑
a=1

∂f

∂xa
(λ) ea (analogous for g).
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Then, by defining the structure constants kcab of the Lie algebra g by [ea, eb] =
n∑
c=1

kcab ec,

{f, g} (λ) = λ

([
n∑
a=1

∂f

∂xa
(λ) ea,

n∑
b=1

∂g

∂xb
(λ) eb

])
= λ

 n∑
a,b=1

∂f

∂xa
(λ)

∂g

∂xb
(λ)[ea, eb]


=

n∑
a,b=1

∂f

∂xa
(λ)

∂g

∂xb
(λ)λ

(
n∑
c=1

kcab ec

)
=

n∑
a,b,c=1

∂f

∂xa
(λ)

∂g

∂xb
(λ)kcab λ(ec)

=

n∑
a,b,c=1

kcab λc
∂f

∂xa
(λ)

∂g

∂xb
(λ).

Thus, we obtain a linear Poisson bracket on g∗. These prove the following statement:

Proposition 5.1.13. For any finite-dimensional vector space g, there is a natural one-to-
one correspondence{

Linear Poisson brackets
{·, ·} on g∗

}
1:1←−−−→

{
Lie algebra structures

[·, ·] on g

}
,

established by relation (5.7).

For a Lie algebroid A, given its space of sections has the structure of a Lie algebra, it
is also possible to define a ‘linear’ Poisson structure on the dual A∗ of A. Since such a
discussion requires introduction of more concepts that would break the natural progression
of the chapter, we shall delay such a discussion for the section at the end of the present
chapter. ♮

5.2 Poisson and Hamiltonian Automorphisms and Vector

fields

Following the notion of a Poisson morphism and the category of Poisson manifolds, it
is also important to explore particular structures obtained by studying the isomorphisms
(or, in particular, the automorphisms) of this category. Thus, given a Poisson manifold
(M, {·, ·}), if a Poisson morphism Φ : M → M is also a diffeomorphism, we shall call Φ a
Poisson automorphism or Poisson diffeomorphism and denote:

Aut(M, {·, ·}) =
{
Φ ∈ Diff(M)

∣∣ {f ◦ Φ, g ◦ Φ} = {f, g} ◦ Φ ∀ f, g ∈ C∞(M)
}
. (5.9)

Proposition 5.2.1. The pair
(
Aut(M, {·, ·}), ◦

)
forms a group which is a subgroup of

(Diff(M), ◦), the group of diffeomorphism in a manifold M , i.e. Aut(M, {·, ·}) ≤ Diff(M)

as groups.
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Proof. It is clear that idM ∈ Aut(M, {·, ·}) and that, if Φ ∈ Aut(M, {·, ·}) then also Φ−1 ∈
Aut(M, {·, ·}). To conclude that

(
Aut(M, {·, ·}), ◦

)
forms a subgroup of (Diff(M), ◦), let

Φ,Ψ ∈ Aut(M, {·, ·}) and f, g ∈ C∞(M). Then:

{f ◦ (Φ ◦Ψ), g ◦ (Φ ◦Ψ)} = {(f ◦ Φ) ◦Ψ, (g ◦ Φ) ◦Ψ} = {f ◦ Φ, g ◦ Φ} ◦Ψ

= ({f, g} ◦ Φ) ◦Ψ = {f, g} ◦ (Φ ◦Ψ),

so Φ ◦Ψ ∈ Aut(M, {·, ·}) and we obtain the result. Q.E.D.

Infinitesimally, we may also define Poisson vector fields the following way:

Definition 5.2.2. In a Poisson manifold (M, {·, ·}), a Poisson vector field X is a vector
field such that its flow FltX is a (local) Poisson diffeomorphism, i.e. for all t ∈ R and
f, g ∈ C∞(M), one gets that

(FltX)∗ {f, g} =
{
(FltX)∗f, (FltX)∗g

}
, on dom(FltX).

Remark 5.2.3. Following the fact that Poisson diffeomorphisms are also considered to be
automorphisms in the category of Poisson manifolds, we can conclude that a Poisson vector
field is, in fact, an infinitesimal Poisson automorphism. Hence, in the sequel, we may treat
these vector fields as such.

These Poisson vector fields on (M, {·, ·}) admit the following characterisation:

Proposition 5.2.4. Let (M, {·, ·}) be a Poisson manifold and X ∈ X(M) a vector field on
M . Then, X is a Poisson vector field on (M, {·, ·}) if and only if X is a derivation of the
Poisson bracket {·, ·}, i.e. if, for all f, g ∈ C∞(M),

X({f, g}) = {X(f), g}+ {f,X(g)} . (5.10)

Proof. =⇒) Let FltX be the flow of X. Since X is a Poisson vector field, FltX is a Poisson
diffeomorphism and, thus, by differentiating the defining expression of such Poisson
diffeomorphisms at t = 0, we get

d

dt

(
{f, g} ◦ FltX

)∣∣∣∣
t=0

= X({f, g}), (∗)

by the definition of the flow of a vector field, and

d

dt

( {
f ◦ FltX , g ◦ Fl

t
X

} )∣∣∣∣
t=0

=

{
d

dt
f ◦ FltX , g ◦ Fl

t
X

}∣∣∣∣
t=0

+

{
f ◦ FltX ,

d

dt
g ◦ FltX

}∣∣∣∣
t=0

=

{
d

dt
(FltX)∗f

∣∣∣∣
t=0

, g ◦ Fl0X
}
+

{
f ◦ Fl0X ,

d

dt
(FltX)∗g

∣∣∣∣
t=0

}
= {X(f), g}+ {f,X(g)} . (†)

This implication is obtained by comparing Eqs. (∗) and (†).
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⇐=) Let us now assume that X ∈ X(M) is a vector field satisfying Eq. (5.10) for any
f, g ∈ C∞(M). Let p ∈M and consider a smooth function

γ : I ⊆ R −→ R

t 7−→ ((Fl−tX )∗
{
(FltX)∗f, (FltX)∗g

}
)(p),

where I ⊆ R is a real interval containing 0. Then, by the properties of the flow of a
vector field, γ(0) = {f, g} (p) and

d

dt
γ(t) =

d

dt
((Fl−tX )∗

{
(FltX)∗f, (FltX)∗g

}
)(p)

=
( {

(FltX)∗f, (FltX)∗g
} )

∗(Fl
−t
X (p))

(
d

dt
(Fl−tX (p))

)
+

(
(Fl−tX )∗

(
d

dt

{
(FltX)∗f, (FltX)∗g

}))
(p)

=
( {

(FltX)∗f, (FltX)∗g
} )

∗(Fl
−t
X (p))(−XFl−t

X (p))

+

(
(Fl−tX )∗

({
d

dt
(FltX)∗f, (FltX)∗g

}
+

{
(FltX)∗f,

d

dt
(FltX)∗g

}))
(p)

= −X(
{
(FltX)∗f, (FltX)∗g

}
)(Fl−tX (p)) +

(
(Fl−tX )∗

( {
X((FltX)∗f), (FltX)∗g

}
+
{
(FltX)∗f,X((FltX)∗g)

} ))
(p)

=
(
(Fl−tX )∗

(
−X(

{
(FltX)∗f, (FltX)∗g

}
) +

{
X((FltX)∗f), (FltX)∗g

}
+
{
(FltX)∗f,X((FltX)∗g)

} ))
(p)

= 0

where, in the last equality we used the fact that X satisfies Eq. (5.10). Therefore,
since γ(0) = {f, g} (p) and d

dtγ(t) = 0 for all t ∈ I, we conclude that γ(t) = {f, g} (p),
for all t ∈ I. In conclusion, through an obvious transformation, we get the result, for
all t ∈ R:

(FltX)∗ {f, g} =
{
(FltX)∗f, (FltX)∗g

}
on dom(FltX). Q.E.D.

Hence, we may define the real vector space of all Poisson vector fields as the set of vector
fields obeying a Leibniz rule relative to the Poisson bracket. We shall denote such a vector
space as

aut(M, {·, ·}) =
{
X ∈ X(M)

∣∣X is a Poisson vector field of (M, {·, ·})
}
. (5.11)

Proposition 5.2.5. For a Poisson manifold (M, {·, ·}), the Lie algebra of infinitesimal
Poisson automorphisms

(
aut(M, {·, ·}), [·, ·]

)
is a Lie subalgebra of (X(M), [·, ·]), i.e.[

aut(M, {·, ·}), aut(M, {·, ·})
]
⊆ aut(M, {·, ·})

and we shall denote aut(M, {·, ·}) ≤ X(M) as Lie algebras.
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Proof. Let X,Y ∈ aut(M, {·, ·}) be Poisson vector fields and f, g ∈ C∞(M). Then,

[X,Y ]({f, g}) = X(Y ({f, g}))− Y (X({f, g}))

= X({Y (f), g}+ {f, Y (g)})− Y ({X(f), g}+ {f,X(g)})

= {X(Y (f)), g}+ {Y (f), X(g)}+ {X(f), Y (g)}+ {f,X(Y (g))}

− {Y (X(f)), g} − {X(f), Y (g)} − {Y (f), X(g)} − {f, Y (X(g))}

= {[X,Y ](f), g}+ {f, [X,Y ](g)} ,

where, in the second and third equalities, we used the fact that X,Y are Poisson vector
fields, in the second equality, the R-linearity of the vector fields and we note that the terms
in red and teal cancel out. Thus, we obtain that [X,Y ] ∈ aut(M, {·, ·}) and conclude the
result. Q.E.D.

One other very important type of vector fields comes directly from the fact that a Poisson
bracket must obey the Leibniz rule. These shall be called the Hamiltonian vector fields and
they can be defined so we have an agreement with the same notion in symplectic geometry:

Definition 5.2.6. The Hamiltonian vector field associated to a smooth map H ∈ C∞(M)

is the unique vector field XH such that, for any f ∈ C∞(M):

XH(f)
def
= {H, f} . (5.12)

We shall denote the real vector space of all Hamiltonian vector fields by

ham(M, {·, ·}) def
=
{
Xf ∈ X(M)

∣∣ f ∈ C∞(M)
}
, (5.13)

and we obtain the following result:

Proposition 5.2.7. For a Poisson manifold (M, {·, ·}), the set of Hamiltonian vector fields,
ham(M, {·, ·}), forms a Lie subalgebra of X(M), i.e.[

ham(M, {·, ·}), ham(M, {·, ·})
]
⊆ ham(M, {·, ·}).

More precisely, for any f, g ∈ C∞(M), one gets that

[Xf , Xg] = X{f,g}. (5.14)

Proof. Expression is equivalent to the Jacobi identity, since, by applying the LHS of Eq. (5.14)
to h ∈ C∞(M), we get

[Xf , Xg](h) = Xf (Xg(h))−Xg(Xf (h)) = Xf ({g, h})−Xg({f, h})

= {f, {g, h}}+ {g, {h, f}} = −{h, {f, g}}

= X{f,h}(h),

where we used the anti-symmetry of the Poisson brackets as well as the definition of Hamilto-
nian vector fields to obtain the result. Q.E.D.
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In particular, we can relate the Hamiltonian vector fields with the infinitesimal Poisson
automorphisms the following way:

Proposition 5.2.8. Let (M, {·, ·}) be a Poisson manifold. Then the Lie algebra of Hamilto-
nian vector fields forms a Lie ideal of aut(M, {·, ·}), i.e.[

aut(M, {·, ·}), ham(M, {·, ·})
]
⊆ ham(M, {·, ·})

and we shall denote ham(M, {·, ·}) ⊴ aut(M, {·, ·}) as Lie algebras.

Proof. Let f, g ∈ C∞(M) and Y ∈ aut(M, {·, ·}). Then,

[Y,Xf ](g) = Y (Xf (g))−Xf (Y (g)) = Y ({f, g})− {f, Y (g)}

= {Y (f), g}+ {f, Y (g)} − {f, Y (g)} = {Y (f), g} = XY (f)(g),

where, in the second and fifth equalities we used the definition of Hamiltonian vector
fields and, in the third equality, that Y is an infinitesimal Poisson automorphism. Thus,
we conclude that [Y,Xf ] = XY (f) ∈ ham(M, {·, ·}) and, therefore, that ham(M, {·, ·}) ⊴

aut(M, {·, ·}) as Lie algebras. Q.E.D.

From Propositions 5.2.7 and 5.2.8, we can reorganise the Lie algebras of vector fields,
Hamiltonian vector fields and infinitesimal Poisson automorphisms as:

ham(M, {·, ·}) ⊴ aut(M, {·, ·}) ≤ X(M) as Lie algebras. (5.15)

One could now question if we find an equivalent relation between the different collections
of diffeomorphisms but, unfortunately, that is not so evident because we do not necessarily
know whether there is a collection of Poisson automorphisms which, infinitesimally, corres-
pond to the Lie algebra of Hamiltonian vector fields. In an attempt to remedy the lack of
such a set, we introduce the following notion of a Hamiltonian diffeomorphism:

Definition 5.2.9. Let (M, {·, ·}) be a Poisson manifold.

1) A diffeomorphism ϕ :M →M is called a Hamiltonian automorphism or Hamiltonian
diffeomorphism if there is a smooth family of diffeomorphisms Φt :M →M (t ∈ [0, 1])
with Φ0 = idM and Φ1 = ϕ such that there exists a smooth family of functions{
Ht ∈ C∞(M)

∣∣ t ∈ [0, 1]
}

on M with

d

dt
Φt(p) = (XHt

)Φt(p), ∀ (p, t) ∈M × [0, 1].

2) The collection of Hamiltonian automorphisms is denoted Ham(M, {·, ·}) and it is called
the Hamiltonian Group of (M, {·, ·}).
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A family
{
Φt
∣∣ t ∈ [0, 1]

}
as in the previous definition is called a Hamiltonian isotopy

of (M, {·, ·}). Note that Φt is the flow of the time-dependent vector field XHt
. With this

definition, we can show that an analogue of the relation in equation (5.15) is still valid.
Firstly, though, we shall show that the algebra of Hamiltonian vector fields is, in fact the
infinitesimal version of this Lie group:

Proposition 5.2.10. For a Poisson manifold (M, {·, ·}), the group of Hamiltonian auto-
morphisms, Ham(M, {·, ·}), forms a normal subgroup of Aut(M, {·, ·}), and we shall denote
Ham(M, {·, ·}) ⊴ Aut(M, {·, ·}) as groups.

Proof. Firstly, it is clear that Ham(M, {·, ·}) ⊆ Aut(M, {·, ·}). In fact, given ϕ ∈ Ham(M, {·, ·}),
if
{
Φt
∣∣ t ∈ [0, 1]

}
is the Hamiltonian isotopy associated with ϕ, then, since XHt

is a Hamilto-
nian vector field,

XHt
(
{
f ◦ Φt, g ◦ Φt

}
) =

{
XHt

(f ◦ Φt), g ◦ Φt
}
+
{
f ◦ Φt, XHt

(g ◦ Φt)
}

=

{
d

dt
(f ◦ Φt), g ◦ Φt

}
+

{
f ◦ Φt, d

dt
(g ◦ Φt)

}
=

d

dt

{
f ◦ Φt, g ◦ Φt

}
.

Moreover, by the properties of the pull-back, we get that

XHt({f, g} ◦ Φt) =
d

dt
({f, g} ◦ Φt).

Thus, for any p ∈ M , both functions of t ∈ R given by {f ◦ Φt, g ◦ Φt} and {f, g} ◦ Φt

are solutions of the same initial-value problem of the same linear ODE. Hence, they must
coincide, i.e. {f ◦ Φt, g ◦ Φt} = {f, g} ◦ Φt on M for all t ∈ R and, so Φt ∈ Aut(M, {·, ·}),
for all t ∈ [0, 1]. In particular, for t = 1, we get that ϕ ∈ Aut(M, {·, ·}).

Next, we show that (Ham(M, {·, ·}), ◦) forms a group and, in particular, a subgroup of
Aut(M, {·, ·}). Naturally, the Hamiltonian isotopy related to the identity map is just the
Φt = idM , ∀ t ∈ [0, 1] (which corresponds to Ht ≡ 0, ∀ t ∈ [0, 1]) and for the inverse map ϕ−1

of ϕ, the Hamiltonian isotopy is just
{
(Φt)−1

∣∣ t ∈ [0, 1]
}
. Then one can quickly note that,

given ϕ, ψ ∈ Ham(M, {·, ·}) with Hamiltonian isotopies
{
Φt
∣∣ t ∈ [0, 1]

}
and

{
Ψt
∣∣ t ∈ [0, 1]

}
,

respectively, such that d
dtΦ

t(p) = (XHt
)Φt(p) and d

dtΨ
t(p) = (XKt

)Ψt(p) we can construct
the Hamiltonian isotopy for the composition ψ ◦ ϕ as

{
Ψt ◦ Φt

∣∣ t ∈ [0, 1]
}
. Therefore, for

any p ∈M ,

d

dt
(Ψt ◦ Φt)(p) = (Ψt)∗(Φ

t(p))

(
d

dt
Φt(p)

)
+

d

ds

(
Ψs ◦ Φt(p)

)∣∣∣∣
s=t

= (Ψt)∗(Φ
t(p))((XHt

)Φt(p)) + (XKt
)(Ψt◦Φt)(p)

= ((Ψt)∗XHt)(Ψt◦Φt)(p) + (XKt)(Ψt◦Φt)(p)

= ((Ψ−t)∗XHt
)(Ψt◦Φt)(p) + (XKt

)(Ψt◦Φt)(p)

=
(
(Ψ−t)∗XHt +XKt

)
(Ψt◦Φt)(p)

.
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Since XHt is a Hamiltonian vector field of (M, {·, ·}) and Ψt is a Poisson automorphism of
(M, {·, ·}) for all t, given an arbitrary function f ∈ C∞(M), by Lemma 1.1.59,(

(Ψt)∗XHt

)
(f) = XHt(f ◦Ψ−t) ◦Ψt =

{
Ht, f ◦Ψ−t} ◦Ψt

=
{
Ht ◦Ψt, f

}
= X(Ψt)∗Ht

(f).

Therefore, we get that

d

dt
(Ψt ◦ Φt)(p) =

(
X(Ψ−t)∗Ht

+XKt

)
Ψt◦Φt(p)

=
(
X(Ψ−t)∗Ht+Kt

)
Ψt◦Φt(p)

,

where, in the second equality we used the fact that, given two Hamiltonian vector fields
Xf , Xg ∈ ham(M, {·, ·}) of two functions f, g ∈ C∞(M), for any h ∈ C∞(M),

(Xf +Xg)(h) = Xf (h) +Xg(h) = {f, h}+ {g, h} = {f + g, h} = Xf+g(h).

Thus, we conclude that ψ ◦ ϕ is Hamiltonian diffeomorphism and, consequently, that
Ham(M, {·, ·}) is a subgroup of Aut(M, {·, ·}).

Finally, to show that Ham(M, {·, ·}) is a normal subgroup, let ψ ∈ Aut(M, {·, ·}) and
ϕ ∈ Ham(M, {·, ·}). Then, we claim that

{
αt = ψ−1 ◦ Φt ◦ ψ

∣∣ t ∈ [0, 1]
}

is a Hamiltonian
isotopy of ψ−1 ◦ ϕ ◦ ψ. Clearly α0 = idM and α1 = ψ−1 ◦ ϕ ◦ ψ. Furthermore, given p ∈M ,

d

dt
αt(p) =

d

dt

(
ψ−1 ◦ Φt ◦ ψ(p)

)
= (ψ−1)∗(Φ

t ◦ ψ(p))
(

d

dt
Φt(ψ(p))

)
= (ψ−1)∗(Φ

t ◦ ψ(p))((XHt)Φt◦ψ(p)) = (ψ−1
∗ XHt)(ψ−1◦Φt◦ψ)(p)

= (ψ∗XHt
)ψ−1◦Φt◦ψ(p) = (Xψ∗Ht

)ψ−1◦Φt◦ψ(p),

where, in the second-to-last equality we used the definition of the pull-back of vector
fields and, in the last equality, that ψ is a Poisson automorphism. Hence, ψ−1 ◦ ϕ ◦ ψ ∈
Ham(M, {·, ·}) is a Hamiltonian automorphism and Ham(M, {·, ·}) is a normal subgroup of
Aut(M, {·, ·}). Q.E.D.

Thus, as we previously obtained for the vector fields, we conclude that

Ham(M, {·, ·}) ⊴ Aut(M, {·, ·}) ≤ Diff(M) as groups. (5.16)
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5.3 Poisson Bivectors

An alternative way to analyse Poisson structures is through the introduction of multi-
vector fields. Motivated by expression (5.4) and repeated here for convenience

{f, g}U =

m∑
i,j=1

πij
∂f

∂xi
∂g

∂xj
, πij ∈ C∞(U), (5.4)

we shall explore the case of biderivations, i.e. the case of elements in X2(M). This case
is a special one since it corresponds to anti-symmetric R-bilinear maps from C∞(M)×2 to
C∞(M) satisfying the Leibniz rule, i.e., all the properties of a Poisson bracket apart from
the Jacobi identity. To introduce this identity, it is necessary to make use of the Schouten
bracket. The following proposition succinctly expresses the connection between Poisson
brackets and bivector fields:

Theorem 5.3.1. Let M be a smooth manifold. There is a natural one-to-one correspondence{
Poisson brackets
{·, ·} on M

}
1:1←−−−→

{
Bivector fields π ∈ X2(M)

such that [π, π] = 0

}
. (5.17)

established by the relation

π(df, dg) = Dπ(f, g) = {f, g} , for all f, g ∈ C∞(M). (5.18)

Proof. To conclude the result, we need only to compute, for any π ∈ X2(M) under the
identification (5.18), the Schouten bracket [π, π] ∈ X3(M) of any functions f, g, h ∈ C∞(M).
For that purpose, we use Eqs. (1.56) and (1.57) and identify f1 = f, f2 = g, f3 = h:

[π, π](df, dg,dh) = D[π,π](f, g, h)

=
∑

σ∈S1,2

sgn(σ)
(
Dπ(fσ(1),Dπ(fσ(2), fσ(3)))

− (−1)1×1Dπ(fσ(1),Dπ(fσ(2), fσ(3)))
)

= 2
∑

σ∈S1,2

sgn(σ)Dπ

(
fσ(1),Dπ(fσ(2), fσ(3))

)
= 2

∑
σ∈S1,2

sgn(σ)π
(
dfσ(1),d(π(dfσ(2),dfσ(3)))

)
= 2
(
π
(
df, d(π(dg,dh))

)
− π

(
dg,d(π(df, dh))

)
+ π

(
dh,d(π(df, dg))

))
= 2
(
{f, π(dg,dh)} − {g, π(df, dh)}+ {h, π(df, dg)}

)
= 2
(
{f, {g, h}} − {g, {f, h}}+ {h, {f, g}}

)
= 2
(
{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}}

)
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Thus, we get that

1

2
[π, π](df, dg,dh) = {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} , (5.19)

and, thus, the bracket {·, ·} satisfies the Jacobi identity if and only if its associated bideriv-
ation π ∈ X2(M) satisfies [π, π] = 0. Q.E.D.

Locally, if {·, ·} is expressed as in (5.4), its associated bivector field π ∈ X2(M) can
locally be written as

π|U =
1

2

m∑
i,j=1

πij
∂

∂xi
∧ ∂

∂xj
.

Furthermore, this identification allows us to define

Definition 5.3.2. A bivector field π ∈ X2(M) satisfying [π, π] = 0 is called a Poisson
structure or Poisson bivector field in M . Following this, we also call (M,π) a Poisson
manifold.

Proposition 5.3.3. Let X ∈ X(M) be a vector field in a Poisson manifold (M,π). The
following conditions are equivalent:

(i) X is a Poisson vector field, i.e. X ∈ aut(M,π);

(ii) π is invariant over the flow of X, i.e. (FltX)∗π = π on dom(FltX), for all t ∈ R;

(iii) LXπ = [X,π] = 0.

Proof. (i) ⇐⇒ (ii): Let X be a Poisson vector field and FltX : M → M its flow. Since X is
(also) an infinitesimal Poisson automorphism, FltX is a Poisson automorphism. Thus,
given p ∈ dom(FltX) and f, g ∈ C∞(M),

(
π(df, dg) ◦ FltX

)
p
=
(
{f, g} ◦ FltX

)
p
=
( {
f ◦ FltX , g ◦ Fl

t
X

} )
p

=
(
π(d(f ◦ FltX),d(g ◦ FltX))

)
p
=
(
π((FltX)∗df, (FltX)∗dg)

)
p

=
(
((FltX)∗π)(df, dg)

)
FltX(p)

=
(
((FltX)∗π)(df, dg) ◦ FltX

)
p
,

where, in the fifth equality, we used the fact that, for any multivector field θ ∈ Xk(M)

and any map ϕ :M →M :

(ϕ∗θ)(α1, . . . , αk) = ϕ∗
(
θ(ϕ∗α1, . . . , ϕ

∗αk)
)
, ∀α1, . . . , αk ∈ Ω1(M).

Thus, for points on im(FltX), we get that (FltX)∗π = π or, equivalently, for points on
dom(FltX), we get (FltX)∗π = π.
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(i)⇐⇒ (iii): Let f, g ∈ C∞(M). Using Eqs. (1.56) and (1.57), for any vector field X ∈ X(M)

we can write the Schouten bracket [X,π] as

[X,π](df, dg) = (−1)0X(π(df, dg))− (−1)1×0(−1)0π(df, d(X(g)))

− (−1)0×1(−1)1π(dg,d(X(f)))

= X(π(df, dg))− π(df, d(X(g)))− π(d(X(f)),dg).

Now, noting that π(df, dg) = {f, g} we obtain

[X,π](df, dg) = X({f, g})− {f,X(g)} − {X(f), g} .

Thus, since f, g ∈ C∞(M) are arbitrary, we get that X is a Poisson vector field if and
only if [X,π] = 0. Q.E.D.

