
insira uma figura alusiva ao tema

Cosmological Implications 
of Nonminimally-Coupled 

Gravity and the 
Lagrangian of 
Cosmic Fluids

Rui Pedro Lopes de Azevedo
Doutoramento em Física
Departamento de Física e Astronomia
2022

Orientador 
Pedro Pina Avelino, Professor Associado,
Faculdade de Ciências da Universidade do Porto





iii

“This planet has - or rather had - a problem, which was this: most of the

people living on it were unhappy for pretty much of the time. Many solutions

were suggested for this problem, but most of these were largely concerned with

the movement of small green pieces of paper, which was odd because on the

whole it wasn’t the small green pieces of paper that were unhappy.”

Douglas Adams, The Hitchhiker’s Guide to the Galaxy
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Cosmological Implications of Nonminimally-Coupled f(R)

Gravity and the Lagrangian of Cosmic Fluids

by Rui Pedro Lopes de Azevedo

In the standard model of cosmology, the background evolution of the

Universe can in general be adequately described by general relativity and a

uniform and isotropic metric minimally coupled with a collection of perfect

fluids. These fluids are usually described by their energy-momentum tensor,

which can be derived from the fluid’s Lagrangian density. Under general

relativity, the Lagrangian density is only relevant to the extent that it results

in the correct energy-momentum tensor for a specific perfect fluid. This is

not the case in theories that feature a nonminimal coupling (NMC) between

the matter fields and gravity. In such cases, the on-shell Lagrangian density

of the matter fields appears explicitly in the equations of motion, in addition

to their energy-momentum tensor. The determination of the correct on-

shell Lagrangian density for a particular fluid is therefore of paramount

importance in order to provide an accurate description of the corresponding

cosmological implications. In essence, this is the problem tackled in this

thesis.

We have aimed at addressing three key points. We covered some of the

results in the literature regarding the Lagrangian density of cosmic fluids,

and cleared up some misunderstandings regarding the freedom of choice (or

lack thereof) of its on-shell form, both in general relativity and in theories

featuring an NMC. In addition, we derived the correct Lagrangian density

for fluids composed of solitonic particles with fixed rest mass and struc-

ture. Secondly, we studied the thermodynamic behaviour of perfect fluids

of this type in the context of theories featuring an NMC between gravity

and the matter fields. Finally, we used these results to derive novel cosmo-

logical constraints on specific NMC gravity models, using data from cosmic

microwave background, big-bang nucleosynthesis, type Ia supernovae and

baryon acoustic oscillations observations.
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Acoplada e o Lagrangiano de Fluidos Cósmicos

por Rui Pedro Lopes de Azevedo

No modelo padrão da cosmologia, a evolução de fundo do Universo pode

em geral ser adequadamente descrita pela relatividade geral e uma métrica

uniforme e isotrópica minimamente acoplada a um conjunto de fluidos per-

feitos. Estes fluidos são geralmente descritos pelo seu tensor de energia-

momento, que pode ser derivado da densidade Lagrangiana do fluido. Em

relatividade geral, a densidade Lagrangiana só é relevante na medida em

que resulta no tensor de energia-momento correto para um fluido perfeito

espećıfico. Este não é o caso em teorias que apresentem um acoplamento

não-mı́nimo (NMC) entre os campos de matéria e a gravidade. Nestes casos,

a densidade Lagrangiana on-shell dos campos de matéria aparece explicita-

mente nas equações de movimento, juntamente com o seu tensor de energia-

momento. A determinação da densidade Lagrangiana on-shell correta para

um fluido em particular é, portanto, de suma importância para permitir

uma descrição correta das implicações cosmológicas correspondentes. Em

essência, este é o problema abordado nesta tese.

Tivemos como objetivo abordar três pontos-chave. Cobrimos alguns dos

resultados presentes na literatura sobre a densidade Lagrangiana de fluidos

cósmicos, e esclarecemos alguns eqúıvocos sobre a liberdade de escolha (ou

falta dela) da sua forma on-shell, tanto em relatividade geral quanto em te-

orias que apresentam um NMC. Além disso, derivámos a densidade Lagran-

giana correta para fluidos compostos de part́ıculas solitónicas com massa

e estrutura em repouso fixas. Em segundo lugar, estudámos o comporta-

mento termodinâmico de fluidos perfeitos deste tipo no contexto de teorias

que apresentam um NMC entre a gravidade e os campos de matéria. Final-

mente, usámos esses resultados para derivar novas restrições cosmológicas em

modelos de gravidade NMC espećıficos, usando dados da radiação cósmica

de fundo, nucleosśıntese do big bang, supernovas do tipo Ia e observações de

oscilações acústicas de bariões.
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Chapter 1

The Standard Model of

Cosmology

Albert Einstein’s general relativity (GR) remains the most successful theory

of gravitation, boasting an enormous body of experimental evidence [9], from

the accurate prediction of Mercury’s orbit to the more recent detection of

gravitational waves [10].

Despite this backing, when coupled only with baryonic matter GR still

fails to account for the rotational speeds of galaxies and offers little expla-

nation for the accelerated expansion of the Universe. Namely, the rotational

speed and mass of galaxies as predicted by GR do not match observations, in-

dicating the presence of “dark” matter that does not interact electromagnet-

ically [11,12]. Moreover, in the past two decades, observations of supernovae

have signalled that the Universe is presently expanding at an accelerating

rate [13]. Although an accelerated expansion via a cosmological constant is

a possible scenario in GR, the origin of this acceleration is still unknown.

For example, if one attempts to connect the small energy density required

to explain such acceleration with the much larger vacuum energy predicted

by quantum field theory one faces a discrepancy of about 120 orders of mag-

nitude.

The ΛCDM model was formulated to model these galactic and universal

dynamics, consisting of a Universe evolving under GR and with the addition

of uniform dark energy with a negative equation of state (EOS) parameter,

represented by a cosmological constant Λ, responsible for this accelerated

expansion, and cold dark matter (CDM), a non-baryonic type of matter

that has at best a vanishingly small nonminimal interaction with the other

matter fields, responsible for the missing mass in galaxies. This model is

often supplemented by an inflationary scenario in the early Universe that

attempts to provide a solution to the horizon, flatness and relic problems.

In this chapter, we will give an overview of the standard model of cos-

mology and cover the most relevant observational constraints to this thesis.

Unless otherwise stated, in the remainder of this work we will use units such

that c = ℏ = kB = 1, where c is the speed of light, ℏ is the reduced Planck

constant and kB is Boltzmann’s constant.
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1.1 General relativity

In 1915 Einstein arrived at his theory of general relativity, which can be

derived from the Einstein-Hilbert action

S =

∫
d4x

√
−g [κ(R− 2Λ) + Lm] , (1.1)

where g is the determinant of the metric tensor, with components gµν , R

is the Ricci scalar, Lm is the Lagrangian density of the matter fields, Λ is

the cosmological constant, and κ = c4/(16πG), with c the speed of light in

vacuum and G Newton’s gravitational constant. For the remainder of this

work, we will refer to Lagrangian densities L as simply “Lagrangians”. As-

suming a Levi-Civita connection, the Einstein field equations can be derived

by requiring that the variation of the action with respect to the components

of the inverse metric tensor gµν vanishes, which returns

Gµν + Λgµν =
1

2κ
Tµν , (1.2)

where Gµν ≡ Rµν − 1
2Rgµν is the Einstein tensor, Rµν is the Ricci tensor

and Tµν are the components of the matter energy-momentum tensor (EMT),

given by

Tµν = − 2√
−g

δ (
√
−gLm)

δgµν
. (1.3)

If one takes the trace of the Einstein field equations we obtain

R = 4Λ− 1

2κ
T , (1.4)

where T = Tµνg
µν is the trace of the EMT. One can write the field equations

in an equivalent alternative form

Rµν − Λgµν =
1

2κ

(
Tµν −

1

2
Tgµν

)
. (1.5)

Taking the covariant derivative of Eq. (1.2) and using the second Bianchi

identity

Rαβµν;σ +Rαβσµ;ν +Rαβνσ;µ = 0 , (1.6)

one can obtain a conservation law for the energy-momentum tensor

∇µTµν = 0 . (1.7)

The standard model of cosmology is built around the assumption that

the Universe is homogeneous and isotropic on cosmological scales, i.e. the

Cosmological Principle. With this consideration in mind, it can be described

by the Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric, represented
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by the line element

ds2 = −dt2 + a2(t)

[
dr2

1− kr2
+ r2dθ2 + r2 sin2 θdϕ2

]
, (1.8)

where a(t) is the scale factor, k is the spatial curvature of the Universe, t is

the cosmic time, and r, θ and ϕ are polar comoving coordinates. Current

observational data strongly suggest that the Universe is spatially flat, i.e.

k = 0, or very nearly so, and this is usually taken as an assumption when

spatial curvature is not important. As a source term for the Einstein field

equations, it is often considered that the matter content of the Universe on

sufficiently large scales is well described as a collection of perfect fluids, with

EMT of the form

Tµν = (ρ+ p)UµUν + pgµν , (1.9)

where ρ and p are respectively the density and pressure of the fluid, and Uµ

are the components of the 4-velocity of a fluid element, satisfying UµU
µ =

−1. The pressure and density of the fluid are related by the equation of state

(EOS), p = wρ, where w is the EOS parameter. For non-relativistic matter,

one has pm = 0 and wm = 0, while for radiation pr = ρr/3 and wr = 1/3. In

the case of a constant density, such as the cosmological constant, one would

require wΛ = −1, so that pΛ = −ρΛ.
Using Eqs. (1.7) and (1.9) one can obtain the continuity equation for

the perfect fluid

ρ̇+ 3H(ρ+ p) = 0, (1.10)

where H ≡ ȧ/a is the Hubble parameter. If w = const., one can find the

general solution for ρ via direct integration

ρ(t) = ρ0 a(t)
−3(1+w) , (1.11)

where ρ0 is the value of the energy density at time t0 and a(t0) ≡ 1. We

will therefore consider three different components for the energy density in

the Universe: a matter term ρm composed of both baryonic and cold dark

matter, a radiation term ρr composed essentially of photons, and a dark

energy term ρΛ which will be expressed by a cosmological constant. Using

Eq. (1.11), these components evolve as, respectively,

ρm(t) = ρm,0 a(t)
−3 ,

ρr(t) = ρr,0 a(t)
−4 ,

ρΛ(t) = ρΛ,0 = 2κΛ . (1.12)

Having both defined a metric and a source term for the field equation,

one can now write the explicit forms of its tt and ii components as the
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well-known Friedmann and Raychaudhuri equations

H2 =
1

6κ
(ρm + ρr)−

k

a2
+

Λ

3
, (1.13)

2Ḣ + 3H2 = − 1

2κ
(ρm + ρr + 3pr) + Λ , (1.14)

respectively, and the Ricci scalar yields

R = 6
(
2H2 + Ḣ

)
. (1.15)

It is sometimes useful to recast the scale factor a(t) as a function of the

redshift z that photons experience when propagating through spacetime.

Light travels along null geodesics

ds2 = −dt2 + a(t)2
dr2

1− kr2
= 0 , (1.16)

therefore light that leaves a source at comoving distance rem at time tem will

arrive at the observer robs = 0 at a time tobs, given by∫ tobs

tem

dt

a(t)
=

∫ rem

0

dr√
1− kr2

. (1.17)

Suppose that we observe a signal that is emitted over a time δtem, and

received over a time δtobs. The r.h.s. of Eq. (1.17) remains the same

regardless of the limits of the integral on the l.h.s., so we can write∫ tobs+δtobs

tem+δtem

dt

a(t)
=

∫ tobs

tem

dt

a(t)

⇒
∫ tobs+δtobs

tem+δtem

dt

a(t)
=

∫ tem+δtem

tem

dt

a(t)
+

∫ tobs

tem+δtem

dt

a(t)

⇒
∫ tobs+δtobs

tem+δtem

dt

a(t)
+

∫ tem+δtem

tobs

dt

a(t)
=

∫ tem+δtem

tem

dt

a(t)

⇒
∫ tobs+δtobs

tobs

dt

a(t)
=

∫ tem+δtem

tem

dt

a(t)
. (1.18)

If we assume that the intervals δtobs/em are much smaller than the timescale

of the variation of a(t), then a(tem) = a(tem+ δtem), and likewise for a(tobs).

Therefore we can rewrite Eq. (1.18) as

1

a(tobs)

∫ tobs+δtobs

tobs

dt =
1

a(tem)

∫ tem+δtem

tem

dt

⇒ δtobs
a(tobs)

=
δtem
a(tem)

. (1.19)
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If the intervals δtem and δtobs are the time it takes to emit and receive one

full wavelength λ of a light ray, then

λobs
a(tobs)

=
λem
a(tem)

. (1.20)

The redshift z is defined as

z =
λobs − λem

λem
, (1.21)

and using Eq. (1.20) we obtain

z =
a(tobs)

a(tem)
− 1

⇒1 + z =
1

a(t)
, (1.22)

where we have taken t ≡ tem and fixed the scale factor at the present time

at unity a(tobs) ≡ a0 = 1.

The density of a flat universe is known as the critical density ρc = 6κH2.

One can therefore write the various contributions to the right hand side of

Eq. (1.13) as a function of the corresponding density parameters Ω ≡ ρ/ρc.

If one also includes the explicit dependence of the density on the scale factor

a, one can rewrite the Friedmann equation as

H2 = H2
0

(
Ωr,0a

−4 +Ωm,0a
−3 +Ωk,0a

−2 +ΩΛ,0

)
, (1.23)

where H0 is the Hubble constant, Ωr,0 and Ωm,0 are the radiation and matter

density parameters, respectively,

Ωk,0 = 1− Ω0 = 1− 6κH2
0 , (1.24)

is the spatial curvature density parameter, and

ΩΛ,0 = Λ/3H2
0 , (1.25)

is the cosmological constant density parameter. The subscript 0 denotes

that the quantities are measured at the present time.

Current observational evidence allows one to roughly split the back-

ground evolution of the Universe into four stages. Soon after the Big Bang, it

is hypothesized that the Universe went through a rapid inflationary period.

While the telltale signs of inflation have evaded detection so far, it provides

a neat solution to the horizon, flatness and relic problems, and provides a

mechanism that explains the origin of the density fluctuations which gave

rise to the large-scale structure observed at the present day [14]. There are

many models of inflation, most of them relying on the addition of a scalar
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field to the Einstein-Hilbert action, but they are not an essential part of the

ΛCDM model, so we will not cover them here.

After inflation the Universe became dominated by radiation, with H2 ≃
H2

0Ωr,0a
−4 and wr = pr/ρr = 1/3. Via the continuity (1.10) and Friedmann

(1.23) equations we obtain a(t) ∝ t1/2 and ρr ∝ a−4 ∝ t−2 [15]. It is during

this epoch that the majority of the light elements (mainly stable isotopes

of hydrogen, helium and lithium) were formed via a process called big-bang

nucleosynthesis (BBN).

Following BBN the Universe remained so hot that nucleons and electrons

were not able to come together into atoms, and it remained opaque to ra-

diation. As it expanded and cooled, the temperature dropped enough for

electrons to finally be captured into (mostly) hydrogen atoms, in a process

known as recombination. It is during this epoch that photons decoupled

from matter, and the cosmic microwave background (CMB) was emitted.

Following recombination came an era of matter domination. It can be

described by H2 ≃ H2
0Ωm,0a

−3, which leads to the solutions a(t) ∝ t2/3 and

ρm ∝ a−3 ∝ t−2.

We are currently experiencing a transition period where the expansion

of the Universe is accelerating. In the future, the Universe will most likely

be dominated by dark energy, and in the case of a cosmological constant one

obtains H2 ≃ H2
0ΩΛ,0, leading to an exponential expansion a(t) ∝ exp(H0t).

1.2 Distance measures in general relativity

Measuring distances in astronomy can be done in several different ways,

all of which necessarily take into account the curved nature of spacetime.

Therefore, the measurement of these distances will depend on the space-

time metric and how it changes as light propagates through it. Two very

useful distance definitions are the angular diameter distance, dA, and the

luminosity distance, dL.

In Euclidean space, an object with diameter s at some distance d away

would extend across an angular diameter θ, i.e.

θ =
s

d
. (1.26)

In curved spacetime, however, the proper distance to a distant object such

as a star or a galaxy cannot be so easily measured. Nevertheless, one can

define an angular diameter distance dA as a recasting of d such that the

relation between the object’s size and angular diameter would maintain the

Euclidean-space relation (1.26), i.e.

θ =
s

dA
. (1.27)
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In a FLRW universe, the proper distance s corresponding to an angle θ is

simply

s = a(tem)rθ =
rθ

1 + z
, (1.28)

where r is the coordinate distance to the object. Assuming a spatially flat

Universe, k = 0, the distance r can be calculated by just integrating over a

null geodesic, that is

ds2 = −dt2 + a(t)2dr2 = 0

⇒ dr = − dt

a(t)

⇒ r =

∫ tobs

tem

dt

a(t)
=

∫ z

0

dz′

H(z′)
, (1.29)

so the angular diameter distance to an object at redshift z is simply

dA =
1

1 + z

∫ z

0

dz′

H(z′)
. (1.30)

On the other hand, the luminosity distance dL of an astronomical object

relates its absolute luminosity L, i.e. its radiated energy per unit time, and

its energy flux at the detector l, so that they maintain the usual Euclidean-

space relation

l =
L

4πd2L
, (1.31)

or, rearranging,

dL =

√
L

4πl
. (1.32)

Over a small emission time ∆tem the absolute luminosity can be written as

L =
Nγ,emEem

∆tem
, (1.33)

where Nγ,em is the number of emitted photons and Eem is the average photon

energy. An observer at a coordinate distance r from the source will on the

other hand observe an energy flux given by

l =
Nγ,obsEobs

∆tobs4πr2
(1.34)

where Nγ,obs is the number of observed photons and Eobs is their average

energy.

Note that while the number of photons is generally assumed to be con-

served, Nγ,obs = Nγ,em, the time that it takes to receive the photons is

increased by a factor of 1 + z, δtobs = (1 + z)δtem as shown in Eq. (1.19),
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and their energy is reduced by the same factor

Eobs =
Eem

1 + z
. (1.35)

Using Eqs. (1.33), (1.34), (1.35) and (1.16) in Eq. (1.32), we finally obtain

dL = (1 + z)

∫ z

0

dz′

H(z′)
. (1.36)

Eqs. (1.30) and (1.36) differ only in a factor of (1 + z)2,

dL
dA

= (1 + z)2 . (1.37)

Eq. (1.37) is called Etherington’s distance-duality relation (DDR), and it

can be a useful tool for probing theories of modified gravity or theories that

do not conserve the photon number [16,17].

1.3 The cosmic microwave background

In 1965, Arno Penzias and Robert Wilson encountered a source of isotropic

“noise” in the microwave part of the radiation spectrum as they were exper-

imenting with the Holmdel Horn Antenna. At the same time, Robert Dicke,

Jim Peebles and David Wilkinson were preparing a search for primordial

radiation emitted soon after recombination. The concurrence of these two

events allowed these physicists to quickly identify Penzias and Wilson’s ac-

cidental discovery as the Cosmic Microwave Background (CMB) radiation

[18, 19], one of the most important astronomical discoveries ever made, and

one that granted Penzias, Wilson and Peebles the Nobel prize. Despite the

nature of its discovery, the CMB had been a prediction of cosmology for

some time, and it is one that has continued to be studied to this day using

sophisticated ground- and balloon-based telescopes, and several space-based

observatories such as the Cosmic Microwave Background Explorer (COBE)

[20], the Wilkinson Microwave Anisotropy Probe (WMAP) [21], and more

recently the Planck satellite [22].

Before recombination, radiation was kept in thermal equilibrium with

baryonic matter via frequent collisions between photons and free electrons,

and thus the photons maintained a black body-spectrum. For a given tem-

perature T the spectral and number densities of photons at frequency ν are

given by, respectively,

u(ν) =
8πhν3

ehν/(kBT ) − 1
, (1.38)

and

n(ν) =
u(ν)

hν
=

8πν2

ehν/(kBT ) − 1
, (1.39)
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where h is the Planck constant.

As spacetime expanded, matter cooled enough for the free electrons to

be captured by the positive nuclei, and radiation began propagating freely

across space. While this radiation is isotropic to a large degree, it does

present small anisotropies. These can be primordial in origin, but can also

be due to effects along the path photons travelled until detection. Some

of these effects are temperature fluctuations at the last-scattering surface,

Doppler effects due to velocity variations in the plasma, the peculiar velocity

of the Earth relative to the CMB, gravitational redshift (Sachs-Wolfe and

integrated Sachs-Wolfe effects), and photon scattering with electrons in the

intergalactic medium (Sunyaev–Zel’dovich effect). Despite this, the CMB

remains the best black body ever measured. The detailed description of

these anisotropies is not particularly relevant to this thesis. Nevertheless,

they are central to the determination of constraints on the cosmological

parameters [23].

As spacetime continued to expand after photon decoupling, the frequency

of the photons emitted at the so-called last scattering surface becomes red-

shifted over time. That is to say, a photon emitted at the time of last scat-

tering tL with frequency νL would be detected at time t with a frequency

ν = νLa(tL)/a(t) and therefore the spectral and number densities measured

at time t would be

u(ν) =
8πhν3

ehν/(kBT (t)) − 1
, (1.40)

and

n(ν) =
8πν2

ehν/(kBT (t)) − 1
, (1.41)

where

T (t) = T (tL)
a(tL)

a(t)
, (1.42)

is the temperature of the black-body spectrum. Alternatively, we can write

this temperature as,

T (z) = T (zL)
1 + z

1 + zL
, (1.43)

where zL is the redshift at the time of last scattering. In essence, the black-

body spectrum is maintained, but with a “redshifted” temperature.

1.4 Big-bang nucleosynthesis

One of the great successes of modern cosmology is the prediction of the

abundances of light elements formed in the early Universe (mainly 2H, 3He,
4He and 7Li), which are impossible to achieve in such quantities via stellar

processes alone, through a process called big-bang nucleosynthesis (BBN).

Current astronomy is unable to observe past the CMB radiation emitted at

the last scattering surface (z ≃ 1090), but it is possible to infer from the
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high degree of isotropy of the CMB itself that matter and radiation were

in thermal equilibrium prior to decoupling. We can therefore use statistical

physics and thermodynamics to predict the evolution of the early Universe

when the temperature and density were much higher than the present day

and radiation dominated the expansion of the universe.

The primordial soup was originally composed of all known species of el-

ementary particles, ranging from the heaviest particles like the top quark

down to neutrinos and photons. Then, as the Universe progressively ex-

panded and cooled, the heavier species slowly became non-relativistic, and

particle-antiparticle pairs annihilated themselves and unstable particles de-

cayed. After the electroweak transition at around TEW ∼ 100 TeV, the first

particles to disappear were the top quark, followed soon after by the Higgs

boson and theW± and Z0 gauge bosons. As the temperature dropped below

T ∼ 10 GeV, the bottom and charm quarks, as well as the tau lepton, were

also annihilated.

At TQCD ∼ 150 MeV, the temperature was low enough that quark-gluon

interactions started binding quarks and antiquarks together into hadrons,

composite particles with integer charge. These can be baryons, three-quark

particles with half-integer spin (i.e. fermions) such as the protons and neu-

trons, or mesons, quark-antiquark pairs with integer spin (i.e. bosons) such

as pions. This process is known as the quantum chromodynamics (QCD)

phase transition. Soon after at T < 100 MeV the pions and muons also

annihilated, and after this process finished the only particles left in large

quantities were neutrons, protons, electrons, positrons, neutrinos and pho-

tons.

As the Universe continued to cool down, the weak interaction rates

eventually dropped below the expansion rate H, with neutrinos departing

from thermodynamic equilibrium with the remaining plasma. In the con-

text of this thesis, the most relevant consequence of this phenomenon is

the breaking of the neutron-proton chemical equilibrium at TD ∼ 0.7 MeV,

which leads to the freeze-out of the neutron-proton number density ratio

at nn/np = exp(−∆m/TD) ∼ 1/7, where ∆m = 1.29 MeV is the neutron-

proton mass difference (the ratio nn/np is then slightly reduced by subse-

quent neutrons decays). Soon after, at TN ∼ 100 keV, the extremely high

photon energy density has been diluted enough to allow for the formation of

the first stable 2H deuterium nuclei.

Once 2H starts forming, an entire nuclear process network is set in mo-

tion, leading to the production of light-element isotopes and leaving all the

decayed neutrons bound into them, the vast majority in helium-4 4He nu-

clei, but also in deuterium 2H, helium-3 3He and lithium-7 7Li. Unstable

tritium 3H and beryllium-7 7Be nuclei were also formed, but quickly de-

cayed into 3He and 7Li, respectively. Primordial nucleosynthesis may be
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described by the evolution of a set of differential equations [24–29], namely

the Friedmann equation (1.13), the continuity equation (1.10), the equation

for baryon number conservation

ṅB + 3HnB = 0 , (1.44)

the Boltzmann equations describing the evolution of the average density of

each species

Ẋi =
∑
j,k,l

Ni

(
Γkl→ij

XNl
l XNk

k

Nl!Nk!
− Γij→kl

XNi
i X

Nj

j

Ni!Nj !

