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Resumo

Neste trabalho estudamos supercondutividade singleto, do tipo onda s, numa variedade de modelos de
tight-binding incomensurados. Estes incluem sistemas quasiperiédicos 1D, tal como o modelo classico de
Aubry-André-Harper e uma variante que apresenta uma modulacio quasiperiédica dos hoppings a primeiros
vizinhos, assim como um modelo de um semimetal de dngulo-magico que emula a bicamada de grafeno
rodada no limite quiral. Estudando a equacdo do hiato supercondutor linearizada, mostrdmos que existe
uma amplificacdo da fase supercondutora, associada a um acréscimo da temperatura critica, na transigdo
do regime estendido para o localizado nos sistemas 1D. Também determinamos que os pardmetros de hi-
ato supercondutores, nos modelos 1D quasiperiddicos, herdam as propriedades de localizacdo dos estados
proprios do Hamiltoniano de uma particula. IdentificAmos um escalamento em lei de poténcia da temper-
atura critica supercondutora com o acoplamento da interacdo, com diferentes expoentes para os regimes
criticos e estendido dos sistemas 1D. Finalmente, encontramos um escalamento refor¢ado da temperatura
critica supercondutor, devido & incommensurabilidade, no regime de acoplamento da interacdo fraco para a

fase metélica do modelo quiral da bicamada de grafeno rodada.

iii



Abstract

In this work we study s-wave singlet superconductivity in a variety of incommensurate tight-binding
models. These include 1D quasiperiodic systems, such as the classical Aubry-André-Harper model and an
extended variant which features a quasiperiodical modulation of the nearest-neighbor hoppings, along with
a magic-angle semimetal model that emulates twisted bilayer graphene for moderate angles in the chiral
limit. By studying the linearized superconductor gap equation, we showed that there is enhancement of
superconductivity, associated with an increased critical temperature, when we transition from the extended
to the localized regime in these 1D systems. We also determined that the superconductor gap parameters,
in the 1D quasiperiodic models, inherite much of the localization properties of the single-particle Hamilto-
nian. We found that the superconducting critical temperature has a power-law scaling with the interaction
coupling characterized by different exponents for both the critical and localized regimes in the 1D sytems.
Finally, we also found that the critical temperature has an enhanced scaling, due to incommensurability, in
the weak interaction coupling regime for the metallic phase of the chiral twisted bilayer graphene model.
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Chapter 1

Introduction

Superconductors are a class of materials whose electrical resistance drops abruptly to zero below a
characteristic critical temperature. This contrasts with ordinary metallic conductors for which this happens
gradually as their temperature approaches absolute zero. Another important phenomenon associated with
superconductivity is the Meissner effect [1] which manifests itself through the expulsion of magnetic field
lines from the interior of a superconducting material. The vanishing of resistivity and the occurrence of the
Meissner effect are two phenomena that any superconductivity theory should be able to explain.

The first theories of superconductivity were of a phenomenological nature, such as the London equations
by Fritz London and Heinz London which predicted an expression for the penetration depth 1 of a magnetic
field in a superconductor, or the Ginzburg-Landau theory that introduced a superconductor order parameter
and a coherence length that changes between the normal and superconducting phases.

However, the first microscopic theory came in the form of the theory by Bardeen, Cooper and Schrieffer
(BCS) in 1957 [2]. In this theory, a bound pair (Cooper pair) is formed by two electrons with equal and
opposite momenta near the Fermi surface, due to an effective attractive interaction, mediated by the lattice
phonons, that overcomes the Coulomb repulsion. The two principal mechanisms of the BCS theory are then
the formation of Cooper pairs which manifests itself as an energy gap A (T') in the quasiparticle density of
states at the Fermi level, that goes to zero at the critical temperature, and the condensation of these pairs
into a phase coherent macroscopic quantum state that gives rise to a finite superfluid density.

These theories fail to explain the so-called high-temperature cuprate supercondutors, since the absence
of the isotope effect, where the critical temperature scales as T, ~ M =2 with the isotopic mass, indicates
that there is no phonon mediation in the formation of pairs in this class of superconductors. This new
type of materials were first discovered in 1986, by Bednorz and Miiller [3], and, since then, there have
been many attempts at finding a suitable microscopic theory that explains the mechanism behind these

high-temperature superconductors.

1.1 Motivation

A recent development in 2018, by a research team at MIT [4], consisted of the realization of intrin-

sic unconventional superconductivity in twisted bilayer graphene for twist angles of ~ 1.1°, the so-called
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“magic” angle.

In twisted bilayer graphene (tBLG), a van der Waals material, two stacked graphene layers that are
rotated with respect to one another by a small angle form a long-wavelength moiré pattern. At certain
discrete values of the twist angle, the so-called magic angles, the Fermi velocity of the fermions at the
Dirac cones vanishes and two narrow, nearly flat, bands (per valley per spin) develop in the middle of the
full spectrum, for energies close to the Fermi level, that are separated from other bands [5-9].

These moiré flat bands put tBLG in the strongly-correlated regime, because the bandwith is so narrow
that the interactions dominate over the kinetic energy and even weak interactions can lift the near degeneracy
of states formed by various single particle levels near the Fermi energy, leading to the emergence of exotic
correlated phases. The study of the complex phase diagram of tBLG has gained much interest since the
discovery of unconventional superconductivity [4] and correlated insulator behaviour at half-filling [10] by
the experimental group of Pablo Jarillo-Herrero.

While correlated insulators in these systems can be explained as a consequence of Coulomb interaction,
superconductivity may emerge from an eletron-eletron interaction only or from a more conventional BCS
mechanism where the interaction between eletrons is mediated by the phonons of the lattice. The underlying
mechanism for superconductivity in tBLG, as in the high-T, superconductors, is still an open question and
has been the subject of intense theoretical studies in the last few years. The theoretical approaches to
understanding superconductivity in tBLG range from mean-field theory/Bogoliubov-de Gennes method
[11-13] to renormalization group method [14, 15] to the study of the linearized gap equation [16—18].

In tBLG, the eletronic structure is usually well-described by moiré band theory where Bloch’s theorem
applies to an enlarged unit cell in real space yielding a small moiré Brillouin zone. The twist angles are
then generally restricted to a discrete subset that yields commensurate structures. This is in line with
the underlying hypothesis of typical continuum models of tBLG that for small twist angles the difference
between commensurate and incommensurate angles is not relevant to study the low energy physics of the
system [6, 19].

However, this cannot be true in general and quasiperiodic effects that arise from general incommensu-
rable twist angles should be taken into account to give a careful description of tBLG and of the correlated
phases, such as superconductivity, that emerge in these systems. Recent work has shown that sub-ballistic
states can be found in the narrow-band regime around the magic angle in tBLG for incommensurate twist
angles [20]. It was also shown that quasiperiodicity can induce single-particle quantum phase transitions
in a class of models called magic-angle semimetals [21], such as the chiral model of tBLG, which hosts
multifractal momentum-space wave functions in the narrow-band regime. An enhancement of supercon-
ductivity due to the multifractal structure of noninteracting wave functions was also found in the 1D AAH
model [22], hinting to a new relationship between incommensurability and superconductivity.

To study quasiperiodicity, one must first understand the historical background which lead to the intro-
duction of this concept in condensed matter theory. The classical theory of eletronic conductivity had the
scattering of free eletrons by the ionic cores in metal lattice sites at its foundation. One of its main predic-
tions was that the conductivity in metals should be proportional to the mean free path of the eletrons, i.e.,
the average distance an eletron travels between colisions with the lattice ions.

The advent of quantum mechanics refined our view of conductivity in metals. It was found that the

eletrons, due to their wave character, diffract in an ideal crystal, instead of scattering from the ion cores.



CHAPTER 1. INTRODUCTION 3

The resistence is due to the scattering of the eletrons from imperfections. What happens when we keep
increasing the disorder strength? Will we keep getting a lower conductivity, because of the decreased mean
free path in the presence of more impurities? Or will some new phenomena emerge? The answer to the
latter question is affirmative. For example, in 3D random lattices there is a critical amount of impurity
scattering beyond which there is an absence of diffusion, i.e., eletrons become exponentially localized in
the lattice and the conductivity drops to zero (At T = 0). This is known as Anderson localization [23] and
this metal-insulator transition (MIT) between a diffusive and a localized regime is the so-called Anderson
transition due to P. W. Anderson (1958).

The class of systems we will be interested in share some common ground with the Anderson disordered
models. The Anderson localization of particles is usually discussed in the context of random potentials, but
the fundamental physics of Anderson localization is not contigent on the existence of randomness. Instead,
if we have a tight-binding model of a lattice, the essential ingredient is that the differences in potential
energy between neighbouring sites should be large when compared to the hopping matrix elements in order
to suppress the hopping of eletrons. Of course, we can achieve this with a random potential, but we can also
produce it deterministically with quasiperiodic potentials.

The first and simplest model of this kind is the Aubry-André-Harper (AAH) model in 1D [24,25],
which is a nearest-neighbor tight-binding model with a sinusoidal on-site potential whose wavelength is
incommensurate with the underlying lattice, i.e., the ratio between the potential wavelength and the lattice
parameter is irrational. This type of model can be thought as emerging from the reduction of a 2D Quantum
Hall system to a 1D chain, with the Landau gauge chosen in such a way that the vector potential is transverse
to the chain [24, 26].

The physics of single—particle Anderson localization in this class of models is as diverse as in the ran-
domly disordered systems, and there have been many developments regarding the critical spectra and mul-
tifractal wavefunctions [27-29]. This quasiperiodic localization also survives in extensions of the Aubry-
André model to higher dimensions [30-32]. Quasiperiodicity has recently attracted attention due to cold
atom experiments on Bose glasses and many-body localization (MBL) [33—42].

The main goal of this thesis is to study the influence of incommensurability on superconducitivity, either
on the critical temperature of the system or on the localization of the superconductor local parameter, on 1D
systems such as the variants of the AAH model or on the class of magic-angle semimetals such as tBLG.

1.2 Outline of thesis

In chapter 2, we develop the Green’s function formalism of superconductivity for a general tight-binding
Hamiltonian with interactions. The analysis of the interaction term can be reduced to the study of a self-
consistent equation of motion for the anomalous Green’s function. Near the critical temperature, T, this
reduces to the linear gap equation which is, in its most general form, an eigenvalue problem for the super-
conductor gap parameter.

Chapter 3 deals with the application of the linear gap equation, developed in the previous chapter, to a
single layer of graphene. This simple commensurate system, which has translational invariance, allows a
momentum space computation of the critical temperature and an analysis of the symmetry of the supercon-

ductor local parameter. The quantum critical point of graphene, when the Fermi level is at the Dirac energy,
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is discussed in the context of the dependence of the critical temperature on the coupling constant. We also
compare the results of the linear gap equation formulated in momentum and real space, which are in good
agreement.

Chapter 4 deals with incommensurate systems which include the 1D Aubry-André-Harper model and a
generalization with quasiperiodical modulation of the hoppings. We study the localization properties of the
superconductor local parameter and investigate the scaling of the critical temperature with the interaction
coupling.

Finally, in chapter 5 we study a magic-angle semimetal that emulates twisted bilayer graphene and also

analyze the scaling of the critical temperature when we transition to the metallic phase of the model.



Chapter 2

Green’s function formalism of

superconductivity

The first successful microscopic theory of superconductivity was the BCS theory developed in 1957 [2].
The idea was that a weakly attractive interaction between two electrons leads to the formation of a Cooper
pair (boson), which opens up a temperature dependent gap in the energy spectrum. To determine this gap as
a function of temperature for a generic system with a BCS interaction term in the Hamiltonian, a possible
common approach is to do a mean-field decoupling and compute the superconductor gap self-consistently
using the Bogoliubov-de Gennes method.

However, in order to compute the critical temperature corresponding to the transition from a normal
metal to a superconducting state, this mean-field method is inadequate due to its slow convergence for
temperatures close to the critical temperature as we show in Appendix A. Hence, we need an alternative
formalism more suitable for computing the critical temperature. This formalism will be based on a Green’s
function approach and, within a mean-field approximation, will allow us to derive a linear equation for
the superconductor local parameter which provides a computationally efficient way to obtain the critical
temperature.

Let us consider a general tight-binding Hamiltonian with interactions
H = Ho + Hin, 2.1

where the single-particle term of the Hamiltonian has the general form

HO—ZZZ<zS|HO(k)|1 s'yay, awis, 22)

5,8’ i

and the operators {a:( ; S} create a fermion with momentum K, spin s, and in the orbital i.

The interaction term is given by

51,52,53,54 T T . .
mt Z Z Z Vzl in,i3,i4 (Q) ak+q,i1,sl ak’—q,iz,sz ak’,13,S3 ak,l4,$4! (23)

S1,32,53,S4 i1,i2,i3,i4 KK/ ,q
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which corresponds to an effective two-body process, in which two fermions exchange momentum q with
an overall conservation of momentum, that can include the typical BCS phonon-mediated interaction.