5.3.1 Induced Poisson Map: π♯ : T ∗M → TM

Given a bivector field π ∈ X2(M), it is possible to obtain an induced map

π♯ : T ∗M −→ TM

α 7−→ iαπ

where α ∈ T ∗
pM for some p ∈M and

iα :
∧k+1 TpM −→

∧k TpM
θ 7−→ iαθ

is the interior product (of multivectors) defined by (iαθ)(β1, . . . , βk) = θ(α, β1, . . . , βk), for
all β1, . . . , βk ∈ T ∗

pM . Naturally, we shall denote the induced map between sections of
the tangent and cotangent bundles by the same symbol π♯ : Ω1(M) → X(M). Thus, it
is possible to express the condition [π, π] = 0 in terms of π♯ using the following operation
between 1-forms:

[α, β]π
def
= Lπ♯αβ − Lπ♯βα− d(π(α, β)). (5.20)

Using Cartan’s magical formula, the previous expression takes the form

[α, β]π = iπ♯αdβ + d(β(π♯α))− iπ♯βdα− d(α(π♯β))− d(π(α, β))

= iπ♯αdβ − iπ♯βdα+ d(β(π♯α))− d(α(π♯β))− d(π(α, β))

= iπ♯αdβ − iπ♯βdα+ d(π(α, β))− d(π(β, α))− d(π(α, β))

Thus, cancelling out the terms in red and using the anti-symmetry of π, it is also possible
to describe the bracket as

[α, β]π = iπ♯αdβ − iπ♯βdα+ d(π(α, β)). (5.21)

We now introduce some of the properties of this bracket.
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Proposition 5.3.4. Let π ∈ X2(M) be a bivector field associated with the biderivation {·, ·}.
The bracket [·, ·]π defined on Ω1(M) is the unique R-bilinear, anti-symmetric operation in
Ω1(M) such that

(i) [df, dg]π = d {f, g}, for all f, g ∈ C∞(M) (Action of [·, ·]π on exact 1-forms);

(ii) [α, fβ]π = f [α, β]π + (π♯α(f))β, for all f ∈ C∞(M) and α, β ∈ Ω1(M) (Leibniz
rule).

Proof. Firstly, it is clear that the bracket [·, ·]π defined in Eq. (5.21) is R-bilinear and anti-
-symmetric. Furthermore, we can quickly check that it obeys properties (i) and (ii) given:

(i) Let f, g ∈ C∞(M). Then we can easily get

[df, dg]π = iπ♯dfd
2g − iπ♯dgd

2f + d(π(df, dg)) = d {f, g} ;

(ii) Given f ∈ C∞(M) and α, β ∈ Ω1(M), we have:

[α, fβ]π = iπ♯αd(fβ)− iπ♯(fβ)dα+ d(π(α, fβ))

= iπ♯α(df ∧ β + fdβ)− iπ♯(fβ)dα+ d(π(α, fβ))

= (iπ♯αdf)β − (iπ♯αβ)df + f iπ♯αdβ − if π♯βdα+ d(fπ(α, β))

= (π♯α(f))β − (iπ♯αβ)df + f(iπ♯αdβ − iπ♯βdα+ d(π(α, β))) + π(α, β)df

= (π♯α(f))β + f [α, β]π,

where the terms in red cancel out.

As for the uniqueness, suppose there is an R-bilinear, anti-symmetric bracket ⟨·, ·⟩ obeying
properties (i) and (ii). Then, given a chart (U,φ = (x1, . . . , xm)) on M , we may write
α, β ∈ Ω1(M) and π ∈ X2(M) locally as

α|U =

m∑
i=1

αi dx
i, β|U =

m∑
i=1

βi dx
i and π|U =

1

2

m∑
i,j=1

πij
∂

∂xi
∧ ∂

∂xj
.

Therefore,

π(α, β)|U =

m∑
i,j=1

πijαiβj ,

so we get

d(π(α, β)) =

m∑
i,j,k=1

(
∂πij

∂xk
αiβj + πij

∂αi
∂xk

βj + πijαi
∂βj
∂xk

)
dxk

and also

π♯α = iαπ =

m∑
i,j=1

πijαi
∂

∂xj
,
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with a similar expression for π♯β. Moreover,

iπ♯αdβ − iπ♯βdα =

m∑
i,j=1

∂βj
∂xi

dxi ∧ dxj

 m∑
k,ℓ=1

πkℓαk
∂

∂xℓ


−

m∑
i,j=1

∂αj
∂xi

dxi ∧ dxj

 m∑
k,ℓ=1

πkℓβk
∂

∂xℓ


=

m∑
i,j,k=1

πij
(
∂αk
∂xi

βj +
∂αj
∂xk

βi − αj
∂βk
∂xi
− αi

∂βj
∂xk

)
dxk.

Joining the previous expressions, we get that

[α, β]π = iπ♯αdβ − iπ♯βdα+ d(π(α, β))

=

m∑
i,j,k=1

(
πij

∂αk
∂xi

βj − αjπij
∂βk
∂xi

+ αiβj
∂πij

∂xk

)
dxk.

Using the fact that ⟨·, ·⟩ obeys properties (i) and (ii), we obtain

⟨α, β⟩|U =

m∑
i,j=1

(
βjαi d

{
xi, xj

}
− βj(π♯(dxj)(αi))dxi + αiπ

♯(dxi)(βj)dx
j
)

=

m∑
i,j=1

(
βjαi

m∑
n=1

m∑
k,ℓ=1

∂πkℓ

∂xn
δikδ

j
ℓ dx

n − βj
1

2

m∑
k,ℓ=1

πkℓ
(
δjk
∂αi
∂xℓ
− δjℓ

∂αi
∂xk

)
dxi

+ αi
1

2

m∑
k,ℓ=1

πkℓ
(
δik
∂βj
∂xℓ
− δiℓ

∂βj
∂xk

)
dxj
)

=

m∑
i,j,k=1

(
αiβj

∂πij

∂xk
− βjπji

∂αk
∂xi

+ αjπ
ji ∂βk
∂xi

)
dxk

So, we conclude that, locally, ⟨α, β⟩ = [α, β]π and, since, by the Leibniz property, the
brackets [·, ·]π and ⟨·, ·⟩ are local, we conclude they coincide for all α, β ∈ Ω1(M). Q.E.D.

Proposition 5.3.5. If π ∈ X2(M) is a bivector field with associated biderivation {·, ·}, and
bracket [·, ·]π in Ω1(M), the following conditions are equivalent:

(i) [π, π]SN = 0;

(ii) π♯ : (Ω1(M), [·, ·]π)→ (X(M), [·, ·]) is a bracket preserving map;

(iii) [·, ·]π obeys the Jacobi identity.

Proof. (i)⇐⇒ (ii): Consider the following R-bilinear anti-symmetric bracket:

⟨·, ·⟩ : Ω1(M)× Ω1(M) −→ Ω1(M)

(α, β) 7−→ [π♯α, π♯β]− π♯[α, β]π
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Then, by the Leibniz rule obeyed both by the Lie bracket [·, ·] and by [·, ·]π, we get
that ⟨·, ·⟩ is a C∞(M)-bilinear map. Indeed, for f ∈ C∞(M) and α, β ∈ X(M),

⟨α, fβ⟩ = [π♯α, π♯(fβ)]− π♯[α, fβ]π = [π♯α, fπ♯β]− π♯(f [α, β]π + (π♯α(f))β)

= (π♯α(f))π♯β + f [π♯α, π♯β]− fπ♯[α, β]π − (π♯α(f))π♯β

= f⟨α, β⟩,

where the terms in red cancel out. Notice that condition (ii) is equivalent to ⟨α, β⟩ = 0,
for all α, β ∈ Ω1(M). Moreover, since, locally, Ω1(M) is generated as a C∞(M)-module
by dC∞(M), condition (ii) is, then, equivalent to ⟨df, dg⟩ = 0, for all f, g ∈ C∞(M).
But, because the Hamiltonian vector field associated to a function f ∈ C∞(M) can
be written as Xf = π♯df , we conclude that

⟨df, dg⟩ = [Xf , Xg]− π♯[df, dg]π = [Xf , Xg]− π♯d {f, g} = [Xf , Xg]−X{f,g}.

As explained in the proof of Proposition 5.2.7, X{f,g} = [Xf , Xg] is equivalent to the
Jacobi identity, which, in turn, is equivalent to [π, π]SN = 0, proving the equivalence
(i) ⇐⇒ (ii).

(ii)⇐⇒ (iii): Using the same notation as in the previous equivalence for ⟨α, β⟩ = [π♯α, π♯β]−
π♯[α, β]π, given α, β, γ ∈ Ω1(M) and f ∈ C∞(M), by the properties of [·, ·]π,

[α, [β, fγ]π]π = [α, f [β, γ]π]π + [α, (π♯β(f))γ]π

= f [α, [β, γ]π]π + π♯α(f)[β, γ]π + π♯β(f)[α, γ]π + π♯α(π♯β(f))γ,

[β, [fγ, α]π]π = f [β, [γ, α]π]π + π♯β(f)[γ, α]π − π♯α(f)[β, γ]π − π♯β(π♯α(f))γ

[fγ, [α, β]π]π = f [γ, [α, β]π]π − π♯[α, β]π(f)γ

so,

[α, [β, fγ]π]π + [β, [fγ, α]π]π + [fγ, [α, β]π]π

= f
(
[α, [β, γ]π]π + [β, [γ, α]π]π + [γ, [α, β]π]π

)
+ ⟨α, β⟩(f)γ.

From this expression, we directly obtain that, if (iii) holds, then ⟨α, β⟩(f) = 0 for all
f ∈ C∞(M), i.e. ⟨α, β⟩ = 0 and (ii) holds. Reciprocally, if (ii) holds, then, again, it is
equivalent to say that ⟨df, dg⟩ = 0 for all f, g ∈ C∞(M). Using the properties of the
bracket [·, ·]π, we get that

[df, [dg,dh]π]π + [dg, [dh,df ]π]π + [dh, [df, dh]π]π

= d
(
{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}}

)
= 0,

and, thus, condition (iii) holds. Q.E.D.
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The bracket [·, ·]π together with the map π♯ : T ∗M → TM endows the vector bundle
T ∗M

τ̂M−−−→M with a structure of a Lie algebroid.

Returning to the description of the map π♯ : T ∗M → TM , we remember that the
definition of a Hamiltonian vector field XH of a map H ∈ C∞(M) implies that

XH(f)
def
= {H, f} = π(dH,df) = idf idHπ = idf (π

♯dH), ∀ f ∈ C∞(M), (5.22)

thus, an alternative way to describe an Hamiltonian vector field is

XH
def
= π♯dH. (5.23)

Therefore, since, for p ∈ M , we have that1 C∞(M)
(d ·)p−−−−→→ T ∗

pM , we conclude that for a
given point p ∈ M the image of π♯p : T ∗

pM → TpM is equal to the set of all Hamiltonian
vector fields evaluated at p:

im(π♯p) =
{
(XH)p ∈ TpM

∣∣H ∈ C∞(M)
}
⊆ TpM, (5.24)

which is a linear subspace of TpM . The union of all these subspaces,

im(π♯) =
∐
p∈M

im(π♯p) ⊆ TM

is a tangent distribution which, in general, is a singular smooth distribution.

Theorem 5.3.6. The distribution im(π♯) is involutive.

Proof. It is enough to show that, for a Poisson manifold (M,π), given α, β ∈ Ω1(M),
[π♯α, π♯β] ∈ im(π♯). However, by Proposition 5.3.5, π♯ : Ω1(M) → X(M) is a Lie algebra
homomorphism, thus [π♯α, π♯β] = π♯[α, β]π ∈ im(π♯). Q.E.D.

As we shall see, this distribution plays a central role in the local description of Poisson
manifolds.

Returning to our previous examples, we can see that:

Example 5.3.7. For the Zero Poisson bracket, it is clear that the Poisson bivector is
identically 0, π ≡ 0. Similarly, for the case of the constant Poisson brackets on Rm,
considering (x1, . . . , xm) to be the coordinates on Rm associated to the canonical basis

of Rm, {f, g} =
m∑

i,j=1

cij ∂f∂xi
∂g
∂xj = π(df, dg), so the Poisson bivector is a constant section of∧

2 TRm → Rm, since π = 1
2

m∑
i,j=1

cij ∂
∂xi ∧ ∂

∂xj . ♮

1To obtain the surjectivity of this map, simply consider, for a chart (U ⊆ M, (x1, . . . , xm)) and for any
covector η =

∑
i ηi(dx

i)p ∈ T ∗
pM (ηi ∈ R, ∀ i = 1, . . . ,m), the linear functions H =

∑
i ηix

i, whose
derivative at p is H∗(p) = (dH)p =

∑
i ηi(dx

i)p = η.
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Example 5.3.8. Following the Symplectic structures introduced in Example 5.1.11, the
Poisson bivector field associated to the canonical Poisson bracket on R2s is

πcan =

s∑
i=1

∂

∂pi
∧ ∂

∂qi
. (5.25)

More generally, as seen in Chapter 4, for a symplectic manifold (M,ω), it is possible to
define a vector bundle isomorphism ω♭ : TM → T ∗M . Calling π♯ = (ω♭)−1 : T ∗M → TM ,
which is an isomorphism, we may define a bivector field π ∈ X2(M) such that,

π(α, β) = −ω
(
(ω♭)−1α, (ω♭)−1β

)
, ∀α, β ∈ Ω1(M), (5.26)

which, by the non-degeneracy of ω is also non-degenerate. In fact, if, for every p ∈ M ,
α ∈ T ∗

pM is such πp(α, β) = 0, for all β ∈ T ∗
pM , then −ωp(π♯pα, π♯pβ) = 0, for all β ∈ T ∗

pM ,
so, since π♯ is an isomorphism (for every p ∈ M), ωp(π♯pα, v) = 0, for all v ∈ TpM . Thus,
π♯pα = 0 by the non-degeneracy of ω and, therefore, α = 0 because π♯ is an isomorphism.

Expression (5.26) extends Eq. (5.6) to non-exact 1-forms. Moreover, we can prove the
converse result and arrive at the following proposition:

Proposition 5.3.9. There is a canonical one-to-one correspondence:{
Non-degenerate bivector

fields π ∈ X2(M)

}
1:1←−−−→

{
Non-degenerate

2-forms ω ∈ Ω2(M)

}
, (5.27)

established by the condition

π♯ = (ω♭)−1 : T ∗M −→ TM (5.28)

Particularly, one gets that{
Non-degnenerate Poisson

bivectors π ∈ X2(M)

}
1:1←−−−→

{
Symplectic

2-forms ω ∈ Ω2(M)

}
.

Proof. One of the implications was already seen above. For the other implication, let π ∈
X2(M) be a non-degenerate bivector field and define a 2-form:

ω(X,Y ) = −π
(
(π♯)−1X, (π♯)−1Y

)
, ∀X,Y ∈ X(M). (5.29)

Following the same procedures as previously, let p ∈M and v ∈ TpM such that ωp(v, u) = 0,
for all u ∈ TpM . Since ω♭ = (π♯)−1 is an isomorphism, we get that πp(ω♭pv, α) = 0, for all
α ∈ T ∗

pM . Thus, by the non-degeneracy of π, ω♭pv = 0 and, because ω♭ is an isomorphism,
v = 0. Hence, we conclude that ω is non-degenerate.

To show that the correspondence extends to Poisson bivectors and symplectic forms, it
is enough to relate dω with [π, π]. For that, it suffices to compute dω on Hamiltonian vector
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fields π♯df (f ∈ C∞(M)). Taking f, g, h ∈ C∞(M) and using the definition of the exterior
derivative of forms (1.18b):

dω(π♯df, π♯dg, π♯dh) = π♯df
(
ω(π♯dg, π♯dh)

)
− π♯dg

(
ω(π♯df, π♯dh)

)
+ π♯dh

(
ω(π♯df, π♯dg)

)
− ω([π♯df, π♯dg], π♯dh)− ω([π♯dg, π♯dh], π♯df)− ω([π♯dh, π♯df ], π♯dg)

= −π♯df
(
π(dg,dh)

)
+ π♯dg

(
π(df, dh)

)
− π♯dh

(
π(df, dg)

)
− ω(π♯[df, dg]π, π♯dh)− ω(π♯[dg,dh]π, π♯df)− ω(π♯[dh,df ]π, π♯dg)

= −{f, {g, h}}+ {g, {f, h}} − {h, {f, g}}+ π(d {f, g} ,dh)

+ π(d {g, h} ,df) + π(d {h, f} ,dg)

= −2
(
{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}}

)
= −[π, π](df, dg,dh).

Hence, [π, π] = 0 if and only if dω = 0, finishing the proof. Q.E.D.

Remark 5.3.10. Even though expression (5.26) linking a bivector field π ∈ X2(M) with
a closed 2-form ω ∈ Ω2(M) contains a minus sign, we shall still denote this relation by
π = ω−1.

♮

Example 5.3.11. For the case of linear Poisson structures, considering a Lie algebra (g, [·, ·])
we shall denote the Poisson bivector field by πg ∈ X2(g∗) so that, for all λ ∈ g∗,

(πg)λ((df)λ, (dg)λ) = λ([f∗(λ), g∗(λ)]) (5.30)

If we consider a basis {e1, . . . , en} of g and the associated coordinates {x1, . . . , xn} on g∗,
then we may write πg as

πg =
1

2

n∑
a,b,c=1

kcabx
c ∂

∂xa
∧ ∂

∂xb
,

where [ea, eb] =
n∑
c=1

kcab ec and the factor 1
2 comes from the fact that the wedge product is

anti-symmetric. ♮

Example 5.3.12. One particular class of examples we could not introduce until now are
the log-symplectic manifolds. These occur when a Poisson manifold (M,π), dim(M) = 2n,
is such that the nth exterior power of π is transverse to the zero section of

∧
2n TM , i.e.

π∧n ⋔ 0·∧2n TM . Since
∧
2n TM is a rank 1 bundle over M , we may write π∧n in a local chart

(U, (x1, . . . , x2n)) as

π∧n∣∣
U
= f(x1, . . . , x2n)

∂

∂x1
∧ . . . ∧ ∂

∂x2n
,

where f ∈ C∞(U). Then, the transversality condition for π∧n implies that f∗(x) ̸= 0 for
any x ∈ U such that f(x) = 0. Also, the set Z def

= (π∧n)−1(0), which we call the singular
locus of (M,π), is a (2n−1)-dimensional submanifold of M . The importance of this class of
examples comes from the following proposition, whose proof we shall delay until Section 6.2:
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Proposition 5.3.13. Let (M,π) be a 2n-dimensional log-symplectic manifold with singular
locus Z. Then, for any x ∈ Z, there is a local coordinate chart (U, (u, v, q1, . . . , qn−1, p1, . . . , pn−1))

on M centred at x such that

U ∩ Z =
{
(0, v, q1, . . . , qn−1, p1, . . . , pn−1)

∣∣ v, q1, . . . , qn−1, p1, . . . , pn−1 ∈ R
}

and

π|U = u
∂

∂u
∧ ∂

∂v
+

n−1∑
i=1

∂

∂pi
∧ ∂

∂qi
.

Thus, the Poisson structure near the singular locus is ‘close’ to be symplectic. Moreover,
we can write this ‘close’-symplectic 2-form as

(π|U )−1 =
1

u
dv ∧ du+

n−1∑
i=1

dqi ∧ dpi = dv ∧ d ln |u|+
n−1∑
i=1

dqi ∧ dpi,

which justifies the term ‘log-symplectic’ used for these type of Poisson structures. ♮

5.4 The Poisson Structure on the dual of Lie Algebroids

As we have seen at the end of Section 5.1, every Lie algebra has a linear Poisson structure
on its dual. Since Lie algebroids are, in some sense, an extension of the concept of a Lie
algebra to the bundle setting, is it possible to still have some kind of Poisson structure on the
dual of a Lie algebroid? The answer turns out to be yes and, in fact, this Poisson structure
is linear, although only fibre-wise.

Proposition 5.4.9. For any vector bundle A → M , there is a natural one-to-one corres-
pondence{

Fibre-wise linear Poisson bivectors
π ∈ X2(A∗) on A∗ →M

}
1:1←−−−→

{
Lie Algebroid Structures

([·, ·], a) on A→M

}
,

established by the relations

{evσ, evς}A∗ = ev[σ,ς]A , ∀σ, ς ∈ Γ(A);

{evσ, f ◦ pr}A∗ = a(σ)(f) ◦ pr, ∀σ ∈ Γ(A), f ∈ C∞(M).

Let us start, then, by introducing the notion of a fibre-wise linear multivector field.

Definition 5.4.1. For a vector bundle E pr−→ M , a multivector field θ ∈ Xk(E) is said to
be fibre-wise linear if (ht)∗θ = tk−1θ, ∀ t > 0, where ht is the homogeneity structure on E.
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Since we are only interested in Poisson structures being fibre-wise linear, one also finds an
equivalent definition for (Poisson) bivectors which we shall later prove (Proposition 5.4.7).
Firstly, we require two additional definitions:

Definition 5.4.2. Let E pr−→M be a vector bundle. A basic or fibre-wise constant function
on E is a map f ◦ pr : E → R, where f :M → R is a function on M . The collection of basic
functions on E is denoted by pr∗(C∞(M)).

Definition 5.4.3. For a vector bundle E pr−→ M , a fibre-wise linear function on E is a
function f : E → R such that, for any p ∈ M , f |Ep

is a linear function. The collection of
fibre-wise linear functions on E is denoted by C∞

lin(E).

Proposition 5.4.4. Let E pr−→M be a vector bundle and ht : E × E → E the homogeneity
structure associated to vector bundle structure of E. Then,

(i) for any function f ∈ C∞(E), f is a fibre-wise constant function on E if and only if
(ht)

∗f = f , for all t ∈ R;

(ii) for any function g ∈ C∞(E), g is a fibre-wise linear function on E if and only if
(ht)

∗g = t g, for all t ∈ R;

Proof. (i) The implication from left to right is trivial since pr ◦ ht = pr. Reciprocally,
given local adapted coordinates (xi, ea) on E, since (ht)

∗f = f , we have that

f(xi, ea) = (ht)
∗f(xi, ea) = f(xi, t ea), for all t ∈ R,

hence f does not depend on the coordinates ea in the fibres of E. Since that is the
case, there is a function ϕ :M → R such that f = ϕ ◦ pr, i.e. f is fibre-wise constant.

(ii) Once again, the implication from left to right is clear because, given adapted co-
ordinates (xi, ea) on E, any fibre-wise linear function g can be written as g(xi, ea) =∑
a ga(x) e

a for some functions ga(xi) of the xi’s. Thus,

((ht)
∗g)(xi, ea) = g(xi, t ea) =

∑
a

ga(x
i) tea = t

∑
a

ga(x
i) ea = tg(xi, ea).

As for the opposite implication, we want to check that if g ∈ C∞(E) satisfies (ht)∗g =

tg, for all t ∈ R, then g|Ep is a linear function. Once again, let (xi, ea) be local adapted
coordinates of E. Then we get that

g(xi, ea) =
d

dt

(
t g(xi, ea)

)
=

d

dt

(
((ht)

∗g)(xi, ea)
)

=
d

dt
g(xi, t ea) =

∑
a

ea
∂g

∂ea
.

The solution to this partial differential equation is simply that g(xi, ea) =
∑
a ga(x

i) ea

for some functions ga(xi) of the xi’s. Thus, we conclude that g ∈ C∞(E) is a fibre-wise
linear function on E. Q.E.D.
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Proposition 5.4.5. Let E pr−−→ M be a vector bundle and D : C∞(E) → C∞(E) a
derivation of the algebra of smooth functions on E. Then, D is completely determined by
its action on basic functions and fibre-wise linear functions.

Proof. Note that, given that E is a vector bundle, we may prove this result only locally
and then use the different local trivialisation to obtain the result globally. Let p ∈ M and
(U,φ = (x1, . . . , xm)) be a chart of M centred at p. Also, choose adapted coordinates (xi, ea)
(a = 1, . . . , k = rank(E)) in E|U and fix arbitrary ϵ ∈ Ep so that ϵ has coordinates (0, ϵa).
Then, any function f ∈ C∞(E) restricts to f |E|U : E|U ∼= U × Rk → R so, by Hadamard
lemma,

f(xi, ea) = f(0, ϵa) +

m∑
j=1

xj gj(x
i, ea) +

k∑
b=1

(eb − ϵb)hb(xi, ea),

where gi, ha ∈ C∞(U × Rk) are functions such that

gi(0, ϵ
a) =

∂f

∂xi
(0, ϵa) and hb(0, ϵ

a) =
∂f

∂eb
(0, ϵa),

for all i = 1, . . . ,m and a = 1, . . . , k. Then, by the definition of the derivation D,

D(f)(xi, ea) =
m∑
j=1

D(xj) gj(xi, ea) +
m∑
j=1

xj D(gj)(xi, ea)

+

k∑
b=1

D(eb − ϵb)hb(xi, ea) +
k∑
b=1

(eb − ϵb)D(hb)(xi, ea).

Evaluating this expression at ϵ, we get

D(f)(0, ϵa) =
m∑
j=1

D(xj)
∣∣
x=0

gj(0, ϵ
a) +

k∑
b=1

D(eb − ϵb)
∣∣
e=ϵ

hb(0, ϵ
a)

=

m∑
j=1

D(xj)
∣∣
x=0

∂f

∂xj
(0, ϵa) +

k∑
b=1

D(eb − ϵb)
∣∣
e=ϵ

∂f

∂eb
(0, ϵa).

So, at ϵ, which is an arbitrary element of E, D is completely determined by the coefficients
D(xj)

∣∣
x=0

and D(eb−ϵb)
∣∣
e=ϵ

. Therefore, taking f to be fibre-wise constant, f(xi, ea) = f(xi)

and we get that

D(f)(0, ϵa) =
m∑
j=1

D(xj)
∣∣
x=0

∂f

∂xj
(0),

so, knowing the action of D on fibre-wise constant functions we may find the value of the
coefficients D(xj)

∣∣
x=0

. Afterwards, we may choose f to be fibre-wise linear, so f(xi, ea) =∑k
a=1 fa(x

i)ea for some fa ∈ C∞(U) and

D(f)(0, ϵa) =
k∑
b=1

 m∑
j=1

D(xj)
∣∣
x=0

ϵb
∂fb
∂xj

(0) +D(eb − ϵb)
∣∣
e=ϵ

fb(0)

 ,

allowing us to obtain the coefficients D(eb−ϵb)
∣∣
e=ϵ

. Thus, we conclude that D is determined
at any point in E by its action on fibre-wise constant and fibre-wise linear functions, as
required. Q.E.D.
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Remark 5.4.6. Since a multi-derivation is also a derivation when all but one of its entries
is fixed, Proposition 5.4.5 can be extended to include these multi-derivations of E.

Proposition 5.4.7. A bivector field π ∈ X2(E) is fibre-wise linear if and only if the asso-
ciated bilinear form {·, ·}π : C∞(E)× C∞(E)→ C∞(E) satisfies the following conditions:

(i) if f, g ∈ C∞(M), then {f ◦ pr, g ◦ pr}π = 0;

(ii) given f ∈ C∞(M) and g ∈ C∞
lin(E), then {f ◦ pr, g}π ∈ pr∗(C∞(M));

(iii) for f, g ∈ C∞
lin(E), then {f, g}π ∈ C∞

lin(E).