)
≡ Γi , (1.45)

and the equation for the conservation of charge

nB
∑
j

ZjXj = ne− − ne+ , (1.46)

where i, j, k, l denote nuclear species (n, p, 2H, ...), Xi = ni/nB, Ni is the

number of nuclides of type i entering a given reaction, the Γs represent the

reaction rates, Zi is the charge number of the i-th nuclide, and ne± is the

number density of electrons (−) and positrons (+).

As one could expect, the accurate computation of element abundances

cannot be done without resorting to numerical algorithms [27, 30–33]. It is

worthy of note at this stage that these codes require one particular parameter

to be set a priori, the baryon-to-photon ratio η, whose value is fixed shortly

after BBN and in the standard model of cosmology is expected to remain

constant after that.

1.5 Constraints on the cosmological parameters

In the first decades following the formulation of GR, cosmology remained a

largely theoretical pursuit, with the discovery of several useful metrics (such

as de Sitter and FLRW), the formulation of the cosmological principle and

the early predictions of the CMB and the big bang. Concurrently there

were significant advancements in astronomy, but the data collected was not

yet enough to derive precise constraints on cosmological parameters, nor to

detect the accelerated expansion of the Universe.

Nevertheless, several key observations were made in the decades that

followed. In 1929 Edwin Hubble shows that the Universe is expanding by

measuring the redshift-distance relation to a linear degree [34]; in 1965 Pen-

zias and Wilson make the first observations of the CMB [18,19]; and in 1970

Vera Rubin presents evidence for the existence of a substantial amount of

dark matter by measuring the rotation curve of galaxies [35]. Several key
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developments were made during the 1980s, such as the independent propos-

als and work on inflation by Alan Guth [36], Alexei Starobinsky [37], Andrei

Linde [38], and Andreas Albrecht and Paul Steinhardt [39], the increasing

evidence pointing to a Universe currently dominated by cold dark matter,

and culminating with the 1989 launch of COBE [20] and the detection of

CMB anisotropies.

COBE’s launch marked the beginning of the golden age of cosmology.

The exponential increase in the establishment of space- and ground-based ob-

servatories like the Hubble Space Telescope (HST), the Wilkinson Microwave

Anisotropy Probe (WMAP), the Planck satellite, and the Very Large Tele-

scope (VLT) has progressed to today and shows no signs of slowing. As

of this writing, four significant projects fully underway are the construction

of the largest optical/near-infrared telescope in the form of the Extremely

Large Telescope (ELT), the calibration of HST’s successor i.e. the James

Webb Space Telescope (JWST), the planning of the largest radio observa-

tory ever built in the Square Kilometer Array (SKA), and the planning of

the first space-based gravitational wave detector in the Laser Interferome-

ter Space Antenna (LISA). Also worthy of mention are the many ongoing

surveys like the Dark Energy Survey (DES), the Sloan Digital Sky Survey

(SDSS) and the Galaxy and Mass Assembly (GAMA).

As such, the constraints on the cosmological model ruling our Universe

have greatly improved in the last two decades. In what follows we will

present current constraints on the cosmological parameters relevant to this

work, most of which can be seen in Table 1.1.

1.5.1 Hubble constant H0

The most precise constraints available today for H0 come from CMB data

collected by the aforementioned Planck mission. Unfortunately, bothH0 and

Ωm,0 are derived parameters from that analysis, and suffer from degeneracy

with each other. Nevertheless, with the inclusion of lensing considerations,

the Planck collaboration was able to constrain the Hubble constant for a flat

Universe to [23]

H0 = (67.36± 0.54)km s−1Mpc−1 , (1.47)

at the 68% credibility level (CL). This result can be further supplemented

with data from baryon acoustic oscillations (BAO), for a slightly tighter

constraint of (68% CL)

H0 = (67.66± 0.42)km s−1Mpc−1 . (1.48)

There is, however, some tension in the measurement ofH0. The measure-

ment of the cosmic distance ladder, and in particular the relation between
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an object’s geometric distance and its redshift, can also be used to deter-

mine cosmological parameters. The recent Supernova H0 for the Equation of

State (SH0ES) project used the HST to make an independent measurement

of the Hubble constant (68% CL) [40]

H0 = (73.04± 1.04)km s−1Mpc−1 . (1.49)

While this value is less precise, the central values of both determinations

have barely changed throughout the years while the errors are continuously

decreasing, leading to the discrepancy of 2.5σ in 2013 (the time of the first

Planck data release) growing to over 5σ today. Numerous investigations

have been conducted, trying to explain this tension either with new physics

or unaccounted-for systematic errors [41] but, as of this writing, there is no

definite answer.

1.5.2 Density parameters

As mentioned above, Planck data is able to determine the matter density

parameter Ωm,0 along with H0. With the inclusion of lensing, the 68%

constraint from the Planck collaboration for a flat Universe is

Ωm,0 = 0.3153± 0.0073 , (1.50)

which can once again be constrained further with the inclusion of BAO data

Ωm,0 = 0.3111± 0.0056 . (1.51)

These values naturally lead to a determination of the cosmological constant

density parameter from CMB data

ΩΛ,0 = 0.6847± 0.0073 . (1.52)

and with the addition of BAO

ΩΛ,0 = 0.6889± 0.0056 . (1.53)

In addition, Planck is able to constrain values of Ωb,0h
2 and Ωc,0h

2, where

Ωb,0 and Ωc,0 are the density parameters for baryonic matter and cold dark

matter, respectively, and h = H0/(100km s−1Mpc−1) is the dimensionless

Hubble constant. The base estimates for these parameters from CMB data

are

Ωb,0h
2 = 0.02237± 0.00015 , (1.54)

Ωc,0h
2 = 0.1200± 0.0012 , (1.55)
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and with the addition of BAO data

Ωb,0h
2 = 0.02242± 0.00014 , (1.56)

Ωc,0h
2 = 0.11933± 0.00091 . (1.57)

1.5.3 Cosmic microwave background temperature

The accurate characterization of the CMB spectrum has been the goal of

many observational experiments so far, but as of this writing the best mea-

surements of the black body spectrum still come from the FarInfraRed Ab-

solute Spectrophotometer (FIRAS) instrument on board COBE [42], which

has more recently been calibrated using WMAP data [43], and resulted in a

temperature measurement of

T = 2.760± 0.0013K , (1.58)

as can be seen in Fig. 1.1.

Figure 1.1: The mean spectrum associated with the veloc-
ity of the solar system with respect to the CMB. The line
is the a priori prediction based on the WMAP velocity and
previous FIRAS calibration. The uncertainties are the noise
from the FIRAS measurements. Figure taken from [43].

1.5.4 Baryon-to-photon ratio

There are two main ways of estimating the value of the baryon-to-photon

ratio η at different stages of cosmological evolution. On one hand, one may

combine the observational constraints on the light-element abundances with
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Table 1.1: Mean values and marginalized 68% CI limits
on the cosmological parameters, according to recent obser-

vational data. H0 has units of km s−1 Mpc−1.

Planck Planck+BAO SH0ES BBN [44] BBN [33]

H0 67.36± 0.54 67.66± 0.42 73.52± 1.62 — —
Ωm,0 0.3153± 0.0073 0.3111± 0.0056 — — —
ΩΛ,0 0.6847± 0.0073 0.6889± 0.0056 — — —
Ωb,0h

2 0.02237± 0.00015 0.02242± 0.00014 — — —
Ωc,0h

2 0.1200± 0.0012 0.11933± 0.00091 — — —
η × 1010 6.123± 0.041 6.136± 0.038 — 5.7± 0.3 6.23+0.12

−0.14

numerical simulations of primordial BBN to infer the allowed range of η.

This is the method used in [44], among others, leading to

ηBBN = (5.7± 0.3)× 10−10 , (1.59)

at 68% CL just after nucleosynthesis (at a redshift zBBN ∼ 109). More re-

cently, an updated version of the program PArthENoPE (PArthENoPE 2.0),

which computes the abundances of light elements produced during BBN, was

used to obtain new limits on the baryon-to-photon ratio, at 1σ [33]

ηBBN = (6.23+0.12
−0.14)× 10−10 . (1.60)

There is actually some variation of η during nucleosynthesis due to the

entropy transfer to photons associated with the e± annihilation. The ratio

between the values of η at the beginning and at the end of BBN is given

approximately by a factor of 2.73 [45].

The baryon-to-photon ratio also affects the acoustic peaks observed in

the CMB, generated at a redshift zCMB ∼ 103. The 2017 Planck analysis [46]

constrains the baryon density ωb = Ωbh
2 from baryon acoustic oscillations,

at 95% CL,

ωb = 0.02229+0.00029
−0.00027 . (1.61)

This quantity is related to the baryon-to-photon ratio via η = 273.7 ×
10−10ωb, leading to

ηCMB = 6.101+0.079
−0.074 × 10−10 . (1.62)
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Chapter 2

f (R) Theories

Even though the standard ΛCDM model has great explanatory power and

is very tightly constrained, it still has two core problems: the necessity to

include dark energy and dark matter, both of which have managed to avoid

direct detection. Thus, many physicists have proposed alternative theories to

GR that do not require the addition of at least one of these dark components

to the energy budget to explain cosmological phenomena.

The standard of proof required of these new theories is very high, as they

have to satisfy stringent cosmological and astrophysical constraints. Another

hurdle faced by these modified gravity theories is their origin: are they

fundamental theories, or merely the low-energy manifestation of a grander

theory of everything? As of this writing, GR remains the most successful

theory, but it can nevertheless be fruitful to take a deeper look at modified

gravity since it can often shine a light on other interesting problems and

phenomena.

Many extensions of GR have been proposed in the literature. Among

these are theories with additional fields, such as scalar-tensor theories (e.g.

Jordan-Brans-Dicke), Einstein-æther theories (e.g. modified Newtonian dy-

namics aka MoND) and bimetric theories, theories with more complex geo-

metric terms such as f(R) and f(R,Rµν , Rµναβ) theories [47–54], and theo-

ries featuring a non-minimal coupling (NMC) between geometry and matter,

such as f(R,Lm) theories [55–65]. An excellent review and introduction to

these and other models and their cosmological impact can be found in [66].

In this chapter, we take a closer look at the case of the aforementioned

f(R) theories, which will serve as a stepping stone for the NMC models

we will present later. f(R) theories need not be looked at as fundamental,

but rather as phenomenological gravity models that may describe the low-

energy gravitational dynamics of a grander “theory of everything”. For a

good review and deeper dive on f(R) theories beyond what is covered in this

chapter, see [47,48] and references therein.
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2.1 Action and field equations

From a phenomenological standpoint (and without the addition of more

fields), one way to generalize the Einstein-Hilbert action (1.1) is to replace

the Ricci scalar R with a generic function f(R)

S =

∫
d4x

√
−g [κf(R) + Lm] . (2.1)

where κ = c4/(16πG) and Lm is the Lagrangian of the matter fields. It is

immediate that GR is recovered when f(R) = (R−2Λ). We obtain the field

equations of this action (2.1) using the same method as in GR, so that

Gµνf
′ =

1

2
gµν [f −Rf ′] + ∆µνf

′ +
1

2κ
Tµν , (2.2)

where primes denotes differentiation with respect to the Ricci scalar, Gµν

is the Einstein tensor and ∆µν ≡ ∇µ∇ν − gµν□, with □ = ∇µ∇µ the

D’Alembertian operator.

Since the Ricci scalar involves first and second order derivatives of the

metric, the presence of ∆µνf
′ in the field equations (2.2) makes them fourth

order differential equations. If the action is linear in R, the fourth order

terms vanish and the theory reduces to GR. There is also a differential

relation between R and the trace of the EMT T ≡ gµνTµν , given by the

trace equation

3□f ′ − 2f +Rf ′ =
1

2κ
T , (2.3)

rather than the algebraic relation found in GR when Λ = 0, R = −T/(2κ).
This enables the admittance of a larger pool of solutions than GR, such as

solutions that have scalar curvature, R ̸= 0, when T = 0. The maximally

symmetric solutions lead to a constant Ricci scalar, so for constant R and

Tµν = 0, one obtains

Rf ′ − 2f = 0 , (2.4)

which is an algebraic equation in R for a given f . Here it becomes important

to distinguish between singular (R−n , n > 0) and non-singular (Rn , n > 0)

f(R) models [67].

For non-singular models, R = 0 is always a possible solution, the field

equations (2.2) reduce to Rµν = 0, and the maximally symmetric solution

is Minkowski spacetime. When R = C with C a constant, this becomes

equivalent to a cosmological constant, the field equations reduce to Rµν =

gµνC/4, and the maximally symmetric solution is a de Sitter or anti-de Sitter

space, depending on the sign of C. For singular f(R) theories, however,

R = 0 is no longer an admissible solution to Eq. (2.4).



2.2. f(R) cosmology 19

Similarly to GR, applying the Bianchi identities on the covariant deriva-

tive of the field equations yields the same conservation law for the energy-

momentum tensor as in GR (1.7), ∇µTµν = 0.

It is also possible to write the field equations (2.2) in the form of the

Einstein equations with an effective stress-energy tensor

Gµν =
1

2κf ′
[
Tµν + 2κ∇µνf

′ + κgµν
(
f −Rf ′

)]
≡ 1

2κf ′

[
Tµν + T (eff)

µν

]
,

(2.5)

where Geff ≡ G/f ′ is an effective gravitational coupling strength, so that

demanding that Geff be positive returns f ′ > 0.

2.2 f(R) cosmology

As with any gravitational theory, for an f(R) theory to be a suitable can-

didate for gravity, it must be compatible with the current cosmological evi-

dence, explaining in particular the observed cosmological dynamics, and the

evolution of cosmological perturbations must be compatible with the CMB,

large scale structure formation and BBN.

To derive the modified Friedmann and Raychaudhuri equations we again

assume a flat, homogeneous and isotropic universe described by the FLRW

metric with line element

ds2 = −dt2 + a2(t)
[
dr2 + r2dθ2 + r2 sin2 θdϕ2

]
. (2.6)

We shall assume that the universe is filled with a collection of perfect fluids

with energy density ρ, pressure p, and energy-momentum tensor

Tµν = −(ρ+ p)UµUν + pgµν . (2.7)

Inserting the metric and energy-momentum into the field equations (2.2),

one obtains

H2 =
1

3f ′

[
1

2κ

∑
i

ρi +
Rf ′ − f

2
− 3Hḟ ′

]
, (2.8)

2Ḣ + 3H2 = − 1

f ′

[
1

2κ

∑
i

pi + f̈ ′ + 2Hḟ ′ +
f −Rf ′

2

]
, (2.9)

where ρi and pi are the rest energy density and pressure of each of the

perfect fluids, respectively. Eq. (2.5) implies that one must have f ′ > 0

so that Geff > 0. Adding to this condition, f ′′ > 0 is required in order to

avoid ghosts [68] and the Dolgov-Kawasaki instability [69]. As the stability

of f(R) theories (regardless of the coupling to matter) is not the focus of

this thesis, we will not expand on this topic (see [47,48] for a more detailed

analysis).
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One can collect the extra geometric terms in the Friedmann equations

by introducing an effective density and pressure, defined as

ρeff = κ

(
Rf ′ − f

f ′
− 6Hḟ ′

f ′

)
, (2.10)

peff =
κ

f ′

(
2f̈ ′ + 4Hḟ ′ + f −Rf ′

)
, (2.11)

where ρeff must be non-negative in a spatially flat FLRW spacetime for the

Friedmann equation to have a real solution when ρ→ 0. When ρeff ≫ ρ, the

Friedmann (2.8) and Raychaudhuri (2.9) equations take the form

H2 =
1

6κ
ρeff , (2.12)

ä

a
= − q

12κ
(ρeff + 3peff) , (2.13)

where q ≡ −aä/ȧ2 is the deceleration parameter.

If we now consider the case of f(R) ∝ Rn and consider a power law

expansion characterized by a(t) = a0(t/t0)
α, the effective EOS parameter

weff = peff/ρeff and the parameter α become (for n ̸= 1) [48]

weff = −6n2 − 7n− 1

6n2 − 9n+ 3
, (2.14)

α =
−2n2 + 3n− 1

n− 2
. (2.15)

Now one can simply choose a value for n such that α > 1 to obtain an

accelerated expansion. Likewise, n can be constrained using data from su-

pernovae and CMB observations [52]. Using the aforementioned model, one

can constrain the values of n that still have α > 1 and a negative decelera-

tion parameter. From supernovae type Ia (SNeIa) we obtain the constraint

−0.67 ≤ n ≤ −0.37 or 1.37 ≤ n ≤ 1.43, and from WMAP data we obtain

−0.450 ≤ n ≤ −0.370 or 1.366 ≤ n ≤ 1.376.

More recently, the Planck collaboration has also set limits on this type

of f(R) theories [23, 70]. Solving the Friedmann equation in f(R) gravity

requires setting two initial conditions. One of them is usually set by requiring

that

lim
R→∞

f(R)

R
= 0 , (2.16)

and the other, usually called B0, is the present day value of

B(z) =
f ′′

f ′
HṘ

Ḣ −H2
=

2(n− 1)(n− 2)

−2n2 + 4n− 3
. (2.17)

Planck data implies that we must have B0 ≲ 7.9×10−5, effectively restricting

the value of n to be very close to unity.
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It is worthy of note that one can also use f(R) theories to describe

inflation, for example using the well-known Starobinsky model [37,47] given

by

f(R) = R+
R2

6M2
, (2.18)

where M is a mass scale and where the presence of the linear term in R is

responsible for bringing inflation to an end. The field equations (2.8) and

(2.9) return

Ḧ − Ḣ2

2H
+

1

2
M2H = −3HḢ , (2.19)

R̈+ 3HṘ+M2R = 0 . (2.20)

During inflation, the first two terms of Eq. (2.19) are much smaller than

the others, and one obtains a linear differential equation for H that can be

integrated to give

H ≃ Hi −
M2

6
(t− ti) ,

a ≃ ai exp

[
Hi(t− ti)−

M2

12
(t− ti)

2

]
,

R ≃ 12H2 −M2 , (2.21)

where Hi and ai are the Hubble parameter and the scale factor at the onset

of inflation (t = ti), respectively.

2.3 Equivalence with scalar field theories

An interesting property of f(R) theories is that they are equivalently to

Jordan-Brans-Dicke (JBD) theories [47,71,72], which can be written in both

the Jordan and Einstein frames, i.e. with the scalar field coupled directly

with the Ricci scalar, or not, respectively. The first equivalence is drawn by

rewriting the f(R) action (2.1) as a function of an arbitrary scalar field χ,

S =

∫
d4x

√
−g
[
κ
(
f(χ) + f ′(χ)(R− χ)

)
+ Lm

]
, (2.22)

where primes represent differentiation with respect to χ. The null variation

of this action with respect to χ returns

f ′′(χ)(R− χ) = 0 , (2.23)

which implies χ = R provided that f ′′(χ) ̸= 0, and therefore the action

(2.22) takes the same form as Eq. (2.1).
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Defining a new field φ ≡ f ′(χ), Eq. (2.22) can be expressed as

S =

∫
d4x

√
−g [κφR− V (φ) + Lm] , (2.24)

where V (φ) is a field potential given by

V (φ) = κ [χ(φ)φ− f (χ(φ))] , (2.25)

which has the same form as the JBD action

S =

∫
d4x

√
−g
[
1

2
φR− ωJBD

2φ
gµν∂µφ∂νφ− V (φ) + Lm

]
, (2.26)

when the JBD parameter ωJBD is null.

It is also possible to write this action in the Einstein frame via a conformal

transformation

g̃µν = Ω2gµν , (2.27)

where Ω2 is the conformal factor and the tilde represents quantities in the

Einstein frame. The Ricci scalars in each of the frames R and R̃ have the

relation

R = Ω2
(
R̃+ 6□̃ lnΩ− 6g̃µν∂µ(lnΩ)∂ν(lnΩ)

)
. (2.28)

Substituting in the action (2.24) and using the relation
√
−g = Ω−4

√
−g̃ we

can rewrite it as

S =

∫
d4x
√

−g̃
[
κΩ−2φ

(
R̃+ 6□̃(lnΩ)− 6g̃µν∂µ(lnΩ)∂ν(lnΩ)

)
− Ω−4φ2U +Ω−4Lm(Ω

−2g̃µν ,ΨM )
]
, (2.29)

where now the matter Lagrangian is a function of the transformed metric

g̃µν and the matter fields ΨM , and U is a potential defined as

U = κ
χ(φ)φ− f (χ(φ))

φ2
. (2.30)

Careful observation of the previous equation makes it clear that one

obtains the action in the Einstein frame for the choice of transformation

Ω2 = φ , (2.31)

where it is assumed that φ > 0. We now rescale the scalar field as

ϕ ≡
√
3κ ln (φ) . (2.32)
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Since the integral
∫
d4x

√
−g̃□̃(lnΩ) vanishes due to Gauss’s theorem, we

can finally write the action (2.29) in the Einstein frame

S =

∫
d4x
√

−g̃
[
κR̃− 1

2
∂αϕ∂αϕ− U(ϕ) + e

−2 ϕ√
3κ Lm

(
e
− ϕ√

3κ g̃µν ,ΨM

)]
,

(2.33)

where e
− ϕ√

3κ g̃µν is the physical metric.

These three representations are equivalent at the classical level, as long as

one takes care to scale the fundamental and derived units when performing

conformal transformations [73], so one can choose to work in the most conve-

nient representation. The scalar-field representation may be more familiar to

particle physicists, whereas the geometric nature of f(R) may appeal more

to mathematicians and relativists.

2.4 The weak-field limit and local constraints

Modern measurements of solar system dynamics allow one to derive local

constraints on modified gravity. This is usually done by performing a weak-

field expansion of the field equations on a perturbed Minkowski or FLRW

metric. In general, one must always ensure two conditions:

Condition 1: f(R) is analytical at background curvature R = R0.

Condition 2: The pressure of the local star-like object is approximately

null, p ≃ 0. This implies that the trace of the energy-momentum tensor is

simply T ≃ −ρ.
Additionally, a third condition is necessary if one wishes to avoid non-

Newtonian terms in the weak-field expansion:

Condition 3: mr ≪ 1, where m is the effective mass of the scalar degree

of freedom of the theory (defined in Eq. (2.38)) and r is the distance to the

local star-like object.

If condition 3 is verified, then the extra scalar degree of freedom (the Ricci

scalar) will have a range longer than the Solar System. In this case, one can

perform a parametrized post-Newtonian (PPN) expansion [74–78] around

a background FLRW metric, and the resulting expansion will allow one to

derive constraints from experimental measurements of the PPN parameters

[54].

On the other hand, if the range of the scalar degree of freedom is shorter

than the typical distances in the Solar System, then the weak-field expansion

will feature Yukawa-like terms, which can be constrained by experiment [79].

2.4.1 Post-Newtonian expansion

The PPN formalism provides a systematic approach in which one can anal-

yse and compare different metric theories of gravity in the weak-field slow-

motion limit. Essentially, this relies on performing a linear expansion of the
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metric and the field equations of the modified gravity theory and then com-

paring them against the post-Newtonian parameters, assigned to different

gravitational potentials, whose values can be constrained by experiment.

For f(R) gravity, one assumes that the scalar curvature can be expressed

as the sum of two components

R(r, t) ≡ R0(t) +R1(r) , (2.34)

where R0(t) is the background spatially homogeneous scalar curvature, and

R1(r) is a time-independent perturbation to the background curvature. Since

the timescales usually considered in Solar System dynamics are much shorter

than cosmological ones, we can usually take the background curvature to be

constant, i.e. R0 = const.. We can therefore separate the source for the

Ricci scalar into two different components, one cosmological and another

local. So the trace Eq. (2.3) reads

3□f ′ − 2f +Rf ′ =
1

2κ
(T cos + T s) , (2.35)

where T cos and T s are the cosmological and local contributions, respectively.

If one takes into account that R1 ≪ R0 (see [54] for more details) and that

R0 solves the terms of the expansion of Eq. (2.35) that are independent of

R1, one can write it as

3f ′′0□R1(r)−
(
f ′0R0 − f ′0

)
=

1

2κ
T s , (2.36)

where f0 ≡ f(R0). For a static, spherically symmetric body, one can further

write this as

∇2R1 −m2R1 = − 1

2κ

ρs

f ′′0
, (2.37)

where ρs is the body’s density and m is the mass parameter, defined as

m2 ≡ 1

3

(
f ′0
f ′′0

−R0 − 3
□f ′′0
f ′′0

)
. (2.38)

If mr ≪ 1, one can solve Eq. (2.37) outside the star to obtain

R1 =
1

24κπf ′′0

M

r
, (2.39)

where M is the total mass of the source.

