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by Nuno Morujão

The estimation of turbulence parameters is of importance to site characterisation, opti-

misation of adaptive optics systems and fringe trackers. The ubiquity of Shack-Hartmann

wavefront sensors in modern observatories make them an ideal sensor for turbulence param-

eter estimation. We seek to estimate these turbulence parameters from wavefront sensor

telemetry data produced from the adaptive optics system of the four Auxiliary Telescopes

of the VLT, NAOMI. The low spacial resolution of this system (4 × 4 Shack-Hartmann

wavefront sensor) makes it particularly challenging for this application.

In this dissertation we apply an iterative fitting algorithm to estimate turbulence pa-

rameters from adaptive optics telemetry data. The algorithm iteractively fits the Zernike

polynomial variances to estimate the Fried parameter and the outer scale. It corrects for

the measurement noise, aliasing and cross-talk present in the temporal variances of the

modal coefficients. We formulate the algorithm as a χ2 problem. We also propose a Monte

Carlo method to calculate the uncertainty, providing confidence levels to our estimates.

Given the challenging nature of the NAOMI system, the algorithm was first validated,

calibrated and optimised through the use of simulated data. It allowed us to define the ideal

number of iterations, the minimum time horizon and the number of modes to be included

in the fitted variances and cross-talk error estimation. After optimisation the algorithm

was applied to a data sample of telemetry data from the NAOMI system collected from

2018 to 2020, containing a total of 36932 data samples. All results were compared to a

reference (DIMM estimates).

Simulation results show that the Fried parameter converges for a (37 ± 5) s time horizon

and that the χ2 problem is convex. In simulation, using typical atmospheric conditions for
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the Paranal Observatory, the optimised algorithm achieved sub-per cent precision in the

estimation of the Fried parameter, showing the applicability of the algorithm in NAOMI

telemetry data. On the other hand, without the correction of the measurement noise,

aliasing and cross-talk provided by the algorithm the error in estimation of the Fried

parameter was 5%. Study of the geometry of the wavefront sensor used in NAOMI showed

the system to be insensitive to the outer scale, as such this parameter can’t be fitted from

the data generated from individual Auxiliary Telescopes.

On-sky data analysis showed a 1.2% uncertainty in the measurements. The noise esti-

mation was analysed and found to be biased when compared to an estimation of the noise

through auto-correlation of the data. Furthermore, an analysis of outlier seeing estimations

found the defocus mode to still be affected by telescope vibrations. We found the DIMM

and the algorithm estimates to have a correlation of 0.71, with our algorithm estimating

(12.35 ± 0.04)% smaller seeing conditions. The difference between seeing estimates was

shown to increase with an increase of the wind speed. We found the seeing estimates

between the four ATs to be the same, within the measurement uncertainty of 0.005 ′′. As

such a rigorous analysis of the spacial distribution of the seeing wasn’t possible. Finally

we found seasonality in the seeing, with the seeing conditions worsening during Winter

months, were the median seeing was 0.703 ′′, while the Summer months provided the best

seeing conditions, with a median seeing of 0.584 ′′.
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A estimação de parâmetros de turbulência é de importância na caracterização de ins-

talações, na optimização de sistema de ótica adaptativa e de fringe trackers. O uso ub́ıquo

de sensores de frente onda de Shack-Hartmann tornam o o sensor ideal para a estimação de

parâmetros de turbulência. Procuramos a estimação destes parâmetros a partir de dados

de telemetria produzidos pelo sistema de ótica adaptativa dos Telescópios Auxiliares do

VLT, NAOMI. A baixa resolução espacial do sistema (sensor de Shack-Hartmann 4 × 4)

torna-o particularmente desafiante para esta aplicação.

Nesta dissertação aplicamos um algoritmo de ajuste iterativo para estimar os parâmetros

de turbulência a partir de dados de telemetria produzidos a partir de sistemas de ótica adap-

tativa. O algoritmo ajusta iterativamente as variâncias dos polinómios de Zernike para

estimar o parâmetro de Fried e a escala externa. O algoritmo corrige rúıdo de medição,

aliasing e cross-talk presentes nas variâncias temporais dos coeficientes modais. Formula-

mos o algoritmo como um problema de χ2. Finalmente propusemos um método de Monte

Carlos para o calculo das incertezas, dando intervalos de confiança às nossas medições.

Dado a natureza desafiante do sistema NAOMI, o algoritmo foi primeiro validado,

calibrado e optimizado a partir de dados de simulação. O que nos permitiu definir o

número ideal de iterações, o horizonte temporal mı́nimo e o número de modos a incluir no

ajuste de variâncias e na estimação de cross-talk.

Após a optimização o algoritmo foi aplicado a uma amostra de 36932 dados de teleme-

tria gerados pelo NAOMI em operações que englobam os anos de 2018 a 2020. Todos os

resultados foram comparados com estimativas de referência (estimativas de DIMM)

Resultados da simulação mostram que o parâmetro de Fried converge para horizon-

tes temporais de (37 ± 5) s e que o problem de χ2 é convexo. A partir de simulações de
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condições t́ıpicas do Observatório do Paranal o algoritmo optimizado alcançou estimativas

com precisão inferior a 1%, indicando a aplicabilidade deste algoritmo em dados de tele-

metria do NAOMI. Por outro lado, sem a correção das componentes de erro a estimativa

feito pelo algoritmo teve um erro de 5%. Estudos da geometria do sensor de frente de

onda usado no NAOMI revelaram que o sistema é insenśıvel à escala externa e como tal

este parâmetro não pode ser estimado pelo algoritmo usando apenas os dados de um único

Telescópio Auxiliar.

A análise de dados reais deu-nos uma incerteza do algoritmo de 1.2% nas medições.

A estimativa do rúıdo foi analisada e encontram enviesamento quando comparado a uma

estimação do rúıdo a partir de auto-correlação temporal. Para além disso, uma análise

de pontos anómalos mostrou que o modo de defocus ainda é afetado pelas vibrações do

telescópio. As estimações do algoritmo e do DIMM têm correlação de 0.71, com o ante-

cedente a estimar condições de seeing (12.35 ± 0.04)% inferiores ao DIMM. A diferença

entre as estimativas de seeing aumentou com o aumento da velocidade do vento. Em

último lugar a análise das estimativas dos 4 ATs mostrou que as suas estimativas de seeing

foram iguais, dentro do intervalo de incerteza de 0.005 ′′. Como tal uma análise rigorosa

da distribuição espacial do seeing não foi posśıvel. A sazonalidade do seeing também foi

verificada, tendo o mesmo deteriorado nos meses de inverno, nos quais o seeing mediano

foi de 0.703 ′′, enquanto que nos meses de verão as condições de seeing melhoraram, com

um seeing mediano de 0.584 ′′.
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Chapter 1

Introduction

1.1 Context

The Earth’s atmosphere is widely understood as a turbulent fluid producing local varia-

tions in the temperature, density and velocity of the air. These changes are translated

into fluctuations of the refractive index of the air. The change in refractive index causes

distortions in the electric and magnetic field. In strong turbulence we see fluctuation in

both amplitude and phase of the electric field, leading to changes in the direction of the

wave, this results in effects such as scintillation and blur. When the turbulence affects only

the phase, we are in a low turbulence environment, this is the case for this work.

In the absence of atmospheric aberrations, the angular resolution of a point-source in

the sky (e.g. a distant star) is given by the diffraction limit of of the telescope. The

angular resolution of an object is then inversely proportional to the diameter (D) of the

lens/mirror that observes it and directly dependent on the wavelength of the light (λ).

The angular resolution will then be λ/D. The angular resolution is an important optical

parameter that represents the angular distance between point-sources that the telescope

can differentiate. The effect of the atmospheric aberrations depend on the lens/mirror

diameter. For diameters larger than tens of centimetres, the effect is to limit the diameter

of the point spread function, to a value that depends on the turbulence and not on the

telescope diameter.

The distortion to the wave can be computed by making use of the turbulence parameters

of an underlying turbulence model. These parameters are independent of the telescope and

vary across the atmosphere, which can be stratified into a set of layers. For large telescope

mirrors the angular resolution is dictated by the Fried parameter (r0) and outer scale (L0).

1
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On good observing sites the coherence length of the turbulence (the Fried parameter) is

of the order of 10-20 cm at visible wavelengths. The resolution of larger apertures is

reduced to this coherence length. The same concept is normally expressed through the

seeing. The seeing directly corresponds to the angular resolution, opposed to a length. It’s

inversely proportional to the Fried parameter and directly proportional to the wavelength

and it is usually in the range of 0.5-1.2 arc seconds. A large telescope is then limited in

angular resolution. The outer scale serves as a saturation parameter of the turbulence

effects expressed by the coherence length. This effect only becomes noticeable when we

are outside of the inertial range of the turbulence (the outer scale typically varies between

10-100 m).

The atmosphere changes randomly with time and across space. As such a statistical

approach is taken in the treatment of atmospheric effects. On account of its intrinsic

randomness, descriptive models are statistical in nature where such concepts as statistical

moments, (co-)variance and structure functions are used. The distortion effects are not

affected by direction and orientation of the electric field (i.e. isotropic). Additionally,

the variance of these effects on the electric field is assumed to not be locally dependent

on their absolute position and time (i.e. stationary). The separation of two points in

the atmosphere is sufficient to describe the distortion of the phase once the turbulence

parameters are known.

Typically the effects of the distortion of the phase in Earth-based telescopes are cor-

rected through the use of an adaptive optics (AO) system. The distorted wave is sensed

and corrected. The system acts as a negative feedback control loop and the real-time sig-

nals can be used to generate telemetry data. The telemetry data contains information on

the phase sensed by the wavefront sensor. It also has information on the deformable mirror

configuration used to correct the electric field phase. If this data is generated we can post-

process it in order to evaluate the turbulence parameters. The telemetry data is obtained

from long data-sets of short exposures, allowing the study of the temporal variance of the

phase.

The temporal variances are then obtain by undoing the control loop, which allows us to

obtain the pseudo open loop modes. The pseudo open loop modes are used to reconstruct

the variance of the modes. Several effects impede a perfect reconstruction of the modal

coefficients. Noise in the measurement affects the variance of the results. Aliasing can

be seen due to the finite number of samples collected by the sensor. When using the
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Shack-Hartmann wavefront sensor to track the atmosphere there is also the introduction

of cross-talk effects into the measurement.

In order to estimate the turbulence parameters we use an algorithm to fit the temporal

variance of the reconstructed modal coefficients. By comparing their variance to the one

expected from turbulence models a fit can be performed by minimising the difference

between the two.

Since noise, aliasing and cross-talk affect the variances, our algorithm uses special

profiling techniques to estimate these contributions and remove them from the variances.

Since knowledge of the turbulence parameters is needed for the cross-talk estimation, an

iterative approach is taken.

1.2 Research Goals

Previously an iterative algorithm for the estimation of turbulence parameters has been

developed and applied solely to simulation data (Andrade et al., 2019). As such its ap-

plication to on-sky data is the next logical way to validate the algorithm. This is done

through the application of the estimation algorithm to telemetry data generated from the

new adaptive optics module of the Very Large Telescope Interferometer (VLTI), NAOMI.

Due to being a low order system (4 × 4 Shack-Hartmann wavefront sensor), NAOMI

provides a challenging scenario for the estimation algorithm. Due to the sensor architecture

we have a mixing of cross-talk effects with aliasing, with only low order variances being

available for the fit. These two additional complications will affect the estimation of the

turbulence parameters and their effect on the estimation is not yet understood, not having

been assessed by previous research.

A methodological optimisation of the algorithm is of interest to answer an open set of

questions:

• can the algorithm be optimised for low-order systems?

• can the turbulence parameters be estimated from generated data?

• if estimation is possible, what is the ideal number of iterations of the algorithm?

• what is the minimum time horizon needed for the estimation of turbulence parame-

ters?
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• what is the optimum number of modes to be included in the fit and cross-talk esti-

mation?

