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ABSTRACT 

The construction of structures with progressively longer spans and current aesthetic trends 
advocating very slender and lightweight solutions has resulted in an increased sensitivity of 
walkways to dynamic actions, which may require the implementation of measures to mitigate 
vibrations and meet human comfort criteria. For this purpose, it is imperative to have a good 
understanding of the effects of loads on this type of structure. In this context, the actions caused by 
pedestrians involve, in most cases, the control of comfort issues and not of structural stability. 

To ensure acceptable levels of comfort, some strategies can be implemented which aim to 
mitigate vibrations in footbridges. One of the possible forms of action is to move away from the 
resonance frequencies (natural) of the footbridge from the typical frequencies of pedestrian actions, 
which can be achieved by increasing the stiffness of the structure or just the deck. However, the mass 
increase generally associated with the stiffness increase negatively affects the aesthetics of the 
footbridge. On the other hand, the increase in structural damping is currently the most frequent and 
effective measure in the attenuation of vibrations associated with pedestrian actions.  

In this sense, the structural use of fibre-reinforced polymer composite materials, based on a 
polymeric matrix, is a feasible strategy to mitigate, or even control, excessive vibrations that may 
generate discomfort to users because it combines the structural versatility of polymer-based 
composites (stiffness, lightness and durability) with its high damping capacity. These materials 
present a dynamic behaviour that can be described by the viscoelasticity theory, according to which 
polymeric materials, when subjected to harmonic load cycles, present harmonic deformation cycles, 
with the same frequency, but with a phase delay about the corresponding load cycles, which 
characterises the material damping. 

In this thesis, the viscoelastic damping capacity of polymer-based composites was investigated 
and its applicability to the composition of a footbridge was assessed, taking advantage of the 
characteristics and benefits that can result in the dynamic behaviour of these structures.  

The thesis is composed of five papers that have been published or submitted for publication. The 
first three papers focus on viscoelasticity and the behaviour of polymeric materials (and their 
composites), namely the creep and relaxation functions and their relationship with the dynamic 
storage and loss modulus. Based on the Exponential-Power Law, two new methods of data fitting in 
viscoelasticity were presented. In the last two papers, an experimental campaign was conducted to 
investigate the dynamic behaviour of glass fibre reinforced polymer (GFRP) based composites. 
Initially, through laboratory experiments of beams with free support, and applying modal 
identification methods, the aim was to identify and quantify the difference in damping of steel and a 
GFRP composite, demonstrating that the damping of the latter is higher than that of steel. Finally, 
based on ambient vibration tests and impact tests, a campaign of modal identification tests of the São 
Silvestre footbridge, located in the city of Ovar, Portugal, produced with GFRP profiles and steel fibre 
reinforced self-compacting concrete (SFRSCC) deck, was performed. Through the measured data and 
with a numerical and analytical analysis, it was possible to demonstrate that the GFRP structure of 
the pedestrian bridge has damping characteristics capable of attenuating the vibrations of the 
structure. 

Keywords: Viscoelasticity, Composites, GFRP, Natural Frequency, Damping, Dynamic Behaviour, 
Dynamic Mechanical Analysis, Footbridges. 
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RESUMO 

A construção de estruturas com vãos progressivamente mais longos e as tendências estéticas 
actuais, advogando soluções muito esbeltas e leves, resultou num aumento da sensibilidade das 
passarelas a acções dinâmicas, o que pode exigir a implementação de medidas para mitigar as 
vibrações e, assim, satisfazer os critérios de conforto humano. Para este efeito, é imperativo ter uma 
boa compreensão dos efeitos das cargas sobre este tipo de estruturas. Neste contexto, as acções 
causadas por peões envolvem, na maioria dos casos, o controlo de questões de conforto e não de 
estabilidade estrutural. 

De forma a garantir níveis aceitáveis de conforto, podem ser implementadas algumas estratégias 
as quais visam mitigar as vibrações em passarelas. Uma das formas possíveis de actuação é afastar 
as frequências de ressonância (naturais) das frequências típicas das acções pedestres, o que pode ser 
conseguido através de um aumento da rigidez da estrutura ou apenas do tabuleiro. No entanto, o 
aumento de massa tipicamente associado ao aumento de rigidez depara-se com questões estéticas. 
Por seu lado, o aumento do amortecimento estrutural é actualmente a medida mais frequente e mais 
eficaz na atenuação das vibrações associadas às acções pedestres.  

Neste sentido, a utilização estrutural de materiais compósitos reforçados com fibras, baseados 
numa matriz polimérica, é uma estratégia exequível para mitigar, ou mesmo controlar, as vibrações 
excessivas que podem gerar desconforto aos utilizadores, pois combina a versatilidade estrutural dos 
compósitos à base de polímeros (rigidez, leveza e durabilidade) com a sua elevada capacidade de 
amortecimento. Estes materiais apresentam um comportamento dinâmico que pode ser descrito pela 
teoria da viscoelasticidade, segundo a qual os materiais poliméricos (e os seus compósitos), quando 
sujeitos a ciclos de carga harmónicos, apresentam ciclos de deformação harmónicos, com a mesma 
frequência, mas com um atraso de fase relativamente aos ciclos de carga correspondentes, o que 
caracteriza o amortecimento material. 

Nesta tese, foi investigada a capacidade de amortecimento viscoelástico dos compósitos à base 
de polímeros e a sua aplicabilidade à composição de uma ponte pedonal, aproveitando as 
características e benefícios que podem resultar no comportamento dinâmico destas estruturas.  

A tese é composta por cinco artigos que foram publicados ou submetidos. Os três primeiros 
artigos centram-se na viscoelasticidade e no comportamento de materiais poliméricos ou compósitos 
de matriz polimérica, nomeadamente nas funções de fluência e relaxação e a sua relação com o 
módulo de armazenamento dinâmico e perda. Com base na Lei Exponential-Potência, foram 
apresentados dois novos métodos de ajustamento de dados em viscoelasticidade. Nos últimos 
artigos, foi conduzida uma campanha experimental para investigar o comportamento dinâmico dos 
compósitos à base de polímeros reforçados com fibras de vidro (GFRP, do inglês, glass fibre 
reinfroced polymer). Inicialmente, através de experiências de laboratório de vigas com suporte livre, 
e aplicando métodos de identificação modal, o objectivo foi identificar e quantificar a diferença entre 
o amortecimento do aço e de um compósito de GFRP, demonstrando que o amortecimento deste 
último é maior do que o do aço. Finalmente, com base em ensaios de vibração ambiental e testes de 
impacto, foi realizada uma campanha de identificação modal da passarela São Silvestre, localizada 
na cidade de Ovar, Portugal, produzida com perfis de GFRP e tabuleiro em concreto auto-
compactável reforçado com fibras de aço (SFRSCC, do inglês, steel fibre reinforced self-compacting 
concrete). Através dos dados medidos e com uma análise numérica e analítica, foi possível 
demonstrar que a estrutura de GFRP da ponte pedonal tem características amortecedoras capazes de 
atenuar as vibrações da estrutura. 

 
Palavras-chave: Viscoelasticidade, Compósitos, GFRP, Frequência Natural, Amortecimento, 
Comportamento Dinâmico, Análise Mecânica Dinâmica, Pontes pedonais. 
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1. Introduction 

1.1. Motivation 

Reinforced concrete, steel and wood are the structural materials more traditionally used in the 
construction of footbridges, being often used in combination (Murphy [1]). However, the costs of 
maintaining these structures have led to the demand for more durable materials that enable longer 
construction-deconstruction cycles. In this context, according to Potyrała [2], until 2011, about 201 
bridges were built around the world using fibre-reinforced polymer (FRP) composites and, of these, 
80 were executed exclusively with this material. In the last decade, the number of FRP bridges has 
grown remarkably.  

The construction of structures with progressively longer spans and the current aesthetic trends, 
advocating very slender and lightweight solutions, has resulted in an increased sensitivity of 
footbridges to dynamic actions, which may require the implementation of measures to mitigate 
vibrations and the fulfilment of human comfort criteria. In this respect, mention should be made to 
the Millenium Bridge in London, where excessive horizontal vibrations, induced by the passage of 
thousands of people during its inauguration (2000), have caused intolerable levels of vibration 
(Norberto [3]). 

In the context of the fulfilment of human comfort criteria, some strategies have been 
implemented to mitigate vibrations in pedestrian bridges. One of the possible forms of action is the 
removal of structural frequencies from the typical frequencies of pedestrian actions, achieved by 
increasing the structure´s stiffness. However, the effectiveness of such a measure is limited, 
considering the consequent aesthetic cost and the inevitable increase in the associated mass (Caetano 
et al. [4]). 

The increase in structural damping through the installation of vibration control systems is 
currently the most frequent and most effective measure for the mitigation of vibrations associated 
with pedestrian actions. This measure was used in the Pedro e Inês bridge, in Coimbra, where the 
possibility of lock-in was foreseen (Sanches [5]), consisting of the installation of a set of tuned mass 
damping absorbers. These devices are particularly suited to structures subjected to periodic actions 
and with a dynamic response dominated by the contribution of a particular vibration mode 
(Moutinho et al. [6]). 

In the meantime, and by analogy with applications in the field of aeronautical engineering, the 
question arises of achieving adequate levels of damping for footbridges through the material that 
constitutes their structure. In this context, the use of FRP composites which, besides their lightness 
and durability, have a viscoelastic behaviour capable of giving them high levels of damping, is 
potentially attractive (Ferry [7]). 

In this sense, Treviso et al. [8] state that polymer-based materials have much higher damping 
levels than traditional engineering materials. For example, it is possible to mention steel, which has 
a damping factor in the order of 0.1% to 0.8%, while polyethene LD-400 has a damping factor of up 
to 10% (Masotti [9]), i.e., 100 times higher. 

The ability to simultaneously store and dissipate energy when subjected to mechanical stress 
makes polymers and polymeric composites unique materials when it is necessary to balance dynamic 
responses with comfort criteria in pedestrian structures.  

The use of these materials in civil engineering structures, although infrequent, is not new. The 
Aberfeldy footbridge in the United Kingdom is perhaps the first well-documented application of FRP 
composites in footbridges. However, most of the bridges already built were designed to serve as a 
proof of concept in terms of ensuring strength and deformability, or sustainability, and most of them 
were also based on typical shapes of steel structures (Burgoyne [10]). Therefore, there is a challenge 
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to explicitly use composite materials in civil engineering structures, namely in footbridges, to 
mitigate vibrations. 

1.2. Research Objectives and Methodology 

Based on already sedimented concepts of dynamics of footbridges and mechanics of polymer-
based composite materials, the main objective of this PhD thesis was to study the dynamic behaviour 
of polymer-based composite materials and to assess the technical feasibility and advantages of using 
their viscoelastic damping in the design of footbridges, particularly regarding their capacity to 
mitigate vibrations. 

To achieve the general objective stated above, this research was developed in 2 main stages: 

1. The viscoelastic investigation 
This stage comprised a study of the viscoelasticity of polymeric and polymer-based 
composite materials, namely of their creep and relaxation functions and their relationship 
with the dynamic storage and loss modulus; in fact, the investigation of the creep response 
engineering materials should integrate the design of structures and their behaviour for a long 
time of operation; 

2. The damping investigation 
This stage included an investigation of the dynamic behaviour of free-free supported beams, 
to assess their natural frequencies and to compare their damping capacity and obtain 
parameters that indicate a basis for a viable comparison between structures made of steel and 
pultruded glass-FRP (GFRP). The modal characterisation of a full-scale GFRP-SFRSCC (steel 
fibre reinforced self-compacting concrete) hybrid footbridge enabled the transition to full-
scale analysis. This was accompanied by the analysis of structure response to dynamic loads 
and assessment of the corresponding capacity to dissipate energy, which was subsequently 
compared to the performance of models designed with conventional materials, namely, steel. 

Considering the first part of this thesis objective above outlined, an analytical evaluation and 
refinement of concepts of time-dependent mechanical behaviour of polymers was carried out, whose 
main result was the development of methods for the analytical adjustment of polymer behaviour 
under static and quasi-static actions. In this scenario, a new model of interconversion between creep 
and relaxation was proposed, which presented excellent accuracy in adjusting experimental data. 
Following the same mathematical methodology, a new method has been proposed for the desirable 
interconnection between polymeric and polymer-composite materials’ quasi-static and dynamic 
behaviour. The approximate interconversion scheme was derived to obtain the complex moduli to 
convert the measured creep compliance to relaxation modulus. 

Regarding the second outlined objective, the following studies were developed:  

(i) applied set laboratory experiments were conducted on samples of GFRP and steel plates 
to compare their intrinsic damping. The tests were conducted under free boundary 
conditions to reduce possible localised damping at the supports.  

(ii) A modal characterisation of the São Silvestre footbridge, a GFRP footbridge with a free-
span of 10 m located in Ovar, Portugal, was carried out, enabling to experimentally extract 
its natural frequencies, damping ratio and vibration modes.  Additional tests performed 
under the crossing by pedestrians enabled the characterisation of the response, which was 
used to calibrate a numerical model. 

(iii) A numerical study of the GFRP-based and an equivalent steel-based footbridge solution 
was carried out using finite element models to evaluate their performance under dynamic 
loads and to allow a comparison between both solutions.  
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1.3. Thesis Structure  

This PhD thesis is presented as a collection of papers published and submitted to peer-review 
international journals, preceded by five introductory chapters with the following content: 

I. Chapter 1: provides the context of the thesis, describes the general objectives and overall 
methodology and presents the document’s structure. 

II. Chapter 2: deals with aspects of polymer rheology, the basis for the understanding of 
viscoelasticity and, consequently, the damping that these materials provide. It focuses 
on the description of linear and non-linear viscoelastic models. The relations of creep, 
relaxation and hysteresis are presented to highlight the behaviour of polymeric 
materials. 

III. Chapter 3: describes the behaviour of composites in the face of thermal and dynamic 
disturbances and discusses how these materials can introduce damping to the structure 
through the complex modulus concept. 

IV. Chapter 4: describes the dynamic behaviour of footbridges by characterising the actions 
that give rise to such behaviour, their particularities and the aspects that involve the 
characterisation of the users’ comfort. 

V. Chapter 5: presents a summary of the papers that constitute this doctoral thesis.  
VI. Chapter 6: presents the conclusions and the topics that are worth being mentioned and 

investigated in future studies. 
VII. Chapter 7: presents the publications that resulted from the conducted research. 
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2. Rheology of Polymers and Viscoelasticity 

2.1 Justification 

This chapter describes the rheological aspects of polymers as an introduction and foundation 
for the presentation of the viscoelastic theory of polymeric and polymer-based materials. Due to their 
molecular peculiarities, polymers show mechanical behaviour that ranges from that shown by 
essentially elastic materials and that presented by viscous materials. Such behaviour, called 
viscoelastic, is the basis for studying how polymers attenuate vibrations in structures, particularly 
those where dynamic factors are preponderant, such as footbridges. 

2.2 Introduction 

Viscoelastic polymers are materials whose behaviour results from the combination of a 
reversible shear and elastic deformation, caused by the angular deformation of the molecules, and 
which also depends on time to recover from such deformation. Such materials do not have a 
proportional character or a constant proportionality between deformation and stress, like the 
modulus of elasticity. The mechanical responses of polymers to stresses are sensitive and extremely 
dependent on structural and external factors, such as load, temperature, humidity and time [1]. 
These materials are characterized by presenting an intermediate behaviour between elastic solids 
and viscous fluids, having direct dependence on the temperature and the time scale of action. 

This capacity to store and dissipate energy simultaneously, inserts, in the scope of structural 
analysis, a variable whose relevance needs to be measured. In structural applications, it is necessary 
to consider the time-dependent behaviour and its implication in the mechanical response of the 
material. 

The temporal dependence on mechanical properties is the result of the combination of effects of 
elastic and liquid-solid materials, which define the viscoelastic behaviour. In this context, the 
mechanical properties of polymeric materials, when obtained from conventional tensile, 
compression or shear tests, and presented in the form of stress-strain graphs, express the behaviour 
of the material for a short period of time and are not suitable for estimating this long-term behaviour 
(Pagliosa [2]). 

2.3 Principles of Viscoelasticity 

As mentioned, the response of a viscoelastic material results from the combination of the 
mechanical behaviour of elastic and viscous materials. Fundamentally, the elastic portion is 
responsible for energy storage, whereas the viscous portion is responsible for energy dissipation. 

Viscoelastic behaviour can manifest itself in several ways, which can include [1]: 
a. Creep under constant loading; 
b. Stress relaxation under constant deformation; 
c. Time-dependent deformation recovery after complete load removal; 
d. Time-dependent creep rupture; and 
e. Fatigue resistance depending on the excitation frequency.  
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Figure 2.1 illustrates the typical stress-strain relationship of a viscoelastic material, in which, 
when unloading, the response of the material returns differently from when loading and, after a 
certain time, the original configuration is restored. For a better understanding of viscoelasticity and 
its dependence on time, Figure 2.2 illustrates a polymeric plate, simply-supported and supporting a 
given mass. 

 
Figure 2.1. Stress-strain graph of viscoelastic material (adapted from Barra [3]) 

 
 

tn tn+1 
Figure 2.2. Illustrative scheme (adapted from Barra [3]) 

Keeping the temperature constant, the surface will tend to deform over time due to the action 
of the mass weight. Removing the load, the surface will not return immediately to its initial 
(undeformed) position. Partial or total recovery will depend on time. 

According to Barra [3], at the molecular level, this process can be described as follows: 

“... the polymeric mass can be seen in its undeformed state, as having curled or tangled chains 
(Randon Coil). When this entangled structure is subjected to constant tension, the molecules exert 
a retractive response to this tension to maintain their more stable (folded) shape. Under the 
continuous influence of the tension applied over time, the chains slide about each other. Therefore, 
the entangled structure is deformed, passing to an elongated conformation ... ” 

With the removal of the applied stress, the molecules tend to return to their stable state, i.e., the 
folded conformation and, thus, the material tends to return to its original shape. 

A simple problem of viscoelasticity can be represented by an expression that relates the 
dependence of mechanical behaviour with time plus the combination of an elastic solid and viscous 
fluid, in which, the stress 𝝈𝝈 is a generic function of strain and time, 𝑭𝑭, as follow 

Elastic Solid 
+ 

Viscous Fluid 
= 

Viscoelastic Solid 

𝝈𝝈 = 𝑬𝑬𝑬𝑬 𝝈𝝈 = 𝜼𝜼
𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏

 𝝈𝝈 = 𝑭𝑭(𝜺̇𝜺, 𝒕𝒕) 

Mathematically, viscosity, as shown above, describes the behaviour of ideal viscous fluids, 
where the stress is proportional to the strain rate and the proportionality constant is the fluid 
viscosity. Expression (2.1) illustrates the shear stress dependence 

𝝉𝝉 = 𝜼𝜼
𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏

=  𝜼𝜼𝜼𝜼 (2.1) 

where: 
𝝉𝝉 is shear stress; 

O B

A

ε

δ(t)
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𝝂𝝂  is speed; 
𝝁𝝁 is the direction of the speed gradient; 
𝜼𝜼 is the viscosity of the fluid. 

Expression (3.1) derives from the experiment carried out by Newton [3], where a fluid is sheared 
between two plates; one is static and the other is movable (Figure 2.3).  

 
Figure 2.3. Shear in a viscous material 

The proportionality described by Newton is restricted to a certain number of fluids because 
there are materials that, under shear-directed flow, present different behaviour from that predicted 
by Newton [3]. For those, the viscosity depends on the applied shear or, even, on the period of 
exposure. In this way, viscosity is no longer a constant, becoming a property that depends on the 
conditions under which the material is deformed. 

Conceptually, fluids can be classified according to their flow behaviour, being split into 
Newtonian and non-Newtonian fluids.  

Newtonian fluids 

Newtonian fluids are those in which viscosity is affected by temperature and pressure, but does 
not change with an increasing rate of shear stress or with time. A fluid that shows Newtonian 
behaviour will be characterized by the constitutive expression (2.1) and, under normal and stable 
conditions of temperature and pressure, its viscosity is easily measurable [4], and is called absolute 
viscosity. All gases and most liquids that have the simple molecular conformation and low 
molecular weight are considered Newtonian, such as water, honey, glycerin and benzene. 

Non-Newtonian Fluids 

Non-Newtonian fluids are those in which the viscosity varies with the increase or decrease of 
the stress applied to it or of the history of deformation. Unlike Newtonian fluids, non-Newtonian 
fluids have a non-linear relationship between stress and shear rate, in addition to having elasticity 
or viscosity limits depending on the time and on deformation history, concomitantly or not. Non-
Newtonian phenomena are divided into 3 (three) large families [3], namely: 

i. Time-independent; 
ii. Time-dependent; and 

iii. Viscoelastic. 
As previously described, polymers are materials whose properties depend on time and which, 

in addition to this dependence, present a behaviour different from other non-Newtonian fluids, 
simultaneously presenting behaviour of elastic solids and viscous fluids, which is why they are 
classified as viscoelastic. 

Depending on the degree of deformation (magnitude and time) that the polymer undergoes, the 
study of viscoelasticity can be observed in linear and non-linear regimes. 

In summary, the rheological behaviour of a polymeric material in the linear viscoelasticity 
regime corresponds to deformations and low shear rates, where the morphology of the polymeric 
material is not affected. The rheological response of polymeric material in the non-linear 
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viscoelasticity regime, on the other hand, corresponds to deformations and shear rates or extensions 
for which the morphology is modified (adapted from Martin [5]). 

Although linear viscoelastic principles help describe long-term properties, they are inadequate 
in cases where applied stresses reach values where non-linear behaviour can be observed. 

2.4 Linear Viscoelasticity 

Linear viscoelasticity is a theory that describes the behaviour of materials by linear expressions, 
to whole or fractional derivatives. The most general theory of linear viscoelasticity was formulated 
by Boltzmann, in 1894, which is based on the principle of superposition of deformations: 

“Creep is a function of the complete loading history; each loading step makes an independent 
contribution to total loading history; the final and total deformation is the sum of each contribution”.  

The statement above is called the Boltzmann Superposition Principle and describes that the 
deformation at time t is determined by the superposition of responses to the complete set of stress 
increments at moments t’, before t. 

Such principle can also be formulated as follows [6]: 
a. Creep in a sample is a function of the entire loading history; 
b. Each load increase makes an independent and additive contribution to the total 

deformation. 
This implies that, for each additional load increase, the material deforms as if a single load 

increase had been applied equally to the sum of the n increments up to that moment. It also admits 
that, once the load is removed, the recovery of the material will follow the same course of time and 
will be identical to the initial creep response. 

Besides, the principle expresses that the contribution of each stress or deformation effect is 
independent, the final response resulting from the sum of all effects. The mathematical formulation 
of viscoelastic behaviour based on the Boltzmann principle is illustrated in Figure 2.4.  

 
Figure 2.4. Creep of an ideal viscoelastic material (adapted from Nandini et al. [6]) 

In this way, the total deformation at the moment t can be given by a convolution integral and, 
for a uniaxial case, it can be defined by the following generalized expression 

𝝈𝝈(𝒕𝒕) = �𝑱𝑱
𝒕𝒕

−∞

(𝒕𝒕 − 𝝉𝝉𝒏𝒏)𝒅𝒅𝒅𝒅(𝝉𝝉𝒏𝒏) (2.2) 

where J is the creep modulus of the polymer (Diacenco [8]), expressed by 

𝑱𝑱(𝒕𝒕) =  
𝟏𝟏
𝜼𝜼
𝒕𝒕 (2.3) 
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In linear theory, the response of a viscoelastic material can be divided into two functions which, 
in turn, describe the behaviour of the material over time: creep and relaxation. Rheologically, both 
are manifestations of the same molecular mechanism. In particular, the relaxation response moves 
to its equilibrium value more quickly than the creep response. 

Creep 

As a result of their viscoelastic behaviour, polymeric materials show an increase in their 
deformation overtime under the action of a constant load and this occurs at any temperature. This 
effect is known as creep and occurs due to the molecular rearrangement in the polymer induced by 
the stress (Kühl [9]). 

Unlike elastic materials, in viscoelastic materials, an initial immediate elastic deformation 
occurs, followed by a time-dependent deformation. There may also be a permanent viscous flow, 
especially under very high loads or when loads are applied for a long time [2]. 

According to Findley et al. [10], creep can be divided into three stages:  
a. Stage I: a primary creep - the material undergoes rapid deformation, with a pronounced 

rate, until it reaches relatively constant values, reaching a certain balance; 
b. Stage II: a secondary creep - at this stage, the deformation rate is constant; 
c. Stage III: tertiary creep - the deformation rate increases exponentially here, leading to 

material failure. 
Figure 2.5 illustrates creep behaviour in polymers under constant stress, including the three 

stages mentioned above. 

 

 

Figure 2.5. The three stages of creep. 

However, if the applied stress is removed before the creep rupture, there is an immediate elastic 
recovery, equal to the initial elastic deformation, followed by a recovery period. Depending on the 
level of the applied excitation, the material may not recover to its original shape and a permanent 
deformation is installed. The magnitude of this permanent deformation will depend on the duration 
and magnitude of applied stress, in addition to the temperature [10]. 

Figure 2.6 illustrates the creep function with recovery due to the removal of the load, as the 
expression (2.3) can be rewritten as (2.4) for the creep case. 

  
Figure 2.6. Creep and recovery with full recovery. 

𝑱𝑱(𝒕𝒕) =  
𝜺𝜺(𝒕𝒕)
𝝈𝝈𝟎𝟎

 (2.4) 
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Relaxation 

Similar to the creep process, as a result of the viscoelastic molecular mechanism of the polymer, 
these materials, when subjected to a constant deformation over time, present stress relaxation 
throughout deformation application. Under such conditions, the material exhibits an instant increase 
in stress, which gradually decreases over time, until it reaches a constant value, as illustrated in 
Figure 2.7. 

  

Figure 2.7. Creep Relaxation under Constant Deformation 

The expression (2.5) describes the function of the Relaxation Modulus – G(t) as a function of 
time, under constant deformation. 

𝑮𝑮(𝒕𝒕) =  
𝝈𝝈(𝒕𝒕)
𝜺𝜺𝟏𝟏

 (2.5) 

Hysteresis 

The viscoelastic theory is based on the fact that this type of material, when subjected to harmonic 
stress cycles, will present harmonic deformation cycles, at the same frequency, but with phase delay 
with the stress. Within certain limits, the stress versus deformation graph will have the shape of an 
ellipse and will tend to maintain this shape as amplitudes increase, as depicted in Figure 2.8. 

 
Figure 2.8. The ideal cycle of hysteresis. 

The angle formed between the major axis of the hysteresis ellipse and the axis of the abscissa is 
proportional to the stiffness of the polymer and the ratio between the minor and major axes may 
indicate the material's damping capacity. The study of this hysteresis cycle is the basis for studying 
the behaviour of viscoelastic materials as a function of temperature, excitation frequency or 
deformation. The hysteresis cycle illustrated above can be characterized analytically by the 
expression (2.6), which describes the deformation of a hypothetical polymer in the time domain 

𝝉𝝉(𝒕𝒕) = 𝑮𝑮𝑮𝑮(𝒕𝒕) ± 𝑮𝑮𝑮𝑮�𝜸𝜸𝟎𝟎𝟐𝟐 − 𝜸𝜸(𝒕𝒕)𝟐𝟐 (2.6) 

where: 
𝝉𝝉(𝒕𝒕) shear stress in the time domain; 
𝜸𝜸(𝒕𝒕) shear deformation at time t; 

log t
t0 t1

σ

t1t0

t

ε

ε

ε
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𝜸𝜸𝟎𝟎 maximum shear deformation during the hysteresis cycle; 
G proportionality constant (modulus of cutting elasticity); 
𝜼𝜼 loss factor. 

The expression (2.6) can be used to estimate the complex modulus of viscoelastic materials. If 
the stress varies harmonically, the deformation 𝜸𝜸(𝒕𝒕) will also do so and, therefore  

𝜸𝜸(𝒕𝒕) =  𝜸𝜸𝟎𝟎 ∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝝎𝝎𝝎𝝎) (2.7) 

where: 
𝝎𝝎 angular frequency, expressed in radians per second 

By introducing (2.7) in (2.6) and proceeding with the appropriate algebraic sequences, it can be 
written that stress, in the time domain, will be 

𝝉𝝉(𝒕𝒕) = 𝑮𝑮𝑮𝑮(𝒕𝒕) +
𝑮𝑮𝑮𝑮
|𝝎𝝎| ∙

𝒅𝒅𝒅𝒅(𝒕𝒕)
𝒅𝒅𝒅𝒅

 (2.8) 

Likewise, the following expression results, which relates axial deformations with axial stresses  

𝝈𝝈(𝒕𝒕) = 𝑬𝑬𝑬𝑬(𝒕𝒕) +
𝑬𝑬𝑬𝑬
|𝝎𝝎| ∙

𝒅𝒅𝒅𝒅(𝒕𝒕)
𝒅𝒅𝒅𝒅

 (2.9) 

2.5 Discrete Viscoelastic Models 

The viscoelastic behaviour of a material can be represented by discrete mechanical models, 
which involve the sum (i) of the elastic behaviour of springs and (ii) of the viscous behaviour of 
shock absorbers or dampers. 

The springs represent the reversible character of the deformation of ideal elastic solids, where 
the deformation response is instantaneous and there is no permanent or irrecoverable deformation 
and all the energy used to deform the spring is stored and fully reversible [3].  

On the other hand, the dampers represent the irreversible character of the viscous deformation, 
in which the stress is proportional to the deformation rate and the energy is dissipated during the 
deformation process.  

Through the expressions presented early, it is possible to illustrate the different behaviours of 
elastic solid and viscous fluid, as shown in Figure 2.9. The spring or damper elements are not 
sufficient to represent the viscoelastic behaviour of the materials in isolation. In this sense, more 
complex models have been proposed, combining the actions of springs and dampers in an 
appropriate way for each type of material [11]. In the following, some of the main models adopted 
in the study of the viscoelasticity of polymeric materials are presented.  
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Elastic solid Viscous fluid  
 

𝝈𝝈 = 𝑬𝑬𝑬𝑬 𝝈𝝈 = 𝜼𝜼
𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏

 

  

  
Figure 2.9. Representation of elastic spring and viscous damper 

Maxwell Model 

The model proposed by Maxwell (1831-1879) consists of a system where an elastic spring and a 
viscous damper, both linear, are combined in series. In this system, both elements experience the 
same stress, but different deformations. Figure 2.10 illustrates the model. 

 
Figure 2.10. Maxwell's linear viscoelastic model. 
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The stress in each element of the Maxwell model can be given by the expressions of viscosity 
early defined and being the elements connected in series, the total deformation will be the sum of 
the deformations of each element, as follows 

𝜺𝜺𝒕𝒕 = 𝜺𝜺𝒎𝒎 + 𝜺𝜺𝒂𝒂 (2.10) 

where: 
𝜺𝜺𝒕𝒕 is the total deformation of the system; 
𝜺𝜺𝒎𝒎 is the deformation of the spring element; 
𝜺𝜺𝒂𝒂 is the deformation of the damping element. 

To obtain the variation rate of the system deformation, the expression (2.10) is derived in relation 
to time t, and the following differential expression of deformation of the Maxwell model is obtained 

𝜺̇𝜺𝒕𝒕(𝒕𝒕) = 𝜺̇𝜺𝒎𝒎(𝒕𝒕) + 𝜺̇𝜺𝒂𝒂(𝒕𝒕) (2.11) 

where: 
𝜺̇𝜺𝒕𝒕 is the total deformation rate of the system; 
𝜺̇𝜺𝒎𝒎 is the deformation rate of the spring element; 
𝜺̇𝜺𝒂𝒂 is the deformation rate of the damping element. 

Expression (2.11) can be rewritten according to the stresses observed in the system [12], yielding 

𝜺̇𝜺𝒕𝒕(𝒕𝒕) =
𝝈̇𝝈(𝒕𝒕)
𝑬𝑬

+
𝝈𝝈(𝒕𝒕)
𝜼𝜼

 (2.12) 

Voigt-Kelvin Model 

In the Voigt-Kelvin model, the spring and damper elements are arranged in parallel and both 
are subject to the same deformation, but under different stresses, as illustrated in Figure 2.11. 

 
Figure 2.11. Voigt-Kelvin Linear Viscoelasticity Model. 

According to this model, the equilibrium expression is given by 

𝝈𝝈(𝒕𝒕) = 𝝈𝝈𝒎𝒎(𝒕𝒕) + 𝝈𝝈𝒂𝒂(𝒕𝒕) (2.13) 

where: 
𝝈𝝈𝒎𝒎 is the stress in the spring element; 
𝝈𝝈𝒂𝒂 is the stress in the damping element. 

The compatibility of deformation is expressed as 

E
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𝜺𝜺𝒕𝒕(𝒕𝒕) = 𝜺𝜺𝒎𝒎(𝒕𝒕) = 𝜺𝜺𝒂𝒂(𝒕𝒕) (2.14) 

From (2.13) and (2.14), the constitutive expressions of the system are 

𝝈𝝈𝒎𝒎(𝒕𝒕) = 𝑬𝑬 ∙ 𝜺𝜺𝒎𝒎(𝒕𝒕) 

𝝈𝝈𝒂𝒂(𝒕𝒕) = 𝜼𝜼 ∙ 𝜺̇𝜺𝒂𝒂(𝒕𝒕) 
(2.15) 
(2.16) 

And the differential expression of the Voigt-Kelvin model is given by 

𝜺̇𝜺𝒂𝒂(𝒕𝒕) +
𝑬𝑬
𝜼𝜼
∙ 𝜺𝜺(𝒕𝒕) =

𝝈𝝈(𝒕𝒕)
𝜼𝜼

 (2.17) 

Complex Models 

The models presented so far may still be too simplified to represent the behaviour of real 
materials. To create a reasonably complex model, in terms of the ability to describe the actual 
material behaviour, one can launch innumerable combinations, both in terms of several components, 
and in types of connections [13]. 

However, when models with numerous combined elements are represented, although the 
precision is increased, the mathematical complexity becomes problematic. Thus, the use of a finite 
but substantial number of elements, typically between 4 (four) and 10 (ten), leads to good results, as 
cited by Jones [14]. 

Despite presenting multiple relaxation times, most real materials can be represented by 
generalized models based on Maxwell or Voigt-Kelvin parameters. In this sense, the generalized 
Maxwell model shows a system formed by n Maxwell elements connected in parallel, as shown in 
(2.12). 

 
Figure 2.12. Maxwell's generalized model. 

The differential expression that governs the system is given by the following expression 

𝜺̇𝜺 = 𝝈̇𝝈�
𝟏𝟏
𝑬𝑬𝒊𝒊

𝒏𝒏

𝒊𝒊=𝟏𝟏

+ 𝝈𝝈�
𝟏𝟏
𝜼𝜼𝒊𝒊

𝒏𝒏

𝒊𝒊=𝟏𝟏

 (2.18) 

In the same way, the generalized Kelvin model consists of n Kelvin elements connected in series. 
Figure 2.13 shows the model and the differential expression that governs the system is given by 
expression (2.19). 

 
Figure 2.13. Generalized Kelvin model. 
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𝜺̇𝜺 = 𝝈̇𝝈�
𝟏𝟏
𝑬𝑬𝒊𝒊

𝒏𝒏

𝒊𝒊=𝟏𝟏

+ 𝝈𝝈�
𝟏𝟏
𝜼𝜼𝒊𝒊

𝒏𝒏

𝒊𝒊=𝟏𝟏

 (2.19) 

2.6 Representation of the Creep Compliance 

For the viscoelasticity models described by springs and dampers, the creep curve given by the 
expression (3.2), for the time t = 0, has a finite derivative [13]. However, polymeric materials show 
rapid deformation variations early in the application of stress, which suggests some inaccuracy, as 
already mentioned, for models with few elements. 

To avoid models composed of numerous elements, but still maintaining a certain level of 
precision, some empirical approaches are presented. 

Findley's Power Law 

Considering that the creep curves for many polymers are similar to those of some metals, some 
authors have proposed several empirical mathematical models to represent the creep data. A widely 
used model for the study of creep is that of Findley, whose expression describes the creep behaviour 
of many polymers with good precision and over a wide time scale. To obtain it, it is assumed that 
[15] 

 

𝜺𝜺𝒄𝒄 = 𝒎𝒎 ∙ �
𝒕𝒕
𝒕𝒕𝟎𝟎
�
𝒏𝒏𝒇𝒇

 (2.20) 

where: 
𝜺𝜺𝒄𝒄 is the time-dependent deformation component at time t; 
𝒎𝒎 is a non-dimensional parameter of the material; 
𝒏𝒏𝒇𝒇 is a material parameter independent of the deformation; 
𝒕𝒕 is the elapsed time in hours; 
𝒕𝒕𝟎𝟎 1 (one) hour. 

With few exceptions, it is possible to measure the creep of viscoelastic materials by the 
constitutive expression 

𝜺𝜺𝒕𝒕 = 𝜺𝜺𝟎𝟎 + 𝜺𝜺𝒄𝒄 (2.21) 

where: 
𝜺𝜺𝒕𝒕 is the total deformation at time t; 
𝜺𝜺𝟎𝟎 is the instantaneous deformation; 
𝜺𝜺𝒄𝒄 is the deformation dependent on time t (creep). 

With expression (2.21), the expression (2.20) is rewritten, which is the expression proposed by 
Findley [10] 

𝜺𝜺𝒕𝒕 = 𝜺𝜺𝟎𝟎 + 𝒎𝒎 ∙ 𝒕𝒕𝒏𝒏𝒇𝒇 (2.22) 

The expression (2.22) has been used to describe the creep behaviour of polymeric composites, 
as described in Yang et al. [16], Garrido et al. [17] and Sá et al. [18]. 
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2.7 Final Considerations 

Polymers are materials characterized by their dynamic behaviour where there is a phase delay 
between the application of a disturbance (tension or deformation) and its response. This 
characteristic, called viscoelasticity, implies that under constant stress or deformation over time, the 
material will undergo, internally, molecular interactions, which will lead to its continuous, but 
limited, physical accommodation, through creep or relaxation. 

In this chapter, a hysteresis cycle was also presented which, in viscoelasticity, illustrates how a 
polymer responds to excitations. In general, this cycle has been mathematically defined. Linear 
viscoelastic concepts have also been described, with the characterization of some discrete models, 
and the main theories describing both concepts have been presented. 
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3. Dynamic Behaviour of Polymer-Based Materials: 
The Viscoelastic Damping  

3.1. Justification 

This chapter aims at describing the dynamic-mechanical behaviour of polymers and, then, at 
conceptualizing the particularities of viscoelastic damping, which is characteristic of these materials. 
Within this scope, it is worth referring that polymers and polymer-based composites present peculiar 
aspects under the combined effect of temperature and frequency. 