Proof. Let ht : E×E be the homogeneity structure associated to the vector bundle structure
of E pr−−→ M , let p ∈ M and let (U,φ = (x1, . . . , xm)) be a chart centred p in M . Then,
by taking adapted coordinates (xi, ea) on E arising from the given chart in M , for any
e = (xi, ea) ∈ Ep, locally, ht(e) = (xi, tea). Additionally, for any functions f, g ∈ C∞(E),
we get that

((ht)∗π)e((df)e, (dg)e) = πh−1
t (e)

(
((ht)

∗df)h−1
t (e), ((ht)

∗dg)h−1
t (e)

)
= πht−1 (e)(d(f ◦ ht)ht−1 (e),d(g ◦ ht)ht−1 (e)),

therefore, if {f, g}π (e) = πe((df)e, (dg)e),

(ht)∗π(df, dg) = {f ◦ ht, g ◦ ht}π ◦ ht−1 . (∗)

=⇒) From (∗), and the definition of a fibre-wise multivector field, we get that, for f, g ∈
C∞(M) and κ, ℓ ∈ C∞

lin(E),

t {f ◦ pr, g ◦ pr}π (e) = {f ◦ pr ◦ ht, g ◦ pr ◦ ht}π (ht−1(e))

= {f ◦ pr, g ◦ pr}π (ht−1(e));

t {κ, ℓ}π (e) = {κ ◦ ht, ℓ ◦ ht}π (ht−1(e)) = {t κ, t ℓ}π (ht−1(e))

= t2 {κ, ℓ}π (ht−1(e));

t {f ◦ pr, κ}π (e) = {f ◦ pr ◦ ht, κ ◦ ht}π (ht−1(e))

= {f ◦ pr, t κ}π (ht−1(e)) = t {f ◦ pr, κ}π (ht−1(e)).

Since these expressions are valid for all t > 0, the first of these expressions implies that,
{f ◦ pr, g ◦ pr}π = 0. As for the second expression, we obtain that {κ, ℓ}π (ht−1(e)) =

t−1 {κ, ℓ}π (e), therefore, by Proposition 5.4.4, {κ, ℓ}π ∈ C∞
lin(E). Finally, for the

third expression, we conclude that {f ◦ pr, κ}π (e) = {f ◦ pr, κ}π (ht−1(e)), which, by
Proposition 5.4.4, implies that {f ◦ pr, κ}π ∈ pr∗(C∞(M)).
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⇐=) If the bilinear form associated to the bivector field π ∈ X2(E) satisfies conditions
(i)–(iii), then, by (∗), we get that

(ht)∗π(d(f ◦ pr),d(g ◦ pr)) = {f ◦ pr ◦ ht, g ◦ pr ◦ ht}π ◦ ht−1

= {f ◦ pr, g ◦ pr}π ◦ ht−1

(i)
= 0 = t {f ◦ pr, g ◦ pr}π

(ht)∗π(dκ,dℓ) = {κ ◦ ht, ℓ ◦ ht}π ◦ ht−1 = {t κ, t ℓ}π ◦ ht−1

= t2 {κ, ℓ}π ◦ ht−1

(iii)
= t2−1 {κ, ℓ}π = t {κ, ℓ}π

(ht)∗π(d(f ◦ pr),dκ) = {f ◦ pr ◦ ht, κ ◦ ht}π ◦ ht−1 = {f ◦ pr, t κ}π ◦ ht−1

= t {f ◦ pr, κ}π ◦ ht−1

(ii)
= t {f ◦ pr, κ}π

By the previous proposition, since the algebra of functions C∞(E) is generated by the
set of fibre-wise constant and linear functions, and, because for every point p, T ∗

eE is
generated by (dC∞(E))p, we conclude that (ht)∗π = tπ, i.e. π ∈ X2(M) is a fibre-wise
linear bivector. Q.E.D.

Back to the study of Lie algebroids, we now want to check if, given a Lie algebroid
(A

pr−→ M, [·, ·]A, a), we can define a Poisson structure on the dual A∗. Similarly to what
was done in the case of Lie algebras, we start by defining the Poisson bracket in A∗ for the
evaluation evσ ∈ C∞

lin(A
∗) for σ ∈ Γ(A) as

{evσ, evς}A∗ = ev[σ,ς]A . (5.31)

In fact, it can be shown that all linear functions on A∗ come from sections of A:

Proposition 5.4.8. The following map is a C∞(M)-module isomorphism:

Γ(A)
∼=−−→ C∞

lin(A
∗)

σ 7−−→ evσ
(5.32)

where evσ : A∗ → R is the evaluation map such that, for p ∈ M and α ∈ A∗
p, evσ(α) =

α(σ(p)).

Proof. Let xi be coordinates in M , and ea a local frame in A such that (xi, va) are local
coordinates on A∗. Given a section σ ∈ Γ(A), we can represent it locally as σ(xi) =∑
a σ

a(xi) ea, for σa ∈ C∞(M) for all indices a. Then, the evaluation map is, locally,
evσ(x

i, va) =
∑
a vaσ

a(xi) or, without mention of the point in A∗, evσ =
∑
a σ

ae∗a, which
shows that the map given in (5.32) is a (injective) C∞(M)-module homomorphism.
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To finish the proof, it is enough to show that any element of C∞
lin(A

∗) comes from some
section of A. Since a fibre-wise linear function f ∈ C∞

lin(A
∗) on A∗ must have that (ht)∗f =

tf , for all t ∈ R, where ht : A∗×A∗ → A∗, we have that f(xi, tva) = tf(xi, va), meaning that
we can locally write f as f =

∑
a f

a e∗a, with fa ∈ C∞(M), i.e. f = evσ for σ =
∑
a f

a ea,
proving the statement of the proposition. Q.E.D.

Then, by Propositions 5.4.5 and 5.4.7, to fully define a fibre-wise linear bivector on A,
we need an additional relation between a fibre-wise linear function and a fibre-wise constant
function. Given the Lie algebroid structure on A, we define, for a section σ ∈ Γ(A) and a
function f ∈ C∞(M),

{evσ, f ◦ pr′}A∗ = a(σ)(f) ◦ pr′, (5.33)

where pr′ = Hom(pr,R) : A∗ → M is the projection obtained from the one in A → M by
dualisation. To check that the associated bivector field π ∈ X2(A∗) is Poisson, we need only
to check the Jacobi identity, which, by Proposition 5.4.5 is sufficient if we consider only all
possible combinations of three maps of fibre-wise constant and fibre-wise linear maps. Let
σ1, σ2, σ3 ∈ Γ(A) and f1, f2, f3 ∈ C∞(M). Then,

{f1 ◦ pr, {f2 ◦ pr, f3 ◦ pr}A∗}A∗ + {f2 ◦ pr, {f3 ◦ pr, f1 ◦ pr}A∗}A∗

+ {f3 ◦ pr, {f1 ◦ pr, f2 ◦ pr}A∗}A∗

= {f1 ◦ pr, 0}A∗ + {f2 ◦ pr, 0}A∗ + {f3 ◦ pr, 0}A∗ = 0

{f1 ◦ pr, {f2 ◦ pr, evσ1
}A∗}A∗ + {f2 ◦ pr, {evσ1

, f1 ◦ pr}A∗}A∗

+ {evσ1
, {f1 ◦ pr, f2 ◦ pr}A∗}A∗

= {f1 ◦ pr,−a(σ1)(f2) ◦ pr}A∗ + {f2 ◦ pr, a(σ1)(f1) ◦ pr}A∗ + {evσ1
, 0}A∗

= 0 + 0 + 0 = 0

{f1 ◦ pr, {evσ1 , evσ2}A∗}A∗ + {evσ1 , {evσ2 , f1 ◦ pr}A∗}A∗ + {evσ2 , {f1 ◦ pr, evσ1}A∗}A∗

=
{
f1 ◦ pr, ev[σ1,σ2]A

}
A∗ + {evσ1

, a(σ2)(f1) ◦ pr}A∗ + {evσ2
,−a(σ1)(f1) ◦ pr}A∗

= −a([σ1, σ2]A)(f1) ◦ pr + a(σ1)(a(σ2)(f1)) ◦ pr− a(σ2)(a(σ1)(f1) ◦ pr

= −
(
a([σ1, σ2]A)− a(σ1) ◦ a(σ2) + a(σ2) ◦ a(σ1)

)
(f1) ◦ pr

= −
(
[a(σ1), a(σ2)]− [a(σ1), a(σ2)]

)
(f1) ◦ pr = 0

{evσ1
, {evσ2

, evσ3
}A∗}A∗ + {evσ2

, {evσ3
, evσ1

}A∗}A∗ + {evσ3
, {evσ1

, evσ2
}A∗}A∗

=
{
evσ1

, ev[σ2,σ3]A

}
A∗ +

{
evσ2

, ev[σ3,σ1]A

}
A∗ +

{
evσ3

, ev[σ1,σ2]A

}
A∗

= ev[σ1,[σ2,σ3]A]A + ev[σ2,[σ3,σ1]A]A + ev[σ3,[σ1,σ2]A]A

= ev[σ1,[σ2,σ3]A]A+[σ2,[σ3,σ1]A]A+[σ3,[σ1,σ2]A]A = ev0 = 0
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Thus, {·, ·}A∗ defines a fibre-wise linear Poisson bracket on A∗. In general, we have the
following result:

Proposition 5.4.9. For any vector bundle A → M , there is a natural one-to-one corres-
pondence{

Fibre-wise linear Poisson bivectors
π ∈ X2(A∗) on A∗ →M

}
1:1←−−−→

{
Lie Algebroid Structures

([·, ·], a) on A→M

}
,

established by relations

{evσ, evς}A∗ = ev[σ,ς]A , ∀σ, ς ∈ Γ(A);

{evσ, f ◦ pr}A∗ = a(σ)(f) ◦ pr, ∀σ ∈ Γ(A), f ∈ C∞(M).

Proof. We have already seen that every Lie algebroid structure has an inherited Poisson
structure on its dual. Now, we check the converse result.

Let π ∈ X2(A∗) be a fibre-wise linear Poisson structure on a vector bundle A∗ → M .
We want to see that the dual bundle A → M inherits a Lie algebroid structure. Since π
is a fibre-wise linear bivector field, by Propositions 5.4.7 and 5.4.8, we get that, if {·, ·}π :

C∞(A∗)× C∞(A∗)→ C∞(A∗) is the bilinear form associated to π,

{f ◦ pr, g ◦ pr}π = 0, {f ◦ pr, evς}π = g ◦ pr and {evσ1 , evσ2}π = evς (∗)

for some f, g ∈ C∞(M) and σ1, σ2, ς ∈ Γ(A). Then, define [·, ·]A to be bilinear bracket
structure on Γ(A) such that {evσ1 , evσ2} = ev[σ1,σ2]A . This expression automatically gives
that [·, ·]A satisfies the Jacobi identity.

The second expression of (∗), allows us to define a map α : Γ(A)× C∞(M) → C∞(M)

such that, for any f ∈ C∞(M) and σ ∈ Γ(A), {f ◦ pr, evσ} = α(σ, f)◦pr. Using the Leibniz
rule of the Poisson bracket, we get that

α(σ, fg) ◦ pr = {(fg) ◦ pr, evσ}π = {(f ◦ pr)(g ◦ pr), evσ}π
= {f ◦ pr, evσ}π (g ◦ pr) + (f ◦ pr) {g ◦ pr, evσ}π
= (α(σ, f) ◦ pr)(g ◦ pr) + (f ◦ pr)(α(σ, g) ◦ pr)

= (α(σ, f) g) ◦ pr + (f α(σ, g)) ◦ pr = (α(σ, f) g + f α(σ, g)) ◦ pr

hence, α is a derivation in the second entry. Moreover, noting that evfσ = (f ◦ pr) evσ, by
the first expression of (∗) and again by the Leibniz rule for the Poisson bracket,

α(fσ, g) ◦ pr = {g ◦ pr, evfσ}π = {g ◦ pr, (f ◦ pr)evσ}π
= {g ◦ pr, f ◦ pr}π (evσ) + (f ◦ pr) {g ◦ pr, evσ}π
= (f ◦ pr)(α(σ, g) ◦ pr) = (f α(σ, g)) ◦ pr
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i.e. α is C∞(M)-linear in the first entry. Thus, there exists a vector bundle morphism
a : A → TM covering the identity such that2 a(σ)(f) = −α(σ, f), for all σ ∈ Γ(A) and
f ∈ C∞(M) and,

ev[σ1,fσ2]A = {evσ1 , evfσ2}π = {evσ1 , (f ◦ pr) evσ2}π
= {evσ1

, f ◦ pr}π evσ2
+ (f ◦ pr) {evσ1

, evσ2
}π

= (a(σ1)(f) ◦ pr)evσ2 + (f ◦ pr)ev[σ1,σ2]A

= eva(σ1)(f)σ2
+ evf [σ1,σ2]A = ev+a(σ1)(f)σ2+f [σ1,σ2]A ,

hence, we get the Leibniz rule [σ1, fσ2]A = f [σ1, σ2]A + a(σ1)(f)σ2 and we conclude that
the triple (A, [·, ·]A, a) is a Lie algebroid. Q.E.D.

To finish this section, we give a few examples of this fibre-wise linear Poisson structure
on the dual of Lie algebroids:

Example 5.4.10. Naturally, linear Poisson structures in the dual of a Lie algebra are special
cases of the previous construction. ♮

Example 5.4.11. As we have seen previously, TM is a Lie algebroid with the anchor being
the identity and bracket the usual Lie bracket of vector fields. This implies that T ∗M

always has a fibre-wise linear Poisson structure. The evaluations in this case are maps
evX : T ∗M → R such that evX(α) = α(Xτ̂M (α)). Locally, choosing adapted coordinates
(xi, αi) on T ∗M , the evaluation of a vector field X (locally expressed as X = Xi ∂

∂xi ), then
the evaluation takes the form

evX(xi, αi) =

m∑
j=1

Xj(xi)αj .

Then, we get that

{evX , evY }T∗M (xi, αi) = ev[X,Y ](x
i, αi) =

m∑
j=1

[X,Y ]j(xi)αj

=

m∑
j,k=1

(
Xk(xi)

∂Y j

∂xk
− Y k(xi)∂X

j

∂xk

)
αj

=

m∑
k=1

(
∂

∂αk
(Xℓαℓ)

∂

∂xk
(Y jαj)−

∂

∂αk
(Y ℓαℓ)

∂

∂xk
(Xjαj)

)

=

m∑
k=1

(
∂ evX
∂αk

∂ evY
∂xk

− ∂ evY
∂αk

∂ evX
∂xk

)
,

where, in the third line, the sums in j and ℓ are implicit. Thus, the fibre-wise linear Poisson
structure on the cotangent bundle (as the dual of the tangent bundle as a Lie algebroid) is
the canonical Poisson bracket on T ∗M . ♮

2In this expression, the negative sign serves only so that the Leibniz rule expression for a Lie algebroid (3.3)
gets the familiar positive sign.



Chapter 6

Local Structure of Poisson

Manifolds

In this chapter, we continue our study of Poisson manifolds by delving deeper into the
local structure one can find in this class of geometries. In the first section, we reflect on
the symplectic structures arising from the foliation induced by the Poisson bivector as well
as the orbits obtained by Hamiltonian vector fields. Section 6.2 deals with one of the most
important results in Poisson geometry, Weinstein’s splitting theorem, which allows us to be
able to always rewrite the Poisson structure into a symplectic part and a remainder and we
also discuss the notion of the isotropy Lie algebra arising from the Poisson bivector. The
final section finalises the chapter by studying the remainder part obtained from Weinstein’s
theorem and show that, even though this portion of the Poisson structure could be different
at each point and each symplectic leaf, they are, in fact isomorphic to each other.

149
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6.1 Symplectic Foliation

As seen in the Section 5.3, the introduction of the induced map π♯ : T ∗M → TM allowed
us to define a singular smooth distribution from its image, imπ♯ = π♯(T ∗M) ⊆ TM . This
image is a rather important object when studying Poisson structures on a manifold and,
hence, it deserves a special name.

Definition 6.1.1. The characteristic distribution of a Poisson manifold (M,π) is the sin-
gular involutive distribution im(π♯) = π♯(T ∗M) whose fibres are given by the Hamiltonian
vector fields at each point:

im(π♯p) = π♯p(T
∗
pM) =

{
(Xf )p

∣∣ f ∈ C∞(M)
}
. (6.1)

Since the characteristic distribution is singular, the dimension of its integral leaves are
not the same. Thus, it is useful to introduce the notion of the individual dimensions of the
characteristic distribution at each point of the manifold

Definition 6.1.2. Given a Poisson manifold (M,π) and p ∈ M , the rank of the Poisson
structure at a point p ∈M , denoted by rank(πp), is the integer dim(im(π♯p)) ∈ Z⩾0.

Proposition 6.1.3. Let (M,π) be a Poisson manifold and im(π♯) its characteristic distri-
bution.

(i) The rank of (M,π) is even at every point;

(ii) The map rank(π) :M → R is bounded and lower semi-continuous;

Proof. Let (U,φ = (x1, . . . , xm)) be a chart and define, for each p ∈ U , the matrix Πp ∈
Mn(R) whose entries are (Πp)ij = {xi, xj} (p). Then, it is rather straightforward that Πp is
an anti-symmetric matrix, for all p ∈ U , thus its rank is even and, as a function of the point
p ∈ U , is bounded and lower semi-continuous. Q.E.D.

Moreover, given this (involutive) distribution, we have the following results:

Theorem 6.1.4. For a Poisson manifold (M,π), the characteristic distribution im(π♯) is
integrable.

Proof. Since, by Theorem 5.3.6, the characteristic distribution is involutive, to apply the
generalised Frobenius theorem 2.4.4 it is enough to show that the rank of π is constant
along the flow of any Hamiltonian vector field. Let X be a Hamiltonian vector field and
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p ∈M . Since, by Proposition 5.3.3, (FltX)∗π = π, the following diagram commutes

T ∗
pM TpM

T ∗
FltX(p)M TFltX(p)M

π♯
p

T∗
p FltX TpFl

t
X

π♯

Flt
X

(p)

Moreover, locally, FltX is a diffeomorphism, thus both T ∗
pFl

t
X and TpFl

t
X are isomorphisms

(of vector spaces) and, therefore, dim(im(π♯p)) = dim(im(π♯
FltX(p)

)). Q.E.D.

Theorem 6.1.5. Let (M,π) be a Poisson manifold and N be an integral submanifold of
im(π♯). Then, the Poisson structure π induces a symplectic structure on N given, for each
p ∈ N , by:

(ωN )p(u, v) = −πp(α, β), (6.2)

for all u, v ∈ TpN and α, β ∈ T ∗
pM such that π♯pα = u and π♯pβ = v. Moreover, this

symplectic structure is such that the inclusion ι : (N,ω−1
N ) ↪→ (M,π) is a Poisson morphism.

Proof. Let N ⊆M be an integral manifold of im(π♯) and ι : N ↪→M be the inclusion map.
To conclude the result, we need only to show that π|N = ι∗π : T ∗N → TN is non-degenerate.
Take p ∈ N and α ∈ T ∗

pN such that (π|N )p(α, β) = 0, for all β ∈ T ∗
pN . In this condition,

β
(
(π|N )♯pα

)
= 0, for all β ∈ T ∗

pN , thus (π|N )♯pα = 0, i.e. α ∈ ker((π|N )♯p). Because the
induced map is fibre-wise linear we get that dim

(
codom((π|N )♯p)

)
= dim

(
im((π|N )♯p)

)
+

dim
(
ker((π|N )♯p)

)
, thus

dim
(
ker((π|N )♯p)

)
= dim

(
codom((π|N )♯p)

)
− dim

(
im((π|N )♯p)

)
= dimTpN − dim im(π♯p) = 0

So, we conclude that α = 0 and π|N is non-degenerate. Hence, by Proposition 5.3.9, we may
find a symplectic form ωN ∈ Ω2(N) satisfying Eq. (6.2).

Finally, we note that ι : N ↪→ M is a Poisson morphism. For that, let f, g ∈ C∞(M)

and we, then, get

ω−1
N (d(f ◦ ι),d(g ◦ ι)) = π|N (ι∗df, ι∗dg) = ι−1

∗
(
(ι∗π|N )(df, dg)

)
= ι∗

(
(ι∗ι

∗π)(df, dg)
)
= π(df, dg) ◦ ι,

which concludes the proof. Q.E.D.

Definition 6.1.6. The integral leaves of im(π♯) are called the symplectic leaves of the
Poisson manifold (M,π) and the integral foliation of im(π♯) is also called the symplectic
foliation of M .
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Theorem 6.1.7. Let M be a manifold and D ⊆ TM a smooth involutive distribution with
integral foliation F so that D = TF . If D is such that

(i) for every point p ∈M , the leaf Fp of F at p has a symplectic structure ωFp
;

(ii) for any f ∈ C∞(M), the rough vector field Xf given, for all p ∈ M , by (Xf )p =

(ω♭Fp
)−1
p (d(f |Fp

))p is differentiable in M ;

then M has a unique Poisson structure π such that im(π♯) = TF = D and ω−1
Fp

= π|Fp
, for

all p ∈M .

Proof. Since each leaf Fp has a symplectic structure such that ωFp
= ωFq

for every p, q ∈
Fp = Fq, it also has a Poisson structure such that πFp = ω−1

Fp
and, by (ii), we can write, for

any f ∈ C∞(M), a vector field (Xf )p =
(
π♯Fp

d(f |Fp
)
)
p
. Thus, any two Poisson structures

π,ϖ ∈ X2(M) satisfying im(π♯) = TF = im(ϖ♯) and π|Fp
= ω−1

Fp
= ϖ|Fp

give rise to the
same Hamiltonian vector fields in M and, hence, are equal in M .

Let π ∈ X2(M) be a bivector field such that π|Fp
= πFp

. We want to show that π
is a Poisson bivector field for M , i.e. that [π, π] = 0. For this, since we have seen that
[π, π] = 0 is equivalent to the Jacobi identity and {f, g} (p) = {f, g} |Fp(p), it is enough
to show that [π, π]|Fp

= 0 for all p ∈ M . But, [π, π]|Fp
= [π|Fp

, π|Fp
] = [πFp

, πFp
] = 0

because πFp
= ω−1

Fp
, which is a Poisson structure. Moreover, for this Poisson structure, the

characteristic distribution at each point p ∈M is given by

im(π♯p) =
{
(Xf )p

∣∣ f ∈ C∞(M)
}
=
{(
π♯Fp

d(f |Fp
)
)
p

∣∣ f ∈ C∞(M)
}
= im

(
(ω♭Fp

)−1
p

)
.

Since, by (i), ωFp
is a symplectic structure on the leaf Fp, it is non-degenerate and ω♭Fp

is an isomorphism. Therefore, im((ω♭Fp
)−1) = TFp, for all p ∈ M and we conclude that

im(π♯) = TF = D. Q.E.D.

In other words, the previous theorem guarantees that a Poisson structure can be defined
by its symplectic foliation instead of its Poisson bivector field.

Having introduced these results, one could now ask: ‘How does one obtain the symplectic
foliation of a Poisson manifold (M,π)?’ Since the characteristic distribution is generated by
the Lie algebra of Hamiltonian vector fields, given N an integral submanifold of im(π♯),

TpN = im(π♯p) =
{
(XH)p

∣∣H ∈ C∞(M)
}

hence, since the flow of a vector field tangent to a submanifold stays in said submanifold,
choosing any point p ∈ N ,

{
FltXH

(p)
∣∣H ∈ C∞(M) and for all t defined

}
⊆ N
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Repeating this procedure for other points in these flows we may define the following equi-
valence relation:

p ∼ q ⇐⇒ ∃X1, . . . , Xk ∈ ham(M,π) : q = Fl1X1
◦ · · · ◦ Fl1Xk

(p). (6.3)

Then any equivalence class [p]∼ for a point p ∈M is open and entirely contained in a single
symplectic leaf.

Moreover, we can easily check that N ⊆ [p]∼, otherwise, we would be able to take two
distinct points p, q ∈ N such that [q]∼ ̸= [p]∼ and, therefore, N = [q]∼∪[p]∼. However, these
equivalence classes are disjoint, thus, N is a disconnected integral submanifold of im(π♯),
which contradicts the fact that the collection of all integral manifolds of im(π♯) forms a
singular foliation. Therefore, we conclude the following:

Theorem 6.1.8. The symplectic leaves of a Poisson manifold (M,π) are the elements of
the quotient space M/ ∼ for the equivalence relation (6.3).

This theorem then allows us to define the notion of a leaf space of a Poisson manifold:

Definition 6.1.9. The Leaf Space of a Poisson manifold (M,π) is the quotient space M/ ∼
equipped with the quotient topology. To avoid confusion what equivalence relation we are
assuming, we shall denote the leaf space of (M,π) by M/Fπ, where Fπ is the symplectic
foliation of (M,π).

Notice that Theorem 6.1.8 shows that the computation of the symplectic foliation of a
Poisson manifold is rather complicated. In an attempt to partially solve this problem, we
introduce the notion of a Casimir:

Definition 6.1.10. A Casimir function on a Poisson manifold (M,π) is a function C ∈
C∞(M) such that π(dC, df) = {C, f} = 0, for all f ∈ C∞(M).

Proposition 6.1.11. A Casimir function C ∈ C∞(M) on a Poisson manifold (M,π) is
constant along a symplectic leaf of (M,π).

Proof. Let (M.π) be a Poisson manifold, C ∈ C∞(M) be a Casimir function, H ∈ C∞(M)

an arbitrary function and p ∈M . Then, we get that

d

dt
(C ◦ FltXH

(p)) = (XH(C))(FltXH
(p)) = {H,C} (FltXH

(p)) = 0,

i.e. C(FltXH
(p)) = C(p) for any Hamiltonian vector field XH ∈ ham(M,π). Thus, since,

given any symplectic leaf S and two points p, q ∈ S, by Theorem 6.1.8, q = Fl1X1
◦· · ·◦Fl1Xk

(p)

for some X1, . . . , Xk ∈ ham(M,π), we get that

C(q) = C(Fl1X1
◦ · · · ◦ Fl1Xk

(p)) = C(Fl1X2
◦ · · · ◦ Fl1Xk

(p)) = . . . = C(p)

Therefore, we conclude that a Casimir function is constant on an integral leaf of im(π♯).
Q.E.D.
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Thus, even though we might not be able to accurately describe the symplectic leaves
of a Poisson manifold, the level sets of Casimir functions will give us a finer (or complete)
description of the integral manifolds of im(π♯).

Example 6.1.12. Clearly, for symplectic manifolds, im(π♯p) = T ∗
pM and, therefore, the

symplectic foliation is degenerate (i.e. the leaves are the connected components of M). ♮

Example 6.1.13. Recalling now the example of Log-Symplectic structures, there are two
types of symplectic leaves in (M,π): the connected components of (M\Z, η), where η♭ =

(π♯|M\Z)−1 and the leaves inside Z. The leaves in Z are of the form (S, ω|S), where S is a
leaf of F , TF = ker θ and (θ, ω) ∈ Ω1(M)× Ω2(M) is the co-symplectic structure of Z. ♮

Example 6.1.14. Coming back to the linear Poisson structures, the symplectic leaves of
(g∗, πg) correspond to the coadjoint orbits of g∗. Given λ ∈ g∗, the coadjoint orbit is

Oλ =
{
Ad∗gλ

∣∣ g ∈ G},
where g = Lie(G) is the Lie algebra of a connected Lie group G and, for all ℓ ∈ g,

(Ad∗gλ)(ℓ) = λ(Adg−1(ℓ)) = λ

(
d

dt
getℓg−1

∣∣∣∣
t=0

)
.