By considering a flat FLRW metric with a spherically symmetric pertur-

bation

ds2 = − [1 + 2Ψ(r)] dt2 + a2(t)
{
[1 + 2Φ(r)] dr2 + r2dθ2 + r2 sin2 θdϕ2

}
,

(2.40)
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and solving the linearized field equations for Ψ(r) and Φ(r) with the solution

obtained for R1 (2.39) and a(t = t0) = 1, one obtains [54]

ds2 = −
(
1− 2GM

r

)
dt2 +

(
1 +

GM

r

)(
dr2 + r2dθ2 + r2 sin2 θdϕ2

)
,

(2.41)

where M is the total mass of the central source. Comparing Eq. (2.41) with

the equivalent PPN metric

ds2 = −
(
1− 2GM

r

)
dt2 +

(
1 + γ

2GM

r

)(
dr2 + r2dθ2 + r2 sin2 θdϕ2

)
,

(2.42)

where γ is a PPN parameter, one can see that in f(R) gravity γ = 1/2. The

tightest bound on this parameter comes from the tracking of the Cassini

probe, where it was determined that γ − 1 = (2.1± 2.3)× 10−5. Thus f(R)

gravity is generally incompatible with solar system tests, provided that the

linearized limit is valid and that mr ≪ 1 (see [54] for a more in-depth look

at this constraint). Nevertheless, some f(R) models can feature a so-called

“chameleon” mechanism which hides the scalar degree of freedom in regions

with high densities, and thus allows the theory to be constrained by local

tests, rather than outright excluded [80,81].

2.4.2 “Post-Yukawa” expansion

In [79] the authors perform a more general weak-field expansion (i.e. ac-

counting for Yukawa terms) of the field equations on a perturbed asymptot-

ically flat metric with components gµν given by

g00 = −1 + (2)h00 +
(4)h00 + O(c−6) ,

g0i =
(3)h0i + O(c−5) ,

gij = δij +
(2)hij + O(c−4) , (2.43)

where (n)hµν denotes a quantity of order O(c−n). Since R ∼ O(c−2) and

assuming f to be analytic at R = 0 with f ′(0) = 1, it is sufficient to consider

the expansion

f(R) = R+ aR2 , a ̸= 0 , (2.44)

where the presence of a cosmological constant is ignored due to considering

an asymptotically flat background.

Introducing a scalar field φ defined as

f ′(R) = 1 + 2aφ , (2.45)
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one can rewrite the trace equation (2.3) as

□φ =
1

6aκ
T +

1

6a
φ . (2.46)

If one expands the Ricci tensor Rµν , scalar field φ and Energy momentum

tensor Tµν to the necessary order, then Eq. (2.46) can be rewritten up to

leading order as

∇2(2)φ− α2(2)φ = −α
2

2κ
(−2)T 00 (2.47)

where α2 ≡ 1/(6a), which has the solution

(2)φ(x⃗, t) =
1

c2
V (x⃗, t) , (2.48)

where

V (x⃗, t) ≡ 2Gα2

c2

∫ (−2)T 00(x⃗′, t)e−α|x⃗−x⃗′|

|x⃗− x⃗′|
d3x′ . (2.49)

One can then use the field equations (2.2) to obtain the solution for (2)h00

(2)h00(x⃗, t) =
1

c2
[2U(x⃗, t)−W (x⃗, t)] , (2.50)

with the potentials

U(x⃗, t) ≡ 4G

3c2

∫ (−2)T 00(x⃗′, t)

|x⃗− x⃗′|
d3x′ , (2.51)

W (x⃗, t) ≡ 1

12π

∫
V (x⃗′, t)

|x⃗− x⃗′|
d3x′ . (2.52)

Whereas the potential U corresponds to the standard Newtonian term, W

contains the Yukawa term in V . The remaining components of the per-

turbed metric can be calculated similarly (we direct the reader to [79] for

the complete calculation). Yukawa corrections to the Newtonian potential

are already tightly constrained in the literature, and in this case, the Eöt-

Wash experiment [82] constrains the model parameter a = 1/(6α2) to

a ≲ 10−10 m2 . (2.53)
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Chapter 3

The Lagrangian of

Cosmological Fluids

Many popular modified gravity theories feature a nonminimal coupling (NMC)

between matter and gravity or another field. In addition to the rich dynamics

these theories provide, the use of the variational principle in the derivation

of the equations of motion (EOM) leads to the appearance of the on-shell

Lagrangian of the matter fields in the EOM, in addition to the usual energy-

momentum tensor (EMT). This is a significant departure from minimally

coupled theories like general relativity (GR) and f(R) theories, which are

insensitive to the form of the matter Lagrangian leading to the appropriate

EMT. The knowledge of the on-shell Lagrangian of the matter fields thus

becomes paramount if one is to derive reliable predictions from the theory.

In essence, this is the problem tackled in this chapter, and it comprises an

important part of the original work published in Refs. [1,4,5] (Sections 3.3,

3.4 and 3.5).

3.1 Perfect fluid actions and Lagrangians

The form of the on-shell Lagrangian of certain classes of minimally coupled

perfect fluids has been extensively studied in the literature [83, 84], but it

is often misused in NMC theories. Before tackling this problem in NMC

gravity, we will first briefly summarize some of these derivations when the

perfect fluid is minimally coupled, like in GR.

Consider a perfect fluid in GR, described locally by the following ther-

modynamic variables

n : particle number density , (3.1)

ρ : energy density , (3.2)

p : pressure , (3.3)

T : temperature , (3.4)

s : entropy per particle , (3.5)
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defined in the rest frame of the fluid, and with four-velocity Uµ. Assuming

that the total number of particles N is conserved, the first law of thermody-

namics reads

dU = T dS − pdV , (3.6)

where V , U = ρV , S = sN and N = nV are the physical volume, energy,

entropy and particle number, respectively. In terms of the variables defined

above, it can be easily rewritten as

dρ = µdn+ nT ds , (3.7)

where

µ =
ρ+ p

n
(3.8)

is the chemical potential. Eq. (3.8) implies that the energy density may

be written as a function of n and s alone, that is ρ = ρ(n, s). Building a

perfect-fluid action from these variables alone, and ignoring possible micro-

scopic considerations as to the composition of the fluid, requires the addition

of a few constraints, as shown by Schutz [83]. These constraints are particle

number conservation and the absence of entropy exchange between neigh-

bouring field lines,

(nUµ);µ = 0 , (3.9)

(nsUµ);µ = 0 , (3.10)

respectively, and the fixing of the fluid flow lines on the boundaries of space-

time.

These constraints can be easily satisfied if one uses a set of scalar fields

αA , A = 1, 2, 3 as Lagrangian coordinates for the fluid [85, 86]. Consider

a spacelike hypersurface with a coordinate system αA. By fixing the co-

ordinates on the boundaries of spacetime and labelling each fluid flow line

by the coordinate at which it intersects the hypersurface, one automatically

satisfies the last constraint. The remaining two constraints can be satisfied

through the use of Lagrange multipliers in the action.

Let’s introduce a contravariant vector density Jµ, interpreted as the par-

ticle number density flux vector and defined implicitly via the four-velocity

as

Uµ =
Jµ

|J |
, (3.11)

where |J | =
√
−JµJµ is its magnitude, and the particle number density is

given by n = |J |/
√
−g.

One can now build the fluid action as a functional of the vector Jµ, the

metric gµν , the entropy per particle s, the Lagrangian coordinates αA, and

spacetime scalars φ, θ and βA, which will act as Lagrange multipliers for the
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particle number and entropy flow constraints. The off-shell action reads [84]

Soff-shell =

∫
d4x

[
−
√
−gρ(n, s) + Jµ(φ,µ + sθ,µ + βAα

A
,µ)
]
. (3.12)

The EMT derived from the action has the form

Tµν = ρUµUν +

(
n
∂ρ

∂n
− ρ

)
(gµν + UµUν) , (3.13)

which represents a perfect fluid with EOS

p = n
∂ρ

∂n
− ρ . (3.14)

The EOM of the fluid, derived via a null variation of the action (3.12)

with respect to each of the fields, are

Jν : µUν + φ,ν + sθ,ν + βAα
A
,ν = 0 , (3.15)

φ : Jµ
,µ = 0 , (3.16)

θ : (sJµ),µ = 0 , (3.17)

s :
√
−g∂ρ

∂s
− θ,µJ

µ = 0 , (3.18)

αA : (βAJ
µ),µ = 0 , (3.19)

βA : αA
,µJ

µ = 0 . (3.20)

It is useful at this stage to derive some relations between the fields and

thermodynamic quantities. Comparing the first law of thermodynamics (3.7)

with Eq. (3.18) one obtains

√
−g∂ρ

∂s
− θ,νU

ν = 0

⇒
√
−gnT − θ,ν

√
−gnUν = 0

⇒ 1

n

∂ρ

∂s
= θ,νU

ν = T . (3.21)

Similarly, one can contract Eq. (3.15) with Uν and use the EOM and Eq.

(3.21) to obtain

− µ+ φ,νU
ν + sθ,νU

ν + βAα
A
,νU

ν = 0

⇒− µ+ φ,νU
ν + sT = 0

⇒φ,νU
ν = µ− sT = f , (3.22)

where f is the chemical free-energy density.

One can now apply the EOM on the off-shell action (3.12) in order to

obtain its expression on-shell. Using Eq. (3.15), and the definitions of Jµ
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and its magnitude, one can write

Son-shell =

∫
d4x

[
−
√
−gρ− µJνUν

]
=

∫
d4x

[
−
√
−gρ+ µ|J |

]
=

∫
d4x

√
−g [−ρ+ µn] , (3.23)

and substituting in the chemical potential (3.8), one finally obtains

Son-shell =

∫
d4x

√
−g p . (3.24)

Note, however, that one always has the liberty of adding boundary terms

to the off-shell action, without affecting the EOM. Two particular interesting

choices are the integrals

−
∫
d4x(φJµ),µ , (3.25)

and

−
∫
d4x(θsJµ),µ , (3.26)

Adding both of these integrals to the off-shell action (3.12) returns

Soff-shell =

∫ [
−
√
−gρ+ JνβAα

A
,ν − θ(sJν),ν − φJν

,ν

]
, (3.27)

and applying the EOM and relations (3.21) and (3.22) we obtain the on-shell

action

Son-shell =

∫
d4x

[
−
√
−gρ− Jν(µUν + φ,ν + sθ,ν)

]
=

∫
d4x

√
−g(−ρ) . (3.28)

Thus, the addition of surface integrals to the off-shell action changes the

on-shell perfect fluid Lagrangian from p to −ρ, even though it does not

change the EOM or the form of the EMT. Likewise, further additions of

these or other integrals would allow one to write the on-shell Lagrangian in

a multitude of ways. For example, we can add the integrals (3.25) and (3.26)

c1 times. In this case the off-shell action reads

Soff-shell =

∫
d4x
[
−
√
−gρ+ JνβAα

A
,ν + (1− c1)J

ν (φ,ν + sθ,ν)

− c1θ(sJ
ν),ν − c1φJ

ν
,ν

]
, (3.29)

and applying the EOM we obtain

Son-shell =

∫
d4x

√
−g [(1− c1) p− c1ρ] . (3.30)
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Nevertheless, since the source term for the Einstein field equations is the

EMT of the perfect fluid and not its on-shell Lagrangian, the dynamics of

gravity in GR and minimally coupled theories are insensitive to this choice.

3.2 The barotropic fluid Lagrangian

The degeneracy of the on-shell Lagrangian presented in Section 3.1 can be

broken if one makes further assumptions. In particular, this is the case if

one derives the Lagrangian for a barotropic perfect fluid whose pressure p

depends only on the fluid’s particle number density n 1, i.e. p = p(n),

and assumes that the off-shell Lagrangian is only a function of the particle

number density Loff
m = Loff

m (n) [87–90].

3.2.1 Derivation with Loff
m = Loff

m (n)

To show this, one can simply start from the definition of the EMT,

Tµν = − 2√
−g

∂(
√
−gLoff

m )

∂gµν
= Loff

m gµν − 2
∂Loff

m

∂gµν
. (3.31)

If one considers that the mass current is conserved, i.e. ∇µ(nU
µ) = 0, where

Uµ are the components of the four-velocity of a fluid element, then one can

show that [87]

δn =
1

2
n(gµν − UµUν)δg

µν . (3.32)

Using Eq. (3.32) and assuming that the off-shell Lagrangian is a function of

the number density (or equivalently, the rest mass density), one can rewrite

Eq. (3.31) as [87]

Tµν = n
dLoff

m

dn
UµUν +

(
Loff
m − n

dLoff
m

dn

)
gµν . (3.33)

Comparing Eq. (3.33) with the EMT of a perfect fluid

Tµν = −(ρ+ p)UµUν + pgµν , (3.34)

we identify

Loff
m (n) = −ρ(n) , (3.35)

dLoff
m (n)

dn
= −ρ(n) + p(n)

n
. (3.36)

1In some works in the literature the barotropic fluid is defined as a fluid whose pressure
is only a function of the rest mass density ρm. However, assuming that the particles are
identical and have conserved rest mass, then the rest mass density of the fluid is propor-
tional to the particle number density ρm ∝ n, and the two descriptions are equivalent.
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Hence,
dρ(n)

dn
=
ρ(n) + p(n)

n
. (3.37)

Eq. (3.37) is exactly the equation of state obtained in Section 3.1, in Eq.

(3.14). Eq. (3.37) has the general solution [88]

ρ(n) = Cn+ n

∫
p(n)

n2
dn , (3.38)

where C is an integration constant. Therefore the on-shell and off-shell

Lagrangians are the same and unique, and determined by the rest mass

density of the fluid

Lon
m = Loff

m = −ρ(n) = −Cn− n

∫
p(n)

n2
dn . (3.39)

3.2.2 Derivation with Loff
m = Loff

m (jµ, ϕ)

We can perform a derivation of the on-shell Lagrangian for a barotropic fluid

in a similar way to the treatment applied in Section 3.1 with a simplified

action, as performed in Ref. [4]. Consider a fluid characterized by the

following intensive variables

n : particle number density , (3.40)

ρ : energy density , (3.41)

p : pressure , (3.42)

s : entropy per particle , (3.43)

defined in the rest frame of the fluid, and with four-velocity Uµ. Much like

in Section 3.1, assuming that the total number of particles is conserved, we

can rewrite the first law of thermodynamics (3.6) as

d
(ρ
n

)
= −pd

(
1

n

)
+ T ds . (3.44)

If the flow is isentropic, ds = 0, and therefore Eq. (3.44) simplifies to

d
(ρ
n

)
= −pd

(
1

n

)
. (3.45)

If we consider that the fluid’s energy density and pressure depend only on

its number density, ρ = ρ(n) and p = p(n), then we can solve Eq. (3.45) to

obtain

ρ(n) = Cn+ n

∫
p(n)

n2
dn , (3.46)

where C is an integration constant.
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Consider now a minimally coupled fluid described by the action

S =

∫
d4x

√
−gLoff

m (jµ, ϕ) , (3.47)

where

Loff
m (jµ, ϕ) = F (|j|)− ϕ∇µj

µ , (3.48)

jµ are the components of a timelike vector field, ϕ is scalar field, and F is

a function of |j| =
√

−jµjµ. Using the variational principle on the action

(3.47) with respect to jµ and ϕ one obtains the EOM

δS

δjµ
= 0 = − 1

|j|
dF

d|j|
jµ +∇µϕ , (3.49)

δS

δϕ
= 0 = ∇µj

µ . (3.50)

Varying the matter action with respect to the metric components one

obtains

δS =

∫
d4x

δ
(√

−gLoff
m

)
δgµν

δgµν =
1

2

∫
d4x

√
−g Tµνδgµν , (3.51)

where

δ
(√

−gLoff
m

)
=

√
−gδLoff

m + Lδ
√
−g

=
√
−gδLoff

m +
Loff
m

2

√
−ggµνδgµν , (3.52)

with

δLoff
m = −1

2

dF

d|j|
jµjν

|j|
δgµν − ϕδ(∇σj

σ) , (3.53)

and

ϕδ (∇σj
σ) = ϕδ

(
∂σ (

√
−gjσ)√
−g

)
= −1

2
gµνδgµν∇σ (ϕj

σ) +
1

2
∇σ (ϕj

σgµνδgµν) . (3.54)

Discarding the last term in Eq. (3.54) — this term gives rise to a vanishing

surface term in Eq. (3.51) (δgµν = 0 on the boundary) — and using Eqs.

(3.49) and (3.50) it is simple to show that the EMT associated with the

Lagrangian defined in (3.48) given by (3.31) is

Tµν = − dF

d|j|
jµjν

|j|
+

(
F − |j| dF

d|j|

)
gµν . (3.55)
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Comparing Eq. (3.55) with the EMT of a perfect fluid (3.34) we immediately

obtain the identifications

n = |j| , (3.56)

ρ(n) = −F , (3.57)

p(n) = F − n
dF

dn
, (3.58)

Uµ =
jµ

n
. (3.59)

With these identifications, then it is immediate to see the condition implied

by Eq. (3.50) is

∇µj
µ = ∇µ(nU

µ) = 0 , (3.60)

i.e. that the particle number density is conserved. In this case the on-shell

Lagrangian is equal to

Lon
m = F = −ρ(n) . (3.61)

Using this result, in combination with Eq. (3.46), it is possible to write the

on-shell Lagrangian as

Lon
m = −ρ(n) = −Cn− n

∫ n p (n′)

n2
dn , (3.62)

just like in Eq. (3.39).

Let us now assume another off-shell Lagrangian, obtained from Eq. (3.48)

via the transformation

Loff
m → Loff

m +∇µ(ϕj
µ) = F (|j|) + jµ∇µϕ . (3.63)

Note that the Lagrangians in Eqs. (3.48) and (3.63) differ only in a total

derivative, so the EOM (3.49) and (3.50) remain valid. Substituting the

Lagrangian (3.63) in Eq. (3.31), one once again obtains the EMT in Eq.

(3.55), and therefore the identifications between the fluid variables and the

fields remain the same. However, when one now use the EOM on the off-shell

Lagrangian, one obtains a different on-shell value

Lon
m = F + jµjµ

1

|j|
dF

d|j|
= p(n) . (3.64)

The on-shell Lagrangians in Eqs. (3.62) and (3.64) both represent a

barotropic perfect fluid with the usual energy-momentum tensor, and in the

case of a minimal coupling can even be used to describe the same physics.

The reason one can only obtain the result of Lon
m = −ρ in Section 3.2.1 is

because the form of the assumed off-shell Lagrangian is less general than the

one assumed in Eq. (3.48). Likewise, if we had assumed a priori that the

off-shell Lagrangian in the action in Eq. (3.47) only depended on n ≡ |j|,
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we would have obtained the same result: that the only possible on-shell

Lagrangian would be Lon
m = −ρ.

3.3 The solitonic-particle fluid Lagrangian

It was shown in Section 3.1 that the form of the on-shell Lagrangians can

take many different forms and has no impact on the EOM, as long as the

fluid is minimally coupled with gravity. However, this degeneracy of the

Lagrangian is lost in theories that feature an NMC between matter and

gravity, or in fact between matter and any other field [1, 4, 5].

In this section, we show that the on-shell Lagrangian of a fluid composed

of particles with fixed rest mass and structure must be given by the trace of

the EMT of the fluid. We will consider two different approaches: one where

the fluid can be described as a collection of single point particles with fixed

rest mass, and another where fluid particles can be described by localized

concentrations of energy (solitons).

3.3.1 Point-particle fluid

In many situations of interest, a fluid (not necessarily a perfect one) may be

simply described as a collection of many identical point particles undergo-

ing quasi-instantaneous scattering from time to time [1, 91]. Hence, before

discussing the Lagrangian of the fluid as a whole, let us start by considering

the action of a single point particle with mass m

S = −
∫
dτ m , (3.65)

and EMT

Tµν
∗ =

1√
−g

∫
dτ muµuνδ4 (xσ − ξσ(τ)) , (3.66)

where the ∗ indicates that the quantity refers to a single particle, ξµ(τ)

represents the particle worldline and uµ are the components of the particle

4-velocity. If one considers its trace T∗ = Tµν
∗ gαν and integrates over the

whole of spacetime, we obtain∫
d4x

√
−g T∗ = −

∫
d4x dτ mδ4 (xσ − ξσ(τ))

= −
∫
dτ m , (3.67)

which can be immediately identified as the action for a single massive par-

ticle, and therefore implies that∫
d4x

√
−g Lon

∗ =

∫
d4x

√
−g T∗ . (3.68)
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If a fluid can be modelled as a collection of point particles, then its on-

shell Lagrangian at each point will be the average value of the single-particle

Lagrangian over a small macroscopic volume around that point

⟨Lon
∗ ⟩ =

∫
d4x

√
−g Lon

∗∫
d4x

√
−g

(3.69)

=

∫
d4x

√
−g T∗∫

d4x
√
−g

= ⟨T∗⟩ , (3.70)

where ⟨T∗⟩ = T is the trace of the EMT of the perfect fluid. This provides

a further possibility for the on-shell Lagrangian of a perfect fluid:

⟨Lon
∗ ⟩ ≡ Lon = T = −ρ+ 3p , (3.71)

where p = ρ⟨v2⟩/3 = ρT ,
√

⟨v2⟩ is the root-mean-square velocity of the

particles and T is the temperature. Notice that in the case of dust (p = 0)

we recover the result obtained in Eq. (3.28) (Lon = −ρ).

3.3.2 Solitonic-particle fluid and Derrick’s argument

In addition to the previous interpretation, particles can also be seen as lo-

calized energy concentration, i.e. solitons, with fixed rest mass and struc-

ture and that are not significantly impacted by their self-induced gravita-

tional field (see also [92, 93]). We shall assume that the spacetime is locally

Minkowski on the particle’s characteristic length scale. For this interpreta-

tion to hold, one must ensure that these concentrations of energy are stable.

Consider a real scalar-field multiplet {ϕ1, . . . , ϕD} in D + 1 dimensional

Minkowski spacetime, with the Lagrangian

Lϕ(ϕ
a, Xbc) = f(Xbc)− V (ϕa) , (3.72)

where f(Xbc) and V (ϕa) are the kinetic and potential terms, respectively,

and

Xbc = −1

2
∂µϕ

b∂µϕc . (3.73)

The EMT is given by

Tµν = −2
δLϕ

δgµν
+ gµνLϕ

=
∂Lϕ

∂Xab
∂µϕ

a∂νϕ
b + gµνLϕ , (3.74)

and the total energy E can be calculated via the integral

E =

∫
T00 d

Dx . (3.75)
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It has been shown by Hobart and Derrick [94,95] that a maximally sym-

metric concentration of energy is not stable when D > 1 if the kinetic term

is given by the usual form

f(Xbc) = δbcX
bc = X . (3.76)

However, one can show that these solutions do exist if the kinetic part of the

Lagrangian is not given by Eq. (3.76), as long as certain conditions are met

[91,96].

Consider a static solution ϕa = ϕa(xi) and a rescalling of the spatial

coordinates xi → x̃i = λxi. Under this transformation, a necessary condition

for the existence of this solution is that the transformed static concentration

of energy E(λ) must satisfy [
δE(λ)

δλ

]
λ=1

= 0 . (3.77)

In addition, stability of this solution demands that[
δ2E(λ)

δλ2

]
λ=1

≥ 0 . (3.78)

Eqs. (3.77) and (3.78) succinctly summarize Derrick’s argument.

Under the spherical transformation xi → x̃i = λxi the line element of

the metric may be rewritten as

ds2 = −dt2 + δijdx
idxj = −dt2 + g̃ijdx̃

idx̃j . (3.79)

where δij is the Kronecker delta and g̃ij = λ−2δij is the spatial part of the

transformed metric, with determinant g̃ = −λ−2D.

Since we assume a static solution, in the particle’s proper frame

δLϕ

δg00
= 0 , (3.80)

so that the 00 component of Eq. (3.74) reads

T00 = −Lϕ . (3.81)

The transformed static concentration of energy can therefore be written as

E(λ) = −
∫ √

−g̃Lϕ(g̃
ij , xk)dDx̃ , (3.82)
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and so a variation with respect to λ returns

δE

δλ
= −

∫
δ
(√

−g̃Lϕ

)
δλ

dDx̃

= −
∫ [

2
δLϕ

δg̃ij
g̃ij −DLϕ

]
λ−1−DdDx̃ , (3.83)

Setting λ = 1 and applying the first condition (3.77), we obtain[
δE

δλ

]
λ=1

= −
∫ [

2
δLϕ

δgij
gij −DLϕ

]
dDx

=

∫
T i

id
Dx = 0 . (3.84)

Likewise,

δ2E

δλ2
= −

∫ [
4
δ2Lϕ

δ(g̃ij)2
(g̃ij)2 + (2− 4D)

δLϕ

δg̃ij
g̃ij + (D +D2)Lϕ

]
λ−2−DdDx̃ ,

(3.85)

and applying Eq. (3.78) we obtain∫ [
4
δ2Lϕ

δ(gij)2
(gij)2 + (2− 4D)

δLϕ

δgij
gij +D(D + 1)Lϕ

]
dDx ≤ 0 , (3.86)

The on-shell Lagrangian of a fluid composed of solitonic particles Lfluid

can be written as volume average of the Lagrangian of a collection of parti-

cles, i.e.