The study of real telemetry data allows us to estimate the turbulence parameters seen

in the Paranal Observatory. More concretely it can help us answer:

• what’s the performance of the algorithm in the estimation of the turbulence param-

eters for real data;

• what’s the distribution of the seeing across the mountain;

• what’s the temporal evolution of the seeing;

• what are the effects of wind-speed on the seeing estimation;

• how does the algorithm compare with currently employed seeing trackers;

• what is the outer scale at Paranal;

1.3 Document Structure

In this chapter we gave a brief motivation and context to the work developed in this

dissertation, its research goals and the structure of the document. In the State of the

art chapter a literature revision of current research in turbulence parameters estimation

is performed. In this chapter the base concepts of turbulence are also discussed. The

Methods chapter presents some of the theoretical models used in adaptive optics and the

algorithm developed for the estimation of turbulence parameters in this thesis. In the

NAOMI system chapter we introduce the NAOMI system itself and optimise the algorithm

parameters through the use of a simulation pipeline. In the Results chapter we analyse

and discuss the estimations performed by our algorithm when applied to real telemetry

data. In this chapter we also discuss both how the telemetry data was curated and how

the algorithm compares to reference estimations. Finally, we conclude our work with the

key lessons learned in the development of this dissertation and recommend further avenues

of exploration.



Chapter 2

State of the Art

We must first understand the causes, magnitude and behaviour of the atmosphere that

contribute to the degradation of angular resolution in imaging systems before we correctly

implement an adaptive optics system in a telescope. Therefore there is an increased need

for the estimation of the turbulence parameters in the Paranal Observatory if future in-

struments hope to work at their projected angular resolution.

As such, during this chapter a brief overview of the origin of turbulence and the efforts

to model these effects is included. Following an introduction to the models of turbulence

currently in use a discussion of current turbulence profiling techniques is done in order to

weave a full picture of the possible approaches to turbulence monitoring. Lastly we place

focus on the estimation of turbulence parameters from adaptive optics telemetry data since

it’s the type of estimation method used in this work.

2.1 Atmospheric turbulence

2.1.1 Parametric models

In a viscous fluid, such as the atmosphere, once the viscosity of the medium is overshadowed

by the velocity and dimension of the flow we see a rise in what is known as turbulent motion.

This regime is characterised by a high Reynolds number (105 − 106), which is defined as a

function of the viscosity, ν, flow speed, u, and characteristic flow length , L

Re =
uL

ν
. (2.1)

In turbulent motion, random secondary flows, known as turbulent eddies, are present.

Energy is transferred from large to small scale eddies in a cascade process. This process

5
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results in inhomogeneities in the fluid that will cause temperature fluctuations and as a

consequence a fluctuation in the refractive index of the medium, disturbing the phase and

amplitude of the transmitted wavefront.

The Kolmogorov model of turbulence (Kolmogorov, 1941) serves as a descriptive model

of the energy spectrum of turbulence and consequently provides a description of the fluc-

tuation of the refractive index.

It’s important to emphasise some key assumptions of the model. The assumed statisti-

cal homogeneity of the random velocity field implies that random fluctuations in the field

depend only on their vector separation, thus being independent of their absolute position.

The isotropic nature of the velocity field allows us to extend this independence to the

direction of the vector. Thus the energy spectrum of the Kolmogorov model will depend

solely on the magnitude of the separation of two points in the field.

The turbulence model will then describe the average phase difference between two

points in space separated by a distance, ρ,

Dϕ(ρ, t) = ⟨|ϕ(r, t) − ϕ(r + ρ, t)|2⟩ϕ (2.2)

Dϕ(r, τ ) = ⟨|ϕ(r, t) − ϕ(r, t + τ )|2⟩ϕ, (2.3)

where ϕ represents the phase. Equation (2.2) and (2.3) describe the ensemble average of

fluctuations of the field in respects to space and time respectively. These averages are

known as the phase structure functions, Dϕ. The statistical nature of the model is of note,

as the instantaneous value of these quantities can’t be accurately modelled.

A successor to the Kolmogorov model, the von Kármán model, presents expanded agree-

ment between the observed, experimental, seeing and the one projected by the turbulence

model (Tokovinin et al., 2007). Modern adaptive optics correction systems mainly use this

widely tested model (Avila, 2021; Doelman, 2020; Andrade et al., 2019; Fétick et al., 2018)

described by:

• the Fried parameter, r0 - a coherence scale defined by the aperture diameter that

contains an average of one radian root mean square phase aberration;

• the outer scale, L0 - an additional structure function saturation parameter that rep-

resents the outer boundary in which two points in space are spatially correlated;
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These parameters in conjunction with the recording of various others such as the wind-

speed and humidity can map the expected seeing conditions for an observatory. This can

be used for both selecting sites of small seeing conditions, which in turn need smaller

corrections, and the estimation of the operational necessities of present systems.

Strong turbulence affects both the phase and amplitude of the incoming wave. It is in

the high turbulence regime that the scintillation phenomena is observed.

In the weak turbulence regime we can assume the amplitude to be static, while the

phase fluctuates. Since the amplitude of the turbulence is fixed we don’t consider changes

in direction along the wavefront. It is in the context of weak turbulence that we assume

our calculations to hold physical relevance. Our interest in the low turbulence domain

drives us to depict and treat wavefront phase. The representation of the wavefront phase

is presented in chapter 3.

2.1.2 Turbulence Parameters

2.1.2.1 The Seeing

The seeing reflects the effects of earth’s atmosphere on the image of a point-like source.

The seeing can be expressed as the angular size, α, of a point-like source. A simple equation

relates the seeing with the Fried parameter (Fried, 1965)

α = 0.976 λ

r0
. (2.4)

If the seeing is smaller than the diffraction limited image we can then say that the

instrument is diffraction limited. This is common in small telescopes. Assuming the

median seeing of the Paranal Observatory any telescope with a diameter smaller than 14

cm at a wavelength of 500 nm can be assumed to be diffraction limited as

λ

D
> 0.976 λ

r0
, (2.5)

For any larger telescope we can use the seeing to reflect the observational conditions of a

point-like source in the sky.

Equation (2.4) follows the Kolmogorov model and is used by the DIMM. However,

studies by Martinez et al. (Martinez et al., 2010) showed that the seeing estimation can

be further improved by incorporating the outer scale



8 Adaptive Optics Telemetry

αvK ≈ α
√

1 − 2.183(r0/L0)0.356. (2.6)

However, we chose to utilise equation (2.4) in seeing estimates. As our results are

compared to the DIMM in the real data analysis section and that system utilises the

former convention. Additionally, the NAOMI system will be shown to be insensitive to the

outer scale in chapter 4, as such we can’t apply equation (2.6).

2.1.2.2 The Fried Parameter

The Fried parameter (Fried, 1965), ro, is commonly referred to as a coherence length. Over

a circular aperture of diameter, D, the Fried parameter will inform us of the mean square

wavefront phase distortion through

σ2 = 1.03(D/r0)
5/3. (2.7)

This parameter is thus a characteristic parameter that specifies the separation at which

there exists, on average, one radian of root mean square phase aberration. It characterises

the effect of the seeing in the wavefront distortion at a given wavelength

r0 =

[
0.423k2(cos γ)−1

∫ ∞

0
C2

n(h)dh

]− 3
5

∝ k2
∫ ∞

0
C2

n(h)dh, (2.8)

where the r0 is both a function of the wave number (k = 2π/λ), the angular distance of

the source from the zenith (γ) and the index structure coefficient, Cn. This coefficient

is measured along the atmosphere, represented through the integration across h, which

itself corresponds to the height from the observatory to the layer of the atmosphere we

are observing. A layer will correspond to a bounded vertical region of the atmosphere,

at a particular height, h, in which it’s assumed that the turbulence parameters are con-

stant. These layers are visible in Figure 2.1 where C2
n is represented as a function of the

height. (cos γ)−1 is known as the air mass and the standard wavelength is 500 nm for the

presentation of atmospheric parameters, corresponding to the visible wavelength.

On a practical aspect, we cannot differentiate between layers at different heights when

we estimate the Fried parameter from adaptive optics telemetry data generated from Shack-

Hartmann sensors.

The Fried parameter is a widely tracked parameter. For the Paranal Observatory we

see variations between 8-20 cm, with a median Fried parameter of 14 cm (Figure 2.2). Since
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Figure 2.1: Stratified profile of the atmospheric turbulence extracted from (Osborn
et al., 2018).

the data analysed in this work comes from the Very Large Telescope Auxiliary Telescopes,

present at the Observatory, this provides values that we will later expect in its estimation.

Figure 2.2: Distribution of the Fried parameter and seeing for the Paranal Observatory.
Extracted from Osborn et al. (2018)

2.1.2.3 The outer scale

The Kolmogorov model is valid only in the inertial range of turbulence. The outer scale,

L0, is added to the modelisation as a way to correct for discrepancies between the expected

structure function and the one predicted from the Kolmogorov model. In that respect it

serves as a saturation term when the separation increases beyond the outer scale. Addi-

tionally, a finite outer scale bounds the energy of the Kolmogorov model, which has infinite

energy.
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As is seen in Figure 2.3 this parameter can vary from one to hundreds of meters. It can

be largely ignored when separation of two points in the atmosphere is smaller. However,

when we approach a distance of the order of the outer scale we see a significant difference

between models. This can be observed in the refractive-index structure functions of Figure

2.4 when the distance between two points nears the outer scale.

Figure 2.3: Outer scale values for the GSM at the Paranal Observatory. Extracted from
(Martin et al., 2000)

This difference at larger diameters shows its relevance for the new generation of tele-

scopes. As the maximum distance between two points in a telescope will correspond to

its diameter we can estimate the difference between the models. Exemplifying, the factor

between the diameter of the future ELT (D = 39m) and the outer scale is in the the order

of the unity, showing a great disparity between von Kármán and Kolmogorov model. This
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points to an increased need for the inclusion of this additional turbulence parameter in

future site testing.

Figure 2.4: Structure function of the von Kármán distribution. L0 represents the outer
scale and r0 represents the Fried parameter. As the distance between two points in the
atmosphere (r in the graph) increases, the projected difference between the structure
function of the von Kármán and Kolmogorov model also increases, as the separation goes
beyond the inertial range and becomes equal to or greater then the outer scale. Extracted

from Voitsekhovich (1995)

2.1.2.4 Coherence time, τ0

Evaluating the error associated with this time delay, τ ,

σ2
t (τ ) = 6.88(v̄τ/r0)

5/3, (2.9)

where v̄ represents the average wind speed. The coherence time then denotes the minimum

time delay acceptable for the control loop. To achieve a radian rms error smaller than 1

radian we must impose

τ0 = (6.88)−3/5 r0
v̄

. (2.10)

Typical values of this quantity are of the order of milliseconds, for visible wavelength.
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2.2 Turbulence parameter estimation techniques

The Fried parameter and the outer scale are needed in order for a complete description of

the von Kármán model. Several techniques are discussed in the following section for the

determination of turbulence parameters.

In order to broaden the spectrum of techniques discussed, we will present two types of

techniques:

1. Integral parameter techniques: measure the turbulence parameters through integra-

tion of the full atmospheric contributions;

2. Profile parameter techniques: describe the index structure coefficient, C2
n(h), per-

mitting the stratification of the atmosphere, given in the integral term of equation

(2.8);

2.2.1 The Differential Image Motion Monitor (DIMM)

Figure 2.5: DIMM schematic Extracted from (Tokovinin, 2002)

A DIMM system is composed from a masked telescope mirror with two sub-apertures

that monitor the seeing through the measurement of the image in each sub-aperture (Figure

2.5). The difference between these two images is known as the differential image motion,

d. The two images will move inside their sub-aperture as the atmosphere evolves, leaving

the trackers to record the shift in the x and y direction. Since both sub-apertures of the

DIMM are mounted in the same lens the system is robust and largely immune to shake

and tracking errors.
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Through the use of temporal variances of the displacements a fit to the turbulence

model can be obtained. This results in a prediction of the seeing from the estimated

turbulence parameters associated with the model.

The Fried parameter is estimated as a function of the variance of the differential image

motion, σ2
d, at a particular wavelength, λ, through (Roddier, 1999)

r−5/3
0 = C

σ2
d

λ2D−1/3 , (2.11)

where C is a numerical constant that depends on the ratio of aperture separation to

their diameter, D. One interesting result of this relation is the achromatic nature of

the differential image motion. The Fried parameter term in the equation is proportional

to the inverse square of the wavelength, thus cancelling the contributions of wavelength

(Tokovinin, 2002).

The turbulence estimations of the current DIMM at Paranal are limited to the Fried

parameter as the system is insensitive to the outer scale parameter. Consequently it suffers

from over estimations of the seeing for large diameter telescopes (Voitsekhovich, 1995).

Additionally the DIMM doesn’t provide a stratified index structure coefficient, as the

system averages over the entire atmospheric contributions.