Additionally, given the expression for the Poisson structure, the Hamiltonian vector field for
a function f ∈ C∞(g∗) at a point λ ∈ g∗ is

(π♯gdf)λ = i(df)λ(πg)λ = λ([f∗(λ), ·]) = ad∗f∗(λ)λ,

where ad∗ : g → gl(g∗) given, for all ℓ1, ℓ2 ∈ g and λ ∈ g∗, by (ad∗ℓ1λ)(ℓ2) = λ([ℓ1, ℓ2]) is
the coadjoint representation of the Lie algebra on its dual. Thus, we get that im

(
(π♯g)λ

)
={

ad∗ℓλ
∣∣ ℓ ∈ g

}
= TλOλ, as expected for the integral submanifolds of the characteristic

distribution. Then, by the proof of Theorem 6.1.5,

ωOλ
(ad∗ℓ1λ, ad

∗
ℓ2λ) = −λ([ℓ1, ℓ2]), λ ∈ g∗, ℓ1, ℓ2 ∈ g. (6.4)

This symplectic form is called the Kirillov-Konstant-Souriau (KKS) symplectic form.
Some more specific examples of this construction is the following:

– (so3(R))∗: Consider the following generators of so3(R):

L1 =


0 0 0

0 0 −1
0 1 0

 , L2 =


0 0 1

0 0 0

−1 0 0

 , L3 =


0 −1 0

1 0 0

0 0 0


Then, the Lie bracket relations for these generators are [Li, Lj ] =

3∑
k=1

εijkLk, where εijk

is the Levi-Civita symbol. Furthermore, it is easy to see that C = (L1)
2+(L2)

2+(L3)
2
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(or, more accurately, evC) is a Casimir function since, for i = 1, 2, 3,

πso3(R)(d(evC),d(evLi
)) = ev[C,Li] = ev∑3

j,k=1 εjik2LjLk
= 0

and the differential of any other function f ∈ C∞((so3(R))∗) can be written from the
generators as a linear combination of the three generators L1, L2, L3. Since the level
sets of this Casimir function are the spheres (L1)

2 + (L2)
2 + (L3)

2 = r2 for r2 ̸= 0

and the point (0, 0, 0) (interpreted as 0 (L1)
∗ + 0 (L2)

∗ + 0 (L3)
∗), we know that the

symplectic leaves for this Poisson structure are contained on these spheres. The rank
of πso3(R) is 2 for all λ ∈ g∗\{(0, 0, 0)} since, if we write λ = λ1L

∗
1 + λ2L

∗
2 + λ3L

∗
3, we

get that

im((πso3(R))λ) =
{
ad∗λℓ

∣∣ ℓ ∈ so3(R)
}
=


3∑

i,j,k=1

εijkλiℓjL
∗
k

∣∣∣∣∣∣ (ℓ1, ℓ2, ℓ3) ∈ R3


which has dimension1 2. Thus, the rank of πso3(R) is either 0 or 2 and, therefore,
the symplectic leaves are, precisely, the connected components of the level sets of the
Casimir C (or, more correctly, of the evaluation evC = (L∗

1)
2 + (L∗

2)
2 + (L∗

3)
2).

– (sl2(R))∗: Let {E,F,H} be the generators of sl2(R) given by

E =

(
0 1

0 0

)
, F =

(
0 0

1 0

)
, H =

(
1 0

0 −1

)
,

such that their Lie bracket relations are

[E,F ] = H, [H,E] = 2E, [H,F ] = −2F.

Following the same procedure done for the case of so3(R), showing that
C = 2(EF + FE) +H2 (or more accurately, evC) is a Casimir function boils down to
proving that [C,E] = [C,F ] = [C,H] = 0:

[C,E] = 2[E,E]F + 2E[F,E] + 2[F,E]E + 2F [E,E] +H[H,E] + [H,E]H

= −2EH − 2HE + 2HE + 2EH = 0

[C,F ] = 2[E,F ]F + 2E[F, F ] + 2[F, F ]E + 2F [E,F ] + [H,F ]H +H[H,F ]

= 2HF + 2FH − 2FH − 2HF = 0

[C,H] = 2[E,H]F + 2E[F,H] + 2[F,H]E + 2F [E,H] + [H2, H]

= −4EF + 4EF + 4FE − 4FE = 0

1The entries of each L∗
i correspond to the coordinates of the vector product a× b where a = (λ1, λ2, λ3)

and b = (ℓ1, ℓ2, ℓ3) with a fixed, so, as we vary b we get the vectors tangent to the plane with normal a
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To compute the rank of the Poisson structure, notice that, choosing λ ∈ (sl2(R))∗,
written as λ = λeE

∗ + λfF
∗ + λhH

∗, for any ℓ, l ∈ sl2(R) with ℓ = ℓeE + ℓfF + ℓhH

(and similar for l with the different font),

(ad∗λℓ)(l) = λ([ℓ, l]) = λ (2(−ℓelf + ℓhle)E + 2(ℓf lh − ℓhlf )F + (ℓelf − ℓf le)H)

= 2λe(−ℓelf + ℓhle) + 2λF (ℓf lh − ℓhlf ) + λh(ℓelf − ℓf le)

= (2λeℓh − λhℓf )E∗(l) + (λhℓe − 2λf ℓh)F
∗(l) + (2λf ℓf − 2λeℓe)H

∗(l).

Hence, we get that

im((πsl2(R))λ) =
{
(2λeℓh−λhℓf )E∗−(2λf ℓh−λhℓe)F ∗−2(λeℓe−λf ℓf )H∗ ∣∣ (ℓe, ℓf , ℓh) ∈ R3

}
,

which, for λ = 0 ∈ (sl2(R))∗ has dimension 0 and, for any λ ∈ (sl2(R))∗\{0}, has
dimension 2.

Then, once again, the rank of the Poisson structure πsl2(R) is either 0 or 2, thus the
symplectic leaves are the connected components of the level sets of the Casimir function
C. Therefore, there are 4 types of symplectic leaves:

1) C > 0: the hyperboloid of one sheet;

2) C < 0: the two components of the hyperboloid of two sheets;

3) C = 0: EF + FE = − 1
2H

2 has two components of the conical surface;

4) (0, 0, 0).

– Heisenberg algebra: h =
{
aX + bY + cZ

∣∣ a, b, c ∈ R
}
, where

X =


0 1 0

0 0 0

0 0 0

 , Y =


0 0 0

0 0 1

0 0 0

 , Z =


0 0 1

0 0 0

0 0 0


and the Lie bracket is the usual commutator of matrices, which means that [X,Y ] = Z

and [X,Z] = [Y,Z] = 0. It is immediate that any Casimir must be independent
of X and Y , since, otherwise, considering any Casimir function C(X,Y, Z), we get
that [C(X,Y, Z), Z] = 0 but [C(X,Y, Z), X] = C(X,−Z,Z) and [C(X,Y, Z), Y ] =

C(Z, Y, Z) which are not both necessarily equal to zero. Since the Poisson structure
must have even rank, it must be either 0 or 2. Taking points in h∗ of the form
αX∗ + βY ∗ + γZ∗, if γ = 0,(

ad∗aX+bY+cZ(αX
∗ + βY ∗)

)
(a′X + b′Y + c′Z) = (αX∗ + βY ∗)((ab′ − ba′)Z) = 0,

so the rank of the Poisson structure for these points is 0. Otherwise, the rank of πh is
2, so we have two types of symplectic leaves:



FCUP
6.2. Weinstein Splitting Theorem 157

1) the points {αX∗ + β Y ∗} for fixed α, β ∈ R;

2) the planes
{
αX∗ + β Y ∗ + γ Z∗ ∣∣α, β ∈ R

}
with fixed γ ∈ R.

The following figure shows the examples of symplectic foliations for the dual of the Lie
algebras mentioned above:

L∗
1 L∗

2

L∗
3

(a) (so3(R))∗

E∗ F ∗

H∗

(b) (sl2(R))∗

X∗
Y ∗

Z∗

(c) (h)∗

Figure 6.1: Representation of the symplectic leaves for certain linear Poisson structures.
♮

6.2 Weinstein Splitting Theorem

Given the study done previously, we can now discuss one of the most fundamental theorems
in Poisson geometry. For the proof of such theorem we require to use Lemma 2.2.3 which
we repeat here for convenience:

Lemma 2.2.3. Let M be a smooth m-dimensional manifold and X1, . . . , Xk be linearly
independent vector fields defined on a neighbourhood V of p ∈M such that

[Xi, Xj ] = 0, 1 ≤ i, j ≤ k.

Then there is a chart on M centred at p, (U ⊆ V ; (x1, . . . , xm)) such that

Xi

∣∣
U
=

∂

∂xi
, 1 ≤ i ≤ k.

Then we introduce the splitting theorem, which is one of the most fundamental theorems
of Poisson geometry and is one of the central results of our study.
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Theorem 6.2.1 (Weinstein Splitting). Let (M,π) be a Poisson manifold and x ∈ M with
rank(πx) = 2s. Then there are local coordinates (U ; q1, . . . , qs, p1, . . . , ps, y

1, . . . , yn) on M

centred at x such that

π|U =

s∑
i=1

∂

∂pi
∧ ∂

∂qi
+

∑
1≤a<b≤n

θab
∂

∂ya
∧ ∂

∂yb
(6.5)

where θab(y) are smooth functions of (y1, . . . , yn) with θab(0) = 0.

Proof. Induction on rank(πx) = 2s: In the case rank(πx) = 0, there is nothing to prove and,
indeed, π looks like Eq. (6.5) for any choice of a local coordinate chart (U,φ = (y1, . . . , yn))

on M centred at x. Assume rank(πx) = 2s with s ≥ 1 . Since πx ̸= 0, there is a local
function p on M , defined around x, such that p(x) = 0 and (Xp)x = π♯x((dp)x) ̸= 0. Using
Lemma 2.2.3, there exists a coordinate chart (W ⊆M ;x1, . . . , xm) on M centred at x such
that Xp|W = ∂

∂x1 . Call q def
= x1 and note that

Xq(q) = 0, Xp(p) = 0, Xq(p) = {q, p} = −1, Xp(q) = {p, q} = 1.

This means thatXq andXp are linearly independent commuting vector fields (since [Xq, Xp] =

X{q,p} = 0) and, once again, we may apply Lemma 2.2.3. Then there exists a coordinate
chart (U ⊆ M ; x̃1, . . . , x̃m) on W centred at x such that, Xq|U = ∂

∂x̃1 and Xp|U = ∂
∂x̃2 .

Up to restricting U around x if necessary, we can take the chart to be (U ; q, p, x̃3, . . . , x̃m)

satisfying

{q, p} = −1,
{
p, x̃i

}
=
{
q, x̃i

}
= 0 (i = 3, . . . ,m).

In these conditions, the Poisson bivector field becomes

π|U =
∂

∂p
∧ ∂

∂q
+

∑
3≤a<b≤m

θab(q, p, x̃3, . . . , x̃m)
∂

∂x̃a
∧ ∂

∂x̃b
. (6.6)

To conclude the result, we need only to show that the functions θab do not depend on the
coordinates q, p. For this, since the Jacobi identity applies to π,

∂

∂q
(θab) = Xp(θ

ab) =
{
p,
{
x̃a, x̃b

}}
=
{
{p, x̃a} , x̃b

}
+
{
x̃a,
{
p, x̃b

}}
= 0

and analogously ∂
∂p (θab) = 0, hence θab does not depend on q, p. Again by the Jacobi

identity, the second factor in Eq. (6.6) defines a Poisson structure around (x̃3 = 0, . . . , x̃m =

0) with rank equal to rank(πx) − 2. Thus, by the induction hypothesis, the result follows.
Q.E.D.
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Alternatively, we may as well describe this local structure of Poisson manifolds without
making any mention to specific charts.

Theorem 6.2.2. Let (M,π) an m-dimensional Poisson manifold, p ∈ M and
rank(πp) = 2h. Then, for an open neighbourhood U ⊆ M of p, there is a Poisson isomor-
phism ϕ = (ϕS , ϕN ) : (U, π|U )

∼=−−→ (S, ω−1
S ) × (N, πN ), where (S, ωS) is a 2h-dimensional

symplectic manifold and N is a (m−2h)-dimensional manifold such that rank
(
(πN )ϕN (p)

)
=

0. Additionally, S and N are unique up to local isomorphism.

This previous theorem defines the so-called Weinstein splitting charts.

Weinstein’s splitting theorem is the analogous in Poisson geometry to Frobenius’ theorem
or Darboux’s theorem for tangent distributions and symplectic structures, respectively. In
the following section, we shall further generalise Weinstein’s theorem to include the notion
of Poisson transversals.

Regular Points

As with the case of distributions, it is possible to distinguish points of a Poisson manifold
according to the rank of the Poisson structure:

Definition 6.2.3. Let (M,π) be a Poisson manifold. A point p ∈ M is called a regular
point if the rank of π is constant on a neighbourhood of p. If said rank is not constant, then
p is called a singular point.

Lemma 6.2.4. The set of regular points of a Poisson manifold (M,π) is open and dense
in M .

Proof. Let (M,π) be a Poisson manifold and R be its set of regular points.

Open: To see that R is open in M , let us prove that the set of singular points S = M\R is
closed. Let p ∈ S be a point in the closure of S. Then, by the definition of closure,
any open neighbourhood U ⊆ M of p in M intersects S and, therefore, there exists
a singular point s ∈ U . Since U is open and contains s, it is a neighbourhood of s
in M . Thus, by definition of a singular point, there exists at least one point q ∈ U
such that rank(πq) ̸= rank(πs) and, so, the rank of π is not constant on U (which is a
neighbourhood of p). Hence, p is a singular point and S = S.

Dense: Given a point p ∈ S, since rank(π) :M → Z⩾0 is bounded (and is integer-valued), it
must have a maximum in any neighbourhood U of p and this point of maximum for
rank(π|U ) turns out to be a regular point for π. Thus, p ∈ R. Q.E.D.
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For a regular point p ∈ M , since the rank of π must be constant, given a splitting
chart (U,φ = (q1, . . . , qs, p1, . . . , ps, y

1, . . . , yn)) centred at p, the Poisson structure must

be constant up to shrinking U around p if necessary, i.e. π|U =

s∑
i=1

∂

∂pi
∧ ∂

∂qi
, and the

characteristic distribution is a linear space:

im(π♯|U ) = span

{
∂

∂q1
, . . . ,

∂

∂qs
,
∂

∂p1
, . . . ,

∂

∂ps

}
.

Thus, near a regular point, im(π♯) is an involutive regular distribution. So, by The-
orem 2.3.12 there is a foliation associated to this distribution whose leaves precisely cor-
respond to the level curves{

(q1, . . . , qs, p1, . . . , ps, y
1, . . . , yn) ∈M

∣∣ (y1, . . . , yn) = (y10 , . . . , y
n
0 )
}
,

as (y10 , . . . , y
n
0 ) varies in Rn. These leaves are symplectic in nature and, for each leaf, the

corresponding symplectic 2-form is ωy0 =
s∑
i=1

dqi ∧ dpi. Hence, in the case of regular points,

Weinstein splitting theorem becomes just Darboux theorem for regular foliations of sym-
plectic manifolds, Proposition 4.3.24. We can also make this result independent of coordinate
charts:

Proposition 6.2.5. Let M be a smooth manifold. There is a natural one-to-one corres-
pondence: {

Regular Poisson
structures on M

}
1:1←−−−→

{
Regular Symplectic

Foliations (F , ωF ) on M

}
,

established by the relation π = ω−1
F and im(π♯) = TF .

Proof. Given a regular Poisson structure π ∈ X2(M), by Theorem 6.1.5, im(π♯) gives a
singular foliation {Nλ}λ∈Λ such that each leaf Nλ has a symplectic structure ωNλ

. Since
this Poisson structure is regular, for any p ∈ Nλ and q ∈ Nλ′ , dim(Nλ) = dim(im(π♯p)) =

dim(im(π♯q)) = dim(Nλ′), so the foliation {Nλ}λ∈Λ is a regular symplectic foliation.
Conversely, if (F , ωF ) is a regular symplectic foliation, by Theorem 6.1.7, there is a unique

Poisson structure π on M satisfying the properties of the Proposition. The regularity of the
foliation guarantees that, given two points p, q ∈ M in distinct leafs of the foliation F ,
dim(im(π♯p)) = dim(Fp) = dim(Fq) = dim(im(π♯q)), i.e. π is a regular Poisson structure.

Q.E.D.
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Singular Points

For singular points, the Poisson structures may have rather complicated behaviours. In
R2, take π = f(x, y) ∂

∂x ∧
∂
∂y which is a Poisson structure. For a singular point (x0, y0),

f(x0, y0) = 0 but f ̸= 0 in a neighbourhood of (x0, y0). Although f could be any smooth
map with these properties, the local classification of these bivectors is not simple. The case
of generic singular points is covered by the following result:

Proposition 6.2.6. Let π = f(x, y) ∂
∂x ∧

∂
∂y ∈ X2(R2) with f(0) = 0 and f∗(0) ̸= 0. Then,

there exists a chart (U, (u, v)) centred at 0 such that π|U = u ∂
∂u ∧

∂
∂v .

Proof. Since f∗(0) = 0, we may define a vector field X = ∂f
∂x

∂
∂y −

∂f
∂y

∂
∂x and apply

Lemma 2.2.3. Hence, there is a chart (U, (v, u)) around (0, 0) ∈ R2 such that X|U = ∂
∂v

∣∣
U

to which we may choose u = f . Thus, ∂f∂x
∂v
∂y −

∂f
∂y

∂v
∂x = X(v) = 1 and

{u, v} = u

(
∂u

∂x

∂v

∂y
− ∂u

∂y

∂v

∂x

)
= uX(v) = u.

Therefore, we conclude that π|U = u ∂
∂u ∧

∂
∂v . Q.E.D.

We are now in condition to prove Proposition 5.3.13 detailing the local structure of
log-symplectic manifolds in a neighbourhood of a point in its singular locus.

Proposition 5.3.13. Let (M,π) be a 2n-dimensional log-symplectic manifold with singular
locus Z. Then, for any x ∈ Z, there is a local coordinate chart (U, (u, v, q1, . . . , qn−1, p1, . . . , pn−1))

on M centred at x such that

U ∩ Z =
{
(0, v, q1, . . . , qn−1, p1, . . . , pn−1)

∣∣ v, q1, . . . , qn−1, p1, . . . , pn−1 ∈ R
}

and

π|U = u
∂

∂u
∧ ∂

∂v
+

n−1∑
i=1

∂

∂pi
∧ ∂

∂qi
.

Proof. Let (U, (q1, . . . , qs, p1, . . . , ps, y
1, . . . , y2r)) be a Weinstein splitting chart centred at

x ∈ Z with n = s + r, where rank(πx) = 2s. We want to show that, since (M,π) is log-
symplectic and x ∈ Z, rank(πx) = 2(n − 1), i.e. s = n − 1 and r = 1. Then the Poisson
structure on M can be written as

π|U = πcan + θ =

s∑
i=1

∂

∂pi
∧ ∂

∂qi
+

∑
1≤a<b≤2r

θab(y)
∂

∂ya
∧ ∂

∂yb
,

for some local functions θab(y) vanishing at y = 0. Computing the nth exterior power of π
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we get

(π|U )∧n = (πcan + θ)∧n =
∑{

All possible combinations containing
s terms of πcan and r terms of θ

}

=
n!

s! r!
θ∧r ∧ (πcan)

∧s =
n!

s! r!
θ∧r ∧

(
s!

∂

∂p1
∧ ∂

∂q1
∧ . . . ∧ ∂

∂ps
∧ ∂

∂qs

)
=
n!

r!
θ∧r ∧ ∂

∂p1
∧ ∂

∂q1
∧ . . . ∧ ∂

∂ps
∧ ∂

∂qs
,

where

θ∧r =
r∧
i=1

∑
1≤ai<bi≤2r

θaibi(y)
∂

∂yai
∧ ∂

∂ybi

contains a product of r coefficients θaibi(y). Thus, since we can write

π∧n = f(y)
∂

∂q1
∧ . . . ∧ ∂

∂qs
∧ ∂

∂p1
∧ · · · ∧ ∂

∂ps
∧ ∂

∂y1
∧ · · · ∧ ∂

∂y2r
,

we get that f(y) has a product of r coefficients θaibi(y) and, so, f∗(x) has the product
of r − 1 coefficients θaibi(0) = 0. This clearly contradicts the hypothesis that (M,π) is a
log-symplectic manifold unless r = 1. Hence,

π|U = πcan + θ =

n−1∑
i=1

∂

∂pi
∧ ∂

∂qi
+ θ12(y)

∂

∂y1
∧ ∂

∂y2

and, applying the previous proposition to θ, we obtain the result. Q.E.D.

It is important to understand that the quick study made here for singular points is, in
fact, very extensive, since the number of Poisson structures near a singular point whose
singularity is of larger order becomes bigger very quickly.
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6.3 Poisson Transversals

In Section 6.1, we have introduced the notion of the symplectic foliation of a Poisson
manifold. However, the leaves of this foliation do not need to have the same dimension of
the manifold itself as expressed by Weinstein splitting theorem2. Hence, it is important to
be able to describe the ‘remainder’ of the dimension of the manifold at each point p ∈ M .
This is precisely what the concepts of Poisson transversals and cosymplectic submanifolds
intend to do.

Definition 6.3.1. Let (M,π) a Poisson manifold, p ∈ M and let S be the symplectic leaf
passing through p. A Poisson transversal of (M,π) relative to S at p is any embedded
submanifold X ⊆M containing p satisfying

TpM = TpS ⊕ TpX, (6.7a)

or, equivalently,
TpM = im(π♯p)⊕ TpX. (6.7b)

Remark 6.3.2. Given any symplectic leaf S on a Poisson manifold (M,π) and a point
p ∈ S, there always exists a Poisson transversal of (M,π) relative to S at p.

Recall that, since im(π♯) = π♯(T ∗M) is a generalised distribution, the dimension of the
characteristic leaf S′ through a point q ∈ X near p may be strictly larger than the dimension
of the leaf S passing through p; hence Eq. (6.7b) may fail at certain points in X because
we might have im(π♯q) ∩ TqX ̸= 0. Regardless, given the continuity of π♯, for any point
q ∈ X sufficiently close to p, X is still transverse to the leaf S′ passing through q, i.e.
TqM = TqS

′ + TqX or, equivalently, TqM = im(π♯q) + TqX.
Moreover, these Poisson transversals are well-behaved with respect to the flow of infini-

tesimal Poisson automorphisms:

Proposition 6.3.3. Let (M,π) be a Poisson manifold, S a symplectic leaf of (M,π) passing
through a point p ∈ M and X a Poisson transversal of (M,π) relative to S at p. Then,
for any Hamiltonian vector field Y ∈ ham(M,π) such that p ∈ dom(FltY ), Fl

t
Y (S) ⊆ S and

FltY (X) is a Poisson transversal of (M,π) relative to S at FltY (p).

Proof. The fact that FltY (S) ⊆ S is clear by the definition of the characteristic distribution
and the fact that S is an integral submanifold of im(π♯). Thus, to conclude the result, we
need only prove that FltY (X) is a Poisson transversal on (M,π) relative to S at FltY (p). For
that, simply note that, given any v ∈ TpM , (FltY )∗(p)(v) ∈ TFltY (p)M . Since X is a Poisson
transversal relative to S at p, v = u+ w, with u ∈ TpS and w ∈ TpX. Thus,

(FltY )∗(p)(v) = (FltY )∗(p)(u) + (FltY )∗(p)(w) = u′ + w′,

2In fact, these leaves of the symplectic foliation have the same dimension as the manifold only when the
Poisson structure is non-degenerate, which means that it must be precisely a symplectic structure.
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where u′ ∈ TFltY (p)S and w′ ∈ TFltY (p)(Fl
t
Y (X)). To conclude the result, we need only to show

that TFltY (p)S∩TFltY (p)(Fl
t
Y (X)) = 0. For that, suppose that v ∈ TFltY (p)S∩TFltY (p)(Fl

t
Y (X)).

Then, by calling ωS the symplectic form on S, taking any u ∈ TFltY (p)S and by noticing that
FltY is a local diffeomorphism, we get that

(ωS)FltY (p)(v, u) = ((FltY )
∗ωS)p((Fl

t
Y )

−1
∗ (FltY (p))(v), (Fl

t
Y )

−1
∗ (FltY (p))(u))

= (ωS)p(v
′, u′) = 0

where in the second equality we used the fact that Y is an Hamiltonian vector field (so,
in particular, Y ∈ aut(M,π)) to conclude that, when restricted to S, it is an infinitesimal
symplectomorphism and, in the third equality, we notice that v′ = (FltY )

−1
∗ (FltY (p))(v) ∈

TpS ∩ TpX = 0, since X is a Poisson transversal to S at p. Thus, by the non-degeneracy of
the symplectic form ωS , we conclude that v = 0, hence, FltY (X) is a Poisson transversal of
(M,π) relative to S at p. Q.E.D.

Definition 6.3.4. Let (M,π) be a Poisson manifold. A cosymplectic submanifold of (M,π)

is any embedded submanifold X ⊆M such that

TpM = TpX + π♯p((TpX)◦), for all p ∈ X, (6.8)

where (TpX)◦ =
{
α ∈ T ∗

pM
∣∣α|TpX = 0

}
is the annihilator of TpX.

Remark 6.3.5. If (S, ωS) is the symplectic leaf of a Poisson manifold (M,π) passing
through a point p ∈ M and X is any submanifold of M containing p, then it is clear
that π♯p((TpX)◦) =

{
π♯pα ∈ TpM

∣∣ ker(α) ⊇ TpX
}
⊆ im(π♯x) = TpS. Additionally, we have

that

π♯p((TpX)◦) ⊆
{
π♯pα ∈ TpM

∣∣α|TpX∩TpS = 0
}
= π♯p((TpX ∩ TpS)◦)

= (ω♭S)
−1
p ((TpX ∩ TpS)◦) = (TpX ∩ TpS)⊥(ωS)p .

To prove the reciprocal inclusion, consider an arbitrary element v ∈ (TpX∩TpS)⊥(ωS)p . Since
ωS is a symplectic form, ω♭S is an isomorphism, thus there exists a unique α ∈ T ∗

p S such that
α = (ω♭S)p(v). Extending α to α̃ ∈ T ∗

pM so that v = π♯pα̃, we conclude that, for any u ∈ TpX,
α̃(u) = 0 (either because α̃|T∗

pM\T∗
p S

= 0 or because α̃|TpX∩TpS = (ω♭S)p(v)|TpX∩TpS = 0).
Thus, v ∈ π♯p((TpX)◦) and

π♯p((TpX)◦) = (TpX ∩ TpS)⊥(ωS)p .

