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Abstract

The main purpose of this work is to develop a tool to aid the design of a next
generation multifunctional material system commonly referred to as a structural
battery or a composite battery. The main goal is to develop analysis models to study
and predict their material, structural and system behavior involving coupled fields
phenomena occurring at several length scales. A numerical finite element framework
to study the multi-physics evolution at a component/macro scale is proposed and
focused on the fracture and damage characterization at the engineering fracture
mechanics length scale. A modeling technique of loosely coupling temperature,
chemical, or other relevant fields with the displacement, (elastic) strain and stress
fields is proposed. On the other hand, a strong coupling between the elasticity
fields and macroscopic crack evolution is considered. To capture relevant cracking
phenomena such as crack initiation, propagation, and deflection, a phase field model
for brittle fracture was implemented.

The numerical analyses presented were validated by studying state-of-the-art
benchmark problems usually encountered in other works concerned with phase field
models for brittle fracture. A good agreement with benchmark results taken from
the literature is obtained. A comparison between different modeling techniques is
presented focusing on their effect on maximum strength, structural stiffness, crack
propagation and load drop during collapse. It was concluded that the model is able
to capture crack phenomena such as initiation, propagation, and crack irreversibility
and stiffness recovery due to tension-compression load reversal.

A phase-field fracture model loosely coupled with simple diffusion problems obey-
ing Laplace’s equation was also considered. A numerical analysis for a coupled
fracture and transient heat conduction single-edge notched tension specimen with
prescribed temperature and insulation showed that physically accurate results can
be obtained by considering loose coupling of fracture problems with thermal fields.
Moreover, it was also highlighted that the presence of temperature gradients signif-
icantly influences the structural response of a material.

An experimental mechanical characterization of a new composite battery is also
addressed in this thesis. A three point bending test was performed until the point
of structural collapse. The material system tested has been recently patented by
the MatER - Materials for Energy Research-Group - and has resulted from a joint
effort by the Physics and Mechanical departments at FEUP, and researchers at IN-
EGI. The design is based on a all-solid-state glass electrolyte-based sodium battery
with auto and thermal charge capability as the electrochemical harvesting material,
and a carbon fibre thin-ply quasi-isotropic laminate as the structural element. The
multi-functional (structural and energy storage) beam battery showed very promis-
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ing results for system-level mass reduction. Furthermore, by introducing multi-
functionality, the failure mode obtained for the beam changed from a progressive
load and stiffness degradation to a pseudo-ductile structural behavior improving the
post-peak bending response of traditional tubular beams.
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Chapter 1

Introduction

1.1 Motivation and objectives

Composite batteries or structural power composites result from the combina-
tion of structural and energy harvesting phases at a macro, meso, or micro-scale.
While these materials can be distinguished from traditional composite materials
due to their multi-functionality, they are still covered by the definition of the lat-
ter. There is a multitude of combinations between different sub-materials to simul-
taneously achieve structural performance and energy storage using one material.
A fundamental difference between different concepts is the scale at which multi-
functionality is obtained:

o Macro-scale integration, where a pre-existing energy storage material system
is embedded in a structure with minimal redesigning of both and demanding a
redefinition of the manufacturing process for the structure. Examples of such
material is embedding a Li-ion battery in a sandwich structure or incorporating
a Li-ion battery pack into the chassis.

e Meso-scale integration, where both structure and energy storage system are
redesigned resulting in new sub-materials that combine structural and energy
storage features. The impact on the manufacturing process (at a macro-scale)
may be minimal depending on the design solution. An example of such material
is a laminated power composite where some layers act as electrodes and an
electrolyte interphase exists.

e Micro-scale, where each homogeneous phase is a truly multi-functional ma-
terial that provides both structural integrity and an active role on energy
harvesting mechanisms. Again, the impact on the manufacturing process is
highly dependent on the multi-functional solution found. On the other hand,
novel raw materials must be considered. An example of such material is a
laminated fiber-reinforced polymer (FRP) composite where the fibres act as
the cathode/anode materials and the matrix acts as electrolyte and separator.

Historically, research and technological development of these multi-functional ma-
terials has been promoted by the hardware industry and by the vehicles industry.
Focusing on the latter, one of the earliest contributions date back to the US military
efforts to realize a structural battery engineered at the micro-scale in mid-2000s.
Since then, the challenging task of developing materials providing satisfying per-
formance indicators for both functionalities (structural and energy storage) has led



4 Chapterl. Introduction

to several different design ideas for which compromise is the key word. For vehi-
cles, the end goal with multi-functionality is system-level mass savings driven not
only by emission reduction but also by vehicle performance. In fact, both can be
complementary, as is shown by the difficulty faced by the aeronautical industry in
developing electrical commercial airplanes with enough specific energy and power to
accomplish mid- or long-distance flights.

The present work has been developed within a broader project targeting the devel-
opment of novel structural power composites for vehicles enabling disruptive future
mobility solutions in terms with global sustainability goals and follows the exten-
sive review works focusing on the state-of-the-art of electric vehicles batteries and
structural batteries [4, [5] that led to the following main conclusions:

e Li-ion batteries possess a dominant market share over other energy storage
alternatives for electric vehicles. Within Li-ion technology, only five different
cathodes are used, and the recent tendency has been to increase the use of
nickel percentage on the cathode material.

e The market share of electric automobiles is increasing at a fast pace and may
soon be leveled with that found for internal combustion engine cars. More-
over, electric ships have also gained importance over the last few years, and a
continuous increase on production of new electrified vessels is expected. How-
ever, the first fully electric commercial flight is far from being realized due
to the insufficient compromise between energy density and lift achieved with
present-day state-of-the-art battery technology.

e Present-day research efforts are mainly focused on improving the cycle life of
these batteries. The complex degradation phenomena occurring within the
electrodes and associated with the electrolyte interfaces have been extensively
studied and solution to mitigate their effects on cell performance have been
proposed. However, most of these solutions are unfeasible for industrial-scale
technologies.

o In spite of recent efforts to improve the safety of Li-ion batteries, the presence
of a flammable liquid electrolyte poses a significant risk of explosion.

o All-solid-state batteries with a ferroelectric as the solid electrolyte may be the
future disruptive step that resolves the main issues of present-day Li-ion bat-
teries. Besides overcoming the (1) safety problem related to the flammability
of liquid electrolytes, all-solid-state batteries exhibit (2) longer cycle life and
(3) higher energy/power density than present-day alternatives, while also (4)
allowing for faster charge rates. these are the four main drawbacks of electric
vehicles available on the market.

o The (1) integration of commercially available Li-ion batteries in composite
structures, and the (2) fabrication of carbon fibre-based multifunctional mate-
rials (macro- and micro-scale designs) are two multi-functional material solu-
tions of particular interest. The latter shows the highest potential for system-
level mass reduction by synergistically combining the fibres and plymeric ma-
trices with ionic salts and cathodic materials to fabricate truly multi-functional
monolithic materials. Moreover, the main challenges faced by these configu-
rations are the maximum temperature allowable during the curing cycle and
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the realization of electrolytes with sufficient ionic conductivity and structural
performance. While some research works have idealized this structural elec-
trolyte as a bi-phasic solid/liquid material (structural/conductive phases, re-
spectively), the use of solid-state electrolytes that overcome the poor structural
behavior of such bi-phasic configurations based on solid-state electrolytes is
suggested in [4].

During the course of this work, a macro-scale composite battery was developed
at FEUP [3] using an all-solid-state (ASS) sodium battery embedded in a laminated
thin-ply carbon fiber composite. However, comprehensive studies still need to be
conducted to assess the electro-chemo-thermo-mechanical behavior of these mate-
rials, especially the failure mechanisms that control their final failure. Given the
complexity of the phenomena involved, developing simulation techniques to study
all these aspects is paramount. It is considered that numerical models capable of
performing such simulations are the only viable option for optimizing the multi-
functional material system and aid their iterative design. The objective of this work
is to lay out the first steps in developing a computational tool capable of providing
an insight into the behavior of these materials and to further elaborate on their
experimental characterization.

1.2 Thesis layout

This thesis is divided in five parts. In Part[[I the literature review is presented
with a first chapter dedicated to phase-field models for brittle fracture and a sec-
ond chapter where the addition of coupled fields to the previous models is addressed.

In Part [IT]] of this thesis, an analysis model to predict brittle fracture using
the phase-field technique and a coupling strategy to model multi-field problems is
presented in detail. In Chapter [4 a finite element modeling methodology to simu-
late fracture mechanics problems is considered. The proposed methodology is used
throughout the remaining part of the numerical work. In Chapter [6] three numeri-
cal results are presented to validate the phase-field model with a clear emphasis on
the ability to model distinct macro-scale crack phenomena. Chapter [7] introduces a
thermo-mechanical numerical problem to assess the ability to model coupled thermo-
mechanical fields.

In Part [V] an experimental work to determine the bending response of a
structural composite battery is presented. Given the dissimilarities between this
and the remaining parts of this work, brief introductory remarks are made to help
clarify the concept behind these material systems, as well as some of the research
challenges commonly faced in this field. Based on the experimental data obtained
for a three-point bending test, the effect of redesigning a tubular carbon fibre beam
to incorporate multi-functionality (structural and energy storage) is explored.

Finally, the main conclusions of the work carried out and potential future
modeling and structural battery design developments are presented in Part [V]
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Chapter 2

Fracture and Damage models

2.1 Energy models for brittle fracture

The theory of Fracture Mechanics applied to brittle materials has its foun-
dations in the work published by Griffith where a quantitative relation between
flaw size, a, and fracture stress, o, was first proposed. By invoking the first law
of thermodynamics, the governing expression for brittle fracture was obtained [2]
considering the theorem of minimum potential energy,

di—ﬂ+dws_
dA  dA  dA

0 (2.1)

where F is the total energy, Il the potential energy due to the strain energy and
external work, and W is the energy associated with the formation of crack surfaces
that, for perfectly brittle materials, is equal to twice the surface energy, 5. Intro-
ducing the fracture toughness material parameter G. and the energy release rate,
expression may be re-written in its usual form that defines the conditions for
crack propagation:

g = 75X = gc (22)
where G = ‘fiwgf.

Considering the simplicity of the model proposed by Griffith, the fact that
all phase-field (PF) models (and many different modeling strategies) developed are
based on this competition between fracture energy and potential energy, as will be
seen in section is remarkable. Together with stress based models relying on the
concept of stress intensity factor /C, this model established the foundations for the

development of Linear Elastic Fracture Mechanics (LEFM) and non-linear fracture
mechanics (NLFM).

2.2 Numerical methods for LEFM and NLFM

Griffith’s model captures the effect that a given pre-existing flaw, described by
its size a, has in the strength of a material. On the other hand, both the energetic
and the stress intensity approach to fracture are based on an idealized representation
of cracks as sharp geometric entities, either one dimensional, for 2D bodies, or two
dimensional, for 3D bodies. A stress singularity thus arises in the vicinity of the
crack front. The assumptions that led to the analytical treatment of fracture have
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also led to some limitations and difficulties associated with developing numerical
models.
The main weaknesses of traditional LEFM are the following:

o Strength predictions are based on a relation of the type o, o (\/6)_1 which
leads to infinite strength for uncracked bodies, meaning that the theory is
unable to predict crack initiation.

o Inadequacy for predicting the direction of crack propagation [6], crack jumps,
and crack branching or merging.

e The existence of a stress singularity at the vicinity of the crack tip poses
significant issues to numerical analysis.

Furthermore, several difficulties arise from the finite element discretization of
LEFM/NLFM:

e A conforming mesh topology is necessary to represent the propagating crack

.

e Special finite elements at the crack tip are required since typical quadratic or
three nodes elements based on polynomial interpolation functions are unable
to reproduce the stress singularity [g].

o Tracking crack paths is a challenging task, often requiring either ad hoc crack
path determination algorithms [9] or predetermined paths [I0} [11].

e Crack path, maximum strength, and local stress state at the vicinity of the
crack tip are highly dependent on mesh size.

Different techniques have been proposed to tackle some of these problems
individually: remeshing algorithms can be used to adjust the mesh to the crack
evolution; by discretizing the crack tip using quarter-point elements the stress sin-
gularity is obtained; opting for different methods, such as the virtual crack closure
technique or path independent integrals has proven to be effective for predicting
crack paths [7].

Within the scope of the FEM, methods used to model crack propagation are
usually divided into two groups considering the treatment of cracks: discrete and dif-
fuse (or continuum based) methods [6, 9, 10, 12]. Discrete methods, such as cohesive
surfaces, hybrid discrete/finite elements, node splitting, element deletion, embedded
finite element (E-FEM), or extended finite element (X-FEM) use a combination of
the FEM and a LEFM /NLFM model to predict fracture involving discontinuities in
the displacement field [6]. Diffuse crack models introduce a variable that determines
the extent of fracture [6] and degrades the stiffness of the material. This type of
model refers to continuum damage mechanics (CDM) and variational models for
fracture, such as the PF model, that will be used in this work.

2.2.1 Diffuse models

The modeling of fracture by means of diffuse models is achieved without ac-
tually introducing a geometric crack into a structure. A displacement discontinuity
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no longer exists, and cracks are never explicitly represented [7]. This is made pos-
sible by introducing the concept of material degradation modeled by an additional
variable that substitutes the existence of a geometric crack. In reality, this approach
encompasses a broader set of fracture mechanics problems, as the existence of any
type of flaw (such as a void) can be studied by using some sort of degradation.
An advancing crack front (or the growth of a flaw) is replaced by the evolution of
a damage variable across the solid domain throughout the loading history. Some
fundamental advantages arise from this strategy to describe fracture: the concept
of a preexisting crack can still exist (introduced by different strategies, commonly
by specifying an appropriate value for the damage variable considered) but is no
longer required since, in terms of model behavior, no fundamental difference exists
between an uncracked and cracked domain. Furthermore, predicting the crack path
and occurrence of phenomena, such as crack bridging, deflection after impinging
on a surface, or crack merging, naturally arises from the evolution of the variable
according to a set of criteria [I3]. This criteria can either result from a mechanical
or thermodynamical approach and corresponds to the fundamental distinction be-
tween different diffuse models for fracture. Recently, PF models have been regarded
as damage like models due to their strong similarities, which will be addressed in sec-
tion For this reason, the variable controlling fracture in diffuse crack models,
and PF models in particular, may be seen as a damage variable with no loss of gener-
ality. Furthermore, its effect on material degradation and evolution can be regarded
as the damaged state and damage progression over a solid domain, respectively.

2.2.2 Remarks on continuum damage models

Within the scope of CDM models, micro-defects are treated as continuous
regions where CDM laws apply. It can be understood as a distinct approach from
fracture mechanics since individual defects are lumped together and no discontinu-
ities are considered [I4]. CDM enables the study of the growth of micro-cracks by
considering their effect on the mechanical behavior of a material [I5] provided that all
relevant phenomena and physically sound constitutive models are considered. Since
these models refer to a larger scale than the scale at which the individual defects
occur, a representative volume element (RVE) over which all properties are homog-
enized [I5] must be considered, linking damage evolution to the averaged stiffness
degradation occurring within the RVE. Furthermore, it is established a correspon-
dence between the (real) damaged material, for which a Cauchy stress tensor may be
defined, and a fictitious undamaged material, for which an effective stress tensor is
defined in terms of the damage variable(s), taking into account that the mechanical
behavior of both materials must be equivalent. Figl2.1] exhibits the damaged and
effective configurations, the former including an illustration of an RVE. To capture
the most general case of damage evolution the damage field is often described by
a second-, or even, fourth-rank tensor. A much simpler isotropic damage model
employs two scalar damage variables defined in terms of the cross-sectional area in
the damaged material, A, and in the fictitious configuration, A,

pr=——, 02>2¢1 <1 (2.3)
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0, EA 0, EA

Figure 2.1: (left) Damaged and (right) effective configurations considered in damage models

and, considering that the same load is applied to both configurations,
o

L—¢1

Thus, the effective stress varies between the value of stress in the damaged configura-

tion (¢1 = 0) and tends to infinite values as the effective area is reduced (¢1 = 1). A

reduction in the elastic modulus of the damaged material is governed by the second
damage variable [,

(2.4)

o =

Il = E
E

For an undamaged material, Iy = 0 and E = E, while E < F for increasing

values of [;. To establish a relation between both scalar variables, a constitutive

equation must be postulated. Under the hypothesis of strain energy equivalence
[14]:

(2.5)

o2 g2

2E ~ 2F
a mathematical relation between the damage variables is found. The interaction
between damage evolution and the strain and stress fields can be modeled using
two methods: uncoupled and fully coupled approaches [16]. While using the former,
we first solve for the strain and stress fields and then determine damage evolution;
the latter approach consists in introducing damage evolution in the constitutive
equations of the problem, solving for all fields at once.

(2.6)

Anisotropic damage models

The existence of material heterogeneity or anisotropic nature, or simply anisotropic
damage progression renders the task of choosing adequate damage variables one of
the most challenging steps in the development of damage models [I7]. Moreover,
damages models are of phenomenological nature and require some postulate forms
for the description of damage evolution, encompassing not only stiffness degradation
but also more complex phenomena, such as plastic deformation. For instance, Cau-
vin [I7] defines, for an isotropic material, a set of damage variables relating effective
properties to the elastic properties of the virgin material,

E=(1-Dp)E, G=(1-Dg)G, K=(1-Dg)K, v=(1-D,)v (2.7)

where it is clear that, in spite of the material isotropy, damage evolution may be
anisotropic with respect to the material properties considered, F, G, K, and v -
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Young’s modulus, shear modulus, bulk modulus, and Poisson’s ratio, respectively -
thus requiring a set of distinct damage variables, D;. A loss of material symmetry
will, thus, determine the interdependency of the above listed damage variables.
Considering a functional dependency of a fourth-rank tensor E similar to the one
shown in Eq2.5] the most general damage tensor must be an eighth-rank tensor. If
a linear relation between pristine and damaged configurations is assumed, then [17]

E= (IS — Ds) : E. (28)

However, by considering the principle of strain equivalence that imposes equivalence
between the effective and actual strain, damage is described by a fourth-rank tensor.
Clearly, by extending the concept of 1D damage, governed by the scalar variables
¢1 and [y, the physically sound interpretation of damage as progressive loss of area
leading to stiffness degradation ceases to exist.