Present at the Paranal Observatory, coupled with a MASS system (described in the

next section), the DIMM has long been running and as such acts as a comparative term for

any other Fried parameter estimates. Our data is recent (the oldest data being from 2018),

as such all our DIMM comparative estimates come from the new DIMM site. Installed in

2016 at the top of a 7 meter tower located to the North of UT4, it provides more accurate

measurements of the seeing when compared to the old version, due to the removal of the

back flow contributions seen in the old site. The telescope in which this new DIMM was

installed has a diameter of 0.28 meters (Southern et al., 2015).

The system itself is still in common use for site testing and seeing monitoring (Tillayev

et al., 2021; Liu et al., 2020; Masciadri et al., 2014).

2.2.2 Multi Aperture Scintillation Sensor - MASS

Strong turbulence leads to fluctuations in the refractive index of the air, which distort

the phase of the wavefront. If the distortion is large enough they result in interference

effects as the wavefront propagates through the atmosphere, resulting in fluctuations of

the amplitude of the wavefront (Little, 1951; Roy and Clarke, 1977; Dravins et al., 1997).
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The spacial scale of the scintillation phenomena speckle is of the order of
√

zλ (maxi-

mum radius of the first Fresnel zone at a distance z). The distance directly relates to the

altitude of the atmosphere we are probing (Roddier, 1981). Isolation of these altitudes can

be achieved by the use of filters. This is done through the use of different disks of different

aperture, as they reflect a differing diameter, D. Through an overlapping of disks, each

with a different radius, we can obtain a discrete altitude profile of the scintillation.

Figure 2.6: MASS working principle. Extracted from (Tokovinin, 2007)

The scintillation can then be associated with the turbulence profile through the use of

differential scintillation between 2 different disks. The number of layers reached will then

be limited by the number of apertures we are testing (typically 7 layers), these can be used

to probe the high atmosphere, up to 16 km (Kornilov et al., 2007). Figure 2.6 represents

the working principle of the system, in this implementation, the disks are overlapped and

the measurements are differential.

A common application of the MASS is its coupling with the DIMM system at the inner

aperture, in what is known as a MASS-DIMM system. This provides the improvement of

the DIMM system since it is an integral system and doesn’t provide a turbulence profile,

which is increasingly needed for a correct monitoring and assessment of the atmospheric

conditions, allowing for the monitoring of the ground atmosphere that is unavailable to the

MASS system (Ogane et al., 2021; Lyman et al., 2020).
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Future implementations of the MASS system are going to be able to monitor the ground-

layer through the use of low-noise solid-state detectors, in what is known as a FASS (Full

Aperture Scintillation Sensor) (Guesalaga et al., 2021), resulting in better layer resolution

and a full profile of the atmosphere.

2.2.3 Balloon borne profilers

Balloon borne profilers are equipped with multiple sensors in order to delineate temper-

ature, humidity, wind-speed and wind direction maps in situ. Through conversion mech-

anisms, the height profile of the structure constant of the temperature can be converted

into the refractive index structure constant, C2
n, through the additional height profile of

pressure, P (h), and temperature, T (h)

C2
n =

(
79 × 10−6 P (h)

T (h)2

)2

C2
T (r, h), (2.12)

where C2
T represents the temperature structure constant. From the measured refractive

index constant profile one can obtain the Fried parameter, coherence time and through

the coupling of the wind-speed profile one can also obtain the average wind velocity of the

turbulence (Rogatto et al., 1993).

Figure 2.7: Index structure measurements from the site testing campaign at the Tibetan
Plateau. Extracted from (Qing et al., 2021)

Contrary to the DIMM technique, the balloon borne profiles give us insight into the

distribution of the structure index above the observatory, as is seen in Figure 2.7.
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This technique suffers from drift, as an ascending balloon can take 85 minutes to probe

up to 25 km of atmosphere. This leads to lateral movement due to wind-sheers and a

profile that doesn’t trace a line between the zenith and observatory (Osborn et al., 2017).

2.2.4 The Lunar Scintillometer (LuSci)

Weak scintillation of extended bodies, such as the Moon, is mostly produced in the sur-

face layer atmosphere (Seykora, 1993) and as such allows the probing of low atmosphere

turbulence profiles (up to 100’s of m) (Tokovinin et al., 2010).

A lunar scintillometer consists of an array of six small photondiodes that monitor

the fluctuations in intensity of the light reflected by the Moon. Figure 2.8 illustrates

the working principle. The six photodiodes track the changes in intensity of the light

reflected by the moon, Ii, in a linear configuration. At a close distance the light cones

don’t overlap, remaining uncorrelated. At larger distances the cones overlap, resulting in

a shared turbulence contribution and correlated signals. Considering pairs of photodiodes

their covariance is calculated through

Bi,j =
1
K

K∑
k=1

(ξiξj)k, (2.13)

where K is the number of samples collected during the accumulation time and ξi =

Ii/⟨Ii⟩ − 1 is the normalised photo-current measured in the various sensors.

From the calculated covariances between diodes a correspondence is drawn with the

structure profile which can be used to provide information on the seeing

B(r) =
∫ ∞

0
dzW (r, z)C2

n(z), (2.14)

where W (r, z) is a weighting function adapted to the instrument and r corresponds to the

transverse coordinates spanning the moon.

It is well suited for site testing and calibration of different monitoring systems, without

the need for large towers that might add to the surface layer turbulence in excellent seeing

condition sites (Hickson et al., 2020; Surendran et al., 2018). It is however not ideal for

long surface atmosphere tracking, as the moon needs to be visible above the horizon and

as such cannot be utilised constantly.
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Figure 2.8: The Lunar Scintillometer working principle. Extracted from (Tokovinin
et al., 2010)

2.2.5 Slope Detection and Ranging (SLODAR)

SLODAR and SL-SLODAR (surface layer monitoring dedicated system) operates from the

study of cross-correlation of overlapped wavefronts, resulting from the monitoring of binary

star systems.

A binary star with angular separation θ is observed by the Shack-Hartmann wavefront

sensor (discussed later in this Chapter), which measures slopes. These slopes are used to

reconstruct the incoming wavefront. As can be seen in Figure 2.9 an atmospheric layer

at altitude h produced shifted copies of the aberrated wavefront at the ground where the

separation of the copies, S, is given by

S = hθ. (2.15)

When spacial cross-correlation of these two copies is performed, there will be a peak

in S. This allows for the probing of different altitudes, as the cross-correlation peaks

correspond to the height in the atmosphere, h. Since the sensors possess a lenslet array
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Figure 2.9: Shared turbulence patches between two stars observed by a SH sensor with
lenslets of diameter w. As the angular distance between the stars increases, the resolution
of the technique increases. The highest probed altitude will decrease with the increase in

angular resolution. Extracted from (Butterley et al., 2020).

we can think of the sensor as a multiple subaperture sensor, where each lenslet acts as an

individual imaging system. Each lenslet possesses a characteristic diameter, d, that will

dictate the vertical resolution of the system (Butterley et al., 2020)

δh =
d

θ
. (2.16)

For N lenslet sensor we will obtain a resolution of N atmospheric layers that can be

measured, it’s then an important parameter for the resolution of the system.

The maximum achieved altitude will also increased with the proximity in stars, θ. As

such, for a surface layer monitoring system the distance between stars is increased (close

to the 10 arcmin range) while a regular SLODAR set-up utilises separations in the order

of 1 arcmin. As the separation between stars increases high turbulence layer contributions

become decorrelated between the two cones of light, as there is no overlap. The maximum

sampling altitude, hmax, is then given by

hmax = nsub
d

θ
(2.17)

where nsub is the number of subapertures in the sensor.

Calculation of the optical turbulence profile is done through deconvolution of the cross-

correlation, C, between subapertures and auto-correlation of the individual subapertures
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C2
n(h) ∝ F −1[F (C)/F (A)], (2.18)

where F is the Fourier transform operator (Laidlaw et al., 2020; Ono et al., 2017; Butterley

et al., 2020).

2.2.6 Scintillation Detection and Ranging (SCIDAR)

Here the complete profile from 0-20 km (Tokovinin et al., 2005) is provided through the

cross-correlation of scintillation between a binary system of bright stars through a single

sensor, in what is known as a generalised SCIDAR. The working principle is close to that of

the SLODAR, but unlike the SLODAR technique it utilises scintillation speckles in order to

obtain cross-correlations. It should be noted that the resolution of the SCIDAR is superior

to that of the SLODAR, as the Fresnel radius,
√

zλ, is much smaller than the smallest

lenslets present in a SH sensor.

A two sensor system is also utilised in what is known as Stereo-SCIDAR, it trades off

a more complex mechanical design for access to both auto-correlation on each camera and

cross-correlations between cameras. Each sensor monitors a star in the binary system,

resulting in higher contrast on covariance measurements (Shepherd et al., 2014).

The high resolution nature of the SCIDAR turbulence profiles (presented in Figure

2.10) is useful in tomographic adaptive optics systems (Farley et al., 2020), allowing for

the reconstruction of the phase aberrations along any line of sight.
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Figure 2.10: Turbulence profile obtained from SCIDAR measurements, extracted from
(Osborn et al., 2018)

2.3 Turbulence parameter estimation from adaptive optics

telemetry data

The estimation of turbulence parameters using adaptive optics telemetry data is now dis-

cussed. It is the method employed in this work to estimate the turbulence parameters, as

such it’s deserving of individual focus.

2.3.1 Adaptive optics operation principle

In broad terms an adaptive optics system aims to correct the effects of the distorted

wavefront through the use of a wavefront sensor coupled with a deformable mirror. While

the wavefront sensor tracks changes in the atmosphere, the deformable mirror corrects for

the fluctuations in the measured wavefront.

Figure 2.11 provides the functioning of the system. It corrects the wavefront through

the use of a negative control feedback loop, which is needed due to the temporal evolution

of the turbulence. If the AO loop frequency falls under the 1/τ0 threshold, only minor
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Figure 2.11: Adaptive optics closed loop working principle. Extracted from (Davies and
Kasper, 2012)

changes in the wavefront are present, in what we shall refer to as a residual wavefront.

When a mirror and sensor are coupled we are working in a closed loop configuration.

2.3.2 Wavefront sensors

We now explore the measurement of the wavefront. Various sensors can be employed in

this measurement, such as the curvature sensor and the Pyramid sensor (Ragazzoni, 1996).

In this dissertation we will be using measurements from the Shack-Hartmann sensor.

2.3.2.1 The Shack-Hartmann

It is a slope sensor made up of two elements, a lenslet array and a CCD array placed in

the focal plane of the lenslet array. Following Figure 2.12 two cases are observed:

• (a) - when a plane, undisturbed, wave-front propagates through the lenslet array

point-like images are formed in the focal plane of the lenslets, creating an evenly

spaced mesh-grid pattern;
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• (b) - when a disturbed wave-front propagates through the lenslet array the images

are shifted from the reference positions seen in case (a);

For each lenslet on the array we will decompose the deviation/slope in its x and y

components, thus from a single wave-front measurement we will obtain 2M measurements,

where M is the number of lenslets.

Figure 2.12: Working principle of the SH sensor. Extracted from (Roddier, 1999).

From the slope measurements we can perform a basis change, thus translating the

slopes measured into a proper modal wavefront basis. The representation of the wavefront

in a modal basis is done in this work through the use of Zernike polynomials. The concept

of wavefront representation is further described in chapter 3.

As the sensors are limited in resolution, finite reconstruction effects are seen in the

form of aliasing. Additionally the Zernike basis used to describe the wavefront phase don’t

have orthogonal derivatives. Since the SH-sensor measures these derivatives, we will see

the presence of what is known as cross-talk effects (ming Dai, 1996). These effects are

further described in chapter 3.
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2.3.3 Correcting the wavefront

Figure 2.13: Deformable mirror working principle. Extracted from ThorLabs (THO).

Once the wavefront shape is known the correction of the wavefront using a deformable

mirror can be achieved.

Several architectures are available (Roddier, 1999), but the working principle remains

the same. The mirror can deform locally, thus being able to change its shape. Through the

use of a sensor and a control unit, the wavefront shape is mapped into the deformable mirror

by way of a control matrix that translates the measured slopes into mirror commands. The

deformed mirror will then change the incoming wavefront in order to reverse the effects of

the atmosphere, reducing the wavefront to an approximate plane wave.

