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Abstract

Fiber-reinforced composite laminates are commonly used in many engineering applications where
light weight design is necessary for a good structural performance, like in the aeronautic and
aerospace industries. Variable stiffness composite laminates (VSCL) have emerged as a specific
case of fiber-reinforced composite laminates, that, instead of being constituted by layers with
conventional unidirectional tows, are composed by layers with curvilinear fibers that allow to tailor
the structure’s elastic properties to the expected external loads. In the recent years, efforts have
been made to further develop the design and manufacturing techniques of this type of structure, as
they present a promising way of improving the mechanical properties of plates and shells.

In this dissertation, the critical free stream static pressure of a supersonic airflow along the
axial direction of a VSCL cylindrical shell is calculated with the intent of understanding how
the use of curvilinear fibers can prevent the occurrence of the flutter aeroelastic instability. By
increasing the pressure at which this phenomenon occurs, even lighter structures can be designed,
which is beneficial in numerous applications.

For this work, a linear mathematical model for a thin and circular cylindrical VSCL shell is
developed. The equations of motion are obtained resorting to Newton’s second law of motion.
The aerodynamic pressure caused by the supersonic airflow is modelled recurring to the linearized
piston theory. Finally, the p-version of the finite element method is used to discretize the mathe-
matical model, so the natural frequencies and mode shapes of the shell under free vibration and
the critical flutter conditions can be obtained.

A convergence test is performed and the model is validated by comparing the values of natural
frequency and critical flutter free stream pressure with values found in the literature. Both clamped
and simply supported boundary conditions are tested.

Finally, various curvilinear fiber paths, defined by mathematical expressions, are tweaked to
find paths that result in higher values of critical flutter free stream pressure comparing to the values
obtained for a conventional constant stiffness composite laminate shell.

Keywords: Variable stiffness composite laminates, Curvilinear fibers, Cylindrical shell, p-version
finite element method, Linear model, Piston theory, Natural frequency, Natural modes of vibration,
Supersonic flutter.
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Resumo

Compdsitos laminados reforcados por fibras sdo comumente usados em muitas aplicagdes de en-
genharia onde o projeto focado na obtencao de estruturas leves € fulcral para o bom desempenho
mecanico, tal como acontece na industria aerondutica e aeroespacial. Compésitos laminados de
rigidez varidvel (VSCL) surgiram como um caso especifico de compdsitos laminados refor¢ados
por fibras que, ao invés de serem constituidos por camadas com fibras unidirecionais conven-
cionais, sdo compostos por camadas com fibras curvilineas que permitem ajustar as propriedades
elasticas da estrutura as cargas externas esperadas. Nos dltimos anos, esfor¢os tém sido feitos
no sentido de desenvolver as técnicas de projeto e producdo deste tipo de estrutura, visto que
apresentam uma forma promissora de melhorar as propriedades mecénicas de placas e cascas.

Nesta dissertacdo, a pressdo estdtica critica de um escoamento supersénico de ar ao longo
da direcdo axial de uma casca VSCL cilindrica € calculada com a inten¢do de perceber como &
que o uso de fibras curvilineas pode prevenir a ocorréncia da instabilidade aeroeldstica flutter.
Aumentando a pressdo a que este fendémeno ocorre, estruturas com ainda menos peso podem ser
produzidas, o que € benéfico em varias aplicagdes.

Para este trabalho, um modelo linear matematico para uma casca VSCL cilindrica e fina é
desenvolvido. As equacdes de movimento sdo obtidas recorrendo a segunda lei de Newton. A
pressdo aerodindmica causada pelo escoamento de ar supersénico ¢ modelada recorrendo a teoria
linearizada do pistdo. Finalmente, a versdo-p do método dos elementos finitos é usada para dis-
cretizar o modelo matematico, de forma a que seja possivel obter a resposta dindmica da casca sob
vibracao livre e sob condicdes de flutter.

Testes de convergéncia sdo realizados e o modelo é validado comparando os valores das fre-
quéncias naturais e da pressdo estdtica critica a que o flutter ocorre com valores encontrados na
literatura. As condic¢des de fronteira de encastre e de extremidades simplemente apoiadas sdo
testadas.

Por fim, varios trajetos de fibras curvilineas sdo testados. Estes sdo definidos por expressoes
matemadticas e os seus pardmetros foram progressivamente ajustados para encontrar trajetos que
resultam em maiores valores de pressao estatica critica a que o flutter ocorre do que os encontrados
para uma casca convencional de rigidez constante.

Palavras-chave: Composito laminado de rigidez variavel, Fibras curvilineas, Casca cilindrica,
Versdo-p do método dos elementos finitos, Modelo linear, Teoria do pistdo, Frequéncia natural,
Modos naturais de vibragao, Flutter supersénico.
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Chapter 1

Introduction

1.1 Overview and Motivation

An investigation of the aeroelastic flutter phenomenon caused by the axial flow of air at a su-
personic speed around a variable stiffness composite laminate closed thin cylindrical shell is pre-
sented. Spacial variable stiffness along the axial direction of the cylindrical shell is achieved by
the use of curvilinear fibers in the body’s laminae.

Variable stiffness composite laminate shells (VSCL) are structures that allow for the design of
lightweight structures with promising mechanical performance, as they allow for an increased level
of design flexibility and tailoring towards the loads and conditions that the structure is expected to
withstand. Therefore, the study and development of the design and manufacturing techniques of
this type of structure benefits the aeronautic and aerospace industries, where lightweight design is
crucial.

In these industries, shell structures that enable a high ratio between stiffness and weight are
commonly used, for example, in plane and rocket fuselages, and, therefore, the implementation of
VSCL and the study of how they react to harsh airflow conditions is increasingly relevant as the
threshold of speed achieved by aircraft is constantly being challenged. Thus, the study of flutter
is important, as this phenomenon is an aeroelastic instability that might result in the catastrophic
failure of the structure. Considering this, the question arises: can the implementation of variable
stiffness properties on composite laminate shells improve the mechanical performance against

aeroelastic flutter? This dissertation has the goal of answering that question.

1.2 Introduction of Concepts

This section familiarizes the reader with concepts, whose understanding is needed for this study.
This includes fiber reinforced composites, the variable stiffness concept and aeroelastic flutter.
These concepts are alluded to during the study and understanding them also provides the idea of

the motivation behind this study.



2 Introduction

1.2.1 Fiber Reinforced Composite Laminate Shells

Fiber reinforced composite materials are widely used in practical engineering applications, as they

are efficient structures with the capability of being tailored to the structure’s expected loads.

These materials are composed by various fibers embedded in a matrix material. The fibers act
to support the loads of the structure, while the matrix agglomerates the fibers and ensures material
continuity, enabling stress transfer between the fibers. Fiber can be distributed in different forms:
the fibers can be woven, either as a fabric in a 2-dimensional plane or in a 3-dimensional body; the
fibers can be randomly distributed in a mould in short segments; they can be wound continuously
around a mandrel; or the fibers can be laid down in tape form (this is known as a tow), forming
sheets called plies that can be layered. The latter are the subject of this study and are referred to

as composite laminates [1].

The mechanical performance of structures with these materials is highly dependent on the fiber
orientation of each layer. This is because each fiber supports maximum strength on the direction
of the fiber, while it has less resistance to loads on the two perpendicular directions. Therefore,
these materials are considered to be orthotropic, which is a characteristic that on one hand makes
the structures more complex to analyse and manufacture, but on the other presents more layers of
freedom on its functional design, as it allows to tailor each layer’s fibers to support the expected
loads. Additionally, each layer of the laminate structure may have its own fiber orientation, which
permits the mechanical properties of the laminate to be controlled by combining different ply
orientations and by choosing the total number of plies. These materials typically present high
specific strength and specific stiffness, resulting in lightweight structures, which is functionally,

economically and environmentally beneficial in a lot of contexts [1].

Shells are widely used structures in engineering that, by nature, also allow for lightweight
design, due to their high specific strength and stiffness. So, fiber reinforced composite laminate
shells are extremely appealing structures for industries such as the aerospace industry and for
renewable energy technologies, in which reduction of structure weight is vital for the reduction of

CO; emissions [2].

1.2.2 Variable Stiffness Composite Laminates

Traditional fiber reinforced composite laminates have permitted the increase of freedom on struc-
tural design by allowing the adjustment of the elastic properties of a laminate throughout its thick-

ness. However, this concept can be taken further with variable stiffness composite laminates.

By implementing curvilinear fibers, as opposed to the traditional unidirectional fibers, it is
possible to control the fibers’ angle on each ply in each spacial point of the structure, maximizing
the design possibilities and taking full advantage of the mechanical properties of this kind of
material, improving its performance without an increase in thickness and, consequently, weight.
The control of the fibers’ path enables a redistribution of an applied load to a more favorable

loading condition in the critical regions of the structure [1].
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Therefore, the implementation of curved fiber paths in fiber reinforced composite laminates are
recognized as a promising technique, and are gaining increasing relevance in several applications.
A representation of a generic constant stiffness laminae and of a generic variable stiffness

laminae can be seen in Figure 1.1, where a cylindrical coordinate system is used.

/).

Figure 1.1: Tow angle y representation of a lamina in a: a) constant stiffness case; b) variable
stiffness case.

a) b)

1.2.2.1 Production

VSCL have been receiving a lot of attention due to their enhanced design flexibility and so, many
great efforts have been made in the last years towards the development of technologies to enable
and perfect the manufacturing processes of said laminates.

Originally, fiber-reinforced composite laminates were made by hand, which made it uncom-
mon to use tow angles other than 0°, 90° and +45°. The appearance of automated production
systems made it possible to achieve other fiber orientations and manufacture parts with high qual-
ity and larger and more complex geometries [1].

However, the idea of having fiber-reinforced composite laminate structures with a continuously
varied tow angle only existed in theory for a long time. Advanced fiber placement processes made
it possible to manufacture these laminates. These processes are possible due to machines that
typically have seven axes of motion and are controlled by a computer. There are 3 axes dedicated
to position of the material deposition head, 3 axes to control its rotation and an axis to control the
rotation of the mandrel. Commonly, in the aerospace industry, carbon fibers pre-impregnated with
thermoset resin are used. Each tow comes from a reel and is directed by rollers to the deposition
site. The tow is heated and then compressed by a compaction roller, which enables the tow to
adhere to the desired surface and removes trapped air. This enables the deposition of curvilinear
fibers [1, 3].

A schematic of an advanced fiber placement machine head is represented in Figure 1.2.
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Redirect
roller

Individual tow payout
with controlled tension

~___ Cutters
_— Controlled heat

Compaction roller -

Figure 1.2: Schematic view of an advanced fiber placement machine head (reprinted with permis-
sion from Evans [3]).

From the advanced fiber placement process, other techniques were developed. The most com-
monly used to manufacture VSCL are automated tape laying (ATL), automated fiber placement
(AFP), continuous tow shearing (CTS), and tailored fiber placement (TFP) [2].

ATL is a robot-assisted process where pre-impregnated wide tapes are deposited on the sur-
face of a mould using a material deposition head, while automatically removing the ply backing.
This process is commonly used for the manufacturing of relatively large components with low

curvature.

AFP (also known as automated tow placement) is similar to ATL, but uses a material depo-
sition head to simultaneously deliver a high number (up to 32) of narrow pre-impregnated slices,
with a width between 3.175 mm and 12.7 mm. This is a comparatively mature process that creates

high-quality structures and presents high potential for future enhancements.

In general, for constant course width tows, adjacent edges of two steered paths do not match,
unless the courses are exactly parallel. This results in either gaps or overlaps. A visual representa-
tion of these defects may be seen in Figure 1.3, where the dashed lines represents the center-lines
of each tow path. Both ATL and AFP processes may originate structures with these imperfections,

as well as other flaws, such as local fiber wrinkling.
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Gap

Overlap

Figure 1.3: Gap and overlap representation of two adjacent tow paths.

The CTS technique was developed to tackle these problems by relying on in-plane shear de-
formation of partially impregnated tow materials, allowing to change the width along a tow. The
shear effort is applied by fixing the deposition head rotation as a strip of tow material is placed,
and the process simultaneously employs an in-situ impregnation. This mechanism can avoid tows
and overlaps by allowing a change in thickness, controlled by the shearing angel, therefore sim-
plifying the modelling and design of the structure, as well as delivering VSCL with high quality.
It is however noteworthy that this process is still immature, in comparison with ATL and AFP.

TFP (also known as dry tow placement) is a highly productive process that allows to deposit
the fiber roving with a radii of curvature lower than 5 mm. It is an embroidery-based preform
manufacturing process with appealing designing freedom on the tow paths. Excellent out-of-plane
mechanical performance can be achieved with this process, however, some defects, such as out-
of-plane buckling of the tows or resin gaps may appear, due to the process setup characteristics,
and a slight overlap is commonly desired to create continuous VSCL with no gaps [2].

Despite the latest efforts on the development of these techniques, there are manufacturability
constraints that present crucial limiting factors that cannot be ignored in the modeling and design
of VSCL structures. These limitations exist not only to avoid material defects, as well as to present
realistic and manufacturable fiber paths, and must be understood by the designer to guarantee the
manufacturability and the quality of the produced structure.

For instance, a minimum turning radius of the fiber path exists to avoid out-of-plane tow
buckling on the inside of highly curved tows under compressive force and, similarly, tow pull-up
on the outside of similar tows under tensile stresses.

The minimum cut length refers to the tow length that should also be respected to ensure that
it is possible to lay a tow in a controlled manner, avoiding tow misalignment and, consequently,
undesired tow gaps and overlaps. This is relevant, as each tow can be individually cut and restarted,

as to reduce scrap rates and control the course width, which is useful to avoid gaps and overlaps.
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A lamina where this cut technique is applied is represented in Figure 1.4. The amount of tow cut
can be manipulated as to control how the tow path interacts with a given boundary, like an adjacent
tow path. A coverage parameter of 0% means that, in a given boundary, the tow is cut as soon
as it makes contact with the adjacent edge, which results in a zone with gaps, but no overlaps.
On the other hand, a coverage parameter of 100% results in zones with overlaps, but does not
allow the existence of gaps. Figure 1.4 schematically represents tow cuts in both of these cases.

Intermediate percentages of the coverage parameter can also exist [1,2].

Boundary Boundary

0% Coverage 100% Coverage

Figure 1.4: Lamina with 0% and 100% coverage.

This dissertation focuses on a theoretical analysis where these geometric imperfections are not
modelled, which nonetheless enables to understand the potential mechanical properties that can
be achieved with VSCL shells as the manufacturing processes are perfected and as structures with
better quality are achieved. However, an effort on the development of realistic tow paths is made,

and the minimum turning radius constraint is considered in the results.

1.2.2.2 Curvilinear Fiber Path Definitions

In this section, various fiber paths for VSCL are defined resorting to mathematical expressions, as
well as the fiber paths for the constant stiffness cases.

Each fiber path can be defined by its tow angle y, which is the in-plane angle between the
fiber orientation and the axial direction of the cylinder, as it can be seen for a generic constant
stiffness composite laminate (CSCL) and VSCL in Figure 1.1 a) and 1.1 b) respectively, where a
planar representation of a cylindrical lamina is made along the axial coordinate x and the angle
coordinate 6.

Fiber paths may be obtained by using 2 different strategies: the shifted fiber method and the
parallel fiber method. The shifted fiber method considers that each path has the same shape, but
that it is shifted in the perpendicular direction to the stiffness variation, which in the case of the
studied cylindrical shells is the tangential direction to the cross section. This method allows for a

simple mathematical expression to define the tow angle of the fibers, and, since stiffness is only
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variable along the axial direction, this allows for a less computationally expensive model. How-
ever, these paths produce tow coursed that are not exactly parallel. Unparallel adjacent courses
with constant width result in overlaps or gaps, depending on the shift distance. Meanwhile, the
parallel fiber method consists on laying each fiber with parallel baselines, so that these imper-
fections are avoided. For this case, a numerical procedure must be implemented to determine
each path and the mathematical modeling approach becomes more complex. This also produces

variable stiffness along both the axial and the angular directions of the shell [4].

