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Abstract. We extend Margulis-Ruelle inequality to the general setting of semigroup actions
which are finitely generated either by Lipschitz continuous maps acting on a compact metric
space or by smooth maps on a compact Riemannian manifold. We also discuss a few examples
to illustrate the sharpness of our estimates.

1. Introduction

Entropy is a ubiquitous notion in Dynamical Systems, evincing the complexity of the systems
in both a topological and a measure-theoretical sense. The metric entropy can be computed
as the exponential growth rate of the measure of dynamical balls [13], or else through the first
Poincaré return times to dynamical balls [33]. In the case of smooth maps it is clear that the
expanding behavior of a typical orbit associated with an ergodic measure intervenes in the size
of dynamical balls. Hence one expects that the entropy is somehow related to the expansion
the system exhibits. The classical ingredient to quantify this link is the concept of Lyapunov
exponent, introduced by Oseledets in [34]. More precisely, if µ is an f -invariant probability
measure for a C1 map f : X → X on a compact dimX-dimensional Riemannian manifold X,
the Oseledets theorem ensures that for µ-almost every x ∈ X there exist a natural number

1 6 k(x) 6 dimX and a filtration {0} = V
k(x)+1
x ⊂ V

k(x)
x ⊂ · · · ⊂ V 1

x = TxX of the tangent
space of X at x such that the limit

λi(f, x) = lim
n→+∞

1

n
log ‖Dfn(x) v‖ ∀v ∈ V i

x \ V i+1
x (1.1)

exists for every 1 6 i 6 k(x). The values λi(f, x), for i = 1, · · · , k(x), are the Lyapunov
exponents of f at x with respect to µ. In the special case of an ergodic µ the function k(·)
and the limit in (1.1) are constant µ-almost everywhere. These exponents turned out to be
quite useful after the proof by Ruelle in [39] that, for any C1 map f on a compact Riemannian
manifold and every f -invariant probability measure µ, the metric entropy of µ is bounded by
the sum of its the positive Lyapunov exponents, that is,

hµ(f) 6
∫ k(x)∑

i=1

λ+
i (f, x) dµ(x) (1.2)

where λ+
i (f, x) = max {λi(f, x), 0}, a formula often referred to as Margulis-Ruelle inequality.

Moreover, Pesin showed in [35] that, for any map C1+α map f , an f -invariant probability
measure µ attains the equality in (1.2) if it is absolutely continuous with respect to the Lebesgue

measure (which we abbreviate to Leb). The defect ∆(µ, f) = hµ(f) −
∫ ∑k(x)

i=1 λ+
i (f, x) dµ(x)

in the inequality (1.2) provides additional information about the invariant measure µ. For
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instance, in the case of a smooth interval map f such that |f ′| > 1, one has for every f -
invariant ergodic probability measure µ

hµ(f) = dimH(µ) ·
∫

log |f ′| dµ (1.3)

where dimH(µ) denotes the Hausdorff dimension of µ (given by the infimum of the Hausdorff di-
mensions of the µ-full measure subsets of the interval) and

∫
log |f ′| dµ is precisely its Lyapunov

exponent (cf. [48] and references therein). In [27], Ledrappier and Young extended formula (1.3)
to arbitrary C2 diffeomorphisms on compact Riemannian manifolds and established a complete
criterion for the equality, proving that, for such highly differentiable maps, ∆(µ, f) = 0 if only
if the conditional measures along the Pesin unstable manifolds are absolutely continuous with
respect to the Lebesgue measure within these submanifolds.

Measure-theoretical and topological entropies have an intrinsic connection, which is conveyed
by the classical variational principle for the topological pressure (cf. [44]). This principle, now
a cornerstone in the thermodynamic formalism, asserts that, if f is a continuous map acting
on a compact metric space X and ϕ : x→ R is a continuous potential, then

Ptop(f, ϕ) = sup
µ∈Pf (X)

{
hµ(f) +

∫
ϕdµ

}
(1.4)

where Pf (X) denotes the space of f -invariant probability measures defined on the σ-algebra
B(X) of the Borel subsets of X. Any µ ∈ Pf (X) attaining the previous supremum is called an
equilibrium state for f with respect to ϕ. In the context of C1+α expanding maps on a compact,
connected, Riemannian manifold there is a useful link between (1.4), Margulis-Ruelle inequality
and Pesin formula, prompted by the fact that, in this expanding setting, one has∫ k(x)∑

i=1

λ+
i (f, x) dµ(x) =

∫
log | detDf | dµ.

Indeed, with the latter equality and (1.2) we obtain

hµ(f) 6
∫

log | detDf | dµ ∀µ ∈ Pf (X) (1.5)

and by [35] we know that

hµ(f) =

∫
log | detDf | dµ ⇔ µ� Leb. (1.6)

These two formulas together ensure that the unique f -invariant probability measure which
is absolutely continuous with respect to Lebesgue is the unique equilibrium state for f with
respect to the potential − log | detDf |. Furthermore, the left hand-side of (1.6) is a special
case of the Rokhlin formula, since such a µ is non-singular with respect to f , it has a Jacobian
Jµf and

hµ(f) =

∫
log Jµf dµ. (1.7)

The aforementioned bond between (1.5) and (1.6) was also proved for both u-Gibbs measures
of partially hyperbolic diffeomorphisms (cf. [15]) and random dynamical systems generated by
expanding maps (we refer the reader to [40, Appendix B] and references therein for the precise
statements).
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Since the previously mentioned groundbreaking contributions there have been some relevant
extensions of Margulis-Ruelle inequality and Pesin entropy formula to the context of random
dynamical systems (cf. [25, 3]). Our aim is to obtain similar relations between the entropy,
the Lyapunov exponents and the dimension of the space in the setting of finitely generated
semigroup actions. The main difficulties we face are how to define, in general, what are the
invariant measures by a semigroup action and how to evaluate their metric entropy. To overcome
them, we have had three main sources of inspiration. The first one is the variational principle
established in [18] for free semigroup actions, which benefits from the information conveyed
by a skew product dynamics whenever a coupling between a measure on the space where
the semigroup acts and a shift-invariant measure gives rise to invariant measures by the skew
product. The second one is the existence of a version of Oseledets theorem for any skew product
generated by a finite family of differentiable maps (cf. [43]). The third one is the recent work
[7], where Convex Analysis has been summoned to formulate a general variational principle, for
pressure functions on adequate Banach spaces, which does not require addressing a dynamical
system. In the next Sections we will recall the main definitions, state our contributions and
detail their proofs; we will finish testing our results on several examples.

2. Basic definitions and main results

In this section we will present our main results, postponing the proofs for the upcoming
sections. To clarify the intervention of the skew product associated with a free semigroup
action, in what follows we will split the information into two subsections, one devoted to finitely
generated free semigroup actions and another to more general finitely generated semigroup
actions.

2.1. Finitely generated free semigroup actions. A free semigroup action S is prescribed
by three ingredients: a compact metric space (Y, dY ), a continuous family (gy : X → X)y ∈Y of
continuous maps on a compact metric space (X, d) and a Borel probability measure P in Y N

which is invariant by the one-sided shift map σ in Y N (we will call P a random walk). In what
follows we will assume that Y is finite, say Y = {1, 2, . . . , p} for a natural number p. And, for
reasons that will soon become clear, we will often choose P equal to a Bernoulli probability
measure ηa = aN, determined by a probability vector a = (a1, a2, · · · , ap) such that 0 6 ai 6 1
for every i ∈ {1, 2, · · · , p} and

∑p
i=1 ai = 1. In particular, ηp stands for the symmetric random

walk
(

1
p
, · · · , 1

p

)N
, determined by the vector p = (1/p, · · · , 1/p). If p > 1 and ai = 0 for some

i ∈ {1, 2, · · · , p}, we replace p by p− 1 and delete the ith entry of the vector a.

Let (G, ◦) be a semigroup generated by G1 = {id, g1, g2, . . . , gp}, with the composition of
maps, and write G =

⋃
n∈N0

Gn, where G0 = {id}, and g ∈ Gn if and only if g = gin . . . gi2gi1
with gij ∈ G1 (for notational simplicity’s sake we will write gj gi instead of the composition
gj ◦ gi). The identity map is included in the space of generators for convenience, as it ensures
that Gn ⊂ Gn+1 for every n > 1. Denote by |Gn| the cardinal of Gn. The finitely generated
semigroup G induces a free finitely generated semigroup action in X through the continuous
map S : G×X → X defined by S(g, x) = g(x), which satisfies the condition

∀ g, h ∈ G ∀x ∈M S(g h, x) = S(g,S(h, x)).
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Although a free semigroup action S is not a dynamical system, it is somehow modeled by
one, namely the skew product

FG : Y N ×X → Y N ×X
(ω, x) 7→

(
σ(ω), gω1(x)

)
(2.1)

where ω = (ω1, ω2, . . . ) is an element of the full unilateral space of sequences Y N.

We note that each element g of Gn may be seen as a word generated by the concatenation
of n elements in G1. Clearly, different concatenations may generate the same element in G.
Nevertheless, in the computations to be done we shall consider different concatenations instead
of the elements in G they create. One way to interpret this statement is to consider the itinerary
map

ι : F+
p → G

i = in . . . i1 7→ g
i

= gin . . . gi1

and to regard concatenations on G as images by ι of paths on F+
p , where F+

p is the free semigroup
with p generators.

2.1.1. Topological pressure. Let (X, dX) be a compact metric space, C0(X) be the space of
continuous maps ϕ : X → R with the supremum norm and (Σ+

p , dΣ) be the space of unilateral

sequences in {1, 2, · · · , p}N. Given ε > 0 and g = gin . . . gi2 gi1 ∈ Gn, the dynamical ball
B(x, g, ε) is the set

B(x, g, ε) =
{
y ∈ X : dX (g

j
(y), g

j
(x)) 6 ε, ∀ 0 6 j 6 n

}
where, for every 1 6 j 6 n, g

j
stands for the concatenation gij . . . gi2 gi1 ∈ Gj, and g

0
= id.