2.3.4 Telemetry data

Telemetry data is generated from the real time signals associated with the correction. We

have two sets of data. One for the sensor data, capturing the wavefront during the loop

execution. Following, we have the mirror positions, or voltages, that describe the mirror

commands.

From the telemetry data the control loop can be undone in order to obtain pseudo-open

modes. From these modes we can obtain the modal temporal variance. This process is

formally described in chapter 3.

2.3.5 Turbulence parameter estimation

Adaptive optics systems are ubiquitous in current and future generation telescopes, thus

estimation of turbulence parameters from telemetry data has the advantage of using already

implemented infrastructure. At the same time, this estimation shares the same turbulence

path, thus matching the turbulence parameters to the telescope used for the generation of

the telemetry data.

The use of adaptive optics telemetry data for atmospheric sensing and the estimation

of turbulence parameters has precedent. Both turbulence sensing from single sensor data
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(Schöck et al., 2003; Fusco et al., 2004; Jolissaint et al., 2018; Andrade et al., 2019) and

multiple sensors (Guesalaga et al., 2017; Ono et al., 2017) have been achieved.

Measurement noise can be estimated through through temporal auto-correlation (Fusco

et al., 2004). It can also be estimated through fitting of theoretical variances (Andrade

et al., 2019). The cross-talk estimation is a novel correction proposed by Andrade et al.

(2019) and this thesis follows the same approach.

The approach used in this dissertation uses a fitting algorithm to obtain the turbulence

parameters. The modal temporal variances are compared to theoretical models and the

difference between the two is minimised. Since the temporal variances are affected by

measurement noise, aliasing and cross-talk the algorithm estimates their contributions and

corrects the modal coefficient variances. Since the modelling of these remaining errors

requires knowledge on the turbulence parameters an iterative approach must be used. The

full estimation process is described in chapter 3.



Chapter 3

Methods

3.1 Zernike mode decomposition

A representation of a random wavefront can be done multiple ways (Roddier (1999)).

In this work the representation of a wavefront was done through the use of a modal

coefficient decomposition associated with a set of basis functions. Each coefficient (aj)

is associated with a function known as a mode. The chosen modal basis is composed of

Zernike polynomials, Zj (Figure 3.1).

In a modal representation any wavefront phase, ϕ, is represented through the sum of

the contributions of each mode

ϕ(r, θ) =
N=∞∑

j

ajZj(r, θ), (3.1)

where the phase is represented in a polar coordinate system (r, θ) and N is the number of

modes considered in the reconstruction.

The Zernike modes, Zj(r, θ), are defined in a unit circle by simple analytical expressions

and thus are easily implemented. They are the result of an angular function coupled with

a radial polynomial,

Zm
n (r, θ) =

√
n + 1Rm

n (r)



√
2 cos(mθ) m is even

√
2 sin(mθ) m is odd

1 (m = 1)

. (3.2)

The n-th term is the radial degree while the m-th is the azimuthal frequency. The radial

polynomial, R, is given by

25
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Rm
n (r) =

(n−m)/2∑
s=0

(−1)s(n − s)!
s![(n + m)/2 − s]![(n − m)/2 − s]!

rn−2s. (3.3)

The polynomials are orthogonal in a unit circle since they satisfy the condition

∫ 1

0
W (r)ZjZj′d2r = ∂jj′ , (3.4)

where W (r) defines the unit circle

W (r) =


1/π r ≤ 1

0 r > 1
. (3.5)

Finally the coefficients in equation (3.1), aj , are expressed as

aj =
∫ 1

0
W (ρ)ϕ(Rρ, θ)Zj(ρ, θ)d2ρ. (3.6)

Here a scaled radial vector, ρ = r/R, was introduced in order to allow for aperture of

varying radius.

Figure 3.1: A representation of the Zernike modes in a circular aperture gives us some
indication of their radial and angular dependence. One such example is the fourth mode,
corresponding to the defocus aberration, in which there is a radial dependence of the

mode, but no azimuthal one.

Other basis, such as the Karhunen-Loève modes, can also be used for a representation

of the wavefront. This basis is obtained from the Zernike basis by the diagonalisation of

the Zernike covariance matrix and results in statistically independent modes. They are
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constructed in this way as the turbulence is modelled statistically. However, because they

lack analytic functions they are more difficult to implement in our context.

3.2 Statistical representation

Atmospheric turbulence parameters are statistical terms, as such a single instantaneous

value of the coefficients isn’t sufficient. The statistical properties of the wavefront depend

on the fluctuations of the phase, described by the (co-)variance terms, ⟨aiaj⟩. The (co-

)variance between two coefficients is set by the von Kármán model and was studied by

Takato and Yamaguchi (1995). Both variance and covariance are represented in Figure 3.2

and 3.3. These terms are dependent on both the Fried parameter and outer scale.∗

In the particular case of a base constructed from Zernike polynomials the covariance

matrix is non-diagonal. The non-diagonal terms in the matrix are associated with recon-

struction errors of the measured variances, as will be later explained in this chapter. The

Karhunen-Loève modes reduce (but don’t eliminate) the error in the reconstruction by

diagonalising the covariance matrix (ming Dai, 1996).

Figure 3.2: As we can see modes with the same radial degree possess the same variance,
as the modes in the same radial order vary only in angular terms, θ, and these don’t affect
the variance. As can be observed in both figures, a dependence is observed in both the
Fried parameter (left) and the outer scale (right). The dependence in the outer scale is

most pronounced in the lower modes, which possess the highest variance.

∗The precise equations used are available in the Appendix.
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Figure 3.3: Covariance of Zernike modes (log scale). Unlike the Karhunen-Loève basis
the covariance matrix remains non-diagonal.

3.3 Reconstruction of Zernike Coefficients

The reconstruction of Zernike coefficients from telemetry data is now explored.

Shack-Hartmann wavefront sensors are employed on the Auxiliary Telescopes of the

VLT. An in depth analysis of the inner workings of the auxiliary telescope adaptive optics

system, NAOMI, was given by Woillez et al. (2019).

Various approaches to the determination of the x and y slopes have been proposed

(Tokovinin (2002)), but, regardless of the algorithm selected for the determination of the

deviations, we will obtain a final measurement of the slopes

s =
[
sx,1, sx,2, ..., sx,M , sy,1, sy,2, ..., sy,M

]T , (3.7)

where sx and sy are the x and y slopes respectively. A M lenslet sensor is considered in

equation (3.7).

A toy model for the measured slopes can be constructed through geometric optics. An

incoming wavefront with a tilt given by θ1, and a position p1 is assumed. The propagation
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of the wave through a lenslet of the Shack-Hartmann is modelled through the use of the

thin lens matrix with a focal length of f ,

 1 0

− 1
f 1

×

 p1

θ1

 =

 p2

θ2

 . (3.8)

Now assuming the CCD screen is located in the focal plane of the lenslet array the final

position of the wavefront is given by a translation matrix,

 1 f

0 1

×

 p2

θ2

 =

 pf

θf

 , (3.9)

where the final point can be simplified to pf

θf

 =

 fθ1

−p1
f + θ1

 . (3.10)

The position of the ray on the CCD has a shift of fθ1 from the centre of the screen.

This is of course a small angle approximation, where the tangent is taken to be equal to

the angle.

Figure 3.4: Ray propagation for a ray interacting single Shack-Hartmann lenslet. The
initial disturbance θ results in the shift from the centre of the screen.

The initial angle, θ1, in the sensor can be separated into its x and y components (θx

and θy) and related to the phase through
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θx =
1
k

∂ϕ

∂x
(3.11)

and

θy =
1
k

∂ϕ

∂y
, (3.12)

where ϕ represents the phase of the wavefront and k represents the wave vector.

The final position, pf , in equation (3.10) gives the slope, s, when compared to the

reference position in the screen

s = pf − pref , (3.13)

where we assume the reference position to be the centre and equal to 0.

The slope can be decomposed into its x and y components (sx and sy). The slopes and

phase can then be related using the phase relations of equation (3.11) and (3.12)

 θx

θy

 =
1
f

 sx

sy

 =
1
k

 ∂ϕ
∂x

∂ϕ
∂y

 . (3.14)

The wavefront phase is then related to the measured slopes. The measured slope will

correspond to the derivative of the sensor in a first approximation. From the measured

derivatives we have a direct relationship to the Zernike polynomials

∂ϕ(Rr)
∂x

=
N=∞∑

i

ai
∂Zi(r)

∂x
(3.15)

∂ϕ(Rr)
∂y

=
N=∞∑

i

ai
∂Zi(r)

∂y
. (3.16)

The previous equation can be put in matrix form

s = Ga, (3.17)

where the gradient matrix, G, is equal to

G =
f

k

 ∑N=∞
i

∂Zi(r)
∂x∑N=∞

i
∂Zi(r)

∂y

 . (3.18)

The gradient matrix is known as an interaction matrix, as it translates modes into

slopes. Inversely, a matrix that translates slopes into modes is known as a control matrix.
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3.3.1 Pseudo-open loop slopes

The proposed estimation algorithm needs to study atmospheric statistics. In a closed-loop

adaptive optics system the slope measurements of the Shack-Hartmann sensor are made

after correction by the deformable mirror and will correspond to residual slopes. Residual

slopes don’t represent the full atmospheric statistic and as such pseudo-open slopes must

be constructed.

Pseudo-open modes result from the open-loop slope measurements that are recon-

structed from the residual Shack-Hartmann slopes and previous deformable mirror states,

batm(t) = bDM(t) + bSH(t − τ ), (3.19)

where the reconstructed pseudo-open coefficients are represented by batm. Here the wave-

front is simply the sum of the mode coefficients from both the Shack-Hartmann sensor,

bSH, and the deformable mirror, bDM. To account for the response time between the sen-

sor and the deformable mirror a delay time, τ , is introduced. The delay varies between

adaptive optics systems, for the NAOMI system the full loop delay is 4.6 ms.

batm represents a real measurement of Zernike coefficients by the system and its differ-

ence from aj coefficients will be explored at a later stage.

The rightmost term in equation (3.19) is obtained from the control matrix response to

the slopes data, sSH. The control matrix, CM, corresponds to the response of the sensor

to each Zernike mode, allowing for a conversion of slopes to modes

bSH(t − τ ) = CM × sSH(t − τ ). (3.20)

The leftmost term is reconstructed by matrix vector multiplication of the deformable

mirror commands, vDM, by the matrix that translates the response of the deformable

mirror into mode coefficients, DM2M,

bDM(t) = DM2M × vDM(t). (3.21)

3.3.2 Fundamental limitations in wavefront reconstruction

Equation (3.1) is an exact representation of the wavefront as it extends its sum over all

possible modes (N = ∞). However a real Shack-Hartmann sensor is limited in its mea-

surements, only being able to perform 2M measurements. This will inevitably lead to
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limitations in the reconstruction of an infinite sum by way of finite measurements.

The standard approach to the conversion of the s vector to a finite Zernike coefficient

vector was studied by Dai in 1996 (ming Dai, 1996).

Due to the finite resolution in the Shack-Hartmann sensor, the estimation is truncated

to the first L modes. These modes are chosen to be modes that don’t contain aliasing, in

the context of the NAOMI system all controlled modes comply to this condition.

The exact coefficients representing the wavefront, a, are then separated into the fitted

L modes, af , and remaining high-order modes, ar. The slopes, s, are re-written as

s = G

 af

ar

 = Gf af + Grar, (3.22)

where G is defined as

G =
f

k



∂Z1|1
∂x

∂Z2|1
∂x · · · ∂ZN |1

∂x

∂Z1|1
∂y

∂Z2|1
∂y · · · ∂ZN |1

∂y

... ... . . . ...
∂Z1|M

∂x
∂Z2|M

∂x · · · ∂ZN |M
∂x

∂Z1|M
∂y

∂Z2|M
∂y · · · ∂ZN |M

∂y



, (3.23)

and is obtained by extending the single lenslet equation (3.18) to M lenslets. Gf is the

matrix containing the first L columns of G and Gr is constructed from the remaining

high-order columns.

The least-squares solution of equation (3.22) is given by inverting the Gf matrix

b = G+
f s, (3.24)

where G+
f is the general inverse matrix of Gf

G+
f = (Gt

f G−1
f )Gt

f (3.25)

and is known as the reconstruction matrix (represented in Figure 3.5).
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Figure 3.5: Representation of the G+
f matrix for the first 14 Noll modes.