Direction of Tow
Angle Variation

Figure 1.5: Cylinder with a representation of a generic tow path and the angle variation and shifting
directions.

Considering this, this study focuses on fiber paths obtained using the shifted fiber method, with
only axial tow angle variations considered, as the shifting direction is the circumferential one, as
seen in Figure 1.5. Common tow path examples found in the literature are used: linear variation
of the fiber orientation, constant in-plane curvature and constant angle path [1,2]. The geodesic
path is also quite common, however, it is not reviewed in this study since it is most relevant for
cylinders with varying radius, as for cylindrical shells with constant radius its path is equal to the
constant angle path.

Each path is defined using mathematical expressions for the tow angle y along the axial adi-
mensional variable &, which varies between —1 and 1. Tj represents the tow angle at & = —1 and
T; represents the tow angle at & = 1, unless stated otherwise.

Linear variations of fiber orientation are widely used and present a concise formulation, as

seen in equation 1.1. To refer to this setup, the notation <7p,77> is used.

‘I/(‘S):(TITO)'éz—i_l+To (1.1)

Similarly, a linear variation of fiber orientation with two segments may be employed using

expression 1.2, where, in this case, Tp represents the tow angle at & = 0 and T} represents the tow
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angle at £ = —1 and at £ = 1. The tow paths can be divided in segments as many times as it
is desired, as long as fiber path continuity is ensured. However, in this dissertation, a maximum

number of 2 segments is set. The used notation for this type of path is <77,7y,71>.

v(é)=(TI—T) ||+ T (1.2)

With the intent of producing manufacturable paths, a minimum turning radius of the tow course
must be respected as to avoid defects promoted by in-plane bending deformations, such as local
buckling and wrinkling of the inner edges of the fibers, which can cause a decline in mechanical
properties. To find the turning radius ry of linear angle variation paths, an analytical procedure
is done. At any point of the structure, equation 1.3 can be used to calculate it , where f(x) is the
function that defines the fiber path along the axial coordinate x that varies between 0 and /, and /
corresponds to the axial length of the cylindrical shell [5]. f(x) can be calculated for a given fiber

path with the expression 1.4

<1+ <(){9@>2>3/2 (1.3)

rll/(x) = m
|20
1) = [ tan(y()d (1.4)

The constant in-plane curvature path is based on circular arcs and its use is convenient, since
it allows to calculate its turning radius in a straightforward manner. The curvature of a tow path
is mathematically defined as the inverse of the turning radius. For these paths, the turning radius
ry is constant and equation 1.3 can be simplified into equation 1.5. The mathematical expression
that describes the angle variation of the fibers along the path is equation 1.6. To refer to this type
of path, the notation <7j,7; > is used.

I
VT Tsin(T) — sin(To))|

(1.5)

g1

y(&) = arcsin | sin(Ty) + [sin(T1) — sin(Tp)] - 5

(1.6)

Similarly to what has been done before, a constant in-plane curvature tow path with two
segments may be considered, as it is expressed in equation 1.7, where T represents the tow angle
at & = 0 and T; represents the tow angle at & = —1 and at & = 1. This type of path is referred to
in this document with the notation <77,7,71>..
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v (&) = arcsin[sin(Ty) + [sin(Ty) — sin(Tp)] - |E]] (1.7)

For this case, the turning radius is obtained recurring to expression 1.8.

05
V' Usin(Th) — sin(Ty) |

(1.8)

Lastly, the constant angle path corresponds to CSCL shells, and its tow angle is constant
throughout the cylinder, as y = Tj.

A representation of each described curvilinear fiber path can be seen in Figure 1.6.
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Figure 1.6: Tow path representation for a) linear variation of fiber orientation, b) linear variation of
fiber orientation with two segments, ¢) constant in-plane curvature, d) constant in-plane curvature
with two segments (T = 70°, T1 = 0°).

It is relevant to add that, in reality, any of these paths presents geometric irregularities due to
manufacturing imperfections, such as gaps and overlaps, as well as tow angle discontinuities be-

tween tow courses, due to the fact that each tow path is deposited with a set path width determined
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by the parameters of the material deposition head. In this study, these paths are considered to be

ideal, which can lead to some discrepancies with reality.

1.2.3 Supersonic Flutter

Aeroelasticity is a branch in physics that studies phenomena which involve significant mutual
interactions among inertial, elastic and aerodynamic forces [6].

Among these phenomena, one of the most dramatic is flutter. It consists on a dynamic insta-
bility which may result in catastrophic structural failure. As a structure is subjected to an external
flow of fluid, it vibrates. When flutter occurs, the amplitude of these vibrations starts to increase as
time passes. For this to happen, a critical set of flow conditions must be achieved and so, this phe-
nomena is specially relevant in industries where structures are subjected to severe flow conditions,
like high speeds and aerodynamic pressures, as it happens on the aerospace industry. Therefore,
these structures must be designed ensuring that the flutter does not occur at the expected operating
conditions.

Flutter is a phenomena that is best understood recurring to a mathematical explanation, so,
a deeper review of this subject can be read in section 2.10. This dissertation focuses on under-
standing if VSCL structures can be tailored so that they can withstand harsher conditions than
classic composite laminate structures without flutter occurring. Supersonic conditions are always

considered.

1.3 Literature Review

Variable stiffness composite laminates introduce challenges in the design and optimization of these
structures, which increase the model’s complexity and required computational efforts. However,
as this type of material presents promising properties, various authors have addressed this concept
in an effort to further theoretically understand it, as well as to minimize its challenges that arise
in practical scenarios, mainly the consequent limitations from its manufacturing processes and
structural defects that may arise. The goal of this section is to review some of the work that proved
useful for the development of this dissertation and that might be relevant to the reader that wishes
to obtain more information about some of the topics of this work.

References [7-10] present books with great knowledge about the dynamic behaviour of plates
and shells. Kaw [11] has a book focused on the mechanical analysis of composite materials.
Petyt [12] has a book about the finite element method used in vibration analysis. These books
were useful to understand the foundations that lead to the development of the mathematical model
of this dissertation.

References [13-28] present different analyses on the dynamic behaviour of both plates and
shells under different conditions.

Aragh et. al [2] and Lozano et. al [29] present State-of-the-Art articles on the manufacturing
aspects of VSCL. Heinecke & Willberg [30] review common manufacturing-induced imperfec-

tions in composite parts manufactured via automated fiber placement.
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Tatting [4] presents an analysis of VSCL cylindrical shells, focused on the effect of the Brazier
effect on such structures. Blom [1] presents a study on the optimization of the fundamental fre-
quency and buckling response on VSCL cylinders and modelled the effect of gaps and overlaps,
and Fayazbakhsh et. al [31] introduced a method that allows to model these manufacturing defects
with a less refined mesh. Blom et. al [32] also presents a theoretical model to study the influence
of tow-drop areas on the stiffness and strength of VSCL. Labans & Bisagni [33] did both numeri-
cal and experimental tests on the buckling and free vibration of VSCL shells and Rouhi et. al [34]
also manufactured a VSCL cylindrical shell and tested it experimentally for buckling conditions.
Wu et. al [35] did an optimization work of VSCL plates for buckling behaviour. Waldhart [5]
studied the response of VSCL to uni-axial compression and shear deformation and compared the
response of laminates with parallel and shifted fiber paths. Tian et. al [36] optimized VSCL with

gap-overlap and curvature constraints.

Carvalho et. al [37] did a study on VSCL with manufacturing defects focused on fundamental
frequency optimization. Fayazbakhsh [38] studies the effect of manufacturing induced defects on
composite laminates with optimized curvilinear fiber paths. Marouene et. al [39] did an optimiza-
tion work on the buckling behaviour of VSCL structures with the effects of gaps and overlaps
taken into account. Blom [40] also did an optimization of VSCL structures with the intent of
minimizing ply thickness buildup and maximizing surface smoothness. Nik [41] also did an opti-
mization work of VSCL structures where manufacturing induced defects were considered. Wu et.
al [42] does a structural assessment of VSCL shells resorting to experimental and analytical meth-
ods. Khani et. al [43] optimized the strength of VSCL plates. Falcé et. al [44] modeled VSCL
plates considering manufacturing defects and their influence on the failure behavior. Cairns et.
al [45] studied the effect of stress concentration on tow placed laminates. Dang et. al [46] studied
the impact behaviour on VSCL. Pan et. al [47] and Wu et. al [48,49] studied the design of VSCL
shells regarding the manufacturing aspects of the process. Lopes [50] studied the damage and
failure of VSCL structures.

Ribeiro [51] studied the modes of vibration of VSCL open cylindrical shells. Akhavan [52]
studied the non linear vibrations of VSCL structures. Antunes et. al [53] did a modal analysis of
a variable stiffness composite laminated plate with diverse boundary conditions under theoretical
and experimental conditions. Rodrigues et. al [54] also did an experimental modal analysis on a

VSCL plate and compared the results to a FEM analysis.

Regarding aeroelasticity, Dowell et. al [6] has published a book with vast knowledge on this
branch of physics. Sabri & Lakis [55], Bismarck [56], Olson [57], Carter & Stearman [58], Gana-
pathi et. al [59] and Evensen & Olson [60] studied the dynamic effect of aeroelastic supersonic
flutter on isotropic cylindrical shells. Amabili & Pellicano [61] also studied it, but included the
effect of imperfections of the geometry of the cylindrical shells. Chen & Li [62] studied the same
effect, but on composite laminate cylindrical shells. Furthermore, Avramov [63] studied the vi-
brations of composite cylindrical shells under supersonic flow and Brower [64] studied aeroelastic
instabilities of thin panels under turbulent flow. Camacho [65, 66] did studies on the aeroelastic

behaviour of hybrid composite laminates with carbon nanotubes and curvilinear fibers.
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Akhavan & Ribeiro [67-69] studied the effect of supersonic flutter on the dynamic response of
VSCL, and this dissertation intends on further developing the knowledge on this topic. The com-
bined effect of aeroelastic supersonic flutter on variable stiffness composite laminate cylindrical
shells has not yet been studied, and, given the interest of VSCL on the aerospace and aeronautic

industries, this dissertation focuses on further understanding this subject.

1.4 Objectives

The main goal of the present work is to understand how curvilinear fiber paths on composite lam-
inate shells affect the performance under axial flow of air at supersonic flows. The goal is to
improve mechanical performance of the structure against flutter. This goal is achieved by com-

pleting the following tasks:

* Development of a linear mathematical model for a VSCL cylindrical shell based on the

Love’s first approximation assumptions;

* Modeling of the aerodynamic forces applied to the cylindrical shell recurring to the lin-

earized piston theory;

* Implementation of the developed mathematical model on the software Maple through the

p-version of the finite element method;

» Convergence test and validation of the developed finite element matrices by comparing nat-

ural frequency results with others found in the literature;

* Validation of the implementation of the flutter phenomenon by comparing the critical free
stream static pressure with other examples found in the literature for circular cylindrical
shells;

 Study of the relation between fiber paths and critical conditions for the occurrence of aeroe-

lastic supersonic flutter.

1.5 Layout

This dissertation is structured in 5 chapters, that are described as:

* Chapter 1: Introduction - This chapter is the present introduction, where the goals and
motivation for this dissertation are explained. A literature review is also present as a means
of allowing the reader to better understand the topics and concepts addressed in this work, as
well as a bibliography review to familiarize the reader with other authors’ work that further

explore topics of this dissertation.



1.5 Layout 13

* Chapter 2: Mathematical Model - In this chapter, a mathematical formulation of the
model is presented. The equations of motion for a thin circular cylindrical shell are es-
tablished based on the Love’s first approximation assumptions. The linear model is then im-
plemented using the software Maple recurring to a p-version finite element method, which
is also described. The aerodynamic forces created by the axial flow of air at supersonic
speeds are modelled using the linear piston theory, so then the calculation of the critical free

stream pressure for the occurrence of flutter can be made.

* Chapter 3: Model Validation - In this chapter, the developed model is tested with the
goal of validating it. Firstly, a convergence test is made to understand the required number
of shape functions necessary for the results to converge. Then, the natural frequencies of
circular cylindrical shells with constant stiffness, both for clamped and simply supported
edges, are calculated and compared with results found in literature. Lastly, the critical free
stream pressure of the supersonic axial flow for the occurrence of flutter is calculated and is
also compared with those found in other works. The obtained eigenvalues and eigenvectors

by the solution of the flutter problem are then analyzed.

* Chapter 4: Supersonic Flutter on Variable Stiffness Composite Laminate Cylindrical
Shells - In this chapter, the developed mathematical model is used to find fiber paths that can
increase the value of critical free stream static pressure at which flutter occurs for a given
cylindrical shell with clamped edges. The obtained flutter modes are analyzed. Then, the
effect of the change of boundary conditions on the flutter modes and on the critical pressure

values is studied.

* Chapter 5: Conclusions and Future Work - Finally, in this chapter, the developed work
for this dissertation is summarized and the drawn conclusions from the convergence tests,
the model validation and the flutter tests on VSCL shells are reviewed. Lastly, suggestions
are made for future works that can deepen the knowledge about the topics addressed in this

dissertation.
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Chapter 2

Mathematical Model

2.1 Introduction

In this chapter, a formulation for a mathematical model of a variable stiffness composite laminate
circular cylindrical shell under an axial supersonic airflow is described. This model is imple-
mented using the p-version of the finite element method to first study the natural frequencies and
modes of vibration of said structure, and then the piston theory is used to model the supersonic
axial airflow, so the critical conditions at which flutter occurs can be calculated. This is a linear
model, implemented for thin cylindrical shells. It has the versatility of approximating various lev-
els of design complexity, from isotropic cases (like steel shells, for example) to variable stiffness
composite laminates (which are the goal of this study). Only axial variation of stiffness is con-
sidered and the used fiber paths are described in section 1.2.2.2, as each path is shifted along the
0 direction. The effects of manufacturing defects, such as gaps and overlaps, and of fiber path
imperfections are not considered.

Shells are three dimensional (3D) objects confined by two relatively close curved surfaces.
In general, the distance between those two surfaces - the thickness - is small when compared to
its other dimensions, like length, width and radii of curvature. The implementation of the 3D
equations of elasticity is complex, however, shell theories are able to reduce this problem to a
two dimensional one by developing theories that do not consider the coordinate normal to the
shell as a variable. This is a highly advantageous approach, as it allows for a less complex and
less computationally heavy model to be implemented, while still approximately respecting the 3D
theory of elasticity.

Shells may have different geometrical shapes based on their curvature characteristics, and as
such, a cylinder can be thought as a specific case of a shell. It is a solid of revolution, or, in other
words, its surfaces are constructed by defining a line and revolving it around its central axis. In
the case of cylinders, a circular cross section is produced.

A closed circular cylindrical shell is considered for this analysis. Its two confining surfaces are
parallel and, therefore, its thickness is constant. The middle surface of the shell resides between

and parallel to the inner and outer surfaces, at an equal distance from both. The radius of the

15
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Figure 2.1: Cylindrical shell relevant dimensions and coordinate system (3D view and cross sec-
tional view).

cylinder R is described as the distance from the geometrical center of the profile of the cylinder to
the middle surface, which is considered constant along the axial direction. Other relevant measures
of the body are its axial length [/ and the shells thickness 4.

Considering this, it is advantageous to use a cylindrical coordinate system, where x is the axial
coordinate, 0 is the angle coordinate and z is the distance from the middle surface to a given shell
point along the radial direction [10].