Lfluid ≡ ⟨Lϕ⟩ =
∫

Lϕd
Dx∫

dDx
. (3.87)

Taking into account Eqs. (3.81) and (3.84), and that one can write the trace

of the EMT as T = T 0
0 + T i

i, we obtain

Lfluid =

∫
T 0

0d
Dx∫

dDx
=

∫
TdDx−

∫
T i

id
Dx∫

dDx
= ⟨T ⟩ ≡ Tfluid , (3.88)

where Tfluid is the trace of the EMT of the fluid. Note that

Lfluid = Tfluid , (3.89)

is a scalar equation, and therefore invariant under any Lorentz boost, despite

being derived in a frame where the particles are at rest. This also implies

that Eq. (3.89) is valid regardless of individual soliton motion, as long as

they preserve their structure and mass.

3.4 Which Lagrangian?

We have shown that the models represented in Sections 3.1, 3.2 and 3.3,

characterized by different Lagrangians, may be used to describe the dynamics
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of a perfect fluid. If the matter fields couple only minimally to gravity, then

these models may even be used to describe the same physics. However,

this degeneracy is generally broken in the presence of an NMC either to

gravity [57–59, 63, 97–101] or to other fields [102–113], in which case the

identification of the appropriate on-shell Lagrangian may become essential

in order to characterize the overall dynamics (note that this is not an issue if

the form of the off-shell Lagrangian is assumed a priori, as in [111,114–120]).

The models in Sections 3.1 and 3.2 imply both the conservation of particle

number and entropy. However, both the entropy and the particle number are

in general not conserved in a fluid described as a collection of point particles

or solitons. Hence, the models in Section 3.3 can have degrees of freedom that

are not accounted for by the models in Section 3.1 and 3.2, since they take

into account microscopic properties of the fluid. The models in Section 3.3

have an equation of state parameter w = p/ρ in the interval [0, 1/3], which

while appropriate to describe a significant fraction of the energy content of

the Universe, such as dark matter, baryons and photons, cannot be used to

describe dark energy.

3.5 The role of the Lagrangian in nonminimally-

coupled models

As previously discussed, the EMT does not provide a complete characteriza-

tion of NMC matter fields, since the Lagrangian will also in general explicitly

appear in the EOM. To further clarify this point, we present here a few ex-

amples of models in which there is an NMC between matter or radiation

with dark energy (DE) [4], and we will explore an NMC with gravity in

Chapter 4.

Consider the model described by the action

S =

∫
d4x

√
−g [R+ L + LFϕ] , (3.90)

where R is the Ricci scalar, ϕ is the DE scalar field described by the La-

grangian

L = X − V (ϕ) , (3.91)

and LFϕ is the Lagrangian of the matter term featuring an NMC with DE

[121–124]

LFϕ = f(ϕ)LF . (3.92)

Here, f(ϕ) > 0 is a regular function of ϕ and LF is the Lagrangian that

would describe the matter component in the absence of an NMC to gravity

(in which case f would be equal to unity). Using the variational principle, it

is straightforward to derive the EOM for the gravitational and scalar fields.
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They are given by

Gµν = f T µν
F +∇µϕ∇νϕ− 1

2
gµν∇αϕ∇αϕ− gµν V , (3.93)

□ϕ− dV

dϕ
+
df

dϕ
LF = 0 , (3.94)

respectively, where Gµν is the Einstein tensor, □ ≡ ∇µ∇µ is the Laplace-

Beltrami operator, and

Tµν
F =

2√
−g

δ (
√
−gLF)

δgµν
(3.95)

are the components of the EMT associated with the Lagrangian LF. Note

that the Lagrangian of the matter fields is featured explicitly in the EOM

for ϕ. Thus, knowledge of the EMT alone is not enough to fully describe the

dynamics of any of the fields.

Consider the coupled matter EMT defined by Tµν
Fϕ = f(ϕ)Tµν

F . By taking

the covariant derivative of Eq. (3.93) and using the Bianchi identities one

obtains

∇νT
µν
Fϕ = −∇ν(∂

νϕ∂µϕ) +
1

2
∇ν(∂αϕ∂

αϕ) +
dV

dϕ
∂µϕ , (3.96)

thus showing that the coupled matter EMT is in general not conserved.

Using Eq. (3.94) it is possible to rewrite this equation in such a way as to

highlight the explicit dependence on the Lagrangian

∇νT
µν
Fϕ =

df

dϕ
LF∂

νϕ . (3.97)

If LF describes a fluid of particles with fixed rest mass mF, then one must

have LF = TF, as per Sec. 3.3.1. Also, LFϕ = f(ϕ)LF will describe a fluid

with particles of variable rest mass m(ϕ) = f(ϕ)mF. In this case, Eq. (3.97)

may also be written as

∇νT
µν
Fϕ = −βTF∂µϕ , (3.98)

where

β(ϕ) = −d lnm(ϕ)

dϕ
. (3.99)

In the present example, we shall focus on the macroscopic fluid dynamics, but

the NMC between matter and DE also affects the dynamics of the individual

particles (see, for example, [109] for more details).

3.5.1 Coupling between dark energy and neutrinos

A related model featuring an NMC between neutrinos and DE, so-called

growing neutrino quintessence, where the neutrinos are described by the
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Lagrangian

LV = iψ̄ (γα∇α +m(ϕ))ψ , (3.100)

has been investigated in [109]. Here, ψ̄ is the Dirac conjugate, m(ϕ) is a

DE-field dependent neutrino rest mass, the quantities γα(x) are related to

the usual Dirac matrices γa via γα = γaeαa where eαa are the vierbein, with

gαβ = eαae
β
b η

ab and ηab = diag(−1, 1, 1, 1), and ∇α is the covariant derivative

that now takes into account the spin connection (see [125] for more details

on the vierbein formalism). The classical EOM for the neutrinos, derived

from the action

S =

∫
d4x

√
−g [R+ L + LV ] , (3.101)

may be written as

γα∇αψ +m(ϕ)ψ = 0 , (3.102)

∇αψ̄γ
α −m(ϕ)ψ̄ = 0 . (3.103)

The components of the corresponding EMT are

Tαβ
V = − i

2
ψ̄γ(β∇α)ψ +

i

2
∇(αψ̄γβ)ψ , (3.104)

where the parentheses represent a symmetrization over the indices α and β.

The trace of the EMT is given by

TV = iψ̄ψm(ϕ) = −m(ϕ)n̂ , (3.105)

where n̂ = −iψ̄ψ is a scalar that in the nonrelativistic limit corresponds to

the neutrino number density.

Taking the covariant derivative of Eq. (3.104) one obtains

∇µT
αµ
V = −β(ϕ)TV ∂

αϕ , (3.106)

where β(ϕ) is defined in Eq. (3.99). A comparison between Eqs. (3.98) and

(3.106) implies that LFϕ and LV provide equivalent on-shell descriptions of

a fluid of neutrinos in the presence of an NMC to the DE field. The same

result could be achieved by analyzing the dynamics of individual neutrino

particles [109].

3.5.2 Coupling between dark energy and the electromagnetic

field

Consider now a model described by Eqs. (3.90) and (3.92) with

LF = LEM = −1

4
FµνF

µν , (3.107)
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where Fαβ is the electromagnetic field tensor [102,103,108]. This model will

naturally lead to a varying fine-structure “constant”

α(ϕ) =
α0

f(ϕ)
, (3.108)

whose evolution is driven by the dynamics of the DE scalar field ϕ. Equation

(3.94) implies that the corresponding EOM is given by

□ϕ− dV

dϕ
+

α0

4α2

dα

dϕ
FµνF

µν = 0 (3.109)

or, equivalently,

□ϕ− dV

dϕ
− α0

α2

dα

dϕ
LEM = 0 . (3.110)

Electromagnetic contributions to baryon and lepton mass mean that in gen-

eral LEM ̸= 0. However, Lphotons = (E2 − B2)photons = 0 (here, E and B

represent the magnitude of the electric and magnetic fields, respectively)

and, therefore, electromagnetic radiation does not contribute to LEM. Note

that the last term on the left-hand side of Eq. (3.109) is constrained, via

the equivalence principle, to be small [126]. Therefore, the contribution of

this term to the dynamics of the DE field is often disregarded (see, e.g.,

[104–106]).

It is common, in particular in cosmology, to describe a background of

electromagnetic radiation as a fluid of point particles whose rest mass is

equal to zero (photons). In this case, one should use the appropriate on-

shell Lagrangian of this fluid in Eq. (3.110). In Sec. 3.3 we have shown

that if the fluid is made of particles of fixed mass, then the appropriate on-

shell Lagrangian is LEM = T = 3p − ρ. For photons (with p = ρ/3) this

again implies that the on-shell Lagrangian LEM vanishes, thus confirming

that photons do not source the evolution of the DE scalar field ϕ.
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Chapter 4

Nonminimally Coupled f (R)

Theories

A popular group of modified gravity theories are those that feature a non-

minimal coupling (NMC) between the matter fields and gravity or another

field. As mentioned in Chapter 3, this leads to the appearance of the on-

shell Lagrangian of the matter fields in the equations of motion (EOM), in

addition to the usual energy-momentum tensor (EMT). In this chapter, we

will analyse the impact of this modification in the background dynamics of

the Universe, its thermodynamics and the behaviour of particles and fluids.

While these theories have been studied before in the literature, the use of

the appropriate Lagrangian for the matter fields and the study of its conse-

quences are presented in Sections 4.3, 4.5, 4.6, 4.7, 4.8 and 4.9, and published

in Refs. [1, 3, 5, 6, 8].

4.1 Action and equations of motion

The family of theories investigated in this thesis is f(R)-inspired, featuring

an NMC between curvature and matter. It can be defined through the action

S =

∫
d4x

√
−g [κf1(R) + f2(R)Lm] , (4.1)

where f1(R) and f2(R) are arbitrary functions of the Ricci scalar R, Lm

is the Lagrangian of the matter fields and κ = c4/(16πG) [55–65]. One

recovers GR by taking f1(R) = R − 2Λ and f2(R) = 1. The field equations

are obtained as usual by imposing a null variation of the action with respect

to the metric,

FGµν =
1

2
f2Tµν +∆µνF +

1

2
gµνκf1 −

1

2
gµνRF , (4.2)

where

F = κf ′1 + f ′2Lm , (4.3)

the primes denote a differentiation with respect to the Ricci scalar, Gµν is

the Einstein tensor and ∆µν ≡ ∇µ∇ν − gµν□, with □ = ∇µ∇µ being the
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D’Alembertian operator, and Tµν are the components of the EMT given by

Tµν = − 2√
−g

δ (
√
−gLm)

δgµν
. (4.4)

An alternative way to write the field equations is

Gµν = λ
(
Tµν + T̂µν

)
, (4.5)

where λ is an effective coupling and T̂µν is an effective EMT. Comparing

Eqs. (4.2) and (4.5) immediatly sets

λ =
f2

2κf ′1 + 2Lmf ′2
, (4.6)

and

T̂µν =

(
κf1
f2

− RF

f2

)
gµν +

2∆µνF

f2
. (4.7)

Demanding that gravity remain attractive requires a positive effective cou-

pling, that is [127]

λ =
f2

2κf ′1 + 2Lmf ′2
> 0 . (4.8)

A common requirement for the NMC functions f1 and f2 is that the

theory remain free of Dolgov-Kawasaki instabilities. This criterion is simi-

lar to the one found for minimally-coupled f(R) theories and was initially

determined in [128] and later extended in [127]. It is expressed by

κf ′′1 + f ′′2 Lm ≥ 0 . (4.9)

A crucial feature of these theories is that the EMT is no longer covariantly

conserved: in fact, applying the Bianchi identities to the EOM (4.2) leads

to

∇µTµν =
f ′2
f2

(gµνLm − Tµν)∇µR . (4.10)

This energy-momentum nonconservation associated with the NMC to gravity

suggests that a more general definition of the EMT, including a yet to be

defined gravitational contribution, may be worthy of consideration. This has

not yet been sufficiently explored in the context of NMC theories, but has

proven to be quite problematic in the context of GR [129–131].

Likewise, the fluids will suffer an additional acceleration due to the NMC

to gravity. Consider a perfect fluid with EMT

Tµν = (ρ+ p)UµUν + pgµν , (4.11)

where ρ and p are the proper energy density and pressure of the fluid, re-

spectively, and Uµ is the 4-velocity of a fluid element, satisfying UµU
µ = −1.
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The 4-acceleration of a perfect fluid element may be written as [57,63]

aµ[fluid] =
dUµ

dτ
+ Γµ

αβU
αUβ

=
1

ρ+ p

[
f ′2
f2

(Lm − p)∇νR+∇νp

]
hµν[fluid] , (4.12)

where hµν[fluid] ≡ gµν + UµUν is the projection operator.

It is then clear that the knowledge of the Lagrangian of the matter fields,

regardless of their macroscopic or microscopic description, is fundamental to

the study of these theories.

4.2 Equivalence with scalar field theories

As shown before for f(R) theories, one can rewrite NMC theories similarly

with an action with two scalar fields, and do a conformal transformation to

the Einstein frame [132]. For completeness, we make a brief detour to show

explicitly how this equivalence manifests. For the former, it is enough to

write the action

S =

∫
d4x

√
−g [κf1(χ) + φ(R− χ) + f2(χ)Lm] , (4.13)

where variation with respect to φ and χ give, respectively,

χ = R, (4.14)

φ = κf ′1(χ) + f ′2(χ)Lm . (4.15)

We can rewrite the action (4.13) in the form of a JBD type theory with

ωJBD = 0

S =

∫
d4x

√
−g [φR− V (χ, φ) + f2(χ)Lm] , (4.16)

with a potential

V (χ, φ) = φχ− κf1(χ) . (4.17)

Alternatively, one can make a conformal transformation gµν → g̃µν =

Ω2gµν so that the action (4.16) reads

S =

∫
d4x
√

−g̃
[
κΩ−2φ

(
R̃+ 6□̃(lnΩ)− 6g̃µν∂µ(lnΩ)∂ν(lnΩ)

)
− Ω−4φ2U +Ω−4f2(χ)Lm(Ω

−2g̃µν ,ΨM )
]
,

(4.18)

where the potential U is given by

U = κ
φχ− κf1(χ)

φ2
. (4.19)
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To express the action in the Einstein frame, the conformal factor must now

obey

Ω2 = φ, (4.20)

where it is assumed that f ′1(R) > 0. We now rescale the two scalar fields as

ϕ ≡
√
3κ ln (φ) , (4.21)

ψ ≡ f2(χ) . (4.22)

Once again Gauss’s theorem allows us to finally write the action (4.18) as

S =

∫
d4x
√
−g̃
[
κR̃− 1

2
∂αϕ∂αϕ− U(ϕ, ψ)

+ ψe
−2 ϕ√

3κ Lm

(
e
− ϕ√

3κ g̃µν ,ΨM

)]
, (4.23)

where e
− ϕ√

3κ g̃µν is the physical metric.

4.3 NMC cosmology

Consider a homogeneous and isotropic universe described by a Friedmann-

Lemâıtre-Robertson-Walker (FLRW) metric, represented by the line element

ds2 = −dt2 + a2(t)

[
dr2

1− kr2
+ r2dθ2 + r2 sin2 θdϕ2

]
, (4.24)

where a(t) is the scale factor, k is the spatial curvature of the universe (which

is observationally constrained to be very close to zero), t is the cosmic time,

and r, θ and ϕ are polar comoving coordinates, filled by a collection of perfect

fluids, with EMT given by Eq. (4.11).

The modified Friedmann equation (MFE) becomes

H2 +
k

a2
=

1

6F

[
FR− κf1 + f2

∑
i

ρi − 6HḞ

]
, (4.25)

and the modified Raychaudhuri equation (MRE) becomes

2Ḣ + 3H2 +
k

a2
=

1

2F

[
FR− κf1 − f2

∑
i

pi − 4HḞ − 2F̈

]
, (4.26)

where ρi and pi are the energy density and pressure of each of the fluids,

respectively, a dot represents a derivative with respect to the cosmic time,

H ≡ ȧ/a is the Hubble factor, F ′ ≡ κf ′′1 + f ′′2 Lm, and Lm is now the on-shell

matter Lagrangian. It should be noted that the presence of both standard
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and NMC f(R) terms can produce very interesting dynamics, both at late

and early times.

It was shown in Chapter 3 that the on-shell Lagrangian of a perfect fluid

composed of particles with fixed rest mass and structure is given by

Lm = T = Tµνgµν = 3p− ρ . (4.27)

Therefore, the t component of Eq. (4.10) becomes

ρ̇+ 3H(ρ+ p) = −(Lm + ρ)
ḟ2
f2

= −3p
ḟ2
f2
, (4.28)

where w ≡ p/ρ is the equation of state (EOS) parameter. For a single fluid

i, Eq. (4.28) can be directly integrated to give

ρi = ρi,0a
−3(1+wi)f−3wi

2 , (4.29)

where ρi,0 is the energy density at the present time, when a(t) = a0 = 1.

It is then immediate to show that in the case of dust (w = 0) the usual

conservation law ρ ∝ a−3 holds, while in the case of photons (w = 1/3) the

NMC generally leads to a significant change to the evolution of the photon

energy density (ρ ∝ a−4f−1
2 instead of ρ ∝ a−4). The relative change to

the conservation laws of photons and baryons may be used to derive strong

constraints on the form of f2, as we shall see in Chapter 5.

Taking into account that the proper pressure of the fluid is given by

p = ρv2/3 (assuming, for simplicity, that v is the same for all particles) and

requiring that the number of particles per comoving volume be conserved,

or equivalently that ρ ∝ γa−3, (where γ ≡ 1/
√
1− v2), and substituting into

Eq. (4.28), we find that the velocity of fluid particles in FLRW spacetime is

given by

v̇ +

(
H +

ḟ2
f2

)
(1− v2)v = 0 . (4.30)

Hence, the momentum of such a particle evolves as [1]

mγv ∝ (af2)
−1 . (4.31)

4.4 Energy-momentum constraints in general rel-

ativity

It is worth to take a deeper dive on how the nonconservation of the EMT

influences the dynamics of particles and fluids, and how such dynamics con-

strain the allowed on-shell Lagrangians. In preparation for a subsequent

analysis in the broader context of NMC gravity, in this section we shall
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present five different derivations of the equation for the evolution of the

speed of free localized particles of fixed mass and structure in a homoge-

neous and isotropic FLRW universe, relying solely on the conservation of

linear momentum and energy in the context of GR.

Let us start by considering the Einstein-Hilbert action

S =

∫ √
−g(κR+ Lm)d

4x , (4.32)

In general relativity the EMT of the matter fields, whose components are

given by Eq. (4.4), is covariantly conserved, so that

∇νT
ν
µ = 0 . (4.33)

Throughout this section we shall consider either the EMT of the individual

particles with components T∗
µν or the EMT of a perfect fluid composed of

many such particles. The components of the latter are given by Eq. (4.11)

— notice the use of ∗ to identify the EMT of a single particle. Energy-

momentum conservation implies that

hµβ∇αT
α
β = (ρ+ p)Uν∇νU

µ + hµβ∇βp = 0 , (4.34)

where hµν = gµν + UµUν is the projection operator. In the case of dust

p = 0 and, therefore,

Uν∇νU
µ = 0 . (4.35)

4.4.1 Particles in a Minkowski spacetime

Consider a single particle and a rest frame where its EMT is static. Assum-

ing that the gravitational interaction plays a negligible role on the particle

structure, the spacetime in and around the particle may be described by a

Minkowski metric element

ds2 = −dt2 + dr · dr = −dt2 + dx2 + dy2 + dz2 , (4.36)

where t is the physical time and r = (x, y, z) are Cartesian coordinates.

The particle’s proper frame is defined by∫
T∗

i
0[prop] d

3r[prop] = −
∫
T∗

0
i[prop] d

3r[prop] = 0 , (4.37)

where Latin indices take the values 1, . . . , 3, with

E[prop] = −
∫
T∗

0
0[prop] d

3r (4.38)
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being the proper energy of the particle (the subscript [prop] is used to des-

ignate quantities evaluated in the proper frame). On the other hand, the

generalized von Laue conditions [91,133],∫
T∗

1
1[prop] d

3r[prop] =

∫
T∗

2
2[prop] d

3r[prop]

∫
T∗

3
3[prop] d

3r[prop] = 0 ,

(4.39)

are required for particle stability.

Consider a Lorentz boost in the x direction defined by

t = γ(t[prop] + vx[prop]) , (4.40)

x = γ(x[prop] + vt[prop]) , (4.41)

y = y[prop] , (4.42)

z = z[prop] , (4.43)

where γ =
(
1− v2

)−1/2
is the Lorentz factor and v is the particle velocity.

Under this boost, the components of the EMT T∗µν transform as

T∗
µ
ν = Λµ

α Λν
β T∗

α
β[prop] , (4.44)

where the non-zero components of Λµ
α and Λν

β are

Λ0
0 = Λ1

1 = Λ0
0 = Λ1

1 = γ , (4.45)

Λ0
1 = Λ1

0 = −Λ0
1 = −Λ1

0 = γv , (4.46)

Λ2
2 = Λ3

3 = Λ2
2 = Λ3

3 = 1 , (4.47)

with all other components vanishing. In the moving frame the energy and

linear momentum of the particle are given, respectively, by

E = −
∫
T∗

0
0 d

3r = E[prop]γ , (4.48)

p =

∫
T∗

1
0 d

3r = E[prop]γv = Ev , (4.49)

where Eqs. (4.37), (4.38), (4.44), (4.45), (4.46), as well as Lorentz con-

traction, have been taken into account in the derivation of Eqs. (4.48) and

(4.49). These two equations imply that E2 − p2 = E2
[prop] and

ṗ = Ė
E

p
=
Ė

v
= E[prop]v̇γ

3 . (4.50)
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On the other hand, using Eqs. (4.44), (4.46) and (4.47) one finds∫
T∗

1
1 d

3r = E[prop]γv
2 = Ev2 , (4.51)∫

T∗
2
2 d

3r =

∫
T∗

3
3 d

3r = 0 , (4.52)

so that ∫
T∗

i
i d

3r = E[prop]γv
2 = Ev2 . (4.53)

Also notice that∫
T∗ d

3r =

∫
T∗

µ
µ d

3r = −
E[prop]

γ
= −E

γ2
. (4.54)

4.4.2 Free particles in an FLRW spacetime

In a flat, homogeneous and isotropic universe, described by the FLRW met-

ric, the line element may be written as

ds2 = a2(ζ)(−dζ2 + dq · dq ) , (4.55)

where a(ζ) is the scale factor, ζ =
∫
a−1dt is the conformal time and q are

comoving Cartesian coordinates. In an FLRW spacetime the nonvanishing

components of the connection are given by

Γ0
00 = H , Γ0

ij = H δij , Γi
0j = H δij , (4.56)

where H = à/a and a grave accent denotes a derivative with respect to the

conformal time ζ.

Linear momentum conservation

Consider again a single free particle moving along the x-direction. The x-

component of Eq. (4.33) describing momentum conservation in an FLRW

spacetime then implies that

0 = ∇νT∗
ν
1 = ∂0T∗

0
1 + ∂iT∗

i
1 + 4HT∗

0
1 . (4.57)

Integrating over the spatial volume one finds that

p̀+Hp = 0 , (4.58)

where

p =

∫
T∗

0
1 d

3r = a3
∫
T∗

0
1 d

3q . (4.59)
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In this derivation we have assumed that the particle is isolated so that the

EMT vanishes outside it. Hence,∫
∂iT∗

µ
ν d

3q = 0 (4.60)

for any possible value of µ, ν and i. Notice that Eq. (4.58) implies that

p = E[prop]γv ∝ a−1. Dividing Eq. (4.58) by E[prop], taking into account Eq.