3.3.2.1 Aliasing

The finite resolution of the wavefront sensor is now contemplated. The wavefront can only

be measured by the adaptive optics system below a cutoff spatial frequency fc because of

limited sampling in the wavefront sensor or in the deformable mirror. The critical frequency

is expressed as half of the sampling frequency of the system, fs, i.e. for a given frequency, f ,

to be detected a 2f sampling frequency must be achieved. The Nyquist–Shannon sampling

theorem gives us the cutoff frequency,

fc =
fs

2 . (3.26)

Any frequency above the cutoff frequency is considered to be aliased.

Aliasing adds high-order modal contributions to low-order modes. Numerically alias-

ing is described as a low order of the Gradient matrix, ĜN , being composed of a linear

combination of low and high order modes

ĜN = GN +
V =∞∑

i=N+1
ciGi. (3.27)

The sampling frequency of a Shack-Hartmann is related to its optical design, through

the diameter of the array, D, and the number of lenslets

fs =
M

D
. (3.28)

Thus the maximum detectable frequency will be
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fM =
M

2D
. (3.29)

An equivalence to the approximate maximum non-aliased radial order, rM , can be formed

by way of (Conan et al., 1995)

rM ∼ 3.3(M − 1). (3.30)

Any columns of the gradient matrix, G, above the rM radial order will possess a

dependence on high-order radial modes.

The minimum measurable frequency of the system is given by the total diameter of the

array,

fm =
1
D

. (3.31)

3.3.2.2 Cross-Talk Effects

Substituting equation (3.17) into equation (3.24) shows

b = G+
f Ga. (3.32)

By splitting the gradient matrix into fitted and remaining modes it is possible to separate

the contributions

b = G+
f (Gf af + Grar)

= af + G+
f Grar.

(3.33)

There is now an explicit term for the dependence on higher order modes resulting from the

truncation of the G matrix. The second term of the equation indicates how b is affected

by the high-order terms not present in the reconstruction matrix, G+
f . This dependence is

known as the cross coupling effect and is dictated by the cross-talk matrix

C = G+
f Gr. (3.34)

This cross coupling effect is present since the used sensor measures derivatives of the

wavefront phase and the derivatives of the Zernike basis aren’t orthogonal. The same

truncation of the Gradient matrix for a basis with orthogonal derivatives will yield a null

cross-talk effect (Herrmann, 1981).
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3.3.2.3 Measurement Noise

Random noise is introduced in the sensor due to several effects (McLean, 2008). These

effects will appear in equation (3.22) through a noise term

ŝ = s + e (3.35)

where ŝ represents the slopes with added noise, e represents the noise contributions and

s represents the previously seen noiseless slopes. Following the same approach from the

previous sections the reconstructed coefficients with noise, b̂, can now be expressed as

b̂ = G+
f (Gf af + Grar + e)

= af + G+
f Grar + G+

f e.
(3.36)

3.3.3 Measured variances

The variances are now evaluated through equation (3.36). Considering the effects of the

cross-talk matrix and the error on the variance of the measured coefficients, b̂:

⟨b̂b̂t⟩ = ⟨af at
f ⟩ + C⟨arat

r⟩Ct + 2C⟨arat
f ⟩ + G+

f ⟨eet⟩(G+
f )

t (3.37)

The measurement noise is assumed to be uncorrelated between measurements, ⟨eat
r⟩ = 0

and ⟨eat
f ⟩ = 0. The variance of a single reconstructed coefficient is then obtained from

⟨b̂2
i ⟩ = ⟨a2

f ,i⟩ + Tcc,i + σ2
n,i, (3.38)

where the error of the reconstruction associated with the cross-talk is

Tcc,i =
∞∑

j=L+1

∞∑
j′=L+1

cij⟨ar,jar,j′⟩ct
j′i + 2

∞∑
j=L+1

cij⟨af ,iar,j⟩ (3.39)

.

Additionally, since assumed that errors in the measurement were equal and uncorrelated

between measurements

⟨eet⟩ = σ2
0, (3.40)

where the σ2
0 is the error of a single measurement. Thus the total noise contribution sums

over all 2M lenslet measurements
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σ2
n,i =

2M∑
j=1

2M∑
j′=1

g+f ,ijσ2
0(g

+)t
f ,j′i. (3.41)

where g+f are entries of the reconstruction matrix.

Analysing a real set of variances, the cross-talk is estimated and presented in Figure

3.6. The presence of negatives terms illustrates the reason for the cross-talk terms not

being thought as a σ2 term.

Figure 3.6: Example of cross-talk terms for a typical variance at Paranal.

3.4 Turbulence parameter estimation

The correction algorithm proposed by Andrade et al. (2019) takes into account the effects

of the cross-talk and measurement noise. Both the Fried parameter and outer scale are

obtained from the fit of the reconstructed temporal variances, ⟨b̂2
i ⟩. These are compared

to the theoretical variances of the von Kármán distribution, ⟨a2
f ,i⟩vK ,

f(p) = (⟨a2
f ,i⟩vK + σ2

n,i)(p), (3.42)
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which acts as a fitting function. The left term of the fitting function represents the model

variances, following the theoretical spectra. The rightmost term represents an included

noise term, allowing for the simultaneous fitting of noise and the turbulence parameters.

As such the fitting parameter, p, is a function of

p = [r0, L0, σ2
0 ]. (3.43)

The fitted parameters are then determined by minimum difference between fitting func-

tion and reconstructed variances

pk = arg minp

J(r)∑
i=4

{
log

[
⟨b̂2

i ⟩
]

− log
[
f(p)

]}2
, (3.44)

where pk represents the fitting parameters of the k iteration. J(r) represents the number

of Noll modes considered in a reconstruction up to the radial order, r. Since wind-shake

and vibrations greatly affect the tip/tilt modes (i.e. the second and third Noll modes)

these are not included in the fit, as they won’t follow the expected turbulence spectra.

The logarithmic transformation of the variances is used to normalise the residuals of the

function.

The cross-talk estimation is handled with a different approach. The error provoked by

cross-coupling is removed from the fitted variances

⟨b2
i,cc⟩ = ⟨b̂2

i ⟩ − Tcc,i(r0, L0) (3.45)

The error of the cross-talk is estimated using equation (3.39), where the cross-talk

matrix is calculated from the gradient matrix associated with the adaptive optics system

and the theoretical co-variances are computed using Takato and Yamaguchi’s formulation

(Takato and Yamaguchi, 1995). The co-variance expressions are functions of both the Fried

parameter and the outer scale.

The fitting algorithm will then take the form of

pk = arg minp

J(r)∑
i=4

{
log

[
⟨b̂2

i ⟩ − Tcc,i(pk−1)
]

− log
[
f(p)

]}2
, (3.46)

where the turbulence parameters used for the cross-error error are based on the last itera-

tion. Since this error depends on the turbulence parameters a iterative approach is taken.

With each iteration, k, the algorithm uses the previous fit to recalculate the cross-talk.

Convergence is observed for the turbulence parameters as the algorithm iterates.
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Since the first iteration (k = 0) doesn’t have a previous iteration , k − 1, the cross-talk

error estimation can’t be performed. As such in the first iteration the cross-talk error is

not considered, using uncorrected variances instead, as is illustrated by equation (3.44).

3.4.1 Innovations to the Andrade algorithm

The Andrade method was further expanded by removing the logarithmic transformation

in favour of a χ2 method with a variable standard deviation (Bevington and Robinson,

2003)

pk = arg minp

J(r)∑
i=4


[
⟨b̂2

i ⟩ − Tcc,i(pk−1)
]

σr,i
−
[
f(p)

]
σr,i


2

, (3.47)

where σr,i is the standard deviation of the mean of the radial order. Each radial order has

a singular modal variance, shared between azimuthal orders, and as such any deviation

from this variance can be seen as deviation to the mean. A standard deviation is used

since we are assuming a normal distribution of the azimuthal orders around a the mean

value of the radial order.

The χ2 is a statistic that characterises the dispersion of an observed frequency from

the expected frequency. In the algorithm the minimisation of the χ2 is being used as a

fitting function for the turbulence parameters by changing the values of the turbulence

parameters in the fitting function, f(p).

This alteration allows us to apply known statistical methods to our estimated data,

as a large body of work as been built for the χ2 methods. The new algorithm allows

the estimation of uncertainty of the fitted values, p. Without this step it’s impossible to

study the results as we don’t know how significant an estimation is. The estimation of

the uncertainty is possible with a Monte Carlo simulation. A Monte Carlo methodology

uses random sampling to study the significance of the data. For this method to work the

random sampling must follow the statistic behaviour of our data. The set of variances,

⟨b̂2⟩, are assumed to follow a normal distribution around the mean in each radial order, r,

with a σr,i deviation from the mean.

Since a distribution is associated with the variances we can implement a Monte Carlo

method using the following method:

1. A new sample of variances is generated from the normal distribution of the mean of

the variances
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⟨b2
MC,i⟩ = N (⟨b̂2

i ⟩, σr,i), (3.48)

where the ⟨b2
MC,i⟩ represents the new generated variance set and N represents the

normal distribution with a mean ⟨b̂2
i ⟩ and standard deviation σr,i.

2. The iterative estimation algorithm is applied to the ⟨b2
MC,i⟩ variances, resulting in a

new set of pi parameters;

3. Return to step 1;

Figure 3.7: Sample generation process for the third radial order. From the initial distri-
bution of the 4 variances we gather the mean and standard deviation of each points, these
will then be used to generate a sample of each additional variance, according to a normal

distribution following the seed variances taken from the initial data.

Since the study of the uncertainty is done by repeated generation of new values of p we

are interested in the calculation of the error of the mean p estimation. The Monte Carlo

algorithm proceeds by generating H p samples following the statistical distribution of the

initial variances.

From the H turbulence parameters generated the uncertainty of the mean is then given

by the standard deviation of the mean (Bevington and Robinson, 2003). For the Fried

parameter the uncertainty is given by

σr0 =
1
H


√√√√ H∑

i=1

(
r0,i − r0

)2 , (3.49)

where r0 is the mean of the Fried parameter for the H samples and r0,i is the Fried

parameter resulting from step 2 of the sample generation method in each of the samples.





Chapter 4

The NAOMI system

4.1 The NAOMI system

Figure 4.1: AT positions across Paranal. Each AT is circled in red. Extracted from
ESO.

The new adaptive optics module for interferometry (NAOMI, Figure 4.2) system is the

current adaptive optics system for the Auxiliary Telescopes (AT, Figure 4.1) of the Very

Large Telescope. NAOMI is installed on all four ATs.

41
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Figure 4.2: NAOMI system schematic: (A) represents the deformable mirror location,
while (B) represents the wavefront sensor position. Extracted from (Woillez et al., 2019).

In Table 4.1 we sum up the characteristics of the adaptive optics loop in the NAOMI

system (Woillez et al., 2019).

Table 4.1: Features of the NAOMI adaptive optics system. Adapted from Woillez et al.,
2019 (Woillez et al., 2019)

diameter 1.8 m
obstruction ratio 7.7 %
loop frequency 500 - 50 Hz

pixel Scale 0.375 ”pix−1

sub apertures 4x4
valid sub apertures 12

full loop delay 4.6 ms
Corrected modes 4-15

4.2 Simulation model

In this section a well tested adaptive optics simulation package was used to simulate

NAOMI’s features and parameterise the system. The simulation was done using the

OOPAO (Object Oriented Python Adaptive Optics) package, developed by C.T. Heritier.

By propagating a generated screen through a telescope and wavefront object we can

obtain a set of slope measurements. The slopes obtained from the wavefront sensor are

then translated to Zernike coefficients using a control matrix. The estimation algorithm is
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then applied to the temporal variances of the modal coefficients to obtain the turbulence

parameters.

Through simulation the real data-set can be curated, defining the features that will

encompass the analysed data.

4.2.1 Generation of phase screens

4.2.1.1 The atmosphere at Paranal

If we want to estimate the performance of the NAOMI system the phase screens utilised in

the simulation must reflect the Paranal atmosphere. In order to do so we used correlated

phase screens that follow the features seen in Table 4.2. These are generated using the

algorithm proposed by Assémat et al. (2006) through the AOTools python package.

Table 4.2: Simulation conditions used in the generation of the phase screens.

Parameter Value
Fried Parameter 14.6 cm

Outer-scale 18.9 m
Type of phase screens Correlated

# Layers 9

The atmospheric layer altitude and wind-velocity conditions are taken from ESO’s

campaign to characterise the observatory and are presented in Figure 4.3. No noise was

introduced in the screens.