Figure 2.1 represents the described dimensions, as well as the used coordinate system.

2.2 Love’s First Approximation

There are some key assumptions that are the foundation of the whole mathematical model. Love’s
first approximation hypotheses [7] are considered so that a thin shell linear elastic model can be

obtained:

1. The thickness of the shell is small compared to the other dimensions of the shell, like the

radius of curvature of the middle surface.

2. Stresses in the normal direction to the middle surface are negligible when compared to the

stresses in other directions.

3. Strains and displacements are sufficiently small so that the quantities of second and higher
order terms in the strain-displacement are neglectable, when compared to the first order

terms.

4. Normals to the middle surface at any point remain straight and normal to the mid surface

after shell deformation and suffer no extension.
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The first hypothesis allows for the convenient neglection of terms like % in the derivation of
the shell theory, as they are much lower than the other terms in these expressions. A widely used
criteria to consider a shell as a thin shell is that % <1/20[9].

The second assumption leads to the consideration that ¢,, = 0.
The third hypothesis allows for a linear analysis of the shell.

Lastly, the fourth assumption is known as Kirchhoff’s hypothesis, and has the geometric im-

plication that:

Yee =0
Oy, =

Yo, =0  and, therefore 0 2.1
Og; =

&;=0 )

In order to satisfy Kirchhoff’s hypothesis, the displacement field is bound by the linear rela-
tionship stated in equation 2.2. In these equations, u, v, w refer to the displacements components
in the x, 8 and z direction, respectively, and ug, vy, wg refer to the displacement components of the
shell’s middle surface [7].

u(x,0,z,) :uo(x,G)JrzauSCZ’ o) (2.2a)
v(x,0,z) =vo(x,0) +zavS€Z’6) (2.2b)
w(x,0,2) = wo(x, 0) (2.2¢)

2.3 Kinematic Relations

Love’s first approximation allows for the elasticity problem to be reduced from a 3D to a 2D
problem, where the strains in each point of the body can be expressed as a function of the strain

on the mid surface, as follows [7].

8xx(x7evz) = Sfx(x,9)+z-kxx(x,9) (233)
899()6,9,2) :839(x>9)+z'k99(x79) (2.3b)
%0 (x,0,2) = 109 (x,0) +2-keo (x,0) (2.3¢)

Equations 2.3 are commonly referred to as the equations of Love and Timoshenko [7]. The
terms &2,

and kg to the twist. Choosing to make this simplification enables the derivation of the equations

83, 7;?9 refer to the strains at the middle surface, k., kgg refer to the changes in curvature

2.4, which are valid for the specific case of a closed cylinder in cylindrical coordinates [10,24].
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= ‘Zf (2.4a)

€9 = ;?; % (2.4b)

6 = Ileaabg) + 88\:? (2.4¢)

ke = —882;20 (2.4d)

koo = Rlzggo - ];2(?92:2() (2.4e)
2

These equations are needed to arrive at the equations of motion which describe the dynamic
behaviour of the shell.

2.4 Fundamental Equations of Elasticity

A constitutive model that describes how the elastic properties and the lamination parameters of
the material relate to the inner stresses of the structure and its strains is described in this section.
A first constitutive model is explained for the general case of a composite laminated shell, then a
simplification is made for the case of a thin shell, where Love’s first approximation hypotheses,
described in section 2.2, are applied.

Regarding the laminae, the following assumptions are made:

1. The fibers are parallel to the inner and outer surfaces of the shell.
2. The fiber path angle remains constant throughout a layer’s thickness.

3. Each layer of the shell is regarded as homogeneous along its thickness and orthotropic.

As a consequence of the third assumption, it is considered that the volumetric mass of the
laminate is constant.

A composite laminated shell is composed by several layers, each one with its own fiber orien-
tation. Constant stiffness composite laminates maintain a constant tow angle y, whereas variable
stiffness composite laminates have tow angle variation along the spacial coordinates, as can be
seen for a generic example in Figure 1.1. The fiber paths used in this dissertation are defined in
section 1.2.2.2, and are considered as ideal and without imperfections in this mathematical model.

For an orthotropic layer, the stress-strain relations can be made using the elastic matrix Q,
presented in equation 2.5. The 1, 2 and 3 subscripts refer to the directions of the material’s coor-
dinate system, in which the direction 1 is parallel to the fiber path and the 2 and 3 directions are
the in-plane and out-of-plane perpendicular directions to the fiber path, respectively. Coefficients

Q;; are represented in expression 2.6 where E1, E»; and E33 are the moduli of elasticity in the 1,
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2 and 3 directions; G;; and v;; (i,j = 1,2,3; i # j) are shear moduli and Poisson’s ratios in the

indices’ directions, respectively.

ol On Qnr Qi3 0 0 0 el
o2 Qi O0» 0Ox»n O 0 0 €2
o3 _ Oiz 0 Q33 0 0 0 €3 2.5)
023 0 0 0 Qu 0 0 23 '
cl3 0 0 0 0 0Os5 O y13
c12) [0 0 0 0 0 Q) (72
1—wvyv
Qi = E—=22 (2.6a)
1—vy v
0y = Epy——78 (2.6b)
1 _
033 =E33 — o viva (2.6¢)
Q44 = G23 (2.6d)
Oss = Gi3 (2.6¢)
Oss = G12 (2.6f)
Va1 + Va1 vV Vi + V3o v
O = Ey| 21+ V31 V23 — Ey 12+ V32Vi3 (2.69)
013 = E| V3] +‘Y21V32 — By Vi3 + Via V23 (2.6h)
0y = Exy V32 + Vi2 V31 _ Ey Vo3 + V21 V13 (2.6i)
V=1-=ViaV — Va3V3o — V31 Vi3 — 2V21 V3o Vi3 (2.6))

However, the material’s coordinate system usually does not coincide with the cylindrical co-
ordinate system. As a consequence, a relation can be made between these two coordinate systems,

as shown in equations 2.7 and 2.8, where m = cos(y) and n = sin(y) [8] [52] .

(O-xx _m2 n? 0O 0 O —2-m-n_ (61\
Opo n? m? 0O 0 0 —2-m-n (e7)
o, 0 0 1 0 O 0 o3 27
Oo; 0 0 0O m n 0 023
Oy; 0 0 0 —n m 0 o13
OCro m-n —m-n 0 0 0 m>—n? ] (on
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(2.8)

Using the transformation matrices above, expression 2.5 is used to obtain the elastic matrix in

the cylindrical coordinate system Q, represented in equation 2.9. Notice that the terms Q;4, Q¢

05 and Q45 appear only thanks to the matrix transformation process.
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2.9

Now, applying Love’s first approximation to the model, some terms are neglected, according

to what has been described in section 2.2. In light of this, the model is simplified and the elas-

tic properties are described by equations 2.10 and 2.11, where coefficients Q; ; are described by

equations 2.12.
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(2.10)

(2.11)
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k=N ==h~
k=N-1

Middle | ——
Surface k=i+1 z=hi=0
k=i

k=2

==hi

k=1 z=ho

Figure 2.2: Laminae stacking sequence and nomenclature.

011 = Qum* +2(Q12 +2Q66)m*n* + Qoon’ (2.12a)

012 = (Q11 + 022 — 4Qg6)m*n* + Q1o (m”* +n*) (2.12b)

016 = (Q11 — Q12— 2Q¢6)m’n+ (Q12 — Q22+ 2Qg6)mn’ (2.12¢)
0y = Ouin* +2(Q12 +2Qe6)m*n* + Qpom* (2.12d)

02 = (Q11 — Q12— 2066)mn> + (Q12 — Q22 +2Q¢6 )1 (2.12¢)
Qs = (Q11 — 2012+ Q22 — 2Q66)m*n* + Qo (m* +nd) (2.12f)

The described equations, however, apply only to a single layer of the shell, and when deal-
ing with a laminated composite body, the influence of each lamina must be accounted for. The
force and moment resultants N;; and M;; that arise from the shells inner stresses are described by

equations 2.13 and 2.14 for a general case [10].

N XX GXX

h/2

Ngg :/ Opo dZ (2.13)
—h/2

NxG Oxo

M., h/2 Oxx

Mgeo :/ Ogo zdz (2.14)
—h/2

Mx@ Oxo

Taking this into account, a relation between these resultants and the strain components can
be established, which gives rise to expression 2.15, whose matrix coefficients are expressed in
equations 2.16. The index k refers to each layer in the order that is established by the stacking

sequence represented in Figure 2.2, where N is the total number of layers of the body.



22 Mathematical Model

B T (
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Ngg Alp Ap Az Bia By B| | €se
Nyo _ Aig Az Aes Bis By Beo| ) €o 2.15)
M, Bii Bio Big D11 Din Dig| | ko
Moo By By By Dio Dy Dys| |kee
Mo [Bis By Bes Dis Dz Des| | kvo
N
Ajj = ZQij (hge — hg—1) (2.16a)
=1
1 (k) 2 2
Bij = D) ZQij (M —hi—1) (2.16b)
k=1
1Y
Dij=3 Y ng)(hi —m) (2.16¢)
k=1

Analysing equations 2.16, it is concluded that coefficients B;; are null when there is lamina-
tion symmetry along the middle surface of the shell. This property is taken advantage of, since
exploring the effects of asymmetry on a composite laminated shell is not the goal of this study and
this assumption allows to simplify further calculations. Also, note that for balanced layer setups,
like [y, —y];, the terms A and Ayg are null, and in the cases of cross ply laminates, where each

laminate tow angle is either 0° or 90°, coefficients Aj¢, A2, D16 and Dyg are also null.

Keep in mind that these equations are valid for constant stiffness composite laminate shells as
well for variable stiffness cases. The main difference arises in the definition of the transformation
matrices, where its tow angle variable y is a function of the spatial coordinates. For this study, it
is only considered that, in variable stiffness cases, the coefficients A;;, B;; and D;; are a function

of only the axial coordinate.

2.5 Equations of Motion

The equations of motion allow for an analysis of the relation between the internal efforts, the

body’s inertia and the external forces.

These equations may be obtained directly from Newton’s second law of motion, which states
that the sum of the force vectors applied to a body is equal to the mass times the acceleration.
Considering the body forces in the x, 6 and z directions, equations 2.17 are obtained, according to
Qatu [10]. py, pe and p;, are the external pressure components applied to the body in the x, 8 and
z directions, respectively.
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N, 19Ny d%u
ox TR e TPTPhR (2.172)

1 8N99 8Nx9 1 3M99 1 8Mx9 . 82\/0
R o6 ox TR 98 TR ax TPTPIa (2.175)

Nog | 0*°My  20°Myg 1 0°Mpg ~d*wg
"R T2 TRoeox TR g2 TPTP (2.17¢)

Substituting the internal effort terms in 2.17 by the relations in equation 2.15, equations 2.18
are obtained. Note the absence of B;; terms, consequence of considering a symmetrically lami-

nated shell in relation to the middle surface, as is stated in section 2.4.

_Ap %up _ 2A16 %ug _ %azuo A 90%vgy B Az +Aes 2%vy
ox? R 0xd0 R? 002 dx? R  0Jxd6 (2.18a)
Az(, 82\/0 A12 8w0 A26 8w0 82140 .
TR 9? R ox R a9 Planr Th
_A1682u() B A1p +Age 82u0 B %% ~ Age 82\10 B 2A56 asz B @@
dx? R  Jdxd6 R? 062 dax? R 0Jxd6 R? 062
Degg 82v0 2Dy 82\/0 Dy asz Dis 83W0 Dy aSW() 3Dy 33W0 (2.18b)
TR0 R 0xd8 RV 92 R oX R 265 | R o100
Dt 2Dis o Agdwy Andwy T
R2 9x206 R Jx R® a6 oz~ Pe
A12 8140 Az() &uo D16 83\/0 D22 83\/0 3D26 83\/0 D12 +2D66 83\/0
R dx R2J6 R 9x3 RY 63 R 9xd02  R*  0x206
%% @% Dy 84W0 n 4D1¢ 84W0 Z(Dlz +2D66) (94W0 (2.18¢)
R dx R? 00 ax* R 09x306 R? dx206?
4D26 a4Wo Dzz a4W0 A22 aZWo

R 9x00° T R g0t T RMWOTPh G =P

2.6 Boundary Conditions

The considered boundary conditions of a model impact the dynamic properties of the studied
structure. Therefore, a brief study of the impact of the changes in boundary conditions is made,
and so, 2 different types of boundary conditions are applied to cylindrical shells: clamped edges
and simply supported edges.

The mathematical considerations for each boundary condition are made according to common
examples found in the literature [7, 10]. For convenience’s sake, it is considered that both edges of

the cylinder are always supported under equal conditions.

Clamped Edges

For the case of clamped edges, it is considered that the edges have all of their membrane dis-
placements locked, as well as the out-of-plane displacement disabled. Additionally, this boundary

condition does not allow for transversal displacement slope.
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In other words, equation 2.19 is respected for x = 0 and for x = /. Note that all of these
equations are boundary conditions of the geometric nature. The used notation to refer to this setup

in this document is C-C.

0
WO:VO:MO:%:O (2.19)

Simply Supported Edges

Simply supported edges, also known as shear diaphragm edges, is the second setup considered in
this study and it does not allow for angular membrane displacement in the edges, nor out-of-plane
displacement. Contrary to the previous case, simply supported edges allow the shell to be axially

displaced in its edges, as well as it allows for a non-zero slope of the out-of-plane displacement.

Considering this, equations 2.20 are respected at x = 0 and x = /, where equation 2.20 a) rep-
resents the geometric boundary conditions and 2.20 b) represent the natural boundary conditions.
Equations 2.20 b) arise from the shell’s freedom to be axially displaced, and so the N, and M,
terms can be mathematically developed as seen in equations 2.21 and 2.22 (remember that the

mathematical expressions for the shell’s internal efforts can be found in section 2.4).

wo=v9=0 (2.20a)
M,=N, = (2.20b)

Ox RJ6 R R3O ' ox @21)
No= A 210 g (LM 90 ’
Ty T \R96 T ox )
Mo~ D 82WO+D 1 dvg 1 *wo 4D 1dvg 2 d*wy _0
TP TP\ R 96 R? 062 "\Rodx Roxd0) 2.22)
82W() 1 aV() .
M,=—-Di|—=5 +Dig=— =0
X 11 8x2 16R a
For the natural boundary conditions to be consistently respected, 9;;;0 = L”é) = LV)? = ‘9%) =0

is imposed at x = 0 and x = /.

The used notation to refer to simply supported edges is S-S.
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2.7 Aerodynamic Pressure

The studied cylindrical shell is submitted to external forces consequent of an axial supersonic flow
of air, as it is schematically represented by Figure 2.3. The linear piston theory [6, 61,69, 70] is
implemented into the model, as it provides a quasi-steady, point-function relation between the sur-
face’s displacement and velocity and the aerodynamic pressure, which renders a computationally

inexpensive aerodynamic model.

Figure 2.3: Schematic representation of a circular cylindrical shell subjected to the studied super-
sonic airflow.

The presented theory is valid for supersonic flow. Air is considered to flow on the outer
surface of the shell with the flow velocity U.. along the x axis, while the inner surface is submitted
to the undisturbed atmospheric pressure. No external force components in the x and 8 direction
are considered, so, the developed pressures only act on the radial direction. The aerodynamic
pressure difference between the outer and inner surfaces at each point in space and time may be
approximated by the linear equation 2.23 for 1.6 < M < 5 [61,62]. In this expression, ¥ stands
for the air’s specific heat ration, p. is the free flow static pressure and a.. is the free flow speed of
sound [61,62,71]. This is a local, zero memory relation, since the pressure at a given position and

time does not depend upon the motion at other positions and previous times.

o M? 1 [(M>-2
Apy— 1P dgw, 1 (M -2\ow_ _ w_ (2.23)
VMZ—1|0x Maw \M2—1) 3t 2RVMZ—1

2.8 The p-version Finite Element Method

In order to transform the partial differential equations of motion into ordinary differential equa-
tions, the finite element method is used, more specifically, a p-version finite element method (p-

FEM), and its implementation is described in this section.
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In contrast with the most typical and common h-version FEM, where solution convergence
is obtained by refining the mesh or, in other words, increasing the number of elements, in the
p-version FEM a low number of elements is used (in this case, only one element is modelled)
and convergence is obtained by increasing the number of shape functions used as the mesh is not

altered.