This is a ball with respect to the dynamical metric Dg defined by

Dg(x, y) = max
06 j 6n

dX (g
j
(x), g

j
(y)). (2.2)

Given g = gin . . . gi1 ∈ Gn, one says that a set K ⊂ X is (g, n, ε)-separated if Dg(x, y) > ε

for any distinct x, y ∈ K. The maximal cardinality of a (g, ε, n)-separated set on X will be
denoted by s(g, n, ε).

Definition 2.1. The topological entropy of the free semigroup action S with respect to the fixed
set of generators G1 and a fixed random walk P is given by

htop(S,P) = lim
ε→ 0+

lim sup
n→+∞

1

n
log

∫
Σ+
p

s(gωn . . . gω1 , n, ε) dP(ω)

where ω = ω1 ω2 · · ·ωn · · · ∈ Σ+
p and s(gωn . . . gω1 , n, ε) is the maximum cardinality of the

(g, n, ε)-separated sets.

This number estimates the average growth rate with n of the number of orbits of length n,
up to some small error ε and with respect to the paths allowed by the random walk P. The
topological entropy of the free semigroup action S, as proposed by Bufetov in [14], is precisely
the topological entropy of the semigroup action with respect to the fixed set of generators G1

and the random walk ηp, that is,

htop(S) = htop(S, ηp).
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More generally, given ϕ : X → R ∈ C0(X), the topological pressure of the free semigroup action
S with respect to the fixed set of generators G1, the random walk P and the potential ϕ is

Ptop(S, ϕ,P) = lim
ε→ 0+

lim sup
n→+∞

1

n
log

∫
Σ+
p

sup
E

∑
x∈E

e
∑n−1
j=0 ϕ(gωj ...gω1 (x)) dP(ω)

where the supremum is taken over all sets E = Eg,n,ε that are (g, n, ε)-separated.

We note that, if G is generated by a single map, then the previous concepts coincide with the
classical notions of topological entropy and pressure. More information regarding these notions
may be found in [16, 38]. See also [45] for the topological entropy of free semigroup actions
generated by continuous maps on non-compact metric spaces.

2.1.2. Annealed and quenched topological pressures. Let π1 : Σ+
p ×X → Σ+

p and π2 : Σ+
p ×X →

X denote the natural projections on Σ+
p and X, respectively. Following [2], given a continuous

potential ψ : Σ+
p × X → R and a probability measure ηa, the annealed topological pressure of

FG with respect to ψ and ηa is defined by

P
(a)
top(FG, ψ, a) = sup

{µ : (FG)∗µ=µ}

{
hµ(FG)− h(π1)∗µ(σ) + ha((π1)∗µ) +

∫
Σ+
p ×X

ψ dµ
}

(2.3)

where ω = (ω1, ω2, . . .) ∈ Σ+
p , (π1)∗µ is the marginal of µ in Σ+

p (and is σ-invariant) and the
entropy per site ha((π1)∗µ) with respect to ηa is given by

ha((π1)∗µ) = −
∫

Σ+
p

log
(
R(π1)∗µ(ω)

)
d(π1)∗µ(ω) (2.4)

if d(π1)∗µ(ω1, ω2, . . . )� da(ω1) d(π1)∗µ(ω2, ω3, . . . ), where

R(π1)∗µ =
d(π1)∗µ

da d(π1)∗µ ◦ σ
denotes the Radon-Nikodym derivative of (π1)∗µ with respect to a × [(π1)∗µ ◦ σ]; otherwise,
ha((π1)∗µ) = −∞. According to [2, Equation (2.28)], in the former case one has

ha((π1)∗µ) = h(π1)∗µ(σ) +

∫
Σ+
p

log aω1 d(π1)∗µ(ω) (2.5)

so
min

16 i6 p
log ai 6 ha((π1)∗µ) 6 log p+ max

16 i6 p
log ai (2.6)

and
ha((π1)∗µ) = 0 ⇔ (π1)∗µ = ηa.

Moreover, the annealed pressure can be evaluated by

P
(a)
top(FG, ψ, a) = sup

{µ : (FG)∗µ=µ}

{
hµ(FG) +

∫
Σ+
p ×X

log
(
aω1 e

ψ(ω,x)
)
dµ(ω, x)

}
. (2.7)

The quenched topological pressure of FG with respect to ψ and a is defined by

P
(q)
top(FG, ψ, a) = sup

{µ : (FG)∗µ=µ, (π1)∗µ= ηa}

{
hµ(FG)− hηa(σ) +

∫
Σ+
p ×X

ψ dµ
}
. (2.8)

Notice that P
(a)
top(FG, ψ, a) > P

(q)
top(FG, ψ, a) for every continuous potential ψ and every a.

An FG-invariant probability measure is said to be an annealed equilibrium state for FG with
respect to ψ and a if it attains the supremum in equation (2.3). Similar definition of quenched
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equilibrium state for FG with respect to ψ and a, concerning the maximum at (2.8). It was
shown in [2] applying functional analytic methods that, if each generator in G1 \ {id} is a C2

expanding map on a Riemannian manifold X, then there are unique annealed and quenched
equilibrium states for every Hölder potential ψ : Σ+

p × X → R; the same results hold if each
generator is a Ruelle-expanding map on a compact metric space (cf. [20]) or if ηa is replaced
by another Markov probability measure (cf. [41]). Moreover, it was proved in [16, Section 8]
that

htop(S, ηa) = P
(a)
top(FG, 0, a)

and, more generally, that for any continuous potential ϕ : X → R

Ptop(S, ϕ, ηa) = P
(a)
top(FG, ψϕ, a) (2.9)

where ψϕ(ω, x) = ϕ(x) for every (ω, x) ∈ Σ+
p × X. Actually, (2.9) holds for a wider class of

continuous finitely generated free semigroup actions, as shown in [18].

2.1.3. Metric entropy. In the setting of group actions, every marginal θ on X of a Borel proba-
bility measure µ invariant by the skew product is η-stationary for some σ-invariant probability
measure η, that is, η × θ is FG-invariant (see [28]). The results in [16] attest that the rele-
vant measures for free semigroup actions are likewise the marginals on X of invariant measures
by the corresponding skew product, although they may be non-stationary (cf. [12]). Indeed,
the variational principle established in [18] suggests an intrinsic condition for invariance of a
probability measure with respect to a finitely generated free semigroup action endowed with a
random walk ηa, whose statement is similar to [44, Theorem 9.11]: ν ∈ P(X) is invariant by
the semigroup action S if and only if

Ptop(S, ϕ, ηa) >
∫
X

ϕdν ∀ ϕ ∈ C0(X,R).

It is known (cf. [18]) that the previous inequality is a necessary condition for a Borel probability
measure ν in X to be the marginal of a Borel probability measure invariant by the skew product
FG.

Given ν ∈ P(X), let Π(ν, σ) be the set of Borel FG-invariant probability measures µ on
Σ+
p ×X such that the marginal (π1)∗µ of µ on Σ+

p is a σ-invariant probability measure and the
marginal (π2)∗µ of µ on X is ν. Observe that the set of measures ν such that Π(ν, σ) 6= ∅ is
nonempty (cf. [25, Lemma I.2.2]).

Consider ϕ ∈ C0(X) and the map ψϕ ∈ C0(Σ+
p ×X) given by ψϕ(ω, x) = ϕ(x). Let ν be a

Borel probability measure in X such that Π(ν, σ) 6= ∅, and take µ ∈ Π(ν, σ). Then

Ptop(S, ϕ, ηa) = P
(a)
top(FG, ψϕ, a) >

∫
Σ+
p ×X

ψϕ dµ =

∫
X

ϕd(π2)∗µ =

∫
X

ϕdν.

This motivates the following definition of metric entropy of such a marginal ν.

Definition 2.2. For a Borel probability measure ν in X such that Π(ν, σ) 6= ∅ and a random
walk ηa, the metric entropy of the free semigroup action S with respect to ν and ηa is given by

hν(S, ηa) = sup
µ∈Π(ν, σ)

{
hµ(FG) +

∫
Σ+
p

log aω1 d(π1)∗(µ)(ω)

}
(2.10)

where ω = ω1 ω2 · · ·ωn · · · ∈ Σ+
p .
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We note that, by [16, Theorem C],

htop(S, ηa) = sup
{ν ∈P(X) : Π(ν, σ) 6= ∅}

hν(S, ηa). (2.11)

Moreover, when G is generated by a single map, the previous notion coincides with the classical
metric entropy and (2.11) is the classical variational principle for the entropy.

It is worthwhile noticing that if we write

hµ(FG) +

∫
log aω1 d(π1)∗(µ)(ω) = hµ(FG)− h(π∗)µ(σ)︸ ︷︷ ︸

(?)

+ ha((π1)∗µ)︸ ︷︷ ︸
(??)

(2.12)

we evince the different nature of the (so called) entropies (?) and (??) from which the previous
notion of metric entropy is built: the first one is related to the complexity of the semigroup when
driven by (π1)∗µ, while the second one measures the growth rate of the information conveyed
by (π1)∗µ relative to the a priori probability measure ηa.

To ease further estimates, we register that, for every ηa and any Borel probability measure
ν in X such that Π(ν, σ) 6= ∅, one has

min
16i6 p

log ai 6 hν(S, ηa) 6 htop(FG) + max
16i6 p

log ai = htop(S) + log p+ max
16i6 p

log ai. (2.13)

In particular, if a = p, then

− log p 6 hν(S, ηp) 6 htop(FG)− log p = htop(S)

where the last equality is due to the Bufetov’s formula [14]. We observe that, if there is a Borel
probability measure ν0 which is invariant by all the generators, then ηa×ν0 belongs to Π(ν0, σ)
and ha((π1)∗(ηa × ν0)) = 0, so

hν0(S, ηa) > hηa×ν0(FG)− hηa(σ)

= hηa×ν0(FG | σ) + hηa(σ)− hηa(σ)

= hηa×ν0(FG | σ) > 0 (2.14)

where hηa×ν0(FG | σ) is the fiber entropy of FG and the one but last equality is a consequence
of Abramov-Rokhlin formula (cf. [1, 9]).