From the study of the dynamic behaviour of polymers, there is a need for a detailed 
understanding of how these materials attenuate dynamic disturbances in slender structures. It is 
necessary, at first, to describe the damping mechanisms to direct the work towards the type of 
damping inherent to the structure, i.e., that is due exclusively to the material that composes it, and 
particularly the viscoelastic damping. 

In this context, the concepts herein presented will serve as a basis for the study of polymer-based 
composites that may provide the attenuation of vibrations in the structure of footbridges. 

3.2. Introduction 

Polymers, in general, show viscoelastic behaviour, which is associated with the ability of these 
materials to simultaneously store and dissipate energy under mechanical stress. Thus, the coupled 
system (elasticity and viscosity) tends to have its damping rate increased, providing a reduction in 
vibrations [1]. Souza et al. [1] refer that when these materials deform, part of the dissipated energy 
will not result in deformation, since this fraction is spent to overcome the internal friction of the 
material. The effects of energy dissipation are generated, mainly, due to the inhomogeneity of the 
material. 

The behaviour of the polymer, as described, is influenced by the way its long molecular chains 
respond to actions and, due to the interaction between them, such behaviour will depend on the 
applied stress levels, the amplitude of the deformations, the material temperature and the frequency 
at which the disturbances are caused [2]. 

In this context, understanding the response of polymeric composites to dynamic excitations, 
natural or not, relies on understanding the cycles through which deformations and recoveries occur, 
in addition to the physical factors that interfere in these cycles. 

As will be shown ahead, one of the relevant mechanical characteristics of a polymer is the 
existence of a complex modulus composed by the simultaneous action of two dynamic components: 
one in-phase and the other out of phase with excitation, which can be translated into its damping 
capacity through the dissipation of energy. 

The damping capacity or even the dynamic behaviour of the composite will depend, 
additionally, on the micromechanical characteristics of its conformation, such as the amount and 
direction of the reinforcements. At the constituent level, energy dissipation in fibre-reinforced 
composites is induced by different processes, such as the viscoelastic behaviour of the matrix, the 
damping at the fibre-matrix interface, the damping due to damage, among other aspects [3]. 

In summary, the dynamic characterization of polymeric composites must necessarily take into 
account the dependence of these materials on the stress, strain, temperature and frequency 
amplitudes, simultaneously or not. 
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3.3. Hysteresis Cycle 

As described earlier in this work, the viscoelastic theory is based on the fact that the polymeric 
material, when subjected to harmonic stress cycles, shows harmonic deformation cycles, at the same 
frequency, but with a phase delay about the corresponding stress cycles. Within certain limits, the 
stress versus strain graph will have the shape of an ellipse and this format tends to be maintained as 
the stress and strain amplitudes increase, as shown in Figure 2.8, in Chapter 2, page 2.6. 

The study of this hysteresis cycle will be the initial basis for studying the behaviour of a 
viscoelastic material as a function of temperature, excitation frequency or deformation. 

The cycle illustrated in Figure 2.8 can be characterized analytically if it is assumed that the 
response to a harmonic excitation will be harmonically similar. 

Consider a mechanical deformation of the type of 

𝜺𝜺(𝒕𝒕) =  𝜺𝜺𝟎𝟎 ∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝝎𝝎𝝎𝝎) (3.1) 

where: 
𝜺𝜺(𝒕𝒕) is the deformation applied in the time domain; 
𝜺𝜺𝟎𝟎 is the amplitude of deformation during the hysteresis cycle; 
𝝎𝝎 is the angular frequency, expressed in radians per second. 

 
In response, the stress 𝝈𝝈(𝒕𝒕) will be harmonic, but with a phase delay 𝜹𝜹; in this way, we have 

𝝈𝝈(𝒕𝒕) = 𝝈𝝈𝟎𝟎 ∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝝎𝝎𝝎𝝎 + 𝜹𝜹) (3.2) 

where: 
𝝈𝝈𝟎𝟎 is the stress amplitude during the hysteresis cycle; 
𝝎𝝎 is the angular frequency, expressed in radians per second; 
𝜹𝜹 is the lag angle between excitation and response. 

Figure 3.1 illustrates the excitation and response given by the expressions (3.1) and (3.2).  

 

Purely elastic response    

Purely viscous response  

Viscoelastic response    

𝜹𝜹 = 𝟗𝟗𝟗𝟗° 

𝜹𝜹 = 𝟎𝟎° 

0° < 𝜹𝜹 < 𝟗𝟗𝟗𝟗° 

Figure 3.1. Oscillatory stress and strain and phase delay (adapted from Findley et al. [4]). 

The expression (3.2) can be rewritten as follows 

𝝈𝝈(𝒕𝒕) = 𝝈𝝈𝟎𝟎 ∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝝎𝝎𝝎𝝎)𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 + 𝝈𝝈𝟎𝟎 ∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝜹𝜹)𝒄𝒄𝒄𝒄𝒄𝒄(𝝎𝝎𝝎𝝎) (3.3) 

The deformation rate can be obtained by deriving (3.1) as a function of time 

𝒅𝒅𝒅𝒅(𝒕𝒕)
𝒅𝒅𝒅𝒅

= 𝜺̇𝜺 = 𝜺𝜺𝟎𝟎 ∙ 𝝎𝝎 ∙ 𝒄𝒄𝒄𝒄𝒄𝒄(𝝎𝝎𝝎𝝎) (3.4) 

σ, ε

t

σ ε

δ

σ ε

π
ω
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Through appropriate algebraic operations, equation (3.3) can be rewritten and take the 
following form 

𝝈𝝈(𝒕𝒕) =
𝝈𝝈𝟎𝟎
𝜺𝜺𝟎𝟎

∙ 𝒄𝒄𝒄𝒄𝒄𝒄(𝜹𝜹) ∙ 𝜺𝜺(𝒕𝒕) +
𝝈𝝈𝟎𝟎
𝜺𝜺𝟎𝟎

∙
𝟏𝟏
𝝎𝝎
∙ 𝜺̇𝜺 ∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝜹𝜹) (3.5) 

The second term of (3.5) involves the deformation flow over time and represents the damping 
or dissipation energy characteristic of the material under harmonic excitation. It is important to note 
that the expression (3.5) differs from the corresponding viscous damping equation in that the 
deformation flow, 𝜺̇𝜺 = 𝒅𝒅𝒅𝒅 𝒅𝒅𝒅𝒅⁄ , is not constant, like in the case of viscosity, but inversely proportional 
to the excitation frequency [5].  

 

3.4. The Complex Modulus 

Equation (3.5) describes the hysteresis cycle in the time domain and can be used to determine 
the viscoelastic properties of polymers. The viscous behaviour of polymers is evident under dynamic 
load where the viscous damping property reduces the range of free vibrations [6]. 

One can generalize the harmonic response; thus, for a disturbance arising from an oscillatory 
deformation of the type 

𝜺𝜺(𝒕𝒕) =  𝜺𝜺𝟎𝟎 ∙ 𝒄𝒄𝒄𝒄𝒄𝒄(𝝎𝝎𝝎𝝎) (3.6) 

the response of the system can be defined as follows 

𝝈𝝈(𝒕𝒕) = 𝝈𝝈𝟎𝟎 ∙ 𝒄𝒄𝒄𝒄𝒄𝒄(𝝎𝝎𝝎𝝎 + 𝜹𝜹) (3.7) 

Through Euler's relations, 𝒆𝒆𝒊𝒊𝒊𝒊𝒊𝒊 = 𝒄𝒄𝒄𝒄𝒄𝒄(𝝎𝝎𝝎𝝎) + 𝒊𝒊 ∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝝎𝝎𝝎𝝎), and from the relationship  

𝝈𝝈(𝒕𝒕) =  𝝈𝝈𝟎𝟎 ∙ 𝒆𝒆𝒊𝒊(𝒘𝒘𝒘𝒘+𝜹𝜹) (3.8) 

the equation (3.7) assumes the following form 

𝝈𝝈(𝒕𝒕) =  𝝈𝝈𝟎𝟎 ∙ 𝒄𝒄𝒄𝒄𝒄𝒄(𝝎𝝎𝝎𝝎 + 𝜹𝜹) + 𝒊𝒊 ∙ 𝝈𝝈𝟎𝟎 ∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝝎𝝎𝝎𝝎 + 𝜹𝜹) (3.9) 

in which (3.7) is the real part of (3.9), and it is possible to express the complex part of the system 
expressed in (3.9) when carrying out certain algebraic operations, namely 

𝝈𝝈(𝒕𝒕) = 𝝈𝝈𝟎𝟎 ∙ 𝒆𝒆𝒊𝒊(𝝎𝝎𝝎𝝎+𝜹𝜹) = (𝝈𝝈𝟎𝟎 ∙ 𝒆𝒆𝒊𝒊𝒊𝒊) ∙ 𝒆𝒆𝒊𝒊𝒊𝒊𝒊𝒊 (3.10) 

The first term of the right expression (3.10) is the complex stress amplitude, 𝝈𝝈∗ 

𝝈𝝈∗ = 𝝈𝝈𝟎𝟎 ∙ 𝒆𝒆𝒊𝒊𝒊𝒊 = 𝝈𝝈𝟎𝟎 ∙ 𝒄𝒄𝒄𝒄𝒄𝒄(𝜹𝜹) + 𝒊𝒊 ∙ 𝝈𝝈𝟎𝟎 ∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝜹𝜹) = 𝝈𝝈𝟎𝟎′ + 𝒊𝒊 ∙ 𝝈𝝈𝟎𝟎′′ (3.11) 

The terms 𝝈𝝈𝟎𝟎′ and 𝝈𝝈𝟎𝟎′′ are the real and imaginary parts of 𝝈𝝈∗, respectively. The equality in (3.11) 
can be illustrated by Figure 3.2, in which 𝑰𝑰𝑰𝑰 and 𝑹𝑹𝑹𝑹 are the imaginary and real planes, respectively.  
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Figure 3.2. Phasor diagram of complex stress. 

From the phasor diagram, the following relations may be collected. 

𝝈𝝈𝟎𝟎′  = 𝝈𝝈𝟎𝟎 ∙ 𝒄𝒄𝒄𝒄𝒄𝒄(𝜹𝜹) 
𝝈𝝈𝟎𝟎′′ = 𝝈𝝈𝟎𝟎 ∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝜹𝜹) 

(3.12) 
 (3.13) 

The response of the material is given by 

𝝈𝝈(𝒕𝒕) = 𝝈𝝈∗ ∙ 𝒆𝒆𝒊𝒊𝒊𝒊𝒊𝒊  (3.14) 

It is convenient to write the stress function (3.14) as a complex quantity, 𝝈𝝈∗(𝒕𝒕), whose real part 
is in phase with the deformation and the imaginary part is 90° out of phase; thereby 

𝝈𝝈∗(𝒕𝒕) = 𝝈𝝈𝟎𝟎′ ∙ 𝒄𝒄𝒄𝒄𝒄𝒄(𝝎𝝎𝝎𝝎) + 𝒊𝒊 ∙ 𝝈𝝈𝟎𝟎′′ ∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝝎𝝎𝝎𝝎)  (3.15) 

The existence of complex stress indicates that there will be, concomitantly with this, a complex 
stiffness, which will have real and imaginary components, reasonably called dynamic moduli, both 
being the ratio between the complex stress and the deformation, but with significant differences. 

The complex modulus, 𝑬𝑬∗, given by equation (3.16), will have a real part, called the storage 
modulus, 𝑬𝑬′ = 𝑹𝑹𝑹𝑹(𝑬𝑬∗), which represents the (elastic) energy storage capacity during the material 
deformation process, being a reversible measure and corresponding to the elastic response, added 
to an imaginary part, called the loss modulus, 𝑬𝑬′′ = 𝑰𝑰𝑰𝑰(𝑬𝑬∗), which represents the capacity of the 
viscoelastic material to dissipate energy, characterizing the viscous response. 

𝑬𝑬∗ =
𝝈𝝈∗

𝜺𝜺𝟎𝟎
=  

𝝈𝝈𝟎𝟎
𝜺𝜺𝟎𝟎

∙ 𝒆𝒆𝒊𝒊𝒊𝒊 =
𝝈𝝈𝟎𝟎
𝜺𝜺𝟎𝟎

∙ 𝒄𝒄𝒄𝒄𝒄𝒄(𝜹𝜹) + 𝒊𝒊 ∙
𝝈𝝈𝟎𝟎
𝜺𝜺𝟎𝟎

∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝜹𝜹) = 𝑬𝑬′ + 𝒊𝒊 ∙ 𝑬𝑬′′  (3.16) 

Figure 3.4 illustrates the vector components of the complex modulus. 

 
Figure 3.3. Phasor diagram of the complex modulus. 

Intuitively, it is possible to verify the existence of a correlation between the loss modulus and 
the storage modulus: 

𝒕𝒕𝒕𝒕𝒕𝒕(𝜹𝜹) = 𝜼𝜼 =
𝑬𝑬′′

𝑬𝑬′
  (3.17) 
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The ratio presented in (3.17), known as “tan delta” or loss tangent, is related to the dynamic 
damping of the material, being, in some publications, called the hysteretic damping factor, 𝜼𝜼, or also 
the loss factor.  

Its definition allows us to evaluate the difference between elastic and viscous behaviour. 
Lorandi et al. [7] refer that the higher value of 𝒕𝒕𝒕𝒕𝒕𝒕 𝜹𝜹, the greater the difference between elastic and 
viscous behaviours, signalling a material in which the viscous response predominates over the elastic 
response.  

The 𝒕𝒕𝒕𝒕𝒕𝒕 𝜹𝜹 is also used to determine the value of the glass transition temperature, 𝑻𝑻𝒈𝒈, of the 
polymer, since, with the increase in temperature, that parameter shows a peak. 

It should be noted that all types of internal damping, and particularly those inherent to the 
movement of polymer chains, are related to hysteresis cycles. In this sense, De Silva et al. [8] state 
that the term "hysterical damping" may be inappropriate. Certainly, any material or system that 
cyclically dissipates energy presents however small cycles of hysteresis when subjected to oscillatory 
disturbances. This means that inelasticity can manifest itself in different ways, which leads to the 
dissipation of energy [9].  

As seen, in viscoelastic materials, the relationship between hysteresis and damping is 
fundamental for determining their capacity to dissipate energy. 

3.5. Damping Mechanisms 

Damping is how the mechanical energy of a dynamic system is dissipated, usually by converting 
kinetic energy into internal thermal energy, either by macro and microscopic internal conditions or 
by external conditions. Every form of energy dissipation in a structure introduces some damping in 
its vibration and, of course, the type of energy that mechanical energy is transformed in will depend 
on the system and the physical mechanism that causes such dissipation (Adhikari [10]). 

Understanding the energy dissipation mechanisms in structures and materials is essential for 
the correct quantification of the effects of damping [11]. In this sense, De Silva et al. [8] mention that 
the knowledge of the magnitude of damping in a dynamic system is paramount for the analysis and 
use of the system. Particularly, where acceptance of the structure in service requires specific levels 
of comfort, knowledge of the damping system becomes essential in the analysis of the project. 

In a dynamic system, there are some forms of energy dissipation and, for the same system, 
several types of damping may be present. De Silva et al. [8] highlight three primary damping 
mechanisms in a dynamic system: 

a. Structural or external damping (in joints, interfaces and support devices); 
b. Internal (or material) damping; 
c. Fluidic damping (or the interaction between the structure and a viscous fluid). 

It is important to note that fluidic damping characterizes a type of external energy dissipation 
and, when necessary, will be treated accordingly. 

External Mechanisms of Damping 

The external damping mechanisms are those inherent to the boundary conditions, i.e., to the 
environment surrounding the system, and not to the material that composes it. It means that the 
energy dissipation will be given by the interaction of the structure with the environment, or between 
parts of the same structure, and the form of this interaction will define the intensity of the damping 
[11].  

The damping due to friction from relative displacement or friction between the components of 
the system, called Coulomb friction or dry friction, is one of the most important type since it is 
present in all everyday situations and is relatively effective. The physical characteristics of the 
materials and the normal forces of interaction will determine the efficiency and intensity of this type 
of damping. 
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Other models of external damping can be mentioned: acoustic radiation, dissipation by 
pumping [12] and impact. Silva et al. [8] highlight that structural type damping is estimated through 
local measurements, which, however, can generate measurement errors since the values obtained 
represent the total damping of the mechanical system. 

Kareem et al. [13] present four models of external damping applied to structures, as follows:  
a. Passive damping 

It can be summed up as a device that dissipates energy through some kind of movement 
and does not need any external source of energy. It can also be divided into two types: 
direct and indirect energy dissipation. The former acts with traditional dissipation 
mechanisms, such as elastomers shearing and friction dampers; those with indirect 
dissipation act to alter the natural frequency of the structure, such as the tuned mass 
dampers (TMD) and impact dampers. 

b. Active damping 
They need an external source of energy and act through hydraulic or electromagnetic 
systems that can adapt to changes in the environment or variations in loading. 

c. Semi-active damping 
They combine the characteristics of the active and passive models and have the ability to 
adjust the active damping, in addition to not requiring great external energy for their 
operation. 

d. Hybrid damping 
In hybrid damping systems, active dampers are combined with passive systems; the active 
system kicks in when the dynamic loads exceed the capacity of the passive system. 

Internal Damping Mechanisms: Viscoelastic Damping 

The internal or material damping is associated with several factors, such as microstructural 
defects, thermoelastic effects and, particularly in polymers, with internal mechanisms of 
intramolecular interaction of the material, translated into movements of the molecular chains. 

Consider the hysteresis cycle of a generic viscoelastic polymer represented in Figure 3.4. 

  
Figure 3.4. PVC-NBR/graphite hysteresis loop. 

In the hysteresis cycle illustrated by Figure 3.4, the disturbance was generated by an oscillatory 
deformation of the type described in expression (3.6), which, by definition, will have a response of 
the type described in expression (3.7). The stress response can be written in terms of the complex 
modulus, and, therefore, written as a function of the deformation - expression (3.18). 

𝝈𝝈(𝝎𝝎, 𝒕𝒕) = 𝑬𝑬∗(𝝎𝝎) ∙ 𝜺𝜺(𝒕𝒕)  (3.18) 
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Decomposing expression (3.18) and properly rearranging its terms, yields  

𝝈𝝈(𝝎𝝎, 𝒕𝒕) = 𝑬𝑬′(𝝎𝝎) ∙ 𝜺𝜺(𝒕𝒕) +
𝑬𝑬′′(𝝎𝝎)
𝝎𝝎

∙ 𝒊𝒊𝒊𝒊𝒊𝒊(𝒕𝒕) = 𝑬𝑬′(𝝎𝝎) ∙ 𝜺𝜺(𝒕𝒕) +
𝑬𝑬′′(𝝎𝝎)
𝝎𝝎

∙ 𝜺̇𝜺(𝒕𝒕)  (3.19) 

The solid hatched area within the hysteresis cycle (Figure 3.4, indication “H”) represents the 
energy dissipated, per volume unit, during the deformation cycle [14]. Such energy can be described 
as being proportional to the loss modulus of the material through the relationships between work 
and energy. The work, given per unit of volume, performed on a material under stress is defined as 

𝑾𝑾 = �𝝈𝝈𝒅𝒅𝒅𝒅 = �𝝈𝝈
𝒕𝒕

𝟎𝟎

𝜺̇𝜺𝒅𝒅𝒅𝒅  (3.20) 

For a single complete loading and unloading cycle, the energy stored in the elastic deformation 
and the dissipated energy, for a complete cycle (0 to 2π/ω), will be given as 

𝑼𝑼 = �𝝈𝝈𝝈𝝈𝝈𝝈 =
𝟏𝟏
𝟐𝟐
𝑬𝑬´𝜺𝜺𝟎𝟎𝟐𝟐 

𝑯𝑯 = �𝝈𝝈𝝈𝝈𝝈𝝈 = � 𝝈𝝈

𝟐𝟐𝟐𝟐 𝝎𝝎⁄

𝟎𝟎

𝜺̇𝜺𝒅𝒅𝒅𝒅 

 (3.21) 
 
 

(3.22) 

Thus, the energy dissipated in the cycle, H, will be calculated by applying the term to the right 
of the expression (3.19) in expression (3.22) 

𝑯𝑯 = � �𝑬𝑬′(𝝎𝝎) ∙ 𝜺𝜺(𝒕𝒕) +
𝑬𝑬′′(𝝎𝝎)
𝝎𝝎

∙ 𝜺̇𝜺(𝒕𝒕)�

𝟐𝟐𝟐𝟐 𝝎𝝎⁄

𝟎𝟎

𝜺̇𝜺𝒅𝒅𝒅𝒅 = 𝜺𝜺𝟎𝟎𝟐𝟐 ∙ 𝝎𝝎 ∙ 𝝅𝝅 ∙ 𝑬𝑬′′  (3.23) 

As it is possible to denote, in a material with viscoelastic damping, the stress and the internal 
damping depend on the frequency of variation of the imposed excitation and, consequently, on the 
frequency of the oscillatory movement [8]. 

Evaluating the expressions shown above, one may define the damping or loss factor in terms of 
the energy involved in the system illustrated in Figure 3.4. 
 

𝜼𝜼 =
𝟏𝟏
𝟐𝟐𝟐𝟐

∙
𝑯𝑯
𝑼𝑼

  (3.24) 

According to Beards [15], for most real structures, it is not usually possible to separate the 
structural stiffness from its hysteretic damping. Thus, in mathematical models, such quantities are 
considered coupled. 

Carfagni et al. [16] state that the loss factor is the measurement index that best generalizes the 
damping since it can be used successfully in non-linear systems, because the damping rates, such as 
the critical damping ratio, 𝝃𝝃, have definitions based on a viscous single degree of freedom (SDOF) 
models. 

The loss factor is usually related to the damping ratio by the following expression 

𝜼𝜼 = 𝟐𝟐𝟐𝟐  (3.25) 

The accuracy of this relationship is restricted to small amounts of damping [9]. In this sense, Liu 
[17] describes that for expression (3.25) to have a minimum precision of 5%, the damping values 
must be contained in the range of 𝟎𝟎 ≤ 𝜼𝜼 ≤ 𝟎𝟎,𝟑𝟑. In [18], the authors point to a more precise 
relationship between the two indices, as shown in the expression (3.26). 
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𝜼𝜼 = 𝟐𝟐𝟐𝟐�𝟏𝟏 − 𝝃𝝃𝟐𝟐  (3.26) 

3.6. A Brief Note on Hysterical Damping 

In a dynamic system, different forms of energy dissipation can be present. These are: (i) the 
structural or external damping (in joints, interfaces and support devices); (ii) internal (or material) 
damping; and (iii) the fluidic damping (or the interaction between the structure and a viscous fluid). 

For materials whose behaviour is predominantly viscoelastic, structural damping is relevant 
and cannot be neglected. The frequency-dependent behaviour of the stiffness of a viscoelastic 
material directly affects the system's modal frequencies and damping, which results in complex 
vibration modes and differences in the relative phase of vibration [19]. 

In this regard, the influence of the viscoelastic damping of the structure on the natural 
frequencies of a dynamic system is presented as follows. 

In a viscously damped single-degree-of-freedom structure, the fundamental equation of motion 
for free vibrations has the following form 

where 
𝒎𝒎 is the mass; 
𝒄𝒄 is the viscous damping; 
𝒌𝒌 is the stiffness. 

For a full-polymer composite system, the viscous damping may be set to zero. Then, equation 
(3.27) reduces to 

The stiffness characteristic of the viscoelastic material is frequency- and temperature-dependent, 
which implies the need to re-calculate the stiffness at each frequency and/or temperature value. The 
stiffness is expressed as a complex quantity and is given by 

where 
𝒌𝒌∗ is the complex stiffness of viscoelastic material; 
𝒌𝒌′ is the storage modulus of viscoelastic material; 
𝒌𝒌′′ is the loss modulus of viscoelastic material; 
𝒊𝒊 is the imaginary unit given by √−1; 
𝝎𝝎 is the frequency. 

Substituting equation (3.29) in equation (3.28), yields  

where: 
𝜼𝜼  is the loss factor (or the hysteretic damping ratio). 

The second term of equation (3.30) is the stiffness and hysteretic damping combined into one 
complex expression [20], the so-called complex stiffness. 

As observed in Neumark [20], the free vibration response of a system with hysteretic damping 
in equation (3.30) is more complex than that of a system under forced oscillations, and no satisfactory 
solution has been given. Earlier, Bishop [21] explained that the main difficulty stems from the fact 

𝑚𝑚𝑢̈𝑢 + 𝑐𝑐𝑢̇𝑢 + 𝑘𝑘𝑘𝑘 = 0 (3.27) 

𝑚𝑚𝑢̈𝑢 + 𝑘𝑘𝑘𝑘 = 0 (3.28) 

𝑘𝑘∗(𝜔𝜔) = 𝑘𝑘′(𝜔𝜔) + 𝑖𝑖𝑘𝑘′′(𝜔𝜔) (3.29) 

𝑚𝑚𝑢̈𝑢 + 𝑘𝑘′(1 + 𝑖𝑖𝑖𝑖)𝑢𝑢 = 0 (3.30) 
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that hysteretic damping has not been defined for motion other than harmonic oscillation and the free 
vibration is not harmonic.  

Since the use of a harmonic solution to solve the differential equation would make it impossible 
to guarantee a zero response when the system has zero initial displacement and velocity, the 
hysteretic damping has a non-casual behaviour. In  Crandall [22], the author has stated that this 
model violates the principle of causality, which means that if a system is at rest before some action 
takes place on it, then the response given by the model has to be zero for any time before that action. 
This non-causality was also confirmed by Gaul et al. [23], who verified the existence of a non-zero 
response associated with the structural damping model, which leads to a precursor response and 
causes small deviations from the introduced initial conditions. 

To avoid this non-causality problem, a different mathematical representation of the initial 
conditions has been proposed in Ribeiro et al. ([24] and [25]), in which these initial conditions are 
established in a complex form, setting the initial displacement and velocity as complex values.  

The equation (3.30) is the homogeneous equation and its solution is given by 

where: 
𝑪𝑪  is a constant (and complex in general); 
𝝀𝝀  is the eigenvalue. 

Substituting equation (3.31) into equation (3.30) leads to the algebraic equation  

Note that the term 𝒌𝒌′(𝟏𝟏 + 𝒊𝒊𝒊𝒊) in equation (3.32) is given as a complex, whose real part represents 
the stiffness itself, while the imaginary part represents the energy dissipation.  

The solution of equation (3.32) leads to an eigenvalue determination problem where 

Setting 𝝎𝝎𝒏𝒏 = �𝒌𝒌′ 𝒎𝒎⁄ , in which 𝝎𝝎𝒏𝒏 is the undamped-natural frequency of the system, one may 
rewrite equation (3.33) as 

Equation (3.34) provides the relationship between the undamped-natural frequency, 𝝎𝝎𝒏𝒏, and 
the complex eigenvalue, 𝝀𝝀. Furthermore, from equation (3.34), the solution of equation (3.32) is  

Taking into account the real positive quantities 𝜶𝜶 and 𝜷𝜷 given by 

equation (3.35) can be rewritten as  

From the relations (3.35), the solution 𝑥𝑥(𝑡𝑡) can then be expressed in the form of 

𝑢𝑢 = 𝐶𝐶𝑒𝑒𝜆𝜆𝜆𝜆 (3.31) 

𝜆𝜆2𝑚𝑚 + 𝑘𝑘′(1 + 𝑖𝑖𝑖𝑖) = 0 (3.32) 

𝜆𝜆2 =  −
𝑘𝑘′

𝑚𝑚
(1 + 𝑖𝑖𝑖𝑖) (3.33) 

𝜆𝜆2 =  −𝜔𝜔𝑛𝑛2(1 + 𝑖𝑖𝑖𝑖) (3.34) 

𝜆𝜆 =  ±𝜔𝜔𝑛𝑛�1 + 𝑖𝑖𝑖𝑖 (3.35) 

𝛼𝛼 =  �−1+�1+𝜂𝜂2

2
 and 𝛽𝛽 =  �1+�1+𝜂𝜂2

2
 (3.36) 

𝜆𝜆 =  ±𝜔𝜔𝑛𝑛(𝛼𝛼 − 𝑖𝑖𝑖𝑖) (3.37) 
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Since 𝜶𝜶 is a real positive quantity, equation (3.38) has no physical meaning as it would imply a 
growing response along the time for the first member of right-hand, 𝑪𝑪𝟏𝟏𝒆𝒆𝝀𝝀𝝀𝝀. Thus, one has to impose 
that 𝑪𝑪𝟏𝟏 = 𝟎𝟎 and equation (3.38) becomes 

Since 𝑪𝑪 is a complex constant, it can be written as  

where 𝒈𝒈 and 𝒉𝒉 are constants. 

The evaluation of 𝑪𝑪 is possible by imposing initial conditions of displacement and velocity. 
However, when imposing the usual initial conditions as  

the results are 

When 𝒙𝒙𝟎𝟎 = 𝒗𝒗𝟎𝟎 = 𝟎𝟎, this implies that 𝒈𝒈 = 𝒉𝒉 = 𝟎𝟎. 
To obtain a solution beyond the trivial one, Ribeiro et al. [24] proposed the following initial 

conditions  

In equation (3.43), 𝒙𝒙𝟎𝟎 and 𝒗𝒗𝟎𝟎 are the measured and real parts of 𝒙𝒙(𝟎𝟎) and 𝒙̇𝒙(𝟎𝟎), respectively. In 
effect, from equation (3.43), we have  

From equation (3.44), the following form is obtained to express the initial displacement and 
velocity for a system with hysteretic damping 

And the response is given by 

The real and imaginary parts of equation (4.46) are given, respectively, by  

𝑥𝑥(𝑡𝑡) = 𝐶𝐶1𝑒𝑒𝜆𝜆𝜆𝜆 + 𝐶𝐶2𝑒𝑒−𝜆𝜆𝜆𝜆 (3.38) 

𝑥𝑥(𝑡𝑡) = 𝐶𝐶𝑒𝑒−𝛼𝛼𝛼𝛼𝑛𝑛𝑡𝑡𝑒𝑒𝑖𝑖𝛽𝛽𝛽𝛽𝑛𝑛𝑡𝑡 (3.39) 

𝐶𝐶 = 𝑔𝑔 + 𝑖𝑖ℎ (3.40) 

𝑥𝑥(0) = 𝑥𝑥0 
𝑥̇𝑥(0) = 𝑣𝑣0 

(3.41) 

𝑥𝑥0 = 𝑔𝑔 + 𝑖𝑖ℎ 
𝑣𝑣0 = −𝜔𝜔𝑛𝑛(𝛼𝛼 − 𝑖𝑖𝑖𝑖)𝑥𝑥0 

(3.42) 

𝑥𝑥(0) = 𝑥𝑥0 + 𝑖𝑖ℐ𝑚𝑚(𝑥𝑥(0)) 
𝑥̇𝑥(0) = 𝑣𝑣0 + 𝑖𝑖ℐ𝑚𝑚(𝑥̇𝑥(0)) 

(3.43) 

𝑥𝑥0 + 𝑖𝑖ℐ𝑚𝑚�𝑥𝑥(0)� = 𝑔𝑔 + 𝑖𝑖ℎ    (= 𝐶𝐶) 
𝑣𝑣0 + 𝑖𝑖ℐ𝑚𝑚(𝑥̇𝑥(0)) = −𝜔𝜔𝑛𝑛(𝛼𝛼 − 𝑖𝑖𝑖𝑖)(𝑔𝑔 + 𝑖𝑖ℎ) 

(3.44) 

𝑥𝑥(0) = 𝑥𝑥0 − 𝑖𝑖 �
𝑣𝑣0 + 𝜔𝜔𝑛𝑛𝛼𝛼𝑥𝑥0

𝜔𝜔𝑛𝑛𝛽𝛽
� 

𝑥̇𝑥(0) = 𝑣𝑣0 + 𝑖𝑖 �𝜔𝜔𝑛𝑛
�1 + 𝜂𝜂2

𝛽𝛽
𝑥𝑥0 +

𝛼𝛼
𝛽𝛽
𝑣𝑣0� 

(3.45) 

𝑥𝑥(𝑡𝑡) = �𝑥𝑥0 − 𝑖𝑖 �
𝑣𝑣0 + 𝜔𝜔𝑛𝑛𝛼𝛼𝑥𝑥0

𝜔𝜔𝑛𝑛𝛽𝛽
�� 𝑒𝑒−𝛼𝛼𝛼𝛼𝑛𝑛𝑡𝑡𝑒𝑒𝑖𝑖𝛽𝛽𝛽𝛽𝑛𝑛𝑡𝑡 (3.46) 

ℜ𝑒𝑒[𝑥𝑥(𝑡𝑡)] = �𝑥𝑥0 cos(𝜔𝜔𝑛𝑛𝛽𝛽𝛽𝛽) + �
𝑣𝑣0 + 𝜔𝜔𝑛𝑛𝛼𝛼𝑥𝑥0

𝜔𝜔𝑛𝑛𝛽𝛽
� sin(𝜔𝜔𝑛𝑛𝛽𝛽𝛽𝛽)� 𝑒𝑒−𝛼𝛼𝛼𝛼𝑛𝑛𝑡𝑡 (3.47) 
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and  

From the response of the system given by equations (3.47) and (3.48), the hysteretic-damped 
natural frequency is given by 

At this point, it is important to note that the natural frequencies of a system with hysteretical 
damping will always be higher than those of the corresponding undamped system, by contrast to 
the equation of the viscous-damped natural frequency 

in which the natural damped frequency will always be lower than the frequency of an undamped 
system. 

It must be pointed out that the hysteretic-damped natural frequency in equation (3.49) is 
stiffness proportional and, for a viscoelastic material, the stiffness has a frequency- and temperature 
dependency. This implies that the natural frequencies of a polymer-based system vary according to 
the frequency and temperature variations, i.e. 

Finally, the effective stiffness, 𝒌𝒌𝒆𝒆, and the effective natural frequency, 𝝎𝝎𝒆𝒆, of a viscoelastic system 
are, respectively [26]  

and 

3.7. Effects of Temperature and Frequency on the Complex 
Modulus and Loss Factor 

The mechanical properties of most viscoelastic materials are particularly sensitive to 
temperature. The understanding of the effects of temperature on the mechanical behaviour of these 
materials becomes paramount for their structural applications. In parallel, the excitation frequency 
also influences the mechanical response of polymers, but with less sensitive variational effects.  

Effects of Temperature 

The morphological characteristic of polymers makes them especially sensitive to temperature 
variations. Small variations will not drastically affect the properties of the polymer; it is paramount 
to know to which temperature ranges the structure will be submitted and, within this range, to 
investigate the behaviour of the composite. 

ℐ𝑚𝑚[𝑥𝑥(𝑡𝑡)] = 𝑖𝑖 �𝑥𝑥0 sin(𝜔𝜔𝑛𝑛𝛽𝛽𝛽𝛽) − �
𝑣𝑣0 + 𝜔𝜔𝑛𝑛𝛼𝛼𝑥𝑥0

𝜔𝜔𝑛𝑛𝛽𝛽
� cos(𝜔𝜔𝑛𝑛𝛽𝛽𝛽𝛽)� 𝑒𝑒−𝛼𝛼𝛼𝛼𝑛𝑛𝑡𝑡 (3.48) 

𝜔𝜔ℎ = 𝜔𝜔𝑛𝑛𝛽𝛽 =  𝜔𝜔𝑛𝑛 �
1 + �1 + 𝜂𝜂2

2
 (3.49) 

𝜔𝜔𝑣𝑣 = 𝜔𝜔𝑛𝑛�1 − 𝜉𝜉2 (3.50) 

𝜔𝜔ℎ(𝜔𝜔,𝑇𝑇) = 𝜔𝜔𝑛𝑛(𝜔𝜔,𝑇𝑇)𝛽𝛽(𝜔𝜔,𝑇𝑇) =  𝜔𝜔𝑛𝑛(𝜔𝜔,𝑇𝑇) �
1 + �1 + 𝜂𝜂2(𝜔𝜔,𝑇𝑇)

2
 (3.51) 

𝑘𝑘𝑒𝑒 = 𝑘𝑘′�1 + 𝜂𝜂2 (3.52) 

𝜔𝜔𝑒𝑒 =  �
𝑘𝑘′

2𝑚𝑚
�
1 + �1 + 𝜂𝜂2

2
�

1
2

 (3.53) 
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Polymers, in general, have five regions of viscoelastic behaviour, identified as: 
I. Glassy region; 

II. Transition region; 
III. Rubbery plateau; 
IV. Rubbery flow region; 
V. Viscous flow region. 

Thermoplastic polymers show the five regions of behaviour, whereas thermosets show only the 
first three regions. In fact, under high temperatures, thermosetting polymers degrade and do not 
melt, i.e., they do not have a rubbery and viscous flow region [14]. In prolonged periods under high 
temperatures, thermosets degrade and may appear to be in a flow region, besides presenting 
darkening of their colour. 

Figure 3.5 shows the five regions of viscoelastic behaviour of an epoxy and the variation in the 
storage modulus as a function of temperature. It should be noted that epoxy, a thermosetting 
polymer, does not have a melting temperature; after the glass transition, the rubbery plateau is 
followed up to the limit of stability of the material, from which its thermal degradation 
(decomposition) begins. 

 
Figure 3.5. Regions of Viscoelastic Behaviour of an Epoxy. 

In the glassy region, the storage modulus, 𝑬𝑬′, of the polymer is maximum and its loss factor, 𝜼𝜼, 
is reduced. In this region, the polymer has a vitreous behaviour, with high rigidity and can 
sometimes have a fragile behaviour. 

As the temperature rises and approaches the glass transition temperature, 𝑻𝑻𝒈𝒈, the storage 
modulus decreases remarkably. In contrast, the loss modulus, 𝑬𝑬′′, and the loss factor, 𝜼𝜼, increase, 
and reach peak values within the transition region (generally, these two peaks occur for non-
coincident temperature values). At the glass transition point (more precisely, across a temperature 
range), the primary transition occurs, with a significant change in the elasticity modulus. This region 
is associated with large-scale movements of polymer chains [27]. 

In the rubbery region or rubber plateau, both the storage modulus and the loss factor have 
reduced values and vary little with increasing temperature. 

The two flow regions, rubbery and viscous, are characterized by the decrease of both moduli 
(storage and loss) and the loss factor. The material becomes sticky and spreads with applied 
pressure. As the material is heated to the viscous flow region, its viscosity decreases steadily. 