The p-version FEM is often called hierarchical FEM (HFEM) because the set of functions of
a lower order approximation p is still used as a subset of functions on the better approximation
of order p + 1. This method has several advantages compared to h-FEM, as it maintains the
versatility of the finite element method, while requiring a low number of elements and of degrees
of freedom [72,73]. In the h-FEM, the number of degrees of freedom has a big influence on the
processing time, but in the p-FEM, the main influence is the number of calculated coefficients,
which is the same as the number of shape functions used and can positively affect the processing
time. Also, due to the lack of sub-domain separations, the obtained fields tend to be smoother
and have a more consistent continuity throughout the domain. Additionally, if only one element is
used, there is no need to incorporate a matrix assembly step into the method. Complex geometries
tend to be more challenging to approximate with only one element. In these cases, several elements
can be used to approximate the geometry while still maintaining most of the advantages of using
the p-FEM. The p-version FEM and the h-version FEM can be combined into the h-p version
of the finite element method, where the convergence of results to stable values is obtained by a
refinement of the mesh as well as by an increase in the number of shape functions used. Babuska
& Suri [74] present some of the main characteristics of both the p-FEM and the h-p FEM.

2.8.1 Shape Functions

As a first step on the implementation of a p-version of the finite element method, shape functions

need to be chosen to approximate the solution.

The displacement field of the mid surface is a function dependent on 2 coordinates of space
and it is therefore convenient to consider that each variable has an independent effect on the dis-
placement field, or in other words, equation 2.24 is respected, where SF; represents a generalized

shape function.

SFi(x,8) = SF(x)-SF(6) (2.24)

It is also convenient to adimensionalize the x coordinate into the & coordinate, that varies

between —1 and 1. In this work, the relation between these two variables is as follows.

: (E+1) (2.25)

X =

N |
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Let’s first analyse the considered shape functions for the variations in the £ direction. Two
different sets are used: the f set of shape functions for the transverse displacement wy and the g

set of shape functions for the membrane displacements u( and vg.

The f set of shape functions is constituted by the Hermite cubics for the first four functions
(equation 2.26) and by the so-called Rodrigues form of Legendre polynomials for the other func-
tions (equation 2.27), where r!! = r(r—2)...(2 or 1), 0!! = (—=1)!! = 1 and INT (r/2) denotes the
integer part of r/2 [72,75]. As an additional note, the terms (...)!! that are not considered as valid

are not calculated.

This set allows for C! continuity and for an easy implementation of the geometrical boundary
conditions. This is because only the f; and f3 shape functions allow for a non zero displacement
value in the ends of the element, and only the f, and f; shape functions allow for a non zero
slope value at the boundary. Since all used shape functions, except the Hermite cubics, have
zero amplitude and zero slope at £ = —1 and £ = 1, only the first four f shape functions have
to be considered or disconsidered to match the geometrical boundary conditions. For example,
in a simply supported cylinder at both ends, functions f; and f3 are not used, and for a clamped

cylinder at both ends, fi, f>, f3 and f; are disregarded.

The first seven shape functions of the f set are graphically represented in Figure 2.4.

[—f—6—*6 f: fs — fs — 1

Figure 2.4: First seven shape functions of the f set.
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f1(§)=5716+1<§3 (2.26a)

h(&) = } ,%g {éu}? (2.26b)
f(6) = %+§6 - %&3 (2.26¢)
fe)=—2-lepley le (2.26d)

/2 (1) (2r — 20— 7))
2! (r—2n—1)!

(&)= gl > a (2.27)

n=0

The g set of shape functions is constituted by the linear shape functions represented in equation
2.28 for the first two functions and by the set represented in equation 2.29 for the following. With
this set, C° continuity is ensured, and g; and g, are the only functions with a non zero amplitude
at £ = —1 and £ = 1, so, only these functions need to be adjusted to respect the geometrical
boundary conditions. Therefore, in clamped cylindrical shells g; and g, are not be used. In simply
supported cylinders, g; and g, are disregarded for the v membrane displacement, but are used for
the © membrane displacement, as this boundary condition allows for axial displacement of the
shell [72,75,76].

The first seven shape functions of the g set are graphically represented in Figure 2.5.

T

[—ao—ao—2¢ g g —— g5 — o

Figure 2.5: First seven shape functions of the g set.
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3 (2.282)

3 (2.28b)

Int(r/2) n
(—1)"(2r —2n—5)!!
&l8)="} 2l (r—2n—1)!

n=0

gl r>2 (2.29)

As for the shape functions for the variation of the displacement field along the 6 coordinate,
a set of cosine functions are used for the uy and wq displacements (4, and h,,, functions, respec-
tively) and a set of sine functions for the vy functions (4, functions). This set of functions is
commonly used on the dynamic analysis of cylindrical shells along the 6 coordinate, as it was
done by Pellicano [13], Song et. al [17], Qin et. al [20] and Xie et. al [24], for example.

hyur (0) = hyy (0) = cos(r0) (2.30a)
hye(8) = sin(r6) (2.30b)

The / set of shape functions starts at a value of r that can be adjusted to the mode shapes that
are intended to be studied. For example, if there is an intent on studying breathing modes, the
corresponding shape functions to » = 0 should be included in the % set of shape functions. If there
is no such goal, it can be disregarded, which enables to save processing time.

Considering this, the displacement vector d of a given mode shape is considered to be as
seen in equation 2.31, where N is the shape function matrix, the generalized coordinates qq() are
time-dependent functions and &y, 0, and 83 are represented in equations 2.32 and are the shape
functions vectors for the 1, vo and wq displacement and the generalized coordinates, respectively.
Consider that pt, pm and po are, respectively, the number of shape functions used from the A, g

and f set of shape functions.

U 6 0 O
d=< vy p=N-qt(t)=[0 & 0] -q?) (2.31)

wo 0 0 6
81 = {gurhur, guthuz, -, Guiltupt Gu(iv 1yhut s u(i 1)z -+ GupmMupe } (2.32a)
02 = {gv1hv1,8v1M2, -, &viltvpr 8u(it 1)1 s 8u(i 125 -5 GvpmMvpt } (2.32b)
03 = {filw1, filwa, s filwpt, fi1hwts fis1hwas oy fpohwpr } (2.32¢)

(2.32d)
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2.8.2 Stiffness and Mass Matrix Calculation

The equations of motion (equations 2.18) obtained previously need to be mathematically manip-
ulated so the p-FEM may be implemented and the displacement field obtained. This way, the

problem becomes of an algebraic nature, and its solution is easily computed.

Consider that the equations of motion are divided into different terms, so that each one may

be worked on, as seen in equations 2.33.

A%ug  2A16 A*up A %up 0%vg  Air+Ags 9%

—A — - —
"9x2 " "R 0x06 R? 962 '09x2 R 0xd6
—~ —~ —_——— e

term[1] term([2] term[3] term[4]) term[5]
) ) (2.33a)
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n D> 4+ 2Dgs 83W0 Ao 8W0 Ao 8w0 (92\10 .

_ ey e 7 ZY_p
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term[22] term[23] term[24] term[25]
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4Dy a4W0 Dy 84W0 Ao 82W0
el it h— =
TR 9x003 T R g0t TR OTPI o TP
M Y =
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Keep in mind that ug, vg and wy are considered to be linear combinations of their respective
shape function set. The Galerkin method is implemented, and so, each equation is multiplied by
its own shape function vector and integrated along its domain. Since the variable & substitutes the

variable x in the shape functions, the following relation has to be made:

//Q[....]dA:/OM/_II[....];d&RdG (2.34a)
9[-

) 200
dx l d&

(2.34b)
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Considering this, the Galerkin method is implemented by integrating each shape function com-
bination in each term and expanding it into matrix notation. The integration process of every term

is represented in equations 2.35-2.74.

In these equations, coefficients A;; and D;; are also integrated along the & variable, as these

terms vary when axial variable stiffness is considered.

It is also noteworthy that integration by parts is commonly applied in these expressions and,

therefore, terms with the format aek (SF"!)ae' (Sng)} and [ IE (SFg)[.--] ‘95":,1 (SF¢;) | appear.
The first terms will always be equal to zero, since the shape functions that define the dlsplacement
field variation along the 6 coordinate are periodic and repeat at 6 = 0 and at 8 = 27. The second
terms may be used to impose the natural boundary conditions, and will always be considered
equal to zero for clamped edges (g4i,gvi» fwi and afg’ are always null at the boundaries) and also

for simply supported edges (g,; and f,,; are always null at the boundaries and 2 gw’ %gé’ and %gg

are considered to be 0, as it is stated in section 2.6).

IR r27 1 4 9?
term[l] . 5/0 /_lguihumAlllZaéz(gujhun)dé de =

0

(2.35)
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term 20 / / gvz vm R4 893 (fWJ W”)dé de =

/ D i dE / o D T g e
2R3 &vil?22 Jwj vm 00 892

2r 3Dy 2 93
term 21 / / gw vm R3 laéaez(fwj wn)dédez

2.55
i O D e
R2/ Svil26—=% 89 / 89 89

2 Di»+2Dgs 4 93
term[22) : / / &vilym 12+ 296 £ (fiwjhwn)dE dO =

R? 120E2060
(2.56)
. U 9g, 0 fi 2z Jh
wj _ Vi wj wn
DReF: JE (D12 +2Dsg) JE dé A P 20
2
term 23 /ﬂ/ 8vi va;6?aa€ (fW] Wn)dé do =

(2.57)

1 fW] 21
/ gvtA26 d‘: hvmhwn de
& 0
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IR 27 [l Axp d
term[24] : ?/0 /_lgvihvm R2 ae(fvu wn)dg de =
dhyn

/ 2
~ ViAo fu id hvm d
2R / 8 22f j é 00 o

IR 2n 1
term[25] : —ph/ / gvihvmgvjhvn d&do =

*Ph/ gwgwdé hvmhvnde

2n Ap?2 0
term[20] : / / wilbwm—— R laé (guj un)dgde_

dg
wiA uj d hwmhun de
/4f 1275¢ 3 A

2r A26
term 27 / / Jwiltwm R 89(8u1 un)dé dé =

dhyy,
ZR/ fwz 26gujd€ hwm 00 d@

IR [27 D¢ 8 93
term 28 / / Wl wm R l3 8€3(gvjhvn)d§d9:

1 . 21
W/ 8fsz1688€g;Jd§] i Byopton 4O

27 D22
lerm 29 / / fwz wm R4 aeg (gVJ Wl)dgde_

R ahwma hvn
2R3/ fWZDzngJdé % / 89 (992 de

IR 7 [l 3Dy2 0°
term[30] . 7/ / fWZhwm?YW(‘gV}th)dé d9 =

3 1 ng 2n (9hwm ahvn
ﬁ/,lfW’Dz" dé J/’”@%T(/ 50 90 ¢

35

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)
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2 Di»+2Dgs 4 93
term[31] : / / willwm 12+ 2D & (gvjhvn)dfdez

R2? 120200
(2.65)
! afwi agvj 8]/1
fwi(Di z (D12+2Dgg) JE dé A hwm 50 " do
2 rl
term(32) : / / Fuittum 222 9 (0 o) dE 46 =
2 Jo J-i R 1d¢&
1 o s (2.66)
T ¥ g / By 46
~1
21 A22
term|33] : / Frwiltom (gvjhn)dEdO =
R2 90
(2.67)

—_— A d 2nh hvn de
Wi vj m b
2R /;1 f 28v] é 0 " 0

2 16 9*
term{34 / / fwzhmell 4 T&(fwjhwn)d‘: de =

anwj ! afwi 83fwj 2m
|:fWiDll a§3 :| - aé Dll 63 dé 0 hwmhwnde :(268)

afwj aszt aszj n
B { M  FE DU |, Tombndo

2m 4Dy 8 9%
term 35 / / w[ wm-— o R l3 ag:})ae (fW/hwn)dé de =

8R

(2.69)
! 9 fui 82va] Oy,
[M/ &g | [ e do
2 2(D12+2Dgg) 4 94
[erm 36 / / Wl wm ]2R2 66) 12 8%2862 (fw] wn)dé de —
. GTwj _ fwz afwj .
fwi(Dy )5z y (D124 2D¢s) JE dé 2.70)
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2n 4Dy 2 o*
term 37 / / Wl wm R3 185893(_}[\4/] Wn)déde_

2.71)
afWJ e ahwm 82hwn
Rz/ fw1D26 dg M/ / 00 892 dé

21 D22
term 38 / / fwl wm R4 ae4(ij wn)dé do =

Phon | 2 Oy
/ leDZZijdé [|: wm :| —/ d@]
2R3 063 0o 06 063 2.72)

0
Lo b1 [Ohm P " (2% 9Py 9*hogn
wiD w'd hw - d9
2R3Lf 22fuj 4 263 |, 262 |, +/o 962 962

2 A
term 39 / / fwz wm 222 fW]hWn dé doe =
2.73)

¥ / ffuydE | 7 Jin 6

IR 2 1
term[40] : 7ph/ / fwihwmfwjhwnd‘s de =
(2.74)

ph / fuifsd€ | 4

After each term is integrated and expanded into matrix notation, the stiffness and mass matrices
(K and M) can be obtained. These matrices can be thought as an assembly of the sub-matrices Kj;

and M;;j, as seen in equations 2.75 and 2.76.

K= 1Kw Ky Ky (2.75)

M=|0 M,y 0 (2.76)
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Each sub-matrix can be obtained by combining the influence of each term (expanded into

matrix notation) as follows:
* Ky — —[term([1]] — [term[2]] — [rerm][3]]
* Kuy — —[term[4]] — [rerm]5]] — [rerm[6]]
* Kuy «— —[rerm[7]] —[rerm|8]]
* Ky — —[term[10]] — [rerm[11]] — [rerm[12]]
* Ky «— —[term[13]] — [term[14]] — [term[15]] — [rerm[16]] — [rerm[17]] — [rerm[18]]
o Ky «— [term[19]] + [term[20]] + [rerm[21]] + [term[22]] — [term[23]] — [term[24]]
o Kyu «— [term[26]] + [term[27]
o Ky <— — [term[28]] — [term[29]]) — [term[30]] — [term[31]] + [term[32]] + [term[33]]
o Kyw < [term[34]] + [term[35]) + [term[36]] + [term[37]] + [term[38]] + [term[39]]
* Myy <— [rerm[9]]
o My, «— [term[25)]

* My, <— [term[40]]

After the Galerkin method is applied, the equations of motion become equation 2.77. Con-
sider that ¢¢(¢) and () are the first and second time derivatives of qq(¢), respectively. Note that
matrices K and M are square symmetrical matrices, with the same number of rows and columns

as the number of total shape functions SF¢ g used. This value is equal to pz - (2- pm+ po).

M- Gi(r) + K- qu(r) = p 2.77)

2.8.3 Natural Frequencies and Natural Mode Shapes

Before studying how the cylindrical shell acts on supersonic flutter conditions, the natural mode
shapes and natural frequencies of vibration are calculated. This step is useful to understand the
body’s dynamic properties and to validate the model, by comparing it to results found in other
literature.