2.1.4. Statements. Our first result concerns a Margulis-Ruelle-type inequality for free semi-
group actions generated by a finite set of C1 maps, for whose proof one benefits from the
intervention of a skew product dynamics.

Smooth maps. Let (gi)16 i6 p be differentiable maps of a compact Riemannian manifold X and
Dx gi : TxX → Tgi(x)X be the corresponding linear (derivative) map. Assume that the function
(ω, x) 7→ Dx gω1 is continuous. Following [3, 43], for each n ∈ N and every (ω, x) ∈ Σ+

p × X,
where ω = ω1ω2 · · · , define

D(ω,x)FnG : TxX → Tπ2(FnG(ω,x))X

v 7→ Dx (gωn · · · gω1) v.

Then, given an FG-invariant probability measure µ, it is known (cf. [43, Lemma 6.2] and [39])
that for µ-almost every (ω, x) ∈ Σ+

p × X there are k(ω, x) ∈ N and a filtration of subspaces
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{0} = V
(k(ω,x)+1)

(ω,x) ⊂ V
(k(ω,x))

(ω,x) ⊂ · · · ⊂ V
(1)

(ω,x) = TxX such that the limit

λµ, i(FG, (ω, x)) = lim
n→+∞

1

n
log ‖D(ω,x)FnG v‖ ∀v ∈ V (i)

(ω,x) \ V
(i+1)

(ω,x) (2.15)

exists for every 1 6 i 6 k(ω, x). The values λµ, i are called the Lyapunov exponents of FG with
respect to µ. Define λ+

µ, i(FG, (ω, x)) := max {λµ, i(FG, (ω, x)), 0}.

Proposition 2.1. Given p ∈ N and a set of C1 maps gi : X → X, for i ∈ {1, . . . , p}, on a com-
pact Riemannian manifold X, consider the semigroup G generated by G1 = {id, g1, g2, . . . , gp}
endowed with a random walk ηa. Let S be the corresponding finitely generated free semigroup
action. Then, for every ν ∈ P(X) such that Π(ν, σ) 6= ∅,

hν(S, ηa) 6 sup
µ∈Π(ν, σ)

{∫ k(ω,x)∑
i=1

λ+
µ,i(FG, (ω, x)) dµ(ω, x) + ha((π1)∗µ)

}
(2.16)

= sup
µ∈Π(ν, σ)

{∫ k(ω,x)∑
i=1

λ+
µ,i(FG, (ω, x)) dµ(ω, x) + h(π1)∗µ(σ) +

∫
Σ+
p

log aω1 d(π1)∗µ(ω)
}
.

If, in addition, the generators satisfy min16 i6 p minx∈X log ‖Dgi(x)−1‖−1 > 0, then there is
µ ∈ Π(ν, σ) attaining the supremum.

Some comments are in order. Recall from (2.12) that, if µ ∈ Π(ν, σ) and (π1)∗µ = ηa, then
the entropy per site ha((π1)∗µ) vanishes; hence, in this case,

hν(S, ηa) 6
∫ k(ω,x)∑

i=1

λ+
µ, i(FG, (ω, x)) dµ(ω, x). (2.17)

Regarding the summands in the right-hand side of the estimate (2.16), observe that, given a
Borel probability measure ν on X, the set Π(ν, σ) is formed by measures µ ∈ PFG(Σ+

p × X)
originated by coupling, using the projections, σ-invariant probability measures with ν. Thus,
not surprisingly, (2.16) involves the fibered positive Lyapunov exponents (whose number of
distinct values is at most dimX) and the entropy per site of (π1)∗µ with respect to ηa. The
latter term is the logarithm of a Radon-Nikodym derivative, thus it may be read as a Lyapunov
exponent of the probability measure µ along the base dynamics σ of the skew product (at least
when we endow Σ+

p with a metric induced by the random walk ηa; see Remark 2.3 for more
details).

Lipschitz continuous maps. Due to the global nature of its definition, which considers all
possible trajectories of the dynamical system instead of typical trajectories with respect to
some fixed invariant probability measure, it is often hard to provide sharp upper bounds for
the topological entropy. Moreover, since C0 generic homeomorphisms have infinite topological
entropy (cf. [47]), it is natural to require that the maps have at least a local Lipschitz behavior.
The local behavior of Lipschitz maps can be measured either in terms of locally Lipschitz
constants or by way of Lyapunov exponents, as we now recall.

Given a continuous map T : X → X on a compact metric space (X, ρ), define, as in [21, 32],
the pointwise Lipschitz constant of T at x0 ∈ X by

T ′(x0) = lim sup
x→x0

ρ(T (x), T (x0))

ρ(x, x0)
(2.18)
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if the point x0 is not isolated, and 0 otherwise. In this context, the upper Lyapunov exponent
of T at x0 is

χf (x0) = lim sup
n→+∞

1

n
log (T n)′(x0) ∈ [−∞,+∞] (2.19)

where (T n)′(x0) stands for the pointwise Lipschitz constant of T n at x0. Observe that, if X
is a compact Riemannian manifold, ρ is the Riemannian metric and T is differentiable, then
T ′(x0) = ‖Dx0T‖ and χf (x0) = lim supn→+∞

1
n

log ‖DxT
n(x0)‖.

Remark 2.3. The previous notion can be used to express the last term in the right-hand side
of (2.16) as a Lyapunov exponent. Indeed, given a probability vector a without zero entries,
consider in the space Σ+

p the metric

da(z, w) =


∏N(z,w)

i=1 aωi if z 6= w, where N(z, w) = max {k ∈ N : zj = wj ∀ 1 6 j 6 k}
1 if {k ∈ N : zj = wj ∀ 1 6 j 6 k} = ∅
0 if z = w.

(2.20)
Then

da (σ(z), σ(w)) =
1

aω1

da (z, w) ∀ z, w ∈ Σ+
p | {k ∈ N : zj = wj ∀ 1 6 j 6 k} 6= ∅.

Thus, if µ is FG-invariant and ergodic (so (π1)∗(µ) is σ-invariant and ergodic as well), then the
Birkhoff ergodic theorem yields

χσ, a = χσ, a(ω) = − lim
n→+∞

1

n
log aωn = −

∫
log aω1 d(π1)∗(µ)(ω)

at (π1)∗(µ)-almost every ω = ω1ω2 · · · ∈ Σ+
p .

Following [22], define the local Lipschitz constant of a continuous map T : X → X acting on
a compact metric space (X, ρ) by the limit (which depends on the chosen metric in X)

Lloc(T ) = lim
ε→ 0+

sup
0<ρ (x, y)<ε

ρ (T (x), T (y))

ρ (x, y)
. (2.21)

Since the map ε 7→ sup0<ρ (x, y)<ε
ρ (T (x), T (y))

ρ (x, y)
is increasing, the previous limit always exists,

though it may be +∞. When T is a Lipschitz map with a Lipschitz constant Lip(T ), then
Lloc(T ) 6 Lip(T ). Denote by log+ Lloc(T ) the value of max {logLloc(T ), 0}.

Let us apply this definition to the skew product FG associated with a semigroup generated
by a finite set of local Lipschitz maps (gi)i∈{1,...,p} on a compact metric space. Given λ > 1,
define the metric dλ on Σ+

p by

dλ(z, w) =

{
λ−N(z,w) if z 6= w, where N(z, w) = min {k ∈ N : zk 6= wk}
0 if z = w.

With this metric the shift map σ is uniformly expanding with skewness λ, that is,

dλ (σ(z), σ(w)) = λ dλ(z, w) ∀ z, w ∈ Σ+
p .

In particular, σ is a conformal Lipschitz continuous map and the term log λ coincides with the
upper Lyapunov exponent at every ω ∈ Σ+

p , as defined by (2.19). Suppose that (gi)i∈{1,...,p}
have local Lipschitz constants satisfying 0 < Lloc(gi) < +∞. Then, considering in Σ+

p ×X the
product metric dλ × dX , we ensure that 0 < Lloc(FG) < +∞. Therefore, the metric entropy of
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the action turns out to be upper bounded by a weighted estimate of the fibered local Lipschitz
constants and a summand that replaces the entropy per site in (2.16). More precisely:

Theorem A. Given p ∈ N and a set of continuous maps (gi)i∈{1,...,p} of a compact metric space
(X, dX), consider a random walk ηa, the semigroup G generated by G1 = {id, g1, g2, . . . , gp} and
the corresponding free semigroup action S. If each gi has a local Lipschitz constant satisfying
0 < Lloc(gi) < +∞ then, for every ν ∈ P(X) such that Π(ν, σ) 6= ∅,

hν(S, ηa) 6 sup
µ∈Π(ν, σ)

{
dimH(µ) · log+ Lloc(FG) +

∫
log aω1 d(π1)∗(µ)(ω)

}
(2.22)

6 sup
µ∈Π(ν, σ)

{
dimH(µ) ·

[
max

16 i6 p
max {log+ Lloc(gi), log λ}

]
+

∫
log aω1 d(π1)∗(µ)(ω)

}
.

Furthermore,

hν(S, ηa) 6 sup
µ∈Π(ν, σ)

{
ηa − ess sup dimH(µω) ·

∫
log+ Lloc(gω1) dηa(ω)

+ dimH((π1)∗(µ)) · log λ+

∫
log aω1 d(π1)∗(µ)(ω)

}
(2.23)

where µ = (µω)ω denotes the Rohklin’s disintegration of µ in sample measures.

This statement relates the metric entropy, with respect to the semigroup action, of a prob-
ability measure ν ∈ P(X) to both the fibered and the base expansion rates when weighted by
the Hausdorff dimension of the measure. This way, it generalizes both [19, Main Theorem] and
[6, Theorem 3].

The previous estimates depend on the fixed metrics on X and Σ+
p . Actually, if we take a = p

and choose the distance (2.20), then (2.22) becomes

hν(S, ηp) 6 sup
µ∈Π(ν, σ)

{dimH(µ)} · log+ Lloc(FG) − log p.