Our goal is now to obtain a self-consistent equation for the superconductor gap. In order to do this, we
will employ the equation of motion method in the Matsubara formalism, that is commonly used in equi-
librium many-body physics [43], for the finite temperature normal Green’s function G and the anomalous

Green’s function ¥, in imaginary time 7, defined as:

G (kK1) = ~(Teakis (Dl 1, (0)), 2.4)

Fi (kk';7) = <Trak,i,s (7) aw iy (O)>, (2.5)

The symbol T; stands for the imaginary time ordering operation and the brackets < - > represent the ther-
modynamical average over the grand canonical ensemble, i.e., < - > =Tr [e‘ﬂ (fi-uN) (- )] [Tr [e‘ﬂ (fi-uN )] .

The operators ay ;s (7) and a]:m () evolve according to the Heisenberg equation of motion in imaginary time

dag N
= = [ Ha] 2.6)

2.1 Equation of motion of the noninteracting Green’s function

As the first use of equation (2.6), let’s determine the equation of motion of the noninteracting (free-

particle) Green’s function defined as

6% (ki) = ~(Teawis (D af,, (0)) @7

which has the same form as equation (2.4), but now the time evolution of the operators ay ;s (7) is governed
solely by the single-particle Hamiltonian Hy.
The equation of motion is given by

dG5" (k)
dr

days
dr

= =0(1) 03y — <TT (D agy <0)>, (2.8)

where we use the canonical anti-commutation relation for fermions {a}, aj} = o“i,,» and the fact that the delta
function is the derivative of the Heaviside step function. The only quantity that is left to compute in equation
(2.8)is d‘;% (7). For a free system, this can be determined by the Heisenberg equation of motion (2.6), with

H = Hy. After simple algebra,

d i, A . )
5 = [Hovais] == ) Gisl Ho () 115" 29)

g

The equation of motion for the free-particle Green’s function is then given by
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d 0si,i" k;
gss (k;7) ZZ(l s| Hy (k)|l”, ”> 3/1S,l (k; T) ——5(T)5“ 535 (2.10)

We can now define the Fourier transform from iw, to 7 of the noninteracting Green’s function as

G ie) = 5 6L (ki) e, @10

iwy

where the fermionic Matsubara frequencies are iw, = (2"21)", with n € Z. Identical definitions hold for

(k k’;7) and F' (k k’; 7). Performing a Fourier transform of equation (2.10), we arrive at

xs’ ss’

ZZ (i,slion = Ho (K) [i”,5") G0 (s i) = 030, (2.12)

Henceforth, equation (2.12) can be taken as the definition of the noninteracting Green’s function g?;f’i, (K;iwy,).

2.2 Equation of motion of the anomalous Green’s function ?Sl; (kK K;7)

Now we turn to the anomalous Green’s function. As we did for the noninteracting Green’s function, we
can study it’s equation of motion. After some simple algebra and using that the anti-commutation relation

{ai,a;} = 0 holds for fermions, we obtain

dﬁlxl’ (k’k,;T) d 1,5
— < i ()ak/isf(0)> (2.13)

A crucial difference between this anomalous Green’s function and the noninteracting one is that the
imaginary time evolution of the operators ay; (7) is determined by the full interaction Hamiltonian (2.1).

The Heisenberg equation of motion is therefore given by

dajs
dr

= [PI’ ak,i,s] = [I:I()’ ak,i,x] + [Hint;ak,i,s] . (2.14)

We already computed the first commutator on the right-hand side of Eq. (2.14) in Eq. (2.9). The second

commutator is a little more complex,

2 91 $,52,53 T
[Hintr ak 1, S Z Z Z i1,ii0,i3 (Q) ak”+q,i|,51 ak+q,i2,52ak",i3,x3! (2 15)

$1,52,83 i1,i2,i3 K”,q

where we have used the symmetry property V; "> (q) = V> '**** (~q), which is derived by anti-commuting

the operators and changing dummy variables in the interaction Hamiltonian (2.3). The equation of motion
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is then

(k K’;7)

ss’

- _Z Z (iys| Ho (K) i) 7oy (K K'57)

sy Z 3 e (q)<T s, (D) Aksgine, (D) @i, (7)o (0)> (2.16)

$1,52,83 i1,i2,i3 K”,q

The interaction problem now comes into full picture in the equation of motion, because we now have
the non-trivial task of computing a four-point correlation function <ajajakal>. The simplest way to solve
this problem is to do a mean-field decoupling of the correlation function, reducing the four-point correlation
function to products of two-point correlation functions.

Using mean-field decoupling we obtain

<T ak”+q1 51 (T) ak+q 12,52 (T) ak” i ,13,83 (T) ak’i ,8 (0)> z i, 12é\sl,szgk”,knk”+q7:l3ﬂ/ (k”r k/;T)
= 83,,i305,,53 0,0k +q T . g (k+q, K';7)+ <T Aktqyin,sr (T) Ak iy s (T)) Sl,;: K, K" +q;-1), (2.17)
where ny ;s = <Tra:;is (1) ak,, (T)> and we can ignore the q = 0 term, since we will assume that long-

wavelength phonons give a zero potential, so that V (q = 0) = 0. Using this result, the equation of motion

can be written as

7 (kK5 7)
“d— D (kis| Ho+ 3K, i",s"y ol (K, K'37)
T S”,ll/,k”
- Z Ails,, (k,k")gj,"jﬁi (K, K";-1), (2.18)
S/,,i,/,k’,

where we have defined the normal metal self-energy as

s (kK) = (k,i,s|S[K,7,57) = — Z Vo (Q) Mieeqdik (2.19)

S//,i/ y(1
and the superconductor gap parameter as
MUK == 305 DTV (@ T (ko ak - g:0). 220
$2,83 i2,i3

The equation of motion for # after a Matsubara transform is simply

[(k, i, iwn — Ho—S|K”,i",s") Fo 't (K" K'siw,) — AL, (K K”) G, (k’,k”;—iwn)] =0. (221

S,/,i//,k”
Henceforth, we shall assume 3 ~ 0, which is equivalent to saying that the Hartree-Fock self-energy is
already included in Hy. This is a good approximation for a weak coupling theory, where the Hartree-Fock

self-energy in the superconductor state is similar to the normal metal for most materials.
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We now wish to invert equation (2.21) and obtain . This can be achieved using the matrix equation

for the noninteracting Green’s function (2.12) (See Appendix B for details). Therefore,

Fol (kK io) = >0 > GE (kiiw) G (K Kai —itwy) A2 (K k). (2.22)

spipky s2,i2.ka

2.3 Self-consistent equation for the gap parameter

The superconductor gap parameter was defined in Eq. (2.20) in terms of the anomalous Green’s func-

tion. Using the result obtained in Eq. (2.22), we obtain a self-consistent equation for the gap parameter,

AT (kK = -2 ZZZ Z Vi (@ ) ) ) G (ke grion) G2 (K~ qi—ion) AL (k+ g K @),

iwy, $1,82 i1,in §3,54 i3, 141(1 k2

where we have used 7—:15'/ (kk';t=0)= % i, 7’?1;/ (kK';iw,).

At T, the first superconductivity mode is just starting to develop, such that the normal Green’s function
is not too different from the noninteracting one. Only as we lower the temperature below T, will we starting
getting a significat contribution from superconductivity to the normal Green’s function self-energy. Hence,
near T,, we approximate G by the noninteracting Green’s function G°, and obtain the so-called linear gap

equation given by

A (k k') = —kpT. ZZZZ Vi (@) 30T T GO (kg i) G (K = g;—ioy) AL (K+q. k'~ q).

iwy §1,82 i1,i2 3,54 13,14 K1 K2
(2.23)

The linear gap equation is only dependent on the interaction coefficients and the noninteracting Green’s
function for our model. However, before we commit to solving equation (2.23) numerically for our models
of interest, we must first do the Matsubara sum };, analytically. The easiest way to go about this calcula-
tion is to first project the noninteracting Green’s function into the eigenbasis of Hy and, only then, sum over
the fermionic frequencies.

Let {|4)} be an eigenbasis of Hy such that Ay |1) =&, |2), with {£,} being the corresponding eigenvalues
with the respect to the chemical potential. The matrix equation that defines the noninteracting Green’s
function in a general basis is

[iwnl —Hy] G° (iw,) = 1, (2.24)

whose solution, in terms of the eigenbasis of Hy, is just

6 1wy = 5 24 (2.25)

- iw, — &)

and, since the linear gap equation (2.23) contains a product of two noninteracting Green’s functions G° (iw,) G° (=iw,),

the Matsubara summation can be encapsulated in a single function defined as

1 1 1
x(,6) = E ; mm, (2.26)
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1
where f. = oI

The Matsubara sum over the fermionic frequencies iw, can be performed as usual, by using contour

integration and changing the problem of summing over iw, to that of computing the residues of the func-

tion nr (z) g (z) = % where np (z) = ——— is the Fermi-Dirac distribution function. The function

ebez—1
np(2) _ — ; —
[E=areTm) has poles at z = £, and z = —£/, hence special care must be taken for the case when &, = —£),,

since the function will have a second order pole. Therefore, the y function can be simply written as

n, (&) ==&
7 (ELEy) = nf(gl)_m e (2.27)
T yf/l' 7& _EA

2.4 Application to the homogeneous system

As a simple test of equation (2.23), we will try to obtain an analytical expression for the critical tempera-
ture of a simple system whose single-particle Hamiltonian has a single band (Which could be, for example,
the electron gas). Assuming that the interaction has an atractive constant coupling —g over a range of

energies a Debye energy away from the Fermi surface, we can write the Hamiltonian for this model as

2 8 T
H= Z £k CLSC"'S ) Z Z Ck+q,sclt'—q,—sck'v‘s ks
ks

s kk'q

where £ (K) = ¢ (k) —u and the ’ over the sum indicates that we restrict the momentum exchange of the pairs

such that |£| < wp, meaning that we are choosing the interaction coefficients as

$1,52,53,54 -8 |5(Q)| < wp

(q) = 331,5‘4552,53 é\sl,—sz . (228)
0 [£(q)]>wp

it,in,iz,ig

In BCS theory, the Cooper pairs are formed with eletrons that have equal and opposite momenta and
spin, such that A;¢ (k,k’) = A1) (k,—k) = A (k). We only need to consider the T| pairing, since the form of
the interaction coefficients (2.28) and the fact that the noninteracting Green’s function is diagonal in spin
assures us that only singlet superconductivity takes place in our BCS model. We can then write the linear
gap equation for our model as

AK) =233 G0 (kt i) G0 (~k—qi—iwy) A (k+q). (2.29)

Be 414
The single particle Green’s functions are already diagonal in the eigenbasis of Hy and can be written as

1
0 (ks —
G° (kiiwn) = s, (2.30)
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so that

g 1 |
A(Kk) = Be ZZ iwg — £ (k+q) —iwn—f(—k—q)A(k+q)

Z Z e 52 - )A(k+q) (2.31)

q iw,

where in the last step of we used inversion symmetry, implying that the energy dispersion enjoys the prop-
erty £ (k) =£(—k). Using the result of Eq. (2.27) for the Matsubara sum, the linear gap equation for this

simple model is

B ZnF(f(k+Q))—nF(—f(k+Q))
g : 2¢ (k+q)

’ ﬂcf(k"'q)
tanh ( 5 )

-8 T2 (k+g)

A(k) = A(k+q).

A(k+q). (2.32)

In order to obtain an analytical expression for the critical temperature, we can start by noticing that the
right side of Eq. (2.32) is independent of k after making the change q — q—k, which implies that the gap
parameter is also independent of momentum, i.e., A (k) = A. If we are searching for a non-zero solution of
the gap parameter for a finite temperature, then A can be factored out of Eq. (2.32). Finally, we assume that
the density of states (DOS) varies slowly within the Debye energy window centered at the Fermi energy.

We can then replace the sum Z:l by an integral over energies in the Debye window and factor the DOS as a

constant.
' _tanh ( @)
A= —— A
8 Zk: 26 (K)
1
[ tanh (x)
t x
1~ gp(0) / dy 2 (2.33)
X
where 6, = kBT‘ . Integrating the right side of Eq. (2.33) by parts, we get

1
WA

- / dx In (x) sech® (x). (2.34)

0 o

1
m =1In(x) tanh (x)

If we assume that in the weak-coupling limit 6, < 1, i.e., the critical temperature is much smaller than the

Debye temperature, we can do the integral in Eq. (2.34) analytically, arriving at

1 1 .
gp(0) zln(z_ec) _ln(Z)”' (2.35)
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where y = 0.577 is the Euler-Mascheroni constant. Inverting equation (2.35) for T,, we get

T. = 29D o (2.36)
kg
Equation (2.36) is the well known BCS formula for the critical temperature of an homogeneous super-
1
conductor in the weak-coupling limit. Its scaling behaviour with the coupling constant g, T, ~ ¢ &#©@ , will

be of importance later on.

2.5 Anderson time-reversal pairing approximation

Since we wish to study systems which exhibit quasiperiodicity, where the momentum space treatment
is no longer adequate, we will necessarily need to compute the linear gap equation in real space. As
we will discuss below, this significantly limits the maximum size of the systems we can efficiently study
numerically. Therefore, in this section we will present an approximation of the linear gap equation which
is a much more efficient alternative.