4.2.1.2 Validation of phase screens

Before introducing the telescope and wavefront sensor we must study if the phase screens

follow the expected coefficient variance of the model. The modal coefficients of a single

atmospheric screen are obtained by orthogonal projection onto the Zernike polynomials,

Pscreen,i = ϕscreen · ϕZi , (4.1)

where ϕscreen represents the phase screen, ϕZi the phase of the Zernike polynomial and

where Pscreen,i represents the projection of the two.

The Fried parameter and outer scale can be estimated by using the 0th iteration of the

algorithm discussed in Chapter 3. Since the screens don’t possess noise and since the phase

screen isn’t propagated through a wavefront sensor cross-talk errors are absent. As such

the iteration of the algorithm isn’t needed.
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Figure 4.3: Wind-speed and wind-direction at the Paranal observatory. Extracted from
(Masciadri et al., 2013).

In Figure 4.4 we see a convergence for the Fried parameter, while the outer scale

parameter doesn’t converge for a simulation with a large amount of screens, as is illustrated

in Figure 4.5. Additionally, the final stable value of the Fried parameter doesn’t correctly

correspond to the values introduced in the simulation. The cause of this mismatch is not

yet well understood, but it can be caused by sampling effects or screen size effects on the

generation of the turbulence screens.

The results presented in Figure 4.4 and 4.5 were obtained from a single simulation.

As such a larger number of simulation are warranted to develop a statistically significant

sample on the generation of the phase screen.

4.2.1.3 Loop configurations

We can now introduce the atmosphere to a measurement pipeline. Two configurations are

considered:

1. Open loop configuration - doesn’t correct for the fluctuations in the phase of the

screen, only measuring the slopes as the atmosphere evolves;
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Figure 4.4: Convergence of the Fried parameter through projection of Zernike modes.

Figure 4.5: Convergence of the outer scale through projection of Zernike modes.

2. Closed loop configuration - the measured wavefront is corrected by a deformable

mirror. The wavefront sensor now tracks residual changes in the wavefront. To

obtain the Zernike coefficients of the atmosphere screen we must construct pseudo-

open slopes, described in Section 3.3.1.

The first configuration was utilised in our simulation. The second configuration cor-

responds to the NAOMI system working principle. Using pseudo open slopes in the real

data analysis we can expect an analogous behaviour to that of the simulated values.

4.2.2 Shack-Hartmann sensor

As a first step to understand the open loop configuration performance we aim to understand

how a measurement of the wavefront sensor, given in slopes, can be translated to the desired

modal basis. As discussed in Section 3.3 there is a need to obtain a matrix that allows the

change in basis from the slopes space to the modes space, the gradient matrix, G.
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The telemetry samples already contain a gradient matrix, Gsystem, obtained from the

inverted control matrix that accounts for the first 14 controlled modes. For the additional

modes needed for a cross-talk estimation we must extend the matrix through simulation.

We do this by simulating the response of the Shack-Hartmann and obtaining a Gmodel.

The Gsystem will serve as reference to the Gmodel.

4.2.2.1 Simulation of the gradient matrix

The response of a system is catalogued by introducing a single Zernike mode on the pupil of

the telescope. This can be extended to any number of Zernike modes. The sensor response

is then recorded, resulting in a relationship between the applied Zernike mode to a set of

slopes in the sensor.

The response to a single mode, Ri, is then represented as

Ri =
[

δZi|1
δx

δZi|1
δy . . . δZi|M

δx
δZi|M

δy

]T

. (4.2)

The G matrix is then simulated by sweeping over a large number of modes, where 105

modes were recorded.

Figure 4.6 describes the results of the generation of the gradient matrix for some of

the modes of operation. Agreement between the simulated gradient matrix and the system

matrix was found, a median error of 1.3% is present between the two matrices. From these

results we can confidently expand our matrix to higher modes.

4.2.2.2 Aliasing frequency

Following the discussion in section 3.3.2.1, any spacial frequency above 1.1 m−1 is aliased,

which will be roughly equivalent to any radial order above 5 being aliased (Conan et al.,

1995). The remaining error, composed of aliasing, cross-talk and measurement noise con-

tributions will then be corrected by the algorithm without explicitly separating the com-

ponents.

As can be seen in equation (3.34), the cross-talk matrix depends on the remaining

modes Gr, which will contain aliasing for any column above the 5th radial order. Figure

4.7 illustrates the overlap of the cross-talk with aliasing, where only one order of cross-talk

isn’t overlapped with aliasing.
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Figure 4.6: Comparison between the response of the gradient matrix obtained from
simulation and data, using conventional slope ordering.

4.2.2.3 Minimum measurable frequency

The diameter of the telescope will determine the maximum distance of two points in the

detection. The telescope diameter , D, of the ATs is 1.8 m. The minimum measurable

spacial frequency is then

fmin =
1
D

= 0.556 m−1. (4.3)

NAOMI is only sensitive to spatial scales roughly smaller than 2 meters. As is verified in

Figure 2.4, the effects of the outer scale on the structure function become pronounced once

the spatial scale is close to the outer scale. Since the outer scale varies between (1 − 100)m

this leaves the system insensitive to most conditions. NAOMI is considered to be in the

inertial regime of turbulence.
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Figure 4.7: Overlap between cross-talk and aliasing in the estimation algorithm.

4.2.2.4 Mode reconstruction

Utilising the expanded gradient matrix we can now convert the measured slopes into Zernike

coefficients. The modal coefficients are obtained from the slopes of the Shack-Hartmann

sensor through equation (3.24). The second through fourth radial order modes were recon-

structed.

The estimation algorithm described in Section 3.4.1 is applied to obtain the turbulence

parameters of the system, where ⟨b̂2⟩ will be the modes obtained from the simulation.

4.3 Algorithm parameter optimisation

An optimisation of the algorithm parameters is now performed. The optimisation will be

performed by individual tuning of the features of the algorithm:

• Number of iterations, k, of the algorithm;

• Convergence in time;

• Maximum order included in the Gr matrix;
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• Maximum order of the fitted modes, ⟨b̂2⟩;

• Ideal initial guess for the algorithm;

4.3.1 Number of iterations of the algorithm

A study of the number of iterations in the estimation algorithm is necessary in order to

understand the efficacy of our cross-talk correction.

The impact of the cross-talk error on the estimation of the turbulence parameters can

be calculated by comparing the results of the algorithm’s 0th iteration of the algorithm,

where the cross-talk error is not estimated, to those of the subsequent iterations. The

evolution of the estimation for the following iterations indicates the convergence of the

algorithm and the maximum correction available to our system.

Figure 4.8: Evolution of the turbulence parameters in respect to the algorithm iteration

Figure 4.9: Comparison between the 0th iteration and the 2nd iteration.

Figure 4.8 represents the percent difference in the estimation of the turbulence param-

eters
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Difference(%) =
|r0,est − r0,d|

r0,d
(4.4)

where r0,est corresponds to the estimation of our algorithm and r0,d is the value obtained

from Section 4.2.1.2. When analysing the outer scale, we substitute the r0 estimations for

L0 estimations.

We see that the Fried parameter changed from 5% error in the 0th iteration to 0.6%

error when compared to the phase screen decomposition. The outer scale error went from

55% to 16%. After the second iteration of the algorithm the values of the turbulence

parameters stabilised. This indicates that an estimation of the cross-talk errors is needed

in order to obtain sub % errors in the estimation of the Fried parameter.

An analysis of the behaviour of the 0th estimation in time is portrayed in Figure 4.9.

High variability in the estimation of the outer scale is seen. The difference of the outer

scale to the screen value in a particular time horizon isn’t well understood.

The choice of a minimum of two iterations of the algorithm appears correct, as the

convergence stops for any higher iteration terms.

4.3.2 Convergence in time

Now we examine the question of time convergence in our data. Small time horizons for the

simulation will result in inaccurate estimations. A study of the time of convergence allows

us to dictate a minimum volume of data from our telemetry samples.

In this regard the temporal evolution of the Fried parameter,

r0(t) − r0(t − ∆t)

r0(tf )
(4.5)

is studied, where r0(t) represents the Fried parameter at a time horizon, t, and r0(tf )

represents the final value of the Fried parameter. The time increment ∆t is given by the

loop frequency of the system, which is set to 500 Hz When the value of this difference

becomes small, the temporal evolution of the Fried parameter is assumed to be converging

and additional time evolution isn’t needed. Figure 4.10 represents the results.

The convergence time coincides with the iteration value of 0.7% of equation (4.5). We

present the results in Table 4.3.

The time for convergence in the outer scale is substantially larger than the one for the

Fried parameter.
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Figure 4.10: Residual evolution of both turbulence parameters.

Table 4.3: Convergence time for the turbulence parameters

Parameter Convergence Time
Fried parameter (37 ± 5)s

Outer scale (241 ± 65)s

4.3.3 Cross-talk and aliasing maximum order

The cross-talk matrix is constructed from the corrected terms, G+
f , and the higher non-

corrected terms, Gr (equation (3.34)). By letting the Gr matrix vary in size we are able to

control the number of radial orders present. Thus the estimation of turbulence parameters

can be made to vary as a function of the maximum radial order of Gr. This behaviour is

illustrated in Figure 4.11.

It was observed that low order corrections don’t see a difference between the uncorrected

and corrected terms, or in other words, the 0th and 2nd iteration are equal. As for the

optimal correction term we see a clear stabilisation in the turbulence terms when the

radial order crosses 8.

The exact reason for the stabilisation beyond 8 is not yet understood, but we verify it’s

existence and as such use it as the minimum cross-talk order.

4.3.4 Maximum radial order of the fitting

To validate the contribution of the cross-talk correction we truncate the fitted Zernike

coefficients, thus changing the size of the G+
f matrix. From the results of Table 4.4 it was

determined that the optimal value for the fitting is the available 15 modes of operation,

as the inclusion of the cross-talk heavy, 4th radial order, modes is indeed beneficial to our

results.
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Figure 4.11: Turbulence parameters as a function of the cross-talk matrix maximum
order.

Table 4.4: Fried parameter as a function of the G+
f matrix maximum order.

Feature Max Radial Order Value Error
Fried parameter 3 (15.58 ± 0.04) cm 12 %
Fried parameter 4 (13.948 ± 0.003) cm 0.7 %

Outer scale 3 (11 × 105 ± 2 × 1012)m 9×105 %
Outer scale 4 (10 ± 3)m 11 %

Figure 4.12: Comparison of estimations for maximum radial order of 3 and 4.

There was no possibility to increase the fit to further radial orders, as the controlled

modes for the NAOMI system stop at 15 and further reconstruction in the real system is

not possible.

To probe higher orders we made a simulation using a different SH sensor, this time

containing a 8 × 8 sub-aperture configuration. All other variables stayed fixed, while the

time horizon was changed to 200 seconds.

Since the number of lenslets increased from 16 to 64 we can now study increased radial

order reconstructions. The maximum order varied from the third to the seventh radial

order in this new reconstruction. Figure 4.13 represents the results for the 8 × 8 sensor AO
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telemetry simulation.

Figure 4.13: Evolution of the seeing estimate with radial order (8x8 sensor).

As the radial order increases the Fried parameter estimation decreases. As such, we

expect an underestimation of the seeing when we study the real data from NAOMI. The

underestimation ratio for the fourth radial order is 6% when compared to the seventh radial

order for an estimation of 3 minutes.

4.3.5 Ideal initial guess

Since the minimisation of the χ2 is done through the variation of the fitting parameters

p it is important to study the behaviour of the χ2 surface as a function of the turbulence

parameters. A χ2 surface that possesses multiple minima closely packed is problematic, as

the minimisation performed by the algorithm is compromised. Different initial parameters

in the minimisation of equation (3.47) can result in a different arg minp depending on the

topology of the problem.

In Figures 4.14 and 4.15 we present the χ2 map of the fitted variances for a night with

a seeing of (0.659 ± 0.001) ′′. In the first Figure the outer scale is a fixed parameter, while

in the second both turbulence parameters are allowed to vary. From the first figure it is

seen that the topology of the problem has a single minimum. An initial p with a small

value of r0 is ideal for the algorithm, as the derivative of the χ2 is larger for small values

of the Fried parameter.
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Figure 4.14: χ2 map for the convergence of the Fried parameter. On the left the χ2

value is analysed as a function of r0. On the right the fit of the algorithm is presented. A
single minima is verified in the curve.

