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Abstract

Substructuring assumes that a complex problem can be solved faster and with more
accuracy, if decomposed in several simple problems. The application of this idea to eval-
uate the dynamic behaviour of a structure created a new research area named dynamic
substructuring. This procedure brings up several advantages. Some of these advantages
are the possibility of deeper analyze each substructure and perform a better optimization,
a faster and less expensive problem resolution and the possibility of combine parts that
were optimized by different work teams.

However, one of the nowadays difficulties of dynamic substructuring is the requirement
of couple each of the analyzed substructures. Since 60s several coupling methods have been
proposed, for example, component mode synthesis methods (CMS) or frequency based
substructuring ones (FBS). The CMS methods are mainly used to couple analytical models,
while FBS methods have been proposed to overcome the limitations of CMS method
when coupling measured data (experimental dynamic substructuring). Even thought the
appearance of FBS method, it has been observed that this method suffers of numerical ill-
conditioning problems due to noisy data. These facts are the motivation for the exploration
of state-space coupling techniques.

In this dissertation, an exploration from the scratch on these techniques has been
performed with the aim to find the best technique to perform experimental substructuring.
Two techniques have been found in the analyzed literature, one developed by Su and Juang
[Su and Juang, 1994], another developed by Sjovall [Sjovall, 2004]. An exhaustive analysis
of both was performed to fully understand each approach. Numerical models have been
coupled with each technique, in order to full understand how these methods work and to
evaluate the accuracy of the results.

At the final of this exhaustive analysis to both it was found that Su and Juang tech-
nique [Su and Juang, 1994] would be the best choice for its simplicity. Furthermore, this
technique showed to be simple to apply to the estimated state-space models by polyref-
erence least-squares complex frequency-domain method (PolyMAX) and maximum likeli-
hood modal parameter identification method (ML-MM). By the use of this method two
experimental couplings have been performed. For each of these experimental couplings
the coupled frequency response functions (FRF's) have also been obtained by the use of
FBS method applied to both synthetized FRFs and measured FRFs.

It has been observed a perfect match for both experimental couplings between the
coupled FRFs computed with Su and Juang technique [Su and Juang, 1994] and FBS
method when applied to the synthetized FRFs. The measured FRFs of the assembled
structure were just available for the first experimental coupling. It was found that the
measured coupled FRFs and the obtained by Su and Juang technique [Su and Juang,
1994] were different, however at some frequencies they were extremely close. It was found
that the differences were mainly justified by experimental measurement errors.
Keywords: Dynamic Substructuring, Experimental Dynamic Substructuring, Modal Anal-
ysis, Frequency Based Substructuring, State-Space Models, State-Space Coupling






Resumo

A subestruturacao assume que um problema complexo pode ser resolvido de uma forma
mais rapida e obtendo melhores resultados, caso o mesmo seja dividido em varios proble-
mas simples. A aplicacao deste conceito para a avaliagdo do comportamento dinamico de
estruturas criou uma nova area de investigagao denominada de subestructuragao dinamica.
A utilizagao deste procedimento apresenta varias vantagens. Entre estas, permite a possi-
bilidade de realizar uma analise mais profunda e detalhada a cada substrutura, permitindo
uma melhor otimizacao de cada uma das mesmas.

No entanto, uma das dificuldades na aplicacao da subestructuracao dinamica é a ne-
cessidade de apds analisar cada uma das substruturas proceder ao seu acoplamento. Desde
a década de 60 que varios métodos de acoplamento foram desenvolvidos. Entre eles, os
métodos component mode synthesis (CMS) e frequency based substructuring (FBS). O
método CMS é mais utilizado no acoplamento de modelos analiticos, enquanto que o FBS
foi desenvolvido de modo a ultrapassar as dificuldades do método CMS no acoplamento
de substruturas reais. Porém, o método FBS sofre de problemas numéricos, quando as
fungoes de resposta em frequéncia (FRF) medidas apresentam ruido. Estes motivos sao a
motivagao para a exploragao de técnicas de acoplamento baseadas no espaco de estados.

Nesta dissertacao, a exploracao destas técnicas foi realizada de uma forma exaustiva,
com o objetivo de compreender qual a melhor para realizar acoplamento entre substruturas
reais. Duas técnicas foram descobertas na bibliografia analisada. Uma proposta por Su e
Juang [Su and Juang, 1994], e outra por Sjévall [Sjovall, 2004]. Uma andlise aprofundada
a cada uma das mesmas, assim como varios acoplamentos de modelos numéricos foram
realizados. Verificou-se que a técnica proposta por Su e Juang [Su and Juang, 1994] seria
a mais adequada para realizar acoplamento entre substruturas reais. Por outro lado, este
método revelou permitir acoplar de forma simples os espacos de estados estimados através
dos métodos polyreference least-squares complex frequency-domain method (PolyMAX)
and mazimum likelihood modal parameter identification method (ML-MM). Pelo uso deste
método, dois acoplamentos experimentais foram realizados. Sendo que, para cada um dos
mesmos as FRFs acopladas foram estimadas pelo uso do método FBS aplicado as FRF's
medidas e as FRFs sintetizadas de cada uma das subestruturas.

Verificou-se que as FRF's acopladas obtidas pelo recurso ao método proposto por Su e
Juang [Su and Juang, 1994] e as obtidas pela aplicacao do método FBS as FRFs sinteti-
zadas eram, exatamente, iguais. Apenas para o primeiro acoplamento eram conhecidas as
FRF's medidas da estrutura acoplada. A comparacao das mesmas com as FRFs acopladas
estimadas pelo método proposto por Su e Juang [Su and Juang, 1994], revelou que estas nao
coincidiam. Porém, para certas frequéncias ambas as solugoes apresentaram-se bastante
proximas, sugerindo que as diferencas encontradas seriam, maioritariamente, justificadas
por erros de medicao.

Palavras-Chave: Subestruturacao Dindmica, Subestruturagao Dinamica Experimental,
Analise Modal, Acoplamento Baseado em Frequéncia, Modelos espaco de estados, Acopla-
mento espaco de estados

iii






To my family, in special to my grandparents

Albina and Miguel






‘The future belongs to the competent. Get good, get better, be the best!’

Brian Tracy

vii






Acknowledgements

Firstly, I would like to thank my university advisor, Prof. José Dias Rodrigues, for
with his lessons make me have interest in mechanical vibrations topics and also for his
suggestions to better this dissertation. I am also grateful to him for accept to be my
advisor and to allow me to have this wonderful experience.

I would like to thank Siemens Industry Software NV for provide me the opportunity
of working in a challenging and interesting subject. Definitely, the realization of this
internship permitted me to have an out standard opportunity, which permitted me to
grow not only as an engineer, but also as a team worker.

A special thanks goes to Eng. Fabio Bianciardi for his supervision and for our discus-
sions about the work, which were fundamental for this dissertation. I would like to show
my gratitude to Eng. Mahmoud El-Kafafy for his support over this dissertation, special in
the state-space model estimation from measured data and for let me use his M AT LAB®
code to perform such estimations from the estimated modal model. I also would like to
thanks both for always encourage me to expose my suggestions and for them constantly
availability to clarify my doubts.

A special thanks goes to my university colleagues Marcos, Gil, Pedro and Bruno for
them friendship and for our discussions. The more serious ones about the university lessons
and works and for the more relaxed and funny ones.

Lastly, I would like to express my gratitude for my family and to my girlfriend Inés for
all the patient, support and encouragement during the last five years.

X






Contents

Abstract i
Resumo iii
Acknowledgements ix
Nomenclature xvii
1 Introduction 1
1.1 Imtroduction . . . . . . . . . . . e e e 1
1.2 Motivation . . . . . . . . e e e e e e e e 2
1.3 Stateof theart . . . . . .. . . . . .. ... 2
1.4 Objectives . . . . . . . . 3
1.5 Layout . . . . . . . 3
2 Background Theory 5
2.1 Introduction . . . . . . . . . . . 5
2.2 First Order Form . . . . . . . . . . . . . . . . 5
2.3 Frequency Response Functions . . . . . . ... .. .. ... ... ... .. 8
2.4 Modal Assurance Criterion . . . . . . . . . . . .. . . ... ... ... ... 9
2.5 Singular Value Decomposition . . . . . . . .. .. .. ... L. 9
2.6 Frequency Based Substructuring . . . .. .. .. ... . oo 10
2.7 State-space coupling: theoretical state-space models . . . . ... ... ... 13
2.7.1 State-space coupling method proposed by Su and Juang . . . . . .. 14
2.7.2 State-space coupling method proposed by Sjovall . . . . . . ... .. 19
2.7.3 Comparing the presented approaches . . . . . . . .. ... ... ... 21
2.8 PolyMAX combined with ML-MM method . . . .. ... .. ........ 22
2.8.1 PolyMAX method . . ... ... .. ... ... ... ... ... 22
2.8.2 ML-MM: maximum likelihood modal model-based method . . . . . . 24

2.8.3 Implementation of system identification method and estimation of
state-space models . . . . . .. .. L 25
2.9 State-space coupling: synthesized state-space models . . . . . .. ... ... 27
2.9.1 State-space coupling method proposed by Su and Juang . . . . . .. 28
2.10 Coupling substructures non-rigidly connected . . . . .. ... ... .. ... 29
2.10.1 Difficulties in the enforcement of non-rigid coupling . . .. ... .. 29
2.10.2 Fictitious masses insertion . . . . . . . . . . . ... 31
2.10.3 Coupling a positive and negative state-space model . . . . . . . . .. 31

X1



CONTENTS

3 Numerical Results 35
3.1 Numerical Results - Coupling theoretical state-space models . . . . . . . .. 35
3.1.1 Numerical examplen® 1 . . . . . . ... ... ... ... ....... 35
3.1.2 Numerical examplen® 2 . . . . . . ... ... ... 44

3.2  Numerical Results - Coupling state-space models expressed in modal coor-
dinates . . . . . L e e e e e 49
3.2.1 Numerical examplen® 1 . . . . . . ... ... ... ... ... ... 49
3.2.2 Numerical examplen® 2 . . . . . .. ... ... 51
4 Experimental Results 55
4.1 Experimental example n® 1 . . . . . . .. ... 56
4.1.1 Mechanical System Description . . . . . ... ... ... ....... 56
4.1.2 Identification Results . . . . . . . . . . . ... ... .. ... ... 58
4.1.3 Coupling Results . . . . . ... ... 60
4.2 Experimental examplen® 2 . . . . ... ... ... ... 63
4.2.1 Mechanical System Description . . . . . . .. .. .. ... ... 63
4.2.2 Identification Results . . . . . . . . . . . ... ... ... ... 64
4.2.3 Coupling Results . . . . . .. .. .. 66
4.3 Discussion . . . . . . . e e e 69
5 Conclusion 73
5.1 Conclusions . . . . . . . . . e 73
5.2 Future work . . . . . . ... 74
References 77
A Mathematical proof: Coupling matrices - Su and Juang method 81

B Mathematical proof: Coupling form structure of the uncoupled state-
space matrices 85

C Mathematical proof: Coupling form of the coupled state-space model 89

D Mathematical proof: Diagonal uncoupled acceleration state-space model

from displacement state-space models 91
E Mathematical proof: Acceleration state-space model 93
F Mechanical properties of the numerical mechanical systems 95
G Stabilization Diagram 99

xii



List of Figures

2.1
2.2
2.3
2.4
2.5
2.6

3.1
3.2

3.3
3.4
3.5

3.6
3.7

3.8
3.9

3.10

4.1
4.2
4.3
4.4

4.5
4.6
4.7
4.8

4.9
4.10

Mechanical System [Su and Juang, 1994] . . . . . ... ... ... ... ... 10
Mechanical System n® 1: Su and Juang method . . . . . . .. ... ... .. 14
Insertion of fictitious masses and structure division . . . . . . ... .. ... 31
Coupling a positive and negative state-space model - substructures definition 33
Coupling a positive and negative state-space model - first coupling . . . . . 34
Coupling a positive and negative state-space model - second coupling . . . . 34
Mechanical System n® 1 . . . . . . . . . . ... 36
Mechanical System n® 1: Accelerance FRF considering as output the DOF

related to the mass my4 and as input the coupled DOF . . . . ... .. ... 44
Mechanical System n® 2 . . . . . . .. ... 45
Mechanical System n® 2: after fictitious masses insertion . . . . . . . . . .. 45
Mechanical System n® 2: Accelerance FRF considering as output the DOF

related to mass mp4 and as input the DOF related to the sum of the masses

My and Mgz . . . . oL 49
Mechanical System n®3 . . . . . . . ... ... 50
Mechanical System n® 3: Accelerance FRF considering as output the DOF
related to the mass my4 and the input as the DOF related to the mass m; . 51
Mechanical System n® 4 . . . . . . .. ... 52
Mechanical System n° 4 - Coupling with a positive and a negative state-
space model - dividing in different substructures . . . ... .. .. ... .. 52
Mechanical System n® 4: Accelerance FRF considering as output the DOF
related to the mass my4 and as input the DOF related to the mass ms . . . 53
Eletric engine . . . . . . . ..o 56
Support frame . . . . . . ... 57
Assembled structure . . . .. ... 57
Identification results: Electric engine accelerance FRF considering as output
the DOF C% and as input the DOF CT . . . . ... ... ... ........ 60
Identification results: Support frame accelerance FRF considering as output
the DOF Cf and as input the DOF C§ . . . . . . ... ... ... ... ... 60
Coupling results: Assembled structure accelerance FRF considering as out-
put the DOF Cf and as input the DOF C§ . . .. ... ... ........ 63
SOUICE . . v v v o e e e e e e e e e e 63
Receiver . . . . . . . e 64
Assembled structure . . . . ... 64
Identification results: Source part accelerance FRF considering as output
the DOF S5 and as input the DOF ST . . . .. ... ... ... ....... 66

xiii



LIST OF FIGURES

4.11

4.12

4.13
4.14

G.1

Identification results: Receiver part accelerance FRF considering as output
the DOF R and as input the DOF RY . . . . . .. .. ... .........
Coupling results: Assembled structure accelerance FRF considering as out-
put the DOF SR{ and as input the DOF SR . . . ... ... .......
Condition Number: Experimental example n®1 . . . .. .. ... ... ...
Condition Number: Experimental example n®2 . . . .. ... ... ... ..

Stabilization diagram [El-Kafafy et al., 2015] . . . ... ... ... ... ..

Xiv



List of Tables

3.1
3.2

F.1
F.2
F.3
F.4

Mechanical System n® 2 - [T] matrix sketch . . . .. . ... ... ... ... 46
Mechanical System n® 2 - [T] matrix . . . . ... ... ... ... ... .. 47
Mechanical Properties of Mechanical System n® 1 . . . . ... .. ... ... 95
Mechanical Properties of Mechanical Systemn®2 . . . . ... ... ... .. 96
Mechanical Properties of Mechanical System n®3 . . . . . .. .. ... ... 96
Mechanical Properties of Mechanical System n®4 . . . . ... ... ... .. 97

XV






Nomenclature

Subscripts

a, B relative to a substructure

b relative to internal degrees of freedom

c relative to interface degrees of freedom

D relative to the uncoupled diagonal state-space model
1, 7 relative to degrees of freedom

r relative to the number of the vibration mode
Superscripts

1,2, ... relative to degrees of freedom numeration

A, B, C, D, E relative to a substructure

accel
d
disp
E

I

11
1J

int

JI
JJ
obt

SF

relative to acceleration state-space model
relative to displacement

relative to displacement state-space model
variables related to the eletric engine

relative to internal degrees of freedom
relative to internal output and input

relative to internal output and interface input
relative to the intended variable arrangement
relative to interface degrees of freedom
relative to interface output and internal input
relative to interface output and input

relative to the obtained variable arrangement
variables related to the support frame

relative to velocity

xXvii



NOMENCLATURE

vel relative to velocity state-space model

x,y relative to different vectors

Acronyms

CMS Component Mode Synthesis

DOF Degree of Freedom

FBS Frequency Based Substructuring

FRF Frequency Response Function

LSCF Least-Squares Complex Frequency-Domain Estimation Method
MAC Modal Assurance Criterion

ML-MM Maximum Likelihood Modal Model-Based Method
PolyMAX Polyreference Least-Squares Complex Frequency-Domain Method

SVD Singular Value Decomposition

Operators
o] Absolute value of a number
o* complex conjugate of a number

[ 17! inverse of a matrix

[ 17 transpose of a matrix

[¢]"  complex conjugate of a matrix

transpose complex conjugate of a matrix
M7 transpose of a vector

e}* complex conjugate of a vector

) first order time derivative

(8) second order time derivative

L (e) Laplace transform

Scalar Variables (o)

relative to coupled variables

0 auxiliary variable

A pole

w frequency /rads™!

wq damped natural frequency /rads—!

xviil



NOMENCLATURE

W, undamped natural frequency /rads=!

10) auxiliary variable

o singular value

13 damping ratio

a acceleration /ms =2

C relative to the degrees pf freedom of the eletric engine, support frame and respective

assembled structure

F load /N
complex operator (j = \/—71)
mass /Kg

number of modes

J

m

N,

Q generalized force /N
q degree of freedom

R variables related to the receiver substructure
S variables related to the source substructure

S Laplace variable

SR variables related to the assembled source and receiver substructures

T kinetic energy /j

t time variable /s

U input

1% potential elastic energy /j

x state

Y output

Vector Variables { }

{®}  relative to coupled vector variables
{A(jw)} acceleration response phasor vector
{X(jw)} displacement response phasor vector
{7y}  generic vector

{¥} mode shape vector

{®}  relative to the coupling form of vector variables

{F(s)} dynamic load vector in Laplace domain

XixX



NOMENCLATURE

{F}
{L}

dynamic load vector

modal participation factor vector

{r(t)} dynamic response vector

{U(s)} input vector in Laplace domain

{u(t)} input vector in time domain

{X(s)} state vector in Laplace domain

{z(t)} state vector in time domain

{Y'(s)} output vector in Laplace domain

{y(t)} output vector in time domain

{z(t)} transformed state vector in time domain

Matrix Variables [ ]

[a(jw)] receptance FRF matrix

relative to coupled matrix variables
diagonal matrix of systems poles
mode shapes matrix

diagonal singular values matrix

relative to the coupling form of matrix variables

[A(jw)] accelerance FRF matrix

state matrix

input matrix
output matrix
feed-through matrix

generic matrix

[H(w)] FRF matrix

identity matrix

stiffness matrix

modal participation factors matrix
lower residue matrix

mass matrix

projection of null-spaces [Np] and [N¢]

XX



NOMENCLATURE

[Ng] null-space of matrix [B]

[N¢] null-space of the matrix composed by the first 2 rows of matrix [Tg;]

[Q]  auxiliary variable matrix
[R] residue matrix

[S] auxiliary variable matrix
[T coupling matrix

[Ts;] Sjovall transformation matrix
[U]  left singular matrix

[UR] upper residue matrix

[V]  damping matrix

[W]  right singular matrix

[Z]  dynamic stiffness matrix
Referential

x,Y,z cartesian coordinate referential

xxi






Chapter 1

Introduction

1.1 Introduction

The substructuring idea was firstly developed in the 60s. This development was moti-
vated with the aim of solving a complex problem by decompose it in several and simpler
ones. When this solving approach is used to evaluate the dynamic behaviour of a structure
it is called dynamic substructuring.

The dynamic substructing permits the dynamic behaviour evaluation of one large com-
plex structure in a faster and simpler way. It also permits a deeper analysis to each sub-
structure, permitting a more effective modelling and optimization of each. In a industrial
point of view, it allows the share and the combination of parts modeled from different
project teams. On other hand, dynamic substructuring can be applied on models that
are identified completely analytically, completely experimental or experimental-analytical
models [de Klerk et al., 2008] [Konjerla, 2016].

After the analyze of each substructure dynamic behaviour, coupling must be performed
to obtain the dynamic behaviour of the intended complex structure. To perform coupling,
exists several techniques, from which two have been focus of intense research. Firstly, the
component mode synthesis (CMS) methods, for which the substructures are reduced to
a different domain (usually, modal domain) and then coupled. Secondly, the techniques
which are based on directly couple experimental data. From these techniques it can be
pointed the frequency based substructuring method (FBS) developed by Jetmundsen et
al. [Jetmundsen et al., 1988].

The state-space coupling methods are based on the construction of a state-space model
for each of substructures that coupling is intended. Afterwards, the coupling is performed
between each of the computed state-space models. These methods have not been so much
researched and are recent when comparing to the two other mentioned. However, two
mainly contributions must be referred. Firstly, the state-space coupling method proposed
by Su and Juang in paper [Su and Juang, 1994] and the proposed by Sjovall [Sjovall,
2004]. Both of these proposed approaches will be the starting point for the analyze to the
state-space coupling techniques.

It is important to refer that, even though the aim of this dissertation is the exploration
of state-space methods, the FBS method will be also analyzed. This is justified, because
this dissertation is focused in experimental coupling and the FBS method is mainly used
to this end. Thus, it is expected a comparison between the accuracy of the coupling results
obtained from FBS and state-space coupling methods.

On other hand, the CMS methods are mostly used to couple analytical models. For
analytical couplings, even though the substructures are in a reduced domain, the trans-
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1. Introduction

formation matrix is known and can be tracked, permitting the establishment of coupling
conditions (equilibrium and compatibility) in physical domain. In experimental substruc-
turing, the coupling conditions cannot be made in a physical domain, but rather in a
modal domain. The choice of the right modal coordinates to enforce coupling is not obvi-
ous, turning the establishment of the coupling conditions difficult [Gibanica, 2013]. For the
pointed reasons, this method will not be analyzed in this dissertation. For the interested
readers in CMS methods, the following reference is suggested [Craig and Kurdila, 2006].

1.2 Motivation

The interest in exploration of state-space coupling techniques is motivated for the
difficulty to perform coupling of measured data. The reason for this difficulty is the fact
of the most researched coupling methods are not totally suitable for this application. As
stated at section 2.1, CMS methods are problematic for experimental substructuring and
the FBS method suffer from numerical problems associated to ill conditioned matrices
[Gibanica, 2013].

In the past, one of the mainly difficulties of the state-space coupling methods were
the requirement of high quality estimations of the substructure state-space models from
measured data. Fortunately, developments have been made (see [Peeters et al., 2004] and
[El-Kafafy et al., 2015]) permitting a high quality estimation of these models. Therefore,
nowadays, the exploration of the state-space coupling techniques reveals promising in
experimental substructuring field.

1.3 State of the art

The state-space coupling techniques are recent comparing to others methods, for ex-
ample, the CMS or the FBS method. Therefore, these methods have not been so deeply
studied as the CMS or the FBS for which several developments could be pointed.