With the same choice of metric on the shift, (2.23) yields

hν(S, ηp) 6 sup
µ∈Π(ν, σ)

{
ηp−ess sup dimH(µω) · 1

p

p∑
i=1

log+ Lloc(gi)+dimH((π1)∗(µ)) · log λ
}
− log p

whose right-hand side expression summons an interpolation between the Lyapunov exponent of
the shift with respect to the metric dλ and the arithmetic mean of the logarithm of the Lipschitz
constants of the generators, when weighted by the fibered and the marginal dimensions of each
µ in Π(ν, σ).

2.2. Finitely generated semigroup actions. Even though Proposition 2.1 and Theorem A
provide sharp estimates regarding generalized notions of Lyapunov exponent and the metric
entropy of free semigroup actions, in order to consider more general classes of finitely generated
semigroup actions we have to drop the use of the skew product dynamics, which is available
when the semigroup is free. Thus, as we no longer rely on the properties of a skew product
associated with the action, in this section we will need to reformulate the notion of metric
entropy of a semigroup action (see Subsection 2.2.1). Besides, without the information pro-
vided by [3, 43], we will use the Lipschitz constants of the generators instead of the Lyapunov
exponents (2.15) of the skew product. Thereof, in Section 3, we will provide upper bounds
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for the topological entropy of a semigroup action in terms of the Lipschitz constants of their
generators. In view of the variational principle established in [7], these will also serve as bounds
for the measure theoretical entropy of the semigroup action.

2.2.1. Variational entropy of a semigroup action. We start by setting some preliminary
definitions. Let (X, dX) be a compact metric space. A map Γ : C0(X)→ R is called a pressure
function if it satisfies the following conditions:

(C1) Monotonicity : ϕ 6 ψ ⇒ Γ(ϕ) 6 Γ(ψ) ∀ϕ, ψ ∈ C0(X).

(C2) Translation invariance: Γ(ϕ+ c) = Γ(ϕ) + c ∀ϕ ∈ C0(X) ∀ c ∈ R.

(C3) Convexity : Γ(t ϕ+ (1− t)ψ) 6 tΓ(ϕ) + (1− t) Γ(ψ) ∀ϕ, ψ ∈ C0(X) ∀ t ∈ [0, 1].

For instance, if 0 6 htop(S, ηa) < +∞, then the map

ϕ ∈ C0(X) 7→ Ptop(S, ϕ, ηa)

defined in Subsection 2.1.1 is a pressure function, including as a particular case the topological
pressure associated with a continuous map (cf. [44, § 9.2]). The reader may find in [7] several
other examples within the context of group and semigroup actions.

In [7], the authors established a general variational principle and the existence of equilibrium
states for any pressure function. More precisely, if Γ : C0(X)→ R is a pressure function, then

Γ(ϕ) = max
ν ∈P(X)

{
h(ν) +

∫
ϕdν

}
∀ϕ ∈ C0(X) (2.24)

where

h(ν) = inf
ϕ∈C0(X)

{
Γ(ϕ)−

∫
ϕdν

}
∀ ν ∈ P(X). (2.25)

Moreover, h is affine, upper semi-continuous and, if α : P(X) → R ∪ {−∞, +∞} is another
function taking the role of h in (2.24), then α 6 h.

Applying this variational principle to one of the previous definitions of topological pressure
of a finitely generated semigroup action we obtain intrinsic information on the action: there
exists an upper semi-continuous affine function

ν ∈ P(X) 7→ h(ν)

such that

h(ν) = inf
ϕ∈C0(X)

{
Γ(ϕ)−

∫
ϕdν

}
∀ ν ∈ P(X)

Γ(ϕ) = max
ν ∈P(X)

{
h(ν) +

∫
ϕdν

}
.

This suggests the following variational definition of metric entropy.

Definition 2.4. Given a pressure function Γ and a Borel probability measure ν ∈ P(X), the
Γ−metric entropy of the semigroup action S with respect to ν is

hν(S,Γ) = inf
ϕ∈C0(X)

{
Γ(ϕ)−

∫
X

ϕdν

}
. (2.26)
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Observe that hν(S,Γ) 6 Γ(0) = maxγ ∈P(X) h(γ) for every ν ∈ P(X). Moreover ν ∈ P(X)
attains the infimum in (2.26) if and only if there is ϕ0 ∈ C0(X) such that

hν(S,Γ) = Γ(ϕ0)−
∫
X

ϕ0 dν

that is, ν satisfies the Rokhlin-type formula

hν(S,Γ) =

∫
X

log
(
eΓ(ϕ0)−ϕ0

)
dν.

Let (gi)16 i6 p be diffeomorphisms of a compact connected Riemannian manifold X and, for
each x ∈ X, Dx gi : TxX → Tgi(x)X be the corresponding linear derivative map. Assume that
the function (ω, x) 7→ Dx gω1 is continuous. Given a probability vector ~α = (α1, α2, . . . , αp),
consider the following parameterized family of intrinsic potentials ϕ+

~α : X → R and ϕ−~α : X → R
given, for every x ∈ X, by

ϕ+
~α (x) =

p∑
i=1

αi log ‖Dgi(x)‖ and ϕ−~α (x) =

p∑
i=1

αi log ‖Dgi(x)−1‖−1 (2.27)

It is clear that these two families coincide when dimX = 1. There are other possible relevant
choices of potentials, some of which are used to study multifractal analysis and to estimate the
dimension of fractal subsets under the action of the semigroup; we refer the reader to [46] for
a substantially different choice involving the possible concatenations of the semigroup.

In case (gi)16 i6 p are locally Lipschitz maps of a compact metric space X, we replace in
the previous formulas for ϕ+ and ϕ− the norm ‖Dgi(x)‖ by the pointwise Lipschitz constant
g′i as defined in (2.18). Then, given a probability vector ~α = (α1, α2, . . . , αp) and a potential
ϕ ∈ C0(X), the corresponding parameterized family of intrinsic potentials becomes

x ∈ X 7→ ϕ+
~α (x) =

p∑
i=1

αi log g′i(x). (2.28)

Theorem B. Given p ∈ N, a compact metric space (X, dX), a finite set of local diffeomorphisms
gi : X → X, for i ∈ {1, 2, . . . , p} and a pressure function Γ : C0(X)→ R, consider the finitely
generated semigroup G, with generator set G1 = {id, g1, g2, . . . , gp}, and the corresponding
semigroup action S. Then every ν ∈ P(X) satisfies

hν(S,Γ) 6 min
{∫

X

log eΓ(t ϕ−
~α

)−t ϕ−
~α dν,

∫
X

log eΓ(t ϕ+
~α

)−t ϕ+
~α dν

}
for every probability vector ~α ∈ Rp and every t ∈ R. If, in addition, the generators (gi)16 i6 p

are C1 expanding maps then there exist unique real numbers t+~α 6 t−~α which are the zeroes of
the Bowen equations Γ(t ϕ−~α ) = 0 and Γ(t ϕ+

~α ) = 0, respectively, and satisfy

hν(S,Γ) 6 min
{
t−~α

∫
X

ϕ−~αdν, t
+
~α

∫
X

ϕ+
~αdν

}
.

In particular,

hν(S, ηa) 6 hν(S, Ptop(S, ·, ηa)) 6 min
{
t−~α

∫
X

ϕ−~αdν, t
+
~α

∫
X

ϕ+
~αdν

}
for every probability vector ~α ∈ Rd, where t±~α > 0 is the unique zero of the Bowen-type equation
Ptop(S, −tϕ±~α , ηa)) = 0.
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3. Estimates for the topological entropy of a semigroup action

There have been several proposals to generalize the notions of topological entropy and pres-
sure for a single dynamics to the setting of finitely generated semigroup actions. To name a
few, we refer the reader to [4], [5], [46], [16], [8] and references therein. Ghys, Langevin and
Walczak proposed in [23] the following one. A subset E of a compact metric space (X, dX) is
(n, ε)-separated by elements of S if for any x 6= y in E there exists 0 6 j 6 n and g ∈ Gj such
that dX(g(x), g(y)) > ε.

Definition 3.1. The GLW–topological entropy of the semigroup action S, induced by a semigroup
G generated by a finite set G1 of continuous maps, is given by

hGLW (S) = lim
ε→ 0+

lim sup
n→+∞

1

n
log sn(G,G1, ε) (3.1)

where sn(G,G1, ε) is the largest cardinality of (n, ε)-separated sets by elements of S.

Observe that, since X is compact, sn(G,G1, ε) is finite for every n ∈ N and ε > 0. Moreover,
the map

ε > 0 7→ lim sup
n→+∞

1

n
log sn(G,G1, ε)

is monotonic, so hGLW (S) is well defined (though it depends on the set G1). This is a purely
topological notion, independent of any previously fixed random walk on the semigroup. Notice
also that

sup
g ∈G

htop(g) 6 hGLW (S) (3.2)

and that this inequality may be strict (cf. [23, Example 6.12]).

Having fixed a random walk P ∈ P(Σ+
p ), one clearly has

htop(S,P) 6 hGLW (S). (3.3)

Therefore, supP∈P(Σ+
p ) htop(S,P) 6 hGLW (S). In the particular case of G1 = {id, g}, all the

semigroup elements are non-negative integer powers of g and so, given ν ∈ Pg(X), one has

hν(g) 6 hν(S, ηa) 6 htop(S, ηa) 6 hGLW (S) = hν(g)

for every Bernoulli probability measure ηa.

Definition 3.2. Let (X, d) be a compact metric space and T : X → X a continuous map. T is
said to be Ruelle-expanding if it is an open map and the following conditions are satisfied:

(1) There exists c > 0 such that, for all x, y ∈ X with x 6= y, we have

T (x) = T (y) ⇒ d(x, y) > c.

(2) There are r > 0 and 0 < ρ < 1 such that, for each x ∈ X and all a ∈ T−1({x}) there
exists a map ϕ : Br(x) → X, defined on the open ball Br(x) centered at x with radius
r, such that

ϕ(x) = a

T ◦ ϕ(z) = z

d(ϕ(z), ϕ(w)) ≤ ρ d(z, w) ∀ z, w ∈ Br(x).
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It was shown in [16] that, if the generators (gi)16 i6 p of G are Ruelle-expanding maps acting
on a compact connected metric space, then

sup
P∈Pσ,B(Σ+

p )

htop(S,P) = log
(

max
16 i6 p

deg(gi)
)

(3.4)

where Pσ,B(Σ+
p ) is the subset of Bernoulli probability measures in Pσ(Σ+

p ) and deg(gi) stands
for the degree of the map gi. Although the entropy concepts hGLW (S) and htop(S, ηa) are of
substantially different nature, there are examples where they coincide (see Example 5.2).