Under free vibration conditions, no external loads are applied to the shell and, therefore, vector
p is neglected in equation 2.77. The generalized coordinates of a shell under free vibration are
often considered to be q¢(f) = q - cos(@-t), and, by doing this, equation 2.77 turns into expression

2.78, which can be further developed into equation 2.79.
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—@* - M-q-cos(w-t)+K-q-cos(w-1) =0 (2.78)

K-q=0*>M-q (2.79)

Notice that this expression defines a generalized eigenvalue problem. The obtained eigenval-
ues correspond to the squared natural frequencies a)i2 of the system, and each obtained eigenvector
multiplied by the shape function matrix defines the correspondent natural mode shape. Therefore,

the motion under free vibration of a given natural mode is equal to N - q - cos(® - 7).

2.9 Implementing Viscous Damping

In practical cases, a dynamic system may not be only a function of the applied external forces and
its stiffness and mass properties, but also of its damping properties.

Therefore, a damping matrix C can be added into the equations of motion as seen in equation
2.80. This is known as proportional damping, or Rayleigh-type damping [12]. This matrix may be
obtained for a given structure with a specific material and viscous damping through an experimen-
tal procedure. One way of mathematically describing C is as a linear combination of the stiffness
and mass matrices, as seen in expression 2.81, where o and 3 are parameters obtained through

experimental means.

M- Gi(t) +C-qe(t) + K- qe(t) = p (2.80)

C=a-M+pB-K (2.81)

This dissertation does not focus on the analysis of cylindrical shells with structural damping
due to the lack of resources to experimentally find real values of o and 3, however, the means of

implementing viscous damping on the model is included to increase its versatility.

2.10 Supersonic Flutter

The goal of this study is to understand how VSCL can be used to increase the values of static
pressure at which supersonic flutter occurs, in comparison to conventional CSCL. Therefore, this

phenomenon must be modelled and implemented into the finite element model.
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It has been established in section 2.7 that the aerodynamic pressure experienced by the cylin-
drical shell may be modeled recurring to the first order piston theory, as seen in expression 2.23.
This equation is a function of the shell’s radial displacement w, slope and velocr[y , as well
as a function of constants dependent of the flow characteristics and the cyhnder geometry. These
variables may be divided into the steady terms, which are related to the aerodynamic stiffness and
influence the stiffness matrix on the FEM model, and into the unsteady term, which is related to
the aerodynamic damping and affects the damping matrix on the FEM model. This division is

explicit in equation 2.82.

Ap — YpM? ow 1 YpM?> 1 [(M?—2\ ow 2.82)
Pa = =1 8x TRV 1 =~ | MR 1 Mao \M2—1) 91
term42 ~—
term 41 term42
steady terms unsteaa; terms

The Galerkin method is applied, and a similar procedure to that seen in section 2.8.2 is per-
formed to turn terms 41 and 42 (present in expression 2.82) into matrix notation, as it is seen in
equations 2.83 and 2.84.

IR 27 1 20
term[41] : ?/0 / fwihwml 8&5 (fwl wn)déde_

(2.83)
a " 2
R / fui%3 i Jdg / Bymfion dO
2
term[42] : / / Swilwm frojhuwndE dO =
R . (2.84)
2 thfW/ d& ymhyn dO

These terms can be arranged into the sub-matrices Fg and Fy, as follows:

.« Fy— 2= ([term[41]]—

. : [zerm[4z]])

1
2RVM?—1

C By L L (U522 frerm[42]]

Then, the aerodynamic stiffness and damping matrices Fgteady and Fupsteady can be obtained

by arranging the sub-matrices Fg and Fy, as follows:

0 0 O 00 O
Fsteady =10 0 O 7Funsteady =10 0 O (285)
0 0 F; 0 0 Fy
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Considering this, the equations of motion can be expressed as seen in equation 2.86.

M- qt(t) + (C +Funsteady) ' qt([) + (K + Fsteady) : Qt(f) =0 (2-86)

By introducing the vector of state space coordinates composed by vectors g (¢) and q¢(¢) that
represent the velocity and displacement fields, respectively, the latter equation is rearranged into

equation 2.87.

M 0 qt(l> i
0 —-M]| |dqe(r)

By considering that q; = q - ¢®

M 0 qt(t)

C+Funsteagqy K+ Fsteady] {qt(t ) } _ {0} (2.87)
0 .

" and that gy = Q- q¢ and ¢ = Q- q¢ a generic eigenvalue

problem can be obtained, as seen in equation 2.88. In equation 2.87, the matrices are multiplied
by the phase space coordinate vector and in equation 2.88 they are multiplied by a vector obtained
by the mathematical manipulation of the phase state vector, where y = q¢/e*. Even though this

arrangement doubles the dimension of the involved matrices, it is useful to linearize the system of

PIHE

The obtained eigenvalues Q are complex conjugate pairs that contain a real component PRe(Q),

equations.

Q (2.88)

C+ Funsteady K+ Fsteady y
M 0 q

as well as an imaginary part Jm(Q). Consequently, the eigenvectors are also complex conjugate
pairs. So, the dynamic response of these shells to the axial airflow can be defined by the expression
2.89, where d corresponds to the displacement vector and v to the velocity vector. Consider that
gi is one of the terms of the q vector, that ™% = ¢™¢(?) . (cos(Im(Q) 1) £ i - sin(Im(Q) 1)) and
that g; is the conjugate pair of g;. By considering the influence of the term ¢; and g; on the dy-
namic response of the system, equation 2.90 is obtained. Notice that, even though the eigenvalues
and the eigenvectors are complex conjugate pairs, once the dynamic response is mathematically
manipulated it only presents a real component. This function of time is graphically represented in

Figure 2.6 for both a positive and negative value of Re(Q).

y e (2.89)
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1 g e TEQEIM@)] 1% o Re(Q)-Im(@)] _

2 2
= %e"w(g) [%e(%) eIt +i-Jm(g;) 'ei'jm(g)'t] +
_{_%e;.me(g) [me(qi) . efi-jm(Q)-t —i. jm(%’) . e*i-jm(ﬂ)-t — (2.90)

= &P Re(gy) - cos(Im(Q) 1) — Tm(gy) sin(Im(Q)

= ¢/ Me(Q) [\/(%e(qz'))z +(Im(g;))* - cos (3‘“(9) “t+arctan jm(qf) ))]

~—
~

~—

—

l— Positive R(Q) —— Negative R(Q) l

Figure 2.6: Plot of the e/7¢(%) [\/(9%(511'))2-1-(jm(Qi))z'COS (jm(Q) .t+arctan(;n:8;)))>]

function, for a positive Re(Q) and for a negative Re(Q).

It is concluded that the real part of the eigenvalues affects the damping of the system and the
dynamic response is stable as long as this value is negative. The imaginary part represents the
frequency of the oscillating movement. Flutter occurs for flow conditions where the real com-

ponent of at least one eigenvalue @ changes to a positive value. If the latter coincides with a



2.11 Conclusion 43

zero frequency eigenvalue, the structure becomes statically unstable. This phenomenon is called
divergence [69].

A numerical analysis is done on the critical free flow static pressure state for the occurrence
of flutter for various fiber paths of VSCL cylindrical shells. Still, a relation between the free

flow stream pressure and flow velocity U can be established, as a consequence of U = M - a., and
Qoo = /Y " Poo/ Pfuuia- The term p sy corresponds to the specific mass of the fluid [61].

2.11 Conclusion

In this section, a linear mathematical model for thin circular cylindrical shells is developed, and
then implemented on the software Maple recurring to a p-version FEM.

Firstly, the kinematic assumptions and relations are described. The constitutive model for a
composite laminate is defined, where the coefficients A;;, B;; and D;; arise and describe the elastic
properties of the structure. For variable stiffness laminates, these coefficients become a function
of the spacial axial variable. With these defined, the equations of motion which relate the internal
forces of the structure, the body’s inertia and the applied external forces are obtained. Clamped
edges and simply supported edges are considered as the two alternatives for the sets of boundary
conditions.

A p-version of the finite element method is implemented. The Galerkin method is used to
obtain the needed matrices and the used shaped functions are obtained by the combination of 3
sets of shape functions.

The external aerodynamic forces applied to the cylindrical shell are modelled recurring to the
piston theory. Supersonic airflow is considered. Implementing these forces on the FEM model,
two matrices arise - the matrix of aerodynamic stiffness and the matrix of aerodynamic damping
that, as the name implies, affect the system’s stiffness and damping.

With the FEM matrices defined, the eigenvalue problem to determine the natural frequencies
and mode shapes of the structure in free vibration is explained, which is useful to understand the
dynamic properties of the shells and to validate the model.

Then, the eigenvalue problem of flutter is also described. The obtained eigenvalues present a
real part that relates to the dynamic response’s damping and an imaginary part that corresponds to
the frequency. The flutter condition is found by varying free stream static pressure p., until one
of the eigenvalues obtained possess a positive real part of the eigenvalue. A relation between the
critical free stream static pressure for the occurrence of flutter and the critical airflow speed can be
made.

Thus, the model is defined and needs to be validated by comparing obtained results with those

found in the literature.
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Chapter 3

Model Validation

3.1 Introduction

In this chapter, the previously developed model is tested and compared to results found in the
literature under different conditions and scenarios. The mathematical model was implemented on

the software Maple.

Firstly, convergence test results are analyzed. Then an analysis of the obtained values for
the natural frequencies and mode shapes under free vibration is done, as the comparison of these
values with the vast set of options found in the literature presents a convenient method to validate
the built FEM matrices. Only CSCL shells were analyzed in this process. Secondly, flutter results
are compared with those in the literature.

Having the free vibration and the flutter phenomena tested individually allows to certify that
the FEM matrices are reliably built and that the effect of the supersonic airflow on VSCL shells

can be studied.

3.2 Convergence Test

As itis a standard operation for any FEM application, a convergence test is made with the intention
of understanding the needed number of shape functions on the process so the results converge to
a stable solution. This is a good practice that also avoids using an excessive number of shape
functions, which in this case is additionally important, as when dealing with VSCL structures, the
processing time of the FEM process becomes significantly bigger. For these tests, the fundamental
frequency for the free vibration of a three layered cross ply [0°/90°/0] cylindrical shell is studied
with C-C boundary conditions and the following parameters: R =1 m, /[/R =35, h/R = 0.002,
Ey =7.6 GPa, Ey1/Ex» =2.5, G2 = 4.1 GPa, v = 0.26, p = 1643 kg/m>.

Different sets of shape functions are used and then combined: the g set, which approximates
the axial variation of the membrane displacement ug and vo; the f set, which represents the axial

variation of the out-of-plane displacement wy; and the % set which represents the angular variation

45
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of the displacements and is subdivided into s, = h,, (cosine functions for the uy and the wy dis-
placement) and into 4, (sine functions for the vy displacement). For each FEM process, the number
of used shape functions of each set is independently chosen. The number of shape functions used

from the g set is pm, from the f set is po and from the £ set is pt.

Table 3.1: Convergence study of the lowest natural frequency @; for a three layered, cross-ply
[0°/90°/0°] circular cylindrical shell with C-C boundary conditions (R =1 m, [/R =5, h/R =
0.002, Ezz =76 GPa, E]]/E22 = 2.5, G]z =41 GPa, Vi2 = 0.26, p =1643 kg/m3).

pm po pt w; [Hz] DIF%
4 4 4 34.8120 170.9
7 7 7 13.0928 1.841
10 10 10 12.8672 0.086
13 13 13 12.8583 0.017
16 16 16 12.8561 0

pm po pt w; [Hz] DIF%
4 14 14 12.8661 0.078
7 14 14 12.8600 0.030
10 14 14 12.8593 0.025
14 14 14 12.8583 0.017
pm po pt w; [Hz] DIF%
14 4 14 12.8914 0.275
14 7 14 12.8701 0.109
14 10 14 12.8643 0.064
14 14 14 12.8583 0.017
pm po pt w; [Hz] DIF %
14 14 4 22.0536 71.54
14 14 7 12.8584 0.018
14 14 10 12.8584 0.018
14 14 14 12.8583 0.017

Several convergence test results can be seen in Table 3.1. For the first convergence test it is
considered that pm = po = pt. This value gradually increases until a small enough difference for
the registered value of the fundamental frequency is achieved. Note that the relative difference
between the values registered for pm = po = pt = 13 and pm = po = pt = 16 is of 0.0175%, so it
is considered that the results have converged. The values of relative difference DIF% seen in the
table are relative to the value corresponding to pm = po = pt = 16.

After this first test, the individual influence of the number of shape functions used from each
set is studied. This is done by assuming a constant number of used shape functions for 2 sets
and by varying the third, as to understand the minimum value needed from that set for results to
converge. The calculated relative differences for each test are in comparison with the reference
value for pm = po = pt = 16.

It is observed that for pm = 10 and po = pt = 14, a difference of 0.0249% is achieved, and
for pm =7 and po = pt = 14 it is of 0.0303%. These values are low and it is concluded that the



3.2 Convergence Test 47

influence of varying pm is not big on the final result, for this particular mode.

As for varying the number of po, a bigger influence is noted. For po = 14 and pm = pt = 14,
the difference is of 0.0171%, and for po = 10 and pm = pt = 14 it is of 0.0638%. It is concluded
that results converge for bigger values of po than for pm.

Lastly, the influence of the value of pr is different than the other shape functions. Note that
for pt =4 and pm = po = 14, the obtained value is drastically different than those obtained in the
other tests. Furthermore, a low difference in the natural frequency is observed for pr =7, pt = 10
and pt = 14. This is because the fundamental natural frequency corresponds to a natural mode
shape with 7 circumferential waves. Therefore, since the 4 set of shape functions consists on a
set of cosine or sine functions, less than 7 shape functions are not enough to reliably approximate
this mode shape and, thus, a high enough value for pt must be chosen to allow the natural mode

shapes that are intended to be studied.

The previously showed results apply to shells with C-C boundary conditions. A similar pro-
cedure is done on a shell with the same parameters, but with S-S boundary conditions. Only the
variation of pm and po is tested, since, only the g and f sets of shape functions present differ-
ences between C-C and S-S boundary conditions. The results can be seen in Table 3.2, where the
values of relative difference DIF % are relative to the value of the fundamental natural frequency

corresponding to pm = po = pt = 13.

Table 3.2: Convergence study of the lowest natural frequency @; for a three layered, cross-ply
[0°/90°/0°] circular cylindrical shell with S-S boundary conditions (R =1m, //R=5,h/R =0.002,
E22 =17.6 GPa, Ell/E22 = 2.5, G12 =4.1 GPa, V12 = 0.26, p= 1643 kg/m3).

pm po pt w; [Hz] DIF%

4 4 4 11.5694 31.04
7 7 7 8.8292 0.001
10 10 10 8.8291 0
13 13 13 8.8291 0

pm po pt w; [Hz] DIF%
4 14 14 8.8309 0.020
7 14 14 8.8292 0.001
10 14 14 8.8291 0
14 14 14 8.8291 0
pm po pt w; [Hz] DIF %
14 4 14 8.8296 0.006

14 7 14 8.8291 0
14 10 14 8.8291 0
14 14 14 8.8291 0

Comparing the convergence test results of the shell with S-S boundary conditions with the
previous one, it can be seen that the results converge with a lower number of shape functions with

S-S boundary conditions than with C-C boundary conditions.
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The rest of the values obtained for this document take these convergence test results into
consideration, and are obtained by choosing a number of shape functions that balances result

accuracy and processing time.

3.3 Natural Frequencies and Mode Shapes of Vibration

In this section, values obtained for the free vibration of circular cylindrical shells by the imple-
mentation of the mathematical model described in this document are compared with values found

in literature.