Two relevant studies in the field of statae-space coupling methods are given by Su and
Juand [Su and Juang, 1994] and Sjovall [Sjovall, 2004]. Some theoretical developments
in the approach proposed by Sjovall [Sjovall, 2004] have been performed, being the last
reference to this method, known by the author, performed in book [Allen et al., 2020].

The experimental coupling results presented in literature by the use of state-space
methods are rare. Gibanica et al. in paper [Gibanica et al., 2014], presents an experimen-
tal coupling between different blades and brackets of a wind turbine. Another example of
experimental coupling is given in book [Allen et al., 2020], where was performed an exper-
imental coupling between two major SUV components connected by four rubber bushings.
In this reference, the coupling was also enforced considering rotational and translation
motion.

Even though the state-space models estimation from measured data (system identi-
fication) are not the aim of this dissertation, in order to obtain high quality coupling
results, high quality identifications are fundamental. Therefore, some references will be
here presented for the interested readers.

Several developments in system identification methods have been performed in the
last years. Some of these developments based on subspace methods can be found in
[Overschee and de Moor, 1994], [Tomas McKelvey and Ljung, 1996], [Gibanica et al.,
2018] and [Gumussoy et al., 2018]. The system identification method which will be used
in this dissertation, is based on PolyMAX method and in an iterative method (ML-MM).

2



1.4. Objectives

These methods have been developed and analyzed in papers [Peeters et al., 2004] and
[El-Kafafy et al., 2015].

1.4 Objectives

The main objective of this dissertation is the exploration from scratch of state-space
coupling techniques, in order to find the best technique to perform experimental sub-
structuring. The main aim is also to perform a comparison between the accuracy of the
obtained coupled results by the state-space techniques and the results obtained by the use
of FBS method. To achieve this aim several objectives must be fulfilled, as the ones listed
bellow:

e Perform a deep analysis of the existent state-space techniques;
e Apply each of the analyzed state-space coupling methods to couple numerical models;

e Understand in a superficial manner the modal parameter estimation by the use of
PolyMAX and ML-MM methods and the state-space models estimation from the
estimated modal parameters;

e Apply each of the analyzed state-space techniques to couple numerical models, how-
ever now with state-space models expressed in modal coordinates;

e Understand which state-space technique would be the best to couple state-space
models expressed in modal coordinates;

e Perform coupling of real substructures by the use of the more suitable technique and
compare the obtained results with the measured ones and with the obtained by the
FBS method.

1.5 Layout

This document starts for present an introduction chapter, chapter 1, where is performed
an introduction to the substructuring idea. Afterwards, the motivation, the state of the
art, the objectives and the layout of this dissertation are presented.

In chapter 2, the theory used to perform this paper is presented. Starting for the pre-
sentation of the first order form and the computation of the FRF's from this formulation,
followed by the modal assurance criterion (MAC) and the singular value decomposition
(SVD) in sections 2.2, 2.3, 2.4 and 2.5, respectively. Then, the frequency based substruc-
turing method (FBS) is presented, followed by the presentation of two state-space coupling
methods and a discussion pointing some advantages and disadvantages of each presented
state-space coupling techniques, sections 2.6, 2.7.1, 2.7.2 and 2.7.3, respectively. In sec-
tion 2.8 an overview of the used system identification method and the computation of
the estimated state-space models is presented. After, the section 2.9 performs a practical
analyze to the coupling procedure with the method proposed by Su and Juang [Su and
Juang, 1994], when coupling estimated state-space models from measured data. Finally, it
is performed a discussion about the faced difficulties, when coupling non-rigidly connected
substrutures, at section 2.10.1. Then, two different approaches are presented to perform
this kind of couplings, at sections 2.10.2 and 2.10.3.

The chapter 3, presents in section 3.1 two numerical couplings. These couplings are per-
formed with state-space models defined with states related to degrees of freedom (DOF's)

3



1. Introduction

(theoretical state-space models). Afterwards, in section 3.2 another two numerical cou-
plings will be performed, however these state-space models are defined in modal coordi-
nates (experimental state-space models).

The chapter 4, includes the coupling of real measured data. This chapter includes three
sections. In the first and second sections, sections 4.1 and 4.2, two different mechanical
systems composed by two substructures are analyzed and coupled. Each of these sections
comprise three different subsections. The first performs a description of the mechanical
system in analyze, the second explains how the state-space model estimation for each part
was performed and the last explains in detail the coupling procedure. In the last section
of the chapter 4, in section 4.3, a discussion about the accuracy of the obtained coupling
results with the method developed by Su and Juang [Su and Juang, 1994] is performed.

Lastly, in chapter 5, the conclusion of this dissertation is performed and some possible
future works are proposed, sections 5.1 and 5.2, respectively.



Chapter 2

Background Theory

2.1 Introduction

The aim of this chapter is to present the theory behind this dissertation. Firstly, it
will be done a brief overview about the first order form (section 2.2). It will be explained
how this first order form can be obtained from the general second order form and the
procedure to compute FRF's from it (section 2.3). The modal assurance criterion (MAC)
parameter and the singular value decomposition (SVD) of a matrix will be also analyzed
at sections 2.4 and 2.5, respectively.

Secondly, three dynamic coupling methods will be analyzed. The frequency based
substructuring (section 2.6) and two different state-space coupling methods (section 2.9).
The first one proposed by Su and Juang in paper [Su and Juang, 1994] and the second one
presented by Sjovall [Sjovall, 2004]. These coupling methods will be presented focusing
rigid coupling.

Afterwards, it will be presented the utilized method to estimate state-space models
from measured data, in section 2.8. Then, the coupling of estimated state-space models
from measured data will be analyzed at section 2.9.1. Lastly, two different strategies to
perform non-rigid coupling by the use of state-space coupling methods will be presented
and discussed at section 2.10.

2.2 First Order Form

In dynamic experiments is common to express the differential equation of motion by a
first order form, instead by a second order form, which is very used in analytical analysis.
The reason for this choice is the fact that in dynamic experiments, the systems are analyzed
by measuring the response in different locals (outputs) induced by exciting different system
location points (inputs).

The first order form, directly, gives the relation between each of the inputs and the
outputs, justifying its preference for dynamic experiments. The state-space model of a
system can be easily obtained from its second order form. In order to illustrate the
procedure, let consider the following generic differential equation of motion (2.1) expressed
by a second order form

[M]{F()} + [VI{H(O)} + [K] {r()} = {F ()} (2.1)

where matrices [M] € R™*", [V] € R™"™ and [K] € R"™" are, respectively, the mass,
the damping and the stiffness matrices. The vectors {r(t)} € R"*! and {F(¢)} € R™*!
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represents the dynamic response vector and the dynamic load vector in time domain,
respectively. Note that, the value of variable n is equal to the number of DOFs.
A generic first order form is written as follows

{{i‘(t) = [A{z(t)} + [B{u(t)}
{y(®)} = [CHx(®)} + [Du®)}
where {z(t)} € R?>! represents the state vector, {u(t)} € R™*! represents the input
vector and {y(t)} € R™ ! represents the output vector, which can be composed by dis-

placement, velocity or acceleration outputs. The state vector includes both displacement
and velocity states and is given as follows

wn = {51 23)

The matrices [A] € R?"?" [B] € R* " [C] € R"™?" and [D] € R"™" have the
following physical meanings:

(2.2)

¥
¥

e Matrix [A] is the state matrix;
e Matrix [B] is the input matrix;
e Matrix [C] is the output matrix;

e Matrix [D] is the feed-through matrix and it is not a null matrix only when the
output is acceleration.

Note that, the following mathematical expressions are true
Fi=u;, i=1,..,n (24a) ri=v, t=1,..,n (2.4b)

where,
e i is the i* DOF;
e 1 is the number of DOFs;

Expressing in a explicit way the first block row of the generic state-space model pre-
sented at expression (2.2).

{iéii} = [4] {28} + [Bl{u(t)} (25)

Since the state vector includes both of displacement and velocity states, the matrices
[A] and [B] will be composed by two block rows. The first block row of the expression (2.5)
represents a dummy equation, which states that each velocity state is equal to itself. To
obtain the second block row, it is needed to solve the equation (2.1) in order to acceleration
as follows

{7(t)} = M7 ({F®)} = VI{F(0)} = [K{r(H)}) (2.6)
The state-space models here analyzed are defined directly by the stiffness, damping and
mass matrices. In experimental analysis these matrices are not known, hence these models

6



2.2. First Order Form

are theoretical ones. For theoretical models, the states are directly related to the considered
DOFs to analyze the mechanical system under test. Therefore, the displacement states will
provide in time domain the displacement associated to each DOF relatively to the reference
position, the velocity and acceleration states will provide in time domain the velocity and
the acceleration associated to each DOF, respectively. Thus, for these theoretical state-
space models the states express the DOFs dynamic response and, therefore states and
outputs will present the same physical meaning. So that, the following mathematical
expressions are true

XT; = T4, 7= 1, N (27&) Ti = Yi, = 17 w1 (27b)

where,
e i is the i" DOF;
e n is the number of DOF's;

Since the mathematical expressions (2.7a) and (2.4a) are true, the equation (2.6) can
be directly inserted in the second block row of matrices [A] and [B] as follows

)Lt il G} [ s

Where [I] € R™*™ represents the identity matrix.

Since the expression (2.7b) is true for theoretical state-space models, the matrices [C]
and [D] can be deduced by the use of a similar approach as used for the deduction of
matrices [A] and [B]. However, firstly the choice of the outputs should be made. In
experimental mechanics the use of accelerometers to measure the dynamic response is
common. Hence, the usual output is acceleration, for that reason the considered output
in the deduction of [C] and [D] matrices will be acceleration. Since the considered output
will be acceleration and because of the presented relation at equation (2.7b), the matrix
[C] will be given by the second block row of matrix [A] and the matrix [D] will be given
by the second block row of matrix [B], as follows

g} = -M'K M~V ] {ﬁﬁg} + [ M7 [ {u(®)} (2.9)

The matrices deduced in the equations (2.8) and (2.9) are following presented

4] = [—Mo‘lK —MI‘1V}’ Bl = [Mo‘l] (2.10)

€= [-M'K ~M~'V], [D]=[M7Y]

If the considered output is velocity the matrices [C] and [D] are included in the first
block row of the matrices [A] and [B], respectively, and would be given as follows

=10 1] {igg} +10]{u®)} (2.11)

Whereas, if the output is displacement the matrices [C] and [D] would be given as
follows
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{fyt)}=[1 0] {igg} + 10 J{u(t)} (2.12)

Note that, the performed demonstrations and affirmations in this section are just valid
for theoretical state-space models.

2.3 Frequency Response Functions

By the first order differential equations it is possible to obtain the frequency response
functions (FRF) of the mechanical system in analyse. For such determination, the first
order form should be written in frequency domain, instead of in time domain, as it was
presented in equation (2.2). In order to rewrite the state-space model in frequency do-
main, a Laplace transformation must be applied. The Laplace transformation of a generic
function f(t) is given as follows

F(o) = Lif0)] = [ s (2.13)

Note that capital letters represents frequency domain variables and small letters rep-
resents time domain variables.

Applying a Laplace transformation to the state-space model presented at expression
(2.2) and using the following Laplace transformation property

d
L|S10)| = sF(s) - 1(0) (2.14)

The state-space model (see expression (2.2)) rewritten in frequency domain is given as

follows

{SX(S) —(0) = [A]X(s) + [B]U(s) (2.15)

Y(s) = [C1X(s) + [D]U(s)
Rewriting the first block row of the state-space model (2.15) in order to variable X (s)

X(s)(s[1] — [A]) = 2(0) + [BJU(s) (2.16)

Dividing equation (2.16) by (s[/] — [A]) and assuming null initial conditions, z(0) = 0,
#(0) = 0

X(s) = (s[1] = [A)~'[BIU(s) (2.17)

Substituting the value of X (s), given in equation (2.17), in the second block row of
the state-space model presented at expression (2.15)

Y (s) = ([C(s[1] — [A) ' [B] + [D])U (s) (2.18)

The frequency response function receptance (FRF), a;;(jw) is given by the response
(displacement) phasor in the degree of freedom i caused by the application of an harmonic
force, which amplitude is unitary, in the degree of freedom j. The FRF mobility and
accelerance have a similar definition. However, instead of the displacement response it is
calculated by the velocity and acceleration response, respectively. Thus, is simple to get
the frequency response functions with the equation (2.18). For that purpose, the ratio

EEZ% should be calculated as follows




2.4. Modal Assurance Criterion

= [C](sl1] - [A)~'[B] + [D] (2.19)

The FRF that is obtained by the equation (2.19) depends on the considered input and
output. In general, the considered input is force. The chosen output can be displacement,
velocity or acceleration. Thus, the FRF that would be obtained is receptance, mobility or
accelerance, respectively.

2.4 Modal Assurance Criterion

The modal assurance criterion (MAC) parameter is defined as the squared correlation
coefficient between two vectors. This parameter is calculated as follows

| {7} {w} |

MACy s = T B D (W)

(2.20)

where,
e |e| denotes the absolute value of a number;
e {v,}and {7} are two different vectors, which a measure of its correlation is intended,;
e {e}7 denotes the transpose of a vector.

In mechanical dynamics applications, the MAC parameter is mainly used to quantify
the degree of correlation between two sets of mode shape data. Therefore, if the MAC
parameter value is close to 0 it signifies that both of evaluated mode shapes are not from
the same mode, whereas if the value is close to 1 the both evaluated mode shapes are in
fact from the same mode. However, this parameter continues to be valid to evaluate the
correlation between two vectors, whatever its physical meaning [Ewins, 2000].

2.5 Singular Value Decomposition

The singular value decomposition assumes that for a real matrix [G] of dimensions
p X ¢, exists a p x p orthogonal matrix [U], a ¢ X g orthogonal matrix [W] and a p x ¢
diagonal matrix [X] (possibly a diagonal square matrix augmented with zero rows and
columns). The [G] matrix decomposition is given as follows

(6] = U] (=] [W]" (2.21)

where, [o]” denotes the transpose of a matrix. The [U] and [W] matrices consists of left
and right singular vectors of [G] and [¥] is the diagonal singular value matrix of matrix

G].

In the case of matrix [G] is complex, the expression (2.21) becomes

[G] = [U] [=] (W) (2.22)

where, superscript [8]/7 denotes the complex conjugate transpose of a matrix [He and Fu,
2001][Ewins, 2000].

If the singular value decomposition is applied to a FRF matrix, the matrices [U], [X]
and [W] will have the following meaning [Siemens, 2018]:

9
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e [U] is the left singular matrix corresponding to the mode shape matrix;
e [Y] is a diagonal matrix composed by the FRF singular values;

e [W] is the right singular matrix corresponding to the matrix of modal participation
factors.

The singular values are usually extracted and presented in descending order. The rank
of a matrix is a measure of the independence of the rows and columns and directly reflects
its non-singularity. If all the singular values (o) of a matrix are non-zero, the matrix is of
full rank, is non-singular and is essentially well-conditioned from a numerical processing
point of view. Otherwise, if one of the singular values is zero or close to zero, the matrix
is rank-deficient, presenting a very high condition number and is singular.

An important measure that reflects the singularity of a matrix is the condition number.
The condition number is the ratio between the greater and the lower singular value. If this
number is very high the matrix is singular. In this situations, a usual practice is to replace
any element of the matrix [¥], which would become infinite if defined by (1) with a zero.
In fact, the obtained solution will be an approximation, however the matrix inversion will
be possible.

In mechanical dynamical applications, when the SVD is applied to an FRF and it is
realized that one singular value of the diagonal singular value matrix is very small when
compared to others or is zero, this means that the system have been analyzed supposing
that it presents more degrees of freedom than it really presents. Therefore, the fact of
the FRF matrix be singular is due of the problem not being well posed. This means that
the SVD has the power to determinate the true order of the system under testing [Ewins,
2000].

2.6 Frequency Based Substructuring

The frequency based substructuring (FBS) is a well-known method used to enforce
mechanical coupling between substructures. This method enforce coupling, directly, with
the measured FRFs. Many formulations of FBS method are available in literature. In this
section the formulation presented in paper [Su and Juang, 1994] will be exposed.

In order to understand how this method works let couple the substructures o and 3
presented in figure 2.1.

I I
| a e ] B |

Ya Ya
¥ @ Yp  up
.—-—EJ J—)J’

Figure 2.1: Mechanical System [Su and Juang, 1994]
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The input-output transfer functions (FRFs) relations for both substructures are given

as follows
I T g7 [
)= o] [ 22
I I g7 ol
gl = o gl | (2.24)
[95 Hp" Hp"| |up

where, the superscripts I and J are related to internal and interface degrees of freedom,
respectively. The variable y is the output which can be displacement, velocity or acceler-
ation, Lastly, the variable w is the input, which in general is a force.

For its turn the FRFs relations for the assembled structure are given as follows

i Hy Hyy His) [ag
Us| = |Hun Hyp Hz| |uf (2.25)
y’ H31 Hszy Hss| [u’

Note that, top bar variables are related to coupled variables.

In order to achieve the assembled structure FRFs from the uncoupled substructure
FRFs, the compatibility and equilibrium conditions have to be enforced.

The compatibility condition states that the physical motion of the two substructures
at the interface is the same. Thus, the compatibility equation is given as follows [Seijs,
2016]

v =yl=uy} (2.26)

On other hand, the equilibrium condition states that the sum of the internal forces
has to be equal to the external applied forces. On other words, the applied force on the
coupled DOF, must be equal to the sum of the applied force in each DOF that will be
coupled. Thus, this condition can be written as follows

al =ul + ué (2.27)

By the equation (2.26) and the bottom block rows of the system of equations presented
at expressions (2.23) and (2.24)

= ()5 () 223)
ué = (HB”)_IQJ - (Hb]‘])_lenué (2.29)
Adding both equations (2.28) and (2.29)

a’ = (Hy)"'y! — (HY) " H g + (HE )7y — () T H (2.30)

Solving the equation (2.30), in order to 77/

((HO{J)fl + (HBIJ)fl)gJ — (H(iJ)le&IIUi + (HBIJ)leEHué _|-ﬁJ

<=>y" = ((H) + =) )N H) T H el + (H) T HG g+ al) (2.31)
The following conditions can be stated

11
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vh=9L  wyh=up ul=ul  uh=a] (2.32)

Substituting the equations (2.28), (2.29), (2.31) and (2.32) into equations (2.23) and
(2.24) the coupled structure FRFs are obtained as follows

Hy=H - HY(H] +H]) ' H]
Hy =1 (H] + H]) " HY!
Hys = HY(H] + Hf')"'Hy’
Hy = HY (H] + Hf)"'H]
Hyy = HY' — HY(H]" + H] )" HJ! (2.33)
Hys = HY (H] + H')"'H]’
Hs = HY'(H]" + H])"'H]!
ﬁgg = H&]J(H&]J + ng)ilHB”
Hgg = H&]J(H&]J + HB]J)ilHB]J
Again, depending on the chosen output, displacement, velocity or acceleration, the
obtained FRF will be receptance, mobility or accelerance, respectively. As this expressions
were deduced it just permit the coupling of two substructures at same time. However, in
some analyses it can be necessary the assembling of more than two substructures. Thus,
this coupling should be generalized.

Considering the FRFs relation (for one generalized substructure composed by more
than two substructures) as follows

I T ol [0
Y H H U
[yj] = [HJI HJJ] [UJ] (2.34)
where,
e e
'y = b, {y'y = |vp (2.35)
(' =|¥s|, {¥/}=|¥5 (2.36)

Assuming, again, that the top bar variables are related to the assembled substructure,
the FRF for the assembled structure will be

2] = [ fos] [ s

Introducing the coupling matrix [T'], the compatibility and equilibrium conditions can
be written as follows

y! =17y’ (2.38)

a’ =Tu’ (2.39)
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2.7. State-space coupling: theoretical state-space models

Substituting the condition expressed by equation (2.38) in the bottom block row of the
system of equations presented at expression (2.34)

' = H' Tyl + 5!
<=> TPy = B0 4+ B!

<=> (H')'T"y) = (=) H W ! (2.40)
Multiplying the equation (2.40) by the [T] matrix and by the equilibrium equation
(2.39)

T(HJJ)flTTgJ — T(HJJ)leJIuI + TUJ

<=>y’ = [T(H)'TT]TH) T H W+ ) (2.41)

Lastly, by the substitution of the equations (2.40) and (2.41) in the system of equations
(2.34), the assembled structure FRF's are obtained.

gJJ — [T(HJJ)—ITT]—I
HII — HII _HIJ(HJJ)—IHJI+HIJ(HJJ)—lTTHJJT(HJJ)—lHJI
HIJ — HIJ(HJJ)—ITTHJJ
HJI — gJJT(HJJ)_lHJI

(2.42)

In fact, the FBS method is much more used than the state-space coupling methods,
which analyse is the objective of the presented paper. The choice for this method is
justified for its simplicity and for being simpler applied.

Note that, with the measured FRFs of one component it is obtained the component
FRFs. Thus, the FBS method can be directly applied to the obtained FRFs. On the other
hand, by the use of state-space coupling methods, the obtained FRFs should be identified
and transformed into a state-space model. This estimation should be almost perfect, in
order to obtain high quality coupling results. However, this procedure is complex and is
not always simple to obtain an high quality estimated state-space model from measured
data (see section 2.8).

Even though the simple applicability of the FBS method compared to the state-space
coupling methods, the FBS method reveals some numerical problems. These problems are
due, for example, to noisy measured data and ill-conditioned matrix inversions (see equa-
tions (2.42)). Therefore, sometimes, the estimate of the coupled FRF's is poor, specially
for more complex problems with a non-linear mechanical behaviour.

Thus, the exploration of another coupling techniques, in order to overcome these prob-
lems is the main reason for the research of state-space coupling methods.

2.7 State-space coupling: theoretical state-space models

In this section two state-space coupling methods will be discussed. The first one
was proposed by Su and Juang [Su and Juang, 1994]. The another one was proposed
by Sjovall [Sjovall, 2004]. The main objective is to understand the physical principles

13



2. Background Theory

behind both methods and make a comparison between both, pointing some advantages
and disadvantages.

In chapter 3 some numerical models will be coupled with each method and the results
will be compared. The mathematical demonstration of the coupled state-space model will
be also done for each method. However, it will be present in appendices of this dissertation.

The full demonstration of the coupled state-space model of the approach proposed by
Su and Juang [Su and Juang, 1994] will be performed at appendix A, the deduction of
coupling form and the coupled state-space model of the Sjovall approach [Sjovall, 2004]
will be performed at appendices B and C, respectively.

2.7.1 State-space coupling method proposed by Su and Juang

In this subsection, the state-space coupling method proposed by Su and Juang [Su
and Juang, 1994] will be explored. The basis conditions of the coupling is transverse to
every coupling methods. As already performed for the FBS method (see section 2.6), the
enforcement of the compatibility and equilibrium conditions along the interfaces of the
substructures is the fundamental step.