To generalize the previous notion to any potential ϕ ∈ C0(X), given n ∈ N, ε > 0 and g ∈ Gn

presented by the concatenation g = gjn · · · gj1 (which may be one of many such presentations),
where gji ∈ G1 for every i ∈ {1, · · · , n}, define

x ∈ X 7→ Sgn ϕ(x) = ϕ(x) + ϕ(gj1(x)) + ϕ(gj2 gj1(x)) + · · ·+ ϕ(gjn · · · gj1(x)).

Definition 3.3. The GLW–topological pressure of the semigroup action S, induced by the semi-
group G generated by the finite set G1, and the potential ϕ is given by

PGLW (S, ϕ) = lim
ε→ 0+

lim sup
n→+∞

1

n
log Pn(G, G1, ϕ, ε)

where, for every n ∈ N and ε > 0,

Pn(G, G1, ϕ, ε) =
1

|Gn|
∑
g ∈Gn

sup
E

{∑
x∈E

eS
g
n ϕ(x) : E ⊂ X is (n, ε)-separated

}
. (3.5)

It was shown in [7] that the map ϕ ∈ C0(X) 7→ PGLW (S, ϕ) is a pressure function.

3.1. Lipschitz generators. Let (gi)16 i6 p be Lipschitz maps of a compact metric space X
and

(
Lip(gi)

)
16 i6 p

be Lipschitz constants. Consider the semigroup G with generator set

{id, g1, g2, . . . , gp} and the finitely generated semigroup action S associated with G. In what
follows we discuss a geometric upper bound for the GLW–topological entropy of the action in
terms of the exponential growth rate of the Lipschitz constants of the generators.

Definition 3.4. The Lip-upper Lyapunov exponent of the action S is defined as

L(S) = lim sup
n→+∞

1

n
logL(n)

where L(n) = maxg ∈Gn Lip(g).

Proposition 3.1. Assume that all elements in G1 are Lipschitz continuous on a connected
compact Riemannian manifold X with dimension dimX. Then

hGLW (S) 6 dimX · L(S).

3.2. Smooth generators. In the remainder of this section we provide a refinement of the
previous estimate in case the generators are smooth maps. Let (gi)16 i6 p be differentiable
maps of a connected compact Riemannian manifold (X, dX) and Dx gi : TxX → Tgi(x)X be the
corresponding linear derivative map at each x ∈ X. Suppose that the function (ω, x) 7→ Dx gω1

is continuous. As before, consider the semigroup G with generator set {id, g1, g2, . . . , gp} and
the free semigroup action S associated with G. In what follows we present a connection between
the generalized metric entropy and two notions of averaged Lyapunov exponents of the action
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whenever the generators (gi)16 i6 p are C1 expanding endomorphisms of X and and there exists
ν0 ∈ P(X) which is gi-invariant for every i ∈ {1, · · · , p}.

Recall that, given a random walk P, if 0 6 htop(S,P) < +∞, then the topological pressure
(cf. Subsection 2.1.1)

Ptop : ϕ ∈ C0(X) 7→ Ptop(S, ϕ,P)

is a pressure function. Consider the Ptop−metric entropy map ν ∈ P(X) 7→ hν(S, Ptop)
as defined in (2.26), applied to the previous pressure function, which depends on P. From
Proposition 3.1, we already know that, for every ν ∈ P(X),

hν(S, Ptop) 6 htop(S,P) 6 hGLW (S) 6 dimX · L(S).

Our aim is to improve this estimate.

Definition 3.5. Given a random walk P, the mean upper Lyapunov exponent of S is defined by

L+(S,P) = lim sup
n→+∞

1

n
log

∫
Σ+
p

‖Dgnω‖∞ dP(ω) (3.6)

where, for each ω = ω1ω2 · · · ∈ Σ+
p , ‖Dgnω‖∞ stands for the supremum norm of the derivative

map x ∈ X 7→ Dx (gωn · · · gω1). If (Dgnω)∧ denotes the dimX-exterior power of Dgnω, define

L∧(S,P) = lim sup
n→+∞

1

n
log

∫
Σ+
p

‖(Dgnω)∧‖∞ dP(ω).

Definition 3.6. For each ν ∈ P(X), the mean upper Lyapunov exponent of S with respect to
ν ∈ P(X) is given by

χ+
ν (S,P) = lim sup

n→+∞

1

n
log

∫
Σ+
p ×X

‖Dgnω(x)‖ dP(ω) dν(x). (3.7)

Clearly, χ+
ν (S,P) 6 L+(S,P) 6 L(S).

We observe that, by the concavity of the logarithm, the mean upper Lyapunov exponent
χ+
ν (S,P) is an upper bound for the average

∫
Σ+
p ×X lim supn→+∞

1
n

log ‖Dgnω(x)‖ dP(ω) dν(x) of

the deterministic Lyapunov exponents. Moreover, such inequality may be strict. We refer the
reader to [26] for a discussion about these two Lyapunov exponents within a significant family
of volume preserving diffeomorphisms.

Proposition 3.2. Let X be a compact connected Riemannian manifold with dimension dimX
and assume that the generators in G1 = {id, g1, g2, . . . , gp} are C1 expanding endomorphisms of
X. Fix a random walk ηa and ν0 ∈ P(X) invariant by gi for every i ∈ {1, · · · , p}. Then

hν0(S, ηa) 6 hν0(S, Ptop) 6 L∧(S, ηa) 6 dimX · L+(S, ηa).

4. Proofs

4.1. Proof of Proposition 2.1. Let (gi)16 i6 p be differentiable maps of a compact Riemann-
ian manifold X such that (ω, x) 7→ Dx gω1 is continuous. Recall from Subsection 2.1.4 that,
given an FG-invariant probability measure µ, the Lyapunov exponents of the skew product FG
are defined at µ-almost every (ω, x) ∈ Σ+

p ×X by

λµ, i(FG, (ω, x)) = lim
n→+∞

1

n
log ‖D(ω,x)FnG v‖ ∀v ∈ V (i)

(ω,x) \ V
(i+1)

(ω,x)
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for 1 6 i 6 k(ω, x), where k(·, ·) ∈ N is a Borel map and, for each n ∈ N and every (ω, x) ∈
Σ+
p ×X,

D(ω,x)FnG : TxX → Tπ2(FnG(ω,x))X

v 7→ Dx (gωn · · · gω1) v.

A version of the Oseledets theorem for the skew product FG and the previous Lyapunov expo-
nents may be found in [43, Lemma 6.2]. It states that

hµ(FG) 6
∫

Σ+
p ×X

k(ω,x)∑
i=1

λ+
µ, i(FG, (ω, x)) dµ(ω, x) + h(π1)∗µ(σ) (4.1)

where λ+
µ, i(FG, (ω, x)) = max {λµ, i(FG, (ω, x)), 0}. Moreover, writting P = (π1)∗µ, the equality

in (4.1) holds if and only if the desintegration (with respect to P) of µ given by

ω ∈ Σ+
p 7→ µω ∈ PX : µ(A) =

∫
Σ+
p

∫
X

χA dµω(x) dP(ω) ∀A ∈ B(X)

has components along the fibers, at P-almost every ω, which are absolutely continuous with
respect to the Lebesgue measure in X (cf. [29, Appendix]). It is also known that, if there exists
ν ∈ P(X) which is absolutely continuous with respect to the Lebesgue measure and such that
ηa×ν is FG-invariant, then, for ηa-almost every ω, the Lyapunov exponents of FG depend only
on x (cf. [25, Chapter II]). We refer the reader to [30] for an exact version of the formula (4.1)
when G1 is a set of C2 diffeomorphisms and µ is hyperbolic.

Consider ν ∈ P(X) such that Π(ν, σ) 6= ∅ and fix a random walk ηa. Then (4.1) yields

hν(S, ηa) := sup
µ∈Π(ν, σ)

{
hµ(FG) +

∫
Σ+
p

log aω1 d(π1)∗(µ)(ω)
}

6 sup
µ∈Π(ν, σ)

{∫
Σ+
p ×X

k(ω,x)∑
i=1

λ+
µ, i(FG, (ω, x)) dµ(ω, x) + h(π1)∗µ(σ) +

∫
Σ+
p

log aω1 d(π1)∗(µ)(ω)
}
.

(4.2)

This, together with (2.5), proves the first statement of the proposition.

Under the additional assumption that

min
16 i6 p

min
x∈X

log ‖Dgi(x)−1‖−1 > 0

we know that all the Lyapunov exponents are positive and, as a consequence of Oseledets
theorem (cf. [34]),

∫
Σ+
p ×X

k(ω,x)∑
i=1

λ+
µ, i(FG, (ω, x)) dµ(ω, x) =

∫
Σ+
p

log | detDgω1(x)| dµ(ω, x).
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In particular, the maps

µ ∈ Π(ν, σ) 7→
∫

Σ+
p ×X

k(ω,x)∑
i=1

λ+
µ, i(FG, (ω, x)) dµ(ω, x)

µ ∈ Π(ν, σ) 7→
∫

Σ+
p

log aω1 d(π1)∗(µ)(ω)

are continuous on the compact metric space Π(ν, σ) (with the weak∗-topology). Moreover,
the function µ ∈ Π(ν, σ) 7→ h(π1)∗µ(σ) is upper semi-continuous, since σ is Ruelle-expanding.
Consequently, there exists µmax ∈ Π(ν, σ) where the supremum in (4.2) is attained. The proof
of Proposition 2.1 is complete.