Both the natural frequencies and the natural mode shapes are obtained recurring to the p-FEM.
In the following tests, m corresponds to the number of axial waves of a given natural mode shape,

and n corresponds to the number of circumferential waves.

Table 3.3: Frequency parameters Q = @R/ p / E»; for a three layered, cross-ply [0°790°0°] circular
cylindrical shell with C-C and S-S boundary conditions (I/R =5, h/R = 0.002, E», = 7.6 GPa,
Ell/E22 = 2.5, G12 =4.1 GPa, Vi2 = 0.26, p = 1643 kg/m3, m = l).

C-C Boundary Conditions S-S Boundary Conditions

Present Work Ref. [24] Ref. [28] Present Work Ref. [24] Ref.[19] Ref. [16]
1 0.303168 0.303318 0.303609 0.248635 0.248637 0.248635 0.248634
2 0.166909 0.167166 0.167527 0.107203 0.107206 0.107203 0.107202
3 0.099194 0.099440 0.099667 0.055087 0.055090 0.055087 0.055085
4 0.064400 0.064607 0.064699 0.033790 0.033793 0.033790 0.033788
5 0.046171 0.046322 0.046345 0.025794 0.025796 0.025794 0.025790
6 0.038128 0.038233 0.038222 0.025877 0.025878 0.025877 0.025873

Table 3.3 compares the adimensional frequency parameter Q = @WR+/p/E», for a constant
stiffness, cross ply shell with clamped edges and with simply supported edges with the values
seen in references [16,19,24,28]. The natural mode shapes corresponding to that test are plotted in
Figure 3.1, for the clamped edges case. In this dissertation, the shells’ mode shapes are graphically
represented in a Cartesian system of coordinates, where the vertical axis corresponds to the &
coordinate of the cylindrical coordinate system. Note that, comparing with Xie et. al [24], the
biggest relative difference obtained in this study is of —0.3260% for n =5 in a clamped shell. The
difference in plots for the natural mode shapes with m = 1 and n = 6 with C-C boundary conditions
and S-S boundary conditions can be seen in Figure 3.2. As it is expected, it is noticeable the

absence of slope at the edges when these are clamped.
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Figure 3.1: Natural mode shapes of a three layered, cross-ply [0°/90°/0°] circular cylindrical shell
G2 =4.1 GPa, v = 0.26, p = 1643 kg/m>, m = 1).
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Figure 3.2: Comparison of the plot of the mode shapes with m = 1 and n = 6 for a cross ply

[0°/90°/0°] circular cylindrical shell with C-C and S

h/R
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Table 3.4: Frequency parameters Q = WR+/p/Ey, of the fundamental natural frequency for a
four layered, angle-ply circular cylindrical shell with C-C and S-S boundary conditions (//R = 4,
h/R=0.01, Ej1/Ex =20, G12/Ex = 0.65, vi, = 0.25).

Lamination C-C Boundary Conditions S-S Boundary Conditions
Present Work Ref. [14] Ref. [77] Present Work Ref. [14] Ref. [77]
[+30°/ —30°] 0.1827 0.1818 0.1827 0.1237 0.1233 0.1232
[+45°/ — 45 0.1768 0.1760 0.1789 0.1196 0.1195 0.1193
[+60°/ — 60°] 0.1801 0.1780 0.1796 0.1097 0.1094 0.1093

Results obtained in these tests are in accordance with those found in the bibliographic refer-
ences and therefore the model is validated for constant stiffness cross ply laminates. However,
in this kind of structure, the material coefficients Ag, Azg, , D1 and Dog (these coefficients are
explained in section 2.4) are equal to 0 and, for a generic balanced, symmetric, angle ply laminate
these terms might not be 0. Considering this, tests are made for this kind of structure and the results
are in Table 3.4 for both cases of clamped and simply supported shells, compared with the values
seen in the work of Timarci & Soldatos [14] and Narita et. al [77]. The frequency parameters
Q are calculated for the the first natural mode of three cases of four layered angle ply cylindrical
shells: [+30°/ —30°,, [+45°/ —45°], and [+60°/ — 60°],; with the following parameters: [ /R = 4,
h/R=0.01, Ey; /Ex =20, Gi2/Ex» = 0.65, vi; = 0.25.

Comparing the values obtained in this study seen in Table 3.4 with those obtained by Narita
et. al [77], the biggest difference in fundamental frequency obtained is of —1.17%. Therefore,
satisfactory results have been achieved for both boundary conditions and it is possible to proceed

to the validation of the flutter implementation on the model.

It should, however, be noted that the variable stiffness properties have not been compared with
other works, since articles that displayed the results of the natural frequencies of cylindrical shells
under the same geometric conditions of variable stiffness and with boundary conditions that the

developed model could reliably represent were not found.

3.4 Supersonic Flutter

In this section, multiple FEM tests are performed on cylindrical shells under an axial supersonic
flow of air. The goal is to compare the critical values of free stream static pressure p.; that result

in the occurrence of aerodynamic flutter with those found in the works of other authors.
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Table 3.5: Critical free stream pressure p..; (Pa) for the occurrence of flutter for S-S boundary
conditions of circular cylindrical shells with the following parameters: G = Ej1/[2- (1 +vi2)],
h=0.0001015m, R = 0.203 m, p = 8900 kg/m>?, M = 3, a.. = 213 m/s, y = 1.4.

¥ test
[ =0.381 m, vip = 0.35, E11 = E22 =110- 109 GPa
Present Work Ref. [59] Ref. [55] Ref. [78]
Perie [Pa]l  nerir Perie [Pa]l  nepir Perie [Pa]l  nerir Perie [Pa]l  nepir
3867 25 3875 26 3599 26 3792 25
2 test
1 =0.406 m, vi, = 0.33, E; = E»» = 89-10° GPa
Present Work Ref. [58] Ref. [55]
Pecrit [Pa] Nerit Pcrit [Pa] Rerit Decrit [Pa] Nerit
2727 25 2896 24 2633 25

Two tests are performed. For the first one, a comparison is done with the numerical tests found
in references [55,59,78] for an isotropic shell with the following parameters: Ej; = E» = 110-10°
Pa, vi» =0.35, G = ﬁ h = 0.0001015 m, [ = 0.381 m, R = 0.203 m, p = 8900 kg/m>,
M =3, a., =213 m/s, y=1.4. Simply supported boundary conditions were considered, there is no
structural damping and the number of used shape functions allowed up to n = 27 circumferential
waves to be obtained on the flutter mode shapes. For the second test, the following parameters
were considered: E;; = Ey = 89-10° Pa, v =0.33, G2 = ﬁ, h=0.0001015 m, [ = 0.406
m, R =0.203 m, p = 8900 kg/m>, M = 3, a.. = 213 m/s, ¥y = 1.4. Simply supported boundary
conditions were used again and the results were compared with Sabri & Lakis [55] and Carter
& Stearman [58]. Notice that the difference in parameters between the first and second test only
affects [, vi» and E;;. The flutter test results can be seen in Table 3.5, where the values of the
critical free stream pressure p.,; are expressed, as well as the number of circumferential waves

nerir of the mode that first achieves flutter.

Analysing the results of Table 3.5 it can be seen that regarding the flutter results obtained by
various authors, even though they are similar, some discrepancies usually exist between them. Not
only the values of p.,;; themselves do not tend to be exactly equal, the numbers of circumferential
waves 1., of the corresponding mode shapes also do not. However, the results obtained in this
work are close with those found in the literature and with similar values of n.,;. The obtained max-
imum relative difference of p.,; is 7.4%. It can be seen that flutter tends to occur for mode shapes
with a high number of circumferential waves, and that is kept in mind for the tests performed for

this dissertation.
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Figure 3.3: a) Re(Q) and b) IJm(Q) variation along p. of 2 modes of the first test.

It is relevant to analyse the variation of Q with p... Figures 3.3 a) and b) contain the the plots
for Re(Q) and Im (L), both obtained for the first performed test and are in relation to the variable
P, Where two of the eigenvalues obtained by solving the eigenvalue problem are displayed. It is
seen that one of the eigenvalues Q has its real part PRe(£2) become positive after a certain value of
P, Which corresponds to the critical free stream pressure of flutter p.,;. This happens for various
modes at different values of p., but the first mode to achieve flutter or divergence is the most

important to analyse, since it brings instability to the system first.

It is observed that, for the flutter modes, there is a bifurcation in the SRe(Q2) plot. In contrast,
the values for Jm(€2) are distinct for low values of p.. and then converge at higher p... The value
of p. at which this occurs corresponds to the value at which the values of fRe(Q) bifurcate. For
convenience, the mode that results from the bifurcation of fie(Q) of the critical flutter mode is

referred to in this work as its corresponding coupled mode.

It should also be noted that, while analyzing the imaginary parts of all the eigenvalues, the
generated plot (not shown here) is symmetric in relation to the p., axis, as it should, since that
for every eigenvalue exists its complex conjugate counterpart. Consequently, while analyzing the
real part of the eigenvalues, for each value of fie(Q) there exists another one with the exact same

value.
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Figure 3.4: Flutter mode shapes corresponding to points A and B of the plot of the first flutter test
(ncrit = 25)
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Figure 3.5: Flutter mode shapes corresponding to the complex conjugates of points A and B of the
plot of the first flutter test (n.,; = 25).

Figure 3.3 contains two highlighted points: A and B that correspond to two different modes,

at a free stream pressure of 3900 Pa. The real part PRe(g;), the imaginary part Jm(g;) and the

amplitude |g;| = /MRe(g:)2 +Im(g;)? (review equation 2.90) of both of these mode shapes are
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graphically represented for these two points in Figure 3.4. Figure 3.5 contains the same, but for
the complex conjugates of the modes represented in Figure 3.4. In this dissertation, the parameter
ncriy refers to the number of circumferential waves of the shape of the critical flutter mode shape,

corresponding to the graphical representation of either its imaginary part or its real part.

In both points, and in both conjugate pairs of the eigenvectors, the graphical representation
of the amplitude is similar. The main difference comes when analyzing the real part and the
imaginary part of the eigenvectors. The shape of the real part of the eigenvector corresponding to
point A is similar to the shape of the imaginary part of the eigenvector corresponding to point B,
and vice-versa. Both the imaginary parts and the real parts of these mode shapes contain a wavy
pattern, with n=25 waves in this case. The amplitude presents itself as a combination of the other
2 shapes, with axial asymmetry. Naturally, for the same point, the real part of the eigenvector
is the same for both conjugate modes, and the imaginary part has the same shape, but with its
displacement multiplied by —1.

Considering all this, the flutter phenomenon is behaving as expected and the implementation

of the aerodynamic force in the model is validated.

3.5 Conclusions

In this chapter, convergence test results of the natural frequencies of cylindrical shells are displayed
and a comparison of the natural frequencies between those obtained in this work and those found in
literature is done. Finally, the critical free stream pressure for the occurrence of flutter is calculated
and compared with those obtained by other authors. The obtained eigenvalues and eigenvectors
that emerge from solving the mathematical equation that describes the dynamic response of a

cylindrical shell to supersonic airflow are analyzed.

Regarding the convergence test, it is found that the p-FEM presents a quick conversion of
values and the number of shape functions for which stable values are obtained is found. Attention
must be payed to the number of used shape functions of the % set that corresponds to the variations
of the ug, vo and wy along the angular direction, since the number of circumferential waves that
a vibration mode can have is dependent on this set. If it is intended to study a mode shape with
n = x circumferential waves and pm < x, then that mode is not reliably obtained. Additionally,
it is found that shells with simply supported edges tend to converge to stable results with a fewer
number of shape functions than shells with clamped edges, due to the differences in the used shape

functions of the g and f set.

Regarding the comparison of fundamental frequencies, satisfactory results have been achieved.
The main goal of these tests is to ensure that the stiffness and mass matrices are reliably calculated.
Cross-ply and angle-ply laminates, both with C-C and S-S boundary conditions are validated. The
main expected geometrical differences between shells with these different edge supports is seen in
the natural mode shapes, as the shell with C-C boundary conditions does not present slope at the

edges, and the one with S-S boundary conditions does.
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Finally, the application of aerodynamic force modelled by the piston theory is tested, and the
values at which flutter occurs are compared to those obtained by other authors. Results between
authors present bigger differences than those found in the comparison of natural frequencies, how-
ever, close results to those found in the literature were obtained in these flutter tests. Furthermore,
the obtained eigenvalues and eigenvectors present the expected properties. It is found that the crit-
ical flutter modes may correspond to mode shapes with a high number of circumferential waves
and, therefore, this should be considered when choosing the number of shape functions used from
the & set.

With all this in mind, it is concluded that the model is validated and that flutter on VSCL

circular cylindrical shells can be tested and analyzed.
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Chapter 4

Supersonic Flutter of Fiber Reinforced
Composite Laminate Cylindrical Shells

4.1 Introduction

For this chapter, various fiber paths were tested, with the objective of finding curvilinear paths that

enable an increase of the critical free stream static pressure p..; associated with flutter.

Unless stated otherwise, it is considered that the circular cylindrical composite shell and the
airflow have the properties stated in Table 4.1. These parameters were chosen to be similar to those
found in references [55, 69]. There is no viscous or structural damping and the shell is composed
by 12 balanced and symmetric layers [+ /], where the tow angle v might be constant or a function
of the axial coordinate. These results are obtained recurring to the mathematical model described

in chapter 2, where no manufacturing defects and material imperfections are considered.

Table 4.1: Shell and airflow parameters for the performed tests.

Young’s Modulus E; 126.3 GPa

Young’s Modulus E»» 8.765 GPa
Shear Modulus G;» 4.92 GPa
Poisson’s Ratio vy 0.334

Shell’s Volumetric Mass p 1557 kg/m?
Shell’s Thickness A 0.0001015 m

Shell’s Axial Length / 0.406 m
Shell’s Radius R 0.203 m
Mach M 3.5
Air’s Adiabatic Exponent y 1.4
Air’s Speed of Sound a. 213 m/s

57
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4.2 Shells with Clamped Boundary Conditions

In this section, tests were performed to find lamination parameters for each fiber path that increased
the value of p., as to understand the advantage in the use of curved fiber paths on laminate
structures exposed to supersonic airflow. C-C boundary conditions are considered.

Five fiber paths were tested: constant angle, linear variation of fiber orientation (with 1 and 2
segments) and constant in-plane curvature (with 1 and 2 segments). All these paths are mathemat-
ically defined in section 1.2.2.2.

As it is stated in section 1.2.2.1, fiber paths must have a turning radius ry, that respects a min-
imum value. This is important because it ensures that manufacturable structures can be produced
and that manufacturing defects and mechanical properties deterioration are avoided. Therefore, in
the performed tests, a minimum turning radius of 635 mm is considered (which is a typical value
for the minimum turning radius of a 32 tow course with 3.175 mm wide tows [1]). In addition
to that, to avoid problematic scenarios in manufacturing of the cylindrical shells with curvilinear
fibers, the tow angle y at any point of the structure respects the condition y € [0°, 85°].

Also, as seen in section 3.4, flutter occurs for mode shapes with high numbers of circumferen-
tial waves, and, therefore, tests are performed with a number of shape functions that allow up to
n = 25 circumferential waves. Furthermore, the number of shape functions used from the g and f
set are, respectively, pm = 8 and po = 8. Considering the high number of tests performed for this
work, these parameters were chosen to achieve an acceptable balance between processing time
and result accuracy. It should, however, be noted that mode shapes with extremely high number of
circumferential waves (more than 25) and of axial waves (pm = po = 8 allows significantly more
than 8 axial waves) are not reliably represented.

Lastly, to calculate the critical free stream pressure p..; at which flutter occurs, plots are
developed where the eigenvalues Q of the problem are calculated for various values of p... The
eigenvalue problem is solved for values of p. with a resolution of 20 Pa. Therefore, calculations
are made for the set of p. € {0 Pa, 20 Pa, 40 Pa, 60 Pa, 80 Pa, 100 Pa, ...}. Then a linear
interpolation is made between the calculated values to find Q for any pe..