Finally, since dim(π♯p((TpX)◦) ≤ dim((TpX)◦) = dim(M) − dim(X), we conclude that
the defining condition of a cosymplectic submanifold X is equivalent to

TpM = TpX ⊕ π♯p((TpX)◦), for all p ∈ X. (6.9)
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In the case of symplectic vector spaces, one can show the following results:

Lemma 6.3.6. Let (V, ω) be a symplectic vector space with an associated Poisson structure
π : V ∗ × V ∗ → R such that, for all α, β ∈ V ∗,

π(α, β) = −ω((ω♭)−1α, (ω♭)−1β).

Then, if W ≤ V is a vector subspace, we have that

π♯(W ◦) =W⊥ω .

Proof. Firstly, note that, since W ◦ is the annihilator of W , by the definition of π, we have
that π♯ = (ω♭)−1 : V ∗ → V and, hence, π♯(W ◦) =

{
π♯α ∈ V

∣∣ ker(α) ⊇W}. Thus,

W⊥ω =
{
v ∈ V

∣∣ω(v, w) = 0, ∀w ∈W
}
=
{
v ∈ V

∣∣ (ω♭v)(w) = 0, ∀w ∈W
}

=
{
π♯pα ∈ V

∣∣α(w) = 0, ∀w ∈W
}
= π♯(W ◦),

where, in the second line, we used the fact that π♯ = (ω♭)−1 is an isomorphism. Q.E.D.

For symplectic manifolds, then, we get that the notion of a cosymplectic manifold is the
same of a symplectic submanifold:

Proposition 6.3.7. Let (M,ω) a symplectic manifold and X ⊆ M an embedded subma-
nifold. Then X is a cosymplectic submanifold of (M,ω−1) if and only if (X,ω|X) is a
symplectic submanifold of (M,ω).

Proof. =⇒) Let X a cosymplectic submanifold. We want to show that ω|X is a symplectic
form on X. Clearly, since ω is a symplectic form on M , it is closed M and, because
X ⊆ M is an (embedded) submanifold, it is also closed on X. As for the non-
-degeneracy on X, let p ∈ X and v ∈ TpX be such that ωp(v, u) = 0 for all u ∈ TpX.
Then, since

π♯p((TpX)◦) = (ω♭)−1
p ((TpX)◦) =

{
w ∈ TpM

∣∣ωp(w, u) = 0, ∀u ∈ TpX
}
,

and X is a cosymplectic manifold, any w ∈ TpM can be written as w = wx +wc with
wx ∈ TpX and wc ∈ π♯p((TpX)◦) and

ωp(v, w) = ωp(v, wx) + ωp(v, wc) = 0.

Thus, ωp(v, u) = 0 for all u ∈ TpM and, because ω is a symplectic form on M , we
conclude that v = 0. Therefore, (X,ω|X) is a symplectic submanifold.

⇐=) If X is a symplectic submanifold with symplectic form ω|X , taking p ∈ X, we know
that TpM = TpX ⊕ (TpX)⊥ω , where

(TpX)⊥ω =
{
w ∈ TpM

∣∣ωp(w, u) = 0, ∀u ∈ TpX
}
= π♯p((TpX)◦).

Therefore, in particular, TpM = TpX + π♯p((TpX)◦) and X is a cosymplectic subma-
nifold. Q.E.D.
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For the more general case of a Poisson manifold, there is still a link between the Defini-
tions 6.3.1 and 6.3.4 above, although only locally:

Proposition 6.3.8. Let (M,π) be a Poisson manifold and S ⊆ M be a symplectic leaf of
M passing through a point p ∈ M . If X is a Poisson transversal to S at p ∈ M , then a
sufficiently small neighbourhood U ⊆ X of p is a cosymplectic submanifold.

Proof. If X is a Poisson transversal to S at p, then TpX ∩ TpS = 0 and, by Remark 6.3.5
and by Lemma 6.3.6, we have that π♯p((TpX)◦) = (TpX ∩ TpS)⊥(ωS)p = TpS. Therefore,
TpM = TpX ⊕ TpS = TpX ⊕ π♯p((TpX)◦). Q.E.D.

Furthermore, one rather important result when dealing with Poisson transversals and
cosymplectic manifolds is that they can inherit a Poisson structure from the original mani-
fold. A first step in that direction comes from identifying cosymplectic manifolds with
submanifolds that intersect the symplectic leaves transversally:

Proposition 6.3.9. Given a Poisson manifold (M,π), an embedded submanifold X ⊆M is
a cosymplectic submanifold if and only if the following conditions apply for every symplectic
leaf (S, ωS):

(i) TpM = TpX + TpS, for all p ∈ X ∩ S;

(ii) (ωS)p|TpX∩TpS is non-degenerate, for all p ∈ X ∩ S.

In particular, (X ∩ S, ωS |X∩S) is a smooth symplectic manifold.

Proof. Let p ∈ X and (S, ωS) the symplectic leaf passing through p.

=⇒) IfX co-symplectic, then TpM = TpX+π♯p((TpX)◦) and, by Remark 6.3.5, π♯p((TpX)◦) =

(TpX ∩ TpS)⊥(ωS)p ⊆ TpS. Thus, we conclude condition (i), i.e. TpM = TpX + TpS.
Moreover, notice that condition (ii) is equivalent to

(TpX ∩ TpS)⊥(ωS)p ∩ (TpX ∩ TpS) = 0, (∗)

which, in turn, is equivalent to TpX ∩ π♯p((TpX)◦) = 0. This is precisely what we
obtain in Remark 6.3.5.

⇐=) If both (i) and (ii) are satisfied, since dim(π♯p((TpX)◦) = dim(TpS)−dim(TpX ∩TpS)
and, by (i), dim(TpM) = dim(TpX) + dim(TpS) − dim(TpX ∩ TpS), we get that
dim(π♯p((TpX)◦) = dim(TpM) − dim(TpX). By relation (∗), equivalent to relation
(ii), we conclude that TpM = TpX ⊕ π♯p((TpX)◦), thus X is a cosymplectic manifold.

Q.E.D.

Now we arrive at the result that allows cosymplectic submanifolds (and in the following
corollary for Poisson transversals) to inherit Poisson structures from their parent Poisson
manifolds.
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Theorem 6.3.10. Let X be a cosymplectic submanifold in a Poisson manifold (M,π).
Then, X inherits a unique Poisson structure πX such that the symplectic leaves of (X,πX)

are the connected components of (X ∩ S, ωS |X∩S), for S ∈ Fπ, where Fπ is the symplectic
foliation of (M,π).

Proof. For a cosymplectic manifold, by Remark 6.3.5, we have, for every p ∈ X that TpM =

TpX ⊕ π♯p((TpX)◦). Thus, we can obtain the dual description as

T ∗
pM = (TpX)◦ ⊕ (π♯p((TpX)◦))◦ (∗)

and, by applying π♯p on both sides of the equation, we get

TpM ⊇ im(π♯p) = π♯p((TpX)◦)⊕ π♯p((π♯p((TpX)◦))◦),

where the direct sum is obtained because,

π♯p((π
♯
p((TpX)◦))◦) =

{
π♯pα ∈ TpM

∣∣α ∈ (π♯p((TpX)◦))◦
}

=
{
π♯pα ∈ TpM

∣∣πp(α, β) = 0, ∀β ∈ (TpX)◦)
}

=
{
π♯pα ∈ TpM

∣∣π♯pα ∈ TpX} ⊆ TpX.
Moreover, the dual description (∗) also implies that we have an isomorphism T ∗

pX
∼=

(π♯p((TpX)◦))◦, allowing us to define the following bivector field on X:

πX(α, β)
def
= π(α, β), (6.10)

where α, β ∈ T ∗
pM are the unique extensions of α, β ∈ T ∗

pX, respectively, vanishing on
π♯p((TpX)◦). To show that this bivector field is, in fact, a Poisson structure, we need to
check that [πX , πX ] = 0. Since (dC∞(X))p = T ∗

pX, it is enough to show that the Schouten
bracket vanishes when evaluated on (the differential of) the functions f1, f2, f3 ∈ C∞(X).
Thus,

[πX , πX ](df1,df2,df3) = 2
∑

σ∈S1,2

πX
(
dfσ(1),d(πX(dfσ(2),dfσ(3)))

)
= 2

∑
σ∈S1,2

πX
(
dfσ(1),d(π(dfσ(2),dfσ(3)))

)
= 2

∑
σ∈S1,2

π
(
dfσ(1),d(π(dfσ(2),dfσ(3)))

)
= 2

∑
σ∈S1,2

π
(
dfσ(1),d(π(dfσ(2),dfσ(3)))

)
= [π, π](df1,df2,df3) = 0.

To conclude the proof, it remains to be proved that the symplectic leaves of (X,πX)

are the connected components of (X ∩ S, ωS |X∩S), where S are the symplectic leaves of
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the symplectic foliation of (M,π). For that, let p ∈ X ∩ S. Then, by the results from
Remark 6.3.5, we get

im((π♯X)p) = (π♯X)p(T
∗
pX) ∼= (π♯X)p((π

♯
p((TpX)◦))◦) = TpX ∩ TpS = Tp(X ∩ S),

where in the last equality, we used the fact that X and S intersect transversely. Moreover,
from the fact that ωS |X∩S = π−1|X∩S = π−1

X |X∩S , we conclude that (the connected com-
ponents of) (X ∩ S, ωS |X∩S) are the symplectic leaves of (X,πX). Q.E.D.

Corollary 6.3.11. Given a Poisson manifold (M,π), with a symplectic leaf S and Poisson
transversal X of S at a point p ∈ S, there exists a small enough neighbourhood U ⊆ X

of p with an induced Poisson structure, such that its symplectic leaves are the connected
components of (X ∩ S, ωS |X∩S).

Proof. This result comes directly from the previous theorem and Proposition 6.3.8. Q.E.D.

Since any cosymplectic submanifold has a Poisson structure in a small enough neigh-
bourhood, it is possible to talk about the symplectic foliation for this submanifold, or, in
particular, its leaf space. Even though, as we have seen, it is, in general, rather difficult to
understand what this leaf space is, Theorem 6.3.10 shows that, given a Poisson manifold
(M,π) and a cosymplectic manifold X with induced Poisson structure πX , we have an in-
duced map X/FπX

→M/Fπ which may be used to study the structure of the leaf space. In
fact, X/FπX

may be much simpler and the previous map has the following properties:

Proposition 6.3.12. Let (M,π) be a Poisson manifold, X ⊆M a cosymplectic submanifold
with induced Poisson structure πX , and let Fπ, FπX

be the symplectic foliations of M and
X, respectively. The map X/FπX

→ M/Fπ is continuous and open. In particular, if X
intersects each leaf at most a single time, X/FπX

is homeomorphic to an open subspace of
M/Fπ.

To prove this result, we must first introduce the following Weinstein theorem near cosym-
plectic submanifolds:

Theorem 6.3.13. Let X be a cosymplectic submanifold of a Poisson manifold (M,π)

with co-dimension 2s. Then, for every x ∈ X, there exists a Poisson isomorphism χ :

(U, π|U )
∼=−−→ (S, ω−1

S ) × (W,πX), where U ⊆ M is a neighbourhood of x, (S, ω−1
S ) is a

symplectic submanifold of the symplectic leaf passing through x in M and W ⊆ X is a
neighbourhood of x in X.
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Proof of Proposition 6.3.12. Let x ∈ X and U be an open neighbourhood of x in M . Then,
by Theorem 6.3.13, there exists a Poisson isomorphism

χ = (χS , χW ) : (U, π|U )→ (S, ω−1
S )× (W,πW ),

where S can be taken as a symplectic submanifold of the symplectic leaf containing x and
W is an open neighbourhood of x in X. If Fπ and FπX

are the symplectic foliations of M
and X, respectively, then we have the quotient maps q :M →M/Fπ and qX : X → X/FπX

,
which are continuous, surjective and restrict to maps q|U : U → U/Fπ|U and qX |W : W →
W/FπX |W . Let ψ : U/Fπ|U →W/FπX |W be the map assigning the symplectic leaf of (M,π)

containing q to the symplectic leaf of (X,πX) containing χW (q), i.e. making the following
diagram commutative:

(U, π|U ) (W,πX |W )

U/Fπ|U W/FπX |W

q|U

χW

qX |W

ψ

Then, this map is clearly continuous as q|U , qX |W and χW are continuous. As for the
openness of ψ, notice that, by the commutative diagram above, it is enough to prove that
qX |W is an open map. Since qX |W is a quotient map, it is open if and only if, given any
open subset W ⊆W of W , (qX |W )−1

(
qX |W (W)

)
is an open subset of W . However,

(qX |W )−1
(
qX |W (W)

)
=
⋃{

W ∩ S

∣∣∣∣∣ S is a symplectic leaf
containing some point of W

}
.

Because W and the symplectic leaves of (X,πX) are open subsets of X, we conclude that
(qX |W )−1

(
qX |W (W)

)
is open.

Finally, if X intersects each leaf at most one time, χ can be extended to a Poisson
isomorphism χ : (U, π|U ) → (S, ω−1

S )× (X,πX) and, by a similar argument as before, q|U :

U → U/Fπ|U is an open quotient map. Thus, we conclude that X/FπX
is homeomorphic to

a subspace of M/Fπ. Q.E.D.

For the generalised version of Weinstein Splitting theorem, we firstly introduce the fol-
lowing lemma, which is also an extension of Lemma 2.2.3:

Lemma 6.3.14. Let M be a smooth manifold and X1, . . . , Xk linearly independent com-
muting vector fields in a neighbourhood of a point p ∈ M . Then, for any submanifold
N ⊆M with p ∈ N and TpM = TpN ⊕ span{(X1)p, . . . , (Xk)p}, there is a coordinate chart
(U,φ = (x1, . . . , xm)) on M centred at p such that:

(i) U ∩N =
{
(x1, . . . , xm) ∈M

∣∣x1 = . . . = xk = 0
}
;

(ii) for i = 1, . . . , k, Xi|U =
∂

∂xi
.
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Proof. The proof of this result follows a procedure similar to that of Lemma 2.2.3. Let V
and W be open neighbourhoods of 0 in Rk and Rm−k, respectively, and consider U to be
an open neighbourhood of p in M . Moreover, we may always construct the following local
diffeomorphism ϕ : U −→ V ×W such that ϕ(p) = 0 and ϕ(U ∩N) = {0} ×W . Then, for
a neighbourhood W of 0 in Rk ×W , consider the map Φ :W →M , such that

Φ(x1, . . . , xm) = (Flx1

X1
◦ . . . ◦ Flxk

Xk
)
(
ϕ−1(0, . . . , 0, xk+1, . . . , xm)

)
.

Clearly, we have that Φ(0) = p and Φ∗(0)
(

∂
∂xi

∣∣
0

)
= (Xi)p, for all i = 1, . . . , k. Thus, we

have that

im(Φ∗(0)) = span
{
(X1)p, . . . , (Xk)p

}
+ TpN = TpM.

Shrinking W around 0, if necessary, Φ : W → Φ(W) is a diffeomorphism from an open
neighbourhood of 0 in Rm to an open neighbourhood of p in M , mapping 0 into p. Finally,
by the definition of Φ, we can also quickly obtain that

Φ(W ∩ ({0} ×W )) = Φ(W) ∩N.

Then, the coordinate chart of the lemma is just (Φ(W),Φ−1). Q.E.D.

Therefore, by using this result we obtain

Theorem 6.3.15 (Weinstein). Let (M,π) a Poisson manifold and S a symplectic leaf.
Given a Poisson transversal X to S at a point x ∈ S, there exists a coordinate chart
(U,φ = (q1, . . . , qs, p1, . . . , ps, y

1, . . . , yr)) centred at x such that:

(i) X ∩ U =
{
(q1, . . . , qs, p1, . . . , ps, y

1, . . . , yr) ∈M
∣∣ q1 = . . . = qs = p1 = . . . = ps = 0

}
;

(ii) π|U =

s∑
i=1

∂

∂pi
∧ ∂

∂qi
+

∑
1≤a<b≤r

θab(y)
∂

∂ya
∧ ∂

∂yb
, where θab(y) are local functions

solely depending on ya’s vanishing at x = (0, . . . , 0).

Proof. The proof of this statement is entirely similar to that of Theorem 6.2.1 now using
the improved Lemma 6.3.14.

Induction on rank(πx) = 2s: for s = 0, S = {0} and M = X, thus there is nothing to
prove. For s ≥ 1, we assume the statement is valid for rank(πx) ≤ 2s − 2. Then there is
p1 ∈ C∞(M) vanishing on X with (p1)∗(x) ̸= 0 (because X ̸= M). Since X is transverse
to S, there exists g ∈ C∞(M) such that (p1)∗(x)((Xg)x) ̸= 0, and (Xp1)x ̸= 0 is tangent
to S. By Lemma 6.3.14, there exists a chart (U, (x1, . . . , xm)) such that Xp1 |U = ∂

∂x1
and

X ∩ U = {x2 = . . . = xm = 0}. Calling q1 = x1, then π(dq1,dp1) = −Xp1(q
1) = −1 and,

furthermore, Xp1 , Xq1 are commuting linearly independent vector fields. Once again, by the
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lemma, up to restricting U around x if necessary, there exists a chart (U, (x̃1, . . . , x̃m)) with
Xp1 |U = ∂

∂x̃2 , Xq1 |U = ∂
∂x̃1 , X ∩ U ⊆ {x̃1 = x̃2 = 0} and

π|U =
∂

∂p1
∧ ∂

∂q1
+

∑
3≤a<b≤m

θab(q1, p1, x̃
3, . . . , x̃m)

∂

∂x̃a
∧ ∂

∂x̃b
.

Once again, it is quite simple to observe that θab does not depend on the coordinates q1, p1,
thus the result is obtained by induction. Q.E.D.

Another fundamental result about Poisson transversals is the fact that the transverse
structure in a Poisson manifold is unique and determined from any choice of a symplectic
leaf at any point. So, every Poisson transversal found in each point in the same symplectic
leaf should be isomorphic. This next result is a first step into showing that result:

Proposition 6.3.16. Let X be a cosymplectic manifold in a Poisson manifold (M,π).
Then, for any x ∈ X, the isotropy Lie algebras of (X,πX) and (M,π), ker(π♯X) and ker(π♯),
respectively, are isomorphic.

Proof. Let p ∈ X, let S be the symplectic leaf of (M,π) containing p and Y be a transversal
to X ∩ S at p. Then, since we know that im((π♯X)p) ∼= T ∗

pX/ im((π♯X)p) and Tp(X ∩ S) =
im((π♯X)p), the defining property of a transversal gives an isomorphism TpY ∼= ker((π♯X)p).
Moreover, by Remark 6.3.5, we get

TpM = TpX ⊕ π♯p((TpX)◦) = TpY ⊕ Tp(X ∩ S)⊕ π♯p((TpX)◦)

= TpY ⊕ ((TpX ∩ TpS)⊕ π♯p((TpX)◦)),

where, in the last equality, we used the fact that X and S intersect transversely. Because
π♯p((TpX)◦) ⊆ TpS, and TpX ⊆ π♯p((TpX)◦) = {0}, we conclude that

(TpX ∩ TpS)⊕ π♯p((TpX)◦) = TpS = im(π♯p)

and, therefore, we obtain an isomorphism ker(π♯p)
∼= TpY ∼= ker((π♯X)p). Q.E.D.

Thus, as a final result, we get the previously mentioned isomorphism between Poisson
transversals:

Theorem 6.3.17. Let (M,π) be a Poisson manifold and let S be a symplectic leaf of (M,π).
Also assume that N0 and N1 are Poisson transversals of (M,π) relative to S at x0 ∈ S and
x1 ∈ S, respectively. Then, there exist open neighbourhoods U0, U1 of x0, x1 in N0, N1,
respectively, and a Poisson diffeomorphism ϕ : (U0, πU0

)→ (U1, πU1
), with ϕ(x0) = x1.
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Proof. Since x0, x1 ∈ S, by Proposition 6.3.3, there exists a Hamiltonian diffeomorphism
ψ ∈ Ham(M,π) with ψ(x0) = x1. Thus, without loss of generality, we may take N1 to
be ψ(N0) and x0 = x1

def
= x. Take a splitting chart (V ⊆ R2s, πcan) × (W,πW ) centred

at x, adapted to N0, i.e. N0
def
= {0} ×W and S

def
= V × {0}. Since N1 is transverse to

S = V × {0} at x, there exists a smooth map F : W → R2s, with F (0) = 0 such that
N1 =

{
(F (w), w)

∣∣w ∈W}.
Define a smooth family of Poisson transversals in (M,π) relative to S at x that inter-

polates between N0 and N1, Nt
def
=
{
(tF (w), w)

∣∣w ∈ W}, t ∈ [0, 1]. For the proof to be
concluded, we just need to find a family of functions (Ht)t∈[0,1] withHt ∈ C∞(M) ∀ t ∈ [0, 1],
such that the flow of their associated Hamiltonian vectors, XHt

∈ ham(M,π), satisfies

FltXHt
(x) = x & FltXHt

(U0) ⊆ Nt, ∀ t ∈ [0, 1], (∗)

for a small (enough) neighbourhood U0 ⊆ N0 of x. Notice that the second expression in
Eq. (∗) is valid if XHt

+ ∂
∂t is tangent to Ñ =

{
(u, t)

∣∣u ∈ Nt
}
⊆ M × [0, 1]. This is

equivalent to F (w)−XHt |it(w) ∈ Tit(w)Nt, ∀ (w, t) ∈W × [0, 1], where it(w) = (tF (w), w).
To find such a family, notice that, since Nt is a Poisson transversal relative to S at x,

shrinking V ×W around x if necessary, Nt is a cosymplectic manifold. Thus, we may write
F (w) = Tt(w)+nt(w), with Tt(w) ∈ Tit(w)Nt and nt(w) ∈ π♯it(w)((Tit(w)Nt)

◦) ∼= (Tit(w)Nt)
◦,

which implies that
nt(w) = π♯(βt(w)), βt(w) ∈ (Tit(w)Nt)

◦.

Because the elements of (Tit(w)Nt)
◦ can be written as (α, (tF )∗α) for some α ∈ T ∗

tF (w)R
2s ∼=

R2s, we may write βt(w) as

βt(w) = (αt(w), (tF )
∗(αt(w))), αt(w) ∈ T ∗

tF (w)R
2s.

Define Ht(u,w)
def
= αt(w)(u− tF (w)), where (u,w) ∈ V ×W and we are considering αt(w) ∈

T ∗
tF (w)R

2s and u− tF (w) ∈ R2s ∼= TtF (w)R2s. Then,

(Ht)∗(it(w)) = βt(w) =⇒ (XHt
)it(w) = nt(w) = π♯(βt(w)).

Hence, F (w) − (XHt)it(w) ∈ Tit(w)Nt and it(0) = (0, 0), which means that nt(0) = 0, thus
(XHt

)x = 0, i.e. FltXHt
(x) = x. Q.E.D.

This concludes our study of Poisson geometry.



Chapter 7

Dirac Structures

Firstly introduced by Weinstein and Courant [20], Dirac structures came to be from
the physics of Hamiltonian mechanics of constrained systems, a theory first proposed by
Dirac [21]. In this theory, we study a physical system constrained to a submanifold of
the cotangent bundle and, so, we need to generalise the notion of the Poisson bracket into
the notion of the Dirac bracket in order to obtain the correct equations of motion of the
system. Mathematically, Dirac structures correspond to the general case of a submanifold in
a Poisson manifold as those structures define a pre-symplectic foliation. So, Dirac geometry
generalise several geometries including Poisson, pre-symplectic, as well as foliations but are
also an example of a Lie algebroid on a subbundle of the generalised tangent bundle. Clearly,
Dirac structures form a rather important class of geometries and also one of the most recent
ones which makes them quite interesting structures to be studied.

The chapter starts with a discussion on the physical origin of Dirac structures, namely
the Dirac theory of Hamiltonian constrained systems. These systems are obtained when
the Lagrangian of a physical system does not satisfy the Legendre condition, i.e. when
it is not possible to invert the definitions of the canonical momenta with respect to the
velocities of the system. In Section 7.2, we introduce the notions of the generalised tangent
bundle and the Courant algebroid structure on this bundle as well as the definition of Dirac
structures and show important class of examples such as foliations, pre-symplectic manifolds
and Poisson manifolds. Finally, in the third and last section, we explore the properties of
Dirac manifolds, from the pre-symplectic foliation of such structures to the discussion of the
different types of morphisms we may introduce in Dirac geometry.
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7.1 Introduction and Motivation for Dirac Structures from

Physics

As we have seen in Section 4.1, symplectic and Poisson geometry arise from classical
mechanics. However, in that section we always assumed the Legendre condition

det

(
∂2L

∂q̇i∂q̇j

)
̸= 0, i, j = 1, . . . , n, (4.3)

for the Lagrangian L(q, q̇, t) and q = (q1, . . . , qn) ∈ Q a point in configuration space. Now,
we shall disregard this condition which is precisely the case for a constrained physical system.
We start our study with an example:

Example 7.1.1. Let us consider a two dimensional configuration space, with coordinates
(q1, q2) and Lagrangian given by L = 1

2 (q̇
1 − q̇2)2. Then, by (4.4), the canonical momenta

are given by

p1 = q̇1 − q̇2 and p2 = q̇2 − q̇1.

By analysing the expressions of the canonical momenta, it is clear that these expressions are
not invertible. Moreover, we can clearly obtain a constraint for this system:

ϕ
def
= p1 + p2 = 0,

thus, the solution for the motion of the system occurs in a submanifold of T ∗Q. ♮

Now, from this example, we may expand the general theory presented by Dirac in [21],
following the treatment done in [22]. Since the Legendre condition (4.3) is not satisfied, the
defining equation for the canonical momenta:

pi =
∂L

∂q̇i
, i = 1, . . . , n (4.4)

is not invertible. Thus, there are l maps ϕℓ : T ∗Q→ R such that the motion of the particles
(in phase space) are constrained to the submanifold

M1
def
=
{
(q, p) ∈ T ∗Q

∣∣ϕℓ(q, p) = 0, for all ℓ = 1, . . . , l
}
⊆ T ∗Q. (7.1)

These constraints ϕℓ obtained directly from the definition of the canonical momenta (4.4)
are called primary constraints. These primary constraints need not be independent of each
other and, in general, there are multiple ways to define M1 using different constraints ϕℓ
(for instance, the line defined by p1 = 0 is the same as for p21 = 0). However, to describe
the Hamiltonian formalism of the system, we need to impose some conditions to these ϕℓ.
These conditions, called the regularity conditions of the primary constraints, are as follows:
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Proposition 7.1.2 (Regularity conditions of primary constraints). Let M1 be the primary
constraint surface, locally defined by primary constraints ϕℓ, ℓ = 1, . . . , l. Then, we may
always choose ϕ1, . . . , ϕdim(M1) to be independent constraints, i.e. such that

dϕ1 ∧ · · · ∧ dϕdim(M1) ̸= 0.