(4.50), one obtains the equation for the evolution of the free particle velocity

in a homogeneous and isotropic FLRW universe:

v̀ +H(1− v2)v = 0 . (4.61)

Energy conservation

Energy conservation, on the other hand, implies that

0 = ∇νT∗
ν
0 = ∂0T∗

0
0 + ∂iT∗

i
0 + 3HT∗

0
0 −HT∗

i
i . (4.62)

Integrating over the spatial volume, and using Eqs. (4.53) and (4.60), one

finds that

È +Hv2E = 0 , (4.63)

where

E = −
∫
T∗

0
0 d

3r = −a3
∫
T∗

0
0 d

3q . (4.64)

Dividing Eq. (4.63) by v, taking into account Eq. (4.50), once again one

obtains Eq. (4.58) for the evolution of linear momentum in a homogeneous

and isotropic FLRW universe.

4.4.3 Perfect fluids in an FLRW spacetime

We shall now derive the dynamics of free particles assuming that they are

part of a homogeneous perfect fluid (see Eq. (4.11)) with the proper energy

density ρ and the proper pressure p depending only on time.

Linear momentum conservation: dust

In the case of a perfect fluid with vanishing proper pressure p, the compo-

nents of the EMT are

Tµν = ρUµUν , (4.65)
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If the fluid moves in the positive x-direction, then

U0 =
dζ

dτ
=
γ

a
, (4.66)

U1 =
dq1

dτ
= q̀1

dζ

dτ
= v U0 = v

γ

a
, (4.67)

U2 = U3 = 0 . (4.68)

The x-component of Eq. (4.33), describing momentum conservation, implies

that

Ù1U0 + 2Γ1
10U

0U1 = 0 . (4.69)

Multiplying this equation by E[prop]a/U
0, taking into account that U1 =

γv/a and that Γ0
11 = H, one obtains once again Eq. (4.58) for the evolution

of linear momentum of a free particle in a homogeneous and isotropic FLRW

universe.

Energy conservation: dust

The time component of Eq. (4.33), describing energy conservation, is given

by

Ù0U0 + Γ0
00U

0U0 + Γ0
11U

1U1 = 0 . (4.70)

Multiplying this equation by E[prop]a/U
0, taking into account that U0 = γ/a,

U1 = γv/a, and that Γ0
00 = Γ0

11 = H, one obtains once again Eq. (4.63) for

the evolution of the energy of a free particle in a homogeneous and isotropic

FLRW universe, which has been shown to be equivalent to Eq. (4.58) for

the evolution of the linear momentum.

Energy conservation: homogeneous and isotropic fluid

We shall now consider a homogeneous and isotropic perfect fluid (at rest

in the comoving frame, so that U i = 0) made up of free particles all with

the same speed v. This fluid can be pictured as the combination of six

equal density dust fluid components moving in the positive/negative x, y,

and z directions. The time component of Eq. (4.33), describing energy

conservation, implies that

ρ̀+ 3H(ρ+ p) = 0 . (4.71)

If the number N of particles in a volume V = a3 is conserved then

ρ =
NE

V
=
NE

a3
= NE[prop]

γ

a3
∝ γ

a3
. (4.72)
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On the other hand, if the perfect fluid is an ideal gas then its proper pressure

is given by

p = ρ
v2

3
. (4.73)

Substituting the conditions given in Eqs. (4.72) and (4.73) into Eq. (4.71)

multiplied by a/N , one again arrives at Eq. (4.63), the same as the one

derived considering energy conservation for individual free particles.

4.5 Energy-momentum constraints in NMC grav-

ity

In this section we shall again present five different derivations of the equation

for the evolution of the speed of individual localized particles of fixed mass

and structure in a homogeneous and isotropic FLRW universe, but now

considering the possibility of a coupling between gravity and the matter

fields. We shall demonstrate that consistency between the results obtained

uniquely defines the correct form of the corresponding on-shell Lagrangians

[8].

Let us once again consider the action (4.1), allowing for a NMC between

gravity and the matter fields. In this and other NMC theories the energy

momentum tensor of the matter fields, whose components are given in Eq.

(4.4), is not in general covariantly conserved. Instead one has

∇νTµ
ν = Sµ , (4.74)

where

Sµ = (Lmδ
ν
µ − Tµ

ν)
∇νf2
f2

. (4.75)

Here, we shall again consider either the EMT of the individual particles

with components T∗
µν or the EMT of a perfect fluid composed of many such

particles whose components are given in Eq. (4.11).

In the case of a perfect fluid Eq. (4.74), with Sµ given by Eq. (4.75),

implies that [57]

Uν∇νU
µ =

1

ρ+ p

[
(Lf − p)

∇νf2
f2

−∇νp

]
hµν , (4.76)

where Lf and h
µν = gµν + UµUν are the on-shell Lagrangian of the perfect

fluid and the projection operator, respectively. In the following we shall

also consider the particular case of dust with Lf = Ldust (characterized by

pdust = 0 and ρdust = −Tdust), for which

Uν∇νU
µ =

Ldust

ρdust

∇νf2
f2

hµν , (4.77)
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4.5.1 Free particles in FLRW spacetimes

Consider once again the motion of localized particles of fixed mass and struc-

ture in an FLRW background, but this time in the context of NMC gravity.

Given that the EMT is no longer covariantly conserved, the presence of ad-

ditional dynamical terms, dependent on the matter Lagrangian, will need to

be taken into account.

Linear momentum evolution

For a single isolated particle moving along the x-direction in an FLRW back-

ground, the x-component of Eq. (4.75) implies that∫
S1 d

3r = −p
f̀2
f2
, (4.78)

Hence, considering the x-component of Eq. (4.74), and following the same

steps of the previous section, the equation for the evolution of the linear

momentum of the particle can now be generalized to

p̀+Θ p = 0 , (4.79)

where Θ is defined by

Θ =
b̀

b
=
à

a
+
f̀2
f2

= H +
f̀2
f2
, (4.80)

and b = af2. Notice that Eq. (4.79) was obtained without making any

assumptions about the specific form of the on-shell Lagrangian.

Energy evolution

Of course, one must be able to arrive at the same result using the time

component of Eq. (4.74) — otherwise there would be an inconsistency. The

time component of Eq. (4.75) requires that∫
S0 d

3r =

(∫
Lm d

3r + E

)
f̀2
f2
, (4.81)

Following the same steps of the previous section but now using the time

component of Eq. (4.74) and Eq. (4.81) one obtains

È +Hv2E = −
(∫

Lm d
3r + E

)
f̀2
f2
. (4.82)

Dividing Eq. (4.82) by v, taking into account Eqs. (4.49) and (4.50), one

finds that

p̀+Hp = −
∫

Lm d
3r + E

v

f̀2
f2
. (4.83)
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Consistency with Eqs. (4.79) and (4.80) then requires that

p =

∫
Lm d

3r + E

v
, (4.84)

Taking into account that p = vE = E[prop]γv and Eq. (4.54), this in turn

implies that ∫
Lmd

3r = −E

γ2
= −

E[prop]

γ
=

∫
T∗ d

3r . (4.85)

Hence, the volume average of the on-shell Lagrangian of a particle of fixed

mass and structure is equal to the volume average of the trace of its EMT,

independently of the particle structure and composition.

4.5.2 Perfect fluids in FLRW spacetimes

Here, we shall derive the dynamics of moving localized particles with fixed

proper mass and structure in an FLRW assuming that they are part of a

homogeneous perfect fluid, but now in the context of NMC gravity.

Linear momentum constraints: dust

In the case of dust, a perfect fluid with pdust = 0, the x-component of Eq.

(4.76) may be written as

Ù1U0 + 2Γ1
10U

0U1 =
Ldust

ρdust

f̀2
f2
U0U1 . (4.86)

Multiplying this equation by E[prop]a/U
0, taking into account that U1 =

γv/a and that Γ0
11 = H, one obtains

p̀+Hp =
Ldust

ρdust

f̀2
f2

p . (4.87)

Consistency with Eqs. (4.79) and (4.80) requires that

Ldust = −ρdust = Tdust . (4.88)

Energy constraints: dust

The time component of Eq. (4.77) is given by

Ù0U0 + Γ0
00U

0U0 + Γ0
11U

1U1 =
Ldust

ρdust

f̀2
f2

(g00 + U0U0) , (4.89)

Multiplying this equation by E[prop]a/U
0, taking into account that g00 =

−1/a2, U0 = γ/a, U1 = γv/a, v2γ2 = γ2 − 1, and that Γ0
00 = Γ0

11 = H, one

obtains

È +Hv2E =
Ldust

ρdust

f̀2
f2
Ev2 . (4.90)



56 Chapter 4. Nonminimally Coupled f(R) Theories

Dividing Eq. (4.82) by v, taking into account Eqs. (4.49) and (4.50), one

again arrives at Eq. (4.87) for the evolution of linear momentum.

Energy constraints: homogeneous and isotropic fluid

Consider a homogeneous and isotropic perfect fluid (at rest in the comoving

frame, so that U i = 0) made up of localized particles of fixed mass and

structure all with the same speed v. The time component of Eq. (4.74), is

given by

ρ̀f + 3H(ρf + pf) = −(Lf + ρf)
f̀2
f2
, (4.91)

where Lf , ρf and pf are the on-shell Lagrangian, proper energy density and

proper pressure of the fluid, respectively. If the number of particles is con-

served then Eq. (4.72) is satisfied. On the other hand, if the perfect fluid

is an ideal gas then its proper pressure is given by Eq. (4.73): pf = ρfv
2/3.

Substituting the conditions given in Eqs. (4.72) and (4.73) into Eq. (4.91)

and multiplying it by a3/N , one obtains

È +Hv2E = −
(

Lf

ρf
+ 1

)
f̀2
f2
E . (4.92)

As in Sec. 4.4.3, this homogeneous and isotropic perfect fluid can be pictured

as the combination of six equal density dust fluid components moving in the

positive/negative x, y, and z directions. Therefore, in the proper frame of the

resulting perfect fluid, the evolution of particle energy and linear momentum

of each of its dust components and of the total combined fluid must be the

same, i.e. Eqs. (4.90) and (4.92) must result in the same equation of motion.

This implies that

−Ldust

ρdust
v2 =

Lf

ρf
+ 1 . (4.93)

We can therefore write the on-shell Lagrangian of the perfect fluid as

Lf = −ρf
(

Ldust

ρdust
v2 + 1

)
= ρf

(
v2 − 1

)
⇒ Lf = 3pf − ρf = Tf , (4.94)

where we have taken into account Eqs. (4.73) and (4.88). Naturally, in the

case of dust (v = 0) Eq. (4.94) again implies that Ldust = Tdust = −ρdust.
In the derivation of this result the crucial assumption is that the fluid

can be described by the ideal-gas equation of state — no assumptions have

been made regarding the role of gravity on the structure of the particles in

this case. Notice that this result is not in contradiction with the findings

of Refs. [87, 88], according to which the on-shell Lagrangian of a fluid with

1) a conserved number of particles and 2) an off-shell Lagrangian dependent
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solely on the particle number number density is Lon
m = −ρ, since the second

condition does not apply to an ideal gas.

4.6 Scalar matter fields in NMC gravity

It is interesting to analyse the case where the matter fields are given by a

real scalar field ϕ governed by a generic Lagrangian of the form

Lm = Lm(ϕ,X) , (4.95)

where

X = −1

2
∇µϕ∂µϕ , (4.96)

is the kinetic term. Therefore Eq. (4.4) implies that the components of the

EMT are given by

Tµν = Lm,X∂µϕ∂
νϕ+ Lmgµν . (4.97)

We can now look at a few matter Lagrangians and examine their signif-

icance in NMC gravity [1].

4.6.1 Perfect fluid with Lm = p

For timelike ∂µϕ, it is possible to write the EMT in a perfect fluid form

Tµν = (ρ+ p)UµUν + pgµν , (4.98)

by means of the following identifications

uµ =
∂µϕ√
2X

, ρ = 2Xp,X − p , p = Lm(ϕ,X) . (4.99)

In Eq. (4.98), Uµ are the components of the 4-velocity field describing the

motion of the fluid, while ρ and p are its proper energy density and pressure,

respectively. Observe that in this case Lm = p, which in the context of GR

is one of the possible choices considered in the literature for the on-shell

Lagrangian of a perfect fluid. Note that, since the 4-velocity is a timelike

vector, the correspondence between scalar field models of the form Lm =

Lm(ϕ,X) and perfect fluids breaks down whenever ∂µϕ is spacelike, as is

the case of non-trivial static solutions. In the case of a homogeneous and

isotropic universe filled with a perfect fluid with arbitrary density ρ and

p = 0, Eqs. (4.98) and (4.99) imply that the dynamics of this fluid may

be described by a matter Lagrangian whose on-shell value is equal to zero

everywhere (a simple realization of this situation would be to take Lm =

X−V = ϕ̇2/2−V (ϕ) with the appropriate potential V and initial conditions,

so that V (ϕ) is always equal to ϕ̇2/2).
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4.6.2 Solitons in 1+1 dimensions: Lm = T

In this section, our particle shall be modelled once again as a topological

soliton of the field ϕ, but in 1+1 dimensions. For concreteness, assume that

the matter fields may be described by a real scalar field with Lagrangian

Lm = −1

2
∂µϕ∂

µϕ− V (ϕ) , (4.100)

where V (ϕ) ≥ 0 is a real scalar field potential

V (ϕ) =
λ

4

(
ϕ2 − ε2

)2
, (4.101)

which has two degenerate minima at ϕ = ±ε.
In this case, Lm,X = 1 and the EMT of the matter fields is given by

Tµν = ∂µϕ∂νϕ+ Lmg
µν . (4.102)

On the other hand, the equation of motion for the scalar field ϕ is

□ϕ = −f
′
2

f2
∂µR∂

µϕ+ V,ϕ . (4.103)

Multiplying Eq. (4.103) by ∂νϕ, and taking into account that (4.102), one

recovers Eq. (4.10).

Minkowski spacetime

In a 1+1 dimensional Minkowski space-time the line element can be written

as ds2 = −dt2 + dz2. Hence, neglecting the self-induced gravitational field,

the Lagrangian and the equation of motion of the scalar field ϕ are given

respectively by

Lm =
(ϕ,t)

2

2
− (ϕ,z)

2

2
− V (ϕ) , (4.104)

ϕ,tt − ϕ,zz = −dV
dϕ

, (4.105)

where the ϕ,t, ϕ,z and ϕ,tt, ϕ,zz represent the first and second derivatives

with respect to the physical time t and the spatial coordinate z.

The components of the EMT of the particle can now be written as

ρϕ = −T 0
0 =

(ϕ,t)
2

2
+

(ϕ,z)
2

2
+ V (ϕ) , (4.106)

T 0z = −ϕ,tϕ,z , (4.107)

pϕ = T z
z =

(ϕ,t)
2

2
+

(ϕ,z)
2

2
− V (ϕ) , (4.108)
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so that the trace T of the EMT is given by

T = Tµ
µ = T 0

0 + T z
z = −ρϕ + pϕ = −2V (ϕ) . (4.109)

Consider a static soliton with ϕ = ϕ(z). In this case Eq. (4.105) becomes

ϕ,zz =
dV

dϕ
, (4.110)

and it can be integrated to give

(ϕ,z)
2

2
= V , (4.111)

assuming that |ϕ| → ε for z → ±∞. If the particle is located at z = 0, Eq.

(4.110) has the following solution

ϕ = ±ε tanh
(

z√
2R

)
, (4.112)

with

R = λ−1/2ε−1 . (4.113)

The rest mass of the particle is given by

m =

∫ ∞

−∞
ρdz = 2

∫ ∞

−∞
V dz =

8
√
2

3
VmaxR =

=
2
√
2

3
λ1/2ε3 , (4.114)

where Vmax ≡ V (ϕ = 0) = λε4/4. Here we have taken into account that Eq.

(4.111) implies that in the static case the total energy density is equal to

2V . On the other hand, from Eqs. (4.104) and (4.109), one also has that

Lm = T , (4.115)

where this equality is independent of the reference frame, and, consequently,

it does not depend on whether the particle is moving or at rest. Also note

that this result also applies to collections of particles and, in particular,

to one which can be described as perfect fluid. However, unlike the result

obtained for a homogeneous scalar field described by a matter Lagrangian of

the form Lm(ϕ,X), according to which the on-shell Lagrangian of a perfect

fluid with proper pressure p = 0 is Lon
m = 0 (independently of its proper

density ρ), one finds that a perfect fluid with p = 0 made of static solitonic

particles would have an on-shell Lagrangian given by Lon
m = T = −ρ. This

is an explicit demonstration that the Lagrangian of a perfect fluid depends

on microscopic properties of the fluid not specified by its EMT.



60 Chapter 4. Nonminimally Coupled f(R) Theories

FLRW spacetime

Consider a 1 + 1 dimensional FLRW space-time with line element ds2 =

−dt2 + a2(t)dq2z , where qz is the comoving spatial coordinate and a(t) is the

scale factor. Taking into account that

ϕ,µ,µ =

(
−Γµ

µν +
f ′2
f2
∂νR

)
ϕ,ν , (4.116)

one obtains

ϕ̈+

(
H +

ḟ2
f2

)
ϕ̇−∇2ϕ = −dV

dϕ
, (4.117)

where H ≡ ȧ/a is the Hubble parameter and ∇2 ≡ d2/dz2 = a−2d2/dq2z is

the physical Laplacian.

The dynamics of p-branes in N +1-dimensional FRW universes has been

studied in detail in [134,135] (see also [136]). There, it has been shown that

the equation for the velocity v of a 0-brane in a 1 + 1-dimensional FRW

spacetime implied by Eq. (4.117) is given by

v̇ +

(
H +

ḟ2
f2

)
(1− v2)v = 0 , (4.118)

which is exactly the same result we obtained in Eq. (4.30) for the velocity

of the fluid particles with the on-shell Lagrangian Lon
m = T .

4.7 The first law of thermodynamics and particle

creation/decay

Naturally, the absence of energy-momentum conservation has significant im-

plications to the laws of thermodynamics, namely the possibility of a viola-

tion of the second law of thermodynamics. To study these effects, we shall

consider the thermodynamics of a universe filled with a perfect fluid, in the

presence of an NMC between geometry and matter described by the action

given in Eq. (4.1).

Particle creation or decay via an NMC to gravity would require signifi-

cant perturbations to the FLRW geometry on the relevant microscopic scales

since the FLRW metric is essentially Minkowskian on such scales. The con-

straints on gravity on microscopic scales are extremely weak and it might be

possible to construct viable modified theories of gravity in which the gravi-

tational interaction on such scales is significantly enhanced with respect to

GR (see, for example, [137, 138]). However, these small scale perturbations

have not been considered in the derivation of Eq. (4.28) and have not been

explicitly taken into account in previous works when considering particle

creation or decay via an NMC to gravity. Consequently, the only consistent
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interpretation for the change to the evolution of the energy density of a fluid

made of soliton-like particles associated with the term on the right-hand-side

of Eq. (4.28) is the modification to the evolution of the linear momentum of

such particles described by Eq. (4.31). Here, we shall start by considering

the thermodynamics of a homogeneous and isotropic universe in the absence

of significant small-scale perturbations, and then describe phenomenologi-

cally the case in which microscopic perturbations to the FLRW geometry

result in particle creation or decay.

4.7.1 Perfect fluid with Lm = T

We start by treating the Universe as a system where the average number

of particles per comoving volume is conserved, for which the first law of

thermodynamics takes the form

d(ρa3) = dQNMC − pd(a3) , (4.119)

where dQNMC is the “heat” received by the system over the interval of time

dt due to the NMC between the gravitational and the matter fields [3]. As

previously mentioned, in the literature [65,139–141] an adiabatic expansion

(dQ/dt = 0) is usually considered, and therefore an extra term associated

with particle creation due to the NMC between the gravitation and matter

fields is added to Eq. (4.119). However, as in previous work, an FLRW

metric is assumed. Hence, no perturbations to the background geometry

that could be responsible for spontaneous particle creation are considered. In

this scenario, we are left with associating the NMC with the non-adiabaticity

of the expansion.

Eq. (4.119) may be rewritten as

ρ̇+ 3H(ρ+ p) =
Q̇NMC

a3
. (4.120)

Using Eq. (4.28), one obtains the “heat” transfer rate with Lm = 3p− ρ

Q̇NMC = −(Lm + ρ)a3
ḟ2
f2

= −3pa3
ḟ2
f2

= −ρv2a3 ḟ2
f2
. (4.121)

This implies that for non-relativistic matter (v ≪ 1), such as baryons and

cold dark matter, Q̇NMC ∼ 0 so that the usual energy-momentum conserva-

tion approximately holds. On the other hand, relativistic matter is strongly

impacted by this energy-momentum transfer.
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4.7.2 Particle creation/decay and effective Lagrangians

Here, we consider the possibility that the perturbations to the FLRW geom-

etry on microscopic scales may be responsible for particle creation or decay.

Discussing particle creation/decay with the matter Lagrangian Lm = T in

great detail would of course require a microscopic description of the parti-

cle structure, which we leave purposefully generic, and its interaction with

gravity on microscopic scales. While such analysis is beyond the scope of

this thesis, we can treat particle creation/decay phenomenologically, by in-

troducing a modification to the energy-momentum conservation equation. If

particle number is not conserved due to the NMC, an additional term, associ-

ated to particle creation/decay, should therefore be added to the right-hand

side of Eq. (4.28)

ρ̇+ 3H(ρ+ p) = −(Lm + ρ)
ḟ2
f2

− LΓ
ḟ2
f2
. (4.122)

Note that LΓ is not a true Lagrangian, but rather a phenomenological term

associated to the effect of the NMC between matter and gravity on micro-

scopic scales. If the mass and structure of the particles does not change due

to the NMC to gravity, except for (almost) instantaneous particle creation

or decay, the on-shell Lagrangian of the perfect fluid is still well described

by Lon
m = T (we also allow for almost instantaneous scattering events which

do not have an impact in the form of the perfect-fluid Lagrangian). Hence,

Eq. (4.31) still describes the cosmological contribution to the evolution of the

linear-momentum of the particles. Equation (4.122) may then be rewritten

as

ρ̇+ 3H(ρ+ p) = −(Leff + ρ)
ḟ2
f2
, (4.123)

where

Leff = Lm + LΓ . (4.124)

In this case Eq. (4.119) is changed to [140]

d(ρa3) = dQNMC − pd(a3) +
h

n
d(na3) , (4.125)

where n is the particle number density and h = ρ + p is the enthalpy per

unit volume. For simplicity, we have also implicitly assumed that all particles

are identical and that the corresponding perfect fluid is always in thermo-

dynamic equilibrium. This is a natural assumption if the rate of particle

creation/decay is much smaller than the particle scattering rate, a case in

which thermalization following particle creation/decay occurs (almost) in-

stantaneously.
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Equation (4.125) may be rewritten as as

ρ̇+ 3H(ρ+ p) =
Q̇NMC

a3
+
h

n
(ṅ+ 3Hn) , (4.126)

and using Eq. (4.123) one finds that

Q̇NMC

a3
+
h

n
(ṅ+ 3Hn) = −(Leff + ρ)

ḟ2
f2
. (4.127)

Equations (4.121), (4.124) and (4.127) also imply that

ρ+ p

n
(ṅ+ 3Hn) = −LΓ

ḟ2
f2
. (4.128)

Introducing the particle creation/decay rate

Γ =
ṅ

n
+ 3H , (4.129)

and using Eq. (4.128) one obtains

Γ = − LΓ

ρ+ p

ḟ2
f2
. (4.130)

Alternatively, particle creation/decay may be described as an extra ef-

fective creation/decay pressure pΓ of the perfect fluid that must be included

in the continuity equation [139]

ρ̇+ 3H(ρ+ p+ pΓ) = −(Lm + ρ)
ḟ2
f2
, (4.131)

where

pΓ =
LΓ

3H

ḟ2
f2
, (4.132)

may be obtained from Eq. (4.123).

We have argued that the correct on-shell form of the Lagrangian of a

perfect fluid composed of solitonic particles is Lm = T , even in the presence

of (almost) instantaneous particle scattering and/or particle creation/decay,

and when Leff = Lm, one trivially recovers the results of the previous subsec-

tion. Nevertheless, one may ask whether or not the Lagrangians suggested in

previous work to describe such a perfect fluid could play the role of effective

Lagrangians. Let us then consider the particular cases with Leff = −ρ and

Leff = p.

If Leff = −ρ then

LΓ = Leff − Lm = −3p , (4.133)



64 Chapter 4. Nonminimally Coupled f(R) Theories

where we have used Eq. (4.124) and taken into account that Lm = T = 3p−ρ.
Hence, in this case

pΓ = − p

H

ḟ2
f2
, (4.134)

and there is a particle creation/decay rate given by

Γ =
3p

ρ+ p

ḟ2
f2
. (4.135)

Notably, if Leff = −ρ the standard conservation equation for the energy

density is recovered.