The second figure reinforces the findings of the minimum measurable frequency. Al-

though the same minimum is found on the Fried parameter (horizontal axis) no minimum

is found in the outer scale (vertical axis). As such a large error on the estimation of the

outer scale is expected of this system.

Figure 4.15: Map of the convergence of the log(χ2) for the outer scale and Fried param-
eter.

The data fusion of the four AT data is a future goal that hopes to improve the estimation

of the outer scale.
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4.3.6 Proposed parameters

We outline the optimised estimation features in Table 4.5.

Table 4.5: Optimised parameters used in the iterative algorithm.

Feature Value
Maximum radial order of fit 4

Maximum order of remaining error 8
Minimum # of iterations 2
Minimum time horizon (37 ± 5) s

From the considered parameters we obtain the evolution observed in Figure 4.16. Table

4.6 summarises the values of the estimations. We obtain low errors for the Fried parameter,

even with a small time horizon, the outer scale however can’t be estimated with accuracy.

Table 4.6: Results of turbulence estimation algorithm

Feature Time Horizon Phase screen values Algorithm estimation Error
Fried parameter 37 s (13.87 ± 0.08) cm (14.1 ± 0.3) cm 1 %

Outer scale 37 s (12.7 ± 0.8)m (11 ± 3)m 13 %

Figure 4.16: Percent difference of Paranal simulation turbulence parameters.





Chapter 5

Processing NAOMI on-sky

telemetry

5.1 Data-set curation

Preceding the analysis of the real adaptive optics telemetry data, we seek to curate the

data contained in the data sample.

5.1.1 Criteria for the selection of data

5.1.1.1 Loop frequency

The primary loop frequency of the NAOMI system is 500 Hz. 100 Hz and 50 Hz integration

is only activated for samples with R magnitudes greater than 8 and as such result in a low

Strehl ratio (always below 40% as can be seen in Figure 5.1). The Strehl ratio is useful to

assess the quality of the image formation, varying from 100%-0%, where high Strehl ratios

correspond to better quality. We opted to exclude such samples from our data, maintaining

the frequency to 500Hz and avoiding low Strehl ratio samples. 92.44% of our data operates

in such a loop frequency.

5.1.2 Time horizon of the observation

The duration of the data for samples with 500 Hz loop frequency is illustrated in Figure

5.2. Most samples have a shorter duration than the minimum time horizon of (37 ± 5) s,

with 61% having a duration of 20 seconds.

57
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Figure 5.1: NAOMI response to loop frequency, extracted from Woillez et al. (2019).

According to the results of Section 4.3.6 the estimated time horizon corresponds to a

1% error in the estimation of the Fried parameter. The same analysis at a 20 seconds time

horizon wields a 2% error. Taking into account the large amount of data available below

the previously estimated time horizon we decide to include any sample with 20 seconds or

longer into our selected data.

5.1.3 Sensor data

The Auxiliary Telescopes track the same target on-sky, as such up to four telemetry data

samples can be generated for the same observation. This permits multiple estimations



5. Processing NAOMI on-sky telemetry 59

Figure 5.2: Distribution of observation duration at 500 Hz loop frequency.

of the same atmospheric conditions at the same time. The internal consistency of these

results acts as validation tool of our algorithm.

Figure 5.3 represents the overlapping data in any given observation. Four data samples

aren’t always generated, with 25% of the observations containing at least two telemetry

data samples.

5.1.4 Zenith distance

The zenith angle is available in the telemetry data. It is studied in Figure 5.4. The zenith

distance allows the calculation of the air mass of the observation. A larger zenith distance

results in an increase in the amount of atmosphere the light crosses before arriving at the

measurement system. The reference values of the DIMM are given at zenith, therefore the

data needs to be normalised.

5.1.5 Curated data

The curated data used in the estimations is then summarised in Table 5.1.
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Figure 5.3: Number of overlapping data in any given observation for 20 seconds duration
data with 500 Hz loop frequency.

Figure 5.4: Zenith distance of measurements for the overlapping data.



5. Processing NAOMI on-sky telemetry 61

Table 5.1: Features of the NAOMI telemetry data

Feature Value
# of measurements 36932

500Hz loop frequency 92.44 %
Open/Closed Loop data [ 10.02, 89.98] %

Data distribution 2018/11 - 2020/12
# of sensors 4

20 seconds of data 88.50 %

5.2 Real data analysis

The chosen data is now introduced into our algorithm allowing for the reconstruction of

the seeing from the generated telemetry data.

5.2.1 Normalisation of the zenith angle

The zenith angle was normalised to coincide with the DIMM data. The theoretical rela-

tionship of the seeing with the altitude is cos(γ)3/5 in equation (2.8), where γ represents

the altitude (90º - zenith angle). This relation is presented in red in Figure 5.5.

Figure 5.5: Distribution of the seeing across different observation angles.
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The trend is well represented in our data. When the angle of observation is very small

a deviation from the trend is observed.

5.2.2 Estimation of the seeing

The results for the initial telemetry data estimations are presented in Figure 5.6. The

median seeing of the data-set is 0.665 ′′, while 47 data points estimated a seeing smaller

than 0.1 ′′.

Figure 5.6: Estimation of the seeing for the telemetry data.

5.2.2.1 Uncertainty in the fit

Before discussing any further, an estimation of the uncertainty is necessary. The uncer-

tainty of the seeing can be directly obtained from the Fried parameter estimation, since

the seeing, α, is a function of the r0 (Fried, 1965)

α = 0.976 λ

r0
, (5.1)
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since we assume all other quantities to be true values, we can use the uncertainty of the

Fried parameter, u(r0), to calculate the uncertainty of the seeing, u(α). Error propagation

analysis shows that

u(α) =
α

r0
u(r0), (5.2)

where the uncertainty of the Fried parameter is obtained from the error of the mean as

described in Section 3.4.

The percent uncertainty of the algorithm estimation is presented in Figure 5.7. The

median uncertainty is 1.2%.

Figure 5.7: Distribution of the uncertainty estimates as a percentage of the seeing
estimate. The uncertainty is obtained from the Monte Carlo approach described in section

3.4.

5.2.2.2 Seeing outliers

An analysis of the variance is done to tackle the low seeing outliers. The variances and

convergence for one of the outliers is presented in Figure 5.8. An abnormally large variance

was found in the fourth Noll mode. The Fried parameter didn’t converge for the initial

telemetry sample.
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Figure 5.8: Variance for one of the outlier nights (left). Convergence with iteration
(right).

The defocus mode corresponds to the fourth Noll mode. This mode is still affected in

a large part by the wind-shake and vibrations of the telescope (Fusco et al. (2004)). These

types of contributions aren’t seen in the simulation. Future fitting of the variances should

avoid including this mode if possible.

A total removal of the defocus is not ideal for NAOMI. We only have 15 available modes

for the fit. Its default removal would result in a loss of 7% of the fitted modes. The choice

should be made in a case by case basis, by removing abnormally high variances from the

fit.

Once the bad points are removed from the fit a correct estimation for the seeing was

obtained, with values converging slower than the previously seen data (15 iterations were

performed in this study of the convergence). The convergence was studying the difference,

∆r0,

∆r0 = r0,i+1 − r0,i, (5.3)

which is given by the change of the Fried parameter across an iteration of the algorithm,

r0,i.

The algorithm fits a von Kármán model. If the variances aren’t representative of the

model the fit will suffer in quality and in the number of iterations needed for a convergence.

This difference can be caused by sporadic problems in the performance of the AO

system. As is seen in the former example. It can also be caused by an incorrect estimation
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of the noise. The noise was estimated as a fitting parameter of the algorithm, as is seen in

the fitting equation presented in Section 3.4.

It can also be estimated through the auto-correlation of the signal in time (Fusco et al.

(2004)). This was done for a small subset of data (5 data points taken at random from

the total data-set). A comparison of the two noise estimations allows the evaluation of the

quality of the estimation of noise. The results are presented in Figure 5.9.

Figure 5.9: Comparison between noise measured using temporal auto-correlation, σ2
nn,ac,

and the one estimated by the algorithm, σ2
nn,par. 5 different nights are presented. The

noise estimated by the algorithm seems biased in the 4th, 5th, 11th,13th Noll modes. The
reason is not yet understood.

A difference between the two was found. The difference between the two algorithm

estimations increased significantly for the 4th, 5th, 11th and 13th Noll modes. A larger

study is needed to assess the cause and prevalence of this disparity.

The temporal auto correlation method for the estimation of the measurement noise

wasn’t implemented in the full sample due to time constraints. Future work will see the

implementation of this method in our algorithm.

We can study the effects of this difference on the seeing for our sub-sample. Figure

5.10 represents the difference in seeing, α, estimated from the two systems of estimation

of error

∆α = αac − αpar, (5.4)

where αac is the seeing estimate using the noise from temporal auto-correlation and αpar

is the seeing resulting from our algorithm.
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For the points studied the seeing of the auto-correlation is larger than the one estimated

by the algorithm. The convergence with the number of iterations is similar (Figure 5.11).

Due to the small sample size we can’t make statistical claims of the results. A larger study

must be performed to study the differences.

Figure 5.10: Difference between seeing estimates of the auto-correlation method and
noise as a parameter of the fit.

Following this discussion, the outlier points with abnormal defocus variance are now

removed from the sample.

5.2.3 Comparison with the DIMM

A comparison between the DIMM and telemetry data is now performed. Figure 5.12

represents the relationship between the two estimates. For each telemetry data point we

compare it to the DIMM estimate available in the header. The colour-bar represents the

density of points.

The correlation between the two data-sets is 0.71. The fitted linear relationship (with

a fixed value of 0 at the origin) between the two sets of data is (0.8765 ± 0.0001) telemetry

units per DIMM units.

The difference seen in the estimates is partially explained by the behaviour of the

simulated values in Figure 4.13. The Fried parameter was shown to vary 6% between

a fitting using 15 modes and one using 36 modes, with a larger Fried parameter being
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Figure 5.11: Convergence of the Fried parameter for the estimation of the noise through
auto-correlation. Each line represents the algorithm convergence for a single data sample.

Figure 5.12: Comparison of results between DIMM and telemetry seeing estimates.
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estimated for low orders. Since the seeing is inversely proportional to the Fried parameter

we then expect an underestimation of the seeing for low orders of correction. This alone

can’t explain the 29% difference seen in the correlation.

The smaller seeing can be caused by the estimation of the noise. This approach was

explored in section 5.2.2.2.

It can also be caused by the presence of the defocus mode. Since the defocus mode is

still strongly affected by the wind-shake of the telescope we analyse the seeing estimates in

relation to the wind-speed. Figure 5.13 represents the seeing for various brackets of wind-

speed. When the wind-speed increases the difference between the estimates also increases.

As shown in section 5.2.2.2 it is caused by the increase in variance of the defocus mode,

via wind excitation of telescope vibrations.

Figure 5.13: Distribution of the seeing across different wind speeds.

An analysis of the dispersion of results also agrees with the results of the wind-speed.

The distributions of the results for the DIMM and telemetry estimates are presented in

Figure 5.14. Each violin plot represents the distribution of the seeing in the particular

estimate with the blue lines representing the median of each distribution.

The DIMM seeing has a larger maximum seeing. This is seen in Figure 5.13, where the

telemetry fits smaller seeings when the velocity is larger.

5.2.4 The outer scale

An analysis of the outer scale estimates is now performed. It was seen in the simulation

of the system that the outer scale couldn’t be well estimated, even for 20 minutes time
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Figure 5.14: Violin plot of the seeing estimates for the DIMM, 2nd and 0th iteration of
the algorithm.

horizon. This is also the case in the real data estimations, but to a much larger degree

(Figure 5.15).

Figure 5.15: Distribution of the outer scale in the turbulence estimation.

The results of the outer scale are significantly different from the ones assessed by the

simulation. It was shown in Andrade et al. (2019) that the SNR ratio affects the estimates.

The simulation assumed no noise. This partially answers the disparity seen between results.
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5.2.5 Agreement between AT’s

The NAOMI system is installed in the four auxiliary telescopes. This allows the monitor-

ing of the same star from different positions in the mountain. The individual performance

of the NAOMI system can be obtained by analysing the agreement of the various AT’s

turbulence parameter estimations. This is done through the subtraction of the seeing mea-

surements (Figure 5.16 and Table 5.2). We attain agreement between all 6 combinations

of telemetry data, this is reinforced between the numerical results of the table 5.2, with all

seeing differences being inserted in the matching regime, µ = 0. The uncertainty of the

measurement is given by the uncertainty of the mean.