Thermodynamic framework for damage evolution

One of the most important strategies to develop damage evolution laws is to
consider the thermodynamic evolution of the material or structure considered. Ther-
mal elastic, thermal elasto-plastic, thermal electrochemical elasto-plastic (among
other) damage material behavior may be modeled by postulating a Helmholtz free
energy density function ¥ written as a function of (1) dependent constitutive vari-
ables (implicitly), (2) field variables, and (3) phenomenological state variables [18].
For a thermal elastic damage material behavior:

U = (e, 7, ViT, Ny) (2.9)

where W is a function of the elastic strain tensor €;;, temperature T and temperature
gradient V;T, and a set of k internal state variables N,. These variables are of
either scalar or tensorial nature and are a function of damage hardening internal
state variables [I§]. On the other hand, the equations governing the evolution of all
state variables can be obtained by the balance laws - conservation of mass, linear
and angular momentum - and the first and second laws of thermodynamics.

Continuum damage model for composite structures

Historically, composite materials have been one of the main drivers for the de-
velopment of continuum damage mechanics. This fact stems from their quasi-brittle
failure behavior. There is arguably no other failure type more appropriately desig-
nated by the word Damage, considering that several failure mechanism occurring at
different length scales progressively degrade the stiffness of the material or structure.
Studying the accumulation of damage prior to structural collapse is paramount to
understand the damage tolerance of a structure [19]. To develop continuum damage
models for fiber reinforced polymer (FRP) composites the nature and morphology
of the material must be taken into consideration. By doing so, the generic fourth-
order damage tensor obtained by considering the strain equivalence in Eq. is no
longer required, and a set of scalar damage variables may be associated to preferred
directions for crack growth [19]. For instance, Maimi et al. [19, [20] developed a
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constitutive damage model (hence, fully coupled) for laminated FRPs based on the
thermodynamics of irreversible processes. Instead of using computationally expen-
sive fourth-rank damage tensors, such as seen in many reference models in the field
of CDM (see, for example, [14] 21, 22]), a set of scalar damage variables was defined,
each linked to a specific experimentally observable damage mechanism. There are
two major advantages associated with this modeling approach: damage evolution is
based on physically sound evidence, instead of potentially fitting parameters related
with some abstract tensor representation of damage; subsequent model implementa-
tion in numerical frameworks, such as a finite element framework, potentially leads
to a less computationally expensive damage computation. The obvious pitfall is the
requirement of high constitutive modeling skill, as well as a not so obvious definition
of all the relevant damage mechanisms occurring at the modeled length scale. The
ply-scale model relies on the definition of a complementary free energy density G
that takes into account the effect of temperature and moisture:[19]

0'2 02 V12
= 11 22 B
21— d) By 2(1—dg) By By 1%
2
o2, (2.10)
_ AT
+5 1= de) G + (11011 + a22092)

+ (B11011 + Po2oa2) AM

where the subscripts 1 and 2 denote the fibre and matrix directions, respectively;
E;, Gj;, and v;; are in-plane elastic orthotropic properties of a composite lamina;
a; are the coefficients of thermal expansion, and j3;; the coefficients of hygroscopic
expansion. Here, the stress tensor corresponds to an averaged quantity over a RVE.
The damage variables dy, do are linked to longitudinal fibre failure and transverse
matrix cracking, while dg is related with longitudinal and transverse cracks. The
compliance tensor of the RVE is then obtained by evoking the second law of ther-
modynamics, i.e., the irreversibility of the damage process,

G—06:¢6>0 (2.11)
and by evaluating the total time derivative of the complementary free energy density:

oG oG oG . G .

— —¢|:06+ —di1+ ——dos+ ——dg > 0. 2.12
(aa 5) T TR TR (2.12)
The arbitrariness of the time variance of the stress tensor imposes a null value on

the first term on the left hand side of Eq.

oG
6:8—:H:a+aAT+5AM (2.13)

o
Substituting in Eqf2.13| the expression for G presented in EqJ2.10 the compliance
tensor H is thus obtained as a function of the elastic constants and set of damage

variables,

1 _v21 0
592G (1—621)E1 1E2
1
0 0 (l—de)Glg

Additionally, a distinction must be made between the damaged state caused by ten-
sion and compression loads to take into account the crack closure effect. Depending
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on the sign of the stress tensor components, either the positive or negative damage
variable must be active,

dy = dyy {21 +d o

[o11] = o1

(2.15)
dp = doy {7220 4 d,_02)

|o22] ~ |oae]

where the McCauley operator is defined as (z) := (z+|z|)/2. A key input ingredient
for a constitutive damage model is the set of failure criteria considered. In the work
published by Maimi et al [I9, 20] the LaRC04 criteria developed for intralaminar
failure [23] were used - failure criteria for (1) tensile and (2) compressive failure
of fibres, and (3) tensile and (4) compressive failure of the polymer matrix, also
taking into account the interaction between stress components - as damage activation
functions. Hence, four damage activation functions, Fi, and four elastic domain (or
undamaged domain) thresholds, rn [I9] were defined. The latter are related to the
damage variables by damage evolution laws by means of monotonously increasing
functions. The loading history is stored in loading functions, ¢y that depend on
the stress field and strength properties. This set of functions are related by a set of
inequalities

Fy=¢n—ry<0, N={l,, 1_, 2, 2.} (2.16)

which, taking into account that d; > 0 subsequently lead to the following Kuhn-
Tucker conditions [19]:

rn>0; Fy<0; 7yFny=0. (2.17)

These conditions ensure that from the moment that a certain loading function N
increases to the point that its corresponding damage activation function verifies
F = 0, further positive increments of ¢ lead to damage evolution, 7y > 0.

Summary of continuum damage models

While the detailed description of damage models, and, in particular, of the
damage model for advanced composites developed by Maimi et al. [19, 20] may
seem to lie outside the scope of the present work, a clear understanding of the
underlying principles and methodologies employed will prove of fundamental value
to understand the engineering adaptations that several authors have made to phase-
field models applied to brittle fracture. These can be better understood by regarding
the phase field approach to fracture as yet another form of a continuum damage
mechanics approach to fracture.

2.3 Brief introduction to the modeling of microstruc-
tures using the phase field approach

The study of microstructures in materials engineering is of paramount im-
portance to understand the influence of a wide range of material properties. High-
strength aluminum alloys owe their high strength value to a hardening mechanism
called precipitation hardening, consisting in heterogeneous particles visible in their
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microstructure. Carbon fibres used in advanced composites exhibit different young’s
modulus and strength based on their microstructure (giving rise to one of the most
fundamental distinctions between carbon fibre types - high modulus, intermediate
modulus, and high strength carbon fibres). The degradation of the microstructure
of cathodes and anodes during charge/discharge electrochemical cycles is responsi-
ble for most of the failure mechanisms and performance lost of LIBs [5]. Moreover,
stainless steel is a poor electricity and heat conductor due to its high content in alloy
elements, which disrupt an otherwise regular iron lattice thus restricting movement
of free electrons. Of obvious importance is the study of evolving microstructures
in the kinetics of physical reactions such as the solidification process of a material.
Many materials science models rely on such concepts as bulk free energy minimiza-
tion, surface energy, and strain-induced transformation to explain the size, shape,
and spatial arrangement of all these microstructural features [24, 25]. For instance,
to model the kinetics of the solidification of a pure material, the mathematical de-
scription of the solidification front consists in a sharp interface model [25], known
as the Stefan problem, for which the transient heat conduction equation and a flux
boundary condition, applied to the solid-liquid interface, must be considered

ot 0cp
oLV = ksVT -7lS, — kL VT - il

int int

T _ . (va> = V- (aVT)
(2.18)

where subscripts/superscripts L and s denote the liquid and solid phases, respec-
tively, k is the thermal conductivity, 7" denotes the temperature, p the mass density,
a the thermal expansion coefficient, ¢, the specific heat at constant pressure, and
V, is the normal velocity of the interface normal to vector 7, and Ly is the latent
heat of fusion for solidification. An additional equation is required to incorporate
the Gibbs-Thomson condition that correct the curvature of the temperature at the
interface [25],

(2.19)

T Vi
ﬂnt:Tm_(W>ﬁ_n

L 1%

where v is the solid-liquid surface energy, Ths the melting temperature, x the inter-
face curvature, and p the local atomic interface mobility. While the exact derivation
of the equation above lies outside the scope of the present discussion, it represents
the volumetric tendency for solidification to progress (bulk energy minimization)
and the surface tendency to arrest interface evolution [26]. Because Sharp inter-
face models are developed for larger length scales than the interface width, terms
such as the flux boundary condition in Egs. and the Gibbs-Thomson condition
need to be incorporated. Two major issues prevent a wider spread use of sharp
interface models [25]: it is not usually easy to define an exact model for more com-
plex problems and numerical solutions are difficult to obtain. Moreover, for these
free boundary problems, such as the growth of a participate, the position of the
interface depends on the solution of a diffusion equation which, in turn, depends on
the position itself [27]. Phase field models are a class of relatively recent numerical
models that generally consist in re-interpreting sharp interface free boundary prob-
lems using a continuum approach. Besides the physical field we intend to solve -
temperature, mass concentration, displacement, chemical potential, or others - an
additional continuum field called phase field or order parameter is introduced [25].
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Its extreme values, typically 0 and 1, identify with the two phases to be distin-
guished; the position of the interface is modeled by a continuous change in value of
the phase field variable(s) [28]. Consequently, it is only possible to model diffuse
interfaces, although by setting its length scale parameter the solution of phase field
models must converge to the one given by a sharp interface model. One of its most
interesting features for the field of materials science is the capacity to predict the
evolution of complex morphologies with no need to keep track of the position of the
interface [28]. The same type of difficulty was mentioned in section for keeping
track of the crack path. The equations governing the field’s evolution are tradition-
ally established by a phenomenological free energy functional [25]. The fact that
free energy functionals may be defined for various physical phenomena has lead to
the successful development of phase field models for numerous application including
fracture and damage mechanics models.

Phase field evolution equations

There are three types of field variables used in phase field modeling which
can be divided in two groups [28]: conserved variables, usually identified as c¢;,
that keep track of some composition and must be employed when interpolation
is made between two phases obeying a conservation law; and nonconserved field
variables. There are two types of nonconserved variables - phase fields, ¢;, and order
parameters, mﬂ [24]. An obvious example for the use of conserved variables is the case
of modeling interfaces in chemical /physical reactions, for which the concentration
fractions ¢; for a binary system of phases I and 2 must obey the relation

c1+92 = 1. (220)

Since the problem of fracture deals with a geometric interface between two phases
(uncracked phase and cracked phase) that do not obey to such conservation law,
nonconserved fields can be used to model cracking phenomena. Moreover, while a
rigorous distinction between field variables is paramount in problems such as phase
transformation since the three are simultaneously present, for fracture models order
parameter and phase field are terms used interchangeably, and their meaning need
not to follow the original definition. For nonconserved actions, the evolution of the
field variable is governed by the Allen-Cahn equation (valid for static or quasi-static
problems) or the time-dependent Ginzburg-Landau equation [24]. For a binary
system, we obtain the expression

oF

n= _LW (2.21)

for the Ginzburg-Landau equation, where L is the mobility associated with 7, and F
is the free energy defined for the bulk system. Cahn and Hilliard assumed that for
conserved problems the free energy must depend on local and nonlocal composition
(conserved order parameter) and developed an expression for F' containing a bulk
term and gradient terms, F' = F(c, Ve, V2c,...) [24]. For problems described by
order parameters, the same rational was employed to obtain F' = F'(n), the so-called

'In phase field models for brittle and ductile fracture, the nomenclature established to distinguish
between these types of field variables is occasionally not followed
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Landau free energy function (usually a fourth-order or sixth-order polynomial). An
entire different class of phase field models is only concerned with a phase-field ¢
used to make a distinction between two coexisting phases, such as solidification
problems. In their review article on phase field models, Moelans et al. [28] classify
this as more phenomenologically oriented phase-field models. Furthermore, if no
conserved variables are of interest, the bulk free energy is defined as

F= /v [fo (x,¢,v) + §(V¢)2 dx (2.22)

with fy the homogeneous free energy density functional, and v a given set of fields
of relevance for the problem (displacement, temperature, chemical potential, etc),
and k a (positive) gradient energy coefficient, which are energetically unfavorable
[28]. Moreover, expressions for fo = fo(¢,v) result from interpolating values of free
energies for each phase a and 3

o (6,v) =(1 = h(®)) f§ (6, V) + h() f§ (6, V) (2.23)

where the interpolation function h(¢) is a smooth function equal to 1 for ¢=1 and
equal to 0 for ¢ = 0 and possesses local extrema at both points. Under these
conditions, the Allen-Cahn equation for single phase-field problems is [28]:

09(x,t) _ . IF (9)
ot To(x,t)
dfo (¢)
o

From Eq[2.24] it is seen that the time evolution of the phase field is governed by a
partial differential equation involving the positive term concerned with minimization
of the free energy density and a negative surface energy term. In practice, the latter
penalizes the growth of a phase § in a similar way to the Gibbs-Thomson condition
seen in Eq[2.19] It is thus seen that all single phase field models with no conserved
action are governed by the same evolution law, for which three specific quantities
must be defined: the free energy density functional fy, the parameter influencing
the kinetics of phase growth, mobility L, and the positive gradient energy coefficient
K.

(2.24)
=L

-V - k(p)Vo]|.

2.4 The variational approach to fracture. Phase field
models for brittle fracture

The variational model for fracture was first proposed by Francfort and Marigo
in 1998 [29] and largely developed by the PhD dissertation work from Bourdin [30]
published in the same year. It falls within the scope of diffuse damage models by
revisiting brittle fracture as an energy minimization problem, as the title of the orig-
inal work suggests. While Griffith invoked the principle of minimum total potential
energy with respect to crack growth, with the so-called variational approach it is
presupposed that the minimization refers to global (not local, pre-crack associated)
energy [29]. Eq. that states the original law as a minimization problem for an
already cracked geometry is substituted by a variational statement, a postulate much
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like those commonly found in damage models, extended to the whole domain [29].
Considering also that fracture is an evolving phenomenon for which no reversibility
of an existing crack geometry can be observed, a certain notion of time E| must be
incorporated in the formulation. Consequently, a quasi-static process is assumed
[30], and the system attains an equilibrium state at each instant (step), 7. The total
energy F (u,T;), a function of the displacement field, u;, and crack surface, T';, at
each instant ¢; (¢; > t;—1) is obtained via an energy minimization criterion,

E(u,I;) = rieanA uiélé E(u,T), (2.25)

where irreversibility is enforced by guaranteeing that I' D I';_1, and the total energy
E(u,T) is defined as a sum between bulk and surface energies,

E(uT) = E®(u,T)+ E" () - / fudoQy. (2.26)
00N
The scope of Eq. [2:25] extends that of crack growth, which means that the initial
constraints and limitations of Griffith’s model disappear: crack initiation, propa-
gation, branching, or other cracking phenomena are natural consequences of the
minimization procedure. Therefore, it allows to robustly model fracture for brittle
materials capturing complex crack topologies in 3-D solids [13].

At any admissible state, the bulk energy depends on the displacement field
and the crack surface. It is given by the strain energy stored within the domain
), naturally taking into account the release of elastic energy associated with the
evolution of a crack. The same sort of dependency is observed in Griffith’s law.
However, it is now explicitly defined as a global measure for a potentially cracked
body, also defined for non-cracked geometries,

E% (u,T) = U (e(x)) dx. (2.27)
Q)T
In case a pristine geometry is considered, the integral defined in Eq. [2:27]is simply
extended to the whole domain. The surface energy term depends on the extent of
cracking that has occurred at any given step as well as the toughness of the material
considered. For a heterogeneous material, it can be defined as

ET (I, x) = / G. (x,n(x)) dH" " (x), (2.28)
I

where H" ! represents the Hausdorff measure of the crack surfaces, n is the dimen-
sion of the domain €2 considered, and n is the normal to I' at x. It is now possible
to mathematically define the space of admissible value for I':

Fa={T cQH""(I) < o0}, (2.29)

where Q is the complete domain of dimension n — 1 where cracking may occur, ob-
tained from 2. Even though the variational statement can provide analytical

2This notion of time does not imply a relation to a quantifiable passage of time. Instead, the
influence of time is understood simply as imposing an irreversibility condition, an arrow indicating
a relation between pristine and cracked conditions.



20 Chapter2. Fracture and Damage models

solutions for simple models, the minimization problem leads to significant algorith-
mic problems due to the complexity of determining the optimal crack geometry at
each time ¢; [31]. To achieve an expression better suited for numerical analysis based
on weak formulations a new functional must be obtained. The solution was found
within the context of image segmentation (credited to [32]) and consists in defining
an additional field, ¢, for the functional that governs the evolution of the crack thus
replacing the actual crack surface I'. Since both energy terms defined in Eq. [2:25
depend explicitly on I', these must be redefined as a function of the field ¢. The
regularized functionals thus obtained assume the form [33]

g ;
E(u,¢) :/Qf(c)\lf(a)dx—i— - /Qw(c)+12|vc|2dx—/m]vt.u (2.30)

where the function f(c) degrades the strain energy according to the evolution of
¢, w(c) defines the decaying profile of ¢ [33], and ¢, is a normalization constant
determined as to guarantee the so-called I'-convergence of the second term in ex-
pression i.e., its value ensures that the term converges to E' as defined inm7
Cw = fol Vw(t)dt. Comparing with the former expression for ET, the definition of E
presented in Eq. allows us to interpret the term cicl as a volumetric fracture
toughness, equivalent to the actual fracture toughness G., but with respect to en-
ergy released per unit volume. Clearly, the fact that the Hausdorff measure of the
fracture surface (n — 1 dimension) is replaced by an integral extended over the bulk
(n dimension), and taking into account that w(c) is a non-dimensional function, the
analogy between and allows this interpretation |

2.4.1 Regularized form of the fracture functional

The conversion of the original crack integral term to a new integral extended
to the whole bulk domain was achieved by incorporating the c-field and by defining
a new function f(c) that allows for suitable numerical implementations without the
need to keep track of the fracture interface; this is exactly the same key feature
that has made PF models so attractive in the material science world and enables
robust numerical implementations. The fracture energy term depends explicitly not
only on ¢ but also on its gradient, Vc. Additionally, a length scale parameter, [,
must be defined in order to control the smearing out of the original crack. In purely
geometric terms the crack regularization consists in approximating the exact crack,
', by a diffused (or smeared) representation, usually mathematically described by a

crack surface density +,
/ dS ~ / ~dV. (2.31)
r Q

The following conditions are usually imposed to determine ~:

o D-convergence must be ensured, i.e., Eq. [2:31] must tend to an equality for
decreasing values of [.

o Its value over the domain is determined by c.

®Some authors prefer to write the fracture energy term of the functional as G, /cw fQ w(e)/l +

|Vc|*dx. This equivalent expression leads to a n — 1 dimension of the integral, providing an
alternative interpretation of the regularized functional term.
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o The dependence v = v (¢, Ve) takes into account not only the local character,
but also non-local effects associated with the progression of ¢. This character-
istic can also be observed in CDM models.