4.2. Proof of Theorem A. Fix a random walk ηa and assume that the generators (gi)i∈{1,...,p}
are continuous maps of a compact metric space (X, dX). Recall from Subsection 2.1.4 that the
local Lipschitz constant of a continuous map T : X → X is the limit

Lloc(T ) = lim
ε→ 0+

sup
0<dX(x, y)<ε

dX(T (x), T (y))

dX (x, y)
. (4.3)

It is known (cf. [19]) that, if 0 < Lloc(T ) < +∞ and θ ∈ PT (M), then

hµ(T ) 6 dimH(µ) · log+ Lloc(T ) (4.4)

where dimH(µ) = inf {dimH(A) : A ⊂ M, µ(A) = 1} is the Hausdorff dimension of µ and
log+ Lloc(T ) stands for max {logLloc(T ), 0}. Let us apply this information to the skew product
FG. Suppose that λ > 1 is a Lipschitz constant of σ, that is,

dλ (σ(z), σ(w)) = λ dλ (z, w) ∀ z, w ∈ Σ+
p .

For instance, if the metric dλ in Σ+
p is given by

dp(z, w) =

{
p−min {k : zk 6=wk} if z 6= w
0 if z = w

then

log λ = logLloc(σ) = χσ, p = log p = htop(σ).

If the generators (gi)i∈{1,...,p} have local Lipschitz constants satisfying 0 < Lloc(gi) < +∞ and
we consider in Σ+

p ×X the product metric dλ× dX , then 0 < Lloc(FG) < +∞. So, by (4.4), we
get

hµ(FG) 6 dimH(µ) · log+ Lloc(FG) ∀µ ∈ PFG(Σ+
p ×X).

Therefore,

hν(S, ηa) := sup
µ∈Π(ν, σ)

{
hµ(FG) +

∫
Σ+
p

log aω1 d(π1)∗(µ)(ω)
}

6 sup
µ∈Π(ν, σ)

{
dimH(µ) · log+ Lloc(FG) +

∫
Σ+
p

log aω1 d(π1)∗(µ)(ω)
}
.

We are left to compare the numbers
(
Lloc(gi)

)
16 i6 p

with Lloc(FG). A straightforward com-

putation shows that, if we take the product metric dλ × dX in Σ+
p ×X, then

log+ Lloc(FG) 6 max
16 i6 p

max
{

log+ Lloc(gi), log λ
}
. (4.5)
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Consequently,

hν(S, ηa) 6 sup
µ∈Π(ν, σ)

{
dimH(µ) ·

[
max

16 i6 p
max

{
log+ Lloc(gi), log λ

}]
+

∫
Σ+
p

log aω1 d(π1)∗(µ)(ω)

}
.

This proves the first statement of the theorem.

The second part of the theorem is obtained through fibered estimates for the entropy of any
FG-invariant probability measure. Given µ ∈ Π(ν, σ), the Abramov-Rokhlin formula together
with the results in [19] imply that

hµ(FG) = hµ(FG | σ) + h(π1)∗µ(σ) 6 hµ(FG | σ) + dimH((π1)∗(µ)) · log λ.

Since the measure theoretical entropy map is affine, we may assume that µ is ergodic (otherwise,
consider an ergodic component of µ). In view of the local entropy formula for random dynamical
systems (cf. [49, Theorem 2.1]), one can compute hµ(FG | σ) as follows: there exists a full ηa-
measure subset Ω ⊂ Σ+

p such that, for every ω ∈ Ω one has

hµ(FG | σ) = lim
ε→ 0+

lim inf
n→+∞

− 1

n
log µω(Bω(x, n, ε)) (4.6)

for µω-almost every x ∈ X, where Bω(x, n, ε) = B(x, g, ε) is the dynamic ball determined by
g = gωn . . . gω2 gω1 .

We proceed by estimating the diameter of the dynamic balls Bω(x, n, ε). By (4.3), given
ξ > 0, for each 1 6 i 6 p there exists εi > 0 such that

dX(gi(x), gi(y)) < (1 + ξ)Lloc(gi) dX(x, y) 6 (1 + ξ) max {Lloc(gi), 1} dX(x, y)

whenever dX(x, y) < εi. Using this expression recursively, we obtain

B(x, rn(ω)) ⊂ Bω(x, n, ε) ∀ 0 < ε < ε0

where ε0 := min {(1 + ξ) max {Lloc(gi), 1} εi : 1 6 i 6 p} and

rn(ω) := (1 + ξ)−n
n∏
i=1

(
max{Lloc(gωi), 1}

)−1
.

Thus, if ω ∈ Ω and x ∈ X,

− 1
n

log µω(Bω(x, n, ε))

− 1
n

log rn(ω)
6
− log µω(B(x, rn(ω))))

− log rn(ω)

for every n ∈ N. Moreover, on the one hand, using (4.6) and Birkhoff’s ergodic theorem, for
ηa-almost every ω ∈ Ω one has

lim
ε→ 0+

lim sup
n→+∞

− 1
n

log µω(Bω(x, n, ε))

− 1
n

log rn(ω)
=

hµ(FG | σ)

log(1 + ξ) +
∫

Σ+
p

log+ Lloc(gω1) dηa(ω)
.

On the other hand,

lim sup
n→+∞

− log µω(B(x, rn(ω))))

− log rn(ω)
6 lim sup

ζ→ 0+

log µω(B(x, ζ))

log ζ
=: d̄µω(x)

where d̄µω(x) is the upper pointwise dimension of the sample measure µω at x. Observe also
that

dimH(µω) = µω − ess sup d̄µω(x)
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as a consequence of [37, Theorem 8.5.4]). Altogether, as ξ > 0 may be chosen arbitrarily small,
we conclude that, for every µ ∈ Π(ν, σ),

hµ(FG) = hµ(FG | σ) + h(π1)∗µ(σ) 6 hµ(FG | σ) + dimH((π1)∗(µ)) · log λ

6 ηa − ess sup dimH(µω) ·
∫

Σ+
p

log+ Lloc(gω1) dηa(ω) + dimH((π1)∗(µ)) · log λ.

This ends the proof of Theorem A.

Remark 4.1. In the special case that each generator gi is a C1+α conformal expanding map and
σ is the shift, it is known that dimH(µω) is ηa-almost everywhere constant and

dimH(µω) = lim sup
ζ→ 0+

log µω(B(x, ζ))

log ζ
=

hµ(FG | σ)∫
log |g′ω1

(x)| dµ(ω, x)

(cf. [42, Theorem 6.4]).

4.3. Proof of Theorem B. Let S be the free semigroup action determined by a finite collection
gi : X → X, for i ∈ {1, 2, . . . , p}, of locally Lipschitz maps on a compact metric space (X, dX).
Assume that Γ : C0(X)→ R is a pressure function and Γ(0) > 0. Recall that

hν(S,Γ) = inf
ϕ∈C0(X)

{
Γ(ϕ)−

∫
ϕdν

}
.

For each probability vector ~α = (α1, α2, . . . , αp), consider the parameterized families ϕ+
~α : X →

R and ϕ−~α : X → R given by (2.28). It is clear from the definition that

hν(S,Γ) 6 Γ(tϕ+
~α )−

∫
tϕ+

~α dν =

∫
log eΓ(t ϕ+

~α
)−t ϕ+

~α dν (4.7)

for every t ∈ R (and an analogous statement holds replacing ϕ+
~α by ϕ−~α ). This proves the first

statement of the theorem.

In the remainder of the argument we assume that the generators (gi)16 i6 p are C1 expanding
local diffeomorphisms. Consequently, for each probability vector ~α, both potentials ϕ±~α : X → R
are strictly positive. By the monotonicity of Γ, both pressure functions

t ∈ R+ 7→ Γ(−t ϕ+
~α ) and t ∈ R+ 7→ Γ(−t ϕ−~α )

are strictly decreasing and Γ(−t ϕ+
~α ) 6 Γ(−t ϕ−~α ) for every t ∈ R+. Moreover, as these

two functions coincide at t = 0, where their value is positive, and limt→+∞ Γ(−t ϕ+
~α ) =

limt→+∞ Γ(−t ϕ+
~α ) = −∞, there exist unique real numbers t+~α 6 t−~α which are the zeroes

of the Bowen equations Γ(−t ϕ+
~α ) = 0 and Γ(−t ϕ−~α ) = 0, respectively. Taking t = t−~α in (4.7)

(and proceeding analogously with t+~α ) we deduce that

hν(S,Γ) 6 min
{
t−~α

∫
X

ϕ−~αdν, t
+
~α

∫
X

ϕ+
~αdν

}
.

The second claim of the theorem is a direct consequence of the first one, together with the
easy observation that ϕ ∈ C0(X) 7→ Ptop(S, ϕ, ηa) is a pressure function. Indeed,

hν(S, ηa) 6 hν(S, Ptop(S, ·, ηa)) 6 min
{
t−~α

∫
X

ϕ−~αdν, t
+
~α

∫
X

ϕ+
~αdν

}
where t±~α is the unique zero of Bowen’s equation Ptop(S,−tϕ±~α , ηa)) = 0. This completes the
proof of the theorem.
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4.4. Proof of Proposition 3.1. By definition of L(n), given ε > 0,

dX(x, y) < L(n)−1 ε ⇒ dX(g(x), g(y)) < ε ∀ g ∈ Gn.

Thus B(x, L(n)−1 ε) ⊂ B(x, g, ε) for every x ∈ X and every g ∈ Gn, where B(x, %) denotes
the open ball in X centered at x with radius %. Consequently, as the volume of a ball in M
depends only on its radius, there exists a uniform constant C > 0 (depending on dimX and on
a finite atlas on X) such that

s(n, ε) 6 s(1, L(n)−1ε) 6 C [L(n)−1 ε]−dimX .

The latter inequality implies that

hGLW (S) 6 dimX · L(S). (4.8)

This ends the proof of Proposition 3.1.

4.5. Proof of Proposition 3.2. Denote by PG(X) the subset of P(X) of the probability
measures that are invariant by all elements of the semigroup G. We start by noticing that, as
ν0 belongs to PG(X), then the product measure ηa×ν0 is FG-invariant and belongs to Π(ν0, σ).
So the metric entropy hν0(S, ηa) is well defined. Moreover, since the action is expansive, the
map

ν0 ∈ PG(X) 7→ hν0(S, ηa)
is upper semi-continuous, and so (cf. [7, Theorem 1])

hν0(S, ηa) 6 hν0(S, Ptop) ∀ ν0 ∈ PG(X).