There are, in fact, discrete transitions, called secondary transitions or secondary relaxations, 
where small changes in the moduli occur, attributed to small molecular movements of the material. 

According to Barra [28], secondary transitions, 𝜸𝜸, and 𝜷𝜷, are related to the amorphous part and 
refer to the movement of side groups of the polymeric chain, or part of them when the main chain 
does not show movement. The primary transition, 𝜶𝜶, also related to the amorphous part of the 
polymer, represents the molecular movement of a chain segment, as a whole, and points to the glass 
transition temperature, 𝑻𝑻𝒈𝒈. 
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After the region of the primary transition related to the amorphous part, 𝜶𝜶, other transitions 
occur, now associated with the crystalline part of the material and they are related to movements 
that are part of the crystal. The first one, just after the 𝜶𝜶, transition, is said to be secondary transition 
and represents the movement of crystal chains that constitute metastable phases. Subsequently, 
recrystallization and definitive melting occur in the case of thermoplastics, which is related to the 
melting temperature, 𝑻𝑻𝒎𝒎, a so-called primary transition. 

Figure 4.6 illustrates the variation in the mechanical properties of an epoxy resin and two 
composites conformed with the same resin and reinforced by glass fibres in perpendicular directions, 
for the same frequency of disturbance. 

The damping capacity and stiffness of a viscoelastic material are related to its transition 
temperature from the glassy state to the amorphous one, and it is the temperature at which the 
material reaches its maximum damping value. The efficiency of the system, in terms of vibration 
control, will depend on the relationship between the operating temperature of the structure and the 
transition temperature of the material [2].  

  
Figure 3.6. Dynamic-mechanical properties of epoxy resin and epoxy/fibre composites with different fibre 

orientations (adapted from Lorandi et al. [7]). 

Table 3.1 presents some glass transition and melting temperatures of some polymers, values 
that will vary and will depend on the composition, manufacturing conditions and curing of the 
polymer. 

Table 3.1. Approximate Glass transition temperature (𝐓𝐓𝐠𝐠) and melting temperature (𝐓𝐓𝐦𝐦) of some polymers. 

Material 𝑻𝑻𝒈𝒈 (°C) 𝑻𝑻𝒎𝒎 (°C) 

Polytetrafluoroethylene (Teflon) -97 327 

High density polyethylene (HDPE) -90 137 

Polypropylene (PP) -18 175 

Polyethylene terephthalate (PET) 69 265 

Polyvinyl chloride (PVC) 87 212 

Polystyrene (PS) 100 240 

Epoxy 75 -  

Certain factors can influence the establishment of the glass transition temperature of polymers, 
among which the following are mentioned [29]:  

Flexibility 
The more flexible the polymer chain, the lower the temperature that will allow rotations 
around the C-C connections and the lower the 𝑻𝑻𝒈𝒈. The presence of aromatic rings (e.g., 
benzene) in the main chain makes the material less flexible, raising the 𝑻𝑻𝒈𝒈. The presence of 
oxygen atoms makes the molecules more flexible and, consequently, 𝑻𝑻𝒈𝒈 will be lower. 
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Geometry 
The larger the substituting groups (CH3) present in the polymer chain, the greater the 
interference with the main chain, thus hindering their movements and, consequently, the 
greater the 𝑻𝑻𝒈𝒈. 
Plasticizer 
Normally small molecules lodge among the polymer chains, moving them apart from one 
another, making it difficult for the chains to interact, providing a decrease in 𝑻𝑻𝒈𝒈. 

Careful analysis of the thermodynamic properties of a composite can allow the identification of 
dynamic moduli and the loss factor for a range of temperatures of interest, in particular, those to 
which the structure will be exposed. Figure 3.7 shows the result of a thermodynamic test of two 
epoxy systems based on DGEBA (Diglycidyl Ether Bisphenol A) originated from aliphatic amines 
TEPA (Tetraethylenepentamine) and D230 (Jefamine), in which it is possible to observe the reductions 
of the storage modulus, and the peaks of the damping factor near the glass transition temperature. 

 
Figure 3.7. Thermodynamic analysis DGEBA/TEPA and DGEBA/D230 (adapted from Junior et al. [30]). 

Effects Of Frequency 

Upon being deformed, the long molecular chains of a viscoelastic material are disturbed from 
their equilibrium position and interact with each other in reaction to the imposed deformation. Then, 
there is a movement of rearrangement in the molecular chains, restoring balance. 

Since the disturbance is imposed in the form of harmonic cyclic deformation, the molecular 
chains, in response, reach the state of dynamic equilibrium responding in line with the excitation [2]. 
In this way, the rigidity of the viscoelastic material is amplified with the increase in the frequency of 
harmonic excitation. Conversely, as the frequency of harmonic disturbance decreases, the rigidity of 
the viscoelastic material decreases. 

At low frequencies, the long polymeric chains have time to move with each other, resulting in a 
low modulus. Under high excitation frequencies, the chains have no time to move and, therefore, the 
material has a high modulus [31]. 

The storage modulus, 𝑬𝑬′, increases as the frequency increases, with a slight variation rate within 
the glassy and amorphous region (regions III, IV and V) and a marked gradient within the transition 
region. The loss factor, 𝜼𝜼, increases as the frequency grows and reaches its maximum value within 
the transition region and decreases again as the frequency continues to increase. 

Figure 3.8 illustrates these features, by presenting the variation of the Complex Modulus, 𝑬𝑬∗, 
and the Loss Factor, 𝜼𝜼, of a polymer blend ABS+PC (Acrylonitrile-Butadiene-Styrene / 
Polycarbonate) tested by Souza et al. [1] at an average temperature of 19°C using the ASTM-756-05 
method [32]. 
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Figure 3.8. Dynamic-Mechanical Analysis of ABS+PC blend (adapted from Souza et al. [1]). 

In the analysis of a polymer, the determination of transitions is done, in general, by monitoring 
the temperature variation. However, the frequency of the excitation at which the temperature is 
scanned affects the transition temperature [33]. 

It is at low frequencies that viscoelastic behaviour predominates; the polymer can be moved 
through a transition region by changing the disturbance frequency [33]. 

It should be noted that viscoelastic materials, when subjected to cyclic loading, dissipate part of 
their energy in the form of heat within the material's volume [34]. Usually, this phenomenon, called 
internal self-heating, is not taken into account in mechanical designs that incorporate this type of 
material. 

Figure 3.9 illustrates the influence of self-heating on the internal temperature of an acrylic resin 
adhesive. 

 
Figure 3.9. The internal temperature in a polymer (adapted from Cazenove et al. [35]). 

Gopalakrishna and Lai [36] cite, as an example, the fact that viscoelastic damping devices in 
buildings, when they are subjected to severe storms, deform cyclically, converting kinetic energy 
into heat. As a consequence, there is an increase in the internal temperature in the polymeric 
material, thus changing its rigidity and damping level. 

Katunin et al. [37] describe that the phenomenon of internal self-heating, under certain loading 
conditions, can dominate the fatigue process of the material and mention that the degradation 
frequently occurs when the temperature exceeds the glass transition temperature. Briefly, they 
describe that, during cyclic loading, the mechanical energy resulting from out-of-phase oscillations 
between stress and deformation, is dissipated in the form of heat and, considering the low thermal 
conductivity of most industrial polymers used for manufacturing of composites, the heat generated 
is stored in the damping structure itself, causing self-heating. They also mention that this increase is 
known, in some sources, as hysteretic heating temperature. 

In addition to the frequency amplitude, the amplitude of the loading at constant frequency also 
imposes changes in the internal temperature of the polymer.  
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3.8. Final Considerations  

Due to their molecular structure, in general, polymers show an intermediate mechanical 
behaviour between an elastic phase and a viscous phase, which is reflected by their intrinsic ability 
to dissipate kinetic energy, namely by their viscoelastic damping. In fact, during a complete loading 
and unloading cycle, the deformation of the polymeric material follows a phase delay with the 
disturbance. 

As demonstrated, the best way to represent this behaviour is through a phasor diagram, where 
it is possible to decompose the rigidity of the material in a real and complex phase. The hysteresis 
cycle, then, can be used to define the energy dissipation parameter, called loss factor and which 
represents the damping capacity of the polymeric material. 

However, because the damping presented by polymers originates from its molecular structure, 
it is sensitive to changes in temperature and, to a lesser extent, to the frequency of oscillation of the 
disturbance. In this context, concepts have been presented to suggest ways of manipulating the 
properties of polymers to meet certain structural needs and which motivated the beginning of this 
work. 
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4. Vibrations in Footbridges 

 

4.1. Justification 
The dynamic behaviour of footbridges, as well as the aspects that define it, are part of the 

double support of this work, here referred to as the active phase, complemented by the phase 
referred to as reactive, which is formed by the viscoelastic response of the material used in the 
footbridge. 

In this sense, it becomes necessary to identify and characterize the actions associated with 
different human activities, the analysis of the structural behaviour of footbridges and the 
characterization of the comfort level of their users in terms of normative limits, bearing in mind the 
calculated response and the type of expected use. 

Therefore, the objective of this chapter is to outline the details that involve the service 
conditions of footbridges.  

4.2. Initial Considerations 
Footbridge structures are prone to vibrations in one or more natural frequencies within the 

range of typical human activity, such as walking, running, or jumping [1]. In general, disturbances 
induced by pedestrians involve comfort issues and safety or resistance problems. 

According to the document Hivoss [2], when designing footbridges the analysis of vibrations 
induced by the action of pedestrians must be considered in the project to ensure that: 

a. Vibrations due to pedestrian traffic are acceptable to users; 
b. The synchronization phenomenon (lock-in1) does not take place; 
c. The stability of the pedestrian structure is guaranteed when subject to intentional 

disturbance. 
Among the main strategies to mitigate excessive vibrations in walkways, the increase of 

stiffness is one of the possible solutions, but it generally affects the aesthetics of the footbridge. On 
the other hand, the increase in structural damping through vibration control systems is currently 
the most frequent and most effective measure in mitigating vibrations associated with pedestrian 
actions. Such systems are, in general, formed by materials with mechanical viscoelastic 
characteristics, such as Tuned Mass Damper (TMD) systems, consisting of a mass connected to the 
structure through a spring and a viscous damper [3]. 

4.3. Characterisation of Dynamic Actions  
In general, most civil engineering loads can be classified as dynamic, as they vary over time. 

According to Bachmann et al. [4], what differentiates dynamic and static loads is the presence of 
forces of inertia, due to acceleration, and damping. However, in practice, loads with slight or 
modest variation are treated as quasi-static and their dynamic effects are neglected. 

The magnitude of these forces and their function over time depending on how they oscillate 
externally and on the structure's response to such disturbances. Thus, according to their variation 
in time, dynamic actions can be characterized as harmonic and periodic; they may also have a 
transitory character and assume an impulsive nature. 

 
1 The lock-in phenomenon will be described later in this chapter 
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Most of the excitations induced by pedestrians can be treated as periodic, as they are 
characterized by a variation in the time that is repeated in periods or regular intervals. 

Although the function that governs the action takes an arbitrary form within these periods, its 
repetitiveness allows it to be decomposed into a series of harmonic loads through the Fourier 
Transform. Bachmann et al. [4] claim that periodic excitations are long enough to allow responses 
(vibrations) to be considered stationary. 

The actions that the pedestrian movement can induce to pedestrian bridges are, naturally, 
derived from their physical activity and translated by the various forms of movement, where the 
most relevant are: 

a. walk; 
b. run; 
c. jump (vandalism). 

The dynamic character of this type of action comes from its variation over time, both in relation 
to its intensity and in relation to its position. 

The ways in which such actions are characterized can be summarized by quantifying certain 
aspects, among which, the following are essential: 

a. Frequency of steps and/ or jumps; 
b. Step speed; 
c. Step length; 
d. Foot-to-floor contact time; 
e. Pedestrian density. 

All the parameters mentioned will vary according to the characteristics of each person and are 
sensitive to gender and age, as shown in Figure 4.1. 

 
Figure 4.1. Variation of step speed according to age and gender (adapted from Ingólfsson et al. [1]) 

Pedestrian actions can be decomposed into three vector components, one vertical and two 
horizontal, the latter acting laterally and longitudinally to the plane of the bridge deck. However, 
the magnitudes of horizontal loads are much smaller than vertical ones. Figure 4.2 illustrates 
walking forces, represented by load functions, developed during a single cycle [5].  

Regarding the quantification of loads, Dos Santos [6] describes that the deterministic 
characterization of human actions is inconsistent due to the variable character of human behaviour, 
as previously described, and to factors that affect group behaviour. However, despite the 
significant stochastic data analysis research, the deterministic model has been predominantly used 
and will also be used in this chapter, based on the premise that the feet of a pedestrian produce the 
same force which is periodic [5]. 

It should also be noted that the aspects that can characterize the actions of a pedestrian are a 
function of the frequency of steps, the increase of which leads to a decrease in the time of foot-
pavement contact and an increase in the length and speed of steps. 
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Figure 4.2. Walking load function in three directions (adapted from Bachmann et al. [4]). 

4.3.1 Walking and Running 

The most common pedestrian actions are those due to walking movement, which can be at 
slow, normal or fast speed. According to Sétra [7], what differs the activity of walking from that of 
running is that, in the first, there is a continuous contact of the pedestrian with the pavement, 
whereas in running, such contact is discontinuous. 
 

Frequency 

Defined as the number of steps taken by a pedestrian per unit of time, the frequency of steps, 
𝒇𝒇𝒑𝒑, can be considered the parameter with the most significant influence in the characterisation of 
pedestrian walking or running on bridges [4], because, as already described, its variation directly 
affects other parameters of the description of the pedestrian action. 

It is easy to understand that the step frequency, as well as all the parameters that characterize 
pedestrian action, cannot be reduced to a standard set of values. However, numerous studies and 
tests have been conducted over the years and, for a deterministic approach, it is necessary to take 
such results into account. In this context, Bachmann et al. [4] quote the work of Matsumoto et al. [8], 
who present the results of the investigation of a normal walk for a sample of 505 pedestrians, 
illustrated in Figure 4.3.  

Speed and Length 

The step speed, 𝒔𝒔𝒔𝒔, is directly related to the step frequency and length, 𝒔𝒔𝒍𝒍, through the 
relationship (4.1) 

𝒔𝒔𝒔𝒔 = 𝒔𝒔𝒇𝒇 ∙ 𝒔𝒔𝒍𝒍 (4.1) 

The particular characteristics of each lead to different values of step frequency and length, but 
they can generate the same speed. In this sense, Kobayashi [9] refers that the parameters of step 
length, frequency, or speed have stochastic variations depending on each individual. Wheeler [10] 
presents a polynomial approximation, the result of experiments, where he lists the three variables 
involved, summarized in Table 4.1 and illustrated by Figure 4.4. 
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Figure 4.3.  Frequency distribution of standard walking steps (adapted from Matsumoto et al. [8]) 

Table 4.1. Correlation among step frequency, speed and length (Wheeler [10]).  

Pace 
Frequency Speed Length 

(Hz) (m/s) (m) 
Slow walking pace ≈ 1.70 1.10 0.60 

Normal walking pace ≈ 2.00 1.50 0.75 
Fast walking pace ≈ 2.30 2.20 1.00 

Slow run ≈ 2.50 3.30 1.30 
Fast run > 3.20 5.50 1.75 

It is also important to highlight the variations in vertical force induced by the steps over time; 
in this respect, it is possible to verify the existence of two peaks of maximum load, the first being 
related to the impact of the heel on the floor and the second to the impact of the tip of the foot 
(Figure 4.5). 

 

 
Figure 4.4. Relationships among step frequency, speed and length (adapted from Bachmann et al. [4]) 
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Figure 4.5. Evolution of step force-to-weight ratio for fast walking (adapted from Queiroz [11]) 

Contact Time 

Another characteristic to be described refers to the time during which the pedestrian's foot is 
in contact with the floor, namely, the contact time, 𝒕𝒕𝒑𝒑. This corresponds to the time interval in which 
one of the pedestrian's feet comes into contact with the pavement until the moment when such 
contact ceases to exist. In fact, e.g., during a walk, the function of loading concerning the contact 
time of each foot will be superimposed (Figure 4.6). 

 
Figure 4.6. Vertical step force-to-weight ratio of both feet (adapted from Bachmann et al. [4])  

The construction of the load function is based on the assumption that both feet produce the 
same force [12]. Similarly, the functions for side loads will have the same overlap principle. 
Bachmann et al. [4] present a formulation to describe the load functions for walking and running, 
i.e., for continuous and discontinuous contact with the pavement. Such models are described and 
commented hereinafter (sections 4.4.1 and 4.4.2). 

Wheeler [10] proposed a relation between the foot-pavement contact time with the step 
frequency and the dynamic load coefficient; in that work, it is described that the contact time is 
inversely proportional to the frequency and amplification factor, with shorter durations resulting 
in more energetic actions on the pavement (Figure 4.7). 
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Figure 4.7. Contact time, amplification factor, and step frequency (adapted from Bachmann et al. [4]) 

4.3.2 Jumping (Vandalism) 

Vandalism can be defined as an intentional and synchronized movement of a pedestrian or 
group of pedestrians to excite a structure excessively [13]. Note that the randomness of this type of 
loading makes it challenging to predict and estimate it. 

The resonance achieved by vandalism actions can take different forms, depending on the 
characteristics of the induced vibration: lateral, vertical, or torsional flexion. In this respect, Caetano 
et al. [14] mention that the easiest way to cause vertical excitation in a structure is to jump over the 
same point on the floor. They describe, however, that vertical excitations from groups of 
pedestrians occur, to a greater degree, due to a type of movement called “swinging”, where the feet 
of individuals are in permanent contact with the floor and their knees induce flexion. 

Bachmann et al. [4] suggest that the mathematical modelling of the pedestrian action of 
repeatedly jumping can be represented as a localised harmonic load produced by a group of 
pedestrians, in which the time of foot contact with the ground, 𝒕𝒕𝒑𝒑, will be part of the complete jump 
cycle. Briefly, this model describes load by vandalism as a sequence of semi-sinusoidal pulses 
proportional to the weight of the vandals and an impact factor. 

According to Kobayashi [9], this model does not consider, however, the variations that may 
exist within the contact range, since the change in the number of pedestrians participating in the 
action leads to a variation in the dynamic load factor (DLF), in the series of Fourier, within the time 
domain. In this sense, Agu et al. [15] presented a proposal where the number of pedestrians is 
inserted in the mathematical model to describe the effect of vandalism. 

4.4. Load Functions 
As already described, there are two models of analysis that can describe the structural response 

to dynamic loads: (i) a deterministic model and (ii) a stochastic one. The load functions modelled 
in this research will start from expressions that describe the law of variation of action over time, for 
each type of step, making use precisely of a deterministic model. 

4.4.1 Walking 

The load function for the walking movement, where there is continuous contact with the floor, 
can be considered a periodic function that represents the sum of a static portion, defined as the 
weight of the pedestrian, and a dynamic part, which characterizes the steps. The total force 
produced by a pedestrian can also be broken down into three components, a vertical one, and two 
horizontal ones; these, in turn, only have the dynamic portion. 

Such a periodic function can be written by a Fourier series, which will represent the total sum 
of the effect generated by walking. The Expressions (4.2), (4.3), and (4.4) define the load values of 
the vertical, lateral, and longitudinal components, respectively, 
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𝑭𝑭𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗(𝒕𝒕) = 𝑮𝑮 �𝟏𝟏 + �𝜶𝜶𝒊𝒊 ∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝟐𝟐𝟐𝟐 ∙ 𝒊𝒊 ∙ 𝒇𝒇𝒑𝒑 ∙ 𝒕𝒕 − 𝝋𝝋𝒊𝒊)
𝒏𝒏

𝒊𝒊=𝟏𝟏

� (4.2) 

𝑭𝑭𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍(𝒕𝒕) = 𝑮𝑮 ��𝜶𝜶𝒊𝒊 ∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝝅𝝅 ∙ 𝒊𝒊 ∙ 𝒇𝒇𝒑𝒑 ∙ 𝒕𝒕 − 𝝋𝝋𝒊𝒊)
𝒏𝒏

𝒊𝒊=𝟏𝟏𝟐𝟐

� (4.3) 

𝑭𝑭𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍(𝒕𝒕) = 𝑮𝑮��𝜶𝜶𝒊𝒊 ∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝟐𝟐𝟐𝟐 ∙ 𝒊𝒊 ∙ 𝒇𝒇𝒑𝒑 ∙ 𝒕𝒕 − 𝝋𝝋𝒊𝒊)
𝒏𝒏

𝒊𝒊=𝟏𝟏𝟐𝟐

� (4.4) 

where: 
𝑮𝑮 is the weight of the pedestrian; 
𝜶𝜶𝒊𝒊 is the Fourier coefficient associated with the i-nth harmonic; 
𝒇𝒇𝒑𝒑 is the step frequency;  
𝝋𝝋𝒊𝒊 is the phase angle between the i-nth harmonic and the first. 

Several studies have been carried out to determine the values of the dynamic load coefficients 
(DLF), and their main results are shown in Table 4.2. 

Table 4.2. Vertical DLF for a pedestrian walk (adapted from Krus [16])  

Author 
Frequency 

𝜶𝜶𝟏𝟏 𝜶𝜶𝟐𝟐 𝜶𝜶𝟑𝟑 𝜶𝜶𝟒𝟒 
(Hz) 

Bachmann 
2.0 0.4 0.1 0.1 - 
2.4 0.5 - - - 

Young - 0.37(𝑓𝑓𝑝𝑝 − 0.95) 0.54 + 0.0044𝑓𝑓𝑝𝑝 0.026
+ 0.0050𝑓𝑓𝑝𝑝 0.01 + 0.0051𝑓𝑓𝑝𝑝 

Schulze - 0.37 0.1 0.12 0.04 

Bachmann et al. [4] state that most cases of pedestrian-induced vibrations are governed only 
by the first harmonic, but propose the values for the phase angles as 𝜑𝜑1 = 0, and 𝜑𝜑2 = 𝜑𝜑3 = 𝜑𝜑4 =
𝜋𝜋 2⁄ . 

When a group or a flow of pedestrians are present, adding individual loads, assuming 
resonance and in-phase amongst all pedestrians, would be too conservative. Different authors have 
therefore investigated the loads applied by the pedestrians when moving in a crowd. 

Model by Matsumoto et al. [8] 

Matsumoto et al. [8] presented a proposal to estimate the effect of random action by several 
pedestrians, having suggested a probabilistic distribution of the possibility of synchronizing 
movements among pedestrians; they assumed a Poisson distribution, depending on only one 
parameter, λ, interpreted as the average pedestrian arrival rate, given in pedestrians per second per 
pavement width. In this process, the dynamic response for a point in the structure is estimated by 
multiplying the amplitude of the vibration caused by just one pedestrian by an amplification factor 
𝒎𝒎𝒏𝒏, given by 

𝒎𝒎𝒏𝒏 = �𝝀𝝀 ∙ 𝑻𝑻𝒐𝒐 (4.5) 

where: 

𝝀𝝀 average pedestrian rate per period of time; 
𝑻𝑻𝒐𝒐 is the time needed to cross the pavement; 

𝑻𝑻𝒐𝒐 = 𝑳𝑳 𝒗𝒗𝒑𝒑⁄ , where L is the length of the pavement; 
𝝀𝝀 ∙ 𝑻𝑻𝒐𝒐 is the simultaneous number of pedestrians on the bridge.  
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The root �𝝀𝝀 ∙ 𝑻𝑻𝒐𝒐 can be translated as the number of synchronized pedestrians circulating along 
the pavement, which, in theory, can be considered a limitation of the proposal, as it considers that 
all pedestrians are in the same movement frequency. Furthermore, the fact that it does not consider 
the damping provided by the structure makes this model too simplified. 

Models of Sétra [7] and HIVOSS [2] 

This model consists of determining an equivalent number of pedestrians, 𝑵𝑵𝒆𝒆𝒆𝒆, which, in phase 
and tune with the natural frequency of the structure, produce the same response as the real number 
of pedestrians, 𝑵𝑵, in random circulation. In this model, the critical damping ratio, 𝝃𝝃, represents the 
contribution portion of the structure to the model.  

Based on experimental results, the manual provides two functions for estimating 𝑵𝑵𝒆𝒆𝒆𝒆. 

For 𝒅𝒅𝒑𝒑 < 𝟏𝟏,𝟎𝟎 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑
𝒎𝒎

 →  𝑵𝑵𝒆𝒆𝒆𝒆 = 𝟏𝟏𝟏𝟏,𝟖𝟖 ∙ �𝑵𝑵 ∙ 𝝃𝝃 

For 𝒅𝒅𝒑𝒑 ≥ 𝟏𝟏,𝟎𝟎 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑
𝒎𝒎

 →  𝑵𝑵𝒆𝒆𝒆𝒆 = 𝟏𝟏,𝟖𝟖𝟖𝟖 ∙ √𝑵𝑵 

(4.6) 
 

(4.7) 

The action of an isolated pedestrian is directly enhanced by the application of the index 𝑵𝑵𝒆𝒆𝒆𝒆. 

Using the same concept of the equivalent number of pedestrians, the guide HIVOSS [17] 
proposes a load model that includes a probabilistic reduction coefficient, ψ, to take into account the 
step frequency approximation to the critical range of natural frequencies of the structure. 

𝑭𝑭(𝒕𝒕) = 𝑮𝑮 ∙ 𝒄𝒄𝒄𝒄𝒄𝒄(𝟐𝟐𝟐𝟐 ∙ 𝒊𝒊 ∙ 𝒇𝒇𝒑𝒑 ∙ 𝒕𝒕) ∙ 𝒏𝒏′ ∙ 𝝍𝝍 (4.8) 

where: 
𝑮𝑮 is the weight of the pedestrian; 
𝒇𝒇𝒑𝒑 is the step frequency, assumed to be equal to the natural frequency of the bridge; 
𝒏𝒏′ is the equivalent number of pedestrians on the loaded surface S; 
𝝍𝝍 is the reduction coefficient. 

The amplitude of action G, the equivalent number of pedestrians 𝒏𝒏′ and the reduction 
coefficient ψ are shown in Table 4.3. 

Table 4.3. Parameters for walking load models (adapted from Hivoss [17]). 

𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏 𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕 𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋 𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋𝐋 
 (N) 280 14 35 

𝛙𝛙 

  
𝐧𝐧′ See expressions (4.7) e (4.8) 

Density 

The description of the pedestrian action is best expressed when the effect of more than one 
pedestrian is combined, translated in terms of pedestrian density, 𝒅𝒅𝒑𝒑, which can be described as 
the overlapping of the vibrations induced by the n pedestrians that walk through the structure. At 
certain times, such overlap can increase or decrease the amplitude of the resulting vibration, 
depending on the frequency and phase of the action.  

In this sense, some aspects must be considered, namely the following [4]: 
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a) The density calculation is determined by the feasibility of walking or running, which 
corresponds to the upper limit of 1.6 to 1.8 pedestrians/m², which will induce a static load 
of 1100 to 1400 N/m²; Matsumoto et al. [8] suggest the limit value of 1.0 pedestrian/m²;  

b) Pedestrians tend to adjust their steps to any floor vibration, which makes any formulation 
hypothesis very difficult. 

Indeed, the step speed tends to decrease with increasing pedestrian density and, thus, an 
individual will adjust his walk to the movement of the crowd. According to FIB [18], from 0.60 
pedestrian/m², the steps enter the first stage of restriction; as the density increases to 1.0 
pedestrian/m², the freedom of movement is gradually inhibited and pedestrians need to adjust their 
movements to one another’s. At 1.5 pedestrians/m², displacement columns are formed with 
reduced speed. On the other hand, a density in the order of 2.0 pedestrians/m² corresponds to a 
very crowded flow, characterized by a sliding movement, where only small steps are possible; at 
this stage, the pedestrians cannot move on their own. 

4.4.2. Running 

The load function for the running movement of one pedestrian is characterized by a single 
maximum load, taken at the moment when one of the feet touches the pavement, being expressed 
by a sequence of semi-sinusoidal pulses (4.9) 

𝑭𝑭𝒑𝒑(𝒕𝒕) = �𝒌𝒌𝒑𝒑 ∙ 𝑮𝑮 ∙ 𝒔𝒔𝒔𝒔𝒔𝒔�𝝅𝝅 ∙ 𝒕𝒕 𝒕𝒕𝒑𝒑⁄ � 
𝟎𝟎

𝒇𝒇𝒇𝒇𝒇𝒇 𝒕𝒕 ≤ 𝒕𝒕𝒑𝒑
          𝒇𝒇𝒇𝒇𝒇𝒇 𝒕𝒕𝒑𝒑 ≤ 𝒕𝒕 ≤ 𝑻𝑻𝒑𝒑

 (4.9) 

where: 

𝒌𝒌𝒑𝒑 is defined as a dynamic impact factor: 𝑭𝑭𝒑𝒑,𝒎𝒎𝒎𝒎𝒎𝒎 𝑮𝑮⁄ ; 
𝑭𝑭𝒑𝒑,𝒎𝒎𝒎𝒎𝒎𝒎 is the maximum value of the applied force; 
𝑮𝑮 is the weight of the pedestrian; 
𝒕𝒕𝒑𝒑 is the time of foot-pavement contact; 
𝑻𝑻𝒑𝒑 is the duration of the step: 𝑻𝑻𝒑𝒑 = 𝟏𝟏/𝒇𝒇𝒑𝒑. 

The time of contact, 𝒕𝒕𝒑𝒑, may be defined by the use of the graph shown in Figure 4.7 or 
approximated by the following expression  

𝒕𝒕𝒑𝒑 =
𝟐𝟐

𝒇𝒇𝒑𝒑
𝟐𝟐.𝟏𝟏𝟏𝟏 (4.10) 

The running model can be described by the addition of the static weight of the pedestrian to 
the harmonic load components, that is, by the development of a Fourier series  

𝑭𝑭𝒑𝒑(𝒕𝒕) = 𝑮𝑮 �𝟏𝟏 + �𝜶𝜶𝒊𝒊 ∙ 𝒄𝒄𝒄𝒄𝒄𝒄(𝟐𝟐𝟐𝟐 ∙ 𝒊𝒊 ∙ 𝒇𝒇𝒑𝒑 ∙ �𝒕𝒕 −
𝒕𝒕𝒑𝒑
𝟐𝟐 ∙ 𝒊𝒊

�)
𝒏𝒏

𝒊𝒊=𝟏𝟏

� (4.11) 

Bachmann et al. [4] present an abacus for determining the 𝜶𝜶𝒊𝒊 coefficients of the Fourier series 
for running. The authors state that the vibration caused by running is dominated by the first 
harmonic.  
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Figure 4.8. Fourier coefficients for running (adapted from Bachmann et al. [4]). 

Regarding the horizontal load components for running, Setra [7] states that the transversal 
portion has a reduced relative amplitude in comparison with the vertical component, whereas the 
longitudinal fraction will be slightly more significant. Hivoss [2] adds, for the load function for the 
running model, a reduction factor, 𝝍𝝍, similar to that used for walking, resulting in the following 
expression  

𝑭𝑭(𝒕𝒕) = 𝑮𝑮 ∙ 𝒄𝒄𝒄𝒄𝒄𝒄(𝟐𝟐𝟐𝟐 ∙ 𝒊𝒊 ∙ 𝒇𝒇𝒑𝒑 ∙ 𝒕𝒕) ∙ 𝒏𝒏′ ∙ 𝝍𝝍 (4.12) 

Table 4.4 shows the values recommended in that document for the amplitude of action G, the 
equivalent number of pedestrians 𝒏𝒏′ and the reduction coefficient 𝝍𝝍. 

Table 4.4. Parameters for load models for running (adapted from Hivoss [17]). 

𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏 𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕 
𝐆𝐆 (𝐍𝐍)  1250 

𝝍𝝍 

 
𝒏𝒏′ = n 

4.4.3 Vandalism 

Agu et al. [15] describe a function for vandalism actions that take into account the number of 
pedestrians participating in the act, which imposes an amplification factor in the load function used 
for describing a walking action 

𝑭𝑭𝒑𝒑(𝒕𝒕) = 𝑵𝑵 ∙ 𝑮𝑮 ��𝒄𝒄𝒊𝒊 ∙ 𝒔𝒔𝒔𝒔𝒔𝒔(𝟐𝟐𝟐𝟐 ∙ 𝒊𝒊 ∙ 𝒇𝒇𝒑𝒑 ∙ 𝒕𝒕 + 𝝋𝝋𝒊𝒊)
𝒏𝒏

𝒊𝒊=𝟏𝟏

� (4.13) 

where: 
𝑵𝑵 is the number of pedestrians; 
𝑮𝑮 is the weight of the pedestrian; 
𝒄𝒄𝒊𝒊 is the Fourier coefficient or DLF associated with the i-nth harmonic; 
𝒇𝒇𝒑𝒑 is the frequency of the steps; 
𝝋𝝋𝒊𝒊 is the phase angle between the i-nth harmonic and the first. 

Table 4.5 shows the values of DLF for (4.13). 
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Table 4.5. DLF for vandalism action (adapted from Agu et al. [15]). 

Step frequency DLF 

1.5 ≤ 𝑓𝑓𝑝𝑝 ≤ 3.0 1.5 
3.0 < 𝑓𝑓𝑝𝑝 ≤ 6.0 0.6 
6.0 < 𝑓𝑓𝑝𝑝 ≤ 90 0.1 

4.5. Comfort Criteria and Verification Procedures 

The characterization of the level of comfort of a structure is the balance between its mechanical 
properties and the actions imposed on it. To determine the structural response, a dynamic analysis 
of the structure under pedestrian actions is necessary, in which the fundamental equation of the 
movement is divided into its structural portion and the active portion (loads), as illustrated in 
Figure 4.9, in which, 𝑚𝑚, 𝑐𝑐 and 𝑘𝑘 are the mass, viscous damping and stiffness of the system, 
respectively, while 𝐹𝐹(𝑡𝑡) is the acting load.  

 
Figure 4.9. Dynamic analysis. 

The comparison between structural properties and actions must be carried out based on 
established criteria, which refer to the critical frequencies and maximum accepted accelerations. 
The design of a footbridge should ensure that reduced vibration levels are achieved during its 
lifetime. 

In this way, comfort can be achieved in two ways: by limiting the maximum vertical and 
horizontal accelerations to the values tolerable by pedestrians or by designing structures where 
their fundamental frequencies are far from the critical frequencies, which must be translated by the 
frequencies that characterize the pedestrian movement. The procedure for analyzing a pedestrian 
bridge can be summarized by the organization chart illustrated in Figure 4.10. 

 4.5.1 Bands of Resonance Risk 

The definition of the critical range of natural frequencies and their comparison with those 
calculated for the pedestrian bridge is the first step in assessing the degree of comfort of the 
pedestrian structure. It is suggested that, whenever one or more natural frequencies of the structure 
are within the resonance risk band, a dynamic analysis of the structure is carried out. Table 4.6 
summarizes the frequency ranges where there is a risk of resonance. 

 

Fundamental Equation of Dynamics
𝑚𝑚𝑥̈𝑥 + 𝑐𝑐𝑥̇𝑥 + 𝑘𝑘𝑘𝑘 = 𝐹𝐹(𝑡𝑡)

Structural Properties
𝑚𝑚, 𝑐𝑐, 𝑘𝑘

Loads
𝐹𝐹(𝑡𝑡)
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Figure 4.10. Dynamic analysis organization chart (adapted from Hivoss [2]) 

Table 4.6. Frequency range with risk of resonance 

Document 
Frequency (Hz) 

Vertical Horizontal 
BS 5400 1 𝑓𝑓𝑝𝑝 < 5.0 1 𝑓𝑓𝑝𝑝 < 1.5 2 
Bachmann 3 1.6 < 𝑓𝑓𝑝𝑝 < 2.4  
Sétra 4 1.0 < 𝑓𝑓𝑝𝑝 < 5.0 0.3 < 𝑓𝑓𝑝𝑝 < 2.5 
Hivoss 5 1.25 < 𝑓𝑓𝑝𝑝 < 4.6 0.5 < 𝑓𝑓𝑝𝑝 < 1.2 

EN 1990 – Annex A2  1.25 < 𝑓𝑓𝑝𝑝 < 2.3 0.5 < 𝑓𝑓𝑝𝑝 < 1.2 

Notes 
1 Verification made from the calculation of the natural frequency of the first vertical 
mode with the bridge unloaded 
2 Check done with the effect of the pedestrian mass 
3 To consider a statistical distribution of the step frequency; for pedestrian structures 
with reduced stiffness and reduced damping, the range is limited to 3.5 and 4.5 Hz 
4 Frequency bands defined from four risk levels 
5 It mentions that the vertical excitation through the second harmonic can take place 

4.5.2. Comfort Class Characterization 

According to Hivoss [2], human comfort criteria are, in general, defined by a limit acceleration 
for the pedestrian structure. Regarding the limitation of accelerations, the various technical 
documents do not present consistent proposals. Table 4.7 shows the recommendations of different 
documents. 

Table 4.7. Maximum recommended accelerations (adapted from Alves [19]) 

Document Acceleration (m/s2) 
 Vertical Horizontal 

BS 5400-2 ≤ 0.5 ∙ �𝑓𝑓𝑛𝑛 − 
Canadian Norm ≤ 0.25 ∙ 𝑓𝑓𝑛𝑛0.78 − 

EC 1990 - Annex A1 ≤ 0.70 ≤ 0.20 
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In the context of this research, the criterion proposed in Hivoss [2] will be used, which consists 
of the definition of four comfort classes, each of which limits the values of accelerations (Table 4.8). 

Table 4.8. Comfort classes and maximum accelerations (adapted from Hivoss [2]). 

Comfort class Degree of comfort 
Limit Accelerations (m/s2) 

Vertical Lateral 
CL 1 Maximum < 0.5 < 0.1 
CL 2 Medium 0.5 ≤ 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 1.0 0.1 ≤ 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 0.3 
CL 3 Minimum 1.0 < 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 2.5 0.3 < 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 0.8 
CL 4 Unacceptable Discomfort 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 > 2.5 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 > 0.8 

4.5.3. Lateral Lock-in 

Also called feedback [20], the lock-in effect is the phenomenon in which a group of pedestrians, 
in progress with random step rates and phase angles, gradually synchronize their step frequency 
with the frequency of oscillation of the structure until it enters in phase with the movement of the 
pedestrian bridge [21]. In effect, there is an amplification of the structure's response to the action of 
the pedestrian and this occurs both in the vertical and horizontal directions. 