With the study of incommensurate systems in mind, we will consider a general tight-binding Hamilto-

nian written in real space

H H0+ZZZV”HCH ]—sck—Scle' 2.37)
s ikl

The interaction term in Eq. (2.37) differs from the one previously considered (2.3), since it does not de-
pend on momentum and conserves spin. The whole system can be thought as being made up of, essentially,
just one big unit cell with L lattice sites. Within this interpretation, the labels {i,j,k,1} now encompass all
lattice sites.

The linear gap equation in Eq. (2.23), for singlet BCS superconductivity with the Hamiltonian given by
(2.37), can be written in the lattice basis as

A”___ZZVIHHZZQHB ”)ggu( iw )ABM (2.38)

lwn 11 12 13 14

and, projecting the noninteracting Green’s function (2.25) written in the eigenbasis of Hy onto the real space

lattice basis {i}, we get
GG s 49
0 1
G (iwy) = Z - ‘;mn—a'

where ¢f = (i | 1). Therefore, the linear gap equation (2.38) can be rewritten as

SNSRI RS
- ]ll] 12
iy i,z inia AN iwy — &) 1wn+£/1/
Ak g A A
= Z Vi,i,il,iz Z Z X (fl;gl )¢“ ¢h f2¢ 13 l4 (2.39)
i1,in i3,ig LN

with the Matsubara summation resulting in the y function given by Eq. (2.27).
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Let us now consider an Hamiltonian with a s-wave singlet interaction term, than favors the formation of

Cooper pairs on the same lattice site with opposite spin, given by

Amt = gl Z 10 1 (/.Ct —oCigy (240)

with a constant coupling coefficient g;. Going back to Eq. (2.39), we can write down the simplified linear
gap equation as

i Lx g U M % A
N=—g D > rEn G ¢l¢ ¢l ¢, (2.41)
joax
where only on-site pairing Al = %‘ <ciTci l> occurs, due to the form of the interaction coefficients V;;r; =
—810ij0i k0i -

To solve equation (2.41) numerically, we need to compute the elements and diagonalize the matrix

Qij=-g1 ) 2(EnEn) 6167741 8], (2.42)

A

and if L is the dimension of the eigenspace of Hy then the Q matrix construction computational time is
o (L4), given that there are L? elements and each elements requires a double sum over all the eigenval-
ues indices (if there is no wp energy restriction). By contrast, its diagonalization is only O (L3), so that
the matrix construction is the bottleneck in this computation. Our aim in this section is to introduce an
approximation into our linear gap equation approach that reduces this computational cost.

In the spirit of the Anderson time-reversal pairing approximation originally proposed in the context
of the theory of dirty superconductors [44], we will only consider the pairing interaction between time-
reversed eigenstates of the noninteracting system, which is a good aproximation to study 7, in the weak
coupling limit, as we will show later.

If d;g |0) = |V/A,a> is the basis that diagonalizes Hy such that

Hy=) &d} (2.43)
Ao

we can then do a change of basis c = qﬁ’1 *d' and transform the full Hamiltonian into the eigenbasis of
Ho

g N 1 % * ]
f=Hy- % DU eetdl dl dy, sy (2.44)
a,i A1,A2,43,A4

We will only be pairing the time-reversed states, which for Hy independent of spin amounts to pairing
\1/@,,) with its complex conjugate, and this truncation of the Hamiltonian results in

=Ho-5 Z D Mund], ] dyodis (2.45)
v
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where

= Y Jeils | (2.46)

is the matrix that approximately encodes the structure of the noninteracting wave functions in our reduced
linear gap equation. The great advantage of this M-matrix formulation is that its computation time is of
time complexity O (L3), due to the assumption of diagonal pairing, which means that each element in the
matrix involves a single sum of the dimensionality of our eigenspace. This is a great improvement over the
time complexity O (L*) of the matrix in Eq. (2.42).

In the eigenbasis of Hy, {d;g , if we recall the definition (2.20), the superconductor gap parameter is

just
A = ZVX’AM dyrdy )

e
=013 " May (dyrdy). (2.47)
Ul

Therefore, the truncation of the Hamiltonian by pairing time-reversed states leads to a diagonal pairing in

the eigenbasis of the bilinear Hamiltonian. It is only natural to simplify notation and define
A A _ 8
A== S ;MM (dydyy). (2.48)

The linear gap equation for the diagonal gap parameter A* is then given by

A= ZZMMQ (i) G, (=iwn) A"

1 ,
= M AY, 2.49
CZ o len_g/l’ iwy +E&y ( )

and summing over the Matsubara’s frequencies as we did before to obtain Eq. (2.27), we get

, tanh (E" ) N
A= M y———=A". 2.50

g ; T (2.50)

Solving the time-reversal pairing linear gap equation (Anderson linear gap equation) (2.50), gets us the

gap parameters {A’l} in the eigenbasis of Hy. However, if we wish to study the localization properties of the

superconductor local parameters in real space we need to compute the gap parameters in the lattice basis

{Ai} . For the interaction Hamiltonian (2.40), our gap parameter in the lattice basis takes a very simple form
and is given by

A= %(CiTCiO. 2.51)

The first step in getting an equation that relates A’ to A is to do a change of basis at the level of the

c-operators in equation (2.51),
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i_8
A= S (eireiy)

= % <Z HADY ¢fld4'l>
A v

=8 460 (danda) o

AN

-8 ; |¢>f|2 (dirdyy). (2.52)

Equation (2.52) expresses A in terms of the anomalous expectation value (d 11d; l)- We just need to
write <d anda l> in terms of A*, which can be achieved by looking at the equation of motion of the anomalous
Green’s function close to the critical temperature. Recalling the equation of motion in Eq. (2.22), we can

write it in the eigenbasis of I:Io, where AM is diagonal, as
AN N 0 (; .
FH (ion) = Y GY, (o) Gy (=) A0y
nn’

= 2.6, (i00) Gy (=iwy) AT, (2.53)
1

To make contact with the linear gap equation, we consistently approximate G by G° near T,. Using this

and the fact that noninteracting Green’s function is diagonal in this basis g;’n =01,G),
FH (i00) = ) 810004 () G, (=itog) AT
7

=00 G (iwn) GY) (—iwy) A", (2.54)

hence
F* (iwn) = FH* (iwn) = G (i0) G (—iwn) A*. (2.55)

Equation (2.55) gives the anomalous Green’s function in fermionic frequency domain as a function of
the noninteracting Green’s function and the superconductor gap parameter in the eigenbasis of Hy obtained
self-consistently from the linear gap equation (2.50). The anomalous expection value we are interested in
is just

1 .
dirdy)) = F* (1 =0) = — lim * (iwy) e,
(darday) =T (r=0) = = HW;? (i)

which after the usual Matsubara summation is just

tanh (%)
(diydyy) = ———L A, (2.56)
28,

where f. is computed from the eigenvalues of (2.50). Inserting the result of equation (2.56) into (2.52), we
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finally obtain
tanh(—hﬁ")
i_ 81 Z| 1’2 2 )
Al = 2= N — LA 2.57
2 - ¢ 28 2.57)

We will employ equation (2.57) when we wish to study the localization properties of the superconductor

local parameters within the time-reversal pairing approximation.



Chapter 3

Superconductivity in single layer

graphene

Since we wish to study superconductivity in the tBLG, it is important to first understand the results
of the linear gap equation for the graphene monolayer, given that it is the building block of tBLG. The
following chapter is devoted to studying the linear gap equation, formulated both in momentum and in real

space, for a tight-binding model of the single layer graphene (SLG).

3.1 Model

3.1.1 Lattice structure

The graphene lattice is an honeycomb lattice, i.e., a triangular Bravais lattice with two sublattices, which
we will call A and B. The Bravais lattice is generated by a set of discrete translation operations described
by the vectors

R =na; +ma,, 3.1

where n,m are integers. We choose the primitive vectors to be

1
a = E (\/§,3) ,
1
P = (—\/5,3), (3.2)
with the carbon-carbon distance set to a = 1 for numerical purposes. The basis vectors are

ds=(0,0),
dz=(0,1), (3-3)

17
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and the vectors which connect an A site to its nearest-neighbors in sublattice B are given by

1= (0,1),
b6
13 %(«@,_1). (3.4)

The reciprocal lattice for graphene is also a triangular Bravais lattice and its primitive vectors are
11
by =2n (— —) ,
V33
11
by =2rn (—— —), (3.5)

given our choice of real-space lattice vectors in (3.2).
The Brillouin Zone (BZ) forms an hexagon rotated in relation to the real-space unit cell. The most
important high symmetry points in the BZ are the Dirac points

K= 2 ( 1 1)
3 Aﬁ] )
K’ =-K, (3.6)

along with its equivalent points obtained with translations by vectors of the reciprocal lattice, and the points

r'=(0,0),
2r
M= (0,?). 3.7)

3.1.2 Single-particle Hamiltonian

The nearest-neighbor tight-binding Hamiltonian for SLG is

o=t ) [bhor aro+ g, bior,s | (3.8)
R0
where a;g (b;fw) creates an eletron at position R in the sublattice A (B) with spin ¢ € {7,]}. This Hamilto-

nian can be easily diagonalized by the introduction of Bloch states, which is equivalent to doing a Fourier
transformation of the second quantization operators,

- 1 .
T —_ —ik-R T
aR,zr - N : 46 ak,o’
k

+ 1 —ik-Ry, T
beo =5 2.¢ bl (3.9)
k
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where N is the number of unit cells along the a; or the a, direction. Therefore, the SLG Hamiltonian is

written as

Ao=—t) [f;b;(rak,(, +fiea) bis ), (3.10)
ko
given the identity Y ¢/® 8 R = N24y 1 and having defined
fii = Ze—i‘”i. (3.11)

7j

Writing the anhilation operators as a column vector

Yo = 47, (3.12)
bk,zf
we can rewrite the SLG Hamiltonian as
Ho= "% h(k) ¥, (3.13)
ko
where the Bloch matrix is
0
hk)=—t fie] (3.14)
f O

In the numerical results that follow, we will always take t = 1. In other words, all energies (the thermal
energy kpT., the chemical potential u, etc.) will be in units of ¢.
The eigenvalues of the matrix (3.14) are simply

£ (K) = £\/fuf;, (3.15)

and the eigenvectors can be written in terms of the phase of fk, ¢ (k), allowing us to write the change from
the sublattice basis {|A,k),|B,k)} to the h (k) eigenbasis {|+k), |- Kk)} as

1 7. .
= [e‘¢<k)/2 |AK) +e40)/2 |B,k>]
1 7. .
k=5 #0972 A k) =02 B kg (3.16)

where |A k) = a/ |0) and | B,k) = b/ |0).

If we do a small momentum expansion of the energy dispersion in Eq. (3.15) around the K-point, we
conclude that the dispersion is linear, i.e., we get ¢ (K+q) ~ |q|. Due to this linear behaviour, we say that
the energy dispersion has a Dirac cone at the K-point. We can see the Dirac cone in Fig. (3.1a), along with
the vanishing density of states at the Dirac energy in Fig. (3.1b). Another interesting behaviour of the band
structure of graphene is the existence of saddle points at the M-points, which lead to van Hove singularities
at ¢ = +1, as seen in Fig. (3.1b).
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Figure 3.1: The energy dispersion ¢ (k) of Eq. (3.15) and the corresponding density of states (per spin) for
single layer graphene. (a) ¢(K) along the path ' - M — K — T in the first BZ of graphene. The upper
and lower bands touch linearly in the Dirac cone at K. (b) Density of states (per spin) p (¢). The van Hove
singularities are marked as vertical lines at ¢ = +1.

3.1.3 Interaction Hamiltonian

Having summarized some properties of the noninteracting Hamiltonian of SLG, we can turn to the
choice of the interacting model. We will consider an Hamiltonian with a BCS interaction term that favors
Cooper pairs on the same lattice site with coupling constant g; and another term which couples nearest-

neighbor (NN) lattice sites with coupling constant g,

-

3 7+ O 81 N &2 i ¥
Hin = A ANN = =5 ) 6y CRiesRimsRis = 5 D D D ey i RimsRemjer (3.17)
siR s j#i Rty

where cp , creates an eletron at site R in the sublattice i with spin s. This is just an extended Hubbard

T
i

model with attractive on-site and nearest-neighbor interactions.