Moreover, the constraints ϕℓ′ = 0, for ℓ′ = dim(M1) + 1, . . . , l, hold as a consequence of
ϕℓ = 0 for ℓ = 1, . . . ,dim(M1).

The next step is to introduce the Hamiltonian of the system. However, since Eq. (4.4)
is not invertible, the usual definition of the Hamiltonian as the Legendre transformation of
the Lagrangian is not possible. So, we instead define the Hamiltonian as a function of the
velocities:

H(q, q̇, t) =

n∑
i=1

∂L

∂q̇i
(q, q̇)q̇i − L(q, q̇, t). (7.2)

In reality, by doing the variation of this Hamiltonian, we can see that this function is not
dependent in the velocities apart from their dependency on the canonical momenta:

δH =

n∑
i=1

(
pi δq̇

i + q̇i δpi −
∂L

∂qi
δqi − ∂L

∂q̇i
δq̇i
)
− ∂L

∂t
δt

=

n∑
i=1

(
q̇i δpi −

∂L

∂qi
δqi
)
− ∂L

∂t
δt,

where the terms in red cancel out because of the definition of the canonical momenta (4.4).
Thus, we actually can describe the Hamiltonian as a function of the momenta and not of
the velocity, H(q, p, t).

To introduce these constraints in the action, we simply introduce Lagrange multipliers.
Then, the total action becomes

ST [q(t), p(t), u(t)] =

∫ t1

t0

(
n∑
i=1

piq̇
i −H(q, p, t)−

l∑
ℓ=1

uℓϕℓ(q, p)

)
dt. (7.3)

The equations of motion are obtained by variational calculus on q, p, u, obtaining:

q̇i =
∂H

∂pi
+

l∑
ℓ=1

uℓ
∂ϕℓ
∂pi

(7.4a)

ṗi = −
∂H

∂qi
−

l∑
ℓ=1

uℓ
∂ϕℓ
∂qi

(7.4b)

ϕℓ(q, p) = 0 (7.4c)

or, by introducing an arbitrary function of the variable in phase space, F (q, p, t),

d

dt
F (q(t), p(t), t) =

∂F

∂t
+ {H,F}+

l∑
ℓ=1

uℓ {ϕℓ, F} , (7.4d)



176
FCUP

Chapter 7. Dirac Structures

where {·, ·} are the Poisson brackets defined in (4.11). The primary constraints, beyond being
subject to regularity conditions, should also satisfy consistency conditions that guarantee
that the primary constraint surface M1 does not change with time:

d

dt
ϕℓ(q(t), p(t)) = 0, ℓ = 1, . . . , l. (7.5)

Solving these equations yield four possibilities:

1) They result in an impossible equation (meaning that the Lagrangian does not give
consistent equations of motion);

2) They lead to a relation involving only the primary constraints ϕℓ(q, p), which reduces
to an identically true statement after imposing the constraints ϕℓ(q, p) = 0;

3) They impose a condition on the Lagrange multipliers uℓ;

4) They lead to a relation involving q, p independent of the primary constraints.

The third of these cases will give an expression uℓ = uℓ(q, p) for ℓ ∈ Λ ⊆ {1, . . . , l}, which
allows us to define the so-called first-class Hamiltonian:

H1(q, p, t)
def
= H(q, p, t) +

∑
ℓ∈Λ

uℓ(q, p)ϕℓ(q, p), (7.6)

whose relevance will come up later. On the other hand, the last case 4. introduces additional
constraints ϕl(q, p) = 0, with l = l+ 1, . . . , l+ l′, called the secondary constraints. Joining
the primary and secondary constraints ϕℓ(q, p) = 0, with ℓ = 1, . . . , l+l′, the motion of the
particles of the system now should occur in the submanifold:

M2
def
=
{
(q, p) ∈ T ∗Q

∣∣ϕℓ(q, p) = 0, for all ℓ = 1, . . . , l + l′
}
⊆ T ∗Q.

Remark 7.1.3. When dealing with constrained system, one usually introduces the notion
of an weak equality, ≈. This equality is defined so that, given two phase functions F,G :

T ∗Q× R→ R, one says F ≈ G if and only if F |M2 = G|M2 .

Example 7.1.4. Returning to the example discussed above, we can compute the Hamilto-
nian the following way:

H(q1, q2, p1, p2) = p1q̇
1 + p2q̇

2 − L(q1, q2, q̇1, q̇2)

= (q̇1 − q̇2)q̇1 − (q̇1 − q̇2)q̇2 − 1

2
(q̇1 − q̇2)2

=
1

2
(q̇1 − q̇2)2 =

1

2
p21 =

1

2
p22
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Then the equations of motion are

q̇1 =
∂H

∂p1
+ u

∂ϕ

∂p1
= p1 + u, ṗ1 = −∂H

∂q1
− u ∂ϕ

∂q1
= 0,

ṗ2 =
∂H

∂p2
+ u

∂ϕ

∂p2
= u, ṗ2 = −∂H

∂q2
− u ∂ϕ

∂q2
= 0,

0 = ϕ(q1, q2, p1, p2) = p1 + p2.

Moreover, the consistency condition (7.5) for the constraint ϕ gives:

ϕ̇ = {H,ϕ}+ u {ϕ, ϕ} = 2p1 {p1, p1 + p2} = 0

hence, we are in case 2. described above and so ϕ is the only constraint for the system. ♮

It turns out that when dealing with Hamiltonian theory with constraints, the notions of
primary and secondary constraints is not very useful. Instead, we introduce the notion of
first- and second-class constraints that result from the equivalent notion for arbitrary phase
functions:

Definition 7.1.5. Given a Hamiltonian system with constraints ϕℓ(q, p) = 0,
ℓ = 1, . . . , l + l′, a phase space function F : T ∗Q × R → R (with possible explicit de-
pendency on time) is called a first-class function if, for all ℓ = 1, . . . , l + l′,

{F, ϕℓ} ≈ 0, or, equivalently, {F, ϕℓ} |M2
= 0. (7.7)

If at least one of these Poisson brackets is non-zero on M2, the phase function F is said to
be a second-class function.

Remark 7.1.6. In more mathematical terms, taking λ ∈ Ω1(T ∗Q) to be the Liouville 1-
-form on T ∗Q, the pair (T ∗Q,−dλ) is a symplectic manifold and, so, for any phase space
function F : T ∗Q × R → R, we may still define the associated Hamiltonian vector field
XF = (−dλ)♭(dF ). Then, we can express condition (7.7) as {F, ϕℓ} |M2

= (XF (ϕℓ)) = 0 for
all ℓ = 1, . . . , l+ l′, which is equivalent to say that XF |M2 ∈ Γ

(⋂l+l′

ℓ=1 ker(dϕℓ)|M2

)
= TM2.

Thus, we conclude that a phase function is first-class if its Hamiltonian vector field XF ∈
X(T ∗Q) is tangent to M2.

Note that the first-class Hamiltonian introduced previously is an example of a first-class
function, since, by definition, the uℓ(q, p), with ℓ ∈ Λ are the solutions to (7.5). Applying
the previous definition to constraints, we now can reorganise our constraints into first-class
constraints, which we denote by γa, with a = 1, . . . , A, and second-class constraints, denoted
by χα, with α = 1, . . . , A′ and A+A′ = l + l′.
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When studying the effects of the first-class constraints, one obtains that these generate
gauge transformations of the system (for the interested reader, we refer to [22] for a proof
of this statement) and, so, since any possible physical motion should allow for an arbitrary
gauge transformation, we may introduce these first-class constraints into the Hamiltonian.
The resulting first-class function is called the extended Hamiltonian:

HE(q, p, t) = H1(q, p, t) +

A∑
a=1

uaγa, (7.8)

where, once again, the ua’s are unknown Lagrange multipliers.
In relation to the second-class constraints, since these do not correspond to gauge gene-

rators, the natural way to treat them in the physical context is by changing the cano-
nical Poisson bracket in order to ‘eliminate’ these constraints. To do so, one considers
the matrix of Poisson brackets (Cαβ)1≤α,β≤A′ whose entry α, β correspond to the Poisson
bracket {χα, χβ}. As Dirac proved in [21], this matrix is invertible, with inverse denoted by
(Cαβ)1≤α,β≤A′ . Then, we define the Dirac bracket of two phase functions F,G by

{F,G}∗ def
= {F,G} − {F, χα}Cαβ {χβ , G} . (7.9)

Thanks to the properties of the canonical Poisson bracket, the Dirac bracket is also a Poisson
bracket. With this Dirac bracket, the equations of motion turn out to return to the familiar
version of the system without constraints by substituting the strong equality with a weak
equality, i.e. the dynamics of a phase function becomes

dF

dt

∣∣∣∣
M2

=
∂F

∂t

∣∣∣∣
M2

+ {HE , F}∗ |M2
. (7.10)

To conclude this study, let us look at two final examples.

Example 7.1.7. Let us consider a system with coordinates (q, ξ1, ξ2, ξ3) and conjugate
momenta (p, π1, π2, π3) with primary constraints ϕ1

def
= π1 = 0 and ϕ2

def
= π2 = 0 and with a

Hamiltonian given by
H = eξ1q2 + e−ξ2p2 + π3(π3 + q).

Imposing the consistency conditions (7.5), we obtain,

0 = ϕ̇1 = {H,ϕ1}+ u1 {ϕ1, ϕ1}+ u2 {ϕ2, ϕ1} = q2
{
eξ1 , π1

}
= −eξ1q2;

0 = ϕ̇2 = {H,ϕ2}+ u1 {ϕ1, ϕ2}+ u2 {ϕ2, ϕ2} = p2
{
e−ξ2 , π2

}
= e−ξ2p2.

Thus we obtain two secondary constraints ϕ3
def
= q = 0 and ϕ4

def
= p = 0, to which, once

again, we impose condition (7.5):

0 = ϕ̇3 = {H,ϕ3}+ u1 {ϕ1, ϕ3}+ u2 {ϕ2, ϕ3} = e−ξ2
{
p2, q

}
= 2pe−ξ2 ;

0 = ϕ̇4 = {H,ϕ4}+ u1 {ϕ1, ϕ4}+ u2 {ϕ2, ϕ4} = eξ1
{
q2, p

}
+ π3 {q, p} = −2qeξ1 − π3,
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resulting in another constraint ϕ5
def
= π3 = 0, whose consistency condition implies

0 = ϕ̇5 = {H,ϕ5}+ u1 {ϕ1, ϕ5}+ u2 {ϕ2, ϕ5} = 0.

Thus, we have 5 total constraints and, with a quick computation of the Poisson bracket,

{π1, π2} = {π1, q} = {π1, p} = {π1, π3} = {π2, q} = 0

{π2, p} = {π2, π3} = {q, π3} = {p, π3} = 0, {p, q} = 1

we conclude that constraints ϕ1, ϕ2, ϕ5 are first-class, whilst ϕ3, ϕ4 are second-class. Thus,
the extended Hamiltonian is (note that, in this case the original Hamiltonian and the first-
-class Hamiltonian are equal)

HE = eξ1q2 + e−ξ2p2 + π3(π3 + q) + u1π1 + u2π2 + u3π3,

and the matrix (Cαβ)αβ=2,3 of Poisson brackets of second-class constraints is
(
0 −1
1 0

)
. There-

fore, the Dirac bracket for two phase functions F,G is given by:

{F,G}∗ = {F,G} − {F, q} {p,G}+ {F, p} {q,G}

= {F,G} − ∂F

∂p

∂G

∂q
+

(
−∂F
∂q

)(
−∂G
∂p

)
= {F,G} |(ξ,π),

where the final Poisson bracket is the canonical Poisson bracket restricted to the coordinates
(ξ1, ξ2, ξ3, π1, π2, π3). ♮

Example 7.1.8. A more physically interesting example is that of a particle of mass m in
R3 restricted to a sphere of radius R with a central force (as, for instance, gravity), whose
Hamiltonian is given by:

H(x, y, z, px, py, pz) =
1

2m
(p2x + p2y + p2z)−

k√
x2 + y2 + z2

,

with k ∈ R. The constraint for this system is ϕ def
= x2+y2+z2−R2 = 0 and the consistency

condition implies:

0 = ϕ̇ = {H,ϕ}+u1 {ϕ, ϕ} =
1

2m
((2px)(2x)+(2py)(2y)+(2pz)(2z)) =

2

m
(pxx+pyy+pzz).

Considering the usual basis {ex, ey, ez} of R3 and the position and momentum vectors,
r⃗ = x ex+ y ey + z ez and p⃗ = px ex+ py ey + pz ez, respectively, the previous condition gives
a secondary constraint ϕ′ def

= p⃗ · r⃗ = 0, where · represents the usual inner product in R3.
Then, the consistency condition of ϕ′ gives

0 = ϕ̇′ = {H,ϕ′}+ u1 {ϕ, ϕ′}

=
1

2m
(2p2x + 2p2y + 2p2z) +

k

(x2 + y2 + z2)3/2
(−x2 − y2 − z2) + u1(−2x2 − 2y2 − 2z2)

=
1

m
∥p⃗ ∥2 − k

∥r⃗ ∥2
− 2u1∥r⃗ ∥2 =⇒ u1 =

1

2m

∥p⃗ ∥2

∥r⃗ ∥2
− k

2∥r⃗ ∥3
,
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where ∥ · ∥ represents the norm associated to the inner product · . Thus, we obtain the
first-class Hamiltonian:

H1 = H + u1ϕ =
1

2m
∥p⃗ ∥2

(
1 +
∥r⃗ ∥2 −R2

∥r⃗ ∥2

)
− k

∥r⃗ ∥

(
1 +
∥r⃗ ∥2 −R2

∥r⃗ ∥2

)
=

(
1

2m
∥p⃗ ∥2 − k

∥r⃗ ∥

)(
1 +
∥r⃗ ∥2 −R2

∥r⃗ ∥2

)
.

It is clear that both ϕ and ϕ′ are second-class constraints, since
{
∥r⃗ ∥2 −R2, p⃗ · r⃗

}
=

−2∥r⃗ ∥2 ̸= 0 and, so, the extended Hamiltonian is equal to the first-class Hamiltonian.
Moreover, the matrix of Poisson brackets of the second-class constraints is 2∥r⃗ ∥2

(
0 −1
1 0

)
,

thus the Dirac bracket of two phase functions F,G is

{F,G}∗ = {F,G} − 1

2∥r⃗ ∥2
( {
F, ∥r⃗ ∥2 −R2

}
{p⃗ · r⃗, G} − {F, p⃗ · r⃗}

{
∥r⃗ ∥2 −R2, G

} )
. ♮

Coming back to the side of Mathematics, if we consider a general Poisson manifold
(M,π), the equivalent to consider the constrained system is to take a general submanifold
and understand their structure. As we have seen, a submanifold of a symplectic manifold
is, in general, a pre-symplectic manifold, i.e. a manifold equipped with a closed 2-form
(not necessarily non-degenerate). For the case of a Poisson manifold, we have seen that the
Poisson structure can be equivalently defined by the Poisson bivector or by the symplectic
foliation on this manifold. Thus, assuming that any submanifold of a Poisson manifold inter-
sects each symplectic leaf into a submanifold, the result is a a pre-symplectic (sub)manifold.
This structure of a foliation by pre-symplectic leaves is what we call a Dirac structure on a
manifold. In the next section, we shall give a more abstract way to introduce Dirac struc-
tures and later prove that this abstract characterisation is equivalent to a manifold having
a pre-symplectic foliation.
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7.2 Dirac Structures

As explained previously, we shall now approach a more algebraic and also more abstract
definition of Dirac structures on a manifold. We start by introducing the notion of the
generalised tangent bundle.

Definition 7.2.1. Let M be a smooth manifold.

1) The generalised tangent bundle is the fibre product of the tangent and cotagent bundles
or, equivalently,

TM def
= TM ⊕ T ∗M =

∐
p∈M

(TpM ⊕ T ∗
pM). (7.11)

2) The canonical pairing in the generalised tangent bundle is ⟨·, ·⟩ : TM ⊕TM → R such
that, for p ∈M and v + α,w + β ∈ TpM ,

⟨v + α,w + β⟩ = β(v) + α(w). (7.12)

Remark 7.2.2. The above definition could be perfectly applied to an arbitrary vector space
V . In that case, we obtain the generalised vector space V = V ⊕V ∗ and the canonical pairing
⟨·, ·⟩ : V× V→ R with a similar definition from the one above.

Remark 7.2.3. With the definition of the generalised tangent bundle, we may consider the
two projections

prTM : TM −→ TM

v + α 7−→ v
and

prT∗M : TM −→ T ∗M

v + α 7−→ α

Then, one can quickly check that (TM, prTM ) forms an anchored vector bundle.

In addition to this pairing, it is possible to define a bracket on the set of sections of TM
which was first introduced by T. Courant in [20] and later modified by I. Dorfman:

Definition 7.2.4. Let M be a smooth manifold. The Dorfman bracket is a bilinear bracket
J·, ·K : Γ(TM)× Γ(TM)→ Γ(TM) such that, for X + ω, Y + η ∈ X(M)⊕Ω1(M) = Γ(TM),

JX + ω, Y + ηK def
= [X,Y ] + LXη − iY dω. (7.13a)

Remark 7.2.5. The Dorfman bracket can be alternatively written as

JX + ω, Y + ηK = [X,Y ] + LXη − LY ω + d(ω(Y )) (7.13b)

= [X,Y ] + iXdη − iY dω + d(η(X)) (7.13c)

Remark 7.2.6. In the literature, it is sometimes convenient to define the Dorfman bracket
so to include a 3-form Ξ ∈ Ω3(M). This defines the twisted Dorfman bracket the following
way for X + ω, Y + η ∈ Γ(TM):

JX + ω, Y + ηK = [X,Y ] + LXη − iY dω + iX iY Ξ.
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Proposition 7.2.7. The Dorfman bracket satisfies the following properties:

(i) Anti-symmetric up to an exact form, i.e. for σ1, σ2 ∈ Γ(TM),

Jσ2, σ1K = −Jσ1, σ2K + d⟨σ1, σ2⟩;

(ii) Leibniz-like property, i.e. for σ1, σ2 ∈ Γ(TM) and f ∈ C∞(M),

Jσ1, fσ2K = fJσ1, σ2K + prTM (σ1)(f)σ2;

(iii) For all σ ∈ Γ(TM), Jσ, ·K is a derivation of the algebra (Γ(TM), J·, ·K) or, equivalently,
for σ1, σ2, σ3 ∈ Γ(TM),

Jσ1, Jσ2, σ3KK = JJσ1, σ2K, σ3K + Jσ2, Jσ1, σ3KK;

(iv) Given σ1, σ2, σ3 ∈ Γ(TM),

prTM (σ1)(⟨σ2, σ3⟩) = ⟨Jσ1, σ2K, σ3⟩+ ⟨σ2, Jσ1, σ3K⟩.

Proof. The proof of the previous proposition comes from direct application of the definition
of the Dorfman bracket. Q.E.D.

Remark 7.2.8. By this proposition, because the Dorfman bracket J·, ·K is not anti-symmetric,
it is clear that (Γ(TM), J·, ·K) does not form a Lie algebra. In fact, the properties introduced
in this proposition are the defining properties of a so-called Courant algebroid. The discus-
sion of this type of algebroids is out of the scope of the present thesis.

The introduction of the Dorfman bracket allows us to define a Dirac structure the fol-
lowing way:

Definition 7.2.9. A Dirac structure on a manifold M is a vector subbundle L ⊆ TM of
rank m = dim(M) which is isotropic with respect to the canonical pairing ⟨·, ·⟩ and whose
sections are closed under the Dorfman bracket J·, ·K, i.e. is a rank-m subbundle such that

⟨L,L⟩ = 0 and JΓ(L),Γ(L)K ⊆ Γ(L). (7.14)

Then, the pair (M,L) is called a Dirac manifold.

Remark 7.2.10. Given a Dirac structure L on M , the condition of isotropy is equivalent
to say that L ⊆ L⊥, where

L⊥ def
=
{
u ∈ TpM

∣∣ p ∈M and ⟨u, l⟩ = 0, for all l ∈ Lp
}

denotes the orthogonal complement of L in TM with respect to the canonical pairing ⟨·, ·⟩.
However, the condition that rank(L) = m means that L = L⊥. In the literature, a vector
subbundle L that is such that L = L⊥ is called Lagrangian or maximally isotropic.



FCUP
7.2. Dirac Structures 183

Relaxing the condition of (Γ(L), J·, ·K) being a subalgebra of (Γ(TM), J·, ·K) we say that
L is an almost-Dirac structure on M or, since these are just L ⊆ TM such that L = L⊥, we
say that L is a Lagrangian subbundle of (TM, ⟨·, ·⟩).

Remark 7.2.11. For a Dirac structure L on M , since L is Lagrangian with respect to ⟨·, ·⟩
and Γ(L) is closed under J·, ·K, L is endowed with a Lie algebroid structure with Lie bracket
[·, ·] and anchor a given by [σ1, σ2] = Jσ1, σ2K and a(σ1) = prTM (σ1), for all σ1, σ2 ∈ Γ(L).

Example 7.2.12. The simplest examples of a Dirac structure are the tangent and cotangent
bundles. In fact, for the former, since the Dorfman bracket extends the Lie bracket of vector
fields, we can take L = TM ⊕ {0 ∈ T ∗M}, so that rank(L) = dim(M), ⟨L,L⟩ = 0 and
JΓ(L),Γ(L)K ∼= [X(M),X(M)] ⊆ X(M) ∼= Γ(L).

For the case of the cotangent bundle, taking L = {0 ∈ TM} ⊕ T ∗M , once again
rank(L) = dim(M), ⟨L,L⟩ = 0 and the Dorfman bracket restricts to the zero bracket.
Thus, JΓ(L),Γ(L)K = 0 ∈ Ω1(M) ∼= Γ(L). ♮

Example 7.2.13. A more interesting example occurs whenever we have a subbundle E ⊆
TM of the tangent space (or, in fact, one of the cotangent bundle). Then, if we denote

E◦ =
{
α ∈ T ∗M

∣∣α(v) = 0, ∀ v ∈ E
}

the annihilator of E, we obtain that LE = E ⊕ E◦ is an almost-Dirac structure on M . For
LE to be a Dirac structure on M , we must have that JΓ(LE),Γ(LE)K ⊆ Γ(LE). In more
detail, taking X1 + η1, X2 + η2 ∈ Γ(LE), we have that

JX1 + η1, X2 + η2K = [X1, X2] + iX1dη2− iX2dη1 +d(η2(X1)) = [X1, X2] + iX1dη2− iX2dη1,

where we used the fact that ηi ∈ Γ(E◦) to conclude that ηi(Xj) = 0. To conclude that
JX1 + η1, X2 + η2K ∈ Γ(E ⊕ E◦) we need only to show that iX1

dη2 − iX2
dη1 ∈ Γ(E◦). For

that, let Y ∈ Γ(E). Then, using the definition of the exterior derivative (1.18b), we obtain,

(iX1
dη2 − iX2

dη1)(Y ) =(dη2)(X1, Y )− (dη1)(X2, Y )

= X1(η2(Y ))− Y (η2(X1))− η2([X1, Y ])

−X2(η1(Y )) + Y (η1(X2)) + η1([X2, Y ])

= η2([Y,X1]) + η1([X2, Y ]),

which only vanishes if and only if [Y,X1], [X2, Y ] ∈ Γ(E). Hence, we conclude that Γ(LE)
is a subalgebra if and only if Γ(E) is a Lie subalgebra or, equivalently, if and only if E is
involutive.

In particular, for a foliation F , by Frobenius theorem, there is an involutive distribution
DF ⊆ TM , such that TF = DF and, therefore, LF = DF ⊕ D◦

F is a Dirac structure on
M . ♮
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Example 7.2.14. Consider a closed 2-form ω ∈ Ω2
cl(M) on a manifold M (or equivalently,

let (M,ω) be a pre-symplectic manifold) and define

Lω =
{
v + ivωτM (v) ∈ TM

∣∣ v ∈ TM} = gr(ω♭). (7.15)

We shall now prove that Lω is a Dirac structure (in fact, more in general, we will prove
that a Lω defined in this way for arbitrary ω ∈ Ω2(M) is Dirac if and only if ω is closed).
Firstly, it is clear that rank(Lω) = dim(TpM) = dim(M). The fact that ⟨Lω,Lω⟩ = 0 comes
naturally since, given p ∈M and u, v ∈ TpM ,

⟨v + ivωp, u+ iuωp⟩ = ω♭p(v)(u) + ω♭p(u)(v) = ωp(v, u) + ωp(u, v) = 0.

As for the other condition, let X1 + η1, X2 + η2 ∈ Γ(Lω). Then, by the definition of Lω,
ηi = iXi

ω for i = 1, 2 and, furthermore,

JX1 + η1, X2 + η2K = [X1, X2] + iX1dη2 − iX2dη1 + d(η2(X1))

= [X1, X2] + iX1
diX2

ω − iX2
diX1

ω + diX1
iX2

ω

= [X1, X2] + iX1LX2ω − iX1iX2dω − LX2iX1ω + diX2iX1ω + diX1iX2ω

= [X1, X2] + (iX1
LX2

− LX2
iX1

)ω − iX1
iX2

dω

= [X1, X2] + i[X1,X2]ω − iX1
iX2

dω,

where, in the last equality, we used Eq. (1.26). Thus, for Γ(Lω) to be closed under the
Dorfman bracket, we must have that iX1

iX2
dω = 0, for all X1, X2 ∈ X(M). This happens if

and only if dω = 0 or, in other words, if and only if ω is a closed 2-form. Hence, we conclude
that any pre-symplectic manifold gives rise to a Dirac structure. ♮

Example 7.2.15. Following the same idea as of the previous example, we could now do
the same procedure but with bivector fields instead. Let π ∈ X2(M) be a bivector field on
a manifold M and define

Lπ =
{
iαπ + α

∣∣α ∈ T ∗M
}
= gr(π♯), (7.16)

Then, rank(Lπ) = dim(T ∗
pM) = dim(M) and, given α, β ∈ T ∗

pM , we get that

⟨iαπp + α, iβπ + β⟩ = α(π♯pβ) + β(π♯pα) = πp(β, α) + πp(α, β) = 0.