Because of their joints, vertical vibrations are attenuated by the pedestrian's body and, thus, 
will be less susceptible to perception. In the horizontal direction, human sensitivity is much higher 
and causes the pedestrian to compensate for the displacement of its centre of gravity, moving the 
feet apart during the walk and adjusting its frequency with that of the structure. 

With the gradual synchronization, the lateral displacements are amplified and pedestrians’ 
discomfort increases, and more and more individuals start to walk synchronously with the 
displacement of the structure. 

Caetano et al. [20] have validated the expression (4.14) which one was deduced to describe the 
behaviour of London's Millennium Bridge, initially proposed by Dallard et al. [22], to estimate the 
number of pedestrians, 𝑵𝑵𝑳𝑳, from which the synchronization effect is initiated. 

𝑵𝑵𝑳𝑳 =
𝟖𝟖𝟖𝟖𝟖𝟖𝟖𝟖
𝒌𝒌

 (4.14) 

where: 
𝝃𝝃 is the critical damping ratio; 
𝑴𝑴 is the modal mass; 
𝒌𝒌 is a constant. 

The expression (4.14) is valid for a uniform distribution of pedestrians on the deck, with 
sinusoidal vibration mode and constant 𝒌𝒌 defined with the value of 𝟑𝟑𝟑𝟑𝟑𝟑 𝐍𝐍 ∙ 𝐬𝐬 𝐦𝐦⁄  for a frequency 
range of 𝟎𝟎,𝟓𝟓 to 𝟏𝟏,𝟎𝟎 𝐇𝐇𝐇𝐇.  

In the context of the possibility of lateral synchronization, the manual Hivoss [2] defines a 
range of accelerations that can initiate the phenomenon, as follows 

𝒂𝒂𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍−𝒊𝒊𝒊𝒊 = 𝟎𝟎.𝟏𝟏 𝑡𝑡𝑡𝑡 𝟎𝟎.𝟏𝟏𝟓𝟓 
𝒎𝒎
𝒔𝒔𝟐𝟐

 (4.15) 

4.6. Final Considerations 
Footbridges are characterized by structural slenderness, low weight and high susceptibility to 

vibrations, especially those induced by pedestrians. The diversity of actions that can be produced 
by human action makes the study of the responses to pedestrian structures a realm that makes it 
possible to address different criteria and requirements and to consider equally different definitions 
and assumptions. 
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As shown, the actions that produce the most relevant dynamic effects on footbridges are those 
arising from the movement of pedestrians on the walkway. In this sense, each pedestrian step is 
characterized with an impulse, directed vertically and horizontally, which induces the structure to 
vibrational movement, which can lead to discomfort in the use of the structure. 

Critical limits were shown in terms of frequencies and accelerations defined by the various 
guidelines to guarantee human comfort in footbridges. In this context, in the present investigation, 
we will try to explore the concept of viscoelastic damping to counteract the vibrational tendency of 
pedestrian structures, through the use of polymeric composites. 
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5. Summary of Appended Papers 

This chapter presents a summary of the papers that constitute this doctoral thesis.  
The development of this research began with the study of rheological aspects involving polymer-

based materials and their viscoelastic behaviour. As described in Chapter 2, due to their molecular 
peculiarities, polymers and polymer-based composites exhibit mechanical behaviour ranging from 
essentially elastic materials to viscous ones. Such behaviour is the basis for studying how polymers 
attenuate vibrations in structures, particularly those predominantly affected by dynamic behaviour, 
such as footbridges.  

The basis of viscoelasticity theory and classical rheological creep models, as described in Chapter 
2, have proven ineffective in predicting the structure's service life. The investigation of the creep 
response of selected engineering materials should integrate the design of structures subjected to 
mechanical loads over a long period of operation (self-weight, static loads).  

In this sense, it became necessary to search for alternative procedures for the determination of 
the critical phases of deformation in the long term. Through the work developed by Professor Guibert 
Crevecoeur, formulations were proposed that link the creep and relaxation functions and the 
possibility of obtaining the dynamic moduli from the creep compliance and the relaxation modulus 
functions. The first two papers encompass this analysis and characterisation. 

As stated in Chapter 3, the particular behaviour of polymer-based materials is reflected by their 
intrinsic ability to dissipate kinetic energy, namely by their viscoelastic damping. Therefore, the linear 
viscoelastic materials should be experimentally characterised under (i) constant static load and/or (ii) 
harmonic load. In the first load case, the viscoelastic behaviour is described through creep compliance 
or the relaxation modulus. The viscoelastic behaviour is characterised by the complex modulus and 
the loss factor in the second load case. In this context, Paper 3 presents the deduction of a function 
capable of effectively describing the dynamic behaviour of the polymer-based composite and 
correlating this behaviour with creep. 

It becomes important to clarify that at the beginning of this research, the strategy outlined was 
to develop a composite material capable of providing high levels of damping, and then a new 
footbridge architecture would be developed, and the physical model would be built.  Despite the 
extensive research and analytical development of functions that allow estimating the service life of 
polymer-based structures, as well as establishing reciprocity between creep and relaxation with the 
complex modulus, it was assessed that it would be of more value to the research to use an existing 
GFRP-based footbridge for the dynamic study since the development of a new model with unique 
architectural characteristics would require intensive research for comparative evaluation with 
structures made of conventional materials.    

Thus, to assess the benefits of using a structure made of pultruded GFRP rather than a 
conventional material—steel, a comparative analysis between the dynamic characteristics of GFRP 
and steel beams is presented in Paper 4. Furthermore, to exclusively address the structural damping 
of GFRP and Steel materials, a test program was conducted based on samples of similar dimensions 
of the two materials tested in a free boundary condition.  From these tests, it was possible to conclude 
that the damping factor of GFRP is approximately five times higher than that of steel. Finally, the 
results presented in this paper were used to perform an extensive modal characterisation and 
dynamic analysis of the São Silvestre pedestrian bridge, a GFRP reinforced concrete hybrid bridge.  

Using the load models and comfort criteria described in Chapter 4, the structural response to 
pedestrian loads measured on the footbridge was used to calibrate the numerical model of the GFRP 
structure. These results are shown in Paper 5, together with the results of an equivalent numerical 
model made of steel. This paper shows that the load models defined in guidelines are not adequate 
to predict the structural response, both using steel or composite based materials, due to the high 
natural frequencies of the footbridge, which are typical of short spans. Nevertheless, high harmonic 
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effects are observed that may be responsible for high amplitudes of vibration. Moreover, when 
acceleration grows, it is visible that the composite-based material exhibits a much better performance 
than steel due to the higher capacity to attenuate vibrations. 

5.1. Paper 1 

Dacol, V.; Caetano, E. Modelling the three-stage of creep. Proceedings of the 3rd RILEM Spring Convention 
and Conference (RSCC2020).Volume 3: Service Life Extension of Existing Structures, Guimarães, Portugal, 
2020. https://doi.org/10.1007/978-3-030-76465-4. 

 
This paper presents a study conducted to estimate the 4 instants of time characterising the three 

stages of creep curve of polymeric and polymer-based materials presented in Chapter 2: (1) the first 
transition point, that is the transition point between transient and steady creep; (2) the secondary 
point, that is the inflexion point of the creep curve where the strain rate reaches its minimum; (3) the 
second transition point, that is the transition point between steady and accelerated creep; and (4) the 
instability point. 

The creep curve used in this study was constructed using data resulting from a numerical 
simulation of an experiment of Liu et al. (2008), where a sample cut from a 24’’ HDPE-Pipe was tested 
for five different stress levels. 

A brief review of the fitting methodology was first presented concerning the creep behaviour 
and its three stages. This methodology was applied to the numerical description of the creep 
behaviour of high-density polyethene. The time-dependent and stress-dependent approach was 
easily applied to a viscoelastic material. The transition points were calculated, and a creep safety 
envelope was defined and a lifetime prediction could be made. 

Although there was no comparative analysis of the useful life of the material based on standards, 
the creep curves obtained by the Crevecoeur adjustment methodology evidenced a good fitting to 
the data presented by Liu et al. (2008). 

The paper follows the work published by Crevecoeur (1992) and is based on a combination of an 
exponential and a power-law approach for fitting the creep test data to predict the lifetime of the 
structural system and its creep safety envelope. 

5.2. Paper 2 

Dacol, V.; Caetano, E.; Correia, J.R. A Combined Exponential-Power-Law Method for Interconversion between 
Viscoelastic Functions of Polymers and Polymer-Based Materials. Polymers 2020, 12, 3001. 
https://doi.org/10.3390/polym12123001. Impact Factor: 4.493 (2020). 
 

This paper first presents a brief review of some methods of interconversion between linear 
viscoelastic properties of polymeric composites in the time domain. Their theoretical background is 
presented and the relation between creep and relaxation and the constitutive integrals of linear 
viscoelasticity are summarised. It was shown that most of the classical methods of interconversion 
are based on the power-law and exponential methods of the fitting. Despite their ease of application, 
these methods are not efficient in representing the full-path curve of the creep behaviour of polymers 
and polymer-composites, namely their three creep stages. 

In the second part of the paper, a new approximate interconversion scheme that uses a 
convenient Laplace transform and an approximated Gamma-function to convert the measured creep 
compliance to relaxation modulus is presented. Data available in the literature are used to assess the 
consistency of the viscoelastic functions via the new interconversions presented in this work. The 
Exponential Power Law (EPL) method of creep fitting is converted to the EPL relaxation modulus 
expression, and the creep data is successfully fitted. To validate the EPL interconversion, three 
spectrum data collected from the literature are used as a reference. The results obtained show that (i) 

https://doi.org/10.3390/polym12123001
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the EPL fitting method proposed herein is very simple to implement, due to the small number of 
coefficients that need to be determined, and is quick to apply. In addition, (ii) the method is stable 
and accurate, as attested by the achieved Pearson correlation coefficient, greater than 0,97 for all test 
data considered. 

5.3. Paper 3 

Dacol, V.; Caetano, E.; Correia, J.R. A New Viscoelasticity Dynamic Fitting Method Applied for Polymeric 
and Polymer-Based Composite Materials. Materials 2020, 13, 5213. https://doi.org/10.3390/ma13225213. 
Impact Factor: 3.920 (2020). 

 
This paper presents a new approximate interconversion scheme to convert the measured 

dynamic moduli into creep compliance modulus and relaxation modulus. The proposed method uses 
a convenient Laplace and Carson transform and its relationship to the Fourier Domain, coupled with 
the application of the Moivre and Euler Theorem. 

The Exponential Power Law (EPL) creep fitting method has been converted to the EPL dynamic 
modulus equation and the data available in the literature have been successfully fitted. In particular, 
the test data concerning three different polymeric or polymer-based composites were used to validate 
the numerical approach: a pure polymer thermoplastic resin specimen, an E-glass-epoxy composite 
laminate, and an elastic-viscoelastic sandwich beam. 

The results obtained show the accuracy of the EPL Method in fitting the data from creep, 
relaxation, and dynamic tests. Moreover, the method can show the three stages of creep (long-time 
behaviour). In addition, it is shown that fitting based on the EPL method is easy to implement since 
only three terms need to be found in any data spectrum, and no pre-smoothing procedure is required 
to ensure a good fit. Furthermore, the stability of this method is demonstrated by the achieved 
Pearson correlation coefficients, which was higher than 0.96 for the different examples. 

5.4. Paper 4 

Dacol, V.; Caetano, E.; Correia, J.R. Comparative Study of Damping on Pultruded GFRP and Steel Beams. 
Polymers 2021, 13, 2201. https://doi.org/10.3390/polym13132201. Impact Factor: 4.493 (2020). 

 
This paper aims to investigate the dynamic behaviour of GFRP free-supported beams to evaluate 

their modal characteristics (frequency, damping, and modal shape). To assess the benefits of using a 
structure made of pultruded GFRP rather than a conventional material—steel, a comparative analysis 
between the dynamic characteristics of GFRP and steel beams is performed. To specifically address 
material damping and to minimise the interference of the boundary conditions, the beams are tested 
in a free condition, resting on a low-density foam base. The results show that the damping capacity 
of GFRP is much higher than that of steel, as the measured damping factor of GFRP is five times 
higher than that of steel for the same boundary conditions and similar geometry. Furthermore, the 
fact that the frequencies of the tested specimens resemble the two different materials highlights the 
perceived damping qualities of the polymer-based composite material. Finally, an energy method for 
evaluating the influence of the scale factor on material damping is applied, which made it possible to 
infer that damping varies as a function of frequency but is not explicitly affected by the length of the 
specimens. 

https://doi.org/10.3390/ma13225213
https://doi.org/10.3390/polym13132201
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5.5. Paper 5 

Dacol, V.; Caetano, E.; Correia, J.R. Modal Identification and Damping Analysis of a Full-Scale GFRP-
SFRSCC Hybrid Footbridge. Submitted to Engineering Structures in January 2022. Impact Factor: 4.471 
(2021). 
 

This paper presents a study about the dynamic behaviour of an 11 m long GFRP-concrete hybrid 
footbridge, made of two I-shaped pultruded glass fibre reinforced polymer (GFRP) main girders and 
thin steel fibre reinforced self-compacting concrete (SFRSCC) deck, in operation since 2015 in the city 
of Ovar. The main goal was (i) to assess the benefits of using a structure made of pultruded GFRP 
instead of a conventional material (steel), and (ii) to improve the knowledge and understanding of 
the dynamic properties of composite footbridges. Based on experimental techniques of output-only 
and input-output identification, the resonant frequencies, damping ratios and mode shapes of the 
footbridge were identified using the Enhanced Frequency Domain Decomposition (EFDD) and the 
Operational PolyMAX methods. A finite element (FE) model of the footbridge was developed and, 
after calibration with test data, a study on the damping characteristics of the GFRP footbridge was 
conducted to compare its structural performance under human loads, especially its vibration 
mitigation capacity, with that of an equivalent structural system made of steel profiles. The identified 
modal components were also compared to experimental results collected from the literature for a 
conventional-based material footbridge. The impact of higher harmonics of the pedestrian load in the 
dynamic responses of short-span footbridges was also evaluated, and their important influence was 
demonstrated. Overall, the results obtained show that the structural use of polymer-based composite 
materials as footbridge components can contribute to limiting vibrations or even act as self-dampers.  



6.  Conclusions and Future Work 

6.1. Conclusions from the research 

The main objective of this PhD thesis was to prove the advantages of the use of polymer-based 
composite materials in the design of footbridges, particularly in the aspect of their dynamic behaviour 
and their ability to attenuate excessive pedestrian-induced vibrations. In addition, it was sought to 
produce consistent parameters that make it possible to develop numerical models capable of 
simulating the behaviour of footbridges designed with fibre-reinforced polymer-based composite 
materials with reasonable accuracy. 

The purpose of this work was to find an answer to the following central question: 

Could the viscoelastic damping characteristic of polymer-based composite 
materials improve the dynamic performance of footbridges, especially in 
terms of damping ratio and vibration attenuation? 

Understanding and modelling the viscoelastic behaviour of polymers and polymer-based 
materials for a wide range of quasi-static and high strain rates is of great interest to applications in 
which they are subjected to mechanical loads over a long time as the self-weight or other static loads. 
In this context, an incursion was made into the viscoelastic theory. Its manifestations and its 
relationship with viscoelastic damping, understood as a component of the polymer complex modulus 
was established.  

This doctoral project's initial idea consisted of defining, producing, and testing a composite 
material that could provide damping levels within a pre-defined range, namely between 2% and 5%. 
Establishing a method to predict the lifetime of a composite footbridge, where the creep phases could 
provide a clear insight into the structure's durability, was another challenge at this phase. In parallel, 
evaluating and measuring the influence of creep on the damping of the polymer-based composite 
was an additional element that emerged during the development of the interconversion method 
between quasi-static and dynamic behaviour of polymeric and polymer-composite materials. 

In this sense, the interconversion between the creep and relaxation functions was defined and, 
from these, the connection with the complex modulus was established.  

After the analytical functions have been developed and tested, the next step would be to produce 
the composite and test it. Then, a new pedestrian architecture could be developed, and the physical 
model would be built. Despite the extensive research and analytical development of functions that 
allow estimating the service life of polymer-based structures, as well as establishing reciprocity 
between creep and relaxation with the complex modulus, a change of strategy was required, and it 
was decided to use an existing GFRP-based footbridge for the dynamic study. The PhD research 
developed by Dr José Gonilha and the construction of the São Silvestre footbridge provided better 
conditions for the comparative analysis between pedestrian structures of polymeric composite-based 
materials and conventional ones, such as steel. However, as the São Silvestre footbridge is not 
monitored concerning its deflection, it was not possible to use the functions developed to estimate 
the structure's service life. 

Indeed, the "creep" component was not fundamental for the accurate understanding of the 
damping capacity of GFRP structures, even though creep is intrinsically linked to the energy 
dissipation of the material. However, having a numerical model that allows estimating the service 
life of this type of structure is an important issue for further studies. 

In the following paragraphs, the evolution of this work is briefly described and the main 
achievements and findings. 
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The Viscoelasticity Approach 

During the first phase of this research, the viscoelasticity theory was studied in-depth, and an 
extensive review of the concepts of creep and relaxation in polymers was undertaken. The knowledge 
of how creep sets specific limits on the use of polymer-based composites in structures was 
fundamental to validate the mechanical models used in the design of footbridges. 

The research conducted by Professor Guibert Crevecoeur on exponential equations combined 
with power functions as the base of this phase. In fact, “creep modelling for structural analysis” aims 
to develop methods to simulate and analyse the time-dependent changes of stress and strain states 
in engineering structures up to the critical stage of creep rupture and including the service stage. 

The first step was to develop a new approximate interconversion scheme using a convenient 
Laplace transform and an approximated Gamma function to convert the measured creep compliance 
to the relaxation modulus. In terms of the scientific motivation of this part of the work, two main 
aspects are highlighted: (i) existing methods are not able to represent satisfactorily the full-path of 
creep, namely its three stages; and (ii) a method of interconversion becomes an important tool as it 
allows for more efficient utilisation of resources in a rheology laboratory. 

The second step refers to the dynamic behaviour of polymeric and polymer-based composite 
materials under service conditions and the need for their characterisation. A powerful and simple to 
implement technique was proposed for the processing and analysis of dynamic mechanical data in 
which the dynamic moduli expressions may be obtained from the Exponential-Power Law Method 
(EPL) of the creep compliance and the relaxation modulus functions. The advantages of the EPL 
method were shown, namely its simplicity and straightforwardness in performing the desirable 
interconversion between the quasi-static and dynamic behaviour of polymeric and polymer-based 
composite materials. 

The Dynamic Evaluation 

The second phase of this research focused on experimental campaigns for the modal 
identification of structures and for the assessment of the benefits of using a structure made of 
pultruded GFRP profiles rather than conventional material, like steel. For this purpose, a comparative 
analysis of the dynamic characteristics of GFRP and steel beams was performed. An experimental 
model with free supports was used to eliminate the influence of boundary conditions. These tests 
were performed to gather modal data from the specimens, namely, the vibration frequencies of the 
beams, by performing input-output testing based on the excitation of an impact hammer.  

As expected, for a given frequency, the damping ratio of the polymer-based GFRP composite 
specimen was higher than that of the steel-based specimen. In addition, a relatively simple 
mathematical expression has been proposed to evaluate the trend of the damping ratio of the material 
as a function of the frequency variation. These tests provided a model that allows evaluating whether 
the damping levels of a footbridge built with polymer-based composite materials are higher 
compared to the same structure built from steel profiles.  

Finally, the modal characterisation of a hybrid footbridge, made of GFRP profiles and an SFRSCC 
deck, installed in northern Portugal and operation since 2015, was presented. An experimental 
campaign of the São Silvestre footbridge was carried out, which comprised an extensive modal 
identification, and focused particularly on the damping performance of polymer-based materials, 
namely GFRP profiles, to dissipate energy and to mitigate the vibrations of slender structures, as 
footbridges.  

Several numerical analyses were performed by varying the pedestrian’s velocity and simulating 
one or more pedestrians crossing the footbridge. Furthermore, the tuned numerical model of the 
GFRP-SFRSCC hybrid footbridge was replicated and the GFRP profiles were replaced by commercial 
steel profiles. This second model was submitted to the same load scenario and the results were used 
for a comparison purpose. Despite its greater deformability than the steel-based hybrid system, the 
GFRP-based hybrid system showed a better response in maximum vertical acceleration, showing 24% 
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lower amplitude for a single pedestrian moving. Concerning the crowd simulations, the GFRP-based 
model presented an amplitude of vertical acceleration 48% lower than that of the steel-based model. 

In addition, it was possible to show the high importance to improve the characterisation of 
actions and in considering high harmonics in modal analysis of structures with high frequencies, as 
short-span footbridges. 

The results obtained show that the structural hybrid solution for pedestrian usage, characterised 
by its susceptibility to excessive vibrations due to its slenderness, can improve its dynamic 
performance with the use of polymer-based composites, especially in terms of damping ratio and 
vibration attenuation. 

6.2. Looking to the future 

This PhD work has dealt with some cross-cutting themes, some of which should be further 
developed in the future. In this context, the following questions/topics are worth being mentioned  
and investigated in future studies: 

1. What influence can the ageing of the polymeric and polymer-based 
composite materials provide to the modal characteristics of the structure?  
Damping in polymers is closely related to their viscoelastic behaviour and the 
chains and bonds between their molecules. Molecular ageing due to various 
environmental agents (acting in isolation or combined, e.g., moisture, 
temperature, UV radiation) can influence the polymer's ability to rearrange its 
bonds when subjected to static or dynamic stresses. In this perspective, it is 
expected that the material's ability to dissipate energy can be affected. How and 
how much would be the answer to be sought. 

2. Does the creep behaviour presented by polymeric and polymer-based 
composite materials affect its damping capacity? 

As mentioned above, damping in polymeric materials is linked to their viscoelastic 
behaviour. Creep compliance can be understood as a slow deformation that can be 
reversed within certain limits in the case of a polymer. Since polymeric bonds 
rearrange themselves when creep occurs, it would be expected that the damping of 
this type of material would undergo some change in this process. In this sense, 
evaluating the dynamic behaviour of polymers along the different creep stages 
could provide answers to this question. 

3. How to insert the viscoelastic damping, namely the complex modulus, 
in a numerical model to estimate the behaviour of polymer-based 
composite structures?  

The numerical implementation of the viscoelastic behaviour of composite materials 
in FEM should allow the dynamic analysis of laminated and pultruded structures, 
in which the material damping due to the inherent characteristics of polymeric 
resins and reinforcing fibres corresponds to a given complex modulus. Because of 
their mechanical properties, polymeric composites require numerical treatment in 
the frequency domain, which should concomitantly provide temporal analysis 
since time-dependent phenomena, such as creep and ageing, affect the complex 
modulus and, consequently, their viscoelasticity. In addition, the dependence of 
these materials on temperature variations constitutes another variable of the 
system. Thus, the numerical simulation of the structural behaviour through the 
incorporation of viscoelasticity should be able to describe the variation of this 
behaviour as a function of the temperature and frequency, in addition to the 
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transient aspects of the material (creep, relaxation, ageing). A viable numerical 
proposal would be the possibility of including the loss and dynamic modulus 
functions in the damping and stiffness matrices of the system. However, this 
nonlinearity may overload the analysis model, making it slow; moreover, it would 
require long-term experimental data on the durability of generic composite 
materials (i.e. depending on the type of fibres and resin, and other aspects, such as 
the type of processing), which presently is not available. The solution to this 
dichotomy is the core of this proposal. 
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Modelling the Three-Stage of Creep

Vitor Dacol and Elsa Caetano

Abstract Over the last years, several studies have addressed the time-dependent
mechanical behaviour of polymeric composites. When subjected to a constant
stress, viscoelastic materials experience a time-dependent increase in strain. This
phenomenon is known as viscoelastic creep and manifests as a tendency of a solid
material to deform permanently under the influence of constant stress: tensile,
compressive, shear or flexural. When applied to polymers, creep is the result of the
inherent viscoelastic nature that causes time dependency of behavior. Aswell known,
the initial strain in a material is roughly predicted by its stress-strain modulus. Then,
the material will continue to deform slowly with time indefinitely or until rupture
or yielding causes failure. A typical creep curve reveals a three-stage behavior, (1)
the transient stage, where the deformation rate decreases with time, (2) the steady-
state, characterized by a “relatively” uniform rate gradient and (3) the accelerated
phase, where the strain rate increases until rupture. In polymers at low strains (nearly
to 1%), creep is essentially recoverable after unloading. However, in certain cases,
creep failure is the most important degradation mode of a structure (turbine blades,
aircraft parts). Furthermore, in civil engineering works, this kind of deformations
may be substantial throughout the required service life. The investigation of the creep
response of selected engineering materials should integrate the design of structures
subjected tomechanical loads over a long time of operation (self-weight, static loads).
The aim of “creepmodeling for structural analysis” is the development of methods to
simulate and analyze the time-dependent changes of stress and strain states in engi-
neering structures up to the critical stage of creep rupture, passing through service
state. In particular, the key in identifying these three stages above described lies
in the location of the transition points between stages. This work presents a study
conducted to estimate the 4 instants of time of the creep curve: (1) the first transition
point, that is the transition point between transient and steady creep; (2) the secondary
point, that is the inflexion point of the creep curve where the strain rate reaches its
minimum; (3) the second transition point, that is the transition point between steady
and accelerated creep; and (4) the instability point. This research follows the work
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publish by Crevecoeur [3] and is based on a combination of an exponential and a
power law approach to the creep test data of HDPE pipe sample.

Keywords Viscoelasticity · Creep · Creep behaviour · Stages of creep · Polymer
Ageing

1 Introduction

Creep is a slow, continuous deformation of a material under a constant stress and
temperature. As a result of its inherent viscoelastic nature, polymers present a time-
dependent deformation that occurs under any temperature. Creep of polymeric solids
can be subdivided into several stages, where instantaneous creep takes place upon
loading, followed by transient creep where the strain-rate reaches its minimum. It
then increases and approaches an asymptotic limit and rupture occurs.

Therefore, the study on the process of creep is essential and significant for engi-
neering applications concerning temperature and stress and has been a challenge
in the design of structures subjected to loads for long periods of time. According
to Monfared [14], predicting creep behaviour is of utmost importance on advanced
reinforced or non-reinforced materials design, such as polymeric composite.

In fact, to define parameters to prevent unsafe and undesired events such as
progressive deformations and local reduction of material strength, may be an impor-
tant tool in development of more slender and durable structures. In this context, esti-
mating of transition points between stages of creep may help in linear and non-linear
analysis of the structure behaviour.

On the other hand, Crevecoeur [6] shows a non-linear kinetics in the ageing of
biological systems,which is characterizedby three successive stages such as observed
in a creep curve of polymeric composite. Crevecoeur shows that a model useful for
the follow-up of operating inert systems allows to find back typical curves and laws
related to the ageing of biological systems.

Based on the work of Crevecoeur and through a combination of an exponential
and a power law approach to the creep test data of FRP sample, this paper proposes
a simple approach to modelling the three-stages of polymer creep.

2 Theoretical Background

The combination of mechanical behavior of elastic and viscous materials character-
izes the response of a viscoelastic material.

According to Barra [1], due its molecular nature, the polymeric mass may be
seen formed from a twisted or tangled chains in its undeformed state. Subjected to
constant tension, molecules exert a retractive response to this tension in order to
maintain their stable (folded) conformation. Under continuous tension, the chains
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Fig. 1 Stress-strain
relationship of viscoelastic
materials

slide relatively to each other and the tangled structure is deformed into an extended
conformation. When the applied load is released before the creep rupture occurs, an
immediate elastic recovery equal to the elastic deformation, followed by a period of
slow recovery is observed.

Within certain limits, the graphic tension versus deformation will take the shape
of an ellipse. This format tends to be maintained to the extent that the amplitudes of
tension and deformation grow (Fig. 1).

The viscoelastic behaviour manifests itself in several ways, which comprise:
(a) creep under constant load; (b) relaxation of tension under constant deforma-
tion; (c) recovery of time dependent deformation after complete removal of load;
(d) rupture due to time-dependent creep; (e) fatigue resistance dependent on the
excitation frequency.

Basically, there are three principal ways to describe the viscoelastic behavior [19]
in time domain. The first one is the Boltzmann superposition principle so-called the
integral representation expressed by the convolution integral (1).

ε(t) = t∫
−∞

J(t − τn)dσ(τn) (1)

The second way, represented by a differential equation (2), uses assemblages of
Hookean springs and Newtonian viscous elements (dashpots) as models through
several forms of combinations. For a Maxwell rheological model, total strain yields:

∂ε

∂t
= ηε̇ (2)

The third method is based on assumptions about the molecules themselves which
dynamic tests are more convenient to be used for. This last method will not be
described in this paper.
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2.1 Creep

Depending on the level of excitation applied, the material may not recover to its
original shape, and then a permanent deformation becomes installed. The magnitude
of this permanent deformation will depend on the duration and the amount of tension
applied, as well as the temperature [8].

For a constant temperature, this creep description is illustrated by Fig. 2 and
translated by expression (3).

J(t) =∈ (t)/σ0 (3)

For most applications, composite structures may be designed using linear elastic
analysis. However, due to the effects of environment, there are instances where
time dependent phenomena such as creep may be important long-term design
considerations.

In these cases, creep failure is the most important degradation mode of a structure
(turbine blades, aircraft parts) and its behavior must be known until its failure. An
example showing importance of the creep phenomenon is the creep behavior of
epoxy-based structural adhesives. Compared to other joining methods, welding or
bolting for example, epoxy-based structural adhesives provide advantages, such as
its high strength-to-weight ratio [10].

Fig. 2 Creep and recovery
description
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2.2 The Three-Stages of Creep

As known, viscoelastic material is a rheological material that exhibits time-
temperature rate of loading dependence, with the response being a function of the
current input and also of the current and past input history.

Under a sustained load over a long period of time, viscoelastic materials undergo
three stages of strain evolution (Fig. 3).

The typical creep curve showed in Fig. 3 may be described as follow:

(a) First stage: so-called Primary or Transient creep, in which creep occurs at a
decreasing rate;

(b) Second stage: so-called Second or Steady-state creep, in which strain rate
reaches its minimum and shows a nearly constant value;

(c) Third stage: so-called Tertiary or Accelerated creep, where the strain rate
increases quickly and its end the rupture occurs.

Figure 4 shows the strain rate of creep behavior and the total relationship of an
ideal creep curve, the so-called creep bathtub. The bathtub curve usually gives the
failure rate for an operating system.

According to Naumenko and Altenbach [15], the secondary creep is for many
applications themost important creepmodel. The relative equilibrium, i.e., a uniform
rate of strain gradient, enables the long-term behavior of the structure to be analyzed

Fig. 3 Three-stages of creep

Fig. 4 Strain rate bathtub
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assuming stationary creep processes. The extent of this stage depends on the combi-
nation of applied stress and system temperature. For relatively low stresses, the
secondary stage may have a considerable extent before the onset of tertiary creep
[2].

However, for components with a close fit, the primary creep needs to be taken
into account. Bolts and copper canisters for the storage of spent nuclear fuel are an
example of this [16].

On its turn, the tertiary creep leads to an unstable crack propagation and materials
failure at end. The point where the accelerated creep starts is known as flow time and
is defined as the time at which the shear deformation under constant volume starts,
i.e., wherein the volume does not change. In an idealized curve of creep, tertiary
stage only occurs at high stress or for ductile materials.

Furthermore, stress impacts significantly the strain rate where the increase of the
stress by one order causes an increase of strain rate about four orders approximately
[11].

Thus, to provide a better understanding of the structure behavior over time, these
three-stages of creep should be known in order to avoid undesired behavior and even
irreversible failure.

In particular, the key to determining these three-stages is in the fact that how to
locate the transition points between stages along the creep curve. At last instance, it
translates in the determination of secondary stage boundaries and in the predicting a
creep safe envelope.

2.3 Biological Ageing Analogy

As defined in Luder [13], biological ageing is usually considered the continuous
accumulation of damage or deterioration, at the level of the cells, tissues, organs or
organism, which reduces vitality and ultimately leads to death.

Crevecoeur [6] shows that ageing could be seen as a multifactorial process.
According to that, there is a widely observed non-linear kinetics in the ageing of
biological systems, which is characterised by three successive stages, (1) firstly the
ageing rate is high, but it decreases quickly to a minimum, from which (2) it remains
nearly constant during the major part of the process until (3) it starts increasing again
up to the final collapse of the system.

Concerning to this, taking ageing in the broad sense, as the whole process of
going from birth to death, non-linearities appear. Those can be found in nature as
reflecting successive periods in the life of biological systems, such as in the “survival,
mortality or growth curves” (see Van Voorhies [20], Luder [13] and Fotsis et al. [9],
respectively).

Selye [17] described the three stages of a system reaction, termedGeneral Adapta-
tive Syndrome (GAS) where “there is an integrated syndrome of closely interrelated
adaptive reactions to non-specific stress itself”. The first stage of GAS is the “Alarm
Reaction”, which can be corresponding to an elastic response of polymer under static
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load; the second stage is called “Stage of Resistance”, in which “a certain resistance
is built up against the damaging stimulus” that could be translated in terms of steady
creep rate; at last, the tertiary stage, called “Stage of Exhaustion”, where the system
loses its resistance and fails with several internal changes.

Thus, the parallel between biological ageing and polymeric creep behavior can
be explained by assuming that a polymeric structure is composed of interconnected
microstructures operating together under an input stress.

In this way, Crevecoeur [4] shows the similarity between creep behavior and
mechanical system ageing, where the failure rate of mechanical repairable systems
that deteriorate with time due to ageing can usually be visualized by a bathtub curve,
as shown in the creep rate curve.

3 Modeling Approach

Crevecoeur [5] suggests a differential equation to synthesize the strain rate behavior
of creep expressed by the bathtub curve:

ε̇(t)

εe(t)
= α + β

ti
(4)

where:

ε̇(t) is the strain rate
εe(t) is the measured strain from creep test
α,β are constants to be fitted, where α > 0 and β < 1 and α � β.

Once (4) is integrated, it gives a combination of an exponential and a power law
function (5).

εe(t) = k.eα.t.tβ (5)

where:

k is a constant for a given temperature and load.

The three parameters α, β and k are constant as long as the physical constraints
on the system remain constant, i.e., while the stress and temperature remain constant,
these three parameters stay constant.

Crevecoeur [6] introduces a third system constraint which is called the internal
“organisation” of the system. In the case of a polymer, this can be understood as
the molecular arrange of the polymer and the micromechanical assemblage of the
composite material.
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According to Smith [18], the values of the parameter β will typically range
between 0.15 and 0.65. However, this quantity can have values between 0 and 1
[3].

In (5) the quantity (1/α) gives the order of magnitude of the time scale for the
creep process. Physically, this quantity corresponds to a time called “instability time”,
t i , [6], i.e.:

1

α
= ti (6)

The instability time is one that from it there is a risk that the system starts to fail.
At t i , if the load is not removed or operating conditions are not relaxed, the system
will become impaired. It means that the system will usually continue after t i but the
process leading to the collapse is irreversibly started.

According to Crevecoeur [6], it is noticeable that the instability time occurs in
tertiary creep and it is possible to divide the third stage into two parts, (1) before t i
(the predictable ageing) and (2) after t i (the statistically predictable ageing).

The system failure takes place about 20–40% of life after t i .
Applying (6) into (5), yields (7).

εe(t) = k.e
(

t
ti

)
.tβ (7)

where:

εe(t) is the creep strain measured at t .

From Eq. (7), at some given time tn, it is expectable that:

t = ti . . . that means . . . εe(t) = ε(ti) (8)

From the equality (8), Eq. (7) yields (8).

εi (ti) = k.e1.tβi (9)

where:

εi (t i ) is the strain at t i .

The quotient between (7) and (9) yields (10):

εe(t)

εi(ti)
= exp

(
t

ti
− 1

)
.

(
t

ti

)β

(10)

From data pairs (εe, t), it is expectable that (εi , t i ,β) converge from a successive
iteration of (10).
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Moreover, according to Crevecoeur [7] the use of εe(t)/εi (t i ) and t/t i allows to
normalize the shape of the creep curve, independently of how long the process lasts.
In fact, for a given β and making εe(t) = εi (t i ), the creep curve will look similar
for a small t i (tests at higher stress or temperature) as well as for a larger t i (tests at
lower stress or temperature).

To find the time of steady creep, Crevecoeur [6] suggests the following relation:

t2ary = ti.
(√

β − β
)

(11)

Expression (11) gives the point where the strain rate reaches its minimum and
corresponds to the point of inflexion on the creep curve.

From (11), the secondary strain point, ε2ar y, is estimated using (7).
It must to be warned that the 2ary stage (the steady-state stage) has visually the

aspect of a straight line but in fact it is an approximate linearization for practical
applications and shows a quasi-straight linear zone.

The point (ε2ar y, t2ar y) is somewhere in the 2ary stage where the creep curve
turns from concave (from below) to convex (from below) form.

Furthermore, it is possible to mark several periods of time on the creep curve.
Comparing biological and inert systems, Crevecoeur [6] distinguishes some periods
of time:

(1) the instability time—t i ;
(2) the actual time of collapse—t r (the ‘lifespan’);
(3) the maximum possible lifetime—tm (the ‘longevity’); and
(4) the statistical average of lifetimes—tμ, (the ‘life expectancy’).

These periods of time are shown in Fig. 5

where:

t1ar y is the transition point between transient and steady creep
t2ar y is the inflexion point of the creep curve
t3ar y is the second transition point (flow time)

Fig. 5 Periods of time on a
hypothetical creep curve
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Fig. 6 Creep envelope for a
given temperature

t i is the instability time
t r is the actual time of failure
tm is the maximum possible lifetime.

Applying t2ar y to the derivative of (5) and comparing its straight line to creep data
curve, it is expectable to determine t1ar y and t3ar y taking the difference between the
straight line and creep data less than to 1%.

3.1 Creep Safety Envelope

Once defined the critical points on the creep curve (for a given temperature and load),
it is possible to determine different critical points for a spectral of different values
of stress for a specific temperature or different levels of temperature for a range of
stress values. Fig. 6 shows a creep safety envelope for an aleatory polymeric sample
at a given temperature.

4 Material Testing

In order to simulate the above described fitting, sampled points from the creep curves
identified by Liu et al. [12] are used as the actual experimental values to be matched.