The process adopted to find fiber paths that increase the value of p.,; consists on an iterative
one. Fiber path parameters Ty and 77 are progressively tweaked in search of increasing the values
of p.rir. So, it should be kept in mind that, even though higher results of p.,; are obtained in
this work, they are probably not the highest, and in the future an optimization process can be an

interesting way to further improve the knowledge on the topic of this dissertation.

4.2.1 Constant Stiffness Composite Laminates

Firstly, the tow angle of a constant angle path that enables the biggest increase of p.,; was searched
for. For these paths, the only parameter that exists is 7. Various values of Ty were tested, by
varying it by 10° each time, and then, around the maximum values of p.,; obtained, Ty was varied

by 5°. The obtained results can be seen in Figure 4.1
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Figure 4.2: Critical flutter mode shape of a CSCL shell with Ty = 55° (n.,; = 20).
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Figure 4.3: Critical flutter mode shape of a CSCL shell with Ty = 40° (n¢r = 3).
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A maximum value of p..; = 1474 Pa was obtained for Ty = 55°. The corresponding flutter
mode shape is graphically represented in Figure 4.2 and has a number of circumferential waves
equal to ng = 20. On the other hand, the minimum value of pressure obtained is p..; = 32 Pa
for Ty = 40°, corresponding to a mode shape with a number of circumferential waves equal to

nerir = 3. This mode shape can be seen in Figure 4.3.

It is noticeable that a small change in tow angle can originate a significant difference in p.;,
which further illustrates how fiber reinforced composites give the designer more flexibility by
allowing the tailoring of a structure’s mechanical properties to the expected conditions. Addi-
tionally, it is seen that for different values of Tp, flutter can be achieved by modes with different

numbers of circumferential and axial waves and with different shapes in general.

When dealing with curvilinear fiber paths, the value of p.,; = 1474 Pa is used as a benchmark,

with the goal of finding tow paths that can surpass this value.

4.2.2 VSCL with Linear Angle Variation Paths: 1 Segment

The process of finding parameters for a curvilinear fiber path was an iterative one. Firstly, the
linear angle variation type of fiber path is analyzed. A schematic representation of this type of

path is seen in Figure 4.4.
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Figure 4.4: Linear angle variation path with 1 segment for 7o = 70° and 77 = 0°.

Considering that the highest result found for a constant angle path corresponds to Ty = 55°, the
starting parameters for the iteration process were <55°,55°> (which still corresponds to a constant
angle fiber path). From there, parameter tweaks were progressively made in search for an increase
of the value of p..;. The results of the performed tests are in Table 4.2, along with the minimum

turning radius r of each path.
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Table 4.2: Critical free stream pressure p..; for shells with linear angle variation fiber paths
<T0,T1>.

<Ty,T1>
Io[°1 Tl°1  rylm]  perilPal
55 55 1474
60 50 3.6189 1697
50 60 3.6189 1697
50 80  1.2063 1922
40 80  0.7592 2368
40 75  0.8676 2328
40 85 0.6748 2280

Inadmissible Paths (ry, < 635 mm):

hl°1 T[] rylm]  pes[Pa)
30 80  0.5372 2805
20 80 0.4126 3237

Curvilinear fibers enabled an increase of p.,;. It is seen in Table 4.2 that the values of p.;
can be significantly affected by using curvilinear fibers. The biggest value is highlighted and
corresponds to the <40°,80°> fiber path. Comparing the obtained value of p..; = 2368 Pa to the
biggest one obtained with a constant angle fiber path of 1474 Pa, a relative increase of 60.7% of
the p.,i; value is observed. The mode shape corresponding to the <40°,80°> fiber path is plotted in
Figure 4.5. This mode shape contains n..; = 16 circumferential waves.
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Figure 4.5: Critical flutter mode shape of a VSCL shell with a <40°,80°> fiber path (n.,; = 16).

As a test, the values of p.,; for <60°,50°> and <50°,60°> were calculated and the same result
of p.iy = 1697 Pa was obtained. This is as expected, since the paths are equal, but symmetric.

Additionally, Table 4.2 also contains invalid paths that do not respect the minimum turning
radius manufacturing constraint. From these paths, the biggest obtained value is p.; = 3287
Pa, which further shows the potential of the variable stiffness concept on the improvement of the

mechanical properties of laminates, even if it is from a theoretical perspective.
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4.2.3 VSCL with Constant in-Plane Curvature Paths: 1 Segment

An increase in p.,;; results has been achieved for the linear angle variation fiber paths and so, these
results can be compared with those obtained by the constant in-plane curvature fiber paths. An

example of this type of path is present in Figure 4.6.
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Figure 4.6: Constant curvature path with 1 segment for 7o = 70° and 77 = 0°.

The path parameters corresponding to the highest value of p.; obtained for a linear angle
variation fiber path was used as a starting point for the iterative procedure. The results obtained in

these tests are in Table 4.3.

Table 4.3: Critical free stream pressure p.,; for shells with constant in-plane curvature paths
<Typ,T1>..

<Ty, 11>
L[] T[] rylm]  peri[Pa]
40 80  1.1871 2149
30 85 0.8182 2909
25 85 0.7078 3164
25 80  0.7222 3134

In Table 4.3, the value of p.,; for a <40°,80°>, tow path is present and equal to 2149 Pa. It is
interesting to compare this value with the corresponding to a shell with the linear angle variation
path of <40°,80°>, which is equal to p.; = 2368 Pa. Naturally, even though the paths present
the same 7y and 77 parameters, both have differences in their geometry which results in a relative
difference of —8.8% in the achieved p.,;;.

Analyzing Table 4.3, it can be seen that higher values were found for the constant in-plane
curvature tow paths than for the linear angle variation paths. One factor that allows this is the fact

that a bigger difference between 7y and 77 can be achieved using the constant in-plane curvature
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tow paths, since the manufacturing constraint less severely restricts this type of path. Therefore,
for the same minimum turning radius allowed, these paths have more freedom on the parameter
choices.

The highest value of p,; obtained is highlighted and corresponds to the <25°,85°>, path. A
value of p..y = 3164 Pa was obtained, which corresponds to an increase of 114.7% of the biggest
value obtained for a constant angle path. The flutter mode shape is graphically represented in
Figure 4.7, which corresponds to a mode shape with n.,; = 16 circumferential waves, similarly to
the one obtained in the <40°,80°> tow path.
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Figure 4.7: Critical flutter mode shape of a VSCL shell with a <25°,85°>, fiber path (n.,; = 16).

4.2.4 VSCL with Linear Angle Variation Paths: 2 Segments

Results were achieved for both linear angle variation paths and constant in-plane curvature fiber
paths. However, the design flexibility of VSCL shells can be further improved by dividing the
fiber path into different sections, each with its own shape and 7y and 77 parameters, as long as
the continuity of the fiber is ensured. This concept is tested in this section, with paths with two

anti-symmetric segments, as defined in section 1.2.2.2.

Firstly, tests were performed for fiber paths with two segments with linear angle variation
<T1,Tp,T1>. An example of this type of path is seen in Figure 4.8. The obtained results are
expressed in Table 4.4.



64 Supersonic Flutter of Fiber Reinforced Composite Laminate Cylindrical Shells

0.8

0.6

0.4

-0.4

-0.64

-0.8

-05 0 05 1

E
]

Figure 4.8: Linear angle variation path with 2 segments for 7o = 70° and 77 = 0°.

Higher values of p.,;, were achieved with the linear angle variation fiber paths with 1 segment.
This is due to that fact that, while the fiber path allows to create more complex paths, the minimum
turning radius manufacturing constraint further restricts the difference that the parameters 7y and
T\ can have between them, which may not be beneficial to the structure’s mechanical properties.
For instance, for the parameters of 7o = 30° and 77 = 80°, the fiber path with 1 segment has
a minimum turning radius of ry, = 537.2 mm, while the path with 2 segments has a minimum

turning radius of ry, = 268.6 mm, which is considerably lower.

Table 4.4: Critical free stream pressure p.; for shells with linear angle variation fiber paths
<T\,To,T1>.

<T1,T(),T1>

Ll°1 T[] rylm]  peri[Pa]

30 50 0.6715 323

55 80 0.8111 1803

55 85 0.6759 1816

60 85 0.9305 1659
Inadmissible Paths (ry, < 635 mm):
L[] T[] rylm]  peri[Pa]

80 30  0.2686 119

30 80 0.2686 2896

Table 4.4 contains inadmissible paths, due to their turning radius, that further illustrate this
point. It is seen that for the path <80°,30°,80°> a value of p.,; = 2896 Pa was obtained, which
is a higher result than those found for the paths with 1 segment. Unfortunately, as it was stated,
the manufacturing of this path would likely result in defects, like tow out-of-plane buckling, that

would harm the mechanical performance of the structure.
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Analyzing the inadmissible paths, it is seen that different values of p.,;; are obtained by swap-
ping the values between Tj and 77, as it would be expected. In contrast with the fiber paths with 1
segment, fiber paths with 2 segments with swapped Ty and 7| parameters are not symmetric and,
therefore, the obtained value of p,; should not be the same.
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Figure 4.9: Critical flutter mode shape of a VSCL shell with a <85°,55°,85°> fiber path (n.,;; = 16).

Regarding the admissible paths, the biggest value of p.,; was obtained for the <85°55°,85°>
fiber path, which is highlighted and corresponds to p..; = 1816 Pa. This is equal to a relative
increase of 23.2% regarding the highest obtained value of p.,; for the constant angle paths. The
corresponding flutter mode shape is graphically represented in Figure 4.9, and it has ng. = 16

circumferential waves.

4.2.5 VSCL with Constant in-Plane Curvature Paths: 2 Segments

Similarly to the previously tested fiber path, the constant in-plane curvature path can also be di-

vided into 2 segments, as seen in Figure 4.10.
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Figure 4.10: Constant curvature path with 2 segments for 7o = 70° and 77 = 0°.
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Table 4.5: Critical free stream pressure p..; for shells with constant in-plane curvature fiber paths
<T1,T(),T1>c.

<Ti ,TQ,T] >c
Tol°] Ti[°1  rylm]  peri[Pal
55 85 1.1466 1779
45 85 0.7022 2146
45 80  0.7310 2136
50 85  0.8820 1953

The obtained results are present in Table 4.5, where the pattern observed in previous tests
repeats itself. Comparing the constant in-plane curvature path with 1 and 2 segments, the one
with 1 segment tends to yield higher values, due to the fact that the manufacturing constraint of
the minimum turning radius, in the case of the path with 2 segments, restricts more severely the
values that the 7 and 77 parameters can have. It is noticed that, in these cases, a bigger difference

between the 7y and 77 parameters tends to increase the value of p.,;.

The values of p.,; of the <85°,55°,85°>, fiber path and the <85°,55°,85°> path were calculated
and compared. For the constant curvature one, the value of p.,; = 1779 Pa was obtained, which
corresponds to a relative difference of —2.0% in relation to the one obtained for the linear angle

variation path with 2 segments.

Even though the obtained value for the same parameters of Ty and 77 is lower for the constant
in-plane curvature path than for the linear angle variation path (both with 2 segments), this type of
path has a bigger flexibility in the definition of 7y and 77, which allowed to higher better overall

results.
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Figure 4.11: Critical flutter mode shape of a VSCL shell with a <85°,45°,85°>. fiber path (n..; =
17).

The biggest value of p.,; obtained for this type of path is highlighted in the Table and is equal
to 2146 Pa. This value corresponds to the <85°,45°,85°>, path, and its critical flutter mode shape

has n.+ = 17 circumferential waves and is graphically represented in Figure 4.11.
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4.2.6 Frequency Analysis

In the performed tests for clamped shells, a significant increase on the value of p.,; was achieved
by the use of curvilinear fibers. In this section, the relation between the increase of p.,; and the

imaginary part of the eigenvalues Jm(Q) for different paths is analyzed.
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Figure 4.12: fRe(Q) and Jm(Q) variation along p., of the critical flutter mode and its correspond-
ing coupled mode for a shell y = 55° tow path and a <25°,85°>. fiber path.

The highest obtained value of p.,; for a constant angle fiber path is p.,; = 1474 Pa and corre-
sponds to the y = 55° path. In all of the performed tests with curvilinear fibers, the one to obtain
the biggest value of p.,; corresponds to the <25°,85°>, fiber path, with a value of p..; = 3164 Pa
and a relative increase of 114.7% in relation to the highest value obtained for a constant stiffness
shell. These two fiber paths are chosen for the comparison of mode frequencies.

Figure 4.12 contains the Re¢(Q) and Jm(Q) plots along p.. of the critical flutter mode and its
corresponding coupled mode of the shells with these two paths. In the Jm(Q) plot, the evolution
of the frequency of the modes with p., can be analyzed. As expected, the frequencies of the modes
start at different values and, at a higher value of p.., they converge. For p. = 0 Pa, the value of

Jm(Q) corresponds to the value of the natural frequencies of the shell under free vibration, since,
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for this value of free stream static pressure, the aerodynamic pressure that externally acts on the
shell is null.

The natural frequencies of these modes are equal to 1844 rad/s and 1961 rad/s for the CSCL
shell, and they are equal to 1052 rad/s and 1522 rad/s on the VSCL shell. It is noticeable that the
difference of these values is significantly higher for the VSCL shell. This higher difference results
in higher values of p;, since, in the Jm(Q) plot, the values start further apart and, therefore,

require a higher value of p.. to converge. The natural mode shapes under free vibration of all these

cases are represented in Figures 4.13-4.16.
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Figure 4.13: Natural mode shape of free vibration corresponding to @ = 1844 rad/s of a CSCL
shell with y = 55°.
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Figure 4.14: Natural mode shape of free vibration corresponding to @ = 1961 rad/s of a CSCL
shell with y = 55°.
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Figure 4.15: Natural mode shape of free vibration corresponding to @ = 1052 rad/s of a VSCL
shell with the <25°,85°>..
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Figure 4.16: Natural mode shape of free vibration corresponding to @ = 1522 rad/s of a VSCL
shell with the <25°,85%>..

The analyzed natural mode shapes under free vibration present differences between them.
Therefore, the fiber paths can be adjusted to differently influence the frequencies of these modes,
enabling an increase of difference of the natural frequencies of vibration of the modes that are

involved in the flutter phenomenon.

4.3 Simply Supported Boundary Conditions Comparison

In this section, the highest values of p.,;; obtained for each type of fiber path with clamped edges
are compared to the same paths with the same parameters, but with simply supported edges. The
goal is not to find the fiber paths with the highest possible values of p..; with these boundary
conditions, but to understand how the difference in boundary conditions affects the values of p,;
and the associated graphical representation of the flutter mode shapes.

Tests were performed for the same shell and airflow parameters and only the boundary condi-
tions were changed. Regarding the number of shape functions used, up to n = 25 circumferential

waves are allowed and pm = po = 8. The obtained results can be seen in Table 4.6.

Table 4.6: Critical free stream pressure p..; and number of circumferential waves of the corre-
sponding mode n; for shells with C-C and S-S boundary conditions.