The function w(c) must be continuous and increase monotonously with an evolving
crack field, ¢. Assuming for subsequent expressions that ¢ = 0 and ¢ = 1 for pristine
and fully broken states, respectively, then w(0) = 0, and w'(¢) > 0 for ¢ € [0, 1].
Furthermore, we choose w(c) such that w(1) = 1. The most widely used functions
are credited to Ambrosio and Tortorelli [32], and the choices are w(c) = ¢ (linear
model, also called AT-1), and w(c) = ¢? (second order quadratic approximation,
At-2 model). These expressions determine ¢, such that ¢, = 8/3 and ¢, = 2,
respectively. Table summarizes the previous expressions for both models.

Table 2.1: Fracture functional parameters for the linear and quadratic models

Parameter AT-1 (linear) model AT-2 (quadratic) model
w(c) c c?
Cw 8 / 3 1 / 2

Smeared crack surface. The crack surface density func-
tion

The adequacy of a second order approximation for the crack surface density
can be inferred from a cracked 1D body such as an infinitely long bar, as demon-
strated by Miehe et al. [34]. Consider a bar with cross-section A and length L
defining a domain w = A x L, such that L > A. If a crack is fully developed at

x = 0, its sharp topology may be described by a ¢ field using the Dirac delta function
[35],

1 forz=0
olz) = o) = { 0 otherwise - (2.32)

This crack representation corresponds to a sharp crack interface. To obtain a smooth
or diffused crack topology, ¢ must be approximated by a smooth function of x which
is accomplished by considering an exponential function

o(z) = e 12/, (2.33)

where the extent of smearing can be controlled by and is proportional to the param-
eter llﬂ For finite values of [, the exponential function has the property [34]

c(0)=1 and ¢(fo0)=0. (2.34)

Furthermore, expression [2.33]is the solution of the following differential equation:

c(lx) —1*"(x) =0 in Q (2.35)

im0 exp —|z|/l = 0 and e~%/! = 1 regardless of the value of
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subject to the Dirichlet boundary conditions in Eq. may be obtained by
considering the functional [36]

I(c) = ;/w{é + 122 av (2.36)

and its minimization by variational principles,

c= Arg{ inf I(c)} . (2.37)

ceW

The concept of I'-convergence is easily explained by considering that I' assumes the
value of 4 and dV=I'dz in Eq. [2.36] and evaluating the integral with the solution

given by Eq.

I(c) = ;/;OO (em/l)Q - (e*‘xl/l)Q dV =IT (2.38)

Proof

Considering that the solid B possesses a cross section coincident with the crack
surface, I', and its length extends over an infinite domain, L=[-00,+00], substituting
for ¢ in expression [2.36] with expression [2.33]

L e
§[me‘|/+l- 7 | Dz

o L o
)= ~13 /_Oo 2e dx (2.39)
=y T /gy
0
=T

From the result in Eq. we can define the (smeared) crack surface in terms of
the functional [30]

Ty(c) := %I(c) = 21[/9{02 + 12} av. (2.40)

The extension of the mathematical relations above to a multi-dimensional solid lead
to the definition of the crack surface density function as

v(c,Ve) = 2%02 + %|Vc|2 (2.41)
which coincides with the expression found for the AT-2 model. Thus, it is seen that
an expression for 7; can be motivated by either a prescribed shape of the reqular-
ization of sharp cracks [37], as just described, or I'-convergence regularization for
constructing elliptical functionals, as was originally done by Ambrosio, Tortorelli
et al. [32]. Although both can lead to the same functional, these are still distinct
approaches, leading to a clear distinction between what is called in the literature
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Figure 2.2: Diffuse 1-D crack topology for distinct values of the length scale parameter [

the mathematical and engineering variational approaches to fracture [I1I]. Another
important feature found in the general expression for ~,

v(c,Ve) :== a(lc) +1|Ve|? (2.42)

is that it contains a local term @, explicitly depending on the length scale and the
c variable. Furthermore, the term I|Vc|? is regarded as a non-local term due to the
explicit dependency on the gradient of the ¢ variable [38].

2.4.2 Influence of the length scale parameter [ on diffuse crack
topology

While the spatial configuration of cracks in a domain € is governed by the ¢
field, the decaying profile, i.e., the topology of a smooth crack described by ~;, is
completely controlled by the length scale parameter I. In Fig[2.2] the effect of varying
[ in the crack surface density function is illustrated for the same 1D infinitely long
bar as considered before. It is clearly seen that [ must be small enough to achieve
accurate topological representations of the actual sharp crack. On the other hand,
a change in the diffuse description of the crack also leads to changes in the diffuse
damaged areas thus affecting the energy released during crack propagation which
affects the mechanical response.

2.5 Strain energy degradation

Another function required to introduce the c field in the variational statement
is the degradation function f(c) that maps a spatial configuration of ¢ into a degraded
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spatial configuration of bulk (free) energy obeying the following set of conditions:

f'(e) <0
fO)=1 & f(1)=0. (2.43)

Since the strain energy density of a cracked phase is always null, f(c) may be re-
garded as an interpolation function between elastic energy values of damaged and
undamaged zones. A quadratic expression for f(c) is typically assumed by several
authors (|33, 39, 40] among others) for both AT-1 and AT-2 models,

fle)=(1—¢)?. (2.44)

Alternatives to the quadratic expression have been provided in [41], namely, a cubic
degradation function that increases the linearity of stress-strain responses before
softening occurs. A more comprehensive study by Wu [42] provides further insight
into its effect on the softening law. Considering a generic polynomial expression

o 1 B (1—-c)P
=150 = T+ Q@ (2.45)

where the coefficients of polynomials Q(c) and P(c) were calibrated from standard
material properties. A cubic expression was considered for various numerical appli-
cations.

Elastic Energy Decomposition

An energy decomposition is necessary to accurately predict anisotropic frac-
ture behavior with respect to tension and compression [43] and is also required to
model crack closure upon load reversal [34]. Another physically inconsistent fea-
ture of isotropic models is the existence of interpenetration of crack lips upon crack
closure, leading to a force-displacement curve such as depicted in Fig. for the
isotropic model. The strain energy density, integrand function of the first integral
in Eq is divided into (degraded) positive and negative components. Assuming
an independent behavior of the latter with respect to ¢, that is, ¥+ = Ut (g, ¢), and
v = U (o),

(e, c) =0T (g,¢) + U~ (¢)
= [T () + ¥ (e).

Choosing an appropriate split for expression [2.46] is a challenging task that signif-
icantly influences the accuracy of cracking phenomena within a solid media and
currently available options limit the physical soundness of some phenomena ob-
served. After the first numerical approaches introduced to model asymmetric be-
havior during tension and compression, and a formulation by Lancioni and Carfagni
[44] associating cracks to mode-II loading, Amor et al [45] proposed a splitting of
¥ based on spherical and deviatoric parts. The fairly recent interest of the damage
mechanics community in variational models of brittle fracture has led to the usage
of a spectral decomposition of strain [46], as proposed for damage models in [47],

(2.46)

((trfe])4)? + ptr [£2]
(<tr[5]>t)2 + ptr [5%] (2.47)

D[ >0 >
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where p and A are Lamé constants, tr[] denotes the trace of the strain tensor matrix,
and the spectral decomposition of the strain is given by

n
e* = (e)T - Nf ® Ny (2.48)

i=1

A more generic expression for considering the decomposition of bulk free en-
ergies in problems involving other fields is obtained by considering a split of the
Helmholtz free-energy into passive and active components

U(e,c) = f(c) U™ (g) + TP (). (2.49)

This definition is valid regardless of the actual Helmholtz free-energy and constitu-
tive equations considered, providing a useful mathematical treatment for coupled-
field problem, non-elastic materials, or even different types of strain tensors.

Degradation function expression for numerical implementation

The numerical treatment of a system of algebraic equations stemming from
expression requires a residual stiffness term in the expression of f(c),

foOo=1—-e* 1—k) +k (2.50)

Where £k is the residual stiffness, necessary in order to prevent numerical problems
associated with the rank of the stiffness matrix for a complete loss of stiffness,
while simultaneously preventing that the resulting system of equations becomes ill-
conditioned [39]. The numerical parameter should be the smallest number as possible
for all the domain except the boundary of the solid because of the compactness
property [38]. This residual stiffness typically assumes a value ~ 1075 [48]. Scenarios
for which a tensile load, and its associated strain energy 1/13 (€), decreases with the
evolution of time can still lead to unrealistic crack healing effects (typical examples
are load reversal and cyclic loads). To overcome this issue different strategies have
been proposed as follows.

2.5.1 Strategies to impose crack field irreversibility

Gerasimov and Lorenzis [33] have identified three main strategies to enforce
the irreversibility of a fracture process:

o Definition of a crack-set within which, above a threshold value, irreversibility
is explicitly imposed on the crack field.

e Definition of the so-called history field variable.

e Definition of a penalization term in the variational expression of II.

’Crack-set’ Irreversibility

First, a set CR,,_1 is defined where, according to an assumed threshold value
for ¢, CRTOL,

CR, 1= {x € Q: e, 1(x) > CRTOL}. (2.51)
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Then, the value of the crack field is explicitly set as ¢ = 1 for all x € CR,,_1. The
variational inequality 6 E that would be obtained from expression E| is replaced
by an equality, and the following system of equations is obtained:

{ Ey(u,c;v) =0, YveVy (2.52)

E(u,c):) =0, V5 {H'Q): flon, , =0}

Where V is the space of admissible functions supporting the displacement field, v
and B the test functions, and H'(2) the Sobolev space (with € denoting the solid
media).

History field irreversibility

The ’history field” approach is based on the assumption that the positive part of
the free energy is the driving force of the phase-field evolution and, thus, considering
its maximum local value throughout all loading steps will prevent crack self-healing

Ha(x) = max {Hn1(x), U (e(w) | (2.53)

n

and the variational expression for the phase-field variable is modified, now expressed
in terms of the history variable H,

E.(u,c;w) := /Q {g'(c)%nﬂ + CC;C/ (éw(c)ﬁ +2Ve- Vﬁ)} dx, (2.54)

leading to a system where both equations express an equality,
Eyu(u,c;v) =0, Yv eV (2.55)
Ec(u,c;8) =0, VB€ HY(Q) ’

Gerasimov and Lorenzis [33] state that since this approach leads to loss of the vari-
ational character of l no obvious equivalence between such expression and
expression [2.55] exists, and lacks both theoretical and numerical proof. Further-
more, if a 2"¢ order linear approximation is used, the additional constraint ¢ > 0 is
necessary. The authors [33] also question the base assumption of regarding ¥+ as
the driving force for the evolution of the phase-field. On the other hand, adopting H
as the crack driving force has been a procedure common to several models found in
the literature (see [37), 39, 49-51] among others) and, from a modeling point of view,
is analogous to the incorporation of phenomenological observations frequently done
in CDM models. The maximum reference energy obtained during loading history is
thus computed by considering

Hn otherwise

2y — { w(—)i_ (Vsun) for 1/}8_ (Vs’un) > Hny (2.56)

5To maintain a natural order of the complete derivation of the variational model, the variational
statements will be introduced in subsequent sections
5Due to the fact that the equation obtained are not supported by a variational statement
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Figure 2.3: Phase-field model behavior for compressive states: unphysical stiffness degradation for
the isotropic formulation

2.5.2 Penalization

The inequality is addressed via a penalization term P added to the energy
functional,

A
P(c;)) == ?P /Q (c—cn)? dx, A>1 (2.57)

leading to a new weak form where both equations express an equality,

{ Eyu(u,c;v) =0 for allv € Vo, (2.58)

Ec(u,c;8) + Ap [qc—cn1)_B=0, VB € H(Q)

An additional method that can be used to model the irreversibility of the ¢ field is
to solve the differential variational inequality (DVI) naturally stemming from the
minimization of E (u, ¢) with the irreversibility constraint [52] 53] instead of a Partial
Differential Equation (PDE) obtained from variational principles.

2.6 Algorithm Schemes

Both equations arising from the variational statement §11 = 0 posses a coupled
non-linear character due to the inter-dependency between the displacement and
phase fields. Two types of algorithm schemes are usually employed to solve the
system of equations, the so-called monolithic and staggered approaches. With the
first, the two governing equations are solved simultaneously, i.e., considering an
anisotropic formulation and the AT-2 model, the system

{ o(u,c):=(1- 0)28‘1’3(6) 4 2% ()

Oe Oe 2.59
—Ac+c= é—i(l —o)H (2:59)

is solved all at once with o = o(u,c) and ¢ = c(u,c), since H = H (u). The
numerical treatment of requires convergence of the vector and scalar fields as
a solution pair for each step. Conversely, by using staggered solutions a solution
for each field is found while fixing the other field, and an algorithm scheme with
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global iterations to find (u; ¢) supported by two nested iterations sequentially solving
for (u), and (c¢), or vice-versa. It should be highlighted that none of the original
equations lose their non-linear character (intrinsic for the phase field) if anisotropic
formulations are considered [I1], 43]. Conversely, the displacement equations for the
isotropic (no split considered) and hybrid formulation (refer to Section assume
a linear character.

Deciding for a staggered or monolithic scheme to numerically solve fracture is a
fairly complex and dividing topic. While the former provides increased robustness
and modularity, since the elasticity equations may be solved using explicit or implicit
schemes [6] and the impact of the phase field model is minimized, the latter leads
to lower computational costs and should lead to the most accurate description of
the physical phenomenon being treated. Monolithic schemes usually require one
single loop of Newton-Raphson iterations (if convergence can be obtained), while
staggered schemes typically require several Jacobi-type [34] iterations that allow the
solver to overcome the problem of non-convexity of the fully coupled equations [54].
Considering recent contributions to phase field modeling of fracture, there seems
to be a tendency to choose the latter [6l 11} 12] [33] 41l 50, 54H60] over the former
[39, 46, 61].

2.7 Interpreting the variational approach to fracture as
a phase-field model of brittle fracture

Over the past recent years, research focused on the variational model presented
in is based on the reinterpretation of the crack field ¢ as a phase-field that
interpolates between the unbroken and the broken states of the material [34], since
both models

o model evolving (micro)structures within a bulk media

e involve recasting discrete interfaces as diffuse interfaces within a bulk phase,
accomplished by the introduction of a length-scale parameter controlling the
diffusive character of a growing phase

o rely on bulk energy minimization (free energy and strain energy) to develop
governing equations including the interpolation of the energy of each phase
(null for a crack field)

e require the definition of gradient terms to avoid localization during the evolu-
tion of the field

Moreover, the evolution of a crack is clearly a nonconserved action (no conservation
law is applicable to the evolving crack surface). In subsequent expressions, the
nomenclature used reflects the common practice in phase-field models for fracture:
phase-field nonconserved variables used to model crack phases will be designated
by the letter d, g(d) designates the free energy degradation function, and II is the
functional used to develop the governing equations from variational principles.
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2.8 Material and Numerical Parameters

Effective fracture toughness

Bourdin et al. [40] studied the effect of mesh size on the local energy dissipation
due to the evolution of the phase-field and have shown that the fracture toughness
may be significantly overestimated by insufficiently refined meshes. Taking this
effect into account, an effective fracture toughness, G.r is defined as

h
eff — 14—
G Qc< +4ch>

L (2.60)
=G, (1 + 21) , AT-2 model.

For a vanishing ratio between mesh size h and length-scale parameter [, the effective
(numerical) toughness tends to the actual (material) toughness G.

Determination of the phase field length scale and discretization size

Traditionally, PF models must rely on significantly low values of the length-
scale parameter lp when compared to the geometric length-scale to obtain good
convergence and accurate solutions for diffuse interface problems. A similar argu-
ment regarding phase-field models for brittle fracture may be made if the problem
of determining [y is centered on fulfilling the I'-convergence of the diffuse crack
interface within a fine tolerance. For numerical models, and as a general rule of
thumb, the element size should be determined by fulfilling the condition h < /2
[62]. One solution to quantify the length-scale parameter is to regard [ as a ma-
terial property instead of a numerical or model parameter solely related with the
topology of the diffuse crack [63]. By considering the analytical solution for the
free energy minimization problem of a linear elastic 1D bar with its left-end fixed
and a displacement imposed on the right boundary and imposing a homogeneous
phase-field, closed form expressions may be developed for [y as a function of three
material properties - Young’s modulus F, the apparent strength o, and the fracture
toughness G.. The complete mathematical derivation considering the At-2 model is
provided in Appendix [A] and leads to the following expression for ly:

27 E'G.
= 2.61
07 256 o2 (2:61)
and, for the AT-1 model,
3E'G.
lp=-— . 2.62

Eq[2.61] is valid for 1D prescribed displacement problems involving second-order
quadratic approximations for the crack surface density 7y, where a homogeneous
evolution of the PF (Vd = 0) or the PF evolution at 0f2 is studied. This expression
has led several authors to regard lp as a material parameter (derived from other
materials parameters typically determined by experiments) in their models, giving
rise to the so-called engineering approach to phase-field models of fracture [I1].
Although regarding the length scale as a material parameter poses obvious model
implementation advantages, the original I'-convergence character of the model is
now lost [43].
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2.9 Hybrid Formulation

Recently, Ambati et al. [II] proposed a so-called Hybrid Formulation (HF)
to PF that simultaneously assures the physical consistency of the crack process (no
cracking or crack face interpenetration during compression) and a reduced compu-
tational cost compared to anisotropic formulations. The model was compared to the
model developed by Miehe et al. [34] and reported savings of 85% in computational
time were achieved for several applications. Furthermore, predictions for the peak
load and failure modes agreed very well with the benchmark model [34]. A draw-
back of the HF is the loss of variational coupling [11] since it is no longer possible
to derive the equilibrium equations from a single functional. In essence, the model
is obtained by considering a linear momentum equation identical to the equation
obtained for isotropic models,

2 0Wq ()
Oe

While, at the same time, cracking must only occur due to tensile loads, leading to
the following equation:

o(u,d) = (1-d)

(2.63)

20
—PAd+d=Z=(1—d)H. (2.64)
Ge
The system of equations is still incomplete since eq. will lead to crack faces
interpenetration. This issue is addressed by spatially setting the damage variable
equal to zero in all points & where the following condition holds:

Vo : U < U5 =d:=0. (2.65)

While the main drawback of the hybrid formulation is its variational inconsistency
[43], its computational efficiency has proved to be far superior when compared to the
anisotropic formulation. Additionaly, Ambati et al. [33] argue that the same is also
true for models relying on the history field variable to impose crack irreversibility.