4.1 Liu’s Creep Data

The creep experimental data are obtained for creep testing of a sample extracted
from HDPE (high-density polyethylene) pipes at 5 stress levels. From a Generalized
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Fig. 7 Generalized kelvin model

Table 1 Fitted values from Eq. (12)

Stress (MPa) k0 (MPa) k1 (MPa) k2 (MPa) k3 (MPa)

2.97 650 797.3889 2320.3566 925.0882

5.97 580 913.5936 1212.2605 695.0461

7.71 520 1224.7911 1104.9922 385.8572

10.31 500 1034.2045 694.1084 226.4555

12.19 470 1128.4448 806.0972 140.6875

Adapted from Liu et al. [12]

Kelvin Model (Fig. 7), a Dirichlet Series with three terms were used to represent the
resulting strain (12). The tests were conducted at room temperature of about 22 °C.

Table 1 shows the fitted values of experimental data from Eq. (12).

εD(t) = σ(t)

k0(σ)
+

3∑
i=1

σ(t)

ki(σ)

[
1 − exp

(
− t

τi

)]
(12)

where the respective relaxion times are:

τ 1 = 500 s
τ 2 = 10000 s
τ 3 = 200000 s

The sampled points from the creep curves identified in Table 1 are used to simulate
the actual experimental values to be matched and the resulted strain-time curves are
depicted in Fig. 8.

5 Application of Crevecoeur Fitting Methodology

From the data spectra generated by Eq. (12), Crevecoeur equation coefficients are
fitted for each stress level and presented in Table 2.
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Fig. 8 Creep curves until end of measurements

Table 2 Crevecoeur equation coefficients

Stress (MPa) k β ti (s) error (%) r-Person

2.97 0.00558 0.055 3.403.676 0.60 0.9763

5.97 0.00880 0.085 1.709.402 0.80 0.9901

7.71 0.00900 0.113 1.459.854 0.90 0.9990

10.31 0.01340 0.124 924.214 1.10 0.9982

12.19 0.01320 0.150 740.741 1.90 0.9975

5.1 Fitting Quality

In order evaluate the quality of the fitted values, the relationship diagram between
log σ versus log t i and ε(t i ) versus log t i is shown in Fig. 9.

Fig. 9 Evaluation diagram
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The linear relation plotted is similar to a typical failure mode of HDPE Pipe, the
so-called Mode–1, where the pipe fails mainly in a ductile manner under mechanical
overload at higher stresses (seeXu et al. [21]), that indicates an acceptable correlation
between data test and the approach.

6 Results and Comments

Figure 10 and Table 3. Strain Correlation show the relationship between the strain
at t i and t2ar y, εi (t i ) and ε2ar y

(
t2ar y

)
. This one reveals a constant ratio between the

instability time and the time of steady creep, over the stress increment.

6.1 Transition Points

In order to exemplify the strain rate bathtub the strain rate for 12,19 MPa is depict
in Fig. 11.

From derivative of (5) and applying the t2ar y, it is expectable to find the values
of t1ar y and t3ar y where the difference between the strain rate line from (4) and the
creep data curve is less than or equal to 1%. Tables 4 and 5. Pairs of Transition Points
(2/2) shows the values of each pairs of fitted points.

Fig. 10 Strain correlation
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Table 3 Strain correlation Stress (MPa) ε(ti) (mm/mm) ε(t2ary) (mm/mm) Strain ratio

2.97 0,036 0,014 0,398

5.97 0,081 0,032 0,396

7.71 0,122 0,047 0,388

10.31 0,200 0,077 0,385

12.19 0,272 0,102 0,376
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Fig. 11 Strain bathtub for 12,19 MPa.

Table 4 Pairs of transition points (1/2)

Stress (MPa) ε(t1ary) (mm/mm) t1ary (s) ε(t2ary) (mm/mm) t2ary (s)

2.97 0,011 77.400 0,014 611.031

5.97 0,026 142.200 0,032 353.073

7.71 0,044 260.000 0,047 325.773

10.31 0,059 77.400 0,077 210.847

12.19 0,087 109.800 0,102 175.777

Table 5 Pairs of transition points (2/2)

Stress (MPa) ε(t3ary)
(mm/mm)

t3ary (s) ε(ti)
(mm/mm)

ti (s) ε(tm)
(mm/mm)

tm (1s)

2.97 0,023 2.150.000 0,036 3.403.676 0,055 4.424.779

5.97 0,042 710.000 0,081 1.709.402 0,124 2.393.162

7.71 0,051 404.000 0,122 1.459.854 0,189 2.043.796

10.31 0,120 518.000 0,200 924.214 0,311 1.293.900

12.19 0,139 330.000 0,272 740.741 0,428 1.037.037

From expression (5) and the values from Tables 4 and 5. Pairs of Transition Points
(2/2), the theoretical creep curves for each step of stress are depicted in Fig. 12

Once defined the critical points on the creep curve shown in Table 4, creep safety
envelope is created and the shape of the curve is given in Fig. 13.
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7 Conclusions

This paper presented a study conducted to estimate the 4 instants of time character-
izing the creep curve: (1) the first transition point, that is the transition point between
transient and steady creep; (2) the secondary point, that is the inflexion point of
the creep curve where the strain rate reaches its minimum; (3) the second transition
point, that is the transition point between steady and accelerated creep; and (4) the
instability point.

The creep curve used in this study was constructed using data resulting from a
numerical simulation of an experiment of Liu et al. [12], where a sample cut from a
24” HDPE-Pipe was tested for five different stress levels.
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A brief review of the fitting methodology was first presented concerning the creep
behavior and its three-stages. This methodology was applied then to the numerical
description of the creep behavior of a PE. The time-dependent and stress-dependent
approach was easily applied to a viscoelastic material. The transition points were
calculated and a creep safety envelope was defined and a lifetime prediction could
be made.

Although therewas no comparative analysis of the useful life of thematerial based
on standards, the creep curves obtained by the Crevecoeur adjustment methodology
evidenced a good fitting.
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Abstract: Understanding and modeling the viscoelastic behavior of polymers and polymer-based
materials for a wide range of quasistatic and high strain rates is of great interest for applications in
which they are subjected to mechanical loads over a long time of operation, such as the self-weight
or other static loads. The creep compliance and relaxation functions used in the characterization of
the mechanical response of linear viscoelastic solids are traditionally determined by conducting two
separate experiments—creep tests and relaxation tests. This paper first reviews the steps involved in
conducting the interconversion between creep compliance and relaxation modulus in the time domain,
illustrating that the relaxation modulus can be obtained from the creep compliance. This enables the
determination of the relaxation modulus from the results of creep tests, which can be easily performed
in pneumatic equipment or simple compression devices and are less costly than direct relaxation tests.
Some existing methods of interconversion between the creep compliance and the relaxation modulus
for linear viscoelastic materials are also presented. Then, a new approximate interconversion scheme
is introduced using a convenient Laplace transform and an approximated Gamma function to convert
the measured creep compliance to the relaxation modulus. To demonstrate the accuracy of the fittings
obtained with the method proposed, as well as its ease of implementation and general applicability,
different experimental data from the literature are used.

Keywords: viscoelasticity; creep and relaxation; interconversion; stages of creep; mechanical analysis;
mechanical characterization; structure–property relationships

1. Introduction

The linear viscoelastic functions that describe the creep and relaxation behavior of polymers and
polymer-based materials are mathematically equivalent, and each function contains essentially the same
information on the creep and relaxation properties of those materials. Through an appropriate mathematical
operation, a linear viscoelastic material function can be converted into another material function.

Polymers and polymer-based materials are extensively used as structural materials in the
aerospace and automotive industries, civil engineering [1], and biomechanics. Due to this, a variety
of methods applicable to the interconversion of static (creep) and dynamic (relaxation) functions
(concerning appropriate experimental data of various polymeric and composite materials) have been
investigated over the last few decades to provide a better characterization of those materials [2].

Despite the conceptual simplicity of the viscoelastic properties of polymeric materials, there are
operational difficulties in obtaining them from experiments. In this context, interconversion procedures
are especially useful due to the difficulty in running constant-strain relaxation tests on stiff materials and
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the fact that constant-stress creep tests are much easier to carry out [3]; in many cases, constant-stress
creep tests can be performed with a simple deadweight system. Concerning relaxation modulus tests,
the difficulty involved in the sudden application of a constant strain level was highlighted by Kim [4].
Moreover, it is necessary to adjust the load level during the test to guarantee that the strain is kept
constant. Therefore, a method of interconversion becomes an important tool as it allows for more
efficient utilization of resources in a rheology laboratory.

In the context of temperature and frequency dependence studies, the interconversion procedure
can also be an important tool to help predict the behavior of polymer-based materials [5].

Different methods have been proposed to solve the interconversion expression of linear
viscoelasticity. In this context, reference is made to an extensive theoretical treatment of the subject
given in [6,7]. Other studies, such as [8–10], have focused on numerical approaches using Prony series
or power laws to characterize the creep and relaxation moduli of polymeric materials.

When studying the mechanical behavior of viscoelastic materials, it is usually assumed that
the strains and the stresses are deterministic functions. However, Wang et al. [11] highlighted the
importance of considering the uncertainty in the propagation of the frequency response for the robust
design of viscoelastic damping structures. According to De Lima et al. [12], among the various methods
devised for uncertainty modeling, the stochastic finite element method has received major attention,
as it is well adapted for application to complex engineering systems. Despite their potential importance,
the experimental quantification of uncertainties and the corresponding stochastic modeling are not
addressed in the present study.

In the first part of this paper, a general theoretical background of the viscoelastic behavior of
polymeric composites is provided, and a brief review of interconversion methods is presented and
discussed. In the second part, based on the works of Crevecoeur [13,14] and the study conducted in [15],
this paper proposes a new interconversion procedure, which involves the combination of Laplace
transform theory with an approximated Gamma function to convert the measured creep compliance to
the relaxation modulus. The main goal of this paper is to demonstrate (i) the mathematical procedure
to interconversion from creep to relaxation functions and (ii) the good fitting for creep and relaxation
data provided by the proposed methodology.

2. Theoretical Background

2.1. Constitutive Relations

The creep and relaxation properties of polymeric and polymer-based materials allow for prediction
of their response when subjected to a step function of stress or strain as a function of time. To predict
the response of a material to any history of stress or strain as a function of time, the constitutive
integrals of linear viscoelasticity must be used. The creep function is defined as a strain variation as a
function of time under constant stress. In the linear range, the Boltzmann superposition principle is
valid and expressed as

ε(t) =
∫ t

0
D(t− τ)

∂σ(τ)

∂τ
dτ (1)

where ε(t) is the strain, t is the time, σ is the stress, and D is the creep compliance function.
If the roles of stress and strain are interchanged and the above arguments are repeated, a

complementary relationship is obtained:

σ(t) =
∫ t

0
E(t− τ)

∂ε(τ)

∂τ
dτ (2a)

where E is the relaxation modulus function.
Thus, if the response of a material to a step function of stress or strain has been determined

experimentally, the response to any load history can be found for analysis or design.
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It must be noted that the relaxation and creep functions are not arbitrary functions, and the
restrictions on the form of these functions have been derived based on physical principles [16].

2.2. The Relation between Creep and Relaxation in the Time Domain

A simple relationship between the creep function D(t) and the relaxation function E(t) is
convenient to simplify the viscoelastic material characterization. Both functions appear in the Boltzmann
superposition integrals (1) and (2), described above.

The two integral expressions may be manipulated with the aid of integral transforms, such as the
Laplace transform

f (s) =
∫
∞

0
f (t)e−stdt, t > 0 (2b)

where s is the transform variable, e−st is the transformed kernel function, and f is the rational function
of s.

By integration of (1) and (2) and using the convolution theorem, the following relations are obtained:

σ̃(s) = sE(s)ε(s) (3)

ε̃(s) = sD(s)σ(s) (4)

where σ is the stress operator in the Laplace domain, ε is the strain operator in the Laplace domain,
and E and D are the rational functions of s.

By appropriate mathematical operations, (3) and (4) are manipulated, yielding

E(s)D(s) =
1
s2 (5)

The relation (5) between the Laplace-transformed relaxation and creep functions is useful in
directly evaluating one transformed function when the other function is known at a particular value of
the transform parameter [3].

Applying the inverse of the Laplace transform to (5) and using the convolution theorem and the
Laplace operator relation f (t) = 1/s2 yields∫ t

0
E(t− τ)D(τ)dτ = t (6)

or ∫ t

0
D(t− τ)E(τ)dτ = t (7)

Further, differentiating (6) and setting the time to zero (t = 0), the initial condition between D(t)
and E(t) yields

D(0)E(0) = 1 (8)

The convolution integrals relating the creep compliance and the relaxation modulus (Expressions (6)
and (7)) are the Volterra expressions of the first kind.

3. Interconversion Methods: A Brief Review

Several approximate methods of interconversion between transient relaxation and creep functions
are available in the literature. Most of them are based on power laws or exponential functions. In this
section, some of these methods are presented and discussed.
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3.1. Power-Law-Based Interrelationship by Leaderman (1958)

For many linear viscoelastic materials, the relaxation modulus and the creep compliance function
are approximately represented by simple power laws over their transition zones. The simplest form of
a power law is the pure power-law (PPL), which is described by the following time loading description
for the relaxation modulus [17]:

E(t) = E1t−n (9)

and the following time loading description for the creep compliance:

D(t) = D1tn (10)

where E1, D1, and n are material constants.
From (9) and (10), by Laplace transform operations, the following relation occurs:

E(t)D(t) =
sin(nπ)

nπ
(11)

The main advantage of the power-law-based approach is its simplicity. As is well known,
the power-law functions are graphically represented by straight lines on log–log scales, and the
exponent n is identified as the material regression coefficient representing the creep or relaxation rate.

3.2. Log–Log Slope-Based Interrelationship by Park and Kim (1999)

Park and Kim [5] introduced an approximate interconversion method that uses the local log–log
slope of the source function and is based on the concept of equivalent time determined by rescaling
the physical time. The rescaling factor, α, which can be interpreted as a shift factor on a logarithmic
time axis, is defined as the local slope of the source function on log–log scales.

From (9) and (10), one may obtain the following expressions relating D(t) and E(t) :

D(t) =
1

E(αt)
(12)

E(t) =
1

D
( t
α

) (13)

The rescaling factor, α, is then given by

α =

(
sin(nπ)

nπ

) 1
n

(14)

This method produces good results when the source functions are characterized by broadband
and smooth behavior on doubly logarithmic scales [3].

3.3. Exponential-Based Interrelationship by Schapery and Park (1999)

The use of the Dirichlet series, also known as the Prony series, is a popular method to represent
the relaxation function, mainly due to its ability to describe a wide range of viscoelastic responses,
associated with the relative simplicity of its exponential basis functions and rugged computational
efficiency. In the Dirichlet model approach, the generalized Maxwell model is used as an analogy to
represent the creep and relaxation functions.

The generalized Maxwell model (or Wiechert model) consists of a spring and n Maxwell elements
connected in parallel. The relaxation modulus derived from this model is given by
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E(t) = E0 +
m∑

i=1

Eie−(t/τi) (15)

where E0 is the equilibrium modulus, Ei is the relaxation strength, and τi is the delay time.
The analytical description of the creep compliance function of the generalized Maxwell model is

expressed by the sum of exponential terms

D(t) = D0 +
m∑

i=1

Di
[
1− e−(t/τi)

]
(16)

where D0 is the glassy compliance and Di is the retardation strength.
In this scheme, because both the source and the target functions are represented in the Prony series,

the complete target function can be determined by solving a system of linear algebraic expressions
given by [3]

[A]{E} = [B] (17)

where

[A] =

p∑
k=1

m∑
i=1

D1
(
e− tk/ρi − 1

)
+

n∑
j=1

D jτ j

ρi − τ j

(
e− tk/ρi − e− tk/τ j

) (18)

and

[B] = 1−
p∑

k=1

E1

D1 +
n∑

j=1

D j
(
1− e− tk/τ j

) (19)

The main inconvenience of the Dirichlet series adjustment is the potential problem of numerical
instability resulting from the generation of negative dependent terms.

4. The Convolution Theorem

It is well known that the convolution theorem can be used to solve integrals and integral–differential
expressions. The basic mathematical definition of convolution is the integral over all space of one
function at x multiplied by another function at u-x, concerning to x, where x can represent anything,
including time, frequency, or even a three-dimensional space, depending on the application [18].

“The convolution theorem for s-transforms states that for any (real or) complex causal signals x and y,
the convolution in the time domain is equivalent to a multiplication in the s domain.”

Given the functions of time t, f (t) and g(t), the convolution (*) of f (t) and g(t) is a function of t
defined by

( f ∗ g)(t) =

∞∫
−∞

f (t− τ)g(τ)dτ (20)

Applying the s-Laplace transform to the second member of (20) and changing the order of the
integrals yields

f
{
( f ∗ g)(t)

}
=

∞∫
0

t∫
0

f (t− τ)g(τ)e−stdτdt (21)

Finally, changing variables in the inner integral (substituting υ = t − τ, dν = dt (τ a constant))
(21) yields

f
{
( f ∗ g)(t)

}
= F(s)G(s) (22)



Polymers 2020, 12, 3001 6 of 17

5. Exponential-Power-Law (EPL) Interconversion

It has been shown in [19] that the creep curve of polymers and polymer-based materials can be
well described by the following expression:

ε(t) = k·tβ·e
t
ti (23)

where ε(t) is the calculated strain, β is a constant related to strain hardening (β < 1 and α � β), k is a 
constant related to the main stress influence, and ti is the instability time.

Indeed, the advantages of (23) in providing a good fitting to a creep curve are summarized 
as follows: (i) it is a very simple approximation, as only three parameters have to be determined to 
fit the given creep data ( k , t i , and β); (ii) it provides a good quality of extrapolations because it does 
not involve addition or subtraction operations; (iii) it combines the three stages of creep; and (iv) it is 
generally applicable.

As previously shown by the authors [15], the main advantage of using the exponential-power-law 
(EPL) method as given by expression (23) is its ability to cover the full path of the creep behavior and 
its capacity to estimate the respective transition points between stages.

Conversion between the creep compliance, fitted with (23), and the relaxation modulus may be 
required to estimate the fatigue resistance of composite structures; to that end, the relaxation behavior 
and the corresponding transition points should be known.

Laplace Transform of EPL

Using the Laplace transform properties summarized in Table 1, each term of the EPL expression
(21) can be transformed as

f
{
e

t
ti

}
=

1

s− 1
ti

(24)

f
{
tβ
}
=

β!

sβ+1
(25)

Table 1. Laplace transform properties.

f(t) ^
f(t)

eαt 1
s− α

tn, n > −1 n!
sn+1

After mathematical manipulations, the EPL expression (21), in L domain, is transformed into

ε(s) = k·
β!

sβ+2 + tisβ+1
(26)

From (22), the creep compliance can be written as

D(s) = D0·
β!

sβ+2 + tisβ+1
(27)

where D0 is the compliance in the glassy state, given by D0 = k/σ.
From the relationship given by (5), the relaxation modulus is defined in the Laplace domain as

E(s) = D0
−1
·
sβ+2 + tisβ+1

s2β!
(28)
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After necessary simplifications, it follows that

E(s) =
σ
k
·
sβ + tisβ−1

β!
(29)

Applying the inverse of the Laplace transform to (29), one finds

E(t) =
σ

k tβ

[
t−1

βΓ(β)Γ(−β)
−

ti

βΓ(β)Γ(1− β)

]
(30)

Here, the operator Γ is the Euler Gamma function.
The first definition of the Γ-function resulted from the idea of extending the positive integer

factorial n! = n(n− 1)(n− 2) . . . to real numbers [20].
The Γ-function is an extension of the factorial function with an argument shifted by one, to real

numbers and the complex numbers, as follows:

Γ(z) = (z− 1)! =

∞∫
0

tz−1e−tdt, <(z) > 0 (31)

The Γ-function defined above can be integrated by parts to show the recurrence or functional
relation, yielding

z! = Γ(z + 1) = zΓ(z) (32)

The Γ-function does not have a closed-form solution and needs to be approximated.
The Stirling approximation is the most well-known and cited approximation of the Γ-function [20]

and is defined as
z! = Γ(z + 1) ∼

(z
e

)z
·(2πz)

1
2 (33)

Here, the signal “∼” means that the two quantities are asymptotic, i.e., their ratio tends to one as z
tends to infinity. Despite its effectiveness, the Stirling formula is not the most accurate, especially for
values in the range 0 < z < 1.

Burnside’s asymptotic formula for factorial z provides a more efficient estimation of the Γ-function
compared to (28). Furthermore, Gosper’s formula [21] provides a slightly more accurate estimation of
the Γ-function than Stirling’s formula.

An important property of the Γ-function is Euler’s reflection formula, where, for all non-integer z,
one finds

Γ(z)Γ(1− z) = −zΓ(−z)Γ(z) = (−z)!Γ(z) w
π

sinπz
(34)

As shown in [22], a Γ-function of negative values may be written as follows:

Γ(−z) =
Γ(−z + 1)
−z

=
Γ(1− z)
−z

(35)

Applying the numerical approximation discussed above, the relaxation modulus of the EPL creep
function given by (25) becomes

E(t) =
σ

k tβ
·
sin(πβ)
π

·

(
ti
β
+

1
t

)
(36)

Based on the creep test data provided in [23] for specimen T28-S15 (a glass-fiber-reinforced
polymer (GFRP) laminate tested in three-point bending), Figure 1 presents a graphical representation of
the time variation of the expression (25) and the approximation (31)—it can be seen that these functions
present a perfect match.
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6. Application

This section presents the application of the method described above to the creep and stress
relaxation tests presented by Garrido et al. [23], Sorvari et al. [24], and Hernández-Jiménez et al. [25].

6.1. Creep Compliance and Relaxation Modulus Fitted from Garrido et al. (2015)

6.1.1. Creep Compliance Fitting

The GFRP laminates used in [23] were manufactured by vacuum infusion, using E-glass
fiber rovings and mats embedded in orthophthalic polyester resin. The fiber layup followed an
[0/0/30/-30/90/0]S arrangement, resulting in a laminate with a nominal thickness of 7 mm, a nominal fiber
volume fraction of 45%, and a fiber weight of 9000 g/m2. The glass transition temperature of the material
was measured as Tg = 69.3 ◦C. Further mechanical properties can be found in the referenced paper.

The flexural creep behavior was measured and considered to be representative of the overall
bending creep behavior by providing a combination of the compressive and tensile creep responses of
the laminate. The creep experiments were carried out at 20, 24, and 28 ◦C, for stress levels corresponding
to 15%, 25%, and 35% of the laminate’s flexural strength, with test durations ranging between 1000
and 2200 h. The specimens were labeled as “Ti − S j”, i.e., specimens tested at temperature i and stress
level j.

As the main goal of this paper is to verify the fitting accuracy of the EPL expression and its
interconversion method, only data from the 28 ◦C experiment are used.

The first step is to fit the creep curve to three levels of stress. This procedure is necessary to quantify
the influence of stress on the material creep behavior. From the data spectra, the EPL expression
coefficients are fitted and shown in Table 2.

Table 2. EPL coefficients.

Specimen
Stress

k β
ti

(MPa) (h)

T28-S15 64.30 0.124 0.164 398,500
T28-S25 99.20 0.305 0.127 365,000
T28-S35 142.30 0.329 0.153 344,922

Figures 2–4 show the fitting of the full path of creep from the EPL expression to the three specimens
tested at 28 ◦C: T28-S15, T28-S25, and T28-S35.
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As described in [15], the points represented in these figures are as follows:

• t1ary is the transition point between transient and steady creep;
• t2ary is the inflection point of the creep curve;
• t3ary is the second transition point (flow time);
• ti is the instability time;
• tm is the maximum possible lifetime.

Polymers 2020, 12, x FOR PEER REVIEW 9 of 18 

 

Figures 2–4 show the fitting of the full path of creep from the EPL expression to the three 
specimens tested at 28 °C: T28-S15, T28-S25, and T28-S35. 

As described in [15], the points represented in these figures are as follows: 

• 𝑡ଵ௔௥௬ is the transition point between transient and steady creep; 
• 𝑡ଶ௔௥௬ is the inflection point of the creep curve; 
• 𝑡ଷ௔௥௬ is the second transition point (flow time); 
• 𝑡௜ is the instability time; 
• 𝑡௠ is the maximum possible lifetime. 

 
(a) 

 
(b) 

Figure 2. T28-S15: (a) data fitting; (b) full path of creep and transition points. 

0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50

0 500 1000 1500 2000 2500

C
re

ep
 S

tr
ai

n 
(%

)

Time (h)

As measured

As fitted

Figure 2. T28-S15: (a) data fitting; (b) full path of creep and transition points.



Polymers 2020, 12, 3001 10 of 17Polymers 2020, 12, x FOR PEER REVIEW 10 of 18 

 

 
(a) 

 
(b) 

Figure 3 T28-S25: (a) data fitting; (b) full path of creep and transition points. 

  

0.00

0.10

0.20

0.30

0.40

0.50

0.60

0.70

0.80

0.90

0 500 1000 1500 2000 2500

C
re

ep
 S

tr
ai

n 
(%

)

Time (h)

As measured

As fitted

0.00

1.00

2.00

3.00

4.00

5.00

6.00

7.00

0 100,000 200,000 300,000 400,000 500,000

C
re

ep
 S

tr
ai

n 
(%

)

Time (h)

Full-path of Creep

ti

tm

t2ary

t3ary

0.00

0.50

1.00

0 50 100 150 200

t1ary

50
ye

ar
s

Figure 3. T28-S25: (a) data fitting; (b) full path of creep and transition points.Polymers 2020, 12, x FOR PEER REVIEW 11 of 18 

 

 
(a) 

 
(b) 

Figure 4. T28-S35: (a) data fitting; (b) full path of creep and transition points. 

Based on 𝐷଴, the compliance in the glassy state is given by 𝐷଴ = 𝑘 𝜎ൗ . Table 3 summarizes the 
values of 𝐷଴ and the parameters used to obtain the creep compliance for each stress level. 

Table 3. Parameters to obtain the creep compliance by EPL expression. 

Specimen 
Stress 𝑫𝟎 

β 
ti 

(MPa) (1/MPa) (h) 
T28-S15 64.30 0.00193 0.164 398,500 
T28-S25 99.20 0.00307 0.127 365,000 
T28-S35 142.30 0.00231 0.153 344,922 

6.1.2. Relaxation Modulus Prediction 

Since the creep tests were conducted under constant stress, the relaxation modulus can be 
expressed in terms of the EPL constants using the EPL relaxation expression (36), leading to the 
parameters summarized in Table 4. 

  

0.00

0.20

0.40

0.60

0.80

1.00

1.20

0 500 1000 1500 2000 2500

C
re

ep
 S

tr
ai

n 
(%

)

Time (h)

As measured

As fitted

0.00

1.00

2.00

3.00

4.00

5.00

6.00

7.00

8.00

9.00

0 100,000 200,000 300,000 400,000 500,000

C
re

ep
 S

tr
ai

n 
(%

)

Time (h)

Full-path of Creep

ti

tm

0.00

0.50

1.00

0 10 20 30 40

t2ary

t3ary

t1ary

50
ye
ar
s

Figure 4. Cont.



Polymers 2020, 12, 3001 11 of 17

Polymers 2020, 12, x FOR PEER REVIEW 11 of 18 

 

 
(a) 

 
(b) 

Figure 4. T28-S35: (a) data fitting; (b) full path of creep and transition points. 

Based on 𝐷଴, the compliance in the glassy state is given by 𝐷଴ = 𝑘 𝜎ൗ . Table 3 summarizes the 
values of 𝐷଴ and the parameters used to obtain the creep compliance for each stress level. 

Table 3. Parameters to obtain the creep compliance by EPL expression. 

Specimen 
Stress 𝑫𝟎 

β 
ti 

(MPa) (1/MPa) (h) 
T28-S15 64.30 0.00193 0.164 398,500 
T28-S25 99.20 0.00307 0.127 365,000 
T28-S35 142.30 0.00231 0.153 344,922 

6.1.2. Relaxation Modulus Prediction 

Since the creep tests were conducted under constant stress, the relaxation modulus can be 
expressed in terms of the EPL constants using the EPL relaxation expression (36), leading to the 
parameters summarized in Table 4. 

  

0.00

0.20

0.40

0.60

0.80

1.00

1.20

0 500 1000 1500 2000 2500

C
re

ep
 S

tr
ai

n 
(%

)

Time (h)

As measured

As fitted

0.00

1.00

2.00

3.00

4.00

5.00

6.00

7.00

8.00

9.00

0 100,000 200,000 300,000 400,000 500,000

C
re

ep
 S

tr
ai

n 
(%

)

Time (h)

Full-path of Creep

ti

tm

0.00

0.50

1.00

0 10 20 30 40

t2ary

t3ary

t1ary

50
ye
ar
s

Figure 4. T28-S35: (a) data fitting; (b) full path of creep and transition points.

Based on D0, the compliance in the glassy state is given by D0 = k/σ. Table 3 summarizes the
values of D0 and the parameters used to obtain the creep compliance for each stress level.

Table 3. Parameters to obtain the creep compliance by EPL expression.

Specimen
Stress D0

β
ti

(MPa) (1/MPa) (h)

T28-S15 64.30 0.00193 0.164 398,500
T28-S25 99.20 0.00307 0.127 365,000
T28-S35 142.30 0.00231 0.153 344,922

6.1.2. Relaxation Modulus Prediction

Since the creep tests were conducted under constant stress, the relaxation modulus can be
expressed in terms of the EPL constants using the EPL relaxation expression (31), leading to the
parameters summarized in Table 4.

Table 4. Parameters to obtain the creep compliance by EPL expression.

Specimen
Stress E0

β
ti

(MPa) (MPa) (h)

T28-S15 64.30 518.55 0.164 398,500
T28-S25 99.20 325.25 0.127 365,000
T28-S35 142.30 432.52 0.153 344,922

Figure 5 shows the full path of the creep compliance and the relaxation modulus by EPL expressions.
As shown in Figure 5, both the creep compliance and the relaxation modulus present stress

dependence. According to [26], this dependence becomes more critical as the temperature approaches
the glass transition temperature.

As reported above, the creep compliance and the relaxation modulus are not each other´s reciprocals
but they are instead related. Figure 6 shows the relationship between these viscoelastic properties.
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6.2. Relaxation Modulus Fitted from Sorvari et al. (2006)

Sorvari et al. [24] presented numerical procedures to evaluate the creep compliance from relaxation
tests with nonideal loading and noise in simulated experimental data. From several ramp tests,
the relaxation modulus was determined under the step strain assumption. The interconversion
methods were numerically tested using synthetic data. The following procedure was applied to
simulate the determination of creep conformity from the relaxation modulus: (i) the virtual relaxation
test was made, from which the stress was determined; (ii) the relaxation modulus was computed;
and (iii) the creep compliance was determined from a convenient method (for more details, see [24]).
According to the authors, the procedure described above was carried out in different simulation cases
with varying material parameters and noise.
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The relaxation modulus was chosen to be

G(t) = G0 + G1e−t/λ (37)

where G0 is the initial shear modulus, G1 is the constant shear modulus, and λ is the relaxation time.
From the given simulation, the coefficients of (32) were G0 = 0.4 MPa, G1 = 0.5 MPa, and λ = 1

to 100 s. In this paper, the relaxation modulus for λ = 2 s and λ = 4 s is fitted. The average relative
error was 1.53% for λ = 2 s and 1.78% for λ = 4 s. In both cases, the r-Pearson coefficient was higher
than 0.95.

The relaxation modulus is expressed in terms of the EPL constants using the EPL relaxation
expression (31), leading to the parameters summarized in Table 5.

Table 5. Parameters of the relaxation modulus by EPL expression.

Relaxation Time-λ
k β

ti

[s] [s]

2 7 0.980 100
4 5 0.982 97

Figures 7 and 8 show the full path of the relaxation modulus obtained from the EPL expressions.
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6.3. Relaxation Modulus Fitted from Hernández-Jiménez et al. (2002)

Hernández-Jiménez et al. [25] presented a study of stress relaxation in samples of methylmethacrylate
(PMMA) and polytetrafluorethylene (PTFE) polymers; in this study, it was pointed out that there is not
only one time of relaxation as predicted by the classic Maxwell model, but rather two distributions of
relaxation time.

Two different types of commercial-grade polymer samples from Dupont were used. Standard test
samples of dimensions 100 mm × 25 mm × 3 mm for PTFE and 100 mm × 25 mm × 4 mm for PMMA
were used and deformed under tension at a crosshead speed of 3 mm/min. In the stress relaxation
test, when the deformation was 5%, the testing machine crosshead was stopped and kept in a constant
position, and the values of the applied load, F(t), were registered over time. From F(t), the respective
stress, σ(t), was obtained by dividing it by the normal cross-section of the sample. Finally, the time
relaxation modulus function was obtained by dividing the calculated stress by the constant strain of
the sample, ε0 = 0.05.

The relaxation modulus is expressed in terms of the EPL constants using the EPL relaxation
expression (31), leading to the parameters summarized in Table 6.

Table 6. Parameters of the relaxation modulus by EPL expression.

k β ti

(s)

0.0515 0.045 6600

Figure 9 shows the relaxation modulus fitted by the EPL expressions. The average relative error
was 1.85%, and the r-Pearson coefficient was 0.95.
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7. Accuracy and Validation

To perform an accuracy test and further validate the EPL fitting and its interconversion, sampled
points from the relaxation curves identified in [27] were used, corresponding to cylindrical asphalt
mixture specimens at three aging conditions (three replicates for each experimental combination).
Direct tension relaxation modulus tests were conducted at 21 ◦C using the trapezoidal loading pattern
at a low level of strain.

The standard sigmoid (SS) and generalized logistic sigmoid (GLS) fitting expressions are

E(t) = 18.99 +
623.61

1 + e2.53+1.017 (log t)
(38)
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E(t) = 21, 32 +
649.63[

1 + 0.67e2.02+0.83 (log t)
]1.50

(39)

It must be noted that these functions may not provide exact representations of experimental
data. However, for a given set of constants, they are exact and thus provide a means for checking the
accuracy of the approximate interrelationships deduced in this paper, which is evidenced by the good
matching between the experimental and fitting curves.

Figure 10 shows the evaluation of the relaxation modulus fitted by the approximation given by the
EPL model to the data expressed by the SS and GLS expressions. The EPL coefficients are summarized
in Table 7.

The results illustrated in Figure 10 show a close match between Sigmoid and EPL models, meaning
that the proposed model yields a high predictive accuracy. Furthermore, the EPL models show their
ability and easiness to fit and simulate the creep and relaxation behavior of polymeric materials.Polymers 2020, 12, x FOR PEER REVIEW 16 of 18 
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Table 7. Parameters to obtain relaxation modulus by EPL expression.

Method k β
ti

[h]

SS 0.910 0.140 3.70 × 102

GLS 12.500 0.495 8.70 × 102
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8. Conclusions

This paper first presented a brief review of some methods of interconversion between linear
viscoelastic properties of polymeric composites in the time domain. Their theoretical background
was presented, and the relation between creep and relaxation and the constitutive integrals of linear
viscoelasticity was summarized. It was shown that most of the classical methods of interconversion
are based on the power-law and exponential methods of fitting. Despite their ease of application,
these methods are not efficient in representing the full-path curve of the creep behavior of polymers
and polymer composites, namely their three creep stages.

In the second part of the paper, a new approximate interconversion scheme that uses a convenient
Laplace transform and an approximated Gamma function to convert the measured creep compliance to a
relaxation modulus was presented. Data available in the literature were used to assess the consistency of
the viscoelastic functions via the new interconversions presented in this work. The exponential-power-law
(EPL) method of creep fitting (based on [13,14] and described in [15]) was converted to the EPL relaxation
modulus expression, and the creep data provided in [23] were successfully fitted. To validate the EPL
interconversion, the relaxation models identified in [27] were used as a reference. The results obtained
show that the EPL fitting method proposed herein is very simple to implement and quick to apply,
due to the small number of coefficients that need to be determined. In addition, the method is stable
and accurate, as attested by the achieved Pearson correlation coefficient, greater than 0.97 for all test
data considered.
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Abstract: The accurate analysis of the behaviour of a polymeric composite structure, including
the determination of its deformation over time and also the evaluation of its dynamic behaviour
under service conditions, demands the characterisation of the viscoelastic properties of the constituent
materials. Linear viscoelastic materials should be experimentally characterised under (i) constant static
load and/or (ii) harmonic load. In the first load case, the viscoelastic behaviour is characterised through
the creep compliance or the relaxation modulus. In the second load case, the viscoelastic behaviour is
characterised by the complex modulus, E∗, and the loss factor, η. In the present paper, a powerful
and simple implementing technique is proposed for the processing and analysis of dynamic mechanical
data. The idea is to obtain the dynamic moduli expressions from the Exponential-Power Law Method
(EPL) of the creep compliance and the relaxation modulus functions, by applying the Carson
and Laplace transform functions and their relationship to the Fourier transform, and the Theorem of
Moivre. Reciprocally, once the complex moduli have been obtained from a dynamic test, it becomes
advantageous to use mathematical interconversion techniques to obtain the time-domain function of
the relaxation modulus, E(t), and the creep compliance, D(t). This paper demonstrates the advantages
of the EPL method, namely its simplicity and straightforwardness in performing the desirable
interconversion between quasi-static and dynamic behaviour of polymeric and polymer-composite
materials. The EPL approximate interconversion scheme to convert the measured creep compliance to
relaxation modulus is derived to obtain the complex moduli. Finally, the EPL Method is successfully
assessed using experimental data from the literature.

Keywords: viscoelasticity; creep and relaxation; interconversion; dynamic behaviour; dynamic
mechanical analysis; storage modulus; loss factor

1. Introduction

Polymeric and polymer-based composite materials present viscoelastic behaviour, which is
associated with the ability to simultaneously store and dissipate energy when subjected to a mechanical
load. This coupled system (elasticity and viscosity) provides an increased rate of damping.

Understanding the response of a polymer or polymer-composite material to dynamic excitation,
which is very relevant for many structural applications, involves characterising the physical factors
affecting deformation and recovery cycles.

One of the relevant mechanical properties of a polymer is that the modulus, i.e., the ratio of stress
to strain, has a complex nature: the real or in-phase part represents the part of the response in phase
with the excitation; the imaginary part is associated with the lagging part of the response and expresses
the damping capacity of the material.
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Furthermore, the interrelationships between linear viscoelastic material functions enable
the conversion of certain material functions into other functions that can be more easily obtained over a
wide-enough range of time or frequency [1]. An interconversion procedure between time and frequency
domain functions can therefore be used in analyses that require the relaxation or compliance time
spectrum, E(t) or D(t), instead of the readily available dynamic moduli, E∗(ω) or D∗(ω) [2].