If Leff = p then

LΓ = ρ− 2p . (4.136)

In this case, the effective pressure is equal to

pΓ =
ρ− 2p

3H

ḟ2
f2
, (4.137)

and the particle creation/decay rate is

Γ = −ρ− 2p

ρ+ p

ḟ2
f2
. (4.138)

Note that if Leff = p the standard evolution equation for the density is not

recovered, unless p = −ρ.
In both cases, Leff = −ρ and Leff = p, the particle creation/decay rate

Γ would not in general be a constant. Rather than depending on the parti-

cle properties and on the way these are affected by the NMC to gravity on

microscopic scales, for a given choice of the function f2 the evolution of Γ

given in Eqs. (4.135) and (4.138) would depend essentially on the cosmol-

ogy and the macroscopic properties of the fluid. As discussed before, the

FLRW metric is essentially Minkowski on the microscopic scales relevant to

particle creation/decay. Consequently, one should not expect such a cosmo-

logical dependence of the particle creation/decay rate Γ, which questions the

relevance of the effective Lagrangians Leff = −ρ and Leff = p in this context.

4.8 The second law of thermodynamics

Consider the fundamental thermodynamic relation

T dS = d(ρa3) + pda3 , (4.139)
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where S is the entropy of the matter content and T is the temperature.

Equations (4.28), (4.120) and (4.139) imply that [6]

T dS = dQNMC = −3pa3
df2
f2

, (4.140)

as opposed to GR, where dS = 0.

Consider a universe filled with dust and radiation, both represented by

perfect fluids with proper energy density ρdust and ρr, and pressure pdust = 0

and pr = ρr/3. Eq. (4.140) therefore implies that the comoving entropy of

the dust component is conserved (dSdust = 0). In this case the total comov-

ing entropy S is equal to the comoving entropy of the radiation component

Sr (S = Sr). Its proper pressure and density — be it bosonic, fermionic or

both — satisfy pr = ρr/3 and ρr ∝ T 4, respectively. Here, the scattering

timescale is implicitly assumed to be much smaller than the characteristic

timescale of the change of the NMC coupling function f2, so that the radia-

tion component can always be taken to be in thermodynamic equilibrium at

a temperature T (we are also assuming that the chemical potential is zero).

Hence, in the case of radiation, Eq. (4.28) may be written as

dρr
dT

Ṫ + 3H(ρr + pr) = −3pr
ḟ2
f2
, (4.141)

or equivalently,

Ṫ = −
3H (ρr + pr) + 3pr

ḟ2
f2

dρr
dT

, (4.142)

with pr = ρr/3 and ρr ∝ T 4.

Equation (4.142) is easily integrated and returns

T ∝ a−1f
−1/4
2 , (4.143)

so that

ρr ∝ a−4f−1
2 . (4.144)

Taking into account Eq. (4.143) and the fact that pr = ρr/3 ∝ T 4, Eq. (4.140)

can be easily integrated to give

S ∝ f
−3/4
2 . (4.145)

Imposing the second law of thermodynamics

T Ṡ = Q̇NMC = −3pa3
f ′2
f2
Ṙ ≥ 0 , (4.146)

would prove quite restrictive, in particular in the case of a universe in which

the time derivative of the Ricci scalar changes sign, as we will demonstrate
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in the next subsection. In fact, the only function f2 that would verify Eq.

(4.146) with all generality would be f2 = const., which corresponds to the

minimally coupled f(R) limit. Conversely, in minimally coupled gravity

f2 = 1, and the right hand term of Eq. (4.146) vanishes, leaving the second

law of thermodynamics unchanged.

The preservation of the second law of thermodynamics would require

its generalization to take into account a gravitational entropy contribution.

Even though some work has been done in this context for GR [129–131,142],

it remains a subject of much discussion and debate. However, the need

for such a generalized description appears to be much greater in modified

gravity models that inherently violate the second law of thermodynamics in

its standard form.

4.8.1 Entropy in a universe with positive curvature

Here, we shall consider a homogeneous and isotropic universe with positive

curvature (k = 1) filled with dust and radiation. This provides a fair repre-

sentation of the energy content of the Universe from early post-inflationary

times until the onset of dark energy domination. The addition of a posi-

tive curvature will allow us to consider expanding and contracting phases of

the evolution of the universe and to contrast the behaviour of the comoving

entropy of the matter fields in these periods.

The total proper energy density and pressure are given, respectively, by

ρtotal = ρr + ρdust , ptotal =
1

3
ρr , (4.147)

with

ρr = ρr,0 a
−4f−1

2 , ρdust = ρdust a
−3 . (4.148)

On the other hand, Eqs. (4.27) , (4.147), and (4.148), imply that the on-

shellr Lagrangian of the matter fields is equal to

Lm = 3ptotal − ρtotal = −ρdust,0 a−3 . (4.149)

Here, the subscripts ‘r’ and ‘dust’ again denote the radiation and cold dark

matter components, respectively, and the subscript ‘0’ refers to an arbitrary

initial time t = 0.

Using Eqs. (4.3), (4.147), (4.148), (4.149), along with

∆ttF = −3HF ′Ṙ− 9H2f ′2ρdust

= −18HF ′
(
Ḧ + 4HḢ − 2Ha−2

)
− 9H2f ′2ρdust , (4.150)

∆iiF = gii

(
2HḞ + F̈

)
, (4.151)
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it is straightforward to rewrite the MFE (4.25) and the MRE (4.25) as

(
H2 + a−2

)
F =

1

6

(
f ′1R− f1

)
+

1

6
ρr,0a

−4 −HF ′Ṙ

+
1

6

[
f2 − f ′2

(
R+ 18H2

)]
ρdust,0a

−3 , (4.152)

(
Ḣ +H2

)
F =− 2

(
H2 + a−2

)
F +

1

2
f1

+
1

6
ρr,0a

−4f−1
2 + 2HḞ + F̈ , (4.153)

where we have chosen units such that κ = 1. Since the time derivatives of

F are

Ḟ = F ′Ṙ+ 3Hf ′2ρdust , (4.154)

F̈ = F ′R̈+ F ′′Ṙ2 + 3
(
2HṘf ′′2 + Ḣf ′2 − 3H2f ′2

)
ρdust , (4.155)

where

R = 6
(
Ḣ + 2H2 + a−2

)
, (4.156)

Ṙ = 6
(
Ḧ + 4HḢ − 2Ha−2

)
, (4.157)

R̈ = 6
[ ...
H + 4HḦ + 4Ḣ2 + 2

(
2H2 − Ḣ

)
a−2
]
, (4.158)

the MFE and MRE are third and fourth order nonlinear differential equation

for the scale factor a with respect to time, respectively.

Here, we consider the functions f1 = R and f2 = αRβ, with constant α

and β (where α has units of R−β), so that Eq. (4.152) becomes

(
H2 + a−2

)
F =

1

6
ρr,0a

−4

+
α

6
Rβ

(
1− β − 18H2

R

)
ρdust,0a

−3

+ 6αβ(β − 1)Rβ−2ρdust,0a
−3H2

(
Ḧ

H
+ 4Ḣ − 2a−2

)
. (4.159)

Starting from an arbitrary initial time (t = 0), we integrate Eq. (4.153)

using a 5th-order backwards differentiation formula, first backwards up to

the Big Bang and then forward up to the Big Crunch. Since it is a fourth

order differential equation it requires setting three further initial conditions

(H0, Ḣ0 and Ḧ0) in addition to a0 = 1 (as well as ρdust,0 and ρr,0).

Notice that the comoving entropy may change only if ρdust ̸= 0 and

ρr ̸= 0. If the universe was assumed to be filled entirely with cold dark

matter, then the proper pressure would vanish and, therefore, so would the

right-hand side of Eq. (4.140). Hence, there would be no change to the
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comoving entropy content of the universe. Conversely, if the universe was

composed only of radiation, then Eq. (4.159) would reduce to the standard

Friedmann equation found in GR. Hence, the Ricci scalar R would vanish

and, Eq. (4.140) would again imply the conservation of the comoving entropy.

In the remainder of this section we shall consider cosmologies with ρdust,0 =

5.94, ρr,0 = 0.06 and H0 = 0 in the context either of GR or of NMC gravity

models with α = 0.95 and β = 0.01. In the case of GR (α = 1, β = 0), these

conditions are sufficient to determine the full evolution of the universe. In

the context of NMC gravity, Eq. (4.159) acts as an additional constraint,

and with a0 = 1 and H0 = 0 becomes

ρr,0 + α
[
Rβ

0 + β(6−R0)R
β−1
0

]
ρdust,0 = 6 , (4.160)

and therefore sets Ḣ0 at the initial time, leaving only one additional initial

condition, Ḧ0 .

Fig. 4.1 displays the evolution of the scale factor a as a function of the

physical time t in the context of two distinct cosmological models computed

assuming either GR (dashed blue line) or NMC gravity (solid orange line).

In the context of GR one may observe the exact symmetry between the

expanding and contracting phases of the universe, which is verified indepen-

dently of the initial conditions. The orange solid line shows the evolution of

a with t in the context of an NMC gravity model with Ḧ0 = 0.5. Fig. 4.1

shows that, in this case, the symmetry between the expanding and con-

tracting phases of the universe is no longer preserved. It also reveals the

presence of oscillations on the evolution of the scale factor of variable am-

plitude and frequency, as well as multiple local maxima of the scale factor

(two, for this particular parameter choice). These features are common in

the context of NMC gravity and are associated with the increased complex-

ity of the higher-order nonlinear equations which rule the evolution of the

universe in that context. Moreover, many NMC models (such as the present

one for the chosen parameters) are subject to the Dolgov-Kawasaki insta-

bility [69, 127, 128]. However, this oscillatory behaviour in the cosmological

evolution of the universe has also been previously discussed for f(R) models

[143–146], even when they satisfy the former and other stability criteria. A

detailed analysis of such oscillations was not a focus of this thesis, as they

do not affect this critical result — that the second law of thermodynamics

does not generally hold in the context of NMC gravity. Fig. 4.2 displays the

evolution of the Hubble parameter H as a function of the physical time t

for the same models shown in Fig. 4.1. Notice the three zeros of H, as well

as its sharp variations at specific values of the physical time t in the case of

NMC gravity.

Although an asymmetry between the expanding and contracting phases is
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Figure 4.1: Evolution of the scale factor a as a function of
the physical time t in the context of GR (dashed blue line)
and of a NMC gravity model with α = 0.95 and β = 0.01
(solid orange line), having ρdust,0 = 5.94 and ρr,0 = 0.06
and H0 = 0 as initial conditions. Notice the asymmetric
evolution of the universe in the context of NMC gravity (in
contrast with GR), and the presence of oscillations of vari-
able amplitude and frequency, as well as two local maxima

of a.
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Figure 4.2: Same as in Fig. 4.1 but for the evolution of the
Hubble parameter H. Notice the three zeros of H, as well
as its sharp variation at specific values of the physical time

t in the context of NMC gravity.
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Figure 4.3: Evolution of the scale factor a as a function of
the physical time t in the context of GR (dashed blue line)
and of a NMC gravity model with α = 0.95 and β = 0.01
(solid orange line), having ρdust,0 = 5.94, ρr,0 = 0.06 and
H0 = 0 as initial conditions. An extra initial condition is
required in the context of NMC gravity which we take to be
Ḧ0 = 0 in order to guarantee a symmetric evolution of the

universe.

generic in the context of NMC gravity, one can use the freedom in the choice

of initials conditions to impose a symmetric expansion and contraction by

choosing Ḧ0 = 0.

The results for the symmetric case can be found in Figs. 4.3 through

4.6, which show, respectively, the evolution of the scale factor a, the Hubble

parameter H, the Ricci scalar R and the entropy S as a function of the

physical time t. The results presented in Figs. 4.3 and 4.4 for the evolution

of a and H with the physical time, display an exact symmetry between the

expanding and contracting phases of the universe, both in the case of GR

and NMC gravity. Also, note that in this case there is a single maximum of

a (zero of H). Otherwise, the results are similar to those shown in Figs. 4.1

and 4.2 for an asymmetric evolution of the universe.

Figs. 4.5 and 4.6 display the evolution of the Ricci scalar R and of the

comoving entropy S again for the symmetric case. Apart from the oscilla-

tions of variable amplitude and frequency, Fig. 4.5 shows that, on average,

R decreases during the expanding phase and increases during the contract-

ing phase, while Fig. 4.6 show that the comoving entropy has the opposite

behaviour. This illustrates the coupling between the evolution of the co-

moving entropy and the dynamics of the universe, which generally exists in

cosmological models with an NMC between gravity and the matter fields,
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Figure 4.4: Same as in Fig. 4.3 but for the evolution of the
Hubble parameter H.

linking the thermodynamic arrow of time to the cosmological evolution of

the universe.

4.9 Boltzmann’s H -theorem, entropy and the strength

of gravity

In the late nineteenth century, Boltzmann almost single-handedly developed

the foundations of modern statistical mechanics. One of his major contribu-

tions, Boltzmann’s H -theorem, implies that, under generic conditions, the

entropy of a closed system is a non-decreasing function of time [147]. How-

ever, Boltzmann’s H -theorem in its standard form does not necessarily hold

in theories with an NMC to gravity, as we will show in this section [5].

4.9.1 4-force on point particles

Consider the action of a single point particle

S = −
∫
dτ m , (4.161)

with energy momentum tensor

Tµν =
m√
−g

∫
dτ uµuνδ4(xσ − ξσ(τ)) , (4.162)

where δ4(xσ − ξσ(τ)) denotes the four–dimensional Dirac delta function,

ξσ(τ) represents the particle worldline, τ is the proper time, uµ are the
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Figure 4.5: Same as in Fig. 4.3 but for the evolution of the
Ricci scalar R.
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Figure 4.6: Same as in Fig. 4.3 but for the evolution of the
comoving entropy S, normalized so that S = 1 at t = 0.
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components of the particle 4-velocity (uµuµ = −1) and m is the proper

particle mass. If one considers its trace T and integrates over the whole of

space-time, we obtain∫
d4x

√
−g T = −

∫
d4x dτ mδ4 (xσ − ξσ(τ))

= −
∫
dτ m , (4.163)

which can be immediately identified as the action for a single massive par-

ticle, and therefore implies that

Lm = T = − m√
−g

∫
dτ δ4(xσ − ξσ) , (4.164)

is the particle Lagrangian, as we showed in Chapter 3. The covariant deriva-

tive of the EMT may be written as

∇νT
µν =

1√
−g

∂ν
(√

−gTµν
)

=
m√
−g

∫
dτ (∇νu

µ)uνδ4(xσ − ξσ(τ)) . (4.165)

By using (4.165) and (4.164) in Eq. (4.10) we obtain

m√
−g

∫
dτδ4(xσ − ξσ(τ))×

(
duµ

dτ
+ Γµ

αβu
αuβ +

f ′2
f2
hµν∇νR

)
= 0 ,

where hµν = gµν + uµuν is the projection operator. The equation of motion

of the point particle is then given by

aµ =
duµ

dτ
+ Γµ

αβu
αuβ = −f

′
2

f2
hµν∇νR , (4.166)

where

fν = maµ = −mf ′2
f2
hµν∇νR , (4.167)

is the velocity-dependent 4-force on the particles associated to the NMC to

gravity and aµ is the corresponding 4-acceleration (see [109] for an analogous

calculation in the context of growing neutrino models where the neutrino

mass is non-minimally coupled to a dark energy scalar field).

It is important to note that if the particles are part of a fluid, then the

4-acceleration of the individual particles does not, in general, coincide with

the 4-acceleration of the fluid element to which they belong, as can be clearly

seen by comparing Eqs. (4.12) and (4.166) (this point is often overlooked,

see e.g. [148]). However, in the case of dust p = 0 and Lm = −ρ, and the
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4-acceleration of a fluid element and of its particles are both given by

aµ = −f
′
2

f2
hµν∇νR . (4.168)

4.9.2 Boltzmann’s H -theorem

The usual collisionless Boltzmann equation given by

dF
dt

=
∂F
∂t

+∇rF · dr
dt

+∇pF · F = 0 , (4.169)

expresses the constancy in time of a six-dimensional phase space volume

element V6 containing a fixed set of particles in the absence of particle col-

lisions. Here, t is the physical time, the six-dimensional phase space is com-

posed of the six positions and momentum coordinates (r,p) of the particles,

F = dp/dt is the 3-force on the particles (assumed to be independent of p),

and F (t, r,p)V6 is the number of particles in the six-dimensional infinites-

imal phase space volume element V6 = d3r d3p. However, in the presence

of NMC to gravity F may depend on p, and this volume is in general not

conserved. In this case, phase-space continuity, expressing particle number

conservation in six-dimensional phase space in the absence of collisions,

∂F
∂t

+∇r ·
(

F
dr

dt

)
+∇p · (F F) = 0 , (4.170)

should be used rather than Eq. (4.169). Here, r and p are independent

variables, thus implying ∇r · p = 0. Note that no assumption has been

made regarding the relativistic or non-relativistic nature of the particles

(Eq. (4.170) is valid in both regimes).

In a flat homogeneous and isotropic universe, described by the Friedmann-

Lemâıtre-Robertson-Walker metric, the line element is given by

ds2 = −dt2 + dr · dr = −dt2 + a2(t)dq · dq , (4.171)

where a(t) is the scale factor and q are comoving Cartesian coordinates. In

this case, the Ricci scalar is a function of cosmic time alone [R = R(t)] and

the i0 components of the projection operator may be written as hi0 = γ2vi,

where γ = u0 = dt/dτ and vi = ui/γ are the components of the 3-velocity.

Therefore, Eq. (4.167) implies that the 3-force on the particles is given by

F i =
dpi

dt
=

fi

γ
− d ln a

dt
pi = −

(
d ln a

dt
+
f ′2
f2

dR

dt

)
pi

= −
(
d ln a

dt
+
d ln f2
dt

)
pi

= −d ln (af2)
dt

pi , (4.172)
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This in turn implies that pi ∝ (f2a)
−1, so that

V6 = d3r d3p ∝ f2
−3 , (4.173)

where we have taken into account that d3r = a3d3q. Eq. (4.173) explicitly

shows that in the presence of a NMC to gravity the phase-space volume is,

in general, no longer incompressible.

In a homogeneous and isotropic universe

dr

dt
=
da

dt
q+ a

dq

dt
=
d ln a

dt
r+ v

=
d ln a

dt
r+

p

(m2 + p2)1/2
, (4.174)

where m is the rest mass of the particles, thus implying that

∇r ·
(
dr

dt

)
= 3

d ln a

dt
. (4.175)

Substituting Eqs. (4.172) and (4.175) into the phase-space continuity

equation — note that Eq. (4.170) remains valid in a FLRW background —

and taking into account that in a homogeneous universe F is independent

of r [F = F (t,p)], one obtains

0 =
∂F
∂t

+ F ∇r ·
(
dr

dt

)
+ F · ∇pF + F ∇p · F

=
∂F
∂t

− ∂F
∂pi

d ln (af2)

dt
pi − 3F

d ln f2
dt

. (4.176)

Note that Eq. (4.176) does not include collision terms and, therefore, it only

applies in the case of collisionless fluids. For example, after neutrino decou-

pling non-gravitational neutrino interactions may, in general, be neglected

and, consequently, Eq. (4.176) may be used to determine the evolution of

the neutrino phase-space distribution function for as long as the Universe

remains approximately homogeneous and isotropic (the same applying to

photons after recombination, although to a lesser extent). We shall defer to

the following subsection a discussion of the impact of collisions in situations

where they might be relevant.

Let us start by explicitly verifying the conservation of the number of

particles N inside a constant comoving spatial volume Vq defined by
∫
d3r =

a3
∫
d3q = a3Vq. Since N =

∫
d3r d3pF = a3Vq

∫
F d3p,

dN

dt
= 3

d ln a

dt
N + a3Vq

∫
d3p

∂F
∂t

= 3
d ln(af2)

dt
N + a3Vq

∫
d3p

∂F
∂pi

d ln (af2)

dt
pi = 0 . (4.177)
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Here, we have used Eq. (4.176) in order to evaluate ∂F /∂t and performed

the momentum integral by parts.

Let us now consider Boltzmann’s H defined by

H =

∫
d3r d3pF lnF = a3Vq

∫
d3pF lnF , (4.178)

Taking the derivative of H with respect to the physical time and using

(4.177) one obtains

dH
dt

= 3
d ln a

dt
H + a3Vq

∫
d3p(1 + lnF )

∂F
∂t

= 3
d ln a

dt
(H −N) + a3Vq

∫
d3p

∂F
∂t

lnF , (4.179)

where again
∫
d3r = a3

∫
d3q = a3Vq and N is the number of particles

inside Vq. Using Eq. (4.176), the integral which appears in the last term of

Eq. (4.179) may be written as

I =

∫
d3p

∂F
∂t

lnF = 3
d ln f2
dt

∫
d3pF lnF

+

∫
d3p

(
∂F
∂pi

d ln (af2)

dt
pi
)
lnF

= I1 + I2 , (4.180)

where

I1 = 3(a3Vq)
−1d ln f2

dt
H (4.181)

I2 =

∫
d3p

(
∂F
∂pi

d ln (af2)

dt
pi
)
lnF . (4.182)

Integrating I2 by parts one obtains

I2 = −
∫
d3pF

∂

∂pi

[
lnF

d ln (af2)

dt
pi
]

= −3(a3Vq)
−1d ln (af2)

dt
H −

∫
d3p

∂F
∂pi

d ln (af2)

dt
pi

= 3(a3Vq)
−1d ln (af2)

dt
(N − H ) . (4.183)

Summing the various contributions, Eq. (4.179) finally becomes

dH
dt

= 3
d ln f2
dt

N . (4.184)

In general relativity f2 is equal to unity and, therefore, Boltzmann’s H is

a constant in the absence of particle collisions. However, Eq. (4.184) implies

that this is no longer true in the context of NMC theories of gravity. In this

case, the evolution of Boltzmann’s H is directly coupled to the evolution
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of the universe. Boltzmann’s H may either grow or decay, depending on

whether f2 is a growing or a decaying function of time, respectively. This

provides an explicit demonstration that Boltzmann’s H theorem — which

states that dH /dt ≤ 0 — may not hold in the context of NMC theories of

gravity.

An alternative derivation

Consider two instants of time tA and tB, with aA = 1. According to Eq.

(4.172), in the absence of collisions, p ∝ (af2)
−1. Therefore, assuming that

the number of particles is conserved, Eq. (4.173) implies that

FB

FA
≡

F (tB, f2,Ap/(aBf2,B))

F (tA,p)
=

V6,A

V6,B
=

(
f2,B
f2,A

)3

. (4.185)

Hence,

HB = a3BVq

∫
d3pBFB lnFB

= a3BVq

∫
d3pA

(
f2,A
aBf2,B

)3

FB lnFB

= Vq

∫
d3pAFA ln

[
FA

(
f2,B
f2,A

)3
]

= Vq

∫
d3pAFA lnFA + 3 ln

(
f2,B
f2,A

)
Vq

∫
d3pAFA

= HA + 3 (ln f2,B − ln f2,A)N . (4.186)

If tA and tB are sufficiently close, one can write tB−tA = dt, HB−HA = dH ,

and ln f2,B − ln f2,A = d ln f2. Then, dividing Eq. (4.186) by dt one obtains

Eq. (4.184). This alternative derivation shows, perhaps even more explicitly,

how the growth or decay of the magnitude of the linear momentum of the

particles associated to the NMC to gravity may contribute, respectively, to

a decrease or an increase of Boltzmann’s H .

4.9.3 Entropy

Consider a fluid of N point particles with Gibbs’ and Boltzmann’s entropies

given respectively by

SG = −
∫
PN lnPNd

3r1d
3p1 · · · d3rNd3pN (4.187)

SB = −N
∫
P lnPd3rd3p . (4.188)

where PN (r1,p1, . . . , rN ,pN , t) and P (r,p, t) are, respectively, theN -particle

probability density function in 6N -dimensional phase space and the single
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particle probability in 6-dimensional phase space. P and PN are related by

P (r,p, t) =

∫
PNd

3r2d
3p2 · · · d3rNd3pN (4.189)

These two definitions of the entropy have been shown to coincide only if

PN (r1,p1, . . . , rN ,pN , t) =
N∏
i=1

P (ri,pi, t) , (4.190)

or, equivalently, if particle correlations can be neglected, as happens for an

ideal gas [147]. In the remainder of this section we shall assume that this is

the case, so that S = SB = SG (otherwise SG < SB [147]). We shall also

consider a fixed comoving volume Vq.

Close to equilibrium F (r,p, t) = NP (r,p, t) holds to an excellent ap-

proximation and, therefore

H = −S +N lnN . (4.191)

Again, assuming that the particle number N is fixed, Eq. (4.184) implies

that
dS

dt
= −dH

dt
= −3

d ln f2
dt

N . (4.192)

Hence, the entropy S in a homogeneous and isotropic universe may decrease

with cosmic time, as long as f2 grows with time. This once again shows that

the second law of thermodynamics does not generally hold in the context of

modified theories of gravity with an NMC between the gravitational and the

matter fields.