The compatibility condition states that the matching pairs of degrees of freedom (DOF)
must have the same output value and signal. Hence, the physical motion of the substruc-
tures at the interface have to be the same. The equilibrium condition states that the sum
of the internal forces at the interface must be equal to the external force applied. Note
that, the compatibility condition is responsible for the relation between outputs, while the
equilibrium condition relates the inputs.

For a successful implementation of this method, it is fundamental to understand these
simple conditions. Thus, it is of interest to analyze a simple mechanical system to demon-
strate how the equilibrium and compatibility conditions must be established.

J_I
Xy
ny

- kp1s o1

Substructure B

X3

my

]
—

Substructure A

Figure 2.2: Mechanical System n® 1: Su and Juang method

For the mechanical system presented in figure 2.2 the DOFs that are going to be
coupled are the number 2 and the number 3. Thus, the compatibility condition imposes
that the outputs related to DOFs 2 and 3 has the same physical motion, which is equal
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to the physical motion of the coupled DOF. The following compatibility condition can be
established

Y2=Y3=1Y (2.43)

Again, top bar variables will be related to the assembled structure.

On other hand, the equilibrium equation states that the sum of internal forces at the
interface has to be equal to the external applied forces. On other words and applying
to the presented mechanical system at figure 2.2, the applied force on the coupled DOF
related to the sum of the masses mo and mg is equal to the sum of the forces applied on
each DOF related to masses mo and mg. Thus, the applied force in the coupled DOF will
be

Uy + Uz =1u (244)

In order to express these conditions in a simpler manner, a coupling matrix [77] is intro-
duced. By the use of this matrix the relationship between coupled DOFs and uncoupled
ones is given as follows

| =y (2.45)
a=[T] [Zj (2.46)

Therefore, for the presented mechanical system the [T'] matrix is given as follows

[T]=0[1 1] (2.47)

Note that [T] matrix will always have a number of columns equal to the interface
degrees of freedom. Omn other hand, the number of rows will be equal to the coupled
DOFs, i.e, number of interface DOFs after coupling (in this example, will be just one).

The affirmations about the number of [T] matrix rows and columns are explained by
the observation of the mathematical expressions (2.45) and (2.46). For example, by the
observation of expression (2.45) it can be observed that for the condition be respected the
number of rows should be equal to the number of interface DOFs after coupling. Moreover,
the affirmation about the number of [T] matrix columns can be verified, for example, by
the observation of equation (2.46), where the number of columns has to be equal to the
number of the DOF's which will be coupled, in order to verify the expression.

After full understand the base conditions (compatibility and equilibrium) and how to
construct the [T'] matrix, it is moment to start the coupling procedure. The first step is the
computation of the uncoupled acceleration state-space models for each of substructures
that will be coupled (see expression (2.8)). Secondly, a uncoupled diagonal acceleration
state-space model from the uncoupled state-space models should be established as follows

(¢} = [ol(a} + (85 B5) |!]

I 1 11 1J I
v | _|Cph Dy Dy |u
o= L) e Lo o]

where the subscript D represents diagonal matrices and the superscripts I and J represents
internal and interface degrees of freedom, respectively. The diagonal matrices are build as
follows

(2.48)
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[ A, i Bl
[Ap] = Ag , [Bh) = Bj

o : it (2.49)
(Ch] = Cj . [DH] = DY

Here, it is just present how to construct the diagonal matrices [Bp], [Cp] and [Dp]
related to the internal DOFs. However, the construction for the interface, for internal-
interface and for interface-interface DOFs (as it succeeds for the matrix [Dp]) is equal.
Note also, that the Greek letters subscripts represents the various substructures that are
wanted to be coupled. The output and input vectors are given by

ul)] 4
I J
{uy = Y|, {u'}=|Y

" - (2.50)

'y =¥, {¥/}= ¥

The coupled state-space model is achieved by the enforcement of the compatibility
and equilibrium conditions at the interfaces between substructures. This enforcement is
performed on the uncoupled diagonal acceleration state-space model (expression (2.48)).
All the mathematical procedure is presented at appendix A, in this section the coupled
state-space model will be just presented as follows

@) =)+ (5 5] 1]
- £

As it had been discussed the relationship between the interface uncoupled and coupled
DOFs can be established by the [T] matrix as follows

(2.51)

{y'}y = (1" (7"} (2.52)

{u’} = [T{u"} (2.53)

In its turn, the relationship between internal uncoupled and coupled outputs is a
equality relation.

{v'} =" (2.54)

The same can be pointed for the inputs.

ful}y = {a'} (2.55)
Since, in a theoretical state-space model the states are directly related to DOFs the
following expression is also true.
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Ty = Yi, i=1,...,n (2.56)

where,
e i is the i* DOF;
e 7 is the number of DOFs;

Assuming that, the number of states is equal to the number of outputs, the variable n
will be equal to the number of considered DOFs.

In order to deduce how the coupled matrices [A], [B], [C] and [D] are constructed,
the relations established in the equations (2.52), (2.53), (2.54) and (2.55) have to be
introduced in the uncoupled acceleration diagonal state-space model (see equation (2.48)).
This mathematical demonstration is presented in appendix A.

After the performance of the mathematical deduction, it can be concluded that the
coupled matrices are build as follows

[A] = Ap + BpQCY
[B] = [Bp + Bp@Dp' Bp(Dp') =T S™]
= CL+ DY QC) }
o= | o+ D5, (2.57)
11 1J JI 1J JJI\=1pT ¢—1
D)= | et gy PP
S=IT(D)~1 DY; s
Where the auxiliary variables [S] and [Q)] are given by

18] = T(DHHY 1T (2.58)
Q] = (D) ' TSI T(DE) ! — (D)~ (2.59)

At this moment, the coupled matrices are deduced and can be obtained with the un-
coupled state-space models of each substructure. However, the reader should be alerted for
some details that one superficial observation could hide. Firstly, observe how the uncou-
pled diagonal state-space model is obtained ( see equation (2.49)). Note that, because of
matrix [Ap] construction, the state vector will not have the usual arrangement. Thus, the
coupled state vector will have the same arrangement as the state vector of the uncoupled
diagonal state-space model. In expression (2.60) it can be observed the obtained coupled
state vector and the intended one,

1
)
{7a}

{Zope} = {35.5} o A%} = 1’1 (2.60)

i)

where, top bar variables are related to coupled variables. The subscripts obt and int
represents obtained and intended state vectors, respectively.

The obtained state vector is, firstly, composed by all the states related to substructure
«, displacement and velocity states. Then, all the states related to substructure S until
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the last substructure. In the usual state vector instead of organized by substructures, it
is organized by the numeration of structure DOFs, coming firstly all the states related to
the displacement and after the ones related to velocity. Therefore, a rearrangement of the
state vector must be performed, which implies a rearrangement of [A] matrix rows and
columns as well a rearrangement of the [B] matrix rows in accordance with state vector
rearrangement,.

In its turn, the input vector has a different rearrangement than the usual one. Again,
the construction of the diagonal uncoupled state-space matrices is the reason. As it can be
observed in equation (2.50), the matrix [Bp] is obtained firstly by the matrix [B] columns
of each uncoupled substructure related to internal DOFs and after by the columns related
to the interface DOFs. Hence, the inputs arrangement of the obtained coupled input
vector does not coincide with the intended one. The arrangement of the obtained coupled
input vector and the intended one are presented as follows

[{ud}]
{uf}
: w
{ﬂobt} = {ui} ) {ﬂlnt} = u:2 (261)
{uf

This fact implies a rearrangement of the [B] matrix columns in accordance with input
vector rearrangement.

Note that, the rearrangement of [A] and [B] matrices is not related to the quality of
the obtained results. However, this is essential to know the position of each state, input
and output in the respective vector, specially when is intended to couple a large number
of substructures.

Summarizing, it is needed two different rearrangements. Firstly, a rearrangement of [A]
matrix rows and columns, and for the rows of [B] matrix in accordance with state vector
rearrangement. Secondly, the rearrangement of the [B] matrix columns in accordance with
input vector rearrangement.

Another relevant aspect is that the obtained coupled state-space model is not a minimal-
order one. This means that it is considered an excess of states in the state-space model.
In fact, the excess number of states will appear due the coupling procedure. For example,
for the coupling of the two substructures presented in figure 2.2, instead of the presence
in the state vector of the state related to the coupled DOF (z) it will be present the both
interface states (x4 and x3), which in reality has the same physical meaning (see equations
(2.43) and (2.56)). Note that, the same will occur for the, respectively, velocity states.

Analyzing the generic state-space model (see equation (2.2)), it can be realized that
each row of the [A] matrix is multiplied by the state vector. By the compatibility condition
(see equation (2.43)) and by the equality relation presented in equation (2.56), it is known
that z=x9=x3. Therefore, to achieve a minimal-order state-space vector the columns
of the [A] matrix which will multiply by the states xo and x3, and 2 and i3 must be
added. After adding both columns, one of both should be kept, while the other should be
removed, as well the correspondent row. This row elimination should be also performed
for the matrix [B], however for this matrix no columns must be added neither eliminated.
The four states (w2, x3, 2, #3) should be, therefore replaced by just two states, z and .

Note that, the compatibility and equilibrium conditions (see equations (2.43) and
(2.44)) will guarantee the achievement of minimal-order input and output vectors. These
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2.7. State-space coupling: theoretical state-space models

vectors will, instantly, contain the coupled inputs and outputs, while the uncoupled in-
terface ones will not be present. This is the reason for not perform any sum neither any
matrix [B] columns elimination.

The last step, is the matrices [C] and [D] computation. Assuming, acceleration outputs
the matrix [C] will be equal to the second block row of the matrix [A], while the [D] will
be equal to the second block row of matrix [B] (see section 2.2).

2.7.2 State-space coupling method proposed by Sjovall

The state-space coupling method proposed by Sjovall [Sjovall, 2004] is derived from
the one proposed by Su and Juang [Su and Juang, 1994]. The aim for the development
of this approach is, directly, obtain the coupled state-space model in a minimal-order
form. Therefore, no states elimination is needed, eliminating some possible difficulties and
mistakes that could occur in that process.

This method starts for the transformation of the substructures state-space model into
a coupling form. In order to perform this transformation, a transformation matrix [Ts;]
for the substructure is established as follows[Abrahamsson, 2018][Allen et al., 2020]

C
[Tsi] = |CA (2.62)
N

where, [A] and [C] matrices are taken from the substructure displacement state-space
model. The matrix [N] presented in the [Tg;] matrix is the projection of two different
null-spaces, [Ng| and [N¢]

N = N¢NE(NgNE)"INp (2.63)
where,
NpB =0 (2.64)
Cl . r
[OA] NE=0 (2.65)

The coupling form of the substructure state-space models, is achieved by transforming
the state vector, as follows

z=Tgjx (2.66)

Remembering the generic state-space model (see expression (2.2))

{{a‘s(t)} = [ANa(0)} + [Bl{u(t)} (267
{y()} = [Cl{=(®)} + [DHu(t)}
By the equation (2.66)

T = TS_jlz (2.68)

Substituting the value of = (see equation (2.68)) in the generic state-space model (see
equation (2.67)), the coupling form of the substructure state-space model is obtained as
follows
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{y®)} = [CNTs;] 7 {=(1)} + [DHu(t)}

The presented state-space model in equation (2.69) can be also expressed as follows

{{z(i){ - [A{z(t)} + [BH{u(t)} (2.70)

{y(®)} = [CH=(t)} + [Dl{u(t)}

Since, the matrices [C] and [D] can be computed from the matrices [A] and [B],
respectively (see section 2.2), from now on just the [A] and [B] matrices of this state-space
model will be presented and analyzed.

Assuming that the coupling of two generic substructures A and B is intended to be
performed, the first block row of the coupling form of the state-space model of a generic
substructure A by explicit presenting the matrices [A] and [E] is given as follows

{{,,,-,(t)} = [Ts,][AlTs;] " {z(t)} + [Ts;][Bl{u(t)} (2.69)

Ye 0 I 0 Ye 0
jo| = [Aj Ad AN |de| + | B | () (2.71)
il AR AL AL | 0

Note that, the proof for the structure of matrices [A] and [B] is given at appendix B.

In equation (2.71) the therm B} is the inverse of the interface inertia related to the
interface DOF of the generic substructure A. The variables with subscripts b and ¢ are
related to internal and interface degrees of freedom, respectively. Variables d and v are
related to displacement and velocity, respectively. Again, over bar variables are related to
the assembled structure.

After the achievement of both substructure state-space models expressed in coupling
form, the compatibility and equilibrium conditions must be enforced, in order to obtain the
coupled structure state-space model. By the enforcement of both conditions, the following
coupled matrices are obtained

0 I 0 0 0
1 A’Ud AU’U A’fb Al?b D1 va
ABAB 0 AB 0
where,
o By = ((By,) "' + (B
o Ava=Bu((By,) ' Ajy + (BR) AR ™
o Ay = Buu((By,) AL, + (BR) T AR)
o Af = Bu(By,) " Ay
o AB = B,,(BJ)"1AB;
The coupling form of the coupled state-space model is given as follows
7 o I 0 0 ] 0
Zj _ Avd Avv AUA(, Aﬁ, ﬂ va —
i T g ad ol o | e T o | @ (2.73)
i ABAB 0 AR 2P 0
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2.7. State-space coupling: theoretical state-space models

The mathematical proof for the achievement of the coupling form of the coupled state-
space model is presented at appendix C. Note that, the presented variables azf and ;U{f, in
fact represents the displacement and velocity states as follows

it =[] e =[] (2.71)

Analyzing the coupling form of the coupled state-space model (see equation (2.73)),
it can be realized that the unique rows related to coupled outputs and inputs are the
first and the second. The rest of the rows, are just directly taken from the substructure
state-space models.

The construction of the coupled state-space model is needed. This construction has
to be made manually. Starting for the [A] matrix construction and by taking as example
the mechanical system presented at figure 2.2, the intended state vector for the coupled
state-space model would be the following

(z}=|* (2.75)

Ty

To perform such construction, firstly the rows related to the internal states of the
substructure A state-space model should be inserted, then the coupled row obtained from
the coupling form of the coupled state-space model (see expression (2.73)) and finally the
rows related to the internal states of the substructure B state-space model. Note that,
the described sequence should be done for the rows related to velocity states and then
repeated for the rows related to acceleration ones. On other hand, for each of the inserted
rows, a different column rearrangement has to be performed.

In its turn, let focus in construction of [B] matrix. The second Newton law establishes
a relation between force and acceleration (see equation (2.76)). Thus, the mass related to
each DOF will directly contribute for the acceleration state related to the same DOF.

F=mxa (2.76)

On other hand, there is no direct relation between velocity and force. Therefore, the
first block row of the [B] matrix, which is related to velocity states should be composed
by null terms. For the second block row, it should be composed by a diagonal matrix.
This diagonal matrix must include the inverse of the mass related to each DOF.

2.7.3 Comparing the presented approaches

After analysing both of the methods, it will be of interest to point some advantages
and disadvantages between both. The method proposed by Su and Juang [Su and Juang,
1994] is simple, permitting the coupling of several substructures at same time, and sev-
eral interface DOF's, even if shared by more than two substructures. However, has the
disadvantage of the coupled state-space model be obtained in a non minimal-order form.

On other hand, the Sjovall approach [Sjovall, 2004] permits the, instantly, achievement
of a minimal order state-space model. Even though the presented advantage, this method
also has some disadvantages. To start, the formulation is complex, specially for the trans-
formation matrix [T's;]. Moreover, it does not allow the coupling of more than two system
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at same time. The coupling of multiple system has to be performed step by step. It is
not possible to couple DOF's which are shared by more than two substructures. Another
disadvantage is that instead of just needing one arrangement of rows and columns of [A]
matrix, it will be need several ones. If it is expected to couple several DOFs even more
arrangements will be needed. To finish, in order to achieve the coupled state-space model,
it is, firstly, necessary the computation of the coupling form of the coupled state-space
model to obtain the coupled rows. Secondly, it is necessary a manually construction of the

coupled state-space model.

2.8 PolyMAX combined with ML-MM method

The aim of this section is the performance of a superficial description of the used
method to estimate state-space models from measured FRFs. This is not the objective of
the present dissertation, justifying the superficial analyse to it. For a detail exploration on
PolyMAX method the readers are forwarded to [Peeters et al., 2004]. On other hand, for
a detail exploration in the combined use of PolyMAX and ML-MM methods the readers
are forwarded to [El-Kafafy et al., 2015].

2.8.1 PolyMAX method

The PolyMAX method is a polyreference version of the least-squares complex frequency-
domain (LSCF) estimation method. In fact, the interest in LSCF method started be-
cause very clear stabilisation diagrams were obtained. This method estimates a common-
denominator model, which closely fit the measured FRF's data. However, when this model
is converted to a modal model by reducing residues using the singular value decomposition
(see section 2.5) the quality of the fit decreases. On other hand, the stabilization diagram
is constructed just with pole information (eigenfrequencies and damping ratios), no more
information is available. This fact results that closely spaced poles will erroneously appear
as just a single pole.

In order to overcome the two pointed limitations of LSCF method it was developed
PolyMAX, which is a polyreference version of the LSCF method. Using PolyMAX, at
the construction of the stabilization diagrams it is not only known the pole information,
but also the modal participation factors. This fact, avoid the use of SVD (singular value
decomposition) step and closely spaced poles can be separated.

In order to estimate the modal parameters with PolyMAX method it is common to
over-specify the model order considerably, trying to fit high order models, which contains
more modes than presented in the data. Afterwards, the physical and mathematical modes
are identified from the stabilization diagram (see figure G.1). This chart is obtained by
repeating the analysis for increasing model order, in each analyze the poles are calculated
from the estimated denominator coefficients. The identification of the physical meaning
poles (real poles of the system) and the mathematical poles can be done from this diagram.
The physical poles tend to appear for each estimation order at nearly identical locations,
while the mathematical ones tend to appear in different positions. Thus, if the differences
observed in the different analyses are within pre-set limits, the pole is considered a physical
one, if it is not the pole is neglected. By the use of PolyMAX method this identification
is simpler since the non physical poles are estimated with a negative damping ratio.

The pre-sets limits, in order to identify real physical poles are established between two
consecutive model orders, and are related to the following parameters:
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2.8. PolyMAX combined with ML-MM method

e Maximum variation of MAC (see section 2.4) value for the modal participation vec-
tors;

e Maximum frequency variation;

e Maximum damping ratio variation.

By the stabilization diagram interpretation it is identified a set of poles and the modal
participation factors. The mode shapes can then be found by considering the modal model.

Assuming, that the system under testing presents a sub-critic damping, for all its
vibration modes, which means that[Rodrigues, 2018|

0<& <1 VreN (2.77)

where, £, is the damping ratio of the r** system vibration mode. A generic displace-
ment FRF can be expressed by the following modal model [International, 2000][Guillaume,
n.d.][International, 2012]

N /IR, R,J* LR
[H(w)] = ; <J¢£ —]A,« + jL _]A:> + [52 ] + [UR] (2.78)

where,

e N, is the number of identified modes;

s is the Laplace variable;

subscript [e]* denotes the complex conjugate of a matrix;

[R,] is the r*" residue matrix;

A\ is the rt" pole:

[LR] and [UR] are the lower and upper residuals matrices modelling respectively
the influence of the lower and upper out-of-band modes in the considered frequency
band.

The poles will appear in a complex conjugate pairs, as follows
Ay Ap = =&y £ jwnry/1 — €2 (2.79)
where,
e Wy, is the undamped natural frequency of the r** vibration mode;
e j is the complex operator (j = v/—1).
The residue matrix presented at equation (2.78) is given by the following expression

R, = ar{To},{T;}, (2.80)

where,

e {¥,}, is the mode shape vector (column) of the r*" vibration mode with mode shapes
coefficients at the output DOFs;
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e {I;}, is the mode shape vector (row) of the r** vibration mode with mode shapes
coefficients at the input DOFs;

e a, is a complex scaling constant of the r** mode shape, which value is determined
by the scaling of the mode shapes.

The residue matrix can also be expressed as follows

[Rr] = {‘IIO}T{L}T‘ (2.81)

where, vector {L}, is a row vector, its coefficients expresses the participation of the mode
r in the response of each input DOF. The coefficients which composes this vector are called
modal participation factors.

Remembering equation (2.80) the following relation can be established

a{¥;}, = {L}, (2.82)

Assuming that the structure under test has a proportional damping and, thus, will
present real mode shapes, the scaling factor ag is given as follows

__J
2myway

ap = (283)

where,
e j is the complex operator (j = v/—1);
e m, is the modal mass of mode r;
e Wy, is the damped natural frequency.

Again, by assuming that the structure under testing presents a sub-critic damping, the
damped natural frequency is related with the undamped one as follows

War = Wnry/1 — &2 (2.84)

The generic displacement modal model of an FRF can be thus computed as follows

Nm * *
[H(w)] _ Z ({\IIO}T{L}T + {\IIO}T‘{L}T> + [LR] + [UR] (285)

=\ Jw—Ar Jw — ¥ 52

Observing the equation (2.85) the unique unknowns are the mode shapes, the lower and
upper residuals, which can be obtained by solving that equation in a linear least-squares
sense.

2.8.2 ML-MM: maximum likelihood modal model-based method

The ML-MM is an iterative method based on solving a non-linear optimization prob-
lem. Thus, initial values for the modal model parameters are needed to start the optimiza-
tion process. These initial values are obtained with PolyMAX method. As it was referred
this method estimates the poles and the participation modal factors of the physical modes
within the frequency band of interest. Afterwards, the mode shapes, the lower and upper
residuals are estimated by solving equation (2.85) in a linear least-square sense.

The optimization procedure has the aim to minimize a cost-function by the use of
Gauss-Newton optimization. This procedure is done in two different stages. At each
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iteration, ML-MM solver consider the poles and the modal participation factors as the
parameters to be updated, while the mode shapes and the lower and upper residuals
are calculated in a linear least-squares formulation by the use of the updated poles and
participation factors and with the measured FRFs.

The final of this optimization process is defined by an relative error between two
consecutive calculated cost-functions or by reaching the maximum number of iterations.

2.8.3 Implementation of system identification method and estimation of
state-space models

Summarizing the exposed steps, in order to implement the PolyMAX combined with
ML-MM method:

1. Obtain with PolyMAX method a first estimation of poles and the participation modal
factors of the physical modes;

2. Estimate the mode shapes, the lower and upper residuals in a linear least-squares
sense.

3. Definition of a cost function and start the Gauss-Newton optimization, in order to
minimize it;

(a) Poles and modal participation factors update;

(b) Update of mode shapes, the lower and upper residuals by a linear least-squares
formulation using the updated poles, updated participation factors and mea-
sured FRFs;

4. The optimization procedure ends when the relative error between two consecutive
calculated cost-functions reaches a predefined limit or the maximum number of iter-
ations is reached.