A variety of methods exist which are applicable to the interconversion of static (creep) and dynamic
(relaxation) functions on the basis of appropriate experimental data of various polymers. Reference [3]
presents a method based on the convolution formula of creep compliance to obtain the dynamic
modulus using a numerical integration method to solve these integrals. Unfortunately, this method
needs to use numerical integration methods to solve complicated integrals and requires complex
computing programs. References [4] and [5] present a numerical method of interconversion between
linear viscoelastic material functions based on a Prony series representation. Here, the effects of
different choices of relaxation and retardation times on the accuracy of the method are discussed.
Prony series representation requires the adaptation of many variables; another inherent disadvantage
of this approach is the possibility of generating negative coefficients of the Prony series or oscillations,
namely when the source data exhibit significant variability. The problem of negative Prony series
coefficients is addressed in [6], where the difficulty of the direct fitting of a Prony series function to
experimental data without appropriate pre-smoothing is discussed. In Ref. [7], a power-law function is
used to express the creep compliance, which is converted into complex compliance.

Despite certain advantages of each of the described methods, all are inefficient to express the complete
viscoelastic curve of a polymer or a polymer-based composite, i.e., of covering all stages of their viscoelastic
behaviour, whether in creep or relaxation. The EPL function, in turn, is efficient in adjusting experimental
creep and relaxation data, and is able to predict viscoelastic behaviour for long periods [1].

When studying the mechanical behaviour of viscoelastic materials, it is usually assumed that
the strains and the stresses are deterministic functions. However, Wang et al. [8] highlight the importance
of considering the uncertainty propagation of the frequency response for the robust design of viscoelastic
damping structures. According to De Lima et al. [9], among the various methods devised for uncertainty
modelling, the stochastic finite element method has received major attention, as it is well adapted
for applications to complex engineering systems.

In this paper, an interconversion procedure is proposed to convert the measured complex
moduli to a relaxation viscoelastic function, and the measured relaxation modulus to complex moduli.
Despite the potential importance, the experimental quantification of uncertainties and the corresponding
stochastic modelling are not addressed.

The procedure proposed combines (i) Carson and Laplace transform functions, (ii) the Theorem
of Moivre, and (iii) Gamma-function approximation. The proposed interconversion function is easy
to implement and leads to optimal curve fitting results in both the time- and frequency-domain,
without the requirement of rheological models to represent the polymeric system.

2. Theoretical Background

2.1. The Hysteresis Basics

The hysteresis cycle can be analytically characterised by assuming that the response to a harmonic
excitation will be harmonically similar. In turn, when polymer and polymer-based composite materials
are subjected to harmonic stress cycles, they have harmonic deformation cycles with the same frequency
but with a difference of phase with respect to the corresponding stress cycles. Reference [10] quotes
that, within limits, the plots of measured stress versus measured strain are elliptical in shape and retain
that shape as amplitude increases. Furthermore, the slope of the major axis of the ellipse is a measure
of the stiffness of the sample, and the ratio between minor and major axis lengths is a measure of
the damping. It should be noted that all types of internal damping, and particularly those inherent to
the movement of polymer chains, are related to hysteresis cycles.
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From the relationship between strain and stress during a hysteresis cycle of a viscoelastic material,
the following relation is obtained

σ(t) =
σ0

εo
cos(δ)ε(t) +

σ0

εo
sin(δ)

dε(t)
dt

(1)

where σ(t) is the applied stress; σ0 is the amplitude of stress during the hysteresis cycle; ε0 is
the amplitude of the strain during the hysteresis cycle δ is the angle between excitation and response
ε(t) is the strain at time t-th.

The first term of Expression (1) represents the storage modulus, E′, and the second term represents
the damping capacity of the viscoelastic material.

Expression (1) can be written as

σ(t) = E′ε(t) +
E′

ω
.
ε tan(δ) (2)

where
.
ε is the strain rate; E′ is the storage modulus; ω is the angular frequency; tan(δ) is the so-called

“tan-delta”, representing the loss factor η (η = tan(δ)).

2.2. A Brief Review of the Complex Moduli

The effect of polymeric material on the damping of a given structure is influenced by the stiffness
of the material as well as its damping. In fact, the viscous part of the viscoelastic behaviour of polymers
becomes evident under dynamic loading.

By imposing a harmonic excitation of type ε(t) = ε0·ei(ωt) on a viscoelastic material, the stress
response in the frequency domain, derived from Expression (2), assumes the following form

σ(ω) = E′(ω)ε(ω) + iE′(ω)η(ω)ε(ω) (3)

where i is the imaginary part of a complex function given by
√
−1.

In Expression (3), the product given by E′(ω)η(ω) is named the loss modulus, E′′ (ω), and represents
the imaginary part of the complex modulus, E∗(ω), which is given by

E∗(ω) = E′(ω) + iE′′ (ω) (4)

From the complex modulus, the dynamic modulus amplitude, |E∗|, is determined as

|E∗| =
√
(E′)2 + (E′′ )2 (5)

The storage and the loss moduli represent the storage and the dissipation of energy, respectively.
In this respect, as the stress and the internal damping of a viscoelastic material depend on the frequency
of the imposed load, the relationship between the dissipated energy, H, and the loss modulus, E′′ , may be
described as

H =

2π/ω∫
0

ε(ω)[E′(ω) + iE′′ (ω)]
∂ε
∂t

dt = ε2
0ωπE′′ (6)

2.3. Relationship Between Time and Frequency Domain Moduli

Considering the relationships defined in the previous section, it can be concluded that
the knowledge of the relaxation modulus or the creep compliance is sufficient to describe the behaviour of
materials with linear viscoelastic behaviour [7]. Consequently, the complex modulus, E∗, and therefore
its components (E′, E′′ , |E∗| and η), can be defined from the frequency characterisation of the strain
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and stress. Moreover, the relaxation modulus (or creep compliance) can be obtained from the complex
relaxation modulus (or complex compliance).

The relationship between the time and the frequency domain moduli is related to the operational
functions given as

E∗(ω) = Ẽ(s)
∣∣∣
s=iω (7)

where Ẽ is the Carson Transform of a function, given by Ẽ(s) = sE(s); and E is the rational functions
of s in Laplace domain.

Moreover, the storage and the loss modulus can be readily deduced from the relaxation modulus
via Fourier transform [11]:

E′(ω) = ω

∫
∞

0
E(t) sin(ωt)dt (8)

E′′ (ω) = ω

∫
∞

0
E(t) cos(ωt)dt (9)

Consequently, the relaxation modulus (or creep compliance) can be deduced from the complex
modulus by the Fourier transform:

E(t) =
2
π

∫
∞

0

E′(ω)
ω

sin(ωt)dω (10)

E(t) =
2
π

∫
∞

0

E′′ (ω)
ω

cos(ωt)dω (11)

However, the Fourier transform of the creep compliance, D(t), is not convergent because it is an
increasing function of time.

Given the above-defined relation (Expression (7)), the following procedure can be followed to
derive the complex modulus:

(i) From a given creep test data, to determine the creep compliance;
(ii) To apply the interconversion method to obtain the relaxation modulus from creep compliance;
(iii) To apply the interconversion method to obtain the complex modulus from the relaxation

modulus function;
(iv) According to the required frequency, to calculate the viscoelastic parameters of the frequency

(E′, E′′ , η).

The steps (i) and (ii) involve the concept of the Exponential-Power Law (EPL) method, which
is derived from Ref. [12] and presented in Ref. [1]. A brief description of the method is presented in
the next section.

3. Exponential-Power Law

In Ref. [13], the similarity between creep behaviour and mechanical system ageing is shown,
where the failure rate of mechanical repairable systems that deteriorate over time due to ageing can
usually be visualised by a bathtub curve, as shown by the creep rate curve.

In Ref. [12] a differential equation is proposed to synthesise the behaviour of the creep rate
expressed by the bathtub curve. Once integrated, this equation yields

ε(t) = k·tβ·e
t
ti (12)

where ε(t) is the strain; β is a constant related to strain hardening ( β < 1 and 1/ti � β ); k is a constant
related to the main stress influence; and ti is the instability time.

The instability time is the period of time (after the material is loaded) after which there is a risk
that the system starts to fail and occurs in tertiary creep stage.
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The conversion between the creep compliance, fitted with *Expression (12)), and the relaxation
modulus may be required to estimate the fatigue resistance of composite structures. Thus, a numerical
interconversion between the creep compliance and the relaxation modulus was conducted using
a convenient Laplace transform and an approximated Gamma-function, and a simple but efficient
expression to represent the relaxation modulus may be given as

E(t) =
σ0

k tβ
·
sin(πβ)
π

·

(
ti
β
+

1
t

)
(13)

As mentioned in Ref. [14], relaxation behaviour emphasises short-term processes, while the creep
behaviour weights long-lasting processes. Therefore, interconversion between these two groups of
responses is frequently desired. Furthermore, to evaluate the viscoelastic damping of polymeric
and polymer-based composite materials, it is useful to interconvert the real and imaginary parts of a
complex response function within the frequency domain.

The hierarchical structure of the interconversion between viscoelastic properties is displayed in
Figure 1.
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4. Complex Moduli Obtained from EPL Method

A numerical interconversion between the relaxation modulus and the complex modulus is
presented below. Laplace and Carson’s transformation and Moivre’s theorem are used to achieve
the frequency domain from the time domain.

Using the Laplace transform properties summarised in Table 1, each term of the EPL function
(Expression (13)) can be transformed as

f
{
e

t
ti

}
=

1
s + ti

(14)

f
{
tβ
}
=

β!

sβ+1
(15)

Table 1. Laplace transform properties.

f(t) ^
f(t)

eαt 1
s−α

tn, n > −1 n!
sn+1
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After mathematical manipulations, the EPL function of relaxation modulus (Expression (13)),
in L-domain, is transformed into

E(s) =
σ0

k
·
sin(πβ)
π

·sβ
[

tiΓ(1− β) + sΓ(1− β)
βs

]
(16)

where E is the rational function of s and Γ is the Gamma function operator.
Applying Gamma function properties, γ = −β! = Γ(β− 1), and rearranging Expression (16) as

Eω = (σ0 sin(πβ)/kπ)·γ, yields

E(s) =
Eω
β
·

(
sβti + sβ+1

)
(17)

Introducing Expression (7) into Expression (17) and after a mathematical manipulation, the complex
modulus can be written as

E∗(ω) = Ẽ(s)
∣∣∣
s=iω =

Eω
β
·

[
(iω)βti + (iω)β+1

]
(18)

The following known relationship between the two operational functions is obtained

E∗(ω)D∗(ω) = 1 (19)

From the Theorem of Moivre, Expression (19) can be replaced as

E∗(ω) = Eω·

[
eizωβti + ieizωβ+1

]
β

(20)

where z =
πβ
2 .

Applying the Euler identity and separating even and odd terms, Expression (20) yields

E∗(ω) = Eω
ωβ

β
[(ti cos z−ω sin z) + i(ti sin z +ω cos z)] (21)

From Expression (21), the real and imaginary parts of the complex modulus are, respectively,

<e =
ωβ

β
[ti cos z−ω sin z] (22)

=m =
ωβ

β
[ti sin z +ω cos z] (23)

The storage, E′(ω), and loss modulus, E′′ (ω), parts of the dynamic modulus, are, respectively,

E′(ω) = Eω·<e = Eω·
ωβ

β
[ti cos z−ω sin z] (24)

E′′ (ω) = Eω·=m = Eω·
ωβ

β
[ti sin z +ω cos z] (25)

Furthermore, within linear viscoelasticity and from the relationship between the creep compliance
and the relaxation modulus, it is possible to rewrite the dynamic modulus as a function of the creep
compliance, D(t), and strain, ε(t), rewriting the factor Eω, in Expressions (24) and (25), as follows

Eω =
ε(t)· sin(πβ)

D(t)·k·π
(26)
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Once the creep strain is fitted, it is possible to directly estimate the dynamic behaviour of
the polymeric or polymer-based composite material.

5. Application of EPL Method

This section presents the application and assessment of the method described above to the spectrum
data collected from the literature, namely the studies by Kehrer et al. [15], Berthelot et al. [16],
and Ledi et al. [17].

5.1. Dynamic Modulus Fitted from Kehrer et al. (2018)

Kehrer et al. [15] investigated the dynamic behaviour of a pure polymer (polypropylene—PP).
The authors performed dynamic mechanical analysis (DMA) on the pure polymer and also on
composite samples (PP reinforced with 30 wt.% of short glass fibres) to experimentally characterise
their temperature- and frequency-dependent material behaviour.

The resulting experimental data not only give general information on the material behaviour of
the composite subjected to a temperature and frequency load, but also provide input and validation
data for the developed material modelling methods.

The DMA tests were conducted in tension mode with different frequencies (0.5 to 50 Hz)
and temperature (−50 to 120 ◦C) loads. In the present study, the test data obtained for the pure
PP at 30 ◦C are used. In preliminary works by Ref. [18], it is shown that for loads corresponding to a
strain in the material of ε≥ 0.60%, a nonlinear material behaviour is initiated. To remain below this value
and keep the material within the linear range, the applied static preload and the superimposed dynamic
load corresponded to maximum strains of 0.1% and 0.05%, respectively. The contact force was fixed
at 5 N.

From the data spectra, the EPL equation fitting was conducted, leading to a maximum difference
of ±0.50% between the test data and the fitted curve. The EPL coefficients are shown in Table 2.

Table 2. Parameters of the Exponential-Power Law (EPL) equation for Dynamic Moduli.

σo(MPa) k β ti(s)

3.00 58.08 0.0289 26,178

Figure 2 shows the evaluation of the storage modulus, E′(ω), fitted by the EPL equation to the data
obtained in the DMA test for the pure PP polymer. The narrow margin of relative error shown in
Figure 2b shows that the data adjustment performed by the EPL method presents a very good match
to the data points.
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From the obtained results, one may note that:

(i) As expected, the calculated instability time, ti (26,178 s), is relatively low, reflecting the typical
short lifetime for a pure thermoplastic PP;

(ii) The fitting provided by EPL is accurate and may represent the dynamic behaviour of the pure PP
thermoplastic polymer;

(iii) The fitted curve of the storage modulus exhibits an r-Pearson factor greater than 99%.

The evaluation of the loss factor and the phase angle range is shown in Figure 3. An increase in
the phase angle values is shown, which is logical, because the test temperature of 30 ◦C is higher than
the glass transition temperature, Tg, of PP, which is in the range of −20 ◦C to 0 ◦C; however, the test
temperature is significantly lower than the softening point of PP, which does not melt below 160 ◦C.
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Figure 3. Loss Factor and Phase Angle of pure PP from EPL frequency-domain fitting.

Comparing the loss factor estimated by the EPL method to the measured loss factor at a temperature
of 30 ◦C and a frequency of 5.0 Hz, the EPL gives η = 0.047, while the measurements show η = 0.050.

5.2. Dynamic Modulus Fitted from Berthelot et al. (2008)

Berthelot et al. [16] performed a series of analyses of damping of (i) composite laminates,
(ii) composite laminates with interleaved viscoelastic layers, and (iii) sandwich specimens.
The composite laminates are constituted of unidirectional E-glass fibre unidirectional mats and silk
weave layers (both with 300 g/m2) in an epoxy matrix, for a given fibre orientation of 0◦, 15◦, 30◦, 45◦,
60◦, 75◦ and 90◦ with respect to the longitudinal axes of the specimen. The laminate materials with
viscoelastic layers are the unidirectional glass fibre composites considered previously in which a single
or two viscoelastic layers constituted of Neoprene-based layers (nominal thickness of 0.2 mm) were
interleaved. The sandwich specimens were constructed with the [0/90]s cross-ply laminates as skins,
enclosing 15 mm thick PVC closed-cell foams with three different densities (60, 80 and 200 kg/m3).

The composite laminates were fabricated by hand lay-up in plates of different dimensions; these
were cured at room temperature with pressure, using a vacuum moulding process, and then post-cured
in an oven. The plates were fabricated with eight layers in such a way to obtain the same plate thickness
(nominal value of 2.4 mm) with the same fibre volume fraction (nominal value of 0.40).

The experimental investigation of the damping of the different materials involved using beam test
specimens and an impulse technique. Each test specimen was supported horizontally as a cantilever
beam in a clamping block. An impulse hammer was used to induce the excitation of the flexural
vibrations of the beam, and the beam response was detected using a laser vibrometer.

The evaluation of damping was performed on beams of different lengths (160 mm, 180 mm
and 200 mm) to result in a variation of the values of the peak frequencies. Beams had a nominal
width of 20 mm and a nominal thickness of 2.5 mm. The results were reported for the first three
bending modes.
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The following two assumptions were made about this investigation:

1. The test temperature, not reported in the paper, is assumed to be around 25 ◦C;
2. The loss factor is β and ti dependenton the EPL method, therefore the coefficient k is assumed to

be the unit for all samples and fibre orientation.

From the loss factor measured for 0◦, 45◦, and 90◦ of fibre orientation, the EPL equation fitting was
conducted applying the least-squares method to determine the best fit curve to test data. The average
relative error to the three adjustments was 4.43%. The EPL coefficients are shown in Table 3.

Table 3. Parameters of EPL equation for Loss Factor.

θ◦ k β ti(s)

0◦ 1 0.235 45,707
45◦ 1 0.589 34,443
90◦ 1 0.579 36,275

From Table 3, for given fibre orientation from the longitudinal axis of the specimen, it is observed
that the value of β and ti coefficients are fibre orientation dependent. Figure 4 shows the evaluation
of the loss factor, η, fitted by the EPL equation, regarding the data of the impulse technique test
for unidirectional glass fibre composites. It is observed that the damping for specimens where the fibre
orientation is transverse to their longitudinal axis (45◦ and 90◦) is greater than for specimens where
the fibre orientation is parallel to its the longitudinal axis.
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5.3. Dynamic Modulus Fitted from Ledi et al. (2018)

Ledi et al. [17] present an identification method of the viscoelastic material properties
(shear modulus and loss factor) of a symmetric three-layered viscoelastic sandwich beam. The authors
performed experimental vibration tests to determine resonant frequencies and loss factors for different
bending modes.

The viscoelastic sandwich beam tested by the authors was composed of three layers, bonded
together: two aluminium elastic face sheets and one viscoelastic core layer, made of polyurethane
dielectric resin (made of polyol and isocyanate). Two types of sandwich beams (beam 1 and beam
2) distinguished by their respective core and faces thicknesses were considered. The geometrical
and material properties of the sandwich beams are reported in Table 4.
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Table 4. Material properties and dimensions for beam 1 and beam 2.

Elastic Layers

Material Aluminium
Young’s Modulus Ef =6.9 × 1010 Pa

Poisson’s ratio vf =0.3
Density ρf = 2766 kg/m3

Thickness hf,1 = 1 mm and hf,2 = 0.5 mm

Viscoelastic Layer

Material Polyurethane dielectric resin
Poisson’s ratio vf =0.3

Density ρf = 1550 kg/m3

Thickness hc,1 = 1 mm and hc,2 = 2 mm

Whole Beam

Length L = 500 mm
Width b = 30 mm

Thickness h = 3 mm

The experimental setup to measure sandwich beam frequency response curves comprised of
an eloetrodynamic shaker, a laser vibrometer and a sandwich beam sample. The shaker generated
vibrations that were controlled and measured by a controller device. The frequency excitation produced
by the shaker ranged from 4 Hz and 1500 Hz. The vibration amplitude of the shaker was controlled
by an accelerometer. The amplitude of the shaker was chosen to minimise nonlinear vibrations
(typically 0.02 mm of displacement between 5 Hz and 157.5 Hz, and a 1 g acceleration between
157.5 Hz and 1500 Hz). A laser vibrometer was used to measure the amplitude of the beam’s vibration;
this equipment was pointed at the free extremity (tip) of the beam (cantilever), whose boundary
condition was clamped-free. The test apparatus used in the experiments allowed adjustments of
the clamping length—four lengths (from 318 to 475 mm) were tested.

For a linear, homogeneous and isotropic material, the EPL function of storage modulus Expression
(24) may provide the definition of the storage shear modulus, G′(ω), whose relationship may be
established by the complex Poisson’s ratio, υ∗(ω), as

E′(ω) = 2G′(ω)·[1 + υ∗(ω)] (27)

Given the reduced dependence on the frequency of Poisson’s ratio, its value can be considered a
real and constant quantity [19].

From the shear modulus measured, the EPL function of the shear storage modulus was fitted
and the obtained coefficients are presented in Table 5.

Table 5. Parameters of the EPL equation for the in-Plane Shear Storage Modulus.

k β ti(s)

0.68 0.98 2469.136

The evaluation of the in-plane shear storage modulus for both beams is shown in Figure 5,
where it can be noted that the fitting is very close to the data points, providing a good description of
the behaviour of the identified shear modulus quantities over a wide range of frequencies. It should be
noted that because the adjusted curve refers to the spectrum of two distinct data tests, the evaluation
of the relative error through the dispersion plot was not used in this adjustment; as an alternative,
the r-Pearson coefficient was used to evaluate the quality of the fitting: values of 0.962 and 0.981 were
obtained for beams 1 and 2, respectively.
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6. Conclusions

This paper presents a new approximate interconversion scheme to convert the measured dynamic
moduli into creep compliance modulus and relaxation modulus. The proposed method uses a
convenient Laplace and Carson transform and its relationship to the Fourier Domain, coupled with
the application of the Moivre and Euler Theorem.

The EPL creep fitting method described in Ref. [1] has been converted to the EPL dynamic
modulus equation and the data provided in the literature have been successfully fitted. In particular,
the test data concerning three different polymeric or polymer-based composites were used to validate
the numerical approach: a pure polymer thermoplastic resin specimen, an E-glass-epoxy composite
laminate, and an elastic-viscoelastic sandwich beam.

The results obtained show the accuracy of the EPL Method in fitting the data from creep, relaxation,
and dynamic tests. Moreover, the method can show the three stages of creep (long-time behaviour).
In addition, it is shown that fitting based on the EPL method is easy to implement since only three
terms need to be found in any data spectrum, and no pre-smoothing procedure is required to ensure a
good fit. Furthermore, the stability of this method is demonstrated by the achieved Pearson correlation
coefficients, which was higher than 0.96 for the different examples.
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Abstract: The use of glass fibre reinforced polymer (GFRP) composites in civil engineering struc-

tures has seen considerable growth in recent years due to their high strength, low self-weight, and 

corrosion resistance, namely when compared to traditional materials, such as steel and reinforced 

concrete. To enable the structural use of GFRP composite materials in civil engineering applications, 

especially in footbridges, it is necessary to gather knowledge on their structural behaviour, particu-

larly under dynamic loads, and to evaluate the ability of current design tools to predict their re-

sponse. In fact, excessive vibration has a major influence on the in-service performance (comfort) of 

slender structures as well on their service life. The use of composite materials that combine high 

damping capacity with relatively high stiffness and low mass can provide functional and economic 

benefits, especially for footbridges. This paper aims to investigate the dynamic behaviour of GFRP 

free-supported beams to evaluate their modal characteristics (frequency, damping, and modal 

shape). To assess the benefits of using a structure made of pultruded GFRP rather than a conven-

tional material—steel, a comparative analysis between the dynamic characteristics of GFRP and 

steel beams is performed. To specifically address material damping and to minimize the interfer-

ence of the boundary conditions, the beams are tested in a free condition, resting on a low-density 

foam base. The results show that the damping capacity of GFRP is much higher than that of steel, 

as the measured damping factor of GFRP is five times higher than that of steel for the same bound-

ary conditions and similar geometry. Furthermore, the fact that the frequencies of the tested speci-

mens resemble for the two different materials highlights the perceived damping qualities of the 

polymer-based composite material. Finally, an energy method for evaluating the influence of the 

scale factor on material damping is applied, which made it possible to infer that the damping varies 

as a function of frequency but is not explicitly affected by the length of the specimens. 

Keywords: composites; GFRP; steel; viscoelasticity; natural frequency; damping; dynamic  

behaviour; footbridge vibrations 

 

1. Introduction 

Pultruded glass fibre reinforced polymer (GFRP) profiles are being increasingly con-

sidered for civil engineering structural applications, as a replacement of conventional ma-

terials, such as reinforced concrete and especially steel. This is mostly due to their light-

weight, high strength, and non-corrodibility. Among the various applications of GFRP 

profiles are building structures and bridges, both vehicular and especially pedestrian. In 

all these applications, one of the main design requirements is the comfort of users and, for 

that purpose, the dynamic properties of fibre-polymer composite materials are of para-

mount importance. In the specific case of pedestrian bridges, design is very often gov-

erned by vibration criteria. 
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To allow for a comprehensive design of pedestrian bridges made of pultruded GFRP 

profiles, it is necessary to obtain an in-depth understanding of their dynamic properties, 

namely compared to steel, which is the main alternative material it aims at replacing. The 

high damping capacity of polymer-based materials is widely known and used in the me-

chanical, automotive, and aerospace industries. In fact, the vibrations produced in struc-

tures and mechanical components are the main sources of problems in high precision in-

struments, machines, automobiles or aircrafts, and the use of polymeric composites as 

passive damping elements allows mitigating vibrations in such structures [1,2]. The fre-

quency-dependent stiffness behaviour of a viscoelastic material directly affects the modal 

characteristics of the structural system, resulting in complex vibration modes and differ-

ences in the relative phase of vibration [3]. 

In what concerns the use of material damping as the sole damping source of a struc-

tural system, Vasques et al. [4] pointed out that the viscoelastic damping has been used 

mainly as distributed surface mounted or embedded damping treatments, utilizing pas-

sive viscoelastic materials alone. In the same manner, Nashif et al. [5] introduced funda-

mentals of both vibrations and shock damping, focusing only on passive treatments for 

vibration attenuation without the effective use of the structure itself as a damping agent. 

Finegan and Gibson [6] summarised the research done on the damping of polymer-based 

composites in two levels: (a) At the macromechanical level, the research efforts aimed to 

study the properties of the laminate layers, the inertial effects and the contact surfaces; (b) 

at the micromechanical level, the focus has been on the effects of the orientation and ratio 

of the reinforcing fibres, the fibre/matrix interface and the properties of the fibres and the 

matrix. In the same study, the authors state that material damping can contribute to pas-

sive vibration control using the inherent ability of polymeric materials to dissipate energy. 

This ability was explored by Adams and Bacon [7] who examined the effect of fibre orien-

tation and lamination geometry on the flexural and torsional damping and dynamic mod-

uli of fibre reinforced polymer (FRP) composites. 

As mentioned above, polymer-based composites are now finding increasing interest 

in civil engineering to be used as structural members (pultruded profiles, laminated shells 

and plates, and sandwich panels). Nevertheless, most of the research carried out in this 

area has focused on the evaluation of the static behaviour of composite structures, and 

less often on the dynamic behaviour of specific structures [8,9]; comprehensive infor-

mation about the dynamic characteristics of polymer-based composites is not yet availa-

ble, namely with respect to the material damping that is necessary to conduct dynamic 

analysis (in the time domain) under pedestrian loads, which are sometimes necessary to 

assess/design in a comprehensive way the comfort of users. This lack of information is 

well reflected in available design standards for composite structures, which provide very 

limited guidance in this respect (ASCE LFRD Standard [10]; Prospect for New Guidance 

of FRP Structures [11]; Italian Code [12]). In fact, none of the above-mentioned design 

guidelines give detailed information on material damping to be used in the dynamic anal-

ysis and design of fibre-polymer composite structures. 

In this respect, Boscato et al. [13] stated that structures composed of pultruded FRP 

profiles have been extensively addressed in their static aspects, but the same attention has 

not yet been given to their dynamic behaviour. Regarding the dynamic behaviour of FRP 

materials, some studies have been conducted in the last two decades, such as that of Bos-

cato et al. [14], who presented a modal identification of an all-FRP two dimensional frame 

in free vibration. The results show that the GFRP structural system presents a better dy-

namic performance compared to systems comprising steel and aluminium members. 

Stankiewicz et al. [15] presented dynamic in situ tests of a cable-stayed all-GFRP foot-

bridge under human excitation. They found out that the analysed footbridge fulfilled the 

vibration comfort criteria elaborated by the technical guide Sétra [16]. 

In this paper, the identification of modal characteristics of free-supported beams is 

carried out to determine the internal damping of two types of materials: (i) Steel and (ii) a 
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polymer-based composite. With this purpose, forced vibration tests using hammer excita-

tion are conducted on two sets of similar free-supported beams, considering the lengths 

of 250, 500, and 1000 mm. A free-supported beam scenario, in which the beams are placed 

on a low-density polyurethane foam, is considered to avoid damping added by external 

sources and to minimise the interference from boundary conditions. In this way, it is pos-

sible to extract only the material damping ratio. These types of support conditions are 

common (and well-established) in biomechanical (body in free fall), naval (submarines), 

and aerospace (aircraft in flight) engineering. The different lengths aimed at verifying the 

relevance of the structure scale. The application of identification algorithms to the col-

lected data enables the identification of modal properties, namely damping ratios, which 

are further correlated with damping factors extracted using an energy-based method an-

alytically deduced in this research. 

The remainder of this paper is organized as follows: In Section 2, a brief review of the 

free-supported beam theory is presented first, and the technique employed to identify 

modal properties is discussed next. The experimental programme is described in Section 3 

and the results obtained are presented in Section 4. In Section 5, a comparison is made 

between modal parameters identified in the tests and the ones analytically calculated. In 

Section 6, damping estimates obtained for the two materials, GFRP and steel, are com-

pared. Section 7 summarises the main findings of this study. 

2. Theoretical Background 

2.1. Identification of Modal Properties 

The identification of modal properties from an existing structure is a so-called inverse 

problem, which is formulated from the non-homogenous dynamic equilibrium equation, 

by the relation between a response and an excitation, expressed either in the time or the 

frequency domain [17]. In the present case, a frequency-based approach is used and fre-

quency response functions (FRF), �(��), are constructed from the ratio between spectral 

density functions of the applied modal force and the resulting modal response. From the 

FRF, the modal parameters are extracted, namely the natural frequencies, damping ratios, 

and mode shape components. 

Figure 1 shows a typical input-output graphic of an experiment using an impact ham-

mer excitation, depicting the typical response of a structural system to an imposed force. 

 

Figure 1. Input-output graphic from an impact experiment. 
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In a system with separated natural frequencies, modal decoupling enables the trans-

formation of the N-coupled dynamic equilibrium equations into N-decoupled single-de-

gree-of-freedom (SDOF) equations, N being the number of vibration modes to identify. In 

the frequency domain, the general SDOF dynamic equilibrium equation is given by [18] 

�(�)(−�� + 2������ + ��
�) =

�(�)

��

 (1)

where ��, ��, and �� are the modal mass, the circular frequency, and the damping ratio, 

respectively, �  is the complex number (�� = −1), and �(�) and �(�)  are the Fourier 

transforms of the response and excitation, respectively. The FRF is defined as 

�(�) =
�(�)

�(�)
 (2)

Equation (1) can then be expressed as 

�(�) =
1 ��⁄

��
� − �� + �2�����

 (3)

Since the FRF is a complex function of frequency, the corresponding real and imagi-

nary parts can be plotted, as shown in Figure 2. Accordingly, it can be observed that the 

imaginary part of the FRF presents peaks close to the resonance frequencies, while the real 

part inverts its signal in the vicinity of those frequencies. 

 

Figure 2. FRF in terms of real and imaginary parts. 

These properties can be used to extract the relevant modal parameters. According to 

Rao [19], when using a single-degree-of-freedom approach, the graph of �(��) is divided 

into several frequency ranges, each one centred at one peak, whose abscissa approxi-

mately coincides with a resonance frequency for a lowly damped system. 

To calculate the damping ratio ��, the well-known half-power bandwidth method is 

commonly used [18]. This method consists of estimating ��,�  and ��,�  frequencies, 

around ��, for which the respective FRF amplitude is equal to the peak divided by √2. 

Thereby, the modal damping ratio can be found by 

�� =
��,� − ��,�

2��

 (4)

Figure 3 shows the amplitude of the FRF in terms of logarithmic coordinates and 

exemplifies the application of the half-power bandwidth method. 
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Figure 3. The logarithmic spectra of Fourier in amplitude. 

The magnitude of the FRF is given by 

���
����(��) = ����,�(��)�

�
+ ���,�(��)�

�
 (5)

where ��,� and ��,� are the corresponding real and imaginary part, respectively. 

Based on the �� and �� values, it is possible to estimate the amplitudes values, ��,� 

and ��,�, at two measurement points, � and �, of the configuration relative to the mode 

�. As described by Caetano [18], for a given FRF, the values of ��,� and ��,�, associated 

with a particular mode �, can be determined at the resonance for each mode. If � ≅ ��, 

then the amplitude of the FRF relating the response measured at point � with the force 

applied at point � is given by 

���
����(��) =

��,� ∙ ��,�

2����
�

 (6)

The amplitudes of the modal components are then given by 

��,� ∙ ��,� =  ���
����(��) ∙ 2����

� (7)

The determination of the quantities ��,� and ��,� can follow a sequence. For exam-

ple, if � = �, it follows that 

��,� =  ����
����(��) ∙ 2����

� (8)

Then, at another point � 

��,� =  
���
����(��) ∙ 2����

�

��,�

 (9)

In summary, the FRF can be used to characterize the dynamic behaviour of a struc-

ture and contains information on the modal components of the system, namely the reso-

nance frequencies, the damping ratios, and the mode shapes. 

2.2. Energy-Based Evaluation of Equivalent Material Damping Ratio 

As earlier related, the knowledge of the damping properties of a structure is neces-

sary to effectively characterise its resonant response. In a structural system as a single-

length beam, the energy dissipated per cycle of vibration can be attributed both to material 

damping and to damping in the supports [20]. 

Focusing specifically on material damping, the application of the energy method con-

stitutes an alternative for determination of an equivalent damping ratio corresponding to 

each vibration mode � of the structure. This is achieved considering that the damping 
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factor is given from the ratio between the dissipated energy, �����,�, and the total energy 

at resonance, W�����,�, over a vibration cycle [21] 

�� =  
�����,�

4� W�����,�

 (10)

For a single degree of freedom (SDOF) system, at resonance, the total energy may be 

calculated as the amplitude of either the maximum kinetic and potential energy [22]. If 

the kinematic energy is considered 

W�����,� =  �
1

2
�� � �

��

��
�

�

��
�

�

�
�

 (11)

where � describes the transverse deflection of the beam at some position �, � is the vol-

umetric mass, � is the cross-sectional area of the beam, the assumed constant along the 

length �, and � ��⁄  represents the partial derivative with respect to time. 

In a harmonic vibration cycle, the maximum value of Equation (11) is given by 

W�����,� =
1

2
(���) ��

���
� (12)

where �� is the displacement amplitude; � is the elastic stiffness; and ��� is the total 

mass. 

Equations (12) and (13) shows that the energy of a harmonic oscillator is proportional 

to the square of the amplitude of the oscillation. 

On another hand, the free vibrations of any real physical system decay with time. 

Every such system inevitably has dissipative features through which the mechanical en-

ergy of the vibration is depleted. In this sense, French [23] and King [24] showed that it is 

possible to express the damping ratio in terms of an exponential decay of the total me-

chanical energy, W�����,�. 

In such conditions, the oscillations are well described over several cycles by a simple 

harmonic motion of constant amplitude �, such that 

�(�) = ������ �⁄  (13)

where �� is the initial value of the amplitude and ℎ is the hysteretic damping coefficient. 

Hence, from Equation (13), one may define the decay of the total energy as  

�(�) = W�����,� ���� (14)

Since the dissipated energy may be computed as W�����,� − �(�), when � = 2� ��⁄ , 

and replacing ℎ by a constant given by �, the damping ratio can be related to the energy 

decay as  

�� =
1 − �� ����

��
� �

4�
 (15)

3. Experimental Programme 

3.1. Overview 

In this research, the identification of modal characteristics of free-supported beams 

is carried out to determine the structural damping of two types of materials, namely: (i) 

Steel and (ii) pultruded GFRP. 

The experiments are conducted for different beam lengths, namely, 250, 500, and 1000 

mm. The range of lengths chosen makes it possible to assess the scale effects on the modal 

properties of the beams, namely on their natural frequencies and damping ratios. 
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3.2. Characteristics of the Material and Specimens 

3.2.1. GFRP Specimens 

The specimens of the pultruded GFRP composite used in the experimental pro-

gramme were extracted from the web of an I-section pultruded profile (200 × 100 × 10 mm, 

web height × flange width × wall thickness) (Alto-Perfis Pultrudidos Lda, Maia, Portugal). 

This profile is made of E-glass fibres, combining alternating layers of unidirectional rov-

ing and mats embedded in an isophthalic polyester matrix (68% inorganic content by 

weight). The cross-section and dimensions of GFRP specimens are shown in Figure 4 and 

their mass and density are shown in Table 1. 

 

Figure 4. Geometry of GFRP specimens (dimensions in mm). 

Table 1. Mass and density of GFRP specimens. 

Specimen ���� ���������� ����  (�) 

(l × w × t) (kg) (kg/m3) 

1040 × 100 × 10 mm 2.0088 1931.54 

500 × 100 × 10 mm 0.9904 1980.80 

250 × 98 × 10 mm 0.4891 1996.33 

The dimensions of the composite specimens present some differences compared to 

the steel ones, which resulted from the cutting process. However, the relative differences 

are small and exact (measured) geometric values were considered in the calculations. 

Given the very low porosity of the pultruded material, the apparent density of the speci-

mens was considered, by determining the weight/volume ratio. 

The material characterisation tests [25] of GFRP were performed on small-scale cou-

pons extracted from the web plate: (i) Tensile tests (according to ISO 527 [26]), (ii) com-

pression tests (ASTM D695-02 [27]), (iii) in-plane shear tests (ISO 527-5 [28]), and (iv) in-

terlaminar shear tests (ASTM D2344 [29]). 

The elastic and strength properties of the GFRP laminates are listed in Tables 2 and 

3, respectively, where � is the elastic modulus, � is the shear modulus, � is the Poisson 

ratio, � is the axial strength, and � is the in-plane shear strength. The subscripts � and 

� correspond to the in-plane longitudinal (pultrusion) and transverse directions, while 

subscripts � and � correspond to tensile and compressive loading, respectively. 

Table 2. Elastic properties of GFRP. 

��,� ��,� ��,� ��� � 

(GPa) (GPa) (GPa) (GPa)  

32.7 33.4 10.8 3.65 0.266 
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Table 3. Strength properties of GFRP. 