3.2 Momentum space linear gap equation

In order to use equation (2.23) in momentum space, we have to write the Hamiltonian of our model
(3.17) in the momentum space canonical form of equation (2.3). We start by Fourier transforming the

operators in the interaction terms of the Hamiltonian. The on-site BCS term is simply

2 81 i i
Hy = 2 Z Z Cktqs,i K~ s, K= oo (3.18)
si kK,q
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while the nearest-neighbor term is

HNN___ZZZﬂJ(q)Ck+q]ka’ Qi—s K i=sCK s (3.19)
s j#i kk'\,q
where
fii (@) = (@) =fij (@ = Y W79 (1-4;), (3.20)

T

with y4p =1 and yp 4 = —1. The full Hamiltonian for our model is now in the canonical form of equation

(2.3), and we can identify the interaction coefficients as

51,52,53,5. —41 i],i2,i3,i4:i
Vl > 4((1) aS] 54 stlé\sz,—sl . (321)

11,12,i3,1. ) ‘ ) ‘ . ‘
e -0fii(q) ii=is=j#i=ir=i3

With the choice of interaction coefficients in Eq. (3.21), the linear gap equation in momentum space

assumes a simple 4 x 4 sublattice structure,

A1) = 5D Y DGl (i) 67, (K —ion) 4™ ()

k! mn iw,

AV (K) = gzZﬂ (K - k)zz G, (Kiing) G, (—K1—iw) A™" (K'),  j#i. (3.22)

mn iw,

and we once again we assumed singlet BCS superconductivity. With the inclusion of the nearest-neighbor
interaction term, we could have other types of superconductivity, but we will always restrict ourselves to
the study of singlet superconductivity. Recalling the general procedure we employed in Section 2.3 to deal
with the Matsubara summation, we start by writing the noninteracting Green’s function in the eigenbasis of
Ho,

14) Al

0 .
G’ (kjiw,) = Z—zwn AT

(3.23)

where A € {+,—} is the band index, i.e., the eigenbasis index of the Bloch Hamiltonian. Projeting the Green’s

function (3.23) into the sublattice basis, we get

A Ay
0 o U (K (k)
gi,i/ (kylwn) = ZA: iwn _5/1 (k) ’ (324)

with uf (k) = (i | 4) (k). Substituting (3.24) into equation (3.22), we obtain
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A (R) = g1 ) ) T (k) A (K)

kK mn
AT (K) =gy Y fii (K =K) > T (K)A™ (K),  j#i. (3.25)
Kk’ mn
where the T function is defined as
) = ) (e (k)6 () uf () (l)u (<k)uy* (k) (3.26)
A
with the Matsubara sum given by
(6 (0,6 () = - 3 —— : (327)
£ JEX =— , - , .
e e Be & iy —; (K) ity +£5 (k)

in agreement with the general definition (2.26).
The next crucial step is, of course, the Matsubara summation itself. With this goal in mind, we exploit
the symmetry of £, (k). If A € {+,—} then &, (k) = ¢ (k) —u, where ¢ (-K) = ¢ (k) = |¢; (k)|. Using the

general result of Eq. (2.27), we may then write

Bele(k)—]
tanh (%)

X (e (K), g4 (K)) = —m (3.28)
tanh (ﬂc[g(;)"'#])

x (e (k),e- (k) = —m (3.29)

x (e+ (K),e- (K)) = ;;[nF(E(k)+H)"”F(5(k)_#)] (3.30)

x (e- (K), &4 (K)) = %;[nF(—£(k)+M)-nF(—E(k)—M)], (3.31)

with the caveat that when u = 0 then Eqs. 3.30 and 3.31 must take the form n, (¢ (k)) and ny (—¢ (k)),
respectively, due to the second-order nature of the poles when we do the Matsubara summation.

Finally, we compute the coefficients l“l";” (k) by doing the sum over the eigenstates of the Bloch Hamil-
tonian (3.14). The explicit form of all T coefficients in terms of the y’s and the Bloch eigenfunctions u (k)
can be found in Appendix C.

Having overcome the minutiae of the previous calculation, we are now in a position to write the final
form of our linear gap equation for SLG in momentum space. This form is able to emphasize the sublattice
structure of the equation that we will only be able to solve numerically and takes the simple matrix form
given by

A (K) A (K)
A:j ORI EEY eI 9% A |
APAK) | 44 APA (k)
APB (k") APB (k)

(3.32)
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where the matrix Q (k,K’) is a 4 X4 matrix defined as

gl (k) gty (k) gl (k) gl (k)
" ng(k—k')r“(m ng(k—k')r”(k) &of (k=K) 7" ()T (k) gof (k—K)T7 (k)
Q(k’k): % ’ AA % ’ AB % N ~BA 5 ’ BB .
eof (k=K)Ty (k) gof (k=K)Tyy (k) goof (k=K)T (k) gof* (k—k)Ty (k)
glrﬁg‘ (k) glrﬁﬁ (k) glrf;}; (k) glrg}g (k)
(3.33)

3.2.1 Numerical solution of the linear gap equation

Since Q (k,k’) now depends on k’, we can no longer assume that A¥/ is independent of momentum
and factor it out of the linear gap equation, as we did in the single-band system. To numerically solve
the eigenvalue problem (3.32), we will consider a sampling of k-points in reciprocal space in order to
diagonalize the matrix Q = [Q (k,k’);k k’ € P] in the basis {(i,j,k);i,j € A B;k € P}, where # can be
taken as a discrete uniform grid of the parallelogram generated by the reciprocal lattice vectors by and b,

(See Eq. (3.9)):
n

N’'N

where N is the number of k-points along by or b;. To fix notation, let us define

P = {aub + Bubs: (a0, ) = (1, ) i =0,1,2,.N =1}, (3.34)

AR = (a4 (k) A (k) AP (k) AB'B(k))T (3.35)

such that ,
Zz(A(kO) Aky) - A(sz)), (3.36)

with k; € P.

Having obtained equation (3.32), we now must solve it numerically. Therefore, the computational
problem is finding T, such that the eigenvalue equation QA = A is satisfied. In particular, we will associate
T, with the temperature at which the highest eigenvalue of Q is equal to 1. This means that T, is the (greater)
root of the function

= -1 .
F(T) 163(13@)){2} , (3.37)

where ¢ (Q(T)) is the spectrum of Q (T).

Given that the construction and diagonalization of Q(T) is a costly computational problem (of time
complexity O (N*) and O (N®), respectively), it is imperative that we implement an optimized root-finding
method to solve F(T) =0. We have settled on the Brent-Dekker’s method [45, 46], which is an hybrid
algorithm that combines the bisection method, the secant method and inverse quadratic interpolation.

At this point, one may ask if there is, besides the T, obtained from the eigenvalues of (), any interest
in computing the eigenvectors A given that the gap parameter vanishes at T.. The answer is that A gives
the direction in the mean-field parameter space in which A becomes nonzero for T < T,. Therefore, apart

from its magnitude ”Z“ (T) and its dependence on temperature, we get a linear approximation of the gap

parameter vector A for temperatures just below T, and can study the structure of these eigenvectors in real

or momentum space and investigate how the first superconducting modes emerge.
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3.2.1.1 On-site interaction

First off, let us study the solutions of equation (3.32) when we change the chemical potential and the
on-site coupling constant, without the nearest-neighbor term, i.e., we will look at the behaviour of T, and
A (K) for the parameters (y,g1), with go = 0.

As one might except, for a general doping that corresponds to a nonzero density of states at the chemical
potential, the scaling of T, with the on-site coupling g; follows the BCS equation (2.36). However, in the
limit 4 — 0, this picture changes given that p (¢ =0) = 0, i.e., the density of states vanishes (linearly) at
the Fermi level in graphene. It turns out, that because of this vanishing density of states, superconductivity
requires a minimum coupling constant to develop, g{, and becomes quantum critical. The convergence of

the curves T, (g1;u) into the critical curve TC0 = lim, 0T, (g1;4) can be seen in Fig. 3.2.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Figure 3.2: kpT, as a function of g, for the values of the chemical potential u € {0,0.2,0.4,0.6,0.8,1}
measured from the Dirac point of graphene. We can see that the quantum critical curve emerges as we
lower the chemical potential, x — 0.

In Fig. 3.3, we can see the critical temperature diagram as function of the coupling parameter and the
chemical potential. The critical point is found at (g, gf) = (0,2.25). In the horizontal slices, g; = const.,
we see that the critical temperature follows the behaviour of the density of states and has its maxima at
u = =1, i.e., at the Van Hove singularities of graphene. This is also an expected behaviour from the BCS
equation (2.36), T, ~ exp (— [g1p(0)] ~1), because changing u, while keeping the coupling constant, amounts
to changing p (0) =p(£=0) =p(e=p).

Regarding the reciprocal space structure of the superconducting gap in the sublattice basis, since we are

only considering an on-site interaction, we have A%8 (k) = AB4 (k) = 0 and only s-wave superconductivity
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emerges with an homogeneous gap parameter which is independent of momentum A% (k) = ABB (k) = A;.

@ Critical point (u, gf) = (0, 2.25)

1.25

0.4
1.50
1.75 0.3
52.00 KeT.
0.2
2.25
2.50 0.1
2.75
0.0

Figure 3.3: Heatmap of kpT, as a function of 4 and g;. The critical temperature along the horizontal lines,
g = const., follows the behaviour of the DOS, and has its maxima at the Van Hove singularities.

3.2.1.2 On-site and nearest-neighbor interaction

We can now turn on the nearest-neighbor interaction and investigate the critical temperature as a function
of g1 and g». The results are summarized in Fig. 3.4.

With the chemical potential at the Fermi level, we also find that, with g; = 0, that there is a minimum
nearest-neighbor coupling, g5, required for the critical temperature to be finite. For 4 = 0, we now have two
critical lines g; = g7 and g = g5 and the critical temperature is only finite if g; > g{ or g2 > g5. If g1 < g}
and g < g3, the critical temperature in null and superconductivity cannot occur. This can be seen on the 3D
plot of Fig. 3.4a in the form of a flat surface, corresponding to T. = 0 in the (g1, g2) plane.

For u # 0, we have ( g% gg) = (0,0) and a superconducting phase always develops unless both the on-site

and the nearest-neighbor interaction are repulsive, as seen in Fig. 3.4b.
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(a)

(b)

Figure 3.4: kpT. as a function of g; and g,. (a) With the chemical potential at 4 = 0, it is evident that there
is a forbidden region for superconductivity when g; < g{ and g» < g5. (b) With the chemical potential at
u = 1, superconductivity always develops for positive values of g; or g».

Having looked at T,, we now study the eigenvectors A%8 (k) when the nearest-neighbor interaction

is dominant, g» > g;. Recalling that the nearest-neighbor interaction term has a momentum dependent
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coefficient f; ; (q), given in Eq. (3.20), we expect the superconductor gap parameter to also be momentum
dependent, contrasting with the on-site only case. As we can see in Fig. 3.5, |AA’B (k)| has a minimum at the
I'-point and a maximum at the M-point, which lies between the Dirac points K and K’ where the chemical

potential x = 0 was placed, where the density of states has a van Hove singularity.

1.0

0.8

0.6
@

0.4

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0
a

0.020

0.018

0.016

0.014

|evyl|

0.012

0.010

0.008

Figure 3.5: |AA’B| as a function of k = aby + bz, with (1, 21,22) = (0,5,10). The Dirac points are marked in
red, while the M-point is marked in black.

What phases exist for general couplings g; and g», and how do they change with doping? An easy way
to probe these phases is to look at the momentum space order parameter defined as

1= ([ )]}, ~ ([a* W), (3.38)

where (- - - ) is the average over the momentum space unit cell. The phase diagram for the 7 order parameter
as a function of g; and g» can be seen in Fig. 3.6. We found three types of phases: for g dominant, only
the on-site superconductor gaps A%* and APB develop; for g» dominant, only the nearest-neighbor gaps
AYB and ABA develop; and finally if g; ~ g» and u # 0, we get a mixed phase where the two types of
superconductor gaps coexist. For u =0, this mixed phase doesn’t exist and the transition between the on-

site and the nearest-neighbor phases is abrupt.
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Figure 3.6: 7 as a function of g; and g». The critical lines g; = g =2.25 and g = g5 = 3.2 are marked in
black.

3.3 Real space linear gap equation

Since we are going to work in real space when we study quasiperiodic systems, it will be useful to do a
real space analysis for the graphene monolayer as a crosscheck. The aim will then be to show that the two
approaches are compatible alternatives, with similar results for the critical temperature, at least for the case
of commensurable systems such as the graphene monolayer.

Recalling Eq. (2.39) for the general form of the linear gap equation in the real-space lattice basis and

considering only on-site and nearest-neighbor interactions, with an Hamiltonian given by (3.17), the linear
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gap equation reduces to

AV =V Z Z X (Ey, Ey) ¢?¢fj¢f¢imim’ (3-39)

i3,ig A4/

where the interaction coefficients are simply

Vij= (3.40)
-g» i,j are NN.

3.3.1 Numerical solution of the linear gap equation

Now that we are equipped with the real space linear gap equation (3.39), we can compute T for different
parameters (g1,g»2,#) and compare them with the results obtained from the momentum space linear gap
equation.

For example, with 4 = 0, we see in Fig. 3.7 that the curves T, (g1; g2 = 0) and T, (g1 = 0; g2) for the real
space and the momentum space gap equation agree quite well with one another.

For g» = 0, we only have s-wave superconductivity and the real space eigenvector A¥/ corresponds to
an homogeneous solution A =0 if j # i and A" = A; # 0,Vi, similar to the momentum space case. This
homogeneous solution implies that the g{ computed with the real space equation is the same as in the
momentum space equation solution and this is exactly what we found.