2.10 Understanding the phase-field approach to frac-
ture as a damage model

Certain aspects already mentioned for CDM models in section have been
addressed above in section regarding phase field models for fracture. The
problem of opting to solve fully coupled or uncoupled strain and damage fields gives
rise to the monolithic and staggered solution schemes in phase field models. Also,
both types of fracture models rely on a diffuse representation of cracks requiring
a length scale parameter to control the topology of the fracture zone. Moreover,
a notion of RVEs is present in both approaches - both model cracks as a lumped
effect of other defects and phenomena occurring at some smaller scale(s). While
the original phase field model of brittle fracture relied on a variational framework,
recent models [36], 38, 51] are not directly obtained from a variational statement, but
result from physically consistent observations that agree well with past experience,
as is the case with many CDM models, and incorporate stress, energy, or fracture
mechanics failure criteria. Voyiadjis and Mozaffari [64] highlight some differences
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between the traditional variational approach to fracture, based on fracture mechan-
ics, proposed by Bourdin [40], Miehe [55] and other authors, and CDM models using
similar models. They developed a nonlocal damage model based on a modified phase
field equation and evolution laws resembling conventional damage models. The two
phases associated with the phase field are averaged over an RVE which, in its dam-
aged configuration, contains some undetermined spatial arrangement of microcracks
and voids. Considering isotropic damage and a single scalar damage variable, d,
this configuration would be modeled by a monotonously increasing value of d. By
considering this evolution of damage as a nonconserved order parameter 7, the we
get the following map between d and 7:

n=0 d=1 — fully damaged

0<n<l1l, 0<d— damaged

n=1 d=0 — undamaged
Since a nonconserved action must take place when the phase field equations are
applied to damage growth, the evolution of the order parameter with time is governed
by an Allen-Cahn equation

g’z = —M, [?;7' —é (v%)} . (2.66)
According to the authors, the mobility constant M, and gradient coefficient ¢,, which
incorporates the effect of a length scale parameter, can be obtained via experiments
or by comparison with other phase field models. The free energy functional ¥ is
obtained by summing the interpolation of the individual free energies of each phase
(damaged, ¥¢, and undamaged,¥*?) with a positive dissipation term wg(n),

U(E,n) = h(m) (&, n) + (L — h(n)) L (5, 1) +wg(n) (2.67)

with h(n) the interpolation function and g(n) a monotonously increasing function
of n [64]. Regardless of the specific functions chosen for h and g(n), the free energy
chosen for the undamaged phase is a form of strain energy that uses a decomposition
of strain in damaged and undamaged elastic strain, in a similar fashion to the strain
tensor decomposition methods used in other phase field models for fracture. Eq[2.67]
is formally identical to those defined for the free energy functional in non-conserved
problems using order parameters instead of phase fields, ¢;.
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Chapter 3

Coupled Problems

3.1 Miehe’s thermodynamically consistent model for cou-
pled problems

A gradient damage formulation that aims to incorporate coupled field problems
via a generalization of crack driving forces, either introducing energetic definitions
or stress-based criteria was presented in [5I]. An interesting aspect of this model
is its modular framework, which is well suited to our goals. To account several
phenomena of different natures, the approach proposed is based on the following
steps:

o Adopt a purely geometric and modular strategy to model phase field evolution
by driving the field via a balance equation for a regularized crack surface.

o Assuming the relevant constitutive assumptions for each specific model, con-
struct a crack driving force arising from different fields combined, e.g. dis-
placement and temperature, while maintaining the expected physical behavior
during crack initiation and propagation, which should be driven by local tensile
states.

e Maintain the thermodynamic equilibrium of the solid, which simultaneously
guarantees the energetic equilibrium of the system and an accurate coupling
between phenomena.

e Continuously degrade both mechanical and non-mechanical fluxes across crack
faces.

3.1.1 Purely geometric approach

The geometric approach has its roots in Bourdin’s contribution to the varia-
tional approach to fracture [30]. Adopting the crack phase field as a scalar variable
defined in the entire bulk domain,

d:{ By x T — [0,1] 3.1)

(X,t) = d(X,t)

where, as usual in gradient damage models, d = 0 for the unbroken state, and d =1
for the fully broken state. The time variable may represent an actual time evolu-
tion, for transient, rate-dependent problems, or an incremental loading parameters
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for a rate independent, quasi-static model. The solution is then sought from the
minimization principle of diffusive crack topology

d(X,t) = arg {deivgg(t) Fl(d)} (3.2)

with the regularized crack surface functional given by I';, defined generically in terms
of the crack surface density function

Ty(d) = /B ~i(d, Vd)dV. (3.3)

The present model distinguishes itself from other previously seen in the sense
that the geometric definition of the crack surface, as given by eq. is no longer
used in the variational statement of brittle fracture according to Griffith’s model.
Instead, a constitutive balance equation is assumed for the regularized crack surface
[51], the geometric character of the approach, thus allowing for different cracking
phenomena (other than brittle fracture caused by loading a solid in its elastic regime)
to be considered. The time evolution of the functional I';(d) is given by

d .
where S is a constitutive crack driving functional which depend on the familiar
quantities d, d, and the local crack driving force H. The problem of fracture is now

recast into a new constitutive and physically meaningful form:

Evolution of the regularized crack surface = Crack driving functional. (3.5)

3.1.2 Evolution of the crack surface

Taking into account that I' = I'(d, Vd) and applying the time derivative, chain
derivative rule and some mathematical identities the geometric crack resistance may
be defined as

—I'; = */ l5d’nd av +/ (an"y . ’no) d dA, (3.6)
l Bo 860

dt
where ng is the outward normal on 9By. For a second order quadratic approximation
of the crack surface,
164y, = d — I2Ad. (3.7)

3.1.3 Constitutive crack driving functional
The crack driving functional S is written as the power expression

1

S ==
L JB,

(1 —d)H — R]d dV. (3.8)
The last equation notoriously resembles the first term in eq. and a justification
for this is provided by the local evolution equation stemming from the global Eq.
The new quantity here introduced is he local viscous crack resistance R which is

assumed to only depend on d, R(X,t) = R(d(X,t)); as typically assumed, the local



3.1 Miehe’s thermodynamically consistent model for coupled problems 35

crack driving force is a function of the state variables, H(X,t) = H((state(X,s),0 <
s < t)). However, within the present framework it can be associated with any of
the following: (1) energetic state, (2) stress state, or (3) internal variables. A
straightforward constitutive assumption is made regarding the dissipative term,

R = nd, (3.9)

where 7 is essentially a viscosity parameter affecting crack propagation. This simple
approach still allows us to recover the rate-independent model, for n = 0.

3.1.4 Equilibrium equations

Substituting expressions [3.8 and [3.6] into eq. we obtain the global equilib-
rium of the bulk By

1 . .
il“l = f/ lédvld dVv —I—/ (an'Y . ’fLo) ddA
dt l JB, 9B (3.10)
1 . ’
= - [(1—d)H — R]d dV.
L JB,

Accordingly, the local evolution of the crack phase field (d # 0) across the domain
is given by the statement

nd = (1 - d) - |d - 1?Ad], (3.11)
with the Neumann condition
Vd-ng=0 on dB. (3.12)

It can be seen that the original equation |3.5| is now recast by taking into account
the definition [3.8| of the crack driving functional, thus allowing to identify the terms

in eq. [3.17] as
Phase field evolution = driving force — Geometric crack resistance. (3.13)

The expression is a generalized Ginzburg-Landau-type equation [5I]. Due to
the irreversibility of the cracking phenomena, an additional constraint is necessary

to prevent crack healing
d

ZLi(d) =520, (3.14)
which allows to interpret the crack driving force as the maximum local value reached
during the entire loading history. Furthermore, and taking into account the posi-
tiveness of S, the usual restraints are also here considered: d € [0,1], d > 0, and
‘H > 0. Consequently, the pristine and fully broken states can be identified by the

following three constraints,

d ~
= —H > 0. 1
00, dtH >0 (3.15)
To help clarify the relation d = H, Miehe et al. [51] have included the close form
solution for d considering a rate independent and homogeneous problem, obtained

by imposing Vd =71 =0

=0,

broken

unbroken
state state

d= 2% €[0,1]

(3.16)
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Expressions in clearly lead to the equivalences
d=0&H=0 and d=1&H > (3.17)

and the constraints [3.I5] Finally, as a consequence of the monotonously increasing
character of H, imposed by crack irreversibility, its value is given by the ansatz

H(X,t) = mfg)i]ﬁ(state(X,s)). (3.18)
se|0,

Considering the constraint and the definition [3.18
nd = ((1—d)D ~16,3) >0 (3.19)

and, for the particular case of a rate-independent evolution, the Karush-Kuhn-
Tucker conditions must be applied

d>0, [(1 —d)D - z&cm] <0, d [(1 —d)D - zadw] = 0. (3.20)

Comparing models involving different (and possibly multi-) field phenomena, Egs.
and provide a powerful and robust modeling strategy: it is sufficiently
generic to take into account different crack driving forces arising from different
(among other types, mechanical, thermal, or electrical) loading scenarios, as the
only modification required is in the definition of D.

3.1.5 Numerical solution of the evolution equation

Due to the complexity of developing numerical frameworks with three or more
tightly coupled fields, coupled field problems typically rely on staggered solution
schemes [37,,165]. The update of the phase field is achieved by considering a staggered
scheme and a constant value for H during the time interval between time steps. This
strategy is valid regardless of the actual crack driving function and state variables
considered in the problem. Under these assumptions, the time integration of eq.
leads to a closed form solution

y(dy) =T (dp—1) +

% Bo { [(d" = dp—1) — % (d% B di_l)} Hnt (3.21)

g, - dn_1)2} dv.
2T
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Algorithm 1: Staggered solution scheme for load step n at t,

Initialization, k=0, TOLg4e at current time step t,;
Set /Hn = /anl-
Staggered iterative procedure, k > 1:
2. Update crack surface with respect to HF,
d=f(H)
3. Update the bulk response: given d, update the bulk response by an
iterative procedure, using some specified crack transition rule,
f( state ;d) = ¢°(d) f5( state ) + ¢°(d) f¢( state )
4. Update the crack driving force: for given state variables
state(X, s) of bulk response, update the history variable
H(X,t) = maxc(o D(state(X, s))
5. Repeat steps from 2 to 4 until convergence is achieved considering
some measure of error, F(state), such that
E(state(X,s) < TOLgate-

3.2 Algorithm scheme

The question of choosing staggered or monolithic schemes to solve coupled
problems is similar to the same issue regarding the phase field models for brittle frac-
ture. The arguments in favor of both approaches are identical to those mentioned in
Section [2.6|and demand a careful study of the phenomena relevant for each problem.
For instance, Singh and Pal [66] solve a coupled chemo-mechanical fracture problem
using staggered (decoupled) iterations for the chemical and mechanical sub-problems.
Miehe et al [51] solved a coupled temperature/displacement/phase field problem us-
ing staggered iterations for the phase field and remaining field, while solving the
thermomechanical problem with a monolithic scheme. The effect of crack energy
dissipation and plasticity were considered within the coupled field framework, which
potentially implies a strong coupling between the latter fields. On the other hand,
brittle fracture models (negligible plasticity and abrupt crack propagation) with no
contact between solid bodies are typically modeled as loosely-coupled problems, thus
enabling staggered solution schemes. However, using a fully staggered algorithm to
solve for the three fields would require three nested loops per each staggered global
iteration, thus increasing computational cost even further than what is typically
observed for elastic problems involving brittle fracture governed by a phase field. It
is thus seen that opting for a solution scheme must be supported by both physical
and numerical principles.

3.3 Diffusion problems in fractured media

The development of analytical and numerical fracture models has led to an in-
creasing interest in coupled problems where cracks arise or develop due to the impact
of, not only the mechanical phenomenon, but also other fields. Moreover, a two-way
effect is here involved since the presence of cracks also affects diffusion caused by
field gradient. The review work [5] on Li-ion batteries currently used in electric ve-
hicles reports several crack phenomena degrading the electro-chemical performance
at the battery cell level, which is explained by thermal, electrical, and chemical field
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high concentrations and a change in respective fluxes. Kuna [8] mentions that a
recent rise in interest to study coupled problems is especially motivated by the new
usage of multi-functional materials in mechatronics, adaptronics and microsystem
technology - an immediate parallel can be made with the motivations that support
the present work. Restricted to simple field problems, Poisson’s equation describes
a diffusive flux in terms of a scalar field gradient - for instance, temperature, concen-
tration of a species, and electric potential for thermal, chemical, and electrostatics
problems, respectively - and its general expression for 2-D problems is [67]:

2 2
(;’x ¥ ;y) Hy) = f(.9) (322)

where ¢ is a scalar potential and the physical meaning of the diffusive flux f(z,y) and
V2 = (8%22 + 88—;2) is problem dependent. Moreover, Poisson’s equation degenerates
into Laplace’s equation if the diffusive flux is null, i.e., for f(z,y) = 0:

V2é(z,y) =0 (3.23)

which, according to the first law of thermodynamics, is the form of Fourier’s law
if no internal heat sources are present, or Fick’s law for a system with null species
diffusion.

3.3.1 Definition of material degradation for diffusion problems

The concept of stiffness degradation due to the evolution of the phase field may
be extended to the generic case of material degradation in diffusion problems. On
the other hand, taking into account traditional phase field models, this degradation
may be reinterpreted as a simple evolution of an interpolation between corresponding
values of two phases (the crack and pristine phases) for the same material property.
Considering a material property k£ assuming the values kg and kp for the cracked
and non-cracked domains, respectively, a value for k of the bulk can be obtained (in
an averaged, RVE sense) using an interpolation function g(d),

k(d) = g(d)*kq + (1 — g(d))* k. (3.24)

As an example, consider the case of steady-state heat conduction across a square
plate with an end-notch of size a, modeled by a phase-field d, adiabatic vertical
boundaries and prescribed temperatures 77, at the bottom, and 75, at the top
(T > T3). The concentration of the thermal field at a crack is schematically shown
in Fig. and is analogous to the stress concentration effect near notched regions.



3.4 Heat Transfer problem in solid media 39

§
N
AN
N
AN
N
N
N
N
AN
N
AN
N
N

I/l

(a) Unnotched heat flux (b) Notched heat flux

Figure 3.1: Unnotched heat flux and concentration of the thermal field near the crack

3.4 Heat Transfer problem in solid media

The heat equation for the solid bulk domain in Fig. [3.2]is given by an equi-
librium between the rate of change in internal energy and the sum of volumetric
heat generation and heat conduction across the boundaries. Assuming homogeneous
properties, it assumes the form of the Fourier equation

oT o*T o*T o*T

c= =k kY gy + kg

ot~ " o2 (3:25)

where:
e C is the volumetric heat capacity, defined as C' = ¢p for solid bodies, where ¢
is the specific heat capacity per unit mass.

e k; is the thermal conductivity along direction 4, with ¢ = x,y, z.

e g is the total heat generated within the entire bulk domain.

For the special case of a solid layer of material with constant in-plane thermal
conductivity, eq. may be simplified and recast in the form

oT o*T  0°T o0*T
C—=k|=—+—=% ko—— + 9. 3.26
ot 1<8x2+8y2>+ 292 Y (3.26)
with the following boundary conditions:

T=Tonlr

(3.27)
kVT = —qon I,

where ¢ is a prescribed heat flux, I'y is the boundary where temperature is pre-
scribed, and I'y is the boundary of prescribed flux.

3.4.1 Weak and FEM form of the 2-D transient heat equation

Re-writing the differential equation for transient planar conduction prob-
lems with no internal heat sources in the following notation:

C%—f ~V-[keVT]=0 (3.28)
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Qz+ Az

Figure 3.2: Heat conduction in a solid with internal heat source

the weak form after integration by parts for the 2D transient heat conduction
problem with prescribed temperature or heat flux at the boundaries following the
Galerkin method is [68]:

/Q (c%-f) dv+ /Q (Vw)-(keVT)dV = /Q Jw dV+ Fq[w(kOVT)]on dA. (3.29)

The numerical FEM equations that result from a geometrical discretization and
standard interpolation of T' using nodal values and shape functions V; is written in
a convenient form as

{5 b+ iy = 16) (330

analogous to the equation found for dynamic analysis of mechanical systems, with
the quantities below defined:

[C] = o CIN]" [N] d22,
K] = Jo [B]" [D] [B] 422,

(3.31)
[m=[% éy

{f} = — Jp, a[N]T dr.

For thermal problems coupled with a phase-field model for brittle fracture, and as-
suming an isotropic thermal behavior, the effect of phase-field cracks in heat diffusion
may be simply modeled by a functional dependency of the thermal conductivity and
heat capacity on the phase-field variable according to Eq. [3.24]
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3.5 Concluding remarks

In this chapter, an extensive review of the framework proposed in [51] for
coupled problems involving phase-field models for fracture. Given the motivation
to model elasto-plastic fracture involving significant heat dissipation effects prior to
catastrophic failure, this model departs from the starting point of the variational
approach to fracture - Griffith’s law - relying on a minimization of the diffuse crack
topology. Moreover, a strong coupling with other fields is considered since, in or-
der to assure thermodynamic consistency of the entire model, dissipative terms and
contributions from other field to the crack driving functional must be considered.
Restricting the analysis to quasi-static brittle fracture processes, a different and loos-
ened type of coupling may be considered given the absence of dissipative phenomena
prior to (catastrophic) crack propagation. The set of coupled problems considered
within the scope of the present work are described by loosely coupled frameworks,
for which the only coupling existing between the phase-field and other potential
fields is the degradation of material properties (effect of cracks in coupled field) and
the existence of eigenstrains which, in turn, affect the stress state of the material.
Heat conduction in solids was briefly described in section as a diffusion example
problem that may be modeled according to the loosely coupled strategy above men-
tioned. The necessary steps to develop a coupled thermal and phase-field fracture
problem are the definition of material parameters conductivity, heat capacity, and
thermal expansion in terms of d (according to Eq. and a calculations of the
thermal stresses arising from the time- and space-dependent thermal expansion of
the body.
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Chapter 4
A Phase Field Model for Brittle Fracture

The review provided in allows us to establish a step-by-step approach to
develop a Phase Field model from its continuous to finite element discrete formula-
tion.