As X is compact and connected, if f is a C1 local diffeomorphism on X then the cardinality
of the set f−1({x}) does not change with x ∈ X, and this constant is denoted by deg(f).
Moreover, Misiurewicz and Przytycki [31, 36] proved that

htop(f) > log deg(f).

Combining this information with Margulis-Ruelle inequality we obtain

log deg(f) 6 htop(f) 6 log ‖(Df)∧‖∞ (4.9)

where (Df)∧ denotes the dimX-exterior power induced by Df .

In the setting addressed by Proposition 3.2 each map gi is uniformly expanding; hence it has
deg(gi) inverse branches. Moreover, the skew-product FG is Ruelle-expanding on the compact
metric space Σ+

p × X and satisfies the specification property (cf. [38, 16]). Thus its entropy
can be computed as the exponential growth rate of periodic points (see [11]; this result also
applies to finite concatenations of expanding maps, as shown in [16]). Therefore, we may take
a constant of expansiveness ε0 > 0 for S and get

hν0(S, ηa) 6 hν0(S, Ptop) 6 htop(S, ηa)

:= lim
ε→ 0+

lim sup
n→+∞

1

n
log

∫
Σ+
p

s(gω, n, ε) dηa(ω)

= lim sup
n→+∞

1

n
log

∫
Σ+
p

s(gω, n, ε0) dηa(ω).

Since each generator is ε0-expansive we conclude that the S-periodic points in Fix(gnω) are
(n, ε0)-separated, and so for each ω ∈ Σ+

p

deg (gnω) = Fix (gnω) 6 s(gω, n, ε0).
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Conversely, taking into account that there exists R ∈ N (depending only on ε0) such that
gRθ (B(x, ε0)) = X for every x ∈ X and θ ∈ Σ+

p (see [38, proof of Theorem 28]), it is not hard
to prove that

s(gω, n, ε0) 6 Fix ( gRθ g
n
ω ) = deg (gRθ g

n
ω) ∀θ, ω ∈ Σ+

p ∀n ∈ N. (4.10)

From (4.9) and (4.10) one deduces that

htop(S, ηa) = lim sup
n→+∞

1

n
log

∫
Σ+
p

deg (gnω) dηa(ω)

6 lim sup
n→+∞

1

n
log

∫
Σ+
p

‖(Dgnω)∧‖∞ dηa(ω)

= L∧(S, ηa)
6 dimX · L+(S, ηa)

where the last inequality is a direct consequence of the definition of L∧(S, ηa). This finishes the
proof of the proposition.

5. Examples

This section is devoted to discussing a few examples.

Example 5.1. Consider p ∈ N and let g1, · · · , gp : S1 → S1 be irrational rotations of the unit
circle S1. It is known that htop(gi) = 0 for every i ∈ {1, · · · , p} (cf. [44]). Consider the
semigroup action S generated by G1 = {id, g1, · · · , gp} and a random walk ηa. According to [17,
Theorem 1],

htop(FG) = htop(σ) = log p.

Therefore (see (2.13)), given ν ∈ P(X),

min
16 i6 p

log ai 6 hν(S, ηa) 6 log p+ max
16 i6 p

log ai.

In particular, when a = p, one gets

− log p 6 hν(S, ηp) 6 0.

Taking into account (2.14) and the fact that the Lebesgue measure (we abbreviate into Leb)
is gi-invariant for every i ∈ {1, · · · , p}, we conclude that hLeb(S, ηp) = 0. So, as expected,

inequality (2.17) is in this case an equality.

Example 5.2. Let g1, g2 : S1 → S1 be defined on the unit circle and given by g1(z) = z2 and
g2(z) = z3. Consider the semigroup action S generated by G1 = {id, g1, g2}. Observe that
dimS1 = 1 and L(S) = log 3. Hence, by (3.4),

sup
P∈Pσ,B(Σ+

2 )

htop(S,P) = htop(S, δ2) = log
(

max
16 i6 2

deg(gi)
)

= log 3

where δ2 ∈ Pσ,B(Σ+
2 ) is the Dirac measure supported on the fixed point 222 · · · ∈ Σ+

2 . Therefore
the inequality (4.8), combined with (3.4), yields

hGLW (S) 6 dimS1·L(S) + sup
P∈Pσ,B(Σ+

2 )

htop(S,P)− log
(

max
16 i6 2

deg(gi)
)

= sup
P∈Pσ,B(Σ+

2 )

htop(S,P).
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Conversely, the inequality (3.3) implies that

sup
P∈Pσ,B(Σ+

2 )

htop(S,P) 6 hGLW (S).

Consequently, even though htop(S, ηp) = log
(

5
2

)
< hGLW (S) = log 3, and more generally

htop(S, ηa) 6 hGLW (S) for every Bernoulli probability measure ηa, the expression

hGLW (S) = max
P∈Pσ,B(Σ+

2 )
htop(S,P)

indicates that hGLW (S) can be approximated by the entropy of the semigroup action with
respect to asymmetric random walks.

Consider now a probability vector ~α = (α, 1−α) ∈ R2, where 0 6 α 6 1, as in the statement
of Theorem B. Then

ϕ+
~α (x) = ϕ−~α (x) = α log 2 + (1− α) log 3 = log (2α 31−α)

for every x ∈ S1. Therefore, for t ∈ R+,

Ptop(S, −t ϕ±~α , ηa) = lim
ε→ 0+

lim sup
n→+∞

1

n
log

∫
Σ+
p

sup
E

∑
x∈E

e
∑n−1
j=0 −t ϕ

±
~α

(gωj ...gω1 (x)) dηa(ω)

= htop(S, ηa)− t log (2α 31−α)

and

Ptop(S, −t ϕ±~α , ηa) = 0 ⇔ t =
htop(S, ηa)

log (2α 31−α)
.

Example 5.3. Consider the lifting to S1 = R/Z of the Lipschitz maps defined by

x ∈ [0, 1] 7→ f1(x) =

{
x
b

if 0 6 x 6 b
x−b
1−b otherwise

where 0 < b < 1
2

and

x ∈ [0, 1] 7→ f2(x) = 2x (mod 1).

We will keep denoting the lifted maps by f1 and f2. Given a probability vector ~α = (α, 1−α) ∈
R2, one has for every x ∈ [0, 1] \ {b}

ϕ+
~α (x) = ϕ−~α (x) = α log |f ′1(x)|+ (1− α) log 2 =

{
α
b

+ (1− α) log 2 if 0 6 x < b
α

1−b + (1− α) log 2 otherwise.

Therefore, if α < 1 and t ∈ R+,

Ptop(S, −t ϕ±~α , ηa) = −t (1− α) log 2 + Ptop(S, −t α log |f ′1|, ηa)
and the unique zero tα > 0 whose existence is asserted in Theorem B is given implicitly by

tα =
1

(1− α) log 2
Ptop(S,−tα α log |f ′1|, ηa).

Notice that, for t ∈ R+,

Ptop(S, −t ϕ±~α , ηa) 6 htop(S, ηa)− t α log
1

1− b
− t (1− α) log 2
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where both expressions are strictly decreasing on t. Hence,

0 < tα 6
htop(S, ηa)

log (21−α (1− b)−α)
.

Example 5.4. Let X be a compact connected Riemannian manifold. Consider a finite set
G1 = {id, g1, . . . , gp} of C2 endomorphisms of X and fix a random walk ηa. Suppose that
there exists an FG-invariant probability measure µ0 on Σ+

p ×X such that (π1)∗(µ0) = ηa and

whose Rokhlin disintegration (µ0, ω)ω ∈Σ+
p

along the measurable partition (π−1
1 ({ω}))ω ∈Σ+

p
is so

that µ0, ω is absolutely continuous with respect to the Lebesgue measure at ηa almost every ω.
By [29, Chapter VI], the probability measure µ0 is an SRB measure and satisfies the entropy
formula for the quenched random dynamical system. This together with the Abramov-Rokhlin
formula imply that, for Lebesgue almost every x ∈ X, there exists k0(x) > 1 such that

hµ0(FG) = hµ0(FG | σ) + h(π1)∗(µ0)(σ) =

∫
Σ+
p ×X

k0(x)∑
i=1

λ+
µ0, i

(FG, (ω, x)) dµ0(ω, x) + hηa(σ).

Consider ν0 = (π2)∗(µ0). Taking into account that, as (π1)∗(µ0) = ηa, the entropy per site
vanishes, that is,

hηa(σ) = −
∫

log aω1 dηa(ω)

from the definition (2.10) we obtain

hν0(S, ηa) > hµ0(FG) +

∫
log aω1 d(π1)∗(µ0)(ω) =

∫
Σ+
p ×X

k0(x)∑
i=1

λ+
µ0, i

(FG, (ω, x)) dµ0(ω, x).

Moreover, by Proposition 2.1 we conclude that∫ k0(x)∑
i=1

λ+
µ0, i

(FG, (ω, x)) dµ0(ω, x) 6 hν0(S, ηa)

6 sup
θ∈Π(ν0, σ)


∫ k(ω,x)∑

i=1

λ+
θ, i(FG, (ω, x)) dθ(ω, x) + ha((π1)∗(θ))

 .

If, in addition, a = p, then ha((π1)∗(θ)) 6 0 for every θ ∈ Π(ν0, σ), and so

∫ k0(x)∑
i=1

λ+
µ0, i

(FG, (ω, x)) dµ0(ω, x) 6 hν0(S, ηa) 6 sup
θ∈Π(ν0, σ)

{∫ k(ω,x)∑
i=1

λ+
θ, i(FG, (ω, x)) dθ(ω, x)

}
.