For the Dorfman bracket, we take X1 + η1, X2 + η2 ∈ Γ(Lπ) and, noting that Xi = π♯ηi for
i = 1, 2, we get that
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JX1 + η1, X2 + η2K = [π♯η1, π
♯η2] + Lπ♯η1η2 − Lπ♯η2η1 + d(η1(π

♯η2))

= [π♯η1, π
♯η2] + Lπ♯η1η2 − Lπ♯η2η1 − d(π(η1, η2))

= [π♯η1, π
♯η2] + [η1, η2]π,

hence Γ(Lπ) is closed under the Dorfman bracket if and only if [π♯η1, π♯η2] = π♯[η1, η2]π, i.e.,
if π♯ : (Ω1(M), [·, ·]π)→ (X(M), [·, ·]) preserves the bracket structure. By Proposition 5.3.5,
this is only the case whenever [π, π]SN = 0, i.e. when π is a Poisson bivector. Therefore, we
conclude that all Poisson manifolds are also examples of Dirac manifolds. ♮

7.3 Properties of Dirac Structures

As we have remarked in the previous section, the definition of a Dirac structure L on a
manifold M implies that L becomes a Lie algebroid. This fact is what allows, as we shall
see, to prove the connection between the algebraic definition of a Dirac structure given in
the previous section and the noted link to pre-symplectic foliations, which we now prove:

Theorem 7.3.1. Any Dirac structure L on a smooth manifold M determines a singular
foliation F endowed with a leaf-wise pre-symplectic structure ωF . Additionally, the Dirac
structure L is fully determined by its pre-symplectic foliation (F , ωF ).

Proof. From the discussion of Lie algebroids, we know that prTM (L) is an integrable distri-
bution (so, in particular, it is involutive) and so, by Frobenius theorem, there is a (singular)
foliation F of M such that TF = prTM (L). Then, each leaf Fλ of F naturally inherits a
2-form ωL ∈ Ω2(Fλ) such that

(ωL)p(v, u) = α(u), for all v, u ∈ TpFλ such that v + α ∈ L. (7.17)

To see that this 2-form is well-defined, let us first see that it is anti-symmetric and inde-
pendent of α chosen. If v + α1, v + α2, u+ β ∈ L|p ⊆ TpM , then we get that

0 = ⟨v + α1, u+ β⟩ = β(v) + α1(u), and 0 = ⟨v + α2, u+ β⟩ = β(v) + α2(u)

thus concluding that α1(u) = α2(u) = −β(v). So, the 2-form ωL above is well-defined. To
show that ωL is closed, let X1, X2, X3 ∈ Γ(TF) such that Xi + ηi ∈ Γ(L) for i = 1, 2, 3.
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Then,

ωL([X1, X2], X3) = (iX1dη2 − iX2dη1 + d(η2(X1)))(X3)

= X1(η2(X3))−X3(η2(X1))− η2([X1, X3])−X2(η1(X3))

+X3(η1(X2)) + η1([X2, X3]) +X3(η2(X1))

= X1(η2(X3))−X2(η1(X3)) +X3(η1(X2))− η2([X1, X3]) + η1([X2, X3])

= X1(ωL(X2, X3))−X2(ωL(X1, X3)) +X3(ωL(X1, X2))

− ωL(X2, [X1, X3]) + ωL(X1, [X2, X3])

= (dωL)(X1, X2, X3) + ωL([X1, X2], X3),

where the terms in red cancel out. Thus, we conclude that (dωL)(X1, X2, X3) = 0 and,
since X1, X2, X3 are arbitrary in Γ(TF), ωL is a closed foliated 2-form and (F , ωL) is a
pre-symplectic foliation of M .

As for the last part of the theorem, let (F , ωF ) be the pre-symplectic foliation of M
determined by a Dirac structure L. Then, writing F = {Fλ}λ∈Λ, we consider a vector
subbundle F ⊆ TM such that, for a point p ∈ Fλ ⊆M in the leaf Fλ,

Fp =
{
v + α ∈ TpM

∣∣ v ∈ TpFλ and α|TpFλ
= (ω♭F )p(v)

}
.

The proof is concluded if we show that Fp = Lp, for all p ∈ Fλ ⊆M and for all λ ∈ Λ. For
the inclusion Lp ⊆ Fp, let p ∈M , λ ∈ Λ and v + α ∈ Lp such that v ∈ TpFλ. Then, for any
u ∈ TpFλ, we get

(ωF )p(v, u) = (ωL)p(v, u) = α(u),

where we used the fact that the pre-symplectic form defined in the leaves Fλ of F is ωL ∈
Ω2(Fλ) defined in (7.17). Since u ∈ TpFλ is arbitrary, we conclude that α|TpFλ

= (ω♭F )p(v),
and, so, v + α ∈ Fp. Conversely, if v + α ∈ Fp, given u ∈ TpFλ,

α(u) =
(
(ω♭F )p(v)

)
(u) = (ωF )p(v, u) = (ωL)p(v, u).

Thus, v + α ∈ Lp and we obtain that Fp = Lp for all p, concluding the proof. Q.E.D.

Since Dirac manifolds include both symplectic and Poisson manifolds, we could now
question whether some of the important characteristics of these manifolds also extend to the
setting of Dirac structures. One such case is that of Hamiltonian vector fields. Indeed, it is
possible to introduce this notion for Dirac manifolds, however, more is required to do so.

Definition 7.3.2. Let (M,L) be a Dirac manifold. A function f ∈ C∞(M) is called L-
-admissible if there exists a vector field X ∈ X(M) such that X + df ∈ Γ(L). We shall
denote the collection of L-admissible functions by C∞

L (M).
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Remark 7.3.3. It is important to stress that the vector field in the previous definition needs
not to be unique. Regardless, we still call the vector field X in the definition a Hamiltonian
vector field related to f .

Remark 7.3.4. In the case of symplectic and Poisson manifolds, the collection of admissible
functions is the entire space of functions C∞(M).

Proposition 7.3.5. For a Dirac manifold (M,L), the collection of admissible functions
C∞

L (M) is a Poisson algebra.

Proof. Firstly, notice that C∞
L (M) ⊆ C∞(M) is an R-subalgebra. In fact, it is clear that

R ⊆ C∞
L (M) and, if f1, f2 ∈ C∞

L (M) and λ1, λ2 ∈ R such that X1df1, X2+df2 ∈ Γ(L), then
λ1X1 + λ2X2 +d(λ1f1 + λ2f2) ∈ Γ(L) and f1X2 + f2X1 +d(f1f2) ∈ Γ(L). Then, introduce
the following anti-symmetric R-bilinear bracket {·, ·} : C∞

L (M)×C∞
L (M)→ C∞

L (M) which,
for any f, g ∈ C∞

L (M), is given by

{f, g} = X(g), (7.18)

where X ∈ X(M) is a Hamiltonian vector field related to f . Let us prove that this bracket
is well-defined. Given a function f ∈ C∞

L (M), if X1, X2 are both Hamiltonian vector fields
relative to f , then if Y + dg ∈ Γ(L), we have that

X1(g) + Y (f) = ⟨X1 + df, Y + dg⟩ = 0 = ⟨X2 + df, Y + dg⟩ = X2(g) + Y (f).

Thus, Y (f) = −X1(g) = −X2(g) showing that the right-hand side of Eq. (7.18) only depends
of f and g and not on the choice of X and, moreover, that {f, g} = −{g, f}. Furthermore,
we note that, if f, g ∈ C∞

L (M) with X + df, Y + dg ∈ Γ(L), then

[X,Y ] + d {f, g} = [X,Y ] + d(X(g)) = JX + df, Y + dgK ∈ Γ(L). (7.19)

This shows that {f, g} ∈ C∞
L (M), with Hamiltonian vector field given by [X,Y ]. So, {·, ·}

is a well-defined R-bilinear anti-symmetric bracket on C∞
L (M).

To finish the proof, we need to check that the bracket defined above satisfies the Leibniz
rule and the Jacobi identity. The former comes directly from the fact that X act as a
derivation on functions. Hence, given f, g, h ∈ C∞

L (M) and X ∈ X(M) such that X + df ∈
Γ(L),

{f, gh} = X(gh) = X(g)h+ gX(h) = {f, g}h+ g {f, h} .

For the Jacobi identity, taking f, g, h ∈ C∞
L (M) and X,Y, Z ∈ X(M) such that X +df, Y +

dg, Z + dh ∈ Γ(L), using Eq. (7.19), we get

{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = {f, Y (h)}+ {g, Z(f)} − {h, Y (f)}

= −[Y,Z](f) + Y (Z(f))− Z(Y (f)) = 0.

Hence, we conclude that {·, ·} defined in Eq. (7.18) is a Poisson bracket and, thus (C∞
L (M), {·, ·})

forms a Poisson algebra. Q.E.D.
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Morphisms of Dirac Manifolds

Throughout the thesis, whenever we define some kind of new geometric structure, we
have always defined the respective morphisms that respect said structure. In the case of
Dirac manifolds, however, the introduction of such morphisms turns out to be much more
complicated, since there is not only one possible notion of a morphism. This comes from the
fact that, in symplectic geometry, there are two ways to describe the symplectic structure:
either as

(1) a pair (M,ω), where ω ∈ Ω2
cl(M) is a closed, non-degenerate 2-form;

(2) a pair (M,π), where π ∈ X2(M) is a non-degenerate bivector with [π, π]SN = 0.

These two descriptions arise from the fact that symplectic manifolds are specific cases of
pre-symplectic and Poisson structures, respectively. Hence, there are two ways of seeing
symplectic morphisms φ : M1 → M2, according to the natural operations acting on forms
or multivectors:

(1) As a map φ : (M1, ω1)→ (M2, ω2), such that φ∗ω2 = ω1;

(2) As a map φ : (M1, π1)→ (M2, π2), with φ∗π1 = π2.

These notions above, as it can be easily seen, coincide in the case of symplectic manifolds,
however, in general, they do not need to. Since both pre-symplectic and Poisson structures
are examples of Dirac structures, we conclude that there are two alternative notions of
morphisms for a Dirac manifold.

Definition 7.3.6. Let (M1,L1) and (M2,L2) be Dirac manifolds and φ : M1 → M2 a
smooth map.

1) The forward image of L1 is the set

Fφ(L1)
def
=

∐
p∈M1

{
φ∗(p)(v) + α ∈ Tφ(p)M2

∣∣ v+ α ◦ φ∗(p) ∈ (L1)p
}
⊆ φ∗TM2. (7.20a)

The map φ : M1 → M2 is called a forward Dirac map if φ∗L2 = Fφ(L1) ⊆ φ∗TM2,
i.e. for all p ∈M1,

(L2)φ(p) = (Fφ(L1))p. (7.20b)

2) The backward image of L2 is the collection

Bφ(L2)
def
=

∐
p∈M1

{
v + α ◦ φ∗(p) ∈ TpM1

∣∣φ∗(p)(v) + α ∈ (L2)φ(p)
}
⊆ TM1. (7.21a)

The map φ : M1 → M2 is called a backward Dirac map if L1 = Bφ(L2), i.e. for all
p ∈M1,

(L1)p = (Bφ(L2))φ(p). (7.21b)



FCUP
7.3. Properties of Dirac Structures 189

Proposition 7.3.7. Let N be a smooth manifold, (M,L) a Dirac manifold and φ :M → N

and ϕ : N →M smooth maps. We have the following:

(i) If ker(Tφ) ∩ L has constant rank, then Fφ(L) is a Dirac structure on N ;

(ii) If ker((Tϕ)∗) ∩ ϕ∗L has constant rank, then Bϕ(L) is a Dirac structure on N .

For a proof of this statement, one can check [23, Propositions 5.6 and 5.9].

Example 7.3.8. For a Dirac manifold (M,L), given a submanifold i : N ↪→M , if L∩(TN)◦

has constant rank, then L|N
def
= Bi(L) is the only Dirac structure on N such that i :

(N,L|N ) ↪→ (M,L) is a backward Dirac map. ♮

Example 7.3.9. In a Poisson manifold (M,π), a Poisson-Dirac submanifold is an immersed
submanifold i : N → M equipped with a Poisson structure πN such that i : (N,LπN

) →
(M,Lπ) is a backward Dirac map. ♮

We now proceed to introduce some important results that give sufficient condition for
when the two notions of forward and backward Dirac maps coincide:

Proposition 7.3.10. Let (M1,L1) and (M2,L2) be Dirac manifolds. If a smooth immersion
φ :M1 →M2 is a forward Dirac map, then φ is a backward Dirac map.

Proof. Let p ∈ M and suppose that φ is a forward Dirac map. Taking v + α ◦ φ∗(p) ∈
(Bφ(L2))φ(p). Then, by the definition of the backward image of L2, φ∗(p)(v)+α ∈ (L2)φ(p) =

(Fφ(L1))p. Thus, since φ :M1 →M2 is an immersion, i.e. ker(φ∗(p)) = 0, by the definition
of the forward image of L1, v + α ◦ φ∗(p) ∈ (L1)p, proving that (Bφ(L2))φ(p) ⊆ (L1)p.

Reciprocally, if u+β ∈ (L1)p, since φ is an immersion, for any w ∈ im(φ∗(p)) ⊆ Tφ(p)M2

there is a unique v ∈ TpM1 such that w = φ∗(p)(v) and, thus, there exists α ∈ T ∗
φ(p)M2

such that β = α ◦ φ∗(p). Therefore, u + α ◦ φ∗(p) ∈ (L1)p and, by the definition of
the forward image of L1, φ∗(p)(u) + α ∈ (Fφ(L1))p. Once again, since φ is a forward
Dirac map, φ∗(p)(u) + α ∈ (L2)φ(p) and, by the definition of the backward image of L2,
u + β = u + α ◦ φ∗(p) ∈ (Bφ(L2))φ(p). This show that (Bφ(L2))φ(p) ⊇ (L1)p, completing
the proof. Q.E.D.

Proposition 7.3.11. Let M be a smooth manifold, (N,L) a Dirac manifold and φ :M →
N a smooth submersion. Then Bφ(L) is a Lie algebroid, isomorphic to the pullback Lie
algebroid φ! L.
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Proof. Consider the following vector bundle morphism covering the identity, idM :

ψ : Bφ(L) −→ φ!L

v + α ◦ φ∗(p) 7−→ (v, φ∗(p)(v) + α)

This vector bundle morphism is well-defined (φ∗(p) = prTM (φ∗(p)(v) + α)) and, since φ
is a submersion, it is a vector bundle isomorphism. To conclude the proof, we need only
check that ψ is a Lie algebroid morphism. Firstly, since the anchors of Bφ(L) and φ!L are,
respectively, prTM and the projection onto the first factor, it is clear that, given v+α◦φ∗(p) ∈
Bφ(L)p,

φ!prTN ◦ ψ(v + α ◦ φ∗(p)) = v = idTM ◦ prTM (v + α ◦ φ∗(p))

hence, ψ preserves the anchors. As for the ψ being a Lie algebra morphism between
Γ(Bφ(L)) and Γ(φ!L), let X1, X2 ∈ X(M) and η1, η2 ∈ Ω1(N) such that Xi + φ∗ηi ∈
Γ(Bφ(L)), for i = 1, 2. Then, considering the bracket structure on Γ(Bφ(L)) to be the
Dorfman bracket on TM restricted to the relevant space, we get

JX1 + φ∗η1, X2 + φ∗η2K = [X1, X2] + iX1
dφ∗η2 − iX2

dφ∗η1 + d((φ∗η2)(X1))

= [X1, X2] + iX1φ
∗dη2 − iX2φ

∗dη1 + d(φ∗(η2(φ
∗X1)))

= [X1, X2] + φ∗(iφ∗X1
dη2)− φ∗(iφ∗X2

dη1) + φ∗d(η2(φ
∗X1))

= [X1, X2] + φ∗(iφ∗X1dη2 − iφ∗X2dη1 + d(η2(φ
∗X1))

)
thus, applying ψ to this expression yields

ψ
(
JX1 + φ∗η1, X2 + φ∗η2K

)
=
(
[X1, X2], φ

∗[X1, X2] + iφ∗X1dη2 − iφ∗X2dη1 + d(η2(φ
∗X1))

)
=
(
[X1, X2], [φ

∗X1, φ
∗X2] + iφ∗X1

dη2 − iφ∗X2
dη1 + d(η2(φ

∗X1))
)

=
(
[X1, X2], Jφ∗X1 + η1, φ

∗X2 + η2K
)

= [(X1, φ
∗X1 + η1), (X2, φ

∗X2 + η2)]φ!L

= [ψ(X1 + φ∗η1), ψ(X2 + φ∗η2)]φ!L

which shows that ψ is a Lie algebroid isomorphism. Q.E.D.

Corollary 7.3.12. For Dirac manifolds (M1,L1) and (M2,L2) and a submersion φ :M1 →
M2, if φ is a backward Dirac map, then it is a forward Dirac map and L1 is isomorphic as
a Lie algebroid to φ! L2.

Proof. Since φ is a backward Dirac map, by the previous proposition, L1 = Bφ(L2) is
isomorphic as a Lie algebroid to φ!L2. To show that φ is also a forward Dirac map, let
p ∈ M and take φ∗(p)(v) + α ∈ (Fφ(L1))p. Then, by the definition of the forward image
of L1, v + α ◦ φ∗(p) ∈ (L1)p and, since φ is a backward Dirac map, (L1)p = (Bφ(L2))φ(p),
thus v + α ◦ φ∗(p) ∈ (Bφ(L2))φ(p). By the definition of the backward image of L2, since
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φ :M1 →M2 is a submersion, i.e. the map Tφ(p)M2 → TpM1, η 7→ η ◦ φ∗(p) is injective for
all p ∈M1, we conclude that φ∗(p)(v)+α ∈ (L2)φ(p). This shows that (Fφ(L1))p ⊆ (L2)φ(p),
for all p ∈M1.

Conversely, if u+ β ∈ (L2)φ(p), since φ is a submersion, there exists v ∈ TpM1 such that
u = φ∗(p)(v). Hence, since φ is a backward Dirac map, by the definition of the backward
image of L2, v + β ◦ φ∗(p) ∈ (Bφ(L2))φ(p) = (L1)p. By the definition of the forward
image of L1 we, then conclude that u + β = φ∗(p)(v) + β ∈ (Fφ(L1))p. This proves that
(Fφ(L1))p ⊇ (L2)φ(p), for all p ∈M1, and so concludes the proof. Q.E.D.

The previous results lead us to the following proposition giving an equivalence of the
definitions of forward and backward Dirac map:

Proposition 7.3.13. Let (M1,L1) and (M2,L2) be Dirac manifolds and φ : M1 → M2 a
diffeomorphism. The following conditions are equivalent:

(i) φ is a forward Dirac map;

(ii) φ is a backward Dirac map;

(iii) the lift of φ to TM , given by

Tφ : TM1 −→ TM2

v + α 7−→ Tφ(v) + T ∗φ(α)
(7.22)

is such that Tφ(L1) = L2.

Proof. (i) ⇐⇒ (ii): Since φ is a diffeomorphism, it is, in particular, an immersion and a
submersion, therefore, this equivalence comes directly from Proposition 7.3.10 and
Corollary 7.3.12.

(i)⇐⇒ (iii): Let p ∈M . Then, we can obtain the image of Tpφ as follows:

Tpφ((L1)p) =
{
Tpφ(v) + T ∗

pφ(α) ∈ Tφ(p)M2

∣∣ v + α ∈ (L1)p
}

=
{
Tpφ(v) + T ∗

pφ(β ◦ Tpφ) ∈ Tφ(p)M2

∣∣ v + β ◦ Tpφ ∈ (L1)p
}

=
{
Tpφ(v) + β ∈ Tφ(p)M2

∣∣ v + β ◦ Tpφ ∈ (L1)p
}
= (Fφ(L1))p,

where, in the second equality, we used that φ is a diffeomorphism. Then, we can
clearly conclude that Tpφ((L1)p) = (L2)φ(p) for all p ∈M if and only if φ is a forward
Dirac map. Q.E.D.

Remark 7.3.14. A diffeomorphism φ :M1 →M2 satisfying the equivalent conditions from
the previous Proposition is called a Dirac diffeomorphism.





Chapter 8

Splitting Theorem for Anchored

Vector Bundles

As mentioned in the Introduction, normal form theorems have been rather important to
differential geometry, as these results allow for a better understanding of the local geometry.
Throughout the thesis, we have explored some of the most notable (and well-known) nor-
mal form results, from Frobenius theorem, studied in Chapter 2, and Darboux’s theorem,
discussed in Chapter 4, to Weinstein’s splitting theorem for Poisson geometry, explored in
Chapter 6. In this chapter, following the treatment of [1], we explore another such example
of a normal form theorem, this time for anchored vector bundles, using Euler-like vector
fields to induce a splitting around transversals for these anchored vector bundles.

We start the present chapter by revisiting some notions introduced throughout the pre-
vious chapters and expand them focusing on the necessary results in order to understand
the statement and proofs of the most relevant theorems from [1]. For that, we introduce
the normal bundle to a submanifold as well as the notions and results pertaining to the
Euler vector field of a vector bundle and tubular neighbourhoods. To conclude this section,
we explore the notion of transversals and involutivity of anchored vector bundles. The last
section delves into the splitting theorem for anchored vector bundles proposed in [1], as well
as the uniqueness statements for the transversals of these anchored vector bundles. As this
chapter is based on an article recently published, we shall omit most of the proofs that are
presented therein opting instead to give proofs for results that are only stated or omitted
in [1].

193
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8.1 Prelude

We start the present chapter by introducing some additional concepts to previously intro-
duced contents that are required to a better understanding of the splitting theorem proposed
in [1].

Homogeneity Structures and Euler vector field

Following the discussion of homogeneity structures introduced in Section 1.2, we now
introduce the Euler vector field on a vector bundle. As we shall see, this vector field is
deeply connected to the homogeneity structure defining the structure of the vector bundle
and will be essential to understand its properties when discussing the splitting theorem in
Section 8.2.

Definition 8.1.1. Given a vector bundle E pr−−→M with homogeneity structure h : R×E →
E and a point p ∈ M , the Euler vector field on E, denoted E ∈ X(E), is the vector field
such that, for e ∈ Ep,

Ee = vl(p,e)(e), (8.1)

where vl is the vertical lift of the vector bundle, defined as,

vl(p,e) : Ep −→ TeEp

ξ 7−→ [e+ ht(ξ)]e

Remark 8.1.2. Locally, for a chart (U,φ = (x1, . . . , xm)) on M and adapted coordinates
ea on Ep, given ξ ∈ Ep, Eξ = ϵa(ξ) ∂

∂ea

∣∣
ξ

and ϵa(ξ) = [ξa + tξa]ξ = ξa, i.e.

E = ea
∂

∂ea
. (8.2)

Proposition 8.1.3. Let E pr−−→ M be a vector bundle with homogeneity structure h :

R× E → E and E ∈ X(E) the Euler vector field. Then the flow of E is FltE = het .

Proof. Let (U,φ = (x1, . . . , xm)) be a chart of M and let (xi, ϵa) be adapted coordinates in
E|U = pr−1(U). Then, clearly, we have that

he0(p, ϵ) = h1(p, ϵ) = (p, ϵ) = Fl0E(p, ϵ)

As for the time derivative of het , writing

het(p, ϵ) = (χi(et, p, ϵ), εa(et, p, ϵ)) = (pi, et ϵa),
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we have the following:

d

dt
het(p, ϵ) =

d

dt
χi(et, p, ϵ)

∂

∂xi

∣∣∣∣
χi(et,p,ϵ)

+
d

dt
ϵa(et, p, ϵ)

∂

∂ea

∣∣∣∣
ϵa(et,p,ϵ)

=
d

dt
pi

∂

∂xi

∣∣∣∣
pi

+
d

dt
et ϵa

∂

∂ea

∣∣∣∣
et ϵa

= et ϵa
∂

∂ea

∣∣∣∣
et ϵa

= εa(et, p, ϵ)
∂

∂ea

∣∣∣∣
εa(et,p,ϵ)

= Ehet (p,ϵ)
.

Since both FltE and het obey the same Cauchy problem, by the uniqueness of the solution
of differential equations, we conclude that FltE = het . Q.E.D.

8.1.1 Normal Bundle, Linear Approximation and Tubular Neigh-
bourhoods

One other important concept related to vector bundles is the concept of a normal bundle
to a submanifold N ⊆ M . This bundle essentially gives an orthogonal decomposition of
the tangent space to a manifold at points of a submanifold into the tangent space to the
submanifold and this normal bundle. Moreover, as we shall see, the concept of tubular
neighbourhoods is deeply connected to that of normal bundles and, so, it is important to
understand this bundle.

Definition 8.1.4. Let M be a smooth manifold and N ⊆ M a submanifold of M . The
normal bundle of N is the vector bundle with base N defined by

ν(M,N)
def
= TM |N/TN, (8.3a)

with the projection given by
nprN : ν(M,N) −→ N

vp + TpN 7−→ p
(8.3b)

M

N
TpM

TpN

ν(M,N)p

p

Figure 8.1: Intuitive view of the Normal bundle at a point
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Remark 8.1.5. Considering Man2 to be the category of pairs of manifolds whose objects
are pairs (M,N) where M is a smooth manifold and N ⊆ M is a submanifold and whose
morphisms f : (M,N) → (M ′, N ′) are maps f : M → M ′ such that f(N) ⊆ N ′, the
construction of the normal bundle as in Definition 8.1.4 introduces a functor:

ν : Man2 −−−−→ VB,

(M,N)
Ob7−−−→ ν(M,N),

f
Mor7−−−→ ν(f),

where the map ν(f) : ν(M,N)→ ν(M ′, N ′) is a vector bundle morphism covering f |N such
that, for p ∈ N and v ∈ TpM ,

ν(f)(v + TpN) = f∗(p)(v) + Tf(p)N
′.

Proposition 8.1.6. Let M be a smooth manifold and N ⊆ M a submanifold. Then,
ν(TM, TN) ∼= Tν(M,N).

Proof. Both ν(TM, TN) and Tν(M,N) have the following structure of double vector bundle:

Tν(M,N) TN ν(TM, TN) TN

ν(M,N) N ν(M,N) N

TnprN

τν(M,N) τN

nprTN

ν(τM ) τN

nprN nprN

We want to find a DVB isomorphism between these two double vector bundles. Notice that,
T (TM |N ) and T 2M |TN are subbundles of T 2M and, by the definition of the canonical flip
J : T 2M → T 2M of the double tangent bundle T 2M of M , J restricts to an isomorphism
between T (TM |N ) and T 2M |TN . Then, we may construct short exact sequences of double
vector bundles

0 TN TM |N ν(M,N) 0

0 T 2N T 2M |TN ν(TM, TN) 0

N N N N N

TN TN TN TN TN

0 TN TM |N ν(M,N) 0

0 T 2N T (TM |N ) Tν(M,N) 0

N N N N N

TN TN TN TN TN
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and, moreover, we can construct

0 T 2N T 2M |TN ν(TM, TN) 0

0 T 2N T (TM |N ) Tν(M,N) 0

J|T2N ∼=J

Therefore, we obtain a double vector bundle isomorphism between Tν(M,N) and ν(TM, TN),
as we required. Q.E.D.