Step 1 - Reformulate Griffith’s law for brittle fracture
using a variational statement

For the solid body represented in Figld.T] on the left, and following the varia-
tional approach proposed by [29], consider the functional

M(u)* = /Q \IiedVJr/F G.dS (4.1)

which assumes that the free energy for the problem of brittle fracture is given by
the sum of the strain energy and surface energy associated with crack surfaces,

F=¥,+G.T (4.2)

t\ I t, Io
T b Vb
\_/< ______ > M

Crack 7 (d.Vd)
-l .
u=u u=u

Figure 4.1: Definition of the continuum and nomenclature considered for the variational statement.
Representation of a diffuse crack topology. Adapted from [

Step 2 - Change the fracture energy term into a regular-
ized expression

It is necessary to obtain a functional allowing suitable numerical imple-
mentations, which is achieved by a regularization of the fracture energy associated



46 Chapterd. A Phase Field Model for Brittle Fracture

with the recast of the sharp crack I' as its smeared representation, mathematically
described by a crack surface density -,

/F ds ~ /Q ~dV (4.3)

The new diffusive crack is illustrated in Fig. on the right. The v functional here
proposed corresponds to a second order quadratic approximation given by

1(d, Vd) = o3 +1/2|va? (1.4)
that leads to the AT-2 model, for which the following aspects are considered:
o It ensures I'-convergence.
o Its value over the domain is determined by the PF variable d

» dis here taken as a damage-like variable ranging from a null value (undamaged)
to d =1 (fully damaged material) with d >= 0.

o The dependence v = v/d, Vd takes into account not only the local character,
but also non-local effects associated with damage progression.

o The functional allows an onset of damage since the initial load step (i.e. d
> 0 for any initial tensile state), which can be seen by substituting « for any
positive value in expression [A-3] provided in the Appendix [A]

Given that sharp discontinuities are no longer developed within the bulk, the domain
of integration for the first integral in eq. must be substituted by the entire bulk
volume. The elastic strain energy released with fracture, and, subsequently stiffness
degradation, must now be modeled as a function of the damaged state, by means of
a function g(d), here chosen as a quadratic function of d:

g(d) = (1 - Q) (4.5)

The procedure to obtain the governing equilibrium crack phase-field equations is a
classical variational approach as typically employed in computational mechanics, i.e.,
the total potential energy of the system II (the functional of the phase-field problem)
must be postulated and the stationarity of II must be invoked, dII = 0 with respect
to all state variables considered [69]. The following expressions are concerned with
quasi-static processes involving brittle fracture in purely elastic media and negligible
dynamic effects. Based on the constitutive and geometrical assumptions above listed,
it is now possible to write a regularized version of the original functional in 1]
Considering a general loading case with the existence of body and traction forces,
represented by the load vectors b and t, respectively, a final expression for the energy
functional is thus obtained,

II(u) = (u,d) = /

1 !
g(d)\I/edV—i—/ G - (d2+|Vd]2) dV+/ de+/tudS
Q Q 21 2 Q s

(4.6)
and a solution (u,d) for Eq. is obtained by invoking the stationarity of IT, 61T = 0
with respect to the state variables,

(u,d) = arg inf {ll(u,d)}, uwueV,deD (4.7)
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where
V:{ueHl:u:ﬁon(?Qu}
(4.8)
D:{dEled:OonaQ}

and H' is the Sobolev space.

For the phase-field, only Dirichlet boundary conditions are prescribed (to model, for
instance, an initial notch) which is possible since the coupling of the fields is made
under the assumption that displacement drives the phase-field and prescribed exter-
nal loading are only associated with displacements [34]. Neumann-type boundary
conditions for the phase-field arise from the impossibility to have damage extending
beyond the solid volume,

Ogj®-n=0 ond# (4.9)

Step 3 - Obtain a weak form from the variational state-
ment

The solution (u,d) as given by is obtained by taking into account the weak
form equations governing the global and local equilibrium of the volume solid €2,

{ I, (u,d;v) =0, Yo € Vg (4.10)

Ma(uw,d;8—d) >0, VBeDy, ,

where the inequality observed for d stems from the necessary condition of irre-

versibility imposed on the crack field (see section , v and [ are trial functions,
and

Vi = {'v € HI(Q) cv=0o0onIpy UFDJ}

(4.11)

Dy, = {de H Q) :d>d, 1 in Q}.

The variational expressions obtained by considering the expression for II(u, d) given
in [4.6] for the AT-2 model are the following:

(o) = [ [a@ 5 (el 0] s e(wpa— [t -va @12)

6Ty (u, d; ) := /Q {g’(d)\Iﬁ(E(U))ﬁ + % (imﬁ +20Vd - Vﬂ)] dx.

4.0.1 Ensuring a Correct Physical Behavior

If the solution pair (u,d) is obtained by merely considering II as given by
Eq[4.12] leads to crack healing, crack face interpenetration, and cracking due to
compression, upon load reversal. To eliminate such an unphysical behavior of the
cracked body, the following modifications are considered:

« Additive decomposition of the free energy ¥, ¥ = ¥ 4+ WU~ and partial degra-
dation of ¥ by considering Psi(d,u) = g(d)¥* + ¥, simultaneously breaking
the symmetry of cracking in tension/compression and preventing crack face
interpenetration.
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e Substitution of the positive component of ¥ for the maximum positive free
energy that has been attained since the initial state considered, H, to ensure
no crack healing occurs.

The additive decomposition proposed here is either based on the spectral decompo-
sition of strain,

U = 22 ({trle) ) + - trl(et)]] (4.13)
where the spectral decomposition of the strain tensor is given by

e = (&) Nf ® Nf. (4.14)
=1

or on the volumetric/deviatoric decomposition of strain. Introducing the spectral
decomposition defined by expression [4.13] a new bulk strain energy integral expres-
sion may be considered,

/Qg(d) U 4 UV (4.15)

The total variation of IT may now be evaluated as

5TTy(u, 6w, d, 5d) — /

o 6edV + t - dudoV + / b - JudV+
Q o2 Q

IRz [1d6d +Vd-V(5d)
Q 12

v — /Q 2(1 — d)SdU; (e)dV.

(4.16)
Crack irreversibility is achieved by substituting ¥ in by H, with

H(x,t) = max Ul (g)(x,t) (4.17)
T€[0,t]

and an updated version of the third integral expression on the right-hand side of
[4.16] is thus achieved,

/Q 2(1 — d)ddH(x, t)dV. (4.18)

Final Weak Form

The weak form obtained by redefining the strain energy terms in the variational
statement [4.12)

Joo :0edV + [50t-6uddV + [ b-dudV =0
~ Jo 201 = A)8AVF ()dV + [ Gel [fddd + Vd - V(5d)| dV =0

(4.19)
U={éu|u=1uon o, uecH}

D=1{4d|éd=0onTydeH}

It is interesting to note that, although we are restricting the analysis to a quasi-static
process, the arrow of time is implicitly added to the formulation in association with
the irreversibility involved in cracking. Note, also, that H only affects the integral
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term related to dd since the stiffness, and, hence, stress tensor still depend on the
current value of strain energy, according to the following expression:

_ (d)_c‘)\llj; +8\IJ;
7T T T e (4.20)
=(1-d)?t —0o".

where Similarly, a thermodynamic force Y may be defined for the evolution of the
phase-field
ov

~ad (4.21)
=—g/ ()]

e

Y =

Furthermore, the Allen-Cahn evolution equation (see Eqf2.24) is considered
to govern the phase field evolution,

ad(x, t) SF (d)

o -k 6d(x, 1)

B dfo (d)
=1 ~od -V - k(d)Vd|.

(4.22)

where the mobility is defined as L = (G.n), n is the parameter used in the viscous
regularization procedure used to alleviate convergence difficulties, and k = 2G.l/2.
The free energy F may be divided in the local and gradient terms

F=g(dH+T + % (QC/Z : (1 - d2) + Gl \le2).

(4.23)
= Floc + gcl/2 ‘Vd‘Q
Substituting in Eq the following evolution equation is obtained
7 8F‘loc
d=-L o V-kVd) =-L(-Y +G.ld—V - kVd). (4.24)

In a similar way to Eqf2.24] the evolution of the crack phase-field is governed by
a positive term related to minimization of the free energy, and a negative surface
energy term penalizing the growth of a crack interface.

4.0.2 FEM discretization of the Domain

The displacement vector throughout the domain of each finite element is given
by the interpolation of nodal values using shape functions. Furthermore, the same
interpolation scheme is considered for both state variables d and u,

ue =35 NV -uf = Ng'u de = 3L, N - df = N{id
Jue = S, N¥gub = N*§u 6d. =2 Y7 Nfod = N2sd (4.25)
Au, 2 Y7, NfAuf = NfAu | Ad, =2 Y7, NIAdS = NIAd
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Considering a generic discretization of the domain €2 into a set of n elements, the
continuous weak form in expression is redefined as

5115 (u, 6u, d, 6d) = u” {Z/ )+ k) B0, + Blo | dv +
—Z/ NeTEdaV—Z/ NedeV} +
Qe e=1 Qe
od” {Z / QNI (£)dV +
Z / Gel (BeTVd+ 12N§d> dV}
e=1 Qe l

The governing equations can be obtained in a similar way to in eq. resulting
in the following matricial system of equations:

Kuu(u) K.q S w fu,emt . fu,int
[ Kg, Kag ] l d ] N [ 0 ] [ fdint 1 (4:27)

4.0.3 Determination of Numerical/Material Parameters

(4.26)

As previously mentioned in section [ the PF variable is here regarded as
a damage variable associated with degradation of elastic stiffness. In the context
of the so-called Fracture Mechanics approach that considers the PF model as a
continuum damage-like model, the length scale [ introduced in expression [4.4]is seen
as a material parameter and, for the second order quadratic approximation given by

it is defined as
27 G.F

256 o2
where F is the Young’s modulus of the material, 0. a maximum strength defined, e.g.,
as the experimental tensile strength. If both the material toughness and strength
are known, the length-scale parameter can be computed using the former expression.
Conversely, if there is no a priori experimental characterization for both parame-
ters, then an approach closer to traditional phase-field models used by the materials
science community must be considered choosing a vakue for [ low enough to obtain
I' convergence within a specified tolerance.

I = (4.28)

To prevent ill-conditioning of the stiffness matrix arising from a full degrada-
tion of local stiffness, the degradation function g(d) is redefined as

gd)=01—-d)?* 1 —-k)+k (4.29)

where k is a numerical constant taken as k ~ 1075 following [49]. On the other hand,
to prevent the overestimation of the fracture domain, either a numerical effective
critical energy release rate needs to be considered,

h
geff = gc . (1 + 4l> (430)

where h is the characteristic finite element length, or the ratio [/h must be [/h > 5
[40] leading to negligible local crack spurious modes.
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4.0.4 Algorithm Scheme

Since the system of equations is non-linear with respect to both variables,
a linearization is needed. The matrix equation may be rewritten in its residual form

Ty | _ Ky (u) 0 Sl a fu,ea:t - .fu,int (4 31)
ry 0 Kaq d 0 fd,int
The algorithm [2| describes a fixed point iterative scheme that can be used when
decoupling a fracture phase-field from all other fields considered (to understand the
quantities here involved, see Section .
Algorithm 2: Staggered solution scheme for load step i at t;
Input: (w;—1,d;i—1), Hi-1
Output: (u;,d;)
Initialization, k=0, TOL,, TOLq: ;
1. set (’U,O, do) = (U,L‘,l,dz;l).
Staggered iteration, k > 1:
2. Update H in the domain.
3. Given the fixed displacement u;_1, solve Ad = dgk) —d;_1.
4. Given the updated phase field dgk), solve A u = ul(-k) - Ui 1.
5. Check RESF (u™ al*)) < TOL
If fulfilled, move on to next load step

4.1 Rate-independent models

As demonstrated by Miehe et al. [55], the equation developed for the rate-

dependent model,
e

l
may be used to model rate-independent fracture provided the viscosity parameter
n is re-interpreted as a viscous regularization parameter. Numerical studies have
demonstrated that n < 1E — 6 leads to rate-independent results prior to failure, as
well as limited influence on the post-peak behavior [55]. However, the value of 7
must be adjusted for each model, especially when either the post-peak behavior is
of interest or if alternative crack driving forces are considered.

|d—1?Ad) +nd = 2(1 - d)H (4.32)
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Chapter 5

Model Implementation

5.1 Introduction

In this chapter, some aspects of the numerical implementation strategy adopted

for the phase field model described in chapter The open-source FEM software
MOOSE [65] was used to obtain the numerical solutions presented in chapter [6]
Some of the pre-existing modeling capabilities for phase field and elasticity models
were used to reduce the implementation effort. Moreover, the software was chosen
due to its modular and multi-field driven architecture that naturally handles cou-
pled problems. Element technology is handled by MOOSE using the public library
libmesh [70]. It provides users with mesh generators capable of constructing simple
mesh geometries, such as plates, cubes, annular rings, and 3D beam-like geometries
of standard cross-sections. On the other hand, MOOSE also provides the user with
the possibility to import meshes generated with other software tools, such as Abaqus
using Abaqus input files. Both strategies were used for the models presented here-
after.
One of the most important aspects of coupled fields is the method used to solve the
entire system of governing equations. The staggered (loosely coupled) and mono-
lithic (strongly coupled) approaches have been briefly discussed in Part [II} focusing
on the coupled elasticity and phase field problem, but also addressing the issue of
solving problems involving other fields such as heat conduction in solid media. While
MOOSE provides the option to solve models using a strongly coupled framework,
it is also possible to consider a loosely coupled approach by constructing indepen-
dent models for each individual problem (or for a subset of problems) and transfer
from other fields just the coupling information required to obtain a new solution.
Information is transferred following a hierarchical relation between each problem.

5.2 Numerical and modeling aspects

Adaptive remeshing Strategy

The algorithm implemented on MOOSE performs an adaptation on the dis-
cretization based on a given measure of local error. The user can define this error
based on an energy error norm, a jump on the gradient of a variable across element
boundaries, as proposed in [71], leading to an error estimator e; for each element 4
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Nk
(e)" =Dl [[Aui]" (5.1)
k=1

where n is an integer, N are all element edges, lj is the length of edge k, and
u; is the variable whose gradient jump, Auwu;, is under consideration. The jump of
a variable’s value across a boundary can be considered (an approach only valid for
discontinuous formulations). A total error is defined from individual error estimators
as the sum over all elements

I 1/n
e= (Z (ei)"> . (5.2)

i=1

Computing the error based on the energy norm is a standard procedure in h-
adaptivity schemes used in FEM. Another measure of error, particularly common
in displacement-based FEM using C° shape functions, is the quadratic norm of
the traction jump across element boundaries (excluding the boundary edges of the
mesh) due to the discontinuity of stress components across neighboring elements [§].
A simple yet effective approach when considering a phase-field model for fracture is
to consider not the gradient of displacement (proportional to stress) but the gradi-
ent of the phase-field variable across element boundaries. Element boundaries near
the crack tip (where refinement should occur to accurately capture crack propaga-
tion) exhibiting high phase-field gradients are, thus, refined, based on the following
computation of the element error:

Nk
k=1

The total error is evaluated by Eq[5.2] substituting n = 2 and the expression
Elements with an error above a fraction of the average value e will be refined,

€7 > apege? (5.4)

where .. is the coefficient defining the refinement threshold. Conversely, elements
staged for coarsening obey the following inequality:

e < Qeoare? (5.5)

where e, is the coefficient defining the coarsening threshold. Since the history
variable used in the free energy functional depends on the full history of the simu-
lation, storage of its spatial values is incompatible with mesh coarsening. For this
reason, mesh coarsening was disabled for all simulations. A typical value used for
Qpef i apep = 0.8. However, the parameter should be carefully chosen according
to the physical significance of the variable in use, especially if there exists a high
variance associated with error observations e;. The models employing h-adaptivity
presented hereafter all use as error estimator the gradient of d across element bound-
aries. This strategy is supported by choosing an initial mesh for which convergence
was obtained for a simpler problem involving the same geometry and excluding the
phase-field problem. Each refinement step consist in dividing the initial 'master’
element into 2P equal ’child’ elements, where D is the problem dimension. (4 and
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8 new elements are created for 2D and 3D problems, respectively). The value at-
tributed to each variable at new nodes is computed by interpolation of existing nodal
values using the shape functions adopted in the FEM model. This procedure is also
employed for quantities computed at quadrature points.

Solution methods used for numerically solving the FEM
equations

Similarly to classical computational mechanics solving algorithms, a linearized
model of the FEM non-linear Eq5.17] is considered to solve iteratively for each
solution vector s"*! by performing a first-order Taylor series expansion about the

last iteration point. The new solution at iteration v, s?*! is obtained by considering
[72]
Sy+1 = Sy + As
r (s,, ") (5.6)
BEC B
where r is the residual vector, and J = % is the Jacobian matrix. Here, J is

the equivalent to the tangent stiffness matrix found in computational mechanics
problems, and can also be called a tangent virtual stiffness matrix (virtual due to
the fact that s contains the phase-field variable). The iterative process must be
stopped by evaluating one criterion. Commonly used criteria are [72] (1) magnitude
of the residual r, (2) magnitude of the update in the solution, As, and (3) the
energy error (using some definition of error). Ambati et al. [II] affirm that the
quantity to control convergence of a decoupled solving scheme is the total energy
of the system (F,), and address the issue of choosing an appropriate definition of a
functional f (F,) to be compared with a user-defined tolerance. For fully coupled
Newton iterations, the Ly residual norm [72]

Ndof \ 1/2

el = | D ra (5.7)

a=1

where Ndof is the number of degrees of freedom, can be used to check for convergence
at the end of each iteration. When considering multi-fields coupled problems, or
even phase-field coupled with solid mechanics, the order of magnitude of ||rj|| varies
significantly for different fields i which can lead to unreal convergence difficulties
if residual vectors associated with fields of different nature are evaluated without
appropriately scaling their values.