The described method is already implemented in software Simcenter Testlab®, justi-
fying the use of this software to estimate a modal model from measured FRFs at sections
4.1.2 and 4.2.2. Moreover, the implementation of this method on Simcenter Testlab® per-
mits the estimation of the modal model by enforcing two different constraints, reciprocity
or real mode constraint.

The first constraint permits the estimation of the modal model assuming that the
system under test verifies the Maxwell-Betti reciprocity principle. This means that the
response at DOF j caused by the application of a force in DOF i, would be equal to the
response at DOF i caused by the application of the same force in DOF j. Therefore, it is
assumed that the system FRFs under test verifies the following expression

Hij = Hji v ’i,j e N (2.86)

The real mode constraint permits the estimation of the modal model assuming that
the structure under test has a proportional damping. The reason for the introduction of
this assumption is to lower the numerical complexity of the calculations [El-Kafafy et al.,
2015]. On other hand, the estimation of a state-space model from the estimated modal
model is simpler. In fact, this constraint will be enforced to perform the estimation of a
modal model from measured data at sections 4.1.2 and 4.2.2.
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After the modal model estimation, a M AT LAB® script provided by Siemens Industry
Software NV was used to obtain the estimation of the displacement and acceleration state-
space models from the estimated modal model. As these state-space models are estimated
from experimental data, the physical meaning of each matrix is not the same as the
previous presented (see section 2.2). In fact, the estimated state-space model will be
expressed in modal coordinates.

The presented displacement modal model (see expression (2.85)) can be also expressed
by the following expression (2.87)(for the complete demonstration see paper [Lembregts
et al., 1988]).

me=w vl [ O] B B von es

Resuming the generic expression of an FRF obtained from state-space matrices (equa-
tion (2.19)).

= [C](s[1] = [A)~'[B] + [D] (2.88)

Analysing the presented expression for the displacement modal model (equation (2.87))
and the generic expression (2.88), each of state-space matrices, [A], [B], [C] and [D] can
be identified from equation (2.87). Thus, the displacement state-space matrices will be
given by

e R O R B A B e B VS N s R 2L )
where,

e [A] is a diagonal matrix containing the systems poles;

e [L] is a matrix containing the modal participation factors vectors;

e [U] is a matrix containing the mode shapes vectors;

e [UR] is a matrix containing the upper residuals;

e superscript [e]* denotes the complex conjugate of a matrix.

Therefore the obtained displacement state-space model can be expressed as follows

{{a‘:(t)} = [A%P[{w(t)} + [BTP]{u(t)} (2.90)

{y(O)} = [C¥"PHa(t)} + [D7P{u(t)}
By the observation of the displacement state-space matrices it can be realised that the
lower residuals are not included in none of them.
On other hand the acceleration state-space model can be obtained by performing a
twice differentiation of the presented displacement modal model (see appendix E), the
obtained acceleration state-space model is given by

{mmzwmmwwwmmw»
{(t)} = [Co{z(t)} + [D!] {u(t)}

The acceleration state-space matrices and displacement ones are related as follows

(2.91)
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[Aaccel] — [Adisp] ’ [Baccel] — [Bdisp] (292)
[Caccel] — [Cdisp] [Adisp] [Adisp]’ [Daccel} — [Odisp] [Adisp] [Bdisp] + [LR]

Observing the acceleration state-space matrices it can be realised that the lower resid-
uals are now included in [Daccel} matrix, however the upper residuals are not include in
none of the matrices.

In order to take in account the upper residuals in the estimated acceleration state-space
modal, this residues are converted into residual modes. The modal parameters of those
residual modes are then used together with the modal parameters of the in-band flexible
modes to construct the [A%ce!] [Baccel] [Caceel] and [D?°®!] matrices of the acceleration
state-space model.

2.9 State-space coupling: synthesized state-space models

The used M AT LAB® script to estimate state-space models from the estimated modal
model was able to estimate the displacement and acceleration state-space models, therefore
it has to be chosen which one will be used to perform coupling. However, firstly would
be profitable to understand the importance of the lower and upper residuals, since for
the acceleration state-space model (see expression (2.91)) both of them are included and
for displacement state-space model (see expression (2.90)) just the upper residuals are
included.

The lower and upper residuals are responsible to model the influence of the out-of-band
modes in the considered frequency band. Thus, the lower residuals are responsible to model
the influence of modes which are contained below the lower frequency of the frequency
band. On other hand, the upper residuals are responsible to model the influence of modes
contained in upper frequencies than the highest frequency of the frequency band.

Therefore, the inclusion of the lower and upper residuals in the identified state-space
models and in the coupling procedure is of high importance. In fact, for the simple
numerical mechanical systems, which will be analysed in section 3.2, these lower and upper
residuals will not be important, since the localization of all poles is known and the systems
can be analysed in the desired frequency range. However, for a real structure, the number
of modes and the localization of the poles is unknown. On other hand, the frequency band
is limited to the excitation bandwidth. Thus, to perform the best possible identification
and to obtain the best possible estimation of the coupled FRFs it is primordial to take
into account both of lower and upper residuals.

Due the importance of lower and upper residuals and since both are included in the
estimated acceleration state-space model, the natural choice would be use the acceleration
state-space model in order to perform coupling. On other hand, the coupled state-space
matrices of the method proposed by Su and Juang [Su and Juang, 1994] are derived
from the uncoupled diagonal acceleration state-space model (see appendix A), thus to
perform coupling with this approach the computation of the coupled state-space model
from the diagonal uncoupled acceleration state-space model is a fundamental request.
The achievement of this diagonal uncoupled acceleration state-space model is simpler and
more direct, when using substructure acceleration state-space models. However, it is
also possible when using displacement substructure state-space models, as presented at
appendix D. Since, the estimated acceleration state-space models take in account both
lower and upper residuals and because of being simpler to achieve the diagonal uncoupled
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state-space models, the coupling must be performed by the use of acceleration substructure
state-space models.

In fact, the Su and Juang method [Su and Juang, 1994] showed to be simpler and
easier to apply when dealing with estimated state-space models from measured data. On
other hand, it does not imposes a limit to the DOFs to couple, neither to the number
of substructures to couple. Moreover, the fact of this method provide a non-minimal
order coupled state-space model (see section 2.7.3), vanish when coupling estimated state-
space models as it will be presented in section 2.9.1. This fact is justified, because the
estimated state-space model from the estimated modal model will be obtained in modal
coordinates. Thus, the states will be related to different vibration modes. Since, the
used system identification procedure (PolyMAX and ML-MM methods, see section 2.8)
determine the model order of each substructure, no redundant states will be taken into
account and, therefore, no states elimination are needed. Moreover, compatibility and
equilibrium conditions, continue to guarantee the achievement of a minimal-order input
vector and output vector.

In fact, the achievement of a non-minimal order coupled state-space model, when
coupling theoretical state-space models, is justified because in this models the states are
related to DOF's and are equal to the correspondents DOFs outputs. Therefore, each
of substructures that share a DOF will present a state in its state-space model that has
the same physical meaning, justifying the appearance of redundant states in the coupled
state-space model.

For these reasons, the Sjovall approach [Sjovall, 2004] was not explored for coupling
state-space models expressed in modal coordinates. Furthermore, the obtained coupling
results with the method proposed by Su and Juang [Su and Juang, 1994] are of high
quality not only for numerical couplings but also for experimental ones (see section 3.2
and chapter 4).

2.9.1 State-space coupling method proposed by Su and Juang

The estimated state-space model from measured data is obtained in modal coordinates,
therefore, the states are not related to DOF's, but are related to different vibration modes.
Hence, the Su and Juang method [Su and Juang, 1994] has to be reformulated.

This fact do not invalidate the deduced equations neither the used coupling method
presented at section 2.7.1. The only difference is that a minimal-order system is instantly
obtained after coupling and no states elimination should be performed.

The justification behind this affirmation comes from the system identification pro-
cedure. Since the model order of each substructure is determined in the identification
procedure (PolyMAX and ML-MM methods, see section 2.8), no redundant states will be
taken in account. Therefore, no states elimination should be performed. On other hand
the compatibility and equilibrium conditions will guarantee the achievement of a minimal-
order input vector and output vector. Hence, the number of lines of matrices [C] and [D]
and the number of columns of matrices [B] and [D] will be minimal as well. Thus, no
elimination is needed.

In fact, the achievement of a non-minimal order coupled state-space model, when
coupling theoretical state-space models, is justified because in this models the states are
related to DOFs and are equal to the correspondents DOFs outputs. Therefore, each
of substructures that share a DOF will present a state in its state-space model that has
the same physical meaning, justifying the appearance of redundant states in the coupled
state-space model.
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Moreover, the rearrangement of the states as explained in section 2.7.1 is negligible
since no states elimination will be performed. The rearrangements which should be per-
formed are just the columns rearrangements of the matrices [B] and [D] in accordance with
input vector rearrangement and rows rearrangement of matrices [C] and [D] in accordance
with output vector rearrangement. In fact, the implementation of this method to couple
the state-space models obtained from system identification method is even simpler than
for coupling theoretical state-space models.

Note that, since the states are now related to different vibration modes, the states are
no more equal to the outputs. Therefore, the [C] and [D] matrices cannot be directly
obtained from the [A] and [B] matrices as exposed in section 2.2. This is just valid for
theoretical state-space models.

Summarizing all the steps in order to do a practical implementation of the coupling
method developed by Su and Juang [Su and Juang, 1994]:

1. Establishment of the uncoupled diagonal acceleration state-space model;
2. Establishment of compatibility and equilibrium conditions;

3. Construction of [T] matrix;

4. Achievement of the coupled acceleration state-space model;

5. Rearrangement of the columns of the coupled acceleration state-space matrices [B]
and [D] in accordance with input vector rearrangement and rearrangement of the
rows of the coupled acceleration state-space matrices [C] and [D] in accordance with
output vector rearrangement;

6. The minimal-order coupled state-space model is, instantly, achieved.

2.10 Coupling substructures non-rigidly connected

In this section, a discussion about the difficulties in the enforcement of non-rigid cou-
pling will be performed (section 2.10.1). Afterwards, two possible procedures in order to
perform coupling between non-rigidly connected substructures will be presented (sections
2.10.2 and 2.10.3, respectively).

2.10.1 Difficulties in the enforcement of non-rigid coupling

An immediate possibility to perform a non-rigid coupling would be the construction
of a state-space model to define the connecting elements. Then, it would be possible to
treat this connecting elements substructure as another substructure rigidly connected to
the substructures that these elements connects. This approach would permit the use of
the presented procedures at sections 2.7 and 2.9, in order to perform coupling.

However, when coupling theoretical state-space models this approach cannot be, di-
rectly, applied. The reason is that in theory is usual to consider that the connecting
elements are massless elements. This consideration unable the construction of a state-
space model for the connecting elements, since the construction of a state-space model
to define a substructure requires that this substructure has mass. Moreover, it is needed
to define inputs and outputs on the connecting elements at the interface locations with
each of the others substructures, otherwise it is not possible to enforce the equilibrium
and compatibility conditions (see equations (2.44) and (2.43)). This fact is justified be-
cause in theoretical state-space models the inputs and outputs are directly related to the
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mechanical system masses. Thus, it is not possible to define inputs and/or outputs for the
connecting elements, because they are treated as massless elements.

In order to overcome the exposed difficulties one possibility is the insertion of small
fictitious masses at the interface of the connecting elements with each of the others sub-
structures [Su and Juang, 1994]. The value of the inserted masses must be negligible when
compared to the mass of the others substructures, in order to guarantee that the inserted
masses will present a negligible influence on the mechanical properties of the assembled
structure. A practical rule for the value of these fictitious masses is to assume that they
are 10 times lower than the mass of the others substructures.

These inserted masses will permit the computation of a state-space model for the
connecting elements. Furthermore, each of these inserted masses will correspond to the
insertion of inputs and outputs at the interface with each of the others substructures
permitting the enforcement of equilibrium and compatibility conditions. Therefore, it is
possible the performance of the non-rigid coupling supposing that the connecting elements
can be considered as another substructure rigidly connected to the others substructures.

On other hand, when coupling estimated state-space models from measured data it is
possible to perform a non-rigid coupling assuming that the connecting elements can be,
directly, considered as another substructure rigidly coupled to the others substructures.
This is justified, because in reality the connecting elements presents mass, even if it is very
low compared to its stiffness. Moreover, for estimated state-space models from measured
data the inputs are defined by the excitation locations, while the outputs are defined by
the dynamic response measurement locations. Thus, if the excitation and the dynamic
response measurement are performed at the interface with each of the others substructures,
it will be possible to enforce the equilibrium and compatibility conditions.

However, this is not recommended since the mass of the connecting elements is ex-
tremely low when compared to its stiffness. Hence, the resonance frequencies of this
connecting elements substructure would be localized at higher frequencies than the higher
frequency of the measured frequency band. The estimation of the modal parameters by the
use of the method presented at section 2.8 is recommended to be performed in a frequency
band which includes system poles, otherwise the modal parameters estimation will not be
of high quality. Therefore, it is not recommended the coupling of the connecting elements
by, directly, considering it as another substructure, neither the insertion of small fictitious
masses at the interface with each of the others substructures as it was recommended when
coupling theoretical state-space models.

In order to overcome the pointed limitations, another solution was developed. This
solution is based in the insertion of not negligible masses at the interface of the connecting
elements with each of the others substructures. The insertion of these masses will decrease
the system resonance frequencies. The mass values of the inserted masses must guarantee
the presence of system poles in the measured frequency band, permitting the achievement
of an high quality estimated modal model.

However, this excess of mass due the insertion of not negligible masses must be removed.
For that purpose, another connecting elements substructure with the same inserted masses
at the same locations and with wisely chosen stiffness and damping properties must be
coupled in a negative way [Mahmoudi et al., 2020], which will guarantee the achievement
of the coupled FRFs of the intended assembled structure.

Summarizing, the first described approach that will be analyzed at section 2.10.2 is
just recommended to perform coupling of analytical substructures defined by theoretical
state-space models. On other hand, the second described approach that will be further
analyzed at section 2.10.3 is recommended for coupling analytical substructures defined
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2.10. Coupling substructures non-rigidly connected

by theoretical state-space models and for coupling real substructures defined by estimated
state-space models from measured data. However, since the simplicity of the first pre-
sented approach it is recommended just the use of the second approach to couple real
substructures non-rigidly connected.

2.10.2 Fictitious masses insertion

This approach is based in the insertion of small fictitious masses between the con-
necting elements and the substructures. This procedure can be easily understand by the
observation of the figure 2.3.
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Figure 2.3: Insertion of fictitious masses and structure division

As it can be seen in figure 2.3 the mechanical system is divided in 3 different sub-
structures, from which one is related to the inserted fictitious masses and the connecting
elements (substructure B). In order to obtain the coupled state-space model of the me-
chanical system presented in figure 2.3 it is just needed to perform the coupling between
the uncoupled state-space models of the substructures A, B and C considering that these
substructures are rigidly connected [Mahmoudi et al., 2020][Su and Juang, 1994]. This
coupling should be performed by following the same presented procedures at sections 2.7
and 2.9.

2.10.3 Coupling a positive and negative state-space model

The method here presented is based on the inclusion of fictitious masses between
the substructures interface and the connecting elements. However, these inserted masses
are not negligible, since its value must guarantee the presence of poles in the measured
frequency band. The inserted masses and the connecting elements will be treated as
another substructure.
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The insertion of these non-negligible masses will change the mass properties of the
analysed mechanical system, therefore, the obtained coupled state-space model will not
correspond to the assembled structure state-space model. In order to achieve the required
structure state-space model, the influence of the inserted masses should be removed.

A solution to remove the influence of the inserted masses is the construction of an-
other substructure composed by the connecting elements and masses with the same value
of the inserted ones, and then perform the coupling of this substructure in a negative
form [Mahmoudi et al., 2020]. However, this procedure imposes that the first composed
connecting elements substructure cannot have the same stiffness and damping properties
of the real connecting elements. If it was the case, the negative coupling of the second
connecting elements substructure would take the influence of the inserted masses, but also
the influence of the connecting elements, which is not intended. This is justified because it
is not possible to construct a state-space model of a substructure that just presents mass,
it also has to present stiffness and/or damping.

Thus, a possible approach would be construct a first connecting elements substructure
with twice the stiffness and damping of the real connecting elements and the second
connecting elements substructure would be constructed with the real values of stiffness and
damping. The coupling of the first connecting elements substructure would be performed
in a regular way, and the second one in a negative way. This would remove the inserted
masses and the excess of stiffness and damping inserted by the first coupling. This would
guarantee the achievement of the intended coupled state-space model. Note that, other
mechanical properties for both connecting elements substructures could be chosen, since
the achievement of the intended coupled structure state-space model be guaranteed.

This procedure is, thus, composed by three steps. The first one is the definition of the
real and connecting elements substructures, this procedure is schematically presented in
figure 2.4. Secondly, perform the first coupling, which is a regular one (figure 2.5). Lastly,
perform a negative coupling, in order to remove the influence of the inserted masses and
the excess of damping and stiffness inserted by the first coupling (figure 2.6).

The regular state-space coupling should be performed as presented in sections 2.7 and
2.9. On other hand, the negative state-space coupling was not explored yet. In fact this
coupling is similar and follows the same procedure of the regular one, the unique difference
is that the state-space model which will be coupled should be defined in a negative way.
The definition of a negative state-space model from a regular one is simple.

In order to illustrate this procedure, let assume that the states are related to degrees
of freedom, thus the state-space matrices will be given by

[A] = [_MolK _Mllv}’ [B] = [Mol] (2.93)
Cl=[-M"'K -M~'V], [D]=[M""]

The definition of the negative state-space model is performed by multiply the mass,
stiffness and damping matrices by —1, as follows

0 I 0
A= [—(—M)l(—K) —<—M>1<—v>] - 1Bl= [—Ml] (2.04)
(€)= [~(-M) " (-K) —(-M)"(~V)}, [D]=[-M]

Comparing the negative state-space model (equation (2.94)) and the regular one (equa-
tion (2.93)) it can be realized that the unique differences are in matrices [B] and [D], which
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2.10. Coupling substructures non-rigidly connected

in negative state-space model are multiplied by —1 [Scheel et al., 2019]. Even if, this was
proved to theoretical state-space models, it continue to be true for state-space models de-
fined in modal coordinates. The negative coupling is achieved by coupling the state-space
model rewritten in a negative form using the exposed procedures.
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Figure 2.4: Coupling a positive and negative state-space model - substructures definition
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Figure 2.5: Coupling a positive and negative state-space model - first coupling
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Chapter 3

Numerical Results

This chapter will be composed by two different sections. Firstly, a section where two
mechanical systems will be divided in different substructures and then coupled by each
of the presented state-space coupling methods (see section 2.7). This coupling will be
performed with theoretical substructure state-space models (see section 2.2).

In the second section, two different mechanical systems will be divided in different
substructures and then coupled. However, the coupling will be performed with state-
space models expressed in modal coordinates (see section 2.9). These state-space models
will be obtained in the following steps:

e Computation of the theoretical state-space models from the substructure mechanical
properties;

e Achievement of accelerance FRF's from the computed state-space model;

e Modal parameters estimation from the computed accelerance FRF's by the use of the
presented methods in section 2.8;

e Estimation of the state-space model expressed in modal coordinates from the esti-
mated modal parameters.

The obtained coupled state-space models will be used to compute the coupled FRFs,
which will be compared with the analytical ones, in order to evaluate the accuracy of both
presented coupling methods.

3.1 Numerical Results - Coupling theoretical state-space
models

3.1.1 Numerical example n° 1

The first mechanical system that will be analysed is presented at figure 3.1 and its
mechanical properties are presented in table F.1.

To start, the mechanical properties matrices of each substructure and of the assembled
structure should be obtained. In order to do that achievement the Lagrange equations
will be applied for each part (substructures and assembled structure).

These Lagrange equations are deduced from the, well-known Hamilton Variational
principle. The Lagrange equations are given by the mathematical expression (3.1) [Ro-
drigues, 2018].
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e T is the kinetic energy;

where,

e 1V is the potential elastic energy;

e g; is the 4% degree of freedom (in this example n = 2 for each substructure and
n = 3 for the assembled structure);

e (); are the generalized applied forces in the 4t degree of freedom:;
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Figure 3.1: Mechanical System n° 1

The Lagrange equations permits the computation of stiffness, damping and mass ma-
trices. Even though the equation (3.1) does not include the damping elements, a viscous
dissipate Rayleigh function can be defined in order to include viscous damping generalized
forces in the presented Lagrange formulation [Rodrigues, 2018]. However, for simplicity,
in this and in the following analysed mechanical systems the damping matrix will be con-
sidered equal to the stiffness matrix, but instead of stiff therms it will contain damping
ones.

In order to exemplify the achievement of stiffness, damping and mass matrices the La-
grange equations will be applied to the substructure A. This procedure was used to find
out all mechanical properties matrices for all of analysed mechanical systems (substruc-
tures and assembled structures). However, in this dissertation it will just be presented
this procedure for the achievement of the substructure A mechanical properties (see figure
3.1).

To start, the kinetic energy is given as follows

T %ml(i:l(t))2 + %mz(@(t))? (3.2)
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3.1. Numerical Results - Coupling theoretical state-space models

The potential energy is given by

1 1
V= ikal (21— x2)% = ikal(ﬂs% — 2x1x9 + 23) (3.3)

Calculating the derivatives presented in equation (3.1) for each degree of freedom

d (0T d 1 . ..
o (aql> = <2 X 2m1331(t)> = myi (1)

d (0T _d
dt \0do )  dt

(gz) _ %kal(le(t) 239 (8)) = ka (1(t) — 22(1))

<§V> = D hr(“221(8) + 229(8)) = kar (—1 (1) + 2 (1))
q2 2

By the use of equation (3.1), the Newtonian differential equations of motion of sub-
structure A will be obtained in a matrix form. In fact, the presented equation (3.1) is just
valid for non damped systems, thus it is not possible to obtain the system damping ma-
trix. However, remember that for simplicity it will be supposed that the damping matrix
is given by the stiffness matrix, but replacing stiff therms by damping ones. Therefore,
the following Newtonian differential equations in matrix form are obtained

)bl Sl - o
0 mao] |#2t) —ka1 ka1 | |[72(t) —Cal  Ca1l | |®2(t) Q2(1) '

From the system of differential equations (3.5) the stiffness, damping and mass matrices
can be identified as follows

my 0 ka1 —ka1 Cal —Cal
[M] = [ 0 m2] K= [—kal ka1 } - Vl= |:_sz1 Cal } (36)

From the identification of these matrices, it is possible the computation of the sub-
structure A state-space model. This procedure should be repeated for the substructure
B and also for the assembled structure. The achievement of this state-space models was
performed by a M AT LAB® script (provided by Siemens Software Industry NV) in accor-
dance with the presented procedure at section 2.2.