By the definition and functoriality of ν we also get the following result:

Proposition 8.1.7. Let M be a smooth manifold, N ⊆ M be a submanifold and let
f : (M,N) → (M,N) be a diffeomorphism of pairs. Then ν(f) : ν(M,N) → ν(M,N)

is a vector bundle automorphism of ν(M,N).

Corollary 8.1.8. Given a vector field X ∈ X(M) tangent to N , then ν(X) ∈ autVB(ν(M,N)).

The previous results motivate the following definition:

Definition 8.1.9. The linear approximation of a diffeomorphism f : (M,N) → (M,N)

preserving N is ν(f) ∈ AutVB(ν(M,N)). Similarly, the linear approximation of a vector
field X ∈ X(M) tangent to N is ν(X) ∈ autVB(ν(M,N)).

Another important concept we need to introduce for the statement and proof of the
splitting theorem is that of tubular neighbourhoods, These link the notions of a vector
bundle with that of the topology of the manifold, or, in more detail, associate to each
submanifold a vector bundle whose structure is closely related to the one of the normal
bundle, thus codifying the topological structure of a neighbourhood of the submanifold.

Definition 8.1.10. Let M be a smooth manifold and i : N ↪→M a submanifold. A tubular
neighbourhood of N in M is a pair (E,ψ) where E pr−−→ N is a vector bundle and ψ : E →M

is a map such that

1) if 0·E : N → E is the zero section, then ψ ◦ 0·E = i, i.e. the following diagram is
commutative:

E M

N

ψ

0·E
i

2) there exist open sets U ⊆ E and V ⊆ M such that 0·E(N) ⊆ U , N ⊆ V and ψ|U :

U → V is a diffeomorphism.
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Theorem 8.1.11. Every submanifold N of a smooth manifold M has a tubular neighbour-
hood.

The proof of this theorem requires the use of Riemannian geometry or the theory of sprays,
which are out of the scope of this thesis. In said proof, it is shown that we may take the
tubular neighbourhood to be (ν(M,N), ψ) such that ψ : ν(M,N) → M is an embedding
and the vector bundle morphism ν(ψ) : ν(ν(M,N), N) ∼= ν(M,N) → ν(M,N) induced by
the map of pairs ψ : (ν(M,N), N) → (M,N) coincides with the map idν(M,N). Thus, in
the sequel, we may always consider this to be the case and call ψ a tubular neighbourhood
embedding.

Definition 8.1.12. A vector field X ∈ X(M) tangent to N is called linearisable if there
exists a tubular neighbourhood embedding ψ : ν(M,N) → M such that ν(X) = ψ∗X on a
neighbourhood of N .

Lemma 8.1.13. Let X ∈ X(M) be a vector field such that X|N = 0 and ν(X) = E, where
E ∈ X(ν(M,N)) is the Euler-vector field on ν(M,N). Then, X is linearisable.

The proof of the previous statement presented in [1, Lemma 2.4] is rather straightforward,
so we shall leave it out of the present review.

Definition 8.1.14. Let N ⊆ M be a submanifold. A vector field X ∈ X(M) is said to be
Euler-like along N if it is complete, X|N = 0 and ν(X) is the Euler vector field on ν(M,N).

One of the first results we can introduce relating to the notion of Euler-like vector fields
is the following:

Proposition 8.1.15. Let X ∈ X(M) be an Euler-like vector field along N . Then, the
tangent lift T ♮X ∈ X(TM) is Euler-like along TN .

Proof. To prove that T ♮X is Euler-like, it is enough to show that T ♮X|TN = 0 and that
ν(T ♮X) is the Euler vector field in ν(TM, TN). For the proof of the first of these conditions,
we note that, given the local expression of T ♮X, if p ∈ N and v ∈ TpN ,

T ♮X(v) = Xi(p)
∂

∂xi

∣∣∣∣
p

+ vi
∂Xj

∂xi
(p)

∂

∂vj

∣∣∣∣
v

,

which vanishes because the first term is just Xp = 0 and the second term contains v(Xj) = 0,
since X|N = 0.
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As for the second condition, by Lemma 8.1.13 and Definition 8.1.14, X is linearisable, i.e.
ψ∗X = E , for some tubular neighbourhood embedding ψ of N in M , where E ∈ X(ν(M,N))

is the Euler vector field on ν(M,N). Further

ν(T ♮X) = ν(J ◦ TX) = ν(J) ◦ ν(TX) = ν(J) ◦ T (ν(X)) = ν(J) ◦ TE = J ′ ◦ TE = T ♮E ,

where we used the fact that ν is functorial, that ν ◦ T ∼= T ◦ ν and that ν(J) = J ′ :

T 2ν(M,N) → T 2ν(M,N) is the canonical flip of the double tangent bundle of ν(M,N).
Thus, to conclude the result, we need only to prove that T ♮E is the Euler vector field on
ν(TM, TN) ∼= Tν(M,N). Locally, if (U,φ = (x1, . . . , xm)) is a chart on N and (xi, na) are
adapted coordinates on ν(M,N), the Euler vector field on ν(M,N) is given by E|npr−1

N (N) =

na ∂
∂na . On ν(TM, TN), the adapted coordinates take the form (xi, vi, na,ma) and, thus,

the Euler vector field on this bundle is given by Ẽ = na ∂
∂na +ma ∂

∂ma and the tangent lift
of an element υ = ui ∂

∂xi

∣∣
p
+ ηa ∂

∂na

∣∣
n

is

T ♮E(υ) = E i(p) ∂

∂xi

∣∣∣∣
p

+ Ea(n) ∂

∂na

∣∣∣∣
n

+ ui
∂Ej

∂xi
(p)

∂

∂vj

∣∣∣∣
u

+ ui
∂Ea

∂xi
(n)

∂

∂ma

∣∣∣∣
η

+ ηa
∂E i

∂na
(p)

∂

∂vi

∣∣∣∣
u

+ ηa
∂Eb

∂na
(n)

∂

∂mb

∣∣∣∣
η

= 0 + na
∂

∂na

∣∣∣∣
n

+ 0 + 0 + 0 + ηaδba
∂

∂mb

∣∣∣∣
η

= na
∂

∂na

∣∣∣∣
n

+ ηa
∂

∂ma

∣∣∣∣
η

,

which is precisely the local expression for the Euler vector field Ẽ . Q.E.D.

An important result regarding Euler-like vector fields is that these determine tubular
neighbourhood embeddings.

Proposition 8.1.16. If X ∈ X(M) is an Euler-like vector field along N , there exists an
unique tubular neighbourhood ψ : ν(M,N) → M such that ψ∗X = E, for the Euler vector
field E ∈ X(ν(M,N)) on ν(M,N). Equivalently, the following diagram commutes:

ν(M,N) ν(TM, TN)

M TM

ψ

E

Tψ

X

Idea of the Proof. The existence of a tubular neighbourhood embedding satisfying the con-
ditions of the statement comes directly from Lemma 8.1.13. As for the uniqueness, taking
h : R × ν(M,N) → ν(M,N) to be the homogeneity structure encoding the bundle struc-
ture of ν(M,N), one considers the flows of X and the Euler vector field E , FltX and het ,
respectively and note that one can extend Fl

ln(t)
X to t = 0, since ν(FltX) = het . Thus, one

can define,
U =

{
p ∈M

∣∣ lim
t→0

Fl
ln(t)
X (p) exists and lies in N ⊆M

}
. (∗)



200
FCUP

Chapter 8. Splitting Theorem for Anchored Vector Bundles

Since ν(ψ) = idν(M,N) and, by hypothesis, ψ ◦ht = Fl
ln(t)
X ◦ψ, differentiating this expression

at t = 0 and applying the functor ν, we get

d

dt
Fl

ln(t)
X (p)

∣∣∣∣
t=0

+ TxN =
d

dt
ht(n)

∣∣∣∣
t=0

+ TxN,

where n ∈ ν(M,N) is such that ψ(n) = p and x = lim
t→0

Fl
ln(t)
X (p). Because d

dtht = idν(M,N),
we finally obtain that the map ψ−1 : U → ν(M,N) can be written as

ψ−1(p) =
d

dt
Fl

ln(t)
X (p)

∣∣∣∣
t=0

+ TxN. (†)

Equations (∗) and (†) depend only on the flow of X, thus showing the uniqueness of the
tubular neighbourhood embedding ψ : ν(M,N)→ U . Q.E.D.

Following the previous result, we can now obtain the tubular neighbourhood determined
by the tangent lift of an Euler-like vector field. For the proof of said result, however, we
require the following lemma:

Lemma 8.1.17. Let φ : (M,N) → (M ′, N ′) be a smooth map of pairs, X and X ′ be
Euler-like vector fields along N and N ′, respectively, such that Tφ ◦ X = X ′ ◦ φ. Then,
if ψ : ν(M,N) → M and ψ′ : ν(M ′, N ′) → M ′ are tubular neighbourhood embeddings
determined by X and X ′, respectively, the following diagram commutes:

ν(M,N) M

ν(M ′, N ′) M ′

ψ

ν(φ) φ

ψ′

Proof. To check that the diagram above is commutative, we may, instead, show that
ν(φ) ◦ψ−1 = ψ′−1 ◦φ. Proving the commutativity of the diagram this way allows us to use
the definition of the inverse of the tubular neighbourhood associated with X from (the proof
of) Proposition 8.1.16. Let p ∈ U =

{
q ∈ M

∣∣ lim
t→0

Fl
ln(t)
X (q) exists and lies in N ⊆ M

}
and

write x = lim
t→0

Fl
ln(t)
X (p). Then,

(
ν(φ) ◦ ψ−1

)
(p) = ν(φ)

(
d

dt
Fl

ln(t)
X (p)

∣∣∣∣
t=0

+ TxN

)
= φ∗(x)

(
d

dt
Fl

ln(t)
X (p)

∣∣∣∣
t=0

)
+ Tφ(x)N

′

=
d

dt

(
φ ◦ Flln(t)X

)
(p)

∣∣∣∣
t=0

+ Tφ(x)N
′.

Because Tφ ◦X = X ′ ◦ φ, we get, for all t, φ ◦ FltX = FltX′ ◦ φ. Since φ is smooth, it is, in
particular, continuous, thus the previous expression can be extended for t→ −∞. So, given
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that φ(N) ⊆ N ′, we conclude that

φ(p) ∈ U ′ =
{
q′ ∈M ′ ∣∣ lim

t→0
Fl

ln(t)
X′ (q′) exists and lies in N ′ ⊆M ′}.

Therefore, we obtain that

φ(x) = φ
(
lim
t→0

Fl
ln(t)
X (p)

)
= lim
t→0

(
φ ◦ Flln(t)X

)
(p) = lim

t→0

(
Fl

ln(t)
X′ ◦ φ

)
(p),

and, hence,

(
ψ′−1 ◦ φ

)
(p) =

d

dt
Fl

ln(t)
X′ (φ(p))

∣∣∣∣
t=0

+ Tφ(x)N
′ =

d

dt

(
φ ◦ Flln(t)X

)
(p)

∣∣∣∣
t=0

+ Tφ(x)N
′

=
(
ν(φ) ◦ ψ−1

)
(p),

which gives the intended result. Q.E.D.

Proposition 8.1.18. Let X ∈ X(M) be an Euler-like vector field along N and ψ : ν(M,N)→
M be the tubular neighbourhood embedding determined by X. Then, Tψ : ν(TM, TN) →
TM is the tubular neighbourhood embedding defined by T ♮X.

Proof. Notice that τ∗MX = T ♮X by the following diagram:

TM T 2M T 2M

M TM

TX

τM

J

τTM
TτM

X

Thus, if Ψ : ν(TM, TN) → TM and ψ : ν(M,N) → M are the tubular neighbourhood
embeddings of T ♮E and E , respectively, we have the commutative diagram below, which is
precisely the same commutative diagram for the derivative map Tψ of ψ.

Tν(M,N) ∼= ν(TM, TN) TM

ν(M,N) M

Ψ

τν(M,N) = ν(τM ) τM

ψ

Hence, we conclude Ψ = Tψ. Q.E.D.
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8.1.2 Transversals and Involutivity of AVB

We recall that, given an anchored vector bundle (E
pr−−→ M, a) and a submanifold

i : N ↪→ M , N is called a transversal of (E, a) if, for all p ∈ N , TpM = TpN + a(Ep)

and the pull-back bundle by i is i!E = a−1(TN). Then we can introduce the following
lemma:

Lemma 8.1.19. Given a transversal i : N ↪→ M of an anchored vector bundle (E, a), we
have the following isomorphism of double vector bundles

ν(E, i!E) ∼= npr!N i
!E. (8.4)

Idea of the Proof. As seen previously, i!E = a−1(TN) which is a subbundle of E. Therefore,
we may consider the anchor to be a map of pairs a : (E, i!E) → (TM, TN) and obtain the
following double vector bundle:

ν(E, i!E) ν(TM, TN)

i!E TN

ν(a)

npr
i!E nprN

a

To conclude the result, then, we construct a morphism of double vector bundles

ν(E, i!E) ν(TM, TN)

npr!N i
!E Tν(M,N)

i!E TN

i!E TN

ν(a)

npr
i!E

f

nprN

∼=

npr!Na

TnprNa

a

where, by identifying npr!N i
!E as the bundle Tν(M,N)⊕ i!E as bundles over TN , we define

f : ν(E, i!E) −→ Tν(M,N)⊕ i!E

ε 7−→ ν(a)(ε) + npri!E(ε)

which can be proven to be an isomorphism. Q.E.D.
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Lemma 8.1.20. Let (E pr−−→M, a) be an anchored vector bundle and i : N ↪→M transversal
for (E, a). Then, there exists a section σ ∈ Γ(E) vanishing on N such that X = a(σ) is an
Euler-like vector field on M along N .

Idea of the Proof. From the definition of ν(M,N) we get the following commutative diagram
of vector bundle morphisms, over idM , whose rows are exact (and so split):

0 TN TM |N ν(M,N) 0

0 i!E E|N ν(M,N) 0

q

a a

q◦a

Then, choosing σ ∈ Γ(E) with σ|N = 0 such that ν(σ) : ν(M,N) → ν(E,M) ∼= E|N is a
right inverse of the composition q ◦ a of the quotient map q : TM |N → ν(M,N) and the
anchor, i.e. it is such that q ◦ a ◦ ν(σ) = idν(M,N). To conclude the proof, one needs only
check that X = a(σ) is Euler-like along N . Q.E.D.

Proposition 8.1.21. An anchored vector bundle (E, a) is involutive if and only if the anchor
a : Γ(E) → X(M) admits a lift â : Γ(E) → autAVB(E) such that the following diagram
commutes:

autAVB(E)

Γ(E) X(M)

â

a

The proof of this proposition requires the usage of connections which are out of scope of
the present work. For the interested reader, we refer back to Ref. [1, Proposition 3.17] for
the complete proof of this statement.
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8.2 Splitting Theorem

Now that we have introduced the necessary results, we proceed to state the splitting
theorem for anchored vector bundles:

Theorem 8.2.1. Let (E
pr−−→ M, a) be an anchored vector bundle and i : N → M be a

transversal.

(i) If (E, a) is involutive, then there exists an infinitesimal AVB automorphism X̂ ∈
autAVB(E) vanishing on i!E = a−1(TN) such that its projection X ∈ X(M) is Euler-
-like along N ;

(ii) Any X̂ ∈ autAVB(E) vanishing on a−1(TN) whose projection X ∈ X(M) is Euler-like
along N determines an AVB isomorphism ψ̂ : npr!N i

!E → E|U with base map a tubular
neighbourhood embedding ψ : ν(M,N)→ U ⊆M .

The proof of this statement requires the use of most of the results introduced in the
precious section. However, instead of proving the theorem outright, we want to discuss why
we are using the notions of tubular neighbourhoods to induce a transverse structure on an
anchored vector bundle and, later, a local splitting for these geometric structures.

The idea for the introduction of the tubular neighbourhoods and Euler-like vector fields
is that, as in the case of Frobenius, Darboux and Weinstein theorems, we want to find a
local model for the neighbourhood of a submanifold N in M in which the local structure is
simplified. In the case of the well-known theorems mentioned, what is done is a substitution
of a neighbourhood of the manifold near a point with a vector space with an adequate choice
of chart/local coordinates (which is equivalent to find special local coordinates around that
point):

– in the case of Frobenius, we foliate the manifold by integral submanifolds which locally
have the vector structure of the distribution;

– for Darboux’s theorem, near a point, we approximate the structure of the manifold
with that of the canonical symplectic structure on Rm;

– in Weinstein’s splitting theorem, the local model correspond to the sum of a symplectic
portion which, by the previous item, is the canonical symplectic structure, and a
‘remainder’ portion, such that the structures are disjoint.

Thus, when trying to find a splitting in the more general context of anchored vector bundles,
we want to find a normal form of the geometric structure near N ⊆M and, similar to before,
we try to substitute a neighbourhood of N in M by a vector bundle over N by an adequate
diffeomorphism. This notion corresponds precisely to the notion of a tubular neighbourhood
of N in M .
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As a corollary of Theorem 8.2.1, we obtain the aforementioned splitting theorem for
anchored vector bundles:

Corollary 8.2.2. Let (E
pr−−→ M, a) be an involutive anchored vector bundle, p ∈ M and

N ⊆M a submanifold containing p such that TpM = TpN ⊕ a(Ep). Then, E is isomorphic,
around p, to the direct product i!E × T (a(Ep)).

Proof. Firstly, note that, for a sufficiently small open set U ⊆ N ⊆M containing p, TM |U =

U × TpM , therefore

ν(M,N)|U = TM |U/TN |U ∼= (U × (TpN ⊕ a(Ep)))/(U × TpN) ∼= U × a(Ep).

Therefore, the projection nprN : ν(M,N) → N is, around p ∈ U , the projection onto
the first factor and, by the properties of the pull-back, we have that npr!N i

!E = i!E ×
Ta(Ep). Applying the previous theorem, we obtain an isomorphism of anchored vector
bundles between E|N and i!E × Ta(Ep). Q.E.D.

As it was done in the case of Poisson manifolds, we can show that the transverse struc-
tures arising from the splitting theorem are actually unique (up to isomorphism). To obtain
those results, we introduce the following notions:

Definition 8.2.3. Let M,Q be smooth manifolds, χ : M → Q a submersion and denote
Mq = χ−1(q), for q ∈ Q. A family of anchored vector bundles Eq → Mq is an anchored
vector bundle (E

pr−−→ M, a) such that E|Mq = Eq and a : E → TM is tangent to ker(χ∗),
i.e. im(a) ⊆ ker(Tχ).

Definition 8.2.4. A family of anchored vector bundles is said to be infinitesimally trivial
if every vector field X ∈ X(Q) admits a lift Y ∈ X(M) (such that Tχ ◦ Y = X ◦ χ) which is
the base vector field of some Ŷ ∈ autAVB(E).

Proposition 8.2.5. Let (E pr−−→M, a) be an involutive anchored vector bundle, χ : N → Q

a submersion and ϕ : N → M a family of transversals, i.e. a smooth map such that
iq = ϕ|Nq

: Nq = χ−1(q) ↪→ M is a family of transversals, for all q ∈ Q. Then, the family
of anchored vector bundles i!qE → Nq is infinitesimally trivial.

Idea of the Proof. Using the fact that (ϕ!E, ϕ!a) is involutive, by Proposition 3.1.19, we can
show that the fibres Nq are transversals for ϕ!E. Then, this transversality implies that
ψ∗ ◦ ϕ!a : ϕ!E → TQ is fibre-wise surjective. Thus, given any X ∈ X(Q), we may find a
section σ ∈ Γ(ϕ!E) such that ψ∗ ◦ ϕ!a(σ) = X ◦ ψ. Since ϕ!E is involutive, ϕ!a admits a lift
ϕ̂!a : Γ(ϕ!E)→ autAVB(ϕ

!E), by Proposition 8.1.21. To conclude the result, one needs only
to show that ϕ̂!a(σ) restricts to an element of autAVB

( ∐
q∈Q

i!qE
)
. Q.E.D.
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Now, we get to the more interesting result, the following corollary which mirrors the
uniqueness of transversals for Poisson structures:

Corollary 8.2.6. Let (E
pr−−→ M, a) be an involutive anchored vector bundle, S ⊆ M

a leaf (i.e. an integral submanifold of a(E)) and p0, p1 ∈ S. Moreover, let N
in

↪−−→ M be
transversals for (E, a) with dim(Nn) = dim(M)−dim(S) and in(N)∩S = {pn}, for n = 0, 1.
Then, up to shrinking Nn around pn, there is an isomorphism of (induced) anchored vector
bundles i!0E → i!1E taking p0 to p1.

Idea of the Proof. Start by constructing a path γ : R→ S such that γ(0) = p0 and γ(1) = p1

and a family of transversals ix : Nx ↪→ M with Nx ∩ S = {γ(x)}. Then, the union of these
transversals gives a smooth map

N × R −→ R×M

Ny ∋ q 7−→ (y, iy(q)).

Call ψ : N × R → R and ϕ : N × R → M the projections onto the first and second factors
of the displayed map above, respectively. Notice that ψ is a submersion, ψ ◦ γ = idR and,
additionally, im(γ) is integral submanifold of ϕ!a(ϕ!E).

By (the proof of) Proposition 8.2.5, there exists σ ∈ Γ(ϕ!E) such that Ŷ = ϕ̂!a(σ) ∈
autAVB(ϕ

!E) restricts to an element of autAVB

( ∐
x∈R

i!xE
)

and its projection to X(N), Y =

ϕ!a(σ), satisfies Tψ ◦ Y = ∂
∂x ◦ ψ and is tangent to the integral manifolds of ϕ!a(ϕ!E) (Y

is one of the generators of ϕ!a(ϕ!E)). Thus, for every x ∈ R there exists an open subset
Ux ⊆ Nx, which is a neighbourhood of γ(x), where the flow FltY is defined for t = 1. Since∐
x∈R

i!xE
ϕ!pr−−−−→ N is such that i!xE

(ϕ!pr)|
i!xE−−−−−−−−→ Nx and Fl1Y (i

!
xE) ⊆ i!x+1E, the flow of Ŷ ,

Flt
Ŷ

:
∐
x∈R

i!xE →
∐
x∈R

i!xE, which restricts to Flt
Ŷ
|i!xE : i!xE → i!x+tE, can also be defined

for t = 1 on a small enough neighbourhood of γ(x) in Nx. Therefore, Fl1
Ŷ
|i!0E : i!0E → i!1E

produces the desired isomorphism. Q.E.D.
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Conclusion

In this work, we have studied the several different geometrical structures, from tangent
distributions and symplectic geometry to Poisson and Dirac manifolds and Lie algebroids,
in order to better understand the local structure of these different geometries.

We started by the simplest of the above mentioned structures: tangent distributions.
These are defined to be subsets of the tangent bundle whose fibres at points of the mani-
folds are vector subspaces of the tangent spaces at those points. We then studied in detail
the case where these distributions are both smooth and with constant dimensions through-
out the fibres, the so-called regular distributions, including the notions of involutivity and
integrability, which reflect the possible Lie subalgebra structure of the sections of the distri-
bution and the possible existence of submanifolds whose tangent spaces are the fibres of the
distribution, respectively. The objective of the chapter was to prove Frobenius’ theorem,
which shows that the notions of involutivity and integrability of distributions are equivalent,
for regular distribution as well as for singular distributions (for the latter, so long as we add
that the rank of the distribution stays constant along the flow of sections generating the
distribution).

Following the discussion of distributions, we studied anchored vector bundles and Lie
algebroids which are the natural extension of vector bundles into bundles that have some
type of anchor to the tangent bundle of the base manifold. In the case of Lie algebroids, the
additional structure of a Lie algebra on the set of sections gives it a additional importance,
not only as the geometrical structure present in Yang-Mills theories in physics but, in the
mathematical side, as the infinitesimal version of Lie groupoids, a nice way to link back to
a structure (these Lie groupoids) which often gives a better geometrical picture of certain
phenomena. Both anchored vector bundles and Lie algebroids are known to have normal
form results and, in the case of the former, we give an overview of a splitting theorem around
transversals in the last chapter of the thesis, following the treatment done in [1].
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The fourth chapter deals with the first geometric structure to be highly influenced by
physical theories: Symplectic geometry. As it is well-known, symplectic manifolds are ob-
tained by introducing a closed, non-degenerate 2-form on a manifold, mirroring the case
of Riemannian manifolds where one introduces a symmetric element of Γ(

⊗
2 T ∗M) which

is fibre-wise positive definite. For these manifolds, one can define many types of impor-
tant submanifolds and obtain many different results, however none larger that Darboux’s
theorem, which describes how, locally, all symplectic forms have a similar canonical form.

In the following two chapters, we explored Poisson manifolds and their local structure.
Also a geometry based on physics, a Poisson manifold is obtained by equipping a manifold
M with a bilinear, anti-symmetric bracket on C∞(M) satisfying the Leibniz rule and the
Jacobi identity, or, equivalently, by introducing a bivector field onM whose Schouten bracket
with itself vanishes. The introduction of this structure turns the cotangent bundle T ∗M

into a Lie algebroid and we also showed that Lie algebroid structures on a vector bundle
A → M are in one-to-one correspondence with fibre-wise linear Poisson structures on A∗.
This geometry can be described as a foliated manifold whose leaves of the foliation are
symplectic manifolds and, additionally, the transverse structure to the leaves of the so-
-called symplectic foliation of the manifold is unique up to isomorphism. Regarding the
local structure of Poisson manifolds, Weinstein’s splitting theorem shows that, around each
point of a Poisson manifold, the Poisson bivector field can be written as the sum of a non-
-degenerate Poisson structures (which is equivalent to a symplectic one) and a Poisson
structure vanishing at a point, thus greatly simplifying the local structure of such a manifold.

The final geometry we discussed was that of Dirac manifolds. These also arise from
physical theories but now of Hamiltonian systems with constraints. Mathematically, this
means that Dirac manifolds are the usual structure arising in submanifolds of Poisson mani-
folds and, since submanifolds of symplectic manifolds are usually pre-symplectic, a Dirac
manifold can be defined as a foliated manifold whose leaves are pre-symplectic. A different
(and in some sense easier to understand) description of Dirac manifolds arises by considering
it to be a subset of the generalised tangent bundle TM = TM ⊕T ∗M which is closed under
the Dorfman bracket and Lagrangian with respect to the natural pairing on TM . This more
algebraic description then allowed us to explore several properties of these structures, such
as the two distinct descriptions of morphisms of Dirac structures and the aforementioned
pre-symplectic foliation of a Dirac manifold.

Summarising, knowing the local structure of different types of geometries gives us a
better understanding of the geometry we are studying and, even when not dealing with
these kinds of problems, it is still worth understanding the methods employed in proving
normal form results. Even though this thesis showcases some of these results, many more can
still be uncovered around different types of submanifolds of these and other more generalised
geometric structures.
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