The tangent virtual stiffness matrix in conservative equilibrium problems, for
which the solution is obtained by

min II(s) subject to Dirichlet/Neumann boundary constraints (5.8)

is called the Hessian matriz [(2] J = gjgs and the linearized form of the non-linear
system of Eqs leads to its corresponding expression for r,

9211
0s0s

As = —r,,. (5.9)
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Expression degenerates into expression[4.27]for phase field models for brittle frac-
ture. Note that the Hessian matrix is a function of d for coupling and displacement
field terms (K y, and K,q). Consider also that full Newton schemes require a full
evaluation and inversion of the Jacobian (or Hessian matrix for conserved systems)
at each iteration; the method can only achieve its typically observed[] quadratic con-
vergence and robustness if [72] (1) the Jacobian matrix is a smooth function of the
solution vector s and (2) J is invertible and well-conditioned in the entire domain.
Since the phase field variable exhibits significantly high gradients near developed
cracks the condition (1) is significantly hard to fulfill - it can be achieved at very
high computational costs by increasing the level of mesh refinement - leading to
slow convergence rates and/or decreased robustness. Furthermore, a full evalua-
tion and subsequent inversion of the Jacobian at each iteration also increases the
computational cost of the model, which can be achieved by only evaluating the full
matrix at the beginning of each iterative procedure, with subsequent evaluations
occurring only when a lack of convergence is observed. However, the problem of
robustness persists, and alternatives employing so-called Quasi-Newton solves have
been proposed by some authors (see, for instance, [73]). A different approach to solv-
ing the system of linearized equations is to use the (Pre-conditioned) Jacobian-free
Newton-Krylov (PJFNK) method [74] that uses a finite difference approximation of
the Jacobian. Hales et al. [74] identified some of the advantages of using JFNK to
solve complex problems involving a multi-fields framework: quadratic convergence
can still be achieved without actually evaluating the Jacobian, it is a fully coupled
approach and does not rely upon fixed point iterations (staggered schemes), and
does not require loose coupling between fields, leading to good results in multi-fields
scenarios. The solution vector As is obtained at each iteration by computing the
finite difference approximation
r(s, +eb) —r(sy)

J(s,)b~ . . (5.10)

Preconditioning can be added by defining a preconditioning matrix M [74] and
solving
J(s,) M7 'w = —r(s,) (5.11)

for w = Mb. Using an appropriate preconditioning matrix the condition number of
the system may be decreased [74] due to the local character of shape functions and
especially for multi-fields models exhibiting a high number of null coefficients of mu-
tual influence in the tangent virtual stiffness matrix. Results obtained using PJFNK
and JFNK for nonlinear solid mechanics alone or coupled with heat conduction in
solid medias [74] provided mixed results in terms of computational performance
compared to a Newton solve. Another important aspect for choosing the type of
solve is the degree of coupling between all physics involved in a problem. Tight and
loose coupled multiphysics are considered by either solving each individual physics
separately, keeping the solutions for the remaining physics fixed at each iteration,
or by simultaneously solving all equations at each iteration, considering all residu-
als when checking for convergence [75]. Examples usually given for the former are
thermo-, electro- and chemo-mechanical problems with no contact involved, where
a one-way coupling exists - thermal expansion leads to the appearance of eigen-
strains. The best solution scheme to employ is highly dependent on the physics of

LThis is the case, for instance, for linear elastic Quasi-static processes
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each problem, and evaluating which leads to better performance is a difficult task
since for smaller, less complex problems a fully coupled Newton method provides
us with faster iterative procedures, while for problems with more computationally
expensive Jacobians preconditioning of the system or the JFNK method may reduce
computational time and, on the other hand, more complex multi-fields problems
may require changing a fully-coupled system to a loosely-coupled one by employ-
ing a staggered scheme. Considering the multitude of solution techniques to solve
multiphysics problems available, and considering results reported in the literature,
three different solution schemes were used to solve the phase field models for brittle
fracture presented hereafter. Namely, the systems of equations involving phase field
coupled with mechanics,

o fully coupled, or monolithic Newton solve schemes were used as the default
approach,

Js=-r (5.12)
o followed a preconditioned Newton solve,

IJM™! (Ms) = —r (5.13)

o after which a JFNK iterative solution was considered (with or without precon-
ditioning),
J(s,)M7'w = —r(s,) (5.14)

e and if results lack numerical robustness or lead to inconsistent results, the
monolithic scheme was abandoned and loosely coupled iterations were consid-

ered,
Juu Jud Su Iy
— 5.15
[Jdu Jdd]{sd} {Pd} (5.15)

where each solution vector sy, sq is computed while holding the other constant.

Preconditioned systems of algebraic equations

The FEM model implemented takes advantage of the phase-field and so-called
Tensor Mechanicsﬂ modeling capabilities of MOOSE, and agrees with the multi-
fields framework presented in chapter [3| proposed by Miehe et al. [51]. The driving
force considered is the one typically adopted for brittle fracture,

247 (e)
Ge/l

Even though a Quasi-Static process is assumed, Eq was considered, including
the rate-dependent term, here recast as a viscous regularization stabilizing the nu-
merical solution [55]. Two different displacement-phase field stiffness matrices were

D= (5.16)

2Here, Tensor Mechanics refers to FEM models with governing equations based on the elasticity
theory
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considered by defining the non-diagonal terms or setting them to zero. Accordingly,
the system of equations in

Ru _ Kyw Kua . u _Ju
{ Ry }t_ [ Kau Kaa 1 <{ d }t { d }t+At> (517

takes into account off-diagonal terms for computing the residual vector R; while the
system of equations [5.18

ViU (o] 1ih,) o

is obtained by neglecting those terms, leading to a symmetric matrix ideal for the
numerical treatment of the model [76]. Using a Newton-type solve, and if provided,
the full matrix given in expression is considered to obtain the new solution
vector, while using the PJFK method naturally leads to discarding off-diagonal
matrix elements K, g and Kg,.

Post-processor

Postprocessing was obtained using in-situ postprocessing [65]. This in-situ
postprocessing capability allows a permanent tracking of the evolution of a model.
For instance, if the qualitatively solution for a problem is known a priori (such as
the crack path for a phase field fracture model) the value of d at a specific location
may be monitored to check the physical consistency of the results obtained. All
values computed by the post processor at the end of each time step were stored in
a csv file for further data acquisition and graphical representation.

Reaction forces R; at fixed boundaries were computed by considering the sum
of nodal residual forces across the boundaries,

R = ext — fint (519)

where the the vector R stores all components R; according to the dimension of the
problem.

Continuously monitoring the apparent stiffness (measured considering a linear
behavior from unloaded to current loaded configurations, which is never the actual
behavior for the AT-2 model, and current load at the support provided a valuable
tool for immediate comparison with benchmark problems.



Chapter 6
Model validation

The model implemented and described in chapter [b| was validated by com-
paring with several benchmark problems typically studied in the literature. Taking
into account the key advantages of phase field models - capacity to model brittle
fracture, crack initiation as a consequence of stress concentration, and crack propa-
gation - and also the main difficulties of theses models - slow convergence and low
robustness of the optimization problem due to non-convexity of F', fine discretiza-
tion near the damaged zone, imposing anisotropic fracture behavior during tension
and compression - several force-displacement curves will be analyzed for each test
considered. Nomenclature followed hereafter agrees with the one used for phase
field models of fracture throughout section and standard notation used in solid
mechanics, as summarized in table Furthermore, if no color legend is explicitly
provided, red and blue colors indicate the highest and lowest field values. For visual
plots involving the phase field, regions in red and blue indicate fully damaged and
pristine material, respectively, and intermediate colors can be seen in the diffusive
region surrounding crack surfaces. Table summarizes the parameters necessary
to define the discretization with h-adaptivity which are common to all models.

Table 6.1: Nomenclature for Solid Mechanics parameters

Symbol Parameter

E Young’s modulus

v Poisson’s ratio

G Shear modulus

A Lamé’s first parameter

I Lamé’s second parameter (equivalent to the shear modulus)
Au Displacement increment at each load step

P Peak load obtained from a force-displacement curve

K Stiffness measure from a linear or Quasi-linear force-displacement curve
U Displacement at peak load

Table 6.2: Meshing parameters
Parameter Value

ho initial mesh size

Rivis Max No of h-adaptivity refinement levels from initial mesh
Qref Coefficient defining the threshold for refinement

Qcoar Coefficient defining the threshold for coarsening
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6.1 SENT - Single-edge notched tension test

In what follows, a Single Edge Notched Tension (SENT) test using the phase-
field model coupled with elasticity is considered according to the test configuration
shown in Figf6.1] and the model parameters summarized in Table [6.3] The test
performed allows us to study the ability to predict crack paths during propagation,
and the peak load and stiffness obtained for notched specimens under a remote tensile
load. In spite of its simplicity, the SENT test has become a classical validation step
in phase field models and its good convergence rate allows the understanding of the
effect of using different Jacobian matrices for solving the algebraic system of FEM
equations, coupling iteration schemes, and discretization techniques. A pre-existing
crack was modeled by imposing an initial condition on the phase field variable and
the test is performed under displacement control conditions with the displacement
applied to the entire top edge. Benchmark results were retrieved from [I1], where
results were obtained for a phase field model using strain energy decomposition
and staggered solving scheme with 8 staggered iterations, and will be referred to as
benchmark hereafter.

Table 6.3: Model and material parameters for the SENT test

Parameter Value
a (mm) 0.5

! (mm) 4.0e-3

A (ENmm~—2) 121.15

u (ENmm™2) 80.77

Ge(ENmm™1) 2.7¢-3
Aui (mm) le-5
UAu=1—Au=2 (Mm) 5e-3
Aug (mm) le-6

6.1.1 Monolithic solution

A model considering strongly coupled iterations was developed using h-adaptivity
refinement based on the gradient jump of d. The initial mesh was determined by
first solving the same test using only linear elasticity and no initial crack assuming
that the level of refinement demanded by the existence of Vd is sufficient to accu-
rately capture the local strain energy. The initial mesh thus obtained is considerably
coarse. As an example, the initial and final meshes obtained using 8 levels of refine-
ment are shown in Fig[6.2] The initial mesh was obtained after performing initial
h-adaptivity steps based on the gradient of dy, the initial crack phase field value.
Considering also the final mesh shown in Fig[6.2h] it is clearly shown that the task
of discretizing the domain based on the current gradient of d can provide a powerful
tool to model notched specimens if used correctly. Moreover, discretization errors
influencing the direction of crack propagation are minimized since no a priori infor-
mation concerning an expected crack path was considered. A volumetric/deviatoric
strain energy decomposition was chosen.

Figure shows the crack field at the initial stage and final load
step. The initial edge crack propagated as expected for SENT tests of isotropic
plates and results for a fully cracked plate were obtained. The force-displacement
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Figure 6.1: SENT test configuration. Adapted from [2]

N ————
l/
£
\H
T
\ |
T T I T T I T I T T ONI T LT T T T T

E=
..
=
=
.
H
-
H
jac
(.
s
A
[
ac
HH
[

o
s
am;
an
s

HH
[

a) Initial h-adapted mesh based on dp, with A" =8 b) Final mesh
luls

Figure 6.2: SENT mesh using h-adaptivity
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curve and the set of peak values (P, K,U) obtained are presented and compared
to the benchmark result in Figl6.4] and Table [6.4f The results obtained for the
monolithic model are in good agreement with the benchmark case, especially the
peak load obtained. A higher stiffness (= 3%) was observed for the latter and,
consequently, the crack begins to propagate at a slightly smaller displacement U.
The most significant difference between both curves is the post peak load decay.
The monolithic solution exhibits a smoother softening (or less brittle) behavior than
obtained in [I1] indicating a deviation from the result expected for Griffith’s brittle
fracture model.

(a) Specimen with initial notch (b) Cracked specimen after final load step

Figure 6.3: Crack field at (a) initial and (b) final load steps.

—— monolithic
0.8 b

enchmark

F /kN

0.2 /

0.0 0.001 0.002 0.003 0.004 0.005 0.006 0.007

u /mm

Figure 6.4: SENT test results: load-displacement curves for monolithic solution
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Table 6.4: Peak values (U,P) and stiffness comparison between benchmark and monolithic results
for the SENT

Parameter Benchmark monolithic Difference (%)
P (kN-10~1)  6.80 6.82 0.29
K (kNmm~™1!) 128 133 3.91
U-1073 (mm) 5.31 5.12 3.58

6.1.1.1 Effect of initial mesh size and h-adaptivity levels

In this section, the influence of the initial mesh size hg and adaptivity pa-
rameters on the curve and crack propagation is studied. Figl6.5] shows curves for
models exhibiting different minimum element sizes and adaptivity based on the
scaled residual norm of the coupled problem. Figl6.6| shows a similar study involv-
ing a continuous increase of the maximum refinement obtained by controlling the
parameter hp .

Initial element size Due to the high number of mesh parameters used for
the discretization of the domain, the effect of varying each parameter on the force-
displacement curve was studied. Figl6.5a] shows results for different values of hg
and fixed h/l = 1.62E — 1, a value low enough to focus the study on the effect of
decreasing hg (and, consequently, increasing hy,s). The curves obtained are prac-
tically coincident for both linear and softening regimes, and a negligible maximum
relative difference in stiffness measured with respect to the most compliant response
was obtained (& 0.43%. On the other hand, the time required to obtain a solution
for the heaviest model (smallest value of hg) can be reduced by more than 73% if
the less computationally expensive discretization (hg = 1/6) is employed.

Maximum h-adaptivity levels Figl6.5b] shows results for different meshes
obtained by varying the value of hy,s and maintaining an initial mesh size of 6x6
elements. Given the algorithmic coupling between both field, h-adaptivity was based
on the total scaled residual norm. For a value of hj,;s = 7, the ratio between mini-
mum element size (obtained at the crack region) is h/l = 3.26FE — 1, and subsequent
ratios are obtained by increasing refinement to 8 and 9 levels, respectively. Con-
trary to the initial mesh size, the value of h/l produced a significant influence on
the curve obtained. For the less refined model, an unphysical snap-back effect is
observed (instead of an approximately linear behavior) before the crack propagates.
Conversely, a less significant change in response between the intermediate and most
refined model is observed.

6.1.1.2 Effect of refinement threshold

Besides the dependency on mesh initial size and maximum levels of refinement
studied above, the average element size hq,y and element size at damaged elements
hmin are also controlled by a third parameter introduced in chapter the refine-
ment threshold a;..; used to identify which will be included during the next mesh
adaptivity. Fig shows different force-displacement curves obtained by varying
its value from 0.8 to 0.04. The results obtained clearly show the importance of
establishing an appropriate value for .y enabling an adequate adaptivity scheme
near the crack region. In fact, for larger values of this parameter, it is seen that the
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Figure 6.5: Mesh size effects on SENT test force-displacement curve

expected propagation may not occur, leading to an overestimation of P (no soften-
ing was obtained before the maximum displacement considered). Moreover, for the
intermediate value a,..; = 0.5, propagation occurred for significantly larger values
of displacement, and the peak force was largely overestimated. Convergence of the
results was obtained for the value a,..y = 0.04 corresponding to the curve used for
comparison with the benchmark result. Given the visible difference between peak
forces in Fig. the values obtained for P and U are summarized in Table
For increasingly refined meshes, both values decrease until convergence is achieved.
Furthermore, the error obtained with respect to the most refined result is essen-
tially the same for P and U, which can be qualitatively assessed by the negligible
difference in stiffness observed in Fig.
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Figure 6.6: Effect of refinement threshold on the force-displacement curves

Table 6.5: Peak values (U,P ) obtained for monolithic simulations of the SENT using different
values of ayef

Oyef Final h P (kN-1071) Error (%) U (mm-10~3) Error (%)
0.5 3.79e-3 7.79 13 5.91 13
0.2 3.36e-3 7.06 2 5.33 2
0.08 2.73e-3 6.97 0.7 5.24 0.6
0.04 2.09e-3 6.92 - 5.21 -

6.1.2 Staggered solution

To understand the effect of using different algorithm schemes to solve the
SENT problem a staggered solution for the same problem above described was ob-
tained. Fig. shows that the predicted crack path is in good agreement with
the result obtained for the monolithic solution. Given the decoupling between the
elasticity and phase-field problems, the energy error norm was now used instead
of the residual norm to check for convergence of Jacobi-type coupled iterations by
setting a relative tolerance of TOL = le — 6. The final mesh, shown in Fig. [6.7b
is in good agreement with the monolithic case and the expected mesh topology for
a SENT. A comparison between force-displacement curves obtained for the mono-
lithic, staggered, and benchmark results is presented in Fig. [6.8l It can be seen in
Table that the staggered solution leads to a more similar result for the pre-peak
region of the curve. However, the post-peak behavior for the same model is even less
abrupt than what is obtained using the monolithic model. This unexpected behav-
ior may be caused by the tolerance criterion adopted; an additional study should be
conducted to study the influence of the convergence parameter TOL on the post-
peak curve. Another interesting approach would be to fix the number of staggered
iterations for each simulation and guarantee that convergence can be obtained using
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(a) Crack path (b) Final mesh obtained

Figure 6.7: SENT simulation using a staggered scheme: (left) crack path and (right) final mesh
topology. Displacement scale factor = 2

sufficient iterations.
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Figure 6.8: SENT test results: load-displacement curves for monolithic and staggered solution

Table 6.6: Peak values (U,P) and stiffness comparison between benchmark, monolithic and stag-
gered results for the SENT

Parameter Benchmark monolithic (% Benchmark) staggered (% Benchmark)
P (kN -10-1)  6.80 6.82 (0.29) 6.85 (0.74)
K (kNmm™!) 128 133 (3.91) 130 (1.6)

U (mm -1072) 5.31 5.12 (3.58) 5.26 (0.94)
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Figure 6.9: SENS test configuration.

6.2 SENS - Single-edge notched shear test

Using the same parameters defined in Table with a fixed displacement
increment Au = Awuy for the SENT model a Single-Edge Notched Shear test (SENS)
was simulated to understand how the model behaves under mode-II loading, which is
closely related with the strain energy decomposition usedﬂ The boundary conditions
prescribed are shown in Fig. and the benchmark result was also taken from [I1].

6.2.1 Monolithic solution

The force-displacement curve obtained for the SENS simulation using a mono-
lithic algorithm scheme is shown in Fig. A less significant difference between
benchmark and monolithic results was obtained in terms of maximum load and
apparent stiffness. These values are shown in Table Moreover, the post-peak
softening behavior obtained is in good agreement with the benchmark result and the
progressive stiffness degradation typically observed for a mode-II loading condition.

The same volumetric/deviatoric decomposition used for the SENT was here adopted
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Figure 6.10: SENS test results: load-displacement curves for monolithic solution

Table 6.7: Peak values (U,P) and stiffness comparison between benchmark and monolithic results
for the SENS

Parameter Benchmark monolithic  Difference (%)
P (kN -1071) 4.9 5.1 4.1
K (KNmm™1) 42 43 2.3
U (mm -1072)  1.19 1.18 0.8

6.2.2 Crack path prediction for mode-II loading

The final crack path and (6.11b) h-adapted mesh obtained for the
SENS simulation are illustrated in Fig. [6.11] The ability to predict the oblique
crack path relying on h-adaptivity instead of a pre-existing local refinement of the
discretization is, once again, highlighted. Furthermore, the unphysical crack branch-
ing phenomenon found for phase-field models using inappropriate (or non-existent)
strain energy decomposition was successfully avoided.
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(a) Final crack path (b) Final mesh

Figure 6.11: Monolithic SENS test crack path and mesh for the final load step

6.3 L-shaped panel test

In spite of their apparent simplicity, the SENT and SENS test provide a ro-
bust analysis methodology to detect common pitfalls encountered when modeling
brittle fracture with phase-field models. Both are standard fracture mechanics tests
of fundamental importance to predict crack growth in materials for which the K-
dominance zone size is sufficiently large [77].