After the computation of the coupled structure state-space model, the coupled FRFs
should be computed, in order to be a reference to evaluate the accuracy of both presented
state-space coupling methods (see section 2.7). These FRFs computation were performed
in accordance with the procedure presented at section 2.3, by the use of the M AT LAB®
function fregresp. However, in order to compute the assembled structure FRFs a more
classical approach could be used with same accuracy. In fact, the receptance FRF's are the
inverse of the dynamic stiffness matrix. This matrix is given as follows[Rodrigues, 2019]

2] = [[K] = w’[M] + jw[V]] (3.7)
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Thus, the frequency response function receptance matrix [a] will be given as follows
[a(jw)] = [2]7F = [[K] = w?[M] + jo[V]] (38)

In numerical applications the inversion of matrices are the lowest efficient calculations
and as it can be observed in section (3.8) it will be needed one inversion for each frequency
for which the receptance FRFs are wanted to be known. Therefore, it should be preferable
to solve it as a system of equations.

After the achievement of the receptance FRF the achievement of the accelerance FRF
is simple. Remember that, the frequency response function receptance (FRF), a;;(w) is
given by the response (displacement) phasor in the degree of freedom i caused by the
application of an harmonic force, which amplitude is unitary, in the degree of freedom
j. The FRF accelerance has a similar definition. However, instead of be calculated by
the displacement phasor response it is calculated with the acceleration phasor response.
Therefore, the displacement phasor should be derived twice in frequency domain to obtain
the acceleration phasor. Thus, the accelerance FRF must be computed as follows

: {AGjw)} _ wH{X(jw)} 20 0
[A(jw)] = == = —wla(jw)] (3.9)
{F} {F}
where [A(jw)] is the matrix of accelerance FRFs, the {X (jw)} is the displacement response
phasor vector and {A(jw)} is the acceleration response phasor vector.

After the computation of the analytical assembled structure FRFs, it is time to apply
the two discussed state-space coupling methods. To start, the method proposed by Su and
Juang [Su and Juang, 1994] will be used (see section 2.7.1).

The first step is the achievement of the uncoupled diagonal state-space model, as
presented in equation (2.48). The second step, after obtaining the uncoupled diagonal
state-space model is the achievement of the transformation matrix [T']. In fact, this step has
been already done in section 2.7.1, resuming the transformation matrix [T'] from equation
(2.47)

[T]=[1 1] (3.10)

The third step is the achievement of the state-space model for the coupled structure as
presented in expression (2.57). The fourth step is the state and input vector rearrangement.
Starting for the coupled state vector, which is organized as follows
e

T2

1

(z} = | (3.11)
3

T4

T3

[£4]

Note that, top bar variables are related to coupled variables. Remember that the
coupled state vector is firstly composed by the states related to the first substructure (in
this case substructure A) and after the states related to the second substructure (in this
case substructure B). The usual form for the coupled state vector of this mechanical
system would be the following
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3.1. Numerical Results - Coupling theoretical state-space models

1
T2
3
{z} = 54 (3.12)
1
T2
T3
[ T4

Thus, the rearrangement of the coupled state vector should be done. So that, the
rows and columns of [A] matrix has to be rearranged in accordance with the state vector
rearrangement, as well the rows of the matrix [B].

In its turn, the input coupled vector is organized as follows

(@} = |w (3.13)

U

Remember that because of the equilibrium equation the [B] matrix columns are ob-
tained in a minimal-order form, thus no redundant variables are present (that is why the
input vector is just composed by three inputs). Remember also, that this vector is firstly
composed by the inputs related to internal degrees of freedom and after by the related to
the interface ones. The usual form for the coupled input vector of this mechanical system
would be the following

{a} = (3.14)

Thus, the columns of matrix [B] should be rearranged in accordance with the rear-
rangement of the input vector.

The last step is the elimination of the auxiliary states presented in the coupled state
vector. As it can be observed on figure 3.1 and by the compatibility conditions the DOF's
x9 and x3 are in fact the same DOF, thus 9 = 23 = Z and @9 = @3 = Z. Remember
the equation (2.2), where it can be seen that each line of the matrix [A] is going to be
multiplied by the state vector {z}. So that and because of w3 = x5 = T and iy = @3 = ¥
the columns of matrix [A] related to x5 and 3, and the columns related to @ and i3 has
to be summed.

Therefore, in this example the columns 2 and 3, and columns 6 and 7 of the matrix [A]
has to be summed. After this procedure the 2" row and 2" column or the 3"% row and
374 column should be eliminated in order to achieve a minimal-order coupled state-space
model. As well, the 6t or 7" row and respective columns, for the velocity states. The
minimal-order coupled state vector will be

{z} = |, (3.15)
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The [B] matrix rows are not obtained in a minimal order form. Thus, just the elimi-
nation of rows should be computed in accordance with the elimination of [A] rows.
The steps for achieve minimal-order coupled matrices [A] and [B] are full explained.

However the [C] and [D] are still missing. If the consider output is acceleration, which
usually is in mechanical experiments, the minimal order output vector will be

i
{i} = Y (3.16)
Ya

Obviously, for theoretical state-space models

Gi=d; i=1,24 (3.17)

Thus, the [C] and [D] are included in matrices [A] and [B], respectively. The matrix
[C] will be equal to the last three rows of the matrix [A], while matrix [D] will be equal
to the last three rows of the matrix [B].

After the achievement of the coupled state-space model by the method proposed by
Su and Juang [Su and Juang, 1994], it is the moment to achieve the same model by the
use of the technique proposed by Sjovall [Sjovall, 2004] (see section 2.7.2).

Resuming the coupling form of the substructure state-space model (2.71) and applying
to the substructure A of this numerical example

Y2 0 7 0 Y2 0 0

42 A 44 gaA | |92 Bf, 0| [us

21 = A4 A4 A + (3.18)
I vd vb T 0 0 (75}

. AR AL AL | A

ol v I 0 Bbb

Note that here, the states related to the internal DOFs are explicitly presented (see
section 2.7.2). This justifies the appearance of another column related to the uncoupled
input for the matrix [EA], since by the second law of Newton the force directly contributes
for the acceleration (see equation (2.76)). The same is valid for the presented coupling
form of the substructure B state-space model. This also justifies the appearance of two
new columns related to the uncoupled inputs of each substructures, A and B, for the [é]
of the coupling form of the coupled state-space model. From now and until the end of the
resolution of this numerical coupling, superscript A and B are used for variables related
to the substructure state-space models, A and B, respectively. Over tilde variables are
variables associated to the coupling form of state-space models.

The unique degrees of freedom which are taking in account to achieve the coupled row
are the interface DOF's of each substructure which are going to be coupled and the internal
ones which are, directly, related to the referred interface DOFs. Thus, for the substructure
A the coupling form of the state vector is given as follows

Y2

(2"} = gi (3.19)

T
The state-space model of the substructure A can be expressed as follows
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T Af‘l A{‘Q Afls Aﬂ 1 B1Al Bi42

T2 _ Agy o Ag Aé43 Agy| |2 + Bsy B [Ul] (3.20)
I A3A1 A3A2 A3A3 Aé44 T Bzﬁ B?Q w2 '
T Azﬁ Afz Af?, Af4 P Bfl sz

Therefore, from the substructure A state-space model (see equation (3.20)) it is possible
to obtain the terms presented in the coupling form of the substructure A state-space model
(see equation (3.18))

A _ AA
Avd_A42
A _ AA
A’U’U_A44

Afb = [Afl Af3]
[

A
e E%] (3.21)
34
A= [0 4
31 33
B4 = B
B = B

Taking the same approach to compute the coupling form of the substructure B state-
space model. The state-space model of the substructure B can be expressed as follows

i3 AB AR AR ABY [ BE BE
iq| _ |A5 AD AY AS | |a N B B {u?)] (3.22)
iy AB AL AR AB |34 Bf BE
The coupling form of the substructure B state-space model is given as follows
g3 o I o0]]|% BOB 8
US| = |AB AB  AB| U3 4 SR [“3] (3.23)
“al o |aB AB aAB| | 5| M
T4 T4 0 By

Therefore, from the substructure B state-space model (see equation (3.22)) it is possible
to obtain the terms presented in the coupling form of the substructure B state-space model
(see equation (3.23))
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i
e [ﬁ%] (3.24)
43
af-[a
42 44
BY = B
B = B

At this moment it is possible, to obtain the coupling form of the structure state-space
model. Resuming the presented coupling form of the coupled state-space model 2.7.2

y T 0 0 0

y o I 0 01]|= By, 0 0|

i1 (A Aw AL AB| |1 0 0 0

i | T AL AL AR o | |a| T o oBA o™ (3.25)
— — U4

iy AB AB 0 AB| |a4 0 0 0

T4 _j34 L 0 0 B(ﬁ-

where,

Buy = ((Bp) ™'+ (By) O™

Aya = Bu((Bf,) " Agy + (BR) T AL ™!

Avv =B v(( A)_lAA ( B)_lAf’U)_l (3'26)
AuAb:va( 5‘) Avd: vv(BA) [Afl Af3]
Aﬁ:va( 1113) lAvd— vv(BB) [A?% Ai’i]

It can be observed that all variables of the coupling form of the coupled state-space
model can be computed from the variables of the coupling form of the substructure state-
space models.

The variables {A4} and {AZ} are vector variables, each of its therms will be named
as follows

AN = Bu(B),) M AG
A? = By(Bh,) Al 397
ABl_B (BB)—IAB ( )
vb — FPvv VU 32
)

After the achievement of the coupling form of the assembled structure state-space
model the regular form of this state-space model can be obtained. This model is achieved
by the insertion of each uncoupled rows related to internal DOF's and the coupled rows from
the coupling form of the coupled state-space model. Thus, several vectors rearrangement
will be needed.

The usual state vector of the coupled state-space model is given as follows
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I

x
L4

@ = (3.28)

X
£z

For each substructure state-space models the state vector is following presented

1 I3
Ay _ | X2 By _ |¥4
) T4
The state vector for the coupled row is the following
.
T
(@ =" (3.30)
T
Ty
[ 4]

Starting for the computation of the [A] matrix. Since this matrix will be composed by
uncoupled rows taken from each of substructure state-space models and for the coupled
row taken from the coupling form of the coupled state-space model, several rearrangements
will be needed. Observing the expressions (3.29) and (3.30), three different rearrangements
will be needed, one for each of the substructure state-space model uncoupled row and for
the coupled row of the coupling form of the coupled state-space model. Note that, both
substructures just has four states and the intended one has six states. Therefore, two null
coefficients must be added to the uncoupled row of each substructure.

The coupled matrix [B] is composed by the uncoupled rows of each substructures
state-space model (expressions (3.20) and (3.22)) and by the coupled rows taken from the
coupling form of the coupled state-space model (expression (3.25)). However, the columns
must be rearranged in accordance with input vector.

The coupled input vector will be given by

(3.31)

The input vector of each substructure is given as follows
Ay (W1 By _ |U3
{u} = [UQ] , {u”} = [UJ (3.32)

The input vector of the coupling form of the coupled state-space model is given as
follows

(@} = |u (3.33)
Uq
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Observing the expressions (3.32) and (3.33), 3 different rearrangements will be needed,
one for each of the state-space models uncoupled row and another for the coupled row
taken from the coupling form of the coupled state-space model. After the computation

of matrices [A] and [B] the first block row of the coupled state-space model is given as
follows

) 0O 0 0 1 0 07 [z 0 0 0

T 0O 0 0 0 1 0 T 0 0 0]

iy 0O 0 0 0 0 1 T4 0 0 0 "

A= A+ u 3.34
1 Ay 4342 0 Ag {1:?4 0 1 BA 0 0 s (3.34)
T Al Ayq ABY AR A, AP?| | 0 By, 0

2 L0 AR AR o0 AR AB | 4] |0 BE |

Again, the matrix [C] will be equal to the last 3 rows of the matrix [A], while matrix
[D] will be equal to the last 3 rows of the matrix [B].

The FRFs obtained from both of coupled state-space models deduced by the two
methods were computed and compared with the analytical FRFs. It was observed a
perfect fit between the three solutions for all of the FRFs. In figure 3.2 are represented 3
different curves, representative of the assembled structure FRF considering as output the
DOF related to mass m4 and as input the coupled DOF related to the sum of the masses
mg and m3 (y4 and u). The black curve represents the analytical accelerance FRF, the
blue curve represents the same accelerance FRF computed from the coupled state-space
model obtained with the method proposed by Su and Juang [Su and Juang, 1994] and the
red curve represents the same FRF computed from the coupled state-space model obtained
with the method proposed by Sjovall [Sjovall, 2004].
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Figure 3.2: Mechanical System n® 1: Accelerance FRF considering as output the DOF
related to the mass my4 and as input the coupled DOF

3.1.2 Numerical example n° 2

The mechanical system which will be analyzed in this numerical example is composed
by seven degrees of freedom, which are connected by soft connections. In order to show
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3.1. Numerical Results - Coupling theoretical state-space models

the applicability of both coupling analysed methods, this system is going to be divided in
five different substructures as presented in figure 3.3.

This problem will be coupled by introducing small fictitious masses in the connections
between the degrees of freedoms (see section 2.10.2). The resulting system after these

masses insertion, can be observed in figure 3.4. The mechanical properties are given in
table F.2.

Mgy Substructure A
| Mgz Mgz '
I | Substructure B
— — -
Substructure C ! Mp1 | Mp2 | | Substructure D
I - | |
| |
|
: s |
I I Substructure E
| |
| Mpy |
R ey 1

Figure 3.3: Mechanical System n° 2
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Figure 3.4: Mechanical System n° 2: after fictitious masses insertion
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3. Numerical Results

Due this mechanical system complexity all the steps to couple it will be analysed. This
example is going to be solved just by the method proposed by Su and Juang [Su and Juang,
1994], because of the connection between the substructures C, D and E. Remember that,
the approach suggested by Sjovall [Sjovall, 2004] is not able to deal with matching DOFs
related to more than 2 different substructures (see section 2.7.2). Thus, this example
emphases a disadvantage of this method.

The first step in order to perform coupling will be the [T'] matrix construction, which
for this example could be not clear. Remembering the compatibility and equilibrium con-
ditions, expressions (2.43) and (2.44), and by remembering the mathematical expressions
(2.45) and (2.46) the matrix [T'] can be computed in the following steps.

Firstly, it has to be identified the matching DOF's, in this case it will be x5 and x4, x3
and x5, ¢ and xg, x7 and x19 and xg, x1; and z12. A first sketch of the [T] matrix can
be computed. Before this construction, the reader should understand that the [T'] matrix
has the function of enforcing the compatibility and equilibrium condition. Therefore, it
is only related to the matching DOFs. After the introduction of the fictitious masses the
mechanical system has 13 DOFs, from which 11 are interface ones. Thus, a first sketch
of this transformation matrix will be a square matrix with 11 rows and 11 columns (see

table 3.1).

Table 3.1: Mechanical System n® 2 - [T'] matrix sketch

T2 T3 X4 Ts T X7 Ty T9 L0 T11 L12

1 0 1 0 0 0 0 0 0 0 0 T
0 1 0 1 0 0 0 0 0 0 0 T2
1 0 1 0 0 0 0 0 0 0 0 T
0 1 0 1 0 0 0 0 0 0 0 T2
0 0 0 0 1 0 1 0 0 0 0 T3
0 0 0 0 0 1 0 0 1 0 0 T4
0 0 0 0 1 0 1 0 0 0 0 T3
0 0 0 0 0 0 0 1 0 1 1 T
0 0 0 0 0 1 0 0 1 0 0 T4
0 0 0 0 0 0 0 1 0 1 1 Ts5
0 0 0 0 0 0 0 1 0 1 1 Ts5

Analysing the obtained [T] matrix sketch, it can be realised that rows related to match-
ing DOFs are equals as it obviously has to be. However, this matrix is not the final [T
matrix. Remember that the transformation matrix [T] should has a number of columns
equal to the number of matching DOFs and a number of rows equal to the number of
coupled DOFs, which are going to be present in the coupled structure state-space model
(see section 2.7.1). Thus, it is time to select just one row related to each matching DOFs.

The chosen rows were the ones related to the following states x2, x3, Tg, 7 and x19.
However, another choice could be made and the same result would be achieved. The final
transformation [1'] matrix is presented in table 3.2.

It is of interest to observe the last row of the [T'] matrix, where it can be observed that
this row has three coefficients which value is 1, while the other ones just has two. This
is the reason why Sjévall approach [Sjovall, 2004] is not able to deal with this problem.
The last row of [T'] matrix enforces compatibility and equilibrium equations between three
DOFs related to three different structures. In fact, Sjovall method [Sjovall, 2004] cannot

46



3.1. Numerical Results - Coupling theoretical state-space models

enforce coupling between DOF's that are shared by more than two substructures.
Table 3.2: Mechanical System n® 2 - [T] matrix

xr2 X3 X4 X5 T X7 T T9 T10 T11 T12

10 1 0 0 0 0 0 O 0 0 1
o 1 o0 1 0 O 0 0 O 0 0 T2
o o0 o0 o0 1 o0 1 0 O 0 0 Z3
o o o0 o o0 1 0 o0 1 0 0 T4
o 0 o0 o0 o o o 1 O 1 1 T

Returning to the numerical example resolution by the technique proposed by Su and
Juang [Su and Juang, 1994]. The following step is the computation of the uncoupled
diagonal state-space model (see expression (2.48)). The next step is the achievement of
the coupled state-space model as presented in expression (2.57).

Lastly, it is missing the state and input vectors rearrangement, and also the elimination
of the redundant states. The obtained state vector and the intended one are following
presented

AT F AT
4 zB
ZL‘B IEC
iB IED
c E
_ x _ T
{Zopi} = | {Zint} = A (3.35)
{L‘D SETB
P i
JJE [L‘D
where,
T4
o s s 10 T12
e e RO € o i IO B PO Sl P B W XD
3 6 9 11 13
7

Note that, superscripts A, B, C, D and E are related to the different substructures
that compose the structure under analysis (see figure 3.4). The obtained and the intended
input vector are following presented

(5] Ul
u13 Uy
Ul U2
{topt} = U2 |, {Wine} = | U3 (3.37)
Us Uy
Uy us
| us | u13
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3. Numerical Results

Note that, subscript obt is related to the obtained vector arrangement, while subscript
int is related to the intended vector arrangement.

Remember that the [A] rows and columns, as well [B] rows should be rearranged
in accordance with the state vector rearrangement. However, [B] columns should be
rearranged in accordance with input vector rearrangement (see equation (2.2)).

Lastly, it is needed to perform the sum of the [A] matrix columns related to the
matching DOFs and perform the elimination of the redundant states, in order to achieve
a minimal-order coupled state-space model. The matching DOF's have already been iden-
tified, when the transformation matrix was computed. Therefore, the related columns of
each group of matching DOF's should be now summed. Remembering the pointed match-
ing DOFs it can be stated that the following [A] matrix columns should be added:

e 15 and 24 (2" and 4*" columns from [A] matrix);

e iy and @4 (15" and 17*" columns from [A] matrix);

37"d

e x3 and x5 and 5" columns from [A] matrix);

e i3 and i5 (16" and 18" columns from [A] matrix);

6th 8th

o 25 and g and 8" columns from [A] matrix);

(
(
(
(
(
(

e i and g (19" and 21*" columns from [A] matrix);

e z7 and z10 (7" and 10" columns from [A] matrix);
e iy and @10 (20" and 23" columns from [A] matrix);
e x9, 211 and z12 (97, 11*" and 12" columns from [A] matrix);

o g, i1 and 19 (22, 24" and 25" columns from [A] matrix);

After this procedure, just one row and column of the [A] matrix related to the matching
DOF should be kept and the remaining ones has to be eliminated. On other hand, to
achieve the coupled [B] matrix, just the same meaning rows has to be eliminated (see
section 2.7.1).

The final state vector will be the following one

x1
1
Z2
z3
T4
Z5
{z} = 9;13 (3.38)

1
I
Ty
3
Z4
s
13
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3.2. Numerical Results - Coupling state-space models expressed in modal coordinates

Finishing this last step, [A] and [B] matrices are deduced. The [C] and [D] matrices
are obtained from the bottom block row of [A] and [B] matrices, when the chosen output is
acceleration (see section 2.2). Afterwards, the state-space model of the coupled structure
is obtained.

The FRF's obtained from the coupled state-space modes deduced by the method pro-
posed by Su and Juang [Su and Juang, 1994] were computed and compared with the
analytical FRFs. It was observed a perfect fit between the two solutions for all of the
FRFs. In figure 3.5 are represented 2 different curves, representative of the assembled
structure FRF considering as output the DOF related to the mass my4 and as input the
DOF related to the sum of the masses m o and m,3. The black curve represents the ana-
lytical accelerance FRF and the blue curve represents the same accelerance FRF computed
from the coupled state-space model obtained with the method proposed by Su and Juang
[Su and Juang, 1994].

Note that, the performed coupling in this numerical example was performed with the
presented approach at section 2.10.2, however it could be also performed by the use of
the approach presented at section 2.10.3. That approach will be applied to perform the
coupling of two non-rigidly connected substructures at section 3.2.2.

lﬂ(i

T T
o —— Analitical
‘» ——Su and Juang
z
E
<
105 I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100
g T T
—— Analitical
- ——Su and Juang/|-
o]
g0 .
Ny |
- | | | I I I I

| |
0 10 20 30 40 50 60 70 80 90 100
w /Hz

Figure 3.5: Mechanical System n® 2: Accelerance FRF considering as output the DOF
related to mass my4 and as input the DOF related to the sum of the masses m o and mq3

3.2 Numerical Results - Coupling state-space models ex-
pressed in modal coordinates

3.2.1 Numerical example n° 1

In this numerical example the coupling between the substructures presented in figure
3.6 will be performed. The substructure mechanical properties are presented in table F.3.