However, this perfect agreement does not occur for the g; = 0 case. The real space curve converges to
the momentum space one for high values of the nearest-neighbor interaction coefficient g,. But for lower
values of g, the curves do not completely match and the computed values of g5 have a relative error of
20%, with the g5 for the real space linear gap equation smaller than that for the momentum space equation.
This is a due to a finite size effect, which is expected to vanish as we increase the number of unit cells used
in the real space computation, i.e., as we increase the system size L = 2N? where N is the number of unit

cells along the a; or the a; direction.
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—e— Real gap equation —e— Real gap equation
Momentum gap equation Momentum gap equation

(@) T: (g1;82=0) (b) T (g1 =0;42)

Figure 3.7: T.(g1;82=0) and T, (g; = 0;g2) computed from linear gap equation formulated in real (blue
curve) and momentum space (orange curve). We used N2 = 107 unit cells in the real space computation and
N? = 10? k-points in the momentum space computation.



Chapter 4

1D quasiperiodic models

After studying superconductivity in commensurate systems, such as the single-band homogeneous sys-
tem (in Section 2.4) and the single layer graphene (in Chapter 3), we are now in a position to investigate
how the quasiperiodic nature of some systems can affect superconductivity. How does the incommensura-
bility of a system affect the superconductor critical temperature and the superconductor local parameters
close to this temperature? This is the question we are going to try to answer in this chapter for some one-
dimensional quasiperiodic models which will include the Aubry-André-Harper model [24,25], a standard

system to study quasiperiodicity, and an extended version of it with off-diagonal quasiperiodic modulation.

4.1 Aubry-André-Harper model

The tight-binding Hamiltonian for the 1D AAH model is

Haap = —tz (c;icmﬂ‘g +C,L+1,(,-Ci,rr) —]ZCOS (27Qm) ¢}y yCme, 4.1)
ag,m og,m

where t is the nearest-neighbor hopping integral, ] is the strength of the quasiperiodic potential and Q is the
inverse of the wavelength of the quasiperiodic potential.

This model has some interesting properties that we will briefly mention. First, there is a duality between
the space and momentum representations of its Hamiltonian. If we do a transformation at the c-operator

level between the Wannier basis and the momentum basis as
+ 1 —27iQkR,y T
ch=—=) e Hihkng] 4.2)
VN 7

where 27Qk is Bloch momentum, k € {0,1,...,N — 1}, we find that the transformed Hamiltonian has the

dual form
f, - _é D (chpckt+ el ko) =26 ) 05 (27QR) 4.3)
o,k o,k

31
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The Hamiltonian in (4.3) has the same structure as the original Hamiltonian in (4.1), with nearest-neighbor
tunneling change from t — % and the on-site quasiperiodic strength from | — 2t. The form of the Hamil-
tonian is actually left invariant when | = 2t. An heuristic argument can be made that, for the Hamiltonian
in (4.1), the eigenstates should be extended in real space for small values of ], while for the Hamiltonian
in (4.3), they should be extended in momentum space for small values of t, suggesting that | = J. = 2t cor-
responds to a localization-delocalization transition. This study can be made rigorous and this duality along
with the nature of the transition has been extensively analysed in the literature [25,27-29].

From now on, for simplicity purposes, we will take t = 1, i.e., all energy values will be in units of ¢.

It turns out that all eletronic states of the 1D AAH model are extended for | < ., localized for | > ],
and critical for | = ], due to the previously mentioned duality. We then have a transition that is independent
of energy and the line | = J. in the (E,]) diagram separates localized and extended eigenstates.

The localization transition depends on the value of the parameter Q. In order to observe the transition,
Q must have some degree of incommensurability. Choosing Q to be irrational does correspond to the
quasiperiodic case. However, if we wish to use periodic boundary conditions (PBC) in our real space
numerical simulations, Q must be rational. A common approach is to consider a sequence of rational
approximants Q, of the irrational number Q such that lim,—,. Q, = Q. For each n, the system is chosen to
be of the size of the unit cell defined by Q,, that should increase with n for the quasiperiodic limit to be
accurately taken.

The energy spectrum of (4.1) as a function of Q yields quite a beautiful picture (See Fig. 4.1) called
the Hofstadter butterfly [26]. The structure of the spectrum for | # ], is quite different from that associated
with ] =], since for ] = ], it shows a complex self-similar geometric shape called a fractal. The model with
J =2 has been greatly studied in literature, given that it is the reduction to 1D of the problem of an eletron

moving in a 2D square lattice in the presence of a perpendicular magnetic field [24,26].

-2

-3

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Q Q

@J=1 (b)J=2

i

Figure 4.1: Energy spectrum of the 1D AAH model as a function of Q, with Q = 5 such that i €
{0,1,2,...,N} where N = 2584 is the system size. At ] =2, we can see the Hofstadter butterfly.
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A common choice in the study of the AAH model is to take Q as the golden ratio conjugate

5-1
o=L1 06, (44)

which can be obtained from the Fibonacci sequence. The Fibonacci sequence is defined by the recurrence

relation

Fo =0, Fi=1,
Fo=F,_1+F,5,n>1, 4.5)

and the ratio of consecutive Fibonacci numbers converges to the golden ratio conjugate

Jim 22!
n—oo Fn

=g. (4.6)
We can then choose Q = ¢ and the rational approximants as Q, = F;“
size of our system is determined by F,, in order to have matching PBC. Some of our rational approximants
will be

. For the n-th approximant, the

235 8 13 21
The Fibonacci sequence is particularly good because it allows us to access many system sizes, defined by
the denominator of the irreducible fractions above. This is advantageous for a more detailed finite-size
analysis.

There are several methods to study localization in this type of systems such as the transfer matrix method
or the analysis of level statistics. However, in describing the localization transition and the nature of the
eigenstates of our systems, we will use the inverse participation ratio (IPR) which is a quantity widely used
in the literature. The utility of the IPR is that it can encode in a single number the extended or localized
nature of a wave function, saving us from having to look at the distribution of the eigenstates in each
realization to ascertain its nature. It is also easy to generalize to other types of distributions besides wave
functions, such as our superconductor order parameters (See Eq. (4.9)).

For the real space eigenstate ¢*, with energy E,, the IPR is defined as

14
1pR(Ey = —21# T @47
|16 ]

where the sum }; is over all lattice sites. We can then study the two extreme limits of the IPR. On the

one hand, if a normalized wave function is extended over the entire lattice, its components will be ¢; ~ ‘/Lﬁ,
where N is the number of lattice sites, hence the IPR goes to zero as ~ % On the other hand, if the wave
function is localized on a few lattice sites, then IPR ~ const, being equal to 1 in the extreme case when the

wave function is localized at a single site.

log(IPR)
log(N) °
to 1 as we increase the system size and that for localized states converges to 0. We can see clearly in Fig. 4.2

In our numerical results, we will often present the quantity — that for extended states converges

that the localization transition for the 1D AAH is at /. = 2 and all states undergo a transition from extended
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to localized. At J = J., the states are neither localized or extended but are instead critical, and in this case

log(IPR
the PR does not converge to zero as ~ % or to a non-zero constant, hence 0 < — (l)fg( T N)) <1.
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Figure 4.2: —log (IPR(E))) /log(N) as a function of ] and the normalized eigenstate index ﬁ, for N =
2584. All eigenstates transition from extended to localized at J. = 2 and the mobility edge is just the line

]:]c'

A good order parameter for the extended-localized transition in the AAH model is the average of the
IPR over the whole spectrum (/PR (E;))g,. And, as shown in Fig. 4.3, it is practically zero for | <], starts
to become finite at /. and progressively increases towards unity as our quasi-disorder gets stronger.
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0.8
0.5
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Figure 4.3: (IPR)g, and —log ((IPR),) /log (N) as a function of ], for N = 2584. It is clear in both curves
that the localization transition happens at | = 2.
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4.1.1 Critical temperature

Now that we discussed the general properties of the single-particle part of our Hamiltonian, we are ready
to move on to study the effect of incommensurability on superconductivity. To this effect, our interaction
Hamiltonian will be an on-site Hubbard term (2.40) to allow for s-wave singlet superconductivity. To
fix nomenclature, we will call the original form of the linear gap equation (2.41) the Hubbard linear gap
equation (HLGE), while the linear gap equation in the time-reversal pairing approximation (2.50) will be
called the Anderson linear gap equation (ALGE).

The first quantity of interest associated with the superconductivity that we intend to study is, of course,
the transition temperature from the phase our single-particle system is in, metal or insulator, to the super-
conductor phase. Unless stated otherwise, our noninteracting system is always at half-filling.

In general, we find that the critical temperature is enhanced by the quasiperiodic potential and this
increase of T, with ] is particularly evident for small values of the coupling g; when we cross the localization
transition at J. = 2, as can be seen in Fig. 4.4. At this point, it is useful to compare the critical temperature
curves computed with HLGE and ALGE. The curves in Fig. 4.4 show us that the HLGE and the ALGE
produce similar results in the extended regime, | < J., indicating that the diagonal pairing we do for the
ALGE captures all the relevant superconductor properties for extended states. However, as we approach J,
and the transition to the localized regime, | > J., there is a small discrepancy between the two curves, which
is noticeable for higher values of the interaction coupling g, but vanishes for small couplings. These results
assure us that the ALGE is quite apt at capturing the behaviour of the critical temperature as a function of

the single-particle parameters for weak coupling (small g;).

0.1751{ —®— HLGE: g;=0.2
ALGE g,=0.2
—8— HLGE: g;=0.6
0.150] —* ALGE1=06
- HLGE: g;=1
—e— ALGE g;=1

0.125

0.100

kgTc

0.075

0.050

0.025

0.000

0.0 0.5 1.0 15 2.0 2.5 3.0 3.5 4.0

Figure 4.4: kpT, as a function of ], computed with the HLGE and the ALGE, for g; € {0.2,0.6,1}. The size

of the 1D chain is N =233, corresponding to Q = %.

This enhancement of the critical temperature with the quasiperiodic potential strength could just be a
consequence of the increase of the density of states at the Fermi level with our correlated disorder and not
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a result of the incommensurability of the system. A suitable test to discern between these two effects is to
study how the critical temperature scales with the interaction coupling g; and compare the commensurate
limit with the incommensurate one. In the extended regime, one might expect a scaling similar to that of
the BCS equation (2.36), but this will not be the case in the critical or localized regime, as we show in Fig.
4.5.

In order to compare the commensurate case with the incommensurate case, we must be able to construct
a periodic potential such that our system contains many periods, i.e., unit cells. This can be done by
constructing sytems with roughly the same size but with Q chosen from different rational approximants.
For example, in the analysis we do in Fig. 4.5, we consider the sequence of rational approximants Q, €

%, %, %}, extracted from the Fibonacci sequence. If we take the system with Q3 = %, then its size
has to be N3 = 2584 in order to obey PBC. In this case, the system has one unit cell, #u.c. = 1, and we
will take this choice of rational approximant as our incommensurate limit. For our commensurate limit,
we can choose Q| = %, which corresponds to a potential that is repeated every 5 lattice sites. If we fix
the system size at N = 2585 =~ N3, we have a system comprising 517 periods, i.e., a system with 517
unit cells, #u.c. = 517. This procedure can be repeated with other rational approximants and we can go
back and forth between the incommensurate and the commensurate limit with as many unit cells as our
sequence of rational approximants allows. In our example, the sequence of rational approximants we have
chosen, Q, € {%, %, %}, will correspond to systems of roughly the same size N, € {2585,2587,2584},
but spanning different numbers of unit cells, #u.c. € {517,199,1}.

Using the ALGE, we found that in the extended regime, | < J., the scaling of the critical temperature
with the interaction coupling follows that of the BCS equation in both the commensurate and the incom-
mensurate limit, i.e., T, ~ exp (— [g1p (O)]_l). In the localized regime, | > J., and in the incommensurate
case, the critical temperature scales almost linearly, T; ~ g|°%0:001 (See Fig. 4.5b). However, in the critical
regime J = J. and in the incommensurate limit, its scaling is significantly enhanced, following a power-law
with a greater exponent T, ~ g{****9% (See Fig. 4.5a). This is in line with recent literature [22]. As we
can see in Fig. 4.5, in the commensurate case with #u.c. = 517, the power-law behaviour vanishes and we
get back our BCS scaling, both for ] = J. and ] > J.. However, even with #u.c. = 199, T, still has an almost
power-law scaling, indicating that at the level of superconductivity we do not need to get too close to the
incommensurate limit, i.e., the irrational limit in Q (corresponding to extremely large systems), to see the
effects of incommensurability on the superconductor critical temperature. Low order rational approximants
can already capture this behaviour, both in the critical regime and the localized regime of the 1D AAH

model.
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Figure 4.5: log-log plot of the scaling of kT, with g; for different numbers of unit cells, #u.c. € {517,199, 1},
corresponding to the rational approximants Q, € {%, %, %}. The system size is fixed at N = 2584 for
the case with one unit cell Q, = %‘gz‘ and similar sizes for the other choices of rational approximants.
These results were computed with ALGE. (a) ] =2. The power-law fit to the #u.c. = 1 curve gives us
kpT. =0.08g10, while a BCS fit to the #u.c. = 517 curve gives kpT, = 0.19¢781/81. (b) | = 3. The power-
law fit to the #u.c. = 1 curve gives us kpT, = 0.128g%'004, while a BCS fit to the #u.c. = 517 curve gives

kpT. = 0.073¢0-269/81

To explain why the critical temperature scales with the interaction coupling parameter as it does at the
level of the ALGE, we can present an argument similar to that of Ref. [47] in the context of Anderson

disorder. This argument relies on the structure of the M-matrix (2.46), which is represented in Fig. 4.6.