The previous assumptions are satisfied, for instance, when the generators are uniformly
expanding maps. For example, suppose that G1 = {id, g1, g2} where g1, g2 : S1 → S1 act on
the unit circle S1 and are given by g1(z) = z2 and g2(z) = z3. Then, the Lebesgue measure is
invariant by both the generators, so η(0,1) × Leb is FG invariant and its Lyapunov exponents
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depend only on x. Moreover, hLeb(S, η(0,1)) = log 3. Therefore,∫
S1

k0(x)∑
i=1

λ+
η(0,1)×Leb(FG, (·, x)) dLeb(x) = log 3

6 sup
θ∈Π(Leb, σ)


∫ k(ω,x)∑

i=1

λ+
θ, i(FG, (ω, x)) dθ(ω, x) + h(π1)∗θ(σ)

− log 2

6 sup
θ∈Π(Leb, σ)


∫ k(ω,x)∑

i=1

λ+
θ, i(FG, (ω, x)) dθ(ω, x)

 .

Example 5.5. Let X be a compact connected Riemannian manifold and consider a finite set
G1 = {id, g1, . . . , gp} of C2 expanding self maps of X. Fix ηa and take the unique annealed
equilibrium state µ(a) for the skew-product FG with respect to the constant potential φ ≡ 0
and the random walk ηa. Consider the marginal probability measure ν(a) = (π2)∗(µ

(a)) on X.
Then (cf. [18])

hν(a)(S, ηa) = htop(S, ηa) = Ptop(FG, 0, ηa) = hµ(a)(FG) +

∫
Σ+
p

log aω1 d(π1)∗(µ
(a))(ω). (5.1)

Actually, when a = p it is easy to deduce from the previous expression that µ(p) is the unique
measure of maximal entropy of FG. Using [43] to compute the entropy of the skew-product, if

ηm = (m1,m2, . . . ,mp) =

(
deg g1∑p
i=1 deg gi

, . . . ,
deg gp∑p
i=1 deg gi

)
then (π1)∗(µ

(p)) = ηm and

hµ(p)(FG) =

p∑
j=1

mj log deg gj −
p∑
j=1

mj logmj.

Now, the equality

hµ(p)(FG) =

∫
Σ+
p ×X

k(ω,x)∑
i=1

λ+

µ(p), i
(FG, (ω, x)) dµ(p)(ω, x) + h(π1)∗(µ(p))(σ)

holds (recall from (4.1) that the first term is always smaller or equal than the second one) if
and only if µ(p) has conditional measures absolutely continuous with respect to the Lebesgue
measure (see [29]). If this turns out to be the case, replacing the previous expressions in (5.1)
one obtains

hν(p)(S, ηp) =

∫
Σ+
p ×X

k(ω,x)∑
i=1

λ+

µ(p), i
(FG, (ω, x)) dµ(p)(ω, x) + hηm(σ) +

∫
Σ+
p

log
(1

p

)
dηm(ω)

=

p∑
j=1

mj log deg gj −
p∑
j=1

mj logmj − log p

= log
( p∑
i=1

deg gi

)
− log p.
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In a similar way, if one takes a priori the asymmetric random walk ηm, the computations show

that, when µ(p) has conditional measures absolutely continuous with respect to the Lebesgue
measure (for instance, when each generator gi preserves the Lebesgue measure), then

hν(p)(S, ηm) =

∫
Σ+
p ×X

k(ω,x)∑
i=1

λ+

µ(p), i
(FG, (ω, x)) dµ(p)(ω, x) + hηm(σ) +

∫
Σ+
p

log mω1 dηm(ω)

=

p∑
j=1

mj log deg gj −
p∑
j=1

mj logmj +

p∑
j=1

mj logmj

= log
( p∑
i=1

deg gi

)
− hηm(σ).

Let us specify these computations within two contexts:

(1) Let g1, g2 : S1 → S1 be defined on the unit circle S1 ⊂ C and given by g1(z) = z2

and g2(z) = z3. Take η( 1
2
, 1
2

) and consider µ(2) = η( 1
2
, 1
2

) × Leb, which is FG-invariant. Then

hµ(2)(FG) = log
(∑p

i=1 deg gi

)
= log 5 and the action S of the semigroup G generated by

G1 = {id, g1, g2} satisfies

hLeb(S, η( 1
2
, 1
2

)) = log 5− log 2 = log
(5

2

)
hLeb(S, η( 2

5
, 3
5

)) = log 5 +
2

5
log
(2

5

)
+

3

5
log
(3

5

)
=

2

5
log 2 +

3

5
log 3.

In this case, the (unique) measure of maximal entropy of the skew product FG is η( 2
5
, 3
5

) × Leb,

and the Lebesgue measure maximizes the entropy of the action (actually, it is the unique
measure in (S1) with this property). We note that, from the previous estimates, one has

hLeb(S, η( 1
2
, 1
2

)) = log 5− log 2 = htop(S, η( 1
2
, 1
2

))

and so

hLeb(S, η( 1
2
, 1
2

)) =

∫
Σ+

2 ×S1

λ+
1 (FG, (ω, x)) dµ(2)(ω, x) + hηm(σ) +

∫
Σ+

2

log
(1

2

)
dηm(ω).

This equality shows that the Ruelle inequality (2.16) for semigroup actions stated in Proposi-
tion 2.1 is optimal and, in particular, the entropy per site cannot be dismissed.

(2) Let g1, g2 : S1 → S1 be C2 expanding maps on the unit circle S1 ⊂ C with degrees
deg(g1) = m and deg(g2) = n. Assume that there exist two g1-invariant probabilities supported
on periodic orbits and whose Lyapunov exponents are distinct. This is a C1 open and dense
condition in the space of C2 circle expanding maps. Let µ(2) be the unique measure of maximal
entropy measure for FG; it satisfies (π1)∗(µ

(2)) = η( m
m+n

, n
m+n

).

Let µSRB be the unique SRB probability measure of FG with respect to the random walk
η( m

m+n
, n
m+n

) (we omit the dependence of µSRB on n and m for notational simplicity sake).

This measure is FG-invariant, has absolutely continuous conditional measures and satisfies
(π1)∗(µSRB) = η( m

m+n
, n
m+n

). Due to the main hypothesis on g1, the probability measure µ(2) is
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singular with respect to µSRB. Indeed, on the one hand, by (2.7), the probability measures µ(2)

and µSRB are equilibrium states for FG with respect to the Hölder continuous potentials

ψ1(ω, x) = log aω1 and ψ2(ω, x) = − log |g′ω1
(x)|

respectively. On the other hand, as FG is Ruelle expanding and transitive, equilibrium states
associated with Hölder continuous potentials are unique and ergodic, and any two such equi-
librium states are either singular or their potentials are cohomologous (that is, there exists
a Hölder continuous function u : Σ+

2 × S1 → R such that ψ1 = ψ2 + u − u ◦ FG; cf. [10]).
Observe now that ψ1 and ψ2 are not cohomologous (with respect to FG), as this would imply
that − log |g′1(x)| is cohomologous to the constant log a1 (with respect to g1) and, consequently,
all g1-invariant probability measures would have the same Lyapunov exponent. Thus, by the
uniqueness of the SRB measure, the sample measures obtained by disintegration of µ(2) are not
absolutely continuous with respect to Lebesgue. Consequently, though the probability measure
ν(2) = (π2)∗(µ

(2)) satisfies

hν(2)(S, ηp) = hµ(2)(FG)− log 2 = log
(m+ n

2

)
= htop(S, ηp)

one has

hµ(2)(FG) <

∫
Σ+
p ×X

λ+
1 (FG, (ω, x)) dµ(2)(ω, x) + h(π1)∗(µ(2))(σ)

and so the inequality

hν(2)(S, η2) <

∫
Σ+
p ×X

λ+
1 (FG, (ω, x)) dµ(2)(ω, x) + h(π1)∗(µ(2))(σ)− log 2

is strict for the measure µ(2) where the supremum is attained.

Example 5.6. Consider g1, g2 : C → C the rational maps on the Riemann sphere C given by
g1(z) = z2+2z and g2(z) = z2+ z

2
. These transformations have the same degree, though the fixed

point −1 is attracting for g1 while it is a repeller for g2. Their common action, associated with
the semigroup generated by G1 = {id, g1, g2}, has topological entropy htop(S, η( 1

2
, 1
2

)) = log 2, the

corresponding skew product has topological entropy equal to log 4 and its measure of maximal
entropy µ(2) satisfies (π1)∗(µ

(2)) = η( 1
2
, 1
2

). Moreover, by (3.2) and Proposition 3.2

log 2 6 hGLW (G,G1) 6 log 4.

Besides, the measure of maximal entropy of the action, that is ν(2) = (π2)∗(µ
(2)), is supported

on the Julia set J(S) of the semigroup action and the support of µ(2) is the set J(FG) =⋂+∞
n=0 F

−n
G (Σ+

p × J(S)), whose projection π2(J(FG)) is precisely J(S) (more details in [43]).
Taking into account that, for every λ > 1, one has

log 2 = hν(p)(S, ηp) = hµ(p)(FG)− log 2

6 dimH(µ(p)) · log+ Lloc(FG)− log 2 by (4.4)

6 dimH(J(FG)) · log+ Lloc(FG)− log 2

6 dimH(J(FG)) ·max {log 2, log λ} − log 2 by (4.5)

we conclude that

dimH(J(FG)) >
2 log 2

max {log 2, log λ}
.



27

Acknowledgements. MC and PV were partially supported by CMUP, which is financed
by national funds through FCT - Fundação para a Ciência e a Tecnologia, I.P., under the
project with reference UIDB/00144/2020. MC also acknowledges financial support from the
project PTDC/MAT-PUR/4048/2021. PV benefits from the grant CEECIND/03721/2017 of
the Stimulus of Scientific Employment, Individual Support 2017 Call, awarded by FCT, and
by the project ‘New trends in Lyapunov exponents’ (PTDC/MAT-PUR/29126/2017).

References

[1] L. M. Abramov and V. A. Rokhlin. Entropy of a skew product of mappings with invariant measure. Vestnik
Leningrad. Univ. 17:7 (1962) 5–13. The entropy of a skew product of measure-preserving transformations.
Amer. Math. Soc. Transl. Ser. 2, 48 (1966) 255–265. 2.1.3

[2] V. Baladi. Correlation spectrum of quenched and annealed equilibrium states for random expanding maps.
Comm. Math. Phys. 186 (1997) 671–700. 2.1.2, 2.1.2, 2.1.2
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