The coupling will be performed with a state-space model expressed in modal coordi-
nates. Using the method proposed by Su and Juang [Su and Juang, 1994], in order to
perform coupling, the steps to follow are basically the same as described in the section
3.1.1. The unique difference is that the rearrangement of the state vector and the elimina-
tion of states must not be performed, since the used system identification method exactly
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3. Numerical Results

identifies the number of poles of the mechanical system (see section 2.8). Thus, a minimal
number of states will be instantly obtained in the identification procedure. Despite no
states elimination or rearrangement is needed, the rearrangement of [B] and [D] matrices
columns in accordance with input vector rearrangement has to be performed. Meanwhile,
the rearrangement of [C] and [D] matrices rows in accordance with output vector rear-
rangement continue to be performed. As explained in section 2.8.3, the coupled state-space
matrices (see expression (2.57)) of the method proposed by Su and Juang [Su and Juang,
1994] are derived from the diagonal uncoupled acceleration state-space model (see ap-
pendix A). Therefore, the computation of the coupled acceleration state-space model has

to be performed from the uncoupled diagonal acceleration state-space model.

e i S |
' - I
| = kp1, Cp1 I
' |
Substructure B | my I
' |
I = kpa, Cb2 I
' |
I ms |
' |
L m
|
|
I ma |
|
: |
| B kaZJ Caz |
|
Substructure A | |
mq i
|
|
|
| Ii‘5r:[14 Ca1 I
|

Figure 3.6: Mechanical System n° 3

In fact, the uncoupled diagonal state-space model is simpler obtained by the use of the
acceleration substructure state-space models. However, as exposed at appendix D it is also
possible to obtain the uncoupled diagonal acceleration state-space model directly from the
substructure displacement state-space models. In order to prove the applicability of that
theoretical demonstration, the achievement of the diagonal uncoupled acceleration state-
space model and, then the achievement of the coupled acceleration state-space model was
also performed from the substructure displacement state-space models. Note that, this
will not influence the results, since the coupling is performed between a numerical sub-
structures. However, the use of this approach does not take in account any lower or upper
residuals, which will, certainly, be important when coupling experimentally measured data.

The FRFs obtained from both of coupled state-space models computed by both of ex-
posed procedures were computed and compared with the analytical FRF's. It was observed
a perfect fit between the three solutions for all of the FRFs. In figure 3.7 are represented
3 different curves, representative of the assembled structure FRF considering as output
the DOF related to the mass m4 and as input the DOF related to the mass mj;. The
black curve represents the analytical accelerance FRF, the blue and red curves represents
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3.2. Numerical Results - Coupling state-space models expressed in modal coordinates

the same accelerance FRF computed from the coupled state-space model obtained with
the method proposed by Su and Juang [Su and Juang, 1994]. However, the blue curves
represents the accelerance FRF computed from a coupled state-space model obtained with
the substructure acceleration state-space models, while the red curve represents the accel-
erance FRF computed from a coupled state-space model obtained with the substructure
displacement state-space models
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Figure 3.7: Mechanical System n°® 3: Accelerance FRF considering as output the DOF
related to the mass m,4 and the input as the DOF related to the mass m;

3.2.2 Numerical example n° 2

In this numerical example the coupling between two non-rigidly connected substruc-
tures will be performed. This coupling will be performed with the performance of two
different couplings, one realized in a regular form and the other in a negative form (see
section 2.10.3). The structure, which will be analysed can be observed in figure 3.8. The
structure mechanical properties are presented in table F.4. In figure 3.9 it can be observed
the division of the structure in four different substructures, which will be coupled.

As described in section 2.10.3 the inserted masses between the interface of the sub-
structures and the connecting elements are not negligible. Thus, its influence should be
removed by coupling another state-space model, defined in a negative form. As this nega-
tive state-space model cannot be defined just by mass, the stiffness and damping matrices
of both connecting elements substructures should be wisely chosen.
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Figure 3.8: Mechanical System n° 4
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Figure 3.9: Mechanical System n° 4 - Coupling with a positive and a negative state-space

model - dividing in different substructures

Firstly, the substructures B and D must have the same mass properties, in order to
remove the influence of the inserted masses between the substructure interface. Secondly,
as the substructure B will be coupled in a regular form, while the substructure D will be
coupled in a negative form, the stiffness and damping properties of the substructure B were
selected to be twice the value of the real ones and the stiffness and damping properties
of the substructure D were selected to be equal to the real ones. Therefore, it will be
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3.2. Numerical Results - Coupling state-space models expressed in modal coordinates

guaranteed that the obtained coupled state-space model will correspond to the structure
state-space model. The mechanical properties of each connecting elements substructure
could be others, since it guarantees the achievement of a coupled state-space model, which
represents the structure in analysis (see figure 3.9).

This coupling procedure is done in two different steps. Firstly the substructures A,
B and C are coupled in a regular form. Afterwards, the coupling of the substructure D
with its state-space model defined in a negative form should be performed, achieving the
intended coupled state-space model.

The FRF's obtained from the coupled state-space model were computed and compared
with the analytical FRFs. It was observed a perfect fit between both for all the FRFs.
In figure 3.10 are represented 2 different curves, representative of the assembled structure
FRF considering as output the DOF related to the mass m4 and as input the DOF related
to the mass my. The black curve represents the analytical accelerance FRF and the blue
curve represents the same accelerance FRF computed from the coupled state-space model
obtained with the method proposed by Su and Juang [Su and Juang, 1994].
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Figure 3.10: Mechanical System n°® 4: Accelerance FRF considering as output the DOF
related to the mass my4 and as input the DOF related to the mass mso

Note that, the coupling realized in this numerical example was not performed by the use
of the presented approach at section 2.10.2. In fact, this approach is not recommended,
when coupling state-space models expressed in modal coordinates and therefore, is not
recommended when coupling experimental data. The reason for this affirmation is the
fact of the estimation of a state-space model from experimental data should be performed
in a frequency band which includes system poles. However, since the inserted masses would
be low, the resonance frequencies of the system, would be localized at high frequencies,
hence the state-space model estimation would be more difficult (see section 2.10.1).
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Chapter 4

Experimental Results

In this chapter, two real mechanical systems will be analyzed. The first one is an eletric
motor rigidly connected to a metal support frame. The second is a system composed by
two components, a source and a receiver rigidly connected.

For the first mechanical system, it was provided by Siemens Industry Software NV
the measured FRFs of the eletric motor and the metal support frame and as well the
measured FRFs of the assembled structure. Therefore, the coupling will be performed
between both substructures with the Su and Juang state-space coupling method [Su and
Juang, 1994] and with FBS method, then both of obtained solutions will be compared
with the measured FRF's of the assembled system.

For the second mechanical system, it is available the measured FRF's of each substruc-
tures, but is not available the measured FRFs of the assembled structure. Therefore, the
evaluation of the results accuracy obtained by the technique proposed by Su and Juang
[Su and Juang, 1994] will be performed by comparing with the solution obtained with FBS
method.

Since, the estimated state-space model from measured data presents a non negligible
error, the FBS solution will be obtained by the use of the measured FRFs and also by the
use of the FRFs computed from the estimated state-space models.

Note that, it will not be performed a description of the material used in the FRFs
measurements, neither the performed procedures, since no experimental work has been
done. It will be performed just a description of each mechanical system, the position of
each accelerometers and the inputs and outputs, which were considered to characterize
each substructure.

This chapter will be composed by two main sections related to each analyzed mechani-
cal system. Each of these composed by three different subsections. Firstly, the description
of the mechanical system and respective substructures. Secondly, the estimation of the
state-space model from the measured data will be explained and the FRFs computed from
the estimated state-space models will be compared with the measured ones. Lastly, the
coupling procedure will be explained and the obtained coupling results will be presented.

Note that, both of the experimental couplings have the aim to reveal that the coupling
with the method proposed by Su and Juang [Su and Juang, 1994] does not impose the
necessity of internal and interface inputs and outputs. In fact, with simple adjustments to
the coupled state-space model (see mathematical expression (2.57)) it will be possible for
the first mechanical system perform coupling just by consider interface inputs and outputs.
For the second mechanical system the coupling will be performed by considering just
interface inputs and considering interface and internal outputs. The minimum requirement
to perform coupling is the presence of interface inputs and outputs.
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4.1 Experimental example n° 1

4.1.1 Mechanical System Description

The first mechanical system is composed by two structures, an electric motor and a
metal support frame consisting of 3 metal brackets. Both of substructures are connected
by 3 connecting points. In order to measure the accelerance FRFs of each substructure it
is necessary to perform excitation and measure the acceleration responses at the intended
locations. The acceleration measurements were performed by the use of accelemrometers
PCB Piezotronics with reference 333830. All the information about this accelerometers
can be found at the following reference [Piezotronics, 2020].

On other hand, the excitation was performed by the use of mechanical shakers Simcenter
() — HSH. This shaker is a miniature shaker that has been developed to perform highly
repeatable and high-frequency structural excitation in minimum space. In fact, this shaker
is suitable to perform excitation between 500 Hz and 10000 H z, therefore, this is not a
suitable choice to perform low frequency excitation, but can also provide reliable excitation
down to frequencies between 200 Hz and 300 Hz for small application cases where not
much energy (force) is required. In this application case the excitation started at 300 Hz.
This fact justifies the starting of the analysis of this experimental measured data at 300
Hz. All the information about the used excitation shakers can be found at the following
reference [Siemens, 2020]. The upper limit of the frequency band of interest was selected
to be 4000 Hz, since for frequencies higher than 4000 Hz the measured data showed to
be very noisy.

The electric engine is presented in figure 4.1. In order to measure its accelerance FRF's,
the electric engine was excited at the 3 connecting locations in each of the 3 dimensional
axis (z, y and z). The acceleration measurements were performed at the same locations
as the excitation, therefore this substructure is modeled by 9 interface inputs and outputs.
In figure 4.1a it is presented a schematic representation of the tested engine, where it can
be seen the position of the inputs and outputs. In that figure the DOFs are denominated
by Engi:1, Engi:2 and Engi:3. However, for simplicity from this moment and until the
end of this dissertation these DOFs will be denominated by C1, Cy and Cs, respectively.
In figure 4.1b it can be observed the electric engine in test and can be realized that the
accelerance FRF's have been measured in free-free boundary conditions.

Engi:1

Engizzk

Engi:SE'

(a) Schematic representation [Siemens, n.d] (b) Measuring accelerance FRF's [Siemens, n.d]

Figure 4.1: Eletric engine

In its turn, the support frame is presented at figure 4.2. This structure has been
excited and the response have been measured not only at the connection locations but
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4.1. Experimental example n° 1

also in another locations. However, it will be just taken in account the 3 connection point
locations, in order to practical demonstrate the possibility of perform coupling with the
technique proposed by Su and Juang [Su and Juang, 1994] when the substructures are just
modelled with interface inputs and outputs. Therefore, this substructure is modeled with
9 interface inputs and outputs.

In figure 4.2a it can be observed the location of the excitation and measurement points.
The considered locations to model this substructure are denominated by subBconn:1,
subBconn:2 and subBconn:3. However, from this moment and until the end of the present
dissertation, these DOF's will be denominated by Cy, Cy and Cs, respectively. In figure
4.2b it can be observed a real figure of the support frame.

SubBconn:1

SubBconn:3 SubBconn:2

SupB:12 SupB:13

(a) Schematic representation [Siemens, n.d] (b) Real image [Siemens, n.d]

Figure 4.2: Support frame

The assembled structure can be observed at figure 4.3. This structure will be modeled
by 9 interface inputs and outputs, since for the pointed reasons the support frame will be
just modeled by the connecting points. In figure 4.3a it can be observed a schematic repre-
sentation of the assembled structure and the location of all the excitation and measurement
points. The points considered to model this structure are denominated by engi:1, engi:2
and engi:3. However, from this moment and until the end of the present dissertation,
these DOFs will be denominated by C7, Cy and Cj, respectively. In figure 4.3b it can be
observed a real image of the assembled structure.

Engi:top

"L supB:13

(a) Schematic representation [Siemens, n.d] (b) Real image [Siemens, n.d]

Figure 4.3: Assembled structure
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4.1.2 Identification Results

The estimation of state-space models from measured data was performed in two dif-
ferent steps. Firstly, the modal model estimation was performed with software Simcenter
Testlab® and secondly the state-space model estimation from the estimated modal model
was performed with a M ATLAB® script provided by Siemens Industry Software NV.

The first step was performed by the use of the presented method at section 2.8. This
method already was implemented in software Simcenter Testlab®, justifying the use of
this software in the modal model estimation. The electrical engine (see figure 4.1) measured
data was analyzed in four different frequency bands between 300 Hz and 4000 Hz. The
analyzed frequency bands are presented as follows:

1. 300 Hz to 850 Hz;
2. 850 Hz to 1840 Hz;
3. 1840 Hz to 2740 Hz;

4. 2740 Hz to 4000 Hz.

The support frame (see figure 4.2) measured data was analyzed in 4 different frequency
bands, presented as follows:

1. 300 Hz to 1025 Hz;
2. 1025 Hz to 2050 H z;
3. 2050 Hz to 3050 H z;

4. 3050 Hz to 4050 Hz.

For the construction of the stabilization diagram, the chosen modal size was 1000. The
chosen pre-set tolerances were the default ones, which are presented as follows:

e Maximum variation of MAC value for the modal participation vectors: 2%;
e Maximum frequency variation: 1%;

e Maximum damping ratio variation: 5%.

For both parts, the poles selection was made with the automatic modal parameter
selection tool of software Simcenter Testlab®. For this automatic selection it was defined
a default modal density and a default limit for the maximum damping ratio of the selected
poles (7%).

The choice to perform the modal parameters estimation in several bands is justified
for both of the systems have a great number of poles. On other hand, it was verified that
performing the identification by the use of one band would require the selection of an huge
modal size, which would turn the estimation procedure slower and issues of memory would
be faced. The criteria for the chosen frequency bands is simple. It was chosen in order to
the beginning and the end of each frequency band be localized at one anti-resonance of the
FRF representative of the sum of all the measured FRF's. This criteria is justified in order
to guarantee that the frequency band ends in a far location from a FRF peak, which will
guarantee that the information about the in-band poles is totally included. Otherwise,
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4.1. Experimental example n° 1

some pole information could miss and the identification of that pole would not be properly
performed.

The pre-set tolerances should be chosen, in order to obtain the best possible modal
model estimation. Usually, if the system has a lot of poles the pre-set tolerances should
be greater. However, start by the default pre-set tolerances is always a good choice,
if the estimated modal model is not of the intended quality, these tolerances should be
readjusted. The maximum damping ratio for the selection of poles is dependent of the
mechanical system. If it is known that the damping is low, this parameter should be
lower, otherwise if it is known that the system is highly damped, this parameter should be
greater. The chosen modal density should be readjusted if in a specific frequency band it
is known that the system presents a low or a high number of poles, otherwise the default
density should be used. In general, the modal model estimation procedure is an iterative
procedure and there is no strict rule for the choice of the involved parameters.

After the poles selection, the participation factors and the damping ratios are known.
In order to compute the mode shapes and the lower and upper residuals the modal model
expression (2.85) should be solved in a linear least-square sense. In this step it was enforced
real mode constraint. This constraint corresponds to estimate real valued mode shapes and
participation factors [El-Kafafy et al., 2015]. As stated at section 2.8.3, this means that
is assumed that the structure under testing has a proportional damping. The reason for
the introduction of this assumption is to low the numerical complexity of the calculations.
On other hand, the estimation of the state-space model from the estimated modal model
is simpler. In fact for both substructures it was verified that this assumption did not
decreased the estimation quality of the modal model.

In order to refine the obtained modal model, 100 ML-MM iterations were applied (see
section 2.8). In this step, the selected relative error between two consecutive calculated
cost-functions, in order to end the optimization procedure was 3 x 1075 %. After the
optimization procedure for each of the analyzed frequency bands, the estimated modal
models were merged and the modal model for the frequency band between 300 Hz and
4000 H z for the electrical motor and between 300 Hz and 4050 H z for the support frame
was obtained. Afterwards, an acceleration state-space model was computed from the
estimated modal model as exposed in section 2.8.3.

In figure 4.4 it can be observed the electrical engine FRF considering as output the DOF
C3% and as input the DOF CY (see figure 4.1). The figure 4.5 presents the support frame
FRF considering as output the DOF C} and as input the DOF C} (see figure 4.2). Both
figure presents 3 different curves, the black curve is the measured FRF, the red represents
the estimated modal model in software Simcenter Testlab® and the blue represent the
FRF computed from the estimated acceleration state-space model. The presented FRF's
are represented between a frequency band 300 Hz and 4000 Hz.

Analyzing both figures 4.4 and 4.5 it can be realized that the blue curve perfect match
with the red one, which proves that the acceleration state-space model is correctly com-
puted from the estimated modal model. Therefore, the theoretical deduction performed at
appendix E, in order to take in account the lower residuals and the conversion of the upper
residuals into residuals modes (see section (2.8.3)) are here verified in practice. On other
hand, it can be realized that the FRF computed from the estimated state-space model
and the measured one almost perfect fit, which proofs that the modal model estimation
was performed with high quality.
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Figure 4.4: Identification results: Electric engine accelerance FRF considering as output
the DOF C% and as input the DOF CY
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Figure 4.5: Identification results: Support frame accelerance FRF considering as output
the DOF C{ and as input the DOF Cf

4.1.3 Coupling Results

The coupling between both substructures was enforced at the 3 connecting points
(see figures 4.1 and 4.2). In order to enforce coupling, the compatibility and equilibrium
conditions (see section 2.7.1) have to be established. This coupling will be performed by
the use of the method proposed by Su and Juang [Su and Juang, 1994], therefore, a [T']
matrix based on the established equilibrium and compatibility conditions should also be
computed.

Starting by expressing the equilibrium and compatibility conditions by mathematical

60



4.1. Experimental example n° 1

expressions
- E SF - _ B SF - _ . E SF
Ucy = ucs + ugs Ucy = Ucy + Ul Ucy = ug: + ugs (4.1a)
- E SF - _ B SF - _ . E SF
UC'% = ’U/C%c + 'LLC%c U’Cg = 'U/C%/ + ’U/Cg UCQZ = chz + ch (41b)
= _.E SF - _ B SF - _.E SF
Ucy = ucy + ugs Ucy = ucy + Ucy tc; = uc; +uc: (4.1c)

In its turn, the compatibility equations are following presented

— E SF ~ E SF ~ E SF
Ycg = Ycr = Yor Yoy = Yoy = Yev yer = Yoy = Yei (4.22)
_ E SF _ E SF - E SF
Yoz = Yoz = Yoz Ycy = Ycy = Yoy ycs; = Yoz = Yoz (4.2b)
_ E SF _ E SF - E SF
Yog = Yoz = Yo Yoy = You = Yoy Yo; = Yoz = Yo: (4.2¢)

In expressions (4.1) and (4.2) and until the end of this section, letter u is related to
inputs, y is related to outputs, subscripts refers to the DOF's, top bar variables are referred
to the assembled structure and the superscripts E and SF are respectively referred to the
electric engine and to the support frame.

Expressing the equilibrium and compatibility conditions (equations (4.3) and (4.4),
respectively) by the use of the [T matrix

- 5 - .
uey Ye,
E E
Uc, Y,
acl ugg ygj T gC1
e, | = [T] o (4.3) ol = 7] |¥e, (4.4)
aCS Ucy Yen gC3
SF SF
Uy, Ye,
SF SF
[UCs LYCs |
where, [T'] matrix is given as follows
T =11 1 (4.5)

with matrix [I] being an identity matrix with 9 rows and 9 columns.

Note that, each of the inputs and outputs presented at equations (4.3) and (4.4) rep-
resent in fact three different inputs and outputs, respectively. Being each, related to each
of the three dimensional axis z, y and z.

In order to perform coupling, the presented procedure at section 2.9.1 must be followed.
However, analyzing the presented coupled state-space matrices (see equation (2.57)) it can
be noted the presence of internal outputs and inputs. In this experimental coupling, just
interface inputs and outputs are used to characterize the assembled structure (see section
4.1.1). Therefore, the variables related to the internal inputs and outputs should be
eliminated. After this elimination the following coupled state-space matrices are obtained
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[A] = Ap + BLQCH
[B] = [Bp(Dp) "' TTS™]

€)= [0} )
(D] = [57]
where the auxiliary variables [S] and [Q)] are given by
8] = T(D) 1T (47)
Q1 = (DY) 'TT s T(DE) ™ — (D) (4.8)

The obtained coupled state-space model does not need the matrices [B], [C] and [D]
rearrangements presented at section 2.9.1. This is justified for no internal inputs and
outputs be used to characterize the assembled structure. The input and output vectors
are, instantly, obtained as follows

uc, Yoy
{ﬂ} = aCz ) {y} = gCQ (4'9)
Ucy Ycs

Again, each of the inputs and outputs presented in input and output vectors (see
equation 4.9) represent in fact three different inputs and outputs, respectively. Being
each, related to each of the three dimensional axis z, y and z.

In order to compare the accuracy of the obtained coupled results by the use of the FBS
method (see section 2.6) and Su and Juang technique [Su and Juang, 1994], this coupling
was also performed by FBS method. In fact, two FBS solutions were computed by the
use of software Simcenter Testlab®. One FBS solution was computed by the use of the
measured FRFs and the other by the use of the identified FRFs (see section 4.1.2).

In figure 4.6 are represented 4 different curves, representative of the assembled structure
FRF considering as input the DOF C7 and as output the DOF (. The black one is related
to the measured FRF, the blue represents the FRF computed from the coupled state-space
model obtained with Su and Juang method [Su and Juang, 1994], the red represents the
FRF obtained by the use of the FBS method with the identified substructure FRFs and
the green represents the FRF obtained by the application of FBS method to the measured
substructure FRFs. It was observed a perfect match between blue and red curves for all
of the FRFs. The 4 obtained coupled FRF's solutions are represented for a frequency band
between 300 Hz and 4000 Hz.
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Figure 4.6: Coupling results: Assembled structure accelerance FRF considering as output
the DOF C7 and as input the DOF C%

4.2 Experimental example n° 2

4.2.1 Mechanical System Description

The second mechanical system is composed by two structures, which here will be de-
nominated as source and receiver. The measured data from source substructure (presented
in figure 4.7) is characterized by 4 different excitation and response measurements loca-
tions, which are represented by red cross markers. In each of these locations, the excitation
and response measurement was performed for each of the three dimensional axis, x, y and
z. Therefore, this substructure is characterized by 12 outputs and 12 inputs.

Sy

$3
Source

S3

Srl-

Figure 4.7: Source

In its turn, the receiver is presented at figure 4.8. The 4 red cross markers represent
excitation and response measurements locations for each of the three dimensional axis (z,
y and z), which perform 12 outputs and 12 inputs. On other hand, the 4 represented green
cross markers represent response measurements locations for each of the three dimensional
axis, which corresponds to 12 outputs. Thus, this substructure is characterized by 24
outputs and 12 inputs.
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Figure 4.8: Receiver

In its turn, the coupled structure can be observed in figure 4.9. The assembled sub-
structure is characterized by 24 outputs and 12 inputs. Again, the 4 red cross markers
represent excitation and response measurements locations for each of the three dimen-
sional axis (z, y and z), while the 4 presented green cross markers represent response
measurements locations for each of the three dimensional axis.