Fiber Path C-C Boundary Conditions S-S Boundary Conditions

Nerit Perie [Pa] Nerit Perie [Pa]
v =55° 20 1474 18 1065
<40°,80°> 16 2368 14 2111
<25°,85°>, 16 3164 14 2870
<85°,55°,85°> 16 1816 15 1426
<85°,45°,85°>, 17 2146 15 1708

It is generally seen that the values of p.,;, for the same fiber path, tend to decrease in shells
with simply supported edges, and it is seen that the critical flutter mode shape tends to be differ-
ent shape, with a distinct number of circumferential waves. Figures 4.17, 4.18, 4.19, 4.20 and
4.21 contain the graphical representation of the critical flutter mode shapes of the shells with S-S
boundary conditions and with the y = 55°, the <40°,80°>, the <25°,85°>., the <85°,55°,85°> and
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the <85°,45°,85°>, paths, and they can be compared with Figures 4.2, 4.5, 4.7, 4.9 and 4.11 for
their shell counterpart with C-C boundary conditions, respectively.
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Figure 4.17: Critical flutter mode shape of a CSCL shell with 7o = 55° and S-S boundary condi-
tions (nqi; = 18).
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Figure 4.18: Critical flutter mode shape of a VSCL shell with a <40°,80°> tow path and S-S
boundary conditions (n..; = 14).
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Figure 4.19: Critical flutter mode shape of a VSCL shell with a <25°,85°>, tow path and S-S
boundary conditions (n.; = 14).
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Figure 4.20: Critical flutter mode shape of a VSCL shell with a <85°,55°,85°> tow path and S-S
boundary conditions (n..; = 15).
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Figure 4.21: Critical flutter mode shape of a VSCL shell with a <85°,45°,85°>, tow path and S-S
boundary conditions (n.; = 15).

By comparing the flutter mode shapes of each path, it is concluded that they are geometrically
different not only for having a different number of circumferential waves, but also because the
deformation at the edge is different, as the cylinders with simply supported edges have slope at

their extremities, as it would be expected.

Furthermore, as an example, the Re(Q) and Jm(Q) plot in relation to p.. for the <40°,80°>
path was obtained to compare the differences between a shell with C-C boundary conditions and
S-S boundary conditions. The plots are present in Figure 4.22. As it was previously stated, it is
seen that, in this case, Je(2) becomes positive for a lower value of p.. for a shell with simply
supported edges. Analyzing the variation of Jm(Q), it is seen that lower values for the vibration

frequency under flutter were obtained for the shell with S-S boundary conditions.
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Figure 4.22: PRe(Q) and Jm(Q) variation along p.. of the critical flutter mode and its correspond-
ing coupled mode for a shell with C-C and S-S boundary conditions and a <40°,80°> tow path.

Reviewing Table 4.6, it is seen that, even though there is a general decrease in the values of p.
for the S-S boundary conditions, the curvilinear fiber paths still result in higher values of p.,; than
the calculated constant angle path. However, the true potential of the variable stiffness concept is
not well represented, because, while a certain fiber path might be the ideal for a shell with C-C

boundary conditions, it is not necessarily ideal path for a shell with S-S boundary conditions.

Table 4.7: Critical free stream pressure p.,;; for shells with C-C and S-S boundary conditions and
linear angle variation paths.

<Ty,T1>
Fiber Path C-C Boundary Conditions S-S Boundary Conditions
Perir [Pal Perir [Pa]
<40°,80°> 2368 111
<40°,85°> 2280 2177
<40°,75°> 2328 2060

Table 4.7 contains the values of p.,;; for 3 different linear angle variation paths of shells with

C-C boundary conditions and S-S boundary conditions. These 3 paths have the same value for the
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To parameter, but the 77 parameter was slightly tweaked.

Of the 3 tested paths, the biggest value of p.,; was obtained with the <40°,80°> tow path in
the case of the shell with C-C boundary conditions, and it was obtained with the <40°,85°> tow
path in the case of the shell with S-S boundary conditions, thus concluding that the ideal path to

increase the value of p.,; is not the same for shells with different boundary conditions.

4.4 Conclusions

In this chapter, the critical values of free stream static pressure for the occurrence of flutter on vari-
able stiffness composite shells were tested and compared to the values obtained for conventional
constant stiffness shells.

The shell and airflow parameters were fixed, C-C boundary conditions were considered, the
same lamination setup was always used and only the fiber path properties were changed from
case to case. An iterative procedure was used to find fiber path parameters that would result in an
increase of p.;, for each type of fiber path. The minimum turning radius manufacturing constraint
was considered, and the minimum value of ry, = 635 mm was set.

Firstly, CSCL shells were analyzed. The biggest value of p.,; = 1474 Pa was obtained for a
tow angle of y = 55° and it was used as a benchmark to surpass in shells with curvilinear fibers. It
is also concluded that, even in CSCL shells, a small variation of tow angle can have a big impact
on the value of pci;.

Then, curvilinear fiber paths with 1 segment were tested. With the linear angle variation path
an increase in results was achieved. The highest value of p..; = 2386 Pa was obtained for a
<40°,80°> fiber path. For the constant in-plane curvature path, even higher results were obtained.
The biggest one is pi+ = 3164 Pa for the <25°,85°>, path.

After these tests, the same types of path were tested again, but repeated in 2 anti-symmetrical
segments. For the linear angle variation paths, the highest value of p.,; = 1816 Pa was obtained
for the <85°,55°,85°> path. For the constant in-plane curvature path, the biggest value obtained is
Perie = 2146 Pa, corresponding to the <85°,45°,85°>,. fiber path.

From these tests, various conclusions are taken. Firstly, it is proven that the values of p.
are significantly sensitive to fiber path variations, and considerable increases of these values were
obtained by the use of curvilinear fibers. Comparing to the biggest value obtained for a VSCL
shell to the biggest value obtained for a CSCL shell, a relative increase of 114.7% was observed.
This value was obtained for the <25°,85°>,. fiber path.

The manufacturing curvature constraint proved to influence significantly the possible increase
of perir. It is observed that higher results were obtained for fiber paths that tend to have big
differences between the fiber path parameters 7y and 77. The manufacturing constraint limits this
difference, and so, while ignoring this constraints, even higher results of p.,; can be obtained.

The manufacturing curvature constraint restricted more severely the choice of fiber path pa-

rameters in the two segment tow paths. Even though these paths possess more complex geometries
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and can be more specifically tailored to the shells expected external loads, lower results were ob-
tained for the tow paths with 2 segments than for the ones with 1 segment, due to the decreased
flexibility on the choice of Ty and 7| parameters.

It is also observed that, for both 1 segment and 2 segment paths, higher results were obtained
for the constant in-plane curvature paths, rather than for the linear angle variation ones. Even
though that for the same values of 7y and 7} the calculated values for the constant curvature paths
are lower than the ones for linear angle variation paths, the turning radius for the linear angle
variation path is smaller. Therefore, this type of path is more restricted by the curvature constraint
and the constant in-plane curvature paths allow to choose values for Tp and 7; that result in an
increased value of p.,; and that are inadmissible for linear angle variation paths.

The critical flutter modes of the shells with the fiber path parameters that yielded the highest
values of p.,; for each type of path are also graphically represented in this chapter. It is concluded
that the tweaking of fiber path parameters differently affects each mode, and therefore, for different
fiber paths, the critical flutter mode shapes present different geometries.

The mode frequencies of the CSCL shell with the highest value of p.; are compared with
mode frequencies of the VSCL shell with the curvilinear fiber path that results in a higher value
of pcir. It is concluded that the shell with a curvilinear fiber path and a higher p..; has a higher
difference between the values of the natural frequencies of the critical flutter mode and the corre-
sponding coupled mode. This higher difference in values results in the convergence of Jm(Q) at
higher values of p. and, therefore, the value of p.,; is increased.

Finally, the fiber paths with the highest values of p..;; found for each type of path were tested
again, but for shells with simply supported edges. The results obtained for both boundary condi-
tions were compared.

It is seen that the values of p.,; obtained in these paths for shells with S-S boundary conditions
are lower than those obtained for C-C boundary conditions. The vibration frequencies associated
with these flutter modes were also compared, and it is seen that these values tend to also be lower
for S-S boundary conditions. More importantly, it is concluded that the ideal fiber path for a shell
with C-C boundary conditions may not be ideal for a shell with S-S boundary conditions. The
critical flutter mode shapes were also compared between these two boundary conditions and it is
found that their geometries differ, not only at the edge, but also on other details like the number of
circumferential waves that each has.

Considering all this, the goal of this dissertation is achieved. It is concluded that variable
stiffness composite laminate shells present, from a theoretical point of view, a way to significantly

increase the critical free stream static pressure at which flutter occurs.



Chapter 5

Conclusions and Future Work

5.1 Summary

In the present dissertation, a linear mathematical model for the dynamic response of a VSCL thin
circular cylindrical shell to supersonic airflow was developed and tested to find fiber paths that
enabled the increase of the free stream static pressure at which flutter occurs.

Love’s first approximation laid the key foundations of the model. The constitutive model for a
thin fiber-reinforced composite laminate was used and the elastic matrix defined by this model is
a function of the spatial variables to account for the variable stiffness properties of the shell. The
equations of motion were obtained through the use of Newton’s second law of motion, and the ex-
ternal aerodynamic load was modelled resorting to the linearized piston theory. Both clamped and
simply supported boundary conditions were used. The p-version of the finite element method was
implemented, where 3 different sets of unidimensional shape functions were combined to obtain
the used set of bi-dimensional shape functions. The shell’s stiffness and mass matrices were cal-
culated, as well as the aerodynamic stiffness and aerodynamic damping matrices. The developed
model has the versatility of representing cylindrical shells with different boundary conditions, ge-
ometries and material properties (from isotropic shells to VSCL shells with different lamination
setups). However, for the sake of convenience, the model does not represent cases with material
or lamination asymmetry along the thickness of the shell.

A convergence test was performed to understand the needed number of shape functions to
obtain converged and stable results. For these tests, the natural frequencies of a shell were cal-
culated. It was concluded that the number of shape functions used should take into account the
type of studied vibration modes. This is mainly relevant in cases where it is necessary to ob-
tain a vibration mode shape with n circumferential waves, since, if the sinusoidal shape functions
hy = hy,, = cos(n- 0) and h, = sin(n- 0) are not a part of the used set, then that mode shape is not
reliably obtained in the final results. In addition to that, the number of shape functions that allows
for a close approximation of the shape of the shell’s displacement field was also found.

The model was then validated by calculating the shell’s natural frequencies and natural mode

shapes under different parameters and comparing the obtained values with those obtained by other

75
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authors. Finally, the free stream static pressure at which flutter occurs was calculated and also
compared, where the other airflow’s parameters were set as constant. The results obtained by the
solution of both the free vibration eigenvalue problem and the flutter eigenvalue problem yielded
similar results to those found in the literature. The eigenvalues and the eigenvectors obtained by
the solution of the flutter problem are complex conjugates. The real part of one flutter mode’s
eigenvalues has the same value of the real part of other mode’s conjugate pair for low values of
free flow pressure and they bifurcate at a higher value of pressure. In contrast, the imaginary part
of those modes is different for low values of pressure and then converge into the same value at the
same point that the real part bifurcates. Flutter occurs for the pressure value at which the real part
of one complex eigenvalue becomes positive and, therefore, the dynamic response of the system
becomes unstable. This is the expected behaviour of a shell in response to supersonic airflow and,

therefore, the model was considered validated.

With the model developed, tested and validated, various curvilinear fiber paths were tested with
the intent of increasing the critical free stream static pressure at which aeroelastic flutter occurs,
comparing to conventional constant stiffness shells. Five types of fiber paths were considered for
the tests: the constant angle path (which corresponds to the conventional unidirectional fibers), the
linear angle variation path (with 1 and 2 segments) and the constant in-plane curvature path (also
with 1 and 2 segments). These paths are defined by mathematical expressions, which was useful
as it allowed to control the path’s shape by tweaking its parameters. The paths were considered to
be ideal and no manufacturing defects and imperfections were modelled. However, the minimum
turning radius constraint was taken into account as to ensure that manufacturable paths were tested.
To find the fiber paths with the highest possible value of critical free stream pressure pc,i, an
iterative method was used, where the fiber path parameters were progressively tweaked in the
direction of an increasing p.;. Furthermore, the number of shape functions was chosen so that
mode shapes with up to n = 25 circumferential waves could be obtained, since it was found that

flutter modes tend to present shapes with a high number of waves.

Firstly, an analysis of a shell with clamped boundary conditions was performed. The values
for p.,i of conventional constant stiffness laminate shells were calculated and the highest obtained
value was used as a benchmark to surpass with the use of curvilinear fiber paths. Each defined
type of fiber path was tested in shells with the same parameters and lamination setup, where only
the fiber path parameters was altered. The biggest overall result was obtained for a constant in-
plane curvature path, where a relative increase of 114.7% of p..; was achieved in relation to
the highest value obtained for the constant stiffness shell. By neglecting the maximum curvature

manufacturing constraint, even higher values of p..; can be achieved.

It was proven that the values of p.,; are significantly sensitive to variations in fiber angles,
which shows the great potential of the use of the variable stiffness concept in shells submitted to
supersonic airflow where light weight design is key. The tweaking of fiber parameters is, nev-
ertheless, a complex process, since the critical flutter mode shape for a given fiber path may be
geometrically different than the critical flutter mode shape for a different path. This means that,

while a fiber path may increase the pressure value at which a given mode achieves flutter, it may
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decrease that value for a different mode.

It was also found by analyzing the critical mode frequency variations with the free steam
pressure variable that the difference between the mode’s natural frequency and the corresponding
coupled mode’s natural frequency is higher for fiber paths with higher values of p.,;, since these
frequencies start further apart in the pressure plot and, therefore, require higher values of pressure
to converge and then finally achieve flutter.

Finally, the fiber paths that obtained the highest values of p.,; were tested again on shells
with the same parameters, but with simply supported boundary conditions. A general decrease in
critical pressure values was observed and it was found that the ideal fiber path to increase p; is
different for different boundary conditions. As expected, different flutter mode shapes were also
achieved by changing the boundary conditions, due to differences in both the displacement in the
edge of the shell, as well as in the number of circumferential waves.

Concluding, this work allowed to understand the potential of VSCL structures in the preven-
tion of supersonic flutter. A significant sensitivity of critical free stream pressure results to changes
in fiber paths were recorded, and this type of design is therefore proven to have great potential to

improve the mechanical performance of shells in this type of application.

5.2 Future Work

This work has proven that variable stiffness composite laminates present a great capacity of pre-
vention of aeroelastic supersonic flutter. However, this works presents some simplifications that,
in one hand, allowed to get a more clear vision of the raw potential of these structures, but on
the other does not take into account some mechanics that would distance the results obtained in
this theoretical work with those that would be obtained in real life applications. Thus, this sec-
tion presents some suggestions for ways to improve the knowledge of the topics addressed in this

dissertation.

The used procedure for searching fiber paths to prevent aeroelastic flutter was repetitive and
was not able to acquire the exact optimal fiber path parameters for this context. The implemen-
tation of an optimization algorithm would be interesting to truly understand what are the highest
values of critical flutter pressure that VSCL can achieve, as well as to facilitate the process of
finding said paths.

The model developed for this work has various theoretical assumptions and so, increasing the
model’s complexity in a way that brings the obtained results closer to reality is extremely relevant.
The modelling of manufacturing defects, such as gaps and overlaps is a potential way of doing
this, considering that these imperfections might have a considerable impact on the mechanical
performance of the structure.

Furthermore, performing experimental tests to study both the free vibrations and the flutter
phenomenon of VSCL shells would allow to understand how well the developed finite element

method represents real life cases.
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Shells are commonly used structures in engineering and can acquire many geometries. It
would be interesting to test VSCL in shells with other geometries, like cylinders with variable
radius and thickness and other more complex shells. In addition to that, a model for a thick shell
could be developed, since the developed mathematical model considered thin cylindrical shells
that do not consider the effect of shear deformation along the shell’s thickness.

Lastly, the development of a non-linear mathematical model would allow to better understand
how a VSCL dynamically reacts under flutter conditions, since, in reality, the structure’s vibration

amplitude does not exponentially grow forever.
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