L
\/ﬁ’
so that the elements of M are actually independent of energy. Because of this uniformity, its elements

In the extended regime, for | < ], all the eigenstates are extended across the entire system, ¢f ~

scale simply as M; ;» ~ % so that the ALGE reduces to the standard BCS equation (2.32) which admits an
homogeneous gap parameter and a critical temperature that has a BCS scaling with g;.

In the localized regime, for | > ., the eigenstates are all strongly localized, have negligible overlap
with each other and are characterized by their localization length £, such that the wave functions scale as
q&;1 ~ t, and the M-matrix is approximately given by M ;» = 0, ;- Zi|¢f|4 = 5:,—5 (there are small overlaps
due to the finite localization length, as seen in Fig. 4.6b). This means that the ALGE just gives us the simple
linear scaling T, = %. This also explains why T, increases with the quasiperiodic potential strength, since
£, actually decreases with J, for | > J..

The interesting part happens for | = J.. In this case, the M-matrix has its richest structure. It is evident
in Fig. 4.6c that the M-matrix is self-similar and exhibits a fractal geometry akin to that of the previously
discussed Hofstadter butterfly, which is not surprising since we know that the AAH spectrum is also self-
similar [48]. Due to its self-similarity, we could assume that M is an homogenous function in its two energy
variables M (zE;,zE,/) = z*M (E,, E)/). This scaling argument when applied to the ALGE, would imply a

power-law scaling of T, with g; dependent on the a exponent.
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Figure 4.6: Structure of M, /, for N = 987. Each dot represents an element of M,  with its color given
by log;, (|M oy |), with the axes representing the spectrum of the AAH model for a given value of J. Under

each image is a zoom for energies close to the chemical potential. In the case | = J. = 2, the self-similarity
of the M-matrix is quite evident.

With the results of chapter 5 in mind, let us take a small detour to investigate what happens when we
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impose an energy cutoff on the ALGE. A cutoff in energy can be easily introduced by truncating (2.50) to

a subspace of our eigenspace for which |£;| < £k, such the truncated version is given by

tanh (%) ,
A =g Z MM/TM : (4.8)
{V:1Ex | <Emax g

In the general, we found its effect negligible on the critical temperature unless we were studying it as
tanh(%)
2E;
the ALGE already assures that states relatively close to the Fermi level are more relevant to the structure

a function of doping or imposing a very restrictive cutoff. This happens because the factor in
of the gap equation than those that are far away. If we study T, as a function of u with all other relevant
parameters fixed, we find that T, follows the density of states at the Fermi level more closely, i.e., it has a
maximum/minimum when p (¢ = 0) has a maximum/minimum, when we impose a more restrictive cutoff
in energy.

However, a very restrictive energy cutoff can have a big impact when we study the scaling of the critical
temperature with the interaction coupling g;. As we can see in Fig. 4.7, at the critical point | = 2, imposing
a smaller energy cutoff implies a power-law scaling with a smaller exponent 7. A very small energy cutoff
can reduce the power-law in the critical regime into a simple linear scaling, such as the one found for the

localized regime with | > 2.
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Figure 4.7: Critical temperature scaling with g; for ] =2 of the AAH model. The different curves correspond
to different energy cutoffs log,, (Z—’;:), where AE is the bandwith of the AAH model, associated with the
dimensionality N*of the truncated eigenspace used in the ALGE. The curve with log, (Z—%) =0 fits with
the power-law kT = 0.08 g}‘SOiO'OZ, while the curve with the more restrictive cutoff log,, (5%) = —3.48 fits
with power-law kT, = 0.01 g}'OOiO'OZ, i.e., we go from a power-law with exponent 7 = 1.50 to a linear scaling

as we lower the values of the energy cutoff.
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4.1.2 Localization of the superconductor local parameters

The next step in our study of superconductivity in the 1D AAH model is to look at the structure of
eigenvectors of both the HLGE and the ALGE, i.e., at the lattice distribution of the superconductor local

parameters.
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Figure 4.8: \Al| distribution for the spectrum of Haap, with N =987 and g1 =0.5. The gaps we see in the
horizontal axis have a one-to-one correspondence with the gaps in the energy spectrum of the single-particle
Hamiltonian, which is built into the construction of the ALGE.

First, we can take a look at the spectral distribution of the superconductor gap parameter in the eigen-
basis of I:IO =0 AAH, 1.€., at A* for each energy level E,, as shown in Fig.4.8, computed from the ALGE.
When ] =0, we are in the clean limit of our system, and found that A* is the same for every energy level
(Fig. 4.8a). This suggests that for commensurate systems with one orbital and on-site Hubbard interaction
the gap parameter is the same for all eigenstates. This is similar to the results of section 3.2.1.1, where we
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found a superconductor gap parameter independent of momentum for graphene. But as we increase | we
can see an asymmetry start to develop, with the maximum of |A’1| always at the Fermi level. In the localized
regime, the superconductor gap parameter at the Fermi energy is clearly dominant (Fig. 4.8d).

Regarding the real space localization of superconductor local parameters, we found out that there is
also a transition from extended to localized phases in the A’’s, computed from Eq. (2.57). In analogy with
the inverse participation ratio that we constructed for the noninteracting wave functions (4.7), we can also
define an inverse participation ratio for the superconductor local parameters, associated with the highest
eigenvalue of the linear gap equation, as

’4

¥ilAl

IPR) = ,
A [Zi|Ai|2]2

4.9)

given that the A'’s also form a distribution on the lattice.

For the HLGE, we found an extended regime for | < JHLF with JHLGE ~ ] | that in the limit of ] — 0
tends to the typical homogeneous BCS solution, but as we increase the quasi-disorder it adquires a fluctuat-
ing real part, that never changes sign and still extends over the entire lattice, with no imaginary component.
There is a localized regime for ] > JHLCE with a exponential localization of the superconductor local param-
eters (See Figs. 4.11c and 4.11d), which turn out to always be real-valued and centered at the lattice sites for
which the low energy wave functions, i.e., the eigenstates near the Fermi level of the noninteracting system
locate (Fig. 4.10b). For ] = JHLCE "we also found a fractral distribution of the superconductor local param-
eters (Fig. 4.11b) similar to that of the wave function counterpart (Fig. 4.10a). These results indicate that at
the level of the HLGE, the gap parameters inherite much of the properties of the noninteracting wave func-
tions, sharing a similar localization transition. This no surprise, since the HLGE is contructed exclusively
from the noninteracting wave functions and, given that superconductivity is a Fermi level phenomenon,
shares the localization properties of the low energy eigenstates.

However, this is where the ALGE starts to diverge from the HLGE. First off, the localization transition

happens at a higher critical value for the quasiperiodic potential strength JAFCE

‘ ~2.36 > J., as we can see

in Fig. 4.9. The approximate nature of ALGE does not allow for the the superconductor local parameters
to exhibit a fractal distribution for ] = JALCF | with partial localization around the sites where localization

occurs above JALGE

, as in the HLGE. Instead, there is a transition from an extended to a localized phase
with an intermediate phase where the distribution is extended but with a highly fluctuating absolute value,
as can be seen in Fig. 4.11c. Nevertheless, the distribution of the superconductor local parameters is also
exponentially localized (Fig. 4.11d) above JALGE

p , with peaks centered at the same lattice sites as in the
HLGE.
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Figure 4.9: —log (IPR,) /log (N) as a function of ] for different system sizes up to N = 2584, with g; =0.5,
computed with the ALGE. We can see that the curves converge to a localization transition at JA*F ~ 2.36
as we increase the system size, having a similar profile to that of the noninteracting wave functions IPR as
shown in Fig. 4.3.
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4.2 Extended Aubry—André-Harper model

We now turn to a particular variant of the 1D AAH model, whose incommensurability comes not only
from the on-site potential but from an incommensurate modulation of the hopping coefficients between
nearest-neighbors [49-51]. This variant is of particular interest for our work, since its single-particle phase
diagram hosts three kinds of phases: extended, critical and localized.

This system, which we will call the extended Aubry-André model (eAAH), has an Hamiltonian given

by

) (cjwcmﬂ,y + cjmyaci,(,) -] Z cos (271QRy) by yCms,  (4.10)

ag,m

. 1
Hopap = Zm: (—t+vcos [27(Q (Rm + 5)

where v is the strength of the hoppings’s incommensurate modulation.

If we fix | =0, and study the localization properties of the eigenstates as function of v, we find that, in
similar fashion to the AAH model, there is a well defined transition at v. = 1. But, unlike the AAH, this
time around it is a transition from an extended phase to a critical one as seen in Fig. 4.12.

Relaxing the constraint that ] = 0, we find that this sytem hosts a rich single-particle phase diagram in
the (J,v) parameter space. In Fig. 4.13, we show the average of the IPR over all eigenstates, (IPR), , which
allows us to distinguish three types of phases: an extended regime, a localized regime and a critical regime.
The extended phase is found for J < J. and v < v, the localized phase for J > 2max (1,v) and the critical

phase for v > 1 max (2, J). In these phases all eigenstates are either extended, localized or critical.

2
40
35 1.0
3.0
0.8
2.5
0.6
2.0
0.4
1.5
10 0.2
0.5
0.0 0.2 0.4 0.6 0.8 1.0
AIN

Figure 4.12: —log (IPR(E;)) /log(N) as a function of v and the normalized eigenstate index %, for a
system size of N =2584. All eigenstates transition from extended to critical at v. = 1, with ] = 0.
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Figure 4.13: —log ((IPR)EA) /log (N) as a function of (],v) where (...);, means average over all eigenstates.
The system size is N = 987.

4.2.1 Critical temperature

Using the ALGE, we can compute the critical temperature in the (J,v) parameter space, shown in Fig.
4.14. If ] < J., there is an enhancement of the critical temperature with an increase in the strength v of the
hoppings’ modulation. Similarly, if v < v., we find the behaviour of the AAH model, as T, increases with J.
However, it is interesting to notice that for both | > J. and v > v., there is a significant decrease of the critical
temperature when there is a competition between the diagonal and off-diagonal quasiperiodicity, i.e., when

we have | ~v.
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Figure 4.14: kT, as a function of (J,v), computed with the ALGE. The system size is N =987 and g; =0.5.

We also found a power-law scaling of the critical temperature with the interaction coupling for the
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critical regime, i.e., for v > %max (2,]), as we show in Fig. 4.15. In the incommensurate limit, we get a

power-law T, ~ g|4?*09% with a smaller exponent than the one we found for the critical point ] = J. of the

AAH model. In the commensurate limit, we obtain once again the typical BCS scaling.
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Figure 4.15: (J,v) = (0,2). The power-law fit to the #u.c. = 1 curve gives us kpT, = O.21g%'42, while a BCS
fit to the #u.c. = 517 curve gives kpT, = 0.25¢0303/81,

4.2.2 Localization of the superconductor local parameters

Finally, we can look at the localization of the superconductor local parameter in the (J,v) parameter
space. This will only be done in the context of the ALGE, given that the high computational cost of the
HLGE did not allow us to compute a converged phase diagram. For systems of moderate size, such as
N =987, the study with the HLGE is already intractable.
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Figure 4.16: —log (IPR,) /log(N) as a function of (J,v), computed with the ALGE. The system size is
N =987 and g; =05.
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As we can see in Fig. 4.16, the superconductor local parameter phase diagram for I PR, computed with
the ALGE, can not capture the three distinct phases we found for the noninteracting wave functions (See
Fig. 4.13). The solutions of the ALGE can only reproduce the extended and localized regime, albeit with a
shifted transition curve JAXCF (v) with JALGE (v = 0) = 2.36 > J,.. The superconductor local parameter phase
diagram does not host a well defined critical regime at the level of the ALGE. This can be seen from the
lack of a transition at v = v, (Fig. 4.16), with the superconductor parameters having an extended nature even

for v > %max(Z,]).



Chapter 5

2D magic-angle semimetals: cTBG

Having studied the connection between superconductivity and incommensurability for 1D quasiperiodic
models, we now turn to 2D systems. Motivated by the discovery of sub-ballistic states in the narrow-band
regime around the magic angle in tBLG for incommensurate twist angles [20], we wish to investigate if
incommensurability in this system plays a role in the scaling of the superconductor critical temperature
with the interaction coupling, as it did in the models of the previous chapter.

Recent work by Pixley er al. [21] has shown that quasiperiodicity can induce single-particle quantum
phase transitions in a class of models called magic-angle semimetals, which have in common the existence
of nodes in the band structure and an incommensurate modulation of either the diagonal or the off-diagonal
elements of the single-particle Hamiltonian. In this chapter, will use an effective model proposed in [21]
for TBG at moderate twist angles in the chiral limit (cTBG).