The successful use of phase-field fracture models should also depend on the
ability to predict crack initiation and subsequent propagation in unnotched test spec-
imens. To study the performance of the model here proposed when modeling such
fracture phenomenon the L-shaped panel test depicted in Fig. was considered,
where the (approximate) expected crack pattern based on experimental observations
[11] is included. For the boundary conditions and geometry tested, it is the effect of
stress concentration near the inner right angle, where the maximum tensile stress is
expected to occur, that should lead to crack initiation. Additionally, the same load
reversal conditions used in [I1] will be applied to study crack closure and consequent
stiffness recovery phenomena. A cyclic displacement-controlled loading of |Au| =
le-3 mm is imposed according to Fig. The material and model parameters
considered are shown in Table and a volumetric/deviatoric decomposition was
considered.

6.3.1 Monolithic and staggered results

The test obtained in [I1] using the anisotropic formulation and spectral decom-
position will be used as the benchmark result for validation. The force-displacement
curve obtained with the monolithic and staggered schemes are compared with those
for [I1] in Fig. [6.13] The evolution of the crack field with the load steps is shown
in Fig. Using an initially uniform mesh and h-adaptivity, the crack pattern is
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Figure 6.12: L-shaped panel test definition

Table 6.8: Model and material parameters for the L-shaped panel test

Parameter Value

[ (mm) 1.1875
A (kNmm~—2) 6.16
u (ENmm~=2) 10.95

Ge(kNmm™1) 8.9¢-5
|Au| (mm) le-3

in close agreement with results obtained in [11] and the experimental observations
mentioned in the same work. The peak load obtained for the current model in both
algorithm schemes is fairly larger than for the reference curve considered. An ex-
planation for this substantial difference has not yet been obtained but the decrease
in peak load from the monolithic to the staggered solution seen in Fig. [6.13] indi-
cates that it could be attributed to the algorithmic approach (usage of monolithic
iterations and insufficient staggered iterationsﬂ Ongoing studies will help clarify
if the behavior seen in the reference work is obtained by increasing the number of
staggered iterations, or, conversely, the increase of maximum load is only attributed
to expected discrepancies between distinct modeling strategies. Table [6.9] provides
further insight into the results obtained by comparing P, U, the apparent stiffness
measured at the peak, Ky, and the stiffness in compression, K.. Both monolithic
and staggered models were able to accurately capture the effect of stiffness recovery
and prevent crack face interpenetration.

2The residual error norm and energy error norm were used to check for convergence of the
monolithic and staggered models, respectively. A value of TOL = 1-10~% was used for the staggered
scheme
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Figure 6.13: Force-displacement curve for the L-shaped panel test

Table 6.9: Peak values (U,P) and stiffness comparison between benchmark, monolithic and stag-
gered results for the l-shaped panel test

Parameter  Benchmark monolithic (% Benchmark)  staggered (% Benchmark)
P 16.02 18.32 (14) 17.52 (9)
U (mm -1071)  2.64 3.25 (23) 3.12 (18)
K¢ (KkNmm™1) 61 56 (8) 56 (8)
K¢ (kNmm~1) 62 60 (3) 58 (6)

Ki/K. 0.98 0.93 0.97
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(a) Crack initiation (b) Propagation at peak load

(¢) Minimum displacement (10x scale factor) (d) After softening

Figure 6.14: Evolution of cracks for the l-shaped panel test
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6.4 Concluding remarks

Three classical phase-field benchmark tests - SENT, SENS, and l-shaped panel
test - were simulated using the model adopted in this work. For the linear elastic
fracture mechanics tests (SENT and SENS) crack propagation and crack path in
displacement controlled loading conditions were accurately captured using mono-
lithic iterations and a staggered coupling scheme for the former. The pre-peak curve
obtained is in very good agreement with the benchmark result considered. A post-
peak softening response was obtained for the SENT instead of an abrupt load drop
typical in mode-I brittle fracture. Future works should provide solutions to improve
the failure of these specimens. Conversely, the post-peak curve obtained for Mode-I1
loading conditions is in close agreement with the benchmark case. From the results
obtained for the l-shaped panel test, it was concluded that the model is also able to
capture crack phenomena for unnotched specimens with local stress concentration
effects and under the more complex cyclic loading condition. While crack initiation
and propagation were successfully captured for tensile loading, crack face interpen-
etration was avoided due to the strain energy decomposition used. Moreover, this
was achieved by effectively modeling crack closure since no crack healing occurred
throughout the entire load history.

Even though some discrepancies between benchmark results and tests per-
formed in this work still require further validation studies, overall good agreement
with validated results were observed and the fairly good description of crack phe-
nomena were attained, which gives us confidence to simulate multi-field coupled
fracture problems.



74

Chapter6. Model validation




Chapter 7

Coupled thermo-mechanical SENT model

7.1 Introduction

The coupled problem modeling capabilities of the work developed are hereby

tested using a simple transient heat conduction problem. A simple illustrative ex-
ample built by adding a temperature field to the SENT model discussed in chapter
[6l The effect of continuously degrading the thermal conductivity of a solid with an
active crack phase-field is studied as well as the influence of thermal expansion on
the stress state, crack propagation, and the force-displacement curve obtained.
In spite of the physical meaning attributed to the coupled temperature field, the
results provided may also be interpreted as a more general coupling between phase-
field fracture and a simple diffusion problem within the framework discussed in
section of chapter [3 Nevertheless, studying thermal effects in fractured media
(and vice-versa) is an important topic especially for ferroelectric-based battery cells
showing electrostatic and electro-chemical properties highly dependent on thermal
conditions [79]. The thermal and model parameters required to model transient heat
conduction are defined in Table [Z.1]

Table 7.1: Nomenclature for Heat transfer parameters

Symbol Parameter
k thermal conductivity
a linear thermal expansion
C specific heat capacity
p Density
To Initial temperature
T; Constant temperature prescribed at boundary 7
T ="T(t) Time-dependent temperature prescribed at the boundary

7.2 SENT test with time-dependent heat conduction

To understand the effect of heating a single-edge notched plate while per-
forming the same SENT test described in chapter [6] heat conduction without heat
generation across the test specimen was studied and introduced via prescribed tem-
perature and adiabatic boundary conditions, as seen in Fig. The thermal
properties and model required to reproduce the model are given in Table A
constant velocity of 1 mm/min for the first part of the test was considered to ob-
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Figure 7.1: Thermal boundary conditions for the SENT heat transfer problem

tain its corresponding time increment. Moreover, given that no real-life problem
was modeled, thermal properties for aluminum alloys were arbitrarily considered. A
monolithic algorithm was used to solve the problem which leads to a strong coupling
between the crack phase-field and the displacement field equations. Furthermore,
due to the one-way coupling framework adopted, the thermal field is loosely coupled
with the remaining ones in spite of the algorithm scheme.

Table 7.2: Model and material parameters for the SENT with heat transfer test

Parameter Value
k' (Wmm-1.K-1) 251.1073
a (K1) 23.5-106
c (Jkg™ 1) K1 1050

p (kgmm~1) 2.7-10~
To (°C) 21
T(t) (°C) 5t-1073
At (s) 6-10~4

Results and Discussion

To study the effect of thermo-mechanical coupling caused by thermal expan-
sion force-displacement curves for the SENT heat transfer problem with and without
thermal expansion is shown in Fig. It is highlighted that the models without
expansion and purely mechanical possess slightly different curves due to the change
in h-adaptivity introduced by the temperature field. The significant increase on
peak force seen for the thermal expansion model is further described in Table [7-3]
This effect was attributed to the change in local strain state caused by the thermal
expansion of the solid since the stiffness essentially remains unchanged. Recall that
heterogeneous expansion occurs with higher expansion values below the notched re-
gion. The vertical displacement u, and thermal fields obtained at the time step for
initial crack propagation observed for the non-expanding plate are represented in
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Figure 7.2: Effect of thermo-mechanical coupling on the force-displacement curve for the SENT
heat transfer problem.

Fig. Furthermore, the model was able to capture the effect of stress and heat
flux spatial evolution with an evolving crack tip. Fig. [7.5 and Fig. [7.4] show the
respective fields for initial crack propagation and the final load step before full crack
propagation.

Table 7.3: Peak values (U,P) and stiffness comparison for the SENT heat transfer problem with
and without thermo-mechanical problem

Parameter Model
Difference (% a=0)
a=0 a>0
P (kN -1071) 6.95 7.39 6.3
K (kNmm™1) 134 131 2.2

U (mm -1073) 5.18 5.63 8.7
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Figure 7.3: Vertical displacement (u,) and temperature field for the load step prior to initial crack
propagation.
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Figure 7.4: Heat flux concentration near the crack tip

1%%% 2%%
e B
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Figure 7.5: oy, field near the crack tip
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Experimental work






Chapter 8

Flexural response of an all-solid-state
structural beam-type battery

Tubular and cylindrical beam- and shell-type components are one of the most
common structural elements used in vehicles and infrastructures. Tubular shapes
are usually favored due to their cost and weight saving higher specific stiffness (with
respect to weight). In terms of purely structural optimization, this has led to clas-
sical tubular design concepts such as the frame of a bicycle, automotive chassis,
tubular fuselage, among others. For multi-functional materials such as a structural
battery, cylindrical configurations may instead be considered to achieve system-level
optimization of mass, structural, thermal and electrochemical performance and fa-
cilitate the manufacturing solution. In this chapter, an assessment of the structural
performance of a novel cylindrical composite battery beam based on all-solid-state
battery (ASSB) technology and thin-ply carbon fibre/resin prepregs is presented.
The advantages of using ASSBs instead of liquid electrolyte batteries as the energy
storage material are manifold and highlighted in [3] [4]: increased resistance against
fire due to mechanical damage and overheating interaction, delayed degradation of
electrochemical performance and increased structural properties of the composite
battery, among others. To understand the effect of replacing the inner void for
an electrochemically active coaxial material system on the mechanical response of
a laminated tubular beam, three point bending tests are performed on laminated
composite cylindrical beams. The same outer layup material system - produced from
unidirectional prepregs of thin-ply carbon fibre/epoxy - is considered but with differ-
ent inner layers of material - hollow shell and filled cylindrical configurations. Unlike
other design concepts involving sandwich beam and plate geometries proposed for
structural batteries [4], coaxial circular structural batteries were manufactured fol-
lowing the same procedure as described in [3]. To provide further insight into the
deformation at structurally critical sections, all test were performed on specimens
equipped with strain gauges aligned with the axis of principal stresses.

8.1 Introduction

The experimental work described in this chapter is part of a first series of me-
chanical tests aiming to provide qualitative and quantitative information regarding
the mechanical response of a novel patented material system capable of withstanding
mechanical loads while storing energy in the form of electric and chemical poten-
tials. This patent provided an innovative cylindrical design approach to structural
batteries for which plate, sandwich or tubular structures are usually proposed [80-
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83]. Moreover, most of these concepts rely on liquid state or solid/liquid biphasic
electrolyte systems that compromise safety against fire and electrochemical perfor-
mance retention [5] and also exhibit a non-structural behavior.

The new approach to structural battery design is the outcome of two exten-
sive review works focusing on the latest trends in electric vehicles batteries [5] and
recent research on structural batteries [3]. With these review efforts, a complete
picture of the performance requirements imposed by targeted real life applications
was obtained and allowed to understand the electrochemical performance indica-
tors that must be achieved to bridge the gap between an innovative and exciting
multi-functional concept and industry-ready technologies. Since most design ideas
for structural batteries consist in building multi-functionality from a starting struc-
tural element, the main engineering challenge faced is to achieve the desired specific
energy and power, fast-charging, long lasting capacity retention and safe functioning
of an energy storage system while retaining a mechanical behavior sufficient to meet
vehicle industry required structural behavior. Results from previous three-point
bending tests [3] already showed that the coaxial structural battery can in fact be-
have as a structure when loaded in bending. A beam battery was fabricated from
a simple structure - tubular CFRP shell, a structural element used in vehicles such
as lightweight electric bicycle - by embedding an ASS Na battery. Compared to the
latter, the composite battery was able to sustain a higher peak load, achieved higher
deformation before catastrophic failure, and showed increased flexural stiffness. Al-
though simple solid mechanics principles predicted this effect for a bulk cylindrical
beam fabricated from CFRP, this experimental evidence provided valuable insight
into the validity of the design concepts, especially considering the existence of het-
erogeneous interfaces and the potential weakness that may arise from their presence
in structural materials. However, further mechanical characterization is required
to obtain a rigorous quantitative assessment of the beam battery; its realization is
paramount to comprehend its potential weaknesses and desired improvements to-
wards achieving the desired multi-functional behavior. In this chapter, three-point
bending tests for the ASS coaxial structural battery using specimens fabricated out-
side the scope of the present work and following the same fabrication procedure as
first proposed in [3] are presented. Strain gauges were used to measure the ten-
sile strain at the central section where the load is applied. Force-strain curves of
the multi-functional material are obtained for the first time. Moreover, a different
cathode material from the one used in [3] providing superior chemical potential and
with a chemical composition similar to what is found in electric vehicles batteries [5]
was also tested. To understand the degree of electrochemical /mechanical coupling
associated with the bending response of the beam batteries, the mechanical test was
stopped and later resumed before the ultimate load to generate cyclic voltammetry
curves

IElectrochemical analyses are out of the scope of this work.
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8.2 Material characterization. Fabrication and configu-
ration of test specimens

Fabrication and specimen geometry

In this work, three material configurations were used to study the flexural
response of cylindrical beams of different cross-sections. The UD prepreg tapes were
supplied by North Thin Ply Technology and fabricated using the T800-736LT 100
gsm carbon-epoxy prepreg [84]. The all-solid-state electrolyte synthesis, cell prepa-
ration using Aluminum and Copper negative and positive electrodes, respectively,
and full structural cell assembly were previously made during a prior experimental
campaign. The work published by Danzi et al. [3] describes the entire fabrication
process required to obtain the multi-functional specimens used in this study. In ad-
dition to the same previous work, Aluminum foils coated with Lithium Manganese
oxide (LiMn2O4) powder was used as a cathode material for cells. All three con-
figurations have an exterior CFRP outer shell obtained by curing a quasi-isotropic
[90/0/ + 45/ — 45]¢ laminate in a hot press at 80°C for 8 hours. Two types of com-
posite cells were obtained by using different cathode materials that were co-cured
with the CFRP outer shell. Table summarizes the three material systems tested.
The geometry of each layer remains fixed for all three except for the absence a
battery block for the CFRP outer shell control specimen. The structural batteries
tested are distinguished by the cathode type: a Nat/Lit-ASSB configuration us-
ing LiMnsOy as the cathode and Na™-ASSB using copper as the positive electrode.
Fig. [8.T]illustrates the shape and dimensions for the outer shell used in all specimens.

All specimens were instrumented with strain gauges in compliance with the
manufacturer specifications. The strain gauges used were supplied by Micro-Measurements
and positioned at the mid-length section and aligned with the longitudinal axis of
the cylindrical specimens. Figl8.1] exhibits the gauge location with respect to the
specimens.

Table 8.1: Configurations tested for the three-point bending test

Configuration Battery layers
CFRP sub-laminatd?| Cathode Electrolyte Anode
CFRP shell (No.1) [90/0/ + 45/ — 45]¢ - - -
Na'-ASSB (No.2) [90/0/ +45/ — 45| Copper foil  Naz.99Bag.0osOC!  Aluminium rod
Na*t /Lit-ASSB (No.3) [90/0/ 4 45/ — 45] 4 LiMnoO4  Nasg.99Bag.0o50C!  Aluminium rod

2carbon fibre/epoxy thin-ply
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Table 8.2: Nominal dimensions of the battery components according to Fig. |8.1

Parameter Battery layers
CFRP sub-laminate Cathode Electrolyte Anode
Ro (mm) 7 6.025 6 2
t (mm) 9.375e-1 6.25e-2 4 2
L (mm) 100 100 100 120

Figure 8.1: Simplified drawing of the outer shell and experimental setup for the beam battery
bending tests. The hollow entire is completely filled for beam cell configurations

Experimental setup

The three-point bending test configuration depicted in Fig[8:I]and Fig8.2| pro-
vides a visual description of the experimental setup. The setup of the bending test
started by fixing the center load cell using a bolted connection and positioning the
bottom supports with the adequate distance from the point of load application and
measuring the total span between end supports as shown in Fig[8.2a] The end tabs
of the composite batteries were connected to a potentiostat according to Fig8:2h

The tests were performed at a controlled speed of 2.0 mm/min, in an IN-

STRON 4208 electro-mechanical universal testing machine equipped with a 5 kN
load cell and were interrupted twice to obtain cyclic voltammetry curves: once in
the linear region for a prescribed load of 1 kN and after the peak load was obtained.
For the electro-chemical test, the battery specimens were cycled between 40.5 and
—0.5 V using a scan rate of 50 mV-s~!.
Due to a shortage of fabricated specimens, one test per each configuration shown
in Table [8:1] was performed. The total thickness and outer diameter of the speci-
mens were confirmed by measuring their values with a carbon fibre caliper as shown
in Figl8:2d The average values obtained from three measures per dimension and
specimen are presented in Table [8.3]
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(a) Measurement of the span between supports (b) Tabs connection to the potentiostat

(c) Measurement of specimens

Figure 8.2: Visual description of test setup and measurements

Table 8.3: Real cross-section dimensions of the three specimens

Measured dimension (Avg value) CFRP outer shell NaT-ASSB NaT /LiT-ASSB
d, (mm) $I1.8 $14.23 -
t (mm) 1.17 1.0 -

8.3 Results and discussion

Force-displacement curves

In the previous experimental work (prev. work in subsequent figures) [3] exper-
imental curves for three-point bending tests performed for the configurations No.1
and No.2 were obtained. Figl8.3 combines these previously determined experimental
curves with the results obtained for the three-point bending test performed for all
specimens. The control configuration (CFRP outer shell) shows a similar response
for both experimental tests. The initial non-linear response, attributed to the initial
accommodation of the specimen and test equipment, is followed by a linear curve
followed by a less significant non-linear response until the peak load is obtained. A
visible small difference in stiffness (K) can be explained by a change in thickness ()
between shell specimens since its value is highly sensitive to this dimension (K oc 3
for shells). The peak load obtained agrees well with the past observation allowing
the calculation of an average value. Moreover, the post-peak behavior is identical
for both curves and clearly shows a steady load drop and stiffness degradation. A
comparison between previous and current experimental results for the configuration
Na™-ASSB may also be done based on Fig. taking into consideration that the
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mechanical test was interrupted during the linear stage and after the peak load was
recorded. A similar linear response with a slightly larger value of peak load, mainly
attributed to the same thickness effect above reported aggravated by the more com-
plex and less controlled battery cell fabrication process and the interruption step
at the point of 1 kN measured force. The post-peak behavior obtained agrees well
with that obtained in the previous work [3] and clearly shows a load plateau for
increasing post-peak displacement. Considering the good agreement shown between
both experimental works, the current work supports the results reported in [3]. For
all beam battery specimens (configurations 2 and 3) the curves show not only an in-
crease in bending stiffness but also significantly higher peak loads. Both results were
expected following simple principles concerning the bending of beams. Moving from
a hollow thin tube configuration to a composite cylindrical bulk section increases the
second moment of area I about the neutral axis z of the bent beam, which propor-
tionally increases the flexural rigidity (defined as the product of Young’s Modulus,
E, and I). Conversely, the post-peak behavior provides interesting results requiring
a thorough phenomenological study of the failure mode obtained. In [3], the pseudo-
ductile response shown for beam batteries, as opposed to the progressive post-peak
degradation of both stiffness and load tolerance, was attributed to the compaction of
electrolyte in the region above the neutral axis where a compressive stress state ex-
ists. Moreover, the existence of a solid section also prevents crushing and ovalization
of the beam [3] which delays the final failure. However, the phenomena responsible
for the structural non-linear behavior leading to a larger ability to dissipate energy,
which occurs in a stable way, have not been clearly understood yet and still require
further studies. Nonetheless, the change in failure mode represents an interesting
and significant improvement to the structural behavior of the beam. In addition, an
unexpected increase of peak load for the beam battery using LiMnsO,4 powder as the
cathode compared with that obtained for the NaT-ASSB battery was registered. As
also noted in [3], further quantitative analysis of the failure processes would require
the nonexistent knowledge of the elastic properties of the electrolyte and fracture
properties for the CFRP /Cathode/Electrolyte/Anode interfaces. However, the peak
loads obtained may be calculated by taking the average result for configurations No.
1 and 2 and using the value obtained for the Na™/LiT-ASSB specimen. Table
shows the maximum loads obtained, total mass measured for each configuration,
and respective specific maximum load values, three parameters typically used as
indicators for the mechanical performance of structural batteries. In spite of the
increase in maximum load obtained for the beam battery configurations, both show
a significant decrease in specific peak load, P with respect to the tubular thin-ply
beam. From a purely mechanistic and weight/cost optimization point of view, and
assuming that the beam would be designed to withstand some prescribed load with-
out yielding, the new structure would lead to degraded efficiency. Knowledge of its
electrochemical performance is required to better understand the full performance
of the multi-functional structure.