��,� ��,� ��,� ��� 

(MPa) (MPa) (MPa) (MPa) 

365 468 110 30.6 

3.2.2. Steel Specimens 

The steel specimens used in the experimental programme were produced with DIN 

45WCrV7 steel grade, equivalent to ASTM 681A S1 or S355, a cold work alloy tool steel 

category. The cross-section and dimensions of steel specimens are shown in Figure 5 and 

their mass and density are listed in Table 4. 

 

Figure 5. Geometry of steel specimens (dimensions in mm). 

Table 4. Mass and density of steel specimens. 

Specimen ���� ���������� ���� (�) 

(l × w × t) (kg) (kg/m3) 

1000 × 100 × 8 mm 6.1611 7701.38 

500 × 100 × 8 mm 3.0802 7700.50 

250 × 100 × 8 mm 1.5417 7865.82 

The elastic and strength properties of steel are listed in Table 5, namely the modulus 

of elasticity �, the minimum yield stress f�, the ultimate tensile stress f�, the shear mod-

ulus �, and the Poisson ratio � (properties stated in the supplier catalogue). 

Table 5. Elastic and strength properties of A681 Steel. 

� �� �� � � 

(GPa) (MPa) (MPa) (GPa)  

210 335 510 80 0.300 

3.3. Test Setup, Instrumentation, and Procedure 

The modal identification tests were performed to extract the modal data from the 

specimens, namely, the vibration frequencies, damping ratios, and modal shapes of the 

beams. For this purpose, input-output tests were conducted based on the excitation by an 

impact hammer and the measurement of both the applied excitation and the structural 

acceleration. From the collected time series relating the acceleration at a certain number 

of points with the force applied at another point, frequency response functions were con-

structed, and modal identification techniques (described above) were applied. 
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Figure 6 shows the experimental setup. The test specimens were supported by a (1) 

low-density foam to simulate a free-supported condition. Impacts were applied with an 

(2) impulse hammer on the beam and the respective response was measured in terms of 

vertical accelerations with (3) a high sensitivity and low mass piezoelectric accelerometer 

(model 393A03, PCB Group, Inc., New York, NY, USA) connected to (4) an amplifier 

(model SignalCalc Ace, Data Physics, Santa Clara, CA, USA). The data were acquired and 

processed using a (5) Fourier analyser (model 480E09, PCB Group, Inc., New York, NY, 

USA). 

 

(1) low-density foam 

(2) impulse hammer 

(3) accelerometer 

(4) amplifier 

(5) Fourier analyser 

(a)  

 

 

(b)  

Figure 6. Experimental setup: (a) GFRP and (b) steel specimens. 

The frequency range that can be induced by hammer excitation depends on the mass 

of the hammer and the hardness of the tip applied to its head. The chosen tip that allowed 

excitation in the frequency range of 0 to 800 Hz was a rubber- and steel-head for respec-

tively the GFRP and steel specimens. 

For each test conducted on, a given specimen (made of steel or GFRP), four different 

FRFs were constructed relating the accelerations measured at points 1, 2, and 3, with the 

impact applied at point 1, 2, and 3 (see Figure 7 and Table 6). 
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(c) 

 
(d) 

Figure 7. Modal identification test setups: (a) Setup 1, (b) setup 2, (c) setup 3, and (d) setup 4. 

Table 6. Measurement setting. 

Setup Chanel 1 Chanel 2 

 Impact Load Point Accelerometer Point 

1 1 2 

2 1 3 

3 3 3 

4 2 2 

The modal identification test setups described in Figure 7 were repeated for the three 

beam lengths. Figure 8 shows one of the modal identification tests being performed. 

 

Figure 8. Experimental tests: Example of impact being applied. 

In this campaign, 19 tests were conducted and the 14 most relevant results are pre-

sented. Figure 9 shows the tested beams arranged in pairs, namely (1) 1000, (2) 500, and 

(3) 250 mm-length. 
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Figure 9. Experimental couples. 

The series of experiments were classified following the setup number, as described 

above, the beam material (C—for composite; S—for steel) and the length (in mm). Table 7 

describes the complete set of experiments performed for each series and the beam nomen-

clature adopted. 

Table 7. Test description. 

Test Setup Impact Load Point Accelerometer Point Beam Nomenclature 

1 1 1 2 C-1000 

2 2 1 3 C-1000 

3 3 3 3 C-1000 

4 1 1 2 S-1000 

5 2 1 3 S-1000 

6 3 3 3 S-1000 

7 1 1 2 C-500 

8 4 2 2 C-500 

9 1 1 2 S-500 

10 4 2 2 S-500 

11 1 1 2 S-250 

12 4 2 2 S-250 

13 1 1 2 C-250 

14 4 2 2 C-250 

4. Experimental Results 

This section describes the experimental results of the tests carried out on each pair of 

beams, made of either GFRP or steel. First, results are presented for each of the test 

lengths. Next, the identified frequencies are summarized. Finally, the mode shapes are 

described.  

4.1. 1000 mm-Length 

This subsection presents the results of the modal identification test performed on 

specimens with 1000 mm of length, namely, for setups 1, 2, and 3 (Table 7). Figure 10 

shows the FRF plots and summarises the identified natural frequencies. Figure 11 shows 

the power spectral density (PSD) of amplitude response plots of the 1000 mm-length tests.  

It is first noted that the plots presented in Figure 10 show that the resonance frequen-

cies for both materials are very close. This is confirmed by the values of the resonance 

frequencies listed in Table 8. 
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(a) 

 
(b) 

 
(c) 

Figure 10. Modal identification for 1000 mm-length specimens—FRF plot for (a) setup 1, (b) setup 

2, and (c) setup 3. 



Polymers 2021, 13, 2201 13 of 24 
 

 

 
(a) 

 
(b) 

Figure 11. Power spectral density plot for the 1000 mm-length: (a) C-1000 and (b) S-1000. 

Table 8. Identified natural frequencies for the 1000 mm-length. 

Mode C-1000 S-1000 

No. Resonance Freq. Resonance Freq. 
 (Hz) (Hz) 

0 27.333 ± 0.312 23.000 ± 1.080 

1 52.500 ± 0.204 53.127 ± 0.625 

2 118.875 ± 0.125 119.083 ± 0.285 

3 226.250 ± 0.205 228.417 ± 0.192 

4 370.875 ± 0.375 376.083 ± 0.176 

5 551.000 ± 0.204 561.083 ± 0.118 

6 766.667 ± 0.514 783.334 ± 0.204 

4.2. 500 mm-Length 

Figure 12 presents the FRF plots for setups 1 and 4, corresponding to modal identifi-

cation tests performed on specimens with 500 mm-length, and Table 9 summarises the 

identified natural frequencies. Figure 13 shows the PSD of amplitude response plots of 

the 500 mm-length tests. 
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(a) 

 
(b) 

Figure 12. Modal identification for the 500 mm-length—FRF plot for (a) setup 1 and (b) setup 4. 

Table 9. Identified natural frequencies for the 500 mm-length. 

Mode C-500 S-500 

No. Resonance Freq. Resonance Freq. 
 (Hz) (Hz) 

0 27.656 ± 1.094 23.125 ± 0.313 

1 44.219 ± 0.156 46.563 ± 0.001 

2 169.219 ± 0.156 170.156 ± 0.156 

3 456.406 ± 0.156 463.281 ± 0.156 

4 887.504 ± 1.559 907.031 ± 0.469 

As in the previous series, it can be noted that the curves shown in Figure 12 and the 

values given in Table 9 show that the peak frequencies for both materials are close. 
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(a) 

 
(b) 

Figure 13. Power spectral density plot for the 500 mm-length: (a) C-500 and (b) S-500. 

4.3. 250 mm-Length 

Figure 14 shows the FRF plots for setups 1 and 3, referring to modal identification 

tests performed on specimens with the 250 mm-length, and Table 10 summarises the iden-

tified natural frequencies. Figure 15 shows the PSD of amplitude response plots of the 250 

mm-length tests. 

 
(a) 
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(b) 

Figure 14. Modal identification for the 250 mm-length—FRF plot for (a) series 1 and (b) series 4. 

Table 10. Identified natural frequencies for the 250 mm-length. 

Mode C-250 S-250 

No. Resonance Freq. Resonance Freq. 
 (Hz) (Hz) 

0 27.817 ± 0.004 24.375 ± 0.625 

1 657.501 ± 0.624 668.594 ± 0.156 

2 1784.362 ± 4.674 1840.000 ± 2.188 

 

 
(a) 

 
(b) 
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Figure 15. Power spectral density plot for the 250 mm-length: (a) C-250 and (b) S-250. 

As mentioned in the previous tests, even for the small length beams, the peak fre-

quencies are very close for both materials, as depicted by the FRF plots in Figure 16 and 

the values listed in Table 10. 

 

Figure 16. Modal identification: First four mode shapes with impact excitation. The prefix “Mi” in-

dicates the mode number, the suffix “-C” and “-S” indicates the material, composite (GFRP) and 

steel, respectively. 

4.4. Summary of Identified Frequencies 

Table 11 summarises the identified frequencies for the different materials-lengths 

and modes. The frequencies associated with the mode identified as “0” correspond to the 

rigid-body mode and are discarded. From the values shown in Table 11, it is possible to 

verify the existence of similarity in the vibratory behaviour of beams with the same length, 

but different constituent materials. To confirm this hypothesis, Table 12 shows the ratio 

between the identified frequencies for GFRP and steel beams with the same length, for the 

same vibration mode. 

Table 11. Summary of identified frequencies (in Hz). 

Specimen 
Mode 

0 1 2 3 4 5 6 

C-1000 27.33 52.50 118.88 226.25 370.88 551.00 766.67 

S-1000 27.00 53.13 119.08 228.42 376.08 561.08 783.33 

C-500 44.22 169.22 456.41 887.50    

S-500 46.56 170.16 463.28 907.03    

C-250 27.82 657.50 1784.36     

S-250 24.38 668.59 1840.00     

Table 12. Ratio of identified frequencies for different setups. 

Specimen 
Mode 

1 2 3 4 5 6 

C-1000/S-1000 0.99 1.00 0.99 0.99 0.98 0.98 

C-500/S-500 0.99 0.99 0.98    

C-250/S-250 0.98 0.97     

The values listed in Table 12 show that the relative difference between the values of 

the identified frequencies for both materials remains within the range of 0 to 0.03, which 
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reflects the resemblance of modal characteristics of specimens with the same length, re-

gardless of the material. It is important to note that, for the same length, while the bending 

stiffness ratio is about three times (the estimated bending stiffness of the steel specimens 

being greater than that of the composite ones), the stiffness-to-mass ratio (composite/steel) 

of those specimens is less than 8% on average, as already mentioned. This is ascribed to 

the much lower density of GFRP compared to steel. 

4.5. Mode Shapes 

To obtain the solution of the vibration modes, the Euler-Bernoulli theory [30] was 

applied and the modal displacement amplitudes of the beams were calculated. The first 

four mode shapes are presented in Figure 16, in which the prefix “Mi” indicates the mode 

number, and the suffix “-C” and “-S” indicates the material, composite (GFRP) and steel, 

respectively. It is noted that it was not the purpose of the tests to define in a refined way 

the modal shapes, as a small number of points were used in the measurements. 

5. Comparison of Identified and Calculated Modal Parameters 

This section presents a comparison between the modal parameters obtained from the 

analytical formulae and the experimental results. For this purpose, the Euler-Bernoulli 

theory [30] and the values of the corresponding wavenumber are used. 

Table 13 summarizes the elastic properties of the beams in which the “Ratio EI/m” 

column emphasizes the relationship between the bending stiffness and the mass of the 

specimen. It is possible to verify that the relationship “stiffness × mass” for specimens of 

the same geometry is similar, with a relative difference of only 8% between both (with the 

calculated ratio for the GFRP composite being higher than that for steel). Table 14 shows 

the analytical values of natural frequencies, ��, given by Equation (9). 

Table 13. Elastic properties set for the direct problem. 

Specimen Length Cross-Section Young’s Modulus Moment of Inertia Mass Ratio 

 L (w x t) E I m EI/m 
 (mm) (mm) (GPa) (mm4) (kg)  

C-1000 1040 100 × 10 37.7 8333.33 2.0088 156 

S-1000 1000 100 × 8 210.0 4266.67 6.1611 145 

C-500 500 100 × 10 37.7 8333.33 0.9904 317 

S-500 500 100 × 8 210.0 4266.67 3.0802 291 

C-250 250 98 × 10 37.7 8166.67 0.4891 630 

S-250 250 100 × 8 210.0 4266.67 1.5417 581 

Table 14. Natural frequencies obtained from analytical modelling (in Hz). 

Specimen 
Mode 

1 2 3 4 5 6 

C-1000 41.987 115.738 226.893 375.065 560.282 782.543 

S-1000 42.941 118.369 232.051 383.592 573.020 800.334 

C-500 179.378 494.463 969.345 1602.376 2393.674 3343.230 

S-500 171.775 473.504 928.257 1534.456 2292.212 3201.519 

C-250 714.717 1970.145 3862.272 6384.532 9537.389 13,320.816 

S-250 686.743 1893.032 3711.100 6134.637 9164.089 12,799.430 

According to the Euler-Bernoulli theory, the natural frequency is inversely propor-

tional to the square of specimen length. In this sense, as the EI �⁄  ratios are similar be-

tween specimens with the same geometry, it is expected that the natural frequencies of 

the specimen C-1000 mm are lower than those of the specimen S-1000, since the length of 
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the latter is 3.85% smaller than that of the former, it did not occur with the other speci-

mens. 

A comparison between the analytical and experimental values of natural frequencies 

is made to assess the accuracy of the analytical modelling and the test approach, and fur-

ther, to validate the accuracy of the proposed model in simulating the free-supported 

beam boundary conditions. 

Table 15 summarises the ratios between the experimental and numerical values of 

the natural frequencies for the different materials-lengths and for each mode. 

Table 15. Ratios between experimental and analytical frequencies. 

Specimen 
Mode 

1 2 3 4 5 6 

C-1000 1.25 1.03 1.00 0.99 0.98 0.98 

S-1000 1.24 1.01 0.98 0.98 0.98 0.98 

C-500 0.94 0.92 0.92    

S-500 0.99 0.98 0.98    

C-250 0.92 0.91     

S-250 0.97 0.97     

In what concerns the accuracy aspect mentioned above, a value of ±0.10 was defined 

as an acceptable threshold. In this sense, the first mode of specimens C-1000 and S-1000 

should be discarded from the analysis. Except for the first mode of the 1000 mm-length 

specimens, the good agreement between the experimental frequencies and those esti-

mated with the analytical models shows that the hypothesis of the free-supported condi-

tion was achieved with the use of low-density foam as beams supports. It was not possible 

to unequivocally identify a clear cause for the differences between experimental and ana-

lytical results. 

6. Damping Analysis 

In this section, the damping ratios extracted for each pair of specimens with an iden-

tical length is analysed and compared. The procedure described in Section 2 is applied to 

calculate the damping ratios. 

From the power spectrum of amplitude response plots, the half-power bandwidth 

method is used and the damping ratio is calculated. The values obtained are shown in 

Table 16. 

Table 16. Damping ratio − ��. 

Mode C-1000 S-1000 Ratio 
 (%) (C/S) 

1 - - - 

2 1.01 0.42 2.4 

3 0.70 0.16 4.4 

4 0.46 0.14 3.3 

5 0.36 0.08 4.5 

6 0.34 0.06 5.7 

Mode C-500 S-500 Ratio 

 (%) (C/S) 

1 0.75 0.33 2.3 

2 0.37 0.12 3.1 

3 0.40 0.09 4.4 

Mode C-250 S-250 Ratio 

 (%) (C/S) 

1 0.37 0.09 4.1 

2 0.46 0.16 2.9 
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The values given in Table 17 show that for a given mode, the damping ratio, ��, of 

the GFRP composite is higher than that of the corresponding steel-based specimen. It must 

be noted that for the same structure, at the same frequency, different response amplitudes 

will generate different levels of damping [31]. In this sense, it is important to assess the 

damping ratio concerning the ratio of the response amplitudes of the structure.  

To confirm the conclusion on the enhanced damping ability of the GFRP composite 

with respect to steel, the evaluation of the relative response amplitudes associated with 

each mode component for the two different materials is performed using the power spec-

trum amplitude response. Table 17 summarises the amplitude response for each identified 

mode and the ratio between the measured amplitudes (GFRP/steel) as well as the ratio 

between the measured damping (GFRP/steel). 

Table 17. Amplitudes of acceleration and the respective damping ratios. 

Mode C-1000 S-1000 Ratios 

 Amplitude Damping Amplitude Damping Amplitude Damping 

 (g/N) % (g/N) % (C/S) (C/S) 

1 - - - - - - 

2 0.0276 1.01 0.0236 0.42 1.2 2.4 

3 0.0083 0.70 0.0493 0.16 0.2 4.4 

4 0.0113 0.46 0.0015 0.14 7.8 3.3 

5 0.0283 0.36 0.0516 0.08 0.6 4.5 

6 0.0480 0.34 0.1700 0.06 0.3 5.7 

Mode C-500 S-500 Ratios 

 Amplitude Damping Amplitude Damping Amplitude Damping 

 (g/N) % (g/N) % (C/S) (C/S) 

1 0.0088 0.75 0.0097 0.33 0.9 2.3 

2 0.1413 0.37 0.1723 0.12 0.8 3.1 

3 0.1881 0.40 0.4178 0.09 0.5 4.5 

Mode C-250 S-250 Ratios 

 Amplitude Damping Amplitude Damping Amplitude Damping 

 (g/N) % (g/N) % (C/S) (C/S) 

1 0.0865 0.37 0.0844 0.09 1.0 4.1 

2 0.0036 0.46 0.0051 0.16 0.7 2.9 

Table 17 shows that the response amplitude for the various identified modes has an 

average ratio of 1.4 between the GFRP composite and steel specimens, while the average 

ratio of damping between those two materials is 4.0. These two figures highlight the fact 

that the difference in measured amplitudes does not have a direct impact on the damping 

values. It should be noted that at certain modes the response amplitude for steel was 

higher than in the GFRP composite. 

A consideration to be made refers to the scaling effect, which relates the length of the 

specimens to the damping variation, within the same frequency range, and which is di-

rectly related to the choice of specimen lengths adopted in this research. Furthermore, the 

natural frequencies of a full-scale system can be related to those of a reduced model, re-

lating the two sets of frequencies by a scaling law taking into account the physical param-

eters of the model and the full-scale system [32]. In this sense, the damping ratio as a 

function of the length (scale) was evaluated to identify whether the scale influences mate-

rial damping. Figure 17 shows the variation of the damping ratio with the frequency for 

all tested specimens. The damping ratio decreases as the frequency increases, up to a fre-

quency of approximately 700 Hz. At high frequencies (above 800 Hz), the damping ratio 

starts to increase. 
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Figure 17. Damping ratio vs. frequency for different materials and lengths. 

It may be noted that the material damping varies as a function of frequency but is not 

explicitly affected by the length of the specimens. As far as only material damping is con-

cerned, the damping ratio is similar for specimens with different lengths, at the same fre-

quency range. This is corroborated by a curve fitting in power law terms that exhibits a 

very-strong correlation between the damping ratio values and frequency for different 

lengths, as depicted in Figure 18. 

 

Figure 18. Damping ratio vs. frequency: Curve fitting. 

The curve fittings depicted in Figure 18 can be compared to those obtained based on 

the energy method. From Equation (15), one may evaluate the damping ratio as a function 

of a constant �, in terms of exponential decay. In this sense, the results obtained for the 

GFRP composite, depicted in Figure 19, show that the damping ratios estimated based on 

the energy ratio are similar to the ones calculated from the curve fitting described above.  
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Figure 19. Damping ratio: Curve fitting from the energy method. 

7. Conclusions 

This paper presents a modal analysis of the dynamic characteristics of free-supported 

beams, made of pultruded GFRP and steel, to identify and compare their resonance fre-

quencies, damping ratios, and vibration modes. 

For the modal identification process, an experimental campaign was conducted by 

applying the input-output method with the hammer impact and measuring the responses 

in terms of acceleration of specimens with various lengths. This approach allowed evalu-

ating the damping variation as a function of resonance frequencies as well as achieving a 

wide range of frequencies, from 27 to 1800 Hz. 

The comparison between the identified frequencies and the results obtained from the 

analytical model showed that the use of low-density foam as support enable a free-sup-

port beam condition, also allowing the retrieval of the material damping ratios from the 

test specimens. The same comparison showed a resemblance between the identified fre-

quency for specimens with similar lengths but made of different materials. Furthermore, 

the order of magnitude of the relative differences between the frequencies identified for 

the same mode in the two different materials, did not exceed 3%. 

The half-power bandwidth method was applied to the PSD plots and values of ma-

terial damping ratios could be identified. For similar lengths, the values of the damping 

ratios of the two materials presented significant differences, with the GFRP composite 

presenting higher values, between two and six times higher than steel. This better damp-

ing behaviour of GFRP was confirmed through the evaluation and comparison of the 

measured acceleration amplitudes: The ratio of acceleration amplitudes between GFRP 

and steel was relatively small compared to the corresponding ratio of damping ratios. It 

is noteworthy that, for certain modes, the response amplitude of steel was higher than 

that of the GFRP. These results reflect the better performance of the polymer-based com-

posite material in terms of energy dissipation and vibration attenuation. 

Finally, an evaluation of the importance of the beam length was assessed to identify 

its influence on the material damping ratios. It was observed that the material damping 

ratio varies as a function of frequency but is not explicitly affected by the length of the 

specimens. 

For the materials and geometries used in this study, it was shown that longer speci-

mens exhibited modal characteristics that resemble those of the shorter specimens. De-

spite the limitations of this study, this points to the feasibility of estimating the material 

damping of full-scale structures based on small-scale tests at the material level. 
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Nomenclature 

Symbol Description 

�� modal mass of nth order mode (kg) 

�� circular frequency of nth order mode (rad/s) 

�� damping ratio of nth order mode (%) 

� complex number (�� = −1) 

�(�) Fourier transform of the response 

�(�) Fourier transforms of the excitation 

�(�) frequency response function (FRF) 

��,� real part of FRF at the circular frequency �� 

��,� imaginary part of FRF at �� 

�� amplitude of vibration related to mode � 

�����,� dissipated energy at resonance in mode n 

W�����,� total energy at resonance in mode n 

� volumetric mass (kg/m3) 

�  cross-sectional area (m2) 

�  length of beam (m) 

��  modal displacement amplitude at nth order mode (m) 

�  elastic stiffness (kN/m) 

�  elastic modulus (GPa) 

�  shear modulus (GPa) 

�  Poisson ratio 

�  axial stress (MPa) 

�  in-plane shear stress (MPa) 

f�  minimum yield stress (MPa) 

f�  tensile stress (MPa) 

�  second moment of area of � (mm4) 
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Abstract 

Excessive vibration influences the in-service performance of slender structures, as 

footbridges, in which the dynamic response is essential as pedestrian comfort criteria 

typically govern design. In this sense, the use of composite materials that combine high 

damping capacity with relatively high stiffness and low mass can provide functional 

benefits. This paper presents a study about the dynamic behaviour of an 11 m long 

hybrid footbridge, made of two I-shaped pultruded glass fibre reinforced polymer 

(GFRP) main girders and a thin steel fibre reinforced self-compacting concrete 

(SFRSCC) deck, in operation since 2015. The main goal was (i) to assess the benefits 
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of using a structure made of pultruded GFRP instead of a conventional material (steel), 

and (ii) to improve the knowledge of the dynamic properties of composite footbridges. 

Based on experimental techniques of output-only and input-output identification, the 

resonant frequencies, damping ratios and mode shapes of the footbridge were identified. 

A finite element (FE) model of the footbridge was developed and, after calibration with 

test data, a study on the damping characteristics of the GFRP-SFRSCC hybrid 

footbridge was conducted; in addition, its structural performance under human loads, 

especially its vibration mitigation capacity, was compared with that of an equivalent 

structural system made of steel profiles. The identified modal components were also 

compared to experimental results collected from the literature for conventional-based 

material footbridge. The important impact of higher harmonics of the pedestrian load 

in the dynamic response of short-span footbridges was also evaluated and demonstrated. 

Overall, the results obtained show that polymer-based components can contribute to 

limit vibrations in footbridges or even act as self-dampers; in this respect, it is shown 

that GFRP performs better than steel. 

Keywords: Composites, GFRP, Steel, Viscoelasticity, Natural Frequency, Damping, 

Dynamic Behaviour, Footbridge vibrations. 

 

1. Introduction 

Pultruded glass fibre reinforced polymer (GFRP) profiles are being increasingly 

considered for civil engineering structural applications, as a replacement of 
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conventional materials, such as reinforced concrete and steel. This is mainly due to their 

lightness, high strength and non-corrodibility. Among the various structural 

applications of GFRP profiles are buildings and bridges, both vehicular and pedestrian. 

In these applications, one of the leading design requirements is users’ comfort and, for 

that purpose, the dynamic properties are of paramount importance. In the specific case 

of pedestrian bridges, design is very often governed by vibration criteria, and the main 

aspects included in standards and guidelines in this respect are [1][2]: (i) the need to 

verify the criticality of the structure's frequencies; (ii) the need to check the possibility 

of occurrence of lock-in related to lateral vibrations; and (iii) the need to verify limit 

acceleration values under specific pedestrian actions and comfort criteria. In fact, 

excessive vibration has a significant influence on the in-service performance of slender 

structures and their service life. 

Compared to structures made of conventional materials, the lower stiffness of GFRP 

structures, associated to their increased slenderness, leads to lower natural frequencies, 

thus involving a higher risk of resonance. In contrast, their lower mass counteracts this 

effect, but increases the vibration response due to reduced mass inertia [3]. In this sense, 

hybrid structures – combining composite and conventional materials – may be designed 

to fully exploit the properties of each material used in the different bridge components, 

maximising their advantages, and overcoming their limitations. 

Understanding the dynamic behaviour of structural materials enables engineers to 

design structures that perform in service as intended, besides being safe and durable.  

To allow for a comprehensive design of pedestrian bridges made of pultruded GFRP 

profiles, it is thus necessary to understand their dynamic properties, namely compared 

to steel, which is the primary alternative material it aims at replacing. The high damping 
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capacity of polymer-based materials is well-known and widely used in the mechanical, 

automotive, and aerospace industries. In fact, the vibrations produced in structures and 

mechanical components are the main sources of problems in high precision instruments, 

machines, automobiles or aircrafts, and the use of polymeric composites as passive 

damping elements allows mitigating those vibrations due to their viscoelasticity [4][5]. 

In these applications, the frequency-dependent stiffness behaviour of composites 

directly affects the modal characteristics of the structural system in which they are 

applied, resulting in complex vibration modes and differences in the relative phase of 

vibration [6]. In this context, the use of polymer-based composite materials in 

footbridges can also be considered in order to mitigate the harmful effects of excessive 

vibration in terms of in-service performance and comfort criteria [7].  

Most of the previous work on composite footbridge structures focused on evaluating 

their static behaviour. In this respect, Wei et al. [8] pointed out that although there are 

guidelines and pre-standards for structural design of composite structures, they mainly 

focus on the effects of static actions. Comprehensive information about the dynamic 

characteristics of polymer-based composites is not yet available, namely concerning the 

material damping, which is necessary to conduct dynamic analyses (in the time domain) 

under pedestrian loads and fully assess the comfort of users under dynamic actions. 

This lack of information is well reflected in available design standards for composite 

structures, which provide very minimal guidance in this respect (e.g. American ASCE 

LFRD Standard [9]; European Prospect for New Guidance of FRP Structures [10]; 

Italian Code [11]). 

Regarding the dynamic behaviour of FRP materials, some studies have been 

conducted in the last two decades, such as those of Boscato et al. [12], who presented 
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a modal identification of an all-FRP two-dimensional frame in free vibration, showing 

that the GFRP structural system presents better dynamic performance compared to steel 

and aluminium counterparts. Stankiewicz et al. [13] described dynamic in-situ tests of 

a cable-stayed all-GFRP footbridge under human excitation. They found out that the 

analysed footbridge fulfilled the vibration comfort criteria of the technical guide Sétra 

[2]. It is also worth referring the research from Živanović et al. [14], in which two FRP 

footbridges with main spans of 15.6 m and 63.0 m were used as case studies: their 

vibration behaviour was critically evaluated against steel and concrete structures of 

comparable span lengths, indicating that the design guidelines for FRP structures need 

to limit the vibration response, and not the natural frequency; they also highlight the 

possible need to recommend efficient vibration suppression measures for such 

extremely light structures.  

Most of the research related to the dynamic behaviour of FRP-based footbridges 

was either limited to the dynamic characterisation of the structure or aimed at evaluating 

the range of critical frequencies in the structure, without evaluating the potential 

benefits of viscoelastic damping in controlling vibrations under critical pedestrian 

actions. As showed in Dacol et al. [15], viscoelastic materials in general, and polymer-

based composites in particular, due to their dynamic behaviour (closely linked to their 

molecular structure), can generate high levels of internal damping, in addition to the 

external damping (connections, supports, etc.) of the structure. Another aspect that did 

not receive enough attention so far is the consideration of the influence of high 

harmonics of the action of human walking on the dynamic response of composite 

footbridges, which may be especially relevant due to their typical short spans. 
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Taking into account the above-mentioned research needs, this paper presents an 

experimental and numerical study about the modal characteristics and damping of the 

São Silvestre footbridge (located in Ovar, northern Portugal), a hybrid structure made 

with two I-shaped pultruded GFRP main girders and a deck of steel fibre reinforced 

self-compacting concrete (SFRSCC). The main goal is to evaluate the dynamic 

characteristics of this hybrid footbridge structure and its capacity to dissipate energy, 

namely in comparison with conventional structures. Based on experimental techniques 

of output-only (ambient vibration) and input-output (hammer and body-jumping loads) 

identification, the excitation forces and the vibration response of the footbridge are 

measured in the time domain and transformed in the frequency domain using the Fast 

Fourier Transform (FFT) method. From the frequency response functions (FRF) and 

power spectral density (PSD) functions, the resonant frequencies, damping ratios and 

mode shapes of the footbridge are extracted using the Enhanced Frequency Domain 

Decomposition (EFDD) and the Operational PolyMAX methods [16]. A finite element 

(FE) model of the footbridge is then developed. After calibration with experimental 

data, a numerical analysis is performed comprising the application of pedestrian loads 

along the deck; the calculated response in terms of accelerations is then compared with 

comfort limits. Following the same methodology, another FE model is developed, in 

which steel profiles replace the GFRP girders, allowing to compare the responses of 

GFRP- and steel-based solutions for the same pedestrian loads. The research presented 

in this paper also aimed at assessing the impact of higher harmonics of pedestrian action 

on the dynamic response, which as mentioned above is particularly important in short 

span footbridges.  
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The remainder of this paper is organised as follows: a brief description of the São 

Silvestre footbridge is provided in section 2. The experimental programme is presented 

in section 3, and the test results are described in Section 4. In section 5, the numerical 

models of the footbridge are first described and then the results of numerical 

simulations for both GFRP- and steel-based models are presented and compared. 

Finally, section 6 summarises the main findings of this study. 

2. Description of São Silvestre Footbridge 

2.1. GFRP–concrete hybrid structural systems 

The full-scale GFRP-SFRSCC hybrid footbridge studied in this paper, described in 

detail in [17], comprises two I-shaped (400 × 200 (× 15) mm3) pultruded GFRP profiles 

acting as main girders and a thin 37.5 mm thick SFRSCC deck with a width of 2000 

mm positioned on top of the GFRP profiles. The structure presents a total length of 

11,000 mm and is simply supported, forming a span of 10,000 mm (L), as shown in 

Fig. 1. Five I-shaped pultruded GFRP profiles (200 × 100 (× 10 mm3) are used as 

secondary girders. 
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(b) 

 

(c) 

Fig. 1. Geometry of the footbridge: (a) Plan view, (b) Section AA, (c) Section BB  

(dimensions in mm) 

To ensure full interaction with minimum slip between the main girders and the deck, 

a 2 mm thick epoxy adhesive layer (S&P Resin 220) is used between these elements.  

The secondary girders are positioned close to the supports and at three additional 

sections symmetrically distributed along the footbridge length. These girders contribute 

to prevent lateral-torsional buckling and minimis the effects of initial lateral 

imperfections. The connection between the main girders and secondary beams is made 

with M10 mm stainless steel bolts and GFRP pultruded angle section profiles (160 × 

60 × 8 mm3), as shown in Fig. 2. 
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(a) (b) 

Fig. 2. Connections between main and secondary girders: (a) Section AA; (b) Section BB 

(dimensions in mm) 

 

 
 

(a) (b) 

Fig. 3 shows the São Silvestre footbridge installed in Ovar, Portugal, opened to 

pedestrians in November 2015. To ensure simply supported boundary conditions, the 

GFRP beam supports were designed to allow free-rotation about the x and y axes 

(pinned) and free-translation (sliding) in the longitudinal axis x (cf. Fig. 1 for axes 

definition). These supports were materialized by top metal plates over pinned bars. It 
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is noted that the sliding in the longitudinal direction was not entirely free due to 

friction between the GFRP beams and the top metal plate. Furthermore, at the support 

areas, SFRSCC jackets were cast in-between flanges of the main girders in a length 

of 650 mm. These jackets aimed at preventing premature web crippling failure of the 

GFRP webs under concentrated loads.  

 

 (a) (b) 

Fig. 3. (a) São Silvestre footbridge; and (b) support detail. 

2.2. Material properties 

The GFRP profiles, comprising the main and secondary girders, are made of E-glass 
fibre rovings and mats embedded in an isophthalic polyester resin matrix, and were 
produced by ALTO Perfis Pultrudidos, Lda. The main mechanical properties of the 
GFRP profiles were derived from coupon tests performed by Gonilha et al. [17] in: (i) 
tension (EN ISO 527 [18]), (ii) compression (ASTM D695 [19]), and (iii) shear (10° 
off-axis tension tests according to [20]).  

Table 1 summarises the density () and the average in-plane mechanical properties 

of the GFRP section walls (main girders), namely the elastic modulus (E) in the 

longitudinal (L) and transverse (T) directions, the shear modulus (GLT), the longitudinal 

tensile strength (ftu,L) and the in-plane shear strength (u,LT). 

CiviTest Company developed the SFRSCC, and its compressive strength and 
flexural properties were assessed according to the test standards NP EN 12390-3 [21] 
and RILEM TC 162-TDF [22].  

Table 2 summarises the average mechanical properties of SFRSCC. 



 11 of 56 

 

 

Table 1.  

Mechanical properties of the GFRP 

Section 

wall 

𝐄𝐋,𝐭 𝐄𝐓,𝐭 𝐆𝐋𝐓 𝒇𝒕𝒖,𝑳 𝝉𝒖,𝑳𝑻 𝝆 

(GPa) (GPa) (GPa) (MPa) (MPa) (kN/m3) 

Webs 24.0 7.73 3.49 278.9 20.4 
18.0 

Flanges 35.7 3.57 - 336.9 - 

 

Table 2.  

Mechanical properties of the SFRSCC 

𝐄𝒄,𝟐𝟖 𝒇𝒄𝒎 𝒇𝒄𝒕,𝑳 

(GPa) (MPa) (MPa) 

37.8 76.0 6.21 

The epoxy adhesive used to bond the main girders and the deck presents average 

values of elasticity modulus of Eୟ = 8.8 GPa and tensile strength of fୟ,୳ = 17.3 MPa. 

3. Experimental Programme 

The footbridge's modal identification tests were carried out to identify natural 

frequencies, vibration modes, and associated modal damping ratios. The experimental 

programme included two types of tests: (i) ambient vibrations tests and (ii) forced 

vibration tests based on the excitation of the footbridge by an adequate impact hammer. 

In these tests, acceleration was measured at 18 different positions along both 
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longitudinal edges of the deck, as depicted in Fig. 4 (1D to 9D and 1U to 9U). The 

ambient temperature was 13 °C. 

 

Fig. 4. Position of measurement points (dimensions in mm). 

3.1. Ambient Vibration Tests 

The ambient vibration tests were performed by measuring vertical and horizontal 

accelerations for periods of 14 min at nine different positions along both edges of the 

deck. The tests were performed using four triaxial GeoSIG seismographs including 24-

bit converters with a 96 dB dynamic range. The ambient response was recorded 

according to eight setups (cf. Fig. 5), using two fixed reference stations located at points 

4D and 4U, and 16 other measurement stations, scanning the bridge deck, as depicted 

in Fig. 5.  

It should be mentioned that the tests were conducted with the footbridge in service 

and subject to pedestrian traffic. Fig. 6 shows an image of the bridge during the ambient 

vibration test when a group of 18 pedestrians passed. 

The sampling frequency was 50 Hz and the recorders operated independently but 

were programmed and synchronised by a laptop.  
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Fig. 5. Modal identification - ambient vibration: acceleration measuring positions. 
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Fig. 6. Example of ambient vibration test: 18 pedestrians crossing the footbridge (Setup 6). 

For each set of time records, collected with a duration of 14 min, estimates of power 

spectral density (PSD) functions and frequency response functions (FRF) relating the 

response at each section to the reference station were obtained.  

3.2. Forced Vibration Tests 

A forced vibration test was conducted as a complement to the ambient vibration 

tests in view of the limited frequency range of natural excitation. In this case, the loads 

were applied using an impact hammer (from PCB, model 086D50) with a rubber tip 

containing a built-in load cell. The acceleration was measured with two high sensitivity 

piezoelectric accelerometers at four different positions (cf. Fig. 8) along the 

longitudinal edges of the deck, as depicted in Fig. 7. Data were sampled at a rate of 500 

Hz with a Fourier Analyser and stored in a laptop. Frequency response functions were 

constructed from the power spectrum of the measured acceleration and force (power 

spectral density – PSD) with a resolution of 0.1563 Hz. 
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Fig. 7. Forced vibration tests: Impact at 6D, acceleration measured at different points. 

 
Fig. 8. Experimental tests: impact being applied. 
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4. Experimental Results 

This section describes the experimental results of the tests carried out on the São 

Silvestre footbridge, including the identified frequencies, mode shapes and extracted 

damping ratios.  

4.1. Ambient Vibration Tests 

The time records collected during the ambient vibration tests were used to extract 

modal parameters. In addition, the amplitude of pedestrian induced accelerations was 

assessed, as their traffic was not interrupted during the test. Maximum vertical 

acceleration occurred for Setup 6, in which the deck was excited by a group of 18 

pedestrians. The measured absolute vertical acceleration had maximum values of 

0.887 m/s2, 0.936 m/s2, 0.696 m/s2, and 0.798 m/s2, at points 4D, 4U, 7D and 7U, 

respectively. Fig. 9 shows the time history and the spectrum amplitude of the records 

collected in Setup 6 during the 18 pedestrians crossing. 