The collision term

Under the assumption of molecular chaos, i.e. that the velocities of colliding

particles are uncorrelated and independent of position, adding a two-particle

elastic scattering term to Eq. (4.170) results in a non-negative contribution

to the entropy increase with cosmic time — this contribution vanishes for

systems in thermodynamic equilibrium. This result holds independently of

the NMC coupling to gravity, as acknowledged in [148] where the standard

calculation of the impact of the collision term has been performed without

taking into account the momentum-dependent forces on the particles due

to the NMC to gravity. However, as demonstrated in this section, these

momentum-dependent forces may be associated with a further decrease of

the magnitude of the linear momentum of the particles (if f2 grows with

time) contributing to the growth of Boltzmann’s H (or, equivalently, to

a decrease of the entropy). The existence of particle collisions, although

extremely relevant in most cases, does not change this conclusion.
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If the particles are non-relativistic, and assuming thermodynamic equilib-

rium, F (p, t) follows a Maxwell-Boltzmann distribution. In an FLRW homo-

geneous and isotropic universe with an NMC to gravity the non-relativistic

equilibrium distribution is maintained even if particle collisions are switched

off at some later time, since the velocity of the individual particles would

simply evolve as v ∝ (af2)
−1 in the absence of collisions (see Eq. (4.172))

— the temperature, in the case of non-relativistic particles, would evolve as

T ∝ v2 ∝ (af2)
−2.

If the fluid is an ideal gas of relativistic particles (with p = ρ/3), each

satisfying equation of motion for a point particle derived in Eq. (4.166)

(except, eventually, at quasi-instantaneous scattering events), then its on-

shell Lagrangian vanishes (Lm,[fluid] = T = −ρ + 3p = 0), and we recover

the results found in Section 4.8, namely that the entropy density s evolves

as n(T ) ∝ s(T ) ∝ T 3 ∝ a−3f
−3/4
2 . This implies that both the number of

particles N and the entropy S in a fixed comoving volume are not conserved

— they evolve as N ∝ S ∝ na3 ∝ f
−3/4
2 .

Unless f2 is a constant, the equilibrium distribution of the photons cannot

be maintained after the Universe becomes transparent at a redshift z ∼ 103,

given that the number of photons of the cosmic background radiation is

essentially conserved after that. Hence, direct identification of Boltzmann’s

H with the entropy should not be made in this case. The requirement that

the resulting spectral distortions be compatible with observations has been

used to put stringent limits on the evolution of f2 after recombination [1],

and we will show in the next chapter.

The strength of gravity

Existing cosmic microwave background and primordial nucleosynthesis con-

straints restrict the NMC theory of gravity studied in the present work (or its

most obvious generalization) to be very close to General Relativity (f2 = 1)

at late times [1, 2]. Before big bang nucleosynthesis, the dynamics of f2 is

much less constrained on observational grounds, but it is reasonable to ex-

pect that the cosmological principle and the existence of stable particles —

assumed throughout this work — would still hold (at least after primordial

inflation). This requires the avoidance of pathological instabilities, such as

the Dolgov-Kawasaki instability, i.e. κf ′′1 + f ′′2 Lm ≥ 0.

Consider a scenario, free from pathological instabilities, in which the

function f2 was much larger at early times than at late times (here, early

and late refer to times much before and after primordial nucleosynthesis,

respectively). In this scenario, the present value of Newton’s gravitational

constant is the result of a dynamical process associated with the decrease of

f2, perhaps by many orders of magnitude, from early to late times. More
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importantly, the high entropy of the Universe and the weakness of gravity

would be interrelated in this scenario.
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Chapter 5

Constraints on Nonminimally

Coupled f (R) Gravity

We have shown in Chapter 4 that theories featuring a nonminimal coupling

(NMC) between gravity and the matter fields can feature a non-conservation

of energy-momentum, which has significant thermodynamic consequences.

This non-conservation, along with changes to the equations of motion, also

leads to different predictions for both cosmological phenomena and solar

system dynamics, and one can use observational data to constrain specific

NMC models.

In this chapter we will provide an overview of these constraints, sum-

marising existing local constraints in the literature (Section 5.1), and de-

tailing the new cosmological constraints obtained in this work from obser-

vations, namely the cosmic microwave background (CMB) (Section 5.2) [1],

big-bang nucleosynthesis (BBN) (Section 5.3) [2], type Ia supernovae (SnIa)

and baryon acoustic oscillations (BAO) (Section 5.4) [7] observations.

Throughout this chapter we will consider the action

S =

∫
d4x

√
−g [κf1(R) + f2(R)Lm] , (5.1)

where f1(R) and f2(R) are arbitrary functions of the Ricci scalar R, Lm

is the Lagrangian of the matter fields and κ = c4/(16πG). We will also

consider a flat FLRW metric with line element

ds2 = −dt2 + a2(t)
[
dr2 + r2dθ2 + r2 sin2 θdϕ2

]
, (5.2)

where a(t) is the scale factor (we set a(t) = 1 at the present time), t is

the cosmic time, and r, θ and ϕ are polar comoving coordinates, filled by

a collection of perfect fluids, with energy-momentum tensor (EMT) of the

form

Tµν = (ρ+ p)UµUν + pgµν , (5.3)

where ρ and p are respectively the proper density and pressure of the fluid,
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and Uµ is the 4-velocity of a fluid element, satisfying UµU
µ = −1. Alterna-

tively, we can also write the line element for this metric as

ds2 = −dt2 + a2(t)dq · dq , (5.4)

where q are the comoving Cartesian coordinates.

The modified field equations can be obtained from the action (5.1)

FGµν =
1

2
f2Tµν +∆µνF +

1

2
gµνκf1 −

1

2
gµνRF , (5.5)

where

F = κf ′1 + f ′2Lm , (5.6)

the primes denote a differentiation with respect to the Ricci scalar, Gµν

is the Einstein tensor, ∆µν ≡ ∇µ∇ν − gµν□, with □ = ∇µ∇µ being the

D’Alembertian operator, and Lm is the on-shell Lagrangian of the matter

fields, which in the case of a perfect fluid composed of point particles is given

by the trace of the EMT

Lm = Tµνgµν = T = 3p− ρ . (5.7)

The modified Friedmann equation (MFE) is

H2 =
1

6F

[
FR− κf1 + f2ρ− 6HḞ

]
, (5.8)

and the modified Raychaudhuri equation (MRE) is

2Ḣ + 3H2 =
1

2F

[
FR− κf1 − f2p− 4HḞ − 2F̈

]
. (5.9)

5.1 Solar system constraints

Much like in the context of f(R) theories in Chapter 2, one can also perform

a weak-field expansion around a spherical body to derive constraints on NMC

gravity [149–152]. The process is largely the same, and the same conditions

apply, extended to the NMC function:

Condition 1: f1(R) and f2(R) are analytical at the background curvature

R = R0.

Condition 2: The pressure of the local star-like object is approximately

null, p ≃ 0. This implies that the trace of the energy-momentum tensor is

simply T ≃ −ρ.
Likewise, the weak-field expansion feature Yukawa terms, which can be

avoided if one adds a third condition:
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Condition 3: |m|r ≪ 1, where m is the effective mass of the scalar degree

of freedom of the theory (defined in Eq. (5.14)) and r is the distance to the

local star-like object.

The use of the appropriate Lagrangian is critical to the derivation of

constraints. In [149–152] the Lagrangian used for the perfect fluid is Lm =

−ρ, rather than Lm = T , as we have previously determined. However, the

following analysis considers only dust contributions on both the cosmological

and local levels, so the general perfect fluid Lagrangian does indeed reduce to

Lm = T = −ρ. Under this assumption, the results presented in the literature

for local constraints on NMC gravity therefore should remain valid in light

of this thesis.

5.1.1 Post-Newtonian expansion

Once again one assumes that the scalar curvature can be expressed as the

sum of two components

R(r, t) ≡ R0(t) +R1(r) , (5.10)

where R0(t) is the background spatially homogeneous scalar curvature, and

R1(r) is a time-independent perturbation to the background curvature. Since

the timescales usually considered in Solar System dynamics are much shorter

than cosmological ones, we can usually take the background curvature to be

constant, i.e. R0 = const.. We can therefore separate the source for the Ricci

scalar into two different components, one cosmological and another local. So

the trace of the field equations Eq. (5.5) reads

[
κf ′1 + f ′2 (Lcos

m + Ls
m)
]
R− κf1

+ 3□
[
κf ′1 + f ′2 (Lcos

m + Ls
m)
]
=

1

2
f2 (T

cos + T s) , (5.11)

where Lcos
m = T cos = −ρcos and Ls

m = T s = −ρs are the cosmological and

local matter contributions, respectively. If one takes into account that R1 ≪
R0 and that R0 solves the terms of the expansion of Eq. (5.11) that are

independent of R1, one can write it as

6∇2
[(
κf ′′1,0 + f ′′2,0Lm

)
R1

]
+
(
−2κf ′1,0 + f ′2,0Lm

)
R1

+ 2
(
κf ′′1,0 + f ′′2,0Lm

)
R0R1 + 6

[
□
(
κf ′′1,0 − f ′′2,0ρ

cos
)
− ρs□f

′′
2,0

]
R1

= −(1 + f2,0)ρs + 2f ′2,0R0ρs + 6ρs□f
′
2,0 + 6f ′2,0∇2ρs , (5.12)

where fi,0 ≡ fi(R0). From here one can define a potential

U(r) = 2
[
κf ′′1,0 + f ′′2,0Lm(r)

]
R1(r) , (5.13)
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and a mass parameter m as

m2 ≡ 1

3

 2κf ′1,0 − f ′2,0Lm

2
(
κf ′′1,0 + f ′′2,0Lm

) −R0 −
3□
(
κf ′′1,0 − f ′′2,0ρ

cos
)
− 3ρs□f ′′2,0

κf ′′1,0 + f ′′2,0Lm

 .
(5.14)

If |m|r ≪ 1, using Eqs. (5.13) and (5.14) in Eq. (5.12) we obtain

∇2U −m2U =
1

3
f2,0ρ

s +
2

3
f ′2,0ρ

sR0 + 2ρs□f ′2,0 + 2f ′2.0∇2ρs , (5.15)

which outside of the star can be solved for R1

R1 =
χ

8π
(
f ′′2,0ρ

cos − f ′′1,0

)M
r
, (5.16)

where M is the mass of the star and

χ = −1

3
f2,0 +

2

3
f ′2,0R0 + 2□f ′2,0 . (5.17)

By considering a flat FLRW metric with a spherically symmetric pertur-

bation

ds2 = − [1 + 2Ψ(r)] dt2 + a2(t)
{
[1 + 2Φ(r)] dr2 + r2dθ2 + r2 sin2 θdϕ2

}
,

(5.18)

and solving the linearized field equations for Ψ(r) and Φ(r) with the solution

obtained for R1 (5.16), one obtains [149]

Ψ = −
f2,0 + f ′2,0R0

12π
(
f ′1,0 − f ′2,0ρ

cos
)M
r
, (5.19)

Φ =
f2,0 + 4f ′2,0R0 + 6□f ′2,0

24π
(
f ′1,0 − f ′2,0ρ

cos
) M

r
. (5.20)

Comparing Eqs. (5.19) and (5.20) with the equivalent PPN metric

ds2 = −
(
1− 2GM

r

)
dt2 +

(
1 + γ

2GM

r

)(
dr2 + r2dθ2 + r2 sin2 θdϕ2

)
,

(5.21)

where γ is a PPN parameter, one can see that in NMC gravity

γ =
1

2

[
f2,0 + 4f ′2,0R0 + 6□f ′2,0

f2,0 + f ′2,0R0

]
. (5.22)

If f2 = 1, then γ = 1/2, like in f(R) gravity. The tightest bound on

this parameter comes from the tracking of the Cassini probe, where it was

determined that γ − 1 = (2.1 ± 2.3) × 10−5. This in turn can be used to

constrain particular NMC models, provided that the linearized limit is valid
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and that |m|r ≪ 1 (see [149] for a more in-depth look at this constraint).

5.1.2 “Post-Yukawa” expansion

Similarly to f(R) theories, the authors in [150] have expanded the previous

analysis to include the consideration of the Yukawa terms in the expansion,

rather than disregard them entirely by imposing a limit to the mass of the

scalar degree of freedom. We will briefly summarize the resulting constraints

from the leading order of the expansion, and point the reader to [150–152]

for a more detailed analysis.

The used metric for spacetime around a spherical central object (star)

with mass M and density ρ in this scenario mirrors the f(R) case, in that

it is also given by a small perturbation on an asymptotically flat Minkowski

metric, and is given by the line element

ds2 = − [1 + 2Ψ(r)] dt2 +
{
[1 + 2Φ(r)] dr2 + r2dθ2 + r2 sin2 θdϕ2

}
. (5.23)

This metric is very similar to the one used for the post-Newtonian expan-

sion (5.18), with the notable exception that one ignores the effects of the

background cosmological curvature. In this case, one assumes that the f(R)

function admit a Taylor expansion around R = 0 of the form

f1(R) = R+
R2

6M 2
+ O(R3) , (5.24)

f2(R) = 1 + 2ξ
R

M 2
+ O(R2) , (5.25)

where M is a characteristic mass scale and ξ is a dimensionless parameter.

Solving the trace of the field equations under these assumptions, and ignores

terms of order O(c−3) or smaller, one obtains

∇2R− M 2R =
8πG

c2
M 2

[
ρ− 6

2ξ

M 2
∇2ρ

]
. (5.26)

The solution for the curvature outside of the star is [150]

R(r) =
2GM

c2r
M 2(1− 12ξ)A(M , rs)e

−mr , (5.27)

where rs is the mass of the star and A(M , rs) is a form factor given by

A(M , rs) =
4π

MM

∫ rs

0
sinh(M r)ρ(r)r dr . (5.28)

One can now determine the solutions for Ψ and Φ outside the star, ob-

taining

Ψ = −GM
c2r

[
1 +

(
1

3
− 4ξ

)
A(M , rs)e

−M r

]
, (5.29)
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Φ =
GM

c2r

[
1−

(
1

3
− 4ξ

)
A(M , rs)e

−M r(1 + M r)

]
. (5.30)

Inserting these perturbations back into the metric (5.23) one can immedi-

ately identify an additional Yukawa term to the usual Newtonian potential,

which reads

U(r) = −GM
r

[
1 + αA(M , rs)e

−r/λ
]
, (5.31)

where α = 1/3−4ξ and λ = 1/M are the strength and characteristic length of

the Yukawa potential. One can then use current constraints [153] on a fifth

Yukawa-type force to constrain the parameter pair (α, λ) or, equivalently,

(ξ,M ) (see Fig. 5.1).

Figure 5.1: Constraints on the Yukawa force strength α
and range λ parameters [153].

This analysis can of course be extended to a higher-order expansion of

the functions f1 and f2. Though the calculations are much more involved,

constraints on the expansion parameters have been obtained from the pre-

cession of Mercury’s orbit [151] and from ocean experiments [152].
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5.2 Spectral distortions in the cosmic microwave

background

The cosmic microwave background (CMB) has been the subject of many

studies and observational missions ever since it was discovered. Most of

this effort concerns the study of the small temperature variations across the

CMB, usually categorized as multiple types of spectral distortions, some of

which can be gravitational in origin. Naturally, one would expect that a

modified theory of gravity could have an impact on these distortions, and

this is indeed the case in NMC theories of gravity. Since photons couple

differently to the background curvature in NMC theories (when compared

to GR), one can derive a new type of spectral distortions, which we dub n-

type spectral distortions, affecting the normalization of the spectral energy

density [1].

Let us start by assuming that the CMB has a perfect black body spec-

trum with temperature Tdec at the time of decoupling between baryons and

photons (neglecting tiny temperature fluctuations of 1 part in 105). The

spectral energy density and number density of a perfect black body are

given by

u(ν) =
8πhν3

ehν/(kBT ) − 1
, n(ν) =

u(ν)

hν
, (5.32)

respectively, where h is Planck’s constant and kB is Boltzmann’s constant,

T is the temperature and Eγ = hν is the energy of a photon of frequency ν.

In the standard scenario, assuming that the universe becomes transparent

for T < Tdec, the CMB radiation retains a black body spectrum after decou-

pling. This happens because the photon number density evolves as nγ ∝ a−3

(assuming that the number of photons is conserved) while their frequency

is inversely proportional to the scale factor a, so that ν ∝ a−1. In the case

studied in the present paper, the number of CMB photons is still assumed

to be conserved (so that nγ ∝ a−3)

However, recall that the momentum of particles in NMC gravity evolves

as determined in Eq. (4.31), and therefore the energy and frequency of

photons also follows

Eγ ∝ ν ∝ (af2)
−1 . (5.33)

Alternatively, one can arrive at the same result by recalling that the equation

of motion of a point particle in NMC gravity is given by

duµ

ds
+ Γµ

αβu
αuβ = aµ , (5.34)

where fµ = maµ is a momentum-dependent four-force, given by

fµ = −mf ′2
f2
hµν∇νR , (5.35)
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and hµν = gµν + uµuν is the projection operator. Solving Eqs. (5.34) and

(5.35) with the metric (5.2) one finds that the components of the three-force

on particles f = dp/dt are given by [5] (in Cartesian coordinates)

fi = −d ln(af2)
dt

pi , (5.36)

where pi are the components of the particle’s three-momentum p, which

therefore evolve as

pi ∝ (af2)
−1 . (5.37)

Hence, taking into account that nγ ∝ a−3 ∝ (f2)
3 × (af2)

−3, the spectral

energy density at a given redshift z after decoupling may be written as

u(ν)[z] =
(f2[z])

3

(f2[zdec])
3

8πhν3

ehν/(kBT[z]) − 1
, (5.38)

where

T[z] ≡ T[zdec]
(1 + z)f2[zdec]

(1 + zdec)f2[z]
. (5.39)

The evolution of this spectral density is similar to that of a perfect black

body (see Eqs. (1.40) and (1.42)), except for the different normalization.

Also note that a small fractional variation ∆f2/f2 on the value of f2 produces

a fractional change in the normalization of the spectral density equal to

3∆f2/f2.

The FIRAS (Far InfraRed Absolute Spectrophotometer) instrument on-

board COBE (COsmic Background Explorer) measured the spectral energy

of the nearly perfect CMB black body spectrum [42,43]. The weighted root-

mean-square deviation between the observed CMB spectral radiance and the

blackbody spectrum fit was found to be less than 5 parts in 105 of the peak

brightness. Hence, we estimate that f2 can vary by at most by a few parts

in 105 from the time of decoupling up to the present time. This provides a

stringent constraint on NMC theories of gravity, independently of any fur-

ther considerations about the impact of such theories on the background

evolution of the Universe.

Let us define

∆f i→f
2 ≡ |f2(zf )− f2(zi)| , (5.40)

which is assumed to be much smaller than unity. Here, zi and zf are given

initial and final redshifts with zi > zf . Consider a power law model for f2

defined by

f1(R) ∼ R , f2(R) ∝ Rn , (5.41)
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in the redshift range [zf , zi], where n is a real number with |n| ≪ 1 and

f2 ∼ 1 at all times. In this case

∆f i→f
2 ∼

∣∣∣∣(R(zf )R(zi)

)n

− 1

∣∣∣∣ ∼ 3 |n| ln
(
1 + zf
1 + zi

)
. (5.42)

Therefore, we have

|n| ≲ ∆f2
3

CMB→0

[ln (1 + zCMB)]
−1 , (5.43)

and it is simple to show that this translates into |n| ≲ few × 10−6.

5.3 Big-bang nucleosynthesis

Primordial nucleosynthesis may be described by the evolution of a set of dif-

ferential equations, namely the Friedmann equation, the evolution of baryon

and entropy densities, and the Boltzmann equations describing the evolution

of the average density of each nuclide and neutrino species. As one could

expect, even taking into account experimental values for the reaction cross-

sections instead of theoretical derivations from particle physics, the accurate

computation of element abundances cannot be done without resorting to

numerical algorithms [27, 30–33]. The prediction of these quantities in the

context of NMC theories is beyond the scope of this thesis, but it is worthy

of note that these codes require one particular parameter to be set a priori:

the baryon-to-photon ratio η.

While in GR the baryon-to-photon ratio is fixed around nucleosynthesis,

in general the same does not happen in the context of NMC theories. To

show this, recall that the evolution of the density of photons and baryons

(which are always non-relativistic from the primordial nucleosynthesis epoch

up to the present era) is given by Eq. (4.29) as

ργ = ργ,0a
−4f−1

2 , ρb = ρb,0a
−3 . (5.44)

While the baryon number in a fixed comoving volume is conserved (nb ∝ a−3,

where nb is the baryon number density), before recombination photons are

in thermal equilibrium, so the photon number density is directly related to

the temperature by

nγ =
2ζ(3)

π2
T 3 . (5.45)

Since the photon energy density also relates to the temperature as

ργ =
π2

15
T 4 , (5.46)
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combining Eqs. (5.44), (5.45) and (5.46) one obtains that that the baryon-

to-photon ratio η between BBN (at a redshift zBBN ∼ 109) and photon

decoupling (at a redshift zCMB ∼ 103) evolves as

η ≡ nb
nγ

∝ f
3/4
2 , (5.47)

as opposed to the GR result, η = const. After photon decoupling the baryon-

to-photon ratio is conserved in NMC theories, with the energy of individual

photons evolving as Eγ ∝ (af2)
−1 (as opposed to the standard Eγ ∝ a−1

result).

We will assume that the modifications to the dynamics of the universe

with respect to GR are small, in particular to the evolution of R and H

with the redshift z. This can be seen as a “best-case” scenario for the

theory, as any significant changes to R(z) and H(z) are expected to worsen

the compatibility between the model’s predictions and observational data.

Hence, in the following, we shall assume that

R = 3H2
0

[
Ωm,0(1 + z)3 + 4ΩΛ,0

]
∼ 3H2

0Ωm,0(1 + z)3 ∝ (1 + z)3 , (5.48)

where Ωm,0 ≡ (ρm,0)/(6κH
2
0 ) and ΩΛ,0 ≡ (ρΛ,0)/(6κH

2
0 ) are the matter and

dark energy density parameters (here dark energy is modelled as a cosmo-

logical constant Λ), and the approximation is valid all times, except very

close to the present time.

Let us define
∆η

η

i→f

≡
|η(zf )− η(zi)|

η(zi)
, (5.49)

which is assumed to be much smaller than unity. Eq. (5.42) then implies

that

|n| ≲ 4

9

∆η

η

i→f [
ln

(
1 + zf
1 + zi

)]−1

, (5.50)

assuming a small relative variation of η satisfying Eq. (5.47)

∆f i→f
2 ∼ 4

3

∆η

η

i→f

. (5.51)

There are two main ways of estimating the value of η at different stages

of cosmological evolution. On one hand, one may combine the observational

constraints on the light element abundances with numerical simulations of

primordial BBN nucleosynthesis to infer the allowed range of η. This is the

method used in [44], among others, leading to

ηBBN = (5.7± 0.6)× 10−10 (5.52)
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at 95% credibility interval (CI) just after nucleosynthesis (at a redshift

zBBN ∼ 109). More recently, an updated version of the program PArthENoPE

(PArthENoPE 2.0), which computes the abundances of light elements pro-

duced during BBN, was used to obtain new limits on the baryon-to-photon

ratio, at 2σ [33]

ηBBN = (6.23+0.24
−0.28)× 10−10 . (5.53)

There is some variation of η during nucleosynthesis due to the entropy

transfer to photons associated with the e± annihilation. The ratio between

the values of η at the beginning and the end of BBN is given approximately

by a factor of 2.73 [45]. Although the NMC will lead to further changes ratio,

we will not consider this effect, since it will be subdominant for |n| ≪ 1. We

will therefore use the above standard values obtained for ηBBN immediately

after nucleosynthesis to constrain NMC gravity.

The neutron-to-photon ratio also affects the acoustic peaks observed in

the CMB, generated at a redshift zCMB ∼ 103. The full-mission Planck anal-

ysis [46] constrains the baryon density ωb = Ωb(H0/[100 km s−1 Mpc−1])

with the inclusion of BAO, at 95% CI,

ωb = 0.02229+0.00029
−0.00027 . (5.54)

This quantity is related to the baryon-to-photon ratio via η = 273.7 ×
10−10ωb, leading to

ηCMB = 6.101+0.079
−0.074 × 10−10 . (5.55)

Here, we implicitly assume that no significant change to η occurs after

zCMB ∼ 103, as shown in Ref. [1].

Taking these results into consideration, we shall determine conservative

constraints on n using the maximum allowed variation of η from zBBN ∼ 109

to zCMB ∼ 103, using the appropriate lower and upper limits given by Eqs.

(5.52), (5.53) and (5.55). Combining Eqs. (5.47) and (5.41) to obtain

η ∝ R3n/4 , (5.56)

it is easy to see that the sign of n will affect whether η is decreasing or

increasing throughout the history of the universe, and thus, since R mono-

tonically decreases towards the future, a positive (negative) n will imply a

decreasing (increasing) η. This being the case, for the allowed range in Eq.