Figure 5.16: Comparison between SH estimates.

Data Mean
AT1 − AT2 (0.011 ± 0.004) ′′

AT1 − AT3 (−0.000 ± 0.006) ′′

AT1 − AT4 (−0.020 ± 0.006) ′′

AT2 − AT3 (−0.013 ± 0.004) ′′

AT2 − AT4 (0.010 ± 0.005) ′′

AT3 − AT4 (−0.012 ± 0.004) ′′

Table 5.2: Comparison of AT’s

The results for the ATs give us information on the behaviour of the seeing parameter

across the observatory. By comparing the position of each AT in an observational run a

transverse profile of the seeing across the mountain can be developed. The initial results

of the comparison seems to indicate that the seeing doesn’t vary significantly across the

ATs. An additional study of the precise location of the ATs as a function of the seeing is

needed.



Chapter 6

Conclusions and future

recommendations

This dissertation aimed to answer a main question: Can a low order (4 × 4) Shack-

Hartmann wavefront sensor estimate the turbulence parameters: Fried and outer scale?

To answer this question an iterative estimation algorithm was first validated on simu-

lated data and then applied on telemetry data produced from the operation of the adaptive

optics system of the Auxiliary Telescopes of the VLT, NAOMI.

The estimation algorithm was optimised using a simulation of the NAOMI system.

Simulation results show the ideal number of iterations, minimum time horizon and number

of modes to be included in the fitted variances and remaining error estimation. The χ2 map

of the algorithm was shown to converge to the expected value without bias and through its

analysis the ideal initial guess for our algorithm was established. On the other hand the

aliasing and cross-talk errors were shown to be mixed for any radial order above the fifth.

The correction of cross-talk, noise and aliasing was shown to be necessary for the correct

estimation of the Fried parameter. The uncorrected variances were shown to incorrectly

estimate the Fried parameter, with an error of 5%. By compensating the remaining error

we were able to achieve sub-per cent accuracy in the estimation of the parameter.

The outer scale couldn’t be estimated correctly, as the minimum spacial frequency

detectable by the sensor was larger than the one associated with the outer scale, rendering

the sensor and our algorithm insensitive to this parameter.

Following optimisation, the algorithm was applied to real on-sky data, which was cu-

rated to remove undesirable samples. The uncertainty of the estimation of the seeing was

first assessed. A median uncertainty of 1.2% was found.
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Tip and tilt modes weren’t included in the estimation due to telescope vibrations. The

defocus mode was included in the fit but it’s still largely affected by telescope vibrations

and was found to problematic in the fit, creating outliers in the variances. Bias in the

estimation of the noise was shown to affect the estimation. A comparison with noise

estimation obtained from temporal auto-correlation found that our algorithm produced

smaller seeing estimates. This method wasn’t applied to the full data-set due to time

constraints.

Our algorithm was compared to the DIMM seeing estimates, which served as a reference.

Disagreement between the two was found, with a correlation of 0.71 being found between

the two estimates. Our algorithm estimated (12.35 ± 0.04)% smaller seeing conditions.

Comparison of the seeing estimates between the four available telescopes showed consis-

tency in our estimates. On average all telescopes estimated the same seeing conditions for

the same observation, within the measurement uncertainty of 0.005 ′′. A rigorous analysis

of the spacial distribution of the seeing wasn’t possible. Finally we found seasonality in

the seeing, with the seeing conditions worsening during Winter months, were the median

seeing was 0.703 ′′, while the Summer months provided the best seeing conditions, with a

median seeing of 0.584 ′′.

6.1 Future recommendations

The dissertation showed that the noise was order dependent and that therefore the iterative

algorithm error estimate is limited. An ongoing work is the use of the auto-correlation

method for error estimation, this approach has the advantages of a better error estimate

and of a smaller number of fit parameters.

Further to the DIMM, a comparison with SLODAR and SCIDAR data would be an

interesting next development. It would allow to better understand the seeing estimate

differences between DIMM and our algorithm.

It was also shown that the Fried parameter can be estimated from a low order Shack-

Hartmann system in 1.8 m diameter telescope but not the outer scale. The next immediate

step is to apply the algorithm to a higher order system in a larger diameter telescope. An

ideal test-bed is the CIAO system of the VLTI. This system samples the four 8 m telescope

pupils with four 9 × 9 wavefront sensors. The larger telescope diameter implies a larger

sensitivity to the outer scale. On the other hand the higher order system translates in less

contamination of lower orders (more sensitive to the outer scale) by aliasing and cross-talk.
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Finally, the simultaneous combination of the four Shack-Hartmann sensors at the ATs

should be explored to estimate the outer scale. The larger spatial baseline of the ATs is

both an advantage (”sampling” larger spatial scales) and a disadvantage, due to loss of

correlation effects.





Appendix A

Function Definitions

The covariance of the coefficients, ⟨aja∗
j′(s)⟩, can be computed using:

⟨aja∗
j′(s)⟩ = 214/3π8/3AR5/3[(n + 1)(n′ + 1)]1/2 × fjj′(s, θ0, k0) (A.1)

Here the parameters s, θ0 and k0 represent the radial and angular polar coordinates,

the wave vector at which the function is evaluated and the function fjj′ is given by:

fjj′(s, θ0, k0) =

±(−1)(n+n′−m−m′)/2 cos (m + m′)θ0Im+m′,n+1,n′+1(2s, 2πRk0) m, m′ ̸= 0;

+(−1)(n+n′+2m+|m+m′|)/2 cos (m − m′)θ0I|m+m′|,n+1,n′+1(2s, 2πRk0) − : j, j′ are both odd;

(−1)(n+n′−m−m′)/2 sin (m + m′)θ0Im+m′,n+1,n′+1(2s, 2πRk0) + : j, j′ are both even;

−(−1)(n+n′+2m+|m−m′|)/2 sin (m − m′)θ0I|m−m′|,n+1,n′+1(2s, 2πRk0) m,m′ ̸= 0; j even,j′ odd;

(−1)(n+n′−m)/2√
2 cos (mθ0)Im,n+1,n′+1(2s, 2πRk0) m′ = 0; j even;

(−1)(n+n′−m)/2√
2 sin (mθ0)Im,n+1,n′+1(2s, 2πRk0) m′ = 0; j odd;

(−1)(n+n′)/2I0(2s, 2πRk0) m = m′ = 0;
(A.2)

In which the integral term is given by:
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I(κ, µ, ν, ρ, λ; a, x0) =
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2
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(A.3)

Here we define the generalised hypergeometric function, pF q:

pF q

 (a); z

(b)

 =
∞∑

k=0

p∏
n=1

(an)k

(bm)k

zk

k!
(A.4)

Where we define the (a) and (b) through the Pochhammer series:

(an)k =
Γ(an + k)

Γ(an)
(A.5)

Here Γ(x) represents the error function:

Γ(x) =
∫ ∞

0
xα−1 exp −xdx (A.6)
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G. Valdes, C. Verinaud, G. Zins, and S. Zúñiga-Fernández. Naomi: the adaptive optics

system of the auxiliary telescopes of the vlti. Astronomy Astrophysics, 629:A41,

9 2019. ISSN 0004-6361. doi: 10.1051/0004-6361/201935890. URL https://www.

aanda.org/articles/aa/full html/2019/09/aa35890-19/aa35890-19.htmlhttps:

https://www.aanda.org/articles/aa/full_html/2019/09/aa35890-19/aa35890-19.html https://www.aanda.org/articles/aa/abs/2019/09/aa35890-19/aa35890-19.html
https://www.aanda.org/articles/aa/full_html/2019/09/aa35890-19/aa35890-19.html https://www.aanda.org/articles/aa/abs/2019/09/aa35890-19/aa35890-19.html
https://www.aanda.org/articles/aa/full_html/2019/09/aa35890-19/aa35890-19.html https://www.aanda.org/articles/aa/abs/2019/09/aa35890-19/aa35890-19.html
https://www.aanda.org/articles/aa/full_html/2019/09/aa35890-19/aa35890-19.html https://www.aanda.org/articles/aa/abs/2019/09/aa35890-19/aa35890-19.html


84 Adaptive Optics Telemetry

//www.aanda.org/articles/aa/abs/2019/09/aa35890-19/aa35890-19.html. [Cited

on pages xii, 28, 42, and 58.]

https://www.aanda.org/articles/aa/full_html/2019/09/aa35890-19/aa35890-19.html https://www.aanda.org/articles/aa/abs/2019/09/aa35890-19/aa35890-19.html
https://www.aanda.org/articles/aa/full_html/2019/09/aa35890-19/aa35890-19.html https://www.aanda.org/articles/aa/abs/2019/09/aa35890-19/aa35890-19.html
https://www.aanda.org/articles/aa/full_html/2019/09/aa35890-19/aa35890-19.html https://www.aanda.org/articles/aa/abs/2019/09/aa35890-19/aa35890-19.html
https://www.aanda.org/articles/aa/full_html/2019/09/aa35890-19/aa35890-19.html https://www.aanda.org/articles/aa/abs/2019/09/aa35890-19/aa35890-19.html

	Acknowledgements
	Abstract
	Resumo
	Contents
	List of Figures
	1 Introduction
	1.1 Context
	1.2 Research Goals
	1.3 Document Structure

	2 State of the Art
	2.1 Atmospheric turbulence
	2.1.1 Parametric models
	2.1.2 Turbulence Parameters
	2.1.2.1 The Seeing
	2.1.2.2 The Fried Parameter
	2.1.2.3 The outer scale
	2.1.2.4 Coherence time, 0


	2.2 Turbulence parameter estimation techniques
	2.2.1 The Differential Image Motion Monitor (DIMM)
	2.2.2  Multi Aperture Scintillation Sensor - MASS
	2.2.3 Balloon borne profilers
	2.2.4 The Lunar Scintillometer (LuSci)
	2.2.5 Slope Detection and Ranging (SLODAR)
	2.2.6 Scintillation Detection and Ranging (SCIDAR)

	2.3 Turbulence parameter estimation from adaptive optics telemetry data 
	2.3.1 Adaptive optics operation principle
	2.3.2 Wavefront sensors
	2.3.2.1 The Shack-Hartmann

	2.3.3 Correcting the wavefront
	2.3.4 Telemetry data
	2.3.5 Turbulence parameter estimation


	3 Methods
	3.1 Zernike mode decomposition
	3.2 Statistical representation
	3.3 Reconstruction of Zernike Coefficients
	3.3.1 Pseudo-open loop slopes
	3.3.2 Fundamental limitations in wavefront reconstruction
	3.3.2.1 Aliasing
	3.3.2.2 Cross-Talk Effects
	3.3.2.3 Measurement Noise

	3.3.3 Measured variances

	3.4 Turbulence parameter estimation
	3.4.1 Innovations to the Andrade algorithm


	4 The NAOMI system
	4.1 The NAOMI system
	4.2 Simulation model
	4.2.1 Generation of phase screens
	4.2.1.1 The atmosphere at Paranal
	4.2.1.2 Validation of phase screens
	4.2.1.3 Loop configurations

	4.2.2 Shack-Hartmann sensor
	4.2.2.1 Simulation of the gradient matrix
	4.2.2.2 Aliasing frequency
	4.2.2.3 Minimum measurable frequency
	4.2.2.4 Mode reconstruction


	4.3 Algorithm parameter optimisation
	4.3.1 Number of iterations of the algorithm
	4.3.2 Convergence in time
	4.3.3 Cross-talk and aliasing maximum order
	4.3.4 Maximum radial order of the fitting
	4.3.5 Ideal initial guess
	4.3.6 Proposed parameters


	5 Processing NAOMI on-sky telemetry
	5.1 Data-set curation
	5.1.1 Criteria for the selection of data
	5.1.1.1 Loop frequency

	5.1.2 Time horizon of the observation
	5.1.3 Sensor data
	5.1.4 Zenith distance
	5.1.5 Curated data

	5.2 Real data analysis
	5.2.1 Normalisation of the zenith angle
	5.2.2 Estimation of the seeing
	5.2.2.1 Uncertainty in the fit
	5.2.2.2 Seeing outliers

	5.2.3 Comparison with the DIMM
	5.2.4 The outer scale
	5.2.5 Agreement between AT's


	6 Conclusions and future recommendations
	6.1 Future recommendations

	A Function Definitions
	Bibliography