Force-strain curves

The force-strain curves measured for the three specimens are presented in Fig.
(refer to Fig. for a visual depiction of the position used to measure strain).
To focus the analysis on relevant strain information post-peak values were discarded
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Figure 8.3: Experimental force-displacement curves obtained in previous (prev.) [3] and current
three point bending tests

from the representation. Comparing with the force-displacement curve in Fig. [8.3
it is highlighted the clearly initial linear response indicating that the initial region
of the force-displacement curve was significantly affected by irrelevant test setup ef-
fects. Moreover, a significant difference in the pre-peak zone between beam batteries
was obtained, as the Na®/LiT-ASSB configuration exhibits a strongly linear curve
up to the peak-load. To understand what caused the apparent change in pre-peak
damage evolution, the specimens were visually inspected and a significant misalign-
ment in the circumferential direction between the loading plane and strain gauge
was observed, and the differences observed were attributed to the heterogeneity of
the crushing and ovalization effect near the mid-section of tested specimens, as can
be seen in Fig. 8.5l It was concluded that a comparison between the Nat-ASSB
battery and the CFRP outer shell is more appropriate since similar pre-peak curves

Table 8.4: Structural batteries and CFRP outer shell beams bending performance: peak load, P,

mass, m, and specific maximum load, P

Configuration P (kN) m (g) P =P/m (kN-kg™1) P/Pcrrp (%)
CFRP outer shell

Previous work 1.11 6.40 173.4 -

Current work 1.24 5.55 223.4 -

Avg. Value 1.18 5.98 197.3 (Pcrrp) -
NaT-ASSB

Previous work 1.87 21.60 86.6 44

Current work 2.11 21.39 98.6 50

Avg. Value 1.99 21.50 92.6 47

NaT/LiT-ASSB
Current work 2.73 21.58 126.5 64
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Figure 8.4: Experimental force-strain curves obtained for all three point bending tests

Figure 8.5: Mid-section ovalization due to the mechanical test of composite batteries

were obtained for both specimens: identical slopes were obtained for both configu-
rations, which is consistent with the fact that strain is measured on the same outer
90 ° ply of thin-ply carbon fibre material (recall that for an Euler-Bernoulli beam
the slope of a F'/e curve is proportional to the product between Young’s modulus F
and cross-section area of the outer ply). Moreover, similar damage onsets prior to
the maximum load were obtained with the composite battery showing a significantly
larger extent for this region, i.e., a relevant pseudo strain hardening effect increases
the strain corresponding to the peak load for the Nat-ASSB specimen.

System-level performance of the composite battery

Even though the specific energy E/V and energy density E for the two com-
posite batteries tested have not been measured, these values may be estimated using
the experimental data of performance indicators reported in [3] which is reproduced
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in Table A (very limited) mass comparison between a simplified traditional
structure and its structural multi-functional counterpart will be presented hereafter.

Assuming that a specification is given for the total electrical energy the system
must be capable to provide, E,.4, and adopting the values of energy density provided
for the cells as the reference for system-level battery designEl, the total mass required
for each scenario is given by

m; = — (8.1)

where subscript 7 denotes the structural battery (sb) or a traditional battery sub-
system. Knowledge of the value of mas of structural battery my, required allows us
to estimate its structural performance. If we consider that the structure consists in a
system of springs connected in parallel where each composite beam is modeled with
a spring stiffness equivalent to the bending stiffness of the former, the maximum load
capacity is simply given by the sum of the peak load that each beam withstands.
Fig. [B.0] illustrates both traditional and multi-functional energy storage systems.
Under these conditions and using values of P presented in Table for the battery
beams, the total load capacity for the multi-functional structure of mass mg, is given
by

P* = Py, - mg (8.2)

where subscript sb denotes the composite beam battery configuration in Fig.
The equivalent traditional structure would require a total mass of CFRP beams of
MCOFRP = P*/PCFRP to withstand the same load. Combining this value with the
mass required for the battery cells obtained using a traditional fabrication, the total
mass of the system obtained may be compared with the mass of structural battery
required by noting that

Psb
MCFRP = 3 Msp = - Mgp
Esb '
mp = ——mgp = - mgp
Ey

and summing the mass of both traditional sub-systems:

1
Mmgp = wmtmd. (84)

The sum of the multi-functional efficiency coeflicients o and S must exceed the
value of 1 to reduce the mass of the total system. Table shows the values
obtained for a and S of both beam batteries tested using the average values for
P provided in Table and the values for E provided in Table . Given that
no information regarding the energy density for configuration Na™/LiT-ASSB is
known, its respective coeflicient 5 was left undetermined. It can be seen that the
configuration Nat — ASSB practically achieved the same mass efficiency measured
in terms of total energy and maximum admissible load. Moreover, this comparison
did not take into account the change in failure mode observed for the composite
battery, which is a significant improvement for structural applications.

3The energy density of battery packs is significantly lower than for battery cells
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(a) Traditional multi-component system (b) Structural battery

Figure 8.6: Multi-functional vs traditional structural and energy storage systems

Table 8.5: Experimental data reported in [3] for the performance of the Nat-ASSB composite
battery

Parameter Full Cell Full Cell (No CFRP)
Specf. Energy (WhL™T) 56.2 76.3
Energy density, E (Wh-kg™!)  38.0 75.8

Table 8.6: Multi-functional performance of the structural batteries

Parameter NaT-ASSB NaT/LiT-ASSB
« 0.47 0.64
B 0.50 Unknown

a+f 0.97 -
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8.4 Concluding remarks

Composite batteries offer a set of conceptual advantages over traditional struc-
tures and batteries used in electrified systems. Achieving mass reduction via multi-
functional design may be the disruptive technology that will shape future electric
mobility solutions with a positive impact in the transports, automotive, marine,
aeronautical, and aerospace industries. However, the state-of-the-art for these ma-
terial systems is still far from developing industry-ready solutions.

A novel structural battery concept was presented and experimental three-
point bending tests characterizing their bending response were here performed. The
key differences over alternative composite batteries proposed in other works are the
innovative circular beam design and advanced materials used: while the reinforc-
ing structural element was fabricated using thin-ply carbon fibre/epoxy prepregs,
the structural battery relies on an all-solid-state energy storage cell with a ferro-
electric composite Na-glass electrolyte with enhanced thermal and electrochemical
properties [79, [85] [86]. Besides being regarded as the next disruptive technologi-
cal improvement for energy storage devices, solid-state cells provide a remarkable
structural advantage over battery cells with liquid-phase electrolytes. The surpris-
ing synergistic effect of pseudo-ductile failure observed for the composite batteries
is the best proof of the structural integrity here achieved. In spite of the mechanical
tests conducted beyond the ultimate structural failure of these composite batter-
ies, no electro-chemical failure was observed throughout the entire loading history.
Moreover, to the best of our knowledge, this structural battery is the first of its
kind that may be mechanically tested beyond its failure point with no occurrence
of overheating or fire incidents, as can be seen in Fig. [8.7] for the experiment done
in [3], where it is highlighted that the structural battery is still able to light a LED
bulb after performing the three-point bending test up to failure.
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(a) Before the three-point bending test

(b) After mechanical failure

Figure 8.7: Multi-functional test [3]: LED light bulb powered by a beam battery loaded in bending
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Chapter 9

Conclusions and future work

The main conclusions of the work presented in this thesis and clues for poten-
tial future developments are presented in this chapter.

9.1 Conclusions

9.1.1 Phase-field models to predict the failure of brittle materials

A phase-field numerical model to predict brittle fracture of solid media was
implemented and validated by comparison with benchmark results in this thesis.
The model formulation considered here was supported by a review of those recently
proposed in the literature encompassing the entire formulation from Griffith’s law
and the variational statement for brittle fracture to the intricacies of their numeri-
cal implementation. Rather than seeking a novel approach to phase-field modeling,
the strategy adopted here was to obtain a model capable of providing physically
sound results and modeling complex fracture phenomena where the direcftion of
crack propagation may not be known a priori.

To simulate fracture mechanisms such as crack initiation, crack propagation,
stiffness recovery in compression, and the ability to prevent unphysical crack prop-
agation due to compressive stress states, three of the most relevant validation tests
for phase-field fracture models were performed: the single-edge notched tension test,
the single-edge notched shear test, and the L-shaped panel test with load reversal
after an initial crack propagation. A good agreement was found between the results
obtained and those reported in the literature. Moreover, a careful sensitivity analysis
was performed to study the influence of the discretization considered on the results
obtained. It was seen that accurate estimation of crack propagation and initiation
may be obtained without introducing a priori local mesh refinement based on prior
knowledge that inevitably guides the results obtained towards some expected result.
These facts indicate that the methodology presented here is a first step towards the
simulation of novel materials or structures whose failure mechanisms are yet to be
understood.

9.1.2 Coupled problems modeling

The proposed numerical framework was also coupled with the heat conduc-
tion problem following a so-called loosely-coupled coupling. A simple yet represen-
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tative example for a single-edge notched tension test combined with a transient heat
conduction simulation imposed by a prescribed increase in temperature at one of
its boundaries. It was concluded that by simply degrading the thermal properties
based on the phase-field variable the effect of thermal flux concentration near the
crack tip can be captured. Additionally, the tensile stress state caused by a thermal
expansion of the domain affects the force-displacement curve obtained for the test
considered. These facts indicate that the coupling methodology presented here is a
first step towards developing more complex problems involving the phase-field model
for fracture and other diffusion problems.

9.1.3 Bending response of a coaxial structural battery

The effect of combining a tubular carbon fibre thin-ply beam with an all-solid-
state battery cell to obtain a multi-functional structure on the structural perfor-
mance was experimentally studied. The specimens tested were fabricated according
to a patented coaxial structural beam battery developed within the scope of an on-
going project aiming to redefine the mechanical and energy storage design concept
of electric mobility. Supported by previous experimental tests performed outside
the scope of the work presented here, further mechanical characterization of these
structural cells was obtained. In spite of the lack of experimental support to obtain a
full quantitative mechanical characterization, the experiments reported here showed
a promising improvement of the failure modes for the structural battery compo-
nents: a pseudo-ductile response and larger displacement value at the peak load
were obtained compared to the progressive load and stiffness drop registered for the
carbon fiber tubular beam. Furthermore, and to the best of our knowledge, struc-
tural batteries were tested until ultimate mechanical failure without a complete loss
of electrical performance, overheating or fire incidents. These facts strongly suggest
the adequacy of solid-state technology for multi-functional structural integration.
To understand the potential for total mass reduction achieved with the structural
batteries tested, calculations based on simplifying assumptions for total mass equiv-
alence between a multi-functional system and mono-functional systems based on
structural and electrical performance indicators was performed. It was concluded
that (considering the simplifying assumptions made) the beam battery tested practi-
cally achieved the same mass efficiency as an equivalent traditional system, providing
an optimistic initial reference for future multi-functional design optimization steps.

9.2 Future work

The phase-field brittle fracture model proposed should be further validated
for other more complex test configurations and material systems of interest. Ad-
ditionally, the model should be understood as a first step towards more evolved
phase-field modeling of brittle fracture and some of engineering strategies from the
literature adopted here require a careful revision and potential future improvements.
Of particular importance is the definition of a more appropriate strain energy de-
composition enabling a more sound connection between the local stress state and
the crack driving force.

The coupled problems model here proposed should be further tested by considering
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other diffusion problems such as the existence of species concentration, electrostatic
or magnetic fields. The loosely-coupled strategy followed allows the introduction of
several coupled phenomena with minimal impact on the mechanical base problem.
Moreover, an appropriate validation strategy must be determined since no standard
benchmark results exist for this class of problems.

Within the next decade, a significant leap in all-solid-state batteries performance and
fabrication process is expected and will significantly upgrade present-day electro-
chemical energy harvesting systems. The composite beam battery tested is at an
early stage of conceptual and material development. In spite of the promising struc-
tural response obtained for the configurations tested here, several other experimen-
tal tests should be performed to obtain a quantitative measure of its mechanical
properties: the elastic properties of the electrolyte could be estimated using inverse
parameter identification by fitting the experimental curve with numerical models
simulating the bending tests performed; knowledge of the interfacial fracture prop-
erties is paramount to further investigate the failure modes highlighted in the dis-
cussion of the experimental results; and the fracture toughness of the electrolyte
should also be determined. The three-point bending test performed must be the
first step of a more ambitious experimental campaign that could aid the design of
future structural power composites and material improvements. In addition to the
material characterization, other structural battery concepts should be explored by
taking into account some of the promising results found in the literature. Con-
sidering the unexpected character of the pseudo-ductile response obtained for the
bending tests, new mechanically efficient structural cells may be created by simply
combining the same materials in a different structural element shape such as a lam-
inated plate.

Bridging the gap between the proposed analysis models and the experi-
mental campaign for composite batteries

The connection between the experimental tests and coupled models developed within
the scope of this work should be understood by taking into consideration the mo-
tivation described in the introduction of this thesis. Both the phase-field fracture
and coupled fracture-diffusion problems models may now be used to simulate the
behavior of all-solid-state composite batteries provided that (1) the experimental
campaign recently initiated leads to an appropriate characterization of the mate-
rial properties required as input data for these models and (2) further validation
steps and modeling improvements are carried out. The current ambition is to ob-
tain, from the numerical models, a valuable tool providing the ability not only to
(1) predict and explain in the most detailed way the complex physical phenomena
involving several fields but also (2) establish an iterative material and structural
design methodology without the need to rely on expensive and time consuming ex-
perimental tests. However, we should also pose the question Under which conditions
should the phase-field fracture model for coupled problems be used? before applying
this or more elaborate future versions of the phase field model to study the damage
tolerance of advanced materials, for which phenomenological damage models such
as the one addressed in the literature survey lead to remarkably fast and accurate
numerical results.
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Chapter A

Peak stress for a 1D bar in tension with
prescribed displacement

Consider the 1D bar shown in Fig. with its end fixed at = 0 and pre-
scribed displacement u at x = L. Assuming a second order quadratic approximation
for the crack surface density, the governing equations for this problem are

dow — 0, inQ (Elasticity equilibrium Eq.)
uz(0) =0, wuz(L)= (Elasticity BCs)

N

(A1)

(1—-d)yy— %d 4 Geo &2d (i (PF equilibrium equation)
=0,

2 dz? T
dd r=0,z=1 (PF BCs)

Assuming linear elastic behavior, the elastic strain energy V¥ is given by ¥ =
1/2E (u*/L?). Substituting in the governing equation for the PF in solving
the equation at x = 0 V& = L where the Neumman-type BCs provided in [AT] are

prescribed
=N 2 = 2
E(E) - %+E<“>].d:o. (A.2)

lo L
The closed-form solution for d is thus given by the following equivalent ex-
pressions,

B 1
=G N G.I?
9o + E (%) L+ 57, (A.3)
Elyu?

~ G.L? t Elyu2

/ g
h

Figure A.1: Fixed-free 1D bar with homogeneous damage growth and prescribed displacement at
the free end

L

< »
< »
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Considering a quadratic strain energy degradation function w(d), o, is given by

P
%:41—@?ax:(y—@?f§ (A.4)
where 7, is the undamaged stress. Then, the relation o, = o, () is
G L2 B
Oy = — —-
(G.L? + Eu?ly)| L (A.5)

u
(G.L2? + Elyu2)*

= GLPE .

Defining C' = G2L3E and taking the derivative of stress with respect to 1, the
displacement . at peak stress, o, is found,

2
% (02/C) = (GeL? + Bi'ly)” — 2 (GcL? + Ei?ly) - 2Bl
(A.6)

3 (Elp)? 2F]
- (L40) a + ngcﬂ2 ~G:=0.

Replacing o = %2 in Eq. and evaluating the positive root a. of the
resulting quadratic expression on a (42 >=0)

~9Blae 1\ [1(ElyGe)? L + 12 (BloGe) L
6 (El,)* L~ (A7)

Qe =

_16.L?
3 El

the peak stress can, thus, be computed as a function of a set of parameters, o, =

Oc (gm E, lO)
o. = g2L3E 1/\/3\/ gc/ (EZO)L
e 1/3L2G, + G.L?)*
(1/3L2Ge + GcL?) (A8)
9 [6.E
16\ 3l
The expression may be re-written with /g as the dependent variable,
27 EG.
lp = — . A.
07 256 o2 (A.9)

Eq. is valid for 1D prescribed displacement problems involving second-order
quadratic approximations for the crack surface density 7y, where a homogeneous
evolution of the PF (Vd = 0) or the PF evolution at 012 is studied. This equation has
led several authors to regard [y as a material parameter (derived from other materials
parameters typically determined by experiments) in their models, especially when
the so-called engineering approach is considered.
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