SR SRy

SR, SR,
Source Receiver

SR- SR,

SRy SR,

Figure 4.9: Assembled structure

4.2.2 Identification Results

The estimation of the state-space models from the measured data was performed by
following the same steps as described at section 4.1.2. The source substructure (see figure
4.7) measured data was analyzed in four different frequency bands between 20 Hz and
4000 Hz. The analyzed frequency bands are presented as follows:

1. 20 Hz to 1015 Hz;
2. 1015 Hz to 2000 H z;
3. 2000 Hz to 3000 Hz;

4. 3000 Hz to 4000 Hz.

In its turn, the receiver part (see figure 4.8) measured data was analyzed in 8 different
frequency bands. The choice of twice the bands compared to the source part is justified
because of the receiver part has more poles. This implies the selection of an higher model
size for the computation of the stabilization diagram or the use of the same model size but
in smaller frequencies bands, in order to achieve an high quality modal model estimation.
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To overcome possible problems related to lack of memory or a slow modal model estima-
tion, it was preferred to divide the frequency band of interest in smaller frequency bands.
The analyzed frequency bands are presented as follows:

1. 20 Hz to 495 Hz; 5. 2000 Hz to 2500 H z;
2. 495 Hz to 985 Hz; 6. 2500 Hz to 2975 H z;
3. 985 Hz to 1500 Hz; 7. 2975 Hz to 3520 Hz;
4. 1500 Hz to 2000 H z; 8. 3520 Hz to 4000 Hz.

The choice of this bands follows the same presented advises at section 4.1.2. For the
PolyMAX step, the chosen model size for the stabilization diagram construction was 1000
and the pre-set tolerances for the identification of the physical poles were the following:

e Maximum variation of MAC value for the modal participation vectors: 10%;
e Maximum frequency variation: 5%;

e Maximum damping ratio variation: 10%.

For both parts, the poles selection was made with the defined default modal density of
the software Simcenter Testlab®, it was also limited a maximum damping ratio of 70% for
the selected poles. In section 4.1.2 it was advised to use the Simcenter Testlab® default
pre-set tolerances, however it was found that with such strict tolerances many poles of both
parts would be erroneously rejected. Therefore, the used pre-set tolerances were higher.
On other hand, it is known that both substructures under test present high damping which
justifies the choice of maximum damping ratio of 70% for the poles selection.

After the poles selection, the participation factors and the damping ratios are known.
Then, to compute the mode shapes and the lower and upper residuals the modal model
expression (2.85) should be solved in a linear least-square sense. In this step it was enforced
real mode constraint as it already have been done for the mode shapes computation at
section 4.1.2. It was verified, for both parts, that this assumption did not decreased the
estimation quality of the modal model.

In order to refine the obtained modal model, 100 ML-MM iterations were applied
(see section 2.8). For each substructure, the estimated modal models were merged and
the modal model for the frequency band between 20 Hz and 4000 Hz was achieved.
Afterwards, an acceleration state-space model was computed from the estimated modal
model as exposed in section 2.8.3.

In figure 4.10 it can observed the source substructure FRF considering as output the
DOF S5 and input the DOF ST. The figure (4.11) presents the receiver substructure
FRF considering as output the DOF RZ and as input the DOF R§. Both figures presents
the referred FRFs for a frequency band between 20 Hz and 4000 Hz. In each of these
figures are represented 3 different curves, the black curve is the measured FRF, the red
represents the estimated modal model in Simcenter Testlab® and the blue represents the
FRF computed from the estimated acceleration state-space model.

Analyzing both figures 4.10 and 4.11 it can be realized that the blue curve perfect
match with the red one, which proves that the acceleration state-space model is correctly
computed from the estimated modal model. Comparing the black curve with the blue one
it can be observed that the estimated modal model is of high quality for the majority of
the frequency band.
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It is important to refer that the majority of test conditions for the measured accelerance
FRFs for the both substructures and respective assembled structure are unknown. This
fact justifies the analyze of this experimental coupling starting at the lower frequency
that measured data is available, 20 Hz. The upper frequency of the band of interest was
selected to be 4000 Hz, since for frequencies higher than 4000 Hz the measured data
showed to be very noisy.
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Figure 4.10: Identification results: Source part accelerance FRF considering as output the
DOF S5 and as input the DOF SY
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Figure 4.11: Identification results: Receiver part accelerance FRF considering as output

the DOF R and as input the DOF R

4.2.3 Coupling Results

The connection between both substructures is performed at red cross markers location
(see figures 4.7 and 4.8). Thus, in order to enforce coupling, the equilibrium and com-
patibility conditions (see section 2.7.1) have to be established between the DOFs related
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to these locations. These conditions can be established by the following mathematical
expressions

Usry = Ugy + UR: Uspy = Ugy + URy USR: = Ugz + UR: (4.10a)
USRz = USg + URz Uggpy = Ugy + Upy USR: = Us; + UR: (4.10b)
USRz = USz + URz Ugpy = Ugy + URy USR: = Us; + UR: (4.10c)
USRz = UST + UR: Uggpy = Ugy + Upy USR: = Us; + UR; (4.10d)
In its turn, the compatibility equations are following presented
Ysrg = Ysy = Yrg YsrY = Ysy = YRy YSR: = Ys: = YRz (4.11a)
Ysrg = Yss = Yrg YsrY = Ysy = YRy YSRz = YSz = YRz (4.11Db)
Ysr = Ysg = YRy Ysry = Ysy = YRy YSRz = Ys; = YRz (4.11c)
Ysrg = Ysi = YRg YsrY = Ysy = YRY YSRz = Ys: = YRz (4.11d)

Note that, letter u is related to inputs and letter y is related to outputs.

Since, this mechanical coupling will be performed by the use of the method proposed
by Su and Juang [Su and Juang, 1994], a [T] matrix based on the established equilibrium
and compatibility conditions should be computed. Starting for express the equilibrium and
compatibility conditions (equations (4.10) and (4.11), respectively) by the introduction of
the [T'] matrix

[us, ] [Ys |
US, YsSs,
USRs USs YsSs YSRs
USRs | ] | 81 (4.12) Ysi| _ )" | YShe (4.13)
USR; UR,y YR, YSRy
USRg UR, YR, YSRg
UR3 YR;
LUR, LYR,
where, [T'] matrix is given as follows
T)=1[I I (4.14)

with matrix [I] being an identity matrix with 12 rows and 12 columuns.

Note that, each of the inputs and outputs presented at equations (4.12) and (4.13)
represent in fact three different inputs and outputs, respectively. Being each, related to
each of the three dimensional axis z, y and z.

At this moment, to perform coupling, the presented procedure at section 2.9.1 must
be followed. However, analyzing the presented coupled state-space matrices (see equation
(2.57)) it can be noted the presence of internal inputs. In this experimental coupling, in
order to characterize the assembled structure are used interface inputs and internal and
interface outputs (see section 4.2.1). Therefore, the variables related to the internal inputs
should be eliminated. After this elimination the following coupled state-space matrices
are obtained
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[A] = Ap + BHQC},
[B] = [B)(DE) ' TT 8]
B I 10 FaYall
o= [Shrinl ) o
1J JIN—17T ¢g—1
D] = [DD (DDS)_1 TTS ]

where the auxiliary variables [S] and [Q)] are given by

[S] = (DL TT (4.16)
Q] = (D) TT S T(DY) ™ — (D) ! (4.17)

The obtained coupled state-space model does not need any rearrangement of matrices
[B], [C] or [D] as explained in section 2.9.1. This is justified because just the receiver
substructure is characterized by internal outputs. The input and output vectors are,
instantly, obtained as follows

[YsR, |
YSR,
USR5 YSR3
{u} = ZSRG . gy = |V (4.18)
SR7 YSRs
USRg YSRe
YSRy
LYSRg |

Again, each of the inputs and outputs presented in input and output vectors (see
equation 4.18) represent in fact three different inputs and outputs, respectively. Being
each, related to each of the three dimensional axis z, y and z.

In order to compare the accuracy of the obtained coupled results by the use of the FBS
method (see section 2.6) and by the use of the proposed by Su and Juang [Su and Juang,
1994], this coupling was also performed by FBS method. In fact, two FBS solutions were
computed by the use of software Simcenter Testlab®. One FBS solution was computed
by the use of the measured FRFs, while the other by the use of the identified FRFs (see
section 4.1.2).

In figure 4.12 are represented 3 different curves, representative of the assembled struc-
ture FRF considering as output the DOF SR{ and as input the DOF SRf. The blue
curve represents the FRF computed from the coupled state-space model obtained with
the method proposed by Su and Juang [Su and Juang, 1994], the red represents the FRF
obtained by the use of the FBS method with the identified substructure FRFs and the
green represents the FRF obtained by the application of FBS technique to the measured
substructure FRFs. It was observed a perfect match between blue and red curves for all
of the FRFs.

Unfortunately, no measured FRFs of the assembled structure were available. The 3
obtained coupled FRF's solutions are represented for a frequency band between 20 Hz and
4000 Hz.
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Figure 4.12: Coupling results: Assembled structure accelerance FRF considering as output
the DOF SRY and as input the DOF SRg

4.3 Discussion

Analyzing the obtained results for the experimental couplings performed at sections
4.1 and 4.2, it can be realized that the FRFs computed from the coupled state-space
model obtained by the use of the method proposed by Su and Juang [Su and Juang,
1994] perfects match the solution obtained by the application of the FBS method to the
identified substructures FRFs. This means that starting from the same set of identified
substructures FRFs, the method proposed by Su and Juang [Su and Juang, 1994] is able
to provide coupling results with the same accuracy of the obtained ones by the use of FBS
method. Therefore, the differences verified between the coupled FRFs obtained by the
application of the FBS method to the measured FRF's and the obtained by the use of Su
and Juang method [Su and Juang, 1994] are, uniquely, explained by errors in the modal
model estimation of each substructure involved in coupling.

Even thought, the modal model estimation was not perfectly performed, the estimation
is of high quality for the majority of the frequency band, even for the identification of more
complex systems as the identified at section 4.2. This justifies the perfect match at many
frequencies between the coupled FRFs obtained by the method proposed by Su and Juang
[Su and Juang, 1994] and the ones obtained by the FBS method applied to the measured
data, for both performed experimental couplings.

Observing the obtained coupling results for the first performed experimental coupling
presented at figure 4.6 it can be observed that for frequencies below 500 Hz the coupling
results obtained by the use of FBS method applied to the identified FRFs are closer to the
measured FRFs than the coupled FRFs obtained by the application of the FBS method
to the measured FRFs.

In fact, as already stated the FBS method suffers from numerical problems, in special
related to ill-conditioned matrix inversions. A criteria to evaluate if the obtained coupled
FRFs matrices are not numerically ill-conditioned is the analysis of its condition number.
The condition number is given by the ratio between the highest and smallest singular
values of the FRFs. These singular values are obtained by the application of the singular
value decomposition (SVD) to the obtained coupled FRFs at each frequency as presented
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at section 2.5. A practical rule is to assume that the obtained coupled FRF's by the use of
FBS method does not suffer of numerical ill-conditioned problems if the condition value
is bellow 100 [Siemens, 2018].

Therefore, in order to evaluate the reason for the better results obtained by the compu-
tation of the coupled FRFs by the use of the measured and identified FRF's the condition
values have been represented for a frequency range between 300 Hz and 4000 Hz in fig-
ure 4.13. In this figure it can be observed the condition number for the coupled FRF's
obtained by the application of FBS method to the measured FRFs (black curve) and to
the identified ones (blue curve). The condition values for both sets of coupled FRFs were
obtained by the use of software Simcenter Testlab®.
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Figure 4.13: Condition Number: Experimental example n°1

In fact, it can be realized that the condition number for the solution obtained by the
use of the identified FRFs is lower than by the use of the measured FRFs, specially, for
frequencies bellow 600 Hz. Thus, the coupling FRFs computed by the application of FBS
method to the identified FRFs are closer to the measured ones, because of the verified
improvement in the condition number. Indeed, the identification procedure, even though
not being perfect (see section 4.1.2) improved the solution obtained for the coupling FRFs.
In fact, the identification procedure described at section 2.8 have the effect of filtering the
noise from the measured data, not being a totally surprise. This phenomena as already
been observed for others applications, which motivated the development of PolyMAX
Plus. This PolyMAX based method is specialized in filtering noise of the measured FRF's
[Siemens, 2019].

Moreover, the condition number is lower than 100 for the majority of frequencies values
higher than 600 Hz, which suggest that in fact, the obtained coupled FRFs are of high
quality. Suggesting that the main reason for the observed differences between the coupled
FRFs and the measured ones are due to measurements errors.

Unfortunately, no measured solution is available for the rigidly connected system an-
alyzed in section 4.2, not permitting the understand of which the FBS solution is closer
to the measured ones. However, the analyze of the condition number continues to be of
interest, in order to understand if the identification procedure has the effect of the de-
crease this parameter as verified for the first experimental coupling. In figure 4.14 it can
be observed the condition number for the coupled FRFs obtained by the application of
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FBS method to the measured FRFs (black curve) and to the identified ones (blue curve)
represented between 20 Hz and 4000 Hz. Again, the condition values for both sets of
coupled FRFs were obtained by the use of software Simcenter Testlab®.
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Figure 4.14: Condition Number: Experimental example n°2

Observing the figure 4.14 it can be realized that the same decrease of condition number
for the FBS solution computed by the identified FRFs was observed for some frequencies
of the band of interest. However, for other frequencies it was observed the opposite, being
observed a increase of the condition number. Furthermore, overall the condition number
is very high in order to assume that the obtained coupled FRF's are of high quality.

Another important conclusion that can be made is that the method proposed by Su
and Juang [Su and Juang, 1994] suffers of same ill-conditioned problems as FBS. In fact,
when applied to the same set of FRFs both techniques provide same coupled results
for both performed experimental couplings. However, since for the second experimental
coupling it was observed that the condition number was high for the majority of frequency
band, thus, it is expected that FBS method suffers of ill-conditioned problems. Hence,
the obtained coupled FRFs obtained by the use of the method proposed by Su and Juang
[Su and Juang, 1994] should not perfect fit the ones obtained by FBS method, if the Su
and Juang technique [Su and Juang, 1994] did not suffers of ill-condition problems as
well. The same is valid for the first experimental coupling up to 600 Hz, where it was
verified high condition numbers. Therefore, these facts strongly support the idea that the
method proposed by Su and Juang [Su and Juang, 1994] suffers from the same numerical
problems as FBS method. However, further research on systems that suffers of numerical
ill-conditioned problems is required to better assess the performance of this state-space
coupling method.

Comparing the results obtained by the method proposed by Su and Juang [Su and
Juang, 1994] with the measured ones, which are just available for the coupling performed
at section 4.1, it can be seen that both solutions are not equal. Despite the evident
differences between both solutions, it is observed that for some frequencies both of the
obtained FRF's are close. This fact, the fact of the coupled FRFs obtained by the method
proposed by Su and Juang [Su and Juang, 1994] perfect match the ones computed by
FBS method, when it is applied to the identified FRFs and the fact of the perfect results
obtained for numerical couplings (see chapter 3), suggest that the encountered differences
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are mainly due to measurement errors.

The pointed measurement errors can be caused by several factors. One of these factors
is related to the way that the excitation is performed. This excitation can be either impact
excitation by the use of hammer or by the use of shakers. As stated, it was used shakers
to perform the excitation. By the use of shakers the excitation force is obtained by the
motion of the vibrating piston, through the shaker stinger. The transmitted force from
the stinger to the structure under testing is supposed to be just in stinger direction, which
never occur. Moreover, the stinger also has natural modes which can introduce false modes
into the FRFs. The force gage associated with a shaker may pollute the measured FRF's
by adding shear and rotation masses [Allen et al., 2020]. On other hand, the measured
substructure accelerance FRFs were obtained by simulating free-free boundary conditions.
However, these boundary conditions does not, correctly, simulates boundary conditions of
the substructure when it is coupled. In order to better simulates the coupling conditions
when measuring substructure accelerance FRFs, the use of the transmission simulator
method in future substructure accelerance FRFs measurements is suggested.

The transmission simulator method assumes that if the accelerance FRFs of a sub-
structure are wanted to be known, these FRFs measurement should be performed with
the substructure coupled to another substructure, which accelerance FRFs are known
(transmission simulator). Afterwards, the influence of the transmission simulator should
be removed by substructure decoupling. When using state-space coupling methods, this
decoupling can be performed in a similar way to the negative coupling presented at section
2.10.3. In order to implement this method, an analytical and a real model of the trans-
mission simulator have to be manufactured. In the measurement FRFs procedure, the
transmission simulator should be mounted to the substructure under test with exactly the
same joint geometry as that to which the substructure will be connected. Moreover, the
transmission simulator should be manufactured with the same material as the substructure
that will be coupled with the substructure under test. Then, the constructed analytical
model of the transmission simulator is used in the decoupling procedure, in order to obtain
the substructure FRFs [Allen et al., 2020].

The use of this approach will permit the measurement of the substructure accelerance
FRF's better simulating the coupling boundary conditions. In theory this procedure may
seems useless, however it has been verified a significant improvement in the obtained
coupling FRF's of the assembled system, when the accelerance FRFs of the substructures
are obtained by the use of this method. This fact is related to two main reasons. Firstly,
the dynamics of the substructure under testing if coupled to the transmission simulator
will be similar to its dynamics when is incorporated into the real assembled structure.
Moreover, the obtained substructure FRF after the decoupling procedure will not only
present the dynamics of the isolated substructure, but also the dynamic of the interface
as it presents in the assembled structure.

In fact, this method has been mostly applied to the FBS method being obtained
higher accuracy in the obtained coupled results. Recently, this method have been trans-
lated for state-space substructuring by Scheel et al. in [Scheel et al., 2019], and used to
couple an wind turbine being found that the transmission simulator method was success-
ful implemented. This fact motivates even more the repetition of the substructure FRF's
measurements by the use of transmission simulator method, suggesting that the obtained
results will be improved. For a deeper exploration on transmission simulator method the
following references are suggested [Mayes and Arviso, 2010],[Scheel, 2015],[Scheel et al.,
2019],[Allen et al., 2020].
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Chapter 5

Conclusion

5.1 Conclusions

The present work was developed with the aim of explore state-space coupling techniques
for experimental dynamic substructuring. By the realization of this dissertation, was found
that by the use of the state-space coupling technique proposed by Su and Juang [Su and
Juang, 1994] it is possible to obtain reliable coupling results, for couplings performed
between analytical models and also performed between real substructures.

The coupling of analytical models was verified for rigid connections and also for non-
rigid ones (see chapter 3). It was verified that this technique provide high quality results, no
mattering the complexity of the structure and the number of substructures that compose
it. On other hand, the coupled DOF's can be shared for several substructures, high quality
coupling results continue to be obtained. Focusing on non-rigid coupling, two different
approaches were presented and validated on numerical models. Firstly, one based on the
insertion of small fictitious masses between the connections of each substructure with
the connecting elements 2.10.2. Secondly, one approach based in the construction of two
fictitious models, which one of those should be coupled in a regular way and the other in
a negative way (see section 2.10.3). Both of these approaches were verified when coupling
numerical models. The first was verified for the coupling of the theoretical state-space
models (see section 2.2) and the second for coupling state-space models expressed in modal
coordinates (see section 2.8.3).

The coupling of real substructures was only performed for rigid connections (see chapter
4). It was found that the coupling results obtained by the method proposed by Su and
Juang [Su and Juang, 1994] and the results obtained by the application of the FBS method
to the identified FRFs perfect matched for both of performed experimental couplings. This
reveals that the method proposed by Su and Juang [Su and Juang, 1994] provides results
of the same accuracy as the FBS method. Therefore, the use of the method proposed
by Su and Juang [Su and Juang, 1994] to couple real substructures rigidly connected is
validated.

Although the validation of Su and Juang method [Su and Juang, 1994] for coupling
rigidly connected substructures, it was experimentally found that this method possible
suffers from the same ill-conditioned problems as the FBS method. Indeed, for the second
performed experimental rigid coupling it was found that the obtained coupled FRFs by the
use of both methods, perfect fits. However, analyzing the condition number of the obtained
coupled FRFs, it was found that this parameter is very high. This suggest that the
obtained coupled FRF's are not of high quality and ill-conditioned problems have been faced
in the computation of the FBS solution. Since, the coupled FRFs obtained by the method
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5. Conclusion

proposed by Su and Juang [Su and Juang, 1994] perfect fits the ones obtained by FBS
method, it can be realized that the method proposed by Su and Juang [Su and Juang, 1994]
is suffering by the same numerical problems. However, this conclusion still is premature.
Indeed, this is a first study of the state-space techniques, without any background or
experience in the field. Therefore, more experimental work and experimental couplings
are needed to be performed in future, in order to really evaluate which could be the
advantages of the state-space coupling methods over the FBS.

Moreover, it was found that for the first performed experimental coupling, the iden-
tification procedure worked as a noise filtering, decreasing the condition number of the
coupled FRFs. This fact permitted to obtain for frequencies lower than 500 Hz better
coupling results by the application of the FBS method to the identified FRFs than the
application of the same method for the measured ones. This phenomena must be further
analyzed, in order to understand in which situations it would be preferable to apply the
FBS technique directly to the measured FRF's and the situations when the application of
the FBS method to the identified FRF's would be profitable.

Even though the possibility of the method proposed by Su and Juang [Su and Juang,
1994] suffers of the same numerical problems as FBS method, a possible advantage can be
pointed. In fact, the coupling of two or more substructures and the coupling of DOF's that
are shared by more than two substructures is not a problem for the method proposed by
Su and Juang [Su and Juang, 1994]. In fact this method showed to be very flexible and
continue to be simple even if a really complex structure composed by several substructures
is intended to be coupled. In section 2.6 a similar formulation to the state-space coupling
proposed by Su and Juang [Su and Juang, 1994] is presented for FBS method, which also
permits the enforcement of coupling by the use of the same [T'] matrix and the coupling of
several substructures at same time. However, this possibility have not been yet analyzed.
Up to this moment the FBS coupling has been just analyzed for coupling two substructures
at same time not being known if for the FBS method will be observed the same simplicity
and flexibility to perform more complex couplings.

The realization of the present dissertation adds a deep analysis on the two mostly
developed state-space coupling methods, containing several mathematical deductions that
are not present on the literature analyzed by the author. Furthermore, it comprises cou-
pling procedures and results for analytical cases by the use of two state-space coupling
methods, one developed by Su and Juang [Su and Juang, 1994] and another by Sjovall
[Sjovall, 2004]. As well as coupling procedures and results for experimental couplings by
the use of the same two state-space coupling methods and by the use of FBS method.