(5.52), we have for positive n

∆η

η
=

|(6.101− 0.074)− (5.7 + 0.6)|
5.7 + 0.6

≃ 0.04 , (5.57)
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and for negative n

∆η

η
=

|(6.101 + 0.079)− (5.7− 0.6)|
5.7− 0.6

≃ 0.21 , (5.58)

Therefore we find

−0.007 < n < 0.002 , (5.59)

and using the limits given in Eq. (5.53) [33],

−0.002 < n < 0.003 . (5.60)

In the previous section the NMC has been shown to lead to n-type spec-

tral distortions in the CMB, affecting the normalization of the spectral en-

ergy density, and for a power-law f2 ∝ Rn we obtained |n| ≲ few × 10−6,

which is roughly 3 orders of magnitude stronger than the constraint coming

from the baryon-to-photon ratio. Still, this constraint and those given by

Eqs. (5.59) and (5.60) are associated with cosmological observations which

probe different epochs and, as such, can be considered complementary: while

the former limits an effective value of the power-law index n in the redshift

range [0, 103], the later is sensitive to its value at higher redshifts in the

range [103, 109].

Furthermore, NMC theories with a power-law coupling f2(R) have been

considered as a substitute for dark matter in previous works [154,155]. There

it has been shown that n would have to be in the range −1 ≤ n ≤ −1/7 to

explain the observed galactic rotation curves. However, such values of n are

excluded by the present study.

5.4 Distance duality relation

Etherington’s relation, also known as the distance-duality relation (DDR),

directly relates the luminosity distance dL and angular-diameter distance dA

in GR, where they differ only by a specific function of the redshift

dL
dA

= (1 + z)2 . (5.61)

Naturally, if a modified gravity theory features different expressions for the

luminosity or angular-diameter distances, this relationship may also change.

The DDR has therefore recently come into focus given the possibility of

performing more accurate tests of Etherington’s relation with new cosmo-

logical surveys of type Ia supernovae (SnIa) and baryon acoustic oscillations

(BAO)[16, 17, 156–159], as well as observations from Euclid [160, 161] and

gravitational wave observatories [162]. In this section, we derive the impact
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of NMC theories on the DDR and use the most recent data available to

impose constraints on a broad class of NMC models.

5.4.1 The distance-duality relation in NMC theories

The luminosity distance dL of an astronomical object relates its absolute

luminosity L, i.e. its radiated energy per unit time, and its energy flux at

the detector l, so that they maintain the usual Euclidian relation

l =
L

4πd2L
, (5.62)

or in terms of the luminosity distance

dL =

√
L

4πl
. (5.63)

Over a small emission time ∆tem the absolute luminosity can be written as

L =
Nγ,emEem

∆tem
, (5.64)

where Nγ,em is the number of emitted photons and Eem is the average photon

energy. An observer at a coordinate distance r from the source will, however,

observe an energy flux given by

l =
Nγ,obsEobs

∆tobs4πr2
(5.65)

where Nγ,obs is the number of observed photons and Eobs is their average

energy.

Recall that the energy of a photon in a flat FLRW metric in NMC gravity

is given by

E ∝ ν ∝ 1

af2
=

1 + z

f2
. (5.66)

Note that while the number of photons is conserved, Nγ,obs = Nγ,em, the

time that it takes to receive the photons is increased by a factor of 1 + z,

tobs = (1 + z)tem, and as per Eq. (5.66), their energy is reduced as

Eobs =
Eem

1 + z

f2(z)

f2(0)
, (5.67)

where f2(z) = f2[R(z)] and f2(0) = f2[R(0)] are respectively the values of

the function f2 at emission and at the present time. The distance r can be
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calculated by just integrating over a null geodesic, that is

ds2 = −dt2 + a(t)2dr2 = 0

⇒ dr = − dt

a(t)

⇒ r =

∫ tobs

tem

dt

a(t)
=

∫ z

0

dz′

H(z′)
, (5.68)

Using Eqs. (5.64), (5.65), (5.67) and (5.68) in Eq. (5.63), we finally obtain

dL = (1 + z)

√
f2(0)

f2(z)

∫ z

0

dz′

H(z′)
. (5.69)

In the GR limit f2 = const., and we recover the standard result.

The angular-diameter distance dA, on the other hand, is defined so that

the angular diameter θ of a source that extends over a proper distance s

perpendicularly to the line of sight is given by the usual Euclidean relation

θ =
s

dA
. (5.70)

In a FLRW universe, the proper distance s corresponding to an angle θ is

simply

s = a(t)rθ =
rθ

1 + z
, (5.71)

where the scale factor has been set to unity at the present time. So the

angular-diameter distance is just

dA =
1

1 + z

∫ z

0

dz′

H(z′)
. (5.72)

Comparing Eqs. (5.69) and (5.72) one finds

dL
dA

= (1 + z)2

√
f2(0)

f2(z)
. (5.73)

Deviations from the standard DDR are usually parametrized by the fac-

tor η as
dL
dA

= (1 + z)2η . (5.74)

Constraints on the value of η are derived from observational data for both

dA and dL. Comparing Eqs. (5.73) and (5.74) one immediately obtains

η(z) =

√
f2(0)

f2(z)
, (5.75)

(see also [163, 164] for a derivation of this result in theories with an NMC

between the matter fields and a scalar field).
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If f1 = R, like in GR, any choice of the NMC function apart from f2 = 1

would lead to a deviation from the standard ΛCDM background cosmology

and would therefore require a computation of the modified H(z) and R(z)

for every different f2 that is probed. However, it is possible to choose a

function f1 such that the cosmological background evolution remains the

same as in ΛCDM. In this case, the Hubble factor is simply

H(z) = H0

[
Ωr,0(1 + z)4 +Ωm,0(1 + z)3 +ΩΛ,0

]1/2
, (5.76)

and the scalar curvature R is given by

R(z) = 3H2
0

[
Ωm,0(1 + z)3 + 4ΩΛ,0

]
, (5.77)

where H0 is the Hubble constant, Ωr,0, Ωm,0 and ΩΛ,0 are the radiation,

matter and cosmological constant density parameters at present time. The

calculation of the appropriate function f1 must be done numerically, by in-

tegrating either the MFE (5.8) or the MRE (5.9) for f1 with the appropriate

initial conditions at z = 0 (when integrating the MRE, the MFE serves as

an additional constraint). Considering that GR is strongly constrained at

the present time, the natural choice of initial conditions is f1(0) = R(0) and

ḟ1(0) = Ṙ(0).

Nevertheless, in this section we will consider that significant deviations

of f2 from unity are allowed only at relatively low redshift, since CMB and

BBN constraints on NMC theories have already constrained f2 to be very

close to unity at large redshifts [1,2]. We have verified that the function f1(z)

required for Eqs. (5.76) and (5.77) to be satisfied deviates no more than 3%

from the GR prediction f1 = R for z ≲ 1.5, for the models investigated in

this paper (using the best-fit parameters in Tables 5.1 and 5.2).

5.4.2 Methodology and results

In [157], the authors used Pantheon and BAO data to constrain a parametriza-

tion of the DDR deviation of the type

η(z) = (1 + z)ϵ . (5.78)

and obtained, for a constant ϵ, ϵ = 0.013 ± 0.029 at the 68% credible in-

terval (CI). Here, we use the same datasets and a similar methodology to

derive constraints for specific NMC models. We present a brief description

of the methodology for completeness, but refer the reader to [157] for a more

detailed discussion.



96 Chapter 5. Constraints on Nonminimally Coupled f(R) Gravity

In general, BAO data provides measurements of the ratio dz (see, for

example, [165]), defined as

dz ≡
rs(zd)

DV (z)
, (5.79)

where DV (z) is the volume-averaged distance [166]

DV (z) =

[
(1 + z)2d2A(z)

cz

H(z)

]1/3
, (5.80)

and rs(zd) is the comoving sound horizon at the drag epoch. Assuming that

the evolution of the Universe is close to ΛCDM, rs(zd) can be approximated

as [167]

rs(zd) ≃
44.5 ln

(
9.83

Ωm,0h2

)
√
1 + 10(Ωb,0h2)3/4

, (5.81)

where Ωb,0 is the baryon density parameter and h is the dimensionless Hubble

constant. Here we shall assume that Ωb,0h
2 = 0.02225 in agreement with

the latest Planck release [23]. Notice that the BAO observations are used to

estimate dA, which remains unchanged in NMC theories provided that the

evolution of H(z) and R(z) is unchanged with respect to the ΛCDM model.

Thus, BAO data will ultimately provide us with constraints on H0 and Ωm,0.

The original datasets that we shall consider in the present paper come from

the surveys 6dFGS [165], SDDS [168], BOSS CMASS [169], WiggleZ [170],

MGS [171], BOSS DR12 [172], DES [173], Ly-α observations [174], SDSS

DR14 LRG [175] and quasar observations [176], but the relevant data is

conveniently compiled and combined in Appendix A of [157].

Likewise, the luminosity distance can be constrained using SnIa data,

via measurements of their apparent magnitude

m(z) =M0 + 5 log10

[
dL(z)

Mpc

]
+ 25 , (5.82)

or, equivalently,

m(z) =M0 − 5 log10(H0) + 5 log10

[
η(z)d̂L(z)

]
+ 25 , (5.83)

where M0 is the intrinsic magnitude of the supernova and d̂L(z) is the GR

Hubble-constant-free luminosity distance. Note, that the intrinsic magni-

tude M0 is completely degenerate with the Hubble constant H0, and thus

simultaneous constraints on both quantities cannot be derived from SnIa

data alone. As per [157], we use the marginalized likelihood expression from

Appendix C in [177], which takes into account the marginalization of both

M0 and H0, whenever possible. Likewise, we use the full 1048 point Pan-

theon compilation from [178].

For simplicity, we shall consider two NMC models with a single free
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parameter (the NMC parameter) which is assumed to be a constant in the

relevant redshift range (0 < z < 1.5), and assume a flat Universe evolving

essentially as ΛCDM. Since the contribution of radiation to the overall energy

density is very small at low redshift we ignore its contribution, and therefore

ΩΛ,0 = 1− Ωm,0.

We use the Markov chain Monte Carlo (MCMC) sampler in the publicly

available Python package emcee [179] to build the posterior likelihoods for

the cosmological parameters, H0 and Ωm,0, as well as the NMC parameter,

assuming flat priors for all of them. The MCMC chains are then analyzed

using the Python package GetDist [180], to calculate the marginalized means

and CIs, as well as plots of the 2D contours of the resulting distributions.

Power Law

Consider a power law NMC function of the type

f2 ∝ Rn , (5.84)

where n is the NMC parameter (GR is recovered when n = 0). Using Eqs.

(5.77) and (5.84) in Eq. (5.75), one obtains

η(z;n,Ωm,0) =

[
Ωm,0 + 4(1− Ωm,0)

Ωm,0(1 + z)3 + 4(1− Ωm,0)

]n/2
. (5.85)

The marginalized 68% CI results can be found in Table 5.1, and the 2D

distributions for n and Ωm,0 are displayed in Fig. 5.2 (see also Fig. 5.3 for

the remaining distribution plots). A reconstruction of Eq. (5.85) is also

shown in Fig. 5.4. Note that Eq. (5.85) implies that in the power-law case

η(z) only depends on the parameters n and Ωm,0, which are not completely

degenerate. Therefore, SnIa data alone is able to constrain both of these

parameters. However, since BAO data constrains both H0 and Ωm,0, we are

able to combine the two datasets to significantly improve the constraints on

n and Ωm,0.

The combined SnIa and BAO datasets constrain the NMC parameter

to n = 0.013 ± 0.035 (68% CI). While this constraint falls short of the

ones previously obtained from the black-body spectrum of the CMB, |n| ≲
few × 10−6, or from BBN, −0.002 < n < 0.003, the present results are

again complementary as they more directly constrain the value of n at much

smaller redshifts. Note that this still rules out NMC models designed to

mimic dark matter, as these would require a power law with exponent in the

range −1 ≤ n ≤ −1/7 [154,155].
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Table 5.1: Best-fit values and marginalized means, 68%,
95% and 99% CI limits obtained from currently available
data on the cosmological parameters Ωm,0 and H0 (in units
of km s−1 Mpc−1) and on the NMC parameter n (dimen-

sionless).

Parameter Probe Best fit Mean 68% 95% 99%

BAO 66.4 66.8 +1.2
−1.4

+2.7
−2.5

+3.7
−3.2

H0 SnIa unconstrained

SnIa+BAO 66.0 66.1 ±1.2 +2.5
−2.3

+3.4
−3.0

BAO 0.291 0.300 +0.027
−0.035

+0.064
−0.060

+0.094
−0.071

Ωm,0 SnIa 0.181 0.191 +0.037
−0.061

+0.11
−0.094

+0.18
−0.10

SnIa+BAO 0.276 0.279 +0.024
−0.030

+0.054
−0.052

+0.079
−0.062

BAO unconstrained

n SnIa 0.178 0.184 +0.092
−0.15

+0.26
−0.24

+0.45
−0.26

SnIa+BAO 0.014 0.013 ±0.035 +0.071
−0.066

+0.097
−0.085

0.0 0.2 0.4 0.6
n

0.1

0.2

0.3

0.4

m
,0

BAO
Pantheon
Pantheon + BAO

Figure 5.2: 2D contours on the power law parameter n
and Ωm,0 using data from BAO (blue), SnIa (yellow) and
the combination of the two (red). The darker and lighter
concentric regions represent the 68% and 95% credible inter-
vals, respectively. Colour-blind friendly colour-scheme from

[181].
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m, 0

m, 0 = 0.279+0.024
0.030

0.0 0.1
n

n = 0.013 ± 0.035

Figure 5.3: Constraints on the power law parameter n, H0

and Ωm,0 using combined data from BAO and SnIa. The
darker and lighter regions represent the 68% and 95% cred-

ible intervals, respectively.

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
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Figure 5.4: Reconstruction of η(z) for the power law NMC
model from combined BAO and SnIa data. The dashed line
represents the GR prediction η = 1, while the solid red line
represents the mean value of η at every redshift. The orange
(darker) and yellow (lighter) contours represent the 68% and

95% credible intervals, respectively.
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Table 5.2: Best-fit values and marginalized means, 68%,
95% and 99% CI limits obtained from currently available
data on the cosmological parameters Ωm,0 and H0 (in units
of km s−1 Mpc−1) and on the NMC parameter β (in units

of km−2 s2 Mpc2).

Parameter Probe Best fit Mean 68% 95% 99%

BAO 66.4 66.8 +1.2
−1.4

+2.7
−2.5

+3.7
−3.2

H0 SnIa unconstrained

SnIa+BAO 65.7 65.7 ±1.0 +2.1
−2.0

+3.4
−3.0

BAO 0.291 0.300 +0.027
−0.035

+0.064
−0.060

+0.094
−0.071

Ωm,0 SnIa unconstrained

SnIa+BAO 0.268 0.268 ±0.019 +0.038
−0.036

+0.052
−0.046

BAO unconstrained

β · 106 SnIa unconstrained

SnIa+BAO 1.18 1.24 +0.97
−1.2

+2.2
−2.1

+3.3
−2.5

Exponential

Consider now an exponential NMC function,

f2 ∝ eβR , (5.86)

where β is the NMC parameter, with dimensions of R−1 (GR is recovered

when β = 0). Using Eqs. (5.77) and (5.86) in Eq. (5.75), one obtains

η(z;β,Ωm,0, H0) = exp

[
3

2
βH2

0Ωm,0(1− (1 + z)3)

]
. (5.87)

Note that η now depends on all three free parameters, β, Ωm,0 and H0.

Furthermore, since H0 is now also degenerate with β and Ωm,0, we can

no longer analytically marginalize over H0, and SnIa data alone cannot be

used to derive useful constraints on any of these parameters. By combining

the BAO and SnIa datasets, however, one is able to break this degeneracy,

and derive constraints on all three parameters. The marginalized results

can be found in Table 5.2, and the 2D distributions for β and Ωm,0 can be

found in Fig. 5.5 (see also Fig. 5.6 for the remaining distribution plots). A

reconstruction of Eq. (5.87) is also shown in Fig. 5.7.

The combined SnIa and BAO datasets constrain the NMC parameter to

β =
(
1.24+0.97

−1.2

)
·10−6 (68% CI), in units of km−2 s2 Mpc2. Once again this re-

sult complements the one found for the same function using the method pre-

sented in [2] for the variation of the baryon to photon ratio, |β| ≲ 10−28, as

they constrain the same parameter in significantly different redshift ranges.

Also notice that while the marginalized results do not contain the GR limit

β = 0 at the 68% CI, that limit is contained in both the marginalized 95%
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Figure 5.5: 2D contours on the exponential parameter β
and Ωm,0 using data from BAO (blue) and the combination
of the SnIa and BAO (red). The darker and lighter concen-
tric regions represent the 68% and 95% credible intervals,

respectively.
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Figure 5.6: Constraints on the exponential parameter β,
H0 and Ωm,0 using combined data from BAO and SnIa. The
darker and lighter regions represent the 68% and 95% cred-

ible intervals, respectively.
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Figure 5.7: Reconstruction of η(z) for the exponential
NMCmodel from combined BAO and SnIa data. The dashed
line represents the GR prediction η = 1, while the solid red
line represents the mean value of η at every redshift. The
orange (darker) and yellow (lighter) contours represent the

68% and 95% credible intervals, respectively.

CI, β =
(
1.2+2.2

−2.1

)
· 10−6, and the 2D 68% credible region.

Future observations from LSST and the Euclid DESIRE survey [160,

161] will provide more data points in the range z ∈ [0.1, 1.6]. For the ϵ

parametrization used in [157], this will result in an improvement on the con-

straint of about one order of magnitude. If this is the case, one could expect

a corresponding improvement on the NMC parameter constraints. Third-

generation gravitational-wave observatories will also be able to provide data

points at even higher redshift (up to z ∼ 5), which will serve as independent

and complementary data [162].
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Chapter 6

Conclusions

In this thesis, we have studied a class of f(R) gravity theories that feature a

nonminimal coupling (NMC) between gravity and the matter fields. These

NMC theories feature two functions of the Ricci scalar, f1(R) and f2(R).

While the former takes the place of the Ricci scalar in the Einstein-Hilbert

action, the latter couples directly with the Lagrangian of the matter fields.

As a consequence, the on-shell Lagrangian of the matter fields appears ex-

plicitly in the equations of motion, in contrast with minimally coupled f(R)

gravity. Hence, its correct determination is crucial to the derivation of the

dynamics of the gravitational and matter fields. Several different on-shell

Lagrangians have been used to describe perfect fluids in the literature, such

as Lon
m = −ρ or Lon

m = p, but their use in the context of NMC theories of

gravity generally leads to different results, contradicting the claim that they

describe the same type of fluid. This suggested that a more in-depth analysis

of the on-shell Lagrangian of perfect fluids was required, and that has been

the central problem tackled in this thesis.

This final chapter concludes our work by summarising its main contri-

butions and discussing possible future research directions.

6.1 Main contributions

We focused on three key points of research: (1) the characterization of the

on-shell Lagrangian of the matter fields; (2) the background-level thermody-

namics of a Universe filled with perfect fluids composed of solitonic particles

of fixed mass and structure; and (3) the derivation of novel constraints on

specific NMC gravity models.

6.1.1 The Lagrangian of perfect fluids

In NMC theories, the minimum action principle results in a set of equations

of motion that explicitly feature the on-shell Lagrangian of the matter fields.

In the case of NMC gravity, this also means that the motion of particles and

fluids, and the evolution of the energy-momentum tensor (EMT) will depend

on the form of the on-shell Lagrangian of the matter fields.
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In Chapter 3, we have shown that the correct form of the on-shell La-

grangian depends not only on the fluid’s EMT but also on the microscopic

properties of the fluid itself. This is one of the key contributions of this

thesis.

For a perfect fluid that is minimally coupled with gravity and that con-

serves particle number and entropy, the on-shell Lagrangian can take many

different forms that do not change the equations of motion or the EMT. We

have shown that this is still the case for a barotropic fluid.

The other major contributions in this area is the demonstration that the

correct on-shell Lagrangian for a fluid composed of solitonic particles must

be given by the trace of the fluid’s EMT, i.e. Lon
m = T = Tµνgµν . This result

is independent of the coupling of the fluid to gravity or to other fields, but

is particularly relevant when this coupling is nonminimal, since the on-shell

Lagrangian appears explicitly in the equations of motion.

In Chapter 4, we also found that consistency between the evolution of

the energy and linear momentum in the context of theories of gravity with

an NMC coupling to the matter fields requires that the condition Lon = T

is required for consistency, giving no margin to other possibilities for the

on-shell Lagrangian of an ideal gas.

6.1.2 The nonnminimal coupling and thermodynamics

In Chapter 4, we have shown that fluids composed of radiation (such as

photons or neutrinos), couple differently to gravity than dust (such as cold

dark matter or baryons), since their on-shell Lagrangian density vanishes.

This, together with the well-known nonconservation of the EMT present in

NMC theories, can lead to unusual thermodynamic behaviour.

In particular, we have found that the nonconservation of the EMT trans-

lates into a non-adiabatic expansion of a homogeneous and isotropic Friedmann-

Lemâıtre-Robertson-Walker universe, in stark contrast with general relativ-

ity. This in turn implies that the entropy of such a universe is in general not

conserved. Moreover, we have shown that Boltzmann’s H -theorem may not

hold in the context of NMC theories.

6.1.3 Observational constraints

In Chapter 5, we have constrained n-type spectral distortions in the cosmic

microwave background (CMB) associated with the NMC to gravity, affecting

the normalization of the black-body spectrum. Using data from COBE and

WMAP, we constrained the NMC function f2 to vary by only a few parts in

105 from decoupling (z ∼ 103) up to the present day. For a power-law NMC

of the type f2 ∝ Rn, this translate into |n| ≲ few × 10−6.
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We have also shown that the baryon-to-photon ratio is no longer a con-

stant in NMC gravity after big bang nucleosynthesis (BBN). Using data

from the Planck satellite and from computational codes that simulate the

process of BBN, we have obtained constraints on power-law NMC of the

type f2 ∝ Rn of −0.007 < n < 0.002 or −0.002 < n < 0.003 (depending on

the version of BBN code used), in the redshift range z ∈ [103, 109].

We have also shown that the NMC causes a violation of Etherington’s

distance-duality relation, which can be verified using data from Type Ia su-

pernovae (SnIa) and baryon acoustic oscillations (BAO) observations. These

observations effectively constrain NMC models in the redshift range z ∈
[0, 1.5]. For a power-law NMC of the type f2 ∝ Rn, we obtain the marginal-

ized constraint n = 0.013± 0.035, while for an exponential NMC of the type

f2 ∝ eβR, we obtain the marginalized constraint β =
(
1.24+0.97

−1.2

)
· 10−6.

6.2 Discussion and future work

As with any research, this thesis is not without limitations. While the flu-

ids described in Chapter 3 can cover many different cases, they rely on a

few assumptions. Namely, the derivation of the on-shell Lagrangian for the

solitonic-particle fluid Lon
m = T assumes that the particles have fixed rest

mass and structure.

In light of these results, it may be worthy to re-examine previous works

in the literature in which other forms of the Lagrangian have been assumed

for cosmic fluids that are well described by an ideal gas. While some results

are expected to hold, particularly when Lon
m = −ρ is used to describe dust,

this will not be the case in general.

The stability of NMC models is another aspect that was not explored in

this thesis. Some models in this class of theories are subject to instabilities,

such the well-known Ostrograsdky and Dolgov-Kawasaki instabilities, and

therefore be unsuitable or undesirable as mechanisms for the explanation of

cosmological phenomena. This was not the focus of this thesis but is a topic

that requires more attention.

Another issue that merits more research is the possible nonconservation

of the EMT of matter, and its consequences. It is not immediately clear

how the difference in how fluids couple to gravity can arise from first prin-

ciples, nor why some fluids (like dust) maintain the conservation of energy-

momentum, while others (like radiation) do not. Moreover, since this non-

conservation is tied to an NMC with gravity, the possibility of the existence

of a purely gravitational EMT in this context may be worthy of considera-

tion. This idea is still a matter of discussion and debate in GR but has not

been explored in the context of NMC theories.



106 Chapter 6. Conclusions

Lastly, it is worthy of note that while we have focused on a particular

family of f(R) NMC gravity models, many issues we have covered in this

thesis are transversal to many other theories, including those that feature an

NMC between other fields (such as dark energy) and the Lagrangian of the

matter fields. Two clear examples are already given in Section 3.5, where

the dark energy field is coupled to either neutrinos or the electromagnetic

field, but the main results of Section 3.3 are not limited to any particular

coupling or gravitational theory.
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