  

(a) (b) 

Fig. 9. Vertical acceleration: (a) time history, and (b) spectrum amplitude of Setup 6 (time lapse 

of 18 pedestrians). 
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From the measured time required for the group of 18 pedestrians to cross the 

footbridge length (11 m), the average frequency was calculated as 1 . 93 Hz . The 

spectrum depicted in Fig. 9b shows several harmonics related to the walking of the 

pedestrian group. In this respect, Bachmann et al. [23] point out that the feet are always 

in contact with the floor during the walking activity, and the load function will have 

components of the 2nd, 3rd, and 4th harmonics. Furthermore, it should be noted that in 

footbridges with natural frequencies higher than the frequency of the footstep, the 

excitation of the 1st vibration mode may occur due to the higher-order harmonics [24].   

The estimation of spectral densities was performed using 1024 frequency lines and 

a frequency line spacing of 0.049 Hz. This was achieved by setting 66% overlapping 

and using a Hanning window. Based on the Enhanced Frequency Domain 

Decomposition (EFDD) method, the dynamic parameters were identified and are 

summarised in Table 3. A total of four mode shapes were identified, the first three 

mode shapes being depicted in Fig. 10. It should be stressed that the identified modes 

evidence some scatter, which is likely due to the presence of noise in the measurements, 

as the ambient excitation has a small frequency content in the range of the footbridge 

frequencies [25]. It is noted that it was not the purpose of the tests to identify the modal 

shapes in a refined way, as only nine points were used in the measurements (cf. Fig. 5). 

  

Mode 1 Mode 2 
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Mode 3 

Fig. 10. EFDD Modal identification: the first 3 mode shapes with ambient excitation. 

Table 3.  

Modal parameters identified with the EFDD method. 

𝐌𝐨𝐝𝐞 Frequency Damping Mode Shape 

 Mean (Hz) Mean (%)  

1 8.39 2.47 bending, symmetric 

2 9.96 - torsion, symmetric 

3 24.64 1.47 torsion, asymmetric 

The fundamental frequency of the footbridge is compared to the one calculated 

using the relationship suggested by Bachmann [26] given by fଵ = 33.6 × Lି଴.଻ଷ, where 

fଵ is the first resonance frequency, and L is the span. In the case of the São Silvestre 

footbridge, this would lead to a fundamental frequency fଵ = 6.25 Hz, 26% lower than 

the first frequency identified in the ambient vibration tests. Gonilha [27] reported the 

first fundamental frequency of the São Silvestre prototype as 6.60 Hz (although these 

tests were carried out in a 10.5 m span), very close (9% relative difference) to the value 

suggested by Bachmann [26]. Section 5 discusses aspects concerned with the support 

conditions (assessed using the numerical model) that may also justify this difference. 
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4.2. Forced Vibration Tests 

The forced vibration tests were based on the load applied by an impact hammer and 

the measurement of both the excitation and the structure response, by applying 

conventional input-output modal identification techniques. 

Fig. 11 shows an example of the time records of force and acceleration collected 

simultaneously for Setup 9. 

 

Fig. 11. Modal identification test: time-domain recording values (Setup 9). 

The time history signals acquired by each accelerometer were stored. To separate 

the bending response from the torsion response, the half-sum and half-difference of the 

vertical acceleration recorded simultaneously in the opposite edges of the deck were 

calculated. The Fast Fourier Transform (FFT) was applied directly to the processed 

data, enabling the direct identification of the frequencies for which the FFT presents 

peak values. The auto-power and the cross-spectrum, calculated by multiplying a 

frequency spectrum by its complex conjugate, were calculated and averaged. Fig. 12 

shows the average normalised power spectral density (ANPSD) plot for Setup 9 and the 

peak frequency poles. Frequency response functions were also calculated relating the 
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output averaged cross-spectrum with the input spectrum. These functions were then 

used to identify modal parameters using the PolyMAX algorithm [16]. 

 

Fig. 12. Modal identification test: ANPSD plot for Setup 9. 

Fig. 13 shows the PolyMAX stabilisation diagram applied to the sum of the 

imaginary parts of FRFs. The stabilisation diagram tolerances were adjusted to 0.1%, 

0.1%, and 0.2%, for vector, frequency, and damping ratio, respectively. The tolerance 

values have been adjusted to reduce the variability between frequencies, vectors, and 

damping ratios for the related mode. A total of 17 stabilised poles were found, the first 

6 being summarised in Table 4. Fig. 14 shows the first four mode shapes, which exhibit 

better quality compared to those identified from the ambient vibration test. The fact that 

the impact excitation has a frequency content in a wide range below 130 Hz explains 

the lower noise level when the structure frequency is relatively high. 
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Fig. 13. Stabilisation diagram: the PolyMAX method applied to the sum of the imaginary parts 

of FRFs. 

Table 4.  

Modal parameters identified with POLYMAX. 

𝐌𝐨𝐝𝐞 Frequency Damping Mode shape 

 (Hz) (%)  

1 8.62 4.17 1st Bending, symmetric 

2 9.24 3.40 1st Torsion, symmetric 

3 24.86 3.04 2nd Bending, anti-symmetric 

4 26.81 1.41 2nd Torsion, anti-symmetric 

 

 

Mode 1 Mode 2 



 22 of 56 

 

 

Mode 3 Mode 4 

Fig. 14. PolyMAX Modal identification: the first 4 mode shapes with forced excitation 

The application of the PolyMAX method to the data collected with forced excitation 

enabled the separation of very closely spaced bending and torsion modes, whose 

interaction was already evident in the plot of Fig. 12. On the contrary, the very small 

level of vibration generally present during the ambient vibration tests, and the limited 

frequency content associated with natural excitation prevented the separation of the 

torsion and bending second order modes, and only one mode with mixed characteristics 

had been identified in the ambient vibration test. 

4.3. Summary of Identified Modal Parameters 

The results obtained in the preceding sections are summarised in Table 5. The 

analysis of this table shows a good correlation between the ambient and the forced 

vibration test results. However, it is noted that the higher-order frequency modes could 

not be identified from the ambient vibration test due to the insufficient frequency 

content of natural excitation. Also, the second-order modes (modes 3 and 4) could not 

be well separated in their bending and torsion contributions from the ambient vibration 

test. Regarding damping estimation, relative differences between both types of tests 

were significant. In this case, given the higher confidence in the forced vibration test, 
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the result of the latter will be used next. It is noted that different amplitudes of the 

response could be responsible for the damping variation found. 

Table 5.  

Summary of experimental measurements. 

𝐌𝐨𝐝𝐞 Identified Frequency Extracted Damping Ratio 

 Ambient Hammer-impact Ambient Hammer-impact 

 (Hz) (%) 

1 8.10 8.62 2.23 4.17 

2 9.43 9.24 1.25 3.40 

3 24.61 24.86 0.96 3.04 

4 25.46 26.81 1.15 1.41 

5 - 35.32 - 1.92 

6 - 43.98 - 1.66 

The results summarised in Table 5 show that the experiments with the forced-

vibration load given by the hammer impact provides a wider frequency range. In fact, 

according to Cunha and Caetano [28], the forced vibration test with this device has the 

advantage of offering a wide-band input that can stimulate different vibration modes, 

compared to the ambient and human-jumping impulsive force.  

It should be highlighted that the vibration modes identified in this experimental 

campaign present significant differences with those identified by Gonilha [27] from 

laboratory tests, namely regarding the characteristics of the first two modes. The first 

natural frequency experimentally identified in [16] was 6.56 Hz, which is 29% lower 

than the frequency of the first mode obtained herein. This difference is partly  explained 

by the fact that the free span of the prototype tested in [27] is 10.50 m, while that of the 
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installed footbridge is 10.0 m. Further reasons, concerned with the support conditions 

are discussed ahead.  

Concerning the damping ratios, it is worth comparing the results obtained herein for 

the GFRP-based hybrid footbridge with the research of Faisca [29], which focused on 

a hybrid footbridge prototype made of steel beams (I-profiles) for the stringers and 

transversals members, and a reinforced concrete deck (2.20 m wide and 100 mm thick 

slab), which was tested under human-induced loads to assess its modal components 

(frequency, mode shape and damping ratio). The structure rests on four supports, two 

at each end, resulting in a maximum free span of 11.5 m. Vega et al. [30] used that 

footbridge prototype to evaluate the responses of the structure when subjected to 

pedestrian actions. Concerning the 1st bending and 1st torsional mode shapes measured 

in a jumping test, the estimated damping ratios were 𝜉ଵ = 0.6 %  and 𝜉ଶ = 0.7 % , 

respectively. As presented above, the São Silvestre footbridge presented damping ratios 

of 𝜉ଵ = 4,17 % and 𝜉ଶ = 3.40 % for its two first modes, concerning the impact load 

test, which corresponds to a damping ratio five times higher, on average, than that of 

the steel-based hybrid structure; these results are in agreement with the comparative 

damping study conducted by Dacol et al. [15].  

4.4. Energy-based fitting of Damping  

The application of the energy method constitutes an alternative for the determination 

of an equivalent damping ratio corresponding to each vibration mode of the structure. 

In this context, an evaluation of the measured damping ratio was performed. Based on 

the study conducted by Dacol et al. [15], the energy-based damping fitting was 

performed concerning the measured damping ratios for the hammer-impact test. 
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Despite the fact that the energy dissipation curve only represents the damping "trend" 

as a function of natural frequency, it may indicate possible deviations in the 

experimental characterisation of the damping.  In the present study, as shown in Fig. 

15, the calculated damping ratios show good agreement with the energy dissipation 

process since the r-Pearson coefficient reveals a strong correlation, with a value of 0.88.  

  

Fig. 15. Energy-based fitting of damping ratio variation. 

5. Numerical Study 

For the numerical study, a FE model was developed, tuned using the experimental 

data described above, and then used for the numerical simulation of the footbridge 

response. To assess the relative performance of the GFRP-based hybrid structure with 

that of a more conventional alternative, an additional FE model was developed where 

the GFRP profiles were replaced by commercial steel profiles. The same load 
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5.1. Model Development and Calibration 

The FE model was developed using software RFEM (student version), from Dlubal 

Software GmbH. The FE model included 8-node solid brick elements to simulate most 

structural components, namely: (i) the SFRSCC deck; (ii) the 2 mm thick epoxy 

adhesive layer; (iii) the GFRP main girders; (iv) the GFRP secondary girders, (v) the 

steel support plates, (vi) the GFRP angle sections, and (vii) the M10 steel bolts. A 

sensitivity study of the mesh was carried out to obtain sufficiently accurate results 

without compromising the speed of the computational effort. In this sense, the target 

length of the finite elements was set to 100 mm. The interfaces between the various 

materials were considered perfectly bonded. Fig. 16 shows a view of the 3-dimensional 

numerical model of the footbridge. 

 

Fig. 16. The perspective of the 3D finite element model 

The material properties considered are those obtained from experimental testing as 
indicated in  

Table 1 and  

Table 2.  

The numerical model was calibrated based on experimental results through a tuning 

process in which the linearity of stiffness and the influence of support conditions were 

evaluated. For the calibration process, in terms of accuracy, a value of ±5% was deemed 
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as an acceptable threshold for the relative differences between experimental and tuned 

natural frequencies. 

Concerning stiffness, the ratio between frequencies of consecutive modes was 

compared (𝑓ଶ 𝑓ଵ⁄ = 𝑓ଷ 𝑓ଶ⁄ = 𝑓ସ 𝑓ଷ⁄ = ⋯ ), to identify any potential non-linearity in the 

global stiffness of the system. In this sense, it was observed that the ratio between 

frequencies remained constant, with slight variations (below 10%), denoting that 

stiffness may be assumed as continuous within the identified frequency range. 

Several iterations were performed with a modification of the support characteristics, 

namely in the longitudinal translational degree of freedom (x-axis). As shown in 

 

Fig. 17, the support conditions idealised in the laboratory model (enabling sliding 

in the longitudinal (x) direction, ensured by metal spheres in-between the support 

plates) differed from the actual support conditions in situ, that constrained sliding in the 

longitudinal direction. This restriction to free sliding was caused by the friction between 

the GFRP girders and the top metal plate of the support (both bottom plates were 

anchored to the abutments); moreover, lateral (y) deflections and rotations may have 
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also been partially restricted†. In this context, the tuned model (see Table 7) was 

achieved setting up a translational spring coefficient as follows: (i) free rotation about 

the axes x, y and z (Fig. 17) 𝜑௫ = 𝜑௬ = 𝜑௭ = 𝑓𝑟𝑒𝑒 , (ii) longitudinal spring 𝑘௫ =

1.8 × 10ହ kN/mଶ, and (iii) fixed transverse displacements in y and z directions,  𝑢௬ =

𝑢௭ = 0. 

 

Fig. 17. Support detail of laboratory model [16].  

5.2. Static Simulation 

A static numerical simulation was performed using the FE model of the São 

Silvestre footbridge to assess its flexural behaviour, namely the vertical deflections and 

the axial strains for predefined load configurations. Regarding the load configuration, 

Eurocode 1, part 2 [31] recommends that for the design of pedestrian bridges a 

uniformly distributed live load 𝑞௙௞ , calculated according to Equation (1), should be 

 

† It is worth mentioning that the free rotation of the metal rollers may have also been 

partly prevented by the debris accumulated over the bottom metal plates of the supports. 
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applied only in the unfavourable parts of the influence surface, longitudinally and 

transversally, where 𝑞௙௞  is expressed in 𝑘𝑁/𝑚ଶ , and 𝐿  is the loaded length in 𝑚 

according to 

From Equation (1), for a loaded length of 11.0 𝑚, a uniformly distributed load about 

5.0 𝑘𝑁/𝑚ଶ applied across the deck surface is obtained. 

To establish combinations of actions for serviceability limit states (SLS) and 

ultimate limit states (ULS) verifications, the variable and accidental actions and the 

combination factors presented in the Eurocode 0 (2017), Annex A2 [32] are used and 

result in the following Equations 

where 𝑔௦௪ is the self-weight of the structure (including other permanent loads, as the 

surface coating and handrails) in 𝑘𝑁/𝑚ଶ. 

As described in Gonilha [27], the laboratory load tests were performed on the full-

scale footbridge prototype, in which the deck was loaded with water reservoirs, which 

had an average weight of 10.6 kN  and plan dimensions of 1.0 ×  1.2 mଶ , 

corresponding to a uniformly distributed load of 8.80 kN/mଶ. The distribution of the 

reservoirs over the deck of the footbridge prototype is shown in Fig. 18Error! 

Reference source not found.. 

2.5 ≤ 𝑞௙௞ = 2.0 +
120

𝐿 + 30
≤ 5.0 (1)

𝑞ௌ௅ௌ = 1.0 ∗ 𝑔௦௪ + 0.3 ∗ 𝑞௙௞ (2)

𝑞௎௅ௌ = 1.5 ∗ 𝑔௦௪ + 1.5 ∗ 𝑞௙௞ (3)
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Fig. 18. Static test of the experimental model (courtesy of [27]) 

Using as a reference the midspan displacement measured by Gonilha [27] in the 

laboratory load tests of the footbridge prototype, the same load was applied in the model 

simulating the structure in the present configuration, and a linear elastic analysis was 

performed. Fig. 19 shows the deformed shape obtained using the numerical model.  

 

(a) 
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(b) 

Fig. 19. Model of GFRP-SFRSCC footbridge prototype - Static simulation. 

The SLS requirements for footbridges defined in Eurocode 0 (2017) do not include 

any deformation limits but only vibration limits to guarantee pedestrian comfort. The 

total mid-span deflection calculated with the FE model is 𝛿௠ௗ = 34.4 mm (𝐿/305). 

To compare the dynamic performance of the GFRP-based hybrid footbridge 

with that of an equivalent steel-based hybrid structure, a similar numerical model 

was developed in which the GFRP profiles were replaced by I-shaped steel profiles 

acting as main girders. In this model, the choice of the commercial steel section was 

made targeting a global stiffness equivalent to that of the GFRP-based model. The 

equivalent stiffness was calculated by dividing a concentrated unit force applied at mid-

span by the resulting displacement. Three steel sections were initially evaluated – IPE 

200, IPE A 300, and IPE 330 – and their equivalent stiffness was calculated, yielding 

𝑘ூ௉ாଶ଴଴ = 0.9 kN mm⁄ ,  𝑘ூ௉ா ஺ ଷ଴଴ = 2.7 kN mm⁄ , and 𝑘ூ௉ாଷଷ଴ = 3.6 kN mm⁄ . The 

equivalent stiffness of the GFRP model is 𝑘ீிோ௉ = 2.5 kN mm⁄ , and therefore the IPE 

A 300 profile was used in the main girders for dynamic comparison between models 

(𝑘ூ௉ா ஺ ଷ଴଴ 𝑘ீிோ௉⁄ = 1.08). As secondary girders, IPE 120 profiles were used. The 

same SFRSCC-slab was considered as well as the same loads.  

The calculated maximum mid-span deflection of the steel-based model for the 

8.80 kN/mଶ load applied in the laboratory was 𝛿௠ௗ = 33,1 mm (𝐿/317), 3.8% lower 

than that calculated for the GFRP model. The maximum axial strain of the SFRSCC 

slab was 𝜀௖ = 0.300 ‰, 8% higher than in the GFRP model (𝜀௖ = 0.278 ‰). Table 

6Error! Reference source not found. summarises the predictions of static response 
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for both models in terms of mid-span deflections, axial strains on the SFRSCC slab and 

maximum stresses in the webs and bottom flanges of the main girders. 

Table 6.  

Predicted static response of GFRP- and steel-based hybrid systems for a load of 8.80 𝑘𝑁/𝑚ଶ. 

Material 

System 

mass 
𝛿௠ௗ 𝜀௦௟௔௕ 𝜎௪௘௕ 𝜎௙௟௔௡௚௘ 

(kg) (mm) (‰) (MPa) 

GFRP 3,007 34.4 0.278 26.2 40.5 

Steel 3,126 33.1 0.300 60.7 162.0 

Relative Diff. + 3.9 - 3.8% + 8% + 132% + 400% 

5.3. Dynamic Analysis 

The tuned numerical model of the São Silvestre footbridge was used to perform a 

dynamic analysis to assess its natural frequencies and mode shapes. Fourteen 

eigenvalues and vibration modes were calculated, and the first four were used for 

dynamic pedestrian simulation. For this purpose, a consistent mass matrix was used. 

The Subspace Iteration method was used to solve the eigenvalue problem. The dynamic 

analysis was performed under two mass conditions: (i) empty footbridge, and 

(ii) footbridge subject to a uniformly distributed load corresponding to a density of 

0.82 pedestrians/m2, representing the Setup 6 of the ambient vibration tests, in which 

the footbridge was simultaneously crossed by 18 pedestrians. The mass of the 

pedestrians was defined as 70 kg for this purpose. The same dynamic analysis was 
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performed in the numerical model of the steel-based footbridge (IPE A 300), for which 

the four first modes were considered. 

The natural frequencies obtained with the FE model and their comparison to the 

experimental estimates are summarised in Table 7, including both situations of the 

empty footbridge and the inclusion of mass relating to 44% of the total mass of the 18 

pedestrians. Fig. 20 shows the mode shape configurations calculated for the model of 

the empty GFRP-based footbridge. 

Table 7 and Fig. 20 allow concluding that the GFRP-based FE model represents 

well the identified modal parameters, namely frequencies and mode shapes. The highest 

relative differences between the numerical model and the actual structure correspond 

to the 3rd vibration mode. 

It is relevant to note that for the case of the loaded footbridge (Table 7 (ii)), the 

increase in mass of the structural system (44%) caused reductions in the calculated 

natural frequency of 15% and 16%, on average, for GFRP- and steel-based hybrid 

systems, respectively. 

Table 7.  

Frequencies obtained for the first 4 mode shapes from experimental tests and numerical modelsa. 

Mode 

Frequency 

Identified 

(GFRP) 
FE model 

(Hz) (Hz) 

 GFRP Steel 

 Empty  Loaded Empty  Loaded 
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1 8.62 8.60 7.76 8.43 7.62 

2 9.24 9.48 8.20 9.33 8.17 

3 24.86 22.11 18.64 25.75 20.19 

4 26.81 25.85 19.91 29.73 23.41 

a (i) empty footbridge, and (ii) loaded footbridge. 

 

Mode 1 

 

Mode 2 

Mode 3 Mode 4 

Fig. 20. Numerical model: first 4 mode shapes. 

The ratio between the calculated frequencies for the GFRP- and steel-based hybrid 

models is close to 1, reflecting the resemblance of the modal characteristics of both 

models. Furthermore, it can be observed that all identified and calculated frequencies 

are outside the resonance risk range. In this study, only the vertical vibration modes are 

investigated.  

5.4. Pedestrian Load Simulation and Performance Analysis 

In this section, the response under dynamic pedestrian actions of the São Silvestre 

footbridge is numerically analysed for both GFRP- and steel-based hybrid models. The 
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response is compared with threshold values defined in standards, namely in terms of 

maximum vertical accelerations. For the GFRP-based hybrid footbridge, even though 

the calculated frequencies are outside the resonance risk range, a numerical analysis is 

conducted because the dynamic behaviour of GFRP-based footbridges has not been 

sufficiently studied in the past. As mentioned, short-span footbridges are particularly 

susceptible to the actions of higher harmonics of the pedestrian force, in which the 

amplification of acceleration responses may occur due to the 2nd, 3rd and even 4th 

harmonic [23, 33]; this specific behaviour is discussed in section 5.4.2.  

The actions induced by a person when walking on a footbridge are periodic and 

depend on several parameters: stride frequency, stride length, walking speed and foot-

floor contact time. Summarily, there are two types of time-domain models: (i) the 

deterministic, in which the random variation among human population is disregarded, 

and a uniform walking force model for each pedestrian is adopted, and (ii) the 

probabilistic type, which address the distinct gait parameters that influence human-

induced forces such as body weight, step and frequency [34]. The use of deterministic 

models to characterise human loads has been questioned by different authors, as Santos 

[35]. Therefore, in this research, a probabilistic approach was used to define pedestrian 

group action.  

5.4.1. Effects of a single pedestrian walking 

In this paper, the experimental curves derived from testing by Gonilha [7] are used 

to construct deterministic load-time functions to model the pedestrian loads, namely (i) 

slow walk; (ii) normal walk; and (iii) fast walk, as depicted in Fig. 21.  
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Fig. 21. Load-time curves (slow, normal and fast walk), as defined in [7]. 

In the numerical model, the simulation of the pedestrian walking load on the 

footbridge was made by defining a rectangular area with dimensions of 100×250 mm 

(width × length) associated with each foot. A load of 800 N was applied to this area 

according to the motion characteristics presented by Wheeler [36]. Transversely, the 

two feet were 300 mm distant, while longitudinally, they were separated by a length 𝐿, 

according to the footstep speed (slow, normal or fast). The load cases were then 

combined in time history analyses with the respective load-time function depicted in 

Fig. 21. Fig. 22 shows the numerical simulation setup for (a) slow, (b) normal, and (c) 

fast walk. 
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(b) 

 

(c) 

Fig. 22. Dynamic tests: motion positioning: (a) slow, (b) normal, and (c) fast walk  

(dimensions in mm). 

The values of the extracted damping ratio summarised in Table 5. (related to the 

hammer-impact test) were used for the modal analysis of the GFRP-based model 

considering a single pedestrian walking and four modes. Based on the studies of Dacol 

et al. [15], in which values of GFRP material damping ratio are up to 5 times higher 

than those of steel, and the damping ratios described in Vega et al. [30], the damping 

ratio of the steel-based model were set as 0.8%, 0.7%, 0.6%, and 0.3% for the first four 

modes of vibration, respectively. The weight of the pedestrian was not added to the self-

weight of the footbridge structure (due to its limited relevance). The maximum vertical 

acceleration at midspan obtained for each load function is summarised in Table 8.  

750 750 750 750 750 750

left foot

625 750

850

300

850

right foot

Contact area

11000

2000

750 750 750 625750 750 750

500

300

850

right foot

Contact area

11000

2000left foot

500

850

1000 1000 1000 1000 1000 1000 10001000 1000 1000



 38 of 56 

 

  

(c) (d) 

Fig. 23a and  

  

(c) (d) 

Fig. 23b depict the calculated vertical accelerations and  

  

(c) (d) 

Fig. 23c and  

500 Hz

1

1e-6

m
/s

2

Spectrum Walking Fast - GFRP
Spectrum Walking Normal - GFRP
Spectrum Walking Slow - GFRP

500 Hz

1

1e-6

m
/s

2

Spectrum Walking Fast - STEEL
Spectrum Walking Normal - STEEL
Spectrum Walking Slow - STEEL

500 Hz

1

1e-6

m
/s

2

Spectrum Walking Fast - GFRP
Spectrum Walking Normal - GFRP
Spectrum Walking Slow - GFRP

500 Hz

1

1e-6

m
/s

2

Spectrum Walking Fast - STEEL
Spectrum Walking Normal - STEEL
Spectrum Walking Slow - STEEL

500 Hz

1

1e-6

m
/s

2

Spectrum Walking Fast - GFRP
Spectrum Walking Normal - GFRP
Spectrum Walking Slow - GFRP

500 Hz

1

1e-6

m
/s

2

Spectrum Walking Fast - STEEL
Spectrum Walking Normal - STEEL
Spectrum Walking Slow - STEEL



 39 of 56 

 

  

(c) (d) 

Fig. 23d depict the acceleration spectrum for GFRP- and steel-based models, 

respectively.  

Table 8.  

Single pedestrian simulation: numerical model response: maximum vertical acceleration. 

Load Function 

Vertical Acceleration 

GFRP-based Steel-based 
Rel. Diff. to 

GFRP 

(m/s2) (%) 

Slow walk 0.157 0.207 +32 

Normal walk 0.129 0.180 +39 

Fast walk 0.527 0.669 +27 

For the GFRP-based model, the maximum time-domain amplitude slightly 

exceeded the comfort level 1 (0.527 m/s2) by +3.8% for the fast walk; for the steel-

based model, this figure was +27%. The maximum vertical accelerations occur at the 

midspan of the deck during the fast walk. These values were compared to the limits 

recommended by Hivoss [1], which suggests that the footbridge can be classified as CL 
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2 (medium degree of comfort) for the single pedestrian load case. The GFRP-hybrid 

footbridge model showed good performance under dynamic loads, presenting a 

maximum acceleration amplitude under slow and fast walk 24% lower (on average) 

than the steel counterpart.  

  

(a) (b) 

  

(c) (d) 

Fig. 23. Time- and frequency-domain responses for a single pedestrian load case:  

(a) GFRP time-domain, (b) Steel time-domain, (c) GFRP freq.-domain, (d) Steel freq.-domain 

5.4.2. Effects of pedestrian group loads 

The load cases defined hereafter have been established to represent the effects of a 

non-synchronised number of pedestrians acting on the deck of the footbridge. For 
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modal analysis, the measured damping ratio summarised in Table 5. concerning the 

hammer-impact test are used and the first four modes are considered. The response was 

evaluated by applying a stochastic load to simulate the walking of 18 pedestrians on the 

deck, and the results were compared to those from the measurements summarized in 

section 4.3. The representation of such stochastic load is given by the application of 18 

harmonic point-loads randomly distributed on the surface of the deck (Fig. 24), defined 

as follows [23] 

𝑝(𝑡) = ෍ 𝐺𝛼௜ ∙ sinൣ൫2𝑖𝜋𝑓௣,ఋ൯𝑡 − 𝜑௜ + 𝑓௔,ఋ൧

௡

௜ୀଵ

 (4) 

where 𝑝(𝑡) is the harmonic action (in N), 𝐺 is the force component due to an isolated 

pedestrian assumed to weigh 700 N; 𝛼௜ is the Fourier coefficient of the i-th harmonic; 

𝑓௣,ఋ  is the step frequency for each individual person (𝛿 = 1, 2, … 18); 𝑡  is the time 

given in seconds; 𝑖 is the harmonic order number; 𝑛 is the total number of considered 

harmonics; and 𝜑௜ is the phase angle of different harmonics, assumed as 𝜑ଵ = 0, and 

𝜑ଶ = 𝜑ଷ = 𝜑ସ = 𝜋 2⁄  [23], and 𝑓௔,ఋ  is the individual load phase. The Fourier 

coefficients 𝛼ଵ, 𝛼ଶ, 𝛼ଷ and 𝛼ସ are 0.4, 0.1, 0.1 and 0.04, respectively. To avoid high 

response amplitudes at the start of the time series, a time window was applied by 

multiplying the load function by a sinusoid function given by sin(2 𝜋 50⁄ 𝑡). 
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Fig. 24. 18 harmonic point-loads on deck surface. 

Five series for each loading point were built: the frequency distribution for each 

pedestrian was randomly defined in an interval of ± 0.25 𝐻𝑧 about the step frequency 

extracted from the experimental measurements (𝑓௣ = 1.93 𝐻𝑧), and the phase (𝑓௔,ఋ) 

was also randomly defined in the interval between 0 and 2𝜋. This random loading was 

applied in four different scenarios: including 1, 2, 3 and 4 active harmonics, totalizing 

20 numerical simulations performed for both the GFRP- and the steel-based models. 

The 44% mass increase due to the pedestrians was incorporated within the mass of the 

structure. The step size of time domain integration defined for this study was 10 ms, 

and the crowd simulations were run for a period of 25 s. 

For the time history analysis, the maximum response was extracted, and the average 

of the maxima for the five simulated sets of loads was calculated. For each of the five 

series of the time-domain records, the FFT was applied, and the average of each set of 

5 complex series was calculated. Fig. 25 depicts the measured and calculated time 
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response at point 4U concerning the action of 18 pedestrians. It can be observed that 

the stochastic load model was able to simulate the non-synchronized action of the 18 

pedestrians. Moreover, as the numerical simulations were performed with the 

application of sinusoidal action at fixed points (cf. Fig. 24), the calculated response 

amplitudes are expected to be larger than those measured during the random walk of 

the pedestrian group. 

  

(a) (b) 

Fig. 25. Time-domain responses (a) measured, and (b) calculated at point 4U. 

The averaged maximum vertical acceleration at the measurement points 4D, 4U, 7D 

and 7U is summarised in Table 9 for the GFRP- and steel-based models. The analysis 

of Table 9 highlights the relevance of the consideration of more than one harmonic to 

assess the response. Moreover, despite the very low amplitude of the 4th harmonic (only 
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10% of the first), it can be observed that its inclusion in the dynamic response is 

essential to reproduce the response effectively measured on the GFRP-based structure. 

Table 9.  

Maximum vertical accelerations caused by a group of 18 pedestrians: numerical response 

(maximum averaged accelerations for varying number of active harmonics) and experiments 

(only for GFRP-based structure). 

Node 

GFRP-based model Experiment 

1 harmonic 2 harmonics 3 harmonics 4 harmonics  

(m/s2)  

4D 0.074 ± 0.014 0.137 ± 0.009 0.532 ± 0.122 1.260 ± 0.188 0.887 

4U 0.085 ± 0.012 0.151 ± 0.019 0.506 ± 0.050 1.279 ± 0.207 0.936  

7D 0.054 ± 0.009 0.106 ± 0.009 0.405 ± 0.088 0.925 ± 0.126 0.696 

7U 0.063 ± 0.013 0.113 ± 0.015 0.377 ± 0.046 0.933 ± 0.141 0.798 

Node 

Steel-based model  

1 harmonic 2 harmonics 3 harmonics 4 harmonics 

(m/s2) 

4D 0.068 ± 0.012 0.125 ± 0.011 0.474 ± 0.104 2.250 ± 0.349 - 

4U 0.079 ± 0.012 0.134 ± 0.018 0.460 ± 0.038 2.534 ± 0.310 - 

7D 0.052 ± 0.009 0.094 ± 0.004 0.362 ± 0.077 1.701 ± 0.260 - 

7U 0.060 ± 0.011 0.104 ± 0.014 0.351 ± 0.033 1.921 ± 0.242 - 

The Fig. 26 shows the relative influence of the first four harmonics on the dynamic 

response of the GFRP-based numerical model in terms of maximum vertical 

accelerations in four different measurement points. The maximum calculated 

acceleration concerning four harmonics presents a difference of 12% on average to the 

experimentally measured acceleration values. In comparison, the consideration of only 
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three harmonics results in 55% lower accelerations than the experimental ones, on 

average. 

 

Fig. 26. GFRP numerical model: the modal response according to the number of harmonics 

This important aspect can be observed in the frequency content of the response 

shown in Fig. 27. Accordingly, the average response spectrum obtained under the 

consideration of one, two, three and four harmonics shows how the response spectrum 

gradually approaches the measured spectrum for a particular location 4 U.   

Considering the standard deviation of the acceleration (cf. Table 9), the dynamic 

responses of the GFRP- and steel-based models are similar where the driving 

frequencies are away from the resonance zone, i.e., for the action of the first three 

harmonics. The dynamic response peaks when the 4th harmonic is included. In this 

scenario, the response of the GFRP-based model doubles while the response of the steel 

model increases up to five times (Fig. 28a), This means that the response amplitude of 

the GFRP-based model is about 48% smaller than that of the steel-based model close 

to resonance. Furthermore, the evaluation of the Dynamic Magnification Factor - DMF 

curve, shown in Fig. 28b, confirms an improved behaviour of the GFRP-based structure 
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under dynamic loads acting in the vicinity of the resonance frequency range, compared 

to the steel-based model. 

   

(a) (b) 

  

(c) (d) 

Fig. 27. Average spectrum amplitude at point 4U: (a) 1 Harm., (b) 2 Harm., (c) 3 Harm., and 

(d) 4 Harm. 
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Fig. 28. Vert. Acceleration of point 4U: (a) amplitude response vs. harmonic, and (b) dynamic 

magnification factor curve.  

6. Conclusions 

This paper presents an experimental and numerical study about the dynamic 

behavior of a hybrid footbridge made of pultruded GFRP profiles and an SRRSCC 

deck, installed in northern Portugal and in operation since 2015. The study comprised: 

(i) the identification of the resonant frequencies, damping ratios and mode shapes of the 

footbridge, using the Enhanced Frequency Domain Decomposition (EFDD) and the 

Operational PolyMAX methods; and (ii) the assessment of the dynamic behaviour 

under ambient and forced-pedestrian loads. One of the main goals was to evaluate the 

damping performance of polymer-based composite materials, namely GFRP, to 

dissipate energy and to mitigate the vibrations of slender structures, as footbridges. 

The experimental program based on output-only and input-output methods allowed 

the extraction of the modal components of the footbridge, and the results were 

compared with an alternative steel-based footbridge design reported in the literature: 

the results obtained showed the superior (5 times) damping capacity of the GFRP-based 

hybrid footbridge compared to the conventional steel-based hybrid system, under 

comparable geometry and boundary conditions. 

The identified frequencies and the measured accelerations of the GFRP-based 

hybrid footbridge were compared with the current guidelines. The identified natural 

frequency for the first mode of vibration was 8.62 Hz, which is relatively high 

compared to typical footbridge frequencies, but expectable for a short-span footbridge; 

the maximum vertical acceleration was 0.936 m/s2, activated from a pedestrian density 
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of 0.82 (person/m2). In this respect, according to Hivoss [1], the São Silvestre 

footbridge was classified in the comfort category 2.  

Numerical (FE) analyses of the dynamic response under a single pedestrian load 

were performed. Three pedestrian velocities were considered, and, in general, the 

footbridge's response under dynamic loads was within limits suggested by guidelines. 

The calibrated FE model was used to compare the dynamic response of the GFRP-based 

hybrid footbridge with an alternative structural system in which the GFRP profiles were 

replaced by commercial steel ones - the ratio between the equivalent stiffness of those 

solutions was 1.08 (𝑘௦௧௘௘௟ 𝑘ீிோ௉⁄ ).  

When subject to the same load cases, the GFRP-based model showed better 

responses, in terms of maximum vertical acceleration, with 24% lower amplitudes for 

a single pedestrian moving, on average.  

Concerning the crowded simulations (0.82 pedestrian/m2), a probabilistic approach 

was followed to represent the effects of a non-synchronised number of pedestrians 

acting on the footbridge deck. The results indicated the importance of considering high 

harmonic loads in the modal analysis of short-span footbridges. It was also concluded 

that pedestrians acting in a group cannot achieve perfect synchronisation of their 

movement, and when dynamic loads with driving frequency are acting in the vicinity 

of a structural frequency, the GFRP-based model presents a response amplitude around 

48% smaller than that of steel one. This observation is well explained with the DMF 

curve, which attests the better capacity of the polymer-based composite material to 

mitigate vibrations close to resonances when compared to steel. This ability can 

guarantee better comfort performance of composite-based structures subjected to 
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pedestrian loads compared to steel-based structural systems – this is a relevant finding 

of the present study. 

The overall results presented herein confirm the potential of using polymer-based 

composite materials, such as GFRP, in the construction of footbridges, which are 

characterised by their susceptibility to excessive vibrations. 
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Nomenclature 
 
Symbol Description Symbol Description 

𝑚௡ modal mass of nth order mode 

(kN) 

𝑞 uniformly distributed live 

load (𝑘𝑁/𝑚ଶ) 𝜔௡ circular frequency of nth order 

mode (rad/s) 

𝑔௦௪ self-weight load (𝑘𝑁/𝑚ଶ) 

𝑓 Frequency, in Hz 𝛿 deflection (mm) 

𝜙௡ amplitude of vibration related 

to mode 𝑛 

𝜀 strain (‰) 

𝜉௡ damping ratio of nth order 

mode (%) 

𝑝(𝑡) uniformly distributed 

harmonic action (in N mଶ)⁄  𝑇 period of oscillation (s) 𝑛 the number of pedestrians 

𝐴 cross-sectional area (m2) 𝑆 area of deck (mଶ) 

𝐿 length of beam (m) 𝑑 pedestrian density 

𝑘 elastic stiffness (kN/m) 𝑡 time (s) 

𝐸 Elastic modulus (GPa) 𝐺௜ force component of isolated 

pedestrian (N) 𝐺 Shear modulus (GPa) 𝜓 reduction coefficient 

𝜐 Poisson ratio 𝜏 in-plane shear strength (MPa) 

𝜌 volumetric mass (kg/m3) f୲୳,୐ longitudinal tensile strength 

(MPa) 𝑎 Acceleration, in m/s2 𝜎 axial stress (MPa) 

𝜑 rotational degree of freedom   
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