The Hamiltonian for our cTBG model consists of two sectors corresponding to the Hamiltonians of

individual graphene layers along with the coupling of the two layers,

Herp = Hi+ Hy+ Hip + Hay, (5.D

with the kinetic term for each layer [ being the usual nearest-neighbor tight-binding model of graphene

A==t ) cfpr, (5.2)
(Ri.R;)

Obeying I:IZ] = H;Z’
tunnelling to simulate twisting for moderate angles. The interlayer term, that destroys an eletron in layer 2

the two layers are then coupled with a finite-ranged quasiperiodically modulated

and creates it in layer 1, can be written in the momentum space of the single layer graphene as

2 _ T T —ik-a; ik-a; T —ik-ay ik-a;
Hpp=] E € g OxCoppti +C 4 (e o +e A LY P o +e T-)Cops 3 N(k)
. Lk—= 2 Lk—% 2 1L,k 5 2

T T —ik-a; ik-a; T —ik-ay ik-a _
+]; [Cl,k+"21{7"62'k—q2‘ +Cl,k+"72 (e ortet o oy g +Cl,k+"73 e 2R TS Y N(-k),

(5.3)

48
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such that ¢ = (cl,A,k,cl,B,k)T is defined in terms of the operators ¢;4/p that create an electron in layer
I, sublattice A/B and with momentum k. The matrices {;;i =x,y,z} are the usual Pauli matrices in the
sublattice subspace, with 7. = (o, + iay) /2 being the raising and lowering operators. J is the strength of the

quasiperiodic tunnelling and A (k) is the function

_ 1 1 N n+l —ia,-k
A(k) = §+m;(—1) ek, (5.4)

The vectors {a,} connect a lattice site to its six nearest Bravais lattice neighbours and can be constructed

from the 7; nearest neighbors vectors (3.4) as

a=71—-72

a=71—-73,

as=ap—aj,
a = —ay,
as = —ay,
as = —asj. (5.5)
Finally, the vectors {q},} are defined by
q, = kg (0,—1),
k
q2 = _9 (\/5! 1) y
2
k
4= 59 (—‘/5, 1), (5.6)
where kg = 2kp sin (%), with kp being the distance from the T'-point to the Dirac cone, encodes the twist
angle in our TBG emulator, such that for § ~ 8.958° we have kg = %”Q, with Q = #. Once again, given that

Q is written as power of the golden ration ¢, it can be obtained from the Fibonacci sequence in the form of
the limit Q = limy,_,c Fl’;—j which also provides a sequence of rational approximants Q,. The denominator
of Q, defines the linear number of unit cells in our system, i.e., #u.c. = F,, such that F,% is the total number
of unit cells in our system.

This model is constructed such that the interlayer coupling of Eq. (5.3) allows our Hamiltonian to be a
good approximation for low energies of the full twisted bilayer graphene in the chiral limit for our specified
twist angle. It is with this goal in mind that the A function has the form of Eq. (5.4), since at the Dirac
point K we have the limiting values of A(K) =1 and A(—K) =0, along with K-a; = —27” and K-ap = %”,
allowing us to recover the usual low-energy continuum approximation of TBG [6,9] in the chiral limit

T~ T
Ap~] ) e Ty (5.7)
ky !
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where the matrices {Ty} are given by

Tl = o-x:
T, = leri/3g+ +e—27ri/30_’
Ty = e 2By 4 e¥ 3 (5.8)

Having a simple form of the interlayer tunneling that simulates TBG in the low-energy approximation
is the main motivation for choosing Eq. (5.3). Another reason for choosing this model is that it translates
to a simple real space Hamiltonian that is short-ranged (couples up to nearest-neighbors of order 3) and has
a harmonical quasiperiodical modulation of the interlayer hoppings.

After doing a Fourier transform of the c-operators, we get that the real space version of our cTBG model

is given by the Hamiltonian

. 4 sy
Hi» :]Z {(CTYR+570'+C2,R +Cl,R’7—CZvR+5y) cos [qy . (R+ E)]
Ry

RS ntl [ F T . (sy+an)
+ﬁ;(—l) (—CLR_H’"_HVJ_;_CQJ{+C1YRU_CQyR+a"+57)Sln q, R+T . (5.9

where

s = (010)r
$)=—aj,
§3 = —an. (5.10)

One of the most interesting features of this model is the narrow miniband that forms in the metallic
regime, similar to the one that exists in TBG. As we can see in Fig. 5.1, the miniband is quite isolated at
the center of the spectrum, separated from the higher energy bands by a gap of a order of magnitude greater
that its bandwidth AE ~ 0.01 (As before, all energy values will be in units of ¢ thoughout the rest of this
chapter).
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Figure 5.1: p(E) computed with KPM for a system of size L = 4 - N? = 4 - 1442 at the critical point of the
semimetal-metal transition (See section (5.1) for discussion).

5.1 Semimetal-metal transition

As we know, in the clean limit ] — 0, the cTBG Hamiltonian (5.1) reduces to two copies of single layer
graphene and, as such, is a semimetal that has two Dirac cones with a density of states (DOS) that vanishes
linearly at the Fermi level. The interesting property of this model, that puts it in the magic-angle semimetals
class, is that it hosts a semimetal-metal phase transition for a critical value J. of the interlayer tunneling
(5.9). In fact, it hosts a metallic phase for a small range of values of the tunneling strength J. < J < J/, with
a reentrant semimetal phase for J > J! (See Fig. (5.3)).The signature of this metallic phase is the formation
of a narrow miniband at zero energy that is associated with critical zero energy wave functions that partially
delocalize in momentum space (See Fig. (5.2)).

In order to study the formation of the flat miniband and determine the critical values of |, we will need
to compute the DOS at zero energy. However, to clearly capture the semimetal-metal transition we need
to study Hamiltonians of considerable size in real space. For example, a typical rational approximant that
we will use for the inverse of the wavelength of the tunneling modulation is Q = %. For this choice of
Q, the dimension of our Hilbert space, taking into account the two layers and the two sublattice degrees of
freedom, is of order L ~ 10° which already makes exact diagonalization an expensive computational task.

Having this in mind, for the purpose of computing the DOS we will be using a technique that has
become standard in recent years in condensed matter physics called the kernel polynomial method (KPM)
(See Ref. [52]), which is an efficient method for computing spectral quantities, that scales linearly with
the dimensionality of the Hamiltonian, making it an excellent alternative to exact diagonalization. As for
the low energy wave functions, we used the implicitly restarted Lanczos method included in the numerical
software library ARPACK [53], which is useful to compute a few eigenvalues and eigenvectors of large
sparce matrices.

Regarding the eigenstates near the Fermi level (the Dirac energy E = 0), they are adiabatically connected

to those in the clean limit /] = 0 and are ballistic in momentum space, for | < J., i.e., in the semimetal
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regime. As we can see in Fig. 5.2, they are localized in momentum space with peaks at the Dirac cones and,
as we transition to the metallic regime at | = J., they start to delocalize and become critical, displaying a
“multifractal” profile with partial localization around the K-points. This multifractality can be investigated
numerically by studying the non-linear multifractal behaviour of the scaling exponent 7 (g), that can be

computed from the momentum space IPR, > |¢r (E =0) |* ~ L77@ as it is done in Ref. [21].

(a)J=0.29 <. (b) ] =0313=],.

Figure 5.2: Plot of |<pf1 (E= 0)|z,i.e., the Fourier transform of the zero energy wavefunction for the [ =1
layer. Computed for a system of size L =4 - 1442

However, these systems have a major difference relative to the 1D models we previously studied, re-
garding the critical value at which the transition occurs. In this case, even though the IPR loses its signature
in the metallic phase as we increase the number of unit cells, we can still compute a critical value for the
semimetal-metal transition from the DOS at the Dirac energy alone. It turns out that this critical value de-
pends on the rational approximant chosen, i.e., the critical value of the quasiperiodic tunneling strength is a
function of the interlayer hoppings modulation wavelength /. (Q). We can think that by changing Q we are
changing the twist angle our effective model, which changes the physical system we are studying. It should
not be expected that for different systems we would obtain the same critical value for the semimetal-metal
transition.

By fixing the system size, we can study the DOS at zero energy, p (0), as a function of both the quasiperi-
odic tunneling strength J and the inverse of the wavelength Q. The semimetal-metal phase diagram, deter-
mined by p (0), can be seen in Fig. 5.3, where it is clear that the system hosts a metallic phase in a thin strip
of the (Q,]) plane located between two critical curves J. (Q) and J/ (Q) that separates it from an otherwise
semimetallic regime. Hence, if we wish to study a system with more unit cells, to do a finite size scaling
and to compare the commensurate with the incommensurate case, we always need to compute the critical

value ], for that particular rational approximant.
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Figure 5.3: p (E = 0), computed with KPM, as a function of Q and J. The system size is L = 4- 144 and we
used the Jackson kernel with N, =2!2 Chebyshev polynomials and Ny = 1 random vectors for the stochastic
trace evaluation.

5.2 Critical temperature results

To study superconductivity in this system, we will use the ALGE with a energy cutoff, since it is the
only feasible numerical method for systems of this size, where we can only acess a few eigenstates. The
average theoretical Debye energy of the three acoustic phonon modes in graphene is of order wp ~ 0.1 [54].
This will serve as motivation to pick a cutoff in energy close to wp, so that the only states that will contribute
to the structure of the ALGE are those within the miniband, given that the bandwidth of the miniband is of
order AE ~ 0.01.

In order to study the ALGE with a cutoff, we need to know how many states there are inside the mini-
band for each rational approximant Q,. This is a necessary step, given that we have to fix the dimensionality
of the ALGE in order to know how many eigenvalues and eigenvectors of H,rpG we must compute with the
Lanczos algorithm. Since we do not have access to the whole spectrum, because we did not fully diagonal-
ize the Hamiltonian, we will have to compute the number of states within the energy cutoff window with
KPM.

This procedure can be summarized as follows:
1. Fix the rational approximant Q, and compute the critical value /. (Q,) by analysing pxpa (0);

2. Compute the number of states within the Debye energy window as

wp
Nminiband=N/PKpM(£)dE; (5.11)

—wp
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3. Use the Lanczos algorithm, with shift-invert, to obtain the set of Npiniband €igenvalues and eigenvec-

tors of FICT BG closest to zero energy.

4. Compute the critical temperature and the superconductor gap parameters with the ALGE for this

truncated eigenspace.

In the metalic regime, we found an almost linear scaling of T, with g; for moderate values of g, as
shown in Fig. 5.4. This stands in contrast with the power-law T, ~ g? with a larger scaling exponent 7 we
computed in the 1D quasiperiodic models, such as the one found for the critical point the AAH model (Fig.
4.5a) or the one found for the critical regime of the eAHH model (Fig. 4.15). We suspect that this power-law
with a diminished exponent is due to the restrictive imposition we made with our choice of energy cutoff.
Recalling the results for the AAH model in Fig. 4.7, we showed that imposing a very restrictive energy

cutoff could reduce the power-law in the critical regime into a simple linear scaling.

01 —® #u.c.=1
#u.c.=18

log10(ksTc)

log10(ksTc)

-4 -3 -2 -1 0 1 2 -4 -3 -2 -1 0 1 2
log10(g1) log10(g1)
(a) (b)

Figure 5.4: T, as a function of g, for sizesupto L=4-N2=4- (233)? and with an energy cutoff of wp =0.1.
(a) Incommensurate systems: Critical temperature scaling for J. = 0.313, computed for different systems
sizes from Ly =4-N 12 =4 (34)%, corresponding to the rational approximant Q; = %3, upto Ls=4- N52 =
4-(233)?, corresponding to the the rational approximant Qs = 22713 (b) Critical temperature scaling in the
commensurate and in the incommensurate limit. The incommensurate limit corresponds to a system with
1 unit cell, corresponding to Q=1 = % with a system size of Ly, =] =4- (233)2 at J. (Quuc=1) =0.313.
The commensurate limit is the system with 18 x 18 unit cells, corresponding to Qu =18 = % with a system
size Of Lyyc=1 =4-(234) at ] (Quuc=18) = 0.270.

The role of incommensurability seems to come into play in the weak-coupling regime, i.e., for small
values of g;. As we see in Fig. 5.4b, the incommensurability of the single-particle Hamiltonian seems to
promote superconductivity, since the curve for the incommensurate case seems to present a higher critical
temperature than the commensurate case in this regime. As we decrease the interaction coupling below the
linear scaling regime, the commensurate and incommensurate curves diverge, with the critical temperature
falling much faster to zero in the commensurate case. The fact that critical couplings appear, i.e., minimum

values of g below which superconductivity does not develop at finite temperatures, is reminiscent of what
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we found in Chapter 3 for single layer graphene, albeit with much higher values of g in that case. Although
it seems that in the incommensurate case the critical coupling is smaller, there is still work to be done to
find out if the origin of this difference in minimum couplings is really an effect of incommensurability
or if it is a numerical error of the ALGE. It could happen that due to g; being very small, we could be
dealing with an interaction energy scale that competes with the average spacing of levels in the spectrum of
our single-particle Hamiltonian. Future work will attempt to ascertain this with a more detailed finite size

analysis.



Chapter 6

Conclusion

In this thesis, we studied the interplay between superconductivity, localization and incommensurability
in a set of tight-binding 1D and 2D systems.

Within a Green’s function approach to superconductivity, we deduced a linearized gap equation in order
to study the superconductor critical temperature and the corresponding superconductor gap parameters, for
an arbitrary single-particle Hamiltonian, with a general two-body interaction term.