5.2 Future work

The present dissertation comprises a initial study in the state-space coupling methods.
At this moment, it is not possible to find any advantage of the use of state-space coupling
methods instead of the use of FBS method, since the accuracy of the obtained results by
both for the performed experimental couplings showed to be equal. Indeed, just analyzing
the presented content in this dissertation, the great motivation for the exploration of state-
space coupling techniques vanish, since the analysis of the obtained experimental coupling
results suggest that the technique proposed by Su and Juang [Su and Juang, 1994] suffers
of the same ill-conditioned problems as FBS method. However, this is just a first initial
study on the field and more experimental work and experimental couplings should be
performed to understand the limitations and the problems of the method proposed by Su
and Juang [Su and Juang, 1994].

74



5.2. Future work

On other hand, the greater observed problems when coupling with the FBS method
were verified when coupling substructures that present translational and rotational de-
grees of freedom and also substructures that work under non-linear mechanical behaviour.
Therefore, future works must for sure include couplings of the substructures that presented
these characteristics by the use of the method proposed by Su and Juang [Su and Juang,
1994].

Summarizing some possible future work

e Use of the transmission simulator method to measure the substructure FRFs;

e Further analysis to the possible ill-condition numerical problems of the method pro-
posed by Su and Juang [Su and Juang, 1994];

e Analyze the possibility of use FBS method to perform couplings between several
substructures and DOF's that are shared by more than two substructures;

e Analyze the circumstances for which the application of the FBS method to the
identified FRF's instead to the measured FRF's would drive to better coupling results;

e Validation of the method proposed by Su and Juang [Su and Juang, 1994] for nu-
merical and experimental couplings that include coupling of both translational and
rotational DOF's;

e Validation of the method proposed by Su and Juang [Su and Juang, 1994] for exper-
imental couplings of real substructures non-rigidly connected;

e Validation of the method proposed by Su and Juang [Su and Juang, 1994] for numeri-
cal and experimental couplings of substructures that presents a non-linear mechanical
behaviour;
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Appendix A

Mathematical proof: Coupling matrices - Su and Juang
method

In this appendix the coupled acceleration state-space matrices presented in equation
(2.57) are going to be deduced from the uncoupled diagonal acceleration state-space model
presented in equation (2.48). Starting for work with the bottom block row of the uncoupled
diagonal state-space model (2.48) [Su and Juang, 1994].

y! = Chx + D’ + DF u’ (A1)

Recording the compatibility condition (equation (2.43)).

17y’ = Chx + DL W! + D u’ (A.2)

For the equality relation between internal uncoupled and coupled DOFs (equations
(2.54) and (2.55)), and solving equation (A.2) in order to variable u”’

DY = TT5 - Cha — DYl

<=>u’ = (D) TG - Cha — D al) (A.3)

Performing the multiplication of the equation (A.3) by the transformation matrix [T]
and solving in order to variable g/

Tu! = T(DEY Y17y — Cha — D al)
<=>Tu =T(DH) 'y — T(DY) Cha — T(DF ) D a!

<=> T(DF) Ty = Tu’ + T(D)"'Clye + T(DE) DYl

<=> g/ = (0D TN (1w’ + T(DE) 1 Cha + T(DE) Dl al) (A.4)

Remembering the definition of the auxiliary variable [S] presented in equation (2.58)
and the equilibrium condition presented in equation (2.44)

g’ = ()7 M@’ + T(Dy') " Chaz + T(Dy’) "' Dy'a’) (A.5)
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A. Mathematical proof: Coupling matrices - Su and Juang method

Working, now, with the first block row of the uncoupled diagonal state-space model
(equation (2.48)) and remembering the mathematical expressions (2.54) and (2.55)

g = CLe+ DHal + DI’
Recalling the relation established in equation (A.3)
y' = Chae + Dy’ + DR (DY)~ (T"y’ — Cha — D'’
By the relation established in equation (A.4)
= Cpz+Dpu' +Dp (Dy) (T (8)™ (@' +T(Dy’) "' Cha+T(Dy) ™ Dyl a')~Cpa—Dpla’)
(A.6)
Developing just the equation term ¢ = (D)) ~1(TT(S)~Y(u’ + T(DL))1Chx) - Clx)
¢ = (D) T'TT(S) e + (D) TITT(S) T T(DY) T Opa — (D) T Chx (AT
Introducing the auxiliary variable [Q)] given by equation (2.59)
¢ = (D) "HTT($)" M@’ +T(DY) "' Cha) ~ Cha) = (DF)'TT(S) "'’ +QCp (A8)
Developing just the equation therm § = (D)) ~1(TT(S)~"YT (D))" 1DLH) — DIal

0 = (D) TH(S)T'T(DE) T = (D) "H D! (A.9)

Introducing the auxiliary variable [Q]
§= (D)8~ T(Dy) T = (DY) Dpla = QDya! (A.10)

Introducing the simplified expressions (A.8) and (A.10) in equation (A.6)

y' = Cha + Dy’ + D QChHz + DF/ (DY) 117 (S)"'a’ + D/ QD'

Aggregating x, @! and @’ dependent therms

— (Ch+ D QCH)x + (DY + DY QDI + DY (DF) 175 (A1)
Aggregating x, @/ and @’ dependent therms of the equation (A.5)
g’ = (8)7'T (DY) Cpa + (S)"' (D)~ Dyl + ()" a? (A.12)

By the equations (A.11) and (A.12) the [C] and [D] can be defined as

_ cl + DY QCY ] D] = {( DY 4+ DYQDY DY (DE)TTS

[C] = (S)"'T(D)-1CY, S)IT(DE) -1 DI (5)1 (A.13)

At this moment it is just missing the achievement of [A] and [B] matrices. Working
with equation (2.48)

i = Apz + BLu! + Bu’
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Remembering the equation (A.3) and also the equality relation between internal un-
coupled and internal coupled DOF's (equation (2.54) and (2.55))

i = Apz + Bha! + BL(DL)L(1Ty! — Cla — D al) (A.14)
Substituting the 7/ value given at equation (A.12) in equation (A.14)
i = Apz+BLa!+BL (DL 11T (S) " Y@ +T(D ) tCha+T(DE ) DYl al —Chx— Dl al)
For the relations established in equations (A.8) and (A.10)
i = Apx + Bha! + BL(DE) 17 (S)'a! + QCha + QDL al) (A.15)
Aggregating =, @/ and @’ dependent therms of the equation (A.15)
i = (Ap + BHQCP)z + (Bh + BHQDH )a' + BH(DEF )11 (S) 'a’ (A.16)

By the equation (A.16) the [A] and [B] can be defined as follows

[A] = [Ap + BpQCp]  [B] = [B}, + BLQDy Bh(Dy) 1T (S) ] (A.17)
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Appendix B

Mathematical proof: Coupling form structure of the
uncoupled state-space matrices

In this appendix the mathematical deduction of the coupling form structure of the
substructure state-space matrices will be performed. Starting for considering a state-space
realization {z(t)} = [A{z(t)} + [B{u(t)}, {y(t)} = [C{z(t)} of a second order system
IMI{#()} + [VI{r(@®)} + [K]{r(t)} = {F(t)}. Assuming, that response is equal or a linear
combination of z(¢) and non singular mass matrix, it can be pointed that the relation
between matrices [B] and [C] is such that C'B = 0 and the relation between matrices [A],
[B] and [C] will be such that CAB # 0. Note that, this state-space model realization was
obtained assuming displacement outputs, justifying the fact of the matrix [D] be a null
matrix.

In order to prove the previous statements, consider the matrices [B] and [C] of the
presented second order system

[B] = [Mo_l] : C=1[I 0 (B.1)

Applying an arbitrary transformation z(t) = T'z(t), the state-space model is given by

{HH} AT} + [Blu(h) -
{y®)} = [CITIH{=()} + [D{u(®)}
Thus,
{&w}=m]wnﬂ&uyuﬂ*wmm» -
{y(®)} = [CNITH=()} + [DH{u()}
By the system of equations (B.3), the relation between [B] and [C] matrices will be
(CTYT'B) = [I 0] [MOJ —0 (B.4)

The equation (B.4) ends the proof related to the relation between [B] and [C] matrices.
Note that, also after an arbitrary transformation this relation is verified.
The second stated relation can be verified as follows

0 I 0
Which ends the proof for the relation between the matrices [A], [B] and [C].
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B. Mathematical proof: Coupling form structure of the uncoupled state-space matrices

Now, proving that a given state-space realization {z(t)} = [A{z(t)} + [B]{u(t)},
{y(t)} = [CH=®)} ([A] € R™",[B] € R"*",[C] € R"*™ ) of a second order system
IMI{7#(t)} + [VI{r(t)} + [K]{r(t)} = {F(t)}, can be transformed in a system with state-
space matrices written in a coupling form by the presented [Ts;] matrix in equation (2.62),
with [C; C'A] being full row rank 2n. and n. < n. Note that, the considered output for
the state-space model is displacement again.

Recalling the transformation matrix [Ts;] and assuming its inverse Z is such that

c
[Tsj] = |CA|, Z=1[2Z1 Zy Zs] (B.6)
N

Resuming the presented expression (2.63) for the variable [N] presented in the trans-
formation matrix [T;]
N = NeNE(NgNE)INg

where the null-spaces [Np] and [N¢] are given according with equations (2.64) and (2.65)

CA

Observing the equations (2.64) and (2.65) it can be concluded that the null-space [N¢|
will be of full row rank n —2n, as well the combined null-space [N], because of matrix [B]
is not contained in the null-space [IN¢]| since the established relation CAB # 0. On other
hand, since [C'; CA] and [N] are full row rank and [N] is a null-space of [C; CA], the [Ts;]
matrix will be full rank and non singular. By the relation Ts;Z = I

NpB =0 [C}Ng—o

CZl CZQ CZg
CAZ, CAZy, CAZy| =1 (B.7)
NZ, NZy NZj

The established relation in equation (B.7) implies that

CAZy =0 CAZy=1 CAZ3=0 (B.8)

Remembering the coupling form of the substructure state-space model (see equation
(2.69)), the first block row of the coupling form uncoupled state-space model [A] matrix
will be given as follows

[A] = Tg; ATg}! = Ts;AZ (B.9)
Therefore,

CA[Zy Zy Zs3)|=[CAZ CAZy CAZ3|=[0 1 0] (B.10)

At this moment the proof for the coupling form structure of [A] matrix is concluded.

The matrix [B] is given as follows

N C CB
[B]=Ts;B= |CA| B= CAB (B.11)
N NeNE(NgNE)"INgpB

Remember that, as proved, CB =0 and NgB = 0. Thus,
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N C CB 0
[B]=Ts;B= |CA| B= CAB = |cAB (B.12)
N NeNE(NgNL)'NgB 0
Recalling the equation (B.5)
0 I 0 0 1
CAB=[I 0 [—MlK —Mlv] [Ml} =[0 I] [Ml} =M"'=B, (B13)
Substituting the value of CAB (equation (B.13)) in expression (B.12)
N 0
[B] = | Bw (B.14)
0

which proofs the coupling form structure of matrix [B] [Allen et al., 2020].
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Appendix C

Mathematical proof: Coupling form of the coupled
state-space model

In this appendix the deduction of the coupling form of the coupled state-space model
will be performed.

Assuming that it is intended to couple two substructures connected by a rigid con-
nection, substructure A and substructure B. Recording the coupling form of a generic
uncoupled state-space model

9 0 I 07 /[y [0 ]
ghl =A% AL AL el + | By | (ud) (C.1)
al [Am A Al L 0 |
7l [0 I 07 [y2 [0 ]
iB| = [AB AB - ADN 48| + |BE | (ul) (C.2)
] AN AL Agl =] Lo

The compatibility equation can be established as follows

g=yi =yl (C.3)

The equilibrium equation is given as follows

ult +uf =1 (C4)

Extracting the second row of each uncoupled state-space model present in expressions

(C.1) and (C.2)
Avdyc + Avvyc + A'LI? + B{ﬁ) CA (05)

Avdyc +Avvyc +A§CE +BE} cB (06)

Multiplying each equation (C.5) and (C.6) for each corresponding interface inertia and
remembering the compatibility equation (C.3)

(Biw) 1 = (B) ™ (Adgd + Apd + Ajai) +uf! (C.7)

(Byo) ™ = (By) ™ (Aggy + AL + Ajay)) +ul (C.8)

The interface mass inertia of the coupled system will be (B4 + BZ)~!. Thus, the
equations (C.7) and (C.8) have to be added[Liljerehn, 2012]

89



C. Mathematical proof: Coupling form of the coupled state-space model

((Bf) ™"+ (BR) )i = (Biw) ™ (Afug + Ay + A + !

. (C.9)
+(BE) HAR g+ AD g + Al ap) +ul

Assuming By, = ((BA)™! + (BZ)~1)~!, remembering the both established coupling
equations (C.3) and (C.4)

By = (B~ (Afgy + Apy + Ajai) +a+ (BR) ™ ALY + ALY + AGay))  (C.10)

Rearranging the equation (C.10)

i = Buu(((B) Al + (Bi) M AT + ((B) " Af, + (BR) ALY

o (C.11)
+( vv) Avbl‘b +( ) A,beb +u)
The equation (C.11) can be rewritten as follows
§ = Avafe + Avy + Azt + AS 2P + B,y (C.12)

o Aj =B (B

° Afb:Bm, BE)~ lAﬁj

The deduction of the second coupled block row is completed. The others block rows
can be computed without difficulties. The first block row represents a dummy equation

and the other ones represents rows taken from the uncoupled substructure state-space
models. Thus, the coupling form of the coupled state-space model can be build as follows

7 70 7[ 70 70 Y 70
:ij _ Avd A'uv Afb Aﬁ, Q Bm} —
Ty A Ay 0 Ayl oy 0
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Appendix D

Mathematical proof: Diagonal uncoupled acceleration
state-space model from displacement state-space models

In this appendix the diagonal uncoupled acceleration state-space model of the method
proposed by Su and Juang [Su and Juang, 1994] will be deduced from the uncoupled sub-
structure displacement state-space model. Starting for a generic uncoupled displacement
FRF (considering an interface input and output) of one arbitrary substructure « (see
equation (2.19)). [Su and Juang, 1994]

H]? = CJ(s[l] - Aa)'B] (D.1)

Note that, the [D] matrix is a null matrix, because there is no direct relation between
force and displacement. Justifying the fact of [D] matrix be not null just for acceleration
outputs.

In order to achieve the acceleration FRF the equation (D.1) has to be twice differen-
tiated. In Laplace domain the differentiation is given by a s multiplication. Thus, the
velocity FRF will be given by

sH!' = sCJ(s[I] — Ay)"*B]/ (D.2)
As the s therm is multiplied by matrices or vectors in expression (D.2), the following
expression is true.
s = (s[I] — Aa) + Aq (D.3)
By substituting the s value given by expression (D.3) in equation (D.2)

SH&U = ((s[I] — Aqa) + Aa)c&](s[ﬂ - Aa)ilBi

<=>sH!" = CJA,(s[I] — A,)'B} + ¢/B/ (D.4)

Resuming the generic expression of an FRF obtained from state-space matrices (2.19).
Y(s)

U(s)

Analysing the obtained expression of the velocity FRF (equation (D.4)) and the generic

expression (D.5), the therms of the velocity FRF can be identified from, the displacement
therms as presented in equation (D.6),

= [C](sl1] - [A])~'[B] + [D] (D-5)

[Aa]* = [4o], (B = [BI]. [C) = [ClAa] (D] = [C{B]]  (D.6)
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D. Mathematical proof: Diagonal uncoupled acceleration state-space model from
displacement state-space models

where, subscript vel is related to velocity FRF therms.
The [D] matrix of a velocity FRF will be a null matrix, therefore

C/B =0 (D.7)
The velocity FRF expression will be given by

sHI' = CJ AL (s[I] — Ao) ' B! (D.8)

Multiplying the velocity FRF expression by s, the acceleration FRF will be obtained
as follows

s2HI = sCT Ay (s[I] — Ax) ' B
<=> s Hy' = ((s[I] = Aa) + Aa)C Aa(sI) = Aa) ™' By,

<=>§*H]' = CI A Au(s[T] — Ao)'B. + C/ A, B] (D.9)

Analysing the obtained expression of the acceleration FRF (equation (D.9)) and the
generic expression (D.5), the therms of the acceleration FRF can be identified from, the
displacement therms. Furthermore, generalizing for the others FRF's, it can be identified
each of the diagonal uncoupled acceleration state-space model therms as follows

CLEe = ClAaA.  CL5« = CAA,
Dl = ol A, Bl DIeeet = clA, B! (D.10)

«

JI accel __ ~J I JJ accel _ ~J J
DaD - CaAOéBa DaD - CocAaBoc

where subscript accel is related to acceleration FRF therms.

The [A] and [B] matrices are not dependent on the chosen output, thus the diagonal
uncoupled matrices [A] and [B] for the acceleration and displacement state-space models
are the same.

Note that, in this deduction it was not taken in account the [D] matrix of the obtained
estimated displacement state-space model from measured data (see mathematical expres-
sion (2.89)). Otherwise it would be obtained a frequency dependent state-space model,
because [D] matrix would be frequency dependent.

Observe that, with this deduction, displacement state-space models can be used to
directly obtain the acceleration coupled state-space model. To do such achievement the
derived diagonal uncoupled acceleration state-space model should be coupled as described
in sections 2.7 and 2.9.
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Appendix E

Mathematical proof: Acceleration state-space model

In this appendix the presented displacement modal model in equation (2.85) will be
derived twice in order to obtain the acceleration modal model and, therefore, obtain the
acceleration state-space matrices.

Resuming the presented displacement modal model for a generic FRF (equation (2.87))

(Hw) = [T 0] [sm - {8 f” B m + i—f +UR (E.1)

The displacement modal model expression (E.1) can be also expressed by (see section
2.8.3)

[H(w)] = [C] [sl1] - [A]] " [B] + Ls—f +UR (E.2)

In Laplace domain the differentiation is performed with s multiplication. Thus, the
velocity FRF will be given by

[LE]

52

s[H(w)] = s(C[s[I] — A]'B + =2 + [UR)) (E.3)

Since s is multiplied by matrices or vectors, the following expression is true.

s=(s[I]-A)+ A (E.4)
Substituting the relation (E.4) in equation (E.3)

SH(w)) = ((s11] — 4) + ACLsl1] ~ A7 B) + (sl1] — )+ (R + UR)

[LR]

<=> sH(w) = CA(s[I] — A)"'B + CB + s( =2

+ [UR))
The [D] matrix of a velocity FRF will be a null matrix, therefore

CB=0 (E.5)
Thus, the velocity FRF will be given as follows

[LE]

sH(w) = CA(s[I] — A)™'B + s( + [UR)) (E.6)

In order to obtain the accelerance FRF another s multiplication must be performed
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E. Mathematical proof: Acceleration state-space model

s2H(w) = ((s[I] — A) + A)(CA(s[I] — A)7'B) + ((s[I] — A) + A)s( [I;f] + [UR))

[LE]

<=> s’H(w) = CAA(s[I] — A)"'B + CAB + s%( =

+ [UR])

<=> s?H(w) = CAA(s[I] — A)"'B + CAB + [LR] + s*[UR] (E.7)

Therefore, the acceleration state-space model will be given by

{{ﬂl“(t)} = [AHz(t)} + [B{u(t)} (E.8)
{ii(t)} = [CAA{x(t)} + [CAB + LRI{u(t)}

Note that, the [UR] matrix cannot be directly included in [D] matrix, since it is
dependent on frequency. Otherwise would be obtained a frequency dependent state-space
model. The upper residuals will be taken into account by converting them into residual
modes. The modal parameters of those residuals modes are then used together with the
modal parameters of the in-band flexible modes to construct the [A], [B], [C], and [D]
matrices of the acceleration state-space model.
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Appendix F

Mechanical properties of the numerical mechanical systems

In this appendix will be presented the chosen mechanical properties for the analyzed

numerical mechanical systems at chapter 3.

Table F.1: Mechanical Properties of Mechanical System n° 1

Mechanical Components

Property Value

Units

kal
ko1
Cal
Cp1

4% 107
5 x 106

Nm™!
Nm™!
Nsm™!
Nsm™!
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F. Mechanical properties of the numerical mechanical systems

Table F.2: Mechanical Properties of Mechanical System n® 2

Mechanical Components Property Value Units

ka1 500 Nm™!
ka2 450 Nm™!
k1 100 Nm™!
ko 100 Nm™!
Ep1 100 Nm™!
ko 150 Nm™!
k‘pg 5) Nm™!
Cal 50 Nsm™!
Ca2 o0 Nsm™!
Cmil 20 Nsm™!
Cm2 20 Nsm™!
Cp1 50 Nsm™!
Cp2 50 Nsm™1
Cp3 10 Nsm™1
Mal 10 Kg
m1 1x107° Kg

m o 1x1076 Kg
mMa2 3 Kg
Ma3 3 Kg
my3 1x10°6 Kg
M4 1x 1076 Kg
mMp1 ) Kg
mp2 7 Kg
mys 1x10°° Kg

m g 1x1076 Kg
mp3 10 Kg
Mp4 1 Kg

Table F.3: Mechanical Properties of Mechanical System n® 3

Mechanical Components Property Value Units

ka1 4 x 107 Nm~!
ka2 3 x 107 Nm~!
ky 4 % 107 Nm™!
kpo 3 x 107 Nm™!
Cal 40 Nsm™t
Ca2 20 Nsm™1
Ch1 40 Nsm™!
Cp2 20 Nsm™!
my 9 Kg

mo 4 Kg

ms 4 Kg

my 9 Kg
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Table F.4: Mechanical Properties of Mechanical System n° 4

Mechanical Components Property Value Units

ka1 4 x 107 Nm~1
ka2 3 x 107 Nm~!
Ky 4 x 107 Nm~!
kyo 3 x 107 Nm~!
km 1 x 107 Nm™!
Cal 40 Nsm™!
Ca2 20 Nsm™!
Cp1 40 Nsm™!
Cp2 20 Nsm™!
Cm 20 Nsm™t
mq 9 Kg

ma 4 Kg

ms 4 Kg

my 9 Kg
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Appendix G

Stabilization Diagram

In this appendix, will be presented a stabilization diagram in a frequency band between
3 Hz and 30 Hz. This stabilization diagram is similar to the obtained ones for the analyzed
real substructures at chapter 4.
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Figure G.1: Stabilization diagram [El-Kafafy et al., 2015]

Note that, the presented numbers in the right side vertical axis are correspondent
to the used model order in each analysis (see section 2.8.1). It is also of importance to
understand the meaning of each letter presented in the stabilization diagram.

e The o denotes the appearance of a new pole;
e The f denotes that the pole is stable in terms of frequency;
e The d denotes that the pole is stable in terms of damping and frequency;

e The v denotes that the pole is stable in terms of participation factors and frequencys;

The s denotes that the pole is stable in all the parameters, frequency, damping and
participation factors.

Note that, a pole is stable in terms of a parameter if the variation of that parameter

verify the correspondent established pre-set limit between two consecutive model orders
(see section 2.8.1) [Siemens, 2019].
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