We investigated an extended Hubbard interaction in single layer graphene, with both a momentum and
real space treatment, and found the existence of a critical value for both the on-site and the nearest-neighbor
interaction coupling parameter, when the chemical potential is at the Dirac energy. If any of the coupling
parameters are below these critical values, the development of superconductivity, associated with a finite
value of the critical temperature, is forbidden due to the semimetallic nature of graphene, for which the
density of states vanishes at the chemical potential.

Having studied this commensurate case, we moved on to a set of incommensurate systems, both 1D and
2D. We started by studying the classical Aubry-André-Harper model with an Hubbard attractive term, for
which the on-site superconductor gap parameters exhibit, similarly to the eigenstates of the noninteracting
systems, a transition from an extended regime to a localized regime. This transition is accompanied by an
increase of the superconductor critical temperature with the strength of the quasiperiodic potential strength.
It was found that the critical temperature exhibits a power-law scaling with the interaction coupling, with
characteristic exponents for both the critical and the localized regime, which is due to the incommensurate
nature of this 1D model. We found similar results for an extended variant of this 1D model which features
a quasiperiodical modulation of the nearest-neighbor hoppings, with a power-law scaling of the critical
temperature inside the critical regime.

As for the 2D case, we studied a magic-angle semimetal model which emulates twisted bilayer graphene
in the chiral limit. For the metallic phase of this model, we found that the critical temperature has a linear
scaling for moderate values of the interaction coupling but appears to be enhanced due to incommensurabil-
ity in the weak interaction coupling regime. Future work with a more detailed finite size analysis is required

to verify these results.
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Appendix A

Bogoliubov-de Gennes Method

The purpose of this appendix is to show how we can use a mean-field method, called the Bogoliubov-de
Gennes method, to compute the superconductor gap parameters as a function of temperature. We will also
show that this method is not adequate to compute the superconductor critical temperature.

For concreteness, we will focus on the case of a system with an on-site Hubbard interaction that con-

serves spin,

A= ZZhJCwC]" > ZZ ¢ 6 Scl_sciys
= ZZhU L Cjo — Zcmcilcilcm. (A1)
7 i
We can do a mean-field decoupling in the Cooper channel by first introducing the fluctuations
di =cjjcip— <CilCiT>r (A2)

which allows to rewrite the Hamiltonian (A.1) as
1= D hijc,cir =81 ) (dj + <CZ¢€1>) (di+({eirein),
7 i) i
and, ignoring the bilinear terms d;rdi in the fluctuations, we get the mean-field Hamiltonian

ﬁMF_ZZh” 2 Cio — Z [CTTCL <C11QT>+%QT <c Czi> <C1161T><C Tcll>]

The superconductor gap parameter can be defined as

A =g <CiTCil>x (A.3)

such that the mean-field Hamiltonian takes the simple form
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2
A _ + ot % |Ai|
Hyr = Z Zhi'jciaci” +Z [AiCiTCil +A; CiiCiT] +Z ? (A4)
Ty i i

Equipped with this mean-field Hamiltonian, we can compute the following commutators

CmHMF Zzhm/ Cim mo—cﬂf ZA [ Cin i€ ;l]"'A;‘k [CiT'leCiT]

g m]

= Zhi'jCjT+AiCil’ (A.5)
j
where we used the fermionic anti-commutation relations

{Cimfﬁ,} =0jj

{cirrciv} = {cf,,, c,i,} =0. (A.6)

Similarly, we can compute the other commutators

T 1 _ T *
|l e | = - D i)y = Aiei, (A7)
j
[ciy, Hmr] = Z hijcjy — AiC,TT, (A.8)
j
T %
[ 1i’HMF] Zhj’icfi+Ai Ci- (A9)
j

From looking at the previous commutators we can see that our eletron field operators are a linear combi-
nation of particle and hole quasiparticle excitations. We can then do a Bogoliubov canonical transformation

of the form
Ciy = Z [l yn — ov"*y,'l]
= Z [ul vl vl y,], (A.10)
such that the Bogoliubov quasiparticle operators obey the canonical anti-commutation relations

{71%73;1} = O0um
Dnvm} ={yh v} =0 (A.11)
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This canonical transformation diagonalizes our Hamiltonian:

Hyr=Eg+ Z En¥ivn,
n

where the " means that we only sum over positive eigenvalues E,, implying that we must have the commu-

tations relations

(75, Hump| = =Eny;
(7, Hrig] = Ena. (A.12)

If we compare this commutations relations with those for clr and ¢;, term by term, we find that

C1T!HMF] Z[ Vn;HMF _UT [71’HMF]:|

Z Z hi,ju?T + Aiv?l Ynt|— Z hi,jv;‘%* + Aiu?i* yl = Z Enu:’Tyn + Enu?T'*yZ,
n j j n
which implies
E u?T = Z h'ju;?T +A-vi"l

” —
vit = Zhu";T*A“

and, similarly, we get
o e = 3oty D e + 7 (1 ]|

Z lz hijuf) +Aivjy | yn+ Zhi'jvﬁ* —Aiu?T'* V= Z Enuj\yn—E vlnl*y,;,
nolj j
implying
Enuj) = Z hiju;’l +Aiv);
Z i joj) + A uiy.
This set of equations can be cast in matrix format as

D 0i¢) = Engl, (A.13)
¥
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where
hiy]' 0 O Aif;i,j
0 hi,j Aib\,‘,j 0
(Qij) er g
0 Aldyj —hi’j 0
Ao 0 0 —h;*j
and
u:’T
u”
4=l
i
U?J,

60

(A.14)

(A.15)

The BdG Eqgs. (A.13), due to the absence of spin-orbit coupling and spin-flip scattering terms, can be

block-diagonalized into two sets of equations

fil
hij  Aidij 1T —E;y Uiy
A;ké\l,] _h* 11 n lnll
2

hiy}‘ A; 3” 1l E~2 ul.l '
A:fb‘,-‘j ]’l>k 1T " U?Tz

This block-diagonalization leads to the following modified canonical transformation:

’

_ 2§
CiT—Z[ Uip an_vlnT Vnz]

[

’

T L1 A2
N

=

1,
Cil:Z[ 1],}/"2+U1ni yZ]]
To_ A2 T
Cil_Z[ w) ) an]

Using this and the fact that if (“1T’Ull’u11’ vih

( n,*x n* Tl*

lT’ 1,1,’ zl’

(A.16)

(A.17)

(A.18)

(A.19)

) is a solution to the BAG equations with eigenvalue E,, then

u, T*) is also a solution with eigenvalue —E,, we obtain the the following self-consistency
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condition:
8 8
A= 31 (eireiy) = 71 (citeir)
8

1 . .
:?Z“ up ran = ol 7112] [ iyt 7L1]>
81 il 2% _F
_ 3 Z 1l 7n2+l/ll Vil lT }’ml Vi Vin

:g1z[ il nl*f( Es)— UnZ* "2f(Enz)]

n

’

-5 D[ )+l (B

’

321 w0l [f (=Em) = f (Ea) |+ [P0 [f (<Ei2) = (Ei)]

Ex
il u”lv"1 tanh(

Ei
2, A2,
) il ZkBT)-H%U tan h(

it ZkBT)

E:r
= ‘2 u?Tl v"* tanh (

A2
2 il 2kBT) (4.20)

Solving (A.13) constrained to the condition (A.20), allows us to compute the superconductor gap param-
eters self-consistently. If we define a vector A*, whose components are the superconductor gap parameters

{A;} at iteration «, then we can define the relative residual error as

‘q
a_
A2

|q

As we can see in Fig. A.1, the number of iterations required to achieve convergence within a tolerance of

oA = H (A.21)

dA = 107° has its maximum where the average (|A;|) over the lattice of the superconductor gap parameters
goes to zero, i.e., at the critical temperature of the system. Therefore, the Bogoliubov-de Gennes method
is not suitable for computing the superconductor critical temperature, due to its slow convergence near this

temperature. A more suitable method is the linearized gap equation that we used throughout this thesis.
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Figure A.1: (|A;|) as a function of kT, for the AAH model with system size N = 100 at | = 0 (See section
4.1). The tolerance for the relative residual error is A = 107°.



Appendix B

Inversion of the equation of motion for

the anomalous Green’s function

In order to do the inversion in (2.21), let us consider the following system of matrix equations:

ZAmiFin = Dy (B.1)

ZAmiGin = Omn» (B.2)
where A, F, D and G are general square matrices. A solution for F is given by
Fin= > GuDiy. (B.3)
1
This is easy to check,
Z AmiFin = Z Ami Z GiDin
i i 1
= Z Z AniGir
L
= Z am,lDln
1

= Dy,

Dln

as intended.
If we interpret the anomalous Green’s function equation of motion (2.21) as equation (B.1) and the
equation of motion of the noninteracting Green’s function (2.12) as equation (B.2), then the inversion for

¥ follows easily in analogy with equation (B.3).
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Appendix C

Linear gap equation details for SLG

This appendix is devoted to computing the coefficients I“l";” (k) defined in Eq. (3.26). In order to
simplify the final results, it is useful to define the auxiliar functions given by

tanh (ﬂc L£00 -] ) tanh (ﬂc L£(0+4] )

* (K, Be) = +1(k;u, B,
R TP S I B YT o L)
. m”h(ﬂc[eg«)w]) m"h(ﬂcwgm) .
K YPY 2L () +u] '
where
(ks Be) = x (64 (K) e (K)) + x (e- (K) ¢4 (K)) = ~ T =0
e R R ZI_M[t‘mh(ﬂclf(;()—ﬂl)_tanh(ﬂclé(;)ﬂll)] L#0,
(C.2)

tanh Beledozu]
is a function that retains information about inter-band interactions, in contrast with the 2[<5Ti#]) terms

that pertain to the intra-band coupling.
In order to explicitly do the double sum over band indices, we have to project the eigenvectors (3.16) of

the Bloch Hamiltonian onto the sublattice basis,

. Fit(k)/2 N e—it(k)/2
uy (k) = T’uB (k) = v
e 9 0/2
Uy (k) = T!MB (k) == \/E ’ (C3)
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and use the fact that for the y (¢; (k), ¢y (k)) function we have that

Bele (k)]
tanh (Tﬂ)

X (e (K), g4 (K)) = BN
tan (L8251
x (- (k),e- (k) = BRI

¥ (e (K) e (K) + y (e~ (K), &4 (K)) = [ (ks B)
¥ (g4 (K), e (K)) — y (e (k)24 (K)) =0, (C.4)

which follows trivially from the Matsubara summation results in Eqgs. (3.28), (3.30), (3.31) and (3.29).
Therefore, the explict form of the coefficients l“l."]’f" (k) is

sz (k) = Z 2(e2 (K), e (K))uh (K) 'y (K) u (=K) ;™ (k)
Fv

= % [x (g4 (K), &4 (K)) + ¥ (e4 (K) e (K)) + y (e~ (K), &4 (K)) + ¥ (e (K), £ (K))]

l[tanh(ms(g)m) mnh(me(gw])

SN I Y PITS  E e YPY My S

1 _
= _Z}{ (k»#)ﬂc);

r/?,f (k) = Z X (En (k) yEén/ (k)) ui (k) ui’"* (k) ui: (—k) u/;',* (—k)
vy

= % [ (e ()4 (K) = (21 (), e (K) + 7 (- (K) . (K)) = 2 (e () (K))] ¥

anh (L2001 o (Bl
! 2 2 i#(-k)
= 4
4

2 e (k) —ul 2[e (k) +4]

1 .
=30 (kg Be) et

ri:‘/\‘ (k) = Z X (En (k) yEn’ (k)) ui (k) u)‘B’* (k) u/}; (—k) ui",* (—k)
LA

= % [x (e () £ () + 1 (4 (K) 6= (K)) = 7 (6= (K) 4 () = y (e (), & ()] ¥

| mnh(&lf(;)—m) mnh(ﬁclegﬁ)ﬂd) ‘
_Z (9

A 20— 2[e(k)+al

1 ,
= _Z[ (k,#,ﬂc) el¢(k)r
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VR (R) = D" 2 (en (K), e (K)) e} (K)u” (K)o (—K)uy™ (—K)
LA

= 31 [ (e (K) 4 (K)) = 1 (o4 (K) e (K)) = 1 (e (K), £ (K)) # 1 (e (), & (K))] & (PIO+4CK)

llmnh(ﬂcmg)ﬂ) tanh(ﬂcle(;ﬁ)ﬂd)

) . i($(K)+$ (k)
4 2 e (k) —p] + 2[e (K) +4] +l(k,/x,ﬁc)]e

1 .
= _ZX+ (K;, Bo) ¢ ($(0)+6(-K))

rz?,? (k) = Z X (En (k) yEn’ (k)) uf:\ (k) ui’* (k) u’g (_k) ui{’* (_k)
A

- % [ e (), 24 (K)) = 7 (e (K), 2= (K)) + 7 (- (K), 24 (K)) = 7 (e (K) - (K))] 4R

l[mnh(/’“[“?“) mnh(“f(‘;““)

S - o—i9(K)
41 2[e(k) -l 2 [ (k) +u]

1 .
=-7¢ (s, Bc) e (R,

Pp (k) = "y (en (K), e (K))usy (K) " (K)uy (—K)uy™ (k)
LA
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